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Abstract

This thesis contains three pieces of work.

The first concerns the first massive level of closed bosonic string theory. Free-field equations
are derived by imposing Weyl invariance on the world-sheet. A two-parameter solution to
the equation of motion and constraints is found in two dimensions with a flat linear-dilaton
background. One-to-one tachyon scattering is studied in this background. The results support
Dhar, Mandal and Wadia’s proposal that 2d critical string theory corresponds to the ¢ = 1

matrix model in which both sides of the Fermi sea are excited.

In the second, a claim regarding the effective action of four-dimensional SU(2)7, gauge theory is
examined. Specifically, it has been proposed that at high and low temperature the effective action
contains a three-dimensional Chern-Simons term whose coefficient is the chemical potential for
baryon number. By performing exact calculations in a related two-dimensional theory it is
demonstrated that the existence of the Chern-Simons term in four dimensions may be rather
subtle.

Finally, the effective action describing the scattering of three well-separated extremal brane
solutions, in 11d supergravity, with zero p_ transfer and small transverse velocities is calculated.
It is proved that to obtain this action only the leading-order solution to Einstein’s equations
is needed. The result obtained agrees with Matrix theory. Using an interpretation of the
conjecture of Maldacena the effective action can be viewed as the large-N limit of the Matrix

theory description of three supergraviton scattering at leading order.
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General Introduction

It is a testament to the rapidly changing face of modern physics that this thesis should contain
not one, but rather three somewhat disjoint topics [240, 241, 341].

Not too long ago, much attention was being paid to the non-perturbative realisation of the
two-dimensional (2d) string called the ¢ = 1 matrix model. Although the 2d string was only
a toy model, it was hoped that its description through the matrix model could shed light on
questions such as the dynamics of black-holes. Such a programme proved frustratingly problem-
atic, however, because the string seemed to admit a multitude of non-perturbative extensions.
Subsequently most of these have been found to be non-unitary and it was only relatively recently

that a unitary extension was proposed [98].

Chapter 1 contains a reasonably self-contained introduction to perturbative bosonic string
theory and the ¢ = 1 matrix model. As the reader will no doubt appreciate, to make a detailed,
pedagogical exposition of either of these fields would not only be an enormous undertaking, but
would also be entirely unjustified in this thesis. Nevertheless, even though many interesting
side-issues have been ignored, it is hoped that enough material is presented to make the original

work in Chapter 2 understandable to a reader at graduate-student level.

As just mentioned, currently there is only one version [98] of the ¢ = 1 matrix model that
is unitary and seems to contain the entire perturbative 2d string. In [98] it was explained how
the space-time black-hole is realised in the matrix model by comparing the tachyon-graviton
effective dynamics with scattering processes in the matrix model. A natural extension of this
led to a proposal for the map between excitations in the matrix model and the higher string
states, but it could not be checked because the scattering of tachyons in backgrounds other than
the black-hole had not been worked out. This is the subject of Chapter 2. First, the constraints
on the first massive level of the string which result from the imposition of Weyl invariance on the
world-sheet are derived. An explanation is given as to why some previous attempts to obtain
these equations have failed. Then the effective dynamics of tachyons in this background is
calculated. The form of the discrete state which is the 2d realisation of the string’s first massive
level is found by solving its equation of motion and constraints. Studying one-to-one tachyon
scattering in this discrete-state background allows an identification of the discrete state in the

matrix model. The results confirm the conjecture of [98].

The second topic, contained in Chapter 3, is also a calculation in two dimensions. This time
though the theory is not string theory but QED with a background axial charge. It has been

il



2 Chapter 0. General Introduction

claimed that the four-dimensional analogue of this theory (a simplified standard model) has
an effective action which contains a three-dimensional Chern-Simons term whose coefficient is
the chemical potential for baryon number. The Chern-Simons term breaks the degeneracy of
the gauge field’s topological vacua and in the early universe it might be expected that as the
W-boson “falls” from vacua to vacua baryons are created. However, a careful study of the 2d
theory suggests that the appearance of the Chern-Simons term is not as straightforward as was

originally thought.

The final part of this thesis contains a calculation motivated by modern string theory. Cur-
rently physicists’ ideas about strings are undergoing a revolution. Not only are there many
more objects in string theory than previously imagined, but the five superstring theories are
now thought to be related by various duality symmetries. The “super-theory” which contains
all known superstring theories is dubbed M-theory. Very little is known about the properties
of M-theory except that it is naturally formulated in eleven dimensions (11d), that it has 11d
supergravity as its low-energy limit and that it is the strong-coupling limit of type IIA string the-
ory. Yet remarkably, as explained in Chapter 4, an explicit realisation of M-theory compactified

along a light-like direction, called Matrix theory, has been found [22].

In order to test that Matrix theory truly describes M-theory, the scattering amplitudes of
the former might be compared with those of 11d supergravity. Unfortunately supergravity is
only a low-energy approximation and it was recently realised that its domain of applicability is
too limited for this comparison to provide a conclusive “test” of the Matrix theory conjecture.
Nevertheless, it is intriguing that in virtually all cases checked so far supergravity reproduces

the Matrix-theory scattering.

Initial calculations of the three-to-three supergraviton scattering amplitude seemed to show
that supergravity and Matrix theory predicted different results [113]. Given the strong correla-
tion between the two theories thus far it was a shame that the 3— 3 process disagreed. In order
to try to resolve this discrepancy Chapter 5 presents an alternative calculation of the effective
action of supergravity: Instead of calculating Feynman graphs the effective action is found as an
expansion in the small transverse velocities and large transverse separations of the supergravi-
tons. In the calculation all spin effects are neglected and there is no longitudinal momentum

transfer. It is found that Matrix theory and supergravity do in fact agree.



Bosonic String Theory, Two Dimensions and the ¢ =1 Matrix
Model

This chapter contains an introduction to the bosonic string. After formulat-
ing the action, canonical quantisation and then path-integral quantisation are
performed. Critical and non-critical strings are defined. Various methods of
finding the equations of motion for the space-time fields are presented. String
theory with two space-time dimensions is then introduced; first its canonical
quantisation and then its non-perturbative realisation through the ¢ =1 matriz
model. Scattering in the matriz model is examined and the space-time tachyon
identified. Finally, the proposal of Dhar, Mandal and Wadia [98] is outlined.
Most of the material presented here can be found in more detail in the text by
Green, Schwarz and Witten [177] and the review by Polchinski [274].

.

Just as a relativistic point-particle moves so as to minimise the length of its world line, the
dynamics of the first-quantised string are chosen so that the area of its world-sheet is minimised.

In flat space-time a simple choice for the action is then

1
Sa = —ﬁ(Area of world-sheet)
1
== _%_I /M \/— det aaXl‘aqu . (11)

This is called the “Nambu-Goto” action [168, 254]. The fields X*# (4 = 0,...,d — 1), corre-
sponding to the d space-time dimensions, live on the two-dimensional world-sheet M which

is parameterised by ¢® (a = 0,1). The quantity ﬁ is the string tension since for a static

_1
2o’

string S = — (length)At. The action is clearly independent of the parameterisation of the

world-sheet.

The Nambu-Goto action is classically equivalent to the more convenient “Polyakov” ac-
tion [284]
1
SelX, 0 = -1 /M Va9 X X, | (1.2)

in which the metric on the world-sheet is denoted by g.5. That this is classically equivalent is

seen by eliminating the metric g,5 from the action using its equation of motion
9ab = —23aX“8qu/(ngacX"8dX,,) ; (1.3)

3



4 Chapter 1. Bosonic String Theory, Two Dimensions and the ¢ = 1 Matrix Model

Here the world-sheet metric has Lorentzian signature although for most applications it will be

more convenient to use the Wick-rotated Euclidean form.

Two important symmetries of the Polyakov action are reparameterisation and Weyl invari-

ance on the world-sheet, under which the metric varies as

0gap = Vavs + Vv, ,  and
gab = €gay (1.4)

respectively (X*# is a world-sheet scalar). The function o is called the Weyl factor. It should not
be confused with the world-sheet coordinates ¢®. By fixing these symmetries, the metric can be
eliminated, at least classically, up to a finite dimensional “moduli space” of inequivalent metrics.
The topology of the world-sheet dictates the number of modular parameters; there are none for
the sphere, one for the torus and 3h — 3 for higher genus surfaces with & handles. Heuristic
arguments for this can be found in [177, Sec. 3.3] and [274, Sec. 1.8], while [7, App. B] gives a
more rigorous approach. Most of the material presented here pertains to the sphere only and
references are given to works concerning higher genus world-sheets. Similarly, the calculations

in Chapter 2 are on the sphere only (“string tree level”).

1.1 Canonical quantisation

Canonical quantisation is made much simpler by choosing the so-called conformal gauge
Jab = €21y = €27 diag (—1,1) , (1.5)

(note the Lorentzian signature used throughout this section). This is analogous to choosing the
gauge 0-A = 0 in electrodynamics [199] and the string version of the physical-state condition
(phys'|0- A|phys) = 0 is

(phys'|T,s|phys) = (phys’ a0
phys |Lqp|pPhys) = (phy /G0

This constraint imposes reparameterisation invariance on the spectrum.

S
gaIZ)phys) =0. (1.6)

In the conformal gauge the action decomposes into a sum of d harmonic oscillators, the
modes of which create standing waves on the string. A spectrum of excited strings is thereby
built from the vacuum and each state is identified with a particle in space-time. The modes of
the time-like coordinate X will produce negative-norm states, but these will be removed from
the physical spectrum by the condition Eq. (1.6). For later purposes, it is useful to make this

construction explicitly.

Parameterise the world-sheet by the time-like ¢° and the compact o

0<ol<2r. (1.7)
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Performing a Fourier decomposition, each of the d fields X* splits into a right-moving and a

left-moving half
b Al
XH(og,01) = z* + 2d'p"0 + iV > In g=in(o®+oh) 4 41/ > %e"”("o_”l) (1.8)
n
n#0 n#0

The simplest way of constructing the spectrum is to consider just one set of movers and then

take a tensor product. Equivalently, the open string
ot .
X*(a9,01) = z* + 4a'pPa® + 21Vl Y Zne=ine® cospg! (1.9)
n#0 B
with Neumann boundary conditions 0,1 X“Io.lzo’ﬂ. = 0 can be used. It is relatively simple to

check that p* is the average space-time momentum as the notation suggests.

Canonically quantising, [%(01), XV (61)] = —id(o' —&1)nH, the modes have the following
commutation relations
[p,u,, 'TV] = 7577’“) 3
[ohan] = momqnn™ . (1.10)
The vacuum |0, p), corresponding to an unexcited string moving with momentum p* is annihi-

lated by all the o for n > 0. After normal-ordering, the modes of the energy momentum tensor

are

)
1
L, = 5 Z U Cm—n

n=—0o0
(o)
Ly = a5+ > apaon, (1.11)
n=1

where ag = V2a/p*. These obey the so-called “Virasoro algebra”

C
[Limy L] = (m — 1) Ly n + ﬁ(m3 —m)bmtn,0 (1.12)

where the “central charge” ¢, takes the value
c=d, (1.13)

for the case in hand.

1.1.1 Light-cone quantisation

The conformal gauge does not completely fix the symmetries given in Eq. (1.4), for it is possible
to choose v and o so that the reparameterisation cancels the Weyl rescaling. In the light-cone
quantisation scheme [164] this remaining symmetry is completely fixed by choosing the light-
cone “time” Xt = X0 4+ X491 = ¢t + pT0®. The constraint Eq. (1.6) can then be solved for

the longitudinal light-cone coordinate X~ = X% — X 9-1 in terms of the transverse coordinates
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X*. Therefore, in the light-cone gauge all string excitations are generated by the transverse

oscillators o,. This means all states have positive norm and the theory is unitary.

Consider the first excited state of the open string |e,p) = e;a* ]0,p). Now, since the un-
derlying theory is Lorentz invariant, the light-cone quantisation should give a Lorentz invariant
string theory!. But, under the action of a Lorentz boost the transversely polarised vector le, p)
acquires a longitudinal polarisation unless it is massless (the spin of a massive particle is labeled
by an irrep of SO(d — 1) whereas a massless particle corresponds to an irrep of SO(d — 2)).

Therefore, by Lorentz invariance |e, p) corresponds to a massless particle.

1.1.2 Old-covariant quantisation

In a similar fashion to QED, the constraint algebra obeyed by the modes L,, forbids that
Ly, |phys) = 0 ¥Ym. In the old covariant quantisation method, the positive half of the spectrum

annihilates physical states,
(Lo — a)|phys) = 0 = L, |phys) for m >0, (1.14)

where the factor of a comes from the normal-ordering ambiguity in Ly. The situation is further

complicated by the existence of “spurious” states which have the form
L_p|) for m>0. (1.15)

These are orthogonal to all physical states since (phys|L_,.|%) = (phys|L} |1) = 0. Therefore,
if a state is both physical and spurious it is equivalent to the null-state. Such null states are
modded out of the physical subspace since all amplitudes containing them vanish. Finding the

physical-state space is then a problem of finding the equivalence classes
lphys) = [phys’) if 3 |¢) st |phys) = |phys’) + L_m|t) . (1.16)

This method generates the same physical states as the ghost-number zero sector generated by
the more modern BRST procedure and can be proved to produce only positive-norm states [58,
165, 321] for a = 1 and d = 26.

As an illustration, the first three levels of the open string are examined. They are:

0,p). The only non-trivial physical state condition is Ly —a = 0

1. The unexcited string

which yields (recall fad = o/p?)
M? = —p* = —a/d . (1.17)

Soon it will be shown that a = 1 so that this state is tachyonic.

IThis is a condition for the consistent quantisation of the model.
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2. The vectors |e,p) = e o]0, p). Recall that by demanding underlying Lorentz invariance in
the light-cone quantisation method this state was massless. Here, the condition Lo —a =0
gives the mass formula M? = —p? = (1 — a)/o/. Therefore a = 1. The physical-state
condition I; = 0 implies p-e = 0. Since this is a massless particle the Lorentz frame
p# = (w,w,0,...,0) can be chosen and thus, so far, the physical states are the d — 2
transverse oscillations e* = (0,0,...,1,...,0), and the one state e oc p. At this level
there is only one possible spurious state L_1|0,p) = V2o/p-a_1|0,p). Thus the physical
state with e o p is spurious and therefore null. Removing this one null state reduces the

physical-state space to the d — 2 transverse oscillations only.

3. The first massive level |f,p) = fua?,]0,p) + fuwat1021]0,p). The (Lo — 1), Ly and L

conditions give respectively
M?=—p? = 1/a,
fu+ V2 fup” = 0,
W2 fp+fl = 0. (1.18)

The second condition simply says that f,, is not really an independent degree of freedom;

using this in the third gives a tracelessness-type condition

fu(4a/ptp” — ) =0 (1.19)
By writing the most general spurious state

(apL_10” 4+ bL_2)|0,p) , (1.20)

(L_1L_1 can be soaked into the first term) it is easy to check that a physical state is

spurious, and therefore null, if
fuv X aupy + aupy — %nm,a-p with  (d—26)a-p=0. (1.21)

If d # 26, then removing these null states removes (d — 1) components of f,,, leaving a
total of (%d(d + 1) — d) linearly independent components. Unfortunately, in this case, the
physical state conditions Eq. (1.14) have failed to remove one negative-norm state. This
can be seen heuristically by comparing with the light-cone quantisation in which there are
only (3d(d + 1) — d — 1) independent components: 3(d —2)(d — 1) from f;; and (d — 2)
from f;. On the other hand, at d = 26, another null state appears. Removing this gives
a spectrum containing only positive-norm states. Finally then, in the “critical dimension”
d = 26, the first massive level contains a physical state which has (3d(d+1) — 1 —d) linearly

independent components, corresponding to a transverse, traceless, symmetric 2-tensor.

Putting together two copies of the above to form a closed string, it is clear that the first
three levels are: a tachyon |0,p); a massless set of tensors Hy, with (d — 2)2 components which
can be decomposed under SO(d — 2) into a traceless symmetric tensor, an antisymmetric tensor
and a singlet; and a massive field Ej,n, = E(u)(5p) Which is traceless inside the pairs of indices
and transverse on all indices (so that it contains (3d(d+1) — 1 —d)? independent components).

Henceforth only closed strings will be considered in this chapter.
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1.2 Vertex operators and physical-state conditions

The spectrum of states can also be built by applying vertex operators to the vacuum |0, 0). For

example, the tachyon |0, p) is created by the normal-ordered vertex operator : ¥ :
0,p) = : ePX :0,0) . (1.22)

(Normal ordering is defined by putting all the annihilation modes to the right, as on p. 5.) That
this corresponds to the tachyon can be checked by acting with of to obtain v/2o/p* and by
annihilating the state with the positive frequency modes «,,. Another example is the closed-

string graviton g, (p)a” ,&”,|0,p), which is created by the vertex operator
9. (D) :gabaaX“(")bX#eip'X i = (1.23)

Naturally, the states these vertex operators create do not necessarily obey the physical-state
conditions. Recall that these conditions are a consequence of the underlying reparameterisation
and Weyl invariance of the theory. Thus, if all possible correlators (...) are invariant under
world-sheet reparameterisations and Weyl rescalings, the states created by the vertex operators
will correspond to on-shell physical particles and the amplitudes obtained will correspond to
physical processes in space-time. As will be discussed in more detail below, retaining explicit
reparameterisation covariance leads to a Weyl anomaly in general. A consistent quantisation of

string theory therefore requires
)
—(...)=0. 1.24
Z () =0 (1.24)

Much of this Chapter 2 will be dedicated to solving this equation in a weak-field expansion for

strings living in backgrounds containing massless, tachyonic and massive fields.

1.3 Path-integral quantisation

The path integral is not only a convenient calculational tool, but it incorporates string interac-

tions in a beautiful way. The partition function is

str
handles

B dX],[dg]
7 = X/[g—ge—SP[X,g] , 1.25
Z £ Vol ( )
with amplitudes being calculated by the insertion of appropriate vertex operators. The sum
runs over the number of handles of the string world-sheet, gs; is the string coupling constant, x
is the FEuler character of the world-sheet, Vol is the volume of the reparameterisation and Weyl
symmetry groups and Sp is the Polyakov action. The purpose of this subsection is to provide

an explanation of this formula.

String theory, as presented here, is is the theory of first-quantised strings. Strings interact by
joining and splitting their world-sheets as in Fig 1.1. Locally, there is no coordinate-invariant

distinction between free propagation and interaction in the scattering process depicted — all
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)

\
/_ : Figure 1.1 : A one-loop three-
),, . .
) e’ 3 point amplitude between states
i |91, |42) and |¢3).
19

//

the information of whether or not an interaction occurs is contained in the topology of the
world-sheet. In closed string theory, the number of boundaries corresponds to the number of
incoming or outgoing string states created by vertex operators, while the number of handles
corresponds to the number of loops. So the 3 g.X in the partition function Eq. (1.25), is a
natural way of including all possible paths (topologies) ald Feynman. The sum runs over all
possible world-sheet topologies with Euler character x = 2—2h, and the factor gg* weights each
handle h with the appropriate factor of the string coupling constant gs,.

Both X and g are dynamical variables in the Polyakov action Eq. (1.2), therefore they
are integrated over in the path integral. However, as mentioned previously, the action has
two symmetries classically — reparameterisation and Weyl invariance on the world-sheet. The
“Vol” is meant to symbolise the modding-out by an associated volume. Care must be taken here
since quantum mechanically there is an anomaly — the measures [dX],[dg], cannot be defined
so that they respect both reparameterisation invariance and Weyl symmetry. By definition,
reparameterisation invariance is kept manifest so the Weyl symmetry becomes anomalous. There
are two ways to deal with this anomaly: Constraints can be placed upon the parameters of
the theory so that the anomaly is zero and thus the conformal mode ¢ decouples; or, o can be
retained and the parameters become constrained by imposing that the theory be invariant under
simultaneous Weyl rescalings and shifts of 0. The former approach will be called a “critical”
string and the latter a “non-critical” string. It is common to consider the conformal mode in the
non-critical string as an extra space-time coordinate. Thus a non-critical string in d dimensions
is equivalent to a critical string in d + 1 dimensions; the extra dimension being provided by the

conformal mode. The following sections investigate these statements in more detail.

Before moving on, though, a brief word can now be said concerning two other reparameteri-
sation invariant terms which can be added to the Polyakov action. These are the cosmological

term and the Einstein term

1
Sp = Sp + 12 / VG + 1 (108 gor) / JIR . (1.26)

The first is not Weyl invariant, but both must be added for renormalisability, in general. Since
ﬁ J /R = x, the coefficient of the Einstein term is just log gstr, and 12 is the bare cosmological

constant (its renormalised value will often be fixed to be zero).
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1.4 Factorising the functional measures

A general metric gq5 can be obtained by performing a reparameterisation (v*) and Weyl rescaling
(o) of a “fiducial” metric gop(7) that only depends on a finite number of modular parameters
7;. In this way the functional integration over metrics can be decomposed into an integration
over v*, o and g and, if the remainder of the path integral is reparameterisation invariant, [d?v]
can be immediately canceled against the volume of the reparameterisation group. In the present
case, consider only world-sheets with spherical topology [284] since, as mentioned on p. (4) the
sphere has no modular parameters. The existence of a non-trivial moduli space complicates the

exposition considerably and details can be found in [7, 103, 248|.

Naturally, it is convenient to define the measures so that they are explicitly reparameterisa-
tion invariant. For the matter fields, the obvious choice is to use the scalar product with respect

to the metric gg
1= / (@957, where [5X[ = / JISXHEX,, . (1.27)
M

Note that while this is reparameterisation invariant it is not Weyl invariant. Similarly, the
measure for g, is induced from the reparameterisation invariant distance on the tangent space

to the space of metrics at gq
16915 = /\A Va(a*a™ + pg*°9°*)09as09ca (1.28)

where p > —3% (for positive-definiteness) but otherwise arbitrary.

Under a small reparameterisation and Weyl rescaling, the metric changes according to
Eq. (1.4)

69(11) o= (vuvb + vbvu . gabV‘U) + gab(zda + VU)
. (Pl'U)ab e 2gab50, (1'29)
where the variation has been decomposed into a traceless part and a part proportional to the
metric. The integration over g,; can then be factorised into an integration over v* and o with

a Jacobian factor [284]
[dg]y = det Pi[d*v];[do]; - (1.30)

Now everything is reparameterisation covariant so [dzv]g can be modded-out from Eq. (1.30)
immediately. Further remarks concerning the measure for ¢ induced from Eq. (1.28) will be
made soon; for now it is clear that [do]; cannot be removed since o-dependence is hiding in the

measures. A careful examination of measures and the above procedure can be found in {340].
By writing the Jacobian in terms of ghosts 4% and c,, the measure reads

[dg]g/VOIreparam h /[db]g[dc]ge—%f’” Vb Vacs [da]g ) (1.31)

where, since P; maps vectors into symmetric traceless tensors, 4% is symmetric and traceless.



1.4. Factorising the functional measures 11

There is one final complication. After gauge fixing there are still the 3 conformal Killing
vectors for the sphere and one for the torus. To break these gauge symmetries, the standard

practice is to fix the position of 3 vertex operators on the sphere and one on the torus.

1.4.1 The critical string

Dependence on the conformal mode is still hiding in the measures for the matter fields X* and
the ghosts. By making this explicit, conditions for overall Weyl invariance can be derived and

the measure [dol; can be removed.

First, all ¢ dependence will be made manifest. Since under an infinitesimal Weyl rescaling

the effective action varies as

sao = ([ )~ of )

the anomaly may be calculated by integrating up the trace of the energy momentum tensor. The
notation (...) xp. indicates that only the fields X#, b* and ¢, are being integrated over. Explicit
details are nicely presented in [136], while the original work for the spherical world-sheet was

done in [284] and for world-sheets of arbitrary genus in [7].

On purely dimensional grounds, the trace looks like
16m(T%) = 254 R(g) + p* , (1.33)

where R(g) is the scalar curvature of the original world-sheet metric and 2 is the cosmological
constant which has dimension 2. It is the coefficient (26 —d)/3 which needs to be calculated. This
is quite lengthy, but straightforward, and can be found in the above references. The matter fields
X* contribute the factor of d while the ghosts’ contribution is 26. To integrate the variation,

parameterise gqp = €2 gop and use R = G—QU(R — 200) to obtain

§5.41(3,0) = %/ V3 (B74(R ~ 200) + %) 6o . (1.34)
M
Integrating this version is easy since all the o-dependence has been rendered explicit. Renor-
malising the cosmological term and neglecting the constant of integration, the result is

26 —d R
[dddedc]gel‘f Sva = [d4X dbdc]; exp ( (2;47r / Vi(oQo — Ro + Moe2")) ) (1.35)
M

The action written here is called the “Louiville action”.
The critical string moving in R is therefore defined by the partition function

7 = g / [dXd%bdc]; exp — St ,
X

d— 26
241

/M Vi(oBo — Ro + poe®) + Sp(X, g) + Sgn(b, ¢, §), (1.36)
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with the condition that all correlators be independent of o

5(...)
5

=0. (1.37)

It is clear that this condition is solved by d = 26 if the vertex operators themselves are Weyl
invariant. In later sections, strings moving in more interesting backgrounds will be studied by
replacing Sp(X,g) by a non-linear sigma model action. The backgrounds modify the d = 26

solution.

1.4.2 The non-critical string

The conformal mode o, is retained in the non-critical string. Its measure [do]; is complicated

since the norm, induced from Eq. (1.28) is

[do]2 = (1 + 2) /M JGe* (80)2 . (1.38)

It is unknown how to proceed with the quantisation using this measure, therefore it is assumed
that there exists a Jacobian J(o, §) which describes the transition from measure to the simpler

measure with norm

002 = /M N (1.39)

Furthermore, it is postulated [87, 115] that this Jacobian, when suitably regulated, is given by
the exponential of a renormalisable local action. The most general such action consistent with

the reparameterisation invariance of the underlying theory is of the Liouville form,
1 .
[d4Xdbde do], = [d*Xdbdc dol; exp (4—/ \/E(%O’DO‘ — QRo — uea")) . (1.40)
T Jm

The Liouville action now contains arbitrary renormalised parameters @, u and « (relative to
the Liouville action written previously the field o has been scaled by «). All dependence on o
has now been written explicitly. Therefore, the non-critical string moving in R? is defined by

the partition function
Z = 3 gix / [d4X dbdcdo]; exp —Stor |
X

1 A i
Swe = =3 [ Vi(o00 - QRo - ue™) + Sp(X,9) + Sulb,e9) . (L4)

with the condition that the theory is invariant under Weyl transformations, that is, under the

simultaneous shift

Gg—e’g and o—0—-7/a. (1.42)

In Chapter 2, it will be shown that this constraint implies [115] 12Q% + (d + 1) — 26 = 0 and
a = Q + +/Q? —2 (these conditions follow from the dilaton and tachyon equations of motion
respectively, see Eq. (2.40)).
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1.5 Strings in more complicated backgrounds

The Polyakov action can be replaced by a non-linear sigma model

- 1
Yo%

S(X, 4] [ (Va6 (300X 0,X7 4™ + Buu(X)XF 0, X" e
M

+d/JGRI(X) + o /gT (X)) (1.43)

This is the most general local action with at most two derivatives (so that it is renormalisable)
that is reparameterisation invariant both on the world-sheet and in space-time?. Loops in the
sigma model (not string loops) are counted by the string tension o/, which means that to zero
loops (classically), the sigma model is Weyl invariant. However, at one loop, Weyl invariance
has been destroyed by the terms \/gR® and ,/gT. It will be restored by canceling the anomaly

against these two terms.

Notice that e~ is made up of of exponentials of vertex operators and thus it corresponds
to a coherent state of strings. This means [227] that this action describes a string living in
a non-trivial background made up of a string graviton (G,), an antisymmetric tensor (Byy),
the dilaton (®) and the tachyon (T'). Soon it will be shown that the Weyl invariance condition
Eq (1.24) implies that the functions G ., By, ® and T obey the equations of motion associated

with the graviton, antisymmetric tensor, dilaton and tachyon respectively.

By comparing the critical string of Eq. (1.36) with the non-critical string Eq. (1.41), it is now
clear that by treating o as an extra space-time coordinate, a non-critical string in d-dimensional
Minkowsky space is equivalent to a critical string which lives in d + 1 dimensions in a tachyonic
linear-dilaton background (T’ = pe®” and ® = Qo).

One final point to make is that by comparing the non-linear sigma model with the extra terms
Eq. (1.26), it is clear that the string coupling constant is just the exponential of the expectation
value of the dilaton

gstr = exp(P) . (1.44)

1.6 Beta-functions, tachyons and weak fields

In Sec. (1.4.1) it was explained that in order that there be no Weyl anomaly for the bosonic string
in an empty flat background the dimension of space-time must be 26. Weyl invariance with a
background graviton field was first studied by Friedan [147, 148]. One of the achievements of his
thesis was the calculation of the graviton’s beta-function to two-loops using a normal coordinate
expansion in the partition function. Setting the beta-function to zero, up to total-derivative
terms, is equivalent to demanding Weyl invariance. This is explained in the next small section
where his calculation is reproduced (on the sphere to one sigma-model loop) as an example of
the G-function method.

2Soon it will be shown that the other possible term ﬁ f \/ﬁfluDzX ¥ can be removed by a redefinition of X*
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The calculation can also be extended to include all the massless fields (Eq. (1.43) with
T = 0). However, as will be explained in Sec. (1.6.2), with the inclusion of the tachyon there are
contributions to the Weyl anomaly that are invisible to any finite order in the loop expansion [85].
These contributions can be obtained by using a weak-field expansion instead of the sigma-model
loop expansion. A popular method of implementing the weak-field expansion is the “Wilson
renormalisation group” approach which was pioneered by Banks and Martinec [23] and developed
by Hughes et. al [189]. This method is only briefly summarised at the end of this subsection

since it is very similar in spirit to the explicit calculations presented in Chapter 2.

1.6.1 The @-function method

As an illustration of this method, take a string moving in a gravitational field

1
drad

/\/ﬁg“baaX“abX”GW(X) : (1.45)
A classical solution X* obeys the equations of motion
9 Da0p X" =0 . (1.46)

Expanding around the “background field” X* in the usual fashion X* = X# 4+ Q* with a
non-trivial metric G, is inconvenient since tensors at the two points X and X + Q vary dif-
ferently under space-time reparameterisations. In order to keep reparameterisation invariance
manifest, the idea is to replace the displacements @) in the neighbourhood of X by a “covariant
displacement” defined by the geodesic running through X to X + Q. Specifically, for a small
neighbourhood around X there will be a unique geodesic described by p*(7);

d? P - dp” M _

dr? Adr dr

(1.47)

Here the affine parameter 7 is bounded 0 < 7 < 1 with p#(0) = X* and p#(1) = X* + Q*. The

covariant displacement may then be defined using the “normal coordinates”

do#
sh= (1.48)

dr 7=0
These coordinates are useful because geodesics are simply straight lines; for take two points
X 4+ Q and X 4+ Q' on the same geodesic, then 7 = ar and so s'* = s, Because of this
property, the connection obeys particularly simple properties in the normal-coordinate frame

(denoted by a tilde)

0 == Fﬁ/\ y

0 = 8,0k, +a,T%, + 0%, (1.49)

and similarly for higher symmeterised derivatives. (This is often taken as the starting point for

the definition of Riemann normal coordinates rather than the above geometrical definition.)
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The idea is to write the action in the normal coordinate frame using identities following from

Eq. (1.49) and then covariantise. The result will be valid in all frames. For instance, since

- Tz app‘ a2pp’
LpQr = pH(1) = pH(0) + —
X+Q p() ()+ 67-7'1+2 87.2 T=1+
= XH4sH— I‘“)\s .
= XH 4 gt ,
R'uu)\p = a -0 FM,\ +0 = 3)\F %(Rﬂu)\p +Rup)\v) 3 (1'50)
then
0a(X TQ)M = 0, X* + VgsH — %Rﬂa,,ﬁ()'()aa)“(”sasﬂ +0(s%)
_— 1 —
TuZ+Q) = 3 (O G Tulg)s™ st
n=0
= Tu(X) + Vi Tuws" + (V0 Vi T — 3B, s Do — 5800 Tin ) 816
+0(s%) . (1.51)

Note that all the terms on the RHS have been covariantised so that the results are true in any

frame. To O(s3) the action is
_ 1 _ _ _ _
§=8X)+ / (G (X)Vas"Vas” — Ryoup(X)0. X" 0,X"5%5°) + 0(d!) (1.52)

(by scaling s — v/o/s the o/ dependence has been made explicit).

The first term of the expanded action gives the propagator and using dimensional regular-
isation it is found that the only divergent contribution to the one-loop effective action is the

tadpole diagram with an insertion of the second term;
Sdlv ~ / R, (X)0,X"8,X" . (1.53)
In general the effective action is of the form
S = [ Gau(X)0uX#0.X” (1.54)

where G}, depends on the dimensionful scale parameter € introduced through the regularisation
scheme. Demanding that Seg is invariant under rigid changes of scale implies that the integral
of the S-function be zero; [ ﬂw,aaX k3, X" = 0. However, this is too weak since all it amounts

to is that the integral of the trace of the energy momentum tensor be zero

/ T, = / BB X 8, X" =0, (1.55)

(note this is an operator statement). For the theory to be invariant under local scale transfor-

mations the condition

0=T% = B0, X 0, X" + V,V,0, X" 0, X" , (1.56)
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must be imposed, where the second term has been added for generality since its integral is
zero. In fact [191, 325], in order that the necessary renormalisation be produced by a local
counterterm V), must be taken to be the gradient of the dilaton: V, = —2V,®, (this condition

will be reproduced in Chapter 2). Therefore, the theory is conformal invariance iff
Ru(X)+2V,V,6=0. (1.57)
The calculation can be extended to the whole massless sector which results in [62]

0 = Ry —1iH,,HM+2V,V,0,
0 = VEH,,—2VFG H,,
0 = Bedy R o H,, H" +2dV*0 - 2d/(VE)? (1.58)

where HHV/\ e %(aﬂBw\ + 8,,B,\# il 8)\3,’“,).
A simple solution of these equations is
Guw="w, Bu=0 and ®X)=QX with 6/Q*=26—d. (1.59)

Evidently, a linear dilaton makes it possible for a string to propagate consistently in dimensions
other than 26.

Finally, the S-function calculation has been extended to higher sigma-model loops (which
add higher-derivative terms to the equations of motion) and string loops (see, for example, [65,
192, 193, 242, 244, 243] and [66, 143, 144, 293, 326] respectively).

1.6.2 Tachyons and the weak-field expansion

Applied as above, the (-function method does not give the correct equation of motion for the
tachyon, as explained by Das and Sathiapalan [85]. The problem was that every order in the
loop expansion became finite simply by making the theory one-loop finite because the tachyon
vertex operator is super-renormalisable. More explicitly, consider the string in the conformal

gauge in a background of tachyons [74]

— 1 1
§=— /M (10aX"0.X, + XT(X)) . (1.60)

The coupling constant A is dimensionless; all dimensionful constants have been soaked into T'

(and o/ = 2). Expanding around the background X yields an infinite number of vertices
T(X) =T(X +Q) = z QML QR 8, T(X) (1.61)

Now consider expanding the effective action in powers of T(X). At first order an infinite number
of tadpoles will be generated. The point is that because T' is super-renormalisable, if these are

renormalised then graphs with more insertions of T'(X) will be finite! Because no higher-order
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renormalisations are needed, the beta function is linear in the tachyon field which means that

there don’t seem to be any tachyon self-interactions.

To understand this, Das and Sathiapalan specialised to the case T'(X) = cos X' which is the
well-studied statistical-mechanics sine-Gordon model. Applying the results of [11, 260, 338] it
was found that although a single renormalisation made every order in the loop expansion finite,
the sum of the loop contributions diverged. To find the correct equation of motion, the loop
expansion can be summed by employing a weak-field expansion. To second order the equation

of motion in a linear-dilaton background is [85]
(8> -2Q-0+2)T — +T* =0, (1.62)
which will be verified in Sec. 2.2.

The Wilson renormalisation group approach is the most common method used to implement
the weak-field expansion. It starts from a flat world-sheet and places constraints on the space-

time fields by demanding that the theory be invariant under conformal transformations
do® =v*(o) with Ogup + Opvg = dgp0-v . (1.63)

A formal equation (the “Wilson equation”) which expresses invariance under this transformation
is derived [189, 299] in much the same way as a Ward identity. A short-distance cutoff is used
and the equation is solved, in principle, order-by-order in the couplings. Rather than giving
more details, at this stage it is more efficient to note the two important differences between this

approach and the method that will be used in Chapter 2:

1. In the standard approach a flat world-sheet is used and conformal invariance is imposed,

whereas Weyl invariance on a curved world-sheet is used in Chapter 2; and,

2. The “Wilson equation” is an operator statement, however, in the next section correlators

are calculated explicitly.

The standard approach fails to obtain the tracelessness condition Eq. (1.19) at the first massive

level. Some suggestions as to why this is so will be put forward in Chapter 2.

The weak-field expansion has the nice feature that it can easily handle all the levels of the
string, unlike the B-function approach. However, the g-function method is manifestly covariant
and thus background independent, while the weak-field expansion derives the equations in a
particular gauge since space-time reparameterisation invariance is broken from the very start.
(Actually, at low orders the equations are easily covariantisable [328], and, since the goal of
Chapter 2 is to study tachyon scattering in a fixed background, it is convenient to choose a
gauge anyway.) The weak-field expansion has another disadvantage, as shall be seen in the next
chapter. This is that at second order things become very complicated since, generically, every
field will enter every equation. It simply must be assumed that it is consistent to study a finite

subset of fields. It should also be mentioned that some progress has recently been made towards
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forming a type of “covariant weak-field expansion” (26, 27]. However, this formulation uses the
flat world-sheet and, in the critical dimension, still misses the (analogue of the) tracelessness

condition at the first massive level.

1.7 A summary of the perturbative 2d string

In two space-time dimensions it is clear that a non-trivial background is needed for consis-
tent string propagation. Such a background is provided by the flat linear-dilaton vacuum of
Eq. (1.59). Canonical quantisation in this vacuum can be carried out [274, Sec. 1.6,5.6] in an
analogous way to the flat empty background of Sec. 1.1. Alternatively, the physical spectrum
can be found by solving the equations of motion and constraints Eq. (1.58) and Eq. (1.62). Both
methods will be described here. From the outset, consider the case in which the background
charge just lies along the “1” direction, @* = (0,v/2). As mentioned previously, this string

theory is equivalent to the one-dimensional non-critical string.

There are two static solutions to the tachyon equation Eq. (1.62) when it is linearised
T(X') =e@X | X1eQX' (1.64)

and one traveling wave

T(X) = P X+QX" (1.65)
with p? = 0, so that in 2 dimensions, (or, more specifically, in the 1d non-critical string), the
tachyon is massless. The second solution of Eq. (1.64) will play a role later when the derivation

of tachyon S-matrix elements is summarised.

At the next level of the string, it is found that the only solution is non-propagating and con-
tains just one free parameter [238, 344]. This is called the “black-hole” (its form is derived below
using canonical quantisation). The approach will be continued in Sec. 2.6 where it will be shown
that the next level above the black-hole contains two time-dependent, but non-propagating,

states.

Now proceed with the canonical analysis. Roughly speaking, if the world-sheet has spherical

topology, the insertion of the linear-dilaton vertex operator

exp—i/\/gRQ-X, (1.66)

into the path integral shifts the momentum conservation condition to Y p; = —2i@ (this is ex-
plicitly shown in Eq. (2.26)). Accordingly, to create a circular string with space-time momentum
p* requires a vertex operator

L ePXFQX (1.67)

The Virasoro generators are also changed

X0 o0
Ly—-1=3p"+> a_pa, and Lpm=3 Y apomnti(m+1)Qan (1.68)

n=1 n=—00
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where off = p# — iQ" and the central charge in Eq. (1.12) isc =2+ 3Q? (and o/ = 3).

The first level is thus massless, but is still conventionally called the tachyon. From Sec. 1.1,
where the second level was a massless field with (d — 2) independent components, it might be
expected that no physical excitations would remain in 2d. This counting breaks down at certain
discrete momenta, however. The states that appear at these momenta are called “discrete
states”. As the mass level increases, more and more of these discrete states appear [53, 54, 215,
222, 345, 350].

By way of illustration, consider the open-string state |e,p) = e ot ]0,p). The Ly — 1 and
the L1 conditions give
M?=—p*=2 and (p*+iQ")e,=0, (1.69)

respectively. Since Q? = 2, the physical state is e, o p, —iQ,. However, this is exactly the

spurious state
L—1|0,p> = (pu - ZQu)alilloap) . (170)

So, it seems that there are no physical states, as predicted by the component counting.

This is true at generic momenta but not at special points in momentum space [282]. At
p = —i@* the L, condition becomes empty and the spurious states are those with e* o< Q*. So,

there is one physical state
Qualilloi —iQu) ’ (171)

where Q-Q = 0. Similarly, at p = iQ*, there are no spurious states, so there is another physical

state
Qua10,iQH) . (1.72)

Now take a direct product of two open strings to make a closed string. Then because of
the modified vertex operator Eq. (1.67), the latter state simply corresponds to : g*°0, X%0, X" :
(recall Q* = (0,v/2) so @ lies just along the zero direction). By comparing with Eq. (1.43)
describing the string in background fields, it is clear that this insertion simply re-scales compo-
nents of the flat metric Goo. However, this can easily be absorbed by a rescaling of X°. The

former state is more interesting; it is created by the vertex operator
: gabBaXOag,XOez‘/EX1 . (1.73)

This also corresponds to a rescaling of components of the metric, but one which diverges at
infinity
§Goo = Me2V2X" (1.74)

Here M is an undetermined constant (it arises as a constant of integration in the sigma-model

approach). In the coordinates

X' = XY - L/am eV (1.75)
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the metric is ds? = (1_Me2\/§X“) ((dX)? — (dX%)?). Thereis a horizon at X' = —1V2log M
and the curvature blows up at X!’ = co. Thus this solution appears to resemble a black-hole
(further remarks can be found in {110, 238, 327, 329, 344]). The analysis of the higher levels of

the 2d string proceeds in a similar fashion.

1.8 The ¢ =1 matrix model

The ¢ = 1 matrix model describes the non-perturbative behaviour of critical strings living in
2 space-time dimensions. It is derived from the non-critical string in 1 dimension. The string
theory presented so far has been purely perturbative since its quantum mechanics was prescribed
by the perturbative path integral. Any non-perturbative description of string theory is therefore
very exciting since processes invisible to perturbation theory, such as the evolution of black-holes,

can be studied.

The standard line of thought is to assume that all closed bosonic critical string theories in
a particular dimension are descriptions of the one theory expanded around different vacuum
configurations corresponding to the different background fields. Coupled with the fact that
the non-critical string in 1D is equivalent to the 2D critical string, the matrix model is hoped
to describe the non-perturbative physics of 2D strings in all backgrounds. However, until the
proposal of Dhar, Mandal and Wadia (DMW) [97, 98], there was no clue as to how these other
backgrounds could be seen in the matrix model. This is the reason why it is important to
check their proposal, for, if it is right, it gives a prescription for creating an arbitrary space-time

background in the matrix model in which to do (non-perturbative) scattering experiments.

Before specialising to 2d, consider first the partition function corresponding to a non-critical
string in R?
d
z= ¥ g [ESh i viaax v, (1.76)
handles A Vol
andales
where x is the Euler character (x = 2 — 2h). The idea of the matrix model is to define [ I?,Jgof
by discretising the world-sheet [10, 51, 52, 86, 210]:

1 _ w2
_ —pA — / oy (Ki—X5)
Zawz Y Y ety [Tlaxte oo (1.77)
handles  random [
discretisations

where G is the symmetry factor of the discretisation, d’X/ indicates that the zero-mode of O
has been omitted, and the sum Z<ij> is over nearest neighbours. An elegant way to reproduce
the sums in Eq. (1.77) is to use a Feynman sum of graphs which construct the dual lattice. The
quantum theory that produces this Feynman sum is called the “matrix model”. Then finally,
the continuum limit is reached by taking the size of each simplex to zero and the number of
simplices to infinity (the “double scaling limit”). Although the discretised version has been
defined for all d, the continuum limit is only solvable for 4 < 1. For a review of matrix models

and string theury see [160].
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1.8.1 An example — pure gravity

Consider the case of d = 0 which corresponds to a string propagating in a non-existent space-
time. For definiteness, take the simplices to be squares and fix the area of each to be % The
curvature at a vertex is negative (positive) when the number of incident squares is more (less)
than four. For a particular “squarulation” define F' to be the number of faces, E the number of
edges and V' the number of vertices. Then the total area A = %F and y=F—-E+YV.

To generate all possible discretisations with given number of faces (surface area) and number
of handles, the dual lattice is employed. This is just a closed ¢* diagram with F vertices, V

loops and E propagators. The matrix model partition function is

efMm = /dgbexp (—%(}52 -|—gq54) . (1.78)

The exponential of Zysps has been taken because only connected graphs are of interest. In fact,
as shall now be shown, in order to count the number of handles and to obtain orientable surfaces,

N x N Hermitian matrices must be used rather than simply ¢,
SIMM /dMNXNexp (-NGTrM? + gTr M) (1.79)

The propagator, vertex and a loop are shown in Fig. 1.2 (notice the arrows on the lines originate

A
Ny ‘“/\1_

B

Figure 1.2 : The fundamental building blocks of the matrix model of pure
gravity. The propagator N~'8:6F, vertex gN and a loop §1g . §7 =N,

2 13 11

from the Hermiticity of M and define a certain orientation of the surface). A typical graph
has [318]

N~ EB(NgHFNY = NXg~F | (1.80)

so that by considering an N X N matrix rather than just ¢, the number of handles has been
able to be counted. Comparing with Eq. (1.77), the following identifications between the matrix

model and the discretised string can be made
N =g, and g¢g*=e". (1.81)

Note also that the symmetry factor 1/G has been taken care of automatically by the symmetry

factor of Feynman diagrams.
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Before investigating the continuum limit, it is worth mentioning that the problem can be

simplified by diagonalising M = UTDU. After integrating out the U’s the partition function

becomes
N 1
-N [ sA24gAd
Iy = /H dyANe = (2 e l) : (1.82)

i=1
where the induced measure includes the Vandermonde determinant

A =TT =) - (1.83)

J<d

It is important to note that this is antisymmetric in the eigenvalues )\;, because in the ¢ = 1
model such determinants arise in a similar fashion and will prepare antisymmetric (fermionic)

initial and final states.

It is intuitively clear that the continuum limit corresponds to biasing the Feynman sum
towards surfaces with a large number of vertices. In other words, the coupling must be tuned

g —g. so that the average total area blows up

I ; log Z
(A) = _Olog Zais _ 2g3 g Zym , (1.84)
o dg

Therefore, the behaviour of Z as the coupling tends towards some critical value is of interest.

From Eq. (1.80), the partition function can be expanded in a power series
Zym =N°Zo+Zy+ N2y + ... | (1.85)

where Zj, is the partition function arising from surfaces of genus h. The continuum limit is not
simply the N — oo limit since this would produce only planar graphs. Instead, the “double
scaling limit” is taken, in which the critical limit ¢ — ¢, is taken in conjunction with large N
limit in such a way that each genus gets weighted equally. The rest of this section motivates the

exact form of the double scaling limit.

Writing the non-critical string of Eq. (1.41) in terms of a partition function Z(A) for fixed

area A= [./g
Z = / dAe #4Z(4) ,

/[d. e (ﬁ /M QBo +.. ) 5(/ JGe™ — 4, (1.86)

the scaling dependence of Z(4) on A can be determined. Under a shift 0 — o + &/a for &

Z(A)

constant, the measure does not change — the only change is from the dilaton term and the

delta function, giving
Z(A) = eR0X/=T 7(077 4) . (1.87)

The choice 7 = A gives

1
Z(A) = A/ z(1) = A2XTser=2)=1 71y | (1.88)
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In the discrete case A is quantised which gives [42]

1
Zaim = Zdzsx~Ze A glTur =)~ ZgAAf‘PS” D71~ (g - 1)2XC o) (1.89)

Therefore the partition function can be written as the sum
7 = Zax ( -1) 3 Fstr)) (1.90)

Differentiating to find the average total area, it is clear that the type of divergence is the same
for each genus
i
A) ~ —— . 1.91
)~ —5 (1.91)

The continuum limit in this simple model is therefore defined as
il
(g—1)—=0 and N — o0, with N(g— 1)5(2—1“3”) constant . (1.92)

This is a “double scaling limit”. It appears in much the same way in the minimal models and
below in the ¢ = 1 model. In the ¢ = 1 model, it is especially important to know that the
double scaling limit really matches the continuum, since it is hoped that the matrix model will
shed light on physical processes such as black-hole evolution. This matching has not been shown
rigorously, however, the double scaled matrix model does agree with every amplitude that has

been calculated in the continuum.

1.8.2 The ¢ =1 model and its double scaling limit

For one space-time dimension, the expansion in gs; of Eq. (1.77) can be generated from the

partition function

eZmm(T) _ / [AM (£)] exp (—N /0 e (b2 — V(M))) . (1.93)

The kinetic term in the action has been obtained in the following way: The quadratic choice of
kinetic term in Eq. (1.77) corresponding to the Polyakov action maps to a Gaussian propagator
A(X) ~ ¢ ** in the matrix model. The leading small-momentum behaviour of the associated
momentum space kinetic term A~1(p) ~ P’ looks like 1+ p2. It is this that has been used,
not the inverse of the Gaussian propagator [160]. Because the model is ultraviolet convergent,
only the short distance, non-universal, behaviour is affected by this substitution. This claim is
supported by comparing the calculations of the string susceptibility I's, in the continuum [217]
and for large N [209]. More indirectly, it is also supported by the agreement between the double
scaled correlators and those in the continuum. Similarly, the double-scaled answers do not
depend on the choice of V, other than needing V(£oo) = oo and, as shall soon be shown, the
existence of a quadratic maximum. This is encouraging since it points to the fact that the true

continuum results are being calculated rather than some lattice artifact.
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Diagonalising M yields the quantum mechanics of N spinless particles [56]

eZvu(T) /H[d,\i(t)]A(/\i(0))A()\i(T))exp (—N/OTdtZ(Af —V(&))) : (1.94)

The Vandermonde determinants that come from the Jacobian at each intermediate time-step
have canceled with those coming from Tr M? = ¥ X?%—Z UiTj(/\i —);)%Uj;, and only the boundary
terms remain. These prepare final and initial fermionic states since A is antisymmetric in the

Ai. Thus the matrix model is a system of N uncoupled fermions moving in a potential V.

There still remains the double scaling limit. Motivated by the ¢ = 0 case, this will consist of
tuning the coupling g (contained in V') to some critical value, while simultaneously taking the
large N limit such that some scaling parameter is held fixed. First notice that in the partition
function Eq. (1.94) the number of eigenvalues N appears in precisely the same way that A~}
appears usually. Continue this analogy by writing the Hamiltonian H = NH' where the new

Hamiltonian H' is given by

H = Z %pf + V(/\l) with [p“ )\]] = héw = N_l(sij . (195)

1
Each fermion occupies a volume 27/ = 27 /N in phase space and in the large N limit a continuous

Fermi fluid appears. Consider this classical limit in more detail. The volume of the fluid is held

constant since

volume of occupied phase space [ dpdA8(er — E'(p, A))
volume of one fermion B 2w /N

N= , (1.96)

which implies
dpd)
1 :/—gﬂ—Q(eF —E(p ). (1.97)

In these formulae, 6 is a step function, E'(p, \) = $p? + V()) and €f is the Fermi energy. The

above identity, true in the large N limit, determines the Fermi energy in terms of the coupling
g.

As noted previously, the large N limit suppresses all but the graphs with spherical topology.
The free energy Fy, of such graphs is

Fy= lim N72 lim T7'Zy(T) = lim N 2NE}, (1.98)
N—ooo

N-—oo T—o0

where Ej is the total energy of the fermions in their ground state

N
Ey=> E. (1.99)
=1

In summary, Eq. (1.97) determines the Fermi level €g in terms of g, and the goal is to find the
non-analytic behaviour of Eq. (1.98). First consider the following heuristic argument: Suppose
the potential is given by V(A) = —%/\2 + gA\*. Then, as ¢ increases, the fluid moves up the
potential wells as depicted in Fig. 1.3. At some critical value of g, the Fermi fluid will reach the
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Figure 1.3 : As the coupling g increases, the Fermi level gradually reaches the

top of the quadratic maximum. There is a critical point as the fluid reaches
the top.

top of the quadratic maximum. At this point, the free energy diverges. Putting some body into

these statements, the free energy can be explicitly calculated [56]

dpdA
Fo = /g—w(%pz — INF 4+ oM O(es — 507+ EXE— gAY

1
= — dXy/2 A2 — 2904 (ep — A% 4 29\
37T/—26F \/6F+ g (6F + 29 )
~ €xlog—ep . (1.100)

In the last line, only the leading singular behaviour has been kept. This arises from the end-
points of the integral which are close to the central quadratic maximum as indicated in the

second line. The critical limit is ez — 0.

From the derivation, it is clear that the only important distinguishing feature of the potential
was a quadratic maximum. Multiplying Fy by N? to obtain the free energy suggests that the
scaling parameter in the double scaling limit should be Nep. This is in contrast with the ¢ =0
case, since the scaling variable does not involve a power of g—g.. Instead, evaluating the singular

part of Eq. (1.97) yields g — g, ~ —eF log(—€F).

The double scaling limit is for the ¢ = 1 matrix model is defined to be [57, 161, 179, 247,
264, 270]
er, >0 and N — oo with [ = —Nep = constant . (1.101)

As N — oo the splitting between fermion levels is tending to zero which results in a continuous
Fermi liquid. At the same time the Fermi sea is rising up to the top of the quadratic potential; ji
parameterises how close the Fermi level gets to the top. The quantity /i is not to be confused with
the cosmological constant u; in fact, since each string diagram is weighed by X (see Eq. (1.80)),

[ is simply the inverse string coupling gsr ~ aL.

The double scaling limit is easy to take in the second quantised version of the system. Here

the Hamiltonian is

H= N/d)\ (ﬁa@mg + V(A)dg) : (1.102)

where ¢()) is a second-quantised spinless field. Define X = N~'/2¢ and ¢(\) = N'/4y(g), then
in the double scaling limit only the the quadratic behaviour of the potential survives and the
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Hamiltonian becomes _
1 = [ aq (3o - Satv) | (1.103)
which is just the non-relativistic quantum field theory describing non-interacting fermions living

in an inverted harmonic oscillator potentiall The fermions are filled up to the level H = —[i.

1.8.3 The space-time interpretation

Although the double-scaled matrix model is supposed to describe 2d critical string theory, the
identification of the space-time states in the matrix model has been a problem fraught with
difficulties and misunderstandings. It might be expected that the tachyon, which is a scalar,
should be related to the bosonised fluctuations of the Fermi surface [84, 239, 271, 310]. Indeed
this is so, but the relative normalisation of the wavefunctions was, however, quite difficult to
calculate and it is the goal of this section to give an overview of the result. The realisation of
the discrete states in the matrix model is still speculative (although it is hoped that the next
chapter adds weight to DMW’s proposal) and comments regarding this problem are saved till

the next section.

The idea is quite easy in principle. The correlators of tachyons are calculated in the 2d string
theory and compared with scattering of small bumps on top of the Fermi surface. The first part
of this subsection is taken from Polchinski’s lectures [274], while the second part comes from the

papers of Di Francesco and Kutasov [105, 106].

On the matrix model side, only small fluctuations around the static solution will be consid-
ered. This is because the results will be compared with the predictions from perturbative string
theory and this regime (gg,, — 0) is described by the matrix model with the Fermi level well
below the quadratic maximum (& ~ g5!), or, equivalently, by small perturbations of the Fermi
sea which do not cross the potential barrier. Thus, it seems safe to consider only one side of
the potential since tunnelling through and washing over the barrier are both non-perturbative
effects. This idea will be challenged in the next section, but for now, it will be accepted that

only one side is needed in order to describe the perturbative scattering of tachyons.

The classical motion® of each individual fermion is governed by the single-particle Hamilto-
nian H = %(p2 - ¢?),

Dip=q and Dyg=p, (1.104)

where D; is the comoving derivative which follows the fermion of interest. This has the partic-

ularly simple solution

p = —l|a|sinh(t —b) and ¢ = —|a]cosh(t—b), (1.105)

®The map between the matrix model and the space-time has only been worked out at tree level. However, the
wavefunction renormalisation needed to map the tachyon into the matrix model originates because the latter was
introduced using, essentially, a short-distance cutoff. Presumably then, since short distance effects should not
depend on the global topology of the world-sheet (gstr is a relevant coupling), the map is the same to all orders
of perturbation theory [274].
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where a and b are arbitrary constants. The “skin” of the static sea is given by H = —p, or

p+(Q)static = £/ ¢% — 200 (1.106)

In this formula, and henceforth, + (—) will stand for quantities with positive (negative) momen-

tum p. These are, of course, incoming (outgoing) fermions, as depicted in Fig. 1.4

Figure 1.4 : A typical excited Fermi
sea (shaded). The incoming fermions
at the top move on hyperbolae until
they leave the diagram at the bottom
left corner. The RHS of the sea is un-
excited and small pulses (perturbative

string theory) never pass over to this

region.

(=) = (p<0) = outgoing (+) = (p>0) = incoming (1.107)

Rather than describe the motion of each individual fermion, it is much more convenient to
use collective coordinates p4(q,t) which are the positions of the sea’s upper and lower surfaces
for a small perturbation around p4(q)static- The equation of motion for p4 is simply that of the

position p of the Fermi surface at a fixed ¢

Oip+(g,t) = ¢ — px(q,t)0gp+(a,1) - (1.108)

In order to find the matrix-model scalar, define a new coordinate 7 = — log(—q), an asymptoti-

cally small perturbation ey, and the quantities 7z, S

pelet) = FoE i+ es(nt).,
V20 + ex(r, b)) = +£mg(r,t) — 8,5(r,1) . (1.109)
Written in terms of these new variables, the Hamiltonian is
H = L/ q/p+%p -¢)
= o / 0% - p%) - 3¢ (ps —p-)
= } /_Oo dr (ws (8:5)% +¢2T0(5%)) . (1.110)
Coupled with the equation of motion for py, the second line of this equation implies

[ex(T), ex(r")] = F2mi0,6(r — ') , (1.111)
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meaning that S is a scalar with 7 as its conjugate. The Hamiltonian also shows that the self-
interaction of S grows with increasing 7. This is similar to the way gsi; increases as the Liouville
wall is approached. The tachyon is not, however, simply given by S. The matrix model gives
a discrete approximation to the vertex operators and it would not come as a surprise to find a

wavefunction renormalisation resulting from such a process.

With the help of an infinite number of conserved charges, the classical S-matrix can be

obtained. The quantities

dpd
Wnn = e(m‘")t/ P (p- Q)" p-q9", (1.112)
§F 2m

where the integral runs over static Fermi sea subtracted from the excited Fermi sea, are conserved
by the equations of motion Eq. (1.104). Their Poisson brackets satisfy a classical wy, algebra
structure [16, 83, 100, 245, 251] which is also generated by the vertex operators of the discrete
modes in the 2d string [345, 350]. The relation between these two algebras is not entirely
clear. Evaluating these quantities in the far past and the far future allows the incoming pulse
described by e (¢, 7) to be expressed in terms of the outgoing pulse e_ (¢, 7). By Eq. (1.109) and
the equation of motion for S, the incoming pulse is a function of 7_ =t — 7 asymptotically, ie

er(t,7) = ex (1) (and similarly e_(t,7) = e_(r4)). After Fourier transforming

1 0 )
€x(TE) = ﬁ/_w dw o (w)e ™% | (1.113)

the incoming and outgoing modes are related as follows [249, 250, 271]

X (WV2rp) R Tl +iw) 1 /p\™
;4;1 k! F(2—k+iw)\/2_<—>

2
X /dwldwg codwg a—(wr) oo (wE)d(wr + .. Fwg —w) - (1.114)
From the commutators of e, the modes obey the standard oscillator algebra
[0t (w), ax ()] = £21wi (W + o) . (1.115)

Using these two last equations, any amplitude can be calculated, for instance, the 1 —n ampli-

tude is

n-1 =N tw :
(wl,...,wn]w):<@> wl...wn<ﬁ> F(P(lﬂ\/ﬁ&w1+...+wn—w). (1.116)

i 2 2-n+iw)

Now the analogous process in string theory must be computed — the tree-level scattering of

tachyons in a flat linear-dilaton background.

At this point, the chapter could become swamped by the technical details of what, in the
author’s opinion, is a very ingenious calculation. Rather than let this happen, the computation
of [105, 106] is briefly summarised and the result stated (see also {13, 118, 160, 169, 178, 228,
246, 282, 298]).
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Start with the 2d critical string living in a flat linear-dilaton background with non-zero

cosmological constant
1
s= 1 [ V3 (30aX"0, X" + RQ.X + e | (1.117)
s

where 12Q2 = 26 —d = 24 and a = @ + /(Q2)2 — 2. If @, lies purely along the “2” (Liou-
ville) direction (Q, = (0,v/2)), then this theory is equivalent to a non-critical string theory in
the single dimension X!. There are then two possible forms for the cosmological term; e X2
and X,e2X2 (see Eq. (1.64)). Because of the tachyon self-interaction these two forms will mix
and, unfortunately, it is the latter which dominates at weak string coupling [270] making the
calculation untenable in this regime. For this reason it is convenient to “regulate” the theory

by calculating with a small but non-zero ().

The amplitudes of interest are N-point functions of tachyons (Ty, Tk, ...Txy), where the
tachyon vertex operator is given in Eq. (1.67). Only the tree-level amplitudes are calculated. It

is convenient to perform the integral over the zero mode ag of X5. Using [170, Eq. 3.331.1]
e o]
/ dag exp (—pe® + sag) = p°I'(—s) , (1.118)
—0o0
the correlators are
2 S x2\°
<Tk1Tk2 . -TkN) S usF(—S) /[d X]e_ 0 (/ e* ) Tlekz e -TkN . (1119)
M

Naturally the zero mode of X5 is to be left out of the functional integral, Sp is the action with

=0 and s is given by
N
> B(k) + as =2Q . (1.120)
i=1

For s € Z ., the path integral Eq. (1.119) can be computed in terms of integrals of powers of
propagators. For example, in the case of the three-point function, the three vertex operators can
be inserted at fixed positions on the sphere (in order to completely break the Killing symmetries,
see p. 11). Choosing these points to be z = 0, 1, co, the result is [105, 106, 119, 120]

8
(T, Tk, Ties) = #°T(=s) [[ /dQ’wz’|wi|—2aﬂ(kl)|1 — wy| 2P T Jows — w;| 72",
=1

1<J

= (, FGe) \'pp DGR k)
B (uF(l — %oﬂ)) 121_11 r(1- %53 + %kzz) : (1.121)

At this point, the arguments become too lengthy and complicated to present here. Suffice
to say that higher-point functions also give ratios of Gamma functions. Eq. (1.121) has only
been calculated for integer s, but this is exactly where I'(—s) is ill-defined. Furthermore, the
integrals only converge in certain regions in momentum space. Amazingly, DiFrancesco and
Kutasov [105, 106] managed to make physical arguments that allowed the correlators to be
understood for all s and by examining the poles in general amplitudes were able to extend the

correlators to the whole of momentum space.
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Comparing the results from the matrix model with those from the string theory, the following

map between the two theories is found

”) A e (1.122)

a:t(w)string = (§ F(:FZU.))

where a(w)mm are the modes of the massless scalar S (Eq. (1.113)) and c/(w)string are the modes
of the re-scaled tachyon S = Te™®. The ratio of gamma functions is known as the “leg-pole”
factor. The first detailed investigation into the physical consequences of the leg-pole factor was
by Polchinski and Natsuume [278] who demonstrated how it can convert the free fermions of the

matrix model into space-time tachyons that exhibit many complicated (self)-interactions.

1.9 The proposal

To reproduce the perturbative string theory results only very small bumps on top of the Fermi
sea need be considered. Tunnelling through the potential barrier and fluid washing over the
wall are both non-perturbative effects. So, when working in the semi-classical limit with very
small pulses, it seems safe to work with only one side of the potential. Indeed, since only one
side was needed to reproduce the perturbative tachyon physics, it would seem that there would
be an infinite number of non-perturbative completions of the model [249], depending on what
was done with the other side. On the other hand, most of these completions were argued to be

non-unitary[273], basically because fluid was lost over to the other side.

DMW [98] argued that the space-time metric must couple to the entire energy-momentum
tensor of the theory. The Hamiltonian of the string theory is identical to that of the matrix
model (unless the potential is modified by hand from the beginning). A generic perturbation
of the Fermi fluid has total energy coming from both sides of the potential, so the metric must

couple to this total energy.

Allowing excitations of both halves of the sea introduced another degree of freedom into the
model that had not yet been utilised. There were now two scalar fields — the average and the
difference of the bosonised fluctuations on each side of the barrier. By considering a symmetric
leg-pole transform and comparing with the tachyon-graviton effective theory, DMW proposed
that the tachyon, S, is the leg-pole transform of the average of the fluid fluctuations, while the
total energy of the difference variable, A, is the mass of the black-hole.

This section will outline the proposal of DMW and leave the details for Appendix A. The
extended leg-pole transform, (which, because it treats both sides identically, gets around the
problem of non-unitarity mentioned above), and the idea of how the matrix model realises the

presence of a discrete background, will be presented.
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1.9.1 The leg-pole transformation

The formalism [99, 100, 101] uses a phase-space density of fermions U(p,g,t). In the semi-
classical limit this is just unity inside the sea and zero outside. Fluctuations around the static
sea are denoted by 6U(p, q,t) which is, for the moment, only non-zero for the LHS of the sea.
The leg-pole transform can then be written in one compact equation as an integral over phase

space
S(a,t) = [ dadp £(~ge?)U(p,0,1) (1.123)
in which the function f is simply a zeroth-order Bessel function [170]

10) = 3= (A25VE) (1124

and S = Te~?® is the rescaled tachyon.* Eq. (1.123) is only valid asymptotically as z — —oo.
Higher-order corrections to this leg-pole transformation which are of order ze?® have also been
calculated [102]. Here, only the asymptotic form of the transformation will be used since only

bulk correlators (large negative values of ) will be calculated.

Note, so far, the fluid fluctuation has been non-zero only for ¢ < 0. When excitations on
both sides of the potential are allowed, DMW suggested that the symmetrical leg-pole transform
should be used

S(2,8) = 5 [ dadp 141ale")6V p,.) (1.12)

The factors of 1/1/2 and 21/4 are for convenience only. This is the first part of their proposal.

1.9.2 The tachyon and higher states

Due to the particularly simple dynamics of the matrix model, it can be shown [101, 102] that
a generic fluctuation can be evolved back into the distant past so that it becomes possible to

write S_ explicitly in terms of S;. This yields the following two equations

—47 /_o:o dz= Sy (z7)02f (\/ﬁeT_m_) ,

1 (1
ﬁ Z e (1)

a=1,2

S_(zt) = %/_O:odf )y /Oﬁei(ﬂdef(ﬁ(l—(e/ﬁ'))e"”Jr). (1.126)

where i’ = |1/+/2| (this varies slightly from DMW’s convention fi' = v2|i|).5 In this formula,
the small initial perturbation of the top-LHS of the Fermi sea has been parameterised by el (1)
and the bottom-RHS by 63_(7'). They are just the leg-pole transform of the incoming tachyon
Sy (z7). Another leg-pole transform of these variables gives the outgoing tachyon S_(z™).

“Comparing with Eq. (1.65) it is seen that the vertex operator for S is simply X,
5For fluctuations purely on the LHS of the sea, the variable T was defined in the previous section; 7 = — log(—q).
For the fluctuations on the other side 7 = —loggq.
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The second part of the proposal concerns the realisation of the tachyon and the discrete
states in the matrix model. As suggested by the above formula, the leg-pole of the tachyon is
taken to be the sum 71—5 > a=12€4(7). Call this variable ¢(7),

1
#r) = = (b +ém) . (1.127)

The difference variable A, ]
A(r) = % (eb(r) -é&(n) , (1.128)

will be associated the discrete-mode backgrounds. With A = 0, the tree-level tachyon scattering
amplitudes in the flat linear-dilaton background are recovered since the scenarios on either side of

the potential are identical. However, extra scattering effects come into play when A is non-zero.

DMW considered the case when A was small and retained just the first non-trivial term in
the expansion of S_ around A = 0. This term was further expanded in powers of ¢ — for 1-1

tachyon scattering, only the linear order is needed. This yields

[ [ e (V0 e

1 > 2 —r+zt
——4\//7 /_OodTA (r)e ™t

—’7'+.I+

" I:f’ (\/ﬁe_T+I+> . %_,—f” (\/ﬁe—T-f—m“') 4 O(¢2):|

+O(AY (1.129)

where the prime on f means derivative with respect to its argument. Notice that the first term
of the O(A?) part is not zero even when the incoming tachyon ¢ is set to zero! The DMW
proposal interprets this extra contribution as coming from a tachyon background which has
been dynamically generated by a nonzero value of A. The O(¢) term will therefore have to
contain a part which describes tachyon scattering off this extra tachyon background. It will also

contain parts which correspond to tachyons scattering off the space-time realisation of A.
Using the first of Eq. (1.126) the O(¢, A?) part of S_ can be written as

57 / dz” S, (x / dr A?(r)e 2227 g2 f <\/—6T * ) 1 (\/Ee—ﬂ'ﬁ) . (1.130)

Assuming that the incoming tachyon wavepacket is highly localised around a large positive value
of 27, and taking the early-time limit z* — —oo, Bessel functions can be expanded in the small

parameters e~% and e*". The final result of 1-1 tachyon scattering is

S (zt = —0) = (A=0 part) + (part from dynamically created tachyon background)
+ Z Crnne™+h) z*/ dz=e (MT127 5 (z7) | (1.131)
n=1,m=0

where the coefficient C,,, is given by
|
(—ymintl 2!

4

‘[_1;’

Cmn .
/2

2n —1 2 (m—n)7
. 1.132
(mH2nl(n — 1)! / P AmIE (1.132)
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By comparing with the effective tachyon field theory, as shall also be done in the next section,
DMW showed:

e The (m,n) = (0,arbitrary) corresponded to the tachyon scattering off the dynamically
created background,

_%W /—o:o o AQ(T)e—T+z+fI (\/Ee—r-l-a:*‘) ) (1.133)

e The (m,n) = (1,1) part was the same as tachyon scattering off a black-hole background if
the “mass” parameter of the black-hole was given by

M—i/wdAQ() 1.134
= I _OOT 7). (1.134)

They postulated that other moments of the difference variable corresponded to the parameters
of the other discrete states. Using the effective field theory of tachyons in a massive-mode
background derived in Eq. (2.117), it will be shown in Chapter 2 section that this is true at the
next level above the black-hole.
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Massive Fields and the 2D String

The first massive level of closed bosonic string theory is studied. Free-field
equations are derived by imposing Weyl invariance on the world sheet. A two-
parameter solution to the equation of motion and constraints is found in two
dimensions with a flat linear-dilaton background. One-to-one tachyon scattering
is studied in this background. The results support Dhar, Mandal and Wadia’s
proposal that 2D critical string theory corresponds to the ¢ = 1 matriz model in

which both sides of the Fermi sea are ezcited.

=V

So that the reader does not have to wade back through the introductory chapter, the notation
will be introduced afresh. Recall that tree-level amplitudes in closed bosonic string theory are

calculated by the insertion of appropriate vertex operators into the path integral

7 = / dng]g —S[Xu,gab] , (2.1)
Vreparameeyl

where X# are a collection of d scalar fields living on the string world-sheet which will be taken
to have the topology of a sphere and metric g,5. Latin letters a,b,... = 1,2 are used to
indicate world-sheet indices, while the space-time indices will always be denoted by Greek letters,
p=0,...,d— 1. World-sheet reparameterisation invariance will be kept manifest throughout
the calculation, so after fixing the conformal gauge g = €298, on two patches on the sphere,

the partition function reads (Sec. 1.4.1)

Z= / Vv { / [d4X]; exp (2(;4_: / oo — S[X, g])} , (2.2)

with O = §%9,8,. Weyl invariance of the theory means that arbitrary correlation functions

(T1; X*i) calculated with the path integral contained in the curly parentheses are independent
of o0 (Eq. (1.37)). Then the measure [[do]/Vivey1 can be set to unity. Notice that ghost terms
have been omitted. This is because their action and measure have been taken to be independent
of o and only a simple subset of the possible physical states will be considered.! The ghosts can

then be integrated out yielding an unimportant (o independent) constant.

'Tt is easy to imagine adding higher-derivative terms containing ghosts to the action or the vertex operators
which would make the discussion more complicated.

35
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In the standard Wilson renormalisation group approach (p. 16), the equations of motion are
obtained as an operator statement inside the path integral. In contrast, this chapter utilises a

source J# and calculates the generating functional

Z[J] = 55 J o000 /[ddX]e—S[X“,gabe JIX) (2.3)

explicitly, by employing a weak-field expansion and using a short-distance cutoff. The coupling
J J-f(X) will be explained soon. This approach is closely related to the one used by Brustein,

Nemeschansky and Yankielowicz[59].

At each level of the string, the derivation of the linearised equations of motion follows the
same pattern. First, the most general action for that level is written down. This is dictated
by the requirement of space-time and world-sheet reparameterisation invariance. All gauge
symmetries present in the action are fixed and redundant fields are eliminated.? After this fixing,
the generating functional is calculated to the linear order in the fields. Naive regularisation
ambiguities are removed by adding local counter-terms to the action (in practice this is usually
implemented through the use of a covariant functional measure and amounts to a set of field-
redefinitions). The theory is then renormalised. Finally, varying with respect to the conformal

mode yields a set of “B-functions” which are set to zero to obtain the equations of motion.

There are a number of subtleties inherent in this method and these are most easily illustrated
by considering the familiar scenario of a string living in a background of massless and tachyonic
fields (Eq. (1.43)). Sec. 2.1 derives the linearised equations of motion for these fields by expanding
around a flat, linear-dilaton background (Eq. (1.59)). Some non-linear corrections to the tachyon
field equation are then considered. The linearised equations of motion for the first massive level
of the string are calculated in Sec. 2.4. The first part of the chapter concludes in Sec. 2.5 with
the derivation of the non-linear corrections to the tachyon field equation coming from the first

massive level.

In the second part of the chapter, the discrete state remnant of the propagating massive
particle is found by solving its linearised field equations in two dimensions. It is then quite
an easy task to check DMW's hypothesis by studying one-to-one tachyon scattering in this
background (Sec. 2.7). The results presented here were published in a more condensed form
in [341].

2At the massive level, it is particularly important to do this since the equations of motion are presumed to
contain no extraneous gauge degrees of freedom. As mentioned previously, the standard Wilson renormalisation
group approach does not produce enough constraints on the massive field. If there was some remaining symmetry,
then the lack of constraints would not necessarily be a problem since the symmetry could be fixed by further

constraining the field.
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2.1 Massless field equations

A string living in a background of three massless space-time fields, the graviton Gy, , the anti-
symmetric tensor By, and the dilaton ®, and one tachyonic field T' is described by the generalised

non-linear sigma model action of Eq. (1.43),

1
S[X,0] = — /M (3/G 0 (X)3u XHBX" g% + } B (X)X 8, X"
+VgRO(X) + aT(X)) - (2.4)

Here the string tension o/ has been set to 2 and g = det gop. As explained in Sec. 1.6, it is well
known from beta-function results that strings can consistently propagate in a flat linear-dilaton
background

Guw=0w, ®X)=QX and B, =0, (2.5)

where 12Q% = 26 —d. This subsection will verify that this is indeed a consistent (Weyl-invariant)
string background. Then, by expanding

Gu =N +hy and 2=Q-X+¢, (2.6)

in which h,y, ¢ and all other fields are considered to be O()) (where A is a small parameter),

the linearised equations of motion will be obtained.

The source J* can be coupled to any world-sheet scalar and the theory will remain invariant
under reparameterisations of the world-sheet. All choices will break space-time reparameter-
isation invariance so the equations derived by imposing Weyl invariance will be gauge fixed.
Different couplings [ J-f will correspond to different gauges. The physics of the theory should
not depend on the gauge choice, but for the purposes of this section it is convenient to choose

the source term to be
/ Tu(XH +20Q4) . 2.7)

There are two reasons for this particular form. Firstly, it handles contributions from the linear
part of the dilaton field exactly. Secondly, using the usual coupling [J-X and demanding

Weyl-invariance of the one-point function results in the gauge condition
0=0,® + 38,0 hyw — O hyuy (2.8)

to O()). A flat linear-dilaton background is obviously inconsistent with this gauge condition.
Of course the background can be rotated to be compatible with the gauge and, since the other
equations of motion are covariant, S-matrix elements will be unaffected. However, this is an
unnecessary nuisance. Eq. (2.7) is not really all that exotic since it is well known from spon-
taneously broken theories that expanding around different points in configuration space can be
advantageous. Using this analogy, the choice [ J-(X 4 20Q) is equivalent to expanding around
the true vacuum, while the coupling [ J-X corresponds to expanding around the unstable max-

ima — here there is a non-zero tadpole that runs away into the vacuum.
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Now proceed with the steps outlined on p. (36).

The action: The guiding principle in writing down Eq. (2.4) is that it should be the most
general action with at most two derivatives that is reparameterisation invariant both on the
world-sheet and in space-time. Therefore, the term % f \/§AuD2X # must also be considered.

Here D? is the covariant Laplacian
D*X* = g D0, X" = g® (8u0,X* — T5y(9) s X" + I4(G)0 X 3, X ) . (2.9)

In fact, the field A# can be eliminated, as will be shown below, and shall be called a “redundant
field”. The usual justification for not considering such fields is that they give no contribution to

S-matrix elements since, to O()), the on-shell condition is D2 X* = 0.

Elimination of redundant fields: A redundant field is defined to be one that can be elimi-

nated by making a redefinition of X* (and possibly other fields).> A* is such a field since with
the action S given by Eq (2.4) it is easy to check that

i = - 1 5
SIX#)+ = / VEALDAXH = S[X¥ - AH(X)] + o / VIRQA | (2.10)
w
to first order in A. Then, with the definitions
X't =Xt —A¥(X) and ¢ =¢+ QA, (2.11)

and the use of the “covariant measure”

[d'x] = [ddX\/det (Guw = ViAy - V,,A#)J , (2.12)

cov

the partition function reads

7 — /[ddX]cove~S[¢§z\']—ﬁffiuD?XM _ / [dXm "jdet Guu(xv)] e—S[(ﬁ’;X/] : (213)

to O(A). (The primes will be dropped in the following calculations.) This procedure would have

also worked if 7, instead of G, had been used in the covariant measure.

The covariant measure was used so that the the redundant field wasn’t reintroduced by the
Jacobian of transformation following from the change of variable. Covariant measures will be
used frequently throughout this work for this reason, but also in a more general sense to elegantly
encode certain field redefinitions. The additions to the action resulting from such field redefini-
tions must be both local world-sheet scalars and covariant under space-time diffeomorphisms.

Therefore, these are also the defining characteristics of a covariant measure.

Elimination of Stiickelberg fields: It is also useful to note that A* could have been absorbed

directly into the metric since the action is invariant under the transformations

§A,=A, and G, =V,A, +V,A,, (2.14)

*The argument given here is to O(A) only. Since 4% is also a kind of Stiickelberg field, it can be eliminated to
all orders in A. The situation at the massive level is nowhere near as simple and there the redundant fields will
only be eliminated to O()).
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where V, is the covariant space-time derivative. This makes AH look like a “Stiickelberg field”
— 3 field which is introduced in order that a massive field theory have a gauge invariance. An
is not a Stiickelberg field in the true sense of the term since G, is massless, however. Such
fields will be encountered at the first massive level and their corresponding gauges will be fixed

by setting the Stiickelberg fields to zero.

Evaluating the generating functional to O()\): Because of the spherical topology, the Eu-

ler character is non-zero 1 )
- =——— | 0c=2. 2.1
47 / VoR 2 / 7 ( 5)

Also, O has a zero-mode which means the propagator A satisfies
~0LA(z,2)=6(z—2') - V=l (2.16)

where V is the volume of the world-sheet. Then denoting the zero-modes of X# and J*/,/g
by ag and JE' respectively, the square can be completed in the generating functional by shifting
X+ X-2Qc+ [AJ

Z[J] = exp (?;f/al]a) /[ddX] exp [—ﬁ/ (%6aX“3aX"nu,,+\/§RQ.X)
~8w(X) + [ J(X +20)

~ Plo] / 7] exp [—g / 0 XM 0 X" 1y + ag- (Jo — 22) — Simg(X +X’)] (2.17)

where

Plo] = exp (%/JAJ—I— (% — Qz) = /0[10‘) , (2.18)
and Sip; is the action of Eq. (2.4) with G, and ® replaced by the small fields hy, and ¢
respectively. In keeping with the S-function language a “background field” X has been defined

Xt = -2Q%0 + Xl = —2QF0 + /AJ“ . (2.19)

Note, however, that the background field does not satisfy the on-shell condition 0X = 0. The
zero-mode part of the generating functional ag-(Jo — 2Q/ v/V') simply enforces momentum con-
servation. At this point it is clear from Eq. (2.18) that the linear-dilaton vacuum Eq. (2.5) is

indeed Weyl invariant.
Performing a weak field expansion of exp(—Sin;) and utilising the Fourier transform yields
e it = 1— ﬁ/M/ddpeip'X (%hu,,(p)aaX“aaX" + %Bu,,(p)(')aX“(?bX”eab
~200¢(p) +€2°T(p)) + O(N?) (2.20)

and reduces the problem to Gaussian integrals. These integrals are regulated using a short-

distance cutoff e. Denote the regularised propagator by A..

Reparameterisation invariance will be imposed on the regularised propagator. It will also be

be assumed that it satisfies certain “Leibnitz-like” relations. It is important to keep its form as
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arbitrary as possible so that the equations of motion are not some regularisation-specific rubbish.
The constraint of reparameterisation invariance will be discussed soon, but first the Leibnitz-like
relations will be explained. These arise if we demand that the Stiickelberg fields can be absorbed
at the quantum level; that is, that the gauge symmetry is not broken by quantum effects. In
order to shorten the exposition for the massive level, the simpler case of A will be written out
in full here. Consider the A* and hy, parts of the generating functional, with flat functional
measure [d¢X], at O()),

Y S .
Z[‘]HO(/\) o /sz\/Eelpz\ e—ﬁpQAe(Z,Z) [(DZX/J + ipugasz‘fazlfAe(Z, Zl)) Aﬂ(p)
+50° (JaXHp XY + 2ip B, Acl2, 20) XY + 1 0,504 A1, 22)
NN
p p 821 AE(Za Zl)az,gAE(za Z?)) h/“/(p):l,n:ZQ:z, ip+Jo\/V—2Q=0 N
Now, under the first-order version of the variation Eq. (2.14) (64, = A, and 6k, = ipud, +

ipy,A,), the partition function varies as

- 1 .
Z[J”O(,\) = /dQZ\/gezp/\e—§p2Ae(z,z) {gab (%QZGAE(Z,Z) — azcllAe(Z,Z1)

(2.21)

_ )p28bf(”
) <8sze(z,zl) )p“
1 Z1=z

. + 8241182127A5(21,22)
. (2.22)

p“} Au(p
ZFZ)) u(p) ip+JoVV —2Q=0

where integration by parts has been used. If the generating functional is to be invariant under

+ip?g® <%820A(zvz) — 00z, 21)

z1=z

it < Dug 04 A(z, 21)

1= Z1=2p=2

~Dao (848(5,2)

the classical symmetry, the regularised propagator must satisfy the relations

8zaAE(Z, Z) = 282?A5(Z,Zl)

bl
z1=2

) = Dzilasze(Zl, 22)
21=2 1

D.. <az,1,AE(z,z1) (2.23)

+ 84 angE(Zl , ZQ)

Z1=z90==z2 Z1=23=2
For the absorption of the (true) Stiickelberg fields at the massive level, the regularised propagator
will have to satisfy these equations and generalisations thereof. Therefore, from this point on,

it is taken that it satisfies the Leibnitz-like relations

Dza ([OZOIZ/Af(Z,Z/)]‘Z:z,) = [Dza (OZO;IAE(Z,Z/))”ZZZ, + [OzDzla (O;/AE(Z,ZI)):HZ:Z, y
(2.24)
where O, is a polynomial in D, and O, a polynomial in D,.. To the author’s knowledge, the

literature contains no discussion of the case when these relations do not hold.

A" has been absorbed, so performing the weak-field expansion to O()) and using the flat
measure* [d?X], the path integral yields
1
— J— ti— 5 e d 1P 2p elz,2
ZJ] P[o] (V de 47r> (p) i zePte

“Recall that A* could have been absorbed either by using the gauge transformation Eq. (2.14), or by the
change of integration variable Eq. (2.11). In the former case it is obvious that a flat functional measure can be

used, while in the latter it is permissible (but not necessarily wise) to use [d?X \/det(n,“, —-200,4,))] = [d¢X').
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X

2 T(p) - 2009(p) + } (BuKFOX +2ip s Al 1)BXY ) B )
1

+% (3a)‘(uaa)‘(u + 2ipu8z‘1‘Ae(z7 zl)aaXV + ﬂ“"azgazg Ae(zla 22)
2
- p'p” (az‘fAe(zvzl)) ) huu(p)] } . (2.25)
R1=292=Z2

In this formula det’ is the determinant without the zero-mode, the tachyon has been scaled by

€2 for convenience and the “external momentum” p# has been defined
ip* + JEVV —2QF =0. (2.26)

Although the source is a world-sheet density, it must not vary under Weyl transformations.
Thus p* is Weyl neutral and §X* = —2Q"60, as prescribed by Eq. (2.19).

Removal of regularisation ambiguities: To keep the theory reparameterisation invariant,

the regularised propagator must satisfy
A(z,2) = —log€® + 20(z) + O(e?) . (2.27)

The first term follows from an explicit calculation of the propagator on the sphere with a short-
distance cutoff € while the second can be found by making an infinitesimal Weyl rescaling of the
A, [104, 287]. Using the Leibnitz-like relations, the first derivative at coincidence must then be

= 0,0(2) + O(€?) . (2.28)

2=z

The second derivative of A, at coincidence is not entirely fixed by reparameterisation invari-
ance [287]. The most general form contains the 2 arbitrary numbers . and o and the symmetric
traceless matrix® M, which only contains terms with two derivatives

D290, A (21, 20) | = Yebape 2% + Lyob,00 + Mgy + O(€?) (2.29)

1=22=2

This form is obtained by imposing that the contraction with g% be a scalar; to O(e?) the
only possible terms are v.¢~2 and yoR. On the superficial level this looks disastrous since the
equations of motion may depend on the regularisation scheme used through the numbers . and
Yo (Myp drops out of the calculation at this level of the string since it is traceless). In fact,
with judicious field redefinitions, or, equivalently by adding local counter-terms to the action all

regularisation dependence can be soaked-up.

It is clear from the form of the generating functional Eq. (2.25) that . and vy can be absorbed
by redefining the dilaton and the tachyon

¢'(p) = o) — (- )n*"hy and
T'(p) = T(®)+7en" by (2.30)

Soon it will become obvious that the factor of in’“’ h,. serves to covariantise the equations of

motion.

SLater we will argue that M, is in fact not arbitrary, but is independent of the regularisation scheme.
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It is important to realise that these field redefinitions can be implemented by adding the

local, world-sheet reparameterisation invariant, term

1
S—F/n"”h,wﬂ Az, 2'),i_, (2.31)

to the action. This is just the covariant measure of Eq. (2.12) in disguise

ax] = {ddX\/det %G,W] . (2.32)

This measure has been previously considered by Andreev, Metsaev and Tseytlin [12]. Regulating

with the short-distance cutoff, leads to
1
[d%X])eoy = [d¥X] exp (—g /d2210g det G DAe(z,z')|z,:z) ; (2.33)

and a weak-field expansion of this new term adds Eq. (2.31) to the action. Then employing the
relation Eq. (2.24)

0o (Ae(2,2')|,_,)) = 0aOpAc(2,2))| _, + 80, Ac(2, 7)) (2.34)

z=z'

all regularisation ambiguities disappear. Now it is obvious why the %n‘“’hw was added to the
redefinition of the dilaton in Eq. (2.30) — it will covariantise the equations of motion because

it can be thought of as coming from a covariant functional measure.

So, either by field redefinitions®, or by using the covariant measure, the generating functional

can be cast into the form

1
1 0\ 24 o .
Z[J] — P[O’] <v detlﬂ> 2 {5d(p) _ % /d2zesz06(—P2—21p'Q)a|6|P2

x €262 T(p) — 200($(p) — 31" o)
+5 (0 X 0, XY + 2ip" 0,00, X") € B, ()
+3 (0. X180, X" + 2ip"0,00, X" — PP (0u0)?) huw()]} . (235)

Recall that X{ is neutral under Weyl transformations and is defined in Eq. (2.19).

Renormalisation: Renormalisation at the linear level is trivial

Tr(p) = e T(p) and (A (p), BY (p), 6r(p)) = |e”’ (W (p), B*(p), $(p)) .  (2.36)

This corresponds to a minimal subtraction scheme and can be clearly implemented by adding
local counter-terms to the action. For notational simplicity the subscripts R will be dropped in

what follows.

Weyl invariance: Finally, the limit ¢ — 0 can be taken and the generating functional can be

varied with respect to ¢ to yield
8Z[J] 1 , 0 )‘
= = -P —det’'—
i do lo] (V ¢ 47

%n which case the tachyon and dilaton in Eq. (2.35) must be replaced by the redefined quantities 7/ and &'
given by Eq. (2.30)

d -
1 ginXog(-p?-2ip-Q)0 (¢ (2-p*—2ipQ) T
T

N
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+ [Da + BaUBGXS‘ipA — (8(10)2%(192 + 2ip-Q)]
X [4528 + 40 + ) Q QY + 4°¢ — R
+8ip-Q(¢ — 1h) + 4ip" Q Py |
—1e® (9, XP9 XY + 210,00, X" p") 3(p* + 2iQ") Hyy
+0, X4 0. X8 (—Ruw + 20up0@ — ip-Qhyu + 2ip, Qs )
_DX(l)L (2’ip,u(¢ - %h) + (ip” — 2Qu)huu)} ) (2.37)
where h = n*”h, and
2Ruu = th;w +p,up1/h - p)\puhu)\ . p)\puhu)\ ’
HAuu = %(p)\B,UJ/ +pqu>\ +puB)\u) . (2'38)
Note that the zeroth order part |:Ior(263—_d +4Q?) (which is annihilated by p*) has been included.
Using formulae such as
AV,0)? = 4AVFBVYOG,, = 4Q Q" (nu + hyy) + 8QF8,h + O(N?)
WV, V, 8 = 2V,(Qu + 8yd) = —20,h,)aQ% + Q*Oahiy + 20,8,6 +O(N?) ,  (2.39)

(V, is the covariant space-time derivative), the coefficient of each linearly-independent term

can be identified with zero to yield the linearised field equations (now expressed in position

coordinates)
0 = (V2-2Q-V+2T,
0 = &5 44V,0)7° -4V —-R,
0 = (V*=2QMH)w ,
0 = R, +2V,V.,9, (2.40)
and the gauge condition
0=28,(¢ — 1h) + (8" —2Q")hyy - (2.41)

These equations are correct to first order in A. Hence, not only has the linear-dilaton background
been proved to be consistent, but the S-function results of Eq. (1.58), supplemented by the
tachyon equation, have been reproduced (to O(})). Furthermore, as promised at the end of
Sec. 1.4.2, with the dilaton lying along just one direction, ®(X) = QX', the tachyon equation
implies that @ = Q + +/Q? — 2 for a tachyon of the form T(X) = e X',

A word can now be said about the connection of this work to the standard approach in
which the beta-functions are calculated and set to zero. In Eq. (2.37) the beta functions are the
coefficients of the linearly independent terms ?, Oo, €9, Xk 0, X¥ and 0, XY 8, X¥. There is
also the gauge condition which is the coefficient of D0X} which is often discarded by demanding
that the background field X}’ is on-shell (or equivalently that J = 0).

However, there are also “beta-functions” corresponding to terms that would have been non-
local in the original action, (90)? and 0,08, X§. It is not just luck that setting the standard
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beta-functions to zero implies that these new “non-local beta-functions” are zero too. This can

be verified by writing the most general generating functional with two derivatives

z = / %0697 [0 A+ (80)B + 0,00, XEC, + 8, X09, XY D,

+e% (a0 XE By + 8, XL, XL F,, )] (2.42)

and taking the variation with respect to o,

VA - _ _
S = @PRoe0r [2(Da + 0000uX§ip" + 50(90)%)(OA - B) + 0XE (ip, 4 ~ C.,)

0a X0 X( (~ipuC, + OD,) + €8, X0, XY (—ip, B, + OF.)| . (2.43)

Evidently, the non-local beta-functions corresponding to the operators (00)? and 8,00, X* are
always derivatives of the dilaton beta-function. At the first massive level this general argument
no longer holds: There are operators in §7 /0 which correspond to non-local terms in the orig-
inal action whose coefficients are not-necessarily derivatives of other beta-functions. However,
although the general argument breaks down, in practise, setting the true beta-functions and the

gauge constraints equal to zero guarantees Weyl invariance of the theory.

2.2 Higher-order corrections to the tachyon field equation

Now the T2 corrections to the generating functional of Eq. (2.35) will be discussed. The path

integral is easily evaluated to give

Zrr = Plo] (%det’f;) ’ #/me(Pl)T(m)
></d221d222f1(2’1)f2(z2)eXP(—Pl'per(zlazz)) ; (2.44)

in which
i) = exp [ipiX (2) + (2 = ) (o (1) + log e])] | (2.45)

and momentum conservation has been used
iy +iph + JEVV —2QF =0 | (2.46)
Up to derivatives on o, the propagator can be written as
Ac(z_,21) = —log (4‘2_[2 + 626—2”(Z+)) : (2.47)

where z;4 = %(zl + 2z3). Expanding the f; around z_ = 0, the integral over z_ can now be
performed. Of course this expansion is only valid for small z_. It is assumed that the integral
is finite because the world-sheet is compact and that the f; are well behaved. The integral is

then dominated by small z_.
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The T? contribution to the tachyon field equation is the easiest to calculate and will be of
use later when 1-1 tachyon scattering is discussed. The contribution has no derivatives on XH

and o, and, using the integral

/ 221022 f1(21) falz2) exp (—pr-pale(z1, 22))

= 4/d22+d2z_ J1(z4) fa(z4) (4|z|—2 + 626_2"(“))1)1?2 + 0(8X, 00)

= -on [ @2 fi02) 1) ENTT | 0%, 00) (2.48)

1+ p1-p2

reads

_ L 2. ipX (2-p? )(a—log|e|)i/ T(p1)T(p —p1)
Zrp = —Plo ](Vdet 47T) /d ze?Xe o [T RIS (249)

X* is still given by Eq. (2.19) and momentum conservation has been used to write the integrand

in terms of p* given in Eq. (2.26).

The renormalisation of the tachyon is modified at O(A2)

2—p2 T(p))T(p —p1) _ |e|—2—2p1-(p—p1)
7 Talp) = T(0) + 7 [ dpr e P2 (1= 1 ). @)

but again this can be implemented by adding local counterterms to the action.

To O()\2) the linearised equation of motion —p? — 2iQ-p + 2 = 0 for T(p) can be used to
simplify the denominator of Eq. (2.49)

L+pi-(p—p1) = —3(2-2iQp—p°) . (2.51)

Using this, the generating functional becomes

1
1 o\ ~2¢ % (2—90-p—p? T(p1))T(p —p1)
- _ . ipXo ,(2-2iQ-p—p?)o d 1 1
Z 47TP[ ]<Vd ¢ 47r> /Me ¢ (T(p) /d 2-2iQ-p—p? ) '

(2.52)

whereupon Weyl invariance reads

(V2 -2Q-0+2)T —+T?=0. (2.53)

2.3 Higher-order corrections in general

The previous section provides an illustration of why the simple-minded method employed here
is not suited to finding all the field equations to quadratic order. The expansion of the f; and
higher derivative terms in the regulated propagator generate terms with arbitrary powers of 9,0
and 8,X*. This means that, generically, T? terms will appear in every field equation. This is
true for every other field too: At O()) the fields stay confined within their respective levels (the
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graviton can only contribute to 5%, 3B» and g%+, for example), but at the quadratic order the

equation of motion and linear constraints C; for an arbitrary field F look like
(VE—ME)F=0(\?) and Ci(F)=0()\?), (2.54)

where the O(\?) parts contain all fields. It would thus be impossible to calculate the infinite
number of O(A?) corrections. Instead, with a finite number of levels containing fields F' being

O(2) and the rest containing fields F' being O(A?), it is assumed that the equations
(V2= MZ)F =O(F?) and Ci(F)=O(F?), (2.55)
have a solution for F. Then, to O(A2), the only equations that need be considered are

(V?> = ME)F = O(F?) and Cy(F)=O(F?) . (2.56)

2.4 The Massive Fields

Recall from Sec. 1.1 that the first massive level of the closed bosonic string consists of a field
Evxp = E(u)(np) upon which the Virasoro constraints impose traceless inside pairs of indices
and transversality [339]. Until now, these conditions had not been derived using the Wilson
renormalisation group method. One condition, variously thought of as the tracelessness condi-

tion [189] or the extra null state that appears at the critical dimension [25], was always missing.

The same steps that were carried out at the massless level are now performed at the first
massive level of the string. The most general action consistent with reparameterisation invari-
ance, both on the world-sheet and in space-time, is gauge-fixed by eliminating all Stiickelberg
degrees of freedom. Field redefinitions are employed in the path-integral to simplify the ac-
tion further by absorbing the redundant fields, and then to eliminate regularisation ambiguities.

Renormalisation is performed and the linearised equations of motion are calculated.

The action: The most general reparameterisation invariant action with four derivatives on a
curved world-sheet was systematically studied by Buchbinder et. al [60]. Before gauge fixing, the
Lagrangian density is constructed from all possible contractions with g* and €®® of the objects
0o X#, DyOyX*, DyDy0.X*, DyDyD.0yX*, R, O,R and D,0yR (the covariant derivative is
defined in Eq. (2.9)). Following [60], the Lagrangian can be written as

Lot = VG979 0. X 0, X" 0. X 04X Wynp(X) + VGRG0 X* 0 X" W (X)
+gR?*W (X)
+9°i€0, X0, X" 0. X Ay X W np (X) + Rie® 0, X" 0y X" W, (X) .
+V99° D2 X*0, X" 8, X Apur(X) + /gD2 X D2 XY A, (X) + /GRD?* X" A, (X)
+ie® D2 X 0, XV 8y X A0 (X)
+v/99%9" Doy X#8. X" 0, X7 S}, (X) + /39°°¢" Do 0, X* D8, X" 52, (X)
+v/99* Do D> X 8, X" S%,(X) + gD* D2 X S5(X) + /g0, X* 0y RS (X)
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+/gD?RS%(X) + ¢%ie" Dy 0y X #0. X" 03X 87,5 (X)
+g%ie? D8y X" D0y X" S5, (X) + e D, D* X#8,X¥ S, (X)
+ie®9, X RS (X) . (2.57)

Eliminating the Stiickelberg fields: The Lagrangian density above has many gauge symme-

tries. For each gauge symmetry there is an associated Stiickelberg field. Fixing each Stiickelberg
field to zero fixes its corresponding gauge. For instance, it is evident that the action is invariant

under

Wy = %3(u A}/)(,\p) + %8@ Alp)(uu) ’
6Awx = AAIL(V/\) ’
1 _ 1 1
0Suwn = Dopw T Mw (2:58)

in which symmeterisation is indicated with round brackets, for example
A,u(u)\) = %Aw/)\ + %Au)\u . (2.59)

In this case, the field S;lw)\ can be considered a Stiickelberg field and eliminated by choosing an
appropriate Aiw ,- Buchbinder et al. approached this problem from a slightly different angle by
enumerating all the possible divergences that could be added to the Lagrangian. For instance,

the above symmetry is a consequence of the invariance of the action under the addition of
V3Da (918, X"0. X" 04X N2 (0)) (2.60)
to the Lagrangian. The complete list of divergences of dimension four is

VaD, (ga’{cha,,xﬂaCX"adX*A}WA (0) + g 9° Dy3 X *03X " A7, (X)
+g® D X 3 XA, (X) + g® Dy D2 XHAL(X) + g™ 8, X#RAS(X) + g™ 0, RA®(X)

+ie® g9, X PO X" 0g X AL, \(X) + i€ g D8, X #83X" Al (X)

+ie® D2X XY A%, (X) + ic? O X“RAL (X)) . (2.61)

The ten Stiickelberg fields S can be removed by the judicious choice of the ten A* fields. After
this is completed, all that remains are the W, W, A and A-type fields. Gauge invariance in
string theory has also been extensively investigated in [138, 139]. The analysis of Sec. 2.1 can
be carried out for each Stiickelberg field to show that the Leibnitz-like relations are equivalent

to demanding that the gauge symmetries are not broken by quantum effects.

Removal of redundant fields: As in the massless case, the A-type fields can be shifted away

by a change of variables in the path integral. Specifically, the analogue of the shift in Eq. (2.11)

is

X" = XF_RAF— AP, D2XY + RA*, Q" — AP )8, X" 0, X g™ — AP 30, X" 0y X ie® /g . (2.62)
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Denoting the massless action by Sy and the action for the massive fields by Sar = ﬁ J Lar, this

shift induces
So(X) + Su(X) = So(X')+ Spt(X)|ymgus + & / VIRQ, (RA* — RA*,Q"
A0 X" 0 X g™ + A 200 X" 0, X ie® ] /G) ,  (2.63)

to O(X). So, in order to completely remove the A-type fields, the W-type fields also need to be
redefined

W' = W+A4.Q- AL QHQY
W;lw b Wuu + A)\uuQ)\ >
Wi, = Wu+4,Q". (2.64)

A covariant measure is used so that the A-type fields aren’t reintroduced when changing func-

tional integration variable
d'x] |dX det '/ (1Gp — RV, A,) — Vi, (4, D?X?) = RV, (4,2 Q)

~V(u (A8 X 8 XP) =V, (AU)ApaaX*a,,X%eab/\/g))] . (2.65)

cov

Finally then, the partition function reads

7 = /[ddX]cove—So(XH—SM(X) — / {dXm ’det %le(X’)} 8—50(1‘{’)4'5;\/1()(’)[,4:0:,4 , (2_66)

where the prime on Sy, indicates that it is a function of the W’ fields in Eq. (2.64). All primes
will now be dropped.

The remaining terms in the action can be grouped together in a more compact form by using

the 2-dimensional identities

ab _cd

€egeghg =29 and ¥Pe =

g9(g%g™ — g*4g’°) (2.67)

(9 = det gap). These imply the W-term in the Lagrangian can be written as
2W 10099 g7L0, X P8, XV 0, X 0y X °

= (Wuu)\p + W,up/\u - Wupl/)\ + Wuw\p) ggabngaaXﬁabXVacX/\apr

= (Wuu)\pggacgbd + Wupw\ggacgbd i W,upl/)\g(gadgbc + gabQCd)) aaXuaquacX/\apr

= Wunwp + W) (V39% +i€%°) (/39" + i€2) 9, X3, XV 8, X 9, X * (2.68)
and similarly for the W-term,

2W 1 /99°0 520, X F 0, XV 8, X 94 X P
= (Wunwp + Wopun)(V/39% +i€%) (\/gg* + i) 0, X 8, XV 0, X 0y X" . (2.69)
Then the action at the first massive level can be written in the standard fashion
Sm (X, gap) = / 972 (Buno(X)0u X" 0, X" 8, X 0, X7 o< ¥

+VIRE (X)0. X 0 X* f* + (gR)’E(X)) , (2.70)



2.4. The Massive Fields 49

where
ZE[U//\p = Wu)\up + Wupu)\ + Wu)\up + Wupu)\ 3
E,uu = W;u/ + W;u/ 3
E = W,
% = Jgg® +ie®. (2.71)

The identity Eq. (2.67) leads to the following useful symmetries of a product of two f b densities

faCfbd — ggacgdb+i\/§€acgbd+,L-\/§6bdgac+ggadgcb__ggabgcd
— eadecb +ggabgcd + i\/g—](—GCbgad _ ebagcd) + i\/g(_edagbc _ Ea,bgdc)

+ggadgcb _ ggabgcd

. befa,d , and
0 = foefbg,, . (2.72)
The first of these identities immediately implies that field E,,, is symmetric in pairs of indices,
Epuxe = Equ)(ro)-

Evaluating the generating functional to O()\): After Fourier transforming the space-time

fields, the Gaussian integrals can be evaluated to give

f—t

O 2 1 s 1
z[J)] = Pl (%det'a) 2 {5d<p“>—g [ dezerRgiizemartata

X [Bpunp £ (X" 0, X" 0:X*04X? + 2ip" 0, 00 X* 0. X 04 X
+2ip* 0, X0, X" 0003 X P
(" 0, Oh A — pPp” By A A) D X 0y XP + (1P 8Dy — p*pP 0. AD4A) 0, X 0, XY
+4(* 8, 0LA — pHp 8, A0, A)0, XY 04 X"
120, XH (20" ipP 0y 0L A + P Pip” 8.0 ABA — ip"p p? 8,A0.A04A)
+2(n" i 0,0y ABLA + 21PN ip” 8, 0L ABA — iphp”p 8, ABADA) 0y X P
+0 P 8,8, AL + 20 0P 8,8, A8,04A
P pP B, B AD ADA — AP p¥ pP B, 0L ABABA — P pHpY 8.0 A0, AdA
194 PP 0u AB A AN )
+VIREL [ (0, X 0 XY + iph0, A0 X" + ip” 0. X" Bp
+ 0,04 A — php¥ 8, ADA)
+ (VGR)? E} . (2.73)

In this equation, the space-time fields have been scaled by €2 and the shorthand notation d,A and
020, A has been used for the expressions 8,a A¢(z,2)],_, and Oz 9, 2(2,2')|,_, respectively.

Removal of regularisation ambiguities: Once again it looks as if regularisation ambigui-

ties may be a problem, because the second derivative of the regularised propagator, given by
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Eq. (2.29), contains the arbitrary numbers 7, and vy and the symmetric traceless matrix My,

azgé)nge(zl, 22)

= Yebape 2€* + 2y06200 + Mgy + O(e?) (2.74)

Z21=22=2

The situation is complicated further by the terms that look generically like 0,0,A0,A and
Op0, A0 04A. Because 9,9 A is of order ¢~2, the O(e?) corrections to 8,2 and 0,0, A must be

considered.

The ambiguities fall into two categories; those which contain the symmetric, traceless matrix
Mp, and those which don’t. All the ambiguities of the latter type can be absorbed by employing
a covariant measure similar to the one of Eq. (2.32). Since f%f%¢ is symmetric and traceless
(see Eq. (2.72)), the terms in the partition function of this type are

972 [ B p 0 £ 0,001 (9,X" 04X7 + ip” A0, X7 + ipP 0, X* BuA
+inPa,0u0 — p"pﬂabAadA) +GRE,, fabnﬂ“aaa;,A] . (2.75)

The covariant measure

[o]

cov

= {ddX\/det(%GW+REW+4E#,\,,pfa”(8aXf\8bXP—%G*PaaabAE)/\/ﬁ)] , (2.76)

removes all ambiguities from from Eq. (2.75) in an elegant fashion. This results immediately
from the Leibnitz-like relations of Eq. (2.24)

9?0, (8A¢) = g0 0LA + g™ 8,8, | (2.77)

and by noting that f%°0,0/A = ,/g9°°9,0,A. It is important to realise that upon regulating
this measure as in Eq. (2.33), the extra terms added to the action are both local and world-sheet
reparameterisation invariant and thus correspond to simple field redefinitions as in Eq. (2.30)
(the only place where this might fail is with £3°8,8,A, but this is local by definition).

Now consider the other class of ambiguities. These are the terms in the partition function

which contain M,

B2 f* {1 0,052 (0. X704 X7 + ip* 0.804.X° + ipP 0. X 040
+%n)"’8¢8(’iA —p’\p”BCABdA) + (pvab) & (/\pcd)}] . (2.78)

Using the symmetric-traceless property of f%¢f%¢ the 0,0, A becomes simply My To remove
this ambiguity. the term

gEul//\pfacfbd {n#UMabacX)\apr e (:L“jab) ANd (ApCd)} ’ (279)
would have to be added to the Lagrangian. However. M,;, has the general form

My = M1(0)0,0p0 + My (0)0,00,0 — trace (2.80)



2.4, The Massive Fields 51

and is non-local since only Do, not 8,0, is local. Unless My, is zero then, Eq. (2.79) is not a
local counterterm! On the other hand, if M, were zero, all terms in Z[J] of the form n**E,,»,
and nApE,“,Ap would vanish. Then it would not be possible to derive a tracelessness condition

on EIWAP!

Since Eq. (2.79) is a non-local counterterm, we are forced to suppose that M, is requlari-
sation independent. Its non-vanishing is supported by one particular diffeomorphism covariant
calculation [104] which yields

Mgy = % <8a8b0' + O0q00p0 — %(5abDO’ - %(5@(80’)2) . (2'81)

We shall continue, assuming that the coefficients in M can be expanded as a power series:
o0
Mi(o) = Y MMo™ . (2.82)
n=0

In fact, it will be seen in that virtually all forms of My, result in the same equations of motion

for E,uu)\p-

This point is worth emphasising given the discussion in Refs [189] and [60] where the traceless
condition on E,,», was missed. It is now clear that the failure to obtain this constraint could
be due to the use of a regularisation scheme which has My, = 0. Notice that this can be seen
in a vertex-operator [339] calculation too — tracelessness would come from a self-contraction of
IXH9XY, and if the regularisation was such that this was zero, no tracelessness condition would
be found.

Renormalisation: Once again the minimal subtraction is trivial

(B4, By, Br) = |el*+2 (B**, B*,E) . (2.83)
The limit € — 0 can now be taken.

Weyl invariance: Imposing Weyl invariance on the generating functional

—

Z[J] = Plo] (i det'E)_id {(5‘1(17”) - /dzzei”j{6_(1"2"'2)"62
14 A 4qr
X [Buwrp £ (X1 0o X" 0, X84 X" + 2ip" a0 0, X" 0. X 0, X"

+2ip* 0, XF 0, X" 8,004 X"
(" Mgy — p*p” 8,0050) 0. X 03 XP + (17 Moy — p*pP0,0040)0, X" 0, X"
+4(nH8,0,0 — pFp*0,00,0)0, X" 0, X°
+28, X (20" ip? 850,0840 + 1 Pip” MoqOpo — ip” p pPBy08,0040)
+2(n™ ip* Mgy 8o + 20*Nip” 8,0,00p0 — ipHp”p*0,00500,0) 84 X"
+0P M Moy Mg + 202172 8,0,0 0,040
P prpP MayBeo 040 — AN 0" pP 8,0.0 05,0060 — 0P’ MoaBa0 B0
+ptp?p pP Baaabaacaada)
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—200E,, f® (0, X 0, X" + ip" 0,00, X" + ip” 0, X Oyo

+1* 0, 0p0 — p*p” 0yodpo)

+ 4(00)? E]} , (2.84)
is extremely messy. (Notice that all regularisation ambiguities, excepting My, have been re-
moved.) As a preliminary, by inspection it is clear that for Q* = 0, the following are sufficient
conditions for Weyl invariance
= (V*=2)Euy,,
= 7B =1"Eunp
VEE g = VEu
= "B~ Eup
= nE, —8F. (2.85)

o o o o o
Il

Evidently E,, and E are just traces of E,,\,. E,», is transverse and traceless inside the pairs
of indices as expected. These conditions are actually also the necessary conditions for Weyl
invariance. The outline of the derivation of the equations of motion (with @* # 0) will now be

given with special attention being paid to any appearances of M.

Hindsight makes the calculation a great deal easier. All that is needed are the 8 functions

corresponding to the operators
Bu0bXE0:04XE , 0. XE00XY0, X, , 0, XY, XE0.X304XE
aaabacada' and 8a8baacX5‘8dX5’ " (2.86)

ab

where the world-sheet indices will be contracted with g% or €. To the author’s knowledge,

calculating these particular § functions in this particular order is the most efficient way of finding
the equations of motion. Note that only a very few of the many (54 in total) 8 functions are
needed and that all the ones used correspond to local operators. The following is not meant to
be an explicit derivation of the 8 functions — that would require many pages of tedious algebra
which would not be illuminating in the least. Rather the results are summarised so that the

enthusiastic reader may verify their own calculations.
e The term of the form 8,8, X{0.0,X¥ in 6Z/dc is

Y Euy — 1 Exupn) f20,0:. X4 0,0. X" + MO0 (Bpny + Bapuy)DX#DXY (2.87)
This immediately implies the two equations

0 = E/W - n/\pE)\p.pu )
0 = Ml(O)n)‘p(Euu/\p + E)\p,uu) . (2.88)

e The coefficient of 9, X} 9,0.X¥0,X{ can be simplified considerably after using the above two

equations. It then reads

220, X¢ 0, XY X (i P p” Byrap + M 0 pH Bapin = 2p* Wssaw — 20 Wy
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+4QaE)\,uau + 4QaEua)\u}
+%aaX“8bX(I)jacadX(§\ {facfbd(iM1(O)77aﬁp)\Euuaﬂ - 4ipaE,uua/\ + SQQEpVa)\)
+fcafdb(iM1(0)naﬂpAEaﬁuu . 4ipaEa)\uu + SQaEa)\uV)} b (2'89)

These then imply

0 = Mfo)nuupaEuuAp —4(p¥ + 2iQ") Eownp
0 = (pa + 2iQa)EuuaA + (pa + 2iQa)Ea)\,uu . (2'90)

Tracing the first of these and using the second of Eq. (2.88) gives
0= (pa + 2iQa)nqu/wa)\ ) (2.91)
while tracing the second with n** and using the first of Eq. (2.88) gives

0= (p®+2iQ%) (Eop + Epa) - (2.92)

o After using all the equations derived so far, setting to zero the coeflicient of 0. XY Op XY ac)‘(&ad)'(g
implies that
0= (p*+2ipQ+2)E,, - (2.93)
e The coefficient of O0g is simply
8E — 20 B,y + MO 1 By + 0P By = 8E — " By (2.94)
where both parts of Eq. (2.88) have been used.

e The final 3 function to calculate is the one corresponding to the operator Bac')baac)_((’f BdX'O” .
This calculation is the longest one but after repeated use of the equations derived thus far and
with the assumption that Ml(o) # 0, the following is obtained

0 = 24 (p” + 2Q") Eurp — 107 + 22M O By + 20 — MOV B, . (2.95)
Upon subtracting this from the contraction of p* with the first of Eq. (2.90), the result is simply
0= MO + M® —2M B, - (2.96)

If M,y is such that
2 + M —2mY £0 and MV #0, (2.97)

then the field E,,), is traceless! Using Eq. (2.90) it is then also transverse. In the special case

where Ml(o) = 0 then E,, ), is still transverse, and the 8 function equation is simply

So, provided the multiplier is non-zero, tracelessness is still obtained.
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In summary, Weyl invariance of the generating functional to O(A) with a flat, linear-dilaton

background is equivalent to

= (V2=2QV—-2)E,,,,

= 1" Eurn =1"Eux,

(V¥ =2Q")Epnp = (V) = 2QM) Eus,
= 1" Eua — By

= n"E, - 8F, (2.99)

o o o o o
I

providing the second derivative of the propagator at coincidence

0200, Ac(21, 22) = Ybape %e* + 2400400 + Mgy + O(€?) (2.100)

z1=29=2

does not have a transverse, traceless part My, given in general by

My, = 0,0p0 Z Ml(n)an + 0,00,0 Z MQ(R)U" — trace , (2.101)

n=0 n=0

with the specific form
0=2m" + M© —apV) (2.102)

If this equation is true, then it is possible that traceless condition would be missing.

As a final note, it is easy to imagine that if My, contained sufficiently high powers of o
then the (8 functions corresponding to (non-local) operators with many powers of o would only
contain the terms n**E,,», and n’\pEW »o- It would thereby be possible to arrange things so that
the traceless condition originated from these 8 functions rather than the local ones described
above. For instance, if Eq. (2.102) held but

Mgy = 0" 0,00 — 3644000 (2.103)
for some large n then using Eq. (2.90) and Eq. (2.93) the partition function becomes simply
/szeip'}_(EW,\pf“fbd (Ma,,nwac)‘(*ad)‘(ﬂ + %Machdn"”n’\p + (uvad) < ()\pcd)) . (2.104)

The unimportant prefactor has been omitted and for simplicity consider the case Q* = 0. Then
the coefficient of the term 02"~19,0,00,040 f°¢ ¢ is

TP Epne =0 . (2.105)

Similarly, the coefficient of 6"~19,0,09. X8, X° is

0 anEuu)\pfacfbd + nqu/\puufcafdb
— nﬂu (E/W)\p _ E}\pﬂu)(ggadgcb _ ggabgcd + ,L-\/geacgbd + i\/gebdgaC)

+0* (Euyrp + Bxpu)99°° g (2.106)

and tracelessness is still obtained.
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2.5 Massive-field corrections to the tachyon field equation

This section calculates the quadratic correction to the tachyon equation of the form TE,,),.
There are two ways which such a term can be obtained. One comes from the covariant measure
Eq. (2.76)

1
?x|  =[d%X]exp (—— [ 7" (REu + 4¢P E i, fP (0. X 0 X7 — in0,00Ac)) DA, )
47

(2.107)

cov

which, using OA, = —2v.6 2€%° + O(do) gives

1
1672

/ [ddX] exp (—# / 0 X 0, X"y + ag+(Jo — %)) / d%21d%20d%, A%,
xei(pl(X+X)(21)+pz(X+X)(zz))620(21)T(p1)
xde™ 27PN B0 (p2) 2 (0a XY (22) 06X (22) — 50”7 0aBpAA) (27e€™%6™) , (2.108)
while the other is simply from the expansion of ¢~%int
1
T / [ddX] exp (—ﬁ / 00 X 0, X 1y + ao(Jo — %)) / d?2;d?2od%1 A%y

x el(P1(X+X)(21)+p2(X+X)(22)) 20(21)~20(22) ()

X Bpnp(02) £ F240, X (22) 05 X" (22) 0. X (22) 04X (22) - (2.109)
All other terms give derivatives on o or X* which will contribute to other field equations, as

explained in Sec. 2.2. In the same way, the result of performing these Gaussian integrals is

particularly simple because all terms containing derivatives on o or X* can be dropped.

It should not come as a surprise that the contributions from the covariant measure exactly
cancel the regularisation dependent parts in Eq. (2.109), leading to a total contribution of

1

1672 / 22122 dp, P X 1TP XD 220D () By (2)

1 1
PP PP (0ss A21, 2)) te™ 2PEAGLE)—gPEA ) —Prp2A(122) | (9.110)
with momentum conservation ip; + ipz + JEVV — 2Q* = ipy + ips + ip = 0.

In Sec. 2.2, the T'T term was simplified by performing the integral over z_. The same idea

is used here. Up to derivatives on o, the first derivative of the propagator is

4|21 — z2|2

2

a 3 — . 2-
(B0, 2))* = 2 =y (2.111)

The analogous integral to Eq. (2.48) is

[ @adnnien i) (Gida, 2)?) expl-prradda, 2)

—4 . -
— 1024 / @22y a2 fi(zs) foles) |- (412 P + Pe2C0) P 4 0(0X, 80)
64 e oo el 0(5%X, o) (2.112)
+ ,00) . .
"3 = p1p2) 2 —p1p2)(1 — prp2)
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Employing this result yields

1 a —%d =
Zre = Plol(jaet's) [tz emso-oste
Euuno(p — p1)ppiptoiT (p1)

XE./dpl B-p1lp—p1))2-pilp—p1))1 —p1{p—p1))

(2.113)

After renormalisation, which again can be implemented by adding local counterterms to

the action, the denominators of Eq. (2.113) can be simplified by substituting in the mass-shell

relations
(=p” = 2iQp + 2)T(p) + ON?) = 0 = (p* + 2iQ-p + 2) Epuro(p) + O(A?) (2.114)
which imply
1—pi(p—p1) = 3(2-p* - 2ipQ) . (2.115)
In summary, the generating functional is
Plo] (1 /U> /2 % T(p— pl)
7 = Y et d2 2P X0 5(2-2iQ-p~p*)0 { /d
47 (V ¢ 4w “e d 2—21Qp p?
Eyvnp(p — p1)pi it p{T (p1)
—32/dd : BN L4 kg : 2.116
P R-20r—p) (1% 2-2Qp )@ 2gp 5| 10

The denominators in the T'E' contribution can be expanded around the points in momentum

space where 2 —2ip-Q — p? = 0. Imposing Weyl invariance, the field equation is finally obtained:
(V2 =2QV+2)T - 11? 16842V, V,V,\V,T =0 . (2.117)

This equation is valid up to O(E?) with a flat linear-dilaton background. For simplicity all
higher derivative terms in the expansion of the T'F term around the tachyon on-shell condition
2 — 2ip-@Q — p* = 0 have been left out. Sec. 2.7 explains why these terms have no bearing on the
validity of DMW’s proposal.

2.6 The “first massive” discrete state in two dimensions

The higher-mode generalisation of the black-hole Eq. (1.74) will now be derived by finding the

general solution to the equations (2.99) in two dimensions.
The Minkowsky metric n* = diag (T, nX¥) = diag (=1, 1) is used. Transversality implies

0=(2Q" +3r)E._(u)... + 2Q% = 8x)E. (... , (2.118)

where the dots mean there may, or may not, be indices in the slots, and the round brackets
indicate that a symmetric pair of indices is being considered, ie E 5, = E(u)(zp)- Specialising

this equation gives

0 = (2Q7 +87)Efuywo) + (2Q7 — 9x) By »
0 = (2Q7 +8r)Eqoyw1) + 2QF — 0x)E(u1)0) » (2.119)
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and the difference of these equations is

0= (2Q" + 8r)(E1ywo) — Euoyon)) - (2.120)
In the same way tracelessness also implies
0 = (2QT +0r)E0)w0) + (2QF — 8x)Euoyw1) »
0 = (2Q7 + 1) B0y + 2Q% — 8x)E(u)) » (2.121)
which yields
0= (2Q" — 3x)(Euow1) — Eunywo)) - (2.122)
The general solution of these two equations is E,0)(,1) — E(u1)w0) = Aexp(2QXX —2QTT), but

by the equation of motion A = 0 and so

Eqoyw1y = Eryuo) - (2.123)

Coupled with tracelessness, the following is also true

E0)00) = E(o0ya1) = E(10)(10) - (2.124)
Therefore, all components are either equal to Eqyo) or E(10)00) and Euua, can be parame-
terised as
E, fu+v+A+p=even
E;w)\p = * ) . d (2.125)
E_ ifu+v+Xr+p=o0dd
where tracelessness now reads
0 = (2QT +dr)E+ +(2Q* — 8x)E_,
0 = (2Q7 +08r)E_ + (2Q* — 0x)Ey . (2.126)

Combining these two equations produces a second-order differential equation
((2QX - 9x)" - (2Q" + BT)Q) Ey=0, (2.127)

which may be subtracted from the equation of motion to yield a simpler first-order uncoupled

equation
(Q-0—4Q*-2)EL =0. (2.128)
The solution can be written in terms of an arbitrary function f in the following fashion
29241
Ei=¢ & " f(QTX - Q*T) . (2.129)

There is also another solution Ex = g(QT X —QXT), but this is excluded because it clearly does
not satisfy the equation of motion. It is then a matter of solving Eq. (2.126) and the equation

of motion. The solution can be written in the form
X 1 _ e 1 X 1 . T 2
Ey= 419+ ariar) - (07 griar )T, (204 gtar) x- (20 rgetar)T ,  (2.130)

in which A and B are arbitrary constants of integration. In the non-generic case of QX Q% =0
the term which contains the potential infinity must be dropped from the solution. Thus, for
generic background charge, the background solution of E,,, 5, is a time-dependent, two-parameter

solution.
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2.7 Tachyon scattering in a two-dimensional massive linear-dilaton back-

ground

The parameterisation of space-time used in Sec. 1.9 (lower case z) differs from the rest of this
chapter (upper case X) by _
ot = XH/V2 . (2.131)

Taking the dilaton to lie purely in the X! direction gives Q% = v2Q¥ = 2 and
Ey = Ae®™ Tt 4+ BeSt (2.132)
with the tachyon field equation taking the form

(V2 -2V, 8.V, +4)T — T? — OE** (0’ =0. (2.133)

uuAp

The operators O and Ouw\ , originate from expanding the denominators of the TE term in
Eq. (2.116) and their particular form will not be important. Scaling by the string coupling,

T = ¢®85, the massless field S obeys

810_5 = Le®S2 4+ LOE# e=20)! | %3 | (2.134)

pvAp®
It is this equation which will be solved to find string theory’s prediction for 1-1 tachyon scattering.

Following [98, 278], one-to-one scattering is calculated in the following way: First, the
discrete-mode background Eq. (2.132) is put into place and fixed. Then a small tachyon back-

ground Sy is allowed to develop

0+0_Sy = LOE#Me=20! %5, . (2.135)

urrp€

Finally, the field S is expanded around this background and the first non-trivial order is retained
0,0_8S = e %5, + Ae>*T'S + BeP®tS (2.136)

All constants, in particular, the ones coming from the operators O and O, have been absorbed
into A and B. The first term describes tachyon scattering off the dynamically created tachyon

background, whilst the other terms are scattering off the fixed discrete-mode background.

Integrating this equation to first order in the small background Sy, with the boundary con-
dition
S(z,t) > Si(z7) as t— —o0, (2.137)

yields
S_(z%) = / du"e™ Si(u / dute SO (ut,u™)

S —_
-f—AesxT/ du~e 2" S+(u')+BeQI+/ du~e™3" S, (u7), (2.138)
PN —00
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where, once again, constants have been absorbed. As was mentioned in Sec. 1.9, DMW showed
that the first term, with the background given by the dynamically created Eq. (1.133),

o | dr AT (Ve ) (2:139)

was exactly the (m,n) = (0, arbitrary) part of the general solution Eq. (1.132). Now it is clear

SO(u+au_) = -

that Eq. (1.132) also predicts exactly the right behaviour for scattering off the discrete-state
background if the constants A and B are identified as

Aoc/ dr A%(r)e” and Boc/ dr A%(r)e™ . (2.140)

So, the “first massive” discrete state occupies the (m,n) = (2,1) and (m,n) = (1,2) positions

as expected. Thus, DMW’s proposal has been checked to the next order above the black-hole.

2.8 Conclusions

By imposing Weyl invariance on the generating functional of closed bosonic string theory, the
linearised equation of motion and constraints for the first massive level in a flat linear-dilaton

background have been derived.

This is the first time that the correct equations have been obtained using a variant of the
Wilson renormalisation group method. Two possible reasons for the failure of other attempts
to obtain these equations were given: Weyl invariance on a curved world-sheet is not equivalent
to conformal invariance on a flat world-sheet; or, a “sick” regularisation of the kind Eq. (2.102)

was used.

The effective dynamics of tachyons in a first-massive, flat, linear-dilaton vacuum was worked

out. The coupling of the tachyon to the massive field involved an infinite number of derivatives.

In two space-time dimensions, the constraints on the “first massive” level were solved to find

a two-parameter time-dependent solution.

One-to-one tachyon scattering in this discrete-state background was studied and the results
agree with the prediction made by Dhar, Mandal and Wadia’s [98] representation of the matrix

model.

It would be a thankless task to derive field equations for the higher states using the approach
of this chapter. However, from the analysis of Secs. 2.2, 2.3 and 2.5 it seems likely that all the
massive fields couple to tachyon. Moreover, a straightforward generalisation of Eq. (2.138) for

tachyon scattering in an arbitrary discrete-state background
£ ~ ottt (2.141)

gives ) - .
S_(z7) ~ ef(a+b)z+/ du—e” 20070 g (y7) . (2.142)
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Therefore, if the prediction Eq. (1.132) is correct, then the classical solutions (vertex operators)
of all the higher discrete states must be of the form

Ha+b)=n+1 and sla—by=m+1. (2.143)

This is exactly the spectrum of states which follows from a BRST analysis [54, 222]. One puzzle
remains — according to DMW’s formula Eq. (1.132), the charges (such as M, A and B) at
fixed (n — m) are related. Thus, for example, the charge of any state with n = m should be
proportional to the mass of the black-hole at n = 1 = m. Presumably this is a consequence of the
equivalence of the wy, symmetries in the matrix model (generated by the charges of Eq. (1.112))

and the string theory and will be investigated in future work.



Induced Chern-Simons Terms

It has been proposed that the effective action of four-dimensional SU(2)L gauge
theory at high and low temperature contains a three-dimensional Chern-Simons
term whose coefficient is the chemical potential for baryon number. This claim
is examined by performing exact calculations in a related two-dimensional the-
ory. The results demonstrate that the ezistence of the Chern-Simons term in

four-dimensions may be rather subtle.

.

3.1 Background Material

This introductory section begins with a review of the Chern-Simons action in three dimen-
sions and one dimension. Then, in Sec. (3.1.2), a small comment is made about the so-called
“global SU(2) anomaly” in four dimensions. Finally, Sec. (3.1.3) discusses how the anomaly
causes baryon number non-conservation and how the amplitude for such a process can be made

appreciable by introducing a large fermion density.

3.1.1 Chern-Simons terms

The Chern-Simons (CS) action [73] in three dimensions is
Scs = / &z éttr (FyAy — 20AidiAr) (3.1)
where the field strength is given, as usual, by
Fij = 0;Aj — 0;Ai + glAi, Aj] . (3.2)

The spatial indices are 1 = 1,2, 3, the Yang-Mills (YM) coupling is denoted by g and the gauge
field A; is in the adjoint representation of some gauge group which is henceforth taken to be

SU(2). Space has a Euclidean signature.

The action is invariant under the gauge transformation
A > A =UTTAU + U0, (3.3)

61
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if the element of the gauge group U asymptotically tends to infinity

| L)oo
5

Ulz) 1, (3.4)

and is “small”; that is, if it has no winding number. However, with the assumption of asymptotic
spatial uniformity Eq. (3.4), the points at spatial infinity can be identified, R* — S3. This means
that group elements are maps from S* to S3 (the group manifold of SU(2)) and therefore they
can have non-trivial winding number (the homotopy group 73(S?) is non-trivial). Under such a

“large” gauge transformation [96)

1672 -
g—2N , (3.5)

Scs —+ Scs —
where the integer N is the winding number of the gauge transformation. For correlation functions
of observables to be gauge invariant, e*5¢s must be too (at the moment the role of u is simply
to isolate the CS term from others that may appear in the total action, for instance [ %trF2
— later p will be the chemical potential for fermion number). This places the quantisation
condition on p:

8nu/g® € Z . (3.6)

Similarly, in one dimension, the CS action for a U(1) gauge field A(z) is

Ses = /OR dz A(z) . (3.7)

Here, the boundary condition Eq. (3.4) has been replaced with the equivalent statement that
. . g 127N
the space is compact. Performing the large gauge transformation A(z) — A(z) 4+ $0<"5%, the
action shifts as
2r

Scs — Scs + —(_B—N . (3.8)
Again p must be quantised in order that €#9¢s be invariant.

No more facts about Chern-Simons theory will be needed here. However, it is a fascinating
field and further comments can be found in [96]. Among its many interesting features, there are
two that the author finds particularly notable. Firstly, Scs describes a topological field theory
because it makes no reference to a spacetime metric. This has been used by Witten [343] to
elucidate the connection between quantum field theory and knot invariants. Secondly, adding
Scs to the standard YM action provides a mechanism for mass generation [96, 95, 203, 300, 313]

(this can be seen by a calculation of the propagator — the mass ~ ).

3.1.2 The global SU(2) anomaly in four dimensions

As noticed by Witten [342], SU(2), gauge theory with an odd number of fermion doublets is
inconsistent in four dimensions. This is called the “global SU(2) anomaly” and comes about in

the following way.
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Since the homotopy group m4(S®) = Z 9, there is a non-trivial class of large SU(2) transfor-
mations in four dimensions. Now consider calculating the effective action for an SU(2) doublet

of Dirac fermions. This is
/ [dGd]e?PY = detiD) | (3.9)
where the RHS is formally just the product of the eigenvalues of the Hermitian operator iJD.

Since Dirac fermions can have a gauge invariant bare mass, Pauli-Villars regularisation can be

used to define this formal product. Therefore, the RHS is gauge invariant.

By conjugating the right-handed Weyl doublet that lies inside the Dirac doublet, the latter
can be decomposed into two left-handed Weyl doublets. Explicitly, the Lagrangian density

L = $iPyp = ¥}ie-Drpr, + Ylyio-Dytpr (3.10)

where o# = (1,0) and * = (1, —0o) (o are the Pauli matrices) and r indicates the representation
that the fermions belong to. Since o%¢% transforms as a left-handed fermion [267, Sec. 19.4],
define the spinor 9} = o%1%. Then

£ = 4}i5-Dypy, + gy, tia-Del (3.12)

The second set of left-handed fermions transform under the conjugate representation ¥ with
representation matrices 7¢ = —(T2)*. However, for SU(2) the conjugate representation is
unitarily equivalent to the original; T¢ = UT2U!. Therefore an SU(2) doublet of Dirac fermions
is equivalent to two left-handed (Weyl) doublets.

By definition, integration with a single left-handed doublet gives

/ [dfpdyr)e?Phe = \[detil) . (3.12)

Now there is a choice for the sign in front of the square-root. The eigenvalues come in pairs
since Py® = —y°P and so to calculate the square-root, one eigenvalue out of each pair must
be chosen and then the product of these taken. By calculating the index [15] of a related five
dimensional theory, Witten was able to study the flow of the eigenvalues as the gauge field was
adiabatically varied from A, (g =0,...,3) to Ag where U is the element of SU(2) which winds

at infinity. He found that an odd number of pairs of eigenvalues changed sign under this gauge

detiP(A,) = —/detiP(AY) (3.13)

and the effective action was not gauge invariant. This sign-change immediately implies Z =
[[dA]/det i) exp(—Sy sr) = 0, so all correlation functions are ill-defined; being 0/0. However,

with an even number of SU(2);, doublets, there is no inconsistency.

transformation. Therefore

3.1.3 Baryon-number violation

In order to study baryon-number violation in the standard model, the following simplifications
are made: Neglect both the U(1) admixture (so all the W-bosons will have the same mass) and
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the Yukawa couplings of the fermions to the Higgs doublet. However, retain the 12 left-handed
(Weyl) fermion SU(2) doublets and their minimal coupling to the W-boson 4#. The fermionic

part of the action is therefore simply
12 ,
Sf:/u&wXﬂ@mw, (3.14)
i=1

Since there are an even number of fermions, there is no global SU(2) anomaly. However, in the
presence of the SU(2), gauge fields, it is well-known [2, 31, 199, 267, 351] that the U(1) current

12
Tt =S iy (3.15)
i=1
is anomalous
g 9
8;“]“ = —12m—W§%tIGﬂUApFMuF)\p e —121—6p8#6””>‘ptr(A,,F,\p — %gAVA)\Ap) . (316)

The prefactor “12” comes from the 12 species of left-handed fermions and note the appearance
of the CS Lagrangian on the RHS.

In four-dimensional Euclidean space there are classical solutions of the YM field equations
which are localised in space and time. These are called instantons and the integer “instanton-

number” is given by

2
g 3 A
n= g5 /de T PELFy, . (3.17)

The first explicit example of such was found in [30, 283] for the case of n = 1. For this case, by
integrating Eq. (3.16) between a “time” in the far past and one in the far future, the anomaly

implies that the baryon + lepton number
B+L:/&mﬂ, (3.18)
will not be conserved but will change by
A(B+L)=12. (3.19)

The semi-classical amplitude for this process is exp(—872/g2) [319]. The connection to a process
in Minkowsky space was made in [61, 202] by noting that the Euclidean path-integral calculation
is just finding the tunnelling between gauge configurations of different winding number; then = 1

solution of (30, 283] can be arranged to connect A¥|g with that of A¥|y ;.

The amplitude exp(—8w?/g?) is very small in phenomenological theories. Moreover, the
gauge field is just as likely to tunnel in one direction as the other since the energy of the gauge
configurations is periodic in the winding number [202]. So on average there will be no more
baryouns created than anti-baryons. There are, however, ways to increase the amplitude, such as

high temperatures or energies.

Another method of increasing the amplitude is to introduce a high density of fermions. Much

work has centered around the possibility that the process of integrating-out the fermions in the
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theory at finite temperature with non-zero density of fermions y induces a three-dimensional CS

term into the effective action. Assuming the effective action is of the form
Set = Sym + pScs (3.20)

this was studied as a model for baryogenesis in the early universe [291, 292] (some related articles
are [4, 18, 226]), and the tunnelling amplitude as a function of y was found [107, 219]. The basic
idea is that the uScs term biases the the periodic vacuum structure of the YM term and with
a large p the tunnelling amplitude will be markedly increased. Also, with an appropriate choice
for the sign of y, more baryons or anti-baryons would be created depending on the theorists

whim.

3.2 The claim and a counter-example

The starting point is the simplified standard model of the previous section at non-zero temper-

ature. The effective action is
_ B _. .
o=Seis = / (A dibr ] exp [— / dr / &z (—%aF%ZWLu,DWLﬂ . (32D
0 i

£ is the inverse temperature and the space is Euclidean (see [116, 180, 208] for further related

comments regarding finite temperature field theory). The gamma matrices are Hermitian and

satisfy

[V, 7] =28, (3.22)
and v* = —y717273 is also Hermitian. The index v shall still be taken to run from zero
(imaginary time) to three; v = 0,...,3. A non-zero density of fermions is included by introducing

a chemical potential y for the particle-number charge Eq. (3.18). The Dirac operator is then

D=9 +igd +m1" . (3.23)

The claim of [258, 288, 294, 332] is that at high temperature

B
S 22 uﬂ/o dr/da: €ijktT (Aiij = %gAiAjAk) P (3.24)

The dots can, in principle, contain sub-leading terms in the expansion around 8 = 0 as well as
terms such as the YM action (some more heuristic arguments for the existence the uScs term
can be found in [107, 219, 291, 292]). At low temperatures, massive fermions are considered [288]

and the effective action is expanded in powers of 1/m;
B
Seft ﬂ_—go ,u/ dT/dm €55 b1 (Aiij — %gAiAjAk) +..., (3.25)
0

where now the dots also contain terms of O(1/m) (further comments regarding the low temper-
ature case are also made in [294]). It should also be noted that the calculations of [258, 259]

have indicated that the situation is more subtle than previously expected.
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That a three-dimensional CS term is induced into the action at high-temperature may seem
a little odd initially. However, it is well-known [14, 225] that the high-temperature limit of a
four-dimensional relativistic quantum field theory is effectively three dimensional. This is simply
because taking the high-temperature limit in a boson propagator

(o]
1
ropagator ~ /d3 ,
propag n:z—oo P (27Tn)? + p? + m?

(3.26)

picks out the n = 0 term which reduces the theory to a three-dimensional one. (For fermions
the situation is even more drastic — replacing the “n” by “n + %” shows that, naively, fermions

decouple entirely.)

Furthermore, it seems extremely unlikely that the term would appear in Seg simply because
p is real and so e™#5¢S is not gauge invariant! In fact, this argument is too naive, because —
although the term is not gauge invariant by itself — it is still possible that the entire effective
action may be invariant [93, 94, 135, 145, 146, 294]. Simple examples of this phenomenon will

be presented later.

Since y is real, only the real part of the effective action log det DIP! needs to be calculated in
order to find the pScs term. The standard way [107, 288, 294] of obtaining this is to “vectorise”
the model by adding ¥%(iD)T4% to the action. Equivalently, six of the twelve left-handed
doublets could be passed into six right-handed anti-particle doublets and then joined with the
remaining left-handed fermions to yield a total of six Dirac spinors. This is nothing but the

reverse of the procedure found in Sec. (3.1.2). The resultant action is
S = /1/_21 (q? +ig4d + u7075) Y. (3.27)

The chiral charge has been passed into a quasi-conserved axial charge, and purely for ease of
notation, the number of Dirac fermions has been set to one rather than six. As expected, the

operator ¢J) is now Hermitian.

The two-dimensional analogue of the action Eq. (3.27) provides a suitably simplified testing
ground in which to check the claim. But, before describing this model, a calculation will be
presented in four dimensions that produces no uScs term at low temperature. The results of
this chapter have been published in [241].

In order to compare with Eq. (3.25) a gauge-invariant mass term ¥imy is added to the

Lagrangian. In perturbation theory, the coefficient of 4 A%A$ in the effective action is
D%(p,m, T) = g* [ ey’ Ak, m)in® 2P Alk, )y Ak + p,m) (3.28)
k

Here A(k,m) is the propagator of a Dirac fermion with mass m and the integral over momentum
spaceis [, = 8713, d3k for nonzero temperature. The corresponding graph is shown in Fig. 3.1.
By expanding in powers of 1/m, the form of the result is fixed purely by dimensional analysis

(T has dimensions of inverse-length) and symmetry requirements (the CS term contains €;;1);

I“2(p,m,T~0) = Ce®*p, + O(p?/m) , (3.29)
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Figure 3.1 : The diagram with two

i p gauge-field legs and one insertion of the
Y operator i1py°y%y. This is the coeffi-
ot 4 cient of the pAyAs in the effective ac-

tion.

where C is mass independent. Indeed, by contracting with pAZ%A$, the CS term €;;xA;0; Ay
appears. Some sort of regularisation is needed because the integral is linearly divergent. Pauli-

Villars regularisation [265], in which a massive spinor x, is added into the path integral
Z = ].lm /[d1/3d¢d)2dx]6_5(&a¢;A,m)+S(i,X,A,M) ; (3_30)
M—oo
is manifestly gauge invariant. Thereby
T (p,m, T~0) = lim [F”’\O(p,m,TNO) ~I"(p, M, T~0)] . (3.31)
However, C is mass-independent, so
P9 (p,m, T~0) = 0+ O(m™7) (3.32)
which is in apparent contradiction to [258, 288, 294, 332].

In light of this result, and the subtlety of gauge invariance, it is clear that the problem needs
more study. Fortunately, there is a two-dimensional analogue of this system in which calculations
can be made more simply. This helps to clarify the situation and suggests that only when there
is an infrared divergence (massless fermions at zero temperature) does the uScs term appear. In

all other regimes the existence of the term is forbidden by choice of a gauge-invariant regulator.

3.3 The two-dimensional model

The two-dimensional equivalent of the vectorised theory of Eq. (3.27) has action
S = /M Pipy and D=9 +m+uy’y® +ied . (3.33)
M is a flat, Euclidean, 2D spacetime with coordinates (7, z) where the 7 direction is compact
0<7<p. (3.34)

The indices (v, },...) associated with spacetime run from zero (imaginary time) to one; v =0, 1.

All gamma matrices are traceless and Hermitian and satisfy

[7”#*] L= 26** and 5 = —io71 - (3.35)
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A mass term has been included for generality at this point. It will serve to IR regulate the
theory at zero temperature. The chemical potential u for the axial charge Q5 = Sy is
real. Finally,

2[4 i) = [ [day] e S+S 4o, (3.36)

is the generating functional.

Recently, there has been some interest over the proper definition of Euclidean fermions. By
studying the continuous rotation of spinors from Minkowsky to Euclidean space, van Nieuwen-
huizen and Waldron [333, 335] have argued that ¥ = 45 In App. B it is shown that both
Eq. (3.36) and

7 = /[dwfdzp]e—fw”sw , (3.37)

give a path-integral representation of the partition function Tre~%#. The action in this latter
form is SO(4) invariant and implies the correct equations of motion. Moreover, it has the
advantage that the Dirac operator for massive fermions is Hermitian due to the extra ¥% in
the inner product. However, here the conventional form of the path integral (Eq. (3.36) with
¥ = 1) will be used.

It is only necessary to consider the U(1) theory. Under a gauge transformation, the fields
vary as
A, — A, —ie ey,
b o= ey (3.5,
When 6 is well defined on M the transformation is called “small”, while if only e*, but not 8

itself, is well-defined the transformation is called “large”. An example of a large gauge transfor-

mation is
6(z,7)=27xN7/8, for NeZ . (3.39)

This shifts Ay by a constant
Ay — Ay — 2N /ef3 . (3.40)

In this context. the CS term is given by Eq. (3.7), and

,U,SCS = ,M/M Al . (3.41)

The next section presents some perturbative calculations which suggest that this term does not
appear in the effective action. Then, in Sec. 3.5 the effective action will be studied nonpertur-

batively.

3.4 Perturbative calculations

Three perturbative calculations are described. It is found that no p#Scs term is induced into the
effective action except for the case of massless fermions at zero temperature. This is attributed

to an infrared divergence which makes the result ill-defined.
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3.4.1 The one-point function defined by Pauli-Villars regularisation

Since u is constant, it is efficient to put it into the propagator
—1 —1

A(k) = =
(%) ik +m—+py0y® ik +m—ipy?

(3.42)

The second equality holds in two dimensions because of the identity 4Y~% = —ie”*4* and shows
that a constant p simply shifts the momentum in the loop. Expanding the path integral in
powers of A, the coefficient of the linear term is the superficially linearly divergent one-point

function

T¥(m, T, p) = / tr ey"fé—“—mz where %y =k —p. (3.43)
k
Pauli-Villars regularisation can be used to regulate this expression;
pv(m) = N}I_I)n [[¥(m) — 2T (M) + TV (2M —m)] . (3.44)
o0

Since the momentum integral is now finite all dependence on p can be shifted away. As in the 4d
case, by using Pauli-Villars, which is a gauge-invariant regularisation, no uScs term is induced

into the effective action. The result is clearly independent of temperature.

It is well known that, without proper regularisation, the order of integration cannot be
changed in divergent integrals. T'! provides a simple example of this phenomena for it is quite
possible to go further and explicitly evaluate the momentum-space integral (I' is zero by sym-
metric summation or integration). The mass term in the numerator of Eq. (3.43) gets killed by

try# = 0. Performing the k! integral first gives

k
1 _ I T
PmT) = /ko/ L3+m2+k2
= e/ log((A—u) + m? +k0)—log((A+u)2+m2+k(2))
ko
AP g = 0. (3.45)
ko

However, performing the ky summation first yields

ky :
I''(m,T) = ﬁze/dk1—~—— mtanh (7r,8 k? +m2)
B/ k? + m?

= 2emy . (3.46)

The same result is obtained at zero temperature. Of course all answers are mass independent

so Pauli-Villars regularisation yields zero.

3.4.2 The “Adler” argument

An alternative treatment is to expand the path integral in powers of both y and A rather than

putting u in the propagator. The correlation-function of interest is the superficially logarithmi-
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cally divergent two-point function

m —if m—1
r'Y(m,T) = — ktrk2 +1£227075k2 +Tf:26'7" . (3.47)

This method has the advantage that x can be promoted to be the zeroth component of a chiral
gauge field which is non-constant in spacetime. The momentum p, flowing into the associated
Feynman diagram shown in Fig. 3.2 will then be nonzero, and only after calculating will the

limit p¥ — 0 be taken.

Figure 3.2 : The diagram with one gauge-field leg
and one leg that corresponds to the insertion of

iu(z,7)v°y3. The momentum flowing into the di-

agram is nonzero.

With nonzero p”, the form of the correlator is completely fixed [3] by gauge invariance, parity,

Lorentz covariance and the anomaly. Under parity
¥ =" and P —Py°, (3.48)

so the term containing the new chiral gauge field ¥iByy*y54 is parity invariant only if B? is a

pseudo vector. Therefore

'r\l/)\ T :_/ m—z‘(k—ﬁ)‘_/\‘.;m—iﬁé,,, 4
(p,m,T) ktr_—(k—p)2+n12w TR e (3.49)

has one vector index and one pseudo-vector index. At zero temperature the most general ex-

pression with the correct Lorentz structure is therefore

T p, m, T=0) = Y (p?, m?)e"* + Z(pQ,mQ)ppep(”p’\) : (3.50)
The parentheses indicate symmeterisation (vA) = %1//\ + %Av. Gauge invariance implies

p I =0 = pI'f=—pI® = v=-1p27, (3.51)
whence

I p,m, T=0) = (—%er”’\ +ppe"("p’\))Z : (3.52)

2

Z has dimensions of p~* so corresponds to a convergent Feynman integral.

Z can be determined by using the well-known result for the chiral anomaly [199, 267, 351]

2 2
- il Arth—— p -
VD2 (p? + 4m?) Vi (p? + 4m?)
(3.53)

Here Arth(z) is the inverse hyperbolic tangent, the expansion of which is Arth(z) = z + O(z3)

—epAp?Z = pAI'"* (p,m, T =0) = —2eme"*p, (1

for small z. For vanishing momentum, the massive case therefore tends to zero

p2Z(p?, m#0) 00, (3.54)
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This, coupled with the dimension of Z implies Z o« m™2 + O(p?), and so
I (p=0,m#0,T=0)=0. (3.55)

On the other hand, the massless case has

p2Z(p?, m=0) = 2er . (3.56)
which implies
2empi
Tp,m=0,T=0) = 52 . 3.57
‘ RS el
Interestingly, this is ambiguous in the zero-momentum limit
0 — 0 th =0
T0(m=0,T=0) - . e (3.58)
2er p1 — 0 thenpy — 0.

This is attributed to the IR divergence contained in the two-point function of Eq. (3.47) for
m=0="T.

The IR problem for massless fermions is alleviated by heating the system to a nonzero
temperature. Because the heat bath breaks Lorentz invariance, the general form of I'Y A is much

more complicated as it can depend upon the normal vector in the p° direction, n”. It is
A = A + Bppep(”pk) + Cnpep(”p)\) + Dp,,ep("n)‘) + Enpep("n)‘) . (3.59)

However, the problem at infinitesimal p” is simple because it is fixed by gauge invariance. This
reads, as in Eq. (3.51),
piT0 = —pI® . (3.60)

Consider T'%; it is given by the expression

I‘OO(p,m=0,T) . ie/tr(k —75)’7075#70
k

(k — p)2k?
_ ko(p1 — k1) + k1(po — ko)
g -2e/k e (kl_p);kz" LIS (3.61)

where the trace over the gamma matrices, try’y*y® = 2i€¢”}, has been taken. Assuming sym-
g Ty y

metric summation, I'%° = 0 if py = 0;

ko(p1 — 2k
I(po=0,7) = ~2¢ 3 [ dh%i—) =D kof (kg p1) = 0. (3:62)
ko p ko

There are no IR problems since kg is quantised. Therefore! p;T''%(p, T') = po(...) where the dots
do not diverge as po — 0. Now, since py is quantised, it cannot be taken to zero smoothly. The
philosophy adopted here is that the physical result is obtained by first setting po to zero and
then taking the limit p; — 0. Thus, at finite temperature I'%(p=0,T #0) = 0, and there is no
uScs term.

! Although it is not needed for the argument here, I'%! can be calculated exactly [281] and is again given by
Eq. (3.57).
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3.4.3 Pauli-Villars and the two-point function

The IR problem also occurs when naively applying Pauli-Villars regularisation to the two-point
function at zero temperature. The two-point function with zero external momentum is defined
to be

A 1 - 2 m—if \ sm—if M—if , s M—if
ng:z&f?o_’e/dk<k2+ Vet et Vi) ) o (369

Cross-multiplying to remove the divergence and taking the trace try’y*yPy® = 0 yields
2

- 2 m A5
I'yy = hm ze/d < k2+M2) (k2 m2)2> try ySyY

2k?m? + m* — 2K2 M2 — M*
2 A 5. v
hm ze/d 2 2)? (k2 22 trf Y R0y . (3.64)

For m = 0 there is an IR divergence. Forgetting this for the moment, and using the integral

/d% kakof (K2) o 8up | (3.65)
the traces may be evaluated
try’/y*y® = 2ie”*  and  try e | (3.66)
to yield , ,
Iy, = 1&}230 QeeuA/de ((k2 _ng)2 T fwﬂf) . (3.67)

Each integral is clearly independent of the mass and using [(k% + 1)? = 7, this implies, in

contradiction to the null result obtained using the one-point function,

0 m # 0

3.68
2er m=20. ( )

DI, (m, T—0) — {

However, the non-zero result occurs only because the IR divergence has made the result some-
what arbitrary. In this situation a natural prescription might be to define the massless theory

as the limit of the massive one:

M (m,T=0)=0 vm. (3.69)

In conclusion, by demanding that the calculation be gauge invariance, no p#Scs term is in-
duced into the effective action, except at zero temperature for massless fermions. The appearance

of the term in this regime is due to an IR divergence which makes the calculation ill-defined.

3.5 Nonperturbative results

The partition function can also be calculated directly to all orders in 4 by functional methods.

To make the eigenvalue problem well-defined M is chosen to be the torus with 0 < 7 < 3 and
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0 < z < R. Make the Hodge decomposition on the background gauge field
eAy, = 0,0 +€,0p+ hy . (3.70)
The fields o and p are well defined on M and h, is constant.
If non-trivial winding sectors were of interest then the decomposition would take the form
eAy, = 0,0 + e,3Ohp+hy + A, , (3.71)
where A* can be chosen to be

~ orN ~
AO = —ﬂ—Rm and Al =0. (372)

N is the winding number of the configuration and this choice is possible because the difference

Ao(r,z) — Ag(r,z + R) = %ao (2’? T> , (3.73)

is zero up to the large gauge transformation Eq. (3.39). In this case, the fermions would have

to obey twisted boundary conditions
p(r, 3+ R) = 2" NT/Py(r,0) and (7 + B,z) = —9(r,3) , (3.74)

where, once again, the large gauge transformation is evident. However, in order to find whether

it is possible that the uScg term
,U,/ A1 = uRBhl/e 5 (375)
M
appears in the effective action it is only necessary to consider N =0.

The toy model differs from the Schwinger model [302] on the torus only by the u term.
However, by using the identity y%y® = —iy! the p can be shifted into h;. The form of the
generating functional is well known [49, 150, 151, 152, 185, 201, 289, 303] and details of the

derivation can be found in App. C
; : 1
Z[A,7,n) = exp (/ ﬁe_w_'yspAww—"’spn + ;/pl]p) detilD; . (3.76)

Here D1 =@ +ilf — iuy! and has associated propagator iA;. The determinant of this operator
can be calculated using zeta-function regularisation [185, 303] and the result written in terms of
a theta function and Dedekind’s eta function [9, 47, 295, 297]

2

. 1 0 .
det ipy WG [ é ] (0,iR/p)
o 2
= q1/24 H (1 _ qm) Z q%(n+0)2e21ri(n+6‘)¢ (3_77)
m=1 neZ

In this formula § = —Gh° /27 and ¢ = 3 + ﬂ—’gﬂ;"l and the parameter ¢ = e 27F/8,
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The effective action when the gauge field is in a nontrivial winding sector is also well
known [108, 109, 153, 295, 297]. A non-zero chemical potential for the conserved electric charge
has also been considered (8, 296]. In this case the Dirac operator is no longer Hermitian and the

phase in the partition function leads to interesting results.

The partition function is clearly invariant under small gauge transformations since ey and
its conjugate are invariant. It is also invariant under large gauge transformations in the = and
7 directions

r direction: 6h' = ZX  and 7 — qe

7 direction:  6h° = 2 and - 7™V T/8 (3.78)

[~

2niNz/R
b

(3]

The first transformation changes the summand in Eq. (3.77) by a phase which is then canceled
by the mod-squared. The second transformation can be soaked up by relabeling the index of

summation.

The cylindrical limit of the generating functional must now be taken. It is possible that there
are some subtleties associated with this limit. In order to look for these, a brief sortie is made

into the one-dimensional world where all expressions are particularly simple.

3.5.1 The determinant of the Dirac operator on a one-dimensional manifold

Because of its simplicity, the one-dimensional case has been well studied [80, 93, 94, 135]. Here
though, the emphasis is placed on finding any nontrivialities in the circle — line limit. Although
this subsection is relevant to the exposition, it is hoped that the reader will not forget that its

aim is simply to illustrate that the continuum limit of the 2d case contains no subtleties.
Start with the operator
D =10+ eA(t) +iM , (3.79)

where —7R <t < 7R. A mass term M has been included for generality, and it will serve to IR

regulate the theory. On the circle the eigenvectors are

t
Py = exp [z </\t - e/ A) — Mt} . (3.80)
The boundary conditions then imply A, = A + (n/R) where
e QIrLR JA— M | per'iodif: | (3.81)
28t opJA—iM  antiperiodic .

If M # 0 there are no zeromodes, however, if M = 0 there is a possibility of one zeromode

depending on the value of [ A.

The product of eigenvalues needs regularisation. A non-gauge-invariant way to proceed is to
calculate det D(:9+4M)~L. This leads to a sine in the periodic case and a cosine for antiperiodic

boundary conditions [135]. An alternative is zeta-function regularisation [185, 303]> where the

%A nice review for the case of the Dirac operator can be found in [94].
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following formal manipulations are made

d
det D = explo Ap =€ logh, =€ —— > A° , 3.82
Xp g];[ n XP; gAn Xp( ds; - s=0> (3.82)

and the zeta function ¢5(s) = 3, A;® is calculated by analytic continuation. For instance [170,
Sec. 9.53]

= logT'(z) — 1log2m . (3.83)

For the case in hand

detD = exp [% (—(A)—s P E A+ S (-2t A)-S)]
s=0

n=0 . n=0
= e e R AR AR)
= 1_ ¢ 2mAR (3.84)
which is invariant under the large gauge transformations A — A — 27N /eR.
Consider expanding the effective action Ses = —log det D in powers of A. To quadratic order

6—271'RM e—27rRM

L o2nkir / AF Ty I® / A / A+0(4%), (3.85)

where the upper (lower) sign corresponds to the antiperiodic (periodic) case. There are three

Ser = — log (1 + 6"2”RM) +

important things to notice:

e Written this way, the (-function regularisation looks like a non-local result. This is because
the eigenvalues depend only [ A. However, if it is only the constant part of A that matters,

all non-local products can be made to look local
" 1
(f4) = @R [ 4o - (3.86)

e Despite the effective action being gauge invariant as a whole, each individual term in its

expansion in small A is not.

e The expansion in small A is ill-defined for the periodic massless case. This is because for
A = 0 there is a zeromode which must be removed

1_e—iefA

det i)eriodicD . zefA (387)

The same problem crops up in perturbation theory, where there are IR divergent terms

such as Y, &.
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Out of interest, the derivative expansion, which is local, will be compared with this result.
To compute the expansion, the heat-kernel method is used. This has the disadvantage that only
the real part of the effective action, logdet DD', can be calculated, because the heat kernel is
then quadratic in derivatives. Defining Dy = 49 + A, and expanding to quadratic order in D,
with antiperiodic boundary conditions gives
* de

€«

— / ﬁ —emz 1 /dtze (2n+1) Jit/R 5D36(2n+1)it/R

geb? 1 /d —(
t E
/ € e~
_ /oo de —51\/[2 1 /dt§ :e—e (2n+1)2/4R?

logdet DDT = / Tre~<PD'
0

2

(2n + 1)?

15 D? + O(Dg)} (3.88)

X {l—eDg-l-Ze2

The first term in curly parentheses is an unimportant divergent constant. Dropping this, per-

forming the integral over €, and using the representation for the hyperbolic tangent

Tz 2z 1
tanh — = — —_— .
At s ; (2n+1)2 422" (3.:89)

the real part of the effective action to O(DZ) can be deduced

m )| d 1
2RSer = - /Do {(1 + 2MR—d(2MR)) ; @ T )7 T MR }
21 Re?
-  (e™MR y o~TME)2 /A2+O(D3) : (3.90)

Only for A being constant does this agree with the zeta-function result. (¢-function regularisation
does, however, have the advantage that it gives a prescription for the imaginary part of Seg.)
With periodic boundary conditions, it is clear from the first line of Eq. (3.90) that the massless

case is ill-defined because of the zero mode mentioned previously.

Taking the limit to the line of the zeta-function results gives (mod2mi)

'

2rRM +ie[ A M < 0 (antiperiodic)
2nRM +ie [ A+ mi M < 0 (periodic)
Sef — { —log (1 + e_iefA) 0 (antiperiodic) (3.91)
log( ’efA) + log (ze [ A) 0 (periodic)
0 M>0.

“

The M-dependent normalisation of e~ %eff is physically unimportant. If the limit of the massless
periodic case had been taken without first removing the zeromode the effective action would not
have had an expansion in small A; it is only when the compact theory is properly IR regulated
that the noncompact effective action can be properly defined. In the two-dimensional model,
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antiperiodicity of the fermions in the time direction at nonzero temperature will provide the

necessary IR regulator.

Eq. (3.91) can be compared with the expression obtained from det D(i0+iM )~1. The Green’s
function for 0 + 1M with M # 0 is

dk etk(z—y)

Gle—y) = | 5%nZrim
ie~ M@=V [9(M)0(z — y) — O(-M)8(y —z)] forz—y#0 (3.92)
LisgnM forz—y=0. '

where 6 is a step function. Expanding the effective action in powers of A, the step functions kill

all terms but the linear one, resulting in
Seg = —Trlog(1l +eAQG)
_ / dz {A(w)G(O) ! / 2’ A(z)G(z — ) A@)G (@ — o) + .. }
= —3i sgnM/ dzA(z) . (3.93)
—00

Because there are no large gauge transformations on the line this is gauge invariant. It it differs
from the zeta function result of —i6(—M) [ A. This is an example of the well-known principle
that the imaginary part of the effective action can be defined in many ways (see [19] for a

review).

Finally, the continuum limit of the derivative expansion Eq. (3.90) can be easily taken. For

nonzero mass the answer is clearly zero. In the massless case,
2R Sest = — 1w Re? / A%, (3.94)

which of course agrees with zeta function result if AR is held constant as R — oo. This is surely
the most physically sensible prescription since it allows for a non-zero constant mode for the

gauge field.

Before closing this subsection, there is one more interesting facet of the derivative expansion
which can be mentioned: If the heat-kernel analysis of Eq. (3.88) is performed on the line the
result is independent of A regardless of the value of M. For

logdet DD! = /°° de__enr j_’f gik® g —e(— 02 +2AD+(iDA+A2)) ik
0 € T

= /oo gfie—EM2 % e—kze—z\/EkDo—eDgDo
0 € e 27
S d6 1 —eM?
— —F—=€
0 € vAdme ’

where the last line follows® by expanding the exponential in powers of €. This is presumably

31t also should be noted that according to [50], it seems that the result in the continuum should be the same
as that on the circle, up to a multiplicative constant. However, a term was dropped in their calculation (the last
term in their Eq. (3.15)) which is nonzero at nonzero e. Therefore, their conclusions do not hold at large €. This
changes the last conclusion in the appendix of [241].
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another manifestation of the point that the continuum limit is ill-defined when there are zero-

modes.

3.5.2 The cylindrical, or high-temperature, limit

The two-dimensional model shares many of the features of the one-dimensional case. In partic-
ular, the determinant (3.77) of 7]D; obtained by zeta-function regularisation is nonlocal in the
gauge field. Moreover, each term in the expansion of the effective action Seg = logdetilp; in
powers of h* = Riﬁ [ A% is not gauge invariant despite Sy being gauge invariant as a whole.
However, there is one subtlety that the two-dimensional model does not have — in the process
of taking the continuum limit in 1d, the zero-mode had to be handled with care. In the 2D
model there are no IR problems because the fermions are antiperiodic along the time direction

and therefore its continuum limit is trivial.

For example, at large R (the limit to the cylinder) or small 8 (high temperature), the
parameter g is exponentially small. Setting § = 0 in order to simplify the formulae the effective
action can be expanded in powers of the gauge field (h* is held constant as per the prescription

given on p. 77)

Seg = —logdetiD; +...
= —/q (eiR(hl—m n e—iR(m—u)) ..

= 2esin(RpL)e_7rR/ﬂ%/A1 +.... (3.95)

Here, the uScs term has been extracted. Of course, the term by itself is not gauge invariant.
Taking the high temperature limit it is evident that there is no uScs term of the form Eq. (3.24)

according to zeta-function regularisation.

3.6 Conclusions

A variety of calculations in a 2d toy model have been performed in order to investigate the
claim [258, 288, 294, 332] that the effective action of four-dimensional SU(2);, gauge theory at
high and low temperature contains a three dimensional Chern-Simons term whose coefficient is

the chemical potential for baryon number.

Because the chemical potential is real, the contentious term is not gauge invariant by itself.
As has been shown though, this does not rule out its appearance in the effective action. In both
one and two (and presumably four) dimensions, it was demonstrated that extra non-local terms

can restore the gauge invariance.

Nevertheless, all the perturbative calculations performed at nonzero temperature gave no

such term. The only regime were it could possibly be induced was at zero temperature with
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massless fermions. This was attributed to an ambiguity brought about through an infrared

divergence and was investigated from a number of different angles.

The nonperturbative effective action does contain the term but it is exponentially suppressed
as the radius of the spacelike circle tends to infinity. This is quite different from the proposed

behaviour since there the spacelike circle is infinite from the very start.

How then, did the authors of [288] obtain a nonzero result? The regularisation scheme was to
subtract off the zero-temperature, zero-y result. The same calculation can be performed exactly
in 2d. The one-point function of Eq. (3.43) can be written in the form

dz ki—p
Ym, T =/d j[ —( ! ) hl .
F (m’ 7.u‘) kl 027_‘_2 —Zz+(k1—ﬂ)2+m2 ta‘n 2/32:’ (3 96)

where the contour of integration is shown in Fig. 3.3(a). Using partial fractions, expressing tanh

(a) (b)

Figure 3.3 : Contours of integration in the z-plane. (a) The contour C encircles
the imaginary axis, and (b) contour Co passes up the imaginary axis and C+
(C-) encircles the RHS (LHS) of the plane.

in terms of exponentials and completing the contours C+ leads to
ki—p 'odz 1 1 1
'(m,T = / dk - ?( — ( - )
(m, T, 1) T l c.2mi\z+w z—w/ 1+eP?

f dz( 1 1 ) 1 +/ %( 1 _ 1 )
c 2mi\z+w z—w/l+eP? Jg2mi\z+w z-—w/|’

(3.97)

where w = /(k1 — #)2 + m? and the various contours are shown in Fig. 3.3(b). The first two

give a p-independent result for finite temperature since they are convergent and the result is
I'Y(m, T, ) = 2emp + T (m, 0,0) . (3.98)

Thus, by following [288] a uScs term is obtained. This is in contrast to Pauli-Villars regulari-

sation which gave no uScs term

This regularisation scheme might be justified by casting it into a Pauli-Villars-like form

Z= A}ignoo/[dlﬁdﬂbd)‘cdx] exp [—S(, 4, A,m, T, ) + S(%, x, A, M, T =0,p=0)] . (3.99)
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In the second action the spinor fields x are defined over the plane. The gauge field must be
the same in both actions. Presumably it is extended periodically to the plane in the second
action. The second action also has no axial charge. A standard argument shows that there are
no new divergences introduced by insertions of the charge of a conserved current. In the present
case ()5 is the charge of an anomalous current so this argument must be re-examined. Clearly
it 1s somewhat uncertain as to whether this scheme can be implemented as a gauge-invariant
regularisation to all orders in perturbation theory. In contrast, the regularisation schemes used

in this chapter are gauge invariant and implementable to all orders.

Thus it seems that the Chern-Simons term whose coefficient is the chemical potential for
baryon number is not induced into the effective action. However, this does not necessarily mean
that the periodic structure of the gauge-field vacuum cannot be biased by some nonperturbative
effect. The theory with nontrivial winding sectors has been well-studied (108, 109, 153, 295, 297].
It would therefore be quite possible and interesting to calculate matrix elements corresponding

to the 2d analogue of baryogenesis in the early universe.



Matrix Theory

M-theory is currently regarded as the best candidate for o “theory of everything”.
When it is compactified along a light-like direction M-theory has a realisation
as a supersymmetric quantum mechanics model with U(N) symmetry called
“Matriz theory”. This is described in Sec. 4.3. Before detailing Matriz theory
some introductory material concerning superstrings (Sec. 4.1) and the various
background solutions of their low energy dynamics called p-branes (Sec. 4.2) is

given.

e

4.1 A lightning tour of the superstring

Most of the results presented here are arrived at by making analogies with the bosonic string
studied in Chapter 1. The discussion is necessarily very streamlined and many more interest-
ing facets of superstrings can be found in the text [177] and presumably in the forthcoming

monograph by Polchinski [277].

4,1.1 The NSR action and worldsheet supersymmetry

In order to include space-time fermions into string theory, extensions of the bosonic string
described in Chapter 1 must be considered. One such is to add to the Polyakov action of
Eq. (1.2) d 2-component Majorana spinor fields * which transform in the vector representation
of the Lorentz group SO(d — 1,1)

1 -
S=-ps /M (0aXP0u X, — Py Outhy) - (4.1)
Here v* are two-dimensional gamma matrices {v*,4*} = —21% = —2diag(—1,1) and in the

Majorana representation 1 = Ty® = 4 T40. In a similar fashion to the spinning particle, the
zero-modes of Y# generate a d-dimensional Clifford algebra and will thus create states which
can be identified with space-time fermions (more will be said on this later). This string theory
is called the NSR string.

This action has worldsheet “supersymmetry” under which [157]

SXP = et

81
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SPF = —iy29,X"e (4.2)

where € is a constant Grassmann-odd Majorana spinor (to show invariance of S the Majorana
fermion identity v = 9y, must be used). The commutator of two supersymmetry transforma-
tions is [d1, 02 X* = 2(€17%€2)i0, X* (for Majorana fermions & 7%y = —&v%;). Note that the
RHS of this equation contains the translation operator. The same commutator acting on the
fermions gives a similar result on shell. Denoting the generators of the transformation by Q,,

(so that 0X* = [€Q), X*] for instance) the N = 1 supersymmetry algebra follows

{Qa, Qﬂ} = Zpa('ya)aﬂ . (4'3)

4.1.2 Mode expansions for the fermions

In the basis

obey the equations of motion
(01 + Bp)p = 0 = (81 — Bo)¥y (4.6)
Thus the _ and 9, describe right- and left-moving modes respectively
o =9p_(0°—0") and yy =y (0" +0"), (4.7)

and are called the chiral halves of the closed string (the chirality operator v%y! acts as y0yley =
Ft+). For open strings the surface terms that arise through varying the Lagrangian to obtain
the Euler-Lagrange equations must be set to zero by choosing appropriate boundary conditions.
Further remarks concerning open strings will be made later; in this section only closed strings

are considered.

Spinors can be either periodic or antiperiodic over the interval 0 < ¢! < 27. Periodic
boundary conditions are called Ramond (R) boundary conditions [286], while antiperiodic [256,
257] are called Neveu-Schwarz (NS), so

R) gt = 3 dhem),

neZ
(NS) wli = Z b’,[‘ie—-ir(a-o_g-l) ,
TE%@Z
R)  wh = 3 dpem,
neZ
(NS) gt = 3 Beeinlo’+ol), (4.8)

re%@z



4.1. A lightning tour of the superstring 83

Corresponding to the different pairings of left and right moving modes, there are four closed-
string sectors that are referred to as NS-NS, NS-R, R-NS and R-R.

4.1.3 Quantisation, the GSO projection and particle content

Consider just one chiral half of the closed string. Because of the half-integer moding in the NS
sector, it is possible to choose a unique nondegenerate ground state annihilated by the positive

frequency modes

dﬁllo,p)NS =0= a%lo,p)NS Ym>0. (4.9)

However, in the R sector d/2 of the zero-modes must be chosen to annihilate |0, p)g while the
other d/2 generate a total of 24/2 Ramond ground states (here d is assumed to be even). These
form a spinor representation of the d dimensional Poincaré algebra as mentioned earlier. This
representation decomposes into two halves; one of which has an even number, and the other an
odd number of creation zero-modes acting on |0, p) g corresponding to a decomposition into left-

and right-handed chiral spacetime fermions.

The physical states must not only be annihilated by half of the Virasoro generators but also
by half the modes of the supersymmetry generator. In contrast to the bosonic string, the NS
sector has ayg = % while the R sector has agp = 0 . In both sectors the critical dimension is
found to be 10.

Thus, just as in the bosonic string, the lowest state in the NS sector is a tachyon |0,p)Ns-
Using light-cone quantisation, the next state, bf_l /2|O, P)Ns, is a massless vector representation
of SO(8) (called 8y) and so on.

In 10 dimensions, the R ground state consists of two 16’s. The physical-state conditions
pick out half these leaving just 8;®8; (the s and c correspond to the even- or odd-number of
fermionic modes acting on |0, p) g as discussed above). Since ag = 0 these are massless fermions

of SO(8).

Massive physical states are built in both sectors by acting with positive modes and demanding

that the results be reparameterisation invariant and form supersymmetry multiplets.

Unlike the case of the bosonic string, this is not the end of the story. Most of the material
presented in Chapter 1 explicitly assumed that the world-sheet had spherical topology. Recall
that for higher genus surfaces the metric cannot be totally gauged away through reparameter-
isations and Weyl rescalings; after modding-out these symmetries a finite dimensional space of
inequivalent metrics remains. This space is called “moduli space”. The torus, for example, has
one complex modular parameter. However, its moduli space is not the whole complex plane
because the torus has certain symmetries. For instance, it is invariant under a twist of one of its
cycles by 2. Fermions can be either periodic or antiperiodic around the two cycles. Consider

the toric case where the fermions have antiperiodic boundary conditions around both cycles.
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Figure 4.1 : The two cycles of the torus. The second figure shows the B cycle
after a twist of angle 27 has been performed around the A cycle.

After a modular transformation that twists around the “A” cycle (see Fig. 4.1), the fermions
become periodic around the “B” cycle since they pick up two signs — one from traversing each
cycle. This example illustrates that different sectors will mix with each other under modular
transformations (except the periodic-periodic sector which remains invariant). In order to re-
tain modular invariance (the invariance of the Riemann surfaces under twistings of their cycles)
a symmetric combination of the four sectors must be taken; the modular invariant partition

function is

Z ="Tr(L+ (=1)F)e 2" Hns _ Tr(1 & (= 1)F)e~2"HA (4.10)

Here Hys (Hp) is the Hamiltonian with anti-periodic (periodic) spatial boundary conditions
and F is the fermion number operator (therefore Tr(—1)Fe=2""Hx ig the partition function with
periodic boundary conditions in both directions, for instance). In the R sector there is a choice
of sign since Tr(—1)Fe=2""#r = () because of the zero mode (but once a choice is made the
theory has been defined). The combination Eq. (4.10) corresponds to projecting out states with
odd fermion number. This is the “GSO projection” [162, 163].

One of the most important consequences of the GSO projection is that it kills the fermionic
vacuum |0, p) ys. Thus the physical state-space of the superstring does not include a tachyon!

The lowest state of the NS sector is therefore the massless vector boson 8,

b1 /510, p) s - (4.11)

In the R sector, one of the 8’s must be projected out. It is entirely arbitrary which one is
chosen since the two differ only by a spacetime parity redefinition. However, in the closed string
two choices must be made, one for each chiral half. The “IIA” string is defined by taking the
opposite choice in each half while the “IIB” string has the same choice. The massless sectors of

the closed superstring are thus
Type IIA: (8, ® 85) ® (8, d 8;)
Type IIB: (8D 8) R (8, ®8s) . (4.12)
Now concentrate on the ITA case only. The various products give

NS-NS 8,®8, = 10286035=30B,, &Gy, ,
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R-R 8, ®8, = 8‘,@561;:14“@14;“/)‘ )
NS-R 8,®8. = 8;&56,
R-NS 8,®8, = 8.4 56;. (4.13)
Here ®, B, Gy, Ay and Ay, are the dilaton, antisymmetric tensor, graviton, one-form gauge

field and three-form gauge field respectively. The NS-R and R-NS sectors are fermionic and

contain two dilatinos and gravitinos of opposite chirality.

It is a remarkable fact that after performing the GSO projection the resultant theory has local
spacetime supersymmetry [162, 163]. This property is not at all obvious, however, it is possible
to reformulate the NSR string so that it becomes manifest. This reformulation is called the
“Green-Schwarz” string [174, 175] which will not be discussed here since it takes the exposition
too far afield.

4.1.4 1IIA supergravity

The low-energy effective action of ITA string theory is the “ITA supergravity action”, the bosonic

part of which is given by
STaE = mb, / dtd®y /=g° {72 (R® + 4V5,0VED — fre  "Hun HM) — 1>/
~ 35 Funo P — g —gs)_lfuo'"ugBuomFuz---usFue---ug} ) (4.14)

where R® is the Ricci scalar, and the various field strengths are

Fo = 0,A,—0,A,,
Hpu)\ = 8,uBV)\ + aVB)\u + aAB;w )
Funp = OuAun+AuHy, + (~1)P x cyclic permutations . (4.15)

The superscripts “string” and “s” are to indicate that the action has been written in a certain
“frame” called the “string frame”. The quantity me, = (o )‘1/ 2 is the string mass. This frame

makes it evident that the 10d Newton constant k%, scales as
2 -8 2
K10 ™~ Mty Gstr > (4'16)
since ggir = e,

The action Eq. (4.14) follows from an analysis of the 8 functions calculated at string tree
level (which motivates the e™2® that premultiplies the NS-NS part of the action) and at lowest
order in the tension o [62]. At higher energies it therefore receives higher-derivative corrections

corresponding to higher orders in o'

It is convenient to work in the so-called “Einstein frame” in which the Einstein term in the
action has no prefactor containing the dilaton. The action in this frame is obtained by making
the field redefinition

guN = e_q)/zg}g\/[N ) (4.17)
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and looks like

P 1
S?}Ttem = 2K;2 /dtdgy \/_—ge (Re _ %vzévg(ﬁ . %QSCD/ZF”VF“V _ %e-—’:pH‘uu)\HuU/\
10

VA -
_ﬁeq)/QF;w/\pFu P_ﬁ( /_ge) Lepo ugBuomFu-zu-usFuen-#g) _ (4.18)

Since it is this action that will be exclusively used from now on, the scripts “Einstein” and “e”

will be dropped.

4.2 DO-branes

This section considers in detail a solution of the equations of motion of IIA supergravity
which describes a point-like object. Solutions of supergravities have been the subject of much
investigation! and go under the general title of “p-branes”; that is, objects with p spatial di-

mensions which are infinitely extended (or wrapped around a compact dimension).

Many p-branes belong to shortened multiplets of the supersymmetry algebra. Such states
are termed “BPS states”. As will be discussed they also saturate their “Bogomol’nyi bound” —
a lower bound on a particle’s mass in terms of its charge(s) which is dictated by supersymmetry.
A key property of BPS states is that their degeneracy with a given set of charges is independent
of the value of the string coupling constant (and all other moduli of the theory too) [349]. For
consider changing gs, adiabatically. If the total number of states does not change discontinuously
then the shortened multiplet cannot transform into a long multiplet simply because the latter
contains too many states. Note that for this argument to be valid the spectrum must keep away
from the continuum (otherwise state counting is not well-defined) and the mass of the BPS state
must be strictly less than the total mass of any other set of BPS states carrying the same total
charge (otherwise a decay could occur). This independence on the moduli has been studied
in detail in [69, 70, 306, 307]. It is the reason why p-branes are so important — they provide

information about the strong-coupling, low-energy limit of string theory.

In the final subsection of this section “Dp-branes” are discussed. These are surfaces on which
open strings can end; the “D” stands for “Dirichlet boundary conditions”. The p-branes share
the same properties as the Dp-branes and are thus thought of [275] as an effective field theory
description of the latter. A review of this subject can be found in Ref. [276].

!Some recent reviews are [125, 128, 314]. At the risk of quoting a set of measure zero, the following are some
early references on the subject [1, 36, 37, 63, 64, 77, 127, 130, 131, 132, 133, 134, 176, 182, 188, 213, 315, 322]
while some more recent articles that discuss modern issues such as dualities are [126, 128, 200, 229, 230, 231, 232,
233, 234, 280, 323].
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4.2.1 The superparticle solution of ITA supergravity

A solution to the field equations of Eq. (4.18) is [133, 187]

ds? = f~7/84#% + f/dy-dy , 2 =f34, Ag=f1-1, (4.19)
where f is a time-independent harmonic function and all other fields are zero. This subsection
will verify that Eq. (4.19) is indeed a solution, and that it corresponds to a number of static
electrically charged massive “point-particles” which are extremal in the sense that their masses

are equal to their charges. These point-particles are dubbed “0-branes”.

Labeling 10d spacetime with coordinates? z# = (t,y%), the positions of the particles by e

and their masses/charges by Q;, the source action is

dz! dzv = dz*
R _ZQ /dTe 3®/4\/ guu( ) d; "&_Z— +;Qi/d7—Au‘(xi) d; . (4-'20)
Parameterising the particles’ worldlines by 7 = ¢, the field equations are
0 — (\/—e3t1>/2FVp. +2KZIOZQZ z Mg m—mz) )
_ / dzl dzv
0 = I:ICI) 3 3¢/2\/ F2 + 2510 Z Qz 34)/4 —gu,y dt dtz (5($ — .'Eﬁ) )
0 = —igu(R—3(VE)?®- %63‘1’/2F2) + R,y — £0,88,8 — 1e*/2F,\F,
~ dz;, dz; 1
+2n8y Y Que =Tt = §(z — i) . (4.21)
¢ e

These have solution Eq. (4.19) with

. . du?
Oy f+262 > Qidly —y:) =0 and %:0. (4.22)
i

Here O is the Laplacian in nine-dimensional space. Poison’s equation is solved by

Fly— ) = 1+ 220 Sy ur

+ (4.23)

ly — y|7'

The constant has been added so that the metric Eq. (4.19) is asymptotically flat.
4.2.2 Charge quantisation
In a straightforward extension of the Dirac quantisation of electric charge in four dimensions,

the charges Q; are found to be quantised [255, 320]. In the four dimensional case, it was the
presence of a Dirac monopole, which is the magnetic dual of the electric charge, that led to the

2Here there is an unfortunate clash of notation. Previously “a” was a worldsheet index. For the rest of this
thesis the script “a” will be used exclusively as a 9-dimensional spatial index.
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quantisation condition. Here, the dual is an object with six spatial dimensions and is called a 6-
brane. The 6-brane solution of ITA supergravity is very similar to the 0-brane solution presented
above [314].

Place the 6-brane at position z! = 22 = 23 = 0 so that the 2-form field-strength is closed
dF = ( everywhere except on this hypersurface. The spatial surface surrounding z! = 22 =
23 = 0 is S? x R5. The vector potential corresponding to this arrangement will not be well
defined on the entire sphere. Rather, it must be defined on two patches of 5% and on the overlap

the two forms will differ by a gauge transformation.

It is not necessary to find these two gauge fields explicitly. However, the answer is quite
simple in this instance. The field strength is given by
F=—9__d0, (4.24)
Vol(S5?) ’
where d{2; is the volume form in two dimensions (dQ; = sin ¢ dfd¢ in spherical harmonics) and

g is the magnetic charge/unit 6-brane volume
g= [ F. (4.25)

S2

The field strength is closed dF = 0 everywhere except at the brane z! = 22 = 23 = 0. Call the
gauge field defined on the northern hemisphere A and on the southern hemisphere A~. It is
easy to solve the equation dAT = W(%T)dQQ — in spherical harmonics the result is

+_ 9 Vol(5?)
A* = Vol(5) <i%Vol(S’1) — co8 ¢> dé . (4.26)

The constant +5Vol(S5?)/Vol(S!) comes from imposing

Vol(52) =/ dQ, = VOI;SQ) ( 4+ /52 dA—> _ Vol ) /SI(AJF — A7), (4.27)

2 2
s2us? g

the last sign coming from a change of orientation.

The phase factor of the point-particle’s wavefunction associated with a rotation of the
electrically-charged particle around the 6-brane should not depend on which vector potential
is used, AT or A~. Therefore

QAT _ gQfa (4.28)

or

Q/ A++Q/ A= =27 | (4.29)
952 as?

which finally yields the quantisation condition

Og=2rZ . (4.30)
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4.2.3 Preserved supersymmetry

The solution Eq. (4.19) does not break all the spacetime supersymmetry despite the fact that
the fermionic sector, antisymmetric two-form and the three-form are all set to zero. The amount
of remaining supersymmetry can be calculated by demanding that the variation of the gravitino
and dilatino vanish (the bosonic fields are invariant under supersymmetry when the fermions are
set to zero) in the specific background. Explicitly, for type IIA supergravity in the background
Eq. (4.19) the variations are [133]

61/;“ = [DH -+ 61_4€3<I>/4 (Fﬂylyz — 14(5;:1Iw1) FHFI/U/z] €,
o = % [(F“@ucﬁ)I‘He + %63(1)/41—‘”1”21?1/11/26] . (431)

Here 1, and X are the gravitino and dilatino respectively, € is a 32-component Weyl spinor, I'#
are the 10d Dirac matrices, D, = 9, + fwpa, 4,T4142 ig the covariant derivative with wya, 4,
being the Lorentz spin connection and I'*1#2-#n being the antisymmeterised product of I'-
matrices, and T =TT ... T, Indices “A” have been flattened with the vielbein, for example

I (z) = e’y (z)['4. Substituting for the dilaton, metric and one-form yields
ox = Z(frea.f) (0 +1")e,
g = (B0 + H(FT0HT+T) e,
bpa = (0u- LIODI 18, f ) e+ &(Tal? = TLo) 10 (1 - TT e . (4:32)

In these three equations all I' matrices live in flat space and the “flat” index A = (0,a). The
“Killing spinor” which solves 0 = d\ = d¢hy = 01, is € = ¢g log f /16 with

(T +Tey =0 (4.33)

Therefore almost all of the local supersymmetry is broken, but a rigid remnant remains since
tr (0 + I''Y) = 1.32: the purely bosonic 0-brane solution Eq. (4.19) “preserves half” of the

supersymmetry!

This is an example of a “BPS state”. These states form smaller, “shortened” supermultiplets.
They are also characterised by special values of mass and charge. This can be seen by studying
the general form of the supersymmetry algebra [309]. For consider a theory which has N real
supersymmetry generators @,. Acting on a single-particle state at rest, the algebra takes the
form [75, 183]

{Qa, Qp} = fap(m, Q. {g}) - (4.39)
Here fop is a real symmetric matrix, m denotes the rest mass of the particle, Q the various
charges carried by the particle and {g} the coordinates labeling the moduli space of the theory.

The positivity of the LHS implies a bound on the mass, called the “Bogomol’nyi bound” in
terms of the charges and moduli [48, 159, 76, 285, 349]

m > [£(Q, {g})] - (4.35)
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If fop has no zero eigenvalues then by taking an appropriate linear combination of the Q,,

it can be diagonalised. Performing a rescaling the algebra takes the form

{Qa, Qp} = dap - (4.36)

This is the N-dimensional Clifford algebra and so the single particle states are 2/2-dimensional

multiplets.

The more interesting case is where f,5 has (N — M) zero eigenvalues. The algebra can then

be brought into the form

dap for 1<a,8<M,

(4.37)
0 for aorf>M.

{Qaa Qﬁ } - {
An irreducible representation of dimension 2M/2 can be formed by taking all the states to be
annihilated by Q, for & > M. Moreover, because of the zero eigenvalues the Bogomol’nyi bound
is saturated. The solution Eq. (4.19) forms a shortened representation and it too saturates its

Bogomol’'nyi bound. This might have been expected from the equality between its mass and

charge seen in Eq. (4.20).

4.2.4 Uplifting to eleven dimensions

It 1s now well known that the low energy IIA supergravity of Eq. (4.18) is a Kaluza-Klein
reduction of 11d supergravity compactified on a spacelike circle [67, 158, 195]. The relation

between the ten and eleven dimensional metrics is
ds? = e_q)/sdsfo +e*®B3 (™ + Aydzt)? (4.38)

11

where z** is compactified with radius

Ry = M 'Wet®/s = 123 (4.39)

in which the eleven-dimensional Planck mass has been denoted by M. What is described in
this subsection has been termed a “consistent oxidation” (oxidation is the opposite of reduc-
tion) which means that the 10d solution is a perfectly good, albeit specific, solution of the 11d

theory [314]; namely, one for which no fields depend on z!!.

The action in the bulk is simply the Einstein action

1 1
! /dnx\/—gR = ﬂz—/dllx\/—gR , (4.40)
11

Sg = —
. 2K 2T R

where the quantities on the RHS are 11-dimensional (the 11d Newton constant &2, ~ M~9).
There are also terms coming from antisymmetric 2-form and the RR 3-form and the fermions,
but these fields will never be excited away from zero in what follows. Capital letters M, N, ...

will be used to denote 11d indices.
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The RR 1-form in 10d is lifted up to the 11-u component of the 11d metric. Therefore its
charge will lift to the 11" component of momentum. This must be quantised in units of 1/R;

so the discussion will now be specialised to the case where
Q = N/R, . (4.41)

Note that this quantisation is seemingly quite different from the Dirac quantisation detailed
in Sec. 4.2.2 in that it occurs without needing the existence of a magnetically-charged object.
However, by lifting the dual 6-brane to 11d, it has been shown [55] that Eq. (4.41) is consistent
with the Dirac quantisation Eq. (4.30)3.

The expectation is therefore that the source action will lift to the standard massless-particle
action with constant p'l = Q [190, 194, 324, 346]. This is worth checking, however, since the
omission of spin might have introduced extra subtleties. Consider, then, the standard massive-

particle action for one particle

daM dx dz# dz” dz!l dzm\*
— dri] —e—2/6qg, —0 2 _ o4d/3 (_ _) .
S, m/dr(gMN I / T\/ e I g dr I + A, 37
(4.42)
In the Kaluza-Klein scheme [207, 216] used here z1! is a cyclic variable and thus pll is constant
11 7
=— —+A,—)=Q. 4.43
g vV—gund,zMd zN ( dr #dr )=e 4)
Solving this expression for (dz'! + A,dz'!)/dr yields
dz'! dat 2 —(2e2/6 dz#* dz¥
wojs (420 d2f)T i i |
’ ( ar dT) m2et®/3 +ng’”j dr dr (4.44)
In the limit m — 0 with p'! fixed, these two expressions result in (= %)
m OeT2/12
V=guniMEN  /gudPE”
2
3 (61 + Ayit) = —e g5t . (4.45)

The equations of motion read

m A

0 = ———%8u( o gu)E’'E _i —_jG—gqu
—gmniMa dr \ V—gunaMz"

met®/3
m 1/ 48/3) (411 .\ 2 .11 5y
+———,—__9MN3;M$N 5(0ye )(zv + A& ) + ———_——_QMNmeN(B A)EY (:c + Ayt )
d met®/3
= A, ('t +A4,87) ), 4.46
2 (e (- ) (a5

3Moreover, by assuming that the strong coupling limit of ITA is an 11d theory (see Sec. 4.3.1) and utilising
the T-duality between ITA and IIB [309] all the charges in ITA and IIB may be fixed in terms of the 11d Newton
constant k%;. Alternative derivations of the same result using the SL(2,Z ) symmetry of IIB [309] can also be
made [88, 129, 301].
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and upon substitution of Eq. (4.45) they reduce to exactly those generated by the source action
Eq. (4.20). Therefore the source in 11d is described by Eq. (4.42) in the massless limit with the
constraint that the momentum of the particle in the eleventh direction p'!, is held equal to the

mass (=charge); p!! = Q.

Since 0-branes are BPS states they will live in a 25%/2 = 256 dimensional representation of
the supersymmetry algebra. The supergraviton multiplet in 11d supergravity is also a BPS state
(it contains the graviton (44 components), the 3-form (84 components) and the gravitino (128
components)) and carries the same quantum numbers as the oxidised O-brane. Thus they are
identified.

Finally, using the map Eq. (4.38), the solution Eq. (4.19) is oxidised to

ds?; = (f - 2)de? + f(dz'™)? = 2(f — 1)dtda!! + dy-dy . (4.47)

4.2.5 Coupling to R-R fields

The solitonic point-particle clearly carries R-R. charge Q. Similarly all the other type-IIA p-
branes studied in the literature also carry R-R charge. However, elementary string states are
neutral under R-R gauge transformations. This can be seen by computing a three-point function
involving any two elementary string states and an R-R gauge field [149, 276]. Following Polchin-
ski, a heuristic argument is that the vertex operator for the R-R states, which is a product of

spin fields (V = 5,55 < 8; ® 8.), can be decomposed into antisymmetric tensors of SO(9,1)

V=Y SaSp(I#-#nC)z FM  (z) . (4.48)
n even
Then, using the identity
[DHATHLHn = THEL B (GBI 2 ln permutations) , (4.49)

and the Virasoro conditions which imply that V satisfies the Dirac equation, the equations

dF™ =0 = g*F™ (4.50)
result. Moreover, the condition
F) = *p(10-n) (4.51)
follows from the identity
ghrn 0= o DUt (4.52)

(the choice of sign depends on convention and is unimportant here). These properties motivate
that the F(& and F(®) are the field strengths for the R-R 1-form and 3-form respectively. It
follows that R-R amplitudes involving elementary strings vanish at zero momentum, so strings

do not carry R-R charges.
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4.2,6 Dp-branes

Dp-branes are hyperplanes on which strings can end [78, 220] (“D” stands for “Dirichlet boundary
conditions”). They share the same properties as the p-branes described above and are thus

identified as alternative, more stringy, description of the same object.

The spectrum for a bosonic string with mixed Dirichlet/Neumann boundary conditions in
a flat empty background can be computed in the same way as the purely Neumann case of
Sec. 1.1: Consider a collection of parallel hyper-planar Dp-branes where the coordinates X*
can be decomposed into coordinates in the direction of the branes X A (=0,...,p) and those
perpendicular to the branes X I'I=p+1,...,d—1). A string stretched between two branes

living at positions z{ and z{ has the boundary conditions
X'6°,0) =2} and XI(c%7)=2f. (4.53)
The mode expansion for this string therefore takes the form
I I I [no' O _ino® s |
X'(0) = o} + (s — zd)— + 2V D Le ™ sinngt (4.54)
™ n
n#0

which can be compared with the Neumann case of Eq. (1.9).

The massless states of this scenario will be of interest later on. The mass formula is

9 <w1—$0>2 Level — 1

2o o

(4.55)

Therefore massless states only exist when both ends of the string lie on the same Dp-brane (the
tachyon is neglected for it will be projected out in the supersymmetric case). These massless
states are of two types

o |p;ii) and ol |p;is) . (4.56)

[1334)

The state |p;ii) describes a string stretched from brane “i” to brane “1” moving with momentum
p# (of course the boundary conditions enforce p! = 0). The first state in Eq. (4.56) is therefore
a massless vector Af

" propagating on the brane while the second is a set of transverse scalars &%

which will describe the oscillations of the brane about its “planar” ground state.

This is not the end of the story, however, for when the branes are very close (compared with
va') there are more light fields. These come from strings stretching between two branes; the
light states are

o |p;ij) and ol y|p;if) . (4.57)

Once again these correspond to a massless vector and a set of scalars. Thus, in total, the light

degrees of freedom of a set of N parallel Dp-branes is
Al and ¢, (4.58)

where 4,5 =1,...,N.
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The effective action for the massless degrees of freedom for one Dp-brane (which is not

necessarily planar) can be obtained from a 8-function analysis and the result is [220]

S, = ~T, ] ¢ e [det(Gus + Bao + 2ma Fs) . (4.59)

This is the “Born-Infeld” action. Coordinates on the brane are labeled by ¢4, T}, is a dimensionful
constant, and G, and B, are the pullbacks of the metric and antisymmetric tensor to the brane.
Fjp is the gauge field for the U(1) potential A# that lives on the brane. When p = 0 this action
nothing but the first term of the O-brane source action found in Eq. (4.20) (note that the latter

is in the Einstein frame while Eq. (4.59) is formulated in the string frame).

For N coincident branes it was shown above that the gauge field and the transverse scalars
become N x N matrices. The gauge field belongs to the adjoint of U(N) [272, 347]. Performing

a derivative expansion around flat space-time of the action describing this scenario gives
Sp= [ &HETr (FuoF™ + Dy D! + 141,010, 47]) (4.60)

Here Dﬂqﬁl = aﬂ¢1 +[A;, P! ] is the covariant derivative. The action is the dimensional reduction
of U(N) Yang-Mills theory fromd =25+ 1tod=p+1!

The above arguments can be applied to the superstring. The following is a summary of some

pertinent results:

 Dp-branes couple to the R-R gauge fields. In the simplest case where Fj; = 0 = By, the
contribution to the Dp-brane action from the p + 1-form R-R gauge field Apyr) is

Q, / dPLE App oy (4.61)

which, for the case p = 0, can be compared with the last term in the 0-brane source action
Eq. (4.20). Not only do the Dp-branes carry R-R charges, but they comprise a complete set
of electric and magnetic R-R sources. For instance, ITA has field strengths of rank 2,4,6,8
(with » and 10 — n being dual as in Eq. (4.51)) which are the curls of potentials of rank
1,3,5,7 (see Eq. (4.13)) which couple to Dp-branes with p = 0, 2, 4, 6*.

e By considering a collection of Dp-branes with different p’s, it is found that, for exactly the

same reason as the p-brane case detailed above, they obey the Dirac-quantisation condition

QpQe—p = 21 . (4.62)

But this time only the minimum quantum number appears on the RHS. Objects with
higher charge are thus bound states of Dp-branes. A stable bound state of 2 DO-branes

has been proved to exist [311] and it is assumed here that higher bound states also exist.

e A single Dp-brane preserves half of the rigid supersymmetries of the theory — it is a BPS
state [171, 275]. Bound states of Dp-branes are also BPS states [40].

“There is also a D8-form which implies the existence of F(1®) [35].
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e The effective low-energy theory of the NS-NS light degrees of freedom is the reduction of
U(N) super-Yang-Mills theory (which has 16 real supersymmetries) from d = 9+1 to p+1
dimensions [17, 79, 90, 91, 204, 323, 331, 347]. The R-R gauge fields also couple to the
U(N) gauge fields and to the curvature [34, 41, 121, 172, 173, 221].

There has been a colossal amount of interest in the subject of D-branesS. For more details
the reader is referred to the reviews [276, 309].

4.3 Matrix theory

Matrix theory [22, 317] is conjectured to describe M-theory compactified along a light-like di-
rection. This section will describe M-theory, the general construction of a theory compactified

along a light-like direction, and Matrix theory.

4.3.1 M-theory

As was demonstrated in the previous section, ITA supergravity is a Kaluza-Klein reduction of
11d supergravity compactified on a space-like circle of radius given by Eq. (4.39). The bound
states of DO-branes of the ITA string are identified with the 11d supergravitons. In terms of the

string coupling the radius of compactification is simply
-1 2/3
R, =M'g2?, (4.63)

where M is the 11d Planck mass. Note that as the string coupling tends to infinity eleven
large dimensions appear and the masses of the D0-branes become small (recall the mass formula
Eq. (4.41) mass = N/R, is stable under changes in gstr). Conversely, in the perturbative string-

theory regime the radius is small but the DO-branes still exist and they become very heavy.

It is then natural to conjecture that the type ITA string can also be described as a compactified
11d theory. This 11d theory is called “M-theory” [324, 346]. Moreover, this 11d theory is

conjectured to be Lorentz invariant. In a nut-shell

M-theory is an 11d Lorentz invariant theory which is the strong coupling
limit of ITA string theory and whose low-energy behaviour is described

by 11d supergravity.

M-theory’s elegance lies in the fact that it unifies the 5 consistent superstrings and the many
dualities relating them under one umbrella. For more information, the reader is referred to the
reviews [20, 44, 309, 336] (and to the 750-0dd citations to Witten’s paper [346]!)

5 At present Polchinski’s seminal paper [275] has some 600 citations.
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4.3.2 Light-like compactification

Define the light-cone coordinates
st =zl 4t (4.64)

Consider the case where 7 is periodic; typically this might be to IR regulate a theory, the
zero-mode in the “minus” direction then being integrated out. This section will detail some

general properties of theories defined on such a compact space.

All momenta in the minus direction will be quantised in units of the inverse radius of com-

pactification
p-=N/R_. (4.65)

Moreover, since there are no tachyons, p_ > 0. Of course p_ is also conserved. The system
then splits up into an infinite number of sectors characterised by N. For instance, a scattering
process with total p_ = N/R_ will contain at most N particles each with p_ = 1/R_. The
scattering will be described by an multi-body Hamiltonian Hy.

Hy in the large-N limit defines the uncompactified theory. For consider a process with a
number, n, of n;-particle states scattering into a number m, of mj-particle states with total
p— = N/R_ [309]. Then

m

dYni=> mi=N. (4.66)

1=1 7=1
The amplitude can be calculated using Hy. Now take the limits

N.R_,n;,m; = oo with p = n;/R_ and k/ = m;/R_ both fixed . (4.67)

In this limit the scattering process in question becomes an amplitude with (m + n) external
legs. Physically what is happening is that the n; “partons” with p_ = 1/R_ are becoming
infinitely numerous and are thereby building up a state in the continuum. In the next section

these partons are DO-branes (recall they carry one unit of momentum in their 11d description).

The construction just described is called the “discrete light-cone quantisation” (DLCQ) of a
theory. The rest of this section is devoted to describing the construction of the DLCQ Hamilto-
nian in the sector N, HI]?,LCQ.

Compactification along a light-like direction can be defined as an infinite boost of the more
usual case where a space-like direction is compact [304, 308]. For consider a theory which is

compactified along the z'! direction with radius R,
(', t) ~ (z'1,¢) + (27R, 1) . (4.68)
Lorentz boost to a new (primed) frame
t = ———(t—wvz!),

z = ;(az” —t), (4.69)
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which is moving at relative velocity v given by

4R?

v=4[1l— Rz_s " (4.70)

In the boosted frame .

AEUAY 1 L) Tl
(a1,t) ~ (a't) + Tz (L) - (4.71)

In the limit as Ry — 0
! !

(xll,t) ~ (mll,t) +(mR_,—7mR_) . (4.72)

In the light-cone coordinates Eq. (4.64), it is clear that the infinitely boosted theory is compact-

ified along the minus direction; = ~ z~ + 27 R_.

Similar statements hold for the momentum. In the unprimed frame

N
11
- 4.73
Rs 1 ( )
while in the boosted frame
1
11 11 0
] — y
p P TP )
1
0r 0 11
= ——(p" — . 4.74
p m(p vp) (4.74)
As R, — 0, p_ becomes quantised
R
pl o= 30° +p") = 550" + ") + O(R,)
_ Bs un 2 2\ /(pl1)2
= ey (1+\/1—|-(p +m?)/(p1h) )+O(Rs)
N
= — +O(R,) . (4.75)
R_
Similarly, for a massless particle the light-cone energy can be written
R_
Py = 30" -p") = 55" (\/1 +p?/p} - 1) +O(Rs)
8
R_
= —p°“+ O(R,) . (4.76)

2N
Evidently, p_ acts as a kind of light-cone mass [43].

Finally, following [304, 308], the Hamiltonian for the DLCQ of a theory will be derived via
the infinite boost discussed above. It will thus be described as a limit of the Hamiltonian of
the same theory compactified along a spacelike direction. The spacelike compactified theory is
dubbed the “auxiliary theory”. The following arguments are general but in the next subsection
the theory in question will be M-theory and thus the “auxiliary theory” will be nothing but IIA
string theory.

Denote the DLCQ Hamiltonian by HII\),LCQ. Let it depend on a mass parameter My, the

radius of compactification R_ and a number of dimensionless parameters (coupling constants,
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etc) {g}. Similarly denote the Hamiltonian in the auxiliary theory by HEX. This auxiliary
theory is compactified along a spacelike direction of radius r and the particles live in the sector
pt! = N/r. It has the same dimensionless parameters {g}. The (10d) rest mass of the particles
in the auxiliary theory will be subtracted away so that the generator of time translations is
HEX + M. Then in the limit » — 0 with R_ fixed, the second line of Eq. (4.74) yields

DLC R_ R_
HY“O%M, R, {g}) = == (H§*(M,r {g}) + M - p") = =HES(M,r {g)) . (477)
On dimensional grounds
R_
—HN (M7, {g}) = HY (=M, g=r,{g}) . (4.78)
Defining r = /RR_ the result is
Hy"“%(M,R_,{g}) = lim H*(M\/R_/R, R, {g}) . (4.79)

This is now considered to be the definition of a theory compactified along a light-like direction [45,
46, 186, 304, 308].

4.3.3 Matrix theory

The definition Eq. (4.79) shall now be used to derive the Hamiltonian of DLCQ M-theory. The
auxiliary theory is M-theory compactified along a spacelike direction. This depends on the
parameter R which will be identified with the R; used in previous sections. By definition, the

auxiliary theory is nothing but ITA theory.

Writing the parameters of the auxiliary M-theory in terms of those of type ITA string theory,
the DLCQ M-theory Hamiltonian can be found. The following equations are meant to demon-
strate proportionalities only — all constants of proportionality are unimportant at this stage. ITA
string theory has one dimensionless coupling gs;;, and the mass parameter mg, = (/) ~'/2. The
radius of compactification is related to the coupling constant by Eq. (4.63); MRs = gft/rs- (The
tilde on M means that it belongs to the auxiliary theory, eg from Eq. (4.79) M = M\/m
where M is the 11d Planck mass of the DLCQ theory.) Another relation between 11d and 10d
quantities is found by equating the IIA supergravity action Eq. (4.18) with its 11d counter-
part Eq. (4.40) [309, 346]. As was seen in Eq. (4.16), k& = mS g2 while in the 11d theory

k12 = MP°. This yields MR, = m8 gs2. Combining these two equations gives
11 strdstr g
Mgy = M3/2R§/2 , gerr = (MRS)%? . (4.80)

In terms of the auxiliary M-theory and then the DLCQ M-theory parameters, the parameters
of the 10d theory are then

mer = M32RY? = M32RMAR-VA
gstr = MP32RY? = M3/?(R_R,)%*. (4.81)
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In summary, the Hamiltonian for the DLCQ of M-theory has been related via an infinite
boost to a Hamiltonian for M-theory compactified along a spacelike circle. This latter theory
is by definition IIA string theory with the various parameter relations given in Eq. (4.81).
Substituting these relations in the definition Eq. (4.79) gives the Hamiltonian for the DLCQ of
M-theory

HY M, B_) = lim HN (me = MY RY RV, gue = MY2(R_R)PY) . (482)

Taking the limit R; — 0, it is evident that the Hamiltonian for the DLCQ of M-theory is the
IIA Hamiltonian with mg, — oo and ggtr — 0.

In this limit the (10d) masses of the DO-branes tend to infinity (see Eq. (4.41)). Since the
“partons” described in Sec. 4.3.2 (which have p_ = 1/R_) are DO-branes, the DLCQ of M-
theory is simply described by the nonrelativistic quantum mechanics of N DO-branes in the
weakly coupled massless sector of ITA string theory! As was discussed in the last section, the
corresponding action is the dimensional reduction of U(N) super-Yang-Mills from d = 9 +1
to d = 0 + 1. Therefore, M-theory in the sector with p_ = N/R_ is exactly described by
supersymmetric quantum mechanics with 16 real supersymmetries and U(N ) symmetry! This
realisation of M-theory is called “Matrix theory” [22, 317].

A pessimist would take the view that Matrix theory is just a kinematical limit of M-theory;
in this way it would be no more special than the low-energy 11d supergravity limit, or the small
radius TTA limit or the limits which are the other string theories (these limits are predicted by
taking various duals of ITA). The view taken here is that M-theory is defined through its DLCQ
and the uncompactified theory can be obtained by taking the N, R_ — oo limit with N/R_
fixed.

Clearly it is possible that all the limits (R, — 0, N, R_ — oo) may be taken in various
different ways and so it is not entirely obvious that the line of argument presented here will
in fact eventually produce what we think of as M-theory in 11 large dimensions [309]. This
means, for example, that 11d supergravity may not correlate with the low-energy limit of finite-
N Matrix theory. An alternative way to view the problem [43, 186] is to note that the tree
approximation to 11d supergravity (which will be calculated in Chap. 5) compactified down to

10d is valid for distances larger than the 10d Newton constant £3;;
r> Gy ~ M3 /RIS . (4.83)

This tends to infinity as R, — 0. However, the length scales of interest in M-theory are fixed
in units of M~!. Thus as R, — 0 the classical scattering in supergravity does not necessarily
agree with any prediction coming from low-energy Matrix theory: On the Matrix-theory side
the loop corrections come as higher powers of N, as is standard in YM theory, and it is only
the limit N — oo that should agree with supergravity. Exact results are very difficult to obtain

in this limit®. Therefore, if supergravity does agree with a finite N Matrix theory calculation

6The recent “Maldacena conjecture” [235, 348] provides a handle on this limit. Further comments will be made
in Sec. 5.6
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a nonrenormalisation theorem must have to come into effect. Perhaps is it surprising then that

the two theories agree in virtually” all cases calculated thus far.

Before moving on to the next chapter where an explicit calculation involving DO-branes
(supergravitons) is presented, the following are somc tests/achievements of Matrix theory (see
the reviews [20, 43, 44, 336] for more details).

e Matrix theory contains 2-branes and 5-branes (22, 24, 39, 68, 90, 323]. These are built from
DO-branes and upon compactification give the various branes of string theory discussed on
p. (94). Moreover, the one-loop gravitational potential between various Matrix theory
objects has been found to agree with the predictions from supergravity [6, 21, 22, 28, 29,
32, 71, 72,122, 167, 205, 211, 212, 223, 224, 237, 236, 268, 279). At low order in velocities,
the spin effects are also the same in the two theories [184, 218, 252, 269]. Some more

detailed remarks will be made in the next chapter.

¢ The elucidation of black-hole entropy and the identification of their microstates has been
a long-standing problem in physics since Bekenstein and Hawking. This and related issues

are discussed within the framework of modern physics in the review [266].

e M-theory provides an umbrella under which the various string dualities may be studied.
Dualities within, and compactifications of, Matrix theory are discussed in [5, 38, 142, 155,
156, 206, 290, 304, 305, 308, 312, 316).

e Lorentz invariance in Matrix theory is not at all manifest but some progress has been
made [22, 91, 92, 140, 228].

"Some discrepancies seem to have been found in curved spaces and on orbifolds [33, 123, 124, 154).



DO0-brane scattering

The effective action describing the scattering of three well-separated eztremal
brane solutions, in 11d supergravity, with zero p_ transfer and small transverse
velocities is calculated. It is proved that to obtain this action only the leading-
order solution to Einstein’s equations is needed. The result obtained agrees with
Matriz theory. Finally, using an interpretation of the conjecture of Maldacena
the effective action can be viewed as the large-N limit of the Matriz theory

description of three supergraviton scattering at leading order.

S

Matrix theory [22] proposes that M-theory is described by the maximally supersymmetric
quantum mechanics of U(N') matrices in the large N limit. As was outlined in Chapter 4, it has
also been argued [317] that Matrix theory at finite IV corresponds to the DLCQ of M-theory. An
important piece of supporting evidence for these conjectures is that the low-energy scattering of

supergravitons in 11d supergravity agrees with the analogous processes in Matrix theory.

However, because the finite- N Matrix theory describes M-theory [304, 308] at distances short
compared with the scales at which the supergravity approximation is valid there is no apriori
reason why the two should agree. When they do agree it is because of the existence of a non-
renormalisation theorem in the Matrix theory [46, 112, 114, 186, 262, 263]. So far the two have
agreed for quite a variety of cases: the scattering of two DO-branes without spin and without
longitudinal momentum transfer [22, 29, 28, 32, 122], with spin but no longitudinal momentum
transfer [184, 218, 252, 269], and with longitudinal momentum transfer [21, 279]; the long-range
potential between membranes and anti-membranes [6, 72], membranes and gravitons [6], DO-
branes and other branes [71, 224], transverse 5-branes [223], 8-branes and other branes [268], and
DO-branes and elementary strings [167]; and, more recently, the long-range potential between
general objects of Matrix theory [205]. The scattering of D-brane probes in the background of
near-BPS D-branes has also been studied [236, 237] and the general properties of the Matrix
theory effective action have been investigated [211, 212].

In this chapter the supergravity side of the three graviton scattering process, without spin
and longitudinal momentum transfer, is studied. An initial investigation of this case by Dine
and Rajaraman (DR) suggested that for particular 3 — 3 processes supergravity disagreed with
Matrix theory [113]. Here, by deriving the first few orders of the general supergravity effective

101
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action as an expansion small velocities and large separations of the DO-branes (supergravitons),
it is shown that DR’s effective action is incorrect. This chapter forms a much expanded version
of [240].

This result has also been reported by Okawa and Yoneya [261] who performed a similar
calculation, and, furthermore, calculated the two-loop effective action of Matrix theory in the
eikonal approximation. The calculation presented here has the advantage that it is significantly
more simple than their calculation. This simplification is achieved by proving that only the
solution to the linearised Einstein equations is needed to obtain the supergravity effective action

to the desired order.

Dine has subsequently traced the error in [113] to the derivation of the supergravity effective
action from the S-matrix [111]. Other works that discuss the Dine-Rajaraman problem are (137,
141, 337].

Before proceeding with the calculation, a summary of DR’s result will be given. An exact
expression for the effective action is calculable in the limit where one graviton (labeled by “3”)
is far from the other two (called “1” and *27)

T13 ~ T23 > T12 . (5.1)

By power counting the appropriate Feynman diagrams it was seen that the Matrix theory
effective action did not contain a term of the form
4,2

2

——= 5.2

3y | B
where v§ is the transverse velocity of the distant graviton and v%, is the relative transverse
velocity of the other two. However, an analysis of the tree-level supergravity graphs showed
that the S-matrix of supergravity did contain such a term. DR then went on to argue that the
term also appeared in the supergravity effective action. By explicit calculation of the latter it

is shown here that this is incorrect; rather the effective action looks like

2 .9 /.2 2 2
Vi3 (v — Vi3 — Vip)
S ~ B 13 18 4 (142), (5.3)
19713

which does not contain a term of the form Eq. (5.2).

5.1 Notation, the light-cone and the infinite boost

As was outlined in the Chapter 4, the low energy dynamics of IIA string theory is governed by

the ITA supergravity action. In the Einstein frame this action is [62]

Sia = 2% / dtd*yv/—g (R - 3V, OVHED — ief“l’/?Fu,FW)
K1g

+ boundary term , (5.4)
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where g,, is the metric in ten-dimensional space-time, R is its curvature, ® is the dilaton
and Fy, the field strength for the R-R one-form A,. Space-time indices y,v = 0,...,9 and
for convenience later on, space will be labeled by lower-case letters a,b = 1,...,9. The other
massless fields are an antisymmetric 2-form and an R-R 3-form, and fermions. These will always
be omitted in what follows since they will never be excited away from their vacuum values (zero).
Similarly, as shall be seen below, only the metric and the R-R 1-form are included in source
action. By truncating the theory in this fashion, all spin effects are thereby neglected. Finally,
the boundary term in Eq. (5.4) is necessary in order that the action gives the correct equations

of motion. Its precise form is discussed in detail in Sec. 5.4.
The action can be lifted into eleven dimensions using the relation
ds?, = e~ ®/0ds?, + ¢*®/3(da!? + A,dz?)? (5.5)

where z!! is compactified with radius R, = M~1ve*®/3. This was discussed in Sec. 4.2.4. In

the bulk the action becomes simply the Einstein action

Sp = / d''z/—gR = :2 / dllz\/—gR, (5.6)
11

2’910 27TR

where the quantities on the RHS are 11-dimensional. Capital letters M, N,... will be used to
denote 11d indices.

In 11d a solution to the field equations is given by Eq. (4.47)
dst) = (f = 2)d8? + f(de™)? = 2(f - 1)dtdz'" + dgdy (5.7)

where f is a harmonic function of the transverse coordinates 7 given in Eq. (4.23)

f@) = ?2';10 Zle 1|7 . (5.8)

The 10d reduction of this solution describes N, massive charged point-particles (bound states of
DO-branes in string language) with mass = charge = Q; located at transverse positions #;, which
are the bosonic parts of a Kaluza-Klein reduction of N, supergravitons moving with momentum
s = Q;. In Sec. 4.2.4 it was seen that the source action of such a particle is the massless limit
of the standard massive point-particle action with the constraint that the momentum in the

eleventh direction is held constant equal to Q.

It is calculationally more convenient to express everything in light-cone coordinates gzt =

211 +¢ and infinitely boost so that the theory becomes compactified along the light-like direction

z
z- ~x +2rR_ . (5.9)

This procedure was detailed in Sec. 4.3.2.

In these coordinates, the gravity action is of course, unchanged

Sg = 21 / d"zy/=gR + boundary term . (5.10)
H11
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Expressed in light-cone coordinates the static solution is
dsf; = dztde™ + fdz~dz~ + dg-dy . (5.11)

Here f is a new harmonic function which is not asymptotically flat

_ o, 30kl 1KY N, 1
f=7- -~ 32xt ;Q’ gi 7 3275R, ;R—sw—gm ' (5.12)

Under the infinite boost g__ is the only metric component that changes'
R2
dz~dz™ = R—;dx"dm’_ . (5.13)

Thus, in the boosted frame the static solution is given by Eq. (5.11) with

Ne

R? 15K,
=2 R—g_f = 3979R_ ;Qz 7 (5.14)

with Q; = N;/R_.

After the infinite boost it is p_ = N/R_ which must be held constant in the source action.

A convenient way of implementing this constraint is to utilise the Routhian [29, 166]
Ssource = lim (p_v~ — Sp) (5.15)
m—0

where Sy, is defined in Eq. (4.42). This is part way between a Lagrangian and a Hamiltonian.

Parameterising the particle’s worldline with ™, the Noether charge p_ for S, is simply

m N
P = (9-+ +g-av* +9-—v7)=N/R_, (5.16)
dzM dzN
TIMN G F doF

where v® and v~ are the velocities in the a and — directions respectively. Evidently, as the
massless limit is taken the denominator must tend to zero. An expression for v~ in terms of the
other velocities and the metric is thus obtained. The second term of Eq. (5.15) clearly vanishes

in the massless limit so the source action for the i*" particle is

1
Si = Qs fd$+g—" {g+— +9-avi’ — \/(9+— +9-av{)? = 9-—(g++ + 29400F + gab”?v?)}
(5.17)
with @; = N/R_. Naturally, all metric components are to be evaluated at the transverse

positions g% (z ).

In summary then, the total action is

N,
1 [o4
S = o / dily v —¢gR + boundary term + E Si, (5.18)
11

=1

"The infinite boost of supergravity solutions was studied extensively in [196, 197].
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The aim is to solve Einstein’s equations (2rR_ comes from the integration over z7)

2/41%1
2rR_

Ryn — sgunR + Tun =0, (5.19)

order-by-order in the small velocities (V) and inverse-separations (L~') of the D-particles. Al-
ternatively (and, as shall be shown later, equivalently), Einstein’s equations can be solved order-

by-order in k2, expanding around the flat-space metric

N+ T+— M+b 01 0
GMN=TMMN=| -4+ 7-—— 1 | =11 0 0 (5.20)
Mo+  Tla— Tab 0 0 (sab

This second method is more concise and it is the one that will be presented here. The particles

must follow geodesics, and so the auxiliary condition
VuTMY =9, (5.21)

must also be solved. Once these equations have been solved to the desired order, the metric
obtained will be substituted back into the action to yield an approximate effective action as an

expansion in small V and L~!. The ultimate aim is to find the effective action to O(VS/LY).

5.2 The first-order solution

Define
2
gMN = MMN + K19MN + O(k},) . (5.22)
This section will find 5 unN- Some relevant formulae are collected in App. D. There it is shown
that in the gauge
GNP N =0, (5.23)

where T'F 3 are the Christoffel symbols of the metric ga v, the Ricci tensor is

Run = —3g7%0pdggmn + 10m9"%0Nngpq — Opgoidmg’®
—%QPXnganXMangN + %QPXQQYBXQMQangN . (5.24)
Expanding to O(x%,) yields
2
Ryn = —s65019un + O(s1) (5.25)

where 0| = §%8,0, is the Laplacian in the transverse space. The expansion of the energy-
momentum tensor

1 55’ source

MN = =g g™V (5.26)

to O(k?,) is just as simple

Ty = —L13,Qits Too = ;%;Qi0%d Tio = 73 Quuidid;

1 1 a - 1 a,b (527)
T = —52;Qid T o = —52,;Qid Tep = —3 0. Qivivid; .
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In these formulae J; = §°(7 — ;). Therefore, at this order, solving Einstein’s equations simply

reduces to finding a Green’s function f;

1 K
-0 . Y
J_f = ;Qzéz ) (528)

(the annoying factor of 2rR_ will thus also be soaked-up). This is well-known in arbitrary

dimensions, and in d = 9 is

of: 15 X 1
7 a7 = — . = 529
f(y i) lzlfi 327T°R_;QZ|-‘— _‘7 ( )
Thus . 2 )
) I+ Gr— Yup Ne e TR T
: 2 2 2
GMN = |G-y 9-_ 9 | =D fi| -3 1 % (5.30)
2 2 2 =1 1 -9 b
Ja+ Go— Gav ' — 3V vy U35

Evidently, at zeroth order in the velocities the static solution Eq. (5.11) is reproduced.

In [240] this was called the “independently boosted” metric since it is simply the superposition
of N, metrics, each one corresponding to a single centre moving transversely with constant

velocity. For, take the metric corresponding to a single particle at rest;

0 1 0
gun=11 f 0 : (5.31)
0 0 g
To first order in the transverse velocity v%, a Lorentz boost takes
Spxt =~ , SyzT =TF, Ou7= —%x*‘z’;‘-}- %x"z‘;’. (5.32)

The boost to use is not the full Lorentz boost, but rather a boost which preserves light-cone
time z*. This subgroup of the Lorentz group is called the Galilean group. In order to fix zt,
a compensating rotation in the 11-v plane through angle # = |5| must be made. To first order
this is

6 0 0 N

i, Ger” = ot =
5 |

Spz T = Ty, pY=—-=2"0— =527 7. (5.33)
|7 2|4 2|
Taking this diagonal combination and integrating it, the expression for a finite transverse boost

with velocity v? is found

't = gt
7 = ¢ 42095zt
g = §-2%7. (5.34)

Taking the primed coordinates as those of the static frame, the metric in the constant velocity

frame is simply

1 12 1,b:2
ZU _E’U —E’U v
guNn =nun +F | —3i? I v? (5.35)
——é—vaz‘)‘z v voyb
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A linear combination of such metrics gives the “independently boosted” metric of Eq. (5.30).

Before substituting this solution into the action some remarks will be made about the higher-
order corrections to the metric. It is then proved that in order to obtain the effective action to
O(V8/L') only the independently boosted metric is needed.

5.3 The form of higher-order solutions

5.3.1 Acceleration

If it were necessary to continue the process in the previous section to higher orders the first
thing that would have to be checked is that the solution derived is consistent with the geodesic
equation V;TM¥Y = 0. Since the moving D-particles produce a non-trivial metric, the geodesic
equation will reduce to expressions for the accelerations in terms of the velocities of the particles.

Tt is of use to know the form of these equations at O(k?;).

The geodesic equation reads
0 = By TMN +TM 1 pTPN 4 TV | pTMP = ) TMY 4 LMV §pgp nTPN + TN 4 pTVP . (5.36)

At O(k?,) the second term disappears entirely because nM Ng dun = 0 so that g™V 8ngN
O(k%,). Concentrate on the case where N is a spatial index, N = a. By substituting J MN
into the energy-momentum tensor Eq. (5.26) the relevant components of the energy-momentum

tensor are (for more details see App. D)

TH = 2ZQ1 i 0i +4”112sza — ;)% + O(k11)

2

T = QZQ’L vi8i + 3611 D Qifjv ¢B (@ — ;)% + O(s1)) - (5.37)

1,J

The result that will now be proved is that
v = O(k3,VA/LT) . (5.38)
For note that T7% and T% are almost identical so the first term in the geodesic equation reads
T = 13" Qi(0 +020y) (v2(1+ 3k 555 — )25 (5.39)

ij
The factor of §; can be pulled out since (0 +v?3)d; = 0. Similarly, (01 +vf0.)f; = (vi—v;)-0fj,
so that this first term is

O TMe = L Z Qudi {8 + yshol (W — 5)%(vs — v)-0f + bl ;04 B = )*} . (5.40)

Although the exact expressions are somewhat messy, by consulting Eq. (5.27) and Eq. (5.30), it
becomes clear that the last term in the geodesic equation is O(V*),

FaMNTMP = aMhapTM 8 hMpTMP O(K, V4/L7) (5.41)
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Combining this with Eq. (5.40) results in Eq. (5.38). The other components of the geodesic
equation give constraints on 9% that are consistent with the above (for instance N = — is simply
(vi—w;)-0 = 0 to O(k?,)). Of course the relation v oc V* 18 well-known for it is just the “Aatness
of moduli space” [17, 214, 330].

5.3.2 The scaling behaviour of the O(x};) part of the metric

Now expand to the next order GMN = NuN + ,‘iugMV + :“LllgMN + O(mu) Each component of
g MmN depends on a particular power of V and L. This scaling behaviour will now be derived.

Using the general form of the Ricci tensor Eq. (5.24), Einstein’s equations at O(x%) read

2 2 2
_§D_L9MN = —%QPQapanMN + %3MQPQ3N9PQ ~ Op9g(u 9"

2 2 2 2
+%3Q9PMaP9QN — %ap!]QM@PQQN = Pjr—R TMN . (5.42)
The indices on § and 9 have been ralsed using the flat metric nMV for example MV =
My _ QMN + O(k{,). Naturally, TMN is the O(k%,) part of the energy momentum tensor.
Firstly by utilising the Green’s function Eq. (5.29) it is clear that ¢ is O(L™'). Also, by
explicitly substltutlng 9 and using that V ~ V4, the powers of V and I contained in the various

components of g are

4 Giv Gim Gy VLM VL4 ys o
Gun =gy 9§, |~ viLe vere ypape | (5.43)
EJH éa_ éab V5/L14 V3/L14 V4/L14

Moreover, in this calculation the acceleration terms are always higher-order. Evidently 9 is
O(V2)><9 Although the fact is not needed here, this progression continues to higher order;

2n

5.3.3 Scaling properties of the higher-order terms
Finally, it is now quite easy to find the general scaling properties of the higher-order terms in
gmn- The gauge Eq. (5.23) has the appealing feature that at O(k3)

RMNI,@;I ES —%m%‘lﬂl 2gnMN + ( terms involving EMN for m < 2n) . (5.44)

Similarly, due to the Kll 1 which multiplies Tsn in the Einstein equation, the energy-momentum

tensor involves only QM ~. Einstein’s equations
2n
O, 9ymn= lower-order terms , (5.45)

can therefore be solved formally by the Green’s function Eq. (5.29). This means that at each

order another power of Q;/L7 is introduced, so

Gpn=0(Q"/LT™) . (5.46)
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5.4 The boundary term

Standard arguments (see for example [334]) imply that in addition to the usual 2—;2— J+/—9R
11

term, the Einstein action must also include a boundary term;

Sp = /\/_R+—/ VhEK . (5.47)

2/%11

The quantity K which is integrated over the boundary OM of the manifold M with induced

metric hpsy 18 the extrinsic curvature
K= VM’I”LM . ’rLM’anM’nN . (5.48)

Here ny is the unit normal to the boundary. The extra term must be included in general

because when deriving Einstein’s equations a boundary term appears

5[ ViR= [ V=aBan — dounBoa™™ + [ VGV Bar (5.49)
M M M
where the vector By is
By = VN(5gMN) — gNPVM((SgNP) . (5.50)
Assuming that gy is zero on the boundary this extra contribution is canceled by the extrinsic

curvature term:

0SE = / (RmN — %—gMNR)égMN for 5gMN‘ =0. (56.51)
M oM

In this construction it is assumed that a unit normal can be constructed. If the boundaries
are light-like then this is impossible. In the case at hand this problem is circumvented by

never? using the vacuum solution 7y but always considering the corrected metric gyny =

2
NMN + KJ%IQMN 4+ ...

5.5 The effective action to O(V®/L'*)

Now that the preliminaries have been dispensed with the following result can be proved:

Result: The effective action to O(V¢/L) is found using the solution gpny = NmN + n%léMN
only; no higher-order solutions to Einstein’s equations are needed.

Proof: To obtain the effective action, the solution gasy is substituted into the action Eq. (5.18).
Expand
gMN = NMN + H%léMN‘F MmN = N+ dmn - (5.52)
Then, because G O(L™™)
48

Slg) = 5191+ 5 [6]+ higher order in ™! . (5.53)
g

2This problem is easy to overcome; a small regulating parameter €? can be introduced into the ++ and ——
components of the metric so the boundaries become non-null. At the end of the calculation €2 = 0.
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Now because of the boundary term, the second term is simply

08 1

e 5.2
2K7;

5,91 =

{Baanla] - §anw R(G) + 263 Tagnl]} 54 (5.54)

However, by construction the term in curly parentheses is zcro up to 0(5) The scaling behaviour
of the corrections was written in Eq. (5.43). By multiplying this with gMN (to this order 5MN

can be used) gives
9] = 0(V®) . (5.55)

There is one final subtlety and that is in writing Eq. (5.54) it has been assumed that § vanishes
on the boundary. This is clearly true at spatial infinity but not at the z+ and z~ boundaries.
The latter is trivial since the coordinate z~ is cyclic so the contribution from z= = 0 exactly
cancels with that from = = 2rR_. The former will certainly add terms to the action but these

will be total derivatives in the Lagrangian:
d
/ TLMBM@) —/ nMBM(E}) :/ —B+(§) : (5.56)
zt=00 +t=—_00 M d$+

Thus the result is proved. The effective action can now be calculated. For ease of notation drop

the “hat” from g,y since it is the only metric that will be used from now on.

5.5.1 The source action

Substituting gasn into the sonrce action yields

Suwedls] = 3 [t wﬁﬁ%ﬁj / det Qufi(5 — )

15811 ) @ / s {0 = 50 = 50" + 51(5% — o — 2003 + 26,.53) )
b5,k
drT1i —'2 QQk/d+v1_Uk
zk:/ ToaloRte Tt M9R A

15>2 QiQ'Qk i) (@5 — U1,)? 6 178 /7121
+(2) 4 J/d+ +O(s8,V3/L?) . (5.57
(% PRy VT Tl H OV - (557)
To obtain the last term in the second line note that the terms inside the curly parentheses must
be symmetric in ¢ and j. Also the form of the Green’s function fi given by Eq. (5.29) has been
used, the 11d Planck mass M has been defined

K3 = 1670 /M2 | (5.58)

in keeping with the notation of [29, 32], and the whole expression evaluated at ¥ = ;. The
potential divergences resulting from this last step are removed through the regularisation of the

point-particle
P 15 1

i~ mn (FT-g)2+e)7/2°
Only at the very end of the calculation has the limit € — 0 be taken.

(5.59)
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5.5.2 The boundary action

The contribution to the effective action from the boundary term is also reasonably straightfor-
ward to calculate. As mentioned in the proof above the contributions from the z* boundaries

can be neglected; only the spatial boundary needs to be considered,
1
=— [de~dzt [ K. .
Sueyla] = g [ domaa® [ (5.60)

The spatial boundary has been chosen to be the eight-sphere S8 of radius r. The volume form

on S8 will be determined by the induced measure. Since n'¥ is a unit normal (with the metric
9)
nyVunY = %ngVMnNnP = %VM(I) =0, (5.61)
and K reduces to .
K = Vyn™" = oyn™ + —nMonv/—g . 5.62
W= g (5.62)

From Eq. (5.30) is is clear that

V=g =1+0(s1,/L") . (5.63)

Since at the end of the calculation the limit » — oo will be taken and f[gs ~ [r®dQs, simple
power counting implies that all terms in K of O(L™") where n > 9 will give a vanishing result.
In particular this means that \/—g is effectively unity. All such higher order terms are dropped

for the rest of this subsection.

First the induced measure will be calculated and then the extrinsic curvature. Transform

from Cartesian coordinates (z) into spherical (s) coordinates
M =M (zt, 27, r,0) = 2M(s) . (5.64)

Let P denote indices without the r component. The induced measure includes the Jacobian
OxM N 2
\/— det a7 ——gun(z) = \/— det (7115@(3) + n%lgﬁé(s)) ;

Os?
= A1+ nﬁééﬁé(s% [—detnpp(s) - (5.65)

All terms of O(k$;) have been dropped as explained above. However, upon noting that

. ]
7 %9p5(s) = "N 9un(z) =0, (5.66)

the induced measure reduces to the standard form

ﬂ = / r8dQ . (5.67)

The second step is to calculate the extrinsic curvature. Only the first term (Onn™) con-

tributes since

nN(1//9)0n g ~r . (5.68)
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The M*" component of the Pt" tangent vector to S8 x R x [0,2rR_] is

o M
thl = ;;p : (5.69)
Solving the cquation 0 = n gMNtM to O(k%,) gives
§Nya _ 2 pNMg
nV = oY~ H gaM;v (5.70)
\/ Yy Nab ~ K519y 0
whereupon
8 2 5yayb-5ab nabéab I 0boen 2 1 o NMa 2
K = D4 | =5 = oy y e — Sy Onlans
L (7 v) .
AR 5R w1 82Q1< l —”3> : (5.71)

where all terms which tend too rapidly to zero as 7 — oo have been dropped. The volume of

the unit S® is 327%/105 so integrating over 2~ and this sphere produces

Sbaylg / dm*z 2Qiv7 . (5.72)

5.5.3 The gravity action in the bulk

All that remains is to calculate

1
Sbulk = BN /v—gR- (5.73)
K11

The calculation is straightforward but tedious. Taking a trace of the Ricci tensor Eq. (5.24)
yields

R=—39"%" N opdggmn — 19"V Omg"0ngrq — 19M N Opgouong™ . (5.74)

The effective action can then be found as an expansion in x2, or equivalently V2. Notice that

2
since nMNgMN =0

V=9 =1+0(x};) . (5.75)

Also, by inspection of Eq. (5.74)
R =4 RW + k8 RO 1 O(x8)) . (5.76)

Therefore to O(xk?;)
1
Sbulk = W / (H%IRM) + H?IR(S)) 5 (577)
1
Calculating R™ gives
2 2 2
RW = %QMNDJ_EJMN + %Baz?PQaaépQ + %T]MNGPQQMGNQPQ

= %5MND_L!3MN - %5PQT]MN8P3N£27QM + total derivative . (5.78)
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Here Leibnitz and the gauge condition at O(k3;)

2 2 2
0= gMNgPQPQMN 2 N omgpn — %nMNGPgMN = nMNopdpn (5.79)
11
2
has been used. Also, the superscript “2” has been restored onto g to emphasise that upon
integration the total derivative terms give zero, or a total time derivative, as discussed in the
previous subsection. Therefore

]- —
BN /”%1R(4) = WR—”%l/derdgy (%QMNDLQMN)
11

K':2 — — —
= -t TS Qe (7~ )

_ 11 d+z Qsz Uz—f:):/c)4_
216 M°R_ |g; — gx|”

(5.80)

The situation is more complicated for R®), however. It and its integral over the transverse
space were calculated using a MATHEMATICA program. Of course, to obtain a closed-form
expression for the Lagrangian would require the solution to the integral

IZ{):/ddg — (a“fﬁ)“fy;y{)” . (5.81)
1T — T |* T — Tra] 22T — Tka|*®

For the purpose of this chapter, which is to check Dine and Rajaraman’s supergravity calculation,
the integral need not be solved in its full generality. It is possible to find a solution in the
parameter range of DR, namely when one of the three particles is very distant from the other
two,

|73 = §1| ~ |53 — G2l = |53 > |1 — Gl - (5.82)
In this regime it is possible to extract the coefficient of

1
e ——— | 5.83
AU P
in order to compare with DR’s Matrix theory answer Eq. (5.2). Expanding the integrand of
Eq. (5.81) in powers of 1/|y3| (the precise details can be found in App. E) yields

|G — gl — el |F — g

_ T(E+2-9 1 1
T(8T(%) |51 — galertoe—d |g|es

g
x {ythB(% — %, 4 -2 4+2)+y2hB(d - % +2,4 - %)

——

i+l B(E -9+ 1,4 - %+ ) +yfyB(E -4, 8- %)
~(yf y1+y1yj) (4o, 82— (el +u)BE - % +1,4-9)]
(% +%—g—1)x%? 1 1

+ 2 5
TG (F) 2 |§1 — pp|eatee—d=2|gs|as
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with corrections being higher order in 1/|3].

From the result Eq. (5.84) it is clear that the O(V®/L'*) term will have, just like the
O(V*/LT) term, contributions from two different sorts of terms: those that have only powers
of v; in the numerator; and the “polarisalion” terms whose numerators contain v;-¥;. The term
that Dine and Rajaraman calculated is one of the former and dropping all the polarisation-type
terms the R(®) contribution reads

Soulk| 4 = ( ) 4 9162@s /d 1 Toiy (s + v3y) + Tody (vl + v3y) — 16vfyvv3, (5.85)
16) ~ MR 151 — %ol 7|57 ’

a _ .0 __ 0
where v, = vi —ug.

5.5.4 The total effective action

Summing the contributions from the source, the boundary and the bulk actions gives the fol-

lowing effective action for 3 gravitons

3
= [ast { BlQui+ 3 o
k= 1,k=1

15 Q1Q2Q3 U13(U§3*U%3 uly)
(16> Bt o (128 . (5.86)

e
?,ﬂ\?rp

Here r;; and ;5 are the transverse separation and relative velocity of the particles ¢ and j. The
O(V®/L'*) term is valid up to polarisation terms which have numerators of the form T+ (Y6 —T)s

and in the regime where particle number “3” is very distant from the other two particles

T13 ~ T3 =T33 719 . (5.87)

The careful reader will notice the unusual contribution at O(V?). A factor of 5 comes
from the source term while the boundary action gives —25—1% The latter contribution was not
included in [240] where the boundary term was simply used to cancel the total-derivative term.
This boundary term contribution seems like an overcounting and it is likely that it must be
subtracted in some way. The O(V*/L") term is standard. Most pertinently, however, is that by
examining the numerator of the O(V%/L*) term it is clear that there is no contribution of the

form i

Y3012 (5.88)
{37l
The DR problem is thereby solved.

5.6 The large-N limit

Before concluding, a speculative comment regarding the large-N limit of Matrix theory is made.
It has been suggested [20, 43] that the discrepancy between Matrix theory and supergravity may
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vanish on taking the large-N limit, because then Matrix theory should become M-theory in 11
large dimensions. However, only through the recent work of Maldacena [235] has it been possible
to deal with this limit. In [198, 235] brane configurations were studied in the limit where the
field theory on the brane decouples from the bulk, and it was observed that when the number of
branes N, becomes large, the curvature of spacetime around the brane becomes small (for earlier
discussions in the conformal case see [181] and references therein). However, for small curvatures
branes are well described by extremal black-hole type solutions of the associated supergravity.

Thus we are led to the following conjecture

Conjecture: In the large N limit of Matrix theory, supergravitons are described by DO0-brane

solutions of ITA supergravity.
This leads immediately to the following trivial resolution of DR problem.

Resolution: Since DO-branes are BPS states which can be identified with Kaluza-Klein su-
pergraviton modes of 11d supergravity [275, 346], their leading order scattering amplitudes will
be proportional to those of point particles in 11d supergravity. Therefore, leading order su-
pergraviton amplitudes calculated using the large N limit of Matrix theory are those of 11d

supergravity.

The calculation of this chapter may therefore be considered evidence for this conjecture.

5.7 Conclusions

This chapter has provided a resolution of the DR problem. In particular, it was shown that
the classical supergravity effective action for the scattering of 3 gravitons where one graviton is
relatively distant from the other two, without spin and without longitudinal momentum transfer,

was of the form

2 .2 (02 2 2
vis(vig —vig — v
S:?fgra - 12 13( 237 - 13 12) +(1e2), (5.89)
T12713
at O(V®/L). This shows that, in agreement with Matrix theory, there is no term of the form

4,2 7,7 .7
V3VTa/T{3T12-

The calculation began with the well-known solution of ITA supergravity that describes a
number of static DO-branes (or, more precisely, a number of bound states of static DO-branes).
Using the Kaluza-Klein relation this solution, its corresponding source, and ITA supergravity
was lifted into eleven dimensions. A DLCQ of the theory was then formed by infinitely boosting
around the spacelike circle. The source then corresponded to the massless limit of the standard

massive point-particle action with the constraint that p_ be held constant.

Because p_ was held constant for each particle the calculation included no longitudinal
momentum transfer. Also, by only considering the bosonic part of the source and gravity

actions all spin effects were neglected.
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Einstein’s equations were then solved order-by-order in the small velocities and large sep-
arations of the supergravitons. Once the solution had been found to the desired order it was
substituted back into the Seravity + Ssource t0 obtain the effective action. In this regard there
is significant overlap with [261] where the same result is obtained using very similar methods.
However, it was proved here that to obtain the effective action to O(V®/L!*) only the O(x3))
corrections to the metric are needed. Thus the calculation is substantially simpler than (261]
where certain combinations of the metric at O(x},) were calculated. This simplification was

allowed only because the standard Einstien boundary term was included in the calculation.

Finally, motivated by the work of Maldacena, it was conjectured that the large-NV limit of
Matrix theory is exactly described by 11d supergravity.

Many extensions of this work could be considered. One, which is under active investigation,
is to calculate the O(V8/L?') contributions to the effective action. By an extension of the proof
in Sec. 5.5 only the O(k%,) terms of the metric are needed. Some of these have been already
calculated in [261], however, of course, finding the effective action requires much more tedious
work than just solving Einstein’s equations. A further complication at this order is the important
role played by acceleration. However, despite the difficulties, the O(V?®/L*) terms are of interest
for it is expected that here the supergravity-Matrix theory correspondence breaks down [124].
Another path for future research which is being studied is to include spin. It is widely suspected
that supersymmetry and O(8) invariance in the transverse space should fix all the “spin” terms
relative to the “scalar” term already calculated. More amplitudes with longitudinal momentum
transter could also be studied. Finally, it would be very nice to formulate a general proof that

supergravity is (or isn’t) the low-energy limit of Matrix theory.



Appendix A: The phase-space density formalism and the

leg-pole transformation

This appendix reviews DMW’s paper [98]. The formalism uses a Fermi fluid density U(p, q,t)
and so first it will be necessary to review a few facts concerning this object. The leg-pole
transform of Sec. 1.8.3 is then re-written in terms of a generic fluctuation 6U and it is seen that
because of the particularly simple fermion dynamics (in the semi-classical limit), it is possible

to write S_ as an explicit function of Sy. The proposal can then be stated precisely.

By employing the single-particle Hamiltonian H(p,q) = %(p2 — g¢?), the total Hamiltonian
Eq. (1.103) can be written in terms of the phase-space density [99, 100, 101] of fermions U (p,q,1t)

H = / dpqu W (p,q,1)
Ulp,q,t) = /ood)\e_’p)‘z,[;T(q ~ L lg+ a1 . (A1)
This satisfies the equation of motion
(0 +pOg + 40,)U(p,q,t) =0 . (A.2)

The W,, algebra can also be written in terms of U; the generators are [81, 82, 83]
. dpdg
Winn = et [ 2= (=p— @ (p ~ )"V (p,0,1) (A.3)
In the semi-classical limit, it is clear that U must satisfy

U%(p,q,t) =Ul(p,q,t) , (A.4)

(the quantum constraint is much more complicated [99]). A generic perturbation of the fluid

around its vacuum configuration §U must still conserve fermion number, therefore
dpd
/ P 517 (p, g,8) =0 . (A.5)
Now the leg-pole transform will be written in terms of this new variable 6U.

The leg-pole transform in terms of the scalar fields is

= /oo dr k(1)S_(zt — 1), (A.6)
where the kernel is
© dw . (7 “/*T(—iw) 9
s = [ 2 () Tt =g (A7)
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Jo is the standard zeroth-order Bessel function [170] and z = 2(%)1/ 8¢7/2. Then, since the

derivative of the scalar S_ is simply related to the excitation of the Fermi sea, e_ via Eq. (1.109)
- 1
~208 (") = —=(e-(s") ~ 1) (A.8)
the outgoing tachyon can be written as
S (z) = . /OO dr J, (2(2)1/86%($-T)> e_(t+71) (A.9)
- 2T S O\ - ' '

Finally, writing the fluctuation of the Fermi surface e_ in terms of a small change in the matrix-

model momentum p away from the static situation

—1/— + 2 6_(l‘+)
p(g,t) =po(q) = q+q (B +e(z7)) +1/¢? - 2u = ot (A.10)
and using the variable ¢ = —e™7, the following is obtained
o (o)
S-@) = [ da [ dp 1(~4e")0ume(pra,1) (A1)
—0o0o —00
where the function f is defined
£0) = 5= (22)V5) (A1)
2\/m a

There is a similar analysis for Sy. Both can be written as in Eq. (1.123)
S(z,1) = /dqdp f(=4¢e*)dU(p,q,1) , (A.13)
which is only valid as £ — —oo (there are O(ze?® corrections [102])

It was noted [101, 102] that because the dynamics of the fermions was so simple, S_ could
be written as an explicit function of Sy in the following way: The equation of motion for the
perturbed fluid

(0 + pOq + q0,)8U (p, g, ) = 0 (A.14)

can be solved to find the integral surface where 6U is constant;
0U(p,q;t) = U(p',¢,t") where (p'+q)e¥ = (p+q)e™ . (A.15)

This can be used in Eq. (A.13) to change variables from (p, q) to (p', ¢') with # and #' being fixed
for the purposes of the change of variables. Since the measure (dpdg) and the Fermi surface

(p? — ¢® = constant) are invariant under this transformation, the tachyon field is simply

S(z,t) = / dpdg F(=Q(£)e?)dU (p, ¢, 1) , (A.16)

where
Q(t) = gcosh(t —tg) + psinh(t —#p) . (A.17)

Using the equation of motion the RHS is independent of tg, so the limit £ty — —oo can be taken.
Now the steps leading from Eq. (A.9) to Eq. (A.13) can be reversed to write S in terms of the
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small perturbation e. A slight degree of care is needed because now the kernel depends on the
momentum p as well as ¢ and t. Before doing this, however, fluid fluctuations on both sides of

the potential will be introduced.

When excitations on both sides of the potential are allowed, DMW suggested that the sym-

metrical leg-pole transform should be used
1
S(evt) = 75 [ dadp SIS0 (,05) (A18)

The factors of 1/+/2 and 21/4 are for convenience only. Making the same arguments as above,
the phase-space variables can be transformed so that the fluctuation only enters as a boundary

condition

S(0,8) = 5 [ dpdaf @/41QIENU 0, 10) - (A19)

Now the fluid at time ¢ — —oo can be parameterised in terms of two variables €4 (7), one on
either side of the potential a = 1,2. Reversing the steps between Eq. (A.9) and Eq. (A.13) and
then taking the limit ¢ — +oo yields Eq. (1.126)

> [ s (VR0 @) . a

a=1,2

S_(z*) = %/ dr



Appendix B: Derivation of the path integral

In this appendix, a derivation of the path-integral representation of the partition function
Z = tre PH (B.1)

1s presented. For free fermions in two dimensions the Hermitian Hamiltonian H can be expressed
in terms of the Heisenberg Dirac spinor fields (z,t) and their conjugate momenta 7% = 11/17

—i9! in the usual fashion
H =i [ o (00, + mp = ~ [ do n¥s (rhy 0+ m, (B.2)

where the traceless gamma matrices in Minkowsky space Yu, satisty {vy;, v} = 2diag (-1, 1).
It is of particular interest to check that this partition function is equivalent to the path integral of

Eq. (3.37) that contains van Nieuwenhuizen and Waldron’s [333, 335] conjugate spinor i) = 1145
Expanding the fields in the usual basis spinors [199, Sec 2.2] the Hamiltonian is

H= /%ﬁ wi (61 (R)B(R) + af (W) k) with wp = VAT T2 . (7 3)

7rwk

The non-zero anticommutation relations are

k), bt ()} = 2025k — ¢) = f B.
{b(k),5' (@)} = 20 26(k — ) = {d(k), d ()} (B-4)
To simplify notation denote all the modes b(k) and d(k) by a;. The Hamiltonian and anticom-

mutation relations can then be written

H= Zwkazai and {az,aj} . 27r%(5i]- : (B.5)

where >°, = [dk Zb,d 273;{

Now proceed with the path-integral quantisation in the standard fashion. It is convenient to
use coherent states as the complete set of states. The vacuum is defined by @;]0) = 0 Vi. The
Fock space is built from the tensor product of the one-particle states. A general state will be
denoted by
.al |0) . (B.6)

[i1,32,. . 1n) = a; a;, ..

Denote the state with all oscillators excited by [1) = [T, a}|0). Then, by the Grassmann
nature of the oscillators, a} 1) = 0. Coherent states |6) and |f) have the property that
ail6) = 616)  ollf) = 66) ,
(Blal = (816;  (Blai = (616 . (B.7)
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It is clear that
10) = eXi0ifijo)  |G) = e2i By
(6] = (0eZ:B% (0] = (ple>tal . (B8)

To reduce notation define the vector notation 6-0 = 3 0;0;. The states |) form a complete

and orthogonal basis. The orthogonality relations are
©016) = 08y =0, (00) = P9 and (Bl6) = B0, (B.9)
and completeness takes the form
1= / I] (d6:a6:) |6)e =603 . (B.10)
i
To show completeness first note that
(i1,92, . -,1n]0) = [(—1)"]6;, - - . 05,05 , (B.11)
(the —1 factors only appear if |0) is fermionic). Then, using the identity

d6.,d6,; i, ...0; 0;, ...0; 6_6-'6 =1, B.12
V) 1Y21 n
J

it follows that

(i [ TL(a8s08;) o)e B0 01() = (N (B.13)
thus proving the result.

Tnserting two completeness relations (one with a set of states called |§°) and the other with

|67V)) into the partition function yields
Z = Y {aHe PHI{i})
{1}
_ _ AN aN 90 o =
. / T1 a6 a6 (6™ |e=™16°) / [T doNagle 0 €700 S~ (i} o) (@°|{i}) . (B.14)
J k {i}
Completeness of the [{i}) basis can be used to simplify the last term (here |i| denotes the number

of excited oscillators in state [{i}) and F' is the fermion number operator)

STUHOVYE Y = o (—DEE D {ideN) = DO {1 8Y)
{3} {i} {i}
_ A0
= (@ -y =00 (B.15)
In the expression for the partition function, the integration over 6° just yields the delta function
5(8° + 8Y), giving the result

AN 100 0" -0° 5N | —BH |40
z:—/Hdoj dg? 8 0" (§N|e=FH |60) . (B.16)
J
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This final matrix element can be calculated by splitting the imaginary time into N small time-

steps and inserting completeness at each stage. Using the general matrix element
(@le=H|9) = 00 (1 = eZwkéiHi) = exp 0-(1 — ewy)0 , (B.17)
: i

the “sum over all paths” becomes
- N-1 B .
@V)e=H19%) = 1lim / 11 Hdejdej
=1 3
N-1
xexp{ Z (0 9"+ 8" ( 1—6(4%)91_1) +0N-0N—1} . (B.18)

In this formula the index { stands for the lth time-slice. The limit is the usual one: N — oo,
¢ — 0 while keeping N/e = 3. The first term in the exponential comes from completeness
while the second comes from Eq. (B.17). The final term is important since upon substitution of
this formula into (B.16) and integration over éN, it is seen immediately that the fermions obey
antiperiodic boundary conditions 8% = —g°. Denoting an interpolating function 8(7;) = 8 and

taking the limit, the expected result is obtained

: i . s
7z - [ d9;d6;| =5 where 5:/0 dr (80 + w,0-6) . (B.19)

antiperiodic

Of immediate importance is that the first term in the action is anti-Hermitian while the
last two terms, coming from a Hermitian Hamiltonian, are Hermitian. It seems problematic,
therefore, to cast this action into a form which is a Hermitian functional of relativistic fields as
written in [333, 335].

It 1s possible, however, to check that the path integral of equation (B.19) is formally the
same as the path integral Eq. (3.37)

7= / [dayptdy) = #@+m (B.20)
Upon expanding in a complete set 8 = 3, 8,e2nt1mi7/8 By, (B.19) yields the formal result
d ) (2n + 1) 2 (2n +1)%7%2
det (d’l‘ + wk> H < 3 + wk> g 7 + wj ( )

The determinant is squared because there are two oscillators b and d. Now consider finding the

determinant of the Dirac operator v°(@ +m). This is simply the product of the eigenvalues Ank

YD+ m)nk = AnkPnk - (B.22)

There is a double degeneracy of eigenvalues since v° commutes with the Dirac operator. Squaring
the eigenvalue equation and expanding in modes yields

(2n +1)2x2
This shows that Eq. (3.37) is indeed a path-integral representation of the partition function
Tre~8H,



Appendix C: The determinant of an invertible, Hermitian Dirac

operator

Following [9, 47, 49, 150, 151, 152, 185, 201, 289, 295, 297, 303], this appendix will detail the

calculation of the generating functional
Zinl = [1@dalesp (= [P+ [ +in)) =/ detip, (1)
where A is the inverse of the Dirac operator, which is given by
D=9 +ido+ivedp+ilh +iuy’y° . (C.2)

This operator is both invertable and anti-Hermitian so the calculation is the simplest it can
possibly be (for the non-invertable and non-Hermitian cases see [19, 108, 109, 153, 295, 297] in

addition to the above references). Using the identity 7¥~® = i7,e*”, the Dirac operator becomes
P=9 +igo—rdpo+id , (C.3)
where ¢! = h! — p.

Consider the following transformations

vy = eira+rfy5p,¢, and 'l/;r — @Ze—ira—i—mjp,

i B _ o img—p~b
ne = €77y and 7 = 7eTOTE, (C4)
E)T — eira—r'ys'plpe—iro—r’y"’p and Ar — eira+r'y5pAe—ira+r'y5p,

where 0 < r < 1. Upon reaching r = 1, the Dirac operator is much reduced

D=9 +id . (C.5)

The idea is to write the generating functional in terms of the rotated fields ; and 11, thereby

introducing a Jacobian, but also reducing the problem of finding det 1D to that of calculating
det Z@ 1

Z["IOaﬁO] . /[d"/_)rdwr]t]r €Xp (_/irilpr@br + /(ﬁr¢r + @Zr"h')) . e‘[ ir i Jr det uz)r . (CG)
It is clear that 7,A.n, = foAono so expressing that the partition function be independent of r
yields the first-order differential equation for J;

=Y erip, + 5L detip, . (.7

0
r dr
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This is easily solved to give

14 1
J(1) = exp (—/ drglogdet ler> = exp (2/ dr Tr'ysp> . (C.8)
0 0
Substituting 7 = 1, the generating functional becomes
Z[iio,m0] = e AN J(1) det i, . (C.9)
The Jacobian must be regulated since the infinite-dimensional trace Try3p is ill-defined.
Fujikawa’s regularisation scheme is chosen
Try’p = lim Tr"/Spe_EWD : (C.10)
e—0t

This is gauge invariant under the U(1) gauge transformations given by Eq. (3.38). The RHS is

basically the heat-kernel and its calculation is well-known (see also Sec. 3.5.1). On the plane

= . _ T -
TI")/Dp zk:ce ep lDezlc:c ’

hm d%z try p/ ])C
_ hm/d% try p/ ’)V —ek? 4edik O—icZk—e(2:01Y)
1 2
_ 2 —k? 1 2 —k
= gg% d*z try p{;/e +(§(9-Z—%Z —Y)/e +O(e)} , (C.11)

where, in the second line P'P = —9% + Z:0 + Y and in the third, k* has been scaled by 1/,/e.

A siall calculation gives 150-Z 312’2 Y = +°0p. Substituting this into the above expression

yields ]
“Try’p = o—pOp (C.12)
so that
J(1) = exPP . (C.13)

The calculation on the torus it is slightly more complicated due to the integrals being replaced
by sums. However, it is clear that the heat-kernel depends only on the short-distance structure
of the manifold and is insensitive to any global properties. This was demonstrated clearly and
explicitly in [50] where the additional terms on the torus for small e were of the form e~ ®*/¢,
Thus, Eq. (C.13) holds in the compact case too.

The eigenmodes of 7]D; on the torus are periodic in the z direction and anti-periodic in the
7 direction. Since 7% anticommutes with iJ); the eigenvalues come in + pairs. Squaring the

eigenvalue equation i019n m = Apmtn,m yields
(8 +i¢)*%hnm = = A2 ¥nm - (C.14)

Expanding in modes that satisfy the appropriate boundary conditions immediately implies

s ((Cn+ 1w .U>2 (2m7r 1>2
)\n,m_(—~———ﬁ +&) 4 (T 4et) (C.15)
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The determinant of i1 is simply the formal product of the eigenvalues and can be [9, 47, 295,
297] expressed in terms of a theta function [170, 253] and Dedekind’s eta function

2

detil); = ’—1—9 [ b ] 0,iR/B)| | (C.16)

n(GR/B) " | ¢

where § = —3h%/2r and ¢ = 3 + ﬂ%r_—”l and the parameter g = e~27F/B,

This completes the determination of the effective action for the system with invertible, Her-

mitian Dirac operator given in Eq. (C.1).



Appendix D: Some useful formulae

Formulae concerning the Ricci tensor, the source action Eq. (5.17) and its energy-momentum

tensor are derived.

The Ricci tensor. Work in the gauge

d"NrF v =0, (D.1)

where TPy = %gPQ(BMgQN + Ongom — Oggmn) is the Christofel symbol for the metric.

Lowering the index P the gauge condition becomes
YN Onrgen — g™ Opgun =0 . (D.2)
Now consider the individual terms in the Ricci tensor
Ry = 0pT  pinv + TP ynT9pg — OnD  arp — TF 3ol %y (D.3)
With the gauge condition the second term beomes
TP unT®pq = —20pg"? (Omggn + Ongonr — Bogmn) - (D.4)
The first two terms in Rpsny are then
I un + T unT%pg = 2979 (0pOmagon + 0pONgom — OPBoIMN) - (D.5)

The third and fourth terms are

~nTPup = —30n9"90mgrg — 39790N0MgPG
—TPmeT% N = 10m9"%0Nngrg — 397% 9%Y 00gxmOpPgvn + 397* 9%Y Ox gmqdpgvn
(D.6)
Taking a derivative of the gauge condition yields
0 = OpgonOrg"® + 9"90p0ang — 309" 0nygro — 3979 00N PG - (D.7)

Here the terms have been rearranged so as to make the symmeterisation, which is weighted
(MN) = §MN + 3NM, unambigious. Substituting this into the Ricci tensor yields

Ryn = —39"%0p0ggumn + §0m9"0ngrq — Opgqudme”™
—397% 9% dggxmOpgyn + 597 % 9% Ox grmqOpPgy N - (D-8)
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This is in a form suitable for expansion around g = .

The source action. It is convenient to define the short-hand notation

S = \,/ (94— + 9-a¥?)? — 9——(g4+ + 201aV§ + gap0}v})

Ni = g+ +9-avi,

Di = gi++294a0) + gupvivy

& = 8(y—wilz™)), (D.9)

where y¢ is the transverse position of the i*h particle. Expanding the metric around flat space
guMN =7MMN +hun , (D.10)
the small analogues of Eq. (D.9) can be defined
Ny=hi +h gt and D;=hyy + 2hyv? + heolv? . (D.11)
Expanding the source action for particle k gives
S, = Qk/dx"' (%’uﬁ — %Nkv,% + %Dk + %h__'u,%

+1N202 — INkDy — $h__Nywf + Lh__Dyo} + h2_of) + O(h°) .
(D.12)

Evidently, in the background g = 7, the particles have the standard point-particle action with

mass = Q).

The energy-momentum tensor. The expansion of the energy-momentum tensor in small

harnv will be derived. Define

5S;
oMN =% —, (D.13)
i ‘ngN
so that 55
1
Than = /=g 6gMN ~ ~gmpgnQT"® = —gupgn@®”?/ V=g, (D.14)

the negative sign comes from differentiating gpry with respect to gMM). Varying the source
g g g

action yields

1
5Qid;
H+ 2
© Z 5
1
_ 5Qi0; N,
4 _ 2 NG
o = ) g (1 Sa) ’
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. QQL N
o Z ( 5)’
o = Z2Q”’M (D.15)

In terms of the O(h) parameters N; and D;

1
i 1— Ni+ 1h__v2 + O(h?),
1 N;
g_<1 _> = —3v + N} — 3D; = §h_(v])* + O(h?)
1 (3D i—S;
p (25. —Ng S) = 1} - IN;(w))? + 1Dw? + 1h__ (w2 + O(h%) . (D.16)

To this order then, the components of the energy-momentum tensor are
O = ) Qibi(1—Ni+zhof),
]
Ot = 13" Qisi(v? - 2Nw? + D+ Sh__v}),
i

Ot = 3> Qiwsi(l— N+ Sho_v?),
!

O~ = —é— Z Qz(sz(’uél = 3NZ'U;1 + 2Dilvi2 + h__’l}?) )
i
07 = —13 Qv —2Nw? + Di+3h__o}),
i
0% = 15 Quwivlsi(1 - N;+ih__v?). (D-17)

In Sec 5.2 the following solution for Ay is found

hyv hy hyp i =5 —qviv}
hun = | by hom hoy | =61 D Qifi| -0} 1 v’ + 0(x};) . (D.18)
hot hae  hap ' —svdv? 0 vl

This can be substituted into the energy momentum tensor. Using
—Ni+3h v} = 5> Q;fis(vi—v;)* + O(sty) ,
J
—2Nwi2 + D; + %h__vf = K,%l Z ijj%(vi - vj)2(3vi2 + 1)12- — 2u;v5) + O(n‘fl) \
J

—3Ni1)i2 +2D; + h__U;-l = Iﬂ)%l Z ijj(vi — ’Uj)g(’Ui2 + %’U? . ’Ui-’Uj) + O(/‘E%l) , (D.lg)

the components of Ty read

Tyy = _% Z infdi ”11 Z Qszf] )2’03(1)1 - %’U? — Ui-vj) ,
i 1,J
T, = 42@1 25 +16"5112Q Q]f] )2(1)2—’0 — 2u;+ ’UJ) g

(2]
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LN Qs + £r3 Y QiQsfibi(vi — vg)” ((3%'2 — v} — 2v3v)vf ~ 2%'2”?) ;
i

(2]
—157Qidi + 163 Y QiQjfi0i(vi — v)?
i 12
=5 Qivfdi + §rt1 Y QiQif0i(vi — vj)*vf
i 12

3" Qivfvld; — 171 Y QiQ;f8i(vi — v;)2 (v} — vivl — viv?) .
:

Y]

(D.20)



Appendix E: The three-particle integral

The aim here is to evaluate the following integral

I;‘Z) :/ddy (y—yl)a(y_y])b ’ (El)
1Y = Yk [y — Yk |92 |y — Y, |23

This is possible in the specific parameter range considered by Dine and Rajaraman. Specifically,
only 3 particles are considered and two of those particles are relatively close compared with the
third;

lys =yl ~ lys — vl = lys| > |y1 — 42! . (E.2)

Their term was of the form |y3|”|y1 —y2|” and it shall now be shown how to extract this behaviour.

Consider first the easier integral

1
d

I:/dy o - o
ly — y1|@ty — yol@2|y — y3|

(E.3)

Because the denominators in I;Jb comc from f;’s, all the coefficients @ > 7. To extract the
leading large |y3| behaviour, the following steps are performed. Consider the contribution from

the region |y| > |ys|, this is roughly

d—a1—az—as
ys|

) (E.4)

1 1
/ ddy a1 ta s |
[y|>]yal |y|@rtee [y — gz

where the integral has been completed to all y and any IR problems have been regularised as in
Eq. (5.59). Thus the contribution from this region is negligible. The contribution from |y| < |ys|
is obtained by expanding

1 1

= + O(Jys|™*71) . E5
v —gal ~ Tyeee T Ol ) (E5)

which yields

ns _1_/ d?y - . (E.6)
ly3|® Jyi<wst ~ Iy — y1l®t |y — yo|@2

Again the integral can be extended over all space since the corrections will be

1
LMIM ~ [ygld-ea=o2 | (E.7)
Y3

Yy
ly — y1|* |y — ya|®
This yields

B e - EL T EL | S S WL W h)
T($T(F) 2020 2y - pafeaterdygfes ’ '
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where B(z,y) = ['(z)['(y)/T(z + y) is the Beta-function. Note that if y; = yo the integral

1
dd ~ d—ai1—as—a3 E.9
/ YTy — g forroaly — ysfos sl ’ (E9)

is of higher order. On the other hand

1
4 ~ |y — yp|d @ Te2mas E.10
/ Yy —gi[ertos]y — yslaz v =2l (E.10)

Even though these contributions are larger in magnitude than |ys|*®|y; — Y| 1722 they shall

be neglected since they are of a different structure to Dine and Rajaraman’s term.

Now it is easy to extend the steps to the integral of Eq. (E.1). This yields

i — /dd (¥ — yi)a(y — ¥i)s
& ly —yaloly — yal®2ly — ys[*
DS+ % —9) ap 1 1
L(TE) ly1 — ya|®te2 9 [yz|os
x{ytiB(§ -4, 4 - % +2) +13u8B(§ - +2.4 - %)
+(yiys + b8 B(E — %
R+ YBE - % - R+ ) - i+ usDBE - S+ 14 - )

L(g+%-§-1)n" 1 I cabpd_ o d
il (2 (%) 2 |yi — yo|ortoe—d-2 |y3|a35 B§-%+1L5-%F+ 1,

with corrections being higher order in 1/|ys|.
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