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Summary of thesis

In this thesis I consider the question of fixation probabilities and mean absorption
times for alleles when a population is divided into a number of subpopulations with
asymmetric migration between the subpopulations. The emphasis of the thesis is on
small populations and conservation genetics.

Initially I consider a population which is subdivided into two subpopulations. Non-
symmetric migration is allowed between the two populations and there is no selection.
I use a discrete time, discrete state space, probabilistic model (Wright-Fisher model) to
find and prove a general formula for the fixation probability in this case. I then use the
same model to consider the question of mean absorption and fixation times. I compare
the results I obtain with the results of other authors and with the low migration limit
approximation of Slatkin (1981).

I extend this model to the case of three and four populations and extend the res-
ults obtained for the two subpopulation case using the same methods as for the two
subpopulation case.

I find a generalisation of the fixation probability result for a general number, n, of
subpopulations. This result is proved using results from graph theory as well as the
probability theory which was used in the two subpopulation case. The result is then
interpreted using graph theory.

Following this I consider a single population with selection acting and find general
matrix formulae which the fixation probability and the mean absorption time must
satisfy. These equations are solved analytically for a specific case.

I then combine the selection of this model with the population structure of the
two subpopulation case. Again I obtain general matrix formulae which the fixation

probability and the mean absorption time must satisfy. These are solved numerically
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and compared with the results of other authors and the single population with selection
case.

Finally I consider a population which is not of constant size. Selection is included
in this model. Initially I consider a population which alternates between two different
population sizes and find general matrix formulae which the fixation probability and
the mean absorption time must satisfy. These are solved numerically for some simple
cases and compared with a population of constant size N., the effective population
size proposed by Wright (1931). These results are also compared with a diffusion
approximation of this model.

I then consider populations which have a longer cycle and find general matrix
formulae for the fixation probability and mean absorption time. I also consider a
population which varies randomly according to some unspecified population dynamic

process. General matrix formulae are found for the fixation probability.
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Chapter 1

Literature Review

In this thesis I consider theoretical population genetical models that potentially have
use in the management and conservation of genetic variability. Specifically, I will use
population genetic models to consider how changes in population structure due to
natural causes or changed land uses and habitat fragmentation affect the conservation
of genetic variation in wild populations. The quantities considered here as measures
of the extent and rate of loss of genetic diversity are the fixation probability, and the
mean fixation and mean absorption times. In this chapter I review the literature and
discuss models by other authors which are of relevance to the to the problems being

considered in the rest of this thesis.

1.1 Background to relevant models

One of the main reasons that population genetic models have been constructed histor-
ically is to model changes in the genetic structure of a population with the purpose
of understanding evolution. Although the basic processes of evolution have been un-

derstood for some time (Darwin, 1859), the details of how evolution has acted to



produce the diversity of life and adaptations which exists today are still a matter of
research. One class of population genetic models which are used to study evolution
assume that the population is large and the question of interest is “How likely is it
that a mutant individual in the population will achieve fixation and how long does this
process take?” In other words, these models are intended to find the rate of evolution
under various sets of conditions. The results from these studies can then be used to
compare the feasibility of different theories of evolution by finding which theories can
explain our observations of the rates of evolution. See for example Wright (1931; 1969),
Moran (1962) and Barton and Whitlock (1997).

Other models which have been used to study the process of evolution include game
theory models, see for example Maynard-Smith (1982) and Dawkins (1976; 1982).
This type of model provides little information about the rate of evolution so will not
be examined in this thesis.They have been especially useful in the study of behavioural
evolution and life history “strategies”, and have led to the concept of Evolutionary
Stable Strategies.

Genetic drift of neutral alleles is a process which has been shown to be of less
relative importance in evolution than selection of alleles which provide a benefit to the
organism involved. With the exception of small populations, the times to fixation of
neutral genes will be large and thus cannot account for more than a small amount of
change in the genetic composition of a population. In very large populations drift has
almost no effect as it is unlikely that a gene will randomly become fixed in a very large
population.

In conservation genetics the populations being considered are usually small remnant
populations left as a result of human land management techniques. Genetic drift could
play a large part in' the loss of heterogeneity in these circumstances. Kimura (1983)

wrote



Furthermore, we should not overlook the possibility that some of the
neutral alleles may become advantageous under an appropriate environ-
mental condition or a different genetic background; thus, neutral mutants
have a latent potential for selection ... To regard random fixation of neutral

mutants as “evolutionary noise” is inappropriate and misleading,.

This means that it is important to consider what will happen to neutral genes as het-
erozygosity provides at least some of the variation which selection can act on when
circumstances change and a neutral gene confers some selective advantage. Mainten-
ance of heterozygosity is especially important in the case of small populations and in
the case of populations which are fragmented into small subpopulations as this is where
genetic diversity is at greatest risk from genetic drift.

The loss and fragmentation of large quantities of habitat in parts of the world
has meant that much of the remaining natural vegetation in some areas is in small,
subdivided areas and hence habitat for many species is now in small subdivided blocks.
Conservation agencies have become increasingly concerned with the maintenance of
genetic variability in populations under these circumstances (for example, Sampson
et al., 1988; Falk, 1990; Hickey et al., 1991; Leary et al., 1993; Campbell et al., 1994),
so as to avoid further loss of genetic variability which could be detrimental to the long
term survival of the species.

This thesis is concerned with the genetics of these small and subdivided populations
as a conservation issue. The work presented here also applies to evolutionary genetic
modelling in the sense that maintenance of heterozygosity is an important factor in
evolution (Kimura, 1983).

In this review of the literature I will examine the work of other authors which is
relevant to the questions which T will consider in this thesis. Each of the models of

other authors that I consider in this chapter is a single locus model. I will only consider
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the haploid version of each model. This means that diploid models with additive
selection are implicitly considered but diploid models with any form of dominance
are not considered. There is no mutation in any of the models used in this thesis as
mutation is not generally important in small populations. Note that as the population
is finite and there is no mutation, all alleles must eventually be either fixed in the
population or lost from the population.

In each of the models considered there are three quantities of interest:

e The probability of ultimate fixation of an allele, here shortened to the fization
probability of an allele. This is used to examine the effect of structure on loss of

heterozygosity.

e Mean absorption time of an allele. The mean time until the allele is either fixed
in the population or lost from the population. This is a measure of the rate of

loss of heterozygosity.

e Mean fixation time of an allele. The mean time to fixation in those cases where
the allele is ultimately fixed in the population. This is a measure of the rate at

which evolution procedes.

The aim of this chapter is to provide background information on what work has
been done by other authors so that comparisons may be made between their results
and the new results in this thesis.

Each of the relevant models which has been studied by previous authors is described
and results which have been derived are presented. For each model the assumptions
will be discussed and results given, first for the case of no selection and then for the

case of selection.



1.1.1 Notation

For each of the models of other authors which I consider in this chapter, the population
is of size 2N. There are two alleles A; and A, with z representing the number of A,
alleles and z, representing the initial number of A, alleles. Hence there are initially
2N — zo A, alleles. The selection coefficient is s. The interpretation of s is different for
each model and will be explained in the description of each model. The variable u(zo)
represents the fixation probability, T(z¢) represents the mean absorption time, and

T*(zo) represents the mean fixation time for an allele initially present in x¢ individuals.

1.2 Wright-Fisher models

The simplest models in population genetics are the models first used by Fisher (1922)
and Wright (1931). The models assume that time is discrete and that the state space
is discrete. Each time point is a generation, so generations are non-overlapping. The
population contains 2N haploid individuals which is equaivalent to a diploid population
of N individuals when there is no selection or when selection is additive. The models are
stochastic and consider a single locus with two alleles A; and A,. A new generation
is produced by assuming that at each generation there are a very large number of
juveniles born in proportion to the adults in that generation. The breeding stock for
the next generation are then randomly sampled from this large pool of juveniles, giving
a binomial distribution for the genotypes of the new generation. Immediately before
time ¢ 4+ 1 the population has i genes of type A,. At time ¢+ 1 the existing population
dies and a new generation forms where each individual is drawn randomly from an
infinitely large pool of juveniles with proportion ¢/2N of gene A;, giving a binomial

distribution for the adults in the new generation. This means that the transition



probabilities are

. . 2N i\’ i \2V-i
Pij = P(Xt+1 =J|Xt=1) = ( j ) (ﬁ) (1—W>

where X, is the number of A; alleles in the population at time ¢.

Much of the early work in the field of population genetics used models of this type
as well as various continuous approximations to obtain results on fixation probabilities,
rates of loss of heterogeneity and probability distributions of gene frequency.

Continuous time and state space approximations to this model are known as diffu-
sion models and will be discussed in section 1.4. Although the full Wright-Fisher model
is simple to describe, it is generally easier to find results using other types of model,
such as diffusion models, especially when the assumptions are varied to allow for further
issues such as selection, dominance, non random mating or population subdivision.

Moran (1960) showed using an exact Wright-Fisher model that the fixation prob-
ability of a gene with selection acting according to the selection parameter s is approx-
imately:

1 — 6—41\/91:0

u(xo) = —1 _ 46N

for some 0, where s/(1 4 s) < 6 < s. If s is small then s =~ § and then an adequate
approximation for the fixation probability is

1 == 6—43.'50

u(zo) = Fpp=T

The interpretation of s in the Wright-Fisher model is that allele A; has fitness 1 + s
and allele A, has fitness 1. This can be thought of as a very large (effectively infinite)
number of alleles being born into a pool of juveniles in the proportion (1+s)i to N —1.
These juveniles are then sampled binomially to make the N adults in the next breeding

generation.



In the case where there is no selection the fixation probability for allele A; when

there are initially o A; alleles present is

u(zo) = xo/2N.

1.2.1 Mean absorption and fixation times

For the Wright-Fisher model it is possible to accurately find bounds which the mean
fixation time for a neutral mutant must lie within. Gale (1990, page 236) gives the
upper bound for the mean fixation time as 4N — 2 generations and the lower bound
for the mean fixation time as 4N — 1log(2N — 1) — 2.0551. It is not possible to find
a general formula for the fixation time using the Wright-Fisher model when there 1s
selection. In general, analytic or even approximate formulas for mean fixation or mean

absorption times are difficult to find for this model.

1.3 Moran models

Moran (1958) proposed an alternative model which could also be used to consider the
same questions of fixation probability and mean fixation time. It also assumes that time
is discrete and that the state space is discrete. Unlike the Wright-Fisher model, the
Moran model assumes overlapping generations and is formulated as follows. At each
time point an individual dies and is replaced by another individual. The remaining
N — 1 individuals are unaffected at this time point. The number of A; individuals in
the population immediately before time ¢ + 1 is 7. An individual dies at time { 4 1
and is replaced by an A, individual with probability ¢/2N and an A; individual with

probability 1 —i/2N. So the transition probabities (p;; = probability of transition from



state 7 to state j) are

LY (1 L)
Piirt = 9N \" T 2N
i 2 i\’
m = (g5) +(1-3%) (1)
= 5w (1= 7¥)
Pri-t = SN\ 72N
in the case where there is no selection. When there is selection acting the transition

probabiities are

(14 8)i(2N - 1)

Piskl = TON T si)2N
_ieN —3)
Dii-1 = (2N + SZ)2N (12)
Pii = 1—Dpiiq1 — Pii-1

(1.3)

and the selection coefficient can be defined as

_ Piin
Piji-1

1+s

so as with the Wright-Fisher model, s = 0 means that there is no selection. Note
that the interpretation of s here is essentially the same as the interpretation in the
Wright-Fisher case although the mechanism is slightly different. The interpretation of
s is that the likelihood of an A; allele occurring compared to an A allele in a given
generation is about 1+ s times as great as would be expected if there was no selection.
It is also possible to approximate the Moran model by a continuous time, continuous
state space model to obtain a diffusion model. This will be discussed in section 1.4
The first quantity of interest is the fixation probability of a gene with initial fre-
quency zo/2N in the population. Moran (1962) showed that the fixation probability

for a gene A; when it has a selective advantage over Ay s

eo) = T (1.4
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and when s is small
1 — 6—251:0

When there is no selection

u(zo) = zo/2N.

That is the fixation probability of the A; allele is equal to the initial frequency of the
A, allele in the population when there is no selection. This result is the same as was

found for the Wright-Fisher model.

1.3.1 Mean absorption and fixation times

The mean absorption and fixation times for the Moran model can be found by summing
the mean time spent in each of the states other than the absorbing states. The result
in the case where there is no selection is due to Watterson (1961) who showed that the

mean absorption time for an allele with initial frequency zo/2N is
09N —zg  Nlzg
T(zo) = Z —_+ -
‘= 2N —1 woq1 ¢
and when zo = 1, T(1) = log(2N — 1) 4- 0.5772.
The mean fixation time is found by considering a modified process where only those
paths that result in fixation are considered. The mean absorption time for this modified

process is the mean fixation time for the original process. The mean fixation time for

the original process then is

or in the case when zo = 1, T*(1) = 2N — 1.
The result in the case where there is selection is due to Ewens (1963). He showed

that when the selection parameter is s, the mean time to absorption 1s

S2N—.’L‘0 — 1 EH ] 2N o S'ZN—:BO 2N-1 2N

$2N gt
(S-2N — 32N—1)'

st =1 +s
S2N—’1 = p,‘ll‘_](-&'“— ].)

T™(z0) =
2N »
S - 1 i=zp+1 plﬂ‘l']-



1.4 Diffusion methods

It is often difficult to obtain analytic results using discrete time, discrete state space
models except when populations are small. A simplification which can be used is to
approximate a model which operates in discrete time and has a discrete state space by
assuming that both gene frequency and time are continuous variables. The differential
equations which arise from this type of approximation are of the same form as the
differential equations for the diffusion of heat in a solid, so this type of genetic model is
known as a diffusion model. By assuming the population is large it is reasonable to as-
sume the gene frequency is a continuous random variable and by scaling the generation
time it is also reasonable to use a continuous time approximation. Fisher (1922) was
the first author to use a diffusion model. The model he used was a continuous time,
continuous state space approximation to the Wright-Fisher model. Diffusion models
can also be derived from Moran models.

Under the assumption that the population is large and with the generation time
appropriately scaled, it is possible to use a diffusion approximation to the underlying
genetic process. It is generally much easier to obtain results using a diffusion model
than it is to obtain results with the original Wright-Fisher or Moran model. In par-
ticular, when dominance is introduced into the diploid model it is far easier to use the
diffusion model approach.

The main problem with diffusion process models is that they are an approximation
based on large population size. The results obtained do not necessarily apply when
populations are small which is the particular problem being investigated in this thesis.
For this reason I do not use diffusion models in this thesis except as comparisons to
the models which I develop.

The probability of fixation using a diffusion model was first calculated by Kimura (1962)

10



where allele A; has relative fitness 1+ s and allele A has relative fitness 1. As was the
case with the Wright-Fisher models, the probability of fixation of allele A; with initial
frequency o is

1 — 6—43.1:0

u(.‘l'o) = _1 _ e—4sN

and again when there is no selection this is equal to
u(zo) = xo/2N.

Note that the results obtained here are exactly the same as the approximate solutions

to the Wright-Fisher model given in section 1.2

1.4.1 Mean absorption and fixation times

The mean absorption time for an allele can be found by calculating the probability
density of the mean time spent in each state ang then integrating this over the appro-
priate range to get the total expected time spent in states other than the absorbing
states. Similarly, the mean fixation time can be calculated by considering a modi-
fied process where only sample paths that finish with fixation are considered. The
absorption time for this modified process is the fixation time for the original process.

Watterson (1961) showed that the mean absorption time for an allele with initial
number of individuals o (that is, initial frequency zo/2N) can be calculated explicitly

using the diffusion model with no selection and is

T(zo) = ~4N.[ s log o + (1 = 5730 log(1 = 5]

Kimura and Ohta (1969b) showed that the mean time to fixation for an allele with

initial number of individuals zo when there is no selection is

T*(z0) = —4N, ((1 - 279;)]\1,05(1 = 211%)) .

11




When selection is involved it is impossible to find the mean fixation and mean
absorption times analytically and they must be found numerically. The method involves
finding the expected sojourn time for all values of the initial frequency between 0 and
1. This function is then integrated over (0,1) to find the mean time to absorption or
fixation. Watterson (1961) derives a formula involving integrals for the mean absorption
time of a process with no selection. As an example Gale (1990, page 265) shows that
in the case when the initial frequency is 1/2N - the case of most interest from the

evolutionary point of view — and N,s > 20 then the mean fixation time is

3.9720 + 2log N, + 2logs 2N,
s N’

T*(1/2N) =

1.5 Branching processes

Branching processes were first used in population genetics by Fisher (1922) to determine
the fixation probability of a gene which is initially rare in a large population. They have
not been used extensively in the study of population genetics, although Pollak (1966)
derived results for a subdivided population using branching processes. These models
differ from Wright-Fisher models in the way that a generation 1s produced from the
preceding generation. The Wright-Fisher model assumes that A, individuals are pro-
duced binomially in proportion to the number of individuals in the previous generation
— effectively assuming that each individual gives birth to a large number of juveniles
and that the new generation is sampled from these individuals. The branching process
model on the other hand assumes that each individual from the existing generation
gives rise to a relatively small number of indivudals according to some distribution and
the new generation is made up combining all of these juveniles. Generally the popula-
tion size is not assumed to be constant although it can be assumed that the population

size will on average remain constant by assuming that each individual produces on av-
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erage one juvenile. As with the Wright-Fisher model, branching process models assume
that time moves in discrete jumps and that the state space is also discrete. Gener-
ations are non-overlapping. The approximation is best when the population is large.
The initial population size is N. In a branching process model it is assumed that each
individual in the population is haploid, is individually propagating, that each indiviual
has 0,1,2... offspring with probability po,p:1,p2,... and that > pi = 1. This means
that the population size is not constant and can tend towards infinity in the long run.

To find fixation probabilities using this model, consider the probability generating
function

o0
fla) = Zopil‘i-

If there are r individuals in the population in the first generation then the probability
of having s individuals in the second generation is the coefficent of the dummy variable
2 in (f(=))

If there was one A; individual in the first generation then the probability that
there are s A, individuals in the third generation is the coefficient of z* in f(f(z)).
The equilibrium conditions for this process are that f(z) = z and if we denote the

solution for this equation as [ then
T*(zo) =1 = I™.

If the population is not assumed to be effectively infinite then it can be shown (for
example, Pollak, 1966) that the fixation probability is

] — I=0

T*(.'Eo) = 1 _ lN

which is essentially the same as results derived for other models discussed previously,

that is,
1 _ e—2s.7:0

T"(x0) =

1 — e—ZsN
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as €2 is a good approximation for the solution of z = f(z) = e(1+5)(==1) when s is

small.

1.6 Effective population size

The concept of effective population size, usually denoted by N, was introduced by
Wright (1931). It is a useful means of dealing with populations which do not fit all of
the assumptions made in the previous models with regard to sex ratios, constancy of the
population size, randomness of mate choice or heritability of fecundity. By considering
a population with N,, males and N; females, where N,, and N; are not necessarily
equal, Wright showed that this population lost heterozygosity at a rate equivalent to

a population with equal numbers of each sex and total population size

N, = AN, Ny .
Nm-|-Nf

The population with N, males and Ny females has effective population size N..

This means that when V,, = Ny = %N the effective population size is N — the same
as the actual population size. When N, is small and N; is very large, for example
when a dominant male breeds with a herd of females, the effective population size is
4N,,. So the population will lose heterozygosity at the same rate as a population with
2N,, males and 2N,, females breeding randomly.

There are several other methods for calculating an effective population size which
are not all equivalent. The above formula can also be obtained by equating the variance
of the population under consideration to the variance of a random mating equal sex
ratio population of size N.. Hence it is known as the wariance effective population
size. Another similar measure is the inbreeding effective population size which can be

useful when it is assumed that there is a large amount of inbreeding in the population
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which may be reducing the genetic variability of the population. This is discussed by
Wright (1969) and Ewens (1982) but is not considered further here. Other measures of

effective population size are also available — see, for example, Nei and Murata (1966).

1.7 Population subdivision

In all of the models discussed so far it has been assumed that the population has
occurred as one single homogeneous population. As one of the major areas of in-
vestigation in this thesis is the genetic effect of subdividing a population into small
subpopulations, I will now examine what other authors have written about subdivided
populations. Population subdivision has been looked at for three of the four types of
model described above. It is generally easier to find an approximate expression for
the fixation probability of an allele than it is to find an approximate expression for the
mean absorption or mean fixation time of an allele. Upper and lower bounds have been
found for the mean fixation time in a subdivided population by several authors, these

results will now be discussed.

1.7.1 Moran model

A Moran model for a subdivided population was first considered by Maruyama (1974).
In addition to the assumptions for the Moran model he assumes that a population
consists of subpopulations between which there is migration. “Between the birth-
death events, migration between colonies may occur. There is no restriction on these
processes. The gene frequencies in the whole population are not changed by this, but

there will be local changes.” (Maruyama, 1977, page 159). He finds that for the Moran
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model, the probability of fixation is

1—(14s) 0 1—e™
1—(14s)" 2N "~ 1—e2N

u(zo) =

where the total population size is 2N. This is the same as the fixation probability for
a single population. However, there are several implied assumptions in Maruyama’s
model. Migration between colonies is never quantified by Maruyama and it is not
made clear how or when migration takes place. The way in which the model is set
up essentially means that Maruyama is analysing the case where there is no long
run net migration between the subpopulations (this includes symmetric migration).
Under Maruyama’s assumptions, migration does not change gene frequencies overall
so effectively he is considering a population structure where adults are allocated to
a subpopulation in a particular generation and their offspring could be allocated to
any subpopulation in the next generation as there is no restriction on the migration
process. It is effectively a single population with a structure in the adult phase which

does not affect how genes are passed from one generation to the next.

1.7.2 Branching processes

Pollak (1966) looked at subdivided populations using a Branching process model. There
are two approaches for calculating the fixation probability. The first assumes that there
is no limit on the population size. Define m; = Prob(the line descended from a gene of
type A; becomes extinct | the ancestral gene of the line is in subpopulation 7). This

can be found by numerically solving the system of equations
K
7y = e 2= # (T (1.5)

where K is the number of subpopulations, «; is the expected number of offspring

surviving to adulthood and p;; = Prob(offspring of gene in subpopulation ¢ is in sub-
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population j), that is, the migration probability. The fixation probability is then given

by the formula

P(gene survives|there are initially z;0 A; genes in subpopulation j) = SR L

The second approach for calculating the fixation probability using branching pro-
cesses is also due to Pollak (1966). In this approach the population is assumed to be
large and constant with the N; individuals in subpopulation 7. He defines a; to be
equal to

__ the expected number of offspring of an A; gene in subpopulation :

Q; = : T - ;
the expected number of offspring of an A, gene in subpopulation ¢

then the fixation probabilty is given by the expression

N 1—nf .. mF
T*(z1,---,2N) = N N
l—mt .. 7

where 7; is defined as in equation 1.5. Pollak points out that in the case where there

is only one population, this reduces to

) 1 —n
T*(z1) = 1_ 1
1

which is very similar to the result derived for other models such as the diffusion model
and the Moran model. In the above notation the result is

1 — 6—221 (al—l)

l _ 6—2N1(C¥1—1)

T*(z1) =

as e~2(@1=1) is a good approximation to m; when a; — 1 is small.

In the special case where in each subpopulation there is no selection, Pollak (1966)
shows that the probability of fixation is equal to the initial frequency in the whole
population, that is,

K 2
T*(z1,...,2N) = Zé:Ni

which has been shown also using other models.
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1.7.3 Diffusion models

Maruyama (1970a; 1977) looked at subdivided populations using a diffusion model.
Maruyama shows that the fixation probability in this case is the same as the fixation

probability for a single population, that is,

1— 6—431:0

wzo) = T—mmw

The assumptions used in the first proof by Maruyama (1970a) are that the pop-
ulation is divided into connected subpopulations. Migration does not affect the gene
frequency in the total population although it may affect the gene frequency or even
the population structure at the local level. Selection is additive of magnitude s and is
constant throughout the population. The total population size is constant at 2N. Tt
is not made clear in Maruyama’s paper when in the life cycle migration takes place.
Essentially a single population is being used as approximation to a subdivided popu-
lation for the same reasons as in Maruyama’s Moran model (Maruyama, 1974) - see
section 1.7.1.

Maruyama (1977) gives a second proof of this theorem using differential equation.
He assumes that selection is genic and that migration may change the local distribution
of genes and colony size but not the global frequency. Once again there is no migration
explicitly in the model. Migration at no stage explicitly affects the transition probab-
ilities or population sizes in the model. Maruyama then uses a time transformation
based on the heterozygosity in the population to simplify the differential equation that
must be solved and obtains the same expression for the fixation probability as for the
undivided population.

1 _ 6—43.1;0
’Ll,(.’Eo) = 1 _ e—4sN
which is the same as the solution for an undivided population. What Maruyama 1s

actually finding here is the fixation probability under no net migration. There may be
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migration from one population to another but overall, population sizes will remain the
same in the long run. As with Maruyama’s Moran model, because migration does not
effect gene frequencies in the whole population this model can be thought of as a single
population which is arbitrarily divided at each generation. Breeding occurs and then
the population is arbitrarily divided again at the next generation but the migration
at no stage affects the gene frequencies in the population. It also does not effect the
expected number of offspring per individual directly or indirectly — it only effects where

each individual breeds.

1.7.4 Absorption and fixation times

The calculation of absorption and fixation times for a model involving a subdivided
population is extremely difficult. It has not been attempted for the case of Wright-
Fisher or Moran models and for diffusion processes there are only bounds on the times
rather than exact times.

Slatkin (1981) used a diffusion model to find bounds for the fixation time for a
subdivided population. Slatkin (1981) assumed that there are n subpopulations each
of size N. Selection and random mating take place in each subpopulation separately
and migration occurs at the gamete stage. It is also assumed that migration is sym-
metric, that is the fraction of gametes that go from population ¢ to population j is
equal to the proportion of gametes that goes from population j to population ¢ for all
pairs 7, 7. This means that migration may change gene frequencies locally but will not
change the gene frequency in the whole population. An upper and lower bound for the
fixation times are found as follows. The lower bound for the fixation times is the high
migration limit. To calculate the high migration limit it is assumed that the subpop-

ulations have migration between them at such a high level that the total population
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can be considered as a single population. The high migration limit is the absorption
time for a single population with size equal to the total of the subpopulations. To
calculate the low migration limit it is assumed that migration decreases towards the
case of n isolated colonies. Migration is sufficiently small that selection and genetic
drift within each subpopulation take place independently of genetic drift and selection
in the other subpopulations. The only role of migration is to introduce new alleles to
subpopulations. That is, because migration is at such a low level, the fixation or loss
of an allele in a subpopulation and migration of individuals from one population to
another are on different timescales. The time between migration events will be much
greater than the time to fixation or loss within an individual subpopulation so these
processes can be considered seperately. The separation of the timescales effectively
means that all subpopulations are almost always fixed for one of the alleles. By con-
sidering a new Markov process where the populations are fixed for either one allele or
the other and transition events are individual migrations with transition probabilities
calculated according to which allele the source subpopulation is fixed for, it is possible
to find that the low migration limit is independent of the migration rates. In the case
where there is initially one subpopulation fixed for allele A, the fixation probability is

given by the formula
L — o(N)/u(N)
= () /u(N))" u(N) 7 v(N)
— 1/n u(N) = v(N)

U

where u(N) is the probability of ultimate fixation of allele A; in a subpopulation of
size N when it is introduced with initial frequency 1/2N and v(N) is the probability of
fixation of allele A, in a subpopulation of size N when it is introduced with frequency
1/2N. In this new process the migration parameter, m, represents the fraction of each

subpopulation which receive a migrant in each generation. The results of Kimura and
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Ohta (1969a) are used to find approximations for the fixation times. For the case
where the homozygotes have equal fitness it can be shown that the upper bound of the

expected time to fixation (the low migration limit) for the island model is

n
T*(1/2N) = ———=
(1/2N) 2Nmu(N)
and for the stepping stone model is
n2
*(1/2N) = ———=.
T"(1/2N) 12Nmu(N)

These two values found using the new Markov process are for the extreme population
structures and provide bounds for most other types of population structure. Slatkin

also compares these results with results obtained using simulation.

1.8 Cyclical variation in population size

The simplest variation in population size to deal with is a deterministic cyclical vari-
ation. This problem is generally dealt with by finding a population with constant size
N which has the same effective size as the varying population. Wright (1939) showed
that this effective population size is the harmonic mean of the effective population sizes
in each generation during the cycle. If the cycle is k generations long and (N.); is the

effective population size of the varying population at generation ¢ of the cycle then

1

L
Ne* k t=1 (Ne)" .

The results previously obtained can then be applied to this population of constant
size N*. The fact that the harmonic mean is used to find the effective population size
b

will cause the effective population size to be more strongly influenced by the smallest

population size than the largest.
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For branching processes the analysis is more complicated and rather than just sub-
stituting a different effective population size, the analysis is redone with the equation

under consideration appropriately modified. This is discussed by Ewens (1967).

1.9 Other related models

The models considered so far cover most of the classes of models that have been used
to calculate fixation probabilities and mean fixation times. There are some interesting
variations on these models which have been used and usually involve relaxing further
assumptions of one of the model types considered so far in this chapter. In this section
I will briefly discuss some other models which are of relevance to this thesis.

It was assumed in all of the models considered so far in this chapter that selection
is constant throughout the population and constant through time. Ohta (1972) con-
sidered a single population model where the selection coefficient changed over time.
The average level of selection was assumed to be 5. Ohta found that not only is N.s
important in determining the fixation probability, but also the ratio 5/V;, where V; is
the variance of s, is also important in determining the fixation probability. When the
ratio 5/V, is small then the allele acts as a neutral allele regardless of the magnitude of
5. Other authors such as Gillespie (1973) and Jensen (1973) have also considered the
problem using other methods and criticised the methods of Ohta (1972). Although the
details of their results differ, all of these authors have reached the same basic conclu-
sion. The main result which comes from all of these models is that variance in fitnesses
is very important in determining the fixation probability of a mutant allele sometimes
even more important than mean fitness.

Tachida and lizuka (1991) consider a model where the population is divided into

two subpopulations of sizes Ny and N;. The level of selection is strong and different
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in these two subpopulations. It is assumed that migration is nonsymmetric and weak.
The level of migration from subpopulation 1 to subpopulation 2 is parameterised by
the variable m, and from subpopulation 2 to subpoulation 1 is parameterised by m,.
They find that the fixation probability for an allele which starts with a single mutant
of the a allele is

s (N1N2U-a1ua2) ( M2 4 my )
N; + Ng Nl?'.-':.lum <+ Ng'ﬁlg‘uag Ng?ﬂz'fi,:ﬂ + Nl?nluul

where u,; and u,; are the probabilities of fixation of the a and A alleles respectively
in subpopulation i starting from a single allele in subpopulation 7. This is considered
to be the low migration limit of the fixation probability as it is assumed in the model
that migration is weak and so the mean time between migration events is much greater
than the mean time for fixation of an allele in a subpopulation.

Barton (1993) considers a subdivided population with symmetric migration based
upon the Wright-Fisher with the added assumption that subpopulations can randomly
become extinct. He finds that the probability that an allele is fixed is independent of
the population structure when there is no random extinction of subpopulations. The
introduction of random extinction of subpopulations reduces the fixation probability of
a favoured mutant allele, that is it reduces the effect of selection. This result is derived

using a diffusion model.

1.10 Deterministic Models

Although they are not strictly relevant to this thesis, deteministic models can also
be used in genetical modelling (see for example, Hill, 1974). An implicit assumption
in deterministic models is that populations are large (effectively infinite). When a

population is very large it is not possible to find a fixation probability as the population
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will go to an equilibrium rather than fixation or loss. Deterministic models can only
be used to consider what happens to a population as they approach equilibrium or to

determine what the equilibrium will be.



Chapter 2

General description of models used

in this thesis

Throughout this thesis I use many different models of populations, however there are
some underlying assumptions common to all of these models which are described in de-
tail here. A physical interpretation and justification are given for each of these assump-
tions. The model assumptions are also compared to the model used by Maruyama (1970a),
because this section is intended to give a clearer picture of how this model is differ-
ent from models used by other authors and why it can be used to extend the results

obtatined by other authors.

Assumptions

All of the models used in this thesis are based on the Wright-Fisher Model (Wright,
1931). Depending on the model, the population may be divided into a number of
subpopulations, there may or may not be selection and the population may vary in

size. Any variation from the basic model described here will be specified when a
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particular model is used.

The models are discrete in time and have a discrete state space. Each state in the
state space represents the number of adult individuals present in each of the subpop-
ulations at time #. Each point in time represents a generation so there is no overlap of
generations. This is an approximation for most species as it would require that each
generation breeds to create the next generation then dies before the next generation
breeds. In those species where this is an approximation, it will not affect the fixation
probability but will have some effect on the fixation time.

One haploid locus is considered and at this locus there are two alternative al-
leles, A; and A,. There is no mutation as the populations considered are assumed
to be small. There is a maximum of one successful migrant from a subpopulation to
any other subpopulation in any generation, this assumption is standard in “classical”
metapopulations, see Hanski and Gilpin (1991). This assumption is made for reasons
of mathematical simplicity and can be relaxed. This makes the calculations substan-
tially more algebraically complicated but does not change the model conceptually. The
population is considered to be constant in size in the sense that the population has a
constant number of adults at each generation. Where the population 1s subdivided the
subpopulations may be different in size but each subpopulation has a constant number
of adults over time.

There is migration between subpopulations and this migration is stochastic and
asymmetric. The migration occurs at the juvenile stage of the life cycle. The life cycle
is shown in figure 2.1.

An implicit assumption in the models is that there are many juveniles produced
by each adult in the population when they breed and the next generation is randomly
sampled from these juveniles. This implies a close approximation to the binomial

distribution for the genotypes of the adults of the next generation. This approximation
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Figure 2.1: The life cycle assumed in this model.

is standard in Wright-Fisher models. Clearly in practice this will not be exact but in
most situations it will be a close approximation unless infant mortality is very low and
almost all juveniles recruit to the breeding stock. The approximation is very close for
species with high adult fecundity and high juvenile mortality such as plants, many
marine species and arthropods.

The term “juveniles” here can have different meanings depending on the context but
it is always a non-breeding (pre-adult) stage which has the ability to migrate directly
or indirectly from one subpopulation to another. Individuals themselves do not have
to move but genes must move between the populations to have migration in the sense
being considered here. For example, in the case of animals this will be juveniles in the
normal sense of the word, in the case of some marine organisms this may be larvae
being moved by currents, and in the case of plants the two main ways in which genes
can move are as seeds and as pollen. In the case of plants, a pollenator - an insect or

bird or the wind - can move genes between the populations without an individual (or
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even a seed) of the plant species of Interest ever physically moving.

Where migration occurs it is assumed to be small relative to the population size.
As a result of this, it is assumed that when juveniles migrate from a population this
has no effect on the number of juveniles in the population which they are leaving.

The number of juveniles which actually migrate is not directly specified in the
model, the probability of a migrant used in the models is actually the probability
of a successful migrant. So juveniles are migrating in proportion to the migration
probabilities and then being sampled with all of the other juveniles in the destination
population. The important thing is that the relative proportion of juveniles from each
population is known as this determines the probabilities which are used to calculate the
distribution of alleles in the next generation. There is a restriction to a maximum of
one successful migrant from subpopulation 7 to subpopulation j in a given generation
for all pairs of subpopulations (¢,7). This is to simplify the algebra and does not
conceptually change the model. It i1s a reasonable assumption when populations are
small and migration is low.

Although the model here uses only two alleles, the results can easily be extended
to the case of more than two alleles by considering each allele separately. For example,
if there are three alleles, Ay, A, and As, then the fixation probability for A; alleles can
be found by thinking of the population as containing Ay alleles and combining A, and
As alleles. This can then be repeated to find the fixation probability for alleles A, and
As. This method will not work if there is selection as alleles with different selection

coefficients can not be combined.
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2.1 Description of models in this thesis

In this section I summarise the models which I use, how these models relate to models
of other authors, and how these models are modified when considering each of the
situations of interest.

The models which I develop differ from the models discussed in chapter 1 in that
they specifically consider small populations and find exact solutions. In some instances
it is even possible to find analytic solutions.

Using an exact stochastic model for a subdivided population I show that the prob-
ability of fixation of a neutral allele is equal to a weighted average of the fixation
probabilities in each subpopulation considered separately. I then find a numeric for-
mula for the fixation probability of fixation in a subdivided population when there is
selection acting and show that the probability of fixation is not the same for a sub-
divided population as it is for a single homogeneous population. Interpretations of the
results and examples are given. Finally I consider a population which varies cyclically
over time and show that an effective population size approximation, N., Wright (1939)
goves a reasonably accurate prediction of fixation probabilities when compared to the
exact stocahstic model.

In chapter 3 I consider a two subpopulation model with no selection and find an
analytic formula for the fixation probability. These results are compared with the res-
ults obtained by other authors. The effect of asymmetric migration and some examples
are considered.

In chapter 4 I consider the same population structure as in chapter 3 and find a
general matrix formula for the mean absorption and mean fixation times. This formula
can be solved analytically for small populations. Numerical examples are given for

larger populations. This is compared with the results of other authors for the case
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when migration is symmetric. The effect of asymmetric migration is also considered.

In chapter 5 I extend the results of chapters 3 and 4 to the case when there are three
and four subpopulations. The formulas for fixation probabilities and mean absorption
times rapidly become more complicated as the number of populations increases but
there are still some informative special cases and examples which can be examined.
Symmetric and asymmetric migration are compared and the relative importance of
edge patches and centre patches is considered.

In chapter 6 I consider a general population structure with n subpopulations and
use graph theory to find an analytic solution for the fixation probability in this case.

n=2) 50 it is not

The numbers of terms in the weight coefficients can be very large (= n
possible to interpret the general case. However, it is possible to give an interpretation
of the terms that make up the coefficients using graph theory. Specific cases can also
be considered to give some useful insights into fixation probabilities in some general
cases.

In chapter 7 I introduce selection to the model. Initially I consider a single popula-
tion with selection acting. This can be thought of as a haploid population or a diploid
population with additive selection. Once again, explicit formulas can be found for small
population sizes and a matrix formula is found for larger population sizes which can
be solved numerically. A matrix formula is also found for the mean absorption time.
This matrix formula is solved numerically for some special cases and its behaviour in
general is discussed. The selection model is then extended to a two population model
and a matrix formula for the fixation probability is found. Some special cases are
solved numerically and discussed. These results are compared with the results of other
authors who have considered this question using other models.

In chapter 8 I consider a single population model with cyclically varying size. Matrix

formula are found and these are compared with the results that would be obtained
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using the effective population size concept discussed in section 1.8. I also consider
populations with randomly varying size and derive matrix formulae for the fixation
probability and mean absorption times for a general random process of population size
fluctuation.

Chapter 9 is a summary of the thesis. I describe the major results of the thesis

and discuss what further work could be done using the models which are used in this

thesis.
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Chapter 3

Fixation probability with two

subpopulations

3.1 Introduction

In this chapter I consider the problem of finding the fixation probability for a simple
population structure - a population which is divided into two subpopulations with
migration between them. The model used in this chapter has a very simple popula-
tion structure. It is presented primarily as a step towards the models which will be
considered in later chapters. It is also useful to consider this model as it has a simpler
state space than the models considered in later chapters so the results obtained here can
be more easily displayed and interpreted than the results in later chapters where the
state space becomes far more complicated. I find the fixation probability for an allele
when migration is stochastic and asymmetric and there is no selection. The expression
that I find for the fixation probability is then compared with expressions obtained by
Maruyama (1970a; 1970b) using a diffusion model, Maruyama (1972) using a Moran

model, and Slatkin (1981) using a diffusion model. For each of these comparisons I
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only consider the specific case of symmetric migration as each of the models by other
authors assumes symmetric migration. Tachida and Tizuka (1991) also consider a prob-
lem similar to this with asymmetric migration using the approach of Slatkin (1981).
They assume weak migration with modest to strong selection. The results I present
here confirm and extend the results of the previous authors using a different method.

Finally the implications of this theorem are discussed and some examples of the
application of the theorem are considered, including the case of asymmetric migration

which extends the work of the other authors mentioned previously.

3.2 Description of model

The mathematical model used is a two population version of the model described in
Chapter 2. Further to the assumptions outlined in Chapter 2, there is no selection
and the two subpopulations are of constant size N; and N,. Migration is allowed
between the two populations and the mean number of migrants from subpopulation
1 to subpopulation 2 in a given generation is fi12, the mean number of migrants from
subpopulation 2 to subpopulation 1 is pg1. The state variable in the model, (X3, Y?),
is the number of alleles of type A; present in each subpopulation at a given time,
t, where X, is the number present in subpopulation 1 and ¥; is the number present
in subpopulation 2. I also assume that X1 |Xy,Ye and Y| X3, Y are independent

_ this follows from the fact that sampling of juveniles within one subpopulation is

independent of sampling in the other subpopulation.
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Figure 3.1: Diagramatic representation of the model

3.3 Transition probabilities

In this section I will derive the transition probabilities for subpopulation 1 and state
the transition probabilities for subpopulation 2. The number of successful migrants
that move between the subpopulations in a given generation is a random variable. The
distribution of this random variable has a Bernoulli distribution as there is either 0
or 1 migrants in each direction in each generation. The mean number of successful-
migrants from subpopulation 2 to subpopulation 1 in a generation is fa1 which is also
the probability that there will be a migrant from subpopulation 2 to subpopulation
1 as the random variable has a Bernoulli distribution. The number of migrants from
subpopulation 2 to subpopulation 1 in generation ¢ is denoted by the random variable
My (t), so E(Ma(t)) = par. The number of these migrants which have A; alleles
is denoted by the random variable Mj,;(¢). The transition probabilities can then be
derived by noticing that for subpopulation 1 to have k A; alleles at time ¢ + 1 when
the subpopulations at time ¢ contain X, and Y, individuals respectively. If there are

m}, (t) successful migrants from subpopulation 2 with the A; allele where my, (1) 1s an

observation of the random variable My, (t) there must be k — mb, (t) individuals born
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in subpopulation 1 with the A, allele which then become adults in subpopulation 1.

So, using the abbreviations “migs” for migrants and “indivs” for individuals,

P(Xip = k| Xy =4,Yi=3) = 3" P(my,(t + 1) migs from pop 2 with A, allele,
m'=0,1

k — m},(t 4+ 1) indivs from pop 1 with 4, allele).

(3.1)
An analagous argument holds for the distribution of Y;4 and

P(Yin =l Xe=1,Y,=j) = > P(mi,(t + 1) migs from pop 1 with A; allele,
m’=0,1

k —m/,(t + 1) indivs from pop 2 with A; allele).

(3.2)

3.4 Fixation probability

Theorem 1 The probability of fization of an allele, when the initial number of alleles

present is zo in subpopulation 1 and yo in subpopulation 2 is

H12T0 + H21Y0

oz, = , 3.3
(20,%0) prz N1 + p21 N2 (3.3)
Proof To simplify notation, let

P(i,jik,l) = P(Xppa =k Yipn=lXi=1Y = 7)- (3.4)

using the independence of X;y1|X¢,Y; and Vi1 | Xt Vi
The probability that the A; allele will be fixed in the whole pepulation from a given
starting state, (i,7), is equal to summing the probability that the first transition is to

state (k, 1), over all states (k,[), and that fixation then occurs from state (k, ). Written
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mathematically this is

P(fixation from (1,7)) = > P((i,5) — (k, 1)) P(fixation from (k,1))
(kD)

or

N1 N2
oliri) = S 3 Pli,jsk Dalk,D) (3.6)

k=0 1=0

Using equation 3.9, equation 3.6 can be rewritten as

N Ny

k=0 [=0

Substituting the solution from equation 3.3 into the left hand side of equation 3.7 gives

ot + pard

lLhsg= ———.
piz N1+ pr21 No

And substituting equation 3.3 into the right hand side of equation 3.7 gives

N N
1 iV2 lllzk

hs = P(X —klX,=1,Y, = j)P(V: =l|X;=1,Yi=7
r.n.s kz%; ( t+1 | t 1, Iy ]) ( t+1 l t 7, Xt J)N12N1+ﬂ21N2
N N ‘ugll
+ PX :kX::,l/::PY ::lX:',X/::'_————————-
’gl};a (Xop1 = k|1 Xe = 4, Ye = 1) P(Yenr |X: =1,Y; ])M12N1+u21N2
! pazk A0
= P(X,, =kl X;=1,Yi =17 P(Y; =X, =1,Y:=17
kZzo (Xi41 | X, t J)M12N1+u21N2§ (Yipr = 1| X: v =1)
+§P(Y X, =i,Y = j) ! j\—:P(X k|X, =i, = j)
- =1i,Y; = =k =1,); =
2 t+1 t t =] H12N1+H21N2k=0 t+1 t t =]
N
: . . ,quk
= P(X.q =kl Xy =1, Y =
kzz:o (Koo X ‘ ])ﬂ12N1+,u21N2

N;

- 0 } ,u21l

LS PYi = 11X =4, Y=

L:ZO ( ! l ' ' J),‘112]\71 +H21N2

H12Xt+1 . . ﬂzll/t+1 . i
= B(—EEEE X =3,Yi=g) 4+ B X, =14,Y =
(H12Nl + 11121N2l ' ' J> (/J12N1 + ,LL21N2l ' ¥ j)

- N - : Pt . .
— EX X:Z,Y: + EY X———l,)/: )
u‘12Nl+,U'21N2 ( t+1| i t .7) ,Ur12N1+,lL21N2 ( t+1| t t ])

(3.8)
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Now it remains to calculate the expected values in the above expression and sub-
stitute them into equation 3.8. The expected value of X¢41 can be calculated using its
conditional distribution and the definition of the transition probability given in equa-
tions 3.1. The assumption that not all juveniles recruit to the breeding stock means
that the juveniles which are recruited to the breeding stock (the only ones which we
are interested in) are essentially randomly drawn from a large pool. So the binomial
distribution is a fair approximation to the distribution of juveniles which recruit to
the breeding stock. (Note: it is not necessary to use the binomial distribution for
the proof to work, all that is required is for the distribution to have expected num-
ber of A, individuals equal to subpopulation size times proportion of Ay in relevant
subpopulation.)

In generation ¢ + 1 the observed number of successful migrants from subpopulation

2 to subpopulation 1 is mai(t+1). In this case Xi41 has conditional distribution
X | Xe =1,V = 4, ma(t + 1) migs from pop 2
~ B’L'I’L(Nl . m21(t + 1),1/N1) + Bin(mzl(t + 1),]/N2)

and when there are moi(t + 1) migrants from subpopulation 2 to subpopulation 1 in

generation t, Xt41 has expected value conditional on the number of migrants of

E(Xyy1|Man(t + 1) =ma(t+ 1)) = N N
1 2

Qo the unconditional expected value of X1 18

E(Xi1) = E(E(Xt41|number of migrants))
(N - Myt +1))  Ma(t+1)
N E( N, i !'Vg )

= (1—%)“’;\,—2—:]'

and analogously using equation 3.2,

paz\ ., P12
E(Yis) = (1 - ]—\%> 7+ N—lfz.
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Substituting the expected values back into equation 3.8 gives

. IJ' H_ . I—L_. /J' _“__. ) &_.
o = [0 - )i Sl e (O R+ 50

pil + p21]
p12V1 + 21 V2

as required.

3.5 Discussion

The first important conclusion from theorem 1 is that the probability of fixation of a
neutral allele is not equal to the initial frequency in a subdivided population unless
migration is symmetric, that is, unless pi12 = Ha1. This result holds irrespective of
whether the population sizes are equal. This is consistent with Maruyama (1970a;
1972) who showed that in the case where migration is symmetric, fixation probabil-
ities are not affected by subdividing the population. Slatkin (1980) also showed that
fixation probabilities are independent of p;; (migration parameters) when migration is
symmetric. The result 1s a confirmation of the work of Maruyama and Slatkin using
another method.

The result in Section 3.4 is a generalisation of the results of these other authors
to the case where migration is asymmetric and is a solution to a more general prob-
Jem than that tackled by previous authors. When there are two subpopulations with
asymmetric migration, there is a source subpopulation and a sink subpopulation. The
terms “source” and “sink” have been used by different authors to mean different things
(Pulliam, 1938, Tuck and Possingham, 1994). In this context a subpopulation which

is a net exporter of individuals for any reason is called a source. A subpopulation
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which is a net importer of individuals for any reason is called a sink. Some authors
have an implicit or explicit assumption that a source subpopulation is an exporter
because it produces excess juveniles due to high fecundity whereas the definition used
here includes the case where a subpopulation with average fecundity exports more in-
dividuals for other reasons, such as prevailing winds. I also introduce the idea of a
migration ratio in subsection 3.5.1. This is a measure of the relative flow of individuals
between subpopulations and is important in determining the fixation probability when

migration is not symmetric.

3.5.1 The “migration ratio”

Here I introduce the idea of the migration ratio. First, the result from theorem 1 is

rewritten as

Zo + YYo
a(fﬂo,yO) = m,

(3.9)
where v = p21/p12- The physical interpretation for ~ is a migration ratio. The absolute
values of ;o and pg are not important in determining the fixation probability, the
important quantity is the ratio between them. The migration ratio, 7, summarizes the

way in which g2 and pg; determine the fixation probability. The qualititave effects of

varying 7 can be seen by rearranging equation 3.9 to give

N1 ) oy ( ")’Ng )_yi

(0, Yo) (m Ny AN, + N2/ Na

- ()R
So the fixation probability is a weighted average of the initial frequency in the two
populations. The weights add to 1 and the function Ny/(N; + yNz) is a monotonic
function of v when v > 0,

N,

. 3 las~y—0
N + 7N 7
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M
N; + N,

— 0asy— o0

In the case where ¥ = 1 (symmetric migration), the initial frequencies zo/N; and Yo /No
are weighted in proportion to the subpopulation sizes and the fixation probability is
equal to the initial frequency in the whole population. As v increases the weight of
subpopulation 1 will decrease and the weight of subpopulation 2 will increase. So if
v > 1 (por > p12) and genes tend to flow from subpopulation 2 to subpopulation 1, then
subpopulation 2 18 relatively more important in determining the fixation probability
than subpopulation 1. This means that subpopulation 2 receives a greater weight than
population 1.

Similarly, if v < 1 (pa2 > po1) then individuals tend to flow from subpopulation 1
to subpopulation 2, and hence subpopulation 1 is relatively more important in determ-
ining the fixation probability than subpopulation 2. This means that subpopulation 1
receives a greater weight than subpopulation 2.

This shows that the value of v can have a substantial impact on the fixation prob-
abilities even though the number of migrants between subpopulations is at most one
per generation.

It also follows that because the fixation probability 1s a weighted average of the
initial frequency in each population and the weights sum to 1, the value of the fixation
probability for the subdivided population is between the initial frequencies in the two

populations.

3.5.2 Examples

Example 1: If p12 = pas (y=1) and Ny = N,=N
then the fixation probability is

Zo + Yo
a(a:o’ yo) e 2N y
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which is equal to the initial frequency of the allele in the whole population. This is the
case considered by Maruyama (1970a; 1972) and Slatkin (1981) and the result is the

same as the result they obtained using their own methods.

Example 2: If g2 = par (v = 1) and Ny # N, then the fixation probability is

Zo + Yo
a(wo,yt)) = m

which once again is the initial frequency of the allele in the whole population. So
when population sizes are different the result is qualitatively the same as the result in
example 1 although this result is an extension to the earlier results of Maruyama and

Slatkin who assumed that all of the subpopulations were the same size.

Example 3: When pi2 # pa1, the fixation probability will no longer be equal to
the initial frequency in the whole population. The probability depends on vy and the
relative sizes of the two populations. This situation is qualitatively different from ex-
ample 1 and example 2 as migratior‘l is no longer symmetric. The result obtained is
also qualitatively different from the symmetric migration case as the subpopulation
which is acting as a source, that is, a net exporter of migrants, has a relatively greater
influence on the fixation probability than the subpopulation that is acting as a sink,
that is, a net importer of migrants. There are many examples in biological systems
where a population 1s subdivided and there is a tendency for migrants to move more
in one direction than the other direction. Prevailing winds or currents can provide
unequal migration between two otherwise similar habitats — for example Possingham
and Roughgarden (1990), Richards et al (1995), Burton et al (1979), Leary et al (1993).
Subpopulations in habitats of different value to the species can lead to different num-

bers of potential migrants; and subpopulations of different sizes will, in general, also
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produce different numbers of potential migrants. In each of these situations the sub-
population which produces more migrants is relatively more important in determining

which allele will eventually become fixed in the whole population.

Example 4: A more extreme example is when migration is only in one direction.
Suppose that subpopulation 1is a source and subpopulation 2 is a sink, then pgy =0

and g9 > 0,507 =0. This means that the probability of fixation of the A, allele is

zo+ (0 X o) _ Zo

- ]\Tl + (0 X NQ) N1

a(Zo, Yo)

which is equal to the initial frequency of the A; allele in subpopulation 1, the source
subpopulation. Note that this is also equal to fixation probability in subpopulation 1

considered separately.

Example 5: Paradoxically, if subpopulation 1 is much larger than subpopulation
2, then subpopulation 1 may actually have the greatest effect on the fixation prob-
ability even if there is net migration from subpopulation 2 to subpopulation 1. That
is, if Ny > N and pa1 > p2 then the initial frequency in subpopulation 1, xo/Ny,
may have a larger weight than the initial frequency in subpopulation 2, Yo /N2, even
though genes tend to flow from subpopulation 2 to subpopulation 1. So even though
subpopulation 2 is a source and subpopulation 1 is a sink, subpopulation 1 will have
a greater effect on the fixation probability for the whole population. From the biolo-
gical point of view, subpopulation 1 will be Jess affected by immigrants as they will
form a small proportion of the large subpopulation. Migrants from subpopulation 1 to
subpopulation 2 will have a relatively larger effect on that subpopulation even though
they occur less often.

In figure 3.2 the initial frequencies are fixed at 0.8 in subpopulation 1 and 0.2 in

l
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Figure 3.2: Model with N; = ¢N; for ¢ = 0.5,1,2. Graph shows the probability of
fixation of allele A; for varying values of 7, when initial frequency of Ay is 0.8 in

subpopulation 1 and 0.2 in subpopulation 2.
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Figure 3.3: Model with N, = N, for yo = 0,0.5,1. Graph shows the probability of
fixation of Allele when initial frequency 1s 0.5 in subpopulation 1 and varying migration

ratio, 7.
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subpopulation 2. The fixation probability is given as a function of the migration ratio,
~ for three different ratios of the subpopulation sizes, ¢. Note that for each value of ¢,
the fixation probability is closer to the initial frequency in subpopulation 1 when 7 1s
low and closer to the initial frequency in subpopulation 2 when 7 is high. This graph
also shows that if subpopulation 2 is larger than subpopulation 1 then, for the same
value of v, the fixation probability is closer to the initial frequency in subpopulation 1
than the initial frequency in subpopulation 2.

In figure 3.3 the populations are equal in size. The initial frequency in population 1
is fixed at 0.5, and the fixation probability is shown as a function of v for three different
values of the initial frequency in population 9. This graph shows that when there 1s
more migration from population 1 to population 2 the fixation probability is closer to
the initial frequency in population 1 and when there is more migration from population
2 to population 1 the fixation probability is closer to the initial frequency in population
2. That is, the population which produces the most migrants has the greatest effect on
deciding which gene will eventually be fixed. Note also that when the initial frequency
is the same (0.5) in each population then the overall fixation probability is also equal

to 0.5, regardless of migration rates and subpopulation sizes.

3.6 Conclusions

The theorem presented here proves that in a subdivided population, the fixation prob-
ability of an allele does not depend only on its initial frequency in the entire population
but on its initial frequency in each subpopulation, the size of each subpopulation and
the rates of migration between the two subpopulations. The overall conclusions are

that in general,
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1) the subpopulation which produces the most migrants has the greatest effect on

the fixation probability,

i) larger subpopulations have a greater effect on the fixation probability than smaller

subpopulations,

iii) the absolute magnitude of the migration parameters, {12 and po;, are not im-
g g H Iz
portant in determining the fixation probability. The ratio, v = pio1 [ pa2, of the

migration parameters is the important quantity.

Note that when g1 = po1 =0 the problem is not mathematically defined as there
is an absorbing state which is not fixation or loss if the system goes to the state where
one subpopulation is fixed for one allele and the other subpopulation is fixed for the
other allele. Biologically this is the case when two subpopulations exist in isolation
and become fixed for different alleles.

This model will be discussed and developed further in chapter 4 where mean ab-
sorption and fixation times of alleles will be considered. The model will be extended
to the case of more than two subpopulations in chapter 5 and selection will be added

to the two subpopulation model in chapter 7.
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Chapter 4

Mean absorption and fixation times

with two subpopulations

4.1 Introduction

In this chapter I investigate the mean time to absorption and the mean time to fixation
of an allele in a population which is divided into two subpopulations when there is no
selection. The model assumptions are the same as the model assumptions used to
calculate fixation probabilities in chapter 3.

There are three time quantities that are of interest when considering the survival
of an allele in a population. These are the mean times to fixation, loss and absorption.
Each of these quantities can be used to compare the rate of evolution under different
population structures with different rates of migration between the two populations
(Kimura, 1983; Hastings and Harrison, 1994; Lande and Barrowclough, 1987).

The quantity which I consider first is the mean time to absorption of an allele.
This is of interest when the main question under consideration is the rate of loss of

heterogeneity in the population. A question of relevance to conservation genetics is
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the rate of loss of variability which is already present in the population (Kimura,
1983; Hastings and Harrison, 1994; Sampson et al., 1988; Templeton et al., 1990).
Of particular interest here is the effect that different population structures have on
the mean absorption time and hence the mean rate of loss of genetic variation under
different population structures. This will hopefully provide some insight into the effect
that different management options would have on the loss of genetic variability. One
of the major questions in conservation management is how to spread resources — is 1t
better to have a single large reserve or several small reserves? (Margules and Austin,
1990; Walters, 1991; McKelvey et al., 1992). The effect that habitat fragmentation
and loss has on the level of genetic variability in a population is a related question
of concern. These issues have been considered by many authors, (for example Lande,
1988; Templeton et al., 1990) but generally using population dynamics rather than
population genetics.

In studies of evolutionary theory the mean time to fixation is the quantity of interest.
Specifically the mean time to fixation of a mutant allele with frequency 1/2N. This is
because an evolutionist is interested in the rate of genetic change from the present state.
The rate of evolutionary change is determined by the rate of production of mutant
alleles, the probability of fixation of a mutant allele, and the mean time to fixation
of those mutant alleles which become fixed. This quantity has been considered when
analysing the neutral theory of evolution although the effect that population structure
has on the mean fixation time is not usually considered. In contrast, conservation
geneticists are interested in the mean absorption time, that is the the mean time to
fixation or loss of an allele (Leary et al., 1993; Lande, 1988; Meffe and Vrijenhoek,
1988). This is because both fixation and loss of an allele are a loss of heterogeneity.
The analysis for the mean fixation time is exactly analagous to the analysis for the

mean absorption time. The mean absorption time is considered here in more detail as
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it is of most relevance to loss of heterogenity, the question being considered.

4.2 Description of model

The model assumptions used here are exactly those used in the calculation of the

fixation probability and are described in section 3.2.

4.2.1 Models for mean absorption and mean fixation times

To calculate the mean time to absorption or fixation of the A; allele it is necessary to
specify the state of the system at each generation. The state of the system is described
as follows: if at time ¢ there are i A; alleles in subpopulation 1 and j A; alleles in
subpopulation 2 then the state of the system is (X, Y:) = (i,7). This means that there
are (N; + 1)(Nz + 1) possible states in the system.

In the calculation of mean absorption times, both (0,0) and (Ny, No) are absorbing
states so there are (N; + 1)(Nz + 1) — 2 transient states and 2 absorbing states in
the system. The modified process used to calculate mean absorption times will be
discussed in section 4.3.

In the calculation of mean fixation times the state (Ny, N2) is an absorbing state but
the state (0,0) is removed from the system as we are only interested in those cases that
result in fixation of the allele of interest. In this case there are (Ny+1)(N;241)—1 states
in the system of which (N; + 1)(Na + 1) — 2 are transient and one is absorbing. The

modified process used to calculate mean fixation times will be discussed in section 4.5.
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4.3 Calculation of mean absorption time

In this section I will derive equations for the mean absorption time. I define 7|; ;
to be the expected time to absorption from state (¢,75). The transition probability,
P(i,j; k,1), is defined in equation 3.4. Let A be the set of absorbing states for the case
under consideration (in this case A = {(0,0), (N1, N2)}) then the following relationship
can be established between the T; ;)’s:

Teyy = 14+ >, PG5k 0Tky  for(i,j) ¢ A

(k)Y¢A
= 0 for(z,5) € A (4.1)

which is a set of (N; +1)(N;+1) — 2 linear equations in (Ny +1)(Nz+1) — 2 unknowns.
The equations can be rewritten in matrix form with T = the vector of expected

times to absorption in the following format.

Tio,1)

Ti0,2)

\ T(n,,N.-1) )

And P is the transition matrix,

a0



( Po,1)=(01) Poy-02 Po,1)—+(Ns,N2=1) \
- P(o,2)~+(0,1) Pogys02) P(0,2)-+(N1,N2—1) (13)
K Py No—1)-+(011) PNy Na-1)-4(02) 7 PN, Na—1)—(N1,N2=1)

The order that the states are listed in is not important provided the same order 1s
always used.
Then,
T=1+PT (4.4)

which can be rearranged to give the following formula for calculating the absorption

times for a given transition matrix, P,
T=(I-P)"1 (4.5)
In general it will be extremely difficult to solve equation 4.5 analytically as it
involves inverting a (Ny + 1)(N; +1) —2 by (Ni + 1)(N2 + 1) — 2 square matrix. The
formula can usually be evaluated numerically for fixed values of each of the parameters,
even with N; and Na reasonably large. Gale (1990) gives an analytic formula for upper
and lower bounds of the mean fixation time in a single population but a general analytic

solution is impossible. Solutions have also been found for other types of model (see

Watterson, 1961; Ewens, 1963; Kimura and Ohta, 1969b; Gale, 1990).

4.4 Some examples

In this section [ will give an explicit solution for equation 4.5 for the case Ny = Ny = 2.
I will then give numerical solutions for a more complicated case and compare the results
obtained with the absorption times for the equivalent single population. This result is

also compared with an approximate result by Slatkin (1981).
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4.4.1 An analytic example

In this example I evaluate equation 4.5 for the case where Ny = Ny = 2 and pip =
pa1 = p to give an example of how complicated the mathematics gets even for the
simplest of population structures. The absorption times for the three classes of initial

state are as follows:

4pt — 20p° — p? +40p +6
Apt — 12p3 +2p% + 120
—8u+22u+6
2ut — 6p® + p? + 6p
4pt —16p% + p° + 250 + 3
out — 63 + p? + 6p

Ton) = Tao = Ten = Taa)

T2 = T20)

T(l,l) (46)

Each of these is plotted in figure 4.1. The general shape of each graph is fairly flat
over most of the range of y between 0.1 and 1. As p drops below 0.1, the mean time
to absorption rises rapidly, with limit oo as p approaches 0. The reason for this rapid
climb for low values of p is variation between subpopulations, and the amount of time
taken for a migrant to move from one subpopulation to the other to allow absorption,
which causes delays in the time to absorption. This is because when migration 1s very
low it is possible that the different subpopulations will be fixed for different alleles for a
long time before a migrant transfers between the subpopulations. The average time for
a migrant to transfer between the subpopulations is proportional to 1/u generations.
When the subpopulations are fixed for different alleles absorption in the population as
a whole can not occur until there is a migrant between the two subpopulations. So the
absorption time for the whole population increases as the level of migration between
the subpopulations decreases.

This can also be thought of in terms of Slatkin’s low migration limit (Slatkin, 1981)
discussed in section 1.7.4. Slatkin showed as a general rule for two different population

structures that the absorption time is proportional to 1 [ where p is the level of
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Figure 4.1: Plot of absorption time as a function of migration probability for the three

different classes of initial state.

migration between the two subpopulations. As the level of migration becomes lower,

equation 4.6 shows that the absorption times are approximately

Ty =Tao) = Tey =Taz =
Tz = To) =

Tay =~ (4.7)

S I e

As an example of how accurate this approximation is, figure 4.2 shows the absorp-
tion time for the states (0,1), (1,0), (2,1) and (1,2), and the approximation analagous
to Slatkin’s low migration limit. The approximation displays the same qualitative
behaviour as the exact results. It is clear from this that for larger values of y the ap-

proximation is poor, but when  is less than 0.0, the approximation is more accurate.
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Figure 4.2: Plot of absorption time and approximate absorption time for one set of

initial states.
4.4.2 Some numerical results - equal migration

Numerical results were obtained for the case when Ny = Ny = 4, p1g = pa1 =
They are displayed in figure 4.3. The form of the results generally agree with the
results obtained analytically above for the case Ny = N2 = 2. When p is larger than
about 0.1, the mean time to absorption remains fairly constant. As p gets closer to
0, the expected time to absorption rapidly increases. This also shows that the mean
absorption time is dependent on the magnitude of the migration between the two
subpopulations and not just the ratio of the two migration coefficients.

Another consequence of p decreasing is the much more dramatic difference between
absorption times for states with the same frequency in the whole population but dif-
ferent frequencies in the individual subpopulations. For example, the states (0,4) and

(2,2) have the same initial frequency in the whole population but different frequencies
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in the two individual subpopulations. When y is 0.99 the expected absorption times
for these states are 11.8 and 10.5 respectively. When y is 0.05 the expected absorption
times are 48.3 and 28.8 respectively. The absorption times are not only larger, but are
also much further apart than when p = 0.99. This is because when the population
starts in the initial state (0,4) must wait for a migrant between the two subpopula-
tions before absorption in the population as a whole can occur. When the population
starts in the initial state (2,2) the population can go to absorption fairly quickly if
both subpopulations drift to fixation of the same allele. If the two subpopulations drift
to fixation of different alleles then they must wait for a migrant before fixation in the
population as a whole can occur, but this will only happen half of the time rather than
all of the time.

This is another example of how Slatkin’s low migration limit is approximately cor-
rect. For a subpopulation of size 4 the mean absorption time for an allele when a new
migrant arrives is about 3 generations. So if the average time between migration events
is much larger than 3 generations (that is p < 0.3) then the low migration limit is a

fair approximation to the absorption time.

4.4.3 Some numerical results - unequal migration

In the case of unequal migration between the two subpopulations, the situation is
more complicated. No analytic results were obtained, but the following numerical
results were obtained for the same population structure as the previous example with
different migration parameters. Figures 4.4, 4.5 and 4.6 show three different values of
pia1 (0.1, 0.5 and 0.9 respectively) and allow 5 to vary between 0.01 and 0.99. The
subpopulation sizes are N; = N, = 4. There are three main conclusions from these

figures.
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Figure 4.3: Plot of absorption time as a function of migration probability for the eight

different classes of initial state when migration is symmetric.

e When there is a source subpopulation and a sink subpopulation the mean ab-
sorption time is largely determined by the mean absorption time in the source
population. This is because once the source is fixed for a particular allele, the sink
will soon be fixed for the same allele. Figure 4.6 shows that the mean absorption
times for a source/sink population structure are much lower than those for strong
symmetric migration between the two subpopulations. For the source/sink popu-
lation structure the mean absorption time is often less than the mean absorption
time for the corresponding single population (N = 8) except when the sink popu-
lation is initially fixed for one of the alleles. This shows that the mean absorption
time of the source subpopulation primarily determines the mean absorption time

for the whole population.
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e When there is reasonably strong and approximately equal migration between the
two populations the mean absorption time is small and relatively constant as the
level of migration varies slightly. The mean absorption time is generally between
4 and 11 generations (figure 4.5). The mean absorption times are approximately
equal to, but higher than, the mean absorption time for the corresponding single
population case (N = 8). The bump in figure 4.5 is because when pg; = 0.5 and
pi12 is close to 0 or 1, there is a slight source/sink effect which tends to drive the
population more quickly towards absorption. When 12 & 0.5 there is no source
and sink effect so random fluctuations will tend to slightly increase the mean

time until absorption.

e Figure 4.4 shows that when migration is low in both directions the mean absorp-
tion time is still much higher than when there is strong migration in one or both
directions. This is essentially the same effect which was observed in section 4.4.1
when migration between the subpopulations is equal and at a low level, and is an-
other example of Slatkin’s (1981) low migration limit being a good approximation

to the exact solution.

These points demonstrate well that there are two main factors which influence the mean
absorption time. These are migration rates and genetic stochasticity. Absorption will
often not occur until a migrant passes between the two subpopulations (half the time
they will fix for different alleles). When migration is low in both directions this can
take a considerable time and so the waiting time for a migrant will determine the mean
time to absorption or fixation. When migration is higher, migrants will transfer much
more often and the major factor determining the time to fixation is stochasticity, that
is genetic drift. When migration is moderate to high, the mean absorption time is

generally similar to a single population of size Ny + Na.
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Figure 4.4: Plot of mean absorption time as a function of migration probability for

some of the different classes of initial state when pgy = 0.1.
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Figure 4.5: Plot of mean absorption time as a function of migration probability for

some of the different classes of initial state when pg; = 0.5.
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the different classes of initial state when uz = 0.9.
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4.5 Calculation of mean fixation time

In order to calculate the mean fixation time for the A, allele, the stochastic process
used in the first half of this chapter is modified and the same method is applied as
for the calculation of the mean absorption time. As we are now only interested in
those cases when fixation of the A, allele occurs we only consider those events which
result in fixation of the A, allele. In other words, the process is modified by removing
the “loss” absorbing state (0,0). Absorption in this modified process is equivalent to
fixation in the original process so the mean absorption time for the modified process
is equal to the mean fixation time for the original process. The transition probablities
for the modified process are

N P(1,5;k,1)
* k- l = :
P(6,5:k:0) = T=pi 120,09

and define T(; ;) as the expected time to fixation from state (z, 7).

Now arguing analogously with the derivation of the mean absorption time in sec-
tion 4.3, let A* be the set of absorbing states for the case under consideration — in
this case A* = {(N;, N2)}. The following relationship can be established between the
TG 5)s:

Téy = 1+ ST P45k, DTG for(i,7) ¢ A
(k)gAx
=0 for(z,5) € A* (4.8)
which is a set of (Vy +1)(No+ 1) —2 linear equations in (N1 + 1)(Nz+1)—2 unknowns.
The difference between this case and the absorption times in equation 4.1 is that here
there is only one absorbing state, (i, Na).
The equations can be rewritten in matrix form with T* = the vector of mean times

to fixation from each initial state in the following format.
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T )
T
o | lom (4.9)
TG0
Tt
\ T(vive-1) )
And P* is the transition matrix,
P(’:),l)—b(o,l) P(T),l)q(og) o P(f),l)—»(Nl,N2—1)
P* — P()BJ)—)(O.I) P&’.2)—+(0,2) o P(t)ﬂ)—’(Nl N2—1) (4.10)
\ P(*Nl,Ng-—l)—-)(O,l) P(*Nl,N2—l)—)(0,2) T P(*N1 ,NQ—I)—}(Nl ,Ng—l) )

Once again, the order that the states are listed in is not important provided the same
order is always used.

These matrices satisfy the equation
T =(1-P"7'L (4.11)

As with equation 4.5 for mean absorption time, it will generally be extremely diffi-
cult to solve equation 4.11 analytically to obtain a formula for the mean fixation time
as it involves inverting a (Ny + 1)(N2 4+ 1) — 2 by (N1 + 1)(Nz + 1) — 2 square matrix.
The formula can be evaluated numerically for fixed values of each of the parameters,

even with N; and N, reasonably large.
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4.5.1 An example with an analytic solution

In this example I have evaluated the formula for the mean fixation time given in
equation 4.11 for the case where N; = N, = 2 and gy = por = p. As in the case
of the mean absorption time, the formulae are quite complicated even in this simple
population structure. The formulae for the mean fixation times from each initial state

are as follows:

50u5 — 155u4 — 13443 + 29102 + 272u + 44
4845 — 87p4 — 54ud + 95u% + 224
—pb — 17045 + 202u* + 560p° — 321> — 5024 — 88
484° — 18345 + 1204 + 203u3 — 168u? — 44p
- _ 10218 — 47915 4 340u* + 799u° + 546u° — 448y — 64
(12) = 2@ 4816 — 18315 + 12044 + 2033 — 1682 — 44y
516 — 2914° + 208u* + 597u® — 401p* — 316p — 44
A8p6 — 1835 + 120u* + 2033 — 1684 — 44y

Toyy =Tae =

Toz =Teo =

Tay =

(1.12)

Each of these is plotted in figure 4.7. As in the case of the mean absorption time, the
general shape of each graph is fairly flat over most of the range of u between 0.1 and
1. As p drops below 0.1, the expected time to fixation rises rapidly, with limit oo as p
approaches 0. The reason for this rapid climb for low values of u is that when migration
is very low it is possible that the different subpopulations will be fixed for different
alleles for a long time before a migrant transfers between the populations. As fixation
in the population as a whole can not occur until this happens, the mean fixation time
for the whole population increases as the level of migration between the subpopulations
decreases (approximately with 1/p). For all values of the migration parameter, p, the
mean fixation time is noticeably lower when one subpopulation is already fixed for the
A, allele and the A, allele is also present in the other subpopulation. In this case, if
the heterozygous subpopulation drifts to fixation of the A; allele then fixation in the

whole population will be very fast. If the heterozygous subpopulation drifts to fixation
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Figure 4.7: Plot of mean fixation time as a function of migration probability for the

four different classes of initial state.

of the A, allele then fixation will take longer, especially when the level of migration is
low.

If the A; allele is initially absent from one subpopulation then its initial frequency
in the other subpopulation has no effect on mean fixation time for small values of p.
However, when p > 0.8 then the mean fixation time is higher if there are less A, alleles

present in the other subpopulation.

4.6 Conclusions

One important conclusion drawn from examining the mean absorption and mean fixa-
tion times is that qualitatively the mean absorption and the mean fixation time show
very similar behaviour. There are some general rules that apply for all of the popu-

lations considered in this chapter for both mean absorption and mean fixation times.
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There are three separate cases to be considered: a) Strong and relatively equal migra-
tion both ways between the two populations, b) source and sink population structure

(asymmetric migration), and c) weak migration between the two populations.

e When migration is strong and relatively equal between the two subpopulations,
that is g1z = po1 3> 1/(mean fixation time of each subpopulation considered
separately), the mean absorption time and mean fixation time is relatively inde-

pendent of the rate of migration.

o When the population has a source/sink structure, the mean absorption and mean
fixation times are lower than for strong, equal migration. This is because the
source subpopulation tends to dominate the behaviour of the whole population
and once it is fixed for a given allele, the sink subpopulation will soon also be

fixed for the same allele.

e When migration is weak in both directions, the mean absorption and mean fixa-
tion times are higher than in both of the above situations. This is because each
subpopulation can be fixed for different alleles for a long time before an allele
passes between the two subpopulations and absorption or fixation in the popula-
tion as whole can not occur until this happens. This idea is analogous to Slatkin’s
low migration limit (Slatkin, 1981) where mean fixation time is proportional to

1/ when p < 1/(mean fixation time of each subpopulation separately).

e When the level of migration is low, the absolute level of migration is important
in determining both the mean absorption and the mean fixation time. This effect
is an example of Slatkin’s (1981) low migration limit. As the level of migration
decreases, stochasticity becomes more important in determining the mean times

to absorption and fixation.
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In chapter 5 the results obtained in chapters 3 and 4 are extended to three and
four subpopulations using the same methods as before. This is then further exten-
ded in chapter 6 where an analogous but mathematically more complicated approach

using matrices is used to derive the fixation probability for a general number, n, of

subpopulations.
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Chapter 5

Models for three and four

subpopulations

5.1 Introduction

In this chapter I extend the results of chapters 3 and 4 to the case of three and
four subpopulations. It is generally algebraically more complicated to obtain analytic
results when there are more than two subpopulations and the solutions become more
complicated with the addition of each extra subpopulation. Where analytic results
are obtained, an exact interpretation for all situations is often difficult as there are a
large number of parameters and special cases must be considered to understand the
effect that population structure has on the fixation probabilities. However there are
some useful general results and interpretations that can be obtained from the three
and four subpopulation models for some more general population structures than was
possible with the two subpopulation model. Specific examples of the effect of different
population structures on fixation probability are also considered using these models.

The interpretation of the three and four subpopulation models given here does not
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cover every possible structure that a subdivided population can have, however, they
show some useful qualitative results which could not be demonstrated using the two
subpopulation model.

I do not specifically consider the mean fixation or mean absorption time in this
chapter. In principle it is possible to calculate each of these but it is very difficult to
find an analytic solution for the mean fixation or mean absorption times when there are
three or four subpopulations. It is possible to numerically find a solution for any given
set of parameters although I do not do that here. The question of mean absorption
and mean fixation times will be considered further in chapters 7 and 8 for populations
with selection.

The models that I consider here are generally comparable with the results of
Maruyama (1970a; 1970b; 1972; 1974) and the results of Slatkin (1981). There is
no direct comparison made here although the conclusions made regarding the com-
parisons for the two subpopulation model in chapters 3 and 4 still hold. That is, the
probability of fixation is independent of population structure when migration is sym-
metric and there is no selection. Although mena absorption times are not examined
here, it can be shown that the low migration limit proposed by Slatkin (1981) is still a

useful approximation to the mean absorption time when the level of migration is low.

5.2 Description of model for three subpopulations

This model is an extension to the model used for two subpopulations. The mathemat-
ical model used is a three subpopulation version of the model described in chapter 2.
There is no selection. The three subpopulations are of constant size N;, N, and Ns.
Migration is allowed between the three subpopulations and the mean number of suc-

cessful migrants from subpopulation i to subpopulation j in a given generation is ;.
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Figure 5.1: Diagramatic representation of the model

The variable of interest is the number of alleles of type A; present in each subpopulation
at a given time, t, denoted (X;,Y:, Z;) where X, is the number present in subpopula-
tion 1, Y; is the number present in subpopulation 2 and Z; is the pumber present in
subpopulation 3. I also assume that X1 X:, Yy, 74, Y Xe, Vi, Ze and Xy | Xe, Y5, Z4
are independent of each other. That is, sampling of the juveniles occurs independently

in each of the subpopulations

5.2.1 Transition probabilities

The transition probability for a given subpopulation can be found by considering the
ways in which that subpopulation can have k individuals with the A; allele at timet+1.
The number of successful migrants from subpopulation i to subpopulation j in a given
generation is a random variable, M;;(t). The chance of a migrant from subpopulation :
to subpopulation j is u;; and as the number of migrants is either 0 or 1, it has a Bernoulli

distribution with mean p;;. The number of these migrants which have the A, allele is
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denoted by the variable M/;(t). There is a maximum of one successful migrant from a
given population to any other given population in a generation. The observed number
of successful migrants from population 7 to population j in a particular generation 1s
denoted by m;(t) and the observed number of successful migrants with the A, allele
from population i to population j in a particular generation is denoted by mj;(t). The

transition probability for subpopulation 1 can then be written as follows:

PXp=klXi=0,Ys=3,Z.=k) = > P(my(t+1) A, alleles from pop 2,
MMy

my,(t + 1) A; alleles from pop 3,

k-—m'n(t +1) —mgl(t + 1) A, alleles from pop 1)

and an analogous formula applies for Y1 and Z;4,.

Because of the assumed independence,

P(Xt+1=i,Y;+1=j, Zt+1=k'|Xt=$t,Yt=yt, Zt=zt) . P(Xt+1_—‘i|Xt:$t,Yi=yt,Zt=zt)

><P(Yt+1=j|Xt=93t,Yt=yt,Zt=Zt) X P(Zt+1=k|Xt=$t7Y;=yt,thzt) (5-1)

5.3 Fixation probability

Theorem 2 The probability of fivation of an allele, when the initial number of indi-
viduals possessing the allele present is zo in subpopulation 1, yo in subpopulation 2 and

zo in subpopulation 3 is

Y1Zo + Y2Yo + Y320
N1 + 2Ny + 73N

a(.’lig, Yo, Zo) =

(5.2)

where

Y1 = paspsz + paspiz T pizfes
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Figure 5.2: The terms that make v, correspond to these three diagrams.

Yo = faipis + Mospior + He3ftar (5.3)

Y3 = pagfior + pHaspar + pHaifiz

The proof of this theorem is exactly analogous to the proof in the case of two
subpopulations and is not given here.

The coefficient 7; can be considered as the sum of a set of three terms, each of
which corresponds to one of the diagrams in figure 5.2. Each term is the product of
the probabilities associated with the transitions in that diagram. Each of the diagrams
can be thought of as representing a path consisting of two transitions which leads from
the point of interest to each other point, either directly or indirectly, exactly once. A
term for each of the possible paths of this type is included in the sum which makes
~. The reason for thinking of the coefficient in this way will become clearer when
the more complicated case n > 4 is considered. It can also be useful in calculating
the coefficients when the population structure is altered, such as when one of the links

joining two subpopulations is removed.

5.3.1 Example of calculation of ceofficients

As an example of the application of formula 5.2 to calculate the coeflicients, v, 72 and

~s consider the case for three subpopulations arranged with the minimal number of
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Figure 5.3: Three subpopulations arranged with the minimal number of connections.

connections, for example in a straight line, as in figure 5.3. Now to calculate v; the only
path that goes from subpopulation 1 to each other subpopulation under the modified
structure is the path to subpopulation 2 then from subpopulation 2 to subpopulation

3 as illustrated below.

So the coefficient for subpopulation 1 is 71 = pi2p2s. By looking at the paths for

the other two subpopulations it can be seen that the coefficients are v, = po1p03 and

Y3 = H32/21-

5.3.2 Interpreting the fixation probability

Define the quantities f; = zo/Ni, f2 = yo/N2 and f3 = zo/N3 — the initial frequencies of
the A; allele in each subpopulation. Taking the formula in equation 5.2 and substituting

in the f;’s, the probability of fixation is

o iy fa fo) = Y1 fiN1 + 722Nz + 733 Ns
v J29J3) —
' 71Ny + 72 No + y3 N3
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Equation 5.4 shows that the fixation probability is in fact the weighted average of the
initial frequencies of allele A; in each of the subpopulations, weighted by the quantity
~iN;. So, when subpopulation sizes are equal, a subpopulation with a larger v has a
greater influence on the fixation probability than a subpopulation with a smaller 7. In
general, the greater the value of y;V; for a subpopulation, the greater the influence it
will have on the fixation probability.

In the case of no selection being considered here, the f;’s are also equal to the
fixation probability in each subpopulation considered separately. So, the fixation prob-
ability in the population as a whole can also be thought of as the weighted sum of the
fixation probabilities in each of the subpoulations considered separately. This observa-
tion appears to have potential use in finding approximations in the case where there is

selection. This will be investigated in Chapter 7.

5.4 Some examples

Example 1: Equal migration between subpopulations when all subpopulations are
connected.

The population structure used here is the structure in figure 5.1 with equal migra-
tion, so pi; = p Vi,j. This means that each path contributes p? to the coefficient.

There are three paths for each coeflicient so
M= =7 =34

and hence

Zo + Yo + 2o
(2o, Yo, %) = Ny + N+ N3

which is the overall initial frequency in the whole population.
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Example 2: Equal migration between subpopulations in the model with the minimal
number of connections.

In the case of equal migration in the model with the minimal number of connections
in figure 5.3, 13 = pz1 = 0, pij = p for all other migration parameters, p;;. This means

that each path contributes u? to the coefficient and there is one path for each coefficient

S0
M =72 =73 =M2
and
ofz 2) = Zo + Yo + 2o
Pa S0t Ni 4+ Ny + N3

which once again is the overall initial frequency in the whole population.

These two examples show that if there is equal symmetric migration, that is u;; =
uVi, j, between the connected subpopulations then the fixation probability is independ-
ent of the population structure and is equal to the initial frequency in the population
considered as a whole.

Example 3: Symmetric migration between subpopulations with all subpopulations
connected.

In this example I will show that even when the migration is symmetric but not equal
between pairs of subpopulations, that is p;; = pji V 7,7 the fixation probability of the
A, allele is still equal to the initial frequency of the allele in the whole population.

Let p;; = pji Vi,j then v, can be rearranged using ;; = pj; as follows:

Y1 = pi2i13 + piapies + H13iia2
= po1ph13 + Mo fi23 + Hasptar = 72

= W3ifh12 + U3221 + H3zpar = V3

73



50,
To + Yo + 20
Ny + N, + N3

Of(iEo, Yo, Zo) B

Once again all of the coefficients are equal and the fixation probability is equal to the
initial frequency in the whole population. This is also true for the model with the
minimal number of connections with symmetric migration as py3 = p3; = 0 is just a
special case of the formula considered above.
Example 4: Two subpopulations close together, third subpopulation further away:.
In a situation where there are two subpopulations clustered close together with a
third subpopulation further away, the level of migration between the two subpopu-
lations which are close together will generally be higher than the level of migration
between either of these two and the distant subpopulation. This situation occurs nat-
urally where there is a single remnant subpopulation separated from the rest of the
subpopulations — (see for example, Templeton et al., 1990; Meffe and Vrijenhoek, 1988).
Suppose that three subpopulations are arranged with the minimal number of connec-
tions as in figure 5.3 and migration between subpopulations 1 and 2 is twice the level
of migration between subpopulations 2 and 3. That is, py3 = pa1 = 0, pez = pz2 = p

and 12 = pg; = 2. In this situation, the coefficents are 11 = 72 = v3 = 2%, So,

To + Yo+ 20
0‘(-’00,90720) = N, + Ny + N,

This means that each subpopulation is equally important in determining the fixation
probabilities. Initially this seems counter intuitive but the model specifies that there
are as many migrants going from the cluster to the distant subpopulation as from the
distant subpopulation to the cluster. So although the distant subpopulation has a weak
effect on the cluster, the cluster also has a weak effect on the distant subpopulation.
If the migration parameters are changed so that there are more migrants going from

the cluster to the distant subpopulation than from the distant subpopulation to the
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Figure 5.4: Directional flow in the model with the minimal number of connections.

cluster (possibly a more realistic assumption in some situations) then this would no
longer be true.

This model is also appropriate for three subpopulations being equally spaced but
two of the subpopulations being better connected than the third. This would be the
case, for example, if there was a habitat corridor between two subpopulations but not
between these two subpopulations and the third subpopulation.

Example 5: Directional flow in the model with the minimal number of connections.

Suppose now that the model with the minimal number of connections is considered
with a constant directional flow. For example, this could be thought of as a current
or a prevailing wind blowing more seeds in one direction than are blown in the other
direction. In the example illustrated in figure 5.4, the transition probabilities are
p1s = par = 0, paz = p21 = p and f1z = a3 = 2p. Upon substituting these transition
probabilities into the equations for the coefficients, we get v; = 4u%, v = 2u® and

73 = p?. So,
oo Bol] = dzo + 2y0 + 20
0, Yo, 20 _4N1+2N2+N3

This is fairly intuitive as it suggests that if the flow is from left to right in figure 5.4,
then the further left a subpopulation is, the further “upstream” it is and hence the
more important it is in determining the fixation probability.

Note that in the similar case where p12 = pos = 2p and poq = p32 = 0, that the

75



v 20
_— —_—>
®<————®e—
o "

Figure 5.5: Central subpopulation is most productive.

fixation probability is simply zo/N1. This is because there is no flow into subpopulation
1, so once subpopulation 1 has become fixed (A; with probability zo/Ny) the other
subpopulations must eventually both become fixed for the same allele.

Example 6: Central subpopulation most productive.

In this example, the central subpopulation in the model with the minimal number
of connections is the most productive. For example, this could be thought of as the
central subpopulation being in the most productive habitat, the “core” habitat, and
the outlying subpopulations being in less favourable habitat and thus producing less
migrants. There are many instances of this in natural systems — see, for example
(Downes et al., 1997; Lamberson et al, 1992). The example is illustrated in figure 5.5
and has transition probabilities p13 = pa1 = 0, paz = pie = p and pg = poz = 2p.
Substitution of these transition probabilities into the formulae for the coefficients gives,
y1 = 2u?, v, = 4p? and 43 = 2p°. so,

zo + 2y0 + 2o
Ny + 2N, + N3’

a(zo, Yo, 20) =

Once again this result is fairly intuitive in showing that when the central subpopulation
is most productive, it will have the greatest influence on the fixation probability. It
can be shown that no matter which subpopulation is the source subpopulation, it will
have twice the effect that the other two subpopulations have if it produces twice the

number of migrants that each of the other two subpopulations produce.
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Figure 5.6: An example of asymmetric migration with no net migration.

The main conclusion which can be drawn from examples 5 and 6 is that the sub-
populations which produce the most migrants have the greatest effect on the fixation
probability. This is true regardless of the position of a subpopulation relative to other
subpopulations, that is, edge or centre.

Example 7: Asymmetric migration with no net migration.

In this example there is no net migration, that is, each subpopulation sends out as
many migrants as it receives alhtough there is no requirement that this is true between

each pair of subpopulations. This means that

Piz + iz = po1 + par
H21 + fos = 12+ M3z
f3r + paz = a3+ Hos. (5.5)
This includes symmetric migration as a special case. An example of this is shown
in figure 5.6 where there is asymmetric migration but more migrants move clockwise

than anti-clockwise around a circle of subpopulations in such a way that there is no

net flow of migrants. For example, u1z = poz = pa1 = p and oy = pay = p1a = 24
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As a result of this, each of the weights, v;, is equal, for example using equation 5.5

it can be shown that

Y1 = Mi3paz + pizpa3 + Hizfes
= 3123 + Hi3fior + H21f423

oy ’72.

and similarly, 11 = 7a.

So when there is no net migration between the subpopulations, the fixation probab-
ility is independent of the population structure and is equal to the initial frequency in
the population as a whole. This agrees with the results obtained by Maruyama (1970a;

1974) where he implicitly assumes no net migration.

5.5 Mean absorption and fixation times

The basic results which hold for two subpopulations also hold for three subpopulations.
The state space is far more complicated and analytic results are possible in theory

though extremely messy to calculate in practice.
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5.6 Description of the model for four subpopula-
tions

This model is a further extension of the two subpopulation model and the three sub-
population model. The mathematical model used is a four subpopulation version of the
model described in Chapter 2. There is no selection. There are four subpopulations of
constant size Ny, Nz, N3 and N4. Migration is allowed between the four subpopulations
and the mean number of successful migrants per generation from subpopulation 7 to
subpopulation j is a random variable. The probability of a successful migrant from
subpopulation 7 to subpopulation j in a generation is ;;. The maximum number of
migrants in a given generation is one so M;;(t), the random variable representing the
number of successful migrants from subpopulation i to subpoulation j in generation ¢,
has a Bernoulli distribution with mean p;;. The variables of interest in the model are
the numbers of alleles of type A; present in each subpopulation at a given time, t. The
variables are denoted W;, X;, Y; and Z, for the number of A, alleles in subpopulations
1, 2, 3 and 4 respectively. The mathematics of the model will not be written out in
full for the case of four subpopulations as it is exactly analagous to the case of two and

three subpopulations except that the algebra is far more complicated.

5.7 Fixation Probabilities

The fixation probabilities are given by the formula

Y1Wo + Y2%o + Y3Yo + VaZo
71 N1 + 72 N2 + v3N3 + 14V,

(5.6)

a(wo, To, Yo, Zo) =

where wo, To, Yo and zp are the initial frequencies in subpopulations 1, 2, 3 and 4

respectively. The migration coefficients v; are each made up of sixteen terms. Each
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Figure 5.7: Diagramatic representation of the model

of these terms is a product of three migration magnitudes of the form u;;. As an
example, the migration coefficient v, is given along with a geometric interpretation of

its component terms given in section 5.7.1.

Y1 = Miziispia + paspaziios + Hi3paafiaz + 123 p3e T Hi2fh24tta3 + H1afba3 32
+praptaztios + Hazfiizfioa + Hi3piaflaz + pHa2p13p34 + pa2fraftas + B1afbi3fs2
+piapti2ft23 + fiaptagiias + pi2fie3fioq + H1afazfies (5.7)

The other coefficients, 72, y3 and 44 are calculated and interpreted in the same

manner.

5.7.1 Interpreting the fixation probability

As in the case of three subpopulations, the fixation probability can be rewritten as

Y filN1 + y2 falN2 + ¥3falNa + 74 falNy
1Ny + 12Ny + y3 N3 + 74Ny

a(f17f27f3)f4) -
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where f; = wo/Ny, f2 = xo/Na, f3 = yo/N3 and fi = zo/Ns. This means that, as in
the case of three subpoulations, the fixation probability for the whole population can
be thought of as the weighted sum of the fixation probabilities in each subpopulation
considered separately.

Each migration coefficient has a physical interpretation. The migration coefficient
~1 can be thought of as being the sum of the terms corresponding to each of the “paths”
in figure 5.8. Each path consists of three transitions which starts at the point of interest
and goes through each other point either directly or indirectly exactly once. All of the
possible paths of this type are included in the sum so there is a term corresponding
to each way of getting from the subpopulation of interest to each other subpopulation
exactly once. The term corresponding to a given path is equal to the product of the
migration strength associated with each of the transitions in that path. This result can
be proven using graph theory and this is used to prove the analogous general result for

n subpopulations in Chapter 6.

5.8 Different population structures

There are six different ways in which four subpopulations can be connected by links
which allow migration (ignoring the strengths of migration). They are represented in
figure 5.9. The lines represent links between two subpopulations. The actual physical
distance between two adjacent subpopulations in the diagram does not necessarily
represent the magnitude of migration between the two subpopulations.

When migration between the subpopulations is equal and symmetric (that is p;; =
4 Vi, j), the method used in section 5.4 for calculating the migration coefficients, v;,
under different population structures of counting the number of paths from subpopu-

lation 7 is a useful way of finding the coefficients quickly. This works here because each

81



M3 Mgl o4 Hysz lagt 45 Mg HosHl 34

Hip HosH 43 Myg Hasll 35 Hyg Haoll o3 iz Lol o4

Mo Hysl 34 Hip HygH 43 Mg Bt 3p

Y
Hig Kol o3 Mz Kot a4 Mg a3kl o4 Mig Lagld 43

Figure 5.8: These diagrams represent the 16 terms that make up 7.
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Figure 5.9: The different ways in which four subpopulations can be linked.

path contributes ® to the migration coefficient under consideration.

5.8.1 Fixation probabilities under equal migration

In each of the following cases there is equal and symmetric migration between connected
subpopulations, that is u;; = p Vi, j where a link exists between subpopulations 1 and
j. The numbers refer to the diagram numbers in figure 5.9.

Structure 1: This is the fully connected model where each coefficient consists of the
full 16 terms. Each term contributes ® to the coefficient so 1 = y2 = 73 = 74 = 164°.
So the fixation probability is equal to the initial frequency in the population as a whole.
Structure 2: In this model two of the subpopulations are connected to all three of
the other subpopulations and two of the subpopulations are only connected to two of
the other subpopulations. For each subpopulation there are 8 paths connecting 1t to
each of the other subpopulations, each contributing x2, so 11 =72 = 73 = 74 = 84°.

Structure 3: In this model three of the subpopulations are connected to each other
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and the fourth subpopulation is connected with one of these subpopulations only.
Intuitively it would seem that the subpopulation which is connected with only one other
should have less influence on the fixation probability than the other subpopulations
which are all connected with each other. However, there are three paths from each
subpopulation so each coefficient has three terms giving 11 = v2 = 13 = 71 = 3u°.
This is because each subpopulation has no net flow of migrants — they each recieve as
many migrants from other subpopulations as they send out to other subpopulations.
The distant subpopulation sends less and receives less migrants than each of the other
subpopulations.

Structure 4: This model is equivalent to having four subpopulations equally spaced
on the corners of a square. Intuitively it would seem that each subpopulation should
have the same effect on the fixation probability as the system is symmetric, and this
is true. There are four paths from each subpopulation to the other subpopulations, so
M =72 = 73 = 74 = 4u>. So each subpopulation has the same effect on the fixation
probability as expected.

Structure 5: One subpopulation is central and is connected to each other subpopu-
lation, but each other subpopulation is connected only to the central subpopulation.
Once again it would seem that the central subpopulation would have the most influ-
ence on the fixation probabilities, but for each subpopulation there is only one path
connecting it to all of the other subpopulations, so 1 = 72 = 13 = 14 = p2. This
means each subpopulation is equally important which seems counterintuitive. As with
structure 3, the reason for this is that there is no net flow of migrants to or from any
subpopulation. Each subpopulation sends out as many migrants as it receives from
other subpopulations

Structure 6: The minimally connected model. The subpopulations are only connec-

ted to there nearest neighbours (the minimal number of connections). Once again, for

84



each subpopulation there is only one path connecting it to all of the other subpopu-
lations, so 73 = Y2 = Y3 = Y4 = p®. Again each subpopulation is equally important
regardless of whether it is an edge or a centre subpopulation. This is because those
subpopulations which produce the most migrants (the central subpoulations) also re-
ceive the most migrants, and those subpopulations which produce the least migrants
(the end subpopulations) also receive the least migrants.

So for each of the population structures, 1 = 2 = 73 = 94 when migration is
symmetric. This means that for each of the population structures, when migration is
equal and symmetric the fixation probability is equal to the initial frequency in the
population as a whole. This result at first seems counter intuitive as, for example
in population structure 5, the centre subpopulation sends out three times as many
migrants as any of the other subpopulations. However, being the centre subpopulation
it also recieves three times as many immigrants as any other subpopulation. The
important point to note here is that each subpopulation sends as many migrants as
it receives and thus has no net flow of migrants. So each subpopulation has an equal
effect on the fixation probability. That is, those subpopulations which have a large
impact on other subpopulations by producing a lot of migrants are also more readily

affected by other subpopulations because they receive a large number of immigrants.

5.8.2 Symmetric migration

In section 5.4 it was shown for the case of three subpopulations that when there is
symmetric migration between adjacent subpopulations, the fixation probability is equal
to the overall initial frequency in the whole population regardless of the population
structure. Now consider the case pi; = uj; Vi,j with four subpopulations arranged as

in structure 1 in figure 5.9. By substituting equivalent terms in the formula for 7, it
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can be seen that v, = ;.

M = Pazpaziie + paspisapiae + pi3paafiaz + Hi2fba3fiae T a2kizalas + Hiaflasfiae
+p1afhaspias + paafiiatioa + piapiiapaz T pi2piapse + pi2fi1afia3 T 11332
+p1apb12023 + H13p32 434 + pa2fiazpaa + H1af42/0a3

= Ugifh13fh14 + Pa1fostioa + P310043k024 + H21 2334 + o1 fioafta3 + Ha1 /34023
+1afhoafios + Piato1fboa + pa3farfia + H21 130434 T f21 1443 T B14f31 423
+p1apia1 b3 + (312334 + foafasfiag - 41424443

= U2i1ftoapioa + Ma1fhasfiod + a1p3apto3 T Hisfarfiea + H21[t13434 + H21H14 43
+apia s + Po1fiaspias + p1aparfias t poiflaaftas T+ H13p21hee T+ H31 23424
+pa1h2atiez + 12443 + P31 23034 + fo1 13014

It can be shown analogously that v, = v2 = v3 = 7a.

As all of the other population structures are a special case of this situation (for
population structures 2 to 6, pij = pji = 0 for some of the pairs i,7) this is true for all
population structures shown in figure 5.9.

This means that all of the results of subsection 5.8.1 apply here essentially for the
same reason — when migration is symmetric there is no net flow of migrants between any
two adjacent subpopulations. So all subpopulations which send out migrants receive
an equal number of immigrants from other subpopulations and hence the fixation

probability is just equal to the initial frequency in the whole population.
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5.8.3 No net migration

As in the case of three subpopulations, when there is no net migration into or out of
any of the four subpopulations, the probability of fixation of an allele in the whole

population is equal to its initial frequency in the whole population. That is, when

piz + paz A paa = por T g3+ Ha
fo1 + poz + poa = paz + paz + pae
par + paz + paa = piz + pa2 + pas

par + paz + paz = paat poa + fag

it can be shown by substitution that the fixation probability is equal to the initial

frequency in the whole population.

5.9 Unequal migration between subpopulations

There are endless possible combinations of migration parameters that could be con-
sidered with the four subpopulation model. Some important cases will be considered
here to compare the qualitative effects with the three subpopulation case.

Example 1: Constant flow of individuals in one direction with a minimally connected
population structure.

It is assumed that gene flow is twice as likely in one direction as in the other. So
Pz = f23 = pza = 2p

o1 = (32 = Haz = K

p13 = M31 = fia = K4 = Ho4 = H4a2 = 0
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Each point has just one path to the other three points, so there is only one term in
each coefficient. The coefficients are :
p=80% M=, =20 =4

giving the fixation probability as

awo, T 20) = e
0, L0, Yo, 20 —8Nl+4N2+2N3+N4

(5.8)

So as in the case of three dimensions, when the flow is from left to right, the sub-
populations on the left are the most important in determining the fixation probability.
Example 2: The central subpopulation is most productive

Consider a population structured as in diagram 5 in figure 5.9. Once again there is
only one path from each of the subpopulations, so each coefficient has only one term.

If the migration parameters are:
pa1 = M3 = f2ga = 20

12 = U3z = H4a2 = [
i1z = Ha1 = fi14 = fiar = Mg = paz =0
So,
mo=A4u3, =8, v =4, ya=4p’.
giving the fixation probability as

o(wo, 2 - wo + 220 + Yo + %o
0 %0 Y020/ N F 2N, + Na + Ny

(5.9)

Showing once again that the subpopulation which produces the most migrants is the
most important subpopulation in determining the fixation probability. Although the

central subpopulation being the most important is intuitive, the relative magnitudes of
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the coeflicients in this example at first seem counter intuitive. The central subpopula-
tion is sending out twice as many migrants as the rest of the populations put together,
yet it only has the weight of each other subpopulation conisdered separately. This is be-
cause the outer subpopulations are sending their migrants to the central subpopulation
_ the most important subpopulation in terms of fixation probability thus increasing the
survival chance of these alleles in subsequent generations. The central subpopulation
is sending its migrants to the relatively less important edge subpopulations.
Example 3: The central subpopulation is most productive, all subpopulations directly
linked.

Now consider a population with structure 1 from figure 5.9. The central subpopu-

lation is twice as productive as the other subpopulations, so
M1 = Ha23 = 24 = 2u

P12 = H13 = f14 = H31 = [32 = {34 = Ha1 = fa2 = H43 = M-
Then by using formula 5.7 for 4; and analogous formulae for 7z, 73 and 44 1t can be
seen that
N =" =7 =25
yo = 50u°.
giving the fixation probability as

_ wo+2T0+ Yo+ 20
a(’wo,ifo,yo,zo) =N 12N, No+ N, (5.10)

So again the central subpopulation which is twice as productive as the other sub-
populations is twice as important in determining the fixation probability as the other

subpopulations are.
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5.10 Mean absorption and fixation times

-

As in the case of three subpopulations, an analytic solution for the mean absorption
and fixation times of an allele is possible but is so complicated arithmetically for any
real situation that it could not reasonably be calculated even with symmetric equal
migration. However, it is possible to numerically find the mean absorption and fixation

times for any given set of parameters. Mean fixation times are not found here.

5.11 Summary of results for three and four subpop-
ulations

In summary, the following results have been found for the three and four subpopulation

case when there is no selection.

e The fixation probability in the whole population is equal to a weighted sum of
the initial frequency in each subpopulation. This is also equal to a weighted sum

of the fixation probability in each subpopulation considered separately.

e In the case of symmetric migration, the fixation probability in the whole popula-
tion is equal to the initial frequency in the whole population. This is also true in
the case when migration is not symmetric but there is no net migration between

the subpopulations.

e In the case of asymmetric migration between the subpopulations, subpopulations
which have a net outflow of migrants in general have a greater weight than sub-
populations which have a net inflow of migrants. This idea is expanded on further

when the general population model is considered.
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e Mean absorption and fixation times were not examined for three and four sub-

populations.
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Chapter 6

A general model for fixation

probabilities

In this chapter I consider the general case of a population divided into n subpopulations.
I find a general result for asymmetric migration in a subdivided population with no
selection. This is then inter;;reted using a result from graph theory and some general
principles are found for fixation probabilities in a subdivided population.

This is a very significant extension of previous chapters and of the work of other
authors. Other authors have modelled a general number of subpopulations with sym-
metric and no net migration (for example Maruyama, 1970a; Maruyama, 1974; Slatkin,
1981) or have only two subpopulations with asymmetric migration (Tachida and lizuka,
1991). Considering more than two populations allows the exploration of other more
general structures - for example edge/centre subpopulation relationships, rings of pop-
ulations and hub/spoke configurations.

In addition to the general results, this model could be used in specific cases to

determine which subpopulations are the most significant in terms of loss of genetic

variability, and to assess the consequences of management decisions such as removing
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a subpopulation or reducing the ability for individuals to move between subpopulations
by removing a habitat corridor (Walters, 1991; Lamberson et al., 1992; Winter et al.,
1997). As with the simpler models, the outcome depends on the relative, rather than
the absolute, magnitudes of migration between the subpopulations. This means that if
data is available but is rough, it is only necessary to estimate the relative magnitudes
of migration rather than the average number of succuessful migrants between each pair
of populations in each generation. For the purposes of estimating times to fixation it
would be necessary to estimate absolute nagnitudes of migration, but that problem 1s

not considered here for the general n subpopulations.

6.1 Description of the model

In this model the subpopulation is divided into n subpopulations and the population
structure can be represented diagramatically as in figure 6.1. The model is essentially
a generalization of the assumptions for the two, three and four subpopulation cases
to the case of n subpopulations. It is an n subpopulation version of the model de-
scribed in chapter 2 and the n subpopulations are of constant size Ny, Ny, ..., N,.
Migration is allowed between any pair of subpopulations and the mean number of mi-
grants from subpopulation : to subpopulation j in a given generation is y;;, which is
also the probability of a migrant from subpopulation 1z to subpopulation j in a given
generation. There is a maximum of one migrant from any population, ¢, to any other
population, 7, in a single generation. The state variables in the model are the number
of A, alleles in each subpopulation, with X;, being the number of A; alleles in sub-
population i at time t. The state of the system at time ¢ is denoted by the state vector
X; = [€14,Tag..->Zng). As with the previous models it is assumed that the adult

breeding stock are recruited from a large pool of juveniles, so Xigv1]x: and X1 |%
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are independent of each other for all pairs ¢, j.

Defining
1A
" L NA

where A is the matrix with

aij = —pij 1F]
@i = Y Hiks
ki
that is i )
Z Hik —MH21 cee T Hn1
k=2
— 12 kX_Il Pok +-- —Hn2
A= k%2 (6.1)
n—1
L —Hin —Han v Z Hnk
k=1 -

and A;; is the matrix obtained by removing row ¢ and column 2 from matrix A, the

following result holds.

Theorem 3 For the model described above the fization probability is

n
a1,0, 2,05 -+, Tn0) = Z'}’ifﬂi,o (6.2)
=1

where

Formula 6.2 has a geometrical interpretation which will be discussed after the proof
of this theorem.

Proof:
Step 1: Show Y vizis = X Y B[t |xe]-

The probability of fixation from state X; is equal to the probability that the system

changes to state X41 in the next generation and is then fixed from this new state,
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Figure 6.1: Diagramatic representation of the model when there are n subpoulations.

Each double-ended arrow between two subpoulations represents a two way link between

the two subpopulations.



summed over all possible states that it could transfer to in one generation. In symbols,

P(fixation from x;) = Y P(x; = X¢41)P(fixation from Xt41)- (6.3)
Xot1
This is the backward Kolmogorov equation and is analagous to equation 3.6 in the

derivation of the two subpopulation formula.

Also, as X; 141|x; and X 41]%, are assumed independent of each other
n
P(x¢ = Xey1) = P(xupax:) = [ Parenalxe).
=1

The left hand side of equation 6.3 is the formula given in equation 6.2. That is,

iz Vilit-
The right hand side of equation 6.3 is

Z P(x; = Xu41)P(fixation from Xit1)

Xet+1
"1 n
= Z Hp(mlyt+1|xt)27iwi,t+1
X1 1=1 i=1

n n
= Z Z YiTi 41 H P(z141]x:)
=1

Ty, e419Tn 41 1=1

n
= Z Z ce Z Z <o Z P(l'l,t+1> ey L1415 Tit1 e 41 - - ,»’Cn,t+1lxt)

i=1 T1,t41 Ti—1,t4+1 Tit1,t4+1 Tp,t41

XYs Z P (@ 441]%¢)Ti 041

T t+1

— 21% Z P(xi't-}-llxt)xi,t-l-l

=1 Tit41

= > nBE[Xinlxi] (6.4)

1=1

n

Step 2: show E[X 1] = |1 — Z ] T+ Z Hﬂxk_t.
= N = Nk
k£l k£l
The expected number of A, alleles in subpopulation [ at time ¢ + 1, conditional on

x;, the number of A; alleles present in each subpopulation at time ¢ is equal to the
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sum of the expected numbers of A, alleles in subpopulation [ which originated in each
of the subpopulations.

The mean number of migrants from subpopulation k (# ) is uw. The probability
that each of these migrants is an A; allele is zx,:/ Ny from subpopulation k. So the
expected number of A, alleles in subpopulation ! which migrated from subpopulation
k in generation ¢ + 1 is prk:/Ng. This means the expected number of A; alleles in
subpopulation [ which migrated from subpopulations other than subpopulation [ in

this generation is

Z KKt t (65)

k#l
The expected total number of immlgrants to subpopulation [ at time 24115 344 pp

and so the expected number of individuals which are born in subpopulation ! and stay
there is N; — Yy - Each of these individuals has probability z;;/N; of having an
A, allele. So the expected number of A; individuals being born in subpopulation [ and
being recruited to the breeding population in subpopulation / is

(Nz - Z,Ukl) ?Al[—; (6.6)

k#l
Adding equations 6.5 and 6.6 gives

E[Xl,t+llxt] — (Nl“—z#kt) % E =
) k#! k

kel

L .
== (1 — 'tNi T+ H]\%mk,t (6.7)
kAl Y Kkl LYk

as required.
Step 3: Derive AI' = 0.
Using the equations 6.4 and 6.7 it is possible to find a matrix equation which the

~; must satisfy. Combining these equations gives

= ~ Pkl Pkl
T 1 S B L .8
i§=1 iy ; ;:1 Y [( N,) T+ E Nkwk,t:| (6.8)

k#l
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and rearranging this gives

—> 7 (Z H—]\,—k;) Zie+ ZZV!%MJ =0

=1 k#l 1=1 k#l

Equating coefficients of z;, gives the following n equations

for:e=1,...,n

—%-Zl;\';f +Zmlj—\? =0

ki LV

I#i

=> —y Yo pki+ Yy npa = 0

ki

defining I' = [71,-..,7) and using the

rewritten in matrix form as

I

matrix A from equation 6.1, this can be

=0 (6.10)

Yo M1k —Ha1 —fin1 -‘ [
k=2 71
— 12 kZ=II P2k —fhn2 -
k#2
n—1
—Hin —Han s kX_DI Hnk \- Tn

Step 4: Solve AT = 0.

Note that the matrix A has the property that all of its column sums are zero, so

|A| = 0, that is, it is non-invertible. This means that equation 6.10 has a non-trivial

solution where I' # 0.

Scale the variables ; to create the new variables §; = v; Jcii, where ¢;; = |Ay| =

(—1)"+|A;;|. Multiplying column ¢ of A by ¢;; gives the matrix

n
ci1 ) Hik —Co2fi21 —Cnnfini
k=2
n
—Ciift12 €22 Y. Mok —Cnniln2
k=1
B = k#2
n—1
—C11M1n —Ca2/42n Cnn Z Mnk
3 k=1

and BB = 0. Also each column sum of B is zero, so |B| = 0.
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Lemma 1 If C is a matriz with all column sums equal to zero then (=1)*H|Cp| =

(=1)¥*|Cyl for alli,z,y =1,2,...,n.

Proof of lemma 1: This is seen using a lemma from Chen (Lemma 4.11971). The
lemma says that if a matrix A has all row sums equal to zero then (—1)*2|A,,| =
(—=1)*¥|A;,|. The transpose matrix C' has row sums equal to zero so (=1y*=|Cl,| =

(—1)*¥|C}, |, that is (=1)"2|Cyi| = (=1)"*¥|Cy;| as required.

O
Now, denoting the (i, 7)th element of A and B by a;; and b;; respectively, note that

the matrix B has the property that the sum of row j is
Db = D cja
i i

Y aijlAjj]

J

= Y (1) ai;|Ayl

J

|A|

= 0

So B has each row sum equal to zero. This means that B is an equicofactor matrix,
that is (—1)"*7|By;| = (—1)**|Bul Vi, 4, k, .

Clearly, as the row sums of B are all zero, § = 0{1,1,.. ., 1)’ is a solution of B@ = 0.
That is 8; = 0, or, v; = Bici; = 8]Ai| is a solution of AT' =0.

Using the boundary condition a(Ny, Nz, ..., N,) = 1 gives the constant of propor-

tionality,

1

Z’W = ZO'A”lNl =1
so § = 1/3; N;|Ai| and hence

= |Aii|
it Vi Al
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as required.

6.2 Interpretation of the general result using graph
theory

The interpretation for the general result is an extension of the interpretation for the
result for the cases of 2, 3 and four subpopulations. The weight given to a subpopulation
in determining the fixation probability is the sum of a weight term for each path
originating from that subpopulation. In short, the result is analogous to the previous
cases — the subpopulations with the largest excesses of migrants will have the largest
impact on the fixation probability. This enables us to make some useful generaliastions
about fixation probabilities under various different population structures and migration
rates.

Some background is required for the interpretation. One useful reason for con-
structing the equicofactor matrix, B, in the proof of theorem 3 rather than use an
alternate proof is that there is a result from graph theory which leads to a geometrical
interpretation of the terms of the cofactors of equicofactor matrices. First, some terms

that need to be defined:

graph A graph G(V, E), or simply G, consists of a set, V/, of nodes together with a set,
E, of unordered pairs of the form (3, 7), with ¢, 7 € V, called the edges of G. The
nodes ¢ and j are called the endpoints of (4,7). In this case each subpopulation

is a node and a link between two subpopulations is an edge.

n = the number of nodes in the graph.
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degree The degree of the node ¢ is the number of edges incident with node 2. Here

this is the number of subpopulations directly linked to subpopulation 1.
labelled graph A graph in which each node has been properly labelled.

directed-graph A directed graph is a set, V, of nodes with a set, E, of ordered pairs
(4,7), with ¢,j € V, called the edges of G. The node 7 is called the initial node
of (i,7) and the node j is called the terminal node of (1,7). The only difference
between a graph and a directed graph is that the edges of a directed graph are
ordered pairs of nodes while the edges of a graph are unordered pairs. Here, the
edges are a link between subpopulations with a direction in which the migrants

travel — the migrants travel from subpopulation ¢ to subpopulation j.

outgoing degree The number of edges which have i as there initial node. Here, the

number of subpopulations which subpopulation i sends migrants too.

weighted directed-graph A directed graph in which each edge has been assigned
a weight. Here this a link between two subpopulations which has a direction
and a magnitude — in this application this is the mean number of migrants per
generation. 1 denote by f(¢,7) the weight associated with edge (2,7). HGsisa
subgraph of G, then I denote by f(Gs) the weight of the subgraph, G, and it is
defined as

f(Gs)y = [ fG,5) ifGs#0

(11.7)€GS

f@) =0

associated directed graph For an equicofactor matrix, Y, the associated directed
graph, denoted by the symbol G(Y) is an n-node, weighted, labelled, directed

graph. The nodes are labelled by the integers from 1 to n such that if ¢ # 7 and

101



yi; # 0, then there is an edge directed from node i to node j with associated
weight y;; for 1,7 = 1,2,...,n. So for example, the matrix A in equation 6.1 has

the associated directed graph in figure 6.1.

tree A spanning subgraph of a directed graph is said to be a tree if and only if it is

connected and contains no circuits.

directed tree with reference node ¢ A subgraph of a graph G, denoted by the
symbol t;, is said to be a directed tree of G with reference node ¢ if and only
if (1) it is a tree of G, and (2) the outgoing degree of each node of ¢; is 1 except

the node ¢ which has outgoing degree 0.

The result which is important here is from Chen (1971, Theorem 4.3).

Theorem 4 IfY is an equicofactor matriz then the cofactor (=1)+71Y;;| is given by

(=)™ Y50 =22 f(t) (6.11)
tg
fori,j,k=1,2,...,n where ty is a directed tree in G(Y).

or more importantly here
Yal = tz ft) (6.12)
As B is an equicofactor matrix, each of the cofactors of B is equal. The value in
terms of the matrix A can be calculated by using the following standard result from
matrix theory.

Result: If A* is the matrix obtained by multiplying each element of column j of

matrix A by the scalar constant k then |[A™| = k|A], so

|Bil = []culAl
I#i
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= [T1AullAxl

1
= TI1Aul (6.13)
=1

Combining equation 6.13 with the result of theorem 4 gives

|Bii) = >_ f(te) = [ 1Au]
tx =1

where %, is a directed tree in G(B). The directed graph G(B) is the same as the
directed graph G(A) with the weights p;; replaced by ciife;;.

From the definition of #, a directed tree in G(B), the outgoing degree of each node
of t;, is 1 except for node k which has degree 0. So each term in the sum will be of
the form [];44 purcu for some r # k,r # | which is equal to f(tx) = ITizs cu Tl tir-
And denoting the corresponding directed tree in G(A) by si gives F(sk) = Migr pitr =
f(tk)/ Hl;&k Cit, SO

Y flse) = ;f(tk)/ncu

Sk I#k

= |Bul|/ [ cu

£k
n

= [T14ul/ IT eu

=1 I#k
| Agrl. (6.14)

Il

This means that for the matrix A the cofactor |Aii| can also be considered as a sum
of terms representing the directed trees in G(A) with reference node i. That is, the
coefficients 7; can be represented in terms of a set of subgraphs of the graph G(A).
Consider the coefficient ;. From theorem 6.2 we know that ; = [Aul/ (2 [Au|Ni).-
From theorem 4 and the above corollary we know that |Ai| = 2, f(si) where s; is a

directed tree in G(A) with reference node 2, so

2 f(s1)
TSN Yo f(s1)
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This is the normalised sum of the terms for trees with reference node . this formula

will now be used to determine the coefficients, +;, in some specific cases.

6.2.1 Some examples

In general there are n"~2 terms in the expansion of |A;|. In the cases considered in
previous chapters — 2, 3 and 4 subpopulations — there were 1, 3 and 16 terms in the
expansion which agrees with this formula. The 16 graphs shown in figure 5.9 for the
terms in the expansion of v, are in fact the directed trees in G(A) with reference node
1.

Example 1: Equal, symmetric migration, ug; = u V1,j. There are n™"? terms each of
which is p™! so |Ay| = n"~2u"! for all 7. This gives subpopulation ¢ the weight

n—ln'n,—-2

Y= £
'Y Njpn1pne2

All of the subpopulation weights are the same, so all of the subpopulations have the
same impact on the fixation probability. This means that the overall fixation probab-
ility for the whole population is equal to the initial frequency in the whole population.
Example 2: Symmetric migration, p;; = pj;. The row sums of matrix A are all zero
so A is equicofactor. This means 1; = |Aul/(Xi|AulNi) = |As;1/ (0 |AulNi) = v; for
all 7,j. So once again the fixation probability is equal to the initial frequency in the
whole population.

Examples 1 and 2 confirm the results that were given by Maruyama (1970a; 1970b;
1972; 1974).
Example 3: Population structure with minimal number of connections. With a this
population structure there is only one directed tree with reference node 1 for each 1.

This means that each term ~; has only one term in its expansion. So v; can be shown
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to be

-1 n
vooc [T e I map-r-
=1 I=i+1

In the case where there is a prevailing wind along a line of subpopulations such that
Piiv1 = 2p, pii1 = p this can be evaluated to give v; = 2i-1,7=1. This means that
each subpopulation is twice as important as the subpopulation immediately down wind
from it as the wind is causing twice as many migrants to go with the wind as against
it. For this reason, Subpopulations which are a long way down wind will have little
influence on the overall population fixation probabilities.

Example 4: Central subpopulation connected to n —1 subpopulations with central
subpopulation most productive. In this situation there is only one path in each of
the weights. The weight of the central subpopulation is [[;=; p1i and the weight of
each of other subpopulation j is g3 [Tig,z; #1i- If the central subpopulation sends p,
migrants to each of the outer subpopulations and each of the outer subpopulations sends

1 and

s migrants where g, > iy, then the weight of each subpopulation is 7, = i~
v; = pspt"2. So the central, most productive subpopulation here has a weight p, /s
times greater than each of the outer subpopulations. If the central subpopulation was
no more productive than each of the outer subpopulations then each subpopulation
would have an equal weight as migration would be symmetric.

Example 5: Now consider the above population structure with one of the outer
subpopulations producing the greatest excess of migrants. Call the outer subpopulation
which is most productive subpopulation 2 and pz; = pa, 1 = s when j =3,...,n
and p1; = - Then the weights for each of the subpopulations is v, = ppp™"% and
y; = pt! for all other values of j. This shows that position of a subpopulation is
not important. The important thing in determining the weight of a subpopualtion is

whether or not a subpopulation produces an excess of migrants.

Example 6: No net migration — circular migration. An example of no net migration
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without having symmetric migration is circular migration. In this case, the subpop-
ulations are arranged in a circle with each subpopulation sending migrants only to
the subpopulations to the immediately adjacent subpopulations on either side. In

this situation, each of the weight terms is made up of n terms. As an example,

;o= 0 T s T idnie M piipn = pma = po and figrs = poan = iy, then
gammay; = Y p—q ,u’ju{,‘_k. Similarly, each of the weights can be shown to be equal to

+ and so each subpopulation has equal weight in determining the fixation probability.

6.3 Conclusions

In this chapter a formula has been found for the fixation probability of a neutral
allele A; for a population divided into n subpopulations. An interpretation of this
formula has been given using graph theory which can be used to interpret some special
cases such as the population structure with the minimal number of connections. The
fixation time formula can not be solved in a general form and would need to be solved
numerically for specific cases. The conclusions relating to the fixation probability
support the conclusions of other authors who have considered the problem using other
models. This result also extends the results of other authors to the case where there is
asymmetric migration.

The size of a subpopulation is also important in determining how much it influences
fixation probability. The influence of a subpopulation is directly proportional to its
size (ignoring the effect of differential migration).

I found that in general when migration is asymmetric, and ignoring the impact of
size on the weight of a subpopulation, the subpopulations which produce the greatest
surplus of migrants are the most important subpopulations in determining the fixation

probability. That is, those subpopulations which send out more migrants than they
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receive are the most important subpopulations in determining the fixation probability
of the whole population. I also found that the position of a subpopulation within the
population is not important in determining its impact on the fixation probability of
the whole population. That is, an edge and a centre subpopulation have an equal
impact on the fixation probability of the whole population if they are each producing
the same net number of migrants provided the migrants are going to subpopulations
of equal importance. The position relative to source/sink populations does have an
effect on the weight of a subpopulation. If a subpopulation tends to send migrants
to a subpopulation which in turn has a large surplus of outgoing migrants, whereas
another subpopulation tends to send migrants to a subpopulation which has a net
deficit of outgoing migrants then the first of these subpopulations will have a greater
impact on the fixation probability of the population as a whole. This is because the
first of these subpopulations is indirectly having its alleles spread more widely than
the second subpopulation. In terms of the graph theory used here, the trees referenced
to the first subpopulation have a greater weight. The trees referenced to the second of

these subpopulations have a lesser weight.

6.4 Summary of chapters 3, 4, 5 and 6

In chapters 3, 4, 5 and 6 I have considered the problem of fixation probability and
mean fixation and absorption times for subpopulations with two, three and four sub-
populations. I have also considered the fixation probability for a population subdivided
into a general n subpopulations. The models used have several assumptions in com-
mon. Firstly they are all based on the Wright-Fisher model. They have no selection.
Subpopulations are all of constant size.

There are several general conclusions that have been found to be true for each of
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these models.

o The fixation probability in the whole population is equal to a weighted average
of the intial frequency in each subpopulation. This is also equal to a weighted

average of the fixation probability in each subpopulation considered separately.

e When migration is symmetric between connected pairs of subpopulations, the
fixation probability of an allele in the whole population is equal to the overall

initial frequency of that allele in the whole population. 4

e When there is no net migration between the subpopulations, for example when
there is circular migration, as in example 6 in section 6.2.1, the fixation prob-
ability is also equal to the initial frequency in the whole population. This Is

equivalent to the result obtained by Maruyama (1970a).

e When migration is not symmetric then the subpopulations which produce the
greatest excess of migrants tend to have the largest impact on the fixation prob-
ability. The fixation probability will not generally be equal to the overall initial
frequency but will be closer to the initial frequency of those subpopulations which

produce the most migrants.

e The position of a subpopulation relative to other subpopulations is not important
in detemining how much influence that subpopulation will have on the fixation
probability. That is, whether a subpopulation is near the edge or the centre is

not in itself important in determining influence it has on the fixation probability.

o In terms of the graph theory used here, the subpopulations which have the
greatest effect on the fixation probability are those subpopulations whose ref-
erenced trees have the greatest weight. As mentioned in the previous point,

this will generally be those subpopulations which produce the most migrants.
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However, as mentioned in section 6.3, it is also important how many migrants
are produced by the subpopulations which receive the migrants from the subpop-
ulation in question. Essentially, this is saying that the sum of the weights of the
trees referenced to a subpoulation is the important quantity, which is equivalent

in words to the main theorem(3) of this chapter.
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Chapter 7

Fixation Probabilities with

selection

7.1 Introduction

In this chapter I introduce selection into a single population Wright-Fisher model. In
the preceding chapters it has always been assumed that the alternative alleles, A, and
A,, at the locus under consideration are selectively neutral. This means that in the
models used up until now, A; and A; juveniles have been produced by a given subpop-
ulation according to the proportion of A; and A, adults in the previous generation in
that subpopulation. It has been shown when there is no selection that if each popu-
lation produces the same number of migrants on average (equal symmetric migration)
then the fixation probability of an allele is equal to the initial frequency of that allele
in the whole population. If this is not true but the weaker condition of symmetric mi-
gration holds then it is still true that the probability of fixation of an allele is equal to
the inital frequency of that allele in the whole population. In general, when there is no

selection, the fixation probability is a weighted sum of the initial frequency in each of
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the subpopulations, or a weighted sum of the fixation probability in each subpopulation
considered separately.

With the introduction of selection into the model these results no longer hold.
Fach time a new generation of individuals is born one allele is selectively favoured
over the other, leading to production of more of the selectively favoured allele than
when there is no selection acting. This increases its chance of fixation to a level
greater than its initial frequency in the whole population. The inclusion of selection
in the model used in chapters 3, 4 and 5 makes the model far more complicated as
the model is no longer linear. Few authors have attempted to find exact analytic
formulas for fixation probabilities when there is selection acting. Those authors that
have made progress with this problem have either assumed the population is very
large and used deterministic models to approximate the system (Maruyama, 1970a;
Maruyama, 1972; Slatkin, 1981), or have used simulation studies (Slatkin, 1981). More
recently Tachida and lizuka (1991) have used an idea introduced by Slatkin (1981)
where it is assumed that the time between migration events is much greater than the
mean time to absorption in each subpopulation to gain some useful results. This is
known as the low migration limit.

Solving the Kolmogorov equations (a; = P ay) when selection is allowed is difficult
because the solution is no longer a linear combination of the initial frequencies in each
of the subpopulations with the introduction of selection. It is not just a matter of
solving a system of linear equations to find the weights of the initial allele frequencies
in each subpopulation.

In this chapter I will find general formulae which the fixation probability and the
mean fixation and absorption times must satisfy. I will solve these for some small
populations to get exact analytic results in some special cases.

I then combine this model with models from chapters 3, 4 and 5 to get a subdivided
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population model with selection. I describe a model which combines these two assump-
tions and find a matrix formula for the fixation probability and for the mean absorption
time. Numerical solutions will be given for a simple case and these solutions will be
discussed. The model used here is essentially the same as the model used in chapter 3
with selection added in. In general it is very difficult to find analytic solutions for this
model. However, exact numerical solutions can be found for many useful cases.

This work uses an exact Wright-Fisher model to address some of the same ques-
tions sddressed by Slatkin (1981), Barton (1993), Tachida and lizuka (1991) and
Maruyama (1970a) using various approximations. I will compare some of the relevant
results of Slatkin (1981), Maruyama (1970a), and Tachida and Iizuka (1991) with the
symmetric migration case for this model. All of these models show the same qualit-
ative effects for the fixation probability. Some authors consider mean fixation time
rather than mean absorption time which I cousider so it is more difficult to compare
this aspect of each of the models. There is less agreement between the models when
mean fixation time is considered. Barton’s (1993) results appear qualitatively different
from this model and the other models considered here for both fixation probability and

mean fixation time even when only weak selection is considered.

7.2 Single Population model

Consider a single (unsubdivided) population with a constant size of N individuals.
The assumptions are as described in Chapter 2 with the addition of selection. The
state variable is X(t) which is the number of A; individuals in the population at
time t. There is selection acting in the model which is parameterised by the variable
s € (—1,00). I assume the selection variable only affects the system through its eflect

on the function &(i,s) which is used to determine the transition probablilities. The
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transition probabilities under selection will now be described in more detail.

7.3 Transition probabilities

In order to calculate the transition probabilities it is first necessary to specify how
selection takes place. As specified in Chapter 2, it is assumed that there are many
juveniles born and that the next generation of adults is then sampled from these ju-
veniles. The selection in the population is assumed to be on these juveniles before
they recruit to the breeding stock. The function o(z,s) is defined to be the probability
that an individual which is in the pool of juveniles and available to be recruited to the
breeding stock at generation ¢+ 1 has the A; allele, given there were 4 individuals with
the A; allele and N — 7 individuals with the A, allele at generation ¢.

A selection function is required which is equivalent to A; and A, alleles being born
in the ratio (1 +s): : N —1 and these juveniles then being sampled binomially to make
the next generation of breeding individuals. Because of the way s is defined, selection is
not symmetric, that is a selection coefficient of, say -0.5, is not opposite in its selective
effect to a selection coefficient of 0.5. If a new variable, s, is defined which is equal to
s for negative values of s and equal to s’ = s/(1 + s) for positive values of s, then the
action of s’ is symmetric. This transformation is used on the graphs in this section as
it makes the action of selection easier to interpret because negative and positive values
have the same effect. All calculations are performed using untransformed s.

I define the function o(z,s) = Ibfsf. With this formula for o(7,s), s must lie in
the range —1 < s < oo and the neutral case is when s = 0. It has the properties
a(0,8) = 0, (N,s) = 1,and 0 < o(4,s) < 1 for 0 < ¢ < N. A negative value for s
signifies selection against allele A; and a positive value for s signifies selection in favour

of the A; allele.
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The transition probabilities for moving from state ¢ to state k are given by the

formula

Pik = (]Z)a(i,s)‘“(l—a(i,s))fv—k

() -t

The fixation probability when there are initially ¢ A; alleles in the population is denoted

«; and can be found by solving the Kolmogorov equations.
N
a¢=Zpi'kak, i'—‘O,l,?,...,N. (7.1)
k=0

In words this equation means that the probability of fixation from initial state ¢ is
equal to the probability that the first transition is to state k and then fixation occurs
from state k, summed over all possible values for k.

As the fixation probabilities ap = 0 and ay = 1 are already known these equations

can be simplified to give

N-1
o=y pirox+pnN 1=12,...,N-1

k=1

This can be formulated in matrix form as follows.
o=Pa+ Py (7.2)

or

a=(I-P)'Py (7.3)

where

011-‘

a9

an-1
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P11 P12 Pi,N-1

P = (7.5)
PN-11 PN-12 °°* DPN-1,N-1
and
"N
Py = : . (7.6’)
PN-1,N

Equation 7.3 is a set of N — 1 linear equations in N — 1 unknowns and can then be
solved to find the fixation probabilities of the system in question.
This analysis applies whether or not there is selection as the transition probabilities,

Pij, have not been explicitly stated yet.

7.4 Finding the fixation probabilities

With the stated assumptions, it is possible to find an analytic solution for the fixation
probability of the A; allele. In practice this will be arithmetically difficult for large
populations, but this method can still be used to find numeric solutions for medium
sized populations. For large populations a diffusion model (see for example, Maruyama,
1970a; Slatkin, 1981; Moran, 1960) would be better from a computational point of view
and the assumptions of the diffusion model are generally satisfied.

In this section I will use p;; as a short hand notation for p;;(s) as the transition

probabilities are affected by the level of selection.

7.4.1 Solution for N =2

In the case N = 2, a and P become

a = [a1], P = [pu]
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and equation 7.3 becomes

P2
1—pu’

(7.7)

ap =(1-— P11)_1P12 =

This is graphed in figure 7.1 for the case when there is initially one A; allele. The
graph shows that when s = 0 (neutral alleles) the fixation probability is equal to the
initial frequency, 0.5. When there is selection in favour of the A; allele (s > 0) it is
more likely to be fixed than the neutral case, and when there is selection against the
A, allele (s < 0) then it is less likely to be fixed than the neutral case as would be
expected.

Now substituting o(z,s) = %%_sg into equation 7.7 we get the fixation probability

for the A; allele from the initial state where there is one A, allele out of the two alleles

in the population is
1_J_r_s)2

— 2+4+s )
1- ()gei-12

7.4.2 Solution for N =3

In the case N = 3,  and P become

& pu p
o — 1 , P - 11 P12 W

| @2 P21 P22 |
and =

I—p —P12 Pis
o = ! 7.8)

| P 1 —p2 P23 |

S0

oy

23]

[p1a(1 — paz) + prapas)/[(1 — p11)(1 — pa2) — prapai]
[P23(1 - P11) + P21P13]/[(1 - Pn)(l . Pzz) s P12P21]
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Figure 7.1: Plot of fixation probability as a function of the selection coefficient, s, when

there is initially one A; allele in a single population of size two.

Substituting o(7,s) = %%_sg we get

‘ ) (ks 3(1 )0 ) +(3) (32)" (- 30 O ()
(:-()( ;5 -12)") (- ( e ¢
(3)(2—‘31—*2:1)( ()( (1 1))+ ()22 -2 () (12

1_23+2s )) (H— 1 H‘a) )(_a(%l)( - 3+2s )
+

| (-O)E)6-1)) (0 (3)(2(::1)2( )Y (3) (42) (- ) () () (1-

Ry |

This is graphed in figure 7.2. The results here are qualitatively the same as for the

case of two populations. As would be expected, the probability of fixation of the A,

allele is higher than the neutral case when there is selcetion in favour of the A, allele

and lower than the neutral case when there is selection against the A; allele. It can

also be seen that for any level of selection, the probability of fixation is higher for the

case where the initial frequency is higher.
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Figure 7.2: Plot of fixation probability as a function of the selection coefficient, s, when
there are initially one (alpha(1)) and two (alpha(2)) A; alleles in a single population of
size three. Increasing the selection for an allele increases its chance of fixation regardless

of starting state.
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7.4.3 Solution for N > 4

Equation 7.3 is a general formula which will not in general have a simple analytic
solution for large N, however a matrix solution can be found. Equation 7.3 can be

rewritten as

Qo = Py
where Q = I — P. Using the fact that Q is non-singular the solution can be written as

o T pin|Qil
Q]

where ;; is the matrix Q with row j and column ¢ removed.

7.5 Finding the mean time to absorption

In chapter 4 a general formula was derived for the mean times to absorption and fixation
for the case of no selection in a subdivided population and is given in equation 4.5.
An analogous formula applies here for the mean absorption time with the entries of
the probability matrix P changed to account for the selection acting in the population.

The formula derived is
T=(1-P)"1 (7.9)
or defining Q = (I — P), we get
T=Q'1 (7.10)
and once again there is not generally a straightforward analytic solution for this equa-
tion except when N is small.

In this chapter I will only consider mean absorption time as the calculation of mean

fixation time is exactly analagous using a scaled probability p}, instead of p; k.
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Figure 7.3: Plot of mean absorption time as a function of the selection coefficient,
s, when there is initially one A; allele in a single population of size two. Increasing

selection rapidly reduces time to absorption.

7.5.1 Mean absorption time in the case N =2

In the case N =2, Ty = (1 — p1;)~" and substituting o(z,s) = Qta)i e get

N+se?
o 1
1 — .
L= @ l-ag

This is graphed in figure 7.3. The main observation here is that the maximum of the
mean absorption time occurs when selection is neutral (s = 0). At this point the mean
absorption time is 2 generations, which is equal to the number of individuals in the

population.

7.5.2 Mean absorption time in the case N =3

The mean absorption times for the case N = 3 can be found using the equation
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1 - - 1
T = P mhe (7.11)

—p2a1 1 —pa 1

Solving and substituting o(z,s) = %l:s?, we get

' - (3)(%1) ( )+() e} (1= L2

_ | (007 (@0 0-580) -G (E) (-3 O G (- 552
-()(2) ( H,) H(3)(4) (- 4 )

| (O 0-)7) (-8 (-3 - () ()" (- B O () (- )’
which is graphed in figure 7.4. Notice that as in the case N = 2, the mean number of
generations until absorption is equal to the population size when there is no selection
acting. When N = 3 the maximum of the mean absorption times occur when the 4,
allele is not neutral. The maximum of the mean absorption time when there is initially
one A; allele occurs when the selection decreases the probability that the system will
quickly go to the nearest absorbing state, zero A; alleles, by weakly selecting in favour
of the A, allele. Similarly when there are initially two A, alleles, the maximum mean
absorption time occurs when weak selection is forcing the system away from the nearest

absorbing state, that is, when there is weak selection against the A; allele.

7.5.3 Mean absorption time in the case N > 4

Equation 7.9 is a general formula which does not have a simple analytic solution for
large N. However, a general matrix solution for the mean absorption time can be

found. Equation 7.9 can be rewritten as

QT =1,
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Figure 7.4: Plot of mean absorption time as a function of the selection coefficient, s,
when there are initially one (T(1)) and two (T(2)) A; alleles in a single population of

size three. Time to absorption rapidly decreases as selection strengthens.
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Figure 7.5: Comparison of fixation probability obtained using the exact Wright-Fisher

model with two other methods from previous authors.

then because Q is non-singular the solution can be written as

Yo o @]
Q]

where Q;; is the matrix Q with row j and column i removed.

T, =

7.6 Comparisons with other models which include

selection

As the results are qualitatively the same for the cases N = 2 and N = 3 I will only
consider here the case N = 3. The results obtained here are compared to the results
obtained using the diffusion model (Maruyama, 1970a) and using the model used by
Moran (1960).
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The two Wright-Fisher graphs represent 1) the approximate Wright-Fisher model
using 0 = s and 2) the approximate Wright-Fisher model using 6 = s/(1 + s). The

formula used here is
1 . e—2N0.’B0

as I use a population size of N, not 2N as was assumed by Moran (1960). Note that
the diffusion method approach gives the same results as “WF1”.

Figure 7.5 shows that the Moran approach gives a very close result to the result
obtained here using what is essentially an exact Wright-Fisher method. The approx-
imate Wright-Fisher result on the other hand gives a poor approximation to the results
obtained here unless selection is very weak. It also gives a very large range of possible
values between the upper and lower bounds. The diffusion approach also gives a poor
approximation to the results obtained here as it is equal to the approximate Wright-
Fisher model with § = s. It gives an estimate which is consistently closer to the initial

frequency than the exact fixation probability is.

7.7 Subdivided Population model

The model developed in this section combines the subdivided population structure
for two subpopulations as used in chapters 3 and 4 with the selection introduced for
a single population in section 7.2. The model is a two subpopulation version of the
model described in Chapter 2 with selection. The two subpopulations are of constant
size N; and N,. Migration is allowed between the two subpopulations but is limited
to a maximum of one migrant in each direction per generation. The probability of a
migrant from population 1 to 2 is y12 and from population 2 to population 1 is pz;. One
haploid locus is considered and at this locus there are two alternative alleles A; and A,.

Selection is assumed to be of equal intensity in the two populations and is parameterised
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by the variable s € (—1,00). The selection variable, s, affects the functions o1(t,8) and
02(j, ) which are then used to determine the transition probabilities in subpopulations
1 and 2 respectively. As with the single population case where selection was included,
in subpopulation 1, ¢1(0,s) = 0, 01(Ny,s) = 1 and 0 < oy(,s) < 1 for 0 <1 < Ny, and
in subpopulation 2, 05(0,s) = 0, g2(N2,8) =1 and 0 < 03(j,s) < 1for 0 < j < NV,
The function o,(4,s) is the probability that an individual in the pool of juveniles
from subpopulation 1 at time ¢ + 1 has the A; allele, given there were 1 individuals
with the A; allele and N; — i individuals with the A; allele in subpopulation 1 at time

t. It is defined as
(14 s)
N1 + St '

(7.12)

Ul(ia‘s) =

The function can be thought of as equivalent to A; alleles and A, alleles being born in
subpopulation 1 in the ratio (1 + s)i : N; — i before migration and these individuals
being sampled binomially after migration.

Similarly for population 2, the function used to determine the probability of an

allele A; being born is
_ (1+s)7

B - 7.13
Ny + 53 ( )

Uz(jas)

and can be thought of as equivalent to A, alleles and A; alleles being born in subpop-
ulation 1 in the ratio (1 + s)j : No — j before migration and these individuals being
sampled binomially after migration.

The variable of interest in the model is the number of A; alleles present in each
population at time ¢, where X, is the number present in population 1 and Y; is the
number present in population 2 at time ¢.

With probability uo: there will be a migrant from population 2 to population 1. In
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this case X41 has the conditional distribution

Xi41) X, = 1,Y; = j, migrant from pop 2 ~ Bin(N; — 1,01(2,8)) + Bin(1, 02(3,5))
(7.14)
and with probability 1 — pg; there will be no migrant from population 2 to population

1, giving conditional distribution
Xi41|X: = 1,Y: = j,no migrant from pop 2 ~ Bin(Ni,01(i, s)) (7.15)
so the conditional distribution of X;y; can be represented as

XH-IlXt = l,Yt :] ~ H21 [Bm(Nl — 1,0’1(1:,8)) + Bin(l,Uz(j,S))]-’r(l—/l,gl)Bi'n(]Vl,Ul(’i,S))
(7.16)

7.8 Finding the fixation probabilities

As in the case where there was no selection, the probability of fixation from state (7, 7)
is

a(i,5) = > P(( (k,1))a(k,1) (7.17)
(k1)

and we know that oo = 0 and av,n,) = 1 so equation 7.17 can be rewritten in

matrix form as

o = d'P+ Py, ) (7.18)
where
= (a(0,1),(0,2),...,a(0, N2),a(1,0),...,c(Ny, Na — 1)) (7.19)
and
Plni ) = (Plo,)=(1,N2)» Plo,2) (Vi ) - -+ s PV, Na=1) > (N1,N2)) (7.20)



is the vector containing the fixation probabilities for each state and P is the transition

probability matrix. Putting Q = I — P the system can be rewritten as

Q'a = Py, Ny)- (7.21)

It can be shown using a counter example that (7, 7) is not of the form f(i) + g(J)
when there is selection acting, so the sum in equation 7.17 can not be simplified as it was
in chapter 3 in the case when there was no selection acting. Without this simplification
it becomes extremely difficult to find analytic solutions except when the populations
are very small. The difficulty in calculating fixation probabilities arises because the
matrix P is a [(NV; + 1)(Nz + 1) — 2] x [(Ny + 1)(Nz + 1) — 2] square matrix and to
find the fixation probabilities the matrix Q = I — P must be inverted. As population
size increases, this matrix will increaes in size very rapidly with each dimension of the
matrix being roughly equal to the square of the population size.

The solution of equation 7.21 can be written as

o = Yokt Pl (NN | Q k) (i) | (7.92)

Q|
where Q(x,),i,j) is the matrix Q with the row corresponding to state (k,!) and the

column corresponding to state (¢, 7) removed.

7.8.1 Example with symmetric migration

The equation can be solved numerically in some interesting cases. As an initial example
I consider two small subpopulations with symmetric migration. I assume N, = Ny = 3,
po1 = piz = 0.2 and compare this with the single population N = 6. Figures 7.6 and
7.7 below show the fixation probabilities for these two cases.

To give a clearer indication of the effect of subdividing the population, figure 7.8
shows the absorption probabilities for a given set of initial conditions in each of the

population structures which have the same overall initial frequency.
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Figure 7.6: Plot of fixation probability as a function of the selection coeflicient for

N =6.
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Figure 7.7: Plot of fixation probability as a function of the selection coeflicient for

N1=N2:3.
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Figure 7.8: Plot of fixation probability as a function of the selection coefficient where
there is initially one A; allele in a single population with six individuals and two
subpopulations each with three individuals. In each case there are six individuals in

total.
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It is clear that when s = 0, that is there is no selection, the subdivision of the
population has no effect on fixation probability as determined in chapter 3 and the
fixation probability is just equal to the initial frequency in the whole population. The
greatest difference between the subdivided and single population case occurs when there
are initially few A; alleles in the population, in particular when one of the populations
has no A; alleles.

If there is selection in favour of the A, alleles, the probability that one of the smal-
ler subpopulations becomes fixed for the A; allele is higher than the probability of the
single larger population becoming fixed for the A; allel. This is beacuse if both sub-
populations initially have one A; allele, then the initial frequency in the subpopulation
is twice that in the single population and the level of migration in this example is fairly
low. Once one of the subpopulations becomes fixed for A, and there is selection in
favour of this allele, the other subpopulation will also generally become fixed. This is
because if one subpopulation is fixed for the A, allele and there is a migrant A, allele
from the other subpopulation, the selection in favour of A; will generally ensure that
A, again becomes fixed in that subpopulation. If there is a migrant from the subpop-
ulation which is fixed for A; to the other subpopulation then because it is selectively
advantaged it will generally also become fixed in that subpopulation.

A similar argument to the above holds when there are initially a large number of
A, alleles and selection against A;. The argument is the same with the roles of A; and
A, reversed. However, when there are initially large numbers of A, alleles then the A,
allele will generally become fixed anyway, so selection in favour of the A; allele will
have less eflect.

For the two population structures considered here even in the most extreme case,
subdivision in itself causes relatively small changes in the fixation probability. In

absolute terms it is always less than 0.1.
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Figure 7.9: Comparison of results of Slatkin (1981), Maruyama (1970a), Tachida and
Tizuka (1991) and Barton (1993) with the results of this chapter. The different methods
achieve similar results, especially for small s, with the exception of Barton (1993) which

appears incorrect.

7.8.2 Comparison with other results

The results from equation 11 of Slatkin (1981) were graphed using additive selec-
tion, 2N = 3 and compared with the case N = 3, pi12 = 1z = 0.05 for this model.
(Note that Slatkin uses 9N as the population size whereas I use N as the popula-
tion size so these examples are actually equivalent.) These are both compared with
Maruyama’s (1970a) result for subdivided populations in the high migration limit.
With additive selection the probability density, G(z, N), from Slatkin’s model becomes
G(z,N) = exp{—4Nsiz}. This is then integrated to find u(N), the probability of fixa-
tion for an allele in a population of size N when there is initially one allele, and U, the

probability that all subpopulations become fixed once one subpopulation has become

131



fixed. The probability of fixation for a mutant gene is then given by u(N)U in the
low migration limit and w(nN) in the high migration limit (this is the same result as
Maruyama, 1970a). Tachida and lizuka (1991) give a formula for fixation probability
using a probabilistic model in the particular case where migration is asymmetric but
low and selection is acting at different strengths in each subpopulation. 1 consider their
model with py2 = p21 = 0.05 (m1 = my = 0.05 in their notation) and with selection
uniform across both subpopulations. There are two subpopulations each of size N = 3
and selection is of equal intensity in each subpopulation.

The results are shown in figure 7.9. The results obtained using the model described
in this chapter are intermediate between Slatkin’s (1981) low and high migration limits
for most values of s. Tachida and lizuka’s (1991) model produces results which are quite
close to the high migration limit. All of the models show that when s = 0, that is there
is no selection, subdivision of the population has no effect on the fixation probability.
The models generally agree at least in the qualitative effects that subdivision and
selection have on the fixation probability.

The models of Slatkin (1981), and Tachida and lizuka (1991) are very close to the
results obtained here when s is small. The results of Maruyama (1970a) (and the high
migration limit of Slatkin, 1981) are not very close to the results I obtain, even for

small s.

7.9 An approximation

In subsection 5.3.2 it was noted that when there is no selection the fixation probability
in the whole population is equal to the weighted average of the fixation probabilities
in each subpopulation considered separately. This approximation is tested here for the

case where there is selection.
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Consider a system where there are two subpopulations each containing three in-
dividuals with selection acting. The fixation probabilities for this system are given
by equation 7.22. The approximation being used here for the fixation probvability
in the population as a whole is the weighted average of the fixation probability in
each subpopulation considered separately. In Figure 7.10, the fixation probabilities
for this system are compared with the approximation. Clearly the approximation is
not very good except when selection is small. The approximation rapidly deteriorates
as selection becomes stronger in either direction. The reason that the approximation
does not work very well is that for fixation of the non-selected allele to occur in the
subdivided population, this allele would have to be fixed in both of these populations.
When selection is acting against fixation of A, in the whole population, the probability
of fixation of in the whole population is closer to the product of the probabilities of
fixation in each subpopulation separately than the weighted average of probabilities of
fixation in each subpopulation separately. This is because fixation in the whole popu-
lation is most likely to occur by fixation happening in each subpopulation separately
and independently, and the probability of two independent events both occurring is
the product of the probabilities of the two events. When selection is acting against
fixation of A; and one subpopulation becomes fixed for allele Az then it 1s more likely
that a migrant from the subpopulation fixed for A, will become fixed in the other
subpopulation fixed for A, than a migrant from the population fixed for A; becoming

fixed in the subpopulation fixed for As.

710 Mean absorption times

The general formula derived for the mean absorption time in chapter 4 is still applicable

here with the state space and transition probabilities appropriately modified. The state
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Figure 7.10: Comparison of exact solution of two population fixation probability with
approximation from section 7.9 where zo = 1, yo = 2, 2 = 0.1, p21 = 0.5. Approx-

imation only works for very small values of s.
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space is the set of all pairs of states (x4, y:) with the absorbing states removed. This
means there are (N; +1)(Nz + 1) — 2 states in the state space. The formula which was

derived in chapter 4 is

T=(I-P)"'1
where
( Po,1)=(00) Poun-oz 0 Poy-mnne-1 \
P — P(o,z)'—>(0.1) P(012)'—>(0,2) e P(0,2)-(Ny,N>—1) (7.23)
k PivyNa-1)=(01)  PaviNa—1)=02) 0 P Ne=1)—(VN2-1) )

As in the case of the fixation probabilities, it is generally not possible to solve these
equations analytically. They can be solved numerically and again, the case Ny = Np =
3, p12 = pia1 = 0.2 is used as an example and compared with the subgle population
case with N = 6.

From figures 7.11 and 7.12 it is clear that there are dramatically different mean
absorption times when the population is subdivided compared with a single population.
In general, mean absorption times are greater for the subdivided population than for
the equivalent single population. This is because in a subdivided population each
subpopulation may be fixed for a different allele for some time until a migrant passes
between the two subpopulations and provides the opportunity for absorption in the
whole popululation. When migration is lower then this effect is even more noticeable.

If the initial frequency of the A allele in the whole population is less than half, then
the mean absorption time is greatest when there is moderate selection in favour of that
allele. This is true regardless of the population structure. This is because moderate
selection decreases the chance that the population will quickly become fixed for A, the
most common allele in the population, and increases the chance that the allele will

be fixed rather than lost. Because selection is only moderate it will still take a long
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Figure 7.11: Plot of mean absorption time as a function of the selection coefficient for

N = 6.

time for the allele to become fixed. When selection is strong in favour of the A, allele,
the mean absorption time is not as high because the allele is more likely to be fixed
but the time to absorption will be short as A, alleles will quickly be removed from the
population by selection.

One interesting phenomenon which occurs when the population is subdivided but
not when it is a single population is the mean absorption time having a minimum of
6 generations for initial states where the A, allele is initially absent from one of the
subpopulations but selection favours that allele.

To show more clearly the effect that subdividing the population has on mean ab-
sorption time, figure 7.13 shows the mean absorption time for initial states in the two
different population structures with the same overall initial frequency. Generally for
high initial frequencies of the A, allele, weak selection against this allele will increase

the mean absorption time. For both of the situations shown in figure 7.13 the max-
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Figure 7.12: Plot of mean absorption time as a function of the selection coeflicient for

Ny = Ny, =3and p12 = pin = 0.2.

imum mean absorption time occurs when s ~ —0.3. For larger negative values of s the
system will very quickly move to loss of the A; allele in those cases where it is not fixed
by chance in the first generation. The mean absorption time when the population is
subdivided will decrease to 6 generations whereas in the single population case it will
decrease to 1 generation. This is because in the subdivided population case where s 1s
close to -1, the subpopulation which initially contains the Aj allele will quickly become
fixed for the A, allele. It will then take on average 5 generations for a migrant to go
from this population to the other population where again it will quickly become fixed.
If in the intervening time there is a migrant from the population fixed for A; to the
population fixed for A, this migrant will be selected against and will disappear very

quickly.
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Figure 7.13: Plot of mean absorption time as a function of the selection coefficient for

initial frequency 1/6 in each of the single and subdivided population cases.

7.10.1 Comparison with other results

It would be more difficult to compare mean absorption times than it was to com-
pare fixation probabilities as the papers referred to in the fixation probability section
(Maruyama, 1970a; Tachida and lizuka, 1991; Slatkin, 1981) all consider the mean
absorption time rather than the mean absorption time which I have considered here.
A comparison could be made by suitably adjusting the probability matrix P to only

consider those situations which result in absorption.
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Chapter 8

Variations in population size

8.1 Introduction

A major limitation of the models considered in the preceding chapters is that they
all require constant population size. In this chapter I consider cyclical variation in
population size — an example of this is seasonal variation in insect numbers, although
there are many other examples of populations that vary to a lesser extent. Stochastic
variation in population size is more difficult to combine in a population genetic model.
Most authors use an average effective population size or use Monte-Carlo simulation to
model populations which vary in size over time. Here I will use an exact Wright-Fisher
model to test the appropriateness of this model.

In this chapter I will first consider cyclical variation in population size before look-
ing briefly at arbitrary variations in population size. The problem of cyclic variation
in population size has generally been dealt with by other authors by calculating an
effective population size, N. which is equivalent to the cycling population “averaged”
over time. This concept was first introduced by Wright (1931). The effective popula-

tion size, N., is the size that a population of constant size would have to be in order to
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have the same fixation probabilities and mean fixation times as the population which
varies between two different sizes. The effective population size in this case is equal to
the harmonic mean of the two population sizes in the population that varies in size.
The formula for the effective population size is given in section 1.8 in the literature

review and is
we=1/ 3> )
k iz (Ne)e
The concept of effective population size also works for cycles of more than two gener-
ations.

I consider a single population with a two generation cycle. Two examples are
used to compare the results that I obtain with the results obtained using the effective
population size method. I will then consider cycles of more than two generations
and give equations for the fixation probability and mean absorption time which are
analogous to the equations found when the population was of constant size.

Finally I discuss other types of variation in the population size and consider how
fixation probabilities may be found for these cases. A formula is given for the fixation
probability and mean absorption time in this case which is analogous to the equations
found for the case when the population was of constant size. In general it is very difficult
to include population dynamics and population genetics in one model without resorting
to simulation. I show that in some situations it is possible to obtain matrix equations
for the fixation probability when there is stochastic variation in the population size.
These equations can be solved for any particular case although it is not possible to find

a general interpretation from these equations.
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8.2 Description of the model

The model used in this chapter is a single population version of the model described in
chapter 2 with population size varying over time. There is one population which cycles
between size Ny, at odd numbered generations, and N, at even numbered generations.
Selection is allowed in the model and is parameterised by the variable s € (—1,00).
Selection acts in essentially the same way as in previous chapters (see section 7.3). It is
assumed that there are many juveniles born with the ratios different from the current
generation because of the action of selection. The breeding stock for the next generation
is then sampled from these juveniles. If there are i individuals in the population with
the A, allele at time ¢ then A; juveniles are born in the ratio (1 + s)i: Ny — 1. These
juveniles are sampled binomially to form the breeding stock. The function used to
determine the probability of an A; allele being born in an even numbered generation
1s

(14 s)

Ul(i,S) - N1 + 81

and the function used to determine the probability of an A, allele being born in an

odd numbered generation is
(1+s)7
N2 -+ Sj '

The variable of interest is the number of A; alleles present in the population in gener-

Uz(jas) =

ation ¢ and this will be represented by X;.

The transition probabilities in the model are given by
Xt+1|Xt = j ~ Bin(Ng,Ul(i, S)) when ¢ is odd (81)

and

Xip1|Xi = i ~ Bin(Ny,02(5,8)) when t is even. (

oo
O]
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So

Pi(i = j;s) = (AJ[‘) a1(i, ) (1 — o4(i,8))™

Py(j = kys) = (]Zz>al(j,s)k(1—al(j,s))N‘—k.

8.3 Finding the fixation probabilities

Define

(8.3)

(8.4)

(i) = P(fixation of A, | start with i individuals in an odd numbered generation)

and

B(j) = P(fixation of A, | start with j individuals in an even numbered generation).

Then the Kolmogorov equations are:

aft) = Zpl(z__)]as)ﬂ(J)
80) = TPl - kis)a(k)

and we know o(0) = B(0) = 0, a(N;) = A(N:) = 1. The Kolmogorov equations can

then be expressed in matrix form as

a=P1/B+P1N1

p = Pra+ P,
and substituting equation 8.6 into equation 8.5 we get

a = Py(Pa+ Py,) + Py

= (PIPQ)a + (PIPZNz + PINI)‘
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Defining P = P,P; and Py, = P1Pan, + Pin,, the problem is mathematically the same
as the problems discussed in chapter 7 with P a N; — 1 x N; — 1 matrix. The matrix
Py, can can be interpreted as the probability that the population goes to fixation in
the next two generations. It is the probability that fixation occurs on or before the
next generation that the population reaches the same point in the cycle, in this case

the next odd numbered generation. Equation 8.7 becomes
o =Pa+ Py,. (8.8)

This can be solved by first rearranging equation 8.8 and substituting Q = 1P to

get
Qa = Pn, (8.9)
which has solution
N epeN 1@kl
gl =2 = 8.10
Y .

where pg N, is the kth element of the vector Py, and Qg is the matrix Q with row k
and column ¢ removed.
The fixation probabilities for even generations, 3 can be found by multiplying the

a by the appropriate matrix, P (see equation 8.6).

8.4 Calculating mean absorption times

The method for finding the mean absorption times is very similar to the method for
finding the fixation probabilities.
Define

Ty(3) = mean absorption time starting with ¢ indivduals in an odd numbered generation
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and
T(j) = mean absorption time starting with j indivduals in an even numbered generation.

Then the equations which define the mean absorption time are:

L) = Y P~ 5 9)T0)
To(3) = sz(j—*k;S)Tl(k)

fori,k=1,...,Ni—1,j=1,...,No =1 and Pi(i — j;8) and Py(5 — k;s) are as
defined in equations 8.3 and 8.4. The equations can then be expressed in matrix form

as

and substituting equation 8.12 into equation 8.11 we get
Tl = P](Png + 1) + 1

Defining P = PyP; and Py = P11 +1, the problem is mathematically the same as
the problems discussed in chapter 7 with P a N; — 1 x N; — 1 matrix. Equation 8.13
becomes

T, =PT, + P;. (8.14)

This can be solved by first rearranging equation 8.14 and substituting Q =1 - P

to get
QT, = FP; (8.15)
which has solution
Ty(6) = Tk Fiﬁqk:Qk,il (8.16)
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where Py is the kth element of the vector P; and Q4 is the matrix Q with row k and
column ¢ removed.
The mean absorption times for even generations, T3(j), can be found by multiplying

the Ty(i) by the appropriate matrix, that is T, = P,T) + 1.

8.5 Some examples

Example 1: Suppose there is a situation where N; = 12 and N, = 4. The fixation
probability and mean absorption time are shown in figures 8.1 and 8.2 respectively.
They are compared with populations of constant size 4, 6 and 12 and in the fixation
probability case with the diffusion approximation solution for the fixation probability.
The effective population size, N, calculated according to Wright’s formula (see sec-
tion 1.8) is N, = 6 so the constant population with N =6 should in theory be a good
approximation to the fluctuating population.

Figure 8.1 shows the fixation probability for the cyclical population that varies
between 4 and 12 individuals, compared to a population of constant size 4, a population
of constant size 12 and a population of constant size 6 (= N.). Each of these populations
is considered with half the initial population having A, alleles. The fixation probability
for the cyclical population and the population of size 6 both fall inbetween the fixation
probability for the population of size 4 and the population of size 12 as would be
expected. The diffusion approximation is also generally fairly close except when s <
—0.5. The diffusion approximation also has a slightly different shape to all of the
Wright-Fisher model graphs. The fixation probability for the cyclical population is not
exactly equal to the fixation probability for a population of size N, and behaves like a
population slightly smaller than 6 individuals. It appears from this example that N,

gives a useful approximation of fixation probabilities for a varying population, at least
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Figure 8.1: Comparison of fixation probabilities of a cyclical population with some
constant size populations and a diffusion model with population size 6. In each of the

populations, half of the individuals initially have A, alleles.

when the population size varies cyclically.

Figure 8.2 shows the mean absorption times for the same size populations as before.

This figure shows that using a population of constant size N, gives a mean absorption
time very close to the time obtained when a cyclic population is used. The approxima-
tion is better when selection is strong but is still very close when there is no selection.
As with fixation probability, it appears that N, gives a useful approximation of the
mean absorption time when the population size varies cyclically.
Example 2: Suppose now that the population varies between N; = 90 and N, = 10.
Here the magnitude of the cycle is much greater as N; = 9N, whereas in example 1,
N; = 3N,.

Figure 8.3 shows the fixation probabilities for the cyclic population with Ny = 90

and N, = 10, the fixation probabilities for populations of constant size 10 and 90,
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Figure 8.2: Comparison of mean absorption times of a cyclical population with some
constant size populations. In each of the populations, half of the individuals initially

have A, alleles.
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the fixation probability for a population of constant size N, = 18 and the diffusion
approximation to the fixation probability for a population of size N, = 18. Half of the
inidividuals in each model initially have the A; allele.

The results here are qualitatively the same as the results for example 1. The
fixation probability for the cyclic population is close to the fixation probability for the
population of constant size Ne = 18. The cyclic population has fixation probability
equivalent to a population of constant size slightly smaller than 18. The fixation
probability for the diffusion approximation is also close to the fixation probability for
the population of constant size N, but is equivalent to a population of constant size
slightly larger than N..

Figure 8.4 shows the mean absorption time for the cyclic population and for con-
stant size populations of size 10 and 90, and N, = 18. Once again the mean absorption
time for the cyclic population is very close to the mean absorption time for the pop-
ulation of constant size N.. When selection is weak the cyclic population has mean
absorption times slightly less than the population of constant size Ne. So the popula-
tion is equivalent to a population slightly smaller than 18 (=N.).

This shows that N, is a reasonable approximation regardless of the relative mag-
nitude of the population cycles or the absolute size of the population involved. However,
the examples considered here show that the effective population size is a slight over-
estimate of the size a population would have to be in order to have the same fixation

probability and mean absorption time as a population which varies in size.

8.6 Cycles with a longer period

So far only a cycle of two generations has been considered. This is now generalised

to allow cycles of three or more generations. The Kolmogorov equations, given in
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Figure 8.3: Comparison of fixation probabilities of a cyclical population with some
constant size populations and a diffusion model with population size 18. In each of the

populations, half of the individuals initially have A; alleles.
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Figure 8.4: Comparison of mean absorption times of a cyclical population with some
constant size populations. In each of the populations, half of the individuals initially

have A, alleles.
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matrix form, which must be satisfied by the fixation probabilities when the cycle is n

generations are
a; = Piag+ Pin,

a;, = Praz+ Pop,

Upy = Pn—lan+P—1Nn_1

Qy = Pnal+PnNn,

where a; is the vector of fixation probabilities from all of the possible states at time
t, P, is transition matrix from generation ¢ to generation ¢ + 1 and P, n, 1s the vector
of probabilities from each state in the next generation. These are then solved by
substituting the equation for a, into the equation for ¢,—; and so on until the equation

for o, is substituted into the equation for a;. This equation is of the form

qy = P*al + P;\}l (817)
where P* = P,P,...P,, and Py, = Zpl---Pk—IPk,Nk- Equation 8.17 is a set of

k=1

N — 1 simultaneous equations in N; — 1 unknowns which can be solved using standard
techniques for solving sets of linear equations. I have not given an example here as
there is nothing new mathematically which would be demonstrated which was not
demonstrated in the case of a two generation cycle.

The derivation for the mean absorption time is analogous to the derivation of fixa-

tion probability and gives a set of equations of the form
T1 . P*Tl + P;
where P* = P,P,...P, and P; = SieiP1...Pr_11. Again this is a set of Ny — 1

simultaneous equations in N, — 1 unknowns which can be solved to find the mean

absorption times for a specific example.
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8.7 Other variations in population size

In this chapter I have considered populations with deteministically cycling popula-
tion size. In nature populations are more likely to fluctuate randomly in size. These
fluctuations occur because of the stochastic nature of birth and death (demographic
stochasticity) and year to year changes in conditions (environmental stochasticity in-
cluding catastrophes such as fire). To incorporate randomly fluctuating population
sizes means that there are two random processes in the model. There is the random
process which determines the population size in each generation and once the popula-
tion size has been determined there is the random process that decides how many of
these individuals will have the A, allele.

It is very difficult to find results for a model like this but there are some useful
things that can be found about the fixation probabilities. It is not my aim here to
discuss population dynamics and the different types of process that cause variation
in population numbers so I will ignore the details of the process which determines
population size and use a general unspecified process. Let the number of individuals
in the population at time ¢ be N, and as this is independent of the proportion of A,
alleles I will assume that the N, are predetermined. Of these N, individuals X; have
the A; allele.

Let a4(1) be the probability that the population will eventually go to fixation of the
A, allele given that there are ¢ A; alleles in generation ¢. The probability that there

are j A, individuals in generation ¢ 4 1 given there were A; individuals in generation

N A (1+3)i J (1+ s)i Neyi—3
ri= ") (§52) (1- Qtay™

Then the o4(:) satisfy the following equations:

t1is

ai(i) . Pt(i’j)aHl(j) + Pt(iaNt+l) fors = L,.. -,Nta .7 =1,.. -aNt+l -1
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or in matrix notation

ap = Ptat+1 + Pt'N (818)

where a; is the vector (a:(1),. .., (N:—1))', P, n is the vector (P(1, Ni41),. .., Pi(N;—
1, Niy1))' and P, is the matrix with (¢, j)th element P,(¢, ) and is Ny — 1 X Nyyq — 1.

Equation 8.18 can then be used to find a solution for a; given a series of N; or
a process for determining such a series. Using repeated substitutions a formula can
be found for ¢; in terms of a matrix P}, and a sum of products of terms involving

probability matrices P; and vectors P,y for t = 1,...,n. The equation is of the form
ay =Pla, + P 5

where P, = P,P,...P,, and P:,N = Zn: P,...Py 1Py = Zn: P;_,Pin. If nis much
larger than the mean absorption timgzghen P’ will be verl)c/:lclose to zero and so a,
is irrelevant to the probability of fixation from time period 1 which will largely be
determined by P} . Using any vector such as (1/N,,...,1/N,)’ for a, will provide a
reasonable approximation to «; as a, is multiplied by a matrix which is close to zero.
This process can be performed using a computer program with matrix multiplication.

Again the derivation for the mean absorption time is almost identical to the derivation

of the fixation probability and the mean absorption time is given by the formula
Tl = P:Tn + P’:,f'

where P}, = P1P;... Py and Py, =30 Py... Py 1 = 370 Pr11. This can be

solved to find the mean absorption time for any particular example.

8.8 Conclusions

In this chapter I have examined the effect of variations in population size. Initially

I considered a population where the population size oscillates over two generations.
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Chapter 9

Summary of results

The aim of this thesis is to build up a model with as few assumptions as possible
and, in doing so, to find how each assumption affects the fixation probability and
the mean absorption and mean fixation times. To achieve this end I investigate how
population structure and migration rates between subpopulations affect the standard
measures of loss of heterozygosity. I consider fixation probabilities and mean absorption
and fixation times of an allele at a single locus for a haploid organism under several
different sets of assumptions. In each case there are two alternative alleles, A; and
A, at the locus of interest. I consider single populations and subdivided populations.
In some cases the alleles are selectively neutral and in other models there is selection
acting on the allele in question. Finally I consider populations which are not of fixed
size.

In chapter 2 the assumptions underlying all of the models given in this thesis are
detailed and a physical justification of these assumptions is given.

Initially, in chapters 3 and 4, [ consider the case where the population is subdivided
into two subpopulations of size N; and N; with migration between the two subpopula-

tions and no selection acting on either allele. Migration is assumed to be asymmetric.
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Using matrix theory I show that in this initial model the fixation probability of the A,
allele is a weighted sum of its initial frequencies in the two subpopulations. I prove that
the fixation probability only depends on the ratio, v = pia1/ paz, of the average number
of migrants and not on the absolute number of migrants. If the initial frequencies of
the A, allele in subpopulations 1 and 2 are zo and yo respectively then the fixation
probability of the A; allele is a(z0,Y0) = (zo + 7¥0)/ (N1 + 4N;). When migration is
symmetric ¥ = 1 and the fixation probability is equal to the initial frequency in the
whole population. The result for the case of symmetric migration is compared with the
results of other authors who have considered the problem using various other models.
I show that the symmetric migration result obtained here is qualitatively consistent
with the results of Maruyama (1970a; 1970b; 1972; 1974) using diffusion models and
Moran models, Slatkin (1981) using a diffusion model to find upper and lower bounds,
and Tachida and Tizuka (1991) using an exact model with low migration and selection.
The results of Barton (1993) using diffusion models are not consistent either with my
results or the results of the other authors mentioned here.

Calculation of the mean absorption and mean fixation times under the same assump-
tions is more complicated. This is because quantities involving times to absorption or
fixation depend on the absolute value of the average number of migrants u12 and pg; and
not just on their ratio. In chapter 4 I find a general set of matrix equations which can
be solved to find the mean time to absorption or fixation for any specific case although
it is not possible to find a general analytic formula as it is in the case of the fixation
probability. These equations are solved analytically for a simple case (N; = N, = 2)
with symmetric migration. A larger example is also considered numerically. The ex-
amples show that mean absorption and fixation time are largely independent of the
level of migration except when migration is at a very low level. When migration is at

a low level the mean fixation and absorption times both rise dramatically. I compare
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these results with the low migration limit discussed by Slatkin (1981). Slatkin showed
that in the limit of low migration the mean fixation and absorption time both behave
as 1/m where m is the migration rate.

I consider an example of asymmetric migration and find that mean absorption times
are generally fairly low when there is strong migration in one or both directions. The
mean absorption time rises dramatically only when there is low migration in both
directions. I also note in chapter 4 that the results obtained for the mean fixation time
and the mean absorption time are qualitatively similar to each other.

In chapter 5 I consider the case of three or more subpopulations, still with no
selection. Initially, the three and four subpopulation models are analysed using matrix
theory. The result can not be presented as simply as in the two population case as the
parameter space of the model is larger, but the fixation probability is still a weighted
average of the initial frequency in each subpopulation with the weights summing to 1.
I consider the effects of some different population structures and migration strengths.

The main conclusions, as for the case of two subpopulations, are:

e The fixation probability of the A, allele is always a weighted average of its initial

frequency in each subpopulation with the weights summing to 1.

e This is equivalent to saying that the fixation probability is a weighted average of

the fixation probability in each subpopulation considered separately.

e When migration is symmetric the fixation probability is equal to the inital fre-

quency in the whole population regardless of the population structure.

o The most productive populations (that is, those which produce the greatest excess
of migrants over immigrants) have the highest weight in determining the fixation

probability. This is intuitively what would be expected.
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e It is not just the direct migration, but rather the “net” migration from a subpop-
ulation which determines its influence on fixation probability. So, for example, if
a subpopulation sends out only a small number of migrants but these all go to
a subpopulation which is a source for the rest of the population, and this forms
a large proportion of the immigrants to the source subpopulation, then this sub-
population will have a strong influence on the fixation probability in the whole

population.

o A central subpopulation does not necessarily have a greater influence on fixa-
tion probability than edge subpopulations, unless it is also a source subpopula-
tion. This result is counter-intuitive as it would seem that central subpopulations
should have a greater impact. However, although the central subpopulations gen-
erally send migrants to more subpopulations, they also receive immigrants from
more subpopulations. This is true unless, for example, the central subpopulation
is of higher quality habitat than edge subpopulations in which case the central
subpopulation is more productive than edge subpopulations and hence will have

a greater influence on fixation probabilty.

Mean fixation and absorption time are not considered for the three and four subpopu-
lation cases.

In chapter 6 I consider the general problem for an arbitrary number of subpop-
ulations, n. Using graph theory I find a general analytic formula for the fixation
probability for any population structure. The fixation probability is again a weighted
average of the initial frequency in each subpopulation with the weights summing to
1. As in the specific cases discussed in earlier chapters, this can be thought of as the
Weighted average of the fixation probability for the A; allele in each subpopulation

considered separately. I prove for the general case that when migration is symmetric
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the fixation probability is equal to the initial frequency in the whole population, and
give a geometrical interpretation of the result, when migration is not symmetric using
graph theory.

I find formulae for the fixation probabilities in several examples of general popula-
tion structures including the situation where the subpopulations are arranged with the
minimal number of links between the subpopulations (for example in a straight line).
As the number of subpopulations increases the state space of the model increases and it
becomes increasingly difficult to interpret the results. However it can be seen that when
migration is not symmetric the populations which producé the most migrants will have
the greatest effect on determining the fixation probability because of the structure of
the weights. The geographical location of a subpopulation in the population structure,
that is whether they are on the outside or the inside of the structure, is not important
in determining the fixation probability. The position of a subpopulation relative to the
most productive subpopulations is important in determining the fixation probability.
Net exporters of individuals (sources) are most important in determining the fixation
probability, but if a subpopulation provides a large proportion of the total immigrants
to a subpopulation which is a net exporter to the rest of the population then it will be
important even if it is not a large exporter of juveniles itself. This is because although
this population is not directly spreading individuals widely, it is indirectly having its
individuals spread widely through the source subpopulation, increasing its importance
to the fixation probability.

In chapter 7 I introduce selection into the model with only a single panmictic pop-
ulation of size N. When selection is introduced into the model the fixation probability
is no longer equal to the initial frequency and the problem of finding the fixation
probability of an allele becomes mathematically much more difficult.

Initially I consider populations of size two and three and find explicit analytic solu-
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tions for the fixation probability in terms of the model parameters and display these
graphically. Although it is theoretically possible to find explicit analytic solutions for
any value of N it becomes mathematically very difficult for larger populations. A gen-
eral matrix formula for the fixation probability is found although it is less explicit than
the formula found in the case of no selection. This formula can be solved numerically
for any given value of N.

I also find a matrix formula for the mean absorption time. I solve these explicitly
for the cases N = 2 and N = 3 and give solutions in terms of the model parameters
and display these graphically. Once again it is theoretically possible to find an explicit
formula for any value of N. A general formula is given which can be solved numerically
for any value of N.

These results are compared with other models which include selection — two ap-
proximate Wright-Fisher models (Moran, 1960), a diffusion model (Kimura, 1962) and
a Moran model (Moran, 1958). The Moran model approach gives very accurate results
for the fixation probability even for small values of N. This model and the Moran model
both give results which are intermediate between the two approximate Wright-Fisher
models.

In the second half of chapter 7, I modify the subdivided population model of
chapters 3 and 4 and combine this with the selection model developed in the first
half of chapter 7 to create a model which includes selection in a subdivided population
model. I derive general matrix formulae which the fixation probability and the mean
absorption and mean fixation time must satisfy, then simplify these equations and find
a general matrix formula for the fixation probability and the mean absorption time.
Due to the large number of variables involved it is difficult to give a general inter-
pretation of these equations. The matrix forumulae are solved numerically for some

examples and compared with the results of Slatkin (1981), Maruyama (1970a) and
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Tachida and Tizuka (1991). Each of these authors gives results which are qualitatively
very similar. The results obtained in this chapter are intermediate between the results
of the other authors mentioned.

I also solve the equations for mean absorption time numerically for some interesting
cases. As in the case of no selection, mean absorption times are generally higher for
the subdivided population than for the single population of the same size. The graphs
of mean absorption times for the subdivided and the single population show similar
qualitative behaviour. The main difference is that when there is strong selection in
favour of an allele which is initially absent from one of the populations there is a delay
in fixation caused by having to wait for that allele to appear in the population which it
is currently absent from. This shows on the graph as an asymptote to 1 + 1/m where
m is the migration rate. This is another example of Slatkin’s (1981) low migration
limit.

I show that when there is selection, the fixation probability is not equal to the
weighted sum of the fixation probabilities in each subpopulation considered seperately
as it is in the case of no selection.

In chapter 8 I remove the assumption that populations must be constant in size.
I consider a single population although this model could be extended to two or more
subpopulations. Initially I allow the population to vary cyclically between two sizes
Ny and N,. General matrix equations are given for the fixation probabilities for this
case. These equations are solved numerically for two specific cases and these results
are compared to the results that would be obtained if a population of constant size
equal to the effective population size, N, (Wright, 1931) was used.

Similarly for the mean absorption time, I solve the equations for two specific ex-
amples and compare these results to the results that would be obtained if a population

of constant size equal to the effective population size was used.
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I find that an exact Wright-Fisher model with the effective population size, IV, is
a reasonable approximation to the results obtained when the cyclic population is used.
The effective population size given by Wright (1931) appears to be an underestimate
of the true effective population size.

Following this I give general equations for the fixation probability and mean absorp-
tion and mean fixation times for populations with cycles longer than two generations.
No attempt is made to solve these equations although they could be solved numerically
for specific examples.

I also consider a population which fluctuates in size as a consequence of demo-
graphic stochasticity (or environmental variation) where the variation is not cyclic but
is governed by some general random process. [ assume that the gene frequency has no
effect on the process that determines the population size, so effectively the population
size at each generation is determined without reference to the genetic process. This
is because the aim of this thesis is to consider the effect of genetic processes, and the
population dynamic process at work is beyond the scope of this thesis. I find general
matrix formulae for the fixation probability and the mean absorption and mean fixa-
tion time. No attempt is made to solve these equations for any specific cases, however,

these equations could be solved numerically for any given situation of interest.

9.1 Conclusions

In conclusion, I show the following results in this thesis. When symmetric migration is
allowed between the subpopulations, the fixation probabilty is independent of the pop-
ulation structure and is equal to the initial frequency in the population considered as a
whole. When asymmetric migration is allowed between subpopulations, the structure

of the population is important in determining the fixation probabilities. The absolute
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magnitude of migration between populations is not important in determining the fixa-
tion probability, rather it is the relative magnitudes of the level of migration between
the subpopulations that is important in determining the fixation probability. The fix-
ation probability is equal to the weighted average of the initial frequencies in each of
the subpopulations, or equivalently, the weighted average of the fixation proabability
on each subpopulation considered separately.

In general, those populations which are sources (defined here to be net exporters
of individuals) have a greater effect on the fixation probability than those which are
sinks (defined here to be net importers of individuals). If a subpopulation is close to a
source subpopulation then it can have a larger impact on the fixation probability than
it otherwise would if it is a large supplier of immigrants to the source subpopulation.
With this in mind, a subpopulation is not inherently more important in determining
the fixation probabaility just because it is a central subpopulation to the whole sub-
population structure. Note that some authors use the terms source and sink to have
a more specific meaning — a source is a net exporter of individuals because of high
fecundity (see Pulliam, 1988; Tuck and Possingham, 1994).

When there is selection acting in the population, the situation can not be so easily
summarised. The fixation probability is no longer equal to a weighted sum of the
initial frequency in each subpopulation, nor is it equal to a weighted sum of the fixation
probability in each subpopulation considered separately. The results for the fixation
probability in a single subpopulation are consistent with the results from Moran’s
model. Subdividing the population slightly reduces the effect that selection has on the
fxation probability. That is, as selection is strengthened, the fixation probability for
the single population is more extreme than for the subdivided population. Subdivision
of a population also increases the mean time to absorption, approximately doubling it

in the example given where there are six individuals in the population.
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When the size of a population varies over time, the effective population size, N,,
is a reasonable approximation of the size that a population would have to be if it was
constant in size and had the same mean fixation times as the varying population. In
each of the examples given here it was a slight overestimate (of approximately 5-10%)
when compared to the exact model.

Each of these factors — subdivision, selection and variation in size — has been ex-
amined individually to see how it affects the fixation probaility and the mean absorption
and fixation times in a population. It would be virtually impossible to combine all of
these in a single model without resorting to simulation. By examining each of these
factors separately, it has been possible to qualitatively assess what might happen in a

model which combines all of these factors.

9.2 Implications for genetic management in rem-
nant populations

These conclusions have several important consequences for management of remnant
subpopulations in order to maintain genetic diversity when migration between the
remnant subpopulations is not symmetric. The implications for managers can be sum-

marised in the following four rules of thumb:

e A subdivided population loses neutral genes at a slower rate than a single popu-

lation with the same number of individuals;

e In a subdivided population, selection has less effect on fixation probabilities than

in a single population of the same size, even when the habitat is homogeneous:;

e If a population varies in size then it is the eflective size of the population which is

important. The effective population size is generally very close to the minimum
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population size;

o Source subpopulations dominate the genetics of a subdivided population. This
means that to conserve the genetic diversity from sink subpopulations, it may
be necessary to transfer individuals from the sink subpopulation to the source
subpopulation in order to even out the migration and reduce the domination of

the source subpopulation.
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