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Abstract

In, On o representation of the Baer subplanes of the Desarguesian plane PG(2,q¢?) in a
projective five dimensional space PG(5,q), (8], R.C. Bose discusses a representation of
PG(2,4¢%) in PG(5, q) whereby the points are represented by a 1-spread of PG(5,q). We
refer to this as the Bose representation of PG(2,¢?). As we shall see, this representation
is closely connected to the representation of PG(2,¢?%) in PG(4,q) introduced by André
in [1] and developed by Bruck and Bose in [13] and [14] and which we term the Bruck-
Bose representation of PG(2, ¢?).

In this thesis we discuss the Bose representation in more detail than is done in [8],
use it to prove some already known results concerning the Bruck-Bose representation
and study some varieties which represent certain substructures of PG(2, ¢%) under these

representations.

In particular, we find the Bose representation of Baer subplanes, Baer sublines classical
unitals and of a general curve of PG(2, ¢%). In the first case we see that the structure that
Bose described as representing a Baer subplane of PG(2,q?) is in fact a Segre variety,
known as a cubic scroll of planes. From this it follows naturally that, under the Bruck-
Bose representation, a classical unital is represented by either a ruled cubic surface or a
plane of PG(4, q). Furthermore, we study the ruled cubic surface in detail by considering

it as the projection of the Veronese surface in PG(5,q).

Lastly, motivated by Lunardon’s paper [36], we look at the image of the 1l-spread of
PG(5,q) which is the Bose representation of the points of PG(2,¢?), on the Grassmann
variety in PG(14, ¢) which represents the lines of PG(5, ¢). This gives us a representation
of PG(2,¢%) on this variety and we look briefly at this representation, determining the

representation of Baer subplanes and classical unitals.
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Chapter 1

Introduction

In this chapter we discuss the background information needed for the rest of the work.
As we will be largely concerned with the study of structures in the projective space
PG(n,q), we begin by introducing this and the terminology and notation we shall use
throughout. Following this we define varieties in PG(n,q) and look at some varieties
which will be relevant in subsequent sections. The material contained in sections 1.1

and 1.2 is standard, for more information see [29], [33] and [61].

1.1 Finite Fields

We let GF(q), where ¢ = p” is a power of a prime number, denote the finite, or Galois,
field of ¢ elements. For r a positive integer, the field GF(¢") is an r-dimensional vector
space over GF'(q) and we say that GF(q¢") is an extension of GF(g). The fact that
GF(¢?) is a two dimensional vector space over GF(q) is used often in this work and, in

particular, the following representation of GF(g?).

Let £ € GF(q) be such that the quadratic equation
flz)=2*+z+¢

is irreducible over GF(q). If we consider GF(q) as a subfield of GF(q?), then f is
reducible over GF'(¢®) and if we denote one root of this equation by 4 then {1,4} is a
basis for GF(q?), considered as a two-dimensional vector space over GF(q). Thus we

can write GF(g?) as

{a+1ib:a,be GF(q)}



If ¢ denotes the automorphism (called the Frébenius automorphism)

¢: GF(¢®) — GF(q)
z — oz
of GF(¢*), fixing GF(q), then the second root of equation 1.1 is ¢(i) = ¢, which we
write as 7 and call the conjugate of i. Similarly, if a is an arbitrary element of GF(¢%)

then we denote the image of ¢ under ¢ by @ and call it the conjugate of a.

1.1.1 Polynomials over Finite Fields

Let v[zo,1,... ,z,) denote the ring of polynomials in zg,z1,... ,7, over v = GF(q)
and f € y[zo,%1,...,2Z,] be a homogeneous polynomial in zg, z1,... ,Z,. As f is homo-
geneous it can be written in the form
f= Z Qg i DT .. i
to+...+in=n
where a;,..;, € GF(q). The partial derivative of f with respect to z;, denoted a%f—,, is
J
defined to be the polynomial
0 . o i -1
-—f = Z §iGig. i TRXL ... T Lpin

or; L ioon
10+...+in=n

This satisfies the usual properties of derivatives defined by a limiting process except
that, as we are working in a field of non-zero characteristic, it should be noted that the
partial derivative of f with respect to z; being zero does not imply that f has no terms
containing an z;. For example if f = z{z777 then

of g-1,n—q
8.’1,'0
= 0.

We then define the k-th order partial derivative of f with respect to z;, ng{:, inductively
by

of  d <ak—1f>

9zF ~ 9z, \ 9rk!

Similarly we define the second order mixed partial derivative of f with respect to z; and

2f _ 0 (of
8561'833]' - al'i ax]—

and the higher order mixed partials are defined appropriately. We shall need the following

z; by

result.



Theorem 1.1. [61],[32] (Taylor’s theorem) If f is a homogeneous polynomial of degree

n in y(zo,... , T,) then

K} s a 8 S
flzo+Ayo, ... 20 + Ayn) = — (yo—-i-...-l—yn—) flz0,--., 2n)
z 0%y,

To properly interpret this result the terms

i OO A
s\ P8z, T T Vg,

must be treated as formal expressions. For example, if f(zg,2)) = 23 + 2oz, then by

theorem 1.1

)\2
f(l‘() —+ )\yo, T —+ /\yl) = Ig + ToZy =+ /\{yo(29:0 —+ CCl) -+ yll'o} + 5(2?;3 -+ 2y0y1)

= Q?g + zox1 + /\(2xoyo + Yox1 + ylxo) + /\Q(yg + yoyl)

regardless of whether the characteristic of GF(g) is two or not. Noting this, the proof
given in Hodge and Pedoe ([32, chapter three]), for fields without characteristic, is valid

when considered over a finite field.

1.2 The Projective Space PG(n,q)

Consider V' = GF(¢"™') as an (n + 1)-dimensional vector space over GF(q). Choose
a basis for V' so that if X € V we can write X = (zo,...,%,), where z; € GF(q).
Define a relation on the elements of V' \ {0}, where 0 = (0,...,0), by saying that
X = (z0,.-.,@,) and Y = (yo,...,ya) are related if and only if z; = py; for some
p € GF(g) \ {0}. This relation is an equivalence relation, with the equivalence classes
being the one-dimensional subspaces of V' with 0 deleted. We define the n-dimensional
projective space PG(n,q) as the set of all these equivalence classes. The elements
of PG(n,q), that is the one-dimensional subspaces of V with 0 deleted, are called the
points of V. We shall identify the coordinates of the point P of PG(n,q) with the

coordinate vector (zg,...,z,) of any element of V in the one-dimensional subspace of

3



V corresponding to P. Thus (zo,...,z,) and p(zo, ... ,z,), for p € GF(q) \ {0} are

coordinates for the same point of PG(n,q).

A subspace of dimension m, or m-space, of PG(n,q) is a set of points of PG(n,q)
for which the corresponding elements of V, together with 0, form a subspace of V of
dimension (m + 1). A subspace of dimension 1 is called a line, a subspace of dimension
two is called a plane and a subspace of dimension (n — 1) is called a hyperplane or,
sometimes, a prime. A subspace of PG(n,q) of dimension m is naturally isomorphic to
PG(m,q). If fis a homogeneous linear polynomial in the variables zg,z1,. .. ,z,, with
coefficients in GF(g), then the set of points P of PG(n, q) whose coordinates satisfy the
equation f = 0 form a hyperplane ¥ of PG(n,q); we say that ¥ and the point @ of
PG(n,q) with coordinates (yo, ... ,yn) are incident if f(yo,...,y,) = 0. Any subspace
34 of PG(n,q) of dimension d is the intersection of (n — d) hyperplanes m,... , Tph_g
whose defining equations are linearly independent over GF(q). The point Q of PG(n,q)

is incident with ¥, if it is incident with the hyperplanes m,... , mh_q.

Let ¥, and X, be subspaces of PG(n, q) of dimensions r and s respectively. The subspaces
of V corresponding to £, and X, span a subspace of V, corresponding to which there is
a subspace X; of PG(n,q). We call &; the span of X, and ¥, and write &; = (%,, Z,).
Similarly, the set of points of PG(n,q) in common to both ¥, and T, is a subspace of
PG(n,q), called the intersection of &, and T, and denoted £, N Z,. Since the span
and intersection of X, and X, correspond to subspaces of a vector space they satisfy

Grassmann’s Identity;
dim E, + dim Z, = dim(Z, N Z;) + dim (., 3;)

where dim 3, denotes the dimension of the subspace X,.

1.2.1 Collineations
A collineation o of PG(n,q) is a bijection
o: PG(n,q) — PG(n,q)

on the set of points of PG(n,q) which preserves incidence; that is, if the point P is
incident with X4, a subspace of dimension d of PG(n,q), then £9 is a d-dimensional

subspace containing P°. The fundamental theorem of projective geometry states that if



o is a collineation of PG(n, q) then o acts as follows:

o: PG(n,q) — PG(n,q)
X — X%A

where A is a non-singular (n+1) X (n+1) matrix over GF(q) and ¢ is an automorphism of
GF(q). The group of all collineations of PG(n, q) is denoted PT"L(n+1, ¢). A collineation
of PG(n, q) for which ¢ is the identity map is called a projectivity of PG(n,q) and the
group of all projectivities of PG(n, ¢) is denoted PGL(n +1,q).

If Ao, A1,...,Ans1 are n+ 2 points of PG(n,q) no n + 1 of which lie in a hyperplane
then there is a unique projectivity mapping them to any other given set of n + 2 points
of PG(n,q), no n+1 in a hyperplane. Since the n + 2 points of PG(n,q) which have
the coordinates, (1,0,...,0),(0,1,0,...,0),...,(0,0,...,0,1),(1,1,...,1) satisfy this
condition, and can be mapped, by an element of PGL(n +1, ¢), to any other set of n+2
points, no n + 1 in a hyperplane, we are free to choose any set of n + 2 points, non+1

in a hyperplane, to have these coordinates.

A bijective map o between the points and hyperplanes of PG(n,q) which preserves
incidence is called a reciprocity. If o has order two, then it is called a polarity. If P
is a point of PG(n, ¢) then the hyperplane P which is the image of P under a polarity
of PG(n,q) is called the polar of P. Similarly if o is a hyperplane of PG(n, q) then its

image under ¢ is a point called the pole of o.

Let P and ) be two points of PG(n,q). If P € Q7 then, as o is incidence preserving
and of order two, it follows that Q = Q°° € P°. Conversely if @ € P? then P € °.
Descriptively, this says that P lies on the polar of @ if and only if Q lies on the polar of
P. This is called the pole-polar property of a polarity. A point which is incident with

its own polar hyperplane is said to be an absolute point of the polarity.

Consider the projective space PG(n,q?). If ¢ denotes the Frébenius automorphism of

GF(¢?) then it induces the collineation o of PG(n, ¢°) defined by

o: PG(n,q?) — PG(n,¢%

X =(20,...,2n) = X®=(z},... 29

If ¥4 is a d-dimensional subspace of PG(n, ¢*) then the space 7 is called the conjugate
of ¥4 and shall often be denoted by .



1.2.2 Subgeometries

A subgeometry of PG(n,q) is a subset of the points of PG(n, g) which forms a projec-
tive space PG(n,¢') of dimension n and order ¢’, with respect to the incidence relation
of PG(n,q). For example, as GF(q) is a subfield of GF(g") for any r > 1, PG(n, q) is
embedded in PG(n,q") in a natural way, and is thus a subgeometry, the natural subge-
ometry, of PG(n,q") of order ¢. In this respect, we say that PG(n,q") is an extension
of PG(n, g) and when we speak of an extension of PG(n,q) we mean a projective space
PG(n,q"), defined over an extension field GF(g") of GF(q). As with fields, we say
that PG(n,q¢?) is the quadratic extension of PG(n,q) and, more generally, we call any
subgeometry of PG(n,¢?*) which is isomorphic to PG(n,q) a Baer subgeometry of
PG(n,¢?).

1.2.3 Baer Subplanes of PG(2, ).

Of particular importance to us will be the subplanes of PG(2,¢?) of order ¢, that
is the Baer subplanes. If B is any Baer subplane of PG(2,¢?) then we may
choose any four points of B, no three of which are collinear, to have the coordinates
(0,0,1),(0,1,0),(0,0,1) and (1,1,1). The points of B will then be the points of the Baer

subplane PG(2,q). For later reference we state this fact as follows;

Theorem 1.2. The group PGL(3,¢°) is transitive on the Baer subplanes of PG(2, ).

O

Thus, since there are |[PGL(3,q)| elements of PGL(3, ¢?) fixing a Baer subplane, the
total number of Baer subplanes in PG(2, ¢?) is

|PGL(3,¢%)
|PGL(3,q)|

and we have the following (see [29] for the orders of the groups PGL(3,4?) and
PGL(3,q)),

=@+ 1) +1)

Corollary 1.3. There are ¢*(¢> + 1)(¢> + 1) Baer subplanes in PG(2, ¢%). O

Since any line of PG(2, ¢?) containing 2 points of a Baer subplane B necessarily intersects
B in (g + 1) points and we can show, by counting, that any line of PG(2,¢%) intersects
B, all lines of PG(2,¢?) intersect B in 1 or (g + 1) points. If £ contains (¢ + 1) points of
B then the points £ N B are the points of a subgeometry of £ of order ¢, that is a Baer

subline of £. We sometimes say that £ is a line of B.
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Lemma 1.4. [11] If £ is a line of PG(2,¢%) and A, B,C are three distinct points of £

then there is a unique Baer subline of £ containing A, B and C. a

Corollary 1.5. There are q(q® + 1) Baer sublines of a line of PG(2,4?). 0

Lemma 1.4 is equivalent to the statement that any two distinct Baer sublines of ¢ intersect
in either 0,1 or 2 points. The possible forms of the intersection of two Baer subplanes of

PG(2,q?) are also known.

Theorem 1.6. [9] Two distinct Baer subplanes of PG(2,q?%) intersect in the same num-

ber of points and lines. Moreover, this intersection takes one of the following forms:

1. The empty set.

2. One line and one point, not necessarily incident.

3. Two points of a line and a second line through one of those points.

4. Three points and three lines forming a triangle configuration.

5. (¢+1) points of a line and the (g + 1) lines through one of those points.

6. (q + 2) points and (¢ + 2) lines; these being a line £ and the (q + 1) points of ¢
together with another point of the plane A and the (¢ + 1) lines joining A to the
points of L.

From this we can deduce a result similar to lemma 1.4 but for Baer subplanes.

Lemma 1.7. Given P € PG(2,q%) and three lines ¢y, {3, {3 through P there is a unique
set of (¢ — 2) further lines through P such that these lines together with £y, 45,43 are the
lines of a Baer subplane of PG(2,¢%).

Proof: If we choose P to be the point (1,0,0) and the non-collinear points P; € ¥
to have the coordinates (1,0,0),(0,1,0) and (0,0, 1) respectively we see that the Baer
subplane PG(2,¢), and the (g + 1) lines of this Baer subplane through P satisfy the
requirements of the theorem. By theorem 1.6 any other Baer subplane of PG(2,q?)

containing ¢y, {2, £3 necessarily shares the same set of (¢ + 1) lines through P. a

Note that this result does not assert that there is a unique Baer subplane with ¢, ¢;, /5
as lines, merely that any Baer subplane with these lines contains a given set of lines

through P.



1.3 Varieties

If f is a homogeneous polynomial in the (n + 1) variables zg, ... ,z, then the set of
points of PG(n, q) with coordinates which satisfy the equation f(zo,... ,z,) = 0 form
a hypersurface (sometimes called a primal) in PG(n,q). We say that f = 0 is the
defining equation of the hypersurface. If f is irreducible over GF (¢) the hypersurface
1s said to be irreducible in PG(n,q) and otherwise is called reducible. Further, if
[ is irreducible in any extension of GF(q) we say that the hypersurface is absolutely
irreducible. If f is of degree m then the hypersurface f = 0 is said to have order m
and is denoted V. Once we know the order of a number of hypersurfaces the following

result enables to calculate how many points they have in common.

Theorem 1.8. [47] (Bezout’s Theorem) In PG(n,q) n generic' and irreducible hyper-

surfaces V| of orders r; have ry...r, common points. d

If fi(zo,...,2n), f2(To,... ,2,),... are homogeneous polynomials over GF'(g) then the
set of common points of the hypersurfaces they define is called a variety in PG (n,q).
Note that any variety can be defined as the intersection of a finite number of hypersurfaces
(see [32]).

Let V be a variety in PG(n,q). We call V an irreducible variety of dimension d
if its points are in algebraic one-to-one correspondence with the points of an irreducible
hypersurface Wy of a subspace, PG(d+1, q), of dimension d+1 in PG(n,q) (see Semple
and Roth [47]). More formally that is

there exists a set of » + 1 polynomials fo, ..., f,, homogeneous and of the same degree
In 4o, ... ,Ya+1, such that for each Y = (yq,... ,y441) € Wy the point X = (zo, ... ,Zn)

given by
pzi = fi(yo, ... ,Yar1), for some p € GF(g) \ {0}

is a point of V.

The correspondence is such that a generic point of V arises from only one point of M.

' The term generic is difficult to define and, as it is not central to this exposition, we do not discuss
it in detail here and only note that its meaning depends on the context in which it is used and, as in
[47], is used to have a meaning roughly equivalent to the phrase of general position. We refer the reader

to [32] for a precise definition.



The equations

filyo, -+ s Yan) = pa (1.1)
M(yo,.-- Yar1) = 0 (1.2)

are called the parametric equations of V. The parameters are the (d+ 1) ratios v; : yo
of which, as (o, ..., Ya+1) is a point of the hypersurface W,, only d are independent. An
irreducible variety of dimension d is denoted Vj;. A variety of dimension one is called a

curve and a variety of dimension two is called a surface.
The Order of a Variety

Let V3 be an irreducible variety of dimension d with parametric equations 1.1, 1.2. We
proceed as in Semple and Roth, ([47]). Suppose that &,_; is the n — d dimensional
subspace of PG(n, q) given by the equations

n
E Qi;T; = 0
1=0

The variety V; intersects ¥,_; where these equations have a common solution, and
combining these equations we obtain (d + 1) hypersurfaces in PG(d + 1,q). Therefore,
by Bezout’s theorem, these hypersurfaces have a finite number of common points (given

that they are generic). Thus we have;

Theorem 1.9. [47] A generic subspace of PG(n,q) of dimension (n — d) intersects V

in a finite number, k, of points. a

We call this number % the order of the variety V; and to describe the fact that V; has

order k we write it as V.

Furthermore, now that we have established the order of V¥, we can determine how it

intersects a subspace of PG(n,q);
Theorem 1.10. [47] For d > h a generic subspace of dimension (n — d + h) intersects
V¥ in a Vi¥. a

The more general problem of determining how V¥ intersects a variety V7 of dimension s
and order r is difficult to solve. If the two varieties are generically situated with respect

to one another then we may say that
de n 1/sT = dk—:s—n
That is, the two varieties intersect in a variety of dimension (d + s — n) and order kr.

However, once again, the term generically situated is not easy to define and so for a full

explanation of this we refer the reader to an appropriate text, such as [32).
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1.4 Curves in the Plane

Let C denote the curve in PG(2, q) consisting of the points satisfying the equation f = 0,
where f is a homogeneous polynomial of degree n in zg,z1, 5. As C is a hypersurface
in the plane, its order is given by the number of points that C has in common with a
generic line of the plane. If £ is any line of PG(2, ¢) then the points of ¢ satisfy a linear
equation in zg, Z;, T2; thus solving this equation simultaneously with that of C we obtain,
in general, n solutions, some of which may be identical and some may lie in an extension
of GF(q). Correspondingly, £ and C have n points in common, with, possibly, some of
these points being coincident and some lying in an extension of PG(2,q). Therefore a
generic line of the plane intersects C in n points and so C has order n. Furthermore, if
m of these solutions correspond to the point R of C then we say that ¢ and C intersect

m times at K.

1.4.1 Singular Points

Let P € C. If all lines of the plane through P intersect C at least twice at P then we
say that P is a singular point of C; otherwise P is called a simple point of C. If, in
addition, all lines of the plane which contain P intersect C at least m times at P, with
some line having precisely m intersections with C at P then P is said to be a point of
multiplicity m (or an m-fold point) of C. A simple point is thus a point of multiplicity
one. We call a point of C of multiplicity two a double point. If P has multiplicity m
then a line through P which meets C more than m times at P is said to be a tangent

to C through P. We examine the singular points of C in more detail.

Suppose that P € C has coordinates (py, p1, p2). Thus the line £ joining P to the point
Q@ = (g0, q1,92) of PG(2,q) contains the points

{(po + Ago, p1 + Aq1,p2 + Aga) 1 A € GF(q) U {o0}}

and so meets C where

F(po + Ao, p1 4+ Aq1, p2 + Ag2) =0

Expanding this as a Taylor series in A, in the vein of Walker [61], where a similar argument

is used, but in the affine case, we obtain

18)+ 3 (il () + s gl (P + a2l () +

3 (@RZE(P) + qoai ZL(PYRL(P)+.. ) ... = 0 (1.3)

dxg

of of
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which we write as

LY o ) o \°
;'ﬁ(%axo'*'%axl +qzax2) f(P)=0

where by f(P) we mean the value of the polynomial f evaluated at P = (po, py, p2) and,
similarly, by g—{i(P) we mean 8%% evaluated at P.

The multiplicity of the root A = 0 in equation 1.3 is equal to the number of times in
which £ meets C at P. Thus, since f(P) = 0, for P to be a simple point of C we require
that the coefficient of A in this equation is non-zero. Hence P is simple if and only if
one of the first partials of f is non-zero at P. In this case the only line through P which

meets C twice at P is the line

of
8.’1?0

(P)zo + 58_;1( )1 + ——(P)zs = 0

So if P is a simple point of C then there is a unique tangent line to C through P.

Conversely, if all the first order partial derivatives of f are zero at P then every line
through P has at least two intersections with C at P and P is a singular point of C.

Therefore we have the following result;

Theorem 1.11. Let C be a curve of order n in PG(2,q). The point P of C is singular
iof and only if

Of ipy OF py_ OF
61}0 ( 811)1 6232 ( ) 0

O

Now suppose that P is a double point of C. This occurs when the multiplicity of the
root A = 0 of equation 1.3 is at least two for any point (go,¢1,¢2) of PG(2,q), and is
exactly two for some point of the plane. This implies that all the first order partials of
f are zero at P but some second order partial is non-zero there. Conversely, if all first
order partials of f are zero at P and some second order partial is non-zero at P, then P

is a double point of C.

In this case the line £ intersects C more than twice at P if and only if

2! Z qzq’ax ax] EP=0

2,7=0
This is a quadratic equation in the ¢; and hence gives the equation of two lines (possibly
coincident or belonging to an extension) through P intersecting C more than twice at P.

Thus there are two tangents to C through P.
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Continuing in this fashion, P is a point of multiplicity & if and only if equation 1.3 has
A = 0 as a root of multiplicity at least k& for any line through P and has A = 0 as a
root of multiplicity exactly & for some line through P. This happens precisely when all
partial derivatives of f of order kK — 1 or less are zero at P but some derivative of order k
1s non-zero there. In this case the line ¢ intersects C more than & times at P if and only
if

k!

k
= (QOaio + Q1ai1 + Q2ai2> f(P)=0

This is an equation of degree k in the ¢; and thus gives the equation of k lines through
P meeting C more than k times there. Hence there are k& tangents to C through P, some
of which may be coincident and some of which may only be lines of an extension of
PG(2,q). As f is not identically zero, some derivative of f of order n or less is non-zero

and thus P is a point of multiplicity r for some r < n. To sum up we have;

Theorem 1.12. Let C, with equation f = 0, be a curve of order n in PG(2,q). The
point P of C is of multiplicity k if and only if all derivatives of f of order k — 1 or less
are zero at P, and some derivative of order k is non-zero there. Such a point lies on k
tangent lines of C, some of which may coincide and some of which may only be lines of

an ectension of PG(2,q). Every point of C is of multiplicity k for some k.

1.4.2 Conics

A curve of order two in PG(2,q) is called a conic. Although the structure of conics
1s well-known, we shall make frequent use of some of their properties and so briefly

introduce them here.

Let C? be a non-singular conic in PG(2, ¢). If P is a point of C? then, as P is non-singular,
C? has a unique tangent through P and all other lines through P contain precisely one
further point of C2. It is well-known that up to projectivity there is only one non-singular

conic in PG(2, ¢) and this has the following canonical form (see, for example, [29]).

Theorem 1.13. A non-singular conic C* in PG(2,q) consists of ¢ + 1 points no three

of which are collinear and is projectively equivalent to the conic of equation

x%—i—:cla:g =0

12



Conversely, by a well-known theorem of B. Segre ([43]), in PG(2,q) with ¢ odd any set
of (g 4 1) points no three of which are collinear (such a set of points is usually called an
oval) are the points of a non-singular conic. This result does not hold if ¢ is even. In

this case however the following well-known property is important.

Theorem 1.14. If C* is a non-singular conic in PG(2,q) with q even then the q + 1

tangents to C% are concurrent.

Proof: As C? is non-singular we can assume that its equation is z2 + z,z, = 0 and thus

that it contains the set of points
{(a,1,0%) : @ € GF(q) U {c0}}
The tangent through the point P, = (o, 1,@?) of C? thus has the equation
20z + 0z; + 25 =0
which, as ¢ is even, is equivalent to
o’r1 + 2, =0

Hence every tangent line to C* contains the point (1,0, 0). O
The point of concurrency of the q + 1 tangents to C? is called the nucleus of the conic.

Suppose now that C? is singular with P a singular point. As C2? is of order two, P is
necessarily a double point and every line through P is either contained in C? or does not
meet C? again. Since C? is given by a quadratic equation, it thus follows that C? consists
of two lines through P, which are either distinct lines of PG(2, q), one repeated line of
PG(2,q), or two conjugate lines of PG(2,¢?) containing only the point P of PG(2,q).

This enables us to prove the following.

Theorem 1.15. [29] In PG(2,q) a conic is either non-singular or consists of two lines.
These lines are either distinct, coincident or are a pair of conjugate lines of PG(2,4%).

The number of conics of each type is;

e (¢° — ¢%) non-singular conics.

o (¢*+q+1)(q®+q)/2 consisting of two distinct lines of PG(2,q).

® ¢ +q+1 consisting of one (repeated) line of PG(2,q).

o (¢*+q+1)(¢> - q)/2 consisting of two conjugate lines of PG(2,q%).

13



Proof: The numbers of conics consisting of two distinct lines or one repeated line are
easily calculated. To calculate the number of conics consisting of two conjugate lines of
PG(2,¢%), consider a point P of PG(2,¢%) which is also a point of PG(2,q). If £ is a
line of PG(2,¢?) through P which meets PG(2,q) at P precisely, then its conjugate also
contains P (the only point of PG(2,¢) on either of these lines) and together they form
a conic of PG(2,q) meeting PG(2,q) only at P. As there are ¢ — ¢ lines of PG(2,4%)
through P which are not lines of PG(2,¢), there are (¢ — ¢)/2 conics through P of this
type. Since there are (¢* 4+ ¢ + 1) points in PG(2, ), we obtain the required number of

conics consisting of two conjugate lines of PG(2, q).

To conclude, consider the general homogeneous quadratic polynomial in three variables.
This polynomial has six coefficients and thus there are (¢° — 1) such polynomials. Any
two represent the same conic if and only if one is a multiple of the other by a non-zero
element of GF(g). Thus there are, in total, (¢* —1)/(¢ —1) = ¢ +¢*+... + 1 conics in
the plane. Subtracting from this the number of singular conics we obtain the number of

non-singular conics given above. O

1.4.3 Cubic Curves

Let C?® be an absolutely irreducible cubic curve in PG(2,q) and suppose that C® has a
singular point P. If P has multiplicity three then any line through P meets C? three
times there and hence, if it meets the curve again, has four intersections with 3 and
therefore is wholly contained in C3. However, this contradicts the fact that €3 is abso-
lutely irreducible; hence P is a double point. Further, if C? contains another double point
P’ then the line PP' is not a line of C3, yet meets C® in more than three points; hence
C? has at most one double point. Thus we can conclude that C3 is either non-singular or

possesses exactly one singular point which, by necessity, is a double point.

Now suppose that C® contains a double point P. There are thus two tangents to C3
through P which, as they are given by a quadratic equation (see section 1.4), are either
both lines of PG(2, q) or both lie in an extension of PG(2,q). In the case that they are
distinct and appear in PG(2, q) we call the double point P a node of C*, when they are
coincident we call P a cusp of C* and when they belong to an extension of PG (2,q) we

say that P is an isolated double point of C3.

From the above two paragraphs, it follows that if C3 is an absolutely irreducible cubic

curve in PG(2,q) then it is either non-singular, or contains precisely one double point

14



which is either a node, a cusp or an isolated double point. For later use we now state

the following result detailing the numbers of each type of these curves in PG(2, q)-

Theorem 1.16. [29] In PG(2,q) there are ¢*(¢® —1)(¢? — 1) non-singular cubic curves,
¢°(¢>—1)(¢> = 1)/2 absolutely irreducible cubic curves with a node, ¢*(¢*—1)(q+1) abso-
lutely irreducible cubic curves with a cusp and ¢®(q¢® — 1)(¢° — 1)/2 absolutely irreducible

cubic curves with an isolated double point. O

1.5 Normal Rational Curves

The only other type of curves that will be useful in this work are the normal ratio-
nal curves. The following paraphrases [31] where more detailed information on normal

rational curves can be found.

A set of points of PG(n, q) of the form

¢ = {(fo(®), 1i(2),- .., fa(t)) : t € GF(g) U {o0}}

where the f; are polynomials of degree d, with no common factor and at least one being
of degree d, is said to form a rational curve of order d. If C? is not the projection of
a rational curve of order d' in PG(n + 1, ¢) then we say that C? is a normal rational

curve in PG(n,q).

If a normal rational curve C* exists in PG(n, ¢) then it is necessary (see [31]) that ¢ > n,
d =n and that the points of C" are projectively equivalent to the following set of points
of PG(n,q)

{@",...,t,1) : t € GF(q) U{oo}}

Thus, by theorem 1.13, the normal rational curve in PG(2,q) is the non-singular conic.
A normal rational curve in PG(3,q) is called a twisted cubic. A normal rational curve

consists of (¢ + 1) points, no (n + 1) in a hyperplane.

1.6 The Tangent Space of a Variety in PG(n,q)

In section 1.4 we defined a simple point of a curve in PG(2,q) and the tangent line at
such points. Here we extend this to define a simple point of any irreducible variety and
the tangent space at such points. We follow the method used in Hodge and Pedoe (32,

volume 2].
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Consider an irreducible variety Vf of dimension d and order k in PG(n, ¢). Suppose that

the homogeneous polynomials

fl(x07"' 7xn)7f2(x07"' an)w" 7f7‘(x07"' 7:1:71)

are linearly independent and are such that the equations

fl(.’l?o,... ,.’En) :0,f2(x0,... ,.’L’n):O,... ,f«,-(xo,... ,.'En) =0

define V. Define the matrix Tp = (t;;) by

O
oz 7

Theorem 1.17. [32] The matriz Tp has rank at most n — d at any point of V¥ and

tij = 75— (P)

there ezists at least one point of VJ for which the matriz has rank n — d ezactly. a

In light of this result, we call those points P of V¥ for which the matrix Tp has rank
n — d simple points of Vf and those for which Tp has rank less than n — d singular
points of V,f. Note that in the case that d = 1 and V{ is a curve in PG(2, q), defined by
the equation f =0, Tp is a (1 x 3) matrix and this definition says that P is a singular
point of the curve if and only if Tp has rank 0. Or, in other words, if and only if all first
order partials of f are zero at P, which is equivalent to the definition of singular points

of a curve given earlier.

At a simple point P of VF the equations

o, -
Zax] t=1,...,7 (1.4)

define a subspace of dimension d which we call the tangent space to V at P and which
is denoted by the symbol Tp(Vy). Again this matches with the definition of a tangent

line to a curve in PG(2,q) given in section 1.4.

Note that the definition of simple points and the tangent space at such points is inde-

pendent of the particular polynomials chosen to define V,f (see [32]).

For a hypersurface of equation f = 0 the point P is simple if and only if a%ff(P) # 0 for

some j = 1,... ,n and the tangent space is the hyperplane of equation
af af
—(P o Pz, =0
&Co( Yo+ ...+ 8%( i

Theorem 1.18. [32] If VF is the intersection of the hypersurfaces Vi, ... , V. with equa-
tions f1 = 0,..., f, = 0 then for the simple point P of V.F

Te(V) =Tp(VI)N...0Tp(V)

where f1,..., fs are linearly independent and V4, ... ,V, have simple points at P.
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Proof: Without loss of generality, suppose that fi,..., f; are a linearly independent

subset of the above polynomials fi,... , f,. Therefore the equations

Zafi(P)szo i=1,...,t

=0 a.’L'j

define Tp(Vf). In addition assume that only fi,... , f,, where s < ¢, have a simple point

at P. Thus, for any 1 < j < n, 2i(p = 0 where 1 = s+ 1,...,¢t. Hence Tp(VF¥) is
oz, d

given by the equations

which is the intersection of the tangent spaces to Vi, ... ,V; at P. o

We also will need the following results, the first of which can be found in [29] with a

different proof.
Theorem 1.19. [29] IfII, is a subspace of PG(n,q) lying on V¥ and if P € II, then

Hs C TP(de)

Proof: Choose coordinates so that I, is given by the equations
Top1 = =T, =0
and
fi(zo, ... ,2n) =0, fa(Zo, ... ,2n) =0,..., fr(Zgy... ,Zn) =0

are a set of linearly independent equations defining V7. As II; is contained in V we can

write each of the equations f; in the form (not necessarily in a unique way)

filzo, ..., zn) = xs+1¢i+l ot T d + G (Togrs - y Tn)
where the gb; are polynomials in zg, ... ,z,. Thus
af; 0 1=0,1,... s
e E) =9 o
L ¢:(P) j=s+1,...,n

Hence Tp(V}) is given by the equations

> ¢](P)xj:0 i=1,...,r

st 8.’L‘j
and so if P = (ay, ... ,,,0,...,0)is a point of I1; then P satisfies each of these equations
and is thus a point of Tp(VF). O
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Lemma 1.20. IfII;NVF =W q variety in I, and P € I, then

Tp(W) =TI, N Tp(Vy)

Proof: If we choose coordinates so that I, has equations
xs+1="'=xn=0

then (with Tp(V,f) being given by 1.4) T(W) has equations
— 0f;

{I;.
=5 9%

(P)z; =0 i=1,...,r

which is IT; N Tp(Vf). O

1.7 Quadrics

One important class of varieties is the hypersurfaces of order two which are called
quadrics. Quadrics have been much studied (see, for example, Hirschfeld [29], [30], [31])

and we outline only the key points here.

Being a hypersurface of order two, a quadric in PG(n, q) is the set of points satisfying
an equation of the form
Z Aggoeg = 0 (1.5)
i,j=0
where the a;; € GF(g), not all zero. We let Q2_, denote a quadric of PG(n, q).
A quadric is said to be degenerate (reducible) if its equation splits into two linear
equations in GF(q) or some extension. Otherwise the quadric is called non-degenerate.
It follows directly from the definition that a degenerate quadric consists of two, possibly

coincident, hyperplanes of PG(n,¢?). We note here the following useful lemma.

Lemma 1.21. Let Q2_, be a quadric in PG(n,q). A subspace T, of PG(n,q) is either

contained in Q or meets it in a quadric of T,.

Proof: Choose coordinates so that £, is the space Tr4l = Typo = ... =12, = 0. It
therefore meets the quadric Q2_,, with an equation of the form 1.5, in the points of ¥,
which satisfy

T
E Qi TiT5 = 0.

1,j=0
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Thus, the intersection is a quadric of X, unless a;; = 0 Vi,j < r, in which case ¥, is

contained in Q2 _,. o

Corollary 1.22. A line of PG(n,q) is either contained in a quadric or else meets it in

two (possibly coincident) points. a

1.7.1 Non-Singular Quadrics

2
n—1»

From section 1.6, the point P of the quadric @ with equation f = 0 of the form 1.5,

is a singular point if and only if

of
81"1‘

(P)=0 Vi=1,...,n.

If Q2_, contains a singular point it is said to be singular and otherwise is called non-
singular. Note that by theorem 1.15 the notions of singularity and degeneracy coincide
for conics. However this is not the case for quadrics in higher dimensions where there
exists singular quadrics which are not degenerate. The structure of the non-singular

quadrics is well-known and we state the main results here.

Theorem 1.23. [29] The number of projectively distinct non-singular quadrics in
PG(n,q) is one or two depending upon whether n is even or odd. They have the fol-

lowing canonical forms;

o when n is even; n = 2s

2
o+ T1T2+ ...+ Tos1T2s =0

e whenn is odd; n =2s—1
ToT1 + ...+ Tog_o9Xos—1 =0
or
f(zo, 1) + Toxs + ... + Tos—2Tos_1 = 0
where f is a homogeneous polynomial of degree two, irreducible over GF(q). a
The non-singular quadric in PG(2s, q) is called parabolic and is denoted Q(2s,q) or

Pas. The non-singular quadric in PG(2s—1, q) of the first type is called hyperbolic and
denoted Q¥ (2s — 1,q) or Has—1, while the non-singular quadric in PG(2s — 1,4) of the
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second type is called elliptic and denoted @~ (2s—1, q) or £35_7. As we can deduce from
the canonical forms these quadrics contain many subspaces of PG(n,q). For details of
the exact number of each type of subspace on each type as quadric as well as the possible
sections of a quadric by a subspace see Hirschfeld and Thas, [31]. Here we note only the

following;

Theorem 1.24. [31] The mazimum dimension of a subspace on a non-singular quadric

in PG(n,q) is (n—2)/2 for P,, (n—1)/2 for H, and (n—3)/2 for &,. O

A subspace of maximum dimension on a quadric is called a generator.

Theorem 1.25. [31, theorem 22.5.1] The number of points on a non-singular quadric

18 as follows;
o (@F1)(¢°-1)
(g—1

(¢*714+1)(¢5-1)
. ..—_
(¢—-1)

for the parabolic quadric Poy

for the hyperbolic quadric Has_1

MH— for the elliptic quadric Ey5_1

¢ (q—

We shall also need the following result.

Theorem 1.26. [31] Let Q, denote a non-singular quadric in PG(n,q). If ¢ and n are
not both even then there is a polarity of PG(n,q) for which the polar of a point P of Q,
18 the tangent space to Q, at the point P. a

1.7.2 The Structure of Singular Quadrics

Let Q2_, be a singular quadric of equation f = 0 in PG(n,q). Being singular, Q2_,
contains a singular point P for which, by definition,

ggj( )=0 ¥j=0,....n
Suppose that Q2_; contains another singular point R, distinct from P. A point of the
line joining P = (pg,... ,ps) and R = (rg,...,7,) will have coordinates of the form
(Pos .-+ v Dn) + A(ro, ... ,7p) for some A € GF(q) U {oo}. Now, since f is quadratic, g—zfj

is linear and hence

of _of of
5o (PHAR) = g(P)+ 2 ()
=0



as P and R are singular points of @%_;. Thus every point on the line joining P and R

is singular and we have proved the following well-known result:

Theorem 1.27. If Q2_| is a quadric in PG(n,q) then the set of all singular points of
Q? | forms a subspace II, of PG(n,q). 0

The subspace II. is called the vertex of Q,Ql_l.

Lemma 1.28. Let Q2_, be a quadric in PG(n,q) with vertex IL.. If P is a non-singular
point of @>_, and Q is a point of I, then the line joining P and Q is contained in Q2_,.

Proof: Suppose that P and @ are two points satisfying the hypotheses of the theorem.
The line joining P and @ meets Q2 _, twice at @ and once at P and is thus contained

on @2 .. O
We are now in a position to give the structure of a singular quadric in PG(n, q).

Suppose that Q%_l is such a quadric with vertex I, and ¥, _,_; is a subspace of dimension
(n —r —1) of PG(n,q) which is skew to II,. By lemma 1.21, ¥,_,_, intersects Q% ; in
a non-singular quadric Q2_,_, of ¥,_,_;. By lemma 1.28, if P is a point of @2___, and
@ is a point of II, then the line joining P and @ is contained in Q2 _,. Conversely, if T
is a point of Q2_, on neither Q% _, nor II, then, by lemma 1.28, (T,II,) is an (r + 1)
dimensional space contained on Q2_;. As a space of this dimension necessarily intersects
a space of dimension (n —r — 1), (T,1I,) intersects 2, _,_1 in (at least) a point, R. The
line joining R and T thus contains 7" and joins a point of @2___, to a point of II,. Hence

we have;

Theorem 1.29. Let Q2_, be a quadric in PG(n,q) with vertex Il,. If £,_,_ is a space
of dimension (n — 1 — 1) which is skew to I1, then Q2_, consists of the lines joining the

points of I1, to the points of the non-singular quadric Q2_ N T,_,_;. a

1.7.3 The Non-Singular Quadrics in PG(3,q)

For our later purposes, we shall require more detailed knowledge of the non-singular

quadrics in PG(3,q). We look at each in turn.
The Elliptic Quadric in PG(3,q).

If &5 is an elliptic quadric in PG(3, g) then, by theorem 1.23, it is projectively equivalent
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to the quadric of equation
f(zo, 1) + 2273 =0

where f is an homogeneous quadratic polynomial, irreducible over GF(¢). In addition,

from theorem 1.24, &5 contains no lines.

Let P and @ be two points of £3. As &3 contains no lines, the line £ joining P and @
does not meet &3 again. Each of the (¢ + 1) planes about the line £ meets &5 in a conic
of that plane, containing the two points P and (), but no line. Thus, by theorem 1.15,
each such plane meets & in a non-singular conic. Hence, counting the number of points
of £; on planes about ¢, we see that £3 is a set of ((¢ + 1)(¢ — 1) + 2) points. Since we
know from theorem 1.24 that &5 contains no lines, no three of these points are collinear.
Furthermore each plane of PG(3, ¢) meets &; in either a single point or in a non-singular
conic. Those planes which meet &3 in a conic are called conic planes. Note that through
the point P € &; there passes ¢(g + 1) conic planes and one plane meeting &3 only at P,

which is necessarily the tangent plane to & at P.

In general, a set of (¢? + 1) points of PG(3,q), ¢ > 2, no three of which are collinear
is called an ovoid. Thus the above shows that an elliptic quadric is an example of an
ovoid. For ¢ odd it has long been known (see Barlotti [4] and Panella [39]) that the
elliptic quadric is the only example of an ovoid. However, for ¢ even there are examples
of ovoids which are not elliptic quadrics, (see Tits [57]). Much work has been done on the
problem of classifying all ovoids of PG(3,¢) and the related problem of characterising
ovoids by the nature of their plane sections. For a good survey on this see [38]. We shall

make use of the following result of this nature.

Theorem 1.30. [10] If O is an ovoid of PG(3,q) containing a conic then O is an
elliptic quadric. O
The Hyperbolic Quadric in PG(3,q)

Once again, we have from theorem 1.23 that a hyperbolic quadric H3 in PG(3,q) is

projectively equivalent to the quadric of equation
ToZ1 + ToZ3 = Os

Thus, if P = (9,21, Z2, x3) is a point of H3 and zg = 0 then P is of the form (0, z1, 0, z3)
or (0,1, x2,0). As each z; is an element of GF(g) there are (2¢ + 1) points of this form.
Alternatively zo # 0 and P is of the form (zg, —z223, Z2, z3). There are ¢ points on H;

of this type. Hence we may conclude that H3 contains (¢* + 2q + 1) points.
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By theorem 1.24 a generator of Hs is a line. We examine the set of generator lines of
Hs. From a consideration of the equation of 3 it is clear that the lines £, given by the

equations
o+ Ax3 =0,20 — Az =0
are generators of 3. For A # A’ the two lines £, and ¢y are skew and so the set
Ri={l: A€ GF(q)U{co}}

consists of g+ 1 skew lines. As H3 contains (¢?+2g+ 1) points, it follows that each point
of H3 lies on a unique line of R;. Any set of ¢ + 1 skew lines of H;3 is called a regulus.

Each point of H3 is contained in a unique line of the regulus.

Similarly, a line my of the form
g+ Azg =0,20 — Az =0
is a generator of Hs and the set of lines
Ro ={my: A€ GF(q) U{oco}}

also forms a regulus of lines on Hz. We say that R, is the opposite regulus to R;.
If /5 € R, then, as there is a line of R, through each point of H3 and there are ¢ + 1
lines in Ry, each line of R, meets £5. That is, each line of regulus meets each line of its

opposite regulus.

If P € H; then there is a line of each of R; and R, through P. The plane generated by
these two lines is Tp(H3), the tangent plane of Hz at P and meets H; in a quadric of
that plane. Therefore, from our knowledge of conics, Tp(#3) contains no other points of
Hsz. Thus, as any line of H3 containing P is contained in Tp(H3) (theorem 1.19), there
are no other lines of H3 through P. Since a regulus of H3 contains a line through P, R;

and R, are therefore the only reguli on H;.

The general equation of a quadric in PG(3,q) contains ten coeflicients and hence nine
points which impose linearly independent conditions on these ten coefficients will gener-
ate a unique quadric. If we take three mutually skew lines in PG(3, ¢) then taking three
points from each of these lines we have nine such points. Therefore these three lines
define a unique quadric of PG(3,q). As a non-singular hyperbolic quadric is the only

quadric of PG(3, q) which contains three mutually skew lines we have;

Theorem 1.31. Given three mutually skew lines in PG(3,q) there erists a unique hy-

perbolic quadric for which these lines are generators. O
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Rephrasing this theorem, we say that there is a unique regulus containing three mutually
skew lines of PG(3, ¢). If the lines are £, m, n then we denote the regulus containing these
lines by R(¢,m,n). A line t of PG(3,q) which intersects each of ¢, m,n is said to be
a transversal to /,m and n. Since such a line has three points in common with the
hyperbolic quadric with one regulus R (¢, m,n) it is a line of this quadric. Thus t is a

line of the opposite regulus to R(¢, m, n).

1.8 Spreads of PG(3,q)

A spread, or 1-spread, of PG(3,q) is a set S of pairwise skew lines of PG(3, q) satisfying
the property that each point of PG(3, q) is contained in a unique line of S. As PG(3,q)
contains (g3 + g%+ ¢+ 1) points, a spread consists of g%+ 1 lines and, conversely, any set
of ¢ + 1 pairwise skew lines of PG(3,q) form a spread. If 41, {5, £3 are three skew lines in
PG(3,q) then they determine a unique regulus R(¥y, £, ¢3) consisting of ¢ + 1 pairwise
skew lines partitioning the points of the hyperbolic quadric defined by the three lines.
We call a spread S of PG(3,q) regular if the regulus defined by any three lines of S is

contained in §. The following result is well-known.

Theorem 1.32. Let S denote a spread of PG(3,q). S is regular if and only if the set
of lines of S meeting a line of PG(3,q) which is not in S form a regulus. ]

1.8.1 A Construction of the Regular Spread

Consider PG(3,q) as a subgeometry of PG(3,¢?). Let £ be a line of PG(3,¢*) with no
point in PG(3,q) and ¢ be the conjugate of £ with respect to the quadratic extension of
PG(2,q). Let P € £ and mp denote the line joining P to its conjugate point P € £. For
P # @) the lines mp and mg are skew; for otherwise the plane they span would contain
¢ and 7, contradicting the fact that these two lines are skew. Since any line mp contains

g + 1 points of PG(3, ¢q) it follows that the set
S={mpNPG(3,q): Pe{}

consists of g°+1 pairwise skew lines of PG(3, ¢) and therefore forms a spread of PG(3, q).

If r, s, ¢ are three lines of S then, as lines of PG(3, ¢?), the lines £ and £ are transversals
to r,s and t. Therefore £ and £ are lines of the opposite regulus to R(£,m,n) and thus
every line of the regulus R(r, s,t) (in PG(3, ¢?)) meets both £ and £. Thus, in PG(3,q),
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all lines of R(r, s,t) are in S and so S is regular. Furthermore it is proved in [12] that
any regular spread of PG(3,¢) can be constructed in this manner for a unique pair of

conjugate lines £ and £. Precisely, the following is proved.

Theorem 1.33. [12] If ¢ is a line of PG(3, ¢*) with no point in PG(3,q) then the lines
obtained by joining each point P of £ to its conjugate point P of £ form a reqular spread
of PG(3,q). Any regular spread of PG(3,q) can be constructed in this way for a unique
pair of lines £,£ of PG(3,¢?). O

If S is a regular spread of PG(3,¢q) then the lines £ and £ of PG(3, ¢*) associated with

S as in theorem 1.33 are called the directrix lines of S.

1.9 Line Coordinates

As it currently stands, to identify a line £ of PG(n,q) we need to express it as the
intersection of (n — 1) hyperplanes about £. However there is a way in which we can
give homogeneous coordinates to the lines of PG(n,q) and, as we shall find this coor-
dinatisation useful in a subsequent chapter, we present it here. These methods can be
extended to give homogeneous coordinates to the m-spaces of PG(n,q) as is done in
Hirschfeld, [31], and Hodge and Pedoe, [32]. We use a similar method to these texts, but
applied only to the lines of PG(n, q).

Let £ be a line in PG(n,q) and P = (zo,21,... ,2,) and @ = (Yo,%1,--- ,Yn) be two

points of £. Consider the determinants

g(PQ)=| " 7

Yi Y
We wish to show that the g,;(PQ) are independent of the two points chosen on the line
¢ and hence are suitable to be used as coordinates of £. Note that for any 3,j g;; = —gjé
and g; = 0 so we need only consider the numbers g;; where ¢ < j. In other words we need
to establish that the (n+1)n/2-tuple (go1 (PQ), go2(PQ), - .. , gin-1)n (PQ)) is suitable to

be used as homogeneous coordinates of £.

Lemma 1.34. [31] If R; and R, are two distinct points of £ then gi;(RiRs) = Agi;(PQ)
for some A € GF(q) \ {0} which is independent of i and j.
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Proof: Let R1 = piP + qiQ and Ry = po P + g2Q, where p1,p2, q1,q2 € GF(q) U {00},
be any two points of £. Then

nx + QY P1T; + 1y, D11 T; Xy
D2Z; + QoY D2Z5 + G2y D2 G2 Yi  Yj

Thus g;;(R1 Ry) = Agi;(PQ) where, as Ry and R, are distinct points,

\ = b1 41 £0
P2 @
O
Thus we can use (goo, go1, - - - » G(n-1)n) @ homogeneous coordinates for the line £. These

homogeneous coordinates for the lines of PG(n, ¢) are called Grassmann Coordinates.

When n = 3 they are also called Pliicker coordinates

Theorem 1.35. If (go1, go2, - - -, Y(n—1)n) a7e the coordinates of a line £ of PG(n,q) then
the gi; satisfy the following conditions;

99kl + Git 9k = Gikgji (1.6)

where {1,7,k,1} € {0,1,... ,n} withi < j <k <.

Proof: Let X = (2, %1,...,%n) and Y = (y0,¥1,--. , Yn) be two distinct points of £ and

consider the determinant

Ty XTj T Ty

Yi Y Y Y

Z; T3 Tk Ty

Yi Y5 Y U
where {7,7,k,1} € {0,1,... ;n} withi < j <k <.
As the determinant contains identical rows it clearly has value 0. However, by simple

expansion, the value of this determinant is also g;;gx + gugjx — gikg;;- Thus we obtain

the required result. g

The coordinate vector of a line of PG(n, ¢) is a homogeneous (n + 1)n/2-tuple. Hence,
as there are more homogeneous (n + 1)n/2-tuples than lines in PG(n, q), not all of these
(n+1)n/2-tuples are the coordinates of lines of PG(n, q). However all the homogeneous

(n 4+ 1)n/2-tuples which satisfy the relations of theorem 1.35 are.
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Theorem 1.36. [31] If (go1, go2, - - - » Gin—1)n) s @ non-zero (n+ 1)n/2-tuple of elements
of GF(q) satisfying the equations 1.6 then (goi, go2, - - - » Gn-1)n) are the coordinates of a
line of PG(n,q). O

1.10 Grassmann Varieties

The Grassmann coordinates of a line of PG(n, ¢) are a homogeneous N = (n + 1)n/2-
tuple and so can be considered as a point of PG(N — 1,q). Let £, , denote the set of
lines of PG(n,q) and define the map

v:Lpy — PG(N-1,9q)

by v(£) = P where the coordinates of the point P are the Grassmann coordinates of the

line 4. Now let

Gin={P € PG(N —1,q): P=~(¢) for some line £ of PG(n,q)}

By theorem 1.35, the Grassmann coordinates of a line of PG(n,q) satisfy the equa-
tions 1.6. Hence each such equation defines a quadric of PG(N —1, ¢) which is contained
in G . By theorem 1.36, G, is exactly the intersection of these quadrics. Thus G, , is
a variety of PG(N — 1, q) called the Grassmann variety or Grassmannian of lines of
PG(n,q). In the case n = 3 the Grassmannian is a hyperbolic quadric of PG(5, q) called
the Klein quadric.

Theorem 1.37. [32] The variety G, , is absolutely irreducible and non-singular and has

dimension 2(n — 1) and order % =

We wish to determine the number of subspaces of PG(N — 1, q) which are contained on

the Grassmannian. To begin, we state the following;

Theorem 1.38. [31] Let £ and £' be two lines of PG(n,q) with P and P' denoting the
points y(£) and y(¢') of Gin, respectively. The line PP' of PG(N — 1,q) is contained
on the Grassmannian if and only if £ and € intersect. If £ and ¢ do intersect then the
images, under vy, of the ¢ + 1 lines of the plane (€,£') which contain the point £N ¢ are
the points of the line PP'. 0

Let 7 be a plane of PG(n, q) and L, denote the set of lines of . Suppose that P, = v(¢;)

and P, = 7(¥;) are the points of the Grassmannian corresponding to the lines ¢, and

241



£y of 7. By theorem 1.38 the lines of 7 through the point ¢; N 45 represent a line of
the Grassmannian, each point of which is the image under 7y of an element of £,. Thus
¥(L,) is a subspace of PG(n, ¢), contained on G; ,. As v(L,) contains (¢*+ ¢+ 1) points,
this subspace is a plane, called a Greek plane. There are as many Greek planes on the

Grassmannian G, ,, as there are planes in PG(n,q).

Suppose that o is a Greek plane on G;, corresponding to the plane 7 of PG(n,q) and
that the 3-space £3 of PG(N — 1, g) contains « and is contained in G; ,,. Let P € £3\ a.
As Y3 is contained in G, , there is a line of Gy, joining P to every point of a. Thus
v~*(P) meets every line of 7, which is not possible. Hence any subspace of PG(N -1, q)

which contains a Greek plane is not contained on the Grassmannian.

There are, however, other subspaces of PG(N—1,¢q) on G; ,. Let P be a point of PG(n, q)
and Lp denote the set of lines of PG(n, ¢) which contain P. As there are (¢" ™' +¢"™2 +
...+ ¢+1) lines through a point in PG(n,q), v(Lp) contains (¢" ' +¢"2+...+q¢+1)
points of Gy ,. Suppose that P, = y(¢;) and P, = y({;) are any two such points. In
PG(n,q), the g + 1 lines of the plane (#;, £;) through the point P are mapped by « to a
line of G, , contained in v(Lp). Thus any two points of yv(Lp) are contained in a line of
v(Lp) and so v(Lp) is a subspace of PG(NN — 1, ¢) contained on the Grassmannian. As
v(Lp) contains (¢""! + ¢"? +...+ ¢+ 1) points, it is a subspace of dimension n — 1.
The subspaces of G, ,,, which correspond to the points of PG(n,g) in this way are called

Latin spaces and are (¢" + ...+ ¢+ 1) in number.

As with Greek planes, a Latin space is not contained in any space of higher dimension
on the Grassmannian. Suppose that ¥,_; is a Latin space on §G; , corresponding to
the lines of PG(n,q) through the point P. If X is a point of a (possibly larger) space
containing ¥,_; then X is collinear, on a line of G, ,, with every point of ¥,_;. Thus
v~} X) intersects y~1(Y) for all points ¥ of £,_;. Thus y~*(X) passes through P and

so X is a point of ¥,_;. Summarising, we have;

Theorem 1.39. [29] The lines of a plane of PG(n, q) correspond to the points of a plane
on Gin, called a Greek plane. The lines through a point of PG(n,q) correspond to the
points of a (n — 1) dimensional space on Gy, called a Latin space. Every subspace of
PG(N —1,q) contained on G, ,, is either one of these spaces or is a subspace of one of

these spaces. 0O
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1.11 The Ruled Cubic Surface in PG(4,q)

Let o be a plane in PG(4,q) containing a non-degenerate conic C and £ be a line of
PG(4,q) skew to a. Suppose that the points of £ and the points of C are projectively
related (by which we mean that if § and #' are non-homogeneous parameters for the
points of C and ¢, respectively, then 8’ = ¢(8), for some ¢ € PGL(2,q)). If we join the
points of C and ¢ which correspond to one another under this projective correspondence
by lines then the resulting structure V is called a ruled cubic surface. C is known as
the conic directrix, ¢ as the line directrix and the lines joining corresponding points

of ¢ and C are called generators of the ruled cubic surface.

Choose coordinates in PG(4,q) so that « is the plane z3 = z4 = 0, £ the line z, =
T1 = 2o = 0, C has equation 72 = z¢z,, T3 = 24 = 0 and the point (22, 1y, y?,0,0) of C
corresponds, under the above projective correspondence, to the point (0,0,0,z,y) of 4.

Thus the ruled cubic surface consists of the set of points

{(z*, zy,y*, 72,y2) :z,y € GF(q), not both zero ,z € GF(q) U {o0}} (1.7)

Using this formulation we define the following map:

o:PG(2,q) - V

o:(z,y,2) — (2% y,vy% z2,92)

Theorem 1.40. The ruled cubic surface is exactly the intersection of the three quadrics

Toly — T1T3 = 0 (18)
ToZs —T1T4 = 0 (1.9)
ToTy — 72 = 0 (1.10)
O

Thus the ruled cubic surface is indeed a variety. To calculate its dimension and order we

consider the following map between the plane of PG(3,q) of equation z3 =0 and V/,
(z,9,2,0) = (2%, 2y,9°, 22, y2)

This defines an algebraic 1-1 correspondence between the points of V' and the plane
(z,y, 2,0) of PG(3,q). Thus V is an absolutely irreducible variety of dimension two and,

moreover, we are justified in calling it a surface.
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To determine its order we need to know in how many points a generic plane of PG(4, q)
meets V. For this purpose consider the hyperplane agzo + 121 + @222 + azz3 + aszy = 0.

This meets the surface in the points with coordinates satisfying
ax? + a1zy + agy? + azzz + agyz =0 (1.11)

Thus, under o, the points in which a hyperplane intersects V' correspond to the points
of a conic of PG(2, ¢) containing the point (0,0,1). Therefore, since a plane of PG(4, q)
can be expressed as the intersection of any two hyperplanes containing it, the points in
which a plane of PG(4, q) intersects V' correspond, under o, to the points of intersection
of two conics of PG(2,q) which both contain (0,0,1). As two such conics generically
have three further common points, a generic plane section of V' contains three points

and the variety has order 3.

Because of this we henceforth denote the ruled cubic surface by V3.

Lemma 1.41. Any two generators of Vi are skew and no three lie in a common hyper-

plane.

Proof: A plane containing two generators necessarily contains £ and meets «, the plane
of the conic directrix, in a line, contradicting the fact that £ and o are skew. Simi-
larly, a hyperplane containing three generators contains both £ and « which, once again,

contradicts the fact that these spaces are skew. O

Corollary 1.42. A line of PG(4,q) which is neither a generator nor the line directriz

of Vi intersects V33 in 0,1 or 2 points.

Proof: Suppose the line m (which is neither the line directrix £ nor a generator) contains
three points of V2. If one of these points is on £ then it meets two generators at points not
on £ and the plane (m, ) contains the generators through these points which contradicts
lemma 1.41. If m is skew to £ then (m, ¢) is a hyperplane containing the three generators

which meet m, in contradiction with lemma 1.41. O

1.12 Segre Varieties

Let X = (2o,...,2,) be a point of PG(n,q) and ¥ = (yo,...,%m) be a point of
PG(m,q). Consider the set of points S of PG((n+ 1)(m + 1) — 1,q) of the form

{(zoyos - - - , ToYm,> Z1Y0, - - - , TnYm) : X € PG(n,q) and Y € PG(m,q)}
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Each such point lies on each of the quadrics (for n < m)

XiXk(n+l)+(j+1) = Xj+1ch(n+1)+i

where 4,7 = 0,1,... ,n with j§ > dand k = 1,... ,m and every point common to these
quadrics is of the above form. Thus S is a variety in PG((n + 1)(m + 1) — 1,¢) called

a Segre variety. The Segre variety is absolutely irreducible and non-singular and has

dimension nm and order (’:;Lm)! (see [31]). We denote it V,,, and sometimes call it the

'm!

Segre product of PG(n, ¢) and PG(m, g). The Segre variety was introduced by C.Segre
in 1891 (see [46]) where it is discussed over the infinite field. For more information on
this case see Hodge and Pedoe, [32]. The Segre variety over a finite field has been studied
by Hirschfeld [31] and Casse and O’Keefe [19]. We follow [19].

We discuss the subspaces of PG((n+ 1)(m+1) — 1, q) which are contained on V, ,,. Fix
Q@ = (o, .- ,Ym) and consider the set of points

Yn = {(2o¥0, - - - , ToYm, T1Y0, - - - s Tnlm) © (To, ... ,2n) € PG(m,q)}
The points of £, are spanned by the (n + 1) linearly independent points

(Y0 - -+ »Ym,0,...,0,...,0,...,0),

(07"' 707y07"' 7ym7"'707""0)7

(0""70707"' ?0‘."" 7y0"" 7ym)

and thus X, is a subspace of dimension n of PG((n+1)(m+1) —1, ¢) which is contained
in Vpm. As we vary Q over all points of PG(m,¢) we obtain (¢™ + ...+ ¢q + 1) such

subspaces, any two of which have no common point.

Similarly, by fixing R = (zo,... ,z,) we see that the set of points

Em e {(iﬁoyo, «v e 5 X0Ym, T1Yo0, - - - aInym) : (?Jo, R aym> S PG(qu)}

is a subspace of dimension m on V, .. Again, as there are (¢" + ...+ ¢ + 1) candidates
for R we obtain a set of (¢" + ...+ ¢+ 1) pairwise skew m-dimensional spaces on V,

in this way.
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Lemma 1.43. [19] The Segre variety V, . contains two systems of subspaces, the first,
[y, consists of (¢™+ ...+ q+1) pairwise skew n-dimensional spaces and the second, I'y,
consists of (¢™ + ...+ q+ 1) pairwise skew m-dimensional spaces. Two subspace from
opposite systems have a unique common point and any point of V, n is contained in a

unique subspace from each system.

Proof: It only remains to prove to the last sentence. If X, is an element of T,
corresponding to the point @ (as in the above discussion) and if ¥,, is an element
of I',, corresponding to the point R then ¥, and X,, meet exactly at the point

(ZoYos - - - » ToYms T1Y0s - - -  TnYm). Conversely, the point (zoyo, - - - , ToYm, T1Y0s - - - » Tnlm)
of V,, m lies only in the elements of I', and [',, corresponding to the points ¢ and R re-

spectively. O
As a direct corollary we have;

Corollary 1.44. The Segre variety V, ,m contains (¢"+...+qg+ 1)(¢"+ ...+ ¢+ 1)

pownts.

O

Theorem 1.45. [19] The system of n-spaces on the Segre variety V,, can be obtained
by joining corresponding points of (n + 1) pairwise disjoint and projectively related m-
spaces in PG((n + 1)(m + 1) — 1,q). Similarly, the system of m-spaces on Vy,, can
be obtained by joining corresponding points of (m + 1) pairwise disjoint and projectively

related n-spaces in PG((n+1)(m+1) —1,q).

Proof: If 3,...,%, denote (n + 1) pairwise disjoint m-spaces then we may choose

coordinates in PG((n + 1)(m + 1) — 1,q) so that they contain the sets of points:

Lo {(zo,... ,Zm,0,...,0,...,0,...,0) : z; € GF(q)},

2 {(0,...,0,z0, ... , Zmy--+,0,...,0) : z; € GF(q)},

o ¢ {(0ysng 05 0pumncOy s, Zoy - - - » T} : T3 € GF(g)}.

Furthermore, by an appropriate choice of coordinates, we may assume that the projective

correspondence between Xy, ..., X, relates points P,,... , P, of the form;
Py:(yoy--+ »Ym,0,...,0,...,0,...,0),
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P :(0,...,0,%,-- yYmy---,0,...,0),

P,:(0,...,0,0,...,0,...,%0,--+,Um)

where ¥y, ...,y are not all zero. For each choice of yy,..., %, the points Py,... , P,
span a subspace of PG((n + 1)(m + 1) — 1,¢q) of dimension n and the set of all such
n-spaces are the n-spaces of the Segre variety V, ,,. The proof of the second statement

is analogous to this. m]

Theorem 1.46. [19] There is a unique Segre variety Vpm containing any (n + 2) m-
spaces of PG((n+1)(m+1)—1,q), no (n+1) of which lie in a hyperplane. Similarly, there
15 a unique Segre variety Vo, containing (m +2) n-spaces of PG((n+1)(m+1)—-1,q),
no (m+ 1) of which lie in a hyperplane.

Proof: Let %,...,%,;; denote (n + 2) pairwise disjoint m-dimensional subspaces of
PG((n+1)(m+1)—1,q9), no (n+ 1) in a hyperplane. Note that the condition that
no (n+ 1) of the X; lie in a hyperplane implies that the ; are pairwise disjoint. Now,
through a general point of PG((n + 1)(m + 1) — 1,q) there passes a unique n-space
meeting each of (n+ 1) pairwise disjoint m-spaces in a unique point. Therefore, through
each of the (¢™ + ¢™ ' + ... + 1) points of &, there is a unique n-space meeting each
of ¥1,...,En41. The (¢™ +¢™ '+ ...+ 1) n-spaces so obtained are pairwise disjoint
and are one system of subspaces of a Segre variety. The proof of the second statement

is analogous. a

1.12.1 The Cubic Scroll of Planes in PG(5,q)
Consider the Segre product of a plane and a line. This is the set of points

{(?Jozo,yozl,yozz,ylzo,9121,9122) : (y07y1) € PG(LQ)’ (ZOazlazQ) € PG(Z,Q)} (1-12)

of PG(5,¢) and is also known as the cubic scroll of planes in PG(5,q).

Every point of the cubic scroll of planes lies on each of the 3 quadrics with equations,

T1Ty5 — Ty = 0 (113)
Toxz — Toxs = 0 (1.14)
Tplg — T3 = 0 (115)
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and conversely, each point in common to these three quadrics is a point of the cubic
scroll. Thus it is a variety. We can infer directly from the coordinatisation given above
that the cubic scroll has dimension 3 and we will see shortly that it has order 3. Due to

this we denote the cubic scroll by R3.

Alternatively, we can define the cubic scroll as follows. Let = and #' be two skew planes
in PG(5,q) and suppose that w defines a projective correspondence between them. If we
join corresponding points under w by lines then the set of points on these (¢* + ¢ + 1)
lines are the points of a cubic scroll of planes. (For if we choose coordinates so that the
point (zg, 21, 22, 0, 0,0) of 7 corresponds to the point (0,0, 0, 2y, 21, 22) of 7’ under w then

it is evident that we obtain the set of points 1.12; theorem 1.45.)

As it is a Segre variety there are two systems of subspaces contained on the cubic scroll.
The first consists of (¢ + 1) skew planes and the second of (¢? + ¢ + 1) skew lines. Each
point of R} lies on exactly one space of each system and spaces from different systems
intersect in a unique point. Any subspace contained in R} is either contained in one of

these spaces or is one of these spaces.

If 7 is a plane of RS and £ is a line of 7 then the set of lines of Rj meeting ¢ meet each
plane of the scroll in a line and are the lines of a Segre variety V; ; which is a hyperbolic
quadric. There are (g2 + ¢ + 1) lines in 7 and thus (¢* + ¢ + 1) hyperbolic quadrics on

the scroll.

We discuss the ways in which a hyperplane of PG(5, ¢) can intersect the cubic scroll. As
any two planes of R3 are skew, a hyperplane can contain at most one plane of the scroll

and accordingly a hyperplane intersects the scroll in two possible ways.

Let ¥4 be a hyperplane in PG(5, q) containing the plane 7 of the scroll. As a hyperplane
meets each plane of PG(5,q) in at least a line, £, meets each of the remaining planes of
R3 in a line. Suppose that it meets 7’ in #'. Since the lines of R} join projectively related
points of 7 and 7' the lines of R} meeting ¢ intersect 7 in a projectively related line, £.
Hence these are the lines of a Segre variety V;; (theorem 1.45), which is a hyperbolic
quadric. That is, these lines constitute one regulus of a hyperbolic quadric and, together
with £ and ¢, the lines in which ©; meets the remaining ¢ — 1 planes of R3 constitute

the opposite regulus of this hyperbolic quadric.

Now suppose that ¥4 contains no plane of the scroll and hence meets every plane of the
scroll in a line and, in particular, meets 7; in ¢; and 7y in ¢,. Again, these planes are

projectively related, under projectivity w, say, and w(¢;) is a line #; of m. The line g
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of R} through ¢, N ¢} joins corresponding points under w and so joins this point to a
point of ¢; and is thus contained in ¥4. Let m be a line of m; which does not contain the
point g N7 The (g + 1) lines of the cubic scroll which intersect m are one regulus R
of a three-dimensional hyperbolic quadric @. ¥, does not contain @, nor any line of R,
and thus meets Q in a non-singular conic C. The intersection of 4 with R3 therefore
consists of the g + 1 lines joining the points of g to the points of C. These points are

projectively related so the resulting structure is a ruled cubic surface. Hence we have,

Theorem 1.47. A hyperplane intersects the cubic scroll of planes in either a ruled cubic

surface or in a plane together with a hyperbolic quadric. O

Thus the cubic scroll of planes is indeed of order 3. In addition, as there are precisely
(¢ + g+ 1) hyperbolic quadrics on R}, there are (¢g°> + ¢+ 1)(g+ 1) hyperplanes meeting

4

the scroll in a plane and a quadric and hence (¢* — ¢* — ¢) meeting it in a ruled cubic

surface.

1.13 Spreads

In section 1.8 we defined and discussed a spread of lines of PG(3,q); we extend this
work here. A t-spread of PG(n,q) is a set of pairwise disjoint ¢-spaces of PG(n,q)
which partition the points of PG(n,q). A 1-spread is usually called a spread. If S is a
t-spread of PG(n,q) then clearly the number of points in PG(n,q) must be a multiple
of the number of points in PG(¢,q). Thus

(¢ = Dl(g"" = 1)
which implies that (¢ + 1)|(n + 1). We write
(n+1)=(+1)(t+1)

for some integer r > 0. Moreover, it is well-known (see, for example, [23]) that this
condition is sufficient to guarantee the existence of a t-spread of PG(n, q) as the following
construction of a t-spread of PG((r + 1)(t + 1) — 1,¢q) shows. See [18], Thas, and we

quote from there.

Let X9,%;,...,%; be (¢ +1) r-dimensional subspaces of PG(n, ¢"*!) which generate the
space and are conjugate with respect to the (t+1)-th extension GF(¢"*!) of GF(q) (that
is, if o denotes the collineation of PG(n, ¢'™') induced by the automorphism of GF(g**!)
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mapping z to 2% then &; = £J')). Let Py € £y and P, ..., B be the ¢t points conjugate
to Fy; so P; € X;. Let II be the ¢t-dimensional subspace generated by these points. Now
qn+1
qL+1

IT meets PG(n,q) in a subspace of PG(n,q) of dimension ¢. The set of all ((——:11)) such

t-spaces forms a t-spread of PG(n, gq).

Lemma 1.48. A necessary and sufficient condition for the existence of a t-spread of

PG(n,q) is that
n=(r+1)t+1)-1

for some integer r > 0. O

We say that S, a t-spread of PG((r+1)(t+1)—1,q), induces a t-spread in the subspace
Yy of PG((r+1)(t+1)—1,q) if every element of & which intersects ¥, is contained in
¥4 If § induces a t-spread in the subspace generated by any two elements of S then we
say that S is a geometric spread (Baer [2]) of PG((r + 1)(t + 1) — 1,¢). In some of

the literature the term normal is used to describe a spread satisfying this property.

From a geometric spread S of PG((r + 1)(t + 1) — 1,¢) we can construct an incidence
structure? Z(S) as follows. The points of Z(S) are the elements of S, the lines of Z(S)
are the subspaces generated by two elements of S and the incidence is containment; this

is as in [45]. There the following results are proved.
Theorem 1.49. [45] A geometric t-spread of PG(n, q) exists if and only if (t+1) divides
(n+1).

Let S be a geometric t-spread of PG((r + 1)(t +1) — 1,q), with r > 0. The incidence
structure Z(S) is isomorphic to the incidence structure formed by the points and lines of
PG(r,¢"*1). 0

In the case where t = 1 and r = 2, § is a spread of lines of PG(5, ¢) and the incidence
structure Z(S) is isomorphic to PG(2,¢*). This representation of PG(2,¢?) has been
studied by R.C.Bose in [8]; we shall study this in later chapters.

1.13.1 Regular t-spreads

Let S denote a t-spread of PG((r+1)(t+1) —1,¢q). We define the term regular for such

spreads.

2By an incidence structure we mean a triple (P, £,Z) where P and Z are two sets whose elements
are called points and lines, respectively, and 7 is a subset of P x £. For example, a projective space is

an incidence structure with respect to the points, lines and natural incidence of that space.
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A t-regulus in PG((r+1)(t+1) —1, q) is the set of t-spaces of a Segre variety V,,, ([19]).
Again, a 1-regulus is usually called a regulus. As a Segre variety V;; is a hyperbolic
quadric of PG(3, q), this definition is equivalent with that already given for a regulus of
lines of PG(3,q).

Theorem 1.50. [19] There is a unique t-regulus through any (r+2) t-spaces of PG((r+
(t+1)—1,q), no (r+1) of which lie in a hyperplane.

Proof: This is a restatement of theorem 1.46. O

We then define a regular spread of t-spaces of PG((r + 1)(t + 1) — 1,q) as follows: a
t-spread S of PG((r+1)(t+1) -1, ¢) is said to be regular (see [19]) if given any r-space
in PG((r+1)(t+1) —1, g) not containing more than one point of any element of S, the
(¢"+ ...+ g+ 1) elements of S which intersect it form a t-regulus.

In the case of a 1-spread of PG(3, ¢) this definition says that S is regular if the lines of S
meeting any line of PG(3,q) not contained in S form a regulus. Thus, by theorem 1.32,

this definition is equivalent to that given earlier for 1-spreads of PG(3,q).

Note that for ¢ = 2 a t-regulus of PG(2t + 1,2) consists of 3 t-spaces and so, by the-
orem 1.46, every t-spread of PG(2t + 1,2) is regular. In some of the literature this
situation is avoided by defining a regular spread as one that can be constructed using
the construction given immediately prior to the statement of lemma 1.48. To conclude

this section we quote the following result.

Theorem 1.51. [19] A t-spread of PG((r+1)(t+1)—1,q), with r > 2 is reqular if and

only if it is geometric. a

1.14 Unitals

Let K be a set of k points of PG(2, g). If for every line £ of PG(2,q)
KN K| e {ny,ng, ... ,n.}

where 0 < n; < (¢+ 1) then we say that K is a k-arc of type (n1,n2,... ,n,). A line
containing n; points of K is called an n;-secant of K. If we speak of a k-arc without

mentioning its type it is assumed that the k-arc is of type (0,1, 2).

Consider a k-arc K of type (m,n). If m = 0 such an arc is called a maximal arc,

of which two trivial examples are the plane PG(2,q) itself (with n = ¢ + 1) and the
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set PG(2,q) \ £ for any line ¢ of PG(2,q) (with n = ¢). Excluding the case where
K = PG(2,q), the existence of a maximal arc with n points on a line in PG(2, ¢) implies
that n divides ¢, as is shown by Cossu in [22]. For ¢ odd this condition is in fact
sufficient and examples of maximal arcs with n points on a line in PG(2, q) have been
demonstrated (see Denniston [24] and Thas [54]) for every n dividing q. However, when

g is odd the opposite is true and besides the trivial examples there are no maximal arcs

in PG(2,q) for ¢ odd (see [3]).

Now let K be a k-arc of type (m,n) with m # 0, see Tallini-Scafati [53] for a discussion
of the elementary properties of such arcs. Here, by considering the number of points of

K on the lines through various points of PG(2, q) it is shown that k satisfies
mg+n<k<(n—1l)g+m

Arcs satisfying this lower bound are called minimal with respect to type and those
satisfying the upper bound are called maximal with respect to type. Furthermore

the following result is proved;

Theorem 1.52. [53] If PG(2,q) contains a k-arc of type (m,n) with m # 0 then

1. q is a square.

2. If K is mazimal with respect to type then it is either the complement of a Baer

subplane or a (g\/q + 1)-arc of type (1, /g +1).

3. If K is minimal with respect to type it is either a Baer subplane or the complement

of a (g/q + 1)-arc of type (1,,/q+1).

O

We say that a (¢® + 1)-arc of type (1,¢+ 1) in PG(2,¢?) is a unital. In some of the

literature the term hermitian arc is also used.

Let I denote a unital in PG(2,q?). Every line of the plane meets U/ in one or (g + 1)

points and we call such lines tangent lines and secant lines of U/ respectively.

Let P be a point of &. There are (¢ + 1) lines passing through P and each of the
remaining ¢ points of U lie on a unique such line. Hence, as each line through P is
either tangent or secant to the unital, ¢® of these lines are secants of I/ and one is a
tangent of U. Thus, as U contains (¢® + 1) points it has (¢*> + 1) tangent lines and
(*+¢*+1)— (#+1) = (¢* — ¢ + ¢*) secants. Similarly, by considering the lines
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through a point of PG(2,¢%) \ U, it is easily shown that of the (¢? + 1) lines through
such a point (g + 1) are tangents of I and (¢> — ¢) are secant lines. For future reference

we gather these results together.

Lemma 1.53. Let U be a unital in PG(2,¢%). In total U has ¢® + 1 tangent lines and
(¢* — ¢® + ¢%) secant lines. Through a point of U there passes a unique tangent and ¢
secants. Through a point of PG(2,¢%) \U there passes ¢+ 1 tangents and (¢> — q) secants
of U. a

1.14.1 The Classical Unital

Recall from section 1.2.1 that a bijective correspondence o between the points and lines
of PG(2,¢?) which is incidence preserving and of order two is called a polarity. A point
P of PG(2,¢?%) for which P € P? is called an absolute point of ¢ and similarly a line £
of PG(2,¢?) for which ¢ € £ is called an absolute line of o.

A polarity of PG(2, ¢?) for which the set of absolute points is projectively equivalent to
the set of points of the curve defined by the equation

1 1 2
o + 2 42l =0

is called a unitary polarity.

The set of absolute points of a unitary polarity o in PG(2,¢?) form a unital called a
classical unital (or sometimes an hermitian curve). The secant lines of a classical

unital are the non-absolute lines of the polarity.

If P € U and ¢ is the polar of P then, as P is an absolute point, P € £ and hence, as ¢
is incidence preserving, ¢ € P° = { and / is absolute. Therefore the polar of P is the
unique tangent to U through P. Similarly, the pole of a tangent line to U is the unique
point of the unital on that tangent line. If P ¢ U/ then P is incident with (¢+ 1) tangent

lines ¢y,... ,4,41 of U and hence, as o is incidence preserving,
Pe Ei — Zf € P°

That is, the (¢+1) points of U £7,... ,£7,, are collinear on the polar line of P. Similarly,
if £ is a secant line of U/ the tangent lines of I/ intersecting £ in a point of U/ are concurrent

at the pole of £. Furthermore, this property classifies classical unitals among all unitals.

Theorem 1.54. [56] Let U be a unital of PG(2,q?). If the tangents of U at collinear

points of U are concurrent then U 1is classical. O
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The fact that the points of a classical unital are the absolute points of a unitary polarity

allows us to deduce other configurational properties of the points of a classical unital.

Let A, B,C,D be four points of the unital U, no three of which are collinear, with
a, b, c,d denoting the tangents of U at these points. We say that I/ satisfies the condition
of reciprocity if whenever a N b is a point of the line joining C and D then cNd is a
point of the line joining A and B. Now suppose that I is a classical unital, X =anb
and Y =cNd. As CD is the polar of Y, the condition that X € CD is equivalent to X
being incident with the polar of Y. Thus, by the pole-polar property, this implies that ¥’
is on the polar of X, or, in other words, Y € AB. Hence the classical unital satisfies the

condition of reciprocity. Actually, this property also characterises the classical unital.

Theorem 1.55. [53] A unital is classical if and only if it satisfies the condition of

reciprocity. a

It can also be shown that the points of a secant line of a classical unital are the points

of a Baer subline of a line of PG(2,¢?). Conversely, we have the theorem;

Theorem 1.56. [35], [26] Let U be a unital in PG(2,¢*), where ¢ > 2. If, for every
secant line ¢ of U, the points of U on £ are the points of a Baer subline then U is a

classical unital. O

Equivalently, this can be stated as, if each Baer subline of PG(2, ¢?) meets I in 0,1,2 or
g + 1 points then U is classical.

This has been improved to,

Theorem 1.57. [6] Let U be a unital in PG(2,¢%), where ¢ > 2 and £ be o secant line
of the unital. If every Baer subline with a point on £ meets U wn 0,1,2 or ¢ + 1 points

then U 1s classical. O

1.15 The Bruck-Bose Representation of Translation

Planes

In their papers [13] and [14] Bruck and Bose give a construction for any translation plane
with kernel containing GF(q) (see [33] for a definition of these terms). In particular
any finite translation plane, and thus PG(2,q), can be constructed in this way. This

construction has proved useful in the study of certain structures in translation planes,
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most notably in the study of unitals. It should be noted that the construction given by

Bruck and Bose is equivalent to one given earlier by Andre in [1].

Let £ be a (2t — 1)-space in ¥ = PG(2t,q) and let S be a (t — 1)-spread of ¥,. Define

an incidence structure m(X, X, S) as follows.

The points of 7(X, £, S) are of two types. The first being the points of X not contained

in ¥ and the second being the elements of S.

The lines of 77(2,.200,8) are the t-spaces of ¥ meeting ¥, exactly in an element of S

and one ideal line /o, which consists of the elements of S.

The incidence in (X, X, S) is given by natural containment.

Theorem 1.58. [13], [14] (%, X, S) is a translation plane of order ¢ with translation
line Lo, and every translation plane of order ¢¢ which has a kernel containing GF(q) can

be constructed in this way. O

We call the structure in PG(2t,q) associated to a translation plane 7(X,3.,S) the
Bruck-Bose representation of 7(2,X,,S). The map associating 7(Z, Z, S) to its
Bruck-Bose representation is denoted 33, and called the Bruck-Bose map, so that if
A denotes some substructure of 7(%,X,S) its Bruck-Bose representation is denoted

B2(A) or APz,

In addition,;

Theorem 1.59. [13] For q > 2, the translation plane 7(X, X, S) is isomorphic to
PG(2,¢") if and only if S is a regular spread. O

Note that when ¢ = 2 all (t—1) spreads of PG(2t—1, 2) are regular, by the definition given
in section 1.13.1, but there are translation planes of order 2 which are not isomorphic
to PG(2,2).

1.15.1 The Representation of the Baer Subplanes of PG(2, ¢?)

The above construction has had greatest use in the study of the Desarguesian plane
PG(2,q%). Of particular importance is the representation of Baer substructures of
PG(2,4¢*). To consider these we assume that ¢ = 2 so that ¥ = PG(4,q), T is a
3-space contained in X and § is a regular spread of ¥,,. Throughout we let ., denote

the line of PG(2,¢%) which corresponds to X, under the Bruck-Bose map.
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A plane 7 of PG(4,q) meeting £, in a line m which is not an element of S is called
a transversal plane. The points of 7 \ m, together with the ¢ + 1 elements of S
1,... 4,41 which intersect m, are the Bruck-Bose representation of q®> + g + 1 points
of PG(2,¢%). These points form a Baer subplane of PG(2,4¢?) (as is shown in [13]) for
which the Baer sublines are represented by the lines of m meeting m. In this respect we
say that 7 is the Bruck and Bose representation of a Baer subplane of PG(2, ¢*) meeting
{s in q+ 1 points. As any line of PG(4, ¢) not in ¥ is contained in a transversal plane,
each of these lines represents a Baer subline with a unique point on /4.,. Conversely, by

counting, we can show that the converse of these statements hold. That is, we have;

Theorem 1.60. A transversal plane of S is the Bruck-Bose representation of a Baer
subplane of PG(2,q?) meeting s in g + 1 points. Conversely, a Baer subplane of
PG(2,¢%) containing (q+ 1) points of L is represented under the Bruck-Bose map by a

transversal plane of S.

A Baer subline of a line of PG(2,q*) with a unique point on L, is represented by a line
of ¥ meeting Lo in a unique point and, conversely, any such line is the Bruck-Bose

representation of a Baer subline of a line of PG(2,q*) with one point on lu,. o

Note that the first statement above is true in any translation plane 7(X, X, S), re-
gardless of whether S is regular or not but that the converse is not true in general for
translation planes other than PG(2,4?) (see, for example, Freeman [27]). For the case

of Baer subplanes meeting /., in a unique point we have;

Theorem 1.61. [21], [9], [59] In PG(2,q?) a Baer subplane meeting s in a unique
point is represented in PG(4,q) by a ruled cubic surface with line directriz a line of S

and conic directriz skew to Yo and lying in a plane meeting Yo in a (distinct) line of

S. O

For Baer sublines with no point on £, we have;

Theorem 1.62. [35] A Baer subline of PG(2,q?) with no point on £y is represented
by a conic of ¥ with no point in X and contained in a plane meeting X n a line of

S. O

However in this case the converse is not true, that is not all conics of PG(4, ¢) satisfying
the above properties are the Bruck-Bose representation of a Baer subline of a line of
PG(2,q?%) (see Metz, [37]). Those that do are called Baer conics. Similarly not all

ruled cubic surfaces with line directrix a line of & and conic directrix situated as in
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result 1.61 are the Bruck-Bose representation of a Baer subplane of PG(2,¢%). Those
which are are called Baer ruled cubics [21]. In section 5.1.1 we find conditions which
characterise the Baer conics and the Baer ruled cubics among all conics and ruled cubics
of PG(4,q).

1.15.2 The Bruck-Bose Map and Unitals

Let U be a unital in PG(2,¢?). If £y, is secant to U then we call U a hyperbolic unital
and if £, is tangent to U we say that U is a parabolic unital. In [17] Buekenhout gave
the structure of B2(U) = U, the Bruck-Bose representation of ¢ in the case where U
is a classical unital. There it is shown that if / is hyperbolic then f is a non-singular
quadric of PG(4, q) intersecting X, in a regulus (hyperbolic quadric) and, alternatively,
if U is parabolic then I is a quadric cone consisting of the lines joining a point 7' of
Y to the points of a three-dimensional non-singular elliptic quadric which has a unique
point on ¥,,. Note that the line of the spread through T is a line of this quadric cone

and corresponds under the Bruck-Bose map to the unique point of &/ on £.,.

Conversely, Buekenhout noted that if @ is a non-singular four-dimensional quadric in
PG(4, q) which meets X, in a regulus belonging to S then B2 ™*(Q) is a hyperbolic unital
in PG(2,¢?%). Such unitals are known as Buekenhout hyperbolic unitals. A classical
unital is a Buekenhout hyperbolic unital with respect to any secant line and in [6], by
the use of a counting argument, it is shown that any Buekenhout hyperbolic unital is a

classical unital.

Similarly, in [17], it was noted that any quadric cone meeting ¥, in a line ¢ of S and
consisting of the lines joining a point of ¢ to the points of an elliptic quadric which meets
Yo exactly in a (distinct) point of ¢ corresponds, under the Bruck-Bose map, to a unital
of PG(2,q%). Furthermore if we replace the elliptic quadric in the above construction
with an ovoid (also meeting ¥, precisely in a point of t) then the ovoidal cone so formed
corresponds to a unital in PG(2,¢%). Such a unital is called a Buekenhout-Metz
unital. If T is the point of PG(2, ¢?) corresponding to ¢ under the Bruck-Bose map then
we sometimes say that U is Buekenhout-Metz wrt (7, 4y). Note that /., is necessarily
the unique tangent line to I through 7'. If the base ovoid of a Buekenhout-Metz unital
is not an elliptic quadric then the unital is not classical. Thus, as there exists examples

of ovoids which are not elliptic quadrics when ¢ is even, we have non-classical unitals in

PG(2,q¢?%) for g even.
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In [37] Metz proved the existence of non-classical unitals in PG(2, q?) for all ¢q. He did
this by showing (roughly) that there are more elliptic quadric cones, positioned as the
Buekenhout-Metz unitals with respect to Lo, than classical unitals in PG(2,¢?) and

thus not all of these unitals are classical.
Some Characterisations of Buekenhout-Metz Unitals

In the above section it was mentioned that Metz had proved the existence of non-classical
Buekenhout-Metz unitals with base ovoid an elliptic quadric. Lefévre-Percsy has given
us a condition for determining when a Buekenhout-Metz unital with elliptic quadric base

is a classical unital.

Theorem 1.63. [34] A Buekenhout-Metz unital with elliptic quadric as base is classical,
if and only if there exists a secant line of U, not containing the point of U on €y of U,

which intersects U in a Baer subline. O

Furthermore, in the same paper, the following was proved.

Theorem 1.64. [34] Let U be a unital in PG(2,q%), where ¢ > 2, and £ be a tangent
line to U. If all Baer sublines having a point on £ intersect U in 0,1,2 or ¢ + 1 points
then U is a Buekenhout-Metz unital. O

Equivalently, this can be stated as:

Let T € U and ¢ be the tangent line to U containing 7. If the points of U on lines
through T form Baer sublines and if each Baer subline meeting ¢\ {T'} intersects U in

at most two points then U is a Buekenhout-Metz unital. This has been improved to,

Theorem 1.65. [6] Let U be a unital in PG(2,¢%), where ¢ > 2. U is a Buekenhout-
Metz unital if and only if there exists a point T of U such that the points of U on each
of the q* secant lines to U through T form a Baer subline. a
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Chapter 2
The Veronese Surface

We devote this chapter to a study of a particular variety in PG(5, q), the Veronese surface.
Although the definition and properties of the Veronese surface are well-known, and most
of those appearing here can be found in [29], the exposition and proofs presented here

are, in the main, original.

2.1 Definition of the Veronese Surface

Consider the set of points in PG(5, q)

V = {(a3, a3, a2, agay, agas, a10z) : ag, a1, a2 € GF(g), not all zero} (2.1)

Every such point lies on each of the quadrics

. 2 __ . 2 _
firzize — xf =0, foizoze — 2 =0

. 2 _ ; _
fsizoxy —25 =0, fa i Tox3 — 2475 =0

fs 12124 — 2325 =0, fo:zozs — T374 =0

of PG(5,q) and, conversely, any point incident with all of these quadrics is of the above
form, so V' is exactly the intersection of these quadrics and is thus a variety.

Note that, by considering the product f; f5, we have that zox,23 = z3z? and thus, using

f3, 2525 = 3. For g even this implies that 2,23 = z4z5 which is the equation of the
quadric f4. Similarly, for ¢ even, the equations of f5 and fs can be derived from those

of f1, f2 and f; and so, in this case, V is given by the intersection of fi, f and f3.
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Using equation 2.1 we can see that the points of V' are in one-to-one correspondence with

the points of PG(2, q) via the bijective map (also defined in [29])

v:PG(2,q9) — PG(5,q)
V(a07a1aa2) - (aé,af,a%,aoaz,alag,alaz)

and thus V' is an absolutely irreducible variety of dimension 2. Hence V = V; is a

surface called the Veronese surface. It follows immediately from the above map that

the Veronese surface contains (g2 + g + 1) points. As the matrix (gf_) is of rank 3 at
)

all points of V; the Veronese surface is non-singular and has a tangent plane Tp(V3), at

each point P; we discuss these tangent planes in more detail in section 2.4

2.2 Hyperplane Sections of the Veronese Surface

We examine how a hyperplane of PG (5, q) intersects the Veronese surface. Consider the

hyperplane 2, of equation
QT + 1T1 + Qoy + A3T3 + 0Ty + o525 = 0
It contains the point P = (a2, a3, a3, aga, apay, a1as) of Vs if and only if
aoag + ala% + agag + azapa; + agapas + asaias = 0
This occurs exactly when
vH(P) = (a, a1, az)
is a point of the conic

apx? + a1y2 + ap2? + 03Ty + a4z + asyz = 0

of PG(2,¢). Thus the points of a hyperplane section of V; correspond to the image under
v of the points of a conic of PG(2, q). Therefore, as a conic in PG(2, ¢) contains at most
2q + 1 points, it follows that a hyperplane of PG (5,9) contains at most 2¢ + 1 points of

V2. Hence we have,

Lemma 2.1. [29] No hyperplane of PG(5,q) contains the Veronese surface. O

Suppose that , and ¥, are two hyperplanes of PG (5,¢). By the above discussion, each

meets V5 in a set of points which is the image under v of a conic of PG(2,q). Let these
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conics be denoted by C and C’ respectively. If &5 is the 3-space which is the intersection
of ¥4 and X/ then ¥; intersects V5 in as many points as C and C’' have in common.
Generically, two conics in the plane meet in four points, so a generic 3-space meets V,
in four points. Or, in other words, the Veronese surface has order 4. Henceforth we will

denote it V3.

An immediate consequence of the fact that the Veronese surface has order four is that a
hyperplane intersects it in a curve of degree 4. However, there are many different types
of curve of degree four in PG(4,q). To completely elucidate the possible structures of
the intersection of a hyperplane with a Veronese surface we need the following lemmas;
the first of which appears in [29, lemma 25.1.6], with a different proof, as a special case

of a more general result.

Lemma 2.2. [29] Ifw is a projectivity of PG(2,q) then w defines a permutation of V..
This permutation is induced by a projectivity of PG(5,q).

Proof: Suppose that w maps the point X of PG(2,q) to the point X A, where A = (aij)

is a non-singular 3 x 3 matrix over GF(g). Consider the map

B: PG(2,q) — Vi
X = v(XA)

Let P € Vi, P = (a3, a}, a3, apa1, agas, a1a,), and Q be the point (@0, a1,0a2) of PG(2,q)
so that v(Q) = P. Now
BRA™) = v(QAT1A)

= v(Q)

= P
and so (3 is surjective. Hence, as PG(2,q) and V;! both contain ¢ + ¢ + 1 points, G is a
bijection. Thus the map

o: Vi o=
v(X) — v(XA)

is a permutation of V.

We wish to show that there is a projectivity w’ of PG(5,q) such that for A € Vi,
Ww'(A) = w(A)

Consider X = (z¢, z1,23), a point of PG(2,¢). This is mapped by w to the point XA
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and if we let f;(X) = a;170 + ai9%; + a3 then XA = (f1(X), fa(X), f3(X)). Therefore,

V(XA) = v(fi(X), f2(X), fs(X))
= (fi(X)% f2(X)?, f3(X)?, fu(X) fo(X), H(X) f3(X), f2(X) f2(X))
(

2 .2 .2
L, T, Ty, ToZ1, LoT2, T1T2) B

where B is a 6 x 6 matrix over GF(q).

Define,
w': PG(5,q) — PG(5,9q)
w' X — XB

For P € V}, w'(P) = &(P) and so o' permutes the points of V;*. By lemma 2.1 the
points of V3! span PG(5,¢), and thus W'(PG(5,q)) = PG(5,q) and so B is non-singular

and w' is a projectivity. |

Corollary 2.3. If £ is a line of PG(2,q) then v(£) is a conic on VL.

Proof: Consider the line m of PG(2,q) joining the points (1,0, 0) and (0,1,0). This

contains the set of points
{(1,2,0): A € GF(q) U {oo}}
which is mapped by v to the following set of points
{(1,22%,0,1,0,0) : A € GF(q) U {c0}}

which form a conic of PG(5, g) in the plane 2o = 2, = 75 = 0. Hence, by lemma 2.2, a

line of PG(2,¢) is mapped to a conic on Vi O

Thus V3! contains, at least, (g% + ¢ + 1) conics, namely those corresponding to lines of
PG(2,q) under the map v. Through any point of V,} there will be g + 1 conics of this

sort.

Corollary 2.4. If C is a non-singular conic in PG(2,q) then v(C) is a normal rational

curve of degree four on V!

Proof: Any non-singular conic in PG(2,q) is projectively equivalent to
C={(1,\,X*): A€ GF(q)U {o0}}
and thus
v(C) = {(1, %, X 0,02 0% 1\ e GF(q)U{c0}}
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is a normal rational curve on V;' (in the hyperplane z, = ;). Therefore, again by
lemma 2.2, any non-singular conic of PG(2, q) is mapped to a normal rational quartic

curve on V! ]

Recall that a hyperplane meets the Veronese surface in a set of points which are the
image under v of a conic of PG(2,q). As a conic of PG(2,q) consists of either a single
point, a repeated line, two distinct lines or is non-singular, we can summarise the above

results as follows;

Theorem 2.5. A hyperplane intersects Vit in a curve of degree 4. This curve consists
y 2

of one of,

o A point
e A conic
e Two conics

e A normal rational quartic curve a

As there is a unique conic consisting of the points of a line, the points of two lines or
the points of a non-singular conic, the correspondence between the conics of PG(2,9)
and the hyperplane sections of V! is one-to-one in these cases. Therefore the number of
hyperplane sections of the last three types above is equal to the number of lines, pairs
of distinct lines and non-singular conics of PG(2,q), respectively. However, if v(P) is
a point of V' then for any line £ of PG(2,4¢?) \ PG(2,q) containing the point P, the
conic consisting of £ and £, the conjugate of ¢, is a conic of PG(2,q) corresponding to
a hyperplane meeting V;' solely at the point v(P). As there are (¢> + 1) — (¢ + 1) lines
of PG(2,¢%) through P which are not lines of PG(2,q), there are @ such pairs of
conjugate lines and so 1(32_—1) hyperplanes meeting V; at v(P) precisely. This, together
with the fact that there are (¢° — ¢°) non-singular conics in PG(2,q) (theorem 1.15),

gives the following result;

Theorem 2.6. There are (¢> + ¢ + 1)g(g — 1)/2 hyperplanes meeting Vit in a unique
point, (q° + g+ 1) meeting V3 in a conic, (¢* + q + 1)(q% + q) /2 meeting Va' in a pair of

conics and (¢° — ¢*) hyperplanes meeting Vat in a normal rational quartic curve. ]
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2.3 Conics on the Veronese Surface

We saw in corollary 2.3 that V3 contains at least ¢? + ¢ + 1 conics, namely those which
are the images under v of lines of PG(2,¢). We show that these are the only conics on

Vi

Lemma 2.7. [29] Let C and C' be two conics on V4! intersecting in the point P. If these

conics lie in the planes a and o respectively then o and o intersect only at the point P.

Proof: If o and o' meet in a line then they span a three dimensional subspace X3 of
PG(4,q). Thus, for R € V;'\ T3, (T3, R) is a hyperplane of PG(5, ¢) meeting Vot in two
conics and the point R, in contradiction with theorem 2.5. Thus o and o/ meet only at

the point P. a

If C = v(¢) and C' = v(¢') are two conics on V,* which are the images under v of lines of
PG(2,q), then as £ and ¢ have a unique common point so too do C and C'. Because of

this, the above lemma has the following corollary.

Corollary 2.8. IfC is a conic on V' then C is the image under v of a line of PG(2,q).
Proof: By the above, each pair of the (¢ + ¢ + 1) conics on V;* which are the images
of lines of PG(2,¢) meet in a point and so, by lemma 2.7, define a, hyperplane meeting
V3 in two conics. We obtain (g2 + ¢ + 1)(¢% + ¢)/2 hyperplanes meeting V' in this way
and, by theorem 2.6, these are all of the hyperplanes which intersect V3! in two conics.
If C is another conic on V5 then there will be ¢ + 1 conics which are the images of a line

of PG(2,q) through any point of C. Again by lemma 2.7, C together with any of these

g + 1 conics defines a hyperplane meeting V! in two conics contradicting theorem 2.6.

O
For later reference we summarise the above results.
Theorem 2.9. [29]
e There are (¢* + q + 1) conics on the Veronese surface
o Any point of the surface is contained on q + 1 of these conics.
o There is a unique conic through any two points of the Veronese surface.

e Any two conics on the Veronese surface have a unique common point which is the

unique point of intersection of the planes of these conics. ]
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Thus the incidence structure (P, L,T) with points being the points of the Veronese
surface, lines being the conics of V5t and the inherited incidence from PG(5,q) is a
projective plane of order q. As we can coordinatise it with the elements of GF(q) (by

using v) this plane is isomorphic to PG(2, q).

As we now know that any conic on V3! is the image under v of a line of PG(2,q) it is an

casy matter to describe the plane of a conic on Vi,

Let C be a conic of 1% corresponding to the line g of PG(2,q) of equation
lr+my+nz =0 (2.2)
Multiplying equation 2.2 in turn by z,y and z we obtain the equations

0z® + may + nzz = 0
Exy+my2+nyz = 0

lxz +myz+nz? = (

and thus the points of ¢ = v(£) belong to the plane defined by the equations

o+ mz3+nzy = 0
oy +mzzs+nzs = 0
lry 4+ may +nzs = 0

We conclude this section by stating a characterisation of Vit in terms of its conic planes.

Theorem 2.10. [51] Let R be a set of (¢* + q¢ + 1) planes of PG(5,q), with q odd,
satisfying the following properties,

1. No point belongs to all elements of R.
2. Any two distinct elements of R have a unigue common point.

3. Any three distinct elements of R generate PG(5,q).

The set R is the set of conic planes of a Veronese surface.
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2.4 The Tangent Planes of the Veronese Surface

As V3! is a non-singular variety it has a tangent plane at each point. At the point
P = (a§, a}, a3, agas, agay, a1az) of Vi! the tangent plane Tp (Vi) has equations

o O O ofs

Oaxo 0z, Ozs

Thus it is given by the intersection of the six hyperplanes of PG(5,q) defined by the

equations,

a%xl + a%xz —2a1a9x5 =
a%xo + a%xg — 20009z, =
afxo + agxl - 2ap0123 =
aopQ1Ts + a%xg — Q10%y — QpQeXs; =

2
Qpa2%1 — A1G2T3 + G1T4 — GoG1T5 =

o O O o o o

2
0102T0 — AA2T3 — AgG1T4 + AxT5 =

However, the last three of these are linearly dependent on the first three so the tangent

space at P is the plane of PG(5,¢) defined by the equations

agxl + afxg — 2a1a9z5 = 0
5 5xs — 2 = 0
a3To + AgTe — 2006974 =
2 z 2 =0
a1Zo + g1 — 2600173 =

For ¢ even, the equations defining Tr(V}) become

2
a%xl + Qi xy = 0
2
airo + a2z, = 0
af:co + a%xl =0

The properties of the Veronese surface that we have already given enable us to say more
about the tangent planes. From result 2.9, the point P is contained in ¢ + 1 conics of
V3. Each of these conics has a tangent line through P. By lemma 2.7, any two of these
tangent lines meet only at P, and each tangent line is contained in the tangent plane at
P (see theorem 1.20). Thus Tp(V;') consists exactly of the ¢ + 1 lines through P which

are tangent to some conic on V.
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Let Py and P, be two points of V3. By result 2.9, there is a unique conic of containing
P; and P,. If C is this conic, and if ¢; is the tangent to C through P; then, by the above
paragraph, t; N, lies in both Tr (V3') and Tp, (V). Furthermore, as two conic planes
meet exactly in a point of V!, a tangent line to a conic of V3! through Py and a tangent
line to a conic of V3 through P, only intersect if they are tangents to the same conic
(P, # P,). Thus we have;

Theorem 2.11. [29] If P, and P are distinct points of Vit then Tp, (V) and Tp, (V)
intersect in a unique point, this point being the intersection of the tangent lines through

Py and P, to the unigue conic of Vit through P, and P,. a

From here the situation varies as ¢ is odd or even.

If g is odd then there is at most two tangents to a conic through a point in the plane of

that conic and thus no three tangent planes to V,* have a common point.

If g is even however then the ¢ + 1 tangent lines to a conic al] meet at the nucleus of
that conic and thus there are g+ 1 tangent planes to V3! through any such point. Hence

we have;

Theorem 2.12. If q is odd no three tangent planes to V3t have a common pownt. If q is
even then any point on two tangent planes is the nucleus of some conic of Vi and lies

on ezactly g + 1 tangent planes of the Veronese surface. O

Thus there is a fundamental difference in the way that the tangent planes intersect
depending upon whether ¢ is even or odd. For q odd, the tangent plane Tp(V}) meets
each of the remaining (¢® + q) tangent planes of Vot in distinct points and so P is the
only point of Tp(V;}) on exactly one tangent plane of V;', and the Veronese surface is the
set of points of PG(5, g) which lie on precisely one tangent plane of V. In his paper [51]
Tallini characterised the Veronese Surface, for g odd, as the set of such points on any set
of (¢* + g + 1) planes of PG (5,¢) which intersect in the way that the tangent planes to

the Veronese surface intersect. We conclude this section by stating his characterisation.

Theorem 2.13. [61] In PG(5,q), with q odd, let T pe a set of (¢ + g + 1) planes

satisfying the Jollowing conditions,
1. The planes of T generate PG(5,q).
2. Any two planes of T have a unique common point.

3. Any three planes of T have no common point.
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The set T is then the set of tangent planes of a Veronese surface Vot and the set of points

which lie on precisely one plane of T are the points of Vit D

2.5 The Nuclear Plane of the Veronese Surface

When q is even, each conic on V3 contains a nucleus. By lemma 2.7, nuclei from distinct

conics on V3! are distinct and so there are in all (¢* + ¢+ 1) nuclei of conics on Vi

We wish to describe the nucleus of the conic C = v(g). If £ has the equation
lr+my+nz=0

then, as in section 2.3, C lies in the plane 7 given by the equations,

lrg +mzs+nzy = 0 (2.3)
g.’L'l + mz3 + nry = ( (24)
by +mzy+nzy = 0 (2.5)

If P € C then the tangent line to C through P contains the nucleus of C and is contained
in the tangent plane to V! at P. Recall that if P = (ag, a?, a2, agay, agay, a1a2) then, as

g 1s even, the tangent plane at P is defined by the equations

a2z, + a?zy = 0 (2.6)
a3z + alz, = 0 (2.7)
a%.’l?o + (1,81271 = 0 (28)

Since the nucleus of C is contained on Tp(Vy) for all points P of C, and is also a point
of , it follows that it is given by the unique solution of equations (2.3)-(2.8) which is
independent of ag,a; and a,. Thus the nucleus of C is the point (0,0,0, n,m,f). In

addition, the nucleus of any conic on V3! lies in the plane A of PG (5,¢) with equation
Tog =21 =29 = 0

As there are ¢® + ¢ + 1 such nuclei, each point of AV is the nucleus of some conic of V3!,

We call this plane the nuclear plane of V.

Furthermore the map
¢: PG(2,9) - N

o4



which maps the line £ of equation £z +my+nz = 0 to the nucleus (0,0,0,m,m, £) of v(£)

is a reciprocity. This enables us to deduce various things about the Veronese surface.

For example, it is immediate that the ¢+ 1 lines through a point of PG(2, q) are mapped
to g + 1 nuclei which are necessarily collinear. Therefore, as lines through a point in
PG(2,q) correspond, under v, to conics through a point on the Veronese surface, we
have that the ¢+ 1 conics through a point of V! have collinear nuclei. Since the tangent

plane at P € V,! consists of the ¢ + 1 lines tangent to conics of V4 through P we have;
2 g 2 g

Corollary 2.14. The nuclear plane of the Veronese surface intersects each tangent plane

of the surface in a line. O

2.6 The Projection of the Veronese Surface

Let P be a point of PG(5,q) and T, be a hyperplane not containing P. If Q is a point
of PG(5, g) distinct to P, then we define the projection of () from P onto 2, to be the
point PQ N X,. We call the map ~ defined by,

v: PGG,9\{P} - =,
' Q) = PQNY,

the projection map of P onto ©,. Note that the map is onto but not one-to-one as the
points of any line through P have the same image on £4. Generally, we wish to study
the projection of some geometrical object in PG(5,q) onto 4. In particular, if £ is a line
of PG(5,q) containing P then 7v(£), the projection of £ onto T, is the point /NYy. If ¢
does not contain P then (¢, P) is a plane and 7(£) is the line which is the intersection of
this plane with £,. In general, if £, is a d-dimensional subspace of PG(5, ¢) containing
P, then y(X,) is a (d ~ 1)-dimensional subspace of ¥4, and if £; does not contain P,

then y(Z4) is a d-dimensional subspace of 3.

We consider the projection of the Veronese surface from the point P = (0,0,1,0, 0, 0)
of the surface onto the hyperplane %, of PG(5,q) of equation z, = 0. Let v denote
the projection map. Thus the point Q = (a%,a%,a%,aoal,aoag,alag) is projected onto

Q) = (a§, a?, 0, apay, agas, a1a) and hence the projection of V3 is the set of points

(V) = {(af, 03,0, a0e1, a0az, 0102) : (a0, a1, a3) € PG(2,9)\ {(0,0,1)}}
We use our knowledge of the Veronese surface to discuss Y(V3h).
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Let C, in the plane ¢, be a conic of the Veronese surface which contains the point P. As
« contains P, its projection is a line g of $4. The points of C are projected onto ¢ points
of this line, with the remaining point of ¢ being the intersection with &, of the tangent
line to C through P. As there are ¢ + 1 conics on the Veronese surface which contain
the point P, we obtain ¢ + 1 (skew) lines g, ... » 9g+1 1n this way. Every point of y(V3})
lies on a unique g;, and every line g; contains one point R; which is not in (V). Each
such point R; is the intersection with &, of a line through P which is tangent to a conic
of V3! through P. Now Tp(V}}) is a plane containing these tangent lines, so we have that
the points Ry,... , R,y are collinear on the line Tp(V3) NZ4. Because of this, we define

7(P) to be this line so that, with this proviso, v(V4}) is the set of points
{(a3, a%,0,a0a1, agas, a1a3) : ag, a; € GF(g), not both zero a; € GF(q) U {c0}}

Thus the projection of the Veronese surface from a point of the surface onto a hyperplane
not containing that point is the ruled cubic surface as defined in section 1.11. Before pro-
ceeding, we note that there is nothing exceptional about projecting from (0,0,1,0,0,0)
onto the hyperplane z, = 0 in that if we project V! from any of its points, and onto
any hyperplane not containing that point, then the resulting projection is a ruled cubic

surface.
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Chapter 3

The Ruled Cubic Surface

In section 1.11 we defined the ruled cubic surface as the set of points
{(=% zy, % 22,y2) 2,y € GF(g), not both zero, z € GF(g) U {oo}} (3.1)

of PG(4,q) and gave some elementary properties of the surface. It was shown in sec-
tion 2.6 that this surface is the projection of the Veronese surface from a point of the
surface onto a hyperplane not containing that point (an idea also appearing in [47], in
the case of a projective geometry over an infinite field). We use this fact to examine
the properties of the ruled cubic surface in more detail. For an alternative discussion of

some of the elementary properties of the ruled cubic surface, see [60].

Let P € V;}, &, be a hyperplane of PG (5, q) not containing P and + denote the projection
map from P onto X,. Therefore, from section 2.6, v(Vy!) = V, the ruled cubic surface,
and, in addition, a generator of V;* is the projection of a conic of Vj which contains P.
We now turn our attention to finding the projection of the conics of Vy which do not

contain P.

Let C, in the plane o, be one such conic. As a does not contain P, its projection § = v(«)
is a plane of ¥4 and y(C) is a set of ¢ + 1 points, no three of which are collinear, in that
plane. The lines joining P to the points of C form a three dimensional quadric cone Q.
Therefore v(C) = 8N Q is a conic. Hence the projection of a conic of V3! not containing
P is a conic of V3. Since two conics on V! have a unique common point, these conics
meet pairwise in a unique point and have one point on each generator. None of these

conics has a point on ¢, the line directrix of V3.

Lemma 3.1. The planes of any two of the conics of V32, which are the projections of

conics of Vb, have a unique common point.
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Proof: Let C; and C; be two conics on V2t in the planes a; and a;, respectively. Let
Bi = v(es). If C; and C, meet in the point R then v(R) is the unique common point of
7(C1) and v(C,). By way of contradiction, suppose that 3, and G, have another common
point T. This implies that the line TP meets oy and «p in distinct points. Thus P is
a point of the hyperplane of PG(5,q) spanned by «; and . However this hyperplane

intersects V,! in C; and C precisely, and therefore no such point T exists. O

Since V3 is a surface of order three, a hyperplane of PG(4,q) meets it in a cubic curve.
This curve could have several possible forms but our knowledge of how a hyperplane

meets the Veronese surface allows us to describe the curve exactly.

Theorem 3.2. The hyperplane sections of V3 are of the following types :

1. q(q ~1)/2 meeting V2 in ¢ ezactly.

2. ¢+ 1 meeting V33 in ¢ and one generator.

3. q(qg+1)/2 meeting V2 in ¢ and two generators.
4 ¢*(g+ 1) meeting V3 in a generator and a conic.

5. ¢* — ¢* meeting V2 in a twisted cubic curve.

Proof: The lines through P of a hyperplane of PG(5,q) which contains P meet >4 in
the points of a hyperplane of this space. Conversely, if ¥ is a hyperplane of £, then
the space spanned by 33 and P is a hyperplane of PG(5, ¢). Thus we have a one-to-one
correspondence between the hyperplanes of PG (5, ¢), containing P, and the hyperplanes

of £4. Further if Y, and X3 are related by this correspondence then,
YENVEN{PY =S50 (V3 2)

where £ = Tp(V4}) N2, is the line directrix of V3. Thus we can determine the hyperplane
sections of V3 by finding the projections on 24 of the intersections with Vit of the
hyperplanes of PG(5, q) containing P. From theorem 2.5, there are five possibilities for

how ¥} may intersect V. We examine each in turn.

If ¥} intersects V,! only at P then Y3 contains no point of V2\ L. However, 35 necessarily
intersects each of the generator lines of V3 and thus does so at £. That 1s, ¥3 meets V2
in ¢ exactly. From theorem 2.6, there are g(¢—1)/2 hyperplanes of PG(5, ¢) which meet
Vit in P exactly and thus we have q(q — 1)/2 hyperplanes which meet VE at ¢ exactly.
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Next suppose that X} meets V;} in a conic through P. Thus £; meets V;® in the projection
of this conic, that is a generator g of V#, and contains no other point of Vi {4, g}.
Therefore, again as Y3 meets each generator, it meets each at a point of ¢ and thus
contains £. Hence, in this case, ¥3 intersects V3 in £ and a generator. Again, as we know
that there are (¢+ 1) hyperplanes of PG (5, q) meeting V;' in a conic through P, we have
(g + 1) hyperplanes meeting V3 in £ and a generator.

Similarly, if ¥} meets the Veronese surface in two conics through P, then T3 contains
two generators of V3’ and the line directrix of V3. By theorem 2.6, there are glg+1)/2

hyperplanes meeting V,? in this way.

Alternatively, if ©4 contains two conics of V3, of which only one contains P, then ¥4
contains a generator g and one of the conics of V# defined above. As this conic has a
point on each generator, and £ contains no generator other than ¢, 3 meets £ only at

the point £N g. The number of hyperplanes meeting V* in this way is (g +1).

Lastly, suppose that ¥, intersects V5t in a normal rational curve of order four. The
projection of such a curve is a twisted cubic curve in ¥5. As X} intersects £ and each
generator of V?, this twisted cubic contains a point of each generator and a point of 4.
By counting, we have already considered the (¢> + ¢ + 1) hyperplanes which contain Z.
Thus this twisted cubic contains a unique point of ¢, and consequently a unique point of

each generator of V.

The numbers of each type of intersection follow from theorem 2.6. a

Corollary 3.3. V3 contains ezactly ¢ conics, each of which meets every generator in a
unique point and is skew to £. The planes of these conics meet pairwise in a point, which

is necessarily a point of V3, and are skew to the line directriz of V3.

Proof: From lemma 3.1, and the discussion immediately preceding it, the projections
on V3 of the conics of V! not containing P form such a set of conics on the ruled cubic.
Note that the plane o of such a conic C does not contain a point P of ¢ for, as these
conics have a point on each generator, this would imply that o contains the generator

through P. There still remains the possibility that there are other conics on the surface.

Suppose that C’, in the plane 3, is another conic on V3 and A and B are two points of ’
which do not lie on a common generator of V3. By theorem 2.9, there is a unique conic of
V3 containing the two points y~!(A) and v~!(B). Since A and B are not on a common
generator of V2, this conic does not contain P, and hence the projection of this conic C :

which lies in the plane o, is one of the conics mentioned in the above paragraph. Now
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C and C’ have the two points A and B in common, and thus a and § span a hyperplane
containing two conics of Vg, contradicting theorem 3.2. Thus C = ¢’ and there are no

other conics on the ruled cubic surface. |

Note that as any conic on V3 has a point on each generator and lies in a plane skew to
¢, it can be considered as a conic directrix of the ruled cubic surface. Thus the surface
has precisely ¢2 conic directrices. We call the planes of PG(4, q) which contain a conic

of V7 conic planes of V3.

Theorem 3.4. If @1 and Qy are two points of V2 \ £, which do not lie on a generator

line of V3, then there is q unique conic of Vg containing Q1 and Q..

Proof: By theorem 2.9, there is a unique conic of Vi containing the points Y1(Q1) and
Y H(Q3). As the points @; and @, do not lie on a common generator of V2, this conic

does not contain P and its projection on V3 is the unique conic of V3 containin @ and
2 2 g

Q2. O

3.1 The Tangent Planes of the Ruled Cubic Surface

The ruled cubic surface is non-singular and of dimension two and therefore there is a
tangent space at each point and these tangent spaces are tangent planes. If Q € V3 then

we denote the tangent plane at @ by To (V).

Since the ruled cubic surface is the intersection of the three quadrics,

ToZy — X123 = () (3.2)
TaT3 — 214 = 0 (3.3)
ToZo — 23% = 0 (34)

as in theorem 1.40, the tangent plane to the surface at the point @ = (22, zy, ¢, zz,yz)

1s defined by the equations,

Y2xo — 2221 — zyws + 2¥zy = 0 (3.5)

~Y2TL 4+ 22Ty + yPz3 — zyz, = 0 (3.6)

I
[am)
N
S
-3
N

y2;z:0 — 2zyz, + 3:2:52

However, the third of these equations is linearly dependent on the first two so To(VE) is

defined by the equations 3.5 and 3.6.
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By theorem 1.19, if Q is a point of V2, then any line of PG(4, ¢) which lies wholly on V3,
and contains @, is in T (V,?). Similarly, by lemma 1.20, if C is a conic of V33 containing
@, then the tangent line to C through @ is also a line of To(V,?). We use these facts to

describe the tangent plane at any point of V3.

Suppose that @ is a point on the generator line g of V. If Q is the point of intersection
of g with the line directrix ¢ then, by the above results, both ¢ and ¢ are lines of the
tangent space at ) and so To(V3*) = (¢, g). This plane, being a plane about ¢, contains
all of any generator line it intersects and thus, as no two generators are coplanar, To(V3)
meets V; only at g and £. On the other hand, if @ is not a point of £ then @ is contained
in ¢ conics of V;?. Each of these conics has a tangent line through @ and, as conic planes
intersect in a point of V), these lines are distinct. Thus the ¢ tangent lines through @

and g are coplanar on Ty (V3?) and every point of To(V;?) lies on one of these lines.

Alternatively, if Q) is a point of V> \ £ then @ is the projection of a point Q' # P of
the Veronese surface. Thus T (V5’) is the plane v(To (V4})) and hence consists of the
generator line of V3> which is the projection of the unique conic of V, containing P and
', and the projections on V3’ of the tangent lines through @' of the other ¢ conics of V2
which contain @', as above. Note that as v(P) = T»(V;}) N PG(4,q) = ¢ we cannot use
this approach to find the tangent planes of V;? at a point of £.

The Intersection of the Tangent Planes of V}

Let @, and Q; be two points of V;>. We wish to describe how Ty, (V) and To, (Vi)

intersect.

To begin, we suppose that @; and Q, are collinear on a generator line g of V2. Thus
Tg, (V) and Tg, (V3¥) both contain g and, as they are distinct planes, they do not intersect

any further.
Now assume that P, and P> lie on distinct generator lines g; and g,.

If P, and P, are points of £ then their respective tangent planes both contain ¢ and so,

as they are distinct planes, intersect exactly in /.

If neither is a point of £ then, as the two generators g; and g, do not intersect, any
point of intersection of their tangent planes lies on a tangent line through Q; and a
tangent line through Q. However, any common point of two conic planes is a point of
V3 (corollary 3.3), so a tangent line to a conic through @; and a tangent line to a conic
through (), intersect if and only if they are tangents to the same conic. By theorem 3.4,

there is a unique conic C of V3’ containing @Q; and Q, and thus the unique point of
2 g
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intersection of Ty, (V5') and T, (V) is the point of intersection of the tangent lines to C
through @; and Q5.

Lastly suppose that @, € ¢ and @, ¢ £. This implies that the point g2 M £ is on both
tangent planes. Suppose that Tg, (V3’) also contains the point R of Ty, (V). Thus R lies
on a line ¢ which is a tangent line to the conic C of V;} containing Q,. Let o denote the
plane of C. As every conic of V% contains a point of each generator, C contains a point
of g1. Thus Ty, (V3’) = (g1, £) contains two points of « (it also contains R) and so meets
this plane in a line and hence meets £. This is a contradiction, so the two tangent planes

have only the point g, N ¢ in common.

3.2 The Nuclear Plane of the Ruled Cubic Surface

When ¢ is even each of the ¢ conics on the ruled cubic surface has a nucleus. In
section 2.5 we saw that the nuclei of the conics of the Veronese surface are coplanar on
the nuclear plane of Veronese surface. By looking at the projection of this plane onto

the ruled cubic, we obtain a similar result for the ruled cubic surface.

Theorem 3.5. Let V3 be a ruled cubic surface in PG(4,q), with q even. The nuclei of

the ¢ conics of V¥ are coplanar on a plane which contains the line directriz ¢ of V3.

Proof: Once more we denote by v the projection map from P & V,} onto a hyperplane
24 which does not contain P. Let A/ denote the nuclear plane of the Veronese surface.

Since P is not a point of A" the projection of NV is a plane M of 3.

If C is one of the ¢* conics on Vj! not containing P then its projection C' = (C) is a
conic on V3'. Let N denote the nucleus of C and M denote the nucleus of C'. Since the
tangents of C are projected on to the tangents of C’, the projection of the nucleus of C is
the nucleus of C'. Therefore, as N € N, we have that M € M. Further, as every conic
on V5 is the projection of such a conic of V!, M contains the nucleus of every conic of
vs.

The remaining (¢ + 1) conics of V;! each contain P and therefore the lines joining P
to the nuclei of these conics are the lines of the tangent space to V4 through P. As
Te(V3') N T4 = ¢, the line directrix of V2, these nuclei are projected onto £ and so M is

a plane containing 4. )
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3.3 Curves on the Ruled Cubic Surface

Another useful tool in studying the properties of the ruled cubic surface is the map

0:PG(2,q) - V3

o:(z,y,2) = (22,2y,1% 22, y2)

defined in section 1.11. In particular, we shall find it a useful aid in studying curves on
the ruled cubic surface. Note that ¢ is bijective as a map between PG(2,¢) \ {(0,0,1)}
and V3 \ {¢} and dilates (0,0, 1) onto the line directrix ¢ of V3. Hence we must be careful
when considering the image under o of a set of points of PG(2, q) containing (0,0, 1).
On the restricted domain PG(2,¢) \ {(0,0,1)}, we let o~! denote the inverse of 0. To

begin, we examine how o acts on the lines of PG(2,q).

Let m be a line of PG(2,g) through the point (0,0,1). Thus m has an equation of the

form
az +by =0
As az + by = 0 for all points of m
az® +bry =0 (3.8)
azy + by® =0 (3.9)
azz +byz =0 (3.10)

for all points (22, zy, 42, 72, y2) of o(m\ {(0,0,1)}). Thus the points of a(m\ {(0,0,1)})

lie on the line which is the intersection of the three hyperplanes

azy + bx; =0 (3.11)
ar; +bro, =0 (3.12)
axz +bry =0 (3.13)

The hyperplanes of PG(4, ¢) defined by the equations 3.11 and 3.12 both contain the line
directrix of V3 and the plane they span intersects o (the conic plane of V3} defined by
the equations z3 = z4 = 0) at the point ((=b/a)?, —b/a,1,0,0),if a # 0, or (1,0,0,0,0),
if a = 0. The hyperplane 3.13 contains o and meets the line directrix at the point
(0,0,0,-b/a,1),if a # 0, or (0,0,0,1,0), if @ = 0. In each case the intersection of the
three hyperplanes contains two points of a generator g and thus, as it is a line, is this

generator. Therefore the ¢ points of o(m \ {(0,0, 1)}) are the ¢ points of ¢ not on .
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As there are (¢ + 1) generators on V3%, and (¢ + 1) lines through the point (0,0,1) in
PG(2,q), it also follows that, if g is any generator line of V3, then the points of ¢ not on
¢ are mapped by o~" to the points of a line of PG(2,¢) which contains (0,0,1). Under
a slight abuse of notation, we shall sometimes write c(m) = g (or 07!(g) = m) and say

that g is the image of m under 0. Thus we have proved the following;

Theorem 3.6. The image under o of a line of PG(2, q) which contains the point (0,0, 1)
is a generator of the ruled cubic surface. Conversely, o= maps a generator of Vi onto

such a line. O

Now we let m be a line of PG(2, ¢) which does not contain the point (0,0,1). Thus the

equation of m can be written in the form
az +by +2z=0

Again we wish to determine the structure of the set of points o(m).

As ax + by + z = 0 for all points of m

az® +bry + 12 =0 (3.14)

azy + by +yz=0 (3.15)

for all points (z?,zy,y?, zz,yz) of o(m). Thus o(m) is given by the intersection of 175

with the plane

azy + bz, + 123 =0 (3.16)
axy +bxy+24=0 (3.17)

The line m meets the line z = 0 at the point (0,1, —b) and the line y = 0 at the point

(1,0, —a). Thus m contains the set of points
{(t,1,—(at + b)) : t € GF(q) U {o0}}
and so o(m) contains the points
{(¢*,t,1, —t(at + b), —(at + b)) : t € GF(g) U {oo}}

which form a non-degenerate conic in the above plane. Conversely, as Vi contains exactly
g2 conics, none with a point on £, every conic on V2 is mapped by o~! to a line of PG(2,q)

not through (0,0, 1). This gives us the following;
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Theorem 3.7. The map o associates a line of PG(2, q) which does not contain the point
(0,0,1) to a conic of V. Conversely, every conic of V3 is mapped by o~ onto a line of

PG(2,q) not containing (0,0,1). )

Using our knowledge of how o acts on the lines of PG(2,q), we can now establish the
image on V;? of a general curve in PG(2,q). To this end, we firstly consider a curve ¢2m

of order 2m with a point of multiplicity m at (0, 0, 1).

If f =0 is an equation defining C*™ then we can write this equation in the form
T i R Zfom—1 4+ fom =0

where f; is a homogeneous polynomial in z and y of degree i. Now, (0, 0, 1) being a point
of multiplicity m implies that all partial derivatives of f, of orders up to and including
(m — 1), are zero at (0,0,1), but at least one partial derivative of order m is zero there.

Hence we can write the equation of C?™ in the form
mem + Zm_lfm+1 + ...+ me =0

where f; is a homogeneous polynomial in z and y of degree 1.

Thus the equation of C?™ is the sum of terms of the form 2™~ g™+ =dyd where 0 < i < m,
0<Jj<2mand m+i—j >0, which we can write as (22)"(2y)z™ =I"yi=s where
rts=m—-i,r<m+i—jands < J. Now, the condition that m — i — r = g implies
that m 4 ¢ —r and s are either both odd or both even, and hence that m + ; — J—rand

J — s are either both odd or both even. Thus we can write

(Zx)r(zy)s($2)m+i;_r (yz)j;_s if both are even

(22)"(29)* (@) 5F (42) 55 (2y) if both are odd

Zm—zxm-l-z—]y] —

Hence we can express the equation of C?™ as a (not necessarily unique) polynomial

p(.’l?2, zy, y2, 2Z, zy)
of degree m in the variables z2, zy, y?, zz and zy.
The equation
p(‘r07 Z1,Z2, X3, 1.4) =0

defines a hypersurface S of order m of PG(4,¢) and a point (22, 2y, 42, 22, yz) of %5
lies on this hypersurface if and only if p(2?, 2y, y2, 22, yz) = 0. Now SFENVE=Cisa

curve of degree 3m on V> . Thus we have that, for (z,y, z) # (0,0, 1),
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(2,9,2) €CP™ & 2™ fu(z,y) + ... + fam(z,y) =0
& p(a®, zy,v% 2z, 2y) = 0

& ofz,y,2) € C™

Again under an abuse of notation, we shall write o/(C*™) = 3™ (or o~ (C*™) = C?*™) and
say that C*™ is an image of C*™ on V} under o. Note that, as the polynomial p above is
not unique, there are several different hypersurfaces S3" which intersect V? in the same

curve C3m,

Next we suppose that C" is a curve of degree n in PG(2,q), having a point of multiplicity
m at (0,0,1), with n < 2m. This implies that C” together with (2m — n) lines not
containing (0,0,1), is a curve of degree 2m in PG(2,q) with a point of multiplicity m
at (0,0,1). Thus, by the above, its image on V3 is a curve of degree 3m. This curve
contains (2m — n) conics (the images of the lines not containing (0,0,1)) and so the

image of C" on V3 is a curve of degree 3m — 2(2m —n) = 2n - m.

Finally suppose that C™ is a curve of degree n in PG(2,q), having a point of multiplicity
m at (0,0, 1), with n > 2m. Hence C™ together with (n — 2m) lines through (0,0,1) is
a curve of degree 2(n —m) in PG(2,¢), with a point of multiplicity (n—m) at (0,0,1).
Thus, by the above, its image on V is a curve of degree 3(n — m) containing (n — 2m)
generators. Thus the image of C™ on V3 is a curve of degree 3(n—m)—(n—2m) = (2n—m).

This gives us the following result;

Theorem 3.8. IfC™ is a curve of degree n in PG(2,q) with a point of multiplicity m at

(0,0,1) then its image on Vi3 is a curve C*"™™ of degree (2n — m). O

Once more we write o(C™) = C?*~™ and note that by this we mean that, for (z,y,2) #

(0,0,1), (z,y,2) €C" & o(z,y, z) € C2~™,

As an example, consider C a non-degenerate conic of PG(2,q) containing the point
(0,0,1). Here we have n = 2 and m = 1 so, by theorem 3.8, the image of C on V;} is
a curve of degree three. As C is non-degenerate it contains no lines and so its image
under o on V' contains neither a generator nor a conic of the ruled cubic. Thus it is
irreducible. Furthermore, it follows from theorem 3.2 that no plane of PG(4,q) meets
V3 in a cubic curve and so this curve is not contained in a plane. Hence it is a twisted

cubic. Conversely, as there are (¢* — q°) twisted cubics on V2 and the same number of
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non-degenerate conics in the plane containing the point (0,0,1), the image under o of

any twisted cubic on V;} is a non-degenerate conic containing (0,0, 1). Thus we have;

Theorem 3.9. The image on V3 of a non-degenerate conic of PG(2, q) which contains
the point (0,0, 1) is a twisted cubic curve. Conversely, any twisted cubic curve on V3 is

the image of such a curve. a

In general, it is not immediately clear how the image on V3’ of a curve in PG(2,q)
containing (0, 0, 1) intersects £. In the above case, as each twisted cubic on V33 is exactly
the intersection of a hyperplane with V3, it follows that all of the above twisted cubics
have a point on each generator, one of which is on /. Or, in other words, that the image
on V3} of a non-degenerate conic C containing (0, 0,1) meets £ in a unique point. Now,
q of the (¢ + 1) lines of PG(2, ¢) through (0,0,1) meet C in one further point, and the
other, the tangent line 4; to C at (0,0,1), meets C exactly at (0,0,1). Thus, as o induces
a correspondence between the generators of V;# and the lines of PG (2, ¢) through (0,0,1)
and each generator of V3 meets C* = ¢(C) in a unique point, the point of C on ¢ is on the
generator of V3 which corresponds to {; under o. In general, we can prove a similar result
which enables us to determine how the image on V3 of an arbitrary curve in PG(2,q)

intersects /.

Theorem 3.10. Let C" be a curve of degree n in PG(2,q) with a point of multiplicity
m at (0,0,1). If there are r(< m) tangents 1.5t 20 C" at (0,0,1) in PG(2,q)
and these correspond to the generators 91, ,9r of V3 then o(C™) contains the points

glﬂﬁ,...,grﬁé.

Proof: Firstly we consider the case where n = 2m, so we are looking at a curve 2™
of degree 2m with a point of multiplicity m at (0,0,1). Once again, we can write the

equation of C>™ in the form
mem + zm—lfm+1 +... 4+ fom=0

where the f; are homogeneous polynomials in z and y of degree 3.

For some r, (0 < r < m), the polynomial fm has r zeros over GF(q) and so splits into
fm = (012 +b13) .. (6,7 + by) frues

where a;,b; € GF(q) and f,,—, is a homogeneous polynomial in z and y of degree (m —r)
satistying fm—,(a,b) # 0 for (a,b) # (0, 0).
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Now, the equations
@ +by=0 4i=1,... 7

are the equations of the lines of PG(2, q) which are tangent lines to C2™ at (0,0,1). Under
o each is mapped to a generator meeting £ at the point zg = 2, = 2, = a;x3 + b;zy = 0.
If we write the equation of fm+; (0 < j <m) in the form

m+37

o § : CemAj—t, 4
fm+g - a’Zj"I" Yy
=0

then we can write the equation of C?™ as

m+7

m m
B E a;px™ Yyt + E zMmJ 5 ai;z™ T =0
=0 Jj=1 1=0

Now, as in the preamble to theorem 3.8, the image of C?™ on V3 is given by the inter-
section of a hypersurface V3™ with V;}. By considering the equation of C*™ in the above

form we can see that V;™ has an equation of the form

m m m+j
§ a’iomgn 1372 + § § a/ijx()” x]lj x2zj $31] 1‘4” — O
1=0 7j=1 =0

where 7;; + s;; + tij + uij +v;; = m + j. Further, as each term a,-jxo”xl’xg”x;]x;}]
comes from a term of the form 2™ 7q;;2 I~y with J 21, at least one of 75, s;; or t,;
is non-zero for every fixed (i,5). Each of these coefficients is zero for g =2 =22 =0

and thus, as £ has equation 2o = z; = 7, = 0, V™ meets £ where

m
E aio.’Egn_zxi =0
0

As above, we can write this equation in the form
(@123 + bix4) . . . (arz5 + brZg) frnr =0

where f,_-(0,0) # 0 and so V3" intersects £ at the points 2y = ZT1 =2y = a;z3+b;zy = 0,
fori=1,...r. That is, at the points in which the generators of V3’ corresponding to the
tangent lines of C*™ through (0,0, 1) meet £.

For the case in which n # 2m we proceed as in the proof of theorem 3.8.

Let 2m > n and consider the curve C2™ of order 2m consisting of C* together with (2m —
n) lines not containing (0, 0, 1). This curve is of order 2m with a point of multiplicity m

at (0,0,1) and has r tangent lines through (0,0, 1), these being the r tangent lines to C*
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through (0,0, 1). Thus, by the above, o(C*™) intersects £ at the points of intersection with
¢ of the generators of V3 corresponding to these tangents. As the lines not containing

(0,0,1) correspond to conics not meeting £, all of these points are on a(C™).

Lastly suppose that n > 2m and there is a line s through (0,0,1) not tangent to C".
Thus C™ together with the line s repeated (n — 2m) times is a curve C2»~™ of order
2(n —m) with a point of multiplicity (n—m) at (0,0,1). The tangent lines to C2—m)
at (0,0,1) are the tangent lines ¢, . .. ytr of C™ at (0,0,1) and the line s. Thus its image
on V3’ meets £ at the points in which the generators o(t1),... ,0(t,),o(s) meet £. All of

these points but ¢(s) N ¢ are on o(C™).

If all the the lines ¢, ... > tg+1 through (0,0,1) are tangent to C» then, by considering
the curve consisting of C* together with the line ¢; repeated (n — 2m), times we can
conclude that all points of £ except possibly o(t1) N € are on o(C™). If we then consider

C™ together with t, repeated (n — 2m) times we can see that this point is on a(C™) too.

a

Note that in some extension GF(¢*) of GF(q) the polynomial fm in the above proof will
split into m linear factors. Thus in PG (2, ¢*) the curve C™ will have m (not necessarily
distinct) tangents. Therefore in PG(4,¢%), o(C™) will intersect ¢ in m points (some of

which may coincide).

3.3.1 Normal Rational Curves on the Ruled Cubic Surface

We have already seen that V3 contains (¢ +¢+1) conics, all of which are skew to ¢, and
(¢*—q?) twisted cubics, all of which meet £ in a unique point. To illustrate an application
of the theorems in the previous section we now calculate the number of normal rational

curves of degree four on V.

Suppose that C is a non-degenerate conic of PG (2,9) which does not contain the point
(0,0,1). By putting 7 = 2 and m = 0 into theorem 3.8 we have that the image of this
conic is a quartic curve on the ruled cubic. As C is non-degenerate, this quartic contains
neither a line nor a conic and so is irreducible. Furthermore it contains (g4 1) points (as
C contains (g + 1) points of PG(2,¢)\ {(0,0,1)}) and, by theorem 3.2, is not contained
in a hyperplane of PG(4,¢). Thus it is a normal rational curve of degree 4 on V3. As
C does not contain (0,0,1), this curve does not meet ¢, and each generator meets it
in 0,1 or 2 points, as the corresponding line through (0, 0, 1) is an external, tangent or

secant line of C.

69



In this case however these are not the only normal rational curves of degree four on
V3. Consider an irreducible cubic curve C3 of PG(2,q) with a double point at (0,0,1).
Putting n = 3 and m = 2 into theorem 3.8 we see that its image on V? is a curve C*
of degree four. Again, as C? is irreducible, C* contains neither a line nor a conic and so
is irreducible. As no hyperplane of PG(4,q) meets V;} in a quartic curve, this curve is
properly contained in PG(4, ¢) and so is a normal rational curve. In addition, since 3
has a double point at (0,0,1), C* has either two tangents through (0,0,1) in PG(2, ¢q)
(if the double point is a node), one repeated tangent through (0,0,1) (the double point
being a cusp) or no tangents through (0,0, 1) in PG(2,q) (the singular point being an
isolated double point). Thus, these normal rational curves on V;} meet ¢ in either 2,1 or

0 points.

By theorem 3.8, the only other curve in PG(2, q) for which the image on V3 is a quartic
curve is a curve of degree four with a point of multiplicity four at (0,0, 1). However the

image of such a curve is not a normal rational curve.
We wish to find if these are the only normal rational curves of degree 4 on V3.

We will need the following lemma;

Lemma 3.11. IfC* is a normal rational curve of degree 4 on Ve and o=1(C*) is a cubic

curve C* in PG(2,q) then C® is irreducible and has a double point at (0,0,1).

Proof: If C* were reducible it would contain a line m. Hence C* would contain o(m)

which is either a line or a conic contradicting the fact that C¢ is a normal rational curve.

As the image of C* under o is a curve of degree four, C® has a double point at (0,0, 1)

or we obtain a contradiction with theorem 3.8. |

Let C* be a normal rational curve of degree 4 on V . Thus

C* = {(fo(®), 1(t), fo(0). fs(t), f2(2)) : T € GF(g) U {oo0}}

where,

e The {fi(¢)} are linearly independent polynomials

e The degree of each f; is at most four

Since any five cubic polynomials are linearly dependent we can infer from these conditions
that at least one of the f; has degree four. Moreover, if a polynomial p, of degree at

least one, divides all of the f; then the five polynomials f;/p are each of degree at most
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three and so are linearly dependent. Thus there exists Ag, ..., A4 ,not all zero, such that
Zj:o Aifi/p = 0 and so Z?:o Aifi = 0, contradicting the linear independence of the f;.
Thus the polynomials f; satisty,

e At least one of the f; has degree four

e The f; have no, non-constant, common factor

By theorem 1.40, as C* is contained on V3 it lies on each of the three quadrics

ToTy = T1T3
Loy = T1%4
ToZo = .’E%

In particular, the third of these equations tells us that
fofa=ft
and so, if we write fy and f; in the form
fo = (f)’po
f2 = (f2)’p
where pg, p2 have no repeated factors, then
fi = (f6)*(f2)*pop2
Thus
pop2 = ¢°
for some polynomial g, and so, as each of py and p, have no repeated factors,
Po=p2=9g

Note that f; and f; cannot both be of degree zero for then fy = (f§)%g and f5 = (f3)%g
would be multiples of each other contradicting the linear independence of the f;. Also,
as each f; is of degree at most four, each f] is of degree at most two and, as at least one

is of degree two, g is also of degree at most two.

Hence we can write

(fo,- - fa) = ((f0)9, fo a9, (f2)°9, fa, fo)

where
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e f/ and g are of degree at most two

e fy and f3 are not both of degree 0

Further note that f; and f; could possibly have a common factor but that if it is of
degree two then fy; = fo, contradicting the linear independence of the fi, and so it is of

degree at most one.

Imposing the equations of the other two above quadrics on the f; now gives us the

relationship
fofs= faofs

If we let f. be the polynomial consisting of any possible common factors of fo and f; (by
above, f. has degree at most one, with possibly f. = 1) then this relationship implies

that

fs = foh/fe
fs = fih/fe

for some polynomial h which has no common non-constant factors with either g or f..

Thus, we can write C* as
{(f5®)%, 5(0) f2(2), £3(8)%, o) R(2)/ £e(£)9(0), f3(t)h(t)/ F(2)g(t)); t € GF(q) U {oo}}

where, in addition to the above constraints on the degrees of the polynomials fj, f35,¢
and f., the fact that f3 and f4 are both of degree at most four implies that the degree
of h/f. is no more than three (as f; and f} are not both of degree 0). Also if deg f. =1
then deg f; is at least two for some 1, for otherwise f} and f5 would be multiples of one
another, contradicting linear independence. Therefore C* is mapped by 071! to a curve

C containing the points,

{(£o(1), 2(2), h(t)/ fe(t)g(2)) : t € GF(g) U {o0}}
= {9 e(t)f5(2), g(8) fe(t) f3(2), h(2)) : t € GF(g) U {o0}}

We show that this curve is either a conic not containing (0, 0, 1) or a cubic curve with a

double point at (0,0, 1).

To begin we suppose that g has degree 0.
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Additionally, assume that f, has degree 0 and h has degree at most two. Hence, as at

least one of the f; has degree 4, one of f§ or fj is of degree 2. So

o7HCh) = C* = {(f()fs(t), fe(O) £5(2), h(t)); ¢ € GF(g) U {o0}}

is a conic not containing (0,0,1). Note also that this conic is irreducible (as C* is) and

the corresponding normal rational curve C* is skew to Z.

Now if f. has degree 0 and h has degree at least 3 then, as f}, f5 are not both of degree 0,
h is of degree exactly 3. Hence, as f; and f, are of degree at most 4, each f/ is of degree
at most one, with at least one of degree 1. Thus, C* = ¢~!(C*) is a cubic curve which, by
lemma 3.11, is irreducible and has a double point at (0,0,1). The corresponding normal
rational curve meets £ at a unique point (that for which the parameter ¢t = co) and so,
by theorem 3.10, C? has exactly one tangent through (0,0, 1) and so the double point is

a cusp.

To complete the case where g has degree 0 we let f, have degree 1. Hence, as was stated
above, at least one of fj or f; is of degree 2 and so h is of degree at most 3. So, once
again, C* = o71(C*) is a cubic curve and hence is irreducible with a double point at
(0,0,1). The corresponding normal rational curve meets £ at a unique point (that for
which the parameter ¢ = t;, the zero of f.) and thus there is a unique tangent to C?

through (0,0, 1) and the double point is again a cusp.

Secondly we assume that deg g = 1 and so (as fy, fi and f, are all of degree four or less)
deg fo <1 and deg f; < 1 with at least one of degree 1. Hence deg f, = 0, for otherwise
fo and f; would be multiples of one another contradicting linear independence. Now, as
each of fo, fiand f> is of degree strictly less than four, one of f3 or f4 is of degree 4 and
thus we can infer that h has degree 3. Therefore C3 = ¢~1(C*) is a cubic curve which,
again, 1s irreducible and has a double point at (0,0, 1). Here the corresponding normal
rational curve meets £ twice (at the points of C* for which the parameter ¢ takes the
values oo and t,, the zero of ¢(t)) and we see that C* has two tangents through (0,0, 1),

so the double point is a node.

To conclude we assume that deg ¢ = 2. As in the previous case this implies that fo
and f, are of degree one or less, f, is of degree 0 and h is of degree three or less. Thus
C® = o71(C*) is a cubic curve, which is necessarily irreducible and has a double point at
(0,0,1). The point C*(t) of the corresponding normal rational curve is on £ if and only
if ¢ is a zero of g. Therefore, as g is of degree two, C* meets £ in either 2, lor 0 points, as

g has 2,1 or 0 roots in GF(q), and the double point is either a node, cusp or an isolated
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double point accordingly.

Hence a normal rational curve of degree four on V3 is mapped by o onto either a conic
not containing (0,0,1) or an irreducible cubic with (0,0,1) as a double point. As we
have already shown that any such curve is mapped by ¢ onto a normal rational curve of

degree 4 on V3, we have the following;

Theorem 3.12. There is a one-to-one correspondence between the set of normal rational
curves of degree 4 on V3 and the set consisting of the trreducible conics of PG(2,q) not
containing (0,0, 1), together with the irreducible cubics of PG(2,q) with a double point at
(0,0,1). Additionally, those normal rational curves meeting ¢ correspond to cubics with
either a node or a cusp at (0,0,1), and those skew to ¢ correspond to either an irreducible
conic of PG(2,q) not containing (0,0,1) or a cubic curve with an isolated double point

at (0,0,1). O

Corollary 3.13. The number of normal rational curves of degree four contained on 175
15 ¢*(¢ — 1)(g +2). Of these ¢*(q —1)(q + 1)2/2 meet £ and ¢*(q — 1)(q% + 2¢ — 1)/2 are

skew to 4.

Proof: From theorem 1.16 there are ¢3(¢® — 1)(g% — 1)/2 absolutely irreducible cubic
curves with a node and ¢*(¢* — 1)(g + 1) absolutely irreducible cubic curves with a
cusp in PG(2,q). Thus the number of each type which contain the point (0,0,1) is
7°(q—1)(¢* - 1)/2 and ¢3(q — 1)(g + 1) respectively. Hence, by theorem 3.12, there are
¢°(¢—1)((¢*~1)/2+¢+1) normal rational curves of degree four meeting ¢ and contained

on V2.

Similarly, by theorem 1.16, there are ¢*(¢® — 1)(¢® — 1)/2 absolutely irreducible cubic
curves with an isolated double point in PG(2,q). Hence there are (g - 1)(g* - 1)/2
absolutely irreducible cubics with an isolated double point at (0,0,1). By theorem 1.15
there are (¢° — ¢?) non-singular conics in PG(2,q). Hence the number of non-singular
conics of PG(2, q) which do not contain the point (0,0,1) is (¢° — ¢®)¢%/(¢* + g + I =
g*(g — 1). From theorem 3.12 the total number of normal rational curves of degree four
on V3> which do not meet ¢ is the sum of these two numbers and we obtain the stated

result. O
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Chapter 4

The Bose Representation of PG(2,¢%)

4.1 Definition of the Bose Map

In his paper [8], R.C. Bose discusses a representation of the Desarguesian projective
plane PG(2,¢*) in the five dimensional projective space PG(5,q), whereby the points of
PG(2,¢%) are represented by a 1-spread of lines of PG(5,q) and the lines of PG(2,¢?)
are represented by the 3-spaces of PG(5,¢) spanned by pairs of lines of this 1-spread.
We describe the this representation of PG(2, ¢%), but using a method different to that

used in [8].

Consider the bijective map

¢: (GF(¢*))® — (GF(g))°
}_)

¢ (a,b,¢) (01,042,ﬂ1752,’71,72)
where
a = a1+ iog
b = [i+if
C = M+

and i is a zero of 22 +z + £, £ € GF(q), which is irreducible over GF(q). We wish to
examine how this map behaves when we consider the triples (a, b, ¢) as points of PG(2, ¢%)

and the sextuples (a1, as, B1, B2, V1, 72) as points of PG(5,9q).

Lemma 4.1. ¢(a,b,c) and ¢(a',V', ') are the coordinates of the same point of PG(5, q)
if and only if o' = da, ¥ = §b and ¢’ = ¢ for some 6 € GF(q).

75



Proof: Let ¢(aa ba C) . (ala Qig, /817 /327 V1, 72) and ¢(a’l) bla CI) = (a/la O/Qa /B{a /Béa 7{7 r)é) .
Then ¢(a,b,c) and ¢(a’, ¥, ') represent the same point of PG(5,q)

(0, &, B, B3, 71, 75) = 6(an, aa, Br, fo, 11, 72) for some & € GF(q)

o, = Sou, = 8oz, B, = 66y, B = 6627} = 671,75 = 672

o) + iy = 6(an + o), B + 0y = 6(61 +ifB2) and (v, +1iv) = 6(m + iv2)
a' = da,b' = 8b,c = éec.

LU R

O

If (a, b, c) is considered as a point of PG(2, ¢?) then any of the (¢*—1) triples (ka, kb, kc),
where & is a non-zero element of GF(q?), are coordinates of the same point of PG(2, ¢?).
By lemma 4.1, the (¢ — 1) triples (da, §b, dc), where & is a non-zero element of GF(q),
are mapped by ¢ to the same point of PG(5,¢). Thus, as there are (g + 1) equivalence
classes in GF(¢*) \ {0} under the relation k; = 6k, for § € GF(q) \ {0}, ¢ maps a point
of PG(2,¢%) to a set of (g + 1) points of PG(5,q). Furthermore, if (a, b, ¢) and (o', ¥, ¢)
are coordinates for the point P € PG(2, ¢°) then
a/a’ =b/b
= (o i)/ (o) +iay) = (b1 + i)/ (B; + iBy)
= off] — B — a1 B + ahfe
+i(o2f] + a1fy — & B2 + ahBs — By — yBy) = 0

where a = a; +ia; and b = 1 +if;. Thus if (a, b, ¢) is any triple representing P, and we
let (2o, 71, 22, T3, T4, T5) be coordinates in PG(5, g), then ¢(a, b, c) = (o4, a2, B1, Bo, 11, 72)
satisfies the equations

brzo — Py — oy + gz = 0 (4.1)

Boo + (B1 — B2)T1 — s — (01 — a)zs = 0 (4.2)
Similarly a/a’ = /b’ and b/b’ = ¢/c’ so that ¢(a, b, ) also satisfies the equations

TZo = €Yoy — a1Zg + Exs =
Yoo + (V1 — 72)Z1 — @ezy — (0 — Q2)xy =

N%2 — EV2x3 — Pi1xg + ELrrs =

o O o o

YoZo + (11 — V2)Z3 — Bazq — (B — Bo)xs =

Equations 4.5 and 4.6 are linearly dependent on equations 4.1 - 4.4 whereas the other
four are linearly independent. Hence these six equations define a line in PG (5,¢). Thus
the ¢ + 1 points to which P is mapped to by ¢ form a line in PG(5,q) defined by the
equations 4.1 - 4.4.
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Lemma 4.2. The (¢> — 1) 3-tuples of elements of GF(¢*) which represent a point of
PG(2,¢%) are mapped by ¢ to the points of a line of PG(5,q). O

If the point P corresponds to the line £ in this way then we write £ = 3;(P). Let
S1 = {B1(P) : P is a point of PG(2,4°)}
Lemma 4.3. [8] S, is a I-spread of PG(5,q).

Proof: By lemma 4.1, if P and @ are two distinct points of PG(2,¢?) then the lines
B1(P) and B1(Q) are skew. Hence S; consists of (¢* + g%+ 1) skew lines of PG(5,q) and
is thus a 1-spread of PG(5,q). 0

Let £ be the line of PG(2, ¢?) of equation az + by + cz = 0. We examine the relationship

between the (¢ + 1) lines B1(P), where P is a point of 4.

(a,8,7) €l & aa+bB+cy=0
& (a1 +ia) (a1 +iag) + (b + o) (81 +i6s) + (c1 + i) (71 +i72) = 0
S aon — a0 + 016y — Ebyfy + 1y — Ecpye = 0
and aga; + (a1 — az)ag + bofy + (by = b2)Ba + oy + (€1 — €)1 = 0

Hence, if P = (a,3,7) is a point of ¢, then the points of the line B1(P) satisfy the

equations

a1zo — agwy + b1z — by + crzy — Ecyrs = 0

asTo + (a1 — a2)z1 + baxy + (b1 — ba) T3 + coxy + (¢ — c)zs = 0.

Therefore the 3-space X3 defined by these two equations contains the (g%+1) lines 81 (P),
where P € £. We say that £3 = (3;(¢) and let

H3 ={B1(£) : £is a line of PG(2,¢%)}

As the lines B1(P), for P € £, are in Sy, they are skew and therefore form a spread of
23; that is, S1 induces a spread in ¥3. Additionally, the elements of H; are precisely the

spaces spanned by two distinct elements of S;. Thus,

Theorem 4.4. S, is a geometric spread of PG(5,q). O

Hence, we have, as in theorem 1.49, the following result (which also follows as a conse-

quence of the definitions of the maps ¢ and 8,);
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Theorem 4.5. The incidence structure (P, L,T) where

is isomorphic to PG(2, ¢?). o

We call this the Bose representation of PG(2, ¢%). If A is any set of points of PG(2, q?)
then we denote the structure in PG(5, q) which represents the points of A by B1(A) and
call it the Bose representation of 4. We call 3, the Bose map.

If S is an arbitrary geometric 1-spread of PG(5, g) then, as in theorem 1.49, the incidence
structure which has the elements of S as points, the 3-spaces generated by pairs of
elements of S as lines and with the incidence given by contalnment, is isomorphic to
PG(2,¢%). The Bose representation is identical to this construction but, in addition,
gives coordinates for the line of S which corresponds to the point P of PG (2,4%). Thus
it is helpful in discussing the representation of certain subsets of PG(2,4?) under the
isomorphism of theorem 1.49. In particular, in section 4.4 and chapter 5, we will see that
it 1s useful by finding the Bose representations of curves, Baer subplanes and classical
unitals of PG(2,¢?).

4.2 The Directrix Planes

As S) is a geometric 1-spread of PG(5,q) and we know, from theorem 1.51, that a
geometric spread of PG(5, g) is regular, S is a regular 1-spread of PG(5, q). Hence, by
definition, given a line £ not in S}, the (g + 1) lines of Sy which meet £ form a regulus in
a three dimensional subspace of PG(5,q). So if ¥3 is an element of Hj, and £ is a line of
23 not in the spread S of 3 induced by S;, then the (g + 1) elements of S which meet

¢ form a regulus in 3. Therefore, by theorem 1.32, we have proved,;

Theorem 4.6. If ¥3 € Hj then the spread of 23 induced by Sy is reqular. a

Now consider PG(5, g) as a subgeometry of PG(5, ¢?). Since the spread S of lines of S;
in Y3 € Hj is regular, we know from theorem 1.33 that there are conjugate lines m and
m of PG(5,q*) such that S is the set of lines obtained by joining P € m to P € 7. As
Hj contains (¢* +¢* + 1) 3-spaces we have, in total, (¢* + ¢2+ 1) such pairs of conjugate
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lines. Furthermore, these lines are ‘the lines of two conjugate planes of PG(5,¢%) and
thus the lines of S; are the lines which join conjugate points of these planes as we now

demonstrate.
Theorem 4.7. Consider the conjugate planes of PG(5,q%) defined by the equations
IT: zp+ix1= zo+iz3= z4+125=0
I: zo+iz= Zo4i%3= 4+ izs =0.
If we join each point P of 11 to its conjugate point P of Il then the ¢* + ¢® + 1 lines so
obtained are exactly the lines of Sy extended to PG(5,q?).

Proof: Noting that (a,b,c) and (ia,b,ic) are coordinates for the same point P of
PG(2,¢%) it follows that the line £ = B;1(P) of S; contains the points ¢(a,b,c) =
(a1, 02, B1, B2, 71, 7v2) and ¢(ia, ib, ic) = (=Eon, a1 — g, —EBs, By — Bo, €72, 71 — 72) of
PG(5,q). Thus this line of S contains the set of points

{(an = €0y, a0 + 7(0 — ag), B1 — 1€B2, B2 + (61 — Be),...) T € GF(q)U {oo}}

and so, when extended to PG(5, ¢?), contains the points

{(og —réan, 0 +r(a1 — az), By — 7By, Bo + (B — f2),...):T € GF(Q2) U {oo}}

Therefore it meets the hyperplane zy + iz; = 0 of PG(5, ¢*) where

. (aq + i) _ -
(aa +i(og —ay))

That is, at the point
P = (a1 —Fas,as + T(ay — a3), By — 7By, B2 + (B — B2),...)

which also lies on the hyperplanes z; + iz3 = 0 and z4 + iz5 = 0 of PG(5, ¢?) and so is
a point of I1. Similarly ¢ meets II at the point

Q= (o1 — s€ag, a0 + s(o1 — ), -..)

where
_ (Oll -+ Zag)
(Eag + i(ay — ay))

Note that
(ay + 102)9
(Eag +i(ay — ay))d
(01 + 1% ap)
Eag + 17 (g — 1))
(a1 + i)
Eao +i(ay — ay)
= F

s! =
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SO

() — s€x9)? = z¥—s9¢%]
= x1—TExo
and
(Tg + s(xy —32))? = 22+ sz — x0)7
= x9+7(T1 — X2)
Hence the points P and () are conjugates as required. O

Theorem 4.8. II and II are the unique pair of conjugate planes of PG(5,¢%) such that

the lines of S, are the lines joining corresponding points of these planes.

Proof: If ¥3 € Hy then the lines &3 N II and 5 NI are directrix lines of the spread S
of ¥3 induced by S;. As the directrix lines of this spread are unique, the planes II and

II are unique. O
We call IT and II the directrix planes of S;.

Suppose P is a point of PG(2,q?) corresponding to the line £ = B1(P) of S; and that
m is a line of PG(2, ¢?) corresponding to £, = B1(m). It then follows that ¥,, meets
IT in a line which contains the point II N /. Thus the map which associates the point
P € PG(2,q?%) with the point IINZ is a collineation between PG(2, ¢*) and I and thus, in
effect, the geometry in PG(2, ¢%) is mimicked in II. This means that if we are considering
the Bose representation 31 (A) of a point-set A in PG(2, ¢?), then the lines of S; of which
B1(A) consists, meet IT in a set of points isomorphic to A. This viewpoint can sometimes

be useful when considering the Bose representation.

4.3 The Sets S; and H; and Subspaces of PG(5,q)

We shall require some information which describes S; and Hj in greater detail and, in
particular, how the subspaces of PG(5, ¢) may intersect these sets. Most of these results

appear in [8] but, once again, the exposition is different.

Lemma 4.9. [8] Any two 3-spaces of Hj intersect exactly in a line of S and any two

lines of S1 are contained in a unique element of Hj.
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Proof: If ¢, = B1(Py) and ¢, = B1(P) are lines of S; then B1(P.P,) is the unique
element of Hs containing them. Let &; = Bi(mi) and T, = B1(my) be two elements
of Hj. If the point Q of PG(5,q) is contained in both 21 and ¥, then, as S) induces a
spread in elements of Hj, the line of Sy through Q is in &, N 25 too. Thus, as m, and

mg have a unique common point @), £; and ¥, intersect precisely in the line 3, (@). O

As a consequence of this we have the following useful result.

Theorem 4.10. [g] Every hyperplane of PG(5,q) contains a unique element of H;.

Proof: Let £; and 35 be two distinct elements of Hsz. If they are contained in a
hyperplane £, of PG(5,q) then they have a plane in common, contradicting lemma 4.9.
Therefore each of the (¢ + 1) hyperplanes containing 3 contain no further element of
H;. As there are (¢* + ¢® + 1) three-dimensional spaces in Hj, we can deduce from this
that all of the (¢* + ¢% + 1)(q + 1) hyperplanes of PG(5, g) contain a unique element of
H;. )

The Subspaces of PG(5,q)

By theorem 4.10, every hyperplane of PG(5, g) is situated identically with respect to Sh
and Hj in that it contains exactly one element X3 of Hj, and meets every other element
of H in a (distinct) plane and contains the (¢*+1) lines of S; which are in 23, and meets
every other line of S; in a (distinct) point. For subspaces of other dimensions there are
more alternatives. If £ is a line of PG (5,¢) then ¢ is either in S or not and, accordingly,
we divide the lines of PG(5,q) into two classes, those which are in S, and those which
are not. A line of PG(5,q) is said to be of type 1 or type 2 depending upon whether
it is a line of S; or not. Correspondingly, a 3-space of PG(5,q) is said to be of type 1

or type 2 depending upon whether it is an element of Hj or not, [8].

For planes the situation appears to be more complicated. By lemma 4.9, a plane of
PG(5,q) contains at most one line of S1 and is contained in at most one element of H,

and thus there appears to be four types of planes. However this is not the case.

Lemma 4.11. [8] 4 plane of PG(5,q) either contains ezactly one line of S; and is
contained in one element of Hy or contains no line of Sy and is contained in no element
Of H3. O

Proof: If  is a plane of PG(5, g) contained in 5 € Hj then 7 meets each of the (¢*+1)
lines of S; contained in 23. Hence, as these lines are skew, it meets ¢% of them in a

unique point and contains the other. Suppose that 7 is a plane of PG(5,¢q) containing
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the line £ of 5. If A is a point of 7 not on £ then let £, denote the line of S; through
this point. Hence (¢,£,4) is an element of H; and contains 7. Thus a plane contains a
line of ) if and only if it contains an element of Hj. As no plane contains two lines of

S1 or is contained in two elements of Hs the result follows. O

Therefore, there are two types of plane in PG(5,q). Those containing a line of S; and
contained in an element of Hj, which are said to be of type 1, and those containing no

line of S; and contained in no element of H;, which are said to be of type 2, [8].
Properties of the Subspaces

A line of Sy is skew to all other lines of S; and all the (¢® + ¢> + ¢ + 1) planes about
it are necessarily planes of type 1. It is contained in ¢ + 1 elements of H; and skew to
all remaining elements of Hs. A line £ of type two has one line of S; through each of its
points and these (¢ + 1) lines are contained in a common element ¥; € H; and form a
regulus in 3. If £, denotes the line of S; through A € ¢ then the plane (£,24) is of type
1 and so £ is contained in ¢ + 1 planes of type 1. All the remaining planes containing ¢

are of type 2. X3 is the only element of H; which contains ¢.

Lemma 4.12. [8] There are (¢* + ¢* +¢* + g + 1)(¢* + ¢> + 1) lines of type 2.

Proof: S) contains (¢*+¢*+ 1) lines and subtracting this from the total number of lines

in PG(5, q) gives the above number. 0

A plane 7 of type 1 contains one line £ of S; and (¢ + ¢) lines of type 2. If A € 7, and
A lies on the line £4 # £ of S; then, by lemma 4.9, (¢, 24) is the unique element of H,
containing 7. All lines of a plane 7 of type 2 are of type 2 and so are contained in a
unique element of H;. By lemma 4.9, these are the only elements of H; which meet 7 in

a line, and hence all other elements of H; meet 7 in a unique point.

Lemma 4.13. [8] Of the planes of PG(5,q), (¢*+ ¢* +1)(¢® + ¢* + ¢+ 1) are of type 1
and ¢*(¢* + 1)(¢® + ¢* + g + 1) are of type 2.

Proof: A line of S is contained in (¢ + ¢? + g + 1) planes, all of type 1. No type
1 plane can contain two lines of Sj, so the total number of type 1 planes is therefore
(¢®+¢*+q+1)(¢" +¢*+1). Subtracting this from the total number of planes in PG(5,q)

gives the required number of type 2 planes. O

If ¥3 € H; then 23 contains (¢° + 1) lines of S; and thus (¢ + 1)(¢ + 1) planes of type
1. As a plane of type 2 is contained in no element of Hs, ¥3 contains no type 2 planes.

Every other element of H3 meets X3 in a line of Sj.
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Let X3 be a 3-space not in Hs. If &, is a hyperplane containing X3 then, by lemma 4.10,
¥4 contains a unique element ¥ of Hj;. Hence Y5 intersects ¥ in a plane which is
necessarily of type 1 (elements of H; contain no type 2 planes) and so contains a line ¢
of S1, which, as 3-spaces containing two lines of S; are elements of Hj, is the unique line
of 51 in X3. The g + 1 planes of 3 about ¢ are all of type 1 and all other planes in 5
are of type 2. Each of these planes is contained in an element of H; and, as elements
of Hj contain no type 2 planes, these are the only elements of Hj3 which meet £5 in a

plane. To sum up we have,

Lemma 4.14. A $-space T3 not in Hj contains a unique line ¢ of Sy and q+1 planes of
type 1, Ty, ..., Mgr1, which are the intersections of g + 1 elements of Hy with ©3. Each

pont of X3 \ £ lies on a unique plane 1; and hence if A is some point-set in PG(2,¢?)
then X3 N B1(A) = J(m; N B1(A4)). O

4.4 The Bose Representation of Curves of PG(2,q)

Consider C*, a curve in PG(2,¢%) given by the equation f(z,y,2z) = 0, where f is
a homogeneous polynomial of degree n over GF(g®). We wish to describe the Bose

representation of C”.

Let
ikl
f= E i’y z
J+k+i=n

where a;, € GF(q?). If a,b,c are elements of GF(q?) then we can write a = ay + iag,
b=0by + by, c =c¢; +ico and Ajkt = Tk + 15k, Where ag, b, c;, 75y, sjk are all in GF(q)

so that

f(a, b, C) = Z (T'jkl + isjkl)(al -+ iag)j(bl + ibg)k(cl + ng)l
Jt+k+i=n

Thus, using the fact that 2 = —; — €, where £ € GF(q), we can write this as
f(a’ b7 C) = fl(ala s, b17 b?) C1, 02) + if?(ala Qas, bl; b2) C1, c?)

for some polynomials f; and f, with coefficients in GF(q).

If fis of degree n then so too are fi and f,. The equations f; = 0 and fo=0
define hypersurfaces V; and V, of degree n in PG(5,q). Further, since Bi(a,b,c) =
(a1, az, b1, by, 1, ¢3), the point (a,b,c) of PG(2,¢%) is a point of C™ if and only if the point
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(a1, a2, b1, b0, ¢1, c3) of PG(5,q) is a point of the hypersurfajces V1 and V;. Thus, the Bose

representation of C" is the intersection of the two hypersurfaces V; and V5.

For example, consider the conic C? of PG(2, ¢%) defined by the equation
w2+ yz=0
If a,b,c € GF(q*) with a = o; 40y, b=y + 16, and ¢ = 1 + 17, then

(a,b,c) €C* & a’+bc=0
& (ay+iap)? + (Br +1i62) (71 +iv2) =0
&l + B + (0] + Boye) + i (2000 + Brye + Boyi) = 0

& of + fim — £(0d + Bare) +i(20n0z + Biya + foys — a5 — foy2) =0
Thus, if we let
f1 = 2§ + 2024 — E(2? + 325)
and
f2 = 220x) + Tox5 + T3T4 — T2 — T375

then (a,b,c) is a point of C? if and only if the point (o, ag, b1, B2, 71, v2) of PG(5,q)
1s a point of intersection of the hypersurfaces fi = 0 and f, = 0. Hence the Bose

representation of C* is the intersection of these two hypersurfaces of PG (5,9).

In addition, in the general case, we can show that the following relationships are satisfied

by the polynomials f; and f5.

Theorem 4.15. Let C* be a curve in PG(2,q%) defined by the equation flz,y,2) =
0, where f is a homogeneous polynomial of degree n. The Bose representation of C*
consists of the intersection of two hypersurfaces of PG(5,q) defined by the equations
fi(@o, ... ,25) =0 and fo(zo,... ,z5) = 0 where, in general, fi and fo both have degree

n. In addition, the polynomials fi and fy satisfy the following relationships;

0h . 0f

BLL‘J‘.H B axj (47)
8fi _ 3f _oh

axj N al'j_H * 8.’1,']' (48)

where j = 0,2 or 4 and 2° + z + &£, £ € GF(q), is irreducible over GF(q).

Proof: The first part of the theorem was shown above. For the proof of the last sentence

we use induction on n, the degree of f. Suppose that f = agz+a,y+asz, fora; € GF(g%),
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is linear. By proceeding as described in the preamble to this theorem, the points of the
Bose representation of the line f = 0 lie on the 3-space which is the intersection of the

hyperplanes of PG(5, q) defined by the equations
fi = 1m0 + s + aszy — E(Bizy + Bozs + Baxs)
and

f2 = bBizo + (o1 — Br)x1 + Boxa + (0 — Ba)xs + Pszs + (a3 — B3)xs

where a = oy +iay, b= B + 16, and ¢ = v, + iy, for oy, B;,7; € GF(q). Hence
of Of1 Of2 Of2

= = b, 8—%:041—51

3—320 = Qq, 3_:1:: = —=£0, 3_230
and the relationships 4.7 and 4.8 hold.
Suppose that
f= Z aijkxiyjzk
i+j+k=n
where a;;, € GF(q?%), is of degree n and the Bose representation of the curve f = 0 is

given by the intersection of the two hypersurfaces f; = 0 and fo =0 of PG(5,q). Now,

we can write,

flz,y,2) = Z 0352y’ 2

i+j+k=n
i1, 5 _k i—1_k n—1
ES xog a;kx Yz +y§ Qojky’ " 2" + zagonz
i#0 J#0

. iEog(xayaZ) + CL‘lh(fI/‘,y,Z) + .Tgk(l',y, Z)

where the Bose representations of g =0, h = 0 and k = 0 are given by the intersections
of the hypersurfaces g; = 0 and g, =0, h; = 0 and h; = 0 and k; = 0 and ko = 0. Thus

we can express the polynomials f; and f, in terms of the g;, h; and k;. Hence
f1 = 2og1 + Tohy + 24k — E(192 + T3ho + T5ky)
and
fa = %092 + z1(91 — 92) + Zoho + z3(h1 — hy) + 24ky + z5(ky — ko)

Now, as h and & contain no z terms,

Oh; Oh; Ok; Ok
Oxy 0Oz, Oz¢ Oz




and the partial derivatives of f; and f, can be written as,

oh 99: 09>

Gy = 9teeg g

g_;: = xo%—f@ﬁxl%)

% - 92+$og—z+xl <g_£_%)

ggﬁ% == $og—f§+(91—gg)+xl<g%_§_i>

and we need to show that these expressions satisfy the relationships 4.7 and 4.8. Now,

ofi O 99,

61‘0 = = + % 63:0 §$1 ('3:50
_ 991 991 992
= 01 + (.’130 .’L'l)axo + T (8—33; gaxo

and since g is of degree (n — 1) and hence, by the inductive hypothesis, satisfies 4.7

and 4.8 this becomes

0 0 0 0
hoo gt o — 2029 4o, (i+_9_1>

8_.’130 6.’130 8.’1?1 0330
_ 092 0ga O0gq dq )
= g+ (270 .’I)l)(axo + axl) + T (8330 = axg
Manipulating this expression we obtain
ofy _ 0f  0f:
81‘0 81‘1 8.’1)0
Similarly,
of1 _ 01 092
8.’171 B xoa.’lfl (,92 T 83}1
_ dg1 991  0gs
§92 + xo Bz, §xy <3—:1:(; B2

as g; and g, satisfy the relationships 4.7 and 4.8. Thus

oh _ _(oF
81'81 axo
The proofs of 4.7 and 4.8 in the cases that j = 2 and j = 4 are analogous. a
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4.5 The Relationship with the Bruck-Bose Repre-
sentation of PG(2, ¢?)

Recall from section 1.15 that, if X, is a hyperplane of PG(4,q) and S is a spread of
Yoo, then we can form the projective plane 7(X4, oo, S). This plane is isomorphic to
PG(2,¢%) and we call it the Bruck-Bose representation of PG(2,¢?). The isomorphism
between PG(2,¢%) and m(Z4, T, S) was denoted B;. As we now demonstrate, this

representation is connected in a natural way to the Bose representation of PG(2, ¢°).

Let %4 be a hyperplane in PG(5,¢). From corollary 4.10, 34 contains a unique element
Yo of Hy and the ¢* + 1 lines of S; in ¥, which necessarily form a regular spread
S of L. Thus, we can construct the Bruck and Bose projective plane 7(%4, Zo, S).

Therefore we have a Bruck-Bose representation of PG(2, ¢?) in every hyperplane of ;.

We can say more about the association between the two maps. The hyperplane %,
contains precisely those elements of S; which are in X, and meets each remaining line
of 5; in a unique point of 4\ .. Conversely, there is a unique line of S; through each
such point. Similarly, ¥ is the unique element of Hs in ¥, and every other element
of H; meets ¥4 in a plane about a line of S. Conversely, there is an element of Hj
containing any plane meeting L, in a line of §. Thus, if P is a point of PG(2,¢?) and
¢ a line of PG(2,¢?), then B2(P) = B1(P) NSy and Ba(£) = B1(¢) N T4. We state this

as follows;

Theorem 4.16. Let T, be a hyperplane of PG(5,q) containing the unique element S,
of Hy and S be the spread of £ induced by S,. If B, denotes the Bose map and Bs the
Bruck-Bose map between PG(2,¢*) and m(Z4, Lo, S) then

B2(P) = B1(P)NZy
for any point P of PG(2,q?%), and
B2(f) = B1(£) N Xy

for any line £ of PG(2,¢%). a

Hence if A is any set of points of PG(2,¢?) and we know the structure of the Bose
representation of A, B1(A), then we can determine the Bruck and Bose representation
B2(A) of A by considering the intersection of 81(A) with a hyperplane £, of PG(5, ).
Note that as ¥, intersects the directrix planes II and II of S; in the directrices of S
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this also tells us how B3(A) intersects the directrices of S in the quadratic extension
PG(4,4%).
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Chapter 5

The Bose Representation of Baer

Subplanes and Classical Unitals

The main theme of Bose’s paper (8] is that the Bose map gives a concise representation
of the Baer subplanes and Baer sublines of PG(2,4?%). In addition, and not discussed
in [8], the Bose representation of the classical unitals of PG(2, ¢*) is also quite appealing.
Here we discuss these representations and, as in section 4.5, use them to elucidate the
Bruck-Bose representations of these structures. Furthermore, it is shown that the Bose
representation is useful in that it simplifies the proofs of several known results concerning

unitals and Baer subplanes.

5.1 The Bose Representation of Baer Subplanes

We discuss the Bose representation of the Baer subplanes of PG(2,¢% and the Baer
sublines of a line of PG(2, ¢%), obtaining, from a different perspective, similar results to

those obtained in [8].

If (0,00, B1,02,71,72) = é(a,B,7) (with ¢ as defined in section 4.1) is a point of
PG(5, q) then, for any non-zero k € GF(g?), the point

¢(k93, ky, kz) = (/‘6101 — ERgarg, Kooy + (:“61 - 52)042, K1P1 — §kafB, . . )

of PG(5,q), where k = 1 + iy and £ € GF(q) is such that the polynomial 22 + z + £ is

irreducible over GF(g), lies on the same line of S;. Hence, for any non-zero k € GF(¢?),
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with k& = Ky + ik, the map

bi : X — XA

where A is the matrix

/ K1 —EKg 0 0

0 0 )
Ko K1 —ky 0O 0 0 0
0 0 K1 —€Ko 0 0
0 0 Ko Ki—kKe O 0
0 0 0 0 K1 —€ko
\ 0 0 0 0 K K-k )

preserves the lines of 5.
Lemma 5.1. 1. 1y is a projectivity of PG(5,q).

2. For k € GF(q), v is the identity map. For k ¢ GF(q), Yx fizes no point of
PG(5,q) and every line of S;.

3. Y =y & k = 6L for some § € GF(q).
4. There are (¢ + 1) dz’s.tmct- projectivities of this type.
Proof: By simple expansion
|A] = (k1(k1 — K2) + €K3)°
so that
|A| =0 k] — Kiky + ER2 =0

Consider the quadratic z? — 2 + €. If this has roots z; and x5 then —z; and —z, will be

roots of z2 + 1 + &, contradicting the irreducibility of this quadratic. Thus, for ke # 0,

K1) 2 K1 K3 — K1kg + EK3
- —{—= ]+ 5 — 5
Ko K9 Ky

# 0

and so |A| 3# 0.

If kg = 0 then |A| = &% # 0, as k; and k5 are not both zero. Thus |A| # 0 and 1 is a
projectivity.
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2. This follows from the definition of 1.

3. Suppose that 1y = 1y, for some u € GF(¢?) where u = y; + iy, . Then
¥x(1,0,0,0,0,0) = ¥, (1,0,0,0,0, 0)

which implies that (x1, k2,0,0,0,0) and (th1, p2,0,0,0,0) are coordinates for the same
point of PG(5,q). Therefore, k; = ou; and k3 = ou, for some o € GF(q) and thus

k = ou.

Conversely, if k = ou = o(u; +1pp) for some o € GF(g) and X is any point of PG(5,q),

with coordinates (2, 21, Za, 3, 24, Ts), then

V(X)) = (kizo — Ekay, Koo + (K1 — K2)Z1,...)
= (0Mzo — £0AaT1, 0Nz + (g — A2)Z1, .. .)
= o(MZo — X1, Aog + (A — Ag)7y,.. )
= Yu(X)
Hence ¢, = 1,.

4. This follows from 3 as there are (¢° — 1) non-zero elements in GF(¢?), (q— 1) non-zero

elements in GF(g) and (¢* — 1)/(g — 1) = (¢ + 1). ]

Consider a line ¢ of PG(5, q) of type 2; that is £ is not a line of Si. As iy is a projectivity,
the image of £ under ¢ is a line m which is of type 2. If P € ¢ and lies on the line Zp of
Sy then, as vy, fixes lines of S}, ¥ (P) is the point of intersection of ¢p and m. Thus the
lines £ and m are projectively related, by 4, in such a way that corresponding points
are incident with the same line of S;. As in theorem 1.45, this correspondence defines
a Segre variety V; 1, that is a three-dimensional hyperbolic quadric Q, with one regulus
R being the lines Py (P) where P is a point of £. Note that the lines of R are all in
Sy. For k' € GF(¢*) with k' # ok for any ¢ € GF(q), the projectivity v is distinct
to 4. Similarly to above, the projectivity v acting on £ defines a three dimensional
hyperbolic quadric Q'. However, as there is a unique line of Sy through each point of ¢,
R is a regulus of Q' too and Q' is identical to Q. Hence the line 9 (¢) is a line of the
opposite regulus to R and the opposite regulus is made up of the image of / under the

(g + 1) distinct projectivities described in lemma 5.1.

To describe the Bose representations of the Baer Subplanes of PG (2, ¢%) we must examine

how 1, acts on the planes of PG(5,q).

Let o be a plane of PG(5, q) of type 2. Its image o under ¥ is a plane of type 2. Hence

the planes « and o are projectively related (via %), with, as above, corresponding points
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being incident with a common line of S;. Therefore, by theorem 1.45, the planes o and
o/ generate a cubic scroll of planes with lines in .S; and with planes being the image of
« under the (¢ + 1) distinct projectivities described in lemma 5.1. Each plane of type 2
Is contained in a unique cubic scroll of this type and, as each such scroll contains (q+1)

planes of type 2, we have, by lemma 4.13, the following result:

Lemma 5.2. There are ¢*(¢> +1)(q>+1) cubic scrolls of planes where the planes of the

scroll are of type 2 and the lines of the scroll are in Sy. a

Suppose R3 is one such cubic scroll of planes. Let a be a plane of the scroll and B denote
the set of (¢* + ¢ + 1) lines of S; which meet «; that is B is the set of lines of the scroll.
In the Bose representation, each line of B represents a point of PG(2, ¢?). Let B denote
this set of points. We examine how B is intersected by the lines of PG(2, ¢?).

Let £ be a line of PG(2, ¢?) corresponding, via the Bose map, to the 3-space &3 € Hs.
By the definition of a type 2 plane, « is contained in no element of Hs. In particular,
Y3 does not contain o and thus o and %3 intersect in either a point or a line. Since
Y3 contains precisely those elements of B which meet « in a point of o N T; it thus
contains either 1 or (¢ + 1) lines of B. Hence ¢ meets B in either 1 or (¢ + 1) points.
Suppose that ¢ and £ are two lines of PG(2,¢?) containing (g + 1) points of B and ¥}
is the Bose representation of . In this case ¥3 and =} both intersect « in lines. The
line of B through the point of intersection of these lines thus corresponds to a point of
B in common to both ¢; and ¢;. Therefore the points of B are the points of a Baer
subplane of PG(2,¢*) and RS is the Bose representation of this subplane. Furthermore,
if £ contains (¢ + 1) points of B, and is thus a Baer subline of B, then ©; meets « in a
line ¢ of type 2 and so, as above, the lines of B which meet ¢ form a regulus. Therefore

the Baer sublines of the Baer subplane B correspond to reguli of lines of R}.

In addition, from lemma 5.2, there are ¢*(¢® + 1)(¢% + 1) such cubic scrolls which, by
corollary 1.3, is the number of Baer subplanes of PG(2, ¢%). Similarly, there are q(¢*>+ 1)
reguli of lines of S) in an element of H3 and thus g(¢® + 1)(g* + ¢® + 1) reguli of lines of
S1. By corollary 1.5, this is the number of Baer sublines in PG(2, ¢?). We sum up these

results in the following.

Theorem 5.3. [8] In the Bose representation of PG(2,¢%),

(1) The Baer subplanes are represented by cubic scrolls of planes of type 2, for which the
lines of the scroll are in S;. Conversely, all such cubic scrolls represent Baer subplanes

of PG(2, ).
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(2) A Baer subline of a line of PG(2,q%) is represented by a regulus of lines of S1 and,

conversely, any requlus of lines of S; represents a Baer subline of PG(2,q¢%). O

9.1.1 The Bruck-Bose Representation of Baer Subplanes

In section 4.5 we discussed a connection between the Bose and Bruck-Bose representa-
tions of PG(2, ¢?). As we now know the Bose representation of Baer subplanes and Baer
sublines of PG(2,¢%), we can exploit this connection in order to find the Bruck-Bose

representation of the Baer subplanes and Baer sublines of PG (2,¢%).

We begin by finding the Bruck-Bose representation of a Baer subline b of a line ¢ of
PG(2,4¢%). As before, let &, be a hyperplane of PG(5,q) containing £, € H; and S
denote the regular spread of &, induced by S;. We determine the Bruck-Bose represen-
tation of b in the plane (24, oo, §) = PG(2,¢%). Let Lo, = B2(Seo) be the Bruck-Bose
representation of X,,. The Bose representation of £ in PG (5,9), B1(£), is an element T,
of Hy and (3;(b) is a regulus R of lines of S, (in 3) (theorem 5.3). Therefore, as in
section 4.5, B2(b) = R N Z,. Note that the intersections of R with the directrix planes

of 51 are points of the directrix lines of S. There are three cases to consider.

Firstly assume that ;3 = T, or, equivalently, that b is a Baer subline of ly. In this
case the lines of R are contained in L., and so B2(b) = R. Conversely, by theorem 5.3,

all reguli of lines of S| represent Baer sublines of PG (2, ¢%).

Alternatively 33 # ©, (b is not a Baer subline of ) so that £3 meets ¥, in a plane «
about t € S.

Suppose that ¢ is a line of R (or, equivalently, that b contains a point of Z,). This means
that B2(b) consists of ¢ together with the ¢ points in which « intersects the lines of R\t
As R is one regulus of a hyperbolic quadric, it follows that o N R is a degenerate conic
consisting of two lines, one of which is ¢ and the other, ', contains these q points. In
this case we say that B2(b) = ¢/, although we could also regard it as the degenerate conic
containing the lines ¢ and #'. Note that this would imply that, in the extension, B2(b)
contains the points t N II and ¢ N II of the directrices of S. Conversely, if m is any line
of PG(4, ¢) not contained in £, then the lines of S1 meeting m form a regulus and so
are the Bose representation of a Baer subline. Hence any such line is the Bruck-Bose

representation of a Baer subline of PG(2, ¢?).

Lastly, suppose that ¢ is not a line of R. Thus o N R consists of g + 1 points of a \ t.

Hence, as o MR is a quadric in a plane and o does not contain a line of R, B2(b) is a
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non-degenerate conic C in «. In this case the converse, namely that every non-degenerate
conic in o represents a Baer subline, is not true (see Metz, [37]) and those that do are
called Baer conics. We seek to characterise the Baer conics. To this end, consider the
quadratic extension PG(5,¢%) of PG(5,q). As, in the extension, the directrices of S are
lines of the opposite regulus to R, the conic C contains a point of each directrix. Since
«, the plane of C, contains the line t € S these points are T'=¢tNII and T = ¢tNII. This

is the condition we seek.

Theorem 5.4. A conic C in a plane a of PG(4,9) \ o meeting So, in a line t is a
Baer conic if and only if it contains the points T =t N1l and T = ¢ N 1I.

Proof: That a Baer conic satisfies this property has been shown above and so it only
remains to prove that all conics satisfying this condition are Baer conics. Let C be a
conic of PG(4,¢q) \ 4 in the plane a about ¢ € S and containing the points T and 7.
In addition, suppose that A, B, C' are three points of C contained in the lines ¢4, 5, ¢
of §). As « is a plane of type 1 it lies in a unique 3-space X of H3. The lines ¢4, 45, {0
define a regulus of lines R in ¥ which represents a Baer subline of & and soaNR =
is a Baer conic. Now, in the extension, C’' contains the five points A, B,C,T,T (as it
is a Baer conic) and, by assumption, C does too. Hence the conics C and C’ have five

common points and so coincide. Thus C = (' is a Baer conic. O

Summarising, we have;

Theorem 5.5. In the Bruck-Bose representation T(24, Loo, S) of PG(2,q?) the repre-

sentation of the Baer sublines is as below.

1. A Baer subline of £y, is represented by a regulus of lines of S. Conversely, any

such regulus represents a Baer subline of {o.

2. A Baer subline with a unique point on lw 18 represented by a line of T, meeting
Yoo tn a unique point. Conversely, any such line represents a Baer subline with a

unigque point on L.

3. A Baer subline with no point on l., is represented by a non-degenerate conic, with
no point in L, in a plane meeting S, in a line t of §. Such a conic contains the
points in which t meets the directriz lines of S. Conversely, any conic satisfying

these conditions represents a Baer subline with no point on l. O
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Similarly, we can determine 3, (B) where B is a Baer subplane of PG(2,¢?). Again, we
determine the representation of B in 7(X4, s, S) (with £4,Z,S as defined above).
From theorem 5.3, the points of 3;(B) are the lines of a cubic scroll R} of type 2 planes.
Consequently B2(B) is given by the intersection R3 N Z,. From theorem 1.47 such an

intersection is one of

(a) a plane « of the scroll and a quadric @ with one regulus in S,
or

(b) a ruled cubic surface V;? with line directrix a line of S;.

Note that, in the extension, the lines of R} which correspond to points of B, meet each

directrix plane in a Baer subplane of that plane (see section 4.2).
There are two cases to consider as B meets £, in either a Baer subline or a unique point.

Firstly, assume that B and /., meet in a Baer subline. Therefore, by theorem 5.5, R}
intersects X, in a regulus, R. Thus R} N X, is an intersection of type (a) above with
the plane o meeting X, in a line of the opposite regulus to R. In this case we say that
B2(B) = a. Conversely, any plane of £4 meeting L, in a line not in S is of type 2.
Thus, the lines of S; meeting such a plane are the lines of a cubic scroll which is the
Bose representation of a Baer subplane. Hence any such plane is the Bruck and Bose

representation of a Baer subplane of PG(2, ¢*).

Now suppose that B meets /, in a unique point. Therefore R intersects T in a line r
of S. As this is the only line of S; in X4, the intersection of ¥4 and R} is of type (b).
We say that 85(B) = V7. Since the conic directrices of V represent Baer sublines of B,
the plane of each meets £, in a line ¢ of S. From theorem 5.5, each such conic contains
the points ¢t N 1T and ¢ N II. Since there are (¢? + 1) conic directrices on V3 there is a
(unique) conic plane of V? about any line of S\ r and we can deduce that the directrix
lines X, N1II and $4NII are, in the extension, lines of V32. Once again, as there are conics
of PG(4,¢q) in planes meeting ©, in lines of S which do not represent Baer sublines of
PG(2,¢?%), there are ruled cubic surfaces, with line directrix in S and conic directrices in
planes about lines of S, which do not represent Baer subplanes of PG(2, ¢?). Those that
do are called Baer ruled cubics. We have the following characterisation of the Baer

ruled cubics which is also obtained, in a different manner, in [40].

Theorem 5.6. [40] Let V;} be a ruled cubic surface of PG(4,q) which meets So in
ezactly its line directriz and has a conic directriz in a plane meeting Lo in a line of S.

V3 is a Baer ruled cubic if and only if it contains the directriz lines TIN Yoo and [INT.
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Proof: Again we have already shown that any Baer ruled cubic satisfies this conditior.
For the converse, suppose that V;? is a ruled cubic surface satisfying the hypotheses of
the theorem. Let g;, g, be generator lines of V3 with A}, By € g; and Ay, By € go. The
lines of S; through these four points meet II in a quadrangle which determines a Baer
subplane B in II. (3,(B) is then an R3 containing the lines of S; through A,, By, 4,
and B, and meeting ¥, in a ruled cubic surface R} (for otherwise the intersection would
consist of a plane and a quadric and the points A;, A,, B;, B, would be coplanar, which
would imply that g; and g, are coplanar, a contradiction). Now R3, being a Baer ruled
cubic, contains ¢, g1, and g, as generators, where ¢ = [I N £,. That is, V> and R have
three common generators and so coincide (since a projective correspondence between a
line and a conic is completely determined by three pairs of corresponding points, see [48]).
That is, V3> = R3 is a Baer ruled cubic. O

Summarising;

Theorem 5.7. In the Bruck-Bose representation (54, Lo, S) of PG(2,¢%) the repre-

sentation of the Baer subplanes is as given below;

1. A Baer subplane with q¢ + 1 points on fy is represented by a plane of PG(4,q)
meeting Yoo 1n a line not belonging to S. Conversely, any such plane represents a

Baer subplane of PG(2,¢?).

2. A Baer subplane with a unique point on L is represented by a ruled cubic surface.
Such a ruled cubic contains the directrices of S. Conversely, any ruled cubic surface

which contains the directrices of S as generators represents a Baer subplane of

PG(2,4%). O

5.2 The Bose Representation of the Classical Unital

The study of unitals in PG(2, ¢?) has been greatly aided by the use of the Bruck-Bose
representation of PG(2,¢%). As there is a close connection between this and the Bose
representation of PG(2,¢?), it is not surprising that the Bose representation also aids
this study. In particular, the Bose representation of the classical unital is more concise
than that given by the Bruck-Bose map and so it is often easier to prove theorems about

the classical unital in this setting.

Theorem 5.8. The Bose representation of a classical unital of PG(2,q%) is an elliptic
quadric of PG(5, q) which, in PG(5,¢%), contains the directriz planes of S1. Conversely,

96



any elliptic quadric of PG(5, q) which, when eztended to PG(5,¢?), contains the directriz

planes of S, is the Bose representation of a classical unital of PG(2,¢?).

Proof: Let U, be a classical unital in PG(2,¢%). Thus we can choose coordinates in

PG(2,¢?) so that the points of U, are the points satisfying the equation
zzd +yy?+229=0

We want to find the Bose representation of U,. Suppose that (a,b,c) is a point of U,
with a = a1 +1ag, b = 1 + iff; and ¢ = 741 + i7,. Then, since the map z — 29 is an

automorphism of GF(¢*) fixing each element of GF(q),

(a,b,c) €U’ & aa+bb+cE=0
& (a1 +iag)(ag +i%ay) + (B + if2) (61 +4962)
+(n + i) (1 + %) =0
& o + 7+ + i+ ) (e + b + )
+119 (0 + B+ v2) =0 (5.1)
where i and ¢ are the zeros of 2> + 2 + ¢, £ € GF(g) and so (i +7) = —1 and & = &

Thus equation 5.1 becomes
2 L2 2 2 2 2 _
o —anp +€ay + B — Bife +EBy + 7 — e+ &y, =0

and hence (a, b, ¢) is a point of I, if and only if the point 31 (a, b, ¢) = (a1, a2, B1, B2y V1, 72)

is a point of the quadric,
Ty — ToZy + ETF + 35 — Towz + €22 + 22 — 2425 + E22 =0

This is the equation of an elliptic quadric in PG(5, ¢) and, when considered as a quadric

of PG(5,q?), contains the directrix planes.

Conversely, let @ denote a quadric as in the hypothesis. Suppose that the point P of
PG(5,q) on the line £p of S; lies on Q. Then, in PG(5,¢%), Q contains the points P,
£pNII and ¢pNII of £p and hence all of £p. Thus, in PG(5,q), Q contains any line of S
which it meets. Therefore, as an elliptic quadric in PG(5, q) has (¢° + 1)(g + 1) points,
Q consists of ¢* + 1 lines of S;. We need to show that these ¢° + 1 lines are the Bose
representation of a classical unital. To do this we show that the set of ¢° + 1 points I in

which they meet II form a classical unital in IT (see section 4.2).

If £ is one of the above mentioned ¢* + 1 lines then, as Q is an elliptic quadric, any

element of H3 about ¢ which contains another of these lines must contain ¢+ 1 of them.
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Thus, by counting, ¢? of the elements of Hj about ¢ contain ¢ + 1 of these lines and the
remaining element of H; about ¢ meets Q in £ exactly. We call this the tangent three
dimensional space to Q about ¢ and denote it T(Q). If ¢ intersects II in the point P
then the (¢* + 1) elements of H; about ¢ intersect Il in the (¢°> + 1) lines of II through
P. Hence the above implies that of the g° + 1 lines of TI through a point of U, ¢* are
(¢ + 1)-secant to U and one is tangent to /. Thus, in total, I has ¢3 + 1 tangents and
(@ +1)/(g+1) = ¢* — ¢ + ¢2 (¢ +1)-secants. Thus all lines of IT are tangent or ¢ + 1

secant to U and so U forms a unital in II.

We prove that U is classical by showing that it satisfies the condition of reciprocity
(see section 1.14.1). Let A, B, C, D be four points of U, no three of which are collinear,
and t4,tp,tc,tp be the tangents to U through A4, B,C, D respectively with ¢4 and tp
intersecting at the point X. Suppose that the line CD contains X. We need to show
that tc Ntp = Y lies on the line AB. Let £p denote the line of S1 through the point P.
Thus, equivalently, we must show that by =T, (Q) N Ty, (Q) is contained in (£4,2p).

Let p denote the polarity of PG(5, ) induced by the quadric Q. So, if P € Q the polar
of P is the tangent space to Q at P, denoted Tp(Q). By corollary 4.10, this contains a
unique element of H, which, as it contains P, contains ¢p. Hence this element of H; is

T;,(Q), as all other elements of H;3 about £p meet Q in a hyperbolic quadric.

Consider the line ¢,. By the above, the polar of any point of £, contains 7} . (Q) so this
is the polar of . Similarly, the polar of /5 is T;5(Q), which implies that the polar of
(€4,2B) is T3, (Q) N Te (Q) = Ly, which is contained in ({¢,¢p). Thus, by the pole-polar
property, the polar of (¢¢,4p) is contained in (€4,25). That is, ¢y C< ¢4,¢5 >. Hence,

by theorem 1.55, U is a classical unital. a

5.2.1 The Bruck-Bose Representation of the Classical Unital

As we did with Baer subplanes, we may now use this to obtain the Bruck-Bose repre-

sentation of the classical unital.

Corollary 5.9. IfUf is a classical unital in PG(2, ¢%) then the Bruck-Bose representation
of U in m(Zy, oo, S) is either

1. A non-singular parabolic quadric meeting L., in (g+1) lines of S, or

2. An elliptic quadric cone consisting of the lines joining P Lo to the points of an

elliptic quadric meeting Yo, in a unique point A, where A and P are collinear on
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a line of the spread, S.

In both cases, the quadrics contain the directriz lines of S. Conversely, any such quadric

containing the directriz lines of S is the Bruck-Bose representation of a classical unital.

Proof: Let ¥, be a hyperplane in PG(5,q) containing £, € Hz; and S denote the
(regular) spread of £y, induced by S;. From theorem 5.8 and section 4.5 the Bruck-Bose
representation of U is given by the intersection @ N L,, where Q is an elliptic quadric of

PG(5,q) containing the directrix planes. There are two cases two consider.
If ¥4 is a tangent hyperplane of Q then QNX, is an elliptic cone as given in the theorem.
Otherwise, @ N ¥, is a non-singular parabolic quadric as stated in the theorem.

In both cases ¥, meets each of the directrix planes of S| in lines which are thus lines of

the quadric.

Conversely, suppose that P, is a non-singular parabolic quadric in £, meeting L, in
(g + 1) lines of S. As the general equation of a quadric of PG(4,q) has 15 coefficients
and the general equation of a quadric of PG(5,q) has 21 coefficients, there will be a
unique quadric @ containing P, and any 6 additional points of PG(5,¢) which impose
linearly independent conditions on the coefficients of Py. Let A, B, C be three points of
P4\ Eo such that the lines €4, £p, 4o of S; through these points are not contained in a
common element of H3. Now Py, together with two points from each of these three lines
(not A, B or C), lie in a unique quadric @ of PG(5, ¢) which, in PG(5,¢?), contains the
directrix planes. If Q contains P € PG(5,q) then, as it contains the directrix planes,
@ contains three points of the line of S; through P and hence all of this line. Thus Q
consists exactly of the lines of S} which intersect X4 in a point of P,. So, as P, contains
(¢*+1)(¢*—1)/(g—1) points (theorem 1.25), of which (¢-+1)? are the points of P4 N e,

we have

(@ +1)(¢*-1)

19 = (¢+1) e ~(g+1)?% + (g +1)°
= @+ [(@®+1) - (g+1) +1]
= (¢+1)*¢"-q+1)
= (¢+1)(+1)

Thus, as a non-singular elliptic quadric is the only quadric of PG(5, q) with this number

of points, @ is such a quadric.

99



Let T1y&3 denote an elliptic quadric cone as in the theorem. Let A, B, C be three points
of [Ip€3 \ oo such that the lines €4, £, £c of S; through these points are not contained in
a common element of Hj, and such that the element of H; generated by any two of these
lines does not contain the line £y in which I[;€3 meets Eo. As above, II;&; together
with two points from each of these three lines (not A, B or C) lie in a unique quadric Q
of PG(5,q) which, in PG(5,¢), contains the directrix planes. As & contains (¢2 + 1)
points, I1o€3 contains (g(¢*> + 1) + 1) points of which (¢ + 1) are points of £.,. Thus,
similarly to above, Q contains (¢°(¢ + 1) + (¢ + 1)) points and is thus a non-singular
elliptic quadric. O

The representations of the classical unital given in theorem 5.8 and corollary 5.9 also

enables us to determine how a classical unital intersects a Baer subplane.

Theorem 5.10. A classical unital intersects a Baer subplane in one of

1. A point of the Baer subplane,
2. A line of the Baer subplane,
3. Two lines of the Baer subplane,

4. A non-singular conic of the Baer subplane.

Proof: Let U be a classical unital in PG(2, ¢?) with Bose representation Q and B be a
Baer subplane with Bose representation R3. We show that the lines of S; in common to

Q and R} meet the directrix plane II in one of the required ways.

Let m be a plane of R3. As a plane meets a quadric in a quadric of that plane, 7 intersects
Q in either a point, a line, two lines or a non-singular conic. The lines of S; in common
to @ and Rg are the lines of S; meeting 7 in a point of 7 N Q. Hence Q intersects all

planes of R} and, in particular, IT N RS, in this way. a

5.3 Buekenhout and Buekenhout-Metz unitals

We can make use of the Bruck-Bose representation of the classical unital given in corol-

lary 5.9 to examine when a Buekenhout unital or a Buekenhout-Metz unital is classical.

Firstly, recall from section 1.15.2 that a Buekenhout parabolic unital is a unital for
which the Bruck-Bose representation in 7 (X4, Lo, S) is a non-singular parabolic quadric

meeting Yo, in a regulus belonging to S. Clearly, a classical unital has this representation
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as it contains ¢ + 1 lines of S, contains the directrix lines of S, and thus is classical by

corollary 5.9 giving us;

Theorem 5.11. [6] A Buekenhout unital of PG(2,¢%) is a classical unital. O

If U is a Buekenhout-Metz unital, that is the Bruck-Bose representation of U is an
ovoidal cone O in PG(4,q), then examples for which U is non-classical are known. As
was outlined in section 1.15.2, if O is not an elliptic quadric then I is non-classical (see
Buekenhout, [17]) and, furthermore, there are examples in which O is an elliptic quadric
and U is non-classical (see Metz, [37]). In this second case, a restatement of corollary 5.9

gives a condition under which such unitals are classical.

Theorem 5.12. Let U be a Buekenhout-Metz unital in PG(2,q?) where the associated
ovoidal cone O has an elliptic quadric base. The unital U is classical if and only if, in

the extension, O contains the directrices of S. O

An alternative characterisation of Buekenhout-Metz unitals among classical unitals has

been given by Lefévre-Percsy in [35]. This result has a simple proof in this setting.

Theorem 5.13. [35] Let U be a Buekenhout-Metz unital wrt (T, 4y) in PG(2,q?) where
the associated ovoidal cone has an elliptic quadric base. If U has a secant line £ not

containing T which meets U in a Baer subline then U is a classical unital.

Proof: As / intersects U in a Baer subline and does not contain T, the intersection of
B2(£) and B2(U) is a Baer conic. By theorem 5.4, such a conic intersects the directrices
d,d of S in the points P and P, respectively. Let ¢ be the line of $., which is the Bruck-
Bose (and Bose) representation of 7. As X, is tangent to B2(U) and the directrices
are lines of £, (in the extension), it follows that they each meet B82(U/) doubly at tNd.
Hence, counted according to multiplicity, d has three points on B2 (/) and so is contained

in it. Therefore, by corollary 5.9, U is a classical unital. |
Actually the condition that ¢/ has an elliptic quadric as base ovoid is superfluous. Thus

we obtain a characterisation of any Buekenhout-Metz unital among classical unitals.

Theorem 5.14. Let U be a Buekenhout-Metz unital wrt (T,4) in PG(2,q%). If U has
a secant line not containing T which meets U in a Baer subline then U is a classical

unital.
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Proof: Suppose that U is a Buekenhout-Metz unital wrt (T',4x). Then, as above,
B2(U) contains a Baer conic C and so, as an ovoid containing a conic is an elliptic
quadric (theorem 1.30), it follows that any hyperplane section of B,(l/) about C is an

elliptic quadric. Thus, by the above theorem, the unital is classical. |

We also have;

Corollary 5.15. If U is a unital in PG(2,4¢*) which is Buekenhout Metz wrt (11, 4,)
and Buekenhout-Metz wrt (Ty, &) (with Ty # Ty) then U is classical.

Proof: If U is Buekenhout-Metz wrt (7%, 4;) then a secant line of I through T} is rep-
resented in m(X4, X, S) by a line of PG(4,q) meeting S, in a unique point. Therefore
all secants of U through T are Baer sublines. Thus & is Buekenhout-Metz wrt (T, £3)
with a Baer subline through T} # T5. Hence, by theorem 5.14, U is classical. O

5.4 A Characterisation of the Classical Unital

It is well-known that if 2/ is a classical unital in PG(2,¢%) and ¢ is a secant of I then
the points of £ on U are the points of a Baer subline of £. In the Bose setting this follows
easily; for B2(U) is an elliptic quadric of PG(5,q) and B2(f) consists of (g + 1) skew
lines of this elliptic quadric contained in a three-dimensional subspace X3 of PG(5,q).
As Y3 meets an elliptic quadric in a quadric of 3, these (¢ + 1) lines are necessarily one
regulus of a hyperbolic quadric. By theorem 5.3, they are thus the Bose representation

of a Baer subline of a line of PG(2, ¢%). That is, we have;

Theorem 5.16. A secant line ¢ of a classical unital U of PG(2,4?%) intersects U in the
points of a Baer subline of ¢. a

Furthermore, it has been shown by Lefévre-Percsy in [35] and Faina and Korchmaros
in [26] that the converse of the above result is also true. That is, that a unital for which
every secant line meets the unital in the points of a Baer subline is a classical unital.
Lefévre-Percsy did this by showing, using a characterisation of Buekenhout-Metz unitals
given in [34], that such a unital is Buekenhout-Metz with respect to each of its tangent
lines. She then shows that the base ovoid of this Buekenhout-Metz unital is an elliptic
quadric so that the result follows by theorem 5.13. Faina and Korchmaros take a different
approach and show, using some results from group theory, that such a unital satisfies the

condition of reciprocity and hence is classical. Here we use the idea of a quadratic set
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to show that the Bose representation of such a unital is an elliptic quadric of PG(5, q)

containing the directrix planes of S; and hence that the unital is classical.

A quadratic set ([16]) in PG(n,q) is a set K of points of PG(n,q) satisfying the

following conditions

1. K is of type (0,1,2, ¢+ 1) with respect to the lines of PG(n,q).

2. The union of 1-secants and (g + 1)-secants through P € K, together with P itself
is either PG(n, q) or a hyperplane. We call this the tangent space to K at P and
denote it Tp(.S).

Lemma 5.17. In PG(2,q) there are siz types of quadratic sets. They are as follows,

1. the empty set
2. a point

3. aline

4. 2 lines

5. a{g+1)-arc

6. PG(2,q)

Proof: Let K be a quadratic set in PG(2,¢). If K does not contain a line then it is a
k-arc and, for the tangent space condition to be satisfied, consists of either 0,1 or (¢+1)

points.

If K consists solely of a line £ then it is a quadratic set. If besides £ it contains another
point P then, for Tp(K) to be either a line or PG(2, ¢), K must contain either precisely
one more line through P, and so be the union of two lines, or contain all lines through
P, whence K = PG(2,q). 0

.. Lemma 5.18. [16], [30] Let K be a quadratic set and Il, a subspace of dimension s in

PG(n,q). Then K' = KNI, is a quadratic set in I1; and Tp(K') = Tp(K) N1 for any
point P of K'.

Proof: If ¢ is a line of II; then £NK' = /N K and so X' is of type (0,1,2,¢g+ 1). Let
P € K. Any line of II; through P containing 1 or (¢ + 1) points of K', contains that
number of points of K and so Tp(K') C Tp(K) NII;. Conversely, any line of PG(n,q)
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through P containing 1 or (¢ + 1) points of K, contains that many points of X’ and so
Tp(K) NIy € Tp(K'). Thus Tp(K') = Tp(K) N II,. Therefore, as K is a quadratic set,
Tp(K') is either I, or a hyperplane in II,. 0

Lemma 5.19. [16], [30] K is a quadratic set in PG(n, q) if and only if each plane section

1s a quadratic set.

Proof: Necessity follows from the previous theorem. Suppose each plane section of a
set KC of points of PG(n, ¢) is a quadratic set. Let £ be a line of PG(n, q) and II a plane
containing £. As KN¢ = (KNII)N¢and I NK is a quadratic set, it follows that K is
of type (0,1,2,¢ + 1) and that £ is a (g + 1)-secant (or tangent) of X if and only if it
is a (g + 1)-secant (or tangent) of K NI, for all planes II containing £. Let P € K and
£1, 45 be two lines either 1-secant or (¢ +1)-secant to K. Let IT = (£1,4,). By hypothesis,
IINK is a quadratic set with Tp(CNII) = II. Thus II C Tp(K) and Tr(K) is a subspace.
As each plane containing P has a line in T»(K), it follows that Tp(K) is a hyperplane or
PG(n,q). O

Theorem 5.20. [16], [30] If K is a guadratic set in PG(n,q), which is not a subspace
of PG(n,q), and every plane section of K is the empty set, a point, a line, two lines or

a non-degenerate conic then K is a quadric. m]

Therefore, to show that a unital of PG(2, ¢?) for which all secant lines are Baer sublines
is a classical unital, we need to show that its Bose representation is a quadratic set of

PG(5, q) for which all plane sections are either empty or a conic (possibly degenerate).

We shall make use of the following result which first appeared in [15]. The proof here is
as in [20].

Lemma 5.21. [15] Let U be a unital and B be a Baer subplane of PG(2,¢%). If b,
denotes the number of lines of B which, when extended to PG(2,4¢?%) , are tangents to U
and s denotes the points in BNU then

bi +s=2(g+1).

Proof: Counting in two ways the set of ordered pairs (P, £) where P is a point of U and

¢ is a line of B containing P, we obtain the equation,

S(+1)+ (@ +1—5)1=b.l+ (P +g+1—-b)(g+1)

104



from which the result follows. O

Let U be a unital in PG(2, ¢%) with all secants Baer sublines and let 2/ = 8, () be the
Bose representation of /. Thus U is a set of (¢° + 1) lines of S; such that every element
of Hy contains either one or (¢4 1) of these lines, and if £ € H; contains (¢+ 1) of these
lines, then those lines form a regulus. Those elements of Hs; which contain one line of I/
are called tangents of i/ and those meeting it in a regulus are called secants of &. To

begin we examine how lines intersect U.

Lemma 5.22. A line of PG(5,q) contains 0,1,2 or (q+ 1) points of U.

Proof: A line of S; contains either 0 or (g + 1) points of . Let £ be a line not in 5,
which contains the points A, B, C of U on the lines £4,£p, £c of S) respectively. Then
Y = (f4,%p) is in Hj, and contains ¢, which implies that C and thus 4. are also in 2.
By hypothesis, R({4, %5, £c) consists of (¢ + 1) lines of & and so, as £ is a line of the
opposite regulus, it contains (¢ + 1) points of U. O

For the sake of brevity, we call lines of PG(5, q) which contain (g + 1) points of ¢, lines

of U and the those lines of &{ which are of type 2, transversal lines of /.

Lemma 5.23. U contains ¢° + ¢> — ¢* + 1 lines, (¢> + 1) through each point of U.

Proof: There are (¢°+1) lines of U/ in S;. A unital has (¢* —¢®+¢?) secants and so U has
(¢* — ¢* +¢*)(g+1) transversal lines (as elements of Hj intersect exactly in a line of S,
no transversal line is contained in two distinct elements of H3). This gives the required
number. If P is a point of ¢ then the line £p of S; through P is in ¢/. Additionally, the

q? elements of H; about £p which are secant to I/ contain a transversal line through P.

O

By lemma 5.19, to show that ¥/ is a quadratic set we need to show that the intersection
of ¢ with a plane of PG(5,q) is a set of the type given in lemma 5.17. For the type 1

planes this is straightforward.

Lemma 5.24. A plane of type 1 meets U in a conic.

Proof: Let 7 be a type 1 plane in PG(5,q). From section 4.3, 7 is contained in an
element ¥ of H; which meets U in either a line or a regulus. Thus, in the former case,

7N U is either a point or a line and, in the latter, it is a plane section of a regulus. O

In the case of the type 2 planes the result is more difficult. We need the following lemmas,

of which the next seems particularly important.
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Lemma 5.25. A plane containing a line of U meets U in either that line exactly or in

two lines.

Proof: If the plane is of type 1 then the result follows from the previous lemma. So
suppose that 7 is a type 2 plane containing the line £ of U. As 7 is of type 2, ¢ is a
transversal line of & and there are (¢* — 1) further transversal lines through each point
of £. Hence there are (¢* —1)(¢+1) transversal lines of i meeting £. Let ¢, ¢ be two such
transversals and consider the plane (¢,¢). Such a plane is of type 2 and if it meets ¢’ at
a point not on £ then it contains ¢’. However, by lemma 5.21, a type 2 plane contains at
most 2¢+ 2 points of U, so this cannot occur. Thus the (¢ —1)(g+1) planes (¢, £), where
t is a transversal line meeting /, are distinct and meet U in exactly two lines. Similarly,
each of the ¢ + 1 planes (£4,¢), where £4 is a line of S; meeting ¢, meets I in two lines.
Every point of I/ is in one of these planes so the remaining planes about ¢ meet I/ in ¢

exactly. Thus m meets U in /¢ exactly or in two lines. ;]

Lemma 5.26. Let ¥ be a three dimensional space of PG(5,q) which is not an element
of Hs. If the line €p of S1 contained in ¥ is also in U, then the intersection ¥ NU

consists of either

(a) £p and q transversal lines of U, all meeting £p in the same point
or

(b) a hyperbolic quadric.

Furthermore, the intersection is of type (b) if and only if each element of Hs about {p

meeting ¥ in a plane is a secant of U.

Proof: Let ¥ satisfy the conditions of the theorem. By lemma 4.14 there are (¢ + 1)
elements of H3 meeting ¥ in the (¢ + 1) planes about £p in ¥. Furthermore, if these
spaces are Li,. .., Y41, meeting ¥ in my, ..., w41, respectively, then SNU = [ J(m;NU),
where 7, NU = {p if T is tangent to U, and m; NU = £p and a transversal line through
¢p if T is secant to U. As there is only one tangent line through a point of a unital, at

most one of the ¥; is tangent to /.

Suppose that ¥,.; is tangent to I and that 5; NU = £pUm,, for i = 1,...,q. Let
my N¥¢p = A. Note that as the planes m; meet only in £p, the m; are either skew or meet
at a point of £p. Suppose that my N ¢p = B # A and consider a plane # about m; in
which does not contain £p. The line m, meets § at a point not on m, so, by lemma 5.25,

B contains two lines of U. However 8N consists of, at most, m; and the (g — 1) points
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m;N G fori=2,...,q and so cannot contain two lines of /. Thus my N ¥€p = A too and

all the lines m; pass through A. Thus ¥ and U intersect as in (a) of the theorem.

Now, if v is any plane about ¢p in ¥,,;, the three dimensional space (y,m;) is not in
Hj3, contains {p and is met by £,,, in a plane about £p. Hence, by the above argument,
(v, m1) meets U in £p together with ¢ transversal lines through A, one of which is m;.
There are (g+1) 3-spaces of this kind, they meet pairwise in the plane (m;, Zp), between
them contain (g + 1)(¢ — 1) + 1 = ¢* distinct transversals (ie all the transversals) of U

through A and are all in the four dimensional space (Xq4+1,m1).

Similarly, the g2 transversal lines through any other point of £p are all contained in a
hyperplane about £,,,. As there are (¢ + 1) hyperplanes about ¥,,,, and (¢ + 1) points
on /p, all of the hyperplanes about £, meet U in £p together with ¢* transversal lines
all incident with the same point of £/p. Consequently, if 3 contains two transversal lines
of U through different points of Zp, it is not contained in any hyperplane about ¥,;;
and so does not meet ¥,1; in a plane. Thus each element of H3 meeting ¥ in a plane is
secant to I and ¥ contains (g + 1) transversal lines of U, each meeting ¢,,; in distinct
points. These lines meet ¢p in distinct points, for if two of them, say m and n, do not

then ¥ = (¢p,m,n) is contained in the hyperplane containing £p, m,n and L44;.

It remains to show that the intersection ¥ N/ is indeed a hyperbolic quadric. Suppose
that the (¢+1) transversal lines in which ¥ meets U are £y, ... , £541. No two of these lines
intersect, for if they did the plane containing them would also contain ¢p, contradicting
lemma 5.25. Thus, if A; € ¢, \ ¢p then (¢1, A) is a plane meeting U in a line and a point
and hence, by lemma 5.25, contains two lines of U/. Let this second line be ¢,. As each
line ¢; intersects (£;, A), g1 has a point on each ¢;. None of these points is on ¢p, for
otherwise (¢, A) = (¢1, g1) would contain three lines of ¢{. Thus g; is a transversal to
the (¢ + 1) skew lines ¢1,...,¢,4;. Similarly, for Ay € 43\ £p (A2 # A;) we can find a
line g, which is a transversal to the ¢;. Thus ¢;,...¢,4; are the ¢ + 1 transversals of the
three skew lines g;, g» and ¢p (for g; and g, intersecting would contradict lemma 5.25)

and so are one regulus of a hyperbolic quadric. O

Lemma 5.27. U is a quadratic set-in PG(5,q).

Proof: By lemma 5.19, we need to show that each plane section of U is a quadratic set.

Let m be a plane in PG(5,q).

If 7 is of type 1 then, by lemma 5.24, it meets U in a conic which, by lemma 5.17, is a

quadratic set in 7.
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Let m be a type 2 plane. Since a null set is quadratic, we may assume that 7 contains
the point P of Y. Thus ¥ = (m,{p), where {p is the line of S; through P. is a three
dimensional space not in Hs (as it contains a type 2 plane) which contains a line in both

U and S;. Hence ¥ NU is given by lemma 5.26.

Suppose that this intersection is of the type (a) of lemma 5.26 and that the ¢ transversal
lines of U in ¥ all pass through the point A. In this case, if 7 contains £p then, by
lemma 5.25, it intersects U in either one or two lines. Likewise, if 7 doesn’t contain £p

but meets it at A, then it meets U in either A exactly or one or two transversals.

Lastly, if 7 intersects £p at the point B # A then it contains no transversal (for otherwise
it would contain A) but meets each transversal, and so intersects ¢ in (g + 1) points. If
three of these points were collinear then the lines of ¥ NI/ through these points would

be coplanar, contradicting lemma 5.25, and hence these points form a (g + 1)-arc.

If ¥NU is of type (b) of lemma 5.26, that is, a hyperbolic quadric, then IT meets I/ in a

plane section of a hyperbolic quadric, which is a quadric in a plane.

By lemma 5.17, each of the above possible intersections of = and U form a quadratic set

in a plane. Thus ¢/ is a quadratic set. a

Lemma 5.28. U is a quadric of PG(5,q).

Proof: We know that I is a quadratic set so, by theorem 5.20, to show it is a quadric
we must show that all non-empty plane sections are conics. As no plane intersects I in
more than two lines, I/ contains no plane and so it only remains to show that any plane

meeting U in a (¢ + 1)-arc meets it in a conic.

For q odd, any (g + 1)-arc is a conic so there is no more to prove and hence we assume
that ¢ is even and that the plane m meets U in a (¢ + 1)-arc, C. By lemma 5.24, we can
assume that 7 is of type 2. As C is a (g + 1)-arc, there is a unique line through each
point of C which meets C in that point exactly. Such a line is said to be a tangent of C.
In total, C has (¢ + 1) tangents and it is well-known (see, for example, [29]) that these
lines are concurrent at a point NV, called the nucleus of C. Now, lemma 5.21 implies that
there are (¢ + 1) elements of H;, £1,...,Z,;; which meet 7 in lines and are tangent to
U. Suppose that each of £y,...,Z,,; meet 7 in lines which are tangent to C. Let £y
be the line of S through N and consider the three dimensional space £ = (Un,m). As
7 is of type 2, this is not an element of H; and so, by lemma 4.14, SNU = Ulm nU)
where m; = ;N E. Hence S NU = C. However this contradicts the fact that ¥ meets

U in a quadratic set. Therefore not all the ; meet 7 in lines tangent to C. Recall that
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each line of 7 is contained in a unique element of Hj, and thus we have that one of the
tangent lines to C, say the one meeting C at the point P, is contained in an element of
Hj secant to U. As each other line of  through P meets C (and hence U) in two points,

the elements of H3 about these lines are also secants of .

Consider the three dimensional space & = (¢p, 7). By the above paragraph, each element
of Hs about £p meeting ¥ in a plane is secant to U. Hence, by lemma 5.26, S N{ is a
hyperbolic quadric. 7 meets I/ in a plane section of this hyperbolic quadric and so meets

U in a conic. Hence, by lemma 5.20, U/ is a quadric. a

To complete the proof, we need to demonstrate that I/ is indeed an elliptic quadric
containing the generator planes. From our knowledge of quadrics in PG(5,q), as U
contains (¢ + 1)(¢® + 1) points and no plane, it is a non-singular elliptic quadric. In
PG(5,4%), it contains the (¢° + 1) points of II (the directrix plane) in which the lines of
Sy in U meet II. Thus it contains I and, similarly, IT.

Hence U is the Bose representation of a classical unital and so we have,

Theorem 5.29. A unital of PG(2,q%) for which all secant lines are Baer sublines is a

classical unital. 0
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Chapter 6

Other Perspectives on the Bose

Representation

One difficulty in determining the Bose representation of a certain set of points of
PG(2,¢%) is that the relationship between the coordinates of a point P of PG(2,q?)
and the points of the line By (P), which is the Bose representation of P, is quite compli-
cated. As it currently stands, the point (a,b,c) of PG(2,¢?) corresponds to the line £p
of S1 of defined by the equations,

frzo — Efaz1 — arxa + anzy = 0 (6.1)
Bazo + (61 — B2)T1 — aaT2 — (0 — )23 = 0 (6.2)
NZo — €721 — a1Za + §pzs = 0 (6.3)
Y2Zo + (71— 72)%1 — Q% — (1 —ag)zs = 0 (6.4)

where a = oy +i0g, b= [y + 16, ¢ = 1 + 172, a, Gi,vi € GF(q) and 7 is a zero of
Zy + 1 + &, € € GF(q), which is irreducible over GF(q). The relationship between the
coordinates of P and the coordinates of the points in which ¢p meets the directrix planes
of S; is also complex, as we saw in the proof of theorem 4.7. In this chapter, we shall find
a way of simplifying this relationship so that the coordinate approach can be used more
profitably to study the Bose representation. As an application, we use this to discuss

the image of the lines of S; on the Grassmannian of lines of PG(5, q).
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6.1 The Bose Map Reconsidered

For the purpose of simplifying the relationship between the coordinates of a point P of
PG(2,¢%) and the coordinates of the line By (P), we consider the following map.
w:PG(5,¢*) — PG(5,¢°
w:X — XA

where A is the matrix

[ 1

00100
1 00400
010010
0 ¢ 00 i 0
0001001
000

\ 0 iy
By simple expansion, the determinant of A is (z — i)® which is non-zero and thus w is a

collineation of PG(5, ¢?).

As w is a collineation, the set of lines w(S;) form a geometric spread of the space
w(PG(5,q)), a subgeometry of PG(5,¢?), isomorphic to PG(5,q). The incidence struc-
ture for which the points are the elements of w(S:), the lines are the elements of w(Hs)
and the incidence is containment is thus isomorphic to PG(2,¢%). We shall see that,
under this isomorphism, the coordinates of a point A of PG(2, ¢?), and the coordinates

of the points of its corresponding line £,4, are related in a less complicated manner.

6.1.1 The Action of w

We begin by considering how w acts on the directrix planes IT and II of the 1-spread S;
of PG(5,q). Recall, from section 4.2, that these planes are given by the equations

To+1T1 =To+1L3 =2g4+ 125 =0
and
To+1T, =To+ 13 =24 +125 =0

respectively. Thus, if P is a point of II then P = (—iay, a1, —iay, as, —ias, as) for some

a1,as,a3 € GF(q?). Hence

w(P) = PA

= ((z=1)a, (t — 1)ay, (1 —7)as, 0,0,0)
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and w(II) is the plane of PG(5, ¢%) defined by the equations
Tz = Ty = Ty = 0.
Similarly, w(IT) is the plane defined by the equations

To=21 =25 =0.

With this knowledge of how w acts on the directrix planes, we can determine the action
of w on the sets S} and Hj. If £ € 5) then £ is the join of the point P € II to its conjugate
point P € II. Thus w(¥) is the join of w(P) and w(P). Now, with P and w(P) as above,

P is the point (—ia;, a7, —tas, g, —ias, a3) and thus

w(P) = (0,0,0,—ia; + ia7, —ia; + i@z, —iay + iGz)
= (0,0,0,d1,az,@3)

Hence, w(¥) joins (a1, as,as3,0,0,0) € w(Il) to (0,0,0,ar,az,a3) € w(Il). Thus the lines
of w(S1) are the lines of PG(5,¢?) containing sets of points of the form

{(#,9,2,0,0,0) + A(0,0,0,%,7%,%) : A € GF(¢*) U {o0}}

where 7,9,z € GF(q¢?), not all zero. We let S denote the set w(S1). As the elements
of Hs are the 3-spaces of PG(5,q?) generated by pairs of elements of S;, w(H3) is the
set of 3-spaces of PG(5, %) generated by pairs of elements of S;. We let H denote the
set w(Hj3). Note that the elements of H are 3-spaces of the subgeometry w(PG(5,q)) of
PG(5,4%).

Lastly, we discuss the set w(PG(5,q)). If Q = (o1, ag, az, ag, as, ag) is a point of PG(5, q)
then

w(@ = QA
= (a1 + 10y, Qg + 10, 5 + 1Qs, Qp + 102, O3 + 10y, 05 + ias)
. (a1;a27a3aa’_laa'_2a@)
where a; = a; + tog,ay = o3 + 0y, a3 = as + . Thus any point of w(PG(5,q))
can be written in the form (ai,as, as,@7,z,ad3). Conversely, (ai,as,as, a1, dz,a3) and

(b, by, bs, by, by, bs) represent the same point of PG(5,¢?) if and only if a; = pb; for some
p € GF(q)\ {0}. Thus the set

{(a,b,¢,a,b,c:a,b,c € GF(q*)}
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. 6_ .
contains "q_—ll =¢°+¢*+ ...+ 1 elements and so is w(PG(5,q)).
Alternatively, if £ is a line of S then, by the above, £ is of the form
{= {(117, Y, 2, 0: 07 O) + T(Oa 0) 075@7 E) SRS GF(q2) U {OO}}

and contains g + 1 points of w(PG(5,q)). Thus, from above, these are the points of ¢

which can be written in the form 6.1.1.

Therefore, if P = (z,y, 2,7, 7y,7Z) is a point of £ then it is a point of w(PG(5,q)) if
and only if, for some t € GF(¢?) \ {0},

(z,y, 2,7, 7y, 1Z) = t(a, b, c,a,b,?)
Thus
ta =z and ta =17
which implies that
r=t/t

for some ¢t € GF(¢?)\ {0}. As (¢/?)9T! = 1 for any such ¢, and there are precisely (g+1)
distinct values of ¢/t for t € GF(q?) \ {0}, it follows that these are the solutions of the
equation 29! = 1 over GF(g?). Hence the point P is a point of w(PG(5,q)) if and only

if r is a solution of this equation. Thus w(PG(5,q)) can be expressed as
{(z,y,2,7Z,7Y,7Z) : (z,y,2) € PG(2,¢*) and 7! = 1}
and the lines of S are of the form
{(z,y, 2, 7%, ry,rZ) : 9T = 1}
for fixed (z,y, 2) € PG(2,4?).
For the sake of clarity we state the main result of this section.

Theorem 6.1. The incidence structure with points being the lines of S, lines being the
elements of H and the incidence being containment is isomorphic to PG(2,q?*). Ezplic-

itly, the map
P— Zp

associating the point P = (z,y, z) of PG(2,4?%) to the line £p of S containing the set of

points
18 an isomorphism. a
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We shall also call this the Bose representation of PG(2, ¢?) and denote the corresponding
map by Bi.

6.2 A Connection with the Grassmannian G 5

In section 1.10 we introduced the Grassmann variety G; ,, of lines of PG(n,q). Since S;
is a spread of lines of PG(5,q), to each line £ of S; there corresponds a point (¢) of
G155, where « is the Grassmann map, as defined in section 1.10, which associates a line
of PG(5, q) to the point of PG(14, q) with the same coordinates. Thus, as the lines of S;
correspond to points of PG(2,¢?) via the Bose map, we have a correspondence between
the points of PG(2,¢?) and a subset of the points of G; 5. The complicated form of the
coordinates of the lines in S; makes it difficult to exploit this correspondence but if we
consider the Bose representation as given in theorem 6.1, then something can be said.
It should be noted that this idea is used also by Lunardon in [36] where it appears as a
special case of a more general setting. Here, by considering only this one case, we have
been able to simplify the exposition and prove some extra results. For the remainder
of this chapter, when we talk of the Bose map or Bose representation we refer to that

defined in theorem 6.1.

If P denotes the set of all points of PG(2, ¢?), we are thus interested in the map

g:P = Gis

g: P — ~(B1(P))
That is, g maps P to the point of G; 5 with coordinates being those of the line of S which
corresponds to P under the Bose map. In particular, we are interested in studying the

subset g(P) of G 5.

As the lines of S are all lines of the subgeometry w(PG(5,q)) of PG(5,q?%), the corre-
sponding points of G, 5 will lie in a subgeometry of PG(14, ¢%) of order g. Let ¥, denote
this subgeometry.

Explicitly, if P = (aq, a1, a2) is a point of PG(2, ¢%) then this corresponds, under the Bose
map, to the line £ = B;(P) of S, where £ is the line joining the points (ag, a1, as,0,0,0)
and (0,0,0, af, af, a3) of PG(5,¢?). This line has grassmann coordinates

q+1 q q q g+l q q q .qt+1
(0,0,a"", agai, aga3,0,a1ad,ad™", ar1al, asad, azal, ad™, 0,0, 0)

and so is mapped by v to the point @ of ¥, with these coordinates. Thus g maps the
point (ag, a1, az) of PG(2,q?) to the point @ of £, with the above coordinates.

114



Therefore, g(P) is the set of points
{(0,0,a8™, aoal, agal, 0, a1al,a?™, ay1ad, azal, azad, ad*,0,0,0) : P € PG(2,¢%)}

where P = (ag, a1, a2). Hence the points of g(P) all lie in the eight dimensional subspace
3; of PG(14,¢?) defined by the equations

Top =121 =25 =12 =213 =214 =0

Further, ¥, intersects X3 in a Baer subgeometry g of 2§ which contains the points of

9(P).

Lemma 6.2. [36] g(P) is a set of (¢* + ¢* + 1) points, no three collinear, of an eight
dimensional subspace of order q of PG (14, ¢?).

Proof: Since there are (¢* + ¢ + 1) points in PG(2,¢?%), it follows immediately that
there are this many points in g(P). As in section 1.10, the subspaces of PG(14,¢?)
contained on G, 5 are the images under v of either the lines through a point in PG(5, ¢*),
or the lines of a plane in PG(5,¢?). Hence, as no two lines of S intersect, no two points
of v(8) = g(P) are collinear on a line of G, 5. Further, as G, 5 is the intersection of
quadrics (see section 1.10), any line meeting G, 5 in three points is wholly contained in

G 5. Therefore no three points of g(P) are collinear. O
We will find the following result useful.
Lemma 6.3. If ¢ is a projectivity of PG(2,q%) then ¢ induces a projectivity of
PG(14, ¢*) which fizes g(P).
Proof: Since ¢ is a projectivity we can write it as
¢: PG(2,¢°) — PG(2,¢%)
¢$:X — XB

where B = (b;;), 0 < 4,5 < 2, is a non-singular (3 x 3) matrix. Note that this projec-
tivity induces a permutation ¢ of g(P) whereby the point g(P) of g(P) is permuted to
$(g(P)) = g(6(P)).

If P = (ap,a1,as) is a point of PG(2,¢?) and we let ¢(P) = (do,ay,d2), where @; =
agbo; + a1b1; + asby;, then g(P) is the point

g+1 q q q _q+1 q q g _g+1
(0,0,ad"", apai, apas, 0, a1af,ai™", a1ai, azaf, azal, a3” ", 0,0,0)
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and is permuted by ¢ to the point g(¢(P)) with coordinates

59Tl = 20 =~ 24 g = =G =g+l = =¢ > =g = ~g =g+l
(0,0,a8" ", @oas, aoas, 0,214, ai" ", a1a4, a2a3, azal,al™, 0,0, 0)

where
didg = (agbo; + a1b1; + agbgi)(agbgj + a‘{b'{j + adbl.).
Consider (zg, 1, ... ,2s) to be coordinates in £§. Then the map
§:5 -
¢ X — XB

where B' is the (9 x 9) matrix (with bgB? = (bxbj;))

booB? g1 B? by B
b1oB? 61,B? b;,BY
baoB? 021BY by, BY

implements the permutation ¢E

Furthermore, the rows of B’ being linearly dependent implies that the rows of the matrix
B1 are linearly dependent which, in turn, implies that the rows of B are linearly depen-
dent, contradicting the non-singularity of B. Hence B’ is non-singular and thus the map
¢ is a projectivity of Lj which fixes g(P). Since we can extend this to a projectivity of
PG(14,¢*) (for example, by insisting that all other coordinates are fixed), we have the

result. O0

Let m be a line of PG(2, ¢%). We wish to analyse the set g(m) of (¢*+ 1) points of g(P).
The points of m are mapped, by (31, to the (¢? + 1) lines of a regular spread of a three-
dimensional subspace X3 of w(PG(5,q)). Let S,, denote this set of lines. Since Tj is a
three dimensional projective space of order g, the image, under the grassmann map, of
the lines of 23 is a Grassmann variety of the lines of PG(3, ¢); that is, a five-dimensional

hyperbolic quadric over GF(q).

Lemma 6.4. The points of a line of PG(2,¢%) are mapped by g to the points of a three
dimensional elliptic quadric (over GF(q)) on g(P).

Proof: Consider the line m of PG(2,¢*) of equation 2 = 0. If P € m, P = (z,y,0),

then B,(P) is the line with Grassmann coordinates
(O’ 07 Iq+17 xyq, 0) 07 y$q7 yq+1’ 07 07 07 07 07 07 0)
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Thus the points of g(m) are points of the hyperbolic quadric Q defined by the equation
ToT7 = T3Tg (6.5)

contained in the 3-space
Ly=T1 =Ty =T =23 =Tg=...=T14 =0 (6.6)

of PG(14,¢*). However the points of g(m) are also points of ¥,, which intersects Q in
a three-dimensional elliptic quadric. Since any two lines of PG(2,4?%) are projectively

equivalent, the result follows by lemma 6.3. O

Let Q. denote the quadric g(m) and II,, denote the 3-space in which it is contained.
Note that as two lines of PG(2,¢?) have a unique common point, the quadrics Q,,

intersect pairwise in a unique point.

6.2.1 Baer Sublines and Baer Subplanes

We examine the image under g of the Baer sublines and Baer subplanes of PG(2, ¢%).

Let b be the Baer subline
{(z,y,0) : 2,y € GF(q), not both zero}
of the line m of PG(2, ¢?) of equation z = 0. Thus g(b) is the set of points
{(0,0, 2", zy9,0,0,yz%, 4%, 0,0,0,0,0,0,0) : ,y € GF(q), not both zero}
which, as a? = a for a € GF(q), can be written as
{(0,0,2% zy,0,0,yz,%%0,0,0,0,0,0,0) : 7,y € GF(q), not both zero}

Now, g(m) is the quadric given by equations 6.5 and 6.6 and g(b) is the intersection of
the plane

I3 = Tg

with this quadric. Hence the points of g(b) are the points of a non-singular conic. Thus,

from lemma 6.3 we have the first part of the following;

Lemma 6.5. The points of a Baer subline of a line of PG(2,q?) correspond under g
to the points of a conic on the Grassmannian. Conversely, every conic section of the

quadrics @y, corresponds to a Baer subline of PG(2,¢?%) in this way.
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Proof: It only remains to prove the last statement. This follows as there are ¢(¢* + 1)
conics on a three dimensional elliptic quadric and the same number of Baer sublines of

a line in PG(2, ¢?). 0

Using a similar method, we can find the image, on the Grassmannian, of a Baer subplane
of PG(2,¢?). Consider the Baer subplane of PG(2, ¢?)

B = {(c,a1,0) : a; € GF(q)}

Therefore g(B) is the set of points

g+1 q q g g+l q q g g+l .
{(0,0,f™", i, 903, 0, aned, o™, o, aad, anal, ad™,0,0,0) : a; € GF(q)}

which, as a? = a for a € GF(g), can be written as

2 2 2 5
{(07 0,0&0,0400,’1,010052,0,0{1060,Cl{l, a1a2aa2a0)a2alaa2>07 07 0) QTS GF(Q)}

and so the points of g(B) = (Sp) lie in the five-dimensional subspace (of order q) of
PG(14, ¢?) defined by the equations

Tg=21 =25 =212 =213 =T14 = 0,23 = T, T4 = Ty, Tz = Ty

and form a Veronese surface in this space. As any two Baer subplanes of PG(2,¢?) are

projectively equivalent, we can use lemma 6.3 to infer the following:

Theorem 6.6. [36] If B is a Baer subplane of PG(2,q%) then v(Sg) is a Veronese
surface on y(S). a

6.2.2 The Quadrics Q,,

If m is a line of PG(2, ¢?) then g(m) is a three-dimensional elliptic quadric Q,, contained
in the 3-space II,. As there are (¢* + ¢° + 1) lines in PG(2, ¢%), we have (¢* + ¢*> + 1)
such elliptic quadrics on g(P). We examine, in greater detail, these quadrics and the

3-spaces which contain them.

Lemma 6.7. If my and my are two distinct lines of PG(2,q*) then the spaces I,
and Il,,, meet in a unique point, this point being the unique point of intersection of the

quadrics Qm, and Qm,.

Proof: If P = m; N my then the quadrics Q,,, and @, both contain the point g(P)

and this is the only point of g(P) in common to them.
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Suppose @ € II,,, N I1,,, with @ # g(P). Let oy, i = 1,2 be a plane about PQ meeting
O, 1n a conic. Thus g7 {a; N Qy,,) meets PG(2, ¢?) in a Baer subline b; (lemma 6.5).
As the ¢; each contain g(P), by and b, both contain P and thus lie in a Baer subplane B
of PG(2,¢?). Hence g(B) is a Veronese surface for which a; and a; are conic planes with
two common points (¢ and g(P)), contradicting the way conics of a Veronese surface

intersect (lemma 2.7). Hence II,,, and II,,, intersect in a unique point. 0

Let m be a line of PG(2, ¢%). We give equations defining the 3-space II,, containing the
quadric g(m) = Q.

Suppose that m is given by the equation
axg +bxy +cxy =0

where a,b,c € GF(g*). Multiplying this equation in turn by by z{,z and z% we obtain

the three equations,

1

azxd™ + bz 38 + cxozl = 0
1

azoz! +bzit + czozd = 0

1
azoxy + bryzd +cxi = 0

The points of m also satisfy the equation
afzd +b2i + 2 =0
and so

1
a®zdt + bizizy + zdre = 0

1
a’z{z: + bzt + tzfr, = 0

a?zdzy + bziz, + Azt = 0
If P = (a1,b1,¢1) is a point of m then the point g(P) of G, 5 has coordinates
(0,0,a%™, a1b%, a1¢f, 0, a9by, b3 by, alcy, bley, 17,0, 0,0)

and thus, by the above, every point of g(m) lies on each of the six hyperplanes of

PG(14, ¢?) given by the equations,
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axy + bxg +cry =
axs + bz + cxyy =
axy +bxg +cryy, =
anQ -+ bql‘g + CqZE4 =

adze + bIx7 4+ cIzg =

o o o o o o

alzg + bz + 2y =

Any five of these equations are linearly independent and thus they define the three-

dimensional subspace II,, of Xs.

A hyperplane of 3g either contains a given II,, or meets it in a plane. Since every plane
of I1,, meets Q, in a unique point or in a (non-singular) conic, we can say that every
hyperplane of g either contains Q,,, meets it in a unique point or meets it in a conic. We
discuss in more detail how a hyperplane of PG(14, ¢?) intersects g(P) and, in particular,

the number of Q,, that a given hyperplane can contain.

Lemma 6.8. Let mi, mo,m3 be three non-concurrent lines of PG(2,q?) corresponding
to the elliptic quadrics Qm,, Qm,, Lms- The three-dimensional spaces I, , [, . of
s, which are spanned by the points of Q. , Qm, and Q. respectively, do not lie in a

common hyperplane of 3g.

Proof: Consider the lines m;, my, m3 of PG(2,¢?) which have the equations

g = 0
r, = 0
Ty = 0

respectively. These lines correspond, via g, to the quadrics Q,,,, @, and Q,,, contained

in the 3-spaces Il,,, [1,,,, II,,, of s defined by the equations
Lo =T33 =Ty =g =2g=20
T3 =X =T7=x2g = L190 =10
Ty =Tg=T9g=Typ=211 =0
respectively, and hence Il , I, and II,, span 3. Since, by an appropriate choice of

coordinates, we can choose any three non-concurrent lines of PG(2,¢?) to have these

equations, the result follows from lemma 6.3. O
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Conversely, three concurrent lines of PG(2,¢*) correspond to three II,,’s contained in a

hyperplane of 3 and each such hyperplane contains (¢ + 1) of the II,,’s.

Lemma 6.9. If Q is a point of the Baer subplane B of PG(2,4?) then the (q+ 1) lines
of B through @ correspond to (¢ + 1) spaces 1, which lie in a common hyperplane of
Yg. Such a hyperplane contains ezactly these (¢ + 1) IL,,’s.

Proof: Suppose that @ is the point(0,0,1) and that B is the Baer subplane PG(2,q).
The (¢ + 1) lines of B through (0,0, 1) have equations of the form

axrg +bx; =0 (67)

where a,b € GF(q), and thus correspond, under g, to the quadrics contained in the

three-dimensional spaces defined by the equations
axs +bre =0 ax3+bx; =0 azxy+brg=0
axy +brs =0 azxg+bxy =0 axg+bdxryy=0

Subtracting the first of these equations from the fourth we obtain
b.’L’g . b.’L'(; =0

and thus each of these 3-spaces is contained in the hyperplane ¥, of g of equation

z3 = 2¢ and this hyperplane contains (g + 1) of the II,,..

By lemma 6.8, if £ is a line of PG(2, ¢*) not through (0,0, 1) then II, is not in £7. Suppose
that £ is a line through (0,0, 1), distinct from those described by 6.7, for which II, is
contained in 7. If 7 is any line of PG(2, ¢*) not containing (0,0,1) then r intersects /
and the lines of PG(2,¢) in distinct points. Thus there are (g + 2) points of Q, in %;

and hence Q, and thus II, are contained in ¥7, contradicting lemma, 6.8.

Since, by theorem 1.2, we can choose any Baer subplane of PG(2, ¢?) to be PG(2,q) the

result follows from lemma 6.3. O

Corollary 6.10. If m;, mg, ms are three concurrent lines of PG(2,q?%), meeting at the
point P, then the three-dimensional spaces Iy, , I, and I1,,, are contained in a common

hyperplane of ¥g. This hyperplane contains precisely (¢ + 1) of the I,,.

Proof: Since there is a Baer subplane of PG(2, ¢*) containing m;, my and mj3 (lemma 1.7)

this is a direct consequence of lemma, 6.9. a

Corollary 6.11. A hyperplane of Lg containing two of the Il,,’s contains (q+1) of the
I, ’s.
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Proof: Suppose that 27 is a hyperplane of g containing II,, and II,,. By lemma 6.7,
II,, and II,; meet in a unique point and thus span a six-dimensional subspace of Zg

about which there are (¢ + 1) hyperplanes of Zs.

Let m and m' be the two lines of PG(2, ¢%) corresponding to I1,, and I1,,; and P = mnNm/.
If m" is one of the remaining (¢° — 1) lines through P then by, lemma 1.7, there is a
Baer subplane of PG(2,¢*) with m,m/,m" as lines of this subplane, and any two Baer
subplanes with m, m', m" as lines has the same set of (¢ + 1) lines through P. Hence, by
lemma 6.9, there are (¢ —1)/(¢ — 1) = (¢ + 1) hyperplanes of ¥ which contain II,, and
Il and a further (¢ — 1) of the II,,. Therefore all the hyperplanes about (I, I},

and in particular 37, contain (¢ + 1) of these spaces. O

Lemma 6.12. If m is a line of PG(2,q%) then there is a unique hyperplane of £g about

I1,, which contains no space Iy, for any line ¢ of PG(2,q*) distinct from m.

Proof: About II,, there are (¢* +...+ ¢+ 1) hyperplanes of ¥5. By the above lemmas,
any hyperplane containing II,, and another II,, for £ # m a line of PG(2,4?), contains
(g + 1) of the spaces II,, and these correspond to (¢ + 1) lines of a Baer subplane of
PG(2,4%).

Consider P € m. We wish to calculate how many ways we can choose (g+1) lines through
P such that they will be the lines of a Baer subplane containing m. By lemma 1.7,
choosing any two further lines through P we obtain (g + 1) lines of a Baer subplane
containing P in a unique way, and thus there are ¢?(¢?> — 1)/q(qg — 1) = q(qg + 1) ways of
choosing (g+1) such lines. Since there are (¢*+1) points on m, we obtain q(q+1)(¢*>+1)

such sets of lines as we vary P over m.

Correspondingly, we have
g+ +1)=¢"++¢ +¢

hyperplanes about II,, which contain (¢+1) of the I1,,. Thus there is a unique hyperplane
of £g about II,, which contains no I, for £ # m. O

Theorem 6.13. A hyperplane of Lg contains either 0,1 or (g + 1) of the 3-spaces Il,,.
There are (¢* + ¢* + 1) containing one, (¢ + q)(¢* + ¢* + 1) containing (¢ + 1) and
*(¢° + ¢® — ¢®> — 1) containing none of the I1,,.

Proof: That a hyperplane of g can contain only 0,1 or (g + 1) of the II,, follows from

lemma 6.9 and corollary 6.11.
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Since there are (¢* +¢% + 1) spaces II,, and, by lemma 6.12, each is contained in a unique
hyperplane of 3s containing no further II,, there are (¢* + ¢*> + 1) hyperplanes of g
containing precisely one II,,. As there are (¢* + ¢® + ¢®> + q) hyperplanes about a II,,
containing (¢ + 1) of these spaces, there are
@+ +@+a+1)(¢" +¢*+1)
(¢+1)
hyperplanes of ¥ containing (¢ + 1) of the I1,,. Therefore the remaining

=+ +¢+1)

@+ +g+1)— (P +g+ D)+ +1) =+ - - 1)

of the hyperplanes of ¥g contain none of the Il,,. O

6.2.3 Unitals

Let U, denote the classical unital in PG(2, ¢?). The points of U, are projectively equiv-

alent to the points satisfying the equation
zoxy + 23! + 2528 = 0.
We examine the set g(U.). We follow a similar method to that used in Lunardon, [36].

If A= (ag,a1,as) € U, then agad + a¥™' + azal = 0 and so the point g(A) lies on the
hyperplane ¥ of PG(14, ¢%) defined by the equation

.’L‘4+$7+.’E9=0

Since this hyperplane does not contain Xg, it meets it in a hyperplane X7 of £g which
contains the points of y(U,). As every line of PG(2,¢?) contains either one or (g + 1)
points of U,, the space 27 contains none of the II,,. Therefore, using lemma 6.3, we have

the following result;

Theorem 6.14. [36] If U, is a classical unital of PG(2,q*) then the points g(U,) lie in
a hyperplane of ¥g which does not contain any of the I1,,.

Conversely, suppose that the 7-space ¥; C X3 contains none of the II,, and the points
of g7(2; N g(P)) are the points of a unital of PG(2,¢?). Then, as =7 N Q,, is a conic
for any ¥; not containing I1,,, we have, by lemma 6.5, that every secant line of such a
unital is a Baer subline. Thus this unital is classical. Actually we can say more. Since
the number of classical unitals in PG(2, ¢?) is ¢*(¢® + ¢® — ¢* — 1) (see, for example [29])
and, by theorem 6.13, this is the number of hyperplanes of X3 which do not contain a

I1,,, we have;
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Theorem 6.15. Let £; be a hyperplane of g containing none of the Il,,. The points of
PG(2,q%) corresponding to the points of L7 N g(P) form a classical unital in PG(2,¢?).

O
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