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ABSTRACT

We attempt a study of the Friedmann cosnological models from the

point of view of relativistic therrnodynamics. We develope relativistic

quantum statistical mechanics within the general relativistic framework

for both homogeneous and inhonogeneous situations. Nonequilibrium

thermodynamics is also considered and we give some discussion on the

behaviour of photons within the nodels. Argunents show that it is

inconsistent to assume both thennal equilibriun and the constancy of

photon number. We advance on a progranme to explore the full

thermodynamical and chenical possibilities within the Friedmann models

by first considering very simple models. In particular we detail a

model containing Synge gases and black body radiation which minics the

gross features of the standard model and exhibits the behaviour of the

photon to baryon ratio. In general the ratio is not constant and it

depends on flows of energy and entropy during the expansion. Subsequent

analysis considers schernes which nay explain the present large value of

this ratio. We discuss in some detail the cosmological relevance of

recent discoveries within particle physics involving extended spectrums

for quarks and leptons. It is suggested that the standard cosmological

model is consistent only with a particular view; albeit also a standard

one, within modern particle physics. Near and far deviant models are

considered in relation to certain persistent issues, the photon to

baryon ratio, light element production, within rnodern cosnology. A new

model is presented which attacks the first of these problems in a novel

fashion. Subsequently we consider the relevance of the new grand

unified theories and a very different approach, that of the bootstrap.

Finally we consider useful fornalisns for the equations of state and

develop efficient numerical schemes needed for the conputations.
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CHAPTER 1

INTRODUCTION

1. Prelini Renarks

In this thesis we attempt an analysis of sorne of the najor issues

which confront contemporary cosmological theorizing.

Since the nid 1960ts when the cosmological rnicrowave radiation was

discovered and confirned the background radiation has been a central

concern for cosmologicat nodel building. A standard nodel has been

developed, comrnonly called the hot big bang, in which the radiation

doninates the early universe. The model has gained considerable

approval most notably because of its success in yielding reasonable

tight element abundances whose synthesis in contemporary or recent

objects seems far too low. However this nodel as it presently stands is

deficient in the respect (we will see later how it is deficient in other

respects as well) that in assuming the background is a facet of the

early universe it does not explain its origin. The background can be

characterízed by the ratio of the number of photons to the nurnber of

baryons - a nurnber henceforth called fU - which observationally is

around 108 (the nunber may be out by an order of nagnitude or so

depending on the actual present baryon density). This number is nuch

less than other dimensionless numbers occurring in cosnology - 1040 and

is clearly rnuch greater than one and so is in need of explanation. For

the standard rnodel the processes which generate the radiation rnust occur

at an epoch previous to that of the nucleosynthesis of the light

elernents. On the other hand non-standard nodels have been proposed in

which the radiation is produced and thernalized at more recent epochs.

The deficit with such models however, is their general inability to

!¿l
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naturally produce the observed abundances of these light elernents.

The problem of the photon to baryon ratio is our initial motivation

for a general study of thermal and chenical evolution within the

homogeneous and isotropic Friedmann nodels. As we will see the problen

is part of a rnore general set of problems which involve the origin of

the basic cosnological charges, baryonic, electron lepton, muon lepton

2. A General Outline

We discern in this thesis three rnain areas of analysis and criticísn.

The najor and central part of the ivork is concerned with an analysis of

cosmological nodel building.

We begin in Ch. 2 with a general analysis of equilibriun and non-

equilibriurn therrnodynanics in a general relativistic context. The

analysis deals with both homogeneous and inhomogeneous rnodels even though

in subsequent chapters we deal with only homogeneous situations ' We are

motivated in this general approach since it brings to a head some

important issues in relation to the behaviour of photons $rithin

cosnological fluids, hle show for exanple that it is inconsistent to have

both thernal equilibriun and photon nunber conservation, as is comnonly

assuned. Our fonnalism is also general enough to include inhomogeneous

nodels since it seems to us that eventually all so-called honogeneous

nodels must be studied as some sort of limit of the inhomogeneous

nodels. This point is related to the surprising degree of across

horizon homogeneity as is exenplified by the detailed isotropy of the

microwave radiation. Such hornogenity has no explanation within the

standard model or for that matter any other model and must be analysed

fron the point of view of inhonogeneous models. ch. 2 also developes

statistical mechanics from a sirnple starting point and provides the
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full relativistic quantun statistical equations of state with which the

cosnological fluid is to be described. The formalisn is set up to

allow for chenical reactions between components as well as transfers of

energy and entroPY.

Subsequent chapters investigate the wide range of models inplicit

in the description in ch. 2. we restrict ourselves to the homogeneous

and isotropic Frieùnann-Robertson-Walker nodels (without cosnological

constant) and fron Ch. 3 onwards gradually build nodels of increasing

conplexity. We first fix some of the ideas expressed in Ch. 2 ín a

fulIy calculable nodel which rninics the gross behaviour of standard

cosnology. The ¡node1 contains Synge gases of electrons and protons

together with black body radiation and allows us to consider nodels of

high and low photon to baryon ratios, since the ratio is a natural

parameter at the singularity (i.e. t - 0). For initial values of fO

that are not overlarge, fO can change considerably during the universal

expansion. Thus fo is not in general a constant, it only appears

constant for the standard nodel since it is initially very large'

Interestingly for low fO nodels Rees has proposed a late epoch photon

generating nechanism in which the presently hypothesized rnissing (or

dark) natter is just the natter responsible for producing the present

backgrornd.

In the next two sections of Ch. 3 we deal with some very simple

cosnological nodels. We deal first with a nodel containing a single

massive gas described by the relativistic quantum statistical equations

of state. For degenerate densities of fermions and bosons, that ís for

models in which the quantun statistics are important, the nodels

exhibit some intelesting features. The fermion gas, for exarnple, has a

change in behaviour frorn relativistic degeneracy to non-relativistic

degeneracy at a time independent of the extent of that degeneracy' The
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expansion time previous to the changeover depends only on the fermi

energy. In the last section of Ch. 3 we study an expanding fluid which

contains only zero mass components. Such nodels are forrnally interest-

ing fron the point of view of the dynarnical behaviour of energies and

entropies. The chenical and thernodynamical evotution of the models is

trivial. There are no transfers of energy or entropy between the

conponents and the ratio of photons to some conserved number is exactly

constant. The equations highlight the complementary character of the

chemical potential and the temperature, both fal1 as the scale parameter

and either of them can be used to determine the tine in the model. Such

nodels are physically untenable since we must expect pair production of

massive particles at some temperature. Nonetheless they do gi've the

high tenperature liniting behaviour of any nodel containing a finite

nurnber of elementary species, massive or otherwise. In the same

section we give a rather elegant solution for a model containing black

body radiation, neutrinos and their antiparticles in thernal and chenical

equilibrium.

In Ch. 4 we advance our analysis to include first nany species

described by quantum statistics in thermal equilibrium but without

reacti-ons and subsequently many species participating in the sirnple

reactions of pair production. Most irnportant for us are the flows of

entropies and energies between components that are induced by the

expansion since they may offer a route to hypothesizing a rnechanism

which night be responsible for the photon background. In the last

section hre turn to a discussion of the astrophysical photon generating

mechanisrn of the Rees model.

These chapters interpenetrate with the nurnerical attack offered in

the Appendixes A-D. The work there constitutes our second main area of

analysis. The quanturn statistical integrals are by no me¿tns elementary
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to calculate and conplicated expressions which contain them present some

difficutty. In Ch. 2 and Appendixes A and B we present two representa-

tions of the integral which depending on the context are expedient to

use. The Iab notation allows the most efficient representation of the

equations of state and has a natural physical interpretation. However

many of the functions that need to be derived contain derivatives of

the Iab and the {ttb} do not form a closed set under differentiation.

Another representation, the Qn, is presented which does have this latter

property and is therefore more useful in calculating the functions we

enploy. Both Iab and Qn will be used interchangably and we detail

schernes that can rapidly calculate their values in Appendixes A and B.

Basically there are 5 regions of calculation; relativistic, non-

relativistic, degenerate, non-degenerate and se¡ni-relativistic, se¡ni-

degenerate. It is only in the last region where we need resort to

actual quadrature of the integrals. A¡other notational innovation allows

us in one stroke to calculate the pair production integrals. Enbedded

in a fluid of black body radiation the pair producing and annihilating

chemical reactions proceed at equilibriun with equal and opposite chenical

potentials for particles and antiparticles.and one can construct simply

linearly related integrals, the Jab and Rn to replace the I"b arrd qt.

This is done in Appendix C. Thus the equations developed for nany

conponents without pair production in Sec. 2, Ch. 4 can be converted to

those for pair production by a sirnple notational change. Finally in

Appendix D we detail a numerical scherne which can tackle the chemical

and thermodynanical evolution of the rnodels envisaged in Ch. 4 and

previously.

In Ch. 5 in a return to more realistic models we examine the

standard model and its near deviants. The standard nodel as we define

it there,.is a rnodel containing only one net particle t'charge'r - the
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baryonic charge. All other charges - electric, electron lepton, muon

lepton are put to zeno. The discussion is particularly topical

since we seem to be at a unique period in both rnodern particle physics

and cosrnological theorizing. The possibility of higher rnassed leptons

beyond the rnuon, the recently discovered tau particle and rnore, bring

the appropriately nodified standard nodel into confrontation with

observation. The great success of the standard model is its rrnatural"

production of a reasonable heliun abundance since other nodels in

relation to it seem to require rather rrad hoctr assumptions to produce

comparable annorurts. However the standard nodelrs heliun production is

particularly sensitive to the actual nunber of massless (or small

nassed) neutrinos types. Each new type increases the energy density

during nucleosynthesis and increases net heliun production so that

the possibility arises that the modified standard nodel nay ovelrproduce

heliurn. The determination of the actual number of lepton types is

clearly the province of terrestrial physics however if one is to

rnaintain the standard rnodel scenario then preferred estinates of the

present heliun abundance tinit the nunber of types to - 3-4. In the

former case all lepton t)?es have already been discovered. As we will

indicate this li¡nit may solve a problem in modern particle physics, for

in models which relate lepton and quark flavours, there appears no way

to linit the actual number of flavours. If however the number of lepton

flavours is cosmologically linited to three we have as 'rfundamentalrr

fermions only the 5 lepton fanilies (6 leptons) and the 6 quarks

(u, d, c, s, t, b). sinultaneously we would have mutual confirmation of

this sinple and popular particle physics nakeup and the standard

cosnological rnodel itself .

Moreover this is not all. Recent developnents in theoretical

partictre physics have seen the advent of the so-called grand unified
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theories, wherein weak, electromagnetic and strong interactions are

unified under one overarching theoretical franework. One consequence of

such theories is the violating of baryon and lepton nurnbers at very high

energies and therefore small cosmologicat tines. As we will see in Ch. 6

the theories nay well solve a yet outstanding problen for the standard

scenario, the origin of the size of fr.

On the other hand if higher quark and leptons are in fact discovered

r{re may well be facing a situation in which the standard nodel is

vitiated and quark and leptons become untenable as fundanental particles.

The task of particle physics as it seems presently to be conceived would

then be to isolate yet snal[er building blocks that naturally give the

quark and lepton spectrums (Ch. 6).

This brings us to our third rnajor area of analysis; that it behoves

us to analyse philosophically these terrns: fundamental, natural, ad hoc

etc. in retation to cosnological theorizing. We will isolate nost of

such discussion in this chapter and the last, the reason being that

while we consider philosophical analysis as indispensable to any

conprehensive understanding of physics and cosnological theorizing it

should rather flow frorn the doing of that physics, than the physics flow

fron it. Our suppolt is simply the history of physics. However it is

precisely the historical trray in which physics has internalized certain

philosophical positions in an unproblenatic way and has subsequently

thrown them over in a new and revolutionary physics that denands we

isolate part of the philosophical backdrop of contenporaly physics.

Issues of inportance to us here are the very concept of fundamentatity

and the ability to proffer a complete cosmological analysis. We will

look at these anong others further below.

Since the standard model has been well studied elsewhere in Ch. 5

we study some of its deviants. These models include photon generating
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mechanisms, non-zero lepton numbers and exotic particles such as heavy

neutrinos. All such rnodels weight the cosmological difficulties still

associated with the standard model with differing degrees of inportance.

Such problems include the origin of the background, the fornation of

galaxies, the problen of the missing mass as well as the problem of

heliurn generation in the context of an expanded lepton spectrum' In the

event that a nodel can only piece-wise attack some of these problems

(and this seems to be the case) comparing the 'rrightnessn of models

becones a thorny task. We thus present a nunber of deviant nodels in

Sec. 4, Ch. 5 without too much regard for their conparative I'corÌect-

nessn. We conclude this chapter with an original nodel which allows

large present densities of neutrinos. Such nodels have been studied

before, but what is novel in our approach is that the present degenerate

seas are composed of electron neutrinos and antirnuon neutrinos in nearly

equal densities. The rnodel can be thought of as symnetric with respect

to certain lepton/baryon violating processes. Moreover the equality of

the two lepton nunbers has some interesting consequences as far as

heliun production and photon producing mechanisms are concerned. It is

possible that the photon background night be generated in a rnassive

lepton cascade when all massive early universe leptons are converted to

neutrinos. If this is the case then the very early universe nay

nnaturallyr produce reasonable abundances of helium. However for the

specific nodel of the cascade we detail it does not seem that such

heliun survives to the post-cascade epoch.

In Ch. 6 0ur concern is the so-called hadron era. In Sec. 2 we

discuss the role of the grand unified theories and an alternative

approach for particle physics - the bootstrap. The latter as a total

physicaL theory would be opposed to the fundanentality of particles.

In Sec. 5 we discuss the hadron era on the basis of a statistical
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bootstrap. If the presence of large lepton numbers (- f¡) alters the

standard description of the lepton era only very small lepton numbers

are needed to alter the consensus view of the hadron era within the

statistical bootstrap. In particular if fb < 109 and the net number of

leptons is equal to the baryon asymmetry the very early hadron era is

lepton doninated.

3. Atornisn, the Cosmolog ical Problen and the AnthroPi c Principle

(i) Ancient and Modern Atonism

Let us begin historically and trace sone of the Hellenic roots of

modern atornism. This seems an appropriate place to begin for while the

Greeks lacked mathenatical and experinental sophistication their theory

building was of a more philosophical character and where conmon ground

with nodern atornism obtains their thinking nay clarify sone irnportant

conternporary issues.

It is Denocritus who is popularly regarded as the initiator of a

consistent atomic theory. For him there are only atoms and the void.

The logical possibility of the infinite physical divisibility of

substance is answered by the indivisibility of atoms. With certain

inviolable properties such as size and shape the atoms constitute and

deternine through their motions all that is not void. Dernocritus is a

deterninist trnaught happens for nothing, but everything from a g'round

and of necessity'r (Russel 1945 P.66), obsessed with aetiology he

wanders half the world acquiring experiences and knowledge since for him

the objective world is a world of appearances to be analysed causually

in relation to the fundarnental atoms. Only the atoms are truly rea1.

Democritus as an empiricist and sceptic in the sensuous world is also

the first true mechanistic reductionist. As with all nechanistic
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approaches however there arises the probtem of initial causes, the God

given properties and the initial relations of atorns are forever outside

the nechanistic framework. The Democritean approach has thus its own

cosnological problen. Note that for Russell it is the way that God has

been excluded fron the day to day running of the wortd and relegated a

role only at its beginning that makes the Democritean appToach the

closest out of all Greek speculation to that of modern science.

Contrast this to another, and later, Greek proponent of atomisrn,

Epicurus. It is cornmonly said that Epicurus is a minor revisionist of

Democritean doctrine however as the analysis of Marx (1975) exhibits

this is hardly the case. For Epicurus it is not necessity but chance

that ru1es, importantly his atons are atoms for thenselves and hence

for exarnple cannot be dictated to by the straight tine and so must

exhibit slight declinations from it (Marx, 1975, P.48). The sensuous

world for Epicurus is the real and "science" is of little interest

except for debunking superstitions that attribute phenomenae to the

agency of the gods. When two naturalistic explanations compete, one is

as good as the other since for Epicurus I'all senses are heralds of the

truer' (Marx, 1975 , P.39) .

Despite his "anti-science'r dogrnatisn it is Epicurus who seems in

fact closer to modern physics. His famous declination from the straight

line finds analogy in the modern uncertainty principle (Russell 1945'

p.246) and the Epicurean doctrine of "minimae Partes'r bears a direct

relationship to the present conception of partons or quarks. The

latter has been emphasized by Gaisser and Gaisser (1976). In essence

these ninima are the snallest parts of sonething else (the !!atons") and

thus can never be isolated (c.f. quark confinement). They are also the

lowest level of analysis (i.e. accessible to reason) and the problen of

'fregressus ad infinitum" is averted. Epicurean philosophy is thus no
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mere ïevision of Democritean atomism. The notion of atoms as independent

elementary constituents of the world with.P_{operties accessible to

observation but not accessible to reason (i.e. god given) is replaced by

parts with no independent existence which can never be observed and are

accessible to reason only. The complementary processes of physical

divisibility and mental divisibility, the one halted at the atorn the

other in the part, are united (to use the language of Marx) in the atom

for itself. In Democritus the problern of initial causes lies outside the

theory, not so for Epicurus for whom atorns moving with constant speed in

the same direction are set in relative motion by declination from the

straight line. Epicurus as materialist but not determinist, as the

espouser of freedon and the destroyer of Gods is thus the greatest l

representative of Greek Enlightenment (Marx, 1975, P.73).

The vision of a world structured from fundamental and sinple

entities has been the nainspring of ¡nodern particle physics. However it

has been the character of its developnent that no sooner is a fundarnental

particle identified that can explain the nature of larger structures than

excited states of that particle are also discovered. The first such

spectïoscopy studied this century, that of the atom, enabled a conplete

understanding of the aton outside the nucleus. Energies of a few ev are

sufficient to excite electrons to higher orbits frorn which they decay.

The resulting quanta are clear indications that the aton is not the

fundanental atom of the Greeks. It is not long however after the atom-

electron and nucleus are identified as the new fundamental constituents

that the nucleus is found to exhibit its ov¡n spectroscopy when bornbarded

by energies of - 105 ev. The details of this spectloscopy become

understandable by the postulation of yet snaller entities - protons and

neutrons. Again however a third spectroscopy arises (the three have been

reviewed by Weiskopff 1968) as the baryons are excited by energies
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- 108 ev.

Up to this point the ato¡nism had been in line with the Democritean

doctrine, each new group of constituents is hailed enthusiastically as

giving the fundanental and observable entities of the world. The last

spectroscopy however demands a new twist for though it can be understood

by postulating yet smaller entities, the entities require non-integral

electric charges and since such charges are not seen in the world the

entities nust sornehow be confined. If this confinement is total (i.e.

not violated at sone high energy) the historical regress of fundanental

to yet nore fundarnental entity is halted in the Epicurean doctrine of

rrrninimae partesrr.

It is interesting however that confinement has not stopped the

nunber of quarks needed to explain hadron spectroscopy growing in time'

Recent discoveries have already forced the inference of the extended

quark spectrun (u, d, c, S, b, t (?)) as well as positive proof of an

extended lepton spectrum (e , ve, lr , uu, 1-r v1(?)). Is this then

another spectroscopy which must be explained by yet another level of

fundanental entities? Note also the danger of approaching such

discoveries frorn a philosophical point of view, if the electron is in

fact a fundanental particle it is hardly a ?rpart'r in the Epicurean sense.

There is a further point here that deserves mention. Epicurus as a

philosopher of freedom takes freedom as premise and describes atoms as

exhibiting objectively uncertain behaviour. However fron the nodern

scientific point of view we have uncertanty not freedom (i.e. the

electron does not decide which slit it will go through). For us to

establish freedon in the world some means would have to be found whereby

'rthe uncertainty surrounding the physical behaviour of snall atornic

entities persists uncancelled through the conposition of atoms into

organisms [and] how, in the process of material organisation a self-



13.

reflective and self-deterministic principle becomes active't. (Margenau

1978, P.280.)

We will look at the consequences of the atonistic approaches

further below. However these by no means exhaust the possibilities of

consistent approaches within particle physics. One alternate approach

would be a conditional elementarity in which certain rrelernentsil appear

and exhibit certain properties only within certain energy ranges ' A

higher energy range nerely excites a deeper layer of matter. Another

possibility would see hadron physics as not to be understood in terns of

particles at all but rather through self consistency. This is the so-

called bootstrap theory and is discussed in Ch. 6. Interestingly it

also has Hellenic roots thisltine in the philosophy of Anaxagoras.

(ii) The Cosmological Problen

It is commonly said of the expanding universe that it is evolving.

That galaxies and stïuctuïes forn out of earlier, denser, hotter and more

homogeneous backgrounds, that distributions of elernents evolve with

cosmic time etc.. However the word evolution at least as initially used

by Jeans (1925) is only a synonym for gradual change and is not to be

taken in its biological sense. The change is a unique historical

sequence of events within a determinist franework; if the conditions at

one epoch are precisely known then conditions at all future epochs can

be predicted and those at past epochs retrodicted. If one can conceive

of initial conditions then the entire history is already given in then.

This is the usual cosmological prescription and it offers little

scope for evolution of the biological type. Selection effects might be

inportant say in the cannibalistic interactions of galaxies but tine

scales appear too long for similar effects to play a large role in the

origin of present structures. Nonetheless both our biosphere and the

cosmological arena offer a bewildering diversity of structures and



L4.

objects often in complex interaction and both see¡n to have derived from

earlier simpler and more ithonogeneousrt situations. We will return to

biotogicat questions when we discuss the anthropic principle further

below.

Now the cosmological enterprise is predicated on what we night call

a Copernicanism. Terrestrially observed distributions of natter and

energy and terrestriatly devised physical theory are assumed (usualIy)

to be typical of the whole universe. Inportantly however the features

we presently see are not typical in tine, steady state theory is wrong,

the universe is expanding and it is change itself which is typical.

Astrophysical observation however is not theory free, our knowledge is

extended outward by extrapolating observed regularities (e.g. the

standard candles) which at tirnes rnay be subject to revision (e.g. in

Hubble's constant) and interpretations of phenomenae arise which seen

never absolutely refutable, [e.g. the local theory of quasars) though

they nay becorne too complex to naintain. Observational selection

effects may hide some distributions of matter (e.g. under-luninous dust

and matter, neutrino backgrounds, burnt out stars etc.) which nay only

be infegable by dynamical means (e.g. if the Corna cluster is stable we

can calculate the rnissing mass) yet dynanical stabitity of larger

structures is rnore the province of cosrnology. Another problem arises

when the interpretation of a phenomenon is cosmological model dependent.

This is païticularly true of the rnicrowave radiation. In the standard

big bang theory the radiation has free propagated since its separation

from the matter at a red shift of some 1500 and very detailed observa-

tion of fluctuations may give information on galaxy formation at that

time. 0n the other hand for initially colder rnodels the radiation must

be recently produced (z - 10-100) and in that case detailed observation

tells us the nature of the dust and grains needed to thermalize ít.
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It is clear that each consistent cosmological theory nay view the

present universe very differently, sone model interpreted astrophysical

phenomenon may be a resource for one theory and not for another and some

phenomenae may be ascribed origins at valying cosrnological epochs ' The

epistenological problen arises as to how we are to consistently compare

the ncorrectnesstr of cosmological models. Eventually it seems to us

theories are judged using rneta-scientific criteria such as naturalness,

elegance and sinplicity. Note that the rnodern use of natural here does

not refer to persistent conjunctions anong observed phenornenae but to

the way surface phenonenae come to be given rrnaturally'r frorn an under-

lying theory containing simple objects. This situation is in many htays

analagous to that in atonism; the conplexities that are presently

observed aÌe assumed to have sinple antecedents. The standard model,

for example, sees the heliun abundance as naturally arising out of the

simple assunption of snall lepton and baryon asymnetries present at the

era of cosrnonucleosynthesis. However recent theories of lepton and

baryon nonconservation would require that the srnall asymmetries should

also be given naturally frorn sinple antecedents. Yet there is nothing

à priori which guarantees that this be the case (though we will see in

Ch. 6 that it maY be).

The problem of course revolves around the lack of a "cornplete'l

physics, whether or not we will ever obtain one (we atternpt to discuss

these things in Ch. 6) and whether or not the cosmological enterprise

is feasible if we do not. One need merely note the way in which

Lemaître (1950) is prone to speak in terms of the prineval atom,

Gamow (1952) in terms of the prineval nucleus and more recently

Hagedornts (see Ch. 6) approach which rnight be rendered in terms of the

primeval hadron, to emphasize the critical role of atornistic theories

and their variants in the cosmological context.
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We will Teturn to these issues in the concluding discussion in

ch. 6. Let us nor.rr turî to a recently expressed idea very different

from the ones vrle have discussed here.

(iii) The Anthropic Princip le and the Problem of the Ori in of

In later chapters we will be concerned with various explanations

of the size of fO. Here we wish to consider a radical idea which in the

event of the failure of such atternpts nay offer an explanation for its

sLze.

The explanation is based on the so-called strong anthropic principle

(Carter Ig75) which states that the universe must be of such a nature as

to adnit the evolution of observers within it at sone stage. The

general use of the anthropic principle has been reviewed in a fascinating

paper by Carr and Rees (f979) who show the way crucial events such as the

neutrino blow out of supernovae (presunably the dispersal of the heavier

elements are necessary to life), standard cosrnological helium production

etc. are hinged very delicately on relationships between fundamental

constants and on the actual physical conditions in the universe (e.g.fU).

In the carter approach one imagines an ensemble of universes

characterized by ranges in values of the fundamental constants h, c, ê,

G, rp, fle, and the physi-cal conserved charges, electric, baryon,

lepton, The universe we are in is characterized by just those

values necessary for our existence. The principle has offered explana-

tions for the cosnological coincidences, the size of fO and nay offer

many more (see Car and Rees). The idea is a concretization of the Kantian

doctrine that the fi¡ndanentals of science are not justified by special

experience (metaphysical, transcendent etc.) but are the preconditions of

alI erçerience. Notice that any t'explanationil is never one of necessity

for we cannot know that ít is necessary that we exist.
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The argurnent for the size of f, goes like this (also see Sec. 2,

Ch. 3). The formation of galaxies within the standard scenario cannot

occur until rnatter has decoupled fron radiation and the matter density

has become greater than the radiation density, both of these are

fulfilled for fO < 1011. If the galaxies are to be of a reasonable size

classical Jeanrs nass arguments require fb t 10u' That galaxies of

appropriate size do exist only shows that fO takes a value between the

linits but since galaxies seem necessary to life (they confine and

recycle the heavier elenents) the only value that can be seen by

observers rnust lie between the linits, fO is thus constrained to near

- 108. Unknown future arguments nay pin this value down rather accurate-

ly; we will assune this for the purposes of the following discussion.

We are assuming here in general that though physics may provide

necessary relationships anong some of the constants and cosnology

derive some of the charges some of them nust still be assurned at their

measured values. If then these values can be shown to have anthropic

signíficance then all rneasured values must defacto also have anthropic

significance. Such a principle is clearly anti-positivistic in its

regard for the 'rconsequencesrr of observers however it is also anti-

Copernican since it envisages life as possible only under a very narrovr

range of conditions. An irnnediate problem arises since the principle

will only explain the order of magnitude of the constants' yet an

infinity of universes is possible within that rnagnitude and there is

nothing to say which one hre are in. The problem of "grain" night be

averted if we were to accept a ttstrong deterninisn" for then the ratios

and constants take exact values (we just have difficulty in constructing

the arguments that accurately pin then down) and only these can give

observers. Since terrestrial conditions could never be exactly repeated

elsewhere life must occul only on earth. Such a detennism however
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appears distasteful (I could never be allowed to misspel the word I have

just written) and includes an unduly anthropocentric concept of life.

In support of the principle it does seem that the existence of

terrestrial life is delicately balanced. As Hart (1978, L979) has shown

had earthts orbit been 59o closer to the Sun a runaway greenhouse effect

would have produced a venus-like planet, had it been only l% further

away then runaway glaciation would have produced a rnars-like planet.

His calculations suggest that for stars of the K and M type a

continuously habitable zone of the terrestrial kind does not exist- The

problen of the origin of life is of crucial importance here, once life

has formed it appears very resistant, as bacteria under some extreme

conditions have shown. Presumably self-replicating chains of molecules

somehow form in the pre-biotic organic soup. No laboratory however has

ever succeeded (under presumably "ideal" conditions) in getting self-

replicating chains to occur. It is noteworthy that not only electro-

rnagnetic but weak and even superweak forces may have produced effects

inportant in evolution (they may be implicated in the universal

asyrnmetry of biological molecules, see Garay 1978 and the references

therein) so that some anthropic connection may exist. It is irnportant

also to remember that for an earth which has been around for about 4.5

billion yeaïs, life got its stalt after about 1 billion years yet it

stil1 took 3.5 billion yeaTs to producerrobserversrr. It may be that

observers are harder to produce than life itself'

Now we do not wish to get involved with problens of directed

evolution, universality of the genetic code, the role of randorn

processes in evolution, nonetheless these will be of importance to any

thorough study of the anthropic principle. Let us conclude this

discussion by noting that very few definite constraints can be put on

the origin of life. Perhaps the two most basic are the existence of a
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non-equilibriun situation and conditions which engender the maintenance

of the integrity of some coding systen. One interesting suggestion

here is that of a crystalline physiology (schneider 1977) a possibility

which night occur in the surface of neutron stals. Life under such

conditions would put pay to the notion of an anthropic principle '
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CHAPTER 2

EQU TLIBRILßí AND NON-EQU ILI BRII.JM THERMODYNAMICS

IN A GENERAL RELATIVISTIC SETTING

1. INTRODUCTION

In this chapter hle attenpt to lay down a quite general framework

for relativistic thermodynamics and statistical mechanics for both

reversible and irreversible processes. It is within this franework that

our discussion of cosnological ¡nodels will take place. In the interest

of generality we include a discussion of thernodynamics in inhomogeneous

nodels even though fron Ch.3 onwards we witl be concerned only with

homogeneous and isotropic nodels.

gur approach to relativistic thernodynanics is inspired by Syngers

treatment of the retativistic gas (Synge 1957) which adopts a

statistical mechanical starting point and proceeds via Boltznans

principle. Our treatment is made briefer than his by naking use of the

partition function and at the same tine generalizes his equations to the

quantum Ferni-Dirac and Bose-Einstein gases. These equations were

originally obtained by Juttner (1911, 1928) and agree with those of

Landsberg and Dunning-Davies (f965). In this section (Section 2) we

also begin prepalation for the nurnerical calculations, with which the

later chapters will be involved, by restructuring these equations in the

manner suggested by Guess (1966). The section concludes with a

discussion of Bose-Einstein condensation'

The various equations of state to which these thernodynanical

functions give rise is the topic of sec. 3. These equations of state are

usually obtained from inversion of the number density relation'

However this is possible to do in only a few cases, all of which are
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presented in this section. One such exact solution is the Synge gas for'

massive paTticles and this is presented after a discussion of all the

equations of state to which radiation gives rise. Instead of giving the

Iengthy derivations of the equations for massive components we present

only the smallest terms in this section. The derivations and their

relevant series approxirnations are collected together in Appendices A

and B. Ìlre show there that all equations of state can be expressed in

terms of two functions; the nodified Bessel functions frr(z) and a type

of generalized zeta function S (z,n). Finally we discuss criteria for

the onset of degeneracy in a gas, and note that in a cosmological fluid

containing black body radiation a natural criterion is the ratio of

photons to the number of particles. in question'

In Sec. 4 the equations of relativistic thennodynanics are further

generalized to gases of several components with chenical reactions

between then. These equations aI.e put into a general relativistic

setting in Sections 5 and 6 for both local equilibrium and non-equiJ.ibriun

situations. In Sec. 5 we show the well known fact that a perfect fluid

must expand adiabatically, we note however that equilibriun nay only be

naintained by a considerable flow of heat (and entropy) between

components. In Sec . 7 we discuss the non-equilibriun case in some detail

and conpare our approach to that of fsrael (1976) '

In the last section we aPply these ideas to honogeneous and

isotropic cosmological nodels. For the case of no reactions we discuss

solutions to the equations and we note that even if the photon chenical

potential is set to zero initiat ly there is nothing in these equations

which forces it to renain zeto. In fact we show that it is Ínconpatible

to assume both thernodynarnical equilibrium and conservation of photon

number. This is what is cornrnonly done in heuristic epoch-separating

discussions of the cosmol.ogical dynarnics (e.g. Weinberg 1972) but it can
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only be justified in high photon entropy situations. Our discussion

permits a mor.e general study. We present several alternative hypotheses

in order to get around this inconsistency. some of these require the

introduction of a photon chenical potential. Finally we present sone

discussion of the relations between kinetic theory and thermodynarnics

both for the standard and our non standard nodels '

2 RELATIVISTIC EQUATIONS OF STATE

The nost straight forward, though perhaps not most rigorous method

of obtaining the equilibriun equations of state for N particles distri-

buted oveT a set of energy levels E, (i = I, 2, ...) is to maxinize the

number of ways

W(N I, N2, ...)
e

in which these particles nay distribute thenselves so that N, Particles

have energy Ei. The parameter e can take values +l or 0 depending on

whether the statistics are Fermi-Dirac, Bose-Einstein or classical

Boltzman. Standard conbinatorial arguments provide the formulae

(Somrnerfield 1964)
N

1
M.

1

TT
1

wo=T
1

N
II
i1

W

M.
]-

l,1I =fl
1

1 N
1

+N 1
1

a

where M. is the degeneracy of the i-rth energy leveI. A constant factor
]-

N! has, as usual, been omitted from wo to avoid the usual problens

associated with the Gibbs paradox. when log ltr, is rnaximized, subject



to the constraints

In.=N=const.uL

N E = E = const.
1 1

we find by standard Lagrange nultiplier rnethods and using stirlingrs

formula that

I

23.

(1)

(2)

(3)
òL

E

ãE.
1

1

I , N=
-ðz_e

F.=-" a0

I

ðz
e

d^N
0

where z. = z.()t, e, Ei) is the partition function

À-eE
M.

t_
e

1

(4)

and 
^ 

and 0 are Lagrange multipliers associated with constraints (1) and

(2) respectivelY.

We define the entropy by Boltzmannts equation

S=klosW max

whence a direct calculation reveals in each case that

S=k[ef-¡¡*Z.J (s)

If the energy levels E. depend on certain extelnal paraneters aU

(e.g. the volune V), and we define the U-th generalized force to be

given by

zo=\
1

zt, = I ", 
r"e[r * 

"^-tutJ

AIt

aE.
].

âa
u

then the average generalized force is given by

- àz aE.Ie].,E;%
àz

eI ru.nY+ r1
1 u

Ãu= I 0âa
(6)



A slight nanipulation of partial derivatives using (3), (5) and (6)

leads to the Gibbs réIation

TdS=dE+[Ãudau-udN

p2dp

24

(7)

(e)

(10)

(1 1)

where

1 (8)Q=
KT u=ÀkT

and T is called the temperature and U the chemical potential ' We also

set a = V as the only external parameter'
u

For an ideal system of N non interacting particles the energy

levels E. and their occupation numbers M. are obtained by solving the N
I

body wave functions in a box of volune v. In the limit V + - the

monentum eigenvalues of this system form a continuum. Thus with one

exception (the case of Bose-Einstein condensation) the sunnation in (4)

can be replaced by an integral over phase space and the M, replaced by

gVh-3¿3n where g is the number of internal degrees of freedon.

Equations (4) give

z^ = al|v [- "^-tu(P)prap ,o hr Jo

+ rog

We now find fron (3) and (6) that

4ngY

¡3 f; t + 
"À-eE(P)ztl

f{=

[=

4ngV

h3

4ngY

h3 J;
p2 dE (p) /dp

fluVtr +e

P
4rg
h3 J;

3dE

e
-u +E

where the generaiti-.zed force coTresponding to the votume paralneter has

been defined as the Pressure
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P=+

An integration by parts has been perforned to obtain Eq.(11). Finally

the entropy is obtained fron Eq. (5)

1s=i(E+VP-uN), (12)

this is nerely the traditional equation with the internal energy

replaced by the total energy E and the non-relativistic chemical

potential U - mc2 replaced by the relativistic chemical potential U

(henceforth just I'the chemical potentialrt). '

It is pleasing to note that both for the non-relativistic case,

E(p) = p2/2m, and the relativistic case

E(p) = ¡m2c4 * pa.2)b (13)

d E(p) /dp = Yr, so the equations for total energy and pressure reduce

to the rrkineticrr fornulae

.àz

av
L
0

, = f- .,n, N(p) dp, P = å fr t,n, vppdp

where

N(p)dp=ffi
is the particle number distribution over momentum intervals.

In the case of relativistic equations of state (13) Eqns. (9-I2)

can be written in a number of integral representations. The rnost

physically transparent however is

tt = $= AG) r :'I uì
mJ

mc2
KT' (14)

,: += krA(r) t3'[#,-nJ (1 s)
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(16)

(r7)

( 18)

and adopting the useful notation x = t.2/kT, ¡ = ¡.r/kT, the entropy

density is

S lrs=V=Tlp +p-Un )

= kA(r)[r3tc,.,^l . 
tIn;'^' 

- 
^t:',,.,^,]

where A¡r¡ = +ngt3t3/h3c3 and

tab (x, r) = f*
2-x2

v-Àe' +e

b/z
dy,

- *a+b+l f- .orht4 sir-,hb*lx u, . (1g)
I xcoshY-ÀJX e " + e

In the last equation the substitution y = x cosh X has been nade'

Since sinh2x s cosh 2X ,. see innediately from (19) , (15) and (16) that

for m * 0 the standard inequality n . |o holds, while for rest mass

zeTo (x = rn = 0) Eq. (18) results in p = p/3. Sinilar equations to the

above have been derived by Landsberg and Dunning-Davis (1965) and were

originally given by Jüttner (1911 , L928).

The range of variation of the parameters x, ), in the above equa-

tions is of particular interest. For a fermion or Boltznan gas we have

0 I x < -, -- 3 À = - ttd Il-lr, Ilol are not bounded fron above' In gases

of this type the number density at a patticular temperature can vary

along the entire real line. For a boson gas, howevel, we have 0 ( ¡ f! æ,

-æ < | < x; values outside this range will lead to negative occupation

numbers. Moreover a simple expansion of Irl (see Sec. 3) shows that it

is bor¡nded above by the finite value tlrå* = f I l, trnc2/tt, nc2/kt) .

Einstein was the first to suggest such a limitation on boson mrmber

density was unphysical and resulted fron the replacement of the sum ovel
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levels in Eq.(a) by an integral. Thus M, has been replaced by the

continuous weight function gVpzh-3dp which gives the incorrect weight

for the ground state M, as zelo. In the case of fermions the effect is

negtigible since the Pauli principle allows only one particle per state'

Bosons, however, nâY occupy a State in any nurnbers and in palticular if

the density is high enough they may accumulate in the ground state' The

effect is known as Bose-Einstein condensation'

Clearly the occupation number of the ground state is (subscript c

refers to the condensate)

I (20)N Nc x-À
e I

and (14-17) give

1

n = A(T) rr|{x,r) . +
I

x+À ,
Ie

p = krA(r) r?t (x,À) . + *+-' e--'- - I

n=$ltr) lo3(x,¡,) -f r"(r -"r-*) (21)

s = kA(T) r2l {x, r) +
rol[x,r)

3

À

- rrll(x,À) F+:l
l,n(1 - e

V

(22)

(23)

(24)

Huang (1966) shows that in the linit V + - the condensed term should

only be included if a finite fracti"" + of all particles lie in the

ground state. In this case we have

n=A(T) fll(x,x) *t.

p = kT A(T) r2l(x,x) + n.mc2

n=$ncr) rol(x,x) (2s)



and the fluid consists of two different phases, a trgasrr phase and a

,,liquid" phase. Bose-Einstein condensation nay be important for certain

areas of astrophysics (Sawyer Ig73), studies on the evolution of the

photon spectfum (Coste et al 1975) or in description of exotic natter in

the early universe (Fiore et al 1973). Indeed as we shal1 show in the

next chapter the condensed phase has some interesting cosmological

effects. For the mornent however we adopt the convention of leaving it

out of eqns. (I4-I7) on the understanding that it rnust be put in by hand

through eqns. (23-26)when the boson density approaches the critical or

transitional densitY

n. = A(t) rIl(x,x)

The integral representation (14-13) of the equations of state

(g-12) though brief has a nurnber of deficiencies. Many of the

quantities which we wilt find useful later on, specific heats, speed of

sound etc. and the numerical problerns we will be faced with require

differentiation of the equations of state. Differentiation of (14-r7)

however does not yield the lab (1s).

while stil1 rnaintaining the use of (14-18) both for notational

brevity and physical transpalency we adopt a second representation which

by increasing the above three integrals to five allows the derivatives

of the equations of state to be written in that representation' l'tle

define

s = kA(r) [r2lc*,*l 
. t:ÎT' 

- *Ill(x,x)

28.

(26)

(27)Q'

where

,3'=*ro:-a:) t
(28)
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This and other useful representations have been introduced and

discussed at length by Guess (1966). Guess proves the inportant

differential relation

u[ol.' o:'] = 2" a: * - [,". rlal. + (n - t)a: tJ*' (51)

This can also be proved f.rom (27) by a lengthy integration by

parts.

We can now obtain frorn the equations of state (9-1I) after

introducing the usefut notation ß = 16nE(3)(nc/h)z = 4Ç(3)x3 A(T)/g and

dropping unnecessarY labels

-- g årrl=-,9,=. fO3-Ol) (32),' - ¿ç(3) *r - 16cIÐ (Q3 - Ql) ,

,?, = * fo: - ag) ,

p = #å nt rZL = # '"'(Qa - Qo) '

p = Trfuå nt ro3 = *fu '"'(Qu - 4Q2 * 3Qo)

29.

(2e)

(33)

(34)

(3s)

(36)

The entropy densitY becones

s=s/v =ffiån[t". I03
3

- ÀIrr

*-ä (¿*(Qu - Q2) - or(Q3 - al))

and the differential relation gives

u' = 
'ufu)T 

(+qzar - (sQ3 + Qr)dx) ,

ao = ffi (cso3 + qr¡dr - 2(Q4 + Q2)dx)' (37)
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as = ffi (tcsq3 * QI)x - 4Q2Àldr - [z(Q4 * Q2)*
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(38)

(sQ3 * qt¡11ax)

(3e)

Finally let us make a procedural point. In future the word

degeneracy witl be used to describe both Bose condensation and Fermi

degeneracy and since À = U/kT detennines the extent of that degeneracy

we will call it the (relativistic) degeneracy palameter.

3. SPECIAL CASES OF THE EQUATIONS OF.STATE

The final forn of the equation of state of an ideal gas is usually

obtained by the elimination of the chenical potential in the energy and

pressulre density equations (15) and (16) by use of an inverted form of

the number density equation (14). This considerable task has in fact

been carried out in full generality by M. Nieto (1969). The resulting

equations however, contain difficult double integrals and are not

suitable for our later uses of the equations of state. A more tradition-

aI approach is to establish series approximations for the integrals

involved which are accurate in certain regions of the (x,À) half-plane.

However not all regions can be covered by series approxirnations and in

such cases it becomes necessaïy to evaluate the integrals through direct

numerical calculation .

In Appendix A we detait the appropriate approxination schemes and

their regions of validity for both the Iab and qn representations. The

expansions aïe given in terms of two fundanental functions, the nodified

Bessel functions xrr(z) and a generalization of the zeta function þ(z,s)'

These functions and the relevant approxinations to them are discussed in
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Appendix B. In this section we pïesent sorne of these results (to first

order only) and their equations of state. However first we detail the

case of radiation (i.e. any m = 0 particle) for which the only known

analytic solutions to the integrals exist (exact solutions for e = 0

are also given but the Boltzrnan gas is just a limiting case of fermion

or boson gas; Boltzman païticles do not exist)'

(i) Massless Particles
ab

In the case of nass zero particles the integrals I take a

particularly sinple form since they no longer depend explicitly upon

the tenperature. In fact these integrals correspond to our definition

of the generalized Rienann zelua functions given in Appendix B, Eq' (6),

so we have

Ill(0,À) = t 2S(t eÀ, s)
11

I21(0,À) - + 60¡t eÀ, 41
+I

(40)

(41)

03
+I

The behaviour of the functions is studied in detail in Appendix B. We

note here that for À large and negative

t O(t etr, n¡ = 
"À

and as À -+ 0 the functions return the standard Riemann zeta functions '

When À > 0 and for fernions only we have

rli(O,À)=+-4Àó(-1,2)-zqç-e-^,s1, (42)

rll(0,À) = + - 6À20(-1, 2) - L2þ(-1, 4) + 6q¡-e-À, 4) (43)

= tlÎ(0,À)'

The case of photons is obtained by setting E = -1, E = 2 if these

I
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photons are also blackbody then we set u = 0 since the particles are

assurned to be freely produced in thermal equilibrium and no Lagrange

mutliplier arises from the particle nurnber constraint equation (1)'

The equations of state become

n = bT3 þ = t6n6(3) -C- = 20.27 G4)
Y .3h3

e(4)k3=7.55x1g-15
c3h3

-3p
'(

where c.g.s. units and degrees kelvin have been used. The entropy

density nay be expressed via equation (f7) as

,lJ
rl3 , -À-.

f+.T^"-2þ(-e 
v

^3 
. # * 6q¡-" 

Àu,
,2_T

,',=3r(3)l=åot',

body photons we may expec. uu -p-, which yields the exact relations

Pr=aT4 a=48n (4s)

(46)

(48)

(4e)

(s0)

(s 1)

(0"',,
I
IY

s
L^* pr) = | aTr = 3.6 kn.,

We have used values for tine zeta functions given in Appendix B'

For neutrinos one takes , = +1, g = I and if we have Uu > 0, that

is if the neutrinos are degenerate to some extent then

4nk 3T3 (47)n=v h3c3

For pu = 0 these reduce to (Weinberg L972)

-)J

TnskaTa-7^q,4
Pu = so ,,C 

= 16-4. r

tu=#aT3=4'2oknu

pv +

5pv

If neutrinos and antineutrinos are in chenical equilibrium with btack
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(s2)

(s 3)

(s4)

^"]
n

4nk 3T3 T2

v hrcr

h3c3

3

n24rkaT4
Drú=-'v '; h3c3

4nkaT3 t
1T-

T

2

S+
v

x2
v

+

In the linit of U/kT -| -æ wê regain for radiation of both Bose-Einstein

and Ferni-Dirac statistics the Boltzrnan radiation with e = 0 viz

n=Bng+"u/kt, p=3kTh, p=å (55)

h3c3

(ii ) Massive particles

If the component has a non-zeîo mass the integrals lab have for

natural regions of approxination depending on whether or not the tenpera-

ture is high enough for the particles to be relativistic and whether the

chenical potential is large enough for degeneracy effects to becone

inportant. crearly the gas will be relativistic for x = H << I and

non-relativistic when x >> 1. A measure for degeneracy is the non-

relativistic degeneracy parameter î = À - x. For fermions if ¡ is large

and positive the gas is degenerate since to first order only those

states with nomentum below the fermi momentrnn will be occupied. If ¡ is

large and negative both bosons and fermions will be non-degenerate and

in the limit rì -> -æ will behave like the relativistic Boltzman g", Ifb.

a. Synge gas

In this last case À - x << -1 the denonination in Eq. (18) can be

expanded as a geometric series resulting in an infinite series of

modified BesseI functions (see Appendix A and for the Bessel functions

Appendix B). The first term of this series dominates for extrene non-

degeneracY giving

ilj (x, À) = "À*2k, 
(*) '
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rfrl tx,r) = "^ 
(*'k, (*) * sx2tr(x))

r!3t*,r) = setrx2kr(x)

The last relation leads innediately to the classical law

P=nkT

while the first two yield the equations describing the Synge gas (Synge

1es7) ,

,, = 
4nf- eÀn2ckT tr[nc2lkr)
¡3

,a" a k, (x)
= +'lTÈ 

- 

ç"¡3x
),

oB

4Ç(3)

k2(x) I
x

wtrere as berore ß = t6n r (s) [-(I#),
t, {nc2lkr)

and

np 2 + 5kT

= nmc2

the last equation following by easily established identities among the

nodified Bessel functions (Appendix B, Eq . 2). For the synge gas we

shouldsetg=l,sincethePauliexclusionprincipleptaysnorolein

Boltznan statistics. The entropy density of the Synge gas can now be

written as

(sB)

s=kn x

s=kn x
k, (x)

E-Gì-2"

1,n

-À

1.e

In the non-relativistic linit we obtain the appropriate Maxwqll-

Boltzman relations via Eq- (84)

(se)
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(60)

(61)

(63)

(64)

23P=nmc 2
nkT

(62)

This last is known as the Sackur-Tetrode equation (Huang 1966). In the

relativistic limit we can use Eq. (85) to obtain for the Synge gas

t = |nk - nk rn [nh3/g (2rn kÐ3/2)

sß
2Ç(3) x

p=SnkT=3p,

e
À

3
n=

(6s)

b. Fermions and Bosons - nonrelativistic and sernidegenerate

The expansion in BesseI functions for the nondegenerate gas (87-10)

is appropriate only for rl = -x + À large and negative, say n ( -n'

Outside this range no single approxination scheme can apply at all

tenperatures unless ¡ is positive and rather large (fennions), such a

degenerate gas is discussed further below. Thus a gas for which

-r < n < .¡T tve can call senidegenelate. In the nonrelativistic regime

the appropriate expansion for the senidegenerate gas is (413-16)

together with truncated expansions for the zeta functions (A27-30 and

35-38). To first order these equations give

tî'= *Iï, tÎ'= *F] oI1e 3
+n

s=nk[o-u"[+P". 'lJ

l+)'o[*"*n Ð

,4

4
2) ,

(66)

where for bosons n < 0 and fernions n < T. In actual fact these

expansions are valid in the much widel ïange n S x for the ferrnions, we

will retuln to this point later on' As ¡ + 0 in the above the general-

ízed zeta functions go to their respective Rienann zeta functions (48-9).



36

c. Fermions and Bosons - relativistic

For the relativistic case we discuss and derive two sets of

expansions; in the first Eqs. (^I7-20) the generalized zeta functions

depend only on the relativistic degeneracy paraneter À whilst in the

second Eqs. (435-42) the zeta functions depend on the nonrelativistic

degeneracy paraneter n. The expansions are equivalent for

except for bosons when *r.. 1, in this case it is more accurate to
lnl

use the second set. To first order we have

I tl
+ = !2-O(1en , 3), I 2L

+ = +$.0(ten, 4) I 03 (67)
+

The truncated expansions (831-34) , (839-42) give expansions

(831-54), (B3g-42) give expansions appropriate for lnl < n however the

zeta furctions are given on the wider lange 0. n < - by Eqs. (415-18)

and Eq. (67) is correct here also.

d. Fermions - degenerate

The fermion gas is usually said to be degenerate when

n = tr - x >> 1. Expansions appïopriate for this case are given in

Appendix A by Eq. (A22-32) we have then to first order

Irr = Oz - *z¡3/z ¡ s, r2r -- xag(çx2/x2 1) )/z+ * xrlI,

x4 (68)r03
8

r(çxz/x-\ )

where the functions f and g are given in Appendix A. The gas is

degenerate since nearly all the energy levels up to the ferni energy

have a high probability of occupation. Clearly at relativistic

temperarures we can replace (A22-32) by (455-41) and (B15-18) however

at any temperature as long as n/x - 
^,/x 

>> I we have

IIT
^3/s, 

f2L = ¡a¡4 = 703 (6e)
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and the gas is 'rradiation like" sincê the equations of state do not

depend on the rest rnass c.f. Eq. (42-43).

The asymptotic series used in (A22-32) gives difficulties at non-

relativistic tenperatures for sufficiently snall n/x' In this event we

return to the seríes in powers of I/x given by (Af3-16) and use the

expansions given for the zeta functions (819). At sufficiently large x

ïest matter dominates the energy density to give

3/z
Tz IzL = xlll, I03 =

2. (2x)
3tt2

Vz (70)IlI 5

The average pressure per Particle is enhanced over that in a non-

degenerate gas by a factor 2n/5 and the ratio of pressure to energy

density is smal1, 21/5x.

(iii) Criteria for De

The foregoing allows us to construct a nore physical criterion for

the onset of fermion degeneracy or boson condensation in a gas ' This

is usually done in terrns of the nunber density; degeneracy effects

beconing important for

tttt=A(T)Ilt(x'x)

For gases undergoing expansion it is better to formulate a condition

in a volume independent fashion, we define

2x)
3

nn

f= ß

3xn
A(T) (7r)

and the degeneracy condition becornes

?
of

when x << I

for bosons,

(72)
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when x >> 1

i.e. when x << 1

and when x >> 1

8'=-
rg for ferrnions,

f< for bosons,1.5

5.0

lzgx

gx3/z
for fernions.

If one of the components is black body radiation (U, = O) these criteria

take a particularly useful forn since f becones the ratio of the nurnber

of these photons to the nu¡nber of the component in question.

Another useful criterion can be given in tenns of the specific

entropy of a sPecies
r 03

I2r + '= - 
^tttS

ñ
s
In III

Ordering in the degenerate state suggests that s/n + 0 as n + @ so a

criterion for the onset of degeneracy is

12r(x,x) . + (x,x) xIll(x,x)s
s
ñ-

c
In

c I I I (x,x)

for bosons,

for fermions

for bosons,

for fermions.

å . s.Oo
kn

< 4.20

s
kn

< L.28

< 2.83

These criteria highlight the fact that for a single conponent

fluid with a conserved particle number undergoing adiabatic expansion,

the expansion itself serves to sorne extent to lift the degenelacy' The

effect will be most plonounced for fernions with 2.83 < s/kn < 4'2 and
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for bosons with I.28 < s/kn < 3.6 since the degenerate states will be

removed conpletely. We will return to the study of such phenonenae in

rnore detail in Ch. 3.

4. MIXTURES AND CHEMICAL REACTIONS AT EQUILIBRIIJM

For a mixture of substances (labelled by A = L,2, ..., n) under-

going no chenical reactions

Ii A.
1

Nn=lN
1

A.
1

= conSt.¡ ! = NR.
1

E = const. (74)

(7s)

(76)

we clearly have

E = -J-z = - I += - I En," ðe ia

z = L zA(ÀA, o) ,

âÀR

àz
ANA=

s = I sA = k(er * z - | ìA NA)

and the Gibbs relation (7) becones

Tds=dE+lÃudau-luoduo

where

u A KT

Now if the substances are involved in chenical reactions there

will be a smallest and nonreducible set of reactions described by

1
), kT, Q=

= Q cr = I ... v

A

cr,AI cv A

where CO represents Particles of component A and voO are the

(77)
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stoichiornetric coefficients of the oth reaction. We may now proceed to

calculate the equilibriun rates as before except that the constraints

(74), which in differential form read as

dNR d*R.
L

=Q (78)

(80)

( 81)

(82)

(83)

I
i

rnust be rePlaced bY

0t

Again the Lagrange rnultipliers ÀO (A = I ... n) nay be introduced to

deal with the problem of naximizing log W, but they are clearly subject

to the constraints

dN dN
2

d

oA

xmt

=+E+P-Iuo"fl

I
vc

m

v
c[

2
vN

m

crA
(7s)

in order that [o ÀA dNA = 0 for arbitrary variationt ot *or. subject to

(78). Then all fornulae of Sec. 2 follow for each component of the gas

separately, the temperature T is conmon to all components, but the

chenical potentialt ÞA IA kT rnust, by (79) satisfy

Ì^o" =Q (o=1 v)

= Q (cr = I v).
Iuo"

For a mixture of perfect gases we have (14), (16), (16) and (I2)

replaced by

no = no(uA, r) = A(r) t:i[+, þr] '

pA = pA(uA, r) = kr A(r) t3i[#, þJ '

po = po(uA, r) = | rr n¡rl ,g; t#, ä] ,

r = $ - 5(ur T)=I
A

so(uo, T)

(84)



where o = Io oo, o = IR Po and uA are subject to (80)'

Using (S7) for the case of Boltznan statistics one obtains from

(80) the relativistic law of mass action

[+nsocr<rmîn- 
. *, [F, ] ] 

*^
=f[

A

v

l"o
clA

=oUU +ph'uY - Uv

4I.

n (8s)

(86)

(87)

c=1

The reason for setting u", = 0 for boson radiation can now be clarified'

Thus under photon producing reactions such as brensstrahlung

"* 
* 

"* 
+ Y or pain annihilations "* 

* 
"- 

+ 2nY, with n arbitrary, the

constraint equation (80) inmediately gives u, = 0' It is also clear

frorn this last reaction that for particles and antiparticles in equi-

libriun with such photons their chemical potentials must be equal and

opposite.

5. GENERAL RELATIVISTIC FLUIDS IN LOCAL EQUILIBRII.JM

An n-conponent fluid in general relativity is determined by n

equations of state which we will always take to be of the form (81-83) '

The Einstein field equations are assumed

8nG
G

uv

T
uv 4 uvc

where T

P = I oo(uo' T)' P = I Po(uo' r),

uuu=-1,
u

h
uv

8uu +uuuv

The conservation laws (Bianchi identities)

TËv=0
;v

(88)



inply

42.

(8e)

(e0)

i*¡p+P)ul =Qv

where '.means 
;uru. If chenical reactions are occurring then in any

snall comoving volume V, we have from (78)

¡p+P)üu=-n,unl

N2
: N = v - : v ^ : ...m cx, I g,zN :v

I om

where No = noV. using the identity (Synge 1960 p'r72)

ù
v=u

v
;v

we see that

where r
ct

Iv
ct

tA*t v
At;u aA

r
d

(c = I .... v, A = 1 ... n). (91)

NR

w is the o-th rate of reaction (= "numbers of reactionsrr/

CT

unit vol/unit ProPer time).

The Gibbs relation in V

TdS=flE +PdV-IuOdtlO

rnay be 1e-e)q)ressed as a rel.ation on the entropy density

Td(sV) = d(pV) + PdV - I un d(nov)

and using (84) this gives

rds = uo - I uA drA ( 92)

In terns of proper tine derivatives, using (81), (83), (76) and the

equilibriun condition (80) this results in

rs = ts rYv
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or equivalentlY

(S,rv) =Q (e3)

an equation ïepresenting the conservation of entropy. Key to this

derivation r{as the conservation identity (88), and in particulaT its uu

conponent (39). For individual conponents we should not expect

_uvIA;v = 0

to hold, so that in general

óo * (o¡, * no)"lu = Qo* o

vt

The QO represent the heat flux per unit volune to the Ath co,nponent

s]-nce

¿Qo = ¿pA (o¡, * PA)dVlV = (dEA + PodV)/V.

The equation for the Ath entropy current will read

(sA'u).u=[q Iuouoo'o),r, 
(e4)

the terns on the right hand side repTesent entropy flux due to heat

exchanges between components and due to chenical reactions respectively.

Thus in general, even at equilibrium the entroPl of individual conpo-

nents is not conserved; however, the total entropy is conserved' The

breakdown of the latter phenomenon, i.e. the case of net internal

entropy production, is characteristic of irreversible processes

(de Groot 195r) which we consider in the next section.

6. NoN- LIBRITJM RELATIVISTIC FLUIDS

For a general fluid we postulate an eneTgy stress tensor of the



u 1T

uv u uv

where again

u uu 1 h e
uv

+uu
u uv uv

and

the q
u

the viscous
uv

stresses. Note that the division of stresses into a viscous and non-

viscous parts (i.e. the tern Ph-...) is not unique at this stage, we
uv

shall return to this Point later.

The conservation laws (88) give

forn (Ehlers, 1961)

T
uv

and

(p + P)u

where

+Ph + uq
u

= 6lI ll'uv ++ qv

u;v

44.

(ss)

(e6)

(s7)

(eB)

v

o uU = 0. 1[ = ,tT r n uU = 0'u uv vu uv

is called the heat flux relative to uU and n

i * (p + P)0 = -ql q
u
úu - ,,uut

v

-hu (p +o;v 'u
+

p
nu;p) qe

u
- qvt

u u u;v

e
u

= lI'
;u

Let the fluid consist of several conponents, uf, being the proper 4-

velocity of the Ath .orponent, n'A its particle density as neasured in

a local frame at rest with respect to "[ {i.". its proper particle

density) and set

*T. = "oo"l

for the Ath particle flux vector. A sinple deconposition of t't[ into

parts parallel and orthogonal to uU gives

= J[ * nouuNl (ss)



(Jþu = o)

is the Ath particle flux relative to uu and

( 100)

is the particte density as measuTed in the u! frame (this reduces in

special relativity to the classical formula tA = t'A (1 - U'ìV

attributing changes in number density as being due to Lorentz contrac-

tion). Now just as for Eq. (91) r{re nust have in the particlers

proper frane

oA
T

and on substituting Eq' (99) we obtain

,,o*noo=-tl,u*IuoAto (1or)

In order to make contact with equilibrium thernodynamics it is usual to

postulate that the equitibriun equations of state (81-84) stiIl hold

good everywhere, but to drop the constraint equation (80) which is

inposed by strict equilibriun. These equations then serve to define

the pressure P = I Pn and the entÌopy density as functions of p and nO,

by elininating uo and T. This is the way in which the pressure is

separatedftontheviscousStresses.FinallyEqn.(88)holdsagain

since it depends only on the equations of state without inposition of

(g0), so that one may after some juggling of terms using Eqs. (84,96)

and (101) obtain an entropy production law

where

rl = *þl

45.

(102)

tA = -tortþu

CX

*l,u=lu

SI
;u I

I uo;irr
where

Sil = suil + (qP/r)

,

(103)



is the entroPY flux vector and
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(1 04)

(107)

(108)

(10e)

i 1v
y2

(T v + Tuv)
0

r
CI

T

A

-ànuu'u;"-l[bJ,rti.l

is the rate of internal entÏopy production (/unit volume). In the last

terln on the R.H.S. we have set

A uAvoA (10s)
A

an expTession known as the chenical affinity of the cr-th reaction'

The terns on the R.H.S. of Eq. (103) represent the bodily transpolt

of entropy, and flow of entropy induced by heat transfers and particle

drifts (diffusion). These terms are all to be regarded as describing

the reversible part of the entropy production, i.e. the part that can

be accounted for by transport from one place to another. The terns

making up I cannot be so interpreted and are to be regarded as due to

purely internal irreversible processes. The nain requirement is the

second law of thernodYnamics, that

I >0 (106)

and | = 0 only for equilibriun'

A common way, of ensuring that (106) holds is to postulate linear

constitutive relations between the rtcurrentsrr and rrforcesrr on the R'H's'

of (104):

I
CI

q = -*hv(t'U U rV

= -nõ - 3h o'uvuv

*Tu)
v

1T

uv

J
A

A
aÊ g

- o q(uo/r).u
u

ct
r =l

with the shear tensor o
uv

defined by

( 110)
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-h o ! = 0.
u

In these equatio¡g Kr rtr p and ô are positive constants known as

coefficients of heat conduction, shear viscosity, bulk viscosity and

diffusion respectively, "td l,oß is a symmetric positive definite natrix

(no confusion should arise with other uses for these synbols which

except for the last are Iestricted to this section). The laws

(I07-110) then represent relativistic generalizations of Fourierrs Iaw,

Newtonrs Iaw of viscosity, Fickrs law and Onsagerrs law. These can be

regarded as purely phenomenological relations, or they can be derived

from the relativistic kinetic theory of gases (Stewart 197I, Israel

Ig72). The latter procedure is of course preferable particularly as it

gives a handle on the explicit calculation of the various coefficients

on the basis of the particle interactions. Substituting in Eq' (105)

hre see indeed that

o ++ohuvSuv ß
tuonf ) o

I = + 1 
"¡uv¡t'T2

* rúu) *lnoz *lør'
,l]

+ Tu )(T
u ,v

=Yu +Vuu

Ih
grß

>0 (111)

- . - UV.
where o2 = r4o* _Uuu.

A significant problem concerning these constitutive relations is

that they are not frarne independent. As pointed out by Israel (1976)

the quantities p, O,,Qu, nuu occurring in (95) depend implici-tly on the

choice of 4-vectot ,rU and should be written as p (u), P(u) etc' . Ilnder

a change of frarne

+ 6¡uv I (uo/r1,u(uo/T).u * AA
aß0ß

u +uluu u

we find

V
uu' 0
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p + pt = p(u') = T

and

u,Uu,v =y2g * (,P-l)P u2q vY+Tuuv
uvVV

uv

nY - Jþu

Thus there is implicit, via Eqs. (81-82) a conplicated transforma-

tion of chenical potentialt UA Uj ana ternperature T + Tt and

associated with then a change P + Pr, s + st, under any such change of

frame. On the other hand the heat flux changes as

oX+orU--hrU1Pv'Ipv

and there is nothing to suggest that all these independent transforma-

tions will occur in such a way as to preserve the forn of Fourierrs law

(107), except in the nost specialized cases '

In particular, if T .rll,rv > 0 for all tine-like vectors u'uv
(positive energy requirement) then a theorem of synge (1960) assules us

that there is a unique tine-líke eigenvector of uf of T.... (the energybuv

frame) for which qu(uE) = Q. Eq. (107), if it was to hold in all

frames, would give the too restrictive equation

(ruu ) T

nO+nl=n

,
:Vv

and sinilarly Eq. (109) would provide an over restrictive requirernent

on the A-particle frame "[ tot which J[ vanishes '

By inclusion of 2nd order terms (assuning uil and uf, depart at rnost

by tst order from the energy frane ul, and sinitar srnallness assumptions

on the ratio n_._,/o) Israel has shown how to rnodify the constitutive
ut

relations (107-110) in order that they are truly frame independent (to

second order) at the same tirne introducing a second order modification

to S! and I in order to retain Eqns. (102) and (106) .

Notwithstanding this inportant advance we shall not here adopt
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Israel's nodified equations. Rather let us work in the energy frane

(eU = O¡ and, since we will from Sec. 7 onwards be dealing nainly with

homogeneous situations, we will also irnpose the condition of no

diffusion (u^ = u. ) and shear viscosity (n = 0). Incidentally, if one' ^f\u u

specifies the frane as the enelgy frame, there is no harn in postulating

the relations (108-110) in this frame; one nust just remember that they

may transform to awkward equations in other frarnes.

In the above analysis all conponents were assulned to be at the

same tenperature T. The case where the interaction between the

components is not sufficient to produce such an equalization of

tenperature is easily dealt with at least in the case of zero conduction,

diffusion and viscositY (qu = ¡ 0). We assume then that
uv

where

touu

From the discussion at the end of Sec. 5 we see that Eq. (94) holds for

individual conponents, whence summing over A gives

u4

u
À=n

tuu = I 
touu

= 9Atut, * oo huu

QA

T I
A

I
A

(r.rp ) . TR
voAto

p

th
flux/unit volume inParted to the A component bY the others. Since

where TO is the tenperature of the Ath .otponent and QO is the heat

T;v=Iriv =Quv Ã Auv

we must have

QA =Q

since Qo depends on the thernalizing processes between different

i
A

components it is reasonable to expect it to be proportional to the

(rr2)
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number of particle collisions and the energy differences of particles

in such collisions, thus

tAtg (Tg (1 r3)

By Eq. (112) with arbitrary tAtB *" rnust have tAB = aUO and clearly we

require rAB = 0 if heat is to pass only from hot to cold. Adopting a

nodified Onsager 1aw

TRQo=luou

uo = iLoßAå oå

;p

I uR'ßR/TR
A

we obtain the entroPY Production

(tnP ) = In
A<B

* [ loun'n¡

>0 (l 14)

K=tlor0
(t ls)

7. THERMODYNAMICS OF ROBERTSON-WALKER COSMOLOGIES

Let us now apply these ideas to a cosmological situation.

Assunptions of homogeneity and isotropy al1ow us to adopt the usual

Robertson-Walker metric

ds2 = -c2dt2 + n2(t) 
tå. 

*çde2 + sin2e u*,r] ,

In this case rve have 0 = # *U the energy stress tensor nust be of the

perfect fluid form so that Eqs. (89) and (91) reduce to

p+3(p*P)R/R=0 (116)

åo * Sno n/n = [ vo ro(t) (r17)

while the Einstein equations reduce to the single (independent) equation
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(it2 * xc2) /g2 = SnGp / 3c2 (118)

In later chapters we consideÌ the tine development of this systen in

some geneta¡íty, for the moment however let us consider the sinplest

case of no reactions (r - O). Given the initial values at sorne time
(l

t=t
0

r(to) ToR(to) Ro, uo(to) = uo

the above equations predict a unique time developnent. Equivalently of

course no(to) and To could be given and the equation of state (81)

solved for the chenical potentials uAo. Eq. (117) integrates to give

number conservation

noR3 = no R3 = tottt"ttt ( 11s)
0

and Eq. (116) can be replaced by entropy conservation

sR3 = soRS = const (120)

Fron (81), (84) and (82) v¡e may solve p as a function of no and s,

substituting this into the R.H.S. of Eq. (118) and using Eqs. (119-120)

we obtain a single first order differential equation for R from which

there results a unique solution

R = R(t, Ro, uAo, To)

The tine development of uA(t) and T(t) are then obtained from (119) and

(f20). Now if it is assumed that the fluid contains as a conponent

black body radiation following the Planck law with urf = 0 we see an

imnediate inconsistency for there is nothing in the equations which

irnplies that an initially zero value of U.,, is preserved. this problen

has several possible resolutions within the context of the relativistic
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thermodynamics developed in this chapter; we now consider each of these

in sone detail.

(A) There are photon-producing reactions such as bremsstralung

(e + e + y) or pair annihilation (e.g. "* 
* 

"- 
-+ 2^t) and these

reactions are proceeding at equilibrium rates '

This latter requirement inplies the vanishing of the chenical

affinities A - 0 (i.e. Eq. 80), and since the nunber of photons
c[

produced on the R.H.S. of the various reactions is essentially arbitrary,

we must set u, = 0. Thus we assume the photons satisfy the normal

Planck law, Eq. (45).

If brensstrahlung is the only reaction then all other particles are

cons erved

(u , T) R3 = coûst. r (A + Y) (121)
A A

while

n +3nR/R=r.
YYD

(r22)

where rO is the bremsstrahlung photon production rate' Entropy

conservation

S(T, u r, tz ...)R3 = const . O23)

together with Eq. (I2I) can be solved for T and pO in terms of R and

To, ilAo and when substituted into the R.H'S' of Eq' (118) gives a

rurique solution for R(t, R0, u4g, Tg). Finally the photon production

rate is read off fron Eq. (89) using (45)

,b = b¡renal'7¡a (116)

Details of this calculatíon for a Boltznan distribution of protons and

electrons are carried out in the next chapter. If photon entlopy

n



greatly dominates the particle entropy, as appears to

present universe, then to a good approxination we nay

(Eq. (46)) whence TaR-l, tr*t - const., rb - 0 and we

photon number conservation. If however the radiation

entropies are nore comparable considerable changes in

occur.

The case of pair annihilation is dealt with as

we only consider electron-positron pairs. Frorn 4",

pair annihilation chenical affinity) we have U"- =

whence

53.

be the case in the

sets-5onoJ3YY
have an effective

and natter

photon number

follows, in which

=QlA'ea = electron

-u .' (since ¡r = o),
e Y

n r) n (-u, T)
e

Furtherrnore

n
e

+3n R/R=n +3n R/R=r
e e+ e*

(B) No photon-producing reactions, but matter and

strongly (e.g. through Cornpton scattering) to

temPeratures.

Clearly with a constraint on photon nr:mber we

the general considerations of Sec - 2 tt.alu there is

e
= n"(il"'

[t" {u",

n
et

ea

whence

T) - n"(-u", T))R3 = const-.

Together with entropy conservation (in which we suppress chemical

potentials of other particles such as protons etc')

s(u T)R3 = const.e'

we can again solve for T and U" in terms of R and proceed exactly as

above. such fluids are considered in detail in chapter 4

radiation interact

equalize their

should expect fron

a photon chenical
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potential. Thus the Ptanck law (44-45) rnust be abandoned in favour of

themoregeneralBoselaw(15.16)or(40-41).Wemaynowproceed

exactly as above, using Eqns. (119) and (I20) to deduce the time

evolution of the universe. The photon energy-momentum stress tensor

will in general not satisfy a conservation 1aw i'e'

* Pr)e + 0

with the R.H.S. representing the rate of heat transfer per unit volume

inparted to the photon field in order to preserve the thermal equi-

librium. It nay be calculated if required at the end, after all tine-

evolutions of physical quantities have been deternined. The nain

drawback of this procedure is the possibili-ty of u, becoming positive

leading to divergences in integrals (15-16) and of zero point condensa-

tion at low tenPeratures for u, < 0'

(c) AIl cornponents are at the same temperature, photon-producing

reactions occur but not at equilibriun rates '

In this case it is necessary to appeal to the discussion in sec' 6

one rnay no longer assume Ao = 0' and as a working hypothesis one could

consider an Onsager law

gAB

(0,+p
Y

CT
r =Ilcrã

Substituting this in the R.H.S' of Eq'

state (31-83), hre may regard (116-118)

order differential equations in uA, T and R which will have a unlque

solution for any initial values uOo, to and Ro' Again it is

necessaïy to assume a non-zero chemical potentiat uy. The nain drawback

to this suggestion is that there appeals to be no ready-made procedure

for estinating the onsager coefficients Lou, say on the basis of the

(112) and using the equations of

as a set of sinultaneous first
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kinetic theorY of reactions.

(D) Conponents at different temperatures '

This might be appropriate if processes such as Conpton scattering

are not sufficiently strong to equalize tenperatures. We now replace

(116) with the equations

ôo * s(o.r * PA)R/R = QA = 
f "nn"n"n(TB 

- TA) (12s)

and the sysrem of euqations (1r7), (125) and (118) serve to define a

first order system of differential equations which determine a unique

tine developnent for uo, To and R. The coefficients aou defined by

Eq. (lf3) can in principle be calculated fron the various scattering

cross-sections among the different particle species '

ttJe should perhaps add another possibility to this list. That the

photons are in both thermal and chenical equilibriun with the other

comþonents however the nunber of photons produced in a reaction is not

arbitrary. The chenical potential of photons is then negative and

rnust satisfy (80). It is difficult however to imagine a physical

situation in which this could occur, the problem being that the very

neutrality of photons seems to require that if photons, aÏ.e produced at

all they will generally be produced in arbitrary numbers.

The above relativistic thernodynarnical approaches can, in the end,

only be justified by a detailed study of the microprocesses occurring

in the fluid. such a kinetic approach though rnore rigorous is also

nuch more conplicated and is often shunned as an alternative to the

thernodynarnical approach. Indeed in the standard cosnological nodel

(weinberg Lg72) kinetic theory need only enter through the calculation

of characteristic particle collision times. Thus the expanding fluid

is conceived of passing through a sequence of equilibriun or near
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equilibriurn configurations each of which can be tackled by positing

the types of particles in thermal and chenical equilibrium and assuming

any non-equilibriurn processes have little back effect on the distribution

functions. Transitions between configurations (e.g. fron (A) to (B))

occur instantaneously and at a temperature to be determined by comparing

characteristic collision tines t. - *fu; (the <> indicates sone

averaging process) involved in maintaining the initial configuration

with the expansion tine. Such a transition can often be designated by

auniquedecouplingternperature,forexarnple,inthestandardnodel

neutrinos decouple from the rest of the fluid at - 1010"K and thereafter

do not interact again Of coulse if one is interested in the detailed

evolution of the distribution function one rnust return to the kinetic

approach (e.g. Kompaneets 1957, Coste and Pegraud 1975)'

In later chapters we will be interested in nodels which differ

significantly fron the standard model' our approach however will be much

thesameasabove.Whatthisamountstoisusingthephysicsto

determine the type of equilibriun configuration and the relativistic

therrnodynamics above to study its cosmologically inportant features '

The assumption of ideal and therefore collissionless fluids night at

first seem to deny the possibility of studying strongly interacting

fluids. However, as r{e will show, there are two inportant examples

where this is not the case. The first exploits the fact that the

thermodynanics conceals an interaction in the Pauli principle and that

this interaction can effect its own type of equilibriurn' The second

considers recent nodels of hadronic matter in which the consequences of

the 'fstrong'r interactions between paÏticles are almost totally given in

terms 'of the ,rmass . spectrurn of the particles thenselves ' ' :

Before we can consider such situations however we must be able to

solve for the dynarnical and therrnodynarnical evolution of models of
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considerable conplexity. This technical detail suggests the best Toute

of attack is through the generalization of sinple rnodels and this will

be the task of ch. 3 (sec.2,3) and Ch. 4. It is sensible however to

first fix sone of the ideas of this chapter within a physically

reasonable ¡nodel. We thus will devote the first section of the next

chapter to the consideration of a cosmological nodel which ninics the

gross features of standard cosmoLogy.
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CHAPTER 3

A SYNGE GAS WITH BLACK BODY RADIATION AND

SOME VERY SIMPLE QUANTIIM MODELS

1. INTRODUCTION

We begin our consideration of relativistic thermodynanics within

Robertson-lvalker cosnologies with some simple cases. In the next

section we outline a model consisting of synge gases of electrons and

protons together with black body radiation. The model has impact on a

number of levels. rlt is realistic in the sense that it initates some of

the gross features of standard cosrnology and it has educational value

since many of these features can be described analytically with the use

of certain functions developed within the section' Most irnportantly

however, it alrows a context for discussion oi an" origin of the photon

to baryon ratio since within the models the ratio appears as a natural

parameter to be given at t = 0'

The ratio which in general is a ratio of black body photon number

to a conseryed particle number has considerable importance in this work'

It has already appeared as a criterion for degenelacy in sec'3 ch'2 and

as we will show it is intinately connected with transfers of energies

and entropies between components. In a sense this is because the photon

density acts as a thermometer -T3 for the nodels while the conserved

mrmber densíty -R-3 acts as a scale. Their ratio is then an integral

measuïe of the amount the expansion disturbs the equilibriu¡n distribu-

tions - i.e. if the ratio is constant the shape of the equilibriun

distribution is rnaintained by the expansion while if the ratio is not

constant the expansion is pushing the distribution away fron its

initial equilibriun form. In the latter case we would expect the
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transfers of energy and entropy nentioned above. The concept of the

ratio remains useful even if black body photons aÏe not present within

the nodel.

In Sec. 3 we study a model containing a single massive fluid but

with the full quantun statistics of the equations of state' The model

in general nust be solved numerically for dynamical and chemical

evolution but in three particulal cases we can provide analytic results'

The three cases, nondegeneracy (synge gas), fernion degeneracy and boson

condensation provide interesting contrasts. For example the epoch at

which rest mass begins to doninate the dynarnics occurs for the synge gas

at x = 1, for the fermion degenerate gas when x >> I and for the boson

condensed gas when x << l.

section 4 completes the chapter with a discussion of models

containing nany different types of zero Test nass components. These

contrast sharply with the evolving matter nodels of sec. 3 for it turns

out that a single solution of the equations of state gives the chenical

composition of the fluid for the whole of the expansion; the chenical

conposition is frozen in throughout the expansion. For these

"collisionless,r models the very notion of equilibriurn becomes irrelevant

as long as we insure that the cornponents begin the expansion with their

equilibriun distiibutions, since the expansion itself preserves these

distributions. We give an explicit solution to the dynamics even though

in general we need nunerical nethods to calculate the chenical conposi-

tion. In sone quite complex situations however the latter does not apply

and as example we give the complete and elegant solutions to a system of

neutrinos and antineutrinos in thermal and chenical equitibrium with

black body radiation. These solutions will be of interest for later

chapters.
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2. SYNGE GAS WITH BLACK BODY RADIATION

Let us consider in this section a simple yet instructive cosnological

nodel which can characterize some of the ideas expressed in the previous

chapter. The model contains both natter and radiation in the form of a

Synge gas of electrons and protons together with black body radiation'

We are thus in situation A (except no pair production) of Sec '7 of

Chapter 2.

Motivation for this problern comes fron the fact that most

considerations of realistic cosnologies are conducted in a heuristic

spirit. The evolution of the universe being split into a number of

epochs according to whether the matter or radiation doninates the

dynamical behaviour and according to what thermalizing forces are at work

(e.g. see Peebles, L97I; Weinberg, Lg72). The behaviour in each epoch is

discussed entirely in terns of the dominant component and transitions

between èpochs becomes a somewhat uneven and jerky affair' We are saved

in this by the observational fact that while the present energy density

resides urostly in the natter, the entropy is alnost entirely carried by

photons whose number on the basis of the 2.7"k black body temperature is

some 108 tines that of the baryons. Thus in any epoch where photons and

matter are strongly coupled the thernodynamics is almost entirely

dictated by the photon field. In the early universe then, thermodynamics

is deternined by radiation while dynanics is determined by whichever

component doninates the energy density at that time.

However as hre have discussed in Chapter 1 the origin of the high

photon to baryon ratio is something of a nystery and has been the subject

of many rrexplanationsr'. It is important therefore to investigate this

ratio in models which though simple still reproduce the gross features of

observational cosmology. The model to be treated below consists of

equal numbers of protons and electrons described by the synge equations
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of state in thernal equilibriun with black body radiation' The fact

that within these nodels the photon to baryon ratio appears as a natural

parameter to be given at t = 0 allows us to treat low ratio universes as

well. Moreover in general the ratio will not be constant during the

expansion; the standard cosnological model being characterized by a ratio

so large that it is very nearly constant'

The equations of state have been discussed in Ch.2, Sec' 2 they are

(2:56-59)

n.
1

Bi

E6

1
n.kTt'

Kr(xr) Ài

-e

x.
1

(1)

(2)

(3)

. f*, (*r) 1 Iei = 'i'ic'[EGJ __J

P

where I = electrons, / = protons and 8i has been set to 1' The entropy

density of the massive components is

I r^rx.l I
,i = k'il.t -ffi - ^t,| (4)

and since the nunber of electrons and protons are equal and conserved we

can define the photon number to baÏyon (electron) nurnber ratio

f=tY =* (5)
ti x'n

and rewrite (1) to obtain

À, = cn 4e(3) - gn f - ln kr(x1) - 2 Ln x, '1

where ß = 16nç(3) (nc/h)3 andm is the mass of the reference species'

Theequationofstatefortheblackbody(¡r.,=0)radiationhas

beengive(2:44-45)andthetotalentropyofthefluidis

S

ñ'
S

ffi = crf + 2 9,n f - ô + F(xl) + F(xr) (7)
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where cr =
4a
3bk

= 3.60157,

ô=29'n4ç(3)=3.14066

and

(8)

F (x) is a monotonically increasing function of x with the following

lirnit behaviours

F(x)-4+Ln2

F(x)-|u"*

(relativistic regine),

(non-relativistic regime)

forx<<l

forx>>1

(see Appendix B, Eqs. 4, 5).

For temperatures greater than 10f30K,'when both electrons and

protons are relativistic
' sÛ^

-td,t+¿.Q,nf 
+8+29,n2-6, (9)

kto

whence f + some constant value fO as x + 0' f0 is to be interpreted as

the initial photon /baryon ratio in the universe. The entTopy equation

(7) can then be regarded as giving f as a function of tenperature or

equivalently of x = mc2/kT through

clf +2Lnf + 8 + 2 Ln 2= cf + 2 Ln f + F(xr) + F(xr) (10)t
0 0

*i = (nrlm)x

The solution to Eq.(10) must be obtained numerically using Newtonrs

nethod. Results for different values of fo are plotted in Fig' 1'

clearly f is not constant and decreases monotonically with

increasing x. However for values of fO > LOZ the effect is negligible

down to at least 1030k. This constancy of photon number together with

the assumptions that the photons are black body has the inportant
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consequence that the shape of the black body spectrum is preserved by

the expansion alone. That is with f constant RT is constant and the

frequency of an individual photon v., which falls off as R-I is propor-

tional to T, so that an individual photon need not be subsequently

scattered to find itself at a frequency consistent with equilibrium at

a new temperature. The net exchange of energy between components is

then zero. with smaller values of fo however the decrease of f is

directly attributable to the flow of energy fron the photon to the

matter components necessary to maintain equilibriun. In the notation

of sec. 5, Ch. 2 the rate of transfer of energy per unit volune frorn

radiation to natter is

-Q = -[U, . ,(0., tr, -U] = -onkr i (11)

The chenical evolution of the matter components is given by Eq. (6)' In

the relativistic regime the À' are constant and equal

T.
1

Lî 2 Ç(3) Lnf (12)

and in the non-relativistic regime

3 ( 13)Ln(4çG),6n/2)-,e.nf- gn
2

The latter indicates how the degree of non-degeneracy is enhanced by the

expansion since tri - *i is less than its initial value by 3/2 Î'n xr'

The dynarnical evolution of the nodels is obtained by solving the

Friedmann expansion equation (2:118) as follows. The number of protons

is conserved during the expansion and is given by its present or

fiducial value within some conventional volume as

xÀ
1

x+
L1

N(to) = ]rf
0

=nR3=nR300

f
0(not to be confused with the photon to baryon ratio at t = 0). From



(5) we obtain R as a function of x

whence

R dx d(¿n R) - dxfr
R = ãt ---ãr- - aT|.5

t
J

t
* r31*¡
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(1s)

f '(x) =_ df /dx (14)

substituting this on the L.H.S. of Eq. (2:11g) and using Eqs. (2' 3) and

(2:45) on the R.H.S. and integrating we obtain after some manipulation

f '(x) 1ì
TTi)-' -t t

f=
J;

(t)

[',i8.'J I
i
I
v

_ 2 + å,4

Kc2

n p2
0

z/s

dx
3

0

Equations (I0) and (15) generate a family of Friedmann nodels character-

ized by three païaneters; the initial photon/baryon ratio fo, the total

number of baryons within the fiducial radiu' N0 = toRS' and the

culvatule coefficient K = +1 or 0. In the special case of K = 0 nodels

both ternperature dependence and dynarnics is determined by the sole

paraneter f0.

In Fig. 2 we plot sone nunerical solutions to these equations' The

integration is cut off at 1030k since near this tenperature the ions

recombine to form hydrogen and a separation of the matte1. and radiation

fluids takes place. we have assumed here, and not unÏeasonably for this

earhy universe , t:na1- the curvature term makes no contribution. The

change in gradients of the curves indicate the transition from radiation

domination of the dynamics (15) to matter domination' A useful tool to

characterize the transition is the deacceleration parameter

" 
p+3p

RR
q 3Kc

RR2 2P - qrc

which on ignoring the curvature term gives

(16)





qÈ1

q

K
3

r Kr(x,

I
2

when photons doninate

when matter doninates.
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( 1e)

The plots of this function in Fig. 3 suggest that the whole of the non-

relativistið regime down to reco¡nbination will be doninated by photon

behaviour for fo > I0I0 or by matter for fo < 1'

The speed of sound can also be calculated in these nodels, Curtis

(res4) ,

vs2 l-opl _ dpldx
C=[¡pladiauatic-ar7õ.-

(L7)

f + 2xfl f+8 ( 18)

x ..,ff+JF+.3J 
'+ 

cr'x + 3ar

after using (10). This reduces to the usual t/ß tinít at relativistic

ternperatures. Associated with the speed of sound is the Jeans mass,

which can be given as (e'e. Weinberg (L972))

M¡ 3R3
S Tz

G (p * P) /c.z

Ut

2

4r, No v
(m + mr)I

Tz

K *I
f x

+x +of

2

K
3 3 2

r ÇGl 2 xr(xr)

where

"3 
(mr + nr)

0
c3/z gY2 Iz ^, 86 Mo

tI

The Jeans mass provides an order of nagnitude estimate to the lower mass

limit to the size of growing perturbations' It is clear fron the plots

of these Jeans nasses given in Fig. 4 tttat low fo universes have a

critical mass not nuch larger than a solar mass. If this critical mass

is taken to be the ¡nass at which most fluctuations crystallize out into

stable lumps of matter, then such a universe nay show no tendency to

x

1t
4
5
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forrn agglornerations of more than one or a few stars (and if fO is low

enough it nay show no tendency to form even stars, only cold hydrogen

planets) .

l4lhat seens inpressive in these plots is the natural appearance of

Jeans nasses of the order of a few hundred solar masses for fO = 1 '

This would strongly inplicate the formation of supernassive stars prior

to the formation of galaxies just as proposed by Rees (1978). The

value f - 108 is then due to thermalized photo production fron these

sources by various mechanisns which Rees discusses. Our analysis

suggests a sharp increase in Jeansr nass after this period of photo

production possibJ.y giving rise to-the era of-galaxy formation' In this

way a 'rnatural" basis for the-re¡narkable photon/baryon ratio of 108 at'

galactic ePochs naY well be found'

However as is clear fro¡n sec. 3, Ch. 2 ít is precisely at this

initial value of fo nv 1 that degenerate effects begin to become

inportant. The Synge gas is only physical when it is an approxination

of the non-degenerate behaviour of Fermi or Bose gases' To study the

small f nodels we must therefore return to the full generality of the

equations of state (2zV-L7). llre study cases using the quantum

statistics in the next two sections, however the increased cornplexity

of the equations forces a retreat to cosmological models sinpler than

the one above. Models with I rnassive component are treated in Sec' 3

and nodels containing only ¡nass zero components (in any number) aI.e

treated in Sec. 4. Whilst clearly unrealistic as cosmologies the models

do present some interesting features; some of these will prove useful in

later more realistic attenPts.

3. MODELS WITH ONE MASSIVE COMPONENT

In nodels containing one massive fluid undergoing adiabatic
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expansion the particle nunber is conserved and we have through (2:32)

and (s)

f-r = åf rn(x,À) (20)

As before f can be considered as the ratio of the density of black body

photons to that of the component, even though these photons are not

present. It is proportional to T3R3'

UnliketheSyngegasthevariables(x,I)cannotbeseparatedto

give the simple forn f = f(x), instead the adiabatic condition can be

used together with (20) to elininate f. Thus the specific entropy

(225, 2235)

kgf
qe G)

In the extrerne relativistic regime the I

S

n

t o3 1x, l.¡
r2i ¡x,À1 + - À I"(x,À)

e3
= const. (2r)

and becomes

s
ñF

r:3(x'Ð 
- À r:c*,^)'ì /I'(x,À) = const' (22)I2t(x,1,) *= . 

)

ab
e

will show no temPerature

(23)

(24)

dependenceandgQoveltothoseforradiation(2.40-2.4L)and

f- t

s 4 r31 (0,À)

ñ = 5 TTd,T)-

The initiaL data is given by some s/kn or f(0) = f0' the chenical

evolution L = À(x) foltrows fuon (22) and the thermodynanical evolution

f = f(x) from Eq. (20). Once this last is known the dynamical

evolution can be given as

, = f,(')¡5g¡.']þffi#,zr(x) ffi-å d* . (2s)

As in the synge gas case a fanily of rnodels is generated by

- )\ = const.
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Eqs. (20,22,25) which is characterized by the three pala$eteÎs, the

specific entropy or initial photon to particle ratio fO, the total

number of particles within sone fiducial radius NO = nORf, and the

curvature coefficient K = tl or. 0. For the zero curvature models

(K = 0) both tenperatule dependence and dynanics is determined by the

sole parameter fo.

Use of the alternate notation for the integrals, the Qn(x,À), can

sornewhat sinplify the solution of the equations since one need not

solve (20, 22) to give explicit forms for dÀ/dx, df/dx. Thus on

substitution of (2:28-2:30) into (22), differentiation with respect to

x and use of the differential relation (2:31), we obtain

t ,2r+ 3 22.I
Q2 Q2(Q4 _ Q2) _ (5Q3 * Qr) (Q3 _ Qr)

3

A similar substitution and differentiation of (2f) gives

3dr_QI
dx Q2

I-

xdfr=Qt-atå*
4dxf Q3_Qr

(26)

(27)

and hence

If QI2 sQ3Qt 4Q22

f (sQ3 * Qr) (Q3 - QI) I o, Cou - Q2)

( 28)

Solution of the equations must now proceed by nunerical nethods, Eq'

(22) can be solved by Newtonrs method for À = À(x) after which (21, 28)

can be used in (25) and the integral suruned by quadrature.

The qn notation also allows direct expression of some of the

quantities developed in the previous section. The deacceleration

pararneter becomes on ignoring the curvature tern and using (2233-2234)

x
4

+

o=å[r. ll#9#, l= ! -#-Si
and the speed of sound (17) through the use of (2:37-38) is

(2s)
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(50)

(35)

(34)

.2 (sQ3 * QI) z (Q4 * Q2)dx

The Jeans mass then follows sirnply fron (19). We note that for x << 1

Eqns. (A3S-SS) imply Qt tt Qn-l so that (2g) and (30) give the expected

li¡nit behaviour I = 1 and "!/c2 = l/3'

Itwillproveinstructivetoconsiderseparatelyspecialcasesof

the equations above.

(i) Synge Gas.

In the limiting case of À large and negative the non-degenerate gas

is described by Eqs. (2:56-59) and we have using (20' 21)

f-I = #*2"ÀKr[*) 
(31)

and 

*=u,rr+F(x) -nn(+ç(s)/e) (32)

whereF(x)isgivenby(8).Itfollowsinnediatelythat
xK, (x) 

S

^=T¡Ð -*
and

f = fo 
"4*9"n 

2-F(x) 
'

Since xKr(x) /K2(x) + 4 as x + 0 the fluid can only be non-degenerate for

a large s/kN or fo. In the relativistic regine f is constant and in the

non-relativistic regine it is a decreasing function

f - 109. fox -3/z for x >> 1

so that T - L/R2 which is nuch faster than in the relativistic regime

where T - 1/R. During the expansion the relativistic degeneracy

parameter increases from tr - nn(zç(Ð/e) - Î,n fo (x << 1) to

tr =.0n(ZetSl/C) - [n f + x - 1l/4 however the non-relativistic palamete'
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I = À - x decreases by LI/4. Clearly the expansion serves to increase

the degree of non-degeneracy of the fluid'

As expected the fluid changes fron radiation (p = 5p) to matter-

like (p >> p) behaviour near x = 1, this is indicated by a deacceleration

paraneter which depends on none of the initial data

-1) (3s)

similarly the speed of sound depends only on the temperature

o=å[t +s/[xKr(x)/K2'.*)

.l

2
S

V

c

K2
1

x2

iþMJ=

[r - rz(xri(x1 - t)J
(x)

where

(36)

(37)

(38)

(3s)

(40)

and the Jeans mass becomes (19)

r, (x)

q(Ð

where h = 86 Mo when the species ¡nass is the proton mass'

(ii) Degenerate Fermi Gas.

For sufficientlY large n >>

using (20) we obtain

I the Itb .t" given bY (2:68) and

f- ne 3

,çxz - x2) 2

Eq. (22) and (A:33) Yield

¡2)n,

KN
-tt2-x2

I
f3

3/z

MR

S

^=Éå['.ÃÏä"]
NK

and hence

(41)
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7r.

(42)

(43)

À=rr2* for x <<
n2Nk

23

ÀÈx+ n2Nk
23

- tr2Nk
, tor x tt -Z._

Initially then n is large n = 12/ (s/kN), fo and s/kN are snall; n

subsequently falls by a factor of 2 during the expansion. As the plots

of the deacceleration paranetel indicate, the degenerate fermi gas

retains a radiation-Iike behaviour until x = n2Nk/25; i.e. welr into the

non-relativistic (x t, 1) region. The dynanics for x s ì'/2 is on

ignoring curvature effects and with uF as l'kT

I

2
p = (ÀkT) -

In the Last g = 2. The changeoveÏ thus occurs at a tilne which is

independent of the extent of the degeneracy

I
2

2-Lt (44)

(4s)
L_

For x >> \/2 the gas dynanics is doninated by rest mass and

gnz623/z^.2
I
22

Fl 
Ê (46)

sc5h3

As has already been noted in sec. 2, Ch. 2, if the initial degeneracy rs

not too extrene the expansion may lift it conpletely. The effect will

occur in ¡nodels for which 2-83 < S/kN < 4'2'

(iii) Degenerate Bose Gas.

The equations derived at the beginning of this section do not apply

and the condensed phase must be put in directly. In the thermodynanical

linit the equations of state are given by (2:23-2:26) with the number

density of particles in the condensed phase as

n: + rl r (x,x) @7)ti=t-4ãt".,*'-r

z(src '¡-åt = e¡r"z o1
z(snc ,l -
5t3.t'-t-J
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which then takes oveT the role normally played by the chemical

potential which has been set equal to x. Rewriting this equation as

f-l = f-r #rr|(x,x) 
(48)

where f. represents the ratio of black body photons to the nunber of

particles in the condensate, u,e see for x << I and using (A:39' I = 0)

a.)

(4e)

(s0)

(s1)

f_r=f-t_g/2
c

Since the condensate rnakes no contribution to entropy we have

s .( 19Î I

ïñ = Aä lr2lcx,x) 
. + (x,x) - *Ill(*'*),J

that

and hence for x .. I by (A:39-41)

We thus obtain

S

ñ

r2l(x,x)

Tff"o

f = fo 8c(4) / +

Iol(x,x)
-l

3
- *rll(x,x) (s2)

and through (a7) and (48)

'. = d(s) å þ[t,](x,x) 
. + (x,x) - *r1l(x,x)J - t1lc,.'.1]' (s3)

thatis,aslongastherighthandsideof(53)ispositive'

As with fermions we note that the degenerate phase can be removed

by the expansion, this will occur for L'28 S S/kN S 3'6' Thus in the

nost extreme case in which the condensate can be removed by the expan-

sion the condensate contains-3/4 of the total nunber of particles' The

boson gas does however provide an interesting reversal to the behaviour

of the fermion gas, for consider the energy density in the relativistic

regine
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g = kr !iåiåi* n"mc2 (s4)

The condensate certainly dominates the number density and at any

tenperature, however (54) indicates that the kinetic enelgy and not the

rest mass eneTgy nust doninate the energy density for sufficiently high

temperatures, vi z

eG)6
f c_
-+ 

I
x

(s s)p 3
z2nmc

c

is large for x.. fc, e s/(kNg 1.s)). For such snall values of x the

fluid has a radiation-like behaviour with p = 3P, changeover occurs at

x æ s/(kNg 1.8),.and excepting the special,cases nentioned above the rest

matter will subsequently dominate the dynarnics-even though-the tenpera-

ture is still relativistic. The deacceleration paraneter (16) is given

by

2( 2 0 +h 2
9=1- (s6)

(s7)

4
a Qo*h

where

= å[S['1lt*,*) 
. + (x,x) - *r1ì(x'x)J -'lit,.'.'] '

The paraneter is graPhed in Fig' 6'

The dynanics of the expanding fluid is given through (2:118)

. = J;t" [+.'] [+'"'[.+furËF. "".1]-å 
dx

where

*f' = 8Qz - sQg - s*t (sB)
4n 

å,ou-Q2)-(Q3-QI)
which can be obtained through (50) and (2:28-31). It is clear (A:35-38)

the term is negligible in the relativistic regime, so that during the

period of radiation-like behaviour
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(se)

(60)

f=

That is the dynanics is independent of the extent of the condensation

until x e, S/ (kNg 1.8) .

The speed of sound can be calculated

x2
2

l-a'trct-

ls"2

2
V

S

"2
3 (sQt * Ql) - 2(Qq * Q2) + h'x/2

3 -2I 4 2

-T 3(

whereh,= aSNtsQa *Qt -Q4 - sQ2) -L*loO, - (sQ3 *QI)) andhence

"? =r (s(Qg - Qr) - z(Qa - Q2)ì
.2 3 (sQ,*Qt-Qq-sQ2)

I (6r)

4. A GENERAL IZED TOLMAN MODEL

The nodels containing nassive components detailed in the prevrous

section are clearly evolving. All the interesting dimensionless

parameters and thernodynanical functions have a dependence on the cosmic

tine t. That this dynanical structule has its origin in the very mass

of the particles can be seen by looking at the contrasting situation;

that of zelo mass Particles.

consíder a fairly general situation in which a number of different

types of radiation are in thermal and chenical equilibriun' For

example we nay have a fluid containing black body photons' neutrinos and

antineutrinos expanding in thermal and chemical equilibriun' Such

nodels are not physically feasible due to their near col1Ïsionless

property (e.g. photons and the principle of superposition of the

electrornagnetic field) however for the s¿rne reason they best approximate

the ideal gases of the previous chapter. Moreover they provide the

lirniting case of matter filled models at relativistic ternperatures' we

night call then the generalízed Tolman models (see Tolnan 1931) '

The equations of state and entropy are given in (2;I4-2t17) and as
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before the dynarnical eyolution comes through (2.118). Each of the I?b
1

Q:a0-4I) depend directly on only one parameter ).. and it is not

difficult to see that any inversion of the equations of state and

adiabatic condition fonned fron (2:I4-L7) to give the set {}" } can only

depend on the dirnensionless terms nr/nr, 9t/ntkT, S/nk " ' etc' Such a

set of solutions is thus fo:rned only of ratios and sums of the rfbClrl

and cannot depend on the temperature'

In these pure radiation models then, we have the following static

situation. There is no chernical evolution and the {lr} are constant

througþout the expansion. The specific entropy of each component is

individually conserved and there is no heat flow between components'

Even if the weak interactions between the Particles were to break down

e.g. neutrinos decouple, this picture will not change. The precise

chemical nature of the gas is thus a frozen feature during the

expansLon.

The thermodynamical evolution is trivial. The ratio of black body

photons to some conserved nunber is constant and R = const./T.

The reasons for this behaviour are similar to those given in

Sec. Z fot a Synge gas dorninated by black body photons. Since R - T-1

the rnomentun of each radiation particle which scales as R-t is

proportional to T. The particle need not be subsequently scattered to

find itself at a momentum consistent with equilibrium at the new

temperature and the occupation numbers of each of the scaling energy

Ievels of a species remain constant. The chemical potentials scale as

the ternperature and there can be no net exchange of energy between

components.

The integrals Iab are given by (2:40-42), however they are too

conplex to allow a general solution for the chemical concentrations

except for some special cases discussed below. In spite of this the



dynamics equation (2:1r8) is solvable in full generality.

We have using (2282)

p = I o.ri # r?I(Ài)

. rlI (Ài)I
R4

o'/, .ig
'Ni
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(62)

(65)

(64)

(6s)

(66)

and N is a referenc speòies. Integrating directly we have

t = R2ll(di'. Yç2Pz¡4 - fil
with

where

giving the temperature dependence as

r* = r6nr(r)[#J'fr= const.

- 8rG *?g NYg

3c2 -N (tu'rätr [ s' rfl(r') = const'

= 
8n9 

op+
3cz

d
1

t=T-2 Kc2
2- ,z

16n k3
2/3

f*N h c 1
with

8nG 4nka I st rll Crtl = const.
1

d2 3c2 h3c 3

8rG pT-4
3c2

In the case of the K = 0 nodel we have sinply

¡ = p2/2d
I

2 a = y-2/2d I
2 t = 2-t (8icp/3cz) -t (67)

I, 2t

the natural generalization of Tol¡nanrs model for black body photons for

which gr21 (o) = L2e(4) (2:4L) and
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L.52 x 10l o 2
t= T

(68)

with

,]
I
4

we ríote that the same results are obtainable through direct use of

the Euler equation (2:11ó) and p'= 3P' this gives pR4-= const;; -and the

equations follow via (2:118)

In the closed models we note that when R attains its maximum

I

R = dr'/c then t attains its naximun t = ¿l/t'= R max/c and T its

m]-n]-mum

The general result is, given by (68) with the T scaled by a factor
r--'l 4

lI t. I?I(Àr)/IzÇU)l; for example if the ¡nodel contained only highly
Lí"' 1-1 

1
degenerate neutrinos-in Eq. (68) T -+ )\T/2.68 (À >> 1). In general then

! = (r.52 x lolo7r dr)z (69)

d3= 
[rrlîr(ri) 

/12cG t

r = cþ+t-5L,.*,,,|i sir1,.^,1

Let us now discuss some special cases of these nodels'

(i) Photon Fluid with Chemical Potential.

This case is of interest in relation to the discussion in Sec' 7

Ch. 2. The nunber density (2:32, 2:4I and 23) give

f
t = ¡äf ó("À, 3) (70)

where À < 0. The equation is trivial when À = 0' The entropy equation

(2:35) with (2:40-2:41) gives

S (7 r)={ -t
KN

using the expansions (B:33-34) solutions to this equation for various

starting values of S/kN can be calculated and are plotted in Fig' 7 '
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Only S/kN > 3.6 is considered since below this value hte encounter Bose-

Einstein condensation of the photons. The condensation is of little

relevance here since fotlowing the discussion in Sec. 1, Ch' 2 we set

À = 0 and release the constraint on photon number. However the

condensate is of zero energy and does not contribute to the pr.essure or

the entropy so it cannot deflect the dynarnics fron its black body

behaviour. This is a dírect consequence of inposing the thermodynamical

limit on Eqs . (2:20-2:22), clearly this is not rrnecessaryrr and some

recent work Becker and Castell (L977) rejects the assunption. That work

is inspired by,a suggestion of C.F. Von ltleizäcker that the photon

condensate be identified with ¡natter and in the tTeatnent'the lowest "

energy is not zero but proportional to the radius of the universe.

(ii) Black Body Photons, Neutrinos and Anti-neutrinos.

Even though the simple nodel above must be solved numerically nore

conplex models can yield exact solutions. ConsideÏ an expanding fluid

containing black body photons, electron neutrinos and their anti-

particles in theáal and chemical equilibrium. The chenical potential

of the neutrinos is equal but opposite to that of its antiparticles and

the relevant equations are (2:44-46, 2:52-54) ' Conservation of electron

lepton number ((t, - n-)R3) gives

),(i,2 + n2)

where N refers to the net nunber of neutrinos. The total entropy per

net neutrino is

N n2(\2 + ,r.2) (7 3)
TzEG)

l= (72)

f
S

ñ

and hence the solutions

S

ñ- 2 ¡2¡2n4
F l

- kNn2 .c

^=--S-, 
tN

+

I

g2

(7 4)



The dynamics can then be obtained simply through (67) since

79.

(7s)

(7 6)

2

and for the case of the K = 0 models we have

3

i
i l+Ê) =þ , . k'N:t-J' 

/ o81 ût
1

l= 4.08 x 101 0ì 2

T(À2 + n21
I
2
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CHAPTER 4

MORE COT{PLEX MODELS, PAIR PRODUCTION AND

THE REES MODEL

1 INTRODUCTION

Wecontinueourinvestigationofequationsofstatewithin

Robertson-walter cosmologies. rn sec.2 we discuss a many component

nodel using quantum statistics but we allow no reactions' we indicate

the quickest ¡nethod of solution and as in ch.3 we derive equations

which exhibit some of the more interesting features of the models' 0f

particular interest a1.e the energy and entropy flows between the various

species which occur when the masses of the particles becorne inportant

in the equations of state. For exanple in a fluid containing

degenerate(fermi)species,otherthingsbeingequal,theexpansion

shifts the total entropy in the direction of the most rnassive species'

In sec .2 we will not be concerned with any actual calculations since

the many component model with no reactions'adnits an irunediate

generaLization to the many component nodel with pair production and

annihilations.

A schene is set up so that only a change of notation is necessary

to conver t any equations in sec .2 to those for pair production which

are the conceln of sec.3. It consists of using sone linearly

related function6 the Jab(x,À), nf,[x,I) which replace the Iab(x,À),

Q!{*,À) of Sec.2 in a way to be described. The Jab and Rn are

discussed in Appendix C and they turn out to be sornewhat easier to use

than the I"b, Qt. Nunerical schemes capable of providing solutions to

the many conponent nodels are detaiLed in Appendix D. In Sec.2 we
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calculate for some of these nodels, however in their late stages the

nodels will revert to either a synge gas with black body radiation or

a degenerate single particle gas (as long as there is one mass reasonably

greater than all the others).

InSec.4wepresentaqualitativediscussionoftheReelsnodel.

This may seem somewhat out of our main line of development' however the

Reers nodel enphasizes at least one particular thing' That in ignoring

the chenical reactions possible within the fluid our descriptive

scenarios can differ.significantly from a realistic one. The Reers

nodel of course resorts to chenical reactions in inhomogeneous regions

(supernassive stars) within the expanding fluid but its general nethod

of photon generation is paradigrnatical of attempts hte will in future

make. This chapter thus ends with a qualitative discussion of the

Reers mechanism in the foll0wing chapter u¡e tul.n to a quantitative

approach to chenical reactions in general '

MANY COMPONENT MODELS - NO REACTIONS2

In continuing the investigation of thè equations of state

(2; 32-35) within Robertson-walker cosnologies h¡e study in this section

models in which many species are in thernal equilibriun with thenselves

and black body radiation. We allow no chenical reactions so that the

number(=Niwithinsoneconovingvolune)ofeachspeciesispreserved

during expansion. For the ¡noment we consider the nunber of different

species to be finite (= m, not to be confused with the nass of the

particles) and snall enough so that the nunber itself will have no

thernodynanical consequences; h¡e will relax this assunption in Ch'6'

As in ch.3 we can always set up the equations so that the volune

dependence can be separated into a photon to reference particle nunber

ratio (LabelLed N), theY becone



, = fu rt](x,tr),

82.

(1)

(2)

(3)

(4)

N gi ttr [xr,Àr)

rlr {x'rr)
n-1 equations.

+of

1

gN

In future we will drop all variables and just label the integrals by

the nunber (i) of the conponent they describe. The total entropy

density is given bY (2:35, 2246)

B I+c:
)x'

tbi 1

x.
t_

where ß, = 16n f (3) (nic/h)3 = Êxr3/x3 and u = 4e@)/e(3) =

Zr4/+SÇ(S) = 3.60. Dividing through by the number density of the

reference sPecies gives

3
-4ß

I

m

I
l=

(tît*tlt-^.r11)
s/k =

3

]-

N

n
I

i=1

S

k

N

-À
1

which is then the total entropy per reference particle. Equations

(Ir2,4) constitute m+l equations in the m+l functions {Ài(x), f(x)}.

The problem of initial data is made clear by considering these equations

in the extreme relativistic region (nax(x1)<<1) the IaP are then

replaced by (2:40 - 4I) so that (I,2'4) give

r--%6¡-eeÀ,s) (s)

N
1

N ge

À.

0 (-qre t, s¡gi

q ¡-.. eÀi, s¡

e
1 (6)

O(-e eÀ,s)
À.

I
1 + (-Eie t4)NST-\frä-

l-= I

4
À

N 1
+ crf (7)



As in Sec.4, Ch.j the {À.}, are constant and the initial data is given

by the n-l Nr/N and S/kN, or equivalently by the ratio of the photon

number to that o each sPecies

83.

(8)

(10)

f io = f0N/N. i = I .... m

where f(x + 0) = fo. The f. also supply a criterion for the

degeneracy of a species (Sec.2, Ch.z).

If each fio ir large evely component is non degenerate in the

relativistic regirne asymptotically approaching the Synge gas as fiO * -'

Eqs. (47-11) give to first order

(o € I
| -i-io | (e)Àio = -r"LæiJ

S

ñ
1

m

i
i-

N.

na Co + Ln(g./2r(3)) + rn fro) * ofo.

As tong as m is not too large the photons will doninate the entropy

equation and determine the thernal evolution of the nodel, Eq. (4) then

gives the generalization of the 2 component synge gas of sec.2, ch.s.

N

¡r ¡xr) + e.n(g. /4ç (3)) + .1,n f. ) + of (11)

where the F(x) are given by (3:S), note that for x>>1, F(x) - 1'5 Í'n x

so Eq. (1I) wilt be valid up to very high x indeed (degeneracy will

eventually occur at an epoch * - "f0)
In the other extreme where each of the f. o is snall (consider

only fernions) then sinple generalizations of the degeneracy equations

(3:59 - 40) will give to first order

1

m

I
1

S

ñ
1

N

Nrg
-.t
Ñ-i lxz - 7.2¡

s/z
(rz7
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(13)

(16)

IS

KN

n

I
t- ]-

ÀT12N

N
+ cf.

(À 2 -x?
1 1

Notice that the j 'th species has a share 1/[
1

Gr/er) I/3 of the total energy (see 2:69) and a share 1/[ (Ni/N')2/3

For sufficiently low temperatures each x. will be larger than the

R.H.S.'d (14) and we have x.>>1, 
^j 

= *j with l.-x = nrrtt, as long as

Eq. (12)
JJ

then gives

nx

(1s)

the entroPl is

1 )1

clearly the photon contribution is negligible and if all species are

relativistic (rnax (x')t'1) we have the sorutions

À = 12 P ,Ë, [þ]"' []]"' ,
(r4)

^j = ,, ãr ,1, 
rt";-,I'-' 

[þJ"'

tHr/tt, ) 
u/ 3

Gr/zr)1/3 ot the total entroPY'

each species renains degenerate'

rtr.-x.lx. = 
lN'cl2/3

.,.j ^j,^j ' nj*j =[ÑLrJ

. ni m [*¡tì"''."'l- =ç 
t-rrJ

S

ñ-

giving

m

I
i= 2t1

N. t
1 1T-

NI 1

].

x
1

m

I1

KN

S2

x
'fr2n= [þ]"' [þ]"'
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1l (r7)
nj

The expansion has redistributed energy and entTopy between the species

so that the share of the total energy for the jtth species is now

(see 2-:70)

tt

Tr2 kN P
,2 s ilr N

vL r/L 11

J

mg . x. I
1L

1tt Èj*jtj

m m.N
1

mi=I J
N

I-

while the share of the total entropy is

,'" ,r''t ^,mNttl
i=1 Vs

)

since this regime is matter doninated the first of these is obvious

however the second indicates there will be entlopy flows, other things

being equal, in the direction of the most massive species. In such a

case (N., = N.,, 8i = g.) the nost massive conponent will dorninate the
.I J T J

tentropynd=n,Nk/2SifitisnuchmoÏemassivethanthenextmost

massivecomponent;notehoweverdegeneracyisnotliftedsince

À- = m rr2 tr¡t/S and we have assumed the nunber of conponents, m, is not
d

sufficiently large to change the character of the thermodynanics'

Alternatively the least massive component (with t irr/trr* <<1) will

lose most of its energy and entropy, in particular this is so if the

cornponent is massless e.g. neutrinos. 0f course in a physically feasible

nodel decoupling of the neutrinos will occur at some stage, thereafter

they will exPand adiabaticallY.

As in ch.3 it proves useful to represent the'general equations

(L,2,4) in Guessrs notation (2: 23-30) giving

?z mg
J J
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(Q3-Qr ) ,

- I.l +
L'

(r8)

(1e)

(20)

(2r)

(22)

3

N

2dx dx-
Q3-Ql

xf

(Q3 - Ql) '

1

e
(Qi4-Qi2)

x.
'[Qr3-QrI)

64

e (Q3-Ql)*3

3
N

1
N

(Qi Qi )

4

NI

m

I
i-

S

ñ

Nunerical solution of these equations proceeds as suggested in Appendix

D, solution is rnade all the nore faster since we can obtain explicit

equations for the derivatives of f and À.. Taking the derivative of

(16) with lespect to x and using the differential relation (2:3I) gives

I olarrza*, - ol

qi -qi

similarly taking the derivative of (20) and using (21) for each

dÀr/dxt gives

t2 .saimN
dÀ
a;- Q2 i=lN x

*
qz

+
i xi (Qi

^2-4Qí )
(Q3-Ql) I

ai

-a(aI

m

I
].

aî col-olr

( (3ai.al) coi-oi )-¡ ol col-olr I

aî

N. x.l-r
ffi 3

I it

The first tern in the denoninator on the RHS is due to the photon

contribution = f/x. The derivative of f is found from (18)

dÀldx (23)
4f
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(24)i.e. xfl N x (al
1I

E

2s6e( 4l

s x4 (Q3-Qt ) i

m

i
Ni*i ccsol.ol r rol-oir - å oÎ coi-oir I

1 Nx aî col-oir

when x.>>l and ¡.<<x. Eqs. (A13, 
^24-27) 

show that Qt = Qt to o(x-I)

and calculation shows both nunerators under the summation signs in

(22) cancel to o(x-2) and the contribution of the entire right tern

on the RHS of (22) is neglligible giving dÀ/dx = 1 i'e' À = x + const'

sinilar calculations based on Appendices A and B for the-cases

Iirt*i and x.<<1 for all i indicate that dÀ/dx is smal1'

The speed of sound in these nodels is given by

er*, (aQr2 - ac¡larr/a*r)
(2s)

m

I
i=1S1

oJ lem! T 4

trs- - ilr ei^i[4(aï . ai) - (6ai * 2ai)arr/ax')]

r,vhich in the relativistic regine with dÀr/dx. -+ 0 and Eqs. (435-38)

return \s2/c2 = I/3. The Jeans mass for the nodels follows through

(3:1s).

3 MANY COMPONENT MOD ELS - PAIR ANNIHILATIONS

If the characteristic thermal energy of particles (- kT) is

greater than those particlesr rest energy (tc2) then pair production

of both particles and antiparticles will occur. Assuming the presence

of black body radiation and chenical equilibriun between particle

and antiParticle sPecies we have
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!=-i,À=-I, (26)

the second follows since we assume thernal equilibrium as well'

The equations of the last section adnit a natural generalization

from m to 2n species once the antipaÏticles are inctuded. Instead of

the 2m equations which arise together with n equations like (26) we

can reduce directly to m equations by use of the notational changes

Jub (x,À) = I (x, À) + (- 1) rtb (x, -À) (27)ab a
ee Ê

n! tx, r) = a: (x, À) * (-r)"Ql (x, -À) (2s)

The convention that tr > 0 has been.adopted so that J"b, Rt are always'

positive.

All therrnodynamical functions can be expressed in terrns of these

integrals and the differential relations among the Qn (223I) hold for

the Rn. Transformation of an n component systen of equations to

include pair production is achieved by the sirnple changes ltb * Jtb,

Qt * Rt; all such equations in Section 2 now apply for the case of

pair production. The new integrals are discussed and approxinations

schemes given for them in Appendix c. In fact the new integrals are

easier to handle than the Iab and Qn since À+I = 0 + )' > 0 and there

can be no nondegeneracy at high temperatures (x : 1) ' If however the

fernionsaredegenerateathightenPeraturesi.e.À>>latx<<1,then

the new notation just reduces to the Qn, I"b'

fhe.llb(x,À) are given in the relativistic regine to at least O(x2) by

(C 30-33, C 18-21, cf. 2zS2-54)

J,
1t

J
+

).n2
3

É_
3

2T
+ J+

0 3 ¡4 : \2rz 7n'r=-*-r+ 4 2 Tõ-,, (2s)
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+
+

3

ab
hrhereas the J (xrÀ) are given bY

J2t+
¡¡rl = +.+,

with

¡l I =

J03
(30)

(31)

(32)

JzL = J03 =
2n)T

(C: 22-25)

J03
J2t+ ;- -

-J
ÀJrr = +

The last two show no parameter dependence to 0(x2) due to the restriction

inposed by Bose statistics, I < x. This however also requires

.l]t * 0 as x + 0 and if there is a net number of bosons over anti

bosons it nay imply condensation at high tempelatures. we will talk

of this further below.

In the non relativistic region the ;?b quickly return the I?b,

as long as f- is not too large, for exanple for f' = 1018' by *i = 50

the ratio of the number of particles to antiparticles is = 106 and

increasing exponentially with x. with species having f, smaller than

this, the particles will doninate at snaller xirs. Since annihilation

is such a fast plocess we will usually be able to enploy the equilibrium

distributions above with a snooth change over fron the Jab to the Iab,

the antiparticle density can then be ignored'

(i) Bo son Condensati-on

As long as the net number of bosons is non zero, condensation will

occur when

À
ßet.=t 

-tæ

is greater than zero. This will be the case when
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(33)

(54)

(36)

,,t ßg orx<
xzeççs7

oeß) f

for temperatures greater than this the contribution fron the bosons to

the total entropy remains the same

ob

3

S

F
8n4
Ã fN

g
( (3)

as does the pressure factot J:3 (we have assumed here that f is large

i.e. the bosons are non degenerate at 1ow temperatures). Most bosons

are of zero kinetic energy

-1 gx
6Ç(3)

(3s)f

sof=f and the boson energy density becomes
c

T4+-
30

If
c

2 ß
¡=nIìC KT

x

=kTÅ É +
J

xt

with the thermal phase clearly doninating the energy contribution

fron the condensate. The condensate thus has negligible consequences

as far as entropy' plessure and energy are concerned'

(ii) Solutions in the Rel ativistic Resion

The revised version of (3) gives in the region nax(xi)<<l to o(x2)

si ^'r*. +t . snal

=l
I (sz)

n4g \G6)

ß:=
k

m

I
j=p*l

8n4

-+
45

x3

ooj



the final tern is due to photons and we have ordered the labelling so

that the first p species are fermion and the last n-p boson. The

revised versions of (1) and (2) give

,=fu,*.+) (38)

gi À. (1.2+n2) N.
)

tn*,.
1-

ti- \-
8n*, 

^n*,.

91.

(3s)

(40)

, t = 1-p, (41)

N

Y

,
N g r (12+n2)

we assume no condensation. Eq. (57) becomes

S

ïl,i
N. t1 1T-

ñ- +Yf
1

m

(1 * I e
j=p+l

ï

À=ï
i=1

where

) i=1
si)'

Solution follows through use of cubics on (39), it becones rather sinple

if the fermion components are degenerate tr>>n or rrnon-degeneratert

x<<À<<n.Inthecaseofdegeneracythesecondtermin(40)canbe

ignored and Eq. (14) gives the solution. In the non-degenerate case

then

t.c, = Tr2
-8t-\ls

Es

Nrk

=0, i=p-n

sj
gL

B7* .¿_ ß1=I

1

S

gi
gi

8
15

m
*[

j=P*t
)

À
J

and

7
l5+

I n
I

j=p*t
+('õ

II
f- s-8

- 

I-
Nk \15 t_ ls sj) (42)
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Here .& runs over ferrnions and bosons as long as the bosons are non-

degenerate. The two restrictions Àr>>xr, 
^jt'*j 

in this case require

that N./N, be small for all i,j. The solution will apply for all non-
Jr

degenerate species when x. becornes equal to the RHS of (41) and the

nunber densities in the condensates can be calculated in a straight

forward manner.

In a realistic situation of course p and m are not fixed but depend

on the particle mass spectrun. The pair species will be extant in

equal numbers at ïelativistic ternperatures and (4I-42) again app1y.

When all species ar,e again non-relativistic the equations governing

the non-degenerate iSynge gas described in the last section are

appropriate however f has changed from its x -) 0 value fg'

(43)f=f. g"Rlml(1.árl,t,.,=1. )
J

assumingthatplandnlarefinite.Notethatthefernionsrnustbe

described by the degenerate equations if pl is so large it is equal to

the entropy per fernion (Eq.ao). 0f course Eq. (a3) could be used as

an explanation of the largeness of f now - 108 the universe beginning

its expansion with a more sensible value, sa/ : f. However this shifts

the problem to - h,hy does the mass spectrum contain some 108 species?

we exhibit in the graphs that follow the behaviour of f in some of these

nodels.

4. THE REES ÞIODEL

Let us conclude this chapter by considering the Rees ¡nodel

(see sec.2, ch.3) and its near relatives (see Reesr references 1'9)

sonewhat qualitativelY.
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The Rees nodel (Rees 1978) belongs to a fanily of nodels which

attribute the present nicrowave background and its near black body

shape (see woody and Richards 1979) to radiation energy production

in sorne specified epoch. This non prinordial origin for the btack body

radiation fits in well with the existence in the present epoch of a

considerable "missing massrr (see weinberg L972 and Peebles I97l for

reviews). such mass is underluninous having long since exhausted

available energy whose present form is the nicrowave radiation itself"

Actually one should really distinguish between two levels of

nissing mass. Thus there is the dynanically missing mass needed to

stabilize rich clusters like the coma as well as other groups of

galaxies (GetIer and Peebles 1975) and even the giant spirals (Ostriker

et al . Ig74). such matters however will probably not close the

universe (see Tarunann 1974). 0n the other hand there may be a

cosnologicarry nissing mass (qo = tl' Hg = $$+7 k*'-I Mpt-t) which

nay help bind larger structures '

In the Rees model some 80% of the nass is present as dark mattel

in galactic haloes and clusters of galaxies. This matter has produced

the blackbody background through the productíon of radiation at an

earlierepoch(redshiftz)andatemperatuteT=2.7(1+z)whenthe

radiation to matter density (a11 matter is in nucleons) is

p".
I

% nrnc2

-13 (44)S
14a

6.7 x 10 fo (1+z)

where all uncertainties with regard to the actual present energy

density have been incorporated into the photon to banyon ratio f'

clearly at low redshifts typical. of ftrresuned) galaxy forrnatÌon

(z<10) sufficient energy generation is possible but one then requires
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an inplausibly effecient opacity to adequately thermalize the

radiation by the present epoch. The problens remain for energy

generation at still higher z. Thus Layzer and Hively (1973) have

postulated rnodels in which stars of mass 5-10 M0 release rnost of their

energy at 25 < z < 50 however they must also postulate grains with

rather bizarre properties (e.g. netallic on the surface, hollow inside)

to adequately thernalize the radiation. To its advantage this nodel

may actually provide the heavy elements necessaIy to the thermalization

from a prinordial origin. The nodel iis a cold nodel in which degenerate

densities of nucleons, electrons and electron neutrinos determine the

primordial light and heavy element production (see sec.4' Ch.5)' an

expanding liquid netal shatters into solid (hydrogen netal) fragrnents,

finally forming into stars which lift the degeneracy and supply the

nicrowave background (see D . Layzet 1973 for details and variations) '

Alternately high red shifts are also ruled out. If one accepts a

rnaximum energy conversion 9f 6mev per nucleon characteristic of helium

fornation then f(l+z) < 1010 and energy conversion can only occur for

z . L02-3. In the Rees nodel an era of pregalactic supermassive star

(m > 100 Mg) fornation occuïs at z > 100, rapid hydrogen burning

(- 107 years) produces the radiation which is subsequently thermalized

by molecules and dust. 'The active phase - 107 years is over well

before galaxies forn and the burnt out stars provide the nissing ¡nass'

The galaxies form in the potential wells of the dark natter.

using the Rees notation the characteristic tine these stars take

to burn away a fraction e of their nass at a rate YLe (Le is the

Eddington luminositY) is



95

I (4s)

(46)

t
S

where t is the characteristic tine scale for conversion of rest rnass
s

into radiation

et Y

of
t=s 4 x 108 yr.

ã-Gnl-p

The expansion at this tine is dictated by the rest matter and since the

age of the stars is very nearly the age of the universe we have

. ,8rG _ .-I Ø7)t " t_pu)
3c'

If some fraction F of the baryonic matter has been included in the staÏs

at tine t the radiation density will be

o =?eFP-. (48)
'Y 5 D

and assuning it to be thermalized (p = asT4) üfe can calculate its

ternperature by elininating o5 using (47) and (45)' It is then a sinple

rnatter to calculate the photon to baryon ratio and give the Rees fornulae

I+ sh T+_r4 (4e)f

The first bracket is the ubiquitous large number (= 10401 that appears

in the numerical coincidences so that fo is given by the 4th root of

this number multiplied by a set of'model dependent factors whose value

is somewhat less than one.

0fcoursetherealproblenwiththissurprisinglysimple

derivation is whether the thernalization actually takes place in the

manner required by the detailed black body spectrum and where and

when the elernents needed to thernalize the radiation are produced'

,ñt'*? cf.r FeY
b
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CHAPTER 5

THE STANDARD MODEL AND SOME DEVIANTS

1. INTRODUCTION

Wewillnowattemptarnorerealisticapproach.Themodelssofar

discussed are charactelized by few ínter-species chemical consequences'

The particle-antiparticle annihilations studied in the last chapter

provide a rather artificial solution to the origin of fo problern and if

the standard nodel is to be any guide, chemical reactions a1.e responsible

for crucial contemporary observations - ion recombination -4000c,K, light

element production -107-109'K. In this chapter we study some chemical

reaction consequences in a wide range of cosrnological models' The

tempeïatures at which we will clain realism are below 1012oK' We will

be concerned here basically with the upper range of these temperatures,

what is known for the standard model as the lepton era; above 1012oK the

description is obscured by the opening up of both lepton and hadron

spectrums. Nonetheless consistent with past plactice we will assurne the

nodels are valid at all tenperatures and consider the consequences' It

will be up to the next chapter to discuss the conditions at T > 1012 in

a moïe realistic fashion.

In the next section we set up the equations governing weak inter-

action equilibrium in the lepton era for the standard model ' As the

,rstandard nodelil we will take to mean - no net lepton numbers, positive

net baryon number i.e. lepton symnetric, baryon asymnetric' However we

will put our faith in a carter type approach and claim the right to ask

for the cosmological consequences of models with any lepton and baryon

asyÍnîetríes. From sec. 4 on the nodels will become continuously more

deviant culninating in Sec. 5 with a nodel containing degenerate lepton
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seas but which in the context of certain lepton-baryon non-conserving

processes is lepton-baryon synmetric '

The procedure for studying a complex chenically reacting system

should be by now quite clear. For the species involved u¡e write down a

number of conservation laws for those not involved in reactions, a

nunber of equilibriun occurring reactions and their equations of mass

action and a number of conservation laws for those species involved in

reactions. These last will be laws conserving certain quantum numbers

(charges) associated with extant particles such as electlic charge,

electron lepton number, muon lepton number, baryon nurnber, stlangeness,

etc..

Now there are two crucial problems with such an approach. . Firstly

the nunber of species is considerably uncertain, phenomenologically we

have the newly revised lepton spectrum (e-, v"), (U , vU), (t-, v.?) and

an expanded hadron sequence {p, t, ff*, to, Ào, r*, xo' x ' lo' = ' f¿ '

K*, Ko, rto, J/r),, DI, theoretically we night replace the hadron spectron

by the quarks {u, d, s, c, t, b} (though this can have no cosmological

consequences if the quarks aI.e absolutely confi-ned) but as well we would

have charged and neutral vector bosons, gluons, Higgs particles, axions

etc. and perhaps even exotic possibilities like massive neutral neutrinos'

Secondly the established conservation laws of lepton and baryon numbers

similar to that for strangeness nay be only approximate and dependent on

the physical context - for us here whether or not law violating reactions

can proceed. Recent theories of grand unification of weak, electro-

rnagnetic and strong interactions will violate lepton and baryon laws when

the interactions become of equal strength at energies near the grand

unification mass -lolScev/c2. Incidentally one such popular nodel within

su(5) predicts a desert completely ernpty of particles between

to2-to1 scev/c2.
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In the face of such theoretical and experinental advances the

interrelations between cosnology and terrestrial particle physics become

(to borrow a biological metaphor) symbiotic. Since quantum chromo-

dynamics does not specify the number of flavours (colour interactions

are flavour blind) the authority of the standard cosmological nodel and

the sensitivity of its He4 production to the number of lepton families

has, for particle models relating lepton and quark flavours (two

flavours per fanily), been used to linit that number. Popular theories

would limit the nunber of flavours to six with the whole of particle

physics given in (e-, v"), (u-, uu), (r-, u.)i (u, d, s, c, t' b) and

their related bosons. C1early such claims require vigorous and detailed

scrutiny. In sec. 4 we attempt such a scrutiny on a number of levels'

However we wiII leave any philosophicat arguments about this surge in

fundamentalisn to ch. 6. l{hat will be inportant for us is that the

interrelations spoken of above are also back handed. For if there is

found another heavy lepton (with its own massless neutrino) beyond the

tau the standard nodel (as it now rrstands") may well fall, with it

must go some of the faith in the belief that the number of quark

flavours are linited and that they are indeed fundarnental. The quark

,'spectrun'r will then either become an object for explanation by deeper

lying theory (e.g. with "preons") or a nythical structure based on the

mistaken belief that the wealth of phenomenological data within particle

physics can be explained by fundamental particles that can never be

seen.

Now we do not wish here to take sides on these issues nonetheless

the standard model has been well described by others so ü/e will direct

our attention to its near and fa-r deviants'

The plan of this chapter is therefore as follows. In Sec' 2 we set

up the standard nodel and discuss its features in such a way as to be
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useful for later deviant nodel construction. In Sec. 3 we consider

some other cosmological problens for the standard picture and discuss

some relevant features of its light elernent production' Section 4 begins

by discussing the standard model and its Heq production as nodified by

the presence of higher lepton families. We then move on to discuss the

relevance of deviant nodels constructed by inctuding non-standard

particles (e.g. rnassive neutrinos) and non-zero charges'

One such thoroughly deviant nodel is treated exclusively in sec' 5'

It is a model which addresses the problems of nissing energy, light

element production and the present size of fO (the photon to baryon

ratio) by postulating that the energy density at the present epoch is

dominated by degenerate neutrino seas. while this is no new idea what

seems original in the presentation is the assunption that the present

seas are of electron neutrinos and anti-muon neutrinos. This lepton

syffnetry is an attractive feature of the model. we will present in this

section a simple anatysis of a feature of the model which nay well

produce the black body background. we also discuss the nodels light

element production however as we will see any light elements formed are

destroyed (though only just) during the sinply described photon

production period. A more conplex approach to the photon production el.a

nayyetallowreasonablelightelernentabundancesurvival.

2. THE LE PTON SYMMETRIC STANDARD MODEL

We assune here a family of models with components P*, û, I , U , ve,

uU, n*,1To (Iabelled by subscripts 1-8) togetheÏ with their antiparticles

and black body radiation. The components aÏe assumed to be in chenical

and thermal equilibrium (justification of this is left to specific nodel

analysis) via the pair annihilation reactions
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when the rates for these processes are fast compared to the expanslon

rate rve have a reduced set of equilibrium reactions and their equations

of rnass action
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e
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+
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( 13)

(14)

(1s)

T+>e v

n+v <+
e

Eq. (14) has been included since r* exists as a free particle and may

have a non-zero chenical potential'

The reactions conselve the following quantum numbers - electric

charge NO, electron lepton number N", muon lepton number Nu' barlon
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nì.mber No-theonlyassumptionwewillingeneralnakeonthese

is N = 0. cornpelling reasons for this have been given by Landau and
q

Lifshitz (1965) and Zeldovich (1965), at least in the context of closed

models.

Charge conservation is then

0 = 2 J"(x
3t

À,) + 2 Jrr (x,* ,
^u)

2 J"(x
^r)

+ J"(x Ir) ( 16)
It 7

where the Jab(x,À) are the pair production integrals of Appendix C, we

have for the rnoment dropped the convention that À > 0. Electron lepton

conservation is, after dropping unnecessary syrnbols

-t
e

I 3
Trz ( 17)-2J';

3 3
54eG)f + + À

and muon lePton conservation

f -1
e

¡-1: f

À: rzt;t=2Jti++.?

5

Àa4 Ç(3)
(18)

we have used the black body nunber to total lepton number ratio and we

have ass'med the neutrinos are massless (ga = Bs = 1) and applied (2252-

53). BarYon conservation is

4cG)fft=2Jtl+2Jt) (1e)

so that the photon to nunber ratios are related as

-1
b =g :N :N (20)

e u b

There ale no independent conservation laws for the charged pions

(n*, n-) since the above equations deternine their concentrations and

sincecontrarytotherepresentationinEq.(8)theneutralpionisits

own antiParticle

trr=Ir=o (2L)
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and so adopts a black body distribution'

The pair annihilation reactions (1-8) are eliminated by use of the

Jab and together with the equation for conservation of total entropy,

Eqs.(I3-I4,16-19,2L)constítutegequationsin9unknowns

{i, - À8, fO} which are to be solved at each ternpelature in terms of the

constants {s/NuL, N"tNu , N5}- Further reduction occurs when Àr' tr6'

)t, are elininated in (16-18) using the rnass action equations (13-15);

Eq. (2L) is regarded as a solution. The system thus reduces to the

unknowns {À, À4, fo} in the 5 equations (16-19) and

f
þr'

ls
li
Ii

+ t93 ls - À. Jïl
1 I]-J

b +af (22)
81 b

where as PreviuslY o = 3.60'

There is however one constraint on the system inposed due to the

Bose statistics (g = 1) of the Pions

| Àrl 3 *7 - (23)

If the constants {S/NUI, N" t Nu t N6} are such as to maintain

charge balance with a Jï t Ji,l"*(x' xr) then the equations rnust be

rewritten to include the condensation tern. To put this in another way,

Eq. (23) pLaces limits on the relative populations within each of the

lepton fanilies (I4, 15) and the baryons (15). This nilitates somewhat

against the initial reasons for the introduction of the condensation

tern (sec . 2, C;n. 2), for even though the pion densities are not linited

Eq. (23) does provide real constraints on the relative nunbers of other

types of particles. We will Ïeturn to this point later'

Theaboveequationstaketheirsimplestformasachargesymrnetric

nodel, Nb = Nu = N" = 0 and it is imnediately clear that if the equations

are to be satisfied at all temperatures then )\t*, = 0' In the case of

the seriously proposed charge symmetric nodel (Omnès 1972) two phases of

S

ç 4(3 )
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oppositenon-zeÏobaryonnumberSeparatespatiallyattempelatures

above l012oK. Restriction to such temperatures will not interest us

here.

In the standard cosmological model, 
^O 

= N" = Nu = 0 (see

Harrison (Ig73) for an explicit statement) and the nunber of baryons is

such that fb - 108; i.e. the standard model is hot. In the remainder of

this section we note some immediate consequences.

FirstlythoughthenetleptonnumbersaTezeTothenetelectron

(or muon) and net electron (or nuon) neutrino numbers are non-zero since

to put Àr*u to zero requires À7 = 0 through (14) ' trl = 12 through (15) '

hence À,. t 0 through (19), but then charge conservation (16) is violated'

on the other hand we cannot put separately À7 = 0 since Eq. (14) then

requires both À, = À5 = 0 in violation of (17) or the argument above'

Secondly we can (tediously) show that À, ' 0 is also excluded. For

íf X7 > 0 then l, - Àa > 0 by (14) however N" = 0 is possible only if

either Àr t 0 and Àu < 0+ -Àa * À,' 0 or À, < 0 and

tr,'0*-À3+À,>0.Thefirstoftheseisadirectcontradictionso

À, t 0 * tr, . 0 and À5 ' O,a similar argument for muons requires À+ ' 0

andÀ,>0.Eq.(15)thenrequiresÀ'>l,andsincewehaveabaryon

asynnetry À, r o through (r9). In such a case each positively charged

species has a positive chenical potentiaL and charge balance is violated

(r6) .

We thus must have

(24)
À \7'tr4' ).6 >0

5
À

3t

by precisely the reverse argunent'

by the Protons

Charge conservation is then balanced

Àr. >0+1. 2
>0 (2s)
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by (Is).

we wilI solve the equations in the relativistic regine below but

first we put some restrictions on -the degeneracy pararneters ' Note that

the normal convention J"(x,À) > 0 has been restored in the above

equations.

Eq. (25) requires through (19)

0.Ji.2eG)fu I

since these are the only positively charged particles we have by charge

(Jä,

0< À6
'Í2

f;'

2) zc3) r;t

f;'

Jr
7

tJrt
4

Electron lepton conservation (17) requires

0< is rze G) f;'
T2

fO is large, similarly muon lepton conservation (I8) requiresslnce

Now as long as the electrons aTe stil1 relatj-vistic (T t

approximatelY bY (C:18) so that

o<rr.Pr;t
and so

t0e) J'j is given

0<tr
7

and

0<À
n2

-1
b

6c (5) f
4

Restricting ourselves to ternperatures less than I012oK requires

*l,x2,x4,xz>>landclearlyeachspeciesisnon-degenerate'theyare

therefore described by (Cz7-9), which gives the Maxwell-Boltznan

formulae
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i=1 4 (26)

The contributions of pions and rnuons are thus vanishingly snall at such

temperatulfes and for protons and neutrons we have

I -x.
1 (27)

with 0 << Ài < xi sinc" f;t - 10-8, so that À1 = À2 to within a factor

-10-8. The equilibrium ratio of the nurnber of neutrons to the total

nunber of baryons is then controlled by the neutlon nass difference

r c2 - m c2 = I.293 mev and isnp
n

,,i= [ï*þ, sinh À.e i

2eJr.r
1 Æ-?

72

]- i=1

n Ir exp(x, - *r))-t. (28)

(2e)

X +
nnn + n

p

Via baryon conseïvation we then obtain (19)

Ji (l Xr,) ZeG) f; I

with the negative charged electrons balancing charge conservation

À3 -1
b(1 - xn)

I
( 30)

2

clearly fo is so large that consequences of the baryon asyÍrnetly are

negligible, the chenical potentiats of all species can be safely Put to

zero and the era -109 - 1012 is doninated by "black body" densities of

electrons, electron neutrinos, muon neutrinos and their antiparticles -

it is aptly called the lepton era. Actually in the standard rnodelrs

more realistic account of this era the neutrinos will decouple fron the

rest of the ftuid at -I010oK and subsequently freely propagate' Thus

any subsequent heating of the non-neutrino fluid, such as the pair

annihilationS of electrons will not affect the neutrinos and a tempera-

ture difference will occur between the two fluids'

tr
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Of course it would have been much simpler to assume the standard

nodel picture and show consistency with (17-19) but notice that up to

Eq. (25) the assumption of small ffil has not been used. In fact the

equations which follow (25) can be simply generalized by use of cubic

solutions to account for degeneracy of baryons or Ieptons'

Consider the consequences of a particularly high baryonic density

with say fUt tt *?. Now Eq. (15) demands

Í,\z -À I *7

2
>>x

7

however since the densities are cubic in the degeneracy parameter

Eq. (19) requires either Àr or )t, Z x, and so

À'.

It
À3 = (Z-tz + 1)-' *r,

).

Thus for a sufficiently great degeneracy, f;t tt *?, the number of

neutrons and protons are constrained to be the same while their density

is free. 0n the other hand leptons (say the electron type) have

À, = Iz - Isby (Ia) andÀ3=z-Ut rs, I, = çzt/t *t¡-t Irbycubic

solution of (17) and their densities reach maxima independent of the

actual barYon densitY when

Às çzlz * ¡¡-t x.
7

At such densities charge balance is naintained by a condensed density

of pions which in the framework used here can be arbitrarily large;

nonetheless there is defacto a constraint on lepton densities' Further-

rnore the constraints are not due to the different number of helicity

states available to massive and rnassless leptons, if the neutrinos had

v^
E = 2 the 2-/3 in the above is merely replaced by 1'

As previously we will assume oul rnodel to be appropriate at

extremely relativistic temperatures, in doing so we obtain a rather
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(C: 18)

r07 .

At such temperatures we have to O(x2) for fermions

À3 (31)À+
5J'

3+

and for bosons with no condensation (C:38)

T2

J':=+^ (32)

(33)

The cubic tetcms can be ignored and the solutions for fo large

À =5À \, 2^. 2^ 3À
I 3' 3t 3t

where
6c (3)

I3n2
f;'

are obtained easily. Entropy conservation gives through (Cz2L-25)

s ,- |G) I
- 

= *" 1(i'bkN¡

In such an idealized nodel Bose-Einstein condensation of the

negative Pions will occur if

ÀBÀ Àu=|À+
6

\,
3

J

À
3

(34)

The tine evolution is given here bY

so that condensation occurs before

-1
b

(3s)

(s:6e) with I s¡rlt(ri) tzee Ø)

x - 18C (3) I
I3¡21Í

1

t = 1.S " to-8 ff2 (36)

Notice that for an observed ratio of fo - 108 the tirne at which

such condensation occurs is just t f; 10-23 sec. However this is also

the tirne in which the horizon - ct comes within the wavelength (size)

h/n-c of the pion i'e' tn = h/nnt2 - 1923 sec' A hadron barrier
1T

(Bahcall and Frautschi 1971) nay be established for times previous'to
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this since the hadron cannot have established contact with other hadrons

since the singularity. We will discuss the relevance of the barrier in

more detail in Ch. 6. The coincidence is in fact equivalent to

,4

fu (37)

where apu it the Planck tine (Harrison 1967)

(38)

and the value of the bracket in (37) is just the square root of that

ubiquitous large number in cosnology - 1040. This in fact is the same

as in the Reesr model. In that model the value fo is a result of a

specified energy production mechanism, however in the above model there

seems nothing to indicate the mechanism which would give the above

coincidence as consequence.

A realistic cosmological nodel will of course be completely

different fron the above at such ti:nes; spectrurns of the leptons and

hadrons will be opened up by the high temperatures I l012oK and many

species witl determine the change balances (16-19). Whethel or not an

equation sinilar to (36) will then appear witl also depend on the

distribution of electric charges within the leptons' mesons and baryons'

l{'e will look at such an era in more detail in ch. 6. Lastly, notice

that Eq. (37) has a historical relevance, for had the microwave back-

ground been discovered and measured before accelerators had opened up

the hadron mass spectrun e 1950) then the coincidence would probably

have becone the basis of an attempted explanation for the photon to

baryon ratio. what soït of explanation this would be is far from clear'

3. THE STANDARD MODEL: PROBLEMS AND HELII.JM PRODUCTION

tllTl
tpu.l60

fçl'ì% - ro-43 sec
lc sjtpl =

I

The natural prediction within the standard cosnological rnodel of
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He4 abundance of - 2O-30e" is perhaps its greatest achievement' Such is

the sensitivity of the cosmological light elenent production that

deviations frorn the standard picture such as' inhonogeneity and

anisotropy, degenerate neutrino backgrounds, expanded spectrums of

leptons, etc. aTe severely límíted (see schramm and wagoner (1977) for

an excellent review). In fact if a present deuterium abundance of

- 2 x 10-5 (n(¿)/n(H)) ir *.ribed a prinordial origin within the

standard rnodel, then it actually specifies the plesent baryon density

S 7 x 10-31 gcn-3 i.e. A 5 .1 for HO - 60kn sec-l Mp.-l. The universe

is then open and all of its rnass is associated with the galaxies (Gott

et al . 1974).

of course one could take the opposite view that the light

elements have a recent origin (e.g.Fowler 1970) in supernassive stars

(Hartquist and cameron Ig77) or other unknown objects. In such a case

nucleosynthesis in the early universe must be linited in some way -

perhaps by a degenerate electron neutrino background (first suggested

by Zeldovich (1962) in the context of cold nodels) which represses

neutron production through reactions (I2). The unexpectedly low solar

neutrino flux is in fact consistent with a low - lo% He4 content of the

original sun (Marx 1975) and deterninations for the solar wind and

solar cosrnic ray abundances have gone as Iow as - L6% (Hundhausen 1972) '

However a recent origin would suggest a much greatel scatter than is

observed; for exanple Searle and sargent (1972) have investigated two

compact blue galaxies whose abundance of heavy elements is at least a

factor of ten less than in normal galaxies but the helium abundance is

almost the same. Recent work by Piembert (1975) suggests that the

prinordal value is .20 < y < .25 with evolved systerns (2% of the mass in

heavy elernents) having about 4-6eo molè heliun than prinitive systens

(<<Lyoofthemassinheavyelements).Argumentsfordeuteriumare
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somewhat less certain since it may be astrated, He4 alrnost certainly can

not. There is a strong consensus however for a cosmological production

of the light elernents and we will accept that consensus here' Detailed

argunents can be found in the recent reviews (York 1977, Schramn and

Wagoner L977).

The standard nodel itself is not without its problens. Apart from

little known astrophysical phenomenae such as quasars and black holes

which nay have considerable cosmological consequences' explanation of

some larger scale features of the universe is poor. The energing

picture is one of hierarchy of structures, galaxies' clusters, supel-

clusters, these last forming a three dinensional cel1-1ike pattern with

interior ilholesrr of - 100-150 Mpc (see I.A.U. Symp. No. 79 ed. Longair

1g7g). Now if we ignore the whirl theory of the origin of this

structure - the high anisotropy in the early universe seens inconsistent

with cosnologièaI heliun production Barrow (1976) - then the structure

either grohrs out of adiabatic perturbations (the matter and the radiation

are perturbed) or entropy fluctuations (the protons and electrons are

perturbed but the radiation density is constant). The former yields a

fragnenting scenario with the proto clusters forming first, gas clouds

of galactic rnass separating out and with stars finally forming within

the galaxies; in the latter staTs form first, cluster in galaxies which 
I

then gravitationally interact to form largeT systems. The fluctuations

cannot have a thermal origin (Lifschit z 1946) but the ad hoc assumed

spectrurn must cone from over the horizon. Thus not only nust the

universe be highly homogeneous and isotropíc on the large scale (e'g'

microwave fluctuations of less than 10-3 indicate density perturbations

of less than I0-2 on a scale 500 Mpc, see Longair 1978 p.227) but areas

which have never been in casual contact rnust have the same snall scale

fluctuation spectrum. Note that in the whirl theory the dissipating
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turbulence nust be continuously regenerated by the decay of larger scale

eddies coning through the horizon. The nissing rnatter further conpli-

cates these issues however it seems rnore likely it is spread through the

clusters rather than totally following the galactic distribution' If it

were all in the galaxies greater dynanical friction would be seen

between them.

Other problens are better known. The unexplained à prioris of the

standard nodel - the photon to baryon ratio, baryon charge asymmetly'

muon and lepton charge synmetry etc. (see Sec. 4). The third of these

may not seem a problem at all since it is usually described as a

sinplicity assunption. whatever the status of sinplicity arguments

however, a solution to the baryon charge asynrnetry by baryon non-

conservation and therefore de facto lepton non-conservation makes the

lepton charges a matter for argument'

These problens highlight a diffículty for cosnological reasoning in

general. The relative epistenological significance of the problems for

nodel constructing itself is far from clear. Thus in the Rees nodel

the otherwise missing mass is the starting point for a natural

explanation of the photon to baryon ratio, but helium production is

rendered problernatic. This problen night be resolved by neshing the

rnodel with a cold nodel of the Layzer type (as we witl see in sec' 4)

but the prirnordial heavy element abundances aÏe not yet worked out (do

they correspond with abundances in the oldest stals?) and nany would

regard the invoking of just the right lepton number to gain the correct

helium abundance as unnatural. Is this then preferable to the standard

rnodelrs sinple and natural explanation of both He4 and D abundances as

well of its lack of explanation of the origin of the photon entropy?

we wilI not pursue the cosnological funplications of these words

rrnatuTalrr and trsimplett here, though we will return to then in the next
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chapter, suffice it to say that a Carter-like anthropic argument for the

photon entropy within the standard model may well be the most natural

explanation of a1I. The photon to baryon ratio has about this value

since it is the only one consistent with us observing it.

what would be preferable with Ïespect to nodel constructing is to

either construct nodels which tackle nany of the problens sirnultaneously

or models which can be brought into confrontation with observational

data. The forner we will atternpt to do in Sec. 5 of this chapter' An

example of the latter is the omnèsr charge symnetric model which seems

wrong since the antinattel is simply not seen (Steignan 1976) ' The

possibility remains that the standard modelrs production of He4,

slightly nodified for recent advances in particle physics, may also be

in conflict with the data. I{Ie will investigate this in the next section'

First let us discuss the production itself'

The nucleosynthesis consists of three main stages. The forrnation

of neutrons through the weak interaction (Eq. 12), formation of the

bridging species deuterium through the electromagnetic interaction and

light element production through a chain of two body nuclear reactions

occurríng once d has reached a sufficient density. The equilibriun

neutron abundance (28) is

[t + exp(l.s0 x 1010/T))-lXn

which will be frozen in when the rates of the weak interactions (12)

fal1 below some characteristic expansion Tate'

without going to the trouble of integrating over the products of

number densities and cross sections we can get a crude picture of what

is occurring by considering the characteristic rate of the reaction

+-v +n+p +ee-

T-r = owknv
e
. = 9264ns¡51s¿¡7c6 , (40)



where o"k is quadratic in neutrino enelgy in the center of mass frarne

the neutrino density is given through Qza9)

g = I .4I x 10-49 erg ct3. The cosmological

with I srJ?r /r2Ç(4) = e/ 2
1

t = 1.09(Ioto7T)2 sec

113

(4 1)

and the Fermi constant

tine is given through (3:69)

(44)

o.
WK

= ,2y272¡h4ca

(42)

notice that the expansion rate ñ./n = (8nGp/3.')-% has an extra factor of

2. The weak interactions will fall out of equilibrium when t à t giving

a decoupling temperature - 1010oK. Apart from incorporation into

nucleii the neutron abundance frozen-in at around this tenperature will

change only through free neutron decay'

Nucleosynthesis proceeds by the nonresonant neutlon capture

p + n<+d + Y (43)

The cross sections as is well known behave inversely with relative

velocity (chui 1968 p .34I) so that the reaction rate per free neutron is

proportional to the proton density

.ãt = 4.55 x lo-2onp = Xnno4'55 x LO-20

1.e

,-7 N 1g-1813X ¡,-1'd pD

where we will use the mass fraction of a nuclide atonic number Zil

nucleon nunber At

x. = n.A'n-f
1 11D

This is much faster than the characteristic expansion tine so that

(4s)
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deuteriun will appeaT as its equilibrium density which is given by the

Maxwellian fonn of the equation of rnass action (2:s5) for (43)

(46)

Thebindingenergy(2.23Mev)ofdeuteriumislowenoughto

prevent appreciable densities of the nuclide until near t09K' 0nly

then can conplex nucleii be built up by the reactions

d+d<+¡1s3+n, (47)

d+d+>t+Pr (48)

He3+n+>t+P, (4s)

t+d+>He4+n. (s0)

The branching ratio in the first two of these is around 1.

The cross section for these reactions are given in Peebles (1966) '

For reaction (49) the cross section varies approximately inversely as

the relative velocity but is a factor some 104 greater than that for

(43) giving a rate per free neutron as

*do *-x- "*t**P-*u 
*-3/z ,rr(zerÐ{t4.np

t-l = 1g-1a13X f;t (sl)
He3

The cross sections for (47,

the general fonn

48 and 50) have been well studied and take

o(E) = E-f S (E) exP G.*-7,

Bahcall (1964), Peebles (1966) where the exponential term represents the

Gamow penetration factor. The rates are calculated by averaging <ov>

over the lr{axwell-Boltzmann distribution and are given anongst others by

schrann and wagoner (Ig77). The reader is referred there for the

details.
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what witl be inportant for us about these rates is their

propoïtionality to reactant concentration and inverse dependence on the

photon to baryon ratio. The conbined rate for (47-48), for exarnple, is

approxinatelY

,-1 = ro-s T7h exp(-4.g x 103 r-% I *¿f¡t (52)

and Iight element production can only begin when Xu becones sufficiently

large. once nucleosynthesis begins, as is indicated by the increasing

numerical coefficients in Eqs. (44,51, and 52), it proceeds very

rapidly and alnost alI available neutlons are incorporated into the

tightly bound He4. Higher mass nucleii formation is prevented due to

the absence of stable nucleii with A = 5, A = 8 and the coulonb barrier'

In this way a heliun abundance of between Y:- .2 - .3 can be built up,

the exact value is nodel dependent i'e' on fO'

That we get a reasonable amount of heliun, and not Y = 1 o1. 0, is

due to two related coincidences. The first is the fact that the weak

interactions goveïning the neutron abundance go out of equilibrium to

allow a nediun value of the n/p ratio. If the ratio were frozen-in at

tenperaturesabithighertheratiowouldbe-tandwewouldget

Y - 1; alternately we would get no helium at all' The second

coincidence is that the ti¡ne between the freezing out of the neutrons

and their subsequent incorporation is not too much gIeater than the free

decaytine.ToolargeandY-0,toosnallandYnaybegreaterthan

observed ranges. It is actually the fact that when the first calcula-

tions were made of the nucleosynthesis 11.7 ninutes was used for the

nucleon half life, subsequent measurernents reduced this to 10'61

ninutes and most recently Bondarenko et al' (1978) have again reduced it

to 10.13 rninutes. There is still some uncertainty here (Tayler 1979)'

but the new value would reduce the heliun fraction yet again' This nay
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be a good thing, as we will show in the next Section, but it does add

some tentativeness to any conclusions drawn on standard nodel

nuc I eosynthesis .

4 DEVIANT MODELS

The above picture of nucleosynthesis is not qualitatively altered

if a nodel contains components which are neutral in terns of the

fundanental charges (16-19). Such debris will accelerate the expansion

and can be described by the parameter

ç2 = 2p/9p (s3)
Y

where 9o /2 is the energy density in the lepton era for the standard
Y

nodel.

The resulting effects on helium production can be described by a

best fit expression (Wagoner 1973)

t0
.0195 logrofb (s4)] = .42I + .380 log e

as long as the baryons are not degenerate. Note that the abundance is

not particularly sensitive to the. Present baryon density - for present

density of-2 " ro-z9gcm-3, fa- 3 x 107 andY - .28 but for adensity

100 tines less - 2 x L}-3lgcrn-3, fU - 3 x 109 and Y * .24 (we have used

a present photon tenperature of 2'7)'

The debris night contain relict quarks, massive charged and neutral

leptons, axions and other exotic particles left over frorn processes

occurring at higher densities. However the massive species, unless

they are in degenerate densities, wi-ll nake tittle contribution to e2

with the main contribution corning frorn light particles (say mc2 's 1 rnev)

at black body densities. The massive particles will not affect

nucleosynthesÍs though they may have a large effect on the cosnological



t17

energy blaance once the universe becomes matter dominated'

ConsidertheeffectofanexpandedleptonSpectrum

(e, u¡ r,...' ve, vu, vr, "') where each type has its own light

neutrino (experimental mass linits ut" *u" É 60 ev/c2' mvu S '65 mev/c2 '

n-- s 250 rnev/c2 perl (1978)). This is the sequential lepton nodel. The
vT

data it seems is also consistent with the tau being an electron or muon

related ortholepton i.e. it takes the same lepton nurnber as the same

signeorpandthereisnoextraneutrino.Wewilladopttheview

here that t is sequential and v. ís light' The pair produced thermal

densities of the light particles ,gives (steignan et al L977, Yang et al

1978, Schramm 1978)

Ç2=I*l6ou (ss)

where A.e, is the number of lepton types greater than two' The change in

heliun abundance for À t" << 36/7 is then

AY + .016 A1, (56)

Now if nucleons dominate the present rnass density then present

galacticdynanicsprovidethelowerlirnit(Gottetal1974)

- 2 x rg-3rgcm 3 for the nucleon density' Thus for Y '< '25 we have

^.e,slandfortheweakerlimitys'30,À9"s5-6'Thissituationis
not saved nuch by using the newly deternined neutron life tine to

readjust Eq. (54) though it is in the right direction' The change in Y

isaround-.01,(Tayler1979).Thefirstheliunabundancelinitis

suggested by Peinbertrs recent arguments (Peinbert 1975) and in such a

caseperhapsalltheleptonshavebeendiscoveredi.e.ê,lt,tonly.

Alternatelythereareyetmoresequentialleptonstobediscoveredand

either this nodel and thus the standard rnodel is wrong o1. the nucleon

density does not now provide all'the nass density. If the latter is so
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the nissing mass night be provided by massive relict particles, even so

the baryon density can hardly be nuch less than the figure above' We

will look at the former possibility below. The second limit is

interesting in theories which relate lepton trpes and quark flavour

pairs. The rnaxirnum nurnber of quark flavours consistent with asymptotic

freedon is 16 (Appelquist et al. 1978) , the neutÏon life time conected

abundance allows neatly for the corresponding 8 lepton types' Actually

this is not a firm flavour limit since all that is needed to explain

the observed scaling behaviour is a temporary freedon'

For such theories the first lirnit denands an end to both quark and

leptonSpectÏumsandtherealejustthethreefennionfamilies

(s7)

where the top quark t has not yet been seen (see Close 1979 for a review) '

If there do turn out to be no more leptons and no more quarks become

necessary then the above argument is a most singular neshing of cosmolo-

gical reasoning and terrestrial physics. The standard nodel will be

literally enthroned and the higheT eneÏgy particle spectnrms will yield

few surprises. 0n the other hand if in the next decade we see even

higher lepton flavours then the standard nodel rnust fall.

There are still many uncertainties however and not the least of

then is that there is even no clear arguÏnent denanding the number of

flavours be finite (Glashow 1973). Another is non-conservation of the

higher lepton nurnbers. It is well known that the strange quarks

couples to the down quark s through a Cabibbo rotation which allows the

strangeness changing process s + dY ' On the lepton side the same

t:l

[:,][""]

t,l tl

l;l
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mechanism could be responsible for a muon conversion to an electron'

Note however that neutrino nixing can offer no solution to the solar

neutrino problem (Bahcall and Frautschi 1969) and that the corresponding

neutrinos would need to be nassive'

one possibility which has received some attention is that the

neutrinos are actually nassive. If the higher neutrinos are not light

then a large number of types is allowed. The heavier leptons could

then be excited states of the fundamental lepton (e-, v") to which they

decay(suchdecaysmustinvolveanumberofparticlessincesinple
* * 

"* 
+ y are not seen). Astrophysical and cosrnologicaldecays e.B. u

arguments can put stringent restraints on decay times and rnasses

(cowsik and Mcclelland Lg72, Goldman and stephenson 1979, Cowsik 1979) '

For example if the neutrinos are light and longer lived than the

universe then their donination of a present density of 2 x 1g-29gs¡-3

requiresnu<55ev(Gunnetall97B).Thisisnuchstrongerthanthe

experimental linits. Notice that since there aTe now two helicity

states per neutrino the restrictions from helium abundance aI.e even

more rigorous. 0n the other hand if the neutrinos are sufficiently

short lived and there is sufficient tirne for the decay products ('",

of the decoupled uu, iu, vr, i", to thernalize before they too

decouple then the limits are just those of the standard ¡nodel without

any extra leptons (Tayler 1973). The existence of a direct interaction

between v and et via the neutral cuïrents tends to coincide the
u

decouplings and make this possibility unlikely'

(i) NucIeosYn thesis with Non-Zero LeP ton Numbers

In a series of papers Yahil and Beaudet (1975), Beaudet and Goret

(1975) and Beaudet and Yahil (1977) have considered deviant nodels in

which the lepton numbers (I7, 18) are not artificially put to zero'

Each lepton number is assumed conserved and the higher leptons, t etc'

v
e
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are ignoïed. The left hand sides of Eqs. (17-18) are then non-zero,

the lepton degeneracy parameters a].e no longer infinitesinal and the

neut'on fractíon is different from (28) due to reaction (15) since the

electron neutrinos are still coupled at the neutron fraction freeze-in'

Thus if the neutrinos are present in large nurnbers, sâY tr5, À6 ¿ 1,

then the ploton, neutron equilibriun densities favour protons.

Alternately antineutrinos will favour neutrons. Notice that if the

degeneracy paraneters are around unity the neutrino densities are much

the same as the photon density and the net neutrino to baryon ratio is

very large.

For the lepton nunbers considered in the above works the situation

is quite sinple. The first part of Eq. (30) still applies and indicates

the maximum values of À, (when Xr, = 0) is - f'l so that charge

conservation forces the neutrinos to caÌny nost of the electron lepton

number. This will also be the case for muon nunber. since we are

considering temperatures well below 1012oK, reactions analagous to (I2)

for muons cannot occur and the muon neutrinos will act as debris ' The

resulting neutron fraction is therefore

[t * exp (xz - x, + Àr))-1 (s8)x
n

where

À ^ r2e(3) f -l
5 n2 e

ClearlythesnallvaluesofÀ,-lassumedin(58)wiIIaffectX,'

appreciably. once it is frozen in, X,' will change only by neutron decay

and nucleosynthesis can proceed as in sec. 3. As enphasízed by Linde

(1979) the constraints derived above on higher massed lepton flavours no

longerapply.Themuonandelectronleptonnurnbersoffertwo

independent parameters so that the observed abundances of heliurn and
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deuterium can be cosrnologi caLLy produced for a large range of present

baryon densities to-3rgcn 3 - 1¡-28gcn-3'

There aTe opposing tendencies at work here. Thus increasing Àu

(or ÍU) drives the freeze-out point to higher tenperatures so increasing

the pre-nucleosynthesis neutron fraction and decreasing neutron decay'

At the same time increasing Iu forces reaction (15) to the right

increasing the proton abundance and decreasing the presynthesis fraction'

Thus one can obtain appropTiate values for Y. Fortunately reasonable d

values can be obtained due to another two tendencies. Thus for the

standard nodel higher present baryon densities prevent d producti'on by

increasing the effective burning of d to He4 (see. table 3 Beaudet and

Yahil Ig77) however the expansion rate can be increased by adding nuon

leptons allowing a higher survival of d' The abundances can be obtained

for electron degeneracy in the range -'25 < À, = 1'8 and muon degeneracy

with a large range 0 < lÀal < 40. In fact slightly better agreement for

other light elernents is also obtained. The quite large values of Àa

indicate we could allow very large numbers of flavours (over 1000 near

the top of the range) which would then replace the muon neutrinos as

the accelerator.

some concern has been voiced over the introduction of large or

even small lepton numbers into the standard model (schrann and wagoner

Lg77). The introduction seems artificial since the lepton numbers are

adjusted to fit the abundances yet no trnaturalrr Teasons are given for

their síze. The standard nodel however naturally produces the

observed ab,ndance of He4 and d specifies tire present baryon density.

of course the problem is that the standard model allows baryon

asyrnrnetry but no lepton,,asymnetry. This snall baryon asynnetly night

well be attributable to some synmetry breaking schernes which will

operate at much higher tenperatures than the lepton era (see ch' 6) '
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yet such schemes will not conserve either baryon or individual lepton

numbers, in fact it may be baryon minus lepton number which is

conserved (Weinberg 1979).

This point has been taken up recently by schranm and steigrnann

(1979) and Dinopoulos and Feinberg (1979) who argue against the large

numbers of leptons needed above conpared to the baryons. The latter

workstudiessomehypothesizedleptonandbaryonnonconserving

processes and concludes that a large lepton to baryon ratio is unlikely'

It renains possible however if certain parameters in their calculations

fortuitously cancel. Whatever the case, Linders observation retains

its force since one can always rnanipulate the charges of the neutrino

debris(v..,v-...)sothatsometotalleptonnurnber(inthesenseofur
the nonconserving processes which has produced it) is arbitrarily s¡na]1 '

Again this might seem artificial but it rnight well be the only nodel

consistent with observation and not inconsistent with theory'

There is another proPerty of these nodels which it is appropriate

to discuss here. If the neutrinos which constitute the acceleratol aÏe

of a single lepton type then for certain values of the accelerator Bose

condensation of the pions becomes necessary'

Thepapersabovedealonlywiththelateleptonerawhenthe

density of muons (we assune this is the heavily populated lepton type)

is negligible. consider however the chemical composition near oT. above

1012oK. At such temperatures À, cannot be large (ÀZ < xr, Eg' (23)) and

chenical equilibrium denands (13, 14)

Takine f-l to be large and negative [i.e. positive'charged antimuons"u
doninate) then (18) demands either Ia or ru is large and so lu - I, tt t

Thus the rnuon lepton number at these temperatures is constituted of 2/3

À =À-+À-
4lb
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antinuons anð, I/3 antinuon neutrinos. Assuming that the electron lepton

number is srnall, f:I - O
e

then we must have

(there is no qualitative change if f;I - 1)

Irrt Àr t I,

sIssIz

I
0 * zr/21

where the R.H.s. terms refers to degeneracy for the electron leptons

(possibleonlyforxz''1)andtheL.H.s.linitstothenon-degenerate

solution.

The only way that the large antimuon positive electric charge

density can be balanced (16) is for the negatively charged pions to be

degenerate i.e.

\7=*7

For example, a value fa - +O in the late lepton era requlres

¡-i - _4.5 x 103 so that if f.. is constant during previous expansion-uu
(thisisacriticalassunptionaswewillseeinSec.5)then

Àu - 2g >> x at T - 10r2"K. The number of condensed pions needed
II

to balance electric charge is then sorne 3 x 103 times the photon number

or some 3 x 1011 tines the net number,of bosons'

Indeed any of the nodels above with a latþ lepton era characterized

by some lf;tl, lt;tl, lt;tl greater than ffr such that

')_
?^,

À6

lr-lre +f-l+f-l+ur
>f I

b

or

lN" * *u * *. + ...1 t N¡

will require consideration of pion condensation at I 10t2oK' Moreover

the condensation rnay extend into the lepton era < 1012"K, as would the



example suggested above. Interestingly

condensation occur after the end of the

sinilar to requiring that the net total

processes which regard e-, u r r ,

lepton (e-), be no greater than the net

r24.

the requirernent that no

hadron era (> 10l2oK) is

lepton number, in the sense of

as excited states of the one

baryonic number.

(ii) Heavy Neutrinos

Another intriguing possibility is the existence of heavy neutral

leptons on the basis of the enlarged guage group su(3) x u(1) (Lee and

weinberg Lg77 , Gunn et al. 1978) . The group llas proposed to explain

observed trirnuon events whose most natural explanation was the

production and decay of a charged heavy lepton n- and a coupling of v,

to m vía a nelrr gauge boson thus making an enlargement of the standard

weinberg-salan SU(2) x U(1) nodel necessary (see Gunn et al' (1978) for

references and discussion). one consequence of this rnodel is that

heavyneutralleptonswillexistwhichwillcarryanewconserved

quantum number. This ensures the lightest of such leptons some degree

ofstabilitydependingonwhetherthissymnetrygroupisexactor

embedded in a rnuch targer group with.a snall coupling to the whole

group.Theotherleþtonsareexpectedtobequiteunstable.Astro-

physical consequences of such massive neutrinos have been considered

independently by a number of authors (Lee and weinberg (1977), Discus

etal.(1973),Satoetal'(1977),Gunnetal'(1978)'steignanetal'

(197s)andsteckeretal.(1978)),wewilldiscusssomerelevant

consequences below.

since the leptons have full strength weak couplings the freeze-out

temperature will occul when the neutrinos are nonrelativistic (assume

,L,, tmev/cz) so that their density will be less than the photon

density by a factor - exp( - ^f"z/kT) 
<< 1' Unstable leptons will

rapidly decay and the densities of the neutral leptons (L", f,"1 witl be
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too low for any significant effect on nucleosynthesis. If the Lors aTe

not to provide a mass density now greater than 2 x 1g-29gcm-3 then their

mass must be

Irlro > 2 Gev/c2 if ML >> I Mev/c2

we have already noted above that if neutrinos are light

It 5 55 ev/c2 íf I'1., < I mev/c2'-V V

Note that if the d is of cosnological origin it still specifies the

present barYon densitY.

Other arguments considerably linit both mass and lifeti¡nes and are

sumrnarized in Fig , 2 of Gunn et aI. (1978) ' Further constraints have

been derived by Lindley (1979) on the basis of photqfission of the

light elements during the postnucleosynthesis radiation era by energetic

photons fron the decay L" + vY (where the v is a conventional rnassless

neutrino) . For Mro between 5 and 100 mev the Lo rs must decay before

nucleosynthesis begins. such evidence strongly suggests the Lo are

longer tived than the age of the universe and have a mass gTeater than

2 Gev. Either that or their lifetines a1.e so srnall they have no

observable effects at all,

Whatever the initial correlation between L" and baryon perturba-

tions it is expected (Gunn et al, 1978) that in the end they will be

correlated. They will collapse by a factor of 2 due to the phenomenon

of violent relaxation flynden-Bel1 (19-67)) but they will not follow the

baryons down to the denser galactic discs and stars since they cannot

radiate away theiT energy and can couple only gravitationally. As

diffuse halos arounil the galaxies or stripped and distributed through

clusters of galaxies they could not be better stuff to constitute the

dynarnical missing mass. However unless they can avoid clustering with
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the galaxies they will not close the universe. To supply the nissing

mass at f¿ = .1 then MLo - I0 Gev/c2 is the appropriate neutral lepton

MASS,

ciii) Cold Model s and Heliun Production

compared to the standard model at a specific nucleon density the

cold models are characterised by very much lower ternperatures. In

relegating the black body background entropy and energy production to a

late epoch the lepton synunetric cold models face the problern of over-

production of He4 since at light element proðucing nucleon densities

the neutron proton ratio is close to one'

Zelrdovich (1962) was the first to point out that such over-

production could be preventecl by the introduction of net lepton numbers

greaterthanthebaryonnr:mbers,IIìhismodelequaldensitiesof

baryons, electrons and neutrinos begin expansion as a zeTo entropy

fluicl, Ìlhen the feÏmi energy of the baryons is greater than their rest

energy the neutron+roton ratio is one, however when the ferrni eneÎgy

is well below the nucleon 1,est eneÏgyr reaction f15) is driven to the

rÌght s-ince at equal clensÌties the electron ferrni energy is smaller

than the neutrino ferrni energy by - 2'7/Z due to the different spin

statlstics of the particles, All baryons end up as protons and heliun

for¡natìon îs neatlY elùnrtnated,

MorerecentlyKaufinan(1970)hasdescribedhowtheheliutn

abundance night be constrained to its observed value. The nodels

contain degenerate or semidegenerate densities of baryons and leptons

and presumably go over in their later stages to models of the Layzer

and Rees type which can account for the present black body background'

At sufficiently gIeat densities the baryon nurnber will be held by

higher rnassed hyperons since such an arlangement is thermodynamically

favoured.Kaufinannotes,ashaveAmbartsunyanandsaakyan(1960)



t27 .

pointed out in the context of neutron star rnodels, that the higher

massed hyperons and mesons can only decay if there is sufficient rest

eneTgynotonlytosupplytherestmassesofthedecayproductsbut

also the ferni energies of any fermions produced. of course a critical

assunptionhereisthathyperonstatesareindependentofother

nucleon states as far as the Pauli principle is concerned' In general

decay rates and decay routes for the higher states will be affected and

subsequent heating, for exarnple in a rnodel degenerate at supernuclear

densities, night remove nucleon degeneracy but not electron degeneracy'

Kaufman calculates that as the total lepton to baryon ratio varies

frorn around 1.2 to I.35 the heliun production varies from '25 to 0'

The latter ratio is less than the ratio 2 for the Zel fdovich nodel but

again no justification for the ratio's exact value, except the He4

abundance, is forthconing. Nonetheless this value will be ¡nuch less

than that for the standard rnoder with nonzero lepton nurnbers discussed

aboveandnaybemorelikelyintennsofleptonandbaryonnon-

conservation.

Another aspect of these cold models is that the densities nay be

high enough for appreciable heavy elernent abundances to occur' Three

body reactions such as

He4+He4+¡+flsg+Y (se)

nay be inportant in bridging the A = 5 and A = 8 (A is rnass nunber)

nass gaps (Kaufinan 1975). Such heavy element production would be an

advantage for theories of the thermaLízation of photons produced in a

later epoch but it is not clear if it can give the elenent abundances

seen in the oldest stars.
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5. A LEPTON CASCADE AND A THOROUGHLY DEVIANT MODEL

In this section we plesent a cosrnological nodel which represents a

radical departure fron what is terned the standard model ' The nodel is

based on a sinple proposition. That the presentty ni!sing cosnological

energy (for n = 1) and perhaps some of the nissing dynanical energy is

in the form of rnassless neutrinos. This has been suggested many tines

before (e.g. weinberg (Ig72)) but what is novel in what I{e propose here

is that the neutrinos consist in degenerate seas of electron neutrinos

and antimuon neutrinos. The density of the seas is considered the sane

and so in the context of lepton nonconserving processes but overall

additive lepton number conservation the rnodel is lepton symnetric' Also

since the electlon neutlinos are left handed and the antinuon neutrinos

are right handed the nodel is symnetric with respect to handedness '

Actually the lepton nurnber densities here will be so large conpared to

the baryon density that in the context of lepton and baryon nurnber

violating processes the rnodel night be considered totally symmetric'

t4re will look at such processes in more detail in the next-chapter'

The nodel we envisage still contains the observed background

radiation in the present epoch so it remains hot for the baryons, for

neutrinos however it is very cold. In this sense the model is some

average of the cold and hot nodels of the previous section' However if

those nodels were collected under the rubric t'deviantil then the

enormous neutrino degeneracies required in this nodel suggest the

description rrthoroughly deviantt' as being nore appropriate. As we will

show below the model offers some interesting if peculial aPProaches to

theproblensoftheoriginofthepresentblackbodybackgroundand

thelightelements'Theproposalabovesuggeststheblackbody

radiation has its origin in a violent cascade when nearly all massive

early universe leptons are converted to their massless neutrinos '
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Light elements nay be formed in an even earlier era and in a nanner tn

many r{rays the reverse of the standard nodel. However for the simple

nodel of the cascade we discuss we do not expect the light elements to

survive to the Post-cascade era'

we must enphasize here that the arguments below are meant to be no

more than suggestive. We discuss the model qualitatively rather than

quantitatively since as we will indicate, detailed calculation may

face some difficulties. Though such description is hardly adequate' to

our knowledge the nodel has not previously appeared in the literature

and for this reason alone it is worth presenting'

(i) The Neutrino Seas 1n the Present Epoch

A radiative solution to the problem of nissing enefgy alters the

norrnal relationships (i.e. those for a massive universe) between the

deacceleration parameter, Hubblers constant etc' (Weinberg 1972) ' Thus

the deacceleration parameteÏ is defined (5:16)

än2 p +3p
q

3Kc4
zP - d,nGR2

t

n2n

howeveriftheenergydensityisdo¡ninatedbyradiation

p=3p

then the expansion equation (2:f18) giveS

Kc2

*t- (q -') Ë

or in terms of Present values

KcZ

R2
0

In terrns of the critical energy needed to close the nodel

(eo - 1) Hå

3c2
snG

H2
09. (60)



we have

r30

(61)po/pc = qo

instead of the more usual relation po/9c - zqo for natter doninated

nodels. Thus the critical values for K = 0, P0 = 9. become Qo = 1 rather

than qo = %. Moreover the density derived for observed Qo, Ho for the

above equations is just half that for a rnatter dominated nodel '

we adopt here the following presently observed values and their

correction coefficients (Tannan 1974)

Ho = 60h, qo 10, TO = 2.90 (62)

the coefficient Q has been introduced since 2.7/2-9 =.95 nay find

considerable irnportance in the rnodel. The cosmological energy density

for these values is

po= 7 x 10-30s2(9hz) erg cm-3 (65)

we can take the energy associated with the galaxies to be

p = 2 x 19-3Is2¡þ2) erg cnl3 (64)
G

which is much greater than that presently associated with the black

body radiation - 6 x 19-34s2(04). If this galactic density is conposed

nainly of baryons then tb = 1'2 x l0-7(h2), f = 4 x 109(h-z4s¡' the

ratio of total to galactic density is

oo/0"= 350 ' 
(65)

and the rnodel is radiation dominated now if nost of the rest matter is

contained in the galaxies. Notice that since Prad - ¡-a, gmatt - ¡-3

in the far future the model ¡nust becorne natter doninated white in the

distant past it is so radiation doninated we should be able to ignore
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Theageoftheuniverseisgiventhrough(3:64)andonomitting

curvature effects it is
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(66)

(68)

(6s)

,Foo)-*

68 2G¿}'z)
,4

20.27=n
v L2EG)

to =kHor f,)=1

for the rnassive nodels the factor outside the bracket ís 2/3 ' Using

the useful conversion relation (100 Kns-Inpc)-1 = 9.78 x 109 years the

age is consistent (- 8.2 x 109 tr-Iyr) with the lower linits set on the

ages of the globular clusters: 8 . to < 18 billion years' A rnassive

nodel at this density is therefore considerably more safely within the

limits. such a conparison however is misconstrued. That should be

conpared here is the ages for natter and radiation nodels as dictated

bytheobservedvalueso¡Qo,H0.sincethedensityofthenatter

model is just twice the density of the hypothesized radiation nodel the

actual ratio of ages is just 2/(3/-2) : I/2 - 1:1.06 and the radiation

rnodel is in fact marginally older. Thus lower linits provided by

rneasured agesmust actually favour a radiation doninated nodel; just the

oppositeofwhichisconcludedbysomeauthors(e.g.Gottetal.L974).

Theequationsgoverningtheenergydensityofthetwoneutrino

seas are to a good aPProximation

po/z = \= oiu = ##5 rc7)

l-.e

giving

u
k

u= 5.88 x 19-aqçnz1% ev

nv [i]' = 4'46 x 
'ss¡nh2)7" 

.'-a
e u

a useful conversion factor here is k-l = 11604.85oK/ev' The photon to

lepton ration is f" = fu = 1'1I x rO-s¡o¡z¡-7+ (0)3 and the lepton to
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baryon rario Ne/Nb = 3.7 x r01 zçç3/+ l'r',/').

What we cannot infer about these neutrinos is their temperature or

to put it another v¡ay the entroPY of the degeneÏate seas. since at

present the rnatter is nearly entirely transpaTent to such low energy

neutrinos, their temperature will depend on the natule of the prinordial

decoupling of them from the matter and black body radiation' After

decoupling the neutrinos can hardly have been reheated so at present we

must have Tu = Tv. If in fact the temperatures are the sane then the

degeneracy of each sea is I = x/kTv = 24(Ahz) (O-1). Weinberg (1972) in

his discussion of neutrinos doninating the energy dénsity concludes

À ,s 45 (P.543, he considers ve, vu not vu, uu) hotuever his arguments

are in the context of the standard model which suggests a reheating of

the matter and photons after decoupling due to e , e* annihilation.

This standard calculation heating factor increases the ternperature by

It
(Il/Ð'/3; in our thoroughly deviant nodel there will also be a heating

factor but enormously larger than this value'

Therelativetemperaturesofthefermiseasandthephoton

radiation atso indicates how they share in the total entropy' Thus

using Qz Q and (2254) and kepping only higher order terms

ST-y 
= _y Br2 (70)

s =T 

-'

-v -v 15çr¡kT.r)2

S.isthetotalentlopyofoneneutrinosea.ClearlyforT,3Tuthev

neutrinos easily dominate the entropy but notice that if the electro-

nagnetic radiation contains as much entropy as the two neutrino seas

(weak radiation) ,r/ru - z1¡(n,.z¡tø,-z 
','u' 

Àu = 5 x 103(ntrzl%ç-s'

Though there are considerable uncertainties here, let us ask what t¡le

of very earLy universe night correspond to such a large present

degeneracY.
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(ii) The VerY Early Equilibriun

since the chemical potential of the neutrinos is presently falling

inversely as the scale factor their degeneracy paraneters have been

constant at least as far back as the decoupling' However at

sufficiently early tines the densities oI. tenperatures rnust have been

highenoughfortheratesoftheweakinteractionprocesses

u" * " 
* u" * "-, 

;u * p* * iu + P+ etc' to establish thernar

equilibrium among extant species and for the reaction (Eq' (9))

u e + (71)v +ieu+
+

to establish chenical equilibriun anong the leptons. In such case mass

action gives

Iu*ug=!s*Io Q2)

and the lepton number presently carried by the neutrinos will be shared

with their massive partnels. In future we will drop all cunbeTsome

bars on the rnuon and muon neutrinos, as long as it is recognized there

are the positively charged ¡nuons and their neutrinos (conventionally

antimuons) this should cause no confusion'

For uu << Muc2 Eqs. (I7 , 18) give

- - 20.27 f¿ll-q.l 
, . r[ll] '] (73)ne = 4z(Ð [ttr-J " 5|.-il ) '

- - zo.zt [zlvjl)' - ]-ll!-l 'ln,=ffi 
frt--l 

.ål.-u] ) uo,

where subscripts €, I refer to electron and antirnuon lepton numbers

respectively. The effect of all other less nurnerous particles is

negligible so charge balance requires

u3 = u4 (7s)



and the equalitY of lePton nunbers

x5 = u6

so that the equilibriun solution is simply

!3=14=15=!6

The totat entroPy per lepton is given through

T 2r2gi

L34

(76)

(77)

(7 8)
S

NK
e

KT
n2
J I

i ui )'3

so for a universal tenperature T we have the degeneracy parameter

N_k
À.=å2tt2= À (79)

"T

and the massive leptons carry 2/3 of their respective lepton numbers'

Consider the nature of this thernal and chemical equilibriun as the

chemical potentials fal1 with the scale factor (a direct consequence of

(73, 74) and conservation of lepton numbers). Thernal equilibrium would

be characterized by deviations of less - kT between the four fermion

seas. As such it can only be established by interacting particles which

lie within - kT of their fermi surfaces. l|¡e can now use the weak

interaction rates given in the first part of (40) to establish if

thermal equilibrium can be maintained' The relevant rate is

.iå = nkTo"kv (Bo)

where'kTi,thetargetnumberdensitywithin-kTofthefernisurface

v is the velocity of the inconing particle and o*u is given using the

universal ferni coupling constant g

92 E2
o,wK h4 c4

Here g = 1.41 x 10-49 erg cm3 and Eu is the centre of mass neutrino

(81)
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energy. We will accept here, though it will be of little importance,

thattheweakcrosssectionsaturatesataroundlGevand

(82)

The expansion tine is given by (3:69) with I Sr 'l?i(Ài)/L2eg)

= r!7ae[+),

f = (2.6 x toto¡tÀ)2 (83)

Notice that if the weak interaction is saturated then v - c and with

rkT = n/À, we have

tr-I=2.9x t0-7T (84)

i.e. thernal equilibriun for T > 4 x 106. This is a large overestimate

of tr- I since we do not expect saturated cross sections at these

temperatuTes,nonethelessattenperatulesnuchhigherthanthisthe

seas are certainly in thernal equilibrium. For unsaturated centre of

nass neutrino energies Eu and nonrelativistic velocities v we need

nerely nultiply the R.H.S. of (8a) by the factor (Ev/f Gev)z v/e'

The situation for chenical equilibrium is somewhat different' As

the ferni densities fall and the fermi energies scale as l/R the masses

of the muon and the electron will be brought into the equations govern-

ing rhe equilibriun. The nuon density is proportional to (uî - nzrc+13/z

and the muon momentun (pfr - ^r.')4/c 
will eventually become so low that

the momentum balance of the interactions that nake up the equilibriun

(7L)isviolated.Theotherthreecomponentsin(71)willhavetheir

monenta given as their respective fermi ene?gies on c' Thus a momentun

deficit wilr occur on the L.H.s. of (71) when the difference in pu/c

and the actuat muon momenturn (Ufr - nf,c+1%rc - v4/c - n?rca/(2U,*c) cannot

besuppliedbythethernalenergykTatthetopoftheseas.Thiswill

owk = oS = 10-38 cm2
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occuT when nfrca /2V - kT or xu - (2ÀU)-'. To see this another way assì'rme

the equilibriun for when ¡f . rnfrcq /2y and consider the solutions '

Charge balance will require

(u 2
ug - ^1.\k = ¡ru(1 - e)

136.

(8s)

4

where

e =m2c4/2t2 = x2/2^2

lepton equality and mass action then give

u-=u-=u,,0-e/2))þr

The rnornentum deficit on the L'H'S' is then at least

[u, * u4(r - e) - u5 - u.)/c = -u4o

in clear violation of rnomentum conservation for xu '(x42Y.

The seas thus decouple chemically but not therrnally due to the

great number of scattering processes still possible at the tops of the

seas. The total entropy is still conserved and the number densities

(2/3 n", I/3 n. respectively for massive and massless leptons) fal1 as

R-3. We are thus in the situation already described in Sec' 2, Ch' 4'

The solutions are

4ç(3)k3 n" r/t

ils=!6=(u?-t!"u) (ul -'1.u) 7

at least to first order. Notice that these solutions neither restore

rnomenturn balance nor exaggerate the inbalance'

Eventuallyhoweverthefermienergiesoftheneutrinosfalls

below the rest mass eneTgy of the muons. The fenni enelgy of the muons

nust then be calculated more accurately through the use of (A:30)' An

enor¡nous cascade will then occuT as the expansion opens up the neutrino

seas to the decaY



If we assume the neutrinos a1e not heated during the cascade then

,:,.+[#J',/'"=4r2#

'.ru 
= '"ru['Y' /'l

S êrV 
=NK

e

20.27
4e:i
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(s2)

(s4)

(e3)

and the entropy contained in the matter and photon radiation (subscript

m) is

SKTe-m e.v t
N"k ru",

KT

= ê,u t2s.692
rc2

4

16.3
t/z

4
3

The cascade thus gives the renaining natter and radiation a considerable

amount of entropy, the ratio of entropy in natter and radiation to that

in all the neutrinos is - .g2. rf the photons are to be the present

black body background then the post decoupling degeneracy parameter is
L

4.5 x 103¡g¡212a q-a, the end of cascade neutrino temperature'is

1.3 x ,gs¡nfr2)-7u*aoK, and the present ratio of photonic to neutrino

tenperatures is 19Sçnhz¡'z 0-2 with the present neutrino sea

temperature of 1.5 x 19-Z¡ç¡Z¡ -4 þ'. Of course this assurnes no entropy

production during the cascade, any entropy production which ended up in

the natter and photons will increase the degeneracy parameter'

In the adiabatic cascade scenario enelgy conversion to neutrinos

is very efficient. A sinple caclulation of the enelgy density at onset

using the first order telms (A:31) for the nuons shows that if one

assumes that the energy density during the cascade scales as radiation

(i.e. as R-a) then a comparison of the appropriately scaled energy

density with the end of cascade neutrino energy density indicates they

are equal to the second significant figure'

The nany uncertainties here, both in the sirnple cascade scenario

itself and the parameters {fl, h, S} suggest we remain flexible about
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(86)
u e

+v+e->
u

The cascade will be conpleted when U, = mUc2 /2 since by then even the

least energetic muonrs decay products can clinb their respective ferni

waIls. Notice that the time when this cascade occurs is practically

iidependent of the extent of the degeneracy t- (Z.O " 1010/¡nuc2/k))

= 5 x 10-4 s (as we have cornmented on for the changeovel in behaviour

for the single component nodel in Ch. 5) and that this tine is comfort-

ably slower than the free muon decay tine - 10-6 s '

(iii) The LePton Cascade

During this short epoch the fermi equilibriun between the four

degenerate seas {"-, u*, ve, uu} it destroyed' The entire lepton

number ,contained in these seas is converted into two degenerate seas of

neutrinos. we will argue here that this violent cascade is responsible

for a superheating of the non-neutrino fluid and that the entropy so

received presently constitutes the black body radiation' As before we

will ignore the behaviour of the baryons, their snall numbers can have

li,ttl-e effect. we will return to then when we discuss the possibility

of light element fornation within the nodels'

For a present neutrino ferni energy given by (68) the chenical

potential will be half the rnuon rest energy at a red shift

z = 9 x 109(nhzr->', the present black body radiation will then have a

tenperature of 2.6 x 1610¡ghZ)-'o þ. The cascade should be complete by

this epoch and if it produces the black body radiation the fraction of

energy in the photons is very srnall - 10-4 so that the cascade nust have

been very efficient in placing most of the precascade energy in the two

neut1,ino..seas. We will assu¡ne here that these seas have been r'snoothly

stacked'!, this seems necessary to allow use of the standard therno-

dynanical relations.
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Let us take the sinple view of the cascade that there has been no

appreciable reallignnent of the fermi levels and their values are given

at onset by the solutions (85). Onset will occur suddenly when

uu = 2u, * *3t' '
(87 )

neglecting the electron nass the first order solution (85) gives

2 n - I -),, = fttu.t, Þs = Þ6 = !3 = ß^u"'
20.27t" = 46(s)

k2T2
S

(88)

(e1)

If subsequent reheating is not too high (i'e'kT << tu"') as it will be

if the cascade produces the present black body background (- 2'6 x 1010K)

then the last of the muons decay when

x5=u6=m4c2/2 (8e)

At this stage nearly aIl the leptons (there will be a small density of

electrons to balance nucleonic charge and there nay be ("-, "*) 
pairs)

will be neutrinos and

20.27 r
raø 3 (e0)

Thescalefactorhasthusincreasedoveritsonsetvalueby

sls z/ß = 1.665. Assuning adiabatic expansion during the cascade we

can relate the entropies at onset (we use subscript s for start) to the

entropies at the end (subscript e). The entropy at onset is given by

n
e

S-
Sr I
tik

e

slo n2 . 
tltu * 2r_, . 

tltu . ry- .

'L' s yzr? 3 k2r? r
rl.u

n
e

20.27ñt T

tr2kT
8 S

f3 nrc|

where the terms in the bracket are the contributions frorn muons,

electrons and the neutrinos respectively. At the end of the cascade the

total neutrino entropy t",u tt given by
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the actual present value of À. Presumably a detaíIed calculation would

specify the value of À responsible for the present black body background'

we will not do such calculations here for reasons to be discussed bel0w'

If howevel we assume that the cascade does produce the black body

radiation hre can easily calculate the very early universe (pre-cascade)

value of the photon to baryon ratio for various values of the present

neutrino degeneracy paraneter (equal to À",u)' We present relevant

cascade parameters in Table 1. Postulating the very early universe

neutrino degeneracy paÌanet"t (trs,u) *" give the cascade onset tempera-

ture T, via Eq. (S8) the end tenperature T" via Eq' (93) and the end

degeneracy paraneter 1.",, via EQ' (89)' The present ratio of photon to

neutrino temperatures now is given bY Te,, divi¿"d by the end photon

tenperature 2.6 x 10t0oK, the end photon to baryon ratio f",b = 4 x 109

and the very early eTa photon to baryon ratio is calculated through the

nucleon density at the start I'2 x IO-7 (9 x 10e 'sr/t z//-s)3 (where the

first nurnber is the present nuclear density and the bracket is the scale

factor at onset).

Let us discuss the cascade in more detail sonewhat qualitatively'

For general purposes vte will assume a degeneracy parameter - 104 ' At

onsetEq.(84)withitscorrectiontermindicatestheratesfor

particles within kT of their ferni energies are slower than the expansion

rate (due to (Ev/l Gev)2 - lO-2 and T",v - 108) so that there is neither

chenical nor thermal equilibrium when the cascade begins ' The cascade

is thus initiated by the expansion itself through the muon decay (86)'

The positron produced in muon decay will annihilate very quickly in the

electronseasinceitfacesthefullseadensityastargetsandits

cross-section - o, - 10-25 cm2 is very much larger than that for any

weak processes which night be in conpetition' Annihilation channels

will be overwhelmingly photonic (e'g' v"i'" is blocked) and will on
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5x104

3x104

104

5x103

gxl03

T
s

1.4 x 107

2.4 x IO7

7.1 x 107

1.4 x 108

2.4 x IoB

êrr

7.2xI04

4.3 x 10q

1.4 x 10q

7.2 x IO3

4.3 x 103

TerT

8.5 x 106

I.4 x 107

4.2 x L07

8.5 x 107

1.4 x 108

(TrlTr) now

6.1 x 103

1.8 x 103

6.1 x 102

3.1 x 102

1.8 x 102
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(fo)earIY era

.14

.66

1.8 x 101

1.4 x 102

6.6 x 102

TABLE 1

Relevantcascadeparametersandtheeartyuniversephoton

to baryon ratio for T" ,I = 2'6 x 1010, f",b = 4 x 109 and a

present nucleon density I.2 x 10-7 cn-3. For the adiabatic

cascade 
^",u 

- 4,5 x lot¡ntr')k Ó-3 and (fo)earll era - 6 x 102

h2 oe.

on average share the electrons ferrni energy' The cross-section for

gaJilna ray energy degredation should also be high' a target density of

sone, n"(E ^(/EÐ 
(E", ganna ray eneÏgY, EF target sea ferni energy) will

then ensure the photons very rapidly deposit their energy as heat in the

electron and muon seas. Heating of the neutrino seas cannot occur by

this route and photodissociation of any extant nucleii is highly

unlikely.Theannihilationphotonsmaybesufficlentlyenergeticto

push electrons or muons well above their fermi energies' In such a case

the energetic massive fernions will see a large density of targets and

the neutrinos may be produced by reaction (71)' The rate of this

reactioncomparedtotheexpansionrateisnotverylargeatonsetand

falls very rapidty with the massive lepton fer¡ni levels (tt Pi where p,

isthefermimomentrmofrnuonsandelectlons-theyareequaldueto

charge balance). This'constitutes ouÎ justification for the assunption

of snooth stacking of the enelgy levels in the neutrino seas since the
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cascade is driven by the expansion opening up neutrino energy levels to

the rnuon decay (86) whilst the relatively rising neutrino ferni levels

ensure that (86) can only just proceed. That is to say' that at each R

we have well defined nunber and energy densities of the changing lepton

seas and smooth stacking is confirmed. The thermar energy itself will

produce superheating of the natter and photons and the decay (86) will

convert it to neutrino fermi energy' whilst fast coulonb interactions

should ensuTe equilibrium among the electrically charged particles '

Detailed calculations for this era present a considerable theoretic-

al task. one cannot proceed and calculate the rates for various

processes in a naive u¡ay since the leptons are not free. Instead one

must return to the natrix elernents governing the interactions in question

and calculate cross-sections (or <on>) while tending to the ferrni

blocking factors. Rapidly changing fenni 1eve1s, the influence of the

muon mass and the existence of charged and neutral culrents will further

conpound the difficulties. This last for exanple suggests different

rates for the scatterings e * r"*e- + ve andvu + e +iu * õwhich

might have important effects near the end of the cascade' Presunably

one should revert to the type of approach discussed for relativistic

non-equilibriun thermodynarnics in sec. 6, Ch. 2.however one needs first

to show in a rigolsous way that the assumption of smooth stacking is

correct. There is of couTse a negative feedback nechanism associated

with the growing neutrino fermi levels which ensures a 'rquasi-equilibriumrf

configuration (i.e. an extended cascade) however the amount of energy

which ends up as photons depends crucially on the actual loute by which

the neutrinos are produced. There is also a further conplication which

our naive analysis'has so far-ignored. Fermi blocking of exit channels

inEq.(s6)willalterthelifetimeofthemuonfromitsfreelifetime

- 10-6 sec. The cascade nay start later than (ss) and end later than
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(89), this may have relevance to light elenent production to be

discussed below. clearly detailed calculations though necessary will be

hard won we will therefore leave thern for future work'

Inspiteofthesedifficultiesonefeatureofthe¡nodelasa

producer of the black body background is a considerable irnprovement over

other photon producing nodels. As long as the photon radiation is

produced with an equivalent tenperature above that for electron-positron

pair production the problen with the photon spectrumts btack body

character is resolved. Rapid pair production interactions should

rapidly thernalize the spectrun (if it is not already black body) '

(iv) Light Element Formation

WeassumeherethatSomeappropriatelydescribedcascadeproduces

the present black body radiation. The very early eTa' where as we will

show the light elenents are formed, is then characterízed by the low

values of fo given in Table 1. we will also assume that the fo is not

too low so that degeneracy effects will not be inportant for nucleons '

This will be the,case if the degeneracy parameter for the leptons is

not too large. Since the leptons dominate the entropy in the very early

era with relativistic fermi energies f" is constant and so is fo' The

light elenents are formed in a way which is intriguingly in contrast to

the standard rnodelrs mechanism, it rnay be however that the following

corunents are of academic interest only since as we will show any extant

light elenents will be disrupted during the adiabatic cascade (albeit

only "just disrupted"). other cascade models nay well allow for their

survival.

Consider the neutron/proton balance for the reaction

p
+n+v e

ë + e (ss)
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During the very early equilibrium between the four lepton seas the

neutron to proton ratio is constrained to one since the chenical

potentials of the electrons and their neutrinos are equal (77) and the

rates are rnuch faster than the expansion (84). As the tenperature farls

below tOI3X the electron on the right of (95) nust find sufficient

energy fron therrnal sources (non-degenerate and non-relativistic

nucleons)tocreatetheheavierneutlonandsupplyenoughenergytothe

neutrino to reach its ferni surface. ülhen the neutron-proton Test

energy difference (- 1.293 mev) becomes greater than this available

thermal energy (- I-2 kT) neutrons can no longer be produced' This

corresponds to a fteeze-in tenperature of T, - (.75-1.5) x 1610o*'

consider now the tight elenent building reactions discussed in

Sec.3.Noneofthesereqctions(43,47-50)involveleptonssothe

degenerateseaswillnotaffecttheirrates.Ignoringmassfractions

the slowest of these rates is that for formation of deuteriun (44) so

that the deviant nodel ratio of cosnological to reaction times (per free

neutron) is, using (83)

l02TX
tttl = P (96)

d fo^'

The deuterium abundance should thus appear in its equilibriun abundance

for

fol,2 << 1oI2 (e7)

when T - 10I0. This constraint is satisfied by all possibilities

listed in Table 1.

In the standard mode1, deuteriun equilibriun also occuIs at these

te¡nperatures.. However its low binding energy and the high photon to

baryonrati-o'preventsitsdensityfronbeconingsufficientlyhighto

induce the production of the higher massed nuclides ' Such a bottleneck
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does not occur here sinc" Xd, as given by the mass action equation (46) 
'

is increased by a factor - IO7-g/fb over the value at corresponding

tenperatures for the standard nodel. since (44) is the slowest of the

light elenent building rates the light elements nust appear in their

equilibríun densities (we ignore any heavy elernent production) until

thetenpelatuÎefallstoT,andtheabundancesaTefrozen-in.

subsequently atl free neutlons are destroyed as it becomes thernodynamic-

ally favourable for (87) to proceed to the right. Such a scenario for

nucleosynthesis is just the reverse of the standard rnodel's'

Defining

n=Àp-*p, ô=trn-Àn (98)

the degeneTacy paÎaneters for the equilíbriun reactions (43, 47-50) are

Àu = 2Àn - ô' Àa = 3Àn - 26'

ÀH"3 = 3Àp - ô, trH"u = 4Àp - 2ô' (99)

All the elements will have a neal Maxwellian distribution and cl0se

to the freeze-in tenperature r,ve have to a good approxirnation

4eG) fft = I *tot
l_

Æ-? ( 100)

Adopting the valuet gH"u 
:, 

gp = 9r, = 9t = E¡1"3 = 2' 8d = 3; dividing

through (100) ,UV C,GTT x{2 and using the relations in Eq. (99) we

obtain on writing Tro = T/1010

exp(-9 .837 + ln Tro - ln f6) = exP(n) + exP(n * o - 1'50 Tîà)

* o.2% exp(2¡ - ô + 1.08 r;å) * g.34 ev(3n - 2ô + 6.s4 ïå)

* g.sh exp(3¡ - ô + 7.46 ïå) + 16 exp(4n - 25 + 2e'83 r;à) (101)

Ilie have used respectively on the R'H's'i P' n' d' t' He3' He4 and we

Ài-*i
e
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have used the values (1n nev/c ): np - tq = I'294'2^p - td = '9312'

Sn -m. =5.895,3m--m-. I =6.224,4n--m q=25'7094'",.þ "'t ' -"'p '--He3 p He'

The precise value of ô is in sone doubt but since it equals

À-À--itcanhardlybegreaterinnagnitudethanone.Detailedue
e

calculations using the weak interaction rates is needed to determine

both this number and T, in terns of the model defining parameters

{fU, ii. The light element abundances are then deternined through (101)

evaluated at the freeze-in and can be written symbolically as

x. = {tro, À). we shatl not attenpt such calculations here however,

intead we tïeat ô, Tf as parameters and content ourselves with showing

that 'rreasonablerf abundances are possible for |treasonable" values of ô,

T,,andfo.Thedegeneracyparaneteritselfwillplaynodirectrole

in the abundances equation (101)

Intheaccompanyingfiguresweplotthefrozen-inabundancesunder

the assunptions that none of the light elements are disrupted, that the

nassgapsatA=5andA=Spreventthefornationofhighernassed

nuclides and that theTe is no post-freez-in addition due to subsequent

neutroninclusion.Thelastnaynotbethecaseiftherateof

deuteriun formation is sufficíently fast to absorb a nunber of neutrons

before they can be protonized through (87) '

InFigs.(1-6)wedisplaytheabundancesasafunctionofthe

ternperature for the three values ô = 1, 0, -1 and fb = 1' 20' For

reasons of presentation we have taken ô(T) = ô = const" this is not

particularly relevant however sinee it is only its value at the fleeze'

in which is important. In Fig. 7 we indicate how fo is constrained by

the linits -1 < 6 < 1 and .75 < Tto = 1'5 if the models are to produce

reasonable amounts of'He4, sàY - '25' With ô = 0 we must have

.1 = fb < 50, the constraints are more restricting on the upper fO

linit for ô = +1 and less restricting for ô = -f ' We must reiterate
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however that it is the calculable nunbers ô ' T, which deternine

whether a specifi. ({f¡,)t}) model is viable in terms of its He4

production. Moreover as the exponential terrns in (101) suggest the

valueoffoforthesuccessfulrnodelwillbegivenratheraccurately

since He4 production rapidly goes to 100eo'

Actuallytherealsituationwillbesomewhatmorecomplicatedthan

intinated above. After freeze-in the light elements will continue to

react with each other and sorne redistribution will take place' Further-

nore the increased density compared to the standard nodel may allow rnore

heavyelementproductionthaninthatnodel.Anyheavyelenentsthat

areproducedwillbeaffectedbytheleptonseassincetherateforany

reaction which is exothernic and includes leptons will be very fast'

Interestingly most of these reactions ' e'9'

Q - 15 rnev, (r 02)

wirr be neutronization reactions (see wagoner et al. 1967 for a list)

andnaywellbereversedbythepureneutrinoseasresultingfromthe

B8+e-+BB+v"

cascade.

The values of f that allow reasonable light elements should be
b

consistentwiththevalueoffoimpliedbyaspecificvalueoflwhich

producestheblackbodybackground.Itisobvioushoweverthat.the

value implied by the adiabatíc cascade f¡ - 6 x I02 is too high for

appreciableproduction.Nowwehavedeliberatelytakenaworstcase

scenario here. The actual values of q0' Ho could be larger and To

smaller moreoveT the baryon densíty we have taken l'2 x 10-7 h2 is

almostcertainlyalowerlinitandthelrrminousmatterdensity

associated in galaxies (6a) is uncertain to a factor - 5 (Tar¡man L974)

anway.Wehavethusrequiredofour¡nodelthatitproducetherather

largephotontobaryonratio-4x109;forasnallerpresentratiothe
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very eaÎ1 y eTa ratio consistent with the adiabatic cascade is also

srnaller. Thus for a present tenperature of To = 2'7 and a nucleon

densitythreetinesthatgivenin(64)thefovaluefortheadiabatic

cascade cones well within the Tanges given in Fig. 7.

These considerations however are rather acadenic unless the light

elements so produced survive the cascade. As we will now show for the

sinple adiabatic cascade above this is not the case '

Feasible neutrino induced disruption reactions for the light

elernents are

v
e

+ He4 + d + p + p + € r Q = -25.29 mev, (105)

+He3+3p+e, Q - -6.9 nev, ( 104)
V

e

e
+t+fl+p+e Q - -5.5 mev,

+d+p+p+e Q - -1 .47 mev.
e

The third reaction will be in competition with the protonízation of

tritiun to He3

v + t + He3 +e a - .01 rnev,
e

(10s)

(106)

(107)

protonization of He4 to Lia will not occur since Li4 does not exist (Chiu

1e6B) .

Now actual disruption will depend on two factors. whether, during

the cascade, the growing energy difference between the ferni energies

of the neutrino and electron seas is sufficient to all0w the above

endothermic reactions to proceed and whether the Ïates of the reactions

at the first such permissable enelgy are faster than the expansion rate '

For reactions proceeding with the weak cross-section (81) we can adjust

(84) to give

tr-l =s x to-4 u.1 .þ.1 (tos).v uu ç
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wheleuuisthefermienelgyoftheneutrinosinnev,udiStheenergy

difference between neutrino and electron fermi energies in mev, v is

the velocity of the nuclide concerned çv = c/#) and .-t is the nunber

of reactions per nuclide per unit time' At onset uu - 60 nev

v/c - L0-5/2, ud - kT so that for À - 10t+ we have tt-I - 10-5 and none

of the reactions (103-107) will occur. The rates rise with uu but in

the case of deuteriun for example reaction (106) becornes energetically

feasible well before its rate of disruption becomes appreciable. A

sensible measure of the survival of light elements is therefore the

evaluation of (108) at cascade end r, - u¿, uu - 53 nev' Assuming the

non_neutrino fluid has then the nicrowave background temperature

2,6 x 10I0"K we have

tr-r = 24/Ã

where A is the mass number of the nuclide concerned. on the basis of

this equation we can expect no light elenents produced in the very early

eTa to survive neutrino induced disruption during and after the

cascade. Actually a more accurate calculation would give a smaller

coefficient in (109); since most matter is converted to radiation the

expansion is speeded up a factor - GV'r f st/z ¡z tines (83) ' appropriate

averaging of the cross-section and the density contTibutes a factor

- 3/5 and removing the effect of dynanically unfeasible reactions for

Hea disruption contributes - 7/8. Including an increase of {7

associated with thermal nucl.ide speed the coefficient drops to - 14 '

Even though Eq. (109) then gives tr- t - 7 for He4 and falls off as T-7/z

no appreciable quantities of He4 would survive- Primordial light

elenent production thus seems inconsistent with the sinple adiabatic

cascade discussed above'

Alternatives to that cascade scenario rnust be ex¡llored through

(10e)
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detailed calculations. Indeed it nay turn out that the slower decay

tine for the muons extends the cascade in such a way that (109) is ¡nuch

snaller. The rnodel night then produce sufficient He4 as well as the

blackbodybackground.Suchspeculationsasidehowever,thetwin

features of a natter-photon fluid heating cascade and the peculiar

''histroyl,ofthelightelernentssuggestthenodeldeservesfurther

attention.

The discussion above is also interesting in relation to anothel non-

zeroleptonnunberrnodelconsideredinPart(i)ofSec.4.Inthat

nodel the standard treatnent of nucleosynthesis is nodified by the

introduction of varying densities of the two lower lePton types (e'u)'

we have already noted that pion condensation after the hadron era

(, l012oK) is a general feature of these nodels unless the lepton charge

in the nuon leptons is actually distributed across higher lepton types'

InterestinglyifthelatterisnotthecasetherenaywelloccuÏa

leptoncascadeasthehighnumberdensitiesofmassiveleptons(say

antimuons) lose their lepton numbers to the collesponding neutrinos'

presumably the pion condensate onçe necessary to balance electric ch4rge

willalsobedestroyedduringthisperiod.Againwewouldexpectmost

change to occur near x4 - À4' In the example considered in Sec' 4'

^-23intheeatLyleptoneraandfisaconstantduringexpansion.t+^u
However if the enormous energies liberated by the loss of arl {u*, r }

heatthefluidthelateleptonerafuvaluemaybenuchlarger.Forthe

example nentioned the late lepton era has Iu - +O' t;t : O't 'x 109;

early universe parameters consistent with these values nay be nuch

larger.

Limitationsofspacepreventdetailedconsiderationsofsuch

nodels, we will instead leturn to thern in future work'
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(v) Criticisn and Discussion

Theforenostpoint,foranynodelsinilartothatabove,mustbe

whether such neutrino seas are detectable. weinberg (1972) ]|las

reviewed the situation for detection of neutrino seas in general and it

seems that the most stringent linits on the ferni levels come frorn the

cosnological density itself, that is Eq' (68) ' More recently Lucey

(1976) has considered various possibilities; apparently the failure of

theratesofthedecaysKi+2n,Kå*2lrtoshowdegeneracyeffects

indicates seas must have a fermi level bel0w 10-2 ev. This of course

does not violate (68). Stodolsky (1975) has also considered some

ingenious experirnental possibilities. In the context of conventional

current-currentV-Atheoryheconsidersthesplitinenergywhich

occuTs for two helicty states of an electron in rnotion through a

degenerate neutrino background' The effect is proportional to

neutrino density but is unfortunately very snall - 10-24 ev' Stodolsky

also suggests using neutral currents and nucleons in a sinilar fashion'

Forourrnodelhoweverthespin-spininteractionswithv"andvuwould

presumablY cancel out '

Astrophysicalpossibilitiesnayintheendofferthebesthopeof

detection. However for neutrinos with an energy given by Eq' (68) no

known object is sufficiently dense to tlap them nor would blocking

factorscauseanysignificanteffects.RecentSupernovaernodels

(schrarnn 1975) consider the effect of neutrino degeneracy which nay

well be related via neutral currents to the blow off (Freedman 1974) '

These neutrinos do not n-ave a cosnologicar origin and their lower states

aredepopulatedduetoa,lwindow''effectproducedbythequadratic

dependenceofthecross-sectiononneutrinoenergy.Theleast,energetic

neutrinos which are tTapped have an enelgy well above the ferni level of

thecosmologicalseaanditistheslownessofneutrinodownscatter
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(from - 10 nev) due to ferni inhibition which causes degeneracy of the

supernovae sea. If however the neutrino cross-section does not fal1 off

quadratically at low energies then there nay well be some contenporary

and evolutionarY effects.

It nay turn out that the seas are sinply undetectable and can only

be inferred through dynanical considerations. If they were to supply

rnost of the dynanically nissing'rnass'r then they would neatly solve the

problens with that nattelrs undetectability. The latter crisis as we

have seen has been the subject for some rather exotic solutions (e'g'

heavy neutrinos, black holes). The pitfalls of some of these have been

reviewed by Gott et al. (Lg74) and we refer the interested reader there'

presunably the degenerate seas also play a crucial role in deternining

the larger scare structure of the universe. The work of Mèszáros (1974)

has some rerevance here. From a study of fluctuation growth for point

masses enbedded in a smooth radiation fluid of greatel energy density

he concludes that clusters of galaxies could not form. However in that

picture all fluctuations are in the rnatter and not the radiation fluid

i.e. are isothermal and not adiabatic. A more realistic analysis would

have to account for ftuctuations within the sea densities' l\Ie will not

even attenpt to cove1 the conplex issues involved here, however a couple

of points are worth noting. Firstly the neutrino enelgy density falls

as R-4 while the natter density falls as R-3, thus for a density

enhancement:which does not conpletely participate in the liubble flow'

other things being equal, the neutrino density wilI build up relative

to its surrounds faster than the rnatter density. secondly the nodel

nay be nore hospitable to the growth of fluctuations than the standard

model since at comparable red shifts the model will be denser than the

standard model for the same present density' lhus at recombination the

degenerate seas nodel is sorne 1500 times denser than the conparable
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standard nodel and the gravitational potential within adiabatic fluctua-

tionsispresunablyalsogreater.Noticethatsuchdegenerateseas

confer a dynanical aspect to large scale stTuctuling; stluctures formed

at large red shifts nay well lose stability as the neutrinos flow out'

Thequalitativedescriptionwehavegivenofthethoroughly

deviantmodelabovecanhardlyjustifyitasaseriouscontenderasa

cosnological nodel. In relation however to other photon producing

, models of the Rees or Layzer type photon production has a nore

.,,oosnological character and problems associated with homogeneit¡ isotropy

and the black body character of the radiation do not arise' Most

inportantly the peculiar history of the light elements for the adiabatic

cascade and the smallness o,f (I09) suggests that a truly detailed

calculation night still provide solution to both heliun and rnicrowave

radiationproblensforaspecificpairofearlyuniversepaTaneters

{1, fu}. Accepting this hypothetical success for the monent we See

that sone difficulties irnnediately arise' At temperatures - 1012 apart

frorn an expanded hadron spectrurn we should expect excitation of the weak

interaction bosons. This is part of the larger question of what earlier

epoch description is consistent with the nodel as discussed above' we

shall treat this epoch in sorne detail in the next chapter' Presunably

it is also the onus of such an investigation to explain the values of À

andfothenselves.Thisbringsupthedifficultyofhowwhatever

mechanisrn which stacks the electron and nuon lepton seas resists stack-

ing the higher lepton flavours r " ' A perhaps more pertinent

question relates to fluctuations in the microwave radiation caused by

thecascadeitself'Photonproductionmayturnouttobequite

sensitive to primordial fluctuations within the seas as well as to

fluctuations during the cascade itself'

Nowifthissectionseemsunwarrantablyspeculativeletusnote
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there nay be good reason to believe that the earliest epochs are in some

way intin ately connected with degenerate neutrino seas. As we have

discussed in Sec. 3, Ch. 3 the tine in relativistic degenelate rnodels

depends only on the fermi energy' Thus taking Eq' (S3) as ty¡rical for

an early universe containing degenerate fernion seas we have

t - 5p|2 sec ( 110)

where l]ç is in mev. Now if we ask for the tine at which the characteI-

istic size of the fermion - h/pu is just contained by the horizon - ct

we obtain

t - l0-r+4 sec. (1r1)

This is just the plack tirne, the size of the leptons is just the

fundamental length - 10-33 cm and their energy is just the planck

energy - 1020 Gev. There is then one I'fundamental'lepton per horizon

volume at the Planck tine.

Of course at these energies we must consider the consequences of

the ilfull'r lepton and hadron spectrrms. we rnust also consider the

relevance of the new grand unified theories wherein a single schene

incorporates strong, electromagnetic and weak interactions which will

have equal strength at energies - 1015-16 Gev. in this context for the

thoroughly deviant nodel (with À - tgU = const.) above we have the

following coincidence. At the planck tine all non-leptons have a

characteristic energy - t)s/x - 1020/104 - 1016cev. This is just the

grand unification enelgy. 0n this basis it would seem that any scheme

that could give the parameters {1, fo} is fundamentally one of quantun

cosnologY.



I55.

CHAPTER 6

THE HADRON ERA AND BEFORE

1. INTRODUCTION

In this chapter we will attenpt to discuss more realistic models

for cosmologies in their hadron eI'as. By this era we mean an epoch

when thermal energies or densities are sufficient to open up the higher

lepton and hadron spectrums. That is when the study of cosnology

leaves the faniliar low enelgy world of {p' n' e' Y} (or (u' d)'

(e-, v")) to consider the consequences of nuch higher energies, energies

which are only phenomenologically known through high energy cosnic ray

events, perhaps supernovae and the modern particle accelerators'

So far , apart fron minor lapses we have kept away fron the very

profound and fundamental issues which are involved in cosnological

theorizing and particle physics and which began our discussions in

Ch.l.Howeveranydiscussionofthehadroneramusttrytodo

justice to the various theoretical and philosophical positions that

characterize nodern particle physics. Two distinct approaches will be

particularly irnportant here. The first as we have discussed in ch' 5

would regard the particles ((u, d)' (s' c)' (t' b)' (e-' u")' (u-' vu)'

(t-,v.))asfundamentalentitiesoutofwhichallotherstatesareto

bebuilt,whilethesecondwouldregardnostateorbeingnore

fundamental than any othel. The latter is part of a general physical

philosophy called the bootstrap and bears some historical sirnilarities

to the philosophy of Leibnitz. The two different outlooks give two

very different cosnologies as we will see'

The way in which we have approached cosrnological rnodel building
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since ch. 2 :nas disguised a methodological difficulty. Instead of

attenpting to account in sorne self-consistent way for the forces ald

interactions extant at a certain temperature or density, we have taken

the much easier route of postulating the types of particles at an epoch

and considering the reactions between them' However there is no

guarantee that such assumptions aTe feasible. certainly we must revise

them for energy regines which change the conserved quanturn numbers yet

theremaybenoroutetoourassumedepochonceearlierepochsa1le

betterunderstood.Thisnustbethecaseifsomeofthequantun

numbers which characterize our hypothesized epoch are notra feature of

the initial singul arity, they are then the result of processes occurring

duringtheexpansionandtheirvaluesarenotfree.Wewilldiscussin

this chaptel one model which takes this idea to its extreme; the

singularity is characterized by no quantum numbers (except perhaps

electriccharge)andthevaluesoffo,f"etc.alederivedbycalcula-

tion. These are the so-called grand unified theories which violate

baryon and lepton numbers. The theories, haiJ.ed by sone as indicating

the end to the particle physics theoretical prograrnme, would attenpt to

give the entire chenical content of the universe and in particular

would rnesh with the standard nodelrs (as revised for higher lepton

flavours) description of the lepton era. we attend to them in the next

section.

In the third section we consider a rather different approach' that

of the statistical bootstrap. The bootstrap only applies to strongly

interacting particles however after some discussion of the relevant

literature we atternpt to introduce non-zero lepton charges ' we do this

in a naive rÀray (we merel y add numbers of various lepton types to the

hadronic fluid) but as we will see the result is far fron trivial ' In

particularifleptonsareascomnonas(net)baryonstheconsensusview
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of the hadron era is altered and reptons dominate the energy density for

a period after the hadron barrier'

In the final section we round of the thesis with sone discussion

and observations.

2. QUARKS, GRAND UNIFIED THEO RIES AND THE BOOTSTRAP

when considering the hadron era r'Ùe begin to rnove outside the realm

of contenporary particle physics ' Already in Ch' 5 we have seen that a

particular theoretical vision of higher lepton and quark spectroscopy is

in nutual support with the standard big bang scenario' The two nodels

nay either stand or fal1 together. A sinple list of this now trstandardrl

particle description (Harari 1979b) - 3 fanilies of quarks and leptons

(two per family, three colours per quark), 1'2 guage bosons' I SU(3)

gluons,4SU(2)xU(1)electroweakvectorbosons-showsjusthow

theoretical such a fundarnentalist view has becone; apart fron the photon

only the leptons have been unequivocally seen' In the near future

accelerators may reach energies capable of producing the vector bosons

but since coroured states have never (yet) been observed coloured

particles nust somehow be confined. Itrhether this confinement is total

or only partial (perhaps the gluons are nassive) will have divergent

cosmological consequences'

If quarks are confined no matter what the avelage particle energies

within the cosmological fluid then we need not even consider then in

cosnologicalargument.Theirepiphenornenaethehadronsarenever

ionized into constituents and the rnultitudes of hadronic resonances wilI

dominate the hadronic equations of state. A theory which night describe

these features is discussed in the next section. on the other hand if

quarks are not confined completely and are fundarnental entities then for
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sufficiently high temperatures (or when hadron "bags" overlap) the

universe will be fitled with a number of types of black body radiations

given by just the particles of the standard description'

It is interesting that this latter view gives rise to severe

constraints on the existence of quarks. Zelrdovich and Pikelner (1965)

were the first to note that if quarks are allowed their freedon at

sone early epoch then imperfect inclusion in hadrons and inperfect

quark pair annihilation during subsequent expansion denands that the

presently surviving quarks should be as colnmon as gold atoms tO/tp - 10-10'

If it is accepted that not all rnatter outside stars has been cooked and

ejected then allowing for both fusion of quarks within staTs (and

perhaps quasars) and a low primordial element planetary abundance of

-l%,thepredictedquarkabundanceisveryrnuchgreaterthanthe

measured limits of - 10-20 quarks per nucleon (see LaRue et aI' 1979 a¡d

references. therein) .

InarecentpaperWagonerandsteigman(1979)havearguedthat

these calculations do not apply for free quark masses Z IO Gev/cz'

The reasoning has to do with the quark-hadron transition' since the

mass of quarks within nucleons is smaller than I Gev a quark fluid at

such thermal energies is relativistic and the total quark density is

conparable to photon density. During the transition the nunber of

quarks which can interact with the potentially free high enelgy quarks

drops suddenty due to inclusion in hadrons. The gluon field is then

unscreened and due to the proportionality of the quark-quark potential

toseparationthequarksacquirealargemassastheyactuallybecone

free. Since the free quark density contains an exp(+ncz/kt) term it

turns out for free masses I 10 Gev the quarks freeze out during the

transition and their density is then sufficiently low to be in accord

with obserYation.
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(i) Grand Unified Theories

These theories offer the possibility of unifying the three basic

elementary particle forces stTong, electronagnetic and weak as different

manifestations of the same fundamental interaction' An interaction

which involves a single coupling constant, the fine structure constant

(Georgi and Glashow 1974). The theories are motivated by the success

of the weinberg-salaarn su(2) x U(1) guage theory of weak and electro-

rnagnetic interactions and of su(3). colouI. gauge theory of the strong

interactions .

The pattern of generations of quarks and leptons within the standard

prescription has two striking independent features. l4lithin each

generationthepatternofquarksisverysinilartothepattelnof

leptons and some profound connection between them is suggested' More-

over each generation seems similar to the others so that the old e - u

problemis,generalizedtoaproblernofapparentlyredundantgenerations

of quarks and teptons which differ only through their masses ' such

relationships suggest that both quarks and leptons belong to the sarne

nultiplier of a large guage group which contains both su(2) x U(1) and

su(3). and which therefore unifies electroweak and strong interactions'

onesuggestionforsuchagrandunificationgroupisthesirnple

group SU(s) proposed by Georgi and Glashow (1974) ' As a simple group

the theory wilt contain only one coupling constant and the gloup has a

rnaximal subgroup structure of SU(2) x U(1) x SU(S). so that the

weinberg-salaam nodel and quantum chromodynamics are naturally

incorporated. rf experirnents force us beyond SU(2) x u(1) however then

some larger group will be needed. some possibilities are so(10) and

the exceptional Lie groups Eu and Er'

whatever the unifying group the grand unified theories have in

common a number of features of considerable cosmological significance'
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of particular relevance is the existence of a superheavy mass scale at

which energies the coupling strength of the three interactions becorne

the same. The convergence is brought about through the (predicted to

be continuing) logarithmic decrease of the effective QCD coupling

constant and the mass scale can be estimated as = l0l5 Gev/c2 (see

Appelquistetal.lgTSforageneralreview;theactualmassscale

depends on the grand unified theory, the weinberg angle etc'). A

similar rnass scale comes from another independent argument. Since

quarks and leptons are placed togethel in single representations of the

unifying gauge group there will be gauge bosons connecting leptons and

quarks which lead to a breakdown in lepton and baryon conselvation' A

lower limit - 1030 yeats on the measured proton lifetime (Learned et al'

1979) thus suggests a grand unification mass of ¿ 1015 Gev/c2' It nay

be possible to achieve grand unification at lower energies ' However

the so-called Weinberg nixing angle which is a measure of the relative

strengths of weak and electromagnetic interactions and which is

determined by enbedding su(2) x U(1) in a larger group appears to be

too high (Harari 1979b).

Notice that a grand unification mass of - 1015 Gev/cz is well

below the planck mass - 1Or9 Gev/c2 and that this is necessary for

ilgrand unified theoriesil without gravitation to be possible' Further,

for the'standard model as discussed in the last chapter the grand

unification energies of 1015 Gev occur at T - IO2B.K and t - 10-35 sec

which j-s weII after the end of the Planck era t - 10-43, T - 1032oK'

Theapplicationoftheseideastocosmologyhasrecentlyreceived

considerable attention (e.g. weinberg 1979, Ellis et aI ' 1979, Ellis

and steigrnan 1979). Such work attenpts a natural explanation of the

baryon asymmetïy, a cosmological feature seeningly rnade conpulsory by

the lack of observable antimatter. As well it would attenpt to derive
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the si ze of the photon to baTyon ratio. Interestingly a successful

scheme requires three unusual features. Not only nust baryon number be

violated, say through the decay of the so-called x bosons (mass - grand

unification nass), but decays nust violate cP (and c) invariance and

occur when B violating equilibration is imperfect. This last is

necessary since perfect B violating eqùilibriun cannot produce any net

baryon nurnber (Weinberg 1979) whilst CP non-conservation (hítherto seen

only in the K9K0 system) ensures T violation and consequently net baryon

numbers in the decaY Products.

Ellis et a1. (1979) have considered a baryon generating scenario

for SU(5). At tenperatures between 1619-191s Gev/X it is expected that

the rates of all weaki strong' and electromagnetic forces are in non-

equilibriurn. However when baryon number violating forces reach

equilibriurn below 1015 Gev any Planck era (à priori) or previously

generated baryon excess will be destroyed. sonewhat later these B

violating forces again go out of equilibrium, the cP violating decays

produce a baryon asymmetry and the final ratio of total entropy to net

baryon number gives a photon to baryon ratio'

Ellis et al. calculate the ratio for SU(5) as 1010, rather higher

than the expected ratio - 108 for the standard nodel. The generated

baryon asyfûnetry is low due to the fact that at lowest order the cP

violation is 8th order in the Yukawa coupling constant. It is too

early to say that the attenpt using su(s) has failed however it does

suggest that other unifying gÏoups should be investigated. Ignatiev

et al. (1979) have studied so(10) which seems to more easily give the

correct photon to baryon ratio. This comparitive (and tentative)

success of SO(10) over SU(5) highlights a crucial issue for cosmological

theorizing and terrestrial physics. As we have seen in Ch' 5, heliun

production within the standard model is consistent v'Iith only a narTow
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Tange of feasible particle-theoretical rnodels. It may turn out that

the constraint imposed by producing just the right amount of baryon

asyrunetry severely linits cosnologicatly viable grand unified theories '

Furthermore the very early universe may well be the only I'laboratoryil

capable of testing such theories (an upper timit to the proton life-

tíme or discovery of the elusive Higg's boson would confirm such

theories are indicated but would hardly test then). rt would be appeal-

ing to nany if in fact only one such theory could produce the correct

photon to baryon ratio. The so-called "endil to the particle physics

theoretical programme would then be consurnnated by the removal of that

nagging cosnological difficulty - why fO takes a value around 108 '

such speculations aside, it is quite clear that the consequences

of unified theories for cosmology are only beginning to be studied' It

is worthwhile noting therefore the ways in which any such analyses may

be unsound. The non-conservations discussed above arise from the

Spontaneoussyrnrnetrybreakingoftheunderlyinggaugetheories.There

is thus, presunably, no way to predict the direction of the breaking

nor imbed that direction à priori in the initial conditions ' That the

world is baryonic (or more appropriately kaonic) nust be added to such

theories as an ad hoc à priori. If this problen relates to the global

signoftheasymmetryevenmoreproblematicishowtherecanbea

global âsymnetry at aLI. since the breaking is spontaneous one cannot

expect regions which have had no causual contact since the singularity

to break in the sane direction. In fact there should be no larger than

horizon correlations in baryonic sign and one would expect a random

pattern of breaking. As Brown and stecker (1979) have recently noted

such a situation leads more natutaLly to a baryon symrnetric cosno,logy

as opposed to an asyrnnetric cosmology. The complicated phase separating

mechanisms plroposed for the omners model (L972) are thus not necessary'
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This point can of course be taken the other way. The absence of any

appreciable observable quantities of antinatter is contraly evidence to

any spontaneous breaking theorY'

These cornrnents should not be taken as too danning. The origin of

acToss horizon honogeneity is perhaps the nost perplexing of cosnologic-

alproblens.Itsresolutionnightprovidethekeytotherandom

baryonic phases. However the spontaneous breaking occurs well after

the Planck era. The deviant nodel suggested in sec. 5, Ch. 5 is of

interest here since baryon and lepton number generation would occuI.

just after the Planck era.

More work needs to be done on the:role'of lepton numbers'in these

approaches. The lepton asymnetry is just as nuch in need of explanation

as the baryon asymmetry. The situation is rather simple for SU(S) since

while both B and L are violated B - L is conserved. Dimopoulos and

Feinberg (1979) have discussed processes which violate B - L and even

justl,.Ifitdoestulnoutthatnoreleptonandquarkflavoursexist

then the grand unified theories nay be required to produce large net

numbers of leptons (sec. 4, Ch. 5). while the work of Dinopoulos and

Feinberg suggests such numbers are unlikely they consider (for

simplicity)onlyoneleptoncharge.Aswehaveseenwenaywellbeable

to nanipulate the sign of the tepton charges within the cosrnological

fluid so that in the context of specific lepton violating processes the

trnetff lepton production need not be overlarge'

Finally let us say that while theories of grand unification may

answer the quark lepton similarity within a generation they certainly

do not explain the pattern of repeating generations (Harari 1979b) '

one night,continue the funda¡nentalist approach by postulating that

quarks and leptons are made up of the sane fundamental particles,

variously called prequarkS, subquarks, muons, alphons, quinkS (see
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Harari I979a and the references therein) and pleons. Higher generations

are then excitations of the first generation. Thus the great success of

the quark nodel in deriving the nultitude of hadron states may give way

to a sinple scheme which gives the quarks and leptons themselves '

Harari hinself suggests an economical scherne consisting of two

fundanental entities called rishons (Hebrew for first), one with a third

charge and one neutral. However such a scherne gives no idea as to the

quantum number governing generations since as Harari (f979b) indicates'

spin, angular momentum and radial excitations seern to be excluded'

Now the particle physics we have attempted to discuss here has

been based on a simple:rrheuristicrr. That the study of the nicro-donain

can best proceed by the positing of fundanental entities with

categorizable and inviolable properties. A conplete analysis of their

interactions will then derive all higher order structures as

epiphenomenae. Let us now discuss an orientation which at least ,as far

as hadron physics is concerned conpletely rejects this approach.

(i i) BootstTaP Theory

If nainstream particle physics and its continuing pleoccupation

with fundamental particles is to be seen as a contenpoTary equivalent

of a Newtonian corpuscularian stance then the bootstrap approach has

nuch in conmon with the anti-corpuscularian viewpoint of Leibnitz (Ga1e

Lgl4). The bootstrap philosophy as propounded by Geoffery chew (1970)

ilseeks to understand nature not in terms of fundanentals but through

self consistency, believing that all physics flows uniquely from the

requirement that components be consistent with one another and

themselvesrr. There are no fundamental entities with inviolable

properties rather all components are considered democratically with

none mote fundanental than another'

Now by consistency here we mean a "physically conprehensiveil
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consistency. However it is a fact of scientific investigation,

especially for partíc1e physics, that the phenomenology and consequent

theory building is "Iocalt' both in terms of the energy ranges

investigated and the conponents hypothesized. For the bootstrap

approach to compete with such "local" theories it must involve itself

in a I'partial bootstraPr'.

Bootstrap theory has mostly concentrated on the stlong interactions '

It is hoped that since all other forces are much weaker than the strong

force a theory can be built that concerns itself with consistency wíthin

the strong interaction physics only and that this partial bootstrap

gives results acculate to at least first order. The S natrix is the

language used for expressing the conplex interrelationships of the

particles and the sinplest bootstrap conjecture takes the following

form. That there is only one S matrix consistent with the constraints

of poincaró invariance, unitarity and analyticity (Chew 1970) ' All

strong phenomenology including spectrums of particles, their nasses,

spins and internal quantum numbers as well as coupling constants and

all scattering amplitudes would fo1low fron these constraints' such a

conjecture is falsifiabte since any S rnatrix which conforrned to these

basic requirements and had any adjustable parameters would disprove it '

Theconceptionofhadronsundersuchaconjectureisvery

interesting. Each of the hadrons owes their existence to the same

forces through which they mutually inteÏact so that the interaction

which creates then is also the force of which they are composed''

Each hadron ís then a constituent of every other hadron' In the next

section we will look at the cosrnological consequences of such a view-

point. Fortunately what we do there will depend little on the details

of bootstraP PhYsics.

Now we have little competence to give an adequate review of the
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bootstrap approach, suffice it that we make one last point. The great

success of the quark nodel in deriving the hadron spectrlm is also a

serious defficiency for the bootstrap approach. Quark quanturn numbers

are not inconsistent with bootstrap, since an extended family of quarks

could be considered on a sirnilar dernocratic basis ' Nonetheless confined

quarks are not poles of the s natrix and an explanation of the hadron

spectrum should cone in another way. A recent attenpt in this direction

has been initiated by weissnann (1978) who introduces a new and

unobservable concept called rror.der'rr through which the hadron states can

be derived. whether in fact the concept explains more than the hadron

spectrum is a question for the future '

3. HAGEDORNIS STATISTICAL BOOTSTRAP MODEL

we intend here to discuss the post-nuclear density equations of

state for standard and deviant cosmological nodels. No attenpt will be

made to do justice to the many atternpts that have been nade in studying

these regions, instead we restrict our attention to one particular

approach known as the Hagedorn model'

The nodel is notivated by the hope that at sufficientry high

energies the possible nunber of hadron channels grows so rapidly that a

statistical treatnent is feasible. In statistical mechanics since

each macroscopic (thermodynanical) state is compatible with nany

microscopic states the relative probability of two given macroscopic

states is determined by the relative nunber of conpatible nicrostates '

Similarly for hadron producing relations

A+B+hadrons

anyana|ysisofthedecayproductsshouldcomefromthestatistics of
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all possible decay channels linited only by the conservation of energy'

The nicroscopic nodel of hadronic rnatter used by Hagedorn includes aIl

possible hadronic resonances in a self-consistent htay through the

rrstatistical bootstraP'l

''afireballisanequilibriunofanundeternined

number of all fireballs each of which is considered to

be a fireball ...rt- (1)

See the Hagedorn papers, Hagedorn (1965, 1968a,b,c, 1970) '

In cornmon with Chewrs bootstrap HagedorTtts nodel conceives of no

hadron being fundamental but-al1 as conposites (fireballs) of one of

the other. As a statistical bootstrap it suffers a number of lirnita-

tions. It cannot provide absolute predictions on cross-sections and

since it refers to physical transition rates and therefore to squared

matrix elements nothing can be said about the phases of corresponding

production anplitudes. Nonetheless it does provide testable predic-

tions giving branching ratios for various particle nunbers etc., see

Satz (1974) for a discussion'

The bootstrap (1) is formulated in the following way (Hagedorn

1970). If N(n)dn is the nurnber of different states between mand

¡¡+dm(i.e'thehadronmassspectrun)thenthepartitionfunctioncan

be written down in a straight forwa'td way and on assuming zero chernical

potentials and Boltznan statistics we have

[ 'c*r [ts,J'
lmc2ì

ITTJ
dmK,

on the other hand the ilnaínrr fireball (hadronic "g10b" or fluid)

always be described as

rnc2

f;
KT

(2)

o(n,v) e drn

can

(3)



where o(n,v) refers to the 1eve1 density of states. The bootstrap

condition demands that in the linit of high energies the two descrip-

tions give the same result so that o(rn) - N(rn) as m -> @. The only

consistent solution is the exponential behaviour

= A*-Bexp ¡mc2lkrn)N (m)
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(4)

where the various asymptotic behaviours of o(n) and N(n) give varylng

values of B. Theoretically the constants A, B, Tn can be measured fron

actual high energy behaviouï oT read off fron the known hadron spectrum'

A crucial aspect of the model is the temperatuTe constant

Th = 160 nev/K. This provides a finite upper maximum tempelature since

for tempeTatuïes higher than this the partition function does not

converge. As the temperature increases, mo1.e and more kinetic energy

is deposited as rest mass in the fluid and it so happens for the

exponential spectrum above such conversion is the doninant plocess

near T - 160 nev/K and the fluid cannot get any hottel. Now whether Tn

is an absolute maxinum or indicative of a change in the physical

composition of the fluid (i.e. a phase transition) is a mute point' we

will not argue suppoït for the Hagedorn nodel this can be found in

Hagedorn's papers quoted above, the more recent works Chaician et al'

(1975),EtimandHagedorn(1977),Hagedornetal'(1978)andthe

references that follow. A couple of points however are Ielevant' One

can never be sure that the spectrum is in fact exponential since it may

cut off or change at some transitional mass. Nonetheless nodels of

total quark confinernent such as the bag nodels (Chodos et al' (1974))

do lead to a sirnilar spectrum. Incidentally if quarks are not conpletely

confined then the Hagedorn spectrum and present linits on quark density

are consistent with a quark masses > I0 Gev/c2 (Frautschi et al . 1972) '

We can write the equations of state given by (2) and (4) as
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B-5
0

K, (x) e3-B

xT
T.

xr(x)e n

v-B-n-N
_(,_+).

169

(s)

(6)

(7)

xT
1t

h
dxx

.B-5 Ip = ómoc'xo 
J

2 -Bx dx

where 0 = Aßnlo-u / (rt(3) ) , rno is the proton nass and B is in the range

2 < B < 4.

since the statistical bootstTap says nothing about the lower states

the lower terminal in the integrals is uncertain. However most

contributions corne from the more massive states and we can integrate
xT

v-B
Kv

(*) "th dx
J;

x

=J
n=0

Æ

ñ/z

I
2n n! l(v-n*t<)

1 I(v +n+ra)
r x e dx

^n ñ! I(v - n + 14)

z

,1 1I(v+n+'¿) -n-B +L-t+",[t-tJtvn+B
I=i

n=0

where the inconplete garnna ftnction

In rnost cases all tenns but the first can be ignored and we obtain a

ter^'rr proportional to (l - T/ThrB-v-% for B - v - 4 t o or -,0n(1 - T/Th)

for B - v - Lz = 0. If B - v -,2 > 0 we get a constant'

(í) Zero Net BarYon Number

Foracosnologicalnodelcontainingzeronetbaryonnumberwethus

obtain for the energy densitY

p cl(1 -T/T.)B-7/2 8.7/z (s)

cx -1,n(1 -TlTh) B=Tz

cr const. Br7/z
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The pressure behaves similarly except that the changeovel point is

B = 5/Z and not B = 7/2. The scale factor behaviour as given through

entropy conservation is

R3 cr (1 - T/Th )'/, -g B . 7/z (9)

a -en(l - T/Th) $= Tz

The Hagedorn nodel is clearly very different as a description for the

early universe fron the standaÏd treatnent. Instead of the eneTgy

density growing as R-4 (al1 species relativistic) and the pressure as

- p/3, for B = 5/z (the value favoured by the earlier Hagedorn 1970) the

energy density gïot^rs on approach to the singularity as R-3 but the

plessure grows only as lln nl. If B > 7z the pressure is finite as

T+Trr, R+0.

Actuallythemodelcarronlybeusedconsistentlyuntilatine

a 10-23 sec. Hagedorn assumes each hadron occupies the volurne

V - (h/mnc)3; for times earlier than 10-23 sec one region of a hadron

cannot have communicated with another region of the same hadron since

the singularity so that the concept of that particle's elementarity is

lost. This is the hadron barrier of Bahcall and Frautschi (1971)'

Presumably nodifications of general relativity are needed to study the

physical conditions at times previous to this '

Harrison [1970, lg72) has turned this aÏgurnent on its head and

assumes that only particles of size less than ct can have existed

since the singutarity. The volume of hadrons is dictated by the mass

of the lowest pion allowable at a time t and is given by

4nV.
t = -*. (r.2)2 ktnt<r¡nc2lkrn) (10)

(hc)"

Alexanian (1971), Alexanian and lrlejiá-Lira (1975). The nodel described

in these references arso yields an exponentially rising mass spectrun
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but the hadronic boiting point Tn rises as kTn - h/t. Harrison would

therefore see no ïeason to modify general relativity at the'rhadron

barrier'r (the fluctuations Ag/g = 10-20) because of a failure in our

understanding of particle physics and would have a waÏln = 1012"K period

from 10-4 to 10-23 sec previous to which the tenperature would have

risen steadity to I032oK at the Planck e,'a t - 10-43 s"c. Whatever

the case with Harrison's suggestion it is clear that a definite change

of behaviour takes place at t : 10-23 sec'

(ii) Non-Zero BarYon Nunber

There have been nany detailed studies of the Hagedorn model and

its implications for cosmology e.g. Huang and weinberg (1970), Kundt

(1971), Frautschi (1971) , Carlítz (L972), Stauffer (1972) ' Carlitz et

at. (1975), Sisteró Qg73), Dersarkissian (1976); we will not attenpt

to review these here. Nor will we consider Tecent efforts to take

account of quantum statistics within the statistical bootstrap e.g.

Chaichian et aI. (1975), Engels et a1. (1977), Letessier and Tounsi

(1978). Instead we present a sinple picture which describes the non-

zero batyon case. we will then go on to consider non-zero lepton

nurnbers and display some effects none of the above literature seems to

have considered.

onewaytoproceedistotakethemassspectrumasin(4)anduse

the pair production quantum statistics integrals, the Jab, with a non-

zero chemical to determine the net baryon nunber i.e.

B-4
0

-Bx J1I ¡x,À¡e
xT/Th (11)dx,tb 0x

pn=0x

pb

B-5
0

*-B J2r (x,À)e

J03(x, tr)

t o"'
xTlTn

xT/Tn
e

(t2)dx

B
o*o

-5 toc2 x
3

dx (15)
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Huang and weinberg (1970) and stauffer (1972) have considered these

integrals. However Huang and weinberg have been concerned with

extrapolation to infinitely high densities and to times much less than

10-23 sec. (Note, an error in their paper is corrected by Dersarkissian

Ig76.) Restricting ourselves to tines greateÏ than this is equivalent

to working in the limit (Stauffer 1972)

À << (r - T/Th)-l ( 14)

using the non-degenerate Jab¡x,1,1 given in (c6-g) we have

% = o*l-^ Æ rë/z - B)(1 - r/rh)u-7' ,r.nx B < 5/2 (1s)

p = o*:-s ^.r,.fi.rë/z- B)(t - r/rr,)B-72 cosh^ 
" ' 

s/z (17)

When B = 72 (15) and (17) have the dependence on (1 - T/Th) replaced

by ltn¡r - T/Th)l and rot B > s/2 and À >> 1 it is replaced by

r¡ ¡¡B-s/z @ - s/2)l .

In the standard nodel the tenpeïature j-s = l0l2oK (= 160 mev) for

t - 10-4 sec. At tirnes irunediately previous to this the degeneracy

paraneter is very small and the behaviour is given by the pair

production equations (s-9) once the photon radiation is also included'

The photon energy density - arTfi remains constant as R decreases and

the photon entropy decreases as R3. The result is net flows of energy

and entropy in the direction of the hadrons such that the hadrons

doninate the entropy equation [o(r - t/m1-%7 for B = 3 at

1 - T/Th - 10-16 and t - 10-B sec (for f',r,or ! 108)' At still earlier

tines the degen el]acy paiameter becornes targe (I t> 1) and the universe

is again doninatecl by non-relativistic l.raryons, just as it is in the

pb * pb = o*: ^0.'[ïr(7/z - B)(r - r/rh)B-7/z cosh^ 
" ' 

7/z (16)



present epoch. The total entropy for this period is

S/nok :xB-s/z g - s/ù r(7/z - B)(1 - r¡rulB-7/z À, fot 5/, 
' u t 7/z
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( 18),ñ-T
À

1 - T/Th
À

L.
for B = 3.

The latter value of B is favoured in recent work e.g' Carlitz et al'

(f973). Conservation of baryon number requires that À rises only

slowly À -.Q,n R-3 so that the second terms in (18) can be ignored, if

the adiabatic expansion is to be maintained we must have

x/ (L - T/Th) = const.. The tenperatule is actually decreasing nargin-

ally as À rises and we have À - I02, 1 - f/Tn 10-14 at the hadron

barrier (Stauffer Ig72). Theilinit (14) is satisfied by these numbers'

Incidentally Huary and weinberg (1970) have considered situations in

which À(r - r/Tf,) >>

since t o "-À/2 
th. tine since the singularity is incredibly small'

much smaller for example than the Planck era t - 10-43 sec'

Inthiszeroleptonnumbernodelitisthenon-relativistic

baryons which doninate the energy density at earliest tines in spite of

the fact that at nuch later times it is the photons which dominate the

non-relativisticbaryons.Nodetailedaccountofthesizeoffois

forthconing,itisnerelyverysrnallatthehadronbarrier.Itis

interesting that Huang and weinberg in disregarding the barrier and

problens of equilibriun at very snal1 tines can find an'rexplanationrl

forfothroughthefactthattheonlywaytheirequationscanhavea

solution on approach to the singulatíty is for the universal

temperatuTe to approach a temperature T1 less than Tn given bY

f_ _^-. = (1 _.¡r7T¡)-I. Of course the burden of explanation sinply
b rnow

shiftstowhytheexpansionbeginswithjustthattemperatule.

Non-Zero LeP ton Numbers(iii)

Including non-zero lepton numbers in the above scenario
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irnmediately produces a difficulty' Assuming weak interaction rates

require chemical and thermal equilibrium among the leptons and hadrons,

then chenical equilibria in reactions (5:13-15) may dernand a non-zero

chenical potential for the pions and therefore a chemical potential

difference for neutlon and proton like baryons. However the statistical

bootstraptreatsallbaryonsonanequalfootingandthechenical

potential variable used above refers only to baryon counting (the pion

chenical potential is zero). Furthelmore the bootstrap approach says

nothing of the distribution of electric charges across the hadrons so

that answers to problems like that posed at the end of sec' 2, Ch' 5

will not be forthcoming within its framework'

This difficulty centres on the fact that the statistical bootstrap

is a partial bootstrap. Leptons are simply not included' whilst the

statistical bootstrap is accuÏate asymptotically at high energies such

energies seem 1ow cornpared to any inaginable opening up of the lepton

SpectTum.Againtheproblernofthenunberofleptonflavoursarises.

Incidentally the non-zeÏo lepton number nodels of the Kaufman-

Layzertypesuggestanotherareaofdifficulty.Athighdensityvarious

particle states may be stabilized against decay due to fermi blocking'

one rnay well ask what effect such factors have on the spectrun itself'

sawyer (Ig72) has considered such effects for cold neutron star natter;

a resonance such as A excited at supelnuclear densities suffers a mass

shift - 140-400 mev even i-n the abscence of two body interactions with

other baryons. At a given density the hi-gher the excited resonance

thelargertheexpectedupwardshift.sawyerconcludesthatasthe

density increases the highly excited levels become nore gradually

populated and that energy shifts rnay increase at such a rate with

density that states beyond the basic baryon octet are absent '

Itisbynomeansclearhowtoconsideralltheseissuesina
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cosmological context and we will nake no attempt to do so' Nonetheless

even srnall lepton numbers together with rising baryonic spectrums as in

(4) do suggest some surprising results. The simplest and probably most

naive way to proceed is to assume that each collection of baryons with

the same chenical potential is described by a rising number of types as

in (a) .

using the notation of sec. 2, Ch. 5 we have the charged groups

Q = + 1, À -À+À ( 1s)
p* 7'

Q=0, |=

B-1

À

q = -1, \,À

À_=À"+À.=14*À6735

J'

and the equations of mass action

(20)

where À, is the degeneracy parameter of the pions 'rr* and all sinilarly

charged mesons. In the baryon octet for example we will have for p*,

x+ a degeneracy parameter À + lz, fo' n, A0 t0 =0 a parameter À and x '

=-,,AaparameterÀ-trr.Allantiparticleswillhavedegeneracy

parametersjusttheoppositeofthesevalues.Inthiswaytherewill

be four families of hadrons characterized by the different degeneracy

parameteïr¡+Àr,À,\-\2,Àreachofwhichhastherisingspectrum

Eq.(4).Thispatternofchernicalpotentialsisforcedsirnplybythe

assumption of chenical equilibrirun with the leptons '

As with Sec. 2, Ch. 5 we can write down the equations governing

the charges which working in the linit (14) are

2;J
2.n2

o' xl- I
2 sinh À, cosh 

^ -;- /+0 À3

I *'-u rr(x)"*r/rh d* -

+ À 2 Jl1(xu, Iu)

0

3 3

*o

7gsinh À Æ I *'-"*r¡*1"*r/rhd*' (21)
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(22)

(23)

ro] of Sec. 2, Ch.

f = 0) requires
u

4 e (3) f;1 r3
2

À

Iu)

+

2 JIl (xu,

J

++

++6 (s) r-l +
3

u

46 (3) f;1 sinh À(2 cosh À, + 1) +il [+ I ^'-u *r-¡x)e*r/rh ax

(24)

The relations are valid for B 3 5/2, fot B > 5/2 nodifications similar

- B-5/"
to those discussed above apply and for ). >> I a term - tr" tz replaces

the integrals. we have altered Ó to 0'to account for each spectrum of

hadrons and of the two hadronic contributions to Eq. (2I) the first is

from the baryons the second fron the mesons. since the temperature is

- I012oK we have written the electron density in its relativistic form

buthaveusedthegeneralintegralforthemuons.Modificationto

higher lepton flavours is straight forward. clearty À > 0 if the world

is baryonic.

With the límited hadronic spectrum {p*, "'
5+

'll 1

charge balance in the lepton symnetric nodel (f"

I, , o. condensation effects can then arise since we may require x7 = *7'

For our nodified Hagedorn model however the solution À3 = À+ = À5 = À6 =

À7=0ispossiblesincethenetelectricchargeforallhadronsisthen

ze1o(Eq.(21)).Theequationscollapseto(24)andwehavethescenario

discussed in Part (ii) above with 4' = q/3. In such a model no condensa-

tion effects will occur'

As we have consistently argued there is no justification for

assumingthatthelep.tonnurnbersaTezeTo.Apost-Planckerascenario

like the one suggested in sec. 2 rnight be responsible for the baryon

asyrnnetry; the hadron banier will not apply to the x bosons since their

size is - :'O-27 cm, and for SU(s) we might expect an equal lepton

asymmetry,sãYfb=f".Eventhissnallleptonnumberhasaconsiderable
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effect.

At tines subsequent to I0-4 sec the electron degeneracy pararneter

is smal1 (= 1g-8) however it rises rapidly - R-3 during the hadron era

onapproachtothesingularity.Flowsofenergyandentropytothe

pair produced hadrons occur as in Part (ii) but the leptons become

increasingly degenerate and for À, I n, À, rises as R-I' One

consequence is that À, and À, become large relative to À, giving

T I so tl'rat charge balance determines À, via the relations
À^

J
q

2Ne 2 sinhÀ 2coshÀ+1 B.s/z ( 2s)
3 N¡ 3 S1 (2 cosh Àr +

and (24).

For times earlier than 10-8 sec (we use B = 3 hereon), À becomes

large and rises as løn n-al and the donination of the entropy by the

hadrons requires that po/nbkT - 10s - const. for sr/nok - 108 (the

contribution of degenerate species decreases as fli)' However the

totalenergydensitybecomesincreasinglydoninatedbytheleptonsviz.
f¡ 3Àå

=qll 4
L-'n-kT

b

P6

pTlnbkT (26)

lOB

and leptons dorninate when )'3:108' Using (5'1f0) for the character-

istic expansion tine for the model the leptons dominate for t '< 10-20 sec

(fb,rro, - f08) which is well after the haCron barrier'

l{re can generalize this for a situation with any present epoch

electron (or muon, or both) lepton asynrnetry given by fe,now' The

leptons dominate energy density for

À- ¿ 5 f - _^.. i.e. u3 ¿ 7oo f",r,o* t"t
" 3 e,now

N
e

Nu
+À^

3

4

and

r < 10-ut"lno,u

(27)
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The result is independent of the details of the particular Hagedorn

node1, the values of A, B and the naive picture above, and depends only

on hadrons being described by the rising spectlum as in (4) and the

existence of solutions for all tines greater than 10-23 sec' Note

however that for f",r,o* ¿ 109 leptons never doninate the energ)'density

after the hadron barrier. Nonetheless pion condensation nay be

necessary during the hadron era, thus even for N"/N¡ - I the L'H'S' of

Eq. (25) is greater than the R.H.S. for À >> 1 and x, = x, = I' The

amount of condensation in this case however is quite snal1.

For this nodified standard nodel (very small lepton asymmetries)

we have the following sequence of epochs. From 10-23 sec to a tine

given by (27) the expansion is doninated by leptons and t - R-2. The

hadron era then extends down to 10-4 sec with at first non-relativistic

(net) baryons and subsequently non-relativistic baryons, nesons and

their antiparticles (in nearly equal nunbers) doninating the enelgy

_3/
density. The behaviour t - R-"/2 gives way to t - R-2 as photons and

pair produced leptons dorninate the energy density during the I'Iepton

"t"rr 1g-4 sec - I nin. Photons subsequently doninate through the

radiation until around 105 years when the lowest lying baryons come to

doninate by virtue of their rest mass. The universe is once again

matter doninated and t - p.-3/2. Finally we have the present epoch in

which baryons, photons and leptons make successi-veIy snaller contribu-

tions to the observed energy density'

What of tirnes previous to 10-23 sec? If we accept Harrisonrs

proposalthenthetemperatureincreasestowardthesingularityas

kT - h/t rf leptons dominate after then barrier À t - t-,/z unð'
n2t

subsequently À3 - t-'/3 when baryons dorninate, previous to the barrier

however x, _ tyz and thus at sufficiently snalr tirnes the 'baryons'r

-3t 71.

again doninate the energy density with t - R-'/2 and À3 - t'2 on approach
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to the singularitY.

FinaIIy we night consider the case of larger lepton numbers and the

relevance of higher massed lepton flavours. Eq. (25) can be generalized

to glve

sinh Àr(2 cosh À + I)=@
where.c refers to a specific lepton flavour and the sum runs over all

flavours which give degenerate contributions to the density. sirnilarly

Eq. (26) can be generalized to

pT 
=lï 

ltnl ., * 
gb 

(2g)
4IT=4i5'tu+*1t'

For models of the type suggested by Beaudet et a1. described in Sec' 4,

Ch.5,Ne/Nb-10s,À"=lwhilehigherleptonflavoursnayholdsome

i lNul/tro s 1012 leptons. Such numbers of leptons would certainly
9"re
doninatetheenelgydensityduringthehadronera,andunlessthe
t,leptonstr are distributed across the various lepton types in such a way

thattheL.H.S.of(28)issnall,Bosecondensationisalsoa

necessary feature of the region. Note that if Bose condensation is

large then the contribution to the energy density by the zeTo eneTgy

mesonsnaybegreateTthanthatofbaryons.Itwillhoweverbeless

than that of the lePtons.

For rnodels of the type envisaged in Sec' 5' Ch' 5 only a srnall

amount of condensation is needed to balance charge since

(Ne Nu)/Nb - 1. As the tempeïature approaches 1012"K the density of

nucleons approaches nuclear density with t - 10-12 sec, ilb 3 1¡37 st-3,

the energy density of leptons however ís entirely doninant' It is

interesting to note that during the s¡p¿¡sion it is the hadrons which

give theiI entropy to the leptons during the hadron eI.a and that at a

later epoch the leptons may yield up a considerable fraction of this

Ì{.e.

I'i-
b

)-
iLn

B< Vz (28)
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entropy to the Photon field'

AlsonotethatforanyTeasonablenodelinwhichtheleptonsdo

doninate energy density at the hadron barrier, since the tempelatule

- 1012oK the degeneracy paraneter is fixed at Àu - 109 at the barrier.

For the Harisson nodel the temperature rises steadity to T - 1032"K at

' lt It'
t - 10-43 s"c and Àn falls as {/z and t73 on approaching the Planck era'

If our model contains large lepton numbers of the sizes discussed above

then the entire expansion fron the Planck e].a onwalds is dominated by

leptons.

Finally a word of warning. Little is really known of the equations

of state at supernuclear densities. Recent work within the statistical

bootstrap,asreviewedbyllgenfritzetal'(L977)'givesevidenceof

the ongoing development of that area' However only astrophysical

features such as hadronic star rnatter, the big bang itself, nay offer

theopportunitytoapplysomeofthesedevelopnents.onepossibilityof

particularimportanceisthattheuppeÏtemperaturelimitindicatesa

phase transition to a different state of rnatter at higher density

(CatlíÏzIg7z,Hagedornetal.t978).ofevenmolecrucialconcernis

the failure of the statistical bootstrap to produce an observed feature

of real corlisions - the so-calted jets (Etin and Hagedorrn 1977).

4. DISCUSSION AND OBSERVATIONS

SinceadetailedsummaryhasalreadybeengiveninCh.lwe

restrictourselvesheretodiscussionandsomeobservations.

Wehaveatternptedtodosomejusticetothernanythernodynanical

and chenical possibilities within the Robertson-walker cosmologies ' we

. cannot clairn to have done this exhaustively nonetheless our study has

enphasized some important features '



181

Incomparisontostandardnethodsoftreatingepochsintermsof

their donínant components our detailed thennodynamical analysis seems

justified.EquilibriunflowsofenergyandentropybetweenVarlous

particlespeciesareageneralcharacteristicoftheFriedmannrnodels

during expansion; such flows being indicated when the product RT departs

from its constant value 01' as rve have described it here: when the ratio

ofblackbodyphotonstosomeconservednumbervaries.Aswehaveseen

inCh.3suchenergyandentropyflowsandchangesinthechenical

conpositionoftheexpandingfluidoccuronlywhenSomeparticlelsrest

nass becomes important in the equations of state'

Wehavealsonotedrepeatedlythatincontrasttotheolder

cosnological descriptions (e.g. weinberg rg72) leptons play a critical

role in the models. The discovery of the tau lepton may have brought

the standard rnodel into confrontation with observational data and even

snallleptonasynmetriesnodifytheconsensusviewofthehadronera

hrithin the statistical bootstrap. Interestingly the leptons once

playedaninportantroleinnodelbuilding,howevetthiswaspriorto

the discovery of the rnicrowave background which has demanded we consider

hotuniverses.Thedj.scussionsinSec.4andparticularlySec.5of

ch. 5 have shown hre may need to reintroduce large numbers of leptons

intogosmologicalrnodels.ThehybridmodelinSec.5,ch.5is

interesting i4 this regard since the universe is cold for leptons and

hotforbaryons.Suchnodelsshowsomeunusualfeaturesandwarrant

further investigation'

Inthislastchapterwehavebroughttoaheadmanyissuesconcern-

ing rnodern particle physics and cosmology' The way in which

cosnological retrodiction has explored conditions at higher and higher

energies is sinilar to the way in which particte physics has explored

deeperlayersofmatter.Thequestionofwhatal'completel|cosrnology
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looks like (at least fron the point of vie\. of thermodynamical and

chemicar consequences and leaving out [perhaps] across horizon

perturbations and other features which rnay have a gravitational origin)

seems answerable only from the basis of a t'conpleterrparticle physics

(we nean one that does not include gravity). Moreover the various ways

inwhichparticlephysicscanbeconceivedmaygiveverydifferent

cosnologies.

We can see this by contrasting two naive particle physics

philosophies.Inthefirstasinpleatomisngivesthebasicentities

fronwhichal].othersaÏetobeconstructed,allquantumnumbersale

contingently conserved (the energy resolution of our experinents) except

those of the basis entities which are strictly conserved. In the second

thereisanever-endingSequenceofrnorebasicentities-hadrons,

quarks, pre-quarks and so on - wherein the lower reaches of the particle

spectrum at one 1evel can explain in rather sinple terms rnany complex

features of the level innediately above '

Simple atomism leads to a simple cosnology' We retrodict fron

presentlyobservedconditionsuntilwereachanepochwhenallmatteris

ionized in terns of its basic units. However frorn the Planck era to

this epoch there is no thermal or chernical evolution (al1 particles are

relativistic) and all particle charges characteristic of this epoch are

conditions of the planck era. while particle physics derives the type

and nature of entities that give rnatter its structure cosmology derives

the sizes of the charges of the entities that give the observed universe'

For the Laplacian nind then (we assume strict deterninisn) the world is

givenbyitsentitiesandtheirnumbers.Thefactthatnumbersof

particlesdonotseemtobeonthesameontologicalfootingastheir

pïoperties suggests that they are in need of further explanation and

makes ideas such as the anthropic principle (ch. 1) rather attractive'
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on the other hand if the structure of natter is infinite in depth

the problem of the origins of presently observed cosmological structuIes

may never be solvable (though perhaps this is not necessary) ' The best

we might do is peel back the layers of natter and simultaneously push

back the frontiers of the known universe. This has historically been

the case for cosrnology and will continue to be so until a "complete't

particlephysicsemelges.IfhoweversuchcompletetheoriesareneveÏ

to be devised it is difficult to see how rival cosnologies can ever be

neaningfully compared since sone problens wiIl always remain to be solved'

rndeed r{e may not be able to rule out any expanding cosmology at all '

These abstract considerations:underscore a very inpo¡tant issue in

the whole cosnological undertaking. This is the notion of retrodicting

fromcornplexconditionstosimpleones.Thereisatendencytodefine

cosmologyastheundertakingwhichcandojustthatsincethisisthe

basisofretrodictioninthefirstplace.Yetitwouldbenaiveto

expectthatsomeofthefeaturesofthepresentuniversearenotthe

integratedresultofnanycontributionseachofwhichrequiretheirown

explanation.0fcoursewernightneedtobeconvincedthatsuch

contributionsarenecessaÏy(i.e.areindicatedbyissuesrelatingto

otherproblens)butitisafallacytoassunethattheyrnaynotbe.

The value of fo night be an integrated effect of this tIPe, the complex

sharingofleptonnurnbers¿LmongleptonflavourswesuggestedinSec.4

Ch.5-whenweintroducedlargeleptonnurnberswhosenetnurnberinthe

contextoflepton/baryonviolatingplocessesmaybesmall(i.e.the

only way r^re can save rtstandard" heliun production if we allow many

leptonflavours)-maybeanother.Wearenothereadvocatingthe

rejection óf sirnpticity argr:ments in adjudicating between rival

cosmologies but merely that such arguments can never be ones of

necessitY.
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we have seen in this chapter that we face the possibility of a

"complete" particle physics (at least as far as non-gravitational

interactions aÏe concerned). The logical possibility arises of a

rrcompletet' cosrnology (as far as non-gravitational effects are concerned)

which has no initial charges (except perhaps electric charge) ' It is

critical both for the grand unified theories and their cosrnological

relevance that unification takes place below the Planck mass ' Further-

more any argunents pertaining to totally unified theories (they are not

falsifiable in the sense of Popper, the problem of self-referring

statements must arise if the rtheories are deterministic and all other

sciences reduce to them, etc.) are fortunately not yet important.

Interestingly for the scenario suggested by El1is et al. (1979) the

chemical content of the universe is derived at an epoch determined by

the grand unification nass but the chenical content (i'e' ba'tyon/ lepton

charges) between this epoch and the Planck era is irrelevant' All

memory of those initial charges (if we can define then neaningfully) is

destroyed when baryon violating forces come into equilibriun at the

grand unification mass.

Wecanhardlyclairntohavedonejusticetoalltheissuesthat

have been raised in this thesis and we have not even considered other

very inportant aïeas: black ho1es, chaotic cosrnologies, quantum gravity'

kinetic theory etc. Our treatment has been haphazatd and often cursoly

and incomplete. we make no excuse for this other than lirnited

knowledge and limited sPace '

Let us conclude with a comment on the grand unified theories and

the nodified standard rnodel's version of the heliurn production era since

these approaches seem to plesently be commanding considerable attention'

The attention is certainly well deserved since the grand unified

theories nay derive the coTrect value of fo and require only the small
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Iepton asymmetries needed in the modified standard model' However it is

justwhati-spresentlyunsatisfactoryaboutsuchtheories-theydonot

explainthepatternofrepeatínggenerations_whichisattherootof

the problem regarding helium formation and the nunber of lepton

flavours. one might be excused for speculating therefore, that the

problemofthenurnberofflavoursisnottheprovinceofparticle

physics but rather of cosmologY'

Presunablyacosmologicalsolutiontothenumberofflavourslies

in some kind of anthropic connection between the exact helium abundance

(andotherl.ightelementabundances)andtheoriginormaintenanceof

life. However we are not even very good at pinning down the exact value

of the contemporary light element abundances let alone understanding the

evolution of stars and planets sufficiently to calculate the effects of

different primordial values. Nonetheless if an anthropic connection

were to be found a critical problen with the carter formulation of the

principle (as discussed in ch. 1) - the problern of "grain'r - is solved'

The ensernble of universes is then an integer number - the number of

generations - each of which is characterized by different exact amounts

of light elements only one of which allows life. Even so one could not

expecttheparticletheoriststogiveupthesearchforal|bettert|

understanding.
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APPENDIX A

I INTRODUCTION

In this Appendix we discuss approximation schemes to the Ferni-

Dirac and Bore-Einstein integrals. The discussion centres on two closely

reiated representations of the integrals which are paÏticularly useful

for our purposes. Many other Ï.epresentations have been investigated

and approxination schernes developed, thus for exarnple McDougall and

stoner (1953) tackle the non relativistic form of the integrals and

more recently Guess (19ó6) and Bludnan and van Riper (1977) extend

previousworkontherelativisticforn.TheworkofGuessisof

particular relevance here; after discussion of a number of representations

he adopts a form which is concise and which allows derivatives of the

irnportantthernodynanicalfunctionstobewrittenwithinit.

Approxination schemes to these functions are then <ieveloped via cornplex

analysis for the ñur regions, non-Ielativistic, extreme relativistic,

nondegenerateandextremedegenelate'(thislastbeingonlypossible

for the fermions). The central region, semirelativisitic and

senidegenerateistackledbydirectnumericalanalysis.

TheworkofGuesshowever,isnottotallysuitableforour

purposes. Thus no continuity is established between that for rnassive

particles and the equations for radiation and the expansions given in

the relativistic case becone unceltain for bosons with I+x' Moreover

Guess expresses his integrals in terms of functions which have been

tabulated to sorne extent (McDougall and stoner 1938, Beer et aI' 1955)

or have been expressed as series expansions in various palts of the

literature (Dingle 1957, Van Riper and Bludman 1977, Robinson 195r) '
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Since we will need these expansions anyway it seems useful to develop

a general nethod of tackling the integrals'

Thenethodsusedheretodevelopapproxinationschemesareless

elegantthanthoseofGuessbutproceedinasimplerfashion.Aswe

will show all expansions will be expressible in terms of two functions'

the modifíed Bessel function and a generalized form of Riemannrs

zeta function. These functions are discussed at length and series

approxinations given to then in Appendix B'

We define

ab
e

I (xrÀ) f; dy (1)

(2)

(5)

(4)

(s)

and (Guess 1966)

The relations

and

a:
coshn ¡

e
xcoshX-À

5

IIT (Q3-Qr)

rzr

4

l¡X'
8

(Q4-Q0)

h
r03=L (Q4 - ¿Q2*sQo )

dx(x, À)

0
+e

x

r2r ++ ÀI1r = *3(ä(Q4-Q2) - |COt-Otll

are easily established (in this and the following we drop all unnecessary

subscripts and variables) and a differential relation among the Qn

follows fron a lengthy integration by parts

¿(Qt*l-Qt-t) = fl O"o^ - ((n+l)Qn + (n-l)Qn-tlf, u*. (6)
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The form of these integrals immediately suggests the approxination

regions, X+ 0 relativistic, x-} ænonrelativistic, À>>x degenerate'

À<<x nondegenerate. A ninor difficulty arises with the Qn for massless

particles x = 0, since the Qn are not defined in the lirnit x + 0' The

Iab of course are defined and show no explicit x dependence in the

limit, they can then be integrated explicitly and are given in section

3, chapter 2. Any difficulties with the Qn are thereby renoved by

taking the linit x -+ 0 only at the end of calculations involving the

nore physical Iab. Clearly no problems with the derivatives can arise

since these becone exPlicit also'

In the sections below we derive and discuss the various

approxinationschernesonthebasisofaninitialassumptiononÀ

(orn=À-x).Howeversomeoftheexpressionssoproducedarevalid

in a wider range (Sec. 4). It proves useful therefore to irtclude in

sec. 5 a sumrnary of the schenes and a table to illustrate their regions

of use.

2 NON DEGENERACY: À<0

Consider the case 1 = À - x s 0' The denoninator in the integrals

(1)anci(2)canbetreatedasasumofageometricseries,the

surnmation can be removed to outside the integral and the series

integrated tern by term with each teI.m corÏesponding to a nodified

Bessel function defined by (81). Relations between these Bessel functions

(82-3) can then be used to derive

æ

a: I c')m+l nÀ
e

m=1

kn (mx) 
'

(7)
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e

Ì

-d*t "tÀ *2 kz (nx) ,

(- r)t*-ÃT x2 kz(rnx),
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(8)

(s)

(r0)

64x

(1 3)

n

12
e

e

- -m+l,ï)"'" 
"*À *3 (k3(nx) - !z(**)- 1,

m

I

æ

I
1

nÀ
I03 = 3

e

e

m

and

r03
T2L + t¿
e3 AII I = "*À*'(xk3 

(nx) - Àkz (mx) ) . (11)i - -rn+1
[-eJ
;-

m= I

In the 1init À large and negative the integrals "t" 
ffib, qf; and

the series above retain only the first tern, these are the equations of

theSyngegas(2:56-58),Inthenonrelativisticandrelativj.stic

regions insteacl of the series above in the Kn we can use expansions for

the K' and give the above integrals in terms of a generalized zeta

function defined bY (86).

series

Since n < 0 it witl be given by its Dirichlet

n
z (r2)

1
i

11=
þ (2, s) lrl < 1.

n

(i) Nonrelativi

In the non-relativistic region x is large and the asymptotlc

expansion (B4) when used in Eq'(7) gives

4n2-L qn2-s2

S,

stic Region

Qï, = t [;]'(o(i"n ,r/2) + 4(ren, t/4|% + o(ren ,s/Ðl

+ )

ab
Expansions for the I follow easiIY

,ìl = t [+]'(o(ren,s/z) 
+ q(ien,s/2)* * o(ien,7/Ðf6r+ "')'

(14)
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rll = ,l+)'(o(ren,s/2) + q(+en,s/2)*+ 4(len,7/ÐWr+ "'), 
(rs)

,li = t r [+]%(0(;"n,s/2) 
* 0(len,7/Ð*+ 6(ren,s/z)r%+ "''iru,

and

tlt * t!3/s - rrlt = I [d,]
(x-^) 0 (ien ,3/ 2) +

35x- I 5À
o (len ,s/2) +

L

8x

945x- 105À

I2Bx2
0(ten ,7/2) + ...

rn generar the functions 0(len's) rnust be numerically evaluated

however calculation is fast for n..0 by (L2) and for n + 0, the region

inwhichtheBesselfunctionexpansionsdogiveproblems,theyreturn

the norrnal Rienann zeta functions. when ¡ > 0 the relevant expansions

are given in Appendix B. It turns out in fact that for fernions the

above series are good approximations to the integrars (l12) as long

as n < x. We will show this in Sec' 4'

Another rninor difficulty with the Qn arises for bosons with

n + 0. In this case each of the Qn diverges as n + 0 since it

contains O(*en,%). (see Eq. 827)' However as with radiation no real

problen arises if the lirnit n + 0 is taken at the end of the

calculation. Inspection of (831-34) indicates (14-16) ale convergent

and the fact that dÀ/dx = 1 in the limit À + x causes cancellation of

all exploding tenns in the derivative equation (6)'

(ii) Relativ istic Reqion

In the relativistic region x is snall and the series

representationoftheBesselfunctions(B5)canbeusedtogivean

expansion in ascending powers of x. Thus (85) in Eq. (7) gives by the

use of Eq. (12)
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(17)

(18)

(re)

@

* (-r)t*1 i
¡+2k 1

k ! (n+k) !
(lt)t*l rn+2k "nÀ 

urr[4l, )

),

ö
k=0

- rfl+k
I 4¡*eÀ,-n-2k) | I

[m= I
1

2m

I
2n elIln=

r?, = I (oo¡;"À,+1 -{r(l"r,z)

+
k
I

where c is Eulers constant, Ç = '577215'

Atrelativistictemperaturesthefirstsumisnuchlargerthan

the second except for Q0. However since Q0 goes ¿5 9nx and will

appear only in conjunction with the nuch larger Q2 we can ignore it

here. The expansions for the Itb th"s become

rì I = r (zo(ler,¡) - { r(I"À,t)

) ,

rg, = r (oo(1"À,+) + ¡1"À,21 ....). (20)

As in the non-retativistic case we will later (sec.4) prove these

equations valid in a wider range than À < x'

3 FERMION DEGENERACY :n>0

Now consider the case n = | - x > 0. This is clearly only possible

for e = +1 or fernions which can become degenerate if n = À-x is large'

When n is large standard techniques (e'g' Chui (1968)) can be used to

give asymptotic series for the integrals Iab and Qn' Since the

integrals have the general forn

J;
S fu'lr' (luJ=
eu-l*1
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we can substitute u-n = v and split the range to glve

J=

whence the identitY

e-V+1

yields

dv + ¡- s,!v+n) av,
J o "t*l

_1I--¡
eV* I

f.

I

t = I: s(u)a,, * 
J-

J,

S ln+v) -S ln-v)
e +l

S (n-v) ¿u.
ev*1

dv+ i;
The assumption that n>>1 will in general allow the last integral to be

ignored,thenumeratorinthesecondintegralcanthenbeexpandedas

a Taylor series in Powers of v'

AII terms with even derivatives will cancel and we find

, = f; s(u)du. ,[éîìr [ üdv. hit;i'i, 
", 

*.

L ÁTl., l- " uu * ....)r I "\'r,/ ¡5! Jo 
"t*r

which in the notation of the generalized zeta function becornes

J=
(i) (iii) (v)

S(u)du - zcscnl o(-1,2) * d(n) O(-1,4) + s(¡) s(-1'0¡ + "'")'
(21)

It is now a simple but tedious process to establish the expansions to

the integrals Iab and Qn. Since the resulting series are asynptotic

we give a considerable number of terns, the last term will give an

estimationoftheremainder.Forsomeverylargexeventheseterms

will not give sufficient accuracy' in this case vüe can put in the

assumptionoflargexatthebeginning,giveaseriesinpowersofl/x

and use the above nethod with an explicit catculation of the

renainder. We will return to this point later' We write for

convenience in the following
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For the ltb nue also define the standard functions
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The use of these expansions in the evaluation of thermodynamical

quantities should proceed with care since in some cases considerable

cancellation nay occur. such a case is the entropy density which is

proportional to

-0311'*+ Àrlr= +^.*.# L çsrz-rsx2¡ #t "F. (33)

4 SEMI -DEGENERACY n SÌ'4ALL

Finally it is useful to develop series expansions for the integrals

when n = À-x is snall. The case n < 0 is covered in the non

relativistic regine by (15-16) and in the relativistic regime by

(L7-20) when use is made of the series expansions for the Q(z,s) with

z - L given in Appendix B Eqs . 27-42. However for fernions we still

need an expansion valid in the sernidegenerate region say n < n and for

bosons the relativistic expansion is not yet in a suitable form.

Consider the rearranged integrals

31n6x4 1

^.
336w7

r94.

(32)

(34)

l,_

ab
u(u+x) r:'*4f/z

I du+
+

0 eu-î * I "'-l 
t 1

which can be obtained easily fron (1) by the substitution Y = u+x'

(i) Non relativistic ron

.Inthenonrelativisticregimewithx>>lthesecondintegralis
negligible (-O("-*)) the last term in the nunerator'of the first

integral can be expanded by the binomial theorern whence extending the

integral to infinite range we obtain on ignoring another term - O("-*)
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tt
I* ; (ä *t)\ @fl e\,s/2) * O(; "\,s¡27 f . O(l "n,7/2) 128x2

105

+ )

where n < x and the O(z,s) are defined by Eq'(86)' This equation is

identicaltoEq.(14)exceptthatthe0(z's)arenowdefinedonawider

range. Long and tedious calculations for each of the Qn and Iab show

i-ngeneralthatEqs.(13-16)arevalidforfermionswithx>>landn<x

and for bosons with x>>1 and n ( 0' This result is redundant for

bosons but it allows use of tailor made expansions for the leptons'

Thus in Eqs. (13-16) for n < -r we use the first few terms of (87) for

-n < n < n the expansions (835=38) and for n 2 rr w€ use the series

givenin(819).Finallywhenn¿xwecanreturntotheasymptotic

series given in (23-32).

(ii) Relativistic Region

It is a sinple matter, using integrals (1 and 2) to establish

that the expansions for the relativistic regine Eqs. (r7-20) are arso

valid in a wider range. For fermions the relativistic chenical

potential À can take any values with equations (815-18, 39-42, 7)

applying for À large and positive, À small and À large and negative

respective1y. The accuracy is * O(x3). For bosons we certainly have

À < x so that the expansion (823) will give Q("À't) for I > 0 as well

as-r<À<0.

These results serve to reiterate those of Guess (1966) who derives

thenbyrnoreelegantmeansusingMellintransforms.Howeverthe

accuracy of the terns given in the boson case becones questionable as

},+x.Infacttheremainderbeconeslargewithrespecttothelast

tern given w'en L+ = + <<1, and the last term given in Eq.(18)

goes as - !.nlnlx2 which clearly gives difficulties as n -) 0. It is

clearly mo1,e sensible to derive a series with terms in n rather than
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À, this can be done by expanding the third terrn in the numerator of

the second integral in Eq. (3a) by the binonial theoren. The resulting

expansions for both Qn and Iab are

(3s)
+

+

I
I

Q*

2
Q*

3
Q*

*,elr l)0(+I
x

ë
x

48

+ (60 (+
5x2
Tq

(36)

(38)

(3e)

(40)

0(* el, 2) . f, ø(i "n,t)
+ ....),

I 2

--8
=*I-I'r

XY
o(;

o(;

elrI)

+ 6x 0¡i el,S¡

(l/
t

elr4)

0
n-,a t5) elr l)o(;e\ ,2)

+enr4)

+-I
x2

+( !
x

+ + ....), (37)

4
Q*

4B -nó(+ e"r3) o(; en, 2)20
+ ( +- +

I x4

^-i 0(.

x3 x2

)

vlheïe as before the Q0 tern is smaller than the others and will be

ignored,

11
3 + 2x 4(+ e\ 12) a

L

2

0(+ el,1) ""),+l
x

(2þ +(;I

)

+)e

2lr' +(
I

T n, 1)(r"e\ 12) +

03r.r (60(; er,4) + 6x 0¡l en,s) o(l en,z) (i 
"n, 

t)+

+

+
-1X- x2-T

2

..."). (41)

Except for the case of bosons witn $ <<1 these last three are

accurate to O(x4) and return Eqs.(17-20) by use of the series

expansions of Appendix B. For bosons with S "t we halt the binomial

expansion in the second integral of Eq. " (34) when the mmerator gives

the coefficient of the u0 terrn, this tern can be integrated explicitry

while all the higher order tel'ms can have their integrals extended to
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fæ l2x
I "r¿ the differences l-^ cotlected together with the first integral
Jo 

*"- js

ofEq.(54)togivetheremainderterm.Wecanthenshowthatthe

remainder nust be less than o (*"*b) . since a similar anarysis can be

done for the Qn we can adopt the convention that whenl*l "t the last

tern in all the above equations be replaced by an explicit evaluation'

Thus for lll..r,

0(*en,1)*-r.n(1-e-2x+n). U2)

5 SUMMARY

In this appendix we give approxination schernes for the integrals

-n -ab.Q+r(x,)rr*rLxrÀ)'Theschemesoperateintandernwiththecalculation

of two rnore basic functions, rn(x), 0(ienrs) which are discussed in

AppendixB.Therearefourbasiccategoriesofapproxination'

degenerate, nondegenerate, relativistic and non relativistic; the

schemes thus cove¡ all the (Àrx) half-plane except the small region

(À-1,x-1).Inthiscasethegasisserni-relativisticandsemi-

degenerateanddirectnumericalanalysismustbeusedtogivethe

integrals.Theregionsofapproxinationoverlapsufficienttyfor

rapid calculation and in Table I where the schenes are surnmarized we

give conditions on their use and not their validity'
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Table I. Scheme s for the

Function and Conditions

ab
x and I x TÀ

I

Eq. no endix A Eq. no Appendix B

Qf , {*, r)

bosons

anyx

x>> 1

x<<1

fermions

anyx

n>x
x>>1

x<<1

¡ < -1

-1 <n<0

-1 <n<0

anI n

ns-1
-1 <n<o

-1 <n<0

n s -r

¡ large

-1 < n < x

7

13

35-38,42

7

23-27 ,22,28,29

13

35-38 or 17

8-10

14- 16

39-4r,42

8-10

30-32,22,28,29

L4.T6

I

22 or 27-30

23 or 3L-34

I ¿: 1 r I i , I

rlb t*, r)

bosons

anyx

x>> 1

x<< 1

fernions

anyx

¡: )x

x>>1

I

for n<2.5, 24 or 55-38

for n22.5, 19

for ¡<-1, 7

t-or -l<¡<1, 25 ot 39-42

for n>1, 15-18

1

22 or 27-30

23 or 3L'34

for n<2 .5r24 or 35-38

for n>2.5119

for nl-lr7

for -1<n<I,25 or 39'42

for n>l, 15-I8

I

x<<1 any n 39-41
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The modified Bessel functions of the second kind can be defined

by (Abramowitz and Stegun 1965),

rrr(z) = 
[ "-zcoshtto'hnt 

dt' (l)

APPE}JDIX B

I MODIFIED BESSEL FUNCTIONS -

@ n+2k
* (-1) n+1

G) lnl. c -

The relations,

2nKnQ) = zKrr*, (z)

z ! xnrù = -t<rr-r (z) - Kr,*l('),

caneasilybeestablishedandforlargez(i.e.nonrelativistic

temperatures) we have the asymptotitc series'

x,.(z) = (þ'";'L*0.#.ffffi+ '"')'

zKn-, (z) 
'

1

2n-

(2)

(3)

(4)

(s)

clearly at large z considerable caI.e nust be taken in the subtraction

ofthefunctions.FinallytheK,'lraveaseriesexpansionsuitable

for snall z (relativistic tenperatures) viz'

n-2k k
-1 n-k- I

ô
- n-1

K,r(z) = , Io
n*k
I

m=l

k

I I
I
2n

m=1k=0

where c is Eulerts constant and n is a positive integer ot' zero'

Most useful are the approxinations
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KzQ) 2/ 22,

Ks(z) 8/23 .

2. GENERAL IZED ZETA FUNCTIONS - L 5

ManyoftheexpansionsderivedinAppendixAinvolveintegralsof

the forn

t s-1
F

5

t (n)
"t-ntl

s-1tTz

ö(z,s)

dt.

lrl < 1.

J;

we proceed here to develop series expressions for these integrals'

The + sign refers to fernions and n has any value, the - sign refers

to bosons and n < 0. The integrals are closely related to Appellrs

integral and we can set (Truesdell 1945)

Q (2, s) =-r (s)
dtrs>0rzl

(i) n<0

For the case lrl < I we obtain a Dirichlet series

æ n

[1,-].
J;

æ.l
=ç(s)= ¿ [r

n=I n

=i
n=1

(6)

(7)

(s)

I S

z

n=l n

and as l, I * I the functions return the Rienann zeta functions given as

Q (*1, s) (8)

-0(-1,s) = n(s)
1-s(r-2 ) c(s)

where the Latter should not be confused with the non relativistic

degeneracyparaneter.Thelattercanbeobtainedbyuseofthe

identitY
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0(z,s) + 0(- z,s) = zl-t O (22,s), l'l I [1,-]

and we give for future reference Rienannrs functional equation

rl's
ç (r) aF

(10)

(r2)

(1 3)

(14)

(1s)

(si) (1r)
C (1-s) = I (s) cos

2

Ctearly the function Q(z,s) in Eq'(6) is in a certain sense a

generalization of the zeta function so in future we shalt call it the

generaliz ed zeta function. The function is closely related to that

of Batenan (1965) who defines

n

CT

æ

0(zrs,V) = I
n=0 (v+n)

which takes the integral form

1
þ(zrsrv) = zr (s)

and gives 0 (2, s) = zþ (2, s, 1) '

lrl < t, v I o,-r,-2,....
s

J;
ts- 1"- (v- r ) t

t dt
e I
z

(ii)n>0

Consider the case of fer¡nions

, -o(-"r,rl=r$ [ Ë dt.

when s is integer and positive the denominator can be expanded in a

geonetric series the range of the integraL split and the series

integrated ter¡n by tern to give for n 2 0

-,Þ (-en, 1) Î,n 11+en),

-ô (-en, 2) \2
2

- iþ(-t,z) + 4r-én,z), (16)
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-O (-en, s) rÉ - 4nþGr,z) - zqç-.\,s71 ,-r ,f(3)

(+ - o¡2þ(-r,2) - L2þ(=1,4) * oq ¡-e ] Ð)/, 
(o).

+.

(1 7)

(1 B)

(1s)

-o (-"n,+)

The final terrn in the last three equations can then be expanded by use

of the series eq. (7).

Forsnonintegralweshallclrrlybeconcernedwithhalfintegral

values with s > %. The results a1.e moÏ'e complicated than those above

and require a Taylor expansion with explicit calculation of renainder"

We obtain

¡¡+r4-2m

-S(-enrn+I) = -) Ï ô( -1.2m) n

c ¡s.n)zp-n+re

+

x4
(r-2) (r-3) (r-4) (r-s)

n=0

3

r ¡n*t-zm1

-1
t*t.2. f

2p-n+

-n+ I

þrn-".2 
(n) 

Åt'rp-n*r, 
çz'n) +

h
2

I
2P*z

J

where p = : '¿]r¡.*n-k) and is chosen so that the last term in the

sumrnation is the least. The first term in (19) is the standard

Sonmerfeld expansion (sonmerfeld, 1928) with the O(-1,2m) as given in

Tablel;wenoteinparticularO(-l,O)=-t'..'Thesecondternisa

calculation of the remainder and was given in this form by Dingle

(rg57) who provides an exact convergent series for the cr(x)

c,(x)-#t'
. r-l xr+4 Tx e

+

2.I (r+I)* (-1)
(20)
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For large x computation of Eq. (20) becomes troublesome due to

catastrophic cancellation between the two parts. However for large n

we will only need the first of the renainder terms which to an order of

rnagnitude is

% (x-r*þ (2r)

(iii) rt : 0

Theseequationsareappropriatewhenn>>lfortheleptonswith

Eq. (7) being used when n<<0 for leptons and bosons. In the intermediate

range, however the equations are not useful. Batenan (1965) derives

other series expansions which show a more applopriate behaviour in this

region and rnoreover allow the 0(z,s) to be defined in the wider range

I fnz | < 2r. In our notation these series become

c, (x)

æ

0 (.*, s) = I (1-s) (-w) s-1 I+

n=0

w
n-I 1

=*"-^ ,t *!*!
G-1)! '^ 2 3 # rnl-wl1 I

m

e ("-*)k

m

c (r-'n)h s I 1 ,2r3r.... (22)

(23)

(24)

æ

+
0(e n=0

The prine on the sunmation indicates that the teTm cotlesponding to

rn = n-l is onitted and the series are convergent for l*l < 2r. Use

of the identitY Eq. (10) now gives

m
f4¡;r

)n

n = 2r3,

-mç(s0 (-ew, s)

ææ

i
m=0

m
l^l

tn !-

1+m- s -1) i n (s-m) s I 1 ,2,3....
m=0

() 2

and

_w
ô[-e ,

n
n ("-')h n = 2r3,n

n-I ]æ

l,n(2)- I- Tñry m=0

w (2s)
)

since the squaï e of. z appears in Eq. (I0) these last two aTe convergent

l*l < IT.for
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Finally in the case of s = 1 we have the sinple closed form

q(l ew,rl = ln(1te w (26))

(iv) Summary

Wegivetheactualseriesresultingfrom(22-26)below.Partial

checks can be rnade on the first group by referring to Robinson [1951)

and the last two gtoups through Bludnan Ç Riper (L977)' Accuracy is to

at least six decimal places for l"l < 1' In the case of bosons and

fermions with integer s Eqns' (7) and (15-18) provide for rapid

calculations outside this range'

The situation for ferrnions vrith half integer s is more conplicated'

n
The 0(-e , n + '4) present no problens for n < -1 (Eq'(7)) but for

¡ > 1 neither (I9) nor the first few terms of (24) can supply the

requiredaccuracy.Insteadforn<2.Swemustusemanytermsofthe

series(24)(norethanS0fo.r4figureaccuracy)andforn>2.5

Eq. (19) with careful calculation of the remainder'

We sumrnarize the schemes discussed in the appendix in Table 2'



For bosons for w < I we have to at least 6 decimal places

0("-w,b) = r.77245q *-\ - L.460354 +.207886w - l'27426 lo-2 w2

1.41948 10

5.44993 10

-3 *, + 1.g5042 t0-4 wa + 2.57639.10-s *5 - 3.71036 10-6 16

-z 7
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w

(27)

(28)

(2e)

(30)

ût

q@-*,þ = -!.s44908 ,þ * Z.6r2s7S + 1.460354 w - .103943 w2 +

4,247s 10-3 w3 + j.54871 t0-4 ru4 - 3.70084 10-5 w5 - 4.29399 10-6

5.50051 TO-7 w7

3.2
O("-",Þ = 2.363272 2 * 1.341487 - 2'612375 w -'730L77 w +

3.46477 l0

6.Ls426 L0

-'*t - 1.06188 10-3 *4 - 7.09742 10-5 w5 + 6'16807 10-

6 +

6 6
+w

-77w

5z
+@'',þ = -.945309 w2 * I.1267338 - 1.34L4873 w + 1.3061877 w- +

a -3 t+ ---4 5 -5 6

.243392 rt - 8.66193 10-" w* + 2.12377 10- w- + l'18291 I0 w

-77
8. 81153 10 w

and

0 ("-w,1) = -l.n (r - "-")
(31 )

0("-",2) = :w(1-1,nw) + I.644934 - .25 w
2 + 1.388889 10 w

-5 5
6.944444 r0 w + 7.8735 I0 w

0(e-*,3) = w2 (.75 - .S.e,nw) + I.202057 - I'644934 w

-23

-vv (32)

_23
+ 8.333333 LA w

(33)56-3 4
3"472222 I0 w + L,L57407 10- W

0("-*,4) = -*3 (.305556 - .166667 Î,nw) + I.082323 - 1'202057 w +

-45 -6 7
w

.822467 ,' - 2.085333 l0-2 w4 + 6.9444 Lo w - 1.6s54 10 (34)
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For fermions we have

'þ (-"' ,4) .604899 + .380105 w + 5 .934043 L0-2 w2 --

w5 * 3.321130 I0-4

t *9 * 2.660843 10

1.46401E 10

u - 9.8109s6

10
w

t0

-5
10 w

t^I

(38)

(3s)

(40)

(41)

w
22

7
+ 1.140178 10- 

3

4. 001985 10

- 2.927207 l0
-7

8.084684 10

-3 4 ww

w

-6-5 I
w + 8.799419 10

tl

-o (-"*,å) =

3.660046 10

- r.226367

-o (-"*,Þ =

4.945056 10

+ 5.950588

.765L47 +.604899w+

-t *u - B.oos967 Io-\

1o-5 w8 - s.252452 ro-

(3s )

2
.190052 w

*5 * 1.900296 10-4 w6 + 4.744470 lO-s

t *' * 8.799419 1o-7 *ro (ro)

2

6 -5 7hr+

-23+ 1 . 978014 10 t{

7

.867200 + .765147 w + .302449 w
-23+ 6.335080 10 w +2

-3 4
7.s200g2 10-4 w5 - 1.353994 10-4 w6 * 2.7r470g 10-5 *7

- L.s62630 10-6 ,u' - 3 .2s2452 10-7 wlo (sz)

.382574 w + .100816 w3 * I .583770 10-2 wa

w

-6
10 w

.927554 +-þ(-.*,þ =

+ 9.890072

3.393386 10

and

1.041667 10

1.941538 10

.867200 w +

1.220015 10-4

I

-4 5
t0

-6 *8 * 6.589543 10

= .1,n (1+ew)

- 1.90s706 10

t.362630 ro-7w

+ .947033 +

w

-79
w

2
.25w

w

-o (-ewr l)

-0 (-ew,2)

14¡

2
.346574 w + .90I543 +

lo-2 w4 - r.736111 1o-4 rv

-7 1010w

.822467 w + 8.333333
Â -6 I" + 6 .200397 10 " w- -

.901543w+.4L1234w
5 - 2.4s0159 1o=5 w7 *

-23+ 4.166667 L0 w.693147 w + .822467 +

tr

w + 4.960317 10 *' - 2.g27g6s to-6 we*_3 5

-7 tl

-24

_79

_23
10w+

-0 (-ew,5)

r.041667

2.927965

-0 ¡-ew,+1
.3

.115525 w

2.083333 r0

6.889333 10

w

w

+ 2.083333 l0-3
f^r

2
+

(42)
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Table 1. Rienann Zeta and Related Functions

s

0

r/2

1

3/2

.)

s/2

3

7/2

4

s/2

5

rr/2

6

t3/2

7

rs/2

8

L7 /2

9

re/2

10

r (s)

5

-I.4603s4

@

2.6r237s

L.644934

L.341487

L.202057

L.L267s4

L.082323

1. 054708

1.036928

1.025205

r.0r7343

1.012006

1.008349

1.00s827

r.004077

1. 002859

1.002008

1.001413

1. 000995

q (-s)

- .207886

-8.333333.10

-2.548520.10

0.

8.516928 10

8. 333333 10

4.441011 10

2.746768 r0

0.
)

-3.091669 10

-â
-3.968255 10 "

-?
-2.67L458.10 "

n (s)

.5

.604899

.693147

,76sI47

.822467

.867200

.901s43

.927s54

.947033

.961484

.972120

.979897

. 985s5 I

.989644

.992594

.9947L4

.996233

.997319

.998094

.998647

.999040

n (-s)

.380r05

.25

.118681

0.

-8.78411 10

- .r25

-9.604760 10

0.

.L3682r

.25

.239L21

0.

- .494471

- r . 062500

- I . 180250

0.

3.r93I33

7. 750000

9.6ss665

0.

-2

-3

2

)

2

-2

0
)

4.166667

3.269040

0.

-4.416033

-7 .57577

-6 "672r72

r.1146T2

-?10"
-?10"

2

10

10- 
3

-e10 "

10"

Note the useful relations ç(2) -- tr2/6, n(2) = r2f 12' e (4) = îT4l90

and ¡(4) = 7n4/72O.
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n
Table 2. Schenes for the and

Function Conditions

rn(x)

x>> I

x<<1

Q (ten, s)

+e s

any n

Equation

7

24 or 35-38

25 or 39-42

19.

15- 18

illl

4

5

bosons

fernions

¡<-1

-1 <n<0

-1 < n 3 0

n < -1

-1 <n<2.5

-l < n < I

î> 2.5

¡>1

any s

i half integer s

i integer s

any s

half integer s

integer s

half integer s

integer s
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APPENDIX C

1. INTRODUCTION

Whenbothparticleandantiparticlespeciesareinthermaland

chenical equilibriun with black body radiation (u"l = o1 it proves useful

to define new integrals similar to the Iab and Qn so that one can give

directly the thernodynanical functions; n(x'À) - n()Ç'-À)' I (x'À) + p (x'-À)'

p(x,À) + P(xr-À) and s(x,À) + s(x-)') (where the convention that tr > 0

is adopted). This can be done consistently by defining the new integrals

Iab + (- 1) arab (x, -À) , (r)
c Ê

(x, À)(x, À)ab
e

J

nf,ix,r) =ql¡x,r)*(-r)"Ql(x,-À)' (2)

The thernodynanical functions for the pair aI.e now given by those

forasinglespeciesreplacedwiththeabove.Therelationsbetween

the Iab and Qn Eqs. (43-5) ca¡ry over directly for the Jab and Rn and

the differential relation between the Qn yields the sane form for the

d(R
n+ I _On- 

I
EE ) 2n R: + - ((n+1) Rn (n-1) R

n-l dx
x

(3)

R',

+ )
E

The task of this appendix is to consider approximation schemes to

the Jab and Rn in the same way as Appendix A considers the Iab and Qn'

We note however that the new integrals are defined in a different range;

for fermionsrllehave 0 < À < -andbosons 0 < À lx' Thus the fluid

cannot be non-degenerate at high temperatures '

WhenÀislargethecontributionsmadebythesecondintegralsin

Eqs. (1+2) are clearly negligible and we have
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J"b abI À>> 1

À>>1.

(4)

(s)

(6)

(7')

(8)

(e)

e

n
e

e

R a:

2. NON RELATIVISTIC REGION

Forthecaseof).3xwecanwritewiththehelpofEqs.(47-I0)

Rn= i (- r)t* t ut ¡tL¡ Kr., (nx) ,
e n I

I1 Ï (-,)'*t*' +P" K2(Inx),
n=1

î (-r)t*1x3 fu (K3(rnx) - K2(nx)/mx).

(-.)t* 1*z !fu- K2 (rnx) ,

e
J

J
2I
e

1m=

J 03 3l
@

m=1
e

where the hYPerbolic functions

Hn¡m ¡ =
2sinh nÀ
2cosh ntr

for n odd
for n even.

t
1

since we are not interested in large À Eqs.(6-9) provide excellent

expansions for the non relativistic region where only the first term

is sufficient. The ex¡lansions are also useful in the semi-relativistic

region x = 1 as long "t Ët = I for then the exponentially decreasing

(at large nx) Krr(mx) will ensure rapid convergence'
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3. RELATIVISTIC REGION

(i) n<r

IntherelativisticregineWecanusetheexpansionsinternsof

generalized zeta functions given by Eqs' (435-42)' When À < TI ule use

the series expansions for the zeta functions Eqs. (922-26). The

equations are rnuch sinpler than would be expected from (831-54, 839-42)

due to cancellations between the serÍes'

t
x

¡_
x+

R
I

+

+ 1.n
(1 0)

(r2)

2
! cr.2B9B68 * x2) * ! ¡zl + 2*n (cosh3xz. coshÀ)) .
x2

R

3 +3[n
cosh

3x+
+

2

I -3 7

+ 1.353 À - .111 ,\ - r.r24 r0 À

u1R' = -
(90.91s152 + 39.478417 )"

2 * zxa) * l- (-o.s8o - 2À2) +

+
*4 x2

I C-.5 À2 + 2.083 1o-2 l4 + 1.054 10 trt), (11)

t (tr.tss472 À + 1.333333 13) * I ,-^
x3

cosrr($1

cosh3x + coshÀ -x2 * 4.167 1o-2la - 2.778 10-3¡'6

-4

t(x-À) gn [x'1) * (1*l) sn [x+À) ) -

- 1.s89 1o-3 16

+ 1.111 1o-2;t5

)
R

Ir*u"
+

)

-4 8-
2.108 10 À ), (13)

(14)

and

R
Àl sinn {8, II

.cn
XX sinh Pr)

2 6.s79736 42- -+ -y2 x2x,R

f, oçr(coshsx-cosh¡) ) , Gs)
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sintr tg¿, )J
x

L
x

+
8À1J

R

4
J¿N

x

1

x4
4trx2

)1tJ=
+

(26.31894s À 1.333333 À3)

(*2 x2) t"n

1

1

x4

(r03.90303 + 78.9s7 x2)

¿*3) l.n (x-À) (8À 3

sinh(4, I

(16)

(2 (coshSx coshÀ) )

+ 4x2) Ln (x+À) .

(17)

t.n +

x3

x3

x2

4 t#^'

4 18.667
x

+

+
R

x4

(8À 3 4\x2

We also have

2I

3.289868 À + r. 333333 À3 + x2(- + .L

x3 (. sss I 2'¿778 10-213 + 2.778 2.8r1

*3 shSx + coshl
1,n

-4

1
') .Cn

cosrr{$1

cosh{$)

to-al7¡,to-3ls

+

À+

(18)

(1s)

(20)

2 2
11,364394 + 4.934802 )t .8225 x 2

-3+ 5.208 l0 À 3.472 la

+
2J+

6424

^2*2 
* *'1-. tzs À.25 r

2.63s

4
.25 À

2.63s LO

03
J

+
+ T-

25

1o- 
slB¡ 

,

*lm

2 2x3 osh3x + coshÀ
03J=
+

II.364394 + 4.934802 À 2,467 x gn +
2 2

* x3(. rzs x2 - 5.208 t0-3la + 3.472 10-aL6x

ÀJ 15.152525 + 3.289868 À

3

+ .Q.n

22
.75 r
t^t),

and

2l
J

+

221I
+

x
5

6-2 t+10 À

2 2 2
x

"orf, {4, )

cosh

*3 (-.5 À2 * 3.125

1.645 x

shSx + c +
2

- .5 tr x

2
À )(
2

I
)

Similar1Y for bosons we have

3.009 r0-3
À + 2.987 .L0

-4 I (2r)
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ll
J_ = 6.579736 - .333 À

2T

03
J

and

3
-2 2Àxx*T-T*n -2Àx+

J

¡x2-r21 .r.n (*^l ,

I2.gg7g7g + 9.870 À2 - 1 .645 x2 - 2)n'2x + .333 x2 - .5 x3 t'n

(2(cosh3x - coshÀ)) - (À3 - + * l'n(x-l) +

(À3 - +. *, rn(x+À),

I2.gB787g + 9.870 
^2 

- 4.935 x2 - 2 l'2x + 2'333 x3 - '5 x3
)

tn(2(coshsx-coshÀ)) - (r3 -l^*'.f l 'r'n(x-À) +

- .,3
(À3-å^*r-?).cn(x+À),

(22)

(23)

(24)

(2s)

(26)

2I J03
+ - -).J

3

tl r7.3L7r72 + 6.580 x2 - 3.29 o x2 - ,667 À.2x +
J

1.111 x3 - .333 x3 .e,n(2(cosh3x - coshr)) + '5 Àx2 f,n
sinn($)
sinn[4, )

+

coj#l rn(x-À) . (#) rn(x+À),

(ii) Fermions: n > IT

ForfermionsinthereiativisticregionwithÀ>TIweuseEqs.

(B15-ls) for Q ¡-eÀ-x,n) and (87) for 4(-e-l-*,'')' We thus obtain

cosrr [F-À, ¡I
R

+
À* !r'
XX

Z
x ¿n ( (e-À+e- 

t*) 
. (1 + e-À- 

t*) 
) ,

cosh

2
R L rs.289B6B * x2 - *2 - 2.-\ sinhx * .5"-t^ sinh2x) +

2'x+

(27)



3

+
R l- fr,3ss3ss À3 + 15.rsg47z ¡ * 16"-À sinhx - 2e-2À sinh2xl -

-ì L
1'aoshx ¡ ! s

x2

2r4.

cosh2x,

R

and

II
+

03
J+

3X

16

*2

-2xt + 2.667 *1 .Q,n --e

4

+

-À _2^
!- f, À4 + 39.4784L7 À2 + 90.915152 - 96 e sinhx + 6e sinh2x) +

x4

sinh2x -

-À- 3x

(28)

(2e)

)),

1- ¡so"-À coshx - I2e-2À cosh2x) ... + G2 
^2 

- 6.580 - 4ce-À sinhx +

x3 x2

r0e-2À sinh2x) * 1 r,r,(("-À * e-3x) ¡I + e-À-t*)),

J .333333),3 + 3.289868 À - .5 Àx2 * 4e-À sinhx - .5"-21

4 xe-À coshx * * "-2À 
cosh2x + '667x3 + '5x2 gn

cosrrt$1
(50)

À
cosh

2

-)\ -2x
J

2l
.2S À4 + 4.934802 À.2 + II.364394 - l2e sinhx + .7Se sinh2x +

+

12x e-À coshx - 1.5x e-2À cosh2x - '25 x2x2 - '8225 x2 -

5*2"-À sinhx * r.25x2e-2À sinh2x * '5x3'q'"((e-À*e-3*1 ¡1*"

giving

2T

(31)

.2S À4 + 4.93480 2 t2 + 11.364394 - I2e-I sinhx + .75e-2\ sinh2x +

12x e-À coshx - 1.5x e-2À cosh2x - .75 
^2x2 

- 2.467x2 - 3x2eÀ sinhx +

.7s*2.-z\ sinh2x _ .5x2gn((e-À*e-3*¡ ¡t*"-À-'*)) , (32)

03

ÀJ
2 - *' - .6667 lx33.289868 ¡- + 15,L52525 - 1.645

J TT+
+3

16e-À sinhx + .-2), sinh2x + 16x e-À coshx - 2x e-2\ cosh2x -

4 Àe 
À sinhx * .S Xe-.2À sinh2x - 6x2e-À sinhx + 1.5x2e-2tr sinh2x t

J
+

+



zLS.

cosrrt$)
-À -2^ Àx2

24Àxe coshx - Àx e cosh2x - tn +
x+

cosh (
2

x3 r,n ( (e-À+e-*¡ ¡rì"-^- 
t*) 

) .
(33)

4 BOSONS NEAR THE TRANSITIONAL DENSITY RELATIVISTIC REGION

The behaviour of the boson integrals close to transitional density

is of sone irnportance. For À very close to x i.e. for x/ (x-À)>>l we

have

f, c.unrtoT - r), (34)

T

pr

p2

R
I
x

+3

l- cu.s7s7s6 - 5.s865 x),
x2

L çzo.srse4s À - 1.33333 À3)

x3

8À

x2

+
2.079

x

(5s)

(36)

(40)

pa 1- ¡ros.so3os + 7l.es7 12) - ry (37)

x4

and

Jll = 6.579756 À - 2 trx + .347 xz - .333 À3 +'5 lx2, (38)

J2r = l2.gg7g7g + 9.870 x2 - I.645 x2 = 2 trZx ' L.32 I0 x, (3e)-23

J03 = 12.987879 + 9.870 )\2 - 4.935 x2 - 2 \'2x + 2'680 x3'

JlI=L7.3|7I72+6.580x2-3.290x2-1.013À2x+

.880 x3.

giving

J03
72I a J-
-5

In the linit À + x we thus have

(4r)



RT

R3

-- .693147/x -

= 26.318945/x2

15. 894/x,

1, R: = 6.579736/x2

- 5.92r/x - .333,

2t6.

- 5.3863/x,

Pa = 103.90303/xa + 78.957/x2 +

(42)

and

¡II = 6.57g736 x - 1.653 x2 + .1667 x3, (43)

Jzt = I2.gB7B7g + 8.225 x2 - 2.013 x3, (44)

J03 = I2.g}7g7g + 4.955 x2 + .680 x3, (4s)

with

J2t
J03

+L-
3

JII = r7.3L7I72 + 3.290 x2 - .133 x3' (46)

5. SUMMARY

We discuss expansions for the pair production functio"s Jtb(x'À)'

nltlrr). The degeneracy paraneter has the range 0 < À < - for fermions,

0<À<xforbosons;thatisathightemperatules(x<1)therecanbe

no non degeneracY.

whenever À is large the pair functions go over to theii single

particlefunctions.InthenonrelativisticregionEqs.(6-9)give

excellentapproximation;thesameequationsextendintotheseni

rerativistic as long as x/(x-À) is not large (sec.2). Expansions for

the relativistic region are detailed in Sec'3' Bosons and fermions

with 0 < À < î are discussed in subsection (i) and fermions with À > tt

inSubsection(ii).FinallyinSec.4wegivethefunctionsforthe

special case of bosons approaching the transitional density, i'e' for

x/ (x-À)>>1.
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APPENDIX D

Thetypeofnurnericalproblemsencounteredinthisworkrequire

speedy techniques for their solution' The notation of Guess has

allowed us to set up fast approximating ex¡lansions for the integrals it

also allows uS here to develop convenient numerical schernes based on the

nany dimensional Newton-Raphson forrnula (e.g. rsaacson 1966)' The

Newton-Raphson nethod is particularly useful since it has the property

of quadratic convergence'

Consider the numerical problem presented by an m component gas

without reactions. The equations governing the chenical evolution are

(c.f. 4.r8-4.20)

r = =,f9=. x3 (Q3-QI), (1)
' - toq (r)

m

I
i-

N
il

1

S

KN t+

i = I ... IIìr n-l equations (2)

(3)

{{,{**,r^) - Q}{x,n,rr)) s.N
m

tNj

N
1

1

The numerical problem is to solve the n equations (2-3) given the n

constants(S1N/gN-,S/kN)forthemchemicalpotentisl(frÀt)

The photon to reference palticle number ratio f(x) is then given

through(1).choosingthereferencecomponentasi=m,Eqs'(2-3)

go over to the iterative equations

N
1

3x
=J ,F

aJ 3j (a?
J

I
j (xx (xj'Àj) j'Àj))

j = 1r...'ril-l (4)
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4 (xr, Àr) )
2

Qim

T
i=1

G

(xr, tr1)

À1

¡,
m

(Qi S

ñ-
mtol{*r' rr)

0 À1

Ql (x' rr))
-À

(

1
(s)

(7)

Solution of these equations proceeds at a given x by the n+l dinensional

Newton-RaPhson fornula

oI=o-J-t(H(a))H(a) (6)

F1(À*;I1)

F2 (Àr,lz)

t
, I H(a) =where c[ = ,

I
À

m

c(Ài..

r)

)

F ÀÀm-l m m-

À
m

and J-t (t(o)) is the inverse of the Jacobian of H(a)

J= âFr AF I
âtrI t.. a

âF AF
m-l

aÀ a
m-I

m-I

n-l

ôG

d^l
AG AG

ðrIn

MostcrosstermsareabsentsinceF.dependsonly(directly)on

(Àn,fj). Ttris sinplification allows us, to give J-t analytically by

solving the equivalent m linear equations

J (H(o)) (o'-cl) = -H(o)

OT
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)
ãÀ.

J

äF.

m

I
11

(À t_
âF..J-ãt

m^j)
lÀltm À )=-F j = I ... m-1,t

J
m

ãGãt
1

tÀ!'t- T )=-G].

for the m unknov¡ni À! - I-' The solution is

J

-G+
n-1

T
k=1

âG â^k

kq ãtF

Im-
trr - ^ =mm

i
k=1

aF.
J

âÀ
m

AG

ãÀ
m

AG

(8)

(e)

(10)

(11)

(r2)

âÀt

and

glvlng

.F j

âF.
J

ar.

Àr - À
m

( n)
j = 1 ... n-l.

aF.
J

aÀ.
J

The partial derivatives involved can be established through Eq'

(A6)

À:
J

,À
)

âÀ
=L on

x

2
aF.

J

aÀ
m

4 %x2n

coi-olt
j = I ... rn-l

3xj

o*,i c{-qþ
x.

)
4 )2

,

J

and

k / j, k = I ... n-l (13)



N.
1

Nn

ooliol qir I oicoi-oi
, i=l

220.

m (14)AG

âÀ
I

1 col-olr'

Convergencetosolutionisrapidsincethedistancebetweenone

iterateandtherootandthenextiteratedecreasesasthesquareof

that distance (quadratic convergence) ' There is however an extrerne

sensitivitytoinitialstartingvalues.Suchaproblencanbeovelcome

by using the exact differentials {dÀr/dx} which are always available

through equations like (4222) and adjusting the solution set

{Ài rr(x)} to give the new extrapolated starting valuet {Ài = Àt(xt)}

atthenewx=xt.Thechemicalpotentialscanthenbecalculated

proceeding fron small to large x'

If one of the m components is of mass zero the qn are replaced

by the first terrns of (435-38); and in the special case of no constraint

onthatcomponent|snumber(À=0)thenunberofequationsreducesto

m-1, a tern

f
c,,.flc{,-{l ç (3)

is added to the right side of (5)

respect to À,

2s6e Ø) {

and the derivative of this tern with

e,{ cd,-{l'

isaddedtotherightsideofthelastof(14)i.e.toâG/ðÀ'.

For the case of pair production, Ài = - lr' tt'" Qt it replaced by

the pair production integrals the Rn and the forn of the new equations

is identical to those above. Massless fernions are a particular case

which can be treated quite sinply through the use of cubics in the density

equationse.g.(2252).Yetnorecomplexfluidsincludingchernical

reactions can be treated in a sinilar way to the above'

64c(4) 4c(4)
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