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SUMMARY

Let G be a locally compact abelian group and w a
normalized Borel multiplier on G. We are concerned primarily
with the von Neumann algebra V(G,w) generated by the regular

w-representation p of G defined by

o(g)f(x) = f(g7! x)w(g™t,x) ,

g ¢ G, almost all x ¢ G, and f e L2(G).

The pair (G,u) is called type I if every

w-representation of G is type I.

In Chapter II, we investigate the structure of (G,w) in
the case where G is abelian and (G,w) is type I. In
particular, we can reduce the study of such pairs to the case
where G is residually finite. Furthermore, if G is separable
and divisible, then (G,w) is type I if and only if there
exists a bicontinuous isomorphism from G to a group of the
form H x H" where H is a closed subgroup of G, which carries
w to a multiplier on H x H® that is similar to the multiplier

w' given by

o' ((x,2)(ysx)) = Ay) »

(x52)(ysX) e H x H.



(i1)

Chapter III provides information about the maximal type I
central projection e in V(G,w) in the case where G is a
discrete group. Indeed we have e # 0 if and only if there
exists a subgroup H of G such that the index [G:H] is finite,
the commutator H' has finite order and w restricted to H is
the trivial multiplier. We also show how e can be realized as
a convolution operator on L2(G). As a consequence of this
result we can prove that for G discrete, (G,w) is type I if
and only if V(G,w) is a type I von Neumann algebra and that
this occurs if and only if G has an abelian subgroup A of
finite index in G such that o restricted to A is a trivial
multiplier. This result generalizes easily to assert that a
locally compact group G with normalized Borei multiplier w
satisfies V(G,u) is type I, for some natural number k if and
only if G has an open abelian subgroup A of finite index in G

such that the restriction of w to A is trivial.

Finally, in Chapter IV these results are generalized to
an arbitrary locally compact group G with Borel multiplier w.
Let e be the maximal type I finite central projection in

V(G,w), then e # 0 if and only if

(i) [G:a] <=

(ii) A" has compact closure, and

(iii) there exists a finite dimensional w-representation
of A, where A denotes the closed normal subgroup of G
consisting of all those elements whose conjugacy class has
compact closure. Again we can construct e as a convolution

operator on L2(G) and use this to prove that the following



are equivalent.

(i)

(i1)
(i)

(iv)

A1l irreducible w-representations of G are finite

dimensional.

V(G,w) is type I finite.

The following properties hold,

(a)
(b)
(c)

(d)

’

[G:A] < =

A' has compact closure.

There exists a finite dimensional
w-representation of A,

n{ker m : m is a finite dimensional

(ordinary) representation of A} = {1}.

(111}

A1l the irreducible (ordinary)representations of the central

ext

ension G® are finite dimensional.

Mackey's normal subgroup analysis is used in

conjunction with the above theorem to construct a group G and

multipliers w

and has a non-zero type In part for arbitrarily large natural

t’

t e [0,1] such that V(G,mt) is type I finite

numbers n if t is rational, and is type II1 if t is

irrational.
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CHAPTER I

PRELIMINARIES

This chapter is introductory in nature. It serves to
define notation, to provide the background, and to introduce
some of the results needed for later chapters. For more
detailed properties of locally compact groups, C*-algebras
and von Neumann algebras, the reader is referred to [7, 18,

34, 40, 47].

1. Locally compact abelian groups

Let G be a locally compact abelian group. By this we
will always mean a topological group which is locally compact
and T0 (and hence normal), We adopt the common usage
throughout of using the word separable to describe a locally

second. counmbable
compact group which is wetrizabte. Group homomorphisms
(isomorphisms etc.) are such strictly in the algebraic sense
unless it is specifically stated otherwise, A bicontinuous
isomorphism is also referred to as a topological
jsomorphism. Given two locally compact groups H and K, then
H x K denotes their direct product (with Cartesian product
topology) and H is identified (up to topological isomorphism)
with the subgroup H x {e}. Similarly for K. A subgroup H of
G is called a topological direct summand of G if it is closed
and there exists a closed subgroup K of G such that G and

H x K are topologically isomorphic, and is called a direct



summand if the same property holds for the discrete topology

on G,

Let G be a locally compact abelian group. The character
group (or dual) of G, denoted by G”, is a group whose
elements are continuous homomorphisms, G -~'T (where T is the
group of complex numbers of modulus 1 with the induced
topology) and with multiplication defined pointwise. The
sets {x € 6" : x(C) € V}, where C is a compact subset of G
and V is a neighbourhood of the identity inT, is a basis of
neighbourhoods for a locally compact group topology on G".

If S is a subset of G, then A[G",S] = {X ¢ G" : x(s) =1 all
s € S} denotes the annihilator of S in G", The following

duality theorems and structure theorem are well known.

THEOREM 1.1, ILet G be a locally compact abelian group,

then

(i) (6*)" is topologically isomorphic with G.

(i1) If S is a subset of G and K is the smallest
closed subgroup of G containing S, then
AlG, A[G",S]] = K.

(iii) If H and K are closed subgroups of G such that
H € K, then A[K",H] Zg topologically isomorphic
with A[G",H]/A[G",K] and (K/H)".

(iv) If H is a closed subgroup of G, then H is open
(respectively compact) if A[G"H] is compact

(respectively open.)



PROOF. See [18, 24.8, 24,10 and 23,24].

THEOREM 1,2. A Zocally compact group G is topologically
isomorphic to R™ x K, where K 28 a locally compact abelian
group containing a compact open subgroup. The integer n is an

invariant of G.

For a proof of this result see [18, 24.30].

The following result relates the structure of G to that

of G”,

THEOREM 1.3,

() The dual of a divisible locally compact abelian
group is torsion free.

(i7) The dual of a compact totally disconnected group
s torsion.

(ii1) If G is a compact group, then the following are
equivalent,
(a) G is connected.
(b) G” is torsion free.

(¢c) G 1s divisible.

PROOF. See [18, 24.23, 24.26, 3.5 and 24.25].

Finally, we mention some algebraic properties of discrete

abelian groups.



THEOREM 1.4.

() A divisible subgroup D of an abelian group G is a
direct summand., Indeed the complement may be
chosen to contain any subset of G which intersects
trivially with D,

(21) If H is a subgroup of G such that the order of
each element in H 18 less than some fixed integer,
and G/H is torsion free, then H is a direct
summand of G,

(i1i) A finite abelian group is isomorphic with a
finite product I Hp’ where each Hp i8 a cyelic

group of prime power order.
PROOF, See [18, A.8 and A.25] and [12, 27.5].

2. Concrete C*-algebras and

von Neumann algebras

Let H be a Hilbert space with inner product ¢.,.), and
let B(H) be the algebra of all bounded linear operators on H
and B(H)* the Banach space dual of B(H). The uniform

topology on B(H) is given by the norm lial {a e B(H)), where

flall = suPHgnsl,geH facl
B(H) is a Banach algebra under this norm and, with the
adjoint operation a » a* (defined by the relation

(ag,n) = (g,a*n) for all z,n ¢ H) as the involution, B(H) is a



C*-algebra, Indeed any norm closed *-subalgebra of B(H) (that
is, a subalgebra invariant under the action of the involution

*) is a C*-algebra, For a converse we have the following.

THEOREM 2.1, ([40, 1.16.6]). Let A be a C*-algebra,
then there exists a *-isomorphism from A onto a wniformly

elosed *-subalgebra of B(H) for some Hilbert space H.

Given a subset A of B(H) we denote by A' the commutant of
A viz. A' = {a ¢ B(H) : ab = ba for all b ¢ A}, by A" the set
_(A')' and by CA the centre A n A' = {a ¢ A : ab = ba all
b e A} of A,

A *-subalgebra A of B(H) for which A" = A is called a

von Neumann algebra (or W<-algebra) acting on H.

The weak operator topology on B(H) is the smallest
topology on B(H) such that for all g,n e H, the function
B(H) ~C : a »~<{az,n) is continuous, Each von Neumann algebra
acting on H is automatically closed with respect to this
topology and conversely, a weakly closed *-subalgebra of B(H)
containing the identity operator on H is a von Neumann

algebra (Sakai [40, 1.20.3]).

Let A be a von Neumann algebra acting on H and Tet V be
the linear space of all continuous linear functionals on A
with respect to the weak operator topology and denote by Ay
the norm closure of V in B(H)*. The o(A,A,) topology on A,

that is the smallest topology on A such that each element in



A, is continuous, is called the o-weak (or ultra-weak topology).
A, consists of all o-weak continuous linear functionals (also
called normal functionals) and is called the predual of A; its
Banach space dual can be identified (up to isometric
jsomorphism) with A by means of the map A » (A*)* ta > Ta’
where T_(v) = p(a), a ¢ A and v ¢ A, ([37, Theorem 2.4]).

Furthermore, A, is unique in the sense that no other norm

closed subspace of B(H)* has this property ([47, III.3.9]).

THEOREM 2.2, ([47, 111.3.10]). Every *-isomorphism from

a von Neumann algebra to another is o-weakly continuous.

Suppose we have von Neumann algebras Ai’ (i =1, 2)
acting on Hilbert spaces Hi’ then a *-isomorphism & : A1 -+ A2
is said to be spatial if there exists an isometry U of H,

onto H, such that

(a) = UaU*, aecAh,

We point out at once that *-isomorphisms are not necessarily

spatial ([40, page 119]).

3. Classification of von Neumann algebras

Let A be a von Neumann algebra acting on a Hilbert space
H. A self adjoint element e of A is called a projection if
e2 = e; a projection e is called central if ae = ea for all
a e A (that is e e CA = AT A"), and abelian if efe is an

abelian algebra, Two projections p, q are said to be



orthogonal if pgq = 0.

Let p and q be two projections in A, If there exists an
element u of A such that u*u = p and uu* = q, then p is said
to be equivalent to q and we denote this by p ~ q. If there
exists a projection q, (< q) equivalent to p, we write this by
p gorgq p. The relation "~" satisfies the conditions of

equivalence and the relation " " is reflexive and transitive.

Let p be a projection in a von Neumann algebra A. p is
said to be finite, if for a projection p, in A, P, <P and
p,~ P imply p;, = p; p is said to be purely infinite if it
does not contain any non-zero finite projection; p is said to

be infinite if it is not finite.

Abelian projections are finite ([40, 2.2.8]). Also one
can easily see that along with finite projection, all
smaller ones are also finite. A von Neumann algebra is said
to be finite (respectively purely infinite etc.) if its

jdentity is finite (respectively purely infinite etc.).

Let %, j e J be a family of mutually orthogonal finite
central projections of a von Neumann algebra A and let

= .. S ~p<z, T 7, ~ Z., . =R,
z=) Z; uppose z~ p < hen Pz ; Hence & 3

(j € 3), so that p = z. Hence z is also finite. Hence there

exists a unique maximal finite central projection z in A.

Similarly, we can see that there exists a unique maximal

purely infinite central projection z, in A, Set



A is said to be semifinite if z, = 0; properly infinite if
2 = 0; properly infinite and semifinite if 2, Tz = 0.

THEOREM 3.1, ([40, 2.2.3]). A von Neuwmann algebra A is
uniquely decomposed into a direct sum of three algebras which
are finite, properly infinite and semifinite, and purely

infinite, respectively.

Finiteness, semi-finiteness can be characterized using
traces. Let A be a von Neumann algebra acting on a Hilbert
space H. A trace on A" = {a e A : Cag,£) = 0 all £ ¢ H} is a
function ¢ defined on A+, with non-negative finite or infinite

values, possessing the following properties.

(i) o(a +b) =¢(a) +w(b), a,b e A,

(i1) e(ra) = xwf(a), r e €, a ¢ A (with the convention
that 0 . + = = 0),

(iii) If u is a unitary operator of A, we have

o(uau=l) = pla), a ¢ A",

¢ is said to be finite if v(a) < += for all a ¢ A'; ¢ is
said to be semifinite if, for every a ¢ A+, ¢(a) is the least
upper bound of the numbers ¢(b) for the b « At such that b < a
and ¢(b) ;'+m; ¢ is said to be faithful if the conditions
ach and ¢(a) = 0, imply that a = 0; and ¢ is said to be

normal if it is o-weakly continuous.

THEOREM 3.2, ([40, 2.5.4 and 2.5.7]). Let A be a

von Neumann algebra. Then A is finite (vespectively semi-



finite) if and only if for any non-zero a in A+, there exists
a normal finite (respectively semifinite) trace ¢ such that
¢(a) 2 0. A is properly infinite (respectively purely
infinite) if and only if there is no mnormal finite
(vespectively semi-finite) trace on A+ except for the

identical zero trace,

On a semi-finite von Neumann algebra, there exists a

semifinite faithful trace.

A von Neumann algebra is said to be type I if every non-
zero central projection contains an abelian projection; type
II if it is semi-finite and does not contain any abelian
projection; type III if it is purely infinite. A finite type
I (respectively type I1) von Neumann algebra is said to be
type If (respectively type IIl), and a properly infinite
type I (respectively type II) von Neumann algebra is said to
be type I_ (respectively II_). A central projection z in a
von Neumann algebra A is said to be type X (X = I, II etc.)
if zA is type X.

THEOREM 3.3, ([40, 2.2.10]). 4 von Neumann algebra is
wniquely decomposed into a type 1, type 11 and type 111

divect summand,

The following diagram will help interpret these

definitions and facts.



finite properly infinite

type I It L, éigzziigégéééégz;%é

i V%///@% i

semi-finite purely infinite

type 11

type If ‘ type II1 type I \ type I1_ ‘ type III

finite properly infinite

purely

semi-fini i
emi-finite infinite

4. Type If von Neumann algebras and

polynomial identities

Let A be a von Neumann algebra with centre
C={aeAh:ab=n>baall beA}. A is said to be type In
(n=1, 2, ...) if it is *-isomorphic to C ® B(H), where H is
a Hilbert space of dimension n. Note that C @ B(H) is nothing

other than the n x n matrix algebra over C.

THEOREM 4.1, ([40, 2.3.2]). A type I. von Neumann
algebra can be decomposed as a direct sum of type In

von Neumarm algebras (n e Z1).

Using this result, we define a von Neumann algebra A to

be type 1_, if the type I part in A is zero whenever n > k.
<k n

10.



For any natural number k, let Sk denote the standard

polynomial in k non-commuting variables

y
Se(a s vevs ) = 1 (1) ay gy ay(p) wor Ay(y)

where the sum is taken over all permutations v of {1, ..., k}
and (-1)Y denotes the signature of the permutation. Let A be
an algebra. We say that the identity Sk = 0 is satisfied

jdentically in A (or more briefly A satisfies Sk) if
Sk(A) = {0}

where Sk(A) denotes the set {Sk(al, T ak) all a; e A,
i ={l, ..., k}. Polynomial identities are relevant in this

context because of the Amitsur and Levitski Theorem:

THEOREM 4.2, ([39, 1.4.11). For every commutative ring

R, the algebra of n x n matrices Rn over R satisfies SZn'

We have a partial converse of this theorem which is due

to Kaplanski.

THEOREM 4.3. 4An n x n matrix algebra over a field does

not satisfy SZk for k < n,
For the rest of this Section, we follow Taylor [48].

THEOREM 4.4, If the von Neumann algebra A is not of

type 1

<"n?

then there exists a copy of Mn+1 (the

11.



(n+1)x(ntl)-complex matrices) in A.

To see this, note that if A is not of type ISn, then
there exists a set of n + 1 mutually orthogonal equivalent
projections in A. As in Smith [44, Lemma 9.3], a copy of

Mn+1 can be constructed in A.

THEOREM 4.5. ILet A be a von Neumann algebra and n a

natural number. Then A satisfies S2n if and only if A is of

type Isn’

PROOF, If A satisfies SZn’ then by 4.3 and 4.4, A is of
type Isn. Conversely, if A is type I<n’ then A is a direct
sum of the algebras Ak’ (1 < k < n), where each Ak is type

satisfies S, . Therefore A satisfies

I k 2n

K By 4.2, each A

Son

PROPOSITION 4.6. Suppose B is a weakly demse subalgebra

of the von Neumarn algebra A, then A satisfies S2n 1f B does.

PROOF. Let a' be a net in A converging weakly to a. By

the Tinearity of SZn and because multiplication in A is
. i
Q
weakly continuous, ~2n(a S P aZk) converges to

SZk(a, By veus a2k). Similarly for the other variables,

This proves the result.

5. Representations

We give a very brief outline of definitions and required

12.



IS,

results. For more details see [7, 15, 2, 30].

Let A be a Banach *-algebra. A representation of A in a

. Hilbert space H is a homomorphism
m : A > B(H)

which is non-degenerate in the sense that w(a) = 0 all a ¢ A
implies ¢ = 0. Since a *-isomorphism from a Banach *-algebra
to a C*-algebra is norm reducing, a representation of A is

necessarily continuous,

The (Hilbert) dimension of H is called the dimension of
m and is denoted by dim w. The kernel ker = of 7 is the set
{a eA: w(a) =0} and = is said to be faithful if
ker = = {0}. Two representations = and n' are said to be
equivalent if there exists a unitary gperator U : HTrl > HTT
such that U lrn(a)U = w'(a) for all a « A, We will not
usually distinguish between a representation and its

equivalence class,

Given a set of representations My j e d, of A, define
their direct sum ﬂ3€J T by letting A act on the Hilbert
e . o X -
space jed Hj coordinate-wise. Conversely, if H ejeJ Hj
and each Hj invariant under the action of A (via w), then
T o= ej€J T where ™ (j € J) is the restriction of = to Hj.

Suppose we have two representations m and w' of the

Banach *-algebra A. Their tensor product is the



representation m ® n' whose associated Hilbert space is

H © H , and is defined by
o ™
(ren')(a){geg') =n(a)gen'(da)g' ,
EeHﬂ,SeH“,,aeA.
Denote by V(n) = {n(a) : a € A}" the von Neumann algebra
generated by the operators w(a), a ¢ A. V(r) is just the
weak closure in B(Hﬂ) of the complex linear span of the

operators w(a), a ¢ A.

m is called a factor (or primary) representation if the
centre of V() consists of scalar multiples of the identity

in V(r)(that is CV(m) = C.I).

PROPOSITION 5.1, ([40, 1.21.9]). Let m be a representa-

tion of the Banach *-algebra A. The following are

equivalent,

(i) V(n) = B(Hn).
(21) If H is a closed subspace of HTr which is
invariont, that is mw(a)e ¢ H all £ € H, a € A,

then H = {0} or H = H“.

If either of these eauivalent conditions are satisfied,

then = is called irreducible.

Suppose we have an irreducible representation = and an

14.



operator T such that w(a)T = Tn(a) all a ¢ A, then by 5.1, T
commutes with all the projections in B(H“) and thus \
[15, IV.3.9] #—is—one-dimensionat, This is called Schur's

Lemma,

We will need a way of passing from Banach *-algebras to
C*-algebras. Suppose m is a representation of the Banach
*_algebra A and let a ¢ A. Since = is norm reducing,

Im(a)l < lal, thus the supremum of lIw(a)l as m runs through
all the irreducible representations of A is a well defined
number which we denote by fal'. Let I be the set of a ¢ A
such that Ixi' = 0, which is a closed self-adjoint two-sided
ideal of A. The map a ~ llal' defines a norm on the quotient
A/I. Endowed with this norm, A/I satisfies all the C*-algebra
axioms except that A/I is not complete in general. The
completion of A/I is a C*-algebra called the enveloping
C*-algebra of A and is denoted by C*(A). The canonical map of
A into B is a norm-reducing *-homomorphism whose image 1is
dense in B. When A is a C*-algebra, we can identify A with

C*(A).

THEOREM 5.2, ([7, 2.7.4]1). Let A be a Banach *-algebra
with an approximate identity and 1 the canonical map of A

into C*(A).

(<) If © is a representation of A, there is exactly
one representation p of C*(AR) such that
TEp oo T,

(i1) The map ©™ > p 18 a bijection of the set of

Y o QCa_LaJ'

15.



16.

representations of A onto the set of
representations of C*(A).
(iii) w is irreducible if and only if p is irreductible.

(iv) V(r) = V(p).

This result shows that the majority of questions
concerning representations of Banach *-algebras with an
approximate identity, it is enough to deal only with the

C*-algebra case.

The following result ensures an adequate supply of

representations.

THEOREM 5.3, ([47, 1.9.23]). ILet A be a C*-algebra and
let a in A be non-zero. Then there exists an irreducible

representation v of A such that w(a) # 0.

A representation w of a C*-algebra A is said to be type
I (respectively finite etc.) if the von Neumann algebra V{w)
is type I (respectively finite etc.). A is called type I if

V(r) is type I for all representations = of A,

Let A be a Cx-algebra. The set of equivalence classes of
irreducible representations of A denoted by A” is called the
dual of A. The dual A" is given the hull-kernel topology

which is defined as follows. A subset F of A" has closure

F-={reA” : kerm 20, p ker w'} .



‘Type I-ness' of a separable C*-algebra (that is one that
contains a countable dense subset) can be characterized using

this topology. Thfs is a deep theorem due to Glimm.

THEOREM 5.4, ([7, 9.1 and 9.5.2]). ZLet A be a C*-algebra,
then A is type 1 if and only if every factor representation 18
type 1. If in addition A is eeparable, then A is type I R

and only if A" is a T, topological space.

6. Multipliers and multiplier representations

Let G be’a locally compact group with identity element e.
A multiplier (or cocycle or factor set) on G is a Borel
measurable function w: G x G -+ (the group of complex
numbers of modulus 1, with the induced topology) which

satisfies

w(g,h)w(gh,k) = w(g,hk)w(h,k) g,h,k ¢ G,

w(e,g) = w(g,e) = 1 g e G.

Two multipliers w, and w, are similar w; ~ w,» if there

exists a Borel measurable function ¥ : G - T such that

o (g,h) = T(@)v(h)Y(gh) L u,(g.h)  g,h e G.

A multiplier which is similar to 1 (the constant function on
G x G) is said to be trivial. Every multiplier is similar to
a normalized multiplier, that is one which satisfies the

additional property

17.



18.

w(g,g71) =1, geG.
Indeed, if w is an arbitrary multiplier, then the multiplier
-1k IR 5 - 5
g.h + w{gh,(gh)™1)* u(g,g71) " w(h,h™1) 2 w(g,h)

js normalized. The square root here is taken in a Borel

measurable fashion.

If w is normalized, then using the cocycle identity, we

have
w(g-]',h—l) = w(g'l,h-l)w(g“lh"l’hg)
= w(g™1,9)w(h™1,hg)
= w(h—lshg)s
and

w(h,g)w(h™t,hg)
w(hh™1,9)w(h™1,h)

w{h,g)w(g™t,h™1)

1,
that is w(h,g)"! = w(g~1,h~1), all h,g € G.

Each normalized multiplier on G defines an extension el
of Tby G. It is the set T x G provided with the

multiplication

(ssg)(t,h) = (stw(g,h),gh)



19.

(and then because w is normalized, (s,g)~! = (s~!,g7!)).and a
topology in which a basis of neighbourhoods of the identity
is composed of the sets AA™!, where A is a set of finite
positive measure for the product of right Haar measures on T
and G. This is the topology defined by Weil on groups with
an invariant measure (Weil [51, Appendix 1]). It is easy to
check that this topology induces on T (indentified with the
central subgroup T x {e} of G“) its original topology and
makes G® into a topological group extension of T by G. Since
both T and G are locally compact, so is GY 6" 4s uniquely
determined, to within topological isomorphism, by the
similarity class of w. In fact if o, ~ w,, say

wy(hsg) = Y(h)Y(g)¥(hg)™ w,(h,g), then the map

o : (t,g) »~ (t¥(g),g) is an isomorphism of G.ml onto Gwz. By
Fubini's theorem, & is measure preserving and it follows from

the definition of the topology of these groups that ¢ is

bicontinuous.

Kleppner ([26, Lemma 2]) has given the following

alternative definition of the topology on Gw.

PROPOSITION 6.1, ([26, Lemma 2]). The sets

(U x FY(U x F)7L, where U runs through a basis of
neighbourhoods of 1 in T and F through the sets of positive

measure in G, form a basis for the neighbourhoods of (1,e) in

Gm

Let H be a closed subgroup of G. Then w restricted to

Hx H is a multiplier on H which we also dencte by w, and HY



is algebraically isomorphic to a subgroup of G”. Moreover, we
have as an immediate consequence of Proposition 6.1, the

following result.

PROPOSITION 6.2 ([3, Lemma 1.1]). Let H be a closed

subgroup of G. Then the inclusion map HY > 6% 42 a

bicontinuous isomorphism of H® with a closed subgroup of e

Let G be a Tocally compact group and wa Borel
multiplier on G. The twisted Ll-algebra L1(G,w) is the space
L1(G) of complex-valued integrable functions with

mu]t1p1icat10n’defined by
£ h0) = [ (@) (9,970)ds
and with a *-operation defined by
*(x) = f(x71)" a(x71)

where ~ denotes complex conjugation and A is the modular
function. One verifies at once that L(G,w) is a Banach
*_algebra possessing an approximate identity, which is
determined up to isomorphic *-isomorphism by the equivalence
class of w, In general L1(G,w) is not a C*-algebra ([7,
13.3.6]). However Theorem 5.2 applies. The C*-completion of
L1(G,») is called the twisted group C*-algebra of (G,w) and
is denoted by C*(G,»). If w is identically 1, then we

delete all mention of it so that C*(G,w) becomes C*(G) which

is called the group C*-algebra of G.
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Let G be a Tocally compact group and & a Borel
multiplier on G. The construction of C*(G,w) is useful
because its representations correspond to multiplier
representations of G. A multiplier representation (or
w-representation) in a Hilbert space Hﬂ is a map of G into the

space of unitary operators U(H“) such that
g ~ n(g)t is measurable, & ¢ H“,

w(g)n(h) = w(g,yh)w(gh),' g,h € G.

The concepts of 'dimension’, 'equivalence', 'direct sum',
'"W(x)*', "irreducibility', and 'factor' that we defined for
representations of algebras apply to this situation equally as
well, they are independent of the object being represented.
For details see Gaal [15, IV.1, page 145]. We Tet the reader
make the obvious definitions. However if ms is an Wy~
representation of G (i = 1, 2), then T, ©m, (defined in a
manner similar to that used for representations of algebras)
is an wlwz—representation, where w0, is the multiplier
(g,#h) » wi(g,¥h)wa(g,h),g,h ¢ G. The set of equivalence
classes of irreducible w-representations is denoted by
(G,w)". An w-representation where the multiplier w is

jdentically 1 is called an ordinary representation or simply a

representation of G.

Mackey has shown that = -~ w0 where

20(t,g) = thn(x), (t,9) eG,neZ
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is a bijection between the set of equivalence classes of o=
representations of G and the set of classes of (ordinary)
representations 70 of G such that n%(t,g) = t"x0(1,g), all

(t,g) ¢ G” (see [26, Corollary to Theorem 1]).
The following theorem establishes the desired connection.

THEOREM 6.3, ([7, 13.3.51). LILet G be a locally compact
group and w a Borel multiplier on G. For each w-representation

m of G, put

n(F) = JG n(g)f(g)dg »

fe L1(G,0), then ' : m » 7' is a bijection between
w-representations of G and representations of the Banach

*_algebra L1(G,v),

This together with Theorem 5,2 sets up a one-to-one
correspondence between w-representations of G and the
representations of C*(G,w). As the notation already
suggests, this correspondence preserves dimension,
irreducibility, equivalence, V(r), direct sum and primaryness
etc. We use it to transfer the topology on C*(G,u)” to
(G,0)"., One can show that for G abelian and w trivial, this
topology on (G,w)” coincides with that given for abelian
groups in Section 1. Note that the above remark together
with Theorem 5.3 also shows that there exist irreducible
w-representations of G for every multiplier w, We say that

the pair (G,w) is type I (or G is w-type I) if C*(G,w) is
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type I.

7. Moore groups and the regular representation

Let G be a locally compact group. We adopt the following
notation consistently throughout. Let H be a subgroup of G,
then [G:H] denotes the index of H in G, H the closure of H
and H' the commutator subgroup of H - the subgroup of G
generated by the elements {ghg='h~1 : g,h ¢ G}. If dimw is
finite for all « ¢ G", then G is called a Moore group (after
C.C. Moore who characterized these groups in [31]). For any
locally compact group G, the von Neumann kernel is the closed

normal subgroup G0 of G given by

GO =\{ker m : 7 ¢ G and dim 7 < =} .

THEOREM 7.1. ILet G be a locally compact group and H a

closed subgroup of finite index in G, then H, = G.

PROOF. Suppose X e H0 and 7 is a finite dimensional
representation of G, then n restricted to H is a finite
dimensional representation of H, so w(x) = I. It follows
that H0 c GO. Since H/H0 is maximally almost periodic and
[G/H, = H/H;] is finite, by Heyer [19, Satz 7.2.2], G/H; is
also maximally almost periodic, thus H0 = n{ker v : © is a

finite dimensional representation of G lifted from G/H } =2 G,.

Let G be a locally compact group. We denote by GFC the

topological finite class group of G, that is the closed
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subgroup of G consisting of the elements x in G such that the
set {g”!xg : g € G} has compact closure. If G = Gg., then G

is called a (topological) FC group.

These concepts alone allow for a characterization of

Moore groups.

THEOREM 7.2, (Robertson [38, Theorem 1]). Let G be a
locally compact group. Then G ig a Moore group if and only if

G satisfies the following properties.

(1) (6 : Geel < =
(i1) (GFC)" is compact, and
(i1i) G, = le}.

This theorem is due to Robertson. Other proofs can be
found in Kaniuth [23, page 233] and Poguntke [35, Satz 3.4].

The proof is far from trivial and we omit it,

The statement of 7.2 can be changed slightly, without

much difficulty, to give the following.

PROPOSITION 7.3 ([38]). The locally compact group G is

Moore if and only if there exists a closed subgroup K of G

such that [G:K] < », K'™ ig compact and KO = {e}.

Kaniuth ([23]) has shown that an SIN group, that is a
locally compact group which has basis of neighbourhoods at

the identity consisting of sets which are invariant under the



G-action of conjugation, is a Moore group if and only if it is

type I.

Moore groups can also be characterized using the regular
representation. Let G be a locally compact group. The left

regular representation p of G in L2(G) is defined by

(o(g)f)(x) = f(g71x) »

X,g € G, f ¢ L2(G). It is clear the p is indeed a
representation. Similarly we define the right regular

representation A
(L (9)F) (x) = F(xg)alx)?

g,x € G, f ¢ L2(G), where in this context, A denotes the
modular function. Denote by V(G) the von Neumann algebra
V(p) generated by the operators p(g), g € G, and by V'(G) the

von Neumann algebra generated by the operators r(g), g € G.

The following theorem relating V(G) to V'(G) is much

deeper than its statement indicates.
THEOREM 7.4, ([46, Theorem 3]). Let G be a locally
compact group. Adopt the above notation, then V'(G) = V(G)*

(or equivalently V'(G)' = V(G)).

PROPOSITION 7.5, (Taylor [48, Proposition 4.11). Let G

be a locally compact group. Then V(G) is a finite von Neumann
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algebra if and only i1f G is a SIN group.

Thus if G is a SIN group which is type I, then V(G) is
type I. (that is both type I and finite. See Section 3.)

Indeed the following is true.

THEOREM 7.6, (Kaniuth [23, Satz 3]). A locally compact

group G is a Moore group if and only if V(G) is type le.

This was first proved by Kaniuth in [23]. An alternative
proof appears in Taylor [48, Corollary 1 to Theorem 4]. We

can combine all these results in one single statement.

THEOREM 7.7, ([23, 38]). Let & be a locally compact

group. The following statements are equivalent.

(<) G Zs a Moore group.
(i1) V(G) is type If'

(iii) The following properties are satisfied.

[G:GFC] < e

(a

G) - is compact, and

G0 = {e}.

Let G be a locally compact group and e the maximal type
If projection in V(G). We will be interested in conditions on

G such that e # 0. Kaniuth has given such conditions.

THEOREM 7.8, (Kaniuth [23, Satz 2]1). The maximal type If



central progjection in V(G) is non-zero if and only if the

following conditions hold.

() [G:GFC] < o

(ii) (GFC)" is compact.

An alternative proof of this theorem appears in Taylor

[481; he also proved the following.

THEOREM 7.9, (Taylor [48, Theorem 4 and Corollary 4]).
Suppose the maximal type If central projection e in V(G) s
non-zero, then the von Neumann kernel G0 ig compact and eV(G)

is spatially isomorphic to V(G/G ).

As we pointed out earlier, for SIN groups, V(G) is type
I if and only if it is type If. In particular this is true of
discrete groups. Both Kaniuth and Thoma have given
characterizations of type I discrete groups. We state both of

these in the following result.

THEOREM 7.10, (Thoma [49], Kaniuth [22], Smith [45]).

Let G be a discrete group, then the following are equivalent.

() G 78 type I.

(i1) V(G) is type 1 (or equivalently type L.

(ii1)  The centre of GFC’ that 2 {9 ¢ G : gh = hg all
h e GFC} has finite index in G,

(iv) G is a Moore group.
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The equivalence of (i) and (iii) is due to Thoma and that
between (ii) and (iii) is due to Kaniuth. An alternative
proof of '(ii) is equivalent to (iii)' is given by Smith [45].
The main difficulty of this theorem 1ies in constructing an
abelian subgroup of finite index in G. Different ways of
doing this (using different but equivalent hypotheses) can be

found in Isaacs and Passman [21] and Schlichting [42].

Much of this thesis consists of results generalizing the
theorems of this section to locally compact groups with non-
trivial multipliers, and we do this mostly using the methods

developed in Smith [45] and Taylor [48].

8. Induced representations, Mackey's construction

Let G be a separable locally compact group, K a closed
subgroup, w a Borel multiplier on G and = an w-representation
of K. The induced representation ﬂTi is an w-representation
of G defined on a Hilbert space H. Following Auslander [Z2],
we let o be the measurable function a(g,x) = d(g.u)/du,

g € G, x € G/K, (for more details see also Mackay [27] and
Blattner [4]). Define H to be the space of measurable
functions f from G to HTT (that is, g »~ (f(g),&> is measurable
for each £ « H_) such that f(gk) = m(k)~1f(g) and

|f| € L2(G/K,u), The last condition needs a note of
explanation; observe that [f(gk)| = |[f(g)| since « is unitary,

so that |[f]| is really a scalar function on G/K. Then define

(r18(0)F)(s) = Flgs)alg,n(s))%alg™0,5)
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where h is the canonical map from G to G/K, One verifies
that "Ti js a unitary operator and that g - wTi(g) is an w-
representation of G. One also verifies that ”Ti’ up to
unitary equivalence does not depend on the choice of u as the
notation already suggests. The notion of induced
representation is compatible with taking central extensions,
as indicated in the following result, If = is an
w-representation of a group G, denote by w0 the corresponding

(ordinary) representation of the group extension 6",

PROPOSITION 8.1, ([3, Lemma 1,2]). ZLet K be a closed

subgroup of a 'separable locally compact group G with
normalized Borel multiplier w, = 18 an w-~representation of
w

K, then (nTﬁ)O and “OTGw are equivalent.
H

PROOF, It is quickly checked that the map f - ', where
w

f'(x) = f(1,x), for all f in the Hilbert space of wOTGw, sets
H

up the desired equivalence.

THEOREM 8.2, (Mackey [27, Theorem 4.11). Let H and K be
closed subgroups of a separable locally compact group G with
Borel multiplier w, such that H s K. If m is an
w-representation of H, then vTﬁ is equivalent to (“TE)Ti'

THEOREM 8.3, (Mackey [27, Theorem 10.1]). ZLet G be a
separable locally compact group with Borel multiplier w. If
H 28 a closed subgroup and Ty j e J a collection of
w-representations of H, then (®j€ij)Tg 18 equivalent to

| G
ejed(“jTH)'
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Let G be a separable locally compact group with multiplier
w, and H a closed rormal subgroup such that (H,w) is type I
(see Section 6). If m ¢ (H,w)" and g € G, then 79 will be the

w-representation of H defined by
19(h) = n(g7thg)w"(h,g)u(g,97thg),  h e H.

It is easy to check that the action g » (m -~ 79) of G on

(H,0)" satisfies 19" = («M9, all h,g ¢ G. The set {g e G :
w0 is equivalent to w} is a closed subgroup of G called the
stabilizer of = and is denoted by Kﬂ. An orbit is a subset

of (H,w)” of the form {n° : g ¢ G} for some irreducible

w-representation = of H,

The dual (H,w)” has a natural Borel structure as
defined in Auslander [2]. Fell [11, page 95] has observed
that this Borel structure is just that generated by the

topology of (H,w)".

Now each primary w-representation = of G determines a
projection valued measure u_ on (H,w)” which 1is unique up to
equivalence (two measures being equivalent if they have the
same null sets), whose values are projections on the Hilbert
space of the representation w, and which is a quasi-orbit in

the sense that

(1) uﬂ(g.A) = uﬂ(A) for all Borel sets A in (H,w)”
and g ¢ G, and

(i1) if A is an invariant Borel set (that is g.A = A
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for all g € G) then either A or its complement

has u_-measure zero,

(that 1is, u is G-invariant and ergodic). For details see
Mackey [28, 30] and Auslander [2]. The measure . is said to

be transitive if it is concentrated on an orbit 6 (that is

b ((H0)" - ) = 0).

THEOREM 8.4, (Effros [8, Theorem 2.61). Let G be a
separable locally compact group and w a Borel multiplier on G.
Let H be a closed normal subgroup such that (H,w) <s type I.
If the G-orbits in (H,w)" are locally closed (a set is
locally closed if it is the intersection of an open and

closed set), then n, 18 transitive for each primary

X
w-representation X of G. Comversely if (H,w)" has no non-
transitive ergodic measures, then the G orbits in (H,0)" are

locally closed.

THEOREM 8.5, (Mackey [28, Theorem 8.1]). Let G, w and H
be as in Theorem 8.4, Let 6 be an orbit in (H,w)  and m an
element in 0 with stabilizer Kﬂ. Then the mapping A + AT&
sets up a one-to-one correspondence between the primary !
w-representations of K1T whose restriction to H is a multiple
of ®, and the primary w-representations X of G such that My 18

concentrated on 8. Furthermore, the two von Neumann algebras

V(r) and V(AT& ) are *-isomorphic.
™

THEOREM 8.6, (Mackey [28, Theorem 8.2]). Iet G, w and H

be as in Theorem 8.4, If w is an irreducible w-representation



of H, then there exists a multiplier T of K“/H and a t'w-
representation ' of K? where 1' is the lifting of T to Kﬂ,

such that n'(h) = w(h) all h e H.

THEOREM 8.7, (Mackey [28, Theorem 8.3]). ZLet G, w, H, m,

L _yepresentation

K“, m' and t be as in Theorem 8.6. For each Tt~
A of K /H, denote by \' the (t')l-representation of K_
obtained by composing \ with the canonical map K1r =5 Kﬂ/H. Then
A > LA @ w' sets up a one-to-one correspondence (equivalent
representations being identified) between the set of primary

1" -pepresentations of K“/H and the set of primary
w—representatibns of KTr which reduce on H to a multiple of w.

Furthermore, the two von Newnann algebras V(1) and V(' ® 7')

are *-isomorphic.

We can summarize Theorems 8.4 to 8.7 as follows. Let G,

w, H, m, K“, w' and T be as in Theorem 8.6. Then
A= (A e w')Tﬁﬂ

sets up a one-to-one correspondence between the primary
t=l-representations of Kn/H and the primary w-representations
X of G such that s is concentrated on the orbit containing .
The two von Neumann algebras V(x) and V((r' ® n')Ti ) are
*_jsomorphic. Furthermore, if the G-orbits in (H,ng are
locally closed, then as w varies through (H,w)", the above

construction yields all the primary w-representations of G,
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Kich

CHAPTER 1II

ON_THE STRUCTURE OF w-TYPE I

LOCALLY COMPACT ABELIAN GROUPS

Let w be a normalized multiplier on a locally compact
abelian group G, Baggett and Kleppner [3] have given a
useful criterion for deciding when (G,w) is type I. However
not much is known about the structure of type I pairs (G,w).
In this chapter we investigate the structure of locally
compact abelian groups that admit w-type I multipliers. In
particular, a complete structure theory for a certain class
of such groups is given. (See Theorem 4.5, 5.11 and

Corollary 5.12.)

1. Notation and elementary facts

Throughout this chapter, all groups are locally
compact and abelian (this includes discrete groups), and all
multipliers are normalized and Borel measurable, unless
otherwise stated, We adopt the notation of Chapter I

Section 1.

Let w be a normalized multiplier on the locally compact

abelian group G. Denote by & the antisymmetrized form of w,

that is

'(I)'(k,g) = w(ksg)/w(gsk) 3



k,g € G,

PROPOSITION 1.1, ([25, Proposition 1.1, Lemma 7.1 and

Lemma 7.2]).

Let G be a locally compact abelian group and w a

normalized multiplier on G, We have

(i)
(it)

(ii1)

~

®: G xG->Tis a continuous bicharacter.

g > a(,g9) Zs a continuous homomorphism from G to
G".

w(k,g) = 1all k,g € G <f and only if w is

trivial.

The map g ~ »(+,g) is also denoted by the symbol w. No

confusion should arise from this ambiguity.

PROOF .

equaticn

o{gh,k)

g,h,k € G.

fixed g € G,

(i) The bilinearity of & follows from the

w(gh,k)w(k,gh)"1

w(gh,k)w(g,h)wl(g,h) Tu(k,gh)™?

w(g,hk)w(h,k)u(kg,h) u(k,g)"?

w(g,hk)wu(h,k)w(g,k)e(g,k) " Tulgk,h)telk,g)™!

w(g,hk)w(h,k)w(g,k)w(g,kh) Tu(k,h) " tu(k,g)?
w(g,k)a(h,k),

Clearly @(k,g) is a measurable character in k for

It follows that w(k,g) is continuous in k for

fixed g ([18, 22.19]). Similarly w(k,g) is continuous in ¢

for fixed k.

By [26, Corollary to Lemma 1], & is
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continuous as a function of two variables at the identity in
G x G. Using this, we show that & is continuous. Let (g,h)
be an arbitrary point of G x G and let V be a neighbourhood of
1 in M. Let V, be a neighbourhood of 1 in T such that ViV,
Because » is continuous at the identity in G x G, there exists

v

a neighbourhood U of the identity in G such that w(U,U) L

In

The neighbourhbod can be chosen so that ©(U,g) ¢ V, and
w(k,U) ¢ V. Now w(kU,gU) = w(k,g)a(k,U)o(U,g)w(Y,U)
w(k,g)Vf < %(k,g)V and ¥ s continuous at (k,g).

(ii) Since ¥(-,g) is a measurable function of G, as in
(i), it is continuous. That & : G » G" is a homomorphism
follows from the bilinearity of &. For the continuity, we
observe that the sets P = {X ¢ G~ : x(C) ¢ V}, where C is &
compact subset of G and V a neighbourhood of the identity in
T, is a basis for the neighbourhoods at the identity in G".
Since w : G x G »~ T is continuous, if g, « W=1{geG:
@(g) e P} is fixed and k ¢ C, there exists an open set U x U
containing (k,go) such that @(U,U') < V., But C being compact
can be covered by a finite family U1’ 295 Un of such sets U,

and if U' = n U% is the intersection of the

i=l,...0N
corresponding U' sets, we have @&(C,U') ¢ V. Thus if g, € W,
there exists an open set U' such that 9, € U' < W, proving
that W is open and » continuous.

(iii) Let m be an irreducible w-representation of G
(such representations exist - see remark following Theorem
1.6.3). If @ =1, then n(g)n(h) = w(h)r(g) for all g,h € G,
thus by the remark following I.5.1, = is one dimensional and

w is trivial,



A normalized multiplier w on a locally compact abelian
group G is called non-degenerate (or totally skew) if w is an
injection. Given any subset S of G, we denote by Sw the
subgroup Sw = {g ¢ G : w(s,g) =1 all s ¢ S}. Since Sw is
the intersection nSeS{S}w of closed sets, it must be closed.
S is called isotropic if Sw = S and maximal isotropic if
Sw = S, An application of Zorn's lemma (see Hannabus [17,
1.6]) ensures that each isotropic set is contained in a

maximal isotropic subgroup. The operation on sets S = Sw is

inclusion reversing and (uSa) = ”(Sam)'

For any é c G,

Sw

{geG: o(s,g) =1all s ¢ S}

{g « G : &(g) ¢ A[G",S5]}
(@)-1(A[G",5]),

thus ©(Sw) = A[G",S] n o(G) and

A[G,3(S)] = {g € G : x(g) =1all X € »(S)}

{geG: w(s,g) =1all s e S}

Sw .

The closure of G{(G) is a closed subgroup in G", thus by

I.1.1(ii),

»(6)” = A[G",A[G,5(6)]] = A[G”,6w].

Since Gw = ker @, if w is non-degenerate (that is Gw = {e}),
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then the range of & is dense in G”,

PROPOSITION 1,2. Let w be a non-degenerate multiplier on

G. Then ® is an open map if, and only if ® is a bicontinuous
isomorphism, Moreover, if G is separable and the range of ®

18 closed, then w is a bicontinuous isomorphism.

PROOF. If & is an open map, then »(G) is open and
closed, hence & is onto. If G is separable and G(G) = G, then

by [18, 5.29], w is open.

The condition that & is a bicontinuous isomorphism
eradicates a great deal of pathology and forces some order
onto the structure of the group G (for finstance it must be
self dual). It is not surprising then that it is equivalent

to w being non-degenerate and type I.

THEOREM 1.3, (Baggett and Kieppner [3, Theorem 3.2]).
Let w be a non-degenerate multiplier on the locally compact
abelian group G, then (G,w) is type 1 if, and only if

@:6+G":49~+>o(-,9) is a topological isomorphism.

PROOF. We give an outline of the proof of this Theorem
for G separable. For more details and for a proof in the
case where G is not separable, see Hannabuss [17] and Baggett

and Kleppner [3].

Let G be separable. By 1.3 it is enough to prove that

(G,w) is type I if and only if @ (G) is closed. Let H be a



maximal isotropic subgroup of G. Since w restricted to H is
trivial (1.1 (iii)), (H,w)™ is isomorphic to the abelian group
dual H", Suppose @ is a topological isomorphism. Then the
G-orbit of an element in H" is of the form {&(.,9) : g ¢ G}
which is closed by assumption. Thus by Theorem I.8.4, Mackey's
construction with H as the closed normal subgroup gives all

the factor representations of G, Because w is non-degenerate,
the stabilizer of the orbit {w(-,9) : g € G} is H, thus the
w-representations cbtained using Mackey's construction are all

type I.

Converse]& suppose (G,w) is type I. Again by the non-
degeneracy of w, the stabilizer of each element in H™ is just
H. 1In particular the action of G on (H,w)" is essentially
free, and under these conditions, the projective version of
Auslander [2, II, Proposition 3.1] asserts that there are no
ergodic measures on (H,w)” which are not transitive. Thus
by Theorem I1.8.4, the G-orbits in (H,w)” are locally closed.
We deduce that the subgroup {%(+,9) : g ¢ G} of G” is locally
closed. But we know that its closure is G*, so {w(-,g) :

g € G} is an open subgroup of G, Open subgroups are also

closed, so it must be all of G”.

PROPOSITION 1.4. Suppose Guw < S for some subset S of G

and %(G) is closed (in particular this is true if w 18 non-

degenerate and type 1), then

&(Sw) = A[G",S], and

(Sw)w

K,
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where K is the smallest closed subgroup containing S.

PROOF. From our earlier remarks, ®(G) = A[G",Gw] 2

A[G",S], so

5(Sw) = A[G",S] n A[G",6w] = A[G",S], and

(Sw)w = A[G,&5(Sw)] = A[G,A[G",S]] = K.

We collect this result together with some other

elementary facts as a proposition.

PROPOSITION 1.5. Let w be non-degenerate and type 1 on

the locally compact and abelian group G. Suppose K and L are

closed subgroups of G such that K c L, then

(<) (Kw)o = K, @(Ko) = A[G",K] and Ke = A[G,T(K)].

(i) K 28 compact (respectively open) if, and only if
Ko Zs open (respectively compact).

(ii2)  (L/K)" is topologically isomorphic with Kw/lLw.

(iv) If Sa ig a collection of subsets in G, then

(nSa)w = (U(Saw))-.

PROOF., (i) follows from 1.4 and earlier remarks, and

(ii) follows from (i), 1.3 and I,1.1,(iv). To see (iii), use

I.1.1.(ii1) and observe that

Ko/Lw = &(Keo)/®(Le) = A[G",KJ/A[G ,L] = (L/K)" ,

where the symbol "=" denotes topological isomcrphism.

39,



40.

2. Some groups don't admit multipliers

Denote by T the circle group - the group (under
multiplication) of all compiex numbers of modulus one (with
the induced topology), by R the group of real numbers, by Z
the integers, by Q the rational numbers and by Z(n) the
cyclic group of order n. For a fixed prime p, let Z{(p~) be
the subgroup of T consisting of elements whose order is a
power of p, Ap the group of p-adic integers and Qp the group

of p-adic numbers (see Appendix).

LEMMA 2.1. Suppose the abelian group G has the
property that for all X e G, there exists an h € G such that
h2 = X, If w is a nultiplier on G such that B(X,y) = a(y,X)

all X,y € G, then w is trivial.

PROOF. &(X,y) = w(x,¥)/w(y,x) = w(y,x)/u(x,y) = «?(y,x)
implies ®(x,y)2 =1 all x,y ¢ G. Given any x,y ¢ G, choose
h ¢ G such that hZ = x, then 3(x,y) = &(h2,y) = ©%(h,x) = 1.,

That is w is symmetric, thus trivial (1.1 (ii1)).

LEMMA 2.2, (Kleppner [25, Lemma 7.5]). Let G be a
discrete group with multiplier w. If B(X,y) = ﬁ(y,xX?ZZZ
X,Y € G, then w is similar to a multiplier lifted from a
quotient G/H which is of exponent 2 (that is each element of

G/H has order at most 2).

PROOF. The multiplier @ is symmetric, so by 1.1 (iii)
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there exists a function ¥ : G » T such that
a(x,y) = Y(x)Y(y)v{xy)~l. Similarly, there exists a function
T : G+ T such that w(x,y)u(y,x) = t(x)t{y)r(xy)-1 for all
X,¥ € G. Thus w(x,y)? = vr(x)vt(y)¥yr(xy)~! for all x,y e G.
This implies w is similar to a mulitiplier w, such that

w? = 1. In fact w (x,y) = (Yo (xy) Ve (x)71¥e (y) 1) 20 (x,y),
where the square root is chosen in any fashion. Let H = Gwl.
Since Gl(xz,y) = wl(x,y)2 =1 all x,y € G, we have x? ¢ H all
x € G, that is G/H has exponent 2. Since wlleH is trivial
and w? = 1, there exists t; : H > T such that

0, (x,y) = tl(x)rl(y)rl(xy)'1 and r% is a character of H. Let
t' be an extension of T% to G ([18, 24.12]), and define t, by

L . . .
)2 where the square root is chosen in any fashion

T2(X) =f'(X
with the restriction Tl(X) = rz(x) all x ¢ H. Let
w, (X5y) = wl(X,Y)Tz(Xy)Tz(X)_sz(y)-l, then w% =1,
mz(x,y) = wz(y,x) all (x,y) ¢ H x G and mz(x,y) =1 all
X,y € H,
Let = be an irreducible m2-representation of G and {ga}

a set of coset representatives modulo H containing the

identity of G. Define w0 as follows

w0 (x) = w(x), and

wo(xga) = w(x)n(ga), for x e H.

Clearly 7% s a multiplier representation whose associated

multiplier w, is similar to w, (and consequently w). Further-

more, for X,y € H,

w0(xyg ) = m(xy)n(g,)

a
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m(x)n(y)m(g,)

w0 (x)r%(yg,) >

thus w3(x,y) =1 all (x,y) € Hx G, and by the symmetry of Wy
ms(y,x) =1, (x,y) € Hx G. From this follows that w, is
constant on the H x H cosets in G x G. Indeed, if g,h € H,
then w,(gx,hy) = w,(g,x)u, (9x,hy) = wy (g5xhy)u, (x,hy) =
wy(Xshy) = wg(x,yh)u, (y,h) = w, (x,¥)o, (xy,h) = w (x,y). Thus
there exists a multiplier w' on G/H whose 1ifting to G is

similar to w, This proves the lTemma.

Part of fhe following result can also be obtained from

[6, Lemma 2].

THEOREM 2.3. Let G be a discrete group which is either
cyelic or of the form Z(p”) or Q0. If w is a multiplier on G,

then w 18 trivial,

PROOF. Case 1. Suppose G is cyclic. If it is finite,
say G = Z(n), then &(+,1), being a character of Z(n}, is of
the form @(p,1) = exp[2rikp/n]}; it now follows from the
bilinearity of & that

@(p,q) = exp[2nikpa/n] ,

p,q ¢ Z(n), k ¢ Z. If G is infinite, then G is isomorphic

with Z, and by the same reasoning as above,

w(p,q) = exp[2mipga]



p,q ¢ Z for some o ¢ [0,1]. At any rate w is symmetric. The
only quotient of a cyclic group which is of exponent 2 is
Z(2) or the trivial group. Since a multiplier w' on Z(2) can
be assumed to be normalized, we have 1 = w'(-},1) =

w'(1l,-1) = w'(1,1), that is w' is trivial. Hence by

Lemma 2.2, w is trivial.

Case 2. The dual of Z(pm) is the group of p-adic
integers Ap (see Appendix) which is torsion free. Thus the
homomorphism & : Z(p~) - Ap must be trivial. Hence & = 1 and

w is trivial.

Case 3. Q" is torsion free and divisible (see Appendix).

If X ¢ Q°, then for each n ¢ Z, x ~ X(x/n), X ¢ Q is a

1/n and is the only

character of Q which we denote by X
character of Q satisfying (Xl/n)n = X (use the fact that Q"
is torsion free). Thus if themap @ : Q ~ Q" maps 1 to X,
then &(-,1/n) = xl/n, that is

w(s/m,t/n) = X[§E} :

mn

this is symmetric, Q is divisible, so by Lemma 2.1, w is

trivial,

LEMMA 2.,4. Let w be a Borel multiplier on a locally
compact abelian group G. If H is a dense subgroup of G such

that the restriction of w to H is trivial, then w is trivial.

PROOF. & : G x G » T is continuous (1.1 (i)). The

43.



restriction © : H x H-> T is the trivial map, thus @ = 1 and w

is trivial (1.1 (iii)).

COROLLARY 2.5. A Borel multiplier on any one of the .

following groups: T, R, Ap and Qp; is trivial.

PROOF. Z(p~) is dense in T, Q is dense in R and 25 and
Z is dense in Ap (see Appendix). Now use Lemma 2.4.

We know from I.1.3.(iii) that the dual of a torsion free
discrete group (for example Q") is connected. The following
result shows that these groups don‘t admit non-trivial

multipliers.

PROPOSITION 2.6. Let G be a compact group. If G is

connected (or equivalently divisible (1.1.3.(i11))). then a

Borel multiplier w on G is trivial.

PROOF. The homomorphism & : G -~ G~ must be trivial

because G is connected and G~ discrete.

3, Some useful results

THEOREM 3.1. Let G be a locally compact abelian
subgroup which has a compact open subgroup K. Suppose w ig a
non-degenerate multiplier, then w is type 1 if, and only if G
contains a compact open maximal isctopic subgroup. Moreover,
any compact maximal isotropic H satisfies S(H) = A[G™,H]

and G/H is topologically isomorphic to H.

4z,
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PROOF. Suppose w is type I. By Proposition 1.5.(i1),
Kw is compact and open, so Km Kw is a compact open isotropic
subgroup. Without Toss of generality, we assume Ko 2 K. Let

comp wel=
H be a(maxima] isotropic subgroup, then w(H) (being the
continuous image of a compact set) is compact and closed;
%(G) is dense in 6", thus @(H) = T(Hw) = A[G",H] n @(G)
= (A[G",H] o ®(G))” = A[G",H] n &(G)™ = A[G",H], the fourth
equality being valid because A[G",H] is open and closed. It
follows that © restricted to H is a continuous isomorphism
onto A[G",H] so it must be open [18, 5.29]. Let A be open in
Gand A = i ng-lH, g ¢« G, The set A9 is open in H, thus the
set 3(A) = u{m(g)G(Ag) : g e G}, being the union of open sets

in G*, is open in G". The proposition now follows from 1.3.
Let G be a locally compact abelian group for each
positive integer n, denote by G" the subgroup {g" : g € G}

and by Gn the closed subgroup {g € G : gn = el.

THEOREM 3.2. Let w be a non-degenerate type 1 multiplier

on the separable abelian group G, then o is type 1 (n a

fized integer) if and only if G is closed in G.

PROOF. First observe that the proof of 1,3 extends
readily to assert that a multiplier o (which is not
necessarily non-degenerate) on a (separable) group G is type
I if and only if the range of § : G ~ G is closed. Let w be
as in the hypothesis of the Theorem. By 1.3, G and G~ are
topologically isomorphic. The range of " is (@EN" = (65",

thus by the above remark, W s type I if and only if 6" is
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closed in G,

THEOREM 3.3. Let G be a separable abelian locally compact
group and w a multiplier on G. Then 6° is type 1 if and only

if o is type 1 for all n e L

PROOF. Observe that T is a type I normal subgroup of G.
Since ™ 1is discrete, G®-orbits are closed, so by I1.8.4, all
factor representations of G® are obtained using Mackey's
construction (I.8.5, 1.8.6, 1.8.7). Indeed, because T is
central, a factor representation = of G“ reduces on T to m.X,
where m is a cardinal and X the character t -t (t ¢ T) of T
for some n ¢ Z (see [15, IV.7.20]). Now m.X', where
X' (t,x) = x(t), ((t,x) ¢ G¥) is a multiplier extension of m.X
to G”, and the multiplier associated with X' is precisely 0",
Thus by 1.8.7, each w which restricts on T to a multiple of X
is type I if and only if o™ is type I, and G* is type I if
and only if o s type I all n'e Z.

Suppose G, w and H are as in Theorem 3.1 and G is a group
of exponent p for some prime p (that is each element in G has
order at most p). Since G is a vector space over the field of
p elements and H is a subspace it admits a complement, that is
a subgroup K (isomorphic to G/H ¥ H") such that G = H x K.
Since H is open, we actually have a topological isomorphism

between G and H x H".

Such decompositions of G where we insist that H is

compact and open cannot always be found even if we allow the



additional hypothesis that w" is type I for all n e Z (or
equivalently that G” is type I), as the following example

shows.

EXAMPLE 3.4. (i). Let H be a locally compact abelian

group and G = H x H", Then w defined by

w((X,A)(y,X)) = >\(,Y) .

(x,2),(y,X) € G is a non-degenerate multiplier which according
to 1.3 is type I. Moreover, if G is divisible and torsion
free, then o s non-degenerate and type I for each n ¢ Z
(Theorem 3.2).

(ii). Suppose we let H in (i) be the group of p-adic
numbers Qp, then H" is also the group of p-adic numbers (see
Appendix), that is G = Qp X Qp’ in particular G is divisible
and torsion free, thus W' s non-degenerate and type I for
each n € Z. By Theorem 3.1, G has a maximal isotropic
compact open subgroup H. We show that no such H can be a
direct summand of G. For otherwise, G must be isomorphic
with H x H"; but the dual of H, H being compact and totally
disconnected, must be torsion (I.1.3.(ii)), contradicting the
torsion freeness of G.

(iii). For each i ¢ Z, let Ki be the group
Z(4) =<C : C* = 1) and K% the subgroup Z(2) = (C2) of Ki'
Define H to be the subgroup of HKi consisting of elements
(ai) such that a; € K% for all but a finite number of
indices i; and topologize H so that HK% (with the compact

cartesian product topology) becomes a compact open subgroup.
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Let w be as in (i). Clearly, G2 is not closed in G and by
Theorem 3.2, w? is not type I. Furthermore, Theorem 3.3 shows

that although o is type I, G® is not a type I group.

Given a locally compact abelian group G and a non-
degenerate type I multiplier, we can however hope for the
existence of a closed isotropic subgroup H of G such that G
decomposes as a product H x H". Indeed the rest of this
chapter is devoted to showing that such a subgroup exists under
certain additional hypothesis on G, for example if G is
divisible and separable, or if the connected component of G is

’

open.

THEOREM 3.5, (Mackey [28, 9.6]). Let H and K be two
locally compact abelian groups and w a multiplier H x K. If
w' i8 the function on (H x K) x (H x K) defined by

w'(hk,h'k") = w(h,h")w(k,k" )ulk,h') ,

(h,k)(h',k') € H x K, then w' s a multiplier which is similar

to w.

PROOF. For (h,k),(h',k') € H x K, we have

wl{hksh'k")w(h,k) = w(h,kh'k")w(k,h'k"), and
w(h,h")wlhh',kk') = w(h,h'kk")w(h',kk"),

thus
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. w(k,h'k")w Yw(hh',kk")

o (h,h
w(hk,h'k") w(h,K)w(h',kk")

_ w'(hk,h'k")¥(hh'kk') _ w(h',k')u(h',k)u(k,h'k")
Y(hk)Y(h'k") w(k,hw(k,kw(h',kk")

where Y is the function on H x K defined by Y(hk) = w(h,k)

Now

Hence the result.

COROLLARY 3.6. Let H and K be locally compact and
abelian. If w 1s a non-degenerate multiplier on H x K such

that Ko = H, then w is similar to the multiplier w' defined by

w'((h,k)(h',k"')) = w(h,h")o(k,k").

PROOF. Since Kw = H, &(k,h) =1 all (h,k) ¢ H x K,

Hence the result follows by Theorem 3.5.

If the conditions of Corollary 3.6 are satisfied, then

we say that w splits relative to H and K.

THEOREM 3.7. Let & be a non-degenerate Borel multiplier
on a locally comapct group G. Suppose G has a maximal
isotropic subgroup H which is a topological direct swmmand,
then w 18 type 1 1f and only if it is similar to a

multiplier W, of the form

wl(u’J(Xak),w(YsX)) = >\(.y)a



(xs1)5(y¥>X) € H x H®, for some topological isomorphism

v : Hx H > 6.

PROOF., Suppose such an isomorphism ¢ exists. Denote by

v~ its dual isomorphism, then

where is the multiplier wo((x,x),(y,x)) = a(y),
(x,2),(ysX) € Hx H", Clearly mo is a topological isomprphism,
thus so is @, By 1.3, W, and w are type I.

Conversely, suppose w is type I, then G is topologically
isomorphic with H x H™ (see proof of 3.1), thus we assume
without loss of generality that G = H x H™, Define
p: GG by [p(x,A)](y,X) = x(x)x(y)~, then p is a
bicontinuous jsomorphism such that p(H) = A[G",H] and
p(H") = A[G™,H"]. It follows that the map p~! ° @ : G ~ G is
a bicontinuous automorphism such that p=1 o w(H) = H and
hence p=! o G(H") = H"; but T(H w) = A[G",H"] = p(H") = B(H"),
thus H"w = H". By [1, Theorem 1], there exists a bicontinuous
automorphism ¢, (respectively wz) of H (respectively H™) such
that p~1 o &(x,A) = (wl(x),wz(x)) for all (x,r) ¢ G. Define
Vv : G > G by y(x,A) = (w;l(x),x), then ¢ is a bicontinuous

automorphism,

Since H (respectively H") is maximal isotropic, the
restriction of o to H (respectively H") is trivial. Thus by

Theorem 3.5, we can (and do) assume that w is similar to a
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multiplier W, defined by

o, (1), (y>x)) = 3((1,2),(y,1)),

(x,2),(y,X) € G, Clearly

oy (W) ,0(y>x)) = B((1,2)), (w7 {y),1))
Bt (y)e;t(1))1(10)
[o(y,1)1(1,2)

Ay).

Thus whenever G decomposes as a product H x H™ with H

maximal isotropic, we know precisely the form which w takes.

A multiplier w satisfying the hypothesis of the above

theorem is called a cross multiplier.

LEMMA 3.8. ZLet H, K and L be locally compact and
abelian and v a non-degenerate type 1 multiplier on H x K x L
such that the map @ : Hx Kx L » H x K* x L” gatisfies

S(H) = K', then
(K) = H", B(L) = L" and Lo = K x H.

PROOF, By 1.5, K* = &(H) = &((Ho)w) = A[G",Hu], so
Ho = A[G,A[G",Hw]] = A[G,K'] = Hx L (use I.1.1.(ii)), thus
@(H x L) = §(Ho) = A[G",H] = K" x L, consequently @(L) = L"
and 3(K) = H*. Finally w(Lw) = A[G",L] = H" x K" = &(H x K),
that is Lw = H x K, -
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(6 daend
The following theorem allows usL(amongst other things) #8
S with finite products of groups.

THEOREM 3.9. Let G be a locally compact abelian group

with a non-degenerate and type 1 multiplier w, and suppose H
is a closed isotropic subgroup which is a topological direct
summand of G. Then G is topologically isomorphic with

Hx H® x Ho/H and w is similar to a multiplier w' of the form
' ((h,2,x) (W52 ',x")) = ©((h,a)(h',0"))o(x,%),

where t is a cross multiplier on H x H® and o is a non-

degenerate and type 1 multiplier on Hw/H.

PROOF. A1l isomorphisms stated in this proof are
topological isomorphisms. There exists a closed subgroup K of
G such that G = H x K; now @(Hw) = A[G",H] = A[H" x K',H] = K*
is a topological direct summand of G, The map @ is an
isomorphism, thus Hw is also a topological direct summand,
thus there exists closed subgroups K, L of G such that
HxL = Hoand G = Hw x K, Collecting all this information

together, we have

GTHxKxL

Ho = H x L

L ¥ Hw/H

K= G/Ho = H” (use 1.6 (iii)).

This proves the first part of the theorem about the structure



of G. Now w(H) = A[G",Hw] = A[H" x K" x L",H x L] = K", thus

by Lemma 3.8,

w(K) = H", @(L)

L and Lw = K x H,

It now follows from Corollary 3.6 that w is similar to a
multiplier to where v is a multiplier on K x H and o is a

multiplier on L, Since

Bl ek = T ek = Flyek

is a bicontinuous isomorphism from H x K to H® x K" such that
T(H) = K" and T(K) = H, by Theorem 3.7, t is a cross

multiplier on H x K2 Hx H", Finally,

~

6l =75l =3l

is a bicontinuous isomorphism from L to L”, thus o is type I

and non-degenerate on L = Hw/H,

COROLLARY 3.10. Let w be a non-degenerate multiplier on

the finite abelian group G, then G is isomorphic to H x H

for some subgroup H of G and w is similar to a cross multiplier.

PROOF., Clearly w is type I. Using the structure theory

of abelian groups (see 1.1.4.(ii1)) G must be a finite product

n
i=1

order. For each i, (Hi)w ={geG: ®h,g) =1all he Hi}.

G=1I Hi where each Hi is a cyclic group of prime power

By Theorem 2.3, le.xH is trivial, so (Hi)w D Hi‘ Now
T T



Theorem 3.9 and induction yields the required result.

COROLLARY 3.11. [Let w be a non-degenerate multiplier on

Rn, then n ig even (n = 2k), w <s type | and is a cross

mliinlien on B x B

PROOF. & is a continuous homomorphism, Clearly

o(r/s.x) = r/sa(x) all r,s € Z, X ¢ R", and by continuity
o(t.x) = t.5(x), t ¢eR, x e R", Thus & is a vector space
homomorphism; since ® is injective, the range TR™ s
n-dimensional and so is all of R", By 1.2 and 1.3, w is

type I. The rest follows from 3.9,

Recall that every locally compact group G can be
written as a product R" x H, where H is a locally compact
abelian group containing a compact open subgroup. The integer

n is an-invariant of G (see 1.1.2).

PROPOSITION 3.12. Let w be a non-degenerate and type 1

multiplier on R" x H where H is a locally compact abelian
group, then w is similar to to where T is a cross multiplier

on R" and o is a non-degenerate and type 1 multiplier on H.

PROOF., By Corollary 2.5, R is an isotropic subgroup. It
is a topological direct summand, thus by Theorem 3.9 and

induction, w is of the desired form,

54,



55.

4. The connected component of G as a direct summand

We saw in Section 3 that for our purposes, we can
disregard direct factors of R in G, so we can and do assume
that G has a compact open subgroup H. For the whole of this
section, we suppose that G admits a non-degenerate type I
multiplier w. Let C be the connected component of G, then C
must be a closed subgroup of H and is thus compact. We point
out at once that C is divisible (I.1.3.(iii)); divisible sub-
groups of discrete abelian groups are always direct summands
(I1.1.4.(1))s furthermore, if C is a direct product of circle
groups then C is also a topological direct summand
([18, 25.31a]). Conversely, Fulp and Griffith [13, Corollary
3.2] have shown that a connected group C which is a
topological direct sum in every Tocally compact abelian group
(with compact open subgroup) in which it occurs as the
connected component of the identity must necessarily be &
product of circle groups. In particular, there exists a
locally compact group G whose identity component is not a
topological direct summand of G. It is not clear if the same
is true if G is self-dual. Below we provide some conditions
on G which ensures that the connected component of the

jdentity is a topological direct summand.

LEMMA 4.1. Suppose we have abelian groups H c K c G
(no topology) such that H is divisible and K/H is a direct

summand of G/H, then K is a direct summand of G.



PROOF. From the hypothesis and I1.1.4.(i), there exist
subgroups F and M in G such that K=H x F and G = H x M,
Furthermore, M can be chosen to contain F. Since F is a
direct summand of M, there exists a subgroup L such that
M=LxF, Itfollows that G = H x F x L and K is a direct

summand of G,

Let G be a locally compact group with compact open
subgroup H, connected component C ag? non-degenerate type I
multiplier w. Since Cw is open in[(1.5 (ii)), Cu is a
direct summand of G in the discrete sense if and only if it

is so in the fopologica] sense,

LEMMA 4.2. Let G, w and C be as above. Then C is a
topological direct summand of G if and only if Cw is a

dirvect summand of G.

PROOF. Suppose G is topologically isomorphic to C x K,
then G~ = C" x K" and (1.5 (i)), ®(Cw) = A[G",C] = K" is a
topological direct summand. The "only if" part now follows
from the fact that & is a topological isomorphism., The "if"

part is similar.

PROPOSITION 4.3. Iet G, w and C be as above. If any of

the following properties are satisfied,

(i) G/C is torsion free,
(i1) Cw/C Zs divisible,

(ii2) Cw/C has bounded order,
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(iv) Cw/C <8 compact or C is open,

(v) G is torsion free,
then C is a topological direct summand of G.

PROOF. (i). See Fulp [14, Corollary 9].

(ii). Because Cw/C is divisible, it must be a direct
summand of G/ (I.1.4.(i)). Now C is divisible, so by 4.1,
Cw is a direct summand of G and so by 4.2, C is a topological
direct summand of G. (An alternative proof can be constructed
using (i).)

(iii). éince (6/C)/(Cw/C) = G/Cw which is topologically
isomorphic to C”, is a torsion free group (I.1.3.(iii)), by
1.1.4.(ii), Cw/C is a direct summand of G/C. Now proceed as
in (i1).

(iv). Since Cw/C is self dual (1.5 (iii)), Cw/C compact
or discrete implies Cw/C is finite and thus of bounded order.
Now use (iii).

(v). Since C is divisible it is a direct summand, thus

G torsion free implies G/C is torsion free. Now use (i).

THEOREM 4.4. Let G be a locally compact abelian group
and w a non-degenerate and type 1 multiplier, then G is of the
form R" x K, where K contains a compact open subgroup H
(1.1.2). Let C denote the connected component of K and w,
the restriction of w to K. If either

() Cwl/C is of exponent p (p - a fixed prime), or

(i1, Cw,/C <& compact or C is open,
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then G has a maximal isotropic subgroup which is a topological
divect summand. Consequently the structure of G and w is

completely determined by Theorem 3.7.

PROOF. By Proposition 3.12, we may assume that n = 0.
Since C js compact and connected, Proposition 2.6 shows that
C is isotropic, thus by 3.9 and 4.3, we may assume G = Cwl/C.
(i). As in 4.3 (ii1), G must be finite. The result now
follows from Corollary 3.10. (ii). By Theorem 3.1, G has a
maximal isotropic compact open subgroup L. Since G is a
vector space over the field of p-elements and L is a subspace,
it admits a cdmpiement, but L is open, thus it is a topological

direct summand,.

5. Local direct products and divisible groups

Given a locally compact abelian group G with non-
degenerate and type I multiplier w, observe that the group
Cw/C, where C is the connected component of the identity, is
a totally disconnected group ([18, 7.31). We can deal with
some totally disconnected groups by decomposing them as local
direct products of topological p-groups. A definition of
local products is as follows. Let Gi’ i e I be a collection
of locally compact abelian groups each with a compact open
subgroup Hi' The local direct product of the Gi with
respect to the compact open subgroups Hi’ denoted by
LPieI(Gi’Hi) is the subgroup of the full (discrete) direct

product HieIGi defined by



{(gi) e IG, : g, e H, for all but finitely many i e I}

and is topologized so that the subgroup T. -H (with compact

jeli
cartesian product topology) becomes a compact open subgroup

of LPieI(Gi’Hi)' (see also [18, 6.16]).

Abelian topological p-groups (or simply p-groups, p a
fixed prime) and local direct product decompositions of
topological groups into p-groups are dealt with in detail by
Braconnier [5] and to some extent by Vilenkin [50]. The

following is a brief exposition of the facts we need later.

An element x of an abelian topological group is called

p-primary if

(Braconnier's alternative equivalent definition states that x
is p-primary if the homomorphism Z ~ G : n ~ x" extends to a
continuous homomorphism Ap +~ G.) An abelian topological group

consisting entirely of p-primary elements is called a p-group.

PROPOSITION 5.1, ([5]). A4 discrete abelian group G is a

p-group if and only if each element of G has order a power of

p.

PROOF. The result follows immediately from the

definition.
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LEMMA 5.2, ([5]). 4 compact abelian group G is a p-group

if and only if G~ is a p-group.

PROOF. Suppose G is compact. Let X ¢ G°. For each
n n
X € G, by the continuity of X, xP =1 implies xp (x) =
n
x(xp ) ~ 1, hence X(G) is a p-group; it is also a compact

n
P = 1 some

subgroup of T and hence finite. In particular X
n e Z. Conversely suppose G is a discrete p-group, let U be
an open set in G*. By the definition of the topology on G",
there exists a finite set F = {xl, a.05 xk} cGand e > 0

such that

{x e @ : |x(x) -1] <eall xeF}cl,
Ny
Let n, be the smallest integer such that x? = 1 and let
n n
n-= max{ni}, then xP =1 al1 x ¢ F, thus xP e U, It follows

n
that xp +~ 1 as n > «,

PROPOSITION 5.3, ([5]). ILet H be a closed subgroup of

the p-group G, then H and G/H are also p-groups. Conversely,
if H is an open p-grouwp in G and G/H is a p-group, then G is

a p-group.

PROOF. The first assertion about closed subgroups is
obvious. Let ¢ : G - G/H be the canonical homomorphism, ¢

is continuous, so for all x ¢ G, we infer from the |
n

P e H for some

discreteness of G/H and Proposition 5.1 that x
n._m m+n

n, so (xP )p = xP +>lasm=> o,
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THEOREM 5.4, ([5]). Suppose the locally compact abelian
group G has a compact open subgroup H, then G is a p-group if

and only if G~ is a p-group.

PROOF. Since G"/A[G",H] is topologically isomorphic to
H* which is a p-group (Lemma 5.2) and A[G",H] is isomorphic
to the dual of G/H which is also a p-group, the result

follows from Proposition 5.3.

LEMMA 5.5. Let G be a locally compact abelion group. If
X ¢ G s p-primary and Q-primary for two distinet primes P and

q, then X = 1:

PROOF. Let X ¢ G*, then by the continuity of X,
n n

x(x)P = x(xP ) > 1, thus x(x) is a p-adic rational, that is
n

x(x)P

m
1 some n. Similarly, x(x)9 =1 some m, thus

X(x) = 1. This is true for all X ¢ G", so x = 1,

PROPOSITION 5.6, (Braconnier [5, page 48]). ILet G be a

compact totally discomnected group. Denote by P the set of
rpimes {2, 3, ...}, then there exist closed subgroups Hp

(p € P) of G such that Hp is a p-group and

G = HpeP Hp .

Furthermore, an element X € G belongs to Hp for a prime p if

and only if X is p-primary.

PROOF, By I.1.3.(ii) G" is a torsion group, thus by



i
[18, A.3], M is a weak direct product of p-groups. Now apply
duality and Lemma 5.2. For the second part, let wp denote the
canonical projection map G ~ Hp and Tet x be g-primary (for a
fixed prime q), then wp(x) js both p-primary and g-primary, so
by Lemma 5.5, wp(x) =1 whenever p#q. It follows that

X € Hp.

THEOREM 5.7, (Braconnier [5, page 49] andIVi1enkin [50,
page 86]). Suppose G is a locally compact abelian group with
compact open subgroup H such that both G and G™ are totally
disconnected. Denote by P the set of primes {2, 3, ...},

then there exist subgroups G Hp of G such that Gp i8 a

pJ
p-group, Hp 18 a compact open subgroup of Gp and
G =LP

(G_,H ) H =

. I
P> p peP i

peP P’

Elements of Gp are uniquely characterized as those X € G such
n
that x? -+ 1,

PROOF. For x e G\H, define H* to be the group generated
by {x} v H. The quotient G/H is torsion because it is
topologically isomorphic with A[G",H]” - the dual of a
compact totally disconnected group which must be torsion
(I.1.3.(i1)); thus HX, the union of a finite number of compact
cosets, is compact. Suppose we have the primary

decompositions



which we may obtain by appealing to Proposition 5.6, then by

the latter part of that proposition the group Gp = Uy H; is

a p-group and Gp nH= Hp. Since GpH/H is discrete, by
[18, 5.32] Gp/Hp is discrete and Hp is open in Gp. Suppose
p#qgand X ¢ Gp n Gq, then Lemma 5.5 shows that x = 1. Next,

suppose X ¢ G\H, Since HX/H =1 H’S/Hp is a finite product

peP
(recall the index of H in K is finite), x is a finite sum

z‘pGP Xp *hy

with x_ ¢ G_and h € H. This says G = LP
PP o

the proof that x e Gp if and only if xP

peP(Gp’Hp)‘ Finally,
- 1 is identical to

the proof of the corresponding fact in Proposition 5.6.

Having set up the necessary machinery, we proceed via a

few preliminary results to the main theorem,

PROPOSITION 5.8. Suppose G is totally disconnected and

admits a non-degenerate and type 1 multiplier w. Choose a
compact open maximal isotropic subgroup of & (3.1) and let

G=LP ,(G ,Hp) be a primary decomposition as in Theorem 5.7.

peP ™ p
Then each Gp, p € P adnits a non-degenerate and type 1

multiplier wp such that

B((g7) (h) = 1 p B (g)00)

for all (gi)’(hi) ¢ G where the product above is always finite.

PROOF. Fix a prime g. Observe that G = LPpEP
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(G;, A[G“,H 1) is precisely the primary decomposition of G~
and the image w(G ) consists of those w(x), x ¢ G such that
w(x)q + 1 as n » «, thus w(Gq) = G;. An appeal to
Corollary 3.6 yields the desired multiplier wq' It remains
to verify the above product formula. Letb(gi),(hi) ¢ G and
let Q be a finite subset of P such that gb € Hp, hp € Hp for
all p in the complement of Q. Then G = L x K where

L =m G and K =LP (G ,H ), and we can argue as above

peQ “p peP\Q
to obta1n non-degenerate and type I multipliers o and T on L
and K respectively such that 4
g = HpeQ Gp and @ = oT.

However ?((gi),(hi)) = 1 since gp,hp € Hp all p ¢ P\Q, thus

o and the result follows.

W

LEMMA 5.9. Let be a non-degenerate multiplier on

P

(i) n = 2k, G is topologically isomorphic to K x K"
where K ig a closed subgroup of G of the form QE
and w 18 cross multiplier on K x K'. (In
particular, w is type l.)

(i1) If H is a compact open maximal isotropic

subgroup of G (and such a group always ewists by
Proposition 3.1), then H is of the form L x L'
for some compact subgroups L and L' of K and K"

respectively.



PROOF. (i). Since G is a finite dimensional vector space
over the p-adic field Qp, the proof of Corollary 3.11 applies
to (i).

(ii). Let ¢ (respectively v) be the (continuous)
projection map G -~ K (respectively G -~ K"). First we show
that ¢ (H) < H and y(H) ¢ H. Since ¢(H) n ¥(H) = {1}, the
direct sum L = ¢(H) x ¢(H) is a compact totally disconnected
group, so its dual must be torsion (I.1.3.(i1)). Now @& is
injective and &(L) = A[G",Lw] is topologically isomorphic to
G/Lw and L™ (1.5), thus @ restricted to K must be trivial and
L isotropic. In particular &(k,e(h)) = a{e(k),v(h)),
o(p(k),e(h)) = 1 for all h,k ¢ H, thus ¢(h) ¢ Hs = H whenever
h € H. Simi]ar]y with v. It is now easy to check that

H=¢(H) x y(H).

LEMMA 5.10. Suppose we have a separable locally compact
abeliaon p-group which is divisible. If w <& a non-
degenerate and type 1 multiplier on G, then G is of the form

Qg for some integer n,

PROOF. Since G is self-dual, it must be torsion free
I.1.3.(i), thus by Rajagopalan and Soundararajan [36, Lemma 12],
G is a local product

G = LP1€I(Q )

. T
pP” p1
For G to be divisible however, the index set I must be finite,

thus G is of the form Qg.
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THEOREM 5.11. Let G be a locally compact abelian group

with compact open subgroup and non-degenerate and type I
multiplier w. Let C denote the component of the identity in
G. Suppose Cw/C is separable and divisible, then G is of the

form H x H® and w is similar to a cross multiplier.

PROOF. According to 2.6, 3.9 and 4.3 (ii), we can assume
without loss of generality that G = Cw/C., Let H be a compact

open maximal isotropic subgroup of G, Use 5.7 to write

H), H=

G, H
peP(p p

'G = LP HpeP =

Now by Proposition 5.8, for each p ¢ P, there exists a non-

degenerate and type I multiplier v on Gp such that

w = HpeP wp .
Observe that the hypotheses of Lemma 5.10 apply to each Gp,

thus by Lemma 5.9, we can write

where Kp, Ké (respectively Lp and Lé) are closed subgroups of
Gp (respectively Hp) and Kp is a maximal isotropic subgroup
in Gp (relative to the multiplier wp). Let

K=LP . (K,L ) and K'=1LP

peP* p’Tp peP(K' Lp)s

p>rp

then G = K x K' and
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g

{(gi) € G : w((hi)’(gi)) =1 all (hi) e K}

{(gi) e G : HpeP mp(hp,gp) =1 all (h'i) ¢ K},

but Kp is maximally isotropic in Gp for all p € P, thus Kw = K,

Now apply Theorem 3.7.

COROLLARY 5,12. Let G be a separable locally compact

abelian group. If G ie divisible and admits a non-degenerate
and type 1 multiplier w, then there exists a closed subgroup
H of G and a topological isomorphism from G to H x H", such
that the image of w wnder this isomorphism is similar to a

multiplier of the form
o, ((x,2)(y,x)) = A(y) »
(x,1)5(y,X) e Hx H",

PROOF. By I.1.2 and 3.12, we can assume without loss of
generality that G has a compact open subgroup. Since G is
self dual by I1.1.3.(i) G is torsion free, thus by 4.3 (v),
2.6 and 3.9, it must be of the form C x C" x Cw/C. Hence
Cw/C is separable and divisible and the result follows from

Theorem 5.11.

Finally, we remark that Theorem 3.9, Proposition 2.6
together with [1, Theorem 2] show that the problem of the
structure of w-type I locally compact abelian groups has been

reduced to that of 'residual' groups (see [1, page 597]).



CHAPTER 111!

MULTIPLIER REPRESENTATIONS OF DISCRETE GROUPS

Throughout this chapter, we fix a discrete group G and a
normalized multiplier w on G. Recall that L2(G) denotes the
Hilbert space of square summable complex valued functions on G
with scalar product ¢ , >, B(L2(G)) the space of bounded
linear operators on L2(G) and U(L.2(G)) the subspace of unitary

operators in B(L2(G)).

We denote by A (respectively p) the right (respectively
left) w (respectively w-1!) - representation of G given by

pshx ¢ G > U(L2(G)), where

(AM(x)F)(g) = w(g,x)f(gx)
(p(x)f)(g) = w(x-1,9)f(x"1qg),

fel (G),x,g € G. To make sense of this definition, we observe

that

A() M) Flg) = Ax)ulg,y) flgy)

=uw(g,x)w(gx,y)f(gxy)

w(g,xy)w(x,y)f(gxy)
w(x,y) [A(xy)f1(g),

IThe results contained in this chapter have appeared in [20].



all f e L (G), g e G, hence A(x)A(y) = w(x,y)ra(xy), and similarly

w(x,¥)p(x)e(y) = p(xy).

Let V(G,w) (respectively V'(G,w)) denote the Von Neumann
algebra generated by p (respectively i), that is the weak closure
in B(L2(G)) of the complex Tinear span of {p g) : g ¢ G}
(respectively {A(g) : g ¢ G}). (See Chapter I, Section 2 and

Section 7.)

The aim of this chapter is to investigate how various
statements about the maximal central type I projection in
V(G,w) are reflected in the structure of the group G and the
multiplier w. This leads to a characterization of w-type I
discrete groups. The corresponding problem for ordinary
representations, that is if we assume w to be trivial, has
been successfully dealt with in Thoma [49], Kaniuth [22],

Smith [45], Formanek [10] and Schlichting [41].
Our methods resemble more closely those found in Smith;
these are of a more elementary and algebraic nature than Thoma's

and Kaniuth's "E(G)-Methoden".

1. A representation of elements in V(G,w)

To begin, we construct a way to represent elements of
V(G,w) as sequences in L2(G). For each x ¢ G, denote by ¢  the

characteristic function of {x}C G. The set {wx : X e G} is an



orthonormal basis for LZ(G). We have
- _ -1
(e, = v = AT,

For a ¢ B(L (G)), let a (a(¢y)’¢£ and a = a

Xy X,e’

X,Y ¢ G. The numbers ax,x e G are called the coefficients of

a.

LEMMA 1.1. (Kleppner [24, Lemma 1]). Let G be a discrete
group, w a normalized multiplier on G, X the right regular

w-representation of G and p the left regular w™l-representation

of G. Suppose a ¢ B(L2(G)),

(1) ax(x) = a(x)a all x € G if and only <f

- -1
ax,y w(x,y )axy"l’ all X,y e G.

(11) ap(x) = p(x)a all x e G if and only if
ay.y =-m(y‘1,x)ay_1X all X,y € G.

PROOF. Suppose ax(x) = Aa(x)a all x € G, then

ax"y = (a(wy) N,

g <a(x(y‘1)¢e),¢£

(a(¢e),x(y)x(x‘1)¢e)

w(x,y~1)a

xy-1®

all x,y € G. Conversely if a ¢ B(L2(G)) satisfies
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= ol L
ay .y w( X,y )axy'l all x,y e G, then

(My)aleg)aw) = Cale,)sA(y™H)a(x7 e

wix.y)a, o= a1

Caly ) a9

y-l

Car(y) (e ) s

for all x,y € G, hence ax(y)(¢e) = A(y)a(we) all y e G. It

follows that ax(y)(¢,) = w(y,h=)ar(yh=1)(¢,) = AMy)a(h-Na(e,) =
A(y)a(xh), and hence that r(y)a = ax(y) all y ¢ G. The second

statement follows from a similar calculation.

PROPOSITION 1.2. ZILet G,w,» and o be as in Lemma 1,1,

If a € B(L2(G)), then

(i) If A(x)a = arx(x) all x ¢ G, then

(g), and

)

a_p
geG 9

ap(x) all x ¢ G, then

(i1) If o(x)a
= -1
3= Yaeg 3gMIH)

where the summation is to be interpreted in the sense of weak

operator convergence in B(L2(G)).

PROOF.  Suppose r(x)a = ar(x) all x ¢ G, then



a(fy) - ZXeG ax,y¢x
= -1
Lyeg wlxay~Hayy 19y

= Lgeg ©9ysy~Hag®
= Lgeq 0y 97 Dage(ay) (%)

= Lgeq 2gP(9) (%)

Thus the operators a and EgeG agp(g) agree on an orthonormal
basis in L2(G). It follows that they are equal. This proves

part (i). Part (ii) is proved similarly.

PROPOSITION 1.3. (Kleppner [24, Theorem 1]). ILet

G,w,p and A be as in Lemma 1.1. Let a € B(L2(G)), then
(i) AMx)a = ar(x) all x € G 2f and only if

aeV(G,w)

(i1) o(x)a = ap(x) all x € G 2f and only if

ae V'(G,w)

(i11)  The commutant V(G,w)' of V(G,w) Zs equal to
V'(G,w). Hence V and V' have a common centre

Vvn V',

PROOF. (i) Since
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o(x)a(y)f(g) = w(x~1,9)r(g)f(x"1g)
= w(x"1,g)w(x"1g,y) f(x tay)

= w(x~1,0y)w(g.y) f(x~1ay)
= w(g,y)e(x)f(gy)

= My)e(x)f(9) »

all x,y,q € G,f ¢ L2(G), we see that p and A commute. It
follows that each A(x) (x e G) commutes with all finite
complex linear combinations of the operators {p(g) + g ¢ G}.
But these linear combinations form a dense subspace of V(g,uw);
furthermore, multiplication is weakly continuous in V(G,w),

consequently any a in V(G,w) commutes with each A(x) (x e G).

Conversely, if a{x)a = ax(x), then by 1.2(i), a belongs
to the von Neumann algebra generated by the operators 0(g).

g e G,
(i1) The proof of this part is similar to the above.
(iii) If a € V(G,w)', then in particular ap(g) = p(g)a
all g ¢ G and thus by (ii), a e V'(G,w). The remaining assertion
follows from the definition of the Cenfre (see definition the
following I1.2.1).

We arrange some of this information into a single statement.

THEGREM 1.4. ILet G be a discrete group, w a normalised

multiplier on G and A the right regular w-representation of G.



(1) Suppose a ¢ B(L?(G)), then a ¢ V(G,w) if and
only if arx(g) = A(g)a all g € G. This occurs if

and only 1f a = w(x,y™ 1) all x,y ¢ G.

X,y Y Ayxy~1®

(11) If a € V(G,w), then a =zgeG agp(g) in the sense

of weak operator convergence. This decomposition
. . . . = 1

is unique, that is 1f a deG a gp(g), then

a' = a_all ge G.

g g
PROOF. Except for the uniqueness, all these assertions
follow immediately from 1.1, 1.2 and 1.3. Suppose we have

a =]

| ” = LI = o=
e a gp(g), then a(¢e) = dea a' 4¢q and a_ (a(we),¢£

deG a'((¢5,%,) = a'y all x e 6.

Since we are interested in central projections in V(G,w),
we need a method of determining when an element a ¢ V(G,w)

belongs to the centre of V(G,w) in terms of the coefficients

a3 (g € G)of a.

PROPOSITION 1.5. (Kleppner [24, page 557]). Let

G, A and o be as in Lemma 1.1. If a e V(G,w), then a is in the
centre CV(G,w) = {b e V(G,w) : cb = bc all ¢ e V(G,w)} <f and
only if

w(x,y)a a,w(y,y=txy) ,

y-lxy ©

all X,y € G.
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(8]

PROOF. Consider the set of equivalent statements :

a e CV: ap(x) = p(x)a all x ¢ G;

zgeG agp(g)o(x) = zgeG agp(x)p(g), all x ¢ G

Lxe Ayx-10(Molxtixy=1) = Ly ax_lyo(y)w(y'lx,x-l),

(ysx=1) = a1 (x1hy) all %y e G

= axm(y,y"lxy) all x,y € G. The last equivalence

was obtained by a change of variable.

PROPOSITION 1.6 (Kleppner [24, Theorem 2 and Lemma 6]).

Let G be a discrete group and w a normalized multiplier.
(1) For a ¢ V(G,w), the map g ~ a4 ig in L2(G).

(i)

—
[«1]
o

—

1

= -1
- B oix o=l
Loeg 2xz-1P,0(Xs2 ).

o _ N a

(111) (ag,bg (ab )e’ and (a )g = ag_l.

(iv) The map ¢ : V(Gyw) ~C : a » a, e a finite
faithful normal trace on V(G,w)+ - the set

of positive elements in V(G,uw).

PROOF. (i) follows from (iii) by letting a = b. For

(ii), we have
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(ab)x - (ab)x,e - zzeG ax,zbz,e

Lzeg axzm10z0(%:274).

The other formula follows by a change of variable. The first

part of (iii) follows from (ii) and the second part from the

i * = * = = I ~ =
equation (a )g (a (¢e)’¢3 <¢e,a¢£ (a¢g,we> ae,g
ag_lfm(e,g‘l)' = ag_l". The proof of (iv)is as follows:
Clearly ¢ is finite and normal. If a =0, then a = bb*

for some b ¢ V(G,w); now 0 = ¢(a) = a

o = (bb*), = (IIngILp_(G))?-

if and only if,a = 0. Thus ¢ is faithful. For the invariance

we have ¢(ab) = (ab)e = <ag,(b*)£ = (bg,(a*)g> = (ba)e = ¢(ba).
Thus by I1.3.2, V(G,w) is a finite von Neumann algebra (this

is not the case when G is non-discrete, see IV.4.1), thus

V(G,w) has no type III, type II and type I direct summands.

By I.3.3 V(G,w) is the direct sum of a type If von Neumann

algebra and a type II; von Neumann algebra. Indeed by I1.4.1

there exist central orthogonal projections e,e;,e,, ... in

V(G,w) with (Zi=1 en) + e = 1 (the identity operator) and

such that enV(G,m) is type I and eV(g,w) is type II;.

Let G be a diserete group, « a normalized multipliier on
G and H a subgroup of G. For each a ¢ V(G,0), let supp(a)
denote the support of a defined by supp(a) = {g € G : 3y # 03,

Denote by V(H,w) the von Neumann algebra V(H,w[HXH), where

wIHxH is the restriction of w to H.

THEOREM 1.7. If H is a subgroup of G, the set



K= {ae V(G,w) : supp{a) € H} is a weak operator elosed
*-gubalgebra of V(G,w) (and hence is a von Newmann algebral), and
there exists a (normal) *-isomorphism ' : V(H,0) + K.

Moreover, the coefficients of a ¢ V(H,w) are preserved under' .

PROOF. Using the representation a = XgeH agp(g) of
elements in K, we easily see that K is a *-subalgebra of
V(G,w). To see that K is weakly closed, let @t ie ) c K
be a net converging weakly to an element a ¢ V(G,w). In
particular (ai(¢e),¢£ - <a(¢e),¢£ ; but for x ¢ H,
<ai(¢e),¢£ =0 all i, hence a, = (a(we),¢£ is also equal to

0- 2’

Let S be a set of coset representatives modulo H.

A *-isomorphism ' : V(H,») > K can be defined as follows

(afg) (h)
a'f(x) = '—wm s

fe L2(G); where g e S, h ¢ H are two elements such that x = hg,

and fg denotes the function h » f(hg)w(h,g}, h e H.

Note that
w(gsh)fy,(h) = f(hgx)w(h,gx)w(g,x)
= f(ghx)w(hg,x)ulh,g)
= f (hg)u(h,g)

Mg) T, (h),

that is w(g,h)fgx = A(g)fx. Hence if hg =h'g', h,h' ¢ H,
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g,9' ¢ G, then

iq(h) _ afh—lhlg(h)
w(h,g9) ~ w(h,h=Th'g)

a[A(h“lh‘)fq.](h)
w(h-Th',g") (h,h-Th'g")

(A(h‘lh')(afq.)](h)
o(h 95w (h,h-Th")

(afq.)(hh“lh')m(h,h“lh')
w(h',9 Jw(h,h"Th")

(afi)(h")

This shows that the definition of ' does not depend on the

choice of the transversal S. Moreover, we have

12"t 2(g) = Lges,nenl (@fg) ()12

B zgeS("afg"Lz(H))z

2 2
< a2 Joopylfynl

uaW(ufuLz(G))z

a e V(H,w), f e L2(G). Hence a' e B(L2(G)) for all a e V(H,w).
The next step 15 to show that the map ' indeed maps into K. We
do this by calculating coefficients. Let h € H, g € S and

X,y € G be such that x = hg,

78



79.

-1 -1 -1
[(Soy)g](h) = Y9 w(gsh —)s y g e« H,
0 otherwise.
Hence,
a'yy = (a (wy),¢x>= a («py)(x)
= al(v,)g](h)/u(h,0)
[a(svyg'l)](h)w(g,y'l)/w(mg) if ygo! < H,
0 otherwise
8 gy-10(n: 9y )u(gy™)/wlh,g) if y < Hg = Hx,
0 otherwise
_ Jagreleey™) iyt e
0 otherwise.
i L = ! = ! = ! -1
In particular a M X,e a, Xe H. Also a X,y a Xy_lw(x,y i

0 otherwise
hence a' ¢ K for all a ¢ V(H,w). Since multiplication and
involution in V(G,x) and K are defined wholly in terms of the coefficients
ax, respectively a'x (which are preserved under '), we see that '

is indeed a *-homorphism from V(H,w) into K.

Suppose a' = 0 for some a ¢ V(H,w), then a'x = 0 all x € G,

so in particular, ay = 0 all x € H which implies & = 0, thus the



map ' is injective. To show that ' is onto, we construct a right

inverse " for ', that is a map " : K » V(H,w) such that '~ " = idy.

If f € L2(H), we denote by f° the function

f(g) g e H,

0 otherwise.

Define " by a"f = a(f°)|H, f e L2(H), a « K. Since

m

lanfl 5y = 1af® [l 20y,

< Haf°HL2(G)
< Hal B0 50y = Tal Bl 50
N = N ' = = -1 ]
as well as a X,y (a[(¢y) 1.0 3.y w{X,y )axy'l

wx,y~1) a”xy"l for x,y ¢ H, we see that " maps into V(H,w).
That '=o " = 1dK follow by comparing coefficients. The

asserted normality follows from I.2.2.

In view of this Theorem and because we are interested
only in the type structure of V(G,w), we will identify V(H,w)
with the weakly operator closed *-subalgebra {a e V(G,w) : supp(a) C H}

whenever H is a subgroup of G.

2. Discrete finite class groups

Recall from Chapter I Section 7 that a (discrete) group G
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is called a FC group (finite class) if the set {glxg : g € G}
is finite for each x ¢ G; and for an arbitrary (discrete group)
G, GFC denotesthe subgroup of all elements x in G such that
"{g~lxg : g € G} is a finite set. Clearly GFC is a FC group.
For subgroups H and K, let [H,K] be the subgroup of G generated
by {h-1k-lhk : h e H, k e K}. The group [H,H] is denoted by
H'. Itis a non-trivial theorem of Neumann ([32, Theorem 5.1])
that for finite class groups G, the comhutator G' is locally
finite (that is, each finitely generated subgroup of G' 1is finite).
We need this result in the form of the following lemma.

LEMMA 2.1 (Neumann [33, Lemma 4.1]). Let G be an FC growp,
H a subgroup of finite index in G such that [H'| < =, then
|G'] < =.

PROOF. Let S be a set of coset representatives modulo H.
If s,t ¢ S and g,h € H, then by using the equalities [a,bc]
[a,c][a,b]®, [ab,c] = [a,c]b[b,c] (where [a,b] denotes a~lb~‘ab

b

and a° denotes b-lab), we obtain

[gs,ht] = [9,t15[g,1 5 [s.t][s,h1t

so we see that G' is generated by elements of the form [s,h],[s,t],
[g,h] and their conjugates. The commutator H' is finite by
hypothesis, so there are only finitely many elements of the form
[g9,h]. Since S is a finite set, there are only finitely many
elements of the form [s,t]. To see that there are only finitely
many elements of the form [s,h], note that [s,h] = s'lsh, but

G is a FC group, so we have the desired property. We have shown
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that G' is finitely generated. The result now follows because

G' is locally finite.

3. The w-finite class group and the w-centre of G

Let G be a discrete group and w a normalized multiplier on
G. The concepts of finite class group, centre and centralizer
of G have their natural analogues for the pair (G,w). We
define these and investigate some of their properties.

Let H be a subgroup of G. For each x ¢ H, the w-centralizer
of x in H is defined by

L

Cw,H(X) = {g ¢ CH(X) do(x,9) = w(g,x)l,

and the w-centre of H by

Zw(H) = OyeH Cw,H(X)

{g ¢ Z(H) : w(x,g9) = w(g,x) all x e H},

where CH(x) denotes the (ordinary) centralizer of x in H and Z(H)

the centre of H.
The w-finite class group of G is defined by
b=bp=1xeb: [G: Cm,G(X)] < =}
Note that if w is a trivial multiplier, then A = GFc' Because

C, de C C(x) each x, we have A E-GFC‘ In particular A is a FC

group. The following proposition will justify the above definition.



PROPOSITION 3.1. Let G be a discrete group, w a normalized

multiplier on G and p the left regular w™ l-representation of G.

Let X € G, then

(i)  C (x) = Cw,éX)= {g e G:p(x)p(g) = p(g)o(x)}.

[

(i1) Cw(x) and A are subgroups of G.

PROOF. (i). Suppose g « Cw(x), that is g ¢ C(x) and
w(x,9) = w(g,x), ther p(g)o(x)u(g,x) = p(gx) = p(xg) = o(x)o(g)
w(x,a), so p(x)p(g) = p(g)p(x). Conversely, suppose g ¢ G

satisfies p(x)o(g) = p(g)p(x)s then p(gx)/w(g,x) = p(xg)/w(x;9),

so in particular,

[e(gx)e 1 (y)  [o(xg)e,1(y)
w(g,x)  w(x,q)

]

for all y € G, where e denotes the characteristic function

of {e}. Thus

w(x7 197y )y (x1g7ly)  wlgmixhuyle (97ix7ly)
w(g,X) - ‘-U(X:g)

Now if we let y = gx, this expression simplifies to

w(g,x)7! = w(gx"1,9x)e (g7 1x"1y)/u(x,g), hence ¢ (g=1x"1y)
cannot be zero, but the only way this can occur is if gx = xg.
This shows that g e C(x) and from the above expression,

w(x,9) = w(g,x). This completes the proof of part (i).

(ii). Suppose h,g « Cw(x), then
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p(h)~1p(g)o(x)w(h=1,g)"1
p(h)=1p(x)p(g)w(h-1,g}-1
p(x)e(h)"tp(g)u(h-1t,g)-1

p(x)p(h~ig),

p(h~1g)p(x)

hence h~1g « Cw(x) and Cw(x) is a subgroup of G. Since

-1
Cw(x y) Q_Cw(x) N Cw(y), we have

[6: C (x1y)]1< [G:C (x)nC(y)]

w w

N

6 : C ()16 : €, (¥)]

w
<,

whenever x,y € A, hence A is a subgroup of G and this proves
(i1).

The following theorem points out the significance of A.

THEOREM 3.2. Let G be a discrete group, w a normalized

multiplier on G and A the w-finite class group of G. If V(G,w)

has a non-zero maximal type 1 part, then
() [G : A] < =, and
(ii) |A'| < =.
The idea of the proof of (i) comes from Smith [44, Theorem 9.4],

and the proof of (ii) is similar to that of Smith [45, Theorem 1].

We need the following lemmas.
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LEMMA 3.3.  Let V be a type 1 von Neumann algebra, then
for each non-zero irreducible representation w of V, we have
(V) = Mn(G) (the space of n x n matrices over ). Hence the

dimension of m equals n.

PROOF. Let Szn denote the standard polynomial of 2n
variables (see Chapter 1 Section 4). By I.4.5, szn(v) = {0}

and szn(n(v)) = (S (V) = {0}. Let H denote the Hilbert

on
space of w. It follows from I.5.1 and the irreducibility of
m that the weak operator closure of {n(a) " a ¢ V} in B(Hﬂ)
equals B(Hﬂ), thus by 1.4.6, Szn(B(H }) = 0. We conclude

m

(using 1.4.3) that the dimension of = is not greater than n.

V is an n x n matrix algebra over the centre CV of V

(see Chapter I Section 4), that is each a € V can be written

2 = bigi,jen %4555

where o054 € CvV and Cij denotes the n x n matrix whose only
non-zero entry is the i,jth entry which consists of the
identity operator in CV. Fix j,k ¢ {1, ... , n}. Since
Ci3C3kCka = Cig® all 1 < 1i,j <n, ﬂ(Cjk) = 0 implies ﬂ(Cim) =0
all 1 < 1i,j < n and hence n(V) = {0} which is a contradiction.

Thus n(cjk) # 0 all j,k. Now suppose we have complex numbers

A

Bij> 1 <i,j <n such that zijsij“(cij) = 0, then for any

fixed k,2 (1 < k.2 < n),

A

.r(C, C..C ) =

Li,38i57(CricCi3Can) = Bypm
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IA
=S

this implies By = 03 in other words, the “(Ckz)’ 1< k,2

form a basis for w(V), thus w(V) = Mn(m) = B(HW).

LEMMA 3.4. Let G be a discrete group and w a normalized
multiplier on G. Suppose CV(G,w) denotes the centre of V(G,w),
then CV(G,w) C V(A,w).

PROOF.  Let a ¢ CV(G,w) and x ¢ G such that a,  # 0,
then by 1.7, 1t suffices to show that x « A. From 1.5,

—1 - 0]
w(X,y) a, 3, o(¥sy71xy), thus C(x) = € (x), but by 1.6(4),

._1Xy =
[G : C(x)}] < =, hence X ¢ A.

LEMMA 3.5. Suppose G Zs a discrete FC group, w a
normalized multiplier on G, p the left regular w-representation
of G and H a subgroup of G. Suppose there exists a progjection
e in CV such that both eV and eV’ are type In (n a fized integer),
where V and \° denote the von Neuman algebras V(G,w) and V(H.w)
respectively. If K= {x e G : p(h)p(x) = p(x)p(h}) all h € H} =

h :
“heH C&)G(h) 18 the w-centralizer of H in G, then e(p(k)p(g) - p(g)p(k)) = 0
for every k € Kand g € G. Consequently [K,G] s finite.

PROOF. Let m be a non-zero irreducible representation of eV.
Since w(ea) is non-zero for some a € V, w(e)n{ea) = w(ea) # 0, so
w(el) = n(e) # 0, but el e eV, thus = restricted to eV° is non-zero.

By Lemma 3.3, w(eV®) = Mn(C) = n(eV).

If k € K, then ep(k) centralizes eV, so n(ep(k)) centralizes

n(eV’) = w(eV), in particular w(ep(k)) commutes with n(ep(g)) for



every g € G, that is w[e(p(k)p(g) - p(g)p(k))] = 0. By I.5.3,

ep(k)p(g) = ep(9)p(k). If we write e = ngGegp(g) (1.4), then

erGeXp(x)p(g)p(k) = ZXGGexp(X)O(k)p(g)
that is
Jyeayk-1g-19(9:K) a(gloy oly) =

Lyeglyg-1k 1¢(ksglulkg,y=1)~1o(y).

Equating the coefficients (using the uniqueness of decomposition)
and letting x = kg gives |ekgk'1g‘1l = |ey|. By Proposition 1.6(i),
Z[eg|2 < «, so the set {kgk™1g=! : k ¢ K,g ¢ G} must be finite.
Since this set generates [K,G] and is contained in the locally

finite group G', it follows that [K,G] is finite.

PROOF OF THEOREM 3.2. (i) Let e, be a non-zero central

projection in V(G,w) such that enV(G,w) is type L Since
enV(G,w) is a matrix algebra over its centre (I1.4), it is of
dimension at most n? over CenV(G,w) = enCV(G,w) C CV(G,u) C V(a)

(Lemma 3.4). Hence if g7, ... are n2 + 1 elements of G

> In2ygy

belonging to distinct cosets of A, then there exist elements

Cls «-e 5 C e V(A,0) such that

n2+1

n2+1 n2+1
Li=1 ¢i(eqe(94)) = Lyoy C4epp(95) = 0.

with not all (Cien)p(gi) = 0, but cie V(a,w), so this cannot
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happen since the sum
V(a,w)p(g1) @ «.. @ V(a,0)p(g,2,,)-
is a direct sum. This shows [G : A] < n? < =,

(ii) Again we use the standard polynomial in 2n
variables S (1.4). Suppose V(G,w) has a non-zero type I
part, then there exists a central projection €, # 0 such
that enV(G,w) is type I . We have Sén(enV(G’“)) = {0},
hence SZn(énV(A,w)) = {0}. It follows that e V(a,uw) is

type I_, (1.4.5)

Now let e, be a non-zero central projection in V(A,w) such

that enV(A,w) is type I . Using I.4.5,
S,plenV(8,0)) =0, S (e V(a,w)) # 0.

Since the polynomial is multilinear and V(4,w) is generated

by the elements p(g), g e 4, there exist g1, ... , 9, &

with S_ (enp(gl), cen s enp(g Y) # 0. Let H be the

2n-2 2Nn-2

normal subgroup of A generated by the elements g;, ... » 9, nes
and their conjugates. Since & is a finite class group, H is

finitely generated. Moreover, SZH(enV(H,w)) =0andsS, (enV(H,m) #0

so by 1.4.5, enV(H,w) has a nonzero type In direct summand (chosen & %imu;uﬁ
eV(H,w) for some e € CenV(H,w). We wish to show that e e CV(A,w).

Since H is normal in A, for any k € A, the automorphism

V(H,w) » V(H,w) : a » p(k"})ap(k) Teaves the type I summand

eV(H,w) fixed, that is p(k)~lep(k)V(H,w), 50 by the uniqueness of e,

o(k-1)ep(k) = e. It follows that e e CV(a,u). Since e <e,



eV(a,w) is clearly also type In’ and thus by Lemma 3.5, K' < =,
where K = {x ¢ & : p(h)o(x) = p(x)p(h) all h e H}. Since H is
finitely generated [A : K] < = and thus the result [A']| < @

follows from Lemma 2.1.

Theorem 3.2 provides us with a subgroup of G of finite
index in G whose commutator subgroup is finite provided V(G,w)
has a non-zero type I part. In the next chapter, we construct
such a subgroup for arbitrary locally compact groups, G using
the results of Taylor [48]. However, since Taylor's work
depends on the results known for discrete groups (and since our
proofs are of'an elementary nature), we feel justified in

including them here.

4. The type I part of V(G,w)

Let G be a discrete group and w a normalized multiplier on
G. Recall that the group extension G* of T by G is the group
whose underlying set is T x G and with multiplication
(5.x)(t,y) = (stw(x,y),xy)s(s,x)(t,y) ¢ G°. Usually G” is
endowed with the Weil topology (1.6). However, for the re-
mainder of this chapter, we give G® the discrete topology.
Whenevef H is a subgroup of G, we identify H® in the obvious way

with a subgroup of G.

PROPOSITION 4.1. Let H be a subgroup of the discrete

group & and o a normalized multiplier on G. Adopt the notation

of Section 3, then

(2)  Cgultsx) = (Cw(x)),“’ for all (t,x) e G“,
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(iz) [G° : H®] = [G : H],
(1i1) (G‘*’)FC = A%, and
(iv) (Zw(G))w = 7(G").

PROOF. (i) Suppose (s,y) e CGw(t,x), then (stw(x,y),xy) =

(stw(y,x),yx), thus y e C (x) and (t,y) e (Cw(x))w. Conversely if
(tsy) e (C (x))s then y « C (x), so (s,x)(t,y) = (t,y)(s.x).

(i1) The map xH -~ (t,x)H” sets up a one-to-one
correspondence between the H cosets in G and the H” cosets

in G“.

(111) By definition, each x ¢ G belongs to A if and
only if [G : Cw(x)] < o, By (i) this occurs if and only if
6 : Cou(t>x)] < = all (t,x)e A®, But this last statement is

equivalent to (t,x) (Gw)FC.

(iv) Fix x € G, then (t,x) « (Zw(G))‘u if and only
if x € Z(6) and w(x,y) = w(y,x) all y ¢ G, that is if and only

(t,x)(s,y) = (s,y)(t,x) all (s,y)e G°.

Recall that for any discrete group G, Go denotes the
von Neumann kernel of G. (For a definition see Chapter I

Section 7.)

LEMMA 4.2. Let G be a discrete group and w a normalized

multiplier on G. Suppose that H is a subgroup of finite
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index in G such that |[H'| < « then there exists a subgroup K

of G such that [G : K] < » and K' = Gp = {L' : [G : L] < «}.

PROOF. If [G : L] < = then, since the characters of
L/L' separate points ([18, 22.17]), we have Go = Lo € L', hence
Go €N {L' : [G: L] <=} Since |H'| <=, and H/H is
maximally almost periodic, by I.7.3 and I1.7.10, H/Ho is type I
and H has a subgroup. K containing Ho of finite index in H such
that K/Ho is abelian. Since [G : K] <o and K' CH = G,

the result follows.
The next lemma is a key Temma.

LEMMA 4.3. If there exists a subgroup H of G such that
[G: Hl <« [H']| <« and wanxH 18 trivial for some n, then
there exists a subgroup K of G such that [G : K] < =, G = K'

and (6%)o = (K)'.

PROOF. By Lemma 4.2, we can assume without loss of generality
that H' = Go. For some map y : H ~ T, w"(x,¥) = v(x)y(y)/v(xy)

all x,y € H. An easy calculation shows that
(H®)' = {lu(xy)e(x 1y  Dulxy,x y™ 1), xyx"ly™1] @ x,y e H}.
Since

[o(x,y)o(x~ L,y Du(xy,x ty )" = y(xyx~ly-1)-1,

&

- cH
we have (H®)' < ». By Lemma 4.2, G” has a subgroup M such that

[G® : M] <= and M' = (G“)o. Let L be the image of the projection



M->G: (t,x) »x. L is a subgroup of G with the property
Mc LY, hence [6° : L®] < »; furthermore, (L“)' = M' and thus

K=LnH has the desired properties.

The following theorem characterizes explicitly the
maximal type I central projection in V(G,w). It is the main

result of this chapter.

THEOREM 4.4. Let G be a discrete group with normalized
multiplier w and let e (respectively e-n=1, ..., n# )
be the maximal type 1 (respectively type In) central projections

in V(G,w), then

zn<men S

and the following are equivalent.

(a) e#0
(b)  there exists a subgroup H of G such that
[G : H] < »and [H'| < « and lexH 18 trivial,
(c) [G: 4] <w, [A'"] <~ and G adnits a finite
dimensional w-representation. (A denotes the

w-finite class group of G.)

Suppose e # 0, then there exists a l-dimensional

w-representation y of G, such that

(7) ano = (dim ). v, for all finite dimensional

w-representations w of G.



(i) e = e Lgeg ¥(9)0(9).

PROOF. Suppose e # 0, then e, # 0 for some integer n.
Lemma 3.3 ensuresthat an irreducible representation 1 of
enV(G,w) will give rise to a finite dimensional w-representation
T g +-T(enp(g‘1»* of G, where A* denotes the adjoint of A.

Together with Theorem 3.2, this yields (c).

Suppose we have (c). Let = be a finite dimensional
w-representation of G. After taking determinants,
o (x,y)det w(xy) = det w(x) det w(y), and we see than ol s
trivial, so Sy Theorem 3.2 and Lemma 4.3, there exists a group
K such that [G : K] < ® G D K', |G| <= and (G®)e= (K*)'. Let
T be an irreducible finite dimensional w-representation of K,
then n°: (x,x) = Aan(x) is a finite dimensional representation of
K* (1.6), so = (L,x)(Ly)(1,x)"1(1,y)71) = a(x)n(y)n(x) " n(y)=t = 1
all x,y € K, but = is irreducible so it is one dimensional (see

remark following I1.5.1), consequently lexK is trivial. This

implies (b).

Finally suppose (b) is true. Since w'HxH is trivial, H has
a one-dimensional w-representation, hence by inducing (I.8), we
see that G admits a finite dimensional w-representation. Let =
be such a representation. Lemma 4.3 is applicable, so as in the
preceding paragraph, w(x)n(y) = w(y)n(x) all x,y ¢ K, and G = K',

where K is the subgroup we obtain from Lemma 4.3, consequently

r(xyx~ly=1) = w(y,x)o(y=l,x Dw(yx,y-1x-1). I.
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Since the lefthand side of this expression is independent of
the way we express xyx~ly-! as a commutator, and since the
righthand side denends only on the dimension of =, the function
v ooxyx"lyl s w(y,x)e(y x De(yxy™x™1), X,y € G, extends

to a well defined w-representation of G. that satisfies (i).

To complete the proof of this theorem, we must show that our

current assumptions lead to the statement (a) and (ii). Let

f = Te‘lo‘r Lgeg, Y(9)0(9).

By Proposition 1.5, f is central in V(G,w). Since g - v(9)p(g)
is an ordinary representation of K, f2 = f. We claim that fV(G,w)
is abelian. Suppose a,b € V(G,») and 7 is a finite dimensional

w-representation of G, then

(fba), = T Lo v(2) (ba) e yulzdox).
i TﬁgT'XZEK'XZeKY(Z)aMbZ'1X¥'lw(z-lx’y-l)w(z-l’X)
- TKL'I_ Laekt Lyerdybz-1yy-1m(x)n(y)n(z-Txy=1)-"
Similarly,

(abf W 2ZEK ZZEK vy 1xy'1“(x)“(y)'”(.y-1XZ'l)'1

Since K' is normal in G and xy~!x"ly e K', {y~lxz7! : z ¢ K"}

= {z-1xy-l : z ¢ K'}. It follows that (fa)(fb) = abf = fba = (fb)(fa).

If we write fV(G,w) as a module direct sum



fV(Ksw)o(gy) @ ... @ fV(K,w)o(gy)

for some set of coset representatives g, ... » 9y modulo K,
then by representing fV(G,w) as right multiplication on
itself, fV(G,w) is a matrix algebra over the abelian algebra

fV(K,w) and thus by I.4.2 and 1.4.5 is type I. This proves (a).

By looking at the irreducible representations of enV(G,m),
whenever this is non-zero, and using I.5.3, we see that eV(G,w)
has enough finite dimensional representations to separate the
points of eVQG,w). However 7 is a non-zero finite dimensional
representation of eV(G,w), g » w(p(g~1))* is a finite dimensional

w-representation of G, hence by (i), w(p(g)y(g))=1all ge G =K',

thus

n(f) = 1o Lgeq, 7o (9)v(8)) = 1,

from which we obtain n(e - f) = w(e) - «(f) = 0. Since = is

arbitrary, we conclude that e = f. This completes the proof

of Theorem 4.4.
Note that for w trivial, this theorem reduces to results
due to Formanek [10, Theorem 2] and Schlichting [41, Satz 1].

The following theorem is a consequence of 4.4.

THEOREM 4.5. Let G be a discete group and w a

normalized multiplier on G, then the following are equivalent.

(1) V(G,w) is type 1 (or equivalently type lg),
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(1) every w-representation of G is type I,

(iii) G has an abelian subgroup A of finite index

in G such that for all X,y € A, w(X,y) = w(y,x)
(iv) G (with discrete topology) is type I.

To prove this theorem we introduce the notion of a
twisted group algebra. For a discrete group G with
normalized multiplier w, the twisted group algebra A(G,w) of

G consists of finitely supported measures on G with multiplication.
- -1
(), = Iy ghyVy-1x (V71%)s

and *-operation

(u*)x = (Ux-l) s
w,v € A(G,w), X,y € G, where Hy (x ¢ G) denotes the measure of

the set {x}. Each o !-representation = of G extends naturally

to a representation
(S 2966 Ug'"(g)

of A(G,w) which, when no confusion may arise, we shall denote by

the same letter. Note that the map

A(G,w) ~ V(G,w) : u > p(u) =ZgEGugp(9),
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where p denotes the regular w™l-representation of G, is a
*-monomorphism with range {a ¢ V(G,w) : supp(a) is finitel.

In particular, (A(G,w)) is weakly dense in V(G,w).

PROOF OF THEOREM 4.5. Suppose (i) is true then by the

proof Theorem 4.4, there exists a group K such that
[G : K] < », K' = G and “leK is trivial. Since the
maximal type I central projection of V(G,w) is the identity,

by Theorem 4.4,

L= 15T Iy (9)0(0)

hence by the uniqueness (1.4.(ii))} G = {e} and thus K is
abelian. From lexK trivial, we can now conclude that

w(x,y) = w(y,x) all x,y € K. This proves (i) implies (iii).

Suppose (iii) is true. Let H be a subgroup as described
in (iii), and = an w™!-representation of G. If g3, «ev 9,

is a set of coset representatives modulo H, then

A(G,w) = A(H,w)p(gy) @ ... © A(H,u)e(g,)

where the direct sum is a module direct sum. Again, by
representing A(G,w) by right multiplication on itself, we
can embed A(G,w) in the n x n matrices over A(H,w). By
hypothesis, A(H,w) is abelian and so A(G,w) satisfies a

polynomial identity (I1.4.2). Since the von-Neumann algebra



generated by w is the weak closure of w(A(G,w)) by I.4.5 and

1.4.6, = is type I. This proves (iii) implies (ii).

The implication (ii) implies (i) 1is trivial.

Suppose we have [G : A] < » and w(X,y) = w(y,x) all
X,y € A, then [G“ : A®] < » (4,1 (i1)) and A is abelian,
so by the equivalence of (i) and (ii), G“ is type I.
Conversely, if G® is type I, then an abelian subgroup of
finite index in G” projects onto an abelian subgroup of
finite index in G on which o is symmetric, so (G,w) is

!

type I. Thus (iii) and (iv) are equivalent.

COROLLARY 4.6. The subgroup A in 4.5 (iii) may

be taken to be Zw(A)'

PROOF. G" type I implies [G” : z((ew)FC)] < » (1,7.10).

Thus [6 : Z (4)] = [6° @ (Z (8))%] = [6° : Z(aY)] =

W

[G : Z((G )FC)] < = ysing Proposition 4.1,

COROLLARY 4.7 ([3, Lemma 3.1]). If G is a discrete

abelian group, then V(G,w) is type 1 if and only if
Zm(G) = G6Gw=1{g e G : wlgyx) = w(x,9) =1 all x € G} has

finite index in G.

PROOF . The"if' part follows trivially from Theorem

4.5. Suppose V(G,w) is type I, then for each x ¢ G, Cw(x)

contains the group Zw<A) which according to Theorem 4.5 has
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finite index in G, thus A = G and [G : Zw(G)] < o,

COROLLARY 4.8. If G Zs a discrete abelian group, then

either V(G,w)] 25 type 1 or V(G,w) is type M.

PROOF. Suppose the maximal type I part of V(G,w) is
non-zero, then by Theorem 4.4, there exists a subgroup H
such that [G : H] < = and wIHxH is trivial. Since H is

automatically abelian by Theorem 4.5, V(G,w) is type I.

Theorem 4.4 is somewhat awkward for practical use
because it is denerally difficult to establish if a
group and multiplier satisfy conditions 4.4(b) or 4.4(c).
One would like to replace these conditions by [G : A] < «,
|a'] <« and " is trivial for some n. The following

example shows this cannot be done.

EXAMPLE 4,9, Let G be the discrete group H x H',

oo

where H = 1 © Z(2) and H' = o Z(2) and define
J=1 '

o((a;,b5)5(a5"sby")) = exp [ 15-q(asby' - a5'bs" )T

(ajsb5)(ajsbs) « G. By 4.7 and 4.8, V(G,w) is type My,
despite the fact that G and w satisfy [G : A] < e,

|at] <= and w? = 1,

EXAMPLE 4.10, Let G =7 x Z and

w((m,n)(min®)) = exp [2nia(mn' - m'n)].
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Here V(G,w) is type I if o is rational and type 1; if o

is irratinal. (Use 4.7 and 4.8).

EXAMPLE 4.11. Let p be a prime and let G be the

group with finitely many generators b,aj;,a;.... and the

defining relations

p: p: p: = p:
b a, aj ay 1
a1b = ba] i=1,2, ...
ai+k a; = baiai+k i,k = 1,2, v.. .

It is clear that the commutator subgroup of G coincides
with the centre of G and is equal to the finite cyclic group
<b>. This implies that there is a bound on the size of the

conjugacy classes of G.

Let » be the multiplier

So S, S Se sf S.1) = @; 211 (5 51 _ sis
(b ajyl ... a, M be &L La M ) = exp [ D (153 159) .

Se 'S, S
The elements of the form b °a35%aq o anSn form a normal

subgroup H of G that is contained in A, hence [G : A] < =}
also |A'| < |G'] = p, so by Theorem 4.4, V(G,w) has a non-zero
maximal type I part. However, because Z{a) M H C Z(H) = <b>,
the group Z(A) and consequently ZQ(A) has infinite index in G,
thus by Theorem 4.5, V(G,w) is not type I. We have shown that

Corollary 4.8 does not necessarily hold for non-abelian groups.
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. b5}
The foliowing theorem is an application of 4.5 to induced \\¢“‘Jp)

characters.

THEOREM 4.12. Let G be a discrete group and N a normal

subgroup of G. If X\ is a character of N, that is a l-dimensional
representation of N, denote by KA = {g e G: gng-In-le ker a

all n e N} the stabilizer of X, then the von Neumann algebra-

Vx generated by the induced representation A+ﬁ 18 type I

if, and only 1f KA contains a subgroup A such that [KX t Al <

and A' C ker A.

PROQF.  Let P C K, be a set of coset representatives
modulo N (including the identity of KA). For each x e K, denote
by o the unique element in P such that xN = axN. Let ¢ be the
function G - N : x - a;lx. The relations y{n) = n, y(xn} = ¢(x)n
and y(nx) = p(x)x=Inx, for x € H, n ¢ N are evident, It is clear
that i : x> A{p(x)) is an extension of A to Kx and that the
multiplier o(x,y) = A(w(xy))aly(x)w(y))-! associated with this
extension can be factored through KK/N to yield a multipliier w
on KA/N. We may assume without loss of generality that w is
normalized. By [24, Theorem 7], the von Neumann algebra Vx
generated by the induced representation A¢ﬁ is *-jsomorphic
to V(KA/N,w), thus by 4.5 we deduce that VA is type I if, and
only if there exists a subgroup A in KA such that both (i)
[K, : Al < = and (1) A" C N, o(x,y) = o(y,x) all x,y € A,

hold. It remains to show that (ii) is equivalent to A' C ker A.
Suppose (ii) is true. Let X,y ¢ A. Since x~ly-lxy ¢ N,

p(xy) = plyxx-ly=1xy) = ¢(yx)x-ly-1xy, but from o(x,y) = o(y,x)
follows A(v(yx)) = A(vixy)}) so that rA(x-ly-1xy) = 1. Conversely

if A' C ker X C N, then for X,y € A,
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Axy) = A(wplyxx-ly=1xy)) = alw(yx)) A(x~ly=1xy) = A(y(yx))
and thus o(x,y) = o(y,x). This completes the proof.



CHAPTER IV2

GROUPS WITH FINITE DIMENSIONAL IRREDUCIBLE MULTIPLIER REPRESENTATIONS

Let G be a locally compact group and w a normalized
multiplier on G. Recall that V(G) denotes the von Neumann
algebra generated by the left regular (ordinary) representation
of G (I.7). 1In Chapter III we defined and investigated the
structure of the von Neumann algebra V(G,w) in the case when
G is discrete. In the more general situation when G is locally
compact (but not necessarily discrete), the definitions are

similar. Indeed, the map o : G » U(LZ(G)), defined by

p(g)f(x) = w(g=1,x)f(g-1x)

almost everywhere in x, all g € G and f ¢ L2(G), is a
w-l-representation of G and generates a von Neumann algebra
also denoted by V(G,w). p is called the left regular w-1-

representation of G.

In this chapter, we determine necessary and sufficient
conditions on G such that the maximal type If central
projection in V(G,w) is non-zero (respectively the identity
operator in V(G,w)), and construct this projection explicitly
as a convolution operator on L2(G). This extends the results

of Chapter III.

2pAfter finishing this thesis, I received a preprint entitled
"The type structure of multiplier representations which vanish
at Infinity' by E. Kaniuth and G. Schlichting, which contains
results that are similar to those presented in this chapter.
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For the case of ordinary representations, this problem

has been successfully dealt with by Kamith [23] and Taylor [48].

We point out that it is no Tonger the case as it was
for G discrete (see III.1.6(iv) and 1.3.2) that V(G,w) is
necessarily finite. For an example see 4.1. It is for this
reason that our methods allow a characterization of the type

I part, but not the type I part in V(G,w).

Recall that for a locally compact group G, Go denotes

the von Neumann kernel

Go = Nker m: 7me G and dim 7 < =},

and GFC denotes the topological finite class group of G

which consists of all elements of G that belong to a relatively
compact conjugacy class (I.7). If w is a normalized Borel
multiplier on G, then G“ denotes the central extension of

G (I.6). For a subset H of G, H™ denotes the closure of H in
G, and if H is also a subgroup, H' denotes the commutator

subgroup of H.

1. Preliminaries

Throughout this section, G will denote a locally compact

group and w a Borel multiplier on G.

10
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LEMMA 1.1. Iet A be a subset of G° and let R : 6° + 6

denote the canonical projection, then

(i) A is compact if and only if h(A)™ is
compact,

(ii) if A" Zs compact, then h(A)™ = h(A7).

PROOF. A” compact implies h(A”) compact, but h(A”) 2 h(A),
hence h(A)™ is compact and h(A)2 h(A) . Conversely, if h(A)~
is compact, then by [18, 5.24], h=1(h(A)") is compact; but
h™1(h(A)”) D h=1h(A) D A, hence A~ is compact and
h=3(h(A)7) 2 A7, that is h(A)” = hh~1(h(A)7) 2 h(A) . This
completes the proof;

COROLLARY 1.2. ILet G be a locally compact group and w

a normalized Borel multiplier.

: W _ W
(i1) If one of (GfC)l— artd ((Gw)FC)" is compact,

then so is the other and (GFC)' = h[((Gw)FC)"].

PROOF. For (i), let A equal the conjugacy class of some

(t,x) ¢ G® and in (ii), let A = ((G“’)FC)'. Now use Lemma 1.1.

Combining 1.2 with I.7.8 shows that the maximal type
If central projection in V(G) is non-zero if and only if the
maximal type If central projection in V(G®) is non-zero. This

follows also from Taylor [48, Proposition 5.2].



Let E , n e Zbe the maps on L2(G“) given by
E f(t,x) = tnf s"f(g,x) ds,
i T

for almost all (t,x) ¢ G¥, f e L2(G”). (Compare this with
Kleppner [24, page 563].) Claarly EnLZ(Gw) consists of all
those functions f e L2(GY) such that f(t,x) = t"f(1,x) for
almost all (t,x) e G®. It follows that the E»ne Zare
mutually orthogonal idempotents. For n e Z, En is just
convolution by the measure obtained if you multiply the
measure on G® supported on T which restricts to Haar measure

on T, with the character X, of T given by Xn(t) =t", teT.

It is easy to check that En commutes with the right and left
regular representation of G®, so by 1.7.4, En is in the centre

of V(GY).

THEOREM 1.3. With the above notation, the En’ nelZ

are mutually orthogonal central projections in V(G®) and

(i)  the three von Neumann algebras EnV(Gw), V(G,wn) and
w
V(X_n+%1) - the von Neumann algebra generated by
w
the induced vrepresentation Zln+%’ - are spatially

isomorphic,

(42) Y.z E, = 1 (the identity operator).

PROOF. (i) Let t denote the left reguiar representation

of G“ and po» M€ Z, the left regular W -representation of G.
w

Observe that the representation space of X_n+%, is just EnLZ(G“)
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and that E 1 =X +Gw It follows that E V(Gw) = V(X +Gw)
n® =n'T n -n'T /e

Denote by i the injection map i : G » G® and by ¢ the

map
b = EnLZ(G) + L2(G) : fo i,

(We insist that Haar measure on G” be scaled so that the
measure of T is 1.) Since Haar measure on G is the product

of Haar measure on G and Haar measure on T, we have

JGwh‘;(t,x)]Zd(t,x) - jG UT £(1,x)]2 dt] dx

= [l 2 ox,

G

thus ¢ is an isometry. The spatial monomorphism
EV(G") »B(L?(G)) : T»9e Teo ¢!

is weakly continuous and maps EnT(l,X) to pn(X). Since
tnEnT(1=X)= E (t,x), the von Neumann algebra generated by

{E t(Asx) @ x € G} is precisely EnV(Gw). Thus any element

in E V(G") is the Timit of operators T with the property

o(T) € V(G,0"), thus by the weak continuity of ¢, o(T) € V(G,u").
In other words, the range of ¢ is a subset of V(G,w"). By

Sakai [40,1.16.2], the range of ¢ is weakly closed; it contains
the operators ¢ o EnT(l,X) o ¢=1 = pn(x), X € G and therefore

must equal V(G,w").



(ii) From the theory of characters, the direct sum

eheZ Xh is the regular representation of T,

hence by the non-separable version of 1.8.2,

we see that the induced representation

(@ 5% )46”

neZ “n T

is the regular representation of G®. Since inducing commutes

with taking direct sums (non-separable version if 1.8.3), we
have

td g¥
eneZ(Xn¢T‘) - (QneZ Xn) +T"'

Wy _ G¥
Thus V(6") = e - V(X tp )

which is the required result.

LEMMA 1.4, ([3]1). Let m be a w-representation of the
locally compact group G. Denote by p-ker w the closed normal

subgroup.
{x e G : w(x) = y(x).1, for some y(x) ¢ T}
of G. Then w s similar to a multiplier lifted from G/p-ker .

PROOF. Let y be the canonical homomorphism from the
unitary group U(Hn), where HTr denotes the Hilbert space
associated with w,to the quotient U(Hﬂ)/ﬂi According to Feldman
and Greenleaf [9], this map has Borel transversal, that is a

Borel map a, back from U(Hﬁ)/T‘to U(Hw), taking the identity



element in U(Hﬂ)/ﬂ'to the identity element in U(Hﬂ) such that
¥ o o is the identity map. From this we obtain the commutative

diagram

where = is the map a ¢ y o m. Clearly ' is a multiplier
representation of G associated with a multiplier ' say, and
since p o m=yorn',w' is similar to w. From the definition

of ', it follows that w' is constant on p-ker = cosets in G x G,

that is, it is 1ifted from a multiplier on G/p-ker .

L_EMMA_I_Q Let G be a locally compact group with
normalized Borel multipler w. Suppose the maximal type I £
central projection in V(G) (or equivalently in V(G*)) is
non-zero, and that G admits a finite dimensional w-rvepresentation
w, then K = h((G®)a) <s compact (where h is the camonical projection
6" + G) and w is similar to a multiplier which is lifted from

G/K.

PROOF. That K is compact follows from 1.7.9. Suppose (t,x) ¢ (G“)o,
then since (s,y) - sn(y), (S,y) ¢ G”, is a finite dimensional
(ordinary) representation of G”, we have I = tn(x), that is

X e p-ker w. The result now follows from Lemma 1.4.

10
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2. The main theorems

THEOREM 2.1. <ILet G be a locally compact group with normalized
Borel multiplier w. Then the following three conditions are

equivalent,

() The maximal type If central projection e in
V(G) (or equivalently, the maximal type Ie
central projection in V(G")) is non-zero and there
exists a finite dimensional w-represenmtation w
of G.

()  The mawmimal type lg central projection din
V(G,w) s non-zero.

(iz1) [G : GFC] < w, (GFC)" ig compact and G admits a

finite dimensional w-representation w.

PRGOF. (i) and (iii) are obviously equivalent by I.7.8.

Suppose (ii) is true and let v be a finite dimensional representation
of dV(G,w). If we compose representation with the projection
V(6,w) ~ dV(G,w) : a -~ da, we obtain a representation = of V(G,w).
By 1.6.3, the left regular w™l-representation p of G corresponds
to a representation p' of L1(G,w™!) which we know to be faithful
([7,13.3.6]1). Thus p' is a *-monomorphism of L!(G,w™!) to V(G,w)
and m o p' is a representation of L(G,w™!). Again by 1.6,3, this
representation cérresponds to a w~l-representation of G and it is
easy to check that this w™l-representation is just g - n(dp(g)),

g € G. Hence g » n*(dp(g~!)), where * denotes the Hilbert space
adjoint, is a finite dimensional w-representation of G. On the

other hand, by Theore 1.3, the maximal type If central projection
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in V(G®) is non-zero. This shows (ii) implies (i). That

(i) implies (ii) will be proved together with Theorem 2.3.

LEMMA 2.2. Suppose K is a compact normal subgroup of G
and w is lifted from a multiplier w' on G/K, then K is also
a compact normal subgroup of G and G°/K Zs topologically

/
we

isomorphic to (G/K)
PROOF. Let v be the moporphism 6 = (6/K)® :(t,x) » (t,xK).
The kernel of this map is {(1,k) : k e K}, that is the image of K
in G“, thus the induced map from G¥/K to (G/K)® 1is an iso-
morphism. This jsomorphism preserves the Haar measures on these

groups; they uniquely define the topologies on these groups,

thus G“/K and (G/K)® are also topologically isomorphic.

THEOREM 2.3. Suppose G is a locally compact group with
Borel multiplier w. Suppose the maximal type If central
projection d in V(G,w) is non-zero. We assume (using 1.5 and
2.1) that w is Zéf%ed from a multiplier w' of G/K, where K is
the compact normal subgroup K = n((G®) o) (h being the canonical
projection G -+ G). Then d is the operator L2(G) - L2(G)

defined by
df (%) =J Fk=1x)d(k)
K
almost all x € G, T e L2(G), where A is Haar measure on G

normalized such that MK) = 1. Furthermore, for each n ¢ 1, d

is the maximal type If central projection in V(G,wn) and dV(G,w™)



is isomorphic to V(G/K,{(w')").

PROOF. First we give a proof, as promised, of the statement
'"(1) implies (ii)' of Theorem 2.1. Let o : L2(G) »~ L2(G) be
defined by

SFL = fK F(k"1x) dr(k),

almost all x € G, f ¢ L2(G). The proof that a is a central
idempotent in V(G,u") = EnV(G“) (and hence in V(G®)), and that
aV(G,w") and V(G/K w')") are spatially isomorphic is similar to
the proof of tBe corresponding facts about En in Theorem 1.3.

Since

V(G,0™) = V(G/K,(u')") @ V(G/K,(u')M?*

an %bQ_L £ b o
(where 1 denotes(brthogona] comptement), we have by Theorem
1.3,

1 1
V(6Y) = V((G/K)® ) @ V((G/K® )™
but (6/K)® and GY/(G*)s are topologically isomorphic (2.2) and
V((6”)/(G")o ) is spatially isomorphic to the maximal type Ic
direct summand of V(G®) (I.7.9). In particular we have d = o # 0
Now assume d # 0, then by (ii) implies (i)* of Theorem 2.1,
the maximal type I, central projection in V(G*) is non-zero, thus

by the same argument as above, we reach the desired conclusion.

11



COROLLARY 2.4. Suppose the maximal type If central

projection d in V(G,w) 78 non-zero, and let n e L, then the

following equations obtain.

Go = h[((G®)e] = h[" {ker = : © is a finite dimensional

representation of G® such that

w|p(t) = t")]

"{g € G : there exists v(g9) € T such that
w(g) = v(9)I for all finite dimensional wh-

representations of G}..
where h : G° + G denotes the canonical projection.

PROOF. Let K = h[(6)o] and denote the last two sets in
the above equality by H and L respectively. That KCHC L
is clear from the definitions and the property that a w"-
representation m of G extends to an ordinary representation n' of Ot

such that ='|o(t)= t",

Using the proof of Lemma 1.5, we assume that

w is 1ifted from a multiplier on G/L. The finite dimensional
representations of dV(G,wn) separate the points of dv{G,u"), hence
©(9) =1 if and only if n*(dp(g~1)) = n*(d) for all such

representations n% where n° denotes the o'-representation g + n*(dp(g71))
and p is the regular mn-representation of G. This happens if and

only if p(g)d = d. If g ¢ K, then clearly p(g)d = d. Conversely,
suppose g ¢ K and p(g)d = d. Let U be a neighbourhood of gK in

G/K of finite Haar measure, not containing K. Let ¢' be the

be @ .
characteristic function of Uand v 4 1ifting to G, then y ¢ dL2(G),

is continuous at g and satisfies y(gK) = {1}, w(K) = {0}. Since

11:



p(g)d = p(g), we have

w(g™1,x)p(g71x) = ¥(x),

almost all x ¢ G. Substituting g = x into this formula gives

0= [v(1)]
that =° (g)

|v(g)| = 1 which is a contradiction. We have shown

I if and only if g € K, thus

K=n {ker ©° : 7 is a finite dimensional

representation of dV(G,u")}

1V
=

If we let n = 0, we obtain the remainder of the corollary,

that is G = L.

LEMMA 2.5. (Moore [31], Lemma 4.1). Let G be a locally
Compact group with normalized Borel multiplier w. FEach
irveducible w-representation of G is finite dimensional if and

only if every w-representation of G is finite.

PROOF. The if part is clear because an irreducible
w-representation is finite if and only if it is finite dimensional.
Let A be the twisted group C*-algebra C*(G,w) (see 1.6). By
TheoranI.6.3, it is sufficient to prove the corresponding statement
of the Lemma for representations of A. If I is a two sided primitive
jdeal of A, then I is the kernel of an irreducible representation of
A. According to our hypothesis, w has dimension n for some n.

Since = induces a homomorphism for A/I to the n x n matrices, A/I

satisfies the polynomial identity Szn (I.4). Let Fn be the set

11¢



of primitive ideals I such that A/I satisfies the polynomial
identity Szn’ then by assumption F = UFn is the primitive ideal
space of A. For each subset K of F, the kernel I(K) of K is
NI (I eK). The closure of K in the kernel-hull topology on
Fis K ={JeF:J2I(K)}. We show that F, s closed in
this kernel-hull topology. Since Szn(A) C I for each I ¢ Fn,
the polynomial Szn is satisfied in A/I(Fn). Moreover, if

J e F; then Szn(A) g_I(Fn) C J, hence J e F . Thus F_ is closed,

We define for each closed subset K of F and for every
representation n of A, PW(K) to be the projection onto
HW(K) = {X € HTT : m(a)x = 0 all a ¢ I(K)}. According to
[16 : Theorem 1.9], K - PW(K) extends to a countably additive
projection valued measure on the Borel sets of F with PW(K) in
the centre of the von Neumann algebra V(w) generated by w. Since

F=UF,H = Z(H“(Fn) - HN(F )). We define a subrepresentation

n-1

J.

T of © by restricting = to the invariant subspace Hn(Fn) - Hn(Fn-1
Then 7 = Z“n’ and nn(a) =0 if ace I(Fn). Since S2n is satisfied
in A/I(Fn) as noted above, the algebra nn(A) and hence its weak
ciosure V(ﬂn) satisfies Szn = 0. Now any von Neumann algebra
satisfying this identity is finite (I.4.5). Moreover V(w) is the

direct sum of the V(nn) and since the direct sum of finite algebra

js finite (I.3), V(n) 1is finite as desired.

THEOREM 2.6. ILet G be a locally compact group and w a normalized

Borel multiplier on G. The following are equivalent:

() V(G,w) is type l..

11



(12) All irreducible w-representation of G are finite
dimensional.
(1i1)The following conditions hold.
(a) [G : GFC] < @,
(b) (GFC)'_ is compact,
(c) G admits a finite dimensional w~representation,
(d) G_ = {el.
(o]
(iv) G® is a Moore group, that is all its irreducible

(ordinary) representations are finite dimensional.

PROOF. (i) implies (iii). By Theorem 2.1, [G : GFC] < o,

(GFC)" is compact and G admits a finite dimensional w-representation.

Further by 2.3 and 2.4, V(G,w) type If implies

(ii1) dmplies (i). By 2.1, the maximal type If central
projection in V(G,w) is non-zero, so using 2.3 and 2.4, we obtain

V(G,w) is type I.

(ii) implies (iii). Let A = C*(G,w) be the twisted group
C*-algebra 6f G. Since each representation of A is finite
dimensional, w(A) is contained in the compact operators for each
irreducible representation = of A, A is CCR (or liminal), thus
by Dixmier [7,5,5.2], A is type I, consequently V(G,w) is type I.

To see that V(G,w) is finite, apply Lemma 2.5.

(iii1) implies (iv). If v is a finite dimensional w-representation

of G, then the n-fold tensor product w e ... ex is a finite dimensional

1



wn-representation of G, hence V(G,wn) is type If for each n ¢ Z
(recall that we know (i) and (iii) to be equivalent) and by Theorem
1.3, V(G*) is type Ie. It follows from I.7.6 that G is a Moore

group.

(iv) implies (ii). If = is an irreducible w-representation
of G, then (t,x) » tn(x) being an (ordinary) representation of G,

must be finite dimensional by assumption,

Before we proceed to examples, we need one other result, a
result obtained using Theorem 4.5 of Chapter III, which generalizes

Moore [31, Theorem 1] and Taylor [48, Theorem 2].

THEOREM 2.7. Let G be a locally compact group and w a

normalized Borel multiplier on G. The following are equivalent.

(1) V(G,w) Zs type l< for some integer k, that is non-zero
maximal type In central projections occur in
V(G,») only <f n < k.

(i1) G has an open abelian subgroup H of finite index

in G such that the restriction of w to H is trivial.

(i11) The irreducible w-representations of G are of

dimension at most K for some integer k.

PROOF. (i) implies (iii). We follow the proof of Taylor
[48, Theorem 2. From I.4.5 we know that S, =0 is satisfied
in V(G,w). Suppose w is an irreducible w-representation of G,
then =' : g » 7*(g~!) is an irreducible w™l-representation of G.

Now, as in the proof of 2.1, the left regular representation of
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L1(G,w™1) is a *-monomorphism into V(G,w). Hence L1(G,w"!) also
satisfies Szk' It follows that V(=') satisfies Szk’ consequently

n' and 71 are of dimension at most k.

(iii) implies (ii). Following the proof of Moore [31, Theorem
1], we consider the underlying group Gd of G (with discrete
topology) and the corresponding twisted group algebra A = A(Gd,w)
(see definition following III1.4.5). To each w™l-representation m of
G, there corresponds an algebra representation »° of
A p-~ deG ugp(g). First we show that all representations =°
obtained from irreducibie w™l-representations m of G separate the

points of A.

The twisted group algebra A acts on L1(G,w”!) as follows

p.f(x) = ngf(g™1x)u(g™1,x),

z9€5UPP U

almost all x ¢ G, n e A, f e L}(G,0). Given a non-zero p in A,

it is clear that u.f # 0 for some f ¢ L1(G,u"1). Let «' be an
irreducible representation of L1(G,w"!) such that ='(u.f) # 0 (I1.5.3).
According to I.6.3, there exists an irreducible w™ l-representation

7 of G such that
Cnt (F)Eam =f Cn(x)Eam F(x) dx
G

all g,n ¢ Ho»f e L1(g,w™1). Using the invariance of Haar measure,

we obtain

(' (p.fe,m =) f (w g, u(g™l,x)f(g71x) dx
g G X
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1]

) Mg JG Cmgx8am w(g>x)F(x)  dx

z ug JG (ﬂgﬂxgin)f(x) dx

Hence 0 # n'(u.f) = o° (u)r'(f). It follows that =° (u) # O.

This shows that A has a separating family of representations

of degree at most k. We now infer, from the fact that

Szk(ﬂ(A)) = “(Szk(A)) = 0 for each suchw, that S2k = 0 is satisfied

in A,

Let = be any irreducible w l-representation of Gd and = the
corresponding }epresentation of A. By I.4.6 and I.5.1, Szk is
satisfied 1in B(Hﬂ) and we conclude that the dimension of = is at
most k. It now follows from III.4.5. that Ghas an abelian sub-
group K of finite index in G such that wIKxK is symmetric. The
closure H of K is an open abelian group and if ¢ = lexH’ then the map
o : H > H* defined by 5(g)(h) = o(h,g)/c(g,h) is continuous
(I1.1.1), so it follows that w(g,h) = w(h,g) for all h,g « H and

consequently (II.1.1), winH is trivial.

(ii) implies (i). Let g1, ... g, be a complete set of

representatives modulo H, then
A(Gou) = @5_ A(H,u)o(g)

is a matrix algebra over the abelian algebra A(H,w), then as in

the proof of III.4.5, V(G,w) is type I
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4. EXAMPLES

Let G be a Tocally compact group with Borel multiplier w.
In Chapter III we saw that for G discrete, (G,w) is type I if
and only if G® is type I and this occurs if and only if V(G,w)
is type I; and in this chapter, this has been generalized to
assert that for G Tocally compact, the following are equivalent.
(i) G has only finite dimensional w-representations, (ii) G is

a Moore group, and (iii) V(G,w) is type L.

ExampTle II.3.4(i11) shows that (G,w) type I does not necessarily
imply that G“ is type I and Mackey ([29, Section 7]) constructs a

non-type I group G such that V(G) is type I.

EXAMPLE 4.1. Let G be the group R x R and w the multiplier

w(x,y)(x',y')) = 'Y,

(x,¥)5(x"',¥') € R x R, where o is an irrational number. By

IT.1.3, V(G,w) is type I. However, all irreducible w-representations
of G are infinite dimensional [3, Theorem 3.3], thus by 2.1,

V(G,w) is not finite.

EXAMPLE 4.2. Let G and w be as in IIl.4.9, then V(G,w) is type
I , yet G satisfies the first two conditions of 2.1(iii), thus G

admits no finite dimensional w-representations.

Now we expand on Example 4.10 of Chapter III. For each
t=e""%cT, (ac [0,2n[), we obtain a multiplier w, on Z x Z

defined by
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wp((mn), (' ny) = ™

(myn),(m',n') € Z x Z. Theorems I1.2.3 and II.3.5 show that

(up to similarity) all multipiier on Z x Z are of this form.

We say that t is rational (respectively irrational) if o is
rational (respectively irrational). As in Example III.4.10, we
see that V(Z x Z,wt) is type I if t is rational and type II;

if t is irrational. Suppose o is rational, say o = p/q with

p and q relatively prime. We wish to know more about the
w-representations of G and to this end, we utilize Hannabuss
[17,Theorem 4:1] which says that the irreducible w-representations
of G are all induced from characters of a maximal isotropic sub-
group (that is a subgroup H such that Hw = H; see definition
following I1.1.2). Now clearly the subgroup H = {{m,nq) : m.n e Z}
of G=12Z x Z is maximal isotropic and G/H is isomorphic to Z(q)

thus the wt-representations of Z x Z are all of dimension q.

EXAMPLE 4.3. Let Ap (p a fixed prime) be the group of p-adic
integers (for details see Appendix) and G the group Z x Z x Ap

with multiplication
(a,b,x) (z'sb'sx') = (a+a',b +b',x + x' + y(ab')),

(asb,x),(a'.b',x") € G, where v : Z » Ap is the canonical injection
of Z onto a dense subgroup of Ap (see Appendix). We topoligize G
so that Ap becomes a compact open subgroup. With this topology,

G becomes a locally compact separable topological group. For

each t € T, we define a multiplier
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where k : G >~ Z x Z is the canonical. homomorphism k(m,n,x) = (m,n).
Given an irreducible wt-representation m of Z X Z, denote by

' the 04 representation of G obtained by composing = with k.

Since Ap is compact, the abelian group dual Ap‘ is discrete,

thus by I.8.4, every quasi-orbit on Ap“ is transistive and all

the irreducible ot—representations of G can be constructed using

1.8.5, 1.8.6 and I.8.7.

Identify -the abelian group dual Ap“ of Ap with the subgroup

A={s eT: s =exp [2nik/ pn],k,n e Z} of T using the cor-

respondence A x A_ -+ T : (s,x) » sx, where X - sx, s ¢ A is the

p
continuous extension from Z to Ap of the homomorphism Z +~ A :

n -+ s" (see Appendix).

Let t €« T and s € A, then the stabilizer of s in G is
all of G. Therefore all the ct—representations of G are given
by 1.8.7. Suppose we have a ot-representation vy of G which
reduces to a multiple of s on Ap (recall that s is viewed as
a representation of A_ ). First we define an extension of s to

p
G as follows

s' 1 G T: (a,b,sx) » sX.

The multiplier associated with this extension is precisely



((a,b,x)(a',b',x")) » s'% a,b,x)(x',b',x')%
sl

(
a,b,x)s'(a',b",x"

] Sabl = gs((a,b,x),(a',b',x')).

Thus by I.8.7, vy must be of the form w's', where = is an Wps-1"

representation of Z x Z. (Note that ¢ o as required.)

ts~1% ©

As s ranges through A, we obtain all irreducible O representations

of G.

Observe that ts~! is rational if and only if t is rational.
Hence the irreducible ct—representations of G, t ¢ T are all
infinite dimeﬁsiona] if t is irrational and are ali finite
dimensional if t is rational. It follows from 2.1 and 2.6
that V(G,ot) is type I if t is rational and the type I. part

in V(G,ct) is zero if t is irrational.

Furthermore, if t is rational, as noted earlier, by varying

s, the irreducible w, ., -representations of Z x Z can be chosen

o=
to be of arbitrary dimension.

The same is true of the ct—representations of G, Thus,
although V(G,wt) is type I¢, Theorem 2.7 shows that V(G,wt) has
a non-zero maximal type In part for arbitrary large n. This
phenomenon does not occur in the case where G is discrete

(combine I11.4.5 and 2.7).

12.



APPENDIX

Since there is no representation of the p-adic integers

Ap’ p-adic numbers Qp and @~ available for reference, which is

suitable for our purposes, we use this Appendix to set forth
such a representation, notation and some of the properties of

these groups.

The maps Z(pr+n) ~2(p") : x » x(mod p") (p a fixed prime)

form an inverse system of (discrete) groups. Let Ap = Z(pr),
<

r=1,2, ... 3 thus Ap is the closed subgroup of the compact

group H:=1 ZKpP) consisting of sequences (xn) such that

X =

n
n xn+1(mod p').

Ap is a topological ring (under pointwise multiplication)
and each ideal prAp = {x+ ... +Xx: pr—times, X € Ap} is closed

(recall A_ is compact) and is the kernel of the homomorphism

P

Ap > Z(p") : (xn) + X3 hence p'a

r
A
p/P A

b is open and the quotient

In fact the groups prA form

r
) P

b is isomorphic to Z(p

a neighbourhood base at 0.

The homeomorphism ¢ : Z -~ Ap : m > (m(mod p")) is an injection.

— . r . =
Let x = (x) « by Since v(x,) - X ep Bps Tim  V(x.)) = x3
thus ¢(Z) is dense in Ap' Similarly prl is dense in prAp.
Furthermore, if (m,p) = 1, it is not hard to see that Ap -> Ap

X - mx is a continuous (and hence topological) automorphism.

Note that the action of Z on Ap is compatible with the ring



multiplication in Ap, that ismx = x + ... + x = (m)x, in

particular p'x = ¢v(p")x = (0, ... , 0,p %15 %y ... ) (r zeros).

PROPOSITION 1.1. (Serre [43,II Proposition 2]). (<) For

an element of Ap (respectively Z(pr)) to be invertible, 1t 1s

necessary and sufficient that it ie not divisbile by p.

(i2). If U denotes the group of invertible elements of

Ays every element of A can be written uniquely in the form

P P
pnu with W e Uand n 2 0. (4n element of U 28 called a unit).

PROOF. Tt is sufficient to prove (i) for Z(p"); the case
of Ap will follow. Now if x ¢ Z(p") does not belong to pZ(p"),
its image in Z(p) is not zero, thus invertible; hence there

exist ¥,z € Z(pr) such that xy = 1 - pz, hence
xy(L+pz+ ... +p
which proves that x is invertible.

On the other hand, if x = (xn) € Ap is not zero, there
exists a largest integer r such that X, is zero; then x = pru
with u not divisible by p, hence u ¢ U by (i). The uniqueness

of the decomposition is clear.

PROPOSITION 1.2. Each closed subgroup of Ap 18 also an ideal

in Ap and all non-zero ideals in Ap are of the form prAp for some

integer r = 0,



PROOF. Let I be a non-zero ideal in Ap. Since N prAr = {0},

there exists a largest integer r such that prA > I; Tdet

P

b be such that x e pr+1Ap, thus x = pru where u

is not divisible by p (and is therefore a unit). It follows

X el g_prA

that p'1 = pTuu-le Iyl @ Y Il g.prAp and so I = prAp.

Let H be a closed subgroup of Ap. If x € H, then

nx = ¥(n). x e Hall ne Z. Since ¢(Z) is dense in By and

the ring multiplication in A_ is continuous, yx ¢ H all

P

Yy e Ap’ thus H is an ideal.

Next, we define the field of p-adic numbers to be the field of

fractions of Ap. Since elements x,x' ¢ Ap
in the form x = pMu,x' = p™ u', we have x/x' = p" ™ (y(u')-1)),

so one sees immediately that @, = A_ [p~!] and every non-zero
P p

are uniquely representable

element of Qp can be written uniquely in the form pnu with n ¢ Z,

u e U. Addition and multiplication in Qp are are follows: given

two elements in Qp, one can write them without Toss of generality

in the form pmx, pm+sy, where s > 0, m ¢ Z, X,y ¢ U; their product

m+sxy and their sum pM(x + psy). Endow 0 with the topology

such that Ap becomes an open subgroup. With this topology Qp

becomes a locally compact topological field containing Q as a

.2
is p

dense subfield. Finally, o is metrizable, a convenient metric

- o-min(m,n)

being d(p™x,p"y) sMyn e Z,X,y e U; the restriction of

d to Ap is also a metric.

Observe that Ap and Qp are torsion free and Qp is divisible.



. . d .~
2 EP an

Embedd Z(p”) (respectively Z(pr)) the natural way onto a
subgroup A = {exp(2nik/p") : k,r ¢ Z} (respectively Ar) of T.
Let A (respectively Ar) have the discrete topology. For fixed

Aeh, themap Z~+ A : n~ A" extends to a continuous homomorphism

X Xr

Ap A A= A% defined as follows: if A e A, AT = A7, where
X = (xn). It is easy to check that 1* is well defined.
Suppose X € A ", x # 1, thenbecause A = {x € A [X{x) -1] </3}

p p
is an open set, there exists an integer r such that prAp C A It

follows from é]ementary considerations that x(prAp) = {1}. Let
r be the smallest integer with this property. This gives rise to

the following commutative diagram of continous maps

h+ Ayt
0

r r
Ao/ 8y > Z(p )

where h is the canonical projection, 8 the isomorphism

(*n)PrAp > X, and x' is necessarily of the form x'(a) = A9,
a e Z(p") for some A € A. S Ao It follows that x(x) = A%,

Converseley, for each A ¢ A S A X > »% is a character of Ap.
Summing up, we have Ap“ = A, A[Ap“,prAp] = A, and by the
Pontryagin duality theorem [18,24.8] a pairing (A,x) = AX,

)\eA,XeAp.

The method to find Qp“ is similar; we claim that Qp“ is

topologically isomorphic to Qp, the pairing being



r+s

(p*x:p"y) = exp [2ni(xy)_._o/p" 1,

r,s € Z,x,y ¢ U. First we note that for each psx, the

map pry = (p°x,pTy) is a (continuous) character of Qp. To

show that each character is of this form, let x ¢ Qp“ be non-

zero. As before, we select the smallest integer r (possibly
negative) such that x(prAp) = {1}. For notional convenience,

whenever prx € Qp’ we deem X, = 0 for n £ 0. The epimorphism
0 Qp > A psx -~ exp[2mix p*

we construct a commutative diagram of continuous maps

/p""°] has kernel p'a_. Again

r-s

6
Q /pY‘Ap - A

and using the previous correspondence A" = Ap’ we see that

x(p°x) = [6° h(p°x)1¥ = (p°x,p”"y) for some y e U < by

Finally, it follows easily from the definition of Qp“ that the

isomorphism Q_ - @ ~ : prx -+ (prx,-) is bicontinuous.

P P

3. The dual of Q

Let x ¢ ¥~. For positive integers n, let o =X(1/n!), then
n _
(o)™ = *n-1,
{an} C T such that (an)n = oy,
defines a character of Q ([18,25.5]). Thus @~ is the projective

n=2,3, ... Conversely, given a sequence

n =1, then x(/n!) = (a )"

limit of the groups Tn =T, n=1, ... ; the mappings being

Tn > Tn+1 S o ol One of course has to check that the dual

topology on @ agrees with the inverse 1imit topology of the Tn.



Suppose {an} e @ and ank =1, n=1, ... . Then for

- _ kyn _ nk _ _
n—1,2,...,1—(ocnk) = ok T %nke1, thus an—la”
n, so Q" is torsion free. We divide elements in Q" as

n+m
follows. Given {an} e 0~, let Bn = an+m( 4 )(m fixed) where
(nﬁm) (m fixed) where (nﬁm) = (n + m)!/nim!., The sequence
n+m “.n=1+m

. R oo (nn_ o (Tn=10) _

{Bn} is ag?1n in Qn;mThat is 8, o S Boq®
mt_ - _ . R

Also (sn) = Oy nl = a,. We have shown that ifx e

corresponds to {an}, then A = {Bn} is the unique (because

. . P
is torsion free) element in @~ such that A = W
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