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ABSTRACT

For a one-dimensional hard "sphere" gas, initial value

problems are considered of the form where certain particles

have specified positions and velocities and the rest have

regular distributions at t= 0 Ahierarchy equation

treatment is used to produce new results in a way that is not

crit.ically dependent on the simplif ied dynamics.

For the case where the backgrouncl of particles are in

equilibri-um at, t - 0 , initial conditions on the reduced

d.istribution functions (r.d.f.) are calculated exactly. An

approximate "Iocal" factorization condition is discovered for

the r.d.f's which enables approximate kinetic equations to be

obtaínecl. A Banach space formulation is found. useful in

determining rigorous upper bounds on the errors involved. For

the general initial value problem outlined above, the exj-stence

and uniqueness of the solution are proved using Banach space

and countably normed space formulations. The second approach is

expected to be applicable to more general systems. For the case

of a single specified particle, exact closed equations are

obtained for the delta function part of the one-particle r.d.frs

for a wi-de class of initial conditions. These enable the

analysis of behaviour thought to be characteristic of more

general systems e.g. the weak dependence of the approach to

equitibrium on initial spatial inhomogeneities and on the

presence of an external potential, the positive nature of the

solutions, and the existence of an entropy functional

monotonically increasing in t.ime. A more general discussion of
j.rreversibílity is also given emphasizing the way in which we



restrict our attention to entropy incr:easing solutions.

Using and extending Jepsen's technique, exact calculations

are performed specifically fot the velocity correl-ation

functions associated. with finite versions of the above system.

A sharp cut-off has been discovered on a time scale assoc-iate<1

with the finite size of the system. A sLochastic version of

one of the above systems has been consid.ered. Boundary effects

with regard to the position of the specified particle have

been examined. These considerations have been extended to

more general systems.

Finally, using a formulation due to Anstis in the grand

canonical ensembler wê examine the problem of obtaining an

exact expression for certain n-particle r.d.frs in terms of the

one-particle r.d.f. for a particle having a specified. initial

d.istribution when the background is in equilibrium. For the

special system above, a solution is obtained using cluster and

graph theoretical techniques. The solution to the correspon,J-ì-ng

problem in higher dimensions for a general inter-particle

potential is obtained more directly by combinatorial methods

Contributions to terms in the expansion of the solution are

characterized in terms of collision sequences between isolated

groups of particles. The range of convergence with respect to

time is considered and is expected to be non-zero even for

potentials allowing bound states. For hard sphere potentials,

a technique is presented for the analysis of the delta-functi.on

part of the r.d.f . also sati-sfying a closed kinetic equation.

The aim is that by examining the asymptotic behaviour, \^te may

ascertain the usefulness of the kinetic equation and assess the

need for resummation.
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CHAPTER T

INTRODUCTTON

1.1 THE pEyELOpr,rENT AND TECHNTQUES OF_KTNETTC THEORY

One of the original aims of kinetic theory was to produce

an equation describing the tj-rne evolution of the one-particle

reduced distribution function (r.d.f . ) f (xrv;t) . This is the

probability measure for finding some particle of the gas rvith

position x and velocity v at time t . Certain macroscopic

quantities pertaining to the fluid flow may be obtained from

this function. AIso certain transport coefficients may be

calculated.

The Boltzmann equation, derived. from heuristic reasoning

was the first such equation successful for the case of a dilute
gas where correlations be'tween particles may be neglected.

Hilbert, Chapman and Enskog then showed how to calculate

transport coefficients from this equation (see Chapman and

Cowling t ) . The introduction of the hierarchy equations

through the work of Kirkwood. ' , Bogoliubov t , and Born and

Green o , enabled generalization of Boltzmenn's equatíon to a

higher range of densities. H.S. Green t demonstrated how

Boltzmannrs equation may be obtained from the first hierarchy

equation if a "molecular chaos" assumption is made. Bogoliubcv

proposed that in the time evolution of a fluid, a stage would

be reached where the higher order r.d.f's may be obtained as

time independent functionals of the one-particle r.d.f. A

technique r^/as provided for obtaining these functionals from the

hierarchy equations. I¡fhen such an expression for the two-
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particle r.d.f . is substituted into the first hierarchy equat.ion,

the Boltzmann equation is ol¡tained as a first approximation.

Retaining the next order term in density results in the Choh

Uhlenbecl< 6 equation. Extens-i-ve calculations have been made

by Sengers 7 in 2- and 3- dimensions Lo determine second order

density corrections to the transport coefficients from this

equation.

M.S. Green I and Cohen' have used cluster expansion

techniques to obtain the same results as Bogoliubov. Their

method indicates the range of validity of the assumption of

Bogoliubov's work. In the application of this method,

fundamental concepts are introduced common to several methods

used in kinetic theory. Among these is the characterization

of contributions to the expressj-ons in the resulting operator

expansions in terms of collision sequences between isolated

groups of particles. Al-so the concept of resummation is

introduced whereby the lowest order terms are modified by

contributions from those of higher order. The aim of this

scheme is to prevent divergences associated with "isolateC"

collision sequences over large distances (see Cohen I 0 ' t t ) .

Van Hove t2 and Prigogine 13 have also derived exact non-

Markovian equations for the irreversible evolution of a many

body system. More recently Balescu t4 ãnd others have under-

taken a program to derive irreversible kinetic equations by

starting with the space of atl solutions to the Liouville

equation and considering only a subspace (subdynamics) of these.

Quite a different method of calculating transport

coefficients was developed. first by M.S. Green tt. Here the



3

transport coefficients are obtained as integrals with respect

to time over certain correlation functions " These results

were re-derived later by Kubo tu, Mori t7 and H.S. Green rE

sometimes in modified form. From the work of Kubo originated

the concept of the K.M.S. condition used in algebraic

statistical mechanics .

In this area the binary collision expansion (b.c.e.) has

proved useful. This method was developed first by Yang and Lee re

and later in simplified form by Siegert aud Teramoto 2 o . Zwanzíg 2'

was firsL to calculate transport coefficients using correlation

formulae and the b.c.e. taking the Laplace transform with

respect to time of the operators appearing (the e-method).

Kawasaki and Oppenheim 22 later used the b.c.e. to resum the

most divergent (ring) terms appearing in the expansion for the

t.ransport coefficients. Weinstock 23 has also used the b.c.e.

method to der.i-ve non-Markovi.an equations for the velocity

distribution function which were later used to examine transport

coefficients. Dorfman and Cohen 'o concentrated on the long

time behaviour of the correlation functions. After resumming

the most divergent terms they showed that the correlatj.on

functions exhibit a slow long time decay of the form

( Eo/t 
)

d
2

dimension.

where t is the relaxation time and d is the
o

This agreed with the computer simulations of Alder

and Wainwrj-ght.2 s

Instead of calculating directly the transport coefficients

via the correlation formula method' one may instead focus

attention on the initial value problem (i.v.p.) associated with

the correlation functj-ons. Here a specified particle (or

particles) have given positions ancl velocities at the initial
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time and the remainder are in equilibrium. Through the

sol-ution of this i.v.p. we may calculate the correlation

functions and thus the transport coefficients. Various

approaches have been used. Some calculate the correlation

functions directly and others determine the linear kinetic

equation satisfied by the r.d.f. associated with a specified

particle. There are several basic approaches: the mean field

approach, hydrodynamical and mode-mode coupling theories, the

Mori memory function approach, and a more rigorous approach

starting from first principles and using microscopic considerations.

In the mean field approach (Singwi and Sjolander 2 6 and

Kerr " ) , the specified particle is regarded as an external

agent. The motion of the rest of the fluid ís calculated

assuming a known behaviour for the specified particle. This is

substituted back into the equation of motion for the specified

particle to obtain a self consistent result. :

Kadanoff and Martin '8 have related the hydrodynamical

variables to the correlation functions in the linear response

domain with disturbances from equilibrium slowly varying in

space and time. They have shown that the dynamical structure

functions related to the correlation functions must exhibit

certain asymptotic wave number behaviour in order for the

system to have correct hydrodynamics. This provides a check

for many methods. Ernst, Hauge and Van Leeuwen 2 e were able to

derive from hydrodynamical arguments, the same long time

dependence for the correlation functions as obtained from

computer simulations " . They assumed that the decay to local-

equilibrium of the non-equilibrium distribution functions was

faster than the decay of the correlation functions and that

the long wavelength components of hydrodynamical quantit.ies
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satisfy the línearized Navier Stokes equations. Their arguments

showed that the long time tail of the correlation functions was

due to slowly decaying (long wavelength) hydrodynamical modes

i.e. a feedback effect where the hydrodynamical behaviour of

the rest of the fluid is effecting the behaviour of the

specified particle. Kawasaki 3 0 has obtained the same results

from a mo<le-rnode coupling theory (see Ernst et aL 3r for a more

detailed. exposition) . Badeaux and Mazur t2 produced a re-

normalized hydrodynamical theory by taking into account the

dependence of the "bare" diffusion coefficient on e.g. the

Iocal density of Èhe f1uid. A renormalized vJave number and

frequency dependent diffusion coefficient is obtained in ter¡ns

of a "d.ressed" dif fusion propagator.

Zwanzíg 3 3 obtained a non-Markovian equation for the time

evotution of the macroscopic state variables. Mori 3a extended

this work utilizj-ng projection operators similar to those of

Zwanzíg. The kernel of the non-Markovian part of the equations

is referred to as the Mori memory function. Several authors

have used this formulation to derive kinetic equations for

correlation functions and r.d.f's. For example, Akcasu and

Duderstadt 3 s used a continuous parameter representatj-on (in

this case momentum) of the Mori type equation to obtai¡r a

kinetic equation for the one-particle r.d..f. Several

approximatj-ons hrere then made for the memory function based. on

physical arguments. Lebowitz, Percus and Sykes 36 also used a

Mori type equation choosing the memory function so that the

short time behaviour of the r.d.f's was described exactly.

Several workers have developed systematic theories starting
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from first principles. Of these we mention the foIlowilg.

Mazenkors )1 fully renorntalized kÍnetic theory provides a

microscopic expression for the memory functj-on valid for alI

wave numbers and frequencies. The memory function is re-

arranged as the sum of an effective two body term and a term

representing the rest of the partic'l es . Isolated clusters llever

appear as in Cohenrs Theory or the b.c.e. The equations have

be.en renormalized first. Gross 38 has used a "dressed"

particle approach which involves splitting the Lj-ouville operator

into parts f, = Lo + L1 where Lo is the "dressed" rather than

free Liouville operator. This approach enables one to describe

screening and backflow effects. Also the interactÍon of

particles or clusters of part,icles with fluctuations in the

fluid is emphasi zed,. Sjögren and Sjölander 3 e have developed a

treatment of the problem where the physics is rather transparent.

The r.d.f's are split. into self(specified particle) and

distinct (background) parts so the effect of the backflow of

the background of particles on the specified particle is

emphasi zed.

L.2 OUTLINE OF THE THESIS

Throughout we deal with the class of i.v.p's where a

specified particle(or particles) have a given initial

distribution (sometimes chosen so as to fix the position and

velocity). The background of particles have a smooth

distribution often chosen to be the equilibrium Cistribution.

The advantage of studying these problems is that we have well

posed initial conditions which ensure that the one-particle

r.d.f. for a specified particle satisfies a linear kinetic

equation. As mentioned previously, the solution to these

equations can be used to calculate correlation functions and
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transport coefficients.

l"lost of our analysis is for a one-dimensional hard "sphere"

gas where the partj-c1es interact elastically and interchange

velocities on collision. This system has been studied. previously

by several authors (e.g. Jepsen ao, Lebowitz and Percus at,

Lebowitz, Percus and. Sykes'u, and Anstis, Green and Hoffman o')

in an attempt to obtain results applicable to 3 dimensional

systems.

In Chapter 2 we consider a class of i.v.p's for the above

special system (of j-nfinite size) where several particies have

specified positions and velocities and the remainder are in

equilibrium at t=0 . We discover an approximate "Ioca]"

factorization condition fori:he r.d.f 's at the initial time.

Thj.s is used together with the hierarchy equations derived by

Arrstis et aL a 2 to obtain approximate kinetic equations. A

Banach space technique is used to give a rigorous analysis of

the errors involved.. This work is extended Lo more general

i.v.p's in Chapter 3. Existence and uniqueness results are

obtained using Banach space and countably normed space

techniques. For the case of a single specifj-ed particle and

certain "factorizing" background distributions, exact kinetic

equations are obtained for the delta-function part of the one-

particre r.d.f. f.(1)ô These are used to examine the
)

depend.ence of the approach to equllibrium on background

distribution inhomogeneities the effect of an external potential,

and the positive nature of the solutions. Chapter 4 concludes

the analysis of this section with a discussion of irrevers j-bi.Iity.

Where we have exact equations for f, (1) ô r ân entropy functionalf
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in terrns of f . 
(l-) ô i= found wh-ich has f-inite ancl

l
monotonically increasing behaviour in time. l

Jepsen I s 4 o method is used and extend-ed' in Chap'ber 5

to enable an e><act calculation of the long time behaviour

of the velocity correlation functions (v.c.f.) for various

finite one-dimensional hard "sphêre" systems. A stochastic i,' 
ì

version of the system is also treated. The effect on the

v.c.f's of the specified particle near the boundary is

analyzed and these considerations are extended to hj-gher

dimensional systems v¡ith more general inter-particle potentials.

In Chapter 6 we implement an elegant method. due t'o Anstis 4t t4t

using the grand canonical ensemble to obtain a solution to the

elinrination problem i.e. an expression for a certain n-particle

r.d.f. at time t in terms of the one-particle r.d..f. at time

t for a specified particle. The initial conditions are such

that the specified particle has a given distribution and the

rest are in equilibrium. Whereas Anstis only obtained the

first few terms in the expansion of the solution by an iterative

technique, we develop a systematic scheme for solving the

problem obtaining an expression for the general term in the

expansion. First we treaL the one-dimensional hard "sphere"

system where the r.d.f's have a cluster structure and graph

theoretj-cat techniques are applicable. Then by more direct

combinatorial methods, a solution is obtained for the

corresponding problem in higher dimensions with a more general

interparticle potential. In Chapter 7 contributions to the

terms in the solution involving abstract streaming operators

are associated r¿ith various colIi sion sequences. This enabl-es
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convergence considerations to be rnacle. We comment on the

usefulness of these expressions for the 2-particle r.d.f. in

obtaining kinetic equations íncluding mention of the case

rn7here the interparticle potential allows bound states Lo occur.

For hard sphere potentials a method is presented for the

analysis of the delta-function part of the r.d.f. essentially

by projection of the kinet.ic equation on to the delta-function

component. This method is demonstrated for the one-dimensional

case.
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CHAPTER 2

OUAST_EQUILTBRIUi\I INTTIAL VAI,UE PROBLEMS

(ONE-DIMENSIOI'IAL HARD ''SPHER.E,I GAS)

2.L INTRODUCTTON

In this chapter we examine the solutions of a special

class of initial value problems in kinetic theory. The

system considered. is an infinite one-dimensional gas of

identÍcal particles interacting elastical1y. The canonicaf

ensemble in the thermodynamic limit (t.1.) is used and a

reduced distribution function (r.d.f .) formalism adopted.

A símilar approach has been used previously for this system

by LebowiLz and Percus o tand. Anstis et aI.o.' . We consider

only the zero diameter (point particle) case sincer ês

observed by the above authors, general results may easily

be obtained from this analYsis.

First we give a derivation of the appropriate hierarchy

equations for this system. The solutions of these equat.ions

are shown to exhibit certain fundantental properties

necessary for physical interpretation.

The initial value problems (i.v.p.) considered are of

the form where a number of particles have specified positions

and vel0cities at the initial tilne. The rest are in

equilibriurn subject .b.o the constraínts imposed by the

specifieC particles. For these problems, the initial
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condj-tions on the r.d.f .'s may be cal.culated exaCtly from

the theory of equilibrium statistical mechanics. The case

where a single particle is specifíed and the rest are in

equilibríum at t = 0 has been treated by Anstis et aI.o'

using hierarchy techniques. The problem was solved for the

one-particle r.d.f.'s using an exact factorization property

of the higher order r.d.f.'s. A periodic analogue of this

problem is discussed in detail here and an approximate

fachorization condition for the r.d.f.'s is obtained" The

corresponding approximate kinetic equations for the one-

particle r.d.f. rs are derived and their solution obtained.

To determine the accuracy of this approximate solution, it

is necessary to determine an upper bound on the size of

the error terms associated with the facbotízation of the

r.d,f.rs. This necessitates the considerationr orl certain

"precollision" regions of phase space, of the complete

coupl-ed hierarchy of equations satisfied by these error

functions. Existence and uniqueness are proved using a

Banach space formulation and a rigorous upper bound is

obtained on the norm of these error functions. The choice

of norm is specifically tail-ored to suit the problem at

hand. In the next chapter, it is shown that other choices

are possible.

we conclude by discussing approximate factorization

conditions and kinetic equations for the most general-

i . v. p. ' s menLioned al¡ove .
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2. 2 THE DTSTRIBUTION FUNCTTONS AND THEIR I]ÏER.ARCI{Y

EQUATTONS

Since we shall be using the canonical ensembler vJe

must first define the appropriate r.d.f.'s for a finite

system of l{' particles in a region X,' of síze (Iength)

Lr < æ. Having done sor we then take the t-1- Nr * -r

Lr + - with Nt/Lr constant.

The particles are labelled at the ini+-iaI time with an

integer index increasing frorn left to right. Then, since

the particles are impenetrablei this ordering is preserved

for all times. Let the set of labe1s be denoted by S,

then lSl = Nr. We introduce the complete distribution

fuirction for the finite system at time t:

D D(z ,jres;tl¿') (2.1)j

where z.
l

(x tv ) denotes the position and velocity ofj l

particle j. D' IT dz
iqs

j gives the probabilitY of finding

particle rr j rr in a region of phase space dz . about

D satisfies the N,-particle Li-ouville equation and

assumed to be symmetrical in the arguments ,j.

is not

z.
l

We shal1, however, be more interested

The n-particle r.d.f.'s are defined, for n

in the r.d.f .'s

< Nr, bY

(n)
ir i2f ir, (z itì zi2ì . . . i, !n;t I æ' )

(2.2)
I I u",

XR

o(zx,keS;tl¿ )

jes\{i1...in} -,

whj-ch gives the probab-i-Iity measure for finding particle rricrrr



1.3 .

at ,ío, o = L,2 n. Starting from the Liouville

equationr w€ derive the time evolution equations satisfied

by rhe tlT'... in. The nrethod used is an adaptation of

that described bY Bogoliubo-, t

complete d,istribution function.

definitions:

0 , (x) : external potential with support confined to
x.

a suitably small neighbourhood of the boundary where t'he

potential goes smoothly to infinity.

u(z) = >tnv2 + Or, (x) : one-particle Hamittonian for

particles of mass m.

[a;s] B
ð A B with P mvj

âaAâ

ãx.l
Ijes

for the case of a sYmmetric

We need the following

âx.j
j

lO(lx.-xrl);o1

aP.l
AP j

I
i<j

i, jes

: Poisson brackets.

O(lrl) : interparticle potential for separation "r".

D satisfies the Liouville equation

aE

from which it follows that

ijes
D lH (z );Dl + (2.3)

ffID

ãE
n)
Lí2

il
ies\{il ... in}

j

in(rir; . . ., zir.,; t I x,' )

I u"., [n { z r) ;DJ

å, XR

il
res\{ir ... in}

I
ieS

T
i<j

i,jeS

+ I u"u[o(lxr-xil);o1
X,t xR

(2.4)
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(2 .5)
i,e 5

Since from our choice of 0 (x), D = 0 on the boundaries ofvl
øÄ-

Irr (2.4) rtre write I ie{irI... ,-r,} 
+ 

íes\{rl ... in}

integration by parts shows that dz. [n(zr);Dl 0Y"

So all terns in the second sum of

write

É'xR

(2.5) vanish. We also

,

T
i<j

i,jes

+

I
i<j

i, j.e{ir ... in}
ieIirI... ,r']

jes\{ir... in}

(2.6)

)
I ... inÌ

++

dz.
a

i,je S\

T
i<
{i

Since from integration bY Parts d"z j

[0(lxr-x, ll;o] = o, (2.6)

vanish (see Bogoliubo.r t ) . (2.4) may now be rewritten as

a

&, XR ¿'XR

all terms in the third sum of

ir,(rir;...ìrín;tl¿)-(n)tir i2at
(2.7)

["tirl... in]
H(z ) +

I I
i<j

i, j e{il ... in}

O(lxr-xrl);

f ( n+1)
il i2... in

( n+1)
it í2where f ir, (zir; . . . i, ln¡ z¡ tl x.' )

f (n)
i1 i2

*1"* 
u'[r,{rrl... in} o ( lx'-xl} ;

in(zilr . . . ì, ín; t I f' l]

(r rrì . . . i " í, ì, ttlX' l)

Tjl]-l- . . .in
(n+I)
i1 i2f in j('¡tì''' i'iniz¡tl &')

(2.8)
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Note that f

n)
1í2

:Dandf = 0 for r > 0. At(N')
L2

f (n)
a

Nr

ff
I

thís stage we tal<e the t'.I. For our i.v.P.ts, aII the

l-n exist in this limit and. (2.7) becomes an

2
infinite coupled. hierarchy where now H(z) : \mv These

equations are identical with those obtained by Anstis et al.at

using the grand canonical ensemble. This is expected from

the equivalence of ensembles in the t-1.

since we are interested primarily in tlt', it will

suffice to deal only with the r.d.f .'s

IN
(2.9',)

(2.10)

Consider for example the

may be written as

ç
L

L¿ L3 ...IN
isli B alß

iali

(n)
i í2 i3f

From (2.g) tl"' is symmetrical in the last "n-1" variables

zs. In (2.71, hre may sum over i2 i3 in to obtain

(*, *(")) tj"', zrì22ì...izni.-)

d,z n+ I
RXR

(n+t)
j ;t)

(n)
jr^re may prove the continuitY of f across the lines

0rß e {z,3r...rrr},

,!, È *t x'-xn+rl)

x f (z . .O
t...tL zI n n+I

where n(n) is the n-particle Liouville operator. Using (2.10)

âr
t-

I

x
cl ß

a I ß.

( 2. r0)line x
2

x
3

for vr t t3
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(#.',t*',rf rb þ,,="L 
"L*-t,,,rL)

(n) other
terms.

(2.1r)

(2.1.2)

f
l

with 0*,r, = 0 ( lx*-xrrl) . rn the rimil *z *3 -¡ 0, the

delta-function contributions to (2.11) associated with any

discontinuity in fj") at x, = *3 come along from terrns on
l

the 1.h.s. These terms have the structure of a Liouville

equation in the pair space (zr,zr) - Since particles

interchange velocities upon collision, after integrat-i-on of

(2. It) we obtain

(n)
j (z rix-e ,v zìx ,v 3ì z 4ì . . . l z ni E)lim f

€+0

=I
€
im fi") t 21ìx,v3 ;x+€,v2iz 4, . - . ìzniL)
+QJr

(n)
From the symmetrY of f in the variables z and z rWê

2 3)

also have

tj"' , zrîx,v3;x+e ,Y2î...;t)

I (zrix+e,v2ìxrt3 i . . . ;t)
l

The continuity result may now be proved taking (2.L2) and

(2.I3) in the limit € + 0. From (2.10)

(n)

(n)f (z . .O,...r4 ;t)j n

( 2 .13)

(2.r4)(rï . .j"')

n
T

i=1
dz rt+r

( n+1)
j

RXR

1

aaâ
E. vi,n*I ãP.

l-I
f (2f...ìznìz

n+1 ;t)
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except on the lines *ß 0'ß € {2,3... n} 0 I ß. Across

Kj") is the n-particle
)

into account only interactions

unlabelled particles. So to

we must integrate along the

(see Courant and Hilberto t ) .

*i,i=Lr2r...rn. Let us

= 1. rf v¡e regard tj"' as

x - andx- +x rather--n*I I n+I

then (2.:-.4) becomes

x
c[

(n)these lines f is continuous "l

operator which takesLiouviile

of the jtn particle with the

Whenever one of the lines *o = *ß is reached the continuity

condition is employed. This produces a result identical to

that obtained by assuming (2.l.4) holds everywhere.

Anstis et al. o' ht,r. provided a physical argument to arrive

at the same conclusion.

(2.L4) is no\^/ rer¡rritten so that the r.h.s. does not

depend explicitly on the interparticle potential. The only

possible contributions to the i.ntegral over xn+I are from

x-., in a neighbourhood ofn+I

obtain a solution to (2.I4) ,

characteristics of a

at +K (n)
j

consider the case where i

function of the variables *1

separatelY,than x, and xrr+I

a

(,
ð__ â ^ a \ðPr ðxr,+I Y1, n+I ãPr,*r /x -x 1, n*1I n+1

other terms

The other terms are regular for *r n+lx

when used to

yields

a
0

(n)
vr-vrr+1) f

J

(2.Is)

0. This result,

evaluate the i : 1 t-erm in the sum in (2 -L4') ,
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lim
€+0 n*1 vn+r-vldv

+æ

I

+
where x, = *1

X f (n+I)
j (zf . . .;zn;xl,vrr*r;t)

(z | . . . i zni x1 , vrr*1i t)f (n+1)
j

(2.L6\

(2 .L7l

(2.18)

(

j

+€ sgr (vrr*t rr) . Using the continuity of

across xntl = xi i = 2r3r -.. rn, it is clear that the

other terms in the sum produce zero contribution to the

integral.

Two other properties of the fj") are needed (Appendì-x
J

A). The first we call an asymptotic Liouville property.

This incorporates microscopic reversibitity and may be

proved from an equation similar to (2.11).

n+1 )f.

lim f
€+0

(n+1)
j

+
(z f . . . i zn;xrrvrr*r; t)

lim f
€+0

(n+1)
j

. .¿,...t4 t z ;t)n t(x*rrv, *ri z,

(xrterVn+I ¡ z zi . . . i zni zriL)

The second. reflects the impenetrability property of the

particles (the jtn is always between the (j+r) th and

(j-1) tn) 
,

Iim f
€+0

(n+1)
j

im
+Q

(zf . . . i zn;*ltcrvr.*1i t)f

Setting ( j) = j + sgn(vrr*t - vr) and using Q.L7) ' (2.18)

(n+1)
j+r

(n)and (2.L6) | the equations for f

I
€

24et aI.

j become (see Anstis
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(rï . ^j"')
(n)f (zf...izn;L) (2.re)
)

lim
€+0

+oo

-æ
J ut''*, lv,'*r-v, I ( tlïit) (rt,*1,',,* rì, 2; . . . i zn;L)x

,j"*t ) (rtixi,vr,+r ¡ z 2i .. . ; r"; t))

Some basic properties of the solutions of (2.19)

discussed in APPendix A.

are

2.3 INITIAL COND ITIONS ON THE REDUCED DISTRIBUTIOII FUI'ICTIONS

The work of thiS section involves exact equilibrium

statistical mechanical calculations. Such calculations

may be performed for one-dimensional systems rather more

easily than for higher dimensions. Tonks a 6 succeeded in

calculating the partition function for the hard "Sphere"

system. Other soluble one-dimensional hard core systems

are, for example, nearest neighbour interactions

(Takahashi4?) and some special long range interactions

(Bountis and Hellermano t ¡ . A hierarchy equation approach

has been used by Raveche and Stuarto n for an homogeneous

hard "sphere" system to prove uniqueness of equilibriun

solutions.

For a particle (rrOrr say) specified at the origin at

| = 0 and the remaining particles in equilibrium, the

initial conditions on the r.d.f.'s have been calculated by

Anstis et al.a2. They used the grand canonical ensemble

in the inf inite volume limit.. FoilEhe one-particle

r.d.f.'s' one obtains
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for j > 0: f

0 I

(z ri 0) H(x exp (-pxr) ho (v., )I (j-1) !

( 1)f (-x rv ;0)I I

(1)f (z ;0) ô(x ô(v -v')I 1

P(Px
j-1

)(r) I
)

(1)
(3.1)

2

(3.2)

(3.3)

for j < 0: f (zr;0)
l )

where H (

particle

with v..In

r.d.f .'s

with the

r Í") (,l

where

) is the

density and h (v)

step

= ( 2II) -4 -1
Heaviside function, p is the mean

vth

= (mß) -% (the thermal velocity) . Higher order

fÍ") at t = 0 may be obtained from (3.1) together
l

exact factorization condition

0
exp ( -4k/v,n)

t;.. .izni}) (n-1)
j* I n-1 nf (z . .-,... ta ;0).h(z )

j* j-1 0<t x<x-NI

j otherwise

and h (z) = Oho(v) + ô (x) 'ô (v-v') . When considering points

where specified particles are situated, e.9. x' = *j = 0

in the above exampler sI€ must adopt suitable limit

procedures because of the possibitity of discontinuities in

the regular part of the r.d.f.'s and because of the delta-

function dependence. If v. , u j I v', then vle may consider

the limits as € €r 0. Tfxi = 0 t e, *j

v , then we may also considerv.
t_

tjl,

->

x 0,v

0

a

x.l
t € + 0. rf v, = tj = vt, then as well as the above
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Iimits \^re may also consíd.er *i : 0 t e as € -¡ 0r *j = 0.

Vte shall always work in a functj-on space for the r.d"f .'s

where these limits exist. None j-nvolve the product of

delta-functions. These ccnsiderations should, for example,

be applied to the interpretation of (3.2) . If we set

(n) +co (n)f lr j then we may sum over j in (3.3) to obtain:
J =-@

f (n) (zf...izni0) f (n-I)
z ,... t- ;0).h(z ;0) (3.4)

1 n-1 n

Let us now consider the initial conditions on the

r.d.f .'s for the periodic analogue of the above problem. I'ile

first examine the problem of determining the r.d.f.!s for P

particles in a hard walled box of length L (a Tonks gas).

L is chosen so that the particle density | = p. Calculation

of the r.d.f .'s involves a simple adaptation of methocls used

to calculate the partition function in the canonical

ensemble (see Thompsont o ) . The canonical ensemble average

is defined here by

(trti...izPÞ".".

i-vn

2".".

where is the canonical partition function for thez

system defined' ¡v (à. 
". 

= I so ,".".

(,I,
avf' 0

P1
I la*'

i=I )

o(xl(x2s...<xP<L
c(rrì...ìzP)

(3.5)

PL

particle r.d.f.'s are defined bY

DI The one-
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trtt' , rt), <

More generally, the n-particle r.d.f.'s are defined by

(o(rr-,jt) 6(z -zn

( 3.6)

(3.7)

(3.8)

(3.e)

(3.10)

f (n)
j1 j2 jn(rt;22ì...¡zn)t =

a lzr-zi2) jn
e

for n ( P and {j1,j2,...,jn} c {I,2,...,P}. These

expressions may be catculated exactly. We give a few

examples for the lowest orders before stating general

results.

(r)f (z
) I

x x[0,r.1 (xt) XIo,r] (*2 ) /";

) (#,"'#) ho(v,)x -P
ì /"nt(x

L

(2)
IIì T TI

[0,i,]

=0

(2)

where Xo ( ) is the characteristic function for reg-i-on A.

From (3.8) and the binomial theorem

(r)f (zl ¡, = o ho (vr) X [0,11 
(xr)

)

f::), Consider the case o < *2. *t < L. For 1 < k < j ( P,
lK

(x -x j-k-1
(2) (z 'rZ

If t 2 (j-k-1) !

P

Ij=1

-j
)

2
) Lkj ho (vr) ho (vr)

Forl<j< tji',,ti,z),

For0<x I x
2

lLrusef (z¡z')
L

I
ÍITItr

(z'¡z) 
"
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Our prj-mary interest is in the 2-particle r.d.f.rs of

the form tj'). From (3.10), for 0 < *2. *1 < Ll

(2) j-r
L

k=I
(2)
jk

(2t
jk

l

(¡,-x j-2
1 I

(P-j) ! ( j-2) |

f (zrizrl 
" 

=j

(zriz,\, f (zri zr) ,

[0,r,]
j>2

f

)P-j x

j-r k-r
Etf

k=2 l,=L

I 2 L

(z ri z zì " gl t,

P

( 3.1r)

( 3 .12)

(3.14)

ho (vr) ho (vr) X (xr)xIo,L](*z L
P

for

= 0 otherwise

where again the binomial theorem has been used. A similar

calculation may be performed for the case 0 < *I , oZ < L

where
(2t P

I
¡-j+I

f. (z iz

VJe consider only the case 0 < *3 . *2. *l < L (the

other cases follow easily from this).

(r,-x P-j (x -x )
j-k-r (x -x k-0- 1 .c- 1x)

f (3)
jk9, (zr;z2rrz) r, =

I I 2 2 3 3

("-jl r (j-k-r) ! (k-r,- 1) ! (1.-1) !

x ho(vr) ho (vr)ho(vr) XIo,r,] (*t) XIo,r;1 (xr)XIo,r,] t*rl z$

forl<g<k<j<P, = 0otherwise (3.13)

(3)and f (zri z2, "3) t)

(r,-xr) P )

(3)
jkl.

,# ho (vr)ho (vr)ho (vr)X[0,r,] (*r) Xlo,Ll (*2) Xlo,r,l t*r)/*|

forj>3

(P-j) !

= 0 otherwise

rjt), only the expressions for the fj") are given here as-l ----r - E l

those for the general n-particle r.d.f.'s are not
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forceS

lsrl= Al,

(n)

needed. Suppose 0 < *o . *I . *ß < L

l, ß e S, with St t 
"Z 

= {2r3r...rn} and

I szl ,= A2. rhen

l
(zf .. rr,-) L =

= Q otherwise.
P

From (3.15), X f
j=1

P-Ãz
x

j =Â,+1

(r,-xr) P-i-Az *rj-r-Â, n

jEftT Ti:iT¡ rllno(v.)xto,r,l
f

ffl)

t*rll $
for Â

l_

(n)
l

(zf ...¡zn)r

(n)f (2f...¡zn)tl

P I
P-2 P- j+1 pxl

1-
P

p (px1)

(3.ls)

P-l P-2 ... P-n*l
=E P p

(3.16) shows that the symmetrized equilibrium distribution
function factorizes as in the semi.-infinite case (3.4). The

numerical fac' P-I ' P-2 P-n*Itor p - 
T- Ë just takes account of

normali zation .

It is instructive to show how the initial conditions for
ttre semi-infinite problem may be obtained from (3.8) (3.16)

taking the t.I. P¡L + -, | = O. Equivalence of canonical and

grand canonical ensembles in this limit again guarantees

consistency with those results obtained by Anstis et aI.a' .

From (3.8)

il oho(vi)XIo,L](xi)
i=l

(3.16)

( 3. r7)

P
P-T

* XIO,L]

P
j

ho (vr)

)
(z t L

(x I )
( j-1) !

j-1
(r - T,"
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It is now clear that we recover (3.f) upon taking the t.1..
From (3.10) in the t.l . for 0 < *2 < x, and 1< k < ),

f (2)
jk (zrizr)

(O(xr-xr)l
( j-k'-1) !

( P*r) 
j-1-Âr

-(j-1-^ I 
'

(zIì...iznio)

j-k-r

f

6 (x )6(v vI I

(pxr) k-1

(k- 1) I

v^) H(x-¿L

>^

exp (- Þxr)

exp (-p*t)

¡H(xr)

. *1 . *pro,es1r

ho(ho (vr)X

n
I

i=I

(3.r8)

Ht*, )

(3 .1e )

and from (3.15) in the t.l. for 0 < *o

ß e 52 (as defined previously) and j I

(n) ho (v. )

Having made these remarksr wê return to the consideration

of the periodic problem, The particle specified to be at

x = mL initially with velocity v'will be labeIled "m(p+l)r'

so the partícles in the ceII [mL,(m+1)L] initially will be

labelled m(p+1) +1, m(p+I) *2, .. . ,m(p+I) +p . The initial

conditions on the r.d.f.'s *(n) tt)iir...jn( ;o) for the Periodic
problem shall be specified in terms of the t{Tl..km( )"

calculated above. In particular if j1, j2,...rjn e {1,2,...,p}
then

f (zri...rrn)j

and

)2...jn

rjr) t",

(n)
j1 j2..,jn (zui ...r"n) L (3,20)- (n)

'jt

;0) )

In order for the specification to be complete, the following
results are needed. Sj-nce part-icles in different cells

[mL,(m+I)L] do not interact at the initial time, there is a

factorization condition on the r.d.f.'s of the following
form : maÏ:e the decomposition



¿Lì

{L,2r...rn}
+æ
U ûrT

rlro ll
jo : 0eF* (ro : 0 e l'O,;0)

( 3.21)

(r)
jß ß

f (z ;0) (3.22)

K
-æl(=

ifjo=0
= 

(n)r,-.
)I)¿...1n

where o¿e f

{oo
II

K=-co
f

f (1) (z ;0)0 I

K if jo e {r (p+1) +1, . . . ,K (p+1) +p} and oe f
(mod P+1) , then

(zLì...izn;O) =

ä
ße l-

setting f(0) = 1. Finally we mention a periodicity constraint
(valid for all t > 0) :

tlilr...k*(*r,'r,"';x*,v,o;t) = tlilo(p+r) k2+K(p+r)...km+K(p+r) (xr*KL,

tlr...;x {-KI,rv*;t) (3.23)

. In the treatment of the periodic problemr wê shail aIways

deal with a periodic version of the r.d.f .'s :

(3.24)

j should now be regarded as an index modulo P+1. The initial

conditions on Ï for example, are

rjÎ) t rri...;zniL)=j"' 
(zLì...i2

(r)
j'

*æ
T

K=--
6 (xr-KL) ô (vr-v' )

forl< f (r) (z ;0) f (rt) 
" 

for *I ¿ [0,r,] and
(r)

l I J

r (1) is extended periodically in x outside this interval.j L'

2.4 FACTORIZATION OF THE REDUCED DISTRIBUTION FUNCTIONS AT t = 0.

The situation for the periodic problem is not as simple

as for the semi-infinite problem. Instead of an exact

factorization (3"2) of initial conditions, \^re only obtain
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an approximate factorization (again of the form (3.2) ). In

this sectj.onr we determine the error in this factorization

approximation.

First we consider the factorization of the regular part

of the r.d.f.'s. Since the functions considered are perioclic

in the variable *l of period L, \Á/e restrict x, here to

Io,r,]. The approxi-mate factorization condition sha1l be

accurate in the high density lirnia * * o and t"t -fj") with

n = O(1). The result obtained depends primarily on the fact
'l

that for f, =Ç(<1 and n = O(1),

localized with respect to x,
x.

and set ã..i L'

trre t {n)
J

r,et 1(n) s
)

Then from

are strongly

denote the spatial
(3.15) forpart of T

(n)
l

At <

f (n) s
j (xI;...;xn;o) f (E ;Eri .. .; Err;o)

(n) s
j

n
Imax

j-1-^r

where EÎ*r* = EÎ*t*(AL'A2')) is the varue of EI

which maxj-mizes 
=j"'= 

for a given choice of A L,A2. The function

of E1 appearing in (4.1) has a sharp peak at EI = EÏ*^* where

(4.1)

(4.2)E
n
Imax

j-1-Ar
P-A 1-A 2- I

j- r-^ r (ss
j for n = O(1))P-n P

as one would expect on physical grounds. Equiva1ently,
n _-nseÈtt-nq x. = LL,- Imax -rlnax,

P-j-A 2 j-r-A1 
=

P-A r-A z- I
_nnL-x- x-Irnax -Lmax

L
*pfor n = O(1) (4.3)
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An estimate of the width of this peak can be obtained. (for

both cases of stationary and non-stationary maxima) by

det-ermining the root(s) of the expression

d
æ;

_r1e
n
1ma

I < E(n'j)

L-E
p-l-A 

z
j-1-^r

1

1-E n

(1-Er) Er = (P-Âr- Az-L) (Er-6T*.*)

from which we conclude that the root(s) satisfy

The root(s) of (4.4) satisfy the equation

2

n
lmax

=Q

(4 .4)

(4.s)

(4.6)

(4.7)

(4.8)

Er-E

where for j - 
^1 I 

o(1), p-j-A2l o(Ð

E(n, j) = O

E(n, j) = o

forn<P

forn<P

E
>2

J.l -q-.P

= o(1) otherwise

and for j - A, = O(1) or P- j-AZ = O(I)

E

1-Ë

= o(1) otherwise

Thj.s gives an estimate of the width of the peak.

Let us now derive an approximate factorization condition

for trre -r'Ín)s. There are many different cases (ranges andl
orderings of spatial arguments) to be considered. First we

make the restriction o . *j < L and consider the cases where

the polynomíal expression (4.1) is valid i.e. At < j,

A2 < P-j+l for j e .{L,2,...rP}. Simple manipulation of (4.1)
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leads to the following results:
(i) o<

(n) s
ji (xI; ...;xr.;o)

P-j- 
^.+1(xr; . . . ;xn_r;o). --'4L-f (n-l) s

j

(4.9')

For P-j I o(1) and n( has a sharp peak atP2, -r {t-r) =l

rj"-1) s (*ri . . . ;xn-r;o)

E 61

j -l-^ r
P-n+ for which

P-j -^ 2+1
- n-lL-x-1max

n-1
lmax = p(I+O(ne))

L-x I

p(1+o(ne)) (4.10)

sj-nce p-i-Az I o(I) =" l-"f[]* = o(L) r \dê expand
P- j -^ 2+1

abr¡ut x- = *1-rr rmax gl-vrng

(n) s
jf (xI; .. .;xn;o)

n-1
E -E lmax1

1-E n-1 p ( 1+o (ne) )

Imax

P-j -^ 2+1
pTt-xl)

n-!s (xr,...;o)
( n-:)s
j lmaxr (x r. ..;O)

0L/2Lx1

The second expression on the r.h.s. of (4.10) has the same

for:m as the function differentiated in (4.4). From the

results of the analysis of (4.4) rve conclude that, under the

* rjt"-l) s (xr, . .. ìxn-r;o)

I
1!

J
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stated conditions,

-f (n) s
j

Again (4.11)

other cases,

T
(n) s
j

n-I) s
-t

(xt;...;xrr;o) rj"-r) s,*ri .. . ;xn-r;o) .o

E {t) = ana Ejn-I) s wilr be extremery small for o . *r <
JJ

tj"-t) s (xr ì ...ìxrr-r;o)

r {"-r) s ( *l- 1

I Imax
-tj"-1) s,xri .. .;xrr-r;o) p +

rjÏ;t) s (xr i . . . ì*,r-1io)

(xl;...;xrr;o) Ef
)

n-1
Imax

(xtt .. .;xrr,r;o)

(4.11)

-'t

P-j-A 2+r
L-x I

(4 -L2)

...;o) p E' (n,j)

; . ..;o)

(4.r4)

* -tj"-1) s ("i;l-;...;o) Q E' (n, j)

where E'(n, j) = (o(nE) + E(n, j) ) for n < P

= O(1) otherwise.

For the case P-i-^. = O(1) ,-z since En< P
z

n-1) s
-1

is valid (but for different reasons). For the

the corresponding results are stated below.

(ii) o. *rr. *I .',

(xl;...;xrr_r;o) p + fEf
)

o'*r tl,t *n < L :

(n-1) s
j-1

. n-I(*1*.*i

(r-l-r-)

liv) x <x- <
NI

jn)s(xl;...;x,r;o)

(4.9) and (4.11) are again valid.

j-^r
*I

( 4 .13)

p E'(t, j)

j-Ar
*l

L
z

7

x <L :n
L
2

T

x
1

{t) =
J

(v)

(xI;...;xrr;o)
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-f (n- 1) s
j+1

(xI; .. .;xrr;o) f n-1) s

{æ
T ô(

k=--

(xI; ...;xrr_r;0) o . -t jT;1) s ("T;l- i . . . io) pE' (n, j)

(vi) o.*rr.LZ, *l<L : (4.13) isagainvalid

Under the constraints mentioned, the above results may be

summarized in the following form:

f (n) s
j *

(

j (xl;...;xn_r;o)O

= 
(n-I) stj*

n-'l
t"ï*å"; .. .;o) p E'(n,j)

^rrj 
or Â 2).p-j+1 , =j"'= 

is identically zero.

+

( 4 .15)

where j* takes values j,j1I as determined by (i)-(vi For)

P
2nIf

Eji-tt= is either identically zero or very small. Agaj-n (4.15)

is valid.

We next extend our considerations to the case where

o<
(KL, (K+1)t) . (3.22) and (3.23) may be used- to determine

the behaviour of the ¡{n) s. (4.15) is again valid with jt( = j"l
Finallyr w€ shall obtain results with no restrictions

on the arguments. In particular, this means that we must

examine the delta-function d.ependence of the r.d.f .rs at

t=o. A's discussed in section 2.3, a suitable limit

interpretation must be adopted f.or the evaluation of r.d.f .'s

where there is delta-function behaviour. Suppose that

xrre (K1,, (K+1) L) and so are n^-f other x. . Then from (3.16)

T6) r=o rj"-') (rr;.. .ìrn-Lí o)

x vn
+

ì

(4.16)
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rf -f (n-1)
o

in (4.16), a knowledge of

the support and behaviour of -rji-tl shows that the errors

introduced are extremely small and regular. (3.22) supplies

the required .information as to the delta-functíon behaviour

ot -t f t) for ) I o mod (P+r) .f'
Combining all the results of this section and choosing
. L .L.*l e l-2t+2) gl-ves

f (n) (zri...i ;o) n-1)
*j

is replaced by fji-tt

o 
(trr)

o
z (n-1)tj*

X

zn

P+I
*

_t
J:\I,

J

+æ
5'

k=-*
+

(zLi...;zrr_r;o)

ô (xrr-kt,) ô (vrr-v')

+ (I-ô j ph E'(nrj)

( 4 .17)

(4.18)

+ 6:*1 6(xr) ô (vr-v ) -f (n-2)(rzì...ìzn-r;o)pho(vrr)
lro ' r 

x min(o(r),o(ne))

where ""* '. : ;, 
troo'ro 

rr' ,":r-:i.'."::::" ,' .'o

j otherwise

(t=o here)

Drlr ^! 
r ¿and dt-.- = l if j-k=o(modP+I)

JrK (4.I9)
= o otherwise

(4.L7) for the periodic problem is the analogue of (3.2) for

the semi-infinite problem. In fact (4.I7 ) is not quite strong

enough for the required analysis of the hie::archy equations.

It is necessary to consider the factorization properties of

the expressions fjlì tj") . The reason why (4.L7) is
]TI J

inaclequate here is that, for some i, the size "t ?jlì 
=j"'



is comparable with the "error" terms in (4.17). This is the

case for j-Allo(1), P-j- A2lo(Ð , n=o(I) . The maximum of

EjTl - =j"' is or the order or -rj"-t',"T;"t-,.;.) o(Ë,2).

We shall give an example of the analysis of this factorization

condition for just one case and then state the general result.

Consider o. *rr. *l .,, o. *i < L otherwíse , n=o(I)

Simp1e manipulation of (4.f) shows that for
(i) A1 < i,A2 < P-j, ilo(r), P-jlo(1)

33.

-p

[=,'i1",", ì ... ix-;o) - r-(") s(xlr...r*rrrol 
Jnl f.

=(n-l)s. .ìtj; -'"(xrr ...;xrr_r;o)J p

=(n-l)s, I=. - trt*l' -(xr;.. -i*rr_I;o) r,-xt

j *-^ I
n-Â,-Â -I

2

i¿.zo)

(4.2r)

(4.22)

+ f Íî-r) s (xrr .. . ;x,r-r;o)
P-^2-A1-1

(jx-A2) (P- j *-r-^ 
2) F,

-L
I

The second term on the r.h.s. has the form
p-j*-Âz

=r(i-u=rrifi*,... ;o) l'=-l
['"tmaxJ t-"J

j*-Âr- 
t6r-El*.1*12

neglecting errors O (E ) -f (6 ; . . .;o) The maxima

of (4.2I ) occur for 4I satisfying

(n- I) s
j*

n-I
Imax

2(t- E1) Er = (P-^r-42) ( E

from which we conclucle that

-n-1 ,2
I elmax'

trr-ri*l*t = o(e4 ). So the

r.h.s. of (4.20) has the order of magnitude

n-1
Imax

z (n-I) stjn (E ;...;o) p o(E).
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ii) j=o(1)orP-j=o(1)
Since E'(n, j) = O(E) in this case, it suffices for our

purposes to apply the factorization approximatir¡n (4.L7 ) to

(n) s
j+If and f separately.

The general result is

(n) s
j

(z | ... r- ;o) TI n

for x e [-I,
L
2' .,

z
nz (n)tj=r

z (n-l)tj**k

o ls-l ror ncP
L t-åJ

therwise

(

)
)

(2f...;zrr_r;o)

n ;o)

(zf .. . ; zrr-r; o)

(z2ì . . . ; zn_r;o) oho (vrr)

x nin(O(t), o(nE ) )

(z (4.23)

î (n- r)
j*tl f (n-1)

j*

X (ph v +
n

{co
L

k=--
( ) ð (xrr-kl,) ô (vrr-v') )o

+ max
k=-1, 0, +1

(r - 6

+ ,oilå . u]ilr,

where j'ìt is given by

P+I
j*+kro

ô (xr) ô (v

(4.18)

I-v f (n- 2)

and

)

E(n,j) = O(ne) +

= o(I) o
(4.24)

This is the result that shall be used in the analysis of the

hierarchy equations.

2.5 EQUATIONS FOR THE ONE-PARTICLE REDUCED DTSTRIBUTTON FUNCTIOI{s.

For the sem-infinite problem, Anstis et al. a 2 have used

a factorization condition derived from (3.2) to obtain exact

closed kinetic equations for the one-particle r.d.f.rs. These

equa'tions are

,** "r*-r, tjt' (zr; t) = Y (xl,vr; t) [f (1)(zriE) - r. (z ;t) Ij t
(1)
j-1

(t)(r)
j+1+ ß(xI tv I ;t) [r (z I ;t) - f

l
(zr;t) J

(s .1)
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except on the line *l =

and satisfy

¿lä tjt) (.,'t-t,vr; t)

(1)v-t where the f are discontinuous
)

llä t jil (v'r+r,vr; r) (5.2)

(s.3)

and y (xr;vr;t)

ß (xt

We

periodic

error in

section

bound on

The

a (n) )r

{oo

' 
vr; t) p I*y'rdw (w-v )rr (w)

=pl
xr
-æ

/+
dw (v -w) h (w)I o

1 o

shall now derive the corresponding equations for the

case. They contain an error term associated with the

factorization of the r.d.f .'s at t - o. Tn the next

a rigorous determination shall be made of an upper

this error term.

equations for f n are obtained from
(

j
)

over equal j (mod P+1). They are identical to

(zLr...izn;t)

(2.l-9) by summing

(2.L9) z

(s .4)

of functions

are defined for

( at +K j
(n)
j

lim r- r r= 
E -- J oL*rlt r+t-ttl (zrixr,vn+Lì z2 ì...i2 ¡i..\n

X (r

. It is convenient to

describe the error in

õj"' (ztì.,.îz, iL)

Ff
) @{*I,vn+I i r2ì . - . i znit) )
n+1)

define a new hierarchy

factorization. These

(n+t)
(j)

to

n

; (¡r) ,- fj (zLì ..izn;t)
{e
x

(5.5)

ô (x--v-t-kl) ô (v -v') )nnn
-- (n-1) .- tj'; ' (zL, . . . ; zrr_ r; t) (oho (vrr) +

k=-æ

adopting a suitable limit procedure at points x.-v.t = kL

and where j* is given by (4"18). We now confine our attention
to precollisiori .regions of phase space . These regions, ât



36.

time t denoted *;, consÍst of those points (=L,12,...2, ,t)

such that the particle at "I at time t has not interacted

with the particles at ,2,... rzn at time t under n-particle
dynamics in the time interval (o,t). In these regions

õj"' satisfy the same set of equations as 
=j"'ana S * *jt"'

a

ðrreduces to +
n
X v.

i=I l-
a

ðx These equations may be integrated
l_

a

i., "r# in resio'= o.Ï*[*f 'ot=II
along the characteristics of +ôt

for any r > o. From (4.23) ,g-{") is regular in the variable'")
z_ at t = o. From the hierarchy equations, it easily followsn

that nj"' is regular in ,n for aII points in precotlision

regions of phase space. rn particurar õj2) trr;*1, vr;t)is

regular in the variable= "i and v, for all times.

To obtain equations for the -f f 
1) r \dê substitute (5.5)

J

for n = 2 into (5.4¡ for n = 1. After determíning values

of (j) and j* for v, in the appropriate ranges, this equation

becomes, f.or -r. *l

l_

trt

+ ß (xr, vI; r).[-f j

ri{rr'-rr, ) (v--vr) [fjil,=,

+ L2,
r* , ", *r, =jt' (zriL) = y(xI,vr;t) ljll (zr;t)

Hlvr-v') (-¡r-v') 
[Ej1 erit) - =rtt'trr,o]

t
r (1)

(z ;t)

j (zri t)

1)
+1

(z ;t) f (1)
I J I

;È) - 
=rtt' 

trr;t)]
t*E IM
+o

+æ
tô

þ=-æ
(xr-v't-tcr.) +

1im
E+o -v

2
u2+

¡1ø
)^ dv , l [U [ ]lr 

er,x-r,vr;t) - o:" et,{t,vriE) l (5 .6)



where *1 = *l Ë sgn (v'-vr) and y ( ), ß( ) are defined

in (5.3). Because of the term explicitly exhibiting the

delta-function on the r.h.s. of (5.6), the -tjt) are
)

discontinuous across the lines *l = v't + kL. Integrating

along a small segment of the characteristic crossing these

lines and noting that the last term in (5.6) is reqular

in x, yields the ju¡np conditions

Iim
6*o

;(1)r.
J

(v'r + kr - E,vr;t) = ¿i rjÌÌ (v'r + kL + E, vr;r) (s.7)

These conditions are expected since the particle on the above-

mentioned segment of the characteristic must always undergo

a collision with another particle at the point where the

characterj-stic crosses the line *I = v't + kL. So (5.6)

becomes

þ+
*tl i .(L) (r-,

lI
âlrc t) r)xt lÍ1) tr-,tllr[=jll k,i'),vI I

+ ß (xr,vr;t) t
['

(r)
j+1 (z r.

(

j
1)

) (z ;t)1I

* fl kriu) (5.8)

except on the lines*l = v't + kL where (5.7) must be applied.

t (B) is the periodic extension of y (ß) outside the interval
*r t t-þ"rt,+!+vrtl and

Çi(,,;t) = .tf: Ii*,(vr-vr)'[ul;l @rtx],vril:) - n:t'Þrtxl,',;t)I
(s.e)

byWe obtain approximate kinetic equations for ?
(1)
f

neglecting this term in (5.8). Although!andEare
discontinuous at points xI - rlt = kL, hre indicate why the

r.h.s. of the approximate equatj-ons only has a discontinuity



(s . r0)

To see this, the r.h.s. is rewritten as

pvr ['j]l - =j''J. u[=jiì. Ejll , =j''J (s.rr)

The first term in (5.11) is continuous and it is possible

to show that the second term produces the O(E) factor in (5.10).

In the analysis of (5.8) r wê first convert these

equat-ions to a set of ordinary differential equations, by

introducing a parameter rrsrr along the characteristics

o (E)

{(x ,t)I

max
k=-lro r*I

(r-ô;Ti,") r-rtil ,;o) 
ntï" B ttlvrt,vr;r)Ix- ,vIrnax'

*I = vl,s + *Ir0, L = srs eR] of at
â

1ã\

are

!r-r

38.

ThenÐ +v

aâd
æ*vr{=ostt (5.8) and functions of (xrrvr;t)

regarded as functions of (*rrorvlrs ) . (5.8) may also be

expressed in matrix form so that the jump conditions (5.7)

are automatically accounted for. Define regions Ef of the

(xyt) plane as follows :

u* = {(xr,t) : o ( *, - .rrt . t and v'E - KL < x, < v't - (K-I)t}

I] {(xr,t) , -r.*r-vrt<o andv't- (K+r)"."1 <v't-r¡} (5.12)

For -r. xl - rlt = *1ro . r, the rrP+Irt dimensional column

vectors f (1) and C are defined by
a

(r)
0-K
(1)
1-K

7

f

0-K5

and.

(1)
P-K

¡ (1) (x1o,Vr; s)

E

E 
(xtp'vr;s)

Ç'p-.x

(5.i3)
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for (xr,t) r EK (choosing K = 0 for *I,0 = 0) i.e. if [= ''' I

I

)

rh f (1) then [=''' I
(1)
j-Kthe j component of

t
fj

E t

2 x = v't-LIß,-/

x v t
\-/

L
0x t 2

Using this notation, (5.7) and (5.8) become

1)

2

*r = vlt

I

tv*tE

I
\

+Lz+",0
L
2

x : Vtt

Ë

E

fd
A:s

(*t, 
o 'vt; s)

PcÈ (*rrorvis) -f tt) r*r,oyl,sl + 
Çt

+L *1

xr,g'v1;s) (5'14)

(s .15)

where ^P\-
È

is a (P+I) x (P+I) matrix with entries

+yôß)
CY

l_
ô

To solve (5.I4), we need the propagator
DD

ç'. U' satisfies the equationÂ,S

* Xn(*r,s,v1is) ;n 
t"r,9'v1i s)

P+1
j-1, i

P+l
j+r,i (y+ß ) ô

P+1
irj

UP associated with

N" 
t"r,o'v1;s) (s.16)

whe re = f (the identity matrix)

Using the commutation property (verified by direct calculation)
DD

[C'(s), C'(s') ]- = o for all srs'>o (5.17)

and the eakJr-c.^ni"ll--Hausclorff theorem, it follows that

u=nt"rrg'v1io)

vt < v

Uon,"r,Q,v1is) = exp (/las'cP(*1,o,vr;s-) ) ( s.1B)
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Now

where A

and þ (s)av

Y.v

^P+1 . {-6l*i,i' otj = ô

= /ia" ' g (s') . commute and have

ds'cP (s')

(*r,o,vis) = 6 (*t,o) ô (vr-v') Ç_6(r',") r- tl"ó"r,s,v1;s)

r: (s)

P
I exp

n=o

P.r1
)-L, í'

+ I{Trrrr'E.rr)

'î ( =')dsrS= )or_l l.r,

Since an

(s)

_+dA
FY

ll

non-degenerate eigenvalues, simultaneous ei-genvectors may be

constructed for these matrices (see ziockt l ) , for

example {:t : n = o,...,P} where.J = (P+1)-% U""[++P]

The corresponding eigenvalues of /: ds'cP(s') are given by

Àr, (*r,o,vr;s) = (Í".,r*Eorr) (""=tffi) - r) + î (V.rr-B.rr) =i'tffi) (5.19)

and the projection operator corresponding to the rth 
"ig"nspace

by nt - (et) ("t) H where ( ) 
H is the Hermitian transpose.

The following spectral representation applies (see Dunford

and SchwarLzt2 ¡

!n t*r, 9'v1r s) (l'rr{*r,g'v1's)) n
E (5.20)

t' ,*r-rQ,v1is) = yn,*rr0,vr;s), =tt' ,*r_,0,v1i0) (5.21)

+ IZds' gn(*r,o,vt;s-s'), ç(*r,o,vr;s')

and f, may be decomposed into delta- and regular function

components as follows. For -! a xr-vrt = *lr' <

¡(r)6(v';s) . IS|(*r,o,v.;s)

(5.14) has the solution

..ra t ( r)
^,fê9

t

I-f )

f

rt_

r

-v

1 ) o

(s.22)

satisfy closed equations which may be obta-ined-



4r.

by substitu-tion of (5.22) j.nto (5.2I) .

We must now ask under rvhat conditions can the second

term in (5.21) be neglected. We will require its components

to be smatl compared with those of (yn t*r,0,v1is ) t)= 
(1) 

1s=o¡

and (s=-¡ . To facilitate

this analysis, norms are introduced appropriate to the delta-

and regular function parts of ¡(r). The choice of these

norms is motivated by the ,r.t,ri" of the error term Ç at s-0.

From (4.23)

ô P+1

),o

yn (*r,s;v1is) I(tl (s=o) (1)

lrÍt)ol

I

oln-Irl p (li dw(w-v')ho(w)) ote )+

1r E(t'oilo

For the delta-function part of f (1)

P
T

i=o

AIso from (4.23)

o (E) (s.23)

an appropriate norm is

(s.24)

+ ,o;:: . oT]Tr, , Ui dw(v'-w)tro(w))

5 
'.Éj

(s=o) = n=¡x
k= -1ror*l

where o (v) .-l-æj__d*lw-vlho

(1-ô!+r<,o, Ejil (*rr'.'"".,rrr;o) p cr(vr) o(E) (5.25)

I
lmax

(x ;o) =

Ix-ìIInax

rfl) = r"l ;o) ; o) ( zlr) -àer 
, -ii-$

(w) . So an analysis of the

dependence or =jt',*T*.",vr;o) on j is appropriate. From

(3.8) and Stirling's formula, for k = O(I) and large P

z(I)stP+r-k - ?11) = t*I
lmax

o¡- llr)=t*S(r)
P

,
and 1

max

I
lmax ; o) ( zli) àe- le \ ,o, large P . (5 . 26)

This type of behaviour is expected sj.nce the width of the peak

"r 
-fj1)" ror :'* | i" o(É%) compared with a width o(E) ror
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j or P-j = O(I) and each of tfr" f {1) s are normalized to one.l
This appreciable variation '" Ej1)s(*T*r*,vl;o) is incorporated

in the choice of norm for the regular part of l(I). Let

Ir"n (*r, 
O 
rvl; s) be a 'rP+lrr-dimensional vector valued function,

periodic ir *rrO of period L and continuous except possibly

tt *lr0 = kL. Define

ll!tue(-'s) ll,.s o< jr<P L,-z**l 
,

max up

o*4
Sess

where (ñreg)* is the jth component of the column vector h--^-J---reg

(s.27)

(s.28)""a rr(])u, r" 1
Imax'vl ;0)

r ili-lu¡t 1- ô;ll, 
")

r (r)
j+k (x ;o)T

lmax'v1

So from (5 .2s) llÇres ( s=o) ll ,"g = oo (vr) o (E) (5.2e)

In sections 2.6/7 an upper bound ís obtained on Çô and Çreg(s)

for s > o irr terms of the appropriate norms.

(n)2.6 ANALYSTS oF THE HIERARCHY EQUATIoNS FoR õ j
It is possible to show that the r.d.f .rs 

=j"' , rli...;zni|)

{or Çft) ¡ may be completety determined by another híerarchy

of functions regular in all variables except possibly zL.

This reduction is a consequence of the following property.

If for icl e {2,3,...,ß}, cr

thenk'L(kql k';ulï) and rio= r ,

K
;r(tìrr, ..-iz^iE) = 

=rt*-*' 
(zL, ..,îiti...,ît*,...ìr^i.,^L6(rro-zko(t))

u-r
(6.1)

where zko(t) = (kel,+v'trv') and ô (río-z (t)¡,= ô(x.o-v't-kqI,)ô(vo-v-)

(6.2)
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(n)
jUsing (6.1) and the regularity of A (zf...izn ; t) in the

variable zn, we make the decomposition

nj"' , "ri ...;z, it)

g=o kc,
k0 k$foro<ß

- (n-s)
g:teg:r')

2r...rn-L Cf = 1, ...;q
þLi ..r2vt, ...ri*n, .. ;izniL)

n-2r
e

X

q
I

0=1

+æ
L

k=-æ

k

5{zoo-zk{t) ) (6.3)

where a suitable lirnit procedure must be adopted for points

where there is delta-function or discontinuous behaviour.
: (m)9regl'¡ j-s regular in all variables except possibl-y zL. If

J

we substitute (6.3) into the equations satisfied by õj*) in-)

precollision regions and equate coefficients of

q
I

o,=l

fæ
I ô(

k=-*
z- -Zk0,

(r) ) rnre obtainI

"t+=j õläl'', (zLi ' '; z^i t)

+

Iim
E+o

+æ
x

lç=-oo

1 I

H (v -v-) (v
I

lim
t+o ô (x]-v't + kL)I

H (v--v v

r#-r
J-- dvm+llvm+t-vI

['l:lÌt ,,,
(rrr*r,vm+li ,2, . ..; z*; t)

nj$il. ( zr; xl ,'*rri ,2ì . .. , ,*, u]-)

X

-v

), r- (m)

r-v ,l t9r.gr'
+

(z-¡...¡z;t) - ;(*).r m -regr

) ;t) l

(z-¡...¡z;t)]
IMj-1 )

v¡here xl = xr -Esgnl_r (rm+l-rl) and *i = xr-Esgn (v'-vr)

(6.4)



44

By comparison with (5.6) , the last term on the r.h.s. of

(6.41 may be replaced by a jump condition of the form

lim
Ç+o

õiil, - (v'L + kL - E, vr; ,2, ... iz^iE)-regl .'

lim - (m)= ;; dìälr-. . (v't + kL + E,vr; 12, . . . ;z^itl2 _ __'_ 
i+I

(6.s)

(

j
2g

)
r' ,'l

to determine just the sJif- 'reg

across the lines x = v't + kL. It is clear that it sufficest
(2)
regl'In fact Ç

+ z t...tL ;t) (6.6)
l I m

As indicated in section 2.5, vre are primarily interested in

expressions of the form

To exhibit explicit.Iy the delta-function dependence, we make

the further decomposition , for xl - tlt , l-L, * ,).

õJä}, . 
)rrr 

; ... ;z*;t) : ô (xr-vrt) ô (v, nj^' u (v' iz2i . .. ; z*;t)

; (m)
-reg

-v)

; (n)þ -,regJ- nll}' -

If is decomposed into components 
"!n) 

ð 
""d cjilI reg

) j+t

(c.f. (ø.6)), then these

regions )

(6 .7)

j

satisfy the equations (in precollision

i...ìz ¡E)
ll

: (n)
b aureg-L-J

ð
n

+X
i=I

urt"'o (v' ¡22ôt

1im
E+o iitP"i lvl q) 15* L,,2, . . . izniL)

(

j

.Iul
tn+ ô

O¡v;IG

/Ï u"n*, ltr.*r-t'l

(v't)rv .-iz^¡...¡z;tn+I ¿ rr
(6.8)
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\^rith no jump condition and

d

t".
l_

n
Iv.

i=2 L
[,+

+
j

: (n)
(r
re9

(zri . .. izn;L) (6.q)

lim
E+o

Iím
E*o

/Ï u"r,*, l'r,*r

)

: (n)
(t
reg j+1

(rrr*r,v'+r r12ì .. tzriE)

þr'*L'vn+rì22 ,...ìz ¡1')

6 
(n+1)
tt9(j)v XI

: (n+1)
(J

reg.-) n

except on x1 = v't + kL where

lim
= 

(n)
(t
reg

rõ

Ç+o
(v't + kL - E,u'ìr2î..,ìznrt)

(6.10)
(v't + kL + E rrIir2ì...ìznt-)

have the same initial conditions asn) ôext 6 
(n) ext
req.")

Le

ôn
G

(
j

(

j

; (n)
trreq."l

and satisfy the corresponding hierarchy equations

throughout the entire phase space. Since these functions

must agree on precollision regions of phase spacer wê solve

for the extended functions and then apply the results to

precollision regions.

As we shaIl be working in an abstract vector space

formulation, the governing equations are rewrj-tten in a

suggestive vector from whích automatically accounts for the

jump conditions (6.10) . ror -!<xl-vlt = *t,0.*'Z , the

"p+1" dimensionar column vector 
"jlf.t"t 

is defined by-regr

(c.f . s.r3)
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-" (n) ext
regr o_K

: (n) ext
(J

-regJ-
f or (xr, t) u EK ( 6 .11)

rc.j.2)

G 1.re9.L p_K

An infinite dimensional vector is constructed from the

; (n) ext
\J
-regJ-

by setting

;(2)ext
\: a2regr

=(3)ext(rregr

ext

=ext(: -t-regI

where :ext - -n
\f(f

-regI ô (xr-vrt) ô (vr-v')
-re9* 6ext for -|"r-.'rt.f

Evolution Equation fot õô"*t : The time evolution equations

have the form of a partial differential operator equation,

formally

ð ô xt (z rt) (6 .13)ðxa
\f ( zr; t) ¿ôext

l_

where the structure of I is obtained from (6.9). In the

natural presentation, C is an off-diagonal matrix with:
entries C.r = ô. -: 1 C.. -, , í, j > 2 where the C, areil a I l-r rl l_l

themselves (e+f¡ x (P+1) matrices whose entries are integral

operators. To convert (6.13) to an ordinary differential

operator equationr vJê introduce a parameter rrsrt along the

characteristics (xrrt) t *i = ti= + *iro, t = sÌ of the

â

ãE
e+ I v.

i.r
-c.

ô

ãE V.I
+x

i
partial differential operator â

âx.
l_

(6.13) beconres



47.

Gou*t,*, -,v. i s)aro' .r
d

ãs = C (x- ^ rv-. iv'; s) G
æ IrO l- :

ôext (*i-ro'ti ;s)

(6.14)

(6"Is)

(6.16)

(6.17)

(6.18)

The norm for the space of vectors ¿ôext is constructecl so

as to be compatible with that .r,o=1,. for Çô and I(tl 
U -in

(5.241 . Let fr 
(tt) ô , regarded either as . ïrr.r"tion of the

variables (zr,L) or of the variables (*r 
ro rvi i s) r be

continuous except possikrly at X = kL. Define for n > 2rro

H
(n) ô (v'ìz z ;t)P

ç

j=o
ess sup
x. ,v.aro' l-

n

ph v. )I

or equivalently we may tal<e the ess sup over x.. Next define

o

n
I

í=2

and

co

L

n=2

sup
n>2

ll¡'""1[

o(E)

and set

ß>2

ß>1

1

F

I
;ßll¡' æ

ô

ß

Âtet u[,I(-) be the spaces of functions of the above Lype

with finite ll- ll å,r,-, norms, then oå,r(*, are Banach

spaces (Appendix B) . From (4.23) , it is immediate that

llso'"',- ; o) 
ll l, , ,-,

ô

ß ' 
1(-)

for the ranges of B specified in (6.16).

To obtain a solution to (6.14), an analysis of Lhe

properties of the linear operator C is necessary. It is

clear that Ç , oå,1(-)* oå,r(-). we show that c is bounded.

ð
H

-ASuppose H' eD
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then n)
F

(

j
ô(.r'rr2r.,.iz.'i:-)

p/I-u'rr*,

[oJ.,Iu""*t
tv _-vn+I

[o/ïu""*r l

v _-vn+I

vn+r-v 
Inort"*rlJ

ess sup
x. rV.rro l_

i=2,...rn

h (v -)o n+I

ess sup
x. ,v.aro l-

í=2, .. . ,ntl

t
ph v

o

n
]T

i=2

H n+Lìz2i . -. tznit)
n+1
Iph

L=¿

H
(n+1 )ô. 2(v rzr_r+l rz2ì . . ., z t)+l n

n*1
lph

i=2

n+I)
-t

ô,Wìz

+

(v. )oj.

ess sup
x. rV..l-ro l-

i=2¡...rfl* (v. )ol-

n+I)ô, .--' -'-(v- ¡z ..iz^ì ...i2 ¡|-)N+I¿î+

So is bounded

(v
o n+1

(6.le)

<2

ess sup
x. ,v'aro a

í=2r... rn*]

H
h

n*I
]I

I=¿

ô

pho (v.)
l_

From (6.15) and

llr 
(nl 6

rå

with a( ) as in (5.25). Finally from (6.f6) and

,lt;u

-( s
= I ll=a" c(*. ,y.ìy'r= ) f *a= -c(x. ,v.;v';s - )...

*=O['O IIls IrO ]- m'o m-I= 1'O l- m-I

6ext
G-C(x. ,v,;v'is-)ri aro l- -L

ds
S

lo

s (v') ll "
ô

S,1(-)

(6.Ie)

(6.20)

(6 .20)

(6 .2L)
3

2
6F

ß

' 
1(-)

andc

(6.22)

Consequently (6.14) has

written formally as

a unique solution whj.ch may be

(x ,v ;s)Iro I

2 (x. ,v.aro L
ro) (6.23)

llç r-;v'; sl l[, r t-l or, (v')

ôext
G

The explicit form of the components is not needed here, krut



/,.9.

this is given in Appendix C fo:: a more general case treated

in the next chapter. The following upper estimate on the

norm of 6ôext t, obtained from (6.23) ,

llgu'"t(-;sr ll!,rt-l
"?i9."llet"')ll

( exp ô

ß ' 
1(-)

(6.24)

x

( exP

ll Çô""t r-, ") llå, I (-)

lr. $ ßo r.r'l =l o(E)

In particular,

ß 3 g
2 exp 2(

2 ) o (v') s .o(E) (6.2s)

This last result is used in the analysis of the size of the

delta-function part of the error term in (5.21).

EvotutÍon Equation for õ-:"t-reg : If we again set x==x. -+v. sl- aro l-

and t : s, then the evolution equations ror õ111 formally
-reg

become

+ êt*t(*. ,v, is) = c(x. v';s) ¿ext (x. rv. is) rc.26)cts -reg'iro'a æ ArO'I -re9 frO l-

The norm for the space of vectors ç:ä; is constructed to l>e

compatible with that chosen for õ-^- ""d Ejll in ß.27) .-reg -reg

f,et fr 
(n) , reqarded either as a function of the r¡ariables

-reg
(zr,L) or (*irorv. i s) r be continuous except possíble at

x. = kL. Define for n >
J- to

¡ (n)

-reg

ess sup
x, i>Iaro
v.i>2

I

¡ (n)
re9

(z{ ..iz,-it)reg max
il

I
Irnax oh (v. )'ol-

n
iI

í=2
I

n o(j(P
ï
l ,v ;o) .

(6.27)
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\^rhefe

fr(n).-reg'

H 
(n)

-regt

-f

.this the j -' component of the column vector
j

is defined as in (5.28) and again we may

equivalently take the ess sup over x' rather than *iro'

Next define

(r)
j+ôj

ll l,"g'l;:i
æ

L
n=2

t-ß
n'

il ¡ 
(n)

-reg

; (n)
rr
-reg

ti ;"n

reg
rr

ß>2
(6.28)

n

I
and ll H ll r"g 

=,, reg,, 
ß r_

rhe spaces oäiTt-l

sup
n22 ß : ß>I

correspondins t" ll - lËiT ,-l
Banach (Appendix B) . From (4.23) ,

' "l l[iT r-r = o(E)

or, (v

< co are

16.2e)

Vüe may show that

is bounded with

) (6.30)

ll õexrr -re

ll c (

'=l l[]Tr-l

t
g

for the ranges of S specified in (6.28).

rhe rinear operator ç ' oäiTt-t * oäiTt-t

ß3
2 I

(6 .26) has a unique solution which may be written formalì-y as

rÇIZ-ext
G
-reg

(*i 
, o 'ti ;s) = C(x. ,v. is )m ry aro l- m

ds

[':

oo

s

c'

ds (x. rv. is . )aro r m-rm-

From (6.:f¡

of the norm

m=o

ll-ilä:T(-)

ds - C(x. ,v.;s-)I ! arO t- r
(*i,orv. io) (0.¡r)

(6.32)

iG
-reg

we may obtain an upper bound "" c]ff i" terms
-reg

which may in particular be used to

show that

ll "13|"". 
(-;=, lll'n < ,ß .*p o(e)

This is used in the analysis of the size of the regular part

of the error term in (5.2I) .
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2.7 ANALYSIS OF EOUATIONS FOR ONJ]_PARTICI,E REDUCED
DISTRIBUTION FUNCT]ONS .

From (5.9) I depends only ot õ(2) in precollision

regions of phase space. Using the norm upper bouncls (6 .25)

(resp. (6 . 32) ) on 6 
( 2) ôext (resp. SI3|""t, to provided

corresponding upper bounds or, -c(2) ô (resp. ¿jlll
in precollision regions, *. ooitrr, 

-reg'

ll Çôt.,';s) llo ( ct(v') llc(2)ôext (-t") ll:

ll [r"n (-; =) ll '"e c,(vr) ll gj:|""'{-;") ll!'sand

From (5 .L/2/5) ,

terms in (5.2I)

specified:

ßo ('r) "] o ,.,

zla(ít *n 
[r,å 

uo t.,'t =) o (E)

(7.1)

(7 .2)

(7.3)

(7.4)

(7.s)

zßo (tt ) e>ç 2 jt

An upper estimate of the norms of the (P+1) x (P+I) matrices

g" (orvl; s) and gn (* L,0,vl; s) is obtained from

ll gP(*"""1 ll <

Í_
\< exp F..r,*,v;s) (r*ll 5ll) * E..r(x,v,s) (t.ll ê.ll )]

Now ll â-ll = ll â*ll ror the norms that we consider and

":n [Or" 
(x,v;s) * Eu' t*,t';=l] ( o(v)s

so ll gn tx;v;s) ll < "*p [o,", tr+ll n+ll l=J

the following size estj-mates of the "error"

may be made where S lie in the ranges
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ll /l a"-un(o,v'is-s').çôt='l llo

/l u=' ll g"t",v-,s-s') llo ll Çôt"-l llu

[ , f ,å ß-t)o t"r 
=_l "*p(o1y')s) . oe)

(7 .6)

(7.7)

(7.8)

I
a(w)

and similarly

exp -1

29

These will be O(1) for times t such that

Pvtht lnP t (w) choosing ß=l

zrþB-rll 
^+ll,.s

["* [tr,jrß-r-ll A*ll,.n)cr(vr){l'].,ç(o(vr)s) oE)

ii u"' gn,*r_,0,'ris-s-).!r.n(s') llr.o

2â(+)'rh

il

with w = v' in (7.6') r w = V in (7.t| and n,ün, = (o'th)

Using the estimate (7.2) of tr"gr wê may verify that
the intial growth rate of each component of

/la='gn (*r_, 
O 
rvI; s-s -). 5-r"n {s -) is smaller by a factor of at

least e % than the .orrã"ponding component- of

[Hnt"r,e'v1is) l]'¡iå]t"'' we thererore expect that the

components of 
[gn 

,"r, s,v1i s) lJIlå],., will be larse comparecl

with those of /la" gn (*r, 0, 11; s-s').S]r"g

1

(s-) for times

o < pvths <<

suitably weighted ess sup norm c.f. (i) of Appendix B).
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Using a power series expansion of Hn(o ,Y',s) and (4.23) ,

a simple calculat.ion shows that the growth rate of each

component of /ia='gn ( o,y';s-s') ' Çô ("')i" smalrer by

a factor of t\ than the correspondíng component of

lgn,",v';s) - I]¡tt)6(o) ror É\ < pv S<rh

(7.6) the norm of the first expression is much smaller

than thê second for pvths <<

not teII us anything directly about the individual components,

we expect that the corresponding inequalities are true for
t

E2 f otth= <<

It remains to determine those times for which the

components of /ia='gn (*l, o,vr; s-s-) . Ç (s') are " smalIer"

than those of gn (*r,o,vr;s), ¡ tål

part, rough results may be obtained by noting that the
|, -^."'' . Isecond term decays no f aster than - K exp [-t",ñ, 

pttf,tj

since the points of |,llu= çP(...,=')l have real part
['o = )

^vlgreater than -2 ct (r:).pvths. An upper bound on the
tn

first term is obtained from (7.7). Using these two

estimates, \^re expect that the above condition is satisf ied
l

for o < pvths ,. ; t (vr) . Again there are problems with the

delta-function part since a norm approach is not suited to a

componentwise analysis. However a similar analysis to that

for the regular part suggests that the appropriate component-

wise inequalitíes are true for E" ( otth s .. , 'r(v') .
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In conclusion
ôI) (v-; s) ^, uP (orv-i s) for Eà<prrrn="|{.r')1( o

f f

,v

(v'; o)

(*r, o,vr; s) - En 
(*r, 

o

olOv"ns<<þ (vr) (7 .e)

For V', VI = O (vth) , Lhese ranges include times of the

order of many mean free times (tth). such times are of

most interest in the study of relaxation phenomena.

2.8. THE GENERAL INTTIAL VALUE PROBLEM.

At the initiat time we suppose the particle, labelled

ri, has specified position Xt and velocity V, (i=1,2,-..,N)

where ri <

we set no = Xo = -æ and n**t = XN*I = *æ - The distances

between the specified particles are Li = Xi*I Xi. The

remaining partj-cles in each cell (Xi' Xi*t) are assumed to

be in equilibrium at t = o with mean density pi.

Initial conditions on the one'particle r.d.f.rs are

therefore of the form

trli',zuio) = ô(xr-xi)ô(vr-vr) i=l ,2,.-.,N.

rjl) tz,io) are regular for aII other j and such that
lr

rj1)tz.,iol = rÍ1)s(x.,;o) ho (vr) with
] I' J I'

r f jt, " (xr;o) = pixlxi,Xi*r, (xr) (e.r)
ri.j.ri+I

Expressions for these and higher order r.d.f.'s nay be

writ.ten down explicitly from the work of the previous sections.

In order to ol¡tain approxirnate kinetic equations for the

;(I)I
-re9

. --(1)-;s).rr reg
(*r, 

o 'vt; o) for
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one-particle r.d.f.'sr W€ need an approximate factorization

condition giving the n-particle r.d.f.'s ín terms of the

(n-1)-particle r.d..f .rs in precol-Iision r:egions (at least

for the case n=2) . A detailed analysis of the error terms

is not given. However by comparison with previous work,

it woutrd be clear that these are "small" in the high

density regime ,i = ¡f .. I where Pi = ti+l-ti,
T

i = I,2,...rN-l, with po and pN arbitrary' A rigorous

analysis could again be made using Banach space techniques.
L.

In precollision regions and for *I-tI t t [Xi - T,',
L.

i * +t,
rj")r",

X the factorization condition has the form

. .t7t ... ru ;t) f
n i . . . ìzn_rii') h' (zrr;t)(n- 1)

j* (zt
(n)
j+g (z I

. .D,... r4 ;t) (8 .2)
n

(n)where g is the "small" error term,j
j* = j-I for Xi < xrr-vrrt < xr-vtt

= j+I for xr-v,

= j otherwise

t<x-vt<nn x.
I

and h'(z¡L)
N
X ô (x-vt-X

i=1
) ô (v-v )+l- l-

X I xt, x i+l1 (x-vt) ot
N
x

i=- I
h (v)

o

A suitable limit procedure must be adopted for the

evaluation of the r.d.f.'s and interpretation of (8.2) at

points where there is delta-function or discontinuous

behaviour. rn (B .2¡ g-{") is regurar in the variabre z\-'-, tj --J---- n

and if ei <<
I
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over a range of many relaxation times. For

L. - L.
x'-vlt e t xr-f , x. ++l , the corresponding equations

for ffl) arel

[**r #J'jr) {'r;t) = Y (xrvr;t)

r Í1) t r1, .*r = ]i* r\r)- t, .I a' t ->o l-r l-

where

lim
E+o

In (8.3) r \dê have set

(1)
j+1

,t) forv >VI 1

(r)
(z ;t) - f (z ;tI ) I

(z ;t) - f (r)
1 j

a

(8.4)

are discontinuous

(8.s)

,x , 
(xr-vrt) O,

L i+1

t'
(r)
j-r ll

+ Ê, (xr,rrr; t) 
[r trr; tll

nl3lr r"r,,x-r,vrit) - n:" Þrtxr,vritl

+ Ç . {zr;t) (8.3)

îit'r,tl = I:u,rrl'r-'rl 'I

except on the lines *1 = X.*V,t where tjt'
and satisfy the jump conditions

åî 'jt, el ,'*) =Jl: 'j]lrrr,.-r ror v, ( V

++where (z;,t-¡ = (xi+Vit lEvr ,t tE)

Yi (*r,vr;t)

ßi (*r- 'vr; t)

,( v ,'v r) ho (v, )

r)

xX

N
x

i=o

N
5'

i=o

t

dv, (vr-vr) ho (vr) xlxr,"i*rl (xr-v,
L

(8.6)

(8.3) is written most

Suppose that the straight

p

a
t

The partial so-lution of

conveniently in vector form.
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tine in the (x'rt-' )-phase between (xt

crosses K+ of the lines { (xr+v.t,t): t
-vrtro) and (x

e R] whe::e v,
1, t)
<V

and K of these lines where v, t Vi. Set X(xtrvr;t)

J.I{' (xt,vr; t) I( (xt,vr;t-) and define the inf inite

)+f (1)
reg j

l_

th

L

;t)
(8.10)
(1) 6i
j

(r)d.irnensíonal vector f ( zr; t) (resp. fizr;t) ) to have a )

component given by f
t'vt;t)

(1) tj:i t*r,rr;r) (zr;t) (resn' 5 i-x tx
(zr; t) ) . Using this notation ( B.3)

atong the characteristics {(xrrt) 3

s eR] "t * * tr fr t" yield rot *r,o

)

(1) N

;t) = X f
i=1

jt'ut,., 6 (xr- (x.+v. t) ) ô

may be integrated

v s+xI
Li-1
I, 0tIx

l__T+
a

I1

e [xi--z-, x

((*r,o,vr;s) = 9(*t,g'v1is) . ! (*r,orvr;o) (8.7)f

+ /la= - g (*1, 
o, vr; s-s') . !_ ("r,9, v1i s')

where g("r,Q,v1is) = exp {/fas' ç(*1,0,vr;s') } (8.8)

and C is an infiniÈe matrix wíth components

", j = Yi(*1,tr;t) ({r-1, j-ô', j) + ß. (xt,vr,t) (ôr*r, j-ôi, j) (8 -9)

g is bounded with respect to the appropriate norms r so a

power series expansion of (8.8) is valid (convergerrt in

norm in the appropriate Banach space).

. ïf f(1) is decomposed into regular and delta-function

parts as

f. (z I) I
(vr-v.

then separate equations are satisfied by each of the f



58.

and the flll . rhe equation for tjllreq. ' Iê9:"1 - J
are identical in form with that for :

^ (1)ôi
replaced lry Êr"g) . For f :*' "* r wê have

and the solution

r{1) rîi-" iustI 'a

+ rÍ1)öit.l = y. (x.+v.t,v.;t)ctc I 'r r r- a
trÍ

J

(1) ôi
j

1) ôi
.T (r)-f (r) l

+ ß. (x.+v. t,v.-I I l- r_

the solutions of X. +V t
l_ l_

are

+V t For such Ll\ i'kk

;t) [r (1) 6i
j+1 (r) -f (t) ôi

j (r) l

t) ( I .11)

(tìt is the appropriate detta-function component or frl

except for ! = airO where airn >

.[ ì',

kI

(r) ôi
jf are discontinuous and satisfy the jump condítions

lim
E+o

(1) ôi
j (t +irk

Iim
Ê+o

(1) 6i
j+1 irkf f (t ) if v V

1 l_

) if v Vlim
E'+o

f(1) 6i
l

(t t j-tlot (.i ,k-
am
+ok+ ) =å 1I¡ a

(8.12)

The solution of these equations has the sanÌe form as (8.7)
^^^with g ("f ,0,v1i s) replaced by g (x'vr; s) and !_ bv [" .

The periodic problem may be treated as a special case

of the above. To recover previous equations, we must set

periodic initial conditions and sum over equal j (modulo

P+1) .
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CHAPTER 3

GENERAL Ih]ITIAL VA].UB PROBLEMS

( ONE -DTIV1ENS IONAL HARD ''SPHERE.' GAS)

3.1 TNTRODUCTTON

Whereas in the last chapter only quasi-equilibrium

initial conditions \^/ere considered, here we examine more

general inhomogeneous initial value problems (i.v.p.) for

the sar4e hard "sphere" system. Again a number of particles

have specified positions and velocities at the initial time,

but now the remaincler may be distributed inhomogeneously

and have non-Maxwe1lian velocity distribution functions

(of sufficiently fast decrease). There are a number of

physical constraints which we rnust impose such as finite

loca1 particle number, energy and momentum and the existence

of the means of these quantities. The spaces we work in

shall guarantee the finite loca1 behaviour of the above

quantities and existence of means at t - 0 shall guarantee

their existence for t > 0 (Appendix A) .

First we prove the existence and uniqueness of a

particular reduced distribution function (r.d.f ')

fj") t z.ti...îz^îL) where (zf ...;zniE) is an arbitrary
I I. n'

point in phase space. A Banach space formulation similar

to that of section 2"6 is adopted. Such techniques have

been used préviously in statistical mechanics, for example
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by Ruelle s 3 in the equilibrium theory of virial expansions

for correlatj-on functions. This approach does not, however,

enable us to give a unified treatment of the solutious f_

of the hierarchy equations throughout phase space. For

this, it is found convenient to use a formulation in terms

of a countably normed space. By so doingr wê avoid

probl-ems arising from the unbounded nature (with respect

tov ) of the operatorsI

lim
E+0

dtrr*r ltr,*t - vt lx

appearing in the hierarchy equations. The above approach

ib somewhat different from that of algebraic statistical

mechanics in obtaining a rigorous theory. Marchioro

et aI.to h.rr" used the algebraíc approach to treat a one-

dimensional hard core system with a c- interparticle

potential.

An advantage in dealing with the hard "sphere" system

is that, being able to calculate initial values for the

r.d.f .rs (at least for the quasi-equilibrium case) ' v¡e have

insight into the appropriate choice of norm(s) for the

Banach or countably normed spaces. fn fact we can tailor

the choice of norm to suit the problem with which we are

dealing (as seen in Chapter 2) . AIso, for this system,

the hierarchy equations reduce to a particul.arly simple

form. However, wê expect that the countably normed space

approach should be extendable to more general systems.

+æ

L
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Next we consider the special class of i.v.p.'S wtrere

a single particle has spec-i-fied position and velocity and

the rest have regular r"d.f "'s at t = 0. FOr a class of

initial values including quasi--equilibrium and

inhomogeneous cases, Evans t t has shown tha't it is possible

to obtain exact closed kinetic equations for the delta-

function part of the one-particle r.d.f.'s f(r) ô. This
l

work is presented here. The spectral properties of these

equations are analyzed. Under certain conditions, it is

shown that their asymptotic form depends only on the nìean

particle number (and velocity distribution) rather than on

the details of the inhomogeneous initial distribution'

The asymptotic behaviour of the solutions is analyzed.

Exact kinetic equations for the f(1) ô are clerived for Lhe
)

corresponding problem with an external potential for a

range of velocities of the specified particle which avoid

bound states. For the general i.v.p.tS mentioned above'

we may write down approximate closed equations for the

delta-function part of the one-particle r.d.f.'s. These

equations for the periodic case are compared with the above

exact case.

Returning to the problem with a single

particre we show that, given fft) ô (t=0) > 0
J

under time evolution governerl by the exacL

rr)ô(t) > o for art. t > o.equations, fj

specified
(/0) , then

closed kinetic



3 "2 EXISTENCE AND UNIQUENESS OF SOLUTIONS Otr THE
HIERAIìCFIY EQUATIONS : BANACH SPACE FORMULATION.

As in the last chapterr wê prescribe that the specified

parti.cl.es at. | : 0 should be labelled n. , !:2,...,N where

particle n. has initially position X. and velocity V.. On

physical grounds r we know that the delta-function behaviour

of the r.d.f .rs must be of the form

tj*' , ,rì .. .; z*; t)
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)

m-1
I)

r=o

f (p)
regL'

f (m-r)
regl' j

t
fi ô(

rl=I

(2.¡...¡2. -¡...¡â. ì...i2 ¡1-lIKIKrM

(2.1)

2lko
ko¿ kßforo <

e

ß

X z_j<n -z (r) )

L"'( e Ir2r ... rN
1,n

9,yl9.6forYlô
where zi(t) = (x.+V.t,Vi) and ô(z-zr(t)) = ô(x-(Xir-vit))ô(v-v,

(2.2)

and fjll, . is regular in all variables except possibly thereql-")
first. The initial conditions chosen must necessarily be of

this form. In fact, íf the constraint (2.1) is imposed on

the initial conditions, then under time evolution governed by

Y = 1¡...¡t

the h.ierarchy equations, it can be verified that (2.I) is

valid for all time. fjll, - m.ay be further clecomposed j-nto
regl j -

regular and delta-function components as

(z-¡...ìz ,.Ipl-

N
t)= I

i=1
,Íp)ôi(=, ì . .. ìznit-) . 6 (zr-2. (t) )

+f
l

It is possible to rvrite down equations for the components

(p)
teg @f . . izn;t) (2.3)

(m) (m)
regloff In particular, for f

j
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[#. *Í*)lt)
(m)

re9 If (z z
m
;t) (2.4)j

lim
E+o

Iim
E+o f: X f

-f

(m+1)

=o9(j)
dt**r I t**r-tr I

(rrr*rrvm+l_ ¡, 2i .. . ; z*; t)

with *l = *I-Esgn(vm+I-vl)

except on the lines *I = X.+V.t where f

and satisfies

(z ri xr, vm+l i . . . i z*; t)

(m)
reg is discontinuous

)

(ZirrZi .. . ì z*;t ) for vr<V*

(m+1)

reg.
l

f (m)

re9 ze!,I

Z.¡z^¡...¡z ¡E
L¿M

I

ì...ìz ¡E') =
m

Iim -
E-+o t

(m)

reg

(m)

re9

j+r2
J

lim
E+o

(m)

re9
++ limf f. r i (zírrzì ...ì z*;t ) for vr>v.

l-r
(2.s)

E+ol

where
+

If we group together terms with a factor 6 (zi Zp(t) ), then

it follows that

.(m)ôp t- -, ¡c)6(2.-z (r)) + i ,(rn-_r) k.¡...r;.ì...2 ¡L)6(2.-z (r))tj"'"- (r2, ..ìzmit¡ 6 (zr-zn(r) ) 
i=2 ,"nj r. i.. m. . ._i p. . ,

(2.6)

satisfies an equation of the form (2.+) and jump condition

of the form (2 "5) .

The Banach space formulation of the last chapter is
modified to prove the existence and uniqueness of the r.d.f.

tj"' , rî, ...;z, tt) for a specific i.v.p. Here (zr; ...izn;t)

is fixed and need not be in a precollj.sion regiorr of phase

space. We f ir:st consider the regular part of f -,(n) .)
Existence and uniqueness far the delta-function part depends

(t
l."'' = (x.+v,t+vrE,tt€)
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on the corresponding analysis for the regular part and this

will- be considered lat-er. (2.4\ for m ) n must be used.

rhe parriar d.irrerenriar operarors [* . 
^j*'I t" e.4)

may be converted to ordinary differential operators using the

following technique (Courant and Hilberto s ¡ . Vüe

paramet er-:ze the characteristics of [+ * KI*)l as follows.Lôf ) )
SeL

mm,i= r-l (s,zf',o) i,j = 1,...,n! t = s

where zT (o,zf ) = ,T Q.7)L Kro aro

Also n,rkro ) = ,'i are fixed

For m ) n (2.4) be rewritten in the form (using symmetry

of the r.d. f . 's)

tnz.
I

d
ãs

dr**t lr**r-iï {s, r[,o) 
I

tzf ts,z[,o);s)f (m)
reg j

f

lim
E+o

{-oo

FCO

x

m) 'vm+r
(s,ìzn+I

(2.8)

(m+1)
tt9(j)

f m. m m. m m
l.zr(s rrkro) ,... i zr.(sr rkro);xr(s'rkro m

zkro

m. m - \z (s,z- ) ;s lm Kro

- (m+1)
-I rect.-)

//mm
Ltt (=,"kro )¡ .ê

tr )

except on the lines *f : Xi*Vis where tjä}, are discontinuous

and satisfy the jump conditions (2.5).

rn order to deterniine tJSL¡ (zL, ..,zniL) ít is not

necessary to consider (2.8) on the entire phase space but

only on the following restricted domain:
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(i) n-particle confj.guratiorls of

... rn;o(sIaÚ.
(ii) (n+1) -particle configurations

the form z

n+l-
z (s rzl-

n
i

,1(s ,zn
kro ) i=1,

n+1
kro ) i=1, ...,

) i:I ,...,

n+1
iwhere z ( s ,z

n*I;o<s2<sl

n+L 1zn+I ( s

1 n+I
kro

n. 1 nzï(s',rk,J i=I,...rn

and n*I
, rk 

ro

n+2
i

3(iii) (n+2) -particle configurations z (s ,z

(xf tst, ril,o) - E sgn (r'n.l--tt-) ,vrr*r)

n*2
kro

n*2 ¡

where

32O<S <S

2

- n*2, 2 n*2. n+l. I n+l .and ";;;(s-,zi',f,) = ("I' * (s-, 
"L-* )- e sgn(vr,+2-rI),vr.*2)

1iv) (m) -particle configurations for m>n+3 are defined by a

natural extension of the above procedure.

Consequently for each time s : o ( s < i, v/e confine

our attention to those m-particle configurations which are

of the above form for some "*-t : s < "*-t < i. These may

be specified in terms of the corresponding initial phase
m,mpoints zl" - associated with the m-particles i.e. (z'!'-kro '-iror..'r

,^ -) e C (s). Then C (s') c C (s") for s- > s".Ít,o' m' m' m'

The advantage of the restriction to such a domaín is

that the time evolution operator will become bourrded

primarily as a result of the following property which bounds

"i (=, r[,o) on c*(s) .

n

n*2z,
l_

(s

> max
i:O

2 n+2,rkro

lviI,

n+1
iL (s

then

nr-1
kro,z ) i=lr...rn*I

v m-n+1

If ln* |

m m-n+I mz^ (s"' "'',rî,o) m-*r

#v,m

1 m-1
kro ),t*

m. m-n1"1 mso vl ( s 'rk ro)

S
m-n ,z m

m-n
-S

(2.e)
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i.e. in (2.g) the particle at ,Ï do"= not itrteract with the
m

particle at ,f ror o < sm-n+I < =*-t under the m-particle

motion where only the interaction between the particle at

zf and the other particles is taken into account. This will
l_

not necessarily be valid when ln*l

z¿zi,2 zIz
2

z
tt

n
< max

i=I

(s)

til

22

--- s

3

22

00

n+j

l",I.ir=,"j]o) I . #t l"il l"I*: {=,,f,o) I r *äT l"il

In the following analysis we first prove the boundedness

of the time evolution operator from (2.9) and this is then

used to obtain an exj-stence and uniqueness proof for f-.(n) .l
If we define the vectors

f (m)

-reg

f

(s) f

f

f

(m)
reg- I
(m)
reg 0

(m)
reg+I

(s)

(s) a f-rnd eg

r(t) (=)
-reg'
r (t*1) (")
-reg

:
(s)

then (2.8) becomes formally

d
ils

(2.r0)

)o

n+J

m m

l
tì+

(s rz . (s,rT
J-J-Jro

)z m

-reg
(s) ç ("il,o; s) " f."n(s) (2"11)
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together with a jrrmp condition across the lines of

discontinuity.

Existence and uniquerress of the solution for the

abstract Cauchy problem corresponding to (2.1f) are proved.

The form of the solution given here is similar to that of

the abstract Cauchy-Kovalevska Theorem (see Treves t u ) .

Consider a bounded, piecewise continuous vector valued

function (whose discontinuities are fixed w.r.t. *il,o)

denoted bv hr.n(s) . rhe components 
"Jä|, fzfts, "l,o) ;s) ,m>n,

are defined for "l ^ e C-(s). For i > s' ). st setKrO m'

h
(m)

re9
m

z_kro
m

i );s)z

ll{ï},=, ll _,:

ess sup

"! ec (s')
KrO m

sup
)

l (2.L2]'
m-1 m

p ïIh
k=I

({,o)

where h ( ) > o is a continuous function normalized to

unity and such thaL I:: dvh(v)v2 < æ. Next define

llr,"ø,", lË:T,=.= i"å lllJil ll;. : ß>1

'"u lln t"l ll'"n
ll -reg ll ß,-, =,

sup
m)n ållrj:lll ;=

: ß)o (2.13)

rhe space= "ä:l(-);s- correspondins t" ll-lË:i(-);s - 1 @

are Banach. An element of the space 
"ä:i(-);s. 

may, by

restriction of domain, be regarded also as an element of the

space 
"ä:i (-) ; s.. for s - <

We now undertal<e an analysis of the I inear operator
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ç(ril,o;s). Clearly for s' ) s, Ç(z ;s)m

kro
_ recftì"ß,L(-);s

D
reg
9,1(-);s'

SESuppo I (s) e D
reg
ß'1(*);s and set ct (s) = c(zl ;s).h (s),

-reçJ ry KrO -regre I

then using the inequality

"läilri(=, rT,o), . . .,r*(=, rl,o),{t=, 4,o),vm+ri zn+r (s, rl,o),. . . ; s)ess sup

"! ec(Kro m

v -eRm+I

s
m

P* II n("[,o) .h(t**rì
k=1

ess sup

'iTl"**,.

(m+1)
recT.-'l

h { m*I m*1-aí (s'zk,o);s)

it follows that

n frrl+rlKro

[r/ï**r 
('**r-{ (","1, 

o) ) 
r, {.,r**r) 

]

ll"$'',", ll _.i,"

for s- ). s, (2.]-4)

( 2. rs)

(s)
m+1

P* IT

k=I

ll 'i:1,=,ll_, 
"

ess sup
mz. eC (s)
KrO m

x

( 2on,"., 
ll 
ni$'',", 

ll _.i,=

n
where v* = max

i=I

ll sr"s(s) lI

ti and on(v) = l: dw w-vlr,twl

In (2.15) r w€ have used that

which is a consequence of (2.9). From (2.13) and (2.15)

ESS SUÞ

,l -r"- t=llit=''[, jl ( v*
J(ro m

e9

I @

. ,[+]ß c,n{.,*) ll !,.n(=) ll ä:î(-);s (2.L6)
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So 2 t+l %-, 
(r*) (2..17)

From (2.I7) , we deduce that there exists a solution to the

Cauchy problem for or<s<i itt oaÏaa 
(c* (s), s) given formally by

r. reg
(s) =F

ßsup
o.( s( s'<d

SS^

/lu=^ç (s*) /omas*-19(=*-r) .. .l o¿a"rç(=r) f ( s=o)reg

(2.18)

where F trk.r ccount of the jump co:rdition and is defined

as rorr, *=F( !r"g)j*)t"l = (lJä|)j_K(*r,rr 
"1", 

where

K( ) is define d in section 2.8. The preci e meaning of the

integral part of this expression is given in Appen ix C.

Convergence of the r. .s. of (2.18) nd its deriva ive

with respect t( rrsrr may be proved using (2.L7) .

To prove uniguen rss of bounded solutions, sup ess that

fo ( s) is sucl a solr" tion of ( 2 .13) with f:^- ( s=o) = o:reg'-' reg'

and where, for conven ence, Wê neglect the jump co rditions'

We show that fo (s) o o(s(t. From i-ntegr:ation of (2 .It)
-reg t

(2.L9) may be iterated to Yield

(s'

ds I -reg
(s)

I
(2.201

"lll.= ll '1",,=,, lli::(-) ; sr

I?"n t "l l"a"- c(s')to È
fo-reg 12.19)

fo
-teg [/:u", c (s*)

s
m

o
sc

ryII
s^

(=*-t)...1o' fo(s) = ds -Cm-I t

for m = Lr213,...

From (2.L6 ) and (2 .20\

[, ,oP, 
ßon 

{.,n) "
li 'T"n ''' ll ;:i(-) ; s

m

ll li"n (=) lË:T (-) ; s

m!

+OaSm-;æ

so = O, O(S<t, as required.

(2.2L)
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To obtaj.n the complete solut.ion to the problemr w€ must

determine the existence and uniqueness of the delta*function

part t{n) ôn (22, ..izn;t) . The constructi.on of the solution

shall be similar to that for the regular part except that

here the initiat data is not specified at s = o. We

confine our attention to m-particle configurations C*(s)

where ,I = (tn

(if it exists)

at s = t'. Let tl be the solution

, o<to<ti k=2,...n

+vpf, vp)

of

x
P

+ ptL

where ,k

for tk* <

interacted

l_n c (s) .
m

ats= t. If

I

max#=!tk* - k=2, ... tntk'

(2.22)

then

t has not

configurations

for

s)¡...¡z (s) ;...
I

(2.23)

V xO-vOt*

(x*, vn)

r Í^) ôP l"^) '¿ (s);...;z (s);s)ô(z
m

s < C, the particle at ,L at s =

with any other Particle for all

So if we consider the equations

(=) -2p,",).rirjinT, (,r. ,

in C*(s) for

is non-zero

form

.. . i zm(s) ; ") 
ô (2. (s) -zp (s) )

s ( i, only the

equations for f

in (2.23)

the simplified
tk* <

and the

first
(m) ôp
j

term

take

d ¡nô
dsj

Iim
E -+o

P (*z-uz(d-s) ,u2i ...;xm-vm1t'-s) ,v^;s)

/Ï u"**r.lt^*r.-tr- I
X

f (m+1) ôp
(j)

f (m+1) 6p
j

(*r-ur(t:s) ,vr; . . . ixn-vr, (t:s) ,vrr; (Xn+v s)p vm+I; Xn+Ilvn+l (r-s) ,

v .-i...ixn+I m

tX -v
2
(tls) ;v2'

X -E sgn(vm+I-tt)

m

2

where X

(2.24) may be wrj.tten in the usual vector form as

(2.24)
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$tônr"l : C(s) tðP(=) rk*(s<i

(zrß) i . .. ìz*(s) ;s) (zr(s)-zn(s))

m

II h(v
i=2

(2.2s)

(s)

(2.26)

(2.27)

It is necessary to specify the value of the function fôP
+at s = tk* To do thisr wê must reconsi-der the "qrrtti].r"

for (2.23) in a neighbourhood of s = tk* :

(m) f (m) ôp
jj ô

(m) ôp
j

Integrating (2.26) over such a neighbourhood gives

JlÏ rj-' un[" (r**) ; ... ìzy*(ï*)*, .. . ;2,,,(ro*),.o**j

Iim -(m-1) I -ì=J; tìär; 
[rrt.o*) izr(L**) i ...ìz¡*(t¡*) i ...i2*(to*) rtr* 

,J

= other terms

where

lll '-l 
6n 

1s) 
ll :, 

=

_ sup ess sup
j z. eC*(s

,o* (t**) + = (a* {to*l *tk*E,t¡n) and z, (to*) - = (x, (\*) -v¡*E,v¡*)

and xr(tk*) = \*(tk*) : *n*5.o*. So we must solve (2.25) with

initial condition (2.27) in C*(s) for tk* <

The solutions are found in the space of bounded, piece-

wise-continuous vector valued functions (whose discontinuities

are fixed w.r.t. *i) denoted by l6p(=). The components

nj*'on(*r-rr(tls);vr;s), il ) n are defj-ned on c*(s). This

space is Banach under the norms given , f.or tt

by

h

p

sup
j esssup replaced by esssup Il

or

m-1
]-

(2.28)
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llîon(s) ll å,*,=. = ;ïl[;þ" n(m) ôn("rllå,=.]

: ß>1

ß>o

(2.2e)

*

Denote the corresponding spaces by oå,r(-);s, for ß as in

(2.29) . With respect to these norms C(s) is a bounded

linear operator from oårr(-);s, for s < s'. The unique

bounded solution to (2.25/7 ) is given formally by

,ôn(") = ; d"*_rg(s*_r) "../ dsrC (sr) Iun
S

f: as c(s ) l.m'ak* m3 m 't¡*

S
2 +

s=t-k
m=o "u*

for!*(s(t

norins rhar Iônls=tf,*) r oå,1(-l; til*.

It is instructive to test the consistency of the above

approach, for example, with n = 3 and (zr,z),2'r;t) as shown

in the diagram.

z'-=z (t) zirp¿

(2.30)

z
3 t

3 lz

0

2

3 -z (r:) - - f3

OnIy the first term in (2.23) gives a non-zero contribution

for \* = tr<s<i. Here t {m) ôn satisfy equations

with the jurnp conditions (2.27) employed. at \* =

tr<s<tr, only f (m-r) lr- (s);zr(s); .. .izm(s);s) ô (zr(s)-zn(s))regj \ I'
gives a non- zero contribution in (2.23) . However tJä;i)

-)
has been previously determined by independent anal-ysis "

(2.24)

|-2. For

1

1

1

2

z

1

+
1
(tr
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The equations here for t¡ < s . LZ are identical with those

used prevíously. It is necessary however to check the

consistency of the junp conditions at s = t3. From (2.26)

Iim
E+o

(m- r)
req.")

+
Izf ( ttt( z (t )¡...¡z3 3 3

3

m 3
);

) ¡ ...¡z t );t

)
+
3

( 2.31)

(2.32)

) ¡23(tr); ...izm(ta) ; 3

= [*r-', (t- ttr+e ) i ,"r) ,zr(Er) = [*r-", 
(t- r ur-el ) ,"J

t )

with "l t.rl

VBut from (2.5) , since v

z

p

lim
E+o

(m-1)
req.'f

) ¡z (tf z
+t

2

+
I

t

3 3 3 m 3 3

Iim f (m-1)

E+o re9i+I (ta) ; zr(Lr), . . . iz*(tr) ;t,

That (2.31) and (2.32) are compatible follows from the

impenetrability condition (2.I8) of Chapter 2.

3.3. COUNTABLY NORT'{ED SPACE FORMULATTON.

The existence and uniqueness results of the last section

are derived in a somewhat more unified fashion here by

working in the topology of a countably normed space (see

Getfand and Shilov s 7 ) . The countable set of norms is chosen

so rhar operators of rhe form €r]ä /l:drr,+t lvrr*r-vr l x are

bounded on the entire phase space. The unbounded behaviour

of this operator is similar to that of the multaplì-cative

operator rl so we must ensure that an element of the function

space when multiplied by v, also lies in the space. This is

achieved by including . rlP weighting in the countable set of
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norms. A similar problem arises in quantum mechanics where

the countable set of norms is ch.osen to make the nrultaplicative

operator rrxrl bounded (see Böhm tt ) . The structure of these

norms is similar to those discussed above. Boundedness of

the time evolution operator sha1l make the existence and

uniqueness proof much easier.

Again we parameterize the characteristics "t[ti. ^j"'J
. n. n n, n . nþy ,i = zi(srrkro) and t : s wnere z. \o,rkro) = ,iro.

r(n).(2.;L\ =t(n).(rlt=.r! r \
regl' r' regl' r' Lro) t=J satisfy the equations

(2.8) together with jump conditions (2.5). The following

countable set of norms is chosen for the space of vectors

h_-^_ with bounded piecewise-continuous components-reg
n
kro );") where the discontinuities are fixed

xn
kro'

n)
eg.-)
r.t

h(r (,!t" , "
w

p

il{:} il n;P o<p'<p

n_ ntl(=rrk
tth

)
o h(tt) . (rl.-^,r! );"1regl ' r Kro

Ph ({,o)

re9 nax sup esssupj ,l,o

and h I r"s
ß'1;P

ß>1

(3.1)

(3.2)

n
l

k=1

{æ
5'

n=l n

I
-re9 ß

ll lr"gll",ln, 
n

where h(v) - O

[* ll ,I:]ff:] g>o

as lv l*- f or y>1 and /+-a,rn (v)

sup- n>l

=1

(3.3)

These norms are compa.tible and comparal:Ie (c.f . göhm sE ) and

thus may be used to define the t.opology of complete countably
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normed spaces (denored 
"ä:i (:i"' ) .

The hierarchy equations are written formally in vector

notatíon as

(pvrh
rcd

os regI -c where 3 -- Itth=, 9= )

together with the usual jump conditions. We show tnat ç(3)

is a bounded operator in the topolosy "t oäiT(:i"". clearl-y

(s)

reg c.n.
ß'1(-)

(s). fres (s)

reg c.n.
ß'1(*)

(3.4)

and setgresehuppoSc

g = êtsl'

:D

Then

v

+ v

reg c.n.
ß'l(-)+D eD

gre h-reg

[":;'
l)+ H-.l-r

(3.s)

n
= r.=k o (n)

teg

p
ess sup

n tth ["ï,","1,or,"]s

'k,o
j

or'({,ol

-1 .Jô

"; /: dtr,+r l tr,*r-tr lrr {vrr*r)

n
I

k=1

+

þîJ

";i/: d'r,*r l'r,*r--', I h (',r*r) D
H-.

l

sup v-trh4l u""*r l'r,*r-'r- | tr {v,.*r)

l"r I

þã

t

sup

rh

>L

>I

up

c-+1
H-.

l

["i;l' . "i:îl

tth

sup

v
I

tv+

Vth
<1

-1.+- - r

;/î d'r,+r l'r,*r--'r I h (',r+r) (3.6)
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v/here

n
T

s tzk o
ess sr.rp tth

n
z_kro

We need the inequalitY

n
)II

a=I
gn (t 

r*,. oh (vl )' rro

k
(n+1)
regj

H\f

k

h
(n+1)
regj

h
n+1
i

t fr. n n. n I
fzl(s rrk,o) rxr(s rrkro) rvn+lt... tsJ

t= , 'l*lt, =)

,h).[l 1,.¿l ä:î(*);p + I 1,"ü

(z

(3.7)

(3.8)

reg
ß, r ("") ;p+I

k
H.

l
ess sup

n+I
Kro

n+I
I ph(v

i=l
n+1
iro

where we have noted that til,o and vr.*, equal "Tl: for

some j if we set [rlt","l,o);"1{=,rl,o) ,vn+lt...) =

(=l*tt=,ri]ll ;...) - From (3.8) it rollows that

rr llf€9ll ?r. s ll ß,l. (-) ,p
<2

" 
(tahß

where C (v 'h)

(3.e)

tlt
-1r*æ - r: 

";i/l;dw lw-v.,,ltr twl
I I dw lw-v.n In twl+2v +æ

-vrh rh

From (3.9), ê,") is bounded (or equivalently, continuous) in

rhe roporosy "t oäi](:i"'
To handle convergence considerations in the existence

and uniquelless proof for solutions to the Cauchy problem

for (3.¿) I we also neecl the following result : there is

K > o such that t
lll'"gllä;i(æ);p+n < K(n!)Y ll l'"slË:i(-);p (3.r0)

for atl n, where y is given j-n (3.3). The solution to the
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Cauchy problem Tras the form given in (2.I9)

=Pl ; |.i: uu- ira*r/] uu,*, Çrs,*rr
Lm=o 

\

s
f (ê) Í

2¿â
19(êr)-re9 o

(ê=o)f
-reg

.r lf"
-reg llß,

( 3 .11)

( 3. 12)

That (3.11) is Cauchy follows from the norm ínequalities

,,f ^ ^ ê ê^ I ,,r.o

ll fC 
aâ* ô{ê,n) /o'n uo*-, g(â*-r) -.-lo'dsr E(sr).J. I*nllu,r,*,,n

ß
IZC(v..rh)tn

. 
ll U"- dê*-r Çts*-rr

¡zß+rc (v*,h) ê)m
il f

Ë:

aôx
m

f¡¡ui 
uâ*-rÊ(ôm-r) --- Ê' uê, êrerr] Lun lt,

s

I ("o) tp

I ç(â1)Jc, os
s

1(oo) ;p+l

max
o(n(m

g
I (c") ;p+ns-rem!

since 
"ä:i(:i"' 

is complete, (3.11) is conversent in the

countably normed topology to an element of this space. Next

we must check that term-by-term differentiation of (3.11)

is valid and that the result is equal to êfS).freg(g).
It can be easily checked that the term-by-term differentiated

series is uniformly convergent with respect to time on any

finite interval. The result then follows as a simple

generalization of the proof for scalar function valued series.

The jump conditions are easily checked separately.

Uniqueness comes from an analysis simil-ar to that of

section 3.2..(2.2L) for a solution of the Cauchy problem

with zero initial conditions is used toget-her with the norm
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inequality (3.I2) .

Thg above approach could be adapted to handle also the

delt¿r-function part of the r.d.f .'s. We would need to take

account of the delta-function component in our choice of

each of the countable number of norms.

(r) 63.4. ANALYSIS OF f FOR THE I"V.P. WTTH A SINGLE
)SPECIFIED PAR TICLE.

Exact closed equations for ffl)ô are obtained for the
)

i.v.p. where a single particle "o"has specified position

x = o and velocity v' and the rest are in a suitable

"factorizíng" state at t = o. These states are constructed

as fo1lows. We start with the state where the background

of partj-c1es is in equilibrium at t - o (and thus homogeneous).

Explicit initial conditions for this state are given in

Chapter 2 (2.1-4). In this state certain factorization

conditions are satisfied. The particle specífied at the

origin acts effectively as a hard wall. Since the particles

confined to x < o and x > o do not interact, there are no

correlations between these particles. So if jcl ) o,

g = 1r... rm and kU <

f (z-¡...¡2. )I m+n
f.

From Chapter 2 (3.4) and support considerations,

have the factorization condi-Lion

(nrrn)
jI...jmkl...kn

(m)

j1.-. jm (z-¡...¡z )f.IM
(n)
kl.

(1)

krr('^+1 í"''z
(4.1)

r,¡/e also

r¡H-n

x

jt j2...i* ì o
jaljß for a;13

(m)

jI. - - jm
x

<o

m

I
i-
I-

l

(4 "2)

f (z-¡...¡z )
IM I l

f (z
l_



79.

in terms of the symmetrized r.d.f .'s for x ? o'

An inhomogeneous state is createcl by switching on an

external potential for a certain period of time while

specifying that particle rlotr shoutd remain at the origi.n.

We examine the time evolution of the symmetrized r.d.f.'s
- -(m).r L ,-2^ tiI...jm corresponding to the semi-infinite

3I. . . Jm<o

systems * ì o bounded by a hard wall at the origin. since

these distributj-on functions are symmetrized, they describe

the behaviour of the corresponding systems of unlabelled

particles. AS observed by Jepsen 
o o and. Lebowitz & Perco= o t

such a system is equivalent to a one-dimensional ideal gas

of point particles (confined to x ì o by a hard wall).

consequently the symmetrized m-particle r.d.f.'s remain

factorizable as a product of the symmetrized l-particle

r.d.f.'s. So (4.f) and (4.2) are still valid. rf we choose

for our initial conditions the value of the r.d.f.'s when

the external potential is switched off, then

f (n) (1)

[,.]" '':'@f --iznio) = f (z
n
IT

í=2
o z ;o)

a
(4 .3)

o o I

using (4.I) and (4.2) for the initial state. If we cons-ider

the delta-function behaviour in zn aL t=o, then it is clear

that for llo

r1t)(rr, ...iznit) = rj"-t' (2t,..;zrr-r;o) 
[n]"tlt'(zrr;o)+ô(xrr)6trr"-"'l]

* nrt" (z' ì ..iznio) (4.4)

where sjt) {t=o¡ is regular in variables ,I and "n. A-l
suitable limiting procedure must be adopted when considering

points with delta-function or discontinuous behaviour
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(see Chapter 2) " In fact (4"3) can also be expressed in

the form (4.4) provided we adopt the above-mentioned limit

interpretation. Consequently (4.4) may be used for all j.

The initial state has been prepared to satisfy this

partial factorization result which shall be crucial for

the following analysis. The factorization result is first

extended to precollision regions of phase space for times

t > o and then used to truncate the hierarchy for the

delta-function part of the r.d.f.'s.

The definition of o Ít) is extended to times t > o')
by writing, for n > -l

f (n-1)
j (z-¡...¡z -;t).I N-I

I) (x -v t,v ;o) + ô(x -v t)6(v -v')nnnnnnklo

regions of phase space R:-p
f") satisfr¡ the same set ofl
+ Kf") I repraced byJ)

,l\'

*nrt" (ztì..;zniE) (4.5)

with a suitable interpretation of points of discontinuity

or delta-function behaviour. For our purposes t(n-I) in-l

(4.5) could be replaced by f
JI

where j n depends only on

. We confine our attentionI

(n-r)
.#l
t:O+v -v t and i" = i when x--v

CICII

from now on to the precolli

defined in the last chapter

here *irh 
[*

sion

.g

equations as fj")

l*. i.,,ål
I a=r a"ij

precollision regions,

characteristi '( âcs otl ãE
t

u (Rt, t) .since o Ít)
o<t<r P -J

Since these equations are invariant on

thel' may be i-ntegrated along the
n

+ ; v. =3-ì in some reqion
i=t r- o*i.j

is regular in z, and zn at t = o,
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it follows easily from the hierarchy equations tfrat qjn)-)
are regular in ,I and ,n throughout precollision regions.

rn particular nJ" ,rr;x],vr;L) is reguJ-ar for all E > o,

t ), o.

This is the main result usecl in the analysis of the

fj-rst order hierarchy equations for fjI) . Upon substitution
J

of the factorized form for f\2) , we obtain
)

*.",ù] f (r) (1)
j-r(z Y, (xrvr; t)I

+ ß, (xr,vr; t)

H (v'-v I I

(1)
(zf (z ;t) - f ;t)I j Ir)j

(r)
j+r

(1)

) (v'-v f (z ;t) - f ;t)

(zriE) - f (z ;t)j t

(1)
(zI l I

f

l
H(vr-v') ('r-' , [tj1i kr;E) - ,rtt't,r;tt]

,(vr-vr) f (xr-vrt,vrio)

(1)
j+r

v=*lô
IM
-)O

I*E

E +o

where y ( x ,v ;t) =f I 1

I

+

(1)
j+1 It (v-t+f ,v ;t)

r)

,2
2

d.v+ Iim ¡4<p

)^ -v ['
v

(2)(2)
(j) @Lr*I,vrit-) - sj (zuixr,v, ;t) (4.6)

(4.7)

(4.8)

I

I I

and ßf (xr,vr;t) = lî , (vr-vr) f (xr-vrt ,vrio)

-oo
dv

dv

with f = I rfr) . Since the last term in (4.6) is
klo

regularr \^/ê conclude that the term exhibiting expticitly
the delta-function may be replaced by the jump condi.tion

lin -(1)
E*o 'j

I
E

l-m
+o(v't E ;t)v

The resulting equation is satisfied everywhere except across

the line *I=t't where trtt' have a simple discontinuity given

by (4.8).
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In the following we consider only Lhe delta-function

part of f-,(I). Consequently we make the decomposition^l
(r) (1) 6

jf (z ;t) - f (v', t) ô (xr-vrt) ô (vr-v'
l I

where f (r) ô ancl f (r)I reuj

( z ;t)
J

I

are regular. Substituting (4.9) into

)+f (r)
re9

(1)
reg

(4.e)

(4.r0)

(4.6) gives uncoupled equations for f and f(1) ô
j

(1.) 6
j(v'rt) - f (v r)

J

(1) 6
j fIn particular for f (4.9) yields the exact equations

* ,jt'u (v',t) = "¡r(v',t) ltjll'
+ß (1) ô

j+r
(r) ô
jf (v ,t) f (v',t) - f (v'rt)

(1) ô
jf (v-, o) r. (4 .r2)

where yr(v-,t) = yr(v't,v';t), ïf.(vt,t) = ßf(v't,v'ii-)

These are the equations that we shall analyse throughout

the remainder of this section.

The initial conditions associated with the problem

described are simply

f (I)ô(v.,o) = ô. (4.II)
I lro

Consider now a class of i.v.p.'s, labe1led by N, where the

r.d.f .rs for particle rr jrt are given by tjlì (zf ...;zm;o) .

If we take an arbitrary convex linear combination of these

initial condiÈions, it follows that ffl)ô will stilt
)

satisfy (4.10) , but now we have the more general initial

conditions :

(r) ô
jf (v'ro) >oforall jand

l

{æ
I

=-OO

A conservation result is easity derived from (4.I0) by
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surnming over the index "j", namely

ï f {1)ô(v',r) = ï f (r)6(v-,o) = l for all r >. o (4.13)
]=-- 

- 
]=-- 

J

i.e. there is a probability of one of finding a particle at
*I = v't given that this is the case at t = o.

The equations (4.10) can be solved by Fgurier transform

techniques described by Anstis et. aL. o2. Flowever, the

analysis developed below will exhibit more clearly the

structure of these equations. First let us consider the

case of an homogeneous background of particles rvith velocity
distribution h(v) (normalized to one) . So f (z¡o) : ph(v) .

This includes the case of quasi-equilibrium initial
conditions. From (4.7)

Yph

ß pr,

(4.r0)

(v' , t¡ (v- ) = p I:: dw (v.-w) h (w)

foo
v(v', t) = ß (v') = dw(w-v-) h(w)

= Yph

ph 9I
(4.14)

(4.rs)

may be written in vector form as

fôcf (1) ôd
AE

c

ôI( )

where f(1)6 is regarded as a column vector in the sequence

space 11 with components f{1)ô. The tf norm is defined by
J

ll :'''ull, f (1) ô

)

ômatrix representation C ij

{oo
I ô 1 1I +1 is a bounded,

j

non-compact, l.inear operator (see Taylor t n ) . In the usual

ö

"l: = ßon{"') oj-r,i + Yph(v') ôi+r,i - (ßontt,-)+Yon(v')) ur,,

(c ), we have

We next determine the spectrum of ç
ô as this will

(4.16)
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provide a qualitative undersLanding of the nature of the

approach to equilibrium. Let o( ) denote the spectrum of
an operator so o( ) = Po( )unot lúcot ) where Po( ), Ro( )

and Co( ) denote the pointr rêsidue and continuous spectra

(resp.) Define the bounded l-inear operator cl on r.1 byrO

(y +-ß (4.17)ph phcô

It will suffice to determine the spectrum of ç9.:o
First we prove that Po(g3) is empty. The eigenvalue

equation in component form for çl becomes3O

I
^,

c6¡;o

= Y -f .'ph l-r-
IÀf + ßpnfj+r

Yph oj-t,t +

for all j, f (lo\ g 1

J

Define Lhe (continuous) function n (0) ï ¿fojr.
j:-- l

n(0) is not identically zero by Parsevalrs formula.

Transforming (4.18) gives

+10À- (Y e +ph

Cô,!o

ßonø-^u,]n(o)= o

(4.18)

(4.re)

l_s a
læt (r r_s

(4.20)

A contradiction is obtained from (4.19) by considering the

range of rr0r! for which n(0) I o, since yph, ßpf, > o and

À must be independent of rr0rr. Thus Potçå) = li

To determine the other components of 
" 
(ç:) r \in/ê

consider ç3 , the Banach space adjoint of ç:.cO

bound.ed linear operator in the dual space r- of
the space of bounded sequences). In the usual matrix

representation Çl = (c!'., *) , ure have!o o l_l-

cô'.o l-l ôß prt j+1, i

To proceed further an alternative characf-erization of the
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spectj:um is used. For a bounderf linear operaLor I ott

a sequence space 1 | define the compression spectrum to be

r(ç
Then Ro = l\Po

Co (C [Jf

"õrO

o

entries and

there is Ir t

So

ô (çå

co(

) . However since we also have f (ç:
cô) [r Po(cô').ÈO' 'æO

) ='{ÀeC : n(ÀI-Ç) I r} (R = ranse) (4.2L)l

(see Halmos uo ) . consequently otcjl =

= Porçå ),ô
)

We prove that co (Ç

)

o(

o

0eIo ¡2r)]+10

.eQ.'l

) is contained in the ellipseÒ

o

E='{ÀeC: À=yphQ. +ß -i0p,
ph

(4.22)

From the corresponding analysis for çl on the Hilbert space.:o
,2 > .1 (Appendix D) , co(ç:) = [ in ,2. Now suppose

À e co(çå) in ''.1. choose Ë > o and y , 12. v'Ie may write

y = y.t + ôy where y.1 has only a finite number of non-zero

ll ov llz < e /2. Now since À e co (cj) in .t,
in ''.1 such that ll trr-cô)ï.r-I,rllr <E/2.

ll trl-cô) ï,., -yllz <

since ll-ll2 < ll-llr and consequently À e co (çf l in ,2
AlHenceco(ç;)gEinr.

To complete the analysis r vtrê determine Po (C3 ) . Let

x(lo) , .* b. an eigenvector "r Çl' .ottu=ponding to the

eigenvalue À. The jth component of the eigenvalue

equation becomes 
^*j 

= yo¡xi+l + ßo¡x,-f . v'Ie transform

this equation to one in a generalized function space Q'

(for a suitable class of test functions A) . Defíne

l =-OO

(4.23)
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above series

in the space of tempered distributions, the

converges to a generalÍzed function Ç if and

lj l*- (see Lighthillu' ) "

I o in Q'. Transforming

6 ( 0) o (4.24)

B6

) i sinO :0e Io ,2¡rl]
(4.2s)

(4.10) as an

(4.26]-

("i¡ (r) ) ,

only if x. = o( li lN) ro. some N as'f
Furthermore : I o in t- implies e

the eigenvalue equation gives

(Yph¿À
-îo +i0+ ßpnu

If 
^ 

/ E, this equation has no non-zero solutions Ç e Q,'

(a contradiction). Therefore po(ç9')ç s. Suppose'æo

-1o* rfn*

^ 
= t'n q rv + ßpf, ø'-u for Sonìe e* e [or2n] (so À e E).

The corresponding t- eigenvector is given in component form
r -^by *j = + ¿-io*j (j an integer). Consequently Po(cj ) = E.

In conclusion

o (ç6¡ = no {çô)

='{À e C : À = (y + ßph) (coso-1) ßpt+ (y

I

ph ph

Returning to the general caser wê rewrite

equation

ô (r) r (1) ô

1

d
AT

ôI
: Ç

ôwhere in the usual matrix representation ç (r)

we have

c9. ttl = ßr( Y',t)uj-r,i + yr(v',t)oj*a,i -(ßr(v',t)+yr(v',t)Jôj,i
(4.27)

Using the commutation property (verified by direct calculation)

þo t 
ti , ço (.-,_l_ = o for all E,t'> o. (4.28)

and the Baker-Campbe1.1-Ilausdorff theorem, it foll-ows that

the solution to (4.26) is given by
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r (r) ô (v.,r) = êXp [[.t/;u.,ro ,.-,1 ..1
l' -'| )

I ) ô
I (v'ro)

f (v' , t) -ß
av
f (v', t)

(4.2e)

(4.30)

(4.31)

(4.32)

(r) ôThe behaviour of f in time is determined by the

spectrum of the operator *-t

may deduce that this is given by

/ia.'ç6 {t-)

Èl:u.-ço (.')tl:u.'cô (r-)

From (4.25) , we

o =Ro

Àec:À=
{ þ?",',,',.,

av
+ß (v't) (cos0-I) +f þ

av

x î sin0 : 0e [or2n] ì
Ì

where vf"{.r',r)+/: dr-yr (v' ,t') ana ß!v(v-,t) = {tat'ß ,(v.,t,)

For such À, Re ). ( or so the solutions of (4.26) decay

towards equilibrium.

l-or a special choice of initial conditj-ons, h/e consider
the asymptotic behaviour of Bf, \¡ as t + -. Suppose for
i I o, trtt' (zr;o) = rJ txr;o) h (vr) wirh h ( ) as in (4.r4)
and with fs = I f ì (C-1) summable on (o,*) and (--,o) to p.

ilo r

fì could for exampre be the spatial part of the equilibrium
J

distributions tjt) under some externar potentiar. rn this
J

case

Yf (v', t) V dw (v"-w) .f sI -CO
(v" -w) t h (w)

ßt (v', t¡ |î a* (w-v') . rs 
I 
t,r'-"1 .]n t*l=l

ß, (v', t) has the form

ß, (v'. r¡ = t I dy 
" 

(Y"-) rs (y)

where G(x) = xh(x+v') e 1,1(-ær*oo) and fs is bounded and
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strongly measurable. Define a class of functions Gt(t) ¿

w(o,-¡ g Lr(o,-) by t-he requirement that /ia. rÀÎcr{t) I o

for all real À. In particular Gr(t) = H(1-t) e W(o,-).

The asymptoti-c analysis of ßr(v'rt¡ shall be achieved using

a Tauberian theorem proved by Wiener u' (see also Hil1et 3 
) .

rf GI e W(o,-) r G e I-l(o,-) and fs is bounded and strongly

measurable, then

lï + /:- dv cr tË) rs (v) = a l:* <1v c, (v) ( 4 . 33)

implies

lli tr(v-,r) = yph(v') .

the governing equations

dy G (Ë) r= (y) = a l:* dy c (y)

So for this case, the form of

(4.10) in the t+- limit depen.ds

lim
t+-

t*æ
)o

1
E

The theorem may be proved by noting that the dilations about

the origin of any Gl , W(or-¡ are dense in tl(or-). Making

the choice of functions indicated, it follows from (4.33)

im
->oo

atrh I
t ß (v-, t)f = ßO¡(v'). A similar analysis shows that

only on the details of fs through p i.e. the details of the

inhomogeneity of the initial distribution do not affect

the asymptotic nature of the approach t-o equilibrium.

Iresp .y¡ (v' , t) ) must be (C-1) summableAlso since ß, (v- , t)

to Êo¡ (v') (resp. y (v') ), the set c dt-c to
1
E

t (I ô
)ph

approaches o (Cô) as t+-.

A detaiful trrtfysis of the nature c¡f the asymptotic

approach to equilibrium may also be made. Specificalll'

for the initial conditions f (I) 6 (t=o) = ô_, ^, the solution
I )to'

of ( 4 . I0 ) by l'ourier analysis is
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r(r)ô(v',r) = +iifi uo "*[ît rvi"-o]") (sino)r-j0rJ"*nIrv?"*ßf,') r.o"o-t,.]

The asymptotic analysis of (4.34)

Laplacers method (see Carrier et.

I
¿fl, z exn

(4.34.)

ast+-issuitedto

aI. uo ). we obtain

r 11) 
ô (v',r) = + /fao .,ç þr,t;tui", .-: t u]

I rv!'+of"¡ ¡1ä z tv|'+sf"l

exp i,'
)2r(Y

î"*s?"1u"]

I
av av

-ßî. f. (4.35)exf)

as t+æ

This decay is associated with a time scale " tth" , the

mean free time. Correlation functions associated with the

delta-function part of the r.d.f.rs are usually derived from

expressions of the form

f: dv'c(v-) tjt'u(v',r) (4.36)

for suitable C(v'). The asymptotic behaviour of (4.34)

as t + * depends on the nature ot t?t t ßfv as functions

of rrv'rr in this limit. For the above mentioned choice of

initial conditions where f (z¡o) = f s (x)h(v) , we have

Y?t(v', t)

vlv (v', t)

(v-rt) tu pv'

ß?" ( Y' ,L)

(1) ô
j

ast+- (4.37t

> const. (>o) for t sufficientl.y
large.

av
fß

and

It follows that the major contribution to (4.33) for large rrtrr

comes from the neighbourhood of v'= o. If C(v') n, c.v'h as

v- -¡ or then

" -[:r*]]' as r + -

+

r*co
)_- dv'c (v') r (v', t)

(4.38)
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3.5. ANALYSIS OF f (1) ôp FOR THE G]]I']BRAI, ]: . V. P.

The specif-ied particles at f. = o are chosen as in
section 2.8. The remaining part.icles in each cell
("i,"inl) may be distributed inhomogeneously at t = o.

!{e require that the higher order symmetrized. r.d.f .'s
for each cerr should factorize as a product of symmeL-.rized

one-particle r.d.f.rs and that there be no correrations
between particres in dífferent ce1ls at t = o. such states
may be prepared by the application of an external potential
to the corresponding quasi-equilibrium state (c.f. section

3.4). There should also be appropriate (C-f¡ summability

constraints on the initial conditions to ensure that the

mean particle numbers po (resp. pX) exist for the

cells ( -*, XI) [resp . (\ , -) ) .

tf ** of the x. (i=1 ,2,...,n) líe in the cell
(X",XK+l), then because of the above factorization property

tji) (zL, . . .,ì znìo) (1)
nc[

f (z ;o)
N-1

II
K=l

*Klo

*K
ÏI

j=l

rL

X

I

ô(x -x )ô(v -V ) + f(zj l_ J l-

L
klna
c[= 1, ... rN

(1)
k

(zL, .. ,z _r;o) c(x2r... rxn)

ô (xn-Xi) ô (vrr-vr) + f (zrr)

[,i,2

n
]T

l
X

lulr
Ii=r

)j

(n- 1)
n0

(s.1)

where here f(z) f (xrv;o)
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and c (x2i .. t*rr) = 1 if *r, = Xk for some k

P^--rç+ 1
if *r, r (Xx,Xf+I)

P
K

The numerical factor appears as a consequence of

normalization. A suitable limit procedure must be adopted

for the interpretation of (5.1) at points with delta-

function or discontinuous behaviour. If we write

tj"' , rLi...izn;L)

tj"-r) (rr ì... irr,-rrt)

+ njt"' , ,ri .. . izni:)

again adopting a suitable limit interpretation where

necessary. 9j"))

rf") wíth 13 + K
I [dr

1

N
t
=a

X ol(x -v r)-x.lô(v -V.)+f (z;r)vnnI'nl-n

(s.2)

satisfies the same set of equations as

(n)
j

ì
I

)
replaced by â

ãE +
n
T

i=I
ov i âx.

l-
on

precollision regions of phase space and the equations may be

integrated on such regions. It is clear from (5.27 and (5.1)

that here gj") ( rLi...iznio)")
coefficient of the delta-fun

respect to ,L (denoted nj"'u

j,nP (z2i ". ";zn_u;o) f(zn;o)min o(1),o((n-Z)e )

is regular in "n and that the

ction part of øj") {t=o) wíth
P) has an order of magnitude

(n- z)
ô f

max Iwhere E = i P.
a (s.3)

From the governing equations it. therefore follows that, in

precollision reg.ì-ons, nj"' will be regular in 2,. and gjn) 6e

will be bounded by exponential growth from the maximum

initial value. Banach space techniques may again be employed

here to provlde a rigorous anal-ysis. The above remarks aFPIY'
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in particular, to n!" ,zr;x-r,vr;t) .

If we make the decompositj-on

,it) (rr,., =,1" r{r)ôi(t) ô((xr-vrt)-xr)o(vr-vr)
- I=I

(1)
rect.-J

s

*g (2)
re9

3

then (5.2) may be used to yield the following equation

lÐ kr,xl,vr;t) 
rlrnÍ'l 

ôt¡t*.*u. L),v2;t)o ((xr-vrt)-xr)o (vr-v. )

+f ;t)I

.I (r)(r) Y

ß (r)

f

+ l_

l_ dw (w-V
J.

f (r) f (r)

(=r,'*r-,vri1'l

wirhS!tr.l =.11ä l}u"r,,r-vi I

d (1) 6i
j

(r)

f

(1) 6i
j-1

(1) ôi
j+r

(1) ôi
j

(1) ôi
j +t

(5.4)

(s.s)

ôr- (r)
)

(5.6)

fdr

(r) f (r)f

t'
I

f(x +(v
a a -w) t,w)

(2) ôi
j ({x. +v. tl - ,v ril-)

except for t = ti,¡ where fÍt) ôi are discontinuous and

satisfy the junp conditions (8.I2) of Chapter 2. We have

set
Vi'(f

ßi (t) = 1,1- u* (v* -w) . f (x. + (vr-w) t,w) (s. z)/i l-

Approximate kinetic equations for ffl) ôi are obtained by
)

neglecting the lasL term on the r.h.s. of (5.5). In the
'l

reqime R > = >> 1 they will be accurate for
JL

t=



o?

o< .0nP

4 a

(v', t¡ . f

r_s a

(s.8)

(s.e)

(5.10)

( s .11)

CI,

tth

For the case . f (xrv) = .' f"(x)h(v), N(ær we have

. v.yi (r) tu p*/: dw(w-v.)h(w), ßl (t) 'r, o-rff ¿'(vi-*
I

)h(w) as t + oo

The periodic problem where the specified particles are

at x = KL with velocity v- at t = o may be treated as
-(1) 6

subcase here. rf f . = t f-(l)ô and
I i.= j (modp+t) )

a

-ô
ç j

(v-, t)

and !, (v', t)

5'

)'=j (modP+1)
, .r vre may sum (5.5) over equal j (mod P+1)6

j

to obtain

* -r(l)ôttl = g?

where -f ( 1) 6 (r.=p. Çô )

(r) ô *to

components Efr) ô 1resp.Ç9¡

CPef = \. A
Ig

^+llgf+

(r) (r)

(P+I) dimensional vector with

and

(yr * ßr) r-

= f-: dw (w-v') f [(v'-w) L, w)

ßf (v- , t¡ fI: dw(v'-w) r ({v'-w) t, w)

(5.I0) has the same form as (5.I4) of Chapter 2 and thus

may be integrated in the same way. Note that the rrP+lrr

eigenvalues "f 9? Iie on a time dependent ellipse in the

left half complex ptane. In the t. 1. Pt L + -, Ë = Q,

these eigenvalues coalesce to form the whole ellipse, thus

recovering the result of section 4.
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3.6. A SYSTEM WITH AN EXTERNAL POTENTIAL.

We reconsider the problem treated in section 4 with an

external potential V(x) included. Initial conditions on

the r.d.f.ts are constructed exactly as in section 4, in

particular (4.3) is valid. For exampler wê could choose

tj"' , rLi ...ìznìo) to be the equilibrium <listributions

associated with the above potential (given that particle
Itorr is specified to be at x : o) provided such equilibrium

r.d.f.'s exist.

First we describe the delta-function behaviour of

the r.d.f .'s. Let x(tl*- ,v'iL' ) be the position at time t

of a single particle moving under the infl-uence of an external

potential V(x) such that at time L' its position is x' and

velocity v' and v(tl*',v'íL') be the velocity at time t of

such a particle. Set X(v',L) : x(tlorv';o) and

V(v', t) = v (t lorv';o) . The delta-function dependence of

the r.d.f .rs is then of the form

ô(x.-x(v',t)J ô (ni-v(v',t)) ta.rl
fj") here satisfy the hierarchy equationsl

n AV( x.)
L

*** m a=I âx
a

ãv.
l_

f (z t ... rþ ;t)j I n

(n+t¡
(j)

(n) I (n)çj

(n)

l

(6.2)
lim ¡*æ

= ;;; J -- dvn+r ltr,+r-tr | [t (zr; x' vn+I ¡ z 2î . . . i zni L)

Define f (zLi . . .; zni L)

,j"*t' (zr;x' vn+I ¡z2ì ..;zn;t)J

6 (xrr-x (v ', t) ) o (vrr-v (v', t¡ )

+ f (x(o I *rr,vrr; t),v (o I *rr,tr.r; t) ) ]
,r; t) (6 

" 3)

(n-Ð
j

J

(z t; .. .ìrn-r;t) '

(n)

rI

+g j (z I t...r-
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\,ùhere f (z)

â

ar

X

(z¡o). SinceTf
klo

(1)
k

t

n
+T

:1l-

I ðv(x. )I ov,
a m .l-=I ãx. ôv.rl-

n
T

a

ðx.I
(6.4')

ô (rrrr-u( v',t)) * , (x(ol xrr,vrr;t) ,v(olxrr,r,r,t))]

=o

it follows tfrat g Ín) satisfies the same set of equatious

egions of phase space wittr

nd the definition of

precollision regions incorporates the effect of the external

potential). For a certain range of vl, given x, at time t,

the equations for gj") t ; t) are invariant on such regions-f
and thus may be integrated there. For the invariance

conditionr wê require that (zr;xl,vn+I¡22i...;zrr;t) be in a

precollision region if (zriz2ì...¡zn) is in one. A sufficient

condition for this to be true is that
(--lxt,vr;t) : sgn (-vr) æx (6.5)

i.e. a particle at x, with velocity -vl can escape to

infinity ["f = sgn(-tf)-) so we are avoiding bound state

phenomena. For such vr, if two particles are aL ,I and

(*-trtrr*t) at time t, they will not have interacted in the

time interval (ort) under two body motion with an external

potential. From the integration of the equations for gj")')
on such precollision subregions, we see that since

nj"',=Ii...izn;o) is regular in ,I and z, , the same will

be true of nj"' , riì ...izniL) provided tr = v(v',t) lies

in the prescribecl range (6.5) .
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This witl be true if

X(v',ø¡ - *[-*lx(v',t),V(ú,t);t) = sgn(-v-) - (6.6)

Tn particular n for such v', nJ" ,zr;xr,vr;L) witl be regular

in all variables for all E > o and t > o.

rf f11) is decomposed into regular and delta-function
)

parts as rÍ1) 1"r;t) = trtt'u, í,t)ô(xr-x(r/,t))ô(rrr-utí,t))

* tl"tl @rit-), then from the first hierarchy equation we obtain,

for v' as specified above '

# rjt' (v',r) = I\"" t)d*(v(v',t)-w)t[*["lx(v',t),wit),.r(olxt.rí,tt,',t)J

(r) 6
jX f (v',t) - f. (v(r) ô

j-1 )t

+ Iîru.,r) d'[w-v(v',tl)r[*[olx(v ' ,t) ,wit) ,rr[olx(v',.) ,t,t)l
)

" ltjilu (v-,t) - rjt'ô(.,-,.)J te 'zl

This equation may be solved in the usual way.

Finally we give a qualitative asymptotic analysis of

the expressions appearing j-n (6.7) for t + - in the case

where suppv(x) I [-R,R] for some ft 4 æ. Suppose also

that f(z) = t=(*)h(v) with fs(*) (c-1) summable to p on

x e (or-) and (--ro) . For large Ll

t(olx(v',t),w;t) = w except for w = v(v',t) + o(Ë)

"("lx(v',t),w;t) = (v{v',t) - w) t + o(R) (6.8)

We therefore expect that

¡u 
(v' i E) 

aw (v ( v', t) -w) r" [* ¡" I x (v', tl,on, t) ] n 
[' ¡" I x (v', t),,o, t) 

J

tu , Í\" '-) dr (v(v',-¡ -w)rr (w) as t + co (6 - 9 )

and that a similar result will hold for the other integral.
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3.7 A POSITIVE PROPERTY FOR THB f (r) ð

Let us return again to the i.v.p. where there is a

single specified particle (sections 3.4 and 3.6). If we

make a (physical) choice of initial conditions f11) ô (t=o) > o
)

then we show that the kinetic equations guarantee that

rÍ1)6rtl > o for afl t > o. rt follows from a conservationl
result that the inequality is strict. The method used. is

a simple adaption of that discussed by Krasnoselski 6 t for a

finite autonomous system of ordinary differential equations.

The kinetic equations have the form

d r(r)61t) = çô{t).r(r)ô(t) (z.r)æ

where J(rlô i= an infinite dimensional vector with
1116 1.

components f-ì-' (t) (regarded as an element of r *) and'l
-s

Cq (t) is an infinite matrix which in the standard
z

representation has comPonents

cfrttl = ß(r) oj-r,, + y(t) 6i*r,i

where ß(t) , y(t) > o for t > o.

These equations are rewritten as

(ettl + v(t)) oj,,

(7 .2)

1
(1
)-
(r

(t) = c[fd
AE

f (1) ô
j

)o

)ô(.)

(r) ô
j'

= g(I

f f (t) ô r) ( 7.3)

or in vector form # :

j+r
(1) ô ;t)

The property of C( ;t) rvhich primarily guarantees the

positive nature of the solutions is that

C(fro,f'ìt) > o for all t and f,f'>o 0.4)

The linearity of C( ;t) is not essential- for the posÍtivity

result. In fact it is necessary only for C( ;t) to satisfy

a Lipschitz type condition of the form
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ll gtt;tl g(I';t)ll \<c(t) ll I !' ll lz.sl
where c(L) is a bounded, continuous function. ll- ll i= chosen

to be the 1p norm w.ith p = @. (7.5) for I < p < oo gua.::antees

the existence and uniqueness of solutions to (7.3).

First we consider the sorutions f (1) ðE in l.- of the

related equations

(1) oE(r (t);L)

f (o) E - E for aII j.

From (7.5)

= I(t)uto)
(I) ôErhwL

+Ef(r)ôE(r)d
ãE

and E.l+

lle_ ll- ' ltr-t, I

= O(ltr-trl) as tr-t2 + o

(7.6)

i7.71

(7 .el

From (7 .7 ) with t =oandt = t, it follows that
2 I

there exists r > o (independent of j) such that

rÍt)ðEttl > o for t e [o,'r). (7.8)
j

suppose that rjr)ôttal > o for t s [o,'r*) (if such]J
a rj exists) and set T' = i*nf T;. rf T' < æ and 'E' is

lJl
attained by some -j (for i = j* saY), then we must have

f (1) 6e
j*

but using (7.4) and

d
AT

(r) 
I <o

å rÍl)ôErtl l.-r, = c[

L=T'

(7 .6) ,

tjlllt (t') ,",rj.tllEt.'r,.-J +F- > o (7 '10)

So a contradiction is obtained. Next suppose that t' < ó

but r' I r. for any j. Now for any n > o there is a )'
-J

such that T' < T
J
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f11)ô8.r" either positive or negative and small (of the
)

order of magnitude o(n) from (7.7\). The equation for

rÍ]) 6E ttl at t = r .. is writtenl'l
d ôE-(r)L,¿

ldt (r)

+æ
t

j=--

t=T
)

"["f'j]lî=,.r.r) 11]) lE1t,-), o, H('j]lîuttr.r).r1]]lEt.,,r iT j

+ "[",-tj]lït,.i.)). tj(]) lEt..,r, o, n[-r1]]lEt.r.t).r j-J
(I) ôE
j'+L (t .) ìTl

+ E (7.11)

The I.h.s. of (7.11) is non-positive. The first term on the

r.h.s. is non-negative from (7.4) and the third is strictly

positive (independent of j). The second can be made as small

as $re like by a suitable choice of n (and hence j') . For

such a choice a contradiction is obtained. Consequently

f .(1)ô=(.) > o for t > o and all j. 0.L2)l
Finarry we show that tjt'ut (t) -> tj1)6ttl as t + o.

Again the linearity of 9 is not essential. In fact from (7 .4)

ll , tu ôur.) _ r (r) 0,., 
ll

ll - - ll - (7.I3)

.< extr)Ufu"'"(r'))ll t(r)ôq,t-I(t)ô{o) ll- + ltat' ."n(/l dt- c(t"))8.

and ll r 
(rl ôt (o) f (1) ô (o) ll- - E . The result is immediate

using the definition of ll-ll- and may be used to show that

rj1)ô ttl > o for t > o and all j. (7.r4)
f

The strict inequality may be proved noting the conservation

(1) ô
j )

{æ
t

)
f (1result f (r) )ö(o) > o. rf for example
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(r) ô
j*f (t*) = o, then

do jlll,'., + ß(t*) 'jllÎtjl)ô t.r = y (t*) f. (È*) ( 7 .1s)dr t=t*

so tjlllr..f = o. Repeatins this analysis ror tjllï and

so onr wê find that til) ô 1t*) = o for all j. This is al
contradiction.

For the general i.v.p. a similar positive property

for the ¡(1)ôp follows from the approximate closed kinetic
J

equations.
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CHAPTER 4

REVERSIBI],ITY AND ENTROPY CONSIDERATIONS

4.T I}JTRODUCTION

The reversibitity of the hierarchy equations for the

one-dimensional hard "sphere" gas is demonstrated here. Our

aim is to el-ucidate the nature of the introduction of irrevers-

ibility (i.e. the restriction to entropy increasing solutions)

and to compare it with other approaches. For the case where

we have exact closed equations for the delta-function part

of the one-partj-cIe reduced distribution functions (r.d.f.)

fÍt)ô, we show that the entropy associated with this part of
J

the r.c1.f .'s is a monotonically increasing function of time.

Furthermore the entropy associated with the regular part of

the one-particle r.d.f.'s fllÌ . may be shown independent ofreg J -

the delta-function Part.
Various techniques have been useC to obtain irrevers-ib1e

(entropy increasing) time evol-ution equations from the reversible

Liouville equation or B.B.G.K.Y. hierarchy. An app::oach

originated by Bogoliubov t , Born & Green o and Kirkrvood 2

involves truncating the hierarchy using a factorj.zation

approximation justif ieC by physical argurnents. Pri-gogine I 3

obtained irreversibte behaviour by taking a suitable long l-ime

limit for the formal- solutious of the Liouville equation.

Bal.escu t o has shown that there exists an invariant subdynamics

associated with the Liouville equation. Time evolution in
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this subdynamics exhíbiLs irreversible behaviour. However

it is unclear in this worlc at which point irreversibility is

introduce<l. This type of analysis has also been carried out

by Gibberd and Hoffman u t . In their derivation of the Choh-

Uhl-enbeck equation, irreversibility enters through the choice

of a causal (rather than anticausal) solution to a matrix

equation. The concept of a subdynamics also plays an

important role in the introduction of irreversibility to the

Liouville equation via a non-canonical (star unitary) trans-

formation (see Prigogine and Mayne 6 7 ) .

In the following v/e recast our previous derivation of

the evolution equations for the t!t)ô fot the case of a
J

single specified particle. This shall be done in a vüay that

emphasizes the existence of a certain subd.ynamics associated

with the governing hierarchy equations. This subdynarnics is

different in nature from that implemented by Balescu and others

(see above) . However it is related to irreversible behaviour

and the refo::mulation serves to emphasize the point at which

we restrict our attention to irreversible (entropy increasing)

solutions.

Since we essentially obtain entropy i.ncreasing solutions

by restricting our attention to a suitalcle class of initial

conditions, it is instructive to compare our work with the

discussion given by Biel 6 E Biel rewrites the Liouville

equation, under certain restrictions, âS a hierarchy of non-

Markovian integral equations for the velocity distribution

functions involving the initial conditions on these functions.

Suppose there is an ent-ropy increasing solution of these

equations {h(n),P.;t) }î=,_ for t }- O with initial condi.tions
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{r,(") (Pi) };=, and that -i-t may be extended to a range of times

t € [-to0) retaining the entropy increasing behaviour. Then

there is an entropy decreasing solution of the equations given

by {h(t) (-n.;r-t) }î=, for t € [0,t] with initial conditions

{t (") (-ni) }î=r For the initial value problems (i.v.p. ) that we

consider, the solutions may not be extended to range of

negative times ancl stiIl retain entropy increasing behaviour.

This may be regarded as a consequence of the special nature

of these i.v.p.'S where a certain number of particles have

specified positions and velocities at t - 0. Since these

i.v.p.'s arise naturally in association with the correlation

functions used to calculate transport coefficients r wê expect

that the corresponding solutions should decay to equilibrium

ancl thus be entropY increasing.

4.2 REVERSIBILTTY OF THE HIER.A,RCHY EQUATIONS

Reversibitity ilâY, of course, be proveC in general but

we give an explicit proof here for the case of the one-

dimensional hard "sphere" gas. To prove reversibilityr \¡lê

use the hierarchy equations (2.19) of Chapter 2 together

with the asymptotic Liouville property and the impenetrabil-ity

property ((2.L7) and (2.18) of Chapter 2) for the t!"). Let
J

us suppose that we have a solution t1") (ztì ..izn;t) for
J

L > 0 satisfying the hierarchy equations and the above

constraints. We show that

(n)îÍ') r, ; r-t)n1
t... rL t e [0,t]

J I t... t- n ;t) f
J

(x V I n
v

(2.t)



also satisfies the

The latter: is true

it follows thal:

a (n)+K (x.,v ))ðt j 1

*æ

hierarchy equations and the

by inspection. Since

^!") 
(x- ,v, ) = n!") (x- ,-v.)j 1' L' J 1

îÍ") (z-¡...i2;t)
JIN
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above const-raints.

(2.2)

1

Iirn
€+0

dvI
J

v -v X
n+1 n+1 1

,î[ï;1) r",,* ,V ,z t... tL ;t)I n+1 2

t...tL

n

;t))
-æ

(n)+K (xl,v ))f

î Í"* t) (,
J

1¡+1)
j (z

;x ,VI n+1

+x ,v

1 n

â

ãE

where xl =
t-
I

-"í) = *l

,
t_ j (rír...iz'ìL')(n)

X (f

j I

+ lim
€+0

+ó

-CO

u'å*r l"í*r-"i I 1

,
1 n+1 2

ì...i2'¡t)

(n+1)
(j) z ix t... ro ;t)), ,+ tf

Xi, vl = -ti, z'. =

andL':T-t

2 and writing

the r.h.s. of

,V iz
1 n+1 2I n

(2.3)
+

x(xÍ,vÍ) ,ta
, txi € sgn (vi* r

rmplementinq (2.I7) and (2.18)
1

j + ssn(via1

becomes
"í) soof Chapter

((j))' = j,

( j)'

(2.3)

â

¡E' -t- K
(n)
j (xí,vi))f (n) (z

J 1
. .ry
t... ru ,n t')

+æ (t[ï; !) e'r,"i-,vl+1 i z'ri . . ., r'n+ Iim
e+o

a'i*, l vi* r "í I
X

f

sr_nce

ì|-' )

æ

1n+ 1)
j (z'r;xi-,tå* l r;'¡ . . . ì z' ¡t' ) )

(2.4)

(2.4) is identicallY zero

equations, consequentlY

fÍ") satisfy the hierarchY
J

also satisfies the hierarchYî!")
J



rff
then

€ [0,r]

rcs.

exhibits

must

vice

n(
equatíons over a time interval t € [Ort].

entropy increasing behaviour on t e [0rT] ,

exhibit entropy decreasing behaviour on t

versa. This proves the reversibility of

equations.

J

î{")
J

the hierarchy

4.3 TIIE INTRODUCTION OF IRREVERSIBILITY

In this section we restrict our attention to precollj-sion

regions of phase space. so o!") = .,!., v- +J 1=I 1 dx.

nra1z bê integrated. along the characteristics of

This restriction i-n itsel-f does not introduce i-rr

The subd.ynamics which we construct incorpo

time dependence of the r.d.f.'s unlike that of Ba

By so doing we introciuce irreversibl-e characteris

allowecl solutions. In the treatment of Balescu,

equation in hierarchy f orrrr is used:

and

and the equations

13 + xÍ")t.
dt J

eversibility.

rates the

Iescu t o

tics in the

the Liouville

(3. r)

(3.2)

ð

ar f(r) r, f (r)

components t(n) (2. iL) . . . the n-particre
I

equation has the formal solution

U(t)f(o) where U(t) exp(t J)

where f (t)

r.d.f .'s.

has

This

f(r)

Then the subdynamics is associated wíth a non-trivial projection

operator II such that u(t)JI = il u(t) for all t > 0. I must

also satisfy certain other conditions. It'e shall construct a

projection operator with similar properties for our problem.

For such purposes, it is convenient to first integrate

the appropriate hierarchy equations. In precoll-ision regions,

the integrated equations have the form



(n)f (x ,v . .v
t... t..> vj I n n

{æ
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(n)f (x V trV ì...ix.-v trv ;0)
J I I 1 n n n

X

n n n

n n
(t-s),v ;s) )n

(z tL n-l ;r)F(x -v (t-c) ,v )
1 2 n n n

tL i...iz rt-) (3.4)
2 n

;t)I

Iim
e+o

(n+1)
(j)

I.
0

dS

-æ

(x v (t-s),v
1

;t) f

t'

J

dtrr* t ltrr* r-tr I

(f (x1-v1(t-s) ,vt;x1-v, (t-s) ,vn+ Iix2-vz(t-s) ,v zì

. . . ¡x -v (t-s) ,v ;s)

f 1n+ 1)
j ...;x -v

1 1

for t> 0 (3.3)

where lim has been interpreted as a weak limit since it
c+0

refers to a generalizecl function limit. Let us now define a

subspace of the function space D in which solutions of (3.3)

are found. This function Space could for example be chosen

as 
"ä:i(:,"' 

restricted to precoll-ision regions for the

regular part of the r.d.f.'s and a corresponding choice made

for the delta-function part. We choose F (xrv) >

Iocally integrable and (c-1) summable to p > 0 on x € (0'-)

and ¡ € (--,0). AIso F(xrv) may have delta-function

behaviour of the form

ô (x-x ) ô (v-v a L12r... rN
]- 1

Then for any : in the function space (with components t!")),
J

we make the decomposition

)

(n) (n-1)
jf (z fû t... rL ,...r-j 1 2 n

Í") (,+9,

for some constant ç c R, where

1

a suitable limit interpretation



is required for evalua'tion at points with

discontinuous behaviour (c.f. Chapter 2).

the projection operator for the subspace

delta-function or

P shaI1 denote

where

part of

"I and
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(3.4)

(n)(Pf ) Pf (3. s)

(3"6)

;t) n2 2 (3.7)

(n)
h which

J

z. To
n

show that

in (3.3).

the hierarchy

is rewritten

t'v ;0)n n

(n)
J nJ

and the P are defined iteratively through the relations

f (1) (1)fj J

n

P
1

(n) (z( .. .;zoiL) f Í"- t) (r1; . . . ì rn-., ; t) F (*rr-tr, (t-c) ,vrr)P
n

Pf j

forsome ç€R where

is regular with resPect

rl:l( 1,n ) j(,r'i - - - izn

"l:]( 1,n) j is the

to the variables

n-1

+

prove that the subspace is a subdynamics, we must

P commutes with the integrat operator appearing

Because of (3.6) it is only necessary to exar¡.ine

equations (3.3) for n Þ 2- For such n , (3'3)

using (3.4) as

tÍ"'(*1,11 ì...îxrr,vrr;t) t:"'(*l-vrt,vl i - -.ì*r,-t

(f (n-1)
j (x ,v ,... t^ I v ;t) f (n-1)

j (*t-tlt,tl i
1 1 n n

(n)+G (x V
J I

-v trv ;o))F(x -v (t-c) ,v
n-1 n-1 n-1 n n

;x ,V ;t)
n n

)n

1
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(n)where G (*1rtl ì . . . ì xrr rvrr; t)
J

ds

(*t-t, (t-s) ,r1r"ì-t, (t-s) ,v¡+ l.ìx2-v 2(t-s) tv zì .

...;x -v (t-s) ,v ;s)n n n

g (x -v (t-s) ,v . . . ;x -v (t-s) ,v r s) ) . (3.9)

In-J.
0

1im
c'+0

dtrr* t ltrr* r-tr, I

(g (n+1)
(j)

(n+1)
j 1 I I

Pf
n j (xr,vl;...;xrr,vo;t)

The action of P is now easily calculated using (3.7) as

(n) (n) -v trv ;0)

(n-1)
j 1 1 n-1 n-1f (x ,v t... r^ ,v

n n

Pf (x -v t'VnJ 1 I 1

;t) P n-1 f (x -V trV
1 1 1

;0))F(x -v (t-c) ,v )n n n

t... tL

n

n n n

(P n-1
(n-1)
j ,

... ix -v t'Vn-1 n-1 n-l

(n)
reg(1,n)j+G (xr rvl; . . . ;xrr,vrr;t) (3.10)

(3.11)

To complete the proof of the commutation resul.t we must show

that

G
(n)
reg(1,n)j

(g

g

(*1rtl i...ìxnrvn;t)

dtrr* t ltrr* r-tr IIim
c+o

ds

1¡+t)
reg(1,n)(j)

J.
o

{æ

oo

X

(*t-r, (t-s),t1 ;x1-v1 (t-s),tr,*l ;x V (t-s),v
2 2 2, ...

(x -V (t-s),v
1 I 1

proving that the

n n
(t-s),v ;s)n

...;x -v (t-s) .vnnn

delta-function

in the variable

;s) ) .

. . .;x -\¡

(n+1)
reg(1,n)j

This simply arnounts to

dependence of ntî-') (, .,ko!LìzTiz2ì.,..i2n;L\



does not contribute to the delta-function dependence of G!").
J

This may be easily checked by dir:ect calculation.

It is possible to sh<¡w that time er¡olution in the

subdynamics pD possesses some irreversible characteristics-

Note that elements of PD are definecl for all L > 0 ' Given

a solution fÍ") in PD , the time reversed solution
J

i(n) (2.,î...¡z-iL) = f 1") (xt,-v1 ì...ixrr,-vr;r-t) will not be-j '-r' n' J

in PD since it is not defined for the appropriate range of

precollision variables or time. certainly if the solutions v7e

consider have delta-function components, then the subclass of

solutions in PD exhibit entropy increasing behaviour at

least in the delta-function part for t e [0,-) . This shall

be shown later.

Another subdynamics may be constructed on precollision

regions of phase space. The subdynamics will be non-trivial

provided the t!") have delta-function dependence in the
J

first variable. For any : in D' \^/e assume the delta-

function dePendence is of the form

109.

(3. 12)

(3.13)

ô (x.-v t-x )ô(v
J j 1 J

and make the unique decomPosition

(n)f (z -,...i2 ¡L)
J 1 n

-V l_ Lr2, ,N
I

N

I
i=1

f (n)ô(1)i
j

(n)
reg(1) ;t)

(zzï ...ìzrt;t) ô (*t-ttt-Xi) ô (vr-Vi)

+f (z I t...rL n



The projection operator Pô with cotnponents Pô such that
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(3.14)

(3.1s)

ô (n)
J

ô f (n)
(P

n
Pf

is defined by

P
6 (n)f (z ì ... ìz ¡L)I

f (n)ô(1)i
j

j

t-x. ) ô (v -V
1 I 1 1

nJ n

z ,... rL ;r)6(x v
N

I (
2 n 1

l_ I

6
We now

(3.3)

show that P

for nÞ 1

Corrrrnutes

All we need

integral operator, in

show that

with the

do is to

ô
fæ

OS

-æ

(x (t-s),v

t'

J
dtrr*t Itr,*r-tr I

X

-V (t-s),v

I.
0

f'
0

P Iim
€->0

(n+1)
(j) 1 I 1 1 1 n+ 1'

n

(f -v ...;s)

...;s))

. . . ; s)

...;s)).(3.16)

(n+1)
j 1 I I 1

f (x -V (t-s) ,v -V (t-s),v

fæ

1

I
)

1 I 1

n+1

x

(t-s),v n+1" "

lim
€+0

ds dv
n+1

(x ( t-s) ,v ix -v

trr* t-tt I

(Pô -1r+1)
n+1r( j )

-OO

-v
1 1

P
6 -1n+1)-L.n+I J

(x V (t-s) ,v ìxI 1 1
( t-s) ,v -a t...n+r-V

1 1

This simply amounts to proving that the delta-f,unction dependence

of t 1"* 
t) (r., ì ,î; z zi . . ; t) in the variabre zi does not

Jr
contribute to the delta-function dependence of the r.h.s. of

(3.16). The calculation is analogous to that performed for

GÍ") . so this proves the existence of a subdynarnics pôo
J

corresponclÍng to the projection operator Pô.
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We no\,J consider the nature of the tinte evolution in

the subdynamics pô (po) for the case where the clelta-function

dependence of F(x,v) is chosen to be of the form 6(x)6(v-v'),

where c : 0 and the oelta-function dependence of the r.d.f"'s

is of the form ô (x-vt) ô (v-v') . The i.v.p. where a single

particle has specified position x = 0 ancl velocity v' at

t - 0 is covered by thís case. In particular, we shall

exarnine the equations for t!t)0. For tÍ") in PD, the
JJ

equations for t!t) may be written in the form
J.

t!t) (2,;t) t!t) (xr-vrt,'r.;o)
jlJ

I cts v v -V )F(x -v t+ (v -v ) s-€,v ))
2 1 1 1 2 2

(1)f (x -v (t-s) ,v ;s) )j 1 1

{æ
dam ( t

J

v

, j"'

f'
0

['
J

0

2 1€+o
1

X

0

X

(r:il t"r-", (t-s) ,vr; s)

dv, (v L'v2) F (x1-v1t+(vt-vz) s+e,vr) )

1

t
+ lim

€->0
ds

-@

(f (1)
j-1 (x -v (t-s),v ;s)

1 1

{oo
X

(1)f (x -v (t-s),v ;s))
1 1 1

(t-s),v ;s)
2

1 J

+ lim ds I
J

dv2 I vr-v, 
I

(g (2)
ree(j) (x -v ( t-s) ,v ;x .V

1 1 I 1 1

€+0
-æ

(z>
regg

, 
(xr-v, (t-s),t1;xl-v, (t-s),vr; s) ) (3.17)

ÂApplying P' to (3.17) and examining the coefficient of the

delta-function part gives



(1)ôf (v' , t) f
J

v'
(v'-v ) F ( (v'-v ) s-€ rv ) ) - (f

2 2 2

1L2 .

(1)ô
) ) . (f (v' , s) -f (vo rs) )

J

(1)ô
j-1

(1)ô
j (v'ro)

lim
€-+0

{æ

J
V

J'u=
0

-æ
Í'u"
0

l-n
->0

+1
e

dv, (vr-v' ) F((v' -u r) s-€,v, (1)ô
j+1

t'

J
dv (v' , s) -f (v' , s)

(3.r8)

(3.re)

(1)ô
j2

we have specified that here F should have the form

F (x, v) (x,v) + k ô(x)'6(v-v')F reg

where F is a regular function satisfying previously
reg

specified conditions of locaI integrability and (c-1)

summabj-lity. If we consider the integrals over uZ appearing

in (3.19) then, because of the factor t2-t' present in the

integrands, it is clear that the delta-function component of

F will not contribute. (3.18) may be expressed in Ciffer-

ential form as

{æ
d
dt

(1)ô
j reg

(1)ô
j+1f (v'rt) dw (w-v' ) 'Ft

J

( (v'-w) s ,w))' ( f (v' , t)
v

(1)ô
jf (v'rt) )

rt0tt

(1)ô
jr. (v''t) )

By choosing tr.r(x,v) = k

with a single sPecified Particle
Io

+( dw (v'-w) 'F ( (v'-w) s,w) )'(f (v' , t)reg
v' (1)ô

j-1

f(1)
k

at

(3.20)

(x,v;0) for the i.v.P-

l=0'werecover

the equations derivecl in the last chapter'
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4.4 EI.ITROPY CONSIDERATIONS FOR f (1)ô
J

First we consider the definition of an entropy functional

associated with the p6 (po) subdynamics. only the case is

considered where the delta-function dependence of F (xrv) and

the r.d.f .'s has the special form considered the the l-ast part

of section 4.3. This has been shown to correspond to a

physical initial value problem. The entropy functional is

defined in terms of f(1)ô A natural- choice is to define
J

a "Shannon type" entropy functional of the form

+æ
ô

S (r) S (fô (1)ô (1)
l-"ltl lrn(lr (1) Â r'

lYrj ) l)
(4.1)

=-æ Jj

where we adopt the convention that 0. .0n 0 - 0. The following

properties shall be proved. ior Sô (t) . Firstly we shall show
A

that if ¡söfolI < +oo, then lsô1t¡¡ . {oo for all t < oo

Secondly we shall show that S6 (t) is monotonically increasing

in time.

With regard to the first property, we note that f (1)ô(,r',r)

j-s naturally regarded as an element of 11 and under ai*.

evolution governed by (3.20) will satisfy

(1)ô
ll f (v',t) ll = ll f (1)6(v',0)ll ( { co (4.2)

I

. However (4.2) is not

( {o . Consider the

for j>2

I

provided fÍ1)ô(.r"0) >..:
sufficient to guarantee that ¡ sô ttl I

vector with components

f K
j ¡1rn j)cr

0 otherwise

(4.3)
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1Then f € It only for o > I (see I'errar6e ) and for
,\

1 < o . , it is easy to show that the series S- (I) is

divergent. So in order that the entropy (4.I) be well

defínedr r¡r€ must restrict our attention to sequences in

sI tl n {t:sô(t) < +-} (4. a)

Our aim is to show that given (v' , t) satisfying (3. 20)

and f(1)ô(.r',0) € t", then f(1)ô(rr',a) € ts for all t > 0.

This will in part justify orlt-choice of (4.1) as the entropy

functional.

As a preliminaryr hIê show that 1s is a vector space

and in fact a complete metric space for a suitable choice of

metric. Consider any f e 11 so tj + 0 as ljl -> æ - Thus

whether or not f € Ì" can only depend on the nature of the

function

f(1)ô

1r(f) lr ¿ntlrll 
I

+æ

r_s convex

(v'rt) )

(4.s)

(4.6)

in a neighbourhood of

of rl.,( ). With this

definition of I "

An even function

f - 0 rather than on the globa1 properties

in mind, vrê shall. give an equivalent

ü. (x)
ü (x)

qr (€)

rl.r= (x) is def ined bY

for x e [0r€]

+ V' (e) (x-e) for x e (€,-)

ancl where € e (0,e 1) . By construction úa(x)

and strictly monotonica-lly increasing on x Þ 0.

versions of the functional (4.1) are defined by

ô 6 (1)6 (v',t¡1 = I ,ltr
oo

6
S

S (t) = $ (f
oo

J=-oo
.¡- æI ú€(r

and
s9 ttlq € (f (1)ô (v',t)) =

j =-æ

(1)6
j
(1)6
j (v',t) )

Modified

(4 .71



-1

1I5 .

Since 1.,e and ú agree in a neighbourhood

may be equivalently definecl by

for 0<c<e

of the origin,

denoted

s
I

ônts t1
1

I

T

!{

:S < +*Ì

< +-Ì
)t

n

c
ô

S (f)
(4.8)

(4.10)

Using the convexity and monotonity of qrc , it is possible

to show that I s becomes a metric space under the translationally

invariant metric given by

+oo

d€(f,f') =,_l_ lljc(fj-fj) (4.91
J=--

for f_, !'e ts. Furthermore ls is complete under this

metric. The proof is similar to that showing tl is Banach

under the norm ll - ll , (see Taylor t o 
) .

In acldition to being a metric space , I s is also a

vector space

(i) if :

I(and thus a subspace of I ) since

e

r1!E

t", then Àf e ts for all À e R. Since

, there is a finite subset of the integers

S (n) such that

f l>n for ) e S(n)
J

N

rhen I ü= (Àf. ) <
j=-t"t J

--'\- 
ilr- ( Àf . )jes(e¡lrll = r

6
CS ( +I

( ii)

+ lÀl lr rog(lÀl)llflt1 (4.11)

( fæ as required.

if :,:'e rs, then 5 + !'e rs . since rs is a

metric space under the translationally invariant metric,

the result is immediate. Furthermore since d=(5 + f',0)
ÂAA( d.(f,0) * d.(f"0), s:(5 + f') < s:(f) + s:(f').



The proof of the finite entr:opy property shall be based

on the following observation. It is well .known that a convol-

ution algebra m.ay be def ined on 11 (c. f . sirn¡nons 7 o ) . rf
11f,g e l', then the convolution of f and gt f * g s l" is

l"iir'"¿ uv

+æ +oo

f*g i

, Iet

Then

s' (€)

s' (€)

such that

Ift,.

(4.t.2)

such

(4.13)

(4.14)

In fact this convolution algebra is a Banach algebra since

ll f *gll , = ll fll , ll øll ,. i'Ie now show that und.er convolution

def ined by (4.I2) , I s becomes a convol-ution subalgebra of

The following result frorh (4.6) is needed. For f ,9 e R

that lrgl ( €,

k=--

rf=(fS) = U(fg)

tj-u 9k
k=--

lrlutgl

be the set of

is finite.

T ru sj-u

+ lgl,rtrl .

(k'j')

IIow

11.

For f ,g e ls

I rnsr, 
I

)-e

N

I
j = -t"t

+ ,t,(rr,,j_" lsr-ult

using the convexity and monotonicity of qrc together with (4.13)

(k,j')es'(€)

+oo

I (lfkl
k= -co

6

rl.r. (fuS,
N

Ij=-l'l

+S

ú(s. . )
J-K

ô
ü= (fuv, 

' ) + ll fll S
1 æ

(g) ! lt g
1

(4.i-4) provides a finite upper bound for tÊti-g) so I*9 e is
Returning to entropy consj-derations, we wish to show that

if f(1)o(rr',0) e ts, then from (3.20) 5(1)ô(v',t) e ts for alr

t > 0. Thís result is proved by showing that f(l)u(.r',a) can



be obtained from f(1)ô(rr'r0) bry convolution rvith a time

dependent element "f Is. (3.20) may be solved by Fopríer

transform techniques and the solution written in the form

C(v',t)

where C. (v'rt)
J

t

as

p

1I7.

(4.I5)

Freg
(4.16)

for any l[ = I,2r... r

(4.18)

f(1)6(rr,,a) Y*f (1)ô(v',0)

pex* f' do "-îuj
0 0

ds [y- (v' , s) (e'rreg
îo -1) +ß -1o(v' ,s) (e ,*-1) 

l

with

where,

2r

v'
Y- (v'rs)'rreg dw (v'-w) F ( (v'-w) s,w)reg

and
{æ

ß (v'rs) dw (w-v') F ( (v'-w) s,w)
Freg reg

It remains to show that c(v',t) e ls for t > O. Now

c. (v',t) is of the form
J

C.(v',t)
J

I
J
v

(4 .l-7',,

for each t, O(0 rv';t) is periodic in rr0rr of period

Furthermore o(0rv';t) and all. of its derivatives with

1
2t¡

r2'tÍ a ^ .

! ae .-to'o(o,v';t)
)
0

ds c(v',s)).f(1)ô (v',0)
:-

respect to 0 are absolutely continuous. consequently

c (v'rt) ="(tr) ljl -'æj

so C(v'rt) e ls as required. The convolution structure

(4.15) is also easily derived from the matrix form of the

solution to (3.20)

t

0

ex (f (1)ô (rr' , t) (4.Ie)
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where

c (v'rs) ß Freg ô i- j,-t YFr"gôi-j,+1 (ßFru**YFr.r) ui-j,o+ij

depends onIY on i i -

Finally we note a special case where the finiteness of

entropy may be proved easily without introd'ucing the above

apparatus. This is the case where tlt'ô("',0) I 0 onry

for a finite number of values of rlkrr. From (4.15) and

(4. 16)

(1)ô
j

I d0 "-i0j. E t0,v,;t)f (v' , t) 2t¡

î0=ex ¿s Iy (v' , s) (e -1) +ß (v' , s)

l2n
J

0

(4.20)

where

6(0'v';t) n,,['
0

Freg Freg

-î0x(e -1)l)n(0,v')

+æwith
rl(0rv')

k=--

and the sum I is
k

periodic function

T f (1)ô
k (v',0) e i0k

in fact finite.

of rr 0 rr (period

with respect to

Cc.rnsequentlY

So g(0'v';t) is a

2n) and, together with aII

il0rt

for each M - I,2r...

rr 
O 

¡t , is absolutely

trt t' u (rr' ,.) = " ,d, 
",

and each t> 0.

of its derivatives

continuous Ín

as ljl ->æ

so f(1)ô(,r',a) e ls for each L> o.

If we now restrict our attention to non-negative,

normalizecl solutions of (3.20) in ts , Sô(t) = Sô(t(f )ô(.r',r))

is shown to be monotonically increasing. From t¿lfl and

(3.20)



d ^6dr" = YFr.* (t',t, 
,J-". 

tt (1)ô
j

(1)ô
j-1

(1)ô
j(r)

+æ

+æ

i f (1)6 (v'rt) I
J =-æ J
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(v' , t) -f (v',t) )Î.n f (v'rt)

+ß Freg

+æ(v',r). I,t!t'ô(,r',t)-rj=--
(1)6
j+t

(1)ô
j

(v',t) )

x ,0nf (v' , t) (4.2L)

Since

an infinite version of Shannonrs Inequality (see AczelTr ) may

be applied to show that each of 
3 

( t51) ô-f ( 
1|o I u" t jt' ô a.,d

l,tj 
1) ô-tliìô) ur, t: t' ô rr" non-nesative. consequentrv,

since yFr.r(v',t), ßFr"r(v',t) > 0 for t > 0,

ô (4.22) ,S

Alternatively (4.22) may be derived more directly by employing

the inequality

x .0n x x 0n y - x + y > 0 for aII x'y > 0 .(4.23)

Another application of this inequality is in finding an upper

bound for the li-'function of Boltzmann's H-theorem (see

Thompson 'o ) .

Unlike the proof of Boltzmann's H-theorem (see Green s

or Balescuto ) or generalizations of this theorem (see Green 72 ),

we oid not have to implement microscopic reversibility explicitly

to prove that -ft s6ttl >

cont,ain all the necessary information about time evolution

in the subdynamics pô (po) . Iulicroscopic reversibility has

been used in its clerivation (in the form of the asymptotic

d
AE



Liouvil-Ie property (2.L7 ) of Chapter 2) . Similar comments

apply for example to the analysis by Balescu I o of the

homogeneous Landau equation. The approximate closeC kinetic

equations for the f(1)ôi of the general i.v.p. also produce
J

entropy increasing behaviour -

For the special i.v.p. discusseC above, a natural

definition of the entropy associated \dith the regular part of

the one-particle r.d.f.'s is as a functional of

720.

(4.24)

1.

(4 .25)

+oo

lr

multiplier method

lfe must

find 'bhe extrema of

non-linear difference

(1)
reg j .Cn f

is used to

solve the

(r)
reg j

Asf,

which

(1) depend on v' only through the jump conditions
reg J

interchanse r11ì . with tlll ; + 1 , (4 -24') is lef t
reg J reg J=I

j =--

and is thus independent of the behaviour of the

f.l
f and

invariant

f(1)ô
J

In closing this section we give a brief outli-ne of the

application of discret"*_t..ttaional techniques to the proof

of the inequalities i (fj-fj*1) [n t j >
+æ j=--- J Jlr- J J

I r. = 1. This method resembles that used for certain
L-

i=-æ J

p'roUfems in equilibrium statistical mechanics (see Sears tt ).

The above result may be obtained from an analysis of the

corresponcling cyclic system. lfe prove that

o-1

;i.,tj-tj*r) 
rn fof.

J

p-1I r.
jlo rp

A Lagrange
o-1

;l. 
t'j-t j*'

equations
J

f
f

P0

) .e.n f

Y( __J_tj-t ) wiLh f (4.26)



\,ühere V

and À

we know

and

l-s
f

is the convex monotonic function Y(y) = .l,n y + (1--À)

the Lagrange multiplier. It is clear that once

1 the complete solution for the extrema can be

T2T.

Solving (4.26) amounts to finding the simul-taneous
f,

(=f ,À ) of the equationsto

ft
fo

calculated using (4.26) recursively together with the constraint

.%.'

p-1I r. : r.u-
j =0 r

solutions for

fr
fo = v( )Y

I ft
E;

f,-
fo = Y(

f'.
E;

...yP-t rllto
2

f'.
fo( ) (4 .27 )

The first equation is the pth iteration of (4-26)
f1 _.r f' fl

second comes from the identity (+) ' = T- î-- ro rr t2
is possible to show that the fixed points of yP

and the
fo
r p-t

are just
It

those of V so the first equation of (4.27 ) may be replaced
f- f-

bv += v(+). BY insPectionto 'o
We may easily show that this so

p-1
to a stationary minimum of 

:lo(t j-tj*r)ln f .. The diagram

shows that this solution is unique-

f I
fo !j,

jt
jl
:l
:t
t'l
il
it
it

I
I

.l

( Y(
f

1
f I

f
0

, ...vr'-r ()

0

f,.

ã

I

.--.=,=.4-4

fu

1

e À-1

À



and = 1.

t22,

(4.28)

f
p

I
j=1

f - = f0p J

A similar analysis appll-es to prove that

j
p

,1, 
(t j-r j_,) rn t j

J-r
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CHAPTER 5

VELOCITY CORRELATION FUNCTIONS FOR

FINITE ONE-DIMENSIONAL HARD .'SPHERE'' SYSTEMS

5.1 INTRODUCTION

Certain finite systems consisting of one-dirnensional

hard "spheres" are considered. Because of the well known

relationships between correlation functions and transport

coefficj-ents, there is considerable interest in calculating

the former for various infinite many body systems. The

Iong time behaviour is of particular interest. For such

calculations to be tractible, it is usually necessary to

examine the infinite systems directly rather than

performing calculations for the finite system ancl then

taking the thermodynamic limit (t"1.). Hov¡ever, fot the

special types of ,finite systerns mentioned above, it is

possible to calculate exactly certain correlation funct-ions

and to examine their long time behaviour. Most of the

results of this chapter are given by Evansto'

The case where the particles are on a ring was

considered by Frisch t t who clef ined the concept of a "lveak"

a-pproach to equilibrium and demonstrated the decay to

equili_brium limit of certain correlation functions.

technique that we use to examine the ring system was

developed by Jepsen o o. It is used to provide exact

an

The
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expressions f or the velocity corre.lation f unctions (v. c . f . )

which are then analyzed .in the long time limit- We

discover that after a slow (inverse power) decay for times

of the orcler of the relaxation time, there is a "fast"

decay to the equilibrium value on a time scale associated

with the finite size of the system. The asymptotic "fast"

decay property of the v.c.f.'s exhibited here has also

appeared in the work of Hobson and Loomis 7 u on an irleal gas

in a finite box. Their expressions for the asymptotic

behaviour of the v.c.f.'s have the Same structure as those

obtained for the ring system (aclopting in both cases

Ma>n^¡ellian velocity distributions), namely

k -ctuKt e

taht
L ast+-

2

where L is the length of the ring or size of the box.

The case where Lhe particles are in a hard walled

box has been briefly considered by Lebowitz and Sykes".

we adapt Jepsen's technique to handle this problem and

show that the v.c.f.'s have the same type of asymptotic

behaviour as for the ring system. The dependence of t-he

v.c.f.rs on the initial position of the specified particle

when near the boundary of the box is analyzed. These

considerations are generalized to systerns of higher spatial

dimension and more general interparticle interaction.

similar techniques are appropriate to an analysis of

the corresponding infinite systems. Jepsen takes the

t,.1". fqr the ring system. The convergence in this limit is
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examined here. Gervois and Pomeau tt have considered the

corresponding semj--infinite system. The effect of the

inclusion of a perturbing interparticte potential on this

infinite system has also been treated by Gervois and

79pomeau". Another modification is the treatment of an

infinite one-dimensional mixture of hard "spheres" of

different diameters by Aizenman et aI - E o

The final section of the chapter deals with the

stochastic version of the ring system. A non-zero

probability of transmission is associated with each

collision so that the system is no longer deterministic.

5 2 THE RING SYSTE}4

We describe briefly the formulation developed by

Jepsen. The particles are labelled in order around the ring

by an integer index i e {I,2,...,N}- We caII trajectory

j the path that particle j would follow if it did not

interact with other particles. Let A.k(t) be equal to one

if particle j is on trajectory k at tíme t and zeTo

otherwise. Define rrr(h'k,t) to be equal to one if

trajectory h crosses trajectory l< exactly n times in the

time intervat (0rt) and z,ero otherwj-se. A crossing from

the right counts as rr+I' and from the left as "-1" '
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t
2

1 4

2

l+

0 L

Fiq. 5.1:

Now

A (r)jk
n1=-æ n2=-æ

Diagram showing the nature of the dynamics
of the system.

+oo+æ+æiI I ô
N
n1+n2+...nN+j-k,0

nN= -co

x rrrt (1rkra) rrr, (2,k tl.) .r (N,k,r). (2.1)

(2.2Ì,

nN

If we define

s(urhrkrt)

then s(ü,hrk,t) is given by

s(urhrk,t) = SIurwonJ k<h

s(urhrkrt) = e-au Slurrvonl,k > h

with

kh
(xr * tk t) (x.

n
+V r)

+æ

= I tr,(hrk,t) "înu11= -oo
t

(2 .3)

w h

(n-l)L ( w ( nL for each n.
(2.4)

and

Â

S[urw] = ernu when



1)7

Using a Fourier-t1zpe representation of the Kronecker'-

delta in (2.L) r wê obtain

1\.
NL

u
jA (r)

k

x

X

^-î(j-1)ue S I u rwonJ
N

]I
h=]-

and (2 .5)

(2 .6',)

2rl*=-T- and I=
u

N-1
T

I =0

We wish to cal-culate ensemble averages of the forrn

u"o I
+æ

e
-æ

'tl

Fr, 
" 

- <f (v, (o) ; x, (t) , v. (t) ) t*, 
"

where particle 1 is specified to be at the origin at

t=0 and the remaining particles are distributed around

the ring uniformly with velocity distributions h(v)

(taken to be Maxwellian in this section). i.e. a quasi-

equilibri.um initial distribution. From Jepsenrs work:

FN,L
(f (vr;xn + vkt, tk) Af k

(r) >N,L

-î ( j-1) u
I

L dvoh (vo)N-1
L

N

I
k=I

1F I
NL

u

.$te
u

dx
nt* J"

X

o

Q[u, *k t rkt, tk

t+ I" d*' Rlu, xk + vkt x,r,t,]*-'

-î ( j-1) u
+æ

-co

dvrh (vr) f (v )t,-t'L, 1

Rlu, V
1
tx

n
t.l

N-1

v

(2.7)



where
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N-2

exp

dv h(v f(v ix,v) SIurx-v
1 1 1

and
+æ

-CD

1

For the r¿c.f.'s,

v. So from (2.7)

F =(v (o) v (r) >I l

h (v)

Q Iu rxrv rt ]

(-atfrt')

+æ

1

R[urx, t ] I dt' h(vrr) SIu, x-vrrtl (2.8)

(2.e)

f ( ) has the form ¡ (vr ix,v)

v

N,L

where

N'L

{co

kvk
tF
NLu

1
IX

N-1
L e

+æ
2

-æ

dx R[urv tx ,t]
t_ n

{æ

-î(j-1)u dv h (vn)

x
L

o
dxn Qlurxk + votr rl +vOt-xrr r tJr

J

L
dxrrRI r, *k

o

II*+r
u

nt+ I"x

"-î 
( j-1) u

I dv v h(v )1

N-1

ô[u,x,t] =
_¡b 

dva va h(vr) S[u,x - vrtl (2.10)

It is instructive to examine the contríbution to

(2.9) from the u = 0 term in the sum. Vüe note that

Slorx] = It hence R[orx,t] = l and ôlo,xrtJ = 0- so the

total contribution to (2.91 from this term is
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Ïl
ñJ dvr vt2 h(vr) = * <vr (o) 2>

l.æ

-æ

(2.1r)

which we shall sltow to be the asymptotic value of t*,"

as t + -. This comes from the k - I term in the sum

<v (o)
N

i
k=1

tk oj* (t) tr,"
1

i.e. the contrj-bution to the v.c.f. from particle j

being on trajectory 1 (f being the particle with

specified position and velocity). We may also check the

initial conditions on the v.c.f.'s from (2.9). C1early

Q[u,x,o] = 0 and R[urxro] = S [urx] so from (2-4)

dx R [u rv, t xrr, tl t=0
1I. (2.L2)

n

So

<v, (o)v. (r) r*," = * I "-î( 
j-1)u 

f_- "", 
v,2h(vr)

I"
I
L

dxrrRlurw + L - xr.,rtJ = "*î"1

^N= oirt <v (o) 2> as required.
L

(2.13)

Next we consider the asymptotic analysis of

<v, (o)tj (a)ñ,o in the t + - limit. The following

results are needed:

L
dxrrR[urrv - xrrrtJ

o

Q [u,w + L, t] = "*îu ôtrr,w,tl .

(2.r41
and

The xk- integration in (2.9) may be performed explicitly

(c.f . Jepsen ot ¡ and the integrals j-n (2.91 over an

infinite velocity range may be transformed using (2.L4)

l
L

f"
Jo
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to a sum of integrals over a finite range. So

<v r(o) v, (t) > = ttn r* Iulo

Íl"u'on tvo+fl u- îmu

N-I
t ^-î( j -r) u

E
N,L

+oo

x I

lil"t""- [u, vot-x,. , ., ] 
*-'

* *"I"" î ( j-t'"-!:-f ""u,,, (v,++)'h(",*Y)u-îmu

tv+rfl 'rr {v+f;) e-Îmu e.r6ln tv+f) .- lmu and i-

m=-æ

x (e- 1̂

tiX

t-r) 
e Iu,v t, tlk

dx R[urvlt - x 'tln n

L N-1

o

* * <vr (o) 2>
N

+æ rL/ t rL /t
In (2.I5) I and I ¿n. or I a.t1 malz be

m=-æ Jo k Jo
interchanged using Lebesguer s dominated convergence

theorem. So it is necessary to examine sums of the

form

(2.1s)

æ+

I
m m= -Co

(2.L6) may be expressed- in a more convenient form using

a Poisson sum formula (see carrier et al uo ). Let

g( ) be a piecewise continuous, integrable function

which can be represented. in terms of its Fourier

transform (in the usual way) and such that

+co

I (g (*n) + s (m-) )

is convergent.

+æ

m=-æ

Then

+co

I +(g(m+) + g(m-)) I c (2nn)
m=-æ m= -@



where

m=-co

I

c(À)

m= -cþ

+æ

tirht
-r

(2.L7 \

(2. re)

I nu
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(2.18)

Í_- * .î^*n (*)

Performing the Fourier transforms indicated in (2-L7) ,

(2.L6) becomes

r@
^I rr tv+]l 6- 
lnu e-î ( znrn-u) f -\ (2nm-u) 2

m=-æ

Q [u rvt, t]

+æ tI Lm=-æ

Lv+-t dv,

(2lm-u) 2

n=-Co

e

(i (vr+ )h(vr + e

e

(
\

2\
)

e
+æ

I (v + fl' rrtv + f)

(2nm-",".(ry)

,i
I mu

I ]'.'r; ltr
2

xe

A similar analysis shows- that

-î(2rm-u) ä+(#)e

t
)

+ nL-E nL
tv

, 1.îr-t ) e
-î tznt,-ol f -\

2

+oo ( 2nn-u) 2

(2.20)
n= -co

F Iu,w]

t
L" th

Finallyr \^trê note that

dx,.s lurw - *rr]

for (n-I)L < q¡ ( nL,

lft
-!

"Jo

tnue

so

1[t
l,J 

o
d.x

n
R [u, v+- - xr, , 'bl

(2.2L)
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dv h(v )Flu, (v - v )tlnnn
+6

-00

T
I - cosu)

æ+
ttht

-î (znp-u)
L -\ \

)
( znp-u) 2

e

vt 2

Le

2 (L cos 2r-ñ N-2

(2.22)
p=-- ïp-u

We may now substitute (2.L8/L9/20/22) into (2.L5) to

obtain the following asymPtotic result (see Appendix E).

<v, (o)v, (t) r*," tì- rt..rr (o) 2>

-,th"+(H) ari-c"s{r (

x(2 +

* t.n'rtt tr +

r*r'

t{ti-r) ) e
-\ fznf(

(r +

."" ({( j-r) ) e
-1 1zr) 2

Itr,t
L )' t 

''-fr 
r

) cos

I
N-T

taht
--T-ru=b--l t$l' "n" )'r

2tt (H)','-* ) 2 (r*¡!l
(2.23)

2 (l--cos -ñ N-1)
X

( )2N

The terms retained in (2.23 ) give an accurate descripti-on

of <v, (o) v, (t) ,*, r, for t >>

is the time required for a particle travelling at

the thermal velocity to traverse the ring of length L.

As a consequence of the symmetry of the system, (2.23)

is invariant under the transformatj-on ( j-1) + ( j-1) .

Systems of most physical interest will be those

for which N,L are large aud O = + is hetd fixed

(the regime of the thermoclynamic limit) . We shall show

2l
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that the v.c.f . (2.9) converges pointwise for all t

to the v.c.f. written down b1' Jepsen in the thermodynamic

Iimit. For a finite ring system, from (2-9) we have

and for an infinite sYstem

2Tl

(2.24)

duf (u, t) (2.25)
p

o-r) elu,v Èrt]k

(2.26)

<vr(o)v.(t)> = Í

2t¡

l t*,"(u't) 2r
-ñ f*,"(u't)i

u
<v (o) v

1

rvhere

(r) >
NrL N

+j

duf (u,t) +
p

l'n
Joo

(:^'
p

I
ñ V 'pte -î (j-r) "th

.*æ

J*av*h(vo) 
(e ^-l-

L

o
ib< Rlurvtt-xrrrtJ J

N-2

gr-e-ao) T [urv*t] )

and

/r*
\;

p

(u,t)

(u,t)
,L

)

e |.*J.
I
ñ'

-î(j-r)u dvrvr 2h(vr 
)

L
dx' Rlurvrt - xnrt] ]ri

o
x

exp(p (l-"-tt) T [u,vut] )

N-1

(2.27)



r34.

vrrith

T[u,w] =

ft can be shor^¡l'r thnt f,

u and that f 
O 

(u, t)

specif ica11y continuous)

Now

N,L

r+oo

I ¿"*(w - v-t) slu,w - r'tl h(vrr) . (2.2e)
J-- n n

(u, t) fO (u,t) uniformly in

is Riemann- integrable (more

in u (similarly for f).

r.1
->

*l r
u

(u, t)

2tt F -
N ¿ to

u

,L

(u, t)

duf (u, t) |

2TÍ

o

2'll
t'

J

p

+

duf (u, t) 
|p

o

t+r
u

f(t*,"(urt) (u,t) ) l. (2.2el,
p

The first term on the right hand side of (2.29) approaches

zero in the t.I. because f'(u,t) is Riemann- integrable

(see olmstecl Er ) and the seconcl approaches zero

because of the above mentioned uniform convergence.

To prove the continuity (in u) of fo(u,t) is easy.

For the uniform convergence, we write

lt*,"(u,t) fo(u,t) 
|

l.'o I .r!

,. ( (å!," Rlu,vnt - *r,,tJdx,r)N-2- exp(p (r-e-ît,rtu,votJ ) ) |tJo

I
J

l"r I

+l
>À Lo

t

d.vuhtvo)ô[u,vk,t,t] exp (p(1-e-ît )Ttu,vrtl ) I



dv

t
L

' ,'* ,l^
+

r. ¡L rN-2 \

iÈj" Rlu,vot-x,,, tl dx,,]'"-' I 
J 

(2. 30)

<vr (o)vr (r) rr,"-* <v¡ (o) >2 N <vr (o) 2> ."n(-h(-.h))

rh (rnl ô t",vot, tl

135.

(2.31)

(2.32)

ot

Choosing 0 < o .< \, we may show that the f irst term
1is 0 (-+'r-) as N¡L -+ "" uniformly in u. Suitable-Nr-zct-

upper bounds (uniform in u) which approach zero in

the t.1" may be found for the last two terms. Similar

remarks apply again to ;. Thus pointwise convergence

of the v.c.f.'s is proved.

A qualitative description of the v.c.f. for NrL

large and o = + fixed is now possible by comparison

with t.1. results. From the analysis of Lebowitz and

Percus4t , for t:*t.n

for | = otftt.n) << tth,

<vr (o) vr (t) > N,L

for t >> th
is dominated by a decay of the form

- *.rr,(o)2, -*(-r+) (
-3
\
)

*, 
"-*"r 

(o) 2 >

2

(1 + 0(
e

Finally we make some remarks on the relationship

between <vr (o)vr (a)t"," and the coefficient of self

diffusion D. For an j-nfinite system iL. is usual to

assume the Einstein relation

-\(2r) 2 (;t )

"th
I
N

)
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I
J

oo

þ= dt<vr (o)vr (t) >

o

@

f
J

(2.33)

(2 .34)

That (2.33) is inappropriate for a f -i.nite system

contained by wall-s may be demonstrated using the

techniques of ergodic theory (see Lebowitz E 2 ) . This

fact may also be demonstrated using the rela'L.ion

t
adscvr (o)vr (s)> = \ ðt < (xr (t) - X1 (o) ) 2>

o

(see Lebowitz and Sykes 7 7 
) . However these arguments

are not applicable to a finite periodic system. For

such a system, it appears f rom the v¡ork of Green I t

and Anstis o o , that a more appropriate expression for

D is given by (at least for the dilute case p << 1)

I
J

I (2.35)þ=
3

dt(<vr (o)vr (t) > - *'"r (o) 2>)

o

For the periodic system considered above' we have

shown that the integral is strongly convergent.

5.3 THE HARD-WALLED BOX

For this system the N-particles, labelled as

in section 5.2 , are situated in a hard-waIIecl box of

length rrl,tr. On collision with the walls, they are

reflected elasticalIy. Lebowitz and. Sykes 7 7 have

extended Jepsen's o I work to this case and have writt-en

down a formul-a for the v.c"f "'s. The only essential

difference is that the straight line trajector-ies of

section 5"2 (representing coll..isionless motion) rnust

t
)
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now be replaced by t::ajectories which are reflected

at the walls of the box. In this treatment' however,

we shall use a different technique" one must realize

that the properties of the above system may be

determined by exam-ì-ning a system of 2N particles
+ + +-l-abelled {1'r 2- , .. . ,N*} on a ring of length 2L if

hre impose an antisymmetry condition of the form

l -(t) = -x + (t)l

v - (r) =-v +(t) for t - 0
)

1*

x
(3. r)

j

t*.}

3*

T4-

2

L

Fig. 5.22 Diagram showing the nature of the
dynamics of the system.

This technique has been used by Gervois and Pomeau tt

for the corresponding semi-infinite case.

The notation of section 5.2 is applicable to

this case if we write j+ = j for j e {l ,2,...,N}

and j- = j+l for j e {I ,2, . . . ,N}. Because (3.1)

will be true for all E > 0, the following relations

hold:

0-L

1
+

1 f
1* f
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nn
(r h h++

w- +_ +kn

+
k ,t) t +k ,t)

+ +
s (- u,h k ,t)

A + + (r)
k

+s(urh kI
trt)

lA, t. r (t)
lK

h
+

the signs

,kt, t) is

(t,+ ) is possible.

given by

+

N,L

and *k!

where any choice of

In this case "(o,ht

s(urhtrktrt)

and S [u,w] =e

Then

k <h

S [urw. +. +]
- K-Il-

+ +
k >h

for (n-I)2L < w ( n.2L

for each n.

+

(3.2)

(3.3)

S [u , wotnt I

-IU=e

Lnu

I
I

I (-r) l.+îu"-îj','
*t]

2r.twhere u = Zi¡-

S Iu rrtit ]

(3.4)

(3.5)

.t. t(t)lK
A 2N

F <f (x

ÏI
_++tre{t-z-. .

-++tetl-2-.
+

N ]

here.

We wish to calculate ensemble averages of the form

(o);x + (t) 'v +(t))>j lN,L

where particle

*k* = xn+ (o) a

-rr+I', 2"...rh'

k+
(o) ,vo+

Ik' is

(0,L)

1 are

assumed to be

at the initial

assuroed tc be

at a position

time. Particles

d istributed
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+uniformly in (0rxn¡ (o) ) and Particles k

N+ distributed uniformly in

;x+vt,v)am'm'-i+

+ It

(xk+ (o) , L)Ik' + 2,

at the initial- time. These particles have an initial

velocity distribution h ( ) assumed to be Maxwellian

here. So again we have a quasi-equilibrium initial

distribution and

F I .f (xor-,vk+
- + + +.

metl-,2- r... 'N-j

-l-(N-k' ) r
L

xO+ (o)

*k+- r

xN

xO+ (o

dxK+.-2''

î""-r' ' 'Í

m NrL

X2

xk++ 
2

*k+ (o)
dx I

I

NrL

+@

-@

t
J

dv +h (vk )
N

II
Q =I
*k+

+co

-co

d*o* 
- r-

t
J

dvo h (vo )k+

xO+ (o)
I
IX t.

L

t.

L

r
J

d*,-
k+- 1x*+ (o) o oo

X

x

(L-x (o) )

t'

JN-k+ dx
N k++r

k+

- + + +-
mett- r2-,... rN- j

From (3.4) A.+*(t) may be writterr completely in terms
-r -L 

. .. ,N*]. uponof the varíables (x*rv^), m e {1' ,2' ,

substitution into (3.6) r \¡tr€ see that after integration

over velocities, the integrand is totally symmetric

with respect to the variables (*lr*, t... t*r).

Consequently the spatial integrations may be rewritten

I f (x*+rvk* ; X**vmtrv*)4.+*(t) (3-6)

xO.r (o)

AS

ak'-1
, l[ ,ï,..;o

L
dx ,].I

i= -l

I I
t

dx
f L-xk+ (o) xo+ (o)

(3.7)
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Using (3.4) and (3.7)' (3.6) becomes a-fter some

manipulation

fi:1!^N,L 2N Í
(-1) I ^ett ^-aluE

(r+ 1)
c

J
dv h(V

m m

+æ
xn+ ( o)

t

J
x

-oo

+ +

+oo
++ (u-t dv h(v

m m
-æ

1'k -2 , N-k

II

ri

[urx**v*trvmrxUartl

IJ1,k'-2rN-k'
[u , -x*-v*t , -V*, xo+ , tJ

( d.x )
m

o

x +

+

I
I

I
I

t'

J
)

1
L-x + (o)

k
)fl*.,", dx

m

1rr<+-1rN-kt-l
[u r x**v*t, vm , xu+ , tl

-l- r
lrk'-1rN-k'-1
lur-x -v Èr-v rx, {-rt]mmmK

X

+ t
J

-@

with

1

+co

æ

+ +0'k -I, N-k
dvo+h (v*+) f (xo+ rvk* ; xo+*vu+t r vo+) [u, xua+vk+t, vu+ , tl

o rk+-1rN-k*.I
-*r** 

h (vo+ ) f (1 + rvk* i -x¡+-vo*t, -vu+) [u, -xn+-vo+t , -vk* r X o+,+-i,

(3.8)

jo,Jt,iz
[urwrvrXk*,t]

I
I

lo

*k+

SIur2w] Q[ur\,v-rv'xk+'t]

L
x dx R[u.wrx R[urwrx ,tr])j2t3,9)

nryn*k*
t
J o

II .: n ,rl)jt(+ t"j *k+
dx



where

Q [urwrvr xU+, tl

) has the form

from (3.8)

LíT.

(3.11)

-v trx 'tl¡+

Jl]u"-.n(v"+) 
f [xn+,vk+i\¡I,v] ]9 

fr,w+ (xna*v*+t) J (3.10)

and
¡ *oo

I avrrn (vrr) ils [u rw+ (xrr+vrrt) I .
J-@ In

For the v.c.f.'s f (

f (xn+ rvk* ix¡v) v +v. Sok

R [u,wrx rlI

1ra

N,L <V + (o)v +(t)>j N'L

ì +îu(-1) e e

+æ

k

I
N -aJu

{

T
ll

-l-(k'-1)

x

tdv v h(vmmn

[urxr+v^trxk+ r t] -

Idv v h(v ) " (mm m t,-xn+ (o)

+

r-l-
1, k'-2 rN-k'
( -co, *oo) [u ' -xm

dx

)( )

x. + (o)

f"- dx
m

-æ

J-+L,k' -2 rN-k'
(-cor*æ)

X

+ (u-r

{- oo

-æ

t.

L

II

I
I

-t-

J

*æ

Jl*.,",) m
-Cþ

+1'k -l,N-k
(-oo, *co)

-1
[urxo.+v*t,xk+, t] -

r, k+-l rN-k
(-oor*ø)

-1
[ur-x^-v tr\+,tJ

+

x I
I
I

+ dvn+h (vn+ ) ro*'

^

IIx

+
0, k'-1rN-k
1-*', -¡-¡

J.0rk'-lrIñ-k
(-oor-|oo) [u r ->tr+-v*nt rrtr* ; tt ]]

+ +

[u, xn.rl'vk+t, xn+ , t1 -
(3.12)



where
jorjt,)z
(q,' ß)

is cbtained from
jo'jtrjz

r42.

!'l

k+t LJ

(:ì.14)

by

replacing 0( ) with

ß

9(o, ß) t''wrxn+rt1 dvu+h (vk+ ) v*+IIS [u, wt (xua*vo+t) ] . (3.1.3)
ot

The following property j-s easily verified from (3.3):

j o, j t, jz
(arß) [u'w*2L'xo+'tJ = e 2îu( jo+jr+jz+1) j o , j t , jz

(cx,, ß) [trvy'rx

and .2îu(1+jo+jr+jz)- 1 if I + jo

We examine the contributi.on to

u(l) = 0 term. Note that S[o'x] =

R[orxrx'rt] = I andhence

+ jr +

(3.L2)

lso

j, = 0 (mod. N).

from the

(3.r5)

z Ltt

(3.r6)

1

lãI

I
F"x + (o) 2> and the sixth gives a

dx RIorxrx'rt] I
A

By inspection, contributions from the first four terms

of (3.l-2) are identically zero. The fifth gives a

contribution

contribution - 
"+ 

.vk*(o)2>. so there is a complete

cancelation (of contributions where particle jl' is

or) trajectories k+ and k- respectively). The

ir¡itiaI conditio¡:Is on the v.c.f.'s may also be checked.

From (3.3) t

xO+ (o)
e
Io( e

Is [u,tzx
3.+

l
l_u

ì x
k +

1

o

dx R[urtx ,,x ,oJ=(n- kr-' n \
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and
t

t -xr+ (o)

So (3.12) gives

<V + (o)v

dx R [u, +; *rX ,o] I
k n

f"
J**+ to) n-

i "-î 
(j+-L+) o

u

^2No.+ . +
) ¡K

dv I tr(v +
m

m=-æ

I
I

l.

L

2L

(N-k-r-l [- arr* i- rrtv*+.f)
'o m=-æ

I

<v + (o) '>

<v + (o) 2>
k

I -î(j-1)ue

¿lJm
T

(3.17)

k j +(t)> =
4r,

2ñ

- 
"fr 

i e-î(j**k*)'.rro*(o)r>
u

k

as required.

Using (3.14), we may rewrite (3-12) as follows (cf'

section 5.2)

=<v + (o)v +(t)>k l N,L

+

'+(r+-r'i:

FN,L
I

2ñ i (-r)
ulo

2L
+æ

"ftLth

L ,k+ -2, N-k
(-o, *oo)

1, k+-2 rN-k
( -æ, *oo) tu,1+-vf,\+,t1î

I

+

X
1

[u, xo++v*t, *k* ' t] -

I

+ v 2 
- 

u-
'Èh L-xk+

IJ.rrk'-1rN-k'-l
(-æ, *co) [u ' -xu+-t*t ' 

xu+ 
' 
tJ -

.LI
lrk'-lrN-k'
( --co, *æ)

[urx*..+vrtr\+rtJ
-1 I

I
Jrix

2L

+ Il u"*.
+@

I h (vo+r ) (vr+ {'2Lm
-E-

2Lm
-E- )

m=-æ

2
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The behaviour of

x

-L -l-

0, k' -1, N-k'

r44.

lur-xoa-vu+t1L+.rt] Ijt-T
LL

I u, xn-1-*vk+t , xu+ r tJ

io'irrj
(-cortæ)

Ix
(-ær'þoo) (-æ, tæ)

(3.18)

+co

The sums I itt (3.I8) may be expressed in a lîore
m=-æ

ccrnvenient form using relatj.ons of the type (2-LB) and'

(2.L9) . The m=0 terms ín the rearranged s-'f,ms cancel.

physically this represents a partial cancel-Iation of

contributions to .to*(o)vj+(t)>r0," from a particle

j* on trajectories (L+-,2+ t...,k+-1rk++1r...,N*) and

(1-, 2-t k--1, k-+Ir... rN-) and also on tra.jectories
l-k- and k-. The remaining terms are characterized by

the usual "fast" decrease. To cOmplete the analysis, v/e

must cons.ider the long time behaviour of

2

[u, w, xO+,tl.

(
\

1f 

*o*

JO+

I

tth

I

x lo u*o*sin(2nwn+)

dx R[urwrx 'tl and (
n- n t-xk+

2 -1 1zr) 2

.2r.e

\
)

rL
I ¿" R[urwrx ,t.])ln-n
'*k*

\,
)

k

is considered in appendix F. These expressions have a

non-zero component as t + -. Using the app::opriate

Poisson summation formula we obtain

ttht'(
\t+oo 2L

I Iu,w, xu-r , tJ

T S Iunrv! (xnat2Lvrk+) ] (3.1e)
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So the l-ast two terms in (3.f8) (the ccntributions from

particle j' on trajectories k+ and' k-) will

clominate the others as t + * and we may write

t+æ
h 

(r- (2r¡) 2(b" l)',"
(
\-1.1ztt) 2
v t 2.th

2L

Lk'-r

\
)<vk-n (o) v, + (t) >*, 

"
2 V t

¿

t'

Jo
dwo+cos (2nwo+) (* 

I
I -î(j-r)u

X

X

(-r) e )

*k+
S[ur2(xo++2Lwor-)J ( I

)
d*rrl Iu, ><oa+2l,wk+, xrr, tJ )

I
xk+

o

[" d*.rl Iu, xo**2Lr¡¡k+ , xrr, tl ) 
*-ot'

'*k*

\,
)

(#F ll*.u""1 [u, - (x*++2lwu+) , *,, , .] ) 
*-o*Jx (3.20)

Behar¡iour of the type (3.20) is associaLed with a time

scale 0 (tth) just as for the rirrg system- The behaviour

of the v.c.f .rs for large times t >>

b)' a decay of the form

v t
-\ (2tr) 2 rh

e

5 4 BOUNDARY EI'FBCTS ObT VELOCTTY CORRBI,ATION FUNCTIONS

FirsLly let us consider the problern where the

physical system is the same a.s in section 5. 3. I'üe

(
\ 2L
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evaluate the v.c.f.'s where we specify that k I +

and that this particle is situated on the walI at t - 0

(i.e. xr+(o) = 0). I'urthermore, in calculating the

ensemble average .-tr," the integration over
f+-

vr+(o) = vr+ becomes ,i. dvr+h(vr+)- where h( )

is again assumed to be Maxwellian (i.e. the specified

particle on the wall must initialty have a velocity toward

the interior of the container). [Vith this modification,

the formulation of section 5.3 is applicable and we

obtain for the v.c.f.'s

+

2E r$rÍ: * *^i]-n t'**fr I

-1(j-t)u

lr0rN-2
(or-) [u'L*v*t'o't]

Ir0rN-2

1+(o)vr+(t)r*," = * I
ì.

<v

x 4v rh

4v rh

+2 "dv
0

(-1) e

2L

L2

zL,Y,Í +æ
Lr ov n 1v*+f) [ur*v*trort]mim=-æ æ,o(

2L 0r0rN-1
Iu rv

(o, -)
+t, o, t]

(4.1)

I
J

(vr++f) 2h(vr+++,Il+oo

+ I ]-I n=0

i
0,0 rN-I

[u, -vr+t, ortì I
I
\
)

where rr = 2tt I'tñ

æo( )

The first two terms may be analyzed using the standard

Poisson sum formula. In the rearranged sums, the m=0
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terms cancel leaving the usual fast decreasing Èerms"

f'or the remaining terms r Wê must use the most general

form of (2.L7) for the piecewise continuous function

g(x) = H(x) (rr. * ?lz h(vr * +)

with H( ) the Heaviside step function. We obtain

+æ

I
n=0

+co

H rÀ)
c

t.rr+fl 'zrr lvr+f) = ärrrh (vr) +2 (LH. (o) *r,lrn. (2nn) )

l"- u" cos(r*) (tr+?)'t'{vr+ff)

(4.2)

(4.3)

v
('(ft)n,",, (*)'n(" \

)
htF

2L
t( ) )

1

I
Iir

2 +æ
2L

) dx cos (Àx) (2-5
o

( r
J

(4#)'+ (+)-,nr.,,+ffrt

The first term in 1d.Z) produces a contribution

2t+ v 2(
t.t
-- ' r.nh{{ wr)

) rort]

rh

0, 0,N-I
Iu, 2Lw

(o, -)

3 It
Jo

) dr, t.r,

tIx 1

0 r 0,N-1
(u,2L (I-w

(o, *)1 ,o, t]

=otttlhl ,l as t+-. (4"4\



ì 148.

The second gives

2+'rn'(Ð' 
J"

dw t
J

Iirt I
dw'\¡I"t"nn, 2L-E w

x

Let us

v.c.f. I s with
(3.12) may be

one where the

and the other

0, 0,N-1
[u, 2Lw , o, t]

(o, -) r

I o

10

.l --ut**

il
0 r 0,N-1

Iu, 2L (I-wr) o, t] I
I(or-)

+æ o

-æ

as t + -. (4.5)

It may also be easily shown that the remaining terms

produce a contribution

= o((tlh)')

t.n
-E-

.r1* (o) v. + (t) , 
", "= 

o t ttlhl 'l

0 (( ) 3) as t + "r so in conclusion

as t + - (4.6)

now reconsider the behaviour of the

emphasis on the xu+(o) dependence.

written as the sum of two contributions;

velocity of the specified particle vk* < 0

where rk* ¡ 0, that is

<v +(o)v +(t)> I
)

I
)

dvo+
k 7 N,L o

By comparison with the analysis above,

(4.7)

ro borh 
J

+co
d.v and

the contributÍons

in (4 .7 ) f rom the¡+
o

first. four terms in (3.L2) have a "fast" decreasing
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asymptotic time behaviour. The contributions from the

Iast two, however' exhibit a behaviour dominated by a

decay of the form

o((tËh).) as t+æ

Consequently there must be a complete cancellation of
l+- rO

the "slow" decreasing parts of I ¿n,-* and I avn+...
Jo k' J--

leaving just a fast decreasing part. This is valid

for a1t xn+ (o) . Furthermorer wê shall show now that

as x*+ (o) approaches the boundary, there is a complete

cancellation of "fast" and "slow" decreasing parts of
f+- ro
j" dv*+ and 

.| --uto*
For definiteness consider the case where *k* + 0.

For any specific set of initial conditions on tj*,
.+

def ine rj' , j+ e {1 ,2,...,k} as forlows. Let
, a+ 2+ k+,(v- ,Y' ,. . . v^ ) be a rearrangement of

o that ,rt* * ',r'* < t .ro*.

Then as x*+(o) + O, it becomes increasingly probable

(excluding a neighbourhood 0 (x*a (o) ) of the initial time)

that the particles (1+ 2+ r+) will be travelling

with vetocities (.rt* ,ut* r.. .tkn) respectivery before

interacting with any other particles. Their trajectories

before collision will approach (rrl*t ,u'*L'...,rrk*t)

respectively. Because only moduli of velocities are

involved, it follows that f]-ut*.r.... and l"-u.r**...
will, give opposite contributions to vk+ (o)v j +(t)>N,L
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+in this limit. Note that the special case k

more physical.

lis

We sha1l now give a mathematical verification

of the above statements. ![e must evaluate (3.12) in

the limit x.+(o) + 0. From the definition of
k

^.Tlor)tr)z
I lur$Irxo+rtJr(o,ß)

and the analysis of Appendix F, it follows that these

functions are uniformly continuous in (wrxo+) on

(-æ,*æ) x [0,L]. rt then follows that 
"jila may be

taken under the velocity integrals appearing explicitly

in (3.12). Also from the above mentioned continuity

property

x*++0
t

J

*k*
lim dx 0x x +=0km m

o

(4.8)
lim

xn++0 dx)
m

L
I
J m

dx["
Jo

I
L

I _]u"--n 
(v*+ ) r**ïg [u, wtv*+tJ

x +=0.k

Now the expressi-on
lrio'jr
(-æ, *æ)

[urwro, t] contains a factor

(-oor*æ) [urwrort]

wlrich is identically zeto since the integrand is odd.

So (3.L2) becomes

*k*

I
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lim
xn+-r'0

.rk*(o)v,+(t)t","

IF
2NLu

o, k+'r rN-k

(-æ, *co)
+t, o, t]

J-
0, k' -l rN-k

(-ær*oo)

+

Iu, -v +t, o, t]

(4.e)

(4.10)

(-1)r 
"- 

1, j -1) u x I dvn+h (vx+) vr+
+æ

-@

2

rÎx

+

Iu, vk k
I
I

Employing a trivial change of variable

the last term, r,ire conclude that

v_+k
+-v +lnk

We expect that there will be a partial- generalization

of this property to higher dimensional systems of

particles which interact with the waIIs elasticity. We

suppose int.eraction potentials associated with particles

are spherically synnnetric and ã denotes the centre of

the particle. The arguments given here appl-y to a hard.

sphere potential but may be easily adapted to handl-e more

general. cases. For (finite) two or three dimensional

systemsr vtê def ine a class of v.c-f . rs as follows:

"iiir "k* (o) v, + (t¡ '*, " 
= o '

<yn(o).yj (t)> = j" d= I*" u, I*" dyo(o)rrn(yo(o) )yn(o).y

x î=2 ,3lx. (o) ,v. (o) ,k),-K -K
f . (x ,Y,El-

where the particle centres are confined to a region v

(4.1r)
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in Rn. f * (ãr!rt l¡o to) ,yr (o) ,k) gi.ves Lhe probability
)

that particle j wilf have a posítion ]r velocity y

at time t given that particle k has posi.tion 5n (o) ,

velocity y* (o) at the initial Lime and the remaining

particles are in equilibrium at this time . ht ( ) is

the n'dimensional Maxwellian distribution.

Now suppose l" is on a smooth part of the

boundary âV of V. Let gt be the inward normai to

Av at I". Then every vector can be uniquely decomposed

in the form

v where er.vtt = 0.ll (4.L2)

Then

t
X

<v- (o) .v. (t) >
'K -)

+IeIvv

dvf*"
n-1 il

k
Í
J

avrn (ol rr rtvl 
{o) ){ (o)vrdã - dv." (o) h

N-T -K
ov

R R

f. (x ,Y,El- l¡* {o) ,Y* (o) ,k)

+ I" u=J*,,uvf 
*,,uyo 

(o) nn (y* (o) ) y[ (o) .yfit j (ë,y,t lIr (o) ,v,_ (o) ,k) .

(4.13)

vüe now consider the L¡ehaviour of the first term

of (4. t3) as ¡,- (o) * *n - rn this limit it becomes
-K

increasingly probable (excluding a neighbourhood

lx,- (o) -äP I
g 1-=r---- '- ') of the init-ì-al time) that particle k will

¡vi rol I
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have a velocity ¡.'f, r"l l:' ) before interaction with

other particles. The trajectory of part.icle k before

collision will approach

t l"'* (o) | 9r + yü (o) ) t.

+ y;l (o

P=x+

Since this only depends on v
+æ

through its modulus,

j"_a.r; tol sive opposite

I
k

(o)

andI
J

I$re conclude thaL dv (o) . ..
k

o

contributions to the first term of

So

lim
(o) *I

2

gr

(4.13) as ëk (o) ->
Px

(r) >(o)<v-P-K v
Jx-

-t<

= fuu=f*"uvJ*"dvo 
(o) h' (yo (o) ) yji (o) . y"f j (ã,y, g I ã* (o),yn (o), k) -

(4.l.4)

The behaviour of the v.c.f. as I*(o) approaches the

corners and edges of V may also be considered. Consider

first the case of a two dimensional rectangular region

and suppose ã" is a corner point. Before k interacts

with other particles, we have the following pictures:

PIIPx 9r

e^
-2

Fiq. 5.3: Reflection f¡:om a corner.

I¡+ (o)
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Let us write y* (o) = vi (o) gr + vl to)

ïo(o) * IP, the trajectory of particle

coll-ision approaches

e . Then as

k before
2

P tl"i(o) 19, + lvfrto) le,)t

v (t)> = 0.

(4.1s)

(4.16)

(4 .17 )

+x

By comparison with the previous analysisr wê expect that

contributions to <yo (o) yi (t) > from Yo (o¡ = -y and *v will

cancel in the limit I¡(o) * IP. Therefore

lim
x. (o) +x P j

Finally we consider t.he situation in three

dimensions where V is a rectangular box. If IP is

an edge point (excluding corners), we set up a coordinate

system through orthogonal basis vectors (9r'9 r,9r) with

e aloncl the edqe and e ,e alonq the walls. The
=3 

------J - J 
-l''Z '

v.c.f. rs may be expressed as

<v. (o).K yi(r)> = Jru=l*, dv I
J

dv. (o) n3 (v. (o) )
3-K-K

R

(vl (o) vr+vfr (o) v2+vfi ( ))
3x vo

x ti (:,y,tlër(o),yr(o) ,k)

where e+v"e+v3e
-t -2 -3

Contributions to the first two terms from Yt (

v=vl

e) I 3 II 2 3
o =w +w2 *v¡
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and

x. (o)

v (o)
2

x We conclude that

cancel in the limitI + vr3ee2w
I

e-\^tj
P

->

lim
I¡ (o) *ã

r
J

P<y (o) .y (t) >= dx'-:
I
J

dv dyo (o) tr (yr (o) ) vfl (o) v3
k ) R3 R3V

For the case where I" is a corner point, (gr 19 ,,gr)
are set up along the edges. As Iu(o) * IP, the

trajectory of particle k before collision approaches

lim
I¡ (o) *x

e

V (t)> = 0.

(4.18)

(4. re)

(4.20)

x. (t)
-l<

+

So contributions from

this limit. Thus

tl"i(o) lc, +lvfi( 3

k o) le )t.'-3
P (v+

2
ox

v. (o) = + v and -v cancel in
-lç

P<V o 
(o)

J

For semi-infinite systemsr wê'expect analogous results

to hold. To prove thisr wê would only have to take the

thermodynamic limit of a suitabl-e sequence of finite

volumes.

5.5 THE LONG TIME BEHAVIOUR FOR A GENERAL VELOCÏTY

DISTRIBUTION

In the preceding sectionsr w€ have exclusively

considered a velocity distribution function which is

Maxwe1lian. It is of some interest to examine the
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dependence of the long-time behaviour of the v.c.f. on

the choice of distribution function. A natural generalization

is to choose h (v) >

the Schwarz c1ass. Such functions are C- and satisfy

le(x)h(x)l*o as l"l for any potynomial P( ). (5.1)-> oo

The Fourier transforms of such functions are also in the

Schwarz class with respect to the transform variable

(see Chatlifour t t ) . For the analysis of the long ti¡ne

behaviour: of v.c.f.ts, Poisson summation techniques are

again appropriate. For both a ring system and a hard

walled box and for times much greater than trh, it is

clear that the v.c.f.'s will decrease faster than any

inverse power of time. An example of weaker constraints

whj-ch may be imposed on h ( ) would be to choose the

kth derivative h(k) absolutely continuous and integrable

for k=lr 2,... ,Q 2 2. If H(À) is the Fourier transfornt,

then

t
AS -> co

lrln

Poisson sumntation techniques are again appJ-icable for

the analysis of the v.c.f.'s and we conclude they have a

long-time behaviour of the form

H(À) = o lÀl

) (5.2)0(( t
--"th

2-q
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Thís first decrease behaviour wiII disappear if we take

the t.1. so tth * - leaving a residual slow decay.

The results of section 5.4 are also valid for a general

class of velocity distributions provided they are even

i.e. h(v) = h(-y).

I'or more general f inite systems ' one would

expect there may also be a cuttoff to the slow decay to

equilibrium on a time scale t^. = + where now T'th tth
is a characteristic length for the size of the system.

5.6 A STOCHASTIC VERSION OF THE RÏNG SYSTEM

The only difference between the system considered

here and that section 5.2 is that for any collision we

specify that the parti-cIes have a probability P' of

transmission (a non-interacting collision) and a probability

P - 1-P' of reflection (a hard "sphere" interaction

cn(j,rl*i(o),v. (o))

for each jrk e {1.,2,... rN} and depending on the j-nitial

conditions (x.(o),vr(o)) on the N parÈicles. C1j,kl...)
gives the probability that particle j is on trajectory

k after trajectory k has been crossed n times by other

trajectories (counting crossings fronr both the left and

right as positive) . Vùe shall prove that

cn(j,k1...)

involving interchange of velocities) .

We define a class of functions

asn->@I
N

(6.r)

except for possibJ.y a f inite number of vf; (o) (where k*

is chósen from {I,2,...,1{i). We choose an initial
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velocity v[(o) so that trajectory k* intersects all

other trajectories. rt is sufficient to choose

vf (o) I v.(o) irftç*. The cn(j,k|...) have the initial

conditions

c0(j,k1...)

and since some particle must always be on trajectory k'

we have the conservation result

cn(j,k1...)

k
N
jô

N

Tj=1
I

(6 .2)

(6. s)

(6.4)

It is convenient to define a class of functions

C" ( j , k l*i (o) ,v. (o) ) which give the probability that

particle j is on trajectory k after a total of n

collisions between trajectories. It is cl.ear that

cn( j,kl ...) is equal to cm(j,kl ...) for some m ( n.

The Cn (j,k I . . . ) have the initiat conditions

c0(j,k1...) oT, *

They satisfy the following recurrence relations. If the
th . 1 .,rn-" collision involves trajectories k- and k" then

c"(j,k1...) = c'-1(j,kl...l for kt'k'rk"

cn(j,k'1...) = pcn-t(j,k-'1...) + p'ct-l(j,k'1...) (6.5)

cn(j,k" 1...1 = pcn-t(j,k'1...) + p'ct-l(j,k"1...)
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Since parLicle i
rhe c"(j,k 1...)

must" always be on some trajectory,

satisfy the conservation result

cn(j,k 1...) I

Let us consider the set

s"(j lx. (o),v. (o)) = {cn(j,kl*i(o),vi(o) ):k=l,2,...,N}

Our aim is to find an integer M > 0 and number

ct, e (0,I) such that

diam s'+M(j1...) < cl diam s"(j1...)

Now trajectory ktr crosses any other trajectory k

periodically in time with a period tf <

v*(o) I vf (o). Let r* = Ïii..i. rhen in any time

interval of length 't*, trajectory ktç crosses every

other trajectory. It is possible to find an upper bound

N

I
k=1

(6.6)

(6.7)

(6.8)

(6.e)

ft is useful to examine the diameter of the set S" (j | .. . )

(in the sense of the usual metric on R) as a function

of n. From (6.5) we see that Sn (j I . . . I is obtained

from St-1(j I...) by replauing one pair of points (c',c")

witlr the pair of convex tinear combinations (Pc' + P'c",

P'c' + Pc") and leaving the rest invariant. Consequently

diam sn(j1...) ( diam s'-1(j1...)
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N. = N. (x, (o),v. (o) ) for the total nurnber of coilisions

between trajectories in any time interval of length r.

Thus during any Nt* coÌIisions, trajectory k* must

have crossed with every other trajectory. We show that

Nt* is a suitable candidate for M in (5.9).

fn the determination of the diameter, it is useful

to define the following quantities. Let

N

d+ s*(j1...)

Define

Tf

k=I
for mln

cT(j,k*1...) = c"(j,k*1...) and

N
for klYx

(6.r0)

(6.11)

(6.r3)

ci (j,kl .. .) = p:î c" (j,k'| . ..)

and suppose that Ci(j,k|...) for m > n are determined

recursively by relations of the form (6.5). Then

ci( j,kl...) > c^ ( j,:<l ...) k=1,2,...,ìt (6 "Lzl

si( j 1...1 = {ci(j,k1...): k=l,2, - -.,N} mÞn

d
+ m Þ n.
n

From the choice of u it is clear that for each k
T* t

then from (6.12)

si(j1...) , u: sm(j1...),

1(m*there exists *k <N
T*

such that
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N

for ** ( m ( N.*. Furthermore the follorving upper estimate

on the ,l**.* (j,k 1.. . I hords:

,T**(j,k1...) < max cï ( j,k'1 . .. )

k=l

ï ri,k'| . . .) --yii c'+N'r* ( j,k'| .. .)

clri,kl...)

(6.14)

(6.rs)

(6.16)

for mÞn (6.f7)

(,6,18)

for kl¡*

N

max C

k'=r

(P-)NT* d* sn(j1...)

where P =min(PrP-). Consequently

Similar1y we let

N
d- s*(j1...) = - min c*(j,k|...) + Cm(j,kol...)

k=I

Define c:(j,k*l...) = c"(j,k*1...) and

N

= min cn(j,k-1...)
k'=I

and suppose that Ci(j,k|...) for m > n are determined

recursively by relations of the form (6.5). Then if

si( j 1...1 = {c:( j,kl...) : k=l ,2, - -.,N} m Þ n, it follows

that

u" si( j 1...) > d; s*( j 1...) (6.1e)
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and d- s]*t.. tj I .. . ) (r-(P-)r{t*) d; s"(j | ...) (6.20)

and

Combining (6.16) and (6.20),

diam tn+N'¡.(j1...): a" S'+Nt.(j1...) * d: S.+Nt.(j1...)

* d; sl**..(j1...) * ul sI**t-(j1...)

(r-(P-)Nr*) diam s"(j | ...) (6.2L)

which has the form (6.E) as required. So

diam Sn(jl...l -> 0 as n + co

monotonically. It also follows as a simple consequence

of (6. 6) that for k=I r 2, . . . ,N

I+
N

and thus c"(j,rl...) -t I
N

'-+0 as n + ó (6.221

SO cn(j,k1...) asn-+o 16.23)

as n-'æ (6.24)

The analysis of a special case will help elucidate some

of the above concepts. We consider the rate of convergence

of (5.22) in the regime where lvfl (o) l>> lv* (o) I , klbx.

This is achieved by determining the dependence of N.r* on

vf (o) in this l.imit. As lvf {o) |

for lvn* (o) | sufficiently large,

+ -l-æ rt

it is clear that there
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can not be more than one collision between any pair of

trajectories chosen from {I,2,...,i*r... rN} in a time

interval rI. Furthermore trajectory k* no other
k

tr:ajeciory more than twice. So for such vo* (o) '

N-1
2

Nt* < ) (6.25)

t

o
L

tk*

0

Fiq. 5.4: The large

+co +@ +@

I "l"rl+lnz 
l+. . .+lnl{l (j,Llx. (o),vr(o) )

L

The above analysis is now applied to the calculation

of ensemble averages. By analogy with (2.I) oju(tlxi(o),v. (o) )

ís defined to be the probability that particle j is on

trajectory k at a time t (given a specific set of

initial conditions) . Then

ojo (t lxi (o) 'v, (o) )

lvu* (o) 
I

re9rme

(Nrkrt)x

II

T

nI=-æ n2=-æ nN=-@

I (1,k,t) r (2 ,k rL) r
n2

+æ +æ

T

n nN

+æ

=ftn II
n1=-co n2=-æ nN=-oo

(cl"rl+lnz l+...+lnul:,olx. (o),vr(o)) - $l
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xr
n1

(1rk,t) r (2rkrt)
n2

The ensemble average of section 5.2 is usedr thus

rrrw(Nrkrt) (6,26',)

N
F", 

"= nlr-tt 
(vr; xn+v trvk k ojo (a l*. ,ti) ,","

f"tt"rXf"nnJ"=(

f (vr; x* * vot r(*
N

I
k=I

+

X

(r (v

dv. h t"rl )dx
N

dx
N
lr

i=1

+æ

-CO
N-l"'

v )

N

T
k=2

i vntr

k

tr. )t x_k f(vr;rtt,v,))

I
n1=-æ n2=-@ nN=-cÞ

(lrkrt) r (2 ,k rL) r (N,k, t)

{æ+æfoo
(c nrl+lnz l+...+l"Nl tj,klx.,.rrl- rtt

".i:-) 
(cl"rl+1"2 +" '+ "tlj,kl*i,'r)- *

x TI

xr nl n2

where we have used the identity

+@

nN

(N, k, t)

(6.27)

(6.28)

+oo

I
N

T
k=l-

( I
n1=-@ ¡¡2=-æ

(r,krt) r (2 ,k,E) rxr nI n2 nN

N

I
k=1

(ctt (j ,k I *i,ril - *l 0

from (6.6) where .tr is the total

between trajectories up to a time

nunrÌ¡er of collisions

t. In particular for
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the v.c. f. 's (6.27 ) becomes

F =<v (o) v (r) >
N,L t l NrL

I= ñ <vr(o) 2> +

( N-1 I

LN- 1 (,1, f,)
oJ"-dxJ"

dx
N r{-1"'

+@

x3
dx

+co

-ó
dv h(v

I I

N )I i
+co

(N,k,t) )

+co

i (cl"r l+lnz | +. . .+l"wl,r,r<lx.,v. 
¡-,{)X (vr 

nl=, 
(vr-vr

r

n1=-æ n2=-æ nN=-co

(1,k,t) r (2,k,t) r
nNn2

lv. -vi I

(6.2e)

j such that

Ì (6.30)

In

A crude asymptotic anallzsis for (5.29 ) in the limit as

t + - is given below. In (6.29 ) the factor

(cl"rl*l"zl+-. -+lnul(j,Ll*i,ril - *l provides a curroff for

those (ttrtr r.. . ,VN) outside the set

{ (vr,Y2, .. rvN ): for each i, there exists
!t0

For outside Lhis regionr w€ can find i=k* such that

lvo*-v, I ,t i. Consequerrtly for large L, nk* in

(cl"rl*l"zl*-..+lnnl(j,Ll*i,rrl - *l for klyx rvirl be

large compared with l{r* r so this expression will be small.

Also arr rhe ni in (cl"rl+lnzl+"'+lnlllli,r*l*i,ril - *l
will be large compared with Nr*, so this expression will

also be small. The set (6.30) will have Gaussian measure
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N
a

N

N+1

o((Ë)

for

value

)as
odd

t + - for N even and o((t) ' ) as t + oo

So the decay of (6.29) to the equilÍbrium

factor (v

aS t+oo

* <v, (o) 2> will be of this foLm; For N=2r3, the

r-vr) in (5.2g) produces an extra factor o(l)
in the rate of decay.
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CHAPTER 6

THE SOLUTTON OF AN ELIMINATION PROBLEM

IN KINETIC TF;EORY

6. I INTRODUCTTON

For an infinite classical system of particles with an

arbitrary inter-particle potential' we examine the following

special class of initial value problems (i.v.p.). The

j-nitial conditions are such that a particle, labeIled rrlrr

(say) , has a specif 1ed initial distribution f (1) (zr;0) and

the rest of the particlês, labelled with an index j , are

in equitibrium. The initiat position and velocity of particle
rrlrr could for example be fixed by choosing f (1) (zr;0)

= ô (x, -x') ô (v, -v') ._I _I

The reduced d.istribution f unctions (r.d. f . ) are d.ef ined

through the grand canonical ensemble average <

corresponding finite systems of volume V at time t and

then by taking the V + - l-imi.t. The average <
f

on functions of the variables zi = (*j,.rj) (denoting the

position and velocity of the particle labelled "j") by

integration over these variables wi-th respecL to suitable

total distribution function measures. The n-particle r.d.f.

is defined as

(n)f I( ,2
1

z z
-n

rt)

<ô(z., -rr) i
' jq'l j ß

joll

6(z (1.r)-rj") tY
c

s,#ß
ô (z^

-2
-z j2

) -n
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which gives the probabilir-y measure that the particle labelled

rrlrr is at z- and that some other particles are at znt...,z-._I ¿ _TL

(1.1) is convergent for aII time. From (1.1) and the specif-

ication above, the initial conditions on the t(n) are of

the form, f(1) (2.;o) specified as above
-l

f (n) (zr;zri ;0)
-n

f (I12r... 'nit)

.ho(yr,)f (1) {zr;o)Pr, (Ir ¡Lzì . . . t Ir,) ho (Yz )

x
-TÌ

2t) Ijo#jß
jofl

(r + ï rl (t;t) ) (s1(r;t)f (1) (r;o) )
tnrl m

+æ('I rn(1 ,2,...,n;t) (sl(r;t)t(r)
*lo m

where hO ( ) is the Maxwellian distribution and

the n-particle equilibrium r.d.f. defined by

ô -x jn
)>

(r.z)

fS

V

equilibrium
(r.3)

(1.4)

(1;0))
( 1.5)

p('n

x
-ll

,gn(x,;x,;

6(x
2o#ß

Anstisot,oo has shown that manipulation of (I.I) Ieads to

the equations

(1)f (r;t)

(n)

_xJ

where

x

Tt (r ,2 r. .. ,ni t) .
m

I
Iuuí 

,,uu;.. . Ju4o

m

I t-rlt-ot}lso*k (L,2,...,n,L',...,k';t)
=Q 'J\m!

(v f

Pn+m (I,2, . . .,DrI' ¡ "' ¡ft' ) sl (t;t) -1

hv
-n

and we have written

uz
0

h h (
0 I ho (gl)

i for z. aud i' for zl

0

'-l_ -1

( 1.6)
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Sq (1 ,2, . .. ,q; t) is the q-particle streaming operator so

sq(1,2,...,q;t) f (1,2,...,g) = f (r' ,2' ,... re') where

Zí,2i,...,2; are the coordinates of particles which at a

time t later under q-body dynamics are at Z.,ZZ,,...,Zg
(respectively). For finite V, (1.4) and (1.S) v¿ill be

convergent for all time.

our aim is to eliminate the expression sl (r;t) f(t) (t, o)

from (I.4) and (f.5) thus obtaining an expression for

t(n) (r,2,. . . ,nit) in terms of f ( 1) (1; t) (termed as "upgrading"

by Cohent t ) , The result for n = 2 may then be substituted

into the first equation of the appropriate B.B.G.K.Y. hierarchy

to obtain a closed equation for f(1) (1;t). Analogous non-

linear p::oblems have been solved using graph theoretic techniques

for both the equilibrium case (see Uhtenbeck and Ford E a ) and

the non-equiti]¡rium case (Cohen o ) .

For t-he case of the one-dimensional hard "sphere" gas

where 0*( ) - p*-1 with p equal to the mean density,

(1.4) and (1.5) are shown to be convergent in the V + -

limit for ¿r11 time. The elimination problem is solved by

rewri.ti-ng (1.4) and (1.5) in terms of the corresponding

cluster functions and operators and using graph theoretic

techniques similar to those implemented by Cohen In

the general case where g*( ) does not factorize, more

direct combinatorial- methods are used to solve the elim.ination

problem. Convergence of the series (1.4) and (I.5) may be

assured at this stage by retaining finite V and then Iet-ting

V + oo after we have solved the elimination problem. The

convergence behaviour of the solution is consiCered in the

next chapter. Unlike the special case above where gro ( )

m-1= p"' -, no cluster function structure is apparent here.
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6.2 CLUSTER FORMULATION FOR THE ONE-ÐIMENSIONAL

HARD ''SPHERE'' GAS *

The r.d.f.'s t(n)( ;t) are first expressed in terms of

cluster operators corresponding to the streaming operators.

This is essentJ-ally a combinatorial problem with an application

of Liouville's theorem. Then these expressions are rewritten

in terms of cluster functions corresponding to the t(n) ( ;t)

thus obtaining far neater expressions suitable for the applic-

ation of graph theoretic methods.

First we give an alternative characterization of 11(f;t)
m

through the iCentity

m m-k m 1+k
k d?,

1+mdz^
-¿

dz-
-I +m

U (L,2 ,. . . ,1*m; t) n (L,2 ,. . . ,1+m)

where n(I,2,...,l*m) is symmetric in the last m-variables.

U*( ;t) are the cluster operators corresponding to the stream-

ing operators st( ;t) and are thus defined as (see Cohen' )

I t-rl
k=0

( I
)

dz-
-l +m

s (,L,2, . . .,1+k;t.) n(I,2,. . .,1*m)

(2.r1
t
J

u*(r12r...rmit)
(Lr2r...rmll J

1

(2 -2)

where the sum is over a1I partítions of the labels I,2,.. " rm

into non-empty sets f i of size Li for k - I,2,...,m. I''Ie

do not distinguish between different orderings of 1L,...,Ík.

The validity of (2.I1 is shown by first proving

THEOREM 6.1. The signed and

> (-r) k-t (r-r) l .fi-sui (r-,.)i=l I' 'fu)

term s1**'(rr... rt) appears

u*(In...rmit) , m ) m' + L, is

weighted number of times that

in the expansion (2.2) for

equal to N (m,m') = (-I) *--1-m'

a

m-1
m'

( )

The vector notation
argunrent applíes Èo

z. = (x.,V.) is retained indicating that much of the
-l- -l- 

- 
-1

systems of arbitrary dimension.
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PROOF (i) for m' = ft-I¡ the result is immediate.

(ii) for m' < rn-I, the result is proved by induction

on m . The result is easily verj-fied for m = 2. Vle

suppose it is true for m = 2r3,... rn-Ì and verify that it

holds fox m = n. The following representation of Ut( ;t)

is useful (see for example Cohen and Dorfman'o ).

Ut(1 ,2r... rnit) = Sn(I ,2,... 'ntt)

I n-1 + IU (1;t)s (2,3r...,n;t) +

(2,... rilr...,irr... rnit) {-

+ (2.3)

ut*1 (rril, . . . rir;t) rn-r-1

n
I

í=2
ut-1 (r,2., . . .,î, . . . rn;t)sl (itt) )

Corrt:ributions to ,1+m' (rr...;t) terms in the expansion for

ut(r ,2,...,n;t) come from terms uk(t ,...rt)gn-k(...;t) in

(2.3) with k = m'r-L,...,r¡-1. The number of such terms

N(n,m') from the induction hypothesis and (2.3) is given by

N (m'+1rm' ) {-N (m'+2,m') +...+N(n-Irm')
)

n-1
m'+1

n-1
m' ( n-1

n-2 )

(-r.) n-1-mt n-1 as required.

r-u j rll

m'

We have used the identity k(1-1) 0

+1;t)n(1r2,... rm*l) .

(2.4)

tr
k
Ij=o

'Io prove the result stateC at the beginning of the section,

it is now only necessary to note the following simple consequence

of Liouville's theorem and the symmetry of n( ). If [i

i = 1,...,p is a partition of (2,...,mtl) with lilil = .i

then

I ur- 11+'r1(1,il, ;r) fi srí(lt. ;t)n(], 2,...,m*1)
J -I+m , i=2 1

dz^
-¿

=f" ,2 I uurn*sl*tl ( L,2,. ..,r1
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Asa special case of (2.1) r w€ have

1 d.z' ul**(1rr"...rm';t)T (1;t). dz!_I -mm

X rrl (2.5)

We now consider the related. problem of producing an

alternative characterization for tÏ( ), n ¡ I, noting that

the structure of the coefficients appearing in tÏ ( ) is

independent of 'n'. New sets of streaming and cluster

operators are defined with arguments choserr' from the n-tuple

(Lr2r...rn)andtheindividualphasepointsn*I'n*2""

If & denotes a set of these arguments then the streaming

operators are given bY

stfi I (e; t)
n

and. (2.6)
tfr I

S (ól; t) otherwise.
n

The cluster operators are defined recursively by

s (e; t)
k
l

=J

91*rn(1r1', "',m') st (t't)-1.il-
í=2

,1+m ((L,2,. .. tn),1',...rm' ;t)
n

î
)

Í
J

pn+,n(1,. - .,D,1', -. -,m')st (1,t)-1.t^nn (ri) ilrno(yi)'í=2 v --L i=l v -! (2.8)

-t_
ho( )

,lß I +n-t (c,a) if (L,2,...,D) e G

sl*l (*,.)

16? I

n
,t6t 1l 1Cn t-(frll ß úì ) i= 1

I k

;t) (2.7)

Bywtrere the sum is over all partitions

comparison with the analysis leading

of elernents of 6ì

to (2.5,\ , we have

Tn(t ,2,... rn;t).
m

dz!_I dz'
-m

X
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1+m
u ( ;t)n

of cluster

may be characLerized

functions. ltre have

as a sum over certain Products

immediately that

u] t t L,2 ,. . . , n) r t) = sl t t r ,2 ,. . . , n) ; t)
n

sn (r ,2, . .. ,n; t)

(2.e)
(L,2,...,t11 f 1,.

From (2.7) and (2.9), it is clear that ,l**( ;t) is represented

as a sum over a subset of all possible products of cluster

functions UP ( ; t) which appear in the cluster expansion of

s:**( ;t). rf [k, k - r,...,P, is a partition of the set
n

(L,2r... rD) , then a simple inductive argument shows that

,l+m( ;t) is a sum of terms rike
n

ulnrl+... (ilI,...,r)ulnzl+"' (Í2, ..;r) ...ulnnl*"' (rp,

f; uli(r.;t)
i=l l-

'Jk)

where the labe1s L' ,2' , . . . ,Ill' are distributed

terms in aII Possible \^/aYS'

From (2.8) and (2.10), for the case where

(1.5) maY be rewritten in the form

t(n) (L,2,...,n;t)

(I ,2 nll IIt , . , nk ) ( t ' ,2 ' , . . . , m 'ilJ1,

ulnil*li(il.,J.;r)

between these

)
m-1

p p

..;t)
( 2. 10)

(2.11)

m

'Jt) o

x t
m!

ð,2!_I
k
]I

ho(
m

l
k=1

n

,I" P ho (vi)
L-L

dz'
-m a I

x p v,') f_K
(1) (1;0)

of L12r... ¡rl

r"2t¡...rlrì
where the

ill ,...rflk

sum is over all Partitions

all ordered Partitions of

into

into
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l.r... rlk for k - 1r... rD. The [i

f i may be empty. The total number of

for given Lf is equal to

are non-empty but the

labellings of the f. .

k( I r,) !
r

t-=I
k
]T

i=1

and each gives an equal contribution to (2.I1).

specific choice of labelling, we have

(n)f (L12t... 
'n;t)

So making a

(2.l-2)

Inl+5+r
U (1rII,I"... r j';t)

(2.13)

L I

I

(1, 2 ...,nll [1 ,...,nU)

I uu;i ulnil*ui(n i,r,,2,,...,e.'r;L)
k

xJI
i=1

X

Li
IT

I
trJ

t-

+co

T dz!_I
t" 0

1

p ho(
k=1

(n)f (L,2r...,n;t)

(1)(v. ) r (1;0)
0 -t

v;
n
II ph

í=2

For a hard "sphere" system using conservation of kinetic energy,

we have ulj I 1r;t) r[rho 
(Li) : o. so (2.L2) rrray be simplif ied

to

+æ
r
J

1jTI T zd f

1
dz'._J

nc.{z ,n] 0, j

X ph v; (v. ) rh
1n
ll n
Jí=2

j
l

k=1
p

(1) (1;0)
0 0 -a

The cluster functions corresponding to the f (n) are

introduced in the following theorem rvhich also provides the

required expression for these cluster functions in terms of

the cluster operators.
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(n)
THEOREM 6.2. Define the functions I ( ;t) by

(n)
g (I,2,...tn;t) T

JJC{2,3,
(_r)'-1-lrl

.. rnÌ

)) tlul*1(r,r;r).X -l-r
le{z,3,...,n}\II

p ho (Yi

Then

j
xII

k=1

(m)Since g ( ;t)

n)g (L,2r... rnr't)

p

+æ I
ILr-{z 'n}(10)J

0 j!
dz'-_I

dzl
-v"

u'Q'+n (r12 r. . . ,n ,r' , .. . ,9.'¡L)

(1)

(

(2.]-4)

( 2.15)

æ+
dz!

-l0
I

fu=

I
oT

9,

ho (yi ) uI,p
n

i[zx ho(ví f (1;0)

PROOF: For convenience of proof we take (2.L5) as the defin-

ition of n(n) and prove (2.L4) . The resurt is easily

verified for n = 2 and the general result is proved by

induction. we suppose that (2.L4) is true for Il = 2,... rnt-I

and prove it valid for n = m. From (2.I3) , n(m) ( ;t) Inay

be written in the form

¡n) (m)(Lr2r...,mit) = f (L12r...,m;t)(
g

I ulnlr'1 1r,II,r,, .. .,j, ¡t)

( 1) (2.16)(v. ) f (I;0)

d,z'._J

p ho (v;)
0 -12

m

l
l-

ph

-is symmetric in (2,3,... rm) , it will suff ice

(2.L6) the number of terms producing a factor

and to show that this is equal to M(k'm)

From (2.L6) this is equal to (by induction)

to determine from

¡(t +t) (t,...it)

= (-1)*-t-ut*;tl .
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{u (:<,m-r) (i:1, + ¡r(k,N-2) (i-å m-1
k)+ + M(k,k+1) ( )]

( -1) m- 1-k m-1 )as required (c.f. ÎHEOREM 6.1) tr

so to solve the elimination problem for this special

system, we may alternatively determine n(n) ( ;t) in terms

of g( 1 ) ( ; t) . rt is possibre to show that the expressions

for ,(n) ( ;t) and n(n) ( ;t) are convergent in the v + -

limit. For exampler wê show that the integrand of the .Q,th

term in (2.L5) is zero for those n*.Q.-particle conf igurations

where there is a group of particles not containing L,2'...,n

wh_ich interact only amongst themsel-ves in the time interval

(ort) i.e. disconnected colIj-síon events. This observation

has been m.ade previously by Cohen I I . Let Ai be a partition

of the group of labels containing L,2, " ' ¡rI with I € Art and

Iet ß. be a partition of the other disconnected group. we
a

use a representation of U[+n ( ; t) v¡l:ere aII possible orderings

of streaming operators occur, except that trI¡r must appear in

the fax left. Then aII terms are of the form

(-r) P-1s (Air; t) s (A. r; t) S(A ;t)S(ß t)
1cl i1'

These terms give equal and opposite contributions. Because

of the Maxwellian factors the velocities are effectively

restr j-cted to a magnitude o (vth) and so the spatial-

coordinates Lí, i ¡ fir are effecl¡ively restricted to within

a distance o (v.nt) of the set {It , \2, " ' ,Irr} ' Noting

also the ordering of spatial variables for the one-dímensional

k

or
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system, the series

v+- Iimit. A

in (2.I5) rnay be easily majorized in the

similar analysis is possible for t(n) ( ;t).

6.3 SOLUTION OF THE ELIMINATTON PROBLEM FOR THE ONE-

DTMENSIONAL HARD "SPHERE.' GAS

From the rerations (2.15) for g(1) (r,t) and

n(n) (r,2,...,n;t) in terms of rl(r;0),we obtain an

expression for n(n) (L,2¡... tn;t) in terms of g(1) (r;t).

This is achieved by constructing non-equilibriurn Husimi-

operator expansions for the cluster operators U(m) (L,2,... rm;t)

(c.f. Cohen ' ) appearing in (2.15). These operators are

gi.ven a graph -'heoretic interpretation from which the solution

to the elimination problem becomes obvious. The appropriate

graph theoretic concepts are outlined by Uhlenbeck and Ford E a .

Fi::st we set up a correspondence between labelled

Husimi trees and a set of non-commuting Husimi operators.

The way the correspondence is set up is determined in pa::t by

the elimination problem to be solved. First consider the

case where the Husimi tree consists ot a single starr SaY an

n-gon labelled (I,2,... rn) . This graph then corresponds

to an operator ut(r,2,.:.rn;t). rn general, to each star

j-n the Flusimi tree, there corresponds such an operator.

Since these operators do not in general commuter ân ordering

convention is needed in dealing with a Husimi tree of more

than one star. The most general Husimi tree may be decomposed

as a number of sub-trees hung from the point labelled rrlrt

(so that for each such subgraph rrlrr is not an articulation

point). The operators assocíated with each such subgraph

are grouped together. These groups of operators are ordered
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according to the minimum label- (other than rtlrr) associated

with each subgraph (from left to right as the minimum label

increases) .

Now consider the ordering within each of the above

mentioned subgraphs. The operator corresponding to the

star including trlrr appears to the left of all others. If

there is only one star attached to this then the corresponoing

operator appears next to the right and so on out along the

chain of stars away from the star containing rrlrr- If

when moving out along the chain a star is reached with more

than two others attached, the procedure below must be

implemented. We again group together the operators assoc-

iated with each different subgraph attached to the end of

this chain. The order of appearance (from left to right) is

again determined by the minimum (non-equal) labe]s. The

order wíthin each subgraph is determined by the above rules

except that the role of the point tabelled rrlrr is now played

by the point of attachment to the above chain.

Finally we prescribe a rule to determine the order of

arguments ivithin each operator Ut( ;r). For a labelled'

star containing "1", we write V"' (1,...;t). These operators

are defined to be symmetric in all but the first argument'

For the other operators the argument appearing first is that

associated with the closest articulation point to rrlrr.

The Ut( ;t) operators are determined in terms of the

cluster operators by requiring that the following relations

hold:

ut (1,2, . ..,n;t)ul (trt) -1

= v Slllll OVef

n-points
aII d-istinct tabetled l{usimi trees of
with labels chosen from (I,2, -..,n) (3.r)
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2
(16 ,24 ¡ t)

e. g.
22

13

(n)
I (I,2,...,n¡t)

dz
-n+ -L

dZn* 
L

10

25 26

T
1abe1(n+1,. ,n+.1,)

3

1

17 16
12

29

Corresponds to:

I (u1 r,2,3,4i81v1r,5 ¡t, uir,G,7 ¡t)) ("ru,B,e¡Ðv1,e,ro;t)

x (v1r,r,Lit¡vÎrr-, 12,13;t) ) u1.r,L4¡t)vn(r4,Ls,L6,17 ¡E)

t uÎ 24,2s,26,2J,28,2e,.) ) I rulr,rB;r J1,r8,re;r) l

x lu1r,20¡t)vn(ro,2L,22,23; t) l

(2.J-5) may now be written as

)

at

=;if'J T
graphs

n+[
root(I,2,...rn)

(1)))(u (1;t)f (1;0))
n+ l,

(il
i=2

I

t+ 1,2

root(1)

(3 .2)

xf P ho (Yi

where I is the
graphs

of n*[ points with

sum over all distinct

-n + ,[,
f root(1,2,.. ,î) maY

rrlrr for each of which
I+LN

Denote bv T z'"t root(1)
1 + 9" ^ poi rts) which

¿

2,3 ,. . . , n. Then we

sum over aII Husimi trees -n+'Q'
'too t(|,2.,. .. ,n)

roots r,2 ,. . . , n and 
r"uå <r I 

is the

Iabel.lings by f, of the non-root point-s.

be decomposed into subtrees hung from

rrlrr wiII not be an articulation point.

the collection of these subtrees (of

do not contain any of the points labelled

have the unique decomposition

n{-[
root (1,2, . . . ,n)

,na'!"1 ,irrecl
' .oo t(I,2,.T . rn)

T (3.3)
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n+l,], irred.
vthere Troot(r,2,. .,n)
subtrees nakins up tT:: t(L,2,

consists of the remainder of the

.. rn)
and t"

1

3

2

T I0, irred.
root (I ,2 ,3 ,4) T 74

root (1)

1 + L, = 9"

eg.

3

and

l+ t,

2

23
root (Lr2r3r4lT

Using the decomposition (3.3) , (3.2) becomes

(1)g (1;t)

+co

I ,2 d'r* 
L iI

labe1(2,3,.. .,!,+1) graphs

I l. L-r lL

root( 1)T
0 [!9"-

X

(n)
g (I,2,...tn;t)

1 (1)v.
-a

))(u (1;t) f (1;0))
1+g(n
í=2

I
,"

ho(

n
. ,rl, o no(v.) ) (ul(r;t) r( r )(r,o) 

)

p (3.¿)

h (v. ) )0 1

n+|rn+2, . . .,n+Îll ! rrÍ r) O

X

X

ÏI
ttr

dzl

(v.
--1

I
J

IT
tabel(Jt) graphs

n+'1,l,irred.
root (I ,2, . . . ,n)T p

-1i€jt

I
íer,

)-

dz IT
t"be1(J Z) graphs

L+ 9"2

root(1)T I
íer

p h
0

))
1

2 2

(3. s)

where in (3.5) we have used that because of the way that the

graph operator correspondence is set up, all operators
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associated with T

associated with T

t
iCrl appear to the right of those
I , irred.
E(r,z,. . ,û) 

rt is clear that

1+L

roo
n+ 1,

roo

iI
í€J.

]I
i€Í

ð.2. I
-1 labei(J2)

I
tauel(Jt)

l+ 9.,

root(1)

n+[], irred.
root (L'r2, . . . ,û)

(n
íet

p

2

r,
2

Furthermore

(3.6)

(r
íet

I ho (v. ) )

T
graphs

T h^ (v. ) )u-a

x (ul(t,t)f(1)(r;o))

is independent of the choice of

2

1

t
J

dz.
-l-

2I-

i
graphs

T

I

X
fl

I 0 ho(v.))h(I;t) (3"7)

is indepenCent of the choice of r, I for arbitrary h (1;t) .

Using these resuÌts, (3.5) may be rewritten choosing a specif-ic

possible ones aslabelling from the
2

(n)

(

(L12,... 'n;t)g

+æ

T

1

+co

i
2=0

9"2
11

i=1

I
ET

dz
-n+ I

I u,.--, IJ -tt*r1 lrb.l(rr*f, . . .,n+1,, )

9"!

tlL

n+[1
Ip

í=2

I
graphs09"

X

x

x

-yrr+9"1 ,irred.
'roo t(\ ,2,. . . ,r¡

h (v.))
0 -1

d

1 (1)
h (vi))(u (1;t)f (t;0))

0 -1

I I
) 4r rur"r(L',2'1. . .,u;,

ð,2!_I i
graphs

L+9"2

root(1)T

L

p (3.8)

So from (3.a¡ and (3.6)
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(n)
I (L,2r...n;1,)

t+oo

9"I
[=0

t

)
dz--n+ I

" 

u^.u rn+Î' (L,2,...,nln+1 ,...,n+1,;'þ)

n+,C
x ( II p ho(yi

í=2
where for a set of

,n+1' (L12t...,nlJ;t)

(1)))g (1;t)

f" labels I

(3.e)

n+[
root (L r2, . . ,n)

(3.10)
I

1abel(J)
i

graphs
T

This is the required sol-ution to the elimination problem'

6.4 CLUSTER AND STREAI"i]NG OPERATOR EXPANSIONS OF THE SOLUTION

The expansion (3.9) for n(n) ( ;t) in terms of g(1) ( ;t)

has the disadvantage that the terms involve combinatj ons of

the Ut( ;t) operators. It is more convenient to have an

expansion in terms of cluster operators. This couftl be

achieved. by solving for Ut( ;r) in terms of Ut( ;t)

recursivety from (3.1). However a systematic inversion

scheme is embodied in the following theorem'

THEOREM 6.3. Îf rtt*ø (!,2,... ¡rrlf ;t) is defined as in (3.10)'

then

tn+l' (L,2,. . . ¡rr l"e ; t)

k-1 ( 4. l-)

r 
-1x u'(1;t) r

(n+1 ,n*2, . .,n+.Q,ll J1 I 
Ê 2,.. .,ru)

( -1)
0

x ut*11 (r, 2, . . . ,t't,Í1 ; t) u1(rrt) -lul+t"2' (r,t, rit-)

u1+l.k (r,Jt; t) u1 (1; t) -1
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where the sum is over all ordered partitions
into l!,...,Îk where f t may be empty and

non-empty for k - 1,2r...r9"+I .

of n*1,...,n*.1,
l z, ... ,lk are

PROOF The family

can be obtained by

associated with U

those containing a

contain any of the

+

of graphs associated with ,n+9" (1,2,. . . ,n lJ; t)

starting with all the graphs in the family
n+L,L,2,...'n,Í;E)ul (r;t) 1 and removing

subtree hung from rrlrt which does not

points labelled 2 ,3 ,. . . , n. i. e.

T'n+Lt(r,r, . .. rnln+r, . . .,n*1,' ;t)

un+'Q" (r rr, . . .,n+ø' ;t)ul (r; t) -1

{t", r,2,. . .,nltlu!+9"' (l,n+r,. . .,n+[' ;t)ul (r;t)-1

Tt*t (r,2,... rnlir,... rir;t)

+

n+1(i1<. . .(ir^<n+1,'

l+ 9-' -r 1 -1XU ( 1 , n*l , . . . , il , . . . , ir , . . . , n*,Q,' ; t) U ( l.; t) +

Tn*L'-t(1 12t...,nln+r r... 11r... rn*L' ;t)
n+1,'
I+

i=n+ 1

2 I
X U (1,i;t)U (l;t) -1

)
(4 .2.)

Note that (4.2\ is ordered in the sense that the operators

associated with the Tt*t ( ) appear to the teft of those

associated with the ul+'c'-r1 ) - This is a consequence of

our choice of graph-operator correspondence. (4.2¡ can be

used recursively to obtain the required expansion (observing

tha.t ît(t,2,.".,n1t) = un (r,2,...rrr;t)ul(1;t)-t),ra can be

ve::ified directly tha't the theorem holds true for 9" = I
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(and 2,3 etc.). The proof of the general result

by induction. We suppose that it holds true for

9. = Ir2r...,L'-I and prove that it is true for 
'"

Consider the number of terms in the expansion

,n+9" (u,r,...tnln-rl ,...,n*1,';t) which are of the

n+ 1, 1 -1 1+ 1, 2(L,...;t)U (1;t)U 1(1r2r...¡rr¡...;t)U (r;t) U

ul+[k(r, . . . rt)ul (t;t)-1

sha11 be

L'

of

form

1 -1

(4.3)

for a given choice of

from (4.2) come from

Lr" " 'L
the terms

Contributions to (4.3)
k

,n+1'' -Lk(L,2, . .. tnl ir,... ìt)ul+'ck(r,n*1 ,...rifr...rn*Î,';t)

I -1 (4.4)xU (1;t)

i. e. I u,!'uu)
of terms in

terms. By the induction hypothesis, the number

,n+9"'-Lk (L,2, . . . rnlir, . . . i t) of the form

ut*[1 (r,2 | ...,rrr . . . rt)ul (1;t)-lul+9"2 (1,. .. ;t)ul (r;t) -1

u1+.Q,¡-1 (1, . . . ; r)ul (t;t) -1

is equal to

k-2 (!,' - g, )!
N ( -r) k

k- 1- k-1

So the total number of contributions from (4.3) to (4.2) j-s

equal to

!" r! 9.2! 9"

(-1) x ( ) t Nr.-'-L,
L, -Lk

v"r" lu!

Nk

(-1) k-1
1 2

0r 1

AS required. Il



As a¡ application of this theorem¡ vJê tltâ12 ¡s14ríte the

solution (3.9) of the elimination problem as

n(n) (r,2,.-.,n;t)

dz
-n+ I

l)x, (n+1 ,n*2,. . . ,r*0lJl lß 2,.. . ,lk

x un+ut (t,2,. . .,rr,!, ;t)ul (l;t) -lu1+9"2 (L,l 2;t)ul (r;t) 
-1

I
Tt

0

@

IL
+

z
-ft

d
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(-1)
)o

k-i

1 +.Q,
n+ f, (1)-1

U
l- 2

To obtain a streaming operator expansion of the solution

of the elimination problem, we examine the structure of the

f,th term of (4.5) when the cluster operators are expancled in

terrns of streaming operators. The following simplified

expansion is appropriate because of the nature of the functions

acted on and using conservation of kinetic energy :

L- L, l+ 9-'

1k(1,J¿t)u (1;t) p ho(v.))g (I;t) (4.s)I

]I Itcl
(-r) S (I,r'¡tl

i€J r,

X (v.)h(I;t))
o -l-

(4.6)
íeÍ

This result is self evident using THEOREM 6.1 and symmetry

arguments. The analysis is divided into several subcases

(I) let J* 9 t2,3,...,nÌ with lf * | = L* > O; partition

the labels n*Ir...,n*.C into sets f f i = I,2,...,k.

After substitition of (4.6) into the .e,th term of (4.5),

we determine the number of times that the expression

,1-+'Q'*+ut (t ,!* ,r1 ; t) s1 ( r, t) -111+ u, G,r, r;L)s1 (t; t) 
-1

u1+'Q'(r,J;t) (

(n h

s1*[k (r,Jr; t) s1(t, t) -1 (4.7)
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appears. The orrly contribution to (4.7) from (4.5) comes

from the term

(-r) k- lun+ ut ( t, 2, . . .,rt, 11 ; t) u1 ( r ; t.) - lu1+ t'2' G,t, r; t-)ul ( t ; t) - 1 . . .

ul*[t (r,f r;t)ul (r;t) -1

(ff¡ f,. i = I,...,k as in (I).
1

times that the expression

(4.8)

trüe determine the number of

(4.e)

> 0; partition

into sets

The signed number of times that this term appears is

given by

(-1) k-1 x (-1) t-'q'*-1

s 
1+'Q'1 ( r,¿, ; t) s 

1 ( r, t) - 1, 1+ u, G,r, r; L)s1 ( I ; t) - 1

,1+.Q,¡ (r,Jr ; t) s1 (r, t) -1

appears. Contributions to (4.9) come from the terms

(-l) k-lun+f'1 (r, 2, . . .,n,ßr; t) ul (1; t) -lu1+ u, Ã,r, riL)tJ (1;t)1 -1

1 -1
k ;t)u (1;t)

and

(-t) kut (L,2,. . . ¡n; t) ul(t; t) -lul+0t (l,f t; t) ul (1; t) -1

u1+lt1r,J ;t)u ( I r) (4.10)I -1
k

So the total number of times that (4.9) appears is given by

k-1 k
0(-1) + (-1)

u1+[t11,r

f

(rrr)1er lx c {2,3,...,n} with l¡*l = ,r,*

' L- jt of the Iabels n*l, n1-2, . . . ,n*L
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Ti,lTil
of times that

i = L,2r...rk.

the expression

We determine the numbers.,
l_

51+'0:*+"t (1,Í*,T, ;t) s1 (r,t) -ls1*tz ( L,T z;t) s1 (rrt) -1

(-r)k*(r-t)+lun+s1+sí (t, 2, . ..,A,T L,T'L;t)u1 (trt)-1

u1*"t*"1 (r,rt,T'ri t)u1 (l;t) -lu1+s È+1 (r,T.*r;t) ul (1; t) -1

,1+s¡ (r,T 1 (1;t) -1
k ;t)s

The remaining j' Iabels are partitioned into sets

(4.11)

Ti,lT:la ' a'

(a) r(k

iated with

sÍ,
1

i = I12r...tr.

in this case

the partition

* ul+s 2+ " i 1t,T T I ;t)u (r;t)2' 2

contributions to (4.11) assoc-

T: come from terms
I

1 -1

(4.L2)

T'L' " "7 among the firstt

of the last rtr-trt factors after

" sets from T , T,
t

terms

(k-r+I) .

interpre-
k when

u1*"k (r,Tu;t) u1 (t;r) -1-u1+s l+t (t,Tí*r,t)u1 (1.;r) -1

ul*" I (r,T, ¡t)ul (t;t)-1

& different positions of
r¡ktr factors

& different positionings

the first factor

& different choices of "t It "''

for | = 0r1, ...,r. îhe total number of such

contributing to (4.L2) is given by k(k-I)

k (k-r-I) . . . (k+ (r-t) -1.) ' ('I.) with a suitable

tat-ion for the case | = 0 and the case t =



vrhen r - k. We conclude that the total number of terms

contributed to (4.11) by (4.J-2) is given, for k Þ r, by

k-1 n-.Cx-1 (-r) " i.r ( TM(s. ,s'. rnrl"*)1t
( -1) . (-r)

188.

r-1
E'

,)r. (r+1) ... (r+t'-l)k(k'1)... (t'+I)

t'= 0 and t'

it is clear

k

r

¿ 
I=o

t

tIr (k) )

(4.13)
where

1 (-1) t (
r

, ) (k+t'-I) (k+.t' -2) .. . (k+t.'-r*I)T , (k) t

and from Appendix G, this expression is zero.

(b) r > k: in this case contributions to (4.I1) assoc-

iated with the partition T: come from the terms described

in (4.L2) , but here | = 0,1r...,k. We conclude that the

total number of terms contributed to (4.11) by (4.f2) is

given, for r > k, by

M(s.,sÍ,n,t*) : (-r)r-t. (-r)n-'cx-1. fi (-1)t í
I l- i=l

x Jç- (k+1) (r-1) ( (4.14)

where

t
t

k^-
I ri; r 

t:.1 I
tt=0 L

r-1
tt

f
E t

T (k) ( -1) r-k*t

with a suitable interpretation fot cases

From Appendix G, this expression is zero.

Using the results of (I) ' (II) and (IIT) ,

that (4.5) may be rewritten as

t(n) (L,2t...,n;t)

dz
-n+ I

I
J

dz
-n

æç rl
yt=o 'Q' ! J

-t )t 
-t

(n+1 ,n-t2,. . . ,D* P"llf tlt r, . . . ,1 0

r so*ut (t,2, ...,n,rL;t)s1 (rra)-111+-n, (r,t, il-lsl (r;t)-1

+9,
)k

n+ l,(r
í=2

ho (yi) ) f 
(1) (r;t) (4.15) .p,1r'.Q,¡ (t,Jt ; L) st (tr a) -1
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6.5 SOLUT TON OF THE GENERÄL ELTMINATION PROBLEM

Using (1.4) and (1.5), we obtain an expression for

,(n) (r,2,...,n;t) in terms of f (1) (1;t) by the following

procedure. (1.4) is inverted to give

1 (1) 11(r;r)) lf(1)(r,.)
S (1;t)f (f;0)

m
(1 + I

m=1

+oo

i (-r)
9.

I
k=1 m.

l_
k
s
¿J

i-

1

k I 1T (1;t)r (t;t) ...r (t;t) )
m1 m2 m¡

(s.1)

1Tn (r12r...rn;t)T (1;t)
m

1(1 + I
>09.

mi=[
1

(1)
X f ( -1; t)

for times O < t . t" where the radius of convergence t" of

the expansion in (5.1) is expected to be small because of the

sensitivity of the operator í1 + -i., r]tr;t)) I to smalt' m=I m

changes in f(1) (1;t). eualitativery this is understood to

be the case because very different initj-at states f(1) (I;0)

approach the same eqriilibrium state. Upon substitution of

(5.I) into (1.5), wê obtain after some rearrangement

(n)f (I,2r...,n;t)

+oo .Q,+ 1

I
k=10

T
!"=

(-r-) k-l >
mrÞO *itO, i)l nl

k
.I- m.=1,
l-= I r

2

11 (r;r))f(1)(r,.) (5.2)
tk

It is expectecl that the range of convergence with respect

to time of (5.2) will be considerably greater than (5.r)

because of the rearrangement of terms. So t" does not
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determine the range of convergence of the final solution and

this is expected by comparison with the graph theoretic

method where t" does not enter into the analysis.

Let us first examine the leading terms in (5.2) i.e.

those of highest order in the streaming operators. The

contribution from the term of [],+(n-f) ]th order in density

(the .e,th term in (5.2) ) is then

( -r) k-l > * 1
T (L,2,... rn;t)T (r;t)

i>l *1 ^z

m. =f,
1

(1) (s.3)

where

1

m

azi

(1;t))f (1;t)

Ëntr ,2,...,p;t).

dz' sP** (Lr2r... rp ,r' ,... rm';t)

1,+ 1(I
k=1

* n

>o

l_

1
m tito 

'
k
I

1

*
T

k

t
m! -m

1xp (L,2r... rp ,L' ,... rm')S (1;t)
P+m

í
)

-1

X
ì
1

v)ho(5ho(u2
0

h ) ho (v'*) (5.4)

The total number of possible labellings of integration varj-ab1es

appearing in the streaming operators in (5.3) for a given choice

of ill, . . . ,ffik with labels chosen from (n+1 ,n+.2, ' ' ' ,n+'0) is

equar to (ml+mz+" '-Fmk) ! . Each of course wilr give ançYqq! uv m1 !m2 ! . . -m¡ !

equal contribution to (5.3). Consequently an equivalent

representation of (5.3) is



I
0t

t
J

dz--n+ I
I
J

(-1) " -1 (-1) k1-1

"2(-1) *r

t{+l2rri

( n+ 1 ,rt+ 2 n+ 1,ll "C
!,

S

(-1)
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k-1

-1

1 2r' ' ' ,r,)k0

1 -1(r;t)

XS

X

(1;t)

(s.5)

where the sum has the same interpretation as in (4.1) ' Such

a result j s expected by comparison with the solution of the

elimination problem for the one-dimensional hard "sphere"

system in sections 6.2-4 we have shown that only leaC-i-ng terrns

with respect to the streaming operators contribute ancl the

structure of the solution is similar to that of (5.5).

Next we consider aII the rema-ining terms that are generated

by (5.2) for a given 9" The streaming operator structure

of these terms will be of the form

x sn+ut (t ,2,...,n,1r;t) go+u, (t ,2,... rn,f ,)

x s1*rt (r,rt;t) p1+rr(1,Ík) sl (r;t) - t :í:ho (yj) r(r)

g"+!'I (L,2 | . .. tn,rl;t)

)2

I

sr+r| 0,r,f,;t)

l'+ 9", (r,! z; t) p 
L+g, r(r,r z) s1 (t ; t) -1

(-t) k" -1

X
n!+t"l

LT
1

)

(I,2,...,n,1 ,l
kt
.IT^a=J

1

1

1

1 1
* Pon g,l + 1"2-

11

9.
2.

( -1) 2.
X

tt"f,+nzrl t

Plng i (I,J
1

S (r;t)
1

,l^lr+l"l' [1
2

2(I,f
2

k2
Q t*9'iI¡L,tT, i(r,r

2

)P t*n'l*nX
2

Þ
1 (1;t) -1



L92.

x

^I+ I'btut"*l'"lor!s

* Pr* n!.n"f,1t'r'!'rf,l

2
q

o I
s(f,f ;t)( -1)

10(I,2,... ,m,! ll J*)

t"2rtt"3rr...øltt

(fixed). This is

The total number of

, from anY set of
1) I wirh this in

2

1
X

1rl*rll r

ki
where r,. =.q. fi and lril = ,"i. AIso k = k.+"'+k

J a=l J '*jr -j' --I s

Let us now group together and sum terms of the above type

S

k
S

for all possible Partitions tt, of

essentially a combinatorial problem'

poss-ì-bJ-e labellings of f ik1 .:

i|zLi rauers is equal to

mind, if we define

( J*ll Í Jk)

l
i=3

0

e1*.1 :,t,cil s1 (t,t) -1

(-I) k-torr* 
!.L +9"2 

(L,2, - -.,m,J I

""+l'1, (L,2 r . . .,rr,, l;t) o (L,2, . - . tn,r ltt 
jir'i, u' (1; tllri

.c

( 5.6)

(5.7)

1

k
k
1

9"

i = 2,.
ltzr+*3r+.

tl

lr

k
]I

i=3
1

x g1*[í(r'! )

2
S)S

then the sum of terms of the above type is given by

(-1) "-1 (-t¡ k2-r (-1) k"-1

-IX

kt
iLz

r^
-L

11l
1' )!

1

1
9"L (

a

x .....

r+l] (1,"c"1;r)

ks

-e 
rn s.!. u?( r'Í1't3) r!,

1
r" 1-1) +1,

1

s 9.
X

X

(
2(s s t" s

1 )! e"+

prnø|(1,Jå)s1(t;t)-1 (s.8)
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Sirnilarly we may group t.ogether anC sum terms for all possible

partitions r: of tj (fixed) for j = 2,...,s. The

result is

(-1) "-t (-r) r.'r(2) (-r,)e'2(2) (-r¡["(z)

1 ,n+1'1(1) (r,2,. ..,nrJ1 (1) ;t)X
9" (1) !r, (2) !I I

x r.ù(L,2r... rn,Í (r)ll r (2))s 1 -1
I 1

(I;t)

X
I

"r+9.2(r) 
(r,, (1);t)o(1,J (1) ll r (2))s (1;t)1 -1

,. (1) !r, (2) ! 2 2 2
2 2

I

X

wh.ere we have set r.(1) = Jl , r.(21 = g r

[,. =.c.(I) ú!.e). AIso L.(1) = 9"\ and
JJJJJ

The total number of possible labellings of

s1*[" ( 1) (r,Js (r) ;r) o(r,f s (1) ll r, s(2) ) s1(r;r) -1

(5.e)
i.soJ KJ

!,. (2) = ,Lru!.
J 

1 
(1) , r r(2) ,r 2(L) ,

n*Irn*2r... rn*1,

X
L (l) !r (2) !

s

r,2Q),...,"cs(1),
s

rvhere f" = :Ir r"

Ís(2) from a set of l-abels

. is equal to
J

(.e,1(1) +[r (2)+9.r(r)+t"r(2)+. . .+.Q," (1) +øs (2) ) !

r,1(r) !tr (2)tLz(r) !¿2Q)t...e"s(r) !ts(2) !

If we rnultiply the above expression by the appropriate Maxwellian

factors and integrate over all variables in f j, j = 1r. . . ,s,

it rnay be re-expressed as



I n+,c(r
j=n+1

t'

J
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t. -ï!(2))s (1;t)

(s.r0)

k-1

ð.2
9" J

1 1

,1+ß 2(r) 1y,! (1) ;t) o(1,J (l) ll r (2))s (1;t)1 -1
2 2 2

n+ 1,

x

" iIz ho (Yi)

(n)f (I,2,...,n;t)

(n+1,n+2,. . .,n+fll"Cl(1Xf(2) . . . p(2). . .ru ( 2)lîp(2)r,2(1). . ..cs (1) )o

(-1) s-1(-r) r1(2) (-1) r 2(2) (-1) L"(z)

x sn+'q'1(1) (t, 2,...,n,1 (1) ;t)o(1,2,...,n,1 (r)ll j
1

x

x

X ,l+'Q's ( r ) ( t,J 
" 

( 1) ; r) rrr ( r,"c 
s 

( r) ll J 
s 

( 2) ) s 1 (r, t) - I

where the sum is over all ordered partitions of n*1,n*2,...,n*ß

into sets J. (1) , 1.(2), l- < j < s where 1,, (I) >
J. J - I I

may be empty, [.(l) > 0 for j = 2,...,s. Also 9".(2) > 0

for j = 1,...rs but at least one of the I-(2) must be.non-
P

empty.

From (5.5) and (5.10), the solution to the elimination

problem is given by

n+[(r
j=n+1

a

z

r-r Lz

I
.0= 0

-1 d (-1)
0

t"! J (n+1 ,rt*2 r. . . ,n+1,11 J
1

t 2'" ' ''u)

, sn+ut (t ,2,...,Ír,11;t) pn+ur(t ,2,...,h,1!

xS (r,rz)s1(1;r)-1
X

1+.Q. 2 (L,l
2
;t) p

)s L (I;t) -1



X

n+ l,
ilh

í=2 o

(1)(v.)f (1;t)
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( s. 12)

X
1 +9- k(I,J SS

dz .)
J

;t) Ik L+ 9" k )
1 -1(1 r (f;t)

1
k

I
.R =0

n+ l,(r
j=n+1

(n+1,n+2, . . .,n+lllJt(1)i,(z) . . . (z). ..r.k(2)

I
+

X

9"

Q
P

X (1)...J ( 1) )
2 k 0p

(1)ll r

* st'tr'1(1) (t,r, ...,.r,J1(1) ;t) o(1, 2, ...,r't,!1(t)llJl (2) ) s (r;t)

x

n+ 1,

XJIh
í=2

1 -1

* S1*g"z(L) (I,, (I);t)o(1'f
2

* S1*0k(1)(1,, (1);t)ur(I,J 1 -1

1 -1(2))s (1;t)
2 2

k
(1)ll ,

k
(2) ) s (1;t)

k

(1) ( 5. 11)(v.)f (I;t).
0 -]-

For the special case where P- ( ) p
m-1 it is easily shown

that (5.rr¡ reduces to the result derived previously. In

fact this result is given by just the first term in (5.11).

The second is zero since o(1r 2,. ".,mrllllJ*) = 0 if p

because

(-r) k-1
0

m-1()=p
m

(!, I 12 lr, r,

(5.L2) is proved by conparison with the Ivlayer cluster expansion,

i. e. if

0

k
IU

i=1 k )t,(p[(1,2,...,L) 1,k
f
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then

u.r(1,2,...,L| k-1 (k-1) !

X

C1-ear1y U¿ ( ) 0 if p () p
m-1 for 9, >I so

k-1(-1) (k-r) ! 0
(t,2 lll 11,...,fk)

There is a one-to-one correspondence of terms in (5.L2) and

(5.13). The extra factor of (k-t) ! appears in (5.13) beeause

we have not distinguished in the sum between different orderings

of partitions.

The methods of th!.schapter are applied to the non-lfnear problem Ín Appendix H

k
]I

l- 1p¿k 
(Jr) .

m

(s.13)



197 .

CHAPTER 7

THE ANALYSIS AND APPLTCATIONS OF THE

SOLUTION TO THE ELIMINATÏON PROBLEM

7.L TNTRODUCTION

The solution to the elimination problem for n = 2, i.e.

f(2) (r,2¡L) = T(L,2 ;t) f ( 1) (r,t) obtained in the last chapter

may be used to obtain a closed kinetic equation for f(1) (1;t)

by substitution into the first hi-erarchy equation. This

necessitates the consideration of {2) ( I, 2; t) only f.or

phase points ,L and ,Z such that the corresponding particles

are interacting (at a time t ) -

To prove the convergence of the integrals associated with

the terms in the expa.nsion of T(I,2¡L) , we consider f irst

combinations of streaming operators of the form

(-r) k-L"2+ [t (r ,2,t r; t) st (t, a) -t
(3,4,...,2+9.llf.^ l[2,..",f t)o

1+ l. 1 -1 1 -1;t)s (1;t) (7.1)1+.Q,XS

(denoted

h(1,2,..

2 (r,r ;t)s (1;t) S k(r,J
2 k

u2*&Q,213,...,2+9,¡L)) acting on a cl-ass of functions

.,2+9.) = h (Zt,yZ'... rYz*g,) which satisfy the following

conclition. h(1,2,.. . ,2+t") should be invariant under a

kinetic energy conserving transformation on the velocities

YZ,YZ,... tY2+g.' For L.,ZZ as above' the only non-r¡anishing

contributions to (7.f¡ are shown to be associated with phase

points corresponding to certain "connected" collision sequences

between 2+9. particJ-es in the time interval- (Ort) . Cohenrr
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has placed a similar interpretat-ion on contributions to the

combinations of streaming operators which appear in the

solution to the non-linear elimination problem.

The above'mentioned analysis is carried out in detail first

for a hard sphere potential and for the lowest order terms.

Here the concept of collisions is well defined and there are

no genuine multiple collisions (where a group of more than

two particles is mutually interacting at one time). In the

enumeration of contributing events, certain non-interacting

and hypothetical collision events appear (c"f. the work by

Sengers t on the Choh-Uhlenbeck equation). General- results

are then obtained for an arbitrary short range interparticle

potential which could aIlov¡ bound states.

The above analysis is used to prove the convergence of

the expansion for T(I,2;L) , for the one dimensional hard

"sphere" case and to examine the l-owest order terms in density

for the corresponding three dimensional case. Finally, the

case of an arbitrary short range potential is considered.

It is a:rgued that the existence of bound states should not

markedly affect the convergence behaviour.

Similar collisional interpretations of streaming or related

operators have appeared in other work on kinetic theory. The

binary collision expansion (Yang and Lee 1' ) enables an easy

interpretation in terms of collision sequences (Cohen I I ) .

The dominant contributions come from "ring events" where trvo

cotlisions of particles t and 2 axe connected by a series of

uncorrelated binary coltisions between the other particles.

These are also the domínant terms in our analysis. I'üeinstock23

has gj-ven a collisional interpretation of non-equilibrium Husimi

type operators wh j-ch is again similar lo oulîs.
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Finally we cliscuss the usefulness and limitations of

using the expression f (1) (L,2¡L) = T(L,2¡t)f (t) (r,a) to

obtain k.inetic equations. The equations should be val-id f or

short times for arbitrary potentials, but resummation may

be necessary before the equations can be used to determine

Iong time behaviour. For hard sphere potentials, a method

is described for exLracting a closed equation for the delta-

function part of f(1) (1;t).

7 .2 THE 3- AND  -PARTTCLE TERMS FOR A FIARD SPHERE POTENTIAL

We enumerate alI possible collision sequences between

n(=3r4) particles in a time interval (0,t) for a hard

sphere potential in 3 dimensjons. For lower dimensions, all

possible collisions wiII be a subset of these. We always

assume that the last collision to occur before time rrt'r is

between partj-cles "I" and |t21t. By carrying out this analysis

for low m, \^te hope to give some insight into a general rule

cletermining which col-Iision sequences give a non-zero contri-

bution to Ut(1 ,213,...,n;t)h(1,2,...,n) for arbitrary n.

First a description is given of the method of evaluation

of the effect of products of streaming operators of the form

(7.1) acting on a function h(1,2,...,n) of the class described.

A criterion is developed to show the equivalence of certa-i-n

classes of collision sequences with regard to the evaluation

of ut(r,213,...,n;t)h(1,2,...,n) .

It is also convenient to set up a notation to describe

positions and vel-ocities of particles at various inl-ermediate

stages of the co]lision sequence. Choose a t-ime t* C (Ort) .
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Let us consider a point on the trajectory of particle rrj'r

at a time t?k. Now suppose that by f ollorving thís point j.n

a time increasing direction from a tinre t" to tj-me t along

the trajectory of particle rr jrr and/or the trajectories of

particles connected directly or indirectly to I' j rt through

interaction, at most rrIrr collisions are encountered. Then

for particle j , the phase point )L = t"1,nll is def ined_J _J

as follows. "1 = v,(t*), the velocity of particle j at a_J _J

time t* and "t = x, (t*) v. (t*¡¡* for j l 1 and_J _J _J

Ii = x, (t*) n Yr (t*) (t-t*) .

jL (j=1)
t

tra jecto::y
of particle

Ijil t*

0
.9"l filr)

- Note that the spacial dependence of jL for j / 1 is not

important since h (1,2, . . . ,nl is independent of "j for

) I 1. For convenience, the segment of the trajectory of

particle j shown in the above diagram is also denoted by j[.

The above ideas are first clarified by considering some

very simple collision events. Certain other concepts are

introduced. The effect of the strearning operator to the far

l-eft is evaluated fi-rst. We then continue from left to

right evaluating the effect of each streaming operator in turn.

t
,
tt

t
t
,
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(i)

l-. e.

Such

This

1 1 2 s2(r,2;t)s
= sl 1r* r¡¡

= h(rL,2l\

t(t,t)-1

-,1'h 1r*' , 2

h(1,2)
t)

t

0

1* 21

In the following we shall set S

for a set of I' Iabels ß.

( ii)

1+ .Q, 1 -1
S (1,J;t)S (1;t)1+ 1, (1'J;t)

t

3s (I,2,3; t) h (I,2,3\

= h( LL ,22 ,32

= h(rl ,2L,3

noting that

conserved on

2 and 3 and

of

)

)

kinetic energy is

colli-sion bett¡een

using the j-nvariance

h( ).

3

1
3

s2(r,2¡L)s2(r,3;t)h(r,2,3) properry
: s2 (r1,3;t)h (rr,2L,3)

= h( LL ,21 ,3\

except for the sPecial- cases

mentioned below.

From thís example, the following general

For purposes of calculating the effect of

the above dia-gram maY be regarded

as equivalent to:

rule may be discoverecl.

streaming operator:s '

t

3

1

0

the collisiolr between particles 2 and 3 is neglected.

a collision has been termecl non-interacting by Sengers

property may be general iz,ed to the m-particle case in

7

2
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the

may

following sense. A general

be represented schematically

class of collision events

by the following diagram:

The details of the collision

sequences within the circles

are not specif iecì. Only the

direction of transfer in tir¡e

of particle rr j I' f rom one group

of particles to another is

important.

12 h n+1 rn

1 ?. n jnr:l m

t

0

Aga:'n using conservation of kinelic

the invariance property for h ( ) ,

purposes of evaluating the effect of

above diagram may be regarderl
12

12 n

energy on

it becontes

streaming

collision and

clear that for

operators, the

n n+1 m
Tas equivalent to:

12 n n*1 m

i.e. we neglect all collisions between particles j, n*I,

nl-2,. . . ,m. Similarty, the f ollowing classes of diagrams are

in this sense equivalent:

n+1 m

0

t
12 n

12 n

nt1 m
t

0

0

J+1

J1+1

lñ
Jl+1

J

12 n j1j6n+1m
nt1
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This result is useful in simplifying the enumeration of

colli-sion events.

(iií)There are some special cases for the coll-ision sequence

in (ii) where the above analysis of streaming cperator

effects is not valid. Following Sengers , , these

cases are termed "hypothetical" collisions. There are

two basic types as exemplified beIow.

t f
1

3 1

3

For both a) and b), again S3(f ,2,3;t)h (I,2,3) = h (Ir,2I ,3)

but s2(r,2¡L)s2 (r,3;t)h(1,2,3) = s2(r1,3,t)h(11,2L,3)ln(rL,21,3) .

rt is not necessary to consider b) for our analysis since the

collision between rrlrr and rt2't must be the last col-lision before

time t.

For the case n = 3, we enumerate all possibl-e coll-ision
sequences and extract those which give a non-zero contribution

eto u-(1,213;t)h(r,2,3)

Zero
contri-buti-on:

132 a

0 0

1

t

0

0

t

1

3I

0

2

1

7

2

?1

2 3

1

2-7

2

3
2
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t
Non- zeto
contribution: 2

3 3

21
I

1 2
32

3

3 3
2

0 0

tI

3 2

1
2

3 f 22
13

Fina11y, let us examine the rather more complex case

m = 4. We shall first give an example of the analysis of

a typical 4-particle col-lision

event, namely:
1

I1

2

0 0

t

1

3
1 43

0

The

and

sha11

a)s
b)s

reason for
t) |tt shaIl

evaluate

taking account of the last collision between rt3rr

become obvious in the f o-llowing analysis " h'e

u4 (r ,213 ,4iL)h (1 , 2,3,4) for the above diagram.

4

1

o (r,2,3,4;t)h (L,2,3,4) : h (L3,23,33,43) = h(13 ,23,3',4).

' (r, 2,3 ¡r) s2 (L,4;r) h (L,2,3, 4)

s2 (r3 ,4¡l-)h(13 ,23 ,32 ,4)

except for A. A

13

h(13 ,23 ,3' ,4')

2

3

3r,

-25
2

2

3 33

except for BrC
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4

2

2
2

3
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f t

1

I
B c

1

3
4

23 13

s3 (r,2,4ìr) s2 (r,3;t)h( r,2,3,4)

= s (11,3;t)h (rL,2r,3,4)

except for D

= h( rl ,2r ,3,4) except for ErF 13

3

I

t3+

3

0 0

c)

d)

t

1 D

0

I

FE

7

t

1

1
1

3
L3

s2 (r,2¡t)s3 (r,3,4;r)h (L,2,3, 4)

= s3(rL,3,4;t)h (r1 ,2L,3,4)

= h( rL,2r ,3,4)

except fo D,ErFrG.

3
11

0 0

(r

0

1

I
I

1

13

e) s2(r,2;L)s2(r,3;t)s2(r,4¡t)h(r,2,3,4)
= s2 (l-1, 3, t) s2 (rl, 4, t)h (fI, 2r,3, 4)

= s2(rr,4rt)h(11,2r,3,4) except for E,F.

= h(r1 ,2L,3,4) except for D,G,

34

33

3

4
2

3 33
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f) st(r,2¡t)s2(r,4¡L)s2(r,3;t)h(r, 2,3,4)

= s2(11,4;t) S' (tt,3;t)h(r1,21,3,4)
= s2 (r1,3rt)h(11 ,2r,3,4) except for D,G

= h(Lr,21 ,3,4) except for E,F.

By inspection it is clear that neglecting ArBr...,G, there
is zero contribution to u4 (f ,213,4¡L)h(1,2,3,4) . Further

analysis shows that there is arso a zero contribution from

DrE a¡rd F. There is however a non-zero contribution frorn

ArBrC and G ff the last coltision before time t is
between rr1" and "2", then also rj may be neglected.

Arr possible 4-particle coll-ision events may be analyzed

in a similar fashion. A list of all rel-evant contributing
events is given in Appendix t.

7.3 CATEGORIZATION OF n-BODY COLLISTON SEQUENCES FOR

SHORT RANGE POTENTTALS

In this sectíon we categorize certain classes of n-body

give a non-zero contribution tocollision events which

ut(I,21 ... rnit)h(1,2,...,n). A concept of "connected.ness',

somewhat similar to that introduced by Gregn E s shal.t be of
use here. The schemat-ic representation of coll-ision even'h.s

used by Green ßs is also adopted here (see section 7.2) . Fo::

a collision sequence to gj-ve a non-z,ero contributionr \úê shoi¡

that there can be no subgroup of particles which do not inter-
act with the rest, i.e. the collision sequence must be connected"

Arso if genuine m*body collisions are given tt're weight of m

bina::y col-lisions, then we show that the n-part.ir:Ies must

undergo at l-east n col-Ij-s-ions (count--ing real and hypothetical-

collis-ions).



As in section 7 .2, $/e let t,l

fr

denote a collision sequence between times tt and t, involving
particles r,2,...,n. The details are not specified. There

may be hypothetical colrisions involved in this sequence. A

number of classes of collision sequences are examined be1ow.

(i) 12 n-1
Let {4.:j=1,...rp} ¡e an ordered

t
partition of {3,4,. . . Ìn-l} . ¡le

group the terms in
ut (1 ,213, -. . ,nrt) h (I,2,. . . ,n) into

0 pairs

n

12 n

207 .

(3.1)

(-t) p-ls' ' ' (t,2,Ar; r) . . .s''' (1,A.;r) s2 (r,n*r;r)

S"' (t, Áj*f t) . . .S"' (l,Ao;t)h(. . .)

and

(-r)ps"' (t,2,A1rt) .. .s"' (r,n+r'A. ;t)s"' (1.'A

s"'(1,Ajr)h(...)

which give opposite contributions.
(ii)

12 m nr+1

j+1 i t-)

12 m ml n nt t

00

I

(

I

I



tno

The discussion

property of h(

may be regarded

of section 7.2 shows that (using

) and conservation of kinetic

the invariance

energy) (ii)

as equivalent to
1Z m m+1 n t

which may be regarded

will not contribute.
(iii) 12 m m+'l n

0

from the discussion of section

zero contribution. Note that

events like

0

as a member of the class (i) and thus

t which is
equivalent
to

12 Íì l¡+1 n

t

t

0

7.2 and thus from (ii) gives

( iii) includes coll-ision

12 m m+1 n

0

(iv) 12 rn m*l n Let {,4r: j=L,2r... rp} be an
J

ordered partition of {3,4, ".. rm}

and let {8.:j=I.2,...rp'} be an
J

ordered partiti-on of {m+1, . . . ,n}

t

0

I

I

I

I
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Again we group the terms in ut(1 ,213,...,n;t)h(I,2,...,n)

into pairs which give opposite contributions as follows:

9,-ts"'(L,2,4 ;t)S"'(1,4 ;t) ...S"'(1,¡\ ;t)S""(1,ß

S " ' (L ,2 , A r ; t) S " ' (I , A z; t) . . . S " ' ( 1 , '4 j ; t) S " ' ( 1 ,ß r; L\ . z_.

(-r)
1 2 j t

h(...)

and

(-r)[s"' (r,2,A1 ;t)s"' (1,Ar;t)...s"' (1,Ã.,ß1;t) ...h(...)
(3 '2)

where 9" equals the number of streaming operators S"'(...)

in the first expression. The factors appear:ing to the right

of the streaming operator containing the labels ß, are of

the form S"'(1,4u;t) ' S"'(1,ß*;t) and S"'(1,4t,ß*;t) for

k > j and k' > I The result follows from the identity

;t)

(vi) 12 m rn+1 n

¡|u) .z.
-l

(3.:)

The discussion of section 7.2.

shows that (v) is equivalent to

the disconnected diagram sholsn

in (iii) and l-hus gíves zero

contribution.

The method of analysis and results

of (iv) arîe also applicalole to

this case.

= $"'(1 ,2,Ar;t)S"'(L,Ã2;t) ...S"'(1,4. 'ßl

(v) 1 mm+1 n i

U

t

0

t



210 .

FinaIIy we give some examples of classes of collision

Sequences which do not necessarily give a vanishi-ng contri-

brrtion to ut(I,213, " ".n;t)h(L,2,. -.,n) :

12 m m+1 n

1?mmr1 n

2

t

t

00

12 m il+1 n

12 m rnrl n

/

Ì

00

The situation is particularly complex with the last three

cases shown as indicated by the following examples:

c = contributing nc = not contri-buting
t t

1

11',lu
c

- tI_
nc 

I

C

2
1

2

t

U

t

/

2

0

*
l+

2
z ?

Ë4
ñ;2

0 0

t
2

c
2

2
I+

12
0 0

J

k

):
I

):
-(

3
7.

3

1

1

4

I

2 I+1

nc



Next we determine the minimum nurnber of collisions

between n particles necessary to give a non-vanishing

contribution to ut(I ,2'.3,... ¡n;t)h (L,2,...,n) . We know

that only connected collision sequences contributed. There-

fore the number of collisions, with the described weighting

on genuine multiple collisions, must be at least- n-I. This

is a simple consequence of the following graph theoretical

results (see Wilson a6 ): let a graph have n points, k

components and m lines, then n-k ( m. For our application

k = L, n is the number of particles and m is the number

of distinct pairs of particles that have interacted. An

exampl-e of a contributing collision sequence with exactly

n collisions is the "ring" event

It reinains to prove that- all collision sequences with

exactly "n-I" collj-sions vanish. FirsLly we note that it is

always possi.ble to represent a connected col-Iision sequence

(other than a genuine n-body collision) in the form

12 12

f

2rt.

2

2

n
2

0

t t

0

n-1

J

5I
I t

,

l+I
I

0

where and

0
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are connected. The possibility of t-his choice is easily
verified by graph theoretical considerations. Suppose

firstly that /\A,4,, consists of c > 1 connecting colrisions
(rea1 and/or hypothetical). Using the graph theoretical
result above to determine a lower bound for the number of
collisions in each of the above connected components, we

conclude that the total number of collisions must be at least
n*c-2Þn r âs required. secondlyr wê suppose that elu{Trtrconsists

of a single connecting particle. ff the contriJrution of this
collision sequence to Un(1 ,213,... rn;t)h (L,2,...,n) is not

to vanish, then \AlV must be of the form

(
J+1

If this is the case \^re

12

reapply the above considerations

. By continually repeating this
procedure, v/e show that either
there must be Þ n coll-isions or

that one of the following cases

arises
12 12

J+t
1

or

to

1

12

It

0

Itì
-.í

J+1

0 0

However since we have prescribed

interacting at time t , none of

that rrlrr and tt2tt must be

these cases are allowed.
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In conclusion,

contribute to

least n

multiple

the n-particle col-l-ision sequences

ut(1,211,...,n;t)h(I, 2,...,n) must

which

have

and with

way) .

at

genuinecollisions (real and/or hypothetical

collisions weighted in the prescribed

7.4 CONVERGENCE CONSIDERÀTIONS FOR THE SOT,UTTON TO THE

ELIMINATTOh] PROBLEM

The results of the preceding sections may be applied to
the anal1r5i5 of terms in the expression f(2) (I,2;L) =

T(f ,2;t)f(t)(r-,a) for configurations where particles rrlrr

and ttzlt are interacting at a time t . In particular we wish

to show that for each term in the expansion of T(1,2¡L), the

i.ntegrals are convergent. An order of magnitude estimate (in

terms of rrtrr) is to be made tor each of these terms and, if
possibler ân estimate of the range of convergence with respect

to time determined for the series.

For the one-dimcnsional hard "sphere" gas T(I,2;t)

assumes a particularly simple form. From (4.15) of chapter 6

(2)f (I,2¡L)
co

T
L

l,= 0

l"+ Ip

r"!
I

J
dz,jd !-tt uzr* 

u
I
J

X

where "'p" is the nrean particle density. The function
2+L

h(1,2,...,2+r.) - ,1, ho(yi)f (1) (l,a) satisfies the invariance

conditj-on of section 7.I. So the analysis of the previous

sections j-s applicabJ-e if we consider f(2) (I,2¡t\ evaluated

at precollision points *Z - *l € sgn(vr-vr) in the lirnit
c + 0.



of {x, ,x r} Al-so usi.ng the ordering

constraint on the spatial coordinates, rre concl-ude that the

effective region of integration for the nth term of (4.1) has

size o( ('3nt) r The order of magnitude of the integrand ist"!

expected to be o(l) because of partiar cancel-lation from

various terms in u2+9' 1,213r.. .,21-g,¡L) . The above estimate

agrees with that made by Anstis 43 for the correspondi.ng

velocity distribution functions. It is noL possible to obtaj¡
a better estimate as may be seen by examination of the coll.ision
sequence

-n2

2_r4.

The convergence of the integrars is proved from the connect-

ivity condition of section 7.3 (c.f . section 6.2) " Ilecause

of the Maxwellian factors in (4.1), the vel_ocities are

effectively restricted to a magnitude o(vth) so the spatial
coordinates xi, i

distance O (r.n t)

> 2 are effectively restricted to within a

- fla
n1

We now consider the corresponding e>(pt:essj.ons for the

3-dimensional hard sphere gas. specificalry we sharr examine

the convergence of the integrars associated with the lowest

order terms for given powers of density. order of magnitucle

estimates are also made on these terms. The following results
are needed f rom egui-librium statistical mechanics (see Uhlenbeck

and Ford 8a 
)

I

tr*t2 !"+2

0

ñr-2

nr-1

3

4
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p (L ,2 ,3) 2
p

-þtzpe ( r+p d

-þtzze ( 1+p

-þz+

p (r ,2)
2

3

+

-orz¡

r
J

("-ot'-r) (.-o 23 -t) +. . . )

dznl("-Ôr4-t) (" -þ z+ -0:¿-1) (e -1)

"-3

I
)

-þz+

1

-ô r+ -0 r+ -ô: ++(e -1) (e -I) + (e -r) (e -r)-þz+

+(e -1) (e -1)l + )

p4 (1 ,2,3,4) 3p -þ tzl t+
(4 "21e (1+...'

þtz...o q
where e --"'q - exp(- . I 0. r) where ó.. is the inter-

t<j=l'aJ' 'I-J
particle potential between particles rrirr and " j". The

analysis of the expansion for f(2) (I,2¡L) shall only be

for phase points ?t,ZZ at time t such that the particles
rr1' and tt2tt are about to col-Iide. For hard sphere potentials

we shall make use of the commutation result (see Ernst et al.tt ).

st (1 ,2, . .. ,ni t) "-0t 
2 ' ' 'n -Qtz. . . nstt(1,2,...,nÍt) (4.3)=e

The 3-particle (1,=1) term has been examined previously

by Anstis oo . We have that

(s3 (r ,2,3; t) p (L,2,3)sl (r;t¡-1 -s2 (r,2¡t-)p (L,2) s1 ( r; r) -1dz.-J 3 2

(1)
Y )f (1;t)

2 1 -1 (1),3 S (L,2;t)t.r(1,211 3)S (1;t) h u2 t3 )f (r;t)

huz* s2 (1,3; t) az(1,3) sl (r;r) -1) ho (

0
h

0J.

3
)ho(

t (t,r) -1s1 (z; t) 
"-023¡

,3

30

(

f' z
-3

p2

+ p2 j.

Í"
2

p

3(s (I,2,3; t) S
1 2 1(1;t) (1,2;t)s (1;t)-S -1e

, s2(1,3;r) sr (t;r) -1)t
Y20

)f (1) (r,t)
-s1 (1;r) e-ol3s

)r(1) (r,r)

(1)
Y- )f (1;t)

z^ (e-0r1"-02:-rl (t,t).-413q1 (r;r) -t) (s2 (r-,3 ; r) s1 (t;t)_J -1)-1.

X h (v, ) ho (v,
-0r: -þzse

0

e

_¡- O(¡:r 3

" ho (r¡, ) ho (y'-,

(4.4)
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C.onvergence of the integral in the first terrn may be proved

using the connectivity condition discussed previously.

Collision sequences contributing to this term must have at

Ieast three collisions (íncluding the co1lis-ton between rrlrr

and tt2tl at tj-me t). An estimate of the phase space voluroe
t

of const + O(+) has been made for such events (see Cohen r0 
)

where t" is the collisj-on time ¡v (range of (,rr)/v.n. The

second and third terms in (4.4) are clearll' convergent and

bounded in time.

The terms of order p3 in í4"4) may be written in the

form

-þ nz 3 1
P3 I uu'

P3 I uu'

dz, îe
-4

c (L,2 ,3; t) -S (t;t)s1

-orz¡

-0rz: -0r+(2;t)e I (e

(1)
Y¡ ) ho (vo) f (1;t)

-r)

x (e þz+-r) (e-0:+-r) s1(r;r) -tno (vr)ho (

,2
0

t'

J
dz. [ (e

-4
-þn J -þv 3)s (L,2,3;t)*e S{- -e ( (l- ,2 ,3 ¡ L)

s1 (r; r) s r (zrt)l t (e-or+-r) (e -þ z+ -ór¿ -0:+-I) + (e -1) (e -r)

s)ho(vo)f(1) (r;t)

l"-0 t 3 (, 2 (L,3 ; r) s 1 ( t, t) - 1-r) - (s 1 ( I ; t) "-0 
t'r t ( 1 ; t) - 1

("-Q 24-t) s1(t; L) tno,tr)ho(y:)ho(vo) f(t) (r,.) .

-þz+ -0:a 1 1+

t'

J

(e -1) (e -l-) I s (1;t)

-þ tz 1

( V
0

hh

fd z,
-+

dz
-3

3
p

J. =4z^
-3

t_ -ô r+ -þz+ 1 -1e S (I;t)s (2;t.) (e

Y¡) ho (vo) f (1)

-1) (e -1) s (1;t)

-þtt+-1)

"-ot3) r ho (rz )ho( (I;t)

p3 -þv 2 1 1 -0r¡(s (1.,3;t)-S (1;t))s (2;t)ed e

X

+ (e

(4.5)
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-þ z+Tire factors (e -1) and/or (e -1) ensure that the

integral over ,4 converges. The factors s2(tr3;t)-s1(f;1i),
s3(r,2,3;t) -s' (r,2;L) and s3 (r,2,3;t) (.-0'^-t) ensure that
z. is effectivery confined to a region of phase space of size_J

or tvirrt) 3) . This gives an estimate of the size of terms in
(4.s).

other terms of order p3 come frorn the 4-particre (g, = 2)

term of (5.11) , chapt-.er 6. These may be rearranged so t.ha,t

one term contains a factor u/t ( I ,213 ,4 ¡ t) which produces a

convergent contributj-on associated with connected 4-part.icle
collision sequences of at least four coIl-isions. From

Cohen's analysis these contributions will_ be of order
)1-

Cl( (vlnt").tn(Ç) ) . The convergence of the remaj.ning Lerms is
assured by the inclusion of factors containing suitable
cornbinations of st.reaming operators and of po[ential terms.

These terms dominate the long time behavj_cur.

For a general short range potential, it is easiest to

check convergence for each term (9" fixed) of (5.I1) by

examination of (5.2). rn this expression appear the operat.ors
)1T:_ (I,2¡t) and T:. (1;t). An analys.ì-s simitar to that atml mi

the end of section 6.2 shows that the only contributions to

the integrars appearing in these operators come from phase

points associaterl rvith collision seguences connected to "rrr

anl/or tt2tt for t? tI,2;L) and connected to ,,1,, for T1 (l;t).ml mi'
The convergence of the integrals is therefore easily verifieo.
For this anal-ysis the existence of bound states j,s not

significant. Therefore we do not e:;pect the range of conver-

gence of (5.11) to depenC significantl-y on this feature of

the interparticle potential. Flowever the naLure of (5.11)

-or+
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will be affected by the existence of bound states. It is
also quite easy to prove that the first term (and therefore

the second term) of (5.1I) converge separately. Consider

a disconnected collision sequence where there is a group of

particles not interacting with rrlrr or tt2tt in the time interval
(0,t). Let Ai be a partition of the group of labels
attaqL_red ,to ,{ I,2 } and let ßi be a partition of the

other disconnected group. In the first term of (5.II) r \^/ê

group together products of streaming operators of the form

The sum contr-ibution from these t¡.vo terms is of the order

P..(1,4.,ßr) p ..( IA, ) o ..( 1,ß r ) which approaches zero as the

distance between the sets of phase poJ-nts corresponding to

A. and ß, becomes large. So the corresponding integralJI
will converg:e provided the equiJ-ibrium correlations diminish

sufficiently quickly for large separations.

(1)7.5 A I(TNETTC EQUATIO}I FOR f (1;t)

The useful.ness of the expression f(2) (L,2¡t) =T (L,2¡t) f ( 1) (r, t)
wil1 depend on the range of convergence of the ser:ies expansion

and the accuracy to which the series may be approximated by

r:etaining the f irst few terms " I¡or times short compared with
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the mean f ree time r wê certainly e><pect the approxima.tion to
be good. trVe expect the range of convergence to decrease wíth
increased mean density and with increased rangfe of the inter-
particle potential" Bound state effects should show up for
tintes greater than the period of orbit for the bound particl.e
notion.

trrlithout resummation of terms in the expression for
f(2) (L,2¡t) , the resulting kinetic equation is not expected

to be usefur j-n describing the long time behaviour of f (1) (l;t).
This is because the .q.th term of (5.rr) (chapte:: 6) involves
isolated l,*2-parLicle collision sequences. As pointed out by

Cohen I 0 and others, such terms will produce unmanageable long

tirne behaviour so there is a need to resum to incl_uce many

particle effects in all terms. physicarly this represents

a many-particre damping of isolated !.+2-parLicre collision
seguences occurring over long times. A resummation of this
type has been achieved usj-ng a binary collision expansion

formuration (see Karvasaki and oppenheirn " ). A resummation

closer to that described above has been discussed by cohen I I

For the one di-mensional hard "sphere" gas, the kinetic
equation which results from retaining the first two terms in
T(r,2¡i'-) is given berow. For the velocity distribution
function

(1)
h (v; t) dx f (1) (x,v;t)=T

we have

(s.r)

â (1) (v ;t) u (v,;tlr,(1)lreg I '1

+ U

ar h

ô
(v

1
;t) h

(r) (v
1
;t) (s.z)



where Ur", (vr; t lfr) j-nvolves integration over h (v; t) with
respect to the variab-le v and

220.

(5.4)

U (v ;t)
ô I

+

n

= nq(v

f u",2.nt

ju", Irr-rz lrro (vr)

f u", H ((vr-vr ) (r:.-v, ) ) Irr-rz I Irr-r: lrro {v, ) ho (v, )

2
I (s.3)

(5.2) has been sorved using iterative techniques by Anstiso.
vùhere the initial- condj-tions are such that h(1) (vr;t) has a

delta function component ô(vt-v'), we make the decomposition

h(1) (vr;t) = h[t) (rr';r) ô(tl-r,) * nll]trrr,.l inro delra-
functlon and regular parts. An equation for n[t, (v';t) may

l¡e extracted from (5.2):

+ "[t 
) (,r' ,.) U (v';t)h

ô
(v' ; t)(1)

= (-ncr(vr) + n

which has the solution

t ß(vr) (say)

(1)tß (v') ) h (v' ; t)

) +n

o

2

6

h (5.5)

so clearly the usefulness of (5.5) is rimited to tirnes much

shor:ter than the mean free time. The j.ncrusion of Ìrigher

order terms from T(r,2¡t) will only introduce higher order
polynomial terms in t . Thus the need for ::esummation is
clear.

This rnethod of ex'L.racting a kinetic equation for the

delta-function part nÍ t' is also applj-cable to hard sphere

potentials in higher dimensions and to the non-Markovian

kinetic equations corresponding to these potentials. For the

6

(1) (v' ; t) = exp(-cl¿(v') (nt) + Lß(v') (nr)',n[t) (.r, ro)
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non-Markovian case with a hard sphere potential wtrere

f(2) (L,2¡L) is expressed in the form t(z) (r,2¡t)

= pz r,2)hoftr)r(t)(r,.) + |,t dr'M(r,2¡E-t'¡¡(1)(1;t'), a
J6

Volterra integral equation of the convolution type is obtained

for n[t' . This may be solved using Laplace transform

techniques. For example in the one dimensional case,

retaining the three body terms in the equation derived by

Anstis ot , we obtain for the Laplace transform û!1)t=l of

nfl) ttl an expression of the form

(1)
ô (s.6)

h (0)
fif1) r"l s+ncr,(v') -nzy (v' ,s)

The r.h.s. has a branch along the negative real axis and poles

in the negative half-p1ane. Asymptotic contributions to

fr[l) ttl for large t may be determined using Plemelj type

relations.
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APPEND]X A

To be amenable to physical interpretation, the r.d.f.'s
must satisfy several constraints. These must of course be

satisfied by the initial conditions. This being the case,

it is then possible to show that, under time evolution

governed by the hierarchy equatJ-ons, these constraints are

satisfiecl for all times. Existence, uniqueness and

boundedness of the solutions of the hierarchy equations

èfratt l¡e assumed here. These results may be obtained

rigorously by a suitable aciaptation of the function-analyt-ic

techniques of Chapter 3.

(i) Asvmpl-ot-ic T,i.ouville Property

lim. f
€+0

(n)

1im
€+0

j
+(xrrv, ixlrvr ¡z 3i . . . i zn;t)

tÍ") {*r,vr;xl,v2ì23ì . . . ì z, ;L)

+where x, = *I + € sgn(v2-vl)

As j-ndicated in Chapter 2, this result is a consequence of

the properties of the n-particle Liouville operator

appearing on the r.h.s. of the h-ierarchy equation for fj")
J

and the nature of the dynamj.cs for this systenr (a pair of
particles interchange velocities upon collision) .
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(ii) Impenetr:ability Condition

+K

1im
e+0

1im
€+0

(n+m¡
il i?

( n+m)
i1 i2

tÍt) (rrte ,v2ixl,vr ¡23î ..lz, iL)

tjTl (xr,v1,*r.. tv2i z1 ; . . . i z, iL)

(n)To prove this result, r.Je suppose that the f. arej

decomposa.ble at t. 0 as appropriate suns over

(the n-particle r.d.f.'s for particles iI i2 in) with

iI = j (ct. (2.9) ) , i.e. we must have physical ini'riat

conditions. We examine the appropriate equati-ons for

-'( n+m)
ar Lz l_n

-(n)ti1 i-2

in jI jm and then

(n)obtain the required result for f by summation overj

i2,...rin. From (2.7)

+m

'IT

l-n

;t)

ð

ãE IN f

( z ,... rê x
l_n I n c[

irr(zLì...;zn+mit)

,YiZn+I;...zrrn*rt)

+oo
n

i
0=I

-(n+m')
=i l. i2of

lim
€-+0

-co

avlv-v, I .

( n+m+1 )

ir i2

( n+m+1 )

iI i2

+f

f ( z ,...rL x tVìZ ,...t-
O{, n+1IN I n n+m

+where x-
o¿

=x t€ sgn(t-r') and where we have used symmetry
C)¿

TN
in the last m' vari-ables . K

( n+m¡
i1 í2

the (n.+m) -particle Liouvj-lle operator which takes into

an l-s
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account all interact.ì-ons between the labelled- particles

il in and interactions between the unlabelled particles

and any of il in.

support considerations: At t 0, if for example

it<í2< < in, then f

x
1 2

(x From the above definition of

in, it is clear that the above equation is

. j-s non-zero only for
IN

l_n
extends to times

ir, (zti . . " ; zn.^; t) and

( n+m)
i1 í2

n

( n+m)
i1 i2K

invariant on such ordered regions of phase space. So 'the

al¡ove constraint on supp f

t > 0.

( n+m)
i1 i2

representation of f . : If we consider the twol_n
(n)
ir i2

hierarchíes of functions f

d,z f ( n+m+1)
ir i2 IN x(zl-i . . . i znì zi zn+L? . . . iro**it)

in k(zLi . . "'¡rnìroizn+li ... iào, .. "ìzn*^iL),

( n+m)
ir i2

+rnn
+ T f ( n+m)

i1 i2
Oú=n*1

they have i<lentical- initial conditions and may be shov¡n to

satisfy the same set of Ìrierarchy equations. Consequentl.lz

they are identical for all t > 0. In particular

(n)
it í2f Ln(zri...izn;t) = !u"t

(n+1)
i1 L2

(ink 1 izî:-)z
n

(n)f AS
l I xr-x, 

I
-> f0

(n)
ij is decomposable as a sum over

t_

f (n) j-. Suppose li-il > 1. Then we may write thís.ani ij i3

sum in two parts. In the firstr we suppose that for each
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k between i and j that icr¿ I k, cr = 3,4, "..rn. In ilris case

using the support considerations and representation of

f (n)
i j í3 IN

mentioned above

f (n)
i j j.3 ín(zr;.. .izni )t

¡max(xrrxr)
J*ir, (xr, x, )

dx
+æ
II dvf

J

(n+t)
ij i3 in t(zri.""izniz;L)

for such k. So ir, (xrlr;*1*. ,v2'¡23; . . .;znlL)- (n)
I, I J rJ

o(€) as G + o since rji'r,

delta-functíon parts will
In the second part of the

j and cx, e {2,3r... rn} such

considerat.ions f Í".) ^a-l rJ ...

for € suf f iciently smal-l.

Therefore

is bouirded and ther-n k

not contribute to the integral..

sum, there exists Jç between i and

that icx - k. From the support

ir, (xtrv, ;xrt€ rv2ì 23 ; . . . ; zni t) 0

(xrte ,v2ìx]-tvL'ì23; ". .izniL)

(*)

+crv 'r){ ,v

(n)lim f
€+0

Iim
c'+0

f (n)
jjrl

j

x z ,...r4 ;t)II 2 1 3 n

where we have interchanged the -timit and the sum. since the

spat.ial derivatives of fji)..2 .i- are uniformly bounded,rJaJ... rn

each term in the sum remains either posi'b.ive or negative fo::

suf ficiently small €. Thus tve may sptit the sr¡rr, -i-nto

positive and negative convergent parts (in fact the negatj.ve
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part will be empty). Then Dini's theore¡n may be applied to
justify the interchange of the limit and the sum. The

impenetrability result follows easily from (*).

(iii) Symmetry Condition (direct verification)

f (n) (z ,... ta
(n)

,... rL ;...;t) f (zf ...ìzßr.. .ìza; .. .;t)
J I ct ß j

for cr,3 € {2,3r...,D}

lrle suppose the above is true at t I

,oi...rz*;...;t) and f. (n+m) ,

j \rLì ..ìzß;.. .izu ; ...;t) for

m > 0 satisfy the same hj-erarchy equations and have identical

initial conditions. So by the uniqueness of solutíons, they

are identical for all times.

(iv) Compatibility Condition

( n+m)
j0. Now f (z

(n+1)
j I n

f. (z ,...t4 izìE)

p>0isa

tj"' , zri . .. iznit) M

where the mean 14
lim

z Lt ->*

z

2pL' d-) Ï-u"

+Lr

I
)_Lr

I

constant which

(see Doplicher

of the mean).

We suppose

then show it is

will in fact be the mean particle

et aI. EE for a higher dirnensional

number

analogue

that the

true for

above cond.ition holds

all time. To achieve

at t = 0,

this r \^/ê

( n+m+l )
jsimply show that l.Í_ f (zl.ì ... iznizìzn+Lì .. . i zrr**it) r

m > 0 saLisfy the same set of hierarchy equations as

(n+m)
jf (21 ...;zrr**;t) by appl.ying I.f, to the equations
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( n+m+1)
j

) 
trt".*.t) (zt; . . . ìz, izìzn+Li . .. ìrr,**it)

+oo

1iT I u;l ,,1', I .€+0 )

f

f

( n+m+2 )
(j)

( n+m+2 )
j

(zr;xl,í;rzì . .. iznizizn+Lì .. . izrr+mit)

(z ri xrrv'¡ " . . "';zn**;t)

sgn (vlvr) .where x x -eI I

If we write K
(n+m+1)
j

( n+m)
j * " * - ai o(lx-xrl).

+
),

=(

then it is easy to verify that for a suitablya

well behaved class of functions

a v

MK (m+n+1)
j

( m+n¡
jz =( Mz

Using this identity the required result is easily proved.

(v) Existence of Mean Part-ic1e Nurnber, Momentum and Enerqy

+@ (1) +æk
VI f (x,v;t) for each v and

l

+@ (n)
I

i f (1) (xrv; t) for
j =-- J

(n)

dv
+æ

I-j =--

k = 0rlr2 should be (c-1) summable to positive constants on

¡ç € (0r-¡ and (--r0).

Now (#.,.j")(,i__tj n) (=,;...;zn;rù = 0

+olrso
j =--

f
J

(z I (t);...i2
n

(t) ; t)
l =-æ

j (zr(0) ;.. .ìzn(O) ;0)
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a (n)where the characteristics of ãE +K j are given b1'

(z (t) , t) . In particular
l

+co

T
j =--

+co
(c-1) summability for I t

j =-*

,rtt',x.,vr;r) = 
r=i_tjt) 

("r-rrr,vr;o)

rf we suppose (c-1) summability hold.s for the initial
conditíons, then tire above identity automatically guarantees

,tt',x,v,t) for each v. (c-1)

summability of the other expressions also holds as may be

proved u-sing a suj.table upper bound on initial condi,tions and

the Lebesgue dominated convergence theorem to show that

+æ

dx dv ( r)f (x-vtrvi0)
-tL-+æ j=-- j

L

I
0

+coI
tì-lim I

-oo

I
lTdv lim

_lL+æ

+oo

I

I2I u",

L

I
0

dx
+oo

Ij=--
(1)f ( x-vt, v; 0 )l

(vi) Normalization of f

dr,

( 1)
l

(1)f (z ;t) I forallt>0j I

!"rom the first hierarchy equation

*(f d,zrrl') t,r,.l)

1 tlim
€+0

dv V

(2)
2. I

dx

(tr)(*rvr;xr,vr;t)

v

f j (x
1.
,v1 I ,v ;t
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and since

v
2

interchange of lim and
€+0

I lrz-rr | .tjt') (*r,vr;xl ,vriE)dv dI

lrr-rr | " t;' ) (*r ,u ri*!, vr; r)

the above integral is clearly zero using (i) and the

Lebesgue dominated convergence theorem to justj-fy the

I u',= f u"'-

d.v dtr'I
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v'Ie show that oäiT,-, are Banach spaces with respect to

the appropriate norms. The proof effectively combines Lhe

proofs of completeness of bounded, piecewj-se continuous

functions (with fixed discontinuities) under the ess sup

norm and of the seguence spaces 
'. 

1 (r-). The proofs thai
_ôDã,r(-) are Banach spâces may be constructed siniilarly.

(i) Consider the up."" of bounded., piecewise continuous

functions (with dÍscontinuj.ties at fixed x,.-v. t) _ denolb.ecl by

H 
(")

-re9 l
(z ,...r- ) such thatt n

APPBNDTX B

H(") (z{...¡zn)
-re
T l_l

n 
(n)

-re g
reg
j,n

CSS SU
=X:i>

-Lvi i> 1tl *.xtvl ;0 oho (vr)

p
I
2

<o

) +ôj
nI

í=2

If we consider a Cauchy sequence { ¡-( n)
-reg

æ

m=It theÌ
m
j

corresponding analysis for continuous functions under the

sup norm may be adapted to show that this sequence converges

pointwise to a function say (except possibly on aH(tt)
- re9 J

fixed set of discontinuities). We may then show that-

lfjll )-. j.s an element of the al:ove space and that\-reg /l

" 
(n)

-re I " 
(n)

_re9
reg
j,n

m

) ill
->0asm-àoo



B2

(ii )

type

by

Consider a direct

considered in (i).
sum of "P + 1" Banach spaces

Elements of this space are

of the

denoted

H(r

H

n)
eg0

(n)
reg I

With a choíce of norm

n(n)
-re 9

il sj:l il:"n

"{r
n)
egP

max
o<jsP

this space is automatically Banach.

(iii) Consider the space D
reg

il u 
(")

- reg j
il reg
lli,tt

rf { H-re9 m
r_s aÌ m=1

reg
Ø,*'Cauchy sequence in D then from (ii) it. foll_ows that the

ßr-'

sequence converges componentwise to
æ

H
-r eg By ana-logy with

+0aSm+co

the corresponding proof for t we may show thatf

He
-re g that H_re9

il reg
llg,æDfes andRæP'

ll H
', _11 ê9 m

(iii)' Consider

modelled on the

is Banach.

reg
ß,1'the space D An adaptat.ion of (iii)

proof of cornpleteness of l shows that D
I reg

ß,I
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APPENDIX C.

We d.escribe here the meaning of the expression

5'"n(') = *i" [/: u"* c(sm) /]* u"*-, g(*-r) -.-f:' asrg{sr)] f
a feg

( s=o)

(cr¡

appearing in 3.2 and in a specj-alized form in 2.6. This is
essentially a solution of the hierarchy equations by

interation and successive terms in the above explression are

obtained from successive iterationsl Let the character.istics
or [ri . oj*'] o. parameterized as previously by

-m '- m
"í = z'i (srzj'ro) i, j = Lr2r... rm ; t=s

v¡here ,T (o , z\ ) = ,\t- )to' -iro
Now

tlL|, þi (=,,1, Ji...izn {",,f,,o) , s)

[ri r" ,rL,o) i . .. ]zn (o, z-kro
f (n)
regj

n
)); o

(cz¡
r:+ ds

(n+1)
reg(j)

/ï u',,*, 
I

Iim
rE+o vn+1 ntt {"r, rf,,o)

X f ("f t=r,1,or, *'lt"r,rl,o) ,vn+ri rlr=r,"iì,o); "..;sr)

...,"r)J

n, n Ivn+li'21"L''kro); ' ' ';stJ

where

-rjill)(,Tr

(n+1)
regj'

txll- = "i -Esgn(vrr*r-vll

n
S. ¡2, ) ;.I Kro

['ï,", ,,f,,o), n, n*r ( ul '=k,o) r

and

f

* l'or convenience we neglect the jump condition here.
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f (n+t)
regl

n+I
Iz . n+I. n*llorz. )¡ z .-KrO n+l to,{*ll r... roJ(o,

"k

n+1tl (s

n+1,2lr
n+

* 1lra"r 
1Í* /ï uç*, vn+2

, n*1. n*I -\"2r=k,o) ixI ( =2''k,

n*1
2ì'k,o

X
(n+2¡
reg(jf

16*?).1"regl t

n+I. n+l
=2 ("2'=k,o );...;s

n+1 n+1)-
o

n+I
'vn+2ìzn+L

n+l
z
kro

(s2' )¡"r

n*I
1

. n*1,,(st;'kro),--- S

n+1
iwhere z (s n+1

L'zkro
n. n: z.(sliri,o) i = 1,2,...,n

(c3)

(ca )

n*l .zn+r (sl' n,k+I
to ["ï,=, ,,f,,;-, v ,]n+

and

Them=

on the r.h.s.
second term of

= (n+1) ,tt"nîi¡ ("';o)

o term of

of (cZ¡ .

, n+1. - n*lt*l)-*l - E s9t (rrr*r-rrl*t)

(Cf¡ is given by the first term

If (C3) is substituted into the

and f (. ..;o) appears.

(cz¡ , the m = I term of (Cf¡ involving

way.

The above results
the characteristics of

then

(n-rI)
regi

2 of.

may be

x. = v.l- aro s+x aro

v,=v.l_ a¡o

applied in section 2.6 where

j*'l have the simplified.form))

The terms m > (Cf¡ may be obtained in a similar

[*. ^

st
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YSÏS oF c9 IN 12:o-

A direct sequence space analysis may be employed

noting that ,2 is a reflexive space (and in fact a Hilbert
space) . This enabres us to make more specific statements

about the spectrum from the general theory. However here

we shall develop alternative methods. Let 12(o,2n) be the
(Hirbert) space of Lebesgue sguare integrabre functions on

lo,2rf. This space is congruent to ,2 i.e. there exists
an isometric isomorphism J z ,2 - L2 (o,2¡) . rf y . .,.2

then it may be represented by a function y = Jy e n2@,2r)
and a bounded linear operator Ç on ,2 is repre].rrt.a by a--', .bounded linear operator G - JgJ-' on L" (o,2r) . Using the

isometric and isomorphic properties of J, it is easy to show

that. o(c) = o(Ç), or more specifically that po(c) = po(Ç),

Co (G) = Co (Ç) and Ro (c) = no (Ç) .

Next let us determine the operator Cf on t2(o,2n)
corresponcli-ng to the matrix operator ç! on ,2 . J may be-:o
realized in the ,fo

)! = Jy e L'(o,2r)

APPENDIX D

llovring way. For any y e

is given by
fco 

^.L e tlly- n e [or2r]
=-æ

2
t

Y (n)

Lety=

becomes

cô3O

j

x, then in component form this equation

ß pr,* j+ Ivj Yprtt j - I +
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*..rc

Applying the transform I
j=--

Y (n) (y
ph

to this equation gi'ves

â
-r-nØ'r

âan.') X(n) n e lo ,2r l

ô

1.aln

conclude that C is giveno

ø

ßpr, "
where Y : JI

by the norma

c

andX-Jx. We

L, mu-Itiplicative

ô
o ø

operator
ô

- r-n
n e lo,2¡rl0¡

a continuous function of rl and only

point ¡ = À, it follows that X(n) = o

r-n+ß\ p¡-u

Such an operator is cal1ed a factor transform and a sufficíerit
condition for -it to be a bounded linear operator on
)L-(o,2r) is that it be essentialry bounded and measurable

as a function of n on lo,2rl. (c.f . Hille ut for the
)AL-(--,+-) case). Thus c; satisfies the required condition.

Let E = {¡. e c : À = yo¡¿Î + ßonu-îe : o e [o ¡2n)]

if À I E, then À - C: is continuous and bounded away fromo
zero for ¡ a [o ,2r1. Consequently À Cå is invertible
and therefore 

^ 
É. o tcj) . so o rcj) c E. From the general

theory of normar operators R o rcjl = ø (see Dunford and

Schwartzt'). Thus it remains to determine eo(cj) and
a\

co (cl) .

Suppcse ). e E and (À-.C:). X(n) = o in l,2 lo,2tr).
Since ), cô iso

at onezero

equal

a.e,

Thus

to

is the only t2(o,2n) solution of the above equation.
eo tcj) = ø.

Again choose À
in* -inxspecifically 

^*Onu
*ß 

pnu
eE

and

rì *.

(À-c

f

fcrr some nrl e lo,2r)
and non-zero at n :

Y(r) =

let Y(n) e L

Suppose

)x(n)ô

o

2 (o ,Ztr ) be continuous
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where n e lo,2tt). Then X(n) = y(n) /
É L2(o,2r). À - c3 is not invertibte,
In conclusion

^Po(C")
o

^and co (ci)

( À-Y 
ph¿ 

tl- 
ß

so ). e o(C

â_an 
)ph¿

fr.

= po (cô)
=O

= co (g3)

= Ø = Ro(C

_E

0 ô

oo CRo
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APPENDIX E

we consider here an asymptotic analysis of the expression

L
L+æ rt

t | 
''avnn rv*+$l "- 

lmu

-oo

.Q [u,rot,t] . I dx-R Iu, v,-t-x- , t] I 
N- 2

nKn
I
Lm= o

dv

L
t

f"
+@

v-t
-îlznm-u).+ -r,"tl )2.(2nm-u)2,

k

X

N-2
x'JI (

i=1

X

(I t
m= -co

L
ô e

I

v,t
-î (znpí- ). + -*,"t| l?rzrpi-u)2

Þ . =-co-a

t¡ -t ^t*l 2 (eru-t I e (r-cosu) ) 
*-2

)

oo+

e e

x
+oo +æ +oo tN- 2I i I (n

m=-oo n=-oo Pi=-- \i=1

ie{tr 2, . ..,N-2}

rj

f"
-1 + ( (2nm-u)+(2îrn-u)+

t_
(2np. -u) )

N
x 2

Idro e

-à ( 
tlnt 

li rznnì-u ) 2 + (2nn-u) 2 +
N=2
iÈr ( 2Trpi-u) 2 

)xe

Vte should note that the integral over is zero iff

N-2(2nm-u)+(2nn-u)+ I (Znp -u) = 2r<
i=I I

tk

with K a non-zero integer. So the problem is to minimize
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N 2
(2nm-u)2 + (2nn-u)2 + I t2¡pi

i=l

where m, n, pi are integers and u r t4.lIN

and where the integral over rk is non-zero.

solutions to this problem below:

-u) 2

:ì =L12t...,N-1)

We list the

(a) 
" = { and m=1, D=0, pi=O

or rì=0, n=1, pi=g

or m=0, n=0 r pi¡=I for some i* e {1 ,2 | . .. ,l{-2}

Pi =Q for ilit

(b) tl = + (N-1) and m=0, rr=1,

or ITì=l , rt=O, pi=I

or finr=l, n=l, p1*=0 for some i* e {l ,2r... rN-2}

p
I =f for íy'i*

The contributions of sorutions from (tr) to <vr(o)v, (t)rr,"
are complex conjugate to the corresponding contributions
of solutions from (a).

A similar analysis is appricable to expressions of
the form

.L+æ

-=i: f ju"r tvr+$l 2h(vr+sl¡ e-îmu' r1 J"a*"n[u,vrt-x,,] ]"-t

p. =I-a
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APPENDTX F

We shall- consider here expressions of the form

(r) dx R Iu,wrx ,tl and
n nf"l

x

(II) I
L-x I" dx R[urwrx ,t]n-n

where

5[trwrxrrrtJ dvrrh (v,.) il! [u,wt (xrr+vrrt) ]

+@

-oo

Since S[urw] is separately continuous in the first variabl.e

and pi-ecewise continuous j-n the second, it follows t.hat

R[urw,x ,t] is continuous in the variables v/ and x-nn
Fr:om this resul1- follows the continuity of (I) and (II) with
respect to (w,x) on (-cor*co) x [0rLl . Also from (3.3),

R [u, w*2L,x ,t] e 2îu
R [urwrx ,t]n n

and an analogous result holds for (I) and (fI).

We sha1l examine the asymptotic behaviour of (I) for
large t. Results for (Ii) follow using the formul-a:

I L
L-x dx RIurwrx ,tl )L-x dx R Iurwrx , t]-n

( f"nJ"

Flu,xtwtv..tl = * l"n

- _r_L-x

I
L

I
x

n n

x
d.x RIurwrxr.,,tJ )(

n
o

Clearly it is necessary only to examine (I) for w e [0,2L].
In so doing, it is most convenient to examine several

separat.e subcases.

(A) we We first calculate[0,
!
2

dx IIS [u,wt (x +vrrt) J .D+- n
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A number of subcases are enumerated. rn the folrowing
H( ) denotes the Heaviside step function

(i) o<vt<h/:
n

n

n

T = H(x-.(w-.vrrt) ).2ît t

(w-vrrt) * ( x- (w-v-t) ) e- tu

x

+H ( (w-vnt) -x) e
^^¿r1.r

(ii)wcvt<L-w:F
n

2îu

(iii)t-w<vt<L+ÌÁ/:

=e

e zîuI - H (x- (2l-w-r.,t) ) x

(iv)L*w<vt<2L-w:

^^Z TIJô

2wt (x-2w) e- t t'

5 = H(x-(2l-vrrt+w)) ^^2 LlJ
e x

+ H((2r, - w - rnt) x) e

(v) 2L -w<vt<2L

+ H ( (2l-vrrt+w) -x) ) H (x- (2I,-w-v't) ) e
^^Z L'IJ

]̂-(2l-w-v t) e-n
u+x- (2l-w-v t)

n

x

¿ 7.rJ

x

+æ

X

e

n

l̂_u

I = H (x- (2l-v,.,t+w) ) t
L

(2t+w-vnt) + (x- (2l+w-vnt) ) e-2îu

.r H ( (zr, - v_t + w) -*) "2î'n

From these resultsr wê can write down an expression for

dx
n

1r*
- -tx jo R[urwrxr.,rtJ

co

dv h(vrr) I[r,xrwrrrrt] .
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The integral over an infinite velocity range may be

converted to a sum of integrals over a finite range. using
a PoÍsson sum formula. the dominant term as t + - may

be extracted.
(B) r^/ e

case.

(c) we [",+] and (D) w,l!,zn
these cases may be obtained from (A)

Using (3.3) and the identity Slu,-wl

may prove that

So

dx R Iu, 2L-w ,x 'tl =en

A similar analysis is necessary for this

F[u, xr2L - rar¡rrrt] = "4Îu It-r ¡*twìrrrtl

The results for

and. (B) as follows.

= eto g l-urwJ , we

u v/ x ,t]n
R

n
dxI"

4îu I
xnT"

I
x t
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THEOREM 1 Let T

for kÞr, then

= (-1) " tf l tr.+"-I) (k¡-s- 2) . .. (k+s-r+I)

(k) : 0.

APPENDIX G

r-l
s
r

s= 0

I
( -1) ) (k+r) (k+r-l) ... (k+1) (k-1) ...

(l()

Tt-1
s

PROOF We show first by induction that for 0 < t ^< r-1

trt- I (a)
t
I

s=0

t
t

. . (k+r-r+I) (G.1)

with a suitable interpretation for the cases | = 0 and

t = r: -1. The result of the theorem is then obvious since

r-1
Ir

s=0

r-1
S

(k) rt- 1 (L) (G. 2)

(G.I) is clearly true for | = 0. So assuming (G.1) true

for t = wr \dê prove that it is true for t = w*I (O < w ( r-2)"

Now

r

r-1
r,l+ 1

) (k+w-r+l) ) .

w+1
T

s=0
rt-1(L)

S
I

s=0

r-1T (k) +r (k)
s

w+1
( -1) (k+w) (k+w-I) .. . (k+1) (k-1)

since,-r;,,:;î;'l'ìirï''"":
r^/e have (rTr.) o- (t;t) (k+w-r+1)

desired result is obtained.

r-1
1^/

r- 1(r-w+I) (-\nr-)
r-'l(o,*i) (k-t-w+r) .

(w+1) tilTl
So the
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r-1TI{EOREM 2 Let T (k)
s

...(t.+1) for

cases t - 0

r
and

s

(-1) n(r-ln.)r(r+1) ... (r+t-l) .k(k-1) ...
> k with a suitable irrterpretation for the

r = k. Then 
"lo 

ôt-l(L) = o.

PROOF We show first by induction that for 0 < t < k-l

îr- 1 (k) (-1) t trln].1 (r+t) (r+r-t) . . .

t
I

s=0

.r. (k-1) (k-z) . . . (t+r ¡

with a suitable interpretation for the case t = k-1.

result of the theorem is then obvious since

The

ôi- 1 rr.lû'- I ( r.)
s

k-1
I

s=0

The analysis for the proof by j-nduction is rather similar to

the above theorem and is thus omittecl.
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Methods

used here to

kry Cohen

I
J

s+1
(I,2,..., s*l;t),4rU 1(i,t)-1) (i;t)

APPENDIX H

similar to those implemented in chapter 6 are

solve the non-linear elimination problem studied

The problem is stated below. For s = L,2,...

c" (t ,2r... rs;t) (u" (l ,2,... rsit)
1 

-1u'(i;t) ') 1

1
D (i;t)

1

p
+

s
]T

1

I
s
IT

(i; t).*l
s+1 s+l-

.IT.a= I

i

D1! dz"*t(u

X
s+2
.II_
a= I D (i;t)1

+

Our aim is to take these equations for
and to eliminate o1 ( rt) thus obtaining an

e2(;t) in terms of cl( ;t).
Using graph theoreti-c techniques, Cohen

solution

1 -1
)

s=I and

expression for

has given the

T 2+ 9"

irreddzz* 
r.

(I,2 1s,...,2+9"¡L\

f ^+c s+2dZr*r j uZ"*2(u"*2(t,2,...,s-r2;tl ,¡, u

s=2

2 r
J

PLT
0

æ

IL
G (L,2 ; t) dz^

-5

. ';u 
"t(i;t)i=1

where ,?:: -. ^ 
(r ,2 l¿ ; t) is equalr_rreCl

labelled (L,2)-irreducible graphs

to the

of 2+9"

ordering

sum over aII

points with

and labelling

distinct

1abe1s

chosen f rom {I,2,t ¡ . The same
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convention for operators associated with trees as devel_oped in
chapter 6 may be adopted. Here we set the sum of aIl
Iabelled Husimi trees of n-points equal to Ut(t ,2,...,n;t)
= uD (L,2,...,n;t).[., ul(i;t)-1. our aim is to expressl_= I

'?::"d(1,21r¡t) 
in terms of cruster operators- The

following relation is obvious f::om the graph theoretic
interpretation (c.f. (4.2) of chapter 6)

T
n
irred

+

X

n
irred

+U

(I,2 lS,...,nit) un (r ,2, . .. ,ni t)

n-1
T': ---^, (1,213, . . . tn-l;t) (U' (1,.r;t) +tJ2 (2,n¡t)r-rred '

(n-1,n;t) and rearrangements among 3,4,... ¡rr

rîrl"u (L,21 r, . . .,n-r,t)

+

2

+

(

I<il<. . .(ir(n-r (n-r+l ,... tnll 0lt I,. ".,Jr) 0

o ( ic, ,l oi t) and rearrangements among 3 ,4 ,. . . , n

t
I

An induction argument shows that

X

+

rIu
c[=1

1+.Q,

l+ 9"

T

where
]-

products

(r,2 13,...,n) i t-r) k-lu L(1_t2,...it)2+ 9"

x(/

linked

I+L21...;t)...u k(...;t)
kt
= fli = n-2 and the sum is over

of U' ' ( ) operators such that

all distinct label-l-ed

)is
Further-

linking

linked by one argument to one further to

each

the

u" (

left.

chainmore for each U''( ) there must be a unique

it to uz+I"L (L,2, . . . i t) "
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.An alternative combinatorial

by inverting the equation for

method of solution starts

1. If we write this as

1 I
G (I;t) D (I;t) +

+ I

1 1c (I,2' ; t) D (1;t)o (2' ¡ L)
2

min(j,tt-j)
I

s=1

p

I!

+

+

then we set

1
D (I;t) G(1;t) + p ci(I,2';r) Gt (tra) cr (2,,¡t)

+ p2 c; (L,2',3' ìt) cl (t;t) cL (z' ;t) G1 (:' ;t)

I t...

Substitution of the second e::pression into the first and

exarnination of terms of ,rth order yields

* "; 
(L,2' ,3' ,...,n';r) +

* ca(r,2',3';t)o1(r;t) or (z';r)Dl(3'r.)

j! cj (1,2"...,j';t) ( Til<i1<...(is(j s rk
t! rtt=t-j

s
]I

k=1

I

C1*rn(i;, (t1*. . .*tk_1+1)',...,(rt+...+rn)' ;t) )

+ c (I,2' t...,n';t) 0.

+

n! n

Using this relation as the basis for a proof by induction, we

may show that

ct (I 12' i... rn'it) .
Ïl

1 dzl. . .
-z

dz' I t-r)ku1+'01(r,...;r)uL+9"r(...;r)I'

Jn!

X u
1+ 1,k(...tt)'

-î. 1 inked
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'ethere

pretation

S = 2, We

k
iIr Li = n-f and where the sum has the

as above. On substitution into the

obtain the same resul-t as above.

same inter-

equation for
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APPENDIX I

The following is a list of 4-particle collision seguences

contributing to u4(r,213,4¡t.)h(I,2,3,4) for a har<l sphere

potential. In a11 diagrams, the possibility of further

collisions between 2,3 and 4 is allowed. Where a further

collj.sion or collisi-ons involving particle I gives a contrib-

uting event (not covered by another case), thís is mentioned

explicitly. In addition to the diagrams shown below, those

obtained by interchanging particles 3 and 4 also give contril:-

uting events. + (i,j) denotes a further collision between

iandj and +

denotes further

collisions sti11
(if possible).

i f
2 1

1

2

4
7

2

I
2

0 0
+ (1,4) or (1,3) + .

3

+ ( 1,3 ) or (1, l) + .

*(1,å) or(1 lr
à¡

)+..

t t

0

l+

r

0

1 l

1

1

1

a

I

+

3

0 *11,t) or (1 )+

2

2
+
3

t t t
1 2

\
t, 2

2

L

000

I

"(1,4) +

2
i

2
t

0

2

2
4

2 2

0 0
+l'1 ì'ì +!'t, I\^..

!+1

1
Ì

3

2

?

3

1

l* 3A

I

3

2
2

l+
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it

0

2

2

2

+(1,4)+ ('i,3)+

2

+(1,2)+(1,å)+

2

+11,2)+(1,4)+

2

2
+
3

0 U

t tt

U0

!
¡tt

000

i

2

3
2

4

1

1

4

0
*11,t)+(1,3)*

1

1

1
2
3 I2

3
1

+ (1,4)+
000

I
1 l+

1
1

*(1,å)+(1,4)+

3

t
1L

2
?

l+ ¿l

3
24

+(1,3)+('1, )+..

t t
1

3
2

+ (1,4)+ (1, 1)*

1

+('1,4)*(1.ã)*

3

L

00 0

+(1,3")* ('1, )+..

tt
2

2

1

l+

I+

l+2

0

4
2

L

l*

4

32
l+

2

I+

1

3

2 5

z
1

i+

?
L

3
lr

1

2!

3

3

3
2

1

4

2 3I

I

t

2
3

4

1

2

I

3
a

?,

1

l,
1

0

3
2

0
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