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SUMMARY

This thesis deals with the mathematical structures of
the marglnal distributions of the ordered roots of a class
of symmetric random matrices. This class includes

(A) the multivariate beta matrix,

(B) the Wishart matrix with unit variance matrix,
and (¢) the matrix whose lower triangular elements are
independent normal variates with zero means, and variances
of 2 for the dlagonal elements and 1 for the others.

In the first three chapters we consider the general
class, looking at two different approaches to finding the
marginal distributions. The first approach (CHAPTER 2)
uses the reduction method of ROY (1945), and the second
approach (CHAPTER 3) uses a system of differential equations
as in DAVIS (1972). The formulae in CHAPTER 2 express
certain m-fold integrals in terms of (m-1) and (m-2)-fold
integrals, which can successively be reduced to single
integrals. However a large number of terms dre produced,
and for our purpose, most of these must be simplified
further. Our main use of these formulae 1s in proving a
theorem in CHAPTER 4. In CHAPTER 3 we present a scheme
for calculating the distributlons (of each root) recursively.
This metHod reduires that the integrations of the prob-

ability density function be carried out ih each cycle.

(iv)



In the remaining chapters of the thesls we deal ex-
clusively with case (C) above. This 1s treated in detail
because firstly it is simpler than cases (A) and. (B), and
secondly the results obtalned may possibly generalize to
the other cases. In CHAPTER U we find the basic algebrailc
form for the distribution of the largest root in terms of a
certaln space of functilons. Instead of using the recursive
scheme of CHAPTER 3 for the remaining roots, we show, in
CHAPTER 5, that the distributions of these roots can be
deduced by applying certain operators to the distribution
of the largest root. The operators are applied to the
functional expressions found in CHAPTER 4, and then known
linear combilnations of the resulting expressions are taken.

In CHAPTER 6 we mechanize the recursive scheme to
compute the functions for the distribution of the largest
root. The method for computing the moments of each root 1s

demonstrated in the final chapter.
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CHAPTER 1: Introduction.

1«1 Background

We are concerned with the distributions of the
jndividual ordered latent roots of a particular class of
symmetric random matrices. This class includes matrices
of the Beta and Wishart types.

Let X = (xy35) be an (mxm) symmetric (X=X*)
random matrix. The three main cases for the joint prob-
ability density function (P.D.F.) of =Xy, 1 <1 < j<m,
are;

(. —me Ky agp—
(A) const. |X|2(ni m 1)IIm-Xla(n2 m 1), (0<X<Ip; DNy ,Np2m),
1
(B) const. exp(-% tr X)'IXIE(n1 m=1) , (X > 0; n, = m),
and

(C) const. exp(- & tr X2),

where, as usual |X| is the determinant of X, tr X is
the trace of X, I, is the (mxm) identity matrix, and
X > 0 means that X 1is positive definite.

Cases (A) and (B) are, respectively, the multi-
variate Beta and Wishart matrices whose roots are used in
testing certain multivariate hypotheses [see e.g. ROY (1957)
and KSHIRSAGAR (1972)]. Case (C) appears as a limiting
distribution of case (B) as n, —» « [see ANDERSON (1963)]

and the marginal distribution of the unordered roots is of



2
interest to nuclear physicists [see e.g. MEHTA (1967)].
Cases (A), (B) and (C) can be connected by the

following transformations and limits;

Xp = n31Xp g = n,Ip + n,y 2Xg
> (B) ? (C).

(A)

Instead of treating the above three cases separately,
we combine them (where possible) into the general case
described in §1.2. This is done only in the first three
chapters. §1.3 introduces the notation to be used for
multiple integrals and the distributions of the individual
roots. Two approaches to these distributions are made in
CHAPTER's 2 and 3. CHAPTER 2 is concerned with the reduct-
ion formula approach first used by ROY (1945), and
CHAPTER 3 considers the differential equation (D.E.)
approach of DAVIS (1972a). A third approach, which we do
not consider here, is that of Krishnaiah and his associates
[e.g. KRISHNAIAH and WAIKAR (1971)] by vwhich they have
tabulated many percentage points of the distributions [see
e.g. KRISHNATAH, SCHUURMANN and WAIKAR (1973)].

CHAPTER 2 developed from a need to prove a theorem
given in CHAPTER l}, concerning the largest root in case (c).
Although ROY (1957), PILLAI and DOTSON (1969) have given
the reduction formula for the largest root in case (4A), and
that for case (B) follows by taking the limit as ng — oo,

the reduction formula for case (C) is not a straightforward
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limit (n; —» «) of case (B). Thus it was necessary to go
back and apply Roy's method to case (C). In doing so it
was found that no new difficulties arose in extending the
reduction formula to the general case of 81.2 (and for all
roots). The results obtained are given in THEOREM 1.
These are compared more directly with Roy's and Pillai's in
the subsequent theorems (2 and 3). In THEOREM L4 a simpler
reduction formula than the previous ones is derived. This
is later connected with some functions in CHAPTER 3. The
proof of THEOREM 1 is given in detail and is similar to
Roy's, except that we do not regard the functions as pseudo-
determinantse. In an appendix to this chapter we have
listed the distributions of the individual roots for
m(the number of roots) = 2 and 3.

Although the system of D.E.'s for cases (B) and (C)
can be obtained from Davis's of case (A) by the chain of
1imits indicated earlier, in CHAPTER 3 we give the D.E.'s
for the general case of §1.2. We then examine the
recursive nature of the D.B.'s, and in doing so obtain a
more basic set of solutions. These solutions are related
to the functions derived in THEOREM L of CHAPTER 2. An

explicit formula for the simplest of these functions 1is

produced and we see that it is related to the Pillai-type
approximations [PILLAI (1965)] of the smallest and largest

roote



L.

In an attempt to explore the mathematical structure
and properties of the distributions of the individual roots,
we seek expressions for them that have been reduced as far
as possible algebraically, as in DAVIS (1972b). Formulae
for case (A), and case (B) from the limit nz - o, are
given in Davis's paper for m < 5. Corresponding results
for case (C) could then be obtained from case (B) by taking
N, — oo However, it would require working with the most
complicated case (case (A)) first to push these results
past m=b5. As a first step it would be useful to do this
only for case (C), where there are no parameters such as
n, or nz, in the hope that it might indicate what
structure to expect in cases (B) and (A).  For this reason
we consider only case (C) in the remaining chapters
(4,5,6 and 7) of this thesis.

In CHAPTER l we deal exclusively with the largest
roots We find an interesting space of functions (Vg )
which forms a basis for the rest of our work in the follow-
ing chapters. To prove the main result of this chapter
(THEOREM 1) we need to fall back onto the reduction formula
approach of CHAPTER 2. This is done in the appendix to
the chaptere.

The distributions of the other roots are derived
in CHAPTER 5. Here we produce a sequence of mappings of
the functions in Vg These mappings are important

because the distributions of the remaining roots can be



B,
determined simply by applying the appropriate mapping to
the expression for the distribution of the largest root.
CHAPTER's L4 and 5 indicate the structure of the distribu-
tions in case (C).

For computing purposes, we show, in CHAPTER 6, how
the functions in V, can be stored by an array of co-
efficients (a matrix with special interpretations of the
rows and columns). The method of programming the necess-—
ary steps to compute, recursively, the coefficients for the
distribution of the largest root is then given.

The problem of the moments of the individual roots,
and their computation, is covered in CHAPTER 7. The se
moments supply approximations to those in case (B) if n4
is very large.

Tables for the distributions (for m < 10) and

moments (for m < 7) of the individual roots are provided in

the final appendices. These appendices, apart from the

first; apply only to case (C).
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1.2 The class of random matrices.

We consider those real symmetric random matrices
X(mxm), whose ordered latent roots (yp<...<y,) have a

joint P.D.F. of the form

m m
khigiw(YI)igj(Y1‘YJ)y 8<¥n<e e o<y <D

P(FiseeesVn) = (2.1)

0 , elsewhere,
where Xk, is the normalizing constant and a,b are the
end-points to the range of values of the latent roots
(with =c<a<b<w). The function ¢, to be specified in
more detail later, is positive and differentiable over the
open interval (a,b)e.

According to (2.1), our class of random matrices

(X) is characterized by the class of ¢-functions we choose.

Cases (A), (B) and (C) of §1.1 correspond to (2.1) with

v(x) = X%(ni-m—1)(1_x)%(n2-m-1), a=0,Db=1,

x'12‘ (ni"'m"1 )

¢(x)
and ¢ (x)

exp(—%x) ? a O’ b = 00y

exp("‘z"xz) s 8 = =o0yb = oo,

respectively. We include these cases by considering the
class of ¢-functions-given by the weight functions for the
classical orthogonal polynomials. Denoting the polynomial
of degree k by Qx, Wwe have from Rodrigues' formula

[see ERDELYI (1953), p.164]



i
()92 (-1 [(0 ] Exw(x)[e()]*], (20),  (2:2)

where ¢ is the weight function and g 1is at most a
quadratic polynomial such that the function ¢g vanishes
at the end-points a and D. (g(x) must then be of the
same sign, positive say, for a < X < b). In (2.2) the
standardization constant has been chosen to be simply (-1)%*.
Becsuse the individual coefficients of the poly-
nomials @ and g are frequently used in later chapters,

we write

Q4 (x)
g(x)

il

S } (243)

gaX2+ g,X + &o

The three types of weight functions, together with
their Q; and g polynomials, are detailed in the follow-

ing table.

TABLE 1.

THE CLASS OF WEIGHT FUNCTIONS FOR (2.2).

INTERVAL WEIGHT g(x) Q1(x) REMARKS
TYPE e | b |FUNCTION, V(x) |= g2x®+g1xtg0 =q1X%-Qo
A(beta) 0 1 x¥(1-x)V x(1-x) (p+v+2) x-(p+l) [u,v>=1
B(gemma) | O ® exp(-ax)xH x ax-(u+l) azol
u -
C(normal) | —= ® exp(-tax?) 1 ox a>0
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The orthogonal polynomials associated with TABLE 1 are
essentially the Jacobi, Laguerre and Hermite polynomials.
In terms of the parameters U,V and o of

TABLE 1, the normalizing constant of (2.1) is

m
im TT T (vt +5 (m+i))
| T T (e ()Y |2 Tor TR A
j=1 =
im mp+im{(m+1)
o _J i il , for TYPE B,
- m
Jgi[P(%j)l‘(M%(jH))]
o(}-m(m+“l)
B — , for TYPE C.
2 jEir(EJ)
(2.4)
For the special values
b= $(nyg-m=1) l
v = $(ng-m=-1) (2.5)
o = —12-

(2.1) becomes the joint P.D.F. of the ordered latent

roots of the matrices given in §1.1i
An alternative &lass(of weight functions), which
includes those in TABLE 1,. can be obtained by considering

(2.2) for only k=1. The equation can be written as

& vo - [ Lol = feamal 1y 0o, (2.6)

g2X® + g1X + Bo



9.
and so ¢ is a Pearson curve [see KENDALL and STUART
(1963)]. The class in (2.6) includes three more main
types of weight functions, for which the R.H.S. of (2.2)
for k=2 fails to be a polynomial of exact degree k.
Fixing a,b and the g-polynomial, the table
below gives ¢, from (2.6), as a function of @, (whereas

in TABIE 1, @, was a function of ¢).

TABLE 2

THE CLASS OF WEIGHT FUNCTIONS FOR (2.6).

TYPE CONDITION ON |INTERVAL| g(x) = WEIGHT REMARKS
g(>0) ,0=g?-lgog,| a | b |gex*+g1x+go| FUNCTION, ¥(x)
A g, <0,A>0 | 01| =x(1-x) <30-1(_x)21~20-1  191>90>0
-1
B g2 =0, A#0 0 & X exP('le)xqo d1,30>0
C g2 =0, A=0 | == | 1 exp{-1q1(x-q0/q1)?}{a:>0
- = (qytqe¥
D g >0, 050 | 0w | x(1+x) [x* L(14x) (ar*ao l)q1>-l,
q0>0
—{q,t
E g2 >0, A=0 0| = x? exp(-qq/x)x (a:+2) a1>-1,
qo> O
F g2 >0, A <0 | —» | o 1+x*>  |exp(qoten 'x) q1>-1
-1
(l+x2) z(q1+2)

Note that for each of the welght functions in TABLE 2, the
function ¢!'gd 1s again a weight function with the same

g-polynomial in (2.6), and is therefore of the same type as
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¢ (the values of i and j would be restricted to
correspond with the last column of the table).

Although the last three weight functions (or special
cases of them) of TABLE 2 have particular names when
connected with the P.D.F. of a random variable we will
simply refer to them as TYPE's D,E and F.

In the following chapters, ¢ will be a weight
function from either class when we use properties associated
with (2.2) for k=1 or (2.6). If we use the orthogonal
polynomials (2.2) for k=2 then we are restricted to the
original class (TABLE 1).
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1.3 Marginal distributions as multiple integrals.

Firstly, we make two general remarks with regard

to notatione.

REMARK 1:

REMARK 2:

The variables (roots) ¥iss.+,¥yn @appearing in
functions are sometimes written as a column
vector y (= (Ygseessyn)' € R®). We then use
a superscript (m) to indicate the number of
roots. Functions of one variable, usually Xx,
dealing with the s-th largest of m roots,
carry a subscript s as well as the superscript
(m).

To indicate a function's dependence upon the
weight function ¢ we may include it as a
parameter. For example, we may denote the
joint P.D.F. (2.1) by p‘®)(¢3y) and the
normalizing constant (2.4) by Xz (¢). We
usually do this in the definition of a function
which holds for each ¢, but when we are con-
cerned with a fixed (known) ¢ this parameter

can be dropped.

As an example of the notation to be used for

integrals, we have

[ v B Gy (@) = ),

@m
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where (dx) = 1§1dy1 and 9™ 1is the domain of the ordered
roots;
i.e.
gm deffy e RBja < yp <eee< Y1 < bie (3.1)
The cumulative distribution function (CeD.F.) of the

s—th root, ys, 1is denoted by F{®); i.e. for s=1,...,m,
PO (y3x) 98f Priys < x}

p(m) (ysy) (ag), (3.2)

0 (s,x)

where the region of integration is
om (s,x) ¢t {y e R | a<yn<e s o <¥s <X, Ve<Vs_1<+es<yi<D]}

= fy e 2" |yssx]. (3.3)

The range of the vériable x is always a < x £ b, and so
it will not be specifically mentioned henceforth.

The marginal P.D.F. of the s-th root, denoted by
£(n) . chn be cbtained from (2.1) by setting ys=x &nd

integrating with respect to the remaining y's; 1i.e.

iAo e 1 .
(YI,i}és)

where the (m-1)-fold integral extends over the region

8 < Yp < ese < Vs a1 < X < Ys-1 <esoX V1 < b.
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If we relabel y; — yi., for 1 = s+l,.s.,m, the integral

can be conveniently written as

£ (p50) = (-1*"4k ¥() "I [0 () 1T Goews) (o),

en-1(g,x)

(3.4)

where

en-1(s,x) ‘2f {ye -1y € X < Fsugly (B=1,000,m)e
(3.5)

Clearly, from (3.3) and (3+5)

" (s-1,x) C 9" (s,x) and (3.6)
€8 (s,x) = 2" (s,x) - 2 (s-1,x), s=1,...,m+1,} )

where, for convenience, we have defined
9" (0,x) ¢f @ (empty set), 9" (m+i,x) 48f 2*. (3.7)
Consequently,

| p{®) (y5y) (ay) = Fm)(y;3x) - F{®) (y5%),
e®(s,x)

1

o
-

txj

(S=1 ‘o e ,m‘+‘1; Fgm)

This result is used in the next two chapters.
REMARK 3: In expressions such as (3.4), where ¢ is in-
volved for both m and m-1 roots, it is an

‘advantage to consider ¢ as being independent



1.
of the number of roots (as in TARLE's 1 and 2).
Having obtained results for the TYPE weight
functions (of $1.2) we can substitute (2.5) to

give the answers for the corresponding cases of

§191°
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CHAPTER 2: Reduction formulae for the distributions of all

roots.

2.1 Outline.

In this chapter we approach the distributions of the
individual roots, ¥Ym < ees < yi, Of certain determinantal
equations, via "reduction formulae" of the type considered
by ROY (1945). We consider those determinantal equations
for which the joint density of the roots is proportional to
1§1¢(y1) 1§J(y1—yj)’ where ¢ is a weight function of the
class mentioned in §1.2,

Typically, a reduction formula is connected with an
m-fold integral (over a particular region, ® say) of the
determinant of an (mxm) matrix whose element in the i-th
row and j-th column is ¢(y;)y3!, where r; (i=1,...,m)
are non-negative integers (usually T, >e.e> Tp = 0). That
is, a typical function is f|¢(yj)y§1|(dz); it is proport-

| R
ionael to Pri{ye R} when r; = m-i (i=14eee,m)e

ROY (1945) covered the case when ¢(y) = (i.e.

1+y

a TYPE D weight function; see TABLE 2 of CHAPTER 1) for
Priy,<x} amd Priys; > x} (s=2,...,m). As noted by the
following authors, ROY's formulae for s=2,...,m are in
error. PILLAI and DOTSON (1969) gave reduction formulae
associated with Priy; < x}] (s=1,2) and Priy;>x} (s=m-1,m)

in the case when ¢ is a beta weight function (i.e. TYPE A).
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This case was also treated by ROY (1957) for Priy, < x}l.

Using a different method, NANDA (1948a) derived
similar expressions for Priys < x}] (s=1,...,m for
m=2,3,4 and s=1,5 for m=5), again for a beta weight
function. As a limiting result of these probabilities
NANDA (1948b) obtained corresponding expressions with a
gamma weight function (i.e. ¢ of TYPE B). Although he
stated his method is applicable to any number of roots, a
general reduction formula was not given.

In §2.2 we produce a reduction formula (THEOREM 1)
associated with Priys < x < ys_a1}s for all such roots and
for any weight function in our class; the proof is detailed
in §2.5. This immediately leads to corresponding eguations
for Priys < x} and Priys > x}, which are given in §2.3.
In §2.4 we consider a special linear combination of the
functions associated with Prfys < x < ¥ys.,}e For
ry = m~i(i=1,...,m), these new functions, when expressed
as linear combinations of Priys < x}, are seen to be the
same as those derived in CHAPTER 3 using a different
approach (viz., a recursive scheme involving a system of
differential equations.)

The marginal distributions of all roots for m=2 and
3 are given in the appendix to this chapter. The proof of
THEOREM 1 has been extended to the distribution of any pair

of ordered roots, but the results are not included here as

our immediate interests lie only in the individual roots.
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2.2 The p-reduction formula.

As mentioned earlier we consider the function

[ |¢(Y3)y§’|(dx). In the notation of §41.3, ROY (1945),
R

PILLAI and DOTSON (1969) took the region ® to be either
9% (s,x) or 9°-2®(s,x). In this section, we choose R
to be €&®(s,x) = [y € lea<ym<...<ys<x<ys=1<.‘.<y1<b}.
(8=1,.00,m+1; Yo=b, Ynss=a). Note that the &'s are

S
disjoint and that 9%(s,x) = tu em(t,x),
=1
m+ 1
=9t (s5,x) = U EB(t,x).
t=s+1

Thus, we wish to find a reduction formula for the

function

P$™Y (Y5 {rsseeestn }5%) ‘“i’f [ (v)vst] (ag),

E™ (s,x)

(m?1,8=1,.'..,m+1), (2&1)

where ¢ 1is a weight function and the parameters

ry; (i=1,...,m) are non-negative integers. Note that the
pgm)—function is skew-symmetric in the paramgters

ry (i=1,...,m), and so is zero if any of them are equal.
Without loss of generality we may assume I;>Iz>ee>Ip 2. 0.

For the special values, ry = m-i (i=1,...,m),

m
ly3t| = lgj(yi-yj),
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and so from (3.8) of CHAPTER 1,

(M) (g3 fm=1,+.4,1,0}5%) = kot [FER) (g3 x)-FEm) (¢5%) ]
(8=1,c0s,m+1), (2.2)

where F(®) 1is the C.D.F. of the s-th root (1<s<m),

with F{®™) = 0, F{1)

= 1.

Hence the reduction formula to be given in the foll-
owing theorem, provides a means of calculating the R.H.S.
of (2.2), and thus of the C.D.F.'s themselves. The theor-

em may be compared to lemmas 1,2,3 and 5 of Pillai and Dot-

SOnNe )
THEOREM 1: (the p-reduction formula).

Let m>1, 1<s<m+1 and ri>...>rm>0 (or ry21 if m=1) s
Then
Pgm) (3{ry,004sTn }5x)
= (Q1-(P1-1)gz)'1[Agm)+B§m)+(qp+(r1—1)g1)0gm)+g0ng)],
(2.3)

where

Afm) = (-1)SW5(¢g;r1-1;a,x)[pgm‘i)(...)+pgﬁ11)(---)] (2.4)

and  (...) = (Y30ra,eee,Tn i3X),

0 , m=1
B{™) = { n 2.
s 23 () N g eam-13a, 00D (o)

+W(yRg;ri+ry-13%,0)p{%-2) (o) ], m22

and ("') = (‘/’;irz""9r1-11r1+1s""rm};x),



c{m) = ( 0 , ri-1 =7rp (2.6)
L,O m)(sb’ r1-1 rZ""’rmz;X) 9 rj_""1 > Yoo

, iy=1 or r;-2 =1ry OI I
(r1_1)pém)(¢ {r1-2,r2,...,rh};x), r,~-2 > Iy (2'7)

_<r1_1)p§m)(¢ {Pz,fi-Q,---,nn};X), r2>r1’2(>r3):

and qQ,,d0 82,8158 eare the same as in CHAPTER 1,
i d
iees (@ux-a0)¢(x) = - Fxi(gaxP+e:x+go) ¢ () I

Furthermore, the functions W, and W are defined by

Wo (E;r;L,U) 48f g(U)Ur - g(L)LT, (2.8)

and

W(g;r;L,U) 2&f /Ua(y)yrdy, (2.9)
L
where r>0 and £ is any function on (a,b) such that
the integral exists (a<L<U<b) . W and W, correspond
to an "incompiete peta function" and its derivative when &

is a beta weight function.

The proof of THEOREM 41 is similar to that in
APPENDIX 9 of ROY (1957), and is given in §2.5. In order
that (2.3) holds in the stated range of m and s it is

necessary to define

(m)
8

1, m=0 and s=1
{O , m>0 and s<0 or s2m+2. (2.10)

Note that
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(L) (e Sre 1ex) — W%t//;r;a,xg, s=1

pS (()b’ {I'I’X) . {W y/;l';x,b ; S=2 (2-11)
~The approach of the reduction formula is to reduce

the p{™)-function to p¢1) ~functions by successively

applying (2.3) to the A,B,C and D terms until they are

ZEYOs
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2,3 Comparisons with other formulae.

Equations (2.3) - (2.7) represent a reduction
formula for the difference of two consecutive C.D.F.'s
together with F{®) and A1-F{®>. To compare these
results with those of ROY (1945, 1957), PILLAI and DOTSON
(1969) it is convenient to nave reduction formulae
corresponding to the C.D.F.'s themselves, or their
complements.

So we define two more functions, of{®) and 7™,

by

0{%) (o0n) 92F 3 p(m (enn), 8 = 152,00, (3.1)
and

7{m) (L..) d:‘::Ziipgm)(...), § = 0,1,000,m, (3.2)
where (eod) = (P3iryyenesTn i3X)e

When ry = m-i (i=1,...4m),
o{®) (g5 {m=1,...,1,0}5x) = kgtF{™) (¥5%), (3.3)
(821,000 m+1;F0) = 1)

and
740 (g5 fm=1,...,1,0};x) = kgt [1-P{®) (¢5x) ], (3.L)

(S=O,o--,m;Fém) = O)o

Note that p{™ = ¢{m) - o{®) = 7{m) - 7{®).
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The reduction formulae for o{®™) and (™) are
almost the same as (2.3) - (2.7). Because of this simil-
arity the results are given in an abbreviated form in the

next two theorems.

THEOREM 2: (the o-reduction formula).

o™ (Y5 iry yeee,Tn }3x) = R.HS. of (2.3), (3.5)
where
AR = (=1)2W, (ygsry-13a,x) [of™ ) (coa)=cf2i2) (L00) ]
(3.6)

and ("') = (90;{1'29"'51'111 };X),

o
u—~
B
~r
]

(2.5) with the function name p replaced by o,
(3.7)

Q
~
a8
p >4
Il

(2.6) with the function name p replaced by o,
(3.8)

(2.7) with the function name p replaced by o, .
(3.9)

(=}

w o~
=]
~
Il

This theorem may be compared to (A.9.6.12) of
ROY (1957) (for s=1) and lemmas 1 amd 3 of PILLAI and
DOTSON (1969) (for s=1,2).

THEOREM 3: (the 7-reduction formula)

7$%) (Y5 {Pyseee,rn }3%) = R.HoS. of (2.3), (3.10)
where
Alm) = (=1)%Wo (Ygsry~15%,0) [78272) (voo)=T{"" 1) (L.0) ]

and  (...) = ($5{rg,eee,rp §3X), 2nid
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B(m) = (2.5) with the function name p replaced by T,
(3.12)

c{m) = (2.6) with the function name p replaced by 7,
(3.13)

D{®) = (2.7) with the function name p replaced by T
(3.10)

These results may be compared to lemmas 5 and 2 of
Pillai and Dotson (for s=m-1,m).

The proofs of THEOREM's 2 and 3 follow directly
from THEOREM 1 by taking the appropriate sum of the
A,B,C and D terms.

For (3.5) to hold for m21 and s=1,...,m+1 Wwe
need to define

oi®) = { (1) ; E;g 223 iié (3.15)

° ofm) , m>1  and  s»m+2. )

Similarly, for (3.10) to hold for m21 and

s=0,...3m We define

") =1 0, m>0 and s>m+] (3.16)

1 , M=0 and 8<0
{'T'gm) , m>1 and s<-1.

Because o{®) = p{®) and 7{®) = pf%) the of{")-
reduction formula is identical to the p{®J)-reduction
formula, and also the 7{®) and p{%)-reduction formulae

are identical.
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We now compare the o and wreduction formulae
with those of Roy and Pillai and Dotson. Since they only
consider the beta case, the D-term does not appear
(because go=0). The other terms for Priy,<x| and
Priys>x} agree with those in THEOREM 2 (s=1) and
THEOREM 3 (s=m). On first examination, THEOREM 2 (s=2)
and THEOREM 3 (s=m-1) appear to differ with respect to the
A-terms, in comparison to lemmas 3 and 5 of Pillai and
Dotson. The c onnection between each pair of A-terms is
obtained if we use Laplace's expansion on the first s-1
columns of the integrand of the p{®)-function; for

S=2,¢- v,m,

4 S—~1
DUBY (Y3 [0y yeensTa 13%) = By (=1)28(e)+ 2 (1)

xp$ 1) (§5 {Ta( ) sevesTas—1) J3XIPLESF ) (Y5 {rp(aysene

TR (h-s+1) 13%), (3.17)

where o(1)<..i<a(s-1) 1is a subset of {1,...,m},

B(1)<.es<B(m~s+1) 1is its complement and 3, denotes

summation over all ST1> possible subsets of a's. When
ry = m-i (i=1,...,m) this corresponds to equation (5.4) of
KRISHNAIAH and WAIKAR (1971).

With mom-1, s+2 and Ty-Pj,s, (3.17) becomes
m
P (§5 [ra, e epma 15x) = B (-1)1W(g37152,0)

(m-2
><0"1m )(w; {rzcoo'\,ri_i’r1+l’.'00’rm };X)-
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We then see that lemma 3 (Pillai and Dotson) and

THEOREM 2 (s=2) agree.

With mom-1, som-1 and ry-Ty,s, (3.17) becomes
Pn(lfzi) (¢3{rayeeesrn }5x)

m
= (_1)m 1§2(-1)1W(¢;1"1 §asx)7—1§f;2) (¢3 {1‘2,. oo g L1y sl g0
s o s Iy ;;x)’
and so lemma 5 (Pillai snd Dotson) and THECREM 3 (s=m—1)

differ by a factor of (-1)%-1.
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2,1y The >~reduction formula-

THEOREMS 1,2 and 3 are very similar and there scems
no advantage in using one in preference to the othersi In
general, the A{®™)-term of each reduction formula contains
two functions (such as pgm‘i) and péf;i) in THEOREM 1),
and if it were possible to eliminate one of these the
resulting reduction formula should be better than the
previous three (provided the B-term remains much the same).

In this section we show that this can be done by
using m+1 new functions, %ém),...,%éﬁl, say, which are
linear combinations of the p(®)-functions (and so of the

")  and <®)-functions). We denote the coefficient of

Pt in ™) by e{®}, say. That is,

me3

N (ce) B ofm) pf®) (1e),  B=teeemets (1)

(the actual parameters are not important at this stage -
they can be determined from the corresponding functions in
the previous sections).

0f course, we would expect the A(™'s to be inde-
pendent combinations of the p{®)'s and none identically
zero (i.es the matrix of coefficients has rank m+1);

Tt would also Pe desirable if we could extend the defini-

tion of the N™)'s so that %ém> =0 for s <0 or
s zm+ 2

Our aim is to find the coefficients of (4.1) such

that the A{")-term of the A-reduction formula contains
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only AP™-1) or (n-1)  (not voth). The first problem
is that there are only m a(m=1) _functions but m+1

AlM) _terms. We already know that in the p{m) (so{™)) and
péfl ={®))~reduction formulae the corrasponding A-term
involves p{®-1) and pim-1)  respectively, and in the

éfi( ="} )-reduction formula the A-term is zero. So
the simplest choice for our extra A-term above 1is zero
(for which the corresponding A-function must be ofi2)).
That is, we insist that Aém)(%) is zero for a particular

value of 8, say s=u (1susm+1).

Hence the overall condition on the 8's is

("'1)sw°(aoo)7\gm~1)(n..) 3 S=1’.'.,u-1
A{BY (N) = 0 , s=u (L.2)
(—1)Swo(...)ng11)(...) ,  S=U+1,ee0,m+1

m+1

Now A{®Y(N) = 3

2 olmlagm) () (from (Le1))

Wo(eve) z (-1)t=2[ci™), —ci"2
xp%m‘l)(...) (from (2.4)).

By using (L4.1) in (4.2) and equating the coeffic-

ients of pém*i) in the two expressions for Aém>(x) we

have, for t=1,...,m

ch;i) 9 S=1,noo,u-1

- (
(1)s=t+1[cl®), ~ei®1] =( O , s=u

OgT;f% ¥ S=u+1,...,m+1.
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This is the recurrence relation from which we must
calculate the c's. Firstly, we note that the relation
does not depend upon all three of m,s and t, only of
s-t and m+l1-s (say). If we write i=s-t, j=m+1-s
then the c¢;4; are defined for all

and c(mg

s,t T Cs~t,m+a=80

0< j<m, -j <i<m-j (for all m 3> 1), and the

recurrence relation becomes

~

01“1,J+(—1)101,J-—1 ] j=m+2-u’..|,m
Cij = ﬁ ci"iaj ’ J=m+1_u (L‘-'B)
[1+(—1)1]01-1,J » j=0,a-.,'m—u.
| —

(for =j+1<ism-j).
We take the j=m+1-u equation first. Now
Comets+u,m+s-u cCannot be zero (otherwise N®) = 0) and so

is equal to one (say).

N Ci,msr-u = 1 for -m-t+usisu-1,

(m)

and so A{™) = op,3 as we expected.

Before attempting to solve for the remaining c's,

we return to the definition of the A's. Equation (L.1)

can pbe written as

me- j (m

( .
‘NnT-:)L—J('°') = 13—;}015 pm+?1_-;)—1('°') s J=0jese,m,
(Loly)

and this is to hold for all m 2 1. Thus we see that the

coefficients (c's) are independent of m and are defined
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for all j = 0, 1 > —-j. We can immediately extend the

AN's Dby defining

O for s 2 m+2,

A=)
because the cyy's for J < -1 have not been defined
before. However, the cyjy's for Jj 2> m+1 are already

defined and so A" for s < O is defined as in (Lolt) s

If we seek a solution such that %ém) = Q for all m=> 0

then we must have cCy,psq = O for -m-1<i<-1, for all m=0.

But c¢i,p4s-u = 1 for -m-{+u<i<u-1, and so u must be
equal to m+1, for a consistent solution. That is,
%ém) =0 for all m> O implies that u=m+1 and A®I=0
for all s<O0. Also, Cjo = 1 for all i>0 and from
(4e3) co3 = 1 for all >0

We may now regard (4.4) as being true for all
m,i,j with m»0, i+j»0, where the "side conditions"
AN®) = 0 for s<0, AN®) = 0 for s>m+2 correspond to
c;y = 0 for is=1(i+Jj20), cyy = 0 for j<=1(i+3=0),
respectively.

The c¢y3's, for all i+j20, are now given uniquely

by

1 s, 1 =0 or j=20
Ciy = { (4.5)

Ciog,3 + (=1 'cy, -1, 14321,
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It remains to calculate c¢yj; for i1, j=1.

For (i-1)+321, Cio1,3 = Ciug,y + (=1)'1"tcioa,guas

Il

and fOI‘ i+(j"'1)>1, 01’3_1 Ci“i’J"i+(-1)1 cj.'J..z ’

and by multiplying the second equation by (-1)! and
adding to the first, we have
Cyj = Cyp,y + Ci,3-2 » Ffor all 1i+j=2. (Mo@)

This is similar to the recurrence relation for
binomial coefficients, and, in fact, it is easy to show

that, for i»0, j20

i+
Czts+p,2j+d — ( ia>cpq: where Dp,q

O,1.

Using the fact that co¢ = C40 = Coqg = 1 and
Ci1 = Coq = Ci0 = O, the solution of the e's for all

i+j20 is

0 , i<=1 or j<-1 or i,j both odd

Cig = 9 <[%i]+[%j]>, otherwise. (h-?)
-' [21]

Having solved for the c¢'s we return to the

A-reduction formula. The A-term is already known to be

Agm)('}\) = {(“1)swo(6-p) '}\ém—i)(...): ::;l;;:.,m

The C,D-terms are simply (2.6), (2.7) with the function

name p replaced Dy A. For the B-term we have
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( me~J
m?i-J(X) = 1§~3011 Béti~3~1(ﬁ)
meJ n
= ?ujci3[2k22(-1)k[W(...;a,x)péfiz)_i(,,,)

+W(.o,x b)p(m .2;)..1 ou‘)]}
m me 3
=2 2 (—1)k{W(..;a,x) Z Cijpéiiz),l(ooo)
k=2 f=w)
m - -
+W(oo;x,b)1§'JCinémiz)_i(oto)}

The two sums of the p(®-28)~functions must now be expressed

in terms of A's;

m=d (m~2) med (m-2)
12 CijPm+a~ _1(...) = Z CijPm+1- -1(---)
zw ) 1=wJ+2

me j (m_z)
1§-j+2(01—2"1 + Cia:l-z)pm+1 —-1(000)

1

agm
%mfifg(io-) %éﬂizﬁ(---)

]

m-J (n-2) (n-2)«§  (me3) (m=-2)
’E_jcijpm 1oge1(eas) r§~i C!JP(m;a)+1-3-1(---)=%m-1—i("')

Hence

Bati-g(N) = 2.3 (=1)[W(.5a, Dharzy(eee)

W(oe38,0)N" 12 (eee)],  (520,.00,m). (4. 8)

We now summarize the preceding results. The

A—-func tions are defined Dby
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S
)\gm) (oo-) d:r{tz“ics"t ,m+1-sP€m) (oc.) 9 S=1,'.o,m+1 ,m>0

0 m>0 and s<0 or s2m+23,
(4.9)
where (ees) = (Y3{Pyyeee,ry}3x) and, for i30,J20,
0 ,i,7 both odd
Cyy = {([12-1]+[%j]>, otherwise . (4.10)
[21] '

THEOREM 43 (the A-reduction formula).
Let m»1, 1<s<m+1 and ry>.ee>rp20 (or r;z1 if m=1).

Then

)ém)(w;{rl,...,rh};x):(qi—(r1-1)g2)'1[Aém)+B§m)+

(ot (r,~1)gs)0m +goD{™) 1, (ua11]

where
A(M) = (-1)5W, (ggsri=1;a,x)N"=2) (¢ {ra,iiesTn }5X), (La12)
0 s M=1
( -
Bsm> =

2 B (-1) [W(¥Rgsriers=15a,00N" 2 (o)

+W(yRg;ri+ry=152,0)02-%) (..0) ], m22

(4e13)
and ("') S (50;{r':a,?-o,l'i_l,l'1+1,...,rm ;;X),
c{™) = \(®) (y;{r,-1,rz,000,7a }3X), (Lo 1ly)

D{®) =(ry=1)N™) (¢35 {1 =2,22, 000 Tn §5X). (4+15)
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By subetituting p{®) = o{®)-c{®) in (L4L.9) we can

easily show that, for 1<s<m+i,
I’-‘IS
tzi(-1)s'tcs_t,m_soém)(...), S=1,0e0,M

; )
N () =

0"11(]'::)“(...) 9 S=m+1-

(4.16)

Hence, from (3.3),

8
kgt 3 (-1)%"%esmt,amsB () (45%),
')\(sm)(‘l,;{m_1,.‘!,‘1,o};x) - S=1,'--’m

kgt , S=M+1 o
(L4e17)

At this point we note that the functions

kp N2 (¢ fm=-1,...,1,0];x) also appear in CHAPTER 3 via a
different approach. Purthermore, the function for s=m is
related to the Pillai-type approximations for the distribu-

tiong of the extreme roots. To be more specific, let

Fo ($5x) = kaN™) (¢35 {m=1,.44,1,0}5%).
Then the approximations are (see CHAPTER 3)

(1) for the lower tail of the smallest root (x-a)

B(™) (¢5x) = F, (¢5x), (4. 18)

(ii) for the upper tail of the largest root (x-b)

Fim)(w;x) N { 1-F, (¢3x) , m even

Fo(¢;x) , m odd. (L19)
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When ¢ is a TYPE A (beta) weight function, (L4-19)
corresponds to the approximation of PILLAI (1965). (Re-
sults for the smallest root can be obtained by a trans-
formation of variables and parameters). When ¢ 1is a
TYPE B (gamma) weight function, (4.18) and (4.19) are the
approximations of HANUMARA and THOMPSON (1968) (these
follow as a limiting case of Pillai's results).

From (4.17) and (4.10),
Fo (p3%) = 3 (-1)°7*F(2) (45%),

and we can get the approximations (4.18) and (4.19) simply
by Setting X=a in Fm._i gonoe ’Fi al’ld X=b in Fm geep0 ,F2 9
respectively. (The justification for this lies in the

respective orders of the C.D.F.'s.).
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2.5 Proof of the reduction formula.

The proof of the p-reduction formula (THEOREM 1) is
a generalization of that employed by ROY (1957) , APPENDIX 9.
We begin by defining the function (corresponding to

(A.9.1.2) of Roy)

m
R(®) (3Dy,0ee,0m3%) 28° f ﬂ [o(y,)v99 1 (dy) s
B (s,x) j=1

(S=1,...,m+1;m21). (5.1)

This is a typical term (apart from a sign) in the determin-
antal expansion of p{®) (Y;{ry,eee,rn}3X) When DisecesPn
is a permutation of IPrjseee,ylne

We also define the functions

BSY (E,¥5 [Tayeee,ta f5x) 28 ] £(ve) lo(r)at] (ag),
Elm(S,x) (5-2)

and

m
8{m) (Es¥5PaseessPusx) 2F f £(ye) TT [W(r)v3'] (dy),

e8 (8,x) j=1

(s=1,e0e,m+15t=1,000,m;m=1),
(5.3)

where £ is any function on (a,b) such that the integrals
exist. When pPjysee-ssPp 18 a permutation of Ty,eee,0n,
()
ogf%.

is a typical term in the determinantal expansion of
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We now prove the following lemma, which is a
generalization of Roy's lemma (A.9.5).
LEMMA 1:

(a) For 8=1,s..,m,
B () (B s e Ji%) = (B (1) IW(EN 28, )

xpgm—i) (l/l; {ri,. se g1 4914155 se sy };X)- (5‘14')

(b) For s=2,...,0+1,
g (=1)e*20(BY (&, ¢5{raseee,tn §5%) = i%1(-1)1+1W(a¢;r1;x,b)
pits 1)(¢’ {PisesesPiogsT1sas0e+,Tn J3x).  (5.5)

PROOF ¢ By writing only < we carry through the proofs
A E

of (a) and (b) together (as far as possible). In each
6§{%-function, we expand the determinant in the integrand

by the t-th column}
R . m .
5% (Esysira, eyt }3X) = 151(“1)1+t i sgn(m) 8573 (£,
PisesesDPr-q,T1 Pt "",Pm—i;x)s

where % is the sum over all (m-1)! permutations, w, of
1,2,000,m=1, and sgn(w) is +(-) if =7 is even (odd).
Further, DPjjsesssPn-4 18 the permutation of
rl,...,ri_i,r1+1,;..,rh corresponding to .

Thus

%(—1)“1%":%(...) = 1%1(—1)“1 p> sgn () {2 8{m) (e.e) i
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We now evaluate {...}. In each S{®}-function the
integrands may be made the same by relabelling the integra-
tion variables;

€L Ve = Yo and ¥y - Yy.g for 1 = tH1,.0.,m.

This changes the region &®(s,x) to A®(t,s,x) (say),

where

{a<ym_1<...<yt<ym<yt_1<...<y3sx<y,_1<..<{1<b},
=65
A" (t,s,Xx) =
{a<ym_1<...<y5_1sx<ys_2<...<y;<ym<yt_i<.%<y1<b},
<8,

on the understanding that

_f(a 1if t=m _[x if t=s
g = {x if  tes-1 204 Yees = {b if  t=1

The regions A"(t,s,x) are disjoint for distinct t's, and
so the sum over t of integrals over the regions is equal
to the integral over the unhion of the regions. In each
case, the common integrand of 8{®"} (after the above

relabelling) is

j§1[¢(y3)y?3] E(ym)¢(yh)yfl.

m
In (a), % = $ and clearly

t=8

m
tk:)sﬂ.m(t,s,x) = e8-1(g,x) X (a,x)

Hence 2 8{®}(i..) = R{®"2)(¢5pysece,Puna s X)W(EY; P50, %)
=1 this corresponds to Roy's lemma (A.9.4)), andrso
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E:Sgn(w)if s{®3(..0)} = W(EY;ry52,x)0m 2 (Y5 frysees,Pioys
P1+1’---,Pm}§x).
Thus L.H.S. of (5.4) = R.H.S. of (5.4).

S~=1
Similarly, in (b), 2= = tZ and clearly we have
. t =1

S
U™ 4B (t,s,x) = €P-1(s=-1,x) X (x,b),

-1
=1

t

S 8(8) (ven) = REZTD (§500 50 esBan s sXIW(EYS 152,

and
= sgn(w) {= 8{™1 (. .) ] = W(EY;ry5x,0)0827 %) (Ysirs,yeee,Picy,
Y8 t ?

Typ1seeesPn [3X)e
Thus L.H.S. of (5¢5) = R.HeS. of (5.5).

The p-reduction formula is based upon the reduction
formula for W(y;r;L,U), similar to Roy's lemma (A.9.2).

Let 1r>1.

W(y;r;L,U)

/U¢(y)yrdy
L
U

4 f [Q (¥)+00 W (y)y™ -2y,
L

1l
Q
e

’.I

where Q,(y) = 9,5~ = - ¢%§7 é%{w(y)g(y)} (see §1.2)

So @ W(¢;r;L,U) = qoW(¢;r-1;L,U0)-W, (¢g;r-1;L,0U)
+(r-1)W(yg;r-1;1,0).
In order that the W-functions contain ¢ only, it is

necessary to expand g as a polynomial in the last term;
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g(y) = goy®+g,y+Bos The final formula is thus

W(ps050,0) = (qg-(r=1)ge)=t [-Wo (yg;r-1;L,0)+(20+(r-1)g:)

xW(y;7-13L,0)+(r-1)gW(y;r-2;L,0)],  (r=1).
(5.6)

The similarity between (5.6) and THEOREM 1 is immediate;
they are in fact equivalent for m=1 (see (2.11)).

The first step in establishing THECOREM 1 is to
expand |¢(yj)y§1|, in the integrand of the p{®)-function
by its first row (contining the highest power of the v's).
We write the result as

00 (95 {Pa 5o v v 30) = (@ (rem1)Ea)™* 3 2 uld,m),
where
u(j,m) = (au-(rs=1)gz) (1) 3+ tsgn(@R{™) (Y5015 02 5P-15T1s

DjseeesPnuy;X)

and % is the sum over all (m-1)! permutations, wy of
1,e0i,m-1 with sgn(a) being +(-) if « 1is even (0dd).
Further, pjséessDn-4 18 the permutation of Tz,eee,0n
corresponding to 1.

The above R{®™)-function is partially evaluated by
integrating with respect to y; first (since y; is
raised to the highest power r,). As the whole region of
integration 18 a<yp<ee <Ys<$X<Ys-1<ese<ys1<b we integrate

y; between the limits (L,U) where
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(y2,0) , j=1
(Fy21,Fgo2) 5 3=25000,8-2,8+1, 000 ,m~1
(L,U) = \ (XsYs~2) , J=s-1
'l (oessx) 5 =5
i (as¥n-1) s J=m

That is, we write

U
w(j,m) = (-1)i*1sgn(m) [[[ f <q1-<r1—1)g2>¢<y3>y§1dya]
(v1,1£43) ¥3=L

P
gj[¢(Y1)y11dy1]

and apply (5.6) to the integral in {...}. In the R.H.S.
of (5.6) we separate -Wo(y¢g;r,-13L,U) as -£(U)+E(L),
where
E(x) = Wo(yg;sri-1sa,x).

(the function ¢g vanishes at a and D).
This will then give us four terms for each u(j,w), all
having the above form but with different expressions in
fovels
say  u(j,w) = uy (J,m)+up (§,m)+us (§,m)+u, (J,7),

where wu,(j,m) has {...} = {-g(U)],

uz(Jj,m) has {...} = iE(L)
u; (j,w) has {...} = {f (Qo+ (re-1)Es) ¢ (yy)¥3t 1dy;}
y=L
and  w/(3,m) has z...z=[f“<r1-1>go¢<ya)yj aya}

y3=L
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Thue 1, and up are (m-1)-fold integrals, while us

and 1u, are still integrals over ER(8,%X). Relabelling
the integration variables by ¥yi1 = YVi-1» i=j+1,eee,m the
region of integration in u, and up 1is either en=1(g-1,x)
(when J=1,+e.,8=-1) or gn-1(g,x) (when J=S,ece,M)e

Clearly,

]

m
351 P us (J,m) (QQ+(P1-1)g1)P§m)(w;{r1-1,r2,...,nn};x)

]

(qo+(ry-1)g.) i),

and

]

m
j§1 2 u, (3,m) (P1-1)gopgm)(¢;{ri-2,r2,...,nn};x)

80D§m) .
When U=b and L=a we have
w, (1,7) = 0 = ug(m,w) (since E(a)=0=£(P)).

When U=x and L=x, u,(s,m) and ug(s-1,7) contain
-g(x) and E(x), respectively, as a factor. By summing

the remaining part over dll permutations, @y We must

have

2 u, (s,m) = (=1)5Wo (yirs=138,%)p " 1) (Y5 {rasece mn J5%)
and

2 up (s-1,m) = (=1)5Wo (y@sra=152,X)f278) (45 {Tas e e Tu §5%)
i %[ui(s,w)+u2(s-1,w)] = A{®)

It remains to evaluate % u, (j,m) for J=2,...,8-1,8+1,..,m

and % uz(j,ﬂ) fOP j=1,-..,8—2,s,.-.,m—1.
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The u,-terms have U = yj.4 (pefore and after the re-
labelling) and so the f{...]-term is -£(yj-.)s Thus,

by (5'3),
(( 1) 3sgn(m) 84271, (E,45P1seeesPus3X)s

o .=2 s a0 S-1
wy (§,m) = J £ e

(m-1)
[(—1)38@(‘") Ssn: j-1 (E:S’I;Pi PRI st—-i;x)s
j=s+1 geee jllle

The ug-terms have L=yy,, Which becomes L=y; after the
relabelling, and in a similar manner to the u;-terms we

have

~

(-1)3+2sgn(m) 8L21 (E,¢5DaseeerDumsiX),
.=1 e e -2

g (3,m ={ JTlaeers®

( 1)J+1Sgn(7r) S(m 1) (E ‘p’Pi’""Pm 1,X),
J S,.--,m—1

uz(j,’ﬂ') = u1(j+1,1r) fOI’ j=1,.06’s-2,s,oli,m“1.

S=2
Hence we need to evaluate 2 ;2 % ug (jew)
=1
me-1
+ 23 Suy(j,m.
J=s

Summing us(j,w) over all permutations =« (rememb-
ering that pjsess Dn-4 18 the permutation of rg,«..,ry
corresponding to w), we can take % sgn(w) into the
integrand of the S(2-%)_functions, to form an (m-1)-th

order determinant. In fact,
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—

(=1)3%2 65273 (B, 05 8rp,eee,rn bix)
J_1,...,s—2
p> ug (3,m) =

(=1)3+ 6(511131) (Es¥s3 irZ,"°’rm}:x)’
J S,.o.,m—1,

where the O-functions are defined in (5.2).
Finally, from both parts of LEMMA 1 (with the

appropriate changes to m,s and the ry)

2 3 2 ua(im) + 273 3 ua(dm)
= 2 2 (=) [W(gysri5x,0)p252) (b0e)
+W(gpsry3a,x)pim %) (.0 ],
where (e0e) = (¢;{rz,...,rl_i,r1+1,...,rh};x).

This is equal to B{®) because
W(gy;Ty3L,U0) = W(yRgsr +r;—13L,0)
(remembering that g(X) = Wo(‘/’g;ri—JI;a’x))"
Hence the proof of THEOREM 1 is complete.
NOTE: The proof given above is for all s=1,...,m+1, even
though some terms have no meaning for particular values of
‘ . s8-8
S For example in the above sum of up-terms, JE should
=1
m-1
not appear for s=1 or 2 and 12 should not appear for
: Za
s=m or m+l1. However, by defining p{®) to be identic-

ally zero whenever s<0O or szm+2 we are only adding

zero to the correct expressions.
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APPENDIX: Dist

Firstly, we give a table of coefficients 6f the
A,B,C,D-terms of the reduction formulae, for the various

types of weight functions.

TABLE 1
TYPE| WEIGHT FUNCTION, ¢(x)| qi-(r-1)gs|ac+(r-1)g; o
A x#(1-x)Y LA V4T+ Ut 0
B exp (~oax) x# o U+T 0
C exp (-$0x?) .o 0 1
D ®(1+x)~P B-o~r=1 C+T 0
E exp(-o/x)x ¥ p-r-1 a 0
F |exp(a tanfix)(1+x2)-%“ == o 1

For TYPE's A,B and C, gq,-(r-1)g, is always greater than
zero, since q,>0 and gp<0. For TYPE's D,E and F

(where gg=1) we must ensure that gq,-r+1 1is non-zero.

We now use the h-reduction formula (THEOREM L) to
compute algebraic expressions for the C.D.F.'s of two and
three roots, for an arbitrary weight function of our class.
In the following expressions, the "r parameter" of the

W-functions has been reduced to zero, in which case we use

CI(yledsx) défw(ylgl;oza,x) = ]xlo(¢‘g3;y)dy, (Adt)
where a

To(ylgd;x) 48f ¢l(x)gI(x). (A.2)



b5.
The C.D.F., Fg, of the s-th root is given by

-0 ) e

kg%gz)(¢;{1,03;x). Further

=]
1l
\]

|

where ¥;(x)

B (x) = 02{]:(‘//28;3() - %Io(gbg;x)I((/l;x) }s (A.L)
Pz (X) = —cg {-31o(yg;5x)I(y;50) i, (A.5)
where ce = 2kgaz? = I(¢2g;b)-1.

m=3: The C.D.F., Fg, of the s-th 7root is given by

F, ] 1 o o | ¥~
F, | = o 1 0 %, (4.6)
F3 "1 1 1 Fa

where s (x) = kan\(?)(¢;5{2,1,0};x). Further

B, (x) = s fT(¢s5x)I(y2g®3x) - gggf%%§é§l Io(yg;x) I(y2g;x)

- q'i ('¢2,2' "g'y Io ( ¢:3 ga ;x) }; (A' 7)
Fo(x) = cs {I(¢sD)I(¢2e®;x) 1, (A.8)
Fa(x) = o5 [I(y3x)I(y2e®;0) - 29%f%%§é§l Io (¢g;x) I(¢° gb) |y

B (A.9)
where cs = ksla:(@i-g2)1"" = [I(¢;p)T(¥°& 30)17 %,

(Q(ytglsx) is defined by (2.2) of CHAPTER 1 with
‘/""'pigj)’ and
Q, (ylgi;x) 9&f q, (pted)x-a (ytgl), so e.g. Q.=a1 (¢)) .
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In obtaining these formulae we have used both (5.6)

and the equation immediately above it, i.e.

W(ysr;L,U) = (ag-(r-1)gs)=t[-Wo (¥g;r=1;L,U)+(qo+(r-1)g,)
xW(gjr=1;L,0)+(r=1)goW(p;r~-2;L,U) ], (rz1),
(A.10)
W(gsrsL,U) = qzt[-W, (yg;r=1;L,0)+qW(y;r=-1;L,0)
+(r-1)W(yg;r-1;L,0)], (r=2). (&.11)

If we want to use these (or any other) equations
with ¢ vreplaced by ¢'g!, then we simply make the
following replacements

. (¢) = a4 - igs-2(j+1-1)gs = Q1(¢131)} (A.12)

w0 () = ao ~» igo+(j+1-1)gs = qo(¢'a!)

From (A.8) and (A.6) we see that the middle root

has a simple distribution
F§9) (y3x) = [I(y2g®30)]-2I(y2g?;%), (A.13)

as shown by DAVIS (1972b) for a TYPE A weight function.
In the beta case, our results for m=2 corréspond to those

of Davis. In our present notation, Davis's results for

m=3 would be

F,(x) = cf {I(yg;x)I(¢Rg?;x) - ZQ;%:?&Q&;};) I, (yg;x) T(¢2 g ;x)

- m%z?y Io(yP g 3x) 1,
(A7)
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Fa(x) = of {T(pasd)I(y2e2;5x) 1, (A.8)1

il

et {I(yg;x)I(¢y2g2sh) - 2Qiéf?§:;§; I, (pesx)I(¢2g?;v) },
(A.9)*

ﬁ':3(X)

where cf = ks(a28o+Q%aogi+afge) "t = [I(yg;p)I(¢?e?;p)] %,
It is not immediately obvious that the two sets of

equations are identical. However this can be shown by

using the formula
Q1(91’82)I(¢85x) = (Q§80+Q1QO81+qggz)I(¢5x)
~[Q182%X+3; 81+%082 1 To (¢85 %) (Ae1l)

((A.14) follows by expanding the g in I(yg;x) and
using (A.10)).

Thus, the different possibilites for using (A.10),
(A.11) and (A.14), to reduce the W-functions to I-func tions,
leads to more than one equivalent expression (when g(x)#1).
As m increases, the reduction formulae become more
involved, and the gquestion of which way we reduce the
W-functi ons may become a problem.

Finally, we note that our results for m=3 can be
written in a more compact form by introducing an I~

functi on, or more generally,

I- (y5x) *2f T?}TTT fx(x—y)r‘1¢(Y)dy, (r2131,=1),  (A.15)
a

as used by Davuis.

(e.g. Ia(¢5x) = a3t {Qu (¢5x)I(Y3x)+Lo (y85%) Jo)
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CHAPTER 3: The system of differential equations.

3.1 Outline

The auxiliary functions (defined in §3.2) and the
system of differential equations (derived in §3.3) in this
chapter are essentially the sam€ as those in DAVIS (1972a)
for the Beta case (case (A) of §1.1). Although it is
possible to obtain the corresponding formulae for cases
(B) and (C) from those of case (A) by taking the appropri-
ate limits, in this chapter we consider the general case
described in §1.2.

The auxiliary functions (A.F.'s), Egﬁg(w;x),
(r=0,1,+004,m=1), are defined as (m-1)-fold integrals
such that ngg(w;x) is the integral term in (3.4) of
CHAPTER 1. The A.F.'s are also solutions for E, in the

system of (ordinary) differential equations (D.E.'s);

g(x)BL = (m-r)[Q) - £(m+r-3)g"]Er.,~r[Q (x)-3(r-1)g’ (x) ]E;
+ 1§(I‘+1 ) (r+2)g(X)Er‘+1:

(I‘:O,...,Hl—']; E_iEOﬂm>, (1.1)

where '= é% and Q,,g are the polynomials defined by

-4y () (%) = F=iw(x)e(x) ] (1.2)

(see (2.2) or (2.6) of CHAPTER 1).
The importance of this system is that it enables us,

in principle, to calculate the marginal distributions for
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m roots from those for m-1 roots. This is done via a

recursive scheme, which we now describe;

STEP 1:

STEP 2:

STEP 3

STEP UL

Assuming we know the C.D.F.'s, F{""2), for m-1
roots (s=1,...,m=1), we take their differences to

give (see §3.2)

B s (x) = w2 (R () - RITT ()],
(s=1,0.0,m; F{E=2) = 0, Fi®-1) = 1)
Use the system of D.E.'s (1.1) to calculate
ngi,s from Eﬁfg and Egil,s (for r=m-1,m-2,..
«e,2,1), begiming with E{®},s from STEP 1 and
: : (m) " 1
endl:ng Wlth EO'B (S=1,...,m). The I’=O D.El

can be used as a check.

From STEP 2, the marginal P.D.F.'s are found by
using (see §3.2)

£00) (x) = (=1)° "1k ¢(x)ESA(x), (s=1,...,m).

Integrate the P.D.F.'s, £{®), to give the C.D.F.'s
F{"), (s=1,...,m)» This leads us to STEP 1 with

m 1increased by one.

The above four steps (1 to 4) are regarded as forming the

"m-th cycle" of the recursive scheme. In general, the

irtegrations involved in STEP } give rise to the main

difficulties in using the scheme.
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It may be noted that the recursive scheme can be

carried out with functions concerning only the largest root;

- STEP 1 STEP 2 STEP 3 STEP 4
pe-s) O {gpey | STEP 2 ey ST 3 ggm) T S me

y 1

In §3.4 we examine the recursive scheme in more
detail. In this section we find a basic set of functions
from which we can build the C.D.F.'s for all roots. These

functions are also related to the A-functions of §2.4.

In §3%.5 we define some new functions corresponding
to the functions in §3.4. An explicit expression for the
simplest function is found and is related to the Pillaj-
type approximations of the extreme roots [PILLAI (1965)].
Some results on the "modified" polynomials, which are re-
lated to the orthogonal polynomials, are given in the

appendix to the chapter. These polynomials are required

in §3.5.
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3,2 The aguxiliary functions.

As in DAVIS (1972a), we define a set of m auxil-
jary functions (A.F.'s), ngl, r=0,1,++0,m=1, for each

root ys(s=1,.e.,m) Dby

m—1 m-1
0 et [ T ]| Gieve) B Gevn)ee
m-1 g l )
&(s,x> l=1 l<J
e...(X-ya(m..i..r))(dX)s
(P=O,1,o-o,m—1), (2-1)
where
er-1(s,x) = {ye R*"? B<Yno1<ee s <YsSKYs1<eee<Y1<D}

-1

and E denotes summation over all (mr

> possible sets of

integers of(i) such that 1<a(1)<...<a{m-1-r)s<m-1. When
r=m-1 the sum is defined to be unity. As always, ¢ is
a weight function in the class of §1.2 (see TABLE's 1 or 2
of CHAPTER 1).

Eéfé and Eﬁ?i,s will be referred to as the first
and last A.F.'s respectively (for the s-th root). From
(3.8) of CHAPTER 1, we see that, on setting r=m-1 in (2.1),

the last A.F. is related to the C.D.F.'s by

BSP) L (sx) = 15, [T (gsx) - Reli Y (45x))

(8=1ye00,m; F{B-1)=0, F{m=1)=1). (2.2)
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The E term in (2.1) becomes ?g:(x—yl) when r=0, and so
from (3.4) of CHAPTER 1, the marginal P.D.F. of the s-th
root is related to the first A.F. by

(m .
£(m) (g3x) = (~1)5 -2k y(x) Bha (45x),  (s=1,...,m).
(2.3)
STEP's 1 and 3 of the recursive scheme use (2.2) amd (2.3),

respectively.
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3,% The differential equations.

In this section we derive a system of differential
equations (D.E.'s), for which the A.F,'s, for all roots,
are m (vector) solutions. The derivation of the D.E.'s
(1.1) is exactly the same as that used by DAVIS (1972a)
for case (A) of §1.1, apart from a few minor changes to
bring in the polynomials Q, and g. Because of the
similarity only the main steps are given.

Firstly, by differentiating (2.1)

é% BB) (%) = (r+1)BLR) o (%) = Jo + Iy, (3.1)
where
Jx = wes fintegrand of (2.1) evaluated at
(v1,ifs-1+k) i
Ys-1+u=X} T?- dyi,
ifs-1+k
(k=0,1). (3.2)

In (3.2), the integrations over (y;,i#j) refer to the
region €8-1(s,x) with the variable y; omitted.

At this point we introduce the orthogonal polynomial
of degree one, Q,(x) = a,%-Qp, associated with the weight
function ¢ (see (1.2)). Let {B(1),...,8(r)} De the
complement of {a(1);...,a(m-1-r)} with respect to
{1,2,+04,m=1} and for each set of o(i)'s, 1let g

denote the sum over all pB(j)'s. Then
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rQ, (x) = qq g (x-ya) + g Qi(YB)’
and soO

rq, (x)E{") (x) = q, (m-r)E{2) (x) + A(x) (3.3)
where

A(x) = = z[ Q& (vg) n o(y1) (m-y;i“ i (=Y ( 13)
a B 1
gm-1 (dX)

(s,%)
(3.4)

Since @, (yp) Téi ¢(y1) = - Sgg {g(yp) H o(y1) 3,

A(x) can be simplified by integrating by parts with respect
to yg- When integrating over ¥p first, the appropri-

ate limits of integration are

~

(y2,P) it B=1

(Ypesr¥p-a) If 2<B<s-2 or s+1<f<m-2

(L,U) = <(x,y5_2) if pB=s-1
.(YS+1:X) if p=s
(a,ym~2) if ﬂ=m—1 o
\

Performing this integration, then integrating over

(yy,i#B) and suming over the o's and A's, we find

A(x) = g(x) (Jo-34) + B(x), (3.5)
where JO,J1 are deflned in (3.2) and
m-{-r
B(x) = f .FI ¢(yy) TT (y1-v3) 2 [ TT (x~ya¢1))e(ys)

me-14 £ __
ets,x)i <3

m -~

(ye—yj)“i} (ay) .
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By interchanging the two sums in the integrand of B(x)

we get

P
a

hd v

—
L]

°

®

L]
s
1

m=1 me~1-0r
b - -1y I -
{g(Yk) ik (Yk y;) [a el (x Yd(i))]}
a(1)#k

m

-1 m-i~r
=3, G-y {aln) -] 21, (x=¥a (1))
a(1)#£k,}

+ [glyg) (x=y3)~g(yy) (x=yx) ] p> m:i;r(X-Ya<1))3-
C a(1)#3.k

Since g is at most a quadratic polynomial,

g(ye)-g(yy) = (7e-vy) {8 ()5 (x) [ (x=yx) +(x=y4) 1]

and

g(yx) (x=y3)-8(y3) (x=yx) = (yi-y3) {g(x)-tg"(x) (x~yx) (x-¥;) }
(= é% and of course g"(x) is a constant).

By using these equations, B(x) simplifies to

B(x) = - #(n-r) (m+r-3)g"B) , (x)+r(r-1)g’ (x)E"] (x)

+3r(r+1) g(x)B(R)  (x). (3.6)

r+i,s

Hence, eliminating Jo-J, from (3.1) and (3.5), and then
substituting for A(x) and B(x) from (3.3) and (3.6),
we have

THEOREM 1:

The A.F.'s Eﬁ?i defined by (2.1) are solutions for

Er in the system of D.E.'s
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g(x)BL = (m-r)[Q] ~ #(m+r-3)g"]Br_,
—r[Q (x)-3(r=1) g’ (x) JEr+E(r+1) (r+2) 8(X)Br 41 5
(r=0,e..,m=1; B_,=0=Ey). (3.7)
Pables of the Q, and g polynomials for the various
weight functions, ¢, are given 1in TABLE's 1 and 2 of

CHAPTER 1.,
COROLLARY:

Tf we define the functions

F_(m)

Gls‘n:;(w;x) = <"1)s_1km¢(X)[g(X)] Er,s (¢;X), (I‘:O,.-o,m—1),
(3.8)

(m) _ _(m)
such that Go,s = fz ~, the P.D,F. of the s-th root, then

the Gr's are solutions of a similar system of D.E.'s;

g(x)at = (m-r)[Q) - #(m+r=3)g"]g(x)Gr_,

~{(r+1) [Q (x)-$rg’ (x) ]+’ (%) ]Cr

+3(r+1) (r+2)Gr 44 »

(r=0,¢e0e,m=1; G.,=0=Cy). (3.9)

Note that the systems of D.E.'s (3.7) and (3.9) are
independent of s (i.e. the same for all roots). As
indicated by Davis, we could, in principle, successively
eliminate Fp_ysees,B from (3.7) (or the G's from
(3.9)) to produce an m-th order homogeneocus linear D.E.

for Bo (or Go)e. For case (A) of §1.1 (and also case



57
(B) by taking mng—wo), Davis showed that the P.D.F.'s,
£{®) (s=1,...,m), form a linearly independent and hence
complete set of solutions of the D.E. for Go, by examin-
ing their asymptotic behaviour at the lower end-point
(x>a) .

For the TYPE's A and B weight functions (of §1.2),
£ (35) ~ T (9)I5Es (J) G 2, (P)xBma ) r(mms) (i ea)

as x0, (s=1,...,m), (3.10)

where ¢,¢,,¢s are given in TABLE 1 Dbelow.
For the TYPE C weight function we also get a
complete set of solutions, because the asymptotic nature

of the P.D.F.'s is
£(m) (P3x) ~ Ky (P52, (Y4)Kgts (Po) exp(~Fa(m-s+1)x?)

x(_x)(s—i)(m-s+:|_)--1g(m-s)(m—s+a)

as X — =0co, (S=1,oo.,m), (3.11)
where {,¢,,y; are given in TABLE 2 below.

Equation (3.11) follows from (2.1) and (2.3) by substitut-
oz
ing ¥y = x + 3 (j=S,e.e,m-1) in the integrand of (2.1)

and then taking - X - =co«
TABLE 1
THE WEIGHT FUNCTIONS FOR (3.410)

TYPE ¢ (x) gy (x) | Yz (x)
A(beta) x4 (1-x)Y xH+O=8+1 (4_x)V x# (1-x)
B(gamma) | exp(-ox)x*¥ | exp(-ax)x¥+D-s+1 xH (1~-x)
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TABLE
THE WEIGHT FUNCTIONS FOR (3.11)
TYPE ¥(x) gy (%) Yo (%)

C(normal) | exp(-ftax®) exp (-Fox?) exp(-ax)x

Expressions for the normalizing constants that appear in

(3.10) and (3.11) are given in (2.4) of CHAPTER 1, accord-

ing to the type of weight function.
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3.4 The recursive scheme.

In this section we examine more closely the recurs-
ive scheme mentioned in §3.1. We look at it in terms of
the C.D.F.'s, FP{"), (s=1,...,m).

To begin with, we regard the m-th cycle of the

recursive scheme, for the largest root, as an operator Jy

(say), starting from F{®-%1) and finishing with F{®),

i.e. Fp (Fi{p-1)) def F(m),

The idea of the operator was introduced to the author by

Dr. A.W. Davis. More explicitly we have

F(m-1) STEP 1 E(m) STEP 2 E(m) STEP 3
1 > > 0,1

m-13 ,1 > 1

ri{m N

= 7m(F§m“1))s
where the steps are described in §3.1.
We can use #p to obtain all of the C.D.F's.

From STEP's 1,3 we see that if we apply Jp to
(=1)s-1[F¢n-2)-Pp{n;1)] the result is F(®). That is,

Fa ((<1)s=1[F(n-1-F(a=1)]) = F(m), (s=1,...,m;F(n-1)=0,
F{m-2)=1),

(Le1)
By using (L.1) recursively we can write each Fém) in

terms of the operators Zp,#p.ssse¢. as indicated below.

For each m, Wwe use

Fn 2 Vo Fo(V);
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m=1,s=1: 1 - F{) = 37,(1),
m=2,s=1: #,(1) - F{?) = 7,7, (1)
s=2: =(1-7, (1)) » F{2) = =7,(1) + 727, (1),
m=3,s=1t F7,(1) = ng) = F3727,.(1),
s=2t =(-F5(1)) » F3) = 757,(1),

S=3: 1+3’2(1)—3’2‘?1(1) - Fés) = 33(1)4'?332(1)—73?231(1),

etce

Continuing in this manner, it can be seen that each F{™)

is a linear combination of the functions
gmgm—1'°'3t(1)s (t=1,ooc’s)o

So we define new functions ¥{®) say, given by

ﬁém) o Sgn(mﬁs)gmgm-1°"?s(1)’ (s=1,...,m), (4.2)
where
dd
sgn(m,s) = {(i)s-i :ﬁ ven. (4e3)

Then F{(®) is a linear combination of ), .. Fm,

S
F(o) = 3 afm) ®Wm, (s=1,...,m), say, (L.l)
where the a's will be determined later. The sign in

(4L.3) has been chosen to make af{") = 1.

S ,8

In place of (L4.1), for the F-functions we have
3m((_1)s—1ﬁgm—1)) = ﬁgm)y (S=1;'°'sm)’ (u'5)

(this follows because (-1)%-1% sgn(m-1,s) = sgn(m,s)).
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At present (4.5) does not hold for s=m, because the L.H.S.
involves ﬁém“i) which has not (yet) been defined. How-~

ever, from the definition (4.2),

Bm) = (-1)m=272, (1) = #a ((-1)272.1)

and this will agree with (4.5) if we define
Fm) =1, (m21). (L4e6)

m+1

We now determine the unknown constants aéf%

(t=1,...,s—1,s=2,...,m) by substituting (L4.4) into the
recursive scheme (L4.1). For s=2,...,m-1 we have
- ~1[(on-1) _p(m=-1
(-1)s-t[R{r-2)-p{n=2) ]
s-1
= (-4)2"t[ B (afnit-aftyi}) Fr-t).Fm-i)].
By applying #n to both sides we get, from (4.1) and (4.5),
s=1
_ _ays-t 1) _nalm-
Fgm) - 1-,51 (-1)s (as(:.nit,i) ageiﬂ’.%)ﬁ%m) a ﬁgm),
But F§m> is also given by (L4.4), and by equating coeffic-
ients of ¥®),

agn;% = (—1)s"t(a§'2;1)—a§“;;%%), t=1,...,S—1, S=2,.--,m—1-

Por s=m Wwe have

F$®) = Fa ((m1)22[1-Fg2700 1)
= fm) 4 "3 (q)m-a-tg(m-1) F(m)
- Tm + t=1 am-—:l.,t t 4
and so from (L),

aﬁf% = (=q)m-1-t aéf;f%, t=1,00.,m~1.
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Hence the constants agm% satisfy the recurrence relation
H

{ al™}
al®)

subject to the initial conditions a{") = 1, (s=1,0600e,m)
]

= (_1)[%(m—t)]g

(-1)m-2-talm=t) o t=t,..0,m=t (s=m)

(-1)S“t(aglﬁii)-aéflf%), t=1,000,8=1,8=2,... sm—=1

1

The first part implies that aéﬂ%
Note that the recurrence relation does not depend upon the
three values of m,s and t. We may write
agn:% = 8s-t,m-5>»
where the constants a;; satisfy the recurrence relation
ary = (-1 (ay, -1 - ay.4,3), 121, 21, (4.7)
[$i] :
where ao; = 1 and a0 = (-1)'274, i20, j=0.
We can solve for the a's by noting that if we put
A=
cyy = (-1)[21]a13 in (4.7), the recurrence relation is the

same as that for the c's of §2.4 (see (4.5) of CHAPTER 2).

Thus, from the above results and (4.10) of CHAPTER 2, we

replace (L4.4) by

s
Fém)_: 2 8s-t,m~s F’t(_'m)’ (S=1s""m)s (Ll-°8)
=4

A\

where, for i.] 0,
0 , 1i,j Dboth odd
aij = i . ‘. i (LL.9)
(-1)[§l]<[§1]+[531>, otherwises
[#1]



63.
A table of coefficients in (4.8) is given in APPENDIX 1,
for m < 10.
The triangular system of equations (4.8) may be
inverted to give ™) in terms of Fim),...,Fgm).
Rather than invert the matrix of coefficients, we use the

method sketched below. First, we write

~ 8
Fgm) = 2 bs_t.m_st.‘m)o
t=1

Then, from (4.1),

(o)

8

|
2
Mo
'.)

bS—t.m—sgm((-1)““1[F§m~1)_F§T;1)])

I}

Seq
3m<t§1(‘1)tﬂi(bs-—t,mo—s"'.bs—t—i,m-s)Fgm—i)"'

(-1)%"2bg ,n-sF{P~1))

But, by using (4.5) together with the fact that
Fp (0) = #p (v) (£0) => u=v, we can equate the coefficients
of F{"-1) to get the following recurrence relation for the
b's

byy = (=1)1by, 4o = byog,j5, i 21, 321, (L4.10)
with bjo = (-1)! and bey =1, 120, j= 0.
By putting cyy = (-1)! byy in (4.10), the recurrence

'

relation is again the same as that for the c's of §2.4.

Th'lJ.S,
8
ﬁgm) = tgibs—t’m.—ngp)! (S=1y"'!m)’ (L""H)

where, for 1i,j 2 O,
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]‘ 0 , i,j Dboth odd

1(-1)1 [%i]+[%j]>, otherwise.
[21]

by (4e12)

Hence we have the following simple relation between our
§¥functionsfof (u.a) and the N~-functions of (u.17) in
CHAPTER 2;

Fm) (g5x) = kaN®) (5 m-1,..00,1,085%), (s=1,...,m+1),
(4e13)

and so THEOREM L of §2.4 represents a reduction formula
for the ¥'s.
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%,5 The Pillai-type approximations.

Following &3.4, we may define "tilde functions" of
the P.D.F.'s and A.F.'s, corresponding to the ¥'s, at
the appropriate stages in the recursive scheme (Fn )

However, it is convenient to use (4.11) as a basis for

these definitions. We already know that

=2 (5:1)

S
§i(n) { Y bs—l‘.,m-—sFém): s=1,s0.,m,
P b1
4 , S=m+1,

where the b's are given in (4.12). Using this, we

define (for s=1,...,m and r=0,...,m=1),

~ 8

R L (5:2)
ns s -

G—g"i)s ach t’Elbs\:»t‘.,m-asGr(~n:%',! (5.3)
~ S

CCYILTLINS WOTPCLL . LI i

The inverse relationships are obtained in a similar manner
from (4.8).
With these definitions, the tilde functions have

the following properties,

Br) L (x) = kgt BP0 (x), (s=1,...,mFRo0 =),

(545)
¥od(x) = (-1)5"tk¢(0)BE)(x), (s=1,..0,m),

(5.6)
%) (x) = (~1)° ke y(x) [g(x) IFELR] (),

(I’:O,-..,m—1;8=1,.-.,m), (5.?)
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porrespording to (2.2), (2.3) end (3.8) respectively. We
also have

Fm) (x) = £ B (x) = En) (), (5.8)
and of course, the H's and G's are also solutions of the
systems of D.E.'s (3.7) and (3.9), respectively.

In this section we "solve'" the recursive scheme for
the tilde functions in the simplest case (s=m). More
explicitly, starting from H{®-2) = 1 1in the recursive
scheme, we find formulae for all ﬁ%fg and hence for F(m®),
f(2) can then be obtained by integrating Tim),

The results, expressed in the theorem below, are in

terms of the modified polynomials (see (A.2) of the APPENDIX)

Z (wsx) et B G ], (0), (5.9)
where
w(x) = [¢(x)])2[g(x)]". (5.10)

We also use the notation (a,B8)x which is defined by

ef 1 ’ =0
(a,B)i 92 {a(a+ﬁ)...(a+(i—1)ﬁ), k> (5.11)

THEOREM 2:

Starting from the fact that #"=1) = 4 one

(vector) solution of the system of D.E.'s (3.7) is

Efr('n,]x%(‘/lix) = [km~1(w1’g2)m~1~r]-1<m;1> Zm-1~—r(¢28m§x)9

(r=0,e00e,m=1), (5.12)
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where W, = Zi(l/lp’gm;X) and gz = %g”(x), (fz E_%E)"

PROOF' ¢ Since we use the Z-polynomials, it is first necess—
ary to convert Q,(¢;x) in (3.7) to Z, (yg®;x).
Now @ (¢3x) = 2, (¢3x) - g'(x), from (A.6),
and 7, (y2g" ;%) = 22, (¢3x) - mg' (x), from (5.9),
and so Qu (¢5%) = 3%, (92" ;%) + (n-2)g’ (x).
For simplicity, we now abbreviate E;f%(¢;x) vy B,

7x (2g®;x) by 2Zx and g(x) Dby &g. Then the system of

D.E.'s (3.7), written in the regquired form is

(m-r) [wy+(m-r=1)gz ]Broy = 28Bf+r[Zs+(m-r=-1)g’ ]Br

-(r+1) (r+2) gBr 4 q »
Starting with ¥m-1) = 4, we already know (see (5.5))
that B,., = kst,, which is (5.12) with r=m-1.
Substituting this in the above D.E. for r=m-1 gives

Wiﬁm-—z = Qgﬁnlx-i + (m-1)ziﬁm—1’

and so B, _, = [ky_,Wy]"t(m-1)2,, which is (5.12) with
p=m-2. We can now show, by induction, that (5.12) holds
for all r (0 < r < n-1). We begin by assuming (5.12) is

true for r - r+!1 and r - r,

i.e. Er+1. = [km—i(wi’gz)m—r—z:l“i (n;:}) Iy.ren

and B,

[km-i(wiygz)m-r—i]"i (m;1> Zporoqe

By substituting these expressions in the D.E., and then
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multiplying both sides by Jg-s(Wi,Z2)m-r-1, W€ 861
m~1 m=-1
(m=r)knoy (Wy,82)n-rBroy = 2( r > g Zgor-y *+ < P >1‘[Z1+

r+1

(m-r-1)g’ 124 -peq - <m-1> (r+1) (r+2) [Wy+(m-r-2) 85 18Zn-r-2

The R.H.S. is simplified by using (A.11) on the first term,

which then combines with the third term to give

R.H.S. = <2:1>(m-r){[zi+(m-r-1)gr]zm_r_i—(m-r-1)
x [wo+(m-r=-2)g, 8% r-2 }
= <2:1> (n-r)2Zy.r, from (A.10).
Thus,

Er-—i = [km—i(wiygz)m-r]-i (ﬁ:}) Zy.r,

which is (5.12) with r - r-1 and completes the induction.

The check for (5.412) is the r=0 D.E., Bf = ﬁi
i.e. [km—i(wiygz)m—i]_iznll—i . [km-i(wibg_z)m—z‘]-i(m"1)Zm-z
i.e. Zn-y = (m=1) [wy+(m-2) g2 1Zn -2,

which checks with (A.11).

COROLLARY:
From (5.12) with r=0, and (5.6),

) (pyx) = (=1)"= 2Ky Y(x) 2y, ($2&";x), (5.13)

where
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K, 9def km[km-i(wiygz)m—i]b1° (5¢14)

For TYPE's A,B amd C weight functions (y¢), ¥®)

can also be written as (see (A.4))

B (g5x) = (-1 1Ky ¢(x)Q-4(¥PE5%), (5.15)
where the last factor is the orthogonal polynomial of
degree m-1 associated with the weight function ¢2g.

This reduces to equation (27) of DAVIS (1972a) when
¢ is a TYPE A (beta) weight function. Thus our tilde
functions for s=m correspond to Davis's '"ag-solution',
and presumably those for an arbitrary s correspond to the
"g,.g—solution",

From (5.2) and the asymptotic behaviour of the

P.D.F.'s (see (3.10) and (3.11)) we have

F(m) (x) ~ £m)(x) as x - a, (s=1,...,m), (5.16)
and so the lower tail of the P.D.F. of the s—th root may be

approximated by F{™)(x), as indicated by Davias. Now,
from (5.2)

%élm) = félm) - féll_lig. +..u+ (-1)mh1fgm) 9
and by considering the order of the P.D.F.'s as x -» b, we

get

) (x) ~ (-1)m-2p{™) (x) (as x -~ b). (5.17)
Thus (-1)®-* ¥(®)(x) provides an approximation to the

upper tail of the P.D.F. of the largest root.
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As noted by Davis, the integrated forins of these
approximations to the extreme roots were derived by
PILLAI (1965) in the beta case (and by the limiting proced-
‘ure, HANUMARA and THOMPSON (1968) in the gamma case) using
the reduction formula approach of Roy (see also 82.0).

As an extension of THEOREM 2, we can determine a

formula for H{(2) for s=1,...,m=1, bY substituting
B(m) , = k;2,F{"-1)  into the system of D.E.'s (3.7).
However, it is in the form of a recurrence relation, which
requires knowledge of F¥(®-21) as well as ﬁgf;i)

(r=0,...,m-2) before we can calculate Egﬂg(r=0,...,m—2).

The relation is

£(m) (g5%) = <w1,g2>;era1{< - )zm-r_iwzgm;x)k;ziﬁ‘gm-ﬂ (¢3x)
re(-1)* 9 (D800 5 T (T e () 1 Zanrapen (9787 33)
xﬁgm,;i>(¢;x)}, (120, i03m=2;821,0 00 m=1). (5.18)

The proof follows that of THEOREM b, ‘but in thié case the
algebra is quite lengthy, and, because (5.18) has & limited

use, we omit the proof.
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APPENDIX: The modified polynomials.

The classical orthogonal polynomials were defined in
CHAPTER 1 via Rodrigues' formula. That is, if we denote
by Qx the orthogonal polynomial of (exact) degree k
associated with the weight function ¢ (see TABLE 1 of
CHAPTER 4), then

@ (x) 12f oGy SR YO lE@I ] Ge0), (D)

where g 1is at most a quadratic polynomial [see ERDELYI
(1953) 1. The modified polynomials, which we denote by Zg,

are defined by an eguation similar to (A1)

2 (x) 2t TLEELS ddi{sv(x)}, (x20),  (A.2)

where ¢ is a weight function of TABLE 2, CHAPTER 1. The
polynomial 2Zx is not necessarily of exact degree x (the
degree is <k).

Including the weight function as a parameter in Qg
and Zx, Wwe have the following relations between these

polynomials, (for a fixed k=1),

7 (¥3x) = Q (Yg¥;x) (A.3)
and

Qe (¥3%) = Ze (P*5%). (A.L)

For example, if Qx (x) = Lg(u3;x) denotes the Laguerre
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polynomial of degree Kk, associated with the weight
function ¢(x) = exp(-x)x¥, (with g(x)=x), then the

corresponding modified polynomial is
Zg (x) = Ly (u-k;3x).

For convenience we write the coefficients of 2;, Q

and g as

Z,(x) = 24X - Zo
Ql(x) = Q14X - Qo (A'5)
g(x) = g2%X® + g2X + &

From (A.1) and (A.2) with k=1, we see that (with ' = é&)

Qs (x) = Z,(x) - g'(x), (A.6)
i.€. Q4 = 24 - Zg,a}. (A.?)
Qo = %o + 81

We now derive some important properties of the
Z-polynomials.
LEMMA A.1:
For k=0,
Zxaq (%) = [2Zg (x)+ke’ (x) 12 (x)-g(x)2£(x), (A.8)
and so the degree of Zx 1is at most k.

PROOF: From (A.2),

Lr W01 = (~1)5p(x) ()] *2u (%)

I
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By differentiating this with respect to x, Wwe get

L.H.S. = Seprr [p(0) ] = (-1)5+2p(x) [g(x) 1) 2y, (1),

R.H.S. = (=1)% {(y' (%) [g(x) ]~ *-ky(x) [g(x) ]~ (*+) g’ (x)) 2k (x)
+ ¢(x)[g(x)]"*zk(x) }.
Substituting ¢/ (x) = -¢(x)[eg(x)]-22,(x) in the R.H.8.,

(A.8) follows on dividing both sides Dby v(x)[g(x)] (k+1),

THEOREM A.1:

The modified polynomials, Zx, satisfy

(i) the differential equation

g(x)2f~[2, (x)+(k-1) g’ (x)]24+k[ 24+ (k1) g2 ] 2, =0,

(A.9)

(ii) the recurrence relation
Zias (x) = [24(x)+ke’ (x) ]2 (x)=k[z,+(k-1) gz ] 8 (x) Zx- 4 (),
(A.10)
and

(iii) the differential relation
Zk (x) = k[z4+(k=1)gs]Zk-4 (%), (A.11)

where 1z, = 2/(x) and g, = 2g"(x), (see (4A.5)).
PRQOF: We start from the equation

L (y(x)e(x)} = -2, (x)-g' (x) 1p(x),

obtained from (A.%1) with k=1, and (A.6). Next we apply
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dk
axk
ating a product;

to both sides, using Leibniz's formula for differenti-

L.H.S. = gorrr W(x)e(x)} = &(x) a%%%%zw<x>;+(k+1>g'<x>

x L f(x) b (ko1 kgwmr 902 ],
RS = - Lef[z, (x)-g/ (x)1¢(x) ] = =[2, (x)-g (x)]
dk
¢ Ly () k(222 ) or 02 ],

since g is at most a quadratic, and 2Z,-g’ is linear.

The recurrence relation (A.10) now follows, upon
simplification, by writing dx —rfy(x)} in terms of Zx, Dby
(A.2), and then cancelling (-1)¥¢(x)[g(x)]~¥ from both
sides.,

The differential relation (A.711) is readily found by
equating the two expressions for Zyxi,(x) from (A.8) and
(A¢10). To get the D.E. (A.9), we simply equate the two

expressions for Zf,,(x) obtained from, firstly, the

derivative of (A.8), and secondly, (A.1{) with k - k+1e

The recurrence and differential relations, (A.410)
and (A«11), for the modified polynomials (Zx) are much
simpler than the corresponding equations for the orthogonal

polynomials (Qx).
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CHAPTER Lt The distribution of the largest root.

L.1 Outline.

Throughout this and the remaining chapters we
restrict our attention to case (C) of §1.1, where the joint

P.D.F. of the latent roots = < Yyg <eee< ¥g < oo 18

m
2

II - 1.1
Y1> 1<J(Y1 YJ), ( )

‘p—'_\

p(™) (y) = kq eXP(' ™ %

I=1

where

In(m+3) m

ky = [2° I r(z3j)]-*. (1.2)
=1

Hence our particular weight function (corresponding to ¢

in (2.1) of CHAPTER 1) is

o(x) 92f exp(- $x?), (1.3)
i.e. ¢ is a TYPE C weight function - see TABLE 1 of
CHAPTER 1 with o=%.
In this chapter we will only consider the distribu-
tion of the largest root (y,), although at this point we
note that the marginal P.D.F.'s, f{®), of the s-th root,

satisfy the symmetry relations

£glm)  (x) = £{®) (-x), (8=1,e004,m)e (1.4)

m-SsS+1

The main formulae from CHAPTER's 1 and 3 are
summarized in §4.2, for our given weight function ¢. In
&;.3 we arrive at a certain space of functions, denoted by

Vp, by examining the distributions for small values of m.



76.

An important result concerning the C.D.F. (of the largest

root) F{®™), 1is the fact that
kgt F{") e Vp.

This is stated in THEOREM 1, and is proved in the appendix
to the chapter. 8.4 deals with the differentiation and
integration of functions in Vy. The formulae we produce
for these operations are used in later chapters.

In the above sections, the Hermite polynomials
associated with the weight function ¢%(x) = exp(-3x®)
frequently appear - we denote the polynomial of degree Xk
by Hge These polynomials can be defined via the recurr-

ence relation

Hgyq (X) = xHg (x)-kHx_,(x), (k=0; H.,=0, Ho=1), (1.5)

(H,(x) = x, Ho(x) = x®=1, Hz(x) = x*-3x, etec:).
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4.,2. Preliminaries.
For our given weight function (1.3), the P.D.F. and

c.D.F. of the largest root are, from §1.3,

£i8) (x) = kn exp(—#x?) exp(- # téi y?)jéi(x-yi)
em=1(4,x)

< ’jfgj (y1-y;) (ag), (2.1)

and

P{™) (x) = kmf exp(- # 1r:21y?)11<?3 (yi-v3) (dy), (2.2)

e8 (1,x)

where

e (1,x) = {ye RP| = 0 < Yo <eos< ¥1 S X(<o0) s (2.3)
and k; is the normalizing constant given in (1.2).

The auxiliary functions (A.F.'s), Egﬂi(x), are

given by (2.1) of CHAPTER 3 with ¢ - ¢. For the first
and last A.F.'s, we have, directly from (2.2) and (2.3) of

CHAPTER 3
£ (x) = kn exp(- $x?)E{") (x), (2.1)
and

E(®) (x) = kgt, P{"-1) (x) (2.5)

Now @Q,(x) = 4+x and g(x) =1 (see TABLE 1 of
CHAPTER 1 with o=%), and so from §3.3, the A.F.'s are

solutions of the system of D.E.'s
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5 df;_- (m—I')Er-:L - prr+(I'+1)(I‘+2)Er+1r

(r=0,000,m~1; E_,=0=Ey). (2.6)

The recursive scheme for calculating the distribution of

the largest root is (see §3.4)

- STEP 1 STEP 2 STEP STEP L4
sgr-) ST 1 g, STEP 25, 3P 3 gge) ST 4 p(e

where the steps are:

STEP 1

use (2.5),
STEP 2

use D.E.'s (2.6),
STEP 3 - use (2.4),
and STEP 4

integrate (see §L4.4).

Finally we come to the "tilde functions" of §3.5.
From their definitiohs, we see that for s=1, the tilde
functions and the ordinary functions are identical; e.g.

F(m) = p{m),  With our weight function ¢, the recurrence

relation (5.18) of CHAPTER 3 for s=1, reduces to

—1 - = M—=I~2 - _k
Eﬁfi(x) = ( - > Hh_r—i(X)kmiiFfm 1) (x)+2¢(x) KEO k!(m ? )

X Hporogox (XVEED (%),
(r=0,¢0s,m=2), (2.7)
where the Hy's are the Hermite polynomials given by (1.5).

(Because g(x) = 1 the Hermite polynomials and the modified

polynomials (see APPENDIX to CHAPTER 3) are identical).
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1.3 The space of functions, Vy.

Before using the recursive scheme (see 8,.2) for
m=2 and 3, to illustrate the form of the distributions, we

define the functions

By (%) dgffxcp*t(y)ay, (1), (3.1)

where, of course, ¢f is the k-th power of the weight

function ¢ of (1.3).

Obvious properties of the functions p® and & are:

(1) of(tw) = 0 = Bp(), Ox(4w) = 2(w/K)Z, (x31),

(11) £ ¢ (x) = -Tkxo*(x), (k20),
(1311) L a(x) = o* (%), (21)
and

(1) fxwk(y)dy - - 2 gr (), (151

Starting from F{1)(x) = k,8,(x), the recursive
i 1@

scheme gives;
m:g: from (2-5), Ei(X) = @1(3(),
and from the D.E. (2.6) with m=2,r=1,

Bo(x) = 2 g5 By (x) + xB (x)

x®, (x) + 2¢(x).

Thus the marginal P.D.F. of the largest root in the bi-

variate case is
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{2 (x) = kg {xp(x)a,(x) + 29% (x) }, (3.2)
where kg = f(2w)-%.
The C.D.F. is obtained by integrating (3.2) - the first

term being integrated by parts. The r esult is

F{®) (x) = kg {L@a(x) - 20(x)2,(x) 1. (3.3)
We can now start the next cycle of the recursive
scheme.
m=3: E.(x) = 2§28, (x) - ¢(x)a, (x) }.
Prom the m=3,r=2 D.E.
d

B, (x) = 2 ix Ep (x) + 2xBy(x)

2 {lixd, (x) —xp (%)@, (x)+2¢2 (%) 1.
The r=1 D.E. then gives

2L g (x) + xB (x) - 6E,(x)

2B, (x) i

By (x) = 2§2(x2-1)8, (x)+2¢ (x) 3, (x)+2x¢% (x) }.
Hence the marginal P.D.F. of the largest root in the tri-

variate case is

£{8) (x) = Lkg {(x®=1)p(x)dz(x) + ¢2(x)8, (x)+x¢®(x) i,
(3.4)

Kl
where ks = 2 2(8m)-1t.
Integrating this yields the C.D.F.
F{2) (x) = Lks {8, ()02 (x) - 2x9(x)®z(x) - 29°(x) ],

(3.5)

(the actual steps for the integrations will be given in Shaly).
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From these results (and also those for m=L and 5)
we see that each function (P.D.F, C.D.F. or A.F.) is the
sum of terms that involve the product of:

(i) a polynomial in x,
(ii) a power of o¢(x),
and (iii) a factor involving &, (x) and &,(x).
This last factor is either a power of &, alone, or the
product of &, and a power of &5, So, for convenience,

we define the functions

-1 , 3=0
o , 3=t
i = ﬁ Qzéj , Jj even (32), (3.6)
00,2071 L g oan (23),

where &,,%, are given by (3.1).

Qur main result concerning the form of the distribu-
tion for the largest root is stated with respect to a
particular space of functions (on R). This space of
functions, which we denote by Vg, 1is defined to be the set
of all combinations of Sy elpoqsess 0" 10, ,0", 1in which
the combinations are taken over all polynomials (in x) with

rational coefficients;
m

i.ee Vg dgf{vlv = 32 my¢® - Iy, where each m; is a poly-
=0

nomial (in x) with rational

coefficients}. (3.7)
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In (3.7), m can be any non-negative integer - when m=0,
Vo 1is equal to the space of all rational polynomials.
REMARK 1: For m»1, the functions ¢®~ 30, j=0,...,m,
form a basis for V,, since they are "linearly
independent!" over the polynomial coefficients;

m
i.e. = myeP 30y = 0 => @y = 0 for J=0,...,me
j=0

(The proof of this, as suggested to the author by
Professor A.T. James, easily follows from the property that
if @ is a polynomial such that 1lim #(x) = O, then

X400
m(x) = 0 for all xe R).

As an example of a function belonging to V,, Wwe

have from (3.5),

Kz1F{?) = L{05-2x90 - 2¢° e Vs,
(where we are using 1,Xx,x°,... as a basis for the polynom-
ial functions)e.
The structure of the C«D.F. (and hence of the P.D,F.
and A.F.'s) 1is given by
THEOREM 1:
For all m>1, kyiF{™) e V.

i.e. from (3.7), there exists polynomials, q{") say, such
that

m

kg 1R{®) (x) = j§0q§m>(x)¢m“3(x)ﬂj(x), (for all xe R).
(3.8)

Three general properties of the polynomials qgm) are:
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(1) their coefficients are all integers,

(ii) they are either even or odd (polynomials) - a
function of m and j having the same parity
as qgm) is

[$(m+1)] + [2(3+1) ],
and (iii) q{®)(x) = non-zero integer = gy, Say.
By setting X=o in (3.8), an = [Kuofly () ]2
PROOF: The proof is contained in the APPENDIX to this
chap ter,
COROLLARY: The A.F.'s belong to Uy..,

i.e. E™)(x) € Voog, (m21,r=0,...,m-1).

Thus, there exists polynomials, pgm'r) say, such that

m=1
E(m'i(x) = E

j p{m T (x)gP == (x)0y (x). (3.9)

(o]
Three genersl properties of the polynomials pgm’r) ares
(i) their coefficients are all integers,
(ii) they are either even or odd (polynomials) -
a function of m,r and J having the same
parity as pgm'r) is
[2(m=1)] + r + [$(3+1)],
T

and (111) pims™) (x) = Qm—1< '1> Hporoq (%), (r=0,..0,m~1)

where gp., 1is the coefficient of ., in k1, P{m-1)

and the Hy's are the Hermite polynomials given by (1.5).
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PROQF: For each m21, the above results are true for
r=m~1, because

B, =kaly F{®Y) € Vay

(also p{m:m-2) = g{"-2), for j = Oyeee,m=1)o

The required results concerning ngi (for m=2 and
r=0,...,m=2) now follow by either induction on r in the
D.E. (2.6), or induction on m and r inthe recurrence
relation (2.7), orlboth.

Firstly, from (2.6), E{®) € V,.,, because V., is
closed under addition, multiplication by a (rational) poly-
nomial, and differentiation (see §L.l4). Secondly, from
(2.7), the coefficients of the polynomials ﬁgm’r) are
integers (the Hermite polynomials having integer coeffic-
ients). Thirdly, from (2.6) or (2.7), the polynomials are
either even or odd - in a known manner. Lastly, from
(207), the ., in E{®) arises only from the first
term on the R.H.S.,

) m—-1 ‘
viz. < - > Hyorog $meq@n_y +eiai, and so
-1
pi237) (%) = an-s < = > Hooreg (%), (r=0,...,m=1).
From (3.9) with r=0 and (2.4), we have for the P.D.F.

k5 1E(™) (x) = 2 p{m) (x)¢" " (x)0; (%), (3.10)

where pgm) = pgm'°>, for J=0,se.,m=1.
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That is, kz?f{") € ¢Vu_,, where ¢Vs.s 1is the subset of

V¥, in which every function has ¢ as a factor (so the

coefficient of £, is zero),

Wnoy = lov|ve Vaoy ] = {ve Va|lim v(x) = 0}.

X—c0

Tables for the coefficients of the polynomials in
(3.8), with an overall scale factor removed, are provided

by the tables for s=1 in APPENDIX 2, for m=2,...,10.
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L.4 Differentiation and integration of functions in Vg.

In this section we derive formulae for differenti-
ating and integrating functions in V,, where Vp 1is
defined in (3.7). These are required for later chapters.
To begin with, we define the differentiation and integra-

tion operators, denoted by D and 1 respectively;
D: v - D(v) is defined by
(D(v))(x) = é‘; v(x), (for all xe R),
for all functions, v, differentiable over R,
I: v - I(v) is defined by

(I1(v))(x) = fx v(y)dy, (for all xe R),

=co

for all functions, v, integrable over (-w,x] for all

x € R.
REMARK 2: Whenever the product mappings DI and ID are
defined they are both equal to the identity
mapping (on the respective domain). With
regardg to our space of functions V, (for any
m>1), the mappings D,I,DI and ID are all
defined on Up. Hence DI and ID are both
equal to the identity (of V). We also note
that D (but not I) is defined on Vg
Let m>1 and v an arbitrary function in Ug.

Then, with 1,x,x®*,... as a basis for the polynomials over
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R, v can be expressed as a linear combination (over the
rational numbers) of the functions x!¢®~3fy, (120,
j=O,ses,m). Thus a formula for D(x!e®~3Qy) will enable
us to write down the derivative of V. Firstly, we find

D(f;) by differentiating (3.6);

0 ’ J=0
¢ y  J=1
D(Q = . ]
( J) ﬂ '12'J(P2ﬂ;]-2: J even (>2),

oy 1 +5(3-1)920y_5, J odd (33).

\
For simplicity, these four expressions are combined into the

one formula

D(R;) = (3-2[2iD)eRy-a + [33]e?0y.a,  (320). (Len)
In (4.1) and other eguations, we interpret O X xlg®=30y
as being identically zero, even if 1 and j are not in

the range 1i>0, Jj=0,...,m. Hence the derivative of a

typical term of a function in Vp is
D(XI¢m~JQJ) = _%(m_j)x1+1¢m~JQj + ixl-1gn-dQ,
+(j-2[53])xtem- %10y 4 + [$5]xte~3*20; o,
(120, 3=0y000e,m)e (4.2)
The terms in the R.H.S. of (4.2) belong to WV, and so D
maps Vp 1into itself.

We now examine the ranges of the mappings D and I

for certain domains associated with Vge Firgtly, we
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denote by DY, the range of D when acting upon Vn e

Thus D maps Vn, onto DV,, which we also write as

Vo 3 DUy

Since DV, CVp and ID is the identity on Uy, I maps
DUy onto Vpe. What does I map the rest of V,; onto?
The complement of DV, with respect to Vp is denoted and

defined by
Vp-DVy 98T fv e Vy|veg D¥y (for vAO)}
= [ve Va|I(v) & Va (for vAO)I;

thus I maps Vyp-DV, onto a space Wp, say, which is
"disjoint" from Vyp (i.e. Vg NWy = {0}),

Vp = DUy E Wn e
Since Vyp-DVp, CVp and DI is the identity on Vg, D
maps ¥p onto Vp-DUy.
REMARK 3: For spaces A and B,

A+® %8f fatblaec 4, De B] = €, say.

If A N® = {0}, then we write ¢ = A&®, and
so for every c¢ & $ the decomposition c=a+b is
uniquee.

The above domains and ranges of D and I can be
summarized, diagrammatically, by
Vn = Dy & (Vgp-DUy)
Dt I Dt I Dt I (Lte3)

Vm (37 Wm Vm wm
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Hence, for each m>1, DI is the identity mapping on VU,
(as stated in REMARK 2) and ID is the identity on
Un@®Vy «

Equation (L4.2) is used in STEP 2 of the recursive
scheme (see §L4.2). The integration formulae for STEP L4
are obtained by inverting (i.e. integrating) (4.2). Before
doing so, we point out that the integration of a function
ve V, (m>1), will be done term-wise and in a certain
order. We say that the term xi¥¢m'jtndi is "higher"
than x 29" 920,  if either

(1) J1 > Je

or (ii) J, = jz and i; > ig.

To integrate v, we arrange the terms in descending order
(as in the R.H.S. of (4.2)), and integrate each term in
this order.

We invert (L.2) by examining the highest term on the
R.H.S. When i >1 and Jj = m, the highest term is
x!-10,, and so by replacing i by i+1 and integrating,
I(x'fh) = Troqylx!** - (m-2[$n]I(x1 4100, ,)

=[fm]I(x!*1920,._5) ]}, (i20). (Lhelya)

When i»0 and O<jsm-1, the highest term is x!*1¢"-dQ,,

and so by integrating (with i - i-1),
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I(xlgn-30;) = 15%37{-x1-1¢M*Jnd+(i-1)1(xi~2¢m—ﬂnj)

+(3-2[33D) T(x!-2m 3*20y_,)
+[E51T(xt=2gm= 3420, )}, (i21,3=0,...,m~1).
(L4 l4p)
For i=0 and j=m the highest term is either olln.,4
(if m is odd, m»1) or ¢?*fh.p (if m 1is even, m22),

and so we have either

I(¢Mn-1) = fa-3(m=1)I(p?*W.-2), (m oad), (Lele)
or
I(¢*M.5) =2 %, (n even). (L L)

Note that, for m»2, the terms ¢~ 3Ry (j=0,...,m-1)
other than
¢op.4» m odd
{ 2.5, m even
are not the highest terms in the RiH.S. of (4.2) for any
L.H.S., i.€. there are no functions v e V, such that
D(v) = ¢®-40; + lower terms.

Thus, if we define V,¥* to be the following subset of Uy,
/

iof ) m=1
m-1
Up ¥ def ﬁ {v¥%e lev* B ngcj¢m“1ﬂ3}, m even (>2)
(jfm-2)
me?
{v*ezvmlv* = jgo CJ¢m~JﬂJ}’ m  odd (23)’

\
(4.5)
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then Ug* N W, = [ve Vp|D(v) € Vp*} = {0}
:n Vm* Cvm - Dle

Now let v e Vy. By integrating v according to (L4.l4)
we will finish with (say)

I(v) = v, + I(v¥), where v, € ¥V, and v¥e VUp¥.

& v o= D(vy) + V¥,
If however, v & Up-DV,, then, because Vy® C Vy-DVy,

v-v¥ = D(vy) € (Vu-DVy) N DV, = {O}
ioe. V=V’7€ ]7m*-
-.- Vm _Wm C vm*o
Hence Vp%¥ = Vp-DUV,, and consequently

(L4.6)

Vm = [

DUy @ Ug®, m>2

Equations (4.4a)-(4.4d) are used to integrate an
arbitrary function in VUV, (m>1), but only (L.4b)-(4.Ld) are
required for a function in ¢Vy., (in particular the
func tion ¢E%Ti = kgif{m)). Notice that the integrands on
the RoH.S. of (L.4) are "lower" than that in the L.H.S., and
so at each stage of the integration process we will alter
the coefficients of up to three lower terms, The integral
of a function v¥# € Vp* is simply left as I(v*) (€ Wg),
although it is possible to evaluate the integral as a

known function in particular cases - e.g. 1(2¢2,) = ® and
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I((pa) = @3-
REMARK l}: When we integrate kﬁifgm), which will, in

general, include terms from Vp¥, the result
(kz1F{™)) 1is known to be in V,, and not

Vp ® Wy (from THEOREM 1). Hence in the
integration procedure, the coefficients of
the terms in Vp¥% must eventually be reduced
to zero as the result of integrating all the
higher terms.

The statement made in REMARK 4 will now be demonstra-

ted by the following example of the integration procedure,

EXAMPLE: Let v = (a2X2+ao)(pﬂ2+bo(p2ﬂi+cix(p3 (e (Pvz) ,

where ag,8q,00,C4 are arbitrary rational
numbers. The terms are arranged in descending
order and so we integrate, term-wise, from left

to right. By applying (L.4) to v ~we will write
the integral of v as I(v) = v,+I(v*) with

v, € Vs and v¥ e Vg™, where Vg* ={c,0°Q +co¢® ]

- see (4.5).

The actual steps are:

(1)

I(x2¢ﬂ2) - coefficient is as. Integrating this term
by (L4.4b) produces -2azxefl; and the following
replacements to the coefficients in the whole
integrand;

ap = 8pt2a5, ©C4 — Ci+2a85.
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(2) I(pf,) - coefficient is now ap+2az.  From (Lol4c) we
get (ap+233)flz and Do - bo - (ap+2az) e

(3) I(p2f,) - coefficient is now bo-ag-2az. (4.L) does
not apply and the integrand of this term is in Va¥.

(4) I(xg®) - coefficient is now cy+2az. From (L.4b) we

get - Z(c,+2a3)e%.

Hence,

I((azx®+ao ) pfla+bo 9?2y +Cy X0%) = vy +I(v¥), (L4.7)
where

vy = (2ap+85)0-2a, %0, - §(c,+2a;)¢3, (4.8)
and v* = (bo-ao-22a3)021, . (4.9)

If we invert (L4.7) (i.e. differentiate), we obtain the
decomposition of v into two functions, viz. Vv = D(v,)+v¥%,
corresponding to Vs = DV; @ Vz* (see (L4.6)).
Note that I(v) € Vg <=> bp—-8o~2a85 = O.

Now the L.H.S. of (4.7) is the integral of

(uks)“ifga)When ag=1, ag=-1, be=1, cy=1, 1in which case
bo-8o-28; = O as stated in REMARK L4i The R.H.S. of (4.7)
is simply V44 and so from (4.8)

(Lks)-2PE%) = Q5 - 2xpf; - 29°,

which agrees with our earlier result (3.5).
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APPENDIX: The proof of THEOREM 1.

The purpose of this appendix is to prove THEOREM 1
(of §4.3), i.e. k51F§m> € Vpo To show this we use the
reduction formula approach of Roy (see CHAPTER 2), and so
we work with the p{®)-functions, defined in (2.1) of
CHAPTER 2, for our particular weight function ¢,
(p(x) = exp(-$x*)).

The theorem stated below gives the form of these

p—-functions as
m
p{™ (@5 {raseeesma l3x) = 3wy (x)em ()0 (x),

(m21,ry>0es>ry = 0), (A.1)

where the nj‘s are polynomials depending upon m and the
r's. Since we are only interested in the form of pgm)

(€ Vn, see (3.7)), and not explicit expressions for the
7;'s, we do not need to know the value of each ry. In
the theorem we show that the Wj's are either even or odd
polynomials with integer coefficients, and these facts

m
depend upon the ry's via only their sum, . X ry =r say.

1=1
Note that the minimum value of r is #m(m~1) and occurs
when r; = m-i, in which case the L.H.S. of (A.1) is

identical to k;F{™) - see (2.2) of CHAPTER 2.
To indicate that we are only considering the sum,
r, and not the individual r;'s, we write the p—-function

in (A.1) simply as p{®)[r]. The even and odd polynomials
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with integer coefficlents will be denoted by € and 0
respectively. If we know their exact degree, 0 say,
then we may write &(3) or 0(d); e.g. &(0) represents
any constant (non-zero integer) polynomial. We also
write p(™)[even] or p{®)[odd] to indicate any r that
is even or odd (respectively). This notation is also used
for the Wy, and W-functions which appear in THEOREM 1,
CHAPTER 2. For example, from .(2.8), (2.9) and (5.6) of

CHAPTER 2, we have

¢ , I even
® ¢ , 1r odd
(0)0,+409¢%, r even
and W(e?;5r) = (A.3)
Egp?, r o0dd

We are now in a position to state (and prove) the
theorem mentioned above, in which THEOREM 1 -appears as a
corollary.

THEOREM A.1:

For all m»1 and reim(m-1), p{(™)[r]e vV, where

ofm)[r] is the function on the L.H.S. of (A.1) with

m
r = 21’1.
i=¢ -

Thus, there exists polynomials, w; say, such that

gm0y, (A.L)

plm) [r] =
[¢]

3

YL

Three general properties of the polynomials w; are:
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(1) their coefficients are all integers,
(ii) they are either even or odd (polynomials) -
a function of m,j and r having the same

parity as w; is m+r+[3(3+1)],

in

o , if [sm]+r 1is odd
and (iii) m {

non-zero integer, otherwise.
From (iii), we see that p(®)[r] e ¢z, when [Zm]+r is
odd.
PROOF: We use induction; the proposition being that
(A.l4) is true, together with the three properties mentioned.
Firstly we show that the proposition is true for
m=1,2 and 3 (for all r).
m=1. From (2.11) and (5.6) of CHAPTER 2,
(1) [r] = W(psr) = { &(0), + 0p, r even
E¢, 1T odd.
Thus (A.4) and the three properties are true for m=1.
For m>2 we use the p-reduction formula
(THEOREM 1, CHAPTER 2). By successively applying the
formula to the D-terin on the R.H.S: until it is zero

(when two of the r's are equal), we can write
ptm) [r] = 2 feuWo (@3r{ ) =1)p(n~2) [r=2k-ri®) ]
m
+ dg 152(-1)‘W(wzsrik)+r§“’—1)p‘m‘2’[P-2k-r§k)—r§“)]3,

(A.5)

where r{® = r; and r{F>...> r{¥) > 0 are obtained
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from the previous set of r(1k~1) 's by subtracting two from

the largest number. Further, cx and dx denote certain
integers, depending upon the r's. Note that lgirgk)=r52k
and that the sum over k in (A.5) is finite. In (A.5)

we can disregard the integers c¢x and dx and the summa-

tions over k and i as these will be absorbed into the

polynomials.

Although we do not know the individual values of
the rik>'s, it is important to note that each of the two
pairs

(1) r{® -1, r-2k-r{*

and (2) f{® + p{¥)-1, r-ok-r{*® - r{*

have the same (opposite) parity when r is odd (even).

We now continue the proof of the theorem.

m=2. (a) r even; from (A.5),

d.
p2) [even] = W, (¢;{gggn> pl1) [ {ggenJ+W(¢2;odd)

Now, by using (A.2), (A.3) and (A.L) for m=1,
Wo (pseven) x p{1)[odd] = €¢ x £ = E¢Z,
Wo(pj;odd) x plt)[even]= 09 x [£(0)2, + Og]
= O0pfl, + £o=,
and W(¢2;0dd) = &¢Z2.
Thus, by adding these cases,
p(?) [even] = 0, + £¢3,

agreeing with (A.4) when r is even.
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(b) r odd; from (A.5),

p¢®)[odd] = wo(q,;{g‘c,’ign> p<1>[[g§§n] + W(gp?;even).

It is now convenient to write the above products in table
form, in which the column labelled Jj refers to the

polynomial coefficient of @"=3fy, (j=0,..s,m)e

p¢2) [odd] 2 1 0
W, (¢p;even) x pt¢1)[even] - 2 Y
Wo (p;0ad) x p(2) [0dd] - - 0
W(g®;even) e(0) - 0
Total e(0) € O

Thus p(2) [0dd] = £(0)0, + £, + 092, agreeing with (A.L)
when r 1s odd.

n=3, (a) r even; from (A.5),

'3 [even] 3 2 - 1 0
Wo (¢seven) x p(z)[odd] . - £ & o
WO((P;Odd) x ,0(2) [even] e - & o
W(p®;even) x p{1) [odd] = e - o
W(g2;0dd) x pl1)[even] -~ = e 0
Total - E € V]

Thus (A.l4) is true for m=3 and r even.



99.

(b) r odd;
p{3) [0dd] 3 2 1 0
Wo (p3even) x pf2) [even] - - o &
Wo (p30dd) x p¢2) [odd] - Y] ) €
W(p2;even) x pft)[even]| €£(0) O 0 €
w(e®;0dd) x p(1)[odd] - - - e
Total (o) o Y €

Thus (A.4) is true for m=3 and r odd.

The .general induction step proceeds in & similar
fashion, but it is awkward to write down for an arbitrary
m and r - so we omit the details.

COROLLARY: (THEOREM 1)

For all m>1, k;1F{®) € Vy+ Furthermore,
m
kﬁiFgm) =j§bqgm) om0y,
where the qgm)'s are either even or odd polynomials, with
integer coefficients and with gq{®?.= non-zero integer.
A function of m and J having the same parity as qgm)
is [3(m+1)] + [£(3+1)].
PROOF: Take r; = m-i, (i=1,...,m), in which case
r = $m(m-1). The result then follows from the theorem

because

kG tF{") = p(™) [r].



100.

CHAPTER 5: The distributions of the other roots.

51 Outline:

As previously mentioned, we are concerned with the
distributions of the individual roots Yy <.ee< ¥y1, Whose
joint P.D.F. is given by (1.1) of CHAPTER L. In this
chapter we derive the marginal distributions of Yzjseee,¥n
having already determined the distribution of the largest
root (y,) in CHAPTER l. In fact we show that the dis-
tribution of ys (8=2,...,m) can be derived from only the
functional expression found in §4.3 for the distribution of
Vqe This is achieved via the operators defined in the next
sectione.

In §5.2 we define operators T, (p>0) that map
functions in V, into functions in Vy., (for m2p). These
operators first arose by examining the tilde functions
(of §3.4) for small values of m. An important property of
the operators is that T, and D (the differentiation
operator) commute on V, (see THEOREM 1). This result
(together with THEOREM 2) is used in §5.3 to show that the
tilde functions for s = 2,...,m can be obtained from the
corresponding function for s=1 simply by using the
mappings Tg_, (see THEOREM 3). Examples are given for
the P.D.F. of each root (ys) Wwhen m = 2,3 and 4. We
note that this method does not employ the symmetry between

Ys and Yn_-gs+s (such as (1.4) of CHAPTER U4).
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5.2 The mappings Tpe.

In this section we define a sequence of mappings Tp,
p>0, that are defined on each space of functions V,, m20,
although the mappings (on Vy) of most interest are
Tyseeeslpe We also indicate some properties of these
mappings - the most important being that T, and D
commute on V, (stated as THEOREM 1).

We begin by recalling the definition of Vyj; if
ve Vp, then there exists polynomials (over R and with
rational coefficients), wmy; say, such that

v =
J

W MB

o'lTj(pm“J.Q.d, (2-1)

where, as always, ¢ 1is our weight function
¢(x) = exp(—4+x®) and the f's are the functions defined
in (3.6) of CHAPTER L: i.e. flpy = @59 and fgy,q = 8,857
where oy = I(¢¥). TFor each integer p>0, Tp:v — Tp(v)
is defined by

b tpymy@® 3045, P = 0,40.,m

Tp (V) dif{ i=p (2.2)
0 s P>m

where v is given by (2.1) and for p,Jj = O,

def

% 0 s P>J or p odd, J even
Py = .

{ <E?j%>, otherwise. -
zP

So, by definition, T, 1is the identity mapping and T,

annihilates V,; when m<p. The range of T, when acting

J—
4 UM
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upon Vyp is denoted by T,V,; from (2.2) we see that
ToVn = Vg, TpVp = {0} if p <m and TV 1is a subspace
of Vp.p for Dp=l,es.,my
i.e. Vp EP ToVn CVgeps P = 1,ee.,me
It may be seen from (2.2) that T,, when acting

upon ve Uy, operates only on the fj-functionse. If we

let v = 0 (eVy), then from (2.2), for p,Jj > 0,
Tp(ﬂn) = tp Ry (2'”)

(remembering our convention that O x fy 1is identically
zero even if j<0). Hence for a function ve V,, given

by (2.1),
Tp(v) = 3 ayeniTy (), (2.5)

where T,(Q;) is given by (2.4).

]
EXAMPLE: Let v = J2 Ty~ 30y € Veo
=0

Then T,(v) = mso + 7030 + m¢° € Vs,
To (V) = 3meQl, + 2ms90s + 2m, 930, + W3Sy + w0t
EUL_

etce.

INTERPRETATION OF T, (Qy):

Firstly, we note that y is the product of
j-2[%j] ©,'s and [$j] ®,'s. The effect of T, on £
is to take out the number of factors in Iy corresponding
to those in Q,; i.e. it removes p-2[3p] of the
j-2[£3] ®,'s and [%p] of the [%j] ®;'s, 1leaving factors

which combine into (Qj_p. The number of ways of doing this
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is
(j—2[%j]>< [%j]>, where as usual <?> is defined to be
p-2[$p]/\ [$p]
zero whenever n<r.

ieee Tp(Ry) = (j—2[%j]><[%j]> Q_p,

p-2[zp]/\[2p]

which is the same as (2.4).

We now list some properties of the mappings Ty
when applied to Vy (m>1, p=1,...,m).  These follow
directly from the definition (2.2).

PROPERTY 1: T, is linear; i.e. if v,,Vz € Vu and

m, sy are polynomials, then Tp(ﬂ1v1+wbv2)=w1Tp(v1)+ﬂprﬁ&L

We also have T, (¢¥v) = T, (v).

PROPERTY 2: T, maps V, onto Vp.p if and only if p

is even:
TepVn = Vp-zp and

[+(m-1)]-p .
sz+1vm = {V € vm—zp-ilv = JEO ﬂ]¢m—2p“1— JﬂzJ}‘

PROPERTY .3: T, is not one-to-one on UV, because

a [2m] \
T2p+1<§" Tyt Iy + J=p2+1 Mo 3" 2JQ23/ = 0.

PROPERTY L4: The application of two mappings T, and Tq

on Vg (p+q < m) commute (i.e. TpTq = TqTp) and

TpTq = CpqTpeaqs
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where

0, p,a both odd

([%PEI£§QJ>, otherwise.

Cpq =

It is interesting to note that these c's are the same as
those in §2.4.

The most important property of T, is that it
commutes with D (the differentiation operator - see
§4.4). This is stated as
THEOREM 1:

For each m>1, p=1,e..,m the product mappings T,D
and DT, are both defined on V, and are equal; 1i.e.

Tp and D commute on .Ugy. (The result is trivially
true for p=0 or p>m).

PROQF: Let ve Vg Then D(v)e Vp and Tp(v) € Vaop;
since T, 1is defined on V; and D defined on Vp.p,
Tp(D(v)) € Vpp and D(Ty(v)) € Vg_p. Thus the products
TpD and DT, are ﬁoth defined on Vpe. Now a typical
term of v is x!l¢®-30; (i20,j=0,...,m) and so T, and

D commute on VYV, if
Tp (D(x!gm-304)) = D(Tp (x!e"~0y)),

fOI' all i?O, j=0,'.l,ml

From (L4.2) of CHAPTER L and (2.2),
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T, (D(x!p®~304)) = Tp({—%(m—j)x1+1+ixi“1}@m“dﬂj

v (3=2[L3])xteR=i*+2Qy, + [F3]xteP-I+20y )

tpy -3 (m-g)x!*2+ixt =t Jo" 10,0,

+ ax1¢m-3+1ﬂ1~1—p+bxi@m_J+2ﬂj—2—p’

iDtp,5-4 and b = [23]%p,3-2¢

(MBS

where a = (j-2[

Also,

D(T, (x!m=302y)) = D(x!gP~3tp 0. p)

tpy {—F(m-3)x!+14ixt -2 =30y,

+ a’x1<pm‘3+1ﬂj_p_1+b'xicpm"J+2ﬂ3_p..2,
where a’ = (j-p-2[%(3-p)])tp; eand Db’ = [$(3-p)]tpy-.
Hence it is sufficient to show that a=a’ and b=b’ in

order that T, and D commute on Vy.

We now examine a,a’,b and b’ for the following

values of p and J:
(a) p>j; from (2.3), tp,y = tp,3-1 = tp,3-2 = 0 and so
a=0=a', b=0=7D.
(b) p odd, j even (p<j); we make the replacements
P—+2p+ 1, j—= 23
From (2+3), topss,23 = O = topss,23-2 and again

a=0=a’, b:O:b'.

(¢) podd, jodd (p<j); P—->2p + 1, J - 2] + 1.

. 1
tops1,25+410 = (%), tepsr,23 = 0y topui,2y-1 = (Jp >-
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!

So a = a and

=0
b - j<351> = (j—p)<g> = vl

(a4) p even, j even (p<j); » - 2p, J - 2J.

-1
tzp,zj = <g)! tzp,z;-z = <JP >'

So a=0=a" and
_ % 3‘1 S - J = b!.
b = J( o > (3 p)<p>

(e) p even, j o0dd (p<j); » - 2p, J - 2j+1.

. ‘_1
tzp.zj+1 = (%) = tzpazd’ t2D:23~1 = (JP >.

J !
S0 = = nd
a (?) a a

b = j(j;1> = (j—p)(ﬁ) = bl

Thus in all cases a=a’ and %b=b’, which proves our

assertion that T, and D commute on Vye.
COROLLARY s For each m>2 and p=t,eee,m-1, T, and I
commute on DV, (where I is the integration operator
defined in §L.4 and DYy is the range of D when acting
upon Vgp)e
PROOF: The two statements

(1) T, and D commute on W,

and (11) T, and I commute on DV

are equivalent whenever the product mappings are defined on
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the respective spaces. From the theorem we know that (i)
is true. Now T,I 4is always defined on DV, and IT,
is defined on DV, provided p Zm (because I is not
defined on Vo) Thus T, and I commute on DV, for
p=1,ee0,m=1 (and trivially so if p=0 or p>m). When

p=m the best we can say is that Tp = DT, I on DUy.

We now extend the domain of the mappings Tp (p>0)
from V, to Vp @ Wy (m>2), recalling that Wp = W% -
see Sh.l. Because Wy NVy = {0}, we can arbitrarily
define T, on Wy; Wwe choose our definition so that T

and D commute on Wge. Hence we define T, on Wy by
T, (w) 4&f IT,D(w), for all wWe Wp. (2.6)

The R.H.S. is well-defined because D maps W, onto Vp¥;
T, is defined on Vy® (C Vy) and maps it onto TpVp* (say)
which is either {0} (if p¥m) or a subset of Vg, (if
psm-1)} finally I is defined on Vy.p for m=-p > 1.

Thus we see that T, 1is the identity on Wp and Ty
annihilates W, for p2m, For the overall range of T,

when applied to Vyp & Wy, Wwe have

Vn @ Wn , =0
# = —
Tp (vm ©® 'w'm) = Tpvm ® ITDvm H P—1,-.-’m 1 (2'7)
Vo s DP=n

{01 , D>m.
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From the sbove results and from THEOREM 1 we have
THEOREM 2:
T, and D commute on Vy & Wy (1 < p-<m)e
Hence T, and I commute on
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5.3 Application of the mappings.

In this section we show how to derive the marginal
distribution of ys from that for the largest root by use
of the mapping Ts.i, (8=2,...,m). Firstly, we recall the
tilde functions of §3.4 (and §3.5). From (4.8) of
CHAPTER 3, the C.D.F. of the s-th root is the following

linear combination of the ¥'s:

S
P = 3 asoemes BT, (8=1,e00,m) (3.1)

l.
where, for i,j > 0, ajy = (-1)[211013 and the c¢'s are
given in PROPERTY !} of the previous section (see also the
table in APPENDIX 41). Corresponding to (3.1), we have for

the P.DeF.'s and auxiliary functions the relations

S

fgm) = 2 asht’m_s%gm)’ (302)
t=1
and
]
Eg‘nig — tgi(;“1)s~tas..t,m_sﬁ§‘ni)t, (3'3)
(r=0,.04,m=1;8=1,000,m)e
In §3.4 the ¥'s were defined by the egquation
Fm) = sgn(m,s)Zye.?s (1), (3a44)
Where
_{-, m,s Dboth even
sgn(m,s) = {+, otherwise (3.5)

and 7, denotes the combined operations of obtaining F{®)
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from F{®"1) wvia the recursive scheme; i.e. starting with
F{®-1) we divide by ku.,, substitute for E,., and use
the system of D.E.'s (2.6) in CHAPTER L to calculate Eo,
then multiply the result by ¢, integrate and finally
multioly by kg In symbols the operations are:

Fii) =#,(1) =k I(p), and for m > 2,

il

() = 7 (FO-0)) = kg T(g2ao, (k2 FR1))),

m-1" 1
where 9., is the (m-1)-th order linear differential
operator that gives E, from Ep_.;. (@m_1 is a polynom-
ial in D of degree m~1 with coefficients that are poly-
nomials in x)e

Because the mapping T, 1is linear with respect to
polynomials in x and commutes with D (on any Vn), Ty
also commutes with all linear differential operators with
polynomial coefficients (in particular the operator Dy.,).
Thus Tp(F{®-1)) for p=1,...,m-1 are solutions for Ep.,,
and so we can apply Jn to them (p>m is omitted because

in thie case T, (F{®"1)) is always the zero function).

Now

Fu (Tp (F("=2))) = knI(¢Dn-, (51, Tp(F("-2))))

Ko ITp (¢@p. 4 (K1, FEB=1))

and since I and T, commute on V, (for p<m-1, see
THEOREM 2),

Fu (Tp (FP=2))) = Ty (Fn (F{m-2)))
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ices Tp (F(™)) = 7 (Tp (F{"=1))), (p < m-1). (3.6)
If p < m-1 we can use (3.6) with m - m-1 to get

Tp (F{™)) = FnFn-o (T (F{"~2))),
and so on, resulting in

Tp (F{P)) = FnowsFpaa (Tp (FEPY)), (0 < m-1). (3.7)

But, from THEOREM 1, CHAPTER L (with m - p)

F(P) = Xk, §g,0, + lower terms}
and by (2.2),
TD(Fg_p)) = kpqp = ﬂ;j'(oo)'
By substituting this in (3.7) we have

0y () Tp (F(H)) = Fp o Fpaa (1)

Thus, on comparison with (3.4), we have established

THEOREM 3:

Let m z 2 and. S = 2,ooo,m. Then

F’ém) = Sgn(mys)ﬂs—i(w)TS-l(Fim))’ (3.8)

where sgn(m,s) is given by (3.5) and, of course,

~

Qy (o) = {_(2")%1 » J even

L(3+3) L(3+1)
oF a 7, 3 odd .

((3.8) also holds for s=1 because F(®) = F{®) = Ty (F{™)))
COROLLARY:

F(n)

and Ei%g

1l

sgn(m!S)QS—i(m)Ts—i(fgm))’ (309)

Sén(m‘1:S)Qs-i(w)Ts—i(Eﬁ.n:)i)’ (3010)

(P=b,.--’m—1; S=1,-oo,m).
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Having derived expressions for f{®) and F{®) in
CHAPTER ), we can immediately write down expressions for
the P.D.F.'s and C.D.F.'s of all roots, using (3.2), (3.9)
for f's and (3.1), (3.8) for F's. For example, ex-
pressions for the P.D.F.'s, £{B), are:
m=2; f,=F,, fp=t,+¥; where
¥y =ks {xo0y +20% {,
Fo= kel (o) {x0},
and kg = %(27)'%, in agreement with (5.15) of
SUGTIURA (1973).
m=3; f£,=T4, fa=Tp, fa= =T +Ig+la where
Ty =lks {(x2=1)@la+93 0y +x0° ;_’
i42=’-IJKKC:3S11 (c0) &Pz }s
Fa=liks 0z () [ (x2=1)0 ],

and kg = 2_%(811‘)"1.

m=lis £,=F,, fo=F 4%, fa=-F,;+%s, fi= T, -To+T5+F, where

¥, =lk, {(x®-3x)0f+6 (x2+1) @R Qp+ (%2 -14) 9> +6x0* |,

Tos= "IjLKLﬂ:_ (o0) {(x®-3x) @R +(x?~L4)¢° }s

¥a=lk, 0 (w) {(x®-3x) 0 +6 (xB+1) 92 |,

T,= =Wk, Q5 (o) {(x®=3%x)0 },

and k, = 2°%¢ 1,

The function in f...} for ¥ (s=2,...,m) is the result
of applying the mapping Ts., to the function in fooel
for ¥, . (Tebles of the coefficients for f£{®) (=E{™)) are

given in APPENDIX 3 for m = 2,see,10)0
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For the C.D.F.'s, F(") (m = 2,.49,10), see
APPENDIX 1 (giving F's in terms of ¥'s) and APPENDIX 2

(coefficients of F's).

e.g. m=l; [ Py T1 o o o ¥
Fo | _ 1 1 0 O ¥,
Fs -4 o 1 o0 Fa

| F, [ -1 4 1 1] LF |

¥y = 8k {u, - (x2+1)90s-Lxp?0, -x¢® 0, -l §,
By = -8k.0y () {-(xP+1) 005 - x¢° §,
Fa = 8k 03 () {802~ (x2+1) @ty ~lixo? ],
Fo = -8k 05 () {~(x*+1)g ]
Note that in APPENDIX 2 the function ¥{®) is given

by a table for v,( Vy) where

ﬁ‘j(-m) = 01V1, CI:L = Vi(oo),

and the coefficients of v, are scaled so that their
greatest common divisor is unitya. The constant c¢; 1is a
multiple of k,, and if qp denotes the constant coeffic-

ient of  1in v, then

¢y = g;t0-1(w) e
(This gy 1is a factor of the ¢ defined in THEOREM 1,
CHAPTER L).
The tables for s>2 give Tg_,(Vvy){€ Va.sg4s) Which lead

to the other #'s ©because
Fgm) = csTs—i(vi)s

where cg = sgn(m,s)c sy (0)e
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CHAPTER 6: Computing methods.

6.1 Outline

In this chapter we mechanize the recursive scheme
given in §4.2 (i.e. the operator 7, described in §5.3).
This produces the distribution of the largest root, and
hence from CHAPTER 5, the marginal distributions of all
rootse. The. procedure for computing the coefficients of
the distribution of the largest root is indicated in §6.2.

We first demonstrate how an arbitrary function of
Uy can be represented by a 2-dimensional array (or matrix)
of coefficients. The rows and columns are given a special
interpretation as shown below. If ve Vy, then by
definition (see §L4.3), there exists polynomials, @y say,
such that

m
VvV = 2 Wj(pm—:lﬂjo

By expanding the polynomials with respect to the basis

1,X,X?,... We may write v as

d(v)
> v(j,i)xtem-iny, (1.1)

m
vV = P
=0 i{=0
where d(v) denotes the maximum degree in Woyeee sMye
(Of course v(j,i) is zero if i 1is greater than the
degree of wj). Thus Vv can be represented by an array
of the coefficients v(j,i).

However, instead of using the usual matrix indices

(17,3'), say, with rows labelled from top (i’=1) to
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bottom (i’=m+1) and columns labelled from left (j’=1)

to right (3’ = a(v)+1), we simply use (j,i), where
(3,1) = (m+1-i’, a(v)+1-3'). (1.2)

Our row index j refers to the basis functions @m"iﬂd
and our column index i refers to the powers x!. Hence
we represent v Dby a matrix V, say, having each v(j,1i)

in the position indicated below;

(x!)
a(v) o . 1 o+ . . 1 0

m

V dgf .o'oo-oov|OCV<jyi)-.ooaoo aaaaa 4090 :j ((pm_Jnj)
: 0

(1.3)

We say that v(j,i) is the (j,i)-th element of V, and
write V = (v(j,i)). We also define v(j,i)x'o"~30Q; to
be the (j,i)-th term of (1.1), i.e. of v, with
coefficient v(j,i).

Any linear operator acting upon v defines a
corresponding operation on the matrix V. For example,
the differentiation operator, D, when applied to the
(j,i)-th term of v can be regarded as D operating upon
the (j,i)-th element of V. In (1.3) the matrix V is
of size (m+1) x (d(v)+1); for operations such as differ-
entiation and integration it is convenient to extend V by

adding dummy rows and columns (of 0's) - see later.
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6.2 Computation of the coefficients for the P.D.F. and

C.D.F.
In this section we outline a program used to compute
the coefficients of the P.D.F., £{"), and the C.D.F.,
F{®), recursively (see s=1 tables in APPENDIX 2 for
F{"), and APPENDIX 3 for £ind, m=2,...,10)s  We recall
that the auxiliary function, Eﬁfi, r=0,e.0,m=1, are

functions of Vp., With

(m)  _ -1 p(m-1) (m) _ (m)
B = k-1 F and £{") = kagE{"), (2.1)

So we let Vy., and Uy., be the matrices corres-
ponding to Eﬁfi’i and ngi respectively: thus
Vp = I(@Um—i) .

Suppose we wish to calculate the coefficients for
fim) and Fim> (essentially Up., and V) for
m = Moyess,my and we already know Vho_i; then this can

be done using the procedure

(P1) READ mo,mys

(P2) in the first cycle (m=mo) READ matrix Vp.,; in
subsequent cycles V,_, is found by integrating
pUz.o (see later).

(P3) PRINT Vy_,

(Py) if m > m; STOP.

(P5) calculate Uy., from Vy., using the D.E.'s

(see later).
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(P6) PRINT Ug.,

(p7) GO0 TO (P2) with m — m+1 (i.e. start new cycle).

The print-out involves the matrices Vy., &and Up-g4 from
which we can readily obtain Fim‘i) and f§m> by multiply-
ing the matrices by Xkg., and kp¢, respectively.

The necessary computations in (P2) and (P5) are
performed in two SUBROUTINE's. For (P2) we have

SUBROUTINE 1: Compute Vp = I(¢Uy_,), where the input is

Upo, = (u(j,i)) and the output is V, = (v(j,i)). Using
only the matrix of coefficients Up.,, the operator I
when applied to the (j,i)-th element of ¢Uy., results
in the following summations (see (L.L4), CHAPTER 4):

STAGE 1: when O < j < m-1 and i>1, -

(a) add -Zum;ji to v(j,i-1),

(b) add Z(i’l%fgg'il to u(j,i-2),

it a(3-1,1-1),

l . 4 o
(4) add £ ;_j 2L to u(j=2,i-1).

After performing these steps in the order of descending J
and 1, we come to either
STAGE 2A: m odd, j=m-1, i=0,

(e) add u{(m-1,0) to v(m,0),

(f) add -i(m-1)u(m-1,0) to u(m-2,0)

or
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STAGE 2B: m even, Jj = m—-2, i=0,

() ada 2(m=2.0) 45 y(n,0).

Notice that in steps (b), (c), (d), (£) the "lower" elements
of Up., are altered. Because of this continual change,
the symbol u(j,i) as used above denotes the current value
of the (j,i)-th element of Uy.,. For the remaining cases
of i=0, not given in either STAGE's 2A or 2B, we may
include an error routine if the elements are not zero (see
REMARK L, S4.4)e In (P2), SUBROUTINE 1 is called with
m — m-1.

For (P5), we calculate the auxiliary functions using
the DeE.'s (2.6), CHAPTER L4 via
SUBROUTINE 2: Let E, = (e;(J,1)), Ep = (ez(j,1)) and

Es = (e3(j,i)) %be the matrices corresponding to Egﬂi,i,ngi
and Eﬁfi’i respectively. We compute Bz, given E; and

E, (B,=0 if r=m-1), in two stages by combining all the
operations on B, into one operatore.
STAGE 1: the operator 2D+rx when applied to the (j,i)-th
element of Ey; results in the following summations:

(2) add (j+r+i-m)ey(j,i) to ez(F,i+1),

(b) add 2i ey (j,i) to eg(i,i-1),

(¢) ada 2(3-2[%j]) ex(J,i)to eg(j-1,1i),

() aad 2[%jles(J,i) to es(j-2,1i).
After performing these steps for all (non—zero) elements of

E,, we come to
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STAGE 2: subtract (r+1)(r+2)E, from E; and then divide
by m-r.
(of course STAGE 2 is not required when r=m-1).
In (P5), SUBROUTINE 2 is called for r=m-1,m=2,...,1,
starting with Eg = Vy., (when r=m-1) and ending with
Up., = Bs (when r=1).

We now examine some of the practical details of
these computations. Firstly, to facilitate the handling
of the auxiliary functions in SUBROUTINE 2, we represent
each one (for a given m) by a matrix of a fixed size. To
do this we need to know the maximum degree, o(m) say, of
all the polynomials pgmm defined. in (3.9), CHAPTER L,
It has been found that

o(m) = [dm(m+1)], m=1,...,12, _ (2.2)
and this value is conjectured for all m(>1).
Thus we may represent each A.F. by a matrix of size
m x (3(m)+1) by filling the appropriate elements with 0's.
However, by adding dummy rows and columns (of O's) corres-
ponding to j = =1,-2 and i = o(m)+1,-1 we can use the
same steps in SUBROUTINE's 1 and 2 for all appropriate
values of Jj and 1i. Hence each A.F. is finally
represented by a matrix of size (m+2) x (a(m) + 3).

In the main program the coefficients of the A.F.'s
are stored in a single array, AF say, and in the

SUBROUTINE's they are treated as 2-dimensional arrays.
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We need only store three A.F.'s at any given time (in
SUBROUTINE 2) by permuting their starting positions
AF(1), AF(N+1), AF(2%N+1), where N = (m+2)x(o(m)+3).

Using this procedure, a dimension of 2000 for AF is large

enough for my < 14
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CHAPTER 7: Moments of all roots.

7.1 Outline.

As before yp <ve.e< y; are the roots of the matrix
in case (C) of €1.1. In this chapter we calculate the
moments (about the origin) of each root. The h-th moment

of ys is denoted and defined by

pn(m,s) %27 E[y3]

= fwyhfgm)(y)dy, (h20,8=1,+04,m),
—o0 (1.1)
where, as usual, f£{®) is the.P.D.F. of the s-th root.
In §7.2 we consider the moments of the largest root;

showing that

me-1
#h(m’1) = km JE.O O{,(Jm;h>‘r)m__3'3, (1-2)
where
ms ot [olmny ey, (121,520), (1.3)
=00

and the a's are certain constants derived from the
integration of k;ixPf{®) (k,,p,y are defined in (1.2),
(1.3) and (3.6) of CHAPTER 4). The moments of the other
roots are treated in §7.3. As in CHAPTER 5, which is
concerned with the distribution of ys, we use the mapping
Ts.y, (8=2,+¢s,m)e This mapping is not applied directly
to (1.2), but is firstly applied to the incomplete moments

(integral from -« to x) which are then evaluated at X=+cos
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The expressions for the moments of JYz,ece,¥n
involve the same o's as in (1.2) - the only data required
are the coefficients for the P.D.F. of y, (see e.g.
APPENDIX 3). Having found the a's, we can compute the
moments of all roots once the 7y4's have been evaluated.
These constants are related to particular orthant prob-
abilities of normal variates, as shown in §7.4.

The symmetry between ys and JYao_s+s (See (1.4) of
CHAPTER 1) implies that

pn (mom=s+1) = (=1)Ppy(m,s), (s=1,...,m). (1.4)

This is not used in the above method and so it provides a
check on the computations. The sum over all roots of the
even moments provides a further check, because (for

h=2,4 and 6)

s%1uz(m,s) = m(m+1), (1.5)
%1u4(m,s) = m(2m?+5m+5), (1.6)
and sgius(m,s) = m{(5m®+22m=+52m+41), (1.7)

which follow from MEHTA (1960), equation (65).
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7.2 Moments of the largest root.

The moments of the largest root are

pn (m, 1) 4eF ]w&hf§m>(y)dy, (b > 0), (2.1)

.
where f£{®) is the P.D.F. of the largest root. From
§4.3 we know that K;*f{®) € qVu.;; i.e. there are poly-
nomials pgm) such that

m~1
k;ifgm) - 350 Pgm)(pm-dn_J . (2.2)

Given the polynomials in (2.2), the moments are calculated
using the following method.

We start with the incomplete moments; i.e. I(xPf£{m)),
where I is the integration operator defined in §L.4.
Now Xkpix"f{®) e ¢Vy_, eand so the integration process is’
the same as that given by (L4.L4) of CHAPTER 4. However we
need only apply the formulse to the terms x!'¢®-Jd0y; with
i>1, j=0,ess,m=1 (i.e. (4.L4b)). For each Jj, the
remaining term ¢®-3Q; will finish with a coefficient of
a{m+®), say. Thus

-

1 ,
T(kgtxPp(m)) = 2 afBsM)I(gR~IRy) + v, (2.3)

where v 1is a certain function in ¢Vu., (resulting from
step (a) in SUBROUTINE 1, §6.2): an explicit expression
for Vv is not required because vV(+x) = O. In this

integration process, agm,n) will always be zero whenever

x"p{™) is an odd polynomial.
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By evaluating (2.3) at o,
m-1 ( h
o (my1) =k B 0" M mog, g, (2.4)

where the n's are defined in (41.3). A list of the
m3's for j <6 will be given in §7 L4

As an example of the method (in particular, the
calculation of the o's) we compute up(3,1) for h=1
and 2. The P.D.F. of the largest of three roots is
represented by the following table in which the integer in
the column labelled i and the row labelled J is the
coefficient of x'¢®~30; in (Uks)~1£{?) (see m=3

table in APPENDIX 3):

2 1 oli/j
1 s -1] 2
; . 1] 1
. 1 o O

(We have removed a factor of 4 from (2.2), and thus from
the a's). To obtain the o's for the first moment we
multiply the table by X (i.e. shift the matrix one column
to the left) and integrate each element as in STAGE 1 of
SUBROUTINE 1, §6.2. Using a zero to indicate the element

just integrated, the changes to the initial matrix are:

REHR R
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SHHEEHY

Thus, for h=1, the a's (without the factor ) are

3

=9, oy=0,=0, (2.5)
Hence from (2.l4),
pe = Uks [oomso + X1 Mz * Op Tz }

3 30 =é /§'—2--
Lks (9780 ) = 5 \ﬂ>

il

For the second moment, the changes to the initial

matrix are:

EPRETI PY RIS RO Y
gy -1

Thus, for h=2, the a's (without the factor L) are

-
—

L4
L.
L

L]
s 2 O
]
—
(@]

(@)
~o
l i

i
/1
Qe o
Gie
Qe »
o_xa
L1

% =0, o =1, az =10, (2.6)
and so

Hg = bks {ng, + 10n123 = 5.5

Hence in the trivariate case the largest root has a mean of

2.0729649 and a variance of 1.2028165.
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7.% Moments of the other roots.

In §3.5 we introduced the ¥F-functions, whereby the

P.D.F. of the s-th root is given by

8

fgm) - 2 as-‘t,m‘-sf‘(f,m), (S:‘l,..-,ﬂl), (3‘1)
t=1

with
0 , i,j %both odd
ajy = i i A 3.2)
7 BRI, e (
[31]

The %'s are important because (see (3.9), CHAPTER 5)
?Eém) = Sgn(m,s)ﬂs_l(oo)Ts_i(ffm)), (s=1,00e,m), (3.3)

where the mapping Ts., is defined in §5.2 and

_ (-, mys both even
sgn(m,s) = {+ , otherwise.

Having found an expression for the moments of the
largest root in §7.2, those for the other roots follow from
(3.1) and (3.3). PFirstly, we define the corresponding

"moments" of the ¥T's;
i (m,s) dgf ]” yh Fm) (y)dy,  (020,8=1,.e0,m). (3.4)
=00
We now multiply (3.3) by =xP, which can be taken inside

the mapping Tg.,-. By applying I to both sides

I(x"E(™)) = sgn(m,s)_s (o) Ts-4 (T(x"£{"))),
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since T,., and I commute on V, (for s<m - see
THEOREM 2, CHAPTER 5). Substitution of (2.3) into the

R.H.S. gives

I(xPE™)) = v, + sgn(m,s)R .4 (0)ky

8
Mt
XY

afm o m T, (I 30y)), (3.5)
J=o0

where v, is proportional to Tg.,(v), and so
vy (+00) = 0. In the R.H.S. of (3.5) Ts., and I can be
interchanged since ¢®~ iy € Uy By applying Ts., to

¢*~J; and then evaluating at +w, we get

~ m-—1

fp (m,s) = Sgn(m,s)ﬂs—1(m)kh j=§h1a%m’h)ts-i,jﬂh-j,3—5+1:
(S=1,-.¢,m), (3-6)

where (from (2.3), CHAPTER 5),

0 s, S,j Dboth even
(3.7)

[—1"(8-1)])’ otherwise.

Having computed the u's for s=1,...,m, the
moments of the s-th root are easily found using (3.1);
i.e.

s ~
ﬂh(mys) . tgias-—t,m—s#h(m,t)’ (S=1"°'sm)' (308)

Note that the a's in (2.4) and (3.6) are the same, and so
the moments of all roots can be computed given only the
distribution of the largest root. This method does not

use the symmetry relations (1.4).
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We now continue with our éxample in §7.2 (m=3) to
find the first two moments of the middle and smallest

roots. In §7.2 we found the a's such that

Kg {aés'h)nso + a‘ia'“)nzi + O‘(za’h)mz;

ﬂn(3,1)

ﬁh(3’1)°

From (3.6) with s=2 (t,,=1, t45=0)

Tn(3,2) = ks (o) {a§3 10 naod
and with s=3 (tgs=1)

Tin (3,3) = ksQg(eo) f0{ 2™ 7y 0 }e
Now, for h=1, the a's (with a factor of 4 removed) are
ap=9, oy =0;=0, and so [,(3,2) =0 = [y (3,3).
For h=2, the a's are o0y=0, a,=1, az=10 (again without
the factor L4).

Thus 71'2(3,2) = Lkzf, (00) (7720) = 1

and [z (3,3) = Lks0, () (107m10) = 10.
To find the moments of the s-th root we use (3.8);
un(3,2) = in(3,2),
un (3,3) = = (3,1) + Bn(3,2) + In(3,3).
Hence, 4y(3,2) = 0, 1
U (3,3) = - 2 <§>5 = -1 (3,1)
and bs(3,2) =1,
ke (353) = =5.541410 = 5.5 = pa (3,1).

]

|
N
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These check with the symmetry relations (1.4).  The middle

root, in the trivariate case, has zero mean and unit vari-

ance — as shown before it is simply a standard normal

variates
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7.4 Computation of the moments.

Assuming we can evaluate the n's appearing in
(2.4) and (3.6), the only data required to compute the
moments of each root is the matrix of coefficients for the
P.D.F. of the largest root (see tables in APPENDIX 3).
This matrix is entered allowing for a displacement of h
columns to the left for the h-th moment. The o's are
then calculated by following the integration process
described by steps (b)), (c) and (d) in SUBROUTINE 1,
86.2 (see also the example in §7.2). After finding the
a's it is simply a matter of using (3.6) and (3.8) to
compute the moments of all roots.

We now turn our attention to the evaluation of the
mi's defined in (4.3). Exact expressions for j<6 can
be given by relating the n's to the orthant probabilities
of normal variates. The orthant probabilities are defined
by

P, () 98t Pr{z,;50,¢00.,2,>01,

(1’)~>2§P05‘1 :P1E1E)’ (LL.'I)

where z € R® has a multivariate normal distribution with
zero means and variance (or correlation) matrix S.
Denoting these probabilities by P,(p) when the correla-
tions are all equal to p, and P,(7,0) when the correla-
tion between 2z, and zx (k=2,...,n) is 7 and the

remaining correlations are equal to p, we can show, from
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(1.3), that

nt.ay = (2m)E3* ) (27138, (p), (Ls. 2)

and

moeges = 2020232 (4/1)%0,,, (1,0, (14 3)

for all i>»1 and j=0, where
o =2/(i+2) and T = [2/(i+1)(i+2)]%. (Loh)
Closed form expressions are well-known for P, and
P; [see e.g. DAVID (1953)] and by using these in (L.2)

and (4.3), we have for all i1,

mo = 2(n/1)%, (1.5)
ma = 2w(1/1 %, (4.6)
ma = w(2/1)%, (4.7)
Nia = 2(2ﬂ/i)%{ﬁ - cos~t7i, (L4.8)
Me = 2(ﬂ/i)%iw - cos"1p}, (4.9)
Ms = 2ﬂ(1/i)%£2ﬂ - 2 cos~i7 - cos"1p}, (4.10)
and Me = ﬂ(2/i)%{2ﬂh3 cos“1p}, (L4be11)

where p and 7 are given by (L.L4).
The orthant probabilities are known for special 3's;
e.g. P,($) = 1/(n+1). Thus, from (L4.2),
mevay = (2m) 231 /(5a). (4.12)
This also follows by evaluating (L.u4d) of CHAPTER L at +cos
From (L.l4c) we get

1 Iy g
M,2j = 22(277)2(J+1) - J Ma,2j4-1° (4e13)

Converting this to the orthant probabilities gives



The 1ist of n's in (L4.5)-(4.11) enables us to
calculate the moments pn(m,s) for any h20 and
8=1,see,m for m < 7. Wnen m > 8 we need the 7p3's
for j > 7, which must be evaluated by numerical methods
[see e.g. STECK (1962) for P,(p) and Ps(p); i.e.
me @and 1n,10)]s The first six moments for all roots
have been computed for m=2,.e¢0,7¢ They satisfy the
checks mentioned in §7.1. In APPENDIX L we give a table
of the standardized cumulants, rather than the moments
about the origin; the cumulants being computed from the
u's in the usual manner. These standardized cumulants

are used in APPENDIX 5 to compute approximate percentile

points, using the Cornish-Fisher inverse expansion.
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APPENDIX 1: 'Table of the C.D.F.'s in terms of the F's.

From (4.8) and (4.9) of CHAPTER 3, the C.D.F.'s,
F{®) | are the following linear combinations of the
F-func ti ons;

s
Fém) = t§135~t,m-—sﬁ‘§m)s (s=1,e00,m),

where
0, i,J Doth odd
13 1 1
(—1)[21] ([2i]+[231>, otherwise.
[21]
The same relations hold for the P.D.F.'s (see (3.2),
CHAPTER 5) and the moments (see (3.8), CHAPTER 7), and are

given in the following table.
COEFFICIENT OF F{m) 1IN F{m)

s\ b m-9 m-8 m-7 m-6 m-5 m-4 m-3 m-2 m- m
m-9 1

m-8 1 1 .

m-7 =0 0 1

m-6 =l =4 1 1

m=-5 6 0 -3 0 1

m-1 6 6 -3 -3 1 1

m-3 -4 0 3 0 -2 0 1

m-2 -4 -4 3 3 -2 -2 1 1

m—-1 1 0 -1 0 1 0 -1 o 1

m 1T 1 =1 =1 1 1 -1 =11

(the entries above the diagonal are all zero)
This table can be used for any m<10 Dby using only
the submatrix formed by the last m rows and columns;

€.g. Wwhen m=3,
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F, 1 0 O ¥,
Fz = 0 1 O ﬁ‘z [
FS_.. "'1 .1 1 Fs_‘

NOTE: The inverse relationship (see (4.11) and (L4.12),
CHAPTER 3) can be obtained from the above table simply by
multiplying all elements in the i-th diagonal by
(-1)[%(i+1)] (the O-th diagonal is the principal
diagonal, the 1-st is the one immediately below, and so

on)e
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APPENDIX 2: Tables of coefficients for the ¥-functions.

For each m(<10), the tables below give the
coefficients of the functions vy, such that
Fim) (x) = esvs (%),
where

2 v(j,i)xlemr-s+1-d(x)Qy(x),

120

meS +4
vg(x) = 2

and cy 0105 (), and for 8=2,..s,0

-
{ -¢,05_4(w) , mys Dboth even
Cg =

¢48s5.4(c0) , otherwise.

In c;, 9 1is the constant coefficient of { in vy,

and as usual, the functions ¢ and {13 are:

o(x) = exp(- 1x?),

ﬂz;j(x) ‘I’g(x)’ sz-n-:l_(X) = @y (X)‘D%(X)s

1l

where

2 (%) = [x o* (v)dy .

=00

1 1 1 3
Thus 'ﬂ‘zi (oo) (27]’) 2d and ﬂ23+1(°°) = 22(271—) 2(J+1).

NOTE: Complete tables for s=1,...,m are provided only
for m=2,..e,60 For m=7,8 the first half are given, i.e.
§=1,404,[2(m+1)], and for m=9,10 only s=1.

In fact only the s=1 table need be given for each m,
because the tables for vg can be obtained from v; by

applying the mapping Tg_;; i.€. vs = Tg_,(vy) - see §5.3.



136-

TABLES OF THE COEFFICIENTS +v(j.i)
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m=6; s=5 s=6
5 4 3 2 1 o0l|i/ 5 3 2 1 0|1/
. . . . 1hl{ 2 i ‘ 1
. =3 . 6 .=21]1 . - ., 6 . =210
-2 . =28 . =T8 .| 0
s=1
T 6 5 L 3 2 1 0 |i/3
. . . . . . 360 T
. -48 s 240 . =720 . 6
-3 . -33 . =255 . =585 . 5
: -2 . -78 . 1638 . =654 N
-6 . -60 . =456 . =564 3
. - . -8 . 2h2h " 2
L] "3 "27 - —20)"' - 1
; . -2 . 22 . 1024 0
s=2
T 6 5 4 3 2 1 0 |i/}
] 360 6
R . . . : 5
-3 -33 -255 =585 4
- L] - . L ] L[] . L] 3
-6 . -60 456 -564 2
- - - . - - - l
-3 =27 -204 . 0
g=3
T 6 5 N 3 2 1 o |i/3
. . . 1080 5
i —-1hk 720 -2160 . L
-6 . -66 . =510 ., =11T0 . 3
- . =156 3276 ~1308 2
-6 . -60 . =hs56 . =564 1
’ o s -8 242k . 0




139,

n=T; s=b
T 6 5 N 3 2 1 0 i/
. g " 1080 i
i . 2 . . ; ‘ 3
-6 . -66 -510 . =1170 ? 2
. . . . . . . 1
-6 . -60 =456 . =56k 0
s=1
9 8 T 6 5 N 3 2 1 ol i/3
R : . . 5760| 8
. . . =60 . 540 . =1980 -1620| T
-8 . =72 . =984 -2280 . =15120 6
1 . 36 378 5580 . 9hs . 5
. =22, =120 . =1596 . 5688 . =1h262| L
2 . 70 870 . 8610 254 3
. =20 -28 -396 16092 2
1 . 3L . 433 3600 Jd o1
. =6 . 20 . 218 . 8192 o
s=2
9 8 T 6 5 I 3 2 1 ol i/3
i . . y o 7
. =60 540 . =1980 -1620| 6
. . . ; ) ; a .l 5
1 36 378 5580 9Ls . l
. . : . . ) . . 03
. 2 . 70 870 8610 25| 2
4 . . . . . . . . l
. 1 3L 433 3600 0
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m=8; 8=3
9 8 T 6 5 L 3 2 i ol i/3
. . . . . 230h0| 6
. i . =180 . 1620 . =59L0 -4860| s
24 =216 .—2952 -6840 . =45360 L
- ] . T56 . 11160 1890 J 3
. o=l =2L0 . =3192 . 11376 . =28524| 2
2 . 170 870 . 8610 254 1
. =20 . =28 . =396 16092 0
s=h
9 8 T 6 5 N 3 2 1 0| i/}
. . . : : ; . 5
. =180 . 1620 . =5940 -4860| 4
. . . . . . . d 3
2 T2 . T56 . 11160 . 1890 2
- - - L] - L] - - l
2 70 . 870 8610 25L4| 0O
s=1
12 11 10 9 8 T 6 5 i/}
; . i 9
. . -2880 40320 8
~-30 . =150 . =3780 . ~-18900 7
8 . 252 5940 45000 6
-87 . =150 . =5190 . 5
. 2k . T38 . 175hh . 1hTh92 N
. . =84 . 1hh . L68 3
24 . T20 17280 2
. . =27 . 14k . 1
. 8 . 23k . 5676 0




m=10:
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m=9 ; s=1 (continued)
N 3 2 1 ol 1/3
. 151200 9
-201600 . . 8
. =-66150 . =481950 ; T
496800 -420660 . =68940 6
35280 301185 . =Lk25250 5
1261440 . =106110 . L
. 116580 . 657540 . 3
148296 1188000 . 108288 2
1881 - 62622 . 294912 1
48682 . 383232 : 0
s=1
15 14 13 12 11 10 9 8...11/3
‘ 10
. . . =12600 9
. . =20 240 -37680 8
5 . 195 4455 . 60285 . 7
.1k -262 . 202218 195510 6
15 . 570 . 12819 168360 5
Lo 612 . 63234 . L
15 . 555 . 12288 : 3
. 42 1050 60816 2
5 . 180 F 3924 1
. 14 . 416 i 0
s=1 (continued)
T 6 5 in 3...11/3
. : 10
252000 . =1738800 . 9
-162720 . =3578k40 ~-11466000 8
435735 . 3334905 -5690L75 i
3131130 19473390 . 6
. 1205625 6790050 . 5
754632 . 9429318 50686500 N
156372 . 1065369 . 4757025 3
773880 886781k ; 2
. 48292 : 307923 ) 1
19560 25242h 2731762 0




m=10;

s=1 (continued)
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2 1 0li/3
- 9676800|10
1965600 . =hohh600| 9
. =32432400 .| 8
. 14982975 T
8325630 -29909070| 6
=17L415675 123611L40| 5
. k2641550 b
. =22844520 .|l 3
42370254 23104512| 2
1046196 . -9437184| 1
. 11hk98L96 .| o0
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APPENDIX 3: Tables of the coefficients for f{™).

The P.D.F. of the largest root is given by
£{8) (x) = Kgpo(x)u(x),

me1
where u(x) = = & u(j,i)xten-1-3(x)0;(x).
j=0 120

The functions ¢ and Q3 are defined in APPENDIX 2 and

kn 1s the normalizing constant;

in (m+3) m
ice. Kt = ot I T(L3).

J=1

The following tables give the coefficients u(j,i),
for m=2,...,10, which are scaled so that their greatest

common divisor is unity; the scale factor is denoted by e.

TABLES OF THE COEFFICIENTS u(j,i).

m=2; e=l, m=3; e=l,
2 1 0(i/]
1 1 1 -1f 2
2| o 1] 1
. 1 0
m=4; e=l, m=5: e=16,
3 2 1 0(1/] L 3 2 1 0f{i/]
1 v =3 3 . =12 6| 4
6 6| 2 1 6 3] 3
1 -4 1 6 ~26 2
6 0 1 . 5 1
. 4 -16| 0
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m=6; e=32,
6 5 L 3 2 1 0li/3
. 3 -30 ]45 . 5
L 30 . 90| 4
. 3 . =123 . -6| 3
8 L6 -138 2
S . =90 1
4 16 -128| 0
m=7; e=384,
8 T 6 5 i 3 2 1 0li/j
8 -120 360 ~120| 6
i} . L - 30 . =60 . 165 5
. -2k ~768 504 N
2 6 54 . =318 3
. -T2 . =1088 18L| 2
1 2 25 . =256| 1
=40 -hLo 0
m=8; e=768,
10 9 8 T 6 5 L 3 2 1 oli/i
. 60 . =1260 6300 ~6300 7
16 . . 840 . =4200 12600 12600| 6
-3 . =90 . =990 . 9720 18765 -7830| 5
b2 . =232 -20L . =380Lk0 -9030 in
-6 . =174 . =1998 . =137T70 25500 3
36 . =h52 . -2548 . =-58956 . =19776| 2
-3 -84 -951 -5382 12288 1
10 ~220 -1510 . =25280 0




m=9; e=9216,

13 12 11 10 9 8 Tessld/3
; 960 8
. 20 . =120 . 1620 " 7
-8 . =208 -4360 -23520 6
. 56 -680 -14ko 5
. =24 -608 . =13032 L
i 52 ‘ -992 . 3
-2 -592 -12992 2
" . 16 =432 1
-8 3 -192 0

(m=9 contd.)
6 5 L 3 DvsstdS
26880 201600 -403200 8
-5040 -18900 . 189000 T
. =-221880 1163760 6
-105600 . =l39800 ‘ 5
~TTh408 . =5936k40 2059200 L
-7184 -184560 . =-6803k40 3
. =T9936 616904 2
-4128 . -B4256 . 1
-4320 . =27008 -21858L 0

(m=9 contd.)

1 oli/j
100800( 8

81900| T

-813240 6
4680 | 5
-492120| 4

~-1286L0| 3

1628208 2
-2645T76 1
. 524288| 0
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m=10; e=73728,

146.

16 15 1k 13 12 11 10 9...1i/3
i " 5 ; 12600 9
" 480 . =6T720 806k0 8
~15 . =135 . -8295 -828L5 * 7
-L6 -90 -84330 -518550 6
~45 . =1260 . -23685 . =2237T10 5
-138 . -3012 -20699k L
=45 . =1215 -22530 : 3
-138 ~383L . -~188016 2
=15 s -390 . -T140 1
-k46 -1392 0
(m=10 contd.)
8 () 6 5 h...|i/3
. =453600 4762800 . 9
-378000 ~1058400 15876000 8
~322875 -1888k425 . 36510075 7
-9826650 -36512910 6
. =T19955 526680 . 5
-1879800 -24813030 -79405380 4
~199980 . =hus5875 4514715 3
-1886712 -2180T7942 2
. ~59100 ~-61065 . 1
~58632 -606056 ~6441906 0

(continued on next page)
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(m=10 contd.)

3 2 1 0li/i
-15876000 . 11907000 d9
- 23814000| 8
-63366975 . =2390850( T
19375650 . =T655LLk50 6
107255925 . =k1570550 ol 5
63392130 . =694hgolo| 4
118791090 : 3755520( 3
-55759470 . 109522080 2
2561670 . h3Lk30k00 of 1
-11761.88 . 50331648| ©
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APPENDIX L: Table of standardized cumulants.

Let xn(m,s) denote the h-th cumulant of y;
(s=1,+¢s,m) where, as usual yp<e..<y; are the roots of
the matrix in case (C) of §1.1. The following table gives
the mean (u), standard deviation (o), skewness (vq),
kurtosis (yz) and vys; and vy, (where u=x,, a:xz% énd
Yhez = 0" Pky, h>3) for m=2,...,7. For each m we only
consider s=1,...,[%5(m+1)] because of the symmetry between
Ys and Vo_sss3 ©€s8+ kn(m,m-s+1)=(-1)Pxy(m,s). Thus
T,Y2,Y, are symmetric (and u,yv,,Ys are skew—-symmetric)

with respect to ys amdl Ypesgiqe

STANDARDIZED CUMULANTS

ms H g Y1 Y2 Y3 Y
1.2533141 1.1954931  .1038627 .0221036 -.015LT60 -.023516L
2.0729649 1.0967299  .1482903  .Oblilkolk -.0117557 -.035T7396

.0000000 1.0000000 .0000000  .0000000  .0000000  .0000000
2.7187709 1.0355610 .173L4856  .0552091 ~.0053930 -.0L405137
.8387997 .9123122  .0kL15662 .0005628 ~.0047LO1 -.0005530
3.2666824  ,9921046  .1899723  .0658735  .0009058 -.0418342
1.5045056  .B5817h2  .06LLuok  ,003812L -.0062597 -.002L4135

.0000000 8300777 .0000000 .0056986 .0000000 .0030600

3.7502003 9587TL8  .2017306 0Th243h  ,0066111 -.0415016
2.0706690 .8198411  .0791637 .0071307 -.0065723 -.00390L4T
6704326 .7793966  .0225088 -.0061753 =~.0025259 .0030297

.18739047  .93193k9  .2106113 .0810095 .0116706 -.0LO3549
.5705888  .7905411 .0895311 .0100827 -.0063828 -.0049T730
2427214 . 7435499  .0368271 ~.0052854 ~.0039111  .00240T2
.0000000  .T73091k5  .0000000 -.0085936  .0000000  ,00398L45

=N
i
1

N ONO\NON AT FE W
FWNNH W WNHHE NDEHE PP H

The cumulants were computed from the moments: the
moments themselves being evaluated as described in CHAPTER 7

(using the tables in APPENDIX 3).
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APPENDIX 5: Approximate percentile points.

We denote the a-percentile point of the

s-th root,

Yss by xs(a); i.e.

Priys < xs(a)} = a (0<a<138=1,c00,m)e

The following table gives approximate values for xg(a),
computed from the standardized cumulants in APPENDIX 4 via
the Cornish-Fisher inverse expansion [see e.g. ABRAMOWITZ

and STEGUN (41965), p.935].

The values tabulated are the approximate upper and

lower 1%, 2.5, Fh, 10%, 25 and 50% points of ys for
5=1,eee,[5(m+1)] and m=2,.c.,7.

APPROXIMATE o~PERCENTILE POINTS.
m_ S o=, 01 0=.025 a=.05 o= OU=e25 O=o5H
2 1 -1.4385 -=1.0302 -.6759 =.2634 L4367  1.2320
3 1 "'0361)4- 00016 03179 .6878 103200 200)4.52
T 4389 « 7754 1.0695 1.4143 2.0059 2.6881
L 2 -1.2552 -.9309 -.6508 -.%262 « 2199 832,
5 1 41,0940 14127 1.6916 2.0192 2.5826 3.23&6
5 2 -. 14506 -+1507 1091 <4109 « 9206 1.4951
5 3 -1.9299 =-1.6265 -1.3654 —-1.0641 -.5602 0000
6 1 1.658L 1.9639 2.231L 2.54u61 3.,0883 3.7173
6 2 «2117 »11952 « 7011 1.0273 1.5118 2.0597
6 3 ~-1i128L4 . -.8483 -.6066 -+3269 1427 6675
7 1 2.1599  2.4550 2.7137 3.0182  3.5435 L.1541
7 2 ¢ 7811 1.0553 1.2910 1.5655 2.0310 2.5586
7 3 -.14655 -.2011 . 0276 « 2925 0 7383 1.2381
7 L ~-1.6988 -1.4321 -1.2023 -.9372 -.14935 0000

(continued on next page)



APPROXIMATE a-POINTS (contds)
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m = O=e7H a=-9 =+ 95 0= q75 a=-99
2 1 2.0472 2.7984 3.2556 3.6565 L1275
3 1 2.7962 3414950 3.9233 L. 3007 L7459
3 2 6745 1.2816 1.6448 1.9600 2.326L
T 3.3989  L4.0637 4.4729 L4.83L5 5.2621
L 2 1.4508 2.0122 2.3504h 2.6448 2.9886
5 1 3.9164 1. 5565 l}.9516 5.3012 5.7156
5 2 2.0783 2.6104 2.9319 342126 3.5410
5 3 » 5602 1.0641 1.3654 1.6265 1+9299
6 1 L.3768 L4.9976 5.3814 5.7216 6.1253
6 2 2.6177 3.1284 3.4377 3,7082 L4.0251
6 3 1.1949 1.6716 1.9575 2.2060 2.4952
7 1 L.7956 5.4005 57751 6.1075 6.5023
7 2 3.0972 5.5913 3.8910 L.1534 L4613
7 3 1.7421 2.1990 2.L4737 2.7127 2.9913
7 Ll- au935 L 9372 1 [ ] 2023 1 0L|-32‘1 1 06988
FPor the other roots we can use the symmetry between yg and

Vn-s+4s Which in terms of the C.D.F.'s is
Pr{yn.s+1 S X} = Priys > -x};

and S0 Xpesaq (O)

-xg (1-a)
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