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Abstract

We develop a tomographic seismic inversion scheme that (1) makes use of first arrivals

and later arrivals simultaneously; (2) is easier to analyse in terms of convergence,

stability and uniqueness of solutions; and (3) is a proper non-linear inversion scheme.

V/e adapt a traveltime forward modelling scheme based on a velocity field mesh with

nodes along boundaries of rectangular constant-velocity cells, and derive

mathematically an upper error bound for the model. For example, to obtain exact (+0.5

sample interval) first break times within the first 500 samples, one requires at least i2

nodes per cell boundary.

We critically question various assumptions made in seismic tomography, examine in

detail the sensitivity of a2-D bent-ray time-of-flight tomographic inversion algorithm to

noise, measuement geometry, velocity contrasts, and 3-D effects, and investigate

limitations in diffractor recovery. We observe a high sensitivity to clustered (e.g., source

statics) etïors, where the recovery of velocity contrasts of I}Yo requires maximum

clustered traveltime errors of no more than 0.42%. We find that bent-ray 2-D

tomography is only useful if 3-D influences can safely be ignored. In general, accuracy

of f,rrst break time measurements takes second place to 3-D influence considerations.

We develop a simple seismic inversion technique to recover diffractors and reflectors

from full waveform seismograms by direct inversion, which provides super-resolution
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of the structure compared to time-of-flight tomography. However, it is highly sensitive

to noise (e.g., traveltimes or background velocity)

We overcome the pitfalls of such full waveform inversion approaches by introducing an

'Anomaly Recovery Algorithm' (ARA), which places a series of anomalies into a

velocity field estimate such as to minimise the residual errors in first and later arrival

times. 'We successfutly recover anomalies in synthetie variable velocity fields where a

traditional inversion scheme fails, f,rnd the ARA to be robust against traveltime errors of

up to 8olo, and obtain results that are economically more meaningful. The central idea

underlying the ARA, to represent the inversion as a low-dimensional problem, makes

the method generic, flexible and easy to analyse in terms of stability and local minima.

The method is apptied with some success to real survey data.
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lntrod uction

The basic idea of tomography is to image the interior of an inaccessible body (target

area) by using information obtained along its boundaries. Well-known examples are

found in the medical field where the interior of a human head (or other organ) is imaged

without physical intrusion, and in earth sciences, where the velocity map of a rock

formation is obtained without taking å O"nr. anay ofcore samples.

Seismic tomography is normally based on analysing traveltimes of sound through a

target area and is widely used in mining environments and in the study of the

lithosphere. Amplitude tomography is common in medical imagery but rarely used in

geoscience imagery. In practice, a number of sound sources (e.g., explosions) and a

number of receivers (e.g., geophones) are placed around a target area. The sound

sources are triggered one-by-one and the sound-traveltimes to each receiver are

measured in turn. This creates a dense mesh of travelpaths through the target area

which, by using special algorithms, can be used to obtain wavespeed (or seismic

velocity) maps of high resolution.
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A typical inversion algorithm first guesses a velocity held. It then simulates the actual

physical field experiment in that velocity field, obtaining raypaths and traveltimes. This

process is called forward modelling. The calculated traveltimes are compffed to those

observed from the real experiment and the differences are used to calculate a change to

the model along the travel paths so as to decrease the residual error in traveltimes. The

new model is then used to re-simulate the experiment, iterating the above sequence until

the residual error is suff,rciently small, or until no further improvements can be achieved.

The advantage of this approach is that if we express the velocity field as a slowness

(inverse velocity) field and keep raypaths fixed then we obtain a linear relationship

between traveltimes and slowness field elements. This makes it possible to use well

established and eff,rcient linear sparse-matrix inversion techniques to find an optimal

velocity field model

Unfortunately, various fundamental problems associated with seismic tomography

recur, especially in hardrock mining environments, and frustrate the above approach.

The field has seen very acute interest in recent years, and further research is required.

Challenges in Seismic Tomography

Unlike in medical tomography, where the investigated area - the human body - can be

accessed from any direction, in seismic tomography, access to the surveyed area is

usually restricted, e.g., to two parallel lines - boreholes - in the case of a crosshole

setup, or two orthogonal lines - one borehole and one along the Earth's surface - in a

VSP (Vertical Seismic Profiling) setup. The resulting limited raypath density and

angular coverage consequently restrict the resolution and data quality that can be
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achieved. Increasing the coverage of an area usually means a significantly higher survey

cost which may not always be justifiable by expected improved results.

Raw survey data are obtained in the form of seismograms - positional ground

displacements or dynamic (-sound) pressures at receiver locations as discretized

functions of time. The traveltimes required for most tomographic inversion schemes

must be obtained from these seismograms by automated or manual (on-screen with the

help of dedicated software) picking techniques.

This in itself is a challenging task (e.g., McCormack et al., 1993), since seismograms

have limited time resolution and limited band-width; the real signals are mixed with

noise (be it natural, cultural or source-generated); signal quality varies from source to

source and from receiver to receiver (in accordance with ground coupling variations),

making cross-corelation more difficult; and recording instruments impose device

specif,rc frequency filters on seismograms which cannot always be removed.

For the above reasons, sources must be designed to create short (impulsive), high energy

and accurately timedpulses with a repeatable frequency spectrum.

It may seem paradoxical that even though surveys aim at obtaining information-rich

data sets, for example, by means of very dense source-receiver arrays, the actual

inversion schemes generally use only hrst arrival times which constitute just a small

fraction of the information available in the seismograms. Unfortunately, it has proven

difficult to genuinely combine first arrival time and later arrival time data in an

inversion, in particular, for crosshole geometries.
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In addition to the seismograms, the survey geometry, i.e., the placement of sources and

receivers in three-dimensional co-ordinates, is required by the inversion algorithm and

must be determined to high accuracy. Measuring the position of sources and receivers a

few hundred metres down a borehole to an accuracy of a few centimetres can be a

difficult and enor-prone task in an underground mining environment. Similar

difficulties are to be expected in petroleum and in engineering applications

In various inversion schemes, in particular in2-D seismic tomography, the boreholes are

required to be co-planar. This generally requires source and receiver co-ordinates to be

projected into a best-fit plane and respective adjustments to be made to picked

traveltimes, as real-world boreholes rarely can be drilled to lie in a plane with such

accuracy. Some skewing is inevitable. Such pre-processing to combat the problem

easily introduces unwanted artefacts to the resulting velocity field.

The design and choice of a suitable forward modelling scheme to be used by the

inversion algorithm offers its own challenges and error sources. The forward modelling

scheme is always a simplification and approximation to the physical world, as

computation time, memory requirements, restricted data set density, and limited

geological knowledge about the target area place constraints on the attainable model.

Simplifications are either based on assumptions or are justified by à priori knowledge of

the underlying geology. In most cases, however, very little is known about the level of

influence such 'shortcuts' have on the quality of the result of the inversion. Typical

simplifications are:

(1) The use of a2-D velocity field model in a 3-D worlil, assuming that the out-of-plane

influence of curved raypaths is insignificant and can be ignored;
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(2) The discretization of the velocity field into a grid, assuming that each cell in the grid

can serve as a reasonable approximation - for the pu{pose of the inversion algorithm - to

the real behaviour of its possibly complex interior;

(3) The use of the acoustic wave equation to model wave front propagation through a

velocity field instead of the full elastic wave equation;

(4) The occasional use of straight raypaths rather than bent raypaths, assuming that the

underlying velocity field has sufficiently low contrast, and that low contrast implies that

straight ray techniques can be successfully applied.

Much has been published in the literature on new and modified forward modelling and

inversion techniques, but little is known about their basic limitations or usage

guidelines, e.g., what image resolution can one expect from a given experiment

geometry (a survey of such attempts is given in the literature review later in this

chapter). In particular, various implicit or explicit assumptions are left unquestioned and

their potential impact on inversion results remains unknown.

Most inversion methods, based on the chosen forward model, are actually search

algorithms for a global minimum in a non-linear, high-dimensional function space.

Mathematical techniques for true non-linear inversion are widely available. However,

the high-dimensionality of the function domain makes them - at this point of time -

infeasible for application in seismic tomography. Instead, linearized minimisation is

frequently used in iterative minimisation schemes, with the assumption that a global

minimum, or a minimum suffrciently close to the real world situation, can be found.
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The high dimensionality of the function space also makes it impossible to rigorously

analyse such inversion schemes in terms of convergence, stability and predictability.

Consequently, the reliability of inversion results is not well understood and largely

neglected in the seismic tomography literature.

Objectives, Significance, and Scope

Considering the above issues, our first objective is to critically question varrous

assumptions made in seismic tomography and to test their validity, so as to derive a

better understanding of the sensitivities and limitations of inversion schemes and to

develop clear usage guidelines and reliability estimates. Such guidelines are important

in experimental designs, as well as in the choice of parameters used in velocity field

lnvers10ns.

The results obtained from this study strongly support the second, and key objective of

this thesis which isto develop an inversion scheme that (l) makes use of first arrivals

and later arrivals simultaneously; (2) is easier to analyse in terms of convergence,

stability and uniqueness of solutions; and (3) is a proper non-linear inversion scheme

It is hoped that the development of such an algorithm would not only yield velocity

field images of higher resolution and with more noise-robust behaviour than standard

inversion schemes, but would also recover additional geological information not

available to first arrival time based inversions and out-of-inversion.plane structures.

We limit the scope of this investigation to crosshole-type experimental geometries

aimed at orebody delineation in hardrock mining environments, although the results are

equally applicable to other exploration applications, like petroleum search./reServoir
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delineation and engineering or archaeological site investigations. Typical target areas

used for illustrative (mining application) purposes are between 40 to 200 metres wide

and long, and velocity fields generally range between 4,000 to 7,000 metres per second.

The thesis does not specihcally tackle the whole earth surface tomography problem,

although many facets of the research would be common.

Forward modelling and inversion are canied out with two-dimensional velocity field

models, using bent-ray raypath calculation schemes based on the acoustic wave

equation.

However, most techniques and results are equally applicable and easily converted to

three-dimensional models and to large-scale target areas using teleseisms (e.g., seismic

tomography of the lithosphere), but rarely is the target coverage as good in these

regional studies as it is in the crosshole exploration configuration.

Approach and Thesis Outline

After a brief introduction to seismic tomography so as to provide motivation and

perspective on the present study, Chapter 1 is dedicated to a review of the literature. We

focus on forward modelling, ray tracing and general inversion schemes, followed by a

detailed look at seismic tomography, diffractor point imaging and migration based

techniques.

In Chapter 2, we develop the basic tools required for our modelling schemes used in

later chapters. We-adapt a traveltime forward modelling scheme based on a grid of

nodes in a rectangular velocity field grid and derive mathematically an upper error

bound for the model as a function of chosen parameters. The results are useful for the
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design of algorithms and choice of inversion parameters in later chapters as well as for

other methods published in the literature.

In Chapter 3, we examine in detail the sensitivity of a bent-ray time-of-flight

tomographic inversion algorithm to various parameters like noise, measurement

geometry (array aperture) and velocity contrasts. It is important to understand how these

parameters affect the image reconstruction, and the results allow us to develop

guidelines for experimental setups, and to find reliability estimates for a broad class of

inversions. The results also give strong support for greater care in data collection and

the development of algorithms that utilise more experimental data than just first arrival

trmes

In Chapter 4, we turn to an investigation of the significance of 3-D effects in bent-ray

2-D seismic tomography and discuss the constraints and assumptions that must be

imposed on velocity fields to allow successful and meaningful inversions. Such three-

dimensional (out-of-plane) effects are poorly understood and frequently ignored. Their

understanding is also significant for the development of later-ar¡ival time based

inversion schemes. The results allow us to gauge the validity of various real-world

inversions and present an opportunity to consider approaches to overcome or control

3-D effects

In Chapter 5, we briefly investigate the viability and basic limitations of diffractor

recovery when survey data (e.g., traveltimes or background velocity held estimates) are

subject to noise The results can be used to judge the usefulness of later arrival diffractor

inversion/recovery techniques, and present a guideline to required measurement
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accuracy in data acquisition. The results are also an important basis to the developments

in Chapters 6 andT

In Chapter 6, we develop a simple seismic inversion technique to recover diffractors and

reflectors from full waveform seismograms by direct inversion, rather than a migration

based approach. Our investigation reveals that the algorithm provides super-resolution

of the structure (compared to time-of-flight tomography) and requires only a small

number of sources and receivers for successful operation. However, like all super-

resolution systems it is highly prone to noise capture, where noise is any system

unknown. In our case this translates into inaccuracies in the à priori velocity field

estimate and in the seismic amplitude/waveshapes. Our experiments show that the

background velocity field needs to be known with an unrealistic accuracy of better than

1 percent, suggesting that this class of linearized inversion schemes is unsuitable for

real-world data sets. Nevertheless, the scheme was worth exploring for it highlights the

pitfalls of any full waveform inversion approach. Without adequate amplitude/phase

calibration, and velocity control, waveform dynamics can be mis-inverted to produce

spurious structures.

The results in Chapter 6 suggested that a different approach to later arrival based

inversion be taken and we introduce a novel velocity field recovery algorithm in

Chapter 7, which is aimed at overcoming several drawbacks encountered with standard

tomographic inversion schemes. This 'Anomaly Recovery Algorithm' (ARA) places a

series of anomalies, each fully described by only a few parameters, into a given velocity

field estimate, varying the parameterS to minimise the residual errors in first a:rival

times and later events (reflection, refraction and diffraction times), which are obtained
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by manual or automatic picks from seismograms. We successfully recover anomalies in

synthetic variable velocity fields where standard conjugate-gradient based tomographic

inversion schemes fail, find the ARA to be very robust against errors in traveltimes of

up to 8olo, and obtain results that are economically more meaningful. The central idea

underlying the ARA, to represent the velocity freld inversion problem as a low-

dimensional rather than a high-dimensional problem, makes the method generic, highly

flexible and relatively easy to analyse in terms of stability and local minima. The

method is applied with some success to crosshole data from the Kambalda mining

district of Western Australia.

Literature Review

Tomography, which is mathematically rooted in the Radon transform, and initially

applied in medical imaging, now spans a wide and growing range of applications. It is

the exciting prospect of systematic and knowledge-based exploration - much superior to

and more eff,rcient than blind search - that has given seismic tomography the attention

which is reflected in the vast amount of literature in this field.

Applications range from large-scale tomography (e.g., Greenhalgh et al., 1989,

McQueen and Lambeck, 1996, and Colombo et al. 1997) to archaeological

investigations (e.g., Witten et al., 1992), to deep mantle dynamics (e.g., Van der Hilst

et al., 1997), to petroleum exploration and development (e.g., Justice et al., I99I),

and to civil engineering investigations (e.g., Wright et al., 1988). Tomographic

methods also have wide application to the imaging of ore bodies (e.g., Cao and

Greenhalgh, 1995(1)
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Possibly the first application of a geotomographic method was presented by Mason

(1981), who used an algebraic reconstruction technique to recover a 2-D velocity

inhomogeneity. Sinadinovski (1994) was able to provide an in-depth literature review of

tomographic methods up until the early 90s, and the research community has not been

idle since. Gruber (1998) gives an extensive review of the publications over the last

decade. A summary of the more important facets of geotomography follows.

Velocity Field Models

The integral part of seismic tomography is an effrcient forward modelling algorithm,

which consists of a velocity field model and a raypath and traveltime calculation

scheme.

Models are designed to hamess the true complexity of real-world physics by

simplification into a theory that is computationally feasible, represents an achievable

goal with available limited survey data, and is necessarily a discretization and

simplification of a complex continuous physical world.

Various types of models have been proposed (see Table 1.1), be they regular grids,

triangulated grids, dynamic grids, etc., in parts to address issues specific to certain

survey geometries or underlying geologies, though much can be considered to be simply

a trial and examination of new ideas.

Coultrip (1993), Grechka and McMechan (1997), Gudmundsson and Sambridge (1996),

Guiziou et al. (1996), Hole andZe_lt (1995), Madrid and Traslosheros (1993), Michelini
(1993), Michelini (1995), Sambridge et al. (1995), and Vesnaver (1996).

Table 1.1. Velocity Models - a list of publications.
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Many inversion schemes are based on a model consisting of a regular, rectangular grid

of constant velocity cells. Moser (1991) presented a method to calculate shortest paths

of seismic rays in such a grid by placing multiple boundary nodes along each cell and

calculating the traveltimes to each node with respect to a source node by considering

already calculated traveltimes to neighbouring nodes. Moser's paper also contains an

interesting comparison of computational complexity of different queuing methods of

wavefront elements, as well as an error analysis of the method.

Velocity field discretizations need not be regular throughout the modelled domain. For

ex4mple, Vesnaver (1996) suggested a new method using irregular grids in velocity

field modelling, applied in tomographic inversion. This approach, together with the

adapted minimum-time ray tracing method is said to reduce the level of ambiguity

inherent in seismic inversions.

A different approach can be taken by using a grid system that can change dynamically

during the inversion process. Michelini (1995) introduced an adaptive-grid formalism

for traveltime tomography. This approach represents the velocity/slowness freld in

parameterised form using cubic B-spline basis functions. The algorithm has to invert for

the velocity field values and grid structure.

Ray-Tracing and Traveltime Calculation

Once an approach to model the underlying velocity has been selected, raypaths and their

traveltimes must be traced for each iteration of the inversion scheme. A careful seloction

is important as the algorithm is typically run many times during an inversion. Most

methods use variants of a flood-fill, wavefront propagation, or finite difference based
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scheme. Table (1.2) shows a selection of the wide range of literature dealing with such

methods. Papers are classif,red according to methodology or approach. The choice of

algorithm depends on whether later arrival times are required and if further information,

e.g., entire seismograms, is needed by the inversion algorithm

General Methods:

Bortfeld (1989), Boschetti et al. (1996(1)), Cerveny (1985), Cervenf (1981), Cervenf
and de Castro (1993), Chander (1977), Chapman and Pratt (1992), Coultrip (1993), Deo
and Pang (1984), Faria and Stoffa (1994), Fischer and Lees (1993), Gallo and Pallottino
(1986), Hanyga (1988), Johnson (1977), Julian and Gubbins (1977), Keller andPerozzi
(1983), Kömig (1995), Lambaré et al. (1992), Lambaré et al. (1996), Langan et al.
(1985), Le Bégat and Farra (1991), Michelena and Harris (1991), Moser (1991), Moser
(1992), Moser (1994), Müller et aL (1992), Pereyra et al. (1980), Pratt (1990), Pratt and
Chapman (1992), Qin and Schuster (1993), Saito (1989), Saito (1990), Sambridge and
Kennett (1990), Schneider et al. (1992), Snieder and Spencer (1993), Stork (1988), Sun
(1991), Um and Thurber (1987), Vinje et al. (1993), Virieux (1991), White (1989), and
Zhou, B. et al. (1993).

Finite-Difference-Based Methods :

Cao and Greenhalgh (1994), Cerveny and Soares (1992), Eaton (1993), Igel et al.
(1995), Lecomte (1993), Luo and Schuster (1991), Müller et al. (1992), Podvin and

Lecomte (1991), Qin et al. (1992), Schuster and Quintus-Bosz (1993), Van Trier and

Symes (1991), Vasco and Majer (1993), Vidale (1988), and Vidale (1990).

Application to 3-D Media:

Guiziou et al. (1996), Klimes and Kvasnicka (1994), Snieder and Sambridge (1992),
Sun (1993), and Virieux and Fana (1991).

Calculating Later Arrivals:

Grechka and McMechan (1996), Grechka and McMechan (1997), Hole andZelt (1995),
Klaeschen et al. (1994), Luo and Schuster (1991), Matsuoka andEzaka (1992), and
Vinje et al. (1993).

Critical Analyses:

Geoltrain and Brac (1993),Ikelle and Yung (1994), Keers etal. (1997), Moser (1994),

Qin et al. (1992), Roth et al. (1993), Stefarti (1995), Wielandt{1987), and Witte et al.

(1ee6).

Table 1.2. Ray-Tracing and Traveltime Calculation - a list of publications.
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Minimum-time-path systems are efficiently solved with wavefront propagation

techniques if the correct updating sequence is employed. It is important that traveltime

calculation methods are efficient and much has been published on optimisation

schemes. For example, Cao and Greenhalgh (1993) proposed a new minimum

traveltime tree algorithm to calculate seismic first-break time fields and raypath

distributions. They used a dynamic directed graph (digraph) to keep track of nodes

requiring updating, which is claimed to require fewer edges than other approaches. They

also used an efficient heapsort algorithm to further optimise the performance of the

method.

Also widely used are finite difference based schemes. These methods can calculate

entire seismograms (e.g., for full-waveform inversion) and are also often used to

calculate the shape and amplitude of the first or later arrival wavelets. They can also be

considered to deliver more practical results compared to ray tracing algorithms which

are based on the (theoretical) idea of an infinite-frequency-wavelet travelling along

optical ray-theoretic paths.

Various forward modelling schemes also calculate later arrivals, which are used by more

advanced tomographic inversion methods. For example, Matsuoka and Ezaka (1992)

introduced a ray tracing technique based on the reciprocity principle and Fermat's

Principle. The algorithm calculates hrst-break times at each grid point and then uses this

data to estimate raypaths. This allows the algorithm to calculate multiple arrivals as well

as multiple first arrivals

The large number of available ray-tracing methods make it difficult to decide on the

relative merits and advantages of different methods. Moser (1994) compared the
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shortest-path method for calculating first-break traveltimes in complicated media with a

finite-difference solution of the eikonal equation (Vidale, 1988) and a modif,rcation of

an algorithm presented by Van Trier and Symes (1991). Moser found a very close

resemblance of the shortest-path method with Vidale's method, but large differences

compared to the third method. Interestingly, an application of the three methods to the

Marmousi data set showed only a few differences.

Compared to the large number of publications dealing with new travelpath and

traveltime algorithms, relatively little has been published on critical analyses of the

validity and stability of such algorithms and the underlying assumptions about raypath

propagation and its discretized approximation.

Stefani (1995) presented an analysis of ray bundles travelling in random media in the

context of turning-ray tomography to estimate near-surface velocity structures. This

analysis, related to a paper published by Geoltrain and Brac (1993), showed that ray

bundles exhibit strong incoherences, associated with chaotic trajectories. Stefani

concluded that first arrival rays are not necessarily associated with energetic events, and

that first arrival rays need not have a trajectory that is close to the nearest high velocity

wave channel. Using a formula published by Chernov (1960), Stefani was able to

calculate the consequential ray length limitation, or, "ray incoherence distance". Even

though Siefani's paper dealt with scales of several kilometres, the paper has merit for

our purposes as it highlights the potential problems of constant velocity cells used by

many inversion strategles.
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More recently, Keers et al. (1997) investigated chaotic behaviour of ray propagation

through strongly laterally varying media, and determined the importance of this

behaviour.

lnversion Schemes

With the velocity field model and a suitable forward modelling scheme'at hand, an

efficient inversion strategy must be developed. Traditionally, seismic tomography is

implemented as an iterative application of a linearized inversion scheme, usually in the

form of a matrix inversion. However, an increasing number of non-linear inversion

methods have been proposed to overcome the fundamental problems of linearized

inversions. Table (1 .3) presents a cross-section of the available literature.

In linearized inversion schemes, travelpaths through the velocity field model together

with traveltime residuals (the differences between experimental traveltimes and

traveltimes of the current velocity model) are used to set up a system of linear equations.

This matrix equation is solved or minimised - usually iteratively - to give a new

velocity field estimate. Such a computation is relatively complex, but various well-

established solution strategies exist and can be readily adapted.

Worthington (1984) presented a basic introduction to geophysical tomography and

considered matrix inversion, Fourier transform, convolutional, and algebraic

reconstruction methods. One decade later, Sinadinovski (1994, pp. 46-56) published a

summary of different implementations of inversion schemes, including

Backpropagation, Algebraic Reconstruction Technique (ART), Simultaneous Iterative
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Reconstruction Technique (SIRT), Least-Squares Tomography (LSQR), Singular Value

Decomposition (SVD), and Conjugate Gradient Method (CG).

Linearized Schemes:

Bertero et al. (1985), Bregman et al. (1989(1)), Brzostowski and McMechan (1992),
Bube and Langan (1997), Cao and Greenhalgh (1995(2)), Carrion et al. (1992), Carrion
et al. (1995), Colombo et al. (1997), Geller and Hara (1993), Greenhalgh et al. (1989),
Hyndman and Harris (1996), Kennett et al. (1988), Lakshminarayanan (1979), Lawson
and Hanson (1974), Liao and McMechan (1997), McMechan (1983), McQueen and

Lambeck (1996), Mason (1981), Menke (1984(2)), Meyerholtz et al. (1989), Michelena
(1993), Minkoff (1996), Mora (1987), Nemeth eT al. (1997), Nolet and Snieder (1990),
Oldenburg et al. (1993), Pilkington and Todoeschuck(1992), Phillips and Fehler (1991),
Reiter and Rodi (1996), Rowbotham and Pratt (1997), Scales (1987), Sebudandi and

Toint (1993), Symes and Carazzone (1991), Tarantola (1987), Tarantola and Valette
(1982), VanDecar and Snieder (1994), VanDecar and Snied-er (1994), Vasco (1991),
Vasco (1997), Wiggins et al. (1997), Worthington ( 1 984), and Zhou et al. (1992).

Non-linear Schemes:

Barth and Wunsch (1990), Billings et aI. (1994), Boschetti et al. (1995), Boschetti et al.
(1996(2)), Bunks et al. (1995), Carrion et al. (1994), Chunduru et al. (1997), Curtis and

Snieder (1997), De la Maza and Yurez (1994), Drijkoningen and White (1995), Ihmlé
and Ruegg (I997),Jin and Madariaga (1993), Jin and Madariaga (1994), Kirkpatrick et
al. (1983), Koren et al. (1991), Mathias et al. (1993), Nolte and Frazer (1994), Raiche
(1991), Sambridge and Drijkoningen (1992), Sen and Stoffa (1991), Sen and Stoffa
(1992), Shanker et al. (1991), Stoffa and Sen (1991), and Vasco (1995).

3-D Inversion Schemes:

Brzostowski and McMechan (1992), Chiu et al. (1986), Chiu and Stewart (1987),
Grésillaud and Cara (1996), Hole (1992), Hubral et al. (1996), Ikelle (1995), Mufti
(1995), Tygel et al. (1996), Xu et al. (1995), Zelt (1994)

Modifications (Reducing Artefacts, Improving Results, etc.):

Cardimona and Garmany (1993), Carrion (1991), Clippard et al. (1995), Dyer and

Worthington (1938(2)), Galbraith and Hall (1997), Herman (1992), Hornby (1993),
Ikelle et al. (1993), Nemeth et al. (1997), Rajasekaran and McMechan (1996),
Sambridge (1990), Simmons and Backus (1992), Singh and Singh (1991), Tinti and

Ugolini (1990), Wang and Braile (1994), Young (1997), andZhou (1993).

Overcoming limited acquisition geometries:

Bjarnason and Menke (1993), Boehm et al. (1991), Carrion et al. (1993), Gelius (1995),

andZhang et al. (1994).

Table 1.3. Inversion Schemes - a list of publications'
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Similarly, Rawlinson (1996) summarised tomographic inversion methods, including the

Algebraic Reconstruction Technique, the Simultaneous Iterative Reconstruction

Technique, Least-squares methods, and other global optimisation techniques. Rawlinson

also gave an account of shooting, bending and finite-difference methods.

More recently, true non-linear methods have been developed as viable alternatives to

linearized inversion schemes. Unlike linearized methods, such techniques are equally

suitable to high-contrast as well as low-contrast velocity fields, since the design of such

algorithms specifically addresses non-linearity issues. Such algorithms are

philosophically much superior to their linearized counterparts, since the underlying

problem is truly non-linear. Unfortunately, these algorithms ffie, in effect,

computationally infeasible at present and results with only very coarse resolution can be

expected.

Sambridge and Drijkoningen (1992) used genetic algorithms in seismic waveform

inversion. They compared the genetic algorithm to a Monte Carlo method in a simple

multi-dimensional quadratic optimisation problem, and demonstrated that the relative

efficiency of the genetic algorithm increases dramatically with the number of

parameters.

Lately, Ihmté and Ruegg (1997) used simulated annealing with broad-band surface

waves and geodetic data, and Chunduru et al. (1997) used a combination of a local

conjugate gradient method with a very fast simulated annealing approach. They found

that most of their variants of hybrid schemes were computationally more efficient than

conventional approaches
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The majority of publications deal with two-dimensional models, usually due to limited

experimental geometry, but also because of computational constraints. However, many

methods originally presented for applications in 2-D can be readily converted for 3-D

inversions, and an increasing number of publications address 3-D tomographic

inversions directly.

The effects of non-linearity are difficult to understand and the mostly linearized

inversion schemes may be sensitive to noise or may create solutions that are

geologically implausible. Much work has been done in adjusting or improving the

various inversion strategies.

For example, Galbraith and Hall (1997) discussed some causes of artefacts in 3-D

seismic surueys and proposed strategies to minimise them.

Young (1991) gave aî introduction to the use of constraints in geophysical tomographic

reconstruction, and Nemeth et al. (1997) introduced variable-size smoothing pre-

conditioning operators in crosswell traveltime tomography as a means to speed up

convergence of tomograms

Carroll and Beresford (1997) proposed modifications to seismic tomography algorithms

to improve image quality. They considered damping parameters, weighting schemes,

smoothing filters, and convolutional quelling. They also investigated the effect of noisy

traveltime data on tomographic images and claimed to have recovered anomalous

velocity zones with up to 50 percent velocity contrast. Unfortunately, their investigation

was restricted to straight-ray totnography and may not be applicable to bent-ray

tomography



-20 -Chapter I

Dyer and Worthington (198S(2)) presented an approach to simultaneously invert for

velocity fields and shoVreceiver location errors, in order to overcome the sensitivity of

inversion schemes to noise and data errors.

One issue of particular importance which is often encountered in experiments is limited

aperture, i.e., limited access to a target area. For example, Bjarnason and Menke (1993)

applied a 'projection onto convex sets' algorithm to a crosswell inversion problem in

order to overcome problems resulting from limited aperture.

Beyond First Arrival Times

Faced with limited access to target areas, there is an increasing interest in making use of

more available data, for example, from electromagnetic or gravity surveys. Such hybrid

algorithms, with their higher data density, promise better results than straight forward

seismic tomographic inversion schemes. The challenges in this field are how to uniff

the diverse data sets, how to make optimal use of available data, and how to resolve

'contradictions' amongst data sets. Table (1.4) lists various related publications.

Lines et al. (1995) described an effort to delineate reservoir properties of a West Texas

oil f,ield by using results from seismic tomography, reflector imaging, sheat-wave

studies, channel-wave analysis, and 3-D seismic and sonic log interpretation.

More common are methods which use more of the information available in

seismograms, for example, amplitudes of the first-arrival wavelet, or later arrivals.

Especially for surface deployments of sources and receivers, the use of refraction,

diffraction, or reflection tomography is unavoidable. In these areas, migration and

tomography techniques are often combined



Reflection and Refraction Tomography:

Aldridge and Oldenburg (1992), Bleistein (1987), Calnan and Schuster (1989),
Docherty (1992), Dyer and Worthington (1988(1)), Farra and Madariaga (1988), Ji
(1997), Lailly and Sinoquet (1996), Lazaratos (1993), Lazaratos et al. (1993), Lines
(1991), Mao and Stuart (1997), McCaughey and Singh (1997), Mora (1988), Mora
(1989), Nowack and Matheney (1997), Singh et al. (1989), Stork (1992(1)), Stork
(1992(2)), Tarantola (1984), Tura et al. (1994), Wang and Braile (1996), Wapenaar
(1996), Williamson (1990), andZhao (1995).

Using Amplitudes, Later Arrivals, and Full-Waveforms:

Astbury and'Worthington (1986(1)), Astbury and Worthington (1986(2), Bregman et
al. (1939(1)), Bregman et al. (1989(3)), Crase et al. (1990), Khalil et al. (1993), Neele et

al. (1993), Nolet (1987), Pratt and Goulty (1991), Pratt et al. (1996), Quan and Hanis
(1997), Salo and Schuster (1989), Song et al. (1995), Sun and McMechan (1991), Vasco
et al. (1996(2)), Vidale and Houston (1990), Wang and Houseman(1994), Wang and
Houseman (1995), Wang et al. (1996), Woodward (1992), Zhou, C. et al. (1993), and
Zhou et al. (1995).

Diffraction Tomography:

Chang and McMechan (1996), Devaney (1984), Devaney and Zhatg (1991), Dickens
(1994), Doombos (1992), Harris (1987), Harris and Wang (1996), Liu et al. (1997),
Pratt and Worthington (1988), Raynaud (1988), Rekdal and Doombos (1993), Tura et

al. (1992), Witten et al. (7992), Wu and Toksoz (1987), and Young (1990).
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Table 1.4. Beyond First Arrival Times - a list of publications

For example, Dyer and Worthington (1988(1)) presented an iterative reflection

tomographic inversion scheme which at each iteration calculates the velocity field with

a tomographic algorithm and adjusts the reflector position by migrating reflector points

in the current velocity field. Pratt and Goulty (1991) combined wave-equation imaging

with traveltime tomography to form high-resolution images from crosshole data, and

Neele et al. (1993) proposed a formalism for including amplitude data in tomographic

mverslon.

Later, Zhou et al. (1995) developed a hybrid wave-equation traveltime and full

waveform inversion method to reconstruct inter-well velocity distributions. Their
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expedments showed that their new approach obtains much richer structural information

than conventional inversions.

Song et al. (1995) suggested a frequency-domain acoustic-wave modelling and

inversion approach. Their approach starts by taking only low frequencies into account,

and introduces increasingly higher frequencies later. They found their results

encouraging. However, the technique is computationally expensive. Their paper also

stated that full-wave 2-D inversion strategies are of limited use, even if restricted to 2-D

media, because 3-D dynamics are not correctly modelled.

Recently, Ji (1997) described tomographic velocity field estimation with plane-wave

synthesis, effectively combining migration and (reflection-) tomography. The results

indicated that the method successfully estimates interval-velocity models that lead to

depth-migrated images with no residual moveout.

Such later arrival and fulI waveform inversion schemes depend on a good understanding

of wave propagation effects. For example, Astbury and Worthington (1986(1) and

1986(2)) presented an analysis of full waveform data from sonic logs, which is also

interesting in the general context of later arrival and full waveforrñ tomographic

inversion schemes.

Information from later arrivals is also used in diffraction tomography. Wu and Toksoz

(1987) used diffraction tomography and multi-source holography to image velocity

fields. Later, Pratt and Worthington (1988) applied diffraction tomography to crosshole

seismic data. Liu et al. (1997) described a method of modelling seismic waves

interacting with single liquid-filled large cracks and demonstrated that estimating

fracture dimensions by analysing diffracted waves is possible.
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Limitations of Geotomog raphy

With a large number of different inversion schemes available, it is necessary to

understand their limitations and the validity of their results. Due to the non-linearity and

the high-dimensionality of the inversion problem, these objectives are more difhcult to

achieve than the development of new inversion schemes. Table (1.5) presents an

overview of some of the available literature, with grouping according to papers which

predominantly treat Accuracy and Sensitivity, Resolving Power, Fresnel Zones, and

Non-Uniqueness.

-zJ

Accuracy and Sensitivity:

Berryman (1994), Bregman et al. (1989(2)), Dorren and Snieder (1997), East et al.
(1988), Gudmundsson and Clayton (1991), Lo et al. (1988), Neves and Singh (1996),
Pratt et al. (1993), Squires et al. (1992), Squires et al. (1994), Stork and Clayton (1991),
Tsvankin and Thomsen (1995), Wang and Pratt (1997), and Worthington et al. (1989).

Resolving Power:

Berkhout (1984), Bube et al. (1985), Bube et al. (1995), Knapp (1993), LaElrecque et al.
(1996),Lazaratos et al. (1993), Lévêque et al. (1993), Ligdas and Main (1991), Menke
(1984(1)), Pant et al. (1992), Peterson and Davey (1991), Rodgers and V/ahr (1994),
Sasaki (1992), Schuster (1996), Sinadinovski (1994), Stork and Clayton (1986), Taylor
(1989), Williamson and Worthington (1993), Young (1990), andZelt and Smith (1992).

Fresnel Zones:

Brühl et al. (1996), Eaton et al. (1991), Glechinsky (1985), Gudmundsson (1996),
Hubral et al. (1993), Knapp (1991), Pant et al. (1992), Schuster (1996), Vasco et al.
(1995), Williamson (1991), and Williamson and Worthington (f993).

Non-Uniqueness:

Pullammanappallil and Louie (1993), Rector and Washbourne (1994), Ross (1994), Sain

and Kaila (1996), vasco et al. (1993), Vasco (1994), and Vasco et al. (1996(1)).

Table 1.5. Limitations of Geotomography - a list of publications.
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For example, Wang and Pratt (1997) investigated the sensitivity of seismic traveltimes

and amplitudes in the context of reflection tomography, and Dorren and Snieder (1997)

analysed the error propagation due to linearization of non-linear delay-time tomography.

Besides uniqueness, the leVel of sensitivity of an inversion scheme is important. East et

al. (1938) used a convolutional back-projection method on physical models with

crosshole seismic data and found their method to be less sensitive to noise than a

Simultaneous Iterative Reconstruction Technique (SIRT).

Squires et al. (1992) investigated the effects of statics on tomographic velocity

reconstructions. They found that a large lateral velocity contrast that is not supported by

surface reflection data can be reduced by introducing a first-order correction for statics.

Interestingly, they found that the local static error indirectly influenced ('contaminated')

other areas of the tomogram. They found that traveltime errors of 2 percent can cause

tomographic velocity errors of up to 7 percent. Unfortunately, this traveltime - velocity

field error relationship is empirical and invites an investigation of the maximal and

expected sensitivity in a mathematical context.

Generally, inversion schemes do not include automatic calculations of the resolving

power for a given experimental geometry and data density, and such parameters are

usually set by 'rule of thumb'. However, recently more work has been done in

examining the limitations of tomography and in deriving analytic solutions that can be

used as guidelines for choosing appropriate parameters. Without such developments it

would be difficult to judge and justiff the results obtairted from inversion schemes.

For example, Lévêque et al. (1993) assessed the resolution of tomographic inversions

using checker-board tests. Their paper confronted intuitive ideas in tomography about
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quality tests. They presented a not uffealistic situation in which small scale structures

can be resolved, whilst large scale structures are poorly recovered.

Sinadinovski (1994, pp. 9l-99) argued that cell sizes of a velocity model can be

determined by a trade-off of resolution and variance. Similarly, Peterson and Davey

(1991) used a cross-validation method for crosswell seismic tomography to determine

the number of iterations required to produce the best constructing image, taking into

consideration the tradeoff between resolution and stability.

Of particular interest in the investigation of the resolving -po\¡/er of standard

tomographic and reflection or diffraction tomographic methods, as well as other wave

propagation phenomena in seismic tomography, is the Fresnel zone, and its relationship

to the Rayleigh criterion.

Schuster (1996) investigated the resolution limit for crosswell migration and traveltime

tomography based on Fresnel, Fraunhofer and Rayleigh criteria. Rather than examining

the resolution power empirically, Schuster presented results as equations. However, the

results were cast in terms of aperture and bandwidth, rather than accuracy of traveltime

picks, as the determining factors for resolution.

Some effort has also been made in gaining a better understanding of solution

ambiguities and non-uniqueness, which are often a result of the linearization imposed by

the chosen inversion scheme. The basic questions in this area aim at a better

understanding of the shape of the topography of the function to be inverted, e.g., how

multiple solutions relate to each other, or how multiple solutions could be derived.
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Recently, Vasco eL al. (1996(l)) examined the non-linear aspects of seismic traveltime

tomography by running conjugate gradient based inversions starting from various

starting models. Their "cluster analysis" determined the number of local minima of the

solution space. Unfortunately, their approach was strictly empirical and did not provide

a general method of determining local minima. Also, inversion techniques that do not

depend on user-given initial values do not exhibit the potential for multiple local

minima.

Summary

The main areas of research in seismic tomography are concerned with (1) the choice of

forward models, including associated efficient raypath and traveltime calculations; (2)

the development and analysis of novel inversion schemes to overcome problems with

non-linearity, computational complexity, convergence, accuracy, and solution

uniqueness; and (3) the use of later arrivals, or other additional data to improve data

density.

Novel forward modelling schemes aim to approximate the physical world to sufficient

accuracy, whilst creating a 'problem' for the inversion algorithm that is well behaved,

i.e., that is as linear as possible, with few local minima in a generally smooth

topography.

Research on inversion schemes focuses on creating variations of existing, generally

linearized inversion schemes, for example, by including pre-processing stages or

damping filters, and on developing true non-linear inversion schemes which are

computationally infeasible now, but are likely to become a standard tool in the future.
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Most published works can be considered to be modihcations and refltnements, and few

fundamental ideas dominate the subject area.

'We believe, in the near future, the trend will be towards an increased use of 3-D-based

true non-linear inversion schemes, and towards closer approximations of the physical

world (e.g., anisotropy, etc.). This will become possible by increasing computational

power, supported by an increasing hybridisation of various inversion schemes, using a

wider range of data sources, into algorithms that work more like expert systems, rather

than straight-forward mathematical inversions.

Improving our understanding of the non-linearity of the inversion problem would be a

worthwhile goal, since this could be put to use in the development of radically new

inversion schemes.

Ultimately, the research community will also have to reveal, describe, and accept the

fundamental limitations of information contained in available data sets, rather than

aiming towards ever higher resolutions and 'better' results of questionable value.
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Chapter 2

Fonruard Modelling and Precision Analysis

In this chapter we establish the velocity field model and forward modelling scheme used

by inversion methods introduced in later chapters.

Seismic tomography uses minimum travel times of seismic waves to recover sound

wavespeed in rock. A central part of these inversions is an appropriate velocity model

and forward modelling scheme. We consider a range of velocity models and associated

forward modelling schemes and describe our model of choice - a two-dimensional

velocity model consisting of an arrangement of primary and secondary nodes along

boundaries of constant-velocity cells in a rectangular grid - in more detail.

We then derive an error bound for first break times calculated with such a forward

modelling scheme, examine the sensitivity of a tomographic inversion method to

traveltime errors from the scheme and obtain clear guidelines on the choice of

parameters (i.e., grid specification). For example, to obtain exact (+0.5 sample interval)

first break times within the first 500 samples, one requires at least 12 nodes per cell

boundary
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lntrod uction

Velocity models are used to approximate real-world velocity fields, which in the general

case would require an infinite number of parameters to be fully described. The choice of

the correct velocity field model must therefore be based on the consideration of the

domain of possible or likely real-world velocity fields. In addition, computational and

minimisation issues need to be taken into account. For example, usually one requires

that traveltimes can be calculated in an effrcient way, and that small changes in the

velocity model parameters produce small changes in the velocity field.

We focus on two-dimensional models in our discussion. However, the results are

equally applicable to three-dimensional models.

A convenient way to approximate a velocity field is to discretize the held into a number

of elements, or, cells. The set of all cells spans the entire velocity field and changes to

parameters of a particular cell result in changes local to the region of the cell.

Cells canbe isomorph (e.g., Íurays of triangles, rectangles orhexagons of equal size and

shape), heteromorph (e.g., arbitrary polygons), or can have shapes that change with

variations of model parameters, a.8., arbitrary polygons whose corner co-ordinates are

variable parameters

Selecting one of these parameterisatiols does not in itself fundamentally change the

probability of a successful inversion. Rather, it is a variation of the mapping from a set

of free parameters to the actual velocity field. Such variations are only useful if

knowledge of the underlying ,geology or the expected outcome of the inversion is
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available. The more important variation lies in the number of free parameters that

describe the model and that must be recovered by an inversion.

Typically, the velocity field inside each cell is represented by a function that allows

quick calculation of the travelpaths of incident rays, e.g., a constant velocity field, or a

constant gradient velocity field.

The various modelling approaches, using an equal number of free parameters, are all

equally valid as long as no further knowledge about the real-world velocity field

domain, i.e., the expected geology, is available, and as long as the velocity freld satisfies

conditions required by the inversion procedure.

In tomographic inversion, the velocity field resolution obtainable with a given forward

modelling and inversion scheme combination is not always easy to define. For example,

one can set up a velocity model consisting of a rectangular grid of velocity cells,

choosing the size of the cells to be very small to obtain a high positional resolution.

However, this makes the inversion under-determined and may require a smoothing f,rlter

to be included in the inversion scheme. Smoothing, however, reduces the ability to

resolve individual anomalies at close proximity, and the non-linear nature of the

inversion may result in completely invalid results'

On the other hand, the Anomaly Recovery Algorithm which we will introduce in

Chapter 7 can resolve positions of anomalies to (in theory) arbitrary precision, even if

anomalies are in close proximity. However, this requires a relatìvely good knowledge of

the background velocity held.
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It follows that the choice of the modelling and inversion scheme must always be

justified with available à priori knowledge about the underlying geology.

Similarly, the dehnition of 'f,rrst arrival time' may not be unique amongst inversion

approaches for different data sets. In theory, the first arrival time is the shortest time

sound would take from a source to a receiver, travelling through a velocity field.

Unfortunately, we are rarely able to pick the exact, true first arrival time from

seismograms because of background noise and its limited energy content, and one may

wish to define the first arrival time as the time it takes for the onset of the first

'reasonable' wavelet to travel from source to receiver.

Such results can be obtained with ray tube-based wave theoretic or finite difference-

based forward modelling schemes, or with adaptations to raypath based methods.

However, the reality is that other influences, like using a2-D velocity model in a 3-D

world, the inability to model the true (e.g., anisotropic) velocity f,reld, and technical

erïors caused during data acquisition and pre-processing, usually introduce much larger

erïors, reducing some endeavours towards high-precision traveltime modelling to purely

academic merit.

For this reason we continue to use the mathematical definition of first arrival times, but

wish to point out that any related developments and results in this thesis can be equally

applied to techniques based on other dehnitions.

A particularly simple and computationally effrcient velocity field model consists of a

regular grid of constant-velocity rectangular cells. These models and their derivatives

are widely used in geophysical inversion techniques. Specifically, seismic tomographic
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reconstruction techniques, whether they be based on raypath methods (Bregman et al.,

1g89(1), Cao and Greenhalgh, 1993; Moser, I99l; Moser, 1993; Moser, 1994;

Schneider et al., 1992; Zhou, 1993) or full wave equation methods (Qin and Schuster,

1993; Vidale, 1990; Cao and Greenhalgh,1994) for calculating synthetic arrival times,

involve propagation through a grid model. Likewise, migration of seismic reflection

data, using asymptotic ray theory or finite difference/pseudo-spectral methods (Stolt and

Benson, 1986; Zhe and Greenhalgh , 1997) involve assigning travel times to upward and

downward propagating waves at every grid point in the model. The travel times in both

cases depend on the grid specification.

However, the precision level of such numerical models and their dependence on model

parameters is often unknown, and we shall now describe a two-dimensional velocity

model and derive an error bound for first break times calculated with such a model. The

analysis provides clear guidelines for grid specifications and lays the foundation for

various analyses in later chapters.

The technique developed here for first arrival time calculations is equally applicable to

diffractions and reflections. It is simply a case of adding times from source to grid point

(diffractor) to that from grid point to receiver to recover the later arrivals. Therefore, the

conclusions from this study concerning accuracy of first break times are equally

applicable to reflection tomography and seismic migration as they are to transmission

tomography and refraction. It should be stressed that the errors due to grid discretization

are more severe than is generally appreciated. The reason is that many travel time

calculation schemes work just with fixed primary cells (albeit with adjustable spacing)
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rather than using the more flexible nodal sub-division scheme adopted here, and

described below.

Calculating First Break Times

Our model discretizes a velocity field into a two-dimensional rectangular grid of

constant velocity elements, called cells (see Figure 2.1). Cells are square and of equal

size. 'We place primary nodes at the corners of all cells, and secondary nodes along the

boundaries of all cells such that all nodes are equally spaced along boundaries. Sources

and receivers are positioned at primary nodes.

We shall call two nodes neighbours if they have at least one cell in common. Note that

nodes along the same boundary always have two cells in common

Cell with constant velocity
Secondary node
Primary node

Fig. 2.1. Model with primary and secondary nodes. This example shows 3
secondary nodes along each cell boundary.

We calculate first break times and best paths with a flood-fill approach (Coultrip, 1993;

Qin and Schuster, 1993). The basic idea of this algorithm is to propagate a wave-front
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outward from a source, keeping track of the path length and traveltime, whilst

continually eliminating slow paths

Consider a model consisting of a number of nodes, each having a hrst break time, FBT,

where wavefronts only travel between neighbouring nodes at time delays given by the

connection distance and constant velocity of the underlying cell. In such a model, the

FBT of the source node equals zero and for any other node, A, with neighbours B,

FBTA = rytr1(FBf ', 
t t uu,) Q.l)

holds, because the first break wavelet for node A must have anived from one of the

neighbours of node A, incurring a respective time delay.

Therefore, a simple algorithm can obtain first break times for all nodes by first setting

all FBTs to an invalid (i.e., huge) value, setting the FBT of the source node to zeto and

then applying Equation (2.1) repeatedly to each node until no more changes are

possible.

This approach is simple but has a significant drawback, as Equation (2.1) is repeatedly

applied to all nodes, regardless of whether any of their neighbours have obtained

updated values. More efficient results can be obtained by replacing the above active

approach (i.e., a node obtains its new value by querying all its neighbours' values) by a

passive approach (i.e., a node "waits" until its value is updated by a neighbouring

node).

In the passive approach, a node, A, whose FBT just changed (called active node)

compares all its neighbours' values with its own value plus respective traveltimes. If the
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value of a neighbour improves, then that node is made an active node and is put into a

queue of active nodes waiting to be processed, i.e.,

V B, : if FBT. + t n,,, FBTß then FBT,'.= FBTt + t no,, make B, active. (2.2)

After completing this test for all neighbours, node A becomes inactive. The algorithm

starts by making the source node the only active node, and ends when no more active

nodes are in the queue. We also introduce a tag, iq, for each node, to avoid putting

nodes into the queue more than once at a time. The queue data structure ensures that, on

average, nodes with smaller FBT values are processed first, reducing the waste of

processing non-optimal path segments. The algorithm proceeds as follows:

We first create an array of first break times, fbt, best path lengths, bpl, and "in-queue"

status, iq, one entry for each primary and secondary node. On initialisation we set all fbt

and bpl entries to a "huge", i.e., invalid value, and all iq values to "no".

We begin by setting the traveltime for the source node to zeto, i.e., we set

fbtfsourcenode] and bplfsourcenode] to zero.

We create a queuea Q, and insert the index of the source node into Q.

Whilst the queue is not empty, we take an index number, j, from the queue, Q, set the

in-queue status, iq[], of it to 'no' and update all the neighbours of the node as follows:

Taking the current first break time, fbt[], of node j and the node index, k, of each

neighbour, we calculate the traveltime, dt, from node j to node k with

dt =du,klvli,kl-t , (2.3)
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where dü,k] is the distance between node j and node k, and vfi,k] is the velocity of the

cell on whose boundary node j and node k lie. Note that this may require choosing the

larger of two possible velocities if nodes j and k are along the same boundary of two

cells.

If fbtli]+dt is smaller than fbt[k], i.e., it is more efficient to travel from the source to

node k via node j, rather than any other way already considered, then we update the first

break time and best-path-length for node k, i.e., we set fbt[k] : fbtffl + dt and bplfk] :

bpltl] + dû,k], and, if node k is not yet in the queue, i.e., iq[k]:'no', then we put index k

into Q and set iq[k]:'yes'

We continue these updates until no more elements are in the queue

The above algorithm is far from optimal, yet it is functional and is adequate for the

purpose of this investigation. A clear improvement to the algorithm would be to replace

the simple queue structure by a selection method that propagates active nodes with the

lowest traveltimes first, for example, a heap structure as used by Coultrip (1993). This

would reduce the computational complexity from O(ø2) to O(a lnr(ø)), where c¿ is the

number of nodes per cell boundary.

Accuracy of Calculated First Break Times

We now establish an approximate error bound of first break times derived by our

forward modelling algorithm. The result bounds effors introduced by the discretized

node-to-node ray propagation principle of the algorithm and does not include other

erïors, as for example, too coa¡se grid sizes, or non-constant velocity fields with large

gradients
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Consider a simple model with a constant velocity field (v:1 everywhere), no diffractors,

a single source at the origin (0,0) and a single receiver at (r*,rr). The exact travel time is

given by the length of the straight line between source and receiver,

7,,o,, rr' + rr' (2.4)

However, as the model propagates wavefronts only from node to node, best paths for

most nodes must be approximated by a sequence of short, straight line segments, all at

an angle slightly above or below the exact path. The more the directions of these

approximating paths differ from the exact path, the larger the resulting error will be.

Examining the possible paths from a primary node to all its neighbours, we observe that

the largest angle for adjacent paths occurs between a primary node and its closest

secondary node (ato in Figure 2.2c). We call this area the øg-area.'We can obtain larger

relative angles, up to nl4 (a), for secondary nodes. However, the path lengths are

respectively shorter.

ú)
a0 a1- b0 bI b2 10

(a) (b) (c)

f'|g.2.2. Velocity cells with one, two and three secondary nodes. ConnectionS from
bottom left primary node to its neighbours at the right boundary are shown. Other
connections are symmetric. Note that angles cr)sr cùrr or, and ol. decrease in size, i.e.,

ouo)ou, cùuo)ourlcoo, and cù'>or>o2>tr'r. tti n=nl4 is the largest possible angle.
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To support our conjecture that largest effors occur in the oo field, we compare exact

travel times with approximated travel times for four different numbers of secondary

nodes. Our calculations show the relative error for a 25x25 grid in a constant velocity

field v:1. The source is at the origin (0,0) and the relative error is calculated as

(2.s)

For example, Figure (2.3) shows the results for a model with 2 nodes per cell boundary,

i.e., 1 secondary node

Relative Error

0.03

o.o2

0.01

0

delta x 10

20 25

delta y

Fig. 2.3. Relative error with 2 boundary nodes. Source at origin. The velocify freld
is constant, v=1, everywhere.

Table (2.1) shows the percentage erïors and their locations, all of which are in the coo-

area. Further experiments show that in order to obtain an upper error bound it is

6
'r _T

=i#, for [*u., +o
I 

"tr,",

0
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sufficient to consider only nodes at positions (r*,1), r* ) o, where cr is the number of

nodes per boundary (number ofsecondary nodes plus one).

Table 2.1. Maximum relative errors in fÏrst break times relative to number of
nodes per cell boundary.

Supported by these empirical results, we now derive an upper error bound by examining

the maximum error for a receiver located at position (r.,1). Using Equation (2.4),we get,

for a medium with unit velocity

(2.6)

Suppose we use a model with cr nodes per cell boundary, i.e., cr-l secondary nodes

Then the approximated travel time for a receiver at (r.,1) with r*>a is (see Figure 2.4)

.T,
- appntx u'+12 +rx-a, (2.7)

which implies a relative error ol

T-TT
'upprox r cxucl 'approx r

ry41I cxatt r exoct

,lt.722rx +rt =Toror,

a

Number of nodes per cell
boundary

Node with maximum relative
error (ignoring symmetries)

Maximum relative
EfTOI

(in percent)

1 (t2,5) 7.6%

2 (r7,4) 2.7%

5 (10,1) 05%

10 (20,r) 0.t%

* tr'
-d -1 (2.8)
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(2.e)

(2.10)

(2,11)

approximated path
oaa oao oo a OO

recelver

o
o
o

O
o

a
a
o

o
o

o
o
a

fv= 1

o aoo oo ooo aoo ooa
source exact path

f*=6

Fig.2.4. Difference between exact path and approximated path. Note that the given
approximate path is not unique, but all paths have the same length.

To determine the maximum relative error we solve the zero-derivative condition:

^lt.-æ -d,+
I+ rl -1

from which we obtatn

-l
rx l+a2 -a

Replacing r, in Equation (2.8) with this result gives the maximum relative error for any

grven d,

ô*o* z(t+ a' - "^[w *) -t

Figure (2.5) shows the relationship between cr and ô.o*. For example, in a model

without secondary nodes, we expect a maximum relative error of approximately 8Vo,

which reduces to about 3Vo for a model with one secondary node.

To obtain seismograms with exact (+0.5 sample interval) first break times within the

first 500 samples, we needto set ô*o*S0.001, i.e., a2ll.16, that is, at least 11 secondary
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nodes. Simply increasing the number of cells in the model and making them

proportionately smaller, does not yield more accurate first break times

10%

1%

0.1%

0.OO1o/o 1 10 100
Nodes

Fig.2.5. Plot of Equation Q.ll), showing the upper error bound against number of
nodes per cell boundary (secondary nodes plus one).

It is worth noting that the computational effort of the presented first break time

calculation algorithm increases proportionally to the square of the number of nodes per

cell boundary. For example, to change from a target accuracy of lo/o to 0.lo/o, we need to

increase the number of secondary nodes from 3 to 1 1. This increases the number of

nodes per cell from 16 (:(3+1)x4) to 48 (:(11+1)x4). Thus the computational effort of

the First Break Time Algorithm would increase approximately by a factor of 9.4 (:

48x471(16x15) ), indicating a linear relationship between computational effort and

obtained accuracy.

Ecfo
_o

o
IU %0.01
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A Hybrid Ray Bending Method

We now describe briefly the bending method, a cornmon traveltime calculation method

that is not based on boundary discretization, propose a variation of this method, and

combine it with the above nodal-net based method.

The underlying idea of the bending method is to guess a travelpath through a velocity

field and then vary the path to reduce its traveltime until no improvement can be

achieved any more, i.e., until a local minimum is obtained. A recent innovation is

presented by Sun (1993), whilst more fundamental approaches are discussed by Wesson

(l9ll), Chander (1977), Julian and Gubbins (1977), Pereyra et al. (1980), and Um and

Thurber (1987).

The bending method is an application of a standard variational optimisation scheme and

is therefore applicable to a wide variety of velocity model parameterisations. It is most

suited to models that have relatively few, and simple features, e.g., layered velocity

fields. It is generally unsuitable for models with a large number of features, complex

shapes and large velocity variations as these tend to contain various local minima which

make it less likely that the algorithm finds the global minimum.

In a velocity grid model, a typical implementation would be to describe the travelpath

via a sequence of straight lines, taking record of the end point of each line segment. One

can further require that line segments alyays begin and end at boundaries of velocity

cells and that no line segment can traverse more than one velocity cell.

Variations to the path are made by changing the positions of the end points of line

segments, whilst respectively splitting - or combining line segments. The optimal
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direction and length of the change is determined by the optimal refraction angle at each

boundary between two velocity cells, as given by Snell's Law.

Our objective is to calculate travel paths with the nodal-net based method, using only a

few nodes per cell boundary for quick and memory-efficient computation, and reltne the

travel paths by applying a bending method. This should improve results as the bending

method is not constrained to the granulation or resolution imposed by the finite number

ofboundary nodes.

It is possible that this method locks into a local minimum traveltime. However, the

resulting effor cannot be larger than the error without refinement, and the absolute

maximum error is still bounded by Equation (2.11).

The algorithm first obtains the best travelpath from the nodal-net based method. It then

splits the travelpath into a sequence of path/line segments. The end points of the line

segments, all of which are required to lie on cell boundaries, are then iteratively varied

to improve the traveltime. The algorithm ends when no further improvement is possible,

or after a maximum number of iterations.

The variation of an end point between two line segments is based on Snell's Law, which

interestingly leads us to the solution of a quartic equation, which is derived as follows:

Figure (2.6) shows two line segments, L, and Lr, connecting points Po with P, across P,,

which lies on the interface, B, of two velocity cells with velocities v' and vr. We seek to

adjust the position of the end point, P,, along the interface, B, such as to minimise the

traveltime between Po and Pt
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(2.r2)

(2.r3)

B

V1 Y2

L2
Yz

Yo

"o''""""'ttt"
I ..---

L1
X
Po

Fig.2.6. Travelpath from Po to P, across P,, which lies along a boundary, B,
separating two velocity cells with slowness vr and vr.

It is well known that the correct solution is obtained if Snell's law holds, i.e.,

sln øl _ vl

sina, v2

However, this representation does not allow us to calculate the correct position of P, in a

non-iterative fashion. Fortunately, Snell's law is based on the basic minimum traveltime

criterion which can be used to obtain a closed form of the solution.

For a point P, the traveltime from Po to P, across B is given by

2
x222txo+yo+,r0)=ï 2v+ 2

Scaling the co-ordinate system with
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,._l
xn = xo(lo + lz) '

, . _lxz= xzllo+ !) '

- ._t
lo= lollo+ !z)'

, . _l

lz= lzllo+ !z) '

such that Vn + Vr= 1, gives

rf ¿l = (,,, -a -) Ix;+Y;+; N1 
-1x;+y; (yn + yr)

1.e.,

Squaring both sides ( 0 < % < 1) and re-arranging gives

o : V,' (vr t v,¡'(71 + (t - V)') - Q - V)'(r: + y:)

-45-

(2.r4)

(2. r 5)

The minimum traveltime can be found by solving the zero-derivative condition, i.e.,

-)+y;
Vo

N1x{vl
(2.t6)

v0
-1 -1x;+y;+ (1- v)' = (1 - %)u-2x2v2 (2.t7)

(2.18)

By setting v : (vrlv,)z we get

0 = (v -I)Too +2(l-v)Vr' +(nf| +v -l-ir')Vo' +2Vllo- x: (2.19)

This equation can be solved with standard methods (e.g., Neumark, i965) or root

finding techniques (e.g., Press et al., 1986) whilst keeping in mind that we are only

interested in solutions for which 0<70 <1. For the special case v:l (v,:vr) the

solution is
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i.e., as expected, a straight line

0 = (71 - xo')Vo' + 27:70 - 7:,

-46-

(2.20)

lo: (2.2r)

Interestingly, the problem can be re-arranged by taking a different direction following

Equation (2.18), as follows:

o = (v - t)Vo' 0 - VJ' + ñlVo' - *î O - V)' (2.22)

Defining (with v+1)

7o

7r+70
(as0<Ïo<1).

(2.23)

we get

0 = Vo' (t - V)' + Øo' + y(t - V)', (2.24)

which is a very elegant symmetric representation of the refraction point problem.

Using Equation (2.19), we set up the hybrid forward modelling algorithm. It first

calculates traveltimes with a nodal-net approach and then refines traveltimes by

iteratively adjusting the crossing point of raypaths across cell boundaries.

Table (2.2) shows the average improvement for a range of random velocity fields to be

between 47 to 88 percent of the theoretical upper error bound given by Equation (2.TI).

The actual traveltime improvement lies between 0.43% for five boundary nodes down to

-2 2-Z -2 ,-2-2
^ vxz- vixz- , - xo vtxz
lJ=-= " -- " anCl y = . = 2 2' v-l ví-ví v-I ví-v;

0.0037% for 40 boundary nodes.
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Nodes Error
Bound

Average
Improvement

Ratio

5 0.49% 0.43% 0.88

10 0.r2% 0.033% 0.28

15 0.055% 0.038% 0.69

20 0.03r% 0.023% 0.74

25 0.020% 0.012% 0.60

30 0.014% 0.0077% 0.55

35 0.010% 0.0068% 0.68

40 0.0018% 0.0031% 0.47

Table 2.2. Comparison between standard nodal-net based algorithm and hybrid
nodal-net-bending algorithm. Column I shows the number of nodes per cell
boundary used and column 2 the respective upper error bound as given by

Equation (2.1I). Column 3 shows the average traveltime improvement in percent
over twenty random velocify fields by using the hybrid algorithm rather than the
standard nodal-net algorithm. Column 4 shows the ratio between column 3 and

column 2, i.e., the proportion of actual versus theoretical maximum gain.

In general, we found that the additional computational effort of the hybrid method was

less than the effort of running the standard nodal-net model with a threefold number of

boundary nodes. However, this result depends highly on coding effrciency as well as

type of velocity fields and should not be taken as a rule of thumb. Depending on coding

style, the memory savings can be significant.

The main disadvantage of the hybrid method is that it might lock into a local traveltime

minimum, in particular in complex velocity fields. It therefore does not provide a better

theoretical upper error bound than the coarse nodal-net approach on which it is based.

However, the hybrid method has merits in reflection tomography of relatively simple

geologies and can be modified and embedded into other bending methods.
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Discussion

The presented analysis of the nodal-net based traveltime algorithm allows calculation of

upper error bounds from a given number of nodes along cell boundaries. This result can

be generalised to suit other parameterisations which do not employ secondary nodes, as

long as the 'granulation', or, angular discretization can be transformed into an

equivalent nodal system.

Indeed, unless additional information about the wavefront is stored with each node (e.g.,

the incidence angle) the primary factor that determines the upper error bound is the

maximum angular error between exact and approximated travelpaths. For example, the

method presented by Coultrip (1993) improves the traveltime accuracy by maintaining

records of arrival and exit directions of the wavefront at each node, achieving errors of

only 0.01 percent for boundaries with only 3 nodes in a few examples, compared to the

upper error bound of 1.3 percent calculated with Equation (2.11). However, these results

are empirical and depend on the given velocity model.

It is a fallacy to believe that increasing the number and reducing the size of cells in the

velocity grid model would improve traveltime results. For example, consider a

rectangular velocity grid I cell wide and 2 cells high (Figure 2.7). If we model a

constant velocity field and use only primary nodes for traveltime calculation, then the

traveltime obtained for a source at the top left (node A) to a receiver at the bottom right

(node O) would be Jl +t, i.e., one diagonal down-righrstep and one down-step

(AI+IO:AG+GO in Figure 2.7a).If we now half the size of the cells and quadruple their

number, obtaining a model 2 cells wide and 4 cells high (Figure 2.7b), then the
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respective traveltime is calculate d as 2^[y' +2x I ( AE+EI+IL+LO : AE+EH+HL+LO

: AE+EH+HK+KO : AD+DH+HL+LO : AD+DH+HK+KO : AD+DG+GK+KO),

which is identical to the previous result.

In comparison, by leaving the cell size the same and adding one secondary node per

boundary @igure 2.7c) wecalculate the traveltime as 2^ll+ x =1ß ( Ah+ho).

AA
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Fig.2.7. Traveltimes do not improve if cells are decreased in size. (a) A two-cell
system with source at A and receiver at O in a constant velocity field. The node-to-

node traveltime is J2 + 1 (e.g., path AIO). (b) Dividing the cell size by two still
yields the same traveltime,2^lB +2x /, (e.g., path ADHKO). (c) Only with

secondary nodes can the traveltime be reduced, no\il calculated zs Z^lt+ yo = Jj
(path AhO).

Only increasing the number of secondary nodes and thereby decreasing the angular error

will improve the result. Reducing the size of the cells only improves the approximation
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of the velocity field.
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Chapter 3

Sensitivity Analysis of Tomog raphic

Velocity Field Recovery

In this chapter, we examine in detail the sensitivity of a tomographic inversion

algorithm to various parameters like noise, measurement geometry @rray aperture) and

velocity contrasts. It is important to understand how these parameters affect the image

reconstruction. Despite the widespread use of tomography, and implied ambitious

claims of its effectiveness, very little research, if any, has been published on such

sensitivity analyses. The results, somewhat unexpected, allow us to develop guidelines

for experimental setups, and to find reliability estimates for a broad class of inversions.

Motivation

The motivation for this chapter derives from a few surprising observations we made

whilst working on other projects related to seismic tomography: (1) We found that

simple rounding/truncating of traveltimes can have a significant influence on-the quality

of an inversion result; (2) We found it difficult to set up a synthetic experiment for

which our inversion algorithm worked 'reasonably well', i.e., did not fail, yet was not
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perfect (most numerical experiments eitheï worked very well or not at all). This

indicated a high sensitivity gradient to experimental parameters; (3) We found it hard to

determine 'obvious' bounds on slowness contrasts for which the algorithm would work

well, generally relying on guessing the right parameters for which our experiments

would work; (a) We found the algorithm to be sensitive to parameters we originally

regarded as'safe'.

Reviewing the literature we were unable to find a rigorous analysis that would provide

us with a method to determine such ranges of validity for the parameters. Some work on

sensitivity analysis is published by Wang and Pratt (1997), Sain and Kaila (1996), and

Vasco et al. (1996(1)). Other publications are reviewed in Chapter 1.

In fact, most algorithms are presented with examples of successful inversions, and at

times with successful inversions under the influence of noise, without giving clear

parameter bounds for which a successful inversion is guaranteed. This is understandable

as seismic tomography is highly non-linear, operating in a poly-dimensional parameter

space. As such, the methods are (as yet) algebraically intractable and researchers rely on

trial and error to determine the validity of their methods'

Unfortunately, this has lead to several dangerous assumptions and practices in the

research community.

Examples of Success

It is helpful and instructive to know a few experimental setups for which an algorithm

creates a successful inversion. However, it is significantly more important to know the

parameter boundaries at which the algorithm fails, which would also highlight the
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sensitivity of an algorithm to various parameters. Relying on t¡ial and error, it is not

correct to think that an algorithm which successfully recovered a complex slowness

field will do so for all other slowness fields. Even only a slight change in the

experimental setup may produce a flawed outcome.

In a similar way, the use of various constraints (e.g., Young, 1997) and filtering

methods, like, damping and slowness field smoothing (e.g., Nemeth et al., 1997), must

be justihed on a case by case basis. It is not realistic to assume that an inversion of

real-world data, using slowness field smoothing to overcome noise in traveltimes, will

yield good results only because _a few synthetic trials were successful. It may well be

that some of the data implicitly f,rltered by the algorithm is actually not noise but signal.

The s¿rme applies to removing data that destabilises an inversion (i.e., small

eigenvalues) with singular value decomposition-based inversions. The removed data

may well be the correct data. The problem is in distinguishing signal from noise.

Also, if a particular algorithm does not converge well with a particular data set, or is

highly sensitive to noise, then there is no point in substituting it with a well converging

algorithm that uses data filtering or similar schemes unless such schemes can be

justified in this specific case. After all, unlike in synthetic (contrived) exercises where

the expected outcome is approximately known and mostly is known to be achievable, in

real-world seismic tomography this usually is not the case.

To believe that an inversion which converges to something plausible or realistic implies

a successful and correct inversion, can lead to interesting fallacies. For example, say, we

set up a variable-size slowness grid with low-resolution in most areas and high-

resolution in a small sub-region of particular interest, and run an inversion yielding
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good resolution in a small subspace despite having limited traveltime data available.

Even if the inversion yields a realistic image, we cannot take the result to be correct. For

if we repeat the above inversion, whilst each time shifting the high-resolution sub-

region to a different place, we soon will have a velocity field of arbitrary high resolution

everywhere. For example, Gudmundsson and Sambridge (1996) present a method based

on irregular (grid-) parameterisation in the context of global tomography, justifuing

their approach with the observation that velocity variations are highly concentrated in

the upper mantle and most globally recorded earthquakes occur in, or around,

subducting slabs.

Home-bred Bench marki ng

Not doubting the scientific rigour of other researchers, a standardised testing method for

new algorithms is superior to individually designed tests. This would overcome

problems like: (a) some algorithms are tested by using "easier-to-invert" high velocity

anomalies, rather than low-velocity anomalies; (b) anomalies can be shaped to

compensate directionally-dependent resolution abilities of an algorithm, e.g., in cross-

well experiments; (c) even though the slowness grid may have a high resolution, only

large scale anomalies might be used, thus reducing the real resolution used, in particular

for algorithms using smoothing methods; and (d) some algorithms or synthetic

experimental setups are described with insuff,rcient detail'

It would be easy to create a standardi*ed forward modelling algorithm that creates

traveltimes for arlitrarily chosen synthetic experiments which are subjected to specified

levels of noise, inaccuracies and other adverse real-world effects. The success rate of a
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new inversion algorithm can then be measured simply by the percentage of successful

inversions. The result also provides a direct measure for comparing different algorithms.

What is Quality?

Standardised benchmarking also requires a standard method of rating the success and

quality of an inversion. For example, are average errors more important than maximum

effors in the velocity field? Or should we regard the standard deviation of the effor as

more significant? Should erïors near the centre of the area of interest be rated higher

than errors near the edges? At present, results are often communicated with images,

often colour or grey-level bitmaps. This introduces a great deal of subjectivity and

dependence on unrelated fâctors such as print quality and choice ofcolours/grey levels.

Mathematical Basis

New algorithms are often presented and defended on the basis of sound mathematical

theory. This is beneficial for the understanding of the ideas and the motivation leading

to the algorithm. However, it is important to keep in mind that this rarely implies a

successful operation of the algorithm in a particul'ar parameter domain.

For example, assume we present a CGLS-based tomographic inversion algorithm by

describing the well understood convergence properties of CGLS minimisation. We then

argue, using the 'axiom of common sense', that non-linearity caused by curved raypaths

is not a problem to the success of an inversion so long as the initial slowness field is

ieasonably close to the real velocity field, something we support by presenting a few

successful inversions. Then our derivation is mathematically sound. However, the real
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problems are brushed aside by leaving the notion of 'reasonably close' undefined. We

might as well not give a mathematical derivation.

Real-World Tests

Even though real-world trials of new algorithms are an important test case for a

proposed method, it is unfortunate that mostly the obtained results are only compared

with results obtained by other inversion schemes. That two different schemes yield the

same result does not imply the results are correct. The only way to confirm the success

of such tests is by dense core sampling, to truth-test the predicted velocity image.

White Noise

Often algorithms are tested for sensitivity against simple "white" noise, i.e., flat

amplitude-spectrum and random phase-spectrum. Even though this is good practice, it

represents only a very nanow band of real-world noise, which is often "coloured". In

particular in signal processing, datacommunication and data storage and compression, it

is found that noise occurs more in clusters rather than white noise. The same holds for

traveltime measurements. For example, setting the wrong source or receiver co-

ordinates, inaccurate measurements of borehole co-ordinates, trigger-time errors of

shots, misreading of the start of first-break wavelets, elrors from discretizing

seismograms - all of these introduce systematic errors quite different from white noise.

There may be systematic differences or traveltime elrors from one set of traces (e'g.,

shot gathers) to the next.
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Scope

Seismic tomography has been implemented in various ways, for example, based on

ART, SIRT, CGLS, simulated annealing, genetic algorithm, Monte Carlo methods, etc.

(see Chapter 1). Experimental setups vary from crosshole geometries, L-shaped

coverage, U-shaped coverage, full 360 degree coverage for synthetic experiments; to

various 3-D surface an.ay setups. Similarly, the chosen slowness grid resolution varies

greatly as does the number of sources and receivers employed-

For example, Vasco et al. (1996 (2)) use a crosswell setup with 19 sources, 21 receivers

and a grid of 4 x 10 to infer the velocity and attenuation structure at a fractured granitic

site. Vasco et al. (1996 (1)) also investigate nonuniqueness in traveltime tomography

using a synthetic crosshole setup with 15 sources, 15 receivers and a grid of size9 x7.

Reiter and Rodi (1996) apply non-linear waveform tomography to traveltime data

obtained from a small-scale physical (layered) crosshole setup using 51 ultrasonic

sources and 51 receivers on a grid ofsize 26 x6l.

Choosing a particular grid resolution may seem like a simple decision about the trade-

off point between image resolution and error variance as presented by Menke (1989, p.

16-78). However, in a non-linear inversion scheme, choosing a coarser grid may not

lead to smoothed or averaged solutions, but may lead to completely invalid solutions,

represented by local minima far from the global minimum or the exact solution.

Faced with the choice of a large range of algorithms and parameter ranges, we decided

to consider only crosshole configurations where sources and receivers are placed along

parallel lines on opposite boundaries of a rectangular region of interest as shown in
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Figure (3.1). We only consider 2-dimensional setups, disregarding any 3-D influence

and param eterize the slowness field as a rectangular grid of constant slowness cells. The

application would be for mining or petroleum exploration, or to engineering site

investigations. Surface arays, such as in whole-earth or lithosphere tomography, arc

ignored.

In our experiments we only consider constant velocity fields or centrally placed

rectangular velocity anomalies.

l2 cells wide

Centrally placed,
6x6, square

anomaly

32 cells high

Source Line Receiver Line

Fig. 3.1. Typicat crosshole conligurations used for the investigations. The grid is
nirnuyr 12 x32 in size. Sources and receivers are placed at the left and right. If
anomalies are used, then they are squâre and placed at the centre of the grid'
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Raypath Calculation

We determine traveltimes and raypaths with the flood-fill based algorithm presented in

Chapter 2, using nodes placed along cell boundaries. Note that because of the use of

these nodes, the co-ordinates change in proportion. For example, using 20 nodes along

each cell boundary of 12 cells yields a distance of I2x20:240 units. Recall that the

algorithm yields a maximum traveltime error that is directly related to the number of

secondary nodes, cr, ( : number of nodes minus one) used per cell boundary, i.e., the

error has an upper bound given by

ô 2 l+az -a l+a2 -1 (3.1)

All our experiments use synthetic traveltimes as input data. If the underlying slowness

field is constant, then the traveltimes are calculated exactly by taking the distance

between each source and receiver pair. For variable velocity fields we use the flood-fill

based algorithm and set the number of boundary nodes to a significantly larger value

than used in the inversion, e.g., 40 nodes per boundary. We also ensure that the residual

error is much smaller than purposely introduced errors like random noise, rounding

errors, and clustered errors.

Inversion Algorithm

Our chosen inversion algorithm is a simple, undamped, CGLS-based iterative inversion

scheme allowing curved raypaths (e.g., Rawlinson, 1996). The algorithm is

rurconstrained other than that it does not permit negative slowness values. The algorithm

effectively consists of an outer loop and an inner loop. The outer loop updates all

max
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raypaths according to the most recent slowness field approximation. The inner loop runs

the CGLS iterations based on a matrix derived from the raypaths. After some initial tests

and considering available computation power we fixed the number of inner loop

iterations to 50 and the number of outer loop iterations to 30.

Acquisition Geometry

We choose a grid 12 cells wide and 32 cells tall with either 65 sources and 65 teceivers,

or 129 sources and I29 receivers, equally spaced along the vertical (extended) boundary

of the region of interest, providing a good angular coverage (Figure 3.2),i'e., up to 139'

(:2 x arctan(32112) ) for a point in the centre of the region of interest.

As a result, by using 65 sources and 65 receivers we obtain 4,225 (:65x65)

traveltimes/raypaths for 384 slowness cells, i.e., a ratio of 11:1. Using 129 sources and

129 receivers, we obtain 16,641raypaths, giving a ratio of 43.3:1 for the number of data

versus the number of model parameters. This setup is overdetermined to a considerable

degree, in particular when compared to the coverage-ratio used in the papers mentioned

above (10:1,3.6:1 and 1.6:1).

Good coverage of slowness cells with raypaths is a prerequisite to a successful

inversion. We ran two different forward models in the I2x32 grid with 65 sources and

65 receivers, counting the minimum, maximum and average number of rays passing

through each cell. We found that in a constant slowness field we have a minimum count

0112, a maximum count of 490 and an average count (ray-density) of 229.In a slowness

field with a centrally placed anomaly of slowness 0.7 of size 6x6 and a background
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slowness of 1.0, we obtain a minimum count of 12, a maximum count of 889 and an

average raypath count per cell of 227 .

0" 1400
(a) (b)

Fig.3.2. (a) Contour diagram of angular coverage (in degrees) assuming straight
raypaths, with the source array on the left, the receiver array on the right, a width
of 12 units and a height of 32 units. Maximum coverage at the centre of the image
is 139o. (b) The values are calculated as the angular range of all straight rays that
pass from a point on the source array through the point in question to a point on

the receiver array. crr and u.2^Íe two examples for two separate points.

'We also decided on 20 nodes per cell boundary in all our experiments unless specified

otherwise, and we use a background slowness field of 1.0. Therefore, the shortest

traveltime in a constant slowness field is 240 (12x20) time units, whilst the longest

traveltime is 683.5 I = 122 +322 .2})time units

ctl
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Scaling

These dimensionless values can be easily scaled to real-world times, co-ordinates and

velocities. For example, the 12x32 grid with 20 nodes per boundary, with 65 sources

and 65 receivers, a background slowness of 1.0 and an anomaly with slowness 0.7 can

be translated to the following mineral exploration or civil engineering crosshole

tomography experiment: a24 metres wide by 64 metres deep region of interest; each

constant velocity cell sized 2 metreby 2 mette; background velocity 3,500 m/s;

anomaly 5,000 m/s (3,500/0.7); sources and receivers spaced one metre apart.

Dimensionless synthetic time units (u) are then scaled to real-world times (t, in seconds)

by

24 ,3,500 ut=ü.- I ' :-:-=-::-=, (3.2)
240 1.0 35,000.

i.e., distance scaling divided by velocity scaling gives time scaling. Therefore, if we

sample seismograms at 100 ¡rs intervals, a discretization error of +50 ¡rs translates to

1.75 (:50 ¡rs x 35,000) synthetic time units'

Parameters Studied

After deciding on the width and height of the slowness field and the number of sources

and receivers we investigate the sensitivity of the algorithm to

errors in traveltimes from discretization,'o

a

a

errors in traveltimes from white noise;

errors in traveltimes from clustered noise,
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o the accuracy of the algorithm in calculating traveltimes,

the size and slowness contrast of an anomalya

We do not consider influences like (a) anisotropy; (b) 3-D-effects; (c) errors rn

source/receiver placements; (d) zero-time errors of source signals; (e) slowness cell

overlaps resulting from different grid sizes used in forward modelling and inversion; (Ð

potential problems from discretizing a continuous slowness field into constant slowness

cells; (g) increase of outer loop iterations, though we do compare results after 30

iterations with results after 100 iterations; and (h) problems of convergence, e.g., getting

trapped in local minima, or inversions which do not approach a fixed point in model

space.

Even though source/receiver placement errors and zero-time effors of source signals are

not examined, the sensitivity tests with clustered effors can be used to model these

effors

Computational Effort

All forward models and inversion were run on a Silícon Graphics Power Challenge

equipped with twenty R-10000 Ã1^SC Processors. Algorithms were written in C++ and

compiled to 64-bit code. The algorithms were not manually optimised and computation

time for each inversion ranged from just above an hour for small models to about two

days for models with a large number of sources, receivers and secondary nodes.

Time and computational constraints allowed us to conduct a total of around 1,700

forward models and inversions, 900 of which were made in an initial study with widely
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varying parameters, and 800 in a detailed examination of the parameter ranges of most

interest. The results of around 350 inversions were used in this chapter'

Judging Results

We present our results with two types of objective measures, the rms value of the

differences between actual and exact values, and the maximum absolute difference of

actual and exact values, d."*, calculated by

fþcnatlil- exactlil)2
(3 3)l=lrms

n

d,,^ t= mpxabs(ac tuallil- exactlil),
I=1..n

where 'n' is the number of slowness cells (I2 x 32),'actual[]' is an array containing the

values obtained by the inversion, and 'exact[]' is an array containing the correct values

(of the original model)

We present error values in percent. Note that an error of 10% refers to l0%o of the

background slowness value (1.0), not I\Yo of the slowness contrast. For example, if the

background slowness is 1.0 and the anomaly has slowness 1.1, then a l}Yo error masks

the anomaly.

We represent slowness fields graphically after increasing the slowness field resolution

by a factor of 4 in each dimension (i.e., 48 x 128 cells) and then apply a small

smoothing filter to the image, making it easier to visually interpret the data. However,

(3.4)
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all numeri c daia, like minima and maxima, are derived from the original, slowness

fields.

We are now ready to present each investigation, individually analysing the results and

concluding the chapter with a quick all-over summary of the implications of these

numerical experiments.

Constant Velocity Fields - Nodes and Rounding

We examine the sensitivity of the inversion algorithm to two parameters, the rounding

of traveltimes and the number of ñodes used in the forward-modelling part of the

inversion algorithm.

In a real experiment, first break times are derived from seismograms, which are sampled

at discrete time intervals, for example, every 100 ¡.rs. If the source and receiver afiay are

separated by 50 metres, and the background velocity is 3,500 m/s, then the first break

time is at sample 50 / 3,500 x 10,000 : 142.857, which would be rounded - actually

rounded to the next larger integerr - to 143. The error, in this case about +0.35% (: 0.5 /

143), is unavoidable even if we could remove the generally much larger elrors

introduced by first break picking.

' It is an interesting and often overlooked fact thaf for this reason better results in

tomographic inversion can be achieved by subtracting 0.5 from all discretized

traveltimes, depending on the type of digitiser.
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The number of nodes used by the inversion algorithm is a direct measure of the

accuracy the algorithm achieves in calculating first break times. We already established

that an algorithm with, for example, 10 nodes calculates traveltimes with an error of less

than 0.153%. However, as we shall see, the inversion algorithm is highly sensitive to

this error

Weuse 65 sources and 65 receivers. Foreachnumberof nodes, a, (i.e., î:5,10, 15,20'

25) and for each rounding factor, rfactor, of interest (i.e., 0.25Yo,0.5o/o,0.75yo, l.}yo),

our algorithm proceeds as follows

Calculate the rounding factor required to round the shortest distance between a

Source and a receiver to the percentage in rfactor, i.e., reqmd : rfactor x 2 x

width x a: rfactor x 480

2. Setup a constant slowness field with slowness 1.0

3. Calculate the exact traveltimes for each source and receiver, i.e., use the metric

distance between each source and receiver

4. Round the traveltimes to a multiple of rfactor: rfat : trunc(fatlreqrnd+0.5) x

reqrnd

Start the tomographic inversion algorithm by setting the initial guess to the

correct slowness field with slowness 1.0 everywhere

5

6. Run the CGLS based inversion algorithm
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Note that the rounding only rounds the shortest travelpaths by the maximum percentage,

while longer travelpaths are rounded by smaller percentages. Recall that the shortest

traveltime is240 whilst the longest traveltime is 683'5'

We also run a set of inversions with rfactor:O, i.e., using exaçt traveltimes, but

introducing the usual effors from the fixed number of nodes'

Using exact traveltimes (maximum rounding : }yo) the small elrors derived from the

limited number of nodes is amplified by the inversion algorithm, as shown in Tables

(3.1) and (3.2) and Figures (3.3) and (3.4). For example, with 5 nodes, the traveltime

error is at most 0.75%. However, the obtained slowness f,reld shows a maximum error of

up to 13%, with an rïns error of 6.2%. Only with 20 nodes, i.e., a maximum traveltime

error of 0.035yo, are we able to reduce the maximum error to l.4o/o and the rms error to

0.9%. Considering this and the remaining results, we find the percentage slowness error

generally to be about 17 times larger than the maximum percentage error in traveltimes.

From this set of synthetic tests, we conclude that useful tomographic inversions require

at least 20 nodes, or, in the case of other inversion schemes, the traveltimes need to be

calculated with a maximum error of at most 0.035%. This should leave us with a

maximum slowness field error of around 1.4%.
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Fig. 3.3. Constant Velocity Fietds - Nodes & Rounding: Rms errors' in percent of
background slowness, for sensitivity analysis of the inversion algorithm against

rounding errors in traveltimes and traveltime errors caused by the forward
modelling part of the algorithm. Uses 65 sources and 65 receivers. See also Table

(3.1).

Number ofNodes
(Rms Enors of Traveltimes)

0% (0%) 6.2% 2.2Yo r)% 490% 0.4s%

+025o/o (0.088%) 7.0% 43% 3.9% 1.5% 2.8%

+0.5o/o (0.18%) 4.8% 2.8% 6.0% 2.9% 4.8%

+0.75yo (0.26%) 53% 3.4% 43% 3.0% 5.2%

+t.0o/o (0.35%) t2% 8.0% 6.9% 7.t% 7.0%

Table 3.1. Constant Velocify Fields - Nodes & Rounding: Rms errors' in percent of
background slowness, for sensitivity analysis of the inversion algorithm against

rounding errors in traveltimes (left) and traveltime errors caused by the forward
modelling part of the algorithm (top). Uses 65 sources and 65 receivers. See also

Figure (3.3).
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Fig. 3.4. Constant Velocity Fields - Nodes & Rounding: Maximum slowness errors
in percent of background slowness, for sensitivity analysis of the inversion

algorithm against rounding errors in traveltimes and traveltime errors caused by
the forward modelling part of the algorithm. Uses 65 sources and 65 receivers. See

also Table (3.2).

Number of Nodes
(Maximum Traveltime Enor)

5
(0.7s%)

10
(0.15%)

15
(0.064%)

o% (0%) t3% 4S% 2.5% L4% 0.92%

+025% (0.088%) 27% 7S% r3% 4.6% 12%

+0.syo (0.18%) t5% 8.7% 20% 8.2% r6%

+0.7s% (0.26%) t4% r0% t2% t0% t4%

+t.jyo (0.35%) 43% 35% 28% 26% 28%

Table 3.2. Constant Velocity Fields - Nodes & Rounding: Maximum slowness

errors in percent of background slowness, for sensitivity analysis of the inversion
algorithm against rounding errors in traveltimes (left) and traveltime errors

caused by the forward modetling part of the algorithm (top). Uses 65 sources and
65 receivers. See also Figure (3.4).
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The resulting effors do not increase continuously with increased rounding. However,

even with 25 nodes and a maximum rounding error of 025% we obtain a maximum

slowness field error of l2Yo, though the rms error is only 2.8Yo. A visual examination

shows a generally well resolved slowness field over most of the image with very large

effors adjacent to the source and receiver lines (Figure 3.5). Considering the other

results, we find that the maximum percentage slowness field error is about 30 times

larger than the maximum percentage rounding effor.

0.93 l.l2
Fig. 3.5. Constant Velocity Fields - Nodes & Rounding: Inversion with 25 nodes

and+0.250/" maximum rounding. The source line is on the left, the receiver line on
the right. The inversion is generally good, but has large artefacts of up to l2o/o
near source and receiver lines. Note: grid width is not shown to scale of grid

height.

In a real experiment, if one is interested in small regions with strong velocity contrast,

then the above artefacts create a serious obstacle to a successful inversion.
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The large errors at the ends of source and receiver arrays are likely to be the result of

low ray densities

The asymmetry of the result in view of the symmetry of the initial conditions is easily

explained. Whenever the forward modelling algorithm encounters a choice of two

different travelpaths with equal minimum traveltimes then it must make a choice as to

which path to choose as the best travelpath. This path is consequently used to update the

slowness vector during the next CGLS iteration. At this point the symmetry of the

model is broken and fuither iterations easily enlarge the created asymmetry. This

situation can only effectively occur in synthetic velocity models. However, if we use a

velocity model in which such choices do not occur, then we have already created an

asymmetry which may be enlarged by the inversion. Further, floating point calculations

are subject to rounding errors which may result in slightly different traveltimes for

theoretically equal paths, thereby creating a choice that the actual algorithm cannot

influence.

We interpret the lack of a continuous increase of errors with increased rounding as a

result of the inherent non-linearity of the inversion algorithm (Figwes 3.3 and 3.4, and

similarly Figures 3.6 and 3.7). That is, the inversion is caught in (different) local

minima which have larger residuals. This problem and the difficulty in predicting such

outcomes analytically suggests a statistical approach to measuring inversion results.

Even without rounding etïors, we still obtain residual rrns errors of up to 6.2Yo (for 5

nodes) because of the limited number of nodes. As a comparison, we set up a CGLS

inversion scheme using straight raypaths only, which uses an exact method to calculate

travelpath lengths in each slowness cell (and is therefore immune to the number of sub-
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nodes). Without introducing rounding errors, this inversion method makes an almost

exact recovery of the slowness field with a maximum error of 3.6x10-a Yo and an rrns

error of 1.4x10-a o/o after 50 iterations. With a 1olo rounding elror we get a 9.1Yo

maximum error and a2.3Yo rms emor.

Nodes and Rounding w¡th a Larger Number of Sources

and Receivers

We now use the same experimental setup as above, but use 129 sources and 129

recèivers and test if the above results can be improved.

Examining Tables (3.3) and (3.4) and Figures (3.6) and (3.7) we find that quadrupling

the number of raypaths does not achieve any significant improvement of rms errors and

maximum erïors. Also, the results other than those for the largest maximum rounding

factor, +1.0o/o, are not consistent, i.e., some values are worse than those obtained with

fewer sources and receivers.

Note that by placing a larger number of sources and receivers along the boundary of

single cells, rounding errors are often averaged out by the CGLS-based optimisation,

thereby improving the result of the inversion. This is only valid if constant velocity cells

are a reasonable approximation to the real, continuous velocity field.
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Rms Errors - Nodes & Rounding

Number of
Nodes

-.- 5 (0.75%)

--¡- 10 (0.15%)

--*15 (0 064%)

--ì(- 20 (0.035%)

--+-25 (0.020%)

0 00%
o% (o%) rl.Oo/'

(0.35%)

Fig. 3.6. Nodes & Rounding with Larger Number of Sources & Receivers: Rms

errors, in percent of background slowness, for sensitivity ânalysis of the inversion
algorithm against rounding errors in traveltimes and traveltime errors caused by
the forward modelling part of the algorithm. Uses 129 sources 

^nd 
129 receivers.

See also Table (3.3).

Number ofNodes
(Maximum Traveltime Error)

7.O0%

6.00%

5.00%

4.O0%

3.00%

2.000/o

1.00T.

o
o
t¡l
th
EÉ

xo.25% r0.5% r.0.75%
(0.088%) (0.18%) (0.26%)

Max¡mum Rounding Error

Max. Rounding on
Shortest (longest)

Traveltime
240 (683.s)

5

(0.7s%)
10

(01s%)
15

(0.064%)
20

(0.035%)
25

(0.020%)

0% (0%) 6.5% 2.2% r.3% 0.75% 0.4t%

+0.25Vo (0.088%) 49% 2.0% t.2% 056% 25%

+0.5o/o (0.18%) 5.3% 2.7Yo t.9% tA% 2.0%

+0.75yo (0.26%) 3.7% 3.2% 4.7% 3.6% 4.8%

+t.0o/o (0.35%) s9% 5.5% 5.4% 3.5% 3.7%

Table 3.3. Nodes & Rounding with Larger Number of Sources & Receivers: Rms

errors, in percent of background slowness, for sensitivity analysis of the inversion
algorithm against rounding errors in traveltimes (left) and traveltime errors

causù by the forward modelling part of the algorithm (top). Uses 129 sources and
129 receivers. See also Figure (3.6).
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10.00%
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30 00%

25 00%

5.00%

0.00%

Max. Rounding on
Shortest (longest)

Traveltime
240 (683.s)

Maximum Errors - Nodes & Rounding

+O.25ok r0.5% Ñ.75o/o
(0.088%) (0.18%) (0.26%)

Maximum Rounding Éror

11.0%
(0.35%)

20
(0.03s%)

Number of
Nodes

o 5 (075%)

--r- 10 (0.15%)

--¿- 15 (0.064%)

__a_20 (0 035%)

__+_25 (0.0200/ù

25
(0.020%)

0% (o%)

Fig. 3.7. Nodes & Rounding with Larger Number of Sources & Receivers:
Maximum slowness errors in percent of background slowness, for sensitivity

analysis of the inversion algorithm against rounding errors in traveltimes and
traveltime errors caused by the forward modelling part of the algorithm. Uses 129

sources and 129 receivers. See also Table (3.4).

Number of Nodes
(Maximum Traveltime Error)

5

(0.1s%)
10

(0.15%)
15

(0.064%)

o% (0%) r8% 6.r% 2.6% 1.8% 092%

+0.25Yo (0.088%) r5% 6.0% 55% r.9% 9.6%

r0.5yo (0.18%) r4% 9.3% Ir% 4.7% 65%

!0.750 (0.26%) t4% tt% r0% 8.8% 9.1%

+1.0o/o (0.35%) 26% l7% r5% 99% t1%

Table 3.4. Nodes & Rounding with Larger Number of Sources & Receivers:
Maximum slowness errors in percent of background slowness, for sensitivity

analysis of the inversion algorithm against rounding errors in traveltimes (left) and

traveltime errors caused by the forward modelling part of the algorithm (top).
Uses 129 sources and 129 receivers. See also Figure (3'7)'
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A visual inspection reveals that for 0% rounding effors, the slowness field effors

introduced by the number of nodes are generally evenly distributed throughout the area

of interest, whilst being relatively constant along the vertical axis (parallel to source and

receiver lines). An example using 20 nodes per cell boundary is shown in Figure (3.8).

0.98 r.02

Fig. 3.8. Nodes & Rounding with Larger
Number of Sources & Receivers:

Inversion result using 20 nodes per cell
boundary and no rounding error.129
sources and 129 receivers were used.
Note the symmetry parallel to source

and receiver lines.

0.95 1.04

Fig. 3.9. Nodes & Rounding with Larger
Number of Sources & Receivers:

Inversion result using 20 nodes per cell
boundary and a +0.5o/o (0.18%)

maximum rounding error. 129 sources
a;ndl29 receivers were used.

Maximum errors from rounding traveltimes are sometimes concentrated at the edges of

the region of interest, but generally are evenly distributed (Figure 3.9)'

Assuming that similar results would be obtained in variable velocity fields, maximum

rounding errors of +L\Yo would be acceptable if one looks for velocity contrasts larger
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than, say, 20o/o above the background velocity. However, most anomalies will be much

less than this, forcing rather stringent conditions on the permissible rounding error'

Varying size and slowness of a Velocity Anomaly

We now turn to variable slowness fields. 'We choose a simple slowness field with

constant background slowness set to 1.0 and insert a square shaped anomaly at the

centre of the region of interest. We calculate traveltimes with our grid-based method and

input these traveltimes to the inversion algorithm. The inversion algorithm uses a

constant slowness field (1.0 everywhere) as the initial guess slowness model.'We use 65

sources, 65 receivers and 20 nodes per cell boundary. We then vary the size of the

anomalous zone from 2 to 6 and its slowness contrast from 0.7 to 1.3.

The inversions are highly successful for high-velocity anomalies, i.e., slowness : 0.7,

0.8, 0.9, with no maximum percentage error larger than l.gyo, as presented in Tables

(3.5) and (3.6). The same applies for a small (10%) low-velocity anomaly, for which the

maximum percentage error is 0.16%. The inversion has difficulties with inverting small,

low-velocity zones (size:2; slowness:1 .2 or 1.4) where we have maximum percentage

erïors of 4.6Yo and l5o/o respectively. For larger low-velocity anomalies (size 4 ot 6;

slowness 1.2 or 1.3) the inversion fails, yielding maximum percentage errors of between

30o/o to 680/o.

Low-velocity inversions are particularly diffrcult for the algorithm. In fact, the inversion

of the model with size:2 and slowness:l.2 is underestimated by 4.6%.Instead of 1.2,

the inversion yields 1.15. Similarly, the inversion of the model with size:2 and

slowness:l.4 gives the same result, an anomaly with slowness 1'15. The reason for this
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is that small low-velocity regions may be almost entirely avoided by raypaths.

Unfortunately, inversions of larger low-velocity regions also fail, probably because

strong ray-bending increases the non-linearity of the problem'

Slowness \ Size 2

0.7 0.073% 0.98% 0.59%

0.8 0.79% 0.032% 0.071%

0.9 0.0063% 0.0093% 0.021%

1.1 0.0088% 0.0s4% 0.018%

t.2 0.46% 59% 16%

1.3 t.5% t4% 12%

Table 3.5. Varying Size and Slowness of a Velocity Anomaly: Rms errors of
slowness field for inversions attempting to recover a centrally placed square

slowness anomaly with given size (top) and slowness (left). Background slowness is
1.0; Uses 65 sources and 65 receivers'

Slowness \ Size 2 4 6

0.7 0.27% |.9% r.9%

r.8% 0.rl% 0.2s%

0.9 0.017% 0.029o/o 0.087%

1.1 0.039% 0.16% 0.061%

r.2 4.6% 30% 83%

1.3 15% 57% 68%

Table 3.6. Varying Size and Slowness of a Velocity Anomaly: Maximum slowness

field errors for inversions attempting to recover a centrally placed square slowness

anomaly with given size (top) and slowness (left). Background slowness is 1.0; Uses

65 sources and 65 receivers.

64

0.8
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We conclude that o1¡1 experimental setup is strong enough to recover high-velocity

fields. However, slow-velocity fields remain elusive. Further investigation is required to

establish if multiple anomalies yield similar results or if the errors compound.

lnfluence of Rounding in Variable Slowness Fields

Using the above setup, we now investigate the influence of traveltime rounding in

variable slowness fields. 'We round traveltimes to the nearest even integer. Since the

shortest traveltime is 20xI2--240 (width x number of nodes), this equates to a maximum

error of +1 1240 = +0.42yo. As before we use 65 sources and 65 receivers.

Consider the high-velocity anomalies and the slow-velocity anomaly with slowness 1 ' 1.

Even though we introduced a rounding error of no more than0.42o/o to traveltimes, the

maximum percentage error of the slowness fields increases by factors between 6.3 to

880 (Table 3.7). We now obtain maximum percentage errors in the slowness between

8.6Yo to 15%. However, rms erïors are still only between 2.lo/o to 3.4%. If one is

interested in the all-over slowness field, then this can be considered a satisfactory result.

However, most inversions have the goal to find small-scale velocity anomalies and

therefore the maximum eIToIS are of greater concern than rms enors.

A visual examination of the resulting slowness shows that even though the true anomaly

is easily visible, it is surrounded by false anomalies, in particular for the models with a

slowness anomaly of 0.9 (Figure 3.10a) and even more in the models with a slowness

anomaly of 1 .1 (Figwe 3.10b).

As before, the low-velocity anomalies with slowness 1.2, and 1.3 were not successfully

recovered.
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Slowness \ Size

Rms errors of slowness field Maximum slowness field errors

-78-

24 6 Slowness \ Size 246
0.7 3J% 2.5% 3.3% 0.7 t2% t2% t4%

0.8 2.5% 2.1% 2.9% 0.8 8.6% 8.6% t0%

0.9 3.4% 3.1% 3.3% 0.9 t5% t0% 14%

1.1 2.8% 2.4% 3.2% 1.1 t2% 9.9% 13%

t.2 2.6% 20% 7.8% t.2 rt% tr6% 23%

1.3 2.9% 2t% 12% 1.3 14% 83% 43%

Table 3.7. Influence of Rounding in Variable Slowness Fields: Rms errors and
maximum errors of slowness fields for inversions attempting to recover a centrally

placed square slowness anomaly with given size (top) and slowness (left).
Traveltimes are rounded/discretized by up to 0.42o/o. Background slowness is 1.0;

Uses 65 sources and 65 receivers.

0.88 1.15 0.92 1.10
(a) (b)

Fig.3.10.Influence of Rounding in Variable Slowness Fields: (a) Inversion result
for a slowness anomaly of size 2x2 with slowness 0.9 and constant background

slowness 1.0. (b) Inversion result for a slowness anomaly of size 4x4 with slowness
1.1 and constant background slowness 1.0. The anomaly is easily visible in both

cases, however, it is surrounded by false anomalies.
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Rounding w¡th a Larger Number of Sources and

Receivers

We repeat the above experiment with a larger number of sources and receivers to see if

the above results can be improved. We now use 129 sources and I29 receivers.

Comparing the maximum percentage errors for experiments involving anomalous

regions with slowness values between 0.7 to 1.1, to the results obtained with 65 sources

and receivers, \rye can see a marked improvement (Table 3.8). All maximum percentage

effors are less than or equal to 4o/o, being an improvement, on average, by a factor of 4

over the previous result (65 sources and receivers). Interestingly we also increased the

number of raypaths by a factor of 4 ( :I29 x 129 I (65 x 65) ).

Rms error of slowness field Maximum slowness field error

Slowness \ Size 2 4 6 Slowness\Size 246
0.7

0.8

0.9

1.1

t.2

0.8r%

0.8r%

0.87%

l.0o/o

1.1%

t.7%

I.T%

0.66%

0Ss%

0.85%

89%

25%

r.2%

0.79%

I.r%

0.86%

6.7%

r5%

0.7 3.0% 3.0% 3.r%

0.8 3.6% 3.0% 3.8%

0.9 2.3% 2.6% 4.0%

1.1 3.0% 2.3% 21%

r.2 5.2% 49% 22%

1.3 1.3 t4% 104% 105%

Table 3.8. Rounding with a Larger Number of Sources and Receivers: Rms errors
and maximum errors of slowness fields for inversions attempting to recover a

centrally placed square slowness anomaly with given size (top) and slowness (left).

Traveltimes are rounded/discretized by up to 0.42"/". Background slowness is 1.0;
- Uses 129 sources and 129 receivers.
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We are still worse off by around 2.5Yo compared to the results obtained without

rounding effors. Howevel, for most applications, a maximum percentage error in

slowness o14%o is very accePtable.

Even though using 4 times the number of raypaths reduced the error by a factor of 4, we

cannot imply the same for other traveltime etrors, as for example, manual picking

errors. The reduction in error is likely to stem from the averaging effect of multiple

raypaths passing mostly through the same cells, but having slightly different

traveltimes, such that one traveltime is rounded upward and the other downward. The

inversion algorithm will then try to match the average of the traveltimes.

lnfluence of Random Noise

We now investigate the influence of random traveltime errors on the inversion. For this

purpose we use a constant slowness field,129 sources, 129 receivers and 20 nodes.

Each experiment perturbs traveltimes randomly within a range of +õ, where ô is set

between 2 to 8, equalling 0.83% to 3.3Yo the error of the shortest traveltime, and 0.29Yo

to l.2Yo the error of the longest traveltime. V/e do not include traveltime rounding,

assuming that the traveltime picking method yields results on a continuous scale.

The rms e11ors shown in Table (3.9) exhibit a strong linear relationship with the

traveltime errors. On average they are larger by a factor of 3.2 than the maximum

percentage effors in the shortest traveltimes.
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Max. Traveltime Error,
õ, (error on shortest &

longest traveltime)

Rms Error Maximum Enor

+2 (0.83%;0.29%) 2.7% 9.3%

+4 (1.7%;0.59%) s.3% 23%

+6 (25%;0.88%) 8.2% 26%

+8 (3.3%; |.2%) r1% 3t%

Table 3.9.Influence of Random Noise: Rms errors and maximum errors of
slowness fields from inversions trying to recover a constant slowness field when

traveltimes have random errors of at most ô. Uses 129 sources and 129 receivers.
See also Figure (3.12).

An rms enor of 2.7olo or even 5.3o/o as seen in rows one and two of Table (3.9) would be

quite acceptable. However, the maximum percentage emors aÍe 9.3% and 23%o

respectively, growing to 3lo/o for a traveltime error range of +3 '3Yo.

A visual examination shows that these maximum errors can play a significant role in

disturbing the resulting slowness field. For example, the 9.3Yo maximum percentage

error for traveltime effors of up to 0.83% can easily be interpreted as a small low-

velocity region (Figure 3.11a). The same holds for traveltime enors of up to l.7Yo,

where we find a small high-velocity spike (23%) and another high-velocity (15%)

region (Figure 3.11b).

We conclude that in a search for larger velocity contrasts, say, 30o/o or more, a

maximum white-noise traveltime error of lo/o may be acceptable, whilst for smaller

velocity contrasts smaller traveltime errors are essential if velocity reconstruction is to

be meaningful.



Chapter 3 -82-

0.92 1.09 0.77 1.15
(a) (b)

Fig.3.11. Influence of Random Noise: 129 sources and receivers; constant slowness
freld; (a) maximum traveltime noise i2 samples (0.83%; 0.29V"). (b) maximum

traveltime noise *4 samples (l.7Yo;0.59"/0).

lnfluence of Clustered Noise

The previous experiment used random, white-noise errors to perturb traveltimes.

However, not all perturbations are caused by purely random processes. Manual or

automatic traveltime picking will incur clustered effors, i.e., if one misinterprets the

onset of a particular wavelet, then it is likely that the neighbouring wavelets on a shot

gather are picked wrongly as well.

At times, clustered effors can be recognised and/or reduced, for example, by using

traveltime - distance cross-plots. However, in the general case this is equivalent to

removing data irregularities under the assumption that there is no velocity anomaly, and

then using the adjusted data in the hope to find an anomaly. In a broader context, similar
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issues need to be considered when liberal data pre-processing and filtering are

employed.

In any case, the clustered errors used in this investigation are relatively small and in a

real data set, clustered and random errors would both be introduced several times, e'g.,

during data acquisition, pre-processing and traveltime picking, thereby increasing the

problem of finding a valid clustered error reduction method'

Therefore, we assume for the purpose of this investigation that the introduced clustered

errors cannot be removed by any valid techniques.

'We use the same experimental setup as in the previous section, whilst changing random

noise to clustered noise of the same average size. We create clustered noise by randomly

perturbing each block of 16 adjacent receivers by the same value. Recall that we use a

constant slowness f,reld with 129 sources and 129 receivers.

The rms effors grow by a factor of about 1.9, and maximum percentage eÍrors grow by a

factor of around 2.8 (Table 3.10, Figure 3.12) in comparison to random errors (Table

3.e)

As such, inversions using traveltimes with maximum clustered errors of l.l%o or more

yield unacceptable results. A maximum clustered error of 0.83% can only be tolerated

when large velocity contrasts are expected and no other signihcant disturbances are

present.
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Errorsfor Random and ClusÍered Noise
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Fig. 3.12. Comparison between influence of random noise and clustered noise: Rms

errors and maximum errors of slowness fields from inversions trying to recover a

constant slowness field when traveltimes have random/clustered errors of at most
õ. uses 129 sources and 129 receivers. see also Tables (3.9) and (3.10).

Max. Traveltime Error,
ô, (error on shortest &

longest traveltime)

+2 (0.83%;0.29%)

+4 (1.7%;0.59%)

+6 (2.5%;0.88%)

+8 (3.3%;1.2%)

Table 3.10. Influence of Clustered Noise: Rms errors and maximum errors of
slowness fields from inversions trying to recover a constant slowness field when
traveltimes have random errors of at most õ. Uses 129 sources and 129 receivers.

See also Figure (3.12).
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To put these numbers into perspective, let us assume we attempt to image a 72 metre

wide and 32 metre long area of interest which has a background velocity of 3,500 m/s.

For this we set up 129 sources and 129 receivers in a downhole configuration, along

perfectly straight lines, with 0.25 metre spacing and sample seismograms at 100 ps

intervals. This is an extremely dense recovery geometry by any field standard. The

shortest traveltime takes 34.29 seismogram samples (I2 m / 3500 m/s / 100 ps). The

clustered traveltime error must then be bounded by +0.83%, i'e., 0.28 samples, which

means, the traveltimes would have to be picked on average better than with an error of

llTth of a sample (:0.2812), i.e., better than +14 ¡-rs. We then would still have to expect

maximum errors of up to 25o/o inthe slowness field.

Our only hope would be to increase the target zone to 48 metre by 128 metre, using a 1

metre source/receiver spacing and a grid resolution of 4 metre by 4 metre. In that case

we would have to pick traveltimes on average better than 0.57 samples, i.e., t57 ps.

It may be of interest that most of the large errors occur near the source line and therefore

the central area maintains a better recovery that the above numbers suggest. Howevet,

note that we introduced clustered er¡ors only to receiver groups and not to source

groups. In doing so, we would spread the large errors across to the receiver lines as well

thereby further reducing the value of the (only) 12 cells wide region.
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Clustered Noise in Variable Velocity Field

We extend the previous experiment and try to determine how well the shape of a

variable velocity held can be recovered under the influence of clustered errors.

We use 129 sources and I29 receivers. The slowness field has a constant background

slowness of 1.0 and a square of width 4 at the centre of the region with a slowness of

0.9. We then introduce clustered errors of varying size'

In our first trial we started our inversion with a slowness field that was constant

everywhere (slowness : 1.0). The results even for small clustered noise were most

discouraging, as can be seen in Table (3.11). Even a clustered error of at most +0-83%

caused an rïns error of 5%o and a maximum enor of 25Yo'

We therefore conducted another trial, this time starting with the exact slowness held as

the initial guess, i.e., the inversion algorithm is expected to 'drift' away due to the

clustered errors. 'We also decreased the size of the clustered errors as shown in Table

(3.12) and Figure (3.13).

The results indicate that other than for effor ranges smaller than or equal to +1.0

(+0.42%), the results are not acceptable because of large maximum errors, ranging from

25%o to 35%. Visual inspection shows the slowness anomaly can be recognised for

errors up to +2.0 (+0.83%).

For the majority of inversions, slowness field errors are larger near the source lines,

though mostly the errors reach half way into the region of interest. Also, recall that we

introduced clustered efrors only to receiver groups and not source groups'
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0% (0;0) 0.0059% 0.011%

+2 (0.83%;0.29%) s.0% 25%

+4 (r.7%;0.59%) l0% 40%

+6 (2.5%;0.88%) r8% 83%

+8 (3.3%; 1.2%) 25% 98%

Table 3.11. Influence of Clustered Noise in Variable Velocity Field; Constant
Slowness Field as Initial Guess: Rms errors and maximum errors of slowness frelds

from inversions trying to recover a constant slowness field when traveltimes have

clustered errors of at most ô. Uses 129 sources and 129 receivers.

Max. Traveltime Error,
ô, (error on shortest &

longest traveltime)

Max. Traveltime Error, õ,
(error on shortest &
longest traveltime)

+0.2 (0.083%;0.029%)

+0.4 (0.17%;0.059%)

+0.6 (0.25%; 0.088%)

+0.8 (0.33%;0.12%)

+t.0 (0.42%;0.15%)

+2.0 (0.83%;0.29%)

+3.0 (1 .25%;0.44%)

+4.0 (1 .7%;0.59%)

Rms Error

Rms Error

0.25%

090%

t.t%

t.3%

t1%

5.4%

69%

Maximum Error

Maximum Error

|.t%

3.6%

5.2%

5.2%

8.2%

25%

32%

7.4% 35%

Table 3.12.Influence of Clustered Noise in Variable Velocity Field; Exact Slowness

Field as Initial Guess: Rms errors and maximum errors of slowness fields from
inversions trying to recover a constant slowness field when traveltimes have

random errors of at most ô. Uses 129 sources and 129 receivers. See also Figure
(3.13).
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lnfluence of Clustered Noise in Variable Velocity Field
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Fig. 3.13. Influence of Clustered Noise in Variable Velocity Field; Exact Slowness

Field as Initial Guess: Rms errors and maximum errors of slowness fields from
inversions trying to recover a constant slowness field when traveltimes have

random errors of at most ô. Uses 129 sources and 129 receivers. See also Table
(3.12).

It is interesting that the inversion effectively fails when starting with a constant

slowness field. Further investigation is required to determine if the algorithm is caught

by a local minimum, or if a large number of iterations would improve the results.

Random Errors w¡th a Larger Number of lterations

We compare the result of an inversion after 30 iterations and after 100 iterations to test

if results would improve with a larger number of outer-loop iterations.

For this purpose we use a constant slowness field where traveltimes have been perlurbed

by random noise, i.e., L2 samples. We use 129 sources and 129 receivers.
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Our results do not show any improvements for the larger number of iterations. In fact,

after 100 iterations, the slowness field shows alarger effor compared to the constant

slowness field than after 30 iterations.

Of course, due to the non-linear nature of the inversion, this does not indicate that more

iterations would not improve results. However, we choose to leave this question

unanswered until signihcant improvements in computation power and research funds

are available.

Forcing the Wrong Slowness

In this experiment we fix a rectangular anomalous region to the wrong velocity whilst

running the inversion which has to compensate for the wrong velocity by making

changes elsewhere. We measure how close the resulting traveltimes match the actual

traveltimes, obtaining a measure of how far traveltimes must change to accommodate a

velocity field disturbance.

We first create a slowness field with constant background slowness 1.0 and a central

square velocity perturbation of width 2, and slowness 0.7, 0.8, 0.9, 1 .l,l-2, and 1.3' V/e

use the traveltimes obtained from this velocity field in our inversion. The inversion

starts with a constant slowness field, 1.0 everywhere. During the inversion, we prevent

changes away from 1.0 inside the rectangular anomaly forcing the inversion algorithm

to match the original traveltimes by 'wrongly' changing other areas in the original

constant background slowness field.

The results in Table (3.13) show errors in sample units. Recall that in our setup the

shortest traveltime is 240 samples, the longest traveltime around 680 samples. Hence, a
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maximum traveltime effor of, say,0J2 relates to a percentage error of at most

O .7 2 I 240:0 .3o/o or 0 .7 2 I 680:0. 1 I oá respectively.

Slowness

0.7 0.1 07884 0.7t5591

0.8 0. 161 817 1.08954

0.9 0.0944065 0.6427

1.1 0.0931074 0.533r12

1.2 0.t23196 0.937r9s

1.3 0.123196 0.931195

Table 3.13. Forcing the'Wrong Slowness: A rectangular anomalous region
(slowness on left; background slowness 1.0) of srz,e 4x4 is fixed to the wrong

slowness (1.0) whitst running the inversion which has to compensate for the wrong
velocity by making changes elsewhere. Shown are rms values and maximum

differences between traveltimes for the exact slowness field and traveltimes for the
rnversion result.

Note that the results for slowness 1.2 and 1.3 are identical as the 2x2 low-velocity

square does not yield traveltime differences for slownesses above 1.2.

The results show that traveltime differences are very small, with the largest maximum

traveltime error being no more than 1.09, i.e., 1.091240:0.45%. Visual inspection shows

that all resulting slowness fields are significantly different to the original slowness fields

(e.g., Figure 3.14).

We conclude that slight changes in traveltimes can result in significantly different

slowness fields. This problem cannot be overcome by changing the inversion algorithm,

or by employing smoothing technìques or other filtering techniques, because each

slowness field corresponds to the exact solution of its respective traveltime set. Any

Rms Error of
Traveltimes

Maximum Error of
Traveltimes



Chapter 3 -91 -

tampering with the inversion algorithm that is not based on additional knowledge about

the slowness field has a 50% chance of seeking a wrong solution.

0.95 t.t2
Fig. 3.14. Forcing the'Wrong Slowness: Result for forcing a central4x4 square

anomaly to slowness 1.0, instead of the correct slowness of 0.9. Note that the
traveltimes between this slowness field and the original slowness field (constant

everywhere with single central anomaly) have a maximum difference of 0.64
samples, i.e., no more tlnan0.27"/o.

Further we can conclude that approaches that base themselves on fixing subregions of

the slowness field can cause large artefacts unless the velocities of the fixed region are

well known.

Given the high level of nonuniqueness revealed in this experiment it is questionable if

some schemes which use smoothing, filtering or data-selection techniques can be

justified atall.
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Forcing the Correct Slowness

As a control experiment, we use the same setup as before but force the correct slowness

rather than the wrong slowness in a region of interest. To make the inversion non-trivial,

our initial slowness field guess is set to a constant slowness field with the value of the

anomaly, i.e.,0.7,0.8,0.9, 1.7,1.2, and 1.3.

Table (3.14) shows effors in sample units. All the results are effectively perfect,

supporting the validity of the result of the previous experiment.

Slowness

0.7 0.0016 0.014

0.8 0.00035 0.0029

0.9 0.000074 0.00064

1.1 0.00011 0.00085

1.2 0.0027 0.016

1.3 0.010 0.072

Table 3.14. Forcing the Correct Slowness: A control experiment for the previous
investigation. A rectangular anomalous region (slowness on left; background

slowness 1.0) of stze 4x4 is fixed to the correct whilst running the inversion which
has to compensate for the wrong velocity by making changes elsewhere. Shown are

rms values and maximum differences between traveltimes for the exact slowness

field and traveltimes for the inversion result.

Rms Error of
Traveltimes

Maximum Error of
Traveltimes
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Traveltime Proximity Between Constant and Random

Velocity Fields

'We now investigate the similarity between traveltimes from constant velocity fields and

traveltimes from random velocity fields.

The algorithm first creates a random velocity field, i.e., each slowness cell is given a

random value within a given range, p+4. We calculate the traveltimes for this slowness

field and determine the optimal slowness value for a constant velocity field that best

matches the given traveltimes according to a square norrn. We then analyse the residual

traveltime erïors, i.e., the difference in traveltimes between both velocity fields.

If both traveltime sets are very similar, a.8., to an error smaller than ô, then we can

conclude that in tomographic inversions based on traveltimes measured to an accuracy

of ô, we will have to accept a velocity held error of at least A'

We use a setup of 129 sources, 129 receivers, and arandom slowness range of [0.9,1.1],

i.è., a +lÙYo range.

The results are presented in Table (3.15). In our model, the shortest traveltime in a

constant slowness field of slowness 1.0 is 240 and the longest traveltime is 683.5.

Hence, at a constant slowness of 0.969, an average error of 4.25 ttanslates to a relative

percentage error of between 4.251(240 x 0.969):1 .\Yo and 4.251(683 '5 x 0.969):0 -64%-

These e¡¡ors are not extremely large and could be expected in a practical experiment,

though the much larger maximum effors of around 15.7, translating to mæ<imum
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percentage effors between 15.71(240 x 0.969):6.75Y" and 15.11(683.5 x 0.969):).1'//o

are generally not realistic.

Trial No Best Slowness Average Error Maximum Error Rms Error

0.972878 4.46937 19.3898 5.52553

0.97093s 4.21276 13.0543 5.27446

0.97r2r3 4.28871 14.9606 5.22606

0.968422 3.97107 16.0206 s.0l28l

0.9674rr 5.00026 t6.r022 6.06415

0.967305 4.0447 15.8987 5.01807

0.967289 4.03737 10.836 4.96978

0.967991 4.23205 ts.s072 5.11398

0.97103r 4.34412 20.3902 5.30972

0.968703 3.88274 15.196 4.86219

Average 0.9693178 4.248315 15.13556 5.24374r

Table 3.15. Traveltime Proximity Between Constant and Random Velocity Fields:
L0 independent runs, each creating a random slowness field with slowness range

[0.9;1.U and calculating the best-matching constant slowness field. Displayed are

the value of the best slowness field and statistics of residual traveltime errors.

Therefore, no conclusions can be made about the minimum velocity field errors in an

lnverslon.

It is noteworthy that the best slowness values in the experiment are all concentrated

tightly around 0.969. This is worth further investigation. Also, similar experiments may

be valuable to determine the validity of the constant-velocity cell assumption.

1

2

J
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8

9
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Summary

Vy'e have examined in detail the sensitivity of a tomographic inversion algorithm against

various parameters, considering crosshole configurations with 65 sources and 65

receivers, or I29 sources and 129 receivers placed along parallel lines on opposite

boundaries of a rectangular region of interest. We set the region of interest to be 12 cells

wide and 32 cells tall. Our chosen inversion algorithm is a simple, undamped, CGLS-

based iterative inversion scheme allowing curved raypaths. The algorithm is

unconstrained other than that it does not permit negative slowness values.

Using a constant velocity field and examining the effects of inaccuracies of traveltime

calculation during the forward pass of the inversion algorithm, we find that small errors

are increased significantly, by around a factor of 17 in percentage ratios for the

slowness. Therefore, the algorithm should calculate traveltimes to an accuracy of no less

than 0.035Yo,yie\ding a maximum error of L4Yo in the slowness field with an rrns error

of 0.9Yo.

From effects observed from rounding/discrelizing traveltimes we find that with 65

sources and 65 receivers, the maximum slowness field percentage errors are around 30

times larger than the rounding errors in percent. For example, a maximum rounding

error of 0.25% yields a maximum slowness field error of l2o/o with an rms error of

2.8%. Using 129 sources and 129 receivers yields a slight but not consistent

improvement, making maximum rounding erïors of up to tl.\yo acceptable if slowness

field contrasts larger than 20o/o are expected.
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placing a square slowness anomaly in the centre of the region of interest and using 65

sources and 65 receivers, we find the algorithm recovers high velocity anomalies well,

whilst failing to recover low velocity anomalies with a contrast of 20Yo of more against

the background velocity.

However, introducing rounding errors to the same experimental setup, we find that a

maximum rounding error of t0.42yo causes maximum percentage effors between 8.6%

and l5o/o,with rms errors between 2.1%o and3.4%'

Using l2g sources and I29 receivers in an otherwise equal setup we find an

improvement by a factor of 4.

Turning to the influence of random errors in constant slowness f,relds, we use 129

sources and 129 receivers and find maximum slowness field percentage errors to be

larger than maximum traveltime percentage errors by a factor of around 1 1. We

conclude that a maximum random error of +l.0o/o is acceptable if (unrealistic) slowness

contrasts ofaround 30%o or larger are expected'

However, clustered erïors show a much stronger influence. A maximum clustered error

of +0.83% would still cause slowness field errors of up to 25o/o'

The same experiment run in a variable velocity field shows even larger errors. Only

maximum clustered traveltime errors of +0.42yo are acceptable if slowness contrasts as

small as around l\Yo are to be recovered.

Examining the results of inversions where subregions were held at a wrong velocity

revealed that slight changes in traveltimes can result in significantly different slowness

fields as exact solutions of their respective traveltime sets'
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Recommendations

Considering the above results, we propose two possible changes in the approach to

seismic tomography

First, one can introduce additional information in the inversion process, most notably

later arrivals. The additional data should make inversion results more robust and should

yield additional information (like reflections from faults and fractures) not visible in

basic transmission velocity fields. We shall investigate such an inversion scheme in

Chapter 6.

Second, it would be worthwhile to consider a modelling and inversion scheme that

focuses on the 'essential element', instead of an all-over recovery of the velocity f,reld.

For example, a high-resolution velocity held map of a region (subject to inversion-

scheme induced artefacts) has less economical value than the result of a hypothesis test

that gives the location of highest probability for finding a target such as an ore body.

This kind of approach also implies a reduction of the number of free

variables/parameters which has significant impact on the tractability of the inversion

scheme. It is extremely diffrcult to study the general topography of the function space

created by standard CGLS-based tomographic inversion schemes with their large

number of parameters. Hence, determining optimised minimisation algorithms and

deciding if a minimum is the global minimum is next to impossible. In Chapter 7 we

shall investigate the possibility and functionality of such a reduced parameterisation

inversion scheme.
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Chapter 4

3-D Effects in 2-D Seismic Tomography

In this chapter we investigate the significance of 3-D effects in bent-ray 2-D seismic

tomography und discuss the constraints and assumptions that must be imposed on

velocity fields to allow successful and meaningful inversions. Such three-dimensional

(out-of-plane) effects are poorly understood and frequently ignored.

The results allow us to gauge the validity of various real-world inversions and present

an opportunity to consider approaches to overcome or control 3-D effects.

lntroduction

Unlike in medical tomography, obtaining necessary 3-dimensional data sets in a mining

environment is difficult and often impossible. Three-dimensional tomographic inversion

schemes are discussed in Brzostowski and McMechan (1992), Zhang et aL (1994), attd

Galbraith and Hall (1997). The cornputational complexity increases significantly when

the models change from 2-D to 3-D, and the prospect of introducing a major source of

new solution ambiguities and undesired local minima to the inversion process is

daunting. For example, Song et a[. (1995) find that full-wave 2-D inversion strategies
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are of limited use, even if restricted to 2-D media, because 3-D dynamics are not

correctly modelled. In the same year, Mufti (1995) demonstrated pitfalls in crosshole

seismic interpretation as a result of 3-D effects. Additional publications are reviewed in

Chapter 1.

Unfortunately, these challenges may have lead to the implicit assumption that one can

ignore out-of-plane effects in 2-D seismic tomography, whilst still being able to obtain

meaningful results from inversions.

In 2-D seismic tomography one assumes that real-world raypaths effectively stay in a

plane, or, can be approximated to sufficient accuracy by rays within the plane. This is

paradoxical when one uses bent-ray tomography, as this implies that rays a¡e "well

behaved", bending only within the plane, but not significantly out of the plane. The

underlying geology may of course, under special conditions, allow such an assumption,

but often this is not stated explicitly, or is invalid.

The motivation for this chapter is also derived from the result of a simple mathematical

analysis þresented below) of the maximum distance raypaths can travel out of the

plane. For example, in a suitable velocity field bounded between 4,800 m/s and 6,000

m/s, and a source to receiver distance of 50 m, the maximum out-of-plane distance is

18.75 m. Even though this is the theoretically maximum possible distance, the size of

this result indicates that a more thorough investigation is necessary.

Considering that seismic tomography is highly sensitive to even small traveltime errors

(see Chapter 3 - Sensitivity Analysis of Tomogrøphic Velocity Field Recovery), to an

extent that exact traveltime picking is crucial to a successful inversion, it is questionable

that out-of-plane effects can be ignored.
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In our investigation we first derive analytically an upper bound for the out-of-plane

travel distance, and then examine several tomographic inversions of synthetic data' The

synthetic data are obtained from a 3-D forward modelling algorithm, whilst the

inversions are carried out by a standard 2-D tomographic inversion scheme'

Rather than using real-world-like synthetic velocity models, we focus on simple

geometric shapes like planes or spheres that are generic and can more easily be scaled

and transformed into real-world situations. Such shapes are also more amenable to

anal¡ical treatment.

It would be of interest to obtain a detailed statistical analysis of 3-D effects, based on

several thousand random synthetic experiments. However, at present computational

constraints put such an investigation beyond our reach.

An Upper Bound

We briefly derive the upper bound for the distance a raypath can travel out of the

inversion plane subject to a velocity range constraint on the velocity field'

Consider a source and a receiver at distance Ar*, and suppose we know that the velocity

field has lower and upper bounds v, and vn, (0 < vr 3 v")'

It is easy to show that a velocity field (Figure 4.1) consisting of a low-velocity area

below the source-receiver line, a low velocity area inside the triangular region SPR

above the source-receiver line, a high velocity area in the remaining region, and setting

ar"
1

2
Z^o (4.1)
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yields the largest possible deviation from the straight line path, SR ,;:.; I

We first show that path SPR is a best path in the given velocity field, and conclude the

proof by demonstrating that no other velocity field configuration can yield a value larger

than z-u*.

v¡-¡

V¡

S As" R

V¡

Fig. 4.1. Velocity field in which the first break path (SPR) from S to R deviates
maximally (2.,,) from the straight line connection SR.

There are two path types that could be faster than path SPR. Paths that cross the low-

velocity triangle horizontally before they reach P, and paths that cross the low-velocity

triangle at an angle.

We first assume a slanted path SAECDR is the fastest/best path (Figure 4.2). Then path

AE is at least as fast as path ABE. For reasons of symmetry it follows that path ED is at

least as fast as path ECD. Hence, path SAEDR is at least as fast as path SAECDR. But

path AD is definitely faster that path AED, and therefore path SADR is faster than path

SAECDR - a contradiction.

P

Vg
z^u*



-t02-Chapter 4

B

DA

P

E

C

v¡1 v¡1

V¡

S R

V¡

ßig.4.2.Illustration on why path SAECDR cannot be the best path from S to R.

This shows that slanted paths cannot be best paths. We now tum to horizontally crossing

V¡¡

paths.

P

BA

V¡¡

z^u*

V¡

S Asn R

Fig. 4.3. Illustration of horizontally crossing path SABR.

For any horizontally crossing path SABR (Figure 4.3), defined by the points ,4 (along

SP) and .B (along PR), where

À: q(F-^l)*^i, -É= a(F -n¡+ñ, with ø e[0'1], (4.2)

the traveltime is
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(4.3)

(4.4)

After replacing z^^*, we obtain

(Ð' *'3^u** 
(t-î]o'.

- ar*
tsABR - VL

2a
"SABR vH

i.e., tr*" is independent to a. Note that setting o:1 specifies the path SPR. Hence, SPR

is indeed a best path from S to R. It is trivial to observe that if we decrease the value of

z*". slightly then SPR is indeed the fastest path from source to receiver.

Finally, considering that no best path in any velocity field configuration can take any

longer than

t - As^
fL

(4.5)

because the straight path SR can never take longer, and considering that P lies on the

ellipse {t'lo-Sl+þ-Al= uo;^}, at maximum distance from line SR, we conclude

that no other velocity configuration can yield an even larger value for z*o.

As an example, we can use Equation (4.1) on a velocity field with v'n,n:1,500 m/s and

v**:3,500 m/s, and a source-receiver distance of 50 m, obtaining 4n*: 57Yo x 50 m =

29 m.

This result is sufficiently significant to suggest the more detailed analysis presented

below. We begin by describing the 3-D forward modelling algorithm before presenting

the actual results obtained from synthetic data sets.

max
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The 3-D Fonruard Modelling Algorithm

We first establish a 3-D forward modelling algorithm that allows us to obtain first break

times from given 3-D velocity models. We then use these first break times and attempt

to recover the velocity field with a standard 2-D seismic tomography algorithm.

Our 3-D forward modelling algorithm works analogously to the 2-D forward modelling

algorithm presented in Chapter 2. Other work concerned with 3-D ray tracing is

presented by Virieux and Farra (1991), Snieder and Sambridge (1992), Sun (1993),

Klimes and Kvasnicka (1994), Wang and Houseman (1995), Guiziou et al. (1996), *d

Grechka and McMechan (1997). We discretize a velocity field into a regular grid of

constant velocity elements, called voxels. All voxels are cubes of equal size. We place

nodes at the boundaries, edges and comers of all voxels such that all nodes are equally

spaced along boundaries (see Figure 4.4). We then allow first-break rays to travel along

nodes from voxel to voxel. To calculate the optimalray, or, best path, we use a flood-fill

approach as described for the 2-dimensional model.

Fig. 4.4. A single voxel of the 3-D-grid with nodes along each surface, edge and

corner. Nodes at back of cube are not shown. This example uses 3 nodes (2

secondary nodes, a=2) Perboundary.
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Setting the number of nodes per boundary as established for the 2-D case, we expect to

obtain results with similar travel-time accuracy.

However, in three dimensions the computational complexity increases significantly. In

two dimensions, with a given number of nodes, a, along each boundary, and model size

[s*,srJ, the number of ray-propagation tests we expect to calculate for each source is of

the order of

4s*sra(4a-1) = s*sr(16a2 -4a)-+ O(u')

In three dimensions with a given number of secondary nodes, a, and model size

[s*,S'S,ì, the respective number is of the order of

(4.6)

(4.t)
sxsysz (6a2 +2)(6a2 + 1):

s*srs,(36aa + 18a2 +2) -+ O(uo)

The 2-D lnversion Algorithm

We use a standard Conjugate Gradient Least Squares (CGLS) based algorithm for our

inversion (e.g., Rawlinson, 1996). We tried this algorithm with three different grid

dynamics: fixed grid, grid bisection, and use-partitioned grid.

The fixed grid approach maintains a constant sized, manually chosen velocity freld grid

throughout the entire inversion (Figure 4.5b). The disadvantage of this approach is that

if the initial velocity field is not well known, then the inversion may be caught in local

minima that are far from the global minimum. Also, this approach requires manual

tuning which we consider inappropriate'
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II

I

I

I I

(a) (b) (c)

Fig. 4.5. Three different grid-modification approaches. (a) Grid bisection
approach: After each batch of iterations, the number of cells in the grid is doubled
until a maximum number of cells is reached. (b) Fixed grid approach: Cell sizes

remain constant for each batch of iterations. (c) Use partitioned grid approach:
For each batch of iterations, the algorithm determines the local resolution of the

grid from a measure of usage, e.g., the minimum number of rays that have to pass

through a cell.

The grid bisection approach starts with a coarse grid (e.g., I or 4 cells). After every few

iterations the algorithm transforms the existing grid into a f,tner grid, until a

predetermined finest resolution is reached (Figure 4.5a). From this point onward the

grid resolution remains constant. This approach provides a reasonable estimate at each

resolution level before descending to finer granularity. This algorithm carì be

implemented quite easily with help of the fixed grid approach, by introducing an

averaging step after each CGLS iteration.

The use-partitioned grid dynamically changes cell size according to a measure of usage,

e.g., the minimum number of rays that have to pass through a partition (Figure 4.5c).

TI
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The advantage of this approach is that lowvelocity zones, which are'avoided'by first

break rays, are now increased in size until they obtain at least some rays that allow the

CGLS iteration to adjust the values of the partition.

We implement this algorithm in a 4-step fashion: (1) Make one CGLS iteration with the

fixed grid approach; (2) Count the number of rays in each cell; (3) Collect neighbouring

cells into partitions such that each partition has at least a minimum count; (4) For each

partition, find the average slowness of its cells, and set the slowness of each cell in the

partition to that average value.

Actual inversions show that the fixed grid approach yields the least satisfactory results.

The grid bisection approach generally performs better that the use-partitioned grid

approach, though it requires a manually set cut-off level and it exhibits local-minima

problems in various situations. The use-partitioned grid approach is promising, but lacks

convergence at times, to some extent 'walking about' in the solution space. We

therefore use the grid bisection approach for the inversions presented in this chapter.

Basic Parameters

We place sources and receivers along 2 perpendicular axes each, as shown in Figure

(4.6), obtaining a very good coverage of the area of interest. All inversions begin by

guessing the initial velocity field to be constant, v: lll.2. However, due to the coarse

initial grid (2x2), this initial value makes no contribution to the result of the inversion.

We use 79 sources and79 receivers placed on a co-ordinate grid of 40x40 velocity cells.
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z:15

z-àxts !:40
y-axls

X-AXIS

x:40

Fig. 4.6. Arrangement of sources (S) and receivers (R) in 3-D. Note that not all
sources and receivers are shown: The actual model contains 79 sources and79

receivers.

The CGLS inversion uses an inner loop and an outer loop. During each iteration of the

outer loop the algorithm first sets/changes the grid resolution, then calculates the

raypaths in the updated velocity field estimate, and uses these paths to set up a matrix'

This matrix is then handed to the inner loop which iterates the CGLS search strategy 50

times (called one batch).

The resolution sequence taken by the grid-bisection approach is: 2x2, 4x4, 4x4, 5x5,

5x5, 5x5, 5x5, 8x8, 8x8, 8x8, 8x8, 10x10, 10x10, 10x10, 10x10, 10x10, 10x10,20x20.

Note that the algorithm stops below the co-ordinate resolution of 40x40 cells to keep

data density high.

All figures below show slowness values and not velocity values. Similarly, the velocity

fields were defined by slowness fields.
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Experimental Results - 2-D Models

To test our forward modelling and inversion algorithm, we first invert a few pseudo-2-D

models, that is, velocity fields that are constant in the third dimension:

-109-

(4.8)v(x,y,z): v(x,y)

The obtained results allow us to gauge the functionality and limitations of the algorithm,

e.g., in terms of convergence, velocity range, etc

Constant velocity field

This model consists of a constant velocity f,reld with v:1.0. The inversion converges

almost instantly (Figure 4.7).

"slwo gnu" 
-

Slowness
1-

0 999999

0 999999

0 999998

0 999998
35

30

25
20

'10

1510 y-axls
15

x-dts

20

30
0

ßig. 4.7.Inversion of constant velocity field after I batch of iterations.
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Velocity field w¡th linear gradient in one dimension

We use a velocity field with a linear gradient ranging from slowness 1.0 to slowness

1.915 in one dimension, i.e.,

1 
= 1.0+2.v(x,y,z) 40'

(4.e)

where y ranges from 0 to 39

Convergence is good, though the final result retains some imperfections (Figures 4.8

and 4.9),likely to be the result of the lower resolution of the inversion grid.

"slwl gnu'-

Slowness
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15

'l 4

12

11

1

35
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10 15 y-axrs
15

x-ats

l020

30
35 0

Fig. 4.8. Inversion of velocity with linear gradient after second iteration batch.
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"slw20 gnu" 
-

y-urs
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(4 10)
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Fig. 4.9. Inversion of velocity with linear gradient after 2l iteration batches.

High velocity circle at centre - high contrast

This inversion uses a high velocity circle/cylinder at the centre, (20,20), of the region of

interest with radius r:15 and slowness range 1.0 to 1.8, i.e.,

1.8 for (x -20)' +(y -20)z >152

1.0 otherwise

Figures (4. I 0) and (4. I 1) (side view) show a reasonably good inversion, even though the

final result is less than perfect, in particular, the boundaries of the circular high velocity

field are not very sharp. We attribute this to the difference in grid resolution between

model and inversion.
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"shd20 gnu" 
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Fig. 4.10. Inversion of high contrast, high velocity circle zfter 2l iteration batches.

"slw50 gnu" 
-

Slowness

2

y-axrs

05
25

20

'1020
25

05

\
I

t1r

/1l

frt
t-1

!r
I

rl

Fig. 4.1l.Inversion of high contrast, high velocity circle after 51 iteration batches.
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High velocity circle at centre - low contrast

This model uses a high velocity circle/cylinder, this time with a low velocity contrast,

1.e

1.1

1.0

for (x -20)' + (y -20)2 >102

otherwise
(4.11)

"slw50 gnu" 
-

y-axr5

The result (Figure 4.72) is of approximately equal quality to the prior inversion,

imptying that for high velocity blocks, the velocity contrast is relatively unimportant.

Slowness

11s -

1't

105

095

¡ig.4.l2.Inversion of low contrast, high velocity circle after 51 iteration batches.
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High velocity circle at corner

Here we use a high-velocity circle with radius 15 placed at a comer of the field of

interest. The slowness inside the circle is 1.0, whilst outside areas are set to 1.8:

-lI4-

(4.r2)

"slw50 gnq" 
-

35

1 1.8 for x2 + y' >I5'
1.0 otherwisev(x, Y, z)

Convergence is reasonably good. However, the system stabilises without reaching the

original velocity model to very high precision (Figure 4.I3). Hence, positioning is a

significant contributor to the quality of the inversion. This is partially related to the

change in ray-coverage for different positions.

25 -
Slown€ss

2

l5

05 30

0 20

't0 '15 y-axrs

x-axts

1020
25

30
35 0

Fig. 4.13. Inversion of high contrast, high velocity circle at corner of model after 51

iteration batches
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Low velocity circle at centre - high contrast

We now consider low-velocity areas surrounded by high-velocity zones. These models

are significantly more difhcult to invert as low-velocity zones ate 'avoided' by first

break rays, resuiting in an inferior information content'

This model uses a low-velocity circle with radius 10 at the centre of the model (20,20).

The slowness of the circle is set to 2.0 whilst surrounding areas are set to slowness 1 .0:

1.0

2.0

for (x - 20)' + (y - 20)2 > 102

otherwise
(4.13)

Convergence is reasonable. Howevet, the result is far from accurate (Figure 4.14). The

inversion results in a strong underestimation of the low velocity zone (1.4 versus 2.0)

and its boundaries are not precisely recovered. There is also a slope-like increment

along the boundaries instead of a sharp increase.

'sM50 gnu" 
-

14

t3

12
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1
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08

Fig. 4.14. Inversion of high contrast, low velocity circle after 51 iteration batches.
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Low velocity circle at centre - low contrast

'We repeat the previous experiment but decrease the velocity contrast. We now use a

circle with radius 10 at the centre of the model (20,20). The slowness of the circle is set

to 1.1, whilst the remaining area has slowness 1.0:

1 1.0 for (x -20)' + (y -20)2 > 102

1.1 otherwisev(x, Y, z)
(4.r4)

"slw70 gnu" 

-

This inversion comes much closer to the original model. However, we still observe

some relatively large disturbances in the resulting velocity field (Figure 4.15). We

conclude that the size of the velocity contrast is a significant quality influence for

inversions of low-velocity regions.

Slowness
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Fig. 4.15. Inversion of low contrast, low velocity circle after 7l iteration batches.
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At this point we have established the quality and the limitations of the inversion

algorithm. We have seen that results are reasonably close to the original models, though

we face stronger distortions with high contrast low-velocity zones'

'We now turn to our actual 3-D experiments

Experimental Results - 3-D Models

Remember that the source-receiver plane in the following experiments is given by

z:15, (4.15)

(4.16)

i.e., our 3-D velocity field model, ranging from (0,0,0) to (40,40,30) is cut in half by the

plane (see Figure 4.6)

Fast Out-Of-Plane Hemisphere, High Contrast

V/e begin by placing a fast hemisphere with radius 15 outside the plane at co-ordinate

(20,20,0), such that it just touches the source-receiver plane. We set the slowness inside

the sphere to 1.0, whilst the slowness outside the sphere is 1.8:

1.8 for(x -20)'+(y-20)z +z'>15'
1.0 otherwise

The forced 2-D inversion shows a high-velocity area in the central region of the plane

(Figure 4.16). This would be correct for a single point at co-ordinate (20 ,20,15) where

the sphere actually touches the source-receiver plane. However, the influence is

significant as far as 12 units away from the centre of the plane-projected centre of the
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sphere. At such distance, the high velocity elements of the sphere have a distance of 6

units from the source-receiver plane:

Lr='- -ñ"2 (4.r7)

(4.18)

"slw50 gnq" 
-

y-ars

r

:15- 152 -122 = 6

As we don't know if the high velocity freld is above or below the source-receiver plane

we must regard the range *6 above and below the inversion plane as effectively 'in the

plane'. Such a block is 30% the size of the entire area of interest (40 elements).
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Fig. 4.16. Inversion of out-of-plane hemisphere with high contrast after 51 iteration
batches.
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Fast Out-of-plane Hemisphere, Low contrast 1 .3

Vy'e now use the same setup as in the previous experiment, but lower the slowness

contrast to 1.3 vs. 1.0

1 1.3 for (x -20)' +(y -20)2 + z' >15'
1.0 otherwise

(4.1e)
v(x, Y, z)

This inversion only shows slight improvements against the previous high-contrast

model. We still experience a significant high-velocity bias up to a distance of 12

elements from the projected centre of the sphere (Figure 4'17)'

SloMcss
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Fig. 4.lT.Inversion of out-of-plane hemisphere with low contrast (1.0:1.3) after 51'

15 20 25 30 3510

iteration batches.
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Fast Out-of-plane Hemisphere, Low contrast 1 .2

With a low slowness contrast of L2 vs. 1.0,

-120-

(4.20)1.2 for (x -20)t +(y -20)z + z' >15'
1.0 otherwise

we still have a significant high-velocity bias up to 10 elements from the projected centre

of the sphere. To accept the result we would have to regard elements as much as +3.8

units out of the plane as 'effectively in the plane', i.e.,9.5%o the size of the entire area of

interest (Figure 4. 1 8).

12

Slowness
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105

"slw50 gnu" 
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Fig. 4.18. Inversion of out-of-plane hemisphere with low contrast (1.0:1.2) after 51

20 25 30 35't0 '15

iteration batches.
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Z-Axis gradient, high contrast 2.0

Vy'e now turn to a velocity model with constant gradient ranging from 1.0 to 2.0 along

the z-axis

-I2l-

(4.21)
1z

v(x,y,z) 30

The source-receiver plane with z:15 therefore has a constant slowness of 1.5

If the 3-D effects (velocity gradient) were insignificant the 2-D tomogram would be flat

(slowness equal to 1.5) and featureless. However, our inversion reveals interesting

results. The velocity model is far from constant, with narrow low-velocity zones along

the boundaries and high velocity zones in the central region (Figures 4.19 and 4.20)'

Also, the central region is high-velocity biased.

The result is easily explained. In the 3-D experiment, spatially long travel paths, most of

which travel across the central region, are high velocity biased because they can reach

fuither into the out-of-plane high velocity zone. Hence, in the 2-D inversion, the central

region is high-vetocity biased. This in turn must be balanced for short paths, creating a

sudden slow-velocity area at the boundaries.

Similarly, regions that are close to sources and far from receivers, or vice versa, ate

dominated by spatially long travel paths, which again introduces a high-velocity bias.

Hence the asymmetric result, showing high velocity zones near (0,0) and (40,40), where

the experimental setup placed only sources or receivers respectively'
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Beyond this, the attempt of the algorithm to make sense of 3-D travel times in a 2-D

inversion is likely to introduce unresolvable contradictions which lead to various

artefacts.

The central result of this inversion, however, is that the obtained velocity model does

not at all reflect the velocity field used in the experimental setup. Unlike in the previous

inversions there is no reasonable interpretation available that states "if we accept k units

up or down as part of the plane, then things make sense".

Slowness

165-

"sl'r50.gnu" 
-

35

16

155

15

145

14

135

30

25
20

5
't0 15 y-axrs

x-axts

20 10
25

30
0

Fig. 4.19. Inversion of high contrast z-axis gradient after 51 iteration batches.
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1-
=1.0- o

v(x,y,z) 60

-r23-

"slw50 gnu' 
-

(4.22)
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Fig. 4.20.Inversion of high contrast z-axis gradient after 51 iteration batches.

Z-Axis gradient, medium contrast 1.5

'We continue with another z-gradient model, this time with reduced slowness contrast,

i.e., 1.0 ranging to 1.5

This implies the model has a slowness value of 1.25 at the z-co-ordinate of the source-

receiver plane.

Even though the general velocity range of the result is smaller due to the smaller

velocity contrast in the experiment, we do not obtain a model that is any closer to the

original velocity model (Figures 4'21 and 4.22).
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ßig. 4.2l.Inversion of medium contrast z-axis gradient after 5l iteration batches.
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Fig.4.22.Inversion of medium contrast z-axis gradient after 51 iteration batches.
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Fast velocity field parallel to inversion plane

We now examine a velocity model consisting of a high velocity zone running parallel at

a distance of 5 units (z>20) to the source-receiver plane (z:15) and setting the slowness

contrast to 1.0 versus I .5:

(4.23)

p

r
z-axls

Âsn

Fig. 4.23.Illustration of a travel path from S to R in the presence of a high velocity
plane. Note that the travel path is left-right symmetric'

- . _ttt(x,l,z) ' : for z>20
for z <20

1.0

1.5

'We first determine the minimum distance for a source and receiver pair such that their

connecting first break path is influenced by an out-of-plane velocity field.

Consider the general situation with a source and receiver at distance As¡, and an out-of-

plane velocity field at distance z, as shown in Figure (4.23). The low velocity equals vr,

the high velocity v", with O(vr(vu.

High Velocity Zone: vs

RS
p

Low Velocity Zone: vy
Z

CX,
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The first-break path will only take a detour to the high velocity region if the resulting

total travel time is no larger than the travel time along the direct connection, i.e.,

Ar - 2"[r'-*Lt^ ,-2' *
vL vL

(4.24)

(4.2s)

(4.26)

(4.27)

(4.28)

(4.2e)

As cr, is the critical angle of the 2-Iayer velocity field, we can write

sin(cr) _ v,
sin(p) vH

From

vH

p
sin(o)

r

and

it follows

We also observe that

sin(p)=sin(å)=1

P=rvt
vH

¡2 - p2 +22

and therefore
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By setting

we can rearange Equation (4.2\ to

Ât

or, after replacing 11

Z

-t27-

(4.30)

(4.31)

(4.32)

r

I

,'ì=L,
vH

l-n')r-
2

2r- 2z

Using Equation (4.30) we obtain the required relationship,

^>
1+n (4.33)
1-î'ì )

L>2

For our model we set z:5 and \:llI.5 and obtain Lsl.> 22.4, i.e., source-receiver

distances greater than or equal to 22.4 units entail first arrival rays that reach the high

velocity zone, and are therefore biased towards a higher velocity.

The result of the inversion (Figures 4.24 and 4.25) has no resemblance at all to the

actual velocity field expected in the inversion plane. As for the gradient model, we

observe a high velocity bias in long-ray dominated areas, foremost around (0,0) and

vH +vL
vu - vr.

(4.34)
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(40,40). However, no proximity rules like in the hemispherical model case can be set up

to draw useful conclusions from the data.

Interestingly, the resulting velocity image does not exhibit a clear axial symmetry along

the line (0,0) -+ (40,40), which one may expect, given that sources and receivers are

placed almost symmetrically along this axis. We offer one possible explanation for this

phenomenon.

The algorithm is subject to intrinsic symmetry breaking, resulting from the fact that it

only ever accepts a single best path for each source-receiver pair. For example, if the

model at any stage of the inversion allows 2 different paths with identical first break

times, then the algorithm will frnd both paths, but will ultimately only use one path in

the CGLS matrix. The selected path will then update the velocity model to its 'liking',

whilst the dropped path(s) will be ignored. This behaviour is insignificant during a

realistic inversion. However, if such an event occrus, the symmetry of the model will be

broken.

-128-
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Fig. 4.24.Inversion of plane-parallel fast velocity field after 80 iteration batches.

Slowness

'1 5

'slw79 q¡s' 
-

y_eþ

05

Fig. 4.25.Inversion of plane-parallel fast velocity field after 80 iteration batches.
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Analysis

The 2-D algorithm works well with high velocity elements, but yields mediocre results

with low velocity elements, which are signihcantly influenced by a high velocity bias.

Boundaries often are smoothed. This is likely to be a result of the changed grid spacing

during the inversion.

Inversions of 3-D-gathered data under certain circumstances, e.g., a hemisphere outside

the inversion plane, allow a practical interpretation, despite 3-D disturbances, by

considering the resulting2-D velocity field to be a representation of the 3-D velocity

f,reld in "proximity" to the plane. However, for larger contrasts (e.g.,30Yo), this method

requires the consideration of a relatively large volume, which questions the usefulness

of the derived results.

Other 3-D velocity fields, e.g., the constant gradient field, yield results that have no

resemblance to the original model. Given these results, it becomes mandatory that 2-D

seismic inversions be only presented in conjunction with assumptions made about the

surrounding 3-D velocity field, as well as a clear proof or at least empirical reasoning

about the influence (or the lack of influence) of out-of-plane effects on the 2-D

lnversl0n.

The central problem of arguing against 3-D influences is this. If we assume the 2-D

inversion plane contains velocity fields with enough contrast to be 'worth' an inversion,

then we have to conclude that the surrounding 3-D velocity f,reld contains the same level

of deviation. Hence, the 3-D influence is at least as large as the 2-D influence and

consequently frustrates any attempt at2-D inversion.



Chapter 4 - 13i -

An interesting conclusion can be drawn from the previous argument. To be able to

conduct a successful inversion in2-D,we need to be able to assume that the 3-D domain

has a negligible influence. Hence, rays effectively must not leave the plane. Therefore,

rays must travel along straight lines in both, 3-D and 2-D (unless we make further

assumptions). It follows that the use of sophisticated bent-ray algorithms can be ignored

in favour of faster and more efficient straight-ray algorithms'

Besides, there is no reason (other than computational complexity) why bent-ray

tomographic inversions on 2-D-experimental data should not be run in 3-D. In fact, if

the data set is overdetermined, then the 3-D model would almost always yield a smaller

residual than any 2-D model, and therefore could be construed as "a better solution".

One may wonder why 3-D inversions are not routinely applied to 2-D data sets. (Such

an approach would also remove the need to force source and receiver positions into a

plane when the real-world situation does not comply with mathematical perfection.)

One can argue that in many practical cases, the velocity field is indeed constant along

the out of plane axis, i.e.,

v(x,y,z): v(x,y) , (4.3s)

for example, when two boreholes are drilled perpendicular to a flat ore body' However,

this implies that (a) we know the ore body is effectively flat; (b) we know the angular

position of the ore body exactly; (c) we know there are no other high velocity regions'

The question arises, why would one need to conduct seismic tomography if all the

previous knowledge is available?
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Of course, one may attempt to overcome the said problems by choosing a reasonably

coarse grid. However, this implies that cells in the grid can be made arbitrarily large

whilst maintaining convergence towards an "average" value, an assumption we believe

is questionable.

Another interesting thought arises in relation to the required accuracy of f,rrst break

times. At present seismologists attempt to measure first break times to sub-sample size

accuracy, and much effort has been spent on creating high quality automatic picking

systems. Considering that the 3-D influence plays a significant role in seismic inversion,

it becomes questionable if first break times need to be acquired to such accuracy.

Remedies

One approach to overcome the problems associated with 3-D effects would be to

conduct the entire experiment - data acquisition and inversion - in 3-D, for example by

using a matrix of boreholes. If one is fortunate enough to have access to such a setup,

one still would need to ensure that the ray density is high enough to give credibility to

the obtained results. This could be reasonably well demonstrated by running a latge

number of inversions of random, synthetic experiments.

A general recommendation for hard-rock mining would also be to consider ore-body

dislocation out of the plane - without ignoring the fact that anomalies may simply be

artefacts. For example, if a 2-D inversion suggests an ore-body at a particular location in

- the plane, but consequent core-samples do not reveal any mineralisation, then additional

core-samples some distance out of the plane may reveal the true location. It may also be

possible to run a 3-D-inversion on the 2-D survey data to obtain information about the
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likelihood of the out-of-plane mineralisation. A modification of the Anomaly-Recovery-

Algorithm we present in Chapter 7 would be a suitable method for such an

investigation.

Some other approaches could potentially reveal more information about 3-D effects,

though all of them are constrained by the 2-D experimental setup and would require

rigorous verification by synthetic test runs. One could use more data than just f,rrst

arrival times, for example, reflections, diffractions and refractions, or a detailed analysis

of the shape of waveforms. Also, reflection data obtained by placing sources and

receivers in the same borehole could be used, as could information from directional

receivers. Azimuthal hltering (removal of out-of-plane waves) is possible if there is

only one arrival within the processing window.

Finally, one option is to reduce the required detail we expect from the tnverslon

algorithm, re-designing our approach to focus merely on the key-components of the

velocity held, rather than on a detailed - and possibly flawed - high resolution map. V/e

shall describe such an approach in Chapter 7.

Our investigation in the coming chapters focuses on two-dimensional setups only.

However, all presented algorithms and methods are not dependant on dimensionality

and can readily be transferred into the 3-D domain.

Conclus¡on

In the general case, 3-D influence is significant in2-D seismic inversion. Assumptions

made about negligibility of 3-D influences should always be given in explicit form,

associated with a clear demonstration that 3-D effects can indeed be ignored. This is



Chaptera -I34-

equally true in large-scale global tomography as in small-scale hard-rock mining

environment based tomography. Unfortunately, such à priori statements are seldom

made or justified.

If the 3-D domain is unknown, or thought to be similar to the 2-D domain then the

velocity field must not have a contrast much above where straight line tomography

becomes non-feasible

Bent ray 2-D tomography is effectively only useful if 3-D influences can safely be

ignored. This situation can occur in layered geologies with boreholes perpendicular to

the layering, or in situations where the out-of-plane velocity contrast can be deemed

small.

Accuracy of first break time measurements in experiments takes second place to 3-D

influence considerations, and the economic benefit of gaining more information about

3-D effects in an experiment far outweighs any attempts to refine traveltime picking

techniques

Possible opportunities to overcome 3-D effects include using 3-D survey data where

available, using more data than just first arrival times, exploiting triaxial (directionally

sensitive) geophones, designing inversions such that only essential information is

recovered, and running 3-D-inversions on 2-D survey data.
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Chapter 5

Noise-Limited Diffractor Focussi ng

In this chapter we briefly investigate the viability and basic limitations of diffractor

recovery when survey data (e.g., traveltimes or background velocity field estimates) are

subject to noise.

The results can be used to judge the usefulness of diffractor inversion/recovery

techniques, and present a guideline to required measurement accruacy in data

acquisition. In particular, this chapter seryes as a prelude to Chapters 6 and 7 where we

develop inversion schemes based on later arrival events.

The discussion of diffractor point recovery is equally important to reflector and refractor

recovery, as both can be modelled as lines of diffraction points, making diffractors a

basic building block for later arrival event analysis.



Chapter 5

lntroduction

In a mining environment, information about geological discontinuities (reflectors,

refractors, and diffractors) is an important contributor to mine-layout planning and mine

safety assurance. However, reflectors and refractors are not always visible from velocity

f,reld maps obtained by first arrival-based tomographic methods, as they need not be the

result of sudden velocity changes (e.g., reflectors like fracture zones), or as they may be

too thin to support a head wave (e.g., refractions from an ore shoot). Recovering such

information from later arrival events is an important alternative that can also be

combined with f,rrst arrival time tomographic methods to yield better velocity field

estimates. This is especially true of diffractors that are located outside the inversion

plane (in2-D experimental setups) which cannot be recovered by first arrival time-based

tomography, even if the 3-D velocity field of the surrounding area is reasonably well

known.

Various diffractor/reflector recovery methods have been presented in the literature (see

Chapter 1), most notably the class of migration-based schemes. However, little is known

about fundamental limitations of diffractor recovery, despite the large number of

potential error sources.

Some of the more important error sources include (1) measurement effors in the

experimental setup (source and receiver positions); (2) non-planar source and receiver

arrays in crosshole tomography which are projected into a plane; (3) enors in estimating

background velocity fields; (4) effects not included in the modelling scheme, like 3-D-

raypaths, anisotropy, or differences between wavefront and raypath traveltimes; (5)

random and systematic traveltime picking errors; (6) time resolution limits of

-136-
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seismograms, including effects from background noise and limited frequency spectrum;

and (7) incomplete diffraction curves due to overlaps and noise.

Investigating the basic resolution limits in diffractor point recovery may seem to bear

strong similarities with the problem of determining the minimum angular separation at

which two point light sources can be separated by an optical instrument with given

aperture. However, in optics the resolution limit arises from the finite aperture of the

instrument and the finite frequency of light waves of (for practical purposes) infinite

time duration, whilst in our problem it arises from errors in measuring the onset time of

transient wavelets. (In optics, the resolving power is often estimated by the Rayleigh

criterion which is a good approximation for circular apertures, i.e., 0 : I.220l"/d, where

0 is the angular separation, 1" is the wavelength and d is the aperture. For example, see

Jenkins and White (1976) for a detailed discussion.) Details about this type of analysis

can be found in Schuster (1996), who conducts a detailed investigation of resolution

limits for crosswell migration and traveltime tomography based on aperture, Fresnel

zones, and the Rayleigh criterion.

In fact, the accuracy of determining the starting point of a wavelet - and therefore the

resolving power of the experiment - would be completely independent of the frequency

content of the wavelet if there would be no noise in seismograms, as onset times of

wavelets could always be found exactly (ignoring other factors, like overlays of multiple

diffractions, discretization of seismo grams, etc.).

For this reason, bandwidth and dominant ftequency issues about source wavelets and

their influence on resolution power in diffractor recovery are not examined in this
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chapter. However, they are implicitly addressed as their net-result is an increase in

traveltime effors with decreasing central frequency and decreasing wavelet bandwidth.

An investigation of the relationship between background noise in a seismogram, the

frequency characteristics of a source wavelet, and the resulting maximum accuracy in

picking the onset of the wavelet would be of great interest but is beyond the scope of

this chapter.

Method

Ideally one would model a synthetic experiment, including all real-world error sources,

then would apply a recovery algorithm to the resulting data and would compare the

obtained diffractor/reflector location(s) with the true location(s). Repeating this scheme

many times would build up a statistic for the recovery accuracy for each error level.

Unfortunately, such an approach is computationally prohibitive, and the large number of

free parameters, like source and receiver mis-location, traveltime reading errors, errors

in velocity field estimates, as well as the wide range of available recovery methods

would make the obtained results difficult to generalise or apply.

For this reason we choose a simpler error analysis method which is computationally

feasible and at the same time obtains results that are suff,rciently accurate for a

feasibility study and basic analysis. Also, the maximum error margins obtained by this

method are lower bounds for real-world maximum effors'

In what follows, we shall be concerned with the recovery of the location of a single

diffractor point in a constant velocity field when maximum error margins are given for
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traveltimes. As we shall see, the position of the diffractor can generally not be recovered

uniquely, rather, the recovery results in a set of candidate diffractors, each of which

could have created the measured traveltimes. The diffractor point is blurred into a

region, the size of which depends on the diffractor location, recording geometry, and the

various error terms. The size, shape, and statistical information of this set (i.e., the spot

size) of candidate diffractors define the fundamental limitation governing any diffractor

recovery or inversion algorithm, and we shall refer to it as the area of uncertainty

throughout this chaPter.

Consider an experimental setup of a single source (at S ) and a single receiver (at rR ) in

a constant velocity field. If we are given a later arrival time, T, for a single diffractor,

then we can restrict the location, F , of the diffractor to be on an ellipsoid given by

F,lF-Sl.l"-ol=t (s.1)

In a real experiment an array of sources, S, , *d receivers, Ro , restricts the diffractor

position to the (possibly non-unique) intersection point of all ellipsoids created by each

source-receiver pair. However, T¡,u, i.e., the traveltime from sowce j across the diffractor

to receiver k, would be subject to errors. Therefore, a point on which all ellipsoids

intersect may not exist.

One approach would be to view the recovery as a minimisation problem and to hnd a

diffractor, F , fot which the error (under a suitably chosen norm) is minimal, e.g',

m-ln
P t

¡.k

F-Rul-',,r)'P-Sj + (s.2)
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The solution is generally unique - unless multiple global minima are found - but does

not reveal the true 'quality' of the result, replacing an entire domain of possible

diffractor positions by a single 'best guess'.

This can be overcome by viewing the recovery as a set-intersection problem. If we allow

a maximum relative error in traveltimes, t, then, in the case of a single source, S, and a

single receiver, fr , the possible locations of the diffractor are given by the space

between two ellipsoids:

F + p-n _T
16 (5 3)

T

With several sources and receivers the possible locations of the diffractor are given by

the intersection ofall spaces created by the ellipsoid pairs for each source and recetver

permutation (see Figure 5.1)

P

P-Ro+P-sj T,,o
P:Vj,k 1e (s.4)

In variable velocity fields we obtain equivalent results, the only difference being that

ellipsoids are replaced by general surfaces ofconstant 3-point (source - diffractor -

receiver) traveltimes
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Fig. 5.1. Set-Intersection: Example of recovering the diffractor position (black area
in the upper centre of the image) from noisy traveltime data (up to 3"/o relative
error) acquired with 2 sources (black squares on the left) and 2 receivers (black

squares on the right). Each source-receiver pair combination yields a (noisy) later
arrival time. This restricts the position of the diffractor to the narro\ry band

between 2 ellipses (ellipsoids in 3-D) shown as grey areas. The intersection of all
bands is the area of uncertainty, i.e., the set of diffractors that satisfy all

traveltimes subject to maximum noise.

Conversely, function f (P), given by

f(P): l"-s,l*lP-4 -7,,0 (s.s)
T,,o

returns the maximum relative traveltime difference between the observed later arrivals,

1,r., and the later arrivals calculated for a diffractor at F in a specified velocity field. In

other word s, -f (F) calculates the relative traveltime error at which a diffractor F would

have to be considered as a possible source for the later arrivals, !.u, and which would

therefore have to be included in the area of uncertainty.

Displaying f (P)as a grey-level image is an easy way to visualise the sizeldomain of

the candidate diffractors that match a given diffraction traveltime set under varying

max
Y.j,k;for7'¡,¡ >0

levels of noise.
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In our computation we obtain !,r from a synthetic experiment consisting of a source

position array, ,S' and a receiver position afiay, ñu, itt a constant velocity field, by

calculating the diffraction traveltimes for a single diffractor of our choice, p, which we

shall call the creating (or actual) dffiactor, with

r ¡,0 =lø - s,l + lO - R-l (s.6)

'We then use T¡,r. to calculate f(p) using Equation (5.5), whilst restricting F to lie itt

the plane of the source/receiver arrays, i.e., F:(x,y,0). The resulting grey-level images

show all the candidate or possible diffractors in the source-receiver-plane which, at

given error levels, could have been the source for the diffraction event, i.e., they show

the level of uncertainty, or, the blurring effect, caused by traveltime and velocity errors.

In our results, dimensions are presented unit-free and errors are given as relative

percentage errors, allowing easy scaling to any required real-world situation.

Considering distance units to be in metres would transform the examples suitably to a

typical hard-rock mining environment, e.g., borehole distances of around 60 m.

Relative percentage errors of traveltimes are best suited to investigate the effect of

background velocity field errors (which increase with total traveltimes), whilst results

based on absolute traveltime errors would relate better to effects from traveltime picking

errors. This subtle difference is primarily of interest when results for diffractor points at

varying distances are compared, but does not diminish the value of individual results.

We limit our investigation to two different experimental setups, a crosshole source-

receiver array (source positions in one hole, receivers in the other) and a surface line



Chapter S - 143'

migration setup (source and receiver co-linear). In each case we observe to what degree

a number of differently positioned creating diffractors can be recovered in a constant

background velocity field.

There are several assumptions underlying these experiments, including: (1) The results

obtained in a constant velocity field can be readily generalised to variable velocity

fields; (2) The wide range of real-world errors can be adequately simulated by setting an

error margin on traveltimes; (3) Influences from the incompleteness of diffractor curves

can be adequately modelled by traveltime errors; and (4) Results for the recovery of

single diffractors are comparable and applicable to the recovery of reflectors and

refractors (which are an ensemble of diffracting points).

Results - Crosshole Setup

The following results were obtained from a typical crosshole arrangement of 21 sources

and 2I receivers, equally spaced in parallel, co-planar boreholes. The boreholes are 60

units long (e.g., 60 m), and are at a distance of 60 units to each other. The presented

images show aîarea of 100 by 100 units surrounding the survey area (see Figure 5.2).

In vector co-ordinates, (x,y,z), the placement is as follows: The top-left comer of each

image (Figures 5.2, 5.3,5.4 and 5.5) is at (0,0,0), and the bottom-right corner is at

(100,100,0). The soulce line (on the left) begins at (20,20,0) and ends at (20,80,0). The

receiver line (on the right) begins at (80,20,0) and ends at (80,80,0).

Note that the experimental setup is left-right and up-down symmetric, allowing the

results for each diffractor to be translated to diffractors in respective symmetric
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positions. Identical results would be obtained if source and receiver arays would be

exchanged

Fig. 5.2. Positions of each of the traveltime creating diffractors (grey diamonds)'
source line (left vertical line) and receiver line (right vertical line). The total area is

100 x 100 units. the source and receiver lines are each 60 units long. There are a
total oT27 different diffractors, 9 of which are placed as shown, 9 of which are

placed as above but raised by 10 units out of the plane, and 9 of which are raised
20 units out of the plane. Note that the source-receiver arrangement is symmetric
and results for a diffractor in one quarter of the image are equally applicable to

the 3 remaining quarters (Source and receiver lines are interchangeable).

V/e also tested the effect of changing the number of sources and receivers used in the

experimental setup and found that as long as 10 or more sources and receivers are used,

the results are essentially unaffected by a further increase, regardless of the allowed

traveltime errors. This may not apply to real-world data where diffraction events are

often incomplete due to noise and overlapping events, and therefore benefit from data

redundancies obtained from additional sources and receivers.

The co-ordinates of the traveltime creating diffractors, þ, used in the presented

examples are the 27 permutations of the co-ordinates (x:50, x:78, x:90); (y:10, y:25,

y:50); (z:0; z=10; z:20) (Figure 5.2).

The results for each diffractor are shown in Figures (5.3), (5.4), and (5.5). For example'

the image in Figure (5.3d) was obtained by calculating the later arrival times, l,u, for a

c
I

o
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(
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c



Chapter5 -145-

creating diffractor at(50,25,0), and using l,o to calculate f(F) fot F:(x,y,O). Hence,

the greyed area in the image shows all the diffractors in the source-receiver-plane that

could account for the later arrivals, T.¡,r, if we expect up to 20Yo enors in traveltimes.

Darker areas in the image show diffractors that could have been the cause in case of

smaller traveltime error levels.

Note that even though the creating diffractors may be out of the plane, the image, f (P),

always shows the results as obtained in the plane, i.e., F:(x,y,O). In this case the

resulting image shows which in-plane diffractors could be wrongly interpreted as the

source of a diffraction which really originated out of the plane'

Figure (5.3) shows the results for traveltimes created by diffractors lying in the

inversion plane. All nine images show large recovery uncertainties at 20o/o traveltime

noise (i.e., the entire grey area in each image). Interestingly, the most compact result is

obtained for diffraction traveltimes obtained from a creating diffractor lying to the right

of the receiver array (i.e., outside the area between source and receiver lines), as can be

seen in Figure (5.3i).

In particular the uncertainty for diffractors placed midway between source and receiver

lines (Figures 5.3a, 5.3d and 5.3g) is large relative to the other images.

Even at 5o/o traveltime erïors, the uncertainty for most images would be unsatisfactorily

large, and would be too large for applying an inversion algorithm with reasonable

resolution. For example, at 5Yo traveltime erïors, the area of uncertainty in Figure (5'3d)

(with creating diffractor at (50,25,0)) is 87 area units (e.g., mt if distances are in m), i.e',

2.4Yo ofthe entire area between source and receiver lines. At I0% traveltime errors, the
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respective figure is 299 (8.3%); at l5oÁ it is 667 (18.5%); and at 20% it is 1,117

(31.0%).

Hence, an inversion algorithm that is based on a rectangular grid discretization of the

diffractor f,reld ought to use an effective grid resolution that does not exceed the above

values. Otherwise the algorithm would attempt to over-interpret the information

contained in noisy traveltime data. For example, at 5Yo noise in the traveltimes or enors

in the velocity field estimates, square cells should have a side length no smaller than 9.3

units (:rÆ7), resulting in a total grid size of only around 6x6 cells (:6019.3) for the

area within the source and receiver aTrays

By'effective' grid resolution we refer to the resolution at which an inversion algorithm

is able to separate objects. This may be different to the resolution of the underlying

discretization grid, as explicit or implicit smoothing operations, or other algorithm

related issues may reduce the real resolution obtained with an algorithm.

One should keep in mind that the resolution of the velocity f,reld obtained by an

inversion algorithm depends exclusively on the algorithm and not on the quality of

experimental data (An exception are algorithms that automatically determine a target

resolution based on an analysis of the input data). Of course this is a fallacious

resolution. The algorithm merely 'pretends' that the input data are dense and accurate

enough to justiff a recovery at the required resolution, consequently producing an

usually invalid inversion result. This makes it necessary to match the effective

resolution of the algorithm with what can reasonably be expected from the experimental

data.
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The shape of the greyed areas in Figures (5.3a), (5.3d), and (5.3g) indicate that the use

of rectangular cells with larger width than height would suit the type of resolution that

can be obtained with a crosshole setup.

The image uncertainty (spot size) is largest for diffractors lying above (or below) the

source-receiver arrays (Figures 5.3a, 5.3b, and 5.3c), followed by diffractors lying

midway between source and receiver arrays (Figures 5.3d and 5.3g). It is smallest for

diffractors close to (Figures 5.3e and 5.3h) or behind (Figures 5.3f and 5.3i) the souce-

receiver afiay.

A more detailed view of results for smaller traveltime errors (up to 2Yo ratbq than2}%)

is presented in Figure (5.7). It shows the results from Figure (5.3) enlarged by a factor

of five, centred around each creating diffractor and percentage traveltime elrors limited

to2Yt Hence, the image width and height for Figures (5.7a) to (5.7i) is 20 units, i.e.,

one third of the distance between source line and receiver line.

The images show an elliptical disk-like shape of the area of uncertainty for diffractor

points lying midway between source and receiver lines (Figures 5.7a,5.7d, and 5.7g)

and above the source receiver line (Figures 5.7b and 5.7c). For example, for the

diffractor point at (50,25,0), maximum errors grow almost linearly from 0 (at 0%

traveltime error) to 1.8 distance units at I%o traveltime errors and to 3.4 distance units at

2Yotraveltime errors. These values suggest that, for example, if a l% traveltime error is

expected, the effective granularity in the centre between source and receiver lines should

not be smaller than around 3.6 units (:2 * 1.8) wide and around 1 unit high (measured

from Figure 5.7d).
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In contrast, diffractor points lying close to or 'behind' a source or receiver array

(Figures 5.7e, 5.Jf,5.7h, and 5.71) arc more tightly bound. For example, at a IYo

maximum traveltime error, the diffractor point located at (78,25,0) (Figure 5'7e) can be

located with amaximum error of 0.82 distance units and of 2.0 distance units aIa2Yo

maximum traveltime effor.

These results are also valuable in the design and analysis of the diffractor

recovery/inversion algorithm presented later on in Chapter 6, where we show that such a

method is highly sensitive to traveltime errors larger thanlYo. By contrast, the inversion

algorithm presented in Chapter 7, which uses a combination of first arrival data and later

arrival data, and aims at extracting only the 'key-information' of a velocity/diffractor

field, still yields reasonable results with up to 8Yo traveltime efrors.

Figures Q.aQ to (5.4i) showthe results for creating diffractors lying 10 distance units

out of the plane, i.e.,l7o/o of the distance between the source and receiver arrays. These

images are very similar to Figures (5.3a) to (5.3i) and the still very large uncertainty

areas indicate that the influence of out-of-plane diffractors on in-plane (2-D) diffractor

recovery is large. (Recall that these images show the effects as experienced in the

inversion plane and caused by a diffractor outside the plane. Hence, the influence of the

diffractor decreases with increasing distance from the inversion plane.)

Only at an out-of-plane distance of 20 units (Figures 5.5a to 5.5i), i.e., 33o/o of the

distance between source and receiver ¿uïays, do we see a significant reduction of the

out-of-plane influence, but only for diffractors lying between the source-receiver affays

(Figures 5.5d and 5.5g).
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It is difhcult to reconcile 2-D diffractor recovery schemes that are not based on sound

assumptions aboutthe 3-D domain, orthat are not supported by precise estimates of the

underlying velocity field, with the above results. Unlike in first arrival time tomographic

inversion, which (arguably) can be assumed to be largely influenced by in-plane or

close-to-plane effects, diffractor recovery is clearly dominated by 3-D effects.

Figure (5.6) shows the recovery uncertainty for different levels of expected traveltime

errors. The graph was obtained for the traveltimes created by a diffractor at

Q:(50,25,0), relating to Figure (5.3d). The results are approximations to exact values as

they were obtained from a one-distance-unit discretization of the integration space.

For each maximum traveltime error, e, the figure shows (1) the average distance

between Q and each diffractor F (with F in the inversion plane) for which f @)<";

(2) the maximum distance between Q and, all F , i.e., the radius of the uncertainty area;

and (3) the volume of the uncertainty space, i.e., the total number of diffractors in 3-D

(at a 1 distance unit granulation) for which f @)<r.

For example, at e:5Yo, the average distance is 6.3, the maximum distance is 12.2, and

the volume is 1,554. Using metres as distance units, this means if we were given a set of

later arrivals with a 5Yo error bound, we would be able to recover the location of the

diffractor with an average error of 6.3 metre (if we are able to assume the diffractor lies

in the plane). If we cannot assume that the diffractor lies in the plane, then we can only

restrict the location of the diffractor to 1,554 m3 of space'

The graph (Figure 5.6) is also well suited to determine the required traveltime and

background velocity field accuracy to justiff a desired effective grid resolution.
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(a) Q:(50,10,0) (b) Q:(78,10,0) (c) Q:(90,10,0)

(Ð Q:(90,25,0)

(i) Q:(90,50,0)

I

0o/"

(d) Q:(50,25,0) (e) Q:(78,25,0)

I

>20o/"

(g) Q:(50,50,0) (h) Q:(78,50,0)

I

10"/o

Fig. 5.3. Crosshole Arrangement - Creating diffractors in Plane:
Results for a crosshole source-receiver arrangement with 21 sources on the left and
2L receivers on the right. Total image width and height is 100 units. The grey-level

indicates at what percentage traveltime error/noise the given point cannot be
distinguished from the creating diffractor. Consequently, the entire greyed area

represents the uncertainty if traveltime errors/noise up to 20o/" is expected.
Traveltime errors may also be the result of errors in the estimated background

velocity field. Each image (a) to (i) above corresponds to the respective diffractor
as shown in Figure (5.2).

-150-
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(a) Q:(50,10,10) (b) Q:(78,10,10) (c) Q:(90,10,10)

(d) Q:(50,25,10) (e) Q:(78,25,10) (Ð Q:(90,25,10)

(g) Q:(50,50,10) (h) Q:(78,50,10) (i) Q:(90,50,10)

lll>20o/" 10"/o 0t/"

Fig. 5.4. Crosshole Arrangement - Creating diffractors 10 units out of plane:
The creating diffractors are now 10 units out of the plane, but their noisy

traveltime data can be interpreted - as shown in these images- as diffractors in the
plane. Results are for a crosshole source-receiver arrangement with 21 sources on
the left and2l receivers on the right. Total image width and height is 100 units.

The grey-level indicates at what percentage traveltime error/noise the given point
cannot be distinguished from the creating diffractor. Consequently, the entire
greyed area represents the uncertainty if traveltime errors/noise up to 20"/o is

expected. Traveltime errors may also be the result of errors in the estimated
background velocity field. Each image (a) to (i) above corresponds to the respective

diffractor as shown in Figure (5.2).
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(a) Q:(50,10,20) (b) Q:(78,10,20) (c) Q:(90,10,20)

(d) Q:(50,25,20) (e) Q:(78,25,20) (Ð Q:(90,25,20)

I

>20o/o

(g) Q:(50,50,20) (h) Q:(78,50,20) (i) Q:(90,50,20)

I

l0o/o
I

0o/"

F'ig. 5.5. Crosshole Arrangement - Creating diffractors 20 units out of plane:
The creating diffractors are now 20 units out of the plane, but their noisy

traveltime data can be interpreted - as shown in these images- as diffractors in the
plane. Results are for a crosshole source-receiver arrangement with 2l sources on
the left and2l receivers on the right. Total image width and height is 100 units.

The grey-level indicates at what percentage traveltime error/noise the given point
cannot be distinguished from the creating diffractor. Consequently, the entire
greyed area represents the uncertainty if traveltime errors/noise up to 20o/" is
expected. Traveltime errors may also be the result of errors in the estimated

background velocity field. Each image (a) to (i) above corresponds to the respective
diffractor as shown in Figure (5.2).
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Fig. 5.6. Uncertainty from Traveltime Errors - Crosshole arrangement with
creating diffractor at (50,25'0).

This frgure shows the recovery uncertainty for different levels of expected
traveltime errors. The graph was obtained for the traveltimes created by a

diffractor at Q:(50,,25r0),relating to Figure (5.3d). For each maximum traveltime

error, e, the figure shows (1) the average distance between Q and each diffractor

F lwittt -P itt th" inversion plane) for which f @)<"; (2) the maximum distance

between Q and, all F , i.e., the radius of the uncertainty area; (3) the volume of the

uncertainty space, i.e., the total number of diffractors in 3-D (at a L distance unit
granulation) for which f @¡se.
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*

(c) Q:(90,10,0)

(Ð Q:(90,25,0)

(a) Q:(50,10,0) (b) Q:(78,10,0)

(d) Q:(50,25,0) (e) Q:(78,25,0)

,*

(g) Q:(50,50,0) (h) Q:(78,50,0) (i) Q:(eO,s0,0)

lll
>2.0o/o l.0o/o 0'/"

Fig. 5.7. Crosshole Arrangement (enlarged) - Creating diffractors in Plane:
These figures show the results in Figure (5.3) enlarged by a factor of five, centred
around each creating diffractor and percentage traveltime errors limited to 2o/o

rather than2Do/o. Total image width and height is 20 units, i.e., one third of the
distance between source and receiver line. The greylevel indicates at what

percentage traveltime error/noise the given point cannot be distinguished from the
creating diffractor. Consequently, the entire greyed area represents the

uncertainty if traveltime errors/noise up to2.0"/o is expected. Each image (a) to (i)
above corresponds to the respective diffractor as shown in Figure (5.2).

*

*
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Results - Migration SetuP

We now turn to a surface seismic reflection setup where source and receiver alrays are

co-located at the top of the investigated area. Again, we use 21 sources and2l receivers,

now equally spaced along a line at the top of the presented images. The images show a

total area of 100x100 units and the source/receiver anay is 60 units long, starting at

(20,0,0) and ending at (80,0,0).

The co-ordinates of the creating diffractors are at the same positions as in the previous

examples, though only diffractors in the inversion plane are considered, i.e., they are the

9 permutations of the co-ordinates (x:50, x:78, x:90); (y:10, y:25, y:50); with z:0.

The results for each diffractor are shown in Figures (5.8a) to (5.8i).

Any result obtained by this source-receiver configuration is necessarily rotationally

invariant about the source/receiver line, and conclusions about the actual location of the

diffractor in 3-D in a real-world experiment are consequently based on the assumption

that the diffractor is indeed in the 2-D plane and below the source/receiver line. For this

reason an examination of out-of-plane effects as presented in the crosshole examples are

not meaningful in this setup. However, one must not forget that real-world results - as

well as the results presented below - are based on the assumption that recovered

diffractors indeed lie in the plane.

Figure (5.8a) shows an excellent result for a diffractor lying close to the source/receiver

anay (10 units away from a sou¡ce/receiver array of 60 units lengtþ. Even at 20Yo

traveltime effors the level of uncertainty is very small. Similarly Figure (5.8b), which
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shows the result for a diffractor at the edge of the source/receiver array, exhibits a

tightly bound solution.

Only diffractors lying a short distance to the right (or left) of the source/receiver array

are recovered with reduced precision (Figure 5.8c). However, the result is still better

than any of the results obtained with the crosshole arrangement.

A diffractor at greater distance - i.e., 25 units, or 42%o of the length of the

source/receiver array - cannot be recovered that well (see Figures 5.8d to 5.8f), but the

result is still superior to any crosshole results.

However, diffractors at 50 units distance from the source/receiver-array (83o/o of

source/receiver array length) are difficult to locate tightly, with results comparable to

those of the crosshole arrangement.

A statistic for the three diffractors along the vertical central line, relating to Figures

(5.8a), (5.8d), and (5.8g) is shown in Figure (5.9). The functions show the area covered

by all diffractors that - at a given traveltime noise level - could not be distinguished

from the traveltime creating diffractor at (50,10,0), (50,25,0), and (50,50,0) respectively.

For example, using metres as distance unit, at a maximum traveltime error of 5Yo we ca¡t

constrain the location of the diffractor that is closest to the source/receiver line to an

area of only 3 m', whilst the diffractor that was at 25 m distance from the

source/receiver array can be constrained to an area of 11 m2, and the diffractor at 50 m

distance can be constrained to an area of 39 m2.

The graph also shows that the total area grows significantly faster for diffractors further

away from the source/receiver line when traveltime noise is increased'
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These results indicate that an inversion scheme that uses the given experimental

conf,rguration should use a grid with decreasing effective resolution at increasing

distance from the source/receiver line. If 5% traveltime or background velocity field

noise is expected, then the grid cells at depth 10 m should be at least 2.5 m wide and

I.2 m high (i.e., 3 m2 in area and wider than high). At 50 m distance, cells should grow

to around 9 m wide arrd 4.4 m high (i.e., around 39 m2 in area). Similar calculations can

be derived from Figure (5.9) for other error levels.

In the same way, conclusions can be derived about the maximum depth of diffractors

that could be recovered with reasonable precision with a given source/receiver array

length.

The results from Figure (5.8) are shown enlarged by a factor of five in Figure (5.10) to

highlight results at smaller traveltime errors. The images are centred around each

creating diffractor and grey-levels show percentage traveltime errors up to 2o/o. The

width and height of each image is 20 units, i.e., one third of the length of the

source/receiver array.

The results for creating diffractors close to the source/receiver array (Figures 5.10a and

5.10b) are excellent, and those for creating diffractors at a distance of 25 units from the

source/receiver array is still ïery good, with a maximum error of 1.26 units at 2o/o

traveltime errors (Figures 5.10d and 5.10e). The remaining images (Figures 5.10f,

5.10g, 5. 10h, and 5.10i) show errors of up to 3 .7 units at 2%o traveltime errols.

Also of particular interest for experimental design and for choosing parameters for

inversions is the rate at which the area of uncertainty grows with the distance of a

diffractor point from the source/receiver anay.This is shown in Figure (5.11). It is
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based on a surface seismic reflection setup with a source/receiver anay 100 m in width,

i.e., from (0,0) to (100,0). The horizontal axis in Figure (5.11) represents the distance, y,

between the source/receiver anay and a diffractor point which is placed centrally under

the array, i.e., at (50,y) for y ranging from 0 m to 300 m.

The results are shown for five maximum relative traveltime errors, ranging from 1% to

5yo. The area of uncertainty is given in m2. All values can be arbitrarily scaled by

considering distances to be in percentages of the length of the source/receiver array.

It is worth noting that the areas of uncertainty, lJ, shown in Figure (5.11), can be

approximated by

(J(a,y,e)=2.0414'a''€tu"'(ylo)''' , (5'7)

where 'a' is the width of the source/receiver array, y is the distance of the diffractor

point from the array, and a is the maximum reiative traveltime elror. For 1Sy<3 and

1<e(5, this function is an excellent approximation to the empirical data shown in Figure

(5.11), having a maximum relative error of only 0.84%.

Of course, different results should be expected for diffractor points not lying along the

central axis of the source/receiver array, though the central area tends to be of greatest

interest in experiments. For example, for a diffractor point lying at the left side of the

surveyed area, i.e., at (0,y), we found the best matching function of the above type to be

U(a,Y,e)=2'582'a2 'Et'6ot '(Y lo)'o' ' (5.8)

which has a maximum relative error of 15% for 1<y<3 and 1<e<5'
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(a) Q:(50,10,0) (b) Q:(78,10,0) (c) Q:(90,10,0)

(d) Q:(50,25,0) (e) Q:(78,25,0) (Ð Q:(90,25,0)

(g) Q:(50,50,0) (h) Q:(78,50,0) (i) Q:(90,50,0)

lll
>20o/" 10"/o 0o/"

Fig. 5.8. Migration - Creating diffractors in plane:
Results for surface source-receiver arrangement with 21 sources and2l receivers
co-located at the top of the image. Total image width and height is 100 units. The

grey-level indicates at what percentage traveltime error/noise the given point
cannot be distinguished from the creating diffractor. Consequently, the entire
greyed area represents the uncertainty if traveltime errors/noise up to 20"/" is
expected. Traveltime errors may also be the result of errors in the estimated

background velocity field.
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21

Oo/o 5o/o 10%

Max. Traveltime Error

15% 200/

.-*--Diffractor at (50 ,10,0) -r- Diffractor at (50,25,0) *Diffractor at (50,50,0)

Fig. 5.9. Uncertainty from Traveltime Errors - Migration setup.
This graph shows the level of uncertainty, i.e., the area covered by all diffractors

that - at a given traveltime noise level - could not be distinguished from the
diffractor at (50,10,0), (50,25,0) and (50,50,0) (see Figures 5.8a,5.8d and 5.8g

respectively). The second parameter in these co-ordinates represents the distance
of the diffractor from the source/receiver array, which is 60 units long.
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Fig. 5.10. Migration (enlarged)- Creating diffractors in plane:
These figures show the results in Figure (5.8) enlarged by a factor of five, centred
around each creating diffractor and percentage traveltime errors limited to 2o/o

rather than20o/". Total image width and height is 20 units, i.e., one third of the
length of the source/receiver array. The grey-level indicates at what percentage
traveltime error/noise the given point cannot be distinguished from the creating

diffractor. Consequently, the entire greyed area represents the uncertainty if
traveltime errors/noise up to2.0"/o is expected. Each image (a) to (i) above

corresponds to the respective diffractor as shown in Figure (5.2).
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Fig. 5.11. Area of uncertainty as a function of distance of a diffractor point from
the centre of the source/receiver array, shown for traveltime errors ranging from

lo/o to 5"/".Tlrre source/receiver array is 100 m wide (from (0'0) to (100'0)). The
diffractor point is placed at (50,y) with y ranging from 0 m to 300 m, i.e., its

distance ranges from 0 to 3 times the length of the source/receiver array. The area

of uncertainty is given in m2. All values can be readily scaled if distances are
viewed as percentages of the source/receiver array length. The inserted graph

shows results in more detail for diffractor distances from 0 m to 100 m.

Discussion and Conclusion

Comparing the results from the crosshole arrangement with the results of the migration

setup, it is clear that the migration setup is far superior in recovering diffractor locations.

However, the condition is that we can safely assume that diffractors lie in the inversion

plane.

If two parallel boreholes are available for a seismic survey, then ideally one should

obtain crosshole survey data to determine the background velocity field, and then

conduct two surveys with sources and receivers co-located in the same borehole (i.e', all
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in the source borehole, then all in the receiver borehole) to obtain data to recover

diffractors with the best possible resolution.

It may be disadvantageous for traveltime tomography if source and receiver lines are not

in a plane (this usually is overcome by forcing the source and receiver co-ordinates into

a least-squares-error plane in a pre-processing stage). However, for the recovery of

diffractors such a borehole arrangement is ideal. It allows a significant reduction of the

3-D uncertainty. For example, if source and receiver lines are exactly in a plane, then

there is no way to discern between diffractors above and below the plane at symmetric

positions.

Similarly, if source and receiver lines in a crosshole arrangement are in a plane, then it

would be highly beneficial if at least one source or one receiver could be placed at an

out-of-plane location. In a mining environment this could sometimes be facilitated by

accessing a third borehole, or using a nearby mine shaft. Surface based source and

receiver lines should ideally be laid out in two dimensions, e.g., in form of a cross, to

overcome 3-D ambiguities.

The disadvantage of accepting non-planar source-receiver co-ordinates in an experiment

is that the velocity field in the 3-D domain is less well known than in the 2-D inversion

plane. However, even if one has perfectly planar source and receiver lines, one still must

accept that diffraction events are more likely to occur in the 3'd dimension rather than

from within the inversion plane, and thereby are again subjected to the uncertainties of

limited out-of-plane ve lo c ity field knowledge.
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Chapter 6

A Later Arrival-Based lnversion Scheme to

Recover Diffractors and Reflectors

In this chapter we develop a simple seismic inversion technique to recover diffractors

and reflectors from full waveform seismograms by direct inversion, rather than a

migration based approach.

Our investigation reveals that the algorithm provides super-resolution of the structure

(compared to time-of-flight tomography) and requires only a small number of sources

and receivers for successful operation. However, like all super-resolution systems it is

highly prone to noise capture, where noise is any system unknown. In our case this

translates into inaccuracies in the à priori velocity f,reld estimate and in the seismic

amplitude/waveshapes. Our experiments show that the background velocity field needs

to be known with an unrealistic accuracy of better than 1 percent, suggesting that this

class of linearized inversion schemes is unsuitable for real-world data sets.

Nevertheless, the scheme was worth exploring for it highlights the pitfalls of any full

waveform inversion approach. Without adequate amplitude/phase calibration, and



Chapter6 -165-

velocity control, waveform dynamics can be mis-inverted to produce spurious

structures.

lntroduction

Seismic tomography techniques - see Chapter 1 for a review - based on first break time

inversion are a convenient way to recover velocity fields. However, as these techniques

only use a small fraction of the available data, they suffer from several drawbacks:

1. Information about small low velocity areas is not recovered since first break

raypaths bypass these regions in favour of high velocity regions.

2. Diffractors, reflectors and refractors that are quasi-linear features and are not

associated with velocity changes (for example, fractures in a constant velocity zone)

are not recovered with a first arrival transmission tomography algorithm.

3. Low angular coverage, a common situation in dortrnhole experiments, limits the

resolution in the unfavoured dimension, causing blurring and smearing. Boundaries

of a target in the direction perpendicular to the source-receiver ¿urays are poorly

recovered.

4. A high-resolution velocity field requires a large number of sources and receivers.

5. No information about regions not illuminated by first break direct raypaths is

available.

Solutions generally are not unique and depend strongly on the initial, guessed6

velocity model
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Seismic migration, which is frequently employed in petroleum reflection seismic data

processing, exploits the entire data contained in the reflection seismograms but stops

short of actual inversion, using a summinglaveraging method. The result is a smeared

image of diffractor points, which makes it difficult to obtain information about weaker

events in the case of complex diffractor helds. For example, Geoltrain and Brac (1993)

found that problems arose with strong lateral velocity variations whilst using a pre-stack

Kirchhoff depth migration combined with first arrival traveltime information.

Elsewhere, Lazaratos et al. (1993) presented a case study outlining opportunities and

problems of high-resolution, crosswell reflection imaging, whilst Tura et al. (1992)

applied diffraction tomography to crosshole field data to detect fractures in granitic

rock, using a backpropagation method and a quadratic programming method. Khalil et

al. (1993) introduced a technique for full-waveform processing incorporating a method

similar to vertical seismic profiling/common-depth-point mapping, to interpret

reflections in crosswell experiments.

With this in mind, we wish to obtain an algorithm that performs an inversion, not a

migration, using the entire available data set. V/e begin by presenting a suitable velocity

and diffractor model, complete with forward modelling algorithm. We then derive a

linearized inversion scheme and test the algorithm against various experimental setups.

The theory underlying our diffractor model is purposely very simple. It leads to a

tractable inversion, allowing us to study the sensitivities and constraints of such an

algorithm against various parameters, whilst \¡/e can ignore various higher-order effects,

e.g., multiple diffractions or waveform changes on reflection at an interface. Our

conjecture is that the success of this simple model is a pre-condition to the feasibility of
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an inversion scheme based on a more complex theory. Any more elaborate modelling

scheme will not lead to improvements if the inversion algorithm fails to accommodate

the amplitude/phase changes in the waveforms as other than due to propagation path

effects. Even these are likely to be unknown and therefore not recoverable. Factors like

variations in source coupling, unless known and corrected, will invalidate even the most

exact algorithm.

The Model

Our diffractor and velocity model is based on the velocity model with boundary nodes

introduced in Chapter 2. We discretize the velocity field into a rectangular grid of

constant velocity elements, called cells (see Figure 2.1 in Chapter 2). Cells are square

and of equal size. We place primary nodes at the comers of all cells, and secondary

nodes along the boundaries of all cells such that all nodes are equally spaced along

boundaries. Sources and receivers are positioned at primary nodes.

We shall call two nodes neighbours if they have at least one cell in common. Nodes

along the same boundary always have two cells in common

We use a two-dimensional model, but as we will subsequently see, dimensionality is

irrelevant to the diffractor recovery algorithm.

All primary nodes can act as diffractors of arbitrary strength. The resulting two-

dimensional anay is the diffractor field model. If required, secondary nodes can also act

as diffractors, an option that could be considered for models with large cell sizes.

However, the algorithm used throughout this chapter only uses primary nodes as

diffractors.
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Reflectors and refractors can be represented as a sequence ofdiscrete, adjacent diffractor

points. Therefore, for the remainder of this investigation, a reference to diffractors is

synonymous to reflector and refractor.

'We calculate first break times and best paths with a flood-fill approach (Coultrip, 1993;

Qin and Schuster, 1993) as discussed in Chapter 2. The basic idea of this algorithm is to

propagate a wave-front outward form a source, keeping track of the path length and

traveltime, whilst continually eliminating slow paths.

The Fonruard Modelling Algorithm

Consider a constant velocity model, a single source and a single receiver at distance r

(Figure 6.1 - left). Assuming the source signal Q, is isotropic, and the wavelet energy to

decrease in proportion to the distance travelled, then the relationship between source

signal, 0r, and the signal Q* recorded at the receiver node is

þsQ -L)
ónG)= Y

r
(6.1)

Source Source

Distance r,

travel time rv-l

¡ Receiver

¡ Receiver

Constant Velocity Field Variable Velocity Field

Fig. 6.1. Illustration of source, receiver and travel path in constant and variable
velocity fÏelds.

Path length delta(S,R),

travel time t(S,R)

o
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Now consider a variable velocity field (Figure 6.1 - right). In this case a pulse (wavelet)

emanating from the source will show an effect at the receiver at time tr*, the first break

time, being the minimum time the wavelet needs in the velocity field to travel from

source to receiver. We call the path which the wavelet follows the best path, with length

Ar*'

Assuming the main energy content of the wavelet travels along the best path from

source to receiver, then it is sufficiently accurate to write

þn(t)="Ht (6.2)

If we introduce a single point diffractor, p, to our model, then the signal at the receiver

is a linear superposition of the source signal and the diffracted signal. Assuming we can

use a linear superposition of signals, we can write

ón(t) =^Ht . rWí*P, lpl < r, (6.3)

where tr" is the first break time from source to diffractor, with path length Âsp, trn is the

first break time from diffractor to receiver with path length Ar., and P is a constant

representing the diffractor strength. For exact calculations, P depends on the angle at the

diffractor point between the best path from the source and the best path to the receiver,

as well as the change in velocity in the vicinity of the diffractor point (note that P may

be negative). However, as this influence is constant for a fixed velocity field with fixed

source and receiver positions, we ignore such effects in our forward modelling

algorithm and assume that P is constant for all angles.



Chapter 6 -170-

Finally, if we assume that wavelets which passed through multiple diffractors are

negligibly weak (i.e., only primary reflections and diffractions are considered, and

multiples ignored), then we can obtain the solution for n diffractors in a variable

velocity field. Let trr[] be the traveltime from source to diffractor point j, Ârn[] the

travel distance along the best path, tr*fl] and Ar*[] the respective values for the

diffractor - receiver path, and P[] the diffraction strength for diffractor j, then

n
þsU - tspU p l- t ooU rl)

asr["rp]'arn[lr]þnU)= þsG - tsn)
asn Z't¡,t

j p=l
+ (6.4)

In discretized form, in an experiment involving ns sources and n* receivers and a model

of grid size rç by \, the resulting set of equations is

Yj g = l..ng, j n = l..nR,t = 0..n.ro,,,r¡"., - L

(6.s)
l)

Asn Us,"ln ]

+l)(n,I û sLi s,t - /sr Us
AspUs, j pl' L pnl'i n, j pl

,irl-tpnUn,jpl)(n, +
Íi ,t - t Us' PU plónUs,jn,tf=

where 0*Urj*,t] is the set of all seismograms of the experiments and 0sÜs,t] is the set of

all source signals. This is the fundamental equation employed by the forward modelling

algorithm, and it is the basis of the inversion algorithm. Its important property is the

linear relationship between samples in the seismograms, Q*Üri.,t], attd the diffractor

field, P["].

To model anisotropic diffractors where diffraction strength depends on incident angles

of travel paths, the following modification can be used

+
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ónUs,jn,tl= ó sU s ,t - t.sn lis, /n ]l
A sn [-¿s ',¿r ]

(nu+l)(n,+l)

I PU t'lPÃj t'l

Yjg =1..n5, ja =l..nn,t =0..n.ru,,,,¡o.r-L

- t7t -

þ sU s,t - rsp Us , i ,l- t ,nl,i n, j pl)
Asz[.rs, j pl' L pnU n' i r]

(6.6)

+

where PoUr] is a modifier of PLip], calculated from information about the direction of

best paths at each diffractor. As each PoÛr] is constant for the experiment, we proceed,

without loss of generality, with Po[*]:l everywhere.

The actual formulation as given in Equation (6.5), which represents the forward model,

is not important to the investigation as long as it is a linear mapping between diffractor

point strengths and amplitude of individual samples in receiver wavelets.

For example, more realistic forward modelling could involve a finite difference scheme,

a probabilistic forward modelling scheme, or a Fourier-domain based scheme. The

model can equally be set up for two or three dimensions.

In fact, the specific forward model presented here imposes several assumptions that are

difficult to justiff in real-world scenarios. However, the results of this investigation

apply equally to a wide range of inversion methods.

Diffractor and Reflector Recovery

With the first break time calculation and forward modelling scheme in place, we are

ready to develop the central algorithm to recover diffractor fields. Recall that Equation

(6.5) linearly relates the diffractor field to the seismograms. If we knew the exact source

signals, Qrûr,t], we could easily derive tsn, As*., tsr, As", tr*, and A.* from information

about the velocity field. We then introduce the quantities
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ú rÍi s,j n,tf = þsUs ,t - t rol.i.r ,i ol] (6.7)

(6 8)

(6.e)

Åsn Us,,¡n ]

úsUs,t - tspÍis, ,l- t ,oLi o,i rf]
þnUs,in,t,jpf= À.sn Us,./p]' L nrU n, i pl

and rewrite Equation (6.5) as

Vls = l..ns, i n = l..nn,! = 0..n.ro,,,ry¡"" -L

(ny+lXr,+l)

þnUs,i n,tl= þ rÍis,i n,tf+ Z,l¡ nlÓ rUs,j n,t,j pl

which can be written in vector form as

ôn=ûr+ÓoP

or

(6.r0)

þoP=þo-ú0, (6.11)

where $* is the set of seismograms written as a vector, 0" is the vector representing the

contribution of first arrival source wavelets to the seismograms, Qo is a sparse matrix

representing the contribution to seismograms from each diffractor, and P is the unknown

diffractor field written as a vector.

Using Equation (6.11) together with established matrix inversion techniques (e.g.,

Conjugate Gradient Least Squares method or Singular Value Decomposition) makes it

easy to find approximations for P.

In our implementation we choose the Conjugate Gradient Least Squares (CGLS)

method (e.g., Press et al., I9g2). However, the results are equally applicable to other
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inversion schemes. For example, Carrol and Beresford (1997) compared four different

inversion schemes for seismic tomography, a Conjugate Gradient (CG) method, a

Singular Value Decomposition (SVD) method, an Algebraic Reconstruction Technique

(ART), and a Simultaneous Iterative Reconstruction Technique (SIRT). Their

investigation is based on the recovery of three different, simple synthetic models and for

practical purposes, each technique delivers results of virtually the same quality, though

closer examination shows that the CG and SVD algorithms outperform the ART and

SIRT methods.

Estimating Source Signals

We are left with the question how to use Equation (6.11) if the source signals are

unknown. Our implementation overcomes this obstacle by using a simple weighted sum

of hrst break source signals, i'e.,

Vjs = l..ns,/ =Q..nrc -lt îs [,rr,¿] = !
llR

lø ol,i r, i n,t + t sRU s, i Rll' asnUs,/nl' 6'12)
np

This estimate is then used to create the set of linear equations as in Equation (6'11) by

subtracting the estimated first break wavelets from the given seismograms.

This approach ignores overlays in seismograms of first break wavelets by diffraction

hyperbolas. This could be overcome by using an actual inversion algorithm to estimate

source signals, or by using estimation techniques, as for example, presented by

Kagansky and Loewenthal (1993). However, experiments with synthetic data show that

this source signal estimation works well, allowing a precise recovery of diffractor fields.
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The Diffractor lnvers¡on Algorithm

We can now put together the complete algorithm:

1. Using the velocity field, obtain f,rrst break times and best path lengths for all

diffractor candidates (i.e., all primary nodes) in the model with all sources and

receivers. Also obtain values for respective direct source - receiver paths. These

values remain constant throughout the inversion. In our model, diffractor candidates

are placed at comers of all cells, but any other arrangement, including 3-dimensional

placement is possible.

2. Create an estimate of source signals using the weighted sum method. Source signals

are of a constant, f,rnite length.

3. Create an initial estimate of the diffractor field, P. We set P:0 everywhere'

4. Using the source signal estimates, setup the linear system of equations, 0*-0, md 0o.

Matrix $o does not need to be calculated explicitly. We calculate its elements "on

the fly", directly from values obtained for source signals, first break times, and best

paths.

5. Solve the system of equations using the CGLS method. Break the iteration loop

when the residual error is small enough.

A Migration-Based APProach

To compare results with our inversion algorithm, we briefly introduce a migration-based

approach to diffractor recovery
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Consider a non-constant velocity field with a source line and a receiver line. In this

setup, a single diffractor point creates a set of distorted hyperbolas, called diffraction

curves, in our seismograms, whilst multiple diffractor points create a linear

superposition of diffraction curves.

Our aim is to recover approximate diffractor strengths by summing the amplitudes of

the seismograms along these diffraction curves. We expect that these sums are maximal

at actual diffractor positions (constructive interference of wavelets), whilst sums taken

at non-diffracting points should be significantly smaller (destructive interference).

To reduce distortions from first break signals/wavelets, we first create a source signal

estimate using the weighted sum method (Equation 6.12) mentioned above, and proceed

using the adjusted seismograms $*-r={*-Qp.

After calculating the diffraction curves from the given underlying velocity field, we take

the sum over a finite length window of the values of the seismograms along these

curves, as diffracted signals/wavelets are of non-zero length. This way we obtain a

vector, \sÍj ,, i sl, for each source-diffractor combination, i.e.,

Yj p = l..np : Vjs = l..ns : Yj, = 0"nrs -l :

(6.13)

TsLir,is,irl=frøu-rÍis,in,ir+tspUs,ipl+tpnUn'ip)l'LspUs"/pl'Lpn7a'ipl
in=l

This sum is weighted by the path lengths between source-diffractor and diffractor-

receiver. We then use the sizes of the vectors õsU p, i sl as a measure of the strengths of

the diffractor points, Þ[¡r1 :
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where

Yip =7..np, Þlip] --lll}'ti,i'Jll, ,

Tsll o,ls, iì'

-n6-

(6.14)

(6.1s)llõ,ti,,i,tll,= jr=0

The resulting diffractor field estimates, Þ¡r1, are non-negative, unscaled, relative

measures. This style of migration is called diffraction stack or Kirchhoff summation.

Refinements to accommodate wave theoretic changes in amplitude and phase along the

diffraction hyperbolas are possible (see Stolt and Benson, 1986) but this does not

change the basic conclusion of this investigation.

Results

Before investigating the sensitivity of the algorithm, we present two examples of

successful diffractor/reflector recovery and provide a comparison to the result of a

migration-based approach.

We first create a set of synthetic seismograms from a velocity field and a diffractor

field, then input the resulting seismograms and the original velocity field to the

inversion algorithm, attempting to recover the diffractor field.

The model we choose for this particular inversion consists of a constant background

velocity, v:I.0, a constant low-velocity rectangular block at the right side of the model,

v:0.56, and a single very low velocity element (diffractor point), v:0'4, centred in the

left half of the model, as shown in Figure (6.2).
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ßig.6.2. Slowness model used for the investigation with slowness values between
1.0 and 2.5. The source line is at the left, the receiver line at the right' with

source/receiver 0 at the bottom. The model is 50 cells wide and 50 cells high.

To calculate first break times we use 10 nodes per cell boundary, i.e., 9 secondary

nodes. In our forward model we derive the diffractor field directly from the velocity

freld. Candidate diffractors are placed at all cell corners with strengths derived from the

velocity differences of the four adjacent cells (model boundary nodes have a smaller

number of adjacent cells). The strength of a diffractor, PUp], surrounded by velocity

cells with velocities vl,v2, v3, and v4 is calculated with:

vl+v2+v3+v4U=-'4

v2- ¡tl+

(6.16)

PU,I=
vl- +

4

v3- + v4- Dr Scale t (6.r7)
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where Pr",," is a scaling constant which we set equal to one for velocity fields with

values around 0.5. Using Pr"u," ensures that lPti*]l<I.

As mentioned earlier, this approach approximates reflectors and refractors as a sequence

of adjacent diffractor points. The model parameters are shown in Table (6.1). Figure

(6.3) shows the shot-gather for source So (sources are numbered from 0 to nr-l) derived

from the forward model and used by the inversion algorithm. Figure (6.4) shows the

same shot-gather, but with the later anival diffractions enhanced by a factor of 10 for

easier viewing (This is easily achieved by multiplying Pr"o," by 10 in the forward

modelling algorithm).

Table 6.1. Parameters for migration in Figure (6.5) and inversion in Figure (6.6).

Figure (6.5) shows the result obtained by our migration-based approach. Only the

central part of the reflector/refractor line between source 3 and receiver 3 is well

resolved, while the single diffractor point and the other reflectors are close to the general

noise level of the image.

Velocity field : v(x,Y) =
0.56 for Ir, 3 * < |n,, y 2 ïn,
0.4 forx= ïn,,y=in,
1.0 otherwise

Source signal type : Decreasing cosine úr(j,,t) = îP
Grid size : 50x50 Sources xreceivers : 8 x 8

Time resolution : 0.25 Source signal length : 8 elements
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Fig. 6.3. Shot-gather seismograms for source 0.

Fig. 6.4. Shot-gather seismograms for source 0; diffractions enhanced by a factor
of 10 for easier viewing.
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5.6

Fig. 6.5. Result of the migration-based approach. The grid is 51 elements wide and
51 elements high, with each 'pixel' representing a primary node at a cell corner.
There are 8 equally spaced sources along the left boundary and 8 equally spaced

receivers are the right boundary.

Figure (6.6) shows the result obtained by our inversion algorithm. It is superior to the

migration-based approach and is excellent if compared to the quality of related velocity

f,reld inversions, in particular if one considers that only 8 sources and receivers were

used, all of which where placed along a source line and a receiver line (crosshole survey

geometry). Note that the isolated diffraction point, being a very low velocity element,

would not have been recovered by a conventional velocity inversion algorithm.
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-0.1 0.33

X'ig. 6.6. Diffractor recovery after 60 iterations with low coverage and fine grid.
The grid is 51 elements wide and 51 elements high, with each 'pixel' representing a

primary node at a cell corner. There are 8 equally spaced sources along the left
boundary and 8 equally spaced receivers are the right boundary.

The model described in Table (6.2) uses a velocity field of identical shape to that given

in Table (6.1) and shown in Figure (6.2), but halves the velocity field resolution(25x25

cells rather than 50x50). We also use a larger number of sources and receivers (l3xl3).

With this less ambitious setup better results can be obtained after only a few iterations,

as seen in Figures (6.9), (6.10), and (6.11), corresponding to 4, 8, and 13 iterations

respectively. An example of a shot-gather for this model is presented in Figures (6.7)

and (6.8).
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Velocity field : v(x,Y)=
0.56 for Ir,3 * <Ïn,, y2in,
0.4 forx= Ir,,y=In,
1.0 otherwise

Source signal type : Decreasing cosine þr(i.,,t)=
cos( 2r

5
t)

I+t
Grid size : 25 x25 Sourcesxreceivers: 13 x 13

Time resolution : 0.25 Source signal length : 8 elements

Table 6.2.Parameters for inversion in Figures (6.9)' (6.10) and (6.11).

Fig. 6.7. Shot-gather for source 0.

0

12
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Fig. 6.8. Shot-gather seismograms for source 0; diffractions enhanced by a factor
of 10.
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Fig. 6.9. Diffractor recovery after 4 iterations with 13 sources along the left
boundary and 13 receivers along the right boundary. The grid is 26 elements wide

andl26 elements high, i.e., primary nodes of 25 x 25 slowness cells.
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X'ig. 6.10. Diffractor recovery after I iterations with 13 sources along the left
boundary and 13 receivers along the right boundary. The grid is 26 elements wide

andl26 elements high, i.e., primary nodes of 25 x 25 slowness cells.



Chapter 6

S1

S1

S1

Rlr
Rl0
R9

R8

R7

R6

S8

S7

-0.18 0.38

Fig. 6.11. Diffractor recovery after 24 iterations with 13 sources along the left
boundary and 13 receivers along the right boundary. The grid is 26 elements wide

and26 elements high, i.e., primary nodes of 25 x 25 slowness cells.

Sensitivity Analysis

'We use a constant velocity field model to investigate the sensitivity of the algorithm to

the model and recording geometry parameters. Our models use a constant velocity field

(v:l everywhere) with six diffractor points, some placed close to each other, some

isolated, as shown in Figure (6.12).In such a model first break times can be calculated

exactly, rather than by the approximate forward modelling scheme which underlies oru

inversion algorithm. For the inversion we use 10 nodes per cell boundary (: 9 secondary

nodes) throughout.

- 186 -
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I
I

Fig.6.12. Point diffractors in a constant slowness model, as used in sensitivity
analysis. The modet is 26 elements wide and 26 elements high. Varying numbers of
equally spaced sources and receivers are placed along the left and right boundary

respectivelY.

The values given are all without physical scale, but adequate scaling transformations

can be designed for comparison. For example, the elements described can be interpreted

as a constant velocity field of 5,000 m/s, a grid size of 50 m by 50 m with resolution of

2 m, and a seismogram time resolution of 100 ¡rs.

Our experiments show:

The algorithm is able to successfully recover diffractors even if subjected to low

coverage and a fine grid, e.g., 8 sources and receivers on a 50x50 grid. Increasing

the number of cells in the grid results in slower convergence.

On a 25x25 grid, diffractor recovery is still excellent with only 4 sources and

receivers (see Figure 6.13), whilst the result becomes inadequate with only 3 sowces

0 1

a
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and receivers. Also, the algorithm becomes highly sensitive to noise in the

seismograms with such low coverage.

s3- -R3

-0.1I 0.76

Fig. 6.13. Result of the inversion on a25 x 25 slowness grid with 4 equally spaced
sources along the left boundary and 4 equally spaced receivers along the right

boundary, after 24 iterations.

Perturbing the velocity field with a random 2 percent noise level strongly affects the

performance of the algorithm, yielding only a very weak resemblance to the original

model (Figure 6J4) for 8 sources and I receivers, whilst a I percent noise level

allows an adequate recovery. Increasing the number of sources and receivers to 26

results in a slight, but not significant improvement. 'We conclude that the inversion

is highly sensitive to noise in the velocity field, a serious problem in inverting real

data.

a
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. Applyiîg a larger duration (60 element decreasing cosine) source signal still

provides good results. When we replace the decreasing cosine source signals with

random noise signals of length 60, we find that the inversion results improve. Our

interpretation is that a wider source signal frequency spectrum reduces the amount

of "information hiding". Two constant-frequency signals that are superpositioned

with a slight time shift can easily eliminate each other.

s7- -R7

-0.62

Fig. 6.14. Result of the inversion subject to 2 percent noise in the velocity field, on a
25 x25 slowness grid with I equalty spaced sources along the left boundary and 8

equally spaced receivers along the right boundary, after 44 iterations.

The results show that even though we only require a surprising small number of sources

and receivers for a successful inversion, the high sensitivity to velocity field errors is

disappointing and makes the approach in most cases unsuitable for real-world

application. This was confirmed by the inversions we attempted on real data and

0.95
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synthetic data from a f,rnite difference forward modelling scheme, all of which delivered

unsatisfactory results.

Concluding from the presented results, we believe that an attempt to rigidly and blindly

match waveforms along pre-determined diffraction hyperbolas, be it explicitly in a pre-

processing stage, or implicitly as in the case of the presented method, is futile in

principle. Beyond the basic limitation about the knowledge of the background velocity

field (e.g., local anomalies), real-world situations have to deal with background noise

that distorts waveforms, waveform dynamics associated with transmission and

reflection, inaccuracies in the experimental setup, and effects, like anisotropy, not

included in the velocity model.

Hence, our recoÍtmendations for the general class of diffraction/reflection recovery

methods are to (1) match diffraction curves more leniently, allowing for a time-shift

when matching waveforms; (2) match only the main features of waveforms, e.g., the

energy envelope, rather than the exact waveform; and (3) consider only the most

dominant features of the seismogram sets (e.g., only major diffraction curves) rather

than attempting to match the entire seismogram. These guidelines could be equally

applied to migration as to direct inversion schemes.

It seems a recovery method that yields a simplified, rough, but robust 'answer', derived

from the key elements of the provided data sets, is superior to a method that provides a

detailed, 'high-resolution' result, which is computationally harder to obtain, whose truth

value is more difficult to ascertain by statistical methods, and which is more sensitive to

noise and data errors.



Chapter 6 -191 -

Conclusion

Linearized inversion is a feasible approach to diffractor recovery, providing superior

results to averaging/summing migration-type methods. The remarkable advantage of

this algorithm is the requirement of only a few sources and receivers to obtain suffrcient

coverage. The drawbacks are a high sensitivity to errors in the velocity field and the

number of required assumptions, i.e., (1) the source signal $r is isotropic; (2) the

wavelet energy decreases in proportion to the distance it travels (no other amplitude

reduction factors are considered); (3) the main energy packet of a wavelet travels along

the best path from source to receiver; (4) signal superposition is linear; (5) wavelets

which passed through multiple diffractors are negligibly weak; and (6) wavelet shape

does not change from one trace to another.

The results show that even though we only require a surprisingly small number of

sources and receivers for a successful inversion, the high sensitivity to velocity f,reld

effors is disappointing and makes the approach in most cases unsuitable for real-world

application. This is particularly important as our diffractor-modelling scheme was

purposely designed to be very simple, and a more complex diffractor model based on a

more elaborate wave theory is unlikely to yield better results. It is diffrcult to see how

the more complex wavefield dynamics could be disentangled to yield only diffractor

strength.

Consequently, the algorithm failed when we used real-world data or finite difference

scheme based synthetic data, because of the waveshape changes between seismograms.
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The presented method yields fuither research opportunities, for example, developing an

algorithm that combines source signal estimation with the main inversion algorithm;

developing an approach for simultaneous inversion of diffractor and velocþ frelds; and

in particular, allowing flexibility in the shape of diffraction hyperbolas to reduce the

sensitivity of the algorithm to noise.
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Chapter 7

Velocity Field lmaging with an

Anomaly Recovery Algorithm, ARA

We introduce a novel velocity field recovery algorithm which is aimed at overcoming

several drawbacks encountered with standard tomographic inversion schemes. The

Anomaly Recovery Algorithm (ARA) places a series of anomalies, each fully described

by only a few parameters, into a given velocity field estimate, varying the parameters to

minimise the residual errors in first arrival times and reflection, refraction and

diffraction times, which are obtained by manual or automatic picks from seismograms.

We successfully recover anomalies in synthetic variable velocity f,relds where standard

conjugate-gradient based tomographic inversion schemes fail, find the ARA to be very

robust against effors in traveltimes of up to 8o/o, and obtain results that are economically

more meaningful. A comparison of results of the ARA applied to real-data sets with

those of a standard CGLS-type inversion scheme indicates that the ARA is a viable

option for real-world application. An examination of the solution space exhibits a

largely smooth topography with few 'significant' minima, interspersed by a larger

number of 'minor' local minima, suggesting the applicability of several standard non-

linear inversion schemes. The central idea underlying the ARA, to represent the velocity
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field inversion problem as a low-dimensional rather than a high-dimensional problem,

makes the method generic, highly flexible, and relatively easy to analyse in terms of

stability and local minima.

Motivation

In essence, the presented algorithm places a series of rectangular anomalies, each fully

described by only five parameters (horizontal and vertical co-ordinates of centre, width,

height, and orientation), into a given velocity field estimate, varying the parameters to

minimise the residual errors in traveltimes, reflection times, diffraction times, and

refraction times. We derived and tested this novel approach in order to overcome

several drawbacks experienced with other inversion schemes, as reported in earlier

chapters:

(l) In many conventional inversion methods, c.8., Conjugate-Gradient-Least-Squares

(CGLS) based tomographic inversion, the problem is posed as a minimisation of a

function with a large number of parameters, Ê.8., the velocities of each cell of a

rectangular velocity grid. The large number of parameters, -i.e., the high

dimensionality of the problem, makes it difficult to thoroughly analyse and

understand the topography of the function space which one aims to minimise. Such

knowledge is needed to fine-tune the inversion scheme and to understand issues such

as estimating the number of local minima, clustering of local minima, sensitivity to

input data variations and stopping/convergence criteria. This also has implications

for reliability estimates of inversion results.

(2) Such inversion schemes tend to be strongly sensitive to noise, as demonstrated in

Chapter 3
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(3) Results may not be considered real-world applicable, where, for example, ore bodies

are more or less regular structures, like a series of thin-sheet slabs, rather than the

highly irregular ('noisy') structure of most tomograms that optimally fit traveltimes.

It would be better to use an inversion method that considers only velocity field

models that are geologically plausible and of economical interest, with hypothesis

testing provided to indicate the truth-value of a particular model.

(a) It is difficult to adapt standard CGLS methods to use reflection and refraction events

simultaneously with first arrival times.

The Anomaly Recovery Algorithm, AF{A

For the remainder of this chapter we shall use the term 'later arrivals' to refer to

reflection, refraction or diffraction events. We use the term 'first arrivals' to refer to

events created by wavefronts travelling along the time-optimal path (normally direct

waves) from source to receiver.

Outline

The basic idea of the ARA is to insert an anomaly, fully described by a small number of

parameters into a given velocity field estimate, varying the parameters to minimise the

residual e11ors in first and later arrival times against experimentally observed data.

The ARA continues to insert additional velocity features or anomalies into the image

(slowness field) until the residual error is reduced no further, in which case the

inversion terminates and the resulting slowness field is returned as the optimal

interpretation.
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The anomalies used for insertion should be defined by a small number of parameters,

and small variations of parameters should result in small changes in the residual. This

makes it possible to approach the task of optimally inserting an anomaly into the

slowness field as a minimisation problem of a relatively smooth function with a small

number of free variables.

Any type of slowness field representation can be adopted so long as it is possible to

insert velocity field anomalies and to calculate first arrival times as well as later arrival

times created by the inserted anomaly'

The input data required by the inversion algorithm are: the initial slowness field

estimate, the source and receiver positions, and a þossibly incomplete) set of first

arrival times and later arrival times. In practice the initial slowness field is derived from

a geological assessment of the region of interest, possibly refined by a first arrival time

based tomographic inversion method, and events are manually or automatically picked

from field seismo grams.

Key Features

The two essential features of the ARA are its use of a low-dimensional representation of

the inversion problem and the use of well-defined and bounded anomalies to modiff the

velocity field at each iteration of the inversion'

Using a low-dimensional representation of the inversion problem makes it possible to

apply a variety of standard inversion schemes (e.g., genetic algorithms, or simulated

annealing), especially if the type of anomaly and type of residual are chosen such that

the function space topography is relatively smooth.

-196-
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This also makes it easier to investigate the function space topography, making it

possible to fine-tune the inversion algorithm, and to make more reliable predictions

about the success rate of inversions. This is an important advantage over standard

CGLS-based tomographic inversions, which, because of their large number of free

parameters (e.g., 10,000 or more), are difftcult to characterise by type and number of

minima, or general function topography. It is often overlooked that matrix inversion

schemes, like CGLS, are linear methods, but are applied to the essentially non-linear

problem of bent-ray tomography in the belief that reasonable results can be obtained. It

is computationally difhcult - at least in 1998 - to apply true non-linear inversion

schemes to a non-linear problem with unknown topography and 10,000 or more free

variables.

By inserting and modiffing localised anomalies the algorithm effectively extracts the

essential information about the velocity field, as it is forced to match a 'simple' model

to the traveltime sets. This makes the inversion more robust against noise and -

potentially - returns economically more meaningful results.

The use of clearly bounded anomalies also removes the problem of limited resolution.

The positional and angular resolution of anomalies is only limited by computational

effort and economical necessity, unlike in CGLS-based tomography, where an increase

in resolution creates an underdetermined system of equations which can only be

'solved' by introducing additional artificial constraints (e.g., smoothing filters).

Using anomalies with clearly defined boundaries also makes it easy to include later

anival events in the inversion process. In fact, the scheme is general enough to allow

application of a variety of later arrival modelling methods, be they based on raypath

calculation or finite difference forward modelling.
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Finally, the modifications to the velocity field (the moving, sizing and rotating of

anomalies) are local. This makes it possible to develop optimised algorithms to

calculate travelpaths, because, unlike in standard CGLS-based tomography, not all

travel paths need to be re-calculated after each velocity field modification.

lmplementation and ScoPe

V/e limit the scope of the presented examples by choosing a simple rectangle as the

compact velocity anomaly. We also tried various other anomaly parameterisations,

including variable velocity parameters, with similar results.

A simple rectangular shape relates well to many crosshole hard-rock environments

where mineralisation is often found as thin, flat plates, unlikely to be resolved by

standard first arrival time based tomographic inversion schemes. However, complex

shapes can be easily handled by superposition of multiple rectangular anomalies of

varying position, size, and orientation.

The rectangle is described by hve parameters (x, y' w, h, cr), x-co-ordinate, y-co-

ordinate, width, w, height, h, and rotation-angle, cr, where all parameters are integer

values. The slowness contrast is a further adjustable parameter. The centre co-ordinates,

x and y, àrê bound by the size of the slowness field; w and h are larger than or equal to

1; the orientation, c, is bound by 0 < o< 15, with a one unit increment of c¿

representing a rotation of 1/16 of a full circle, and 15*1:0, i'e', a e Zrc'

We can write the minimisation problem as

min R(x,y,w,h,d,) ,
x,y,w,h,a

(7.1)
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where R is a function returning the residual error for first arrival times and later arrival

times (events) obtained for a slowness held, into which an anomaly with parameters

(x,y,w,h,ct) has been inserted.

Residual Calculation

To calculate R(x,y,w,h,a),we first insert the anomaly with parameters (x,y,w,h,a) into

the slowness field and calculate all first arrival times of the resulting model, F¡a(s,r), for

each source-receiver pair, (s,r), using a standard nodal-net based approach (see Chapter

2). We then calculate the residual, Ap(s,r), as the square of the difference between the

computed first arrival times for the model, F¡a(s,r), and the experimentally observed

first arrival times, Fpþ,r):

Ar(s,r) =(Frçs,r)- Fr(s,r))' Q.2)

Next, we obtain the set of later arrivals, Ly(s,r), for each source-receiver pair, (s,r),

resulting from the inserted anomaly, by calculating the shortest time necessary to travel

from the source, s, to a point in the anomaly and back to the receiver, r. Note that this

calculation does not consider multiple reflections/refractions from the anomaly and only

considers the 'first later arrival' from the anomaly for each source-receiver pair.

For each 'target' later arrival time, Ly(s,r), we obtain the optimally matching later

arrival time, 4, from the experimental data, i.e., for which r¿:lLy(s,r)-rol is minimal

and smaller than a maximum time difference, înax. Using r¿,wa calculate a hit-score,

h(s,r),with

(".* - "o)Ê
0

TL 1T_o
To2T^*

h(s,r) = (7.3)
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Note that possibly no later arrival event may exist in the experimental data set for the

given source-receiver pair, in which case h(s,r) is set to zero. Also, we do not match

later arrivals with first arrivals, even though some first arrival time picks might correctly

represent later arrivals.

Finally, we calculate R(x,y,w,h,a) as the weighted difference of first arrival time

residuals, Ap(s,r), and later anival hit-scores, h(s,r),i'e.

R(x,y,w,h,a)= | Ar1s, r)- ltZh(s,r) , (7.4)
s,f

where p is aweighting factor of later arrivals versus first arrival data.

The weighting factor, p, as well as the maximum time difference, îmæc, should be chosen

to suit the quality and type of the experimental data sets, for example, by examining the

accuracy of f,rrst and later arrival time picks (and their relative accuracy), the expected

proportion of later arrivals we were able to pick, and the average distance of multiple

later arrivals along the same trace'

We suggest one starts an inversion by setting ¡t equalto one and r^* equal to half the

average distance between later arrivals on the same ttace, and observes the magnitude

and variation of first arrival time residuals and later arrival time hit-scores for a few

iterations. If either data set 'dominates' the inversion process, then p and r'* should be

adjusted. If the inversion'locks in' on sets of later arrival times that obviously do not

belong to the same anomaly, then r'* should be decreased'

Note also that ¡t and r^^need not stay constant for the entire inversion. We found that a

two-stage approach, in which ¡l is set to zero in the first stage, i.e., completely
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disregarding later arrivals, can yield superior results if a large number of later arrivals

from several anomalies have been picked and first arrival times are very accurate'

Function Space ToPograPhY

Figure (7.lc) shows the solution space topography of R(x,y,w,h,a) for variations in the

x-y-domain for a particular inversion problem. V/e derived Figure (7.ic) by initially

obtaining first and later arrival times for a simulated seismic experiment for the

slowness field in Figure (7.1a). We placed 21 sources along the left boundary and2l

receivers along the right boundary of the slowness field, which contains a single

inegularly shaped centrally placed anomaly o15,770 m/s on a background velocity of

4,100 m/s. The time scale was chosen such that the minimum first arrival time (topJeft

soruce to top-right receiver) was 40 time-units.

'We then used a constant slowness field (4,100 m/s everywhere) and the resultingarcival

times to initialise R(x,y,w,h,ø), choosin1 r^*:8 and ¡r0.7

Finally we moved a small rectangular anomaly (Figure 7.lb) across the entire x-y-

domain, i.e., we calculated R(x,y,w,h,a) for each (x,y) co-ordinate pair with w:3, h:6,

and o:0 and velocity equal to 5,850 m/s. Hence, the function space topology, T(x,y),

shown in Figure (7.1c) is

T(x, y) : R(x, y,3,6,0) (7.s)

Figure (7.1d) shows all (improper) local minima of the function, i.e., all points, (x,y),

with values smaller or equal to their eight nearest neighbours, i.e.,

(x, y) : V dx, dy, withO < max(lakllAyl> < t

T(x,y)<T(x+dx,y+dY)
(7.6)
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indicating a large number of local minima. This, and the general shape of the function

space topography (Figure 7.1c) reveals a large scale smooth function with few

'significant' minima, interspersed with a number of local minima.

^
b c

F'ig. 7.1. Example of the function space topography of R(x¡,w,h,a) for variations in
the x-y-domain for a particular inversion problem. (a) shows the original velocity
field, having an anomaly with 5,770 m/s and a background velocity of 4,100 m/s.

(b) shows the size of the inserted anomaly used to calculate R(x,y,w,h,cr). (c) shows
the function space topography of R(x¡,w,h,a).The values of the residual range
from -586 (black) to 135 (white). (d) shows the set of all local minima, i.e., points

with values smaller or equal to their 8 closest neighbours.

ßig. 7.2. Example of the function space topography of R@¡,w,h,a) for a larger
anomaly. (a) shows the original velocity fïeld, having an anomaly with 5,770 mls

and a background velocity of 4,100 m/s. (b) shows the size of the inserted anomaly
used to calculate R(x,y,w,h,c¿). (c) shows the function space topography of

R(x¡,w,h,a) inthe x-y-domain. The values of the residual range from -690 (black)
to 1,209 (white). (d) shows the set of all local minima, i.e., points with values

smaller or equal to their 8 closest neighbours.

dc
^

t

t I
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We'obtained similar results in other trials, for example, by using alarger sized anomaly

(Figure 7.2). This suggests that a non-linear minimisation algorithm should operate best

by considering large-scale variations in (x-yl parameters before seeking to settle in a

local minimum. (The aim of an inversion is to find the global minimum, but without

search routines around a local minimum, this can be computationally intractable.)

Note that the smaller anomaly (Figure 7.lb) results in two main minima (Figure 7.Ic),

one in the image centre and one just to the bottom left of the centre, because the inserted

anomaly fits the top half and the bottom half of the actual, larger anomaly. This does not

hold for the second example which uses a larger anomaly (Figure 7.2b) and

consequently Figure (7.2c) reveals only one main minimum.

The global minima in Figures (7.Ic) and (7.2c) arc at locations where the chosen

rectangular anomalies should be placed to match the real velocity anomaly.

We also considered a variety of other norTns and some of their function space

topographies are shown in the Appendix.

lnversion Scheme

We considered several non-linear inversion schemes, e.g., simulated annealing (e'g', see

Ihmlé and Ruegg (1997) for a recent development using simulated annealing) and

various hybrid methods which worked satisfactorily. However, for the range of our

examples, a simple two-stage approach in which we f,trst determine an approximate

starting position to be refined by a simple iterative search for better values amongst the

neighbours of the current solution/co-ordinate, yields the best results in terms of

successful recoveries and required computational effort.



Chapterl -204'

We first choose arbitrary (but reasonable) initial anomaly values for width, height, and

rotation angle, i.e., we set w:3, h:6, û,:0. We then sample the function domain on a

regular grid (e.g., 8 x 10 samples), for variations in the x- and y-co-ordinates only, and

select the co-ordinate pair with the best fit, i.e., the smallest residual.

The result of this 'domain-sampling' is then used as the starting point for a simple

optimisation scheme. We iteratively test all the neighbouring co-ordinates of the current

solution vector (e.g., increase/decrease width/height by one, rotate left/right) and replace

the current solution vector by the neighbour with the smallest residual. This iteration

terminates when no further improvement is possible.

Results w¡th Synthetic Data

Example 1 - Constant Background Velocity

This example is aimed at investigating how robust the ARA is against noise, and how

well it performs against a standard CGLS-based inversion scheme under synthetic/ideal

conditions.

Figure (1 .3a) shows the original slowness field used for the first inversion of synthetic

data. The velocities of the example were chosen to simulate a real situation encountered

at a site in Kambalda, Westem Australia. The background velocity is set to 4,100 m/s

(granular ultramafics), whilst the central anomaly and the top-left anomaly have a

velocity of 5,740 m/s (massive ore with veins), V/e place 21 sources at regular intervals

along a simulated borehole at the left boundary and 21 receivers along a simulated

borehole at the right boundary of the slowness field. The width of the region of interest
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is 40 metres, its height 80 metres, and the seismograms are sampled 4,000 times per

second (sample interval :2.5x10-a s).

(a) (b) (c)

(d) (Ð(e)

>6,800 m/s 4,800 m/s <3,700 m/s

Fig. 7.3. Comparison of inversion results of a CGLS-based algorithm and the
ARA, using synthetic data. (a) The original slowness field (background 4,100 m/s;
anomalies 5r740 m/s). (b) CGLS inversion after one iteration, i.e., traveltime errors
smeared along travel paths. (c) Final result of CGLS-based inversion for 07o noise.

(d), (e), (f): Result of the ARA with 07o, 4"/" and 8%o noise in event times
respectively.

V/e obtain first arrival times for each source-Teceiver pair and determine later anival

times for each source-receiver pair and each anomaly by finding the shortest traveltime

to pass from the source to the anomaly and back to the receiver.
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V/e then perturb the data sets with 0o/o, 4yo, and 8o/o maximum noise (with a flat

probability distribution) to simulate errors in event picking or effors in the background

velocity field, and compare the results of the ARA with those of a standard,

unconstrained conjugate-gradient-least-squares (CGLS) tomographic inversion

algorithm.

Both algorithms start out with a constant velocity field (4,100 m/s everywhere)

Figure (7.3b) shows the result of the CGLS algorithm after a single iteration, i.e.,

traveltime erïors are 'smeared' along travel-paths. Figure (7.3c) shows the final result

obtained with the CGLS algorithm for 0%o noise, i.e., after 30 main-loop iterations, each

consisting of a re-calculation of the travel-paths (representing the inversion matrix) and

50 iterations of the CGLS linear inversion scheme.

The result shows a reasonable recovery of the location of the two anomalies. However,

the direction and shape of the target are not well recovered. The CGLS algorithm,

despite being run at a lower image resolution (10x20 rather than 40x80), failed to

recover the anomalies at 4Yo arrd 8olo noise.

Figure (7.3d) shows the result of the ARA for 0olo noise. The locations of both

anomalies have been recovered, with a very good recovery of the direction and size of

the first anomaly. Even at 4o/onoise (Figure 7.3e), the ARA performed well, whilst at

8olo noise (Figure 7.31 the small anomaly at the top-left was lost. Also, in all three

cases, no false anomalies/artefacts where introduced by the ARA. Note that the topJeft

anomaly at 4Yo noise was recovered by two closely placed, overlapping anomalies

(Figure 7.3e).
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Example 2 - Using a Finite Difference Forward Model

This example is based on traveltimes and reflection events manually picked from

seismograms obtained by a Finite-Difference-Forward-Modelling scheme, rather than

the exact times of the previous example. This synthetic is one step closer to reality

where onset times of waveforms may be harder to discern, where it is impossible to

obtain a complete set of later arrivals, and where background velocity variations and

multiple reflections create 'false' later arrivals.

We run a 6th order finite-difference scheme (see Chapter 1 for various references) to

obtain seismograms for the velocity field shown in Figure (7.4a), consisting of a small

curved anomaly with velocity 5,740 m/s (massive ore with veins) just above a porphyry

with velocity 5,950 m/s. The background velocity of the host ultramafics is 4,100 m/s

(For details on rock velocities, see Steele, 1996). Once again, the velocities approximate

a geological situation encountered at a nickel prospect in Kambalda, Western Australia.

We use 21 sources and 2l receivers at the left and right boundaries (boreholes)

respectively (Source I is at the top-left, source 2l at the bottom-Ieft, receiver 1 at the

top-right, and receiver 2l at the bottom-right). We pick events by hand and use the

resulting data as input for both inversion schemes. An example of a shot-gather

including the manual picks is shown in Figure (7.5).

An analysis of the manual picks shows that out of the 441 (21 x 2l) first arrival times,

60Yo arc exact picks (rounded to the nearest sample) and 40% are picked with one

sample error, i.e., with an effor of around 2.2%.

Out of the 441 later arrivals arising from the anomaly, 260/o are exact picks, 23Yo ate

picked with an error of around 2,2yo, 2Yo with an erïor of around 4.4yo, and the

-207 -
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remaining 49Yo are not picked at all. There are around 60 'false' picks in the vicinity of

'correct' picks which could adversely influence the results of the inversions.

The initial velocity field for both inversion schemes is obtained by removing the

anomaly from the original, cortect, velocity f,reld (Figure 7.4a).

(a) (b) (c)

(d) (e) (Ð

>6,800 m/s
I

4,800 m/s <3,700 m/s

Fig.7.4. Comparison of inversion results of a CGLS-based algorithm and the
ARA, using data manually picked from seismograms obtained from a finite-

difference-forward modelling scheme. (a) The original slowness freld (background
4,100 m/s and 5,940 m/s; anomaly 5,740 m/s). (b) CGLS inversion after one

iteration, i.e., traveltime errors smeared along travel paths. (c) Final result of
CGLS-based inversion. (d), (e), (Ð: Result of the ARA with no added noise,47o

zndSo/" added noise in arrival times respectively.
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R1

Rl0

Rl5

R20

0 samples 25 50 75 100 125 150

Fig. 7.5. Shot-gather for the source at the top-left of the velocity field in Figure
(7.4a), after applying a variable gain filter. Manual picks are indicated by short
vertical lines. The topmost seismogram belongs to the receiver at the top of the

velocity f,reld. Note that we picked multiple later arrival events as various traces,
some of which may be proper later arrivals and some may be multiple

refl ections/refractions.

The CGLS algorithm is unable to recover the anomaly (Figure 7.4b and 7.4c). At best

we can interpret the result as afuzzy extension of the given large anomaly, andpossibly

a small (false) high velocity anomaly to the right of the correct anomaly, as seen in

Figure Q.ac).

The ARA recovers the anomaly well, even after adding 4%o noise to the manually

picked arrival times (Figures 7.4d and 7.4e). When 8olo noise is added, the ARA

introduces false anomalies at the top right and bottom left of the velocity field (Figure

7.4f), however, the remainder of the anomaly recovery is 'correct' and economically

more meaningful than Figure (7.4c).

R5
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Application to Real Data

We applied the ARA to data obtained from a survey at a nickel prospect in Kambalda,

Western Australia, to investigate the performance of the method with real data. This

particular seismic survey was undertaken because downhole transient electromagnetic

(TEM) surveys in each borehole suggested a strong conductor between the holes, and

matrix mineralisation was found in the core from one hole.

Survey Details

The experimental setup consisted of a crosshole arrangement of two (slightly

converging) boreholes, between 40 m and 50 m apart (see Figure 7.7).We performed 25

shots at 2.5 m intervals along the source line, each of which was recorded by 23

receivers at 2.0 m intervals in the receiver hole (The actual depth of the topmost source

from the collar of the borehole was 102.8 m, the depth of the last source was 162.8 m,

the depth of the first receiver was 60 m, the depth of the last receiver was 104 m). The

seismogram sample interval was 100 ps. Further details on the experiment are presented

in Greenhalgh et al. (1995) and Bierbaum (1998).

Pre-Process¡ng

The resulting seismograms were pre-processed to reduce tube-waves, after which we

picked first arrival times and later arrival times manually (on-screen, using dedicated

software). The data set made it relatively easy to pick first arrival times, howevet, we

did not obtain many significant làte anival events. For example, Figure (7.6) shows the

shot gather for source/shot 25, i.e., the source at the bottom-left in Figures (7 '7) and

(7.8).
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The exact 3-D positions of sources and receivers were obtained from a magnetic/optical

survey of the drillholes. The wells were nearly co-planar and we projected actual source

and receiver positions into a best-fit plane for the inversion.

R1

Rl0

Rl5

R20

R23

Oms 10ms 20ms 30ms 40ms 50ms

Fig. 7 .6. Example of a shot-gather (source 25, at bottom-left in Figures (7 .7) and
(7.S)) of the real data including manually picked first and later arrival events. The

top seismogram belongs to the topmost receiver, R1. Each seismogram has 500
samples, i.e., a total sample time of 0.05 s. Note that despite pre-processing some

tube waves are still visible (e.g., from centre-bottom to centre-right).

Results

We present the results of three inversions, a standard CGLS-based bent-ray tomographic

inversion (applied to first arrival times only) and two ARA-based inversions.

Figure (7.7) shows the result of a standard CGLS-based bent-ray tomographic inversion

scheme. We use a velocity grid which is 13 elements wide and 18 elements high. We

see a large high-velocity region of around 6,400 m/s just above the centre of the image

R5
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and another at the bottom-left; a small high velocity region of around 6,100 m/s at the

top-left; and two small low-velocity anomalies of around 4,650 m/s at the centre-Ieft.

The remaining background velocity averages around 5,000 m/s. Note that the triangular

region at the lower-right, and the area along the top of the image are not used in the

inversion process, since no travelpaths cover these regions.

0m 20m 40m
0m-

10 m-

20 m-

30 m-

40 m-

50 m-

60 m-

70 m-

7,03 m/s 5,530 m/s 4,560 mls

Fig.7.7. The result of the standard CGLS-based bent-ray tomographic inversion
applied to our survey data. The inversion was carried out with a 13x23 grid and
was smoothed by a Gaussian filter. There are 25 sources along the left borehole
and 23 receivers along the right borehole. The shown area is 52 m wide and 72 m

high.

V/e initially interpreted the high velocity zone to represent mineralisation. However, a

subsequent drill hole between the two holes used in the tomographic experiment to test

the velocity anomaly (and the EM anomaly) found no mineralisation. A sonic log run in

this hole (Steele, 1995) matched the velocity variation shown in the tomogram.

Comparison with the core showed the velocity variation to be due to changing

chemistry and alteration of the host ultramaf,rcs. It was not related to nickel sulphide

mineralisation.

I

I

0
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Just as in our synthetic experiments, we implement the ARA such that it inserts

rectangular, constant velocity anomalies into the background velocity field.

Steele (1995) obtained numerous core-samples of the area and conducted laboratory

velocity measurements on the specimens in an attempt to relate sound wavespeed to

mineralisation and lithology. In particular, he found a generally large velocity contrast

between mafic and ultramafic rock. 'We choose the background and foreground

velocities for the ARA inversion based on these results, and in consideration of the

average ratio between traveltimes and source-receiver distance of the survey data. For

example, a background velocity of 5,100 m/s to 5,200 m/s relates well to ultramafic

(e.g., talc dominated ultramafic), whilst the velocities of inserted anomalies (6,500 m/s)

can be associated with mafics (e.g., fine grained amphibole subordinate mafic) and

serpentine-dominated ultramafics.

We run the ARA-based inversion with a background velocity of 5,100 m/s, inserting

anomalies with a velocity of 6,500 m/s. We discretize the velocity field into a grid 52

cells wide and 72 cells high. The result of the ARA is presented in Figure (7.8a). It

shows a large high-velocity anomaly at the centre of the image, stretched from the

lower-left to the upper-right. Smaller high-velocity anomalies can be seen at the top-left

and the centre-right. The ARA inserted a total of 4 anomalies of varying size and

orientation, two of which composed the anomaly at the centre-right.

Note that the anomaly at the centre-right lies outside the source/receiver ¿urays, and is

therefore the result of later-arrival-based information. Given the rotational ambiguity

associated with 3-D effects, this feature may equally lie out of the plane shown in the

space between the borehole. The results in Chapter 5 give an indication of the level of

uncertainty and possible location of such a feature'
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20m 40m 0m 20m 40m
0m- 0m-

10 m- 10m

20m 20 m-

30m 30 m-

40 m- 40 m-

50 m- 50 m-

60 m- 60 m-

70 m- 70 m-

6,500 m/s 5,100 m/s 6,500 m/s 5,200 m/s

(a) (b)

Fig. 7.8. Results of the ARA inversions.
(a) The result obtained with the ARA, using a background velocify of 5,100 m/s

and rectangular anomalies with velocity 6,500 m/s. The area is 52 cells wide and 72
cells high. Each cell is 1 m x I m in size. There are 25 sources along the left

borehole and 23 receivers along the right borehole. The result was smoothed with a
Gaussian filter.

(b) Same as (a), but using a background velocity of 5,200 m/s and rectangular
anomalies with velocify 6,500 m/s.

Figure (7.8b) shows the result for another ARA-based inversion. This setup was

identical to the previous ARA inversion, with the exception that the general background

velocity was set to 5,200 m/s instead of 5,100 m/s. There is little difference between

both ARA results. The top-left anomaly of Figure (7.8b) is slimmer and longer than that

in Figure (7.8a), and the central anomaly is thinner to account for the higher background

velocity.

Comparing the results, there is good correlation between the CGLS-based result in

Figure (7.7) and the ARA results (Figure 7.8). Both indicate a large high-velocity area

in the centre of the image, and a small anomaly at the top-left. However, the CGLS-

¡-S25

R23

S1
J
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inversion shows an anomaly at the bottom-Ieft, whilst the ARA stretches the central

anomaly downward.

Discussion

Due to the lack of knowledge of the true velocity f,reld of the investigate d area, it is not

possible to determine a 'winner' amongst the different approaches. However,

similarities in basic features between the CGLS-based method and the ARA-based

inversion, indicate that the ARA produces results that correlate with other, established

techniques, and has real-world application potential.

We would have preferred survey data that contained an economic target (e.g., ore body)

and which are more suitable to an investigation of the ARA, i.e., a relatively well

known background velocity freld with small, unknown anomalies, and seismograms

with more later arrivals. Unfortunately, the presence or absence of such favourable

conditions can only be determined after a survey is completed. Future application of the

ARA to data from other surveys will address this issue.

One should -keep in mind that least-squares schemes are highly sensitive to noise. For

example, we ran a CGlS-inversion on the same data as used for Figure (7.7), but

introduced random effors of up to 4% to traveltime picks (e.g., an avelage

source/receiver location error of about 1 m, or average picking errors of around 2

samples) and obtained results which were completely different to Figure (7.7).
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Conclus¡on

The two essential features of the ARA are its use of a low-dimensional representation of

the inversion problem and the use of well-defined and clearly bounded anomalies to

modify the velocity freld at each iteration of the inversion.

This makes the ARA generic and flexible, allowing the use of a range of standard non-

linear inversion methods as well as a variety of velocity field parameterisations. It also

creates the opportunity for detailed investigation of the function space topography,

benefiting the optimisation of the inversion scheme. Unlike with standard tomographic

inversion schemes, which use a large number of free variables, true non-linear inversion

is easily implemented and easier to control with the ARA.

The use of clearly bounded anomalies by the ARA also removes the resolution limit

experienced with CGLS-based inversion schemes, where a higher resolution needs to be

compensated with additional constraints, like smoothing, to avoid an underdetermined

system of equations.

The Anomaly Recovery Algorithm, ARA, is able to successfully recover anomalies in

reasonably well known variable velocity fields where standard conjugate-gradient-based

tomographic inversion schemes fail.

The algorithm is very robust against traveltime errors of up to 8Yo, and produces

inversion results that are economically more meaningful.

The basic concept of inserting anomalies to modify the velocity held makes it possible

to better control the inversion with à priori information, like partial knowledge of the
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background velocity field, or expected shape, orientation or velocity of a target. In

addition, this makes it easy to include later arrival events in the inversion.

The ARA is particularly useful for the recovery of thin-sheet slabs when partial

reflection, diffraction, and refraction data are avallable, and where f,rrst arrival times

yield insuffrcient information.

An examination of the solution space exhibits a largely smooth topography with few

'significant' minima, interspersed by a larger number of 'minor' local minima. This

topography allows the use of various standard non-linear inversion schemes and makes

the method generic and flexible'

Application to real-world survey data yields results that correlate well to that of a

standard tomographic least-squares inversion scheme, suggesting the viability of the

method.

Future work on the presented method could include the use of later arrival "families",

i.e., selective grouping of later arrival events into sets that physically can belong to the

same event, and allowing matched later arrivals to originate from only one such group

at a trme

Substantial travelpath calculation optimisation should be possible during re-calculation

of traveltimes, as small local changes in the velocity field usually only influence a small

subset of raypaths. This subset can be found and adjusted more efficiently than re-

calculating all raypaths from scratch'
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Chapter B

Conclusions and Recommendations

In this thesis we critically question various assumptions made in seismic tomography

and develop a proper non-linear tomographic inversion scheme which uses information

contained in later arrival times and which is easier to analyse in terms of convergence,

stability, and uniqueness of solutions.

We lay the ground work by adapting a traveltime forward modelling scheme based on a

grid of nodes in a rectangular velocity freld grid and derive mathematically an upper

error bound for the model as a function of chosen parameters. 'We derive clear

guidelines on the choice of parameters for this class of forward modelling schemes and

find that in order to obtain exact (i.e., +0.5 sample interval) traveltimes within the first

500 samples, one requires at least 12 nodes per cell boundary.

The presented analysis of the nodal-net based traveltime algorithm allows calculation of

upper error bounds from a given number of nodes along cell boundaries. This result can

be generalised to suit other parameterisations which do not employ secondary nodes, as

long as the 'granulation', or, angular discretization can be transformed into an

equivalent nodal system.
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As part of this work we also derive a method to find the refractiorVreflection point at a

velocity field interface from a solution of a quartic equation, rather than by using Snell's

Law

By examining in detail the sensitivity of a bent-ray time-of-flight tomographic inversion

algorithm to various parameters like noise, measurement geometry (anay aperture), and

velocity contrasts, we gained a better understanding of how these parameters affect

image reconstruction.

We have examined in detail the sensitivity of a tomographic inversion algorithm against

various parameters, considering crosshole configurations with 65 sources and 65

receivers (this is considered dense coverage in actual field surveying), or 129 sources

and I29 receivers placed along parallel lines on opposite boundaries of a rectangular

region of interest. We set the region of interest to be 12 cells wide and32 cells tall. Our

chosen inversion algorithm is a simple, undamped, CGLS-based iterative inversion

scheme allowing curved raypaths. The algorithm is unconstrained other than that it does

not permit negative slowness values.

Using a constant velocity f,reld and examining the effects of inaccuracies of traveltime

calculation during the forward pass of the inversion algorithm, we find that small effors

are increased significantly, by around a factor of 17 in percentage ratio terms for the

slowness. Therefore, the algorithm should calculate traveltimes to an accuracy of no less

than 0.035%, yielding a maximum error of I.4o/o in the slowness field with an nns error

of 0.9Vo.

From effects observed from rounding/discretizing traveltimes we find that with 65

sources and 65 receivers, the maximum slowness field percentage effors are around 30

times larger than the percentage rounding errors. For example, a maximum rounding
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error of 0.25% yields a maximum slowness field error of l2%o with an rms error of

2.8%. Using l2g sources and 129 receivers yields a slight but not consistent

improvement, making maximum rounding errors of up to +I.\yo acceptable if slowness

field contrasts larger than 20o/o are expected. Slowness contrasts less than this are

irrecoverable (below recognition threshold) for such levels of recording noise.

placing a square slowness anomaly in the centre of the region of interest and using 65

sources and 65 receivers, we find the algorithm recovers high velocity anomalies well,

whilst failing to recover low velocity anomalies with a contrast of 20o/o of more against

the background velocity, even when no traveltime noise is introduced.

However, introducing rounding erÍors to the same experimental setup, we find that a

maximum rounding error of +0.42o/o causes maximum percentage errors in slowness

between 8.6Yo and 15%, with rrns errors between 2.Io/o and 3.4%. Using 129 sources

and 129 receivers in an otherwise equal setup we find an improvement in velocity field

recovery by a factor of4.

Turning to the influence of random effors in constant slowness fields, we use 129

sources and I29 receivers and find maximum slowness field percentage errors to be

larger than maximum traveltime percentage elrors by a factor of around 1 1. We

conclude that a maximum random error of +1.0% is acceptable if (unrealistic) slowness

contrasts ofaround 30Yo or larger are expected. To recover slowness contrasts of 5-I0%

demands that the recording errors be no more than around 0.8%'

However, clustered effors, such as due to shot static effects, show a much stronger

influence. A maximum clustered error of +0.83% would still cause slowness field errors

of up to 25Yo.
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The same experiment run in a variable velocity field shows even larger errors. Only

maximum clustered traveltime errors of +0.42Vo are acceptable if slowness contrasts as

small as around l\Yo are to be recovered.

Examining the results of inversions where subregions were held at a wrong velocity

revealed that slight changes in traveltimes can result in significantly different slowness

fields as exact solutions of their respective traveltime sets.

Considering these results, we propose two possible changes in the approach to seismic

tomography:

(1) One can introduce additional information in the inversion process, most notably later

arrivals. The additional data should make inversion results more robust and should yield

additional information (like reflections from faults and fractures) not visible in basic

transmission velocity fields.

(2) It would be worthwhile to consider a modelling and inversion scheme that focuses

on the 'essential element', instead of an all-over recovery of the velocity field. For

example, a high-resolution velocity field map of a region (subject to inversion-scheme

induced artefacts) has less economical value than the result of a hypothesis test that

gives the location of highest probability for finding a velocity target such as an ore body

or a gas reservoir.

This kind of approach also implies a reduction in the number of free

variables/parameters, which has a significant impact on the tractability of the inversion

scheme. It is extremely difficult to study the general topography of the function space

created by standard CGLS-based tomographic inversion schemes with their large

number of parameters. Hence, determining optimised minimisation algorithms and
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deciding if a minimum is the global minimum is next to impossible under such

circumstances

Similarly, we found that 3-D effects in 2-D seismic inversions are significant.

Consequently, assumptions made about negligibility of 3-D influences should always be

given in explicit form, associated with a clear demonstration that 3-D effects can indeed

be ignored. This is equally true in large-scale global tomography as in small-scale hard-

rock mining environment based tomography. If the 3-D domain is unknown, or thought

to be similar to the 2-D domain, then the velocity field must not have a contrast much

above that where straight line tomography becomes non-feasible.

Bent ray 2-D tomography is (effectively) only useful if 3-D influences can safely be

ignored. This situation can occur in quasi-layered earth geologies with the boreholes

perpendicular to the layering, or in situations where the out-of-plane velocity contrast

can be deemed small.

Accuracy of first break time measurements in experiments takes second place to 3-D

influence considerations, and the economic benefit of gaining more information about

3-D effects in an experiment far outweighs any attempts to refine traveltime picking

techniques.

Possible opportunities to overcome 3-D effects include using 3-D survey data where

available, using more data than just first arrival times, exploiting triaxial (directionally

sensitive) geophones, designing inversions such that only essential information is

recovered, and running 3-D-inversions on 2-D survey data.

We completed our sensitivity analysis by examining the viability and basic limitations

of diffractor recovery when survey data (e.g., traveltimes or background velocity field
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estimates) are subject to noise. Based on comparisons of results for crosshole survey

geometries with surface migration type setups, we concluded that surface migration

setups are far superior in recovering diffractor locations. However, this is conditional on

being able to safely assume that the diffractors lie in the inversion plane'

If two parallel boreholes are available for a seismic survey, then ideally one should

obtain crosshole survey data to determine the background velocity field, and then

conduct two surveys with sources and receivers co-located in the same borehole (i.e., all

in the source borehole, then all in the receiver borehole) to obtain data to recover

diffractors with the best possible resolution.

Furthermore, if source and receiver lines in a seismic experiment are not in a plane, then

this should be used to the advantage of diffractor point recovery, unlike in velocity field

recoveries, where one usually forces the source and receiver co-ordinates into a least-

squares-enor plane in a pre-processing stage. It allows a significant reduction of the 3-D

uncertainty. Similarly, if source and receiver lines in a crosshole arrangement are co-

planar, then placing one source or receiver out-of-plane should improve results.

The disadvantage of accepting non-planar source-receiver co-ordinates in an experiment

is that the velocity freld in the 3-D domain is less well known than in the 2-D inversion

plane. However, even if one has perfectly co-planar source and receiver lines, one still

must accept that diffraction events are more likely to occur in the 3'd dimension rather

than from within the inversion plane, and thereby the tomograms are again subjected to

the uncertainties of limited out-of-plane velocity field knowledge.

In our development of a simple seismic inversion technique to tecover diffractors and

reflectors from full waveform seismograms by direct inversion, rather than a migration

based approach, we showed that even though we only require a surprisingly small



Chapter g -224-

number of sources and receivers for a successful inversion, the high sensitivity to

velocity field errors is disappointing and makes the approach in most cases unsuitable

for real-world applications. This is particularly important as our diffractor-modelling

scheme was purposely designed to be very simple, and a more complex diffractor model

based on a more elaborate wave theory is unlikely to yield better results. It is difficult to

see how the more complex wavefield dynamics could be disentangled to yield only

diffractor strength. The scheme highlighted the pitfalls of any full waveform inversion

approach. Without adequate amplitude/phase calibration, ffid velocity control,

waveform dynamics can be mis-inverted to produce spurious structures. Consequently,

the algorithm failed when we used real-world data or finite difference scheme based

(wave theoretic) synthetic data, because of the waveshape changes between

seismograms.

The presented method yields further research opportunities, for example, developing an

algorithm that combines source signal estimation with the main inversion algorithm;

developing an approach for simultaneous inversion of diffractor and velocity fields; and

in particular, allowing flexibility in the shape of diffraction hyperbolas to reduce the

sensitivity of the algorithm to noise.

In consideration of these results, we developed a novel velocity field recovery

algorithm, the Anomaly Recovery Algorithm (ARA), which places a series of anomalies

(e.g., rectangles), each fully described by only a few parameters, into a given velocity

field estimate, varying the parameters to minimise the residual errors in first arrival

times and reflection, refraction and diffraction times, which are obtained by manual or

automatic picks from seismograms
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We successfully recovered anomalies in synthetic variable velocity f,relds where

standard conjugate-gradient-based tomographic inversion schemes failed, found the

ARA to be very robust against errors in traveltimes of up to \Yo, and obtained results

which were economically more meaningful'

Comparing results obtained from real-data sets with those of a standard CGLS

tomographic inversion, we f,rnd that the ARA is a viable option for real-world

application. From an examination of the solution space we see that it is characterised by

a largely smooth topography with few 'significant' minima, interspersed by a larger

number of 'minor' local minima, suggesting the applicability of several standard non-

linear inversion schemes.

The two essential features of the ARA were its use of a low-dimensional - rather than

high-dimensional - representation of the inversion problem and the use of well-defined

and clearly bounded anomalies to modifu the velocity field at each iteration of the

inversion. This makes the ARA generic and flexible, allowing the use of a range of

standard non-linear inversion methods as well as a variety of velocity field

parameterisations. It also provides the opportunity for a (relatively easy) detailed

investigation of the function space topography, benefiting the optimisation of the

inversion scheme. Untike with standard tomographic inversion schemes, which use a

large number of free variables, true non-linear inversion is easily implemented and

easier to control with the ARA.

The use of clearly bounded anomalies by the ARA also removes the resolution limit

experienced with CGLS-based inversion schemes, where a higher resolution needs to be

compensated with additional constraints, like smoothing, to avoid an under-determined

system of equations.
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The basic concept of inserting anomalies to modify the velocity field makes it possible

to better control the inversion with à priori information, like partial knowledge of the

background velocity field, or expected shape, orientation or velocity of a target. In

addition, this makes it easy to include later arrival events in the inversion. It is

particularly useful for the recovery of thin-sheet slabs when partial reflection,

diffraction and refraction data are available, and where first arrival times yield

insufficient information, because of inadequate transmission traveltime differences.

The ARA laid the foundation for a new class of inversion algorithms and many

opportunities for future investigations exist, for example, one could introduce later

arrival "families", i.e., selective grouping of later arrival events into sets thatphysically

can belong to the same event, and allowing matched later arrivals to originate from only

one such group at a time.

Substantial travelpath calculation optimisation should be possible during re-calculation

of traveltimes, as small local changes in the velocity field usually only influence a small

subset of raypaths. This subset can be found and adjusted more efficiently than re-

calculating all raypaths fiom scratch.

Taking a general view on research in seismic tomography, we found most published

works can be considered to be modifications and refinements, and few fundamental

ideas seem to dominate the subject area.

We believe, in the near-future the trend will be towards an increased use of 3-D-based

true non-linear inversion schemes, and towards closer approximations of the physical

world (e.g., anisotropy, etc.). This will become possible by increasing computational

power, supported by an increasing hybridisation of various inversion schemes, using a
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wider range of data sources, into algorithms that work more like expert systems, rather

than strai ght-forward mathematical inversions.

Improving our understanding of the non-linearity of the inversion problem would be a

worthwhile goal, since this could be put to use in the development of radically new

inversion schemes. This, we think, would be the most rewarding, but also the most

challenging goal.

Ultimately, the research community will also have to reveal, describe, and accept the

fundamental limitations of information contained in available data sets, rather than

aiming towards ever higher resolutions and 'better' results of questionable value.
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Appendix

Function Space Topography for the ARA

The following figures show function space topographies in the x-y-domain for a variety

of norms tried for the ARA imaging technique (described in Chapter 7). Norms based

on first arrival time errors and later arrival time errors are shown separately.

To derive the topographies we calculate first and later anival times for a simulated

seismic experiment. 'We place 21 sources along the left boundary and2l receivers along

the right boundary of the slowness field, which contains a single centrally placed

anomaly of 5,740 m/s on a background velocity of 4,100 m/s. The time scale is chosen

such that the minimum first arrival time (top-left source-to top-right receiver) is 40 time-

units

V/e then use a constant slowness field (4,100 m/s everywhere) and move a small

rectangular anomaly across the entire x-y-domain to obtain the topography for each

norm/residual. The results as shown in Figures (4.1), (A.2), (4.3), and (A.a) are for:

The original slowness field. This velocity field was used to create the traveltimes

to be matched by the algorithm. Figures (A.1a) and (4.2a) use a single, centrally

placed anomaly with velocity 5,700 m/s against a background velocity of 4,100

(a)
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m/s, whilst Figures (4.3a) and (4.4a) use two anomalies with the same

velocities, one in the centre and one at the top-left of the velocity field. Figures

(4.1e), (4.2e), (4.3e), and (4.4e) showthe size and orientation of the inserted

"trial" anomaly used by the algorithm.

(b) The topography of the first noÍn we considered: The sum of absolute errors of

first arrival times, i.e.,

I aus(rrç^r, r) - Fo(s, )) (A.1)

The values in brackets give the range of values (from black to white) for each

figure. Figures (4.1b), (4.2b), (4.3b), and (A.ab) all reveal a strong minimum

around the central anomaly and weaker minima towards the four sides of the

images. The central minimum is more smeared for the images using the larger

anomaly for insertion (Figures A.2e and A.4e). The smaller velocity field

anomaly at the top-left in Figures (4.3a) and (4.4a) is easily visible when the

small anomaly is inserted (Figure A.3b), but merges with the low-region of the

border in Figure (4.4b) as a result of using alarge anomaly insert. This can also

be seen in the local-minima analysis shown in Figures (4.1Ð, (A.2Ð, (4.3f), and

(4.4Ð and described below.

(c) The topography of a norrn defined as the maximum absolute error of first arrival

times, i.e.,

max abs(Fr(r, r) - Fng, )) ( .2)

The values in brackets give the range of values (from black to white) for each

figure. This norm shows crisper minima in the area of the actual anomalies,
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however, the figures are littered with false local minima (Figures A.lc, A.2c,

4.3c, and A.4c), which can easily be detected from the local minima analysis

shown in Figures (4.1g), (A.2g), (4.3g), and (A'4g), and described below.

(d) The topography of the sum of squ¿Ìres of errors of first arrival times, i.e.,

l(r,çr,r)- Fug,))' (4.3)

The values in brackets give the range of values (from black to white) for each

figure. The results (Figures A.ld, A.2d,4.3d, and A.4d) are similar to those

obtained in Figures (4.1b), (4.2b), (4.3b), and (4.4b). only the local minima

analysis described below allows us to discem between the results.

(e) The size and orientation of the inserted anomaly. We used a small anomaly in

Figures (4.1) and (A.3) and a larger anomaly in Figures (4.2) and (A'4).

(Ð The local improper minima for Figures (4.1b), (4.2b), (4.3b), and (A.4b), i.e.,

all points with values smaller or equal to all their eight closest neighbours. In

Figure (4.1Ð there are two perfectly fitting local minima (in the centre of the

image), considering that the inserted anomaly is much smaller than the actual

anomaly. There are also two incorrect local minima above and below the correct

ones, and alarge number of local minima around the image boundary. In Figure

(A.2Ð, we have only one local minimum in the central area as a result of the

larger inserted anomaly. Again, there is a large number of local minima along

the image boundary. In Figure (4.3Ð we have 8 local minima in the central area,

4 of which would be acceptable matches and 4 of which would be undesired

minima. Finally, in Figure (4.4Ð we have 2local minima in the central area, one

of which is a perfect fit for the central anomaly, but the other does not match the
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location of the smaller upper anomaly in Figure (A.aa). Rather, it is placed

halfway between the central and upper anomaly.

(g) The local improper minima for Figures (4.1c), (4.2c), (A.3c), and (4.4c)

respectively. All four figures show a large number of false local minima,

indicating a far inferior result compared to the two other noIÏns.

(h) The local improper minima for Figures (4.1d), (4.2d), (4.3d), and (A.ad)

respectively. The results are very similar to those in Figures (4.1Ð, (A.2Ð,

(4.3Ð, and (4.4f). All figures have alarge number of false local minima along

the boundaries of the images and few or no false local minima in the central

area. Figure (A.ah) also fails to set a local minimum for the upper anomaly.

(Ð The topography of the sum of absolute errors of later arrival times, i.e.,

I"o(t,r) , subjectto ro(s,r) 3r^*, (A.4)

where c¿(s,r) is the absolute difference between the 'target' later arrival time,

Lp1(s,r), and an optimally matching later arrival time from the experimental data.

rmøc was set equal to 8. The values in brackets give the range of values (from

black to white) for each figure. The figures show minima at the locations of the

anomalies. However, the topography is generally flat and rippled, resulting in a

large number of false local minima which can be seen in Figures (4.1m),

(4.2m), (4.3m), and (4.4m).

1¡) The topography of the (negative) sum of hit-scores for later arrival times, i.e.,

-lhg,r¡ ,
s,r

(A.s)
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where h(s,r) is calculated by Equation (7.3). The values in brackets give the

range of values (from black to white) for each figure. The resulting topography

highlights the actual anomalies much better than the results in Figures (4.1i),

(A.21), (4.3i), and (A.ai). This can also be seen from Figures (A.ln), (4.2n),

(4.3n), and (4.4n), which show a much reduced number of false local minimal,

most of which are well separated from the correct minima.

(k) The topography of the sum of squares of errors of later arrival times, i.e.,

I("o(", Ò)' , subject to ro(s,r)3r^* (A.6)

The values in brackets give the range of values (from black to white) for each

figure. Similar to Figures (A.1i), (A.21), (4.3i), and (4.4i), this norm correctly

outlines the position of the anomalies. However, it too yields a large number of

false local minima, which can be seen from Figures (A.1o), (4.2o), (4.3o), and

(A.ao).

(l) The topography of the number of later arrival times that were in proximity, i.e.,

the number of 'target' later arrival time for which a later arrival time in the

experimental data existed with distance smaller or equal to î**. The values in

brackets give the range of values (from black to white) for each hgure. This

norn exhibits a large number of false local minima which makes it unsuitable

for use in the ARA.

(m) The local improper minima for Figures (A.1i), (A.21), (4.3Ð, and (A.ai). See (i)

for details
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(n) The local improper minima for Figures (4.1j), (A.4), (A'3j), and (A.aj). See o
for details.

(o) The local improper minima for Figures (4.1k), (4.2k), (4.3k), and (4.4k)' See

(k) for details.

(p) The local improper minima for Figures (A.ll), (4.21), (4.31), and (A.al). See (1)

for details.
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