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Abstract

Polarisation data has often been the graveyard of fashionable theories. If theorists

had their way they might well ban such measurements altogether out of self-protection

J. D. Bjorken, Proc. Adv. Research Workshop on QCD Hard Hadronic Processes,
St. Croix, Virgin Islands (1987).

This thesis is about the theoretical interpretation of the EMC Spin Effect. EMC
measured the polarised proton structure function gi(z) and found fol dz g1(z) =
0.126 + 0.010 & 0.015. In the naive parton model the flavour singlet contribution Ago

to this quantity determines the fraction of the proton’s helicity which is carried by its

quarks. EMC found Agp = 0.120 £ 0.094 £ 0.138, consistent with zero!

We focus on the parton model and the role of the axial anomaly in polarised
deep inelastic scattering. We argue that the factorisation of mass singularities is
not sufficient to define the parton model in spin dependent QCD. (It is certainly a
necessary condition.) We need an extra locality condition to properly define the parton
distributions. We show that the spin dependent gluon distribution Ag(z) is not relevant
to the EMC data on g1(z). The EMC Spin Effect can be understood as a violation of
Zweig’s Rule, which is catalysed by the strong U(1) axial anomaly in QCD. The anomaly
means that Agg has nothing to do with quark spin after all. Finally, we consider the
polarised photon structure function ¢7(z) and derive an exact sum-rule for the first
moment of g](z) for real photons. There is no rigorous sum-rule for g;(z) for hadronic

targets.
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1. Introduction

1.1 The Deep Inelastic Scattering Experiment

Deep Inelastic Scattering (DIS) experiments provide perhaps our cleanest window
on hadron structure at large momentum transfer squared Q?. Indeed, the experiments
at SLAC in the 1960’s showed that hadrons behave as a collection of (almost) free
fermionic parton constituents when they are probed at large Q?%. This remarkable
observation was recently celebrated when the 1990 Nobel Prize in Physics was awarded
to the experimenters Friedman, Kendall and Taylor [1]. It gave rise to the original

parton ideas of Feynman [2,3] and Bjorken and Paschos [4,5].

DIS experiments involve a fixed hadronic target and a high energy (typically
100GeV) lepton beam. The beam consists of either electrons (at SLAC) or muons
or, neutrinos (at CERN and Fermilab). The total inclusive cross section is measured.
This is shown in Fig. 1. Here, ¢, denotes the momentum transfer to the target hadron,

which has momentum p,.

The hadronic form factors which appear in the differential cross-section will (in
general) be functions of the two scalar variables (% and v = p.q. However, let us increase
(Q? and p.q at the same rate so that the Bjorken variable z = % remains fixed. Then,
for Q% > 2GeV?, the form factors behave as (structure) functions of the single variable
z. (In reality, there is a slow variation of the structure functions with In Q%) This
scaling property was anticipated by Bjorken [4]. It reveals a local interaction between
the photon and charged elementary partons {(quarks) inside the proton. It is the same

effect as in Rutherford’s « particle scattering experiments which revealed the nucleus

inside the atom [6] — only at a much deeper level inside the nuclear “onion”.

Further DIS experiments were done with (anti-)neutrino beams at BEBC (the Big

European Bubble Chamber) at CERN. This time, parity odd structure functions could
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be measured and we were able to isolate the quark-antiquark sea inside the proton. For

a review, see [7].

Our understanding of nuclear structure was then boosted by the discovery of Gross
and Wilczek [8,9] (see also Georgi and Politzer [10])) that the approximate scaling
observed in DIS is a prediction of any gauge theory based on the groups SU(N). These
theories exhibit the property of asymptotic freedom, whereby the quark - gluon (gauge
boson) coupling vanishes logarithmically at large Q% (— o). Hence, one sees the
(almost) non-interacting partons of Feynman and Bjorken. Considerations of hadron
spectroscopy soon lead one to a theory based on the colour gauge group SU(3). This
theory is called Quantum Chromodynamics (QCD). For QCD to be correct it must also
explain the absence of any coloured states in nature. This is the yet unsolved problem
oF conBirenient, I refer e seadier fo e work of Wilson [11] and Gribov [12] for a
discussion of confinement (and also some optimism that the problem is solvable within

QCDY).

More recently, the experimenters have gone beyond the initial DIS measurements
with a nucleon target and unpolarised beams. In particular, the EMC (European Muon
Collaboration), and its successors the NMC and SMC (N=New and S=Spin) at CERN
have found some remarkable and unpredicted results. Firstly, they considered a nuclear
(A> 1) target and found that the structure functions per nucleon in a nucleus are
modified compared to those obtained with a nucleon target. This result is known as the
EMC Nuclear Effect and was announced in 1983 [13]. The theoretical interpretation
of the EMC Nuclear Effect is still a subject of much debate and a plethora of models
have been invented to fit the data (for a review see [14]). In 1987, EMC announced
perhaps it most surprising result. Using a polarised muon beam and a polarised proton
target, they measured the polarised structure function gi(z) [15]. In the old parton

model of Feynman, the first moment of ¢i(z) determines the fraction of the proton’s
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helicity which is carried by its quarks. Hence, there was great surprise in the high
energy physics community when this “spin content” came out to be zero! This second
EMC measurement is known as the EMC Spin Effect. It is the starting point for our

story in this thesis.

1.2 Plan of the Thesis

However, before we can understand the EMC results it will be necessary to first
review some of the kinematics and formalism of DIS. This is the subject of chapter 2, in
which we describe the EMC ¢i(z) experiment. Chapter 3 reviews the QCD description
of DIS in terms of the operator product expansion (OPE) and the renormalisation group.
A more detailed treatment of this subject is to be found in the excellent reviews by Buras
[16] and the textbooks of Muta [17] and Yndurain {18]. This formal description of DIS
leads us to the QCD Improved Parton Model (IPM), which is based on the factorisation
of mass singularities (chapter 4). The IPM has application to a whole host of large

momentum hadronic interactions (see eg. the reviews [19, 20]).

Efremov and Teryaev [21] and Altarelli and Ross [22] have considered g¢i(z) in the
context of the IPM. They proposed the idea that one can reconcile the EMC Spin
Effect with the quark model expectation by invoking a large polarised gluon component
Ag ~ 5 in the proton at the scale of the experiment. At Q? ~ 10GeV?, 5 units of
the proton’s spin 1 might reside in gluon helicity! Alternatively, Brodsky et al. [23]
have speculated that the strange quark sea may carry a significant negative polarisation
As = —0.19 in the spin % proton. We examine both of these ideas in chapters 4 and 5.
Chapter 4 concentrates on the spin dependent gluon distribution Ag(z). We examine
the gluon contribution to ¢1(z) in a variety of factorisation schemes [24] and find that
it contributes to g1(z) only at very small = - essentially outside the measured data [25,

26]. (The calculations presented here strengthen the conclusions of ref. [27].)
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In Chapter 5 we discuss the axial anomaly in QCD and its consequences for polarised
DIS. The anomaly means that gi(z) does not measure quark spin after all. Rather, it
catalyses the violation of OZI (Zweig’s Rule) that was measured by EMC [28, 29].
Furthermore, the anomaly implies that factorisation per se is not sufficient to define the
IPM. We need an extra locality condition to completely define the gluon distributions

consistent with gauge invariance [30].

Chapter 6 details the polarised photon structure function g{(z). The polarised
photon is an ideal physical system in which to discuss thie axial anomaly in polarised

DIS. For a real photon target we derive an exact sum-rule for g7 (z) [31].
In Chapter 7 we summarise our conclusions.

Let us now begin our story.
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Figure 1. Deep Inelastic Scattering. Here, we choose to work in the LAB frame
where the proton target (mass M) has momentum p* = (M;07,0) and polarisation S*.
The incident muon (mass m) carries momentum k#* = (E; E) and polarisation s#. It
is scattered through an angle 6 so that the scattered muon emerges with momentum
kv = (El; EI) The exchanged photon carries momentum ¢* = (k — k’)". We measure

the total inclusive cross section so that the final state hadrons X are not separated.
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2. Deep Inelastic Scattering

2.1 Kinematics

In this section we consider DIS with a muon beam and proton target. The

generalisation to a neutrino beam is straightforward; it is found in [32].

Muon nucleon scattering is described at leading order in electromagnetic interactions
by the one photon exchange diagram of Figure 1. Here, we choose to work in the
LAB frame where the proton target (mass M) has momentum p# = (M; 0r,0) and
polarisation S*. The incident muon (mass /) carries momentum k* = (E; E) and
polarisation s#. It is scattered through an angle 6 so that the scattered muon emerges
with momentum k' # = (E’; l_c") The exchanged photon carries momentum ¢# = (k—kl)".
The scattering is then characterised by the two invariants Q? = —¢*> and v = pg
(v = m(E — E’) in the LAB frame). The Bjorken variable z is defined by the ratio
IS ?—3 We are interested in the inclusive hadronic cross section so that the final state
hadrons X are not separated. (We sum over all accessible hadronic final states and

scattered muon spins.)

The final state hadrons have invariant mass squared (centre of mass energy squared)
l—2z
W2=(p+q) =M +Q*(——) > M (1)

by energy momentum conservation. This clearly constrains 0 < z < 1. (The case x <0

corresponds to the process p — v*X.) When z = 1 we have elastic scattering W2 = M?2.

The differential cross section for the one photon exchange process (figure 1) is given
by

d?a o E

g~ gz 2)

Here, o is the fine structure constant; Ly, and Wy, describe the muon and hadronic

vertices respectively. Since the muon is pointlike we can write an exact expression for
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Ly, viz.
Luw = [Ga(k, )(vu)abus(k s N[@e(k, 8 ) )earialks o))
- | (3)
=2 kﬂkv + kﬂkV — gll"/(kk hae mi) + iewpaqﬂsa

Here, €p123 = +1.

The hadronic tensor W#? is determined by symmetry arguments. Since the proton
is not elementary we cannot write down an exact expression for W#”, in contrast to
the situation where we scatter from a lepton target. We choose to write Wy, as a sum
of symmetric and antisymmetric contributions; viz. Wy, = Wlf,, + zW;ﬁ, Then the
cross-section receives finite contributions from LgnyV and Lﬁ”W‘ﬁ, where Lﬁ,, and Lﬁy
are symmetric and antisymmetric contributions to Ly, respectively. (The contraction
of terms with mixed symmetry (S and A) vanishes). The structure of W), is fixed by

covariance, even parity and current conservation (¢"Wy, = 0). It reads

W = 2o+ LIV E (0, Q1) + 3o — 2 a0 ~ T a)Pe, Q) ()

and

' A o o
€uy aq €uviad vS? — q.S'p
wh, = w2l o ey S SIS o, g2y Q

Current conservation at the muon vertex (g,L*” = 0) implies that the terms in W,
which are proportional to g, or ¢, do not contribute to the cross section, equ.(2). Hence,

we would be justified to ignore these terms.

The form factors contain all of the target dependent information. In unpolarised
scattering, where we average over the target polarisation, the antisymmetric part of
Wy vanishes and we measure the two form factors Fi(z,Q?%) and Fy(z, Q@?*). The two
form factors g1(z,@?) and g2(z, Q?) contribute to the cross section in the product of

Wﬁ, and the antisymmetric part of L,,. They can only be measured with a polarised
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nucleon target and a polarised muon (or electron) beam. If the target were pointlike
(eg. a muon) then the scattering is elastic and the structure functions become trivial.

For an elementary fermion target we find Fy(z) = z6(z — 1) and g1(z) = 6(z — 1).

Deep inelastic scattering occurs when both Q? > M? and W? > M?. That is, we
are out of the resonance region where W? may coincide with the mass squared of one
of the excited nucleon resonances. We are free to choose the z axis in our LAB frame

so that ¢* = (¢°;07,¢*). Since —¢% = Q? we may write

0 0 Q2
¢ =(q¢;07,4¢ 1+7) (6)
V]

whereby ¢4+ = %(qo +gq3) = ﬁnite and ¢- = ”ﬁ(qo — g3) — oo in the deep inelastic

(Bjorken) limit. The Bjorken variable becomes ¢4 = —pyz.

In the kinematic region of DIS the structure functions behave as functions of z alone.
The Q? dependence becomes almost trivial and is observed only as a slow logarithmic
variation ~ In Q2. This scaling property inspired Feynman to deduce the parton model

of the nucleon.

Feynman supposed that the nucleon can be viewed as a box of long lived elementary
partons. The partons are described by distributions so that qT(é) determines the
probability of finding a parton (quark) with momentum fraction pz_ = ¢p4+ which
is polarised in the same direction as the proton polarisation. Similarly, ql(.f) is the
py distribution of quarks polarised in the opposite direction to the proton; qT(f) and
ql(g) denote the corresponding antiquark distributions. In the parton model, muons
scatter elastically from the pointlike partons at large momentum transfer. Hence,
pﬂ_ = —q4 = épy and we identify £ as the Bjorken variable. The total hadronic cross

section is the incoherent sum of elastic muon-parton scatterings.
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Thus, one can write down parton model expressions for the structure functions

Fy(z) = 22Fi(2) =2 ) eq’(¢ +7)(2) (7)

q

and

OEED TN ®)

q
Here, ¢(z) = (¢! + ¢")(z) and g(z) = (¢! 4+ ¢*)(z) are the unpolarised quark and anti-

quark distributions respectively;
Ag(w) = (¢' +7)(2) — (¢* +7")(2) 9

is the polarised quark distribution. Ignoring a small contribution from heavy charm ¢
quarks in the proton we sum over the light quark flavours up u, down d and strange s;
eq denotes the quark charges. It follows that g1(z) measures the fraction of the proton’s
spin that is carried by its quarks in this simple parton model. The structure function
g2(z) does not have a simple interpretation in the parton model [33, 34]. (It is sensitive
to the transverse momentum of the partons [35, 36].) In DIS experiments with (anti-
)neutrinos there is also a parity odd term in Wp,. The new structure functions F3(z)

and g3(z) are described by the valence quark distributions gy (z) = (¢ —¢)(z) and

Agy(z) =(¢' =7 )(@) — (¢' = 7")(=) (10)

respectively. These valence distributions measure the effect of subtracting out the
Dirac sea of quark and anti-quark excitations in the proton. We now turn the EMC

measurement of gi(z).
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2.2 The EMC Spin Effect

Let us consider a muon beam with definite polarisation and initial energy E, which
scatters from a polarised proton target in a DIS experiment. The scattered muon will
have final state energy E' and we choose the LAB frame (p* = (M;0r,0)). We let T}
denote the longitudinal beam polarisation and |} denote (longitudinal) polarisation of

the target proton. Then the differential cross sections are

d%o 11 N d?o 1§ 8a*(E')? [ 6 M? 9 ] (1)

. 2_ 2 - 2_ 2
dQdE " dQdE T mQ* 2sin 5 Fi(z,Q%) + —-cos” 5 Fy(z,Q*)

and

d’o d*o oE ’
deTET,T — deTEl,l = ZZEV [(E + E cos ) gl(a:,Qz) — 2z M gg(m,Qz)] (12)

Equ.(11) is twice the unpolarised cross section (which is defined by averaging over initial

target polarisations). The ratio of the two cross sections defines the asymmetry

dza'T][ _ ot
2y . dQdE’ dQdE’
A(.’E,Q ) — ol n 2oll) (13)
dQdE dQdFE ’

The EMC (European Muon Collaboration) measured A(z, Q?) for z between 0.01
and 0.7, and Q? between 1.5 GeV? and 70 GeV? [15, 37, 38, 39]. The mean @ for the
experiment was 10.7 GeV2. The muon beam was a secondary beam with the primary
protons taken from the CERN SpS. Muon beam energies of 100 GeV, 120 GeV and
200 GeV were used in the experiment. The target consisted of two sections polarised in
opposite directions. Each was exposed simultaneously to the beam to reduce systematic
errors. The beam polarisation was calculated as (82 & 6)% and the target polarisation
was typically 75-80%. With a beam energy of 100 GeV the contribution of ga(z) to

M

the asymmetry is suppressed with respect to gi(z) by the kinematic factor % ~ 0.01.

Hence, it is lost among the errors and can be ignored. (The way to measure go(z) is
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with a proton target polarised at right angles to the beam. In this case there is no
large kinematic suppression factor with respect to ¢i(z) [33, 39].) When the data on
A(z,Q?) was combined with measurements of the unpolarised structure functions EMC
determined ¢1(z). The EMC data on ¢1(z) is shown in Fig. 2, along with earlier data
from SLAC [40]. Here, the small z extrapolation was made (following Regge theory
[41]) as g1(z) ~ 27%12 as  — 0. No significant deviation from scaling was observed in

the data.

The parton model expression for ¢1(z) (equ.(8)) may be written as

il il 1
91(z) = 586(2) + 52A6(2) + 5Aq(2) (14)
when we substitute in the values of the quark charges (viz. e, = —l—%, eq = —% and

es = —%). Here, Ags(z) = Au(z) — Ad(z), Ags(z) = Au(z) + Ad(z) — 2As(z) and
Aqo(z) = Au(z) + Ad(z) + As(z). In the parton model Agq = fol dz Ag(z) measures
the fraction of the proton’s polarisation that is carried by quarks and antiquarks with
flavour ¢. Hence, Aqo = Au 4+ Ad + As is the quark spin contribution to the proton’s
spin.

As I explain in the next chapter, the first moments of Ag3(z) and Ags(z) can be
deduced from the low energy neutron and hyperon beta decays respectively. One finds
Ags = Au—Ad =1.254+0.006 and Ags = Au+Ad—2As = 0.688+0.035 [42]. Hence,

Agqp can be extracted from the ¢;(z) data.

Strange quarks are found to play a very small role in unpolarised DIS. It is tempting
to think that the same result may hold in the polarised case too. This view was taken by
Ellis and Jaffe [43] who supposed that As = 0 and predicted fol dz gi1(z) = 0.2004-0.005
corresponding to Agg = 0.69 £ 0.03. (The rest of the proton’s spin would be carried by
quark and gluon orbital angular momentum and gluonic S,.) This prediction is known

as the Ellis-Jaffe sum rule.
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The surprise of the EMC experiment was that the sum rule is badly broken. After

the small z extrapolation EMC found

1
/dw g1(z) = 0.126 + 0.010(stat.) £ 0.015(syst.) (15)
0

which is two standard deviations from the Ellis-Jaffe prediction. It corresponds to

Ago = 0.120 £ 0.094(stat.) £ 0.138(syst.) (16)

ie. compatible with zero [44]! For each flavour, one finds Au = 0.78, Ad = —0.47 and
As = —0.19. Close and Roberts [45] have suggested that one should be careful about
adopting the Regge extrapolation for z as large as ~ 0.02 and that (perhaps) this might
explain some of the discrepancy. After all, the error bars on gi(z) are quite large at
small . The convergence of the first moment f zlm dz ¢1(z) as a function of z,, is shown
in Fig. 3. The large errors in the low z data points do not have a significant impact
on the integral. (Remember that Fig. 2 is a logarithmic plot in z so that the errors
are not as large as might appear at a casual glance. This point has been emphasised
in ref. [46].) For this reason, we shall accept the EMC result as valid. The new SMC
experiment at CERN [47] will measure the low & data points with greater precision and

we look forward to seeing their results.

The EMC result (if it is true) poses problems for our understanding of proton
structure. Indeed, the eightfold way patterns of Gell-Mann and Ne’eman which so
beautifully described hadron spectroscopy assume that the (constituent) quarks’ S,
add up to the proton’s S,. If the EMC spin data had been available in the 1960’s we
might have abandoned the quark model altogether! The EMC spin measurement has

sometimes been called the proton “spin crisis” [40].
Before we can hope to understand Agp in QCD we first need to familiarise ourselves
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with the formal theory of DIS: the operator product expansion and renormalisation

group. This is the subject of the next chapter.
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Figure 3. The convergence of the first moment | Ms dz g1(z) as a function of zy, in
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3. A Formal Description of DIS

3.1 Light Cone Dominance

The general expression for the hadronic tensor Wy, (equs. (4) and (5)) is given by
1 o . .
Wi = 5-(2)°8(p + ¢ — px) > < p,81iu(0)1X >< X3»(0)lp, S > (17)
X

Here, ju(z) is the electromagnetic current operator and we sum over all accessible final
hadronic states | X >. Translational invariance means that the choice of origin in j,(0)
is arbitrary. The energy momentum conserving delta function can be absorbed into the
proton matrix elements; we take out the complete set set of hadronic states and obtain

1 :
Wi = o= / itz 4% < p, S| Tu(2) T, (0)|p, S >
1 | (18)
= o [ s ¢ < p, SR, B O)]lp,S >
where the second step follows from energy momentum conservation. The extra term
in the commutator corresponds to an unphysical 6(p — ¢ + px) term (or W% < M?).
Hence, it does not contribute. We are only interested in the connected matrix element

where the photon interacts with the target (and not the vacuum). This is indicated by

the subscript . on the proton matrix elements.

The hadronic tensor W), is equal to the absorptive part of the forward Compton

scattering amplitude T, where

Tyu(q,p) = Tou(—4¢,p) =1 / d*z €% < p, S|T(ju(2)i»(0))Ip, S > (19)
We have
1
W/AV == —AbS TI"V
s 20)
i . . N (
= ;%[TMV(QO +i€) — Tpy(go — i€)] (e=07)

The Riemann Lebesgue Theorem tells us that the integral in the the definition

23



of Wy, and T, receives a finite contribution only when there is small oscillation in
the exponential (viz. ¢.z ~ 1). We choose a frame where ¢* = (¢°;07,¢%) so that
g+ = %(qg + g3) = finite and ¢- = %(qg — ¢3) — oo in the Bjorken limit. The

dominant (finite) contribution to T,, then comes from
q.72 =q42— +q-24 —zr.qr ~ 1 (21)

or z_ ~ i and z4 ~ q% — 0 (gr = 0 in our frame of reference). Since ¢4+ = —p4+2 it
follows that z_ need not be small, particularly at small 2. A further constraint follows

from the causality condition
[iu(2),5,(0)] = 0 with 2* <0 (22)

We get a non-zero contribution to the hadronic cross section only when

2 4
2 2 2 2
2% =2z42_ —zpn~ 2y~ 2p 2> 0 23
T 4—q T 7 T ( )

or when z% —+ 0. Thus, 22 — 0 in the Bjorken limit and deep inelastic scattering is said

to probe QCD physics “on the light cone”.
3.2 The Operator Product Expansion

The product of two currents j,(z) and 4»(0) has to be treated carefully in a
renormalised quantum field theory. Indeed, the operator product may become singular
when either z, — 0 or 22 — 0. This singular behaviour is treated systematically when
one uses the Wilson operator product expansions [48]. There is a well defined expansion
of the current operator product in each of the short distance and light cone limits. The

light cone expansion (henceforth denoted OPE) is relevant to deep inelastic scattering.
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On the light cone it may be shown that the product of two electromagnetic currents
is equal to an infinite sum over gauge invariant, local, composite renormalised operators
- each of which is multiplied by a coefficient function of z%, which may be singular is
at z2 = 0. The idea is that we probe the quark and gluonic structure of the proton at
large Q? and receive contributions from the proton matrix elements of all the quark and
gluonic operators with the right quantum numbers. The light cone expansion has the

form
Tlju(2)iu(0)] = 7,(2,0) + 7, (2,0) (24)
where the symmetric part is given by
T5,(2,0) =

(a® +0,0) e 30 Y OHG i, )OOz 2

n=2,even 1

- (gu)\gva'OQ - g,u)\auaa - gvaaua)\ + gwa,\ao)

e ¢]

Z Z CPy(2* — iez0,g)O% M (0) 2, .2y

n=0,even i

(25)

and the anti-symmetric part is given by
A
TW(Z, 0) =

— 6“1/)\0'8 Z Z EM (2% — zezo,g)R T (0) 2y o2y

. Z62 .
L n=0,even 1

- (Eup)\a'auap - eup)\a'aua - eu,u)\a'aZ)

[e o]
Z ZE o(22 —zez:(),g)Ra)‘w1 (O EPp

n=1,0dd 1

(26)

Here, Of**#7(0), R{7"*#*(0) and Ra)‘a“1 #(0) denote the local operators; the C}*
and EP are the singular Wilson coefficients. The sum over n is determined by the
crossing symmetry of Ty, (equ.(19)). Only even n operators contribute to Tfy(z,O).
The anti-symmetric term Tlﬁ,(z, 0) receives contributions only from operators with an

odd number of indices. The sum over 7 runs over quark and gluonic operators, which we
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label as F' and V respectively. It comes from the sum over quark charges in j,(2)7,(0),

viz.
1 1 12
A L R L —\ﬁx" 27
ge‘l " T3 3V3 (27)

where \® are the Gell-Mann matrices normalised so that Tr A2\ = 26%°. The quark
operators may be flavour non-singlet (carrying a 23 or \) or flavour singlet (carrying

a A%). The gluonic operators are all flavour singlet.

The strength of the singularity in the coefficient functions is determined by power
counting arguments. The renormalised current operators j, () have canonical dimension
+3. We let dop(n) denote the dimension of an operator Op(n) on the right hand
side of the operator product expansion which is accompanied by n factors of z,.
Dimensional consistency requires that the corresponding Wilson coeflicient behaves as
~ (2:2)("6+"lof’(n)_’"“)/2 for 22 — 0. The strongest singularity occurs when 7 = dop(n) —n
is a minimum. We call 7 the twist of the operator and n is its spin. DIS is dominated

by the operators with lowest twist (=2) in the OPE.

The lowest dimension operators that can appear in the symmetric part of the OPE
T;?V(Z,O) are the quark operator (S gv,D,q) and the gluonic operator (S Tr GnaG?,).
Here, G, is the gluon field tensor, “S” denotes symmetrisation over y and v, and
D# = 9F 4+ 1gAbt® is the gauge covariant derivative where t* are the group generators
of SU(3) colour. For the gluonic operator, we take the trace over SU(3) colour in order
to preserve gauge invariance. These operators have canonical dimension four and are
accompanied by two factors of z, in the OPE. They are twist two. The other twist

S

two operators which contribute to 7,,,(z,0) are constructed by adding an arbitrary even

number of gauge covariant derivatives. For each accompanying (dimension +1) gauge
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covariant derivative there is an extra factor of z,. We find (n = even) [9]

a
Oaul...un(o) — in—ls q,.yltlDllz.__Dl‘m 2\2_q (a, S 3, 8, 0)

(28)
Oul un(o) — 4 ZS T G/LlaDuz DHn— 1G Hn
Here, %i are the generators of SU(N) flavour; S denotes symmetrisation over i1, ..., fin.
These operators have the proton matrix elements
< P, s|0$“1"'”"(0)|P,3 >c=a; " pM.phn (29)
The flavour singlet (a = 0) quark operator and the gluonic operator mix under

renormalisation.

The lowest dimension operator which can contribute to T,ﬁ,(z, 0) is the axial vector
current (gy,75¢). It has dimension three and is accompanied by one factor of z,; it is
also twist two. There is no spin-one, gauge invariant, local gluonic operator which could
contribute to 7, 4 (2,0) with dimension less than five. This operator (Tr GogD G*#) has
twist four. The twist two operators which contribute to T,“,(z,O) are all of R; variety

and odd spin. They are (n = even) [49]

. A4
Ra K. l""(o) =:"S 7 qY ’)/5Du‘1 D#r — ) —q (a- = 37870)

(30)
R te(0) = 4"~ 15 e7*P1Tr G DM ... DF»=1 Gl
These R; operators have proton matrix elements
< p, S|R{T 7 (0)|p, S >e= by T[S P pt + —(P"S‘“ S7pt)p*e..ptn] (31)

In equs.(30) and (31) S denotes symmetrisation over o, i1, ..., tn.
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The Ry operators start at twist three. They are (n = odd) [49]

a

' : )Y
R;?\Igm...un(O) _ jntlg avAvsD"D“l---D““—q (a=0,...,8)

g1 (32)
0)‘0”1 Q) =" aaﬂ7Tr Gy, D" .. D" G, :
which have proton matrix elements
1
< p, SIRaAaul un(o)lp, S >,= d?,'n+2§(po-s)\ _ Sap)\)plh“_pun (33)

In equ.(32) S "is used to denote symmetrisation over o, pi1, ..., ftn and antisymmetrisation

over A\ and o.

The forward Compton amplitude T}, is given by the Fourier transform of the OPE

(equs.(24-26)). In twist two approximation it reads
T = [tz 607 < Pl 5O, >

22|:[ QILqV Z Zaan 'n( q)w

n=2,eveni1=FV

2
q Pud 4-p q j{: j{:
- [gﬂ,y +pﬂpy(pq)2 = B2 - u] a’an '"' ( q )w
n=2,even i=F,V

2o el leu,u/\aq 87 Z Z banEn ( q )

n=1,0dd i=F,V
iﬁﬂv.\an[s pq—p {{.S] > @, TN an n
+ (0:d)? Z Z(d Ely(—¢*) - ——El(Q))w
P-q n=3,0dd i=F,V
(34)
Here, w = % The Wilson coefficients relevant to unpolarised DIS are defined in

momentum space by the Fourier transform

2 ~ : |
. +1 2 _ 4 . 2 _
qu---qﬂn(_—qg)" Ci(—q%9) = /d 2 e 2 in(z" — i€z, 9)

. 2 x ; :
2qu1...qun(ZJ—Z—)"“C;’”;’z(—qz,g) = /d4z e 2,2, ZZ(ZZ — 1€20,9)
(35)
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The coefficients relevant to polarised DIS Fourier transform as

1, 2 - : 1

—Elqizl---‘Iun('_?)nHEZl(—qzag) = /d4z ezq'zzm---zunm
1, s ~ - :

—izqul...qun(_—(f)"HEZz(—qz,g) = /d4z e“"zzm...z“nEZfz(z2 — i€20,9)

EEI(Zz - i6207 g)

(36)
The contribution of the twist four operators to T}, is suppressed by Ql—f with respect
to the twist two contribution. Hence, they can be ignored at large Q? where scaling is

observed.

The hadronic tensor Wy, can now be determined from T),,. A comparison with
the Lorentz structure of Wy, in equs.(4) and (5) shows that the first, third and fourth
series expansions in T}, correspond to the unpolarised structure function Fy(z) and
the polarised structure functions gi(z) and go(z) respectively. The second term in 7},
corresponds to a linear combination of Fi(z) and Fp(z). Equ.(33) is a power series in
w which converges only for |w| < 1. Energy momentum conservation fixes 0 <z <1
(or w > 1) so that T), is unphysical exactly where it converges. The forward Compton
amplitude T}, has branch cuts along the real w axis for w < —1 and w > 1. Hence, we
may calculate the hadronic tensor W, = %Abs T, by performing a Cauchy integration
around the cuts (for example using the contour C' shown in Fig. 4). The moments of

Wy are given by

2T T, ,
2/d:c :1:"_2WW S —/dw 22 = L,y{dwT“ (37)
T w™ 27 wm
1

0 C

where use has been made of the crossing symmetry 7,,,(q,p) = Tyu(—¢,p). The Cauchy

integration makes use of the identity

1
% dw wm " = 5m,n_1 (38)
C

It follows that each even moment of Wlf,, and each odd moment of Wlﬁ, projects out the

proton matrix element of a different set of local operators from the OPE (multiplied by
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the relevant Wilson coefficents). The higher moments determine the behaviour of the

structure functions near z = 1 whilst the first moment tells us about the small z region.

We mentioned earlier that there are new parity-odd structure functions which appear
in DIS experiments with an (anti-)neutrino beam. The unpolarised (anti-)neutrino
structure function F3(z) is described by the odd spin quark operators O #2741(0).
The spin dependent (anti-)neutrino structure function g3(z) is described the even spin

ao .

quark axial tensor operators R{’A*#*"**(0) [49]. The corresponding gluonic operators

have the opposite charge conjugation property and do not contribute to DIS [16].

lw

Figure 4. The forward Compton amplitude T}, has branch cuts along the real w
axis for w < —1 and w > 1. The hadronic tensor W, = %Abs Tyy is calculated by

performing a Cauchy integration along the contour C' around the cuts.
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3.3 The Coefficient Functions and the Renormalisation Group

The OPE is an operator relation and does not depend upon the states that we
choose to evaluate the operator matrix elements between. This means that the Wilson
coefficients are target independent and may be evaluated using perturbative QCD.
The calculation goes as follows. We consider DIS from an ideal free quark or gluon
target and evaluate T}, for each target up to some fixed order in the QCD coupling
constant ;. The next step is to evaluate the quark and gluon matrix elements of the
operators appearing in the right hand side of the OPE. The coefficients may be read off

by comparing the two results at a given order in os.

The non-singlet quark operators db not mix with any gluonic operators under
renormalisation. To an arbitrary order in as the non-singlet coefficients are just the
normalisation necessary to scale the n?® non-singlet quark operator matrix element to
the n* moment of T}, via equ.(37). The singlet case is more complicated because the
singlet quark and gluonic operators mix under renormalisation. Since gluons do not
carry electromagnetic charge they can only contribute to DIS at O(as). The leading
order O(1) result is trivial: the quark structure functions are just Dirac delta functions
at 1 and we deduce CF* = 14 O(a) for the quark coefficients. At O(as) we first consider
T}, for a gluon target, which is given by the box graphs of Fig. 5a and the corresponding

cross graphs. The OPE for n** moment of T}, has the form (Fig. 5b)
(T )n =< gl(Op)ilg > Ci+ < gl(Oplilg > Cy (39)

where (Op)% and (Op)), are the quark and gluon operators respectively. The matrix
elements < ¢|(Op)klg >~ O(as) and < g¢|(Op)ilg >= 1. It follows that the gluon

coefficient Cj at O(a) is just the difference between (T2,)n and < ¢|(Op)nlg >.
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Figure 5. The gluonic Wilson coefficients are calculated in perturbative QCD by

applying the OPE to the box graph for photon gluon fusion.

<4 (o) COA

1 OPE ¢ . 9
§Kx x" = ¢ ™

Q30
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The quark coefficients at O(as) are calculated by repeating this process for (TS
at one loop. Since < ¢|(Op)ilg > and Cj are both ~ O(as), the only contribution to
the n* moment of Tj, at O(as) is given by the product of < ¢|/(Op)klg > and C3,
each calculated to O(a,). We can calculate the operator matrix element and read off
the quark coefficient as a normalisation factor. The virtuality of the external quark or
gluon in these calculations is always contained in the operator matrix elements because

the Wilson coefficients are independent of the target.

The composite operators which appear in the OPE need to be renormalised. This is
evident when one calculates the coefficients. There are divergences associated with
the loop integrals which have to be subtracted out. In the case of the operator
matrix elements these divergences cannot all be absorbed into the usual vertex and
wavefunction renormalisation constants. They are intrinsic to the operator itself. The
renormalisation procedure introduces a new momentum scale p? into the calculation.
This is true even in the case of a massless theory, where no momentum scale appears
in the Lagrangian. The scale p? has a different interpretation depending upon how one
does the regularisation. For example, it may be an ultraviolet cut-off on divergent loop
integrals or a Pauli-Villars regulator. One commonly used renormalisation prescription
is minimal subtraction. Here, we start by continuing the dimension of a divergent loop
integral from d = 4 to d = 4 & € so that it becomes convergent in the new number
of dimensions. The divergence at d = 4 appears as a pole in the dimensionality (with
the singularity at d = 4), which is subtracted to complete the renormalisation. The
scale 2 is introduced in this dimensional regularisation method to keep the coupling
constant a, dimensionless whatever the value of d. For example, when d — 4 + € we
have a; — (u?) “as. An example of minimal subtraction will be presented in section

5.3 when we discuss the axial anomaly.

Although we have to introduce a renormalisation scale in the calculation of a physical
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process like DIS, it is obvious that the physical cross section is independent of p?. Any
observable is clearly independent of how a theorist might choose to calculate it! This is

the idea of the renormalisation group equations.

Let us consider a renormalised operator g, which is constructed from a bare
operator Q. We shall initially be interested in the case where Qp does not mix with any
other operators under renormalisation and where it is multiplicatively renormalised.
This example applies to the flavour non-singlet operators in the OPE. We write
Qg =2g 10. Here, Zq is the renormalisation constant for 2. The divergences associated
with the composite operator are isolated using some ultraviolet regularisation and
subtracted at a renormalisation scale u?. The bare operator 2 is obviously independent

of y?. This implies the differential equation

d QO d

d
—0 = Qp + Zo(——Qg) =
d In p? (d ln,LLZZQ) Bt Q(d In p? R) =0 (40)

which we may rewrite as

Qp = 41
(Cl 1Ilpt2 +PYQ) R 0 ( )
Here
1 d
= — 42
=0 d Inp? (42)

is called the anomalous dimension of the operator 2.

The renormalisation group equation for the two electromagnetic current Greens

function is

d B o
(g2 +29) <P Sl (O)lp, S >e= 0 )

where «; is the anomalous dimension of the photon currents. For conserved currents
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one finds v; = 0. The scale dependence of our non-singlet operator in the OPE is

d
(Eﬂm§+%ﬂ<ESMMRS>=O (44)
We subtract and find
_d__z._ )CQ_z (u?) =0 (45
(rlln,tz2+ Vi YQ Q(’ug’a-gp’ )_ )

This equation may be written as

d 2
(_+ Vi

2\) —
dg ﬁ( ) )C ( 2,0{3(# ))_0 (46)

where

Ala) =73 11?;&2 g (47)

is the QCD beta function. We call equ.(46) the renormalisation group equation. It has
the solution

a(1®)

Csz(%,as(#z)):exp[ / 2"*;() 0o z,as(uo» (48)

)
For DIS, v; = 0 corresponding to a conserved electromagnetic current. We usually write

equ.(48) with e = Q? to eliminate any large In %j— terms. In QCD perturbation theory

the beta function and anomalous dimensions have the form
B8(9) = —Bog® — Pr1g° + O(g")

v =709" +mg* + 0(¢%) (49)
Ca(1,9) = Cap + Caag” + O(g*)

Substituting into equ.(48), we find that the coefficients evolve with Q% as

_;i 2\ _ g((?z) '_%%
oo o) = [g(ug)] Cono (50)

at leading order.
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The renormalisation group equation is slightly more complicated in the singlet case
due to operator mixing. The anomalous dimensions for each moment v now form a

2x2 matrix. Setting v; = 0 (for DIS) the singlet version of equ.(48) is

a(k*)

c?\ ,Q* v A
(60) Gty =T [ a5 TV
M Trr Tvv

9(Q?)

() L@ 6D

Since the anomalous dimensions are now a matrix, the terms in the expansion of the
exponential will not commute. This is denoted by the T outside the exponential in
equ.(51). The eigenstates of the renormélisation group equations are found diagonalising
the anomalous dimension matrix. For example, the first moment of Fa(z) contains the
QCD energy momentum tensor, which is obviously conserved. It is an operator with
quark and gluonic terms and has zero anomalous dimension. Hence, it scales with

increasing Q2.

At one loop O(as), the quark and gluon matrix elements of the operators in the
OPE have a yqln Z—; term after we carry out the renormalisation. This term comes
from the integration region where the quark/gluon in the loop is collinear with the
target quark/gluon. The renormalisation scale will appear both in the definition of the
composite operators in the OPE and also in the Wilson coefficients (because the latter
are defined by subtracting out the operator matrix elements as described above). If we
generalise our treatment to include heavy quark contributions to DIS then the charm
quark mass m. = 2GeV may be comparable to the renormalisation scale p? and should

be included in the relevant Wilson coeflicients [50].

Before returning to our discussion of DIS we just mention that in general the
OPE quark and gluon operators will mix with gauge dependent operators under
renormalisation (eg. those constructed out of Fadeev Popov ghost fields). The beautiful

result which makes the OPE and RGE approach relevant to DIS is that the gauge
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dependent operators form a subgroup of the complete set of composite operators under
renormalisation so far as mixing is concerned and can be treated as if the gauge

dependent operators do not exist [9].

The anomalous dimensions relevant to unpolarised DIS were first presented in refs.
[9, 10]. The corresponding Wilson coefficients have been calculated to O(as) in ref.[51].
Higher order calculations appear in ref.[52]. In the spin dependent theory, the anomalous
dimensions and Wilson coefficients have been calculated to O(ay). The anomalous

dimensions appear in ref.[49] and the coeflicients were first calculated in refs.[53-55).

3.4 Parton Distributions in QCD

Quark and gluon parton distributions can be defined in QCD. Formally, these quark
(gluon) distributions are defined so that the nt* moment of the distribution is equal to
the target matrix element of the n®* quark (gluon) operator in the OPE. (These operator
matrix elements will be renormalisation scheme dependent at order a,.) Thus, the set
of all even spin < p,S|0{**#"(0)|p,S > define the unpolarised parton distributions
(measured in unpolarised DIS). The spin dependent parton distributions are determined
from the set of all odd spin < p, S|R;7**"#*(0)|p, S >. The Mellin theorem [56] tells
us that these distributions, which are defined with respect to the OPE, are unique (up
to the choice of renormalisation prescription). The Mellin theorem reads as follows:
Let g(z) be a piecewise smooth function for z > 0, and f(;)o dz z°~'g(z) be absolutely

convergent for « < o < . Now let s = o + ¢t and define

(s) = [ do 2 1g(a) (52)
0

then

o+ic0

g(z) = % / ds 27 °f(s) (53)

The proof is found in the textbook by Courant and Hilbert [56].
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One can apply the same trick to define a coeflicient distribution. The n* moment
of the quark (gluon) coefficient distribution is given by the nt* quark (gluon) Wilson
coefficient from the relevant series. We shall choose the renormalisation scale p? = Q2.
The convolution property then enables us to write structure functions as a convolution
of the parton and coefficient distributions. For example, the singlet contribution to the

unpolarised structure function Fy(x) is given by

1

Fya)ls = 2 / %q@,cﬁ)o%gas(czm +u / %gw,cz%cg(g,as(@%) (54)

T

Here ¢(z,Q?) and g¢(z, Q?) are the unpolarised quark and gluon distributions respec-
tively; C(z, as(Q?)) = 6(z — 1) + O(as(@?)) and C9(z, as(Q%)) ~ O(as(Q?)) are the

corresponding coeflicient distributions.

The parton distributions are defined via light cone correlation functions [57, 58]. In

the unpolarised case we find (for each flavour)

1 - i [7~dy_
a(z) = 5 / do_ e50s < p S|[q(e-)yaPel e Bt g(O)p, S >e  (55)

for the quark distribution and

1 ; i [7 dy_
g(z) = —%/dz_ et =P+ < p, S|[g(2=)v+Pe S A+q(0)]|p,S > (56)

for the antiquark distribution. The path ordered exponential in equs.(55) and (56) is

taken along the line y_ [57]. It becomes trivial in light cone gauge A = 0, where
Dy = 04.

To check that these distributions have the correct moments we write z" as a
derivative (in z_) acting on e+#7-P+ and then integrate by parts. The exponential

integrates to give a Dirac delta function §(z—) and we project out the desired local

operator matrix element. This construction holds for the bare (unrenormalised)
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operators. After renormalisation, the non-local operator in equs.(54) and (55) has a

series expansion in terms of the local operators in the OPE, viz. [58]

<, 8|[@(z=raPe' e B2 4(0)]|p, 5 >=

(_Z—)n — n (57)
> 1 <p51[a(0)r+(D+)"4(0)]|p, 5 >
Similarly, one can define an unpolarised gluon distribution. It is
zg(z) = it /dz_ (e_”’z"”r + eiwz'p+)
2mpg (58)
< B, SITE{Gu (e )P e =246 (O)]]p, S >,
where
< P,s|Te[Gan(2_)Pe' de =44, (0)]|P, s =
(59)

Z f'n% < P73|Tr{G+V(0)(D+)n V+(0)]|Pas >e

n

in the renormalised theory. Each of the operators in the right hand sides of equs.(57) and
(59) is renormalised independently within some choice of gauge invariant renormalisation
scheme (eg. minimal subtraction). In obvious notation, these distributions have the

moments
1
/ da 2™ (g +9)a(z) = afr
° - (60)

1
/d:c 22" zg(z) = a%,%"2
0

The combination ¢y (z) = (¢—7¢)(z) is the valence quark distribution, which is measured

in unpolarised DIS with (anti-)neutrinos.

In light-cone gauge one often thinks of the light cone operator matrix element
< P, s|[q(2-)7+4¢(0)]| P, s >. in the following way. We take a quark out from (or insert

an anti-quark into) the target proton at position 0 and re-insert the quark (take out
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the anti-quark) at a position z_ along the light cone. This intuitive approach is the
idea behind recent attempts to calculate structure functions within low energy models
of hadronic structure [59-64] (eg. the MIT Bag [65]). The Bag is a mean field theory
so that vacuum fluctuations at very small distances are averaged out. This means
that we might hope to calculate the twist two piece of the nucleon structure function
reliably for correlation lengths z— > 0.1fm. A further theoretical constraint follows
from the fact that the Bag breaks translational invariance (it is fixed at a point in
space-time). Model calculations will thus have limited accuracy beyond approximately
z > 0.8fm (for a bag radius R = 1.0fm). The model structure functions are calculated
at the Bag scale u? ~ 0.5GeV? and evolved up to the scale of DIS experiments, where
they may be compared with data. In practical calculations this evolution is carried
out using perturbative QCD [59, 63]. Whilét there will be problems with applying
perturbative QCD at the low end of the evolution, it is hoped that the errors are not
so large in the valence sector where we exclude nucleon sea effects such as pions. The
agreement between model structure functions and DIS data is quite good for the valence
distributions gy (z) [59-64]. At the beginning of my Ph.D. I spent some time working

on this program resulting in ref.[64], which is appended to this thesis.

The parton distributions relevant to polarised deep inelastic scattering are defined
in the same way as the unpolarised distributions. However, one has to be careful
about applying one’s physical intuition (developed in the the unpolarised world) to the
polarised world. Indeed, as we will show in the following chapters, one has to be very
careful about what one calls a “quark parton” and what one calls a “gluon parton”.

This conceptual problem is intimately related to the Adler-Bell-Jackiw anomaly [66]

which arises in renormalised gauge field theory.

We now define the spin dependent quark and antiquark distributions
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il —iT s — i [T dy-
(¢' = a")@) = %2J\IZI+S+ /dz‘ e P+ < p, S|[g(2-)y+75Pe Jo v A g(0)]ip, S >e
(61)

and

P 1 ~ _ [T dy_A
@ -7 = %211\;—;, / de_ et P4 < p, S|z )yavsPe o WA g(0)]lp, S >

(62)
A caveat is due here: the reader should not be too quick so as to use her or his intuition
that these distributions may have something to do with polarised quarks in the proton!

The reason for this will become apparent as we continue. (The factor :';—I in equs.(61)

and (62) is missing in ref. [67].) In the renormalised theory
<P, Sllaz-yrarsPefe A g(O)]lp, S >e=

—z_)" 63
IR S O ME () SRS

Similarly, we define a spin dependent gluon distribution

1 1

zAg(z) = %2MS+ /dz_ (e_mz‘p+ — eim‘p'*)

<p, S|Tr[G+,,(z_)Peifo ~dy-Ay CNT"’+(0)] lp, S >

(64)

where
< p, S|Te[Gyp(z_)Pe' Jo WA+ (0)]|p, S >e=
2" o (65)
> =5 <P, SID{G4(0)(D4 )" G4 (0)]|p, S >

n

Not withstanding our earlier notation in chapter 2, we .shall define the linear

combinations

Aq(z) = (¢' — ¢ @) + (@ —7")(=) (66)
and

Aq(z)y = (¢' - ¢*)(@) - (@' —7")(=) (67)
With these definitions, we may write the polarised proton structure function g1(z, Q%)
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as a sum over flavour singlet and non-singlet pieces, viz.

a1(z, Q%) = g1(2,Q%)|s + 91(z, Q) ns (68)
where
il A d il
(e, @ls = 5 [ (800 + T80, @) ) S, @) (9
and

(o, @Pls = 14/2 [ A I @) + / % 5g(, @)CY(E (D)
’ ’ (70)
for the non-singlet and singlet contributions respectively. Here, the C(z,as(Q?)) are
the spin dependent coefficient distributions. The spin dependent valence distribution
Aqy(z) could be measured in a DIS experiment with a polarised proton target and a

polarised (anti-) neutrino beam. It is not observed in polarised DIS with a muon beam.

We now re-consider the first moment of g(x).

3.5 EMC Revisited

Using our new OPE language, the first moment of g1(z) is

/ as(Q? 0 (02) 33 —
)=t Symars B o Pnigia- 2IB=
0

(71)
where the first moments of the parton densities are defined by the proton matrix

elements of the axial currents, viz.

a

A
2M's,Aga =< p, S[@Vuv554lp, S >e (72)

The factor (1 — ﬁs%r@) is the non-singlet Wilson coefficient and (1 — (@) = gg ng ) is

the singlet coeflicient.
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The non-singlet axial vector currents are soft operators; they are conserved in
the limit of massless quarks. This m'eans that they are not renormalised and have
vanishing anomalous dimension. The singlet axial vector current is notconserved
due to the axial anomaly [66]. When this composite operator is constructed in any
gauge invariant renormalisation scheme it is multiplicatively renormalised and has an
anomalous dimension which starts at two loops [55, 68]. In the perturbative domain
where a; is small the evolution of Agp with Q? proceeds very slowly. However, it is
reasonable to suppose that there may be some rapid variation in Agp at low scales

(Q* < 1GeV?) [69, 70]. This will be explained in chapter five (on axial anomalies).

The main point to realise at this stage is that if the Ellis-Jaffe hypothesis were
to hold at one scale it would not hold (exactly) at any other. The matrix elements
of the non-singlet axial vector currents describe the neutron and hyperon beta decays.
Thus, polarised DIS is seen to relate low-energy weak-interaction physics and the strong
interaction at high energy. Indeed, the difference in g1(z) for the proton and neutron 18

given by Bjorken’s sum-rule [4]

jdw (gi’(w) - gi’(ﬂﬂ)) = %Aqa(l = % (73)
0

which is devoid of any axial anomaly. It is often regarded as a fundamental test of
QCD. This relationship between polarised DIS and the weak interactions allows us
to identify Aqz = g4 = F 4+ D and Agg = %(SF — D) in the limit of good SU(3)
favour. Here, F' and D are the antisymmetric and symmetric SU(3) couplings. The
effect of SU(3) flavour violations has been investigated by Lipkin [71, 72] (and found
to be small). Although we cannot choose As = 0 independent of scale one might
suppose an Ellis-Jaffe hypothesis at the @?? of the EMC experiment. After taking into

effect the small perturbative corrections in the Wilson coefficients one would predict
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fol dz gi(z) = 0.189 £ 0.005 at Q* ~ 10GeV?, which is still two standard deviations

from the data [39].

Earlier, we noted that there is no spin-one, gauge invariant, local gluonic operator
which can appear in the OPE for gi(z). This is the reason that there is no Ag =

fol dz Ag(z) term in the first moment of gi(z). One has

1
Ag/dm C4(x,as(Q%) =0 (74)
0

for an arbitrary choice of target. (This result differs from the unpolarised structure
function where all the (even) moments of F(z) contain contributions from quark and
gluonic terms in the OPE.) Although the first moment of Ag(z) is not given by any
single local gluonic operator there is no reason to suppose that it is identically zero -
especially for an ideal free gluon target. One can divide the infinite series for zAg(z)
in equs.(64) and (65) by z and write the first moment as an infinite series defined by
all the higher moments of the function. Hence, the first moment of Ag(z) is defined
via an infinite series of gauge invariant, local composite gluonic operators. The Mellin
Theorem tells us that Ag is unique (within any choice of renormalisation prescription)
up to a Dirac delta function at the origin. Since Ag varies as a function of the target, it
follows that the target independent coefficient in equ.(74) must vanish to all orders in
perturbation theory. This result has been argued strongly by Bodwin and Qiu (73] for
any choice of gauge invariant renormalisation scheme and verified by them in the M'S

and subsequently by Manohar in the M S [74].
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4. Observing the Spin Dependent Gluon Distribution
4.1 The QCD Improved Parton Model

In chapter 3 we explained how deep inelastic scattering is described in QCD by the
OPE and the renormalisation group. Ideally, we would like a QCD description of more
general hadron interactions at high energy (eg. Drell Yan production and exclusive
processes like pp — ¢€X). This is the subject of the QCD Improved Parton Model [19,
75-77], henceforth denoted IPM. It is constructed following the OPE result for DIS. We
factor the hadronic cross section into a convolution of the parton distributions of each

parent hadron with a hard parton scattering cross section.

For example, consider the production of charm jets ct with large transverse
momentum squared (k% > A?) in polarised DIS. This is an exclusive measurement
out of the total inclusive DIS cross section. It gives a contribution to gi(z) for the

proton of

1
6570) = 2 [ agte, 1000 -alZ a2 (75)
z

Here, Ag(z,A?) represents the IPM spin dependent gluon distribution of the proton,
defined at a factorisation scale A2. Tt is to be understood as the probability for
finding a gluon in the proton with momentum fraction pﬂ_luon Yo °" and transverse
momentum squared pi < A?. The hard factor Aa,,g_,cz(m,%—:,as(lﬁ)) is the spin
dependent cross section for producing c¢ with transverse momentum squared k% > A?
from photon-gluon fusion (Fig. 6). We choose to calculate this partonic cross section in
a frame where both the photon and gluon have zero transverse momentum. After all,
the transverse momentum of parton constituents does not play any significant role in

the naive parton model. There will be some part of the total phase space for yg — cC

which describes c€ with k% < A%, This is understood to be factored into the spin
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dependent quark distribution Ag(z,A?), which describes the z distribution of quarks
with transverse momentum squared k3. < A? in the proton. The picture that we have
just described is the simplest form of factorisation. It dates from the work of Gribov
and Lipatov [78]. The k% cut-off parton model has been developed to all orders of
perturbation theory [58, 76, 79] and verified in explicit calculations to O(a?) [80]. In
light cone gauge A4 = 0 these IPM parton distributions can (apparently) be defined in a
similar way to the light cone OPE definitions in chapter 3 [58]. (The word “apparently”
anticipates a subtlety that will appear towards the end of this chapter.) We could also
have considered a 2 jet definition with a cut-off on the quark virtuality m? — k? > A?

in Fig. 6.

In general, the principal of factorisation goes as follows [58, 75, 76]. Let us consider
the scattering of a hard photon (large Q?) or soft parton (low virtuality pi < Aéc D)
from another soft parton (virtuality pi < A%)C’ p) so that there is at least one large mass
scale in the process. This may be the invariant mass squared of of the final state partons.
We work at O(as). All such partonic cross sections will possess a mass singularity. If
Q? is the large momentum scale in the problem, then we find a term ~ In %’ which
is divergent when p2 — 0. The mass singularity comes from that part of phase space
where a (massless) parton splits collinearly into two (massless) partons. At first glance,
the mass singularity is an unpleasant result. Gauge invariance requires that we put
the external partons on mass shell: p? = 0 for a gluon and p? = m? — 0 for the light
quarks. (The reason for this is the gauge parameter in the gluon propagator.) The trick
(or escape route) is to write
QZ QZ AZ

— = 1-|—a31n——|-a3111—2
p p

1+ agln A2

(76)
2 2
=(1+a, m%)(l + o 1n£;7) +0(a2)

where A? is the factorisation scale. It separates the cross section into a product of long
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and short distance contributions. The hard term (1 4 asln %) is now free of any mass
singularity; the long distance effects (including the mass singularity) are factored into
the quark and gluon parton distributions of the proton wavefunction. Factorisation
theorems have been proved which show that this factorisation procedure can be carried

to all orders in perturbation theory up to power corrections ~ O(—giz) [58, 76, 79].

There is no unique way to carry out the factorisation. One physically motivated
approach is to apply the k% cut-off (k% > A?%) on the real quark and gluon jets that
are produced. In this case, there will also be a renormalisation scale u? associated
with vertex and propagator renormalisation at higher orders. Here, the k% cut-off
represents an infra-red regularisation whilst the renormalisation involves the subtraction
of ultraviolet divergences. One chooses A? = p? to simplify the calculations. It is
often a good idea to take A? = @* too to eliminate large logarithm terms ~ In %
Alternatively, one can set p*> = m? = 0 and calculate the parton scattering cross section
using dimensional regularisation (see eg. Pokorski [81]). The mass singularity is then

manifest as a pole at d=4, which is factored out. While this latter procedure is equally

valid it is does not have the intuitive appeal of the Gribov-Lipatov approach [78].

The factorisation procedure can be applied simultaneously to a host of different
hadronic processes. This means that the IPM parton distributions which are measured
in one process (eg. DIS) can be used to make testable predictions in other hadron
interactions (eg. Drell Yan and exclusive jet production) so long as we use the same

factorisation convention. There is excellent agreement with experiment. (For reviews

see [19, 20, 82].

Finally, we remark that the coefficients P;j(x) which multiply the logarithms

2
P;j(z)In % in the parton cross sections are just the inverse Mellin transforms of the
flavour singlet anomalous dimensions that we encountered in chapter 3 ( fol dz Pij(x) =

')/; ]-). Hence, we can write a renormalisation group equation for the z dependence of the
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IPM parton distributions. This is the Altarelli-Parisi formulation [83]. The P;; are the
Altarelli-Parisi splitting functions. They have the nice physical interpretation of being

the probability of finding a parton i in a parton j.

Large k% two-quark-jet events represent an ideal probe of the IPM gluon distribu-
tions in deep inelastic scattering [75]. This point has been emphasised recently by Ross
and Roberts [84] who use these events as a phenomenological definition of the gluon dis-
tribution. Alternatively, one could measure the structure functions at a range of Q% and
separate the quark and gluon distributions by a fit to the data involving Altarelli-Parisi

evolution.

We now explore these ideas through a detailed study of spin dependent photon-
gluon fusion. This process has attracted considerable attention in the EMC Spin
Effect literature following work by Efremov and Teryaev [21, 85], and Altarelli and
Ross [22]. These authors realised that Altarelli-Parisi evolution implies that Ag(Q?) =
fol dz Ag(z,Q?*) evolves as 51; at large Q%; the combination (asAg)(Q?) tends to a
constant in the scaling limit. Furthermore, they found a higher order correction of
—52Ag to the first moment of g1(z) for each accessible quark flavour, which is induced
by photon-gluon fusion. (Of course, they were using a particular choice of IPM or
factorisation procedure.) The reader may be surprised at this result: we have already
argued that there is no contribution to the first moment of g1(z) from the (OPE defined)
Ag(z). The Efremov-Teryaev, Altarelli-Ross (ETAR) term has been the source of much
debate in the EMC Spin Effect literature. The rest of this thesis is devoted to an analysis

of the anomalous ETAR result.
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Figure 6. The lowest order perturbative QCD (box) diagrams for photon-gluon

scattering.
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4.2 Polarised Photon-Gluon Scattering

In this section we calculate gi1(z) for a gluon target to one loop in perturbation

theory. This box calculation is the difference between the two cross sections

Ao=o(yT g1—=4q0)—a(vT gl— 49 (77)

For deep inelastic scattering we shall be interested in the case where the photon is a
long way from on mass shell (hard photon) and the gluon is just slightly virtual (soft
gluon). The cross section for v ¢ — ¢7 is related to the forward (one loop) Compton

scattering amplitude by the Optical Theorem.

We define ¢* and p# to be the photon and gluon momenta respectively. Then
Q% = —¢? and P? = —p? are the photon and gluon virtualities respectively. We use m
to denote the quark mass. The box graphs (Fig. 6) are calculated in the v* — ¢ centre of
mass frame, whereby p* = (p°,07,p%) and ¢* = (¢°,07,¢%) with ¢® = —p®; k# denotes
the quark loop momentum. We shall keep all terms in P? and m? until the end of the

calculation and then take the limit Q2 > P? m?. The Bjorken variable is z = %.

The starting expression for Ao(z,Q?, P?,m?) may be written down from the
Feynman rules for the box graphs. We add in the contribution where the quarks circulate

around the loop in the opposite direction and obtain

Ao(z,Q*, P?,m?) =

2N Ty (2m)8((p — k)* — m*)5((¢ + k)* —m?)
g | (1 i

(78)
1 - A3 - A
eiiemTe[Yi(k +myyn(d + &+ m)m(k +m)y(k —p+m)
+ (ke + m)1m(d + b+ m)yi(k + § - p+ m)n(k — p+m))
Here, €;; is antisymmetric in the two transverse directions (with €12 = +1); Ny¢ is

the number of quark flavours. We shall consider the contributions from light quark
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m ~ 0 production (Ny = 3) and heavy (m = 2GeV) charm quark production (Ny = 1)

separately.

Dirac Algebra for Box 1

We now evaluate the Dirac algebra, beginning with the uncrossed box (box 1). With
a few “tricks” the traces are not as forbidding as it might first appear (with eight *

matrices). This will become apparent as we continue. Box 1 gives the trace

1 2 e - 6

zeiemTrlyi(k +m)ym(k + @+ m)y(k +m)yi(k = p +m)] (79)
To simplify the calculation, we write s* = (k + ¢)* and t* = (k — p)* and consider

1 . ) i 5
Zfz‘jezmTr[w(k + m)ym(8 + m)vi(k +m)yi(t 4+ m)] (80)

The trace is readily simplified via the identity
eij1i(D + m)vj = {ye, bt+ — 22 (81)

We write p = pr, + pr so that p; = p°vo + p®y3 and p7r = p'y1 + p?y2. Then

{ya11,Pr}+ =0 (82)
and
{vev1,PL}+ = 2v2m1P1L (83)
Thus, we obtain
€ijYi(p + m)y; = 29emi(pr —m) (84)
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When this result is applied to (§ + m) and (f + m), equ.(80) simplifies to

T [ =yt + (= 1)) |
(85)

<3 [ (m = E5)(hs = o )om = (4 ) ]
Note that we now have to consider a trace of at most four 4# matrices. Equ.(85) is
evaluated using the trace theorems listed in the Appendix. The terms in m to an odd

power vanish and we find

4[m4 - m? (tL.SL + k.(k‘L —kp — 2t — 281‘,)) 4+ (2k.st.tL — tL.sL(k% + k‘%))] (86)

The expressions for s and t are now substituted back. Since the quarks with momentum

s and ¢ are both on shell (via the Optical Theorem) it follows that

s? = (k+q)" =m’ (87)
and
t? = (k—p) =m’ (88)
Hence,
2¢.k = (m* — k%) + Q? (89)
and
op.k = (k? — m?) — P? (90)

respectively. With this information, the trace of the first (uncrossed) box equ.(79)

simplifies to
1 1
4[5 (K = m®) + (K — m®)(gp — k}) + 5Q°P* + 2kFq.p] (91)

We now turn to the crossed box.

52



Dirac Algebra for Box 2

For box 2 we have to evaluate
1 » s, S . A
ZfijezmTr[w(k + m)ym(k + ¢+ m)yi(k + §— p + m)n(k — p+m)] (92)

Again, we define s* = (k + ¢)*, t* = (k — p)* and also u* = (k + ¢ — p)*. Thus, we

consider

1 . . ) A

Ze,-jelmTr[fyj(k + m)ym(8 + m)vi(d + m)y(t + m)) (93)
It is helpful to expand out equ.(93) as

1 A R R "
2 Yok 4+ m)y2(8 +m)yi(@ + m)m(t +m)

— 72(k + m)71(8 + m)y1(@ + m)y2(t + m) o
— y1(k + m)y2(3 + m)y2(@ + m)y(f +m) )
+ 1k + m(3 +m)ya(a + mya(i + m)

and treat each term separately. The trick is to reduce this expression to a trace over at

most four v# matrices. This may be accomplished via the identities
Yok +m)ys = =262 + (k — m) (95)

and
71(12 +m)y = —2kly + (IAc —m) (96)

We define the four vectors k* = (k% —k!, k%, k%) and k' * = (k% k', —k%, k%) so that
equ.(94) becomes
SR = m)(3 + m)(@ = m)(E +m)
- (’f - m)(s’ +m)@ - m)(j +m) -
— (k+m)(& —m)(i+m)E —m)
— (b +m)(E" —m)(@+m){ —m)]

53



Now we can apply the trace theorems with little difficulty. As with box 1, there are no
terms in an odd power of m. For the crossed graph (box 2) the m* term also drops out.

The coefficient of m? is

t. [23 — (u’ + u“) — (k’ + k”)] — 3.(ul + u + k' + k”) + u.(—2k + t + ¢ + s + s”)

+ k.(‘gl + Su + tl + t") + kl.uu + k”_ul _ t”_S’ _ tl.S”
(98)

Most of this term vanishes by inspection with the identity (k' -+ k”)“ = ij-j; the m?

term becomes
2t.s' —2u.k+ k’.u" + k“.u, — t”.sl — t’.su (99)

We now substitute the expressions for s, t and u. After a little algebra the whole m?

term simplifies to zero. The coefficient of m? is
(k”.s u .t + ks u“.t) —_(k.sl tutks tl.u)
+ (k”.t u.s+k.t u“.s) — (u.sl £ k+us t.k) (100)
+ 2(k.u t.s — st k’.u”)

We expand out the first and second lines of equ.(100) and collect all terms in kj.sy,
kls! and k252, and kp.tp, k't! and k%t? respectively. Each vanishes. The third line of
equ.(99) does give a finite contribution. We substitute in the expressions for for s, ¢ and

v and find

4k%q.p (101)

for the second box. (Note that k% > 0).

Kinematics and Phase Space

We calculate the box graphs in the centre of mass frame. The photon and gluon

momenta are ¢* = (¢°;0r, —p%) and p* = (p°; 0, p®) respectively. Hence, we can write
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¢° and p® in terms of Q% and P? as p° = /(p®)? — P? and ¢* = /(p*)? — Q2. The
momenta of the produced quark antiquark pair are s* = (s%;—3) and t* = (s%;3). We

now derive a few kinematic relations, which are useful in evaluating Ao(z, Q?, P, m?).

The s-channel invariant mass squared (or centre of mass energy squared) is given

by

W= (p+ g = @202 - 2 _ pe (102)

In the centre of mass frame W? becomes
W2 = (p° +¢°)* = (s +1)* = 4(s")? (103)

We let W = +vVW?2 = 2s°, Since the produced quark and antiquark are treated as
on shell via the optical theorem (viz. 52 = (s°)% — m?), it follows that the quark three
4m?

momentum has magnitude s = |5] = $Wy/1 — 3. The photon (and gluon) three

momentum is obtained by squaring

W—p'=¢
(104)
W —/(p*)? = P2 =4/ (p*)* - @?
to give
oWp? = W? — P? + @? (105)
We eliminate p® in terms of p® and find
W (p°)? = 4[(p-9)* — P*Q”] (106)
or
pg  2[1—2)—GF]
= 553 (107)
(p?)? 1 _ &P
Qz

To evaluate the loop integral and phase space in equ.(78) we must first parametrise
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kP, We let t# = (s (ssin 8)p, s* = scos6) (ignoring ¢ angles), whence
k= (p—t)* = (p° — s°; —(ssin 8)r,p® — scos6) (108)

The denominator in the quark propagator may then be written
m? — k? = P2 4 2(p°s° — p3s?)
= P? 4+ 2(p"s" — p*scosb) (109)
= 2p%s(1 — cos 6 + §)
where

5 — 2p030 — 2p3s + P2

5, (110)

Similarly, the quark propagator in the right leg of the crossed diagram (box 2) has

denominator
m? — u? = 2p%s(1 + cosf + §) _ (111)
The quark transverse momentum squared (k3. = u?) is
kA = s%sin” (112)
Finally, we need the following result
2p3s(1 4 8) = 2p°s° + P? = p"W + P> = ¢.p (113)

which follows from equ.(105). It corresponds to

1
§= ~1 (114)
1— 4m?2 1 — 452 P2
W Q7

The two body phase space in equ.(78) is
/ d*k 6(s? — m?) 8(t* — m?) (115)

It is evaluated by inserting the unity factor (energy momentum conserving delta

function) 1 = [ds®6(s” + t* — W) inside the integral [ d*k. Since t* = (k — p)*
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we can transform the integration variable from [ d*k to [ d*t to obtain
/ d*t / ds6(s° +t° — W)(s? — m?) §(¢* — m?) (116)

We now do the integrals [ dt® and [ ds, which leaves a trivial integral in Euclidean

3-space. The phase space integrals reduce to

2
fd(cos ) / d33227r—v%5(2\/ 24+m2-W)= g\} 1-— %%— f d(cos §) (117)

2
(Integration over the ¢ angle gives 27.) We now multiply by the constant term —2{—2%‘3’;

from equ.(78) (where T' = % in QCD) to obtain a phase space factor

Qg 4m?1
_I N1 - ===
27er Wra (118)

The phase space factor /1 — %/Vl’j determines the kinematic cut-off

Q2

Tmaez = Qz T P2+ dm? (119)
so that Ac(z, Q% P?,m?) = 0V > zmaq.
Evaluating the Boxes
At this point, we define n =1 — cos 8 + 6 so that the quark virtualities are
m? — k? = 2pisp (120)
and
m? —u? = 2p*s[2(1 4+ 6) — 7] (121)
The quark transverse momentum squared has an expression
k3 = s? sin? 6
(122)

= —s"[n* = 2n(1 + 8) + §(2 + 6)]
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in terms of n. For the integration variable,

+1 246

/ d(cos 8) — / dn (123)

-1 )

Thus, we can write a (yet to be integrated) expression for box 1

1
n?

s 1 g.p(1+6)+s2é‘(2+5)]1 2g.p (124)

(AN 4(p*)%s?

1
2 2
— 6(24+6)—=2P
2p8 2 (p?)? 2ps {S ( ) 2"

The denominator in box 2 is the product of m? — k% and m? — u?. Therefore, we need

to consider

1 ! [1+ 1 |
n21+68)—n]  2(1+6)'n  2(146)—n

(125)

Since (1 +6+ &) = 2(1 + 8) — (14 6 — £), the two terms in the square bracket on the
right hand side of this equation each give an equal contribution to box 2. Hence, the
(yet to be integrated) contribution from box 2 to Ao is

Cgp 1 pP-2(1+468)+6(2+96)
4(p*)? (1 +9) n

(126)

Equs.(124) and (126) are simplified with the kinematic relations (equs. (102-114)).
We add the contributions from boxes 1 and 2 (equs.(124) and (126)) and multiply by

the phase space factor equ.(118) to obtain

Aa(m,Qz,P2,m2) =

N (22 — 1)(1 — ZzP ) /1 4m2 1
_ ng/dn [ i 4x2p2) (5 b n\/@) (127)
21— - 3 (2mA(1 - ) ~ Pla(20 - 1)(1 - B ))]

. 4x2P2 2 \/-4—2
(1) n2W?,/1 — 4m2

where the 7 integral ranges between § and 2 + § for the full phase space. To evaluate
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Ao we have only to do the trivial integrals

2+6
/dn1=2
6
" 1 246
_|_

dn = =In(—— 128
[ dn 2 =1m(2) (125)
]

246 1 5
dn = = —/——=
/‘nng 8(2+9)
5
Putting things together, the exact expression for Ao is

Aa(m,Q2,P2,m2) =

2
g 1- 4& 2z P2

Lo

(1 1 in( Ly f1- 22 1 - 4’”2) (129)
RV ey Sy =R

P (2m?(1 — 428 - Pa(2 ml)(l—%‘;—))]

Q2 ) m?(1 — —9—43‘5!)2) — P2g(z — 1+ %;3)

+ (z —

In the Bjorken limit Q2 > P?,m? Aco(z,Q?%, P*,m?) becomes

2 —
Ao(z,Q*,P?,m?) = a_; f !(23: — 1)(IHF +1In L 1)

(130)
) 2m? — P?z(2z — 1)

7
+ (22— 1)In z(1 — z)P? + m? +(1—2) z(1 — z)P? + m?

Here, we have inserted a scale u? to separate out the In Q? term from the z dependent

scaling terms. The term (2z — 1) is the Altarelli-Parisi splitting function for polarised
9499
Equ. (130) is not well defined in the limit that both m? and P? go to zero. There

is a mass singularity in the Q? independent logarithm. This comes from the % term
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in our box calculation. The last term in equ.(130) depends on the ratio of m? to P2. It
comes from the n% term and is not well defined when both m? and P? are identically

Z€ro.

In both cases, the problem comes from the small » part of the total phase space.
This translates to low k% or, equivalently, low m? — k%. Due to the gauge parameter
in the general gluon propagator, the box diagram with gluon external legs is gauge
dependent when we take P? # 0 (unless we restrict ourselves to gauge transformations
with a fixed momenta P?). Hence, a gauge invariant calculation of the photon-gluon
fusion goes to light quarks process has a singularity in the collinear region of phase space
where the two quarks are produced with zero transverse momentum. However, we know
that the perturbative quark propagator is unrealistic in this dynamical region due to
confinement [86]. If quarks (or gluons) were permitted to reach their mass shell then
we would see coloured states in nature, which does not occur. The perturbative gluon
propagator is similarly unphysical when the gluon approaches on-mass shell; quark and
gluon virtualities in the proton are typically P? > O(AZQC p)- The solution to these
problems is to factor out this soft (long distance) part of the box’s phase space into the

quark distribution [19, 58, 75-81], as we describe below.

The final state quark-antiquark pair are placed on mass shell in our formalism when
we apply the optical theorem and take the absorptive part of the forward Compton
scattering amplitude. We can physically justify this since the struck quark is given
a substantial amount of energy by the incident photon. This energy is suflicient to
remove it from the target hadron without any significant final state interaction with the
remaining hadronic debris. It then undergoes hadronisation into a jet of fast moving
(colourless) hadrons in the same direction as the final state quark jet in our perturbative
calculation. The on-shellness of the final state quarks is a mathematical statement of

the negligible final state interaction with the residual target debris. The reason that we
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keep both P? and m? — k? away from the mass shell is related to QCD dynamics within

the target proton.

The first moment of Ao (z,Q%, P2, m?) in the scaling limit Q% — oo is [25]

4m?2
s o2m? 1 1+ -1
Gr= 22N |14 ;; 1n< = ) (131)
27 J1+41'gn2 {1_|_41'r;1é2_|_1

This expression simplifies [87] to —22 Ny when P2 > m?. It is zero when m? 3> P? (for
example, in ¢ ¢ production). Clearly, there is an ambiguity in G; when both m? and
P2 go to zero. In this case, G1 depends upon the ratio in which m? and P? vanish, and
not that they do vanish. The result G; = —32Ny was obtained by Altarelli and Ross

[22] for real gluons (P? = 0). Unfortunately, the % term was lost in their calculation

of the box.

The non-local ";—; term in equ.(131) is a general characteristic of photon-gluon
scattering. Ioffe and collaborators [88, 89, 24] have examined the box calculation for
the scattering of a hard photon from a longitudinal gluon (or photon). They found that
the cross-section vanishes (as expected) in the limit that the longitudinal gluon goes
on shell (P? = 0) with a non-zero fermion mass in the loop. However, if we start with
an identically massless theory then the cross section for scattering from a longitudinal
gluon (or photon) is finite - even in the limit P? — 0 ! They speculate that this result

implies that fermions must have a finite mass in any gauge theory (see also Gribov [90]).
4.3 Photon Gluon Fusion and the IPM

As we noted in our discussion of factorisation in section 4.1, the correct procedure is
to factorise the low k% or m? —k? part of the box phase space into the quark distribution
of the hadronic wavefunction. We now investigate the effect of this factorisation by

calculating the box diagram with a cut-off on the k2, and then on the quark virtuality
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in the loop [24]. Since
m? + k2.

(1—=)

it is easy to translate between the two results. Note that a cut-off on the k% cut-off is

m? — k? = P%z + (132)

covariant [91]; it is defined via

k% = R*k, (133)

where

v g, PP+ P — a.p(¢"p” + ¢"P") -

e (a-p)* — ¢*p* (134)

That is, k% is a Lorentz four vector defined to be orthogonal to the plane in Lorentz
g g

space spanned by ¢* and p*.

The phase space corresponding to low k% is separated out by evaluating the loop
integrals with the constraint G(k% — A?). Since k% = u% in box 2 this restriction applies
equally to the cross graph; we have no problems with gauge invariance. The cut-off on
k2 = s?sin? 6 is equivalent to a cut-off on cos? 4 < (1 — %;), that is we do the 7 integral

between new limits of integration, viz.

A? A?
1+5~\/1—?§n§1+6+1/1—? (135)

In this cut-off field theory the complete expression for Ao is

Ao(z, Q% P* m?) =
aSN 1-— g’%—ﬁ @ e 2:1:P2)
. x — —
27t 1-— ﬁ—'”éfn Q?
) ! (V- — V! (136)
J1— 4(m2+2A2).\/1TW \/W 4 m2+A2
W ?

o2 (2m*(1 - 25) - P20 - 1)(1 - Z5)
&)+ A1~ ) — Praa 11 %)

+(z—1+
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Note that this equation reproduces equ.(129) when A2 = 0. The effect of the k% cut-off

is just to replace m? by m? 4+ A? everywhere except in the numerator of the 'n% term.
For Q% > A? (and m? and P?) we find

Aa(m,Q2,P2,m2) =

SoNs [(m = 1)<1nxz- nd=e) 1)

T

(137)

A? 2m? — P2g(2z — 1)
+(2z —1)In z(1 — z)P? 4+ (m? + A?) +(1 - 3E)slc(l —z)P% + m? 4 A2

Here, we have written all of the m? and P? dependence in the second line of the cross
section. We may now safely set P? = 0 (to ensure gauge invariance) and also m? = 0
for the light quarks. There is no need to worry about the mass singularity, which occurs
when we integrate over the total phase space. The second line is relevant only for heavy

quark production (eg. cC).
In this cut-off field theory there is a further restriction on the allowed values of z.
We have the new kinematic constraint

QZ
Tmaxr — QZ + P2 + 4(A2 + mz)

(138)

which means that ¢ < 1 for finite A% and Q2. We never hit the logarithmic singularity
at z = 1. The two quark jet contribution to gi(x) for the proton (equ.(75)) is pushed

to lower z in the data as we increase the minimum k% acceptance threshold.

It is now a trivial exercise to evaluate the moments of Ac; viz.

1
Gn = /dmx”_lAa(m,Qz,Pz,mz) (139)
0
For n > 2 G, behaves as
as F Q?
Grn ~ Q;Nf(ﬁ”rvv)n In-m (140)

as we expect from the Altarelli Parisi formalism. Here, (Aviy)n = fol " (22 — 1).
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This result holds independently of the choice of cut-off. The leading contribution to G
(n > 2) comes from integration over m? — k% or k% between ~ [A% Q?]. Tt depends on

the value of the finite cut-off A2,

The first moment (n = 1) is particularly interesting. It has no In Q? dependence.

We evaluate G as a function of the k% cut-off A? and find (A% = constant)

2m? | 1 '\#1+ﬂ%A—21—1
1+ —3 n( = )
P ,fl + 4(m;—i-A2) }1+ 4(m;—;A) +1

Once again, this result reduces to equ.(131) when A? = 0. For P? >>m? G; reduces

G1(A?) = —%Nf (141)

to —g:Ny, regardless of the value we choose for A%, For the case m? >> P? [92]
equ.(141) becomes G1 = _%?Nfﬁ%n_’“ which is zero when A% vanishes and —g52Ny
when A2 >> m? (ie. when we can neglect both the m? and P? scales). The latter case
is relevant to factorisation with light quarks: we set m?2 = P? = 0 and find a finite
result for G that is independent of the finite cut-off A2. Thus, there is an unambiguous
contribution to the first moment of Ao, which comes from a purely pointlike part of
the box (at very large k%) It means that there is an effective photon-gluon contact
interaction which provides a local measurement of the target (perturbative) gluon’s
helicity [87]. Furthermore, the first moment of g1(x) receives a contribution from

polarised glue in the IPM. For each flavour ¢, one should replace

Aq(@®) — Da(@) — 5-89(@) (142)

in the large k% version of the IPM expression for f01 dz g1(z) [24, 92]. This is the
Efremov-Teryaev, Altarelli-Ross result [21, 22, 85, 87]. These authors suggested that
one could retain the Ellis-Jaffe hypothesis that As = 0 if there were a large polarised

gluon component in the proton Ag ~ 5 at Q? ~ 10GeV2.

There are a few surprising things about these results. Firstly, it appears that gluons

can behave just like quarks in polarised DIS. Photons scatter locally from quarks
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because the quarks carry electric charge. However, gluons are electrically neutral so
one would expect photon-gluon scattering to be predominantly non-local. Secondly
and more formally, we seem to have a contradiction between the OPE and the QCD
Improved Parton Model. The OPE told us that the first moment of the gluon coefficient
distribution relevant to gi(z) is exactly zero in any gauge invariant renormalisation
scheme. Clearly, the IPM and OPE results are different. We shall return to this problem

in the next chapter when we discuss the axial anomaly in QCD.

Before we do this however, it is useful to check the factorisation scheme dependence
of our results. We shall investigate this by carrying out the factorisation with another
choice of infrared cut-off (on the virtuality of the quark in the loop). This corresponds
to subtracting out a different slice of the total phase space - and hence to a different two-
quark-jet definition [25]. The cut-off on the virtuality is ¢ dependent with respect to the
k2. cut-off, equ.(132). The small z part of the nucleon structure functions is described by
Regge theory whilst the large = region is described by resonance production at realistic
QQ%. Therefore, an z dependent cut-off might be convenient in a full non-perturbative
analysis of the structure functions. We shall also look at a few related gluon fusion
processes to check whether the local photon-gluon interaction could be observable in

different experiments.

We now consider a cut-off on the quark virtuality [24, 25] and evaluate the box
graph loop integrals with the constraint §(m?* — k? —T?). One must be careful to apply
the same restriction to 2 — u? in the crossed box (box 2). From equ.(111) we know
that m? — k% > %i _ T2 whenever m? — u?2 < T'%, and vice versa. For consistency, we
should constrain m? — k% < %i —T2 in both boxes. This extra constraint has little effect
when Q? > I'2. The virtuality cut-off is consistent with positive k% whenever T? > P?

(see equ.(132)). We set Q* > P? m?2 T2 The cut-off (m? — k?) > T is equivalent to
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evaluating the 7 integrals between 2:2(—527 < n < 2. We find

AJ(m,Qg,PQ,mZ,IQ) =

as Q* 9m? — Pg(2¢ — 1) (143)
—ﬂNf{@x—l)(ln—ﬁ—lnw—l)—{— T
which has the first moment
G1(T2) = —=2N Liles 2m” (144)
W)= \2 "6 T T2

where ( = % (If P2 < I'? we have to be careful not to include any negative k%. For

m?2 < T2 we then find G1(T?) = —§2Ny <1 -3 4+¢(1-0)n () [24].) The factorisation
procedure is completed by setting m? = P? = 0 whence G1(T?) = —32 f%. The
virtuality cut-off yields a contribution at infinity which is one half of what we found
with the k2 cut-off [24, 25]. The contribution to Gy “at infinity” depends upon the
dependence of the infra-red cut-off. There is no unique way to define “infinity”. The

¢actorisation scheme dependence of G was first pointed out by Kolya Nikolaev, Tony

Thomas and myself in ref. [25]. It was later taken up by Manohar in a series of papers

67, 93].

The cut-off on the transverse momentum squared opens up the maximum amount of
phase space with which to define the two-quark-jet events [84]. If we are at large k% then
we are also at large m? — k2. This result follows from equ.(132) whereby m? — k* > k..
The converse does not hold. (We can be at a very large virtuality but small k% when
gz — 1.) Furthermore, the dynamics of the problem lie in the plane in Lorentz space
defined by p# and ¢*. Since k% is orthogonal to this plane, any cut-off on the transverse
momentum squared will not violate any symmetries of the interaction. It is not clear
that any other form of cut-off (eg. which encroaches into the p* ¢* plane) will have this
nice property. (I would like thank V. Gribov for discussions on this point [94].) These
two points suggest that the k% cut-off is the preferred method by which to define the

factorisation.
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4.4 Comparison with Other Processes

In the preceding sections we have spent much effort analysing spin dependent
photon-gluon fusion in the IPM. However, there is nothing in the box calculation that
is not already in QED. Transfering from the soft gluon to a soft photon just multiplies
the group factor T' by two. This means that the total z integrated spin dependent
asymmetry equ.(77) for (hard v)+(soft 7v) — ete™ has a finite contribution from a local

photon photon interaction.

We now look at two other physical processes to see whether the local photon gluon
interaction might be observable in different experiments. The first process is unpolarised
DIS and the box graphs relevant to Fy(z). Next we consider the spin dependent
asymmetry for gg — cc, which is the leading parton process which contributes to the
spin dependent asymmetry for pp — ccX.

Unpolarised Photon-Gluon Fusion

The cross section for unpolarised hard photon (large Q?) soft gluon (soft P%)
scattering is denoted by o(z,Q@?, P2, m?). At one loop o(z,@%, P?,m?) is calculated

from the optical theorem as

: 2N Tg? 2m)86((p — k)% — m?)é(: k)2 —m?
oG Py = TS [ g 1Y (b
T

1 , e , -
Zg?}gzmTr [vi(k 4+ m)ym(d + k +m)i(k + m)yi(k — p +m)

+ ’)’j(’;’ + m)ym(d + k+ m)'yz’(fc +§—p+ m)’yl(fc —p+ m)]

(145)

Here, gz,, = diag[0; —1,—1,0]. The phase space and kinematics are the same as for Ao,
and the tricks for simplifying the Dirac algebra apply here too. For the numerator in

box 1, the Dirac algebra yields

1(1 1
T3 — P+ (2 = m)a.p+ kD) + bR + QF + P+ 5QPP?| (146)
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For the crossed box (box 2) we find
1
Zk% 2k2 — ¢.p + Q? + P* (147)

The next step is write k2 — m? and k% in terms of our variable . After a lengthy (but
straightforward) calculation following sections 4.2 and 4.3 we evaluate the 7 integrals

corresponding to k% > A2. With this restriction on the total phase space we obtain

a(m,QZ,P2,m2,A2) e

g 9 : 1 11—z
%Nf (2z% — 2z + 1) ln(p) + H(T) -1
A? (2m? — P%(22? — 2z + 1))
2
_ 1 — -
+ (227 — 2z + 1)1n($(1 — )P+ m? + Az) +a(l-2) z(1 —z)P? +m? + A?
(148)
Here, we have set Q% > A%, The moments of o are given by
|
F, = /dm w"—la(w,Qz,Pz,mz)
0 (149)
s F Q°
Fy o~ %'Nf(VVV)n 1np

where (75 )n = fol de ¢"1(22% — 2z + 1). Hence, F, is dominated by integration over
k% in ~ [A?,Q?] for each n (including n = 1). This is the same situation as occurs with
the higher (n > 2) moments of Ac in the polarised case. Any pointlike piece will be
swamped by the large logarithm.

Spin Dependent Gluon-Gluon Fusion

The spin dependent asymmetry for gg — € receives a contribution from each of the

two graphs in Fig. 7. It contributes to the asymmetry for pp — ¢cX via the convolution

1 1
& dz, [ dxp w2
A€ = / / Ag(wa,Az)Ag(:cb,Az)Aagg_,cz(wa,:vb,7\2—,043(A2)) (150)
0

T Ty
0

Here, Ag(z,A?) represents the IPM spin dependent gluon distribution of the proton

(a) and anti-proton (b); W? is the invariant mass squared of the ¢ jets. The hard
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factor Aogg—ce(t, %’i, as(A?)) is the spin dependent asymmetry for producing cc with
transverse momentum squared k% > A2. It receives contributions from the two Feynman
graphs shown in Fig 7 (plus the cross terms). Here, we shall be interested only in the
box contribution which mimics the QED process: two soft photons with large centre of
mass energy decay to u*u~. This box contribution may be deduced from our previous
calculation (equ.(136)) by moving to a different kinematic region. We work in the centre
of mass frame. One gluon originates from the proton (momentum P}) with momentum
p* = z,PY + pr. The other gluon originates from the antiproton (momentum Pb“ ) with
momentum ¢* = belfL + gr. We consider high energy pp so that E,, Ey > m (even
within the ¢gg centre of mass frame). The invariant mass squared for the gg — cc process
is

W= (p+q)° = dvezyEuBy = camy W5 (151)

Here, Wgﬁ is the invariant mass squared of the pp system. Since W? = QZI—Tx —P%in
terms of the Bjorken variable, it follows that the gluon fusion process corresponds to
the z — 0 limit of equ.(136). We choose to look for cc jets with k2. > A? where the
acceptance threshold is constrained by the kinematics to be A? < %Wz — m?. In the

litnit W2 > A? we complete the factorisation and find

w? 9 o w2 2m?
Acggce(T, TQ_’QS(A ) = o [1 —In A2 + m? + Az} 5]
= % 1 — _VV_I‘% —1 + 2m2
~ o Az TR T Az

which is dominated by the large (A? dependent) logarithm. Here (and in the correspond-

ing QED process vy — pTp~) any local term would be lost among the experimental

errors.
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Figure 7. The spin dependent asymmetry for gg — cc receives a contribution from

each of the two graphs in Fig. 7.
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4.5 Gluonic Effects and the g;(z) Data : the Convolution

As we mentioned in section 4.1 the exclusive two-quark-jet contribution to gi(z) is

given by the convolution

1

= 1 dz
g‘fq(x) = / Ag(z, Az)Aavg—*qE(

:EQZ
9 z

Zap7a3(A2)) (153)

T

where Ag(z) is the spin dependent gluon distribution of the proton. In the absence of
any independent measurement of Ag(z) (eg. in polarised pp — ccX or prompt photon
production [95]) we need to deduce a phenomenological parametrisation for Ag(z). In
the parton model Ag(z,A?) is interpreted in A4 = 0 gauge as the difference between
the z distributions of gluons with p%. < A2 which are polarised in the same direction as
the proton’s polarisation and where the gluons are polarised in the opposite direction

to the proton’s polarisation. Thus, we expect
Ag(z) = (g — g)(@)| < 9(2) = (¢" + g")(=) (154)
One experimental parametrisation for g(z, Q?) at Q% = 4GeV? is [96]
zg(z,Q? = 4GeV?) = 0.88(1 + 9z)(1 — z)* (155)

We shall consider a form
Ag(z) = 2%9(2) (156)

This is the hardest possible Ag(z) that we can write down consistent with the above
inequality [25, 26]. The EMC low z data was measured at < Q? >= 4GeV?. Hence,
our choice for Ag(z) allows us to directly estimate the gluon component in this part
of the data. In Fig. 8 we show the two-light-quark-jet contribution to the EMC data

with A2 = Q? = 4GeV?. We plot the combination (glEMCdata + g(lﬁ)(x), where g‘lﬁ(m)
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is evaluated via equ.(153). This plot allows us to see the gluonic contribution to the
EMC data on gi(z) at a glance. The hard parton scattering cross section is taken from
equ.(136). For a = 0.9,0.8,0.7 and 0.2 we find that Ag = [ dz Ag(w) = 0.5,0.6,0.8
and 4.0 respectively. The contribution to g1(z) is concentrated at small z and lies well

within the experimental errors where data is available.

The earliest calculations of the gluonic contribution to gi(z) are due to Altarelli
and Stirling [97] who choose to replace the hard photon-gluon scattering cross section
by a delta function at one. As correctly pointed out by Ellis et al. [27], this leads to a
gluon contribution (from Ag(z)) that is much too inflated at large z, where the data is
recorded. The authors of ref.[27] chose to calculate the two-quark-jet piece without any
cut-off on the k% or on the virtuality, and set P? < m? — 0 when they evaluated the
box for light quarks. Hence, their calculation is sensitive to the In(1 — ) singularity.
This leads to a two-quark-jet cross section that is further inflated at large = than the
large k% results presented here. The soft acceptance cut-off on the jets’ k% implies the
kinematic constraint on z in the box, equ.(138). This has the effect of shielding the
convolution from the In(1 — &) singularity. Indeed, we find Ao(zmas) = 0 in equ.(136)
for finite A2 and Q2. The k% cut-off softens the z dependence of the gluon induced

two-quark-jet contribution to gi(z).

It has been suggested [27] that even at the relatively low Q? of the EMC experiment
charm quark production could give a significant contribution to g1(z). Unfortunately
that paper contains a mistake in the sign of the charm contribution (viz. equ.(75)).
The calculation of ¢{°(z) is shown in Fig. 9. Here, we use the same parametrisation for
Ag(z) and the cross section for hard photon-gluon fusion is evaluated with m = 2GeV.

Again, we find a negligible contribution to g(z).

Brodsky and Schmidt have suggested the parametrisation

72



Ag(@)|ps = 1 [5(1 — =) — 4(1 —2) = (1 — =)' (157)

using arguments from light-cone dynamics [98]. This corresponds to Ag = 1.2 and is
supposed to hold at the nucleon scale A2 ~ 1GeV?. In Fig. 10 we show the large k2 > A?
two-quark-jet contributions to gi(z) at Q* = 4GeV? from both light and charm quarks
with the Brodsky and Schmidt Ag(z). Once again, the IPM two-quark-jet contribution

is at small z - outside the range of the current data.

We have emphasised the difference between the IPM and OPE results for the hard
photon-gluon scattering factor in the convolution, equ.(153). We found that C9(z) #
Ao(z) and that these two quantities have different first moments. This observation does
not affect our conclusion that Ag(z) is not relevant to the experimentally determined
sum-rule between Zmin = 0.01 and z = 1, as we show in Pig. 11. To illustrate this we
have calculated the combination (¢F¥¢ + g(lﬁ)(m) with the Brodsky and Schmidt gluon
distribution Ag(z)ps and the Wilson coefficient distribution C* (z,as), which has been

evaluated in the M S renormalisation scheme as [73, 74]

QZ o 2
CI(z, Ki’as(Az) = Zsr_Nf (2z — 1) (lan— +1n

1—=x

- 1) +2(1 - :c)] (158)

Fig. 11 shows both the light and charm quark contributions to (¢gFMC + g‘lﬁ)(w).

In summary, the gluonic contribution to g1(z) is essentially outside the present data;
it is at too low z. This means that the large Ag hypothesis cannot be used to reconcile
the EMC data with the Ellis-Jaffe sum-rule. Similar calculations have also appeared in
refs. [84, 99, 100].

73



Figure 8. Here we show the two light-quark jet contribution to the EMC data
with A2 = Q% = 4GeV?. We plot the combination (gFMCdata + g(lﬁ)(m), where g(lﬁ(x)
is evaluated via equ.(153). We use the form Ag(z) = z%g(z) where g(z) is given
by equ.(155) [96]. Results are shown for a = 0.9,0.8,0.7 and 0.2 corresponding to
Ag = 0.5,0.6,0.8 and 4.0 respectively. This gluonic contribution to g1(z) is concentrated

at small z - essentially outside the range of the EMC data.
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Figure 9. The two charm-quark jet contribution to the EMC data with A% = Q? =
4GeV?. We plot the combination (gIEMCdafBa + ¢5)(z), where g&(z) is evaluated via
equ.(153). We use the form Ag(z) = z%g(z) where g(z) is given by equ.(155) [96].
Results are shown for a = 0.8 and 0.2 corresponding to Ag = 0.6 and 4.0 respectively.
The charm quark’ contribution to g1(z) is negligible at the Q* of the EMC experiment;

it is concentrated at small = - essentially outside the range of the EMC data.
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Figure 10. Here we show the large k% > A? two-quark-jet contributions to g1(z)
at Q° = 4GeV? from both light and charm quarks with the Brodsky and Schmidt
Ag(z), which is defined at a scale A2 = 1GeV? [98]. We plot the combination
(gFMCdata g‘lﬁ)(a:). Once again, the IPM two-quark-jet contribution is at small =

- outside the range of the current data.
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Figure 11. Here we plot (gFMC 4 g‘lﬁ)(w) with the Brodsky and Schmidt gluon
distribution Ag(z)ps [98] and the Wilson coefficient distribution CY(z, ), which has
been evaluated in the M8 renormalisation scheme [73, 74]. We show both the light and
charm quark contributions to (gFM + ¢i?)(z). This OPE gluonic contribution to g1(z)
‘s at small 2. The observation that C%(z,a,) and Ac(z) have different first moments

does not affect our conclusion that Ag(z) is not relevant to the EMC data.
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5. Axial Anomalies and g;(x)
5.1 Imntroduction

In chapter 4 we argued that the EMC data on g1() receives a negligible contribution
from Ag(z) after we carry out the convolution. This still leaves the problem of how
to explain the violation of the Ellis-Jaffe sum-rule (viz. As = 0) observed by EMC.
The failure of the Ellis-Jaffe hypothesis represents a violation of the OZI (or Zweig’s)
Rule [101]. If the Ellis-Jaffe sum-rule were an exact symmetry of nature we would have
Agqo = Agg independent of scale. Instead, the EMC data reveals Agp = 0.124+0.23 in
contrast with Ags = 0.6840.03, which is extracted from hyperon B3 decay measurements.
The flavour singlet axial charge of the proton Aqo(Q?) is about two standard deviations

below the quark model expectation at Q? ~ 10GeV2.

There is another, quite famous, anomalous effect associated with the flavour singlet
axial-vector current: the U(1) problem of QCD [102-105]. The current Aj acts as an

interpolating field for the 77' meson
< vac|AY(@)ln (q) >=igufye (159)

Here f,y is the 77, decay constant. Similarly, the non-singlet axial currents can be used to
define interpolating operators for the 0~ meson octet - the would-be Goldstone bosons
of chiral SU(2);®SU(2)g. However, there is no analogy of PCAC in the flavour singlet
channel. The i is too massive to be a would-be Goldstone boson [106] (m,; = 958MeV).
Tt remains massive even in the chiral limit where we set the quark masses to zero. Clearly,

one has to be very careful when making phenomenological predictions with Ag.

We also have to resolve the apparent discrepancy between the OPE and IPM results
for the first moment of the hard part of the spin dependent asymmetry for photon-gluon

fusion. As we saw in chapter 3, the first moment of the OPE coefficient distribution
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relevant to gi(z) is fol dz C9(z,as) = 0. This contrasts with the IPM result where we
found a finite contribution fol dz Ao(z) = —52 from very large k% ~ @ in the Bjorken
limit.

Both of these effects have a natural explanation in terms of the axial anomaly in

QCD [66], which we now discuss.

5.2 The Axial Anomaly

The axial anomaly is a renormalisation effect associated with the axial vector
current. There are no twist two and spin one, gauge invariant, local gluonic operators
for Ag to mix with under renormalisation. Nevertheless, the renormalisation of the
axial vector current is non-trivial in any interacting gauge theory. It is well known that
one cannot renormalise A, = @yuY59 In a gauge invariant manner and still satisfy the
canonical divergence equation a“A‘z — D; = 2m@iysq This is one statement of the axial

anomaly [66].

At first glance the axial vector current looks like a gauge invariant operator. How-
ever, the renormalisation of A, involves gauge dependent counterterms - in particular

the Chern Simons current k. In QCD
O 1
k2O = gewﬂng 8’ BY — 39 fa,chfB;’] (160)

Here BY is the gluon field operator, g is the gluon coupling constant and fape are the

structure constants of the gauge group SU(3). In QED

kQED — —;—e”)\aﬁBaa’\Bﬂ (161)

# us

where B is now the photon field operator. (Henceforth we use B, to denote the gluon

or photon fields and A, to denote the axial-vector current.) In general, two different
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. . . . ! - . .
renormalisation prescriptions R and R may yield renormalised axial vector currents

that differ by a multiple of &, viz.

Aulp = Aulr + ckulp (162)

If we define the symmetry current Aﬁ by
0" AS = Dy, = 2mgivsq (163)
then one can show [66] that the gauge invariantly renormalised axial vector current is
AST = A5 + &y (164)

The divergence of the Chern Simons term defines the gauge invariant topological charge

density [103]
as 4 v

Here G, is the gluon (photon) field tensor in QCD (QED) and G, = TeuapG*P is
the corresponding dual tensor. Since k, is gauge dependent it follows from equ.(163)
that the symmetry current Aﬁ is also gauge dependent. The renormalisation mismatch
between satisfying gauge invariance and the canonical equation of motion equ.(164)
defines the axial anomaly. The anomaly was discovered in QED perturbation theory
by Adler and by Bell and Jackiw [66] who showed that it correctly predicts the (finite)
cross section for 7% — 2v. This decay was previously unexplained and is forbidden
without the anomaly. Since Dy is a soft operator (with dimension 3) the symmetry
current is scale independent; it is not renormalised. The gauge invariant axial current

GI . - . . . .
A" is multiplicatively renormalised, viz.
AT () = Zs(u§ — AT (u3) (166)

It has an anomalous dimension which starts at two loops in perturbation theory. All of

the scale dependence is in the renormalisation of &, [68].
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We now consider the consequences of the QCD axial anomaly for the first moment
of g1(z). The gauge invariant axial current appears in the OPE. Since kfb‘?CD is flavour
independent there will be no anomaly contribution to the non-singlet axial vector
currents Az and AS. (These currents are not renormalised.) The QCD axial anomaly is
important when we consider the flavour singlet axial vector current A?L. For this reason

it is often called the strong U(1) anomaly.

The matrix element of A?L between proton states with momentum p, and p;i has the

form (g, = (p =P )u)
<p, S|P, S >e=2mS,G%U(¢*) + 4u9-SGH(¢*) (167)
If we define the form factor x(¢?) by the divergence
¢.8k(¢%) =< p,S|DY + %\/%Nfg—;TrG“,,é“" |pIS > (168)
then the anomalous divergence equation for A), reads [28, 107]
2mGy(¢") + *Gp(e") = wl(d?) (169)

The quantity measured by EMC is 2mAgo = G%(¢* = 0). Since Ag does not couple to

any massless bosons (even in the chiral limit) there are no zero mass poles in G%(¢?).

We find
2mAgp = k(0) (170)

The singlet axial charge is a measure of the gluonic topological charge (or instanton)
density in the proton [108, 109]. This result differs from the naive parton model which
has no explicit gauge degrees of freedom and, hence, no anomaly. The strong U(1)
anomaly must catalyse the apparent violation of OZI seen by EMC [28, 29]. 't Hooft
has argued [102] that the anomaly successfully explains the U(1) problem in QCD.

However, this subject is still a matter of controversy [103-105].
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The anomaly also means that Agy does not measure quark spin. In the naive
parton model one can write down a Lagrangian and derive the Noether spin current
corresponding to conservation of angular momentum. In the parton’s rest frame the

Pauli Lubanski spin operator defines the intrinsic spin operators [110]

Sk = fdgfc @nyse)  k=1,2,3 (171)

The Sy are time independent for massless quarks; they satisfy the algebra of SU(2) spin.

The angular momentum tensor in QCD receives contributions from both quark and
gluonic operators [110]. After we carry out the renormalisation it no longer makes sense
to call any operator purely fermionic or bosonic. Even the scale independent Aﬁ is
sensitive to the gluon fields through its gauge dependence. Nevertheless, suppose that
we try to construct an intrinsic spin operator for quarks in the renormalised theory
following the free fermion result. Only the operators S = [z Af will satisfy exact
SU(2). These operators are gauge dependent and have gauge dependent eigenstates.
The spin % “quark” defined by S2 is a gauge artifact! It is not observable. One might
also consider the gauge invariant SFT(u?) = [d3z AST(4?). At any given scale pu we
are free to choose the overall normalisation so that the S,?I satisfy the commutation

relations of SU(2). However, the scale dependence of AEI (4?) means that at any other

scale pu? # p? we lose SU(2), viz.
[SF1, S71(1?) = ieiji Zs(ug — p®)SE (u?) (172)

The renormalisation group factor Z5(u2 — u?) starts at two loops in perturbation theory
(Fig. 12) and has the form Z5 = (1 + O(a?)In ﬁ;) It is essentially trivial in QED and
0

in electroweak theory due to the small coupling and large MZ,, M2 respectively.
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Figure 12. The flavour singlet axial current has a two loop anomalous dimension in

perturbation theory.

¥ %,
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In QCD there are reasons for believing that Zs may be significantly different from
one. One might choose to set ud ~ 0.2GeV? where we expect quark models to be a good
semiclassical approximation to QCD. This assumption has been made by Gluck and
Reya [111] who chose an Ellis-Jaffe hypothesis at u2 ~ 0.2GeV2. Explicit calculations
[112] show that one cannot reconcile this quark model expectation with the EMC data
by purely perturbative evolution alone. The large OZI violation observed by EMC at
Q? ~ 10GeV? is suggestive of a large Zs factor between the starting scale and where we
trust perturbative QCD (p? > 1GeV?). Such an effect has been discussed in refs. [69]
and [70]. How might it be observed in data ? Resonances are seen at large z (> 0.8).
Thus, any rapid scale dependence of gf) (z,Q?%) here would be lost in the resonance
“noise”. At small x one could expect a clear signal. Here, “small x” is defined as away
from the resonance region in z that we are familiar with from unpolarised DIS. Does
scaling set in smoothly (like in unpolarised DIS) or is there any evidence for a phase
transition at low = ? At present there is no data which could answer this question. If
instantons are responsible for confinement it is reasonable to expect a phase transition
in Ago between hadronic degrees of freedom p? < 0.5GeV? and quark-gluon degrees of
freedom p? > 2GeV?2. An experiment to look at the onset of scaling would certainly be

worthy of consideration and might provide a test of instanton models of confinement.

One extra comment is in order here. The constituent quarks in our low energy
models are not QCD quarks in that they do not couple to the full non-abelian gauge
field. Confinement is usually built into the models by assuming an antisymmetric
wavefunction in colour space, which follows from the Pauli principle. Thus, the
constituent quarks are really only sensitive to electromagnetic gauge degrees of freedom
through their electric charges. In making the Gluck and Reya hypothesis [111] we
are marrying together two different pictures, which we hope are equivalent at the low

energy scale of the model. The quark models are mean field theories so that any short
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distance correlations are averaged out to zero. This includes the anomaly as a short
distance renormalisation effect. For this reason, gluonic exchange currents [113] and
pionic corrections [114] are unable to accomodate the large OZI violation in Agqq in even
the most sophisticated of bag models. One needs to generalise these models to include
the anomaly - perhaps via the U(1) effective action of QCD [115, 116]. Some progress

has been made in this area [117, 118].

One might also consider Agp in the large N, limit of QCD [119, 120]. Non
abelian gauge theories like QCD simplify tremendously in the gedanken limit of a large
number of colours (large N.). Large combinatorial factors arise in the loop graphs of
perturbation theory and one can calculate interactions to a given power in the number

1
2

of colours. The coupling constant is normalised in the new theory by g = ¢oN, 2 with
go fixed. This corresponds to the gluon self energy ~ 1 as we increase N, viz. a stable

gauge vacuum. Quark loops behave as 7%: and are suppressed. Thus, Zweig’s rule and

the Ellis-Jaffe sum-rule are exact in the large N, limit of QCD.

Witten has pointed out the similarities between this large N, suppression of the
sea and our valence quark picture of the nucleon [120]. In many interactions one can
treat 3 as a good approximation to co! The failure of the Ellis-Jaffe hypothesis and the
derivation by Witten that m%, ~ N7! [121] indicate that the large N, approximation

fails in the presence of the anomaly.

Brodsky et al. [23] have investigated the proton spin problem within a particular
version of the Skyrme model of the proton. The singlet axial vector current Ag decouples
from the proton at leading order in N, in this model. They claim this result as a success
of the Skyrme model over more conventional quark models like the bag. In view of the
restoration of OZI at large N, this calculation should be treated with suspicion. It is
well known that the Skyrme model prediction for g4 falls short by a factor of two. Thus

the Skyrme model is unable to reproduce even the Bjorken sum-rule, equ.(73).
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We now discuss the axial anomaly in perturbation theory to help clarrify the ideas
presented above. This discussion will also help to resolve the apparent discrepancy of

—2:Ag between the OPE and IPM results for the first moment of g1(z).

Y Y59 71Y%.¥sq

PV \N

Figure 13. The axial anomaly is calculated in perturbation theory via the Adler-
Bell-Jackiw (vector, vector, axial-vector) triangle diagram. The external vector legs
may be either photons or gluons. They carry momentum p, and g, and have transverse

polarisation €, = %(0; 1, +¢,0).
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5.3 The Axial Anomaly in Perturbation Theory

The axial anomaly was discovered by Adler and by Bell and Jackiw [66] within QED
perturbation theory. There are many excellent reviews of this subject [122, 123]. Here,

we briefly review the Adler-Bell-Jackiw (ABJ) results and explain how they relate to
the IPM.

We start by considering the amplitude A,,4(p, g) for the vector, Véctor, axial-vector
(VVA) triangle graph, which is shown in Fig. 13. The external vector legs may be either
photons or gluons. They carry momentum p, and ¢, and have transverse polarisation
€y = %(0; 1,4:,0). In QED perturbation theory Auaﬁ(p’ q) is calculated from the

Feynman rules as

; il 1
A o 3 = —1 2/ T'[A a7 = )
pap(P; @) = —ig e i m i m P + (e & B,p < q)
(173)
The VVA triangle amplitude A4 5(p, ¢) has a superficial linear divergence which induces

a surface term when we shift the loop momentum
ky — ky +ay (174)
The shift variable a, has the general form
ay = (a +b)p, + by, (175)

in Fig. 13a. (We swap p, < ¢, in the cross graph Fig. 13b to satisfy Bose symmetry.)

If A,ap(p,qla) denotes the shifted triangle amplitude then the surface term is

(84
Al‘»aﬂ(p>Q|a) - A;mﬂ(]%‘]lo) . —gﬁpmﬂa(? - Q)/\ (176)

The triangle amplitude is defined up to a polynomial in the external momenta.
The surface term is the two photon matrix element of the gauge dependent Chern-

Simons term k,?ED in equ.(161). The general VVA amplitude does not satisfy current
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conservation at the vector legs. One finds

P*Dyap(p, qla) # 0 # ¢° Auas(p, gla) (177)

in perturbation theory. Gauge invariance holds only for a particular choice of a,, which

defines the physical VVA amplitude. The surface term has divergence

(8% (8%
=P+ ) ()5 emas(p — Q) = ;fuxaﬂp’\-q" (178)

which is the two photon matrix element of the topological charge %Fﬁ’ The same
calculation holds in QCD perturbation theory where we replace the external photon legs
by gluons. (There is an extra group factor T = % in the QCD expression for A qp(p, ¢).)
In QCD the surface term equ.(176) is the two gluon matrix element of kl?CD. The three

gluon part of k,?CD does not contribute to the ABJ triangle amplitude.

The restoration of gauge invariance via the surface term is only one procedure for
defining the gauge invariant triangle amplitude. The anomaly k, contribution arises
in any gauge invariant renormalisation scheme (eg. minimal subtraction [124] or the
Pauli-Villars technique [66]). In the Pauli-Villars procedure the M — oo regulator

leaves behind the finite anomaly term after the divergence is subtracted out.

The forward limit p = —q of the VVA triangle amplitude A,48(p, ) is relevant to
g1(z). The OPE tells us that the first moment of the one-loop spin deperident asymmetry
for photon-gluon fusion (Ac(z, Q% P?,m?) in chapter 4) is given by the forward
matrix element of the axial-vector current in the scaling limit Q? — oco. The cross
section Aa(z,Q?, P%,m?) is equal to the sum of the O(a;) gluonic Wilson coefficient
distribution and the spin dependent quark distribution of the gluon Aqgl“"”(w). This
quark distribution is defined by the absorptive part of the forward VVA amplitudes,

which are obtained by replacing A, by the general spin-even axial-tensor operator
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Gv4v5(D)?q in equ. (173). In By = 0 gauge, Ag9'%" is given by [73, 87, 125]

2p4 AgIon () = —ig®2NsT

dk k Te[(k + m)e*(k — p+m)e(k + m)yrvys]  (179)
W&(m - i)é((k —p) —m?) (77— 2y AL

We may evaluate this amplitude via minimal subtraction. In this case the anomaly

depends on how we continue the 75 into the regulator dimensions.

The correct procedure was established by ’t Hooft and Veltman [124]. Gauge

invariant regularisation is equivalent to the continuation

{Yu, 1534 =0  p=0,1,2,3
(180)
[Yu,¥5]- =0  p = regulator dimensions

where v5 = iy0717273. (The choice {v,,75}+ = 0 Vu defines the symmetry current
AE , viz. no anomaly.) Clearly, the axial anomaly is in the definition of 45. There will
be gauge dependent counterterms associated with each of the higher spin axial tensor
operators gy4+vs5(D4)"q. These gauge dependent counterterms can be isolated in QED
by calculating the surface terms corresponding to the momentum shift &, — k, + a,
in the general VVA amplitude. There will be a contribution to the surface terms
from the gauge invariant operators F+a(8+)2"_1ﬁ' % due to operator mixing under

renormalisation. These terms are subtracted out to isolate the gauge dependent

counterterm.

Returning to the expression equ.(179) for Ag9%°"(z), the delta functions are
evaluated via the k4 and k_ integrals. We evaluate the Dirac trace in 4 + € regulator

dimensions and find

Aqgluon(x) —
L%y s / . (k% +m?)(1 — 2z) — 2m%(1 ~ z) - ZZ—_T_ek%(l —z) (181)
om2 f (k% + m?2 + P2z(1 — z))?

Here p? is the renormalisation scale. The overall positive (negative) sign indicates a. left

(right) handed gluon polarisation. The ﬁ_ek%(l — ) term comes from the continuation
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of s into the regulator dimensions. If no ultraviolet cut-off is imposed the k2. integral
develops a % pole. This pole cancels with 2L+ek%(1 — z)to give a finite contribution in

the limit € — 0. This is the axial anomaly. The dimensionally regulated expression for

Aqgluon(m) is

3 2
Aqgluon(x) — :tg_Nf (__ —YE -|-1n47r)(1 — 2-T)
T €

182
m? 4+ P?z(1 — z) +1 m? (182)

+(2z —1)In " _m2+P2:c(1—3:)

Here vp is the Euler constant. The first term proportional to (% —vg+In47) contains the
ultraviolet divergence. It is subtracted out into the operator renormalisation constant

leaving the finite quark distribution. We evaluate

1 ¢ / 4m?
2 2 1+—‘—1
f dz Ag9"o"(z) == %Nf 14 ;Z L 21n< - 22 ) (183)
i " 144 \J1+4+1

which is exactly the first moment of Ao (z, Q?, P*, m?) without any infra-red cut-off (cf.
equ.(131) in chapter 4). The unity factor in equ.(183) is the anomaly and the non-local
71',’—: term is the one-loop forward matrix element of the pseudoscalar density 2mgivysg.
Since the anomaly is an ultraviolet (large k% — 00) effect it contributes to the triangle
amplitudes if we impose an infra-red cut-off on the k% or, equivalently, on the quark
virtuality m? — k2. (Recall that these two cut-offs are related by equ.(132) ). Of course,

one should be careful to use the same choice of infra-red cut-off for both Aa(m) and

Aqgluon(w)_
5.4 Locality and the Parton Model

The new physics content is that there is a large k% — oo contribution to the
spin dependent quark distribution in the scaling limit, which was not anticipated in

the original parton papers of Gribov and Lipatov [78]. The IPM was developed with
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the OPE results for DIS in mind. Factorisation of mass singularities is similar to the
calculation of the Wilson coefficients in the OPE. We would like our parton model to
reproduce the rigorous OPE result that the spin dependent gluon distribution does not
contribute to the first moment of g1(z). When we applied the OPE to the spin dependent
photon gluon fusion process we found that the large k% ~ @Q? term is included in the
quark distribution. It corresponds to the two gluon matrix element of the anomalous
Chern-Simons term associated with the axial-vector current. (At O(a?) there will be
a contribution to spin dependent photon-gluon fusion associated with the non-abelian
part of k,?CD, which should also be included in the quark distribution. It could only
be isolated after detailed renormalisation calculation.) The IPM and OPE approaches
to DIS can be reconciled if we supplement the IPM with a new locality condition.
The gluon distributions are to be defined as generating a non-local interaction between
the gluon and the hard photon in the DIS process. The quark distribution contains
all partons which make a local interaction with the photon. In this picture, the local
photon gluon interaction is a renormalisation effect associated with the gluonic dressing

of the quark partons.

Thus, the anomaly contributes to g1(z) through Ag(z,Q?) for any target. It is
convoluted with the quark coefficient distribution Ci(z) = 8(z — 1) 4+ O(as) in the
OPE expression for g1(z) (equ.(70)). In principle the anomaly can be manifest over a
complete range of x - even in the “valence region” z > 0.2. Some authors have noticed
that k,?CD and the Noether spin current for gluons coincide in light-one gauge By = 0
[21, 22, 87] (see also [74, 107]). With this is mind, they suggested that one might use
the forward proton matrix element of kf,?CD to define the first moment of Ag(z) in the
factorisation only IPM. The higher moments of Ago(z) and Ag(z) would be defined
by the gauge invariant R; operators in section 3.2. In this picture, the IPM parton

distributions would differ from their OPE counterparts only in their first moment, or
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equivalently, by a gauge dependent term proportional o 6(z), which has no effect on

practical calculations.

Carlitz et al. [87] have suggested that the axial anomaly should be characterised
by two-quark-jet events with large k% ~ @?. If this is correct then we should expect
to see these events over all z in both polarised and unpolarised DIS. (Recall that g1(z)
is measured in the difference of two spin dependent deep inelastic muon-proton cross
sections - the sum of which defines the unpolarised structure function. Cross sections
are positive definite by definition. Any effect seen in the difference of two positive
quantities is seen in their sum.) A significant two-quark-jet cross section at large = in
unpolarised DIS has no place in our understanding of the unpolarised gluon distribution.
Furthermore, as we discuss in chapter 6 infra-red effects in QCD mean that one cannot
isolate the axial anomaly from the axial-vector current. For this reason, I expect that
the cross section for two quark jet events with k% ~ Q? will be found to be negligible if
any experiment is made to measure it. This does not necessarily imply a small anomaly
contribution to Agy. We mentioned in section 4.5 that Altarelli and Stirling [97] had
investigated the possibility of reconciling the EMC data with the Ellis-J affe hypothesis
by invoking a large Ag in the proton. Following previous work [21, 22|, they tried to
relate Ag to the anomaly in an IPM defined purely by factorisation. They convoluted
Ag(z) with §(z — 1) giving a gluon contribution that was much too inflated at large z.
However, the preceding argument shows that they were on the right track - only that

the axial anomaly has nothing to do with Ag(z).

We mentioned above that there will be anomalous (gauge dependent) counterterms
associated with each of the spin-odd axial-tensor operators, which define Ag(z). The
spin dependent valence distribution Agy(z) = (¢' — 7 (z) — (¢* — §")(x) could be
measured in polarised DIS with a polarised proton target and (anti-)neutrino beam in

the parity odd structure function gs(z). It is formally defined by the forward proton
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matrix elements of the spin-even axial tensor operators g(0)y4+vs(D+)*""1¢(0) via the
quark light-cone correlation functions in equs.(61-63) in section 3.4. The spin-even
axial-tensor operators have odd charge conjugation. The spin-even gluonic operators
G 1a(0)(D4)*"2G*,(0) arc even under charge conjugation and do not contribute to
DIS. There is no operator mixing between quark and gluonic operators with Agy(z).
Similarly, we cannot construct a generalised spin-even, gluonic Chern-Simons term with
odd charge conjugation. This means that the valence distribution is anomaly free. The

polarised analogy to the Gross-Llewellyn Smith sum-rule [126], viz.

1
/ dz ¢ () = (Aav)o (184)
J |

(above the charm production threshold) does measure a valence quark spin component

in the proton.

We now further investigate the role of the axial anomaly in polarised DIS through a
polarised photon target. The spin dependent structure function g1(z) of the polarised

photon is accessible to experiment.
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6. Polarised Deep Inelastic Scattering from

Photon Targets and Axial Anomalies
6.1 Introduction

Deep inelastic scattering from photon targets reveals many novel effects in QCD.
The unpolarised photon structure function has been well studied both theoretically
and experimentally [127, 128]. In this chapter we consider the hadronic part of the
polarised photon structure function g¢{(z) [129]. We start by considering g{(z) in a
free quark model (FQM). This is just the box calculation in chapter 4. We investigate
how the FQM compares with a QCD analysis, first carried out by Witten [130] (Witten
analysis), using the operator product expansion and the renormalisation group. The
Witten analysis introduces the contact interaction, which occurs with deep inelastic
scattering from photon targets. We then concentrate on the first moment of g1 ().
This quantity allows for a particularly clean discussion of the role of the axial anomaly
in polarised deep inelastic scattering. The anomaly makes a contact measurement with
the target photon. We derive an exact sum-rule for G; = fol dzg](z) for real photons
[31]. In ref. [131] a sum rule was suggested for the first moment of g1 () on the basis
of the perturbative triangle diagram in QED. The result of ref. [131] is equivalent to
applying the operator product expansion to the FQM, where the role of the strong U(1)
anomaly is ignored. Finally, we contrast the roles played by the QED and QCD axial

anomalies in polarised DIS.

The photon structure functions are observed experimentally in et e~ — hadrons
[127, 132] where for example a hard photon (large Q%) probes the quark structure of a
soft photon (P? ~ 0). This is shown in Fig. 14. For any P? of the target photon the
measured structure functions receive a contribution both from contact photon fusion

and also a hadronic piece, which is commonly associated with vector meson dominance

94



(VMD) of the soft target photon. The hadronic piece scales with Q% whilst the contact
piece behaves as In Q? as we let Q7 tend to co. This was discussed by Witten [130] in the
unpolarised case. The In ()? scaling behaviour mimics the free quark model prediction,

but the coefficient of the logarithm receives a finite renormalisation in QCD.

We now .begin our detailed discussion of the polarised photon structure function
g;(z). Experimentally, ¢{(z) may be measured with the promised polarised et e~

beams at SLAC.

Figure 14. The photon structure functions are observed experimentally in et ¢~ —
hadrons where for example a hard photon (large Q?) probes the quark structure of a

soft photon (P? ~ 0).
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6.2 ¢{(z) in the Free Quark Model

In the free quark model the polarised photon structure function g (z) is calcu-
lated via the box diagrams of Fig. 6 on page 49. It is the same calculation as
Ac(z,Q?, P2, m?) in chapter 4 - without the infrared cut-off. Although g¢{(z) will con-
tain the mass singularity for real photons, there is no need to worry about continuing

the quark propagator into the infra-red region k% ~ 0 in the free quark model.

We let ¢ and p denote the probe and target photon momentum respectively. In the
usual way we define Q? = —¢?, P? = —p? and = = Q?/2p.q is the Bjorken variable. All
the photons have transverse helicity and we antisymmetrise over left and right handed
polarisations. Finally, we let m be the quark mass and k is the free quark momentum
in the loop (Fig. 6). In the deep inelastic limit (@2 >> P? m?) we obtain

Q2

—N—Z—I—ln

p(1—z) 1)

Y - 9_ 4 _ 1 _
91(z)rqu 7TNC ; “ [(238 1)< B z2(1 — z)P?% 4+ zm?

(2m? — P2z(2z — 1))
m? + P2z(1 — 1)

(185)

+(1—2)

Here, we have inserted a scale u? to separate out the In @? term from the 2 dependent
scaling terms. For three flavours (u, d and s) N¢ 3, e‘; = % As we found in chapter 4,
there is an unambiguous contribution to the first moment of ¢{(z) (in the FQM) which
comes from a purely pointlike part of the box at very large k% ~ Q?. The FQM contains
a contact photon-photon interaction, which provides a local measurement of the target
photon’s helicity [87]. We shall return to this point later when we discuss a sum rule

for gg. The higher (n > 2) moments of g/(z) are dominated by the logarithm term in
the FQM, viz.

1
n— a?2 F Q2
G, = /da::v 1g¥(:v) ~ ;5('YVV)n ln—lﬁ (186)
0

In the next section we investigate what happens in QCD when we carry out a leading
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order Witten analysis of the structure function of the polarised photon. We consider a
real photon target. Clearly things will not be so simple as in the FQM. For example,
we expect a soft contribution to g7(z) associated with vector meson dominance. The
simplest way to view this in the framework of the FQM box calculation is to modify

2

the soft photon vertices by a form factor (ﬁ%)ﬂ where m* is now some: effective

(constituent) quark mass squared and § > 0. For all positive § our modified (soft)

g7 (z) will scale with Q? at large Q?* [133].
6.3 g¢{(z) in QCD : The Leading Order Witten Analysis

Formally, the total inclusive cross section for i v — hadrons may be written as the

absorptive part of the forward v 7 scattering amplitude [134]

Tyvop = % [da: dy dze't2 et (v=2) < vac|T[ju(2)j,(0)ja(y)ip(2)]|vac > (187)

where jo(y) and jg(z) are understood to couple to the soft photons. The forward matrix
element in equ.(187) is a function of six distances «, y, z, £ —y, T — 2, y — 2. It is only
when all of these distances are small simultaneously that we can apply perturbative
QCD (which includes the lowest order box calculation). For a real photon target, we

contract equ.(187) with the target photon’s polarisation vector €*()) and consider

1 - : :
Wa = 5obs [ do 1% < 4(p )TLu(@)in O(p,) > (158)
Since Q% — oo in deep inelastic scattering we can use the phase oscillation argument
in section 3.1 for the exponential to show that W), receives a contribution only when
z2 — 0. We can apply the operator product expansion to j,(z) and j,(0). In all,
there are eight independent structure functions for the spin-one photon [135]. The

antisymmetric part of W), is described (up to a Lorentz factor) by the polarised deep
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inelastic structure function g7 (z), where the n'* moment of g{(z) is defined by [129]

1
| ~ 1 ol
i5 it [ de 1) = 5 3 00nl@) <AIOGE ) >
0
0

(189)

Here S denotes symmetrisation over p, g1,..., fin—1 and €pyo3 = +1. The relevant twist

two operators Oy ,, are the hadronic operators O%’f ;"“"‘1, viz.

a

A
ng:#l"”n_l —nlg g7 vs DM ...D“”_I?q, a=0,1,...,8

1 (190)
Of-tn=t = 24728 Te[GH* D™ ... DM G|
and also the photon operators
Ofa-#o=s = P25 FHagh._ ginea Fgns (191)

In equ.(190) D, is the full gauge covariant derivative involving both both gluon and
photon fields and Tr. denotes the trace over colour indices. The Op,, are the same
operators which appear in deep inelastic scattering from hadronic targets; Gy and Fy,
Guv and F, are the gluon and photon field tensors respectively with CNT',,,,, and F,“, the

corresponding dual tensors (ie. Gy = %ewaﬁG“ﬂ).

As it was first pointed out by Witten [130], the coefficient functions of the photonic
and singlet hadronic operators will mix under the renormalisation group. The hadronic
matrix elements are of leading order aggp (henceforth written «) whilst the photon
operator matrix elements are O(1). Since the hadronic coefficient functions are O(1)
and the photon coefficient functions start at O(a) equ.(189) receives leading order (in

) contributions both from the hadronic and photonic channels.

At leading order in « the renormalisation group equation reads (cf. section 3.3)

d Q’ 9 0 Q?
(T ™ VIO 7090 = (GG T Fg, ~ NC(7:9:0) =0 (192)

2
Here, C (%, g,a) is a column vector which runs over both the singlet and non-singlet
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hadronic coefficients, as well as the coefficients for the new photonic operators. (There
is no fBgE D% term written here in the total scale derivative; it does not occur at leading

order in «.) The renormalisation group equation has the solution

() Loner o | 2 o)

MO & (a5,
[x | Goa (G aac;

Here, vg and k are the purely hadronic and photon-hadron mixing anomalous dimen-

(193)

sions respectively. The hadronic part vg forms a 4x4 block diagonal matrix comprising
the singlet anomalous dimensions in the upper left 2x2 entries and the non-singlet
anomalous dimensions diagonally in the lower right 2x2 entries. The mixing term kisa
1x4 row vector and is proportional to 75‘,, viz. k= —ez%Ngygv[%, 0, %, lig]-l—O(ezgz).
It is the same calculation as for 751, - only with the group factors of QED instead of
QCD. The constants Ny and N, are number of quark flavours (=3) and colours (=3),
and T(R) = 1N;. The numbers in the row vector in k are the coefficients of the SU(3)

flavour decomposition of ) eé, see equ. (27).

In the solution to the renormalisation group equation M is the familiar hadronic

evolution coefficient

Qz . / v (t)
M(F,g,a) = Texp /dt B (194)
The mixing term is
x( E )= / dt s Tep ”’g((‘;) (195)

These coefficients are readily evaluated by expanding vy in terms of its eigenvalues Ay

and the corresponding projection matrices Py (viz. yg = > \xPr) [9], [130]. Since
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P, Pj = 6;; P; this trick simplifies the matrix multiplication considerably. We find

X g, + non — leading terms 196
(Z )= ZﬂgzZ(H%) (196)

The mixing term X has been calculated by Witten [130] to leading order in o (and
to next to leading order by Bardeen and Buras [136]) for the unpolarised case. The
anomalous dimensions for polarised deep inelastic scattering are known only to leading
order in a,. After including the effect of (leading order) renormalisation group, the

moments of g{(z) are given by
1
2.9 e“)‘o"geo,ﬁf;p)\p’“..p“"‘1 /dac xn_lgI’(x,Qz)
0

= ZM( Nz ,g,a)cgn(l (< 2 ),a> < y|Of 2 (uh)ly >
On

+ Z X( 12 ag’a)CH n(lag( 2) a) i C‘Y,n(l’ g( 2 )70‘)) < 7|O“u‘1”ﬂn_1(/~‘2)l7 >
Oy

(197)
Here, < 7|Oynly >= 1 to leading order in a. After diagonalising v, we construct

the row vector X and contract it with the hadronic coefficients Cg . For the spin

dependent case (with three flavours) we obtain
Q2
X(T,g7 a)CH,n(laga Ol) =

Qz (H('rg[-;/) )51 +% (1 : (198)
Vep)n
0 1+T

——(’va)n ln

+ non — leading terms

The anomalous dimensions (Y57 )n, (v s (YFp)n and (YW )n are normalised so that

(7)n(this paper) = —22(v)n(Ahmed and Ross [49]) and o = 11 — 2Ny. The coefficient

(Yhp)n + (1Wy)n (7FF)R(7VV) — (¥ )a(Vip)n

6n =1+
2fo 463

(199)

For n > 2 the In(Q? factor, which we observed in the FQM, reappears in the mixing

term. However, by comparison with equ.(186), we notice a finite QCD renormalisation
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i
of the coefficient of the logarithm. This logarithm term dominates the other (scaling) -
terms in the expression for g{(z). The Cy < ¥|O4}y > (CH < v|0gly >> terms scale
up to the purely photonic (hadronic) evolution respectively, which is due to the QED

(QCD) anomalous dimensions.

Now, let us consider the first moment. The only twist two operators which contribute
to G are the non-singlet hadronic axial vector current operators A;?i = 67“75}‘—23(1,
Ai = —67“75)‘78% and the singlet Ag = TI_W’YSATO‘I- There are no twist two, spin one,

gauge invariant photon or gluon operators. The operator product expansion gives us

61(@") = [ dagl(@)
0/ ;
1
=5

(i 5) (1248 w2 (1= =557 )|
(200)

where iageuasp” (NP () =< 7(p, )4} 11(p, ) >.

The general form for the matrix element of the axial vector current Afj, between
on-shell photon states (see Fig. 15) is given by covariance and parity. Allowing for Bose

crossing symmetry we have

< (1, M)IAE (P, M) >= Rag(p, —1)e* (M) (M) (201)

where [66]

RE a0, 1) = |ewas(p” + 1) AH(s?) + epavsr”l’ (B{%s%pﬁ + B§<32>lﬂ>
(202)
+eupuep”l’ (Bf (s?)lo + BY (82)pa)]

and s#* = (p—1)*. The A Bf and B% are scalar form factors of the variable s? (for real

photons: p? = 12 = 0). The forward matrix element, which is relevant to deep inelastic
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scattering, is given by

iap = 24F(s% = 0) (203)

with \; = A2 = A. Here, we have tacitly assumed that there are no mz.%ssless bosons
coupled to AZ. This is certainly true in nature. The would-be Goldstone bosons 7 and
n, which couple to Ai and Ai respectively, have finite mass due to the chiral symmetry
breaking quark mass term in the QCD Lagrangian. After n — 77’ mixing is allowed
for, the physical n’ also couples to Aﬁ. However, the 77/ is not a would-be Goldstone
boson and remains massive even in the chiral limit. Both the n and 77, couple to the

singlet axial current A?t. (There is also a small contribution to the axial current matrix

0

elements from 7% —  and 7% — ' mixing.)

Kk
A

Figure 15. G1 in QCD receives contributions from the photon matrix elements of

the axial-vector currents Aﬁ.
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Electromagnetic gauge invariance (current conservation) at the photon vertices, viz.
p*RE,=1PRE 5 =0, (204)

leads to the identities
2
8
AF(sh) = 513{“(32) + p*Bi(s%)
5 (205)
8
Ak(s?) = BN + PBY()

respectively. Since Rﬁ of contains no massless poles we can drop the Bg term in equs.
(205). Clearly, A¥(s? = 0) = 0 for each of k = 3,8,0. Hence, electromagnetic current
conservation and the absence of any massless bosons coupled to Aﬁ imply the exact

(scale independent) sum-rule

G1=0 (206)

for the real photon. We now show that this zero comes from the cancellation of two
matrix elements: one, which measures a purely pointlike interaction, and a hadronic

term.

Current conservation at the photon vertices also means that the form factor A* (s?)
contains the Adler-Bell-Jackiw axial anomaly [66]. The on-shell photon matrix element

of the anomalous divergence equation
A @ o~ A 1 /2 @ ~
k k 2 — k s
MA, = NcTr[—z-eq] gFF + (2mqquy57q) + 6k0§\/; NngrcG.G (207)
is given by
—isRE o = —2i AN (V) epyappl” (208)

In equ. (207) Tr. denotes the trace over colour indices and eq is the quark charge matrix.
There is an s? independent contribution —%NCTr[’\Tkeé] to —2i A¥(s?), and hence to ay,

from the electromagnetic topological charge density. The QED axial anomaly is manifest
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in g{(z) as the contact (local) photon matrix element of the photonic operator 5-F F.
The Chern-Simons current in QED has gauge invariant forward VVA matrix elements.

Clearly

87
< 7(p7 )‘)|k;?ED|7(pa >‘) >= ;euvaﬁpyeag{ﬂ (209)

vanishes if we replace one of the photon polarisation vectors by the photon momentum
p®. For this reason, one can associate the contact anomaly contribution to G directly
with k‘,?ED. This QED anomaly contribution corresponds to the local measurement of
the target photon that we observed in the free quark model or box calculation. Since it
is gauge invariant and not sensitive to any infra-red effects in QCD, we conclude that the
QED anomaly contribution to giy (z) is characterised by large kr% two-quark-jet events.
Following the discussion in chapter 5, there will be a (gauge-invariant) QED anomalous
contribution to all of the higher moments of g7 (z). Thus, there are two spin dependent
photon distributions relevant to g{(z) : one associated with the anomaly and the other
associated with the photonic operators F#*0gH ..0kn=2 "= Beyond leading order in

«, these distributions will evolve differently under the renormalisation group.

The contact anomalous interaction contributes a total of —%% to 1. For the real
photon, this contribution is identically cancelled by the hadronic term associated with

the operators 2mq§i’y54\2ﬁq and g‘—;TrCG.(N}' in equ.(207). If we define

X1(5")eumvapp e (M1)€ (A2) =< 7(1, Az)|2mggivsqly(p, M) >

. (210)
Nx9(®)eupapp" e (M) (A2) =< 7(1, )\2)|Nf—;—7;TrG.G|fy(p, Ar) >
with p? = I2 = 0, then x%(0) and x7(0) satisfy the sum-rules
u d 2a, 2
Ot = x(0) =222 - .
w d s 2a o 2 2
(0 43¢ = 2)(0) =2(62 + ¢ - 2N, (211)

w p 2
(" +x* + X"+ Nyx?)(0) =— (e + e + )N
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This result (without the singlet gluon term) was first noted by Adler [122] before the

advent of QCD.

6.4 Isolating the Strong U(1) Anomaly Contribution to Agy

Early in the EMC Spin debate it was pointed out that the Chern-Simons term and
the Noether gluonic spin operator coincide in the axial gauge By = 0 [22, 87, 107], which
is closest to the parton model (section 3.5). It was then suggested by Jaffe and Manohar
[107] that the forward matrix matrix elements of the QCD Chern-Simons current are
gauge dependent. They argued that the contribution to a given matrix element from the
non-abelian three gluon term in k,?CD might change under large gauge transformations,
which are associated with topological structure, eg. instantons [103]. Cheng and Li
[137] then proposed that the analogous quantities to x?(0) and x79(0) in the proton
might be used to define the proton’s quark and gluon “spin content”; that is, one might
choose to define the quark and gluon parton “spin content” of the spin one photon as

Aqg,L = %XQ(O) and %ﬁAggL = %XQ(O) respectively.

We have stressed before (in chapter 5) that the axial anomaly, which means both
k,?CD and x7(0), has nothing to with the spin dependent gluon distribution Ag(z, @?).
The anomaly is a property of the quark distribution Ag(z,Q?), which is defined by
the the target matrix elements of the local axial tensor operators g(0)y4+ys(D4)"q(0).
Nevertheless, it is interesting to see whether the anomaly contribution to Agy can be
isolated in a different experiment or whether x%(0) and x?(0) are each sensitive to soft
infra-red effects in QCD [107] (for example, the ratio of quark masses [28]). This problem
has been addressed by a number of authors [28, 29, 138, 139, 140] for the proton target.
Here we shall repeat these calculations and show how they generalise to the polarised
photon target. We now calculate x%(0) and x9(0) via the QCD effective action [115,

116].
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In a recent paper [28] (see also ref. [138]), Veneziano has discussed the EMC Spin

Effect from the viewpoint of the effective chiral action for QCD [115, 116]

F2
T4

1
2k(8?)

r Te(d,UB*UT )—I—FT’%TrM(U-I—UT )+% QTr(InU—InU")+ Q>+ (U, Q, B, v)

(212)
Here U = exp(2i¢a)‘7a/F,r) where ¢, is the nonet of would-be Goldstone bosons in
QCD with perfect OZI (OZIQCD). In massless QCD the left and right handed quarks
transform independently under rotations in flavour space: Chiral SU(3) ® SU(3)r
is an exact global symmetry of the massless QCD Lagrangian [115]. The fields in U

transform as

U — LUR! (213)

under a general independent left L' and right R transformation in flavour space. The
chiral symmetry is manifest in Nambu-Goldstone mode; it is spontaneously broken
and the 0~ meson octet are the corresponding massless Goldstone bosons. The chiral
SU(3), ® SU(3)g symmetry is explicitly broken by the finite quark masses in the QCD
Lagrangian. This leads to the finite masses of the 07 meson octet, which we call would-
be Goldstone bosons. (They would be Goldstone bosons in the limit of zero quark
mass.) This explicit breaking of chiral symmetry is represented in the effective action
by the boson mass matrix M. It is proportional to the quark mass matrix in the QCD
Lagrangian. The mass term breaks chiral symmetry and induces mixing among the ¢,

to produce the physical bosons (7%, n &tc).

Despite the fact that the bare QCD Lagrangian is invariant under chiral U(1); ®
U(1)g, there is no would-be U(1) Goldstone boson in the hadron spectrum. The physical
1 is too heavy [106] with a mass of 938 MeV; it remains massive in the chiral limit where
all the quark masses go to zero. (Note, however, that mi, ~ Nic in the large N, limit

of QCD where Zweig’s rule becomes exact.) The n’ is generated in our effective theory
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by the pseudoscalar ghost field @ [28] which is associated with the QCD topological
current K. It mixes with the would-be Goldstone boson ¢ to generate the large mass
of physical 77’, viz. mi, = 2NfF,’r‘2/c(m127,)-|— quark mass terms. The interaction term
Tint(U, Q, B, ) contains the one particle irreducible couplings of ¢, to the baryon octet
B and also the Wess Zumino term [141], which describes the axial anomaly induced

decays ¢, — 27 (a = 3,8,0).

The effective action is not renormalisable [115] but it does not need to be. It
describes only the chiral symmetry properties of QCD at low momenta, where the two
derivative kinetic energy term is a sufficient approximation to nature - i.e. where we

can neglect higher order terms in perturbation theory which need to be renormalised.

The quantities x9(0) and x7(0) are calculated as follows. We first write down
the SU(3) flavour composition of the unmixed, would-be Goldstone bosons ¢, with
mass squared u2; that is, we define the pure u, d and s flavour bosons (Pu, b4
and @, respectively) so that ¢35 = 3(du — da), ¢8 = ﬁg(% + ¢q — 265) and
o = %@@u + éa + bs). The operators Givsq, which define x9(0), couple directly
to ¢, (¢ = u,d,s). The topological charge density %TrCG.C:’, which defines x9(0),

couples to the ghost Q.

From the quadratic part of T' we can write down the bosonic propagator matrix,
which contains off-diagonal entries due to the Q) — ¢4 coupling in the %QTr(an —1nUT)

term in equ.(212). We need to invert the 4x4 matrix

¢—pi 0 0 V2F/h\ 7!
K-t e A 214
N 0 ¢F—p V2F;! )

The propagator matrix simplifies considerably in the limit that pl, ,uﬁ & i F72%k, or

equivalently, m2 << m%, m727,. One finds that the diagonal ) — Q@ propagator vanishes
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at s2 = 0 whilst the off-diagonal @) — ¢, propagators remain finite. The matrix elements
x?(0) and x9(0) are calculated for a general DIS target T by inserting the propagator
matrix between the initial amplitude for the operator-boson coupling and the amplitude
for the would-be Goldstone boson to couple to the target. We let g(ny,T) denote the

general target T — 7, coupling constant. For the general target, we find [28]

Fr g(WU7T)md‘|‘g(7rd7T)m
N¢x*(0) =Nf7 e -

x*(0) = \[(g(m,T) 9(7, T))——

My, +md

(215)
x%(0) = \f = (9(m, T) — g(ma,T))

My —I—md
g(my, TYmg 4 g(7g, T)my,

(0 =—1r— we, 1) —
x(0) =% g(ms, T) .
in the physical limit m2 << m%,mi,. Here, we have used the result that u2 is

proportional to the quark mass m, [142].

For g{(z) we are interested in the amplitude for the two photon decays of the
would-be Goldstone bosons (my — 2v). This latter amplitude is determined from the
Wess-Zumino term [141]. Hence, the QCD topological charge density contributes to ag
for the photon via the decays ¢4 — 2v. The sum-rules in equ. (211) then describe the
decay rates for the unmixed would-be Goldstone bosons ¢3, ¢s and ¢o respectively to

two photons via the axial anomaly. For the photon target

9(ma,v) = Ne (216)

S
Pml\)

We substitute these would-be Goldstone boson couplings to two photons into equ. ()

and find (in units of 22) :
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e2 mgq + eﬁmu

Npx*(0) =NoNy ™

My + Mg
X*(0) =No(ed — eB)—2—
My + 1M (217)
mg
x*(0) =N(ej — 6i)m

e’ mq + eﬁmu

8 :N 2 __u
X (0) C(es mu+md

)

The linear combinations of x7(0) and x?(0) which couple to the axial currents Aﬁ
(viz. equ. (211)) are clearly independent of the quark masses. However, the individual
quantities x9(0) and x9(0) possess large isospin violations for all targets. They are not
separately observable. This effect is well known for the the pion [143] and the proton
[28, 138).

We take m, = %md and N, = Ny = 3. In units of 27“ the polarised photon results

become
u 1 2 s 2
X(0) =1, x*(0) = 3, x'(0) = -3, x'(0) = —3 (218)

In other words, (with this choice for my/mg) the gluon “spin content” of the polarised
spin one photon is Ag? = i—’:, or about 30 at realistic experimental Q*! Clearly, this

result is nonsense and illustrates the perils of defining “spin” in terms of these isospin

dependent quantities.

We note that each of x?(0) and x?(0) are scale independent. For x?(0) this follows
because mgiysq is a dimension three operator and therefore is not renormalised. The
gluonic term x9(0) is relevant only to A?L. At leading order in «, any scale dependence
of ag is carried completely by x?(0) and satisfies the relatioﬁ %gao = %\/g N faingg (0).
Electromagnetic gauge invariance means that ag = 0 independent of scale. Thus, x?(0)

is QCD scale independent.

The electromagnetic axial anomaly contribution to the first moment of g{ () can be

isolated exactly because the anomaly is manifest as a photon operator acting between
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external photon states. This compares with the strong U(1) anomaly contribution to the
first moment of g1(z) for an arbitrary (hadronic or photon) target, which is sensitive
to infra-red physics via the quark mass dependence. It is this property that makes
the polarised photon a particularly clean system in which to study the role of the axial
anomaly in polarised deep inelastic scattering. Furthermore, the polarised photon target

is accessible to experiment.

The extension of our analysis to DIS from gluonic currents in the proton is non-
trivial (at least beyond the one loop box calculation [87]). For example, we know that
gluons in the proton are off-shell (P? # 0). This means that we cannot apply the
operator product expansion between external gluon states in the usual way, following
equs. (187) and (188). One must replace the target photon currents by gluon currents,
which carry an explicit colour label, and also insert a path ordered exponential between
the two gluon currents for gauge invariance. Applying the operator product expansion
in the presence of the path ordered exponential is not straight-forward and requires
an analysis that goes beyond the scope of this thesis. This technical point does not
apply when we consider a real (P? = 0) gluon target. In this case, we can apply the
operator product expansion between asymptotic gluon states. However, real gluons are

not physical objects and are irrelevant to experiment.
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7. Conclusions and Outlook

This thesis has been about the theoretical interpretation of the EMC Spin Effect.
We have focussed on the parton model and the role of the axial anomaly in polarised

deep inelastic scattering'. This work was motivated by the pioneering papers of Efremov

and Teryaev [21] and Altarelli and Ross [22] (ETAR). Our conclusions are fourfold.
1. Locality and the Parton Model in QCD

We have investigated g1(z) in several versions of the QCD Improved Parton Model

to check the factorisation scheme dependence of the ETAR results.

In the OPE approach to DIS the first moment of ¢1(z) is given entirely by the first
moment of the spin dependent quark distribution Ag = fol deAq(z,Q?). This quark
distribution is defined formally by the forward proton matrix elements of the spin-odd,
local axial-tensor operators G(0)y+75(D+)?"¢(0). The spin dependent gluon distribution

does not contribute to the first moment of g1(z).

In the IPM, which is based entirely on the factorisation of mass singularities, one
finds that the IPM gluon distribution does contribute to the first moment of ¢1(z) - in

apparent contradiction with the OPE. One finds that (for each flavour g¢)

Qg
Aqopr — (Aq — 'f%Ag)IPM (219)

in the expression for the first moment of g;(x). The parameter £ is factorisation scheme
dependent. We may choose to define the quark and gluon distributions at a scale
A? < ? as describing all quarks and gluons with transverse momentum squared less
than A? respectively. In this case, the gluon distribution is observed experimentally via
large k% > A? two quark jet events. Factorisation via the k% cut-off offers some intuitive
appeal; it leads to a value £ = 1 (which agrees with ETAR). Alternatively, one could

define the parton distributions by a cut-off on the quark virtuality m? — k% < A? < Q2.
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This corresponds to a different two quark jet definition and a different value for ¢, viz.
£=1

In both versions of the parton model the gluon term in the first moment is induced
by a local photon gluon interaction, which appears to generate two quark jet events with
k% or m? — k% of order Q%. This is a new effect in the parton model. In unpolarised
DIS we find that the analogous quantity to £ receives contributions from two quark jet
events with a range of k% between A? and Q?. This is also true for the higher moments
of g1(z). With the first moment of gi(z) the parameter € is determined only by the
maximum possible k2 ~ Q2.

The IPM was developed with the OPE results for DIS in mind. Factorisation of
mass singularities is similar to the calculation of the Wilson coefficients in the OPE.
We would like our parton model to reproduce the rigorous OPE result that the spin
dependent gluon distribution does not contribute to the first moment of gi1(z). When
we applied the OPE to the spin dependent photon gluon fusion process we found that
the large k% ~ Q? term is included in the quark distribution. It corresponds to the
two gluon matrix element of the anomalous Chern-Simons term associated with the
axial-vector current. The IPM and OPE approaches to DIS can be reconciled if we
supplement the IPM with a new locality condition. The gluon distributions are to be
defined as generating a non-local interaction between the gluon and the hard photon
in the DIS process. The quark distribution contains all partons which make a local
interaction with the photon. In this picture, the local photon gluon interaction is a

renormalisation effect associated with the gluonic dressing of the quark partons.
2. Effects of Ag(z) in the EMC data

In section 4.5 we investigated the x dependence of the two quark jet contribution
to g1(x), which is induced by Ag(z). This gluon contribution was found to be at small

¢ - essentially outside the range of the EMC data. Hence, one cannot use arguments
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about Ag(z) to resolve the discrepancy between the data and the Ellis-Jaffe hypothesis.
As we showed in Fig. 11, this conclusion holds independent of our arguments about

locality and the definition of Ag(z).
3. gi1(z) measures a violation of OZI. It has nothing to do with “spin”

In chapter 5 we discussed the axial anomaly in polarised DIS. The flavour singlet
contribution to the first moment of g1(z) is given by the proton matrix element of the
gauge invariant, flavour singlet axial-vector current Ag(/ﬂ). This composite operator
contains the strong U(1) axial anomaly, which catalyses the apparent violation of OZ1
seen in the EMC data. Thus, the EMC Spin Effect is seen to be related to the
longstanding U(1) problem of QCD.

In section 5.2 we looked at the generators of SU(2) intrinsic spin for the free fermion.

These are calculated in the fermion’s rest frame via

5, = / & qz)nrsa(o) (220)

These operators are scale dependent in gauge-invariantly renormalised QCD. They do
not satisfy the algebra of SU(2) spin. The gauge invariant axial-vector current, and

hence g1(z), has nothing to do with an intrinsic quark spin component in the proton.
4. The polarised photon structure function gJ(z)

The polarised photon is an ideal physical system in which to discuss the axial
anomaly in polarised deep inelastic scattering. Unlike the case with hadronic targets,
the anomaly makes a contact interaction with the photon target. The polarised photon

target is unique in this respect: there are no free gluon targets in nature.

We have presented a detailed analysis of the polarised real photon structure function
g7(z) and shown that there is an exact sum-rule for the first moment of 91 (z); viz.

G1 = 0. This zero is the sum of two well defined finite quantities. One is purely pointlike
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in origin (contact interaction) and comes from the Adler-Bell-Jackiw axial anomaly. The
other is a hadronic contribution associated with the decays of the unmixed would-be
Goldstone bosons ¢3, ¢s, and ¢y to two photons. The electromagnetic axial anomaly
contribution to the first moment of ¢g](z) can be isolated exactly because the anomaly
is manifest as a photon operator acting between external photon states. This compares
with the strong U(1) anomaly contribution to the first moment of g1(z) for an arbitrary
(hadronic or photon) target, which is sensitive to infra-red physics via the quark mass
dependence. It cannot be isolated in different experiments. The strong U(1) axial

anomaly means that there is no rigorous sum-rule for g;(z).
Outlook

In this thesis we have clarrified the current theoretical understanding of the EMC
Spin Effect. However, the dynamical mechanism responsible for the violations of OZI
remains a mystery. Forte and Shuryak [109] have recently tried to generalise 't Hooft’s
treatment of the U(1) problem to the Spin Effect, although the U(1) problem itself
is still a matter of some theoretical controversy [102-105]. The final resolution of the
“spin crisis” may take some time and is sure to involve interesting new ideas, perhaps

involving the confinement mechanism itself.

There are also many experimental challenges ahead with polarised DIS. In the short
term, we await the forthcoming SMC results on g1(z). The SMC [39, 47] hope to halve
the statistical errors in the EMC data. They will also measure gy(z) for the neutron
- allowing a test of the Bjorken sum-rule to within 10%. A test of the Bjorken sum-
rule is also planned at SLAC experiment E-142 [144]. The HERMES collaboration at
HERA [145 ] have also planned to measure the spin dependent structure functions using
the HERA electron beam and several internal gas targets. They hope to increase the

accuracy of the EMC results on g1(z) by almost an order of magnitude.
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Appendix A : Trace Theorems

Trv5 =0
Trl1=4
Tr 47" = 49"
Tr y#9"7s =0 (221)
Tr y#4YyPy7 = 4(g" g?7 — g"*g"% + g"7g"P)
Tr ysy"y" 77" = 4ie’??

Tr [odd number v matrices] =0
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