/
&

\c:f

N LITM

ON A CLASS OF INITIAL VALUE PROBLEMS

IN THE KINETIC THEORY OF DENSE GASES

By

J.W. Evans, B.Sc. (Hons) .

A thesis submitted in accordance with
the requirements of the Degree of
Doctor of Philosophy.

Department of Mathematical Physics,
The University of Adelaide, South Australia.

December, 1978

-~ Sope

¥raad



CONTENTS

Page No.

ABSTRACT
STATEMENT
ACKNOWLEDGEMENTS
CHAPTER I: INTRODUCTION

1.1 The Development and Techniques

of Kinetic Theory L.
1.2 Outline of the Thesis 6.

CHAPTER 2: QUASI-EQUILIBRIUM INITIAL
VALUE PROBLEMS (ONE-DIMENSIONAL
HARD "SPHERE" GAS)

2.1 Introduction 10.

2.2 The Distribution Functions and
and their Hierarchy Equations 12.

2.3 Initial Conditions on the
Reduced Distribution Functions 19.

2.4 Factorization of the Reduced

Distribution Functions at t=o 26.
2.5 Equations for the One-Particle
Reduced Distribution Functions 34.

2.6 Analysis of the Hierarchy Equations
for §j(n 42

2.7 Analysis of Equations for One-
Particle Reduced Distribution

Functions. 51.

CHAPTER 3: GENERAL INITIAL VALUE PROBLEMS
(ONE-DIMENSIONAL HARD "SPHERE" GAS)

3.1 Introduction 59.



Contents Continued... Page No.

3.2 Existence and Uniqueness of
Solutions of the Hierarchy
Equations : Banach Space
Formulation. 62.

3.3 Countably Normed Space Formulation 73.

3.4 Analysis of f.(l)r for the I.V.P.
. with a Single J Specified Particle. 78.

3.5 Analysis of £ for the

General I.V.P.3 90.
3.6 A System with an External
Potential. 94.
3.7 A Positive Property for the fj(l) 97.
CHAPTER 4: REVERSIBILITY AND ENTROPY
CONSIDERATIONS.
4.1 Introduction 101.

4.2 Reversibility of the Hierarchy
Equations 103.

4.3 The Introduction of Irreversibility 105.
4.4 Entropy Considerations for fj(l) 113.
CHAPTER 5: VELOCITY CORRELATION FUNCTIONS

FOR FINITE ONE-DIMENSIONAL HARD
"SPHERE" SYSTEMS.

5.1 Introduction 123.
5.2 The Ring System 125.
5.3 The Hard-Walled Box 136.

5.4 Boundary Effects on Velocity
Correlation Functions 145,

5.5 The Long Time Behaviour for a
General Velocity Distribution 155.

5.6 A Stochastic Version of the Ring
System. 157,



Contents Continued....

CHAPTER 6:

6.1

CHAPTER 7:
7.1
7.2
7.3

7.4

7.5

THE SOLUTION OF AN ELIMINATION
PROBLEM IN KINETIC THEORY

Introduction

Cluster Formulation for the
One-Dimensional Hard "Sphere"
Gas

Solution of the Elimination
Problem for a One-Dimensional
Hard "Sphere" Gas

Cluster and Streaming Operator
Expansions of the Solution

Solution of the General

Elimination Problem

THE ANALYSIS AND APPLICATIONS OF
THE SOLUTION TO THE ELIMINATION
PROBLEM

Introduction

The 3- and 4~ Particle Terms for a
Hard Sphere Potential

Page No.

167.

170.

177.

182.

189.

197.

199.

Categorization of n - Body Collision
Sequences for Short Range Potentials 206.

Convergence Considerations for the

Solution to the Elimination Problem 213.

A Kinetic Equation for f(l)(l;t)

APPENDICES A - T

BIBLIOGRAPHY

218.



ABSTRACT

For a one-dimensional hard "sphere" gas, initial value
problems are considered of the form where certain particles
have specified positions and velocities and the rest have
regular distributions at t = 0 . A hierarchy equation
treatment is used to produce new results in a way that is not
critically dependent on the simplified dynamics.

For the case where the background of particles are in
equilibrium at t = 0 , initial conditions on the reduced
distribution functions (r.d.f.) are calculated exactly. An
approximate "local" factorization condition is discovered for
the r.d.f's which enables approximate kinetic equations to be
obtained. A Banach space formulation is found useful in
determining rigorous upper bounds on the errors involved. For
the general initial value problem outlined above, the existence
and uniqueness of £he solution are proved using Banach space
and countably normed space formulations. The second approach is
expected to be applicable to more general systems. For the case
of a single specified particle, exact closed equations are
obtained for the delta function part of the one-particle r.d.f's
for a wide class of initial conditions. These enable the
analysis of behaviour thought to be characteristic of more
general systems e.g. the weak dependence of the approach to
equilibrium on initial spatial inhomogeneities and on the
presence of an external potential, the positive nature of the
solutions, and the existence of an entropy functional
monotonically increasing in time. A more general discussion of

irreversibility is -also given emphasizing the way in which we



restrict our attention to entropy increasing solutions.

Using and extending Jepsen's technique, exact calculations
are performed specifically for the velocity correlation
functions associated with finite versions of the above system.
A sharp cut-off has been discovered on a time scale associated
with the finite size of the system. A stochastic version of
one of the above systems has been considered. Boundary effects
with regard to the position of the specified particle have
been examined. These considerations have been extended to
more general systems.

Finally, using a formulation due to Anstis in the grand
canonical ensemble, we examine the problem of obtaining an
exact expression for certain n-particle r.d.f's in terms of the
one-particle r.d.f. for a particle having a specified initial
distribution when the background is in equilibrium. For the
special system above, a solution is obtained using cluster and
graph theoretical techniques. The solution to the corresponding
problem in higher dimensions for a general inter-particle
potential is obtained more directly by combinatorial methods
Contributions to terms in the expansion of the solution are
characterized in terms of collision sequences between isolated
groups of particles. The range of convergence with respect to
time is considered and is expected to be non-zero even for
potentials allowing bound states. For hard sphere potentials,
a technique is presented for the analysis of the delta-function
part of the r.d.f. also satisfying a closed kinetic equation.
The aim is that by examining the asymptotic behaviour, we may
ascertain the usefulness of the kinetic equation and assess the

need for resummation.
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CHAPTER 1

INTRODUCTION

1.1 THE DEVELOPMENT AND TECHNIQUES OF KINETIC THEORY

One of the original aims of kinetic theory was to produce
an equation describing the time evolution of the one-particle
reduced distribution function (r.d.f.) £(x,v;t). This is the
probability measure for finding some particle of the gas with
position x and velocity v at time t . Certain macroscopic
quantities pertaining to the fluid flow may be obtained from
this function. Also certain transport coefficients may be
calculated.

The Boltzmann equation, derived from heuristic reasoning
was the first such equation successful for the case of a dilute
gas where correlations between particles may be neglected.
Hilbert, Chapman and Enskog then showed how to calculate
transport coefficients from this equation (see Chapman and

Cowling !). The introduction of the hierarchy equations

2 3

through the work of Kirkwood , Bogoliubov , and Born and

4

Green , enabled generalization of Boltzmann's equation to a

> demonstrated how

higher range of densities. H.S. Green
Boltzmann's equation may be obtained from the first hierarchy
equation if a "molecular chaos" assumption is made. Bogoliubov
proposed that in the time evolution of a fluid, a stage would
be reached where the higher order r.d.f's may be obtained as
time independent functionals of the one-particle r.d.f. A

technique was provided for obtaining these functionals from the

hierarchy équations. When such an expression for the two-



particle r.d.f. is substituted into the first hierarchy equation,
the Boltzmann equation is obtained as a first approximation.
Retaining the next order term in density results in the Choh
Uhlenbeck ¢ equation. Extensive calculations have been made

7 in 2- and 3- dimensions to determine second order

by Sengers
density corrections to the transport coefficients from this

equation.

8 9

M.S. Green and Cohen have used cluster expansion
techniques to obtain the same results as Bogoliubov. Their
method indicates the range of validity of the assumption of
Bogoliubov's work. In the application of this method,
fundamental concepts are introduced common to several methods
used in kinetic theory. Among these is the characterization
of contributions to the expressions in the resulting operator
expansions in terms of collision sequences between isolated
groups of particles. Also the concept of resummation is
introduced whereby the lowest order terms are modified by
contributions from those of higher order. The aim of this
scheme is to prevent divergences associated with "isolated"

collision sequences over large distances (see Cohen '°’ '!),

12 13

Van Hove and Prigogine have also derived exact non-

Markovian equations for the irreversible evolution of a many

14 and others have under-

body system. More recently Balescu
taken a program to derive irreversible kinetic equations by
starting with the space of all solutions to the Liouville
equafion and considering only a subspace (subdynamics) of these.

Quite a different method of calculating transport

coefficients was developed first by M.S. Green '°. Here the



transport coefficients are obtained as integrals with respect
to time over certain correlation functions. These results
were re-derived later by Kubo '®, Mori '’ and H.S. Green '®
sometimes in modified form. From the work of Kubo originated
the concept of the K.M.S. condition used in algebraic
statistical mechanics.

In this area the binary collision expansion (b.c.e.) has

19

proved useful. This method was developed first by Yang and Lee

20 21
.

and later in simplified form by Siegert and Teramoto Zwanzig
was first to calculate transport coefficients using correlation
formulae and the b.c.e. taking the Laplace transform with
respect to time of the operators appearing (the e-method).

22 Jater used the b.c.e. to resum the

Kawasaki and Oppenheim
most divergent (ring) terms appearing in the expansion for the
transport coefficients. Weinstock *° has also used the b.c.e.
method to derive non-Markovian equations for the velocity
distribution function which were later used to examine transport

coefficients. Dorfman and Cohen 2**

concentrated on the long
time behaviour of the correlation functions. After resumming
the most divergent terms they showed that the correlation
functions exhibit a slow long time decay of the form
% ( to/t )g‘ where t is the relaxation time and d is the
dimension. This agreed with the computer simulations of Alder
and Wainwright.?®

Instead of calculating directly the transport coefficients
via the correlation formula method, one may instead focus
attention on the initial value problem (i.v.p.) associated with

the correlation functions. Here a specified particle (or

particles) have given positions and velocities at the initial



time and the remainder are in equilibrium. Through the

solution of this i.v.p. we may calculate the correlation

functions and thus the transport coefficients. Various

approaches have been used. Some calculate the correlation
functions directly and others determine the linear kinetic

equation satisfied by the r.d.f. associated with a specified
particle. There are several basic approaches: the mean field
approach, hydrodynamical and mode-mode coupling theories, the

Mori memory function approach, and a more rigorous approach
starting from first principles and using microscopic considerations.

26 and

In the mean field approach (Singwi and Sjolander
Kerr 27), the specified particle is regarded as an external
agent. The motion of the rest of the fluid is calculated
assuming a known behaviour for the specified particle. This is
substituted back into the equation of motion for the specified
particle to obtain a self consistent result.

28

Kadanoff and Martin have related the hydrodynamical
variables to the correlation functions in the linear response
domain with disturbances from equilibrium slowly varying in
space and time. They have shown that the dynamical structure
functions related to the correlation functions must exhibit
certain asymptotic wave number behaviour in order for the
system to have correct hydrodynamics. This provides a check

2% were able to

for many methods. Ernst, Hauge and Van Leeuwen
derive from hydrodynamical arguments, the same long time
dependence for the correlation functions as obtained from
computer simulations ?°. They assumed that the decay to local
equilibrium of the non-equilibrium distribution functions was
faster than the decay of the correlation functions and that

the long wavelength components of hydrodynamical quantities



L
.

satisfy the linearized Navier Stokes equations. Their arguments
showed that the long time tail of the correlation functions was
due to slowly decaying (long wavelength) hydrodynamical modes
i.e. a feedback effect where the hydrodynamical behaviour of
the rest of the fluid is effecting the behaviour of the

30

specified particle. Kawasaki has obtained the same results

from a mode-mode coupling theory (see Ernst et al *' for a more

detailed exposition). Badeaux and Mazur 3*°?

produced a re-
normalized hydrodynamical theory by taking into account the
dependence of the "bare" diffusion coefficient on e.g. the
local density of the fluid. A renormalized wave number and
frequency dependent diffusion coefficient is obtained in terms
of a "dressed" diffusion propagator.

33

Zwanzig obtained a non-Markovian equation for the time

34 extended

evolution of the macroscopic state variables. Mori
this work utilizing projection operators similar to those of
Zwanzig. The kernel of the non-Markovian part of the equations
is referred to as the Mori memory function. Several authors
have used this formulation to derive kinetic equations for
correlation functions and r.d.f's. For example, Akcasu and
Duderstadt *°® used a continuous parameter representation (in
this case momentum) of the Mori type equation to obtain a
kinetic equation for the one-particle r.d.f. Several
approximations were then made for the memory function based on

3¢ also used a

physical arguments. Lebowitz, Percus and Sykes
Mori type equation choosing the memory function so that the
short time behaviour of the r.d.f's was described exactly.

Several workers have developed systematic theories starting



from first principles. Of these we mention the following.

Mazenko's 37

fully renormalized kinetic theory provides a
microscopic expression for the memory function valid for all
wave numbers and frequencies. The memory function is re-
arranged as the sum of an effective two body term and a term
representing the rest of the particles. Isolated clusters never
appear as in Cohen's Theory or the b.c.e. The equations have

38 has used a "dressed"

been renormalized first. Gross
particle approach which involves splitting the Liouville operator
into parts L = LO + 11 where Ib is the "dressed" rather than
free Liouville operator. This approach enables one to describe
screening and backflow effects. Also the interaction of
particles or clusters of particles with fluctuations in the

fluid is emphasized. Sjogren and Sjolander *°

have developed a
treatment of the problem where the physics is rather transparent.
The r.d.f's are split into self(specified particle) and

distinct (background) parts so the effect of the backflow of

the background of particles on the specified particle is

emphasized.

1.2 OUTLINE OF THE THESIS

Throughout we deal with the class of i.v.p's where a
specified particle(or particles) have a given initial
distribution (sometimes chosen so as to fix the position and
velocity). The background of particles have a smooth
distribution often chosen to be the equilibrium distribution.
The advantage of studying these problems is that we have well
posed initial conditions which ensure that the one-particle
r.d.f. for a specified particle satisfies a linear kinetic
equatibn; As mentioned previously, the solution to these

equations can be used to calculate correlation functions and



transport coefficients.

Most of our analysis is for a one-dimensional hard "sphere"
gas where the particles interact elastically and interchange
velocities on collision. This system has been studied previously
by several authors (e.g. Jepsen *°, Lebowitz and Percus ar
Lebowitz, Percus and Sykes *°, and Anstis, Green and Hoffman *?)
in an attempt to obtain results applicable to 3 dimensional
systems.

In Chapter 2 we consider a class of i.v.p's for the above
special system (of infinite size) where several particies have
specified positions and velocities and the remainder are in
equilibrium at t=0 . We discover an approximate "local"
factorization condition for the r.d.f's at the initial time.
This is used together with the hierarchy equations derived by
Anstis et al *? to obtain approximate kinetic equations. A
Banach space technique is used to give a rigorous analysis of
the errors involved. This work is extended to more general
i.v.p's in Chapter 3. Existence and uniqueness results are
obtained using Banach space and countably normed space
techniques. For the case of a single specified particle and
certain "factorizing" background distributions, exact kinetic
equations are obtained for the delta-function part of the one-

g, (D3
j

particle r.d.f. . These are used to examine the

dependence of the approach to equilibrium on background
distribution inhomogeneities the effect of an external potential,
and the positive nature of the solutions. Chapter 4 concludes

the analysis of this section with a discussion of irreversibility.
(1) ¢

Where we have exact equations for f]

, an entropy functional



in terms of fj(l)a is found which has finite and

monotonically increasing behaviour in time.

40 method is used and extended in Chapter 5

Jepsen's
to enable an exact calculation of the long time behaviour
of the velocity correlation functions (v.c.f.) for various
finite one-dimensional hard "sphere" systems. A stochastic
version of the system is also treated. The effect on the
v.c.f's of the specified particle near the boundary is
analyzed and these considerations are extended to higher
dimensional systems with more general inter-particle potentials.

In Chapter 6 we implement an elegant method due to Anstis M

using the grand canonical ensemble to obtain a solution to the
elimination problem i.e. an expression for a certain n-particle
r.d.f. at time t in terms of the one-particle r.d.f. at time

t for a specified particle. The initial conditions are such
that the specified particle has a given distribution and the
rest are in equilibrium. Whereas Anstis only obtained the
first few terms in the expansion of the solution by an iterative
technique, we develop a systematic scheme for solving the
problem obtaining an expression for the general term in the
expansion. First we treat the one-dimensional hard "sphere"
system where the r.d.f's have a cluster structure and graph
theoretical techniques are applicable. Then by more direct
combinatorial methods, a solution is obtained for the
corresponding problem in higher dimensions with a more general
interparticle potential. In Chapter 7 contributions to the
terms in the solution involving abstract streaming operators

are associated with various collision sequences. This enables



convergence considerations to be made. We comment on the
usefulness of these expressions for the 2-particle r.d.f. in
obtaining kinetic equations including mention of the case
where the interparticle potential allows bound states to occur.
For hard sphere potentials a method is presented for the
analysis of the delta-function part of the r.d.f. essentially
by projection of the kinetic equation on to the delta-function
component. This method is demonstrated for the one-dimensional

case.
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CHAPTER 2

QUASI-EQUILIBRIUM INITIAL VALUE PROBLEMS

(ONE-DIMENSIONAL HARD "SPHERE" GAS)

2.1 INTRODUCTION

In this chapter we examine the solutions of a special
class of initial value problems in kinetic theory. The
system considered is an infinite one-dimensional gas of
identical particles interacting elastically. The canonical
ensemble in the thermodynamic limit (t.l.) is used and a
reduced distribution function (r.d.f.) formalism adopted.

A similar approach has been used previously for this system
by Lebowitz and Percus “'and Anstis et al.”’. We consider
only the zero diameter (point particle) case since, as
observed by the above authors, general results may easily

be obtained from this analysis.

First we give a derivation of the appropriate hierarchy
equations for this system. The solutions of these equations
are shown to exhibit certain fundamental properties

necessary for physical interpretation.

The initial value problems (i.v.p.) considered are of
the form where a number of particles have specified positions
and velocities at the initial time. The rest are in
equilibrium subject to the constraints imposed by the

specified particles. For these problems, the initial
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conditions on the r.d.f.'s may be calculated exactly from
the theory of equilibrium statistical mechanics. The case
where a single particle is specified and the rest are in
equilibrium at t = 0 has been treated by Anstis et al.*’
using hierarchy techniques. The problem was solved for the
one-particle r.d.f.'s using an exact factorization property
of the higher order r.d.f.'s. A periodic analogue of this
problem is discussed in detail here and an approximate
factorization condition for the r.d.f.'s is obtained. The
corresponding approximate kinetic equations for the one-
particle r.d.f.'s are derived and their solution obtained.
To determine the accuracy of this approximate solution, it
is necessary to determine an upper bound on the size of
the error terms associated with the factorization of the
r.d.f.'s. This necessitates the consideration, on certain
"precollision" regions of phase space, of the complete
coupled hierarchy of equations satisfied by these error
functions. Existence and uniqueness are proved using a
Banach space formulation and a rigorous upper bound is
obtained on the norm of these error functions. The choice
of norm is specifically tailored to suit the problem at
hand. In the next chapter, it is shown that other choices

are possible.

We conclude by discussing approximate factorization
conditions and kinetic equations for the most general

i.v.p.'s mentioned above.
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2.2 THE DISTRIBUTION FUNCTIONS AND THEIR HIERARCHY
EQUATIONS

Since we shall be using the canonical ensemble, we
must first define the appropriate r.d.f.'s for a finite
system of N' particles in a region X' of size (length)
L' < », Having done so, we then take the t.l. N' -+ o,

L' > o with N'/L' constant.

The particles are labelled at the initial time with an
integer index increasing from left to right. Then, since
the particles are impenetrable; this ordering is preserved
for all times. Let the set of labels be denoted by S,
then |S| = N'. We introduce the complete distribution

function for the finite system at time t:

D = D(zj,jes;tlxﬁ) (2.1)

where zj = (xj,vj) denotes the position and velocity of

particle j. D'Il dz. gives the probability of finding
jes -

particle "j" in a region of phase space dzj about Zj'
D satisfies the N'-particle Liouville equation and is not

assumed to be symmetrical in the arguments Zj'

We shall, however, be more interested in the r.d.f.'s.

The n-particle r.d.f.'s are defined, for n < N', by

(n) . . .y . 1
f z. ...,Ain,tlx )

il i2 ... in 7il’

(2.2)

1l
=

J dzj D(zk,kES;tIXT)

jES\{il...in}x,XR

which gives the probability measure for finding particle "ia"
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at Z,gr &= 1,2 ... n. Starting from the Liouville
equation, we derive the time evolution equations satisfied

by the fig) in® The method used is an adaptation of

that described by Bogoliubov ? for the case of a symmetric
complete distribution function. We need the following

definitions:
@x,(x) : external potential with support confined to
a suitably small neighbourhood of the boundary where the

potential goes smoothly to infinity.

H(z) = lfmv2 + @x,(x) : one-particle Hamiltonian for

particles of mass m.

_ 3 A 8 g . 9 5 9 ; _
[a;B] = ) <——— A w5~ B = z5— B g B> with P, = mv,

. o0X.
jEs J J Jj j

: Poisson brackets.

¢(|r]) : interparticle potential for separation "r".

D satisfies the Liouville equation

9
— D = [H(z.):D] + [¢(]x,~-%,]):D] (2.3)
ot jés 3 izj l i jl

i,jes

from which it follows that

0 (n) . i s =
7€ Fi1 i2 ... in(Bipieeeizgitlet) =
I dz.[H(zi);D] (2.4)
ies jes\{i1i ... in}x'xR 3
+ ) I j dz, [¢ (|x,-x.]);D]
.- g k i3
i<j kES\{ll...ln} 21 XR

i,jesS
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In (2.4) we write ) = ) + y (2.5)
i€s je{il ... in}  ies\{il ... in}

Since from our choice of Qx,(x), D = 0 on the boundaries of

L', integration by parts shows that J dzi[H(zi);D] = 0,
L'XR

So all terms in the second sum of (2.5) vanish. We also

write
I = ) o] + o 29
i<j i<j ie{il ... in} i<j

i, jes i,jefil ... in} jes\{il ... in} i,jesN{i1 ... in}

Since from integration by parts J dzi dzj
X'XR L' XR

[¢(|xi-xj]);D] = 0, all terms in the third sum of (2.6)

vanish (see Bogoliubov *). (2.4) may now be rewritten as

9 f(n)

9t Til i2 ... in(zil;"'7zin;tliv) (2.7)
B ‘ H(z,) + ¢(|x.—x. );
[ia{il;.. in} * izj 7%l

i,je{il ... in}

f(n)

- - . 1
i1 32 ... in(BipieceizinitlX q

+j as[ L o (1%, -x|) ;
21 XR ie{il in}

(n+1)

- . - . ¥
i1 i2 ... 40 (Bapiee-izgpizit]|e q

(n+1
n+l) . (zil;...;zin;z;t|x') (2.8)

where £/5 75 | in

(n+l) C. . «cze '
. O EiYia .. in §(Baaiesizgpizit|)
j#il .. .1ln
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£(N")

Note that 12 ... N

= D and fiN'+r)

=0 for r > 0. At

this stage we take the t.l. For our i.v.p.'s, all the

ffn). exist in this limit and (2.7) becomes an
il i2 ... n
infinite coupled hierarchy where now H(z) = %mvz. These

equations are identical with those obtained by Anstis et al.*’
using the grand canonical ensemble. This is expected from

the equivalence of ensembles in the t.l.
Since we are interested primarily in fil), it will

suffice to deal only with the r.d.f.'s

(n) _ (n)
fi = AN Z . fi i2 i3 ... in (2.9)
i2i3 ...in
io#if o#B
io#i

From (2.9) fin) is symmetrical in the last "n-1" variables
Z, . In (2.7), we may sum over i2 i3 ... in to obtain

9 (n)) (n) )
(Bt 1 K fj (zl,z

2;...;zn;t) (2.10)

n
z i o (|x;-x )

9X, n+ll

0

P,
i

(n+1) . N .
fj (zl,...,zn,zn+l,t)

(n)

where K is the n-particle Liouville operator. Using (2.10)

(n)

we may prove the continuity of £ across the lines

J
X, = Xg o, ¢ {2,3,...,n}, o # B. Consider for example the
line x. = x. for v, > v_. (2.10) may be written as

2 S5 2 3
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9 9 ) 0 2 9 9 (n) other
w—t+ Vv +v - —— - 2\ £ =
(Bt 23x2 33x3 sz ¢2,3aP2 8x3¢2,38P3> 3 terms.
(2.11)

with ¢m'n = ¢(|xm—xn|). In the limit x, - X, »> 0, the

delta-function contributions to (2.11) associated with any

discontinuity in f;n) at x, = x, come along from terms on

the 1.h.s. These terms have the structure of a Liouville

equation in the pair space (22,23). Since particles

interchange velocities upon collision, after integration of

(2.11) we obtain

lim ffn)(z ;1 X=-€,V

H X,V
€->0 1

4 ;...;zn;t)

2 3" 4

(2.12)

= 1lim f(n) (Zlixlv PXTE,V

HVA
14

4;...;Zn;t)

From the symmetry of f;n) in the variables z, and Zy, We

also have

s t)

n
f; )(zl;x,v3;x+€,v2;...,

(2.13)

1X,V,i.ee3t)

(n)
= s X+E Vv
fj (zl,x 'V, 3

The continuity result may now be proved taking (2.12) and

(2.13) in the limit € - 0. From (2.10)

(jL + Kfn)> fgn)(z p..e32 3 t)
J Jj 1 n

ot
(2.14)
n
N . 3 0 (n+1) . e B .
- J dz, 41 2 3% %i,ne1 3B L (zy5e.ei2 52,77
i=1 i i
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except on the lines x, = Xg a,B € {2,3... n} a # B. Across

(n)

these lines fj (n)

is continuous. Kj is the n-particle

Liouville operator which takes into account only interactions

of the jth particle with the unlabelled particles. So to
obtain a solution to (2.14), we must integrate along the

characteristics of 2 + K(n)

e 3 (see Courant and Hilbert'®).

Whenever one of the lines X, = %g is reached the continuity

condition is employed. This produces a result identical to
that obtained by assuming (2.14) holds everywhere.
Anstis et al. '? have provided a physical argument to arrive

at the same conclusion.

(2.14) is now rewritten so that the r.h.s. does not
depend explicitly on the interparticle potential. The only

possible contributions to the integral over X are from

+1
X 1 in a neighbourhood of xi,i==l,2,...,n. Let us
consider the case where i = 1. If we regard f;n) as a

function of the variables X, - xn+1 and xl + xn+l rather

than x. and X separately, then (2.14) becomes

1 +1
d d 0 9 d (n)
(v,=v_..) - - ¢ - ¢ £,
< 1 "n+l B(xl Xn+l) axl 1,n+laPl 3xn+l 1,n+1BPn+l j
= other terms (2.15)
The other terms are regular for X = X 1 T 0. This result,
when used to evaluate the i = 1 term in the sum in (2.14),

yields
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+ 0
. (n+1) . o LT .
éfg J v 1 [V va | <fj (ZyieeeiZ iX0V, it
- (2.16)
(n+1) . I, .
£ (zl,...,zn,xl,vn+l,t)>
+
T o= + € — . . B
where Xy X, ¢ sgn(vn+l vl). Using the continuity of
f(n+l) across X =x, i=2,3 n, it is clear that th
3 n+l i AR RN €

other terms in the sum produce zero contribution to the
integral.

(n)
3
A). The first we call an asymptotic Liouville property.

Two other properties of the £ are needed (Appendix

This incorporates microscopic reversibility and may be

proved from an equation similar to (2.11).

. (n+1) . . . . . _
lim £, (zl,...,zn,xl,vn+l,t) =
€->0
(2.17)
: (n+l) ¥ e .
élm f: (xl,vn+l,zz,...,zn,zl,t)
>0

The second reflects the impenetrability property of the
particles (the jth is always between the (j+l)th and

(5-1) tP) :

i (n+1) (= : . e a5 -
éig f. (xli ’Vn+1’22""’zn’zl't)
(2.18)
Lol .
éig fjil (zl"'°’zn'xlie’vn+l't)

Setting (j) = j + sgn(vn - vl) and using (2.17), (2.18)

+1

and (2.16), the equations for f;n) become (see Anstis

et al.42).
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3 (n) (n) . I
(—— + K. > fj (zl,...,zn,t) (2.19)

- 14 — -(n+1) N 92 & =2 2
= lim J dvn+1|vn+l vll x <£(j) (23X /V 72,7002 it)

(n+l1) -
fj (zl,xl,vn+l,22,...,zn,t0

Some basic properties of the solutions of (2.19) are

discussed in Appendix A.

2.3 INITIAL CONDITIONS ON THE REDUCED DISTRIBUTION FUNCTIONS

The work of this section involves exact equilibrium
statistical mechanical calculations. Such calculations
may be performed for one-dimensional systems rather more
easily than for higher dimensions. Tonks *°succeeded in
calculating the partition function for the hard "sphere"
system. Other soluble one-dimensional hard core systems
are, for example, nearest neighbour interactions
(Takahashi®?) and some special long range interactions
(Bountis and Hellerman’®). A hierarchy equation approach
has been used by Raveche and Stuart®’ for an homogeneous
hard "sphere" system to prove uniqueness of equilibrium

solutions.

For a particle ("0" say) specified at the origin at
£ = 0 and the remaining particles in equilibrium, the
initial conditions on the r.d.f.'s have been calculated by
Anstis et al.*?. They used the grand canonical ensemble
in the infinite volume limit. For the one-particle

r.d.f.'s, one obtains



(1)

fo (zl;O) o= 6(xl) G(Vl—v')
_ (1) p(px) )7t
for j > 0: fj (zl;O) = H(xl} ﬂ_TE:TTT* exp(~pxl) ho(vl)
(3.1)
for i < 0: £ (z ;00 = £ (-x,,v. ;0)
J . j ll __j ll l!

where H( ) is the Heaviside step function, p is the mean

-1

- exp(—%(v/vth)z)

particle density and h,(v) = (211)_;i v
- _ ]
with v, = (mB) 2 (the thermal velocity). Higher order

(n)

r.d.f.'s fj at t = 0 may be obtained from (3.1) together

with the exact factorization condition

f;n)(zl;...;zn;o) = fgz_l)(zl;...;zn_l;O)-h(zn) (3.2)
where j* = 3-1, 0 < x < x
=3+l , x; <x <0 (3.3)
= j otherwise
and h(z) = pho(v) + 6(x)*S8(v-v'). When considering points
where specified particles are situated, e.g. X, = xj =0

in the above example, we must adopt suitable limit
procedures because of the possibility of discontinuities in
the regular part of the r.d.f.'s and because of the delta-

function dependence. If Y Vj # v', then we may consider

the limits X, = 0 + €, xj = Q0 €' as €, €' » 0, If
vy, ® v', vj # v', then we may also consider S 0,
xj =0 € >0, If v, = vj = v', then as well as the above

20.



limits we may also consider X, = 0 +&€ as € » 0, xj = 0.

We shall always work in a function space for the r.d.f.'s
where these limits exist. None involve the product of
delta-functions. These considerations should, for example,

be applied to the interpretation of (3.2). If we set

+ o0
f(n) = E fgn), then we may sum over j in (3.3) to obtain:
j:—OO
(n) . .y .0y = £(n-1) : 4 . 0) - .
f (zl,...,zn,O) = £ (z,i...52 _1i0)<h(z ;0) (3.4)

Let us now consider the initial conditions on the
r.d.f.'s for the periodic analogue of the above problem. We
first examine the problem of determining the r.d.f.'s for P
particles in a hard walled box of length L (a Tonks gas).

L is chosen so that the particle density % = p. Calculation
of the r.d.f.'s involves a simple adaptation of methods used
to calculate the partition function in the canonical

ensemble (see Thompsonso). The canonical ensemble average

is defined here by

1l

<@(zl;...;zpi>c.e.

P .
P : . 1
I J dvlho(vl) igl J dx G(zl;...;zP)
i=1 0sxlsx2g...<xP<L
(3.5)
Zce

where Zc o is the canonical partition function for the

P
system defined by‘<1>% o =1lso 2 = %T . The one-

particle r.d.f.'s are defined by
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(1)

D (2, = Gzl (2.6

More generally, the n-particle r.d.f.'s are defined by
(n) o s -
51 32 ... §nlZ1iZgie--iZp)y =

j2) i & 6(zn—zjnZZ .. (3.7)

.

<16(zl—zjl) 6(22-2

for n £ P and {3j1,32,...,3n} € {1,2,...,P}. These
expressions may be calculated exactly. We give a few

examples for the lowest orders before stating general

results.
_ yP-3 . 3-1
(L-x.) X P
(1), (1) _ 1 1 L?
R (z))y, = \B=9)1 G-D7/ Po V1) X[o,1]*1) /37

(3.8)
where XA( ) is the characteristic function for region A.

From (3.8) and the binomial theorem

Il e~

(1) _
A fj (Zl)L =90 hO(Vl) X[O,L] (Xl) (3.9)

: Consider the case 0 < X, < x5 < L. For 1 <k < jgP,

P-3

_ o yd-k-1 _ k-1
f(z)(z Yy (L xl) (xl x2) X, b o iR ()
sk ‘Z17%201 (P=3) ¢ (3-k-1) ¢ k-1)1/) “o'V1' P02
. P
= X[O,L] (xl) X[O,L] (Xz)/ﬁ (3.10)

: (2) (, . =
For 1 < j <k ¢ P, fjk (zl,zz)L =0

9 (2) ] .-(2) ]
<. < . .
For 0 < X, X, L, use f ' (z;z )L f ) (z':2)



Our primary interest is in the 2-particle r.d.£.'s of

the form f;z). From (3.10), for 0 < x, < x, < L

2 1
j—-1
(2) . _ (2)
fj (zl,z2)L = kil fjk (Zl'zz)L
(L-x]_)P_j xlj_2 P
BN G2y 1 Po it Po (V) X0, 11 X)) X 0,11 2 /BT
for j > 2 (3.11)

= 0 otherwise
where again the binomial theorem has been used. A similar
calculation may be performed for the case 0 < Xy < Xy < L

where

P (2)
;Z.) = % £, (z,;2.)
1°72°L K=j+1 jk 17271 (3.12)

f;z)(z

(3) | :
f‘kl' We considexr only the case 0 < X3 <X, <Xy < L (the

other cases follow easily from this).

L\ P-7 .y i-k-1 L k-2-1 _ g-1
N N (L-x,) (x,-x%,) (x,, x3{_ X,
jk& 717 %2°%3'L T (P-3) ! (3-k~-1)! (k=2-1)! (2-1)1
P
h : L
% o(vl)ho(VZ)ho(V3)X[o,L](xl)X[o,L](x2)X[o,L](x3)/P!
for 1 £ L <k ¢ jgP, = 0 otherwise (3.13)
j-1 k-1
(3) (3)
and f. (z.;2z.;2.). = L ¥ £, (z.;2z.:2.)
j 17%27%30n T T 70 ik 1 T2 e

(L-x )P—J xlj_a

1 P
= (P=3) 1 (3-3) ! hO(vl)hO(VZ)ho(v3)X[o,L] (xl)X[O,L] (XZ)X[O,L] (x3)/;'_l
for 3 3 3 (3.14)
= 0 otherwise
f(n): Only the expressions for the fgn) are given here as
3 J

those for the general n-particle r.d.f.'s are not



needed. Suppose 0 < x_ < Xy < X < L

o B
for a ¢ Sl' B e S, with Sq V| s, = {2,3,...,n} and
|sy1=Ayr [8,] = A,. Then
(Lmx ) P3Ny o 371A P
£z i imy = oL : Th_(v,)¥ (x,)/
j 177" 0L (P-3-A) ! (3=1-A) ;0 i A[0,L] 7L Py

for /\:| < j and /\2 < P-j+1

(3.15)
= 0 otherwise.
From (3.15) g f(n) (z,; 12Z.)
: .- j 17 ***"“n'y1,
IJ=1
o P—/\2 -
T pX £ (295 00032.)
j=Al+l J 1 n'L (3.16)
n
~ P;l . P;Z ee. P-n+l I pho(vi)X[O,L](xi)
- Foi=1

(3.16) shows that the symmetrized equilibrium distribution

function factorizes as in the semi-infinite case (3.4). The

P-1 . P-2 ... P-n+l

numerical factor -5 P D

just takes account of
normalization.
It is instructive to show how the initial conditions for

the semi-infinite problem may be obtained from (3.8) - (3.16)

taking the t.l. P,L =+ =,

Hir

= P. Equivalence of canonical and
grand canonical ensembles in this limit again guarantees

consistency with those results obtained by Anstis et al.*”.

From (3.8)
(1) _ P . P ... P . 1
S L T - P31 [ ‘pxi]j
1=
_ (3.17)
p(pxyyd~t PXq p
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It is now clear that we recover (3.1) upon taking the t.1..

From (3.10) in the t.L. for 0 < x, < x; and 1 < k < j,

(2) (p(xl—xz))j_k_l (pxz)k_l
5k (zl;zz) = (G-k=1) 1 T exp(—pxl)

£

X
ho(vl) ho(v2

) - H(x]_)H(XZ) (3.18)

and from (3.15) in the t.l. for 0 < x, < %Xp < xp,aesl,

B ¢ S, (as defined previously) and j > A1
n

1 . exp(—pxl) ..E h (vi) H(Xi)

(3.19)

Having made these remarks, we return to the consideration

of the periodic problem. The particle specified to be at

X mL initially with velocity v’ will be labelled "m(P+1)"

so the particles in the cell [mL, (m+1l)L] initially will be
labelled m(P+1)+1, m(P+1)+2,...,m(P+1)+P. The initial

S (n) I
] -
conditions on the r.d.f.'s fjle...jn( ;0) for the periodic
(m)

problem shall be specified in terms of the fkl...km( )

L

calculated above. 1In particular if j1, j2,...,jn e {1,2,...,P}

then

(n) . . _ ¢(n) . .
fjl j2...jn (Zl,-oolznlo) - fjl jz..'jn(zll-oopzn)L (3.20)
and fél)(zl;o) = 6(xl)6(vl—v')

In order for the specification to be complete, the following
results are needed. Since particles in different cells

[mL, (m+1)L] do not interact at the initial time, there is a
factorization condition on the r.d.f.'s of the following

form : make the decomposition
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[#2}

+00

{1,2,...,n} = O Mg Ur (3.21)
K:—OO

where ae I, if jo ¢ {R(P+1)+1,...,K(P+1)+P} and acr

if jo = 0 (mod P+1), then

f(n)

5132...9n (B1i---iZ2qi0) =

+eo o (|r, D

: - it (1) .
o jo aar.K (Za T O € FK:, 0) Be I f]B (ZB'O) (3.22)
setting f(O) = 1. Finally we mention a periodicity constraint

(valid for all t 3 0) :

(m)

f(m)
k1+K(P+1) k24K (P+1)...km+K(P+1)

K1k2. .. km F1/Vpie e iXprvpit) = £

() +KL,

Vl;...;xm-l-KL,Vm;t) (3.23)
.In the treatment of the periodic problem, we shall always

deal with a periodic version of the r.d.f.'s :

=(n) . = = z (n) ) e .
fj (zl,...,zn,t) = 3723 (modp+1) fj‘ (zl,...,zn,t) (3.24)

j should now be regarded as an index modulo P+1. The initial

conditions on fgl), for example, are
-’(l) +o
fo (zl;O) = jim 6(X1—KL) ) (Vl—V )
. =) Ly L (D) N
for 1 < jJ £ P : fj (zl,O) = fj (zl)L for Xy € [0,L] and

is extended periodically in x outside this interval.

l’

2.4 FACTORIZATION OF THE REDUCED DISTRIBUTION FUNCTIONS AT t = 0.

The situation for the periodic problem is not as simple
as for the semi-infinite problem. Instead of an exact

factorization (3.2) of initial conditions, we only obtain



an approximate factorization (again of the form (3.2) ). 1In
this section, we determine the error in this factorization
approximation.

First we consider the factorization of the regular part
of the r.d.f.'s. 8Since the functions considered are periodic

in the variable Xq of period L, we restrict x, here to

1

[0,L]. The approximate factorization condition shall be

accurate in the high density limit % + o and for fén) with

n = 0(l). The result obtained depends primarily on the fact

that for % =E<<1l and n = 0(1), the fgn) are strongly

localized with respect to x Let Egn)s denote the spatial

|_.l

Then from (3.15) for

X

part of f;n) and set £, =

Ay < j, AN, < P-j+1 and o < Ei <1

1 2
z(n)s ) v . = gln)s

fj (Xll---lxnlo) = J (glmax’EZ""’g )

(4.1)
_ P-j=A j=1-A
) 1 gl 2 El 1
n n
lugmmaxJ glmax

here &2 = g2 (Aq ) the val £ £
where max = Simax 2,3 is e value o 1
which maximizes fén)s for a given choice of Al,Az. The function

. . _ .n
of gl appearing in (4.1) has a sharp peak at El = Elmax where
j=1-A j=1-A .

n _ 1 - 1 J _

Elmax = P-Aj=h,-1 ~  P-n (= p for n = 0(1)) (4.2)
as one would expect on physical grounds. Equivalently,

. n _

setting Xy .« = L‘Elmax,

e . G| P i = 1=
P-3-Ay 37 o 1 20 Lofor no= 0(1) (4.3)

n n L

-X X
Imax Ilmax
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An estimate of the width of this peak can be obtained (for
both cases of stationary and non-stationary maxima) by

determining the root(s) of the expression

a i-g, [P e, [P
T | [E1-%] =0
dgl 1 "Imax l—En En
Ima lmax
(4.4)
The root(s) of (4.4) satisfy the equation
(1-£,) £, = (B=A,=A 1) (g,-£0 )2 (4.5)
1 1 1 2 1 ®1lmax '
from which we conclude that the root(s) satisfy
n .
I El-glmaxl < E(nrj) (4.6)
where for j - Al # 0(l), P—j—/\2 # 0(1)
| e
En,j) = 0| —— for n < P (4.7)
Jl_E
P
= 0(1) otherwise
and for j - Al = 0(1l) or P—j—/\2 = 0(1)
. e
E(n,j) = O[e—ﬁ] for n < P (4.8)
1-5

= 0(1l) otherwise
This gives an estimate of the width of £he peak.

Let us now derive an approximate factorization condition
for the f;n)s. There are many different cases (ranges and
orderings of spatial arguments) to be considered. First we
make the restriction o < Xj < L and consider the cases where
the polynomial expression (4.1) is valid i.e. Al < j,

Ay < P-j+1 for j ¢.{1,2,...,P}. Simple manipulation of (4.1)



leads to the following results:

. L
(1) o < Xq < X, < 5 3

P-gj-A_+1
Fs oy g ls L 72
fj (Xl,...,Xn,O) - j (xllnttlxn_llo)‘—L—_—}El—_
(4.9)
For P-j # 0(l) and ns% ' f?n_l)s has a sharp peak at
j=1=A P-j-A_+1
_ .n-1 _ 1 . 2 —
81 = 8imax = Pont1  TOF Which ———3— = p(1+0(n€))
L-x
Imax
. . n-1 P—j—A2+l
Since P—]—A2 # 0(1) so R O(L), we expand L—xi__
about x. = x°_T  givin
1 lmax JtVind
tms . . .o & F-UsS .. .
fj (Xy7...5x,i0) = fj (xl,...,xn_l,o) p(1+0(ne)) (4.10)
£ _gn—l\
z(n-1)s . . ] 1 "Ilmax
+ fj (Xy7...i%,_4i0) o1 p (1+0(nE))
-&
lmaxJ
P—j—A2+l

| PER)

Fhois
3

/,_,,_.._/"_' E ( n—J)S
3

(xl,...;o)

(x reeeiO)

lmax

v

The second expression on the r.h.s. of (4.10) has the same
form as the function differentiated in (4.4). From the

results of the analysis of (4.4) we conclude that, under the
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stated conditions,

E(H)S

\ f(n—l)s
J

i ;0) .p (4.11)

(xl;...;xn;o) (xl;...;xn_l,

fgn-l)s n-1

& (x 1max

7 o ene ©)) p E’(nlj)

where E7(n,3j) (O(nE) + E(n,3))for n < P

0(1l) otherwise.

_ _ P -1
For the case P-j-A, = 0(l), n < 5 since Elmax = 1

(n-1)s

f;n)s and fJ will be extremely small for o < Xy < %.

Again (4.11) is valid (but for different reasons). For the

other cases, the corresponding results are stated below.

L L
(ii) o < X, <Xy < 5o
P-j-A.+1
=(n)s _ z=(n-1)s . . . 2
fj (X95...7%x 50) = fJ 1 (X5...5%,_1i0) ——fjgz——
(4.12)
f(n-1)s . . (n-1)s,_n-1
J 1 (xl,...,x l,o) p + fJ 1 {x lmax,...,o) p E’(n,3)
(iii) o < x; < % < x < L : (4.9) and (4.11) are again valid.
X L
(iv) 5 < X, <Xy < L
f(n)s e _ =(n-l)s,_ . . . 3-Ay
J (xq7...5%x,i0) = fj (xl,...,xn_l,o) © TRy
(4.13)
- z(n-1)s ) ] ) g(n-1)s  n-1 . . B Ny
fj (Xy5...5x _7i0) p + fj (X5 «..;0) p E7(n,7)
L
(v) 7 <X < x < L :
)=A
Fs Lo go=ls oy T
i (xl,...,xn,o) 3+l (xl,...,xn_l,o) %]

(4.14)
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(n-1) s -~(n-1l)s, n-1

= fip1 (Xpieeeixp 050) po+ £5 0T V(X0 .- ui0) pE " (n, )

(vi) o < x_ < % <x, <L : (4.13) is again valid .

Under the constraints mentioned, the above results may be

summarized in the following form:

=z(n)s =(n-1)s
f. S S (0 = f. X17eeeiX Ho)
(xl n ) J* ( 1 n-1 )p (4.15)
z(n-1)s, n-1 | ) - ;
+ Ei5 (X2 i---i0) p E7(n,3)

where j* takes values j,jxl as determined by (i)-(vi). For

Alzj or AZBP—j+l, —gn)s is identically zero. If ng B,
E(n—l)s . . } . .
J* is either identically zero or very small. Again (4.15)

is wvalid.
We next extend our considerations to the case where

0 < X, < L and Xy for i # 1 may be in any of the open cells

1

(KL, (K+1)L). (3.22) and (3.23) may be used to determine

the behaviour of the fén)s‘ (4.15) is again valid with j* = j,
Finally, we shall obtain results with no restrictions

on the arguments. In particular, this means that we must

examine the delta-function dependence of the r.d.f.'s at

t=o0. As discussed in section 2.3, a suitable limit

interpretation must be adopted for the evaluation of r.d.f.'s

where there is delta-function behaviour. Suppose that

xne(KL,(K+l)L) and so are nK-l other X; - Then from (3.16)

£(n) s - §n-1) . e
fo (zl,...,zn,o) e fo (zl,...,zn_l,o) (4.16)
Pt 1 oo 1
X i .pho(vn) + )} G(Xn—kL)G(vn—v )

k==
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(n-1) (n 1)

If f in (4.16), a knowledge of

is replaced by f

(n 1) shows that the errors

the support and behaviour of f
introduced are extremely small and regular. (3.22) supplies
the required information as to the delta-function behaviour

of f;n) for j Z o mod (P+1).

Combining all the results of this section and choosing

X, € [- 5 +—] gives
z(n) C . - f(n-1) . .
£ (zl,...,zn,o) = fj* (zl,...,zn_l,o)
4o
x pho(vn) + k=Em 6(xn—kL)6(vn—v ) (4.17)
_ P+l | =(n-1) , n-1 . PP
+ (1 Gj*,o) fj* (X9 axi = i0) P ho(vn) E”(n,3J)
P+1 (n-2) _ . . .
+ Gj,o S (x ) G(V -v’) T (22""’zn—l’o)pho(vn)
x min (0(1) ,0(ne))
. . L
* = - - - =
where now jJ j-1 for o < X vnt < Xy Vlt <3
= 5 L - N
= j+1 for 5 < Xy Vlt < X, vnt < o
= j otherwise (4.18)
(t=0 here)
ana  65*L = 1 if j-k = o (mod P+1) '
Js (4.19)

= o otherwise
(4.17) for the periodic problem is the analogue of (3.2) for
the semi-infinite problem. 1In fact (4.17) is not quite strong
enough for the required analysis of the hierarchy equations.

It is necessary to consider the factorization properties of

fgﬁl - E;n).‘ The reason why (4.17) is
(n) _ £(n)
J

inadequate here is that, for some j, the size of fj+l

the expressions
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is comparable with the "error" terms in (4.17). This is the

case for j-Al%O(l), P—j—A?#O(l), n=0(1l) . The maximum of

={(n) =(n-1) , n-1

f;?i - is of the order of fj (leax"") O(E%).

We shall give an example of the analysis of this factorization

condition for just one case and then state the general result.

o

Consider o < X < Xq < ; O < Xy < L otherwise , n=0(1)

Simple manipulation of (4.1) shows that for

(l) Al < JIAZ < P_jl 3750(1)' P_J%O(l)

s gy cEMIs .y - (g DS o =
fj+l (xl,...,xn,o) fj (xl,...,xn,o)] [fj*+l (xl,...,xn_l,o)
{(n-1)s .
fj* (xy7..05% _1,0)] p
_ _zt-Ls,. . . A 14.20)
= - fj*+l (Xl' ...,xn_l,o) L_xl
= - - K- — -
+ -f(n—l)s(x . % :0) . A2 Al . _— 3*Ay ] e JA2 A
j* 1 n-1 (:]*—/\Z) (P—j*—l—/\z) 1 P—/\l-/\2—1 L—}{1
The second term on the r.h.s. has the form
P-j*=A J*=A
1-£ 2( & il
~(n-1)s,,.n-1 . . [ 1l 1 _ n-1 2
fj* (Elmax""'o) _En-l En--l (El E‘-lmax) 68 u2)
Imax Imax
neglecting errors o(e) %(n—l)s(gn—l i ;0) The maxima
: j* lmax’ """’

of (4.21 ) occur for gl satisfying

2

= A - _yn-1
2(1-g5) 8y = (P=A=A,) (&8 ~ ) (4.22)
. n-1 L
from which we conclude that [g;-g; ~ | ~0(E®). So the

r.h.s. of (4.20) has the order of magnitude

E(n—l)s

(n ("1 ;. .0 o 0lE).
j Ilmax
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ii) j = 0(1l) or P-3j = 0O(1)
Since £E“(n,j) = O(E) in this case, it suffices for our

purposes to apply the factorization approximation (4.17) to

£m)s na f;n)s separately.

J+l
! L L
The general result is , for Xq 5['5' +§] ;
=(n) . g oae) - EM) Ly
fjtl (zl,...,zn,o) fj (zl,...,zn,o) (4.23)
- f(n-1) . o) - o=l . .
= fj*il (zyi...52 _qi0) s (zyi...52 _qi0)
+oco
x ( pho(vn) + k=§w 6(xn—kL)6(vn-v ) )
max _ P+l =(n-1) n-1 . .
+ k=-1,0,+1 (1 6j*+k,o) j*+k (xlmax’""O)pho(vn)g(n'J)
P+1 P+1 _o»y g(n-2) . . .
+ (Gj,o + Gj,il) 6(xq) 6(vy-v7) £ (22,...,zn_l,o)pho(vn%
where j* is given by (4.18) and x min (0(1),0(nE ))
E(n,j) = O(nE) + O —E—ﬁ for n<P
= 1-= (4.24)

= 0(1) otherwgse
This is the result that shall be used in the analysis of the

hierarchy equations.

2.5 EQUATIONS FOR THE ONE~-PARTICLE REDUCED DISTRIBUTION FUNCTIONS.

For the sem-infinite problem, Anstis et al. *? have used
a factorization condition derived from (3.2) to obtain exact
closed kinetic equations for the one-particle r.d.f.'s. These

equations are

3 d (1) oy ) (1) ey (D
g+ vy 5;;0 £,70 (z138) = Y(xpvyit) [fj_l (z)it) - £ (z,t) ]
. (L) . _ (D .
+ B(xl,vl,t) [fj+1 (zl,t) fj (zl,t)]

(5.1)
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(1)

except on the line x, = v”t where the fj are discontinuous

and satisfy

lim
g»o

and Y(xl;vl;t)

B(xllvl;t)

1

(1) ,_ . ) _ lim (1), . .
fj (vit-g,vyit) = £+0 fj+l(V t+e,vyit) (5.2)
xlﬁ
=p [ __ dw (vy=w)h_ (w)
(5.3)

+co
= p IXI&dw(w—vl)ho(w)

We shall now derive the corresponding equations for the

periodic case.

They contain an error term associated with the

error in factorization of the r.d.f.'s at t = o. In the next

section a rigorous determination shall be made of an upper

bound on this error term.

The equations for f

-gn) are obtained from (2.19) by summing

over equal j (mod P+1). They are identical to (2.19) :

P
(3¢

— lim
E-o

(n), =(n) ) o .
+ Kj ) fj (zl,...,zn,t) (5.4)
v |v -v | x (f(n+l)(z 1%,V P17 ; ;2 ;t)
n+l' n+l "1 (3) 171 'n+l" %27 """ %!
glotl) - T
- fj (zl,xl,vn+l,zz,...,zn,t))

.It is convenient to define a new hierarchy of functions

to describe the error in factorization. These are defined for

n > 2 by

- Efn)

3

(Z.7...;
n

—(n)(z

l;...;zn;t) (5.5)
400

Z N -~ K
...;zn_l;t) (pho(vn)+k=_m6(xn—vnt—kL)G(Vn—v ))

adopting a suitable limit procedure at points xi—vit = kL

and where j* is given by (4.18). We now confine our attention

to precollision regions of phase space. These regions, at
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time t denoted R;, consist of those points (zl,zz,...zn,t)
such that the particle at zy at time t has not interacted
with the particles at ZoreeerZy at time t under n-particle

dynamics in the time interval (o,t). In these regions

a;n) satisfy the same set of equations as fén)and g% + Kén)
d o d : .

reduces to =~ + I Vv, %= . These equations may be integrated
ot j=1 1 Bxi

n .
. . J . . U, t
along the characteristics of + E Visx o in reglgnsoStéJ%,t)

for any T > o. From (4.23),g N s regular in the variable

z, at t = o. From the hierarchy equations, it easily follows

that §§n) is regular in z  for all points in precollision

=(2)

regions of phase space. In particular g J

(zl,xl, v2;t)is

regular in the variables x, and v, for all times.

1 2
(1)

To obtain equations for the f we substitute (5.5)

for n = 2 into (5.4) for n = 1. After determining values

2 in the appropriate ranges, this equation
becomes, for - L < X, - v,t < + L
! 2 1 1 2 U

of (j) and j* for v

¥ vy a2 ) %fl)(zl;t) = y(xl,vl,t)[ (l)(z i) - f;l)(zl;t)]

+ ptxprv e B 250 - 2D (250)

j+1
H(v"-v,) (v'=v )[ S(zit) = Egl)(zl;t)]
lim 7 = "
+ o kj:w 6(xl-v t=-kL) +
) - [z (1)
H(v.-v") (v.- t) - ]
(vy=v) (v -v )[fj_l(z it) fj (z ,t)]
lim (4o = ( -(2) .
o S dvzlvz_vll[g(j (2)5%),vyit) = 9" (2 Li¥ Vi) ] 5.6)
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~d

where xz = Xy - ¢ sgn (v’—vl) and vy ( ), B( ) are defined
in (5.3). Because of the term explicitly exhibiting the
delta-function on the r.h.s. of (5.6), the f;l) are
discontinuous across the lines X, = vt + kL. Integrating
along a small segment of the characteristic crossing these

lines and noting that the last term in (5.6) is regular

in Xy yields the jump conditions
lim "(1) - . _ lim (1) - e 5
£ fj (v't + kL - g,vl,t) = o fj+l (vt + kL + &, Vl,L) (5.7)

These conditions are expected since the particle on the above-
mentioned segment of the characteristic must always undergo
a collision with another particle at the point where the

characteristic crosses the line x; = v’t + kL. So (5.6)

becomes

) ol = (1, .y _= ey o 12 =)
{—— + v ——1} fj (z)it) =Y (x,v;it) [fj—l(zl't) fj (zl,t)]

- R £ ¢ 5 IR ¢ ) I
+ B (xl,vl,t) (fj+l(zl.t) fj (zl,t)]

+ G 3 (zl;t) (5.8)

except on the linesx, = v't + kL where (5.7) must be applied.

1
Y (B) is the periodic extension of y (B) outside the interval

L

. 2

> [-%+v t,+ +Vlt] and

1 1

. =2 L
'Vzlt) gj (lel{lrvzrt)]

(5.9)

lim

- e -(2) -
G4(2158) = gl J_md"z("z"’l)' [g(j)

(2 7%y
We obtain approximate kinetic equations for f;l) by
neglecting this term in (5.8). Although y and B are
discontinuous at points Xy - Vlt = kL, we indicate why the

r.h.s. of the approximate equations only has a discontinuity
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max P+1 =(1) 1 . max = L i .
0@) o 1,041 P 85uk,0) Tjax  Fimax'¥1i® & B G5Hvit,vyit)
(5.10)
To see this, the r.h.s. is rewritten as
(1) _ =(1) =1=(1) =(1) _ =(1)
PV, [fj—l fj ]+ B[fj+l +_fj-l 2 fj ] (5.11)

The first term in (5.11) is continuous and it is possible

to show that the second term produces the 0() factor in (5.10).
In the analysis of (5.8), we first convert these

equations to a set of ordinary differential equations, b?

introducing a parameter "S" along the characteristics

3 + v, —— . Then

— P
{(xl,t) P Xy = VS + X 5T 1 axl

t = 8,8 gR} of

3 3 _ d . . .
€ + vy 3;1 = ag in (5.8) and functions of (xl,vl,t) are

regarded as functions of (xl 0,vl,s). (5.8) may also be
14

expressed in matrix form so that the jump conditions (5.7)

are automatically accounted for. Define regions EK of the

(xl,t) plane as follows :

' L - -
= 2 < - < — - < < - -
EK {(xl,t) 0 xq vlt > and vt KL xl vt (x-1)1}

) L ’ -
U {(xl,t) 1 -5 < x) - vlt <o and v't - (K+L)L < X, <v't - KL} (5.12)
For L < X, = v,t =x < B the "P+1" dimensional column
2 1 1 1,0 27

(1) =

vectors f and ¢ are defined by

~

(L) T o N
fo-x §0-x
_(l) -
1) | f1k _ G1-x
= (sW) -
ik | Sp-x



e o 5o 1e [z )
for (xl,t) £ EK (choosing K 0 for xl’0 0) i.e. if {g 5
the jth component of f(l), then [f(l)]j . f;}%.

Using this notation, (5.7) and (5.8) become

d =z(1) .s) = cf .5y . (L) ; = .

s § 7 (xg grvyis) = G () orvi®) * £ (x) o¥Vpi8) * %(xllo.vl,S) (5.14)
where QP is a (P+1)x(P+1l) matrix with entries

P _ - P+l -~ P+l = - P+l

Ci j = B Gj-l,i + v 6j+l,i (y+B) ai,j (5.15)

To solve (5.14), we need the propagator QP associated with

gP. QP satisfies the equation

d

P ) p
T U (xy grvyis)

P
(xl,O’vl'S) * 2 (x

(5.16)

20

1,0°V1#8)

where UP(xl 0,vl;O) = I (the identity matrix)
% 4 ™

~

Using the commutation property (verified by direct calculation)

[CP(S), CP(s’)]_ = o for all s,s”30 (5.17)
and the Baker-Campbell-Hausdorff theorem, it follows that

P . — S - P e
U (gllo,vl,s) = exp (fods g (Xl,O'Vl'S )) (5.18)

(2
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S - P - = - e + . ol i
Now fo ds’C(s”) = y,,(s) A"+ B (s)d Yoy Bay) I
P+l 4' _ P*‘l . S - -
where A 541,17 Biy = Gj—l,i’ ( oy (8) = fods v(s”)
and Eav(s) = fids’ B(s”). Since A"and AT commute and have

non-degenerate eigenvalues, simultaneous eigenvectors may be

constructed for these matrices (see ZiockSI), for

L fo. f_ .
example {gn :n=20,...,P} where e? = (P+1) 7 éxp(zging

The corresponding eigenvalues of'fg ds’CP(s’) are given by

Vyis) = (§av+éav) [cos(m) - 1) + 1 (?av—B ) Sln(l—DH) (5.19)

n 1,0
and the projection operator corresponding to the nth eigenspace
by ED = (en)(en)H where ( )H is the Hermitian transpose.

The following sbectral representation applies (see Dunford

and Schwartz *)

P
24 n
E (xl,O'Vl;s) = I exp (Kn(xllo,vl,s)) E (5.20)
n=o0
(5.14) has the solution
= (1) . . P (l) .
E (xllorvlls) - E (xl,O'Vl' ) (X Orvllo) (5.21)
+ fs ds” UP(x v,:s-s87) . C(x v,:s”)
o ~ X1,07V17 5(X1,07 V17
?tl) and ; may be decomposed into delta- and regular function
L _ L
components as follows. For -5 £ xl—vlt = Xl,O < +§
=(1) cey = (1S, .. (l)
£ (xllolvl,o) = G(X )G(V -v’) f ( is) ~r g( 1,07 ,S)
(5.22)
= = » _6 - a _(S R
g:(xl,O'V;S) . (S(xllo)cS(vl-v ) [é: (vi;s) 4 ,%:reg(xl,o'vl's)

nd t(l) satlsfy closed equations which may be obtained

f(l)é
N ~reg
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by substitution of (5.22) into (5.21).
We must now ask under what conditions can the second
term in (5.21) be neglected. We will require its components

to be small compared with those of (Up(xl 0rVyis) - I) £ (1) (s=0)
~ 4

f(l)(s=w). To facilitate

P e . =(1) _
and 2 (Xl,O’Vl’S) f (s=0)

this analysis, norms are introduced appropriate to the delta-

(1)

and regular function parts of f . The choice of these

norms is motivated by the nature of the error term g at s=0.

s

From (4.23)

-6 P+1 P+1 +00 .
Gy(s=0) = (670 + 8.7 ) o (f+ awtw-v")n_(w)) 0E)
P+1 P+1 v’ -
F 8+ 8 P (J7_ aw(v"-w)h (w)] o(E) (5.23)
For the delta-function part of f( ), an appropriate norm is
P
l
i=o
Also from (4.23)
§-~w. (s=0) = max (l— ) f(l) (xl /V.:0) p al(vy) 0E) (5.25)
reg] k= -1,0,+1 jtk,0" Tj+k Tlmax' "1l 1
where a(v) = fi:dw | w-v | h_(w). So an analysis of the
dependence of f(l)(xl o) on j is appropriate From
j lmax’ V1’ :

(3.8) and Stirling's formula, for k = O(1l) and large P

L
=(1)s 1 . _=()s, 1 . (1) s . % 1k k*
fP+l--k (xlmax'o) B fk (xl max'o) n fl (x l max i0) (2l (1 k) k-1
1 -(1 1 L -1 %
and f(_?s(xlmax;°)~ fi )s(xlmax;o) (2II) "e '&° for large P. (5.26)
2

This type of behaviour is expected since the width of the peak

(1)s

- 1
of fJ for j = % is 0(E™) compared with a width 0O(g) for



j or P-j = 0O(1l) and each of the f(l)s are normalized to one.

(1) il

This appreciable variation in Ej S(xlmax,vl;o) is incorporated

in the choice of norm for the regular part of f(l). Let

h (x /V,is) be a "P+1"-dimensional vector valued function,
~reg ' 1,0" "1

periodic in Xy 9 of period L and continuous except possibly
r

at Xl,O = kL. Define
hreg) . (x, . ,v.;
- max ess sup (ireg j 1,071 )
||hreg (——;s) | = 1 L
. reg o< J<P  -okx. &5 (1) 1 (5.27)
2 1,0 2 (x v '0)
j+63 " “Tlmax’ "1’

where (Ereg)j is the jth component of the column vector h

~reg
=(1) 1 . _ max _ P+l =(1) 1 .
and £y455 Fimaxr V170 = k] esf 1054k, 00 Fiak Fimax V170 (5.28)
So from (5.25) ||Greg(s=o) || — pa(vy) OE) (5.29)

In sections 2.6/7 an upper bound is obtained on §6 and (reg(s)

for s *» o in terms of the appropriate norms.

2.6 ANALYSIS OF THE HIERARCHY EQUATIONS FOR égn).

It is possible to show that the r.d.f.'s f;n)(zl;...;zn;t)

(or §§n)) may be complétely determined by another hierarchy

of functions regular in all variables except possibly zq-
This reduction is a consequence of the following property.

If for io ¢ {2,3,...,m}, a =1,...,K Xia—viat =

kaL(ka# kB;a#B) and VS Ve then

K
—(m . ] _ ={m-K) . nd = . o= ko
fj ?zl, ..,zm,t) = fj (zl,...,zil,...,ziK,...,zm,L)uElG(zia Z77(E))
(6.1)
ko, _ - - . _oXo e ot o
where Z ~(t) " (kaL+v t,v’) and 6(4ia Z T (B))= a(xia vt kaL)G(vu v’)

(6.2)
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Using (6.1) and the regularity of g(n)(z

,...;zn;t) in the
variable z, 1 we make the decomposition

—(n) (Z

gj l,...;zn;t)

n-2 -(n-q) ~ ~
= S _— G o (2. eiB i eeeiZ je.i3Z ;i)
o ke ol ke 1,....4 regl”™] 1 k1l kg n
ko < kB for o < B
q + oo k
X I X &Zka—z (t) ) ' (6.3)
a=1 |(k=—oo

where a suitable limit procedure must be adopted for points

where there is delta-function or discontinuous behaviour.

(m

9regl : is regular in all variables except possibly z - If

= (m)

we substitute (6.3) into the equations satisfied by gj in

precollision regions and equate coefficients of

II =Q

+oo X
T §(z,, -Z27(t) )|, we obtain
1 " k=—oo ka ;

ot i=1 1%xi regl”j 1 m
- lim (4o - . |g(mtl) e .
= o Jw a1 1V | [gregl ) (215X Vg7 0 e eiZpi )
5 (m+1) im ey s
gregl'j (Z l' m+l'zz""’zm’t)
lim t =
+ L 8(x_-v't + kL) X
[ _ (m) Ly =(m) T
_ H(v vy) (v7-v)) [g regl j+l(zl,.-..zm,t) gregl»j(zl,...,zm,t)]
+ (6.4)
) (v ~vT) [ ..y gy - gm . g
H(vl v )(vl v ) [9regl j_l(zl,...,zm,t) gregl (zl,. .,zm,t)]
where XZ = Xy - & sgn (vm+l—vl) and xi = xl—Esgn (v’—vl).
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By comparison with (5.6), the last term on the r.h.s. of

(6.4) may be replaced by a jump condition of the form

lim =(m) . e .
E+o gregl' (v't + kL E, v 1’22""'zm't)
(6.5)
= i 5(“‘) - (vt + kL + E,v_;Z_ ;...;2 ;t)

E»+o “regl 541 s Ly "“m’
across the lines X = v'’t + kL. It is clear that it suffices
to determine just the g(m) - . In fact g(z) . = égz).

regl 3 regl 5 Jj

To exhibit explicitly the delta-function dependence, we make

the further decomposition, for Xy - Vlt € [—% + %]
aégél,j(zl;...;zm;t) = 8(xy-vyt) §(vy-v “) g;m)s(v’;zz;c..;zm;t)
+ 3™ (2502 5t) (6.6)
regj 17! ml .

As indicated in section 2.5, we are primarily interested in
expressions of the form

—(n) _ =(n) ~(n)

regl 5 = Jregl” +1 ~ 9regl” (6.7)

Jt J

(n)

re
gJ

1f g
regl 3

—gn)é and G

is decomposed into components G

(c.f. (6.6)), then these satisfy the equations (in precollision

regions)

.32 ;t)
n

I T Y T PP
[Bt + .Z vin.]Gj (v PZyie.
i=1 i

& lim +0 av IV
E-o —00 n+l n+l

- -(n+1¥ ., , -
- X A B . . .
v | [G(j) }v,(v: t,).,vn_l_l,z ,...,zn,t)

2

(n+lt6, (v t) =
J

n+1;22;...;zn;t)] (6.8)
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with no jump condition and

e + g v I E(n) (z.; iz :t)
ot jop 1 ox, regj 1 n (6.9)
= lim oo = (n+1) -
E-o j—w W1 IVn+l V1l x [Greg(j)(Zl'xl’vn+l'22""'zn't)
={n+1) i - o
Gregj (zl'xl'vn+l'zz""'zn't)
except on x; = v’ t + kL where
lim =(n) . o
s Gregj (v't + kL E,vl,zz,...,zn,t)
(6.10)
= Lim a(n) (vt + kL + §,v_;z.; ;z t)
14 1 I o e oy
E~o regj+1 1’72 n
Let —én)éext {éég;eXt] have the same initial conditions as
J
a;n)d éég; and satisfy the corresponding hierarchy equations
J

throughout the entire phase space. Since these functions
must agree on precollision regions of phase space, we solve
for the extended functions and then apply the results to
precollision regions.

As we shall be working in an abstract vector space
formulation, the governing equations are rewritten in a

suggestive vector from which automatically accounts for the

<+E ; the

jump conditions (6.10). For Lok vt = X >

271 1

. \ =(n) ext
" 1
P+1" dimensional column vector gregl

1,0

is defined by

(c.£. 5.13)
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r =(n)ext \
regl'o_K
=(n)ext _ :

Cregl” E= : for (xl,t) € E

K (6.11)

Gregl’P_K

“ /

An infinite dimensional vector is constructed from the

= (n)ext .
gregl’ by setting
[ =(2)ext )
Gre 1-
gext = 0 (6.12)
~regl” a(B)ext i
regl”
. * 4
=ext _ =~ ext _ R =ext L L
where gregl‘ =G 6(xl vlt)é(vl v’} + greg for <KV S
. N =fext ; . .
Evolution Equation for G : The time evolution equations

have the form of a partial differential operator equation,

formally

9 9 =dext . _ . adext .

5T + I v, 5§Z g (zi,t) = E 9 (zi,t) (6.13)
where the structure of C is obtained from (6.8). In the

~

natural presentation, C is an off-diagonal matrix with

entries C,. = §, . C.. , i,J 3 2 where the C.,. are
il i,j-1 7ij ij

themselves (P+1) x (P+1) matrices whose entries are integral
operators. To convert (6.13) to an ordinary differential
operator equation, we introduce a parameter "s" along the

characteristics ﬁxi,t) P X, = Vs +ox,

, £t = s} of the
i,o

partial differential operator g% (6.13) becomes

+ X v, _ﬁﬁ #
. 1 9X.
i i



Jext - Sdext

d = — . .
3s © (x, ,vi,S) = g(x. VLV ;s)

R M

X, V. ;s
( 1,077 )

(6.14)

EGeXt is constructed so

as to be compatible with that chosen for §6 and f(l)é in

(5.24) . Let H(n)G, regarded either as a function of the

The norm for the space of vectors

variables (z.,t) or of the variables (x, /V.:18), be
i i,o’ "1

continuous except possibly at Xi o = kL. Define for n » 2

—(n)6|L

or equivalently we may take the ess sup over X Next define

jin)s
ess sup ~7

'V,
1,0 i

(v ;22;...;Zn;t)

IIM’U

(6.15)

=3

pho(vi)

i=2

—sl|8 ® _ S
“HGH . = 22 —18— HH(n)‘SHn : B > 2 - (6.16)
- Br n= n ~
and
8 : 8
ﬁd _ sup 1 ﬁ(n}é . g1
N n:2 nB ae

Let Dg 1 () be the spaces of functions of the above type
[4
with finite Il-llg'l(w) norms, then Dg,l(m) are Banach

spaces (Appendix B). From (4.23), it is immediate that

HGGeXt(— ; = 0() (6.17)

|
- Br1l(x)
for the ranges of B specified in (6.16).
To obtain a solution to (6.14), an analysis of the

properties of the linear operator C is necessary. It is

§ 8 .
clear that g : DB,l(m)+ DB,l(m)' We show that g is bounded.
Suppose ﬁa £ 3 and set
~ Bll(w)

F° = c . H (6.18)

L7,
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then ess sup Egn)6(v';z ie..32 3t)
Jj 2 n
X, 'V,
i,o’ i n
i=2,...,n .H pho(Vi)
i=2
. ess sup ﬁgn+1)QV';z 1Z.5...32 ;1)
'Y pfv dv v =v'lh (v )| x v = ntl 2 2
—o0 n+l| n+l | o' n+l i, o' i n+l
i=2,...,n+l I ph (v,)
. o i
i=2
400 ess sup ﬁ;i;l)ﬁv';zn+l;zz;...;zn;t)
+ [pjv'dvn+l|vn+l_v |ho(vn+l)} *i0Vi n+l
i=2,...,n+] .H pho(vi)
=2
oo - ess sup H. (v';z iZ2.7...32 3t)
* [pf—°°dvn+l‘vn+l_V ho(vn+l}] X, 4V, otl_2 L ‘
i,0 1 n+l
i=2,...,n4l I pho(vi) ‘
i=2
(6.19)
From (6.15) and (6.19)
=(n) &8 - ={(n+1) S
IE h < 2o (v = he1 (6.20)

with a( ) as in (5.25). Finally from (6.16) and (6.20)

B
=88 3 . -85 8
IIE “B,l(oo) : 2[5] e e il 2 ”B.l(m) (6.21)
So C is bounded and
. 5 3\ B i
IC(—iviis)llg 1 (o) % 2[5] a (v7) (6.22)

Consequently (6.14) has a unique solution which may be

written formally as

oo S

el S P m -
Gant(x. wois) = 2 |f%ds c(x, v .;viis)f Tds_ C(x, v, ivis _)--s
~ i,o i - O my i,0 1 m ‘o m-1l= " i,o i m-1

52 P "6ext
---f ds_C(x. ,v.;v;:;s)| ¢ (x, ,v.;0) (6.23)
o) = i,o 1 1 i,o" 1

- [

The explicit form of the components is not needed here, but



this is given in Appendix C for a more general case treated

in the next chapter. The following upper estimate on the

=Sext

norm of G is obtained from (6.23)

e R 2 L TS
(6.24)
|I§6ext(__; O)Ig,l(w)
< exp [2.(%)Ba(v’)s]. 0(e)
In particular,
18028t )1 8 < 2P exp (2(%) Ba(v’)s].O(E) (6.25)

This last result is used in the analysis of the size of the

delta-function part of the error term in (5.21).

Evolution Equation for G s : If we againsetx.=x. +v.s
~reg i"7i,o i

and t = s, then the evolution equations for aig; formally

become

'ddE §i:;(xi,o'jvi;s) = Ol a8 - éi:; (%, 0" Va o) (6.26)
The norm for the space of vectors GeZ; is constructed to be
compatible with that chosen for G o and %éé; in (5.27).
Let H( ), regarded either as a function of the variables

(zi,t) or (xi O,vi;s), be continuous except possible at
14

X. = kL. Define for n > 2
i,o
ess sup [ﬁ(n)] (Z2.;...;52 ;t)
”—(n) ”reg _ max % i1 regj 1 n
~reg ''n o<j<P “i,0 ey T - (6.27)
132 ( ;0) .
Vj.l> fj+6j\xlmax'vl ©) Il pho(vi)

i=2

49,



=(n)

where [Hreg] is the jth component of the column vector
~ : :

= (n) (l)

Nreg ]+6] is defined as in (5.28) and again we may

equivalently take the ess sup over X, rather than Xy
* ’

Next define

(o0}

reqg _ 1 =(n) |, reg
H = I = H % > 2
(6.28)
= reg _ sup (n) || reg
and HHregHB CT w2 regI! : B > 1
7
The spaces Dge%(w) corresponding to H—[@e%(m) < ®» are
7 4
Banach (Appendix B). From (4.23),
—ext eg _
| 8ag ————i9) |3 () = OE) (6.29)

for the ranges of B specified in (6.28). We may show that

. .. ~reg reg . .
the linear operator g : DB,l(w) > Dﬁyl(w) is bounded with
3) ,
| ¢ « i) 15T 1 () € 2[5) a (vy) (6.30)

(6.26) has a unique solution which may be written formally as

:i:; (x /V,3S) = mg [f ds g(x /V,is ) f | 1 g(xllo,v ;S -1)
5 ] _
zEet f sy E(X ,0' Vi ) ~reg(xi,o'vi;o) (6.31)
From (6.31) we may obtain an upper bound on ?iz; in terms
of the norm IL-HE?%(w) which may in particular be used to
show that
||ELZ;eXt (———————vs)lgeg < 2P exp 2(%}8 a{vljs] o(€) (6.32)

This is used in the analysis of the size of the regular part

of the error term in (5.21).
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2.7 ANALYSIS OF EQUATIONS FOR ONE-PARTICLE REDUCED
DISTRIBUTION FUNCTIONS.

=(2)

From (5.9) [ depends only on G in precollision

regions of phase space. Using the norm upper bounds (6.25)

(resp. (6.32)) on é(z)ant (resp. aéiéeXt) to provided
corresponding upper bounds on 5(2)6 (resp. @éi;)
in precollision regions, we obtain
~5 . L=
15w s llg < atv) 1370 a3
\ (7.1)
< 260L(v')exp[2(%) Boc(v.')sJ O (&)
- re = (2)ext re
and 1€ reqi9) Toc atp Nl Tl I
< zsa(vl)exp(ztgosa(vl)s] 0E) (7.2)

An upper estimate of the norms of the (P+1) x (P+1l) matrices

gp(o,vl;s) and gp(xllo,vl;s) is obtained from
I fwwol < o [ [ | & ovis) ]
¢ e [Ty tmie @G + By e (] 51| (7.3)
Now [ A7]] = ||£+||for the norms that we consider and
P {?av (x,vis) + B__ (x,v;s)} < a(v)s (7.4)
so || gp(x;v;s) | < exp [oc(v) (1+]| g+|| )s] (7.5)

From (5.1/2/5), the following size estimates of the "error"
terms in (5.21) may be made where 8 lie in the ranges

specified:



1B ds’l;lp(o,v';s—S').QS(S')||(S

< 2 as” || g v usms | 115067 I (7.6)
5B-1 3.8 -

< 3B [expl:z((i) -l]u(v')s—| - 1] exp(oc(v')s] . 0€)
{5) -1

and similarly

IS5 as” ey vy

10"V is=s7). § (S')Hreg

(7.7)
B

N

& . Jexp(oc(vl)s) o)

{exp [(2 P11 7oy datvps

3 +
2¢3)P-1-)| 4 leq

These will be 0(1l) for times t such that

pvtht w inE T(w) choosing B=1 (7.8)

-

A -1
with w = v* in (7.6), w = v, in (7.7) and &(z)=(pv) o(w

1 th

Using the estimate (7.2) of Ereg’ we may verify that
the intial growth rate of each component of
S - P - - - .
fods g (Xl,O’Vl’S_S )'Sreg(s ) is smaller by a factor of at

1
least € 2 than the corresponding component of

P o~ 7).
[g (xl,O’Vl’s) %] freg(o). We therefore expect that the

P . _ =(1) .
components of [g (Xl,O’Vl’S) £]§reg(o) will be large compared
. S P B ol .
with those of fods g (Xl,O'Vl'S_S %&reg(s ) for times

o < PV.iy,S << T(Vl) (where size is measured in terms of a

suitably weighted ess sup norm c.f. (i) of Appendix B).



Using a power series expansion of gP(o,v’,s) and (4.23),

a simple calculation shows that the growth rate of each

component of fids’gp(o,v’;s—s’)e gé(s’)is smaller by

i i
a factor of £? than the corresponding component of

-(1) ¢ %
Ilf (o) for €% ¢ pv,, s < 1. Also from

P P
[g (OIV ;S) - rrg th B2,

(7.6) the norm of the first expression is much smaller

than the second for pv,,s << 1(v”). Although this does

th

not tell us anything directly about the individual components,

we expect that the corresponding inequalities are true for

Y

€% < pv,, 8 << T(V7).

th

It remains to determine those times for which the

components of fids’gp(xl 0,vl;s—s’)-g(s’) are "smaller"
S , ‘ 2

than those of QP(xl O,Vl;s).fi%; - Ei%iw). For the regular
x ) vl = -
part, rough results may be obtained by noting that the
v
second term decays no faster than ~ K exp —Za(—l—)pv s
Vih th

since the points of [fids QP(...,s’)] have real part

v

greater than -2 & (—l—).pv s. An upper bound on the
Vin th
first term is obtained from (7.7). Using these two

estimates, we expect that the above condition is satisfied
for o < PVyyS << % T(Vl). Again there are problems with the
delta-function part since a norm approach is not suited to a
componentwise analysis. However a similar analysis to that
for the regular part suggests that the appropriate component-

]
wise inequalities are true for g el g PViy S << % T™(v7).
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In conclusion

(LS, .. c 1, -
(v’ ;o) forE 5pvthS<<§T(v )

%(l)

=(1) 5 P Ly = (1)
Ereg (xllo,v1,S) ~ U (x ,vois). €

6 -~ P - -
(v ;s) ~U (o,v is) ¢ £

H £
1,0"71 reg®1,0'V170) for

S<<lT(Vl) (7.9)

<
OSPV 53

For v*, v, = 0(v these ranges include times of the

bl th)’
order of many mean free times (tth). Such times are of

most interest in the study of relaxation phenomena.

2.8. THE GENERAL INITIAL VALUE PROBLEM.

At the initial time we suppose the particle, labelled
n . has specified position X, and velocity v (i=1,2,...,N)
where n; < nj (and so X; < Xj) for i < j. For convenience
we set n, = XO = - and Nyl = XN+l = 4o, The distances
between the specified particles are Li = Xi+l - Xi' The
remaining particles in each cell (Xi’ Xi+l) are assumed to
be in equilibrium at t = o with mean density Py

Initial conditions on the one-particle r.d.f.'s are

therefore of the form

(1)

ni (zl;o) e G(Xl—Xi)G(vl—Vi) i=1,2,...,N.

f;l)(zl;o) are regular for all other j and such that

fjfl)(zl;o) - fjfl)s(xl;o) h, (v,) with
z fgl)s(xl;o) = PiX[x.,X. ](xl) (8.1)
n,<j<n, 17741
i i+l

Expressions for these and higher order r.d.f.'s may be
written down explicitly from the work of the previous sections.

In order to obtain approximate kinetic equations for the
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one-particle r.d.f.'s, we need an approximate factorization
condition giving the n-particle r.d.f.'s in terms of the
(n-1) -particle r.d.f.'s in precollision regions (at least
for the case n=2). A detailed analysis of the error terms
is not given. However by comparison with previous work,

it would be clear that these are "small" in the high
density regime ey = g% << 1 where Pi = n,, 170,
i=1,2,...,N-1, with o and o arbitrary. A rigorous
analysis could again be made using Banach space techniques.

L.
In precollision regions and for X17V, t e [xi - %;l,

L.

Xi + 7%], the factorization condition has the form

(n) ] D _ e(n-1)
il (zl,...,Zn,t) = fj*

3 (zl;...;zn_l;t) h (Zn;t)

m) ., |
+gj (zl,-..,zn,t) (8.2)

(n)

where gj is the "small" error term,

rk — i - -
J j-1 for X1 < X, Vnt < xq Vlt

j+1 for x.,-v

< - < X.
1 lt xn vnt Xl

j otherwise

N
and h”(z;t) = I §(x-vt-X.)&(v=-V,) +
i=1 * *

N
by X[Xi,xi+l](x—vt)pi ho(v)
i=-1

A suitable limit procedure must be adopted for the
evaluation of the r.d.f.'s and interpretation of (8.2) at

points where there is delta-function or discontinuous

(n)

behaviour. In (8.2) gj is regular in the variable z,

and if €y << 1, n=0(1), it is "small" for t extending
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over a range of many relaxation times. For

the corresponding equations

-v.t e [X.-
l .

1™V

for fgl) are

2 9 (1) . _ ) (1) _ (1) i
{§E+vl Bxl}fj (Zl't) = Yi(xrvl,t) tfj l(zl ;t) fj (zl,t)

(1) (1)

(z.;t)

M R T Ll P R L S T
+-gj(zl;t) (8.3)
where
N _ ([ ( ) (2) -
Cyzit) = Jooo @0,V mvg | 95 (21 PX)/Vyit) = 95" (2)ix),v,it)
(8.4)
except on the lines Xy = Xi+Vit where f;l) are discontinuous

and satisfy the jump conditions

lim f(1) + .+, _ 1lim (l)

= <
E~o I3 (z,,t) E o J (Z ,t ) for vh, &
lim _(1) ,+ .+, _ lim _(1), - .-
£ vo fj (Z;0t) =250 fj_l(zi,t ) for v, >v, (8.5)

it
3

where (Z ,t ) AVt eV, ,t tE)
1 i 1

In (8.3), we have set

' 1 i N
Yy (%yvyi8) = Iﬂmt Ay (vy=v B (V) 2 Xy x, 1317V Bey
i=o i77it]
+0 N
Si(xl,vl;t) = J . dvz(vz—vl)ho(vz). iio X[X; X ](xl—vzt)pi

t

The partial solution of (8.3) is written most

conveniently in vector form. Suppose that the straight



line in the (x”7,t”)-phase between (x,-v,t,o0) and (xl,t)

11

crosses K+ of the lines {(Xi+Vit,t):t £ R} where v

1 <Yy

and K of these lines where vy > V.. Set K(xq,Vyit)

K+(xl,vl;t) - K—(xl,v t) and define the infinite

l;

. . (1) > .th
dimensional vector £ (zl;t) (resp.%zl;t)) to have a j
component given by fgl) (z,;t) (resp g

j—K(xl,vl;t) 1’ : j—K(xl,vl;t)

(zl;t)). Using this notation (8.3) may be integrated

along the characteristics {(xl,t) R vls+xl,0t =
' 3 5 Liaa Ly
s ¢eR} of st ¥ V1 5;; to yield for X1,0 € [X;-—5 X+ TT]
(1) L g) = . (1) .
:E (Xl,O’VlIQ) - I’;‘]'(Xl,olvl’S) M E (Xl,O'vl'o) (8-7)

+ fids’ g(xl'o,vl;s—s’). %(xllo,vl;S')

_ S, . L.
where g(xllo,vl,s) = exp {fods g(xllo,vl,s )} (8.8)

and C is an infinite matrix with components

Cyg = Yylxqovyi®l (&, 5 =6, ) + B leyevy 0y 578,50 (8.9)

g is bounded with respect to the appropriate norms, so a
power series expansion of (8.8) is wvalid (convergent in
norm in the appropriate Banach space) .

If f(l) is decomposed into regular and delta-function
parts as

N

D ity = 1 WOy 5 xmxAv.E) § (v.ov) + £ (21

Jj 1 i=1 1 i i 1 i reqg j 1
(8.10)
(1) 681

then separate equations are satisfied by each of the fj

57.



(1)

and the solution
reg

and the f(l) . The equation for £
reg.

3 J ~
are identical in form with that for £ (1) (Cis just
- (1) 8i
replaced by Ereg)' For fj , we have
a (n6si,., T C O X F N ¢ DY 3
o £ (t) = v (X 4V £,V 5t) [fj_l (t) - £ (v ]
ey . pe()S1 (1) 81
+ Bi(xi+vit,vi,t) [fj+l (t) - fj (t) ]
+¢ %t (8.11)
J
(ggl is the appropriate delta-function component of %j)
except for t = ti,k where ti,k > o (if they exist) are

the solutions of Xi + Viti,k = Xk+vkti,k' For such t,

fgl)éi

3 are discontinuous and satisfy the jump conditions

lim f(l)cSi _ lim f(l)Gi

exo T3 Mty xt ) = els Fyiy Ty m ) vy <Yy
lim (1) 81 _ lim _(1)6i _ !
evo T3 (it ) Tgho Byl (B xm ) BV Y

(8.12)
The solution of these equations has the same form as (8.7)
with g(xllo,v

The periodic problem may be treated as a special case

A /\6
l;s) replaced by g(xi,vi;s) and §{ by (.

of the above. To recover previous equations, we must set
periodic initial conditions and sum over equal j (modulo

P+1).
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CHAPTER 3

GENERAL INITIAL VALUE PROBLEMS

(ONE-DIMENSIONAL HARD "SPHERE" GAS)

3.1 INTRODUCTION

Whereas in the last chapter only quasi-equilibrium
initial conditions were considered, here we examine more
general inhomogeneous initial value problems (i.v.p.) for
the same hard "sphere" system. Again a number of particles
have specified positions and velocities at the initial time,
but now the remainder may be distributed inhomogeneously
and have non-Maxwellian velocity distribution functions
(of sufficiently fast decrease). There are a number of
physical constraints which we must impose such as finite
local particle number, energy and momentum and the existence
of the means of these quantities. The spaces we work in
shall guarantee the finite local behaviour of the above
gquantities and existence of means at t = 0 shall guarantee

their existence for t > 0 (Appendix A).

First we prove the existence and uniqueness of a
particular reduced distribution function (r.d.f.)

;zn;t) is an arbitrary

(n) . =0 .
f. (zl,...,zn,t) where (zl,...

J
point in phase space. A Banach space formulation similar
to that of section 2.6 is adopted. Such techniques have

been used préviously in statistical mechanics, for example
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by Ruelle®’®

in the equilibrium theory of virial expansions
for correlation functions. This approach does not, however,
enable us to give a unified treatment of the solutions £

of the hierarchy equations throughout phase space. For
this, it is found convenient to use a formulation in terms
of a countably normed space. By so doing, we avoid
problems arising from the unbounded nature (with respect

to vl) of the operators

o0

éig J dvn+llvn+l-vllx -

- OO

appearing in the hierarchy equations. The above approach
is somewhat different from that of algebraic statistical
mechanics in obtaining a rigorous theory. Marchioro
et al.’® have used the algebraic approach to treat a one-
dimensional hard core system with a g interparticle

potential.

An advantage in dealing with the hard "sphere" system
is that, being able to calculate initial values for the
r.d.f.'s (at least for the quasi-equilibrium case), we have
insight into the appropriate choice of norm(s) for the
Banach or countably normed spaces. In fact we can tailor
the choice of norm to suit the problem with which we are
dealing (as seen in Chapter 2). Also, for this system,
the hierarchy equations reduce to a particularly simple
form. However, we expect that the countably normed space

approach should be extendable to more general systems.
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Next we consider the special class of i.v.p.'s where
a single particle has specified position and velocity and
the rest have regular r.d.f.'s at t = 0. For a class of
initial values including quasi-equilibrium and
inhomogeneous cases, Evans °° has shown that it is.possible

to obtain exact closed kinetic equations for the delta-
(1§
J

work is presented here. The spectral properties of these

function part of the one-particle r.d.f.'s f This
equations are analyzed. Under certain conditions, it is
shown that their asymptotic form depends only on the mean
particle number (and velocity distribution) rather than on
the details of the inhomogeneous initial distribution.

The asymptotic behaviour of the solutions is analyzed.

Exact kinetic equations for the fgl)d

are derived for the
corresponding problem with an external potential for a
range of velocities of the specified particle which avoid
bound states. For the general i.v.p.'s mentioned above,
we may write down approximate closed equations for the
delta-function part of the one-particle r.d.f.'s. These

equations for the periodic case are compared with the above

exact case.

Returning to the problem with a single specified
particle we show that, given f;l)a(t=0) > 0 (£0), then

under time evolution governed by the exact closed kinetic

(t) > 0 for all t > O.

equations, fél)a
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3.2 EXISTENCE AND UNIQUENESS OF SOLUTIONS OF THE
HIERARCHY EQUATIONS : BANACH SPACE FORMULATION.

As in the last chapter, we prescribe that the specified
particles at t = 0 should be labelled n; . i=2,...,N where
particle n, has initially position Xi and velocity Vi’ On
physical grounds, we know that the delta-function behaviour

of the r.d.f.'s must be of the form

(m) . g .
fj (zl,...,zm,t)
=m£l I ) B i B sz at)
r=0 Fa e {Z,...mlo=1,..,r 9,1 kl ISE m
koo < kB fora < B
r
x = I §(z,_~2Z, (t) ) (2.1)
Ty elLz, .8 Y=1,...,c n=1 X0
LYy # L8 for y # 6
where Zi(t) = (Xi+Vit,Vi) and 6(z—Zi(t)) = 6(x—(Xi+Vit))6(v—Vi)
(2.2)
and féz;l’ is regular in all variables except possibly the
J

first. The initial conditions chosen must necessarily be of
this form. In fact, if the constraint (2.1) is imposed on
the initial conditions, then under time evolution governed by

the hierarchy equations, it can be verified that (2.1) is

@)
regl 3
regular and delta-function components as

valid for all time. may be further decomposed into

(p) N (p i
f P s (z.3...32 ;) = X £:P J'(z e..:2 3t) o S(z_-2.(t))
regl ., 1 P . J 2 P B
| i=1
+£P) izt (2.3)
regj AREEAN. .

It is possible to write down equations for the components

(m

of fj ). In particular, for £

(m)

reg
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B, m)
[Bt * Kj ] f;v:egj (2)Feceizit) (2.4)
400
_ lim o (m+1) g . o
ol J_oo dvm+l|vm+l vl| [freg(j) (zl,xl,vm+l,42,...,zm,t)
_ f(m+l) (2

regj l;xl'vm+l;"';zm;t)

with X = xl—Esgn(vm+l—vl)
(2) is discontinuous

except on the lines x. = Xi+vit where fr g

1

and satisfies

lim (m) + + lim _(m) = -
£ i fe s - 02 = £ L2t eeiZ <V,
E-o reg, (Zi’ ) %n £) E->o "reg. (Zl 2y “m S keer 1 VI
J j+1
lim (m) + + lim _(m) - -
iZ5ieesi2 ; = R RS A >
E o fregj (Zi,z2 z t) € 5o fregj_l (Zl z, z t ) for vy Vi
(2.5)

+ 4+
where (Zf,t_] = (X, 4+V.t+v_ E,t*E)
i i i 1

If we group together terms with a factor 6(zi—Zp(t)), then
it follows that

ffm) Sp (2 (m-1)

J 2 g

m
;,,,;zm;t)d(zl—Zp(t)) + z freg. 1

323z 38)8(2.~7 (1))
i=2 5 i m i'p

(2.6)
satisfies an equation of the form (2.4) and jump condition
of the form (2.5).

The Banach space formulation of the last chapter is

modified to prove the existence and uniqueness of the r.d.f.

‘ .32 3 t)

(n) /. -/.I [P B .
fj (zl,...,zn,t) for a specific i.v.p. Here (zl,.. "

is fixed and need not be in a precollision region of phase

(n)

space. We first consider the regular part of f£. /.

Existence and uniqueness for the delta-function part depends
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on the corresponding analysis for the regular part and this

will be considered later. (2.4) for m » n must be used.
The partial differential operators [é% + Kgm)] in (2.4)
Vi

may be converted to ordinary differential operators using the

following technique (Courant and Hilbert®® ). we

(m)

parameterize the characteristics of E% + Kj ] as follows.

Set

m

zl =z (s,zk'o) i,j =1, ,; £ =8
m m m
= 2.

where z, (O'zk,o) Zi,o ' ( 7)
Also z (t,zn ) = z! are fixed

k,o i

For m > n (2.4) be rewritten in the form (using symmetry

of the r.d.f.'s)

a (m) m m .
ds fregj (Zi(s’zk,o)’s)
1im ([t m m
E-0 J_w W1 Va1 vy (507 ) x (2.8)
f(m+l) (zm(s 7 ) ; -zm(s z" )ix_ (s z" ) v iz (s zm ) ; ;
reg(j) 177 %k, T T T R, 0T T k00 T Tkl 41T Tk ,0
m m
zm(s,zk'o);s}
(m+1) m m . .
- fregj (zl (s,zk'o), e cee } s)

(m)

. are discontinuous
regj

except on the lines XT

and satisfy the jump conditions (2.5).

(n)

In order to determine fregj(zl,...,zn;t) it is not

necessary to consider (2.8) on the entire phase space but

= X.+V.s where f
i i

only on the following restricted domain:



1

(i) n-particle configurations of the form Z?(s ,ZE O) i=1,
4

.\ i s .
. . } 3 n+1l
(ii) (n+l)-particle configurations z§+] 2
n+l;o$sszl

n+tl, 1 n+l n, 1
where z, (s, z .
i k,o

n+tl, 1 n+l, _ n, I n . _

and z1(s7yzy ) = (x3(s7,2y ) —Esgnlv, 1=vy) v ,q)
(iii) (n+2)-particle configurations z?+2(s3,z£+§) =1,...,
14
n+2; oss3ss2
nt2, 2 n+2, _ n+l, 2 nd+l1, ,_

where zi (s ’Zk,o) =z, (s ’Zk,o) i=1l,...,n+1

nt+2, 2 n+2, _ ntl 1 _n+l, B
and z,,5(s7,2p ) = (xy “(sTyzy )-Esgn(vy ,-vy) v o)

(iv) (m)-particle configurations for m>n+3 are defined by a
natural extension of the above procedure.
Consequently for each time s : 0 € s < t, we confine

our attention to those m-particle configurations which are

m-n m-n /
of the above form for some s : s < s £ t. These may

be specified in terms of the corresponding initial phase

associated with the m-particles i.e. (zm Fesoy

. m
points z
i,o

k,0

m b A, o -~
z ) € Cm(s). Then Cm(s ) ¢ Cm(s ) for s” 3 s

m,0

an

The advantage of the restriction to such a domain is
that the time evolution operator will become bounded

primarily as a result of the following property which bounds

m m
vy (S’Zk,o) on Cm(S)-
n
If |v_| » max |v,]|, then
m . 1
i=o

m-n+1 m
(s

z Z
m ""k,0

)

m, m-n+l m
SO vl(s ’Zk,o) £ v (2.9)
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i.e. in (2.9) the particle at 22 does not interact with the

: -n+ - . .
particle at z? for o € s* . < s ™ under the m-particle

motion where only the interaction between the particle at

ZT and the other particles is taken into account. This will
n

not necessarily be valid when |vm| < max | vyl
i=1

In the following analysis we first prove the boundedness
of the time evolution operator from (2.9) and this is then
(n)

used to obtain an existence and uniqueness proof for fj i

If we define the vectors

(m) A y
freg—l(s) f(n)(s)
£ (5) = £ (o) |anat sy = |
‘reqg'®! T reg 0 and treg'®! ~ f(n+l)(s)
(m) ~req
f (s) i
regtl : (2.10)
then (2.8) becomes formally
d _ m
agfreg(s) - =S (zk,o’s)°freg(s) (2.11)



together with a jump condition across the lines of
discontinuity.

Existence and uniqueness of the solution for the
abstract Cauchy problem corresponding to (2.11) are proved.
The form of the solution given here is similar to that of
the abstract Cauchy-Kovalevska Theorem (see Treves *° ).

Consider a bounded, piecewise continuous vector valued

function (whose discontinuities are fixed w.r.t. xi o)
I

denoted by h (s) The components h(m) (zm(s z ) :s),mxn

Y ~reg B p regj i ’ k,o ’ riti2lly
are defined for zM e C (s). For t » s” » s, set

k,o m.

re ess su h:f'len) (ZI:iI.I'(S’zI}: o) is)
h(m) (s) g - suwp P ) 95 ! (2.12)
~reg s s” 3 zk OECm(s ) mel ™ n

! ! p T hiv )

k=1 k,0o
where h ( ) > o is a continuous function normalized to
; +oo 2 ;

unity and such that j_w dv h(v)v® < «», Next define

eg o reg
h 1
||~reg(s) “; 1:s” = L — B E_—éz) B>1

e m=n m Iilp;g”

reg reg
and Ih (s) = SW L h(m) B>o (2.13)
~reg B,m;5” m3n mﬁ ~reg|| -

. reg . _reg
The spaces Dg{ ) ,q- corresponding to Il |E,l(w);s’ <

are Banach. An element of the space Dge%(w).s, may, by
4 ’

restriction of domain, be regarded also as an element of the

reg
Brl(=);s™

We now undertake an analysis of the linear operator

Space D for s ¢ s < t.
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g(zﬁlo;s). Clearly for s’ 3 s, g(zﬁlo;s) . Dge%(m) .
reg
D -
B,1(x) ;s

preg = U
Suppose lfreg(S) € B 1 () ;s and set greg(s) = g(zk,O,S).lgreg(S),

then using the inequality

ess sup h(m+l)(zm(
reg, 1

szm Y -zm(s 2z )-xm(s B ) v ;2 (s 2z );
Ik’ol"'ln ’k,O' 1 ’zk,O Im+ll n+l rklol-o-

m J

k, eC (s7) T .
p I h(v, ) . h(v )

Vm+l€R k=1 k,0 m+1

ess sup h {z, (s,z, ");s)

m+1 3j
zk ,oscm+l (s) nt+l

for s” % s, (2.14)

it follows that

reg

( )

reg

(s) )

ess sup m
<
.S m 2f av w1 V1771 (57 2,0 Py
m;s z eC (s)
k,0 ' m

r

h(m+l) reg

reg

(s)
m+l;s

, (m+1) reg

reg

< 20Lh(v*) (s) (2.15)

m+l;s

n
where v* = Ti;{ lvi‘ and och(v) = IZ aw|w=v | h (w)

In (2.15), we have used that ©ss sup m
m [v (s,z )I < v*
zk EC (s) k,o

which is a consequence of (2.9). TFrom (2.13) and (2.15)

B
1
lg__ (s )ll’Eeq < 2[——“*] a, (v¥) . || n
regd B,Ll();s” n N -

reg

(s) || B,1();s (2.16)

reg



sup

B
reg n+1
ogsss gt l g(S)”B,l(“’);s,s’ € Z[T] Oy, (v*) (2.17)

So

From (2.17), we deduce that there exists a solution to the

U (C (s)s) given formally by

4 1
Cauchy problem for osgs<t in ocs<t Cn

@ S S
. s m 2
f (s) =63 F_ Jodsmgz(sm)fo dsm—lg(sm—l)"'fo dslg(sl)]'freg(s—o)
~ reg =0 i
(2.18)
where(p takes account of the jump conditions and is defined
(m) _ (m)
as follows (7 ( ooyt (8) = (g (s) where

j—K(Xl,Vl;S)
K( ) is defined in section 2.8. The precise meaning of the
integral part of this expression is given in Appendix C.
Convergence of the r.h.s. of (2.18) and its derivative
with respect to "s" may be proved using (2.17).

To prove uniqueness of bounded solutions, suppose that

o) . - . o _ _
Ereg(s) is such a solution of (2.13) with greg(s—o) = 0

and where, for convenience, we neglect the jump conditions.

We show that fgeg(s) = o, OSSSE. From integration of (2.11)

o
~reg

(o]

@ = fast gen L £l

(s™) (2.19)

(2.19) may be iterated to yield

s s

o s m 2 Kol
Ereg(s) - [Iodsm g(sm) jo dsm—l g(sm—l) "'fo ds1 g(sl)] Ereg(sl)
for m=1,2,3,... (2.20)

From (2.16) and (2.20)

B m
[2 (R:Tl'-) OLh(v*) s]

eg
| £© (s) reg < sup £© (s )'Z
h reg H B,1(x);s m! oSslSs reqg 1 B:l(‘”);sl
> poas m > @ (2.21)

N ed = <sgt required.
SO llgreg(s)lé,l(w);s o, o<sst, as requi

69.



To obtain the complete solution to the problem, we must
determine the existence and uniqueness of the delta-function
part f;n)SP(zz;...;zn;t). The construction of the solution
shall be similar to that for the regular part except that
here the initial data is not specified at s = o. We
confine our attention to m-particle configurations Cm(s)
where zy = (xp+vp€,vp) at s = t. Let tk be the solution
(if it exists) of
X, + Vot = X, ~Vy by o<tk<t3 k=2,...n (2.22)

~ _ _ max
where z, = (xk,vk) at s t. 1If Eyx k=2,,,,,ntk'

then
for tk* £ s £ tc the particle at zy at s = t has not
interacted with any other particle for all configurations

in Cm(s). So if we consider the equations for

(m) Sp n (m-1) A
£ (zz(s);...;zm(s);s)6(21(5)—Zp(s))+i£§regj (2, (&) 5e iz, (8) s
vz (5)38)8(z, (s)-2_(s)) (2.23)
m i P

in Cm(s) for t, , < s < t, only the first term in (2.23)

is non-zero and the equations for f;m)ép take the simplified

form
Jé—fmGP(x ~V_(£=8) V. i.eenix_—V (t=s),v ;s)
ds j 2 2 72 “m m “n'

€20 /- m+l' ‘m+l 1

(m+l) (SP : ? —- ,

- i jieeeiX — - H + - -
[f(j) (x2 v2(t s),v2 X vn(t s),vn (Xp Vps) vm+l;xn+l»vn+l(t s),
vn+l;...;xm-vm(t—s),vm;s)
(m+1) 6p ’ 3 . .

£, (xz v, (E=8)5vyi e .. iS) (2.24)

where X = X -E€ sgn(vm+l-vl)

(2.24) may be written in the usual vector form as
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a
ds~

J

£9P(s) = c(s) . £%P(s) g, < s <t (2.25)

k* S

It is necessary to specify the value of the function f6p(s)

at s = t;* To do this, we must reconsider the equations
for (2.23) in a neighbourhood of s = tew 3
2 g Hm®@(mu”m(ms)a@(ma(m)
9s j j 2 ! m 1 P
2 _(m-1)
+ Do ((z,(s)i.eei2, (8)i..0i2 ()3s) 6 (zi(s)-ZP(s))]
i=2 Jj
= other terms (2.26)

Integrating (2.26) over such a neighbourhood gives

lim _(m)dp . R
E+o T3 [zz(tk* P2pn (G ""'zm(tk*)'tk* ] (2.27)
_ lim _(m-1) . , , st
=€ 5o fregj [Zl(tk*) ,z2(tk*) ""Zk*(tk*)'""Zm(tk*)'tk* ]
+ -
where zk*(tk*) = (xk*(tk*)+vk*e,vk*) and Zl(tk*) = (xl(tk* 1ok Vi )
and:ﬁ}tk*)-xk* )_'xﬁHGFk . So we must solve (2.25) with
initial condition (2.27) in Cm(s) for t ., <€ s < t.

The solutions are found in the space of bounded, piece-
wise-continuous vector valued functions (whose discontinuities

are fixed w.r.t. xi) denoted by hGp(s). The components

hgm)sp(x.—v.(tls);v.;s], m > n are defined on C_(s). This
j i i il m
space is Banach under the norms given, for tk* £ s ¢ 87 g tz
by
( o} hfm) GP(X.—V. (t'—s) /. ;s)
h m)ép(s) _ Sup ess sup 3 i i i
ol , 3 ziecm(s ) o1 ™
0 I hv.) (2.28)
. 1
i=2
or °YP

esssup replaced by esssup I
» 3
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and [1%P(0) 11 5 1,6~ = 2 2™ @Iy . : 8>
m=n m
(2.29)

é $ 1 m) § $
TSNS J EVENL ST PN
m

S

Denote the corresponding spaces by DB 1 () . for B as in
. 14

1S
(2.29). With respect to these norms g(s) is a bounded

-

linear operator from Dg 1( . for s € s”. The unique
[4

©) ;s

bounded solution to (2.25/7) is given formally by

o0 s S
Sp s m
E (s} = I ft dsmg(sm)Jt dsm—lg(sm—l)'”jt
m=o0 k* k*

-+
2 dslg(s ).fap{s=t &)
K = 1~

k

¢

for tk* s gt (2.30)

. Sp e + 8 o
noting that £ 7 (8=t ,) € Dg y (o), trx-

It is instructive to test the consistency of the above

/

3;t') as shown

approach, for example, with n = 3 and (zi,zé,z

in the diagram.

Only the first term in (2.23) gives a non-zero contribution
for tk* = t2<ssf. Here fgm)ap satisfy equations (2.24)

with the jump conditions (2.27) employed at tk* =t For

9-
(m-1) . ] . . -
ty<s<t,, only fregj [zl(S),Z3(S),---,Zm(S)rS)S(Zz(S) Zp(S))
gives a non-zero contribution in (2.23). However fég;l)
J

has been previously determined by independent analysis.



The equations here for t3 < 5 < t2 are identical with those

used previously. It is necessary however to check the

consistency of the jump conditions at s = t3. From (2.26)

lim (m—l) + i . . . +

cvo Freg, (21(tq) 7 250t sz (£5)5 t3) (2.31)
_ lim _(m)d8p¢_ - . . . L -

=ero0 I3 (z5(t) sz 0t5) e eniz (£3) 5 t5)

i + =
with z,(t,) ={g3—v3(t—(t3+e)),v3],z2(t3) = [x3—v3(t~(t3—E)),v3]

But from (2.5), since v, < Vp,

3
lim (m-1) f + . . ] 7t
€+0 ‘'reg. [Zl(t3)'z3(t3)""'Zm(t3)’t3]
J (2.32)
. (m-1) [ - ~}
_ lim £ z . (t);z (t));...;z_(t,):t
= £vo regj+l 2°7°3 3°°3 m 3 3

That (2.31) and (2.32) are compatible follows from the

impenetrability condition (2.18) of Chapter 2.

3.3. COUNTABLY NORMED SPACE FORMULATION.

The existence and uniqueness results of the last section
are derived in a somewhat more unified fashion here by

working in the topology of a countably normed space (see

Gelfand and Shilov '’ ). The countable set of norms is chosen
lim (4
so that operators of the form - —wdvn+llvn+l_vllx ... are

bounded on the entire phase space. The unbounded behaviour
of this operator is similar to that of the multaplicative

operator v, so we must ensure that an element of the function

i

space when multiplied by v, also lies in the space. This is

1

p

1 weighting in the countable set of

achieved by including a v
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norms.

A similar problem arises in quantum mechanics where

74,

the countable set of norms is chosen to make the multaplicative

operator "x" bounded

norms is similar to those discussed above.

(see BShm®

8).

The structure of these

Boundedness of

the time evolution operator shall make the existence and

uniqueness proof much easier.

by 2, = 25 (s z ) and t =
(n) _ (n)
fregj(z it) = fregj(z (s, z

(2.8) together with jump conditions (2.5).

n
s where zi(o,z

Again we parameterize the characteristics of[ii
e
i

ot

n

Pasop 5O 2

1O

O

14

(n)]

O);s) satisfy the equations

The following

countable set of norms is chosen for the space of vectors

with bounded piecewise-continuous components

o);s) where the discontinuities are fixed

h
~reg
(n) n n
hreg.(zi(s’zk,
J n
w.r.t. Xk, .
(n) == max sup esssup
IIIlreg ||n'p Cospsp J oz
7 < < k,o
-}00
eg 1
and [r = I =
reg L:p n=1 nB
b, JFe9 =S92
~re9 ' p orp n3l| B
(4 ’
-]
—C_._._.
where h(v) = 0 %—ﬁ‘e th
th

These norms are compatible and comparable

Pﬂ
v (s,zn )
LY, @) (P(s,2” )is)
vth regj k,
n
I ph(v. ) (3.1)
k=1 k,o
(n) 7
n
Ereg E : B > 1 (3.2)
P
eqg)
hégé E B > o
P
Y

as|v|+e for y>1 and ]t:dvh(v)

(c.£f. BOhm

(3.3)

58) and

thus may be used to define the topology of complete countably

1



normed spaces (denoted D

reg c.n.

B, 1(w) )

The hierarchy equations are written formally in vector

notation as

d

et (8)

~reg

(g)'greg

20 >

(8) where § =

PVen®r

-1
(pviy) 7€

~

{9

(3.4)

together with the usual jump conditions. We show that C(8)

reg c.n.

is a bounded operator in the topology of DB 1 (w) Clearly
?
A reg c.n. reg c.n. reg c.n.
C : D +D Suppose h eD and set
5 TR 1(w) B, 1(e) PPOSE Zreg® g, 1(=) €
greg - g(gygreg (3.5)
Then vn(s,zn )P
ess sup 1 L K (n) {n
z,. (s;z );:s
n | v reg.l i k.,
z th J
k,o
n n
II ph(v, )
k=1 ks
(-1 40
> sup vth ]_w dvn+llvn+l_vllh(vn+l) HP,+1
-~ V V - j
b U N s
V¢h Vth
L
sup | _1 4 -
¥ v vthj—°° dVn+l Vn+l--vll h(Vn+l) ’ Hj
1
< 1
vth
sup v_lI;w av |v -V | h(v ) - -
b1y th V1 “Vn+1!Vn+17V1 n+1l [Hp +1, P +1]
1 51 vy 341 j-1
th ‘ Vih
( - =
sup =1 oo P P
+ —
v, Vendv, a1 Va il ROL) [Hj+l * Hj—l] 62100
——l<1 )
Vth .
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where HE
J
n k
vitsa e (Pior )l s,e ) v )
ess sup Vih regj 1'77"%k,0" "1k, 00 " 'nt+l’ is
) Zn a n
k,0 ph(vn+l) 'H ph(vi' )
i=1
(3.7)
We need the inequality
vn+l{ Zn+l) o
1 ‘*"% .0 (n+1) [ n+l, n+l
. (Z. (s,z )ls)
k  ess su Ven regl 1 k.o
H, < o e (3.8)
J Zn+l nH ho n+l )
k,0 2P o
i=1
n n+1l
where we have noted that v and v equal v. for
k,0 n+l j,0
ur n n n n - _
some j if we set (Zl(s’zk,o)’xl(s’zk,o) ’Vn+l"") :
n+l n+l .
zo “(s,z. )i...). From (3.8) it follows that
1 k,o
reg B reg reg
1 9reglle, @i 2 C(Vth’h)'[” Bl 81 0 ¥ 1 Brell 8,100 ;p+1)
(3.9)
=1l =1+
where C(v,,/h) = Vin) odw|w-v  [ntw) + 2v [, awlw-v , [h(w)

th

From (3.9), g(s) is bounded (or equivalently, continuous) in

reg c.n.

Brl()

To handle convergence considerations in the existence

the topology of D

and uniqueness proof for solutions to the Cauchy problem
for (3.4), we also need the following result : there is

K > o such that 1

K(n1)Y Il h €g

reg
~regll]é,l(w);p (3.10)

1y g llg, 1 () 1pim

IN

for all n, where y is given in (3.3). The solution to the



Cauchy problem has the form given in (2.19)

(o]

e~ (A) _@ Z ‘fg dA 8(/\ )fgm dé
~reg' o) T _oUo ®n % °m' o m-1

(3.11)
That (3.11) is Cauchy follows from the norm inequalities

reg

~ o] g g
8 = A m A £ 2
” [Io s, S5y fo N R "IO 1 g(gl)] . Ereg B,1(®) :p

B 8§ &
£ 2 C(Vth, h) . ]o dsm X
8 ~ § = reg
m 2 A A \:
(f™ag c8 ) ... [ a8 c@B)) . £
[ o) m-1lz" m-1 o 1l =x"1 ~Yeg B,1() ;p
. (I,S\m A Ié\z ~A ] cg
+ ds c(8§ ) ag. c(s)) . £ r
o) m12" m-1 o) 1 =""1 ~Yeg B,1(x) ;p+l
(2B+1C(vth,h)§]m max “ £ | eg
< = ' ogngm ! lreg I]B:,l(m) ;ptn (3.12)
Since Dge%(gin. is complete, (3.11) is convergent in the
. r

countably normed topology to an element of this space. Next
we must check that term-by-term differentiation of (3.11)
is valid and that the result is equal to éfé).freg(é).
It can be easily checked that the term-by-term differentiated
series is uniformly convergent with respect to time on any
finite interval. The result then follows as a simple
generalization of the proof for scalar function valued series.
The jump conditions are easily checked separately.

Uniqueness comes from an analysis similar to that of

section 3.2.,(2.21) for a solution of the Cauchy problem

with zero initial conditions is used together with the norm
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inequality (3.12).

The above approach could be adapted to handle also the
delta-function part of the r.d.f.'s. We would need to take
account of the delta-function component in our choice of

each of the countable number of norms.

3.4. ANALYSIS OF f(l)é FOR THE I.V.P. WITH A SINGLE
SPECIFIED PARJTICLE.
Exact closed equations for f;l)a are obtained for the

i.v.p. where a single particle "o"has specified position

x = o and velocity v~ and the rest are in a suitable
"factorizing" state at t = o. These states are constructed
as follows. We start with the state where the background

of particles is in equilibrium at t = o (and thus homogeneous).
Explicit initial conditions for this state are given in
Cﬁapter 2 (3.1-4). 1In this state certain factorization
conditions are satisfied. The particle specified at the
origin acts effectively as a hard wall. Since the particles
confined to x < o0 and x > o do not interact, there are no
correlations between these particles. So if jo > o,

o =1,...,mand k, < o,B = 1,...n, then

B

(mtn) (z.5;...;2 ) =f (z.;...;2 )f(n)

jl...jmkl...kn "1 mHn 3l...9m 21 m’ "k1...kn "2 )

o+l “min
(4.1)

(z

From Chapter 2 (3.4) and support considerations, we also

have the factorization condition

S jl...jm 1
31 32...3m < o 3
jo#jR for a#S (4.2)

(m) o
z £ . (z.;...52z) = 1
m —i
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in terms of the symmetrized r.d.f.'s for x 2 o.
An inhomogeneous state is created by switching on an
external potential for a certain period of time while

specifying that particle "o" should remain at the origin.

We examine the time evolution of the symmetrized r.d.f.'s

(m)
L fjl...jm corresponding to the semi-infinite

jl...ijo
systems X 2 o bounded by a hard wall at the origin. Since
these distribution functions are symmetrized, they describe
the behaviour of the corresponding systems of unlabelled
particles. As observed by Jepsen40 and Lebowitz & Percus
such a system is equivalent to a one-dimensional ideal gas
of point particles (confined to x 2o by a hard wall).
Consequently the symmetrized m-particle r.d.f.'s remain
factorizable as a product of the symmetrized l-particle
r.d.f.'s. So (4.1) and (4.2) are still valid. If we choose
for our initial conditions the value of the r.d.f.'s when

the external potential is switched off, then

n
f(n) (Z.;...;2 ;0) = f(l) (z.;0) 1 {Z f(l) (zi;o)} (4.3)

o 1 n o) 1 i=2 |kso k

using (4.1) and (4.2) for the initial state. If we consider
the delta-function behaviour in Z, at t=o, then it is clear

that for j#o

(n) i . _ 2(n-1) . . (1) . -
fj (zl,...,zn,t) = fj (zl,...,zn_l,o) [ X fk (z ,o)+(5(xn)6(vn v )‘
k#o
(n) . .
+ gj (Zl,---,Zn,O) (4.4)

where ggn)(t=o) is regular in variables Zq and z_ - A
suitable limiting procedure must be adopted when considering

points with delta-function or discontinuous behaviour



(see Chapter 2). In fact (4.3) can also be expressed in
the form (4.4) provided we adopt the above-mentioned limit
interpretation. Consequently (4.4) may be used for all j.

The initial state has been prepared to satisfy this
partial factorization result which shall be crucial for
the following analysis. The factorization result is first
extended to precollision regions of phase space for times
t > o and then used to truncate the hierarchy for the

delta-function part of the r.d.f.'s.
(n)

The definition of gj is extended to times t > o

n
by writing, for n » 2, f; )(zl;...;zn;t)
= f?n—l) (z.:...:2 ;t) .| & f(l) (x =-v t,v ;0) + 8(x -v )8 (v -v)

1 n-1 k n n n n n
k#o
) L, —

+ gj (zl,...,zn,t) (4.5)

with a suitable interpretation of points of discontinuity

or delta-function behaviour. For our purposes fgn_l) in
(g—l) &

(4.5) could be replaced by fj where j depends only on

va—vut and j# = j when xl-vlt = 0. We confine our attention

from now on to the precollision regions of phase space R;

defined in the last chapter. g{n) satigsfy the same set of

equations as fgn) here with(g% + Kén)] replaced by
n
9 = L V. 2 . Since these equations are invariant on
ot j=1 1 Bxi

precollision regions, they may be integrated along the

n
characteristics of = L v, P in some region
ot j=1 1 90X,
t . (n) . .
U (rR_,t).since g. is regular in z, and z_ at t = o,
ostgt P J n
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(n)

it follows easily from the hierarchy equations that gj

are regular in zq and z throughout precollision regions.

In particular ggz)(zl;xl,vz;t) is regular for all € > o,
t > o.

This is the main result used in the analysis of the

(1)

first order hierarchy equations for fj . Upon substitution

(2)

of the factorized form for f , we obtain

] 9 ( ) _ (1) _ 1) .
fﬁf + vl Bxl] 3 (z i E) yf(x N t)[ 1( l,t) fJ (z l,t)]
(1) (1) .
+ Bf(xl,vl t)[ 1 (217 it) - f:| (zl.t)]
- - (1) . _ (D) .
H(v —Vl)(v —vl)(fj+l(zl,t) fj (Zl’t)]
lim . o
4-€+0 50%_— vit) . +
- P (1) . _ (1) .
H(v =v') (v -v )[fj_l(zl.t) fj (zllt)]J
lim (4o (2) (2) T .
4-690 f_w dvzivz—vl| X [ i )(z ,xl,v ity - gj (zl,xl,vz,t)] (4.6)
Sl
where Yf (xl,vl;t) = f_w dvz(vl—vz) f (xl—v2t,v2;o)
and . R, (x.,v.;t) = f+w av_(v,~v,) £ (x.-v_t,v._;0) (4.7)
o f 1771 Vl 272 71 1 277727 ¢
with £ = % f(l) . Since the last term in (4.6) is

k#o S

regular, we conclude that the term exhibiting explicitly

the delta-function may be replaced by the jump condition

1im (1)
Er0 T3

_ lim _(l)

vt ”g'vl;t) Evo T+l

(v’t+£,vl;t) (4.8)

The resulting equation is satisfied everywhere except across

the line xl=v’t where f;l) have a simple discontinuity given

by (4.3).

81.



In the following we consider only the delta-function

(1)

part of fj . Consequently we make the decomposition

fjfl) (2,5t) = f;l)d(v',t)5(xl—vlt)5(vl-V') ¥ fffiéj (z,7%) (4.9)
where fél)ﬁ and féég. are regular. Substituting (4.9) into
J
(4.6) gives uncoupled equations for f;l)ﬁ and féé;j.
In particular for fgl)é, (4.9) yields the exact equations
2 MO0 =y, 070 [f;})l‘s(v’,t) - f;]')a(v',t)]
+ Belviit) & [f;i)lﬁ“’"t) - fjgl)d(""t)] (4.10)

where Yf(v',t) . Yf(v’t,v’;t), Bf(v*,t) = Bf(v't,v';t)

These are the equations that we shall analyse throughout
the remainder of this section.
The initial conditions associated with the problem

described are simply

(L)s, . =
fj (vi,0) = aj,o (4.11)

Consider now a class of i.v.p.'s, labelled by N, where the

. . 3 (m)

1 n2n . . .
r.d.f.'s for particle "j" are given by fj_N(zl,...,zm,o).
If we take an arbitrary convex linear combination of these
initial conditions, it follows that f;l)s will still

satisfy (4.10), but now we have the more general initial

conditions
(1) 6 e (s
fj (v”,0) » o for all j and I fj (v7,0) = 1. (4.12)

jo-eo

A conservation result is easily derived from (4.10) by



83.

summing over the index "3j", namely

400 -+oo

r £8 = 1 £M w00 =1 for all £ 30 (4.13)
j=_'°° j:—oo

i.e. there is a probability of one of finding a particle at
X, = v’t given that this is the case at t = o.

The equations (4.10) can be solved by Fourier transform
techniques described by Anstis et. al. *?’. However, the
analysis developed below will exhibit more clearly the
structure of these equations. First let us consider the
case of an homogeneous background of particles with velocity
distribution h(v) (normalized to one). So f(z;o0) = ph(v).

This includes the case of quasi-equilibrium initial

conditions. From (4.7)

-

. _ L v “_
Yon (Vi) =y (v = of  dw(vi-w) h(w)
oo (4.14)
Bop (Vit) = B (v)) = pf,- aw(w-v”) h(w)
(4.10) may be written in vector form as
4a (1)s _ .8 (1)§
where f(l)(S is regarded as a column vector in the sequence
space ll with components f§1)6. The 11 norm is defined by
(1)8 i § . .1 .1
H f |‘ = I |fj l. C” : 17 » 17 is a bounded,
= 1 o =
non-compact, linear operator (see Taylor °’ ). 1In the usual
matrix representation C6 = (Ci4), we have
= J
6 e e ” - e P
Co5 = Bon (VI8 1 s YLV (Bph(v )+Y (v )) 85,;  (4.16)
8

We next determine the spectrum of C° as this will



provide a qualitative understanding of the nature of the

approach to equilibrium. Let o(.) denote the spectrum of

an operator so o( ') = P of )6Ro( )ﬁCc( ) where Po(.), Rg( )

and Co( ) denote the point, residue and continuous spectra

1l

(resp.) Define the bounded linear operator gg on 17 by

gszca..

co = (v + Bp) I (4.17)

It will suffice to determine the spectrum of gg.

First we prove that PO(gg) is empty. The eigenvalue

. ; $
equation in component form for go becomes

. 1
= ..t . 1
Afj thfj_l Bphfj+l for all j, £(#9) €
(4.18)
8 IR
Define the (continuous) function n((8) = I Z Jfj .
j:—oo
n(6) is not identically zero by Parseval's formula.
Transforming (4.18) gives
{s_ +10 -%6 .
[l (the + Bphe )]n(@) o) (4.19)

A contradiction is obtained from (4.19) by considering the

range of "6" for which n(6) # o, since th, Bph > o and
A must be independent of "8". Thus Pc(gg) = &

To determine the other components of O(Sg)r we
considér gg ; the Banach space adjoint of gg. gg is a
bounded linear operator in the dual space 1" of 11 (i°° is

the space of bounded sequences). In the usual matrix

representation QG = (CG ..), we have
Zo o 1ij
o R T T (4.20)
o ij oh "j-1,1 ph “3j+1,1i :

To proceed further an alternative characterization of the
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spectrum is used. For a bounded linear operator ¢ on

a sequence space 1, define the compression spectrum to be

r(G) = {1eC : R(AI'—Cz;) # 1} (R = range) (4.21)
Then R = T'\Po (see Halmos °° ). Consequently c(gg) =
Co(gg)UF(gg). However since we also have F(Qg) e Po(gg ),
8 Sy o §° '
= g g
O(QO) C (go) U P (go ) =

We prove that Co(gg) is contained in the ellipse

i . _ +16 -fo . _
E={)eC: X -= Yon ¢ +Bphz : 8elo;2m}

(4.22)

From the corresponding analysis for Qg on the Hilbert space

12 2 11 (Appendix D) , Cc(gg) = E in 12. Now suppose

A e Co(gg) in 11. Choose €& > o and ys:12. We may write
9 =y & §y where Y, 1 has only a finite number of non-zero

1

r

entries and || 6yl|l, <€/2. Now since X ¢ Cc(gg) in 1

there is x 1 in 11 such that |l(k;—gg)x11-y11|h <E/2.

8 8
so || OL-¢x vl < I OL-gdxamyafl + [ yll< €
since ||4|, < |||} and consequently X e Cc(gg)in 12
A 1
Hence Co(gg) c E in 1 .
To complete the analysis, we determine Pc(Cg ). Let
x(#0) € 17 be an eigenvector of Qg corresponding to the

eigenvalue A. The jth component of the eigenvalue

equation becomes ij = thxj+1

this equation to one in a generalized function space Q~

+ Bphxj—l' We transform

(for a suitable class of test functions Q). Define
+o0 AR
z(8) = = elejxj e Q” (4.23)

j:—oo
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For example, in the space of tempered distributions, the

above series converges to a generalized function r if and
only if Xy = O(|j|N)for some N as |j|+= (see Lighthi;lﬁl)a
Furthermore X # o in 17 implies ¢ # o in Q°. Transforming

the eigenvalue equation gives
-ie +10 N .
[A (the + Bphe )]g(e) = 0 (4.24)

If A # E, this equation has no non-zero solutions ¢ € Q°

(a contradiction). Therefore Po(gg )C E. Suppose
_ -Tg* +10* N
A= th e + Bph e for some 6* ¢ [o,21](so X € E).
The corresponding 7 eigenvector is given in component form
1 -iexy . : 8%y _
by xj = 5 e (j an integer). Consequently Po(go ) = E.

In conclusion

o(ga) = Ra(ga)

={re C A = (th + Bph)(cose—l) + (th - Bph)l sin6:8elo0,27m]}
(4.25)
Returning to the general case, we rewrite (4.10) as an

1
1 equation

a ()8 _ .6 (1) 8
I £ =c(t) . £ (4.26)
where in the usual matrix representation Qa(t) = (Cij(t)),

we have

6 - V » A - - ”
Ci3) = B V08, ) L+ (VRE, (B (v B)+y (v ,t))sj'i

(4.27)

Using the commutation property (verified by direct calculation)

ey, ¢®t)| = o for all t,ts o. (4.28)

and the Baker-Campbell-Hausdorff theorem, it follows that

the solution to (4.26) is given by



ey 4 = exp[[jtdt g 1 t] | 5{1)6(""0) (4.29)

(l)cSi

The behaviour of £ n time is determined by the

spectrum of the operator %jgdt’ga(t’). From (4.25), we

may deduce that this is given by

0[%f§dt’ca(t’)] = Ro[—f at” c (t” )]

av, . av, . av, . av, .
= {XEC : A= [Yf (v ,t)+Bf (v t))(cose—l)+{yf (v ,t)—Bf (v ,t)]
% 1 sind : 68[0,2ﬂ]} (4.30)
av, . 1.t - . - av, . 1t . .
where y' (v ,t)=€fo dt™y (v7,t7) and 81V (v7,t) = —Efodt B (v7,t)

For such A, Re A < o, so the solutions of (4.26) decay

towards equilibrium.

For a special choice of initial conditions, we consider

the asymptotic behaviour of Bf, Yg as t » », Suppose for

Jj # o, f;l)(zl;o) e f?(xl;o)h(vl) with h( ) as in (4.14)

and with f° = g f? (C-1) summable on (o,») and (-»,0) to p.

j#o
f? could for example be the spatial part of the equilibrium

(1)

distributions f under some external potential. 1In this

case
”

Yf(v”,t) = ffw dw (v’—w).fs[(v”-:w)tW h (w)

7

(4.31)
Bevi, t) = (17 aw (w—v').fs[(v'—w) tjh(w)
Bf(v’,t) has the form
(v t) = 1 [0 ay e(D£3(y) (4.32)

where G(x) = xh(x+v~’) ¢ Ll(—®,+w) and £° is bounded and
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strongly measurable. Define a class of functions Gl(r) €
W(o,») c Ll(o,w) by the requirement that fsz TxiGl(T) # 0
for all real A. In particular Gl(T) = H(l-1) € W(o,»).

The asymptotic analysis of Bf(v’,t) shall be achieved using
a Tauberian theorem proved by Wiener °? (see also Hille®?).
If‘Gl € W(o,»), Ge 'ﬂwo,w) and £f° is bounded and strongly

measurable, then

lim 1 4w Yy £S _ 400

tow £ Jo & G () =a [ dy 6 (y) (4.33)
. . lim 1 +o0 S +oo
implies tse & Vg dy G(%)f (y) = a jo dy G(y)

The theorem may be proved by noting that the dilations about
the origin of any Gy € W(o,») are dense in Ll(o,M). Making

the choice of functions indicated, it follows from (4.33)

lim - _ - e .
that =5 Bf(v B = Bph(v ). A similar analysis shows that
lim Yelvi,t) = v (v7) So for this case, the form of
t_>°° f r ph . !

the governing equations (4.10) in the t+» limit depends
only on the details of £° through p i.e. the details of the
inhomogeneity of the initial distribution do not affect
the asymptotic nature of the approach to equilibrium.

Also since Bf(v’,t) (resp.yf(v‘,t)) must be (C-1) summable

- » lt ;64
to Bph(v ) (resp. th(v )}, the set G[Efodt c(t )]

approaches ¢ (gé) as toe,
A detailed analysis of the nature of the asymptotic

approach to equilibrium may also be made. Specifically

for the initial conditions fgl)é(t=o) = Gj o’ the solution
14

of (4.10) by Fourier analysis is



89.

- 1 7

b = = av ,av
T 2 e

f;l)a(v de exp[i[(y Bf

£ )(sine)t—je]}exp[(Y;V+Bzv)(cose—l)t}

(4.34)
The asymptotic analysis of (4.34) as t » o is suited to

Laplace's method (see Carrier et. al. °*). We obtain

(L)ys, . 1 e ~r,_av ,av a ) 1 av, ,av, .2
fj’ (v7,t) = o= f_wde exp FI(Yf -B¢ )t-j]G) exp[—z(yf +B.)6 t]
(g -2 L (ve'-p2") e 35
N TS exp 7 exp |= ———— 4.35
g (Vg B3 | [ovg +83") £]” | 2(v3 +83)
as t >«

This decay is associated with a time scale "t_, ", the

th
mean free time. Correlation functions associated with the
delta-function part of the r.d.f.'s are usually derived from
expressions of the form

(1) 8

ft: dv’Cc(v”) fJ (v7,t) (4.36)

for suitable C(v”). The asymptotic behaviour of (4.34)
as t > o depends on the nature of Y;V * B?v as functions

of "v’" in this limit. For the above mentioned choice of

initial conditions where f(z;o) = fs(x)h(v), we have

Y?V(v’,t) - B;V(v’,t) nvopv” as t » = (4.37)
and ng(V',t) + B?v(v’,t) > const.(>0) for t sufficiently
large.

It follows that the major contribution to (4.33) for large "t"

comes from the neighbourhood of vZ = o. If C(v") voeov'? as

-

v® =+ o, then

tth
t

ft: dv’c(v”) fgl)s

as t » o«

_ Z+1
(v7,t) ~ k

(4.38)
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3.5. ANALYSIS OF fél)ép FOR THE GENERAL T.V.P.

The specified particles at t = o are chosen as in
section 2.8. The remaining particles in each cell
(Xi,xi+l) may be distributed inhomogeneously at t = o.
We require that the higher order symmetrized r.d.f.'s
for each cell should factorize as a product of symmetrized
one-particle r.d.f.'s and that there be no correlations
between particles in different cells at t = o. Such states
may be prepared by the application of an external potential
to the corresponding quasi~-equilibrium state (c.f. section
3.4). There should also be appropriate (C-1) summability
constraints on the initial conditions to ensure that the
mean particle numbers pd (resp. pN) exist for the
cells (-w,Xl) (resp. (XN,w)].

If Ty of the X, (i=1,2,...,n) lie in the cell

(XK'XK+1)’ then because of the above factorization property

N-1| Mk P -3+l

£ (n) (1)
f e .7 H = £ Z,;0) . 1 I [
na (Zl n o) no ( 1 ) K=1|5=1 Px
My #0
n N
x 1 r 8 .~X.)S ~=V.) + f(=z.
5 ia (xJ l) (vJ l) (j)
_ {n-1) .
= fna (zl,...,zn_l,o) 5 C(xz,...,xn)
N
X _Z 6(xn-Xi)6(vn—Vi) + f(zn) (5.1)
i=1
where here f(z) = X fél)(x,v;o)
k#no

o= 1,...,N



and C(x ;...;xn) =1 if Xn = X, for some k

k
PK—mK+l
P

if x e (X
R n K

rXg+1)

The numerical factor appears as a consequence of
normalization. A suitable limit procedure must be adopted

for the interpretation of (5.1) at points with delta-

function or discontinuous behaviour. If we write
(n) . o
fj (zl,...,zn,t)
e e e x| x §((x.-v_t)=X,}§ (v ~V,)+£(z_it)
j 1'°°"""n-1' i=1 n n i n i n'
(n) . co .
+ gj (zl,...,zn,t) (5.2)

again adopting a suitable limit interpretation where

necessary. ggn) satisfies the same set of equations as
£(n) 3 (n)) 4 3 2 3
i with {gE + Kj }replace by |w¢ + iil v, sgz on

precollision regions of phase space and the equations may be
integrated on such regions. It is clear from (5.2) and (5.1)
that here gén)(zl;...;zn;o) is regular in z and that the
coefficient of the delta-function part of gén)(t=o) with

respect to z, (denoted ggn)ép) has an order of magnitude

1
; £(n=2) (, . iz _;0) £(z ;o)min|0(1),0((n-2)€)
j,np 27" “n-1"' n’ ’
where E = mix ﬁL
i (5.3)

From the governing equations it therefore follows that, in

precollision regions, gén) will be regular in 2z and g(n)Sp

J
will be bounded by exponential growth from the maximum
initial value. Banach space techniques may again be employed

here to provide a rigorous analysis. The above remarks apply,



in particular, to g§2)(

zl;xl,vz;t).
If we make the decompositiocn
N

(z.;t) = L
= i=1

ffl) ffl)ﬁi

(£) 8 {(x)=v,£) =X, ) § (v, =V,)

+ f(l)

reg, (Zl;t)

(]

gsz)(z ;x;,Vz;t) = g{Z)Gi(

g CH 29 mfwf),wﬁﬂéﬂﬁfﬁﬁbxﬂéwfwﬂ

4 g

req, (zl;xl,vz;t) (5.4)

then (5.2) may be used to yield the following equation

d (1) 81 _ i (1) 61 _ (1) 641
TE fj (£) = vye(t) . [fj_l (t) fj (t)] (5.5)
i (1) 81 _ e (1)si §i
+ Be (1) [fj+l (t) fj (t)] + gj (t)
. 8i, , _ lim (te (2)8i -
w1t115j (t) =€ %o fﬂwdv2|v2—\§| “19¢3) ((xi+vit) ,vz,t) -
(2)8i -
a5 7 T (v, 07 v st
(5.6)
except for t=+t, , where fgl)si are discontinuous and
i,k Jj

satisfy the jump conditions (8.12) of Chapter 2. We have

set
. A
Y (8) = [ aw(w-v)) . £(X,+(V,-w)t,w)
BL () = L;z QW (V. ~w) . £(X * (V~w) t,w) (5.7)

Approximate kinetic equations for f;l)al

are obtained by
neglecting the last term on the r.h.s. of (5.5). 1In the

regime B, = NN 1 they will be accurate for
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np
o < pvtht << —5- (5.8)
40| i
Vih
For the case ., f(x,v) = Lefé(x)h(v), N<®, we have

=00

. V, ; .
Y (8) v opgf o aww-v)h(w, By (8) p_lf:j (v, -wh(w) as t > o
(5.9)
The periodic problem where the specified particles are

at x = KL with velocity v7 at t = o may be treated as a

subcase here. If f. = z £.2 and
3j°=7j (modP+1)
C. = pX C%., we may sum (5.5) over equal j (mod P+1)
J 4725 (modp+1)
to obtain
- - 8 -

4 M8y = c® v, L TP () + %) (5.10)

At = &f %
where f(l)ﬁ(resp.gs) is a (P+1l) dimensional vector with
components f;l)a (resp.gg) and

P . L= = L m Nt

Ce (Wit =g 4 + B8 = (gt Bg) ]
and §f (v2,t) = f?w aw(w-v’) £ ((v'-w) t, w) (5.11)

Be (Vv7,t) fi? dw(y "-w) £ ((v'-w) t, w)

(5.10) has the same form as (5.14) of Chapter 2 and thus
may be integrated in the same way. Note that the "P+1"
eigenvalues of gp lie on a time dependent ellipse in the
left half complex plane. In the t. 1. P, L -+ o, % = p,
these eigenvalues coalesce to form the whole ellipse, thus

recovering the result of section 4.
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3.6. A SYSTEM WITH AN EXTERNAL POTENTIAL.

We reconsider the problem treated in section 4 with an
external potential V(x) included. Initial conditions on
the r.d.f.'s are constructed exactly as in section 4, in

particular (4.3) is valid. For example, we could choose
g{n)
J

associated with the above potential (given that particle

(zl;...;zn;o) to be the equilibrium distributions

"o" is specified to be at x = o) provided such equilibrium
r.d.f.'s exist.

First we describe the delta-function behaviour of
the r.d.f.'s. Let x(t|x”,v";t”) be the position at time t
of a single particle moving under the influence of an external
potential V(x) such that at time t” its position is x” and
velocity v~ and v(t|x”,v7;t”) be the velocity at time t of
such a particle. Set X(v~,t) = x(t|o,v”;0) and
V(v ,t) = v(t|o,v';0). The delta~function dependence of

the r.d.f.'s is then of the form

§(x,-X(v",0)) ¢ (vi-v(vo,0)) (6.1)
f;n) here satisfy the hierarchy equations
n 3vi(ix.)
f% + g % e .33 ¢ () (2)ie0ni23t)
J i=1 °%j i) I
(6.2)
lim (4 _ (n+1) o . Lo
= o J av, vVl - {f(j) (ZiX,V ,qi2y7...72.it)
(n+1) A B
fj (zl,xl,vn+l,zz,...,zn,t)]
2 @, o B
Define fj (zl,...,zn,t)
= f(n_l)(z ) HE/ st) . G(X -X(v~ t))é(v' -v(v”~ t))
j l, e s o g n_ll n I n I

+ f(x(olxn,vn;t),v(olxn,vn;t)]]
(n)

+
gJ

(zl;...;zn;t) (6.3)



(D)

where f£(z) = I K (z;o). Since
k#o
n n ov(x.)
9 o _ 1 R S
['gf + .E Vi %X m .E X, v (6.4)
i=1 i= i

i
X [G(xn—x(v’,t)) § (vn—V(V',t)) + f[x(ol xn,vn;t),v(o|xn,vn,t))}
=0

(n)

it follows that gj satisfies the same set of equations
(6.2) as fgn) on precollision regions of phase space with
n

replaced by I v, =18 (and the definition of
i=1 L 9%y

precollision regions incorporates the effect of the external

g (0
j

potential). For a certain range of v given x, at time t,

1’ 1

the equations for g ;t) are invariant on such regions

(n)

;5 (
and thus may be integrated there. For the invariance
condition, we require that (zl;xl,vn+l;zz;...;zn;t) be in a
precollision region if (zl;zz;...;zn) is in one. A sufficient
condition for this to be true is that

X (—wlxl,v ;t) = sgn (—vl) © (6.5)

1

i.e. a particle at x, with velocity -v, can escape to

1 1

infinity (xl = sgn(—vl)w) so we are avoiding bound state

phenomena. For such v if two particles are at 24 and

ll
(Xl’vn+l) at time t, they will not have interacted in the
time interval (o,t) under two body motion with an external

(n)

potential. From the integration of the equations for gj

on such precollision subregions, we see that since

N - -
gj (zl,...,zn,o) is regular in z., and Zn’ the same will

1
be true of gén)(zl;...;zn;t) provided v, = Viy.”,t) lies

in the prescribed range (6.5).



This will be true if
X(v” =) = x(-=|X(v", 1), V(¥ t)it) = sgn(~y") @ (6.6)
In particular, for such v~, géz)(zl;xl,vz;t) will be regular
in all variables for allE > o and t > o.

If fgl) is decomposed into regular and delta-function
(1) (1), -

parts as £ (z;8) = £V, 08 (x-x(v, 0] 8 (v V(¥ 1))

(1)

reg

+ £ j(zl;t), then from the first hierarchy equation we obtain,

for v° as specified above,
4
dt

f; (vi,t) = f‘_]o(ov‘ 't) dw(v(v',t)—w)f[x(olx(v',t) wit),v(o| Xy, t) ,w;t)}

y [fgl)é w1 - ENE (v_,'t)]
et j

-‘m ” ” ~
+ fv(v,’t)dw(w—v(v ,t))f[x(o|X(v () (w;t),v(olx(v +B) ,w;t)}
(Vs . Lvé, - (6.7)
4 {fj+l (v It) - f] (V It)]

This equation may be solved in the usual way.

Finally we give a qualitative asymptotic analysis of
the expressions appearing in (6.7) for t » = in the case
where suppV(x) ¢ [-R,R] for some R < ». Suppose also
that £(z) = £5(x)h(v) with £°(x) (C-1) summable to p on

x € (0o,®) and (-«»,0). For large t,

v(o|X(v~7,t),w;t) = w except for w = V(v’,t) + O(%)

x(o]|X(v7,t) ,w;t) (Viv”,t) - wjt + O(R) (6.8)

We therefore expect that
jv(v’ i t)

o dw(V(v',t)—w] fs[x[olx(v’,t) ,w,t)] h(\'(ol)((v.’,t) ,w,t)
NP f\_loiv"oo)dW(V(V’,‘”)-W)h(w) as t > (6.9)

and that a similar result will hold for the other integral.



3.7 A POSITIVE PROPERTY FOR THE fél)a

Let us return again to the i.v.p. where there is a
single specified particle (sections 3.4 and 3.6). If we
make a (physical) choice of initial conditions f(l)a(t=o) >
then we show that the kinetic equations guarantee that
f;l)d(t) > o for all t > o. It follows from a conservation
result that the inequality is strict. The method used is
a simple adaption of that discussed by Krasnoselski®® for a
finite autonomous system of ordinary differential equations.

The kinetic equations have the form

d (1) (1) 8

_ 9
where 5(1)6 is an infinite dimensional vector with
§
components f;l) (t) (regarded as an element of 11) and

ga(t) is an infinite matrix which in the standard

&

representation has components

§ _ -

Ciy(t) = B(E) 855 4 + ¥(B) 854y 5 (B(t) + y(t)) 85,1
where B(t), y(t) > o for t > o. (7.2)
These equations are rewritten as

a .-(1)s _ (1)§ (1) ¢ (1)6,

aT £y () = c(fj_l e £5700 £5000 t) (7.3)
or in vector form é% f(l)Qt) = C(f(l)G;t)
The property of C( ;t) which primarily guarantees the
positive nature of the solutions is that

c(f,o,f";t) > o for all t and f,f730 (7.4)
The linearity of C( ;t) is not essential for the positivity
result. In fact it is necessary only for C( ;t) to satisfy

a Lipschitz type condition of the form

97.



[ c(fit) - cl£750) || < c(t) [[£ - £7 | (7.5)

where c(t) is a bounded, continuous function.

to be the 1P norm with p =«. (7.5) for 1 £ p £ © guarantees

the existence and uniqueness of solutions to (7.3).

First we consider the solutions f(l)GE in 1. of the
related equations
S W) = ¢ D8y i) v e (7.6)
with £ ) = £M (o) 4 € ana e, =€ for all j.
From (7.5)
t
[ £DEw ) - WGy < |f T ar con| P OCwm, | +
~ 1 ~ 2 o t2 ~ %)
lEll, « le,-t,
s
=O(|t |) as t t2—>o (7.7)
From (7.7) with t2 = o and tl = t, it follows that
there exists T > o (independent of j) such that
fjfl)ae(t) > 0 for t e [0,1). (7.8)
(1) 6€ .
Suppose that fJ (t) > o for t ¢ [O,Tj) (if such
a Tj exists) and set 17 = i?f Tj. If 17 < » and 1~ is
attained by some Tj (for j = j* say), then we must have
d (l)GE
(t) | <o (7.9)
*
dat j =1~
but using (7.4) and (7.6),
4 e (1) 6€ £(LSE -y - (7.10)
ac (t)| = & fJ (17) ;0 %41 (T7)sT ] +E > o

So a contradiction is obtained. Next suppose that 17 < «

but 17 # Tj for any j. Now for any n > o there is a j~

-

such that 17 < Tj, < 1t° 4+ n. For any t ¢ (1,7+n) the

|-1|] is chosen

98.
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ffl)GE are either positive or negative and small (of the

order of magnitude O(n) from (7.7)). The equation for
fg%)GE(t) at t = Tj, is written

d Wse

at (t)

t=1. -
J

(1) 6€ (1) 6 (1)66 £ (DSE
c[n( PRI ) £-1) (T4) o (f ey (T, ,)) 571 (T4 Tj,]

+ C[H(—f;}ise .,)) f(l)(SE

(1) 6€ (1) 8€
(t5) 0 o0 H(-E 20 ST A E S (T Tj,]

h [E (7.11)
The 1l.h.s. of (7.11) is non-positive. The first term on the
r.h.s. is non-negative from (7.4) and the third is strictly
positive (independent of j). The second can be made as small
as we like by a suitable choice of n (and hence j”). For
such a choice a contradiction is obtained. Consequently

f;l)GE(t) > 0 for t 3 0 and all j. (7.12)
(1) 5€ félm

Finally we show that fJ (t) (t) as t-»o.

Again the linearity of C is not essential. 1In fact from (7.4)

Ilf(l)ae (1) 8

(t) - f (t)“

o (7.13)

< exp(fFarree) || £ %) D80 ||+ ffar” exp(fT at” cee-

and ||f(l)6E(o) - f(1)6(0)|LD = €. The result is immediate
using the definition of |[-||_ and may be used to show that
£ () 3 0 for £ > 0 and all 3. (7.14)

The strict inequality may be proved noting the conservation

+-c0
result X fgl)é(t) = (lﬁ

j:-oo j——oo

(o) > o. If for example



ffi)s(t*) = o0, then
_a (s _ o (18 (1S
° =3¢ fj* (t) - =y (t¥) fj*_l(t*) + B(t¥) fj*+l(t*) (7.15)
(1) 8 _ : - . (L)s
=]e) fj*il(t*) = 0. Repeating this analysis for fj*il and
so on, we find that fgl)a(t*) =0 for all j. This is a

contradiction.

For the general i.v.p. a similar positive property

for the f;l)ﬁp follows from the approximate closed kinetic

equations.

100.
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CHAPTER 4

REVERSIBILITY AND ENTROPY CONSIDERATIONS

4.1 INTRODUCTION

The reversibility of the hierarchy equations for the
one-dimensional hard "sphere" gas is demonstrated here. Our
aim is to elucidate the nature of the introduction of irrevers-
ibility (i.e. the restriction to entropy increasing solutions)
and to compare it with other approaches. For the case where
we.have exact closed equations for the delta-function part

of the one-particle reduced distribution functions (r.d.f.)
fgl)é
J

the r.d.f.'s is a monotonically increasing function of time.

, we show that the entropy associated with this part of

Furthermore the entropy associated with the regular part of

(D)

the one-particle r.d.f.'s .
reg Jj

may be shown independent of
the delta-function part.

Various techniques have been used to obtain irreversible
(entropy increasing) time evolution equations from the reversible
Liouville equation or B.B.G.K.Y. hierarchy. An approach
originated by Bogoliubov ® , Born & Green ' and Kirkwood ?
involves truncating the hierarchy using a factorization
approximation justified by physical arguments. Prigogine
obtained irreversible behaviour by taking a suitable long time
limit for the formal solutions of the Liouville equation.

14 . . . .
Balescu has shown that there exists an invariant subdynamics

associated with the Liouville equation. Time evolution in
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this subdynamics exhibits irreversible behaviour. However
it is unclear in this work at which point irreversibility is
introduced. This type of analysis has also been carried out

88 In their derivation of the Choh-

by Gibberd and Hoffman
Uhlenbeck equation, irreversibility enters through the choice
of a causal (rather than anticausal) solution to a matrix
equation. The concept of a subdynamics also plays an
important role in the introduction of irreversibility to the
Liouville equation via a non-canonical (star unitary) trans-
formation (see Prigogine and Mayne 57 ).

In the following we recast our previous derivation of
the evolution equations for the fgl)d for the case of a
single specified particle. This shall be done in a way that
emphasizes the existence of a certain subdynamics associated
with the governing hierarchy equations. This subdynamics is
different in nature from that implemented by Balescu and others
(see above). However it is related to irreversible behaviour
and the reformulation serves to emphasize the point at which
we restrict our attention to irreversible (entropy increasing)
solutions.

Since we essentially obtain entropy increasing solutions
by restricting our attention to a suitable class of initial
conditions, it is instructive to compare our work with the

68 Biel rewrites the Liouville

discussion given by Biel
equation, under certain restrictions, as a hierarchy of non-
Markovian integral equations for the velocity distribution
functions involving the initial conditions on these functions.

Suppose there is an entropy increasing solution of these

equations {h(n)(Pi;t)}:=1 for t > 0 with initial conditions
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{h(n)(Pi)}:=l and that it may be extended to a range of times
t € [-1,0) retaining the entropy increasing behaviour. Then

there is an entropy decreasing solution of the equations given

(n)

(—Pi;T—t)}:=1 for t € [0,T] with initial conditions
{h (—Pi)}:=1 i For the initial value problems (i.v.p.) that we
consider, the solutions may not be extended to range of

negative times and still retain entropy increasing behaviour.

This may be regarded as a consequence of the special nature

of these i.v.p.'s where a certain number of particles have
specified positions and velocities at t = 0. Since these
i.v.p.'s arise naturally in association with the correlation
functions used to calculate transport coefficients, we expect

that the corresponding solutions should decay to equilibrium

and thus be entropy increasing.

4.2 REVERSIBILITY OF THE HIERARCHY EQUATIONS

Reversibility may, of course, be proved in general but
we give an explicit proof here for the case of the one-
dimensional hard "sphere®” gas. To prove reversibility, we
use the hierarchy equations (2.19) of Chapter 2 together
with the asymptotic Liouville property and the impenetrability
property ((2.17) and (2.18) of Chapter 2) for the fgn). Let

us suppose that we have a solution fgn)(zl;...;zn;t) for

t > 0 satisfying the hierarchy equations and the above

constraints. We show that
2(n) . . R — (n) s . . - . c
fj (zl,...,zn,t) fj (Xl' vl,...,xn, Vn,T t) t [0,11

(2.1)



also satisfies the hierarchy equations and
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the above constraints.

The latter is true by inspection. Since
(n) _ _ (n) _
it follows that
J ,(n) 2(n) .
e Neeeii2 0
+oo
_mpo b _ pln+1) . = o g
éilonJ AV Va7V b X Gy T B X Vg 7By R 72,
_ z(n+1) o 3 . .
fj (zl,xl,vn+l,...,zn,t))
—— 3 (n) [; ’ (n) v, I R |
- (atl + Kj (Xl’vi))fj (zll 'Iznlt )
e (n+1) +
. 4 7 e r, 7 r . . . L
* éi’é‘ I vl lvp vl (2]5%] /V 720700720 t)
_ (n+1) [ r P r.
f(j) (2]i%X] 4V ,qi2gie--iZ it))
(2.3)
’ = ’ = - 7 — 14 I Ii —_ I e r
where xi Xs vi Vi’ zi (Xi’vi)’ x1 x1 * sgn(vn+1
-vi) = x; and t’' =1 - t. Implementing (2.17) and (2.18)
of Chapter 2 and writing (J)' = J + sgn(vr’l+1 - Vi) sO
((7))" = j, the r.h.s. of (2.3) becomes
- d ] (n) r ’ (n) ', IO SN |
(g7 KJ. (xi,vi))fj (zl,...,zn,t)
0o
. 7 r _ ’ (n+1) Y Y A ’ —— I A
* éiﬁ‘l avl o Iviey = vl o Byt agixg v iz izgits )
(I’l+1) [ A 7 P SR B |
fj (zl,x1 ,vn+1,zz,...,zn,t })
(2.4)
(2.4) is identically zero since fgn) satisfy the hierarchy

also satisft

equations, consequently fgn)

ies the hierarchy



equations over a time interval t € [0,T1]. If f§n) exhibits
entropy increasing behaviour on t € [0,1], then Egn) must
exhibit entropy decreasing behaviour on t € [0,t] and vice
versa. This proves the reversibility of the hierarchy
equations.

4.3 THE INTRODUCTION OF IRREVERSIBILITY

In this section we restrict our attention to precollision

n
regions of phase space. So Kgn) = iél v, 5%— and the equations
i
may be integrated along the characteristics of (g% + Kgn)).

This restriction in itself does not introduce irreversibility.
The subdynamics which we construct incorporates the

time dependence of the r.d.f.'s unlike that of Balescu '*

By so doing we introduce irreversible characteristics in the

allowed solutions. In the treatment of Balescu, the Liouville

equation in hierarchy form is used:

3 -
7T f(t) =L f(t) (3.1)
where f(t) has components f(n)(zi;t)... the n-particle
r.d.f.'s. This equation has the formal solution
f(t) = U(t)f(o) where U(t) - exp(t L) (3.2)

Then the subdynamics is associated with a non-trivial projection
operator I such that U(t)Il = T U(t) for all t > 0. I must
also satisfy certain other conditions. We shall construct a
projection operator with similar properties for our problem.

For such purposes, it is convenient to first integrate
the appropriate hierarchy equations. In precollision regions,

the integrated equations have the form
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(n) . X . () _ . T = .

fj (xl,vl,...,xn,vn,t) fj (xl vlt,vl,...,xn vnt,vn,O)
t ['+°°

= éig J ds | dvn+1|vn+l—v1| x
(f(n+1)(x -v.(t-8),v.:x.-v, (t=-s),V 1X. =V (t=S) ,V_ ...

(3 171 R i B | "n+1'72 T2 el M

ceesX =V (t-s),v ;s)
n n n

_ (n+l) _ _ : T - .

fj (x1 vl(t s),vl,... ...,xn Vn(t s),vn,s))
for t =20 (3.3)

where 1lim has been interpreted as a weak limit since it
€e->0
refers to a generalized function limit. Let us now define a

subspace of the function space D in which solutions of (3.3)

are found. This function space could for example be chosen

reg c.n.

B,1(=)
regular part of the r.d.f.'s and a corresponding choice made

as D restricted to precollision regions for the

for the delta-function part. We choose F(x,v) 2 0 to be
locally integrable and (c-1) summable to p > 0 on x € (0,x)
and x € (-«,0). Also F(x,v) may have delta-function

behaviour of the form
6(x—Xi)6(v—Vi) i=1,2,...,N .

Then for any f in the function space (with components f§n)),

we make the decomposition

fgn)(z 7Z:0 etz ) o fgn'l)(z P Z .32z
n j 1

j 1742 ;t)F(xn—vn(t—c),Vn)

Byl o n-1

(), ., . ...
+ gj (zl,zz....,zn,t) (3.4)

for some constant ¢ € R, where a suitable limit interpretation
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is required for evaluation at points with delta-function or
discontinuous behaviour (c.f. Chapter 2). P shall denote

the projection operator for the subspace where

(n) _ P fgn) (3.5)

Pf) .
( ~)J @ tg

and the Pn are defined iteratively through the relations

g(1) o g(1)

P 3.6
1 5 3 ( )
(n) . Lo . _ (n-1) ) . ] _ -
Pn fj (z1 . ,zn,t) Pn_1 fj (zl,...,zn_l,t)F(xn Vn(t c),vn)
+ gtn) iz.5...00 00 hp 2 (3.7)
reg(l,n)j "1’ "’ :
for some c € R where h(n) . 1s the part of h(“) which
reg(l,n)] J
is regular with respect to the variables z, and z . To

prove that the subspace is a subdynamics, we must show that

P commutes with the integral operator appearing in (3.3).
Because of (3.6) it is only necessary to examine the hierarchy
equations (3.3) for n > 2. For such n , (3.3) is rewritten

using (3.4) as

(n) ) ] . _ £(n) _ . o5 o= .
fj (xl,vl,...,xn,vn,t) fj (x1 vlt,vl,...,xn Vnt,vn,O)

(n-1) . . . _ ¢(n=-1) _ .
(fj (xl,vl,...,xn,vn,t) fj (x1 vlt,vl,...
...;xn_l—vn_lt,vn_l;O))F(xn—vn(t—c),vn)
+ G(n)(x ' sx ,Vv ;t)
j 1!‘ 1:---, nl n' . (3-8)
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where ng)(xl'vl;"';xn’vn;t)
t too
= éig j ds J dvn+1|vn+l—vn| x
- 00
(g8 (x —v_ (t=s),v,ix -V, (t=8),v__ ix -V, (t=S),V i...
(3) 1 1 R ks N | “n+1"72 T2 fharttt

...;xn-vn(t—s),vn;s)

(n+1) _ . R — . 2
- g. (x —Vl(t S) yV.ieen ...,xn vn(t s),vn,s)). (3.9)

1 1

The action of P 1s now easily calculated using (3.7) as

(n) . . ; _ (n) —r . A .
Pnfj (xl,vl,...,xn,vn,t) Pnfj (x1 vlt,vl,...,xn vnt,vn,O)
_ (n-1) . . . _ (n-1) _ .
= (Pn—lfj (Xl’vl""’xn—l’vn—l’t) Pn—lfj (x1 Vlt’vl""
...;xn_l-vn_lt,vn_l;O))F(xn—vn(t—c),vn)
(n) (X, ,Viiee3X ,v ;t) . (3.10)
reg(l,n)j "1'°1' "“n’"n :

To complete the proof of the commutation result we must show

that
(n) . . .
Greg(l,n)j(xl’vl""'Xn’vn’t)
t oo
- [Tas [ av iyl (311
[o) - 00
(g(n+1) (x,-v, (t-s),v ix_~v. (t-8),v X . ~=v, . (t=s),v. ;...
reg(l,n)(j) 1 1 171 1 T+l 72 2 riar

ce:X =~V (t=-s),v ;s)
n n n

_ _(n+1)

reg(l,n)j(xl_vl(tns)'V

1;... ...;xn—vn(t-s),vn;s)).

This simply amounts to proving that the delta-function

g€?+1)(z

dependence of 1z2%;2 ;,..;zn;t) in the variable z¥%

1"71° 72 1
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does not contribute to the delta-function dependence of ng).
J
This may be easily checked by direct calculation.
It is possible to show that time evolution in the

subdynamics PD possesses some irreversible characteristics.

Note that elements of PD are defined for all t = 0. Given
a solution fgn) in PD , the time reversed solution

2(n) ) o _ £(n) ) ) v e .

fj (zl,...,zn,t) = fj (XU’vl”"’Xn’ Vn,T t) will not be

in PD since it is not defined for the appropriate range of
precollision variables or time. Certainly if the solutions we
consider have delta-function components, then the subclass of
solutions in PD exhibit entropy increasing behaviour at
least in the delta-function part for t € [0,=) . This shall
be shown later.

Another subdynamics may be constructed on precollision
regions of phase space. The subdynamics will be non-trivial
provided the fgn) have delta-function dependence in the
first variable. For any f in D, we assume the delta-

function dependence is of the form
S(x.-v.t-X.)8(v.-V,) i =1,2,...,N (3.12)
J J 1 J 1

and make the unique decomposition

fgn)(z 1...32 3t)
] 1 n
= I§ g(ISCLYE () oy )8 (x -V, X, ) 8 (v, =V, )
LT ZgieesiZyi 17 V1% 17 Vi
+ ) iz ) (3.13)
reg(1) 71" n' :
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The projection operator P(S with components PE such that

(Pﬁf)(n) _ PGf{n)

; me (3.14)
is defined by
P6 fgn)(z 1...32 3t)
| 1 n
S 7 eSOy sk, v £X,) § (v, V) (3.15)
= j y RS 1 1 i I :

We now show that P(S commutes with the integral operator, in

(3.3) for n = 1. All we need do is to show that

8 t e
P 1lim J ds J dav v X

n+1|vn+1_ ll

n
=
-0 0 e
(D) (x Ly (t-s),v.ixo=v. (t-8) ,V__ . ; )
(j) 1 1 A L | 1 ""n+1’ e et
- £t 1) (o Ly (tes) V. X -V, (£=8) Vi .. ;s))
j 1 1 S T T | "“n+1’ )
t [+°°
= éi? J ds J dvn+1|vn+1—v1| x
0 - 00
S (n+1) _ . o™ _ . .
(Pn+1f(j) (x1 Vl(t s),vl,x1 Vl(t s),vn+1,... cee}S)
8 (n+1) _ _ LW _ .
Pn+1fj (x1 vl(t s),vl,x1 Vl(t s),vn+1,... ce.38)). (3.16)

This simply amounts to proving that the delta-function dependence

(n+1)

of fj (zl;z*;z t...5t) in the variable z{ does not

1" 2

contribute to the delta-function dependence of the r.h.s. of

(3.16). The calculation is analogous to that performed for
G§n) . So this proves the existence of a subdynamics PGD

corresponding to the projection operator Pﬁ.
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We now consider the nature of the time evolution in
the subdynamics PG(PD) for the case where the delta-function .
dependence of F(x,v) 1is chosen to be of the form §{x)§(v-v"),

where ¢ = 0 and the delta-function dependence of the r.d.f.'s

is of the form §(x-vt)&(v-v'). The i.v.p. where a single
particle has specified position x = 0 and velocity v! at
t = 0 1is covered by this case. In particular, we shall
examine the equations for fgl)ﬁ. For fgn) in PD, the

equations for f§1)

may be written in the form
(1) ey (1) _ = "
fj (zl,t) fj (x1 vlt,Jl,O)

t +oo
= lim J ds (J dvz(v
€0

0 V1

2-v1)F(xl—v1t+(v1—v2)s—€,v2))

X (fgii(xl—vl(t—s),vl;s) - fﬁl)(xl—vl(t—s),vl;s))

t [Vl
+ lim J ds ( dv _(v_.-v_ )F(x.,-v
e 3 1w 2.0 2 1

- 1=
1t+(v1 v2)s+ ,V2))

x (fgf;(xl—vl(t—s),vl;s) ’ fgl)(xl—vl(t-s),vl;s))

.t [
+ lim J ds J dV2|V -v
0

| X
€0 2 1

- 00

(2)
reg(j

(g )(xl—vl(t—s),v ;xI—vl(t—s),v 1 S)

1 2

(2)

L (x
reg ]

"-vl(t—s),vz;s)) (3.17)

= g "Vl(t—S) lvl;xl

1

Applying PG to (3.17) and examining the coefficient of the

delta-function part gives



112,

(v',t)

fgl)d _ f(l)ﬁ(v’,O) -
] J

i e (1)8 (1)6
éig J ds (J dvz(vz—v Y F((v —vz)s—E,vz))-(fj+l (v ,s)—fj (v',s))
Vf

r

Fas £ :
i

+ lim ds ( av_(v'=v )F((v'-v_ )s-€,v,_)) - (
e g J 2 2 2 2 il

(v',s) (v

—f{l)d ;S)
J

- 00

(3.18)

We have specified that here F should have the form
F(x,v) = Freg(x,v) + k 8§(x)-S(v=v") (3.19)

where Freg is a regular function satisfying previously

specified conditions of local integrability and (c-1)
summability. If we consider the integrals over v, appearing

in (3.19) then, because of the factor vz—v' present in the

integrands, it is clear that the delta-function component of
F will not contribute. (3.18) may be expressed in differ-

‘ential form as

[

v

—v'y . r_ e (1)6
ac &; dw (w=v’) Freg((v w)s,w)) (£

541 (v',t)

r

- fg”é(v',t))

)6

1 (v',t)

+ (j dw(v'-w) °F ((v’—w)s,w))-(f(,1
reg i-

- fgl)G(v’,t)) ) (3.20)
By choosing F (x,v) = f(l)(x v;0) for the i.v.p
reg ' k;O k et e
with a single specified particle "0" at t = 0 , we recover

the equations derived in the last chapter.



4.4 ENTROPY CONSIDERATIONS FOR fE 1)8
J

First we consider the definition of an entropy functional
associated with the PG(PD) subdynamics. Only the case is
considered where the delta-function dependence of F(x,v) and

the r.d.f.'s has the special form considered the the last part

of section 4.3. This has been shown to correspond to a
physical initial value problem. The entropy functional is
defined in terms of fgl)d 5 A natural choice is to define

J
a "Shannon type" entropy functional of the form

+ o
$ $ ' '
sty = %M 0= - 1 1P W [ £V D
j:—oo
(4.1)
where we adopt the convention that 0.4n 0 = 0. The following
properties shall be proved for Sa(t). Firstly we shall show

that if |s%(0)] < +», then [s%(t)| < +» for all t < = .

Secondly we shall show that Sé(t) is monotonically increasing

in time.

With regard to the first property, we note that f(l)é(v',t)
is naturally regarded as an element of 1 and under time
evolution governed by (3.20) will satisfy

|If(1)6(v’,t)lll = Ilf(1)6(v’,0)|ll< e (4.2)
provided fgl)é(v’,O) = 0 for all j. However (4.2) 1is not
sufficient to guarantee that |Sd(t)| < 4o Consider the
vector with components

£f. = S 5 for j = 2
I 3(n J) (4.3)

0 otherwise
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Then £ € 1! only for o > 1 (see Ferrar®®’ ) and for

1 < a < 2 it is easy to show that the series Sa(f) is
divergent. So in order that the entropy (4.1l) be well

defined, we must restrict our attention to sequences in

® =l (580 < 4m) (4.4)

Our aim is to show that given f(l)(S

(v',t) satisfying (3.20)
ana £%wr,0) € 1%, then 10w 1) €1° for all t > 0.
This will in part justify our choice of (4.1) as the entropy
functional.

As a preliminary, we show that 1% 4is a vector space
and in fact a complete metric space for a suitable choice of

metric. Consider any f € 1! so £, » 0 as |j| > . Thus

J
whether or not £ € 1° can only depend on the nature of the

function

V() = |£ en([£]) | (4.5)
in a neighbourhood of f = 0 rather than on the global properties
of yY( ). With this in mind, we shall give an equivalent

definition of 15 )

An even function we(x) is defined by

y(x) for x e [0,€]

p(E) + P ' (€) (x~€) for x e (€,»)
and where € ¢ (O,e_l). By construction we(x) is convex
and strictly monotonically increasing on X = 0. Modified

versions of the functional (4.1) are defined by

(1)$

+00
sty = sl M0 wren= T vt o)
and ' : o P

] (4.7)
+.00
sty = s2(e PO, e = ,Z(nwe(f§1)6<v’,t)>

J=—



for 0 < € < e 1, since y. and ¢ agree in a neighbourhood

of the origin, 15 may be equivalently defined by

% =l n g s sd(6) < 4w
=0 g s 826 < 4w)

~

(4.8)

Using the convexity and monotonity of we , it is possible
to show that 1° becomes a metric space under the translationally

invariant metric given by

+ 00 :
de(£/£) = )  We(£.-£1) (4.9)
J:—OO
for £, £' e 1°. Furthermore 1° is complete under this
metric. The proof is similar to that showing 11 is Banach
under the norm I - |l (see Taylor °° ).

1

In addition to being a metric space, 1° is also a

vector space (and thus a subspace of 11) since

(1) if £ ¢ ls, then Af e 1° for all A e R. Since

~

f e 11 , there is a finite subset of the integers

~

denoted S (n) such that

| fjl >n for j e S(n) (4.10)
N
Then __Z_ we(xfj) =
j=-M
: 8
— Yo (AE.) + |A] S2(£) + |A log(|r]) | £N (4.11)
jes(e/ A & 3 <~ -1

< 4o as required.

(ii) if £, £' € 1%, then f + £’ ¢ 1° . Since 1° is a

metric space under the translationally invariant metric,

the result is immediate. Furthermore since de(f + £',0)

< d(£,0) + do(£7,0), SO(F + £) < s2(f) + 82(£7).
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The proof of the finite entropy property shall be based

on the following observation. It is well known that a convol-
ution algebra may be defined on 1! (c.f. Simmons’® ). If
f,g € 11, then the convolution of f and g. f * g€ 11 is
defined by
+o +0
£xg =k=z_m fj_k 9y =k=z—°o £ I - (4.12)

In fact this convolution algebra is a Banach algebra since

Hf*gﬂl = Hle Hng. We now show that under convolution
defined by (4.12), 1®* becomes a convolution subalgebra of 11.
The following result from (4.6) is needed. For £,g ¢ R such
that lfgl < €,

Ve (£9) = ¥(f9) = [£lv(9) + |glv(f). (4.13)

For f,g € 17 , let S’(€) be the set of (k,j’) such that

Ifkgj,| > e , Then S'(€) 1is finite. Now
N
I v ((£x9) )
j=-M
4+ N
< = bo(Eag.) + T (£ | T wig. )
(k,j)es’(e) © K ks K jecy o ATE
N
+ P(£) ¥ lg. . )
kj=-M j-k

using the convexity and monotonicity of Ve together with (4.13)

< = e (£,9.0) + IEN . Sf,(g) + Si(f)-llglll (4.14)
(k,j")es’(€) i ~ - ~F

(4.14) provides a finite upper bound for Sg(f*g) so fig e 1

Returning to entropy considerations, we wish to show that

f(l)é(v’,t) e 1° for all

(1)6

if £y 0) e 1%, then from (3.20)

t > 0. This result is proved by showing that £ (v’',t) can
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be obtained from f(l)(S

~

(v’,0) by convolution with a time

dependent element of 15, (3.20) may be solved by Fourier

transform techniques and the solution written in the form

f(1)6 N f(1)<S

(v, t) = C(v',t) (v',0) (4.15)

where Cj(v',t)

JL-JZW a6 e 103 oy (Jt ds| (v, s) (eX0-1)+p (v',s) (e”10-1) 1
27 P YFreg ! Freg ’ !
0

0

(4.16)
with
v
r = =] I_ I_
YFreg(V /S) | aw (v w)Freg((v W) S,wW)
and
¢ 00
’ — —xr ! r_
BFreg(v . S) J dw (w=v )Freg((v w)s,w) .
Vl
It remains to show that C(v’'’,t) € 1° for t = 0. Now
Cj(v',t) is of the form
27 AN
] _ 1 -10j .
Cj(v ) = ) de e dp(6,v ;L) (4.17)
0
where, for each t, ¢(6,v';t) 1is periodic in "6" of period
21 . Furthermore ¢(6,v’;t) and all of its derivatives with
respect to 6 are absolutely continuous. Consequently
Cj(v’,t) = o(——) as |3] » » for any M = 1,2,... ,
|3] (4.18)
so C(v',t) € 1% as required. The convolution structure

(4.15) is also easily derived from the matrix form of the

solution to (3.20)

f(1)(‘5

t
(v',t) = exp(J ds g(v’,sn-f(l)é(v’,O) : (4.19)
0
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where
’ = 1. 1 .. -
Cij(v 'S) BFregél—_‘],—l YFreg61—3,+1 (BFreg+YFreg)6i—j,0
depends only on i - jJ.

Finally we note a special case where the finiteness of

entropy may be proved easily without introducing the above

apparatus. This is the case where e

(v',0) #0

for a finite number of values of "k". From (4.15) and

(4.16)

2T S
1)68 1 _%o
fg )8 g k) = = de e 1%3.g(0,v' ;)

O —

where

t ~
r, — ’ le_ ’
g(o,v';t) = exp(J dS[YFreg(v ,s) (e l)+BFreg(v /S)

0

x (e 1%-1)1)n(e,v")

with =

ne,v’) = 3 £V, 0et
k==

Ok

and the sum £ is in fact finite. So £(6,v';t)
k

(4.20)

periodic function of "6" (period 2m) and, together with all

of its derivatives with respect to "6", is absolutely

continuous in "0". Consequently (v',%t)

1l

£(1)9
J

as |j| » » for each M = 1,2,... and each t > 0.

i(1)6

So (v',t) ¢ 1% for each t > 0.

If we now restrict our attention to non-negative,
(1)

normalized solutions of (3.20) in VS ’ Sa(t) = Sa(f

is shown to be monotonically increasing. From (4.1) and

(3.20)

0(——“ﬁ)

v, L))
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d ") 5 1)8 , 1)8 P
a8t = v, D) 'J-=Z_m(f§ R A CAPLI PP SEL AN TS
b o (vieye T e ur by (18 r by,
Freg ! oo j d j+1 d
x  2n fgl)a(v',t) (4.21)

Since

+00

7 £, =1,

j==

an infinite version of Shannon's Inequality (see Aczel ’' ) may

be applied to show that each of ?(fEl)a—fﬁiis)ln fgl)a and
%(fEl)é—fgiia)zn fgl)é are non-negative. Consequently,
. ) 7 14
since YFreg(v L), BFreg(v ;) >0 for t > 0,
4 8y >0 for t>0 (4.22)
d t - L]

Alternatively (4.22) may be derived more directly by employing

the inequality
x Anx -x ny-x+y =0 for all x,y > 0 .(4.23)

Another application of this inequality is in finding an upper
bound for the H-function of Boltzmann's H-theorem (see
Thompson *° ).

Unlike the proof of Boltzmann's H-theorem (see Green ®
or Balescu'® ) or generalizations of this theorem (see Green 2y,
we did not have to implement microscopic reversibility explicitly
to prove that é% SG(t) = 0. Since (3.20) is exact, it must
contain all the necessary information about time evolution

in the subdynamics Pa(PD). Microscopic reversibility has

been used in its derivation (in the form of the asymptotic
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Liouville property (2.17) of Chapter 2). Similar comments
apply for example to the analysis by Balescu '® of the

homogeneocus Landau equation. The approximate closed kinetic

equations for the fgl)al of the general i.v.p. also produce

entropy increasing behaviour.

For the special i.v.p. discussed above, a natural
definition of the entropy associated with the regular part of
the one-particle r.d.f.'s is as a functional of

4+

z f(l) n f(l)

. . e (4.24)
reg j reg j

j:—oo

(D)

reg

14

As depend on Vv only through the jump conditions

g1 with £

which interchange ) ; e
reg J reg j*1

, (4.24) is left

invariant and is thus independent of the behaviour of the
fgl)d
J

In closing this section we give a brief outline of the

application of discrete variational techniques to the proof
400
of the inequalities ) (fj—fj+1)2n fj > 0 where fj

\Y%

0 and

+ o0 J=—oo
) fj = 1. This method resembles that used for certain

=-—=00

problems in equilibrium statistical mechanics (see Sears )

The above result may be obtained from an analysis of the
corresponding cyclic system. We prove that
p-1 p-1

) (fj—f. )&n f. >0 where £, >0, £ = fp and )

£. = 1.
+1 0
j J J J 3=0 J

0
(4.25)

A Lagrange multiplier method is used to find the extrema of

) (fj—fj+1)2n fj . We must solve the non-linear difference
=0
equations
£.01 fi_
F%T_ = ¥(g— ) with fo = fp (4.26)
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where VY 1is the convex monotonic function VY(y) = &n y + (1-})
and )\ 1is the Lagrange multiplier. It is clear that once

£
we know fl , the complete soclution for the extrema can be

0

calculated using (4.26) recursively together with the constraint

z fj = 1, Solving (4.26) amounts to finding the simultaneous
j=0 0
solutions for (fl ;A ) of the equations
0
f1 _ ?p(fl
PR
0 0
and
f f f £
(27 = v T (4.27)
0 0 0 0

The first equation is the pth iteration of (4.26) and the
f f2 fg f0

second comes from the identity (&) = == == ... = . It
0 55 s 1

is possible to show that the fixed points of yP  are Jjust

those of ¥ so the first equation of (4.27) may be replaced

f1 f1 fl
by = W(f—). By inspection (f_ JA) = (1,0) is a solution.
0 0 0
We may easily show that this solution, £, = % , corresponds
p-1
to a stationary minimum of ) (fj—fj+l)£n fj' The diagram
j=0

shows that this solution is unique.




A similar analysis applies to prove that

j

N1 o

1

£.-£. 9n £. = 0 where £. = 0, £
( ] J‘l) ] ] 0

122.



CHAPTER 5

VELOCITY CORRELATION FUNCTIONS FOR

FINITE ONE-DIMENSIONAL HARD "SPHERE" SYSTEMS

5.1 INTRODUCTION

Certain finite systems consisting of one-dimensional
hard "spheres" are considered. Because of the well known
relationships between correlation functions and transport
coefficients, there is considerable interest in calculating
the former for various infinite many body systems. The
long time behaviour is of particular interest. For such
calculations to be tractible, it is usually necessary to
examine the infinite systems directly rather than
performing calculations for the finite system and then
taking the thermodynamic limit (t.1l.). However, for the
special types of finite systems mentioned above, it is
possible to calculate exactly certain correlation functions
and to examine their long time behaviour. Most of the

results of this chapter are given by Evans’®.

The case where the particles are on a ring was
considered by Frisch '° who defined the concept of a "weak"
approach to equilibrium and demonstrated the decay to an
equilibrium limit of certain correlation functions. The
technique that we use to examine the ring system was

developed by Jepsen4°. It is used to provide exact

123.
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expressions for the velocity correlation functions (v.c.f.)
which are then analyzed in the long time limit. We
discover that after a slow (inverse power) decay for times
of the order of the relaxation time, there is a "fast"
decay to the equilibrium value on a time scale associated
with the finite size of the system. The asymptotic "fast"
decay property of the v.c.f.'s exhibited here has also
appeared in the work of Hobson and Loomis '® on an ideal gas
in a finite box. Their expressions for the asymptotic
behaviour of the v.c.f.'s have the same structure as those
obtained for the ring system (adopting in both cases

Maxwellian velocity distributions), namely

2
y _c<vtht)
v Kt e L as t » o
where I is the length of the ring or size of the box.

The case where the particles are in a hard walled
box has been briefly considered by Lebowitz and Sykes’’.
We adapt Jepsen's technique to handle this problem and
show that the v.c.f.'s have the same type of asymptotic
behaviour as for the ring system. The dependence of the
v.c.f.'s on the initial position of the specified particle
when near the boundary of the box is analyzed. These
considerations are generalized to systems of higher spatial

dimension and more general interparticle interaction.

Similar techniques are appropriate to an analysis of
the corresponding infinite systems. Jepsen takes the

t.1. for the ring system. The convergence in this limit is



examined here. Gervois and Pomeau ' ° have considered the
corresponding semi-infinite system. The effect of the
inclusion of a perturbing interparticle potential on this
infinite system has also been treated by Gervois and
Pomeau79. Another modification is the treatment of an
infinite one-dimensional mixture of hard "spheres" of

different diameters by Aizenman et al.®®

The final section of the chapter deals with the
stochastic version of the ring system. A non-zero
probability of transmission is associated with each

collision so that the system is no longer deterministic.

5.2 THE RING SYSTEM

We describe briefly the formulation developed by
Jepsen. The particles are labelled in order around the ring
by an integer index J € {1,2,...,N}. We call trajectory
j the path that particle j would follow if it did not
interact with other particles. Let Ajk(t) be equal to one
if particle j is on trajectory k at time t and zero
otherwise. Define rn(h,k,t) to be equal to one if
trajectory h crosses trajectory k exactly n times in the
time interval (0,t) and zero otherwise. A crossing from

the right counts as "+1" and from the left as U

125.
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Fig. 5.1: Diagram showing the nature of the dynamics
of the system.

Now
Ajk(_t) = -i—oo -i:-oo o .i.oo o |
nl=—°° n2=-oo nN=-c nl+n2+o--nN+j—k,O
x r (L,k,t)r o (2,k,t) . . . r (N,k,t). (2.1)

If we define

+o0

s(u,h,k,t) = [ r_ (hk,t) e %, (2.2)

n=-=o

then s(u,h,k,t) 1is given by

s(u,h,k,t) = S[u,wkh] , k <h
s(u,h,k,t) = e 3¢ slu,w 1k > h (2.3)
with
Ve = (xk + v, t) - (xh + vy t)
and
S[u,w] = einu when (n-1)L < w <€ nL. for each n.

(2.4)

126,
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Using a Fourier-type representation of the Kronecker-

delta in (2.1), we obtain

5 N
1 -1(j-1)u
A () =) e I Slu,w .1
jk N “ h=1 kh
and , (2.5)
N-1
u = 270 ona y = ) .
N
u 1=0

We wish to calculate ensemble averages of the form

F = <f(v,(0); Xj(t), Vj(t))>N (2.6)

N,L /L

where particle 1 is specified to be at the origin at

t=0 and the remaining particles are distributed around
the ring uniformly with velocity distributions h(v)
(taken to be Maxwellian in this section). i.e. a quasi-
equilibrium initial distribution. From Jepsen's work:

N
F = ] <flv ix

+ v,t, v.) A. (t)>
KZq k k Jk

k N,L

1 ¢ N-1 _-t(35-L)u (L o0
= 5 E 2o e J dxkj dvkh(vk)

o -00

x Qlu, x
[;
L

1 ~1(j-1u i
s+ o E e J ) dvlh(vl) f(vl; vty vl)

K + th, Vk,t]

X

L N-2
J dxn Rlu, x, + vkt - xn,t]]

(o]

k

l L N"l
X [— J dx Rlu, v.t - %, t]]
n 1 n

T (2.7)
o
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o h(vl) f(vl;x,v) S[u,x—vlt]

4
Q[u,x,v,t] = J dv
and

40
Rlu,x,t] = I dvn h(vn) S[u, x—vnt] . (2.8)

- 00

For the wv.c.f.'s, £f( ) has the form f(vi;x,v) =

v.v. So from (2.7)

1
FN’L = <V1(°) Vj(t)>N,L
1 ¢ N-1 -%2(5-1)u [T
= ﬁ- E ——-L e I_oo de Vk h(vk)
L . 1 (L N-2
X Jo dxk Q[u,xk + vkt, t] x [E Jodan[u,xk+vkt—xn,t]]
+ y e 1G-u J+w av. v.2 h(v.)
N . 1
u - CO
1 L N-1
X [f Jo dxn R[u,vlt - xn,t]] (2.9)
where
a) +w
Qlu,x,t] = I_m dv1 v, h(vl) S[lu,x - vlt] . (2.10)

It is instructive to examine the contribution to
(2.9) from the u = 0 term in the sum. We note that
slo,x] = 1, hence Rl[o,x,t] = 1 and Olo,x,t] = 0. So the

total contribution to (2.9) from this term is



+-00

% J dvy, vi? h(vy) = % <v,(0)?%> (2.11)

A

which we shall show to be the asymptotic value of FN_L

as t =+ ., This comes from the k = 1 term in the sum

N
) <v (o) v

A, (t)>
k=1 jk N

k 'L

i.e. the contribution to the v.c.f. from particle j

being on trajectory 1 (1 being the particle with

specified position and velocity). We may also check the
initial conditions on the v.c.f.'s from (2.9). Clearly
&[u,x,o] =0 and R{u,x,0] = S[u,x] so from (2.4)
L JL dx_ R[u,v. t - x ,t]| = 1. (2.12)
L ° n 1 n t=0
So

-2(35-1)u j+m

-0
o

1 2
<V'l(0)Vj(t)>N'L = I E e dYL v, h(vl)

g <v. (0)?> as required. (2.13)
isd 1
Next we consider the asymptotic analysis of

<YL(O)Vj(t)§ L in the t » «» 1limit. The following

results are needed:

i - dx Rfu,w + L - x ,t] = e+iul rL dx Rlu,w - x ,tl]
LJ, n ! n' L Jo n ! n'
~ 4oy A (2.14)
and Qfu,w + L,t] = e u Qlu,w,t].

The X, - integration in (2.9) may be performed explicitly
(c.f. Jepsen *%) and the integrals in (2.9) over an

infinite velocity range may be transformed using (2.14)
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to a sum of integrals over a finite range. So

_ 1 N-1 -%¢(j-1)
<vl(o)vj(t)>N'L = Vih t 5 ) —~— e 1) u
u#o
+ L/t ~
f mL, -imu
x ) | dvkh(vk+fE)e

m=-° 7o

N-2

A o) L
x (e”*Y-1) Q[u,vkt,t] {%J dan[u,vkt—xn,t]J
O

P +o L/t ~
+ % ) e~ t(3-1u ) J dvl(v1+%?)2h(v1+%?)e-lmu
u7£0 m==-0 9
L
1 N-1
X [i J dx Rlu,vit - Xn,t]}
(o]
il 2
il <v; (0) “> . (2.15)
400 rL/t L/t
In (2.15) ) and ] dv, or J dv, may be
m=-—oo [e] (o]

interchanged using Lebesgue's dominated convergence
theorem. So it is necessary to examine sums of the

form

Lo mL, -% i mL L, -1
) h(v+)e ™ and ] (V+T)2h(v+1—n€—)e—lmu (2.16)

m=-— m=-®
(2.16) may be expressed in a more convenient form using
a Poisson sum formula (see Carrier et al‘64). Let
g( ) be a piecewise continuous, integrable function
which can be represented in terms of its Fourier
transform (in the usual way) and such that

400

Y (g(m+) + g(m-))

m=-0

is convergent. Then

400 400
Y L(g(m+) + g(m-)) = } G(2mn)

m=-="° m=-—0o
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where

oo N
G(A) = } dx e Mg (x) . (2.17)

- 00

Performing the Fourier transforms indicated in (2.17),

(2.16) becomes

Venty2
- 2 A - ERAI J(2Tm-u) 2
m:—OO m=—00
a mL mL Tmu
5 =
z (V + —t——) h(V + t—) e
m:—OO
400 . v t\2
= 2 t - _ 2 (_th
= mz_w v L{l (2mm u) ‘7L }
v, ., t\2
-{f(2rm-u) - XLI‘- —li( Eh ) (2Trm-u)2
X e e (2.19)
A similar analysis shows: that
L
v+= 4o -
Qlu,vt,t] = }- £ dV1 ( z (V1 + %I_:'—)h(vl + -n—I—‘)e_lnu)
v n=-—o t
v ty 2
400 N ~f(2Tn-w) Lt -y th) (2mn-u) 2
=7 -5 2 (efu_y) o L o I )
s L th (2.20)

Finally, we note that

1( .
Flu,w] = i] dxns[u,w - Xn]
o _
= 7 ei(n-l)u - (n-1) et™Y 4 %’(l—elu) e InU
for (n-1)L < w < nL, (2.21)
SO
1(® .
i] dxn R[u,vt - xn,t]

O
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+0
J dv h(v )Flu,(v - v )t]
n n n

- 00

im 2(l - cosu)

(2mp - u) “

v,,t\2
_f(2Tp-u) == —%( tg ) (2mp-u) 2
e

Il

p=~®
We may now substitute (2.18/19/20/22) into (2.15) to
obtain the following asymptotic result (see Appendix E).

tro 1 2
<V1(O)Vj(t)>N,L " N<v1(o) >

2(1 - cos E%] N-2

v .t .
- zﬁ:l( A5)0 ) 4(l—cosz%) (

v
th N L (Z_Tl)z
N
V.. t\2
o e ) a-d)
x(2 + Tﬁ:ITT) cos (—ﬁ%j—l))e

1 1 1, ,N-1,2 Ven®y
+ Vthzﬁ{(l W E:T) = (1 + "(’N_l)é)( N ) (2TT)2(—T/2}

v t\y2
2(l-cos g%) N-1 5 -%(ZH)Z(—EE—) (1-3)2 (14=1o
m, . L N N-1

x( X ) cos(—ﬁ(j—l))e
(= * (2.23)

The terms retained in (2.23) give an accurate description

L
<v Vv > > = ——
of l(O) 3(t) N, L for t > t 1 where t .

is the time required for a particle travelling at
the thermal velocity to traverse the ring of length L.
As a consequence of the symmetry of the system, (2.23)
is invariant under the transformation (j-1) -» - (j-1).
Systems of most physical interest will be those
N-1

for which N,L are large and p = =5 is held fixed

(the regime of the thermodynamic limit). We shall show
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that the v.c.f. (2.9) converges pointwise for all t
to the v.c.f. written down by Jepsen in the thermodynamic

limit. For a finite ring system, from (2.9) we have

_ 2w 2T o
<Vl(0)vj (t)>N,L— '-—I\T E fN,L(u,t) + _N— E fN’L(u,t) (2.24)
and for an infinite system
['21T fz’lT ~
<vl(o)v,(t)> = du £ (u,t) + du £ (u,t) (2.25)
3 Jo p J s

o]

where

(fN'L(u,t))
fp (u,t) =

1

o +o0 . .
—— 2 =1 (j—l)u —iu—
57 Vin pt e J dvkh(vk)(e 1)Q[u,vkt,t]

=00

L
X [% J dx.n R[u,vkt—xn,t]]N_2
O

exp ( D(l—e—iu)T[u,vkt]) (2.26)

and

~

{fN'L(u,t))

\fp (u,t)

1 _-2G-Du [

-QTT-T‘ dV1V1 2h(Vl)

=00

L
1 N-1
X [i Jo dxn Ru,v;t - xn,t]]

exp(p(1-e” T T, v, £1) (2.27)



with
['-PUO
T[u,w] = J

=00

It can be shown that £ _(u,t) Bl fp(u,t) uniformly in

u and that fp(u,t) is Riemann- integrable (more

specifically continuous) in u (similarly for f£f).

Now
2T
12—§Z £ () - J du £ (u,t) |
u ! o)
H. _ [21T
< | N E fp(u,t) Jo du fp(u,t)l
27 o f o
+ 5 E (£ pwt) - £ (u,e))]. (2.29)

The first term on the right hand side of (2.29) approaches

zero in the t.l. because fp(u,t) is Riemann- integrable

(see Olmsted ®*! ) and the second approaches zero
because of the above mentioned uniform convergence.
To prove the continuity (in wu) of fp(u,t) is easy.

For the uniform convergence, we write

|fN,L(u,t) - fp(u,t)l

< [3:v,.,2 ot e'i‘j‘““(e‘i“f—.l)(x{ IJ[ LAV, h(v )Qlu, v, t,t]
A=

L
v, | AL

A

[L A N-2 -iu
Jo Riu,v . t = xn,t]dxn) - exp(p(l-e )T[u,vkt]))l

=

x ((

+ | JL“ dvkh(vk)é[u,vk,t,t] exp (p(l—e'iu )T[u,vkt])l

Ivkl>>‘_‘t'

dvn(w - vnt) Sla,w - vht] h(vn). (2.28)

134,
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ol 1o

|' A l' [L . N-2
+ | j Ludvkh(vk)Q[u’th't] I Jo R[u,vkt—xn,t]dxn} |}(2.30)
t

v, [PAL

Choosing 0 < a < %, we may show that the first term

is 0(—T%§a) as N,L » «» uniformly in wu. Suitable
N

upper bounds (uniform in wu) which approach zero in

the t.1. may be found for the last two terms. Similar

~

remarks apply again to £f. Thus pointwise convergence
of the v.c.f.'s is proved.

A qualitative description of the v.c.f. for N,L

N-1

large and p = fixed is now possible by comparison

with t.1l. results. From the analysis of Lebowitz and

/m

41
Percus , for t < N tth
1 2 o 2 _4 t \
<v1(o)v1(t)>N,L § <v; (0) > <v, (o) *> exp( 7F(Ezz7ﬁ)/ (2.31)
for t = 0(lt ) << t
N th th'’
1 Ven 5 \
h : t
<v; (0)v, (t)> - =<v,; (0) %> ~ 15 —(-1 +=) (_ _) (2.32)
N,L N (2,“.)’5 2TT 'Lth N
. 1

for t >> tth' the behaviour of <V1(o)vl(t)>N,L'ﬁ<V1(°)2>

is dominated by a decay of the form

2
Sh(2m) 2 () (1 o+ 0(1%))
e th

Finally we make some remarks on the relationship
between <v1(o)v1(t)>N = and the coefficient of self

diffusion D. For an infinite system it is usual to

assume the Einstein relation
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} dt<v; (o)vy (t)> . (2.33)
(o)

o
Il
Wi =

That (2.33) is inappropriate for a finite system
contained by walls may be demonstrated using the
techniques of ergodic theory (see Lebowitz®? ). This

fact may also be demonstrated using the relation

t >
J ds<v, (0o)vi(s)> = %gE-<(X1(t) - x;(0))?> (2.34)
o

(see Lebowitz and Sykes77 ) . However these arguments

are not applicable to a finite periodic system. For
such a system, it appears from the work of Green'®

44

and Anstis , that a more appropriate expression for

D is given by (at least for the dilute case p << 1)
_ 1 fm a 1 2
D = 3 J t(<v,; (0)vy (E)> - ﬁ<v1(o) >) . (2.35)
O
For the periodic system considered above, we have

shown that the integral is strongly convergent.

5.3 THE HARD-WALLED BOX

For this system the N-particles, labelled as
in section 5.2, are situated in a hard-walled box of
length "L". On collision with the walls, they are
reflected elastically. Lebowitz and Sykes "’ have
extended Jepsen's °° work to this case and have written
down a formula for the v.c.f.'s. The only essential
difference is that the straight line trajectories of

section 5.2I(representing collisionless motion) must
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now be replaced by trajectories which are reflected
at the walls of the box. In this treatment, however,
we shall use a different technique. One must realize
that the properties of the above system may be
determined by examining a system of 2N particles
labelled {1%,2%,...,8°} on a ring of length 2L if

we impose an antisymmetry condition of the form

x,-(t) = -x_4+(t)
3 J
(3.1)
vj_(t) = —vj+(t) for t =0 .
L
Fig. 5.2: Diagram showing the nature of the
dynamics of the system.
This technique has been used by Gervois and Pomeau &
for the corresponding semi-infinite case.
The notation of section 5.2 is applicable to
this case if we write j+ =3 for je {1,2,...,N}
and j_ = - j+1 for j e {1,2,...,N}. Because (3.1)

will be true for all t = 0, the following relations

hold:
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+ F T
r (h°,k,£) = r_ (b K ,t)

s(u,hi,ki,t) s (- u,hi,kx,t)

A+ +(t) = A7 7 (t)
j k
and W o+ .+ = — WF_ 7T (3.2)

where any choice of the signs (%,¥) is possible.

+ _+
In this case s(u,h”,k ,t) is given by

s(urhilkirt) = §[ulwkihi] ki < hi
= e_fu Slu,w 1] k¥ >n°
SHrTkER®
and S[u,wl] = e'™ for (n-1)2L < w < n.2L
for each n. (3.3)
Then
l +A A.i
AL+ t(t)=x ) (-1) el T ) Slu,w, +
37k 2N + + + + o+ +. k~h
le{172"...N"} he{1727...n87}
(3.4)
here u = ZuRH here
w 2N :
We wish to calculate ensemble averages of the form
Ea— <f(x, 4 (0) v +(0) xj+(t).vj+(t))>N’L (3.5)

where particle kT is assumed to be at a position

X, + = xk+(o) e (0,L) at the initial time. Particles
1+, 2+,...,k+ - 1 are assumed tc be distributed
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uniformly in (0,xk+(o)) and particles xt + 1,

k" + 2, ..., nt

distributed uniformly in (xk+(o),L)
at the initial time. These particles have an initial
velocity distribution h( ) assumed to be Maxwellian

here. So again we have a guasi-equilibrium initial

distribution and

FN,L - N z . <f(Xk""vk"' g xm+vmt’vm)Aj+m>N,L
me{1 7,27 ,...,N}
s [ I
= J—w dvk+h(vk+) o) vah(vQ)
e=1
#kt
x. +(0) X, +
+ _ k kT-1 Xa
X [ (k ki)—j_ J ka+_l J[ dxk_l__z. . I dxl:ll
xk+(o) o T o
[ (-k") (- XN [*k++2 ]
X L(L_x (O))N—k+ Jx (o)dx . (O?XN_l-..Jx dxk++lJ
xt k*t k+ x* (o)
X ; . £ (X sVt i xm+vmt,vm)Aj+m(t) (3.6)

+
me{1 7,2 ,...,N}

From (3.4) Aj+m(t) may be written completely in terms

of the variables (xm,vm), m € {l+,2+,...,N+}. Upon

substitution into (3.6), we see that after integration
over velocities, the integrand is totally symmetric
with respect to the variables (x ,xz,...,xN).

1
Consequently the spatial integrations may be rewritten

as

k+_1 1 Xk+(0) 1 N 1 1,

T T e [f ] oo
[i=1 xp+(0) ], Ll oty D% (0 *

Xk+(0)



140.

Using (3.4) and (3.7), (3.6) becomes after some

manipulation
T = ___]_-_2 (_1)1 e/:i\.u e—fju
N,L 2N
u
+ e 1 Herte)
X (k' - 1) . dv h(v ) (———— dx )
m m X. +(0) J n
-— 00 k lo)
1,k -2, n-xF 1,kT-2, -7
X +
[[[u,xm+vmt,vm,xk+,t] I[u,—xm—vmt,—vm,xk+,t]J
40 L
+ -k o | v hiv) . et ax )
J m m L-x_ +(0) m
-0 k x_ 4+ (0)
k
1,x%-1,8N-k"-1 1,xt-1,8-kT-1
X ‘
[[[u,xm+vmt,vm,xk+,t] I[u,—xm—vmt,—vm,xk+,tlj

0,k -1,n-x"

[u,xk++vk+t,v

4o
+ j de+h(Vk+)f(xk+,V

- 00

X 4tV 4 t,v
kFiX+tV k+)I Lrt]

+ +
*® O,k _l,N_k
+ {+ dvk+h(vk+)f(xk+,vk+;—xk+-vk+t,—vk+)I

[, =%, 4=V 4+t =V, 4 Xy 4ot

(3.8)

with
JorsJjr1,J2
I[u,w,v,x

x+ (t]

= Slu,2w] Qlu,w,v,x 4 , 2170

1 k* j1
7 ] dxng[u,w,xn,t])‘ (

L .
[ dx R[u,w,x ,t1)32(3.9)
K n-~ n

_1
o . L-x, + Jxk+ x

R
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where

g[u,w,V.x t]

xt’

+00
s J wdvk+h(vk+)f[xk+,vk+;v,v]E§[u,wt(xk++vk+t)] (3.10)

and
[
R[u,w,xn,t] = J wdvnh(vn)gg[u,wi(xn+vnt)]. (3.11)

For the v.c.f.'s f( ) has the form

+3;%X,v) = v_4+v. So from (3.8)

k

F = <Vk+(O)Vj+(t)>N

N,L 'L

Il

f% 2 (—l)l e+1u e—lju %
u

x, + (o)
1 k

—— dx )
xk+(o) m

{(k+-l) J+wdv v h(v.) . (
- m m m

o}

l ’ k+—2 ,N-k+

[Al,k+—2,N—k+ 1
[I [u,—xm—vmt,xk+ 't]J

[u,xm+vmt,xk+ ,t]—I

(=00, tw) (=, +w)
+ +co 1 L
+ (N-k') dv v_h(v_ ). (s————pmr- dx )
m m m L-x 4 (o) m
- k %, +(0)

[ 1,k -1,8-k"-1 1,k -1, 8-kt -1 :

+00 )
3 J_dek+h(Vk+)Vk+

70,k -1 Nk 10,k -1, n-k* N
" H (mor, o) R Epad Uyt ey t] ‘I (moo, o) B Vi Ex gt

(3.12)
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where I is cbtained from I

(o, B) =

replacing Q( )} with

g(als)[u,w,xk+,t] = Ja dvk+h(vk+)vk+§s[u,wi(xk++vk+t)]. (3.13)

The following property is easily verified from (3.3):

Pal
"~

1]0’]1!]2 _ ezli\J.(j0+j1+j2+l)]:jo’jlljz

((118) [u'W+2L’Xk+’t] (OL,B) [ulwlxk+lt]

(3.14)

- e21u(l+jo+jl+:|2)= 1 if

1+ jo + J1 + 32 =0 (mod N).
We examine the contribution to (3.12) from the
u(l) = 0 term. Note that Sfo,x] =1 so

~

R[o,x,x”,t] = 1 and hence

1 . _
AT JAdx Rlo,x,x7,t] = 1. (3.15)

By inspection, contributions from the first four terms

of (3.12) are identically zero. The fifth gives a

contribution 7% <vk+(o)2> and the sixth gives a
contribution - 7% <vk+(o)2>. So there is a complete
cancelation (of contributions where particle j+ is

on trajectories xt and X~ respectively). The
initial conditions on the v.c.f.'s may also be checked.

From (3.3),

N x. +(0)
elu> 1 k 2%u

Slu+2x = ——— —{e

S[ut2x 4] (1 ’ %3 (0) Jo dxan[u,ixki_,xn,O] (1 )

(3.16)
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and
1 (&
—— dx R[u,*x, +,x ,0] =1
So (3.12) gives
A, L.+ +
_ 1 -T(j -k )u
<Vk+(o)vj+(t)> = §ﬁ 2 e J <Vk+(0)2>

NL

Using (3.14), we may

section 5.2)

PP o +
e—l(j +k )u<Vk+(O)2>

=

2N

<v, +(0) 2>
itk

+ (3.17)

as required.

rewrite (3.12) as follows (cf.

= = L - (31
P T <vk+(o)vj+(t)>N,L 2N L (-l)'e
u#o
2L e
x {v 2 ;’E_ xt-1) th v, ] h(v_+ 2L_m)
th k+ o = =
[ oo -k 1,xt-2,n-xt ]
X l-.[ (_c:) +oo) [urxk++th,xk+lt]—l (—00,+00) [u,-xk+—th,}(k+,t]J
2L 400
FV_ e (NK )Jt ] (v +2m
1,kT-1,8-kT-1 1,xVt-1,n-xt-1 ]
X [I(_w'+w) [u,—xk+—vmt,xk+,t]—l(_w’+m) hlxk+#%5;xk+ﬁj}
2L +oo
+ Jt av, 4 ) h(v, ++ E%E (v + %EE)Z
0 m=-o00
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Py AN

[ 0,k -1,n-k" 0,k -1,N-k"
X L[(_m ey [ul)—{:k++vk+tka+lt] . I(—w o) [ul"'Xk+"vk+thk-—{.rt] :l
[4 r
(3.18)
+o00
The sums 2 in (3.18) may be expressed in a more
m=-—00

convenient form using relations of the type (2.18) and
(2.19). The m=0 terms in the rearranged sums cancel.
Physically this represents a partial cancellation of

contributions to <vk+(o)vj+(t)> from a particle

+

N,L

N s kt-1,xT+1, ..., ana

j on trajectories (1t,2

(1525, ... k-1, k+1,...,N) and also on trajectories
kt and kx~. The remaining terms are characterized by
the usual "fast" decrease. To complete the analysis, we

must consider the long time behaviour of

A

JordieJe2
](_m'+w)[u,w,xk+,t].
The behaviour of
X, +
k L
(1 | \ 1 4
\xk+ Jo dan[u,w,xn,t]/ and L—xk+ J dan[u,w,xn,t])

is considered in Appendix F. These expressions have a
non-zero component as t - ®. Using the appropriate

Poisson summation formula we obtain

v ty2
A - Vepty2 v 2m 2f ;Z )
9[1.1,W,Xk.|.,t] e - Vth(—z‘L—) L2T. €

1

X Jo dwk+sin(2ﬂwk+) E §[u,wi(xk++2ka+)] (3.19)



So the last two terms in (3.18) (the contributions from
particle j  on trajectories xt ana k7)) will

dominate the others as t + «» and we may write

oo v, t\2
v +(0)vyalt)sy o 27 2 vthu;(zﬂw(_t_h_f) Je

1

x ] dwk+cos(2ﬂwk+) . (fﬁ Y (-1) )
(o] u
1 ka+ xt-1
X [%[u,Z(xk++2ka+)] (§;: Jo dan[u,xk++2ka+,xn,t])
L -
1 [ N-k
X (L—x T dxng[u,xk++2ka+,xn,t])
Kk X+
1 ka+ xt-1
- §[u,—2(xk++2ka+)].(xk+ Jo dan[u,_(xk++2ka+),xn,t])
L +
1 ( - N-k ]
x (=% 7 dx R[u, (xk++2ka+),xn,t]) | (3.20)
k xk+ .

Behaviour of the type (3.20) is associated with a time

scale O(t..) Jjust as for the ring system. The bkehaviour

th
of the v.c.f.'s for large times t >> tth is dominated

by a decay of the form

5.4 BOUNDARY EFFECTS ON VELOCI;I‘Y CORRELATION FUNCTIONS

Firstly let us consider the problem where the

physical system is the same as in section 5.3. We

145,
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evaluate the v.c.f.'s where we specify that xt =17
and that this particle is situated on the wall at t =0
(i.e. xl+(o) = 0). Furthermore, in calculating the
ensemble average <=>e L the integration over

[

v.+(o) = v becomes 2]

1 1+ dv1+h(vl+). where h( )

o]

is again assumed to be Maxwellian (i.e. the specified
particle on the wall must initially have a velocity toward
the interior of the container). With this modification,

the formulation of section 5.3 is applicable and we

obtain for the v.c.f.'s

_ 1 Y -2 (3-1)u
<V1+(o)vj+(t)>N,L = wy E (-1)- e

l 0,N-2
2 [t 2Lm ree
X (4 vth t J mmZ_mh(v +— T )[(O,W) [u,L+vmt,o,t]
2L,
+00 l,0,N—2
- 4 2t (———0[ av z h(v +2Lm)I [u,+v t,o0,t]
Ven J mZo e t (0,%) bl
14
25 &
=== 4o 0,0’N"l
+ 2{t dvl+ Z (vl 2Ln 2h( E%E [I [u,vl+t,o,t]
0 n=0 (0,)
- I [u,-Vv. +t qt]J/
(Or°°)

(4.1)

The first two terms may be analyzed using the standard

Poisson sum formula. In the rearranged sums, the m=0
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terms cancel leaving the usual fast decreasing terms.
For the remaining terms, we must use the most general

form of (2.17) for the piecewise continuous function

. 2Lx, 2Lx
g(x) = H(x) (vl il =g ) h(vl + =X )

with H( ) the Heaviside step function. We obtain

¥ee 2Ln, 2 21Ln 2 .
y (V1+—E_)_h(vl+_Tfo = %v,"h(v ) +2(5H_(0)+ Y H_(2mn)) (4.2)
n=0 n=1
H t)) = [+w dx cos(ix) (v +EE§)ZQ(V +2£§)
c Jo 1™ & 1t
v v v
th 2L, (/Y1 AN
')Tz—' (—E) \z\m}h (Vl) \Vth/ h(Vl)
2Lx 2Lx
1,21, 2" (V1+ A AL )“ 21X
- 20 a Ax) (2-5{ ——=— ——= ) )n ey
5z ( t) Jo x cos(Ax) ( Vo, ) + \ Vo, ) (Vl+ )

(4.3)

The first term in (4.2) produces a contribution

ok 4y 2 (E_t_h)s Jfl

: 2L,
th t dw, %.w,” v, h(=w

1 )

1
o

A ~

0,0,N-1 0,0,N-1 '
% [I [u,2Lwl,o,t] - I (u,2L(l—wl),o,t]}
(Ol°°) (O,°°)

1l

t
0((—52)3) as t -+ o. (4.4)
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The second gives

t 3 1 w3
_ ob 2 th) [ - a2 2L .
2 Von (_E_ Jo dleo dw’w Vthh( T v )
I'O’O'N—l 0,0IN—l 'l
! (0,)

(o,*)

t
= o((—%E 3) as t » o, (4.5)

It may also be easily shown that the remaining terms

produce a contribution

t
0((—%3)3) as t » v, so in conclusion

<v_ (o) v, 4+ (t)> —0((tth)3) t > o  (4.6)
v1+ vj+ = < as .

N,L

Let us now reconsider the behaviour of the
v.c.f.'s with emphasis on the xk+(o) dependence.
(3.12) may be written as the sum of two contributions;
one where the velocity of the specified particle Vi+ < 0

and the other where vk+ > 0, that is

(o]
<vk+(o)vj+(t)> = dv ce. + } av. + ... . (4.7)

k+

By comparison with the analysis above, the contributions

+oo (o]
to both J dvk+ ... and J dvk+ ee. in (4.7) from the
(o]

- 0O

first four terms in (3.12) have a "fast" decreasing



asymptotic time behaviour. The contributions from the
last two, however, exhibit a behaviour dominated by a

decay of the form

t
0((—E2)?%) as t =

Consequently there must be a complete cancellation of
+oo I-o

the "slow" decreasing parts of I dvk+ ... and J dvk+...

O -

leaving just a fast decreasing part. This is valid

for all xk+(o). Furthermore, we shall show now that

as xk+(o) approaches the boundary, there is a complete

cancellation of "fast" and "slow" decreasing parts of
+ o
] dvk+ ... and J dvk+ JNT
[e) - 00

For definjiteness consider the case where xk+ > 0.

For any specific set of initial conditions on vj+,
S

define v’ , j e {1,2,...,k} as follows. Let
1+ 2t k+t
(v ,v° ,... v ) be a rearrangement of
+ +
1 2
v+l |v2+|,...,|vk+|) so that v© < v < ... <v

Then as xk+(o) + 0, it becomes increasingly probable

(excluding a neighbourhood 0(xk+(o)) of the initial time)

that the particles (1+ ot ... k+) will be travelling

. L it el x* .
with velocities (v- ,v° ,...v ) respectively before

interacting with any other particles. Their trajectories

+ xt

+
1 S

before collision will approach (v~ t,v

respectively. Because only moduli of velocities are

(o]

400
involved, it follows that I dvk+... and J dvk+...
(o]

-—00

will give opposite contributions to <vk+(o)vj+(t)>N

v

' L

149,



in this limit. Note that the special case xt =1 is
more physical.

We shall now give a mathematical verification
of the above statements. We must evaluate (3.12) in

the limit xk+(o) + 0. From the definition of

JorJrsJ2
[urwrxk+rt]
(o, B)

and the analysis of Appendix F, it follows that these

functions are uniformly continuous in (w,xk+) on
lim

X ++0 may be

(-»,+) x [0,L}. It then follows that
} : k

taken under the velocity integrals appearing explicitly

in (3.12). Also from the above mentioned continuity
property
Xyt
k
lim 1 |
(—— dx ) . = . lx =0| x, +=0
X, +70 "X 4 jo m x*
(4.8)
) L L
xliTo (L—i ¥ } dxp) . = %I e 6
k k k+ o xk+=0
, L3031
Now the expression I [u,w,0,t] contains a factor
(=0, +)
~ l'+°°

which is identically zero since the integrand is odd.

So (3.12) becomes
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lim
Xk+—>-0 Vit (O)vj+ (£)> N,
1 v -ig-nue, [T 2
= -2—N- 2 (—l) e X dvk+h(vk+)vk+ (4-9)
u - 00
[ 0,k"-1,n-k" 0,xt-1,n-x" ]
X I_I [U,Vk+t,0,t] - I [ul"vk+trolt]J
("°°l+°°) (=0, +w)

Employing a trivial change of variable v _+ = -v .+ in

k k
the last term, we conclude that
lim _
xk++0 <vk+(o)vj.|.(t)>N’L = 0. (4.10)

We expect that there will be a partial generalization
of this property to higher dimensional systems of
particles which interact with the walls elasticity. We
suppose interaction potentials associated with particles
are spherically symmetric and X denotes the centre of
the particle. The arguments gi&én here apply to a hard
sphere potential but may be easily adapted to handle more
general cases. For (finite) two or three dimensional

systems, we define a class of v.c.f.'s as follows:

<y, (0).v, (t)> = {V dx IRn dv JR“ dv, (0)h"(y, (0))y, (0) .V

(4.11)

X fj(§,g,t |x, (0),¥, (0),k)  n=2,3

where the particle centres are confined to a region V



in Rnf fj(g,y,t |§k(o),yk(o),k) gives the probability
that particle j will have a position x, velocity V¥
at time t given that particle k has position §k(o),
velocity gk(o) at the initial time and the remaining
particles are in equilibrium at this time . h"( ) is
the n-dimensional Maxwellian distribution.

Now suppose §P is on a smooth part of the
boundary 3V of V. Let gl be the inward normal to

P

v at x . Then every vector can be uniquely decomposed

in the form

where gl.Y" = 0. (4.12)

Then

<Yk(o).yj(t)>

_ n n-1 " f L 1,1 1
- JV ax JRn ay JRn_l ayy )" (g (0)) | av, (@) (v (o)) (©

X

fj (}_(_,Y,t l)_(k (o) ka(o) 1K)
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1
v

-} Jv dXJRndyJ[Rnd\_rk (o)h” (v, (0)) vy (o) . vy £y (x,¥,t]x, (0),¥, (0),K).

(4.13)
We now consider the behaviour of the first term
of (4.13) as gk(o) -> §P. In this limit it becomes
increasingly probable (excluding a neighbourhood
al

lx, (0)-x .
) of the initial time) that particle k will

| v (0 |
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have a velocity lVL(O)lgl + vy (0) Dbefore interaction with
other particles. The trajectory of particle k before

collision will approach

x (£8) = x° + (v (o) |e" + y!(o))t.

Since this only depends on VL(O) through its modulus,

4o o
we conclude that J dv;(o)... and I dV;(o) give opposite
o] (2]
contributions to the first term of (4.13) as §k(o) -> §P.
So
Hm v (o) . v.(t)>
-k
X, (0) %

- IVdXJRndYJRndYk(O)hn(yk(O))yﬂ(o).y"fj(g,y,glgk(O),gk(O),k).

(4.14)
The behaviour of the v.c.f. as §k(o) approaches the
corners and edges of V may also be considered. Consider
first the case of a two dimensional rectangular region
and suppose §P is a corner point. Before k interacts

with other particles, we have the following pictures:

X

\'4
10
o)

V

X, +(0)
: X, +(0)

0 <

N/
€

Fig. 5.3: Reflection from a corner.
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Let us write Vv. (o) = vi(o) e + v2(o) e . Then as
P

§k(o) + x°, the trajectory of particle k before
collision approaches

P

x (t) =x + (|v]1<(o)|g1 + |v§(o)|§2)t : (4.15)

By comparison with the previous analysis, we expect that

contributions to <y, (o) . yj(t)> from v, (o) = -v and +yv will
cancel in the limit gk(o) -> §P. Therefore
Lim o v (o) . v.(t)> = 0 (4.16)
?_(k (o)+}-§ "'k . ‘—j - e o

Finally we consider the situation in three
dimensions where V is a rectangular box. If §P is
an edge point (excluding corners), we set up a coordinate
system through orthogonal basis vectors (gl,gz,gs) with

93 along the edge and 91'92 along the walls. The

v.c.f.'s may be expressed as

<y (o) .y, (t)> = JVdeJ[Raderde\_lk(O)ha(\_fk(O))
X (v;(o)v1+vi(o)v2+v;(o)v3)
x fj(§,yx|§k(0),yk(0),k)
where v=vle +vie +v®e. (4.17)

Contributions to the first two terms from Vk(o)=w1e +wle +vwle
. -1 -2 -3

L 4
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and Yj(o) = —wlgl - wzgz + w3§3 cancel in the limit
§k(o) + x¥. We conclude that
lim

P<V (o).Y.(t)>={ dgj 3dy[ d\_rk(o)h(\_rk(O))v]i(o)v3
v R

§k(o)+§ k J

RS

x £,(x,¥,t) %, (0),7, (0) k). (4.18)
For the case where §P is a corner point, (gl,gz,ga)
are set up along the edges. As §k(o) - gP, the

trajectory of particle k before collision approaches

P

x (t) = x + (IV]I{(O)Ig1 +|v]2<(o)|§2 + lvﬁ(o)|§3)t. (4.19)

So contributions from gk(o) =+ v and =-v cancel in
this limit. Thus

lim

§k(o)+§P <y, (0) . ¥,(t)> = 0. (4.20)

For semi-infinite systems, we expect analogous results
to hold. To prove this, we would only have to take the
thermodynamic limit of a suitable sequence of finite
volumes.

5.5 THE LONG TIME BEHAVIOUR FOR A GENERAL VELOCITY

DISTRIBUTION

In the preceding sections, we have exclusively
considered a velocity distribution function which is

Maxwellian. It is of some interest to examine the
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dependence of the long—-time behaviour of the v.c.f. on
the choice of distribution function. A natural generalization
is to choose h(v) > 0 to be an arbitrary member of

the Schwarz class. Such functions are ¢’ and satisfy
|P(x)h(x)| > 0 as |x| » » for any polynomial P( ). (5.1)

The Fourier transforms of such functions are also in the
Schwarz class with respect to the transform variable

(see Challifour ®®). For the analysis of the long time
behaviour of v.c.f.'s, Poisson summation techniques are
again appropriate. For both a ring system and a hard

walled box and for times much greater than tth’ it is
clear that the v.c.f.'s will decrease faster than any

inverse power of time. An example of weaker constraints

which may be imposed on h{( ) would be to choose the

kP derivative h (%) absolutely continuous and integrable
for k=1,2,...,9 = 2. If H(X) 1is the Fourier transform,
then

H(A) = o ( 1 ) as |A| > o
|21 ¢

Poisson summation techniques are again applicable for
the analysis of the v.c.f.'s and we conclude they have a

long-time behaviour of the form

0( (5279, (5.2)
th
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This first decrease behaviour will disappear if we take
the t.1. so ten T ° leaving a residual slow decay.
The results of section 5.4 are also valid for a éeneral
class of velocity distributions provided they are even
i.e. h(v) = h(-v).

For more general finite systems, one would
expect there may also be a cuttoff to the slow decay to
equilibrium on a time scale tth = ;%; where now L

is a characteristic length for the size of the system.

5.6 A STOCHASTIC VERSION OF THE RING SYSTEM

The only difference between the system considered
here and that section 5.2 is that for any collision we
specify that the particles have a probability P~ of
transmission (a non-interacting collision) and a probability
P = 1-P° of reflection (a hard "sphere" interaction
involving interchange of velocities).

We define a class of functions Cn(j,klxi(o),vi(o))
for each j,k ¢ {1,2,...,N} and depending on the initial

cer)

conditions (xi(o),vi(o)) on the N particles. CIRj,k

gives the probability that particle Jj is on trajectory
k after trajectory k has been crossed n times by other
trajectories (counting crossings from both the left and

right as positive). We shall prove that

c™(3,k|...) >3 as n> o (6.1)

except for possibly a finite number of v;(o) (where k*

is chosen from {1,2,...,N}). We choose an initial
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velocity v;(o) so that trajectory k* intersects all
other trajectories. It is sufficient to choose
v¥(o) # v, (o) ifk*. The c®(j,k|...) have the initial

conditions

..) =8V (6.2)

0 .
C’(j,k 3,k

and since some particle must always be on trajectory k,

we have the conservation result

§ c"(j,k]...) =1 (6.3)
j=1

It is convenient to define a class of functions
Cn(j,k|xi(o),vi(o)) which give the probability that
particle j 1is on trajectory k after a total of n
collisions between trajectories. It is clear that
Cn(j,k|...) is equal to Cm(j,kl...) for some m < n.

The C"(j,k|...) have the initial conditions

0 _ =N
C (j,kl...) = 6j,k (6.4)

They satisfy the following recurrence relations. If the

n*?  collision involves trajectories k“ and k”°° then
¢ (5,k|...) = ¢ Y(3,k|...) for k # k“,k”’
™ (3,k7]...) = pc* Y5,k |...) + e 5,k .. ) (6.5)

™ (3,k""...) = PC* Y5,k ]...) + P 5,k L)



Since particle 3j must always be on some trajectory,

the C"(j,k|...) satisfy the conservation result

" _
Yy ¢"(3,k...) =1 (6.6)
k=1
Let us consider the set
$™(3]x, (0) ,v, (0)) = {C"(J,k|x, (0),v; (0)):k=1,2,...,N} (6.7)

It is useful to examine the diameter of the set Sn(jl...)
(in the sense of the usual metric on R) as a function
of n. From (6.5) we see that Sn(jl...) is obtained

from Sn_l(jl...) by replacing one pair of points (c”,c””)

” ”

with the pair of convex linear combinations (Pc” + P°c”7,

P°’c” + Pc””) and leaving the rest invariant. Consequently

diam S$"(j|...) < diam S™"1(j]...) (6.8)

Our aim is to find an integer M > 0 and number

o e (0,1) such that

diam S$™*M(3]...) < o diam S"(j]...) (6.9)

Now trajectory k* crosses any other trajectory k

periodically in time with a period Ti < ® since

Vk(O) # v;(o). Let 1% = ?;i*Tﬁ. Then in any time

interval of length 1%, trajectory k* crosses every

other trajectory. It is possible to find an upper bound

v
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NT = NT(xi(o),vi(o)) for the total number of collisions

between trajectories in any time interval of length .
Thus during any NT* collisions, trajectory k* must
have crossed with every other trajectory. We show that

N is a suitable candidate for M in (5.9).

T*

In the determination of the diameter, it is useful

to define the following quantities. Let

N
at s™(j|...) = max C™(j.k|...) = CP(F,k*|...)
n
k=1
for m=>2n . (6.10)
Define CJ(j,k*|...) = C"(j,k*|...) and
Ik n
cP(3.k]...) = max C"(3,k7|...) for kgk* (6.11)
k=1

and suppose that CT(j,k[...) for m > n are determined

recursively by relations of the form (6.5). Then
Cl(3ik|...) = (F.k]..) k=1,2,...,N (6.12)
1f ST(j .. = {e8G.k[..) s k=1,2,...,N} , m>n

then from (6.12)

+ m, .
dn S+(j

R dz $™(j|...), m > n. (6.13)

From the choice of NT*, it is clear that for each k

there exists m, : 1 < m_ < N such that
k k T*

160.
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N
...) < max Ci(j,k’]...) (6.14)
‘=l

i3,k

Furthermore the following upper estimate

for mk < m < NT*.

...) holds:

on the C2+NT*(j,k

N N o h+N
max Ci(j,k’ ...) —max CPVTUNT*(3,k7|...)
k“=1 k=
> ()Nt & s"(g].. ) (6.15)
where P = min(P,P”). Consequently

ars™™Mta gl < @-@DHYTY) 4l 87

oee) (6.16)
Similarly we let
. o m m
a_ $"™(j|...) = - min C"(J,k|...) + C(I,k*|...)
n
k=1
for m=>=2n (6.17)

pefine  C"(j,k*|...) = C"(j,k*

...) and

(6,18)
N n
¢®(3,k]...) = min ¢"(3,k"|...) for k#k*
k=1
and suppose that CT(j,k ...) for m>n are determined

recursively by relations of the form (6.5). Then if
s™(jf...) = {€"(3,k|...) = k=1,2,...,N} m >n, it follows

that

- m . - m o
a- s™(3l...) = ay s"(3]...) (6.19)
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and d; SE+NT*(j

coa) < (1-(pT)NTHy a_ s"(f...) (6.20)

Combining (6.16) and (6.20),

n+NT*

diam S

(3. = a_ s"NregL + @l sPTNTr (gL

- nN+Ngx = + n+NTx ,
<a_ sPtr(gl..0 + 4l s (3]...)

A

(1-()NT*) (a7 $P(3]...) + a ST

(1-(2)NT*) Qiam S™(j]...) (6.21)

which has the form (6.8) as required. So
diam Sn(jl...) >0 as n > ®
monotonically. It also follows as a simple consequence

of (6.6) that for k=1,2,...,N

c®Gikl...) =% 50 asno>e (6.22)
SO ' (j,k|...) ~ % as n -+ (6.23)
and thus c™(j.k ...y > % as n » » . (6.24)

The analysis of a special case will help elucidate some
of the above concepts. We consider the rate of convergence
of (5.22) in the regime where |v§(o)|>> |vk(o)|, k#k* .,

This is achieved by determining the dependence of NT* on

. . q o L
* * i x
vk(o) in this limit. As |Vk(0)l Ll e A |Vk*(0)l and

for |vk*(o)| sufficiently large, it is clear that there



can not be more than one collision between any pair of
trajectories chosen from {1,2,...,k*,...,N} in a time
interval T*. Furthermore trajectory k* no other.

trajectory more than twice. So for such vk*(o),

N ., < 2(N-1) + (N;l) (6.25)

T*

V. (0) &

Fig. 5.4: The large |v

(0)| regime

The above analysis is now applied to the calculation

163.

of ensemble averages. By analogy with (2.1) Ajk(t[xi(o),vi(o))

is defined to be the probability that particle Jj is on
trajectory k at a time t (given a specific set of

initial conditions). Then
Ajk(t|xi(0),Vi(0))

T v 2 |n1+|n2|+...+|nN]| . '
) ! ... 1 cC (3.k|x; (0),v, (0))
nl=-o n2=- nN=-®

X rnl(l,k,t) rn2(2'k't) i rnN(N,k,t)

+ oo +0o +-00

2=

nl=-®@ n2=- nN=-00

N |n1|+|n2|+...+|nN . _ 1
+ o) I - ) ( (5.x %, (v, (@) = B
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x r .1,k t) r ,(2/k,t) ... r yN/k,t) (6.26)
The ensemble average of section 5.2 is used, thus

k 'k

N
= < o i >
F Z f(vl,x +v L,vk) Ajk(tlxi’vi) NI

1
x (— Y Of(voix, + v t, V)
N 2 1'%k k k
N
+ kzz (f(vl;xk + v, t, vk) - f(vl;vlt,vl))
+o0 +o0 + o0 )
x 3 T (C|n1|+|n2|+°"+|nN|(j.k|xi,vi)— )
nl=-o n2=- nN=-o
X rnl(l'k't) rn2(2,k,t) . rnN(N,k,t)) (6.27)
where we have used the identity
N +o 400 +00
X " ( Z z Z )(C|n1|+ln21+-..+lnNkjrklxirVi)_ %)
k=1 nl=-®© n2=- nN=-
X

rnl(l'k't) rn2(2,k,t) ‘o rnN(N,k,t)

N n .
kzl (C ®(3,klx ,vy) -

) =0 (6.28)

2

from (6.6) where n is the total number of collisions

between trajectories up to a time t. In particular for
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the v.c.f.'s (6.27) becomes

= < >
F vl(o)vj(t) N, L

N,L

L X X N 400
(N-1)! N 3
(__ZETI J de J dXN—l . J dxz) ('g J dvih(vi)>
o o o i=1Y -
N + o0 +-00 4o

1|+|n2|+...+|nN}. 1
X (v X (V ' ) z X M Z (Cln J’k'X.,V,)";‘)
1 k=2 S 1 nl==-© n2=-w nN=-o 1 1 N

" rnl(llklt) rn2(2[k,t) P rnN(N,k,t)) (6.29)

A crude asymptotic analysis for (5.29) in the limit as

t > » 1is given below. In (6.29) the factor

(Clnll+|n2]+"’+|nN|(j,k]xi,vi) - é) provides a cuttoff for
those (vl,vz,...,vN) outside the set
{(Vl,vz,...,vN): for each i, there exists j such that
= oL
lvi—vj[ = 0()} (6.30)

For outside this region, we can find i=k* such that

L

|vk*—vj| >> ¢+ Consequently for large t, nk* in
(c|“1|+|“2l+"'+lan(j,k|xi,vi) - %) for k#k* will be
large compared with NT*, so this expression will be small.

Also all the ni in (C|n1|+ln2|+“‘+|nN|(j,k*lxi,vi) - %)
will be large compared with N_,, so this expression will

also be small. The set (6.30) will have Gaussian measure
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N N+1

2

0((%)2) as t + o for N even and 0((%) ) as t + o

for N odd. So the decay of (6.29) to the equilibrium

value I!'\i<vl(o)2> will be of this form: For N=2,3, the

factor (Vk—vl) in (5.29) produces an extra factor 0(%)

as t » » in the rate of decay.
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CHAPTER 6

THE SOLUTION OF AN ELIMINATION PROBLEM

IN KINETIC TEEORY

6.1 INTRODUCTION

For an infinite classical system of particles with an
arbitrary inter-particle potential, we examine the following
special class of initial value problems (i.v.p.). The
initial conditions are such that a particle, labelled "1"

(say), has a specified initial distribution £(1)

(51;0) and
the rest of the particles, labelled with an index Jj , are

in equilibrium. The initial position and velocity of particle
"1" could for example be fixed by choosing f(l)(gl;O)

= 8(x,-x")8(v,-v’) .

The reduced distribution functions (r.d.f.) are defined
through the grand canonical ensemble average < - >Z for the
corresponding finite systems of volume V at time t and
then by taking the V » < limit. The average < - >¥ acts
on functions of the variables Ej = (§j,gj) (denoting the
position and velocity of the particle labelled "j") by
integration over these variables with respect to suitable

total distribution function measures. The n-particle r.d.f.

is defined as

£ (2 52, peusrz_it)
= <s(z,zh ] s(zpm2th L. ez -2imsY
jo#jB a#B o

jo#l
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which gives the probability measure that the particle labelled

"1" is at z, and that some other particles are at ZyreeerZ -
floust . -

(1.1) is convergent for all time. From (l1.1) and the specif-

f(n)

ication above, the initial conditions on the are of

the form: f(l)(gl;O) specified as above

f(n)

vo . A - e . ] -(1) .
(51,52,....gn,0) pn(§1,§2,...,§n)h0(22)..-ho(zn)f (51.0)

(1.2)
where ho( ) is the Maxwellian distribution and pn( ) is

the n-particle equilibrium r.d.f. defined by

P (B i ieeniX )

_ Lol _xi2 —xdmy SV
V<5(§1 X ) X 6(§2 X ) .- S(En 23 )>equi1ibrium

jo#jiB a#B
jo#l (1.3)

Anstis?*?,%?* has shown that manipulation of (1.1) leads to
the equations
+00

e (1,0 = 1+ 3 Ti(l;t))(sl(l;t)f(”(l;on (1.4)
m=1

+00
(™) 1,2,...n58) = (7 T;(l,Z,...,n;t)(Sl(l;t)f(l)(l;O))
m=0
(1.5)

where

T:(l,2,...,n;t). =

m-k(i)sn+k(l,2,...,n,l’,...,k’;t)

m
l 4 [ 4 ’ —
= Jdgl jdzg .- Idgmkzo( 1)

1 -1
pn+m(l,2,...,n,l',...,m’)S (1;t)
14 14
X ho(zz) - ho(zn}ho(xl) . ho(gm) . (1.6)
and we have written i for z. and i’ for z! .

1 —1

-
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Sq(1,2,...,q;t) is the g-particle streaming operator so
s%(1,2,...,q;t) £(1,2,...,9) = £(1",2",...,9') where

g{,gé,...,g’ are the coordinates of particles which at a
time t later under g-body dynamics are at 51,52,...,§q
(respectively) . For finite V, (1.4) and (l1.5) will be

convergent for all time.

Our aim is to eliminate the expression Sl(l;t)f(l)(l;O)
from (1.4) and (1.5) thus obtaining an expression for
f(n)(l,z,...,n;t) in terms of f(l)(l;t) (termed as "upgrading"”
by Cohen''). The result for n = 2 may then be substituted
into the first equation of the appropriate B.B.G.K.Y. hierarchy

to obtain a closed equation for f(l)

(1;t). Analogous non-
linear problems have‘been solved using graph theoretic techniques
for both the equilibrium case (see Uhlenbeck and Ford ** ) and
the non-equilibrium case (Cohen ° ).

For the case of the one-dimensional hard "sphere" gas
where pm( ) = pm_l with p equal to the mean density,
(1.4) and (1.5) are shown to be convergent in the V » «
limit for all time. The elimination problem is solved by
rewriting (1.4) and (1.5) in terms of the corresponding
cluster functions and operators and using graph theoretic
techniques similar to those implemented by Cohen > In
the general case where pm( ) does not factorize, more
direct combinatorial methods are used to solve the elimination
problem. Convergence of the series (1.4) and (1.5) may be
assured at this stage by retaining finite V and then letting
V » o after we have solved the elimination problem. The
convergence behaviour of the solution is considered in the
next chapter. Unlike the special case above where pm( )

= pm—l, no cluster function structure is apparent here.
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6.2 CLUSTER FORMULATION FOR THE ONE-DIMENSIONAL
HARD "SPHERE" GAS?*

The r.d.f.'s f(n)( ;t) are first expressed in terms of
cluster operators corresponding to the streaming operators.
This is essentially a combinatorial problem with an application
of Liouville's theorem. Then these expressions are rewritten
in terms of cluster functions corresponding to the f(n)( i t)
thus obtaining far neater expressions suitable for the applic-
ation of graph theoretic methods.

First we give an alternative characterization of T;(l;t)

through the identity

m
z (—l)m—k(I]r;) J déz - }’ dE1+m Sl+k(l’2’...’l+k;t)n(l'2’...,l+m)
k=0

(2.1)
- I dgz .o J dz U1+m(l,2;...,l+m;t)n(l,2,...,l+m)

~—1+m

where n(l1,2,...,14+m) is symmetric in the last m-variables.
U™( ;t) are the cluster operators corresponding to the stream-

ing operators Sn( ;t) and are thus defined as (see Cohen ° )

P

U™(1,2, .. mit) = CEPRRENCES DEES Ry IS

(1,2, ... mlL ... L) i=1

(2.2)

where the sum is over all partitions of the labels 1,2,...,m
into non-empty sets £i of size Ri for k=1,2,...,m. We

do not distinguish between different orderings of £_,...,L

1’ k*

The validity of (2.1) is shown by first proving

THEOREM 6.1. The signed and weighted number of times that a

7
1+m (1,.

term S .o t) appears in the expansion (2.2) for

u™(1,...,m;t), m > m’ + 1, is equal to N(m,m’) = (el)mf}fT (m;})_

* The vector notation z, = (Ei’xi) is retained indicating that much of the

argument applies to systems of arbitrary dimension.
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PROOF (i) for m’ = m-1, the result is immediate.

(ii) for m’ < m-1, the result is proved by induction
on m . The result is easily verified for m = 2. We
suppose it is true for m = 2,3,...,n-1 and verify that it

holds for m = n. The following representation of ut( ;t)

is useful (see for example Cohen and Dorfman >*).
u™(1,2,...,n;t) = s™(1,2,...,n;t)

= {Ul(l;t)sn—1(2,3,¢.-,n;t) + . v s + .
2<il<...<ir<n

(o ~

uftl1,i1, ..., irse)s™ (2, L i, . i, e k) e

v n-1 o 1
ee. z U (1,2,...,i,...,n;t)s (i7t)j . (2.3)
i=2
14
Contributions to S1+m (1,...;t) terms in the expansion for

n=ke i) in

Un(l,2,...,n;t) come from terms Uk(l,...;t)S
(2.3) with k =m’+1,...,n-1. The number of such terms

N(n,m’) from the induction hypothesis and (2.3) is given by

- {N(mr+1,m')(?;})+N(m'+2,m')(£713)+...+N(n-1,m')(§:%)}

- — ’ —
= (-1~ 1lm (?n}) as required.

k
We have used the identity ]

-0 = a-nk¥=o0. O
=0 i

To prove the result stated at the beginning of the section,

it is now only necessary to note the following simple consequence

of Liouville's theorem and the symmetry of n( ) - If Hi
i=1...,p is a partition of (2,...,m+l) with IHi| =T,
then

P,
sl+T1(1,n1;t) s it)n(l,2, ... ,mH)

J dgz g J d§1+m I
1=2

= J dgz ...I d§1+mSI+T1(l,2,...,T1+l;t)n(l,2,...,m+l).
(2.4)
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As a special case of (2.1), we have

1 1+ 7 r
T (lit). = J az; ... J dz' U ™(1,1",...,m";t)
1 -1 7
r [ 4 1 r
X 0 yp (Ll S (LE) T (v (2.5)

We now consider the related problem of producing an
alternative characterization for Tz( Y, n > 1, noting that
the structure of the coefficients appearing in T;( ) is
independent of 'n'. New sets of streaming and cluster
operators are defined with arguments chosen from the n-tuple
(L,2,...,n) and the individual phase points n+l,n+2,...

If & denotes a set of these arguments then the streaming

operators are given by

sl (q:v) = gI®1+n-1@.+y if (1,2,...,n) € &
and (2.6)

szl(ﬁ;t) = SMKI(Q;t) otherwise.
The cluster operators are defined recursively by

1 | —~ R
Sn (R;t) = _Hl Un 1 (ﬁi;t) (2.7)
1=
(RHRI,...,Rk)

where the sum is over all partitions of elements of &. By

comparison with the analysis leading to (2.5), we have
T (1,2,...,n;t).
m

= J dz! e I dz’ U1+m((l,2,...,n),l',...,m';t)
—1 —m n

n : m
o (1,eee,n,17,.0.mnst(,0)7 I h (v.) T ho(v]).
n+m i=2 0'— i=1 0 —1
(2.8)
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u1+m(

N ;:t) may be characterized as a sum over certain products

of cluster functions. We have immediately that

ui((l,z,...,n);t)==Si((l,2,...,n);t) = s™(1,2,...,nit)

— T oot
= mu 1(£i;t) (2.9)

(1,2,...,nn£1,...,£k>i=1

From (2.7) and (2.9), it is clear that Ui+m( ;t) 1is represented
as a sum over a subset of all possible products of cluster
functions UP( ;t) which appear in the cluster expansion of

Si+m( ;). If I k =1,...,p, is a partition of the set

kl
(L,2,...,n), then a simple inductive argument shows that

Ui+m( :t) is a sum of terms like

U|H1|+"'(nl,...;t)U|H2|+"'(Hz,...;t)...U'HP|+"‘(HP,...;t)
(2.10)

where the labels 1',2',...,m’ are distributed between these

terms in all possible ways.

From (2.8) and (2.10), for the case where o () = Pl
(1.5) may be rewritten in the form
(M) (1,2,...,n;t)
+ oo —_—
== }: /
=0 ’ ’ !
m (1,2,...,nHH1,...,Hk)(1 ,2', ... ,m "£1’°"’£k)0
k
X I dz! mu. j dz' 1 U|H1|+21(H.,£.;t)
m! —1 -m {i=1 1 1
« T oh (v.) T onh (v - £ (1:0) (2.11)
L, ehet¥y) o) P otk g :

where the sum is over all partitions of 1,2,...,n into

I ""’Hk all ordered partitions of 1’,2',...,m" into
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£1,...,£k for k=1,...,n. The Hi are non-empty but the
£i may be empty. The total number of labellings of the £,
1
for given Ri is equal to
)
( 2.)!
i=1 *
k
I Rzl
i=1
and each gives an equal contribution to (2.11}). So making a
specific choice of labelling, we have
£ (1,2, ... ) = =
(1,2,...,nHH1,...,Hk)
k +00
x [ 3 z—]‘—ljdgi Jdg’a. olil* i (n 1r,20, 000000
i=1"R.=0 7i° i 1
L n
- ’ (1)
x T ph (v T ph(v,) £ (1;0) . (2.12)
_ 0 —k’._ 0 '—1
k=1 1=2

For a hard "sphere" system using conservation of kinetic energy,

we have Uf! (£;t) T h (v.) = 0. So (2.12) may be simplified
ieL 0 —

to

£(m)(1,2,...,n:t)

]

nc{z,...,n}tj=0 )
- oh (v T o h (v.) £ (150
k=1 0'—k’ji=2 0'—i !

The cluster functions corresponding to the f(n)

+0 .
m|+j+1
[ ) __l_J dz! wes J dz! ol T, e

(2.13)

are

introduced in the following theorem which also provides the

required expression for these cluster functions in terms of

the cluster operators.
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THEOREM 6.2. Define the functions g(n)( ;t) by

g(n)(l,2,-..,n;t) = - z (_l)n—l_lnl
HE{z’B"' B ,n}
(. IT o o)) T 1) O
i€{2,3,...,n 1\ i

Then

g™ (1,2,...,n;t)

. 1 2+
= ) j daz! ... J dz' U ™(1,2,...,n,17,...5¢)
21 —1 =%
2=0 i
n = (1)

PROOF: For convenience of p.oof we take (2.15) as the defin-

(n)

ition of g and prove (2.14). The result is easily

verified for n = 2 and the general result is proved by

induction. We suppose that (2.14) is true for n = 2,00.,m~-1
(m)

and prove it valid for n = m. From (2.13), g ( ;t) may

be written in the form

g™ (1,2, ...mt) = £ (1,2,...,m;t)

+ 0
I B i J dz; ... J az' vl ,m,10,.00,5750

{2,. . ml(Frizo 3! j

s (1)
p ho(gé) I p ho(zi) f (1;0) . (2.16)
i=2

(m)

Since g ( ;t) is symmetric in (2,3,...,m), it will suffice
to determine from (2.16) the number of terms producing a factor
f(k+1)(l,...;t) and to show that this is equal to M(k,m)

= (-l)m_l—k(mil). From (2.16) this is equal to (by induction)
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_ _ m-1 B m-1 m-1
(c,m-1) (1) + mOeme2) 7D ¢ o+ mkke) (D)
= ()™ R ™) as required (c.f. THEOREM 6.1) O .

So to solve the elimination problem for this épecial

system, we may alternatively determine g(n)( ;t)  in terms

of g(l)( ;t) . It is possible to show that the expressions
for f(n)( ;) and g(n)( ;t) are convergent in the V -» =
limit. For example, we show that the integrand of the Rth

term in (2.15) is zero for those n+f-particle configurations
where there is a group of particles not containing 1,2,...,n
which interact only amongst themselves in the time interval
(0,t) i.e. disconnected collision events. This observation
has been made previously by Cohen aE Let Ai be a partition
of the group of labels containing 1,2,...,n with 1 € Ail and
let Bi be a partition of the other disconnected group. We
L+n

use a representation of U ( ;t) where all possible orderings

of streaming operators occur, except that "1" must appear in

the far left. Then all terms are of the form

_1yP-1 3 . . 5

(-1) S(Ail’t)S(Aiz't) s %3 S(Aiu’t)S(Bil’t) o
or

-1y P72 . . 3

(-1) S(Ail,t)S(Aiz,L) - S(Aia'Bil’t) “w .
These terms give equal and opposite contributions. Because

of the Maxwellian factors the velocities are effectively
restricted to a magnitude O(vth) and so the spatial
coordinates X i > n, are effectively restricted to within

a distance O(v  t) of the set {x,,x ..,x }. Noting

2

also the ordering of spatial variables for the one--dimensional

v
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system, the series in (2.15) may be easily majorized in the

V » o limit. A similar analysis is possible for f(n)( st) .

6.3 SOLUTION OF THE ELIMINATION PROBLEM FOR THE ONE-
DIMENSIONAL HARD "SPHERE" GAS

From the relations (2.15) for g(l)(l,t) and
g(n)(l,z,...,n;t) in terms of fl(l;O),we obtain an

expression for g(n)(l,z,...,n;t) in terms of g(l)

(1;t).

This is achieved by constructing non-equilibrium Husimi-

operator expansions for the cluster operators U(m)(l,z,...,m;t)

(c.f. Cohen ° ) appearing in (2.15). These operators are

given a graph theoretic interpretation from which the solution

to the elimination problem becomes obvious. The appropriate

graph theoretic concepts are outlined by Uhlenbeck and Ford M
First we set up a correspondence between labelled

Husimi trees and a set of non-commuting Husimi operators.

The way the correspondence is set up is determined in part by

the elimination problem to be solved. First consider the

case where the Husimi tree consists of a single star, say an

n-gon labelled (1,2,...,n). This graph then corresponds

to an operator Vn(l,Z,.;;,n;t)' In general, to each star

in the Husimi tree, there corresponds such an operator.

Since these operators do not in general commute, an ordering

convention is needed in dealing with a Husimi tree of more

than one star. The most general Husimi tree may be decomposed

as a number of sub-trees hung from the point labelled "1"

(so that for each such subgraph "1" is not an articulation

point) . The operators associated with each such subgraph

are grouped together. These groups of operators are ordered
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according to the minimum label (other than "1") associated
with each subgraph (from left to right as the minimum label
increases).

Now consider the ordering within each of the above
mentioned subgraphs. The operator corresponding to the
star including "1" appears to the left of all others. If
there is only one star attached to this then the corresponding
operator appears next to the right and so on out along the
chain of stars away from the star containing "1". If
when moving out along the chain.a star is reached with more
than two others attached, the procedure below must be
implemented. We again group together the operators assoc-
jated with each different subgraph attached to the end of
this chain. The order of appearance (from left to right) is
again determined by the minimum (non-equal) labels. The
order within each subgraph is determined by the above rules
except that the role of the point labelled "1" is now played
by the point of attachment to the above chain.

Finally we prescribe a rule to determine the order of
arguments within each operator Vn( st) - For a labelled
star containing "1", we write V...(l,...;t)‘ These operators
are defined to be symmetric in all but the first argument.
For the other operators the argument appearing first is that
associated with the closest articulation point tc "1".

The Vn( St) operators are determined in terms of the
cluster operators by requiring that the following relations

hold:

ut(1,2,...,mt)ul (i)t

=.sum over all distinct labelled Husimi trees of

n-points with labels chosen from (1,2,...,n) (3.1)
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¢orresponds to:

4 2 3
[(V(11213l47t)v(215;t) (516177t)

2 3 2 4 )2
(7,11:6)  (11,12,13:6)) Wi7,14;6)V (14,15,16,17:6) 7 (16, 245 1)

3 2
) We,8,9:6) (9,10:¢))

(v
6 2 2
V(24,25,26,27,28,29;t))][V(l,lS;t)V(18,19;t)]

2 V4 ]

x [V
(1,20;t) (20,21,22,23;¢t)

(2.15) may now be written as

g(n)(l,2,...,n;t)

+ 00 1
= L o7 Jdénu Jd-z-nHZ,

=0 label(n+1l,...,n+2) graphs
(3.2)
+£
n+% n L | [P
root(1l,2,...,n) (122 e ho(gi))(U (Lit) £ (1:0))
where ) is the sum over all Husimi trees T"**
graphs root(1,2,...,n)
of n+f points with roots 1,2,...,n and . ) is the
label (L)
sum over all distinct labellings by £ of the non-root points.
n+l . -
root(1,2,...,n) may be decomposed into subtrees hung from

"1" for each of which "1" will not be an articulation point.
1+SL2

Denote by Troot(l)

the collection of these subtrees (of
1+ 22 points) which do not contain any of the points labelled

2,3,...,n. Then we have the unique decomposition

n+ _ gn+fly,irred. 1+8%9

root(1,2,...,n)  'root(1,2,...,n)  'root(l) (3.3)
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n+ly,irred.

where T consists of the remainder of the

root(1,2,...,n)

) . n+d . _
subtrees making up Troot(l,2,...,n) and 21 + 22 = %
N \;7

L e & 1
3 3
""‘--._.__O
2 2
23 10,irred. T14
root(l,2,3,4) root(1,2,3,4) root (1)

Using the decomposition (3.3), (3.2) becomes

9(1)(l;t)
+o00
1 L 148
= )} = | dz, ... J dz ) Yy T
2=0 2 2 1+2 label(2,3,...,2+1) graphs root(1)
1+4
x (1 p hy(y,)) e (1;0) (3.4)
i=2

and

g™ (1,2,...,n:t)

400
1
} RE [ ::::> L L
=0 (n+l,n+2,...,n+ 1 2)O
S 0 J a n+f1,irred. (1 ho(v.))
2 p V.
i€L . label(£)) graphs root(l,2,...,n) i€L 0 =
« 1 [az I It 01 en )
i€£2 i 1abel(£2) graphs " °° iE£2 g
= 1 (1)
x (I pthQHU(bUf (1;0)) (3.5)

1=2

where in (3.5) we have used that because of the way that the

graph operator correspondence is set up, all operators
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1+2
associated with Trooi(l) appear to the right of those
. . +21,1 d. .
associated with " 1,irre It is clear that
root(1,2,...,n)
. J a T1+22 (

Z; I ph (v.))

i€l 1 1abel(L,) graphs root(1) i€l 0°=1
2 2 2
x (e (1:00) (3.6)
is independent of the choice of £2. Furthermore
1 ( a ) n+fq,irred. (o b (v.))

Z. ‘ P v.
€L, ) = label(£ ) graphs root(1,2,...,n) i€, 01

n

x (I p ho(Xi))h(lit) (3.7)

i=2
is independent of the choice of £1 for arbitrary bh(l;t).
Using these results, (3.5) may be rewritten choosing a specific

i
labelling from the E_%i"T possible ones as
1°72°

g(n)(llzl"'ln;t)

4+ 1
= ] 2! ] Az 4q o J d-Z—n+1l
11abe1(n+1,...,n+21) graphs

ll=0 1
+2
n+fi,irred. b
x root(1,2,...,n5 .g P hO(Xi))
1=2
oo 1+2
1J, [ .+ 2
x )y = dz; ... | 4z Y i
£2=0 QZ! —1 J ) label(l',Z',...,%é) graphs root(1)
%2 ' 1 (1)
x P hO(zi))(U (1;6)¢f (1;0)) . (3.8)
i=1

So from (3.4) and (3.6)
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g Ak &S
+o0

. _]__ [ [ n+2,

- RZO T dEn+1 ee d§n+2 T (1,2,...,n|n+l,...,n+;t)
n+l

x (I phyv,e P (i) (3.9)
i=2

where for a set of & 1labels £

Tn+2](112;o..,nl£;t) = z z Tn+2,

1abe1(£) graphs r°°t(1,2,-..,n)
(3.10)

This is the required solution to the elimination problem.

6.4 CLUSTER AND STREAMING OPERATOR EXPANSIONS OF THE SOLUTION

The expansion (3.9) for g(n)( ;t) in terms of g(l)( s t)
has the disadvantage that the terms involve combinations of
the Vn( i t) operators. It is more convenient to have an
expansion in terms of cluster operators. This could be
achieved by solving for V% .i) in terms of UM ( ;t)

recursively from (3.1). However a systematic inversion

scheme is embodied in the following theorem.

THEOREM 6.3. If T°"%(1,2,...,n|£;t) is defined as in (3.10)

then

% (1,2,...,n)L50)

N (G S (4.1)

(n+1,n+2,...,n+2H£1|£2,...,£k)0

« UL, 2, mpe ot e et A2 a0

1

X

vl(;e)7t ... U1+£k(l,£k;t)U1(l;t)_
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where the sum is over all ordered partitions of n+l,...,n+%

into £ B where (£ may be empty and £2,...,£ are

17°° k 1 k

non-empty for k = 1,2,...,%+1.

n+f

PROOF The family of graphs associated with T (l,2,...,n|£;t)

can be obtained by starting with all the graphs in the family

1

QI —
S (l,2,...,n,£;t)U1(l;t) and removing

associated with U
those containing a subtree hung from "1" which does not

contain any of the points labelled 2,3,...,n. 1i.e.
Tn+2(l,2,...,n|n+l,...,n+£';t)

n+f

. ! r ., 1 . =1
= U (1,2,...,n+52, ,t)U (l’t)

[ . -
- {T“(l,z,...,n|t)ul+2 (L,n#l,...,n+e ;000007 + Ll

ce. t::3> T (1,2,...,n|il,..., ir;t)

n+1<il<. . . <ir<n+4'
r_ ~ A o
Pt LA A S R R Y IR PO SR R LS RS Sak R
n+,Q' r_ PN
A R L e € W SN P DN I T LTS
1=n+1
% Uz(l,i;t)Ul(l;t)_l} ) (4.2)

Note that (4.2) is ordered in the sense that the operators
associated with the Tn+r( ) appear to the left of those

,—
associated with the pt*®i-r .

This is a consequence of
our choice of graph-operator correspondence. (4.2) can be
used recursively to obtain the required expansion (observing

. ° — 1
that T"™(1,2,...,n|t) = U™(1,2,...,n;8)ul(1;€)7 7). It can be

verified directly that the theorem holds true for £ =1
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(and 2,3 etc.). The proof of the general result shall be
by induction. We suppose that it holds true for
2 =1,2,...,2"-1 and prove that it is true for & = 2

Consider the number of terms in the expansion of

14
Tn+2 (l,2,...,n|n+l,...,n+£';t) which are of the form
g™ 21,2, .. n, .. 0ot e e 2, et T L
ootk oot Tl (4.3)
for a given choice of Ql,...,ﬁk. Contributions to (4.3)

from (4.2) come from the terms

~

i Tn+£ —Q'k(llzl.._,nlil"..;t)U1+'Q'k(l,n+l'...,il,...,n+2/,;t)

« gttt (4.4)

r
i.e. (R,%2 )} terms. By the induction hypothesis, the number

k

r
of terms in Tn+2

“%k(1,2,...,n]il,...;t) of the form

™41 (1,2, .. 00, .. 00 e 2, e etase T L

Lot -ra, Lot Tt

is equal to

(l'—%k)!

10 |
21.22. —

Pk 2
Blpag, —

!
k-1

So the total number of contributions from (4.3) to (4.2) is

equal to
2,,
Ne = (=1) @ (grZy ) X Ny
k
- L
= (—l)k 1 T lg‘:' 7T as required. o
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As an application of this theorem, we may rewrite the

solution (3.9) of the elimination problem as

g™ (1,2,....n:1)

= 1 f% J dz_,, «-- J d5n+2i::::::} (-1)
2=0 (n+1,n+2,...,n+2||£1|£2,...,£k)O
« (1,2, e oot e e 2 oot T L
_ n+%
vt nut@n™ Cn e ngwetP e 4l

To obtain a streaming operator expansion of the solution
of the elimination problem, we examine the structure of the
zth term of (4.5) when the cluster operators are expanded in
terms of streaming operators. The following simplified

expansion is appropriate because of the nature of the functions

acted on and using conservation of kinetic energy :

ol (1,000 (1 n (voR(Le)) = § (=P s e
i€L * Lrce
x (T h (v.)h(l;it)) . (4.6)
ie£ O —1

This result is self evident using THEOREM 6.1 and symmetry

arguments. The analysis is divided into several subcases
(I) let £* c {2,3,...,n} with |e*| = 2% > 0; partition
the labels n+l,...,nt% into sets £i i=1,2,...,k.

h

After substitition of (4.6) into the 2P term of (4.5),

we determine the number of times that the expression

Sl+5L‘“‘+5’v1(1"@*,,,31;1—_)31(JL;t)"lsHSlz(1,,82;t)Sl(l;t)-1 cee

1

s st e snst T (4.7)
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appears. The only contribution to (4.7) from (4.5) comes

from the term

(-1 o, 2, e e ot e T 2, o utas e T

couttreaLe soutae T (4.8)
The signed number of times that this term appears is
given by

(_l)k—l . (_l)n—l*—l .
(I1) £i i=1,...,k as in (I). We determine the number of

times that the expression
st e sostain s o sostain T L.

costheae st T (4.9)
appears. Contributions to (4.9) come from the terms

1

(—1)k'1un*“1(1,2,...,nga;t)ul(1;t>‘lul*£2(1,£2;t)ul(1;t)'

... U1+2k(l,£k;t)Ul(l;t)_1

and

(—l)kUn(l,Z,...,n;t)Ul(l;t)_1U1+21(l,£1;t)U1(l;t)—1

coout R soutnTh (4.10)

So the total number of times that (4.9) appears is given by

-1nE T4 -1k =0

(III)let £* € {2,3,...,n} with |[L*| = 2% > 0; partition

'2-3' of the labels n+l,n+2,...,n+2% into sets

-

..

° =
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Ti'lTil = S, i=1,2,...,k. We determine the number

of times that the expression

st Pl en, T s sty TS 2 (LT sT e T L

. Sl+sk(l,Tk;t)Sl(l;t)_1 (4.11)

The remaining 'j' labels are partitioned into sets

T{,lTi' =S§., i=l'2,--o,r.

(a) r < k: 1in this case contributions to (4.11) assoc-

iated with the partition T{ come from terms

— ’ —
(-1y K+ (x t)+1Un+sl+Sl(l,2,...,n,Tl,Ti;t)Ul(l;t) 1
r pa—
x U1+82+32(l,T2,Té;t)U1(l;t) 1o,
[ 4 -— -
... U1+St+st(l,Tt,T;;t)Ul(l;t) 1U1+St+1(l,Tt+1;t)U1(l;t) 1

-1.1+s{

1+8y . L4, t+1 ' 1
sss U (l,Tk,t)U (1;t) U (l,Tt+

l;t)Ul(l;t)- ...

’ -—
s uttraL Tt T (4.12)
& different positions of Ti,...,TE among the first
"k" factors
& different positionings of the last "r-t" factors after
the first factor

& different choices of "t" sets from Ti,...,T; "

for t =0,1,...,r. The total number of such terms

contributing to (4.12) is given by k(k-1) ... (k-t+l)-
r

k(k+1i) ... (k+(r—t)—l)-(r-t) with a suitable interpre-

tation for the case t = 0 and the case t = k when

1
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when r = k. We conclude that the total number of terms
contributed to (4.11l) by (4.12) is given, for k =2 r, by

B si E r-1
. LI (=17 tk( T , (k))
1=1 t =0 t
(4.13)

k-1 n-L%-1

M(s.,s!,n,2%) (-1) .(-1)
1 1

where

14

t

Il

T 00 = -1 F () (krem1) (ketr-2) L. (ke mrHD)

and from Appendix G, this expression is zero.

(b) xr > k: in this case contributions to (4.11l) assoc-
jated with the partition Ti come from the terms described
in (4.12), but here t =0,1,...,k. We conclude that the
total number of terms contributed to (4.11l) by (4.12) is

given, for r > k, by

. 0 r :
M(s,,s],n,2%) = (-1 (-7 i I DL

i=1
k P}
x ke (k1) ... (x-1) - () TETH(K)) (4.14)
t' =0
where

T 00 = DS e (D) L (D) R (k1) L (£ 4D)
with a suitable interpretation for cases t’ = 0 and t' = k.
From Appendix G, this expression is zero.

Using the results of (I), (II) and (III), it is clear

that (4.5) may be rewritten as

£ (1,2,... 051

= § e J dz e } dz ::::::’ (-1)< 1

[
(n+1,n+2,...,n+2"£1|£2,...,£k)0

x s™ (1,2, 00 st e s 2, st e T L

n+2,
. sl*gk(l,xk;t)sl(l;t) L

1=2

(1)

p hy(v,))E 7 (lit)  (4.15).
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6.5 SOLUTION OF THE GENERAL ELIMINATION PROBLEM

Using (1.4) and (1.5), we obtain an expression for
f(n)(l,2,...,n;t) in terms of f(l)(l;t) by the following

procedure. (1.4) is inverted to give

st e (100 = (1 + T;(l;t))_lf(l)(l;t)

m=1
S K 1 1
= (1L+ J ) (-1 7 (1ol (e ...t (1)
2=1 k=1 m; >0 L | ma My
fmi=t
.
o (5.1)

« £01) (154

for times 0 < t < tc where the radius of convergence tc of

the expansion in (5.1) is expected to be small because of the
1

sensitivity of the operator (1 + m§1 Ti(l;t))" to small
changes in f(l)(l;t). Qualitatively this is understood to
be the case because very different initial states f(l)(l;O)
approach the same egquilibrium state. Upon substitution of
(5.1) into (1.5), we obtain after some rearrangement
£ 1,2,...,n;t)
+o  L+1
= (7 ¥ (-nk? = ™ (1,2,...,m8)T. (1it) ...
2=0 k=1 m,>0 m, >0, i>1 ™ 2
k
Ly my=t
ol e e (. (5.2)
Mk

It is expected that the range of convergence with respect
to time of (5.2) will be considerably greater than (5.1)

because of the rearrangement of terms. So tc does not
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determine the range of convergence of the final solution and
this is expected by comparison with the graph theoretic
method where tc does not enter into the analysis.

Let us first examine the leading terms in (5.2) i.e.
those of highest order in the streaming operators. The
contribution from the term of [,Q,+(n—l)]th order in density

(the lth term in (5.2)) is then

2+1 _ * *
(3 (-nkl == ™ (1,2,...,0:6) T (1;¢) ...
k=1 m.>0 m.>0, i>1 ™ ")
1 1
K
Y m.=4%
]‘_=1 1
*
ot e e (1) (5.3)
m
K
where
xp
TP(1,2,...,pit) - =
Lt gz az' sP*M(1,2 p,1’ m’;t)
m! —1 - o n 7 J o o o g ’ J o oy 7
x p (1,2 p,1’ mysl(1;e)"!
p+m r f ® o o ¢ ! F L L 4 I
r ¥
x ho(zz) ce hO(YP)hO(Xl) «ew by ). (5.4)

The total number of possible labellings of integration variables

appearing in the streaming operators in (5.3) for a given choice

of ml,...,mk with labels chosen from (n+l,n+2,...,n+l) 1is
: - |
equal to (mlezT...km$). Each of course will give an
ml.mz....mk.
equal contribution to (5.3). Conseguently an equivalent

representation of (5.3) 1is



;% J dz wwe I dz ::::::} (_1)k'1

—n+£(n+1,n+2,...,n+2"£1|£2,...,£ )

x §™R1(1,2,. 08 00, (1,200, L)8 (Lie)”

n+9,1

1

X

1+4 . 1,0\
ST, i) 0y, (1iE,) 8T (150

L
1+2 1 -1 ™ (1)
k . . .
S (l'£k't)p1+£k(l'£k)s (1;t) jEZ hO(Vj)f (1;%t)

X

(5.5)
where the sum has the same interpretation as in (4.1). Such
a result is expected by comparison with the solution of the
elimination problem for the one-dimensional hard "sphere"
system in sections 6.2-4 we have shown that only leading terms
with respect to the streaming operators contribute and the
structure of the solution is similar to that of (5.5).

Next we consider all the remaining terms that are generated

by (5.2) for a given 2 . The streaming operator structure

of these terms will be of the form
(_1)8_1(_1)1(1"1 e (—l)kS-l

2
Y 1,02 1
=D ARy gntdiqg,a, L.ttty

X 1
(21+21)1 21
1,2 “1 (—l)R; iyal -1
a o o 7 ,.C £ -———"—' o £ ;
X pn+£l+£2(1121 n 11 1)].-];[3 2’1] p1+2’::||_-(l, l)S (l t)
1 l 1'
(-l)zg eleg2 142l 1
L+24) ! L
( 2 2) 2
k i
2 2 .
1 ,2 -1) ™3 . i\l -1
1 - s 1,L4)s (1t
Pranlog2 ey fy) By = Pt ot ISl (0
2 72 il 2
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2
- gs 1 2 1
x AR (Eet e st*ts(1,e00)
(Rg+R3)! g
2, £ (=1)7s -1
. p1+SL +£2(l £S,£S)'§ 1 01+21(l L )S (l t) (5.6)
1=3 LGt
kj
where £, = .U £* and |£%| = gt Also k = k.4...+k_ .
ioo1=1 3 3 j 1 s

Let us now group together and sum terms of the above type

for all possible partitions £i of £1 (fixed) . This is

essentially a combinatorial problem. The total number of
possible labellings of £i i=2,..04kK
k1 i : 3

T 2 labels is equal to

1 from any set of

2 k1,
(Ry+e3t.ee] ) With this in

kl!

2193,
21.21....£1

mind, if we define

01,2, 0. m,LHL%)

then the sum of terms of the above type is given by

(-1)°"L-n k2t L. (mpksT?

(1yis2l 1 ;" K

n+4 1. ival,q..5l
x g § 1(1,2,...,n,£1,t)w(1,2,...,n,£1nigz£l)s (1;t)

bz e

o =1)7S (Rs s)sl+2 (1, £ t)

(eleeZyr gl

i1 ehstin™t
Lg

0 agt(1elh) (5.7)

(5.8)
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Similarly we may group together and sum terms for all possible
partitions £; of £j (fixed) for 3j = 2,008, The

result is

(_l)s—l(_l)zl(z)(_1)22(2) . (_l)zs(z)

il n+l1(1) .
x T (1L, (2] st L2, e, £ (D)5 E)
1 =)
x w(1,2,...,0,8 (DI (2)s1(2;1)
x L s17%2(1) (1 ¢ (1)) w(l, L (L. (2))st(1;e) L
2, (1)1, (2)1 ) d ) 2 s !
X e
x : st (D (1,0 (101w, e (e, 2))s (167

28(1)!28(2)!

(5.9)
. 1 %; 5
where we have set £.(1) = £,, £.(2) = .,U_ £, so
] ] h| 1=2 j LS
£, =£.(1) UL, (2). Also £.(1) =2* and ¢,(2) = .z s,
] ] J ] ] ] 1=2 ]

The total number of possible labellings of £1(l), £l(2),£?(l),

£2(2),...,£S(l),£s(2) from a set of labels n+l,n+2,...,n+%

I~ »

where £ = zj is equal to

j=1

(21(1)+21(2)+22(l)+£2(2)+...+25(l)+£S(2))!
21(1)!21(2)!22(1)!£2(2)!...25(1)125(2)!

If we multiply the above expression by the appropriate Maxwellian
factors and integrate over all variables in £j, j=1,...,s8,

it may be re-expressed as
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n+l
T J dz..)
Y j=n+l
;___:b—

(n+1,n+2,...,n+2”£1(1)£1(2)...fp(Z)...£S(2)|£p(2)£2(1)...£S(1))0

X (_l)S-l(_l)ll(Z)(_1)2,2(2) e (_1)23(2)

< Sn+21(1)(l,2,...,n,£1(1):t)w(l,2,...,n,£1(l)H£1(2))Sl(l;t)-1

8 SI+22(1)(1’£2(1);t)w(l,fz(l)u£2(2))sl(l;t)—l

y S1+zs(1)(l,£s(l);t)w(1,£s(1)n£s(2))sl(l;t)'1

n+2
x (I, ho(v.) . (5.10)

where the sum is over all ordered partitions of n+l,n+2,...,n+%
into sets £j(l), £j(2), 1 < j < s where 21(1) = 0 so £1(l)
may be empty, Zj(l) >0 for j=2,...,8. Also zj(z) =0
for j =1,...,8 but at least one of the ﬁp(2) must be non-~
empty.

From (5.5) and (5.10), the solution to the elimination

problem is given by

f(n)(l,Z,...,n;t)

0 n+4
-7 2" [ay — (-1 %1
Lo

0 j=n+1 - (n+1,n+2,...,n+£“£1|£

g

X

2, —
sP* (1,2, 8 8)p L, (1,2,...,n,£1)s1(1;t)

1

1+2 1 -1
2(L, H - 7
x S (L,c, t)p1+£2(lrf2)s (1;¢t)
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n+2.
X sl”Lk(l,,c it)p (1,£ )sl(l;t) 1 1 h (v.)f(l)(l;t)
k 1+2 k . o —1i
k 1=2
00 1 n+l
+ Y = (I dz.)
21! . J
2=0 j=n+1

x (n+1,n+2,...,n+2H£1(1)£1(2)...fp(Z)...£k(2)|£p(2)£2(1)...£k(1))0

Y (_l)k—l(_l)zl(z)(_1)12(2) o (=1 (2D
% Smdq(l)uq2,.“,n,£1UJ;thﬂl,z,”.,nJ1(1M£1(m)Slﬂqt)_l
« st a,e (10w, e, @)st Lo
x s e (1w, (Wi st ain T
n+l (1)
x I h (v.,)f (1:t). (5.11)
. 0 —1
1=2
For the special case where pm( ) = pm—1 , it is easily shown
that (5.11) reduces to the result derived previously. In
fact this result is given by Jjust the first term in (5.11).
The second is zero since w(l,2,...,m,£ln£*) =0 if p () = pm—1

m

because

— -n*1t =0 (5.12)

(c ne?|e3.

(5.12) is proved by comparison with the Mayer cluster expansion,
i.e. if

(1,2,...,%) = —

(1,2,...,2H£1,...,£

nma=

°o T B
k) i=1
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then
iy (1,2, ) = — D k-
(1.2, ., UE ,...,L)
k
x ]} plk(ﬁk)'

1=1

Clearly 1w ( ) =0 if p () = pm_1 for %2 > 1 so
m

e D lx-1)1r =0 . (5.13)

(1,2,...,2H£1,...,£k)

There is a one-to-one correspondence of terms in (5.12) and
(5.13). The extra factor of (k-1)! appears in (5.13) -because
we have not distinguished in the sum between different orderings

of partitions.

~ The methods of thischapter are applied to the non-linear problem in Appendix H
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CHAPTER 7

THE ANALYSIS AND APPLICATIONS OF THE
SOLUTION TO THE ELIMINATION PROBLEM

7.1 INTRODUCTION

The solution to the elimination problem for n = 2, i.e.
f(z)(l,Z;t) = T(1l,2 ;t)f(l)(l;t) obtained in the last chapter

may be used to obtain a closed kinetic equation for f(l)

(1;t)
by substitution into the first hierarchy equation. This
necessitates the consideration of f(z)(l,z;t) only for
phase points z, and z, such that the corresponding particles
are interacting (at a time t ).

To prove the convergence of the integrals associated with
the terms in the expansion of T(1,2;t), we consider first
combinations of streaming operators of the form

— (-1 12 (1,2, st (i) T

(3,4, . ,248L £, L)

1 1

« stha(,e sustse” st*fe,e sost ot (7.

(denoted U2+g(l,2|3,...,2+2;t)) acting on a class of functions
h(l,2,...,2+%) = h(gl,zz,...,gz+2) which satisfy the following
condition. h(l,2,...,2+%) should be invariant under a
kinetic energy conserving transformation on the velocities

v For Z.12

_2,23,...,2242. Z as above, the only non-vanishing

2
contributions to (7.1) are shown to be associated with phase
points corresponding to certain "connected" collision sequences

between 2+% particles in the time interval (0,t). Cohen!!
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has placed a similar interpretation on contributions to the
combinations of streaming operators which appear in the
solution to the non-linear elimination problem.

The above mentioned analysis is carried out in detail first
for a hard sphere potential and for the lowest order terms.
Here the concept of collisions is well defined and there are
no genuine multiple collisions (where a group of more than
two particles is mutually interacting at one time). In the
enumeration of contributing events, certain non-interacting
and hypothetical collision events appear (c.f. the work by
Sengers ' on the Choh-Uhlenbeck equation). General results
are then obtained for an arbitrary short range interparticle
potential which could allow bound states.

The above analysis is used to prove the convergence of
the expansion for T(1,2;t) ,for the one dimensional hard
"sphere" case and to examine the lowest order terms in density
for the corresponding three dimensional case. Finally, the
case of an arbitrary short range potential is considered.

It is argued that the existence of bound states should not
markedly affect the convergence behaviour.

Similar collisional interpretations of streaming or related
operators have appeared in other work on kinetic theory. The
binary collision expansion (Yang and Lee '’ ) enables an easy
interpretation in terms of collision sequences (Cohen '' ).

The dominant contributions come from "ring events" where two
collisions of particles 1 and 2 are connected by a series of
uncorrelated binary collisions between the other particles.
These are also the dominant terms in our analysis. Weinstock?®®
has given a collisional interpretation of non-equilibrium Husimi

type operators which is again similar to ours.



199.

Finally we discuss the usefulness and limitations of

e 1,2:0 =, 200 (18 to

using the expression
obtain kinetic equations. The equations should be valid for
short times for arbitrary potentials, but resummation may

be necessary before the eguations can be used to determine
long time behaviour. For hard sphere potentials, a method
is described for extracting a closed equation for the delta-

(D)

function part of (1;t).

7.2 THE 3~ AND 4-PARTICLE TERMS FOR A HARD SPHERE POTENTIAL

We enumerate all possible collision sequences between
n(=3,4) particles in a time interval (0,t) for a hard
sphere potential in 3 dimensions. For lower dimensions, all
possible collisions will be a subset of these. We always
assume that the last collision to occur before time "t" is
between particles "1" and "2". By carrying out fhis analysis
for low m, we hope to give some insight into a general rule
determining which collision sequences give a non-zero contri-
bution to U"(1,2|3,...,n;t)h(1,2,...,n) for arbitrary n.

First a description is given of the method of evaluation
of the effect of products of streaming operators of the form
(7.1) acting on a function h(1l,2,...,n) of the class described.
A criterion is developed to show the equivalence of certain
classes of collision sequences with regard to the evaluation
of U™(1,2|3,...,n;t)h(1,2,...,n).

It is also convenient to set up a notation to describe
positions and velocities of particles at various intermediate

stages of the collision sequence. Choose a time t* € (0,t).

-
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Let us consider a point on the trajectory of particle "j"
at a time t¥*, Now suppose that by following this point in

a time increasing direction from a time t* to time t along

the trajectory of particle "j and/or the trajectories of

particles connected directly or indirectly to "3j" through

interaction, at most """ collisions are encountered. Then

for particle j , the phase point jz = (52,2;) is defined

as follows. z§ = zj(t*), the velocity of particle j at a
time t* and §§ = §j(t*) - zj(t*)t* for j # 1 and
%

x) = X (E%) 4 v, (£%) (£-t%).

trajectory ’

e / '
*
Iljll y— t— TN S S— — t

Note that the spacial dependence of jl for j # 1 is not

important since h(l1,2,...,n) 1is independent of §j for

j # 1. For convenience, the segment of the trajectory of

particle j shown in the above diagram is also denoted by jg.
The above ideas are first clarified by considering some

very simple collision events. Certain other concepts are

iﬁtroduced. The effect of the streaming operator to the far

left is evaluated first. We then continue from left to

right evaluating the effect of each streaming operator in turn.
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(i) s?(1,2:t)8  (1;t) " h(1,2)

st(i*,e) " th(1xr,2h

nh(t,2h

In the following we shall set SI*%(1,£;t) = s***,e;0stie)™!

for a set of & 1labels (L.

(ii) s3(1,2,3;6)h(1,2,3)

h(1t,22,3%)

neit,2t,3 )

1

noting that kinetic energy is

0 conserved on collision between

2 and 3 and using the invariance
s2(1,2;t)8%(1,3;:¢)h(1,2,3)

s2(1l,3:6)nl, 21, 3)

1

property of h( ).

= n(1t,2!,3)

except for the special cases

mentioned below.

From this example, the following general rule may be discovered.

For purposes of calculating the effect of streaming operators,

the above diagram may be regarded

as equivalent to:

= 0

i.e. the collision between particles 2 and 3 is neglected.

Such a collision has been termed non-interacting by Sengers L

This property may be generalized to the m-particle case in
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the following sense. A general class of collision events

may be represented schematically by the following diagram:

The details of the collision

12 n n+ m '
J;; sequences within the circles
are not specified. Only the
( ) direction of transfer in time
of particle "j" from one group
0 of particles to another is

jnd m

important.
Again using conservation of kinetic energy on collision and
the invariance property for h( ), it becomes clear that for
purposes of evaluating the effect of streaming operators, the

above diagram may be regarded
12 n nlom

as equivalent to:

™~

12 n n«dl m

i.e. we neglect all collisions between particles Jj, n+l,
nt2,...,m. Similarly, the following classes of diagrams are

in this sense equivalent:

12 n j1anﬂ m
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This result is useful in simplifying the enumeration of

collision events.

(iii)There are some special cases for the collision sequence
in (ii) where the above analysis of streaming operator
effects is not wvalid. Following Sengers 7 , these
cases are termed "hypothetical" collisions. There are

two basic types as exemplified below.

For both a) and b), again S°(1,2,3;t)h(1,2,3) = h (1},2%,3)

but S%(1,2;t)82(1,3;t)h(1,2,3) = S2(1t,3;6)n(1t, 28, 3)#n1t,2L,3).

It is not necessary to consider b) for our analysis since the
collision between "1" and "2" must be the last collision before
time t.

For the case n = 3, we enumerate all possible collision
sequences and extract those which give a non-zero contribution

to U°(1,2]3;t)h(1,2,3)

Zexro
contribution: 0
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Non-zerxro
contribution:

Finally, let us examine the rather more complex case
m = 4. We shall first give an example of the analysis of

a typical 4-particle collision

event, namely:

The reason for taking account of the last collision between "3"
and "4" shall become obvious in the following analysis. We

shall evaluate U4(l,2|3,4;t)h(1,2,3,4) for the above diagram.

a)  S%(1,2,3,4:8)h(1,2,3,4) = nh(13,23,3%,4%) = n@13,23,32%,4).

by  $3(1,2,3;t)8%(1,4;t)h(1,2,3,4)

s2(13,4:)n(13, 23,32

il

1 4)

except for A,

n(13,2%,3%,4) except for B,C.
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c)  S83(1,2,4;t)8%2(1,3;t)h(1,2,3,4)

= s(1l,3;0)n(t,28,3,4)

except for D N

= nh(1t,21,3,4) except for E,F . 0

1».

F

0

a)  82(1,2;t)83(1,3,4:t)h(1,2,3,4) t
= s3(11,3,4;0)n(1t,21,3,4)

G

= nh(1l,21,3,4)

except for D,E,F,G.

e)  S2(1,2:t)8%(1,3;t)8%(1,4;t)h(1,2,3,4)
= s2(1t,3;0)82(1t,4;0)n (2 2, 3, 4)
_ 2 1 1 1
= S$°(1°,4;t)h(1",27,3,4) except for E,F.

e h(11,21,3,4) except for D,G.



£)  S%(1,2;t)8%(1,4;t)S%(1,3:t)h(1,2,3,4)

s?1l, 46822t 3:00n(1t, 21,3, 4)

32(11,3;t)h(11,21,3,4) except for D,G

h(11,21,3,4) except for E,F.

I

By inspection it is clear that neglecting A,B,...,G, there
is zero contribution to U4(l,2|3,4;t)h(1,2,3,4). Further
analysis shows that there is also a zero contribution from
D,E and F. There is however a non-zero contribution from
A,B,C and G . If the last collision before time t is
between "1" and "2", then also G may be neglected.

All possible 4-particle collision events may be analyzed
in a similar fashion. A list of all relevant contributing

events is given in Appendix .

7.3 CATEGORIZATION OF n-BODY COLLISION SEQUENCES FOR
SHORT RANGE POTENTIALS

In this section we categorize certain classes of n-body
collision events which give a non-zero contribution to
Un(l,2[...,n;t)h(l,2,...,n). A concept of "connectedness"
somewhat similar to that introduced by Green °° shall be of
use here. The schematic representation of collision events
used by Green ®5 is also adopted here (see section 7.2). For
a collision sequence to give a non-zero contribution, we show
that there can be no subgroup of particles which do not inter-
act with the rest, i.e. the collision sequence must be connected.
Also if genuine m~body collisions are given the weight of m
binary collisions, then we show that the n-particles must
undergo at least n collisions (counting real and hypothetical

collisions).
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As in section 7.2, we let

fa

denote a collision sequence between times t1 and t2 involving

particles 1,2,...,n. The details are not specified. There
may be hypothetical collisions involved in this sequence. A
number of classes of collision sequences are examined below.
(1)

12 nq n Let {Aj33=1,.--,p} be an ordered

partition of {3,4,...,n-1} ., We
group the terms in

u™(1,2{3,...,n;t)h(1,2,...,n) into

0 pairs

(—1)P‘13°"(1,2,A1;t)...3"'(1,Aj;t)32(1,n+1;t)

STTU(L,A L t) ...S"'(l,Ap;t)h(...)

jt1
and
_1yPg--- . N . oo .
(-1)°S (l,2,A1,t)...S (l,n+l,Aj,t)S (1,Aj+1,t) .
.o S"'(l,ﬁgt)h(...) (3.1)

which give opposite contributions.

(11) 172 m

n
¢

(
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The discussion of section 7.2 shows that (using the invariance

property of h( )

may be regarded as equivalent to

which may be regarded as a member of the class (i)

will not contribute.

(111) 1 m m N

=
=t

=

and conservation of kinetic energy) (ii)
m+1 n +
0
and thus
which is LN D
equivalent
to
|
| 0

from the discussion of section 7.2 and thus from (ii) gives

zero contribution.

events like

Note that (iii)

12

includes collision

m m+1

Let {Aj:j=l,2,...,p} be an

ordered partition of {3,4,...,m}

and let {Bj:j=l,2,...,p’} be an

ordered partition of {m+l1l,...,n}
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Again we group the terms in U"(1,2|3,...,n;t)h(1,2,...,n)

into pairs which give opposite contributions as follows:

(-l)£—1$°"(1,2,A1;t)S"'(l,A2;t)...S"'(l,Aj;t)S"’(l,B

1I
... h(...)

and
(—1)23"'(1,2,A1;t)3"'(l,Az;t)...S"'(l,Aj,Bl;t)...h(...)
(3.2)
where £ equals the number of streaming operators S°°"(...)
in the first expression. The factors appearing to the right
of the streaming operator containing the labels B are of
the form S"'(l,Ak;t), S*°° (1,8

k,;t) and S (l’Ak’Bw;t) for

k>3 and k' > 1 . The result follows from the identity

S"'(l,Z,Al;t)S"'(l,A 't)...S"'(l,Aj;t)S'f'(l,Bl;t).g

2 r

J
=S (1,2,A1;t)S (1,A2;t)...S (l,Aj,Bl;t).gj (3.3)

(v)

t The discussion of section 7.2
shows that (v) is equivalent to
the disconnected diagram shown

in (iii) and thus gives =zero

contribution.

The method of analysis and results

of (iv) are also applicable to

this case.

) ...



Finally we give some examples of classes of collision
sequences which do not necessarily give a vanishing contri-

pution to U"(1,2|3,...n;t)h(1,2,...,n):

The situation is particularly complex with the last three

cases shown as indicated by the following examples:

¢t = contributing nc

]

not contributing
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Next we determine the minimum number of collisions
between n particles necessary to give a non~vanishing
contribution to U"(1,2|3,...,n;t)h(1,2,...,n). We know
that only connected collision sequences contributed. There-
fore the number of collisions, with the described weighting
on genuine multiple collisions, must be at least n-1l. This
is a simple consequence of the following graph theoretical

86):

results (see Wilson let a graph have n points, k

components and m lines, then n-k < m, For our application
k =1, n is the number of particles and m is the number
of distinct pairs of particles that have interacted. An

example of a contributing collision sequence with exactly

n collisions is the "ring" event

0

It remains to prove that all collision sequences with
exactly "n-1" collisions vanish. Firstly we note that it is
always possible to represent a connected collision sequence
(other than a genuine n-body collision) in the form

.

) e
(0=
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are connected. The possibility of this choice is easily
verified by graph theoretical considerations. Suppose
firstly that AU\, consists of ¢ > 1 connecting collisions
(real and/or hypothetical). Using the graph theoretical
result above to determine a lower bound for the number of
collisions in each of the above connected components, we

conclude that the total number of collisions must be at least

n+c-22n , as required. Secondly, we suppose that AAf\,consists
of a single connecting particle. If the contribution of this
collision sequence to U"(1,2|3,...,n;t)h(1,2,...,n) is not

to vanish, then ANAN, must be of the form

- ’( -~
)KC >/1/ or e

-~ j#1

If this is the case we reapply the above considerations

to 12 - . By continually repeating this

procedure, we show that either
there must be > n collisions or

that one of the following cases

arises

1 12 12

l
2 1 ‘0/ //
]

( (-~ O ix

However since we have prescribed that "1" and "2" must be

interacting at time +t , none of these cases are allowed.



In conclusion, the n-particle collision sequences which
contribute to Un(l,2|3,...,n;t)h(l,2,...,n) must have at
least n collisions (real and/or hypothetical and with genuine

multiple collisions weighted in the prescribed way).

7.4 CONVERGENCE CONSIDERATIONS FOR THE SOLUTION TO THE
ELIMINATION PROBLEM

The results of the preceding sections may be applied to

£02)(1,2;1) =

the analysis of terms in the expression
T(l,2;t)f(1)(l;t) for configurations where particles "1"

and "2" are interacting at a time t . In particular we wish
to show that for each term in the expansion of T(1,2;t), the
integrals are convergent. An order of magnitude estimate (in
terms of "t") is to be made tor each of these terms and, if
possible, an estimate of the range of convergence with respect
to time determined for the series.

For the one-dimcnsional hard "sphere" gas T(1,2;t)

assumes a particularly simple form. From (4.15) of chapter 6

(2) (7 5opy = T P [ [
£ qu,t)-—ﬂgo 7T ] 9z | dz, .. | Az,

x U2+2(l,2|3,...,2+2;t)zﬁlh0(zi)f(1)(l;t) (4.1)
i=2
where "p" is the mean particle density. The function
h(l,2,...,2+2) = iéi ho(zi)f(l)(l;t) satisfies the invariance
condition of section 7.1. So the analysis of the previous
sections is applicable if we consider f(2)(l,2;t) evaluated
at precollision points X, = X, - € sgn(vz—vl) in the limit

c > 0.
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The convergence of the integrals is proved from the connect-
ivity condition of section 7.3 (c.f. section 6.2). Because
of the Maxwellian factors in (4.1), the velocities are

effectively restricted to a magnitude O(v_.) so the spatial

th

coordinates Xi’ i>2 are effectively restricted to within a

distance O(vtht) of {x ,x2} . Also using the ordering

1
constraint on the spatial coordinates, we conclude that the

th

effective region of integration for the 2 term of (4.1) has

2 2
size O(LXL%%Lm). The order of magnitude of the integrand is
expected to be O(l) Dbecause of partial cancellation from
various terms in U2+2(l,2|3,...,2+2;t). The above estimate

agrees with that made by Anstis *?® for the corresponding
velocity distribution functions. It is not possible to obtain
a becter estimate as may be seen by examination of the collision

sequence

We now consider the corresponding expressions for the
3-dimensional hard sphere gas. Specifically we shall examine
the convergence of the integrals associated with the lowest
order terms for given powers of density. Order of magnitude
estimates are also made on these terms. The following results
are needed from equilibrium statistical mechanics (see Uhlenbeck

and Ford **% )
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0, (1,2) = e 1214 { az, e300y (e7¥23 0y 4. )
-9 -9 - -9
p3(1,2,3) =% e 1P (14p J dz, [(e7 t4-1) (e7 241y (e7 341
v (el (P24 ) (e by (e 3400,
v (e P24y (735 4 L)
-9
0,(1,2,3,4) = o7 e 1234 (4.2)
—¢12...q d g 3
where e = exp (- L ¢..) where ¢.. is the inter-
i<j=1 1] 1]
particle potential between particles "i" and "j". The
analysis of the expansion for f(z)(l,Z;t) shall only be

for phase points z,2, at time t such that the particles
"1" and "2" are about to collide. For hard sphere potentials

we chall make use of the commutation result (see Ernst et al.®?).

S™(1,2,...,mit)e P12-om P12 gm0 (4.3)

The 3-particle (#=1) term has been examined previously

by Anstis ** . We have that

J d§3(S3(1.2,3;t)93(1,2,3)81(l;t)_l-Sz(1,2;t)pz(l,2)51(l;t)_1

x 82(1,3;t)pz(1,3)51(l;t)_l)ho(zz)ho(l3)f(1)(l;t)

2 . A il (1) ,,.
J dEB S“(1,2;t)w(l,203)S (1;t) ho(gz)ho(XB)f (1;t)

1 1

= p? J dz, e 123 (53 (1,2,3; 08 (1:6) "1-s?(1,2;6) 81 (1) "

? ;e)st(l;e) 7l (L),
x $7(L,3:8)87(1it) TIhy (v, )h, (v) £177 (15 ¢)
* et j dE3(e_¢13e_¢23—sl(1;t)e'¢13sl(1;t)'1)(sz(1,3;t)s.1(1,-t)“1--1)

(1) (4.
x hy(v,)hy(v, )£ (1;t)

-013 ~%23 1
e

B ¢
sl(lit)e 23

Y1351 (1,071t (2; 1) e 23)

+ p? J dz, (e

% hy (v, hy (v) £ (1)

.;-Qrp3) ] (4.4)
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Convergence of the integral in the first term may be proved
using the connectivity condition discussed previously.
Collision sequences contributing to this term must have at
least three collisions (including the collision between "1"
and "2" at time t). An estimate of the phase space volume
of const + O(E?) has been made for such events (see Cohen !° )
where tC is the collision time = (range of ¢ij)/vth. The

second and third terms in (4.4) are clearly convergent and

bounded in time.
3

The terms of order p in {4.4) may be written in the
form
-0 _ B
o> J dz, J dz, [e 12353(1,2,3;0)-st (i st (2:0)e P123y 014y,
b24 -3

(e "“7-1) (e

X

4 1,4, -1 ®1)l g
-8 (1t) T th (v ) h (v h (v, ) £0 0 (15t)

-$123 -9¢
-

+ 0 J az, } az, [(e 12)g3(1,2,3: )+ 12(s3(1,2,3: )

P14

stivyst2;v) (e 1) (e~ 241y 4 (071410 (073400

-¢34_, 1

v (e %240 (e y1st(i;e)” hotzz)ho(z3)ho(za>f(1)<l?t)

-¢12,1 b14_ -¢

1) (e”¥2% 1ysl(1;4) 7L

dz { dz, e (l;t)Sl(Z;t)(e—

-3 4

I
©
———

e 13(s2(1,3;08 (10 " - (st e 1351 (150 7

X

-?13 (1) ,,.
- e )]ho(zz)h0(23)h0(24)f (1;t)

+ p3 J d53 J d54 e‘¢12(52(1,3;t)_51(l;t))Sl(z;t)e—¢13(e_¢14_l)

X

-b9y4 1,7.,4~1 (B
(e7 18" (15) 'R (v ) h (V)R (¥, ) E T (Lit) . (4.5)
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-d14 -P24
e - .

The factors ( 1) and/or (e 1) ensure that the

integral over =z converges. The factors 82(1,3;t)—Sl(l;t),

24
-934

s3(1,2,3;t)-8%(1,2:t) and S3(1,2,3;:t) (e 1) ensure that

24 is effectively confined to a region of phase space of size
O((viht)B). This gives an estimate of the size of terms in
(4.5).

Other terms of order p3 come from the 4-particle (2% = 2)
term of (5.11), chapter 6. These may be rearranged so that
one term contains a factor U4(1,2[3,4;t) which produces a
convergent contribution associated with connected 4-particle
collision sequences of at least four collisions. From
Cohen's analysis these contributions will be of order
O((Vihtc)zn(gi)). The convergence of the remaining %-erms is
assured by the inclusion of factors containing suitable
combinations of streaming operators and of potential terms.
These terms dominate the long time behaviocur.

For a general short range potential, it is easiest to

check convergence for each term (& fixed) of (5.11) by

examination of (5.2). In this expression appear the operators
Ti (1,2;t) and T; (1;t). An analysis similar to that at
1 i

the end of section 6.2 shows that the only contributions to
the integrals appearing in these operators come from phase
points associated with collision sequences connected to "1"
and/or "2" for Til(l,2;t) and connected to "1" for T;i(l;t)'
The convergence of the integrals is therefore easily verified.
For this analysis the existence of bound states is not
significant. Therefore we do not expect the range of conver-

gence of (5.11) to depend significantly on this feature of

the interparticle potential. However the nature of (5.11)
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will be affected by the existence of bound states. It is
also quite easy to prove that the first term (and therefore
the second term) of (5.11) converge separately. Consider

a disconnected collision sequence where there is a group of
particles not interacting with "1" or "2" in the time interval
(0,t). Let Ai be a partition of the group of labels
attached to. {.1,2 } and let B, be a partition of the
other disconnected group. In the first term of (5.11), we

group together products of streaming operators of the form

(-1)P'1§¥L%Al;t)p"(%Al)sl(l;t)‘ls'x¥A2;t)p.JiAz)sl(l;t)"l...
ST (TA, i 6) (1A S (L56) T8 B 5ty (18 ST (L) ThL L

or .

(-1)P7281124 18) 0 (1A DS T (L1 0) TS IAL s 0) (1A ) 8T (L T L
S™(LAL,B it o (1AL B s (10 7T L (4.6)

The sum contribution from these two terms is of the order
p.iLAj,Bl) - p.iLAj)p.iLBl) which approaches zero as the
distance between the sets of phase points corresponding to
Aj and B1 becomes large. So the corresponding integral

will converge provided the equilibrium correlations diminish

sufficiently quickly for large separations.

7.5 A KINETIC EQUATION FOR f(l)(l;t)

The usefulness of the expression f(2)(l,2;t)=T(l,2;t)f(1)(l;t)
will depend on the range of convergence of the series expansion
and the accuracy to which the series may be approximated by

retaining the first few terms. For times short compared with
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the mean free time, we certainly expect the approximation to
be good. We expect the range of convergence to decrease with
increased mean density and with increased range of the inter-
particle potential. Bound state effects should show up for
times greater than the period of orbit for the bound particle
motion.

Without resummation of terms in the expression for
f(2)(l,2;t) » the resulting kinetic equation is not expected
to be useful in describing the long time behaviour of f(l)(l;t).
This is because the ch term of (5.11) (chapter 6) involves
isolated f+2-particle collision sequences. As pointed out by

Cohen '°

and others, such terms will produce unmanageable long
time behaviour so there is a need to resum to include many
particle effects in all terms. Physically this represents

a many-particle damping of isolated f%+2-particle collision
sequences occurring over long times. A resummation of this
type has been achieved using a binary collision expansion
formulation (see Kawasaki and Oppenheim 2? ). A resummation
closer to that described above has been discussed by Cohen !!

For the one dimensional hard "sphere" gas, the kinetic

equation which results from retaining the first two terms in

T(l,2;t) is given below. For the velocity distribution
function
(D (vit) = J ax £V (x,v;t) (5.1)
we have
9

(1) ) _ 1w (1)
5 BT (vyit) Ureg(vl,tlh )

N ) )
+ Ua(vl,t)n (Vl,t) (5.2)



where Ureg(vl;t|h) involves integration over h(v;t) with

respect to the variable v and

Ug(vyit) = - n Jdv2|v1—v2|h0(vz)
+ n’t J dv2 J dv3I{«v2-vl)(v1—v3))lvl—vzl|vl—v3[h0(v2)h0(v3)
= - na(vl) + n2t B(vl) (say) (5.3)

(5.2) has been solved using iterative techniques by Anstis %3
Where the initial conditions are such that h(l)(vl;t) has a

delta function component G(VI—V’), we make the decomposition

(1) . _m (i) a L (1) . . L
h (Vl't) = h6 (v ,t)cS(v1 v’y + hreg(vl,t) into delta
function and regular parts. An equation for hél)(v’;t) may
be extracted from (5.2):
o (1), ,. _ ', 1y, ..
FrS hG (vi;t) = Ua(v ’t)hé (v';t)
= (=noa(v') + nztB(v’))hél)(v’;t) (5.4)
which has the solution
hg!)(v'it) = expl-a(v) (nt) + 38 (v)) (nt) Hn{D (v i0)  (5.5)

so0 clearly the usefulness of (5.5) is limited to times much
shorter than the mean free time. The inclusion of higher
order terms from T(1l,2;t) will only introduce higher order
polynomial terms in t . Thus the need for resummation is
clear.

This method of extracting a kinetic equation for the
(1)

delta-function part hé

potentials in higher dimensions and to the non-Markovian

is also applicable to hard sphere

kinetic equations corresponding to these potentials. For the
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non-Markovian case with a hard sphere potential where

f(Z)(l,2;t) is expressed in the form f(z)

t

(1,2;t)

- p2(1,2)h0(v2)f(1)(1;t) + J at’ m(1,2;t-e0 £ (1;¢e7), a

0
Volterra integral equation of the convolution type is obtained
for hél) . This may be solved using Laplace transform
techniques. For example in the one dimensional case,

retaining the three body terms in the equation derived by

N

Anstis 43, we obtain for the Laplace transform hgl)(s) of

hél)(t) an expression of the form
~(1) ngt) (0)
he " (8) = ey oy v sy (5.6)

The r.h.s. has a branch along the negative real axis and poles

in the negative half-plane. Asymptotic contributions to

(1)
hg

relations.

(t) for large t may be determined using Plemel]j type



APPENDIX A

To be amenable to physical interpretation, the r.d.f.'s
must satisfy several constraints. These must of course be
satisfied by the initial conditions. This being the case,
it is then possible to show that, under time evolution
governed by the hierarchy equations, these constraints are
satisfied for all times. Existence, unigqueness and
boundedness of the solutions of the hierarchy equations
shall be assumed here. These results may be obtained
rigorously by a suitable adaptation of the function-analytic

techniques of Chapter 3.

(1) Asymptotic Liouville Property
lim f(n)(xlL VX,V i2.; ;Z 3 t)
. . 4 I I 7 r e ®» o g 14
e P 11V %1V, iZg n

- 11 (n) . T .
= lim fj (Xl,vl,xl,vz,z

ce.32 3t)
€->0 n

37

+
T = + € -
where X3 X, * sgn(v2 vl)

As indicated in Chapter 2, this result is a consequence of

the properties of the n-particle Liouville operator

(n})

appearing on the r.h.s. of the hierarchy equation for f
and the nature of the dynamics for this system (a pair of

particles interchange velocities upon collision).



(1ii) Impenetrability Condition

lim f;n)(x

€,V X,V ;2 FeeeiZ ;)
ERg 271117 %3

1

= lim f( )(xl,v

X, t€,V_ 12 .32 3t)
€+0 2 3 n

1’7

To prove this result, we suppose that the f;n) are

_ . (n)
decomposable at t 0 as appropriate sums over fil i2 ... in

(the n-particle r.d.f.'s for particles il i2 ... in) with
il = j (cf. (2.9)), i.e. we must have physical initial
conditions. We examine the appropriate equations for

(n+m) f(n+m)

. N L= . . . and then
il i2 ... in 50£38 aFB il ... in j1 ... jm
joaFip

(n)

obtain the required result for fj by summation over

i2,...,in. From (2.7)

d {(n+m) ) (n+m)
(at T Kiyio L., in) Ti1 a2 L. in(Bpieeeizpit)
}-c0
n
= ) lim J dv|v-v1 .
a=1 €-+0
(n+m+1) . . -t o .
(fil $2 ... in By s IR AVIZ i e t)
(n+m+1) . . .
fll i2 ... (zl,...,z ,x 'ViZ l,...,zn_l_m,t))

+
where x& = X, € sgn(v-vl) and where we have used symmetry

of f(n+m ) . 1in the last m' variables. Kfn+@) . 1s
il i2 ... in il i2 ... in

the (n+m)-particle Liouville operator which takes into



account all interactions between the labelled particles
il ... in and interactions between the unlabelled particles

and any of il ... in.

support considerations: At t = 0, if for example

(n+m)

il < i2 < ... < in, then £ 7 | . 1s non-zero only for
il i2 ... in

X, &€ X, € wuw € X . From the above definition of

(n+m)

i1 12 in’ it is clear that the above equation is

invariant on such ordered regions of phase space. So the

A3,

. + .
above constraint on supp fi? ?é N extends to times
t > 0.
representation of f?n). .t If we consider the two

il i2 ... in
hierarchies of functions g (n+m) (z,; 3z ; £) and
il i2 ... in 71" """ "n4m’
(n+m+1) 3 25 R . ] .
J Az £51 52 .55 in k(P2F o i PRI, 00 00 B2 0t
I (n+m)
D T e P SR ARTE L LA LU RS LM DRSO
o=n+1l

they have identical initial conditions and may be shown to
satisfy the same set of hierarchy equations. Consequently
they are identical for all t > 0. In particular

f(n) (z.: ..;zn;t)==J.dzf(n+l) (z

il i2 ... in'%17° il i2 ... in k‘'%17°"

£(™ ag |x. -x
1]

1 ?I +~ 0z fi?) is decomposable as a sum over

(n)

1443 ... in® Suppose |1—j| > l.. Then we may write this

sum in two parts. In the first, we suppose that for each

.;zn;z;t)
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k between i and j that ia # k, o = 3,4,...,n. In this case

using the support considerations and representation of

(n) mentioned above

i ji3 ... in
(n) . o
fi‘j.i.3 .o in(zl""'zn't)
max(x.,x.) i
I
= J = dx J dv ff?+}) . & ez _mait)
. ) ij i3 ... in k71 n
mln(xl,x2 LR
(n) M
L . . . . T e H - p =
for such k So flj i3 ... ln(xl‘,vl,xl rVyiZyi ,zn,t)
O(€) as € » 0 since ffn). . is bounded and the
+J i3 ... in k

delta-function parts will not contribute to the integral.
In the second part of the sum, there exists k between i and

j and a € {2,3,...,n} such that ic = k. From the support

i
<

B 0 n
considerations ff,) .n(xl,vl;x

ie . ® e -
ij4i3 ... 1 1Vyizgi 'zn’t)

1

for € sufficiently small.

Therefore

lim £ (x te,v
3 i

X.,V.:2
€->0 1 1

o} gice-i2 it)

(*)

n
f?.;l(xlie,vz;xl,vl;z fee.32 3t)

= lim 3 "

€»p JJ
where we have interchanged the limit and the sum. Since the

£(n)

i4i3 ... in are uniformly bounded,

spatial derivatives of

each term in the sum remains either positive or negative for
sufficiently small €. Thus we may split the sum into

positive and negative convergent parts (in fact the negative
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part will be empty). Then Dini's theorem may be applied to
justify the interchange of the limit and the sum. The

impenetrability result follows easily from (*).

(iii) Symmetry Condition (direct verification)

n) . . . . . ey = £O) .
fj (Zl""’za"°"ZB""’t) fj (z ZB""'za""'t)

for o, € {2,3,...,n}

We suppose the above is true at t = 0. Now f§n+m)(zl;..

Z jeseej2

. . (n+m) . .
" 8,...,t) and fj (zl,...,z

feceel2 t...3t) for

B ol
m > 0 satisfy the same hierarchy equations and have identical
initial conditions. So by the uniqueness of solutions, they

are identical for all times.

(iv) Compatibility Condition

f$n+1)
3

f;n)(zl;...;zn;t) = Mz (zl;...;zn;z;t)

+L" 400

where the mean Mz = lim < 1

I, ' oo 2—pfrj dX> Jdv,, p >0 is a
=L -00
constant which will in fact be the mean particle number

(see Doplicher et al.®® for a higher dimensional analogue

of the mean).

We suppose that the above condition holds at t = 0,

then show it is true for all time. To achieve this, we

simply show that M_ f;’”m”)

z .....Z -Z.Z .. L d
( 1’ n’' "' "n+l’ n+m

m > 0 satisfy the same set of hierarchy equations as

f'(n+m)

3 (zl;...;zn+m;t) by applying Mz to the equations



3 (n+m+1) (n+m+1) . . .
(at - Kj fj (zl,...,zn,z,zn+1,...,zn+m,t)
40
= lim J dv'|v'—vl .
>0 o
(n+m+2) R L (PR N e . . .
(f(j) (zl,xl,v,zz,...,zn,z,zn+l,...,zn+m,t)
_ (n+m+2) co— o . :
fj (zl,xl,v,... ..-,Zn+m,t)>
— /
= - € -
where Xy X, sgn (v vl).

(n+m+1) _ K(n+m)

. 9 9
If we write K, ; + Vo3 T 5y ¢ (| x-x

(g% + 5%“)' then it is easy to verify that for a suitably
1

well behaved class of functions

K$m+n+1) . $m+n) M
z " j ;| z

M

Using this identity the required result is easily proved.

(v) Existence of Mean Particle Number, Momentum and Energy

+
+00

) ffl)(x,v;t) for each v and J dv v

j=—00

400
) fgl)(x,v;t) for

j:—oo

k
k = 0,1,2 should be (c-1l) summable to positive constants on
X € (0,) and (~-«~,0).

+(X)
d (n) (n) . ey . =
o <5€ij >< L5 (Zl""’zn’t)> - °

j:—OO

Ry T o)
so ) £ (2 (B)ieneiz (£)it) = ) £, (2;(0) 5.2 (0)50)

j:—m j=—m

A6,
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where the characteristics of <§% + Kgn)> are given by
(zj(t),t). In particular
+ 40
(1) oy - (1), _ .

If we suppose (c-1) summability holds for the initial

conditions, then the above identity automatically guarantees
L)

(c-1) summability for ) fj (x,v,t) for each v. (c-1)
j=_oo

summability of the other expressions also holds as may be

proved using a suitable upper bound on initial conditions and

the Lebesgue dominated convergence theorem to show that

L' +o -
lim f% J dx J dv z ffl)(x—vt,v;O)
I:+°° j=—00 J
0 -0
400 L L" oo .
= J dv lim = J dx )} £, (x~-vt,v;0)
1 L . J
o Ii->o 5 Jj==0

(vi) Normalization of fgl)

J dz ffl)(z ;t) =1 for all t > 0
1 73 1

From the first hierarchy equation

) (1) .

= | dx, lim J dv J dv, |v,-v
J ]'€+O 1 2 2 1

L]

£(2) - oy L g2 e
(fj (xryz,xl,vl,t) fj (Xl'vl'hl'VZ'tD
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and since

[

—v. |.£2) s =
J av, J av, |v, v, fj (2, v 5%, V,it)

[ (2) +
= | dv, J dv,, |v2-vl =fj (xl,vz,xl,vl;t)

the above integral is clearly zero using (i) and the
Lebesgue dominated convergence theorem to justify the

interchange of 1lim and J dvl J dv2.
: >0
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APPENDIX B

We show that Dge?(m) are Banach spaces with respect to
14

the appropriate norms. The proof effectively combines the
proofs of completeness of bounded, piecewise continuous
functions (with fixed discontinuities) under the ess sup

norm and of the sequence spaces 11 (1m). The proofs that

Dg 1(w) are Banach spaces may be constructed similarly.

(i) Consider the space of bounded, piecewise continuous

functions (with discontinuities at fixed xj—vit),denoted by

(ﬁ(n)). (z.;...;2_) such that
~reg/j 1 n

ess sup (ﬁ(n)) (zyie..52))

—(n)) reg N reg/j n
I(E™) 1529 = &, izl 35
~reg/j " J,n i (1) ( . n

vy iz2 fj+5] X max’ '0 E phO(vi)

—(n)
reg>j}m 1’ the

corresponding analysis for continuous functions under the

If we consider a Cauchy sequence {(

sup norm may be adapted to show that this sequence converges

pointwise to a function (ﬁ(n)
~reg

)j say (except possibly on a
fixed set of discontinuities). We may then show that

(ﬁi2;>j is an element of the above space and that

(RS - (B2 N5%E > 0 as m > o

reg reg j,n



(ii) Consider a direct sum of "P + 1" Banach spaces of the

type considered in (i). Elements of this space are denoted
by =
m(n)
reg 0
gn) o 7 (n)
~reg reg 1
g(n)
reg P |

With a choice of norm

IE ) 11559 = max || (ES2)) q17e0
~reqg n OSjSP ~req/j J.n

this space is automatically Banach.

*eg 1f {H ] is a

(iii) Consider the space DB’m- ~reg mim=1

Cauchy sequence in Dgeg, then from (ii) it follows that the
’

sequence converges componentwise to ﬁreg. By analogy with

the corresponding proof for lw, we may show that

H € p.°? and that || H - H [1°9 + 0 as m » =.

~reg B, ~reg m ~reg B,

(1ii) ' Consider the space Dgei. An adaptation of (iii)
7

reg

B,1

modelled on the proof of completeness of 11 shows that D

is Banach.
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APPENDIX C.

We describe here the meaning of the expression
o S S

(s) = % [fz dsm g(sm) fom g(s )...foz dslg(sl)]freg(s=o)
m=0

~reqg m-1 m-1

(C1)
appearing in 3.2 and in a specialized form in 2.6. This is
essentially a solution of the hierarchy equations by
interation and successive terms in the above expression are

. ; . . % ’ , .
obtained from successive iterations. Let the characteristics

of [g% + K;m)] be parameterized as previously by
m . L
zi = z? (S,zj O) i,j =1,2,...,m ; t=s
14
m m _ m
where zi (o’z',o) = Zi,o
Now
(n) n n s . n n .
regj (zl (S'Zk,o)""’zn (S'zk,o) ; s)
= (n) (z o,z ) 1z (0,20 ) o)
regj 1 k,0" ! "“x,0’ 7
(C2)
s lim 4> n
vl s e S Wt | Va - Y (5172, o)
(n+1) n N
[reg(J) [l(sllzk )l X (gllz ,O) n+llz2(51,7K' ),_. 'gl)
(n+l) n n
rng ( 1 ¢ 1 Zk,o)"" . "Sl)]
B - n
where (Xl) X;] - € sgn(vn+l vl
and
il T(s ez ) oxo(s 2 )7 P2 (S, .20 Viees
regj l l' k,0 7 1 Sll k,o ’ Vn+lr 2 Slp k,O ,..-,Sl

* For convenience we neglect the jump condition here.



+ + + + + +
- f(n 1) [zi 1 (o,zn 1 n 1(0 n 1); R l(o,zn+l);...;o

regj” k,o’ F Zn+l 'zk,o 2 k,o
s
1 lim (400 n+l n+l
+ fo-d 2t »o f—w Yne2 [ Vn+2 T V1 (sz'zk,o)
5 (n+2) zn+l(s zn+l)-xn+l(s zn+l)— v .zn+l( n+1).
reg(37) "1 T2"%k,0" L %2r%k 07 Tnea? a1 8y )i
ALl
2 Sor lieeeis,
(n+2) Zn+1 ( _zn+1)_
regj”|%1 "'%27% 0l o835,
(C3)
n+1 n+l n
where z, (Sl'zk, ) = zi(sl,z ) ) i=1,2,...,n
n+1(S Zn+l) s zn )-
n+1 %1%, 1'°1'%,0’ ' Vne1 (c4)
n+l, - n+1 n+1
and (xl ) 1 - E sgn (v +17v, )

The m = o term of (Cl) is given by the first term
on the r.h.s. of (C2). If (C3) is substituted into the
second term of (C2), then the m = 1 term of (Cl) involving

(n+l)
reg(j)

(n+1)

(...;0) and fregj

(...;0) appears.

The terms m > 2 of (Cl) may be obtained in a similar

way.
The above results may be applied in section 2.6 where
the characteristics of [g% + Kgm)] have the simplified. form
X. = V., s + x,
i i,o i,o
v, = Vv,
il i,o
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APPENDIX D

SPECTRAL ANALYSIS OF gi IN 12

A direct sequence space analysis may be employed
noting that 12 is a reflexive space (and in fact a Hilbert
space) . This enables us to make more specific statements
about the spectrum from the general theory. However here
we shall develop alternative methods. Let L2(O,2ﬂ) be the
(Hilbert) space of Lebesgue square integrable functions on
[o,27]. This space is congruent to 12 i.e. there exists
an isometric isomorphism J : L2 > L2(O,2ﬂ). If y € 12
then it may be represented by a function Y = Jy € L2(0,2ﬂ)
and a bounded linear operator G on 12 is represented by a

1

bounded linear operator G = JgJ_ on L2(0,2ﬂ). Using the

isometric and isomorphic properties of J, it is easy to show
that ¢(G) = o(G), or more specifically that Po(G) = Po(G),
Co(G) = Co(G) and Ro(G) = Ro(G) .

Next let us determine the operator Cg on L2(0,2ﬂ)

corresponding to the matrix operator Qg on 12. J may be

realized in the following way. For any y € 12,

~

Y = Jy ¢ L2(O,2W) is given by
+o0 i .
Y(n) = R e Jnyj n e [o,27]
J=—OO

Let vy = ng, then in component form this equation

~

becomes

Y5 = Yon*5-1 * Bon®ia
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+o0 oL
Applying the transform I eI, to this equation gives
j:—oo
_ in —fn .
Y (n) (Yope¢ + Bope ). X)) n e [o,2m]

where Y = Jy and X = Jx. We conclude that Cg is given

by the normal, multiplicative operator

S _ fn -in
CO = the + Bphe ne [o,27]

Such an operator is called a factor transform and a sufficient
condition for it to be a bounded linear operator on

L2(O,2ﬂ) is that it be essentially bounded and measurable

as a function of n on [o0,27]. (c.f. Hille %% for the
L2(—w,+w) case). Thus Cg satisfies the required condition.
o N
_ . _ 10 -i6 .
Let E = {A ¢C : ) = the + Bphe 1 0 ¢ [o;2m)}

if A ¢ E, then A - Cg is continuous and bounded away from
zero for n e [o0,27]. Consequently A - Cg is invertible
and therefore ) ¢ O(Cg). So O(Cg) ¢ E. From the general
theory of normal operators R ¢ (Cg) = ¢ (see Dunford and
Schwartz®?). Thus it remains to determine Po(Cg) and
Co(Cg).

Suppose A € E and (A—Cg).x(n) = 0 in Lz[o,2ﬂ].
Since X\ - Cg is a continuous function of n and only equal
to zero at one point n = A, it follows that X(n) = o a.e.
is the only L2(O,2ﬂ) solution of the above equation. Thus
Po(cl) = 4. )
~in*

F%
Again choose A e E, specifically A:ymf?n +BMF

for some n* ¢ [o0,27) and let Y(n) ¢ L2(O,2W) be continuous
and non-zero at n = n*. Suppose

Y(n)

§
(A-CO)X(n)



- v oin_
where n ¢ [0,27). Then X(n) Y(n) / (A the Bph

4 L2(o,2ﬂ). A - Cg is not invertible, so ) ¢ O(Cg).

In conclusion

8, _ 8, _ _ 8, _ S
Po(Co) e Po(go) = g = Ro(CO) = RO(SO)
8, _ §, _
and Co(C’) = Cog{(C’) = E
O ~0

L)

D3.



APPENDIX E

We consider here an asymptotic analysis of the expression

N
t

- A ~ L
mL -imu 1 _ N-2
m=§oo Jodvkh (Vk+ t) e Q[ulvktlt] [LJOanR[urth ant] ]

L

- v, t v t

E o —i(zwm-u)-—’L‘— - ( t; )2-(21Tm-u)2)
= J dvk°( E e e

o m=-—oo

v. t v t
A th 2 2
+o0 N -1 (2Tn-u)— =% )< (2Tn-u)
_t 2 lu_ L . L

X 2 AL (e e e )

n_—oo

v. t v t

X i~ _a ). K _y_th o> —1 2

y NHZ ( E 2(1-cosu) 1(2mpy-u)- — o 2 () s (27p; -u) }
o= BosLl
i=1l p,=-= (Zﬂpi u)
1
v .t e
= - (£ 2 (e*"-1) (2(1-cosu)) V72
+00 +00 Ew N-2 1

x ¥ ) ( I *————f:“‘r)

m= - n=-o pi=—oo i=1 (21Tpl u)

ie{1,2,...,8-2}
E th =2
t -1 ((2mTm=-u) +(27Tn-u)+.27 (27Tp.-u))
I 5 L =1 i
x dv, e
k
O
v t 2 _

-~y (—£h ) ((27Tm-u) 2+ (2Tn-u) 2+ N;z (2mp . -u) ?)

X e I i=1 i .

We should note that the integral over vy is zero iff

N-2

(2mm=-u) + (27n-u) + J (21p . -u) = 27k
i=1

with k a non-zero integer. So the problem is to minimize

El.



N—-2

(2mm-u) 2 + (2mn-u)? + 7§

i=1

where m, n, pi
and where the integral over Ny

solutions to this problem below:

(a) u = Z% and m=1l, n=0, pi=0
or m=0, n=1, pi=0
or m=0, n=0, pi*=l for some
pi =0 for
() u=2T . (N-1) anrd m=0, n=1,
or m=l, n=0,
or m=1l, n=1, pi*=0 for some
P. =1 for

The contributions of solutions from (b) to
are complex conjugate to the corresponding
of solutions from (a).

A similar analysis is applicable to

the form
4o I
t mL, » mL, ~imu. 1
) I av, (v +=¢) h(v,+=)e =

m=-=w (o] (o]

are integers and u ¢ {3%-1 1 =1,2,.

is non-zero.

E2.

—1ay 2
(2Trpi u)

e e ,N_l}

We list the

€ {l,z,...,N"2}

ifi*

It
=

p

Il
|—I

Py

i* (= {1,2,...,N"2}

ii*

<V1(O)Vj(t)>N,L

contributions

expressions of

L
. N-1
J dan[u,vlt xn]} :



APPENDIX F

We shall consider here expressions of the form

1 (*
(I) s JO dan[u,w,xn,t] and

1 L
(II) H Jx dXIIB[u,W,Xn,t]

where

+4-00
B[u,w,xn,t] = J . dvnh(vn)Eg[u,wt(xn+vnt)]

Since S[u,w] is separately continuous in the first variable

and piecewise continuous in the second, it follows that
R[u,w,xn,t] is continuous in the variables w and X -
From this result follows the continuity of (I) and (II) with

respect to (w,x) on (-»,+w) x [0,L]. Also from (3.3),

R{u,w2L,x_,t] = g2ty R[u,w,x_,t]

and an analogous result holds for (I) and (II).
We shall examine the asymptotic behaviour of (I) for

large t. Results for (II) follow using the formula:

1 L L 1 (P
iy | e, Rlwwxe = B g ] 9%y Bluswex,,t])
-2 A M ax rpu,w,x ,t])
L-x 'x n o~ "5 ent

o

Clearly it is necessary only to examine (I) for w e [0,2L].
In so doing, it is most convenient to examine several

separate subcases.

(A) w ¢ [0, %]. We first calculate

(S

_1(*
g[u,x,w,vnt] i JO dxn¥§[u,w#(xn+vnt)].

Fl.



A number of subcases are enumerated. In the following

H( ) denotes the Heaviside step function

(1) 0 < v t <w
n

224 (w—vnt)+tx—(w~vqt))e—lu]
P = H(x-(w-v t))e [ :
~ n X |
2%u
+H((w—vnt)-x) e .
(ii) w < vnt <L -wz: F = e2lu "

(iii) L - w < vnt <L + w :

B
H

2$u[(2L—w—vnt)e‘i“+(x—_(2L—w—vnt))]

H(x—(2L—w—vnt)) e =

+ H((2L - w - vnt) - X) eZiu.

(iv) L + w < vnt < 2L - w :

-Tu
2i\u[2W+(X 2w)e ]

¢
I

H(x-(2L-v t+w)) e
n X

<+

H((2L=v, t+w) =x) ) H (%= (2L~w-v_t)) g2iu
(2L-w-v_t)e *“+x- (2L-w-v t)
n n

< | : )

+ H((2L - w - vnt) - X) eziu.

(v) 2L - w < vnt < 2L :

(2L+w~vnt)+(x—(2L+w—vnt))e‘iu]

X

E = H(x-(2L-v_t+w)) e2tu [
+H((2L - v_t + w) -x) ety

From these results, we can write down an expression for

+ 00

1 [* _ .
N Jo dxn B[u,w,xn,t] = J dvnh(vn) g[u,x,w,vnt].

=00



The integral over an infinite velocity range may be
converted to a sum of integrals over a finite range. Using
a Poisson sum formula, the dominant term as t - o may

be extracted.

(B) we -%,LJ. A similar analysis is necessary for this
case. -
3L 3L

(C) we |L, 2] and (D) w ¢ [—5,2L}. The results for

these cases may be obtained from (A) and (B) as follows.
Using (3.3) and the identity §[u,—w] = gt" §[—u,w], we

may prove that

Flu,x,2L - w,vnt] = e4lu F[—u,x,w;vnt] .

So

X
Jo dxn B[u,ZL—w,xn,t] = e

.’>_<|I—'
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APPENDIX G

-1

THEOREM 1 Let TI “(k) = (—l)S(Z)(k+s—l)(k+s—2)...(k+s—r+l)

T

s

L r—1

for k = r, then L. T (k) = 0.
s=0 s

PROOF We show first by induction that for 0 < t < r-1

Tz-l(k) . (—l)t(r;l)(k+t)(k+t—l)...(k+1)(k—l)...

0

o~

s

eeo(k+tt-r+1) (G.1)

with a suitable interpretation for the cases t = 0 and

t = r -1. The result of the theorem is then obvious since
r-1
R N e ¢ S (G.2)
S=0 S r

(G.1) is clearly true for t = 0. So assuming (G.1l) true

for t = w, we prove that it is true for t = wtl (0 < w < r-2).

Now
:g: k) = SEO )+ 1Tl
= (=1 (ktw) (ktw-1) ... (k+1) (k-1) ...
con (rwr2) (5 k= (501 Gorw-rl))
since  ((T)-("T1) = (51D and  (x-w+D) (N = o) T,
we have (T k-("T1) (ktw-r+l) = (I7]) (kdw+l).  So the

desired result is obtained.
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~r-1 _ t r ,
TEEOREM 2 Let TS (k) = (-1) (r_k+t)r(r+l)...(r+t 1) .k(k=-1)...
...(t+l) for r > k with a suitable interpretation for the
k LT
cases t =0 and t = k. Then S§0 Tg 1(k) = 0.

t ~Ar—1 t I‘-l
SZO T (k) = (-1) (L0 yp) (x+t) (x+t-1) ...
oY o(k=-1) (k=2)...(t+1)
with a suitable interpretation for the case t = k-1. The

result of the theorem is then obviousg since

The analysis for the proof by induction is rather similar to

the above theorem and is thus omitted.
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APPENDIX H

Methods similar to those implemented in chapter 6 are

used here to solve the non-linear elimination problem studied

by Cohen 4 The problem is stated below. For s =1,2,...
s s 501 -1, 3 1
G ' (1,2,...,s;t) = (U (l,2,...,s;t)i_L_[1 U (i;t) )ing (i:;t)
r s+1 s+1
P s+1 i 1,...,"1 1,..
+ i1 | dES+1(U (l,2,...,s+l,t)iglU (i;t) )ing (i;t)
2 ¢ s+2
p? [ .. s+2 ) 1,..,,-1
+ 27 | dgs+1 J d£s+2(U (L,2,...,s 2't)i£l U (i;t) 7)
s+2 1
X 121 D™ (i;t)
+ L
Our aim is to take these equations for s =1 and s = 2

and to eliminate Dl( ;t) thus obtaining an expression for
G2( ;t) in terms of Gl( ;t).
Using graph theoretic techniques, Cohen has given the

solution

2 S A | [ C m2+8 .
G (1,2 ;t) = zzo P dz, ... ] Az, 0 Ti Leq(1r2 [3rc.ui24250)
2+8 1
X I G (i;t)
i=1
where Ti:ied(l’z |£;t) is equal to the sum over all distinct

labelled (1,2)-irreducible graphs of 2+% points with labels

chosen from {1,2,L}. The same ordering and labelling

=
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convention for operators associated with trees as developed in

chapter 6 may be adopted. Here we set the sum of all

labelled Husimi trees of n-points equal to un(l,z,...,n;t)

n
= Un(l,2,...,n;t)iL[1 Ul(i;t) 1. Our aim is to express

248

; (1,2|£;t) in terms of cluster operators. The
irred

following relation is obvious from the graph theoretic

interpretation (c.f. (4.2) of chapter 6)

n
irred

(1,2 |3,...,n;t) = U™(1,2,...,n;t)

irred

-1
i} {T“ (1,2]3,...,n-15t) (U2 (L,n;6)+U2(2,n;t) +

san T Uz(n—l,n;t) and rearrangements among 3,4,..
+ - " =
+ T8 T.a(1s2|3,...,n-1,t)

X (::::} ‘Hi::::h

1<il<...<ir<n-r (n—r+l,...,nn¢|£1,...,£ )

r'0
r 1+2% .
x I U a(la,£a;t) and rearrangements among 3,4,.
a=1 1
+ ua

An induction argument shows that

n

S g (L2 13 = T RN a2, e

linked

SR TR N ST SN TR AL R

k
where 2.%. = n-2 and the sum is over all distinct labelled

=gl e

products of U'°( ) operators such that each U'"( ) is

linked by one argument to one further to the left. Further-

more for each U°°( ) there must be a unique chain linking

it to ultti(1,2,...:1).

Rl

e e N
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An alternative combinatorial method of solution starts

by inverting the equation for s = 1. If we write this as

¢h(1;t) = pl(Lit) + £ ¢ (1,2 500N (0D (25

2
+ 5= cy(1,27,37;0)p (1) (275 6) DT (37 5 1)

then we set

1 ’
D' (1:€) = G(1it) +pCi(L,2":t)c  (L;0)G  (274¢)

+ p? Cg (1,2’,3';t)Gl(l;t)Gl(z';t)G1(37;t)
+ ...

Substitution of the second eixpression into the first and

examination of terms of nth order yields

S CI(1,27,37, . .n'it) + ...
min(j,n-j)
+ 5%—c3(l,2’,...,j’;t)( ) R 7.
s=1 ISils<...<is<j 5 71y
. kerk=n j
kgl C1+rk(ié,(rl+...+rk_1+l)’,...,(r1+...+rk)’;t))
+ ..

l —_—
+ 'ﬁ_!_' Cn(llz’l"-ln,;t) = 0.

Using this relation as the basis for a proof by induction, we

may show that
C’(l,zl‘,...,nlit)O
n
L[ azr... J az’ ¥ (-pRM™hMra, . ooett2gy
n! | =2 -n .
linked

« ul**k (... -



=0
e

where 12i = n-1

pretation as above.

and where the sum has the same inter-

On substitution into the equation for

s = 2, we obtain the same result as above.

H4'
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APPENDIX I

The following is a list of 4-particle collision sequences
contributing to U4(1,2|3,4;t)h(l,2,3,4) for a hard sphere
potential. In all diagrams, the possibility of further
collisions between 2,3 and 4 is allowed. Where a further
collision or collisions involving particle 1 gives & contrib-
uting event (not covered by another case), this is mentioned
explicitly. In addition to the diagrams shown below, those
obtained by interchanging particles 3 and 4 also give contrib-
uting events. + (i,j) denotes a further collision between

i and j and + ...

denotes further
collisions still

(if possible).

S A R A P



+(1,2) +(1, )+ -

t

1
N

3 ) 2
2 /4
2 1
3
0

+{1,2)+(1,4) % -

(1,6 +(1,2)%

A
O

I2,
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