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Summary

Chapter 1 introduces a PN and its time extended counterparts. the timed PN
and the SPN. The problems associated with their analysis are presented and a
summary of the techniques we use in an attempt to overcome these problems is

given.

Chapter 2 gives a survey of the types of properties that are analysed in PNs.
Time-extended PNs are then introduced and a survey of the different models used

is given.

Chapter 3 describes the extended product form solutions for SPNs and gives

some explanatory examples.

Chapter 4 addresses the problems related to generally distributed firing times.
It contains an introduction to the topics of insensitivity and Generalised Semi-
Markov processes. The concepts are then applied to SPNs, and further extensions
are introduced, allowing the consideration of transition merging, marking amal-

gamation and another extension to the theory of insensitivity.
Chapter 4 is used as the foundation for the work in Chapter 5. Using the
theory of insensitivity, we show how to aggregate and then disaggregate SPNs to

vield exact equilibrium distributions.

Chapter 6 contains conclusions and some ideas for further research, arising

from the work presented in this thesis.

vi
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Chapter 1

Introduction

A Petri Net (PN) is a graph model, designed to include the analysis of systems
which exhibit concurrent and conflicting behaviour. As a graphical tool, PNs share
the same task as a flow chart, block diagram or network. In addition, tokens are
used to simulate the dynamic and concurrent activities in the model.

Historically, the basic concepts of PN theory were developed from the work of
Carl Adam Petri [80], in his doctoral dissertation. Further developments of the
theory came from a report by Holt and Commoner [44], in which it was shown
how PNs could be applied to the modelling and analysis of systems of concurrent
components.

Formally, a PN is a bipartite directed graph, which can be defined by the

following five-tuple,

N = (P,T,1,0,m,).!

P = {p1,-..,pr}, r = |P|, is a finite set of places, represented by circles, and
T = {t1,...,t,}, s = |T|, is a finite set of transitions, represented by bars. The
directed arcs, connect places to transitions and transitions to places. The input
function, I: 7 — Z7, is a mapping from a transition ¢t € 7 to its input bag I(¢),
which is an 7 x 1 column vector, giving the input places (including multiplicity)
of transition t. The output function, O : 7T — Z’, is a mapping from a transition

t to its output bag O(t), which is an r X 1 column vector, giving the output

INote that boldface characters will be used at all times to represent vectors, components of a
vector will be in normal type.



places (including multiplicity) of ¢ . These represent the pre- and post- conditions
respectively. The use of bags, rather than sets, allows a place to be a multiple
input or multiple output, (for a brief discussion on bag theory see Peterson [79]).

A marking, m, is an r X 1 column vector, which assigns to each place a non-
negative integer. For example, the ith component, m(:), is the number of tokens
in place p; € P. The initial marking, mg, represents the initial token distribution.

In the modelling of PNs, it is often useful to identify places with conditions
and to identify the firing of transitions with events. Before a transition can fire,

or an event can occur, a pre-condition must be satisfied and is given by,
(m—1(¢)) > 0.

That is, for every input place into a transition, there must be at least as many
tokens in it, as there are arcs from the place to the transition. When this condi-
tion is satisfied, the transition is said to be enabled and may then fire. When a
transition fires, tokens are removed from its input places and deposited in its out-
put places, one token for each arc. This is executed instantaneously for PNs and
executed in two phases for time extended PNs. In the first phase, the transition
becomes enabled and waits for a period of time, until it fires (if it still can). In the
second phase the transition starts firing, thereby removing tokens from it’s input
places. At the end of the firing time, the tokens are deposited into it’s output
places.

The state of the PN is defined by its marking. When a transition fires, there
is a change in the token distribution and therefore in the marking of the net. The
result of firing a transition, from a marking m, is a new marking m'. Successive
firings of the enabled transitions in the PN, result in a set of markings, M, which
are connected through the firing sequence. The state space of the PN is called a
reachability tree/graph.

The analysis of PNs, has revolved around checking correctness, and observing

the behaviour, of the system modelled by the PN. Consequently, a variety of
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behavioural and structural properties have been observed, which have therefore
induced the creation of several analysis techniques. In Chapter 2, we give a sample
of the types of properties analysed and the techniques used to verify them.

The concept of time was not explicitly given in the original definition of PNs
(see Petri [80]). When timing was introduced, it was in the form of time delays,
associated with either the firing of the transitions, or the time spent by the tokens
in the places of the net. If the time delays are given deterministically, the nets
are commonly known as timed PNs and if they are given probabilistically, they
are known as Stochastic PNs (SPNs).

With the advent of time-extended PNs, analysts in the field have turned their
attention to the performance evaluation of the system being modelled by the time-
extended PN. We continue with the same theme in this thesis, and aim to find
the equilibrium distribution of SPNs in exact form. Conventional methods have
relied on analysing the underlying Markov process, however, there are inherent
difficulties in attempting to find the equilibrium distribution in this way, and
so alternative methods are required. The techniques we present, for finding the
equilibrium distribution in exact form, avoid some of these stumbling blocks.

There are two problems that make solving the global balance equations un-
suitable. Firstly, using any firing time other than the negative exponentially dis-
tributed firing time, causes the underlying process to lose it’s Markovian nature.
Secondly, the number of markings in the Markov process, grows exponentially
with the number of tokens and places in the net.

Obviously, the first problem does not arise if no other firing time distribution
but the negative exponential distribution is used in the model. However, if reality
is to be modelled accurately, this is a harsh restriction. In Sections 2.3, 2.4 and
2.5, we give a survey, from the literature, of the types of models that incorporate
generally distributed firing times (we include deterministic firing times in this

class) and the type of restrictions imposed to ensure that a solution can be easily



extracted. In Chapter 4, we introduce the theory of “insensitivity” in generalised
semi-Markov processes and apply this theory to SPNs. In brief, the concept of
insensitivity is that the governing distributions in the process, may be replaced
by other distributions, each with the same mean, without altering the equilibrium
distribution of the process. Therefore, the difficulties associated with the general
distributions can be reduced to a relatively simple problem, involving only neg-
ative exponential distributions, or other convenient distributions, with the same
means.

Further extensions to the theory of insensitivity, by Rumsewicz and Hender-
son [87] discussed in Section 4.5, create the foundations for some new results
presented in the remainder of Chapter 4. In Section 4.6, we present the theory
on transition merging. In Section 4.7, we consider marking amalgamation of the
underlying process and provide conditions for which we are able to extract exact
marginal distributions for the original SPN. The procedure is to amalgamate the
markings of the process, so that the resultant process is insensitive to its generally
distributed firing times. In Section 4.8 an extension to the theory of insensitivity
is given, which allows a set of generally distributed firing times to be enabled
simultaneously.

The marking amalgamation procedure outlined above, reduces the number of
markings and therefore the size of the process that must be analysed. In Chapter
3, we present a solution technique which also reduces the effect of the marking
explosion problem. Note that the marking explosion problem is not unique to
SPNs. A similar problem in networks of queues lead researchers in the field, to
look for a method of finding the equilibrium distribution, which did not require
the analysis of the state space. The result was what is called the product form
solution. Standard assumptions in queueing theory are, that customers arrive
and are routed through the network in a manner which may depend on the state,

but not on the routeing of other customers. In a SPN this is not true, as the



tokens move around in batches and the routeing of individual tokens is correlated.
Consequently, the theory on product form solutions for queueing networks has
not been applicable to SPNs. In Chapter 3, we adapt the work of Henderson and
Taylor [41], who incorporate batch movement and correlated routeing into their
queueing network. In doing this we achieve an extended product form solution for
SPNs. The central feature of this technique, is to consider the transitions of the
SPN to be the states of a Markov chain, called the routeing process. This is an
obvious advantage, since the number of transitions in the net will, almost always,
be fewer in number than the markings of the net.

In Chapter 5, we present another technique which reduces the effect of the
marking explosion problem, by aggregating and disaggregating the subnets of the
SPN, using the results of Chapter 4. The aim of this technique, is to amalgamate
subnets of the SPN, so that the remaining “skeleton” net is insensitive to the time
spent in the subnets. Once this is established, the exact marginal distribution
for the original net can be obtained. We then use the results of insensitivity
theory, to disaggregate the subnets, and obtain the equilibrium distribution for
the original net in exact form. The benefit of this approach, is that the size of
the marking process has been reduced considerably, either when extracting the
marginal distribution using the skeleton net, or when disaggregating to find the

equilibrium distribution for the original net.



Chapter 2

An Introduction to Petri Nets, Timed
Petri Nets and Stochastic Petri Nets

PNs have no time associated with an activity in the model and are therefore not
relevant in analysing time dependent performance measures, such as an equilib-
rium distribution. As was stated in the introduction, it is the focus of this thesis
to extract such time dependent behaviour. For this reason we do not dwell on
the explanation and use of PNs, rather we give a brief overview, and direct those
readers who may be interested to a list of references given below. The extension
of time in PNs will be addressed later in this chapter.

From 1970 to 1975 the Computation Structure Group from M.LT. produced
many reports and theses on PNs. The first book concerned with PNs was written
by J.L. Peterson [79] in 1980, a second book was written by W. Reisig [86] in
1984. These two books contain references for most of the PN related works up to
and including 1984.

Since then there have been numerous workshops and conferences devoted to
PNs and time extended PNs. The proceedings are mostly limited to the conference
participants, however, some selected papers and other articles have been published
in Advances in Petri Nets. The 1987 volume contains the most comprehensive
bibliography of papers concerned with PNs and time extended PNs, from 1962
to 1987. For an updated bibliography on where to find further publications see

Murata [76].

A series of international conferences concerned mainly with timed and Stochas-



tic PNs began in 1985 and have since been held biennially. Each of these work-
shops is accompanied by proceedings; all three are available from the IEEE Com-
puter Society Press.

In the next section, we discuss the types of properties searched for in PNs.
Since we are interested in the performance analysis of time extended PNs, this
section will give a brief summary. For further information we suggest Peterson

[79], Reisig [86] or Murata [76], amongst others.

2.1 The Behavioural and Structural Properties
of Petri Nets

As mentioned in Chapter 1, PNs were initially proposed as a tool for checking cor-
rectness and observing behaviour in parallel systems. This lead to a classification
of the type of behavioural and structural properties observed and therefore some
methods of analysis. In this section, we list the properties, provide a motivation
for their analysis and briefly summarise the techniques used to study them.

The distinction between the two types of property, behavioural and structural,
lies in the dependence on the initial marking. Those properties which depend on
the initial marking are classified as behavioural properties and those which do not,

are classified as structural properties. We begin by discussing the behavioural

properties.

2.1.1 Behavioural Properties

One of the most basic analysis problems for PNs is to determine which markings
are reachable from either the initial marking or any other marking in the reach-

ability tree. First define, for a PN, N, R(N, m) to be a set of all the markings

that are reachable from m.
Definition 2.1: Immediately Reachable

If there exists a transition, t, enabled by a marking, m, which when fired creates



a new marking, m' = m — I(t) + O(t), then these markings are said to be imme-
diately reachable.
Definition 2.2: Reachability

Given a PN, N, and markings m; and m;, m; is said to be reachable from m; if
m; € R(N,m;).

Note that the reachability relationship is the reflexive, transitive closure of the
immediately reachable relationship. Many of the other properties can be stated
in terms of the reachability problem. For example, reachability analysis can be
used to detect deadlock.

Definition 2.3: Deadlock

Deadlock in a PN, is a marking in which no transition can fire, halting the execu-
tion of the PN. This is of interest, for example, in resource allocation where any
sequence of allocation resulting in deadlock can be identified and then eliminated.
Another problem related to the reachability problem is the coverability problem.
Definition 2.4: Coverability

Given a PN, N, with initial marking mo and marking m; € R(N, mo), then m;
1s said to be coverable if there is a reachable marking m ; € R(N,mg), m; # m;,,
such that m; > m;. The coverability problem is referred to later when we turn
our attention to analysing the behavioural properties of PNs.

Definition 2.5: Conservative

A PN, N, with initial marking my is conservative, if, Ym; € R(N, my),

Y mj(pi) = Y mo(pi).

pi€P pi€P
Definition 2.6: Boundedness
Boundedness is the property whereby each place in the PN cannot contain more
than a predefined upper bound of tokens. For example, if the upper bound is
defined by an integer k, then m(p) < k, Vp € P and Vm € R(N,m,). The PN

is termed k-bounded in this case. If k = 1 the PN is said to be safe. Places
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in PNs are often used to represent buffers and registers for storing intermediate
data. By verifying boundedness, it is guaranteed that there will be no overflow in
the buffers or registers.

Definition 2.7: Liveness

Liveness implies a complete absence of deadlock in the model. It is, however, a
stronger property and is defined as follows. A transition, ¢, is potentially fireable
in a marking, m, if there exists a marking, m' € R(IN, m), such that ¢ is enabled
in m’. A transition is live in a marking, m, if it is potentially fireable in every
marking in R(V, m). A PN is live, if every transition is live in the initial marking,
my.

Definition 2.8: Persistence

A persistent PN is one in which a transition, once enabled, will remain enabled
until fired. A set of conflicting transitions behave in exactly the opposite way.
When one of the members in the conflict set fires, it disables the remaining tran-
sitions which must be re-enabled in order to compete for firing once again. A
conflict free net is persistent.

Definition 2.9: Recoverability

A recoverable PN will return to the initial marking or some home state eventually.
This property is called reversibility in the literature, however we shall reserve the

term reversibility for an idea discussed further in Section 4.4.

2.1.2 Analysing the Behavioural Properties

The methods of analysing these behavioural properties are well documented (see
Peterson [79], Reisig [86] and Murata [76]) and have been classified into three
groups. These are the coverability tree method, the matrix equation approach
and the reduction technique. We shall proceed by briefly explaining how each
technique is performed.

If the PN is unbounded, that is any number of tokens may be found in some

place, the reachability graph will grow infinitely large. The coverability tree ap-
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proach is used to keep the tree finite in size, by employing an algorithm which
alters markings by introducing a symbol, w, into the first marking that is cov-
erable by another marking. The alteration is made in the following way: If m;
is coverable by m;, then replace mj(p) by a symbol w, for each place, p, such
that m;(p) > m;(p). If such an altered marking is revisited, that branch does
not have to be checked for coverability again. Figure 2.2 is the coverability tree
of the unbounded PN given in Figure 2.1. The initial marking is (1,0,0). If ¢,
fires first, a token is removed from p; and a token is deposited in both p; and ps,
creating marking (0,1,1) as indicated on the coverability tree. If {3 then fires, a
token will be removed from p; and p3 and a token will be deposited in p3, creat-
ing marking (0,0,1) and so creating a deadlock. Suppose now that t; fires first,
creating marking (1,1,0). From this marking, ¢; can fire again creating (1,2,0).
Since (1,2,0) covers (1,1,0) we alter the marking by replacing the entry for m(2)
by the symbol w. That is, the first marking in that branch becomes (1,w,0) as
indicated on the coverability tree. The search down that branch is now complete.
A similar argument holds if t, fires after ¢;, creating the other branch on the left
hand side. The disadvantages of this method are that it is a time consuming
operation and information is invariably lost due to the lumping of the markings.
Murata [76] notes that since some information has been lost, only a subclass of
the behavioural properties of the PN may be analysed. The reachability problem
and liveness problem cannot be solved by this method alone.

A second approach is based on the matrix equations which govern the dynamic
behaviour of the PN. Consider a PN, N, with s transitions and r places. The

incidence matrix, A, is an s X r matrix of integers with entries given by,

where, a}s- is the number of output arcs from t; to p; (which may be interpreted as
the number of tokens deposited in p; after ¢; fires), and aj; is the number of input

arcs to t; from p; (which may be interpreted as the number of tokens removed
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Figure 2.1: A SPN to illustrate the coverability tree approach.



(1,0,0)

(1,,0) (0,1,1)

(1,0,0) (0,m,1) (0,0,1)

(0,0,1)

Figure 2.2: The coverability tree of the SPN in Figure 2.1.



from p; when t; fires). a;; can therefore be interpreted as the total change in the
number of tokens in p; when ¢; fires. Convention in the PN literature has AT as the
incidence matrix. However, Murata [76] points out that incidence matrices are also
defined for directed graphs, but unfortunately the directed graph incidence matrix
corresponds to A rather than A7. In a small attempt to encourage consistency in
the operations research literature we shall use the same notation.

Transition ¢; is enabled in marking m, iff,
a; <m(p;), 1<5<r.

This is an expression of the pre-condition for firing ¢;. Define u,, an s x 1 column
vector, to be the nth firing vector, indicating which transition fires at the nth
firing in a firing sequence o. A one, in the ith position, indicates that ¢; fires at
the nth firing. The remaining entries are equal to zero. Assume that the nth
firing is feasible, then, from Murata [76], the state equation for N may be written
as,

m, =m,_; + ATu,, n=1,2... (2.1)
where m,, is an r x 1 column vector.

Additional results follow directly from Equation (2.1). For example,

m, =mo+ AT Y uy, (2.2)
k=1

which says that marking i, is reachable from mg through a firing sequence
{uy,u,,...,u,}.

A non-negative integer solution, x # 0, of the equation,
ATx = 0,

1s called a T-invariant. For recoverable PNs, the T-invariant indicates how often,
starting from some marking, each transition has to fire to reproduce that marking.

A non-negative integer solution, y # 0, of the equation,
Ay =0,

11



is called an S-invariant. It is a weighting factor, such that the inner product of
the S-invariant and any marking in the reachability graph, is a constant.

To gain insight into these invariants consider Equation (2.2). Let x = zn: uk:
X is an § X 1 column vector of non-negative integers and is commonly calll:d1 the
firing count vector. The zth entry denotes the number of times that ¢; must fire

to transform mg into m,. With this substitution Equation (2.2) becomes,
m, = mo+ ATx. (2.3)
Therefore, a T-invariant, x, with A7x = 0, implies that Equation (2.3) becomes,
m, = m,,

which is consistent with the definition of a T-invariant given earlier.
Now consider the inner product of m,, from Equation (2.3), and an S-invariant
Y,

m’y = mJly + xT Ay. (2.4)

Therefore, an S-invariant y, with Ay = 0, implies that Equation (2.3) becomes,
mZy = mgy = constant.

Implying that the net is conservative with respect to the weighting factor y.

This method is limited because of the non-deterministic nature of PNs, and
because the solutions must be found as non-negative integers. a?;- and q;; do not
cater for probabilistic routeing in the PN, therefore we are restricted to determin-
istic PNs when using this technique. In Section 3.3 we suggest a technique which
overcomes this problem.

A third technique is called the reduction technique as it physically reduces
the PN. To aid in the analysis of a large system, it is often possible to reduce
the model to a simpler one. For example, an implicit place is one whose addition

to (or elimination from) the net does not modify the firing sequence. Note that

an implicit place has also been called a redundant place in the PN literature. A
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modified net can be obtained by removing such a place along with it’s input and
output arcs. We use the definition of an implicit place from Silva and Colom [92].
Definition 2.10: Implicit Place

A place, p;, is an implicit place of a PN, N, with initial marking myg, if there exists
an r X 1 vector, y, of positive rationals (y # 0) and a rational, x, such that for

any m € R(N, mg):
L m(p) >mTy + 4, |lyll € P\ {p}.
2. Yty € T, Vp; € P\ {p:i}, m(p;) 2 a;; = m(pi) > ay.

llyll = {p | y(p) > 0} and |]y|| is the set of implying places. The second part of
condition 1 implies that y(p;) = 0. Note that this definition can include p; as an
implicit place if it is a sole input place to some transition. This is contrary to the
idea that the removal, or addition, of p; should not effect the firing sequence of
the PN. For this reason we exclude any places that are sole input places for any
transitions.

To aid in the understanding of this definition we give our interpretation. If
m(p;) > mTy, V. m € R(N,my), then let u = 0 and Condition 1 is satisfied. If

m(p;) < mTy, for some m € R(N, my), then let,

—u —meR(Nmo) {m iYa — m(p')}

and Condition 1 is satisfied. If the supremum does not exist, we cannot find u
given our choice of y to satisfy Condition 1 and therefore p; is not implicit. This
is a technical condition ensuring that if the weighted number of tokens in the
implying places is unbounded, the difference between the number of tokens in the
implicit place and the implying places is bounded.

Condition 2 is an instructive condition. For every marking it asks the question,
“for every transition t, does place p; obey the pre-condition for firing, given that

another place satisfies the pre-condition for firing ?”. If p; does, then it is an

implicit place.
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Alternative reduction techniques involve fusion of a series of places, fusion of
a series of transitions, fusion of parallel places and fusion of parallel transitions.
For further information on these methods refer to Berthelot, Roucairol and Valk
[10], Berthelot [9], Johnsonbaugh and Murata [48] and Chu [22]. Reduction is
particularly relevant in SPNs, and so we apply the technique to the examples in

Chapter 3.

2.1.3 Structural Properties

The invariants discussed in the last section have been shown to be powerful tools
for studying, not only the behavioural, but also the structural properties of PNs
(see Reisig [86] and Murata [76]). The structural properties of a PN are those
that depend on the topological structure and not on any initial token distribution.
Consequently they are functions of only the incidence matrix, A, which contains
the information on the multiplicity of the input and output arcs of the PN. These
properties are listed below with their corresponding methods of analysis.
Definition 2.11: Structurally Live

A PN is structurally live, if there exists a live initial marking. This is a difficult
property to check for general PNs. However, it can be shown that a subclass of
PNs, namely the marked graph, is structurally live (see Murata [76] for details).
Definition 2.12: Completely Controllable

A PN is completely controllable, if any marking is reachable from any other. If
a PN is completely controllable then Rank(A4) = r. For the proof of this result
refer to Murata [76]. This property is independent of the initial marking, whereas,
the property of recoverability is not. Consequently, completely controllable is a
stronger property.

Definition 2.13: Structurally Bounded

A PN is structurally bounded, if for an arbitrary finite initial marking, m,, the
PN is bounded. If there exists an r x 1 column vector, y > 0, of integers such that

Ay < 0, then from Equation (2.4) mYy < mly. Therefore m(p), the number of
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tokens in place p is bounded by,

where y(p) is the pth entry of y, V p € P.

Definition 2.14: Repetitive

If there exists an initial marking my, and a firing sequence from my where every
transition fires infinitely often, the PN is repetitive. An equivalent result is that
there exists an s x 1 integer column vector, x > 0, such that A7x > 0. If we
substitute ATx > 0 into Equation (2.3), then there exist markings, mg and m,,
such that, m, —mg > 0, that is m, > m,. Therefore, given that there are enough
tokens in my (and therefore m,), so that the tokens will not be exhausted during
the firing sequence, every transition can fire infinitely often in the firing sequence.
Repetitive is a stronger property than coverability since it is independent of the
reachability graph, whereas coverability is not.

Definition 2.15: Consistent

If there exists an initial marking mo, and a firing sequence which connects my
back to myg, such that every transition fires at least once, the PN is said to be
consistent. An equivalent result is that there exists an s x 1 integer column vector,
x > 0, such that ATx = 0. Applying the same argument as above, substitution
into Equation (2.3) yields m, — mo = 0. Therefore, given that there are enough
tokens in my, the firing sequence can be executed. Note that if the net is consistent
with this initial marking then it will also be recoverable.

Definition 2.16: Structurally Implicit

A place, p, is a structurally implicit place, if there exists an r x 1 vector, y > 0,

where ||y||, given in Definition 2.10, obeys ||ly|| € P \ {p:}, such that,
Ay < A(p),

where A(p) is the column of the incidence matrix corresponding to place p. Ay

gives the total weighted change in the number of tokens in the implying places.
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A(p) gives the total change in the number of tokens in p. Therefore, the condition
requires that more tokens are deposited into place p, than the implying places,
and less tokens are removed from p, than the implying places.

Note that it is possible to make a structurally implicit place, p, implicit. This
is achieved by adding tokens to p in the initial marking my, so that p is implicit

in the new initial marking.

2.2 Subclasses of PNs

Some subclasses of PNs include:

1. State machines: A state machine is a PN such that each transition has
exactly one input and one output place. This is analogous to a queueing

network.

2. Marked Graphs: A marked graph is a PN such that each place has exactly

one input transition and exactly one output transition.

3. Free Choice PNs: In a free choice net any conflict situation must involve

only one place.

4. Simple PNs: A simple PN requires that each transition has at most one

input place that is shared with another transition. (For details see Murata

[76]).
2.3 Time Extended Models

A summary of PNs with deterministic delays and related works follows in Section
2.4. A summary of SPNs follows in Section 2.5 (for a review on both types of
net see Wong and Henderson {100} and Marsan [60]). Although timed PNs can
be treated as SPNs, with degenerate probability distributions, there are conflict

problems which arise with deterministic delays that require special consideration.
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Consequently, although there are sections of this thesis in which SPNs can have
deterministic delays, we will treat them separately in the following sections.

As mentioned in Chapter 1, the firing delays may be associated with either
the transitions or the places in the PN. In the following section, we separate the

two types of time-extended PNs and discuss them individually.

2.4 Deterministic Delays

2.4.1 Timed Transitions

One of the first works to involve time delays in PNs can be attributed to Ram-
chandani [81]. The model required that the transitions had to wait a deterministic
length of time between becoming enabled and firing. This is called a Timed PN
(TdPN).

Another model of importance, first introduced by Merlin [68] and later used by
Merlin [69] and Merlin and Farber ([70], [71]), called a Time PN (TPN) introduced
a firing interval associated with each transition. The conditions for enablement
remained unchanged from the classical structure, however the firing had to occur
somewhere in the interval [tmin, tmax], 2 minimum and maximum time, beginning
from the moment the transition was enabled. In both the first and second model,
the firing of a transition is instantaneous, that is, the tokens are removed from all
of the input places and are then deposited immediately into their output places.
Recently, Menasche [67] noted that a TPN can be considered a generalisation of
a TdPN.

A variation is presented in Razouk [83]. In this model transitions are allocated
two times, an enabling time, t., and a firing time, t;. The transition waits for a
time . after it is first enabled, before it begins firing, at which point it absorbs the
tokens from its input places. The tokens remain absorbed, while the transition
continues to fire for a period ¢;. After the transition finishes firing, tokens are

deposited into its output places. This model differs from the first two because
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tokens disappear for a period of time, and because two times, t. and t;, are
required to execute the firing process.

Since groups of transitions can become enabled and fire concurrently, when
using deterministic lifetimes, the following authors address the issues involved in
analysing models with conflicting transitions.

Zuberek [102], assigns a probability of firing to every transition in a conflict
set, with these probabilities summing to one. The firing time is restricted to
be a non-negative integer and the nets are restricted to be safe and free-choice.
This ensures, that among any set of conflicting transitions, either all or none are
enabled, and firing one disables the firing of all other transitions in the set. No
subset of a set of conflicting transitions can be enabled in any marking. The
disabled transitions follow the pre-emptive repeat discipline.

In the paper described above, and then later in ({103],[104],[105),{106]), Zu-
berek introduces an extension called escape arcs. They are represented by an
arc, from a place to a transition, with a black circle on the end connected to
the transition, rather than an arrowhead. The escape arcs remove a token, from
the place connected to the escape arc, but no tokens from these input places are
deposited into the transitions output places. These arcs can be used to model
timeout, without having to interrupt a transitions firing time, a property required
in a realistic timeout.

Zuberek’s use of time, assumes that when a transition is enabled it starts firing
by absorbing its input tokens. The tokens remain absorbed until the end of the
firing time, at which point they are released and deposited into the output places.
Since the firing time is deterministic, the underlying process is not memoryless and
therefore not Markovian. In order to make the equilibrium solution tractable, it is
necessary to record the history of the transition firings, in other words, record the
residual lifetimes of the transitions. Zuberek follows the traditional “supplemen-

tary variable” technique, by supplementing the state description with a vector of
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residual lifetimes, and so creates a discrete time Markov chain with an extended,
but finite, state space.

To aid in evaluating the performance of a model, Zuberek then creates a re-
duced state space, retaining the original supplemented states only if they are
connected to more than one state in the state space. The remaining states are
aggregated, and the time delays taken to traverse these aggregates is evaluated
by adding the time delays for each state within the aggregate. The reduced state
space 1s then used to measure throughput and resource allocation.

Razouk [83] and Razouk and Phelps [84], introduce a different version of time-
extended PNs by incorporating Merlin’s ¢y, time as an enabling time. This way a
transition in the net must remain enabled, for a period of time, before it can fire.
The enabling time is also restricted to be a non-negative integer. The transition
then follows the same firing rules as in Zuberek’s model. The firing time is also
restricted to be a non-negative integer. With the introduction of enabling times,
they include a vector of residual enabling lifetimes as well as the vector of residual
firing times, to the state description, in order to create a finite state, discrete time,
Markov chain. They relax the free-choice restriction but retain the restriction that
conflicting transitions be mutually disabling. They refer to each set of conflicting
transitions as a conflict set, defined in the following way: Every t; belongs to

exactly one conflict set, C, such that,

C = {t;] 1(t:) (" I(t,) # 0}.

With each transition ¢; in the conflict set, let f; be the firing frequency. The next
marking probabilities are evaluated by working out the probability of the first

transition to fire. Transition t; fires first, and so defines the next marking, with

probability given by,
fi
gn U

jlt; fireable in C

Holliday and Vernon [43] relax all net restrictions, except, that the state space
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be finite and call their model a generalised timed PN (GTPN). As opposed to
Zuberek and Razouk and Phelps, who allow only non-negative integer valued firing
times, this model allows non-negative real valued firing times. They introduce a

generalised conflict set, which is the transitive closure of the following relation

defined on 7,
t; conflicts with ¢; iff I(¢;)N1(¢;) # 0.

Note, that by including the transitive closure, this definition generalises the defi-
nition of the conflict sets in Razouk and Phelps. They identify a set of transitions,
called a local maximal, in the generalised conflict set, which when fired, disables
the remaining transitions in the set. They define the probability of such a set, s;,

firing, as

Comb(s;) H S

N — k|tx€ai
Pls:) Y Comb(s;)x ] fu’ (

9, n|tp€s,

Q]
ot
~—

where Comb(s;) is the number of ways tokens may be removed from the input

places. The next state probability, is then simply the product of all the probabil-
ities of local maximals, s, selected to fire,

II PG

s, selected

With this model the authors compute performance estimates. They note, that
the times at which state changes occur, form an embedded, discrete time Markov
chain. They then proceed, by aggregating the states, to form a reduced state
space, as do Zuberek and Razouk and Phelps, and from there find performance
estimates of the reduced state space.

In Woo, Phelps and Sidwell [101], the conflict resolution probabilities are de-
termined using simple random sampling without replacement. They call the next
marking the outcome, and a transition firing an event. For example, consider the
conflict situation portrayed in Figure 2.3. They show how to find the probabili-

ties for the outcomes, consisting of the events such as {t;,t,} and {t;,#;}. They
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Figure 2.3: An example of conflict.



evaluate these probabilities, using simple random sampling, where the sample is
considered to be an ordered sequence of transition firings. If each sample consists
of one outcome, the probability model is termed simple. Strictly, simple random
sampling describes a probability model that gives equal probability to all of its
ordered samples. Woo, Phelps and Sidwell [101], deviate slightly by defining the
probabilities on the discrete events comprising the sample space, rather than on
the samples. A sample’s probability is therefore determined by the product of
it’s discrete events’ probabilities. An outcome probability is then the sum of the
probabilities of the samples that comprise the outcome. Say, we wish to evaluate
the probability of the sequence of transition firings {t;,¢,}. Since each event is

equally likely,

P({t1,t2}) = P({t1,t2}) + P({t2,t:}) =

N —
] =
N =

Also,

N
N

P({tl’tl}) =
2.4.2 Timed Places

Sifakis [91], first proposed a PN model whereby a delay is associated with each
place. This model is called a Timed Place Transition Net (TPTN). When a
token is deposited in a place, it stays there for a duration of time, after which it
becomes available and is allowed to participate in the enabling of a transition. The

transitions have no delays associated with firing and therefore fire instantaneously

as in the classical PN model.

2.5 Stochastic Petri Nets

In this section, we will consider SPNs where the firing time of a transition is a
random variable drawn from a continuous distribution. In these nets, the conflict
problems which arise, take on different aspects from those of TPNs. Within a con-

flict set, transitions can be pre-empted by the removal of all or part of its input
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bag. Most authors assume that when the pre-empted transition is again enabled,
the new lifetime is drawn from the same distribution (pre-emptive repeat differ-
ent). Other possible choices are to restart with the same lifetime (pre-emptive
repeat identical) or to restart the lifetime from where it was pre-empted (pre-
emptive resume). The overall effect, is that the lifetimes themselves dictate which
transitions will fire. Marsan, Balbo, Bobbio, Chiola, Conte and Cumani ([61],
[62]), describe these policies and their impact on modelling. We will give an

account of their papers, in more detail, in Section 2.5.1.

2.5.1 Timed Transitions

Molloy [73] initiated the study of performance evaluation in SPNs with negative
exponential distributions, by noting that these SPNs are isomorphic to homo-
geneous Markov chains. The key factors. allowing the isomorphism to be con-
structed, are the countability of the markings and the memoryless property of
the negative exponential distributions. That is, if a transition fires to change the
marking, the distribution of time remaining on the other enabled transitions’ life-
times is the same as if they were first enabled. It is therefore possible to apply
the standard techniques in Markov chains. As a precursor to Chapter 4, where
we examine the global balance equations for insensitivity. the following example
illustrates how to find the equilibrium distribution of the SPN given in Figure 2.4.
Example 2.1

The markings in the reachability graph are,

m; = {1.0.0,0,0},
m, = {0.1,1,00),
m3 = {0,1,0,0,1},
my = {0,0,1,1,0},
m; = {0,0,0,1,1}.



& ja
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Figure 2.4: A simple SPN representing concurrent activities.



Let transitions ¢; fire with rate A;, for 1 < ¢ < 4, where /\,-—1 1s the mean of the neg-
ative exponential distribution. The equilibrium distribution, is found by solving
the set of global balance equations given below, where 7(m;) is the equilibrium

probability of being in state m,;.

a(n)A; = m(ms)As. (2.6)
n(my) (A2 + As) = m(my)A;. (2.7)
n(ms); = w(ms)As. (2.8)
7(mg)ds = (my) ;. (2.9)
7(ms)Ag = 7(m3)A; + 1(my)As. (2.10)

S

Zw(m;): 1. (2.11)

=1

The solution to these equations is given by,

(ma) = w{mi) =2, (2.12)
(ma) = r(ama) 2R (2.13)
r(m,) = n(ml)—g(j;i—QAa), (2.14)
r(ms) = m(my) 2L (2.15)

Aq’
subject to Equation (2.11). Using the equilibrium distribution, the throughput or
average delay (using Little’s result) can be evaluated.

Even though we stress the use of time extended PNs in this thesis, one must
recognise the usefulness of classical PNs in the modelling of interactions between
activities, which are of a logical nature and which do not consume time. The tran-
sitions which fire in zero time are called immediate transitions and therefore must
have a higher priority than timed transitions. Nets which have both immediate
transitions and transitions which fire according to negative exponential distribu-
tions, are called Generalised SPNs (GSPNs) and are discussed in Marsan, Conte

and Balbo [65]. As with deterministically timed transitions, in Section 2.4.1, it is
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necessary to have some way of resolving conflict among a set of concurrently en-
abled immediate transitions. This is achieved, by what is called a random switch
in Marsan, Conte and Balbo [65]. The random switch is defined on the set of
immediate transitions and an associated probability distribution. The definition
of a random switch is dependent on the marking, therefore, the reachability graph
of the GSPN must be constructed before it can be assigned. Such an assignment
depends on the local and already identified behaviour of the model, and so a for-
mal definition of a random switch is not possible, but is illustrated by the use
of examples in Marsan, Conte and Balbo [65]. Marsan, Balbo, Chiola and Conte
[63], identify a class of GSPNs in which the random switch can be defined at the
net level, implying that the reachability graph does not have to be constructed.
This is achieved by using a priority structure, for the immediate transitions, by
assigning weights, w;, to each transition, t;, in the set of simultaneously enabled
immediate transitions, C. Following Razouk [83] and Razouk and Phelps [84], the

probability that ¢, fires in this set, C, is then given by,

wy
> w

i, eC
Again, these weights depend on the local behaviour of the model. If a mixture of
immediate and negative exponentially distributed transitions are enabled concur-
rently, the immediate transition, chosen by the random switch, will take priority.
If a set of negative exponentially distributed transitions are enabled concurrently,

the first to fire will be given by the probability,

2N

k
where, A; is the firing rate of transition ¢;, and the sum in the denominator is
taken over all the enabled transitions.
The evaluation of equilibrium probabilities, for the markings in the GSPN,

1s not as straight forward as the approach given in Example 2.1. This becomes
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clear, if we note that the reachability set of a GSPN is a subset of the reachability
set of the associated PN. The reason, is due to the firing priority introduced
with the immediate transitions, resulting in not all of the states being reachablé.
Marsan, Conte and Balbo [65] call markings that enable negative exponentially
distributed transitions, tangible markings, and markings which enable immediate
transitions, vanishing markings. The approach taken, is to make use of the one
to one correspondence between the GSPN markings and the states in a stochastic
point process. Further, a stationary embedded Markov chain is recognised within
the stochastic point process. The analysis of the embedded Markov chain allows
the evaluation of the equilibrium probabilities of the GSPN markings.

An obvious extension to introduce now, is to mix different types of firing
distributions in the net in order to increase modelling power.

Natkin [77] and Bertoni and Torelli [11], were the first authors to move in this
direction. They restrict the SPN structure to be a semi-Markov process (to be
discussed in Section 4.1). Although this approach is appropriate in some cases, it
fails when parallel activities need to be modelled, because of the lack of memory
necessary after every generally distributed firing time ends.

As mentioned at the start of this section, the Markovian analysis performed
on SPNs requires the memoryless property. Only negative exponential and the
discrete time analogue, the geometric distribution, have this property. As a new
marking is entered, the geometric distribution has the property that the probabil-
ity that a particular enabled transition will fire, in the next discrete time interval,
is the same after any multiple of that interval. Results concerning the combination
of deterministic transitions, with geometrically timed PNs, have been reported by
Molloy [74] and Holliday and Vernon [43].

In Molloy [74], the deterministic firing times are restricted to be non-zero
multiples of some unit time step, and all the conflicting transitions which fire

with deterministic delays, must have equal probability of firing. In the paper by
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Holliday and Vernon [43], discussed in Section 2.4.1, we noted that the GTPN
allowed firing times to be any non-negative real value. This implies that the
GTPN can represent geometric holding times, thus bridging the gap between the
TPN and SPN models.

In Bobbio and Cumani [12], probabilistic branching (through the use of im-
mediate transitions) and general distributions, are mixed in the SPN. However,
the general distributions cause the resulting associated stochastic process to be
no longer Markovian. They use phase type distributions (refer to Section 4.2.2
for details) to approximate these general distributions. After expanding the state
space, with the appropriate SPN representation of the phase type distribution,
a continuous time, discrete state, homogeneous Markov process is constructed,
which can then be analysed in the usual way.

Dugan, Geist, Nicola and Trivedi [28], introduce more generality for modelling,
by classifying a type of SPN which includes general distributions and negative ex-
ponential distributions. They add inhibitor arcs to the PN structure and introduce
probabilistic branching. An inhibitor arc, from a place to a transition, has a small
circle, rather than an arrowhead, connected to the transition. The firing rule is
changed in the following way. A transition is enabled when tokens are present
in all of its (normal) input places and no tokens are present in the inhibiting in-
put places. When a transition fires, the tokens are removed from all the normal
(without inhibitor arcs) input places and deposited in the output places as usual,
with the number of tokens in the inhibiting input place remaining zero. A proba-
bilistic arc, from a transition to a set of output places, deposits a token in one of
the places in the set. The choice of which place receives the token is determined
by the probabilities assigned to each arc. The net is called an Extended SPN
(ESPN). The structure of the ESPN is restricted to be of the following form:

1. The firing time of transitions, which are enabled concurrently, must be ex-

ponentially distributed.
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2. The firing time of an exclusive transition (that is, no other transition is

enabled at the same time) may be generally distributed.

3. A transition in conflict (that is when the firing of a transition disables the
firing of all others) may be generally distributed. It is assumed that the
transition, when re-enabled, has a firing time independent of, but identically

distributed to, the pre-empted firing time.

Dugan, Geist, Nicola and Trivedi [28] also consider marking amalgamation
for ESPNs, where at most one generally distributed transition is enabled in any
marking, and where each marking is visited only once. They suggest the amal-
gamation procedure, of combining all markings which have a common generally
distributed transition enabled. In Chapter 4, we derive further results along these
lines, using the theory of insensitivity applied to marking amalgamation.

Marsan and Chiola [64], consider an extension of the GSPN model by incorpo-
rating deterministic firing times. They refer to this model, including the combina-
tion of deterministic, exponential and immediate firing times, as a Deterministic
and Stochastic PN (DSPN). The restrictions placed on the DSPN are, that ex-
clusive transitions may have any firing time, transitions in conflict may have any
firing time, and not more than one transition with deterministic firing time may
be enabled concurrently, unless the set of concurrently enabled transitions satisfy

the following conditions.

1. The set of concurrently enabled transitions (which may include both deter-

ministic and exponentially distributed firing times) must be enabled at the

same instant.

2. Each of these transitions can also be connected to a chain of transitions
(that is a transition connected to a place connected to another transition

etc.), however, the type of firing distribution must be the same for each

transition in the chain.
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The time points of the process are then taken to be the instant that the deter-
ministic transition starts firing, or has just been disabled. At the end of each
interval, the process will change states, probabilistically, according to whether or
not an exponentially distributed transition (or a set of exponentially distributed
transitions) fired within the interval.

Marsan, Balbo, Bobbio, Chiola, Conte and Cumani’s ([61], [62]) definition
of their model, includes a specification of the selection of the next transition
to fire, and they refer to these specifications as an execution policy. They use
supplementary variables to record the spent lifetimes in each marking. Note that
supplementary variables are not required, if the execution of the SPN only relies
on the firing of exclusive transitions. However, for combinations of competitive
and concurrent transitions it is necessary to record spent lifetimes, for the case
when transitions pre-empt the firing of others. This publication gives a good
account of the impact of the execution policies, on the analysis of SPN models
which have generally distributed firing times. We will now give a summary of
these policies and the effect they have on the SPN.

The most common way of selecting which transition will fire, from a set of
enabled transitions, is to choose the one whose firing time is statistically the min-
imum. This is what is referred to as the race policy model. The other policy,
known as preselection, chooses the next transition to fire according to a proba-
bility mass function.

The supplementary variables are recorded in three different ways.

1. If a transition is pre-empted, the supplementary variable is set to zero. when

once again enabled. This is termed pre-emptive repeat.

2. If a transition is pre-empted, the supplementary variable is set equal to the
spent lifetime and when re-enabled, the firing will resume from where it was

pre-empted. This is termed pre-emptive resume.
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3. If a transition is pre-empted, the supplementary variable is set to zero, unless
it remains enabled in the next marking, when it is set to the spent lifetime.
From Marsan, Balbo, Bobbio, Chiola, Conte and Cumani ([61], [62]) this is

called age-enabling.

Where possible, we have tried to remain consistent with the literature in other
areas of operations research. In this case we follow the nomenclature of the lit-
erature on queueing networks. The concept of age-enabling, is the status quo
assumption in stochastic systems and is not usually given a special title.

Marsan, Balbo, Bobbio, Chiola, Conte and Cumani ([61], [62]) consider com-
binations of both the race and pre-selection policy, together with the three alter-
native choices in recording the supplementary variable, are then presented and
the corresponding resultant process is described. For both the pre-selection and
race policies, with pre-emptive repeat, the process is a SMP with well known so-
lution techniques. For the race policy, with pre-emptive resume or age-enabling,
the corresponding process is no longer a SMP and the authors suggest the use of
supplementary variables, to extract the equilibrium distribution.

Marsan, Balbo, Bobbio, Chiola, Conte and Cumani [62] also mention the po-
tential for introducing marking dependent firing times. In addition, the paper
describes how to approximate a generally distributed firing time, by using a phase
type distribution, substituted directly into the state space rather than at the net
level. The reason they do this, is to avoid enlarging the reachability tree unnec-
essarily (for more details see Section 4.2.2).

Henderson and Taylor [41], discuss discrete time SPNs, which can have mix-
tures of negative exponentially distributed and generally distributed transitions,
that form a SMP. Both firing and enabling intervals are used in their model, by
assuming alternating enabling and firing time points. They define a class of net,
which has an extended product form solution, based on the work of Henderson,

Lucic and Taylof [37], (see Chapter 3). This will be discussed in more detail in
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Chapter 5.
This is a small sample of the different types of suggested models for SPNs used

in the literature, more detail will follow in later chapters.

2.5.2 Timed Places

The condition/event interpretation of nets with timed places is as follows. The
firing of a transition, which inputs into a place, represents the start of execution.
The presence of tokens in a place, represents a condition of the process in execu-
tion, and the firing of output transitions of a place, represents the completion of
a process.

Wong, Dillon and Forward [99] consider PNs with timed places (TPPN). These
nets are restricted to be safe, marked graphs, in order to make the following
analysis tractable. They decompose the marked graph into elementary loops,
such that each place and transition has one input and one output arc. These
elementary loops are found by the S-invariants. The method then describes how
to find the distribution of the cycle time of the marked graph. They define a
random variable, X;, to be the loop time of the elementary loop, i. The cycle
time is then the maximum of the loop times. Hence, the distribution function
of the cycle time is the product of the distribution functions of the loop times.
Such a result is shown to be useful in providing upper and lower bounds on the

execution times of component modules.
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Chapter 3

Closed Form Solutions

The major problem in finding the performance measures of SPNs, is the need to
work with the equilibrium distribution based on the reachability graph. The size
of the reachability graph grows exponentially, with both the number of places and
the initial token distribution, making such analysis very difficult for even moder-
ately sized SPNs. Since this creates such a major problem, we aim to devote a
large proportion of this thesis to finding some form of solution technique, which
eliminates the problem of having to generate the reachability graph. In this chap-
ter, we are concerned with finding a closed form solution for SPNs, and in Chapter
9, we give a technique for aggregation and disaggregation which will hopefully shed
some light onto finding equilibrium distributions, without necessarily generating
the entire reachability graph.

A similar problem in queueing theory, lead researchers to look for a simplified
method of finding the equilibrium distribution. The investigation produced ap-
proximation techniques, and a class of Markov processes for which there exists a
product form equilibrium solution, (see Jackson ([45], [46]), Kelly [50]) and Bas-
kett, Chandy, Muntz and Palacios [8]). Along with this product form solution
also came the creation of computationally efficient algorithms for their evaluation
(see Buzen [14] and Reiser and Lavenberg [85)).

When there is a product form solution, the joint equilibrium distribution of
the network involves a product, over the nodes of the network of the equilibrium

distribution of the individual nodes, treated as though in isolation (a normalising
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constant is involved in the expression which normalises the invariant measure).
Product form solutions are of great interest, because they avoid the direct numer-
ical solution of the global balance equations, which is computationally expensive.
While the calculation of the normalising constant may not be trivial, the evalua-
tion of product form solutions is still computationally and analytically preferable,

to solving very large systems of linear equations.

3.1 Product Form Solutions

Product form equilibrium solutions have their origin with Jackson [45] and Gordon
and Newell [31]. Jackson [45], considered an open network of K, many server
queues and one customer type. Let s(7) be the number of servers at queue 1,
where s(2) is an integer. Customers arrive at the network to queue ¢, according to

a Poisson process with rate A(7), that is, according to the distribution function,

p(n arrivals in (0,1)) = Me—/\(i)t.
n!

The service rate at queue 1 is negative exponentially distributed with mean [p,-]_l.

After completion of service, customers leave queue i and move to queue
J with probability p(i,j), or leave the network with probability q(i). Let
n = (n(1),n(2),...,n(K)) be the state of the network. The joint equilibrium

distribution for the state of the network is of the form,

K
w(n) = B(K) I G(n(i), (3.1)

where (;(n(?)) is the equilibrium distribution of the ith queue, treated as though
in isolation and is given by,
n(i) 1

_ ysz) ) if 0 < n(3) < s(i),
Gn@) ={ L H &g

r ¢y n(i)
y(2) 1 . . .
wi | s(@)s(i)r)=a() if n(2) > s(i),
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where {y(z), 1 <1 < K} satisfy,

.
(@) = A() + E_: y(3)p(4,9). (3.3)

B(K) is the normalising constant, and, for a Jackson open network, is the product
of the normalising constants for each queue in the network.
Jackson [46], extended this work to include service rates p;(n(z)) where n(i) is

the number of customers at queue 7. In this case,
i)
Gi(n(9) = [y@"® I_Hl[#i(l)]_l- (3:4)
He also included an arrival rate which could depend upon the total number of
customers in the network. Gordon and Newell [31], considered a closed network
of queues of the type defined by Jackson [45]. The joint equilibrium distribution
of this network was shown to be of the same form as Equation (3.1).

Whittle [97], referred to the network described by Jackson [45] as a migration
process, rather than a network of queues, because no account is made of the
positions of the individuals in the queues. When a service facility is ready to
serve a customer, the choice of which customer to serve is random. Other later
extensions, by authors such as Baskett, Chandy, Muntz and Palacios (8] and Kelly
[49], include customers of different types, different service disciplines and generally
distributed service times.

Jackson ([45], [46]), proved the product form result by substituting into the
global balance equations. Whittle ([97], [98]), provided a valuable new view on
the theory, by showing that the global balance equations could be broken down
into partial balance equations, each of which were satisfied by the product form
solution. Define the flux, from state n to state m to be m(n)g(n, m), where ¢(n, m)
is the rate/intensity from state n to state m. The global balance equations can

then be interpreted as, the flux out of state n = flux into state n,V n. Whittle’s

partial balance equations are:
1. Flux out of n, due to an external arrival = flux into n, due to an external
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departure. (3.5)

2. Flux out of n, due to a departure from queue : = flux into n, due to an

arrival at queue 1. (3.6)

Kelly [49], extended the theory further, by generalising the service rate at

queue z to be of the form,

(n —e;)

PR
pi(n) = OV

where e; is a vector, with a 1 in the ith position and zeros elsewhere, repre-

(3.7)

senting the state with a single customer at the ith queue. The joint equilibrium
distribution becomes,
K

(n) = B(K)¢(n) .Hl[y(")]"""- (3.8)
When applied to networks of queues, product form originally referred to the prod-
uct over the nodes of the network. The product form of Equation (3.8), is no longer
a product over the nodes, rather it is a product of two functions. ¢(n) is related
to the service rate and the product of the y(i)’s is a function of the routeing of
the network.

Standard assumptions in queueing theory, are that customers arrive, are served
singly, and after service, are routed through the network in a manner which may
depend on the state, but does not depend on the routeing of other customers.
The state machine, which is analogous to a queueing network, has this property.
However, these properties are rarely found in general SPNs. In general, tokens
are fired in a batch, by a transition, and transformed into an output bag. Tokens
are not routed independently of one another, since their movement through the
net depends on the input bag to which they belong. In summary, the tokens move
in batches, and the routeing of the individual tokens is correlated. Consequently,
the theory on product form solutions has not been applicable to SPNs. Authors
such as Walrand [95] and Henderson, Pearce, Taylor and Van Dijk [38], have

found equilibrium distributions for queueing networks with batch movement and
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independent routeing. Henderson and Taylor [42], however, incorporated both
batch movement and correlated routeing into their queueing network. In applying
the same approach to SPNs, Henderson, Lucic and Taylor [37] found classes of
SPNs with an extended product form solution. Generally, tokens in SPNs do not
have a position in a place so, this extended product form solution is a solution
to the migration process discussed earlier with, batch arrivals and batch services.
The following work uses the approach developed by Henderson and Taylor {42],
but differs in one significant aspect, which makes it more relevant to SPNs. The

difference is illustrated in Example 3.5 in Section 3.3.

3.2 Description of the Model

Since the problem of finding a product form solution for SPNs has been ap-
proached by extending the present queueing network literature, the group of SPNs
that can be analysed using this method, do not naturally fit into the standard
SPN classifications. For example, the equilibrium distribution of arbitrary marked
graphs can not be found. However, the theory unifies a number of aspects not
collectively covered by general SPNs, such as probabilistic routeing, arbitrary ini-
tial markings, marking dependent firing rates, marking dependent blocking and
coloured tokens. Although we do not classify the type of SPN for which the theory
can be applied in standard terms, as we progress through this chapter, we will
identify a new class which supports the extended product form solution. As a
start, we note that SPNs need to be live, but not necessarily bounded, provided
the underlying Markov Process is stationary.

Consider a SPN, with a finite set P = {p,,... ,pip|} of places, and a finite
set, T = {t1,...,t7} of transitions. The Markov process representing the SPN,
has markings m € Z'7!, to denote the state when there are m(i) tokens at
place p;. When the state is m, transition ¢ € 7 has a negative exponentially

distributed firing time, which is worked off at a state dependent rate g(m, t).
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When transition t fires, tokens move from an input bag, I(t) € Z'"! to one
of a set of possible output bags, O,(t) € Z'P with probability p(I(2),t,0;(1)),
where ) p(I(t),t,0;(t)) = 1. Thus the marking of the net changes from m to
m — I(t; + O;(t) with probability p(1(¢),t, O,(1)).

It 1s worth noting that there are a variety of SPN structures which can be

transformed to give a net of the above form. Two examples follow.

1. If a set, A, of transitions enabled together can fire simultaneously, as well as
independently, we can alter the original SPN by adding a new transition to
replace the firing time “clock” for the set, .A. The new transition will have
input bag given by | J I() and output bag | O(t), where I(t) and O(t) are
input and output bngs respectively for trar;g:ion t. This new SPN is equiv-
alent to the original. The reason for making such a technical change is to

prevent transitions firing simultaneously and so keep the notation relatively

simple.

2. Without loss of generality, we can assume that there is a one to one corre-
spondence between input bags and transitions. Any SPN in which a set of
transitions, A C 7 have a common input bag, can be modelled by amalga-
mating the transitions in A into a single transition. Note, that whenever
one of these transitions is enabled, all are enabled. For any state m in
which the transitions in A are enabled, the firing time distribution of the
new transition will be negative exponential, with parameter Z g(m, s). The

€A

routeing probabilities for the next marking are weighted by the probabilities,

-1
q(m,t) [Eq(m, s)} , t € A, indicating which transition has fired.
€A

Assumption 1

The above procedures can be performed on any SPN before analysis takes place.
Thus, without loss of generality, we can assume henceforth, that the SPN is
structured so that transitions fire at different times from one another, and no

two transitions have the same input bag.
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If t is not enabled in m then ¢(m,t) is equal to zero. Otherwise, we assume

that ¢(m,t) is of the form,

o(m +1(),1) = grE R XA, (59)

where ¢(-), ®(-) and x(-) are arbitrary, but given non-negative functions.

It is worth pointing out the similarities of the two structures in Equation (3.7)
and Equation (3.9). In Equation (3.7), n is the state of the process in which
t is enabled, and n — e; is a pseudo state which is unobservable, indicating the
state of the process when customer ¢ has been served, and is in transit to its next
destination. In Equation (3.9), m + I(t) is a marking of the process and m is a
pseudo state that is unobservable, indicating the state of the process when a batch
of tokens, I(t), are removed by the firing of ¢, and have not yet been deposited into
the corresponding output bag. Note also, that only one function is involved in
Equation (3.7) and three different functions are involved in Equation (3.9), which
therefore has a greater degree of freedom. The following examples illustrate the
flexibility of this definition.

Example 3.1

Most SPN models analysed in the literature, assume that transition firing times
are marking independent. In such a SPN, transition ¢ fires with rate ¢(t) (that
is, has mean firing time [¢(t)]™!). This can be modelled using Equation (3.9), by
choosing ¢(-) = ®(-) = 1 and x(I(¢)) = q(t).

Example 3.2

The functions ¢(-) and &(-) have an important role, when the nets being modelled
have marking dependent transition firing rates. For example, consider a net which
has the structure in Figure 3.1, where C is an arbitrary SPN configuration. When
the marking is m, we wish to choose ¢(-) and ®(-) so that the transitions in
C have marking independent firing times and so that the firing rate for t* is

g(t*,m(1),m(2)), that is, dependent on the number of tokens in p(1) and p(2).
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P P2

Figure 3.1: An example of a SPN with marking dependent firing rates.



Define

il if t =1t
x(I(t)) =

q(t) otherwise,

and
min{m(1),m(2))

®(m) = ¢(m) = 11 [q(t*,m(1) — I, m(2) — D))",

=0

Substitution into Equation (3.9) gives,

ot m(1),m(2)) it =t
g(m,t) =
q(t) otherwise,

as required.

Example 3.3

Using Figure 3.1, we can introduce more generality by letting, x(I(¢*)) = 1, and
®(m) = ¢(t*,m(1),m(2))p(m — e; — e;). This again gives the result ¢(m,t") =
q(t*,m(1),m(2)), without placing any restrictions on the transitions in C.
Example 3.4

Consider Figure 3.2. We will show how marking dependent firing rates, including
blocking, can be incorporated into the model, using the appropriate choice of the
©(-) and ®(-) functions. Suppose that we wish to model the situation where t;,t,
and t3; have firing restrictions, which halt firing when the number of tokens in

places p3, ps and ps satisfy certain criteria. To model this, let,

0 if me D,
¢(m) = ,
¢'(m) otherwise,

for an arbitrary choice of D € M. For example, let D be defined by the expression,
m(1) + m(2) < W, for some integer W. Then ¢(m +I(t),t) = 0, whenever m has
insufficient tokens in places p; and p,. Equivalently, transitions t;,¢; and ¢3 can
not fire, when p3, ps and ps have too many tokens in them.

The above is a simple example to illustrate blocking in a SPN, with the firing
rates given by Equation (3.9). Now that a blocking assumption is in place, we can

add to the model, by incorporating marking dependent firing rates, as follows.
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Figure 3.2: The SPN for Example 3.4.




Let,

¢/(m — e1 — e2) = 3 (m(1))ra(m(2))n(m(1), m(2)) 8" (m(1), m(2)),

and let,
O (1 —1) T (k1)

<1>‘(m(1),m(2)):II;[1 ri() kl;[l ra(k)

According to this description, transitions ¢;, 1 < i < 3, will fire at the following

state dependent rate,

¢'(m — I(t:))
®*(m(1), m(2))

g(m,t;) = x(I(t:)). (3.10)

Consider ¢(m, t;) and note that I(¢;) = (1,0,0,0,0) so that,

¢'(m—1I(t1)) = ¢'(m — e1 — ez + e2),

= ri(m(1))r2(m(2) + 1n(m(1), m(2) + 1)@"(m(1),m(2) + 1),
Substitution in Equation (3.10) yields,

Q(m’ tl)

O (1 — 1) MO L (k- 1)

H ri(l) kl;ll ra(k)

= ri(m(1))r2(m(2) + 1)n(m(1), m(2) + 1) r:—n-rl(i) ra(l— 1)@ 1k — 1)
r(l) o ra(k)

=1

x(I(t1))-

After cancellation this gives,

g(m, t1) = ri(m(1))rs(m(2))n(m(1), m(2) + 1)x(I(t,)).
Similarly,

q(m, tz) = r1(m(1))r2(m(2))n(m(1), m(2))x(I(tz)),

g(m, t5) = ra(m(1))r2(m(2))n(m(1) + 1,m(2))x(I(ts)).

In conclusion, we have shown that the firing rates can depend on the number of
tokens, not only in the input places of the transition, which is conventional, but

on the token distribution in any of the places.
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3.3 The Routeing Process

The central feature of our analysis is to consider the transitions of the SPN, to
be themselves states in a Markov chain, which we call the routeing process. This
is achieved, by first con’sidering the input and output bags of the SPN to be the
states of a Markov chain, and under suitable conditions, finding a one to one
correspondence between the states of this Markov chain and the transitions of the
net.

Although each transition, ¢, of our SPN has a unique input bag, the proba-
bilistic routeing allows for a number of different output bags. Let O(t), be the set
of output bags of transition ¢ and define,

R=Jowul {1t}

teT te7T
R is the set of all vectors which are either output or input bags for the SPN. We
assume the net is such that R is finite.
Define single step transition probabilities on the set R as, whenever there

exists a transition ¢, with r = I(¢),

e p(I(),t,05(t)) if 35 | r' = 0,(t),

p(r,r)= _
otherwise.

If r is not the input bag of some transition, then p(r,r') = 6, where 6. is the

Kronecker delta. Note, the requirement that no vector can be the input bag of

two distinct transitions, means these probabilities are well defined.

Now define the set,
F={f(-): f(r) >0, x(r)f(r) = 3 x(r')f(r')B(r',r), ¥ r € R},

where x(r) is the function given in Equation (3.9), when r = I(¢) for some ¢.
x(r) = 1 otherwise. x(-)f(-) is therefore an invariant measure for the routeing
process. In Section 3.4, we need F to be non-empty. The effect of this assumption

on the structure of the net is examined in the following results.
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Lemma 3.1

For F to be non-empty, all vectors I(t),t € 7, must be in positive recurrent
communicating classes of the routeing process. |
Proof

For ¢t to fire in some marking, x(I(¢)) > 0. Assume there exists a function,
f(-) € F, implying therefore, that x(I(¢))f(I(¢)) is positive. Since the set R is
finite, and x(-)f(-) is an invariant measure of the routeing process, I(t) is in a
positive recurrent communicating class. ]
Corollary 3.1

For F to be non-empty,
(a) all r € R must be the input bag for some transition, t,

(b) all r € R must be an output bag for some transition, t.

Proof

(a) Assume F is non-empty and that r is not an input bag for any transition.
Since state r is not the input bag to some transition, p(r,r') = &y, and
r is an absorbing state in the routeing process. Hence r resides in its own
communicating class. Also, r € O(t) for some transition, ¢, means that there
exists an r # r, such that p(r',r) > 0, implying that r' is not in a positive

recurrent communicating class. This contradicts Lemma 3.1.

(b) If r is not the output bag for any transition, then there exists no, r’ #r,
with p(r’,r) > 0. Thus r must be a transient state. This contradicts Lemma

3.1 in conjunction with Corollary 3.1(a). =

Corollary 3.2

If 7 is non-empty, there exists a one to one correspondence between distinct ele-

ments of R and elements of 7.
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Proof
It follows from Corollary 3.1(a), that each vector r € R is the input bag for some
transition t € 7. By the assumption in Section 3.2, each input bag has a unique
transition. The result follows. [
Remark 3.1
Corollary 3.1, states that for nets with non-empty F, each output bag of a transi-
tion is the input bag of another transition. This implies that whenever an output
bag O;(t) is deposited by transition ¢, then O;(¢) = I(s), for some transition s.
Note that this matching input and output bag criterion does not imply that s is
the only transition enabled by O;(t). There are many other transitions enabled
by Oj(t), that may even be more likely to fire. For example, in Figure 3.3, the
firing of transition ¢3 enables both transitions ¢; and t;, but I(t;) = O(¢3), so
P(t3,t1) > 0 and p(ta, t;) = 0.

Example 3.5

At this point we will reveal the difference between the extended product form
solution for queueing networks, developed by Henderson and Taylor [42], and the
adapted theory for SPNs.

Henderson and Taylor use a vector, a = (a(0),a(?)), to represent the total
number of customers released into the network. a(z) represents the total number
of customers released from node ¢ and a(0) represents the number of customers
which enter (leave) the network from (to) the outside. Using Figure 3.3, we will
show that it is not possible to achieve the matching input and output bag criterion
given by Corollary 3.1, if the vector a is used in place of input and output bags.
That is, let I'(t) be the normal input bag of transition t appended by an entry
placed at the beginning of the vector, which represents the tokens that enter the
SPN from the outside. O’(t) is formed in a similar way. For Figure 3.3, we give

I'(t) and the corresponding O/(t) for each transition.
I'(t;) =(0,1,1,0,0), O'(t;)=(0,0,0,1,1),
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Figure 3.3: An unbounded SPN.



TI'(#,) = (2,0,1,0,0), O'(ty) = (0,0,0,2,1),
I'(t3) = (0,0,0,2,1), O'(ts) = (1,1,1,0,0),

I'(t)) = (0,0,0,1,1), O'(ts) = (1,0,1,0,0).

Corollary 3.1 is not satisfied, since there is no matching output bag for I'(¢;) or
I'(¢t2) and therefore the theory of Henderson and Taylor can not applied directly.
However, this does not imply that tokens can not be created or destroyved, when
the theory is applied to SPNs, since, the a(0) term has been incorporated into
the original input and output bags I(¢) and O(¢). Since the definition of a SPN
allows the destruction and creation of tokens, I(¢) and O(t) automatically absorb
the a(0) term. Therefore, accounting for the a(0) term is superfluous and can
destroy the matching input and output bag criterion.

Remark 3.2

Let the transitions corresponding to the non-zero entries of a T-invariant be rewrit-
ten as a set of transitions, C;. If the SPN, described in Section 3.2, does not have
probabilistic routeing, C; indicates which transitions belong to the ith positive
recurrent communicating class. If the SPN, described in Section 3.2, has prob-
abilistic routeing the following alteration must be made to eliminate the proba-
bilistic routeing (recall that the T-invariant can only be found for deterministic
PNs). For each transition, ¢, with more than one output bag, replace t with a set
of transitions, A(t), one for each output bag. Each transition in A(t) will share
I(t), and have one output bag. This is effectively the reverse operation described
in item 2 in Section 3.2. The firing rates do not need to be evaluated, since we
are only interested in the structure of the net. From this altered net, the positive
recurrent communicating classes for the original net are evaluated in the following
way. For each transition, ¢, and for each C;, such that C; N A(t) # {}, rewrite C;
with the elements of A(t) replaced by ¢, where {} is the empty set. Now, for each
Z,7, such that C; NC; # {}, let Cx = C; UC;. Continue this process until all of the

remaining sets, C;, are mutually disjoint. The remaining sets, C;, are the positive
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recurrent communicating classes for the original net. For an illustration of this
process on a net which includes probabilistic routeing, see Example 3.8.
Remark 3.3

Note that Corollary 3.2 implies that each r € R can be uniquely identified with a
transition. Consequently, we can define the routeing process to be a Markov chain
on the set of transitions, 7, rather than on the set of input and output bags, R.
Without loss of generality, we will retain the same notation, by assuming that the

one step transition probabilities for the routeing process on 7 are,

p(t,s) = p(1(t),1(s)), s, t € T.

Let us stress again that p(¢,s) is not the probability that s will fire after ¢.
In fact the set {s:p(t,s) > 0} is a subset of the set of transitions which can fire
after ¢ fires. Transition s will be enabled by the output bag of t with probability
p(t,s). However, as we have seen in Example 3.3, and in many other examples,
many other transitions will be enabled after ¢ fires, and any of these can fire after
t fires. Examples 3.8 and 3.9, illustrate this for the probabilistic routeing case and
for the deterministic routeing case, respectively.
F can now be redefined as,
F={f(): f(t) >0, x(1)f(t) = %X(S)f(S)ﬁ(S»t)a VteT}, (3.11)
and x(-)f(-) is an invariant measure for the routeing process. As the routeing pro-

cess consists of only positive recurrent communicating classes, it may be assumed

that x(¢)f(t) >0, VteT.

3.4 The Extended Product Form Solution

Lemma 3.2 (Theorem 1.13 from Kelly [51])
Let X(t) be a stationary Markov process with transition rates g(m,n), m, n €

S, where S is the state space. If we can find a collection of numbers,
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¢ (m,n), m, n € S, such that,

> ¢(m,n)= )" ¢®(m,n), Vme S,

nesS neS

and a collection of positive numbers 7(m), m € S, summing to unity, such that,
7(m)g(m,n) = 7(n)¢?(n,m) m, ne S,

then ¢®(m,n), m, n € S, are the transition rates of the reversed process X (r —1)
and 7(m), m € S is the equilibrium distribution of both X (¢) and X(r — t).
Lemma 3.3 (Adapted from Lemma 3.2 for SPNs)

Let X(t) be the stationary Markov process of a SPN described in Section 3.2 with
transition rates ¢(m, ¢)p(t,s), m € M, s,t € T, which is the rate of moving from
marking m, to marking m — I(¢) + I(s). If we can find a collection of numbers
¢®*(m.m+I(t) - I(s)), m € M, s,t € T, such that,

2.2 a(m, )p(t,s) = 3 3 ¢"(m,m+1(s) — I(t)),

teT s€T teT se€T
or equivalently,
2am,t) =33 ¢"(m,m+1(s) - I(2)), (3.12)
teT teT s€T
since »_ P(t,s) = 1, and a collection of positive numbers mr(m+I(t)), me M, te

s€T
7T, summing to unity, such that,

m(m+1(¢))g(m + I(1),1)p(t, s) = #(m + I(s))g"(m + I(s),m + I(¢)), (3.13)

then ¢®(m + I(s),m + I(t)), m € M, s,t € T are the transition rates of the
reversed process X(7 —t) and n(m + I(t)), m € M, t € T, is the equilibrium
distribution of both X (¢) and X (7 —t).

Theorem 3.1

Assume that there exists a function f(-) € F, and a function ¢(-) : Z"! - R,

which has the property that, for all t € 7 and m + I(¢) in the reachability grap.

gm+1() _ f(t)
g(m+1(s)) ~ f(s)’

(3.14)
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whenever p(t,s) > 0. Then the equilibrium distribution of the SPN is given by,
m(m) = K®(m)g(m), (3.15)

where ®(-) is given in Equation (3.9) and K is a normalising constant.

Theorem 3.1 gives a product form solution. The product is between two dis-
tinct terms, as in Equation (3.8), which was discussed in Section 3.1. The first
of these is ®(-), a function related to the transition firing rates and to marking
dependent properties of the SPN. The second, g(+), can be evaluated by analysing
the network skeleton provided by the transitions and the routeing process. The
effect is to reduce the problem of finding an equilibrium distribution for the num-
ber of tokens in each place of a SPN, from that of solving balance equations for
a Markov process on the markings, which grows exponentially in size with an in-
crease in the number of tokens, to solving balance equations for a Markov chain on
the transitions, the size of which does not change with an increase in the number
of tokens. The examples in Section 3.5 illustrate this effect.

Proof

Let us propose, that the reversed time transition probabilities for the routeing

process are,

x(t)f(1)p(t, s)
x(s)f(s)

and postulate an equilibrium distribution for the SPN given by (3.15) subject to

(3.14).

PR(s,t) = (3.16)

Note that any marking change of the SPN begins with a marking m +I(t) with
t € T enabled. Transition t fires, producing an output bag, which because F is
non-empty, is the input bag of another transition, s say. The resultant marking is
m +I(s), and transition s is enabled. In reversed time, the markings and enabled
transitions are unchanged but the reverse operation occurs.

Postulate that the marking change rate for the SPN in reversed time is,

qR(m +I(s), m + I(t)) = ¢(m + I(s), s)ﬁR(s, t). (3.17)
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From Lemma 3.3, the validity of Equations (3.12) and (3.13) is sufficient to estab-
lish that 7(m), as given by Equation (3.15) subject to (3.14), is the equilibrium
distribution of the SPN and that the postulate of Equation (3.17) is correct.

Consider the right hand side of Equation (3.13). Substituting the form for
m(m + I(s)), from Equation (3.15) and ¢®(m + I(s), m + I(t)), from Equations
(3.16) and (3.17) yields,

K®(m + I(s))g(m + I(s)) LLXEXO F(Op(2, )

®(m + I(s))x(s)f(s)
= Ko(m+ IS emx@pts),  (319)
but from Equation (3.14),
g(m+ I(s )):;(( % = g(m + I(2)).

Substitution into Equation (3.18) vields,

Kg(m + I(t))o(m)x()p(t, 5),

o e(m)x(t) _
= Ko(m +1I(t))g(m + 1(¢)) = S(m+ 1(1))7 p(t, s),

= m(m + I(t))q(m + I(t), t)p(t, s),

by Equations (3.15) and (3.9). This is the left hand side of Equation (3.13), which
shows that Equation (3.13) is satisfied, V. m € M, s, € T. Consider now the

right hand side of Equation (3.12) and substitute,

¢"(m, m+ I(s) — I(t)) = q(m, t)pf(t,s),

which gives,
2.2 a(m)pf(t,s) = 3" g(m, 1),
teT s€T teT

since > p™(t,s) = 1. This shows that Equation (3.12) is satisfied and therefore
s€T

proves that, 7(m) as given by Equation (3.15), is the equilibrium distribution of

47



the SPN. =
Theorem 3.2
For the SPN of Theorem 3.1, the equilibrium distribution given by Equation (3.15)

subject to Equation (3.14), satisfies the following partial balance equation.
flux out of m + I(t), due to the firing of ¢ '
(3.19)
= flux into m + I(t), due to the bag I(t) being deposited by a transition.

Proof
Consider transitions s and ¢, in the same positive recurrent communicating class
C'. The flux into m + I(¢) from m + I(s), where the output bag of s is the input
bag of ¢, is

5™ w(m+ I(s))g(m + I(s), s)p(s, ).

s€C
By Equation (3.9),

= 5 w(m + 1) 52y (e)p(s, 1)

cC q)(m + I(S))
Using Equation (3.15),

=p(m) 3_ Kg(m +I(s))x(s)p(s,?).

s€C

Substituting for g(m + I(s)) using Equation (3.14),

o f(s)
=K <p(m)§C g(m+ I(t))mx(S)p(s, t),

= Kop(m)Z2EIO) 5~ ) ()n(s. ).
f(t) seC

But E f(s)x(s)p(s,t) = f(t)x(t), is the global balance equation on the routeing
s€C
chain. So,

= K¢(m)g(m + I(t))%x(t),

= Kp(m)g(m + I(t))x(t).
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Once again, using Equation (3.15) and (3.9),

m(m + I(¢))
= pm) 22t o),

= m(m + I(2))g(m + I(¢), ).

Which is the flux out of m + I(#) due to the firing of transition ¢. =
Remark 3.4

The partial balance equations given by Equation (3.19) above, are a generalisa-
tion of Whittle’s, given by Equations (3.5) and (3.6). Whittle’s partial balance
equations apply to open queueing networks, where there is purely single customer
movement. In a SPN, this corresponds to having a single input and output arc per
transition and an extra transition, to, to represent the “outside”. Let T' = T Ut,

and let the input bag of ¢; be place p;, say. Now assume thapt a token will arrive
at place p;, with rate A(z). Therefore, let ¢, fire with rate |z:| A(7). Connect one
probabilistic arc from tg, to every place p; in tlhe SPN, suciljlthat to will deposit
a token in p; with probability A(7) [IZP{ /\(])] . Also, let the tokens depart the
SPN with rate ¢(i), from place p;. Jai)nsequently, O(t;) = 0, which represents

the “outside”, with probability ¢(i), or is the next place p; (since p; € O(t;))

with probability B(¢;,t;). Similarly, I(¢5) = 0. Note that, we have maintained the

matching input and output bag criterion, in using probabilistic output bags.
Figure 3.4 is a SPN representation of a simple open queueing network. Tokens

. . . b A 1
arrive to place p; from the “outside”, with probability 1) @)

+ A(2)’
with probability p(t;,t;). Tokens leave p;, and depart externally, with probability

or internally

g(1), or move on to the next place with probability p(t,,1t,).

Equation (3.19), relates the flux out of m+1(¢;), due to a token leaving p; with
the flux into m + I(t;), due to a token being deposited into p;. This is Equation
(3.6), if m + I(t;) = n and p; represents queue j. Equation (3.19) also relates
the flux out of m 4 0, due to a token entering the SPN from the “outside”, with

the flux into m + 0, due to a token leaving the SPN to the “outside”. This is
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Figure 3.4: A SPN representation of a simple open Jackson network.



Equation (3.5), if m+ 0 = n.
The firing rates in our model also incorporate more general marking dependent
firing rates and blocking, as in Example 3.4, which Whittle does not consider.
In Example 3.6, it is shown how the solution to the Jackson networks can be

derived as a special case of the results in this section.

3.5 Examples

Example 3.6: Jackson Networks

Consider a SPN as defined in Remark 3.4. Since each place is connected to
a unique transition by one arc, the number of times transition ¢; must fire to
remove m(p;) tokens from place p; is given by m(p;), which in this case can

be written, without loss of generality, as m(t;). Let x(t;) = 1,Vt; € T, x(to) =
[P m(t)

> A(%) and (m) = ¢(m) = IT TI (g(¢:,1))~'. With these parameter values and
=1 tLeT =1
assumptions on the net structure, f(-) € F satisfies,

f(ti) . Z f(ti)ﬁ(tj,ti) + f(tO)X(tO)l_)(thtl')s v ti € T’ (320)

t,eT

and

g(m,t;) = *(P(n;(—nfgti))

m(t,)-1 m(ty)

lI_I qto )™ IT 1T a0

ET\{t,} =1

= m(¢; m(t,) = q(ti'a m(tl))
H g(t;, )71 H H q(t;, 7!
=3 LET\{t.} =1

Equation (3.20), is the standard traffic equation for the open Jackson network,
given by Equation (3.3) in Section 3.1, as can be shown by the following. Let

f(to) = 1, so, f(to)x(to)P(to,t:) = A(3). Substitution yields,

F&) =M@y + - f(t)p(t;, ). (3.21)

t,eT
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B(t;j,t:) gives the probability that the output bag of ¢; is the input bag of t;. Since
the input and output bags of the transitions are just the single places connected to
the transitions, p(t;,t;) is equivalent to the probability that a single token moves
from I(¢;) to O(t;). This is analogous to single customers moving from one queue
to another. Equation (3.21), is therefore of the same form as Equation (3.3), with
f(t:) = y(7). The function g(-) is given below.

g(m) = T] f(t)™*, (3.22)

t,eT

g9(-) satisfies Equation (3.14), for all m, since,

F@) IT )™t

g(m+1(t:)) _ (€T _ f()
g(m+1(t;))  f(t;) [] ft)™®) — £(t;)
ty€T

The equations are satisfied and the equilibrium solution is therefore,
m(t;)
m(m) = K [T f(¢t)™ T [q(t:;, D)7 (3.23)
tLeT =1
With the above choices, the SPN under consideration is a Jackson network of
queues. Each place has it’s own transition, that is, each queue has it’s own server.
Tokens are served one at a time, through transition ¢; with service rate q(ti, m(¢))),
when m(t;) tokens are available. These tokens are then independently routed,
according to the probability distribution p(t;, t;), ti, t; € T. We established, that
Equation (3.20) is the traffic equation for the Jackson network given in Equation
(3.3), so therefore the solution in (3.23) is equivalent to the standard solution
given by Equations (3.1) and (3.4).
Example 3.7
In this example, we will show how to find the function g(+) for a simple SPN,
which will hopefully lay the foundations for the examples to follow. Figure 3.5, is
a SPN which represents a simple closed Jackson network, with K customers. Let,
m(t;)

¢(m) = p(m)= T[ [T (g(t:;, D)7,

;€T (=1
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Figure 3.5: A SPN representation of a simple closed Jackson network.



as in the previous example. The procedure to find g(+), is to first identify one state
of the reachability graph and label it as a base state, b, say. In many ways, the
initial marking is a natural choice for the base state, if we happen to know what it
1s. Otherwise, we chose any marking in the reachability graph, some of which seem
more “natural” than others. Since each place is connected to a unique transition,
by one arc, the number of tokens in a place p is the same as the number of times
the transition connected to p must fire to remove all of its tokens. Assume that,
in marking m, p; contains m(¢) customers. In this example, a natural base state
is the marking with all tokens in p;, that is, given a marking m with an arbitrary
number of tokens in each place, b = (m — m(2)e; — m(3)e; + m(2)e; + m(3)e;).
The procedure to find ¢(-), is then to empty every other place in the net of its
tokens, until they are all in p;. This requires ¢, to fire m(2) times, to remove the
tokens from p,, and t3 to fire m(2) times, to move these same tokens from ps to
p1. This procedure must be repeated, until all of the tokens in the net have been
deposited in p,.

Each time a transition ¢; is fired, to change the marking of the SPN, Equation
(3.14) provides a relation between g(-) of the marking enabling ¢; and ¢(-) of the

new marking. For the SPN in Figure 3.5, these are,

g(m+1I(t))  f(t)

dm¥1h) ~ ft)’ (3.24)
gm+1(t))  f(t2)
g(m+1I(t3))  f(ts)’ (5

gm+1I(t)  f(t))’

Using this procedure, we can begin with any marking m in the reachability
graph and recursively evaluate g(m) in terms of g(b). In this example, let us
begin by imagining that we fire t;, m(2) times. Each time we do, we transfer a

token from place p; to p; and Equation (3.14) suggests the result,

f(tz)] @
f(ts) '

g(m) = g(m + m(2)e; — m(2)e,) [ (3.27)
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Now we must transfer the m(2) tokens from p,, that have been moved to p3 due

to the previous firing sequence, to place p;. This suggests the relation,

f(ta)] @
f(t1) .

The last place to empty is ps, so we must transfer the m(3) tokens from p; to p;,

g(m + m(2)es — m(2)e;) = g(m + m(2)e; — m(2)e,) [ (3.28)

giving the result,

g(m+m(2)e; —m(2)ey)

f(ts)]m(S)

= g(m+ m(2)e; + m(3)e; — m(2)e, — m(3)es) [f(h)

f(u)}’"“‘“
]

Using relations (3.27), (3.28) and (3.29) recursively, gives,

M:l m(2) l:f(ta):l m(2)+m(3)
f(ts) f(t) '

Treating g(b) as a constant, normally set to unity, this reduces to,

f(t2)™ 3 f(t3)m3)
f(tl )m(2)+m(3) '

= g(b) [ (3.29)

g(m) = g(b) [

g(m) =

Since the network is a closed network with K customers, m(2)+ m(3) = K—m(1),

therefore,
g(m) = Cf(t2)™® f(t3)™ f(2,)m M,

where C is a constant and is absorbed into the normalising constant. Note that,
this is of the same form as Equation (3.22), as required. In performing this
procedure, we have found a specific g(-) by following a particular path to the base
state b. We must now check to see that g(-) satisfies Equations (3.24), (3.25) and
(3.26) for an arbitrary marking, m.

g(m +1(t,)) _ f(t2)™® f(t5)m B f(ty ym(1)+1

g(m+1(t2)) — f(ta)m41 f(23)m@) (2, )m(1)

_ f(t1)
f(t2)
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g(m+ X(tz)) _ F(ta)" P ()™ f(1, )V
g(m+ 1(t))  f(t2) @ f(ta)m @ (g )m)’

_ f(ta)
f(ts)

g(m +X(t3))  f(ta)™® f(ta)™F1 f(2,)™)
g(m+1(t1))  f(t2)™@ ft)m@ f(ty)m@)+1

_ fts)
f(t)

The equations are satisfied, and using the results of Example 3.6, the equilibrium
distribution is given by Equation (3.23).

Example 3.8

Consider the SPN illustrated in Figure 3.6. Since the input bags of transitions t,
and t; are identical, we follow the pre-analysis procedure outlined in Section 3.2, to
achieve the correct structure for the extended product form solution. This consists
of amalgamating the two transitions and introducing probabilistic routeing, to
create a SPN of the form given in Figure 3.7.

If the SPN of Figure 3.6 has mean transition firing times, [x(¢;)]™%, [x(¢})]"?,
[x(t2)]71, [x(t3)]™!, [x(t4)]7!, for transitions t;,t;,t2,t3,ts respectively, then the
SPN of Figure 3.7 has mean firing times [x(t:)]7?, [x(t2)]™, [x(#3)]™, [x(t4)) 7,
with x(t1) = x(¢;) + x(t;). The probabilistic routeing, when ¢, fires, produces

output bags (0,1,2,0,0) (solid arcs) and (0,0,1,1.0) (dashed arcs) with probabilities,
o= X0 gy X))
x(t1) x(t1)
The routeing process of the SPN has one step probabilities p(t,t;) =

respectively.

a, P(t1,t3) = b, p(ts,t1) = B(ta, t4) = P(t4,t2) = 1. Consider the one step transition

probability matrix of the routeing process below,

OO~ O
= O O 0
OO O o
o= OO

Since the output bag of #; is the input bag of either ¢, or t; with probability a

and b, respectively and since O(t3) = I(t4), O(t4) = I(22), O(t2) = I(¢;) with
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~ Figure 3.6: The SPN for Example 3.8.



Figure 3.7: The transition merged SPN for Example 3.8.



probability one, there exists one communicating class C; = {t1,t2,t3,t4}. Using
Remark 3.2, the same result can be achieved if we find the T-invariants for the

SPN of Figure 3.6. The incidence matrix is given by,

-1 1 2 0 0
-1 0 1 1 o0
1 -1 -2 0 0
0 0 -1 -1 1
0 1 2 0 -1

The T-invariants are given by the firing count vectors (0,1,1,1,1) and (1,0,1,0,0).
Following Remark 3.2, C; = {t,t,,t3,t4} and C, = {t,,ts}. The union of these
sets is given by {t;,t2,1s,14} by merging ¢, and t; into ¢,. C; is therefore given by
the set {t1,t2,15,14}, which is the positive recurrent communicating class as given
above.

To find the invariant measure of the routeing process, we must solve the set

of Equations (3.11), that are,

x(t)f(t) = x(t2) f(t2), (3.30)
x(t2)f(t2) = ax(t1) f(t1) + x(a) f(ta), (3.31)
x(t3)f(t3) = bx(t:1)f(t1), (3.32)
x(ta)f(ts) = x(ta)f(ts), (3.33)

which has solution,
x(t)f(t1) = 1 = x(t2)f(t2), (3.34)
X(t3)f(ta) = b = x(ta) f(ta). (3.35)

Consequently,

ft) = [x(t)) ™, (3.36)
f(t2) = [x(t2)] 77, (3.37)
fts) = bx(ta)] 7", (3.38)
fta) =b[x(ta)]) " . (3.39)
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To satisfy Equation (3.14), we need a function g(m), such that,

gm+1(¢1))  f(t1) _ x(t2)

qm+ 1) ~ ft) ~ x(t) (3.40)
g(n’l—|—I(t1)) _ f(tl) — X(tS) (3.41)
dmt ()~ flta) ~ bx(tr)’
g(m+1I(t3))  f(ts)  x(t4)

o(m ¥ 1(t0) ~ Fta) — x(t)’ (3.42)
gm+1(t))  f(ts)  bx(t2)
dm+ )~ f) ~ x(t)’ (3.43)

gm+It)  f(t)  x(t) _

gm+1I(t)  f(t)  x(t2)
To find a function g(m), we follow the same procedure described in Example 3.7.
To simplify the notation, we will not give the recursive relation for each sequence of
transition firings, when removing tokens from places, as in the previous example.
Instead, we will give the coefficient obtained after each sequence of transition
firings as this provides sufficient information in itself.
Let the base state be the marking with as many tokens as possible in p;. As
the example unfolds, it will become clear that there may be some residual tokens
remaining in some of the places of the net. Assume ps contains m(5) tokens. To

empty ps we require 4 to fire and thus deposit I(t;), m(5) times. The coefficient

created in doing this is,

[m]"‘“’
f(t2) ’

At this stage, there are m(3) + 2m(5) tokens in ps, since two tokens are deposited

(3.45)

into ps for each token in ps, and there are m(2) + m(5) tokens in p,.

Now, assume that there are m(4) tokens in ps. To empty ps we require the
number of tokens in ps, given by m(3) 4+ 2m(5), to be greater than zero. We will
consider the cases where m(3) + 2m(5) = 0 and m(3) 4+ 2m(5) > 1, separately.
If m(3) + 2m(5) > 1 we can fire t3 (which deposits I(t4)) and then, so as not to

deplete p; of its tokens, we can fire t; (which deposits I(t2)). This sequence is
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repeated a total of m(4) times. The coefficient created is given by,

[f(ts) f(m)]’"“’
f(tq) f(t2) .

At this stage there are m(3) 4 2m(5) + m(4) tokens in p3 and m(2) 4+ m(5) +m(4)

(3.46)

tokens in p, and there are no tokens in either ps or py.

If m(3) + 2m(5) = 0, we require t; to fire, which deposits tokens into I(t,)
with probability a. Now fire t3 (which deposits I(t4)) and then ¢4 (which deposits
I(t3)) a total of m(4) times. Lastly, fire ¢, which redeposits the token removed

from p, in the first step. The coefficient created is given by,

£(t) [f(ts)f(t4)]’"‘4) f(t2)
f(t2) [ f(ta)f(22) ft)’

_ [f(ta)]mm
f(t2) ’

which is equivalent to Equation (3.46). Consequently we can conclude that the

same coefficient is obtained, whatever way p; is emptied.

Assume now, that we have a token distribution given by,
(m(1),m(2) + m(5) + m(4), m(3) + 2m(5) + m(4),0,0).
The number of times that ¢, can fire, is given by,
é = min(m(2) + m(5) + m(4), [(m(3) + 2m(5) + m(4))/2]),

where m(2)+m(5)+m(4) is the number of times that ¢, can fire, before emptying
p2 and [(m(3) + 2m(5) + m(4))/2] is the number of times that ¢; can fire before
emptying ps, since two tokens are removed from p; at a time. [(m(3) + 2m(5) +
m(4))/2] denotes the integer part of (m(3) + 2m(5) + m(4))/2. The maximum
number of times that ¢, can fire is given by the minimum of these two terms,

which is 6. The coefficient created is given by,

[f(tl)] ' (3.47)
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Note that if m(2) + m(5) + m(4) < [(m(3) + 2m(5) + m(4))/2] there may be
some residual tokens left in ps. The base state in this case is given by the token
distribution,

(m(1) + 6,0, m(3) + 2m(5) + m(4) — 26,0,0)
If m(2) + m(5) + m(4) > [(m(3) + 2m(5) + m(4))/2] then there may be some
residual tokens left in p;, and possibly one in p;. The base state in this case, is

given by the token distribution,
(m(1) + 6,(m(2) + m(5) + m(4)) — §,m(3) + 2m(5) + m(4) — 26,0,0)

The function g(m), is given by the product of these coefficients, that is,

m) = g(by (£2) ™ (f(t4)>"“"’+'"(5)(f(tz)>6

9(m) = g(b) (f(t4)) &) o) (3.48)
B X_(t«i_) m(4) bX(tQ) m(4)+m(5) M s
_g(b)(x(ts)) (x(u)) (x(tz)) ' (3.49)

Treating g(b) as a constant, set to unity, we must show that g(m) satisfies

Equations (3.40) to (3.44).

gm+1I(t) 1 f(t) _x(t2)

g(m+1I(t2))  f(t2) ~ f(ta)  x(t1)’
f(t1)

g(m+1(t)) _ [f(fa f(tq)f(tz)]'l _ f(t) _ x(ta)
g(m + I(t3)) f(t) f(t2) f(t)] f(ta)  bx(ty)’

f(ts) f(ta) f(t2)
g(m+1(ts)) _ f(ta) f(t2) f(t1) _ f(ts)  x(ts)
g(m +1I(ty)) f(ta) f(ta) 7 f(t) T x(ts)
f(t2) f(t1)

) £t
g(m + I(t4)) _ f(t2) f(t1) _ f@d) _ bx(t2)
g(m +I(t,)) f(t2) flt2) — x(t)”

f(t)

as required. The equilibrium distribution is therefore given by,

m(m) = K®(m)g(m), (3.50)
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with ¢g(m) given in (3.49).

Note that p3 is structurally implicit, because the vector y = (0,2,0,1,0)
satisfies the condition Ay < A(ps). However p; is not necessarily implicit,
as condition 2 of Definition 2.10 can be violated. If m(2) + m(3) + m(4) >
[(m(3) + 2m(5) 4+ m(4))/2] then there are reachable markings, such that p, will
satisfy t3’s precondition for firing, but pz will not. This violates condition 2.
Therefore p; can not in general, be removed from the net. In performing the
procedure for finding ¢(-), we have made no allowances for implicit places, how-
ever, we hasten to add that the function ¢(-) we found, is valid for any arbitrary

marking. In addition, we note the following points:

1. Note that neither ¢(-) nor ®(-) have yet been specified, but that the so-
lution has been found. As shown in Section 3.2, choosing ¢(-) and &(.)

appropriately, can result in meaningful marking dependent firing rates.

2. The initial marking has not been used to find the solution given by Equation
(3.50), therefore any choice of the initial marking would result in the SPN
having the same equilibrium solution. The solution given by Equation (3.50)
has normalising constant K, as it’s only unknown. Once the initial marking
is specified, the reachability graph comprising the set of markings, M, may
be found. By summing Equation (3.50) over the markings in M and noting

that )  w(m)=1, the normalising constant can be calculated by,
meM

K=Y [#(m)g(m)}.

mem
Example 3.9

Figure 3.8 (which is equivalent to Figure 3.3), is another example of a SPN in

which the input and output bags, given below, match.

I(t;) = (1,1,0,0), O(t;)=(0,0,1,1),
I(t) = (0,1,0,0), O(t2) =(0,0,2,1),
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Figure 3.8: An unbounded SPN.



I(t3) = (0,0,2,1), O(ts) = (1, 1,0,0),
I(t,) = (0,0,1, 1), O(t4) = (0,1,0,0).

The one step probabilities are given by P(t,t4), B(t2,t3), B(t3, t1), P(ts,t2) and
are equal to one, so there is one positive recurrent communicating class given
by Ci = {t1,12,t3,4}. We can also find the recurrent classes by finding the T-
invariants for the SPN of Figure 3.8. The incidence matrix is given by,

-1 -1 1 1

0 -1 2 1
1 1 -2 -1
0 1 -1 -1

The T-invariant is (1,1,1,1), therefore, C; = {t,t,,t3,#4} which is the positive

recurrent communicating class, as given above.

Of interest in this example, is that place p; can accumulate tokens by firing
the sequence 3, t4 arbitrarily often. Thus the SPN is unbounded. However, we
are still able to find the equilibrium distribution for the SPN using the extended

product form solution, as long as the underlying Markov process is stationary.
The invariant measure for the routeing chain is trivially,
f)x(t:) =1, Vi
Which implies that,
ft) = x@) ™, Vi
To satisfy Equation (3.14), we need to find a function ¢(-), so that,

gm+I(t))  f(t1)  x(t4)

dm 1) ~ ) = X (3:51)
g(m+1I(ty))  f(t2) _ x(ts)
W I(t) ~ flta) ~ x(ta) (3.52)

g(m +I(t3)) _ f(ts) _ x(t1)
gm+1(t,))  f(t)  x(ts)’

g(m +1I(t,)) _ f(ta) _ x(t2)
g(m+1I(t2))  f(t2)  x(ta)

(3.53)

(3.54)
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We use the same procedure for finding ¢(-) as in Example 3.8.

Let the base state be the marking with all of the tokens in places p2. To empty
place p3, we need t3 to fire, however, t3 requires tokens in both p3 and py. We
consider the case that m(4),m(1),m(2) > 0 first. So as not to deplete py of it’s
tokens, we fire ¢; (which deposits I(t4)) first, and then ¢ (which deposits I(¢;))

next. This sequence is performed m(3) times which gives the coeflicient,

sl e

The marking of the SPN is now (m(1),m(2),0,m(4)). Note that the SPN is

(3.55)

not conservative, since the m(3) tokens from ps have disappeared. However, this
does not effect the end result. Now we take time out, to consider the boundary
conditions. Since we are assuming that we are dealing with a stationary SPN, the

initial markings that give deadlock can not occur.

L. If m(1),m(2) = 0, we must fire t5 (which deposits I(t1)) first. This step
removes two tokens from ps, leaving m(3) — 2 tokens, removes on token from
P4, leaving m(4)—1 tokens, and also deposits one token into places p; and p,.
Now fire the sequence, t; (which deposits I(t4)) and then ¢3 (which deposits

I(t1)), a total of m(3) — 2 times. This gives the coeflicient,

[f(ta)] [fu,)f(ta)]'"“"”
Ft) ] | f(te) f(th) ’

The token distribution after this sequence of transition firings is now,

(1,1,0,m(4) — 1).

(3.56)

The next step, requires that we remove the m(4) — 1 tokens from p,. To do
this, we fire ¢, (which deposits I(3)) once, and then fire t4 (which deposits

I(t2)) twice, for a total of m(4) — 1 times. This gives the coefficient,

97 m(4)-1
f(t2) [ f(4) -
[f(ta) (f(tz)) J . (3.57)

The token distribution is now, (1, m(4),0,0).
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To reach the base state, we must remove the single token from p; to p;. To
do this, fire ¢; (which deposits I(t4)) and then fire t4 (which deposits I(#,)).

The coefficient created is,

f(t2)
The token distribution is now, (0,m(4),0,0) which is the base marking. the

[f(tl)} . (3.58)

function g(-) is the product of Equations (3.56), (3.57) and (3.58), which

gives,

m(3) 2 m(4)
f(ts)l [ f(t4) ] _ (3.59)

f(t4) f(t3) f(t2)

. If m(1),m(4) = 0, we can fire ¢, (which deposits I(¢3)) once, to deposit

s(m) = o(b)

tokens in p3 and p,4, and fire t3 (which deposits I(¢;)) which deposits a token
in p; and p;. Now we are able to follow the first firing sequence chosen,
which fires ¢; (and deposits I(¢4)) and then t¢3 (which deposits I(¢;)). This

sequence of firings creates the coefficient,

[ £(t2) f(m} [f(tl) f(ts)] e
| f(ts) f(t1)] | f(#4) f(t1) ’

_ M] [f(ts)r(s)
| f(t1)] L f(ts) .

The marking of the SPN is now (1,m(2),0,0). To get to the base state we

(3.60)

must now remove the single token in p; and deposit it into p,. The firing

sequence t; (which deposits I(¢4)) and then t4 (which deposits I(t;)) does

this and gives the coefficient,

MM] _ [f(fl)]
f(ts) f(t2) f(t)]"

The marking is now (0,m(2),0,0), which is the base marking since no other

(3.61)

tokens are in any places other than p;. The function g(-) is the product of

the coefficients in Equations (3.60) and (3.61) which gives,

oo =0 73] [765) [
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F(ta)]™
- [f(u)] . (3.62)

as g(b) = 1. Note that Equation (3.62) is the same as Equation (3.55).
Consequently we obtain the same coefficient whatever way p; is emptied,

subject to no deadlock.

Assume now that we have emptied the tokens from p; and are in marking
(m(1),m(2),0,m(4)). We now want to remove the m(4) tokens from ps. To do
so, we fire t; (which deposits I(Z3)) once and then fire ¢4 (which deposits I(t;))

twice, for a total of m(4) times. This creates the coefficient,

21 ™m(4)
f(t2) [ f(tq)
[f(ta) 7) ] | (569

The marking of the SPN is now given by (m(1),m(2)+m(4),0,0). We must now

consider the boundary conditions.

1. Suppose m(1),m(3) = 0 (therefore the first step which removed tokens from
p3 was not performed). The same sequence of transition firings, given above,

can be used in this situation.

Assume now that we are in marking (m(1),m(2)+m(4),0,0). To reach the base
state, the last step to be performed is to remove the m(1) tokens out of p;. The
sequence of transition firings given by, t; (which deposits I(t4)) and then ¢, (which
deposits I(t;)) executed m(1) times, will empty p;. The coefficient created, is given

by,

[mmr“’ _ [fm]'"‘”
f(t) f(t2) ftt)]

The marking is now given by (0,m(2)+m(4),0,0) which is the base marking.

(3.64)

The function g(-) is given by the product of Equations (3.55), (3.63) and (3.64),

which gives,

m) = s(b) [ 2002) ™ [ ST )
9(m) = g(b) [f(u)] f(ts)f(tz)] [f(tz) | (3.69)
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Note that, Equation (3.59) is of the same form as Equation (3.61) with m(1) = 0,
again reinforcing the fact that, ¢(-) is found to be the same, independent of the
order of transitions firings. To check that g(-) satisfies Equation (3.14), we let

g(b) = 1 and substitute it into Equations (3.51) to (3.54),

)
g +10n) _ FB)  _ f(h)
gm+1I(t0))  f(t3) f(t4)? f(ts)’
f(t) f(ta)f(t2)

g<m+1(t2)>:[(f(ts)>"’ £ty ] f(t2)

gm+1(t))  |\f(ta)) Flta)f@)| ~ flts)

(f(ts))2 f(ta)?
g(m+1(1)) _ \Ft)) Ftaf (@) _ fita)
g(m +1I(¢;)) f(t1) f(t)’

f(t2)

gm+1(ts)) _ fts) f(ta)? _ f(ta)
g(m+1(t2))  f(te) f(ta)f(t2)  f(t2)

which confirms that g(m) does satisfy (3.14). Therefore the equilibrium distribu-

tion, is given by,
m(m) = K ®(m)g(m), (3.66)

with g(m) given in Equation (3.65).

Note that there are no structurally implicit places in this SPN. Again there
exist markings in which some places are implicit and other markings for which
they are not, however, g(-) is valid for any arbitrary initial marking,.

Again in this example, we have found ¢(-) and now have the freedom to choose
an arbitrary ®(-) and ¢(-) to determine the invariant measure, There is also no
need to give the initial marking. With the appropriate choice of the functions
®(-) and ¢(-), state dependent firing rates or blocking can be introduced as in
Example 3.4. Again the initial marking specifies the reachability graph, and

therefore influences the solution only through the normalising constant.
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3.6 Other Work on Product Form solutions in
SPNs

Lazar and Robertazzi [55] consider the underlying geometry of the state transition
diagram of a SPN, to find some identifiable structure that has a product form
equilibrium distribution. The motivation for this research, was to classify models,
which contained blocking and which had a product form solution. Other papers
applying the theory include, Lazar and Robertazzi ([56], [58]) and Cheng and
Robertazzi [21).

They recognise that the state transition diagram of some SPNs have identifi-
able geometric shapes, in the form of multidimensional toroids and called them
building blocks. When taken in isolation, the global balance equations for these
building blocks give partial balance equations for the original process. In com-
parison, a queueing network with k queues, has building blocks which are formed
by the set of states n and n —e;, 1 <7 < k. When taken in isolation, the global
balance equations for the building block are the partial balance equations for the
original queueing network.

Once the geometric shapes have been identified, there is no guarantee that the
global balance equations on the building blocks, are consistent over the different
building blocks. To overcome this, Lazar and Robertazzi [55] construct what is
called a consistency graph from the building blocks. The values associated with
the movement from one state to another (indicated on the arcs of the consistency
graph) are given by the ratios of the suggested equilibrium distributions at the
states. For consistency validation, the product of these values around any closed
path in the consistency graph must multiply to one.

The next Theorem links the routeing chain with the building blocks defined

above.

Theorem 3.3

Any positive recurrent communicating class in the routeing chain determines a
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building block.

Proof

Consider the positive recurrent communicating class in the routeing chain, C;,
that contains transition ¢. From Theorem 3.2, the flux out of m + I(t), due to the
firing of ¢ is equal to the flux into m + I(¢), due to the bag I(¢) being deposited

by another transition. Hence,

r(m + I(#)g(m +1(¢),8) 3 p(t,0) = 3 w(m + I(s))g(m + I(s), s)5(s, 1)
veC; S€C; (3.67)
Note that Z p(t,v) = 1, but we leave it in for clarity.

This ref:tc;;n can be expressed equivalently, by noting the following. Let m be a
base state. m + I(t) is a marking of the process and m is a pseudo state as defined
in Section 3.2. Let ¢(m + I(t),¢)p(¢, v), which is the rate of moving from m +I(¢)
to m + I(v) due to the firing of ¢ and deposition of I(v) (where O;(t) = I(v) for
some j), be equal to ¢(m + I(t), m + I(v)). Note that g(m + I(t),t) X vec, P(t, v),
which is the rate out of m + I(t), due to the firing of ¢ and deposition of O(t),
can also be expressed as ) ¢(m + I(t), m + I(v)).

veC,
Thus, the left hand side of Equation (3.67) is equivalent to

m(m+1(t)) 3 ¢(m+1I(t), m + I(v)),
veC;
and the right hand side is equivalent to,
> m(m+I(s))g(m + I(s), m + I(¢)).
3€C;
Let Bi(m) = {m + I(z)|z € C;} be the set of states created by firing successive
transitions in C;. Hence, Equation (3.67) becomes,
r(m+1t) Y gm+Itn) = 3 r(n)gnm+I{) (3.68)
neB;(in) neBi(m)
These equations are the partial balance equations for the original Markov pro-

cess, on the set of states defined by B;(m). These are also the global balance
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equations on the set of states, B;(m). Thus, B;(m) is a building block deter-

mined by C;. [ |

Remark 3.5

The building blocks of Lazar and Robertazzi are multi-dimensional toroids. We
have placed no physical restriction on the shape of the building block, as it results

from the topological structure of the recurrent classes of the routeing chain.
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Chapter 4

Insensitivity Theory Applied to SPNs

The type of firing distribution assigned to the transitions in a SPN are sometimes
crucial in order to realistically model systems. For example, as mentioned earlier,
reality would suffer if timeouts in a communication protocol were assumed to be
negative exponential distributions instead of deterministic delays.

When using firing times which are all negative exponentially distributed, the
underlying process of the SPN is Markovian. Consequently, the evaluation of the
equilibrium distribution can theoretically be found by standard techniques such
as the solution of the global balance equations. Or, as we pointed out in Chapter
3, for a certain class of SPN, an extended product form solution can be found.
However with the introduction of generally distributed firing times the SPN no
longer yields these useful forms of solution.

This chapter will be devoted to the theory of insensitivity as applied to SPNs.
Without going into too much detail at this stage, a process is said to be “in-
sensitive” to it’s generally distributed lifetimes, if the equilibrium distribution of
the process depends upon these generally distributed lifetimes only through their
means. Therefore, what was once a potentially difficult problem due to general
distributions can be reduced to a relatively simple problem involving only nega-
tive exponential distributions or any other convenient distribution with the same

mean.

In the following section we give a survey of the work using the theory of

insensitivity.

68



4.1 A Survey of the Theory of Insensitivity

The first example of insensitivity was discovered by Erlang [29] when he showed
that the n server loss system with exponential service times of mean [u]™", has
the same steady state distribution as the n server loss system with deterministic
service times of mean [u]™". Kosten [54] and Fortet [30] elaborated on this find,
showing that the service time distribution for an n server loss system can actually
be general with mean [u]™', without affecting the form of the steady state dis-
tribution. Both authors, use supplementary variables to evaluate the equilibrium
distribution.

Another queueing system which has similar properties to the Erlang loss sys-
tem is the Engset loss system. This was shown to be insensitive with respect
to generally distributed, but independent service times by Cohen [23] and with
respect to successive service times, which come from a stationary point process
by Kénig [52].”

Insensitivity, or robustness to many statisticians, has been historically studied
within the framework of generalised semi-Markov processes (GSMPs) and conse-
quently it is often difficult for the practising modeller to appreciate the value and
relevance of the results. The remainder of this section is a brief summary of the
work conducted on insensitivity in GSMPs and then, of more practical interest, a
brief summary of the insensitivity properties that appear regularly in the theory
of networks of queues.

Matthes [66] created the GSMP to study insensitivity within a wide class of
stochastic processes. The GSMP is a generalisation of the semi-Markov process
(SMP) as suggested by its name. The SMP resides in a particular state for a
generally distributed length of time and then undergoes a transition to another
state for a generally distributed length of time. In a GSMP, multiple generally
distributed lifetimes can be alive simultaneously and the death of any one of them

causes a transition to another state. To study the insensitivity of the GSMP, only
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one generally distributed lifetime is allowed to die in any transition, therefore the
next state to be entered is restricted to the set of states that have the remaining
generally distributed lifetimes alive.

Matthes [66] showed that a GSMP is insensitive with respect to a lifetime, if
and only if, a set of balance equations are satisfied by the equilibrium distribution,
when all of the lifetimes are taken to be exponential. These balance equations
state that in equilibrium, the probability flux into any arbitrary state due to the
creation of the lifetime s, is equal to the probability flux out of the same state due
to the death of that lifetime. Using the definition of a SMP above, the balance
equations for a SMP are always satisfied since there is only ever one generally
distributed lifetime alive at one time. Therefore every SMP is insensitive to it’s
generally distributed lifetimes. A formal description of a GSMP and the equations
for insensitivity will be given in Section 4.3 and Section 4.4 respectively.

A further generalisation was given in Kénig and Jansen [53] who introduced
state dependent speeds ¢(s, g), at which the lifetime s is worked off when the state
is g. The practical uses of these speeds are numerous, in particular, they can be
used to represent zero speeds. For example, it is possible to model the situation
where a lifetime is not worked on at all in some states, and yet still retains it’s
spent or residual lifetime. This is useful, for example, when modelling the pre-
emptive resume protocol. The instant a lifetime is pre-empted, the speed at which
it is worked off is set to zero. This ensures that when a lifetime is re-enabled, it
will resume from where it was pre-empted.

The existence of zero speeds introduces difficulties when proving the equiv-
alence of insensitivity, product form and partial balance. In analysing systems
with zero speeds, Konig and Jansen [53] assumed a property called instantaneous
attention. This property requires a lifetime to be worked on at a positive speed
immediately after being created. Koénig and Jansen [53] point out that if a process

does not possess instantaneous attention, it can be modified into one that does, by
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the addition of suitable extra states. Taylor [93] showed that it is not necessary to
do this, as it is possible to treat insensitivity in processes without instantaneous
attention directly and that 1t is the behaviour of the positive speed states that is
important in determining whether a process is insensitive.

Konig and Jansen [53] and Schassberger [90] showed that the supplemented
equilibrium distribution, when using residual lifetimes, can break down into a
product of two terms. One term for the discrete part, the other for the continuous
part. That is, the process behaves as if the discrete and continuous parts of the
states are independent.

Schassberger ([88],[89]), proved Matthes’ result using the method of phases
and in [90] extended the result to incorporate speeds.

Henderson [35], considered the structure of the time reverse GSMP, and showed
that a number of conditions are equivalent to insensitivity in a GSMP, P. In par-
ticular he observed that P is insensitive, if and only if, the supplemented equilib-
rium distribution, when the supplementary variables denote residual lifetimes, is
the same as the supplemented equilibrium distribution, when the supplementary
variables denote the spent lifetimes.

Henderson and Taylor [39], studied processes in which the generally distributed
lifetimes could be prematurely ended by the deaths of other lifetimes, with subse-
quent state changes depending upon how the generally distributed lifetime died.
As in the theory of insensitivity outlined above, Henderson and Taylor’s [39] re-
sults depend upon the generally distributed lifetimes only through one parameter
of each distribution. However, in this case, the parameter is no longer the mean,
but the Laplace-Stieltjes transform of the distribution evaluated at a particular
value. Rumsewicz and Henderson [87] followed, by allowing state changes to de-
pend arbitrarily on the ages of the generally distributed lifetimes at their deaths.
The equilibrium distribution for the Rumsewicz and Henderson [87] process, are

derived using insensitivity concepts, but no longer depend on only a single pa-
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rameter of each distribution.

A major application and source of results in insensitivity theory is in product
form queueing networks. A model of a queueing network where the service time
at a node is not always negative exponentially distributed, was considered by
Baskett, Chandy, Muntz and Palacios [8] (BCMP). They allowed the nodes in the

network to be of four different service disciplines, which are

1. First come first served: The service times are then negative exponentially

distributed.

2. Processor sharing: Each customer may have a general service time distribu-

tion, given that the distribution has a rational Laplace transform.

3. Last come first served: Each customer may have a general service time

distribution, given that the distribution has a rational Laplace transform.

4. Infinite server: The number of servers at a queue is greater than or equal
to the maximum number of customers that can be queued at each queue.
Each customer may have a general service time distribution, given that the

distribution has a rational Laplace transform.

The condition of having a rational Laplace transform allows the service centre
to be represented by a series of negative exponential stages. In Section 4.2.2 we
summarise how some of the authors in the SPN literature have approximated
generally distributed firing times by a series of negative exponential phases.

Kelly [50] showed that the key to allowing generally distributed service times in
queueing networks, involves a class of queues called symmetric queues. The reason
is that the equilibrium distribution of the network is insensitive to the service time
distribution at a symmetric queue. Note that the service disciplines in BCMP,
that allow generally distributed service times, are examples of symmetric queues.

Other examples such as the queues with the WIERDP discipline of Chandy and



Martin [19] and the Last Batch Processor Sharing discipline of Noetzel [78], can
also be represented as symmetric queues.

Kelly’s techniques of proof were different to those of earlier authors. Instead of
showing that symmetric queues satisfy partial balance equations, he used the time
reversed process to show that postulated forms of the equilibrium distribution were
correct. He also showed that a symmetric queue is quasi-reversible (see Kelly [51],
pg 65) and hence a network involving symmetric queues with generally distributed
service times has a product form given by Jackson or BCMP.

Chandy, Howard and Towsley [18], looked at what is essentially a symmetric
queue in terms of local balance and station balance, rather than quasi-reversibility
and derived insensitivity and product form results. Jansen and Kénig (47], modi-
fied this work to include different classes of customers and showed that the output
processes for nodes in a queueing network are Poisson, when the network possesses
product form and insensitivity.

The results of Henderson and Taylor [39] and Rumsewicz and Henderson [87)
on interruption processes and age dependent routeing, were successfully applied
to Jackson/Kelly networks to show that a generalised product form solution still
occurs, when the routeing of a departure from a symmetric queue is an arbitrary
function of the length of service that the customer requested at the queue.

In the following sections we apply the theory of insensitivity to SPNs.

4.2 SPNs with Generally Distributed Firing
Times

The techniques used in handling generally distributed firing times, can be classified
into two categories. The first analyses the corresponding process of the SPN and
the second replaces transitions which have generally distributed firing times, by a

SPN which best approximates the distribution.
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4.2.1 Use of the semi-Markov Process

In Section 2.5.1 we gave a summary of some of the different SPN models which
use generally distributed firing times. These include deterministic firing times
and arbitrarily distributed firing times. The one feature that the models such as
Natkin [77] Bertoni and Torelli [11] and Dugan, Geist, Nicola and Trivedi [28]
have in common, is that their underlying process is semi-Markovian.

Marsan and Chiola [64] impose the same restrictions as Dugan, Geist, Nicola
and Trivedi in the DSPN model that governs which transitions can be given
deterministic firing times, however, under special circumstances they introduce

an extension. Recall from Section 2.5.1.

1. The set of concurrently enabled transitions (which may include exponen-

tially distributed firing times) must be enabled at the same instant.

2. Each of these transitions can also represent a chain of transitions (that
is a transition connected to a place connected to another transition etc.),
however the firing distribution must be the same for each transition in the

chain.

For the purposes of finding the equilibrium distribution, the time points of the
process are then taken to be the instant that the deterministic transition starts
firing, or has just been disabled. At the end of each interval the process will
change states probabilistically, according to whether an exponentially distributed
transition (or a set of exponentially distributed transitions) does, or does not fire
within the interval. Under these conditions and using the suggested embedding
procedure the process is a SMP.

Marsan, Balbo, Bobbio, Chiola, Conte and Cumani [61], [62] also use SMPs.
As discussed in Section 2.5.1, the combination of the pre-selection and race policy
with pre-emptive repeat gives a SMP. The combination of the race policy with

pre-emptive resume or age-enabling gives a process that is not a SMP and is not
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necessarily a GSMP, so therefore the solution can often be intractable.

4.2.2 SPN Approximation of General Distributions

The second category approximates the general distributions, by using a series
or parallel (or both) combination of exponential stages. The basic idea was first
established by Erlang [29], who showed that a general distribution with coefficient
of variation less than one, can be represented by a series of r > 2 exponential
stages. This is the well known Erlang-r distribution. For a general distribution
with coefficient of variation greater than one, r > 2 parallel exponential stages
can be used as a representation. This is the hyperexponential-r distribution.

Cox [25], contributed further by showing that any distribution with a rational
Laplace transform can be modelled by the combination of series and parallel
stages.

One of the first applications of this idea to SPNs, was by Molloy [72]. Fig-
ure 4.1 is an example of a SPN representation of an Erlang-r distribution from
Chen Bruell and Balbo [20], with mean service time % In order to achieve this
representation, it is necessary to have r transitions and r + 1 places. For the
hyperexponential-r distribution, it is necessary to have r + 2 places and r? tran-
sitions.

It is clear to see, that the problem with direct substitution of these subnets is
that the transitions and places, required to approximate the general distributions,
enlarge the state space unnecessarily.

Chen, Bruell and Balbo [20] improve on this technique, by creating compact
GSPN representations for Erlang’s method of stages. In addition, the paper de-
scribes how the race policy with pre-emptive repeat, pre-emptive resume and
age-enabling are incorporated into the model; this becomes necessary when there
exist concurrent and conflicting transitions in the SPN. Figure 4.2 is an example of
their representation of an Erlang-r distribution. This construction requires only 5

places and 3 transitions for the race policy with pre-emptive resume. The GSPN
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Figure 4.1: A SPN representation of the Erlang-r distribution.
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Figure 4.2: A GSPN representation of the Erlang-r distribution.



representations are automatically inserted into the SPN during the solution eval-
uation stage, the user is only required to specify the number of stages and the
mean of the distribution. The resulting net is a GSPN, which can be solved using
the techniques described in Section 2.5.1.

Another technique by Marsan, Balbo, Chiola, Conte and Cumani [62] men-
tioned in the last section, performs a stage expansion on the reachability graph.
Each marking in the reachability graph is supplemented by a vector, which records
the stage of firing for each transition. The different execution policies, race with
pre-emptive repeat, pre-emptive resume or age-enabling are also incorporated into
this technique. The expansion of the reachability tree is performed by an algo-
rithm which has been automated in a software package by Cumani [27], called
ESP.

Our aim in this chapter is to generalise the current work on SPNs with gener-
ally distributed firing times. This entails introducing the GSMP in detail, which
we do in the following section. We then proceed by applying known insensitivity
results for GSMPs to SPNs in Section 4.4 and then give the conditions for insen-
sitivity. However, to obtain more powerful results we turn to some extensions to
GSMPs, namely the age dependent routeing processes of Rumsewicz and Hender-
son [87] given in Section 4.5. These results give the foundations for the work on
transition merging in Section 4.6 and marking amalgamation in Section 4.7. We
introduce another extension to insensitivity in Sections 4.8 which is generalised
in Section 4.9, where we show how to obtain equilibrium distributions for nets,
which allow simultaneously enabled generally distributed firing times. Sections

4.3 to 4.7 are based on the paper by Henderson and Lucic [36].

4.3 A Generalised semi-Markov Process

A GSMP is defined on a set of states {g : g € G}. Within each of these states are

active elements s, from the set S which decay at the rate c(s,8), s € S. When



the active element s dies, the process moves to state g’ € G, with probability
p(g,s,8'). If s € S, the element s has a negative exponentially distributed life-
time, and if s € S* it has an arbitrary general distribution, § = §’U S*. In order
to establish insensitivity results it 1s standard to include the restriction that when
the process changes from state g to state g’, due to the death of s, no two ecle-
ments from the set S* may be activated or die simultaneously, and the remaining
elements from g N S* retain their spent lifetimes.

We usually define the marking of a SPN, by the number and colours of tokens
in each place. If the state of the SPN comprises this marking, along with the
set of transitions enabled by this marking, then a GSMP structure is realised.
State changes may be caused by either the firing of exponentially, or generally
distributed transitions.

To model a SPN using a GSMP, the above definition requires that a state
change cannot enable or fire, more than one generally distributed transition si-
multaneously and all other generally distributed transitions carry over their spent
lifetimes to the next marking. Therefore, at first glance it would appear that no
marking change can enable more than one transition simultaneously, nor can a
transition firing disable other transitions. Fortunately we can, up to a point, relax
both of these assumptions by utilising the results of Henderson and Taylor [39] and
Rumsewicz and Henderson [87] and by noting that the GSMP definition allows
the residual lifetimes of the active elements to decay at a state dependent speed.
In particular, if transitions in conflict disable one another, we can set the decay
rate of the disabled transitions to zero. The effect is to introduce a pre-emptive
resume policy into the SPN, so that any transition re-enabled after it has earlier
been disabled (without having fired), restarts its firing time from where it left
off. We give examples in Section 4.5 which illustrate insensitivity in SPNs with

conflict, when pre-emptive resume policies are adopted for disabled transitions.
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4.4 Balance Equations, Insensitivity and Appli-

cations

In this section, we present the balance equations, that are necessary for insensi-

tivity of a process with respect to a lifetime. Following this, we give examples to

help reinforce the concept of insensitivity as applied to SPNs.

Within the framework of GSMPs, Matthes [66], showed that the following two

statements are equivalent:

1.

The process is insensitive with respect to the elements of S*. That is, the
general distributions of the lifetimes of the elements of S*, can be replaced
by any other distributions with the same mean, and yet the process still

retains the same equilibrium distribution.

When all elements of S* are assumed to be negative exponentially dis-
tributed, the flux out of each state due to the death of an element of S~. is

equivalent to the flux into that state due to the birth of that element.

The equivalent statements for SPNs with generally distributed transitions are:

1.

The SPN is insensitive to each generally distributed transition ¢t. That is.
transition t’s firing distribution can be replaced by any other distribution

with the same mean, without altering the equilibrium distribution of the

SPN.

The purely Markov process, i.e. when S’ = S, has the property that for all
transitions ¢, and for all the markings m; that enable transition ¢, the flux
into marking m; which enables ¢, is balanced by the flux out of marking m ;

due to the death of transition t.

Statement 2 is the “insensitivity balance equation” for transition ¢. There are

some special circumstances, in which insensitivity balance is equivalent to the

detail balance associated with reversibility and others when it is equivalent to the
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Whittle (or local) balance (see Section 3.1), linked with product form queueing
networks. In some cases insensitivity balance arises naturally in the global balance
equations but, in general, it is none of the above and has a niche of its own in
the fascinating relationship between properties of processes and certain kinds of
balance equations.

As an illustration consider the following example.
Example 4.1
The SPN of Figure 4.3 represents a simplified model of a dual processor computer
system given by Lazar and Robertazzi [57]. It consists of two processors vying for
a common shared memory. The model Lazar and Robertazzi [57] use, is shown
in Figure 4.4. The difference in the models, is that the access phase now has a
more general distribution consisting of the additional property that a processor,
interrupted in its attempt at accessing the memory, retains its access stage while
the memory is being utilised by the other processor. The latter is an example
of a pre-emptive resume policy. Lazar and Robertazzi [57] find the equilibrium
distribution, after assuming that all transitions have negative exponentially dis-
tributed firing times. Let us return to Figure 4.3 and try to incorporate both of
Lazar and Robertazzi’s extensions into the simplified model, by introducing gen-
eral distributions and examining the system for insensitivity. Consider the SPN
of Figure 4.3 modelled as a GSMP with the initial marking as illustrated. The
states of the GSMP are

m; = (1,1,1,0,0, s, s3),
m; = (anv 11 110732733)a

ms3 = (1,0,0,0, 1,81,34).

where s; is the element of S corresponding to transition ¢;, 1 < : < 4. Note the
important point, that although states m, and mj contain the active transitions ty
and t,, respectively, they are being worked off at a zero speed, that is ¢(sz, m,) =

0 = ¢(s1, m3). As the definition of a GSMP does not allow two lifetimes to die
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Figure 4.3: A SPN representation of a simplified dual processor model.



Figure 4.4: The dual processor model of Lazar and Robertazzi.



simultaneously, the firing of transition ¢; halts the firing of ¢5, but it retains the
spent lifetime until the token is returned to p,. With this feature, even the simple
example above is not a SMP. To test the transitions for insensitivity consider first
the purely Markov version of the SPN in Figure 4.3 in which transition #; fires
with a negative exponentially distributed time with mean (y;)7!, 1 < < 4. We
note that with negative exponential distributions, the cases of pre-emptive resume

and pre-emptive repeat are identical. The global balance equations are,

m(my)(pr + p2) = m(m2)ps + m(mz)py, (4.1)
m(my)pus = w(my )y, (4.2)
m(ms)pug = w(my)uo. (4.3)

The insensitivity balance equations must be satisfied for each state, from which
the transition under scrutiny can fire. In this case, the equations are simple with

only one relevant state for each transition.

for ¢; (my)p = w(may)us, (4.4)
for t, m(my)puz = w(mz)p,, (4.5)
for t3 m(my)ps = w(m,)y,, (4.6)
for t4 n(ms)py = w(my)p,. (4.7)

It is obvious that the solution to the global balance equations, in satisfying
Equations (4.2) and (4.3) automatically satisfy Equations (4.4), (4.5), (4.6) and
(4.7). Consequently, the SPN is insensitive to each of the transitions t1,t2,t3 and
4.

Since the SPN is insensitive to t; and t,, we are able to assign general firing
time distributions to t; and ¢,, without altering the equilibrium distribution ob-
tained from Equations (4.1), (4.2) and (4.3). In particular, transitions ¢; and t,
can be replaced by two consecutive negative exponentially distributed transitions
separated by a place. Note that the pre-emptive resume assumption for disabled

transitions is forced upon the model by the restrictions on insensitive GSMPs. As
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the two stages of the distribution are memoryless, we need not record the exact
age of the spent lifetime, we need only ensure that the token freezes in its current
place until the next transition in the sequence is re-enabled. This is Lazar ana
Robertazzi’s model.

Wang and Robertazzi [96] generalised the SPN of Figure 4.4 by allowing the
firing time distribution of each transition ¢;, 1 < i < 6 to be the sum of two
negative exponential distributions. As in the previous example, this can be in-
corporated into the simplified model in Figure 4.3 using insensitivity. From the
same argument used for Lazar and Robertazzi’s model, we replace the firing time
distribution of ¢; and t; by the sum of four negative exponential distributions and
assume, as do Wang and Robertazzi [96], that the sequence of stages obey the
pre-emptive resume protocol. Transitions ¢3 and ¢, are also replaced by the sum
of two negative exponential stages. There is no question that ¢; and t, obey the
pre-emptive resume protocol, as they are never enabled together. The simplified
model can be extended further, by allowing the firing time distributions of ¢;, 5, t5
and t4 to be the sum of an arbitrary number of negative exponential distributions.
Again, this translates to having an arbitrary number of consecutive transitions
separated by places.

Example 4.2

Now consider the same problem but in a more general setting. The structurally
simple SPN of Figure 4.5, has a collection of resources available in place p; and
a set of labelled customers in place p,. The resources can, for example, be buses
and memories as in the last example or circuits in a circuit switched network.
Note that different customers require different sets of resources.

Label the customers 1,2,...,T and assume that a customer J€{1,2,...,T}
requires the set A; of resources to complete its task. Transition t; 1s a folded

transition which serves all customers. Customer J draws a time from a general

distribution, with mean (A;)~?, and waits (or works) for that length of time before
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accessing the resources. If the set of resources, A;, are unavailable during that
time period the countdown is temporarily halted for customer j, until the nec-
essary resources become available in p;. When these, “times to access service”,
are negative exponentially distributed, they are memoryless and many interpre-
tations of the service procedure are possible. For example, we can assume that
the countdown never stops and customers who request service but do not find the
resources available, wait for another negative exponential period before making
another request. Customer j accesses resources (in place p3) for a period of time
with mean, (u;)~!, before returning the resources to p; and themselves to p,.

Define the state of the system as n, a |T'| vector of zeros and ones, the ones
indicating the customers currently utilising resources (in p3). Consequently, n also
indicates the active elements as sjo or sj;, depending upon whether customer j is
waiting to access or is accessing the resources, respectively. The lifetimes s;o, 55,
have means (A;)™! and (u;)~! respectively.

If all lifetimes are negative exponentially distributed and n = (n,,n,, ... ,nT),
nj =0,1,Vj =1,2,...T, then the process is reversible with equilibrium distribu-

tion,

T A\
7r(n)=C]_:[(/\—J_> : (4.8)

Hj

Where C, the normalising constant, is evaluated over all the feasible states of the

process.
If n is a feasible state with n; = 1, and e; = (0,0,...,0,1,0,..., 0) represents
the state where only customer j is using resources, then the insensitivity balance

equation for s;; is found in the following way. The flux out of state n due to the

death of sj;,
= 7(n)y;.

The flux into n due to the birth of s;;,

=7(n—ej)A\;.
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Consequently, the insensitivity balance equation for sj 1s,
m(n)p; = w(n — e;)A;. (4.9)

Equation (4.9) follows immediately from Equation (4.8) and is the insensitivity
equation for sj also. For the case where customer j’s resources are available in
p1, this is clearly true. Now consider the implication of Equation (4.9) on the
behaviour of the Markov process when n is an infeasible state and n — e; is feasi-
ble. This occurs when customer j’s resources are not available in n — e;. For this
case, m(n) = 0 and the pre-emptive resume policy freezes the decay of the lifetime
sjo in state n — e;, so ¢(sjo,n — e;) = 0, and thus we have equality in Equation
(4.9). Therefore with zero speed in this situation, we have a pre-emptive resume
protocol at ¢; which satisfies the necessary balance equations for all markings and
is therefore insensitive to all of its active elements. Relating back to Example
4.1, we can therefore find performance measures based on the equilibrium distri-
bution, when any number of processors are trying to access any set of memories
with an arbitrary bus architecture, with any sequence of negative exponentially
distributed transitions as per Wang and Robertazzi and with generally distributed
memory utilisation times.

Equation (4.9) not only gives information on insensitivity, it also tells us that
the SPN of Example 4.2 is reversible. We can further conclude with a little thought
that the characteristic detailed balance equations of reversibility always indicate
some form of insensitivity. However, as we pointed out, care must be taken when
establishing the meaning of the active elements, and their behaviour when state
changes occur, otherwise the insensitivity property can be lost.

Let us again stress, that there are many insensitive processes which are not
reversible and many reversible purely Markov processes which, when arbitrarily

given general distributions, are not insensitive.

83



4.5 Age Dependent Routeing

The results derived in the previous sections relied on basic insensitivity theory.
In this section, we use the extensions to insensitivity from the work on GSMPs
with interruptions by Henderson and Taylor [39], and GSMPs with age depen-
dent routeing by Rumsewicz and Henderson [87], to analyse SPNs further. For
example, in order to simplify the SPN structure, and underlying process, we turn
to techniques such as transition merging in Section 4.6, marking amalgamation in
Section 4.7 and aggregation of subnets of the SPNs in Chapter 5.

Although it is instructive to understand the work of Henderson and Taylor
[39], from both an information and a modelling point of view, it is sufficient, for
the purposes of this thesis, to present the definitions and results on age dependent
routeing in GSMPs, due to Rumsewicz and Henderson [87].

The following results were given originally in terms of GSMPs. As we are
simply translating them into an SPN structure, to obtain Theorem 4.1, we give
no proof here but instead refer the interested reader to Rumsewicz and Henderson
(87].

Let the process of the original SPN be denoted by P. Now alter the original
process P by either performing marking amalgamation or aggregating subnets of
the SPN. Assume that in performing any of these techniques we have created a
process with markings M € M, which has the following routeing structure. Define
pam(y,t) to be the probability of moving from marking 7 to marking m due to
transition ¢ firing at age y. Let P be the process which has, after the firing of a
transition ¢ with general distribution Gy(-), age dependent routeing probabilities
given by pum(-,t). Assume that the age dependent routeing probabilities of P are
sufficient to define P. Thus, P and P are structurally different but mathematically

equivalent.

Let @ be the averaged process of P which has, after the firing of transition ¢
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with general distribution G.(-), age independent routeing probabilities given by,

ram(t) = /0 ” pam(y,t)dGi(y).

Define M to be the process which differs from the @ process, only in that ¢ is
now negative exponentially distributed with mean given by the mean of G¢(-). The
next marking probability for M is given by pgm(t) for the merged transitions or
otherwise from the original SPN. Let 7(1i), i € M be the equilibrium distribution
of being in state N of the M process.

In general, the P, Q and M processes, will have different equilibrium distribu-
tions. Theorem 4.1 tells us when they all have the same equilibrium distribution,
and therefore when the distribution of M is an exact marginal distribution of P.
Theorem 4.1 (Theorem 2 from Rumsewicz and Henderson [87))

If @ is insensitive to its generally distributed transitions, then the equilibrium
distribution of Q is identical to the equilibrium distribution of P and is given by
the equilibrium distribution of M.

Proof

See Rumsewicz and Henderson (87) .

Theorem 4.2 follows immediately from Theorem 4.1 and the definition of in-
sensitivity.
Theorem 4.2
If the Q process is insensitive to its generally distributed transitions then the
marginal equilibrium distribution of the original process P is (@), € M.
Proof
Since we have stipulated that the age dependent routeing probabilities of P are
sufficient to define P, the two processes are structurally different, but mathemat-
ically equivalent and therefore the equilibrium distribution for P is the marginal
distribution for P. From Theorem 4.1, the equilibrium distribution of the Q pro-

cess, which is (1), @ € M, is the marginal distribution for the P process. |
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Procedure:
The procedure, therefore, is to find the averaged ) process, establish the insen-
sitivity, construct the related purely Markov process and solve for =(1),m € M.
Such a procedure is much simpler than working with phase type distributions, or
supplementary variables.

In the next section we consider transition merging. The next corollary applies
to transition merging and follows directly from Theorem 4.2.
Corollary 4.1
If P is formed from P by transition merging then, if Q is insensitive to its gener-
ally distributed transitions, the equilibrium distribution of P is n(n),n € M.
Proof
When applying this procedure the markings in P remain unchanged from the
original process. Therefore M = M and so let n = 11 in Theorem 4.2. As the
state space of @) is the same as the state space of P, the marginal distribution

equilibrium distribution, in Theorem 4.2, becomes the equilibrium distribution. =

4.6 Transition Merging

Recall that the definition of a GSMP entails the creation and death of at most
one generally distributed lifetime per marking change. In a SPN it is common for
a number of transitions to be enabled simultaneously. In this section, we seek the
equilibrium distribution for SPNs with sets of mutually disabling, simultaneously
enabled, arbitrarily distributed transitions. The remainder of the SPN, can have
any structure which is Markovian, that is, the other transitions are all negative
exponentially distributed. We use the results of Section 4.5, to obtain equilibrium
distributions for these SPNs.

Let the original SPN be P. Transform P into a SPN P which has age depen-

dent routeing, by merging the mutually disabling transitions.
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Consider any marking, n, of P, in which there exists at least one set of mutually
disabling, arbitrarily distributed transitions, which were enabled at the same time
point. Assume that there are k transitions in this set, labelled (for simplicity)
1,2,...,k, and that transition ¢;, ¢ € {1,2,...,k} has firing time hazard function

hi(-), which satisfies,

) = TG

(4.10)

and consequently,
Yy
1 — Gi(y) = exp {_/ h;(u)du} . (4.11)
0
Let marking m; be the next marking entered if ¢; fired first. Now combine the k
conflicting transitions into one transition, T', which has a firing time distribution,
Gr(-), given by the minimum of the k¥ merged transition firing time distributions.

The probability of moving into marking m; from the original marking n, when T

fires at a time y, is given by,

_ hiy)
Pam,(y,T) = _—_——Ztkﬂ hi(y) (4.12)

It must be noted that a simplified notation has been adopted and that k and
hi(y),1 < i < n are functions of T. This procedure is followed for each set of
mutually disabling, simultaneously enabled, arbitrarily distributed transitions.
Following the results of Section 4.5, we call the transition merged SPN, P.
The averaged SPN (), based on P, has transitions T, with firing time distributions

Gr(.) as defined earlier, and next marking probabilities given by,

[ hi(y)
Pnm(T) = A deT(y)~ (4.13)

Define the SPN, M, so that T is now negative exponentially distributed with
mean given by the mean of Gr(-). The next marking probabilities for M, are
given by Equation (4.13) when the merged transition fires. Otherwise, they are
determined in the original SPN. Let n(n),n € M be the equilibrium distribution
of being in state n of the SPN, M. From Corollary 4.1, if Q is insensitive to the

general distributions Gr(-), the equilibrium distribution for P is (-).
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The following example illustrates how to apply the procedure.
Example 4.3
Consider the SPN, P, in Figure 4.6. Let transition ¢; have generally distributed
firing times with distribution G;(-), and hazard function h;(-), for 5 < i < 7. Let
the remaining transitions ¢;, 1 < ¢ < 4 have negative exponentially distributed
firing times with means (y;)™!.

The states of this GSMP are given below. The state description gives the
number of tokens in each place and implies the active elements (none of which

have zero speeds).

m; = (1,1,1,0,0,0,0), m,=(1,1,0,0,1,0,0),
m; = (0,1,1,1,0,0,0), m,=(0,1,0,1,1,0,0),
m; = (1,0,0,0,0,0,1), msg = (0,0,1,0,0,1,0),
m; = (0,0,0,1,0,0,1), ms=(0,0,0,0,1,1,0).

Applying the procedure of transition merging to the transitions ¢s and t¢ to
create transition T', we are now able to construct the SPN, P, given in Figure 4.7.
Let the firing time distribution of T be Gr(-) with mean given by (w)'. Gr(")is
the distribution of the minimum of the firing times of t5 and ts.

The next marking probabilities, when T fires at time y, are given by,

_ _ hi(y)
W) = T+ ho(y)’

which route the tokens to places p; and p, with probability g6(y) (solid arcs) and

1 =35,6,

places p; and ps with probability ¢s(y) (dashed arcs).

Define the SPN, Q, to be as in Figure 4.7, but with averaged probabilities,

Y hi(y) .
a= [ ) + by CTW: =56

Now define the purely Markov SPN, M, to have routeing probabilities given by g

and g¢ and transition firing rates given by u;, us, i3, fie, 4 and g7 for transitions

t1,%2,13,t4, T and t; respectively.
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Figure 4.6: An altered dual processor model to illustrate transition merging.



Figure 4.7: The dual processor of Figure 4.6 with a merged transition.



The global balance equations are,

m(my)(p1 + p2) = m(ms)ur + m(me)pgs, (4.14)
m(ma)(p1 + pa) = w(my)p2 + 7(ms)ugs, (4.15)
m(ms)(p2 + ps) = m(m)py + 7(mr)usr + w(me)pgs, (4.16)
m(may)(ps + pa) = m(m2)p1 + 7(ma)u, + 7(ms)ugs, (4.17)
m(ms)pur = m(mz)u, (4.18)
m(me)pu = m(ms)us, (4.19)
m(mz7)pr = w(my)ud, (4.20)
m(mg)u = m(m4)ps, (4.21)
iw(mi) =1. (4.22)

The insensitivity balance equations for the two generally distributed lifetimes are,

for T w(me)p = w(ms)us, (4.23)
m(mg)p = m(my)usa, (4.24)

B, laln, —smnn (4.25)
m(mz)pr = w(mq)py. (4.26)

Clearly the insensitivity balance equations are satisfied by the global balance
equations, and thus the SPN of Figure 4.7 is insensitive to both 7" and ¢t;. The Q
process is therefore insensitive and by Corollary 4.1, the equilibrium distribution
of the SPN of Figure 4.6 is given by solving Equations (4.14) to (4.22).

This example illustrates the power of insensitivity theory in solving potentially
difficult problems. In general, once the insensitivity of a SPN to some of its
transitions is established, a large class of generalisations of the original SPN can
be defined, all of which have the same equilibrium distribution. In the following
section, we show how the same insensitivity results of Section 4.5, can be used

with some kinds of marking amalgamation.
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4.7 Marking Amalgamation

Many authors have had to tackle the problem of large state spaces whether their
modelling tool was queueing networks, SPNs or any of the other frameworks useful
for modelling systems. Aggregation is a necessary procedure in each discipline,
in order to simplify the state space and thereby extract results. In queueing
networks, authors such as Courtois [24], Vantilborgh [94], Balsamo and Iazeolla [7]
and Chandy, Herzog and Woo [17], have used aggregation procedures on product
form networks, principally so that the normalising constant could be evaluated
more readily.

In this section we will suggest a procedure for marking amalgamation in SPNs,
using the results of Section 4.4 and 4.5.

Dugan, Geist, Nicola and Trivedi [28], consider SPNs where at most one gen-
erally distributed transition is enabled in any marking and where each marking
is visited only once. They suggest the amalgamation procedure of combining all
markings which have a common generally distributed transition enabled. In the
example provided in (28] the resultant amalgamated process is a SMP. In general,
the amalgamation procedure described above, does not necessarily yield a SMP,
since, the routeing between amalgamated markings may depend upon the past
history. This problem does not occur, as was the case in the example of Dugan,
Geist, Nicola and Trivedi [28], when the routeing probabilities are only functions
of the marking itself and the time spent in that marking.

An additional problem with this amalgamation procedure can be seen by con-
sidering a G/M/1 queue. Combining all states with the same set of generally
distributed active element, results in a simple renewal process, but provides no
information on the state of the queue. In this case too much detail has been lost
because of the over zealous amalgamation.

In this section, we suggest a general amalgamation procedure for use when the

SPN exhibits markings, with at least one generally distributed enabled transition.
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Using the results of Section 4.4 and 4.5, we derive conditions under which this
procedure gives an exact marginal equilibrium distribution for the original SPN.
Procedure:

From the original SPN, P, with state space M amalgamate arbitrary sets of mark-
ings which have in common the same generally distributed enabled transitions.

The amalgamation will always define a simplified state space, M. It may
not, however, naturally define a new process. For instance, there is no guarantee
that, in amalgamating markings, the routeing probabilities between markings
of M can be evaluated. However, since the procedure involves arbitrary sets of
markings, there is a great deal of flexibility and therefore many alternative choices
in creating the markings in M. Finding the best M, which has well defined
routeing probabilities, retains all the necessary information and is manageable,
1s a skill required of the analyst when using this procedure. When the routeing
probabilities between amalgamated markings can be determined exactly, we label
the new process P.

The P process in the example of Dugan, Geist, Nicola and Trivedi [28] is in-
sensitive and, as we have observed, insensitivity is a powerful modelling tool. Our
aim in this section is to create an insensitive P process, by marking amalgamation
and show that exact marginal distributions for P can be found from this P pro-
cess. Theorem 4.3 is a preliminary theorem which illustrates that the insensitivity
of P implies the insensitivity of any P, when an amalgamation is performed in
the suggested way.

Theorem 4.3

If P is insensitive to the transitions with generally distributed lifetimes, then P
is also inscnsitive to these lifetimes.

Proof

For each marking n, let y be a vector of, either the spent or the residual lifetimes

of each of the generally distributed transitions enabled in n. Let (n, Y), be the
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marking of the SPN supplemented by these lifetimes.
As P is insensitive, the results of Matthes [66] and the subsequent extensions
of Konig and Jansen [53] on spent lifetimes, and Henderson [35] on both spent

and residual lifetimes, give the result,

n(n,y) = 7(m) [ wi(1 - Gulwe). (4.27)

Gi(+) is the distribution associated with the lifetime y; and {;]™! is the mean of
this distribution.

Summing (4.27) over all markings in the amalgamated marking 1 and noting
that each of these markings has the same set of generally distributed enabled

transitions gives,
m(,y) = n(@) [T (1 - Gi(w:))- (4.28)
i

As the form of Equation (4.27) is necessary and sufficient for insensitivity
and Equation (4.28) is valid for every marking m € M, P is insensitive with
equilibrium distribution given by (4.28). n

Even though well defined routeing probabilities are not guaranteed when amal-
gamating markings, the consequence of Theorem 4.3, is that the equilibrium dis-
tribution on the amalgamated markings M has a simple form, given by (4.28)
whenever P is insensitive.

To calculate the equilibrium distribution 7(11), we have two choices. We can
recognise the insensitivity of the P process, replace the general distributions with
negative exponential distributions, perform the amalgamation and solve the re-
sulting system. Alternatively, we can amalgamate first, taking the general dis-
tributions into account, insert negative exponential distributions in place of the
general distributions and then solve. The first approach works when P is insen-
sitive. We proceed to show that the second alternative produces exact results in
many situations even when P is not insensitive.

Let us now assume that we have a well defined P process.
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The age dependent probabilities for moving from the amalgamated marking
T € M to the next reachable markings in the process, are found by working out
the probability of traversing a path within the amalgamated marking, which will
lead to the next marking after the generally distributed transition fires.

The related age independent process @, and the purely Markovian process M
are obtained as in Section 4.5. Let M have an equilibrium distribution given by
m(1),n € M. Then from Theorem 4.2, if Q is insensitive, an exact marginal
equilibrium distribution for the SPN P is given by =(m),n € M.

The natural situations in which the conditions of Theorem 4.2 are satisfied

are:

(a) The marking which first enables the generally distributed transition is always

the same.

(b) The routeing probabilities in the P process from each marking in the amal-

gamated marking are independent of the entry point.

Note that Theorem 4.2 can accommodate the situation where the only set of
enabled transitions are a set of mutually disabling transitions running concur-
rently with a set of negative exponentially distributed transitions. By merging
the generally distributed, simultaneously enabled, mutually disabling transitions
into one transition, as in Section 4.6, we obtain a Q process with a single generally
distributed transition, which runs concurrently with some negative exponentially
distributed transitions. Under the right conditions, Theorem 4.2 can now be
applied to marking amalgamation.

The following example illustrates state amalgamation.

Example 4.4

Figure 4.8 is a high level stochastic Petri net comprising the following features.
The initial marking consists of a hashed and a white token in p1 and two neu-
tral tokens in place p,. Transitions ¢; and #s are both negative exponentially

distributed with rate y;. Transition ¢, is a folded transition representing two
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Figure 4.8: A coloured SPN to illustrate marking amalgamation.



transitions dedicated to the hashed and white tokens, respectively. The hashed
(white) token remains in p3 for a generally distributed time with mean (pn)?
((#w)™") before returning to p;.

When both coloured tokens are in p;, a coloured token is chosen randomly
when t; or t3 fires. The neutral tokens fire through ¢, independently and then
fire through 4, individually with rate yu4 if both tokens are in place py, and rate
s 1f only one token is in p;. The inhibitor arc from p; to t3 ensures that, even
though there may be no tokens in p,, which disables t;, the hashed and white
tokens continue being routed around the left hand side of the net.

The markings of this net can be described simply, by the colours and number

of tokens in places p; and p,. The marking also specifies the active lifetimes. They

are given by,

m; = (2,2), m; = (2,1),
m3 = (2,0), my = (k,2),
ms = (h,1), m¢ = (h,0),
my = (w,2), mg = (w, 1),
my = (w,0), mye = (0, 2),
my; = (0,1), my; = (0,0).

It can be shown that the process, P, comprising these markings is not insen-
sitive to the generally distributed times that the hashed and white tokens spend
in ps. However, we will show that the following state amalgamation produces a
well defined P which is insensitive to the generally distributed lifetimes. Conse-

quently, an exact marginal distribution for P can be found by solving the global

balance equations for P.

Consider the following state amalgamation.

A=1{(2,2),(2,1),(2,0)},
B = {(h,2),(h,1),(h,0)},
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C = {(w,2), (w,1), (w,0)},

D = {(0,2),(0,1),(0,0)}.
State A represents all states which enable only negative exponentially distributed
lifetimes. State B represents the set of states in which the white lifetime is en-
abled at t,. State C represents the set of states in which the hashed lifetime is
enabled at ¢;. State D represents the set of states in which both the hashed and
white lifetimes are enabled. Since both active elements are alive in state D, the
amalgamated process P of Figure 4.9 is a GSMP but not a SMP.

Choosing this amalgamation has created a process with age independent route-
ing probabilities. Therefore, the issue of age dependent routeing does not have
to be treated by averaging the routeing probabilities. Consequently the P and Q
processes are equivalent and an insensitivity analysis on the P process, is all that
is required.

In this case it is possible, with care, to write down the global balance equations
for M directly. However, we find it more insightful to produce the M equations
by summing the appropriate terms of the purely Markov version of the original
process P, that is, where ¢, fires the hashed and white tokens according to negative
exponential distributions with means (us)™! and (u,)™! respectively. The global

balance equations for this process are,

m(my)py = m(m2)ps + m(my)py + 7(mz)us, (4.29)

7(ma)(s1 + ps) = 7(Mg)pr, + w(Me)pn + m(mg)pua, (4.30)
m(m3)(p1 + pa) = 7(Me)py + T(mg)pn, (4.31)
m(maq)(p1 + po) = 7(Mio)us + 7(ms)ps, (4.32)
m(Ws)(1 + o+ pi5) = w(m) Bt + w(me)puy + w(mi s, (4.33)
() (1 + ph + pa) = (M) G+ w(mur)pas + m(ms) 2L (4.34)
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Figure 4.9: The amalgamated process of the SPN in Figure 4.8.



m(mz)(p1 + pr) = 7(M0)py + 7(ms)ps, (4.35)

m(ms)(mn + pn + ps) = T(m) S+ 7(mo)p + w(m) e, (4.36)
m(am0) (s + g+ u4) = 7(mz) G+ w(mia), + w(ms) B, (4.37)
m(muo)(pn + pw) = T(mMyq)ps, (4.38)
m(mu)(pn + pow + ps) = 7(Mag)pg + 7(mg)py + w(ma)p, (4.39)

T(Ma2)(ph + pw + p4) = 7(Ms)ps + w(me)py + 7(me)py + m(mg)py, (4.40)
12
> w(m;) = 1. (4.41)
=1
Since state A is the result of amalgamating states m;, m, and mj, adding Equa-
tions (4.29), (4.30) and (4.31) will give the balance equation for state 4. The

equations for states B,C and D are found by adding the appropriate equations

and are given below.

(A1 = 7(B)pa, + 7(C) . (4.42)
m(B)(p + a) = w(D)pn + w(A)EL. (4.43)
m(C)e + ) = w(D)pny + w(A)EL. (4.44)
m(D)(ua + ) = (7(B) + 7(C))pus. (4.45)

= 7(A) + 7(B) + n(C) + n(D). (4.46)

To show that P is insensitive to the times that the hashed and white tokens
spend in p3, we check for consistency between the global balance equations given

above and the insensitivity balance equations.
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The insensitivity balance equations are given by,

for t, (white) : state B m(B)pw = W(A)%l, (4.47)
for t (white) : state D (D) = 7(C)pta, (4.48)
for t, (hashed): state C m(Clun = F(A)%, (4.49)
for t, (hashed): state D w(D)us = 7(B)u;. (4.50)

Equations (4.47) to (4.50) satisfy Equations (4.42) to (4.45) and therefore the P
process 1s insensitive. Since insensitivity has been established, we are able to solve

the global balance equations, (4.42) to (4.46), to obtain the marginal distribution

for P as,
H#1
n(B) = W(A)‘)—, (4.51)
H
C)=n(A)—, 4.52
7(C) = m(A) g (4.52)
2
(D) = m(A)—1—, (4.53)
2#hiuw
2 -1
m(A) = |y B ) (4.54)

2w 20w 2pn
In this example, we have illustrated how the appropriate choice of marking
amalgamation, results in an insensitive P process. There is a lot of flexibility in
choosing the amalgamation, since there are many marking combinations possible.
To re-iterate, the aim is to choose an amalgamation which produces well defined

routeing probabilities, does not lose excessive information and which is insensitive.

4.8 Simultaneously Enabled Generally Dis-
tributed Transitions

In the previous sections, we noted that the theory of insensitivity was essentially

restricted to models in which at most one lifetime could be born or die at any
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time instant. In this section. we present some preliminary ideas which relax the
simultaneous births assumption.

Throughout this chapter, we have shown that the strength of insensitivity
theory lies 1s in the fact that generally distributed firing times, may be replaced
by negative exponentially distributed firing times with the same mean. We will
aim for the same end result. when we apply our theory to fork-join sections in a
SPN. In brief, so as not to pre-empt the definition, a fork-join section in a SPN
may have an arbitrary number of generally distributed lifetimes enabled at the
same time. As stated before, this poses a problem when trying to extract an
equilibrium distribution. However, we will extend the theory of insensitivity and
present a theory which allows the generally distributed firing times in the fork-
join section to be replaced by state dependent negative exponentially distributed
firing times with the same means. The price to be paid in removing the general
distributions, are the state dependent firing rates, which are functions of the
distributions themselves. We will start by presenting a simple example, to aid
in the understanding of the theory, before immersing ourselves in the notation
necessary for the general case.

Consider a fork-join section in a SPN. Following Baccelli, Makowski and
Schwartz [5], an n-dimensional fork-join queue is represented by n parallel servers
with synchronised arrival and departure streams. Customers arrive at the fork-
Join queue in batches less than or equal to n and then split up to be served by
the n servers in parallel. This is the fork. As soon as the batch has been served,
the customers are reunited. This is achieved by storing the customers, who have
already been served, in an extra buffer of infinite size. They wait here until the
other customers in the batch have been served. This is the join.

The analysis of fork-join queues can be applied to production systems, where
a batch customer is interpreted as a customer order with several components re-

quiring different services. Parallel processing is another area of application, where
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a batch customer can be viewed as a program composed of several subroutines,
each to be executed by a different processor.

In the context of SPNs, an n-dimensional fork-join section is the subnet con-
tained within an n-dimensional fork and an n-dimensional join. The subnet is
executed in the same manner as described above, except, the batch is restricted
to be of exactly size n. An n-dimensional fork in a SPN occurs when a transition
deposits n tokens in n places simultaneously. An n-dimensional join in a SPN
occurs when a transition removes all n tokens within the fork-join section at the
same time. Note that the following analysis is applicable for only one batch of
tokens moving through the fork-join section at a time. A new batch cannot enter
the section until it is empty.

In the following example, we show how to convert the original SPN with general
firing time distributions, into a structurally equivalent purely Markov SPN with
state dependent firing rates that has the same equilibrium distribution.

We note, that there is a strong link between this work and that in the next
chapter, which is concerned with the aggregation and disaggregation of subnets
within a SPN. If we consider the sole general distribution, as the time spent in
the fork-join section, we have a SMP and therefore insensitivity. It is therefore
possible to use the supplementary variable to disaggregate and find detailed infor-
mation about the markings in the subnet. This is the theme of the next chapter.
Our aim in this section, is to find the equilibrium distribution of the detailed
states of the fork-join section, using the information given about the transitions

in the subnet. In doing so, we establish a different and potentially interesting

result.

Example 4.5

Consider the SPN of Figure 4.10. Transition ¢; creates a 3-dimensional fork in
the SPN, by depositing 3 tokens into places p,, p; and p4. The subnet of the

fork-join section is formed by places P2,P3,P4,P5,Pe and p; and transitions t,,t3
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Figure 4.10: A 3-dimensional fork-join section.



and t4. Transition ts constitutes a 3-dimensional join, by removing all 3 tokens
from the subnet at the same time. Transitions ¢; and ¢5 are negative exponen-
tially distributed, with firing rates p; and us, respectively. Let transitions t,, 13
and 4 have generally distributed firing times, given by the functions G1(+), Ga(-)
and G4(-), with hazard functions hy(-), hs(-) and hy(-), respectively. Standard in-
sensitivity results do not apply to this example since the firing of transition t;
enables transitions t;,t3 and t4 simultaneously. We will show, that it is possible
to transform the SPN into a purely Markov SPN with specific, state dependent
firing rates which yields a simple solution.

The markings of the SPN are,

m, = (1,0,0,0,0,0,0),
m, = (0,1,1,1,0,0,0),
m3 = (0,1,1,0,0,0,1),
m, = (0,1,0,0,0,1,1),
ms = (0,1,0,1,0,1,0),
mg = (0,0,1,1,1,0,0),
my; = (0,0,1,0,1,0,1),
mg = (0,0,0,1,1,1,0),
my = (0,0,0,0,1,1,1),

giving the number of tokens in each place.

For this example (and in a more general case shown later), the generally dis-
tributed transitions are enabled simultaneously, so we are able to use one sup-
plementary variable to record the time spent in the fork-join section. We will
resort to using spent time supplementary variables. In this case, the markings
given above, need to be supplemented by a variable y, which records the spent

time in the fork-join section. The supplemented balance equations of being in the

fork-join section are given by:
m(my)pr = m(mg)us.
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A=
m(mg, y + Ay) = 1(ma,y) [1 — ho(Ay)Ay — ha(Ay)Ay — hy(Ay)Ay]

m(my, 0) = mw(mq)p1.

m(m3,y + Ay) = m(my, y)ha(y)Ay + 7(ms, y) [1 — ha(Ay)Ay — ha(Ay)Ay].
m(my, y + Ay) = 7(ma, y)ha(y)Ay + m(ms, y)ha(y) Ay

+ m(myg,y) [1 = hao(Ay)Ay].
m(ms,y + Ay) = 7(m,y)ha(y) Ay + m(ms, y) [1 — h(Ay)Ay — ha(Ay)Ay].
m(me,y + Ay) = m(my, y)h2(y)Ay + w(me, y) [1 — ha(Ay)Ay — hy(Ay)Ay].
n(m7, y + Ay) = m(ms, y)ha(y)Ay + 7(me, y) ha(y) Ay

+ m(mz,y) [1 - ha(Ay)Ay].
m(mg, y + Ay) = 7(ms, y)ha(y)Ay + 7(me, y)ha(y) Ay

+ m(mg, y) [1 — hy(Ay)Ay].

y=

(ms) = [ x(ma)ha(u)dy + [~ alma,y)ho(y)dy

oo

+ m(mg, y)hy(y)dy.
y=0

Also

7(m;,0) =0, for 3< ¢ <8,

since the probability of being in any of the states, other that mg, at y = 0, is zero.

The supplemented differential equations are found by subtracting 7(m;, y)Ay from

m(m;,y + Ay) on the left hand side and 7(m,, y)Ay from the right hand side of

each equation. Then, divide both sides by Ay and find the limit as Ay — 0. The
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equations are then given by:

dw_(c%_y) = —m(ma, ) [ha(y) + ha(y) + ha(y)].

w(my,0) = w(my)y;.

dn(ms,y)

= m(ma, y)ha(y) — m(ms, y) [ha(y) + hs(y)] .
%y‘hy) = 7(ma, y)hs(y) + 7(ms, y)ha(y) — m(ma, y)ha(y).
dL(d“;’_y) = 7(1mg, y)hs(y) — 7(ms, y) [ha(y) + ha(y)] .
.‘idz_y) = m(my, y)ha(y) — T(me,y) [hs(y) + ha(y)].
W = m(ma, y)ha(y) + m(me, y)ha(y) — 7(mz,y)ha(y).
%j’y) = w(ms, y)ha(y) + T(me, y)ha(y) — 7(ms, y)ha(y).

r(mo)us = [ w(my, y)haly)dy

y=

+ [ wme, p)hs(w)dy + [ w(me,y)ha(y)dy.
y=0 y=0

Also

m(m;,0) =0, for 3<: < 8.

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)

(4.62)

(4.63)

(4.64)

The solution to these supplemented differential equations, is given by the following

and the proof is given in Appendix A.

m(ms) = n(my)us (1= Gau))(1 — Gow))(1 ~ Ga(v)dy.
m(ms) = w(m)p (1= Ga(y))(1 ~ Ga(y))Galy)dy.
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r(my) = w(m) [ (1= Ga(y)Ga(y)Caly)dy,
r(ms) = m(mour [ (1= Ga(y))(1 = Ca(y))Ga(v)dy,
w(mg) = w(mom [ (1= Go(w))(1 — Gu(w))Galw)dy,
r(mq) = n(mi)pn [ (1= Ga(y)Ga(y)Galy)dy,

r(me) = w(mo)us [ (1 - Ga())Ga(v)Gal(v)dy,

m(myg) = 71'(11‘11)&.
Hs

Note that 7(my)y, is the normalising constant.

(4.67)

(4.68)

(4.69)

(4.70)

(4.71)

(4.72)

Assume now that the SPN is purely Markov, with state dependent firing rates.

If Equations (4.65) to (4.72) satisfy the global balance equations of the purely

Markov SPN with state dependent firing rates, then an equivalent SPN with

negative exponential state dependent firing rates can be created. Therefore, the

next step is to find these state dependent firing rates from the global balance

equations given below, using our knowledge of the m(-)’s.
m(my)py = w(mg)ps.
(m;) [g(mg, m3) + ¢(m2, m;s) + ¢(m2, me)] = 7(my)u;.
m(m3) [g(m3, my) + ¢(m3, m7)] = 7(m,)g(m2, ms).
m(my4)g(my, my) = 7(m3)g(ms, my) + m(ms)g(ms, my).
m(ms) [g(ms, ms) + ¢(ms, my)] = 7(m2)q(m3, ms).
m(me) [¢(me, m7) + g(me, ms)] = 7(m;)g(m3, mg).
m(mz)g(mz, my) = 7(m3)g(m3, m7) + 7(me)g(me, my).
m(mg)g(ms, my) = 7(me)g(ms, ms) + 7(ms)g(ms, ms).

103

(4.73)
(4.74)
(4.75)
(4.76)
(4.77)
(4.78)
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m(mg)us = m(my)g(mny, my) + 7(1m7)g(my7, my) + 7(msg)g(Mmg, my). (4.81)

Let us define some notation to reduce the complexity of some future expressions.
First label the transitions {2,3,...,n + 1} = A and let the set of labels for the
transitions which have fired be given by the set B C M. Let

AB:)= [T T (- Giw)dGi(y), (4.82)

JEN\{BU{i}}

where A(B : i) represents the probability that transition t; fires first from the set
of transitions with labels A\ B. Let {} denote the empty set and so A({} : 1) is
the probability of the transition t; firing first, when B = {}. Also define M(B) to
be the expected residual time to the firing of the first transition with a label from

N\ B, after all the transitions with labels in B have fired. This is written,

M(B)=E [(ké“}“\g i = i X,)+] , (4.83)

= [T I (- Giw) [1 G5(w)a. (4.84)

iEN\B j€B
where X; is the random variable associated with the lifetime of ti and (2)* =
max(z,0).
Let the state dependent firing rate u(B : j), be the rate of t; firing when the
transitions with labels in B have fired. By substituting the form for the w(-)’s
from Equations (4.65) to (4.72), into Equations (4.73) to (4.81), we can solve for

the state dependent firing rates giving,

g(mz,m3) = u({} :4) = A({}:4)

M}’
A{}:3)

g(mz,ms) = p({}:8) = ===

M({})

g(mg, me) = p({} : 2) = A} :2)

M({}) "
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>

A(f4):3) x A({) : 9)
M(&)

[9v]

) =

g(m3, my) = p({4} :

a(ms, my) = ({4} - 2) = AU :J\?({ZS({} 4
A({3} :4) x A({} : 3)

g(ms, my) = ({3} : 4) = M{3}) ,

) AU3) ) x A 23
B M3

[\

g(ms, mg) = p({3} :

A((2) ) x A : 2)

g(me, m7) = pu({2} : 4) = M) :

A({2}:3) x A({} :
M({2}) ’

SV
~—

g(me, msg) = pu({2} :3) =

)

o

g(my, my) = u({3,4} :

_ AU3,4}:2)[A({4} : 3) x A({} : 9) + A({3} : 4) x A({} 3)]
- M({3,4})

Q(mﬂ m9) = “({234} : 3)a

_ A(2,4}:3)[A({4) : 2) x A({} : 9+ A({2} : 9) x A({} : 2)]
M({2,4)

(=N

q(mg, m9) =/'L({273} : )’
_ A(2,3} - 4)[A({3} 1 2) x A({} : 3) + A({2} : 3) x A({} : 2)]
7\[{ 3})

That is, we have found by using the state dependent firing rates, we obtain the

same equilibrium distribution as though we used the general distributions. If we
can now find a general procedure to produce these state dependent intensities, we
will have side-stepped both the need to introduce supplementary variables for the
general distributions and the need to solve integral equations. The concept is an

extension of the standard insensitivity theory, where generally distributed firing
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rates could be replaced simply by their means.

In order to shed some light on how these state dependent firing rates are
formed, we will discuss three representative expressions. The denominator of
g(m3, m3), is the expected firing time of the first transition to fire between t,,t5
and t4, that is, E [min(X,, X3, X4)], where X is the random variable associated
with the lifetime of transition t;. The numerator is the probability that transition
t4 will fire first between t,,%3 and 4.

The denominator of ¢(mg3, my), is the expected residual firing time of the first
transition, out of ¢, and t3, to fire after t; has fired. Mathematically, this is
written as E [(min(Xg,Xg) — X4))+] where (z)* denotes max(z,0). The numer-
ator consists of the probability of t, firing first then ¢3 firing second leaving t,
still enabled. The denominator of g(my, my) is again the expected residual firing
time of ¢, after t3 and ¢, have already fired. Mathematically, this is written as
E [(Xg — max(Xg,X‘,))+]. The numerator consists of a sum of two probabilities,
which represent two different orderings of the firing sequence. The first term rep-
resents the probability of the firing sequence ¢, — t3 — ¢, and the second term
represents the firing sequence t3 — t;, — t,.

In the next section we use these observations to give state dependent intensities

for the general fork-join case.

4.9 General Fork-Join Sections

Consider a SPN which enables n generally distributed transitions, within an n-
dimensional fork-join section, given in Figure 4.11. Let ¢; and tn4+2 have neg-
ative exponential firing times with mean [11;]™! and [gn42]™", respectively. Let
t2,13,...,tnt1 have generally distributed firing times given by Gi(:), 2 <i <n+1
with hazard functions h(-), 2 <i < n+1. Also, let m, denote the marking with
one token in place p;. Before embarking on the theory for the general case, we

will give some additional definitions.
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Figure 4.11: An n-dimensional fork-join section.



Definition 4.1
Recursively define, P(B), a measure of the likelihood of being in the state where
the transitions with labels in B have fired, as,

P(B):%P(B\{i})A(B\{i}:i), B #{}, (4.85)
with P({}) = 1 and where A({} : 7) is the probability of ¢; firing first when no
other transitions in A have fired. Note, that this can be normalised without
effecting Theorem 4.5 or it’s proof, however this is unnecessary.
Definition 4.2
For j € N\ B,

_ P(B)

W(B :5) = 17 A i), (4.86)

where u(B : j) is the firing rate of ¢t; when the transitions with labels in B have
already fired, M(B) is defined in Equations (4.83) and (4.84) and A(B : j) is
defined in Equation (4.82).

Theorem 4.5.

The equilibrium distribution for the purely Markov n-dimensional fork-join sec-

tion, with state dependent firing rates given by Equation (4.86), is given by,
n(B) = KM(B). (4.87)

Proof

The global balance equations for the purely Markov n-dimensional fork-join sec-

tion, are,

m(m1)pr = 7N )y, (4.88)

m({}) [_X}/u({} 7)) = m(my)u, (4.89)

-

©(B) LZ wB:g)| =2 m(B\{ihu(B\ {i}:4), B#{}.  (4.90)

EN\B ] i€B
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Substitute Equations (4.86) and (4.87) into the left hand side of Equation (4.89)

gives,

ooy [ DAL 1)

— K 3 A({} £ ).

JEN
Since > A({} : j) = 1, this implies m(m,)pu; = K, as was noted in Section 4.8

JEN
with reference to the 3-dimensional fork-join section.

Substitution from Equations (4.86) and (4.87), into the right hand side of
Equation (4.90) yields,

WEB\ {tHABN {2} : )
éI{M(B \ {i}) ME\ ) :

Using Equation (4.85) gives the right hand side as,
= KP(B).

Substitution into the left hand side yields,

KM“”LZ w]

s M (B)
However, ) A(B:j) =1 so the left hand side
JEN\B
= K P(B).
There is no need to satisfy Equation (4.88) as it is redundant. [

Theorem 4.6

The equilibrium distribution for the fork-join section with n generally distributed
transitions is given by Equation (4.87).

Proof

Consider the supplemented equations for the n-dimensional fork-join section and

conjecture that

w(B,y) =K [] (1-Gi(y) ] Gi(v)dy, (4.91)

1EN\B JjEB
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are the solutions to the supplemented differential equations. In general form the

supplemented differential equations are given by,

dmr(B, .
——W(d Do nBy) 3 hy(w) + (B L vhi). (4.92)
Y JEMB jb
Substitution from (4.91) into the left hand side of (4.92) gives,
d[r(B,y)]
dy

=-K Y h(y) II (-Guw) I Giw)

IEN\B kEN\B jEB

+K T O-Gi() |3 hiwn)1 - Gi(v) TI Gily)|,

leN\B jEB keB\{j}

=-n(B,y)| X hiy)|+ 2 hiw)(1-Gi(v)) TI A =-Gi(y)) I Gily),

EN\B ] seB leM\B keB\{j}

- -

=—mB,y)| 3 k)| +X k) I C-G@) I Giy)

L JEN\B ] JEB leENU{;}\B keB\{;s}

Since N\ {B\ {j}} =N U {j}\ B,

B\ {i}v)= [ A-Gu(y) J[ Gi).

leENU{GI\B keB\{j}
Hence,
d|n(B, .
B _ rB.y) 3 hytw) + 5 5B\ 1) w)hs(o),
Yy JEN\B j€B

which is Equation (4.92). Now integrate Equation (4.91) over y and using Equa-
tion (4.84) this gives (4.87) as required. n

The theory is applicable to any n-dimensional fork-join section within any SPN
as long as the SPN is insensitive to the time spent in the n-dimensional fork-join

section. This will be discussed in more detail in Chapter 5.
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Chapter 5

Aggregation and Disaggregation in
SPNs

5.1 Approximation Techniques

In Chapters 3 and 4, we provided classes of SPNs that have simple and exact
solutions, using the extended product form solution and the theory of insensitivity.
However, we have only just scratched the surface. Authors concerned with the
performance analysis of SPNs, have responded to the need of finding a larger class
of SPN with tractable solutions, by using a variety of approximation techniques.
In this chapter, we give a survey of these techniques and then introduce our
contribution to the area. In brief, our work is based on the aggregation and
disaggregation of subnets of the SPN, but differs from previous work, by achieving
exact solutions, whilst at the same time reducing the size of the reachability graph.

The approximation techniques used can be naturally divided into two cate-
gories, the first dealing with the underlying Markov process the second with the
structure of the net.

Haas and Shedlar ([32], [33], [34]) find steady state estimation procedures
for the discrete event simulation of SPNs, based on the underlying regenerative
process structure and may therefore be included in the first category. They de-
fine the marking process of the SPN in terms of a GSMP (see Section 4.3 for
a definition). The characteristic property of a regenerative stochastic process,

is that there exists random time points, referred to as regeneration points, at
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which the process probabilistically restarts. The evolution of the process between
regeneration points, is statistically identical to the process in any other cycle.
Given that some mild regularity conditions are satisfied (see Crane and Iglehart
[26]), a regenerative stochastic process, {X(¢); ¢t > 0}, has a limiting distribu-
tion, {X(t) —» X as t — oo}, provided the expected time between regeneration
points is finite. Haas and Shedlar [32] provide the conditions which ensure that the
marking process is a regenerative process, in continuous time, with finite expected
time between regeneration points. They extend their results to allow simultaneous
transition firings in [33] and then analyse GSPNs in [34].

Ramamoorthy and Ho [82], were the first to find approximations based on
the net structure. They use the property of marked graphs, that the number of
tokens in a cycle, defined by the initial marking, remains the same after any firing
sequence. We note that the S-invariant can be used to detect these cycles, as
in Wong, Dillon and Forward [99], as outlined in Section 2.5.2. Ramamoorthy
and Ho [82] compute the minimum cycle time to return to the initial marking, by
finding the minimum time taken over all of the cycles. An approach for computing
upper and lower bounds for cycle times, in conservative general SPNs is suggested,
however, they comment that these bounds may not be tight.

Molloy [75], takes another approach, by finding fast upper bounds for the
throughput in a SPN, using bottleneck analysis. Using this technique, the mark-
ings do not have to be generated. The SPN is restricted to have at most one arc
between any place and any transition. By noting that average token flows in a net
are conserved at steady state, a series of flow balance equations are constructed.
Token flows are conserved in places, so the sum of all flows into a place is balanced
by the sum of all flows out. This can be written as,

Y ftipi) =3 f(p;.ti), VY p; € P,

t,eT ticT

where f(t;,p;) is the flow from transition ¢; to place p; and f(p;,¢;) is the flow

from place p; to transition #;. Since there is at most one arc between any place
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and transition, the token flows, f;,, on the input and output arcs of a transition
are equal. So, Vt; € T, 3 f;, such that,

0 if af =0,

)= HEY

fantd={ 5 F =Y
where, a;"j and a;; are the elements from which the incidence matrix is constructed,
as defined in Section 2.1.2. The solution to these equations gives the token flows
for loops in the SPN to within a constant. From the example given, the loops
are chosen by the natural flows of the net, that is, by observing the cycles that
tokens may flow around. Molloy [75] states that it is only possible to find an
approximation for this constant, for a sufficiently large number of tokens in my.
As the number of tokens increases, the operation of the SPN tends toward a
limit, if the average flow through a transition is less than the average firing rate.

Therefore a further set of inequalities can be formed, given by,
fi S Ais Vi € T'

These inequalities, define a feasible region for the vector of average token flows.
The boundary of feasible solutions for these equations, defines the bounds of token
flow through the net. That is, the boundary f, = A¢, constitutes a bottleneck in
the system, which limits the throughput to some maximum value.

Campos, Chiola, Colom and Silva [15] create linear programs defined on the
incidence matrix, and use them to compute the upper and lower bounds for the
throughput of transitions. The throughput of the transition is defined as the
average number of firings per unit time. The SPN is restricted to be a live and
bounded marked graph, and the underlying Markov process must be ergodic.
The upper and lower bounds for the throughput, are found to depend on the
initial marking and the mean values of the delays, but not on the probability

distributions. This approach is different from that of Molloy [75], in that only the
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initial marking is required, rather than having to compute the limiting behaviour
for a large number of tokens. A companion paper by Campos, Chiola and Silva
[16] extends these results to live and bounded nets.

Bruell and Ghanta [13], give an informal account on how to compute the
upper and lower throughput bounds for GSPNs, which are bounded, live, conser-
vative and have marking independent firing intensities. The proposed algorithm
simplifies the GSPN, by removing fork-join structures such as those described in
Sections 4.8 and 4.9. They find the upper bound on throughput of the simplified
GSPN by using the following technique. The aim is to reduce the SPN to a simple
structure, in which tokens are delayed because of the time taken for a transition
to fire, rather than in the contention for the use of shared resources. The paths
within the fork-join section that contain contention, are replaced by a transition
whose rate is given by the maximum time taken to traverse the fork-join section.
This maximum is taken over the paths without contention and the path being
considered, with the contention removed. This procedure is continued until each
path in the fork-join section does not contain contention. The entire fork-join
section is then replaced by the slowest path that a token can follow, from the
moment it forks to the moment it joins. The throughput is then evaluated on
the simplified SPN in the usual way. To evaluate the lower bound, in a shared
resource section, they evaluate the shortest time taken to traverse the section, by
using the upper bound, which effects how often the tokens are available.

This chapter is constructed as follows: In Section 5.2 we give a survey of
other work concerned with aggregation and disaggregation at the net level and
also introduce our technique. In Section 5.3 we give the definitions and basic
results required for the following sections. Section 5.4 illustrates the aggregation
technique using an example that shows how insensitive skeleton nets provide exact
marginal distributions for the original net. Two different approaches for the exact

disaggregation of the skeleton net, are given in Section 5.5.
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5.2 An Introduction to Aggregation and Disag-
gregation at the Net Level

As briefly mentioned at the start of this chapter, we are interested in extending the
class of SPNs which can be analysed exactly, using aggregation and disaggregation
of subnets in the SPN. Our approach, is to aggregate subnets to create “skeleton
nets”, which yield exact marginal distributions for the original SPN. The key to
this method, is to use the results of insensitivity theory to create these “skeleton
nets”. Moreover, we show that whenever our approach is applicable, the strength
of insensitivity theory can be used to rebuild the exact equilibrium distribution of
the original net. A feature of our aggregation technique, is that we do not propose
a step by step approach, but instead define an aim, which is to create a skeleton net
which is insensitive to it’s general distributions. It is worth noting, that for each
insensitive skeleton net there are an uncountable number of original nets for which
the skeleton net provides exact results. Consequently, a library of insensitive nets,
or an understanding of the properties of insensitive nets, is essential for effectively
utilising this approach. To fill in the entire picture, we proceed by summarising
other work concerned with aggregation and disaggregation in SPNs.

Balbo, Bruell and Ghanta (6], aggregate subnets of GSPNs with their main
concern being computational efficiency. Consequently, they choose subnets which
have the BCMP type product form or which are GSPN structures, that can then
be handled using available software. They follow the equivalent server idea of
Chandy, Herzog and Woo (17], to piece together an approximation for the equi-
librium distribution of the SPN.

The papers by Ammar and Islam ([2], [3]); Ammar, Huang and Liu [1], and
Ammar and Liu [4], present an aggregation technique at the net level, which
is used to compute bounds for SPNs. They aggregate subnets, which contain
transitions with significantly faster firing rates, than those transitions which join

these subnets together to form the SPN. They then replace these subnets by
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representative places, connected to the slow firing transitions. The number of
tokens in each representative place, is the total number in the original subnet.
The adjusted firing rates of the transitions with slow firing rates, are marking
dependent, and are determined using their original rates and the token distribution
in the connected subnet (for details see Ammar and Islam [3]). An analysis of
these subnets in isolation, yields a choice of throughput rates, which are then used
to give upper and lower bounds for the marking probabilities of the skeleton net.

Dugan, Geist, Nicola and Trevedi [28] and Section 4.6 of this thesis use aggrega-
tion to merge sets of transitions which are in conflict. Another form of aggregation
which achieves an improvement in graphical complexity is used in the construction
of high level SPNs (see Lin and Marinescu [59]). Briefly, a hierarchical representa-
tion is created which makes it possible to find a simpler representation of a SPN.
A high level SPN can be considered a structurally folded version of a regular SPN,
if the number of colours is finite. That is, it can be unfolded into a regular SPN
by unfolding each place p into a set of places, one for each colour of token that
place p may hold, and by unfolding each transition ¢ into a set of transitions, one
for each way that ¢t may fire.

Henderson and Taylor [41], introduce flexibility into the model of Henderson,
Lucic and Taylor [37], by absorbing the time spent in certain subnets into specially
chosen intervals. They find the equilibrium distribution of the process, embedded
at the time points at the ends of these intervals. Properties of the continuous time
equilibrium distribution, can then be derived from the equilibrium distribution of
the embedded process. By choosing appropriate embedding points, they show
that it is possible to find marginal distributions for some SPNs, which do not fit
the structure required by Henderson, Lucic and Taylor [37]. We will follow along
a similar line, but do not restrict ourselves to finding an extended product form
structure. There may be some value in aggregating to find an extended product

form structure but it is outside the consideration of this thesis. Further, we will
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show that under certain conditions, we can disaggregate the subnet to find the

exact equilibrium distribution for the original net.

5.3 Definitions and Basic Results

Using the notation introduced in Section 4.5, starting with the net P, the aim
is to create, by aggregating subnets, an insensitive skeleton net @ for which an
equilibrium distribution can be found. Recall from Section 4.5, that the process
of aggregating states of the reachability graph does not necessarily achieve a new
process. Likewise, aggregation at the net level, which defines a simplified net,
may not naturally define a new process. For instance, there is no guarantee that,
in aggregating places and transitions, the resultant routeing probabilities when
transitions fire can be evaluated as functions of the new places and new transitions.
For example, consider the SPN given in Figure 5.1. Imagine that we wish to
aggregate ty,12, p; and ps into a single transition ¢, followed by a single place p as
in Figure 5.2. If ¢, and ¢, are negative exponentially distributed with means (1)t
and (u2)7!, the tokens leaving p go up with probability M#Tl#z and down with

/lluTzﬂz' Although in the negative exponential case these routeing

probabilities are exact,this is not the case when general distributions are involved.

probability

For example, if ¢, has a deterministic firing time distribution, with mean (y;)7!,
a token leaving p moves upward with probability one, if it’s firing time through ¢
is (111)7, and zero, if it is less than (y;)~!. With more complex distributions for
the firing times of ¢; and ¢,, the routeing can be explicitly defined in terms of the
hazard functions of the two distributions and now becomes crucially dependent
on the time at which ¢ fires. The situation becomes even more complicated when
a second transition fires tokens into, for example, p3. The routeing out of p may
then become a function of, not only how long ¢ took to fire, but also the method

by which tokens enter p.

For the purpose of explaining the aggregation technique as simply as possible,
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P1

Figure 5.1: A simple SPN to illustrate aggregation.

Pi Iq p

Figure 5.2: The aggregated SPN of Figure 5.1.



we shall assume that the aggregation of transitions and places, yields a net in
which the future routeing through the net is only a function of the time spent in

the aggregated subnet. An aggregated net has this property when, for example,

1. the aggregated subnets have only one entry point, or,

2. the routeing probabilities within the subnet are independent of the entry

point. In this case, more than one entry point is allowed.

With this assumption, we define the aggregation procedure, incorporating the
age dependent routeing results of Rumsewicz and Henderson [87] given in Section

4.5, as follows:

1. From the original net P, amalgamate sets of transitions and places and
replace them with a box b and a transition ¢, to create a net P. Let Gu(+)
be the firing time distribution for ¢, which represents the time spent in the
aggregated subnet b of the net P. Assume that, after tokens have taken
time y to be processed by t, the marking changes from T to m, with age

dependent probability pg m(t, v).

2. Create the averaged net Q from P so that, due to tokens being fired by ¢ out

of b, the marking changes from T to mi, with age independent probability

pam(t)= [ prm(t,y)dGu(y).

3. Without altering the collection of routeing probabilities pam(t), nor the
means of the distributions Gy(-), create the net M, by replacing all distri-

butions G4(-) with negative exponential distributions.

As explained in the introduction, the aim is to create a net, @, which is
insensitive to its generally distributed firing times. Since the above procedure
involves amalgamating arbitrary combinations of places and transitions, there is
a great deal of flexibility and therefore many alternatives to choose from in creating

the skeleton net. An aggregation which results in an insensitive net, Q, and which
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also has an extended product form solution is the ideal aim. Nevertheless, the
advantages in succeeding to find only an insensitive ) are significant, as we will
proceed to show.

Since we have stipulated that P is to be an exact amalgamated net of P,
the age dependent routeing probabilities in P, are sufficient to define P. Conse-
quently, from Theorem 4.2 the equilibrium distribution of P is an exact marginal
distribution of P. Unfortunately, P has general distributions as well as age de-
pendent routeing, therefore, finding the equilibrium distribution of P is just as, if
not more difficult, than finding the equilibrium distribution of P. Thus in solving
one problem we have created another.

Let the state space for M be M. Let n(m), m € M be the equilibrium
distribution for M. Note that an equilibrium distribution for M can be evaluated
using simulation, direct evaluation, approximation or, occasionally, by creating
M so that it has an extended product form solution. For each marking m of
the net, Q, let y be a vector of either the spent, or residual, lifetimes of each of
the generally distributed transitions, enabled in m. For our purposes, it does not
matter which of these lifetimes is used. Recall from Section 4.1, that Henderson
[35] found that when Q is insensitive, the equilibrium distribution is the same
when the state space is supplemented with either spent or residual lifetimes. Let
(M, y) be the marking of the net supplemented by these lifetimes. From Equation

4.27if Q is insensitive, the equilibrium distribution of being in state (T, y) is,

m(m,y) = =(@) [T (1 = Gi(w)) (5.1)

where G;(-) is the distribution associated with the lifetime y; and (;)~! is the

mean of this distribution.

In Section 5.5, we show that Equation 5.1 is the pivotal idea in reversing the

aggregation procedure to give exact results for the original SPN.
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5.4 Aggregation

Aggregation procedures must always be questionable, unless they are supported
by some measure of their error. We stress that our approach is concerned with
aggregated nets, in which there is no error. The procedure provides exact equilib-
rium distributions, and exact marginal equilibrium distributions for the original
net. That is, we achieve aggregation procedures in which no information or accu-
racy is lost.

As pointed out in Section 5.2, we do not propose a step by step approach to ag-
gregation, and consequently we feel the best way to demonstrate the aggregation
procedure is through an example. In the following example, we illustrate the aim
in aggregating subnets of the SPN, that is to achieve exact marginal distributions
for the original net. We use the simplified version of the dual processor, given in
Figure 4.3, but introduce a more complex memory access stage. In reality, the
access of common memory can involve more complex mechanisms, including ac-
cessing different areas of the memory and internal feedback. The SPN needed to
model such a procedure, would normally be large and complex, but for simplicity,
let us consider the net in Figure 5.3. Let transitions ¢;, have generally distributed
firing times according to the function Gy(-),with hazard functions hi(+), and with
corresponding means (y;) ", for 1 < i < 10.‘ In this model, the processor is able
to access two different areas of memory concurrently, represented by the places ps

and ps for processor 1 and places py and p,o for processor 2.

Even if we assume that transitions t3, 14,5, l6, 17, 13,19 and ¢;p have negative
exponentially distributed firing times, the equilibrium distribution of the SPN
1s not of a simple form. Now let us amalgamate places P4,Ps,Pe and p7, and
transitions ts,t4,t5 and tg, and represent the amalgamation by a box, b; and
a transition, 71. A symmetric procedure can be performed to create box, b,

and transition, T;. These amalgamations give the SPN, P, of Figure 5.4. Step
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processor 1 processor 2

Figure 5.3: The dual processor of Figure 4.3 with complex memory access stage.
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Figure 5.4: The aggregated SPN of Figure 5.3.




one of the aggregation procedure is now complete. In this case, there is no age
dependent routeing, so step two of the procedure is redundant and hence P and
Q) are equivalent.

Because the firing times of transitions 77 and 73 cannot be assumed to be
negative exponentially distributed, a simple exact solution can only be found if
we prove insensitivity with respect to those firing times. Let G, (1) 7 = 1,2, be the
firing time distributions of T} and T, with means (ps, )" and (us, )" respectively
and hy,(-), ¢ = 1,2 be the corresponding hazard functions. The states of the net,
M, are,

m; = {1,1,1,0,0},
i1, = {0,0,1,1,0},

m; = {1,0,0,0,1},

representing the number of tokens in places p;, p2, p3, b1 and by, respectively.

Since the aggregated SPN, P, of Figure 5.4, has the same structure as the SPN
of Figure 4.3, which has already been established to be insensitive to it’s generally
distributed lifetimes, we will not repeat the procedure given in Example 4.1 but
rather quote the results of it. First, note that the means (u, )™! and (us, )" of T}
and T in Figure 5.4 correspond to the means u3 and p4 of 3 and ¢, in Figure 4.3,
and the boxes b; and b, in Figure 5.4 correspond to places p, and ps in Figure
4.3. Therefore, from Example 4.1, the SPN is insensitive to all four transitions
t1,t2, 71 and T,. Consequently, from Theorem 4.2, the marginal distribution of

the P process, is the solution to the global balance equations of M, which are,

m(0y )(p1 + p2) = w(W0 ) s, + 7(T3) s, (5.2)
(T8 Y, = (T Y, (5:3)
W(m3)”b2 - 7r(ml )/‘2’ (54)
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zajn(m,») ~1. (5.5)

=1

These equations have the solution,

Heby b,

(i) = , 5.6
() (Hby 1oy + pafin, + pafes, ) (56)
S Hillp,

m(imny) = , 5.7
( 2) (,Ubl b, + H1 b, o #21“‘[)1) ( )

(1) = ) (5.8)

(Hby v, + Batin, + p2fin )

Take note, that since the SPN of Figure 5.4 is also insensitive to transitions ¢,
and t,, they too can represent the result of an aggregation procedure. However,
transitions ¢; and t; must follow the pre-emptive resume protocol. If ¢, fires before
t2, the lifetime corresponding to ¢, will be worked off at zero speed, and vice versa.
Therefore, if transitions ¢; and t, are to represent submnets, as do transitions T
and T3, the pre-emptive protocol guarantees, that if the time taken to traverse
one subnet is less than the other the transitions in the interrupted subnet must
freeze for insensitivity to be applicable. At the instant the subnet is re-enabled,
the transitions will resume with the same spent lifetime as before the interruption.
Consequently, we are capable of further increasing the complexity of the model
with regard to the transfer of the processor to main memory and still derive exact
marginal equilibrium distributions.

Note that Wang and Robertazzi’s [96] work, referred to in Section 4.4, is
covered by this example, since we are able to use the transitions ¢, and ¢, as an

aggregation of any sequence of places and transitions. This may include general

distributions, feedbacks and timeout devices.

5.5 Disaggregation

In this section, we consider the task of retrieving information, apparently lost in

the aggregation procedure. To describe the technique, we disaggregate the SPN
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of Figure 5.4. We stress again, that for each insensitive skeleton net, such as in
Figure 5.4, there exists an uncountable number of original nets, for which the
following approach will provide an exact result.

Since we are now dealing with generally distributed transition firing times,
a finer description of the markings of the SPN is required. This is obtained by
including supplementary variables, representing the spent or residual lifetimes,
for each active transition. The supplemented equilibrium distribution of the SPN
in Figure 5.4, is then given by Equation (5.1). Consider marking m;, which
enables both ¢, and ¢,. For this marking, two supplementary variables y; and Ya,
corresponding to G1(-) and G5(+), are required to describe the state of the SPN.
If ¢, fires first, the lifetime corresponding to t, is worked off at zero speed, and
the supplementary lifetime y, is set equal to the spent lifetime. When t, is re-
enabled, it’s lifetime will resume from the value y,. The same argument holds for

t; and it’s supplementary variable y;,. The supplemented equilibrium distribution

for marking m, is given by,

(M1, Y1, y2) = 7(T p1p2(1 — Gi() (1 = Ga(w2)), (5.9)

where (4;)7" is the mean of the distribution G;(-), i = 1,2, and #(1,) is given

by Equation (5.6). Using a similar argument,

W(m% ybl) = ”(m2):ubl (1 - Gbl(ybl ))v (510)

W(m:% yb?) = W(ﬁiii)/"bz(l - sz(ylh))v (5'11)

where, for i = 1,2, y,, is the supplementary variable corresponding to Gy,(-), with

mean (u,)~'. (1), 1 = 2,3 are given by Equations (5.7) and (5.8).

5.5.1 The Supplemented and Unsupplemented Equilib-
rium Distributions for the SPN P

In this section, we will find both the supplemented and the unsupplemented equi-

librium distributions for P, by using the insensitivity of the skeleton net, and an
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intuitive argument.

Expand the left half of the SPN, given in Figure 5.4, into its original form.

The result is the SPN of Figure 5.5. Using the insensitivity of the SPN, we are

able to derive from Equation (5.7), and Equations (5.9), (5.10) and (5.11), the

supplemented equilibrium distribution for the SPN of Figure 5.5.

The markings are given by,

m; = (1,1,1,0,0,0,0,0),
m, = (0,0,1,1,0,0,0,0),
m; = (1,0,0,0,0,0,0,1),
m, = (0,0,1,0,1,1,0,0),
m; = (0,0,1,0,1,0,1,0),
me = (0,0,1,0,0,1,1,0),
m; = (0,0,1,0,0,0,2,0),

giving the number of tokens in places p; to pr and b, respectively.

We can use the information, given by the supplementary variable in the aggre-

gated subnet, to find the equilibrium probabilities for the markings in the subnet.

They are given below, and the proof is given in Appendix B.
m(my, b, ) = (Mg, 0)(1 - G3(ybl ))
. vby
m(ma, i) = (52,0 [ (1 = Galw, — w)(1 = Gl = w))dGa(u).
b, v,
w(ms, i) = m(52,0) [ (1~ Gal, —w) [ dGs(10 — u)dGa(uw).

_ Vb, Yo,
m(me,ys,) = w(M12,0) [ (1= Gl ~w)) [ dGy(w - u)dGa(u).

m(myz, yp, ) = 7(1M,, 0) X

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

[ﬁé 4Gs(w) [ dGu(o —w) [ dGs(w — u)(1 - Ga(y, — w)
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Figure 5.5: A partially expanded SPN of Figure 5.4.



+ [ dGa(w) [ dGs(o —w) [ dGa(w — w)(1 - Golys, — )]

From Equation (5.10), 7(1,,0) = n(WM;)us,, where 7(Mm,) is the probability of
being in a marking with a token in b; and is given by Equation (5.7) and (j,) ™"
1s the mean time spent in b;. The equilibrium distribution for 7 (M1, y1,y.) and
7(Ms, ¥, ) remain unchanged from Equations (5.9) and (5.11).

Note that the form of 7(m;,ys, ), 2 < ¢ < 7 is intuitive. For example, consider
n(mgz, ys, ). Marking m; is defined by a token in places p; and ps. The supplemen-
tary variable starts recording the time spent in b;, as soon as a token is deposited
into the subnet, that is, deposited into py. w(M3,0) is the probability of being
in a marking in which a token has just entered b;. The term (1 — Ga(ys,)) is the
probability that transition ¢3 has not fired at time y,,. Using this information,
m(mz, yp, ), the probability of being in marking m, at time y;,, is the probability
that a token entered b; at ys, = 0 and t3 hasn’t fired at time ys, .

Now consider 7(imy, ys, ). /u!f;(l = Gy, — u))(1 — Gs(ys, — u))dG3(u) can
be interpreted as the probabilit—y that transition t3 fired at time u < y;,, and
that transitions ¢4 and ¢5 have not fired in the time ys, — u. The product of this
integral and (12, 0), gives the probability of the tokens being in places ps, ps
and pe, which is the probability of being in marking my, at time Ys,- The form
for m(ms, ys, ) and 7(1mg, ys,) can be argued in the same way.

The form of m(my,ys, ) is a little more complicated, so, we will give an expla-
nation. The first integral in the expression can be interpreted as the probability
that transition ¢3 fired at time u, u < v < w < Ys,, transition ¢4 fired at time
v, v < w < yp, having been enabled for time v — u, transition t5 fired at time
w, w < yp, having been enabled for time w — u and transition ¢ has not fired in
time ys, —w. The second integral can be interpreted as the probability that transi-
tion t3 fired at time u, u <v < w < Yv, , transition ¢5 fired at time v, v < w < gy,
having been enabled for time v — u, transition ¢, fired at time w, w < yp, having

been enabled for time w — u and transition t¢ has not fired in time y,, — w. Since
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there exist two sequences of transition firings that reach ms, and each integral
is the probability of such a firing sequence, the addition of the two integrals,
multiplied by 7(my,, 0), gives the probability of being in mj.

The intuitive reasoning applied to this example, can be used for any aggre-
gated subnet, but, as can be seen with this example, the equations can become
complicated. In Section 5.5.2, we will give a more general and much more useful
procedure, again, making use of the insensitivity of the skeleton net.

Now we integrate out the supplementary variables from Equations (5.12)-
(5.16) and Equations (5.9) and (5.11), to find the exact unsupplemented equi-
librium distribution for P. The unsupplemented equilibrium equations are given

by the following and the proof is given in Appendix C.

m(m,) = m(m,) £, (5.17)
K3
M
m(my) = 7(1M,y) ————, 5.18
(my) = 7( 2)#”_#5 (5.18)
- Hby Hs
m(ms) = r(M;) —————, 5.19
(ms) = n( 2)ﬂ4(u4 + us) (5.19)
. Hby 4
m(mg) = 7(My) ——M——, 5.20
( 6) ( 2)#5(#4 +#5) ( )
r(my) = T2 (5.21)
He

where 7(M,), 7(Tf,) and 7(M3) are given by Equations (5.6), (5.7) and (5.8).
We note that the right hand side of the SPN of Figure 5.5 can be disaggregated

in a similar manner.

5.5.2 The General Theory

Although the intuitive approach given in the previous section for disaggregation,
works for the example given, the complexity increases when larger subnets are
being aggregated. In its present form, with combinations of complex integrals, it

1s also of limited practical value. There is however an alternative approach, which
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naturally lends itself to a variety of simple and practical techniques and is given
in Result 5.1.

Result 5.1

From Equation (5.1), we note that an insensitive net has a product form solution
involving the marginal distribution # (1) and a product of terms y;(1 — Gi(y:))-
Each y; gives information on how long a token has been in the appropriate ag-
gregated subnet, and hence the state of the subnet. The product form indicates
independence between the marginal state and the states of the aggregated sub-
nets. Consequently, if we wish to find the equilibrium distribution for the original

SPN we need to find;

1. The corresponding marginal equilibrium distribution of the skeleton net.

2. The equilibrium distribution for the aggregated subnets considered in isola-

tion.

To find the equilibrium distributions for the skeleton net and aggregated subnets
we can use simulation, global balance equations, the extended product form so-
lution or any other technique available. The big advantage is, that each of the
resultant processes has a state space considerably smaller than the original, and
therefore relatively trivial to handle.

Consider any marginal marking in which tokens are in b,. In this example, 1,
is the only relevant marking, with one token somewhere inside b;. Now isolate
this subnet with one token in place py, as in Figure 5.6, and close the subnet by
looping the token back to place p4, when it fires out of tg.

Let (2,4, k,1) be a state of the subnet, representing ¢, 7, k and ! tokens in places

P4, Ps, pe and pr, respectively. An invariant measure for the subnet of Figure 5.6,

1s,

H3
7(0,1,1,0) = =(1,0,0,0) ————, 5.22
(0,1,1,0) = 7(1,0,0,0) £~ (5:22)
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Figure 5.6: A subnet of Figure 5.5.



H3ls

0,1,0,1) = 7(1,0,0,0)———>— 5.23

m( ) = =( e (5.23)

H3fq »

7(0,0,1,1) = »(1,0,0,0)————, 5.24

( ) = =( e (5.24)
H3

W(0,0,0,.-?) = F(I,O,O,O)N—. (525)
6

Using the independence established in Result 5.1, it is now possible to construct
the equilibrium probabilities for the original SPN. This is achieved by multiplying
each of the Equations (5.22) to (5.25) by =(/M;) and reconstructing the token
distributions for the original SPN. For example, (1,0,0,0) corresponds to marking

m; in the original net since the entries for p,, ps,ps and p; are equivalent. Let

7(1,0,0,0) = C, then,

m(mz) = Cn(Mm,), (5.26)
= Cx(im,)—t2 .

(me) = Crm) 22 (5.27)
= Cr(im,)—13H5 )

m(ms) = Cn(3 )#4(#4 A (5.28)
IMg) = ™ mg _’—lﬁﬁ—t“—* 5

( 6) C ( )NS(M4 + #5) ’ (5 29)

x(m7) = Cr(im,) 2. (5.30)

He

It is clear, that Equations (5.17) to (5.21), and Equations (5.26) to (5.30), are

equivalent invariant measures, with C = Eiin #s, which can be estimated using
3

simulation, if necessary, but in this example it can be evaluated analytically, since

the mean time to traverse the subnet is,

1 1 1 1 1 1

Ho, M3 He  fa M5 M4+ s

This is an interesting result, which may be useful in evaluating the normalising
constant for some SPNs. We will discuss this idea further in Chapter 6.
We are now able to link the results of Section 4.9, with the results of this sec-

tion. Let an aggregated subnet be an n-dimensional fork- join section, as described
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in Section 4.9. Using the results of this Chapter we are able to disaggregate the
subnet in the following way. Suppose, marking T; of the skeleton net, is the only
marking with a token in the subnet. Let m; be a marking of the original SPN,
with token distribution in the subnet corresponding to the token distribution of
state B (as defined in Sections 4.8 and 4.9). The Equilibrium distribution of the
original SPN, is given by,

r(m;) = n(By (i),

where 7(B) is defined in Equation (4.87).
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Chapter 6

Conclusions

In Chapter 3 of this thesis, we gave the theory on the extended product form
solution for SPNs. Whilst finding the invariant measure for some nets is greatly
simplified using this theory, the normalising constant must still be evaluated by
generating the reachability graph. Note that, there are exceptions where the
normalising constant can be found in a closed form, as illustrated in Example 3 in
Henderson and Taylor [41]. Also, the normalising constant for the SPN of Figures
4.11 and the subnet of Figure 5.6 were found in closed form. It may be possible to
use these examples as a basis for finding an approach to evaluate the normalising
constant in closed form. Future research in this area should include finding a
technique, similar to Buzen’s algorithm in queueing networks, which evaluates
the normalising constant without having to generate the reachability graph.

In Chapters 4 and 5 we illustrated that insensitivity is a strong property of
SPNs. It allows general distributions to be replaced by negative exponential
distributions, age dependent routeing to be replaced by age independent routeing,
aggregations to yield exact marginal distributions and disaggregations to yield
the exact equilibrium distribution for the original SPN. We suspect, but have not
proved, that in general, insensitivity is the only property that will allow the above
procedures to be performed, while yielding an exact result. Also, we would have
liked to present a complete theory involving the insensitivity balance equations,
reversed time structures and the necessary and sufficient conditions but, if this

is at all possible, it requires much more work, which is beyond the scope of this
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thesis.

Further work that should prove fruitful, is to first, simplify the conversion
from age dependent routeing to age independent routeing. Secondly, since the
modeller applying the theory of insensitivity must rely on their experience of
structures possessing this property. It would beneficial to provide an approach
which easily identifies these structures, such as the symmetric queue in queueing
theory.

In this thesis we have concentrated on finding the exact equilibrium distribu-
tion for SPNs. In queueing theory, networks which have a product form solution
or which are insensitive (or both) have been used to find bounds for queueing
networks which do not possess these useful properties. We suggest, that a similar
tactic ought to be applicable for SPNs. Using a suitable choice of SPN which
displays an exact solution, it may be possible to give performance bounds for nets

which are otherwise difficult to solve.
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Appendix A

In this appendix, we will prove that the supplemented differential equations, given

by Equations (A.1) to (A.10) have solution given by Equations (A.11) to (A.18).

7(mz, 0) = w(my)y;.

—n = m(my, y)hy(y) — 7(ms, y) [h2(y) + ha(y)] .
i’f(_g‘;_y) = m(ms, y)hs(y) + 7(ms, y)ha(y) — T(ma, y)ha(y).
d_’f(_;n;’ﬁy) = m(my, y)hs(y) — w(ms, y) [ha(y) + ha(y)) .
d_%"y_w = m(my, y)ha(y) — 7(me, y) [ha(y) + ha(y)].
i’f(_zlyzﬂ = m(mg, y)ho(y) + 7(ms, y)ha(y) — 7(mz,y)hs(y).
%j’y) = 7(ms, y)ha(y) + 7(me, y)ha(y) — w(ms, y)ha(y).

w(ms)ps = [ w(ma )ha(y)dy

+ /y=0 m(mz, y)hs(y)dy + /y=0 7(msg, y)hs(y)dy.

Also

7(m;,0) =0, for 3 < i < 8.
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The solution to these supplemented differential equations is given by,

w(mz) = w(mapn [~ (1= Ga(y)(1 — Ga(w))(1 — Galw))dy,
w(ms) = w(mom [~ (1= Ga))(1 - Ga(w))Galv)dy,
w(m) = w(mus [ (1= Ga(u))Ga(y)Galy)dy,

m(ms) = w(m)s [~ (1= Ga(y))(1 - Gulw))Galw)dy,
w(me) = w(muur [ (1= Ga())(1 - Ga(w))Galy)dy,
w(my) = w(mapm [ (1= Ga®)Ga(y)Gal)dy,

r(ms) = 7(m;) / (1= Gy))Gav)Ga(y)dy,

m(mg) = 7(m;)2L,

Hs

Consider Equation (A.1). The integrating factor is the term,

e {/:0 ha(v) + ha(v) + h4(v)dv} .

(A11)

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

Now multiply both sides of Equation (A.1) by this integrating factor giving,

d71’(m2, y) ex

dy B {/.,:o ha(v) + hs(v) + h4(v)dv}

= =m(ma, ) [ha(@) + hs(w) + @)l exp { [ hato) + hs(w) + ha(w)av}

This is equivalent to,

ay [y { [2 o) 4 o) + muter)] =0,

or, after integration,

(Mg, y) = C exp {— f:o ha(v) + ha(v) + h,,(v)dv} ,

132



where C} is the constant of integration. Using Equation (4.11) gives,
exp {— /io ha(v) + ha(v) + h4(v)dv} = (1= Ga(y))(1 = Ga(y))(1 = Galy)),
and hence the solution,
m(my,y) = C1(1 — G2(y))(1 — G3(y))(1 — Ga(y)).
Using Equation (A.2), the relevant initial condition, we obtain,

m(ma,y) = m(m)pi(1 — Ga(y))(1 — G3(¥))(1 — Ga(y)). (A.19)

Integrating both sides with respect to y vields,

r(ma) = r(m)m [~ (1= Ga(w))(1 ~ Ga(u)(1 — Galw))dy,

which is Equation (A.11) as required. Now consider Equation (A.3), the integrat-

ing factor is the term,

exp {/y ha(v) + hg(v)dv} .
v=0
Now multiply both sides of Equation (A.3) by this integrating factor giving,

d"r(m37 y) ex

T b { / :0 ha(v) + hg(v)dv}
= ~r(ms,) (ha(w) + ha()]exp { [ ha(o) + hs(v)dv}

rmahaies { 1 ha(v) + o)}

This is equivalent to

diy [ﬂ(m;;, y)exp {/;:0 ha(v) + hg(v)dv}]

= m(mg, y)hy(y)exp {./io hao(v) + hg(v)dv} ,

or, after integration,

w(ma,y)exp { [* ha(v) + ha(v)du )

= [02 + /wy=0 m(my, w)hy(w) exp {/u:o ha(v) + ha(v)dv} dw] )
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where C; is the constant of integration. Using equation (A.19) and (4.11) this

reduces to,

r(m5,y) = (1 — Ga(y))(1 — Ga(y)) X [02+

| w(ma)n (1= Ga(w))(1- G (1)) (1~ Ga(w))ra(w) - Gz(w))l(l o dw]_

That is,

w(img,y) = (1= Ga(y)(1 = Go(u)) [ Ca + wlm)s [ (1= Guw)hu(w)de].

Using the initial condition, Equation (A.10), gives C; = 0. In addition, Equation
(4.10) implies,

[ (1 = CutwDha(w)de = Gatw),

and hence,

a(my, y) = w(m1)p (1 - Ga(y))(1 — Ga(y))Ga(y).
Integrating both sides with respect to y yields,
w(ms) = n(m)e [~ (1= Ga(u))(1 - Go(y))Galy)dy,

which is Equation (A.12). We will not give the proof for Equations (A.13) to

(A.18), since they follow in the same vein. =
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Appendix B

In this appendix, we prove that the following equations are the supplemented

equilibrium equations for the markings in b,.

w(ma,yh,) = 7(T0, 0)(1 — Galys,). (B.1)
m(m ve) = 7(385,0) [ (1 = Gulys, — )1~ Gs(us, — w)dGa(u).  (B.2)

m(ms, ys, ) = m (¥, 0) / i”;(l — Ga(yo, — u)) /w " dGs(w — u)dGs(u).  (B.3)

(e, ys, ) = 7(1y, 0) / y:";(l — Gslys, — u)) /w y: dGy(w — u)dGs(v).  (B.4)
m(mz,y,, ) = m(M,, 0)x (B.5)

[ Joon 465 [ dGu(wo — ) [* a0 = w)(1 - Galus, — )

+ /uy:) dGs(u)/:: dGs(v — u)/l:: dGy(w — u)(1 - Ge(ys, — w))J.

Consider box, b;. Transition t3 is enabled first, ¢; and ¢5 are enabled con-
currently, and t6 is enabled last. As the three sets of transitions are enabled
at different times we must use three supplementary variables to find the supple-
mented equilibrium distribution. The supplemented global balance equations for

the markings in b, can be written as,

T(mz, u 4+ Au) = 7(my, u)[1 — ha(u)Au],
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m(my,y + Ay, u) = 7(my, y,u) [1 — hy(y — u)Ay — hs(y — u)Ay],

W(m51 y+ Ay’ U‘) b 7((1‘115, Y, u) [1 - h4(y - 'U,)Ay] + 7T(m4, Y, u)h5(y - U)Ay,

W(mﬁa y+ Ay) 'U,) = 7r(ana Y, ’U.) [1 - h5(y - U)Ay] i 7r(m4, Y, U)h4(y - u)Ay)

7!'(1’1’17,2: + Aza Y, u) . 7r(1n7’ 2, y7u) [1 - hG(z - y)AZ] .

Rearranging, and taking the limit as Au, Ay, Az — 0, we get a set of differ-

ential equations.

d
—om(ma,u) = —m(my, u)hs(u), (B.6)
2 (ma, ) = ~(ma 3,20 [ha(y = ) + hs(y — )], (B.7)

d
@w(ms, Y,u) = —m(ms, y, u)hy(y — u) + 7(my, y, u)hs(y —u), (B.8)

d
@W(lns, y,u) = —m(me,y, u)hs(y — u) + 7(my, y,uhe(y — u), (B.9)

d
aﬂ(mﬂz, y,u) = —7r(m7,z, yvu)hS(Z - y) (BlO)

Their boundary conditions are given by,

7(m3, 0) = =(T, 0), (B.11)
m(my, u,u) = 7(my, u)hs(u), (B.12)
(ms, u,u) = 0, (B.13)
m(me, u,u) = 0, (B.14)

m(m7,y,y,u) = 7(ms, y, u)hi(y — u) + 7(mg, y, u)hs(y — u). (B.15)
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Equation (B.6) is a first order differential equation and we can conclude that,

7(my, u) = 7(1m,, 0) exp {— ftu hg(t)dt} .

Using the boundary condition given by Equation (B.11) and Equation (4.11),
7T(1112, u) = W(mg, 0) []. - G3(U)] .

This is Equation (B.1) with u = g,

Equation (B.7) is also a first order differential equation and we can conclude

that,

—u

Y
m(my, y,u) = 7(my, u,u)exp {—/
t=0

ha(t) + hs(t)dt} ,

= 7(my, u,u) exp {~ /y_u h4(t)dt} exp {— /t:;u hs(t)dt} ,

= m(my,u,u)[1 — Gy(y — w)] [1 — Gs(y — u)].
Using the boundary condition given by Equation (B.12),
m(my,y, u) = m(my, u)hs(u) [1 — Ga(y — u)] [1 ~ Gs(y — u)].

We can now integrate out the variable u, which ranges from 0 to y. Therefore

b

m(my, y) =/y

07(m4,y,U)du,

= [ mlms whs(a) 1 - Galy = )] [1 = Galy — ] du,

= [7 w(T,0)[1 ~ Ga(w)] ha(u) [1 = Guly — w)][1 - Gs(y — w)] du.
Using equation (4.10), yields,

mmay) = [ #(5,0)[1 - Gily ~ w)][1 - Gs(y — u)] dGs(w),

= n(,0) [* [1= Galy — w)][1 - Gsly - u)] dGs(w).
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This is Equation (B.2) with y = Yb, -
The third differential equation is slightly more complicated and requires the

y—u
use of an integrating factor. A suitable choice is exp {/ h4(t)dt}. This gives,
' t=0

% [71'(11’15, Y, u) exp {/:;u h4(t)dt}] = m(my,y,u)hs(y — u)exp {/:_u h4(t)dt} .

Hence,

7(ms,y,u)exp {/:;u h4(t)dt}

=Cut [ wlmaw uhs(e —wyexp { [ ha(t)dt} duo,

where C} is the constant of integration. The boundary condition, Equation (B.13),

implies that C; = 0. So,

m(ms,y,u)[1 - G4ky —u)]™
= [ mme,w,u)hsw - w)[1 - Ga(w — w)] du,
= [* m(ma, u)ha(w)[1 = Ga(w — w)] 1 — Ga(w — )]
x hs(w = ) [1 - Gy(w — u)]™ du,

= (T, 0) /w y_ [1 ~ Ga(u)] hs(w)dGs(w — u).
Then,
m(ms, y,u) = (T, 0) [1 ~ Ga(w)] ha(u) [1 — Ga(y ~ u)] /:: dGs(w — u).(B.16)
Once again we can integrate out the dependence on u, so,

m(ms,y) = /uy

. m(ms, y, u)du,
= /uio (M2, 0) [1 — Ga(u)] hs(u) [1 — Galy — u)] /wyz dGs(w — u)d,

= 7(Tm,, 0) /:;0 [1-Gi(y —u) /w:u dGs(w — u)dGs(u).

138



This is Equation (B.3) with y = y,,.
We will not give the details for the solution of Equation (B.9) as it is similar

to that given above. However, for future use,

w(me,y, ) = (W2, 0) (1 ~ Gaw)] ha(uw)[1 - Gsly — w) [

dG4(w —u). (B.17)

Equation (B.10) is a first order differential equation. Therefore,

(M7, z,y,u) = 7(mz,y,y, u) exp {— /;;y he(t)dt}
= [n(ms, y, u)h4(y — u) + m(meg, y, u)hs(y — u)) exp {— /t:;y hg(t)dt} ;

= [ﬂ-(ms’ Y, u)h‘l(y - u) + 7r(m6, Y, u)h5(y - u)] [1 - GG(Z - y)] .

Substitution for 7(ms,y,u) and 7(ms,y,u) from Equations (B.16) and (B.17),

gives,

m(mgz, z,y,u) = 7(M;,0)[1 — Ge(z — y)] x

[1 = Ga(w)] ha(u) [1 = Galy — w)] ha(y — ) [* dGs(v — w)

v=u

+[1 = Ga(w)] hs(u) [1 — Gs(y — u)] hs(y — u)/y dGa(v — u)}.

vy=u

Integrating out the dependence on u gives,

S—

u=

W(mT,Z, y,u)d“s
0
= /Z_O W(mg,O) [1 - GG(Z - y)] X

[0 Gl o) 1 - Guly = )ty =) [* dto )

+11= G () 1 = Goty =] hly =) [ dGiuto — ]

v=u
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= W(mQ,O) [1 — Gg(z - y)] X

[/::o dGa(u) [l — G4(y — u)] ha(y — u) /;iu dGs(v — u)

+/:—_o dGs(u) [1 — Gs(y — w)] hs(y — u) /v; dGy(v — u)J .

Now integrating out the dependence on y gives,

7!'(11’17, Z) = / 71'(1‘1’17, = y)dya

y=u

= (T, 0) / ; dGa(u) x

[/;u [1—Gu(y — w)] ha(y —u)[1 — Ge(z — )] /:_—u dGs(v — u)dy

v=u

+/y; [1—Gs(y —w)] hs(y —u) [1 — Ge(z — )] /y dG4(v — u)dy]»

= (M2, 0) x
[/uz=o ng(u)L;u dG4(y —u)[1 - Ge(z — y)] /v:u dGs(v — u)

z 5 ’
+j;=o dGs(u)/;“ dGs(y — u)[1 — Ge(z — y)] /‘:=u dG4(v — u)J
2 v z z
Changing the order of integration from t ives,
s & /l;zu -/u:u. © L:u /w=u gives

7I'(l’Il7, Z)

= w(ﬁg,o)/; ng(u)/Z dGs(v — u)/’ dGi(w — u)[1 — Ge(z — w)] dy

u y=u w=u

+ 7(TH,, 0) / ;0 dGa(u) / : dG (v — v) /w = dGs(w — u)[1 — Go(z — w)] dy.

Which is Equation (B.5) with z = y,,.
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Appendix C

In this appendix, we will derive the following unsupplemented equations from the

supplemented balance equations given by Equations (B.1)-(B.5) in Appendix B.

m(my) = w(ﬁg)&,
3

by
pa + pis’

m(my) = 7(m,)

. Mo Hs
T(ms) = 7(my)—————
)m(lM + us)
== Hby Ha
7(me) = 7(Mp)—————|
ps(na + ps)

TG = (T2 s, ’

He

(C.1)

(C.2)

(C.3)

(C.4)

(C.5)

To remove the supplementary variable, we integrate Equations (B.1)-(B.5)

over y, from 0 to oco. Equations (B.1) and (5.10) give,

m(m,) = /oo

Yoy, =

o 71'(11]2, Yb, )dybl = 7r'(m2)/“>1 /

by

However,
1 oo
_—= 1 . G' d , ..
pi  Juy o (e, ))dys, , Vi

Therefore,

m(m,) = m(m,) B,
Us

which is Equation (C.1), as required. Equation (B.2) gives,

ﬂ'(m4) = / W(nl‘h yb1 )dybl 9

Yby =0
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= w(m)m, [ [ (1= Gulyn — )1~ Galws, — w))dGo(u)du,.

Swapping the order of integration, gives,

m(m) = w( @ [~ [ (1= Galyn ~ u))(1 ~ Gilun, — u))dGa(u)dy,

Yb, =u

= (WM, )y, /Oo

D[ (1= Glys, — )y, dGs(u),

u= ybl =u

where G(+) is the distribution with hazard function h4(-)+ks(+) and so, by equation
(C.6), has mean IMITE' Hence,

il
Ha + ps

m(my) = m (W), /:0 dG3(u)

bl

Froy
= 7(Mm,) —
(m 2)u4 + us’
which is Equation (C.2), as required. Equation (B.3) gives,

7r(m5) = A B W(m57 Yb,y )dybn
by =

= (T2 ) e, /

Vb—

@ =Gt —w) [ dGy(w — u)dGs(uw)dps,,

o Vb
= w2 [ ["(1= Gu(ws, — w)Galy - u)dGa(u)dys,
¥by =0 Ju=
Swapping the order of integration, gives,

m(ms)

= m(Ty) o, (1 = Ga(yn, — u))Gs(y — w)dGa(u)dys,,
u=0 Jy,, =u

1=

= (@), 7" (1= Galon — )1~ (1= Ga(y, — )] dGa(w)dy,

1=

(102 ) e, /oo /yoo [(1 ~ Ga(ys, —u))

=0 by =u

— (1 = Galys, — w))(1 — Gs(ye, — u))|dGs(u)dys, .
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Now, by Equation (C.6) and the comments in the derivation of Equation (C.2),

o0
= (), |

u=0

1 il
— - dG ,
[#4 ﬂ4+#s} ()

(i)t |
= mT(1m S— | —F
2 )by | 4 1a + s )

= (), ‘—] |
| apa + ps)

This is Equation (C.3), as required, and a similar argument holds for obtaining
Equation (C.4).
The form for m(my) is more difficult so we give the derivation below. Equation

(B.5) gives,

m(my) = /w

Yo, =

B ﬂ(m7a Yo, )dylu ’

= 7r(ﬁ2)ﬂb1 X

[/yoo /uyo, /;ybl /ybl dG3(u)dG4(v — u)dGs(w — u) [1 — Ge(ys, — w)] dys,

by =0 =0 =u Jw=v

20 Yo, [Vby [Ub
* / o [ ™ 4Ga(w)dGa(v = w)dGa(w — u) [1 = Galys, — w)] dus, .

=0

Changing the order of integration, to enable us to remove the dependence on ys, ,

gives,

m(my) = (W), X

[ :0 / :o u: T - Ge(ys, — w)] dys, dGs(w — u)dG4(v — u)dGs(u)

v ybl =w

i /1:0 /uc:u /u:u /y:=w [1 B Ge(yb‘ B w)] dybl dG4(w - u)dG5('U - U)dG3(u) .

Integrating out the dependence on y;, and using Equation (C.6) gives,

m(my7) = (), [i /u:) /UZ /‘:v dGs(w — u)dG4(v — ©)dG3(u)
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+ i /::0 /u: /wo; dGy(w — u)dGs(v — u)dG3(u)| .

Now change the order of integration of the last two integrals, in the first expression

only, to get,

w(my7) = m(m)ue, [i /:o /oo /w dG4(v — u)dGs(w — u)dG3(u)

=0 Jw=u Ju=u

+l/°° I= [T dGu(w — wdGs(v — u)dGa(w)|
He Ju=0 Jv

=u Jw=v

Evaluating the two inner integrals,
1 oo o
(myz) = w(My) s, [#—/ 0/ Ga(w — u)dGs(w — u)dG3(u)
6 —~ =u

1 [oS)

/°° [1 = Gy(v — u)] dGs(v — u)dGa(u)] .

He Ju=0 Jv=u

Change the variable of integration, to get,

_ 1 oo foo
w(my) = (T s, [;g / ~ / _ Gu(2)dGs(2)dGs(u)

Combining the two integrals gives,

w(ms) = (i s, [i / : / : dGs(z)ng(u)J .

Evaluate the two remaining integrals consecutively, to get

r(my) = T2 (C.8)
He
which is Equation (C.5), as required. =
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