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SÚPNARY

Thls thesl-s deal-s wlth the mathematlcal structures of

the marglnaÌ dlsltributions of the ordered roots of a class

of symmetrlc random matrlces. Thls class lncludes

(A) the multlvarlate beta matrlx,

(B) the hllshart matrlx wlth unlt varlance matrlxt

and (C) the matrlx whose lower trlangular elements are

lndependent normal varlates wlth zeyo meansr and vArlAnCeS

or 2 for the dlagonal elements and I for the others.

In the flrst three chapters we conslder the general

class, looklng at two d,lfferent approaches to flndlng the

marglnal dlstrlbutlons. The flrst approach (CUnpfnn Z)

uses the reductlon method of ROY (1945), and the seeond

approach (CHAPTER 3) uses a system of dlfferentlal equatlons

as 1n DAVIS (fgTz). The formulae ln CHAPTER 2 express

certaln m-fold lntegrals 1n terTns of (m-1) and (m-2)-fold

lntegrals, whlch can succeSslvely be reduced to slng1e

lntegrals. However a large number of terms dre produeed',

and for our purpose, most of these must be slrhpllf1ed

further. our maln use of these formulae 1s 1n provlng a

theorem in CHAPIER 4. In CHAPTER 3 we present a scheme

for calculatlng the dlstrlbutlons (of eaeh root) recurslvely'

Thls metblod requíres that the J.ntegratlons of the pnob-

ab1l1ty denslty functlon be carrled out ln eâch cycle.

( lv)



In the remalnlng chapters of the thesls we deal ex-

clus1ve1y wlth case (C) above. Thls ls treated 1n detall

becâuse flrstty 1t l-s slmp].er than cases (A) and.(B), and

secondly the results oþtalned may poss{Ufv generallze to

the other cases. In CHAPTER 4 we flnd the baslc a1$ebraic

form for the distrlbutlon of the largest root ln tertns of a

certaln space of functlons. Instead of uslng the recurslve

scheme of CHAPTER 3 for the remalnlng roots, wê show, trt

CHAPTER 5, that the dlstrlbutlons of these roots can be

deduced by applylng certaln operators to the dlstrlbutlon

of the largest root. The operators are applled to the

functlonal expresslons found 1n CHAPTER 4o and then known

llnear comblnatlons of the resultlng expresslons are taken.

In CHAPTÉIR 6 we mechanlze the recurslve seheme to

compute the functlons for the dlstrlbutlon of the largest

root. The nethod for eomputlng the moments of each root ls
demonstrated 1n the flnal chapter.
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CHAPÏER. :1 : fntrod.uc tion-

1.1 Baeksrour.d.

\

.''\' ! i 1

We are concerned' with the d-istributions of the

ind.iviiluaL ord.ered. latent roots of a particul"ar class of

symrnetric rand.om matrices. This elass includ.es matnices

of the Beta and. Wishart tYPes.

Let X = (*, I ) be an (t**) symmetric (XJ(')

rand.om matrix. The three maln cases for the joint prob-

ability d.ensity function (P.D.F.) of xr J, 1 < i <

arei

(e) const.

(e) cofrst.

aniL

I *I å(n1-n-1 ) 
l r, -*¡ å(n"-*-t ),

exp(-å tr x) l*lå(n"-m-1) ,

(o<x<t* ; na rt:. >m) ,

(x r o; q >/ m),

)x2(c) const. exp(- f t" ,

wherer âs usual lXl is the cletermlnant of X, tr X is

the trace of X, L is the (nr.m) id.entity matrix, and-

X > O means that X is positive definlte.
Cases (¿) and. (n) are, respectively, the nultl-

variate Beta and. Tllishart matrices whose roots are used- in
teeting certaln multivariate ffirotheses Isee €.g. ROY (1957)

anit KSHIRSAGAR (lglz)1" Case (C) appears as a limiting
d.istribution of case (e) as n1 -+ oo [see ANDERSON (1g63)]

and. the marginal d.istribution of the unord.ered. roots is of



2.

lnterest to nuclear Bhyeicists lsee €rgr MEHTA (1967)1.

Oases (¿), (g) and. (C) can be coTmected- by the

following transforrnations and. 11mits;

(¿)
XA = nã1Xg

TL,A -t oo

1

XB = nrI, + nr2X6

(e) (c).
n1 -+ oo

Instead. of treating the above three cases separately,

we combine them (where possible) lnto the general case

d.escribed- 1n 51 ,2. This is done only in the first three

chapters, $1 .J introd.uces the notation to be used. for

multiple lntegnals and. the d.istributj-ons of the ind.iviilual

roots. Two approaches to these d-istributions are mad.e in

CHAPTERTs 2 and. J" CIIAPTER 2 is concerned- with the red.uct-

ion formula approach first used. by ROY (1945), and

CHAPTER f consid.ers the d.iff erential equation (O.n. )

approach of DAVIS (lglza). A third. approach, which we clo

not consíd.er he1'e, is that of Krishnaiah ancL his associates

[".g. ]CRISHNAIA]Í and- IIIAIKAR (1gll )] ¡y rtrich they have

tabulated. many percentage points of the clistributlons Isee

êrg. ICRTSHNAIATI, SCHUTJRMÆ{N and. l'lfArKAR (tgll)1.

CIIAPTER 2 d-eveloped- from a neecl to prove a theorem

given 1n CHAPTER 4, concerning the largest root in case (C).

Although RoY (lgSl), PTLLAT and. DolsoN (lg6g) have given

the red.ucti on formula f or the largest root in case (¿) r ard.

that for case (g) foll-ows by taking the lirnit as rL2 'r oor

the red-uctlon formula for case (C) is not a straightforward.
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limit (^" - oo) of case (g) . Ttrus j-t was necessar¡r to go

baek and apply Royts method- to case (C)' fn doing so it

ïrras found. that no new d.iffieulties arose 1n extend'ing the

red.uction formula to the general case of $1 .2 (attd for all

roots). The results obtainecl are glven in THEOREM 1 o

These are compared. more d.lrectly with Royr s and- Pil-lair s in

the subsequent theorems (2 ana 3). In 1I1EOREM 4 a sinpler

reduction formula than the previous ones is d.eriveil. Ihis

is later connected. with some functions in GHAPTER f' Tlre

proof of THEOREM '1 is given 1n iletail and. is similar to

Royts, except that we clo not regard- the functions as pseud-o-

d.eterminants. In an append.ix t0 this chapter we have

listed. the d.istributions of the ind.lviilual roots for'

m(ttre number of roots) = 2 and. 3.

Although the system of D.Eots for cases (¡) and. (C)

can be obtained. from Davisr s of case (¿) by the chain of

limlts ind-icated. earller, in CITAFfE1p, 3 we give the D.E. t s

for the general case of $1.2. we then examine the

recursive nature of the DoE.tS¡ and. in tloing so obtain a

more basic set of solutioïISo These solutions are related'

to the functi ons d.erived. in TIÍEOREM 4 of cHAPÎm. 2o An

ex¡rlicit formula for the sinplest of these ftrnctlons 1s

proctuced. and. we see that it 1s related. to the Pillai-type

approximations ffff,f,ef Ug6S)] of the smallest and- largest

rooto
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In a]l attempt.to explore the mathematical structure

and. properties of the d.istributions of the lnilivlflua1 roötst

ufe seek e:cpressions for them that have been red.uced. as fat

as possible algebraically, as in DAVI$ (1972b) ' Formulae

for case (¿), ancl case (g) from the limit rr2 '+ oo¡ are

given in Davists paper for m ( 5o correspond.lng results

for case (C) coul¿ then be obtained. from case (¡) by taking

rr1 -+ ooe However, it woulil require working witTr the most

complicated. case (case (¿)) first to push these results

pastm=5oAsafirststepitwou]d.beusefultod.othis

only for case (c), where there are no pagameters such as

o1 or îzg in the hope that it mlght ind-icate what

structure to enpect in cases (n) aniL (A")" For this reason

we consid.er only case (C) in the remalning chapters

(4,5,6 and. 7) of this tlresis.

In CIÍAPTER 4 we d.eal exclusively with the largest

root. riVe find- an interesting space of f\rnctions (Ut)

which forms a basis for the rest of our u'ork in the fo110w-

ingchapters.îoprovethemainresultofthischapter
(rtæonnu 1) ïue need- to f all back onto thè red'uctlort formula

approach of oHAPîER 2. This is dOne ln tlie append-ix to

the chapter"

The cListributions of the other roots are d'erived'

in cHAPTffi 5. Here we prod-uce a sequence of mappings of

the functions in 1/r. These mappings are important

because the d-istributions of the remainlng roots can be
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cletermined. simply by applying tÏre appropriate mapping to

the e:çression for the d.istribution of the largest root'

CHAPÎER.Ts 4 and. 5 ind.icate the structure of the d'lstribu-

tions in case (C).

For computing purposes, Tue show, 1n cH¿PrER 6, Trow

the functions in vÛ can be storeil. by an array of co-

efflcients (a matrix with special interpretations of tTre

roïys and. columns). The nethod- of programrning the n'eces5-

ary steps to compute, recursivelÍr the coefflcients for the

ilistributlon of the largest root is then $1veno

The problem of the moments of the ind.ividual roots,

and- their computation, is covered. in CHAPTÍER 7" These

moments supply approximations to t¡rose i-n case (g) if 111

is very large.

Tab1es for the d-istributions (for m ( 10) and'

moments (for m < 7) of the indiviiLual roots are provld.eil in

the final append.ices. These append.ices, apart fron the

firstl applY onlY to case (C).
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1.2 The class of rand-om matrices.

TVe consider those real synmetrlc random matrlces

X(rnxm) , îuhose ord.êrecl. latent roots (y. <. . . ($1 ) have a

joint P.D.F. of the form

,^!-rr(r, ),t{, (yr-y¡ ), â(vrn( "'($1(bk,

p(yr¡..,¡f¡¡)

tG)

þ (*)

and- ú(x)

(z.t)

= *å(tr-*-t ) (r-x)|(ns-m-1 ),

= exp(-tx)x

= exp(-fxz)

|(n"-n-1 )

, eJ-sewhere,

â = 0, b = 1,

a-Orb=oot

â=-ooyb=oo,

0

where km is the nornalizing constant and arþ are the

end--points to the range of values of the latent roots

(with -oo(acb(-). The function Ú, to be speclfieiL in

more d.etail 1ater, 1s positive and- d-ifferentiable over the

open interval (arb).

Accord.ing to (Z.l), our cl-ass of rand-om matrices

(X) is characterizeil- by the class of r/-functions we choose.

Cases (¿), (g) and. (c) of S1.1 correspond- to (z.l) with

,

,

respectivelyo TlIe includ.e these cases by consid.ering the

class of p-fr:nctions-'giyen by the weight fr¡nctlons for the

classical orthogonal polynomials. Denotlng the polynomial

of degree k by Qr, we have from Rod.rigues! formula

Isee nnoÉr,yr (19fi), p.164]
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Qr (x) ae r (-1 ) k [//(x) ]-' # tø(*) [e(*) ]* l, (po) , ( 2'2)

where V ls the weight function anil g ls at most a

quad.raticpolynomialsuchthatthefunctionÚsvanlshee

at the enct-points a ancl b, (g(") must then be of the

sane sign, positlve say, for a < x < b)' In (z'z) the

standlarit-Lzation constant has þeen choeen to be sirnply (-t)*'

Becausetheinilivictualcoefficientsoftlrepoly-
nomlals Qr ancl g are frequently used' in later chapters¡

we write

TTPE a
s(

= 8zx2
x)
+g1x+g¡

Qr(x)
=9rx-Qo

(z.¡)

NEMATT(S

u,v>-1
a>0
p>-1

a>0

Qr(x) = Qrx - 9or

g(x) '= g2xzt grx + 8o l

their Qr

ing table"

The thrree types of welght f\rnctions, together with

anCL I po1-ynomialsr are d'etailed' in the follow-

TABT,E I.

IIIE CLÀSS OF WEIGIiT FUNCnToNS FoR (z.z).

INÍERVAT !'IEIcIIT
b I'UNCIION, ü(x)

A(beta)

B(ga'ma)

C(no¡mel)

I

o

co

0

0

xu(t-x)v

erq¡(-ax)xu

e:ç(-åox2)

x(r-x)

x

L

( y+v+2)x-1rr+1)

o*_1¡+I)

cx



lhe orthogonal polynomjals assoej-ated. wj-th TABI;E 1 are

essentlally the Jacobi, Laguerre and Hermj-te polynomials'

In terms of the paraneters lJtY and' q' of

TA.BLE 1, the normalizittg constant of (Z't') is

j+ T v+ j+

8o

t for T)IPE A'

for flPE B t

for TY?E C.

( 2.4)

(2.5)

1

J I

åmT- dru+Ln(m+1 )

fi tr'(åi )r (p*L( ¡*r ) ) l

I

k*= ,

J

¿þ(m+t )

,

For the special. values

t-t = L(n"-m-1 )

v = t(nz-m-1 )

q=t

ì
I

t

(Z.l) becomes the jolnt P.D.F. of the ord.ered. latent

roots of the matrlceg given ln $1.1 ¡

.An alternatlve öTass(of weight functions), which

lncludes ürose in TABIÆ 1r. can be obtained. by consid.ering

(Z.Z) for only ]ç='l . The equatlon can þe written as

tG) , (2.6)
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and. so V is a Pearson curve [see KENDA]-,IJ ard STU¿RT

(t163))" The class in (2.6) includ.es three more nain

t¡¡pes of weight functions, for which the R.H.S. of (Z.Z)

for uè2 fails to be a polynomial of exact iLegree k.

Fixing ârþ and' the g-polynomial, the tabl-e

below gives þ, from (2-6), as a function of Qr (whereas

in TABLE I e Qr ïvas a fr:nction of Ú) "

TABLE 2

TIIE CLASS OF IIEIGHT TÜNTT'TONS FOR (2.6).

TPE
TNTERVAÍ, REMAAKS

a b

gr>Qo >0

gt 
'çLo 

>0

Qr>0

Qr>-1t
9o >0

4t >-1,
8o> 0

gr>-I

Note that for each of the welght functions ln TABLE 2, the

functlon úr gl is agaln a weight functlon wlth the same

g-polynomlal ln (2.6) r'and ls therefore of the same type as

CONDITION ON

s( >o) ,À=s?-hsosz
e(x) =

g2x2+g1x+gs
I,üEIGIfT

¡ruNcTION , û( x)

A

B

c

D

E

F

1

æ

æ

ó

æ

q,0

0

0

0

8z < 0, À > 0

8z = 0, A t 0

8z=grÀ=0

8z>orA>0

8z > o, A = 0

8z > 0, A '0

x( r-x)

x

]

x(t+x)

x2

1+x2

*co-11I-x¡ar-ae-1 
]

exp(-qrx)*Qo-1

e:æ{-*q¡(*-q.o/qr)2}

*90-1,r+x)- 
(qt+qs+l)

ery(qotan- 1l)

( r+x2 ¡-å(er+2)

eræ(-q.o ¡*¡;(er+2)
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t (trre valuee of 1 anil i would. be restrlctecL to

corresponcl with the last column of the table) '
ALthough t5e last three welght functions (or speclal

cases of then) of TABLE 2 ¡,ave particular names when

connected. with the P.D.Fo of a random varlable we wiLl

sinply refer to them as fYPEr s DrE and' F'

Inthefollowingchapters'þwillbeawelght
function from either class when Tve use properties associated.

with (Z.Z) for k=1 or (2.6). If we use the orthogonal

polynomials (Z.Z) for k>2 then we are restrlcted. to the

original class (r¿¡r,g t ).
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1.3 M Y.øi nâ1 ilist hrlti ons âs mu l tiT¡le integralq.

Firstlyr w€ make two general remarks with regard.

to notation.

REMARK 1 : [he varlables (roots) Vlr... r¡r¡n appearlng ln

functions are sometlmes written as a column

vector {, (= (y.r...ryo)'u Rt)' lile thenuse

a superscrlpt (*) to ind.icate t'h.e number of

roots. tr'unctions of one variable, usually x,

d.ealing wittr the s-th largest of m roots,

carry a subscript s as Ïvell as the supenscript

(*) .

REM.ARK 2: To ind.icate a functionts d.epend.ence upon the

weigþt firrrction '1, we may includ'e it as a

parameter. For example, W€ may denote the

ioint P.D.F, (2.1) bv n(n) (ÚiX) and- the

norrnali zi.ng constant (2.4) by k' (/l) " llve

usually ilo this in the d.efinition of a fi,¡nction

whichholctsforeachÚ'butwhenwearecon-

cernect with a fixed. (*nown) V this parameter

can be d.roPPeil.

As an example of the notation to be used' for

integrals, we have

/ , ü, /(vr ) 
, ü, {u' -Y¡ ) (ry) - }ç '(Ú) '

Øn



where (a¿)

roots;
ia

12-

dyr and. Øro' j-s the domaln of the ord'enecl

Øß ogr [¿ e Rt l. . Jrn (..,( Vt < bJ. (3.1)

The cumulative d.lstrlbutlon functlon (C.D.F.) of the

s-th root, ys r ls clenoted. by F[,t) ; i.€. for s=1 r o r o ¡IIl¡

FS') U;x) dgr P"[y" < x]

= f 
"(n) 

( ü;ù (a¿), (3.2)
J
øn (srx)

where the region of integratlon is

Øn (srx) o9t [f e Rn 1..yr....(]s(x¡ ls(Ís-1("'(ft<b J

= [¿ e ø* ly" <* J. (l'l)

The range of the variable x j-s always a ( x ( b and- so

it will not be specifically mentioned henceforth.

Tlhe maf$inaI P.D.F of the s-th root, d.enoteil by

fltl, cän be oþt,aineil from (Z.t) by settln$ üs=lt and.

Íntegrating witLr respect to the remaining yrs; 1'e'

rÉ') (ú;*) = 1..,1 p(n)(ú;y)ly,=*,I', ilvr,

(vt,Lls)

where the (m-1 )-fot¿ integral extend.s over the reglon

aYn<

1"

n
II
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thre integralIf werelaþel JIt +yt-L for 1=st1 ¡oòr¡IIl¡

can be convenientlY wrltten as

f5'l (ti*) = (-r )'-1Ïh ú(*)
nr

II y:W(vr ) (*-v' ) fiq, (v, -vr ) (ag),

where

en-L("r* )

ôn-1("r*) þ e ,'-rlïu ( x < Jt"-r J,

ß.4)

(e='l ,..,¡IIl)n

ß.s)
def

Clearly, from (l.l) and. (3.5),

Øn (s-1 ,x) c øt ("r*) and.

ôt(srx) =Øß("r*) -Øn(s-1 ,x)¡ s=1 ¡'..¡rln1 ¡

where, for convenlencer we have d'eflned.

ø'(orx) "91 ø (empty set), Ø'(m+lrx) d:r Øt. (l.l)

Oonsequently,

(3.ø)

(:' a¡

I
eE (srx

p(') ( ú;y) (¿¿) = FÍ') (ú;*) - F!:)r(ú;*),

(s=1 ¡. ù . ¡rr{1 t F[t )
)

n(n)*'tt + Io t 1)"

fhis result is used. in the next two chapters.

REMARK 3: In expresslons such as (¡'4), Ûhere V is 1n-

voLved. for both m and m-1 roots' 1t 1g an

ad.vantage to consid.er Ú as being inclepend.ent
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of the numÌrer of roots ("= i-n TABT'Eís 1 and' 2)'

Having obtained' results for the Tl?E weight

functions (of St. z) ïue can substitute (z'5) to

give 'bhe answers for the corresponcling cases of

$1 .1,
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fi(r
!=7-
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C}IAPTER 2: Red.ucti on fonmulae for. the d.i tnibutions of all

@.
2.1 Outllne.

In this chapter vye approach the d.istributlons of the

ind.iviclual root s, Vn <

ec¿uations, via 'lred-uction form'ulaell of the type consid.ered.

by ROy (tg4¡). We consiiler those iteterminantal equations

for which the joint d-ensity of the roots is proportional to

(y, ) ,{, tur-yl ), where ú is a weight function of ttre

class mentioned. in $1.2.

Typically, a reil.uction formula is connecteil- with an

n-foId. integral (over a particular region, fr' say) of the

d.etermlnant of an (mxn) natrix whose elenent in the i-th

row and. i-th column is ry'(v¡ )yft , where rI (i=l ,. .. erl)

are non-negative integers (usua1Iy rL ) ¡ . r) rm >- O). That

is, a typical function is 
lll,tur)ult l (a¿); it is proport-

fr,

ional to Pr [¿ e n i when r¡ = III-Í (i=1 ¡,. ' ¡Ir).
RoY (tg/il covered. the case when þ(Ð = f1Ë1p (i.e,

a IYPE D weight function; seê TABT-,8 2 of CHAPÎER 1) for
Pr [yr <x j and. Pr [y" >

following autlrors, ROY! s formulae for g=2t. ' . ¡lll are in
error. PILLAI and DofgoN (lg6g) gave redriction formulaê

associated, wlttr P" [y, < x J (s=1 ,2) a¡.d. Pr [y, >x J ( s=m-1 ,m)

in the case when ù is a beta weigþt functlon (i.". TIFE A)'
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This case was aLso treated. by RoY (1957) for Pr[y" ( xJ.

Using a d.ifferent methoil, NAI{DA (1948a) d-erived.

similar expressions for Pr [y" < x] (s=1 , r r r ¡lll for

m = 2r3r4 and. s=1 ,i for n=5), again for a beta weight

function. As a limitlng result of these probabill,ties

NAIIDA (tg4g¡) obtalned. correspond-ing e4pressions with a

ganma weight function (i.e. ,tr of T\?E B). Althoueh he

stated. his method. is applicable to any number of roots, a

general red.uctlon formula was not giveno

In $ 2.2 we prod.uce a red.uctlon formula (ftæonnu 1)

associated. with Pr[y" < x < Yr-r i, for all such roots and.

for any weight fgnction in our class; the proof is detailed-

in $2,5. This immediately 1ead.'s to correspond.ing equations

for P*[y, < xj and P"[y, >

fn $e..l+ we consid_er a speclal lj-near combination of the

functions associated. wlth Pr[y" ( x < ¡rr-rJ. For

P1 = In-i(i-1 ,...¡Itt)r these new fùnctionsr when e]q)ressed.

as linear comblnatl ons of Pr [Y, <

sane as those d.erived. in CH¿PTER 5 using a d-ifferent

approach (viz., a recurslve scheme involving a system of :

d.iff erential equati ons, )

The marginal d.istributions of all roots for m=2 and.

3 are given in the append.ix to thls chapter. The proof of

THEOREM t has been extend.eit to the d.istribution of any pair

of ord.ered. roots, but the results are not includ.ed. here as

our immecliate interests lie only in the ind.iviilual roots"
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2.2 ó-reduction fonmula,

As nentioned. earlier v¡e consid.er the function

I ly(vl)yTt l (¿¿). rn the notation of $1.5, RoY (1945)'
J
fr,

PILLAI and DOTSON ç196ù too]< the region n' to be elther

ØE ( srx) or ØE-rblL ("r*) . In this section, we chooge n

to be en(srx) = [¿= ntltayr('..(rs(x(Vs;1('r'(f1<þJ'
(s=1 ,... ¡III+ 1i Vo=br Vm+r=a). NOte that the êf s are

d.isioint and. that Ø'(srx) = -'J.ô'(trx),t=1
n+1
UôN

t=Sf1
ØIx-øn("r*) (t,*).

' Thus, wê wish to find. a red.uction formula for the

functi on

pÍ') ( þ;þ",...,r' J;x)'rgr I lp(vrlv|t I (a¿),

et ( srx)

(m>1 ,s=1 , i. . ¡IIl*1) ¡ (Z.l')

where ,! is a weight fr.¡nçtion and the parameters

r r (i=1 ¡ . . o ¡Ilt) are non-negative integers . Note that the

,,rSt)-function ls skew-symnetric in the parameters

r 1 (i=1r... ¡r¡), and. so is zero if any of them arq equa1.

Vlithout lOss of genenality we may assume ya)î2)...)tlp >. O.

For ttre special valuesr ft = III-1 (1=1r...rm),

lui'l ,{, {u, -x¡ ),
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and. so from (l.g) of CH/IPTER 1,

pÉ') ( þ;[n-1 ,...,1 ,oJ;x) - Ht[Fi') (Ú;x)-FtÛrQ;x)]'

(s=1 ,...rm+1), (z.z)

Fltl is the c.D.F. of the

FÁ') = o' F,ftl = 1.

Hence the recluction formula to þe given in the fol1-

owing theoremrprovid.es a mea]-rs of calculating the R.H.S.

of (Z.Z), and. thus of the C oD.F' I s themselves' The theor-

em may be compared, to remmas 1rzr3 and 5 of Pillai and. Dot-

where

with

SOOo

LIIEOREM 'l ¡

L.let

where

s-th root ( 1<s<rn) ,

O ,ffi=1

2 ^> (-r)t [!T(.¡=Birr lr_-1;a,x)p!'-') (...)
l=2

+w(ú'Birrrrt-1 ;x,b)p!:;') (. . . ) l, mÞ2

(tfie p-red.uctlon formula) "
' if n=1)'

m21 ¡ 1(s(n+'l and- 11) ' ">r.!O (or rtà1

Then

p!')(þ;þrsn.fgr'J;x)

= (q." - (r, -t ) ez )- r [4( ur I +B!' ) + ( % + ( rt-1) e" )c!') +goD!') ] '
(2.3)

¿['l = (-t)"ïr¡o(úe itt-1 ;a,x)[pS'-r) (...)*pSl;t) (...)] (2.\)

and- (...) = Qt;lTzr..o;r¡¡ J;*)t

(2.5)u!'l

and- (...) = (þ; l*rt.. Ç eft-r rr.l+1 ," ' rrt J;x),
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c!') (
L

OrT1-1-fg (z.e¡

(2.7)

(e. e)

ptt ) (þ; Irr-1 ,rz, . . . ,r* ì;x) rr-1 >

O t rt=1 Or ta-Z = î2 01' I's

(rr-l)pÉt) (ú;l*r-z,rzt..o ¡r¡ i;*), rt-2 ) tzDÉ't

and.

ia

-(rr-f )pj ^) (,1,iÍlzrTt-2,o.. rrr J;x), r2)t1-2(>rs),

Qt r Qo ¡82 t8t c$o

(q"-x:ø ) ú(")

are the sane as in CIIAPÎER' 1,

= - *[(e"x'+s1x+so)ú(*) J.

Furthermore, the functions TUo and. w are d.efined- by

ancL

Ð
v,I(E;r;L,u) ogr 

I elv)v'dv, (2'9)

L

where ?>O an¿ E is any fi:nction on ("rb) such that

the integral exists (a<T-,<U<b). V1l an¿ Wo correspond.

to an rf incomplete beta functionrl and. its d.erivative wlren f

is a beta weigþt function.

TheproofofTIIE0RBÍlissimilartothatin

A3pENDIX 9 of ROY (lg7l) r and- is given in S2.5. In ord-er

that (2.3) hold.s in the stated_ range of m and- s it is

necessary to d-efine

p!') 1, m=O
O rfrÞO=[

anct
and.

S=1
s(O

Note that

or sàm+Z.
(z. to)
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p!') (ú; [" l;*) t$t
S='1
S=2

r! ir; a rx
þ;r;x,b

t
t

(2. t t)

. The approach of the red'uction formula is to red-uce

the p5. ) -function to O( 
r) -¡unctions by successively

applying (2.3) to the A'B,C and' D terms rrntil they are

ZeîO.
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2.3 Cogparil¡ons with other forry '

Equations (2.3) - (2.7) represent a reductlon

formula for the d.lfference of two consecutlve c.D'F.rs

together with FÍt) and 1-FÍB) ' To compare these

results with throse of ROY (1945, 1957) ' PILLAI and DOTSON

(1969) it 1s convenient to have red.uction formulae

correspond.lng to the C.D.F.rs themselves, or their

complements.

So we itefine two more functlonsr 4tl and' "!t),
by

4'l (...) def Þro[')("'), s = 1r2r...¡Ilt*1 t (3.1)

and.

where

"5') 
(...) def

t

n+1

=9*1
p[t)(...)r s = or11-..etÍLe (3.2¡

t

aaa( ) Qil"r'...rrr l;x)'

Ttlhen r¡ = nt-1 (i=1 ,. . . ¡Itt) 1

4'r(þ;Ín-1 ,...11 ,oJ;x) - lr;tF[')(ú;*),
(s=1 ,...¡mi1 ;FÍt.r, 1)

anil

rS') ( ú; Ín-t r... 11,0 J;x) = kfi1 [1-F!n) (Ú;x)]'
(s=o¡o rr ¡Itt;Fåt) = o).

n)
-a

(1.3)

)r!m'lÉt"{
Note that p!') = 4') r! n

a

(¡.1+)
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The red.uction formulae for oÍt) and' 't') are

almost ttre salne as (z-3) Q,7). Beeause of this sinil-

arity the results are glven in an abbreviated- form 1n the

hext two theorems.

TIÍEOFEM 2: (trre r-red-uction formula) '

4'l(ú;[r"r...rrrJ;x) =R.H.S. of (z.l), (3.5)

where

A!^ ) = (-r ).ïrlo (úe; rt-1ia,x) [4'-1) (... )-4'-;t) (.. . ) ]

3 6 )
and (...) = (ú;Í.rrr..-trrJ;x),

BStl = (2.5) with the fr:nction name p repraced'

c!t) = (2.6) with the functi-on name p replaced'

Djt) = (2.7) wlth the fi¡¡retion name p replaced'

This theorem may be comparecl to (¿.9.6r12)

RoY (lgSl) (ror s='1 ) and lemmas 1 ard. 3 of ÞILLAI

DorsoN (tg6g) (ror s=l,2).

THEOREM f I (the r-red.uction formula)

rft) (r¡ri lrrr,..rr, ];x) = R.H.S. of (2.3),

where

A!')

'oy r,
(1.7)

by rr,
(J, a)

by øt

3.9)
of
and.

(1. t o¡

(-t ) "vito (þe;r"-1 ¡x,b) [r"(-'; t ) (. . . ) -r['- ") ( , . ' ) l
( 3.11)

and. (. .. ) (ú;[*"r...'rr J;x),
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B!') = (2.5) with the firnetlon narne p replacefl by r,
(3. t2)

CÍ.) = (2.6) with the function name p replaced. þy r,
ç3.13)

DStl = (2.7) with the function name p replacecL by r.
(1. tl+)

Ihese resul-ts may be compared. to lemmas 5 and. 2 of

Pillai and. Dotson (for s=m:1 rm).

the proof s of TIIEoREMTs 2 an:ð, 3 foIlow d.irectly

from THEOREM 1 by taking the appropriate sum of the

ArBrC and. D termsn

For (3.5) to ho1d. for m21 and- s-1 ,. . o ¡Irt1 Ïue

need. to d.efine

4'l

":')

-1
=loL"lil

e fl=O
, m)-O

, m21

and.
aniL
and.

s>1
s(0
s>m+2"

(3. ts)

(3. t0¡

sirnllarIy, for (5.to) to hold for ÍL>.1 ancl'

S=Oe..e lIIl we d.efine

)

,
,
,

il=O
m)0
m>-1

and.
and-
and.

s<O
s>n+1
s<-1.

Because tÍ') = pÍ') and 1Í') = plil the of'l-

red.uction formula is id.entical to the pÍt)-reduction

forrnula, and also tlre "Ít 
) anit pÍil-red.uction f ormulae

are identicaL,
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ive now eompare t'he Ú anû rreduction fornulae

wlth ttrose of Roy and Pillal a¡d Dotsorl¡ Since they only

consld.er the beta case, the D-tern d-oes not appear

(uecause Bo=o) , The other terms for Pr lyr <x j and'

Pr[y'>xJ agree with those in TIIEORSM 2 (s=1) ard'

TI1EOREM 3 (s=m). On first examination, 11IEOREM 2 (s=2)

and TIÍEOREM 3 (s=m-1 ) appear to differ v¡ith respect to the

A-terms, iri comparison to lernmas 3 and- 5 of Pl]Iai ancl

Dotson. The conïÌection between each palr of A-terms is

obtalned. 1f ïue Ì1se Laplacers erçansion on tùre first s-'l

coLumns of the lntegrand. of the p!t)-fi:nction; for

3=2 ¡ r r r ¡lll e

(-1 )åu(s-l ).,llq(1)

xp!"-t) ( ú¡lro(r) r too 2Tq(s-rl ];*)pÍt-s+1) (Vi [*ptr) r...

..,tg(t-3*") Jix), (l'17)

lvhere a(1)(..1<c(s-1) i" a subset of [1r...rmJ,

B?)( r r r<É(m-s+1 ) i s its complement and- >1 d'enotes

summation over all ("i.) posslble suþsets of crr s' Tuhen

11 = rn-i (i=1 ,... ¡rn) 
' thís correspond'e to equatlon (¡'l+) of

KRrsHNArArr anil vuATIilR ( t 9Zt ) .

Vyith n+m-1 , *+2 and' r1'+r.1ç1¡ (3.17) becomes

(-t)tw(ú;r1 fx¡b)p:t-') (ti lrz r. . . rrr J;x)
2

tll

t-
I-

"o-Ít-2) 
( þ; [ero. r\ef 1-t ¡f t*r r', oe 2r",¡¡ J;*).
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Ille then see tbat lenma 3 (piÐar and' Dotson) and'

TImOREil,f 2 (s=Z) agree'

Illith m*m-1 , s-+m-1 arrd- r"¡+r-1¡at (3'17) þecomês

pi:;') (ú ; Í.rr, - . .,r' J;x)

= (-t)' rä, 
(-, )tvtr( ú;rt ;a,x)rjl ;ù (úi \rr,..,'r3r-1rrr+ L,..

...rT¡ l;*)t

and. so 1emma 5 (pif fai ancl Dotson) and. TIIEOREM 3 (s=m-1)

differ by a factor of (-1¡t-t.
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2.lr The ).-red'uc!ion-forrnu]-a-

THEOREMS 1 12 anð- 3 are very similar and there seems

no aiLvantage in using one 1n preference to the otherst In

general,the4')-turmofeachred'uctionformulacontalns

two functions (such as l!'-"I and p!i;t) in THEOREM 1)'

and.ifitwerepossibletoe]-iminateoneofthesethe
resulting red.uction formula should. be better than the

previous three (provid.eil the B-terrn remains much the same)'

Inthissectionweshowthatthiscanbed-oneby

using m+'l new functions, XÍt) ,... ,¡Áiì., sâYr which are

linear combinatlons of the O(m)-frrnctlons (and so of the

I t l and. r( ro ) -fo,1cti ons ) . We d.enote the coefficient of

p[') in }.'!') bY 
"STJr 

r sâf ' Th]at i s '

h!')(...) .(n)
"S rt

n+1_s¿U
l=7-

p[t)(...), s=1 ¡.'.¡ttl*1. (4.t)

(tfre actual Bar'ameters are not lmportant at this stage -

they can be d.etermined. from the correspond'ing frrnctions in

the previous sections).

Of oourse, u/e would. expect the il*) t s to be i-nd-e-

penilent combinations of the p(n) t s and' none id'entlcalIy

zero (1.". the matrix of coefficients has rank m+1)'

It would. also le d.esirable if we could extend the d-efini-

tion of the ¡(n)r" so that {tl = Q for s < o or

s>m+2.
Our aim 1s to find. the coefficients of (4. t ) such

that the A!t)-t""* of the X-recluction formula contains
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only 4n-r) or X[:;t) (not both). The first problem

i s that ther.e are only n X( t- 1) -functi ons but n+]

¿(n)-terms. we a]'read.y know that in the p[t) (=tÍ-tl ) and

pÍîl (=rÍ') )-red.uctlon formulae trre correspond'ing A'-tern

involves p(n-r) and. p{n-r), respectively, dd ln tT¡e

"ÍÏl 
(="å') )-red.uction formula the A-term ls zero' So

the simplest choice for our extra A-term above j's zet-o

(for whlch the correspond.ing À-function must be "Íi)i)'
lbat is, vüe insist that ¿!t) (l) is zero for a párticular

vaLue of sr say s=11 (1<tr<m+t ) '
Hence the overall cond-ition on the srs is

(-t ¡'wo (. ..)xsn-1) (. . . )

AÍ') (x) =

By using

ients of O(m-r)

have, for t=1 , o. r ¡III,

(-r )'wo {. .. )l!i;t) (... )

S=1 r...¡11-'l

s=lr (4.2)

S=ü*1 ¡.'.eIIl*1

S=1 r...¡11-1

t

,o

Now ¿Í' ) (r) "!ï Ì¿['r (p) (rrom (4. t ¡ ¡
n+1s4
t=1

- Ï'/o(...) i (-r).-'["ÍTà.r-"!il]
t=1

xp[*-") (...) (rrorn (e.4)).

(l+. i ) in (4. z) and. ecluating the coeffic-

in the two erc!,ressions for ¿!t) (X) we

"(m-r)S ¡E

o

^( r¡ - t )
"g-1rt

, S=11

,

(-1 )'- È+1 t"!iì.,-"[] ] 1

S='11f1r..'¡tll*1.



28.

This is the recurrence relation from which we must

cal-culate the cts, Firstly, lve note that the relation

d.oes not d.epend. upon all three of rtrs and- t, only of

s-t and. m+1-s ("ty). If we write i=s-t¡ i-m+1-s

and "Jil =Gs-ß,n+1-s, then the ctJ are ctefineil for afl

o<j<mr-j<
recurrence relation become s

cr 
J

ct-r, J+(-1) t cr , J-1

Gt-r r J

Ir+(-r )t]c,-";:",

, j-m+2-11 ¡...¡IIl

, j=m+1-u

, i=Oer"jlll-llo

-j+1<i<m-i).

equation first.
( othe rv'Iise {t )

(4.3)

Now

= 0) and. so

l¡Te take the j-m+l-u

c-n-1+u,n+1-u cannot be zeto

is equal to one ("ty).

ct ,t+t-u = 1 for -m-1+u(i(u-1 t

anil so Ñ'l = "'Íil as ïue ex¡rected-.

Before attemptlng to soLve for the remalning crs,

we return to the d.efinttlon of the Xt s. Equatlon (4.t¡

can be written as

n)
+r- J

( )
m- Jsa
I =- J

(n) tctJ Pm+r-J-t\^(
^m

aaa

ancl ttris 1s to ho1d. f or all- m >- 1.

coefficients (" t 
") 

are independ.ent

...) , i=or.r.rm,
(r+.4)

Thus ïve see that the

of m and. are d.efined.



þecause the ", J 
t 
" 

for ¡ < -1 have not been d.efined-

before. However, the .r J 
t 
" 

for j 2 m+1 are alreaily

d.efined. anl so }.Étl for s < o 1s d'efined' as in (4'4)'

{'l = o forall m> o

for -m-1<i<-1, for all mlO.

fora1-1 j>O,1à -i.

¡.r s by d-efining

*J^l = o

29.

We can immed.iatelY extend the

fqr s > m+2,

j=o
i+j>1.

If we seek a solution such that

then we must have cl ,n+1 = O

i.ê. crJ - O for all

Butct,n+l-u=1for-n-1+u(i(u-1rand'soumustbe
equal to n+1 , for a conslstent solution' TTrat lst

},S') = O for all m 2 o implies that ü=ü*1 a:rd' ÀÍ'I=O

for a1l- g<0' Alsor clo = 1 for all L>-o and' from

(4.1) co J = 1 fon all i2o.

We may now regard- (4.h) as being true for all

r, i , j .V,'ith m¡e , i+ j>O , where the rf sl d.e cond.i ti Ons rf

¡St) = O for Ê(0, {.1 = O for ê>-il*2 corresBond. to

crJ - o for i<-'1 (i+J>o), crJ = o for i<-1(i+i>O)'

re spe ctively.
The ", J 

t 
", for all i+j>O t ãrê nolly given uniquely

by

or,L=o1

ct J cr-r,J + (-t)tcr,¡-rr
(4.5)
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It remains to calculate cr J for i.Þl , i71 '

For

and. for
(i-t)+jÞ| ,

i.+ (J-t )>1 ,

cl-r, J

ct, J-r

= ct-z ,l + (-t ) t-1ct-1 r,J-r r

= cf-rr¡-1f(-1)l ct n'J-¿

and. by multip].yine the second- equation by (-t ) t and'

acl"d.ing to the first, we have

cl J = Gt-B ¡ J + ct, J-z , for all i+iàZ' (4'q

This is slmilar to the recurrence relation for

binonial coefficients, and., in fact, it is easy to show

that, for 12O ' i>O

1 and.

for all

t

)

(4.7)

Czl+p,2J+q pq, where' Prg = 0r1.+j
i(' )"

Using the fact that coô = cto = ce1 =

ct-t = cor cro = Or the solutlon of the crs

1+j>O is

crJ t
o

[år]+tåil
låi I( )'

i<-1 or i<-1 or i 
' i both odd'

otherwis e.

Having soJ-ved. for the cts r/ve return to the

),-red.uction formula. lhe A-term is already known to be

qn)(il = f(-1)"T1Io(.'r) l,(t-1)(...), s=1 r"'¡IIl
L O , s=rl*1 .

ghe CrD-terms are simply (2.6), (2.7) with ttre function

nane p replaced. by ?.,. For the B-tern we have
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sÍil- r cxl
ID

t
cr r ¡Íil- r*, (p)J

Ð
J

m- Jtt

l=*J ",,[r*ä,(-r)* l.'tt'(... ;a,x)páT;3ì- r (. .. )

= a 3 (-r)*[*(..ia,x)
R=E L

-J
=É

(n-z) t \CtfPr+t-J-1\rrr,f

+Tv(. . ;x,blpf:;3ì- r (. . . ) l
¡n

l J

I
+W(. . ixrb)

nr

t=- J

lhe two sums of the p(t-a)-functions must now be e:çressecl

in terme of Xt s;

",rd:;:ì-'(...)]

n- J

t =- J

n-J
I =- J

(n-
crtPñ-r

I =- J +P

(n-Þ)-l
l=-J'

cr ¡P[

c' rpÍi;:ì- i (..') ", rdï;:ì- r (... )
tn

rÍ:;3ì(...) + )ú a-z) t
+r.-J \ )aaa

3ì-r(...) u-b)
¡û;3)+t-J-l (...)=¡j,:;:rr(...)

Hence

Biîl-r (r'.) = r*þ,(-1)* [ï'l( .. i,'e*lili;iì (...)

+vv(,. iarb)úi;iì(. '.) J, (i=o¡... ¡m).

TVe now eummarlze the preced-1ng results'

^-firnctions 
are defined. bY

The

(4. a¡
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{'l (...) def Gs-g ¡rû*z-sP
o

I

t=1 Í*)(...) , 8=1 ¡".5,n1*1 rm)O

mÞO and. Ê<O or e>m+et

(4. g)

where (...) = (úil.trr...rrrJ;x) and', for ilOri)0,

Ir
0

[åi ]+ tåi l
tåi l

i, j both otld

otherwige .
,

)'

o.14( )

TIIEOREM h: (t¡re l-red.uction formula).

-

Let ß21 , 1(S<.+1 and. ,,1) r r .]'.¡Þo (or nr>{ lf n=1).

Then

Àl'l (ú; þrr...,r, lix)=(q.r-("r-1)e, )-t [AÉt ) +eÍ') +

(qo+(r,.-1)er)c5') *g;ôS'r 1, (+'rr )

ctJ =

where

g(n)
I

AÍ') = (-t)"wo (úeirt-1;a,x)À!'-t) ( þ; b¿¡ i J r ¡r' J;x), (4.12)

0 ¡ ttt=1

i (-r ) t [T,I(l,rBirr+rr-'1 ia,x)ÀÍ'-3) (...)
=ft,

+w(ú2gir1r11-1 ;arb)),!:;') (. .. ) ], mè2

(4. r 3)

and. (...) = Q;ttrr.r.rft-rrft+1 tc..rrt l;x),

c:t) - ),!t) (9'; [rr-1 tîzt.r.¡P¡ J;*),

DÍ') =(ro.-1)1,Í') (ú ¡ Írr2¡rz t.. r ¡rp J;*).

(tl,1l+)

(4.t5)



By subeti tutin8

eas1ly show that, for

1

{')(...)

Hence, from (3.3),

x!'l ( ú ; Ín-1,...,1,0 ];x)

33'

pÍ') = 4^l--Í31 in (4.g) rve can

1 (s<m+1 ,

(-1)t-tc"-r rm-"o{t) (...), s=1 r..o ¡lll

rÍil (... ) , S=fl*1.

(4. te ¡

lq (-r ).- t"r-r rm-rF[.) (ú;*),

s

t

L

s
L

f

1-ft, ( ú;x)
F' (/;*)

m even

m od.d..

S=1 r... ¡IIl

¡ S=ñi1 o

(4. t1)

k;t

At this point we note that the functions

kr¡St) (/'; [*-1 ,... ,1 ,o ];x) also appear ln CI1APTER J via a

d.lfferent appnoacTr. Surthermore, the fìrnction for s=Íl is
related. to the Pillai-type approximations for the distribu-
tlons of the extreme roots. To be more specifÍ.c, Iet

Ê', (f ;*) - ]tu{') (ø; [m-1r. ¿. r1,0 J;x).

Then the approximations are (see CIIAPTER l)
(i) for ttre lover ta1l of the snallest root (x-a)

¡'Í'l ( ú;x) æ fi, Q;Ð, (4.18)

(ii) for the upper tail of the largest root (x-'b)

,

,
FÍ.') Q i*) * (4. r g)
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Tìlhen V is a '¡"ra1g A (treta) weight frr¡rction, (J+" 19)

corresporrd.s to ttre approlcimatlon of PILLAf (1g65). (n"-

sults for the snallest root can be obtained. by a trans-

formation of variables a¡d. parameters). llhen Ú j-s a

Ttfpp B (garnma) weight function, (4.t8) ancl (4.t9) are tlre

approximations of IIANUMARA and. THOIúPSOII (tg0g) (trrese

follow as a linltlng case of Pillairs results)'

From (4. t Z) and- (4. t o) ,

F- (/;*) =.ä, (-t )'-t¡'[') (/,;*),

an¿ we can get the approximatlons (t+. t e¡ and. (4.1 9) simply

by setting f(=â in F -r¡.".¡F1 ancL x=b in Fnr"o¡F2¡

respectively. (ffre justification for this lies in the

respective ord.ers cf the C.D.F. t s. ).



35.

2.5 Proof of 3he red'uction- &rJtlrla'

The proof of the p-ned-uction fo'*nula (fUpOnpU 1) is

a generalization of that employed. by ROY (lgSl) ' -APPENDIX 9.

r¡[e begin by d.efinlng the function (correspondlng to

(¿.9 .1.2) of Rov)
m

Rj')(ü;pr¡..'¡paix)"3r t Ïl[Ú(v¡)vlr](a¿),J ll
e'(srx) 5=1

(s=1 ,,.. ¡III*1;m>1). ( 5.1)

This is a typical term (apart from a sign)

antal e:cpansion of plt) U; Lrr r... rrr J;x)

is a permutation of ?1e. o.¡f¡o

TVe a]-so d.efine the functi-ons

and.

in the d.eternin-

when P1 r... rpp

oÉi¿ ( E,ú; [*r r.' .,r' J;x) E(v,) lø(vr)vl'[ (a¿),

eE (srx) (s.z)

m

where

exlgt.

et (srx) i=1

("=1 ,. .. ¡Ilt*1 1t=1 ,.. r ¡lltim21),

ß.1)

é is any firnctlon on (.rb) such that the lntegrals

TVhen pt r. . . ¡¡5 is a permutation of P1 ¡. . r ¡f¡ ¡

is a ty¡rical term in the d.eterminantal e:çanslon of

Idef

siî¿ (E,tiett...,16 ;x) dEt 
I E(v. ) IJ Lüiw11v?'I (qr),

sli 
¿

65Tl -
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We now prove tl.e fol1ow1ng l-emma' uthich is a

generali zatjor. of Royt s lemma (.A..9' 5) .

LEMMA 1:

(") For g=1 r...¡IIts

i" <-r ) t'+1oSît ( €,þ; l*r,... ,r, l;x) = ,ä, 
(-, ) r+rrg( €t;rtia,x)

t

*pÍt-t) ( þ; [.r,,.. o ,rr-r rFr+1r. .. rrr J;x). (¡.h)

(¡) For s=2e. . . eltt*1 ¡

.ll(-1)'*t0ÉïÌ(E,Qilrr'. -.,r' J;x) =,Þ"(-1)t*rw(ëÚ;11 ;x,b)

rp!3;t) ( ú;Ir"r... rrt-rrrl+r t¡..rrr J;x)" (S'S)

EROOF.: By writing only ? we carry through the proofs

of (") and- (¡) together (as far as possible)' In each

6ÍiÌ-f,."cti-on, Tye expand. the d-etermlnant in tTe integrand-

by the t-th column|

o!ï¿( Etù![tr,. .r ¡16 ]¡x) =,Þr(-1)t+t È "ett(?r)s5\lG,Vi

PL t... rPt -t 11.l ¡Pt r r r r ¡P6-f iX),

where >
1l

1 ,2r. . . ¡rr-1 , a¡d. sgn(?r) is +(-) if T is even (od'd-).

Further t þr¡.. r ¡pp-1 is the permutation of

f1e...¡ft-trf,l+1r...¡Pp eoffesponiling tO Ïft

Ehus

?(-.t)t'+10!'),(...) = ,är(-,t)t*t ,." sgn(lr) t? tSîl(...) J.
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Vlle now eval-ua te [. . . t. rn each slt l-runc ti on the

integrand.s may b e nad"e the same by relabeLling the integna-

tion variables;

ê.g. fr + JIm ancl JIt + It-r fof i = *1 ,'rr¡Illo

Thls changes tÏre region 0t ( s, x) to Ã^ (tr e, x) (""y) ,

where

["<yr-1(. .'(Jr¡(Vn(Yr-1(. . .(Jrs (x(Jr¡-1(. .<Vr<b J,
t>s

,A' (t, s rx) =

["ayr-1(, . r(ys -:.(x(y" -2,-.. .(]r¡ (V¡u (Vr- r(. :<J':.<b J,
t( s,

on tÌre uncterstand.l ng that

Vr
x
b

(a
=l

LJC

if
if,

t=lll
t=s-1 and. Y¡-t =

if t=S
if t=1 a

The reglons .4t ( t, srx) are d.is joint for d'istlnct tt s, and

so the sum ovex" t of integrals over the regions is equal

to the integral over the unlon of the regions¡ In èach

case, t:e common integrand. of Sf il (after tfre above

relabelling) is

igl rr(vr )vlr I €(v, ) /(v, )vf ' .

In (*), su-
c

m

Ð and- clearly
t

Hence

(fo=

,9,o'(t's'x) = om-t (sr*) x (arx)

? s!ï), (... ) = R:'-t) ( ú;p", r.. rpn-r;tc)w(Eúirr íarx)
e=1 this correspond.s to Royts lemma (.A.9.[))r'androo
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ì se.,G)t? u::ì(...) J = Tv(E/;r1 ;a,x)p(r'-")ç!iLtt',.oð¡r"1-1¡
4 E -f 

rl+1t"'¡fpJ;*)'

Thus L,H.S. of (¡.4) = R.H.S. of (5.4) .

and, clearly ïve have

tüt
fl'(t rsrx) = ên-e (s-1rx) X (xrþ),

Slmilarly, in (¡), 
?

s-1
E

t=1

t=1

(n) I
8 rt \>S

t ) R!:; ù (,lti9t t.. " rpm-r;x)vy(ãrlt;r1;x,b) ,aaa

a¡r0

È "*tt(n)l] sÍi¿(...) J = ïv(Eúirtixt¡)pÍi;t) @;b",...,rt-t t

rt+:. r...rfr J;X).

Thus L.H.S. of (>.il = R.H.S. of (5.5).

The p-red.uctlon formula is based. upon the red.uction

formuLa f or W(ú; r;LrU) , similar to Royt s lemma (4.9.2) .

Let r>1.
tIJw(tir¡L,u) = / ú(v)y"¿v

J

L
üq.il / [e"(v)+qo Jú(v)v"-1dy,

I
I,

where a"(v) -qrr-eo =-fuStøtule(v)j (seeg1.z)

So q.r'W( rlt;r;LrU) = qoW(ú;r-1;L,U)-ïtlo (te;r-1 ;L,U)
+(r-1)W(ús¡r-1 ;1,,U) .

In order that thre Uf-functions contain ,! on1y, it 1s

necessary to e4Band. g as a polynomlal in the Last term;
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g(V) = Ez1¡alg'!+Eo' lfhe final formula is ttrus

W ( lt¡r';L,U) = (q."- (r-1 )Ba)-t [-Wo (þe;r.-1iL,U)+(qo+(r-1 ) g" )

xTu(/l ir-1 iL,u)+(r-1 )soTY( Úit-Zi:-,rJ)f , (P1)-'- 
( 5.6)

The siniLarj-ty between (5.6) and. TIIEOREM I 1s irnmed-iate;

they are in fact equivalent for m=1 (see (z'tt))'

ThefirststepinestablishingTIntoREMlisto
expand- lø(vi)ylt l, in the integrand- of the p!')-function

by 1ts first row (contining the highest povrer of the yts).

Tt'e write t]: e result as

pÍ') ( t;lrtr... 'r' i;x) = (qr-(""- 1)ez)-t,Þ" 
r> 

u( i,r),

where

u( j,r) = (q.r- (*"-1)e, ) (-t ) t +l sgn(rr)R!') (þip", ' . 'pJ- 1 , 11r

PJr...rPn-fiX)

and. >
7(

1 e.. i ,nr-1 lyith sen(?r) being + (-) if T is even (ottd.) .

Further ; Er¡ l o r ¡p¡-1 ls the permutation of ?z t" ' eP6

correspond.ing to lT.

The above RÍtl-function 1s partially eväluated by

integrating witlr respect to Ir¿ flrst (since ¡rl is

raised. to the highest power rr). As the wtroLe reglon of

integration is ¿(Yn (. . . (]rs (x(yrs - 1(. . . (f1(b u¡e lntegrate

Í¡ between the llmits (f.,'U) where



(r,ru)

(Y.,b)
(JtJ-*"rÍ¡-r)

(*ry, -, )
(y,*r-,x)

(.ryr - 
" 

)

Thåt is, v¡e wrlte

u(jrn) (-t)¡+1sgn(rr)

l+0.

, j=1

, i=2r"',Ê-2ts+1 ,' ' ' ¡IIl-1

, i=s-1
i-e

, .J-P

, i=m

(vt, il¡) Jr¡=L

XII
rt J

( q., - (*r-''l ) er) ù(vr ) vT'av¡

It (v t) vl'ay , l

I /t/"

and. appfy (5"6) to ttre lntegral 1n [.. -

of (5^6) "u separate -wo ( þs;rt-1;L,U)
where

l In the R.H.S.

-E(u)+e(r,),

a]-l

in

AS

E(x) = Wo (þe;r"-lia,x).
(tne function tg vanishes at a and. þ).

This will then give us four terms for each u(irz¡),

having the above forn but with different expressions

[".. J;

say

where

u( j rzr)

u, ( i rzz)

u"(irø)
u" ( j,zr)

- u1 (J ,r)+uz ( j,rr) +us (i ,o)+u¿ ( i ,r) ,

hae [... J = [-g(u) i,
has [... J = j1$") i,
has [... J = 

[/"(qo+(r"-1)gr)ú(vr)vl'-1¿v,.ì,)
Í¡ =L

ana u¿ ( i,ø) has [... J = [f ("r-1)eoú(v¡ )vT'-tuur l.
Ytr=I.l
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¡¡hr¡.e tlr and' rla are (rn-1 ) -fold- lntegnaJ-s ' while u8

and- ü4 are still fntegrals over et(srx). Re1abell1ng

the lntegration variabJ.es by ¡rt '+ ¡rt-tr 1=¡+1 t""m the

re gi on of inte grati on in u1 anil u2 1s el ther Ôto - 1 ( s- 1 , x)

(when i=1 ,. o . ¡s-1 ) ot e$-L (*r*) (when j=s¡ " " ¡Io) '

C1e arly,

,ä, ì ug(i,?ir) = (qo*(rr-1)s")n!') (ú;[*,.-1 ttzt" ',r' J;x)

= (qo*("r-1 )e")cS.),

and.
It

,Þ, ,." o. (i,o) = (tr-t)eopÍ') (t¿;l\-2trzs" ',r' J;x)

= goDlt).

When U=b ard. L=â we have

u" (1rzr) = o - rr2 (*rø) (since ã(a)=o=€(b) ) '

Yrlhen U=x and- L=xr u, (srø) arrd' u, (s-1rrr) contaj'n

-Ë(x) and- ë(x) r respectlvely, âs a factor' By summing

theremainihgpartoverållpermutations'rÍgwemust
ïrave

È o"(",rr) = (-r)"rüo (Úe itt'1¡a,x)plm-1) (t; f" " "'r' ì;x)

and.

È r" (s-1 ,T) = (-t )"Wo (Úg;rr-1 ;arx)P!];") (Úi Ír",. õ ' ,r' l;x)

.'. 
,,8[o, 

("ro)+uz ( s-1 ,n) ] = ¿Í') .

It remains to evaluate È 
ot(it1¡) for i=Zr...¡s-1 ,s+1 ,"¡III

ancl È 
or(Jrt) for i=1 ,...es'-2¡s¡...¡Il-1 .
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Tlle u¡-ferms have U : fJ-r (before and after the re-

labelling) and. so tl.e [...J-t"rrn is -E(V¡-")' lhus,

bv (5.3J ,
(-r)r sgn(n) sli;iì-" (E,t;pr.¡ . . o ep6-r ix),

'ut(i rr.)
i=2r...¡S-1

(-r ) I ssn(?r) sli;:l (é,üipr r . .' rÞn -tix) ,

¡-s+1 1.rr¡IIIo

The ur-terms have L=TJ+r which becomes ¡=YJ after the

relabelling, and. 1n a sinllar marrner to the u1-terms we

have

(-r ) r*tssn(ø) s!:;iì Ce ,úipt¡.. o ¡p¡-rix),
j=1r...¡s-2

:ur(i rt)

s-2
Hence we need. to evaluate 2 Ð

(-r ) J.1sgn(rr) sgt, jr) (E ,Qipt¡ . .. ¡ft¡-:- ix),
j=Sr...¡IIl-1 .

ur(jrr) - ul(i+trrr) fon i=1 ,,tteÉ-2¡serri¡IIl-1.

1"J

E uz (irr)
'ß

,È o'(i'o)"n¡-1
+ 2>

J=s

Surnmlng u" ( j rrr) over all permutatlons îÍ (rernemb-

ering that p1 r... ep6-1 is the permutation of ?z¡... ¡f4
corresponiLing to r) , we can take È sgn(n) into ttre

integranct of the S( n - 1) -functi ons , to form ar:- (n-t ) -t¡r
ord.er d.eterminant. In factt
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(,ErVittsr...rrr l;x)
J=1 r"'29-2

1l
u" (i rtr) =

(-t¡t*" d!',;"1 (e,t; lrr,...,j:'"]:îl:__'t,

where the O-functions are d.efineil 1n (5'Z)'

Fina11y, from both parts of LEMMA 1 (with the

appropriate changes to IIIrB and. the rr )

Ð üz (i,rr) + 2 ';t Ð ur(irzr)
?l J=s 'rl

=2 (-l ) t tTv(ã/r;r1 ;x,b) p!:;") (... )

+w(Eþ ;r t i ã¡*)pÍ'-2) ( . . . ) ],

where (...) = (úiÍTzg.. ' ¡f¡-rrPt+1t " ' ¡fq j;*)'

Ttris 1s equal to Bltl because

Vtl(épi11 iL,U) = vtl( t'e;r1rr:1-{;Ï,,U)

(renremberlng that ¿(x) - Wo (þe;,r-1iarx))'

Hence the proof of TIIEOREI\'I 1 is compJ-ete'

NoTË: the proof given above is f or â11 s=1 ,. r.,III'F1 r even

ttrough somd terms haVe no meânir¡g for particular values of

s. For example in the abor¡e surl of u2-terinsl :Þ: shoulcl
J=1

not appear f.or s=1 or Z rrrd 
tit 

shourd. not appear for
J=8

B=rr or n+1 . However, þy d.efining p!t) to þe i¿entic-

a1ly zef]o whenever s<o or s>m+2 we ar|e only ad'd'ing

zero to tl:e comect expressions'

(-t)l*t -(n-Llds-1, J

a-2
Ð

J=1
2

2

lI¡

t
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Di st buti ons fon two d three roots.

Firstlyr wê $ive a table of coefflcients Df ttre

ArBrCrD-terms of the reduction formulae, for the various

types of weight flrnctlons.

Tl?E

TABIË] 1

TrIEIGä FUNCTION, /r (x) q.1-(r-1)gz eo+(r-1)Br 8o

0

0

I

o

o

1

For Ty?E t s ArB and. C , qr - ( r-1) gz is always greater than

zeto, since q.:->O and. 8z(0. For TYPEi s DrE and' f'

(where gz=1) *" must ensure that q"-r+1 is non-z€ro¡

Vtle now use ttre X-red'uction f ormula (m3Onn¡ 4) to

compute algebralc expresslons for the C'D.F.rS of two a¡¡cl

three roots, for an arbitrary weight function of our class'

In the following e:npressions, the rtr parameterrl of the

V'I-fnnctions has been reiluced- to Zero, iri which case ÏYe Uge

, r(úret,x) oÈf w( þt sl p;a,x) = ft" t Qt g:;y)dy, (4.1)
J

where a

ro-(útgJ;*) d3r 
çrr (*)gJ (x). (4.2)

A

B

c

D

E

F

x! (1_x)u

ery (-øx) #
exp (-!axz )

:# ( 1+x)-P

exp(-ot/x)ru

exp(cr tan-1x) (t+xP) -Lt"

lJ+t

l.L+t

o

G+r

q.

at

p+v+r+1

B-u-r-1
p-r-1

þL-r-1

d"

ot"



m=?z The C.D-F. ¡ F" , of the

1];5.

s-th root'is glven bY

where

[;,]=l; ;][i,]' (e3)

Ë" (*) = Lul!") (ú; [1 '0 J;*). Further

F"(*) = c, [r (t'e;Ð - tro(Úe;x)f (ÚiÐll, (¿'4)

rz (x) = -cz[-åro Uei*)r(ú;¡) l, (¿'5)

Q2 -- Zlrzg¡-tt = t(Ù'g;b)-t'

The C.D.F.¡ F", of the s-th root is gÍven by

where

m=1:

F1

F2

Fs

where

where

(e* (út gr ;x)

ù * úrgJ)'

zu (ú2 s¡x)

-:I..T'WT

(t.6 )

(¿.7)

(¿.s)

ro (/g;x)r(p'g;b) I'
(n. 9)

.1

0

-1

F1

Ë,

ñ3

o

o

1

o

1

1

29, QIz e; *)
î.re7tref ro(úe; *) r (V" e;*)

f"(*) - t"x!")Qi[zr1 ,oì;x). Fr:rtJrer

- #-T ro(ú'g";x) J,

cs = þ[e,(q.-e,)]-t = ll(¡tþ)r(t'e';t)l-t.
is d efined. by (Z.Z) of CIIAPTER 1 with

and

Q.(úreJ;*) dgr qt(ürgl)x-ge(/tgt), so ê'$r Ç[r=8r ut))'
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In obtainlng these formulae we have used. bot¡r (f.6)

anil the equation immed-iately above itr 1'ê'

w(ú;r;L,u) = (q.r-(r-1 ) sz)-^ [-wo (t.e;r-1iL,u)+(qo+(r-1)st)
xw(úi r-1i:.,u)+ (r-1 ) sow( Úit-zil,u) I , (r>1) ,

(n. t o)

w(úir;L,U) - qit [-Wo (te;r-t iL,U)+%Tv(Ú;r-1;L,tJ)

+ (r-1 )w(/le; r-1;L,u) I , (t>2) " (A' 1 1 )

If we want to use threse (or any other) equati ons

with ú replacecl" by úrgl, then we simply make the

followi ng replacements

qtlt) - 8r -+ ]-qa-Z( i+t -r) e" = 8r (/'t sr ) J (¿. t z)

qo (r/) = eo * iqo+(i+t-i)er = q.o ({¡t gJ )J

From (¿.8) and. (¿.6) *" see that the mid-ille root

has a simple d.l stribution

FÉu I (t ix) = lr(,t)' e" ;þ) l- t r (ú' e' ;*) , (1" t 3)

as shown by DAVIS (lnZf¡ fcn a TYPE A weight function'

In the beta case, our results for rî=2 cÒrnespond- to those

of Davls, IiL our present. notation, Davlsts results for

m=3 wou1d. be

f, (*) = cå lt(ús;x)r(pz e' ix) - '^#frr{*î' ro (úe;x) r ( þ' Ê ;*)

- ñ'fr"-F¡ ro (1" d ;*) J'

(.e,.7) '
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F, (*) = c¿ [r(,/e;¡) r(ú" g€;*) J, (A.8) t

fl"(*) = cå Lt(te;x)r(r/zes;¡) - "#å3ttl ro (te;xrl(,tt" s' ;þ) J,

1.e..9),

where c{ = ks(e?eo+ergoBr+eBgz)-1 = [r(Úe;t)r(V'gz ;b)]-t'

It ie not immed.iate).y obvious tTrat the two sets of

eguatlons are 1d.entlcaI. However ttris can be ehown by

using the formula

qr (e1-g, ) r( þsix) = (e?go+QrQosr+eBez ) r (Úi*)

- [qr gzx*e..gr+Qo 8z ] ro We;Ð ' (A'14)

((4.14) foll,ows by ercpanding the g in T(Úei*) arrd

ueing (¿, to) ).
lhrrs, tÌre d.iffenent possibilltes for using (¿.tO),

(a. 1 1 ) and (e. t4) , to reduce the Ul-firncti ons to l-ft¡rc tl ons,

leafle to more than one eq¡ivalent expresslon (when glx)Él)'

As m increases, the red.uction f ormulae become more

lnvol-ved., af¡d. the queetion of uÙrlcTr way vre reiluce the

Tll-functi ons may become a problem.

tr'ir¡al]y, we note that or¡r resulte for n=J can be

written in a more compact forrn þy lntroduclng an Tz-

functl on, or more generallYt

r.(ú;x) d:r f"$-r ft*-rl"-'ú(v)av, 
(r>1 ;rr=r), (a't5)

a

as used. by Davis.

(e. g. rr(t;x) = q;t [Q, UiÐt(úix)+ro (úe;*) J. )



The sv

l+8.

sf.em of tliff enenf,i al eorrationg.

3.1 Out].i-ne

The auxiliary functions (derinea in S3'z) and' ttre

system of differentlal equations (d.eriveÖ in $1.5) in this

chapter are essentlally the same as those in DAVIS (lglZa)

for t¡e Beta case (case (¿) of S1.1 ). Although it 1s

possible to obtain the correspond-ing formulae for cases

(e) anit (C) from those of case (e) by taking the appropri-

ate 1im1ts, 1n th-is chapter we consid-er the general case

d-escribeil in $1 .2.

The auxiliary functions (A.F. t 
"), 

EÍ*,1(/;") '
(r=o 21 e. o. rm-1), are d.efined. as (*-1)-fold. integrals

such that E[i¡ U;x) is the integral term in (¡.4) of

CH.APTER 1, The A.F.t s are also solutj-ons for Er in the

system of (ord.inary) airf erential equati ons (O.p. t s);

s(x)El = (*-") [eí - å(tn+r-3)e"]8.-r-r[Qr (")-å(r-1)g' (x)]E"

+ å(r+'1 ) (r+z)s(x)8.*r,

(r=o¡...¡rr-1 i E-r=o$r), (t't)

-'d.where '= * and. Qrrg are the po].ynomials d.efined- by
ox

-er(x)/(x) =*tú(")g(x)l (1.?)

(see (z.z) or (2.6) of OHAPIER 1)"

the importance of this system is that it enabl-es ust

in pri-nciple, to calculate the marginal d.istributions for
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m roots from those for m-1 roots. This ts clone via a

recursive scheme, whj-ch ìffe noïtl d.escrlbe;

SÏEP 1z Assumlng we know the C.D'F. t s, Fitn-l) , for m-1

roots (s=1 ,...eil-1 )e T[e take their differences to

give (see ç3.2)

-(n)rrn-r,"(*) = rÇ1"[¡'!'-t) (*) - FSi;') (*)],

(s=1 , ". o ¡IIl; ffn-t) = O, ¡(n-t) =

STEP 2', Use the system of DoE.rs (t

Elil," rrom ElTl and El

. . ,2,1) , begiruning wi th 49I , "

end-1ng with EåTI (s='1 ,...,Ír).
can be used. as a check.

STEp 3z Fnom STEP 2, the marginal P.D.F.rs are found. by

using (see Sf.2)

rSn ) (x) = (-1)'- r1q /¡(")E5i I (*) , (s='1 r ' ' ' ¡Ir)'

STEP lr: Tntegrate the P.D.F. r s, fÍt) , to give the C'D.F. r s

F!t) , (s=1 e... ¡Ir) ' Thls l-ead-s us to STEP 1 with

n increased bY orrer

The aþove four steps (t to 4) are regard.ed. as forming the

Itmlth cyclerf of the recursive schenre. In general, the

iritegrations involved. in STEP 4 give rise to the main

d.iff iculties in using the scheme.

1)

.1)
m)
+1¡5

to calculate
(for r-m-1 errr-2e..

from STEP 'l and.

The llr=O D.E.lt
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Itmaybenol,edthattlrerecul.si.veschemecarlbe

carried out vrith functions concerning only the largest root;

¡r(n-r) STE? i ncr) STEF ?
STEP 5 1(n) STEP 4 p(n).

._>

In $3.4 we examine the recursive scheme in more

d.etai1. In this section vúe flnd. a basic set of f\rnctions

from which ïye can build- the C.D.F.f s for aIl- roots. these

f\rnctions are also related. to the \-functlons of $2'4'

In $5.! we d.efine Some new functions corresponiLing

to the functÍ ons in $r.4. An explicit expression for the

simplest function 1s found. and. is related- to the Pillai-

type approximations of the extreme roots IPILLAI (1965)),

Some results on the rlmod.ified.rr polynomials, which are re-

lated- to the orthogonal polynomj-als e ape given in tÌ¡e

appenilix to the chapter. Thesd polynomia]s are required-

in $J.5.

B(m)o tL



J.2 The auxiliaLv functions-
As 1n DAVIS (lglZa) r w€ defin.e a set of

iary functi ons (4.¡'. t s) , E!t,|, r=o 21 e. . . err-1 e

51 .

m auxil-
for each

root yr(s=1 ¡.o.eilt) by

m-'l

EÍîi e;Ð os'f Il
åt;:., 

'.'=l

m-1

ø(rt)Jl (v,-vr) 
o> 

(*-vo(r))..'
i<j

where

çm-:-l
l)\

and. >
d

o . . . (*-yo(¡n-r-"1 ) (¿{)'

(r=o e1 e. .. ,m-1 ) , (z.l)

srx) lf, a Rn-1 I "ay.-1(.. 
r(¡rs(x(Ys-1(. . .(Ír(b J

(-;')d.enotes zummation over all possibJ-e sets of

integers ø(i) such that 1<a(1)<...<a(m-1-r)<m-1 . TVhen

r=rr-1 the sum is d-efined. to be unity. As always, Ú is

a welght fr:nction in tTre class of S1.2 (see TABLETS 1 or 2

of CH.AFTER 1).

EåTl and 4:1,. w111 be referred to as the first
and. last AoF. I s respectively (for the s-th root). From

(3,A) of CHAPîER l' ïYe see thatr oD setting

the last A.F. 1s related. to the C.D.F.rs by

r=nr-1 in (2.1) ,

EÍ:1," (./;*) = r{1, [¡'!'-') ( ú;x) - F::-r") (./;*)]

(s=1,oroem; FÁt-t)=or FÍt-r)=1). (z,z)



îhe

from

n-1
II

l=1
tern 1n (z.t) becomeE (x-yr ) when

.4) of CHAPIÉB. l, the marglnal P.D.F.

root is related. to the flrst A.F. by

r[') (/;x) = (-1 )'-ei¡, ú(x) t:i] (V;Ð,

ST@Îs 1 and. 3 of ttre recursive scheme use

respectlvely"

Ð
E

3

52.

r=Or

of the

and. so

s-th

(s=1 ,.. , ¡III).

(2.3)

(z.z) ard (2,3) ,
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3,3 l-tre -d.iffgrential equations.

In this section ïye d,erive a system of d.ifferential

equatlons (D.p. t s), for which the A.F, rs, for all roots,

are m (vector) solutiorls. The ilerivation of the D.Eors

(t.t ) is exactly the sane as that useal þv DAVIS (lglza)

for case (¿) of s1.1 , apart from a few mlnor changes to

bring in the polynomials Qr and' g. Because of the

slmilarlty only the maln steps are glven'

Firstly, by d.ifferentiating (Z.l)

* qll(") (r+1 ){iì. ,. (*) - Jo * J t, (3.t)

where

Jr= l aa [integrand. of (z.l) evaluated. at

(yr,íl=-1+k) m-i

rs-r+k=xl Tl clyr,

ifs-1+k
(k=o,1 ) " 3,2)

In (3.2), the integrations over (vt rill) refer to the

region ôn-1("r*) wittr the variabl-e Y¡ omlttecl-'

At tl- is polnt we introd.uce the orthogonal polynomial

of d.egree one, Qr(*) = Qrx-Qor âssociated. with the weight

function A (see (l"z)). Let IB(1)e..oeB(")i be the

complement of ["(t) !ottea(rrr-1-f)] wlth respect to

1.1 ,ze,..errL-11 and. for each set of a(1)ts, let 
Ë

d-enote the sum over all B ( i ) I s. Then

I



rqr(x)=q'È(*-ye) Ë o'(vp ) '

-L
s ¡x)

+

ò
òy9

5,+.

r
l=7-

ú(vr ) J'

(a¿)

( ¡'¿+)

3.r)

and. so

where

SÍnce Q' (vp )

¿( x)

to

Jz rb)

re"(")EÍîJ (x) - er (rn-r)nf il," (*) + ¿(x) 3'3)

e, (vp ) i!l ú(vr ) i{, (v,-vr f I (*-vor rl )¿(x) =àÈ/
Àm-(

r-1
II

l--1_
úkt ) le(vp ) n

L

1-

m

I

can be simplified- by integrating by parts wlth respect

yp. When integrating over yP first, the appropri-

ate limits of integration are

(r,ru) =

Íu +r rx)
( uryr -, )

¡(x) = I l-T 
r, il (v,-vr) ," È t il (*-voc,r)e(vp)

(YÊ*"rYp-1)

(*ry"', )

p--1

2<þ<s-2

F-s-1.

þ=s

þ-n-1 c

or s+1 (É(m-2

rn-'t -r

i='l

if

if

1f

if
if

Performingthisintegratlon,thenintegratingover
(yr ril/) and suinmlng over the cx't s and F's, we fj'nd'

A(*) = e(x) (¡o-Jr) + B(x)'

where JorJr are d.efined- in (3'Z) and'
n-'t n-1

t)v

.i?; (vp -vr ) 
-']

cm-1+-¡lU. -!-¡( sr x)
i<j

(¿f,) 
"
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By interchangjng the two srrms in the integrand of ¡(x)

ïr¡e ge t

Ð>
d,Ê

aaaa

m-1

k=1 le(v*) iÞ; (v*-v¡)-'tà -1-r
iI

l=1
d( r)Ék

(*-votrr)lJ

n-1
-sI(< J

n-1-r
(v*-vr )-' [ [e(v*)-e(vr ) ] 

o"
(*-voc rl )ilt--t

(l)tkra J

+ [g(v*) (*-vr)-e(vr) (*-v*) ] ] (*-v*( r) ) J.
m-2-r

I
1=1

a(1)*1,R

Sj-nce g 1s at most a quad-ratic polynomialt

g(yr)-e(v¡ ) = (vn-vl) [e' ( x)-Ls"(") t (x-xr)*("-v¡) ] J

and.

e(yr) (*-v¡ )-e(vl ) (*-y*) = (y*-y¡ ) [g(") -2e"G) (*-v* ) (x-vl ) j

( t - L and. of cour se g"(x) is a constant).\-d"x
By using these equatlons, B(") sirnplifies to

e (") = - f(m-r) (m+r-3) g'nÍi ), 
, " 

(x)+år(r-1 ) e' (x)EÍil (*)

+Lr(r+1)e(")EÍ-î|," (*). 3"e)

Hence, eliminating Jo-Jr from (l.l) and. (3.5), ancl ttren

substitutlng for ¿(x) and e(x) from (S.l) and (3'6) ,

we have

ÎIIEOREM .1 :

The A.F.ts EITì d_efined- by (z.l) are solutions for

Er in the system of D.E" I s
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s(x)El = (m-r)[ol - *(m+r-J)g"]E'-r

-r[Qr (*)-å(r-1 )e, (x) ]8"*å(r+1 ) (r.+z)g(x)4*r,

(r=o¡.o.¡Ir-li E-"=o=$)" 3'l)

Fab1es of the Qr ard- g polynomials for the various

weight functionse þ, are given in TASLE|s 1 arld.2 of

CTTAPTER .I 
O

COROLLARY:

If we il-efine the ftrncti-ons

eÍil (ú;x) = (-t)'-1kh úG)[g(*)]"tl',J (úiÐ, ( r=ot..",m-l ),
(¡. e)

Gåil = rl') , the P'D'F. of the s-th root, then

are solutions of a similar system of D.E. I s;
such that

the G"ts

g(x)cl = (r-") [Oi - å(*+r-''3) g")e(x)G'-r

- [(r+1 ) [O' ( x)-Lre'(*) ]*e' (*) Je.

+tG+1) (r+z)G.*1,

(r=0e... ¡,r[-1 i G-t=O=Gr ). (1, g)

Note that the systems of D.E- t s (l.l) and- (5.g) are

ind.epend.ent of s (i.€. the same for all roots). As

ind-lcated by Davlsr W€ cou1d., in princlple, succesgively

ellminate Qn-r.¡...e81 from (l.l) (or the Grs from

3.Ð) to proiluce a..r m-th ord.er homogeneous linear D.E.

for Ee (o* Go). For case (¿) of S1.1 (and also case
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(¡) by taking t --'""), Davis showed- that the P.D.F"s,

fÍ.) (s=1 ,...eÍt), form a finearly ind.epend.ent a¡d. hence

complete set of sol-utions of the D.E. for Go, by examin-

1ng their asymptotic behaviour at the lower end--point

(*-")'

For the TYPEts A aniL B weight functions (of $1.2),

fr(n) 1t;x) - th (yr)K !r(þr)rCf "(úr)x('-s+r-)r¡+!(rn-s) 
(n-s+a)

as x-+0, (s=1 ,... ¡D), (3.1O)

where þr|rrþ, are given in TABLE 1 bel-ow.

For the TLPE C weigþt function we also get a

complete set of solutions, because the asymptotlc nature

of the P.D.F. I s is

rS') ( þ;*) - kn (r/)k;!r(ür)H1 
"(tr)uræ(-!a(m-s+1)xz)

r (-x) ( s -r) (rn-s +1) - åCt-s ) (n- s +e )

as x -+ -oor (s=1 ,. . . ¡Ilt) , (3.11)

where þ,þ",þ, are given in T.ABLE 2 beloïi'.

Equation (3"11) roltows from (z.l) and. (2.3) ¡v substitut-

ing lrl = * * f (i="¡.o.¡In-1) in the lntegrand- of (z.l)

and. then taking X -) -oor

TA3I,E 1

TI{E !ìTEIGHT FT]NCTIONS FOR (4.10\

îwE þ, (x) Q, G)

e(teta)
B (gamma)

*rr ( t -x)
*r, 1t -x)

¡çll+n-s+1(t_*),
exP (-øx) ¡ç¡J +n - s + 1

xp ( 1_x)u
exp (-øx) xtt

(*)
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TABLE 2

TiIE TGHÎ FUNC roNs pcn. (2.11\

TWE 1(x) þr(x) úr(*)

C (normal) exp (-øx)x

Expressions for the notmal-izing constants that appean in
(3.1O¡ an¿ (3"11) are given in (2.4) of CHAP1ER 1, accoril-

lng to the type of weight functlon.

er¡r (-tøxz ) exp (-lcrx2 )
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1¿4 The recursive schemg-

In tLrls Section we examine more closely the recurs-

ive scheme mentioned. in S5.'l . l(e look at 1t in terms of

the C.D.F.rs, FStl, (s=1 ¡.o.eltl).

To begin withr we regard- the m-th cycle of the

recursive Scheme, for the largest rootr âs an operator 7n

("ty), startlng fron nfn*rl and' finishing with FÍt) '

i.o. 7r(FÍ'-t)) "9r FÍ-t)"

The id.ea of the operator ïYas introd.uced. to the author by

Dr. A.lT. Davis. More e:ç1icit1y we have

¡1n-r) STEP 1 n(*) STEP 2 ¡(n) STEP 3 at^) STEP l+ n(n)
t ...æ

= 7' (FÍ'-: ) ) ,

where the steps are clescribed in SJ.1 .

T[e can use 7ø to obtain all of the C'D'Fis'

Frorn STE| s I ,3 we see that if we apply 7n to

(-f )'-t[FÉn-r)-FSt;t)] t,he resuLt is ÉÁ'r. That is,

7r((-1)'-t[FS'-r-F!tlt) ]) = F('), (s=1,"'¡ÍrtFá' r)=0r

FÍ'-¿)=1)'
(4.t)

By using (4. t ¡ recursively we can write each Flt ¡ 1n

terms of the oPerators

Fot- edch m, we irse

a.¿m .

7^r7^,trò.. as ind.icated. below.

v -r 7, (");



m=1 t s=1 !

m=2 ts=1 :

s=22

Tî=3, S=1 ¡

s=2i

s=j..
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1 --+ Fla) = tr(l),

7,.(l)*r[a) =727t(1)

-(r-zr(r)) + F52) = -72(1) + 7z7r(t)'

7zz L?) -+ rts ) = 7s727 t( t ) ,

-(-7r(1)) * Fl") = 7s7z(t)'

1+7r(t)-lrzr(l) -+ r[s) = 7a?)+¡tzr(t)-z"tryr(1) '

etc ¡

Continuing in ttris manner, it can be seen that each FÍtl

is a linear combination of the functions

7^7^-1..,7t(1), (t=1 ro..¡s).

1,!"So we Clefine nèw functions

ñÁ', dgr sgn(mrs)7'7rg1o.r

where

sâ¡r r given bY

(s=1 ,... ¡Itr) ¡7"(1),

,m od.d.

¡III €VOII .

(u.z)

(4. ¡)+
sg¡r(m, s) = -)( s-1

where the ats will be determined- latero The sign in

lhren n(m)-s is a linear combination of ñÍt' ,... rF!t) ,

FS') = ,å,"Sî¿ F['), (s=1 ,.. o ¡fl) ¡ sâïr (4. h)

(4.3) rras been chosen to make

In Blace of (4.t), for

7r((-1)"-tft!'-t)) = î!'), (s=1 ,..'eIû)¡ (4.1)

alt¿ = 1.

the Ë-functi ons ïue have

(tfri.s follows þecause (-1 1t-t sgn(m-1 ,s) = sgn(mrs) ) "



At present (¿l-¡) does not hol.d for
involves fi(m-r) which has not (y"t

ever, from the d.efinition (4.2),

61 "

g=rn y because the Ir. Hn S.

) teen d.efined". How-

(4.0 )

ñÁ", = (-t)'-Lz^(1) = 7m((-1)'-r-1)

and this will agree with (4.5) if we d.efine

ñÍTl = 1e (m>1).

We now d-etermlne the unknown constants a! n)
,i

(t=1 , o .. rs-1rs=2r... ¡III)

recurslve scheme (4.1 ).
(-r )'- 1 [F(n-1) -FÍ:; t) ]

by substituting (l+.¿+) into the

For s=2r... elll-1 we have

= (-t¡"-t¡

By applying

("[i;', -'Él;i¿ ) Ë['-')+Flm-1) ].
7t to both sid-es ure get, from (4.1) and- (4.5)t

(-t¡'-' ("!i;')-a!:;il)F[') * fl(m) .

But F!.1 is .i*o glven by (l+"4), and. by equating coeffic-

s-1
t=t

p(m)
s

ients of

a!

ñ[') ,

t=7-

n)
,f 1;i¿ ) '(-l ¡ ' - 

t 
ç "sT; " -'Í t=1 9.'.¡Sl-1 , S=2¡"'¡lll-1 '

For s=n vre have

FÁ'r - 7û ( (-1 )'-" [1-FÍi;") ] )

¡n-1+>
f=1

"Í', Ì

= lti' ) (-i)f0-t-t"á:;i¿ FÍ'),

and- so from (l+.¿+),

(-1)'-1-t "Í:;il, t=1 ¡... ¡ÍÌ-1 .
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satisfy the recurrence relation

= (-t)t-1-tu(ä:t),", t=1 t...err-1 (s=m)

= (-t)"-t(.!ii")-"!:;i¿), t=1 r... ¡s-1 cs=2e... eIIL-1

subject to the i.nitial- cond.ltions aj n)
,s

the first part lmplies that 
"ÍT¿ = (-1 )

Note that the recurrence relation d.oes not d.epend. upon the

three values of ffi¡s and. t. Tlle may write

"Éià = âs-trt'-st

where the constants ar J satisfy the recurrence relation

atJ = (-f )t("r,J-, a1-1,¡)r L>.1 , i>l , (4'Z)

where âoJ = 1 ancl âro = (-r)[åi], iÞQ, i>o.

TVe can solve for the ar s by noting that if we put
r'l:'l

ct J = (-f ) LTrJar J in (4.2), the recurence reJ-ation is the

same as that for the crs of $2.4 (see (4.5) of CH.APTER 2)'

Thus, from the abovë results and. (4.t0) of cHÁI{lER' 2' we

replace (4.¿+) by

Fs')
t=1

where, for 1. i >

1, j both ocLÖ

aj

a!

n)
,t
o)
,t

= 1t (s=1 ,.n.eIII).

[å(*-t) ]

o

(-r ) [åi

t

tåi l* [å¡ ]
tåi l

( )

atJ
, othertlvise.

(4. g)
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A table of coefficients in (4"S) is given in APPENDIX 1,

for m ( 10.

The trlangular system of equations (4.4¡ may be

lnverted- to give F!t) in terms of FÍt),...,F!t).

Rather than invert the matrlx of eoefficientsr w€ use the

method. sketched. beIow. First, we wrlte

ñ!', = .1.o"-r rrr-rFÍt) .
U-I

fhen, from (t+. t ¡ ,

Ë!' )
L

s

t=
bs-t ,.-s7, ( (-t )t-r ¡¡'(n- t) -FÍ,i;.1 ] )

= 7^(:;t (-1 )t-t (br-r ¡r-r*br-r-1,r-, )r['o-tl *
l,=!

(-t )'-lbo ,n-sF!m-t) )

But, by using (4.¡) together with the fact that

7, (u) - 7n (") (lO) => u=vr ïue can equate the coefflcients

of ¡(n-t) to get the followlng recurrênce relation for the

brs

brJ = (-f )lbr,J-, - b¡-L,Jc i >

with bro = (-l)t and. boJ = 1t 1>

By putting clJ = (-t)t brJ in (4.t0¡, the recurrence

relatlon 1s again the same as that for the ct s of $2.4.

Thus ¡

ñ!t, = -T_or-rrn-"F[t), (s=1 ,...err), (4. 11)
t=1

where, for irj >
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o , L,i -ooth odcl

btl =
otù'enwise.

(h. r z)

(4.t3)

(-t )' lårl+tåi l
[år]( )'

Hence we have the following si-mple rel-atlon between our

F-for,"tions ,of (4.e) and. the À-fr:¡rctione of (4.17) ln
CIÍAPTER 2;

fr(n) Uiù = hn{., (p'; [m-1 ,,.. 11 ,oJ;*), (s=1 ,... ¡rr*1) ¡

and. so TIIEOREM 4 of $2.4 represents a red.uctlon formula

for the Ëì s.
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e

f;(n)f rs

ñ(n)-s

e a

Following $3.4, ïue may d.efine rf til¿e flrnctionstr of

the P.D.F. I s and. A.F. r s, correspond-ing to the flt ", at

the appropriate stages 1n the recursive scheme (Ur).

However, il is convenient to use (4.t1) "u a basisj. for

these d.efinitiorls. llÏe alread-y know that

,,ånor-t :ûr-"FJt) , S=1 r r o e gllls

S=ffi41 r

(l.t)

(D.z)

$.1)

,,,|

where the b

d.efine (tor

ñ(m)-s

Gl

t s are given in (4. t z¡ . Uslng t'Lris,

s=1 ,. .. eIII and- P=Or. .. ¡I[-1) ¡

clef s,i ¡"-r ¡,o-rflt),

m)
,s ,irot-t 'm-'GÍi)"

def (-r)'-tbs-r ¡m-rEÍi¿.

ïue

de I

t

s (¡.1+)
t

ffre inverse relationshi-ps are obtalned- in a similar manrrer

f rom (4. B) .

with these d-efinltions, the tild.e frrnctlons have

the fol1ow1ng Properties,

ËÁ'-)1,, (x) = K1r fi['-r) (x), (s=1 , "'¡III;ÎtÍ*-r) =1 ) I

$.s)

i!'l (x) = (-t)'-rçø(")Ë5i] (*), (s=1 ¡. " ¡IIì) ¡

$.6)

ë!^l (x) = (-1)"-rkm r¿(x) [e(") ]'Ê'Íi] (") 'I rS '

(r=O¡. . o elil-1is=1 e. .. ellt), (5'7)
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also have
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(l.g) respectivelY-

fl!') (x) = * F!'r (x) = õÁil (*), (5.8)

and of course, the Ët s and. dt s are also solutions of the

systems of D.E. r s (l.l) and- (3.g) ' respectively'

fn this section ïue rlsolverf the recursive scheme for

the tild-e functions in the simplest case (s=m). More

explicitly, startlng from Fft-r¡ = I in the recursive

scheme, w€ find. formulae for all Ëfià and. hence for fÍt).

flÁ'l can then be obtained. by integrating TÍt) .

The results, expressed. in the theorem below t are in

terms of the rnod.ified- polynomial-s (see (¿.2) of t'tre APPENDIX)

We

(5.tt¡

dk
ãFzn(ø;x) dfJ4å [r(") J, (iç>o) , (n.g)

ar(x) = tú(x) l'[g(x) ]'. (5.10)

TVe also use the notation (o'þ)¡ which is d-efined- by

def

where

(ot,þ)r'rgr o(olB)... (.,+if:X,u, , kÞ1

TIIEOREM 2z

Startirrg from the fact that g(m-r) = 1, one

(vector) solution of the system of D'E.rs (l.l) is

[k'-, (w",sz)'-r-' ]-tf;t ) 
z^-r-" ( ú' eix),ÊÍiJ @i")

(r=o¡.., ¡rr-1) ¡ (5.12¡
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where 1¡v1 = zl(þ"{ i*'l and gz = Lg" (*),

PROOFT Since we uge the Z-polynonrials, it 1s first D'êcess-

ary to convert qr(Úix) in (1.il to zt(Q"d;x)'

Now e, (ú;x) = zr,(ú;x) e'(x), from (A'6),

and z"(þ'{;*) = 22"(Ú;x) - mg/ (*) , from (5'9) '
and so A, (r/;x) = Lzr(V"* ;*) + å(rn-2)g'(x)'

For simplicity, ïue now abbreviate Ëfîì (Ú;x) bv Ë,r,

Z¡(ú'd;x) by Zu and e(x) bv $, Then the system of

D.E. I s (S"l), written in the required- form is

(*-r) [w1+ (m-r -1) er]E' -,- = Zgû/+tfzr+ (n-t-1 ) e' ]E"

-("*1 ) (r+2)BEr+r.

Starting with f,r(ru-r) = 1, we alreacly know (see (¡"¡))

that 4,-, = kñ1r, which 1s (5-lz) with r=il-1 '
substituting this 1n the above D.E. for 1¡=Ir-1 gives

wrË'-, = 2g4-r + (*-1)ZrÉ^-",

and. so flr-, = []ç- r.*, 1- r (rn-1 )zt , which is (5.12) with

T=tfr-2. ïVe can noïy show, by induction, that (5"12) hol¿s

for all r (O <

true for r -+ r+1 ancl r '+ t,

i,êo Ê"*" = [tç-"(ïr¡r,Bz)*-"-r]-' (l;1 )r'-'-,
and. Ë,. = [r*-r(wt,Ez),-"-r]*" f;t)z^-?-L-
By suþstltrrtlng these expressions in the D'8., and- then

(
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u¡e get

(n-r)tc,-,- (*",82),-"Ê"-, = ,f;1 
) s 4d-"-" + (-;t) rþr+

(m-r-1)g, I %-n-t - (l;i) t'.,r )(n+z) [w"+(m-r-z) ez]e%-r-?.

lhe R"H"S. is simplified- by uslng (e.tt) on the first term,

whieh then combines withr the third' term to give

R.H. S.

Ttrus,

(::i )

(r1)

(*-") Ílzr*(rn-r-1 ) e' ] z^-"- r- (m-r-1 )

* [wr-+(m-r-z) ez]ez^-.-, J

(*-t) %-r, from (e.1o).

Ê.-" = [1q-"(wr,8u ),-.]-" (T:1) r^-",

which is (5.12) with r -+ r-] and. completes the inductlon.

The check for (5.12¡ is the r=o D.Eo ¡ Êå = fir-

[]t' - 
" 

(wr ,8s )' - 
" 
f-'zÅ- 

"
[r* -, (wr r gz ). -, 1- r (m-1 )z^-"

1.ê. zÅ-t =

which checks with

COROLLARY:

From (S.lÞ¡

f$'¡ ( ú;x) =

where

(*-1) [*r+ (n-2) e, ] 4o-2,

(a.t1).

with f,=O, and- (5.6),

(5.13)(-t )'-1Knú(x) %-t(,1t"* i*) ,
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K'o k- [1!r*" (*t'82 )t-l. ]-t' (¡. rh)

For TYPETs ArB ard. C weight functions (V), lftl

can also be written as (see (¿.1+))

ñÍ'r(ú;x) =(-1)'-1rÇ ú(x)eo-r(ú'e;Ð, (s.ts)

where the fast factor is the orthogonal pol-ynomial- of

d.egree ur-1 associated. witlr the welght fr¡nction Ú'g.

This red.uces to equation (zl) of DAVIS (lglza) when

ú is a ÎltE A (Ueta) welght functlon. Thus our til-d.e

functions f or s=ft correspond- to Davist s lf as-solutionlt,

and. presumably those for an arbitrary s correspond. to the

tfar-r-solutlonll'

From (5.2) arrd. the asymptotic behaviour of the

P.D,F.ts (see (3.1o) and. (l.tt¡¡ we have

fft)(x) -fÉt)(x) as x-+a, (s=1 ,...¡IIr), (5.16)

and. so the lower taiL of the P.D.F. of the s-th root may be

approximated- by lj') (x), as ind.icated. by Davis. Notnr,

from (f .z)

if'l - fÍ'l - fÍ: I *. . .* (-t )'-'fÍ') ,

and by consid.ering the ord.er of the P.D.F.rs as x + br wG

get

îÍ') (x) N (-1 )'- trÍ') (*) (." x -+ b) . ( 5.17)

Thus (-t)'-r îj'l1x¡ provid,es an approxlmation to the

upper tail of the P.D.tr'. of the largest root.

de f
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å.s noted. by Davis, the integrated' forms of these

approxj-mations to the extreme roots were d.erived- by

pILLAï (196ù in the beta case (and. by the limiting proced'-

ure, IIANUMARA ancl THoMpsoN ( r g6s) in the gamma case) using

the red.uction formula approach of Roy (see also $2.1+)'

AsanextenslonofTIIEoREM2'\,yecand.etermi.nea
formula for Ëlt,Ì for s=1 ,. . . ¡III-1 e by substituting

ÊÍt-|," = ]Ç-rrñ[n-r) into the system of D'E' ? s (3'7)'

However, it iS 1n the form of a recurrence relation, which

requlres knowleilge of Flt-rl as well as Ëf',;t)

(r=O e o . . e*L-2) before we can calculate Ëli¡ (r=O 1. . . e'n-2) .

ÍIhe .rel,ation is.

Ê'fil (úiù = (wt,Ez);1'-'[(-;t 
)z'-"-, 

( v'*;x)ç-""ñÍm-r) (Ù;x)

+2(-1 ) s - r 
Q G)e ( *)' I i-' ut (n-z-r<) t * < *) I * z^ -,- p- k (ù' e^ i *)

k=o \ ' /

r ÊÇt-r"> (ú;*)], (r=o ,-,,. etr-Z;s=1 ,. -. ¡Ir-1). (5'tg)

The proof fotlows that of 1IIEOREM Þr'but lntthisi cáse'the

algebra is qulte lengthy, arrd., because (l.te¡ has a llmiteil

use, l.lue omit the proof.



71.

APPEIIDIX¡ The mod-ifi-ed po].vnomlals'

Theclasslcalorthogonalpolynomialswered.efined-in
cifApÎm 1 v1a Rod.riguest fotmula, That is, if we d'enote

by Qr the orthogonal polynornial of (exact) d'egree k

assoclated. with the weight function Ù (see TABLE 1 of

oIIAPTER 1), then

e* (x) o:r G#71Ð #[*(*) [e(") ]*], (po), (¿'1)

where g is at most a quad'ratic polynomial [see ERDELYI

(lgOÐ). The nod.ifietl polynomials, which we d-enote by Zx '
are d.efined. by an equatlon slmilar to ('q't ) ;

d#fìå#[,(*)], (po) , (¿. e)zn(x) "9r

where þ is a weight function of TABLE 2t OHAPIIER I' The

polynomial z¡ 1s not nêcessarily of exact d.egree k (trre

clegree is <k) ¡

IncluÖing the weight function as a parameter in Qr.

arrd. Zx, we have the following relations between these

polynomials , (f or a fixed- lø 1 ) ,

zr(t;x) = Qr (úg *;*) (*" 5)

and.

Or (yl;x) = z*(tek;x). (n'h)

For example, if ax (x) = Lr (p¡*) d-enotes the Laguerre
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polynomial of degree k, assoclated. with the weight

fgnction Ú(x) = ex¡r(-x)xs, (with e(x)=x), then the

correspond.lng nod.ified. polynornial 1s

zrþ) = Lr (p¿-tc;x).

For convenlence we write the coefficients of z* Qr

and. g as

Zr(x)=ztx-zq
Qr. (x) = erx - 9o

g(x) =Ezxz +Brxrgo

(¿.5)

Fron (l.t) anil (¿.2) wit]r k=1 , ïue see that (with' = *)

(t.6 )

I.ê. er = zL 282

Qo=Zs+8t
1a.7)

IVe now d.erive sone lmportant properties of the

2-þolynornials.

LEMMA 4.1 :

For lcÞO t

zr*" (x) = [21 (x)+ke'(x) ]z* (x)-e(x) zLG), (¿'8)

and so the d.egree of Z¡ is at most k.

EE99E: From (¿. Z),

dk
ãçr {ú(*) J = (-r )* ú(*) [e(*) f-*z*(*)'
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By d.ifferentiating thls $rlth respect to x, we get

^k+1ï,,H.s. = å;ä[yi(x) i = (-r )k",1,(x) [g(*)]-( k+1) zx.,r(*),

R.H.s. = (-r )* lçt,' (x) [e(*)]-*-tl(*) [e(t)]-( k+1) e' (x))z*(*)

+ ll(") [e(") ]-kzL(*) J"

Substituting ú' (") - -,þ (") [e(") ]-'Zr(x)
(¿.9) foll-ows on ilivicLing both sid-es by

in the R.H.S. ¡

ú(") [e(")]- 
( *11) 

o

TIIEOREM A..1 :

the mod-ified. polynomials, Zu, satisfy

(i) the d.ifferential equation

e(x) zä-lzr(*)+(k-1)e'(x) lz,^+ul"r*(r-t ) ezlzn-Q s r1A.9)

(ii) the recurrence nelatlon

z**. (*) = ï2"(*)+xg' (x) lz"(x)-klrr*(t-t )gz le(x) z¡-t(x)'
(¿" t o)

and.

(iii) tne d.ifferential relatlon

zLG) - klzr+(r.-r ) ezfzr-, (*) , (¿.. { 1)

where zL = zi!) and. gz = tg"(x), (see 1e.5)).

ÞROont We start from the equation

* IP(*) g(x) I = - lz"(*)-e' (x) I ú(*) ,

obtained. from (g. t) wittr k=1 r anil (¿.6). Next we apply
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dk
ãF to both sid_es, using Leibnlzrs formula for clifferenti-

ating a prod.uct;

L.H.s. =a*i++ i./(*)e(x) j= g(x) -#lø(*)J+(i<+t)g'(*)

" # Íú(*) i+(t<+t)ks,$þ[/,(*) J,

R.Hos. = - *: í.VrG)-e, (x) lyl(") j = - lzr(*)-e'(x) lctx

¿k
" ælú(*) l-n(2"-2s,)ffi[./(*) J,

since g is at most a quad.ratic, and- Zt-7' is 11near.

The recuruence relation (A.tO) now follows' upon

simplification, by writing åþf*(*) J 1n terms of zr, by

(¿.2), and then cancelling (-t)*ú(") [e(")]-* from both

sides.

The clifferential relation (e.tt) i" read.ily found. by

equating the two erçressions for Zr.+"(x) from (¿.8) and.

(¡.to). To get the D.E. (4.9)i ìrv€ simply equate the two

expressi-ons for ZL*"G) obtained. from, firstly, the

d.erivative of (¿.8), and. second.ly, (¿.1'1 ) with k -+ k+1.

The recurrence aniL d.ifferentj-aI relations' (¿.tO)

and- (e.t1), for the mod.ified. polynomiaLs (Z*) are much

slnpler than the correspond.ing equati.ons for the onthogonal

polynomials (Qr, ) .
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CHAPTER b: the d.istriþution of-the lqrgest roQt'

h"'1 Outline.

Througþout this and. the remaining chapters we

restrict our attentlon to case (C) of 51.'1 , where the joint

P.D.F. of the l-atent roots -oo ( Vm (" '( lt ( oo is

p(*)(f,) - k' "*(- û,Þ, v?) ,t,{u,-vr), (1'1)

where

llt t2þ'rn+a) ii r(+¡)l-". (t.z)
J=1

Hence our particular weight fq¡ction (corresponding to Ü

i-n (Z.l) of OHAPTER. 1) is

q(x) o:r eræ(- t*")', ( 1.3)

j-,€. g is a TYPE C weight f\rnction - see TABLE 1 of

CIIAPTER I with a=f,

In tlrls chapter we wil,l- only consld.er the d.lstribu-

tion of the largest root (y, ) , although at this poj-nt we

note that the margl nal P.D.F. I s, fSt ) , of the s-th root,

satisfy the symmetry relations

fÍil.r(x) = fÍ')(-*), (s=1 ,.-.,n). (1.1+)

The main formulae from CHAPIER' s 1 and' 3 are

summarized 1n $4.2, for our given weight function po In

$4.5 we arrive at a certain space of functions, d'enoted by

ü^, by examinlng the d.lstributions for smal] values of Irr



An impoftant result concerning the C.D.F'

root) FÍ'), 1s the f act trlat
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(of the largest

lt 1 Ff.': e "tls .

This ls stated. in TIIEOREM 1, and. is proved. in the append-ix

to the chapter. $4.1+ cleals with the differentiation and

integration of functi ons in 1/r. lhe formulae we prod-uce

for these operations are used. in later chapters.

In the above sections, the Hermite polynomials

associated. wlth the weight function q'(x) = ery(-åx')

frequently appear - ïue d.enote the polynomlal of d-egree k

by Hk. Tþese polynomlals can be d.efined via the recurr-

ence relatlon

H**r(x) - xnx(x)-t<ttr-r(*), (tpo; H-r=o, TIo=1), (t.5)

(tt"(x) - x, Hr(x) = x2-1, H" (x) - xf -3x, etc.).
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For our glven weight function (1.3), the P'D'F'

C.D,F. of the Ja rgest root are, from $1 . J,

rf n ) (x) - k, exp ({x') i exp (- t T Þi y? )ii' (*-u' )
I - - l=1 l=1

em_1(1r*)

4.2. Prellmlnarles.

and.

where

(v,-vr) (a¿) , (z.t)

and.

(2.5)

X

n-r) (x)

m*1
II

r <J

Ffm) (x) - Itu / "*(- + ,Þ"u?J

ôn (1rx)
), (vr-v¡) (¿¿), (2.2)Ít

II
J

¿m(1rx) = [[ = Rt l - oo ( Ín ('.-< Yr < x(<-) J, Q.3)

and- kn is the normal-i zLng constant given in (1 .Z).

lhe auxiliary functi ons (¿.¡'. t u) , n$*, | (x) r are

given by (Z.l) of CIIAHIER f wltfr þ -, q. For ttre first

and. last A.F. r s, we have, directly from (z.Z) and- (2.3) of

CH"APIER 3 ¡

r[') (x) - km exp (- *", )nÁï I (x) , ( 2.1+)

and.

EÍ n)
-L tt

(*) = k;11 F

Now Qr(x) = lzx and- e(x) = 1 (see TABLE 1 of

CIIAPTER 1 with o=å) ¡ and. so from Sf .f , the A.F. r s are

solutions of the systen of D.E. I s

(
L
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STEP l+ n( r )'1

m-r-2
k=O

(2.6)

The recursive scheme for calculating the d-istributlon of

the largest root is (see $¡.4)

p(m-t) Ffo E ¡(n)tL

where the steps an'e2

STEP 1 - use (2.5),

STEP 2 - use D.E.rs (2.6),

STEF J - use (erh),

and. St@ 4 - integrâte (see S4.l+).

Finally we come to the |ttiLd.e functionsrt of $J.5.

From theirr d.ef,initiohs, we see that for s=1 r the tlld.e

functÍons and. the ord.inary frurctions are id.entical; ê.$.

ñÍt) = F('), With our welght functlon gr the recurrence

relation (5.t4¡ of CIÍAPTF.R 3 for s=1 r red-uces to

c H, - " - r_ 
(*)IÇ-1 rF(' - ¿ ) (x)+zq (x) fr

1 -2-k-r

x rL, -" -z-,(")nÍ.T 
" 

" 
) (*) ,

(t=oe...rtfl-2), (2.7)

where the Hnts ar.e the Hermite polynomlals given by 1t.5).
(Because g(x) = 1 the Hermite polynomials and. the modified-

polynomials (see APPENDIX to CH.APTER l) are id-entical).
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l+.3 The space of func ti ons , 1l, .

Before using the recursive sc¡eme (see $4.2) for

m=2 and. 3, to illustrate the form of the d.istributlonst Ïve

cLefine tfre functlons
,tx

or (x) a 
" 
r f-*r (y) ay, (kr-l) , (3. t)

J

where, of courser gL is the k-th

function g of ç1.3).

Obvious properties of the functions

power of the weight

çk and. Or are:

(pt),(i.) qrt(t-) = O = @k(*), ot(+"") = z(t/t<)

(ir) fio*(*)=-!trxek(x), (Po)'

(iii) *or(x) =qk(x), (pt)

'l
2

t

and.

(i") *(v)dy = - fr v*("), (wt).

startì-ng from FÍ1) (x) - ]KLo' (*) ' the recursive

scheme gives;

n--2.; from (2.5) , E. (x) = o1 (x) ,

and. frorn the D.E' (2.6) with m=2cr=1 t

Eo (x) = z fi E" (*) + ,ú, (*)

= xo"(x) + 2ç(x).

Thus the marginal P.D,F. of the largest root in the þi-

vari-ate case is
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fÍ2) (x) = kz [*q(*)Õ" (*) + 2p" (*) ], (l.z¡

where k2 = l( 2r)-t.
The C.D,F. is obtained. by integrating (3"2¡ the flrst

term being integrated. by parts. The r esult 1s

niz) (x) - kz [4o, (x) zq(x)o, (*) J. 3.1)
tl'fe can nol¡v start the next cycle of ttre recursive

scheme.

m=3i E" (*) = 2Í2a.zþ) - p(x)o" (*) l.
From the m=3 rY=Z D"E"

E"(x) = , * Er(x) + 2xE2(x)

= 2f4xøz(*)-*q (x)o" (x)+2eP (*) J.

the P='l D.E. then gives

2Es (x) = , * E, (*) + Æ, (*) - 682 (x)

Hence the marginal P.D.F. of the largêst root in the tri-
var,iate case is

f{s) (x) - l+ks [(x'-t ),p(")o, (x) + qz (*)o. (x)+xes (") J'
(¡.h)

where ks = 2-tçgo¡-""

fntegrating this yield.s the Õ.D.F.

4 " 
) (*) - l+ks [0, (")@, (x) 2xrp (x)0, (x) 2q" (*) J,

3.r)
(tfre actual steps for the integrations wil-l be given 1n S4.4).
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From these results (and also those for m=4 and. 5)

ïye see tinaf, each function (P.D.F, C.D.F. or A.F.) is the

sr:m of terms that lnvolve the prodtrct of :

(i) a polynomial in xt

(ii) a pov/er of ç(x) t

and. (iii ) a factor involving ot (*) and. Õ, (x) .

This last factor is either a power of Op al.oner or the

product of O1 and- a poïver of Õ2, So, for convenience,

ïve d.efine the fr:nc tions

1 j=o

.i_'l

.J- I

j even (>z) ,

j od.d. (>3) ,

o1

n ,l:

@rE JJ

t

,

t

t

(1.ø¡

å( ¡-r )Õr ou

where Õrr@z are given by (3.1¡"

Our main result concenning the form of the d-istribu-

tion for the largest root is stated- with respect to a

particular sþace of functions (on R). This space of
functions, whlch we d-enote by ú^, is defined. to be the set

of all combinations of lL, efl*-Lrc'.r(pt-1flrrqt, in which

the combinations are taken over all polynomials (in x) wlth

rational coeffici ents ;

¡Joo¡ç*- 
¡QJ, where each 'tr1 is a poly-

nomial (in x) with rational

coefficients ]. (l.l)

i.ê. 1lû d9r [.tl'tt =
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Tn (l.l), m can be any non-negative integer - when m=0,

1.16 i s equal to ,che space of all rati onal polynonlals.

REM3RK 1: For m).1 t the functions 9t- JOj, j=Or "'¡IIì'e
form a basls for 1l^, since they are lllinearly

ind_epend.entrr over the polynomial coefficients;

i'Ê' 
,Þoor*t- 

Jol = o =) 'lrtr = 0 for j=0" " ¡IIlo

(ffre proof of this, âs suggested. to the author by

Professof 4.1. James, easlly follows from the property that

if rÍ is a polynomial such that lim ø(x) = Or then

r(*) - o for al-l x€ R). 
x-'oo

As an example of a functl on bel-onglng to V^ , we

have from (3.5) ,

kã1FÍe) = 4[ne -Zxqrl2 2qt I e- Ì|s,

(where we are using 1 rxrx2 s o o - as a basis for the polynom-

1a1 ftncti ons) "

The structure of thre C.D.F. (and. hence of the P.D.F.

and- A.F, t s) is given by

THEOREM 1:

For al-I mà| , 16t¡'lt) e 1/r.

there exists pol¡rnonials, qSr0) sâJrr suchi.ê. from (3.7),
that

k;1Ff ^ ) (*) = i q!. ) (*)em- r (x)n¡ (x) ,
J=o d

(ror all xe R).

(j.a)

o( m ) are:.JThree general properties of the polynomials
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(i) their cocfficlents are al-l- integeret

(ii) they are either even or od.d (polynomials) a

function of m and. j having the sane parity

as q5') is

[å(m+t)] + [å(¡*t)],
anit (rrr) qÍt) (*) = non-zero integer - 9¡n r sâlfr

By setting x=o in (1. A¡ r 9¡o = [çnr (-) ]- " .

W: The proof is contained- in the APPENDIX to tttis

chap ter.
COROLLARY¡ The A.Fors belong to V^-r,

i.e. EÍÏl (*) e 'll^-t, (m21 ,r=o¡ ' " ¡IIl-1) '
Thuq there exists polynornlals, p 

5n 
rr) sâÍr such ttrat

nf',),(x) = il: p5''')(*)q'-r-r(x)n¡(x). (s'g')

Three general propertles of the polyno¡nlaIs plt't) are:

(l) their coefflcients are all integers,

(li) they are ej.ther even or od.iL (polynomial-s)

a functlon of ilrr and j having the sarne

paritY as n!''"1 is

[å(m-t)1 + r + [å(¡*t)]'

and (rii) p'Íi¿') (x) = 9n-rl^;t ) IL-"-, (*), (r=o¡...,m-1 )-\ r- /
where Çh-r is the coefficient of fh-r 1n tç1rFÍt-t) r

and. the Hrts are the Hermite polynomials glven by (t.5).
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r=III- 1 r

For eactr m21 ,

because

n(m)a-L 1L

From (S.g) with

$. fÍ') (") =

94.

the above resul-ts are true for

= 1Ç1r Ffn-tl € l/n-r

(also plt,t-r) m-r) for i = Or...rm-1)o(
J tq.

The required. results concerning EÍTl (for mÞ2 and.

r=Or... rm-2) now follow by either induction on r in the

D.E. (2.6), or lnd.uction on m and. r 1n t he recurrence

rel-atlon (2.7) r or bo tlr.

Firstly, from (2"6), nÍi I . 1l^-.., because Vn-r is

closed- und.er ad.d-ition, muJ.tiplication by a (rational.) poly-
nomial, and- d-ifferentiation (see Sl+.4). Second.ly, from

(2.7), the coefficlents of the polynomial-s Ë5t,") are

integers (tfre Hermite polynomials having integer coeffic-
ients). Third.ly, from (2.6) or (2.7), the polynornials are

either even or od.d. in a known manner. Lastly, from

(2"7), the fh-r in EÍ*,I arlses only from the first
term on the R.H.S.,

viz. (^:'\t1r-"-r[qr-r&,-r *.j. j¡ and. so
\r )
tr(m rlr,ù:i") (*) = 9¡-r f;t) n -.-"(*), (r=o,...,m-1).

r=O and. (2.4) r w€ have for the P.D.F.

iilnf') (*)qn- r (x)n¡ (x),
J=O " 

'
(3. t o¡

where p5') = p (m 'o)J
, for j=0, . . . ¡It-1 .
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That ls, kñtfÍ¡') € ü^-t, where gl2m-r is the subset of

Vn in which eveïTr function has q as a factor ("o ttre
coefftclent of n, is zero),

el/m-r = [qtlt e ü'-r J = [v e 1/' lrrm v(x) - oi.
X-too

Tables for the coefflcients of the polynomfals 1n

(3.8), witþ aTL ovenall scale factor. removed., are provid-ecl

by the tables for s=1 1n APPENDTX. 2, for m=2t...¡1O.
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¿+.4 Differentlation arrd. intecration of functions in l/E'

In this section we d.erive formulae for d.ifferenti-

atlng a¡d. integrating f\rncti ons in 1Ì^ , where 1ro- is

d.efined. in (l.l). These are required. for later chapters.

To begin withr w€ d.efine the d.ifferentiation and. integra-

tion operators, d.enoted. by D and' I respectively;

D: v * D(v) is itefined. by

(P("))(*) = * v(x), (for all xe R),

fon all functions¡ v.r dlf,f,ercnt.iablê ovÞtr R'

r¡ v - r(v) is d-efined. by

(r("))(x) v(y)dy, (ror all x. e. R),

for all fr:nctions, v¡ integrable over

x€ R.

(--r*] for all

REM.ARK 2:

Let

Then, with

ülhenever the procluct rrapplngs DI and. ID are

d.efined they are both equal to the id.entity

nrapping (on the respective d.omain)" Iyith

regard.$ to our space of funetions 1tt (for any

m> 1 ) , the mappings D, I ,DI and- ID are all

d.efined. on 1/r. Henee Df ancl ID are both

equal to the id.entity (of ür). riVe also note

that D (uut not I) is d.efined. on 1lo.

m)1 and. v an arbitrary fl¡¡ction in 1/..

1rxrx?¡.o. as a basls for the polynomials over
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R, v can be e)cpressed. as a 11near combj-nation (over the

ratlonal numbers) of the functlons x19t-¡QJ, (I>O,

j=Or..'eflI). Thus a formula for D(xlçt-JfÀ¡) will enable

us to wrÍte d.own the d.erivative of v. Firstly, wo find

o(n¡ ) ¡y diff erentiating (l-6) ;

D(n¡ ) =

orj=o

I ' i='l

|¡92o¡-zr j even (>z),

qQ¡-"+å(j-1)92Q¡-2, i od.d (>3).

For simplicity, these four e4pressions are combined- into the

one formula

D(nr) = G-ztåil)enr-r + ¡!¡le,o¡-a, (¡>o)' (4'1)

In (4.t¡ and- other equations' ïve interpret o x xlgt-lfiJ

as being 1d.ent1ca11y zero, even if i and- i are not in

the range j.2O, j=Or"n¡IIl' Hence the d'erivative of a

t¡¡pical term ôf a fwiction in 1rú is

D(xlet- JOI ) = -L.(m- j)xt+1e'- JO¡ + ixl-1gt- JflJ

+(i-ztåi])xr g'- J+1QJ-r + [å¡]*tq'- J+3fi¡*e r

(i>0, i=o¡... ¡rr). (4-2)

The terms in the R.H.S. of (l+.2) belong to t^, anil- so D

maps Un into itself.

ule now examine the ranges of the rnappings D and. I

for certaln clomains associated. with 1/r . Firstlyr W€



d-ehote by DUE

Thus D maps

Since DD, C l/t

DD, onto 1I^.

The complement

ilefined. by

the range of D

88.

when acting upon llr o

which we also write asUm onto Dll'

u!û 3 Dun .

and. ID is the iÖentitY on Ú^, Ï maps

TVhat does I map the rest of Un onto?

of DUtr with respect to Un is d.enoted' and'

un-Dltm o9r [v € Drn lu d w^ (ror vlo) I

= [v ê ünl r(") 4 v^ (ror vlo)Ji

thus I maps Ur'-Dltn onto a space M^, sayr which is
ff d.isJointrt from 1rß (i'". 1/* AW^ = [o J) t

un - Dltn E wr.

Since Un-DUm C 1/r and. DI is the ld-entity on 1I^, D

naps Il^ onto Uß-DU' -

REMARK J¡ For spaces Ã" and. ß'

l"+ß dlr[a+blae.arbeßJ =6¡ sâ]rr

If Ã" nß = [oJ, then 1ue wy'ite ß - "4"@, and'

so for every c € ß the decortposltion c=a+b 1s

unique.

fhe above d.omains aniL ranges of D and- I can be

summarized., d-iagrammaticallyr by

un = rntu @ (u, -oy, )

Df .l.r Dttr Dttr (4.3)

1rA @ w' vn lln



Hence, for eaclr m21 ,

(u" stated. in REMARK 2')

1l¡o,/a.

Equation (4.2) 1s useil in STEP 2 of the recursive

scheme (see $4.2). The integration formulae for STEF 4

are obtained. by i-nverting (i.". integrating) (t+.2). Before

d.oing sor we polnt out ttrat the integration of a ftrnctlon

v € V^, (m)1), will- be d.one term-wlse and- in a certain

89.

DI is the ldentity uapping on Uû

and. ID is the ld.entitY on

*14q*-iqgl 
r.

is trhigherllorder. Tt|e say that the term

than *t'gt-j'nr= if eithen

(i) ir >

or (ri) ir = ie and. LL ) la,

To integrate v, we arrange the terms in d-escending order

(*" in ttre R"H.S, of (4.2¡¡, and. j-ntegrate each term in

this ord.er o

v[e invert (t+.2) by examining the highest tenm on t'he

R.H.S. Tïhen i >

xt-lQ' and. so by replacing i by t+1 and integrating,

r (x 1 r¿, ) = G+T [xr + r ç, - (n-2[å* ] r (x r * t q&o -,. )

-[å*]r(xr+1ezr¿r-r)j, (i>o). (4.4a)

Iril:en i>O and. O( j(m-'1 , the highest term is xl +1et- JflJ ,

and. so by integrating (with i -r 1-1)¡
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r(xrç'- ¡oj ) = -ÉF[-*t-tç'* JQJ+(i-r )r(xl -'q^- ln¡ )

+( i-ztåi I ) I (¡t - tç'- J *tf¿l -, )
+ [å j ]r (*t- "gt- J+zflj-, ) i , (t>1 , j=o¡ . . . ¡Ir-1 ) .

(4,4b )

For i=O and. j=m the highest term is either 9fL*r
(ir m is od.d., m>1) or gzfh-, (ir m is even, mà2),

ancl- so lve have either

I(q&"-r) = fì,-å(m-r)r(ç'rh-r), (m od.d.), (4.4c)

or

r(q'nh,-¡) =fr'u (m even).

Note that, for
other than

(4.4¿)

m72, the terms <pt- JQJ ( i=Or. .. ,m-1)

( <pflo-r, m od.d.
)

L g2fh-2, m even

arê not the highest tèrms 1n the R¡H"S. öf (4. a) for any

L.H.S. ¡ i.eo there are no functlons v e, 1.1r such that

O(v) = rpt- JQJ + lower terms'

thr¡s, if we d.efine 1lr$ to be the following subset of Vt,

loj e m=1

1) [v{€ U, lv,r =

[vr e U, lt* =

even (>z)

'i'
J=o

cJg'-tn, I, odd (>l) ,
(l+. ¡ )

m
n-1
;{"re'-}a¡ l,

1¡¿m-a)

def*[I

m
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then Uo* rì Int, = lv e, 1l^ lO(v) e 1Ì^* J = tO l

.'. DtÉ C Dt - DUn '

Now l-et v € Un. By integnating v accord-ing to (4.4)

we will finish witlr (""y)

f (v) - v1 + I(v*), where v1 € 11¡ and- v* e 1/^3.

If Ïrowever, v € Un-DUn, then,, þecause 1/.Ñ C llr-Dllr t

v-v*' = D(vt) e (ü.-Dtr) Ô Ur. = lol

i.eo V = V'f € DrS.

Hence 1Ì^* - 1rû-D11., and. consequently

vn
Dll" , m=1

r O 1/r{, mÞ2
(4.e¡

Equations (4.4")-(4.44) are used- to integrate an

arbitrary function in 1tn (m>1), but only (4.¿+¡)-(4.4¿) are

requlred- for a function in e1/r-" (in particular the

func tion qe[T I = H 1f [') ) . Notlce that the integrand-s on

the R"H.S. of (4.4) are rllo'¿uerrl than that in the L.H.S. ¡ and.

so at each stage of the integration process we will alter

the coefficlents of up to three lower terms, The integral
of a function v'l € 1/nil is sirnply l-eft as I(v*) (e W^),

al-though it 1s possible to evaluate the integral as a

knovun function in particular cases €.g, f (Zgn") = Ol and-
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t(q") = Þa.

REM.ARK 4: lrVlren we integrate lÇtfÍt) , which u¡il1, in

general, includ.e terms from 1/r*, the result

(r;trf') ) 1s knom to be in 1/', and. not

Vn @ W^ (frorn TIIEOREM 1) . Hence in the

integration procedure, the coefficients of

the terms in Ú^* must eventually be red-uced-

to zero as the result of integrating all the

higher terms.

The statement mad.e in REMARK l+ will now be d.emonstra-

ted. by the following example of the integration proced-ureo

EXAI\iIPT,E: Let v - (a2x2+ae )gQp+begzer+c1xes (e ür) ,

where ãz t ão rbo , cr- are arbi trary rati onal

numbers" The terms are arranged. in d-escend-ing

ord.er and- so l,r¡e integrate, term-wise, from left

to right. By applying (4.4) to v ìrue will write

the integral of v as f (v) - v1+I(v'r) with

Tt G 1ls and. v{ € tsÛ, where l/s'r =[crg'0"+coq" ]

see (4.5) .

The actual steps are2

(t) I(x'gnr) coefficient is ã2. Integrating this term

by (4.4b) prod.uces -ZazxqQu and. the following

replacements to the coefficients in the whole

integrand.;

âo + ao+Zaa t Cr -+ C1t2â,2 "
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(Z) l(çÍ4) - eoefìficient 1s now as12ã2' tr'rom (4'4c) we

get (a¡+ear)O" and. bo * bo (aa+Zar)'

3) r(q'or) - coefficient is now bo-âo-2az' (4'4) d'oes

not apply and. the ,Íntegnand. of thls term is in l/ss.

(4) I(*ç") - coefficient is noïu ct+Za,. From (4.4b) we

get - 8-( cr+2a2) e" .

Hence,

I ( (arxz+ao ) qfl2+bq gzQ"+c"xç3 ) = vt*I (n*) , (4'7)

wïrere

v1 = (zar+ao ) n - 2apxcp0, - å( c1+2a2) qs , (4. A¡

and. v8 = (bo-"o -Zaz)ga9". (4.9)

If we invert (t+.2) (i... ilifferentiate), wê obtain the

d.ecompositlon of v into two fi:nctions , vizo v = D(v")+v4,

correspond.ing to 1lB - DiTs @ 1/sÐ (see (l+.6)).

Note that I(v) € Ue (=) bo-ao -2az = O.

Now the L.H.S. of (4.2) is the integral of
(l-{k")*"rÍt)when 8'p=1 e ao=-1 , bo=1r cr=1 t in which case

bo-ao -2az - O as stated. in REM.ARK 4i The R.H.S. of (4.2)

is slmply vrr and. so ft'om (4.4¡

(4r., )' .rl t I - f¿3 2xcpfl2 2q3 ,

which agrees with our earller result (3.5).
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APPENDIX: The progf of,THEOREM I.

TTre purpose of this ap1>end.ix 1s to prove TIÍEOREM 1

( of $4. j) , i. ê. 1ç tFÍt ) 
= lt, . To show this we us e the

red.uction formula approach of Roy (see CHAPTER 2)' anfl so

we work wiür the pÍ')-eunctions, d'eflned- in (z'l) of

CH.APTER 2, for our particular weight function Qr

(e(") = e¡æ(-tx")).

The theorem stated. below gives the form of these

p-functions as

n
pÍ') (pi lrr e...,r, l;x) = ,l>o 

rrlG)q*- J (x)n¡ (x) 
'

(m)1rf1 ) o. o)f¡¡ >

where the ?rJ t s are polynomials d.epend-lng uBon m and- the

rtts. Slnce ïve are only interested. in tlre form of pÍt)

(e ür, see (3.1)), and- not expllcit expressions for the

rr¡ls, we do not need. to know the value of each rr. In

the theorem Ìye show that the a-J t s are either even or od.d.

polynomials with integer coefflcients, and. these facts

d.epend. upon the rr's via only thelr s.ulr, ,Þ. t, = r say.
¡-r

Note tlrat the minlmilm value of r is åm(m-1) anÖ occurs

when p1 = il-i, in which case the L.H.S. of (¿. t ) is

ld-entical to lG"FÍ*) - see (z'z) of cITAPTB 2'

To 1nd-icate that we arre only consid-ering the sum,

f , anfl not the ind-ivid-ual- rt t s, we write the p-function

in (e. I ) simply as p(^ ) ["]. The even and. od-d. polynonials
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.',yith integer coefficlents will be clenoted- by e. and. 0

respectively. If we know their exact d-egreer ò sâ}rr

rh.en we may write ô ( ò) or 0 ( ò) ; e. g. e (O) represents

any constant (non-zero integer) pol-ynomial. We also

write p(') leven] or O(n) [odd] to ind.icate any r that

is even or od.d- (respectively). This notati-on is also used.

for the Tl/o and. Ty-functlons which appear in ltlEoREM 1,

CIIAPTER 2n For example, from (2.8), (2.9) and- (5.6) of

CH.APÍER 2, we have

Tlto (q;r)
t even

r od.d,

(a. e)

(n.3)

ü

r

I ,

a,

ancl u¡(ç" ; r) =

(o)n"+o9', r'

ee', x

even

od.d.

llle are noÌs in a posltion to state (and- Þrove) tfre

theorem rnentioned. above, in which THEOREM I 'appears as a

corollary.

TTMOREM A. 1 :

For all t\>-1 and. r>|rn(m-1), O(m)[r] e ür where

p('n) [r] i" the functlon on the L.H.S. of (¿. t ) with
ID

r - ) 11.l=t
Thus, there exists polynomials, TJ saÍr such that

p(m) [r] = ,Þo' 
ore'- JQJ. (¿'4)

Three general properties of the polynomials n1 are?
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(ii)
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thein coefficients are al-l integerst

they are either even or odd- (polynomials)

a function of mri and- r having the sane

parity as 'tr1 is n+r+ ¡i ( ¡+t ) 1 '
O , if [ån]+r is od-d

orL-zero integer, otherwise.

see that O(n) ["] . eD.-, when [årn]+r is

and- (iii) o^ =

From (iii), ure

od.d..

EBQQE: ll/e use ind.uction; the proposition being that

(e.4) is true, together witÌr the three properties mentioned-'

Flrstly we shoy that the proposition is true for

m=1 t2. and. 3 (for all r).

ryL. From (2.11) and (5.6) of CHAPIER 2,

p( 1) [r] = w(ç; r) = | "(o)nt 
+ 09 ' r even

L eg r. r odd.

Thus (¿.4) anit the three properties are true for ¡¡=1 .

For mÞ2 u¡e use the p-red-uction formuLa

(tnnonnu 1, OHAPTER 2). By suoeessively applying the

formula to the D-tefm on the R.H.S, until lt is zeÏ|o

(when two of the rts are equal)r wê can write

otn) [r] = *]o ["*vl/o (.p;rÍ tt) -1 )p(^-t) lr-Z:x-rÍk) ]

u
+ dr .>-(-t )tw(,p';rÍ*l+rlr) -1 )p('-z) lr-2:r.-"Í*)-*Í*) I J,

f-ô

(e.5)

where rÍo)= rr and- tÍ*)t...t tÍ*) >, O are obtained-

L
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by subt.racting two from

the largest number. traurthenr Ck and. d.¡ d-enote ceftain

i nteger s, depencl1ng upon the rt s. Note that i r( r) -r-2k
l=1

and that the sum over k in çA.l) is finlte. In (¿.5)

we can d.isregard. the integers C¡ ancL d.¡ and' tlre summa-

tlons over k and. i as these will- be absorbed' into the

polynomials.

the r
pairs

Although we d.o not know the ind-ivid-uaL values of

fk) t s , it is lmportant to note that each of the two

(t) tÍ*)-l t t-25-tf,R)

and (z) t!*l + tÍ.*) -1 , r-2k-r[k) t!*)

have the same (opposite) parity when Y 1s od-d- (everr)'

We noÌv continue the proof of the theorem.

É. ( 
") 

r even; from (a. 5 ) ,

o( a) feven] = ïvo t*, [:åå") 
p( t) 

[ [:+:"].,tl,<pa 
; oaa)

Now, by using (¿.2) , (1.3) and. (n.4) for m=1 r

Wo(q;even) x O{r) [od.d.] = ôq x ôe = eez,

ïVo(q;od.d) x p(1) leven]= oq x [ô(O)nr + op]

- OgQr I ee',
and- W(q'i od.d,) = ôg¿ .

Thr¡s, by ad.d.ing these cases,

p(2) leven] - lqù, t Ðqr,

agreeing w'ith (n,,4) when r 1s €vefrr
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(¡) r odd-; from (e.5),

+ W(ç'; even) .

ft ls now convenlent to write ttre above prod.ucts in table

form, in which the column labe1led- j refers to the

polynomial coefficient of gt- JOJ, (i=O¡... ¡Ir) o

p( z) [odd.]

p( a, [odr'.] = lro c*,[ååå) o," [ [ru;"]

IYo (ç;even) x ,(t) [even]

ïrlo (ç;odd) x p( r) [octd]

W(q'; even)

2 1

e (0)

e(o) e

o

€- o

o

o

0Total

Thus p(z) [od.d.] = ô(O)n" + ¿pft' + opz, agreeing with (¡'.4)

when r 1s od.d..

ú-. (") r even; from (.A.5),

O(s) [evenJ

Wo (q; even) x p( 2) 
[od.d.]

Wo (q¡odd) x p(z) [even]

W(q' ; even) x p( t) [oda]

YV(q'; odd ) x p( t) [even]

Total €r

23 1 o

0

0

0

o

e

e

e

e

e

Thus (¿.4) is true for m=3 and T êvêfro

e o
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(¡) r od-d.;

p( s) [odd]

Wo(q;even) x p(z) [even]

Wo (ç;odd) x p(z) [odd]

W(q';even) x Orr) [even]

w(q'; odd ) x P( 1) locld]

023 1

o

o

e

e

o

0

0

0

0ô (o)

Tot a1 e(o) o 0

Thus (e.l+) is true for m=3 and r odd..

Itre,general induction step proceed.s in a slmj-lar

fashÍon, but it is awkward- to write d.ovnr for an arbitrary

m and. t - so Tue omit the d-etails.

coRoLLARY: (n¡monpnl 1 )

For all m21 , H1tr'Ít) e ü,o ¡ Furthermore,

I{ñ "FÍ')
n

=)q
J=o t^ I 9'- JQJ ,

where the qtt ) t s are elthen even or od.d. polynomlal.s, with

lrrteger coefficlents and. with qÍt).= non-zero integer.

A function of m and. j having the same parity as qÍt)

ls ¡f (m+t ) l + [å( ¡+t ) ].
PROOF: Take p1 = m-i, (i='l¡,..errt), in which case

r = å*(m-1). The result then fol].ows from the theorem

because

kñtFÍ') = p(') [*].

e
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CTTAPTER 5: qhe diqtribut .

5.1 Outline;

As previously mentioned., 1ve are concerned with the

d-istributions of the ind.iviilual roots ¡o (,..1 Y', who.se

joint P.D,F. is glven by (t.t) of CliAPTm 4. In thls

chapter we d.erive the narginal d-istributions of Yzt...ryn
having alread.y d.etermlned. the d.istribution of the largest

root (V") in CHAPTER 4. In fact we show that the clis-

tnibutlon of Vs (s=2¡... eil) can be d.erÍved- from only the

functional expression found. ln $4.f for the clistribution of

yt. This is achievecL via the operators d-eflned. in the next

section.

In 55 .2 we d.efine operators Tp (p>O) tnat rnap

functlons in Un into functions in 1Ìn-p (for Þp). these

operators first arose by examining the tild.e functions

(of $J.h) for snal1 values of IDe An important property of

the operators is that Tp and. D (tfre ôifferentiatlon
operator) commute on 1Ìt (see TIIEOREII 1). This result
(together with TIIEOREM 2) is used. in $5.J to show that the

tild.e functions for s = 2e...etrr can be obtained. from the

correspond.ing function f or s=1 simply by using the

nappings 1r-r (see THEOREM 3)" Examples are given for
the P.D.F. of each root (y" ) when m = 2r3 and. l+. We

note that this method. d-oes not employ the symmetry between

ys and. ym - s + r (such as ( t .tl) of CIIAPIR la) .
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5.2 the mappings T

fn this section $'e define a sequence of nappings [p t

g2O, that are d.efined- on each space of functions 1l^, m)O,

althor.lgh tTre rnappings (on ü, ) of most interest are

T1 , . . . ¡T¡1 . TVe also ind-icate some properties of the se

mappings the most important being that Tp and' D

commute on UD (stated. as TI{EOREM 1)'

We begin by recalling the d.efinltion of 1l^i if

v e, 1.1, then there exists polynomials (over R and- with

rational coefficients), TJ sâÍr such that

V= rJQt- JQJ, (z. t)
o

wherer âs alwaysr g is our weight firnction

ç(x) = exp(-fxz) and. the flrs are the functions d-efined-

in (3.6) of CIfAPTffi. 4: iooo flzJ - øzJ and- OrJ*. = Or@eJ

where ör = I(q*). For each integer P)0, Tn:v * fo(v)

i s d.ef ined. by

ÆÞ,Nti 'ËÀ
'|.r ì t\r. ,/€l

"1{¡;¡lç.t/

m

J

p

n

Jdef
tpfitrpt-JQJ-p, P = O¡roo¡lll

O r p)m

where v is given by (Z"l) and- for Þ,i )- O¡

ro (t)

Lupl
o

tår l
låpl

(z.z)

(2.3)def , p> i or P od.d.r j even

, otherwlse.(

So, by d-efinition, To is the id.entity mapplng and. Tp

annihilates 1rn when fl(p" The range of Tp when acting



upon

Tol/t

ofv

upon

let

402"

VB is denoted. by Tpür; from (Z.Z) we see t'Trat

- Un, TpD, = [O ] 1f p < m anC[ Tpllr is a subspace

n-D for P=1 rr..¡lll 9

i.€. vn lp TpD, c llr-p , p = 1 ¡... eIIt.

It may be seen from (z,z) that Tn, when acting

v € V^, operates only on the O¡-functions' If we

v = flJ (eu5 ), then from (z.z), for P,i >

Tp (oJ ) = tn Jflr-p (2.4)

(remenbering our convention that O x OJ is icLentically

zero even if j<O). Hence for a function v e, 1l' given

by (2.1) ,

where Tp (aJ )

ÐU,MPLE: Let

rJe'-¡Tn(oJ),

j-s given by (2.4)"

,åoorq6-JQ¡ 
€ 1/6'

ro (v)
o

tII

J=
(2.5)

V=

Then T.(v) = ?rsgQ¿ + 'naqsfl¿ + zhp6 ê 1id,

T, (t) = Jtr6lla + Ztrsgfls + 2trrg'fh I rta9"q.

etc.

TNTERPRETAIÏON OF rn (nr):

i tÍzQL
e1I +

Firstly¡ w€ note that QJ is ttre product of

i-21+il Õ"ts and. tå¡] @rts, The effeet of Tp on ol

is to take out the number of factors in QJ corresponcling

to those in Qp i i.e. it removes p-Z[åp] of the

i-21+jl Þr's and- tåpl of the Iåjl or's, lêaving factors
which combine into Q¡-n. The number of ways of d.olng this
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, where as usual

Ð
J=o

1O3.

is d.ef1ned. to be

pmdTq

and.

lj-zt å i l\/
\p-2tåpl /\

tå¡ l
tåpl )

(T)

zeto whenever lt(f.

i. êo rn(fi') = (;liii])(il]) ',-n,

which is ttre same as (2.4).

We now list some properties of the mappings Tp

when applied- to U,û (m>'1 , P=1 ,... ¡Ilt). These fol]-ow

d.irectly from the d-efinition (Z.Z).

PROPERTY 1: Tp 1s linear; i'ê. if vr ¡vz ê 1ln and

rÍr t,rÍz are polynomials, then Tp (zqv1+zTzYz)=rrrTp (vr)+zrsTn(vz).

T\re a]-so have rn (,pkv) - pkto (v) "

maps U,o onto l/r-p if and- onlY if P

and.
[å (*-t ) ]-p

Tsp*r'lt = [v e ü6 . zp-, lt = rrlg^-?e- t-'Jft, 
J J.

becausePROPERIY 3: Tp is not one-to-one on 1Jn

*,r( iå"'",ç'-ror) = o and

r"o*.(,fJ rter-¡or + ,:n3îl 
,rÍB1s^-'lrlz,)= o.

PROPERTY l+: The application of two nappings T

on un (p*q. < m) commute (i.". [pTq - TqTe)

TnTq - cpqTp*q,



wïrere

cpq

ToD and. DTp

term of v 1s

D commute on

O, prq both od-d.

1O,l+.

Thus the prod.ucts

Now a ty¡rical

aniL so Tp ancL

[åp]+ [åq ]
tåp l( )'

otherwlse"

the prod.uct mapPings TpD

Un and. are equal; i.e.
(ffre result is trivially

D(v) e 1rt and. rn (v) e üe-p i

and. D d.efined- on ll¡¡-p r

ft is interesting to note that these cts are the sarne as

those in $2.1+.

The most important property of Tp is that it

commutes with D (tfre d.ifferentiation operator - see

S4.4). This is stated. as

TIÍEOREM 1:

For each m)-1 , P='1 rorr¡lIì,

and. DTp are both d.efined. on

Tp and. D c ommute on " lla r

true for p=o or p>m).

PROOF! I.et v € Ìlr. Ihen

since Tp is d.efinecL on Un

Te (D(") ) e lln -p "n1 o(Tp(")). 1/n-p.

are þoth d-efined. on V^ "

xl qt- JQJ (i>0, j=0e... ¡tn)

un 1f

Te (D(*t s'- Jnl ) ) = D(Te (*r e'- Jnl ) ) '
for all L>O, J=Or...enl.

From (4.2) of cItAPfER 4 and. (z.z) ,
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rn (n(*tq'- Jnl ) ) - lp ( I-å(r-i)xr +1+ixr-1 jen- lfiJ

+ G-ztåil)xrq'- J*1oJ-1 '+ [åi]"19'- J*2o¡-z)

= tp ¡ [-å(m-i)xr +l+ixt- t- J*m- JQ¡-p

+ axt <pm- J *1QJ-1- o+bxl et- J *'9J - z-p,

where /= (¡-ztåi])tp,J-, and b = [åi]tp,J-p.

A1so,

n(Tp (xrg'- Jo¡ ) ) - D(xtp'- Jto ¡ol-n)

= to ¡ [-å(m-i)*r +1+ixl-t Jq'- iQl-p

+ a, xl gr- J+1eJ_p_ 1+b, xf gm- J*rQJ_Þ_z r

where aI = (¡-p-ztå(¡-p)l)tpl and ¡r = [å(¡-p)]tnl.

Hence it is sufficient to show that ã=aI and- b=þ/ in

ord.er that Îp and. D commute on 1l^.

T\Ie now examine arat ,b arld. Vt for the foJ-lowing

values of p and. j:
(r) p>ji from (2.3), tp

a=O=ãl ,

(¡) p odd., j evefl (p<J);

p -+ 2p + 1, j -+ 2j"

¿
rJ = tJP

J

b = O = b/.
L

tp,J-, = 0 anil so

we makê ttre replacements

Fron (2.3), tzptLtzJ = 0 = lrÞ*i,)z¡-z and- again

a - O = à', b = O = b/.

(") pod.d-, jodd.(p<j)! p-+2p+1, i-2i +1.

('
'l

p )
otap*1,,zJ+L = t"p *L tP J , tBp*tr2tr-i, a



So

So

j-1
p

a=O=atancL

j-1
p

106 "

).

b

trp ,, J

J ( )= (¡-p)(3) = o'.

(a) p even, j even (p<i) ! P '+ 2Þ, j -r 2i.

j-1+_v?g rz J-2 p( ).

a=O=atanC.

b=j

(u) p even, j odd. (p<i); p -) 2p, j'+ 2i+1 .

(';')= (¡-p)(å)=o"

(g) = t'p ,'1' t'p ,'tr-t = (+_u?D ,2 J+L

So = aI and.

b = ¡lj;t) = (¡-p)13) = o'.
/ \'/

Thus in all cases ã=àt and. b=br, rlvhich proves our

assertÍon that TD and. D commute on Dm.

COROLL/\RY: For each m22 and. P=1 ,... elll-'l ¡ Tp and. I

commute on D1/, (where I is the lntegration operator

d.efined. in $4.4 and. D11, 1s the range of D when acting

upon ü. ).
PROOF¡ The two statements

(i) Tp aniL D commute on Un

and. ( ii) Tp and. I commute on Dl.ln

Q,= (3)

are equivalent whenever the prod.uct mappirigs are clefined. on
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tl.e respectj-ve spaces' From the theorem we know that (i)

ie true. NovI TnI is. always d-efined. on Intn and' ITp

is iLefineil on tlt, provid.ed. p I n (because I is not

defined_ on üo) " Thus Tp and. I commute on DUn for

þ=1 ,... ¡Ir-1 (artd trivially so 1f P=O or p>m) ' When

p=Ír the best we can say is that Tm = DTm I on D'16 '

TVe now extend. the domaln of the mappings fn (n>O)

from Vn to Un (E funn @>Z), recalling that "lf^ = Iil,ns

see $[.]¡. Because Wn ñ 1/, = [Oi, we can arbitrarlly

d.efine Tp on Tl^i rne choose our d-efinition so that Tp

and- D commute on W^. Hence we d-efine Tp on "lf^ by

rn (w) ITrD(w), for al-l w e. I,l^.<le f (2.6)

The R.H.S. is welJ--ilefined. because D maps Wú onto

Tp is d.efined. on 1/.Ð (C Ur) and maþs it onto TpDrÉ

which is either [oJ (if p>n) or a subset of ì/s,-p

p<m-1 ) j finally I is d.efined- on 1/n-p for n-p > 1'

Thus rffe see that To is the id.entity on I[^ and- Tp

annihilates wn for Þ)û, For the overall range of

when appliecl to Vt @'ttln r wê have

1/, t;

( *.v)

(ir

mr.p

Vû @Mn t

TpD, o fTpun#,

1ro ,

[oI ,

Þ=0

P=1 ,...¡lll-1

P=n

p)III r

Tn (ü, {Ð ?i/n ) =
(2.7)
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From the above results and. from TIIEOREM 1 we Ìrave

TI{EOREM 2I

Tp and- D commute on 1lú @ W^ (t ( p' ( m)'

Hence Tp and- I commute on

D(ü, @w^) = Dun o un'r = 1/' (t ( p ( n-1)'
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q-?. Ann ''l I nnf.i on of the maor¡inqg.

In this section we sholJit how to d-erive the marginal

d.lstribution of Jrs from that for the largest root by use

of the mapping Ts-r, (s=2r.'.ellt). Firstlyr we recall the

tild.e functions of $3.4 (and- S5.5). From (4'S) of

CH.APTER ,, the C.D.F. of the s-th root 1s the folloTulng

linear combination of the Ft s:

F[t) = ri"âs-t rm-s ñ[t" (s=1 
" " ¡IIr) (¡'t )

where, for 1ri >

given in PROPER.TY l+ of ttre previous section (see also the

table in APPENDIX 1). Corresponiling to (S.l), we have for

the P.DoF.tS and. auxiliary functions the relations

¡(n)
s t=1

ss
i-

B(n)

âs-r,r-"T[t) , (3.2¡

(l.l)
and.

where

fn $5¿4.the Ft s rvere d.ef1ned. by the equation

lÍt' = sgn(nrs)7r :. i7s (t ),

, 
(', ) " - t t" - r r¡n - "ËÍt, Ì t

(r=O¡. . r ¡lllr1 is-1 r. . . ¡IIt).

Dr s both even
otherwisesgn (m, s )

[;;

(1",1+)

(s"s)

and. 7t d-enotes the comblned. operations of obtaining n(n)t1
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from ffn"rl via the recursive sclremei i,e. starting with

frfn-rl we d_j_vid_e by lÍn-r, substitute for 4-¡_ and. use

the system of D'Eo t s (2.6) itt CHAPTER 4 to caLculate Eo ,

then muJ.tipl.y the result by e¡ lntegrate and- finally

multiply by Ïh. In synbols the operations ares

F( r) = 7!(1) - k1r (e) , and. for m ) 2,

FÍ') = zn(r{n-el ¡ - krr(qØr_" (r.;1,.FÍ.*-") )),
where Ø^- t i s the (m-1 )-t¡r ord.er 11near d.iff erential-

operator that gives Eo from &,-r. (Ør-r- is a polynom-

ial in D of d.egree m-'l with coefficients that are poly-

nomials in x).

Because the mapping Tp 1s linear rrr¡ith respect to

polynomials in x and- commutes with D (on any Dr ) , Tp

al-so commutes with a1l- linear d.ifferential operators with

polynonial coefficlents (in particular the operator Ø^-r).

Thus Tp(FÍt-t)) for p=1 ,,o"¡Ir-1 are solutions for &,-r,

and. so we can apply 7s to them (p>* ís omitted. because

in this case Tp (FÍt-t) ) 1s always the zero fìrnctl on).

Now

7, (rp (F!.'-t) ) ) = lEo r(qØ,,-, (x,1"ro (FÍ'-') ) ) )

- rE rrp (eØ,_. (tç1"FÍ.**") ) )

and. since f and- Tp commute on Um (for p(m-1 ¡ see

THEOREM 2),

e, (rp (FÍ'-t) ) ) = rp (2, (FÍ*-.) ) )
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i.ê. rr(r'f'o)¡ - ltu(to(rf'-"))), (p<rn-1 ). 3"e¡

If p < m-1 we can use (3.6) with m'+ m-1 to get

Tn (r,[n) ¡ = Tmim-"(To (FÍ'-=) ) ),
and" so oîr resultl-ng 1n

rn(r'(')) = i^...7p*"(Tn(¡'Ínl)), (p < m-1). (l.l)

But, from TIIEOREM 1, CIIAPTER 4 (with m -) p)

- kp lc.nnn + lower tenms]

and by (z.z),
Tn(rÍ0, ) = kpep

By substitutlng this in (S.l) we have

ap (*)To (r'[m) ¡ - 7t.. orp*r (1).

Thusr or comparlson wittr (¡.1+), wê have established.

TIIEOREM 
':

I,et m> 2 and- s = Ze...et\. Then

= sgn(mrs)e"-, (*)T"-:. (¡'l' ) ),

q'(p)
'1-

)1(a-p oo a

ÊÍ',

where sgn(

a5 (-)

(:. e¡

m, s) is glven by (3"5) and., of cou.rset

1{
l2n)o , j even

2l(t+s)ff(J+r) j od-d. .

( (¡.0) also hold-s for s=1 because

COROLLARY:

f (m) = sgn(m,s)Q.-" (*)Tr-r (r[') ),

= sgn(n-1,s).0, -, (*)T" - r (Ei',l),
(r=õ¡. .. eI[-1! g=1 r... rm)

= FÍ', - ro (FÍ'))).

ß.g)
(1. t o¡

ît(m)-1-

s

Ê(ro)I rsand.

a
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Having d-erlved. e:çpressions for fÍt) and' Fltl in

oH.APTER 4, l,/ve can j-mmecliately wrlte d-own e:çressi-ons for

the P.D.F. ? s and- C.D,F. t s of all roots, using (3.2) , (3.9)

for f I s and- (¡. t ) , (3.8) for Fr s. For example, ex-

pressions for the P.D.F. t s, flt) , areS

ln=Zi f1=11 , fz-ït+T, where

lr=1t2 [xçfi"+ 2q'l,

?z= -kzQr ("") [*p i'
and. kz = +(ztr)-L, in agreement with (5,15) of

suerrrRA (tgll).
m=3i f1=11 t fz=Tz, fs= -1"+i2+?s where

l¡.=ltlcg [ (x'-t )çQr+qzor+xe3 J,

lr=4k"n, (*) l.q, l,
13=l4k"n, (-) [(*-t )ç J,

and- ks = 2-tçao¡-,.

m4: f 7=la, f z=lt+l.z, fs =-11+Ts , f += -T1-lr+?3+l¿ where

T1=l.r-ka I (*t -l*) pns+6 (x"+1 )92ft2+ (xz -4)ç3fir+6xça J,

Tz= -l+k¿or (-) [(*"-jx)eea+(x,-4)qs J,

T3 =!ka a, (*) [ (xP -3x) 9o, +6 (x2 +1 ) ç' J '
î. = -4'k*f¿" (*) [(xs -3x)e L

and. l<a = 2-arfL,

The firnctlon in [...] for l, (s=2¡.o.¡rD) is the result

of applying the mapplng T"-r to the function in [..'i
fon Tr . (tables of the coefficients for fÍn ) (=lÍn ) ) are

given in APPÐfDIJ- 3 for Íl = 2e...r10).
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APPENDIIC 1 (giving Frs

(coefficlents of flt ") .

113.

r'Í') (* = 2e...r10)r see

in terms of F'") and. APPENDIX 2

€. g. m=l+; F1

F2

Fs

Fa

1

1

-1
J

o

o

o

1

0

o

1

I

0

1

o

ñt

F2

ñ"

rtL

fl1 = 8ko [¿+a+ (x2+1 )qft"-4rcq2f¿p-xq3Qr-lxp" j,

l, = -Bk4.c¿1(-) [-(x2+1 )çrt, - xes J,

F" - Bklnp (*) [en, - (x'+1 )9rt" -Irxç' J,

ñ1 - -81ee" (*) [- (x2+1 )p J.

Note that in .APPENDÍX 2 the fr:nction FÍ', is given

by a tablÞ f,on v" (e U, ) where

fÍt 
' = crY' t ";" - v" (*) ,

and. the coefficients of v1 are scal-ed. so that thelr
greatest common d.ivisor is unity" lhe constant c1 is a

nultiple of 1ç, and- if % d.enotes the constant coeffic-

ient of .f¿, in v1 then

cL = q ln;1 (-) .

(ffris % 1s a factor of the ft¡ cleflned. in ÎIIEOREM 1,

cirAPTtsR 4) .

The tables for s>2 give Tr-r(n")(. ür-"*") which lead.

to the ottrer Frs because
FÉt' = c"T"-"(tr),

where cs = sgn(m, s) crfl" - " 
(-) .
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CHAPTER 6¡ Computlnq methocls.

6.1 0ut11ne

In this chapter ïue mechani-ze the recursive scheme

given in $4.2 (i.u. the operator 7ß clescribe¿ in $5 '3)'
This prod.uces the d.istributlon of the Largest root, and-

hence from CH.APTER 5, the marglnal d.istributions of all

roots. The. proced-ure for computing the coefficients of

the d-istributi-on of the largest root is ind-icated. in 56.2.

we first d_emonstrate how an arbitraty function of

1lú can þe representecl- by a 2-dirnensional array (or matrix)

of coefficients. The rov\¡S and- colt¡nns are given a special

interpretation as shourn below. If v e Llr r then by

ilefinition (see $4.1), there exists polynomials, Ttr sâÍr

such that
ID

v = 
¡ ìo 'IrtrQ^ - JQJ .

By expand-ing the polynomials with respect to thre basis

1 e7-¡xz ,. . . rire may write v as

Ír d(v)V= >
J--o l=O

v(iri)xle'- Jol , (r.t)

where d(v) d-enotes tTre maximum d.egree in lro t. . o e'IÍ¡a n

(Of course v(iri) is ze?o if 1 is greater than the

d.egree of r,t). Thus v can be represented. by an array

of the coefficients v( i ri),
However, instead. of using the usual matrix indices

(i', j'), sâf r wlth rows label-led. from top (i'='1 ) to
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bottom (i¿=m+1) and columns 1-abelLed- from l-eft (i'=1 )

to right (j' = ¿(v)+1), we simply use (iri)' where

(i,i) = (rn+1-i/, d(v)+1-i¿). (t.z)

Our row lnd.ex j refers to the basis functlons 9t-JOJ

and our column inflex i refers to the poïYers xI o Hence

rve represent v by a matrix Vr sâY¡ having each v(iri)

in the positlon lnd.icated. below;

(*r )
d(") . . . 1 . . . I o

v . . r . . . . c c . . . v( ¡ ,1) (ç'- rnr )

çt.t)
Ilve say that v(iri) 1s the (irl)-trr element of v, and.

write v - (v(iri)). We also define v(i11)*lq'-JoJ to

be the (jri)-trt' term of (t.t)r i.e. of v, with

coefficlent v(j,i).
Any linear operator acting upon v d.efines a

correspond.ing operation on tTre matrix V" For example,

the d.ifferentiation operator' D, when appliecl to the

( jrf )-trt term of v ean be regard.eil as D operating upon

the ( j , i ) -trr element of V. In (t .3) the matrlx V is

of size (m+1 ) x (A(")+1); for operations such as d.iffer-

entiatlon and. lntegration it is convenlent to extenil- V by

add.ing dumrny rows and. columns (of Ots) see later.

m
a
a

O

j
a
a
a
a

o

clef
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D ¡

9:.U,'
In this section vue outline a program used. to compute

the coefficients of the P.D'F. ¡ fÍt), and- the C.D.F.¡

FÍ.t) , recurslvely (see s=1 tables in APPENDIX 2 for

FÍt), and APPEIVDTX 3 for fÍ.t), Ír=2¡...¡10)o TtIe recaII

that the auxiliary function, EÍTl¡ r=O¡...eflI-1 r are

functi ons of 'll^- t with

p(m-r) and. ¡(n) - k, eEåT I . (2" t)

ti c e

t1- L

READ ne ¡ IIII ò

in the first cycle

subsequent cycles Vr-r

gUr-z (see later).

PRïNT V^_t

1f m>il1 STOPô

calculate Ur-r from Vm

(see later).

V, - r and. tlo - r be the matrices corres-

and- ESTI respectlvely: thus

B(n) = h-1¡n-111 m-

So we let
pond-ing to 4i 1 ,,
Vn = I(çU6-").

Suppose v\re wish to calculate the coefficients for

1'( n ) and. F!t l (essentially Um - r and. V, ) for
tt-

m = Inoe..relnl and. we alread-¡f know Vro-r-i then this can

be d.one using the proced.ure

(pr )

(pz)

(ry)

(P4)

(P5)

(m=ms ) noæ matrix Vr -:- ; in
1s found- by integrating

-1 using the D.Eo t s
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(p0) PRINT un, r

(pz) eo To (pz) rrrith m -+ m+r (i.o. start new cycle).

fhe print-out involves the matrices Vm-r and' Um-¿ from

which we ean read.ily obtai-n 3(n-e) and. fÍt) by multiply-

ing the matrices by lfr-r and. 1çrg, respectively.

The necessary eomputations in (pZ) and. (P5) are

performecl in two SUBROUTII{Eis. For (P2) we have

ST]BROUTINE 1Z Compute Vm = I(qUr-r), where the input Ís

Un-r = (o(¡ri)) anù tTre output 1s Vm = (rt(iri)). Using

only the matrlx of coefficients Ur-r, the operator I

when applied. to the (iri)-tft element of gUr-r r€sults

in the following summations (see (4.4)' CHAPTER 4):

STAGE 1z when O <

( 
") 

add- zrl( ¡ oÐ(m-J /
to v(i,i-1 ),

(¡) add.
e(r-'!lu(¡,i)

(m-J, to u( j, i-2) ,

(") add
2

m-
to u(j-1 ,i-1),

(a) add- a-l#{jP to u( i-2, i-1 ) .

After performing these steps in the ord.er of d.escend.ing i

and. i, we come to ei ther

STAGE 2Az m od.il, j=n-1 ¡ i=0,

(") ad.d. u(m-1 ,O) to v(m,O),

(r) ad.d -t(irr-t)u(m-1 ,o) to u(m-2,0)

or
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STAGE 2B¿ m

(e)

i=O r

v(m,o).

Notice that in s ieps (¡) , (") , (A) , (f ) the rtlowerrr elements

of Ur,r are altered.. Because of this contlnual change'

the symbol u( jrf ) as used. above d-enotes the current value

of the (jri)-t¡r element of Ur-r. For the remaining cases

of i=Or not given in either STAGET.s 2A or B, ure may

includ.e an eruor routine if t].e elements are not zeto (see

REMARK l+, $4.4). rn (pe), SIIBROUTTNE 1 is cal-led. with

lIl -+ III-1 o

For (P5), ïve calculate the auxiliary fì:.nctions using

the D.E.rs (2"6) , CIIAPTER \ via
SUBROI]'IINE 2i Let E 7-= (rr(j,i))rEp = ("r(iri)) ana

Es = (." ( i ,í) ) be the matrices correspond.ing to EÍil 
, 
" 
rEÍi ì.

arrd. UÍt- Ì ,, respecti-veIy. 1,Ve compute Es , given Ez and.

E1 (8"=O if r=m-1 )e in 'bwo stages by cornbining all the

operations on & into one operatoro

STAGÉ 1: the operator 2D+rx when applied- to the (iri)-t¡r
element of ED results in t'hre following summations:

(") ad.ct (i+r+'i-m)êz(i,i) to es(i,i+1),
(¡) ad.d 2i e, ( i,i) to es ( i,i-1) ,

(") ad.d z(i-ztåi I ) ee ( i ,1) to e" ( ¡-1 ,i) ,

(¿) ad.d zl|¡]", ( i,i) to e" ( ¡-z,i) .

After performing these steps for al-l (non-zero) elements of

Er, ïire come to



STAGE 2: srrbtract (r+1) (r+z)8" from

by m-r,

11 9,

Es and then d.ivid.e

(of course STAGE 2 is not requlred- when r=m-1 ) '
fn çnl) , SUBROUTINE 2 is called- for r=m-1 ,m-Ze o .. 21 e

starting wlth Ez = Vu-r (when r=rr-1 ) an¿ encúng with

Un-r = Es (when r=1 ).
TIle now examine some of the practical d-etails of

these computatlons. I'irst1y, to facilitate the hand-Iirig

of the auxiliary functions in SIIBROUTINE 2e ïve represent

each one (for a given m) by a matrix of a fixed- size. To

d.o this we need- to know the maxinum d-egree, ò(m) sayr of

all the polynomlal-s Þ!','l d-efined-. in (S"g), CHÀPTER h-

It has been f ound- that

a(m) = [{m(m+1)], m=1 ,o..212e (2"2)

and. this value is conjectured- for al-1 m(>'1 ).
Thus ïve may represent each A"F. by a matrix of size

m x (¿(n)+1) by filling the appropriate el-ements with Or s.

However, by ad-d-ing d-ummy rows and- columns (of Ots) corres-

pond-ing to j = -1 ,-2 and. i = ò(m)+1 ,-1 we calL use the

same steps ln SUBROUTÍNET s 1 and. 2 for all appropriate

val-ues of j and. i. Hence each A.F. 1s final-ly

represented. by a matrix of size (n+2) x (a(t) + 3).

In the rnain program the coefficients of the A.F. r s

are storeil in a single arrayr Atr'' sâYr and- in tÏre

SUBROUTINETs they are treated- as 2-d.inensional arrays.
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We need. on1-y store three AoF"rs at any given time (itt

SUBROUTINE 2) by permuting their starting posltlons

¿¡(t), .or'(n+t), .ls'(z+urq+t), where $ = (m+z)x(a(*)+3).

Uslng thris procedure, a d-lmension of 2OOO for Atr'is large

enough for ml <
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qEÆJ: .l4omgn:Lsof all- roots.

7.1 Outline.

As before Vn (,..( Yt are the roots of the matrix

in case (C) of $1.1. In this chapter we cal-culate the

moments (about the origin) of each root. Thre h-th moment

of ys is d-enoted- and. d-efined- by

pn(n,s)'tgr e[y3]

yhfst) (y)dy, (h>o rs=1 e... erTI) ¡

(r.t)no

wherer âs usual, fÉt) is the'P.D'F. of the s-th root'

In $7.2 we consid.er the moments of the largest root;

showing that
m-1

J=o
pn(mr1) = kh o:* 'n) rh- J , J r

-oo

(t.z)

where

4tt def pt (v)a¡ (v)av, ( í>-1 ,i>o), ( 1.3)

and. the qr s are certain constants d.erived. from the

integration of ÇlxhfÍt) (tço rprQl are d-efined- in (l.Z),

(l .3) and. (1.6) of CIIAPfER 4). The moments of the other

roots are treated. in $7.J. As 1n CIIAPTER 5, which is

concerned. with the òistribution of yrs r we use the napping

T"-r (s=Ze...elr). Thls mapping is not applled- d-irectly

to (l.Z), but is firstly appliefl to the incomplete moments

(integral from -* to x) which are then evaluated. at x=+oon
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The expressions for the moments of Yzt...r¡rn

involve the same crt s as 1n (l.Z) the only data required.

are the coefficients for the P.D.F. of Yt (see €.$o

APPENDTX 3). Having founcl the cxts, IJre can compute the

moments of all roots once the 4t ¡ 
t s have been evaluated..

These constants are related- to particular orthant prob-

abilities of normal variatesr âs sholun in $7.4.

The symmetry 'between Vs and Yn-s+t (see (t.h) of

CHAPTER 4) impJ-ies that

pr, (nrm-s+1 ) (-t )n¿rn (*r.), (s=1 r n.. ¡Ir)' (1.4)

This is not used. 1n the above method. and. so it provid.es a

eheck on the computations. The sum over all roots of the

even moments provid-es a further check, because (for

h=2 t4 and. 6 )

^, ,"(*r") = *(m+1), (r"5)

(r.e )^, lrr(*rs) = *(zn2+5n+5),

s=1

s=1

m

Ðua
s=1

and. (*r") = m( jms+22m2+52m+41) , (l .7)

which follow from MEHTA ?geO), equatlon (65) .
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7.2 M en ts ôf t?- e l arsest root"

The moments of the largest noot are

/¿r, (nr l ) ynfl') (y)¿y, (n > o),

-oo

<lel (z. t)

where fÍt) is the P.D.F. of the largest root. From

$4.f we know that Çtflt) . e}n-r i i.e. there are poly-

nomials PÍt ) such that

rç"rÍ', = i-l: p!') e'- rnr . ( 2.2)

Given the polynomials in (Z.Z), the moments are calculateil

using the followi-ng method-.

TVe start with tfe incomplete moments; i.€. I(xhflt)),

where I 1s the integration operator d.efined. in $4.1+.

Now lfrlxhfft) . eür-" and- so ttre integration proeess is"

the same as that given by (4"4) of CIIAPTE|R 4. However we

need- only ápp1y the formulae to the terms xlQt-¡OJ with

1> 1, j=or.,.¡rn-1 (1.". (4.4b)). For each i, the

remaS_nlng term et-lQt will finlsh with a Ôoefflcient of

ø!t rn) , bayo Thus 
i

ï(çr*ir¡(m)) = il: o5',r'lr(q'-¡or) + .r, (2.3)

where v is a certain f uncti on in eür- r. (resulting from

step (u) in SUBROUTTNE 1, $6.2) 3 an explicit e4pression

for v is not requireil because v(+".) = O. In this

integration process, a$n 'n¡ will always be zeto whenever

*nPS') is an od-d- PolYnonial.
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By evaluatì-ng (2.3) at +cot

Pr,(mrl) = 1& olt't¡)rb-J,Jr ( z.l+)

where ttre n's are d.efined. in (l.t) o A list of the

4r¡rs for i<6 willbegivenin$7'4'

,As an example of the method- (in particular, the

calculation of the crts) we compute pn(3r1) for h-1

and. 2. The P.D.F. of the largest of three roots is

represented. by the following table in which the integer in

the column labeIled. i and. the row 1abe1led. i 1s the

coefficient of xr g"- ¡f¿J in (¿lJt" )- tr["] (see m=3

table in APPENDLX 3)'.

n-1
J=o

,l + [: ;i,]

r/J"'l2 o

2

1

o

(Ttte tr.ave removed. a factor of 4 from (Z.Z), and thus from

the at s). To obtaln the 6¿r s for the first moment we

multiply the table by x (i.". shift the matrix one column

to the 1e ft) and" integrate each el-ement as in STAGE 1 of

SIIBROUTINE 1, $6"2. Using a zero t'o lnd-icate the element

just integrated_, tTre changes to the initial matrlx are:

t
1 .1

1.
a

o

aa

-+



a

o

a

a

a

lt

f o . 5.I..1.L.3..
1.-1 ..
o.1.o
.3.o.t

a

t

o

-| -)
a

I

o t

a

a

9
a

a

125.

a 10

a

Tlrus , f or h=1 , the ar s (without the faotor h) are

do=9, d.¡-ot2-'O. (2.5)

Hence from (2.)+) ,

þ'l 
: i" ',îi";.=ä'W..dz*'¡z!

For the second- moment, the changes to the inj-tial.

matrlx are:

l
l aaa

ooa

r.O

aa

aa

.15

a

a _> a

10 c

-) t
.'1O
.1
11 r

aaa

..0
7t).

-+

.+ a

a

Thus, for h=Zg the crrs (without the factor 4) are

clo - o, otL = I, d.z = 10, (2,6)

and. so

þz = l+k" [qr" + lOnrrl = 5.5

Hence in the trivariate case the largest root has a mean of

2.0729649 and. a vari-ance of 1 .2028165.
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7.1 oments of the other roots.

In $3,5 we introduced. the Ë-nrnctions, whereby the

P.D"F. of the s-th root is given bY

with

e(n)*s
a.

= .3tâs-t ''-tl[t) '
(s-1 ,... ¡IIt) ¡

O , i, i both ocld.

(3.t)

(3.2)atJ

f( n)
s

1-r¡tåtJ( [åi ]* lå¡ l
Iår] )

, otherwisen

the It s are impontant because (see (5.Ð, OHAPTEF. 5)

= sgn(mrs)Q"-" (-)Tr-r (4tl ), (s=1 ,... ¡Ir) , (3.3)

where the mapping T"-r is d.eflned. in $5.2 and-

sgn(m, s) r û, s b ottr even
, otherwise.

Having found- an expression for the moments of the

largest root 1n $7.2, those for the other roots follow from

3.1) and. (3.3). Firstly¡ we d-efine the corresponiling
rrmomentstr of the ?t ";

=)
L+

ãn (*,") dgt 
f

we novu multtntuî

yh Tl'l (y)av i (h>ors=l¡...¡rr). (5.4)

) ¡V xh, which can be taken insid.e

By applying I to both sid-es

3.3

the mapping 1s-1.

r(xhft') ¡ = sgn(mrs)fÀ"-" (-)rr-r (r(*nrÍ.') ) ),
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since Te-r and. I commute on' Un (for s<m - see

ÎTTEORETIII 2, CTTAPTER 5).
R.H.S. glves

Suþstj-tutlon of (2.3) into the

r(xhl['l) - v1 + sgn(m,s)fk-t(-)tç

' x';t o5',r¡)Ts-"(r(q'-Jn¿r)), 3.s)
J =o

where v1 is proportlonal to T, - r (.t) r and' so

vr (+*) = o. rn the R.H.S. of (3.5) I"-t and- r can be

interehanged. since pt-JQ¡ e llr. By applying T"-r to

gt- Jfll and. then evaluatlng at *oor we get

En (^r") = såm(rnrs)e"-1(*)tr' ,=l:"o$' 
,¡) ts-1 , Jft- J , J-s+1r

(s=1 ,... ¡fl) , (3.6)

where (rrom (2.3), OIIAPTER 5),
O r s, j both even

ts-r r J = ,lt¡
(r+t

l

"-1) l
3.1)

¡ othérwise"
)

Having computed. the itt t f or s=1 ,. r . ¡III¡ the

moments of the s-th root are easily found. using (3.1);

i.O.

/¿r,(mrs) = I u"-r,m-"iqn(mrt), (s=1 r...elr). (5.8)
t=1

Note that the øts in (2.4) and (3.6) are the sane, arrd. so

the moments of aLl roots can be conputed. glven only the

d.istributlon of the largest root. This method. d.oes not

use the symmetry relations (t.4).
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TYe nolr oont,i.nu.e with our example in $7'2 (m=5) to

find- the first two moments of the midiLle and. smal-lest

roots. In $7.2 we found- the ctrs such that

pn(3r1) - ks [oå"'h) q"o + o["'h) nr, + oL"'n) nrrl

= ün (3,t) 
"

From (3.6) with s=2 (t".=1, trr-o)

itnß,2) - kanr (-) ["Í" nn) ?ro J

ancl wi th s=3 (trr=l)

it"(1,Ð = kef¿z (-) ["ås rh) 41e ].

Now, for h=1 r the cx,r s (wj-th a factor of 4 removecl) are

do=9 e o(a=d.2=Q , arrd- so it, (3 rZ) = O = it, (3 13) .

For h=Zt the crr s ar.e do=O ¡ dt=1 t dz=1O (again without

the factor 4).
Thus hj,z) = h-rfto1 (*) (qro) = {

and. itrjrÐ - l+ksnz (*) (1o41o) = 10.

To find ttre moments of the s-th root we use (1.0);

pn(3,2) = Ttn(3rz) ,

p¡(3J) = -it¡(3,1) +îrn7,z) +irn(3,3)-

Hence ¡ þt3 tZ) = O, 
1

tt,(3,3) = - â ÉÐ" 
= -ur7,t)

and ptr(3,2) = 1,

t¿r(313) = -j.5+1+1Q = j.i = lrz(3rl).



These check wi tìe the sYrunetrY

root, in the trivariate caset

ance as shorlr¡n before it is

variate.

129-

relati ons ( t .4) - The rnid'ill-e

has zero mean and- r:n1t vari-

s1mp1y a stand.ard- normal
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7.b Conoutation of the moments.

Assuming Tue can evaluate the rì's aPpearing in

(2.\) an¿ (3.6) , the only d.ata required. to compute the

moments of each root is the matrix of coefficients for the

p.D.ll. of the largest root (see tables in APPENDIX 3).

This matrix is entered. allowing for a d.isplacement of h

columns to the left for the h-th moment. Ttte cx,ts are

then calculated. by following the integration process

described by steps (¡), (") and (a) in SIIBROUTINE 1,

$6.2 (see al-so the example in S7.Z). After find.ing the

crts it is sirnply a matter of r:sing (3.6) and (3.9) to

compute the moments of al-I roots.

we now turn our attention to the evaluation of the

4rlrs d-efine¿ in (l .3). Exact expressions for i<6 can

be given by relatlng the 4t s to the orthant probabilities

of normal vaniates. The orthant probabilities are d-efined-

by

Pr(Ð) d:r Prfzr)or. .. 2z¡¡roJ,

(t>ziPo =1 ,P..=t), (4. I )

vr¡here Ze R" has a multivaria'be normal d.istríbution with

zero means and. variance (or correlation) matrix E.

Denoting these probabilities by Pr (p) when the correla-

tions are al-I equal to Pt and. Pn(rrp) when the correla-

tlon between zL anil z¡ (t=Z¡. o . ¡fi) 1s r and. the

remainlng correlations are equal to P, we can show, from
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çt .3), that

rL ,z 1 = çzr)+(¡+1 ) e/i)åpr (p) , (4.2)

and.

4t ,2¡+t = z(zr)th+z) ?/i)å"r* ,(r,p) , (4.1)

f or all l>1 and. iÞO, where

p = z/ (t+z) and r - 12/ (i+1) (i+z) lå. (4.4)

Closed. form expressions are well--known for Pp and-

Ps fsee €.g. DAVrD (lgnÐ] and by using these in (4-z)

and. (l+.1) r wê have for all IÞ1 ,

4to = z(r/i)L, (4.¡)
1

Ttt = ztr(t/i)z, (4.e ¡

tttz = o(z/t)i, ()+'7)
1

Tts = z(zrr/t)ãío - cos-lrJ, (b.A¡
1

Ttt + = z(rr/t)ä Ío - cos- t p \, (4. g)
J

Tts = ur(l/i\z Ízl¿- - 2 cos-1r - cos-1p J, (t+. lo¡

and. rjt e = rr(z/i)L ¡zo-l cos- 'p l , (4. t t ¡

where p and. T are given by (4.4).

The orthant probabilities are known for special Et s;

e.g. P" (å) = 1/(n+1). thus, from (4.2'¡,

rtz,zl = Qo)L(e*1)/(¡*r). (L+.12)

This also foll-ov,rs by evaluatj-ng (4.44) of CHAPIER \ at +oo.

From (4.4") *" get

Tt ,z 1 = ,t (r")å( ¡*t ) i nz ,z l- L. ( 4.1i)
Converting this to the orthant probabillties gives
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The list of 4t" in (4"5)-(t+.tt¡ enables us to

calculate the moments pn (mrs) for any h>O and-

s=1rr..ellt for m ( 7. IVhen n > B we need' the 4t¡ts
for J > 7, which must be evaluateil by nunerical metþoils

fsee ê. go SrEcK (lgíz) f or P+ (p) and Pu (p) ; i. e.

7te and 4r,ro]. The first six moments for all roots

have been ccmputed. for m=2t... 17. They satisfy the

checks mentioned. j.n $7.1. In APPENDIX l+ we give a table

of the stand.ard.ized. cumulants, rather than the moments

about the orlgin; the cumulants being conputed. from tÏre

þrtS in the usual flâIl,-Iê'rr These standardized cumulants

are used in APPENDIX 5 to compute approximate percentile

points, usi-ng the Corni-sh-Fisher inverse expansi-on.
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(-1)tåil ([åi]+tåil
tåi¡

t

, otheru¡ise.

From (4.9) and. (4.g) of CH.APîER 3, the C.D.F.f s,

FÍ') , are the foll.owing linear combinations of the

ñ-firnc ti ons;

n(m)-6

where

O , irj both od-d.

arJ

= ,1"âs-t 't-'flft) ' (s=1 , o .. ¡rû) e

The sane relatlons hold- for the P.D.F. r s (see (3.2¡,

CIIAPTER 5) and. the moments (see (f .B¡,
given 1n the following tabl_e.

coEFFrcrENT OF F['" ]N

CHAPTER 7), and- are

n(m)^s

!

s\u m-9 n-B m-7 m-6 m-5 m-l+ m- m-2 m-1 m

m-4
m-3
m-2
m-1

m

(tfre entnles above the diagonal are aIl- zero)

This table can be used for any n(1O by uslng only
the submatrix formed. by the l_ast m rows and_ columns.

e.gr when m=3t

m-9
m-8
m-7
m-6
fi-5

1

1

-h
-J+

6
6

-4
-4

1

1

1

o
-4

o
6
o

1

1
2
z

3
3)

-1

1

o
-3

0
3
0

1

1

-2
-2

1

1

1

1 1

I
o

1

I
J

-1

I
o

-2
o
1

-¿,r
o
1



13)+.

F1

Fs

1

0

fl1

Ë2

Ît"

F2

o

o

1

o

1

'l

t

NorE: The inverse relatlonshlp (see (h'tt) and' (4'te¡'

CHÄPTER 3) can be obtainecl from the above table slmply by

multipJ.ying all elenents in the i-th d-lagonaf by

(-r ¡ tå(i+t ) I 1trr" o-th diagonal is the prlncipal

d-iagonal, tþe 1-st is the one immed-iately below, and- so

on).
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APPENDIX 2; T-ables of coefficients for the , î-functlor¡s

For each m (<t o) , the

coefficients of the functions

1t!') (x) = c"v, (x),

where

tables below give the

vs r such that

v( jrl)xte'-s+1- l (x)n¡ (x),

), and. for s=2, '. o ¡IIt

v' (x)
m-S+ts4

J=o

qä 1Qñ 1 (""

I o

and. cL

cs

In c1-, qn i-s the constant coefficient of fìr in ltt
and as usual, the functions g and- nJ are:

q(x) = ercp(- ,,f=),

nr¡(x) = oå(x), esJ*r(r) - o1 (x)oå(x),

where

or (x) = ,pk (v) ¿v.

-oo

Thus arl(*) = (zo'¡Li and. e"J*"(-) = zLGo)å(i+t).

NOTE: Complete tabLes for s=1 ,. o n ¡tn are provid.ed. only

for m=2t...16. For m=7rB the first half are givene i.e.
s=1 r..rrl|(m+1 )]r ancl for m=!¡10 only s=1 .

ïn fact only the s=1 table need- be given for each m,

þecause the tables for. vs can be obtained. from vr by

applying the mapping T"-:_; i.e. vs - Ts-, (r, ) - see $5"J.

-crQ. - t (-)

crQs - 
" 
(*)

r IItrs both even

, otherwise.
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ryZ:,

m=3;

m=4:

Þ-J

10

s=I

s--3

rlJ 10 í/1

I
0

TABLES OF T'Ib COEFFICIENTS V(J.i)

g=1 s=2

0 í/J 0 ilJ

s=2 s=3

1
0

2
I
0

2
I
0

3
2
1
0

\
3
2
L
0

10 ilt
3
2
I
0

210 Llt

r/J

210

s=2

s=l+

ilJ

r/t

I
0

2r0 2L0

2
1
0

2

-1 -I

-2

-2
1 1

-2
I

-1 -t

-1

-1 -1
I

-,-
-1-1
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t=53 g=I

s=3

!r-

s=1

g=3

g=2

3210 í/J

ilJ

rlJ

32r0

3210

rlJ

h
3
2
1
0

5
\
3
2
I
0

3
2
I
0

s=l+

3210 TlJ

2
1
0

3210

I
0

n=6;

5'l+3zro 5l+32r0
s=2

s=l+

5,+3d.

rlJ

rlJ

6
5
l+

3
2
I
0

l+

3
2
I
0

ilt
5
4
3
2
1
0

5l+3zro i/J

3
2
1
0

6

-1
-1ô
-1

-h
-1 -9

6

-1 -8

T2

-à

-8
-1

-10
-9 -9

L2

-1

-l+
6

. l+B

. 6 .-2L
-28 .-T8
-5 39
. -50 . -Tl+
'-232-2 .-22 .

-l+

-2
-å -3

-2

6

32

3;-;

-2]-

-6

-)+

Ll+h

5o . -?\

-r6
-5

-l+
L2 . -l+Z
.-$6
.39 -,

T2 l+z

3;

-à

10
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m=6; gg. s=6

5l+3210 í/1 5b3210 L/J

I
0

2
T
0

u=T.; s=L

s=2

765t+3 2 L 0 ílJ

76ítr

76r'+

3 2 TO ill

i/J

7
6
5
l+

3
2
I
0

,
l+

3
2
1
0

6
5
l+

3
2
1
0

E=.

3¿, 1

-3
-2-2

-3 -2L6

-2
-6

-l+8
-33

-lt

-78
-6o

-2

-3

22 102\

360

-3
-8

_27
2\2i
-'01

16se
-ur:

-65t4
-56t+

zuó
.,,? -120

-585

-\¡6

-2r5

-ri-3 -zOl+

-33

-6

360

-56i-6o

-585-3

-8 2l+21+
-6 -60 -l,6t+

-t308
-6

r080

-l+

_Lr6 32"t6
-\56

-zt6o
-rr?0

720
-510

-1hh
-66

-4

0



m=T;

765\3

139"

2 ]- 0 ilJ

1 0 il1

s=l+

s=1

l+

3
2
I
0

m=8;

98765l+32

98765l+32

sE2

i/J0I

I
7
6
5
l+

3
2
I
0

'l
6
5
l+

3
2
I
0

-510 -1170

-t+56 -5dl

-66-6

1080

-60-6

-8
1

' 5760
" -L620

-L5L2O
9t+5

. -Ll+262
' 25l,+l+

L6092
s6oo

. 8Lg22TB-6

?o 8?0
-r59-r-20

5l+o-60

20

-20

i

tt:

-28
3l+

-¿é.
2

6

72
36

" _1990

-396
h33

56BB
86ro

-2280
5580

-9s\

-60

70

3l+1 \33
¡

251+l+

3T8 9\5

5h0 -L620

8T0 Mro

5 5 80

-1980

3600

2

36I



m=8; s=3

s=h

s=I

'll+O.

1

I rJ ilJ

987651+32 tlJ0

6
,
\
3
2
t
0

5
l+

3
2
I
0

98765t+32

æ9¡

L2 11 rO g I T 6 
'...

ilt
9
B

7
6
5
h

3
2
1
0

. . -180 1620

.-2L6 .-2952

. 72 716

. 23oho

. -h860
t+súo
18go .

. -28521+. zrt+\
L6Og2 .496

.
h
2

-20 -28
8?o

-3L92

-2

2
. -4l+ LI376

86ro
-2\0

TO

. -lg'*ó
-681+o
il]60

2 zr't+\

1890It160

?0 86roBTo.

722

t6zo -59h0 -4860

716

-180

. 4o3zo

. -r89oo
l+5oOo

-5190. rl+tl+92

æ11I
720
-2'l

738
-8\

2l+

-150-30

5676
rLl+

2l+

l+68

I

r?28ó

1?5\h
rl+l+

59l+0
-150

25;
_87

-2ssó
-tt1



383232

-l+81950

151200

\8682

108288
29\912

:t+8296
r88r

r188000
6z6zz

ra6rl+ho
116580

-106110
657r\o

-\zo66o
gouB5

)+g68oo

35280
-68g4o

-t+zjZ5o

-zo16oo
-66t o

141 .

m=9;

3 2

L, r\ 13 L2 tl

s=l (continued)

1

10

rlJ0

9
I
7
6
5
l+

3
2
I
0

l+

m=10;

rlJ8...9

r)+
AEL)

-z\o
]L95

7

zl+o
\l+l¡

6tz
555.

rh

zzz:'9
L28t9

-:-:z6o0

,g>¡ro
16816o

6o8t6
3921t

10
9
B

7
6
5
ri

3
2
1
0

80
85

LlJ3.. .

10
9
B

7
6

,
l+

3
2
I
0

46

3'16
6oz

\z
L5

-z6z
570.

\z
5

6szz,+
12288

hr6

1050
180

s=I (contÍnued)

5

z>zl+z\rg:60 273L762

-1?388oo25200O

ggergtt,
307923

T?3BBO
t+Bzgz

r>¡eEà
tj6slz

9\29318
::o6s=69

ro6s6¡oó
t+l57ozS,

3131130
tzo56z5

r9l+t:s9o
679oojo

-rcxzo
tßi73r,

-3178\o
333h905

-nh66ooo
-:,69ot+75
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0

n=10; s=I ( contÍnuett)

í/J

L0
9
I
7
6
5
b

3
2
t
0

2 1

6

L96560o

8\gII\9

-2281+l+r2}
l+zg7Oz5I+

::ot+6L96
zS:rot+ïrà
-9\szr84

Uzet+t5So

-2ggogo7o
1236rl-\0

8325630
_L7t+t567,

-sehszLoó
t\982975

9676B00
-\ol+lr6oo
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APPENDIX 3z lab1es of the coefficlents for fÍt).

The P.D.F. of the largest root is given by

r[') (x) - h,p(x)u(x),

where u(x) = T;t ¿ u( i,i)xte'-r- J (x)n¡ (x).
J=o l>o

the firncti ons g anÖ nJ are iLefined. in APPENDTX. 2 and.

km is the normal-LzÍ-ng constant;

þ(m+a)
i.ên çr = *

n
II r(å¡).

tJ

the fol]-owing tables give the coefficients u(jri),

for' ..-2t...¡10e which are scaled. so that their greatest

eommon d-ivisor is unity; the scale factor is d-enoted. by €.

TABLES 0F THE COEFFICIENTS u(.i.1).

m=2i o=1, m=3i ê=4,

10 r/
1

0

210 t/
2

0

I

m=4; €=4, m=51 e=16,

42r0 v 210 1

4

3

2

I
0

2

I
3

2

1

0

. -r2

.6
6 .-26
1,5
.4

6

3

2

1

1

I
I

-1

6

1

6

1

6

-4

-3

6



-r23

;
l+¡

l+ -128L6

B t+6

3

30

3 -30

-138

-90

90

-6

144.

m=6; e=32,

6 \32 I l_

,
h

3

2

I
0

m=T i "=384,
B

m=8; e-768,

. 360

. _60

-768

5t+

. -1088
Dq. É/

-\o

-120

30

-72
2

50l+

-318

-\\o

0

-120
L65

IB}+

-256

12h

I
I
l+

6

,
l+

3

2

1

0

-Ð+

6

I

2

]-2h6I10 0

7

6

5

l+

3

2

I
0

6o " -L26o 6soo

. 8l+o -)+ZoO

. -90 . -99o . -9'l2O

\z . -232 -2ol+ -38o\o

-6 .-1?l+ .-L998 .-t377o
. 36 , -\52 . -ztt+B

" -3 -Bl+ -95L

)260;
:.8765

-r8g5;
-5382

-22010

-6¡oo

. -119776

. 122BB

-9030

25500

16

-3

L2600

-?830

-1510 . -25280



r45
m=9i ¿=)216 ¡

I10

m= ontd.

h

m=9 contd. )

0 1

I
7

6

,
l+

3

2

1

o

(

6

B

7

6

,
\
3

2

l_

0

(

I
7

6

5

l+

3

2

1

0

-8 -]t92

16

-ùl

-21+

56

-208-8

-12020 t620
96o

-592 ;2gg;
_\sz

-13032

-992

-60;
5z

-l+s6o

-680

-23520

-rl+ho

-27008 -2r8581+-l+Szo

-79%6

-\rz8
-eregol+

-8t+zj6

-rruoå
-?181+

2Or92O0

-680s\o
-59361+o

-r8\:60

-zzrBSo

-105600

,lrelyreå

-l+:9800

zo16oo

-I89oo
-26880

-50l+0

-l+O3ZOO

r89ooo

t628zoB

-26,+>16

5.ãr+288

-r+9ztzo

-re864o

-8r¡aho
l+680

100800

8r9oo
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m=LO; e=73728,

1l+ t1
9

B

7

6

5

l+

3

2

I
0

(m=10 contd. )

l-B 6 l¡.

9

I
7

6

5

\
3

2

I
0

_t5

-L392-l+6

-t260-l+:

-90

12600

-\6

-138

-L'
-3834

_390

-188016

-T1l+0

-3012

-L2r5

-20699\
'2253o

-138

-l+¡

-518550

-2237LO

-8h330

-a3,685

-6.t20

-8295

l+80

-l+35

Bo6\o

-BzB\:

-58æ2 -6o6o>6 -6\\r906

-h¡s6oo \76z\oo

-l.8867t2

-59100

-ZLBO79't+2

-6:.o6l.

-18?9800

-]IlggBo

-zl+8rso3o
_\l+59?5

-79h05380
)+:rhTr5

-g8z66>o

-7r:99>5

465L29LO
jz668o

-g?Booo

-3228'.1'

rrs16ooå

365l:0075

-ro58l+00

-r888\25

(continued. on next Page)
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( m=10 contd. )

2

9

B

7

6

5

l+

3

2

I
0-rU6rl+BB 50331648

-6ts66gl>

-15876000 1190T000

-55759\70
256L6'.to

::ogjzzoSo

\sbso\oo

-69\\go\o
3755520

6z19z:-so

nBTgrogo

L937i6r,o

LOT255925

-16¡>l+t+>o

-t+:;Slo>5o

zEBrhooo

-2390850



APPENDIX 4: Table of stand.ard.ized. cumulants.

let rcn (mrs) d.enote the h-th cumulant of ¡rs

("=1r... ¡Itt) whener âs usual ¡rn( o. r(g1 are the roots of

the matrix in case (C) of S1 .'1 . The fo].lowing table gives

the mean (p) , stand.ard. d-eviation (r) , skeuness (y" ) ,

kurtosis (v, ) and. Ts and. T+ (where lr=Kt, ,=*rt and-

Tn-z - o- non, h>3) for m=2r... ,7. For each m llue only

consld.er s=1 r . . . ,l-L (m+1 ) ] because of the symmetry between

)¡s and- Íro-s+ri erg. rcn(*rm-s+1)=(-1)hrcr,(*ru). [hus

ÍtTzsT+ are symmetric (artd lf,ty.-rys are skew-symmetric)

with respect to ¡rs ard- V¡n-s+1.

.1038627

. rl+82903

.0000000

.L'ß\856

.ot+\5662

.20:-7306

.o79l:637

.o225o88

.210611_3

.o895su

.03682T1

.0000000

\z

.o22to36

.ohrrl+e\

.0000000

.o55209L

.0005628

.0?\21+3h

.0071307
-.006r?53

.0810095

.0100827
-.0052851t
-.0085936

148.

Ys

-.0154T60

-.o]-I7557
.0000000

-.0053930
-.00h?\01

.0066111
-.0065723
-.oo25259

.0116T06
-.0063828
-.0039r11

.0000000

Yt+

-.oæ5r6t+
-.035ß96

.0000000

-. oho513T
-.0005530

-. ol+15016
-.00390h?

.0030297

-.0ì+0351+9
-.00\9730

.Oo2l1.OT2

. o039Bl+5

ms
STAIÍDARDI ZED CIJMUT,AIITS

UoYr

2I
3l-
32
l+r
't+ Z

5t
52
,3
6r
6z
63
7t
7z
73
7l+

1.2533141

2.07296\9
.0000000

2.7187709
.8387997

3.26668Ð+
:.S0I+5056

.0000000

3.7502003
2.0T06690
.6lo\lz6

h.18739h?
2.5T}58BB
r'2\272L)+

.0000000

1.195\931

r.0967299
1.0000000

1.0355610
.9r23r22

"992j:0)6
. Brarzl+e
.8300?77

.9587?l+B

. SrgBhu

.77%966

.93193\9

. T9o5411

.T\3j\99

.ßo9r\5

.l.899723 .0658735 .0009058 -.oh183l+2

.o6h\\94 ¡oo38rz\ -.0062197 -.002)+135

.oooo00o -.0056986 .0000000 .0030600

The cumulantÊ were computed from the moments: the

moments themselves being evaluated as descrlbed 1n CHAPTER 7

(uslng the tables 1n APPENDIX 3).
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Annnoxi te nercenti].e uoints.

TVe d_enote the d-percentj-1e polnt of the s-th roott

Vs r by x" (o); i.e'

P*[y" ( xs(")J = d. (oco<1;s=1 v...eIî)'

The following table gives approximate values for x, (ø),

computed. from the stand.ardizeð, cumulants 1n APPENDIX l+ via

the Cornish-Fisher inverse expa¡sion Isee ê.$. ABRAI4OWITZ

and. srEGrrN (1965) , P.g35f .

The values tabulated, are the approximate upper and-

l-ower 1%, 2,9o, fÁ, 1Ø, 2fÁ and. 5U/" points of Ís for

"=1 r 
... ,l|(m+1 ) ] and. ,s=Zt,.. eJ.

APPROXIMATE cr-PERCEIITILE POINTS.

d= d= C,=. 1 æ
21
3132
4,142
5'l5253
6.16z
63
7 ''l

727374

-1 .)+385

-.3614
-2.3264

,l+789
-1.2552
1.O940
-.1+506

-1.9299
1.6584

,2117
-1t1284 ..

2.1599
,7841

- "4655-1.6988

-1 "o3o2
.001 6

-1 . 96oo

"77il+-.9309
1.4127
-.1507

-1 "6265
1.9659

.4952
-.9495
2"4550
1.0553
-.2Q11

-1 "4321

--6759
"3179

-'1 .61148

1.0695
-,6509
1.6916

.1091
-1 .3651+

2,2311+
,7411

-,6066
2.7137
1.2910
.a276

-1 .2023

- .2634
.6878

-1.2816
1.1+1l,+3
-.5262
2"O192

.4109
-'1 .06h1

2.5461
1"0273
-.3269
3.O182
1.5655

,2925
-.9372

.4367
1,32OO
-.6745
2.OO59

.2199
2.5826
.9206

-.5602
3.Ogg3
1 ,5118

.11127

3.5435
2"O31O

"7383-.4935

1.2320
2,0452

.0000
2"68q1

.9324
3.2346
1 ,4951

"oooo
3.717tr
2.0597

.6675
4.15¡i1
2.5J86
1.2381

,0000

(continued. on next page)
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APPROXIMLTE c-POfNfS (contcl. )

Cf= g=

5274
4
2

5
2

5
3
I
6
4
2

6
4
2
1

2't
3132
41
42
51
5253
616z
63
7'1-7)

7374

2.O472
2.7962

.671+5

3.:989
1"4508
3.916]-+
2"0783

,5602
4.3768
2.6177
1.1949
4.7 956
3 "O972
1.71+21

"4935

2 "7 984
3.4950
1.2816
4.0637
2.O122

4"5565
2"6104
1 . 06¿Il

l+.9976
3.1284
1.6716
5,4005
3 "5913
2.199O

.9372

3.2556
3.9233
1 .6\)+8

4.4729
2"3501+

4.9516
2.9319
1.3651+

5.3814
3.4377
1.9575
5.7751
3.891o
2"4737
1.2023

3"6565
4.3007
1 "9600
4"8345
2.64+8

5.3O12
3.2126
1"6265

5.7216
3.7O82
2.2060
6 " 1075
4. 1534
2.7127
1.4321

45e
26l.+

A¡l

.7
2..)

.2621

.9886

.7156

.541 0

.g2gg

.1253

.o251

.4952

.5023

.4613

.9913

.6gBB

For the other roots we can use the symmetry between vs

ln-s+1r which in terms of the C.D,F.ts is

Pr[y.-6r1 < xJ - pr[y" >

and. so xm-s *" (o) - -xs ( t-o) .

and-
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