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Abstract

The thesis is devoted to semigroup methods for degenerate Cauchy problems and stochastic

evolution equations. It consists of four parts. In Chapter 2, degenerate abstract Cauchy

problems B#u(t) : Au(t),u(0) : r, and ft|A"¡1t¡ : Au(t), (az)(O) : r areinvestigated

in a Banach space X, for a closed linear operator A and a bounded linear operator B

with non-trivial kernel. The (n, ø)-well-posedness of the problems is studied. Firstly,

necessary and sufficient conditions for the (n, ø)-wellposedness of the Cauchy problem for

the inclusion ftu(t) € Au(t), z(0) : r, where,4 is a multi-valued linear operator on X,

are given. Then the obtained results are applied to the original degenerate problems.

In Chapter 3, the well-posedness of the degenerate Cauchy problem Bf;u(t) : Au(t),

z(O) : r in the space of distributions of exponential growth is investigated. Necessary

and sufficient conditions in terms of distribution semigroups are given. The connection

between n-times integrated semigroups and distribution semigroups is established.

In Chapter 4, the inhomogeneous abstract Cauchy problem #"(t) : Au(t)-ltþ(ú), z(O) : lr

is studied. Several types of solutions of the inhomogeneous problem, namely n-integrated

solutions, n-weak solutions and K-generalized solutions are investigated. Conditions for

the existence of those solutions are given.

In Chapter 5, stochastic differential equations dX(t): AX(t)d't+ BdW(t), X(0) : ( in

a separable Hilbert space are considered, where { is an f/-valued random variable and

W(t) 1s an f/-valued Wiener process. Conditions for the existence of a 2n integrated

solution respectively for a weak 2n-integrated solution are given. It is shown that both

solutions possess continuous versions. The quasi-reversibility method is used for studying

an ill posed problem dX(t) : AX(t)dt + BdW (t), X(0) : €.
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Chapter 1

Introduction

Many real life processes can be mathematically described by a differential equation

d

A"(t): ¡(u(t)), z(0) : a.

Here it is assumed that the state of the system at initial time f : 0 is known to be

z(O) : r and that the complete future of the path f r+ u(t) within the state space X

is uniquely defined by the initial value and the fulfilment of the differential equation

for all times ¿ > 0. In general, problems of this kind are called Cauchy problems.

It is well known that, under Lipschitz conditions on the vector field u ,+ f(u),

the unique solution of the differential equation does exist for all times ú ) 0 and

even depends continuously on the initial value r in the state space X. Problems

having these three properties, existence, uniqueness and continuous dependence of

the solution with respect to the initial data, usually are called well-posed.

Unfortunately, for infinite dimensional state space X, Lipschitz continuity is hard

to achieve, even for linear abstract Cauchy problems

d' Au(t), u(o) : r' (1 1)
A"Ql 

: Au(t), u(0) : r.

Typical examples are the heat equation, respectively, the Schrödinger equation,

where the state spaces are function spaces and the operator A is given by the Lapla-

cians ,4 : A, respectively, A: -i,4,.
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To overcome this difficulty, the theory of semigroups has been initiated by few

authors, see for example [63]. This theory allows one to deduce from properties of

the operator A and its resolvent, the existence of a semigroup {S(ú) : ú € [0' -)]
of bounded linear operators. The properties of the semigroup and its generator

guarantee the existence of the unique solution

tèu(t):s(t)r

of the linear Cauchy problem (1.1), for any r e D(A). Moreover, the solution

depends continuously on the initial data.

Later, the notion of a semigroup was generalized in many different directions. Li-

ons, [35], introduced distribution semigroups in connection with generalized well-

posedness of the abstract Cauchy problem (1'1) Arendt, see [1,2], introduced the

concept of an n-times integrated semigroup {I/(t) : ú e [0, oo)] of linear bounded op-

erators and its generator. If A is the generator of an n-times integrated semigroup,

then

t,+ dlvçt¡,

is the unique solution of the Cauchy problem (1'1), for any r Q D(A+L)'

In the present thesis we investigate several classes of Cauchy problems which are

discussed in four chapters.

The first class consists of degenerate problems, which are important in fluid me-

chanics and diffusion processes, see [10]. Here, one often has the situation that, due

to different particle sizes in some areas of the domain of interest, the differential

equation is not active in certain areas. Then the mathematical model has one of the

forms
d

dt

or
t'l

rtfn"l(t) 
: Au(t), (Bu)(o): a, (1 3)

where B is an operator with non-trivial kernel. Accordingly, if the operator B has a

trivial kernel, the problem is called non-degenerate, and can be treated in the same

way as the standard problem (1 1).

B (t) : Au(t), u(o) : , (1 2)
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The second class consists of inhomogeneous problems and is of special interest in

control theory, when the system is subject to an external influence, see [8]. The

mathematical model can often be written as

d

ä"fq : Au(t) +'þ(t), u(o) : ", (1 4)

where t F+ 1þ(t) is called the inhomogeneity. Accordingly, if tþ(t) : 0 we have the

standard Cauchy problem (1.1), called the homogeneous problem'

The third class is the one of stochastic differential equations of the form

dx(t) : AX(t)dt + BdW(ú), X(0) : {, (1 5)

in a separable Hilbert space, where { is an .I/-valued random variable and I4r(ú) is

an I/-valued Wiener process.

In Chapter 2 of the thesis, we consider the two degenerate abstract Cauchy prob-

Iems (1.2) and (1.3) for closed linear operators A and bounded linear operators B.

We investigate the (n, ø)-well-posedness of the problems. First we investigate the

(n, ø)-well-posedness of the Cauchy problem for the inclusion

d

ä"ø e Au(t), u(0) : *, (1 6)

where ,4 is a multi-valued linear operator on a Banach space X. Then results

obtained are applied to the degenerate problems (1.2) and (1.3), with "4:: B-rA

or A:: AB-r respectively.

Degenerate problems of the form (1.2) or (1.3) in'Banach spaces were considered by

many authors, see [10, 27,22,23, 47, 42, 44, 47, 62) with the references therein. For

degenerate problems (1.2) and (1.3), the operators B-1,4 or AB-r are multi-valued.

This motivated the investigation of multi valued linear operators in connection with

abstract Cauchy problems.

Cauchy problems (1.6) have found an increasing interest, see 122, 23, 29, 42, 48,

62). Favini and Yagi, 122, 23], studied the existence of strict solutions, which are

continuously differentiable and satisfy the inclusion for all times ú > 0. Under the

condition that the resolvent set is contained in a certain region within the complex

3



plane, and that for those values the resolvent satisfies some growth conditions they

derive the unique existence of a strict solution. Their results even can be extended to

inhomogeneous inclusions, where the solution can be represented with the variation

of constants formula.

Knuckles and Neubrander, 129], investigated n-integrated solutions of the inclusion

problem. They use Laplace transformation methods to derive results on the unique

existence of n-integrated solutions. Their approach is strongly related to our work,

since, for non degenerate Cauchy problems, there is a well known one-to-one corre-

spondence between n-integrated solutions and solutions which can be represented

via r¿-times integrated semigroups. This relationship has not been elaborated so far

for inclusions.

Melnikova, Alshansky and Gladchenko,142,48], investigated the inclusion problem

from the classical, strongly continuous semigroup point of view. They give conditions

of Hille-Yosida type for the well-posedness of the problem and the existence of a

degenerate semigroup. Here, the degeneracy of the semigroup {S(ú) : ú e [0, oo)]

refers to the property that a non-trivial subspace of the state space X is contained

in all kernels ker ,S(ú). Typically, this non-trivial subspace is the complement of

.A(0), the multi-valued image of the origin.

Yagi, 162], used a similar Hille-Yosida type condition to guarantee the existence of

a strongly continuous semigroup on the domain of A. This semigroup then allows

even the representation of strict solutions for the inhomogeneous problem.

The main result of this chapter is the statement of a necessary and sufficient condi-

tion for the (rz, ø)-well-posedness of the inclusion problem (1.6) under a decomposi-

tion assumption on X. Using the theory of n-times integrated semigroups, \rye prove

that the Hille-Yosida type condition is necessary and sufficient for the (n,r) well-

posedness of the inclusion problem (1.6) on the domain D(A+t) of A"+r. Similar

results are obtained for the degenerate equations (1.2) and (1.3).

In Chapter 3 we consider the degenerate Cauchy problem (1.2) in a Banach space

X, where A is a closed linear operator and B is a bounded linear operator in X.
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We investigate the well-posedness of the problem in the space of distributions of

exponential growth.

Distribution semigroups, introduced by Lions, [35], play an important role in con-

nection with abstract Cauchy problems, where they allow one to obtain generalized

solutions. They have been investigated by several authors, see [3, 11, 19, 33,44,47,

54,58,60]. In [SS], for the non-degenerate Cauchy problem (1.1)' the equivalence

is shown between the well-posedness of problem (1.1), in the sense of distributions,

and the existence of distribution semigroup generated by the operator A.

In [3] and in [58], for the non degenerate Cauchy problem, strong connections be-

tween distribution semigroups and local\ntegrated semigroups have been established

by Arendt, El-Mennaoui and Keyantuo, and by Tanaka and okazawa.

Earlier, distribution semigroups for degenerate problems were considered by Mel-

nikova and Filinkov, see [47]. Here, under the assumption that the Banach space X

can be decomposed into range and kernel of a power of the resolvent of the multi-

valued operator, the authors showed that well-posedness of the problem in the sense

of distributions is equivalent to the existence of a degenerate distribution semigroup,

generated by a single-valued branch of the multi-valued operator A: B-1A-

In [11], Chazarain characterized the well-posedness of the degenerate Cauchy prob-

Iem in the sense of distributions by the existence of a region in a complex plane

such that for any element from that region, the resolvent exists and is polynomially

bounded.

Recently obtained results in [33] are closely related, where the relationship of. local

integrated semigroups and distribution semigroups is investigated for non degenerate

Cauchy problems with non-densely defined operators'

For the degenerate Cauchy problem (1.2), we study the strong connections between

the well-posedness of the degenerate problem in the sense of distributions of ex-

ponential growth, the existence of a degenerate distribution semigroup of exponen-

tial growth and the existence of a degenerate global z¿-times integrated semigroup.

5



Firstly, we prove the equivalence between the well-posedness of the degenerate

Cauchy problem in the sense of distributions of exponential growth and the ex-

istence of a degenerate distribution semigroup of exponential growth, generated by

the part of a single-valued branch of the multi-valued operator B'1A. Secondly, we

show that the existence of such distribution semigroup is equivalent to the existence

of a degenerate global r¿-times integrated semigroup'

In Chapter 4we investigate several types of solutions of the inhomogeneous prob-

lem (1.a) in a Banach space X. This problem was considered by many authors, e.g'

[1, 6, 8, 13, 15, 19,24,27,28,31, 37, 59]. It turns out that, to obtain a unique

continuously differentiable solution tr+ u(t), which has values in the domain D(A),

one needs to require strong conditions on the operator A, on the initial value r €. X

and on the smoothness of t r+ tþ(t)'

For example, in addition to the Hille-Yosida condition on the operator A, Arendt,

[1], needs to impose the condition that the function ú r-+T/(t) is twice continuously

differentiable and Ar * /(0) is in the closure of the domain A, to obtain a unique

solution for an initial value r € D(A). To prove a similar result, Kellerman and

Hieber, [28], assume some kind of smoothness of ú + þ(t) . Da Prato and Sinestrari,

[15], require that t è 1þ(t) has to be in some Sobolev space, in order to obtain a

unique solution for an initial value r e D(A). In [19, 24, 37] a similar result is

proved under the assumption of either continuity of ú r+ r/(ú) with ,þ(t) e D(A) for

all ú ) 0 and continuity of ú r+ Arþ(t) or of continuous differentiability of t r+ þ(t).

If we want to relax these assumptions, we obtain solutions in a generalized sense.

Ball, [6], considered a continuous solution t + u(t) involving the dual space X* of.

X, where the mapping ú r+ ("(t),u) is absolutely continuous for all u € X* and

satisfies, for almost all f e [0, -), the equation

d

dt
(u(t),u) : (u(t), A*r) + (tþ(t),u)

for all u e D(A), where ,4* is the adjoint operator of ,4.. Such a solution is called

a weak solution and can be obtained for any initial value r € X and any integrable

inhomogene\try t r+ rþ(t).
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Another type of generalized solution is the continuous solution of the integrated

problem, see [37,5g]. It is proved in [37] that the solution of the integrated problem

1,,
u(t)--rtA u(s)ds + tþ(s)ds

is equivalent to the weak solution defined in [6]. Thieme, [59], showed that, in order

to obtain solutions of the twice integrated problem

1,,

u(t) : tr -f A u(s)ds * (t - s)þ(s)ds

for the integrable function t è ú(t), the operator .4 necessarily is the generator of

a once integrated semigrouP.

More general solutions of the inhomogeneous problem were investigated by Cio-

ranescu and Lumer, [13]. They described continuous solutions of the K-generalized

problem
d

är(r) 
: Au(t) + K(t)r + (K *'þ)(t)

for commuting operator-valued kernels K. For this purpose they required that A is

the generator of a lf-convoluted semigroup, (see [12])'

Following the idea of Thieme, [59], we investigate the uniqueness of the n-times

integrated solution of the inhomogeneous problem for the case that the operator

A generates an n-times integrated semigroup. We prove that, for this case, there

exists a unique n-integrated solution of the inhomogeneous problem (1.a). For such

operators A we obtain solutions of the original problem for initial values from a

smaller subset of X under a smoothness condition on t è 1þ(t).

Next we study weak solutions of rz integrated problems. Under the same assumption

on A, we obtain the unique solvability of the weak n-integrated problem. We also

show that any n-integrated solution is an (n - 1)-weak integrated solution.

Finally, for the case when ,4 generates a K-convoluted semigroup, we discuss the

K-generalized solution of the inhomogeneous problem. We give conditions which

guarantee the existence of the K-generalized solution. We obtain results on the

solution of the original problem on a subset of X.
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In Chapter 5, we consider the stochastic differential equation (1.5) in a separable

Hilbert space .F1. The problem \ryâs considered in [14, 16]' In [16], Da Prato and

Zabczyk investigated strong and weak solutions of the problem. Assuming that A

is the generator of a strongly continuous semigroup, B is a bounded operator and

S(t)BB.S-(t) is of trace class for all ú ì 0, where S(f) is the strongly continuous

semigroup generated by A, they proved the existence of a continuous version of a

weak solution.

Using the results of the previous chapter, we investigate the n-integrated solution

and the weak n-integrated solution of the stochastic differential equation (1.5).

Under the condition that A generates an n-times integrated semigroup, assuming

that B is bounded, V(t)BB-V.(t) is of trace class and the stochastic convolution

belongs to D(A) we prove that the problem (1.5) has a 2n-integrated solution with

a continuous version. Dropping the assumption that the stochastic convolution

is in D(,4), we show that the problem has a weak 2n-integrated solution with a

continuous version.

Finally, we use the quasi-reversibility method introduced by Lattes and Lions [34],

for studying an ill-posed problem (1.5) in a separable Hilbert space fl, with un-

observable initial condition { and the operator A belonging to the class ?/i of self

adjoint operators on Hilbert space fI, generating basis {e¿} for .F/, corresponding to

eigenvalues {À¡} such that -oo < Àr ( )z < ' ' ', and lim,,-; Àn -+ +oo'

It is known that if Ae ?t[, then the Cauchy problem (1'1) is, in general, not well-

posed, and the semigroup {U(t):ú e [0,oo)] generated by A consists of unbounded

Iinear operators. It was proved in [26] that, if A e 17[ then for any € ) 0, the

Cauchy problem

u'(t) -- (A - eA2)u(ú), z(0) : u6

is well-posed D(42) and (A - ,A') generates a strongly continuous semigroup

{U,(t) e L(H):ú e [0,oo)].

Given an //-valued observable random variable rl, wQ consider the conditional ex-

pectation nl€lnl, the optimal (in the mean-square sense) estimator of ( in terms of

8



r, such that E(l( - n!lrùl') < ô

Assuming that there exists a solution of (1.5) for the initial value {, we approximate

the solution at time t : T by solutions of the problem

dx(t) : (A - eA2)X(t)dt + BdW(ú), x(0) : {¡, (1.7)

on certain correctness classes. Thus we regularize the original problem by perturbing

both the operator and the initial condition.
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Chapter 2

Cauchy Problems for Inclusions

In this chapter we consider the following degenerate abstract Cauchy problems

Bu'(t) -- Au(t), ú ) o, u(o) -- r, (2 1)

and
t'l

rt{ar{t)) 
: Au(t), ¿ > o, Bu(o) : a, (2 2)

in a complex Banach space X, where A: D(A) c X -+ X is a closed iinear operator

and linear operator B e L(X) has a non-trivial kernel. Both problems can be

written in the form of a Cauchy problem for inclusion

u'(t) e Au(t), t> o, u(o) : r, (2.3)

by setting A: B-rA for the problem (2'1), and "4 -- AB-r, u(t) : Bu(t) for the

problem (2.2) Classical solutions of these problems are continuously differentiable

functions t r+ u(t) with values in the domain D(A) of A, such that the differential

equations are fulfilled for all times ú > 0'

It can be easily shown that each of the two degenerate abstract Cauchy problems is

equivalent to the corresponding inclusion problem in the sense that solutions of one

problem are - or are easily transformed to - solutions of the other problem.

The main aim of this chapter is to discuss the (n, ø)-well-posedness of the degen-

erate problems with the help of the n-times integrated semigroup generated by a
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multi-valued operator. First, we study problem (2.3) Later, the results obtained

for this problem are transformed to corresponding statements for the original de-

generate problems (2.1) and (22)

Hence we divide the chapter into two sections. In the first section we recall some

properties of multi-valued linear operators. In the second section, we give necessary

and sufficient conditions for the (n,ø)-well-posedness of the degenerate Cauchy

problems. For the non-degenerate case, that is for a single-valued ,4, the (n,r)-

well-posedness on D(A+r¡ of the problem (2.3) is characterized by the Miyadera-

Feller-Phillips-Hille-Yosida (MFPHY) type condition

I dk (^- A)-t | . Mkt.
ll no ¡" ll > 

¡Rul _ ,,,¡r+t'

given that D(A) - X. In this thesis we show that for multi-valued operators '4,

the well-posedness on D(A+l) implies the weaker estimate

Idk (^-A)-r, . Mkt
tr ¿¡* )n+r rr - lRe) _ ulk+t'

The former (MFPHY) typ. condition implies (n, c.u)-well-posedness only on a smaller

subspace of. D(An+r). To obtain a characterization of the (n,,ø)-well-posedness, we

need the assumption that a certain decomposition of the state space X is valid, see

Theorem 2.33.

2.I Multi-Valued Linear Operators

In this section, we collect some elementary properties of multi valued linear oper-

ators in Banach spaces, as found in the monograph [23]. Let F and G be subsets

of the complex Banach space X and ) e C. We define the addition and scalar

multiplication of subsets of X as usual by

F+G,:{f-lgtreF,geG},

À¡.::{Àf:feF}

11



Definition 2.L A map A:'X ) 2x is calleil, a multi-ualued linear operator on X,

il D(A) ,: {u € X : Au # Ø} i,s a linear mani,fold i'n X and for anv À,p, € C,

u,u € D(A) holds

ÀAu * pAu c A(Àu + pu) (2 4)

In particular, for À: þ: 0 we have 0 e A0. From this and the fact that D("4) is a

linear manifold in X, we conclude that D(A) is a linear subspace of X. We denote

by M(X) the set of all multi-valued linear operators on X'

Multi-valued linear operators have the same linearity properties as single-valued

linear operators, except that homogeneity is only given for scalars not equal to zero.

Proposition2.2 Let A € M(X). Then for alt u,t) € D(A) and all À e A\{O}

holds:

(i) Au * Au : A(u * u),

(i,i,) ÀAu : A(\u).

Proof. From (2.4) we obtain

(t) A(u+,) - Au c A(u+u-u): Au, which gives "4(z+o) c Au+Au'

(ii) "a(Àu) 
: À(À-1"4(\u)) c ÀAu'

For the representation of multi-valued operators lve have the following result.

Proposition 2.3 Let A e M(X), then A0 i,s a linear subspace of X and for any

u e D(A), I e Au we haue Au -- I + .1r0.

Proof. By Proposition 2.2 we have A0 + A0 : "40 and ÀA0 : "40. Hence .40 is a

linear subspace. Now let u e D(A) and / € Au, then

f+A0CAu+A0:Au

Onthe other hand, for anY g e Au we have g- I € Au-Au:y'.:]' Hence

s--f+Ø-f)ef+Ao

t2



Thus g € Au implies g e I + A0. It means Au c I + AO. Therefore the equality

Au: I + A0 holds. I

In contrast to single-valued operators, multi-valued operators always have an in-

verse, which is in general multi-valued.

Definition 2.4 Let A e M(X). We call the operator A-r the inuerse of the oper-

ator A, i,f

D(A-t):: ran(- ) :: U Au and A-L I ,: {u e D(A) : f e Au} '

ueD(A)

Proposition2.s A-\ e M(X) i'Í A€ M(X).

proof. If ue A-rf andu eA-rg then/ e Au andg €Au, so/*g€A(u+

u). Hence (u+u) e A-t(l + g). similarly, u e A-rr implies À/ e "4(Àu) and

Àu e A-t (l/). Hence ÀA-tl c A-L(^Í). Therefore A-r is a multi-valued linear

operator, I

Some standard operations also can be defined for multi-valued operators.

Definitio n 2.6 Let U be a single-ualued linear operator in X and A e M(X). We

defi,ne the sum and the composi't'ion as follows'

D(A+u) : D(A)ÀD(U),

(A + u)u

D(AU)

AUu

{ueD(U):UueD(A)},
A(Uu) for u€D(AU),

D(uA)

UAu :
{u e D(A) : AuÀ D(u) + Ø},

{Uu:ue AutD(U)} for ueD(UA)

Theorem 2.7 The operators A+U, AU andUA defined aboue are multi-ualued

li,near operators.

13



In particular, the operators (l -.4), B-LA and AB-r are multi-valued linear op-

erators. The following definition of the resolvent for multi-valued operators is of

significance.

Definition 2.8 The set p(A) :: {À e C : (À - A)-t e L(X)} is called the resoluent

set of the li,near multi-ualued, operator A andR(À) :: (À-¿¡-t i,s called the resoluent

ol A.

It turns out that the resolvent defined in this way enjoys similar properties as in the

single-valued case.

Theorem 2.9 For any A e M(X) the resoluent set p(A) i's an open subset of C'

The map I r+ A(À) : (À - A)-t e L(X) i,s holomorphi,c on p(A)'

Theorem 2.LO For any A e M(X) and À e p(A) holds the followi,ng

(t - "4)-' c )(À - A)-' - I c A(^ - A)-l

In parti,cular, (À- A)-t"¿" i,s single-ualued on D(A) and

Ø - A)-tAu -- (^ - A)-'f

foranyfeAu.

In general , A0 C X can be any subspace of X. For multi valued operators with

non-empty resolvent set it is necessarily a closed subspace, since it is the kernel of

a bounded linear operator.

proposition 2.11 (Resolvent Identity) For any A e M(X) and À, ¡t' e p(A)

the following i,denti,tE holds:

,?(À) - n0') -- -() - p')R(x)R(P')'

Proposition2.L2 Let A e M(X) and p(A) I Ø. Then for any À e p(A) holds

A0 -- ker(À - A)-'.

14



Proof.Letf€ker(À-'4)-1,i'e'(À-"4)-tf:}'whichisequivalentto/€
() - "4)0 

: A0. r

AIso, the notion of closedness can be carried through to multi-valued operators.

Definition 2.L3 We say that an operator A e M(X) is closed i,f for any sequences

{u¡} c D(A) and, f¡ € Au¡ wi'th

]\ui: u, ]\fi: f

wehaueueD(A)andfeAu.

An example of a closed linear multi-valued operator is the operator B-r A for the

case that A is closed and B is bounded with non-trivial kernel.

Lemma 2.14 Let A : D(A) C X -+ X be closed and B : X -+ X be bounded wi'th

kerB I {0). Then B-LA: D(B-IA) -+ X is a closed multi-ualued operator.

Proof. Let r¡ € D(B-IA) with rj ) r in X. Let y¡ e B-rAr¡ with 3r¡ -+ g in X'

By the boundedness of B we have

BA¡ + By in X.

Obviously BAj: Ar¡. By the closedness of A we conclude r € D(A) and Ar: BA'

Thus r e D(B-rA) and y € B-rAr. This means hhat B-rA is closed and multi-

valued since kerB + {0}. r

Next, we define powers of a multi-valued linear operator'

Definitio n 2.I5 Let A € M(X) ønd n € NL We def,ne A0 :: Idy, the i,dentzty on

X, and the nth pouer of A i,nductiuely by

D(A") ,: {, e D(A"-\: there is a g e A"-rr with 9' e D(A)),

and

Anr:-- U Aa forr€D(A).
ae An-1xa,D("A)
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We will write shortly

Ann: U Aa,
g€"4ñ-rt

since we can set AA,-- Ø for elements g e X - D(A)'

Using the induction principle we show that the nth power of a multi-valued operator

indeed is a multi-valued operator.

Lemma 2.L6 A e M(X) for Ae M(X)

proof. We prove this using the induction principle. The hypothesis holds fot n: L.

suppose that it holds for n- 1, that \s A"-r Ç M(X). By the supposition we have

lhal D(A-r) is a linear manifold and for u,u € D(Æ-') holds

ÀA"-Lu* ¡tA";ru c A"-r(Àu+ P,u).

We show that the hypothesis is true f.or n. First we show that D(A") is a linear

manifold. Let u,u e D(A"). Then there exist u' e A-ru with u' e D("4) and

u, € An-ru with u' e D(A). Since D(A) is linear manifold andu',u' e D(A),we

have u,+u' € D(A) and Àu' e D(A). Moreover, by supposition that A"-1 e M(X)

and using Proposition2.2, we have

1.t'+t)'€.A"-ru]_A"-ru_ A"-r(u+u) and Àu' e ÀA-Lu: A'-r'u,, 
^+0.

Hence there exist (z' + u') e ¡n-t (u* u) with (u' + u') e D(A) and Àu' e A-|(^u)

with Àu € D(A). Therefore (z * u),Àu e. D(A). Thus D(A) is a linear manifold'

It remains to show that

ÀA"u* p,A"u C A"(Àu+ t'Lu)

f.or u,u e D(A"). Let' u,u e D(A), then

uteAn-Lu Dt€An-Ia

ut€An-|u at€An-tu

ÀA"u * ¡tA"u

16



tt ÀAu,+p,Au,tJ
ut eAn-Lurut eAn-lu

c U A(\u'+t'u')
u'e An-luru'eAn-lu

ll A(Àu'+pu')\J
(\ut + ¡t ut ) € An - t (\u-l Fu)

: A(Àu+ pu).

Hence A" e M(X)

2.2 (n, ø)-Well-Posedness of Cauchy Problem for

Inclusions

In this section we discuss the (n, c..,)-well-posedness of the Cauchy problem for in-

clusion (2.3) In particular for the case that the multi-valued operator 
"4' 

generates

a degenerate r¿-times integrated semigroup. Before we give the notion of a solution

for the inclusion.

Definition 2.t7 A functi,on u e cr ([0, -);x) n c ([0,oo);D("a)) i's called a so-

luti,on of the cauchy problem (2.3), i,f u(0): r and, if it sati,sfi,es the di,fferenti'al

i,nclusion of (2 3) for all ¿ > 0.

The (n, ø)-well-posedness means that solutions gro\ry exponentially with respect to

time and can be estimated by some norm of the initial values.

Definition 2.18 The Cauchy problem (2.3) ß called (r,r)-well-posed on a subset

E C D(A"), il for any r e E there erists a unique soluti,on u('), such that for all

^ 
e p(A) there i,s a C ) 0 wi'th

ll"(¿)ll ( C exp (øt)llzll", llrll' ,: int{llEll : R"(À)v : ,)'

Later, in Lemma 2.27,we will show that R"(À)X: D(A). In fact, ll 'll" defines a

norm on D("Af).
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Lemma 2.19 The maP

ll .ll"' D(A") -+ lR,

r r+ lløll, ': inf{llYll : R"(À)Y: r}

d,efines a norrn in D(A").

Proof. It is obvious that ll"ll" 2 0 for all r e D(A"). First we show that llrll" : O

if and only if r :0'

ll"ll' : o <+ inf{llell : R"(À)Y: r} : o

<+ z: rR"(À)Q

<+ r :0.

Next we show the homogeneity of the map. For p : 0 is clear from above. For

p, + 0, we can calculate

llttrll" : inf{llsll : R"(À)s: t-L:x}

: inf{llpzll : R"(\)z = r}
: lpl ' ll"ll"

Finally, we show that the triangle inequality also holds for the map.

llr, + rrll : inf{llsll : R"(À)Y : rt I rz}

: ll"'ll" + ll"rll".

T

Remark 2.2O For a single-ualued li,near operator A, the ll'lli-norm defined by

llrlli :: ll"ll + ll/"ll + '''+ llA"rll

is equi,ualent to the ll'll"-norm defined i,n Def'nition 2'18'

18



Proof. If "4 is a single-valued operator, then

ll"ll" : ll(À - A)rll

ilr" - (î)^"-'r, * + (-1)o sn-k¡k, + ...+ A"rll

lÀ"-*l llAo "ll+ 
.' . + ll.A"ll

(;)

(;)

I É (ll"ll + ll"aøll + "'+ ll/"'ll)
+

for

þ : max{f 
^"f 

, (î) lr'-'l ,. . . ,(,7, lÀl)

Hence ll"ll, < pllrll; for some p > 0. on the other hand, since R(À) : (À - "4)-l

is a bounded operator, we have

ll"ll : lln"(À) (À - A)rll < ll,?"())ll' ll(À - A)"ll < c"llQ - A)rll,

where Cn-- llR(À)11". Moreover we have

Similarly,

llAorll 3Krll(À- A)"ll

for k :2,3,. .. , rz. We take

K : max{Cn, Kt, K2,. . ., Kn},

then

ll"ll + llA"ll+llA'zrll+ "'+ llA""ll < (n+ 1)1{ll(À - A)rll

Therefore ll"llå < oll"ll" for a : (n+I)K > 0. Thus ll ' ll" and ll ' lli are equivalent

The n-times integrated semigroups together with their generators defined below

play a key role in our analYsis.
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Definitio n 2.21 A one-parameter famity of bounded li'near operators {V (t) e L(X)

¿ € [0, oo)] is called an n-ti,mes integrated semigroup, if

(i,) V (0) : 0 and for all s, f e [0, æ) holds

v (t)v (s): #ln "{" 
(,' - ,)-'v (t + r) - (¿ + s - r)n-|v (r)) d'r'

(ii) t r+ V(t) i,s strongly continuous, 'i.e. for any r e X the map t r+ V(t)r is

cont'inuous on [0, oo).

(ä,i,) An n-ti,mes i,ntegrated semigroup is called erponentially bounded i,f, there eri,st

C > 0 and, u € lR. szcñ, that for all t e [0, -) holds

ll Y (r) ll < c exP (øú) .

(iu) We say the subspace

N: {r e X:V(t)r:0 for all ú e [0,-)]

is the d,egeneration space of the n-times integrated semi,group {v(t) e L(x) : t e

[0,-)]. An n-times i,ntegrated, semigroup i,s called degenerate xÍ N + {0}, and

non-degenerate otherwise.

Definition 2.22 An operator A e M(X) is called the generator of the n-ti'mes

i.ntegrated semi,group {v(t) e L(X):ú € [0,oo)], ,/ i,t sati,sfies the relati,on

roo
(À - A)-t r : Jo 

À" exp (- 
^t)V 

(t)rdt (2 5)

foratl)e C withP'eÀ)u andallre X.

There is an equivalent characterization of a generator of rz-times integrated semi-

groups (see [b9]). We choose the one above, since here we are interested in the

exponentially bounded r¿-times integrated semigroups. The exponential bounded-

ness implies the existence of the Laplace transform'

In the following lemma, we show that if "4 generates an r¿-times integrated semi-

group, i.e. (2.5) is satisfied, then l/ : ker(À - A)-t. On the other hand, we have
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shown in Proposition2.I2 that ker(À - A)-t : A0' Hence the degeneration space

lú : ,40. This means that any degenerate r¿-times integrated semigroup has a

multi-valued generator, and conversely if a multi-valued operator is the generator

of a semigroup, then the semigroup is degenerate.

Lemma 2.28 Let A e M(X) be the generator of the erponenti,ally boundedn-ti'mes

i,ntegrated semigroup {V(t) e L(X): ú I 0}. Then

ker(À-l)-t:¡ú

for all À e C wi,thReÀ> u

Proof. The inclusion lr/ C ker(À-, )-t it obvious' We will show that ker(À-" )-r C

l/. To this end we define for r € ker() - A)-'the map

F:(max(O,ø),æ) ->

Àr+ exp(-lú)V (t)rdt.

X,

I,*
Obviously F()) :0 for all ) e (max(0,ø),oo). Hence, for all k e N we obtain

¿tc

*F()) : o

for all À e (max(O,ø), oo). Calculating the derivatives we obtain

[* ç-t¡u "*p(-Àt) 
v(t )rd,t : o

lo \ /

for all k e N. Hence,

[* ,çr¡"*p(-Àt)v(t)rd"t : o
Jo

for all real polynomials t è P(t). Accordingly, for any r* € X* the equation

[* ,(t)(v (t)r,ø.)exp(-À t)d't : o
Jo

is valid, in particular for any Laguerre polynomial P(Ú). On the other hand,

the Laguerre polynomials form a complete orthogonal system of the Hilbert space

L"((O,O");C) equipped with the measure exp(-lú)dú, see [56]. The map ú r+

(V(t)r,r*) is an element of this Hilbert space, for À > 0large enough' Hence,

\V(t)r,Ø*) : 0
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for all ú > 0 and all r* e X*. We conclude that V(t)r : 0 for all ú I 0, which

implies r € N. I

Remark 2.24 The generator of the degenerate n-ti,mes i'ntegrated semi,group de-

f,ned, in Defini,ti'on 2.22 i,s uni,quely determined.

Proof. Suppose there are two multi-valued operators ,4r arrd Az satisfying the

relation (2.5), then we have

(À - .Ar)-1r -- (^ - Ar)-'r, r € X (2 6)

Letr e D(A), consequentlyø € D(^-,41), i.e. ø e ran(l -At)-t' By (2'6),

r € ran() - Ar)-r. Hence r € D(^- A2), i.e. r e D(Az). This shows that

D(A) ç D(Az).Using the same argument, we obtain D(Az) ç D(Aù. Therefore

D(A) -- D(Az).Now let Ap * Azr for r e D(At): D(Az)'Then

(À-At)rlQ-Az)r

Applying (À - .ar)-l and using equation (2.6) we obtain r I r which is a con-

tradiction. Thus A1r : Azr for all r € D(Aù -- D(Az). Therefore At : Ar'

T

In [f], Theorem 3.1, it is shown, for a single-valued operator A,that

I,*(À - "4)-1 
: À" exp (-^r)V (t)dt

is the resolvent if and only if V(t)V(s) satisfies property (i) of Definition 2.21.

Since the resolvent identity also holds for multi-valued operators (see Proposition

2.ll), the proof of these statements can be immediately adapted to multi-valued

operators ,4. Similarly, Theorem 4.1 in [1], which is proven for non-degenerate

n-times integrated semigroups, also holds for degenerate ones.

Accordingly, we can formulate the following theorem, which was originally stated in

[1], Theorem 4.L, for single-valued operators "4.
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Theorem 2.25 Letn € N, ø € lR and M > 0. A li,near operator A i's the generator

of an (rz+ 1) -ti,mes i,ntegrated semigroup {V(t) € L(X):ú € [0, æ)] satisfying

lim sup lllut, + h.) - v(¿)ll < M exp (at), ¿ > 0,
l¿-+0+ n

i,f and, onty i,f there eri'sts a ) max{ø, 0} such that (a,oo) c p(A) and

lr dft ,R()) Mlrt.
ttdN 

^, 
ll < 6fu ' k:0'r'2'"'' ) € c withRel >ø'

The following proposition describes the relation between the n-times integrated

semigroup and its generator for multi-valued operators. It generalizes the corre-

sponding properties of single-valued generators of rz-times integrated semigroups,

as in [51], Lemrna 5.1, or in [1], Proposition 3.3'

Proposition 2.26 Let A e M(X) be the generator of the degenerate n-times i,n-

tegrated, semigroup {V (t) € L(X) : , e [0, æ)]. Then

(i) For atl r e D(A) we haueV(t)r e D(A) andV(t)Ar e AV(t)r'

(ä,) For aII r € D(A) holds

1,,

(iä,) For all r € X we haue

V(t)r -- r* V(s)Ards
tn

nl.

v(t)r r\, * o 
Ir' 

v(s)rd's

proof. (i) BV the definition of the generator of the r¿-times integrated semigroup

{V(t) € L(X):ú e [0,oo)], for all r € X and 
^e 

p(A) we have

I,* exp (- p,t)V (t)r?())r ¡1,-" R(p,)R(À)r

p,-" R(À)R(¡t)r
fØ

J, exp (-pú).R (À)v (t)rdt.

The uniqueness of the Laplace transform implies that

v(t)R(À)r: R(^)v(t)r
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Now let r e D(A), substitute A : (^ - A)" to (2'7), we obtain

v(t)r: R(À)V(t)(À - "a)ø

Applying () - .A) to this equation, we have

(^ - A)v (t)r : (À - "4)n(À)v(¿) (À - A)r ) v (t)(À - A)r

Hence V(t)r € D(A) andV(t)Ar e AV(t)r

(ii) For all r e D(A), we have

Io* ^"*texp 
(-Ài)\.rd,t : r :R(À)(À - A)*

I,*
: I,*

: I,*

l,*

À"+l exp (-Àt)V(t)rdt -

l"+l exp (-Àt)V(t)rdt -

I,* ¡n*1

I,*(À -.4) À" exp (-\t)V(t)rdt

À" exp (-)ú)Y(¿)Ardt

1,,
À"+1exp (-À¿) V (s)Ardsdt,

I,*

I,*
and uniqueness of the Laplace transform implies

tn ft
V(t)r : "-,r + 

JoV(ùArds, 
r e D(A)

(iii) For all r € X, using r € (À - A)R(À)r, we obtain

exp Àt)\rd,t : r € (À -,a),R(À)z

l'+1 exp (-Àt)v (t)rdt - A 
Io* ^"exp 

(-Àú)v (t)rdt

À'+l exp (-^r)v(t)ro, - I, À'+1exp (-^t)A 
lo' 

,lùroro,

v(t)r r\r*o Irvþ)rd's, 
r € X.

Thus

The following lemma describes the range of the powers of the resolvent. It is of

particular importance for the definition of the (n, ø)-well-posedness above, where

the norm ll . ll, only is defined for elements in the range of -R"(À)'
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Lemma 2.27 For A e M(X) and, ), e p(A) we haue D(Ao) : Rk(^)X' In

parti,cular.Rfr(À)X d,oes not depend on the choice of À e p(A).

Proof. Let r e D(Ak). It follows that r e D(Ai) for all i : k- Consequently,

(\- A)kr is a non-empty set. Let g € (À - A)or.Then we have

noØ)v: Rk()) (À - A)kr : r'

Hence r e Rk(^)X. Therefore D(Ao) ç Rk(À)X On the other hand, let r e

Rk(^)X, i.e. r : nk())A for some A € X. Equivalently we obtain

s € () - Alknkçs)s: (l - A)r*'

Therefore, (À - A)kr is not empty and ø € D((À - A)u). Hence r e D(Ak).

Therefore Rk(^)X ç D(Ao). This completes the proof of D(Ak): Rft(À)X.

Next, using the induction principle, we show that ne())X is independent of the

choice of À e p(A).Let r €,R())X, \.e r: n(À)g for some A € X.Consequently,

we have

y € (À - A)": (À+ tt- tL-A)r: (À+ ù+fu-A)"

for some p,e p(A). Thus (¡; -.4) contains 3r + (p- À)r : z € x. Equivalently

r : R(tL.)z for some z € X. Hence r e R(p')X.

Suppose that for arry ï e H(^)X, r e H(p')X fot ¡-t' € p(A) and i > L'

Now let r € H+t ())X We can write r as

H*t (^)a, for a € X

n(À)a, (.r)s

R(À)2, for z€H(^)X

From the supposition above r € H(p,)X for p € p(A). Thus r: R(À)z for

z e Ri (p)X, i.e. z € (À - "4)r. trquivalently,

z € (À - p,-r t, - A)r -- (t, - A)r + (^ - t')"

x)
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Since r e H+I(À)X, r e R!(l)X and hence r e. H (¡r)X from the supposition.

Thus (À - p,)r e Rl(p,)x. Therefore (p-A)r contains z- (^- tt)":u€ H(p)X.

conclusively r € H*t(p)X for ¡t € p(A).This shows that nk(À)x does not depend

on the choice of À e p(A). r

The following theorem is a main step towards a characterization of. (n,ø)-well-

posedness. It shows that a (MFPHY) type condition is necessary for it. From the

(n., c.u)-well-posedness of the Cauchy problem (2'3) on D(A"*'), rvl/e can construct an

exponentailly bounded (n+1)-times integrated semigroup from which the (MFPHY)

type condition is obtained.

Theorem 2.28 Let A be a closed, linear multi,-ualued operator in X. Suppose that

p(A) + Ø. Il the Cauchy problem (2.3) i,s (n,r)-well-posed on E : D(A"+t), then

the conditi,on

d,o (^ - A)-'
d^k ln+1

lç:0,7,,2, )e C with ReÀ>ø

(2.8)

holds for some M > 0.

proof. Let ú ¡+ u(ú) be the unique solution of (2.3) with respect to the initial data

r e D(A"+t). By the definition of the (n,ø)-well-posedness of (2.3), it satisfies the

estimate

il

ll"(r)ll ( Cexp (øt)llrll" (2 e)

we introduce a solution operator t/(ú) on D(A"+t¡by u(t)r::u(t). Due to (2'9)

\rye can extend U(t) to the space Dn+L, the closure of D(A"+l) endowed with the

ll . ll,-norm. Ãs U(t)r: u(t) is a solution of (2'3) we have

U'(t)r e AU(t)r : ÀU(t)r - (À - A)U(t)r. (2.10)

Now we show that R(À)U(t)r and U(ú),R())r are solutions of the problem (2.3) with

initialvalueR(À)r,reD(A")'Leta:R(À)reD(A"+t)forr€D(A")'Then
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by rhe well-posedness of (2.3) we have U'(ú),R())r € AU(t)R(À)ø. So U(ú)R(À)r is

a solution of the Cauchy problem satisfying the estimate

llu(¿)R(À) "ll 
< c exp (øú)llB())zll". (2'11)

Since

{a e X 
" 

R",-7(À)v : r} Ç {a € X : R"(\a: R(À)r}'

we have

llrR(À)rll" : inf{llEll : R"())v: n())r}

So the estimate in (2.11) becomes

ll u(t)R()) "ll 
< C exp (cuú) ll"ll"-'.

On the other hand, noting that ,R())"4 is a single-valued operator on D("4) (see

Theorem 2.10), and applying n(À) to (2.10), we obtain

R(\)U'(t)r: R(À)AU(t)r: ÀB(À)U(¿)r -U(t)r, r e D(A"+t), (2'L2)

and since U(t)r € D(A), we have

u(t)r: A(À) (^ - A)u(t)r e (À - "4)n(\u(t)r'

Hence

R(^) AU (t) r e AR(À)u (t) r

Therefore

R(À)U'(t)r: (R(À)t/(t)")' e AR(À)U(t)r and R())U(0)r: R())r'

Thus .R(À)U(t)r is a solution of the inclusion problem (2.3) with respect to the

initial value R(À)r € D(A"+I). The equality R(À)U(t)r : U(t)R(^)ø follows from

the uniqueness of the solution. By integrating we obtain from equation (2.12)

lfi(À)U(s)rds -1,, I,'R(À)u(t)r - R())r:
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Writing U{t)r,: # (lþ)rds for ø € D(A"*t), we have

I,'

1,,

U{t)r: -,?(À)U(t)r + n(l)z + À r?(À)U(s)rds

Define Ur on DÇa") bY

¡t
(J1(t)r :-- -U(t)R(À)r + n(À)r * 

^ J, 
u(s),R(À)rds'

Applying r?(À) to both sides of this equation, we have

¡t
n())u, (t)r : -R(^)u(t),q(À)r + R(À)n(À)r + )n()) 

J, 
u(ùo(À)rds.

using rhe commurativity of n(À) and u(Ú) we obtain R(À)ult)r : ur(t)n(À)z'

Hence Ur(ú) is defined and commutes with n(À) in D(A) and satisfies the estimate

llu'(¿)"ll ( Cl exp (øt)llrll"-1'

By this estimate, U1(ú) can be extendedto Dn, the closure of D(A") endowed with

the ll . lln-r-norm. In general, for r e D(Æ+l-u) *t define

U ¡(t) r :-- -(J n _t(t) n (.1) R())z + À U¡-1(s)R(À)rds. (2.13)

Then we have

U¡(t)r : U¡a(s)rd,s, k:2,3,. .',tu, r € D(A"+z-x¡

and

u¡(t)r : - R(À)u*-t(t)r - hR(r)ø * 
^ Irn(À)uu-, 

(s)rd's

similarly, we have R(À)u*(t)r -- uk(t)R(À)r, r € D(A("+tl-k). Hence I/¡(ú) is

defined and commutes with rR(À) in D(¡("+r)-k) and is satisfying the estimate

llu¡(t)rll 3 Cntk-L exp (øl)ll"ll"-* ( C¡ exp (at)llrll"-¡

for any real number õ, which is large enough. Therefore, \rye can extend U¡(t) to

D6¡l-tc, the closure of D(A("+t)-k) endowed with the ll 'lln-r-norm. In particular,

Ç(t) is defined and commutes with R(À) on D(A). It is satisfying the estimate

llu"(t)rll ( Cexp (ø'f)llrll,
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and may be continued to D(A); U,+r(t) is defined and commutes with R(À) on the

whole space X and satisfies

llt4*'(¿)rll < C' exp (ø't)llrll

I,*

(2.r4)

Now we denote V(t)r::(Jn+t (t)r. We show that V(t) is the exponetially bounded

(n + 1)-times integrated semigroup with the generaLor A. From the definition of

V(t) : U,+r(t) : I:U^þ)ds we have V(0) : 0. The equation (2'13) implies that for

any r € X the map ú r+V(t)r is continuous for t ) 0, so property (ii) of Definition

2.21 holds. property (iii) of Definition 2.21 follows directly from (2.14). To show

that V(ú) satisfies property (i) of Definition 2.21it is sufficient to show that

A())ø: À'+1exp (-Àt)V(t)rdt (2.15)

for all À e c with ReÀ > c¿. Multiplying (2.13) by Àoexp(-Àú) f.or lc: r¿* l and

integrating the equation we get

[* 
^'*'exp(-Àú)U, 

¡1(t)rd,t: r?(l)r : [* À'+1exp (-Àt)V(t)rd't'
ro Jo

The above equation holds for all À from some open set where R()) exists by the

assumption. Since À r+ R(l) is holomorphic on p("4) (see Theorem 2'9) and the

map

^ 
- Io* 

À'exp (-Àt)v (t)rd,t

is defined and holomorphic in {À € C : ReÀ > ø}, the equation (2'15) can be

extended analytically to the half plane i) e C: ReÀ > u\' Therefore I,/(ú) is the

degenerate exponetially bounded (n + 1)-times integrated semigroup generated by

,4. Hence the estimate (2.8) follows by differentiating equation (2.15). r

From the proof above, we see thal U^(t) commutes with R(À) and is defined on

D@ Similarly, it can be shown that tJ,(t) forms a degenerate n-times integrated

semigroup with the generator A on D(Ð. Thus, on this set, R(À) : (À - "4)-1

satisfies the estimates

d* (^ _ A)-'
il d^k 

^n
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foran M>0 andø€lR.

In the following theorem, we show that if the (MFPHY) estimates hold then the

Cauchy problem (2.3) is (n, ø)-well-posed on a subset

Et : Rn+I (À)DC-) C E : D(A"*',) - P¿n*t (À)x

Notice that the power of the denominator in the left-hand side of the (MFPHY)

type condition is n, instead of (n * 1) in Theorem 2.28. In the single-valued case, a

power n is already sufficient for the (n, ø)-well-posedness on D("A"+i) in the case

when D(A) - X.

Theorem 2.2g Let A be a closed, Iinear multi-ualued operator on X. Suppose that

the condi,ti,on

d^k 
^n

hold,s for sorne M > 0 a,r¿d ø € R. Then the Cauchy problem for the inclusion (2.3)

i,s (n,u)-wett-posed on E1-- fln+t ())D("4)'

Proof. If the estimate (2.16) holds for some M > 0 and ¿.,.' € R, then, by Theorem

2.25, A is the generator of an (n + 1)-times integrated semigroup {V(t) e L(X) :

¿ € [0, oo)] with the ProPertY

1
0 (2.17)lim sup llY(ú + h) -v(t)ll < tw exp (øÍ),

h-+0*

d,o (^ _ A)_, Àe C with Reì>ø
(2.16)

k:0,7,2,

t
h

By property (ii) of Proposit'ion 2.26, for all r e D(A)

¡n-tt ft __.
v (t)r : Ë tX' * Jo 

v(s)Ards

and by property (iii) of the same proposition, for all r € X holds

tn+r ft
v(t)r t Ë'r*A Jov(s)ras'

r +V(t)Ar, V'(t)r.\, + AV(t)r,

Hence

v'(t)r : tn

nl
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Using the property (2.17) and closedness of Awe can extend the inclusion in (2.18)

øffi. Now we take r e D(A) such that Ar C D(A), i.e r € D(A').Then from

(2.18) we have
tn

nl
AV'(t)r : Ar'rAV(t)Ar, reD(A2),

v'(t)Ar ,#.o, +v(t)A2r. #o" + AV(t)Ar, r e D(Az)'

Therefore, V'(t)Ar e AV'(t)r for r e D(A') and also

+n-l tn-I
V"(t)r: 

Ø-r),r+V'(t)Ar, 
V"(t)r € G_or+AV'(t)r' 

(2'19)

Now we show that (2.19) also holds for r e R(^)D@ . Let A € D@, then

there exists a sequence an e D(A) such Lhat y¡, + A. Take r¡ : R(À)A*. Then

rk € R(^)D(..4) and

r* ) n(l)s : r € A(À)D(" )'

Moreover' 
Ar¡: AR(À)y¡: -(À - A)R(À)v¡ + À,R(À)9¡,

and the sets {-(À - " )R(À)gr} contain the points {-ao} which converges to -a
Therefore, -unt )R(À)E¡ e D(A) converges lo -a + ÀR(À)g e D(A). Hence,

V'(t)Ar¡ -+ V'(t)Ar,

as V'(t) is bounded (property (2.17)) ' Since

tn'r tn-I

@-1¡vrn- ln-t."
and I/"(ú) is closed, we have

v"(t)r: hr +v'(t)Ar' r e R(^)D(A)' (2'20)

From the inclusion in (2.19), the closedness of A, and the boundedness of V'(f), we

obtain 
tn-L

V"(t)r, 
'-'r+ 

AV'(t)r, r € R(^)D(A)'

Now take r e D(A) such that Ar c R(^)D@, i'e r e R2(^)D(A)' For such r

there exists v,,(t)Ar. Therefore, differentiating equation (2.20), we have

vts)(flr: #r +v"(t)A, , #r + Av"(t)r, r e RIc.)D(A)'
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We continue the process and obtain

V@+2)(t)r € ¡y("+t)(t)r, re R"+t(À)D]7),

y("+r)(0)z: r.

Therefore, yØ+t) (ú)r is asolution of the Cauchy problem (2.3) for any initialvalue

r €. Rn+l (À)D("4). Now we show that this solution is unique. Let E(ú) be another

solution of (2.3). Then we have

I exp (-Àt)E(t)at : , * 
Io* 

exp (-Àú)s'(t)dt

€ r * A,.{-.*o (Àt)y(t)dt,

u € () - A) I, exp (-)t)s(t)dt.

Apptying n()) to this inclusion, we obtain

I,*rR(l)r: exp (-)ú)s (t)dt,

I,*

or

hence,

I,*
Therefore, y(n+r)(t)r : g(ú). We have shown that, if there exists a ,k-times inte-

grated semigroup, then any solution of the Cauchy problem (2.3) coincides with the

k-th derivative of the integrated semigroup.

Similarly to [31] and,laz), from the existence of a unique solution we automatically

obtain the estimate of the solution. So, the Cauchy problem (2'3) is (n,ø)-well-

posed on R'*1())D("4). r

Now compare the obtained results with the results on the uniform well-posedness

of the Cauchy problem (2 3) Here, uniformly well-posed means (0, ø)-well-posed.

We cite a corresponding statement in [48].

Theorem 2.3O Let A be a closed li,near multi-ualued operator on X and let p(A) *
Ø. Let Xt:--D(A), and, Au:: AuÀ X1 where D(A) ,: {u €. X : Au I Ø}. Then

À"+1exp (-^t)V(t)rdt: exp (-lú)7Ø+t)(t)rdt: exp (-Àú)s(ú)dú
I,* I,*
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the followi,ng statements are equiualent:

(i) The Cauchg problem (2'3) i,s uniformlv wellposed on D(A)'

0ù D(Ã) : D(A), and, the operator .Ã, ¡,t a single-ualued and generator of a strongly

continuous semi,group {U(t) e L(X): ú I 0} on Xt'

(i,i,i,) The decompositi'on

x : xt o "40 (2.2I)

and (MFPHY) type condition

k :0,I,2,. ", À e C with Re) > c,.'

(2.22)

holds for a K > 0 and ør¿ ø € lR'

Inthi,scaseforanaÏeD(A),u(t):U(t)ristheuniquesoluti,onof(2.3)

The decomposition (2.2I) generalizes the property of the generator of a strongly

continuous semigroup to be densely defined to the degenerate case. From the theo-

rem above we have a projector P: U(0) : X -+ Xt: D(A) such that Xt: PX,

A0 -- kerP. Due to the decomposition (2.21), the estimale (2.22) obtained for

(À - "4)-t on x1 may be written as the estimate for (l - A)-'on x.

In our case, since we have not introduced a decomposition of X, the (MFPHY)

type estimates for 0+-1 obtained in Theorem 2.28 only holds on D("4)' On X

we obtained the estimates for $. On the other hand, similar to the property

that for all r € D(A), ÀR(À)r -+ ø, [31], in the case that '4 satisfies (2.16) with

n:0, we can prove the following proposition. It justifies a generalization of the

decomposition (2.21).

Proposition 2.31 Let A € M(X) sati,sfy (2.16), then for all r e D(A"+r) :

An+l(À)X holds

ÀR(À)r -+ r, as À + oo'

lffiø-A)-'|<ffi^,
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proof. Let r e D(A+r), then there exists A e X such that r : ()o - A)-("+t),

for some Ào € p("4) and

llt() - A)-'r- "ll : llÀ(t - /)-' ((Ào - A)-')"*', - ((^o -,1¡-')"+' ull

: llÀ(Ào - À)-'()-.,l)-'((ro - A)-')"E- Ào()o - À)-'((ro -¿;-')"+'ull

-+ 0, as À+oo

T

It follows ker r3(À) . D(A+r): {0} and ker Ë(À) n D(/"+t : {0}, i.e

ker,R(À) À R'+L(À)X : {0}

We just proved that the equality above is a consequence of the (MFPHY) type

condition (2.16). In the sequel we suppose more namely that the kernel and the

closure of the range of the resolvent porvl/er span the whole space. Here we will

assume that we have the decomposition

y : p"\-s¡x o ker Ê"+1(À) :D(Æ*\ o .4"+10, (2.23)

which generalizes (2.21) for the case of a degenerate rz-times integrated semigroup

Remark 2.32 It i,s shown in Lemma 2.27 that R+I(^)X does not depend on the

choice of À e p(A) Usi,ng the same technique, the same conclus'ion holds for

ker.R"+1(À). Therefore the decomposi,ti,on (2 23) does not depend on the choi,ce of

^ 
e p(A).

With the decomposition (2.23), \rye can state necessary and sufficient conditions for

the (n,,ø)-well-posedness of the Cauchy problem (2.3) on E : D(A"+')'

Theorem 2.33 Let A be a closed li,near multi,-ualued operator on X such that

p(A) + Ø and, let the decomposi.ti,on (2.23) hotd. Then the Cauchy problem (2'3)
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i,s (n,a)-well-posed on E : D(A*t) ¿/ and only if the conditi'on

do (^ _ A)-,
lc :0,!,2,. .. À e C with Rel > ø

(2.24)
d^k 

^n

il

holds for some M > 0 and u e R.

proof. suppose the cauchy problem (2.3) is (n,ø)-well-posed on,E : D(A"+').

LeL t ¡+ u(t) be the unique solution corresponding to the initial value r €. D ("4"*t).

Hence t.l(ú) satisfies the stability type estimate

ll"(¿)ll I cexp (øt)llrll". (2.25)

We define the corresponding solution operator I/(ú) by

U (t)r ::

Duetoestimate(2.25),U(t)canbeextendedtoD,,+tØ,40,whereDr,11isthe

closure of D (A"+1) endowed with the ll ' ll"-norm. For any r e Dn+t @ "40, similar

to the proof of Theorem 2.28, we have

(R(À)U (t) r)' : R(À)U' (t) r : Àfi (À) u (¿) r - U (t) r' (2.26)

It is shown in Theorem 2.28 that R(À)u (t)r : u (t) R(^)r , r e D (A) is the solution

of the problem (2.3) with the estimate

llÄ(À)Y(¿) rll < c exp (øú) ll"ll"-' (2.27)

Similarty, R(À)U(t)r : U(t)R(^)ø for aÍry xr e A0. The estimate (2.27) also holds

for r €,40. Thus R(À)U(t)r : U(t)R(^)r for any r e D (A+r) e ¿O and estimate

(2.27) holds. By integrating equation (2.26) we obtain

u(t), re.D("4"*t)

0, n€40.

1,,

1,,
Uy(t)r : -U(t)R(^)r + R(À)r + )

R(À)U(t)r - ,?())r : )'re(l)t/(s)rds - U (s)rds

Denoting Uy(t)r ,: Ï:Uþ)rd's we have
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and [ (ú) satisfying the estimate

llu'(¿)"ll ( Cl exp (øi)llrll"-1'

Hence U1(t) is defined on D (A")O"40. The commutativity of U(t) and r?(À) implies

u(t)R(^)r: R(À)uít)r

and by the estimate above, U1(ú) can be extended to the closure of D (A) endowed

with the ll . ll,_r-norm and also can be defined on A20. For k :2,3,. . .,tu, writing

u¡(t)r'.: -(J*-t(t)r?(À)r. årR(l)r 
* 

^ Iru¿-1(s)R( 
À)rd's,

we have

U¡(t)r

Hence U¡(t)r are defined for r € D (A"+;n) and exponentially bounded by norm

ll"ll,_r, it can be extended to D,,-.1-¡ and ,4k0. tfi(t) is defined and bounded on

D@ and -4'+10, hence on X. Now denote V(t) :: Un(t)r. Similar to the proof of

Theorem 2.28,it can be shown that IZ(t) is an n-times integrated semigroup with

generator A. It is degenerate on "40. Hence, it holds

-R(À)u*-,(t)ø + ffio,))ø + x 
lo' 

n{\uo-1(s)zds

t;,R(À)r: À'+1 exp (-ut)V (t)rdt

for all À e C with Re À > u. The estimate (2.24) follows by differentiating this

equation k-times.

Suppose that the estimate (2.24) holds. Then by Theorem2.29, the Cauchy prob-

Iem (2.3) is (n,ø)-well-posed on p"+r(À)D@) c D(A+r). BV the decomposition

(2.23),

D (A"*') - pn+t (À)x : A"+r (À)4"+1())X

On the other hand, we have

¿"+t 1¡;R"+LÀ!X c A"+1 (À)Dø,
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and hence D (A"+t¡ c Rn+t (À)Døt. So -R"+l(À)DG) : D (A+t). Therefore, the

Cauchy problem for the inclusion (2.3) is (n,ø)-well-posed on D(A"+r)' r

Bearing in mind Theorem 2.33, we now consider the abstract Cauchy problem (2.1).

Previously, we define the resolvent R(À) ,: () = A)-'' By this definition, with the

operator A: B-r A we have

n(À) : (>, - n-',t)-t : (n-'n (x - n-r.t))-' : (^B - A)-'B:: Rr(l).

By assuming that the resolvent set

píA,B):: {) e C:81(À) : (ÀB - A)-tn e L6)}

is not empty and that the decomposition

x : RT+t (l)x o ker Rf+ '(À) (2.28)

is valid. Theorem 2.33 leads to the following corollary

Corollary 2.34 Consid,er the Cauchy problem (2.1) with linear operator.s A and

B such that B-rA is closed,. Let p1(A,B) * Ø and the decomposi,tion (2.25) hold'

Then the cauchy problem (z.l) ls (n,r)-well-posed on R!+r(^)x ,f and only i,f the

condi,tion

,, dfr rRr()),,
il_-il
tt ¿¡k 

^n 
rr

holds for some M ) 0 andø € lR'

Similarly, for the abstract Cauchy problem (2.2),, we consider the resolvent Ê2())

for the multi-valued operator A: AB-r:

Ë(À) : (x- Án-t)-' : ((t - AB-') BB-')-1 : 11À.a -Ða-t¡-1 : B(ÀB-A)-1

Define Rr(À) :: B(ÀB - A)-'. Using the assumption of the non emptyness of the

corresponding resolvent set

pz(A,B):: {) e C:R2()) : B(ÀB - A)-'€ L(X))

lc :0,1,2, Àe C with ReÀ>ø (2.29)
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and assuming that X can be decomposed as follows,

x : RT+t (À)x e ker ,Rä'*t (À) (2.30)

we state the following result'

Corollary 2.36 Consid,er the Cauchy problem (2.2) with li,near operators A and

B such that AB-t i,s closed,. Let p2(A, B) + Ø and the decomposition (2.30) hold.

Then the cauchy problem (2.2) ß B - (r, u)-welt-posed, on Ri*t Q)x (that is, there

erists a solution u such that Bu is unique and n-stabl") ,f and only if the condition

ll#ry1tt6ffi, k:0,!,2,..., Àe c with Re)>ø (2'31)

holds for some M > 0 and u e R'
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Chapter 3

Degenerate Abstract CauchY

Problems

In this chapter, we reconsider the degenerate first order abstract Cauchy problem

(2.1):

Bu'(t) : Au(t), t ) 0, u(0) : 7

in a complex Banach space X, where A and B arc linear operators in X' As in the

previous chapter, we investigate the degenerate case that ker B + {0} and define

the resolvent

A'(À) :: ()B - A)-'a

and the resolvent set

h(A, B) :: {À e C : R1(À) ': (ÀB - A)-'n € L(X)}

Throughout the whole chapter, we assume that p1 (A, B) * Ø and that the space X

can be decomposed as

X : RT+t (À)X O kerr?i+ '(À) (3 1)

Recall that this decomposition does not depend on the choice of I e P\(A,B) (see

Remark 2.32).In order to simplify the notation, we shortly write

Xn+r '.: rBi+1(l)X and Kn+r ": ker 'Ri+l())
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Thus, the decomposition above can be written as

X : Xn+t@ Kn+t (3 2)

We investigate conditions for the well-posedness of the Cauchy problem (2.1). In

contrast to the previous chapter, in this chapter we do not investigate the inclusion

problem. Instead, we work with single-valued branches of the corresponding multi-

valued operator A :: B-r A. Furthermore, here we are interested in the well-

posedness in the sense of distributions of exponential growth. For this purpose, we

make use of the theory of degenerate distribution semigroups and relate them to

degenerate r¿-times integrated semigroups.

This chapter is divided into four sections. In Section 1 we discuss the algebraic

structure of the decomposition (3.2), and introduce the single-valued branch of the

multi-valued operator B-rA. In Section 2 we collect basic properties of distribu-

tion semigroups and their generators. In Section 3 we give necessary and sufficient

conditions for the well-posedness of the degenerate Cauchy problem (2.1) in the

sense of distributions of exponential growth. Finally, in the last section' we relate

distribution semigroups and n-times integrated semigroups.

3.1 Prelimlnarles

We consider the operator

B-1A : n(a-r A) c x --+ x

Since ker B + {0}, this operator is multi-valued. Nevertheless, it is possible to

relate single valued operators to B-r A.

LemmaS.L LetH C X beasubspacewi,thX: H @kerB. Thentheoperator

A,: D(B-'A) -+ X defi'ned by

A"r '.: B-r Ar ¡ H
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i,s li,near and, single-ualued,. Moreouer, iÍ B-t A i,s closed and H C X is closed, then

A, is a closed operator.

Proof. Obviously A, e M(X)' A' is single-valued since

"4"(o) : B-r A(0). H

: B-1(o) n H

: kerB n fl: {0}

Let r¡ e D(B-|A) with rj ) r in X, and let A,r¡ -+ y in X. By the closedness of

B-'A,we see that ø € D(B-rA) and y e B-rAr' By the closedness of H C X, we

conclude a e H.Thus g : Arr' Hence '4, is a closed operator' I

Later, the decomposition (3.2) will motivate the choice of a specific subspace H c X,

defining the single-valued branch of. B-r A. In the following, we discuss the algebraic

structure of Kn+t:: kernî*t()) in the decomposition (3.2). For this purpose' we

define the A-associated with ker B-vectors.

Definitio n 3.2 (i-th A-associated with ker B-vectors) Def,ne ko ,: ker B\{0}

and fori:7,2,3,

ki ,: {r e X : there is a g e Ri-r wilh Ay: Br}\{0}

We call ku th" set of the i,-th A-associated wi,th ker B uectors

It follows from the definition that for an! r¿ € Ki, there exists a family of A-

associated with ker B vectors I,,It, . . . ,Ii-r such that r¡ e Rk with Ar¡ : Brk+t

for k : 0,1,.. ,,i - L.This family can be used to represent the resolvent operation

for r¿ € ki.

Lemma 8.3 Let À e pr(A,B). For {tn! xt¿ e ki hotd the relations

(3 3)

Rr,(À)r¿: (-1)i ((å) ri-i + (1)^",-,-r * * (, 1 ,)^'-",)

4L

(3 4)



for j -- L,2,. . . ,i. In particular we haue

r?i(À)r¿ : (-1)tro (3 5)

Proof. we prove (3.3) using the induction principle and noting thal Ar¡: Brk+t,

lc :0,t,2r. . .,i - 7'

For z1 € -Ê1 we have

,R1(À)r1 : (ÀB - A)-rBq: (lB - A)-tArs

(^B - A)-'(-()B - A)rs * )Brs)

-Ig

Now suppose that (3.3) holds for i, - 1, i.e'

R1())r¿-1 - -r¡-z - Àr¡-s À'-'*o'

Then we obtain

fu(À)r¿ : ()B - A)-rBr¿: (ÀB - A)-rAr¿-1

: ()B - A)-t (-(À B - A)r¿-t r \Br¡-1)

: -ri-t+ À(ÀB -'4)-'Bn¡-,
: -r¿-t -l À(-r¡-2 - À'¿-s ¡t-2ro)

: -r¡-t - Àr¿-, - À"n-g Àn-tto'

Relation (3.4) is a direct consequence of (3-3). I

The following proposition describes some properties of the set of the z-th A-associated

with kerB-vectors. It is proved in [a7]'

Proposition 3.4 Let i':0,I,2,. ' ' and p{A', B) + Ø Then i't holds :

(i,) kerB n ker A : {0} and Ri fl ker A: Ø for i,2I'

0ùRt.ki:Øforallr+i.
(iii) Ki t: Ri U {0} i,s a closed subspace oÍ X.

(i,u) Let À C C be a d,omai,n contai,ning sequences conuergi,ng to infi'ni'ty' If there

eri,stsM>0suchthat

ilnl(À)il < M#+
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for À e lt wi,thll(À)l -+ oo for À-+ oo, then for all r e,Ri+1(À)X we haue

lim )r31(À)r: r
À-+oo

and

Xn¡1Àker B : {0} and k"+1 : Ø

(u) K,+t: ker B Ø Kr @ K2o "' o K"'

Of particular interest is statement (v), since it allows to rewrite the decomposition

(3.2) as

X: Í OkerB (3.6)

where

*:Xn+tØKrØK2@...@K"

Having the decomposition (3.6) we define a single-valued branch.

Definition 3.5 The li,near operator A,: D(A,) : D(B-IA) -+ X defined by

Arr:B-rAr¡*

i,s called the single-ualued, branch of the multi,-ualued operator B-rA: D(B-LA) -+

With the operat or A, as a single-valued branch of the multi-valued operator B-r A,

the Cauchy problem for inclusion (2.3) with "4: B-rA can be written as the non-

degenerate problem

X

u'(t) : A, u(t), t 0 u(0) : a. (3.7)

Since X c X is a closed subspace, the single-valued branch is a closed operator if

B-rA is a closed multi-valued operator. Later, we will assume that the operator A

is closed and B is bounded. By Lemma2.74, this assumption guarantees lhat B-rA

is closed.
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In the sequel we endow the domain

D(B-r A) '.: {r e D(A) : there is a s € D(B) with Ar : Ba}

with the norm

llrllr :: inf{llyll : R1(À)s -- r}.

Since the operat or A, is the single-valued branch of the multi-valued operator B-r A,

the space D(B-rA) is homeomorphic to the space D(A') endowed with - ,-graph

norm. Furthermore we define the part of the single-valued branch as follows:

Definition 8.6 Let A, be the si,ngle-ualued branch of the multi,-ualued operator

B-r A. We define an operato, Ã, , D(A,) -+ Xn¡1 by

Ã,r :: A,r for r e D(A,) t: A,'(X"+t) ) Xn+t'

Thi,s operator i,s called the part oÍ A, i,n Xn+t

Another way to visualize the idea behind the definition of a part is to consider the

graph of. Ar. Assuming that ,4,, is closed, its graph is closed and we can intersect it

with the closed product space Xn¡1 x Xn¡1 to obtain a ne\ry closed linear operator.

This new operator is exactly the part of A, in Xn+t'

3.2 Distribution Semigroups

In the following we introduce some standard spaces of test functions. \Me denote

by Do respectively t the spaces of infinitely differentiable functions / : R -+ IR'

with compact support in [0, oo) respectively with any support. The sequence of test

functions {d,},ex C Do is convergent to zero in Do, if (i) there exists a compact

set ,I1 c [0, oo) such that supp(d") C H, for all r¿ € NI, where supp(d) : clos{Ú €

[0,-) , ó(t) +0] and (ii) for all integer m] 0, ÓP)t -+ 0 uniformly for ú € R. We

say ôn-+ / in D0\f ó*- ó -+ 0 in 20. The convergence in the space á is defined in

a similar way.
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For a Banach space X we denote by D'o@) respectively e'(X) the spaces of X-

valued distributions, consisting of all linear operators U : Ds -+ X respectively

(J : t -+ X, which are continuous in the following sense: If. þ* -+ 0 in 26 respectively

in á, then u(Ó,) -+ 0 in x. For [/ eDt06) respectively u € t'(x) and þ eDs

respectively Ó € á we write

(U,Ó) ': U(Ó)'

We say two distributions U and V are equal if

u(ó) : v(Ó)

for all test functions of the corresponding space' For a real- or complex-valued

distribution U and for an r e X we denote by UAz the distributiondefined by

(uør)(Ó):u(Ó)".

For any U e D'06) we define the derivative of u as the distribution

u'(Ó) -- -u(Ó')'

For the convergence in the space of distributions we need to define the notion of

bounded set in 2¡ respectively in t. A set F c Ds is bounded if for any sequence

{dr}r.x C F and. for any sequence of real numbers {er,}r,ex with er, -+ 0 we have

enÓn)0inDs.

Consequently [19], F C Do is bounded if and only if (i) there exists a compact

subset F c [0, oo) such that

supp(d) C F, for aIl þ e F

and (ii) for every m) 0, there exists a constant M*) 0 with

ló@ (t)l 1 M^, for all ó e F, t e F.

A sequence {U,},,es of distributions in D'06) is said to converge to a distribution

U e D'o@) if
u"(ó) + u (Ó)
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uniformly on bounded subsets of. Ds. The boundedness of a subset f of. t and

convergence in á'(X) are defined in the same u/ay.

A distribution U € D'06) is said to vanish in an open subset f) of [0, oo), if U(Ó) :0

for all ó eDo with supp(d) c CI; we write shortly [l :0 in CI. We denote by C)(U),

the union of all open subsets of [0, oo) where U vanishes. We define the support of

Uas

supp(U),: [0, oo)\CI(U).

Notice that the support of U is a cìosed subset in [0,oo)'

By the structure Theorem in ([19], Theorem 8.1.5), for any u e D'o@) and any

open bounded subset f) of R with 0 C [0, oo), there exist a continuous function

/ : IR + X and a natural number m) 0 such that

U : ¡('") in I'

We denote by 5, the Schwartz space of rapidly decreasing functions consisting of all

infinitely differentiable functions / : lR' + lR' such that

¡i6&) (¿) -+ 0, as lúl -) oo,

for all j and,k in NU {0} A sequence {d,}"eN C 5 converges to 0 e 5 if

llÓ"ll¡,0 -+ 0, as n -+ oo

for all integers i,k >- 0, where

llóll¡,r: ,îå _j:L_(t + l¿l)i,¿ttr1t)l

We denote S'(X), the space of tempered X-valued distributions consisting of linear

operators U : 3 à X, which are continuous in the sense:

U(ô") -+ 0 in X, whenever Ón -+ 0 in 5.

Similarly, a set f C,S is bounded if ensn -+ 0 in S for any sequence {d'},,6x C .F

and for any real sequence €,) 0. Accordingly, [19], .F is bounded in 5 if and only
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if for any integers j, k, there exists a constant M¡,* ) 0 such that

lldll¡,¡ 3 M¡,n, for all Ô e F

A sequence {t/r,}"eN C S'(X) converges t'oU e S'(X) if

u"(ó) -+ u(ó)

uniformly on bounded subsets of ,S. Similarly, the Structure Theorem also holds

for distributions in 5'(X) ([tO],Theorem 8.2.3), i.e. for any U € .S'(X) there exist

integers rn,r) 0 and acontinuous function /:ÌR -+ X such that U: /(rn) ittp

andl/(r)l:O(lú1") forlúl -+oo. WedenotebySi(X),thespaceof alldistributions

U e D[@) such that for an ø € R holds,

exp (-øú)U € 5'(X).

we call 5;(x) the space of distributions of exponential growth.

For two distributions (J,V e D'06) (or in S'(X)), we define the convolution as

u*v,:(f+g)(*+ù,

where / and g are the continuous functions such that ,f(-) and g(p) represent U and

I/ respectively according to the Structure Theorem.

The following definition of distribution semigroups is of fundamental importance

since we characterize the well-posedness of the degenerate Cauchy problem (2'1) in

the sense of distributions with this semigroups. Originally, non-degenerate distri-

bution semigroups were introduced by Lions [35].

Definitio n 3.7 (Distribution semigroup) We say a dzstributi,on Q € D'0G6))

i,s a distri,bution semigrouP if

(Q, Ó *',þ) : (Q, ù (Q, rþ),

for all ó,rþ e Do
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A distribution semigroup is called regular, i'f tor any

A eran Q t: {Q@)r e X: þ €Ds, r e X},

the d,istribution Qa is equal to a functi,on t r+ u(t) such that u(t) -- 0 for t 1 0,

t v+ u(t) ,is conti,nuous for ¿ > 0 and conti,nuous from the ri,ght at t : 0 with

u(o) : r.

A d,i,stribution semi,group is called, d,egenerate on z if Q@)" : 0 Íor all þ e Do ir

and only i,f r e Z.

A d,istribution semigroup i,s sai,d, to be of erponential growth if there eri,sts ø € IR

such that exp (-ut)Q € S'(¿(X)).

For a real- or complex-valued distribution E e €t w\lh E:0 for ú ( 0 and for any

p e Do we have E * p € Do, (see [35]).

Definition 3.8 we say r € D(Q(E)) ,Í there eti,sts a regularizing sequence pn €

Do, pn -+ õ, such that

eØò, -+ r,

Q(E * P*)r -+ a :: Q(E)r'

Lemma 3.9 [35] Let Q be a di,stri,bution semigroup' Then

(i,) For all r € X, Ó e Ds hold,s Q@)" € D(Q@)*) fo' anv i'nteser m and

Q@)^Q@)r : Q(E * " : * E * þ)r.

(i,x) D(Q@)) is dense i'n X.

þii) ï r € D(Q@)), then

Q@ * ó), : A@)A(Ð" : Q@)Q@)"'

@) ïr¡eD(Q(E)) wi'th:xi)0i,nX andQ(E)ri-+a i'nX thenU:0' Hence

A(Ð i,s closable. We write Q@), the closed li,near ertens'ion of Q@)

(u) For E e t' wi,th E :0 for t < 0 we haue

A@)A@)" : Q@)Q(ó), : Q@ * þ)r
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ÍorÓ€Dsandr€.X

Definition 8.10 The operato, QÇü) is called the generator of the distri'buti,on

semi,group Q.

The following proposition states some properties of a distribution semigroup 8. We

will use these properties to prove that a distribution semigroup coincides with the

solution operator of the degenerate Cauchy problem (2.1).

proposition 3.11 ft/¡l Let Q be a distribution semigroup degenerate on Z and

E e t'. Then Q(E) has the following properti'es:

(i) For att S e Ds and, r € X we haue Q(Ð* e D(8@)) and

A@)A@":Q(E*Ó)r.

Moreouer, D(A@D)Z:Ø.
(i,i,) For att þ e Ds and r e D(Q@)) holds

A@)A@a: Q($Q@)r

(i,iù ïranQ cX (X:XØZ),thenthere eriststhe closure of Q(E) andfor all

ÓeDo andre X wehaue

A@)A@)r: Q@)Q@)r

@) Uran Q C X and Q i's regular, then for r € ran Q ue haue

Q(rþ+)": Qþþ)r,

where

,þ*(t) : ,þ(t), ú ) 0,

0, ¿<0.
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3.3 Well-Posedness in the Space of Distributions

of Exponential Growth

In this section, we show that the well-posedness of the Cauchy problem (2.1) in

the sense of distributions is equivalent to the existence of a degenerate distribution

semigroup generated by the part of the single-valued branch .4" on xn*r.

Definition 3'L2 A d'i'stributi'on u e D'o@@-1'4)) : D',@(A')) it called a solu-

ti,on of the degenerate Cauchy problem (2.1) ,l it sati,sfi,es

B(U,ó') + A(U,d) : -(ô, Ó)8"

for all ó e Do and r e X. Or equiualently

P*U:õØBr

(3 8)

(3 e)

for all r €. X, where P..: õ'Ø B - ôø4. The solutionU i,s called degenerate on

Z c X rf U@) : 0 for all þ eDs i,mPlies r e Z'

Definition 3.13 The Cauchy problem (Z.l) ls called well-posed i'n the sense of

d,i,stributi,ons i,f for any r e X there erists a unique solution U e D'o@("4')),

whi,ch is stable in the space of di,stributions, degenerate on Kn+t, and such that

U € D,0@(.4")) for r € Xn+r. The CauchE problem is called well-posed i'n the sense

of d,istri,butions of erponenti,al growth if U e S',(D(A'))

We say that a solution U is stable in the space of distributions if for any initial

values r¡ € X such that rj ) 0 in X, the corresponding solutions Ur' tend to zero

in the space of distributions.

In the following we show that the well-posedness of the Cauchy problem (2'1) in

the sense of distributions with exponential growth is equivalent to the existence of

a solution operator of certain equations, see equations (3.10) and (3'11) in Theorem

3.14. Furthermore, it is shown that the existence of this solution operator is a
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necessary and sufficient condition for the existence of a semigroup distributions of

exponential growth.

Theorem 3.L4 Let A, B be li,near operators in X and suppose that A i,s closed and

B i,s bound,ed,. Assume that p1(A,B) + Ø and, that the decomposi,ti'on (3'2) holds'

Then the following statements are equi,ualent:

@ fhe Cauchy Problem (Z.t) ls well-posedinthe sense of di'stributions of eïponen-

tial growth.

(i,i,) There eri,sts a soluti'on operator

S e S,(L(x, D(A,))).9',(L(x"+,, D(/,))),

whi,ch i,s degenerate on Kr¡1, such that

(P*S)r:õØBr, r€X, (3.10)

(S*P)r:õØr, reD(A,), (3.11)

whereP : 6' AI - ð8,4, . In thi,s case ((J,d) : (S, þ)r, for all þ eD and r e X'

(äi,) There eri,sts a regular di,stri,but'ion semigroup of erponenti,al growth Q degenerate

on Kn+t, with ranQ d,ense in Xn+t and, wi,th generafur Ã"'

Proof. First we prove that (i) implies (ii). By the definition of well-posedness

of the problem (2.1), for all r € X there exists U e S',(D("4,)), degenerate on

Kn+L, such that u e E',(D(.Á')) f.or r € xn¡1 andu¡ -+ 0 for any ri ) 0. since

U e 3,(D(..4,)), we have U e D'o@(.Á")) and exp (-ut)U € S'(D("4"))' Now we

define

S(ó),: Sr(ó),:U(ó), óeD, re X.

We have Sr e D'o(D(.Á,)) and exp (-ut)Sr € 3'(D(A,)) i'.. Sr e E',(D("4')) for

r e x. Moreover, sr e D,o(D(./,)) and exp (-at)sr € s(D(A,)) forr e xn¡1, or

for r € X2-.1 w€ have,gr € S',(D(A,)). By the well-posedness of the problem (2.1)'

for any rj ) 0, we have llS(/)"¡ll : llU¡(Ó)ll -+ 0, for all Ó e D.This implies that

s(d) e L(x, D(A,)).
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Now we show that s e D'|(L(X,D(A,))), i.". that supp(s) C [0,*) and for all

sequences Ón e D, with /r, -+ 0 holds:

lls(d") llr1x,r1,n,¡¡ -+ o'

Consider the set 3 : {Sr ll"ll I c} c D'o@)' Since for any Sr¡ e 6 and any

er. -ì 0 we have

e¡Sr¡ : S(e¡r¡) -+ 0'

by the definition of a bounded subset in the space of vector-valued distributions,

[1g], 6 is bounded in D',o@). By, [19] Lemma 8.1.9, for any .9r from a bounded

subset ß and any Ó¡ + 0 in D,thete existp € N and M >0 such that

lls"(ó¡)ll I Mlló¡llo,o, for all r € N,

where

lldllr,o:: snp supl(1 +ltlrót(ù1.
0<i</ç ¿€lR

That means that S(ó¡)" -+ 0 uniformly in u from a bounded set or equivalently

lls(d¡) llrtx,ola";¡ -+ o'

Now we show that

S e Sj(f (X, D(A,))) À S,(L(X"*', D(/')))

satisfies equations (3.10) and (3.11). First we show (3.10). By the Structure Theo-

rem ([19], Theorem 8.2.3), there exist / € C(R, L(D(A'),X)), I € C(lR, L(X, D(A'))),

h e C(R, D(A")) and, p,Q,r,ffi,n,l ) 0 such that P : ¡@), S - g(ø), Sr: ¿("), and

ll/(¿)ll : o(t^), llg(¿) ll : o(t"), llh(¿)ll : o(tt), for Ú -+ oo. Therefore,

(P * S, þ)r : 1¡ * g(n+o), 6)r

: (-t;o+o(t * g,6(n+o))r

: (-t¡'+o

: (-t¡o+o

6{n+o) Q) f þ)g(t - s)dsdtr

dsr
I
I s
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: _lim (-l)e+n | /(ro¡nro
n -)oo

s(t - sùró@+q) (Ðdt
n

k:o
n

n

I
lim (-l)e+q | /(s¿)As¡

?1-)OO'
k=o

oþ)r6(o+q) (t + s)at

So for all ø € X, we have

: jllg(-r)'*o ! /('r)as¡(-1)q(sr,6(n) (t + s¡))
k=o

: (-1)' I tAV'f-tY I h(t)ó@+')ft+ s)dt

: (-1)o*" | 0,,*nþ) I f þ)h(t- s)d,sd,t

: (P * Sr, S).

(P * S, ó)r: (P * Sr,ó) -- õ Ø Br

Now we show (3.11). From (3.10) we have

(P*S')r: (P* S)'r:õ'ØBr, r e X,

(P * S)A,r:6ØA,r, r e D(A,),

(P*(ô8r)) :ô'8 Br-õØAr, re D(A')'

Hence

P*(S'r-SA,r-ô8n) :0,

and by the uniqueness of the solution of the problem (2.1), we get

S'r-SA,r-ô8r:0

or

S'r- SA,r: (.9*P)r: ô8r, r e D(A').

Now we show that (ii) implies (i). Suppose there exists a solution operator

s e E,(L(x, D(A"))) n 4 (, (r*', D("4"))) ,

degenerate on Kn¡1, and satisfying equations (3.10) and (3.11). By definition of ,9

S e o'o@(x, D(A,))) ìD'o@6"*r, D(/,)))
we have
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and

exp (-øú)S e E'(L(X,D("4,))) À E'(L(X,*t, D(.Â")))'

Define

U(ó),-- S(Ó)": sr(Ó).

Then IJ : Sr e E,(D(A")) is a solution of the problem (2'1)

-B(Sr,þ') - A(Sr,Ó): (6,þ)Br, r € X,

-(Sr,ó') - A,(Sr,ó): (6,ó)r, r € Xn¡r,

and U is degenerate on Kn+t. Using the associative property of the convolution, for

any solutiorr U we obtain

(I : (6 81) * U : (S *P) *U : S * (ð8 r): Sr, r e Xn¡1'

We need to show that the solution U is also unique on Kn¡t. Since Sr :0 for all ø e

Kn¡1 aûð.for all ó e Do we have sr :0 on (0' oo)' and since ,s e D'0@6, D(-4,))),

we have Sr:0 on (-oo,0). These imply that supp (Sz) :0, then as a corollary

of the structure theorem, [19] Corollary 8.1.7, for distributions with point support

{0} we have

Sr :l õ(n) r¡, z¡ € X.
i<k

Here k is such Lhat Dk is the space of k-times continuously differentiable functions

in which the distribution ,Sr can be extended. Since ^9r is a solution of (3.10), we

have

ô(,k+1) Ø Br+ ô(fr) Ø (Bz¡_y - Azn)+... + õ' Ø (Bzs - Azt) + (Br - Azs) --0,

and. z¡ € ker B, z*-t e kt, "', z0 e kx, -r e ku*r' Therefore for r e K¡,

7 <i < k+1' <n and' its A-associated vectors r0,"',r¿-1 w€ hav€

(3.12)

and any solutions U, degenerate on Kn+t,¡ have the same form. Thus, the solution

[/ is unique for all r e Kr¡y, and hence for all r € X. LeI ri -+ 0, then for all

rs Ø ri-t-t,
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ó eD we have S(d) € L(X,D(A')) and

llu¡(d)ll : lls"¡(d)ll¿.

: lls"¡(ó)ll + ll"4'sr¡(d)ll

I lls(d)"¡ll + lls'(d),¡ll + lld(o)"¡ll

: lls(d)"¡ll + lls(d') "'ll + lld(o)",11 -+ o

as lls(@)r¡ll -+ 0, llS(/')ø¡ll -+ 0, and lld(o)"¡ll -+ o Therefore S'¡ - U¡ + 0 in

s; (D ("4"))

Next we prove rhat (ii)implies (iii). Let I e ,',,(L(X,D("4")))n.S; (L(X*+\,D(.4')))

be a solution of (3.10) and (3.11) and Q is degenerate on Kn*r. We will show

that Q satisfies the properties of distribution semigroup. By definition of Q e

9L@(D(A,))) n sL(L(x"+', D("4,))) we have

Q e Do@(X, D(A,))).D'|(L(x"*r, D(.Ã,))),

and

exp (- at) Q e E' (L(X,D (.,4") ) ) n 3' (L(X 
^*t, 

D (.4,) ) )'

We also have that for any F e D'o(X"+t), u : Q * tr' is a unique solution of the

equality

p*u:F. (3.13)

Let $,rþ e D, and define Ót(t) :: Ó(-t), ,þr(t) t-- ''þ(-t)' Let ú r+ u(ú) be a

solution of (3.13) with F : ÓtØ r, r € X,,11, then

u(t):Q*(ùØr)

and

-Ã,u :_'t!"' : ót Ø r. (3.14)

Here f ,-+ u(t) : Q * (dr I r) : (Q * Ót)r is an infinitely differentiable function

with values ln D("4,) and z(0) : Q@)".Similarly, let o(ú) and tu(t) be solutions of

(3.13) with F : (th* dr) Oz and F : th* u(0) respectively. That is for r e Xnal

u(t) -- Q * ((rþ, * dr) I ") 
: (Q * þ1* þ1)r
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ând

satisfies

-"Ã,u+u' : (rþr*Óùr,

u(0) : Q(Ó*rþ)",

(3. 1 5)

w(t) : Q * (rþt* u(0)) : (Q *Ú')"(0)

satisfies

-Ãrw+w' : r/1 *u(0),

?r(0) : Qþþ)"(0) : Q(rþ)Q@)

(3.16)

To prove the semigroup property, i.e. property (i) of Definition 3.7, one needs to

show T.'(0) : t¡(0)' From (3.14) we have

-A,(u * ú) + (u * rþr) : (ù * tþ)r' (3'17)

Hence, comparing (3.15), (3'17), we get

u(t) : u * th and u(o) : u(tþ)

Let ú r+ H(ú) be rhe Heaviside function, then H(t)u(t) e Oo(nØ")). Since ,4, do.t

not depend on ú we have

A"çU"¡ + (Hu)' : H (t)?Ã,, + u') + ô I u(0)

Since for all ó e Do holds

HQ)ÇÃ,u+') : (HÓr)@ r : 0,

we obtain

-A,1n"¡+(Hu)':ôøz(0)

and

-"n"ççU"¡ xTlr) .r ((H") * tþt)' : Úr A u(0)

Therefore w:Hu*ry'1 and

roo
z.'(o) : I "(t)rþ(t)dt:u(r/) 

:u(0).
Jo

(3 , 18)
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Thus for all $,rþ e Do, we have

Q@*rþ)*:a@)aþþ)r, r € Xn+r'

Qr : ^9r defined by (3.12) for r € K,-¡1 also satisfies the semigroup property' Since

Q € s',(L(X,D(.4,))) . S',(L(x,+r, D(/,))),

we see that Q is a distribution semigroup of exponential growth. It is degenerate on

Knir.

Now we show that Q is a regular distribution semigroup. Lel z be a solution of

(3.13) with ,F : ð8 A, U : Q(S)r, i.e'

z : Q* (ô6l y) : QA and- Ã,2+ z' : 6 ØA'

We have z(O) : 3r and by (3.18) z(t) : QA : H(t)u(t)' Therefore Qy is a continuous

function on (0,oo). Moreover rffe will show that ranQ is dense in Xr,-'1' To do this,

one needs to show ker Q* : 0 in Xn+r.Note that Ã, e L(D(Ã,), X^+r) and Q@) :

S(d) e L(Xn+t,D(A,)). Let Xi*, and D(Ã,)- b. the dual spaces of X,,11 and

D(A,). Then Ã: e L(X;*r,D(Ã,)"). consider Q@) ort X,+t and define Q.(Ó):

(Q(ó))., ó e Do.Then 8.(ó) e L(D(A,)-, Xå*,) and Q* e D'I(L(D(,4,)-,Xå*'))'

Since Q satisfies equations (3.10) and (3'11), we have

Q.*(6'aI-ds"4;)
(d'ø1-d8 lÐ*Q. : õØIor¡r..

Therefore Q* e D'0@@ø,)-,Xå*r)) is a distribution semigroup which is non-

degenerate on D(A!) as Q is non-degenerate on Xn+r. Hence, if z* e D("4,)- is

such that for all Ó e Do, r € Xn¡l holds

(Q@)", z*) : (r,Q" (Ó)2.) : 0,

then Q* (ó)r. :0. This implies that {Q(þ)r : r € Xn¡|} is dense in X,,-,.1. And

since Q(@)r:0 for all r e Kn¡1, we have ran Q(þ : Xn+l

To complete the proof, we note that ,4, is the generator of a non-degenerate distri-

bution semigroup of exponential growth Q, which is densely defined on Xr,11 (see
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t3S]) Let Arr be the generator of the degenerate distribution semigroup of expo-

nential growth Q. Then D(A,t) C (K,+ù" -- Xn*r. Therefore A,t :,4, it thu

generator of the constructed distribution semigroup of exponential growth Q on X '

Now we show that (iii) implies (ii). Lef Q be the distribution semigroup of ex-

ponential growth from (iii), then Q € SL(L(X)), that is Q € D'o@@)) and

exp(-ut)Q € S'(L(X)). Now for tþ eD we consider

,þ+(t)-[t'al' t>o

[ 0, ¿<0.

Then rþ¡ e t[ and

6' * rþ+ -- rþ'* +,ri(0).

By the property (i) of Proposition 3.11 and by the definition of the generator of a

distribution semigroup we have for all r e Xn+t and @ e Do,

Q@' * ú+ * ó)r : Aþþ+ * Ó)r + ú(0)8@)r : Q@')Q('þ+ * Ó)r

: -Ã,eþþ* * ó)r : -Ã,Q(rþìQ@)*

: QþþìQ(6' * ó)r -- Q@+)(-"ÐQ(Ð''

By property (iv) of Proposition 3.11 we have

- Ã'Q @ùq @)" :: 
r"iii;?)!1"r,0,o,,r,,,

i.e.forA:Q@),

-Ã,Qþþ)a - Q(rþ')a : rþ(o)a,

-QþÐA'a - Qþþ')a :'þ(o)a

(3.20)

(3.21)

Since ,Â, is closed and {Q@)" : Xn*r,for any a € Xn+t we have AþÐa € D(Ã,),

which implies (3.20) for y e Xnrr' Let v¡ -+ 0 in (3'20), then ll" ,Q(ú)g¡ll -+ O

This implies that QþÐ e L(X, D(A,)).

If þ¡ -+ 0, for ,þ¡ € D, then llQ(/Í)ll -+ 0 and llA'Q('Þ)ll -+ 0' Hence, since

Q e po@(x)), we have € DL(L(X,D(Ã,))) c D',o@@,D(.4")))' And since
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e is a distribution semigroup of exponential growth, Q e S',(L(X' D("4r))) C

sL@6,D(.4")))

Thus s defined equal to Q on Xn¡1 a,Ld K,,"'1 satisfies equation (3.10) on x :

xn+tQ Kn+r.Now we need to show that s: Q also satisfres equation (3'11), i'e'

(3.21) for y € D(A,). Let r € D(Qe6')) and Ó¡ t õ' Then Q@)* -> r and

Q(õ' * ô¡) -+ -Ã$.

From equation (3'21) we have

-Q(rþ)A,* : Qþþ')r +',þ(0)r, r e D(Qeõ')) (3'22)

We need to show that the equation (3.22) also holds for any r e D(A,)' By

the definition of Ã, : OCÐ, for any r € D(A") there exists a seQuence /¡ €

D(Qeõ)) such that rj ) r, and Ã,r¡ -+.Ã,r. Therefore equation (3.22) holds

ror r e D(A,) : D(A") l\ Xn+t. since Q is degenerate on Kn+', for r € Kn¡¡ we

have er: Df=o 6(i)z¿. Qr defined by (3.12) satisfies (3.11) for r € D(A")ÀKn+t'

Hence Sr : Qr for r € X : Xn+r @ Kn+t satisfies (3'11) on D(-4')' I

3.4 connection between Integrated semigroups

and Distribution Semigroups

It is proved in the previous section, see Theorem 3.14, that the existence of a solution

operator s e s,,(L(x,D(A,))) n 5i(¿(xn+Ltr(.4,))) of the equations (3'10) and

(3.11) is equivalent to the existence of a regular distribution semigroup of exponential

growth Q. This semigroup is degenerate on Kn+t,t with dense range in X"ì'1' It is

generated by the part of the single-valued branch of B-1A'

Next, we show that the existence of the solution operator ,s of order p > n - 1 of

the equations (3.10) and (3.11), which is degenerate on Kn+t, gives a necessary and

sufficient condition for the existence of a degenerate exponentially bounded (p+z)-

times integrated semigroup with generators A and B' Bearing in mind that for the

degenerate Cauchy problem (2.7),we define the resolvent as R1(À) :: (lB - A)-',
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we say that A and B generate an n-times integrated semigroup {y(¿) e L(X) : t e

[0, oo)] if
(tB - A)-'n : [* À'exp (-^t)v(t)dt. (3.23)

Jo

Theorem 3.15 Let A,B belinear operators in X, A closed, B bounded, and sup-

pose that ot(A,B) + Ø and that the decompositi,on (3.2) holds for x. Then the

eristence of a soluti,on operator, degenerate on Kn+r, of order p > n - L of equa-

tions (3.10) and (3.11) is equi,ualent to the eri,stence of a degenerate erponential

(p+2)-times integrated semi,group with generators A, B.

Proof. Suppose that there exists

s e .sj (L(x,D(.,4,))) . S',(L(x"+,, D(/"))),

degenerate on Kn+t, and satisfying equations (3.10) and (3.11). By [19] Lemma

8.2.2, there exists pì_0 and aconstant M >0 such that

lls(d)ll< Mllóllo,r, for / e s,

where the norm ll ' ll¡,* is defined by

llÓll¡,0 : r'.ïå 
sup(1 + l¿li),4t;r 1t) l.

That means the distribution ,9 is of order p, and \rye can extend S to .Se(lR'), the

space of p-times continuously differentiable funtions with norm ll.llo,o. Let

nr(t) :
tp+r
(p+r)l'

0,

t 0

ú<0

and

x(t): ¿>0

t1a10

Now define tþt,p(.) € Se(lR) as tþt,p(') ,: X(')no(t -'). Consider

V(t) : S(rþr,oO)

: exp (-c,.,')S(exp (ø'),T (')rto(t - ')),

1

0
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v(0) : exp (-ø')S(exp (ø.),t(.)qo(-')) : 0

Since the map

ú r+ exp (r.)X(.)rtr(ú - .) € Se(R)

is continuous on R, ú -+ V(t) e L(X,D(A"). As supp(S) C [0, oo) and

supp (exp (r.)x(.)no(¿ - .)) C l-a,tl,

we have that lz(f) : 0 for ú ( 0 and

llv(¿)ll : llexp (-ø')S(exp (r')x(')no(¿ - )ll

I Cllexp (r')x(')nr(t - ')llr,,

So for a'> u and for any t ) 0 we have llV(t)ll < U exp(ø'ú). We can approximate

l;t,p by ó" e S so that

llrþr,o - Ó"llp+t -+ o.

Now consider equations (3.10) and (3.11) on ón, taking the limit, we have

'B(S,rlr'r,o), - A(5,IÞt,,)r : út,o(O)Br, r e. X,

-(5,',þl,r), - (^9, tÞt,p)A,r :{tt,o(O)r, r e D(A').

Hence,

BV(t)r: sJ:-r-t A [' ,çr¡"0r, r € x, (2.24)
lp+z)' Jo

V . tP+2 ¡t
(t)r : 

@Tù." 
* A, 

Jo 
V(s)rds, r e D(A,). (3.25)

So for r e Xnal we have V(t)r e Xn¡r and the equations (3.24) and (3.25) hold

for Xn¡y and D(A,), respectively. Therefore V(ú) is non-degenerate (p+ 2)-times

integrated semigroup on X,r-,.1 with generator Á.r. For r Q Kn+tt we define I/(ú) as

¡((n+z)-tn¡
(@+z¡-1-k))!V (t)r¿ Ii-l-k, :X¿ € K¿, i 1n.

Iz(ú) defined by this formula also satisfies equations (3.24) and (3.25). It follows

that for r € Kn¡l relation (3.23) also holds with r¿ -l- 1 : p + 2. Hence V(t) is
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degenerate exponential (p+2)-times integrated semigroup with generators A, B on

X : Xn+t@ Kn+t.

To prove the converse statement, let rz € N and A be the generator of an exponen-

tially bounded r¿-times integrated semigroup V(t), t ) 0. Since, in contrast to the

local case, Iz(t) is defined for all ú ) 0, S e S',(L(X,D(A'))) -uy be defined as

S : V(n)

S(e) :: (-1)" [* ,pØt(t)v(t) dt, e e S.
Jo

Taking into account the equation for V(t) on D(Ã,)

V'(t)r: ,''-'rrrr -l AV(t)r, ú ) o, r e D(A,),
\n - L)!

forany çeE wehave

(-1)'*t 
fo* 

rr"*t, (t)V (t)rdt :

Io* 
,'' @hrü-r (-r)'A, 

Io* 
,'' (t)v(t)rdt, r € D(Ã,)(- 1)"

Since A is closed and all other operators in this equality are bounded, it is valid

for all r e Xn¡r. Integrating by parts the first term in the right-hand side of the

equality, we obtain

A,S(ç)r:S'(ç)r-ç(0)r, re Xn¡1. (3.26)

Using the commutativity of V(t) and l" on n(Ã,), we obtain (3.11) on D(A,).

From (3.26) we have

lls(p)"ll¿" < lls(e)"ll + ll8'(e)zll + ltp(o)l llrll.

Therefore S(p) e L(Xn+t,D(A,)) for any ç, and S eD'oQ(Xn+rtD(.4"))). More-

over, exponential boundedness of I/(ú) implies S e S,(L(Xn+ttD(A'))).

For z € Kn+t we define ,Sr by formula (3.12). Then S satisfies the equätions (3.10),

(3.11). r
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Chapter 4

Inhomogeneous Abstract Cauchy

Problems

We consider the inhomogeneous abstract Cauchy problem

u'(t):Au(t)+rþ(t), ú)o, u(o):, (4 1)

on a Banach space X, where ,4 is a closed linear operator and r/(') e Ll".((0,-), X)

and r e X.

By a classical solution of the inhomogeneous problem, we mean a continuously

differentiable function ú r+ u(ú), which takes values in D(,a), satisfies the differential

equation (4.1) for all times ú ) 0 and the initial condition u(0) : ç.

In this chapter, we investigate several types of solutions of the inhomogeneous prob-

lem: n-integrated solutions, r¿-rñleak solutions and K-generalized solutions. We

characterize the existence and uniqueness of such solutions for the case that ,4 gen-

erates an r¿-times integrated semigroup or a K-convoluted semigroup. For those

operators A, we also investigate some conditions for the existence of classical solu-

tions.

This chapter consists of three sections. In the first section, we discuss the n-

integrated solutions of the Cauchy problem for the case that A generates an n-times

integrated semigroup. Moreover, using the properties of the r¿ times integrated semi-
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group generated by A, we obtain conditions for the existence of classical solutions.

In Section 2, we generalize the weak solutions studied by Ball, [6], to n-weak so-

lutions, and present sufficient conditions for the existence of these solutions. In

particular we show that any n-integrated solution is an (n - l)-weak solution of

problem (4 1) In the last section, \rye consider the K-generalized solutions, in the

case that -4 generates a K-convoluted semigroup. For those operators A, we addi-

tionally give conditions which guarantee that problem (4.1) has classical solutions

and l-integrated solutions.

4.L n-Integrated Solutions

In this section, we treat the abstract Cauchy problem (4.1) for the case when the

operator A is the generator of an n-times integrated semigroup. We recall thal n-

times integrated semigroups were defined in Chapter 2, see Definition 2.21. Since in

this section we do not require the exponential boundedness of the r¿-times integrated

semigroup, the Laplace transform of such semigroup does not necessarily exist. For

this reason, the definition of the generator of an n-times integrated semigroup,

Definition 2.22, is not valid. Hence we define a generator of r¿-times integrated

semigroups as in [S0], or in [59].

Definition 4.L A closed linear operator A is called the generator of an n-ti,mes

i,ntesrated semi,sroup {V(t) € L(X): ú € [0, æ)] i'f for all r e D(A) and Ar : a

ln ¡tV(t)r:\r+ I V(s)yd,s.. n! Jo

It is proved in [59], for non-degenerate n-times integrated semigroups, that aL n-

times integrated semigroup is uniquely determined by its generator in the sense that

if there are two n-times integrated semigroups generated by A, then the n times

integrated semigroups are the same (see [59], Theorem 3.6).

However, with the generator defined in Definition 4.1, properties of n-times inte-

grated semigroups as in Proposition 2.26 remain valid for a single-valued operator
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A. We cite the corresponding Proposition 2.1 from [50]

Propositi on 4.2 Let A be the generator of an n-ti,mes integrated semigroup {V (t) e

L(X) : ¿ € [0, æ)]. Then the following holds.

(i) For allr € D(A) andt € [0,oo) wehauev(t)r e D(A) and AV(t)r:V(t)Ar
and

v(t)r :\, + I,' 
v(s)Ard,s

(ii,) For atl r e X, Ï:Vþ)rd,s e D(A) and,

V(t)r: r-lA V (s)rds

In the sequel, we discuss n-integrated solutions of the inhomogeneous abstract

Cauchy problem (4 1) An n-integrated solution is a solution of the n-times in-

tegrated problem.

The next lemma shows that any strict solution defines an n-integrated solution.

Lemma 4.4 If t -> u(t) is a stri,ct soluti,on of U 1) then

tn

nl t;

Definition 4.3 A function u(') € C([0, oo); X) is called an n-i,ntegrated solution of

Q 1) if for alt t e [0, *), nom fi uþ)d,s e D(A) and

u(t) :\, +,+ 
fo' 

,G)a, * 
Io' ffrOyr. (4.2)

t r+ u(t) :

i,s an n-integrated solutí,on oÍ (/r.1)

Proof. Let ú ¡+ z(t) be a strict solution of the problem (a.1). We recall that a strict

solution is an absolutely continuous function u e W|"!((0, -) ; X)ÀL1""((0, -) ; D(A))

satisfying the differential equation (4.1) almost everywhere (see e.g. [S]). It satisfies

fn'Q-')"'u(s)d's

, * I, Au(s)d"s * 
Ir' þ(s)d,s

r-t A 
fo' 

ui)a, + I,' þ(s)cts,

u(t)
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due to the closedness of the operator A: D(A) -+ X. Then we can calculate

1,,

1,,

1,,

tn

n!

(¿-t
(rz - 1)!

(ú - r)"-t
lo 

u?)d,rd*

n-7
u(t) s)ds

?)dr + 
I0

(¿ - r)"-t

dr',þ(r) d) s

(n - 1)l

1)!n
+ tþ(r)dr

1,,

1,,

nl
(¿ - r)" s)ds r I,' 

,';!" 
þ(s)d,sn*A

\,+t u(s)ds * I,' 
9:{-',¡,ç,¡a,.

The following theorem shows that the existence of a unique n-integrated solution

of problem (4.1) is equivalent to the existence of an r¿-times integrated semigroup

generated by A for the homogeneous case (i.e. 1þ(t) =0). The proof of the thoerem

is independent from [50], Theorem 3.1, in which the proof for the more general case

(namely r¿ € IR+ ) is sketched.

Theorem 4.6 Let lþ(t) -- 0. There eri,sts a uni,que n-i,ntegrated soluti,on t r+ u(t)

of Qr.l) for anA r, € X il and only if A generates ann-ti,mes integrated semigroup

{v(t) e L(X) : ú e [0, oo)].

Proof. The proof of the sufficient condition is straight forward and follows from the

properties of the n-times integrated semigroup. We use property (ii) of Proposition

4.2. Since A is the generator of the r¿-times integrated semigroup {V(t) e L(X):

, € [0, oo)], for all z € X we have

tn ft
V(t)r -- 

^., 
* o 

J, 
V(s)rds.

Taking u(t) : V(t)r, then ú r+ u(t) is an n-integrated solution of (4.1). The

uniqueness of the solution is concluded from the uniqueness of the n-times integrated

semigroup generated by ,4 (see [59], Theorem 3.6).
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Now we prove the necessity. For ¿ > 0 we define the map V(t) : X -+ X by

V(t)r :: u(t), r e X.

We will show that Iz(ú) has all the properties of an n-times integrated semigroup

as in Definition 2.2I.

Since V(t)r :: u(t,r) is an n-integrated solution of i+.f¡ withT/(ú) : 0, V(t)r

satisfies

v (t)r : \" * o I, v þ)rd,s. (4.4)

Thus, {V (t) : t I 0} obviously is a one parameter family of linear operators satisfy-

ing

(i) I/(0)r:0, and

(ii) Iz(.)ø € C([0, oo);X).

We show that the linear operators {V(t) : t > 0} are bounded. To this end we define

forú)0themaps

F¡: X -+ Y¿:: C(10,t];X),

lx + u(.).

Those maps are linear and defined on the whole Banach space X. Since Y¿ becomes a

Banach space with the supremum norm, according to the Closed-Graph-Theorem,

we only have to prove closedness of the operator 4 to obtain boundedness. Let

ixn --t r be a convergent sequence in X with F¿r;¡ -) y(') i" Y¿. Definin g a¡ :: F¡r¡

we can write

,*(t) - #.rr: t fo' 
uo!)ar.

The limit, as k -+ oo, of the left-hand side exists and coincides with Aþ) - fi.r. On

the other hand we have 
¡t ¡t

Jo 
u{s)ds -+ 

Jo u?)ds,

as k -+ oo. Thus, by the closedness of the operator A we obtain U : Fñ and hence

F¿ is closed and even bounded. The linear evaluation map

II¿ :C([0, t];X) -+ X,

aO *+ a(t)
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obviously is bounded andV(t)r: (lI¿ o F¿)r, thus Iz(ú) € L(X).

Next we need to show that property (iii) in Definition 2.21 also holds for V(ú), i.e.

v (t)v (s)r: ,5 lr' (n - ù'-'v (s i r)r- (¿ + s - r)n-tv (r)r) d,r '

By the assumption of the existence of an n-integrated solution of (a.1) ,V(')V(s)r

is an r¿-integrated solution of (a.1) (with 1þ(t) = 0) and with initial value ø replaced

by lz(s)r. Let

z(t) : -]- [' ru - r\'-Iv(s *r)r- (¿ + s - r)n-rv(r)r) dr.þ\u) - Øat)l lo \\" 
t )

We show that the function t r+ z(t) also is an n-integrated solution of (4.1) with

,þ(t) = 0 and initial value V(s)r. Consider

(4 5)A

A ((r - ")"-rv(r + u)r - (s * r - u)-tv (u)r) du ds

"*'("*r-u)n-t V(u)rduds - A

(rz - 1)!
V (u)rduds.

First, we calculate the first term of the right-hand side of (4.5)

*"(r+r-u)n-I
V (u)rduds

(n - 1)!

'tLn-L

(t+r-u)"
nl

l,'1,'%+v@)r.u's(rz - 1)!

"("*r-u)n-I

(4 6)

' (t, - ")1 
t 
v(u\rd,ud"s("-Ð! ''

v (u)rd,ud,s - A 
|,', l,' 

\i#v @)rd,ud*

o 
lo'*' I,' f# -il,v(, - 

u)raud's - o I,' l,' #vþ - u)rd,ud's

#^ l,'*' r r, - 
u)r.s.u - I,' #^ I,', u - u)rd"s.u

o 
lo'*'-" 

v(s)rd,sdu- Ir' #^ Io'-" 
v(s)r.s.u

" (t - u)n-r
(n - 1)!

(t('

(.

(n - 1)!

'tLn-l

("Ln
'ì.Ln-l

lo'*'

lo'*'

lo'*'

-I,

+ T u)r ") o"

T(r-u ")
u

n(n - 1)!
r
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(t+r-u)n-r
(n - 1)!

(, - u)n-'
(rz - 1)!

v(u)rd,u - lo
,*, (t1-r-u)n-run rdu

(rz - 1)! nt

V(u)rdu + I,'86#\*u
The second term of the right-hand side of (4.5) can be calculated in the following

way'

A [' [' (s + r - u\"-r vtu)rd,ud,s (4.7)^JoJo (n-1)! 7\

A l,' I,' ff#v ? - u)r.ud,s

v(,-ù, I,ffio,o,
v(,-,,r"(ry-#)*
g+-v 

@ - u)rd,u - o I,' 
{n{ e - u)rd,u

: 
I,' ff#v o - u)rd,u - l,' i##"ou * \ sç,¡*

-,,L,# " - I,' ffi"r - u) rd'u * I,' #g# "*
: l,' 

a \i -Yl¡¡ 
v (u)rd,u - I,' %#\,au * \ s (,),

-,+#" - l,' %#v @)rd'u * I,' %#\*

A

A

A

I,'

I,'

I,'

Furthermore we simplify the last term of the right-hand side of (a.5) as follows

A '(t*r-u)n-r V(u)rdu
(n - 1)!

(4 8)

: 
1,,

: 
T,,

: 
T,,

: 
1,,

: 
lr'

(r * u)"-r
(rz - 1)!

(r + u)"-r
(n - 1)!

V (s)rdsdu

(ru-u)r-\#"¡0"
@ë#v@)rdu- (t+r- u)"-ru"

(rz - 1)l nl
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Considering (4.6), @.7) and (4.S), (4.5) becomes

A 
I,' 

z(s)d,s

lo'*'

- I,'
_ 
I,'

* I,'
- 1,,

lo'*'

(t+r-u)n-t
(rz - 1)!

(r - 1¡"-r

V (u)rdu -
(t+r-u)n-tun

(" - L)l nl

)"-t \*au

rdu

rdu

rdu

(4.e)

(4 11)

(T-U

@Fçv@)rd,u+

-#t''''*##"

%#vtu)rd,u-

(n - 1)!

(t+r-u)"-r
(rz - 1)!

(t+r-u)n-r

V(u)rdu +
(rz - 1)!

(t+r-u)n-tun

(r - u)n-r u"
rdu

(n - t)l nt.

(t+r-u)n-tun

(rz - 1)! nl

(rz - 1)!

(t+r -u)n-t
nt

'(t+r-u)n-r
(n - 1)!

v(u)rd,u * I,'
v(u)rd,u - I,'

\,au

(n - 1)!
V (u)rdu

(t+r-u)n-run
rdu

(rz - 1)! nt

T2n ,2n*l+ten)t"+ 
çzn¡t¡,.'

(n - 1)!

(t+r-u)"-t
(rz - 1)!

+n
V(u)rdu - 1!(r)r

/t"rn
+ (;;u - (l'*'-i=#:{*au

l,' 
a trí=?t, \'au - I,' ))

But by integration by parts we have

Similarly, we have

ft*' (t I r - u)n-t un, (t I r)2"+t

J, --Cf ! ' 
rd'u : 

{rn * ,¡, ' (4.10)

t,
tla-l ,n*l tn-2 ,n*2

(n - 1)!

tn-s ,nI3
r..............................-...._ 

-t 

-L' (n - 3)! (rz + 3)!"

and

['(t+r -u)n-rt*au
J, f" - tlt -nt'*-*

Tn-l ¿n*l Tn-2 ¡n*2

(4.12)

6-t6r4
t2n

G=n("+t¡ rl T

Tn-3 ¡n*3

@=n þt + 3)t'r 
+

¡2n-lr
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Thus tr(ú) is an r¿-integrated solution of (4.1) with initial value ø and ,þ(t) = 0. The

uniqueness of the solution implies w(t) : V(t)r. Therefore

tn rt
v (t)r : 

n." * Jo 
u (t)Ards,

that is ,4 generates the n-times integrated semigroup {V(t) e L(X) : f e [0, oo)].

In [3], the n-times integrated semigroup {V(t) e L(X) : ú € [0, oo)] generated by

A is defined as the strongly continuous function t F+ V (t) e L(X) satisfying

and

v (t)r

1,,
V(s)rds e D(A)

1,,
r-lA V(s)rds,¿€[0,æ),reXtn

n!

In the theorem above we proved that the n-times integrated semigroup defined in

Definition 2.27 is equivalent to the semigroup defined in [3].

Now recall the inhomogeneous Cauchy problem (a.1) for any þ(t) e LL.((O,oo);X).

In the following theorem, we show that A generates an n-times integrated semigroup

is necessary for the existence of a unique n-integrated solution of (4.1). Moreover,

we give an explicit representation of the solution in terms of the n-times integrated

semigroup generated by A. We need the following proposition to show the unique-

ness of the solution. The proposition was proved in [59], Theorem 3.7 for the case

when ,4 generates a once integrated semigroup. \Me use the same idea to show that

it also holds for the case when .4 generates an r¿-times integrated semigroup.

Proposition 4.6 Let A be the generator of the n-ti,mes i,ntegrated semi,group {V (t) e

L(X) : Í € [0, æ)] and let u : [0,-) -+ X be a continuous functi,on such that

fi uþ)d,s e D(A) and

l,r
u(s)ds:u(t), t€[O,oo)

Then u: 0 'in [0, -)

A
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Proof. The function r r+ [[ u(s)ds is continuously differentiable. Consider

Using the commutativity, AV(t)r :V(t)Ar,r e D(A), by (ii) Proposition 4.2 we

have

V(t - r) u(s)ds

(t - ,)"-': -AV(t- ù Ir',

: -V(t - r)O I:
lo' 

u(s)d,s +V(t - r)u(r)

lo u|)as +v(t - r)u(r)

Thus,

ln-7v'(t)r: hr +v(t)Ar: h.r + AV(t)r

# (',' - Ò 1," 
(')d')

u(s)ds -

u(s)ds -

n-t)l
- r)n-r

(

(t
(n - 1)!

: -v (t - r)u(r) - T# fo' 
u(s)d,s + v (t - r)u(r)

%+lou')a'

- ft (t - r)"-1 rr
lo Ø - t¡t J, 

u(s)d'sdr : o' (4'r4)

By differentiating equation (4.L4) (rz+ 1)-times we obtain u(t) :0 for all ¿ € [0, oo).

I

Now integrating this equation and using the fact that V(0) : 0 we obtain

Theorem 4.7 Let A be the generator of the n-times i,ntegrated semigroup {V(t) e

L(X): f e [0, æ)). Then

tèw(t):V(t)r+ V (t - s)tþ(s)ds (4 15)

def,nes a un'ique n-integrated solut'ion of (4 1)

Proof. Since V(t) is the rz-times integrated semigroup generated by A, it is clear

that ú -+ tr(t) defined by (4.15) is continuous. Moreover w(t) e D(A), for all

t e [0, oo). We show that tu(ú) satisfies

w(t):\, + A 
lo' 

.G)d', * I, fff@or,
-tI r)



for all ¿ € [0, oo). Using property (ii) Proposition 4.2 and closedness of A, we have

ol, w(s)ds o 
I,' 

,urrd,s t o 
I,' I,' v(, - r)þ(r)d,rd,s

: V(t)r -\, *

: V(t)r -\, +

: V(t)r-\r*

: v(t)r -#.,

l,' 
a 

I,' 
,u - r)d,sþ(r)d,r

lr' 
o lr'-' 

v(s)d,stþ(r)d,r

I,' ('n-r) -+)þQ)dr

* I,' 
v(t - r)þ(r)d,r - I,' 9{r@0,

: ,(t) - ,\" - I,' 
,r;:.r" 

þ(r)d,r.

Hence, t r+ w(t) given in formula (4.15) is an n-integrated solution of the inhomo-

geneous Cauchy problem (4.1) To show the uniqueness, suppose that there exists

another n-integrated solution t r+ ws(t) of (4.1). Take w(t) : w(t) - tr.'6(t), then

t + 1x(t) is a solution of

1,,

and by Proposition 4.6, w(t) : 0. Thus w(t) :.0(t). Hence the solution is unique.

I

The following proposition helps to obtain conditions for the existence of unique

classical solution of problem (4 1)

Proposition 4.8 Let A be the generator of an n-times i,ntegrated semi'group {V (t) e

L(X):úe[0,oo)].

(i) For all r € D(A"+r), we haue

"ú)(t): A w(s)ds

n-7 ti
y@ Q)r : v (t) A" r+ ! i.on ",i:0

y(n+t) Ør : Ay{") (t)r
and
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0i) ï rþ(t) e D(A+r¡ for all ¿ € [0, æ), then the function t r+ us(t) giuen bg

i,s (n * I)-times continuously differentiable, and

1,,
trs(ú) :: V(t - r)tþ(r)dr

n-I

i=0
ut"'(r) : 

Io
V(t-r)A"{(r)d,"+t I,'+.+i4.,e)ar

Furthermore, we haue

uÁ"*') (ù : 'qufi çt¡ +',b(t).

Proof. (i) Since r e D(A"+t), by the property of the semigroup we have

and

and

v" (t)r

V'(t)r: AV(t)r*#.
: v(t)Ar* #r)f

tn-2: V'(t\Ar + ---
çn - Z7r'*

tn-l tn-2: AV(t)Ar + 6=n Ar * ó_ñ
tn-l +n-2: v(t)A2r + 6=n Ar-r å _ r),"

By differentiating r¿-times we obtain

t'y(") Q)r -- V (t)A"r + t il

n-l
A T

y("+t) (t)r V'(t)A"r + t
n-l

i=0

A',)

t'
A T

ili:I

AV(I)A r. hAnr * ^8,\o',
n t': A(V(t)A"r +

: ¡y(") 6r.

t

75

i:0 il



(ii) Differentiating ú + u6(t) we have

u'o(t) : V'(t - r)tþ(r)dr

and using that t/(ú) e D(A+r) C X and that I/(ú) is the n-times integrated semi-

group generated by A we have

uL(t) V'(t - r)tþ(r)dr

1,,
(4.16)

1,,

1,,

V(t - r)tþ(r)dr +A

1,,

(AV (t -,),þ (,) . g@#þ 
e\ d,r

1,, 1,,

I,'

(t - ,)"-'
(n - 1)!

rþ(r)dr

V(t - r)Aþ(r)dr +

Therefore

Furthermore

,';(t)

and

u,oþ): l,' ,u - r)Atþ(r)a, * I, %#rþe)d,r.

lo' 
r' r, - r)Aþ(r)a, + 

fo' ffirn o,

l,'ØrQ - r)Aþ(r). H# Aþ@))d,r + l,' ffirnro,
A 

I,' 
v (t - r)Arþ(r)d,r * I,' l#^þe)d,r * I,' ffirrno,

l,', n - r)A2þ(r)d"r + I,' T# Aþe)d,r * I,' l#re)d,r.
By continuing this process we obtain

v(t-r)A"þ(r)d,"+t l,'=lAiç(r)dr'
n-l

ut"' : 
Io i:0

,Á"*t) (ú)
lo' 

,'n - r)A'rþ(r)d,r +E I,' T+^ir¡te)ar +1þ(t)

A 
I,' 

v (t - r) A,þ(r)d,, * I,' %+ A'þ(r)d,r

*oî l,'+A"þ(')+'þ(t)
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:A( V(t-r)A"þ(r)d,"+t l,' +.+i4;@)al + ú(t)
1,,

n-l

i,=O

Auf) (t) + ú(t)

T

By the above proposition, \Me have the following result.

Corollary 4.9 Let A be the generator of the n-times integrated semigroup {V(t) e

L(X):ú€ [0, æ)] andletþ(t) €D(A+t¡ for all ¿> 0. Thenfor allre D(A+r¡

the erpression

t + u(t) :: v(t)A^, +||.o', * I,' ,n - r)A þ(r)d,r +E [,' 
(t 

- 
.')o 

.q',þ?)a,

defines a classical soluti,on of the i,nhomogeneous abstract Cauchy problem (/r.1).

4.2 n-\Meak Solutions

In this section we discuss the r¿-weak solution of the inhomogeneous abstract Cauchy

problem (4.1). By A* we denote the adjoint operator of A.

Definition 4.10 A function ?r(.) € C([O,oo); X) i,s sai,dto be ann-ueak solution

of the inhomogeneous abstract Cauchy problem (4.1) tf tr.'(O) : 0 and if for all

r* e D(A.) the scalar functi,ont r+ (w(t),r.) i,s di,fferentiable on [0, -) and sati,sfies

d. n. rtlt .\n

h<.tl,r*): (r(t),A*r*) * (n!-rr,r.) + (J, +t{þ)ds,r.). (4.17)

Lemma 4.Lt Let t v+ u(t) be an n-i,ntegrated solution oÍ (4 1) Then t r+ u(t) is

an (n - 7)-weale soluti,on of (/+ 1)

Proof. Since tr+ u(t) is an n-integrated solution of (4.1), r(.) € C([0,oo);X) and

forallreXwehave

u(t):\,* a 
lo'u4)a,* I,ffføu,.
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Moreover, for all r* e D(A*), we have

tn

nl.

¡t: (1, u@a,,A***) * (#.*,r*) + \lr' 
g--Ù-þþ)d,s,r.).

Hence by differentiating the above equation, we obtain

d, . tn-I f, (t - s)"-1 , , ,

¿(u(t),r) -- (u(t),A*,*) + (ä r,r*l * (J, iä þþ)d,s,r.).

Thus t r+ u(t) is an (rz - 1)-weak solution of (a.1). I

We showed in Proposition 4.7 that there exists a unique n-integrated solution of (a.1)

if the operator A in the problem (4.1) generates an n-times integrated semigroup.

In the lemma above, we proved that any n-integrated solution is an (n - l)-weak

solution. Hence for those A, the function given by (a.15) defines a unique (" - 1)-

weak solution of (4 1)

Corollary 4.L2 Let A be the generator of the n-times integrated semigroup {V(t) e

L(X):¿ € [0, æ)]. Thentr+w(t) giuenbyformula (/, 15) is aunique ("-1)-weah

soluti,on of the inhomogeneous abstract Cauchy problem (/r.1)

Proof. By Proposition 4.7, the function given by (a.15)

,^ I:u(s)ds, 
r.) + ( r, r*) ., I: fft'rs)d,s, r*)(u(t), r)

tèu(t):V(t)r+ V(t - s)rþ(s)ds

defines a solution of (a.1). By the lemma above, it is an (n - l)-weak solution of

(4 1) It remains to show that the solution is unique. The proof of the uniqueness

is similar to the proof of the uniqueness of the rz-integrated solution and we omit

it. Again, it is based on Proposition 4.6. r

Having the result above we deduce the following result for the existence of a unique

n-weak solution of (4.1).

Corollary 4.L3 Let A be generator of an (n-ll)-times i,ntegrated semi,group {y(¿) €

L(X): ú e [0, æ)]. Then there erists a un'ique n-weak solution of Q, 1)
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In the following discussion \rye connect the concepts of the n-weak solution and of

the weak solution for the inhomogeneous abstract Cauchy problem'

Definition 4.L4 A function u(.) € C([0, oo); X) is said to be a weak solution of the

Cauchy problem (/r 1) xf z(O) : r and if for each r* € D(A.) the scalar function

tv+ (u(t),r*) i,s cont'inuously differenti'able onl0,æ) and

d- to,(t\ .r*\ : ("(t),A*r*) + (tþ(t),r.).
¿¿\@\vlt* 

/ -'

Proposition 4.15 Let t r+ u(t) be a wealc solution of the problem (/r 1) Then the

functi,on

1,,

(¿-t n
tr+

is an n-wealc solut'ion ol U+.1)

Proof. Itisclearthatú r+ I:+ iscontinuous. Let r* eD(A*). Since tt+u(t)

is a weak solution, we have

u(s)ds
nl

#fua1, 
r*) : (u(t), A* **) + (tþ(t), r.),

and hence

(u(t),r*):(r,r.)+( u(s)ds, A-r.) + ( þ(s)ds, r.)t; t:
Now we consider

(1,' !-!uþ)d,s,r*)

+(r(r),r*)d,s

(4.18)

(¿ - s)"
nl.

(r,r.) + (

(1,' ç--Ð:rd,s,r*) .,1: u;!" 
I,

u(r)ds, A.r.) + ( tþ(r)dr, r.) ds

u(r)drds, A* r*)

*\ I,
'(¿-r)"

nl.
tþ(r)drds, r.)

, (t - t¡r"*'t'

(rz + 1)!
(#.",,.)*(lo
*(1,' gø*-l¡rþ)d,s,r.)
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Differentiating (a.18) we obtain

*tl,'#"'s)ds'r*) (lr' g--Ù-uþ)d',,.) 
+ (\r,r.)

þ(s)ds, r.)

Hence, t * Il ffuþ)d,s is an r¿-weak solution of (a.1)

4.3 K-Generalized Solutions

In this section we discuss K-generalized solutions of the inhomogeneous problem

(4.1).

Definition 4.16 A functi,on u(.) € C([0,oo); X) i,s called a K-generalized soluti,on

ol U.1) if Jor attt e [0,-) hom fiuþ)d,s e D(A) and,

1,,

where K(t): fitcçs¡as, tè k(t) i,s a conti,nuous funct'ion on [0,-)

We showed in the first section of this chapter, for the case that K(t) : f;, the

condition that A generates an n-times integrated semigroup is necessary for the

existence of a unique solution of (a.1) for any initial value in X. We study the

K-generalized solution for the case that the operator A in problem (a.1) generates

a K convoluted semigroup.

Definition 4.LT Let A be a closed operator. If there erists a strongly cont'inuous

operator fami,lE {Sx(¿) e L(X): ú € [0, æ)) such that

(i,) for r e D(A), S1ç(t)r e D(A) and ASy(t)r: Sy(t)Ar for ¿ € [0,oo),

(ii,) for r e X, fi Soçs¡"as € D(A) and,

Sy(t)r : O [' S¡a(s)rd,s + K(t)r, t e [0, oo). (4.20)
Jo

Then we call {Sy(t) € L(X): ú € [0, æ)] the K-conuoluted sem'igroup generated by

A.

.rI (¿ - r)"
nl

u(t): ¿ u(s)ds + K (t)r + (K + rþ)(t), (4.1e)
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For the homogeneous problem, it is shown in [12], Theorem 2.3 that the condi-

tion that A generates a K-convoluted semigroup is necessary and sufficient for the

existence of a unique K-generalized solution of (a.1). In the theorem below we

show that -4 generates a /f-convoluted semigroup is necessary for the existence of

a K-generalized solution of (a.1) for any ,þ(t) € LI""((O,oo);X).

Theorem 4.LB Let A be the generator of a K-conuoluted semi,group {S"(¿) €

L(X) : f € [0, æ)]. Then the functi,on

t + w(t) : Sx(t)r +

defines a K-generalized solution of (4 1).

1,,
(4.21)

Proof. Since A is the generator of a K-convoluted semigroup {S"(¿) e L(X) : t e

[0, -)], t r+ w(t) given by @.2I) is continuous.

We show that ú ,-+ w(t) defined in (a.21) satisfies (a.19):

Sx(t - s)r/(s)ds

Sr(s - r)tþ(r)drds

,Sr(s - r)þ(r)drds

A w(s)ds : A S1ç(s)ds + A

: Syç(t)r - K(t)r +

: Sç(t)r - K(t)r +

: S¡¡(t)r - K(t)r +

: Sy(t)r - K(t)r +

1,, 1,,

: sv(t)r - K(t)r * 
Ir' 

o 
I,' 

,o(s - r)d'sþ(r)d'r

' o Io'-' sy(s)d,sþ(r)d,rt,

I,

I,

(^9¡((ú - r) - K(t - r)) tþ(r)dr

t
Sx(t - r)tþ(r)dr - K(t - r)rþ(r)drt;

Therefore

w(t) : ,n, fr .þ)as + K(t)r + (K * rþ)(t)
Jo

Hence, t r+ w(t) is a K-generalized solution of (a.1).

: w(t) - K(t)r - (K * rþ)(t)

Definition 4.L9 A differential operator of i,nfinite order

¡

,(#)':å o^#,
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is called an ultradifferential operator of class (M") ,Í there eri,sts a constant L > 0

such that

ro,,r : "(t*)
For the case that t è k(t), çfi nçs¡as : K(¿)), is the solution of the ultradifferential

equation P(#)k(t): ð, where P is the ultradifferential polynomial of Gevrey class

nt|,0 < a < 1, it is shown in [12] that, if -4 generates a K-convoluted semigroup

which is also shown equivalent to the existence of a unique K-generalized solution

of the homogeneous problem, (4.1) has a unique once-integrated solution for any

intial value r from a smaller subset of. X.

Propositi on 4.2O [12] Let h > L-r and asumme that A generates a K -conuoluted

semi,sroup {Sr(¿) € L(X): ¿ € [0, æ)]. Defi,ne

X¡:: {r e X : Sy(.)r € C-([0, æ),X), ¡¡Sf;)1t¡r¡¡ : O(h",rl.|),n e N].

Then the Cauchy problem 1.1 has a unique once-integrated soluti,on for any r € X¡

Using this result we derive the following corollary.

Corollary 4.2t Suppose that all the assumpti,ons of Proposi,ti,on 4.20 hold. Then

the functi,on giuen by

t r+ w(t) ,: , (*r) (t..{,), *

w(t):, (*,) (r'.{,), *

I,I
Sx(t - s)þ(s)ds

d,efines the uni,que once-i,ntegrated soluti,on of the i,nhomogeneous problem (l 1) for

any i,niti,al ualue r € Xn.

Proof. Consider Aw(t) for w(t) given by

1,,
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Then

1,,
A w(s)ds : AP sr(s - r)þft)aras)

l,' a 
fo" 

s*{, - r)þ(r)d,rd,s

) l,' 
,t'Øn l,' s*{, - r)ctsd,r

#) (1,' o 
Io' 

" sv(s)ctsþ(Òo')

#,)

#)

#)

: t(

: t(

: t(

: t(

(#)

#)^

(/'s,,{,) rd,s *

sy(s)rd,s* t (

(sy(t)r-K(t)r)*"(

'(#) Kþ)r(t),

t:
I,'

*)

(#,

1,,

(54ç(tr-K(t)r)+P

(Sx(t)r - K(t)r)

(sr((¿ - r) - K(t - r)) þ(r)dr

Sx

t:
I,+ Sx(t - r)tþ(r)dr

K(t - r)þ(r)dr

Therefore

w(t) : , (#) (t^{,)" * I,' sx(t -s)î/(s)ds)

is a once integrated solution of the problem (4 1)

In [43], it is shown that, if A generates a K-convoluted semigroup, the homogeneous

Cauchy problem, problem (4.1) with ,þ(t) = 0, has a classical solution for any initial

value r e D(P(,4)) where P is the ultradifferential polynomial operator of class

(M,) and t è k(t) is the solution of the ultradifferential equation P(#)k(t) : 0

with the initial condition

n:o P:n+2

Theorem 4.22 [43] Let t r+ k(t) be a solution of the di,fferenti,al equati,on P (h)k(t) :
0, t > 0 wi,th the i,ni,tial condi,ti,on

oo æ

ln{"t (0) t arAP-n-t - 0

!*t"l1o¡ Ð ooor-"-t-o,

oo oo

P:n+2n:o
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where the cofficients of the ultradifferential operator P(*) of class (M,) sati,sfy the

conditi,on

I o" l<C, forallr¿€N withnlm
'ahnQn-tn

for some c > 0. Let A generate the K-conuoluted semigroup {sr(¿) e L(x) : t e

[0, *)]. Then t r+ u(t)n :: P(ft)So(t), is a solution of the homogeneous cauchy

problem for any r € X with Ar e D(P(A)).

Corollary 4.23 Under the assumptions of Theorem /¡.22 we haue that

t r+ w(t) : , (#) (t*t,1, * I,' sx(t -s)?r(s)ds)

i,s a solution of the i,nhomogeneous problern (4.1) for any r €. X and t r+ þ(t) with

Ar,tuþ(t) e D(P(A)).
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Chapter 5

Stochastic Differential Equations

In this chapter, we consider the stochastic diflerential equation

dx(t) : ¿'x(t)dt + BdW(¿), X(0) : 4, (5 1)

in a separable Hilbert space 11, where A : D(A) C H -+ f1 is a closed linear

operator and B : H -+ -FI is a bounded linear operator, W(') is an f/-valued Wiener

process in a probability space (çl,F,P) adapted to the filtration {fr}rro and { is

an /1-valued random variable. By f/-valued random variable, we understand an

-F/-valued mapping { ' CI -+ H which is measurable from (CI,.F) to (I/, ß(H)),

where ß(H) is the smallest o-fietd containing all closed (or open) subsets of I/. A

stochastic process X(t) is said to be adapted to the filtration {Fr}t>o if, for any

ú ) 0, X(ú) is {f¿}-measurable. We call a stochastic process X(ú) independent if

the o-fields {o(X(t))},>o ut" independent. A stochastic process X(ú) is called fI-
valued predictable if X : [0, oo) x 0 -+ H (or X : 10,"] x fl -+ H) is P--measurable

(respectively P7-measurable), where P- is a o-field generated by sets of the form:

(s,ú] x .F, 0 < s ( ú, F e F, and {0} x F, F e Fo,

andPr is the restriction of P* to [0,"]. We say an operator,L is of trace class if

its trace is bounded.
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We denote by L' (CI; ¡/) the Banach space of all ,F/-valued square integrable mappings

endowed with the norm

llxll, :: (¿'illxll'l) å,

and by Cw(l},Tl;H) the Banach space of all mappings X : [0, T] -+ L'(Q;11), that

are continuous and adapted to the filtration {Fr}r>g, endowed with the norm

llX(') ll"*[o,rt,r):: suP (ø¡¡¡x1t¡ll']) å 
.

¿€[o,T]

Let furthermore {e¡}reN be a complete orthonormal system in fI and {Ér(')}u.*

be a sequence of independent real Brownian motions on (f), F, P) adapted to the

filtration {Fr}t>g. We assume that, for all U € H, we can write

(w(t),r) : Ë þuþ)("u,a).
h:1'

5.1 n-Integrated Solutions and Weak n-Integrated

Solutions

In this section, we discuss n-integrated solutions and weak n-integrated solutions

of problem (5 1) We give conditions for the existence of solutions and the existence

of continuous versions of solutions.

Assume that the operator A in problem (5.1) generates an exponentially bounded r¿-

times integrated semigroup {W(t) € L(H): t e [0, oo)]. We consider the stochastic

convolution

¡t:¡t
w"(t) ,: 

Jo 
w(t - s)Bdw (') : 

à J, wA - s)Be¡dp¡(s). (5 2)

We show that the sequence in (5.2) is convergenl in L2 (f¿, H).

Proposition 5.1 Let A be a generator of ann-ti,mes i,ntegrated semi,group {W(t) €

L(H): Í € [0, cn)) and assurne that the operator

1,,
V"(s)BB.V](s)rds, r € HL¿Ï ::

86

(5 3)



i,s of trace class. Then for atlt > 0, the series in (5.2) is conuergent i,n L2(A;H)

to o, Gaussian random uariable W"(t) with mean zero and couariance operator L¿.

Moreouer, W"O belongs to Cyy(l},fl; H) for any T > 0.

Proof. First, we show that the series in (5.2) is convergent in tr2(f);,tI). Let ú > 0

Using the independence of {þr} and Ito's isometry, for m,p € N we have

" lll-ä,lo' 
r,' - s)Be¡dB,t",ll'] : "|i,lll,' ^n 

- s)Be¡dB¡,',ll']

-î^ -,t lll /' w(t -') t"-'É- (') 
I I ]

m*pt llÇ(t - s)Be¡llzds
k:mi 1

Since -L¿ is of trace class,

A¡(LtenTr L¡ Ë
k=l
oot

k:1
oot

k=1
oot
h:r
oot

,b=1
oot

Ic=1

)

I lr' 
u,@nB.v](s)e¡d,s, e¡)

lr' <*øl u B. v;(r) 
"0, 

e ¡,) d's

I o' 
\"" r; {s) e¡, B* v}(s) e¡ ) ds

l r' <nøl u e¡, v,(s) B e ¡) d,s

l,' lnlù"e¡ll2d,s ( @,

[,å I,' 
nn - s)Be¡d,8,,(s), h) ,Ð/,' w(t - s)Be¡dp¡(,l, rl]

and we have lll4z"(t)ll7"p;n¡ < oo. We conclude the series in (5.2) is convergent to

W"(t) in L2(Q;H). Now we show that W"(t) is also a Gaussian random variable.

We calculate

E l(W"(t), h) (W"(t), y)l

E
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:E
t

t W(t - s)BdB¡,þ) ("n, h) ("0, A)

oo

lc=l

Ë
k=L

(1,

t; llÇ(t - s) Bll2 ds ("0, h) ("0, a)

llÇ(t - s) Bll2hds, a) : (Lrh, a)

Hence W"(t) is a Gaussian random variable. Finally we show thatW"(.) e Cw(l},fl; H)

for any T > 0. We only need to show that W"O: [0,7] -+ L2(Q;ÍI) is continuous.

(n lllw"Q) - w^(')ll1)'t'

(" lll* I,'*n- o)Be¡d'B¡(o) - å/" u*('- o)Be¡d'p¡(",11'] 

)

(" [lË I"' 
*u - o)Be¡d'B¡(o) + 

Ð-1,' 
,n(t - o) -v,('- o))Be¡d'þo(o)

(" [lË I,' 
nu - o)Be¡d'B¡,",11'] 

)

. (t llp l,' 
rr^r, - o) -v,(s - o))Be¡d,B¡,",11'] 

)
r/2t llÇ(t - o)Be¡ll2do t ll(W(t - o) -v"('- o))Be¡ll2do

oo

þ=

oo r12

k=7

By the assumption that .L¿ is of trace class and by the Lebesgue dominated con-

vergence theorem, the series in the right-hand ,side converge to zero, as s -+ f .

Therefore W"O e Cry(\},:fl;H) r

Corollary 5.2 Assume that K(.), e C([0,7];H) for any r € H, and that the

linear operator

Lf r:: [' *6¡uu*K*(s)rd,s, r € H,
Jo

i,s of trace class. Then for all t > 0 the sertes

wx(t) : [' Kft - s)Bdw(s): Ë [' *A - lBe¡d"B¡þ)Jo 
-t':'Jo
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,is conuergent on L'(Q; H) to a Gaussian random uari,ablewrc(t) with mean zero and

couariance operator Lf . MoreouerWy(.) belongs to Cyy(l},fl;H) for anyT > 0.

By Corollary 5.2, we have

l,' ";:'" 
Bd'w(s)

is a Gaussian random variable. We define the r¿-integrated solution of problem (5.1)

as follows.

x(t) -- ,\r* A 
I,' 

x(s)d,s+ I,'#"ow(,) (5.4)

Definition 5.3 An H-ualued predictable process X(t), t e [0, T] is said to be ann-

i,ntegrated, solution of the problem (5.1) ,f fi Xls¡as e D(A) for allt ) 0, P7-almost

surely, and

Proposition 5.4 Let A be the generator of an n-times integrated semigroup {V"(t) e

L(H): ú € [0, æ)] and assume that

W(t - s)Bdw(s) e D(A), ¿ > 0

Then

x(t) : W(t)€ * [' Wþ - s)Bd,w(s)
Jo

i,s an n-i,ntegrated soluti,on of the stochasti,c di,fferential equati,on (5.1)

(b.b)

Proof. Since Iz(ú) is the r¿-times integrated semigroup generated by A and by the

assumption that
¡t

JrWA-s)Bdw(s) 
e D(A), ú)0,

we have

l,' (1," u^(, - r)Bctw(r)) 0,. D(A),

and hence

fo' 
*{,)0,: 

Io' 
v*(s)(d,s * I,' (1,' nu - r)Bctw(",) o" e D(A).
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and using the properties of the n-times integrated semigroup W(t) we obtain

x(t) : w(t)€ + W(t - s)Bdw(s)

Moreover, taking into account that

t, W(t - s)BdW(s) e D(A), Í ) 0,

Using the closedness of A and the stochastic Fubini theorem, we have

lrl rt

A, * ,+ 
Jn 

v,{')"a'

* I,' #"ow(q + I,' (o I,'-'wØd,) Bdw(s)

,L,, 
* a l,' wtùrd,s * I,' ";!. 

" Bdw(s)

* I,' (o I,' w(, -")r") Bdw(s)

fo'n@ror*lo'ryx(t) : fte

+A

Bdw (s)+A

u,(, - )nawþ)) ar

Changing the variable, we obtain

x(t) tn:
n! t+Al,'*{,),0,* I,

t(t-t)"
BdW (s)

V"(t - r)BdW(r)

nl.

),'

V"(s)r + V"(t - r)Bdw(r) ds

+ 
lo' 

(t 
-ù" Bdw(s)

:,,\.r * A 
lr' 

x (s)d,s * lr' # " 
ow (')

Hence X(ú) given by (5.5) is an r¿-integrated solution of (5.1). T

However, the solution X(t) does not necessarily have a continuous version. The

purpose of our next discussion is to find conditions under which the solutions have

continuous versions.
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Let A be the generator of an exponentially bounded n-times integrated semigroup

{W(t) e L(H) : ¿ € [0, oo)]. Hence A is also the generator of exponentially bounded

(n, + j)-times integrated semigroups {%+¡(t) e L(H) : ú € [0, oo)] for j : t,2,....

In particular, A generates an exponentially bounded 2n-times integrated semigroup

{Vr"(t) € L(H) : ú € [0, oo)]. It is shown in [36], that those semigroups satisfy the

relation
n-l

j=o

1

j!V2,(t + s) : V,(t)V^(r) + I (skvr,-tçt¡ + tkv2^-j(s)) . (b 6)

Define

Wz"(t)

W2"(t) :-- Vz,(t - s)Bd,W(s): t V2^(t - s)Be¡,dB¡(s). (5 7)t:
oo

k=1

We showed in Proposition 5,1 lhat W2,(t) is a Gaussian random variable with the

law ,M(0, L2r"), where

V2"(s) B B.V,!nþ)rds, r € H,

given that L!" is of trace class. Our next task is to show lhatW2,(t) has a continuous

version.

Theorem 5.5 Assume that there is o e (0, l) and ? e (0, æ) such that

s-2oTr [v"(s)BB.y,J(r)] ds -- c!,7 ( oo, (5.8)

and for i : 0,I,2,...,tu - I,

ThenW2.(t) defined ba (5.7) has a continuous uers'ion.

Proof. Using (S.0) we can write

1,,
Ll"r::

1,,

s-2o'Irlvr,-tçs¡aB*vin-j(s)] ds : c'.Ti ( oo. (5 e)

: 
lo' 

vr^Q - o t o - s)Bdw (s)

: 
Ir' nn - o)v*(o - s)Bd,w(s)

* I,' (- ; @ - s)iv2n-i(t - o) + (t - o)ivzn-¡," -,,)
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Using the factorization formula

s0(t-o)"-'(o- s)-"do, 0 € (0,1), t

we obtain

Wz"(t)
sin (zra)

t' (¿ - o)"-t(
¡t

o - s)-"do 
J, WA - o)u"(o - s)Bdw(s)

t l,' i((o - s)ivzn-¡(¿ - ")) Bdw(s)
l,'r,-o)a-t@-s)-'d,o

l,'a-o)o-t(o-s)-'d'o

n-L

j=o

1,,

n-I
1t jl (t - o)i Vr,-¡(o - s) BdW (s)

j=o

By the stochastic Fubini theorem, we have

Wz"(t)
sin (zra)

,17

n

7f

Ir' *n - o)(t - o)a-r 
lr" nr- r)(o - s)-'Bd,w(s)d,o

(5.10)

1

1,,

l,'

1

jl

1

kt

t Vz,-¡(t-o)(t-o)a-t (o - s¡t-"BdW(s)do
j=o
n-]^t (t - o¡i+"-' Vrn-¡(o - s)(o - s)-" BdW (s)do

u"(o) -- W("- s)(ø- s)-"BdW(s),

and for i :0,1,2,. . .,n - 1

j:o

Writing

and

@): I,
6

p,(t) :=#4 
I,' nU - o)(t - o)o-,un(o)d,o

pzn-j(¿) : Il#4 
fr' jv^-t¡ - o)(t - o).-tui@)d'

pi(t) :=#4 
I,' ,\n - 

o)i+a-trrn-¡(o)d"o,

uj (o - s¡t-"BdW(s)

Uzn-j@) -- Vzn- j(o - t) (o - s)-" BdW (s),
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\rye can write W2^(t) as

n-l n-1.

wr,(t) : P,(t) + t Pr,-¡(t) + | r, 1t¡
j=0 j:0

Similar to the proof of Proposition 5.1 rffe can show that U"(o) is a Gaussian random

variable 
^/(0, 

^9i) for all o e [0,7], where

S: s-2" v^(s) B B* v * (s) r d s .

Accordingly, for all ¡ : 0,7,2,. . .,n - L, (Jzn-j(ø) and U¡(") are Gaussian random

variables N(o,Sl"-i) and 
^/(0,S1) 

respectively, where

T

s3n- 
j r ': s-2 " V2n - ¡ B B. V}^ -, (s) r d s

s2i-2" BB* rds

By (5.S), for any m ) 0, there exists a constant Dft,o such that for all o e l0,Tl

S'r't: 
lo

holds

and by (5.9) for j : 0,L,2,

that for all o € [0, ?] holds

This implies

and for j :0,1,2,

E lllu"(o)ll'^l < DTn,oo*,

...,n - 1, there exist constants D2$,;r and Dfi,o such

E lllur"-¡(")ll'-] I D'#,;i o^,

E lllU¡(")ll'-] < D'^,oo^

[" n lllu,(o)ll'*] d" < ++7m*lJo L' r - mil

,fr-l

l,' u lllu,.-¡(o)ll'^) d" s 
D#r^t7,

1," " lllu¡(")ll"'l do s ?h+.r^*''
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Therefore tl^(')r,Ur^-¡(.)u and U¡(.)u are in L'^(l},Tl;H) for almost all ø € f)

and 7 : 0, 1, 2, . . . ,n - t. Moreover, by Hölder's inequality and taking into account

the exponential boundedness of V¿(ú) we have

2n-l
2m

llP"(ú)ll (t - o¡"-r# ¿o llUnllTz^1¡0,r;;n¡

M7
1t

2m-7
2m-l

2n
f- *llU^llç^¡o,rli|)t

2ma-1

2n- |
2m

1

where Mr: suPte¡0,r1 llW(t)ll' Accordingly, for all ¡ :0,1,2, " ',n - t holds

llP""-¡(t)ll (t - o¡"-r# ¿o llU¡llp^¡0,r;;n¡
M+
rjl
M+

1,,
12m

2ma

where M4 : supre ¡0,r1 Vr"-¡(t) , and furthermore

rjl

n-l

2m-1

n-l

) 
^-- f - t ll(J ¡ll 7z^ 1¡0,11; n¡,

llP,(¿)ll < h(1,'u - o¡t+a-tffio")* llu,^-¡llr"^q¡o',1.,¡

r / 2m -=) T 
¡,*o-tllu",-¡ll7z^ç¡o,rl;n).' nj,.\r-*^o-r,

Hence p"(.), € C([0,T];H) for almost all ¿¡ € 0 and for all i:0,I,2,...,n-7,
Pzn-j(.)w, P¡(.)u e C([0, Tl; X) for almost all ø € f). Thus

w2n(.)u: P, +DPzn-j +DPt (.), e C([0,7]; H)
j=o j:0

for almost all ø € 0 and (5.10) defines a continuous version of W2"(t)

Corollary 5.6 Let all the assumpti,ons of Theorem 5.5 hold. Moreouer, assume that

Wz"(t) defi,ned in (5.7) belonss to D(A). Then

X(t) : Vr"(t)€ +W2"(t)

i,s a2n-integrated soluti,on of problem (5.1) which has a cont'inuous uers'ion.

Definition 6.7 An H -ualued predi,ctable process X(t) i,s sai,d to be a wealcn-i,ntegrated

solution ol (5.1) if the trajectories of X(') are P almost surely Bochner i,ntegrable
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and if for all u € D(A.), ¿ € [0, T] holds

(x(ú), ò: (T$,,> * (l,X(s)ds, A.u)-r (1,'g-lBclw(s),u),

P-almost surely.

¡t
w"(t) : 

Jo 
W(t - s)BdW(s).

Fix f € [0,?] and \el u e D(A.).Note that
¡t ¡t ¡t

J o 
{a. r,w,(s))ds : 

Jo 
Ç+. r, J, 

xw,,l?)v"(s - r)Bdw (r))ds.

Hence by the stochastic Fubini theorem, we have

ft ¡t ft

Jo 
{'+. r,w,(s))ds : 

Jo 
l'+. r, Jo 

xro,a(r)WG - r)Bdw (r))ds

f', ": 
Jr\J, X¡0,4(r)B*Vì(, - s)A*uds,dW(r))

¡t ¡t
" I B"V;(s - r)A.uds,dW(r)).
JorL,

X¡0,4(r) B* A.V; (r - s)uds, dW (r))

(".*r.þ - r)u - u.l+,)

(5. 11)

Proposition 5.8 Let A be the generator of an n-ti,mes integrated semi,group {V"(t) e

L(H);ú e [0, oo)]. Then

x(t) :wØ€ + [' wþ - s)Bctw(s)
Jo

i,s a weak n-integrated soluti,on oÍ (5.1).

Proof. Without loss of generality assume that ( : 0. We show that equation (5.11)

is satisfied by

Since A generates an r¿-times integrated semigroup {%(ú) € L(H): ú € [0, -)], 1-

generates the n-times integrated semigroup {lzf (t) € L(H.) : ú € [0, oo)], where

f/* is the dual space of H. Since.4* and V:(t) commute, using the properties of the

n-times integrated semigroup {V;(t) e L(H.) : ¿ € [0, oo)] we obtain

I,'
ds, dW (r)l

(A*r,W"(s))ds :

(

( l,'
( l,'

1,,

1,,

1,,
(B*v*(t - r)u - ".(';î) 

u,d,w(r))

I,' 
,n - r)Bdw(r)) - e, 1, ";î'" "ow(,))

u)
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Therefore W,(t): [iU"(t- s)Bd,W(s) is a weak r¿-integrated solution of (5.1). T

Corollary 5.9 Let A be the generator of an n-ti,mes i'ntegrated semi'group {V"(t) e

L(H);ú € [0, æ)] and all the assumpti,ons in Theorem 5.5 hold. Then

t:X(t) : V2"(t)€ + Vzn(t - s)Bdw(s)

is a weak2n-integrated solution of (5.1) which has a cont'inuous uers'ion

5.2 Quasi-Reversibility Method for lll-posed

Stochastic Differential Equations

In this section, we denote by '17!, the class of self adjoint operators on a separable

Hilbert space -FI generating an orthonormal basis {ro}0.* f.or H, corresponding

to real eigenvalues {À¡}reN such that -oo < Àr ( Àz < "'
lim¿--¡- Àr : *oo.

Consider the stochastic differential equation (5.1):

dX(t) : AX(t)dt + BdW(ú), X(0) : {,

where { is an unobservable ,F/-valued random variable that is, { is Ç-measurable for

some ø-fieldç ) F. Let B e L(H) and -4 e?f:.

Definition 5.10 An H-ualued predi,ctable process X(t) e Cw(10,f);H) i,s called a

solution of the problem (5 1) ,f fiXçs)as e D(A) for allt > 0, P-almost surely,

and

If A e 7l! , then the Cauchy problem

x(t)--t+A x(s)ds + BW(t)

u'(t) : Au(t), u(o) : ,o

(5. 12)
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is, in general, not well-posed, and the semigroup {U(t):f e [0,oo)] generated by,4

consists of unbounded linear operators. It was proved in [26] that, if A e ]l! , then

for any e ) 0, the Cauchy problem

u'(t) : (A - eA2)u(ú), u(0) : u6

is well-posed on D(A'), and (,4 - rA') generates a strongly continuous semigroup

{U,(t) € L(H) : ú e [0, oo)].

Suppose that { e L2(Q,ç,Þ), where Plr : p. We assume that there exists a

solution of problem (5.1) for the initial value {.

Let q be an observable f/-valued random variable, i.e. q is .F-measurable. Consider

6¿ ': El€ln], the optimal (in the mean-square sense) estimator of { in terms of 4,

suchthatøtll€-€¿ll'] <ô. Weapproximatesolutionsof theproblem(S.t) att--T
by solutions of the problem

dx,¡,(t) : (A - eA2)X,,6(t)dt + BdW(t), X.,¿(0) : €¿. (5.13)

Definition 5.11 A l'inear operator R,(t) : H -+ L'(Q;H), , ) 0, 'ls called the

regulari,zi,ng operator (or regulari,zer) of problem (5.1) for 0 < ¿ <T if
(a) the operator R,(t) i,s a continuous linear operator on H,

(b) there 'is a conti,nuous function e(') : [0, oo) -+ [0, -), ô ++ e (ô) wi'th e(0) : g

such that

4.16¡(ú){a -+ X(t), as ð -+ 0.

Thus, we have introduced two parameters, e ) 0 and ô ) 0, the former refering to

a perturbation of the operator A, the latter referring to a perturbation of the initial

value. If there is a coupling mechanism e : .(ô) relating them in a way that the

solution of problem (5.1) can be approximated by solutions of the problem (5.13),

then we call .R.16¡(ú) a regulaúzer and the approximation is a regularization. We

introduce, for some constants Mt, Mz, r ) 0 and fixed T ) 0, two correctness

classes, that are families of stochastic processes

M1:: {t r+ x(t) : n lllax(T)ll'l : ø I (ro exp ()¡?){¡)2

97
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and

M2 :: {t ++ X (t) | E lllx g + r)ll2) : B D ""0 Q^kg + r)tl 1 Mz,r > 0)
oo

lc:7

If X(.) € Mt or X(') ç Mz, then it holds, for a constant M ) 0,

E I."o Q^hÐt'k <M
oo

/c:1

(5.14)

Assumption 5.12

(a) For anA s ) 0, the li,near operators U,(s)BB.U!(s) are of trace class, and for

allt>0itholds

[' ,, ¡r,çs)BB.(J!(s)]ds ( @,
Jo

uniformly with respect to e.

(b) For s e [0, T], the li,near operators u(s)BB.U*(s) are of trace class and

¡T

J, Tr [u(s)B B*u* (s)]ds < oo.

Assumption 5.13 For any s e [0,7], thelinear operators AU(s)BB*U*(s)A* are

of trace class and

Tr [,au(s)BB*U* (t)A-]ds ( oo

Assumption 5.14 For anE s e [0, T + r], the linear operators U(s)BB"U*(s) are

of trace class and
+r

Tr [U(s)B B*U* (s)]ds < oo.

Since (A- e A2) generates a strongly continuous semigroup, if part (a) of Assumption

5.12 holds, then by Theorem 2.2.2 [14], for any 6 € 11, the stochastic differential

equation (5.13) has a unique solution X,(t).

Theorem 5.L6 Let A be i,n'11[ and suppose that Assumpti,ons 5.12 and 5.13 hold.

Then the operator
oo

I."o ((ro - eÀ2)t)€a¡er
k I

oo

k:t 1,,
+t e"p ((.1¡ - rÀ')(¿ -')) Be¡dB¡þ),

Ê.(¿)€ :: X,,¿(t)
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where {6¡:: (€¿,ex), i,s a regulari,zer for the problern (5.1) at t : T. On the

correctness class Mt, for some constant C independent of 6, there holds

E lllx(r) - x,,o(r)ll'l < cllnôl-3.

Proof. The solution X(f) aLt: 
" 

of (5.1) can be formallywritten as

where €* : ((, e¡). Let X,(t) be a solution of (5.13) for initial value {. Then x,(t)

al t -- 7 is of the form
oo oo ¡T

x,(T): t exp ((À¿ - ex2*)T)€*en tr, I exp ((À¡ - ,^7)(r - ')) Be¡dB¡,þ),
k:r -k=t 

J o

oo

k:7 k:t

Consider the error

E lllx(r) - x,,o(r)ll') <

+2ElllxQ) - x,(r)ll llx.(7) - x.,u(")lll .

Using the Hölder inequality we have

E lllx(r) - x,(r)ll llx.(") - x.,a(r)lll

(E'lllx(r) - x,(I:)ll'])å (E [llx.(") - x,,o?)ll'))i

Moreover,

Hence

E fllx(r) - x,,d(r)ll'l < 2 (E lllxg) - x,Q)ll'l + E lllx,g) - x.,o(r)ll'l) .

Firstly, we estimate Elllx(T) - X,(T)ll2l, where

oo

X(T): t exp (l¡T)( net" +Ð exp (À¡(? - s))Be¡,d\*þ),

k:t

+t exp (À¡(? - ")) 
(1 - exp (-eÀ20(T - r))) Be¡dp¡(s)

oo

k:t
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Using the same argument as above, E'IllX(") - X,(T)ll2] can be written as

E fllx(") - x,(r)ll'] < 2(ar * az),

where

Lt: E

and

A1 can be estimated in the following way

lllå 
exp ()¡?) (t - exp (-es2or))r-"-ll']

/.z:" llF [' "*o(Ào(" - ")) (r - exp (-eÀ20(r- ,))) Be¡d,B¡(s)" 
Lll?-to

2

Ar I ""0 
()¡?) (r - exp 1-et2*T)) €xe*E

E

co

k=7

N

ll']

ll"l

I u"o (ÀoT) (r - exp ç-el2oT)) €ne*
k=l
oo

k:N*1

where
N

Ic:7

and

By (5.14), the estimate of A" becomes

L,,: E f ."o (Àr") (t - exp ç-eÀ2oT)) txex
ll'l

+ t exp ()¡?) (t - e*p 1-ex?or)) €*e*

Aï : " [ll-å,exR 
(À*?) (t - exp r-'¡7r)) €*rl

t

A I."o (Ài,T) (t - exp (-esf;T)) ttex1

N

k=7 ll'l

E I."o Q^kT) (r - exp ç-es2or))'€7,
k=l

[å*'(z^kr)(kf
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For the class Mr, we obtain the estimate of A'1 as

A il : t 
[ll,å,exn(À'*?) 

(r - exp(-€À?")) *-"-ll']

: t I Ë exp (2)¡?) (r - exp ç-rt'or¡¡' ¿11

L*=¡¿+r I

: t 
[-å, # ,^- exp (À¡?){o)' (1 - exp f -.^?t))']

À'"*r'

Choose l/ : l/(e) such that f" S e-' ( À'r*r, 0 < s < 1. Then

Ai < M(l - exp (-ee-'T))' : M(1 - exp (-e1-'7'D' < [4r2(t-s),

and 4,1 < f[e'. Thus, with a constant Ñ[ > Mr,which is independent of e, we have

Ar I 2IlI çez{r-') +.')

Similarly, A2 can be written as

" llli Io' "*o()o(r -,)) (r - exp (-eÀ20(r-,))) Be¡,d,'¡(s)

2

Lz

z(a', + a'),

for

and

ll']
exp ()¡(7 - r)) (t - exp (-eÀ20(T - r))) Be¡dp¡,(s)

[ll-å, Io" "*o(Àr(" -,)) (r - exp (-,^7(r -,))) r,-rp-(,)ll 
]

Using Assumption 5.12 (b), we obtain the estimate of A!

^;__"1þ_[

LU: n

t " [llå Io' "*r(^Ár-')) (r - exp (-'^?(r - '))) Be¡d"p¡,',ll']A
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:är"' ll exp ()¡(" - r)) (t - exp (-e\20(r - '))) Be¡ll2ds

N¡T

u5,?*¡ (f 
t - exp (-eÀl(7 - ')))') I / ll.*p (Àr(" - s))Be¡ll2d,s

o-7 Jo

o5,?i, (tt - exp (-eÀfl(7 - ,)))') Ir' o lu(r - IBB*(r*(" - s)lds

: K(1 - exp (-e.lfur))2

And by Assumption 5.13, we obtain

max
È>N+1

exp (À¡(? - r)) (t - exp (-rÀ'u(r - r))) Be¡dp¡,(s)

llexp (l¡(" -')) (r - exp (-et2o(r - r))) ne¡ll2 ds

å ,^- exp ()¿(? - s))Be¡)2 (r - exp (-et2o(r - s)))2 as

ll']

(å ,t - exp (-eÀ?o(r-,)))') t lll¡ exp (lr(" - s))Be¡ll2ds
oo

k:N*1

1
j \2

^N+l
K

j \2
^N+t

lo' 
r, IAU (s) B B. (J. (s) A.ld,s

1 Ke',

where the constanL K ) 0 does not depend on e. Hence the estimate for A2 becomes

Az ( z(Lr+ L;) <2kçr'('-') + r'¡

Therefore

Elllx(T) - X,(T)ll'l :2(A' a Az) < C (€2(t-") +.')

Now consider E|lX.(T) - X,,¿(T)ll2], where

X,(T) - X,,¿(T): t exp ((À¡ - à?)T)(€* - €¿*)"*

oo

Ie :l

oo

k:r
I."o (()n - eÀ2)r)(€,t - {¡r)Elll X,(T) - x,,o (T) ll'l

t02
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oo

lc:l
E

E

I."o (2(Àu - ex2)r)ll€o - (¿oll'

(exp (2(À¡ - et,)r)) I lte* - €ooll'

oo

k:r

Thus

Elllx(T) - x,d(r)ll'l <

.2(1-s) + e'+ ôexp (
T
2e

)

Obviously, the best choice of s € (0, 1) is s :213. Then we obtain, with a constant

C" > 0, which neither does depend on e nor on ô,

Elllx Q) - x,d(r)ll'l < c" tl
e't + ô exp

T
k

3

Set e (ô) :: -fr, then

Elllx(r) - x,,u(r)ll'l <

s "(-#)"':ctrnôt-3
for d > 0 small enough and the proof is finished.

Theorem 5.L6 Let A e 11[ and suppose that Assumpti,ons 5.12 and 5.1], hold.

Then the operator

n.(¿)€ : X,,¿(t) : Ë.*o ((lo - eÀ2)t)€tnek (5.16)
k:t

I
I t

k=I 1,,
exp (()¡ - ,À')(¿ - r)) Be¡,dP¡(s)

is a regularizer for the problem (5.1) at t -- T. On the correctness class M2, for

o,ny s € (0,1), there eri,sts aconstantC >0 i,ndependentof 6 suchthat, for ð> 0

small enough, holds

E lllx(T) - x,$(T)ll'] < cllnô12("-t).
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Proof. Similar to the proof of Theorem 5.I5, E IllX(") - X,,¿(T)ll2] can be esti-

mated as

E lllx g) - x,,¿(r)ll'l < 2 (E lllx (r) - x,g)ll'l + E lllx,(r) - x.,, (") 
I l'l ),

where

X,(T): t e"p ((l¡ - el,)r)€*en +D exp ((À¡ - ,À',,)(r - r)) Be¡dB¡þ)
oo

k:t

oo

k:L

is the solution of (5.13) with initial value ( aIt: ?, and

x(T) - x,(T) I."o (l*") (t - exp ç-el2oT)) €nen

oo

k=l

+
oot

,k=1

exp (À¡(? - r)) (1 - exp (-e\20(T - r))) Be¡dB¡þ),

X,(r) - X, ¿(T): t exp ((À¡ - e^2)T)(tk - €or)

oo

k:1,

By the same argument, we have

E lllx(r) - x,(r)ll'l < 2(ar I az),

where

At: E

and

Furthermore, A1 S2(A', + Aí), where

k:L

oo

lllåexp 
()¡r) (r - exp (-et2rr))*-,-ll"] ,

Az:r 
[lË Io" "*r(Àr(" - ,)) (1 - exp (-eÀ20(r- ,))) 

""rrpr(,)llf

al: E I ""0 
(À¡,7) (r - exp ç-es2uT)) €*ex

ll'l

t exp ()¡?) (t - exp (-eÀ2oT)) €*en

and

A,I.: E
k=Nl1
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Notice that from the proof of Theorem 5.15, the estimate of A" does not depend on

fuL¿, that' is

Ai < (1 - exp (-eÀ¡¡"))2.

For the class M2, we obtain the estimate of A'1.

a1

M2

exp (2À¡¿11r)

For .ff : ¡/(e) such that Àl < e-s ( )fu*r with 0 < s < 1, we have

Ai < [4,2(r-s),

and

" fll-å,exR(Àr?) 
(t - exp (-eslr))'-'-ll'l

" Lå, 
exp (2À¡r) (t - exp (-'^'rr))' €Zf

.t 
l-å, "-åÐ 

exp (2)¡(? +,))€?,(r - exp (-.À?"))']

*9,?î, (*åÐ (t - exp (-e*or))2) t 
l,å,exR(2Àt(r+'l)eí]

^i<
foraconstantM)0.
po\ryer a ,-s rk. Hence

M2

exp (21¡¿-,.1r)

Here we just use that r r+ exp(r) grows faster than any

Ar ( 2(Al + Aí) < 2¡ylrz(t-s) . [4trz(t-s)

e2 -s1

Similarly, Az 1 2(L', + A'l), where

and

L!,:" 
lllå Io' "*o()n(r - ,)) (r - exp (-'À'r(r - '))) u"ro/q-ø)l

lll oo rT

lll t / ""0 
(À*(r -')) (1 - exp (-eÀ2r(r - '))) Be¡d,p¡(s)

Ilt=ru+r 
ro

2

2

A,J: E
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Also notice that as in the proof of Theorem 5.15, the estimate A! does not depend

on M¿, which is

Now using Assumption 5.14, we estimafe Li

L!;

L!, < ke2 -sI

: 
" [ll-å ,lo' "*r(Ào(" -,)) (1 - exp (-eÀ2u(r- 

"))) 
u"-op-(,)ll 

]

: 
" [-å, /' ll*o (Ào(r - ,)) (1 - exp (-,^7(r - ,))) a"r¡' a,)

: t 
[-å, I,' "*ãã(exp 

(À¡(" t r - s))Be¡)2 (t - exp (--eÀ'zr(r- s)))2 as

"" [å ,lo'*" 
(exp (À¡(r t r - s))Bek)'z ds)

" l-å, Io'*" 
(exP (À¡(" - s))Bek)'z ds)

¡T*r

J, rr [U(s)B B*U* (s)]ds

1

exp (2À¡¡-.1r)

1

exp (2)¡¿-¡1r)

M' I f4r rz(t-s)
exp (2À¡¡a1r)

Thus

Az ( 2(L;+Aí) < R+tw' ,2(t-s) a yçtr2(r-s)(

Therefore

As in the proof of Theorem 5.15 we have

/
E'fl|X.(") - X,,d(T)ll'zl < ôexp (

\
Hence,

El xg) - x,(r) 'l <

T
k
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))
T
k

Setting e (d) : -,-¿ *" obtain, for ô > 0 small enough,

C, .2(1-s) * ô exp

Elllx(T)-x,,¿(T)ll'l < Cllndl-z(t-";, s € (0, 1)

and the proof is finished
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List of Sy-bols

R

c
NI

X

A

D(A)

L(X)

2x

J"t(x)

A

¡-t
An

A"

Ã,

ran("4)

ker("4)

pQa)

a(À)

(xr)"

Re)
¿k
ãlT

Xt(f-Xz

Y

ø(A,B)

set of real numbers

set of complex numbers

set of natural numbers

real or complex Banach space

Iinea¡ operator

domain of ,4,

space of linea¡ bounded operators on X
pov/er set of X

set of multi-valued linea¡ operators A: X -+ X

multi-valued linear operator

inverse of the multi-valued operator "4

n-th power of the multi-valued operator "4

single-valued branch of the multi-valued operator "4
pa.rt of single-valued branch of the multi-valued operator .4

range of -4

kernel of .,4,

resolvent set of -4

the resolvent of A

complement of the subspace X1 of X

the real part of the complex number À

the k-th derivative with respect to À

algebraic direct sum of two subspaces of X

the closure of Y

resolvent set of B-r A
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pz(A, B)

nz(À)

iti
(i)

6i
Ds

€

6{m)Q)

D'06)

t'(x)
.S

5p

s'(x)
si(x)
ô

L(X ,X2)

A*

x*
C([0, oo);X)

Cl([0, oo);X)

Lï".((O,oo);X)

Wl]"((o,oo);x)

resolvent set of AB-r

resolvent operator of. AB-r

i-th .A-associated with kerB-vectors

binomial coefficient

i? u {o}

space of infinitely differentiable function with support in [0, oo)

space of infinitely differentiable function with any support

#ortl
space of X-valued distributions on 7)¡

space of X-valued distributions on á

Schwartz space

Schwartz space of p-times continuously differentiable function on IR.

space of tempered X-valued distributions

space of tempered X-valued distributions of exponential growth

Dirac distribution

space of bounded linear operators from X1 to X2

adjoint operator of,4.

dual space of X

space of continuous functions from [0, oo) to X

space of continuously differentiable functions from [0, oo) to X

space of locally integrable functions

Sobolev space of locally integrable distributions with locally

integrable derivatives

space of infinitely continuously differentiable functions

real or complex separable Hilbert space

probability space

Banach space of ll-valued square integrable mappings from fl to I/
complete orthonormal basis in If
sequence of independent real Brownian motions in If
expectation

trace of á

C-([0, oo);X)

H

(Q,F,P)

û(n; n)

{"r}reN

{É,t}¡'eN

E

T!.4
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