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SUMMARY

It is the purpose of this thesis to derive the operational

eharacterÍstics of a signal-ized intersection controll-ed by a computer

which actuates change of light phase when the competing queue lengths

satísfy certain linear relationships. These linear relationships

together with ninimum and maximum phase time restrictions constítute

the 'rcontrol algorithm" by which the traffic is governed. fn Chapter 2

there ís given a qualitative d.iscussion of the operation of the

intersection under the control of the algorithm'

The case of constant arrival- rates is analyzed in chapter 3.

In particular, expressions are derivett for the number of vehiefes

queuecl ín a given arm, the duration of a given phase and so on.

Other important topics mentioned are stability and. the relatecl

question of convergence, delay and. the choice of the parameters

inyolved in the eontrol algorithm.

As a central computer may receive data in a binary form the case

in vhich the arriving vehíc1es are supposed generated by a binoniaJ-

process is consid.ered in Chapter l+" Analytic expressions are found

for the probability generating functions for queue length, phase d'u-ra-

tion etc. It is shown that a state of statistical equilÍbrium näy

be achieved and an investigation is mad.e of the system in this state'

The nost inportant operational characteristics of the systen are

clerived, the question of total ancl average d.eJ"ay is ínvestigated and',



to illustrate the theoretical results obtained in the thesis, a numeri-

cal exampl-e is given.

Some general aspeets of the problem and. possible extensions to

the theory are d,iseussed in the final chapter"
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CHAPTER ]-

INTRODUCTION

Most of the papers published in the fieLcl of intersection control

have been concerned. with the d.erivation of the optímum settings of

a fixed cycle traffic lieht; i.e. with the determÍnation of that cycle

time and phase split whÍch optimize the operation of the intersection

in some sense. The most wid.ely used criterion is that of minimum

average d.elay per vehicle. The complexity of the mathematics invol-ved

in sueh determinations d.epends, of course, on the nature of the model

being investigated. Unless some simplifying assumptions are made

concerning the nature of the traffic stream and. of the arrival and.

departure d.istributions of the vehicfes the problem seems completeÌy

intractable. The mathematical- analysis is greatly sinplified' by

assuming that the traffic is of a continuous rather than discrete

nature and that the traffic arrives at and d'eparts from the inter-

section at a constant (or unÍforn) rate. The assumption of random

arrivals is afso often made foltowing a suggestion by .q¿ams [1] in

I%6. The vaLid,ity of the assumption of random arrivals has been

discussed., for exa.nple, by Pak-eoy [2].

In 191+1 Cl-ayton [3] derived several- forrnulae for cycle time,

capacity, and. d.elay at a signalized intersection on the basis of

very simple mod.els. Incl,uded in these l¡as a formula for the minimum

cycÌe time compatible with the condition that there should be no

overffor¡ from one cycJ-e to the next. CLayton [3] afso evaluated the

average deJ.ay to a Ìight fl-ow of vehicles on a minor road at vehicle
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actuated signals under the assunption of random arrivals. Garr+ood tl+]

considered. this same problem and. generalized, it somevhat by assuming

the presence of a maximun a,Llowable phase time for vehicl-es on the

maJor road.

The case of constant amival rates has also been consid.ered by

lüardrop [5] who derived formulae for the average delay to vehicLes

on each approach and for the average d.elay to al-l- vehicles using the

intersection. From these formul-ee he d.etermined the cycJ.e times and

phase splits which minimize the average delay per vehicle. By computer

simulation llardrop has also obtained delays at a fixed-cycle traffic

light for the case of random arrivals and steady d.epartures. The

results show good agreement with Claytonrs formula for low fl-ot¡s but

give much larger average clelays as the d.e6ree of saturation increases.

This situation, where the arrivals are random and the aup"tto"""

regularly spaced., has been investigated in d.etail by !{ebster [6]

r¡ho obtaíned an expression for average d.elay in the fo¡rn of a theoretieal

tem and an empirical terrn. This empirícal terrn r¡as reached. by

fitting curves to data obtained by computer simufation. The work of

!üebster has provided a sound theoretical and. practical basis for the

setting of fixeit cycle signals. Webster found the optimum cycle time

in this case to be approximately double the so-called. minimum cycle

(as derived. by Clayton [3]) vtrich is, in most cases, optimal for

steacly arrivals. In fact, in the case of rand.om arrivals the minimum

cycle is associated. with infinite d.elay as the statistical fluctuations
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cause a steady builct up in the queue resulting from cycle to cycle

overflow. More recently Mi]1er [?] tras obtained. forrnulae for the

optirnun cycle times ancl phase splits in terms of the variance/mean

ratio of counts of arrivals per cycle on a given approach. In the

particular case of random arrivals the resuLts of Miller are in

broatl agreement with those of tr'lebster.

Beclsnan, McGuire and. hlinsten [8] have analyzed. the case of fixed'

time sÍgna1s in whÍch the arrlvals are generated by a binomial process

and obtained an expression for average d.elay in terms of E(Nr), an

unknown average queue at the start of the red time. NeweII [9]

has obtained an analytic expression for f(U") uncler equilibrir:n

cond.itions for thi.s mod.el. The case of binomial arrivals applied' to

a Iíght system in whlch the control strategy is to svitch the 1Íghts

when the favoured queue empties has been investigated. by Dunne and

potts [lO] wno obtained. exact analytic expressions for the probability

geneiating functions for the queue lengths at change of phase, phase

tÍmes anal so on. This subJect is developed fulty in Chapter l+ of this

thesis. Another attenpt at an analytic solutfon to a fixed-cycle

traffic light problem was macle by NeweII [f1] who proposed a modef

in which arrival headways were inilepend.ent id.entically distributed

random variables with a more or less arbitrary clistribution and

departures tfere regularly spacecl d.uring the green" Ile for¡nd it

possible to evaluate delays approximately provid-eci that the average

queue length at the start of the red period was small compared with
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the average queue length at the start of the green. He showed also

that Claytonrs forrnula was a good approxination for any reasonable

arrival d,istriþution provid.eci that the flow rdas not too cl"ose to

saturation. Darroch [fZ] fras found. a forrnal solution for the

statíonary tiistribution of queue length at a fixed, cyeJ-e traffic

Iieht for a fairly general d.istribution of arrivals and. for regularly

Spaced departures. In the case of statistical equiJ-ibrÍum he also

fou¡rcl bounds for E[X*], the expected value of queue length at the

enil of the green phase, and. ror E[D] the expected. value of delay.

In another paper, Newell [f3] fras described. some approximate

methods for obtaining estimates of queue lengths, d'elays, etc.

For reasonably large queues these estimates of the delays are correct

to withÍn a few percent and the method has the advantage that the

relevant quantities are much more readily obtaÍned than from the

many exact formulae. The paper also contains a brief reviev of some

of the more important recent papers on delays at fixed. cycle and

vehicle-actuated lights.

Another paper on.fixed-cycle lights is that of Uematu [f4] vho

uses a random r¡alk model for apportioning the red and green phases.

The criterion used is the minimization of the probability that the

queue lengths will exceed a certain maximum alLowabLe length (e.g.

the bLock length).

Tanner [f5] fras calculated. the delays that occur Íhen two opposing

streans of vehicles are trying to pass along a length of road only
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rride enough,for one vehicle at a time. This problem is more

applicable to the calcufation of the d.elays to pedestrians crossing a

road, to minor road vehicfes at uncontrolled intersections, to vehicles

at uncontrolfed. intersections where there is no absoLute right of way

and to intersecting strearns of pedestrians. However, vith some

slight mod.ifications to Tannerrs modef and. some changes in his

notation, the problem he has consid.ered is very similar to that

considered by Darrochr Newell and. Morris [fe1. The ]-atter have given

a very complete analysis based on the broad assumption of random

Iost time at each sr.¡itch of the J-ights and' arbitrary distribution

of departure headvays, but with the specific assumption of arrival

headways being exponential,Iy distributed. random variabLes. As

pointed out by them, this assr:nption of Poisson arrivals, allowing

relatively high probabilities for small headvays, leads to the

unrealistic possibility of a flow during the extension of the green

phase vhich 1s higher than the saturation flow through the intersection

when the queue clischarges. In their paper Darroch, et aI. obtained

estimates for the optinal- unit extension on the basis of the usual-

criterion of minimizing the average d.elay per vehicle. Thls work

was a fol¡-ow-up to that of Grace, Morris, and' Pak-Poy [I7] wno

used continuum approximations in the coirstruction of mod.els to d'escribe

the behavior of vehicle-actuated traffÍc signals.

!üith the advent of central computer control of traffic lights

the spectrum of possible strategies for the switching of lights has
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become unlimÍted., but ít is far from obvious which strategÍes are

likely to be most efficient. As ind,icated. above, I'ittle more has been

clone beyonct the cal-culation of some optímal- settings for the fanil-iar

fixecl cycle and. vehicfe-actuated. lights. In many of those cases

where exact solutions have been obtained it has proved almost imposs-

ible to retrieve any inforrnation of a practical nature. In other

cases the mathematical d.Íffícul-ties encountered because of the

complexity of the model have been insurmountable.

Miller [fB] nas described. some of the main features of computer

cgntrof systems and has examined one possible forrn of control,

tÍning control, in detail. This paper is especially noteworthy for

the practÍcaJ- points which are raised in it. In particular, MÍller

indicates the need for an evaluation of the operational characteristics

of any intended. controf system in order to Justify its installation'

the need for fail-safe devices to guard against the possibility of

a failure in the system and the need for detectors which are able

to collect accurate infor:nation concerning the state of the traffic.

In an attempt to anaLyze possibl-e algorÍthms for adaptive control

by a computer, Dunne and Potts [f9] nave consid,ered. a simple algorithm

and ¿erive¿ its operational characteristics on the assr:mption of con-

stant arrival and. d.eparture rates. These authors have afso considered

[fO] tfre ease in which the departures are regularly spaced and' the

arrivals are generatect by a binomial process. In the latter case

the strategy of switching the lights when the favoured queue empties



has been analyzed. and exact probability generating functions obtained

for the phase and cycle times, and for the queue lengths when the

Iights are svitched.. These generating functions read.il,y yield.

a description of the operational characteristics of the control.

A d.etail-ed. Ínvestigation of these models is contained in thÍs thesis.

The type of computer control described above has the advantage

that Ít is dynamic rather than static in that it reacts d'irectly

to the traffic d.emand at any instant. As is the case with computerized

systems, there is the added. advantage that past history can be used

in d.eterrnining possible variations of a particular strategy and that

the computer can, if required, perform calculations of a cornplex

natur:e in a very short period of time.

As there is little theoretical work available to provide a

sound basis for the use of computers in the field. of intersection

control, an exact treatment of these simple models represents a

significant step.



CHAPTER 2

CONTROL ALGORITHM

2.1- Intersection Mod.e1

Consider a single intersection (fig. f) controJled by a two

phased traffic light that can be switched from one phase to the next

by command from a central computer or master controller. For

simplicity attention wil-I be confinecl to onJ.y 2 of the 4 arms, ancl

it witL be assumed that each of the 2 arms is cf one lane only' and

further that right- and. left-hand. turners are prohibited'. This

simple model is similar to one used in the Toronto pilot stu¿y [20]

and is realistic for a properly d.esigned two phase intersection because

2 .l-anes usually predominate in determining the light settÍngs,

especially und.er tid.a1 flow cond.itions at peak period's. Right (ot

1eft, as the case may be) turning vehieles either filter through the

oncoming traffic or make their turn during the amber periocl, while left

(rieht) turners can turn fairly freely provÍd.ed that the pedestrian

traf fic is lig.ht.

It will be assumêd. that each green phase consists of a lost

tirne, during whlch no vehicJes cross the intersection, followed by

an effective green time, d.uring which the traffic d'ischarges at a

constant rate (the so-called. saturation flow).

2.2 Control Functions

At tírne t (measured from an arbitrary origin), suppose that
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arm I

arml R
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switch
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Fie. 1. Single intersectíon controlled by a two-
phased traffic light that can be switched. from

one phase to the next by remote computer control.
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n.(t) = number of vehicl-es queued in arm i, (i = t,e) (e.f)

fr(t) =arnr(t)+Br-nr(t), (z.z)

r2(t) =dznz(t) +or-nr(t) , (z.s)

f(t) = time elapsed since ]ast change of phase, (2.l+)

t1 , Ri'= ¡ninimum, maximum al-l-ovable durations of phase for

arm i (¿,>)

The control functions f.(t) are d.efined. in terms of cont::ol eonstants

oi, ß, which are chosen in the range

t 1
(2.6)

The d.ecision as to whether the phase of the lights should or should not

be changed at a given time is governed by the magnitud.e of the time

dependent quantities defined in equations (Z.f) - (Z.l+) subJect to

the adcled conditÍons that no phase can be shorter than a given

minimun, r., or longer than a naximum, R..

2.3 Flow Diasran

The operatÍon of the control aJ-gorithm is best il-lustrated. by

means of a flow diagram (fiC. Z) ttrat Índicates that a change of

phase

(i) never occurs if the phase d.uration is less than the nininun

al1owab1e phase time,

(ii) afr¡ays occurs if the phase is greater than or equal to the

ma>ßimum,

and. further that, if the phase is greater than the mininum and less than

ß0. > I
1

>0.



No

No

No

Hold until
T=rz

T R,?

n-0?

f2s0?

Switch

Light

Set

T=0

Light favors
arm I or 2?

Hold until
T=rr

T 2 Rt?

n,= o?

fr <o?

No

No

2

Fíg. 2. Flow diagra.m of control algorithm for
switching traffÍc light. T is the tine since the
Iast change of phase, ri, R. minimum and maximum

al-lowable phases, Di, the number of vehicles in
queue, fi, the control functions.
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the ma:rimum the )-ights are switcheti

(lii) if the queue being favoureil is emptied, or

(fv) if there are vehicles in the queue an¿ f.(t) is negative or

2e10.

If, as is likely in a practical apptication, the computer operates only

for part of the tÍme it is necessary to incorporate 2{ a I'staçting"

mechanism. This could be accomplishetl eÍther by a human operator or

by the eomputer itself aeting on the basis of the informatíon concerning

flow rates which it receives from the d.eteetors. Similarly, to switch

back to the local controllern a ttstoppi4gtt mechanísm is neeessary.

As the fJ,ow ttiagran is shown, the intersection Ís scanned.

eontinuously. It rnay however be better (e.g. more economical) to

scan the Íntersection only at certain cliscrete intervals of tine.

The length of the scannÍng interval is somewhat arbltrary but if' for

exanple, the saturation flows are LrBOO v.p.h. (i.e. I vehicle every

2 seconcls), A "canning 
intervaL of the order of I/2 second seems

reasonable "

2,1+ Random l,la1ks

The manner Ín which the queue lengths vary is best clescrÍbed

in the theory of randon walks on a lattice r¡Íth reffecting barriers.

This is illustrateti in Fig. 3 in whicfr nr(t) is ptotteô against nr(t).

As vehicles depart from ancl arrive at the queues the representative

point on this graph traces out a "walk" from lattice point to Lattice

point. If arrn 1 is being favoured., nr(t) can either increase by one
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n2

Af(0,8l

st

B
2

Ar( ßr,01
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Fig. 3. Graph of n, agaínst n, for a tyPícal
case when arm I has the green light. The

representative poínt performs a walk on the

lattíce and OA'B, (and símilarly OA2B2) forms

a reflectÍng barrier at which the lÍght is
switched in accord with the control algorithm.

The three steps SSt shown are the possible

last steps before reflectíon.

0
2

f

S

0

0lz,

frt
s

0

S'

fr'
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(vehícle arrives in arm 1) or ilecrease by one (vehic]e from arm I

crosses the intersection), while nr(t ) can only increase by one

(vehicle arrives in arm 2). The correspond.ing steps of the walk

are to the right, to the 1eft, or up. lf the intersection is

undersaturated vehicles Ín arm l- wil-I depart at a greater rate than

they arriue so that the trend wiII be for nr(t) to d.ecrease while,

since no vehicles depart from arm 2, n.(t) wiff steaclily increase,

a typical ¡.raIk being shown Ín Fig. 3.

Aceord.ing to the control algorithn, the lines 0\ (i.e. n, = O)

anct ArB, (ff = ol_tl * ßt - tZ = O) aretrreflecting barrierq" for the

walk since, when tl_ = 0 or f, < 0 the Light is switched. and. the nature

of the walk is aftered. There are three d.istinct types of possible

last steps before refl-ection, these being labell-ed SSr in the

ctiagram. As the tine t is not represented. explicitly in Fig. 3,

that part of the algorithm concerned with ninÍmum and. maxlmun phase

duration cannot be illustrated, although it can usually be iqter-

preted. as the number of steps d.uring a phase being confined to lie

between a lower and upper }imit.

2.5 Computer Control

To enable a central computer to control the traffic light it is

necessary, as in the Toronto System [eO], for the computqr to have

an accurate clock and for communication links to be provlcled between

cornputer and. Iight and traffic detectors so that
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(f) tire computer can monitor the state of the light,

(ii) the computer can d.etermine from its clock the time that has

elapsed since the Last switch of the light, ancl

(iii) the computer can carry out the necessary computations to

test whether the lights should be switchecl, and if so, send out the

pulse required to change the signal. In practice the intersection

would be scanned at regular interval-s of time and the computations

woulcl be made on the basis of the infornation received d'urÍng each

scanning. The constants cr, ßir ti, R. occuring in the control

algorithm may be consid.ered. as pred.etermined paraneters of the inter-

sectien or as quantities that the computer varies according to the

existing traffÍc conditions.

In later chapters the way in which the operationaf charagteristics

of the lnterseetion are affected þy the choice of these constants wÍII

be d.iscussed in detail.



CHAPTER 3

CONSTANT ARRIVAL AND DEPARTURE RATES

3.1- Continuun ModeI

The mathematical analysis of the behavior of the traffíc und.er

the control algorithn is complicated. because n.(t) are integral

stochastic variabres that d.epend on the probabirity d.Ístributions

describing the arrival and. d.eparture of vehicles. An exact solution

ean be found. if it is assumed. that the arrival and. d.eparture rates are

constant and that the n.(t) are continuous variabl-es (c. f. Newell trs]).
This continuum model may be consid.ered. as a first approxÍmatlon to the

actual behavior of the traffic.

3.2 Not ation

Following the notation of hrebster [6], fet

81re2 = vehicular flow (arrival rates) in the two arms, (3.f)

"1r=2 = saturation fl-ow (departure rates), (:.2)

YI'YZ = qr/sr, Qr/sr, (3.3)

Y = vr + ¡r2 (¡.1+)

0 = l-ost tÍme for a single phase , (S.5)

B, = effective green time for the Jth phase. (S.0)

If tine t is measured. from the beginning of the phase J = ], then

tJ = ig + g1 * 82 * *J is the time at the end. of the Jth phase

since each phase consists of a lost time fol-lowed by an effective green

time. For s.inplicity of notation it witl be supposed that:
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ni(tJ ) = nÍ(i ) = nurnber of vehÍcles in arm i(i = t,2) at

the end. of the jth phase. (E.r)

3.3 ContÍnuous Walks

Uncter the assumption that qi and' s. are constant and that n.

is continuous rather than ôiscrete, the random walks of Fig. 3 are

replaced by the straight line continuous wal-ks of Fig. 4, a typical

walk beÍng represented by W.LI_WILZWZLIW3I¡*W\ . with

[nr(J), n2(J)] ¡eing the coordinates of ]lr. The starting point tr'l.

r.rith coordinates [nr(O), rz(o)] rras been chosen arbitrarily, ancl without

loss of generality it has been assumed that the first phase favours

arm l-. WOL' represents the íncrease in n, and n, during the lost

time 1,, and Lali, the clecrease in n, and. increase in n, durine the

effective green time gr. The light is first svÍtched when the walk

reaches !{f, i.e. when the controf function f, becomes zero. Then

follows a l-ost time, an effective green time for ar:r 2 and. so on.

AtÌ segnerr" 
"Jrj*, 

have Ìength l(a! + tlll/z and slope 0."/0.r.

Segments 
""Jr"J 

have lengths c2jtof * ("a - 0,")2)r/2 and slopes of

magnitude ("2 y)/y; while segments LZ¡*fWa¡*, have lengths

E2j+rla?" * ("r, - o,r)z)r/2 and stopes of magnitude t2/(s, - nr).

The mininun and maximum phase duration restrictions imply that a

segment such as Lrll, rnust be Longer than a certain nininr¡m length and

shorter bhan a certain maximum length. As illustrated., the waJk

may enter the region bound.ed by 04, and. 04, which become reflecting



n
2

At (0, gt )

B2

A 2(ß2,0)

nI

Fie. \. Graph of n, against n, for the contÍnuum

model with constant arrival and departure rates.
WOLTW:_... represents a typical walk that has first
AIBI, ArB, anct then 0Ar, 042 as refLecting barriers.
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barriers correspond,ing to tl_ = 0 and n, = 0 respectively and. the light

is switched at WL, W' etc.

3.4 Control Equations

Since ei, "i are constant the fundamental equations for nr(J)

may be written d.own immed.iately assuming initially that there are

nr(O) vehicles in arm i and that arm I is favoured.:

nr(zJ-l)=nr(zj-z)-uej_r("1-81)+lsr, (3.8)

nr(zl-t) = rz(2i-2) * Ez'_.az * xez, (s.g)

nr(aj) = rl_(2i-1¡ + Bejal * cqr , (3.r0)

n"(zi) = n2 &¡-r, - Baj (sr-t") + Lqz, (3.rr)

where J = l-, 2, 3, .... denotes the phase number. These equatÍons

forrn a set of first order simultaneous difference equations whose

sol-ution depends on the particular type of control that determines

phase change of the lights.

3.5 Solution of the Control Equations

The control algorithm consÍsts effectiveJ-y of three types of

control-, alJ- of which may be relevant at ilifferent stages. The solution

for the control- T = "i 
is trivial as the $ueue lengths either incrqase

or clecrease (depending on the relative magnitudes of the arrivaÌ and

d.eparture rates) ¡y " constant amount each cycle. As a,. tends to

infinity the reflecting barriers for f. = 0 control tend. to those

for the control ri = 0 control, i.e. to the coordinate axes. Thus
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the solutions und.et ti = 0 control may be obtained from those under

fi = 0 control by aÌJ-owing oi to tend to lnfinity. For these reasons

only the soLutions for f. = 0 control will- be derived. in any d.etail.

To indicate the method of sol-ution" nr(2i-1) will be evaluated..

The equations to be solved are (3.8) - (S.ff) together with

nr(ej-r)=olrr(2i-t)+ßr, (3.r2)

n.(zj) = aznz(z¡) + 9.. (s.rs)

EliminatÍon of saj_r from (3.8) and. (3.9), of g2j from (3.10) and.

(¡.ff ) ancl of n, by means of (3.12) antl (:.fE) Iead.s to the paÍr of

equations

nr(zJ-r, = ffinr(aj -z) + ,(s.rt+¡

nr(2J, = :#"r# nr(zJ-r, . ffi
Substituting for nr(zJ-z) [outained by replacing J by J-I in (3.15)]

ir ( ¡. l-l+ ) gives

(s. rr )

(3.16 )

( crer+sr-c, ) (oror+sr-eo )

nr(zJ-r ) = f,Érffi nr(e¡-: )

o, ( arur+sr-qr ) (arl.s 

"+urßr+ß2 
) ar0sr82- ( sr-o, ) ( orßr+ß, )

.*.

The terms on the right hand. sicle which are independent of j yielci
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G2gr+92)[oror-("l-er)("2-sz)] + ¿[srlr(orc.2+"r-er)+saea(cr(=z-az)*qr)]

I a, ( sr-e, )+q, I I c, ( sr-e2 )*qr J

"t"z 
( oz ßr+ g, ) ( v-r ) +srs 

r.0 [ 
orc, ( t+vr-v, ) +e, ( I-yr*y, ) ]

= ô, say .

Hence

where

I o, ( sr-ca )+qe I [ar(s r-0"2)*q, ]

Ify.-y^ l-y.fy^

"r=e(l-Y){arlusz lÉt' - ßrJ+[lqr # - ß2] ]

Lcr( sr-o, )+q, I Lc, ( sr-o2 )*qrl

nr(zj-r) = anr(2J-3)+ô ,

( arer+sr-t, ) ( oror+ s r-tr)a= .

Substituting the trial solution

nr(zj-r) = (a/crr)"i-l * y

in (3.1?) l-ead.s to

so that

Now

(s.rz)

(s.rB)

(s.rq)

(A/cr)*J-I * y = a[(n/crr)"J-z + y] + ô

y = ô1r-")-1
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l--a=t- ,

srs, (t-Y ) ( crcrr-I)
,.

Hence,

y = (cror,r)-1{ozron, # - orJ+ron, + - Bz)} = nr(-) .(s.eo)

To evaluate A, set j=1. in (3.I9) eiving

nr(r) = (a/ar) + y = (A/0r) + nr(-),

so that

(A/"r) =nr(1) -nr(-)

Setting J=I in equatíons (3.8), (3.9) and (S.le) yields

nr(r) = r1(o) - er("r-er) + &s.t ,

nr(r) = n2(o) + sraz * sez,

nr(r) =crnr(r) +ßr

Proceecling as in the general case l-eads to

azrt ( o )+ ( sr-o, )n, ( o )+[sra2- ( sr-e, ) ß

n (r) =I *Qzol
"1-QI

Substituting for nr(-) fron (3.20) gives
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(A/or)[or("]_-e1)nqel - qnr(o) - ("r-e')nr(o)

l-y. +y^
+ (car -# - ß2)l ,

= l,s1e2 - (sr-or)8,

( ortr+sr-e, ) 1*y, -V^ f-y, *y^
[(ra, -# - ßr) + ar(rsr --1jyÉ - ß2)]

( clro.r-1)

5e
1-YBr. ) or(lo, Bz)

I+yr _V2
("r-ar ) ( ny -TT- - + t

nr(-) = (aror-1)-11 (on, + - ßr,) + or(on, + - ß2)l

r¿here

and.

Hence

= - (02q2+sf-qr)nr(-) - ørn" ,

= - q2N1(-) - ("r-er)nr(-) ,

wa(-) =oznz(-) +ße

orInr( o )-Nr (- ) ]+ ( sr-c., ) ["2 ( o )-n, (- ) J

(l/o, ) Icr(s,-cl)+ar1
( 3.2r )

Equations (S.zo) and (3.21) comprete the sorution for nr(zj-r) (see
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eguation (f.r9¡¡.

3.6 Summary of Sol-utions

The complet,e solution of the continuum mod.el equations for the

control f =0 isI
"l

a = r - {srsr(orcr-t) (r-v)/[cr(sr-qr)+q2] ["2( "z-tz)+qr] i+rj
'(

nr(2J-r) = (a/crr)"J-l + nr(-) , (s.es)

nr(2J¡ = (m)*i-r + Nr(-) , ( 3.2\ )

nr(zi-r) = R"J-r + Nr(-) , ß.zs)

n"(zJ) = (lu/az)"J-r + nr(-) , ß.26)

B, = {crlnr(o)-ivr(-)l-["r(o)-nr(-)J]/[cr("1-91)*se] * Br-, (s.zT)

sz: A(oacz-l)"j-1lorI ar!r-c'r)*qr] + s2- ,

Ez¡+t - A(sloz-t)tJlotIo2Q2+s]--QrJ + 81- ,

(s.so)

(s.sr)

3.22)

(3.P8)

ß.zg)

where

( crc 2-l ) n, ( - ) = a 

"l 
n"tr( I+yr-xz ) / ( r-v )-ß, I + [ .e,o, ( J--vr+v ) / (1-Y ) -ß2 ],

(cror-I )n, (- ) = [ lq, (r+y, -v ) / ( r-v ) -e, l+4, I lor (1-Yr*x2 ) / ( r-v ) -0r I'

nr(-) = a"nr(-)*gz = nr(-)+ler(I-vr+yr)/(r-v) , (s.¡a)
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Nr(-) = crnr(-)*ßt nr(-)+lrr(t+yr-"r)/(r-v), (s. s¡ )

Bl_- = ztvr/ (r-y) , 82* = 29.y2/(r-v) '
(s.sl+)

R = {or/ [ or ( sr-tr )*qe ] ] i er l nr( o ) -wr (-) l + ( sr-qr ) [ nr ( o )-nr (- ) J (s. ¡i )

b = (ar/o.., )(cror+s z-q)/lar("2-82)*qrl (3.36)

The complete solution for the control n.=0 can be vritten down from those

above by letting a. tend to infínity giving

a = 1' ["r"2(r-y)/("r-qr)(sr-er)] + 1,

nr(2j-1) = o ,

nr(eJ¡ = (Ru)ai-r + Nr(-) ,

n"(z|-t) = ¿,"i-1 + ttr(-) ,

nr(2J) = o ,

e, = [nr(o) - trtr(-)l/(sr-er) * ur- ,

sz. t^J'r ¡(s"-o.r) * uz- ,

gz¡*t = A"i /t, + 81- ,

(s.sr)

(¡.se)

(¡.¡s)

( ¡.1+o )

(3.l+I )

(¡.\z)

(s.\r)

( s.l+l+ )

(¡.\¡)

where

wr(-) = tqr(l-yfyz)71r-v) ,

wr(-) - eaz(r+yr-Jrz)/(r-v), (3.1+6 )
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Br- = z|yt/(r-v) , E2- = 29.v2/ (l-y) , (3.l+7)

A={er[nr(o)-wr(-)]+("1-e1)nr(o)]/(sr-or), (3.l+B)

b = qrl(sr-er) (S.t+9¡

As is pred.icted. in the usual theory of difference equations, the

selutions take a special form in the degenerate case a = 1.

The solutions (3.37) - (S.l+9) ean also be obtaíned ttirectly by

solving (3.8) - (¡.rr) subJect to nr(2i-1) = O, D2(e¡¡ = o; i.e. by

solving

o=rf(zi-z)-urJ-r_(sr-or)+lqr, (3.50)

nr(zj-r) =Ez|_:.az*xez, (3.51)

nr(2J¡ = BzJer * cqr , (3.52)

0=r2(2J-tr-szj("e-qe)+rqz. (3.53)

Elininatirg Bzj_t fron (3.50) and (3.51), ancl B- fron (2.>Z) and

(E.>¡) ana then nr(2i-t) fron the resulting pair of equatÍons gives

er ec lq., (sr sr+9rsa-9rs, )

nr(2J ) = ffiffi r,rizi-Z) * ffi '

which may be vrítten as

where a, Nl_

nr(ej) ="n1Q¡-z) + (r'a)tlr(-) , (3.5)+)

(-) are constants as defined by (3.3?) and, (3.\5). The

equation (¡.ft+) corresponds to (S.rt) for fi=o control.
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The maximum lengths of the queues are Mr(Zi ) = nr(2j ) + tqf,

M2(2i-1) = re(2i-1) * n9.Z and the minimum lengths nr(ej-r), nr(2J)

3.7 Stabilitv

The transient behavior of the queue lengths, phase times, etc.

d.epends on the val-ue of the constant a. This constant is positive

unless one of the quantities 
"i-ai is positive and the other negative

as may be seen from equation (3.18). If al-so a < 1 , the control- Ís

stable and the system converges to a stead.y state. Further, the conver-

gence is uniform in the sense that it is non-oscÍ1J-atory, i.e. the

sequences of points I^i* and. WZ¡*t converge monotonieaÌly as ill-ustrated

Ín Fig. \. Since.i t ei and. o. > 1 for cases of practical interest the

stability criterion a < 1, í.e.

,- .t

red,uces to Y < I , which is sinply the criterion for the undersaturation

of the intersection [6]. Hence the control algorithm gives stable

control provided that the intersection is und,ersaturated.

The rate of convergence to the steady state is also governed by

the value of the constant a. Under fi = 0 control, the value of a

d.epend.s on the control constants o1 , o2 and. has its maximum value of

unity when o, = o2 = 1 and decreases with increasing o1, o2 to the

limiting va1ue

a = yryzl (l-yr)(r-yr¡ (¡.¡i)
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which Ís the value of a for n. = O control (see equation (9.¡Z)). In

other worils, the rate of convergenqe und.er fi = 0 control increases

r,rÍth increasing ol , o2 and. the marcinum rate of convergence is obtained

when a, = oZ = - which corresponds to ti = 0 control.

3.8 Linit Cycle Characteristics

In the l-imit as time t tend.s to infinity the walks eonverge

to a closed cycle which may have OAI, OA2 [fig. 5(a)] or ArBr,

A2B2 [Fis. 5(b) ] "s refl-ecting barrÍers correspond.ing to the controls

n- = 0 and f, = 0 respectively. These closecl cycJ-es will hereafter be11

referred. to as linit cycles. It should be noted that the possibility

of a l-imit cycle under a mixture of n. = 0 and fi = 0 controls is

ignored.. lfhich control actually governs the limit cycle d.epends on

the choice of the control constants crr ßi

In the linit cycle, the phase settifgs of the light are Índ.epend.ent

of the type of control and. are given by

81- = zLyr/ (r-v) , 82- = 29,y2(r-Y) , (3.16)

r¿ith corresponding cycle tine

c-=Br-*Bz-+2l,=29"/¡-\). (3.r'l)

Thls Ís the famiLiar result t6] for that cycle time which Ís

compatible with the number of cars arriving at the intersection being

equal to the number leaving, the effective greens being split in the

ratio B¡_/g,2_ = VU/yr . If the limít cycle is under ri = O controL
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[as in FÍg. 5(a)] the lengths of the queues oscillate between

zLqi(I-y, ) / (t-y ) and, zeto. However, if the limit cycle is und.er

f, = 0 control las in Fig. >(t)] the queues are never cleared.. Although
I

the phase and cycle times, being independent of the control constants,

are the same in each case, the uncleared. vehicles create an increase

in the average delay at the intersection so that a linit cycle und.er

n- = 0 control is preferable.
I

The limit cycle for n. = 0 control has the property that each car

is forced to stop once, and. once only; and. this is obvÍous1y true in

the transient state as well-. For fi = 0 controÌ, it will be shown

that this property is true for the transient and. stead.y states provided.

that

olo28l_to292*"1r a1a2Q2to1Ql-+s2. (¡.ta)

To prove the first of the above relations consider the nr(2J) vehicJ-es

queued in arrn l- at the end. of ttre 2¡th phase. The condition that these

vehicles wilt be cleared during the (2J+t)th pt"s. is clearJ-y

gz¡+l"t ' nzJ

1.e
A(o, c,^-1)ai

I L4.cr(orer+"r-er¡ + s1-J s, > (Au)uJ-I + Nt(-)

This wíII certainly be true if
( atar-I ) ast

h@{Ðìþ (s.¡q)

and
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B1-"1 >tlr(-) . (3.60)

Substituting for a and b the values given in equations (S.fg) and,

(¡.Sø) enables (Z.Sg) to ¡e reduced to

olo2el > cr,2çt2+sf .

After so¡ne rearrangement (¡.go) becomes

"gq,IF I ,ozL8z(r+yr-ye) arcrr0er(1-IL*V2) 
^ ^ 1t--fl-'F- u2pf-Þ2r .

which will be satisfied if

o1o2 el_(r+yr-re) > arl'i" (f+yt-trz) + 2[o, ,

i. e.

2q:-
ol-o29r ' ozQz * I*ut-r, '

2q.
Since s- > - -! the last inequality will be vatid Íf ol_o2q' t o2e2*"1_J- L+Y:--Yl

A similar method, may be used to d.erive the second inequality in (:.¡g).

These inequalities are sufficient, but not necessary, for the control-

to have the property that any vehicle should be forced to stop no

more than once. It Ís clear that the inequalities wiLl al-ways be

satisfied. 'f Sl_ and. e, are not vastly different and, if the a. are

ttreasonably largett.

3.9 Initial Conditions

The sign of the transient terms, €.8., (lu)a,J-f ir, (S.Zl+) is, as

i.s evident from (3.35), the salne as that of
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orInr(o)-Nr(-) ] + (sr-rr) [nr(o)-nr(-) I

If the initial values nr(O), n2(O) are such that this term is positive,

"r(j) etc. tend, to their limiting vaÌues uniformly from above (as

ilLustrated. in Fig. l+); if the term is negative, the approach is from

bel,ow.

then

3.1-0 Special Cases

(r) c-=0^=f
L¿

fn this case, the phase change und.er fi = 0 control occurs vhen

the queue J-engths d.iffer by some constant nr¡mber of vehicl-es. It

is evident that a = 1 and. it can be shown (by standard. methods for the

solution of first order d.ifference equations ) that the solution is not

convergent.

(z) ßr=ßr=o
In this case, the possibility of n. = 0 control is eliminated and

the phase is switehed, under fi = 0 control, to the next one when the

number of vehicles in one arm is a constant multiple of the number of

vehicles in the other. As described earlier the eorresponding Linit

cycte will have the und.esirabl-e property that the queues never c.l-ear.

(¡) Êr' rqe(r+yr-yz)/(r-v) , 32 ' nel(t-rr+yr)/(r-v) (S.6r)

It is evident from (3.30) and (3.31) that, since n. is always

nonnegative, the corresBonding linit cycle must be und"er ti = 0 controJ-;

if the light is ever und.er fi = 0 control ít nust therefore converge to

n, = O controf as iL].ustrated. in Fig. l+. In this specÍal case, therefore,
]-
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with the ß-. chosen sufficÍently targe to satisfy (3.6l-), a l-irnit
]-

cycle havÍng the very desirable properties discussed above is

obtained.

3.1-1 Delay

In the steady state the average d.e1ay per vehicle for ti = 0

control is less than that for f. = 0 control because of the uncleared

vehÍcles in the latter case. The average d.eIay for n. = 0 control is

easÍIy evaluated by estimating the area under the I'san¡-toothrr graphs

of queue 1en6çth against tine (see Fig. 6). If D(t) ," the totar deray

to queue 1 per cycle an¿ ¡(t) ,n" correspond.ing quantity for queue 2

then, from the graphs, the total- d.eIay to both queues is

¡ = l(r) * ,(z) ,

= t c-(ivr(*) + rqr) + | c-{rvr(-) * cqe)

The average d.elay per vehicle, D, is found by

D = D/number of vehicles arriving (or leaving) per cycle ,

= o/c_(e., + ar)

or substituting for D this becomes

qt ( I-yr )*q, ( r-v, )¡=#r
Qt*Q2

It is easily verifi.ed (and. in fact is a direct consequence of the

nature of the n. = O controt) ttrat the steady state phase times as
1

l
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given by (:.56) are the ninimr¡m phase tines consistent with both queues

clearing every cycle. For larger phase times than these the queues will

sti1l clear but there will be a change in average deJ-ay. It is shown

in Append.ix I that unless the val,ues of e, and q, are markedly

d.ifferent the n. = 0 controJ does give the minimr¡m average'd.elay.I

The problem of d.eIay in the transient state for n. = 0 control has

been investigated by Grafton ancl Newell [ef] wfro have shown that if

the departure rates on the two anns are equal ti = 0 control gives

minimum average deLay but if the tleparture rates are different and in

atld.ltion the inítial queues are very large or very snall some mod.ifica-

tion to the control is necessary to achieve an optimaL situation.

3.12 Choice of Control- Constants

An optinal- control shoul-d

(i) ensure rapid convergence to the steady state,

(ii) acfrieve minimum average delay in both the transient and

steatly states,

(ifi) limit the maximun deJ-ay to an individual,

(iv) react to the actual traffic conditions, and.

(v) ¡e flexible.

As d.iscussed in section 3.7 the rate of convergence is governed by

the value of the constant a and rapid convergence is achieved when o.

are large (certainly somewhat greater than unity).

Minímum average d,elay in the steady state is achieved
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whenever the limit cycle is, und.er ti = 0 eontrol . This Lrill be so r.¡hen

the ß, are chosen to satisfy (3.61).
1

It is cl-ear from the work of Grafton and Newel1 [21] (see also

section 3.11) that n. = 0 control may not be optinal in the transient

state and. hence that, und.er certain cond,ítions, it may be necessary

to vary the val-ue of the control constants to achieve mÍnímum avera.ge

d.eIay.

Provided. that the c. satisfy (3.58) each vehicle is forced. to stop

once only, or equivaÌent1y, each vehicle is cleared. not later than

during the green phase after the (red. or green) phase in which it

arrives. Thís ensures that no vehicl-e is forced. to wait for more than

one cycle of the J-ights thus limiting the maximum d.elay to an

ind.ividual.

If Ìarge queues are present and the intersectíon is al-most

saturated. the control- T = R. wÍIl overrid.e the f. = 0 and. ti = 0

eontrols. In these circumstances the phase split may not be optinal;

for example, a steady trickl-e of vehicl-es on one arm may be sufficient

to hold. the green phase on that arm for a maximum tine al-though the d.e'

manil on the other arm may be much greater. For this reason the control

T = R, is to be avoid.ed. r.¡henever possible by proper choice of c. and $. .1-r1

The control- is by its nature a flexibl,e one. In practice the

computer could use past history and. the present traffic state to

assist in d.eciding appropriate values for the constants. For example

the computer would. know the arrival- and. departure time head.ways and.



-31-

could therefore estÍmate the val-ues of ß, required, to satisfy (3.61)

anct would know the initial- queue l-ertgths so that, on the basls of the

work of Grafton and NeweII [21] could choose the optimr:m values

of c. for the transíent state.
].



CITAPTI|R II

BINOMIAL ARRIVALS

h"l ttre Mod"el

Although the assumpti.on of constant arrival" rates provi"des a

valua¡le insÍght to the nature of the problem it Ís necessary, particularly

with a view to evaluating the operational characteristics of, say, a

eomputer eontrolled intersection, to use a more realistic type of

arrival distribution. In this chapter it will be assumed that the

departure rates are eonstant and. are the sarne for each arm and. that

the arrival5 are generated by a binomial proeess. fn the Toronto

pilot study, for example, the arrivÍng traffic is recorded in the

eentral, eomputer as a series of Ors ancl 1rs from a periodical seanning

(say every r seconds) of single lane presenee detectors. Each

öeteetor registers a pulse if a vehicle crosses it during a t-seconil

interval and this interval- Ís chosen sufficÍently small so that 2 cars,

beeause of their finibe length and. limited speed, cannot cross a

d.eteetor during the same interval. The assumption of binomial arrivals,

Ín this ease, is equiva.l-ent to assuming that the Ors and frs are

uneÇrrelated. which is u,nreafistic for heavy or pulsed traffic.

Speeifi-eatly, the vehiefe arrivals will be deseribed by denoting

by yi the probability of one arríval in arm i in each of the interval-s

(kr, kr +'r), k = 0, f, 2, ... , and. by xi - f-yi the probability

of no arríval" For eonvenienee, the time interval r is taken equal to

the time j-nterval between vehicl-e departures, although the analysis could
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be extend,ed to cover other cheices. As a nr:merical example, suppose

that t = 2 seconds, and y1 = O.l+, yZ = 0.3; then the saturation flow

(on both arms) is 1,800 v.F h. anô the arrivÍng traffic flows on

arms l- ancl 2 are 72O v.p.h. and !l+O v.p.h. respectively.

As þefore, each green phase consists of a lost ti¡ne followed.

by an effective green time.

The mathematical analysis is confined to the case of n. = 0

control for reasons that will be d.iscussed, later.

l+.2 Randon l{alk Equations

DurÍng the lost tirne at the begÍnning of each green phase, no

vehicles cross the intersection. Ilence if the number of vehicles

queuçd in arm Í at time t = kt is denoted by n.(kr), then

(i) nr(ht 4 r) = nr(lrt) + I with probability y.,

(ti) n.(tr + r) = n.(tr) with probability xi.

If the subsequent effective green favours arm J so that vehÍcl"es arrive

at arqs I and.2 but discharge only fron arrn I' thçn

(iii) nr(xt + r) = nr(tr) with probability trl,

(iv) nr(tcr + r) = nr(kt) - r with probabilitv xr,

(v) n2(kr + t) = nr(t<r) + r with ppobabitity y'

(vi) nr(rt + i) = nr(xr) wÍth probabilitv x2.

It is clear from equations (iii) - (vi) thet, if at tine t = kt the

particle is at (tL, t2), then, at tine t = kr + t it wíIl be at one
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of the points (nr, nr), (n, - l-, nr), (r1, n2 + 1), (nf Ì, n, + l)

with associated, probabilities yrxr, *f*2, yLy2, *lV2 as indicated. in

Fie. 7 ,

EquatÍons (i) - (vi), together with four ad.d.itional ones govern-

ing the case when arm 2 iç fpvourçd., characterise a two-dimensional

binonÍal random watk [22] which has the coordinate axes 11 = O

and. n, = 0 as reflecting barriers. The analysis of this walk yields

the operational characteristics of the control.

l+.3 notation

The notatÍon used, in this chapter closely follows that used

in the previous one but the followÍng points should. be noteci:

(i) for ease of manÍpulation sJ Ì¡Í1,1 be written as g(¡),

(ii) al-l tÍme d.ependent quantities are measured in units of

service tÍme so that the Jth phase is of length g(j )t second.s and.

the duration of the lost time is Lr seconds,

(iii) qs only ri = o control is considered both na(zJ + r)

and nr(zJ ) are zeîo,

(iv) it wilL be assumed that the initial queue Ìengths are

n, (O) and zero ¡espectively.I

The nost important quantities referred. to in this chapter

are illustrated. in Fig. Ç and are defined. as foLlows:

MI(2i ) = number of vehicles queued, in arm I at the beginning

of the (j + 1) tt¡ ettective green phase for this armn (l+.I)
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from the point (o1, 12) in tne time interval
(kt, kr+r ) ancl the probabilíties associatetl with
these steps.
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MZQJ + 1) = number of vehicles queued. in arm 2 at the beginning

of the (j * I) tn efrective green phase for thís arrnn (\.2)

nr(2j ) = number of vehicles queued. in arm l- at the beginning

of the (j * I) ttr green phase for this'arm, (l+.3)

nr(2J + 1) = number of vehicles queued. in arnr 2 at the beginning

of the (J + 1) th green phase for this arrn, (l+"l¡)

g(2J + 1) = duration of the (J + 1) tn efrective green phase

for arrn 1, (l+. 5 )

g(zJ + 2) = duration of the (J + I) th effective green phase

for arm 2, (\.6)

C(j) = eQ¡ - l) + c(2J) + 29 = duration of the Jth cyc1e. (l+.f)

l+. l+ na¡r¿on l,Ialk 1S

Tg derive probabllity distributions for queue lengths at change

of phase, for phase times, and so on, probability generating funetions

will be found. for these random variables and., ín the usual way, the

distributlons will then be founcl by expressing the generating functÍons

as polrer series about thç origin. In particular:

(i) o{al (ù = g["M]tt;)1, Ís the generating function for Mr(2J),

tä:-.r l Mo(ej+t) 
(\'8)

( ii ) þà'u ''' (r). -- Elz ' ] , is tþe generating function for

M.GJ + r), (l+.9)

(iii)

nr(zJ ),

/a¡ \ n, (2J )
,ì"'(z) = E[z ' ], i" the generatÍng function for

(l+.ro)



nL

(tv) o

(eJ + r),

( z¡+r )
2
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n, ( eJ+r )
(z) = Elz ], i" the generating functi.on for

,(zJ+z)e) = n["8(¿J+z)], is the generatins function for

,(z¡+r)(") = E[zc(z¡+r)J, is the generatÍng function for

(l+. 12 )

(vii) o(;),2) = E[rc(J)], is the generating function for c(j). (\.r)+)

The generating function O{zil(z) wilr be evaluated and then

relations between this generating function and those defined. by

(l+.q) - (l+.fl+) r¡i]l- be established. leading to the evaluation of the

latter.

Use will be mad.e of the theory of conditional expectation and.

the notation used vill- follow that of Fel1er [23]. In particular,

if X ancl Y are two ranclom variables then, the conditional distribution

of Y for given X will be d.enoted. by YlX, and. the cond.itional expec-

tation of Y for given X wil-l be d,enoted bv E[ylX].

( 2J) G)Evaluation of ôi

An expressÍon wil-l- be found. for the generating functÍon,

plzMr(2J+2) lur(zi)], for M1(2J * e)lMr(2J) and from this a recurrence
/o: \

relation for Ol'J/(z) r,¡:-tt be estabLished.

It is clear that e(zJ + L)lrr,ta(2J) has the negatíve binomial-

distribution and. therefore has the probability generating function

(reference 23 paee 252)

(l+.u)

(l+. r¡ )

(v)

e(ej + r),
(vi )

s(z¡ + 2),



while MZþJ + f)lC(2J + t) has the binomial distribution and. therefore

has the probabÍlity generating function (reference 23 paee 252)

u, ( eJ+r ) s(21Ð,)+zÍ.Elz le(z¡ +r)l = (x? *yzr)

Hence

u, ( eJ+r ) xr(x"+v"z) Ml(2i )
(*"*yrr)?LElz lur(ei)l = [ I-yr(x"+yrz)

M, (2j )
= [r1(")i-1'-"' (*r+yrz)zL ,

n["s(2J+1)lur(zl)] = lxrz /(t -ylz)]Mt(2i),

x_r(xr+y"z)
r,rr(z) =fiffiy.
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u, ( eJ+r )

lur(eJ+r¡1 = [urr(z)J
, ,29.(xl+ytz ) ,

where

Sinilar1y

Elz
Mt( 2J+2 )

(l+. ri )

(l+. 16 )

(l+. rr )

(l+. rB )

(\.19 )

(l+.zo)

(l+.21)

(t+.22)

where

u"(z) =

xr(xr+vrz )

1-ve ( xa+vtz )

Hence the probability generating function for Mt(2J+2) lur(Z: ) is

u, (z¡+e) u, (zj )
EIz--f 

r-u -' 
Itr(2J ) ] = [r,rr(,,rr(")) ] l'-"'[*r*, ,rr(z)]2c(*r*y f)zr'

Taking the expectation of (\.21) with respect to Mr(2j ) eives

,(e|+z) (r) = o{z; I [,r(r,rr(z) ) J lxr+vrur(r)]21 (*r+yrr)21
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On writing

Eh) = u,r(urr(z)), n(z) = [x"+yzuz(z)J(xr+yrz) , (l+.23 )

equation (\.zz) becomes

0
(z¡+z¡
I

2l IE(z)] , (l+. zl+ )

the solution to which may be written down in the forur

ofzll (ù = t(n)(n6)(nr(2))... " 
(n6(i-1)lt2oo{o)tr(i)]

In this expression"

,(:) - s(ç(.... E(z)....))
is the Jth iterate of t(z) an¿ n(z), ntE(i)

t¡ tE(i ) """n"ctivery.
From the relatiqn tvtr(o) = nf,(o) + eo, where eu is the nr¡nber of

arrival-s in the lost time (and. thus has generating function (xr+yrz)[),

Ít follows that
(o)

(r) = [n(z)ltori.

n
(z)=z L(o) (xr+yrz )¿

l_

(l+.2r )

U+.26)

] have been abbreviatecl to

(\.ez)0

since nr(O) and eu are independ.ent. Thus (l+.fa) becomes

) (") = t ( n) (nr ) (n6(z),. . . . (nr( j-l) )lz'Ír(; ),"rto',*r*rrr(; ) 11. (,*.28)ri"
The forn of ()+.21+) is faniLiar in the theory of branehìng

processes Iel+] an¿ for this binomial model- its explicit evafuation

is possible. From ( l+.23 )

E(r) = uraItrr(z)J ,

= x/ (t-yr) , ( l+.29)
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x = xrxz/ (*r-*, + vrrr) , (l+.so)

and

y=I-x=Vrvr/(*r_*r+vrvr) (l+.31)

Now, as E(z) is a bilinear function of z, the iterates ,(l),2) will

also be biLinear functions of z and as t(i)(r-) = 1 (sÍnce t(f) = f)

it can be assumed. that

x-yz-ya (r-z)
J (l+. 32 )x-yz-yb (r-z) '
J

where a, and. b. are constants. The functionaL equation ,(l) - t(l-r),r,
inplÍes that

x-yz-ya.J (1,2 )
t- r-1 2x-yx\ L-yz) -y a -r(I*yz)-r(r-")

r¿here

.(j ) _

j

Since "1 = 1 and b, = y/x )

x-yz-yb, ( r-z ) x-yz(t-yz) -]-utoj 
-, 

( r-vz ) 
-

x-vz-Y(Y /x)a (r-z)

(r-z)

j-1
x-yz-y(y /* )l j_, fr-" I

so that a and b satisfy the same recurrence relationj j

a = (v/x)a b = (y/x )bj-f' j J-¿
(l+.E¡)

(l+.3\ )"j = oj-l = (y/v)j-] ,

g1v1ng
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n (2.) = [xr+vrur(z ) ] (xr+yrz )

(l+.35)

(l+.36)

(l+. sZ )

()+.38)

Also

so that

x, (xt+vtt ( j )

I-Vr(xr+yr6 (¡ )

After some algebraic manipulation this red.uces to

nE(J 
) 

=

(j -1)

It shoulcl be noted that (l+.¡6) may be wrÍtten in the form

n(z) =ffi. (\.3e)

use of (l+.38) anct (l+.39) enables the product (n)(n€)(nE("))....(nt(J-1))

to be evaluated. Since the denominator of n€(n) ""n".1,s 
with the

nurnerator of nt(t+r) only the nunerator of ¡ and the denominator of

nr(J-r) r"*"irr', giving

(z)(n)(n€)(nE )....(nt

In acld.ition



(z¡ )
0 (r)=tI

(z¡ )
ôI

*r*xt .(i ) _

xl

-l+f -

x-vz-y(y/x)

nr(o)

I
Ix-yz-x(y r/*")G/x)

x-yz-r(vr / xr) (v / x)i -1 ( r-" )

J
t

(r-z)

and. these Last two reqults together with (l+.35) lead to

(*-") (xr+yrz ) 29. x-vz-v(v /x) (r-z) nr(o)j-1

x-yz-x (y, / xr) (v / x) J ( t-, ) *-yz-vG /* )J ( r-, )

j(r-")ls

(l+.40 )

( l+.1+1)

since y(vr/xr)(v/x)i-Ì = x(vr/x")(v/x)i tr,i" may arso be written as

J-1x-vz-v(v /x) (r-z)
*-yz-y(v/*)i (r-r)

This completes the evaluation of tÌ¡e generating function for MI(2j )

and, in the foll-owing sections, this result vill be used. in the cleter-

mination of further important generating functions.

Evaluation of 0
(2¡+1¡
2

(")

The starting poÍnt for the evaluation of O!2J 
+t) þ) , the generating

function for the number of vehicles queued it "l* 2 at the onset of

the (j + f) tn errective green phase for this arm, is equation (l+.rT),

ví2.,



vr^ (z¡+t ) u, ( z¡ )
El,¿--Z'-" 

-' 
lMr(z; )l = [11( ,)J r'-"'(*r*r rr)'u

Takíng t e expec atÍon cf this quatio with r spect t MI(ZJ )

-l+z-

(r-z ) J

lead.s to

( zJ+r )
ô (z) =2

o!a,t*r)(") = (x"+yrzl'noltJ)[rr(u)J. (r*.)+2)

substitutins for r^rr(z) from (¡+.r.8) in the form (4.LI) rcr O{ej)(r) *r*r""

[(x-y) (xr+vrz))21 I
Xj

lx-vz-y(y /x) lx-vr-v(v zl *r)( v/* ) 
J (t-r) lL9.

(4. l+s )

Evatuation of el2J

The relation betwero u{tJ)(u) 
"r,¿ O{z;l(z) is round. by the sarne

method as that used in d.eriving (\.27). Since Ur(aJ) = rf(Z¡) + eu,

where, as before, eO is the number of arrivaLs in the lost time, it

follows that

o{zi I (r) = (xr+vrz )ro{z'l I , ", . ( l+. \t+ )

In a sÍmilar manner

o[2]*t) ru, = (x"+vrz)Lef,zl*t) rrr . (\.1+t)

Substituting these last two relations in (l+.1+2) tead.s to a relationshÍp

betr,reen e{zi I (z ) and ,Ql+t) ( 
" 
) in the forur

,x-yz-y (y ,/ xr) ( y/* ) ' -* ( 1- z ) 
, 
n, ( o )

^rJ. x-yz-y (y 
zl xr) (v / x)¿ ( r-z )

) (, ) "r,¿ 
elzi*r ) 

, ",



-l+3-

Evaluation of I (z) and rf,zi*z)r",(zJ+r)
1

()+.1+6 )

(l+.\B)

The genenating funetÍon for the effective green times for arm 1

is found by taking the expectation with respect to Ml(zi ) of equation

(l+.f ), i.e. of

Elzs(2i+r)lur(zj)l = [xrz /(r-yf¡1tr(ei) ,

leading to

,(eJ+r)(") = 0l2i)l*rr/(r-vrz)J . (\.¡+r)

Similarly, taking the expectation wi.th respect to M2(2i+l) of

Elzs(z¡+z) lur(zJ+r )J = [*zr/Í-yra) ]tt(z'j+r)

leads to an expression for the generating function, rt"t*')("), for the

effective green times for arm 2 viz.,

,(zl+z) (r) = r(zl+t) 
.*rz/(r-vrz) 

J

The explicit form for r(2i+t)(u), for example, is found, by use of

(\.1+f ) anil (l+.\1), to be
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' ,21'

,(zJ+r)(") = , -t*t-ut'-.-
t*ræ*

I

(t+.1+9)

Ís found. as follows:

lxr-vrz-4 (v/*)J (r-u ) ls

., ,x2-vyz-x"$/*)t (r-z) 
-n., 

(o)

"'\-rr't"J-T%r
The relatÍonship between ,(zJ+r)(r) 

"n¿ 
,f,zl*z)rr,

,(z¡+z) þ) = of,el*t) [*rr/(r_vrz ) J ,

= {(x"+y"r)21 alzl) [rr.( "))] r=*zrl Í_v¿r),

= lxz/ (L-yzz) lzrtOÍ2i ) t*rr/(I=yrz )lI z=xel(r_yrz),

= lxz/(r-v2z)ler'fl2j+t).*z/ft-y"z)J. (\.:o)

FverYatiqP of aii)(z)

To evaluate the generating functiorr, ¡(J)("), fçr the Jth cycle

timeruse is made of the relations

vÍrs(z[+ùlrur(a¡+r )l = lxzz/ (r-vrz) ltr(e¡+r),

M^( zJ+l )
Elz'''z"¿' 

+' 
Ig(z¡+r) J = (xr+v 

?ùe(2tr+t)+zt'

These relatÍons inply that



r[ us( 2J+2) 
lg( z¡+r ) J = [xr+ y2ftrz/(t-vrz) )]s( 

2l+L)+2e" 
,

= Íx2/ (r-vrz)J s(21+t)+zt

_¡+t-

It-xz-1y¡ *)J(r-r)l¿ Ir-rz-(r, /xr)(v/x) J-1('r-r) ]o

l--Yz- (v/x ) (t-z )
nr(o)

uIrs(2J+r)+g(21+2)+2l' le(a¡*r) ] = [*2" /(r-vzz¡1s(2j+r)+zn' ,

Henee,

r.e.,

n["c(¡+r) ¡g(e¡+r \] - fx"z/ (t-vrz¡1s(2J+r)+el ,

Taking the expeetation r.¡ith respect to g(Z¡+l-) of (l+.lf ) gives

o(J+r)(r) = l*¿r/ (:.-,vzz) l2lr(?J+r) k"r¡ (t-v rz)),
whieh, after some q,lgebraÍc manipulatign, gives

o(J)1"¡ =
1-Y 2L I

X

(l+. lr )

J-1xl (t+. :e )
t-vz-k /x)J ( r-" )

l+ Statistical E Ílibri

A state of statistÍcal equilibrir:n is achieved when the Íntersection

Ís undersaturated. The conditÍon for this is 16l

yf +y2<l-, (l+.¡S)

or, equivalently

Y<x ) (l+. tl+ )
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an4 Íf this inequarÍtv holns ,(J) * Ì as J + - and hence ]Ï tltj)("),

the generating function of the so-calIed stead.y state probabilities,

is Índepenclent of Mr(O), ttre number of vehicles at the onset of the

first effective green time. From (l+.\O) the explicit result for this

generating function is

or(z) = ïï ol2i)(z) = [

(*-y) (xa+vrz )

12x (l+.¡:)x-yz

It is easy to verify that this expression satisfies the functional

eguatíon

or(z) = [n(r))2lorlEþ)J, (\.i6)

which is the liniting form of the recurrence relation (lr.'.rt). Because

there is no d.epend.ence on initial qonatitions,the form lor ör(z) nay

be obtained, from that of 0r(z) by interchangÍng the subscripts (an¿

this iç true, too, for the phase tímes and so on), so that

(x-y)(x.+y. z )
12L0 (z)=l

t x-yz

The limiting forms of the other generating functions defined, in the

l-ast sectÍon are:

(l+. 58 )

(4. re )

(l+.60 )

er(z) = ]ï el2J)(z) = ,t*-vf(*+11r"),r ,
(x-ye )-



rr(z) = ]i r(aj+r)(z) = rffil"' ,

"r) (r¡ = rffilro ,rr(z) =

x-yz

-l+?-

*?-"r
*z

,l

(l+.6r)

(\.62)

(4.6s )

(l+.6\ )

so that

(I+.6r)

¿(z) =
(¡ )

lim
J'rõ

Iin
J+a

(z) =r#l 29.
A t

The correspond.ing steady state probabilÍty clistributions or

stationary dlistributions are obtaÍned by wrÍting these generating

functÍons as power serÍes about the origin. In the case of fr(z)

and A(z) ttris is a very simpte matter; for exanple

rr(z) =r#)21 =( )2¿ [r-(v ,/*")z)-2n"

= ,*,to ,to (2r'+k-1 )fur/x")krk ,
¿

(tt¡is expansion being valid. sÍnce yt/*Z = yJ (1-y2) . f )

elel- = kl = (2!'+k*1lr*Î]Yr,at,ä,n ,

' li¡twhere 81- = jÏ u(a¡+r). The probability clistributions corresponding

to the generating functions ôi(z) and er(z) are obtained aE fol-lows:

(*-y) (xr+yrz )

)21 = (xrxr-yry;21Í-y;ttr* 
çf**)Jt' ,0r(z) = [

29,
)J

29.

J=o
T

J
)(YtYZz-x]xz
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so that, for k t 0,

k
¿l ôr(z)

I
xf (-1) ,ro,

\. I

(J_1) J
(

k t
x1x2-yIy2

y2
29" 29.

J=1

t .dkor("), ,*!*z-Y\Y2,2,
trt Ln_J z=o=,E-, 'tffiln tllrtSolti*f-tltfli (r*.66)

Ttris fom for the coefficient of "k in the expansion of 0r(z) about

the origin is particularly suitable for computational purposes as

it involves only a sunnation from J=l to J=2[ (l neing sna]-I for

cases of practÍca} Ínterest). It is interesting to note that (l+.66)

may be written in the forn

h'Y],=o=,ry)",(w)k,r'(-el,*;};xi1),(l+.67)

dz

llence

where ,F, is the ord.inary hypergeometric functÍon. Polynomials of

the fom 2FIG2n,k;1,x!I) trave been Ínvestigat,ett by Gottìiet [25].

Interpretation as an Eigenvector Prob.l-em

If t is a stationary dÍstribution then it nust satisfy the

relation (reference 23 page 356)

t, = X t.À,, ,J i r:-J

where the À., &Iê the correspond.ing.transition probabilitiesi i.e.,
1J

t is a left eigenvector of the transition matrÍx A = (ÀiJ). As a
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partÍcular exa.¡np1e, suppose that the stationary d.istributÍon associated.

with 0. (z ) is t. . l,"t rÍn) (n,n' ) ue trre conditional probability that,

given there were n vehicles in arm i at the beginning of a partÍcu1ar

cycle, there will be nr vehicles in arrn i at the end. of a further

n eyeles of the lieht and. let t!t) t" the corresponding transition

matr.ix. Then t. will be a left eigenvector of the natri""" t,(t) fot
-1--j-

m = 0r!r2r.... . Furthermere, suppose that the rand.om valk performed

in the (n' n2) plane is synnetric in the sense that ya=yr. Let

Qr(n, nt) be the cond,Ítional probabilÍty that, given arn i has the

green light and there Ìrere n vehicles in ar:n í at the beginning of

this green phase, there will be nr in the other arm at the end. of

thÍs phase and let Q, be the eorrespond,ing transition matrix. Then

\ f" also a left eigenvector of the natrices qrgÍ*)(m=0, L,2,...).

In particular, if m=0, t,, is a left eígenvector of . The ¡ratrix

Q,, for exampJ-e, can be evaLuated from the following relations:
¿

n^(z¡rt)
E[2"2\-d'*'lg(e¡+r)] = (xr+v 2ù8(2¡+1)+r '

slrs(2J+r) lur(zJ )l = [xrz /(r_v-,¡1tr(e,i 
) 

,

n¡"Mr(ei 
)l'r(e¡ ¡ = ,nt(zJ 

){*r*"r")o

The first two relations yieLd.

n^(2¡+1 ) u, (zJ )Elz'-? 'lMr(2i)l 
= lurr(z)]-1'-"'{*r*yrr)L ,

whÍch, vith the thircl of the given relatÍons, Ìead.s to
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n2 ( 2J+1 ) \(2J )+r
Elz Inr(z¡ )l = lrr(z)]

r¡here r,rr(z) =

xr(xr+V"z)
Thus the generatÍng function for nr(eJ+f)I-yr(xr+y"z)

cond.ltional on

element in Q,

z=O.

The natrices $ il*) .tu, of course, infinite as is the vector

t.. An approximation to these infinite matrÍces and. corresponcling
-t
infinite eigenvector is obtained by truncating them at a certain

finite dinensÍon. This proeed.ure is such that the ergoclic properties
t"

of the matrÍces are preservett [8].- '' :r['

The truncatíon ot 9f and t., and an illustration of the valldity

of the truncatÍon proced.ure in a typical case is further discussed

Ín section l+. 8.

l+.6 OperatÍonal Characteristícs

From the explicit forms obtained. for the various probability

genereting functions in the last seotion it is ¡lossible to evaluate

some of the more important parameters of the corresponding distri-

butions, in particular, the means and variances, and thus to give a

complete d.escrfption of the behavior of the system.

The means

The expeeted values of Mr(2J)rMZ(Zi+f) antt so on will be denotecl

n. (zJ )+r
nr(eJ ) is ¡r^,r1:.)) ' from which the (n, nt)

ís found., in the usual manner, by an expansion about
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uy Mr(2J), M2(2J+Ì) etc"

A d.ifference equation satisfied by frI(2i) r+iIl be found and.,

by means of the reration connectÍnt tÍ")(") rna ojztl(z), ttre

correspond.ing d.ifference equation for ñr(2J) will be derivetl. The

solution to this equation wil-l be r¡rítten down by conpari.ng it with

that satisfied by the queue lengths in the case of stead.y arrivals.

The recurrence rel-ation satisfied. o, tltt)(r) Í."

0
(zj+z)
I

vhere Eþ) -- rr[r,rr(z)] -- x/(r-yz) and

n(z) = lx"+v"u"(z)llxr+y'zf = ur(z) with r,rr(z) =

xr(xr+vrz )

Logarithmic ciifferentiation of the recurrence rel,atÍon above gives

{:,lr{ i\.t)"
'ì ) ) i¡li- lãl'i. ' ¡" i,:: '-.:.;/^i \ I

{'s.¡ r:-, ;):r."/

(z) = [n(z)l2oolzl)tr(")] ,

oi2j*')("1

ffi=2cl+;i*e(')
(z¡ )

0 lE(z)l1

0
(a¡ ) lE(z)lL

(l+.68)

where ñ(z) = $; tntz)l and so on.

Hence

j(zt+z) (r) = a0ñ(rl * itrlifz,t l,t, (l+. 6e )

Now ñ(r) = (vrlx") and i(t) = G/x) so that, sinÇe Mr(eJl = ijzl)(t),
equatíon ( l+. 68 ) becomes

Mr(eJ+z¡ = (y/x)MI(2J) + Zlyrlx" (l+. ro )
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10 (z) = (x +y (")," ) 
re{zt )

so that, by logarithnic d.ifferentiatÍon,

q(2i) = l¡¡l + ñr(e¡) (l+.Zr)

substitution of which into (l+.69) gives

ñr(eJ+e¡ = (y/x)L(2J) + l,yr(xr+vr)/(*:_*?) (\.lz)

(use havÍng been made of the identity 2xa+y1y2-*l_x2 = *l*v2), which

may be written as

ty, (1-y,+Y^)
ñr(eJ+z) = (y/x)ñr(el) + [r-(v/x)] ffi ,

ñr(eJ+z) = rñr(zJ) * (r-a)ñr(-) (t+.r:)

This difference equation for ñr(Zi ) is the sarne as that derÍved. for

nr(e¡ ) in ttre case of steady arrivals vith q. in the Latter beíng

replaced by Vi because of the nature of tlescription of the arrival

distribution. It foLlows that the average phase tÍmes etc., satisfy

the sa.ne eguations as the corresponding tleternÍnistic quantities in

the case of stea-dy arrivals. The solutions may thêrefore be written

d.own from ( s. :f ) - ( 3. l+9 ) t

ñr(zj) = (Ab)(v/x)J-r * ñr(-) , (\.fl+)
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-n"(zi-t) = A(y/x)J-t * ñr(-) ,

Mr(eJ)=ñr(2i)+&v'

F4zQJ-r) = -nr(zl-t) + ty, ,

ã(z¡ ¡ = A(y/x)J-r/*z + -s2-,

ã(e¡-r) = A(y/x)J-L/v" + ã1- ,

J-1õ(J ) = ¡(v/x) /(xzyz) + d- ,

ñr(-) = oyr(l-yr+vz)/(l-Y) ,

ñr(-) = r,yr(t+yr-yz)/(r-Y) ,

ãr- = 2vyr/ (r-v) , ã2- = zLvz/(r-v) ,

õ-=81-+!r-+2r',

A = y2[n1(o) - ñr(-)J/x, ,

b = yL/xz

(l+.?5)

(\.rø)

(l+. rr )

(l+. ?8 )

where

( l+.79 )

(l+.Bo)

(¡+.Br)

( l+.82 )

( l+.83 )

( l+.8l+ )

(l+. 85 )

(l+.86 )

The variances

In the ease of constant arrival and departure rates the moments

of order higher than the first are all zeîo. To make a fi¡rther

conparison of this model with the model of binonial arrivals the

second moments of the variables relevant to this l-atter model will

be calculated. to give some measure of the statisticaL fluctuations
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present. The variances wiLl be evaluated. by differentiating the

reeurrence relation (l+.68) which was derived. in the l-ast, sectÍon.

Perfoming the ttifferentiation leads to

(z¡+z)
10 (z)0 (z¡+z) (z )-[ 0

2

(2J+2)
L

2(z)lI
2J+2
Ito (z)J

*'cþ) + tE(z)l

so that

Using the relationshÍP between

in (h.69) leads to

"'r\,t) 
t r(, ) to{z,l ) rcþ) r-rifa,t ) 

t E(, ) I l'
tolzi)te(")llt

öfz,:*z)(r) - ¡i(zi+z)(r)l' = zLtntrl-tñ(r)l'l *'¿trl i{zl),r,

* rirr)r2rofz;)(t) - ri{zi)(t)ltl

ilzi*z)(r) "r,¿ i('¡l(r) as given

ö[zl*e)(r) - tðfzi.z)tr)]t * rl"*')(t) = zllr(r)-tñ(r)12+ñ(r)l

* lËrrl-ri(r)r2*i(r)l åÍ"'(r) + tËtrll2tölz':)(r)-tôf'':ltrll2*ål2j)(r):
(l+.8? )

rqo* i(r)=y/x, Ë(t )=zy2/x2 ana ñ(r)=yrlx' n{r)=zvzgr/*z" ana as

*,"" [Mr(2J ) ] = o{'i l(r)-tilztl(1)12 . ;l'r )(r) .n'r*tion (l+.s?) becomes

vM, (zJ )

varlur( 4+a)]=(y/x)2 ,r",t [ur(ej)J + + 
- -L' '' .

*zx
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Since tbe initial queue lengths are nr(0) an¿ zero, respectÍvely,

it 1s convenient to write the last equation in tenns of \(2J)
rather tnan Mr(2J). DifferentÍating the relation (lr.lrl+), víz

ofz': I (ù = (xr+yrzlrofe,: l,o, 
,

yieltls successively

Mr(2i) = ryr + ñr(2J) ,

var [ttr(2J)] = c*l_y' + var [nr(z¡¡1 .

Hence

form

vap [nr(2¡+z)J = (y/x)z var [nr(2J)] + (v/x)ñr(a¡)

+ [(v/x)2-r] r*Iyr. + (y/x) 0y1 
2r'v'(2v,v'-vr+x,)

*z

Now ñr(2J) = e¡(v/x)J-l + ñr(-)

= [nl(o)-ñr(-)](v/x)i + ña(-)

so that the ctffference equation foru,tr*" = var [nr(Z¡+a)] is of the

+

the solutÍon to which nay be written d,own in the forn

u?J+z = (vlÐ2uzJ "r(r/x)J * .0, ("r, ao constants)

rzJ = ar(vlùzl + ur(v/x)' * oo .

By substftuting this solution into the d.ifferencê equatfon ancl
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using the Ínitial condition vo = 0,the constants bor bl, b, may

be evaluated to gÍve

r2J = - { # [nr(o)-Ñr(-)] + v- ] (vlÐzJ

. # [nr(o)-Ñr(-) ] Qlx)J * '- ,

l-im - 2*2y2 ,v- = ¡*- uzl = **r_vr .1 * 6;;yJ '

( l+.88 )

where

(¡+. 89 )

and

N (-) =

tvr(xr+v, )

t (xr-vr)

The variences of the phase times ancl cycle times may be calculated

from the variances of the queue lengths by means of the relationships

that exist between the corresponding generating functions: For

exanple, trro differentíatÍons of (l+. \7 ) , i. e. of

,(aJ+r) (") = olzl I l*rr/(r_vrz) l

will yield. a rel-ationship between var [gr(2¡+r)ì and var [tur(Z;)J. In

the transient state these relationships are rather cumbersome d.espite

the fact that their d.erivations are straightforwarcl. In tbe steady

state, however, the variances of all quantities assume a simple forrr

and are easily derived. d,irectly from the relevant generating functlons

as r¡ilI be illustrated. later in this section.
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To further investigate the behavior of vZJ it will be shown that

v* t rÑr(*)/(x-y). On substituting for v- and ñr(-) this becomes

Zx,,Y.' YlYz [vt(xt+vr)
e*l.yrlt + --22-l '::-----j1a. (l+.go)

(*,, -v, )t *r*l-Y 
LY 2 *r-J 

2

Sj.nce *I*2-YIV2 = *I-yz this may be written as

x.(xr-v2 )2 , yzlvr(*r+xr) - zxrxrl ()+.gr)

Now va(xr+Vr) < 2yfxl since *1-I2 = l-Y > O ,

and 2yax, ".2*I*2 since *Z-y' = I-Y > 0

t', il,'

Hence the ]eft hand side of (l¡.91) is negative and therefore (l+.gO)

is alr.rays satisfied as is the inequality v- t lrÑr(*)/(x-V). It

follows that the coefficient of (v/Ð21 Ín (l+.88) i" a]-ways negative

whereas the coeffÍcient of (y/x)J aepenas on the sign of the quantity

na(o)-Nr(*). rr nr(O) . Ñr(-) then vr. is bounded above, for arr J,

by v*; i.e. since to = 0, vZJ Íncreases monotonically to its stead.y

state val-ue. If hovever nr(O) , Ñr(-) there wiII be a maximum value

ot rrj for some J. It is d,esirabfe that (i) tfre transient variance

shoul,d not,be too large, and (ii) if a maximun occurs the system should

near the steady state value of v_ in onJ-y a few cyeles. Because of

the form of the expression for rrj ta is not possible to derive

useful expressÍ,ons for the vaLue of the maximum, the corresponding

value of j, and the time taken for the transient variance to be

within some predetermined amount of v-. In sectÍon l+.8 a numerical

example is given indicating the behavior of rrj in a typical- case.
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The Stead,y State

The steady state means have already been d,erived as a resul"t of

the theory in the earlier part of this section and are glven in

equations (l+.8r) - (l+.86).

The steady state ¡rariances are most easiJ-y calculated, fron the

eorresponcling steady state generating functions which were derived

in the last section (see equations (\.lg) - (l+.63)). For exanple,

rron (¡+.63),

¡(z) = [
.2L
Jr

toe À(z) = 29. 1oe (l--Y) + 29. Log z - 29, log (t-Yz) , so that

, Lo)/t(z) = Ze./z + Z1^,Y/(t-vz) ,

and thus

õ-=^(L)=2e.1(r-v)

A further clifferentiation yields

tÄ(r)¿ (z) - tÅt"l lllrxz)1z = -2e./22 + ztv2/1r-vr)2

¡(r) =lÅtrl J2 = -zn. + ztv?/(r-v)2 ,

so that

var [c-1 = ¡(r) = lÅlrll2 * Å(r) ,

= Zty/(r-v)2

A complete list of the steady state variances is,



2x,,yo.'rat [Nr(-)J = [xrv1 [r + ffi, ,
txl-y2 J

2x, Y,v"r [N2(-) ] = !,x2y2 [r + 
*, ,
txr-v, I

XnY'
var [Mr(-)] = zr"xtyr¡*41

txr_v, I
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[t',tr(-) f = 29.x2y2 lt +

(l+. gz )

(\. ss )

, ([.gl+)

var
*rvI

(l+. g: )

(¡l.96)

.(l+.e?)

G"-vr)2

var [gr-J = 29,x"Vr/kr-vr)2 ,

var [gr*J = 2e,xry"/(*r-rr)2 ,

var [C-] = 2LY/(1-Y)2. (,*.98)

These explicit expressions for the variances, together r¡ith those

for the mean val-ues, give an accurate descriptlon of the behavior

of the systen. An illustration is given Ín section \.8.

lr.? DeLav

rn this sectÍon, using a method. very similar to that of Darroch,

Morris and Newelr [16], a formula virl be clerived for the expected

total wait per cycle for a given arr and the expected ttelay per vehicle

in a given arm.

The'reffectivetr red time for arrn 2, í.e. the time d.uring a
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cycLe of length g for which the queue is increasing, wil.I be denoted

by R. This tine, by its definition, will include two Jost times.

The total ctelay for a cyele having an effective red' time of length

R wilt be denotetl by D*. The effect on the total d'e1ay of begÍnning

thfs effective red time one time unit earlier wÍll now be consid.ered..

If, in this extra time unit at the beginning of the phase'

no vehicle arrÍves (rig. 9(a))

DR*L=DR, (l+.99)

the probabÍIity of thÍs event being xr. If, however, there is one

arrival, with probability V2, then

DR*l=Dn*ôl+C+ôr, (ll.fOO)

where

ô, = increase in tle1ay at the beginning of the cycle, and

ô, = Íncrease in delay at the end of the cycle, es shown Ín

Fie. 9(¡ ) .

EquatÍons (l+.9.9) antt (l+.100) nay be combined to gíve

DR*l =DR*u[ôr*c+ô2], (l+.IoI)

where

0 with probabÍlity
L with probabilÍty

*z
v2u={

Taking the expectation of (l+.101) gives

E[D¡+]l = g[Dr] * yz { E[ôr] + nlcln] + E[ô2] ] . (l+.r02)
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Fie. g(a). Graph or nr(t) against t in the case

where there is no arrival in the extra tÍne unit
preceeding R. DR*l = DR.
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Fie. 9(t). The effect of an erriving vehicle in
the extra time unit preceeding R. The quantities
ô1, 62 are represented by the shaded areas. In
this case DR*I = Dn * ôt + C + 62.
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Assuming that an arrival may occur at any instant of a service tine

interval with equal probability,the expected value, E[ôt], of ô, is

I/2. No¡¡

nlcln] = R + nltine for queue to clear] ,

=R+Ry2/xZ,

If there Ís no arrivaL in the first service tine interval after the

end of the 'roLcl" cycJ-e the queue wilt elear in this service tÍme

and. in this case

l
6Z = ã with probability x,

Sinilarly if there are arrivals in the k-I consecutive time intervals

after the end of the "o1d" cycle and no arrival ir¡ the kth interval-

then

ô, = (t<-1) . å with probabÍlity 
"å-t*, 

.

Hence

E[ô2] = Eî=r rx - ]lvl-I*, '

-1*2

Using these values of E[ôrJ etc., in (l+.roe) gives

,E[Dn*t] = 4[Dn] + yr(n+t)/xz .

TÌ¡is tlifference equatÍon for E[D*J, with the initía1 condition that

-lR*2*

I
2
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Do=O, is solvecl in the standartl manner to gÍve

e[o*J = yr(n2*n)/(zxr)

Taking the expectatÍon of (\.103) with respect to R gives

E[D] = vr[r(n2) + n(n) l/Qxr)

= vrlvar (n) + e2(n) + p(n))/(zx")

( l+, r03 )

(l+.roL)

If R has the probability generating function II(z) ttren (l+.fOl+) n"y

be written as

E[D] = y2[n(1) + zn(r))/(zx") ( ll.:-o: )

In the case of statistícal equilibrium R = gI- + 21, has generating

function II(z) given by

II(z) = ,zLtr(r) ,

. 
(*r-"r_)r,"0

=t@J r

a¡rd. eone sinple algebra yÍeltls

o = D(", =!W (\.106)

as the expêctecl value of the total- ttelay per cycle to vehÍcles in

am 2. The correspond,ing quantity, D(I), say, for arm I Ís obtained.

by interchanging the subscripts. The average d,elay per vehicle in

am i is obtainecl by tiivftting the total ctelay for that arn by y1õ-,

the expected, number of vehicles r¡hich arrive in the cycle (or
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equí\raLently by diviciÍng bV.E1-, the expectecl number of departures)

and has the value
( er,+r )x

1
2( I-Y )

The average d.elay, d., per vehicle averaged. over both lanes with equal

weigþt to each vehÍcle is gÍven by

(r) (e)

;(i¡ -

D=(D +D )/[(vr+yr)¡.1

(zn+t) (xrrr+xrvr)
2Y(I-Y) ( l+. ror )

As the method. used in obtaining these delay formulae is in fact the

diserete analogue of that used. by Darroch, et aI. it is interestÍng

to compare the resul-ts although they pertain to clifferent mod.e1s.

By writing R = Rl + ¿, so that R' corresponds to the X used by Darroch,

et aI,, (l+.fO\) gives

E[D] = v2lvar (n'+t¡ + uz(n'+¿) + E(R'+t)J/Qx")

and, sinee C is a constant so that var (C) = O,

var (Rr+t) = var (n*) = var (R')+ var ([)

Hence

ulol = lvrlz(t-ye)ltn2(n,+c) + var (R,) + var,(r)l

+ E[R'+t)ly"/2(r-va) I (¡+.108)

It is clear that, since y2 corresponds to o, in the notation of the
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above authors, the first te:m of (l+.f08) agrees with equation (e8)

of reference 16 þut that the second. terms cliffer in the coefficienùs

of E(R'+C). Further the average delay per vehicle in lane Í ha,s a

non zero fimit as I + 0, na.mely xr/[2(1-Y)], this feature also having

been noticetl by Darroch, et al.

lr. 8 Nr¡nerical Exanple

To illustrate the foregoing theory a numerÍcar exampre r¡Ítr be

given including the evaluation of typical probability generating

functions together with the corresponding probability ctistributions

a¡cl the first and second monents of these distributions, an example

of the truncation of an ÍnfÍnite transitÍon matrix and the corres-

poncling infinite eígenvector, the cal.curatÍon of the total delay per

cyere and the average d.eray per vehícle anci finally some practicar

cons Ícleratlons .

Except where othen¡ise stated. it will be assuned thet the arrival

rates on each arm are J20 v.p.h. (so that the random walk in the

(.1, t2) plane is s¡znmetrÍc), the seturation flows are lr8OO v.p.h.

ancl that the lost time is 6 seconds per phase. Then r=2 seconds,

Ylry2=O.\, xr=xr=0.6 and l,=3.

Some Aenerating functions

Substituting the above figures into (\.l+1) Ieads to
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t

(o)

( 2j+r )Sinilarly Q
(z) is evaluated by substitution Ínto (l+.1+3) ana

2

so on.

(z¡ ) (r) as J t - can be written d.ovn fromIThe liniting form of 0

(l+. >g ) in tne rorm

t. e.

o' (z) = ¡5(3+zz)ts-L G-\r)'

The correspondÍng stationary vector t-, = {tr(n)} is shown in Tab1e 1.

In Fig. I0 graphs have been dravn of the steady state probabilities'

tr(m), agaÍnst m for the cases 9' = 2 and, [ = 3.

Truncation of Q, and t

The (n, n') element, Qr(n, nt), of the transitÍon natrix Qrr

is the conditional probability that, given arm t has the green light

and there rÍere n vehÍcles in arm I at the beginning of this phase

there wiLl be nr in arm 2 at the end of this phase. The natrix $
is given in Table 2, Since t., is an eigenvector of Q. it satisfies

4.1t'rt-
-J_



t
l_

(n)

0.00635

0.0296+

0.06868

0 .10837

0 .13381

o .13963

0.12900

0.10871

0.0851l+

0.06316

0.01+\6\

0.03031+

o.or9g,
o.or2T,
0.00795

0.00l+85

0.00291

0.00r_71

m

0

1

2

3

¡+

5

6

T

I
9

10

11

T2

r_3

1l+

T'
T6

r_7

TABLE 1: The vecto" h = {tr(n)}; tf(n) is the probability
that in the steady state t,here are m vehicles in ar:n 1 at
the encl of the retl phase.
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Fig. 10. Plot of the probability tr(n) that in
the steady state there are m vehicles in arm I
at the end. of the red phase. The lost tine is
l+ seconds (t=Z) for the sol-id curre and 6 seconcls

(f=3) for the dashed curve. The probabilitÍes are
defined only for integral values of m but curves

have been drawn to facilitate conparison.
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0 . 16¡¡2?

0.u959

0.0821¡9

o. 05\t8

o. o3l¡92

o . o2r.?[

0.0r323

0.00?89

o.001163

o. o8o5!

0.1\821

o.L9't63

o .zru53

o.20252

o.L7298

0 . 1370?

0. r02l+?

0. 07312

0.05021¡

0.033\5

o. 02r.68

o.013?l¡

o.oo27,

o. oror6

o.02662

0.053\\

0 .08?13

o.L2Or2

0.11+635

o .16009

o .16086

o.15069

0.133 L3

0 . rtr92

0.09017

o .00078

0 .00337

0 . ol0!1

o.o2\rg

0 .0168?

0.07509

O.1Ol+llL

o.12939

o. r[57r

0.15r5¡¡

O.1l¡?l+0

0.135ll2

o.118!7

o.0002]

o . ooro6

o .003T6

0 .0102\

o . o22l¡8

O. 0l+126

0.o6521t

0.09112

o,l1l+70

o.1322'

o.L!153

0.I¡+210

o.L3ro2

o .00006

0.00032

0.00127

0. 00395

O. 00981+

0.0201+5

0.036!5

o.or70,

o.0'199,

0. 101?3

0.1198\

0 . r3138

0.13t53

0.00001

0 .00009

o.oooll1

O. OOll+3

0. 00399

0.00930

o. 0185b

0 .03230

0 .05015

0. 0T0l{6

0. 090T9

o. ro8tl

o.Pr-!2

TABLE 2: The natrix
probability of there

Q,-¿be
whose (n, nr) element is the cond.itional

ing nr vehicles in arm 2 at the end of a
green phase for ar:m 1 given there Ìùere n in arm I at the beginning
of the phase. The matrÍx is shown in a truncateci forr.
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t I
ó

(n') = x tr(n) Qr(n, r.')
n=0

t (5) = 0.13963 = tr(n) Qr(n, 5)I

If the process of truncation is valid, the sums Srr defined, by

c
"N tr(n) Qr(n,5)

æ

x
n=0

0

N

x
Il=

will approach tr(5) as N + -. In Tabl-e 3, a few values of S* are

given indlcating the convergenee to the element tr(5).

Means

As has previously been remarked., the behavíor of the mean values

ín the case of the binomial arrivals ls the sane as that of the

corresponcling d.etermÍnistic quantities 1n the case of steady arriva1s

under the same traffÍc condÍtions, so that this exa.uple is equally

applícable to the case of steady arrÍva1s (under the se,me control

and with the same initial cond.itions).

The expected values of queue length etc., are found by substi-

tuting the given d.ata into equations (l+.fl+) - (l+.86). As an exanple

of the behavior of a mean value in the transient state equation

(l+.ft+) gives

ñt( 2J Inr(o)-6](\/g)J + 6)

as the expeeted. nunber of vehicles in arn I at the beginníng of the



sn

0.13?15

0.139u

0.13955

0.13961

o.tzg6s

N

6

l_0

12

rl+

IT

N

t
n=0

TABLE 3: Íhe sums S* = tr(n)Qr(n, 5) ror N * 10,

12, 14, I7, intLicatÍng the eonvergence to t1(5) = 0,13963.
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(J+1) th green phase for this am. It is clear that if nr(o) > 6,

i.e. if the initial number of vehÍcl,es is greater than the steady

state mean number of vehicles, ñr_(2J) will approaeh the value 6

monotonically from above. If nr(O) . 6 tne approach is from below

anct if nr(o) = 6 then ñr(2i) is constant.

The other variables, such as ñr(2J-1), Mr.(2J), d.efined in

equatÍons (l+.71+) - (h.80) all exhibit the sa.ne type of behavior,

as the way in which they approach t'heir linÍting vaLues depends on

the sign of nr(o) - Ñr(-) and the rate at which they converge

clepends on the magnitude of the quantity (V/x).

The límiting forms Ñr(-) etc. , ctefined. in (\.Bl) - (l+.8l+),

in this """s ¿ssume the following values

ñr(-)=ñz(-) =6,

Et-- = ér- = 2\ second's ,

õ = 60 seconclso

Variances

To obtain a measure of the fluctuation about the nean of, for

exarrple, .I(2J) use is made of equation (l+.88) ror ,2J = var [nr(2J)].

l{ith the given data thÍs is

var Inr( 2i ) ]=-{ (\ / r)tnr ( o)-61+9. 36i þ /g)2J *(4/5 ) [nI( o )-6] (\ /g)J +g. 36 .

As discussecl in section l+.6 trre behavior of var [nr(z¡ )] depencls
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on the sÍgn of nI(0)-Ñ1(-) = nr(o)-6 in this case. I'lhen nI .6

the approach to the stead.y state is monotonÍc and. var [nr(zJ)J is

bounded above by var [ur(-)], and when nr(O) t 6 the approach to

the steady state is from above but the approach is no longer monotonic.

These features are illustratecl in Fig. 11 where plots ot trJ against

J have been made for the two cases nr(O) = 5 and nr(O) = 25. The

maxÍmwn value "f t2J in the l-atter case is ll.l+ and occurs when ¡ = 2.

The steacly state variances are, from (\.92) - (l+.98),

var [tur(*)] = var [N2(-)] = 9.36 ,

var [Mr(-)] = *'ar [ur(-)] = 10.08 ,

.,r.t [e1-J = var [er-J = ]-\4 (seconds)2 ,

var [c-J = 4So (seconds)2 .

Delay

The total expected d.elay, D, per cycle to all- vehÍc1es in one

ar:n is fron (\.106)

o(i) - 252 seconds,

and. the average d.eIay per vehÍcfe Ís 21 seconds. In this case the

average delay, d., per vehicle averaged over both lanes also has a

value of 2l- second.s.

Practical, Cons iderat ions

It is clesÍrabl-e, for the practical ap¡lication of n. = 0

control, that the phase times should. not become too large. For,
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if they shoulcl, the maximum phase restrÍction would be invoked. and

the control woulcl not necessarily react-to'the existing traffÍc

conditÍons. To ind.icate the frequeney with'which longer phase times

will occur the probabilities of.the occurrences of phases longer

than those proposed by !üebster [6] will be evaluated.

From equation (l+.83I Er- = zLV¡/ (f'y) are the expectett values

of Bi- and Ít Ís werl- known that these phase.times are those which

are consistent with the so called minimum cycle time (see Appentiix

¡,). As fluctuations i'n the arrival rates and, henee, in the queue

lengths occur, the phase times,will f]-uctuate about their mean values

thus reacting to the actual traffÍc conditions, I,lebster [6] nas

found. that, in the case of fixed lights, it is necessary to approxinately

double the phase times to allow for these fluctuations. Fron (\.65)

P[s1- = k] = (29+k-l- ) 1"?ly:-rzt ,ä,n

so that

p[81->M+1] = ; (20+k-1) ("t-"t)tur3ln.
k=M+L ^2 n2

By changing the variable in the usual manneÌ this may be written

in the nore manageable form

p[s1- > M + r] = t*?-vtrzo,ä,t 
_irt ,frïlr, ,oþ,*.r . (r+.rog)

I'lith the other traffic cond.itions as before (1.e., r = 2 seconds,
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YI= V2 - 1-*1 = 1-*2 = O.h) three cases wiill be consiclered, vÍz

c = Ì,21 3.

Now [r* = zLyr/(r-v) = l+l so that lfebster woulct use a phase

tÍme of approximatel¡ir 81,. Setting M + I ='B¿ in (l+.109) an¿ using

the indÍcated values of Vi, *i leads to

p[81-rB¿]=(å)24 it B t-1 2t -l
t

k=0

L0r-1
Bt+tr ) 2k+1

Setting [ = I, 2, 3 successively yield.s

I 1l+ 3 P[Bt- , 16] = .O79, P[Br- r 2l+] = .O\5pIer lc)

Hence when L = I a green time as long as, or 1onger than, that

proposed by Ïlebster occurs approximately once every seven cycles,

for 9 = 2 the frequency is about once in,thirteen, and. for g, = 3

about once in twenty-two.

A further pr/actical requirement is that the queues shoul-d

never become very long because if this Ì¡ere so a back-up over the

previous lntersectÍon might occur. From (r+.66)

ancl

Plur(-) ' ul = PIMI

plMr(-)=xr - (.+-';Ï fu(fti* ,11,_ (lrlrr*x-tlrflr(ror k > o) ,

æ

x
k=M
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Inserting the given data leads to

(i) e[Ur(-) t B] = .0082, for .Q, = L, an¿

(ii) P[ur(-) > f2] = .oo9\, for e, = 2.

Ilence the marcimum queue length, Í.€'. the nr¡nber of vehicles queued.

at the instant when the queue starts to d.iseharge, wÍII exceed seven

only once in one hundred cycles 1n the ease I = I and will exceed.

eJeven only once in one hund.red. cycles in the case C = 2.



CHAPTER 5

DISCUSSION

The intersection mod.el considered. in this thesis is of a simple

yet quíte praetical nature because, as has been mentÍoned. before,

in most cases where intersections are controLled. by some forn of

vehicLe-actuated. traffic lights, 2 lanes usually pred.ominate in

determíning the phase lengths. At most signalized. intersections

turnÍng vehicles are alJowed. to make their manoeuvre whenever

the opportunity arises (except where explicit al-rowance Ís made

for them by the presence of a ftturning arrowtt') and. for this reason

they have been negrected. in the preceding theory. The control- has

been constructed in such a way that it could readily be incorporated

in a computerized controf. system. Furthermore the contror Ís of

a dynamic rather than static nature reacting as it d.oes to the present

state of the traffic at a1I times.

fn the first instance a continuum apprcixination has been used.,

together with the assumption of constant arrival- rates. Although

such a system wourd, never be realized in practice Ít has the ad.van-

tage that an êxact analytie sol-ution is possible and., as has been found,

by ot'her authors, provÍdes an excell-ent insight into the behavior of

more complex systems. In particular, the systen with binomial arrivals

behaves, in the mean, exactly as the system with constant arrivals.

^A's the aim of the thesis is to analyze the behavior of a computer
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controllecl intersection, the case of bÍnontal- rather than poísson

arrivals has been investigated.. As,desorÍbed. in section 4.1 the

computer used. in the Toronto pilot stud.y receÍves info::mation

concerning the arriving traffic in binary fonn. More particularly,

the conputer scans the intersection at regular intervals and. if a

cietector has registered a pulse, tlenoting that a vehicle has crossed.

it sinee the last scanning, the computer stores this information

in the fom of " 
tt1tt. Otherwise the computer record.s a rrorr

correspontling to no pulse or no arriving vehicle. This binary

fom of input inned.iately suggests that the arrivals might be

thought of as having been generated by a binonial process. For

this assumption to be valid. it is necessary that no more than one

vehicle should, cross the d.etector in &ny scanning interval and

secondly that the series of 0rs and.1rs should be uneorrelated.

fn the pilot stud.y it was found that for reasonable values of

the seanning interval (say, of the orcler of 1-2 second.s) tire event

of two or mofe vehicl-es crossing a d.etector in the sa¡ne interval

was quite rare. In fact a separation. of 1-2 secontls between vehicles

in the sa¡ne lane would correspond, to what 1s usually reeognized.

as a saturated or almost saturated. flov. The assumption that the

Ors and, Its are uncorrelated. l¡ould. clearly not be.va1id. for hear¡r

or pulsed. traffic.

The analysis of the stead.y arrival case for both n. = 0 and
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f. = 0 controls showed. that, in the steady,state, the former controLI

has certain d.esírabl-e features. For ínstance, vehicles are forced

to stop at most onee and. the controL also gives optinizatÍon with

respect to minimun average d.elay in nost cases. Grafton and.

Newell [20] snorved. further that, in the transient stater ri = O

control is agaÍn optÍmaI with respect to'minimr:m average d.elay

except in eertain particular cases such as'those in which one queue

is initial-l-y very large. fn the trançient state also rÍ = 0

controL obviously has the property that no vehicle should. stop

nore than once. For these reasons no attempt has been mad.e to incor-

porate fi = 0 contrgl into the binonial arrivals model,. ThÍs has

the d.isadvantage that, in a practical situation, the maxÍmun phase

restriction may have to be invoked too. often, but this clisadvantage

is not considered.,serious since. ùt appears-that onJ-y under n. = O

control is an exact solution obtainable. Furthermore, this solutÍon

readily yield.s the operational eharacteristícs of the system. As

exact expressions have been found. for the importa^nt probability

generating functÍons Ínvolved in the system, aII moments of the

corresponiling d.istributions are read.ily obtainable in contrast to

many works in rrhich it has proved. impossible to obtain moments

of order higher than the first.

For a practical application of the control by a computer it

would be important to interpret the nr:mber of vehicles in the ams
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correctly, according to the.type of d.etectors being used., as the

contror elgorithn d.epend.s. directly...upon. the queue length. rn faet

it Ís rather hard, to d.efine what rrqueue 1ength" might mean in a

prectical situation and. the neqd,f,on some.experÍmental work to

inclicate a suitabl-e d.efÍnÍtion migh:b 'be desirabLe. sÍrailarly

ít nay not be easy to, detemÍne the exact tine at which the queue

empties. Here, too, there is a need. for some,'working criterion.

rt has been found that a magnetic roop d.etector is capabre of

satisfying the requirements of feed.ing the necessary infornation

concernÍng queue lengths, etc. to the' computer provid.ed that it is

located in the correct position. It rras suggested. d.uring the

Toronto pÍIot stud.y that a magnetíc,detector placed. about 3O0l

from an intersection would be suitable in two respeets. FÍrstly,

this placing is such that. vehicles which have crossed. the d.etector

but are waiting on the red. will be eleared.- during the next green

phase and. secondly, a queue length of 300t ind.icates, roughly, a

crÍtica1 eond.ition at the intersection in that observations showecl

that lrhen queues reach a length of about 300' an intersection is

approaching its capacÍty. In the control strategy suggested. by
t8

Mll}er [tg] ' the placement of detectors is again of vital irnFortance.

Mfl-ler suggests two possible ways of estimating queue lengths vlz.,

the use of one large magnetic loop detector which wouLd gÍve a

clÍrect measurement of queue length or of a system of two counters,
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one on the approach and. one on the stop'lùne; giving the queue

length by subtraction. Miller afso, d.íscusses'the placement of

detectors, on the approach arms.

As to'the question. of ,when a queue 'has' enptied one could, perhaps

use the criterion, that a queue has, clearéd.''lrhen the flow across the

intersection drops befor¡ saturation flow. An intlication as to

when this has happened could possibtr¡r be obtaÍnett by means of another

detector placed on the exit arrn so that a,'gap of greater than

r seconds between successive d.eparting. vehícIes would imply that the

queue had cleared. (re¡nenbering. that while a'queue persists it

discharges at a constant rate of one vehicle'every r seconcls).

Other information, such as vehictre speed, which may be d.etermÍned.,

for exa.urple, as the ratio of average car length (say, 1Jt)to length

of registered pulse, may be transmitted. from'the d.etectors to the

computer for use in determining centrol,congtants anil so on.

Furtherrnore, it is to be anticípatetl that'the computer wÍ]I eventually

ttrecop¡nizett many reeurring traffic patterns.and, act on the basÍs

of past experienee. However, there wiil still be some need for the

hr¡man element as there will always be, outside the conputer I s

experience, events to which it wil,I react slowly.

Severaf interesting problems are suggestecl from this work as

topics for further research. One coul-d analyze the operation of a

systen closely resembling the familiar vehicle actuated lights by
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progranming the computer to initiate.change of phase when a gap

of kr seconds between successive d.eparùures ls d.etected.. Another

extension to the theor¡r-might.be.the íntroðuetÍon of some degree

of correlation between the vehiicl-es arrivtng'at (or crossing)

a point (i.e. between the Ors ancl-]"!s). .'A rnethod. to do this could

be via a çimple 2-state Markov chain nith natrix

0

1

I
s.

p

0

[;

where the state ttOtt represents no cars at a point and the state trlrt

represents one car at " 
pãirrt. Then p is the probabili.ty of having

one car at a point at an instant after one in whieh there lras one

car at the point, and q = I - p is the probability of having no

car after this instant, etc. Some theory on this subJect has been

developed by Seth and Gupta Í261,



APPEND]X A

OPTTMUM PHASE ÎIMES IN THE. STEADY STATE

The problem of d.erivÍng phase times whÍch nÍnimize the average

clelay per vehÍcle for the case of. constant arrival anô d.eparture

rates in the stead.y state has.been exa¡nd-ned..by Wardrop [5]. The

method. presented here, which dÍffers from that of I'lard,rop, was

suggested by G. F. Newell- in a seríes of leetures gÍven at the

UnlversÍty of Adelaid.e ín 1962.

Consider a fixed, 2-phase signal Ín wtrfch the total green tÍme

(ínclud.ing fost time) for a:m I Ís G, and that for arm 2 is R.

All ot'her notation is as gíven in section 3.2.

The qonditions that the arms are not saturatect (or equivalently

that both queues clear each cycle and hence d.o not aeeumulate

indefinftely) are

sr(c-r) rqr(c+n), (¡r)

sr(n-l) 'nr(c+n) (m)

vhich may be rewritten as

cì(vrR+e)/(1-yr) , (aS)

R > (yrG+n)/(r-v) (at+¡

The nininum vafues of G and. R which satisfy these inequalities are

given by
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Fig. 41. Number of vehicles queued in arm
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of a fixed cycle traffic light with phases G, R
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Fig. 42. The wedge, defined ¡y (43), (nl+), in
r¡hich the average delay, D, is to be minimized..
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G-t,=2lyt/(r-v) , (n>)

R-ß=Zuyz/(r-t), (A6)

which are the sane as the steady state phase tines given in (¡.t6)

nanely 81- and B2-.

The average delay per vehÍcle, D, is found. by evaluating the

area under the graphs of queue l-ength against tí¡ne in FÍg. AJ-.

Ttre total delay to a:n I over one fulI cycle is

o, = or(R+L)2/[e(r-vr)] ,

a¡rd. to arm 2 is

o, = or(G+r.)2/[z(r-ye)] ,

ancl

[ = (or+n ) /l(e1*82 )(c+n)]

The problem of fintting R and. G to ninimize the average delay

per vehicle thus reduces to:

(1-ya ) e., ( n+r ) 
2* 

( l-yr ) y@+n )2
rnininÍze D(C, n) = , (17)

subJect to (¡,3) anct (ll+). The inequalÍties (n3), (Rl+) ¿etine a

wedge in the first quadrant of the G, R plane with vertex at glor

82- t" shown in FÍg. A2.

Theorem: The ninimum value of D(C, R) occurs at a point on

the bounttary of the wed,ge ttefÍnect uy (43), (¿4).
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Proof : Suppose the minimr.u.occurs. at,some lnterior point

(Oo, to) of the wedge. Consid,er the effeet'on the value of D

of ¡qoving from the point (Oor.no).to a poÍnt (Go-e, Ro-.) where e

is positive. In particular let

h(e) = (n+r,-e ¡2 ¡ (n+c-ze)

Now

h' (e) = 2(R+s-e)(e-G+t ) / (n+o-ze)z

so thet there are turning points ofh(e) at the points e = R+l and

e =G-l bothofvhichareposÍtive sineeG> 1,. IfR+ L > C- t

the maximum value of r¡(e) (for e > 0) wÍII oecur at eíther e = 0

or e=R+ L. Since h(0) > Oand ¡(n+ [) = 0themaxinr¡moccurs

at e = 0. SÍnilarly ifG - [ > R+ t themaximumr¡ill occur at

e = 0 or E = G - t. Now

h(o) - h(c-!,) = (R+r,)?/(n*c) - (n-o+el¡ ,

= 
(G-s )2/ (n*c) ,

so that the marcinun again occurs at the point e = 0. Hence

h(0) > h(e) for all e > O. In a sÍmilar manner it can be shown that

k(e) = (c+r,-e)z/(n*c-ze) has the sane property, viz. k(o) > k(e) for

e > O. Thus for any (Go, Ro) anct (Go-., Ro-.) in ttre wedge

D(Co-e, Ro-t) . D(co, Ro) for e > O .

TÌ¡is contrad.icts the assunptÍon that the mininr.¡m occurs at an interior
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poÍnt

The property that the minimr:m occurs on the boundary of the wedge

reduces the problem of mininizing D(R, C) to a one-dimensional probten.

For, suppose the mininum occurs on G = (vrR + l)/(I-vt), then

D(n, c) = [(n) =

=[ 2(

This w111 be a minimum r.¡hen

or equivalently

l_.e

( r-ya)qr (R+r )2+ (r-v, ) a, ttr ( n+l )+ell 2

z (l-yr ) (r-y, ) ( ar+o2 t tftl

2
Vr Q^

(r-y2)rr* ff 2t2(f-y, )q^ iI (n+o) . GÐfsr*ti (n+r)-'
)

+ consta¡¡t. (a8)

(Ae )

ffil=o'
2vtq2

1_yrf, ro-"r)n,. * f = zt2(r-vr)%(n+r)-2 ,

1.e (n+l)2 =

t+12 (r-y, ) 
2

( I-yr ) ( r-y, ¡

ç¡'1 2

Ç 
*t'-
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ThÍs solution will only be valici if

t+ n21 r-y, ) 
2

> (er-+zt) 2

which may be red.uced to

(1-y1)(r-qr7*r) ' Y (¡ro)

in. ¡¡hÍch case the optímum cycle is given by

C = 2t [ (l-vr) (r-y, )y/e,"+v]) (lrr¡

Sirrilarly the cond.ition that the nÍnimr:m occurs on R = (VrC+n)/(t-y")

leads to the cond.ition

(r-ve)(r-qr7nr) , v (mz)

with correspondÍng optimum cycle

c = 2t[(r-y,)(r-y,)0,"/t 
"y]J (ers)

The equivalence of these results to those of l,Iardrop is easlly d.emon-

strated. lhe inequalÍty (¡1O) yield.s

or(vr+vr) . (r-yr)(or-or) ,

i.e. rr(r-vr) - nr(I-yel ,,20.rv"

,qr2
(l-vr)(r-yr, t."i

I
2

I
2
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1.ê.

ft fol-lows that the conclltion that the nÍnÍnum cycle should be optinal

1S

sl(r -ft1 - q2(r -1,.7

Q" Q^ 2q, q^
ql(r-{) -qz(r-%). 

"

t- el, 2ql-qz
u- f f - 

-,
:1\- sI' sj

and

s2(1 -
q,2

"2

as obtaÍned. by ÌJardrop.

It should be noticed that 'f çtl = e, neither (¡,tO )nor (Aff¡

ca¡¡ be satiçfietl hence the nininrrn cycle is always optÍmal for equal

arrival rates on the two arms. Further, if lr# 0,", one of the

quantÍties (f-qr/qa), ¡.q'/SI) is negative and therefore only one

of (¡ro), (lrr) can be satisfied.
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APPENDIX B

SUMMARY OF NOTAT]ON

The following is a J.ist of the more important s¡anbols and.

definitions used in the thesÍs listed. chapter-wise:

Chapter 2

At tirne t (neasurecl from an arbitrary origÍn),

ni(t) = number of vehicles queued. in a:m i,

fr(t) = ornr(t) + ßr - na(t),

fa(t) = arnr(t) + ßa - nr(t),

where crr ß, are control constants chosen in the range oitln BirO,

n(t) = time eJ-apsed. since last change of phase,

rÍ, Ri = minimum, na>rimum allowable d.urations of phase for arm i.

Chapter 3

Following the notation of tlebster [6].,

ei = arrival rate in a:m i,

s, = departure rate (saturation flow) in arror i,

yi = q.i/si,

Y-yf*Yz,

I = Iost time for a singl-e phase,

B, = effective green time for the Jth phase.

ff time t is measured. from the beginning of the phase J = 1, then
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tJ=Jt*BI*e,2*...*eJ,

and, for sinplicity of notation

nr(J) = nr(tr)

In particular,

nr(al ) = number of vehícles queued in arm l- at the beginnlng

of the (J+f )tfr green phase for this a:m,

nr(ZJ+f) = nr:mber of vehicles queued. 1n a¡m 1 at the end, of

this phase,

n"(ZJ+t) = nr¡mber. of vehicles queued. in awt 2 at the beglnning

of the (¡+f )tir green phase fo¡ this arrn,

nr(ZJ+?) = nr.¡¡nber o,,f vehicles queued. in arm 2 at the end. of this

phase.

In ad.dition,

M1(2J ) = number of vehicles queued in arn f at the beginning

of the (J+f)ti¡ effective green phase for this arn,

Ur(eJ+f) = number of vehicles queued in am.2 at the beginning

of the (¡+f)tn effective green phase for this arm, and

8e¡*t + duration of the (¡+f)tir effective g"een phase for arn I,

gZ¡*Z = d.uration of the (¡+f)tir effective green phase for arm 2,

CJ = 8ZJ_,*EZJ*2L = cluration of the Jth eycle.

The initial lengths of the queues are nI(O), nr(O) respectively and a

eomplete srumrary of solutions to the control equatlons under these
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initÍal conttitÍons is given in section 3.6.

Furthermore,

o(r) - total ctelay to vehicles in am i per cycre,

D = D(1) * o(2) = total delay to all vehicLes per cycle,

O(i) - average clelay per vehicle to vehicles in arm i,

D = average d.elay per vehicle averaged over both 1anes with equal

weight to each vehicle.

Chapter l+

The notation of chapter l+ foLlovs crosely that of chapter 3 but

the follor¡ing shoultl be noted.:

t = the tÍme between successive d.epartures and. is the sa.me for

both arms,

y1 = the probability of one arrival- Ín ann i in each of the

intervals (kt, kt+r), k = O, l-, 2, ,

*i = l-yi = the probability of no arrival,

g(¡) has been written for B, anti C(J) for C, for ease of manipulation,

because only n.=0 control ls consÍd.ered nr(a¡+f) = rZ(ZJ) = O,

the initía1 queue lengths are nr(O) and. zero,

In aildition,

0l2i) (z) = n¡rMrtti)1, is the generatÍng function for M1(2J),

ur(zJ+r)
( 2J+r )
2"ô (z) = Elz ], i" the generating function for Mr(2J+1),

efall (z) =¡[rnI(el)r, is the generating fi:netion for nr(zJ),
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e!z;*r) b) = rlrn|(z¡+r'r, ," the generating function.for nr(z¡+r),

rÍ',+r)12) = E[ re(zJ+t)], ," the generating function for g(z¡+r),.

,(zJ+z) þ) = ,[r*(z¡+z) ], is the generating function for g( ztr+z), and

o(l)12) = E["c(J)], is the generating function for c(J).

The IÍmiting forms of these generating functÍpns as J* are,

0r(z) , Qr(z), er(z) , er(z), rr(z), t2(z), and Â(z) respectively.

Other often used, notatfons in this ehapter are,

r,rr(z) =

xr(xr+V"z)
L-yr(xr+yrz) :

ur(z), =

x, (xr+vrz )

I-yr(xr+yrz) '

E(z) =urrlor(z)J, n(z) = [x"+vrr"(z)l[xr+yrz], ana

e(J)= t(g(...Eþ)...)) is trre Jth iterate of Ç(z) ana

n(z), n[q(J)] n"rr" been abbreviated to n, nr(l) respectively.

Much of the notation usecl Ín the Chapter follows that of FeLler 122).

For example, Íf X and. Y are two rand.om variables then,

the expected value of X r¡iII be denoted by S[X] or by Î,
the variance of X by var [X],

the conditional- clistribution of Y for given X by ylX, and
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the cond.ítional expectation of Y for given X W flylX].
Aopend,ix A

In tÌ¡is section

G = total green time = effective green tine + ].ost tine, and

R = total red time (inclucting one lost tÍme).
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