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Abstract

The thesis is devoted to semigroup methods for degenerate Cauchy problems and stochastic
evolution equations. It consists of four parts. In Chapter 2, degenerate abstract Cauchy
problems B %u(t) = Au(t), u(0) = z, and —g—t(Bu)(t) = Au(t), (Bu)(0) = z are investigated
in a Banach space X, for a closed linear operator A and a bounded linear operator B
with non—trivial kernel. The (n,w)-well-posedness of the problems is studied. Firstly,
necessary and sufficient conditions for the (n,w)-wellposedness of the Cauchy problem for
the inclusion %u(t) € Au(t), u(0) = z, where A is a multi-valued linear operator on X,

are given. Then the obtained results are applied to the original degenerate problems.

In Chapter 3, the well-posedness of the degenerate Cauchy problem B%u(t) = Au(t),
u(0) = z in the space of distributions of exponential growth is investigated. Necessary
and sufficient conditions in terms of distribution semigroups are given. The connection

between n—times integrated semigroups and distribution semigroups is established.

In Chapter 4, the inhomogeneous abstract Cauchy problem %u(t) = Au(t)+1(t), u(0) =z
is studied. Several types of solutions of the inhomogeneous problem, namely n-integrated
solutions, n—weak solutions and K—generalized solutions are investigated. Conditions for

the existence of those solutions are given.

In Chapter 5, stochastic differential equations dX (t) = AX(t)dt + BdW (t), X(0) =€ in
a separable Hilbert space are considered, where ¢ is an H-valued random variable and
W (t) is an H-valued Wiener process. Conditions for the existence of a 2n-integrated
solution respectively for a weak 2n—integrated solution are given. It is shown that both

solutions possess continuous versions. The quasi-reversibility method is used for studying

an ill-posed problem dX (t) = AX (t)dt + BdW (t), X(0) = ¢.
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Chapter 1

Introduction

Many real life processes can be mathematically described by a differential equation

D ut) = 1u(t), w(0) ==

Here it is assumed that the state of the system at initial time ¢ = 0 is known to be
u(0) = = and that the complete future of the path ¢ + u(¢) within the state space X
is uniquely defined by the initial value and the fulfilment of the differential equation

for all times ¢ > 0. In general, problems of this kind are called Cauchy problems.

It is well known that, under Lipschitz conditions on the vector field u — f(u),
the unique solution of the differential equation does exist for all times ¢ > 0 and
even depends continuously on the initial value z in the state space X. Problems
having these three properties, existence, uniqueness and continuous dependence of

the solution with respect to the initial data, usually are called well-posed.

Unfortunately, for infinite dimensional state space X, Lipschitz continuity is hard

to achieve, even for linear abstract Cauchy problems
—u(t) = Au(t), u(0)=uz. 7 (1.1)

Typical examples are the heat equation, respectively, the Schrodinger equation,
where the state spaces are function spaces and the operator A is given by the Lapla-

cians A = A, respectively, A = —iA.



To overcome this difficulty, the theory of semigroups has been initiated by few
authors, see for example [63]. This theory allows one to deduce from properties of
the operator A and its resolvent, the existence of a semigroup {S(t) : t € [0,00)}
of bounded linear operators. The properties of the semigroup and its generator

guarantee the existence of the unique solution
t—u(t) =Stz

of the linear Cauchy problem (1.1), for any z € D(A). Moreover, the solution

depends continuously on the initial data.

Later, the notion of a semigroup was generalized in many different directions. Li-
ons, [35], introduced distribution semigroups in connection with generalized well-
posedness of the abstract Cauchy problem (1.1). Arendt, see [1, 2], introduced the
concept of an n—times integrated semigroup {V'(t) : t € [0,00)} of linear bounded op-
erators and its generator. If A is the generator of an n—times integrated semigroup,
then
n
t— d—ﬁV(t)x
is the unique solution of the Cauchy problem (1.1), for any z € D(A™").

In the present thesis we investigate several classes of Cauchy problems which are

discussed in four chapters.

The first class consists of degenerate problems, which are important in fluid me-
chanics and diffusion processes, see [10]. Here, one often has the situation that, due
to different particle sizes in some areas of the domain of interest, the differential

equation is not active in certain areas. Then the mathematical model has one of the

forms
d
Bﬁu(t) = Au(t), u(0)==z (1.2)
%(Bu) (t) = Au(t), (Bu)(0) =g, (1.3)

where B is an operator with non—trivial kernel. Accordingly, if the operator B has a
trivial kernel, the problem is called non-degenerate, and can be treated in the same

way as the standard problem (1.1).



The second class consists of inhomogeneous problems and is of special interest in
control theory, when the system is subject to an external influence, see [8]. The

mathematical model can often be written as

d
Zut) = Au(®) +9(), w(0) =z, (1.4)

where t — 1(t) is called the inhomogeneity. Accordingly, if () = 0 we have the
standard Cauchy problem (1.1), called the homogeneous problem.

The third class is the one of stochastic differential equations of the form
dX (t) = AX(t)dt + BdW (t), X(0) = ¢, (1.5)

in a separable Hilbert space, where £ is an H—valued random variable and W (t) is

an H—valued Wiener process.

In Chapter 2 of the thesis, we consider the two degenerate abstract Cauchy prob-
lems (1.2) and (1.3) for closed linear operators A and bounded linear operators B.
We investigate the (n,w)-well-posedness of the problems. First we investigate the

(n,w)-well-posedness of the Cauchy problem for the inclusion
d
Eu(t) € Au(t), wu(0) ==, (1.6)

where A is a multi-valued linear operator on a Banach space X. Then results
obtained are applied to the degenerate problems (1.2) and (1.3), with A := B™'A
or A := AB~! respectively.

Degenerate problems of the form (1.2) or (1.3) in‘Banach spaces were considered by
many authors, see [10, 21, 22, 23, 41, 42, 44, 47, 62] with the references therein. For
degenerate problems (1.2) and (1.3), the operators B~'A or AB™" are multi-valued.
This motivated the investigation of multi—valued linear operators in connection with

abstract Cauchy problems.

Cauchy problems (1.6) have found an increasing interest, see [22, 23, 29, 42, 48,
62]. Favini and Yagi, [22, 23], studied the existence of strict solutions, which are
continuously differentiable and satisfy the inclusion for all times ¢ > 0. Under the

condition that the resolvent set is contained in a certain region within the complex



plane, and that for those values the resolvent satisfies some growth conditions they
derive the unique existence of a strict solution. Their results even can be extended to
inhomogeneous inclusions, where the solution can be represented with the variation

of constants formula.

Knuckles and Neubrander, [29], investigated n—integrated solutions of the inclusion
problem. They use Laplace transformation methods to derive results on the unique
existence of n-integrated solutions. Their approach is strongly related to our work,
since, for non degenerate Cauchy problems, there is a well known one-to-one corre-
spondence between n—integrated solutions and solutions which can be represented
via n—times integrated semigroups. This relationship has not been elaborated so far

for inclusions.

Melnikova, Alshansky and Gladchenko, [42, 48], investigated the inclusion problem
from the classical, strongly continuous semigroup point of view. They give conditions
of Hille-Yosida type for the well-posedness of the problem and the existence of a
degenerate semigroup. Here, the degeneracy of the semigroup {S(t) : t € [0,00)}
refers to the property that a non—trivial subspace of the state space X is contained
in all kernels ker S(t). Typically, this non-trivial subspace is the complement of

A(0), the multi-valued image of the origin.

Yagi, [62], used a similar Hille-Yosida type condition to guarantee the existence of
a strongly continuous semigroup on the domain of A. This semigroup then allows

even the representation of strict solutions for the inhomogeneous problem.

The main result of this chapter is the statement of a necessary and sufficient condi-
tion for the (n, w)-well-posedness of the inclusion problem (1.6) under a decomposi-
tion assumption on X. Using the theory of n—times integrated semigroups, we prove
that the Hille-Yosida type condition is necessary and sufficient for the (n,w)-well-
posedness of the inclusion problem (1.6) on the domain D(A™*!) of A™*!. Similar

results are obtained for the degenerate equations (1.2) and (1.3).

In Chapter 3 we consider the degenerate Cauchy problem (1.2) in a Banach space

X, where A is a closed linear operator and B is a bounded linear operator in X.



We investigate the well-posedness of the problem in the space of distributions of

exponential growth.

Distribution semigroups, introduced by Lions, [35], play an important role in con-
nection with abstract Cauchy problems, where they allow one to obtain generalized
solutions. They have been investigated by several authors, see [3, 11, 19, 33, 44, 47,
54, 58, 60]. In [35], for the non—degenerate Cauchy problem (1.1), the equivalence
is shown between the well-posedness of problem (1.1), in the sense of distributions,

and the existence of distribution semigroup generated by the operator A.

In [3] and in [58], for the non degenerate Cauchy problem, strong connections be-
tween distribution semigroups and local integrated semigroups have been established

by Arendt, El-Mennaoui and Keyantuo, and by Tanaka and Okazawa.

Earlier, distribution semigroups for degenerate problems were considered by Mel-
nikova and Filinkov, see [47]. Here, under the assumption that the Banach space X
can be decomposed into range and kernel of a power of the resolvent of the multi-
valued operator, the authors showed that well-posedness of the problem in the sense
of distributions is equivalent to the existence of a degenerate distribution semigroup,

generated by a single-valued branch of the multi—valued operator A= B71A.

In [11], Chazarain characterized the well-posedness of the degenerate Cauchy prob-
lem in the sense of distributions by the existence of a region in a complex plane
such that for any element from that region, the resolvent exists and is polynomially

bounded.

Recently obtained results in [33] are closely related, where the relationship of local
integrated semigroups and distribution semigroups is investigated for non degenerate

Cauchy problems with non—densely defined operators.

For the degenerate Cauchy problem (1.2), we study the strong connections between
the well-posedness of the degenerate problem in the sense of distributions of ex-
ponential growth, the existence of a degenerate distribution semigroup of exponen-

tial growth and the existence of a degenerate global n—times integrated semigroup.



Firstly, we prove the equivalence between the well-posedness of the degenerate
Cauchy problem in the sense of distributions of exponential growth and the ex-
istence of a degenerate distribution semigroup of exponential growth, generated by
the part of a single—valued branch of the multi-valued operator B ~1A. Secondly, we
show that the existence of such distribution semigroup is equivalent to the existence

of a degenerate global n—times integrated semigroup.

In Chapter 4 we investigate several types of solutions of the inhomogeneous prob-
lem (1.4) in a Banach space X. This problem was considered by many authors, e.g.
(1, 6, 8, 13, 15, 19, 24, 27, 28, 31, 37, 59]. It turns out that, to obtain a unique
continuously differentiable solution ¢ + u(t), which has values in the domain D(A),
one needs to require strong conditions on the operator A, on the initial value z € X

and on the smoothness of ¢t — ¥(t).

For example, in addition to the Hille-Yosida condition on the operator A, Arendt,
[1], needs to impose the condition that the function ¢ — 4(2) is twice continuously
differentiable and Az + 1(0) is in the closure of the domain A, to obtain a unique
solution for an initial value z € D(A). To prove a similar result, Kellerman and
Hieber, (28], assume some kind of smoothness of ¢ > (t). Da Prato and Sinestrari,
[15], require that ¢ — t(t) has to be in some Sobolev space, in order to obtain a
unique solution for an initial value z € D(A). In [19, 24, 31} a similar result is
proved under the assumption of either continuity of ¢ +— %(t) with v (t) € D(A) for
all £ > 0 and continuity of ¢ — Aw(t) or of continuous differentiability of ¢ — % (t).

If we want to relax these assumptions, we obtain solutions in a generalized sense.
Ball, [6], considered a continuous solution ¢ ~— u(t) involving the dual space X* of
X, where the mapping ¢ — (u(t),v) is absolutely continuous for all v € X* and

satisfies, for almost all ¢ € [0, 00), the equation

d '

= u(0), ) = (u(t), A") + ((0),)
for all v € D(A*), where A* is the adjoint operator of A. Such a solution is called
a weak solution and can be obtained for any initial value « € X and any integrable

inhomogeneity t — 1(t).



Another type of generalized solution is the continuous solution of the integrated

problem, see [37, 59]. It is proved in [37] that the solution of the integrated problem

u(t) ::E+A/()tu(s)ds+/0t1/)(s)ds

is equivalent to the weak solution defined in [6]. Thieme, [59], showed that, in order
to obtain solutions of the twice integrated problem
¢ t
v(t) = tx + A/ v(s)ds + / (t — s)¥(s)ds
U -~ 0
for the integrable function t — (t), the operator A necessarily is the generator of

a once integrated semigroup.

More general solutions of the inhomogeneous problem were investigated by Cio-
ranescu and Lumer, [13]. They described continuous solutions of the K—generalized

problem
d

a’U

for commuting operator—valued kernels K. For this purpose they required that Ais

(t) = Av(t) + K(t)z + (K *9)(1)

the generator of a K—convoluted semigroup, (see [12]).

Following the idea of Thieme, [59], we investigate the uniqueness of the n-times
integrated solution of the inhomogeneous problem for the case that the operator
A generates an n-times integrated semigroup. We prove that, for this case, there
exists a unique n—integrated solution of the inhomogeneous problem (1.4). For such
operators A we obtain solutions of the original problem for initial values from a

smaller subset of X under a smoothness condition on ¢ — ().

Next we study weak solutions of n—integrated problems. Under the same assumption
on A, we obtain the unique solvability of the weak n-integrated problem. We also

show that any n—integrated solution is an (n — 1)-weak integrated solution.

Finally, for the case when A generates a K—convoluted semigroup, we discuss the
K—generalized solution of the inhomogeneous problem. We give conditions which
guarantee the existence of the K-generalized solution. We obtain results on the

solution of the original problem on a subset of X.



In Chapter 5, we consider the stochastic differential equation (1.5) in a separable
Hilbert space H. The problem was considered in [14, 16]. In [16], Da Prato and
Zabczyk investigated strong and weak solutions of the problem. Assuming that A
is the generator of a strongly continuous semigroup, B is a bounded operator and
S(t)BB*S*(t) is of trace class for all t > 0, where S(t) is the strongly continuous
semigroup generated by A, they proved the existence of a continuous version of a

weak solution.

Using the results of the previous chapter, we investigate the n-integrated solution
and the weak n—integrated solution of the stochastic differential equation (1.5).
Under the condition that A generates an n—times integrated semigroup, assuming
that B is bounded, V(t)BB*V*(t) is of trace class and the stochastic convolution
belongs to D(A) we prove that the problem (1.5) has a 2n-integrated solution with
a continuous version. Dropping the assumption that the stochastic convolution
is in D(A), we show that the problem has a weak 2n—integrated solution with a

continuous version.

Finally, we use the quasi-reversibility method introduced by Lattes and Lions [34],
for studying an ill-posed problem (1.5) in a separable Hilbert space H, with un-
observable initial condition ¢ and the operator A belonging to the class H7 of self
adjoint operators on Hilbert space H, generating basis {er} for H, corresponding to

eigenvalues {\x} such that —oo < A; < Ao < --+, and limg, oo Ay — 400.

It is known that if A € H, then the Cauchy problem (1.1) is, in general, not well-
posed, and the semigroup {U(t) : ¢t € [0,00)} generated by A consists of unbounded
linear operators. It was proved in [26] that, if A € HJ then for any € > 0, the

Cauchy problem
u'(t) = (A — eA®)u(t), u(0) = uo

is well-posed D(A?) and (A — €A®) generates a strongly continuous semigroup

{U(t) € L(H) :t € [0,00)}.

Given an H-valued observable random variable 7, we consider the conditional ex-

pectation E[£]n], the optimal (in the mean-square sense) estimator of £ in terms of



n, such that E(|¢ — E(¢|n)]*) < 6.

Assuming that there exists a solution of (1.5) for the initial value £, we approximate

the solution at time ¢ = T' by solutions of the problem
dX (t) = (A — eA®) X (t)dt + BdW (t), X(0) = &, (1.7)

on certain correctness classes. Thus we regularize the original problem by perturbing

both the operator and the initial condition.



Chapter 2

Cauchy Problems for Inclusions

In this chapter we consider the following degenerate abstract Cauchy problems
Bu'(t) = Au(t), t > 0, u(0) = z, (2.1)

and

%(Bv(t)) — Au(t), t> 0, Bu(0) = z, (22)

in a complex Banach space X, where A : D(A) C X — X is a closed linear operator
and linear operator B € L£(X) has a non-trivial kernel. Both problems can be

written in the form of a Cauchy problem for inclusion
u'(t) € Au(t), t>0, u(0) ==, (2.3)

by setting A = B~'A for the problem (2.1), and A = AB™', u(t) = Bu(t) for the
problem (2.2). Classical solutions of these problems are continuously differentiable
functions ¢ — u(t) with values in the domain D(A) of A, such that the differential

equations are fulfilled for all times ¢ > 0.

It can be easily shown that each of the two degenerate abstract Cauchy problems is
equivalent to the corresponding inclusion problem in the sense that solutions of one

problem are — or are easily transformed to — solutions of the other problem.

The main aim of this chapter is to discuss the (n,w)-well-posedness of the degen-

erate problems with the help of the n—times integrated semigroup generated by a

10



multi-valued operator. First, we study problem (2.3). Later, the results obtained
for this problem are transformed to corresponding statements for the original de-

generate problems (2.1) and (2.2).

Hence we divide the chapter into two sections. In the first section we recall some
properties of multi-valued linear operators. In the second section, we give necessary
and sufficient conditions for the (n,w)-well-posedness of the degenerate Cauchy
problems. For the non—degenerate case, that is for a single-valued A, the (n,w)-
well-posedness on D(A™*!) of the problem (2.3) is characterized by the Miyadera-
Feller-Phillips-Hille-Yosida (MFPHY) type condition

AT ME
d\kAn ~ |ReX — w|Ft’

given that D(A) = X. In this thesis we show that for multi-valued operators A,
the well-posedness on D(A™!) implies the weaker estimate

| d* (A—A)—IH o MH
A a1 = |Re) — w[Fl

The former (MFPHY) type condition implies (n, w)-well-posedness only on a smaller
subspace of D(A™!). To obtain a characterization of the (n,w)-well-posedness, we
need the assumption that a certain decomposition of the state space X is valid, see

Theorem 2.33.

2.1 Multi—Valued Linear Operators

In this section, we collect some elementary properties of multi-valued linear oper-
ators in Banach spaces, as found in the monograph [23]. Let F' and G be subsets
of the complex Banach space X and A € C. We define the addition and scalar

multiplication of subsets of X as usual by
F+G:={f+g:f€F,geG},

AF :={\f:f€F}.

11



Definition 2.1 A map A 2 X — 2% is called a multi—valued linear operator on X,
if D(A) := {u € X : Au # 0} is a linear manifold in X and for any A, u € G,
u,v € D(A) holds

MNMu + pAv C A(Au + pv). (2.4)

In particular, for A = & = 0 we have 0 € A0. From this and the fact that D(A)is a
linear manifold in X, we conclude that D(.A) is a linear subspace of X. We denote

by M(X) the set of all multi-valued linear operators on X.

Multi—valued linear operators have the same linearity properties as single-valued

linear operators, except that homogeneity is only given for scalars not equal to zero.

Proposition 2.2 Let A € M(X). Then for all u,v € D(A) and all A € C\{0}
holds:

(i) Au+ Av = A(u +v),

(i) Mu = A(\u).

Proof. From (2.4) we obtain
(i) A(u+v) — Av C A(u+v — v) = Au, which gives A(u+v) C Au + Av,
(ii) A(Au) = A(ATA(Aw)) C MAu. "

For the representation of multi—valued operators we have the following result.

Proposition 2.3 Let A € M(X), then A0 is a linear subspace of X and for any
u € D(A), f € Au we have Au = f + AO0.

Proof. By Proposition 2.2 we have A0 + A0 = A0 and AAO0 = .A0. Hence A0 is a
linear subspace. Now let u € D(A) and f € Au, then

f+ A0 C Au + A0 = Au.
On the other hand, for any g € Au we have g — f € Au — Au = A0. Hence

g=f+(@g-f)ef+ Ao

12



Thus g € Au implies g € f + .A0. It means Au C f + A0. Therefore the equality
Au = f + A0 holds. m

In contrast to single-valued operators, multi-valued operators always have an in-

verse, which is in general multi-valued.

Definition 2.4 Let A € M(X). We call the operator A™' the inverse of the oper-
ator A, if

D(A™Y) :=ran(A) = U Au and A7'f:={ue D(A): f € Au}.

ueD(A)
Proposition 2.5 A~ € M(X) if A € M(X).
Proof. Ifu € A™lf and v € A g then f € Auand g € Av, 50 f+g € Alu+
v). Hence (u +v) € A7}(f + g). Similarly, v € A7 f implies Af € A(u) and

A € A7L(Af). Hence MA~'f C A7}(Af). Therefore A~" is a multi-valued linear

operator. |
Some standard operations also can be defined for multi—valued operators.

Definition 2.6 Let U be a single-valued linear operator in X and A € M(X). We

define the sum and the composition as follows.

D(A+U) = D(A)nD(U),
(A+U)u = Au+Uu for ue D(A+U).

D(AU) = {ue D(U):Uue€ D(A)},
AUu = A(Uu) for ue D(AU).

D(UA) = {ue D(A): AunD(U) # 0},
UAu = {Uv:ve€ AunD(U)} for uec DUA).

Theorem 2.7 The operators A+ U, AU and UA defined above are multi-valued

linear operators.

13



In particular, the operators (A — A), B"*A and AB™! are multi-valued linear op-
erators. The following definition of the resolvent for multi-valued operators is of

significance.

Definition 2.8 The set p(A) :={\ € C: (A—A)~' € L(X)} is called the resolvent
set of the linear multi—valued operator A and R(\) := (A—.A)~" is called the resolvent
of A.

It turns out that the resolvent defined in this way enjoys similar properties as in the

single—valued case.

Theorem 2.9 For any A € M(X) the resolvent set p(A) is an open subset of C.
The map A — R(\) = (A — A)~' € L(X) is holomorphic on p(A).
Theorem 2.10 For any A € M(X) and A € p(A) holds the following:
A=A TcaA-ATT-TCAN-A"
In particular, (A — A)~LA is single-valued on D(A) and
A—A)TAu=A-A)'f
for any f € Au.
In general, A0 C X can be any subspace of X. For multi-valued operators with

non-empty resolvent set it is necessarily a closed subspace, since it is the kernel of

a bounded linear operator.

Proposition 2.11 (Resolvent Identity) For any A € M(X) and A, pu € p(A)
the following identity holds:

R(N) = R(p) = —(A = p) R(N) R(p).-

Proposition 2.12 Let A € M(X) and p(A) # 0. Then for any A € p(A) holds
A0 = ker(A — A)7L.

14



Proof. Let f € ker(A — A)7}, i.e. (A —.A)"'f = 0, which is equivalent to f €
(A —.A)0 = A0. |

Also, the notion of closedness can be carried through to multi—valued operators.
Definition 2.13 We say that an operator A € M(X) is closed if for any sequences
{u;} € D(A) and f; € Au; with

limu; =u, lim f;=/F

j—+00 j—oo

we have u € D(A) and f € Au.

An example of a closed linear multi-valued operator is the operator B~'A for the

case that A is closed and B is bounded with non—trivial kernel.

Lemma 2.14 Let A : D(A) C X — X be closed and B : X — X be bounded with
kerB # {0}. Then B™'A: D(B™'A) — X is a closed multi-valued operator.

Proof. Let z; € D(B~'A) with z; — z in X. Let y; € B~'Az; with y; = y in X.
By the boundedness of B we have
By; = By in X.

Obviously By; = Axz;. By the closedness of A we conclude z € D(A) and Az = By.
Thus 7 € D(B~*A) and y € B~'Az. This means that B~'4 is closed and multi-
valued since ker B # {0}. u

Next, we define powers of a multi-valued linear operator.
Definition 2.15 Let A € M(X) and n € N. We define A° :=Idx, the identity on
X, and the nth power of A inductively by

D(A™) = {z € D(A"!) : there is a y € A" 'z with y € D(A)},

and

A’z = U Ay for x € D(A").

yeAr—LzND(A)
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We will write shortly
Az = U Ay,

yeAr 1z

since we can set Ay = () for elements y € X — D(A).

Using the induction principle we show that the nth power of a multi—valued operator

indeed is a multi-valued operator.
Lemma 2.16 A" € M(X) for A € M(X).

Proof. We prove this using the induction principle. The hypothesis holds for n = 1.
Suppose that it holds for n — 1, that is A"t € M(X). By the supposition we have
that D(A™) is a linear manifold and for u,v € D(A"") holds

M+ p A € AV + p).

We show that the hypothesis is true for n. First we show that D(A") is a linear
manifold. Let u,v € D(A"). Then there exist v’ € A" 'u with v’ € D(A) and
o' € A"ty with o' € D(A). Since D(A) is linear manifold and u',v' € D(A), we
have u' +v' € D(A) and \u' € D(A). Moreover, by supposition that A1 e M(X)

and using Proposition 2.2, we have
w4 € A+ AV = AV (u + ) and M’ € AAM e = AV Mu, A # 0.

Hence there exist (u' +v') € A" (u+v) with (&' +v') € D(A) and M’ € A ()
with \u € D(A). Therefore (u+v), \u € D(A"™). Thus D(A") is a linear manifold.

It remains to show that
AA™M + p A"y C AM(Au + )
for u,v € D(A"). Let u,v € D(A"), then

My + p Aty = A U Au' + 1 U Av'

u'eAr—ly v'eAr—ly
= U »mw+ U pav
u' e A1y v eEAT— 1y
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= U Ao + pAY

u’EA"—lu,U'EA""l’U

C U A0 + po')

u’EAn—lu,U’GAn—l’u

- U A +m)
(D! +uv’ YA~ (Autpv)
= AOu+ o).

Hence A™ € M(X). i

2.2 (n,w)-Well-Posedness of Cauchy Problem for

Inclusions

In this section we discuss the (n,w)-well-posedness of the Cauchy problem for in-
clusion (2.3). In particular for the case that the multi-valued operator A generates
a degenerate n—times integrated semigroup. Before we give the notion of a solution

for the inclusion.

Definition 2.17 A function u € C* ([0,00); X) N C ([0,00); D(A)) is called a so-
lution of the Cauchy problem (2.8), if w(0) = = and if it satisfies the differential
inclusion of (2.3) for allt > 0.

The (n,w)-well-posedness means that solutions grow exponentially with respect to

time and can be estimated by some norm of the initial values.

Definition 2.18 The Cauchy problem (2.8) is called (n,w)-well-posed on a subset
E C D(A"), if for any x € E there exists a unigue solution u(-), such that for all
A € p(A) there is a C > 0 with

lu@)]l < Cexp (Wt)lln, Nzl = inf{{lyll : B*(N)y = z}.

Later, in Lemma 2.27, we will show that R"(\)X = D(A"). In fact, || - ||» defines a
norm on D(A™).

17



Lemma 2.19 The map
| -lln: DA™ — R
z ||zl = inf{llyll - R*(Vy = z}

defines a norm in D(A™).

Proof. It is obvious that ||z||, > 0 for all z € D(A™). First we show that ||z[[» =0
if and only if z = 0.
lzlln =0 <= inf{|lyll: R*(\)y ==} =0
& 1 =R"(\)0
— z=0.

Next we show the homogeneity of the map. For y = 0 is clear from above. For

u # 0, we can calculate

lpzl, = inf{llyll: R"(N)y = pz}
= inf{|lyl|: R*"(Mp"'y = o}
= inf{||pz|| : R*(\)z = 2}

= |ul - llla-

Finally, we show that the triangle inequality also holds for the map.

|21 + 2]

I

inf{lyll : B*(\)y = 71 + 22}
inf{lys + 2ell : B*(V)y1 = s1and R (Ve = 22}
< inf{llwll : B* Vg = 21} + inf{llgall : RNy = 22}

HxIHn + H-’E2”n

VAN

Remark 2.20 For a single-valued linear operator A, the || - ||;,-norm defined by
ll2[l7, := ol + [|Az] + - - - + [l A"2]

is equivalent to the || - ||ln—norm defined in Definition 2.18.

18



Proof. If A is a single—valued operator, then

el = [I(A—A)"z]]
|\"z — (Tf) AL Ag 4 -4 (=1 (:) Ak ARy o+ A

n

el + () e sl +-oo () DSlIAl 4
< el + ] + -+ |4%al)

IN

for

p=max(iy, () (2 )i

Hence ||z||, < B]|z||; for some § > 0. On the other hand, since RN =(\—-A)!

is a bounded operator, we have
]| = IR W) — A)z|] < [[R" W] - |(A = A)"zl] < Call(A = A)"a]],
where C,, = ||R(A\)||". Moreover we have

lAz] = (|0 = A)z =zl < [[Az]| + IR (A (A — A)a
(I)‘|Cn ig Cn—l)”()‘ - A)nx“
< Ki||(A = A)"z].

IA

Similarly,

[ A*z|| < Kil|(A = A) ]|
for k =2,3,...,n. We take
K = max{Cp, K1, Ks, ..., Ky},

then
||| + || Az|| + |42 + - - + [|A™z]| < (n + D) K[|(A — A)*z].

Therefore ||z| < al|z|l, for @ = (n+1)K > 0. Thus || - || and ||- ||}, are equivalent.

The n—times integrated semigroups together with their generators defined below

play a key role in our analysis.
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Definition 2.21 A one—parameter family of bounded linear operators {V (t) € L(X) :

t € [0,00)} is called an n—times integrated semigroup, if
(i) V(0) = 0 and for all s,t € [0,00) holds

VOV (s) = — )!/Os ((s =)Vt +7) = (t+5 — 1) V() dr.

(n—1

(ii) t — V(t) is strongly continuous, i.e. for any x € X the map t — V(t)z is

continuous on [0,00).

(i41) An n—times integrated semigroup is called exponentially bounded if, there exist

C > 0 and w € R such that for all t € [0,00) holds

IV(®) < Cexp (wi).

(iv) We say the subspace
N={ze€X :V({t)z=0forallte[0,00)}

is the degeneration space of the n-times integrated semigroup {V(t) € L(X) : t €
[0,00)}. An n-times integrated semigroup is called degenerate if N # {0}, and

non—degenerate otherwise.

Definition 2.22 An operator A € M(X) is called the generator of the n-times
integrated semigroup {V (t) € L(X) :t € [0,00)}, if 1t satisfies the relation

A=Az = /000 A exp (—At)V (t)zdt (2.5)

for all A € C with ReX > w and all z € X.

There is an equivalent characterization of a generator of n—times integrated semi-
groups (see [59]). We choose the one above, since here we are interested in the
exponentially bounded n—times integrated semigroups. The exponential bounded-

ness implies the existence of the Laplace transform.

In the following lemma, we show that if .4 generates an n—times integrated semi-

group, i.e. (2.5) is satisfied, then N = ker(A — A)~". On the other hand, we have
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shown in Proposition 2.12 that ker(A — A)~' = A0. Hence the degeneration space
N = A0. This means that any degenerate n—times integrated semigroup has a
multi-valued generator, and conversely if a multi-valued operator is the generator

of a semigroup, then the semigroup is degenerate.

Lemma 2.23 Let A € M(X) be the generator of the exponentially bounded n—times
integrated semigroup {V (t) € L(X) :t > 0}. Then

ker(A—A)' =N

for all A € C with ReA > w.

Proof. The inclusion N C ker(A—.A4) " is obvious. We will show that ker(A—A)~' C
N. To this end we define for z € ker(A — A)~! the map

F: (max(0,w),00) — X,
A B / " exp(— )V (B)adt.

Obviously F()) = 0 for all A € (max(0,w), c0). Hence, for all k£ € N we obtain
dk

for all A € (max(0,w), o0). Calculating the derivatives we obtain

/ " (Lt exp(= M)V (B)adt = 0
0
for all k € N. Hence,
/ " P{t)exp(—Xt)V (t)zdt = 0
for all real polynomials ¢ »—>0P (t). Accordingly, for any z* € X™ the equation
/0 " PV (), 7 Yexp(—At)dt = 0

is valid, in particular for any Laguerre polynomial P(¢). On the other hand,
the Laguerre polynomials form a complete orthogonal system of the Hilbert space
L2((0,00); C) equipped with the measure exp(—At)dt, see [56]. The map t —

(V(t)z,z*) is an element of this Hilbert space, for A > 0 large enough. Hence,

(V(t)z,z*) =0
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for all t > 0 and all z* € X*. We conclude that V(t)z = 0 for all ¢ > 0, which

implies £ € N. =

Remark 2.24 The generator of the degenerate n-times integrated semigroup de-

fined in Definition 2.22 is uniquely determined.

Proof. Suppose there are two multi-valued operators A; and A satisfying the

relation (2.5), then we have
A=Atz =(A—A) 'z, z€X. (2.6)

Let © € D(A;), consequently z € D(A — A1), ie. z € ran(A — A)™". By (2.6),
z € ran(A — Ay)"!. Hence z € D(A — Ap), i.e. © € D(Az). This shows that
D(A;) € D(As;). Using the same argument, we obtain D(Az) € D(A;). Therefore
D(A;) = D(A;). Now let Az # Az for z € D(A1) = D(Az). Then

()\ — ./41)117 7£ ()\ - AQ)CL'

Applying (A — A;)~* and using equation (2.6) we obtain z # =z which is a con-
tradiction. Thus Az = Aqz for all z € D(A;) = D(Az). Therefore A; = A,.

In [1], Theorem 3.1, it is shown, for a single-valued operator A, that
(A= A" = / X" exp (= M)V (£)de
0

is the resolvent if and only if V(t)V(s) satisfies property (i) of Definition 2.21.
Since the resolvent identity also holds for multi-valued operators (see Proposition
2.11), the proof of these statements can be immediately adapted to multi-valued
operators A. Similarly, Theorem 4.1 in [1], which is proven for non-degenerate

n—-times integrated semigroups, also holds for degenerate ones.

Accordingly, we can formulate the following theorem, which was originally stated in

[1], Theorem 4.1, for single-valued operators .A.
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Theorem 2.25 Letn € N, w € R and M > 0. A linear operator A is the generator
of an (n + 1)~times integrated semigroup {V (t) € L(X) : t € [0,00)} satisfying
lim sup —||V(t +h) = V({#)|| < Mexp(wt), t>0,
h—0+ h
if and only if there exists a > max{w, 0} such that (a,00) C p(A) and

d* R()\) ME!

”d}\k " | < (Rer — w)F+1’ k=0,1,2,..., A € C with ReX > w.

The following proposition describes the relation between the n-times integrated
semigroup and its generator for multi-valued operators. It generalizes the corre-
sponding properties of single-valued generators of n—-times integrated semigroups,

as in [51], Lemma 5.1, or in [1], Proposition 3.3.

Proposition 2.26 Let A € M(X) be the generator of the degenerate n—times in-
tegrated semigroup {V (t) € L(X) :t € [0,00)}. Then

(i) For all x € D(A) we have V(t)z € D(A) and V(t) Az € AV (t)z.

(ii) For all x € D(A) holds

=—x—|—/ V(s)Azds.

(111) For all x € X we have
¢ ‘
V(t)x € % + .A/ V(s)zds.
- 0

Proof. (i) By the definition of the generator of the n—times integrated semigroup

{V(t) € £L(X):t€[0,00)}, forall z € X and A € p(A) we have

/ " oxp (Cut)VORMNE = wR(uR(Na
= WROR(We

= /000 exp (—upt) RNV (t)zdt:

The uniqueness of the Laplace transform implies that

V(H)R(\)z = ROV (t)z. (2.7)
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Now let z € D(A), substitute y = (A — A)z to (2.7), we obtain
V(t)z = RV () (A — A)z.
Applying (A — A) to this equation, we have
(A — AV()z = (A= ARNVE)A - Az 2 V(t)(A - A)z.
Hence V (t)z € D(A) and V(t)Az € AV (t)z.
(ii) For all z € D(A), we have

/ A" exp (—)\t);—n'xdt =1 =RA\\- Az

0
= / X exp (~ M)V ()dt — / N exp (= M)V (£) Azdt
0 0
00 e’} t
= / A”“exp(—At)V(t)mdt—-/ )\"“exp(—)\t)/ V(s)Azdsdt,
0 0 0

and uniqueness of the Laplace transform implies

n

V(t)s = —a+ /tV(s)Amds, z € D(A).

n!
(ili) For all z € X, using z € (A — A)R(N)z, we obtain
/0 "N exp (M) Sads = 7 € (= ARz
~ (-4 /0 " A exp (CA)V (£)adt
= /Ooo M lexp (=) V (t)zdt — A /Oo A" exp (—At)V (t)zdt

= / A exp (=AL)V (t)zdt — / A*exp (—At)A / s)zdsdt.
0 0

Thus
(mG—x-I—A/ s)zds, =€ X.

The following lemma describes the range of the powers of the resolvent. It is of
particular importance for the definition of the (n,w)—well-posedness above, where

the norm || - ||, only is defined for elements in the range of R™()).
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Lemma 2.27 For A € M(X) and A € p(A) we have D(A¥) = RF(MN)X. In
particular R¥(\)X does not depend on the choice of A € p(A).

Proof. Let z € D(AF). It follows that z € D(A") for all i < k. Consequently,
(A — A)*z is a non-empty set. Let y € (A — A)*z. Then we have

RF\)y = RFO\)(A — Az ==

Hence z € RF(A\)X. Therefore D(AF) C R*(A)X. On the other hand, let z €
RF(A\)X, ie. £ = R*¥(X\)y for some y € X. Equivalently we obtain

ye (- AFREO)y = (\ — A)rz.

Therefore, (A — A)*z is not empty and z € D((A — A)¥). Hence z € D(A).
Therefore R¥(\)X C D(AF). This completes the proof of D(A*) = RF(N)X.

Next, using the induction principle, we show that RF(M\)X is independent of the
choice of X € p(A). Let z € R(\)X, i.e z = R(\)y for some y € X. Consequently,
we have

yeA—Az=N+p—p—Az=A+p +KE-Asz

for some p € p(A). Thus (u —.A) contains y + (4 — )z = z € X. Equivalently
z = R(u)z for some z € X. Hence z € R(u)X.

Suppose that for any 2 € R/(\)X, z € RI(u)X for p € p(A) and j > 1.
Now let z € RF*1()\)X. We can write z as

t = RPNy, for yeX
= R(\E'(Ny
= R(\)z, for ze€ RF(\)X.

From the supposition above z € R/(u)X for p € p(A). Thus z = R())z for
z € RI(wX,ie ze€ (A— A)z. Equivalently,

zeM—pt+p—Az=(p—-Az+ (- pz
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Since £ € R'(\)X, z € R/(\)X and hence z € R/(u)X from the supposition.
Thus (A — )z € RI(u)X. Therefore (4 — A)z contains z — (A —p)z =u € R (u)X.
Conclusively z € RI+!(u)X for i1 € p(A). This shows that R*(A\)X does not depend
on the choice of A € p(A). n

The following theorem is a main step towards a characterization of (n,w)-well-
posedness. It shows that a (MFPHY) type condition is necessary for it. From the
(n, w)-well-posedness of the Cauchy problem (2.3) on D(A™*!), we can construct an
exponentailly bounded (n+1)-times integrated semigroup from which the (MFPHY)

type condition is obtained.

Theorem 2.28 Let A be a closed linear multi—valued operator in X. Suppose that
p(A) # 0. If the Cauchy problem (2.8) is (n,w)-well-posed on E = D(A™?), then

the condition

dF (A — A ME! |
”W Antl I (ReX — w)k+1’ k=0,1,2,..., AeC with ReA>w
(2.8)

holds for some M > 0.

Proof. Let t — u(t) be the unique solution of (2.3) with respect to the initial data
z € D(A"1). By the definition of the (n,w)-well-posedness of (2.3), it satisfies the

estimate

Ju(®)]] < C exp (wt)]|z]|n- (2:9)

We introduce a solution operator U(t) on D(A™?) by U(t)z := u(t). Due to (2.9)
we can extend U(t) to the space Dy, the closure of D(A™!) endowed with the

|| - l|n—norm. As U(t)z = u(t) is a solution of (2.3) we have

U'(t)r € AU(t)z = AU(t)z — (A — AU (t)z. (2.10)

Now we show that R(A\)U(t)z and U(t) R(A)z are solutions of the problem (2.3) with
initial value R(\)z,z € D(A"). Let y = R(A\)z € D(A"*!) for z € D(A"). Then
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by the well-posedness of (2.3) we have U'(t)R(N)z € AU(t)R(A)z. So U(t)R(N)z is

a solution of the Cauchy problem satisfying the estimate
U (HRMN)al| < Cexp (8) | ROzl (2.11)

Since

{ye X: R '(\)y ==z} C{y€X: RNy = RNz},

we have

IRNzlln = inf{llyll : R"(Ny = R(A)z}
< inf{llyll : BNy = 2} = [[z]la-1.

So the estimate in (2.11) becomes
U RNz < C exp (wi)||z]ln-1-

On the other hand, noting that R())A is a single—valued operator on D(A) (see
Theorem 2.10), and applying R()) to (2.10), we obtain

RU'(t)z = R\)AU(t)z = AR(NU (t)z — U(t)z, z € D(A™), (2.12)
and since U(t)z € D(A), we have
Ut)z = RN\ — AU(t)z € (A = ARNU(t)z.

Hence

R(\)AU(t)z € AR(NU(t)z.
Therefore,
RNU'(t)z = (RWU(t)z) € ARNU(t)z and R(\)U(0)z = R(M\)z.

Thus R(A\)U(t)z is a solution of the inclusion problem (2.3) with respect to the
initial value R(A\)z € D(A™1). The equality R(A)U(t)x = U(¢)R(A)z follows from

the uniqueness of the solution. By integrating we obtain from equation (2.12)

R\)U(t)x — R(\)z :/0 ARMNU(s)zds —/0 U(s)zds.
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Writing Uy (t)z := [y U(s)zds for £ € D(A™), we have
Uy () = —ROU(8)z + Rz + A /0 RO (s)zds.
Define Uy on D(A") by
Us(t)s = ~U@®) ROz + ROz + A /0 " U(s)R(\ads.
Applying R(\) to both sides of this equation, we have
ROV ()3 = —R(U(BR(N)z + ROR(N)z + AR() /0 U (s) R(\)ds.

Using the commutativity of R(\) and U(t) we obtain R(A\)Ui(t)z = Ui (t)R(\)z.
Hence U, (¢) is defined and commutes with R(}) in D(A") and satisfies the estimate

|01 ()2 < Crexp (wt)]|z]|n-1-

By this estimate, U, (t) can be extended to Dy, the closure of D(A™) endowed with
the || - ||n—1—norm. In general, for z € D(A™"'~*) we define
tk—-l t
Us(t)s 1= ~Uies (VRN + Gy RN+ / Uiy (s)B(\)ods.  (2.13)
1) i
Then we have
ot
Ue(t)z = / Up_1(s)zds, k=2,3,...,n, x € D(A?7F)
0
and
tk?-l
(k- 1)
Similarly, we have R(\Ui(t)z = Ur(t)R(N)z, T € D(AM™=F) Hence Ug(t) is
defined and commutes with R(}) in D(A™D=F) and is satisfying the estimate

Us(8)z = —R(\ U1 (t)7 + ROz + A / t RO\ Up_1(s)zds.

[U(8)z]| < Cut* ' exp (i) |zlln—k < Cr exp (O1)[|]|n—r

for any real number & which is large enough. Therefore, we can extend Uk(t) to
D(n41)-k, the closure of D(A®)=k) endowed with the || - ||,—x—norm. In particular,

U,(t) is defined and commutes with R()) on D(A). It is satisfying the estimate

|Un(8)a]] < Cexp (1),
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and may be continued to D(A); Up41(t) is defined and commutes with R()) on the

whole space X and satisfies
[Unr ()] < C'exp (1) ]|z]. (2.14)

Now we denote V (£)z := Upy1(t)z. We show that V (t) is the exponetially bounded
(n + 1)-times integrated semigroup with the generator A. From the definition of
V(t) = Upa(t) = f; Un(s)ds we have V(0) = 0. The equation (2.13) implies that for
any £ € X the map t — V(t)z is continuous for ¢ > 0, so property (i1) of Definition
2.21 holds. Property (iii) of Definition 2.21 follows directly from (2.14). To show
that V(t) satisfies property (i) of Definition 2.21 it is sufficient to show that

RNz = /000 A exp (— ALV (t)zdt (2.15)

for all A € C with Re) > w. Multiplying (2.13) by A*exp (= At) for k = n +1 and

integrating the equation we get
/ A+ exp (= M) Upy1(t)zdt = R(A)z = / A" exp (=) V (t)zdt.
0 0

The above equation holds for all A from some open set where R(A) exists by the
assumption. Since A — R()) is holomorphic on p(A) (see Theorem 2.9) and the

map

s / N exp (— M)V (£)adt
0

is defined and holomorphic in {A € C : Re\ > w}, the equation (2.15) can be
extended analytically to the half plane {A € C: ReA > w}. Therefore V (t) is the
degenerate exponetially bounded (n + 1)-times integrated semigroup generated by

A. Hence the estimate (2.8) follows by differentiating equation (2.15). n

From the proof above, we see that U,(t) commutes with R(}) and is defined on

D(A). Similarly, it can be shown that Uy(t) forms a degencrate n—times integrated

semigroup with the generator A on D(A). Thus, on this set, R(A) = (A —A)~!
satisfies the estimates

H d* (A — A7t | < MEk! ‘

d\k AT = (ReX — w)k+l’

k=0,1,2,..., ReA>w
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foran M >0 and w € R.

In the following theorem, we show that if the (MFPHY) estimates hold then the
Cauchy problem (2.3) is (n,w)-well-posed on a subset

E, = R"'(\)D(A) C E = D(A™!) = R*' (V) X.

Notice that the power of the denominator in the left-hand side of the (MFPHY)
type condition is n, instead of (n+ 1) in Theorem 2.28. In the single—valued case, a
power n is already sufficient for the (n,w)-well-posedness on D(A™1) in the case

when D(A) = X.

Theorem 2.29 Let A be a closed linear multi—valued operator on X. Suppose that

the condition

| d* (A—A)-IH _ MK
dXET An = ([Reh — w)Ftl’

k=0,1,2,..., Ae€C with ReA>w

(2.16)
holds for some M > 0 and w € R. Then the Cauchy problem for the inclusion (2.3)
is (n,w)-well-posed on By = R**'(A\)D(A).

Proof. If the estimate (2.16) holds for some M > 0 and w € R, then, by Theorem
2.25. A is the generator of an (n + 1)-times integrated semigroup {V(¢) € L(X):
t € [0,00)} with the property
1
limsup —||[V(t+h) — V()| < Mexp (wt), ¢t=>0. (2.17)
h—0+ h

By property (i) of Proposition 2.26, for all z € D(A)

tn+1

V(t)r = (n+1)!x+/0 V(s)Axzds

and by property (iii) of the same proposition, for all z € X holds

V(t)z €

tn+1 t
o 1)!30 + A/O V(s)zds.

Hence

Vit = Do+ V(0 Az, VIt)z € %x + AV(D)z, = € D(A). (2.18)

n!
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Using the property (2.17) and closedness of A we can extend the inclusion in (2.18)
to D(A). Now we take z € D(A) such that Az C D(A), l.ez € D(A?). Then from
(2.18) we have

AV (8)z = %",Ax +AV(DAz, © € D(AY),

V' (t)Az € %Ax + V(8 A% C #Ax + AV() Az, «c D(A2).
Therefore, V'(t).Az € AV'(t)z for z € D(A?) and also
n—1 n—1
VI (t)z = s+ V() Az, V(e € ———x+ AV/(Hz.  (219)

(n-1)! (n—1)!
Now we show that (2.19) also holds for = € R(\D(A) . Let y € D(A), then
there exists a sequence yx € D(A) such that yx — y. Take z = R(N)yg. Then
zr, € R(A\)D(A) and

zx — R(\)y = z € R(\)D(A).
Moreover,

Az = AR(N)yx = —(A — ARk + AR(N) ik,

and the sets {—(A — A)R(\)yx} contain the points {—yx} which converges to —y.

Therefore, —yj, + AR(A\)yx € D(A) converges to —y + AR(\)y € D(A). Hence,
V'(t)Azy — V'(t) Az,

as V'(t) is bounded (property (2.17)). Since

7fn—l tn—-l
m—0* T Dt
and V"(t) is closed, we have
n—1 S
V'(t)z = (nt_ itV 04, € R(\DA. (2.20)

From the inclusion in (2.19), the closedness of A, and the boundedness of V'(t), we

obtain
tn—l e
V'(t)x € (—n_—1)—|x + AV'(t)z, =€ R(A)D(A).
Now take z € D(A) such that Az C R(A\)D(A), i.e z € R*(\)D(A). For such z
there exists V" (t)Az. Therefore, differentiating equation (2.20), we have

n—2 n—2

o+ V' (0 A € o

z+ AV"(t)z, =€ R*(\)D(A).

Vi = (nt— )1
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We continue the process and obtain
vy e AV M)z, z€ R"(N)D(A),

vl = =

Therefore, V™+(t)z is a solution of the Cauchy problem (2.3) for any initial value
¢ € R"(\)D(A). Now we show that this solution is unique. Let y(t) be another

solution of (2.3). Then we have

/000 Aexp (—At)y(t)dt = =+ /000 exp (—At)y'(t)dt
€ x+ A/oo exp (—At)y(t)dt,

hence,
z€(A— A)/ exp (—At)y(t)dt.
0

Applying R()) to this inclusion, we obtain
RNz = / exp (—At)y(t)dt,
0

or

/00 N exp (=) V (t)zdt = /00 exp (—)\t)V("H) (t)zdt = /°° exp (—At)y(t)de.

Therefore, V™1 (t)z = y(t). We have shown that, if there exists a k-times inte-
grated semigroup, then any solution of the Cauchy problem (2.3) coincides with the
k—th derivative of the integrated semigroup.

Similarly to [31] and [42], from the existence of a unique solution we automatically
obtain the estimate of the solution. So, the Cauchy problem (2.3) is (n,w)-well-
posed on R (A\)D(A). ]

Now compare the obtained results with the results on the uniform well-posedness
of the Cauchy problem (2.3). Here, uniformly well-posed means (0, w)-well-posed.

We cite a corresponding statement in [48].

Theorem 2.30 Let A be a closed linear multi-valued operator on X and let p(A) #
0. Let X, := D(A), and Au := Aun X, where D(A) :={u € X : Au# 0}. Then
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the following statements are equivalent:

(i) The Cauchy problem (2.8) is uniformly wellposed on D(A).

(1) D(fl) = D(A), and the operator A is a single-valued and generator of a strongly
continuous semigroup {U(t) € L(X) : ¢t >0} on Xi.

(111) The decomposition

X=X,® A0 (2.21)
and (MFPHY') type condition
d P Kk!
— A-A) TN S T =0,1,2,..., A it
(2.22)

holds for a K > 0 and an w € R.

In this case for any © € D(A), u(t) = U(t)z is the unique solution of (2.5).

The decomposition (2.21) generalizes the property of the generator of a strongly

continuous semigroup to be densely defined to the degenerate case. From the theo-

rem above we have a projector P = U(0) : X — X; = D(A) such that X; = PX,
A0 = ker P. Due to the decomposition (2.21), the estimate (2.22) obtained for
(A — A)~! on X; may be written as the estimate for (A — A~ on X.

In our case, since we have not introduced a decomposition of X, the (MFPHY)

type estimates for (’\_—/\“i)_i obtained in Theorem 2.28 only holds on D(A). On X

we obtained the estimates for (Agﬁ)l—l. On the other hand, similar to the property

that for all z € D(A), AR(\)z — =, [31], in the case that A satisfles (2.16) with

n = 0, we can prove the following proposition. It justifies a generalization of the

decomposition (2.21).
Proposition 2.31 Let A € M(X) satisfy (2.16), then for all x € DA™Y =

R™Y(\)X holds

AR(A\)z —z, as A — oo
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Proof. Let z € D(A™), then there exists y € X such that x = (Ao — A)~(rtly

for some )y € p(.A) and

“)\()\ - .A)_lx — :1:“ = H/\()\ = _A)—l (()\0 _ A)—l)n+1 y— ((/\0 _ A)_l)n+1 y”
= ||A(Ao — /\)_1()\ — A)—l ((>\0 _ A)_l)ny — Mo(ho - )\)_1 (()\0 _ A)_l)n+1y“

= |[A(Xo — )\)‘(n+l)()\ — A7y — = (o - N (()\0 - A)_l)n-H |

— 0, as A —oo.
It follows ker R(\) N D(A™*!) = {0} and ker R(\) N D(A"+!) = {0}, i.e
ker R(A\) N R*t1(A\) X = {0}.
We just proved that the equality above is a consequence of the (MFPHY) type
condition (2.16). In the sequel we suppose more namely that the kernel and the

closure of the range of the resolvent power span the whole space. Here we will

assume that we have the decomposition

X = R (W)X @ ker R*1()\) = D(A™1) @ A™0, (2.23)
which generalizes (2.21) for the case of a degenerate n-times integrated semigroup.
Remark 2.32 It is shown in Lemma 2.27 that Rt (A\)X does not depend on the
choice of A € p(A). Using the same technique, the same conclusion holds for

ker R"*1()\). Therefore the decomposition (2.28) does not depend on the choice of
A e p(A).

With the decomposition (2.23), we can state necessary and sufficient conditions for

the (n,w)-well-posedness of the Cauchy problem (2.3) on E = D(A™1).

Theorem 2.33 Let A be a closed linear multi-—valued operator on X such that

p(A) # B and let the decomposition (2.23) hold. Then the Cauchy problem (2.3)
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is (n,w)-well-posed on E = D(A™!) if and only if the condition

¢ (\— At ME! ]
HW 0 ”S(Re/\—-w)’*‘“' k=0,1,2,... A€C with ReA>w
(2.24)

holds for some M >0 and w € R.

Proof. Suppose the Cauchy problem (2.3) is (n,w)-well-posed on E = D (A™).
Let t — u(t) be the unique solution corresponding to the initial value z € D (A1),

Hence u(t) satisfies the stability type estimate
lu(®)]} < C exp (wi)[|2]|n- (2.25)

We define the corresponding solution operator U(t) by

o { u(t), =€ DA™

0, z € AO0.

Due to estimate (2.25), U(t) can be extended to Dny1 @ A0, where Dpyy is the
closure of D (A"*!) endowed with the || - ||[,-norm. For any = € Dy & A0, similar

to the proof of Theorem 2.28, we have
(RNU(@)z) = RANU'(t)z = AR U )z — Ul(t)x. (2.26)

Tt is shown in Theorem 2.28 that R(\)U(t)z = U(t)R(A\)z,z € D (A™) is the solution
of the problem (2.3) with the estimate

IRAU )z < C exp (wi)||2]ln-1- (2.27)

Similarly, RO\ U (t)z = U(t)R(\)z for any = € A0. The estimate (2.27) also holds
for z € A0. Thus R(\)U(¢)z = U(t)R(\)z for any z € D (A™*") @ A0 and estimate
(2.27) holds. By integrating equation (2.26) we obtain
¢ t
R\)U(t)z — R(A\)z :/ ARMNU(s)zds — / U(s)zds.
0 Jo

Denoting Uy (t)z := [ U(s)zds we have

Ui()z = —U@l)RN)z+ RNz + A /]t U(s)R(N)zds
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and U, (t) satisfying the estimate
|01 (#)z]] < Crexp (wit)||z]ln-1-
Hence Uy (¢) is defined on D (A")®.40. The commutativity of U(t) and R(}) implies
Ur(H)R(\)z = RN U (t)z

and by the estimate above, U; (t) can be extended to the closure of D (A") endowed

with the || - ||la—1—norm and also can be defined on A*0. For k = 2,3,...,n, writing
tk:—l 14 ’
Uult)s 1= ~Ue (DR + 7 1y3@m+x/ﬂm4@ﬂa»mm
) ,
we have
k—1 t
U()e = —RQﬂ&4mx+GTTVMMx+A/IKMMAQﬂM.
N A

Hence Ug(t)z are defined for z € D (A™'7*) and exponentially bounded by norm
|z||n_k, it can be extended to Dpi1- and A*0Q. U,(t) is defined and bounded on
D(A) and A"+'0, hence on X. Now denote V(t) := Up(t)x. Similar to the proof of
Theorem 2.28, it can be shown that V(¢) is an n-times integrated semigroup with

generator A. It is degenerate on A0. Hence, it holds
t
RNz =/ A exp (—wt)V (t)zdt
0

for all A € C with Re A > w. The estimate (2.24) follows by differentiating this

equation k-times.

Suppose that the estimate (2.24) holds. Then by Theorem 2.29, the Cauchy prob-
lem (2.3) is (n,w)-well-posed on R (A\)D(A) C D(A"*!). By the decomposition
(2.23),

D (A™) = R*™1 ()X = RM ()R ()X,

On the other hand, we have

R ) RI(N)X c R™' (W) D(A),
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and hence D (A™1) ¢ R"(\)D(A). So R***(A)D(A) = D (A™*'). Therefore, the
Cauchy problem for the inclusion (2.3) is (n,w)-well-posed on D(A™1). n

Bearing in mind Theorem 2.33, we now consider the abstract Cauchy problem (2.1).
Previously, we define the resolvent R()) := (A — A)~'. By this definition, with the

operator A = B™'A we have
R() = (A—B4) " = (B'B(A-B'4))" = (AB—-A)'B=R(\).
By assuming that the resolvent set
p(A,B):={AeC:R(\)=(B—-A)"'Be LX)}

is not empty and that the decomposition

X = R X @ ker RIFH()) (2.28)
is valid. Theorem 2.33 leads to the following corollary.
Corollary 2.34 Consider the Cauchy problem (2.1) with linear operators A and
B such that B~'A is closed. Let py(A, B) # 0 and the decomposition (2.28) hold.

Then the Cauchy problem (2.1) is (n,w)-well-posed on RY*H (X)X if and only if the

condition

I dF Rl()\)H = ME!
d\ ar "= (ReX — w)ktl’

k=01,2..., AeC with Red>w (2.29)

holds for some M > 0 and w € R.

Similarly, for the abstract Cauchy problem (2.2), we consider the resolvent Ra())
for the multi-valued operator A = AB™!:

R() = (A—AB ) = ((\=ABY) BB™")" = ((AB-4)B™")"' = B(AB-A)™".

Define Ry()\) := B(AB — A)~L. Using the assumption of the non-emptyness of the

corresponding resolvent set

(A, B) = {r € C: Ry()) = BOAB — A)™* € L(X)}
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and assuming that X can be decomposed as follows,

X = R (V)X @ ker R3TH(X) (2.30)
we state the following result.

Corollary 2.35 Consider the Cauchy problem (2.2) with linear operators A and
B such that AB~! is closed. Let py(A, B) # 0 and the decomposition (2.30) hold.
Then the Cauchy problem (2.2) is B— (n,w)-well-posed on R3+t'(A\)X (that is, there

exists a solution v such that Bv is unique and n-stable) if and only if the condition

d* Ry()) ME! .
< =0,1,2,..., AeC th Ds
”d)\k A" “ e (Re)\ _ w)kﬂ, k 0, ) 4y ) € wl Re)\ > w ( 31)

holds for some M > 0 and w € R.
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Chapter 3

Degenerate Abstract Cauchy

Problems

In this chapter, we reconsider the degenerate first order abstract Cauchy problem
(2.1):
Bu/(t) = Au(t), t>0, u(0)==z

in a complex Banach space X, where A and B are linear operators in X. As in the
previous chapter, we investigate the degenerate case that ker B # {0} and define

the resolvent

Ri(\) = (\B-A)"'B
and the resolvent set

p(4,B):={AeC:Ri()):=(AB—-A)"'Be LX)}

Throughout the whole chapter, we assume that p1(A, B) # 0 and that the space X

can be decomposed as
X = RPN X @ ker RTTH(N). (3.1)

Recall that this decomposition does not depend on the choice of X € p1 (A, B) (see

Remark 2.32). In order to simplify the notation, we shortly write

Xyt = RPPY (W)X and  Kppq = ker RPTH())
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Thus, the decomposition above can be written as

X = Xn+1 ©® Kn+1. (32)

We investigate conditions for the well-posedness of the Cauchy problem (2.1). In
contrast to the previous chapter, in this chapter we do not investigate the inclusion
problem. Instead, we work with single-valued branches of the corresponding multi-
valued operator A := B~!'A. Furthermore, here we are interested in the well—-
posedness in the sense of distributions of exponential growth. For this purpose, we
make use of the theory of degenerate distribution semigroups and relate them to

degenerate n—times integrated semigroups.

This chapter is divided into four sections. In Section 1 we discuss the algebraic
structure of the decomposition (3.2), and introduce the single-valued branch of the
multi-valued operator B~'A. In Section 2 we collect basic properties of distribu-
tion semigroups and their generators. In Section 3 we give necessary and sufficient
conditions for the well-posedness of the degenerate Cauchy problem (2.1) in the
sense of distributions of exponential growth. Finally, in the last section, we relate

distribution semigroups and n—times integrated semigroups.

3.1 Preliminaries

We consider the operator
B'A:DB'A)c X — X.

Since ker B # {0}, this operator is multi-valued. Nevertheless, it is possible to

relate single valued operators to B™*A.

Lemma 3.1 Let H C X be a subspace with X = H @ ker B. Then the operator
A, : D(B™'A) = X defined by

A,z =B 'AzNH
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is linear and single—valued. Moreover, if B~1A is closed and H C X is closed, then

A, 15 a closed operator.

Proof. Obviously A, € M(X). A, is single-valued since
A, (0) = BTTA(0)NH
= B Y O)nH
= ker BN H = {0}.
Let z; € D(B™'A) with z; — = in X, and let Asz; — y in X. By the closedness of

B~'A, we see that z € D(B~'A) and y € B~'Az. By the closedness of H C X, we

conclude y € H. Thus y = A;z. Hence A, is a closed operator. [

Later, the decomposition (3.2) will motivate the choice of a specific subspace H C X,
defining the single—valued branch of B! A. In the following, we discuss the algebraic
structure of K,y1 := ker RP"()) in the decomposition (3.2). For this purpose, we

define the A—associated with ker B—vectors.

Definition 3.2 (i-th A-associated with ker B—vectors) Define K° := ker B\{0}
and fort=1,2,3,...

Ki:={z¢c X :thereisay€ K ! with Ay = Bz}\{0}.

We call K* the set of the i-th A-associated with ker B vectors.

It follows from the definition that for any z; € K, there exists a family of A-

associated with ker B vectors zg,Z1, ..., Z;—1 such that zx € K* with Az, = Bxgn
for k=0,1,...,i — 1. This family can be used to represent the resolvent operation
for z; € K.

Lemma 3.3 Let A € p1(A, B). For any z; € K* hold the relations

Ri(N)@; = —Tiq — ATyg — -+ — A 'y, (3.3)
RI(N)z; = (—1) ((é)xi_j + G) ATi_j1 + o+ (J. i 1) Ai—jx()) (3.4)
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for j =1,2,...,i. In particular we have

R:(\a; = (—1)im. (3.5)

Proof. We prove (3.3) using the induction principle and noting that Azy = By,
k=0,1,2,...,i— L
For 7, € K* we have
RNz = (AB—A)"'Bzy = (AB— A)~t Az
— (AB - A)"' (~(AB — A)zo + ABy)
= —x
Now suppose that (3.3) holds for ¢ — 1, i.e.
Ri(N)Tio1 = —Tig —ATj_3 — -+ — A2g,.
Then we obtain
Ri(Nz; = (AB—A)"'Bz;=(AB - A 1Az
= (AB—A)"'(~(AB— A)zi_1 + ABzi1)
= -2, +AAB— A)"'Bz;_;

= —xj1+ )\('—xi_Q — Az — - — )\i_on)
= —%i— — )\xi_z — )\2371-_3 S R — /\i_lxo.
Relation (3.4) is a direct consequence of (3.3). -

The following proposition describes some properties of the set of the :—th A-associated

with ker B-vectors. It is proved in [47].

Proposition 3.4 Leti=0,1,2,... and pi(A, B) # 0. Then it holds :
(i) ker BNker A = {0} and K*Nker A=0 fori > 1.
(ii) KiN K7 =0 for alli # j.
(iii) K* := K*U {0} is a closed subspace of X.
(iv) Let A C C be a domain containing sequences converging to infinity. If there
exists M > 0 such that
[B: (M) < M
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for X € A with |f(A)] = oo for A\ = oo, then for all x € RN X we have

lim AR;(M\)z =2

A—00

and

Xpp1 Nker B = {0} and K™ =0

(v) Kpyy=kerBOK' @ K*®---® K"
Of particular interest is statement (v), since it allows to rewrite the decomposition

(3.2) as
X=Xo®kerB (3.6)

where

X=X ®K'0oK*® & K"

Having the decomposition (3.6) we define a single-valued branch.

Definition 3.5 The linear operator A, : D(A,) = D(B™'A) — X defined by
Az =B 'AznX
is called the single-valued branch of the multi-valued operator B7'A: D(B714) -

X.

With the operator A, as a single-valued branch of the multi-valued operator B1A,
the Cauchy problem for inclusion (2.3) with A = B~'A can be written as the non-

degenerate problem

u'(t) = As u(t), ¢t>0, u(0)=ux. (3.7)

Since X C X is a closed subspace, the single-valued branch is a closed operator if
B~ !4 is a closed multi-valued operator. Later, we will assume that the operator A
is closed and B is bounded. By Lemma 2.14, this assumption guarantees that B7'A

is closed.
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In the sequel we endow the domain
D(B*A) := {z € D(A) : there is a y € D(B) with Az = By}

with the norm
llz|ls := inf{]|y[l : Ba(A)y = =}

Since the operator A; is the single-valued branch of the multi-valued operator B~' A4,
the space D(B~'A) is homeomorphic to the space D(A,) endowed with As—graph

norm. Furthermore we define the part of the single-valued branch as follows:

Definition 3.6 Let A, be the single-valued branch of the multi-valued operator
B-YA. We define an operator A, : D(A;) = Xni1 by

Az :=Agx for z€ D(fis) == As—l(XnH) N Xnt1-

This operator is called the part of A in Xny1.

Another way to visualize the idea behind the definition of a part is to consider the
graph of A,. Assuming that A, is closed, its graph is closed and we can intersect it
with the closed product space Xp11 X Xpq1 to obtain a new closed linear operator.

This new operator is exactly the part of As in Xy 1.

3.2 Distribution Semigroups

In the following we introduce some standard spaces of test functions. We denote
by D, respectively € the spaces of infinitely differentiable functions ¢ : R =+ R
with compact support in [0, c0) respectively with any support. The sequence of test
functions {¢n}nen C Do is convergent to zero in Dy, if (i) there exists a compact
set H C [0,00) such that supp(¢n) C H, for all n € N, where supp(@) = clos{t €
[0,00) : ¢(¢) # 0} and (ii) for all integer m > 0, #i™t — 0 uniformly for t € R. We
say ¢n — ¢ in Dy if ¢, — ¢ — 0 in Dy. The convergence in the space £ is defined in

a similar way.
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For a Banach space X we denote by Dj(X) respectively £'(X) the spaces of X-
valued distributions, consisting of all linear operators U : Dy — X respectively
U : £ — X, which are continuous in the following sense: If ¢, — 0 in Dy respectively
in £, then U(¢y,) — 0 in X. For U € Dy(X) respectively U € E'(X) and ¢ € Dy
respectively ¢ € £ we write

(U, ¢) = U().
We say two distributions U and V are equal if

U(¢) =V(4)

for all test functions of the corresponding space. For a real- or complex-valued

distribution U and for an z € X we denote by U ® z the distribution defined by

U @ z)(¢) = U(g)z-

For any U € D}(X) we define the derivative of U as the distribution

For the convergence in the space of distributions we need to define the notion of
bounded set in Dy respectively in £. A set F C Dy is bounded if for any sequence

{¢n}nen C F and for any sequence of real numbers {€n}nen With €, — 0 we have
5n¢n — 0 in Dy.

Consequently [19], F C Dy is bounded if and only if (i) there exists a compact
subset F' C [0, 00) such that

supp(¢) C F, forall ¢ € F
and (i) for every m > 0, there exists a constant My, > 0 with

16 ()| < My, forall¢p € F, t € F.

A sequence {U, }nen of distributions in Dg(X) is said to converge to a distribution
U e Dy(X) if
Un(¢) = U(9)
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uniformly on bounded subsets of Dg. The boundedness of a subset F of £ and

convergence in £'(X) are defined in the same way.

A distribution U € Dj(X) is said to vanish in an open subset {2 of [0, co), if U(g) =0
for all ¢ € Dy with supp(¢) C §; we write shortly U = 0 in 2. We denote by QU),
the union of all open subsets of [0, 00) where U vanishes. We define the support of

U as
supp(U) := [0, 00)\2(U).

Notice that the support of U is a closed subset in [0, co).

By the Structure Theorem in ([19], Theorem 8.1.5), for any U € Dy(X) and any
open bounded subset © of R with Q C [0,00), there exist a continuous function

f:R — X and a natural number m > 0 such that
U= f™ in Q.
We denote by S, the Schwartz space of rapidly decreasing functions consisting of all
infinitely differentiable functions ¢ : R — R such that
Ho®)(t) — 0, as [t| = oo,
for all j and k in NU {0}. A sequence {¢n}nen C S converges to 0 € S if
|#nlljx — 0, as n — oo

for all integers 7, k > 0, where

gl = sup  sup (1+ [0 ()]

0<I<k —00<t<00

We denote S'(X), the space of tempered X—valued distributions consisting of linear

operators U : S — X, which are continuous in the sense:

U(¢n) — 0 in X, whenever ¢, — 0in S.

Similarly, a set F C S is bounded if e,¢, — 0 in S for any sequence {dn}nen C F

and for any real sequence &, — 0. Accordingly, [19], F is bounded in § if and only
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if for any integers j, k, there exists a constant Mj; > 0 such that

ok < M, forall ¢ € F.

A sequence {Up}nen C S'(X) converges to U € §'(X) if

Un(¢) = U(¢)

uniformly on bounded subsets of S. Similarly, the Structure Theorem also holds
for distributions in &'(X) ([19],Theorem 8.2.3), i.e. for any U € &'(X) there exist
integers m,r > 0 and a continuous function f: R — X such that U = f™ in R
and |f(t)| = O(Jt|") for |t| — oo. We denote by S;,(X), the space of all distributions
U € D)(X) such that for an w € R holds,

exp (—wt)U € §'(X).

We call S’ (X) the space of distributions of exponential growth.

For two distributions U, V € Dj(X) (or in §'(X)), we define the convolution as
UV = (f *g)™P),

where f and g are the continuous functions such that f (m) and ¢® represent U and

V respectively according to the Structure Theorem.

The following definition of distribution semigroups is of fundamental importance
since we characterize the well-posedness of the degenerate Cauchy problem (2.1) in
the sense of distributions with this semigroups. Originally, non-degenerate distri-

bution semigroups were introduced by Lions [35].

Definition 3.7 (Distribution semigroup) We say a distribution Q € Dy(L(X))

is a distribution semigroup if

(Q, ¢+ ¥) =(Q, ) (@, 9),

for all ¢,v € Dy.
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A distribution semigroup is called regular, if for any
yeran Q:={Q(p)r € X : ¢ €Dy, z€ X},

the distribution Qy is equal to a function t — u(t) such that u(t) = 0 fort <0,

t v u(t) is continuous for t > 0 and continuous from the right at t = 0 with

u(0) = y.

A distribution semigroup is called degenerate on Z if Q(¢)x = 0 for all ¢ € Dy if
and only if x € Z.

A distribution semigroup is said to be of exponential growth if there exists w € R

such that exp (—wt)Q € §'(L(X)).

For a real— or complex—valued distribution E € £ with E =0 for ¢t <0 and for any

p € Dy we have E * p € Dy, (see [35]).

Definition 3.8 We say z € D(Q(E)) if there ezists a regularizing sequence pn €
Do, pn — 0, such that

Qpn)z — =,
Q(E xpn)z — y= Q(E)z.

Lemma 3.9 [35] Let Q be a distribution semigroup. Then
(i) For allz € X, ¢ € Dy holds Q(¢)z € D(Q(E)™) for any integer m and

QE)"Q(¢)r = Q(E * -+ Ex §).
(ii) D(Q(E)) is dense in X.
(ii3) If x € D(Q(E)), then
Q(E * ¢)z = Q(E)Q(¢)x = Q($)Q(E)z.

(iv) If z; € D(Q(E)) with z; — 0 in X and Q(E)z; =y in X theny = 0. Hence
Q(E) is closable. We write Q(E), the closed linear extension of QE).
(v) For E € £ with E =0 fort <0 we have



for ¢ € Dy and z € X.

Definition 3.10 The operator Q(—&') is called the generator of the distribution

semigroup Q.

The following proposition states some properties of a distribution semigroup Q. We
will use these properties to prove that a distribution semigroup coincides with the

solution operator of the degenerate Cauchy problem (2.1).

Proposition 3.11 [/4] Let Q be a distribution semigroup degenerate on Z and
E € &'. Then Q(FE) has the following properties:
(i) For all ¢ € Dy and z € X we have Q(P)z € D(Q(E)) and

QE)Q($)z = Q(E + ¢)z.

Moreover, D(Q(E))NZ = 0.
(i) For all ¢ € Dy and z € D(Q(E)) holds

(ii) Ifran Q C X (X = X @ Z), then there exists the closure of Q(F) and for all
¢ € Dy and x € X we have

(iv) If ran @ C X and Q is reqular, then for z € ran ) we have

Q+)z = Q)

where

e { p(e), t20,

0, t<0O.
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3.3 Well-Posedness in the Space of Distributions

of Exponential Growth

In this section, we show that the well-posedness of the Cauchy problem (2.1) in
the sense of distributions is equivalent to the existence of a degenerate distribution

semigroup generated by the part of the single-valued branch A; on X, 4;.

Definition 3.12 A distribution U € Dy(D(B~'A)) = Dy(D(Ay)) is called a solu-
tion of the degenerate Cauchy problem (2.1) if it satisfies

B(U,¢') + AU, ¢) = —(0,4) Bz (3.8)

for all ¢ € Dy and x € X. Or equivalently
PxU=0Q® Bz (3.9)

for all x € X, where P :=0 ® B—06® A. The solution U s called degenerate on
Z C X ifU(¢) =0 for all ¢ € Dy implies x € Z.

Definition 3.13 The Cauchy problem (2.1) is called well-posed in the sense of
distributions if for any © € X there exists a unique solution U € Dy(D(A,)),
which is stable in the space of distributions, degenerate on K.y, and such that
U € D)(D(A,)) for x € X,41. The Cauchy problem is called well-posed in the sense
of distributions of exponential growth if U € S.,(D(As)).

We say that a solution U is stable in the space of distributions if for any initial
values z; € X such that z; — 0 in X, the corresponding solutions U; tend to zero

in the space of distributions.

In the following we show that the well-posedness of the Cauchy problem (2.1) in
the sense of distributions with exponential growth is equivalent to the existence of
a solution operator of certain equations, see equations (3.10) and (3.11) in Theorem

3.14. Furthermore, it is shown that the existence of this solution operator is a
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necessary and sufficient condition for the existence of a semigroup distributions of

exponential growth.

Theorem 3.14 Let A, B be linear operators in X and suppose that A is closed and
B is bounded. Assume that p\(A, B) # 0 and that the decomposition (8.2) holds.

Then the following statements are equivalent:

(i) The Cauchy Problem (2.1) is well-posed in the sense of distributions of exponen-
tial growth.

(11) There exists a solution operator
S e S, (L(X,D(As))) N SZJ(E(XnHaD(«‘is)))a
which is degenerate on K1, such that
(PxS)r=6Q® Bz, z€X, (3.10)

(SxPlx=6®z, z€ D(A,), (3.11)

where P =6 @I — § ® A,. In this case (U, ¢) = (S, ¢)x, for all ¢ € D and z € X.

(i4i) There ezists a reqular distribution semigroup of exponential growth Q) degenerate

on Kni1, with ran@ dense in Xp 1 and with generator As.

Proof. First we prove that (i) implies (ii). By the definition of well-posedness
of the problem (2.1), for all z € X there exists U € S.(D(A;)), degenerate on
K11, such that U € SL(D(/L)) for £ € X,41 and U; — 0 for any z; — 0. Since
U € 8,(D(A,)), we have U € Dy(D(A,)) and exp (~wt)U € S'(D(Ay)). Now we
define

S(¢)x = Sz(¢) =U(¢), ¢€D, zeX

We have Sz € D)(D(A,)) and exp (—wt)Sz € §'(D(A;)) ie. Sz € S,(D(Ay)) for
z € X. Moreover, Sz € Djy(D(A;)) and exp (—wt)Sz € S(D(A,)) for z € Xp11, or
for € X,.1 we have Sz € S/ (D(A;)). By the well-posedness of the problem (2.1),
for any z; — 0, we have ||S(¢)z;]| = |U;(#)|| = 0, for all ¢ € D. This implies that

S(¢) € L(X, D(As)).
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Now we show that S € D4(L(X,D(Ay))), i-e. that supp(S) C [0,c0) and for all
sequences ¢, € D, with ¢, — 0 holds:

”S(¢n) “L',(X,D(,As)) — 0.

Consider the set B = {Sz : ||z|| < ¢} C Dy(X). Since for any Sz; € B and any
e; — 0 we have

€;Sz; = S(€z;) — 0,

by the definition of a bounded subset in the space of vector—valued distributions,
[19], B is bounded in Dy(X). By, [19] Lemma 8.1.9, for any Sz from a bounded
subset B and any ¢; — 0 in D, there exist p € N and M > 0 such that

1Sz (¢)|l < M||45llpp, forallj €N,

where
1@ll5 == sup sup|(1 + [¢[)¢' (t)].
0<i<k teR

That means that S(¢;)z — 0 uniformly in z from a bounded set or equivalently

1S (#5)] cx,p(a0)) — O-

Now we show that
S € 8L(L(X, D(A)) N SL(L(Xnt1, D(A)))

satisfies equations (3.10) and (3.11). First we show (3.10). By the Structure Theo-
rem ([19], Theorem 8.2.3), there exist f € C(R, L(D(A;), X)), g € C(R, L(X, D(As))),
h € C(R, D(A,)) and p, g,7,m,n,l > 0 such that P=f® §=g@ Sx=h" and
1F O] = 0™, llg@®)ll = O™, lIh(t)]l = O(#), for t — co. Therefore,

(PxS ¢z = (f+g®*? p)z
(1P f 9,8 )a
= (-1) 1’+‘1/¢”+‘1 /f (t — s)dsdtz

- P+‘1/f s)ds/ (t — 8)pPTD(t)dtz
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n—o0

N 1im(-1)z’+q§n: F(s5)Asi / g(t — sp)z®0 (t)dt
k=o

= lim (—1)P*? Z f(sk)Ask(—1)(Sx, PP (t + 1))

= (-1 / F(s)ds(~1y / h(6)$™+D(t + s)dt

— (_1)p+r/¢(P+’")(t)/f(s)h(t—s)dsdt
= (P=x*Sz,¢).

So for all z € X, we have
(PxS,¢)x=(PxSx,¢) =6® Buz.
Now we show (3.11). From (3.10) we have
(PxSYz=(P*S)r=0®Bz, z€X,
(P*S)A;z =6 @ Az, z € D(A,),

(Px(6®1)) =8 ® Bt —6 ® Az, = € D(A,).

Hence

Px(Sz— SAsz—0®z) =0,
and by the uniqueness of the solution of the problem (2.1), we get
S'y —SAx—6®x=0

or

S'z — SAz=(S*P)r=56®z, =z¢€ D(A,).
Now we show that (ii) implies (i). Suppose there exists a solution operator
5 € SLLX DA NS, (£ (Xnw, DIAL) )

degenerate on K, and satisfying equations (3.10) and (3.11). By definition of S

we have

S € Dy(L(X, D(A,))) N DH(L(Xns1, D(A)))
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and

exp (—wt)S € 8'(L(X, D(A,))) NS (L(Xn41, D(A,))).
Define
U(¢) = S(#)z = Sz(4).

Then U = Sz € S',(D(A,)) is a solution of the problem (2.1)
—B<SCE,¢I> —A<S£L‘,¢> = (5,¢>B$, T € X,

—(Sz,¢) — A Sz, ) = (5, §)z, = € Xny1,

and U is degenerate on K. Using the associative property of the convolution, for

any solution U we obtain

U=0@N+U=(S+«P)«xU=8*(0®z) =25z, z€Xnu.

We need to show that the solution U is also unique on Ky 1. Since Sz = 0forallz €
K41 and for all ¢ € Dy we have Sz = 0 on (0,00), and since S € Dy (L(X, D(A,))),
we have Sz = 0 on (—00,0). These imply that supp (Sz) = 0, then as a corollary
of the structure theorem, [19] Corollary 8.1.7, for distributions with point support
{0} we have .

Sk — Zé(i)zi, z; € X.

i<k
Here k is such that DF is the space of k—times continuously differentiable functions
in which the distribution Sz can be extended. Since Sz is a solution of (3.10), we

have

5¢+) @ Bz + 6® @ (Bzg_1 — Azg) + -+ 6 ® (B — Az)) + (—Bz — Az) =0,

and z, € ker B, z;_1 € f(l, <. 29 € f(k, —r € f{k+1- Therefore for z € K,
1<i<k+1<mn and its A-associated vectors zo, ..., Ti—1 We have
i—1
Szi==Y 9oz 1, (3.12)
j=0

and any solutions U, degenerate on Kry1, have the same form. Thus, the solution

U is unique for all € K, 1, and hence for all z € X. Let z; — 0, then for all
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¢ € D we have S(¢) € L(X, D(A,)) and

1U; @ = 11Sz;(e)lla,

= 1Sz (D)l + | A:Sz;(e)]l

< 1Szl + 118" (@)1 + l#(0)z4 |

= [15(8)z;ll + 1S(@)z;ll + #(0)z;]| = O
as ||S(¢)z;]| — 0, [|S(¢)z;]| = 0, and ||¢(0)z;|| — 0. Therefore Sz; = U; — 0 in
Su(D(Ay)).
Next we prove that (ii) implies (iii). Let @ € S, (£(X, D(As)))NSL(L(Xn41, D(A;)))
be a solution of (3.10) and (3.11) and @ is degenerate on Kpy. We will show

that Q satisfies the properties of distribution semigroup. By definition of () €
S (L(D(A))) N SL(L(Xnt1, D(A;))) we have

Q € DO([’(X’ D(As))) N D:)(‘C(Xn+1; D(As)))y
and
exp (—wt)Q € 8'(L(X, D(A))) N S'(L(Xns1, D(A)))-

We also have that for any F € D)(Xn41), v = Q x F' is a unique solution of the
equality

Let ¢,9 € Do and define ¢1(t) = ¢(—t), () := P(—t). Let ¢t — u(t) be a
solution of (3.13) with F = ¢y ® z, T € Xny1, then

u(t) = Q * (41 ® )
and

~Au+u = ¢ ® . (3.14)

Here ¢t — u(t) = Q * (¢1 ® ) = (Q * ¢1)x is an infinitely differentiable function
with values in D(A,) and u(0) = Q(¢)z. Similarly, let v(t) and w(t) be solutions of
(3.13) with FF = (1 * ¢1) ® 7 and F' = 1)y * u(0) respectively. That is for z € X, 1

v(t) = Q* (Y + 1) ®3) = (@* P+ d1)z
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satisfies

~Av+v = (h* )z, (3.15)
v(0) = Q(¢*)z,

and

satisfies
“Aw+uw = ¢ *u(0), (3.16)

w(0) = Q)u(0) = Q)Q(¢).

To prove the semigroup property, i.e. property (i) of Definition 3.7, one needs to
show v(0) = w(0). From (3.14) we have

—Ag(ux 1) + (ur ) = (0 * 11 ). (3.17)
Hence, comparing (3.15), (3.17), we get
v(t) =ux*t, and v(0) = u(yp).

Let ¢ > H(t) be the Heaviside function, then H(t)u(t) € Di(D(A,)). Since A, does

not depend on ¢t we have
— A (Hu) + (Hu)' = H(t)(—Asu + u') + 6 ® u(0).
Since for all ¢ € Dy holds
H)(-Au+u)=(Hp)®x =0,

we obtain
—A,(Hu) 4+ (Hu)' = § ® u(0) (3.18)
and
— A ((Hu) 1) + (Hu) * ) =91 @ u(0).

Therefore w = Hu % 1; and

w(0) = /Ooo s(®p(E)dt = u(®) = v(0). (3.19)



Thus for all ¢, € Dy, we have

Q¢ *P)z = Q(AR(W)r, = € Xny1.

Qz = Sz defined by (3.12) for € Ky also satisfies the semigroup property. Since
Q € S,(L(X, D(A,)) N SL(L(Xnt1, D(AL))),

we see that @ is a distribution semigroup of exponential growth. It is degenerate on

Kop1.

Now we show that Q is a regular distribution semigroup. Let 2 be a solution of

(3.13) with F =6 @y, y = Q(d)z, Le.
2=Q*x(0®y)=Qy and — A,z +72 =6®y.

We have u(0) = y and by (3.18) z(t) = Qy = H(t)u(t). Therefore Qy is a continuous
function on (0,00). Moreover we will show that ran( is dense in X, ;1. To do this,
one needs to show ker Q* = 0 in X,,;;. Note that A, € ,C(D(fts), X,y1) and Q(¢) =
S(¢) € L(Xn41, D(As)). Let X, and D(A,)* be the dual spaces of X1 and
D(A,). Then A* € L(X},,, D(A,)*). Consider Q(¢) on Xy41 and define Q*(¢) =
(Q(®)), ¢ € Do. Then Q*(¢) € L(D(A,)*, Xi11) and Q" € DH(L(D(A,)', X511))-
Since Q satisfies equations (3.10) and (3.11), we have

Q0 RI-60A) = §®Ix:,,,
RI-6A)*Q" = §®Ipa,.

Therefore Q* € Dy(L(D(A,)*, X},,)) is a distribution semigroup which is non-

degenerate on D(A*) as @ is non—degenerate on Xn41. Hence, if 2" € D(A,)* is
such that for all ¢ € Dy, © € X4 holds

(Q(d)z,2") = (z,Q"(¢)2") = 0,

then Q*(¢)z* = 0. This implies that {Q(¢)z : =z € Xpy1} is dense in Xy And
since Q(¢)x = 0 for all z € Kpy1, we have ran Q(¢) = Xy

To complete the proof, we note that A, is the generator of a non—degenerate distri-

bution semigroup of exponential growth @, which is densely defined on X, (see
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[38]). Let A,! be the generator of the degenerate distribution semigroup of expo-
nential growth Q. Then D(Asl) C (Kp41)® = Xny1. Therefore Al = A, is the

generator of the constructed distribution semigroup of exponential growth @ on X.

Now we show that (iii) implies (ii). Let @ be the distribution semigroup of ex-
ponential growth from (iii), then @ € S (L(X)), that is Q@ € Dy(L(X)) and
exp (—wt)@ € S'(L(X)). Now for ¢ € D we consider

0, t<0.

Then 7, € £ and
§' 5 py =, +9(0).

By the property (i) of Proposition 3.11 and by the definition of the generator of a

distribution semigroup we have for all € X1, and ¢ € D,

QU * 9y x )z = QY * d)z + P(0)Q()z = Q(")Q(Y4 * d)z
= —AQWy * ¢)z = —A,Q(11)Q()z
= Q)R * d)z = Qvp)(—A)Q(d)z.

By property (iv) of Proposition 3.11 we have

~AQW)Q(P)T = -QW)AQ(9)z

= QW)Q(P)z +¥(0)Q(¢)z,
i.e. fory=Q(¢)x
—A,Q()y - QWy = ¥(0)y, (3.20)
Q) Ay —QW)y = ¥(0)y. (3.21)

Since A, is closed and {Q(@)x} = Xpt1, for any y € Xny1 we have Q(¢)y € D(A,),
which implies (3.20) for y € Xn41. Let y; — 0 in (3.20), then 1A;Q()y;ll — 0.

This implies that Q () € L(X, D(Ay)).

If ; — 0, for ¢; € D, then [|Q(¢;)|| — 0 and Il 4:Q(1;)|| — 0. Hence, since
Q € D)(L(X)), we have Q € Di(L(X, D(A))) C Dy(L(X,D(Ay))). And since
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Q is a distribution semigroup of exponential growth, @ € S, (L(X ,D(A,))) C
S, (L(X, D(A)))-

Thus S defined equal to @ on Xp41 and Ky satisfies equation (3.10) on X =
Xpt1 ® Kny1. Now we need to show that S = @ also satisfies equation (3.11), i.e.
(3.21) for y € D(A,). Let z € D(Q(—4")) and ¢; — 8. Then Q(¢;)z — = and
Q& * ¢;) — —Asz.

From equation (3.21) we have

QW) A = Q)T+ 9(0)s, @€ DQ(-)) (3.22)

We need to show that the equation (3.22) also holds for any z € D(A,). By
the definition of A, = Q(—¢"), for any x € D(A,) there exists a sequence z; €
D(Q(—6")) such that z; — x, and Asz; = Agz. Therefore equation (3.22) holds
for z € D(fls) = D(A,) N Xpq1. Since Q) is degenerate on Kpy1, for £ € Kpyy we
have Qz = 3¢, 6@z, Qz defined by (3.12) satisfies (3.11) for z € D(A,) N Knia.
Hence Sz = Qx for £ € X = Xn41 @ Knya satisfies (3.11) on D(A,). u

3.4 Connection between Integrated Semigroups

and Distribution Semigroups

It is proved in the previous section, see Theorem 3.14, that the existence of a solution
operator S € S.(L(X,D(A,))) N S (L(Xni1, D(A,))) of the equations (3.10) and
(3.11) is equivalent to the existence of a regular distribution semigroup of exponential
growth @. This semigroup is degenerate on K41, with dense range in Xy, 41. It is

generated by the part of the single-valued branch of B7'A.

Next, we show that the existence of the solution operator S of order p > n —1 of
the equations (3.10) and (3.11), which is degenerate on K1, gives a necessary and
sufficient condition for the existence of a degenerate exponentially bounded (p+2)-
times integrated semigroup with generators A and B. Bearing in mind that for the

degenerate Cauchy problem (2.1), we define the resolvent as Ry(\) := (AB — A)7%,
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we say that A and B generate an n—times integrated semigroup {V'(t) € L(X):t €
[0,00)} if
(AB— A)"'B = / A" exp (= M)V (£)dt. (3.23)

0

Theorem 3.15 Let A, B be linear operators in X, A closed, B bounded, and sup-
pose that pi(A, B) # 0 and that the decomposition (3.2) holds for X. Then the
ezistence of a solution operator, degenerate on K,i1, of order p > n —1 of equa-
tions (8.10) and (8.11) is equivalent to the existence of a degenerate ezponential

(p+2)-times integrated semigroup with generators A, B.
Proof. Suppose that there exists

S € S8 (L(X,D(A,))) NS, (L(Xnt1, D(A))),

degenerate on K,,1, and satisfying equations (3.10) and (3.11). By [19] Lemma
8.2.2 , there exists p > 0 and a constant M > 0 such that

IS < M||gllpp, for ¢ €6,
where the norm || - ||; is defined by
18]l = sup sup(L +[¢)|6@ (B)].
0<i<k t

That means the distribution S is of order p, and we can extend S to SP(R), the

space of p-times continuously differentiable funtions with norm ||.|, . Let

tp+1

5, >0
np(t) = )
0, t<0
and
1, t>0
X(t) =
0, t<a<0.

Now define 9;,(-) € SP(R) as Yy p(-) := X(-)np(t — -). Consider

V(H) = SWs()
— exp (—w)S(exp (W)X ()t — ),
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V(0) = exp (~w-)S(exp (w-) X' ()7p(—)) = 0.
Since the map

t — exp (w)X()n,(t — ) € SP(R)

is continuous on R, t — V() € L(X, D(A,). As supp(S) C [0,00) and
supp (exp (w-) X ()mp(t — ) C [—a, 1],
we have that V(£) = 0 for ¢ < 0 and
VOl = llexp (—w)S(exp (w )X ()np(t — -]

< Cllexp (W)X ()mp(t = llpp
< Mexp (wt)(1+ [t)PT, t>0.

So for w' > w and for any ¢ > 0 we have |V (t)|| < M exp (w't). We can approximate
Y1p by ¢n € S so that

1%t — @nllpr1 — 0.

Now consider equations (3.10) and (3.11) on ¢,, taking the limit, we have
—B(S,Y;,)x — A(S,Yip)T = P1(0)Bz, 1z € X,

—(S, Y, )z — (S, hrp) Ast = 1 5(0)z, = € D(A,).

Hence,
p+2
BV(t)a:zB(p+2 :L"+A/ V(s)xds, zé€ X, (3.24)
tp+2
Vit = e + A /0 V(s)zds, € D(A) (3.25)

So for z € X,+1 we have V(t)z € X, and the equations (3.24) and (3.25) hold
for X,;+1 and D(A,), respectively. Therefore V(t) is non-degenerate (p + 2)-times

integrated semigroup on X1 with generator A,. For z € K, 1, we define V(t) as

=l ((p42)-1-k) . :
Vit i = — ol , RS i ) S i
(t)a Z((p+2)_1_k))w e =

V(t) defined by this formula also satisfies equations (3.24) and (3.25). It follows
that for z € K, relation (3.23) also holds with n +1 = p + 2. Hence V() is
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degenerate exponential (p+2)-times integrated semigroup with generators A, B on

X = Xn+1 &b Kn+1-

To prove the converse statement, let n € N and A be the generator of an exponen-
tially bounded n-times integrated semigroup V(t), t > 0. Since, in contrast to the
local case, V (t) is defined for all t > 0, S € S, (L(X,D(A,))) may be defined as
S =vym

S = (1 [ PV ves.

Taking into account the equation for V (t) on D(A,)

n—1

V'(t)z = ]

4+ AV(t)z, t>0, z € D(A,),

for any ¢ € S we have

(=1 /000 POV (2)zdt =

(-1)" /000 o™ (t) (ntn__ll) zdt + (—1)" A, / tyzdt, = € D(A,).

Since A is closed and all other operators in this equality are bounded, it is valid
for all z € X,;1. Integrating by parts the first term in the right-hand side of the

equality, we obtain

AS(p)x = S'(p)z — p(0)z, =€ Xpy1. (3.26)

Using the commutativity of V(t) and A, on D(A,), we obtain (3.11) on D(A,).
From (3.26) we have

15 ()|

A, S 1S()zll + 1@ (@)l + le(0)] l|=]]-

Therefore S(¢) € L(Xnt1, D(Ay)) for any ¢, and S € Dy(L(Xnt1, D(As))). More-
over, exponential boundedness of V() implies S € S (L(Xny1, D(A,))).

For z € K, we define Sz by formula (3.12). Then S satisfies the equations (3.10),
(3.11). [
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Chapter 4

Inhomogeneous Abstract Cauchy

Problems

We consider the inhomogeneous abstract Cauchy problem
u'(t) = Au(t) + (), t>0, u(0)==x (4.1)

on a Banach space X, where A is a closed linear operator and 9(-) € L},.((0, o), X)

and z € X.

By a classical solution of the inhomogeneous problem, we mean a continuously
differentiable function ¢ + u(t), which takes values in D(A), satisfies the differential

equation (4.1) for all times ¢ > 0 and the initial condition u(0) = z.

In this chapter, we investigate several types of solutions of the inhomogeneous prob-
lem: n-integrated solutions, n-weak solutions and K-generalized solutions. We
characterize the existence and uniqueness of such solutions for the case that A gen-
erates an n-times integrated semigroup or a K-convoluted semigroup. For those
operators A, we also investigate some conditions for the existence of classical solu-

tions.

This chapter consists of three sections. In the first section, we discuss the n—
integrated solutions of the Cauchy problem for the case that A generates an n—times

integrated semigroup. Moreover, using the properties of the n—times integrated semi-
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group generated by A, we obtain conditions for the existence of classical solutions.
In Section 2, we generalize the weak solutions studied by Ball, [6], to n-weak so-
lutions, and present sufficient conditions for the existence of these solutions. In
particular we show that any n-integrated solution is an (n — 1)-weak solution of
problem (4.1). In the last section, we consider the K-generalized solutions, in the
case that A generates a K—convoluted semigroup. For those operators A, we addi-
tionally give conditions which guarantee that problem (4.1) has classical solutions

and l-integrated solutions.

4.1 n—Integrated Solutions

In this section, we treat the abstract Cauchy problem (4.1) for the case when the
operator A is the generator of an n—times integrated semigroup. We recall that n—-
times integrated semigroups were defined in Chapter 2, see Definition 2.21. Since in
this section we do not require the exponential boundedness of the n—times integrated
semigroup, the Laplace transform of such semigroup does not necessarily exist. For
this reason, the definition of the generator of an n-times integrated semigroup,
Definition 2.22, is not valid. Hence we define a generator of n-times integrated

semigroups as in [50], or in [59].
Definition 4.1 A closed linear operator A is called the generator of an n-times
integrated semigroup {V(t) € L(X) :t € [0,00)} if for allx € D(A) and Az =y

#n t

V(t)e = =z +/ V(s)yds.
0

It is proved in [59], for non—degenerate n—times integrated semigroups, that an n—
times integrated semigroup is uniquely determined by its generator in the sense that

if there are two n—times integrated semigroups generated by A, then the n-times

integrated semigroups are the same (see [59], Theorem 3.6).

However, with the generator defined in Definition 4.1, properties of n-times inte-

grated semigroups as in Proposition 2.26 remain valid for a single-valued operator
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A. We cite the corresponding Proposition 2.1 from [50].

Proposition 4.2 Let A be the generator of an n—times integrated semigroup {V (t) €
L(X):te[0,00)}. Then the following holds.

(i) For all z € D(A) and t € [0,00) we have V(t)x € D(A) and AV (t)x =V (t)Az
and
" ‘
V(it)r = == +/ V(s)Axds
0

n!
(i) For all z € X, fo s)xds € D(A) and

V(t)z = —:v + A / V(s)xds.
In the sequel, we discuss n—integrated solutions of the inhomogeneous abstract

Cauchy problem (4.1). An n-integrated solution is a solution of the n-times in-

tegrated problem.

Definition 4.3 A function v(-) € C([0,00); X) is called an n—integrated solution of
(4.1) if for all t € [0,00), hold fo s)ds € D(A) and

u@)=5%+ﬁ{4v@m&+ﬂ = 9" s)ds. (4.2)

nl

The next lemma shows that any strict solution defines an n-integrated solution.

Lemma 4.4 Ift — u(t) is a strict solution of (4.1) then

t—o(t) = /t (i_—s)n—'—lu(s)ds

n!

is an n-integrated solution of (4.1).

Proof. Let t — u(t) be a strict solution of the problem (4.1). We recall that a strict
solution is an absolutely continuous function u € W1 ((0, 00); X)NLL,((0, 00); D(A))

satisfying the differential equation (4.1) almost everywhere (see e.g. [8]). It satisfies

u(t) = x—{-/tAu(s)dsqL/tv,/J(s)ds
:x+A/ @+/¢ (4.3)
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due to the closedness of the operator A : D(A) — X. Then we can calculate

_ t (t _ s)n—l

U(t) = A WU(S)dS

t n—1 § s
B (t—s)
= /0 o1 (z + A[D u(r)dr + /0 Y(r)dr)ds
_ t (f o s)r:—l - , t (t _ S)n—l s
= /0 W.Lds + A'A NCE /0 u(r)drds
t t — n—1 8
+/0 4—((71 _8)1)! fo Y(r)dr

ot Lt—s)™ bt —s)"
= T+ A/O u(s)ds + /0 P(s)ds

n! n!

- t_ac-i-A/Otv(s)ds—i-/ot (t”s)nw(s)ds.

n! n!

The following theorem shows that the existence of a unique n—integrated solution
of problem (4.1) is equivalent to the existence of an n-times integrated semigroup
generated by A for the homogeneous case (i.e. ¥(t) = 0). The proof of the thoerem
is independent from [50], Theorem 3.1, in which the proof for the more general case

(namely n € R") is sketched.

Theorem 4.5 Let ¢(t) = 0. There exists a unique n-integrated solution t — v(t)
of (4.1) for any z € X if and only if A generates an n—times integrated semigroup
{V(t) € L(X):t € [0,00)}.

Proof. The proof of the sufficient condition is straight forward and follows from the
properties of the n—times integrated semigroup. We use property (ii) of Proposition
4.2. Since A is the generator of the n—times integrated semigroup {V () € L(X) :
t € [0,00)}, for all z € X we have

n t
V(t)e = t—x + A/ V(s)xds.
0

n!

Taking v(t) = V(t)z, then ¢t + v(t) is an n-integrated solution of (4.1). The
uniqueness of the solution is concluded from the uniqueness of the n-times integrated

semigroup generated by A (see [59], Theorem 3.6).
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Now we prove the necessity. For ¢ > 0 we define the map V() : X — X by

V(t)z :=v(t), z€X.

We will show that V(¢) has all the properties of an n-times integrated semigroup

as in Definition 2.21.

Since V(t)z := v(t,z) is an n-integrated solution of (4.1) with ¥(t) = 0, V(t)z
satisfies

V(e = S+ A /0 s (4.4)
Thus, {V(¢) : t > 0} obviously is a one parameter family of linear operators satisfy-
ing
(i) V(0)xz =0, and
(i) V(-)z € C([0,00); X).
We show that the linear operators {V () : t > 0} are bounded. To this end we define

for t > 0 the maps
F,: X — Y, :=C(0,t]; X),
z — v().

Those maps are linear and defined on the whole Banach space X. Since Y; becomes a
Banach space with the supremum norm, according to the Closed—Graph—Theorem,
we only have to prove closedness of the operator F; to obtain boundedness. Let
z; — 7 be a convergent sequence in X with Fyzy — y(-) in Y;. Defining vy, := Fyxy
we can write

m

w(t) ~ Lizi = A/Ot RS,

The limit, as k — oo, of the left-hand side exists and coincides with y(t) — £z. On

[[os = [ wisras

as k — oo. Thus, by the closedness of the operator A we obtain y = F;z and hence

the other hand we have

F, is closed and even bounded. The linear evaluation map
I, : C([0,t); X) — X,

y() = y()
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obviously is bounded and V (t)z = (II; o F})z, thus V(t) € L(X).
Next we need to show that property (iii) in Definition 2.21 also holds for V (), i.e

V(t)V(s)z = ! (@ =r)" W (s+r)z—(t+s—r)""V(r)z)dr.
)

(n=1)!J,
By the assumption of the existence of an n-integrated solution of (4.1), V(:)V(s)z
is an n—integrated solution of (4.1) (with 1(t) = 0) and with initial value z replaced
by V(s)x. Let

1 ' n—1 n—1
()= —— | (G=—r)""'V(s+r)z—(t+s—T1) V(r)z)dr
(n—1Jo
We show that the function ¢ + z(t) also is an n-integrated solution of (4.1) with

(t) = 0 and initial value V' (s)z. Consider
A fﬁ " 2(s)ds (4.5)
_ A/'t(n_;l),/"((s—u)n Wir +w)z — (s 47— )"V (ue )du) ds

S+T _ n 1 _ n 1
= / / (s + r_u u)zxduds — / / A1) V(u)zduds
(n—1)! (n— 1)

n 1
—A/ / S+T:_1 V(u)zduds.

First, we calculate the first term of the right-hand side of (4.5)

s+r _ n 1
/[ str _u) V(u)zduds (4.6)

n—l

t+r
= A/ / (w)zduds
(n — 1
i 5 —u)" s —u)"" 1
= A / / e 1 uw)zduds — / / (n— 1 (w)zduds
= / / = 1)| w)xduds — A/ / 1) — u)zduds
t+r unr 1
= vl — d A -
/0 = 1 /u V(s — u)zdsdu — /0 = 1)_ /u V(s — u)zdsdu
t+r—u r un—l T—u
= A/ stdsdu—/ —A/ V(s)xdsdu
/0 (n =1 Jo 5) o (=1 Jy (5)
B (t+7r—u)”
= /0 n_1'<V(t+r UL — - z | du
un— 1 (T _ u)n
—/0 1) <V(r —U)T — - x) du
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_ /i‘f"?‘ (t +7r— u)n—lv(u)xdu B /t+7‘ (t +7r— u)n—l ﬁxdu
0 0 ¢

(n—1)! (n—1! n!
B r (T _ u)n—l /1‘ (T‘ _ u)n—l rm
fn =1 V(u)zdu + o) n!xdu.
The second term of the right-hand side of (4.5) can be calculated in the following
way.
// (47 =Wy ) zdud 4.7)
m=1)! U s .
n—1
= A// (s +u) ~———V(r — u)zduds
e
n—1
- A/ Vr— u)x/ (iidsdu
0 o (n-1)!
= A/ V(r—u)x (t—l—'u) - >du
0 n!
= A/ (t+u) V(r— xdu——A/ —Vr—uxdu
0
(t+u)"1 / t—i—u"l(r—u) "
= A S . d L
/0 = 1) V(r—u)zdu — 1) — zdu + n!S(r)x
7 pn T un—l T un—l (T _ u)n
_HH:E—/O (n_l)!V(r—u)a:du+/O -1 zdu
B "t —u)? / t+r—uwrtu e
e /0 =1 V(u)zdu i =Dl nl zdu + n!S(T)ac
0 i (7‘ _ u)n—l /T (T‘ _ u)n 1 u™
ninl” /0 (n —1)! V(u)edu + o (n=1" n! el
Furthermore we simplify the last term of the right-hand side of (4.5) as follows.
_ n 1
A/ / i +r:— iu V(u)zdu (4.8)

n l
= / [ A :—ul (s — u)zduds
(e 4+ u)m?

= i V (s — u)xdsdu

o (n—1)!

t n 1 t-—u

- / r+u) / V(s)zdsdu

o (n— 1 0

711 t— n
= / (r +u) < (t—u)x—( v) m)du
0 n—l n!
t . n—1,n
- / o = V(u)a:du—/ (ttr=u) ©_zdu.
0 0

n—l (n=1)! n!
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Considering (4.6), (4.7) and (4.8), (4.5) becomes

A/o z(s)ds _(4.9)
_ /t+r (t +7r— u)n—lv(u)xdu t+r (t +r— u)n—l u™

(n—1)! -4 — s
Ar%;fgfvw”m“*or%;f§T:kmt
AT@T;:SYAVWMMk+Ar“tg—syqu?mu

_%ﬂﬂw+%%x
-~ /0 % V (u)zdu - /0 " % L

= [T i [ e
._At“?;:;ghﬁdmxmp_%gwn

" rm /HT (t+r—u)"tur
+ | == - —adu
n!n! 0 (n—1! n

e [ )

But by integration by parts we have

t+r t _ . \n—1,mn t 2n+1
/ ( +(7: f))| %xdu = ((2—'_772—1—)'—x (4.10)
O - . . .
Similarly, we have
Tt —u)
—xd 4.11
/0 (n-=1)! n! vau (411)
tn—l Tn—}—l tn—2 7""+2
S oD D w2 @mra”
$n—3 n+3 2n 2n+1
+ Lttt z
(n—3)! (n+3)! (2n)! (2n + 1!
and
Plt4r —u)mtun
L —xd 4.
/0 (n—1)! o (4.12)
,r.n—l tn+1 ,r.n—2 tn+2
S oD e mo2mro”
n—3 tn+3 t2n t2n+1
. T4 4T T+ z.
(n—3)! (n+3)! (2n)! (2n + 1)!
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Now adding (4.10), (4.11) and (4.12) we have

R e e T e Vi T+ —u)"lun
/0 o) AT /0 Dl
t n—1
(t+r—u)"tu" e
_/o o)l T i
Therefore
o BTt — ) un
i’ (/0 =1 %
"4 —uw)lun /t(t+r u)"tyn _
/0 (n—1)! n! wdu o (n—=1! nl o) =0.
Hence, (4.5) becomes
s (t 45— )t n
A/ = /0 ﬁV(T)xdr - ;L-!—V(s)m (4.13)
S(t+s—r)"! /t(t-i-s—r)"‘1
/0 Ve - [ S Vaar

= 2(t)+ i—iV(s)x.
Hence ¢ — z(t) is the n—integrated solution of (4.1) with initial value V' (s)z and with
¥(t) = 0. And by the assumption of the uniqueness of the n—integrated solution of
(4.1) we have 2(t) = V(¢)V(s)z. Thus {V(¢) € L(X) : t € [0,00)} is an n-times

integrated semigroup.

It remains to show that the n—times integrated semigroup is generated by A. Let
z € D(A) and v(-, Az) := V(t)Az the n-integrated solution of (4.1) with initial

value Az. Set

n i
w(t) = t—'x +/ V(s)Azds, t > 0.
n: 0
Since V (s)Az is an n-integrated solution, we haVe
V(s)Az = Ax + A/ r)Azdr
- A(s|x+/ Vir )A:cdr).
n 0
= Auw(s)
Hence
w(t) = —a:+A/ V(s)Axds

= —x+A/
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Thus w(t) is an n—integrated solution of (4.1) with initial value x and v (t) = 0. The

uniqueness of the solution implies w(t) = V(t)z. Therefore

" ;
Vi) = =z —|-/ V(s)Axds,
n! 0

that is A generates the n—times integrated semigroup {V'(t) € L(X) : t € [0,00)}.

In [3], the n—times integrated semigroup {V'(t) € L(X) : t € [0,00)} generated by
A is defined as the strongly continuous function t — V (t) € L(X) satisfying

/tV(s)xds € D(A)

and

n t
V(t)x = %x —I—A/ V(s)zds, t € [0,00), z € X.
- 0

In the theorem above we proved that the n—times integrated semigroup defined in

Definition 2.21 is equivalent to the semigroup defined in [3].

Now recall the inhomogeneous Cauchy problem (4.1) for any ¥(t) € Lj,.((0, 00); X).
In the following theorem, we show that A generates an n—times integrated semigroup
is necessary for the existence of a unique n—integrated solution of (4.1). Moreover,
we give an explicit representation of the solution in terms of the n-times integrated
semigroup generated by A. We need the following proposition to show the unique-
ness of the solution. The proposition was proved in [59], Theorem 3.7 for the case

when A generates a once integrated semigroup. We use the same idea to show that

it also holds for the case when A generates an n—times integrated semigroup.

Proposition 4.6 Let A be the generator of the n—times integrated semigroup {V (t) €
L(X) :t € [0,00)} and let u : [0,00) = X be a continuous function such that
fotu(s)ds € D(A) and

A/o u(s)ds = u(t), te€0,00).

Then uw =0 in [0, 00).
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Proof. The function r — for u(s)ds is continuously differentiable. Consider

V(it—r) fur u(s)ds.

Using the commutativity, AV (t)z = V (t)Az,z € D(A), by (ii) Proposition 4.2 we

have
, B tn—l B tn—l
Vt)r = = 1)!m + V(t)Az = (= 1)!:17 + AV (t)z.
Thus,
% <V(t — ) /Or u(s)ds)
= —AV(t—T) /OT u(s)ds — (t(n;—r)l");'l /OT u(s)ds +V(t — r)u(r)
= —V(it—-r)A /OT u(s)ds — %{L—)—'—l /01" u(s)ds + V(t —r)u(r)

= V(¢ —-r)u(r) - (t(—n__f)lnT_'l /OT u(s)ds + V(t — r)u(r)

t—r)n b r
——%1—_)1—)!/0 u(s)ds.

Now integrating this equation and using the fact that V' (0) = 0 we obtain

_/Ot (i_n_:r)lnT_!l/oru(s)dsdr 0. (4.14)

By differentiating equation (4.14) (n+1)-times we obtain u(t) = 0 for all t € [0, 00).

Theorem 4.7 Let A be the generator of the n—times integrated semigroup {V(t) €
L(X):te€[0,00)}. Then '

t—w(t)=V(t)z + /; V(t—s)y(s)ds (4.15)

defines a unique n—integrated solution of (4.1).

Proof. Since V(t) is the n—times integrated semigroup generated by A, it is clear
that t — w(t) defined by (4.15) is continuous. Moreover w(t) € D(A), for all
t € [0,00). We show that w(t) satisfies

(t—s)"

w(t) = Z—T:x + A/Otw(s)ds + /Ot ———1)(s)ds,

n!
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for all t € [0,00). Using property (ii) Proposition 4.2 and closedness of A, we have

A/Otw(s)ds = A/ mds—i—A//Vs—r r)drds
:vwn——a+/ﬂ§/vw—w@mﬂm
= :v——x+/ / s)dsy(r

= V()z - Ez+/0 (V(t— r) — (t ;!T)n) Wb(r)dr
. Vit)r — gx

+/0 V(t —r)Y(r)dr —/0 il ;!T)nd)(r)dr
= w(t) — :L—n'x — /0 (= T)nv,b(r)dr.

n!

Hence, t — w(t) given in formula (4.15) is an n-integrated solution of the inhomo-
geneous Cauchy problem (4.1). To show the uniqueness, suppose that there exists
another n—integrated solution ¢t — wo(t) of (4.1). Take @(t) = w(t) — wo(t), then
t — w(t) is a solution of

mnzgfw@w
and by Proposition 4.6, w(t) = 0. Thus w(t) = wo(t). Hence the solution is unique.

The following proposition helps to obtain conditions for the existence of unique

classical solution of problem (4.1).

Proposition 4.8 Let A be the generator of an n—times integrated semigroup {V(t) €
L(X):te€[0,00)}.

(i) For all x € D(A™*'), we have

and

Vet (g = AV® (t)z.
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(i) If ¥(t) € D(A™1) for all t € [0,00), then the function t — vo(t) given by

vo(t) = /Ot V(t —r)p(r)dr

is (n + 1)-times continuously differentiable, and

U(()") (t) = /0t V(t —r)A™p(r)dr + i/o t=r) ;!T)iAiv,[)(r)dr.

Furthermore, we have

v () = Avg? (8) + (L)

Proof. (i) Since z € D(A™*!), by the property of the semigroup we have
tn—l
(n—1)!

n—1

(n—1)!

Vit)e = AV(t)z + 77

= V(t)Az + 7

and

V') = V'(t)Az +

) tn—l tn—2
= V(t)Aa:+—(n_1)!Aa:+ (n=2)

By differentiating n—times we obtain
n—1 ti
(n) — n : YAt
VO () = V() Az + ZO: Az

and

n—1 ,;

#o

V(e = V’(t)A”x—l—E — Az
!
i=1

n—1

(n—1)!

n—2 M
_ AV()A"z + arg+ AN Sl
1.
1=0

n—1 ,;
.
= A(V(t)A"z+) :ﬁA’m)
=0

= AV™(t)z.
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(ii) Differentiating ¢t — vo(t) we have

oh(t) = /0 V(¢ = r)op(r)dr (4.16)

and using that ¥(t) € D(A™!) C X and that V(t) is the n—times integrated semi-

group generated by A we have

w(t) = / VIt — r)p(r)dr

= /0 (AV(t —r)i(r) + (t(n__r)l): W(r))dr

t (t _ T.)n—l

= A/o V(t—r)v,[)(r)dr+/0 = 1)1 Y(r)dr
= /0 V(t—r)Azp(r)dr—}-/o (tﬁr)n_]w(r)dr.

(n—1)!

Therefore

uh(t) = /0 V(t —r)Ay(r)dr + /0 (in_ _T):)_!l

Furthermore

t (t _ ,r)n—2

a = [va-navoa [0

(t—r)n !

= [ave-rnave) + g avea / s )) w(r)dr

= A/OtV(t—r)AdJ(T)dr—F/O (t_rnl / —
= /OtV(t—r)Azw(r)der/t( / —

By continuing this process we obtain

t n—1 t ]
n n (t - 7‘)1 i
i :/0 Vit—r)A w(r)dr+§/0 A W(r)dr,

and

v(()n+1)(t) = /OV( r)A™p(r)dr —i—Z/ tz—_rl Y(r)dr + (1)

_ A / V(t - r)AM(r)dr + /) (i;_r):)_!lA”d)(r)dr

+A2/ t_r Al r) + ()
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= A(/0 V(t—r)A"p(r)dr + i /0]t (t;—!r)iAii/;(r)dr) + (t)

= Av§ (1) +9(2).

By the above proposition, we have the following result.

Corollary 4.9 Let A be the generator of the n—times integrated semigroup {V (t) €
L(X):t€[0,00)} and let ¢(t) € D(A™™) for allt > 0. Then for all z € D(A™)

the expression
n—1 ti . t n—1 t (t—’l")i .
t— u(t) =V ({)A"z + ; Z,—!A G —+—/0 V(t—r)A™p(r)dr + ; /0 TA WY(r)dr

defines a classical solution of the inhomogeneous abstract Cauchy problem (4.1).

4.2 n—Weak Solutions

In this section we discuss the n—weak solution of the inhomogeneous abstract Cauchy

problem (4.1). By A* we denote the adjoint operator of A.

Definition 4.10 A function w(-) € C([0,00); X) is said to be an n-weak solution
of the inhomogeneous abstract Cauchy problem (4.1) if w(0) = 0 and if for all

z* € D(A*) the scalar function t — (w(t), z*) is differentiable on [0,00) and satisfies

%(w(t),x*) = (w(t), A*z*) + (gx,x*) + (/0 (= S)n¢(8)d8,x*). (4.17)

n!
Lemma 4.11 Let t — v(t) be an n—integrated solution of (4.1). Then t — v(t) is

an (n — 1)-weak solution of (4.1).

Proof. Since t — v(t) is an n-integrated solution of (4.1), v(:) € C([0,00); X) and

for all z € X we have

] = ;—n!x+A/0 v(s)ds+/0 = 9" ) (s)ds.

n!
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Moreover, for all z* € D(A*), we have

(w(),z) = (A /0 o(s)ds, o) + (%x,w*) + /0 ( ;!S)nw(s)ds,m
- (/0 v(s)ds, A*z*) + (i—r:x,x*) + (/0

E(t—s)n
n!

P(s)ds, z").
Hence by differentiating the above equation, we obtain

%(v(t),x) = (v(t), A*z*) + ((;—n__ll—)!x,x*) + (/0 %iw(s)ds,x*).

Thus ¢t — v(t) is an (n — 1)-weak solution of (4.1). u

We showed in Proposition 4.7 that there exists a unique n—integrated solution of (4.1)
if the operator A in the problem (4.1) generates an n-times integrated semigroup.
In the lemma above, we proved that any n-integrated solution is an (n — 1)-weak
solution. Hence for those A, the function given by (4.15) defines a unique (n — 1)-

weak solution of (4.1).

Corollary 4.12 Let A be the generator of the n—times integrated semigroup {V (t) €
L(X):te[0,00)}. Thent— w(t) given by formula (4.15) is a unique (n—1)-weak

solution of the inhomogeneous abstract Cauchy problem (4.1).

Proof. By Proposition 4.7, the function given by (4.15):
ot
t— w(t)=V(t)z —I—/ V(t — s)(s)ds
0

defines a solution of (4.1). By the lemma above, it is an (n — 1)-~weak solution of
(4.1). It remains to show that the solution is unique. The proof of the uniqueness
is similar to the proof of the uniqueness of the n—-integrated solution and we omit

it. Again, it is based on Proposition 4.6. [ ]

Having the result above we deduce the following result for the existence of a unique

n—weak solution of (4.1).

Corollary 4.13 Let A be generator of an (n+1)—times integrated semigroup {V (t) €
L(X):t€[0,00)}. Then there ezists a unique n-weak solution of (4.1).
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In the following discussion we connect the concepts of the n—weak solution and of

the weak solution for the inhomogeneous abstract Cauchy problem.

Definition 4.14 A function u(-) € C([0, 00); X) is said to be a weak solution of the
Cauchy problem (4.1) if u(0) = z and if for each z* € D(A*) the scalar function
t — (u(t),z*) is continuously differentiable on [0,00) and

d

%@(t),g;*) = (u(t), A*z*) + (Y(t), z").

Proposition 4.15 Let t — u(t) be a weak solution of the problem (4.1). Then the

t /Ot (t;%)nu(s)ds

is an n—weak solution of (4.1).

function

Proof. It is clear that t — fot (t_n—s,)n is continuous. Let z* € D(A*). Since t — u(t)

is a weak solution, we have

d

7 (ul®),3") = (u(t), A'2") + (1), %),

and hence

(u(t),z*) = (z,z") + (/0 u(s)ds, A*z*) + (/0 p(s)ds, z*).

Now we consider

( /0 = 9" (5)ds, ) (4.18)

_ f (t—9)" <(:c,x*) + (/.su(r)ds, Aa®) + </:w(r)dr, x*)) i

J0

— : (t :lf)nxds,:c*)—i-(/o g;nlsi/osu(r)drds,fl*:v*)
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Differentiating (4.18) we obtain

i(/o (t - S)nu(s)ds,x*) = (/0 (t - s)nu(s)ds,x*) + (gx,x*)

dt n! n!

+</0 (t ;L!S)nd)(s)ds,x*).

u(s)ds is an n—weak solution of (4.1). o

t(t—s)™
n!

Hence, t — [;

4.3 K—Generalized Solutions

In this section we discuss K—generalized solutions of the inhomogeneous problem

(4.1).

Definition 4.16 A function v(-) € C([0,00); X) is called a K —generalized solution
of (4.1) if for all t € [0,00) hold fo s)ds € D(A) and

A/ s)ds + K(t)x + (K * ¥)(t), (4.19)
where K(t) = fot k(s)ds, t — k(t) is a continuous function on [0, 00).

n

We showed in the first section of this chapter, for the case that K(t) = fﬁ, the
condition that A generates an n—times integrated semigroup is necessary for the
existence of a unique solution of (4.1) for any initial value in X. We study the
K-generalized solution for the case that the operator A in problem (4.1) generates

a K—convoluted semigroup.

Definition 4.17 Let A be a closed operator. If there exists a strongly continuous
operator family {Sk(t) € L(X) :t € [0,00)} such that
(i) for z € D(A), Sk(t)x € D(A) and ASk(t)x = Sk(t)Ax fort € [0, 00),
(ii) forz € X, fo Sk(s)xds € D(A) and
t
Sk(t)r = A/ Sk(s)zds + K(t)z, t€[0,00). (4.20)
0

Then we call {Sk(t) € L(X) :t €[0,00)} the K -convoluted semigroup generated by
A
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For the homogeneous problem, it is shown in [12], Theorem 2.3 that the condi-
tion that A generates a K—convoluted semigroup is necessary and sufficient for the
existence of a unique K-generalized solution of (4.1). In the theorem below we
show that A generates a K—convoluted semigroup is necessary for the existence of

a K—generalized solution of (4.1) for any ¥(t) € L;,.((0, c0); X).

Theorem 4.18 Let A be the generator of a K-convoluted semigroup {Sk(t) €
L(X):t€[0,00)}. Then the function

t— w(t) = Sk(t)z + /Ot Skt — s)p(s)ds (4.21)

defines a K—generalized solution of ({.1).

Proof. Since A is the generator of a K—convoluted semigroup {Sk(t) € £(X) : ¢
[0,00)}, t — w(t) given by (4.21) is continuous.

We show that t — w(t) defined in (4.21) satisfies (4.19):
A/Otw(s)ds = /SK ds—%—Aff Sk(s — m)Y(T)drds
= S = _
k(t)z — K(t)x +/0 /ﬂ Sk(s — 7)Y(r)drds
t ¢
= SK(t)x—K(t)x—i—/ A/ Sk (s — 1)dsy(T)dr
0 T
t t—T1
= Sk(t)r — K(t)az—i—/ A Sk (s)dsy(r)dT
o Jo

= SK(t)x—K(t)a:-l-/ (Sx(t—71)— K@t —71))y(r)dr

= Sk(t)z CL‘+/SKt——T dT—/Kt—T T)dT
= w(t) - K@)z — (K *¢)(t
Therefore
w)= 4 [ wlsds + K@)o + (K + )0
Hence, t — w(t) is a K —generaloized solution of (4.1). n

Definition 4.19 A differential operator of infinite order

d = dr
P (a) = ;an%, Gy, € C
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is called an ultradifferential operator of class (M) if there exists a constant L > 0

Ln
ol =0 37,)

For the case that t — k(¢ fo s)ds = K(t)), is the solution of the ultradifferential

such that

equation P(%)k(t) = &, where P is the ultradifferential polynomial of Gevrey class
n!ﬁ, 0 < a < 1, it is shown in [12] that, if A generates a K-convoluted semigroup
which is also shown equivalent to the existence of a unique K-generalized solution
of the homogeneous problem, (4.1) has a unique once-integrated solution for any

intial value z from a smaller subset of X.

Proposition 4.20 [12] Let h > L™! and asumme that A generates a K-convoluted
semigroup {Sk(t) € L(X) :t € [0,00)}. Define

Xy = {z € X : Sx(")z € C*([0, 00), X), [|S%(t)z]| = O(h™ni<),n € N}.

Then the Cauchy problem 4.1 has a unique once—integrated solution for any x € Xj,.
Using this result we derive the following corollary.

Corollary 4.21 Suppose that all the assumptions of Proposition 4.20 hold. Then

the function given by

ts w(t) = P (i) (SK(t):v+/O-t SK(t—s)¢(s)ds)

defines the unique once—integrated solution of the inhomogeneous problem (4.1) for

any initial value T € Xj,.

Proof. Consider Aw(t) for w(t) given by

w(t)zp<§t> <SK w+/ S(t — s)p(s )ds).

82



Then

A/Otw(s)ds - P(di> (/ Sicls xds+//SKs—T )drds)

P(a)4)
(i) (s
_ p<_) K(t)2) +P<dt)</ / Sx(s)dsy(r)d )
()
(

Therefore

w(t) =P <jt) <SK m—l—/ Sk(t—s)Y(s )ds)

is a once-integrated solution of the problem (4.1). ]

In [43], it is shown that, if A generates a K-convoluted semigroup, the homogeneous
Cauchy problem, problem (4.1) with ¢(t) = 0, has a classical solution for any initial
value z € D(P(A)) where P is the ultradifferential polynomial operator of class
(M,) and t — k(t) is the solution of the ultradifferential equation P(%£)k(t) = 0

with the initial condition

f:m")(o) i ap AP =0,
n=0 p=n-+2

Theorem 4.22 [48] Lett — k(t) be a solution of the differential equation P(L)k(t) =

0, t > 0 with the initial condition

ik(")(O) i ap AP =0,
n=0 p=n+2
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where the coefficients of the ultradifferential operator P(%) of class (M,,) satisfy the

condition
Gn

for some C > 0. Let A generate the K -convoluted semigroup {Sk(t) € L(X) : t €

|<C, forallneN withn>m

UmQp—m

[0,00)}. Thent — U(t)z := P(L)Sk(t)z is a solution of the homogeneous Cauchy
problem for any x € X with Az € D(P(A)).

Corollary 4.23 Under the assumptions of Theorem 4.22 we have that

tos w(t) = P (%) (SK(t)x + /0 Skt — 3)¢(s)ds>

is a solution of the inhomogeneous problem (4.1) for any x € X and t — (t) with
Az, Ay(t) € D(P(A)).
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Chapter 5

Stochastic Differential Equations

In this chapter, we consider the stochastic differential equation

dX (1) = AX(t)dt + BdW (t), X(0) = ¢, (5.1)

in a separable Hilbert space H, where A : D(A) C H — H is a closed linear
operator and B : H — H is a bounded linear operator, W(-) is an H-valued Wiener
process in a probability space (2, F, P) adapted to the filtration {F;}:>o and ¢ is
an H-valued random variable. By H-valued random variable, we understand an
H-valued mapping ¢ : @ — H which is measurable from (Q,F) to (H,B(H)),
where B(H) is the smallest o—field containing all closed (or open) subsets of H. A
stochastic process X (t) is said to be adapted to the filtration {F;}i>o if, for any
t > 0, X(t) is {F;}-measurable. We call a stochastic process X (t) independent if
the ofields {o(X (t))}i>0 are independent. A stochastic process X (t) is called H-
valued predictable if X : [0,00) xQ — H (or X : [0,T] xQ — H) is Py—measurable

(respectively Pr—measurable), where Py is a o-field generated by sets of the form:
(s,t] x F, 0<s<t, FeF,and {0} x F, F € Fy,

and Pr is the restriction of Py, to [0,7]. We say an operator L is of trace class if

its trace is bounded.
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We denote by L2(Q; H) the Banach space of all H-valued square integrable mappings

endowed with the norm
1X1l2 = (EIIX1T)?,
and by Cy ([0, T]; H) the Banach space of all mappings X : [0,7] — L*(; H), that

are continuous and adapted to the filtration {F;}:>0, endowed with the norm

IX () lowqoayan = sup (BIIX@)|3)? .

Let furthermore {e;}ren be a complete orthonormal system in H and {Bi(-)}ren
be a sequence of independent real Brownian motions on (2, F, P) adapted to the

filtration {F;}1>0. We assume that, for all y € H, we can write

Z/Bk (ex,y

5.1 n—Integrated Solutions and Weak n—Integrated

Solutions

In this section, we discuss n—integrated solutions and weak n-integrated solutions
of problem (5.1). We give conditions for the existence of solutions and the existence

of continuous versions of solutions.

Assume that the operator A in problem (5.1) generates an exponentially bounded n—
times integrated semigroup {V,(¢) € L(H) : t € [0,00)}. We consider the stochastic

convolution

Wa(t) == /Otv (t — s)BdW (s Z/ (t — s)BexdfBi(s). (5.2)

We show that the sequence in (5.2) is convergent in L*(Q, H).

Proposition 5.1 Let A be a generator of an n—times integrated semigroup {V,o(t) €

L(H):t€[0,00)} and assume that the operator

t
L = / Vi(s)BB*V(s)zds, z € H (5.3)
0
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is of trace class. Then for all t > 0, the series in (5.2) is convergent in L*(Q; H)
to a Gaussian random variable W,,(t) with mean zero and covariance operator L.

Moreover, W,(-) belongs to Cw([0,T]; H) for any T > 0.

Proof. First, we show that the series in (5.2) is convergent in L*(Q2; H). Let t > 0.

Using the independence of {f;} and Ito’s isometry, for m,p € N we have

m+p
[ Z/ w(t — s)Berdfi(s) } = F

k=m+1
m+p

= > F
k=m+1
m+p

> ||V (t — s)Beg||*ds.

k=m+170

m+p 27

S /0 Vi(t — ) Bexdfe(s)

k=m+1 J
27

/0 Vn(t = S)Bekd,@k(s)

Since L, is of trace class,

[M]8

TI‘ Lt = (Ltek, 6k>

b
Il
—

(/0 Vo (s)BB*V.(s)erds, ex)

t

(Va(s)BB*V, (s)ex, ex)ds

[
NE

>
Il

1

x
Il
—

I
[]8
S~

t

(B*V,(s)ex, B*V,  (s)ex)ds

ES
Il
=

Il
NE
S~

t

(V,.(s)Bey, Vn(s)Bek)ds

[l
[M]8
. o

b
I
—

[
iMEﬂ

/||V (s)Beg||*ds < oo,

and we have ||W,(t)||r2(om) < co. We conclude the series in (5.2) is convergent to
W,(t) in L?(Q; H). Now we show that W, () is also a Gaussian random variable.

We calculate

- E (Z/O Vn(t—s)Bekdﬂk(s),h)(Z/O Vi (t — s)BexdBi(s),y)
k=1 k=1
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= E [(Z_/(; Vn(t—s)Bdﬂk(s)> <6k,h><ekay>:|
— Z/O |Vt — ) B||*ds{ex, h){ex, y)

. / IVa(t — 5)BIPhds, y) = (Lih, y).

Hence W, (t) is a Gaussian random variable. Finally we show that W, () € Cw ([0, T); H)
for any T > 0. We only need to show that W,() : [0,T] — L*(2; H) is continuous.

(B [[Wa(t) — Wals)[I2])
] 1/2
= (E Z/ Vn t——O’ Bekd,@k Z/ -5' —0 Bekdﬂk( ) j|)

0

8

8

I
&

- 2 1/2
- |E Z/ Vi (t — o) Berdfy (o +Z/ w(t — o) — V(s — 0))Berdfi(0) D

- t 5 1/2

\ Z Vi (t — o) BerdfBy (o) D

{ I

o0 ot 1/2
= <Z/ |V (t — J)Bek||2da> (E w(t—0) = Vu(s — 0))B6k||2do) :

k=170

o0

Z/O (¢ — &) = V(s - o)) Besdiu(o)

By the assumption that L, is of trace class and by the Lebesgue dominated con-

vergence theorem, the series in the right-hand :side converge to zero, as s — 1.

Therefore W, () € Cw([0,T]; H). ]

Corollary 5.2 Assume that K(-)x € C([0,T);H) for any x € H, and that the
linear operator

t
LEy ::/ K(s)BB*K*(s)zds, =€ H,
0

18 of trace class. Then for allt > 0 the series

/Kt—sBdW )=> Kt—SBelcd,Bk()

k=170
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is convergent on L*(Q; H) to a Gaussian random variable Wk (t) with mean zero and

covariance operator L. Moreover Wi (-) belongs to Cw([0,T]; H) for any T > 0.

By Corollary 5.2, we have

/0 E=9" paw(s)

n!
is a Gaussian random variable. We define the n—integrated solution of problem (5.1)

as follows.

Definition 5.3 An H-valued predictable process X (t), t € [0,T] is said to be an n-
integrated solution of the problem (5.1) if fo s)ds € D(A) for allt > 0, Pr—almost

surely, and

X(t =—§+A/ X(s ds+/ (t= ) BdW (s). (5.4)
Proposition 5.4 Let A be the generator of an n—times integrated semigroup {V,(t) €
L(H):te€[0,00)} and assume that
t
/ Va(t — s)BdW (s) € D(A), ¢ > 0.
0

Then
X(t) = Va()e + / Vot - $)BAW () (5.5)

is an n—integrated solution of the stochastic differential equation (5.1).

Proof. Since V (t) is the n-times integrated semigroup generated by A and by the

assumption that

/Ot Vi(t — $)BAW (s) € D(A), t > 0,
/Ot (/0 Vi(s — r)BdW(r)) ds € D(A),
and hence

/Otx(s)ds = /Ot Va(s)éds + /Ot (/0 Vs — r)BdW(r)) ds € D(A).

we have
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Moreover, taking into account that

/r'vn(t _ $)BdW(s) € D(A), t > 0,

and using the properties of the n—times integrated semigroup V,,(¢) we obtain

X() =

Vo (£)€ + / t Vo (t — s)BdW (s)

0

" t
—&+ A/ Va(8)zds
n- 0

= /0 R ;L!s)anW(s) + /0 t <A /0 - Vn(r)dr) BdW (s)

n t t _ e\
%§+A/O Vn(s)xds—i—/o (t f) BdW (s)

n.

+/0t<A/stV(r~,s)d)BdW()

Using the closedness of A and the stochastic Fubini theorem, we have

X(t) = guA /0 tVn(s)xds-l— /0 t (t“,s)anW(s)

n:

+A /0 t ( [u Valr — s)BdW(s)) dr.

Changing the variable, we obtain

X(t)

n.

+A [ut ([0 V(s — r)BdW(r)) ds

t ! Pt —s)"
. H5+A/0 Vn(s)xds—l—/o 2 paw (s)

- ﬂg sk A_/t (Vn(s)x + ]: Val(s — T‘)BdW(T‘)) ds

+/ (t—s) Y% Baw(s)

= —§+A/X ds+/( )BdW()

Hence X (t) given by (5.5) is an n—integrated solution of (5.1). n

However, the solution X (¢) does not necessarily have a continuous version. The

purpose of our next discussion is to find conditions under which the solutions have

continuous versions.
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Let A be the generator of an exponentially bounded n-times integrated semigroup
{V,p(t) € L(H) : t € [0,00)}. Hence A is also the generator of exponentially bounded
(n + j)-times integrated semigroups {V,4,(t) € L(H) : t € [0,00)} for j =1,2,....
In particular, A generates an exponentially bounded 2n—times integrated semigroup

{Van(t) € L(H) : t € [0,00)}. It is shown in [36], that those semigroups satisfy the

relation
Vanlt +5) = Va()Vals) + 3 % (Vo (t) + t*Van_;(5)) (5.6)
Define
Won(t) :== /0 Von(t — s)BdW (s) = Z/ﬂ Von(t — s)BeydBx(s). (5.7)

We showed in Proposition 5.1 that Wy, (t) is a Gaussian random variable with the

law N (0, L"), where
E'n e /Ot Van(s)BB*Vq,(s)zds, = € H,
given that L?" is of trace class. Our next task is to show that Wa,,(¢) has a continuous
version.
Theorem 5.5 Assume that there is o € (0,3) and T € (0,00) such that
/0 Ty [V () BBV, (5)] ds = Oy < o0, (5.8)

and for j =0,1,2,...,n—1,

/:. s72*Tx [Van—j(s)BB* Vg, _;(s)] ds = C’ffT_j < 00. (5.9)

Then Wy, (t) defined by (5.7) has a continuous version.

Proof. Using (5.6) we can write
t

Vor(t — o0 + 0 — s)BdW (s)

t

Vo(t — 0)Va(o — s) BAW (s)

Won(t) =

J
J

—

+/0 (._ %(U—s)jVQn_]‘(t—U)+(t—g)jV2n_j(a__S)> BAW (s).

J

Il
=)
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Using the factorization formula

sin??ra) = /s (t —0)* (o — 5)"*do, € (0,1), 0 < s <t
we obtain
Wan ()
_ Sm;m) / (t— 0)* (o — 5)do /0 Va(t — 0)Va(o — s)BAW (s)
,sin f:roz) / (t— o) (o - “daZ/ (0 — ) Van_j(t — o)) BdW(s)
259 [ - oot~ 5)-2do / Tt~ 0P Van_y(0 — 5)BAW ().

By the stochastic Fubini theorem, we have

WZn( ) (5.10)
e, S0 (za / Vot —o)(t — o)} /0 Vp(o — s)(o — s)"*BdW (s)do

sm ?m) ot _ e }
Z],/ Van( —0) f{)(a ) ~BdW (s)d

n—1
1 o
sm (Tf(‘c Z J+a 1[ VQn_j(o—s)(a—s)‘“BdW(S)dU'

k!

7=0

Writing

and for =0,1,2,...,n—1

Uzn—j(0) = Van—j(0 — 5)(0 — s)""BdW(s)
Jo
and
P,( = / Vot — 0)(t — 0)* U, (0)do
_sin (
P2n—] / ‘/271 J ( - J)a_lUj(U)dU

pj(t):S Erm) /0 ;!(t oYt Uy, _i(0)do,
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we can write Wa,(t) as
n—1 n—1
Wan(t) = Palt) + Y Ponj(t) + > P5(2).
=0 =0

Similar to the proof of Proposition 5.1 we can show that U, (o) is a Gaussian random

variable (0, S?) for all o € [0,T], where
SPE = f 572V, (s)BB*V*(s)zds.
0

Accordingly, for all j = 0,1,2,...,n— 1, Uy,_;(0) and U;(o) are Gaussian random

variables A/(0, S?"~7) and N(0, S?) respectively, where

a
S !=f §**Van— BB"Vy,_;(s)xds
0

¢
Siz ::/ s¥72*BB*x1ds.
0

By (5.8), for any m > 0, there exists a constant D}, , such that for all o € [0, 7]
holds
E [|[U(o)lI™™] < D 00™,

and by (5.9) for j = 0,1,2,...,n — 1, there exist constants D2';7 and Dj, , such
that for all o € [0,T] holds

E [||Uzn—;(0)IP™] < DZI0™,

B [IU(0)[™] < D, 0™

This implies

n

/TE [[|Un(0)|*™] do < Dina g
0 " “m+1 ’
and for 7 =0,1,2,...,n—1

on—j

o 2 D 1
E [||Usn_j(0)|P™] do < =2+
[ Bl do < T,

g 2 Dj +1
EU; Ko g GO M
A U3 () ] do < e
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Therefore U, (-)w, Uzn—;(-)w and U;(-)w are in L*"([0,T]; H) for almost all w € Q
and 7 =0,1,2,...,n— 1. Moreover, by Holder’s inequality and taking into account

the exponential boundedness of V;(t) we have

2m—1
]VI * G— _2m 2m
1P (0] < —W—T (f (t — o) 12m_1d0> Ul o 0,775
0
2m—1
Mr (2m—-1\ ™ 1
- T (Zma - 1) 1 2m ”Un”Lzm([O,T];H)a

where My = supyepo ) [|Va(t)||. Accordingly, for all j =0,1,2,...,n — 1 holds

M% ! Pim Ea
1Pnes O < 2 ([ (=0 #d0) " U mmiami
1 2m—1
M’ 2m —1 L
= M (2T e o,
where M} = suP,e(o,7) || Van—j(?)|]; and furthermore
2m—1
1 t i+a—1-2m e
P01 < = ([ e-orretdian) ™ Wl

2m—1

1 2m — 1 m e L
~ o (2mj + 2ma — 1> 8 3 Uz | mem o)

Hence P,(-)w € C([0,T]; H) for almost all w € Q and for all j =0,1,2,...,n -1,
Py (")w, Pj(-)w € C([0, T]; X) for almost all w € §2. Thus

n—1 n—1
Won()w = (Pn + ZP2n~j + ZR) (w e C([0,T]; H)
5=0 =0
for almost all w € © and (5.10) defines a continuous version of Wa,(t). [

Corollary 5.6 Let all the assumptions of Theorem 5.5 hold. Moreover, assume that
Won(t) defined in (5.7) belongs to D(A). Then

X (t) = Vo ()€ + W (1)

is a 2n—integrated solution of problem (5.1) which has a continuous version.

Definition 5.7 An H-valued predictable process X (t) is said to be a weak n—integrated
solution of (5.1) if the trajectories of X (-) are P—almost surely Bochner integrable
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and if for all v € D(A*), t € [0,T] holds

X(O0) = () + ([ X(s)ds, A+ ([

P-almost surely.

bt —s)"

—Z-BaW(s),v),  (5.1)

Proposition 5.8 Let A be the generator of an n—times integrated semigroup {V,(t) €
L(H);t €]0,00)}. Then

X(t) = Va(t)E + /0 Vit — 5)BaW (s)

is a weak n—integrated solution of (5.1).

Proof. Without loss of generality assume that & = 0. We show that equation (5.11)
is satisfied by

Wi(t) = /0 Vit — 5)BAW (s).

Fix t € [0,T] and let v € D(A*). Note that

/Ot<A*y, Wa(s))ds = /Ot<A*u, /Ot X, () Vi (s — r)BdW (r))ds.

Hence by the stochastic Fubini theorem, we have
t 1 t
/ (A*v, Wa(s))ds = / (A, / Xio.q(r)Via(s — r)BAW (r))ds
0 0 0
t t
= / </ Xjo,s)(r)B*V,; (r — s)A*vds,dW (r))
o Jo

_ /Ot</t B*V(s — 1) A*vds, dW (r)).

r

Since A generates an n—times integrated semigroup {V,(t) € L(H) : t € [0,00)}, A*
generates the n—times integrated semigroup {V,*(t) € L(H*) : t € [0,00)}, where
H* is the dual space of H. Since A* and V*(¢) commute, using the properties of the
n-times integrated semigroup {V*(t) € L(H*) : t € [0,00)} we obtain

/0t<A*l/,Wn(5)>dS = /Ot</,,tX[o,s1(7")B*A*V$(T—5)”ds"iW(r)>

= /0t</rt <B*Ed;V*(s — )y — B*%u) ds, dW(r))

= /t(B*V*(t —r)v — B* - T)HV, dw (r))

n!
Pt —r)™

n!

. /0 Vit — r)BAW () — (v, /0 BaW (r)).
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Therefore W,(t) = fot Vi (t — s)BdW (s) is a weak n—integrated solution of (5.1). =

Corollary 5.9 Let A be the generator of an n—times integrated semigroup {V,(t) €
L(H);t € [0,00)} and all the assumptions in Theorem 5.5 hold. Then

X(0) = Vil + | Vonlt — ) BaW (s)

is a weak 2n—integrated solution of (5.1) which has a continuous version.

5.2 Quasi—Reversibility Method for Ill-posed
Stochastic Differential Equations

In this section, we denote by HJ, the class of self adjoint operators on a separable

Hilbert space H generating an orthonormal basis {ex}reny for H, corresponding

to real eigenvalues {Ag}ren such that —co < Ay < Ay < -+ < Mg+ < oo and

lHmy_yoo A = +00.

Consider the stochastic differential equation (5.1):
dX (t) = AX(t)dt + BdW (t), X(0) =&,

where £ is an unobservable H—valued random variable that is, £ is G—measurable for

some o—field G O F. Let B€ L(H) and A € H}.

Definition 5.10 An H-valued predictable process X (t) € Cw([0,T); H) is called a
solution of the problem (5.1) if fOtX(s)ds € D(A) for all t > 0, P-almost surely,
and

X(t)=¢+A /:X(s)ds + BW (). (5.12)

If A€ HJ, then the Cauchy problem

u'(t) = Au(t), u(0) = uo
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is, in general, not well-posed, and the semigroup {U(t) : t € [0,00)} generated by A
consists of unbounded linear operators. It was proved in {26] that, if A € HJ, then

for any € > 0, the Cauchy problem
u'(t) = (A — eA®)u(t), u(0) = ug

is well-posed on D(A?), and (A — eA?) generates a strongly continuous semigroup

(U.(t) € L(H) : t€[0,00)}.

Suppose that £ € L2(Q,G, P), where P|r = P. We assume that there exists a

solution of problem (5.1) for the initial value .

Let 1 be an observable H-valued random variable, i.e. 1 is F-measurable. Consider
&5 = E[€|n], the optimal (in the mean-square sense) estimator of £ in terms of 7,
such that E[||¢ — &s]|?] < 6. We approximate solutions of the problem (5.1) at t =T

by solutions of the problem

dX . 5(t) = (A — eA?) X 5(t)dt + BdW (t), Xcs(0) = &s. (5.13)

Definition 5.11 A linear operator R.(t) : H — L*(Q; H), € > 0, is called the
reqularizing operator (or regularizer) of problem (5.1) for 0 <t < T if
(a) the operator R.(t) is a continuous linear operator on H,
(b) there is a continuous function €(-) : [0,00) — [0,00), & > €(6) with €(0) = 0
such that

Res)(t)s — X (1), as § — 0.

Thus, we have introduced two parameters, ¢ > 0 and 6 > 0, the former refering to
a perturbation of the operator A, the latter referring to a perturbation of the initial
value. If there is a coupling mechanism e¢ = €(6) relating them in a way that the
solution of problem (5.1) can be approximated by solutions of the problem (5.13),
then we call R.4)(t) a regularizer and the approximation is a regularization. We
introduce, for some constants M;, My, 7 > 0 and fixed T' > 0, two correctness

classes, that are families of stochastic processes

My = {t— X(t): B [|AX(T E Y (wexp(MT)&)? | < My},
k=1
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and

My ={t=> Xt E[|X(T+7)|*]=E

Zexp 2Xe(T + T)fi] < My, > 0}
k=1

If X(-) € M; or X(:) € M,, then it holds, for a constant M > 0,

> exp 2MT)ER

k=1

E <M. (5.14)

Assumption 5.12
(a) For any s > 0, the linear operators U (s)BB*U}(s) are of trace class, and for
all t > 0 it holds
t
/ Tr [U.(s)BB*U? (s)] ds < oo,
0
uniformly with respect to €.

(b) For s € [0,T), the linear operators U(s)BB*U*(s) are of trace class and

/T Tr [U(s)BB*U*(s)] ds < oo.

Assumption 5.13 For any s € [0,T), the linear operators AU(s)BB*U*(s)A* are
of trace class and

T
/ Tr [AU(s)BB*U* (s)A%] ds < 0.
0

Assumption 5.14 For any s € [0,T + 7], the linear operators U(s)BB*U*(s) are
of trace class and
T+T
Tr [U(s)BB*U*(s)]ds < oo.
0

Since (A—€A?) generates a strongly continuous semigroup, if part (a) of Assumption
5.12 holds, then by Theorem 2.2.2 [14], for any £ € H, the stochastic differential
equation (5.13) has a unique solution X(t).

Theorem 5.15 Let A be in H and suppose that Assumptions 5.12 and 5.13 hold.

Then the operator

R(t)E = Xes(t) = Y exp (M — eAp)t)Esxen (5.15)

k=1

'y /0 exp (A — 2)(t — 5)) BexdBi(s),
k=1
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where &, = (&, ex), is a regularizer for the problem (5.1) at t = T. On the

correctness class M, for some constant C independent of &, there holds

E[IX(T) - Xes(D)|?] < C| |75

Proof. The solution X (¢) at t =T of (5.1) can be formally written as
00 00 7
X(T) = ZGXP (MT)Exex + Z_/ exp (\e(T — s))BexdB(s),
k=1 k=10

where & = (€, ex). Let X(t) be a solution of (5.13) for initial value . Then X(%)
at t =T is of the form

X(T) = Zexp (e — edp)T)Eer + Z/o exp (M — eXt)(T — s)) BexdfBi(s),

Consider the error

E [”X(T) - Xe,J(T)||2] < E [”X(T) . XG(T)H2] +FE [”XG(T) - XE,J(T)”2]
2B (|| X(T) = X(T)|| |1 Xe(T) = Xes(THII] -

Using the Holder inequality we have

EIX(T) = XTIl |1 Xe(T) — Xes(T)]]
< (B[IX(T) = XD])* (E [IXJT) — Xes(T)IP])*.

Moreover,

D=

(B [|X(T) — X 5(T)?])?
< E[IX(T) = X(D)|*] + E [IX(T) = Xes(DI*] -

2 (E [|IX(T) — X(T)|I])

Hence
E [|IX(T) = Xes(DI] < 2(E [IX(T) = X(T)I”] + B [IXT) = Xes(T)IF]) -
Firstly, we estimate E [||X(T) — X(T)||?], where

X(T) = X(T) = Y exp(MT) (1 — exp (—eiT)) Exex
k=1

0 T
+k2_:/0 exp (A (T — s)) (1 — exp (—e)\%(T — s))) BerdBi(s).
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Using the same argument as above, E [|| X (T') — X(T)|?] can be written as

E [IX(T) = X(D)I"] < 2(81+ D),

where
N =FE [ Z exp (\eT) (1 — exp (—eX;T)) Exex ]
and
Ny, =F Z/o exp (\(T — 8)) (1 — exp (—eX;(T — s))) BexdBi(s) ] .

A1 can be estimated in the following way

s 5
N = FE ‘ Z exp (MT) (1 — exp (—eA;T)) Exex :|

k=1
2]

|| N
= FE L‘ Zexp (MT) (1 — exp (—eXPT)) Exex
k=1

i Z exp (\eT) (1 — exp (—€eA{T)) Exen
k=N +1

< 2N+ AT,

where
. 2
N =EFE Zexp (MT) (1 — exp (—eA;T)) éxex ] )
k=1
and
N 2
AN =F Z exp (MT) (1 — exp (—eXiT)) Exex ] :
k=N-+1

By (5.14), the estimate of A} becomes

> exp (MT) (1 — exp (—eXiT)) Exes

k=1

A = E

1

N
> exp 2MT)EE
k=1

N
= B[S exp @MT) (1 - oxp (~eX2T))* €2

Lk=1

<  max ((1 — exp (—e)\iT))2> E

k=1,...,

< M(1-—exp (—EA?VT))Q.
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For the class M, we obtain the estimate of A as

k=N+1

S )
Al = FE Z exp (MT) (1 — exp (—eA;T)) Exex }

[o.¢]

= E| > exp(2XT) (1 - exp (—eX2T))" &2
Lk=N+1

= 1
= B| > 53 Oeexp (D)6’ (1 — exp (—eX2T))?
Lk:N+1 k
M,
< wo

Choose N = N(e) such that A%, < e™* < A%;, 0< s <1 Then
AL < M(1 — exp (—ee*T))? = M(1 — exp (—€"°T))* < M),
and A < Me*. Thus, with a constant M > M, which is independent of €, we have
Ay < 20 (079 4 ¢%).
Similarly, A, can be written as

AZE[

< 285+ A),

21

Z/o exp (Me(T — 5)) (1 — exp (—eXe(T — 5))) BeyrdBi(s)

for
Dy=E i / " exp ((T = 5)) (1 - exp (—X(T — 5))) Bexdfi(s) } ,
and
INEY: i / " exp (T — 5)) (1 - exp (~X(T — 5))) Bexdfi(s) ] .

Using Assumption 5.12 (b), we obtain the estimate of Aj.

Ang[

Z/o exp (M\e(T — 3)) (1 —exp (—eXi(T — s))) Beydf(s) }
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= Z/o || exp (Ak(T — 8)) (1 — exp (—eX;(T — s))) Bey||*ds

= max ((1—exp( eX2(T 2 Z/ || exp (M (T — 5)) Bey||*ds

k=1,...N

- kfffl.i(N((l_eXp(_e)\k(T )))2)/0 Tr [U(T — s)BB*U*(T — s)]ds
= K(1—exp(—e)3T))?

R€2(1—s) )

IN

And by Assumption 5.13, we obtain

ool

- > f lexp (T = 5)) (1 — exp (=eMF(T — 5))) Be|” ds

k=N+1

Z /0 exp (Ae(T — ) (1 — exp (—eAZ(T — s))) BexdBi(s)

k=N+1

7

(o]

= Z fo )\1;29 (Ax exp (M\e(T — 8))Beg)” (1 — exp (—eAZ(T — s)))2 ds

k=N+1

1 2
= krznz\?i(l <)\2 (1 — exp (—eXi( ) Z / | Ak exp (Me(T — s)) Beg||*ds

k=N+1

1
<

T
/ Tr [AU(s)BB*U*(s) A*]ds
)‘N+1 0

< < K¢,

N+1

where the constant K > 0 does not depend on e. Hence the estimate for /A, becomes

Ny < 2(AL 4+ A < 2K (2179 4 ¢),
Therefore
E[IX(T) = X(T)IIP] = 2(A1 + 2) < C (479 + ).

Now consider E[|| X (T) — X, s(T)||*], where

X(T) = Xeo(T) = D exp (A — eXP)T) (& — Eai)en

k=1

E(|X(T) - Xes(D*] = — eA)T) (& — &or)

1
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- E Zexp (2(Ax — XD ||k — §6k||2:|

< E max (exp (2(Ax — eXP)T Z 1€ — sl }
< dmax (exp (2(Ax — eQ)T))
<

T
56Xp (%) .

2 (B[ X(T) — X(T)|I?) + E[I|X(T) — Xes(T)[1*)
< C <e2(1‘3> + € + Jexp (%)) :

Thus

E[|X(T) = Xes(T)II*]

VAN

Obviously, the best choice of s € (0,1) is s = 2/3. Then we obtain, with a constant

C" > 0, which neither does depend on € nor on 4,

E[|X(T) - Xes(T)|?) < C" <62/3 + S exp (%)) .

Set () := — L5, then

2/3
E[IX(T) - X (D) < c((—ﬁ) +aexp<—§lna)>

1\%3 )
< _ = 3
< C( ln5) C|lnd|™s

for § > 0 small enough and the proof is finished. 1

Theorem 5.16 Let A € H} and suppose that Assumptions 5.12 and 5.14 hold.

Then the operator

R.(t)€ = X, 4(t Zexp Ae — eAD)t) Espen (5.16)

+; /0 exp (A — eA2)(t — 5)) Bepdf(s)

is a reqularizer for the problem (5.1) at t = T'. On the correctness class My, for
any s € (0,1), there exists a constant C > 0 independent of & such that, for 6 > 0

small enough, holds

E[IX(T) = Xes(T)|I°] < C| In 6261,
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Proof. Similar to the proof of Theorem 5.15, E[|| X(T) — X4(T)|*] can be esti-

mated as
E [|X(T) = Xeo(D)IP] <2 (B [IX(T) = X(D)|*] + B [IIXe(T) — Xes (D)
where
- fp (= X)T) e + i / " exp (v — DT - 5)) BexdBils)
is the solution of (5.13) with initial value £ at t = T', and

X(T) = Xd(T) = Y exp(MT) (1 - exp (—eXiT)) Erex

k=1

+Z/o exp (M(T — s)) (1 — exp (—eXa(T — s))) Berdfi(s),

XE( = eJT) ZeXp k_e)‘2 )(gk_fék)'

By the same argument, we have

E [[|IX(T) = X(T)II"] < 2(A1+ D),

where i
ANEE ZGXP (MT) (1 — exp (—eX;T)) Erex } ,
k=1
and
. 2
Ny =F exp (Me(T — ) (1 — exp (—eX; (T — s))) Berdfi(s) } .

Furthermore, /\; < 2(A] + AY), where
1 1

e 2
N, =F Zexp (MeT) (1 — exp (—eA;T)) Exen } ,
k=1
and
o 2
AN =F [ Z exp (MT) (1 — exp (—eX;T)) Exex ] :
k=N+1
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Notice that from the proof of Theorem 5.15, the estimate of A} does not depend on
M;, that is
A} < (1—exp (—eAyT))’ .

For the class Ma, we obtain the estimate of Af.

oo

Z exp (\eT) (1 — exp (—eX(T)) Exex
| Hlk=N+1

- E Z exp (2)T) ( 1—exp(—6)\iT))2§i

Al = E

2]

Bl Y % Ty P QT+ ) (1 - e (D))’
1 2 2 = 2
< krznle’fl m (1 — exp (—e)\kT)) ) E k:;“ exp (2 (T + T))&k:|

_ M
exp (2An417)

For N = N(e) such that A%, < e* < A\, with 0 < s <1, we have
A < Me=9)
and

exp (2Ay17) ~ exp (2¢7%7)

for a constant M > 0. Here we just use that z ~ exp(z) grows faster than any

power z — z*. Hence
A <20+ A < IMe2(1=9) < pp'e(1-9),

Similarly, Ay < 2(A}, + AY), where

]

|

Ny = exp (M(T — 5)) (1~ exp (=X (T — 5))) Bexdfis(s)

and

NS / exp (T — 8)) (1 — exp (—eX2(T — 5))) Bexdfe(s)

k=N+1 0
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Also notice that as in the proof of Theorem 5.15, the estimate A/ does not depend
on M;, which is
AL < Ke¥l=9),

Now using Assumption 5.14, we estimate Aj .
iy

= FE k_zN: 1/0 exp (M\e(T — 8)) (1 — exp (—eXi(T — s))) BexdBi(s) ]

= FE k; /0 ||exp (Me(T = 8)) (1 — exp (—eXg(T — s))) BekH2 ds]

o 1
o €Xp (2/\k7')

1
SNt (exp (2XeT)

(exp (M(T + 7 — 5))Bey)? (1 — exp (—eX(T — s)))2 ds]
[k=N+1

IA

(- exp (-e27))’)

oo T+1
xE Z / (exp (M(T + 7 — 5))Beg)* ds
k=N+1"0

. E [ Z /0 T(exp (Me(T — s))Bey)? ds]

exp (2AvnT) | 55

1 T+T

—_— Tr [U(s)BB*U*(s)|ds

o), T WEBEUG)
M/

exp (2An417T)

IN

AN

S M/€2(1—s) .

IA

Thus
Dy <2(AF+AY) < (f{_|_ M’) €2(1-3) < 1 2(1-)

Therefore,

El||X(T) - XE(T)”?] < 2(QA1+ D5 <2 (M (62(1_5)) + K (62(1—3)))

As in the proof of Theorem 5.15 we have

T
BIIXAT) - XealT)IF) < e 52 )-
Hence,

E(|X(T) = X(D)|P] < 2/(BIX(T) — X(D)II*) + E[| X(T) = X(D)|I’])
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< & <62(1—5) + d exp <z)> :
2€
T

Setting €(d) = we obtain, for 6 > 0 small enough,

" Ind

B[ X (T) = Xes(TD)|P] < Cllné| 72077, s € (0,1)

and the proof is finished.
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List of Symbols

ran(A)
ker(.A)
p(A)
ROV
(X1)°
ReX

drk
X190 X,

Pl(A, B)

set of real numbers

set of complex numbers

set of natural numbers

real or complex Banach space

linear operator

domain of A

space of linear bounded operators on X

power set of X

set of multi—valued linear operators A: X — X
multi—valued linear operator

inverse of the multi-valued operator A4

n—th power of the multi—valued operator A
single-valued branch of the multi-valued operator A
part of single—valued branch of the multi-valued operator A
range of A

kernel of A

resolvent set of A

the resolvent of A

complement of the subspace X; of X

the real part of the complex number A

the k—th derivative with respect to A

algebraic direct sum of two subspaces of X

the closure of Y

resolvent set of B~1A
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pZ(Ai B)
Ra(X)

@)

Kl

¢ (t)
Dp(X)
£'(X)

SP
S'(X)
Su(X)

L(X1, X2)
A*

X*

C([0,00); X)
C'([0, 00); X)
L},.((0,00); X)
WEL((0,00); X)
C*([0, 0); X)
H

(Q,F,P)
L?(Q; H)
{ex}ren

{Br }ren
E

Tr A

resolvent set of AB~!

resolvent operator of AB~!

i-th A-associated with ker B—vectors

binomial coefficient

Kiu {0}

space of infinitely differentiable function with support in [0, co)
space of infinitely differentiable function with any support

£ 0(t)

space of X—valued distributions on Dy

space of X—valued distributions on £

Schwartz space

Schwartz space of p—times continuously differentiable function on R
space of tempered X-valued distributions

space of tempered X—-valued distributions of exponential growth
Dirac distribution

space of bounded linear operators from X; to Xo

adjoint operator of A

dual space of X

space of continuous functions from [0, 00) to X

space of continuously differentiable functions from [0, 00) to X
space of locally integrable functions

Sobolev space of locally integrable distributions with locally
integrable derivatives

space of infinitely continuously differentiable functions

real or complex separable Hilbert space

probability space

Banach space of H-valued square integrable mappings from 2 to H
complete orthonormal basis in H

sequence of independent real Brownian motions in H
expectation

trace of A
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