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ABSTRACT

A set of axioms is set up for the area of quantum
theory (the non-dynamical area) which is concerned with the
porn statistical interpretation". Particular emphasis is
laid on the role of the density operator in guantum theory.

Two interpretations of the axioms are discussed -
the 'indeterminacy interpretation' and 'realist interpretation'.
Tt is shown that the realist interpretation is no worse than
the indeterminacy interpretation when it comes to explaining
Yinterference effects" - provided that one is careful about
the concept of the "state-vector" of a system.

The Schrodinger cat paradox, and the Furry-Einstein-
Podolski~Rosen paradoxes are discussed.

A critical appraisal of Bohr's intepretation of
quantum theory (as well as Feyerabend's) is made.

.Some suggestions about macroscopic variables are
Lrought forward, and related to the resolution of the
cuantum theoretical paradoxes.

The differing roles of '""measurement theory" in the
realist and indeterminacy interpetations are discussed.

Wig discussed in

Finally the "Master equation
connection with the question of irreversibility of the

measurement process and the theory of macroscopic variables.
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1. INTRODUCTION

As I see it, the aim of measurement theory is to
provide suitable axioms from which one particular theorem
of quantum theory can be derived. The theorem in question
is what has been called 'the Born statistical interpretation'
(theorem 33 in Chapter 8), which gives an expression for a
certain theoretically significant weighting factor
P[A,i;S,t].

Depending on the version of quantum theory which one
adopts, P[A,i;S,t] may be interpreted as the probability
of the variable A actually having the value ai in a system
S at time t, or as the conditional probability that, were
a measurement performed on S at t, then A would be measured
to have the wvalue aj - The former alternative is favoured by
Popper [6], Bunge [16], Landé [62] and Ballentine [8] (who
claims to follow Einstein). The latter alternative is
characteristic of Heisenberg [41l] and Margenau [65]. A third
alternative is that of Bohr - which seems to consist of
regarding P[A,i;S,t] as just a mnemonic to be used in
calculations; and not really a property of the system. A
fourth alternativé - favoured by Everett [28], Wheeler [44],
and de Witt [97], is to leave P[A,i;S,t] as a primitive
weighting factor, and then to derive assertions which are

equivalent operationally to the usual probability assertions



of quantum theory/ .

In what follows, I shall examine some of the above
alternatives in detail; with a view to assessing their
relative merits. This program does of course raise an
important question. What criterion is one to adopt in
evaluating a set of axioms for a particular theory? The
criterion which I shall adopt is to grade axioms by.whether
or not they have certain desirable meta-theoretical properties.
Just what these properties are will depend partly on. the
scientific methodology one adopts (which will include
instructions on how theories ought to be); and partly on
the sorts of properties successful theories have had in the
past.

The reason for wishing to conserve the sorts of
properties which have appeared in theories in the past is,

I feel, that by doing so, we make the new theories more
understandable (less ad-hoc). This in turn increases their
explanatory power* (as distinct from their predictive power).
For example, general relatively is structurally a geo-
metrical theory. (Hence the locution 'the geometrisation

of gravity'.) The advantage of this is that the roles

*For a discussion of explanation concepts see Scriven [87].



filled by various of its axioms can be understood by analogy
with geometrical theories - thus making them less ad-hoc.
This increase of explanatory power through énalogy
with older theories,only works of course if the older
theories are themselves well understood. This condition
seems to lead us to a vicious infinite regress -~ because how
are the older theories to be understood, if not on the basis
of still older. theories, etc.? The regress can be broken
however, by realising that familiarity with a new theory
may be accompanied by changes in our ‘“conceptual scheme**,
For example, Newton's laws of motion would not have been
understandable to the scientists of a century. before Newton,
because they employed quite a different concept of force
(i.e., the pre-Newtonians conceived of force as being
required to keep a moving body in motion. For an interest-
ing discussion of the transition to Newtonian force concept,
see Kuhn [80]). By such changes in our conceptual scheme,
theories become understandable to us, i.e., certain of
their axioms become self-evident, "a-priori" truths. Thus
Kant classified both Euclidian geometry and parts of

@

Newtonian mechanics as a-priori truths. This is not to say

** Por a discussion of fhe notion of a c¢onceptual scheme,
see Sellars and Feyerabend in [88].



of course, that such truths are unfalsifiable - noteoriously
Euclidian geometry has turned out to be false. It is oenly.

to say that if such a-priori truths are. falsified, it is at.
the expense of a revision of our conceptual scheme.

One example of the desirable meta;theoretical,
properties referred to.above is the property of -simplicity.
That simplicity is desirable in a theory, follows from the.
"falsificationist" methodology of science (see Popper [77]).
Another example is the property of being deterministic.

In this latter case the desirability of the property stems
from the deterministic structure of earlier theories (in,
particular of Newtonian mechanics). This is not to say that
theories which do not have these properties are unacceptable
(indeed quantum theory is supposed, by some, to be non-
deterministic - see ' [16],[771). 1It is only to say that

the presence of these properties does influence our choice
between available axiomatisations of a given theory. (or
between competing theories, for that matter).

One problem which has cropped up in. organising
the material in this thesis, is that I now disagree with,
considerable-parts of my publicatiens on this subjeqt; I
have therefore choseﬁ to include: all my relevant publica-
tions as appendices; gut they should enly be: referred to. .
in the coﬁtext of c@mments made about them in the main.

body of the thesis - otherwise an erroneous. impression



will be given of my present views.

Another problem which has occurred, is that I have
not had the space to refer to all of the standard - let
alone the new - works on measurement theory. Nor have
I been able to give more than a very rought sketch of
some of the controversial philosophical issues which have
arisen. In particular I shall nol mention the interest-
ing work which has been done on "quantum logics"; nor will
mention be made of the controversy over the Bohm and Bub
" jdden variable theories" [10]. Also, I have not had room
to do any sort of justice to the interesting theories
proposed by Landé [62], Hartle [40], or Everett for that
matter. Instead I have restricted my attention to those
rather narrow areas of measurement theory in which I have
primarily been working..

I shall now give a section by section outline of the
thesis. In Chapter 3,I endorse Popper's propensity
interpretation of probabilities, as being suitable for
the purposes of quantum theory. I then argue that probab-
ilities may be intrinsic properties of systems. Further-
more, I argue that considerations which Bergmann [7] puts
forward indicate that in quantum theory probabilities need
to be intrinsic properties of system.

In Chapter 4 part 1, I derive a central theorem



(theorem 10) of the area of quantum theory with which I am
concerned. This theorem, which is crucial in deriving the
Born interpretation, says that P[A,i;V¥] = l<ﬂﬁ?i>12, where
P[A,i;¥] is equal to the theoretically significant weighting
factor P[A,i;S,t] in the case that S at t is in the pure
state ¥ (see opening paragraph). My derivation makes use of
a few very fundamental assumptions, which I attempt to justify.
My derivation is contrasted with that proposed by Everett
[28].

In Chapter 4 part 2, I introduce the notation for
handling degenerate variables and joint systemsj;and then
in part 3, I introduce density operators into the theory.
Since this is the most controversial part of my axiom
system, I spend some time justifying the pertinent axioms
on the basis of meta-theoretical principles. The crucial
theorem in this part is theorem 22, which has as a consequence,
that the state-vector of a system at a given time may be
non-unique. I prove a. theorem (in the meta-theory) which
demonstrates that the choice of the density operator
format’ commits us to admitting any hermitean operator
as a variable.

I also discuss the alternative axiom schemes which
are implicit in the work of Gleason [35] (which Jauch

endorses [47]) and of von Neumann [71] (which is followed



by Ludwig [63]). Finally, I show that on my axiom scheme,
a statement can be derived (theorem 27) which, on other
schemes jhas to be postulated, viz., that if W(s,t) saﬁptgﬁmﬂ

then there is probability‘Pi of S at t having state
Wi,,where ffi tzf{ X I regard this latter derivation as one.
of the main advantages of my axiom scheme.

Since the axioms in Chapter 4 are so crucial to

the thesis, I shall briefly summarise them, while comparing
them with the axiomatic system of von Neumann [71]. I
agree with von Neumann that the set of P[A,i;S,t], for given
S,t, define the state of S at t, where P[A,i;S,t] is the
probability of A having/being measured to have the value
a; in 8 at t**., What von Neumann does is to impose
conditions on P[A,i;S,t] (e.g., his "linearity condition'")
which imply that there exists for a given S,t, a positive
definite W for which, for any A,i,
(1) P[A,i:5,t] = Tr WE [¥,].
W is called 'the density operator of S at t', and charact-

terises the state of S at t , 6via (i) .

*The relation of approximate equality between operators will
be defined.

**The respective interpretations are gone into in Chapter 5,
but I anticipate them in this summary.



In contrast with von Neumann, I postulate that,
for any S,t there are probabilities p and states Tu for
which there is probability pd'of S at t having state @h,
for each o; and that there exists a set of quantities
P[A,i;Ea] for which

(ii) P[A,i;S,t] = meP[A,i;Ta 1.
o

I impose. (plausible) conditions on the P[A,i;%h] in order

to derive a unique expression for it (theorem 10); and hence
derive that there is a unique density operator W character-
ising the state of S at t, where

(iii) W = gp&'._l:_'[‘?a]

and for which (i) holds. One of the advantages of my approach
is that I am able to give some physical significance to the
P, in (iii). On von. Neumann's approach the p, are merely
parameters describing W when it is diagonalised (as in

(iii) ),

In Chapter 5 part 1, I discuss two different inter-
pretative schemes- for the axioms. of Chapter 4. One - the
"realist interpretation" - ascribes definite values to-all
the variables in a system; and the other - the "indeter-
minacy interpretation" - only allows a variable teo have
a definite value when the state-vector of the system is
an eigenvegtor: of the variable. I defend the realist.

interpretation against the obvious criticism that it does



not allow for the existence of "interference effects”.

In parts 2 and 3 of Chapter 5, I discuss the
"Schrédinger cat paradox" and the Einstein Podolski Rosen
paradox - from the point.of view of both the realist and
indeterminacy interpretations.

Chapter 6 is a digression to discuss Bohr's views
on guantum theory. In parts 1 and 3, I examine whether
a regress argument exists against Bohr's position -

I conclude that such an argument exists, provided one
accepts Leibnitz's law, and that one does not accept (as
Bohr seemed to) an instrumentalist methodology. In part 4,
I criticise Bohr's account of the.relation between the
measurement process and the properties measured; as well as
Féyerabend's modification of Bohr. 1In part 5, I discuss
Leibnitz's law, and make some fentative,remarks about the
status of methodological principles.

In Chapter 7, I present a model for macro-variables
which, roughly, identifies them as ordinary variables except
that their "eigenvectors" come in clusters which are approx-
imately orthogonal. I show that P[A,i;S;t] only has a formal
and approximate definition if A is a macroscopic variable -
except in certain special circumstances. In the light of
these consideratiens I then reassess the Schrbdinger cat

paradox.



10.

In part 2 of Chapter 7, I examine two problems
which a model for macroscopic variables must face. First there
is the problem why no interference effects are observed at the
macroscopic level. I show that the answer which claims that
superselection rules do not permit linear superpositions of
macroscopically distinct states, is inconsistent with guantum
dynamical principles. I then suggest an alternative answer
which is a variant of the "phase wash out theory" - with the
difference that I incorporate time-averaging into the "wash-
out" procedure. The second problem I mention is that of
guaranteeing that wave-packets with small dispersions of
macroscopic variables, remain that way as they evolve in time.

In Chapter 8, I finally come to a discussion of
measurement theory. proper. I draw a sharp distinction between
the roles of measurement theory on the realist interpretation
and the indeterminacy interpretation. I describe a class of
measurements, and show that they satisfy the Born interpret-
ation, to an approximation at least, on the realist inter-
pretation. I impose extra restrictions on these measurements
and show that the Born interpretation can be derived exactly
on the indeterminacy interpretation - thus showing the consis-

tency of the indeterminacy interpretation. These extra res-
trictions suggest however, that a modification of the concept
of an ideal measurement.is necessary; viz,, that there are
many different ideal measurements for any one variable - each

one measuring a finite subset of the variable's spectrum of
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values. Alternatives are discusssed in appendices 4 and 5.
Finally in Chapter 9, I discuss some of the thermo-
dynamical considerations appealed to earlier. I examine
the question of why measurement processes are temporally
irreversible. 1In part 2,I derive a "Master equation";
and in part 3 show how this approximates to the "Pauli
equation". I examine the reversibility properties of
this latter equation. 1In part 4, I apply the latter
equation to a physically significant case; and then derive
the required result that all thermodynamic systems (subject
to various restrictions) approach equilibrium in "the same

direction".

I note the following symbols may be easy to confuse

in the text.

(1) The dash: / or I
(2) The comma: 3 ’
(3) The index ‘ 1)

For example, distinguish the phrases?
| :
For all *)L , in S at €
For all 4’% 5> in S at ¢t

For all 41{ in S at t

/
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CHAPTER 3

PROBABILITIES

Part 1 - Popper.

One of the crucial issues in the interpreation of
quantum theory, is the interpretation of probabilities.
I shall adopt Popper's propensity interpretation throughout
the following. This is not to say that I believe Popper's
interpretation to be the only proper interpretation - all
I claim is that. Popper's interpretation is particularly
suited to the needs of quantum theory¥*.

Popper's interpretation is clearly expounded in
[78], and, more. recently, in [76]; but before discussing
it, I must introduce some. distinctions. which are essential
in explaining my extension.of Popper's interpretation.

The property of being six times longer than,is
a relational property; i.e., it is a property of a pair
of relata**., Even on a Quinean [79] view of properties,
the proceding statement can be cashed, in terms of the

syntactic condition:

*Popper makes this same point on page 31 of [76].

**The- relata may be identical - thus the relation of being
the same size as,is true of any pair of relata which are
identical. Note also that I shall only consider dyadic
relations.
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'X is 6 times longer than Y' is a well formed sentence, but
'Y is 6 times longer than' is not a well formed sentence.

A relational property can, however, be turned into
a categorical (i.e. non-relational) property, by simply
fixing one of the relata. Thus the properties of being 6
times longer than the Eiffel Tower, or being 6 feet in
length (i.e., being 6 times longer than the standard foot)
are both categorical properties. They are categorical
properties because they only have one relatum.

Now consider the property of having probability
l/2. At first sight this appears to be a categorical
property of events - for example, we have the well-formed
sentence 'There is probability l/2 of my being bald when
I am 60', in which the property in question appears to.
have just the one relatum, viz., the event of my being
bald when I am 60. On Popper's interpretation however,
the latter sentence is to be understood as The propensity
of people, who are like me, to be bald when they are 60,
is 1/2,*. Thus the property of having probability l/2

is really a relational property - whose relata are (a)

*The value of the propensity is estimated by the relatiwve
frequency with which people, who are like me, are bald
when they are 60 ~ over a randomly selected sample.
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some event E (e.g., the event of my being bald when I am 60)
and (b) some method of selecting out repetitions of the
system in which E takes place if it does take place (e.g., a
method for selecting out people who are like me)., A conseqg-
uence of the relational character of the probability property,
is that by changing the relatum (b), we can change the truth-
value of the sentence 'There is probability l/2 of my being
bald when I am 60! For example, there may indeed be
probability l/2 of my being bald when I am 60, if the only
feature taken into account (in selecting people who are like
me) is the feature that I am an Australian born in the first
half of the twentieth century. If, however, the additional
features are taken into account, that neither of my grand-
fathers were bald, then the probability in question may have
a quite different value.

The question now arises whether there are any non-
relational probabilities of interest, which are got by fixing
one relatum of the "having probability" relation. (Cf. the
above-mentioned non-relational property of being six feet in
length, which is got by fixing one relatum of the "being six
times longer than" relation.) It is tempting to argue that one

such non-relational probability, is got by fixing the relatum

(b) to be that method of selecting out exactly similar rep-

etitions, i.e., repetitions with all properties in common.
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It is easily seen, however, that any such non-relational
probability is not of interest, because it only takes the
trivial values 1 or O. For example, consider the propensity,
for any persons who are exactly similar to me, to be bald when
they are 60, Obviously, any people who are exactly similar to
me will have the same number of hairs on their head, at the
age 60, as I have (since we all have the same properties) .
Hence all people who are exactly similar to me will be bald at
60 (if I am), or none of them will be bald at 60 (if I am not) .
Hence the propensity for them to be bald at 60 has either the
value 1 or 0.

Another non-relational probability which might be
thought to be of interest, is the "intrinsic probability",
which I define as follows.

(i) There is intrinsic probability p that E happens at t in

the system S, if and only if there is propensity p that E
happens in any sytem which is in the same state as S at t.
Obviously the relatum (b) for intrinsic probabilities, is fixed
by the condition thatthe repefetions be all in the same state.

At first sight, intrinsic probabilities seem to
head into the same trouble as the other non-relational
probabilities mentioned above - viz., that they only have
values 0 or 1. For example, the intrinsic probability that I

am bald on my sixtieth birthday, is the propensity for any
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persons, who are in the same state as I am in on my sixtieth
birthday, to be bald on their sixtieth birthday. But, from
a description of my physiological state on my sixtieth
birthday, it is deducible whether or not I am bald at that
time. Hence all people in the same state as I am in on my
sixtieth birthday, will be bald (if I am), and will not be
bald (if I am not).

Indeed, one can conclude, gquite generally, that when
we deal with classical states, intrinsic probabilities will
have only the trivial values 0 or 1. This is because classical
state descriptions are such that, from the classical state
description of a system S at time t (together with wvarious
correspondence rules), it is deducible whether or not an
event E happens in S at t - for any E, S, t. Therefore - in
the context of classical theories anyway - intrinsic probabil-
ities will be of no interest.

In the context of theories which are not classical,
however, intrinsic probabilities may become of interest. For
example, in some versions of gquantum theory, there do arise
cases where there is a propensity, which is neither 1 or 0,
of E happening in any systems which are in the same state as S
at t. In such a case, according to (i), we are entitled to
say that there is a non-trivial probability of E happening

in. 8 at t, which is intrinsic. ©Note that within the version



17.

of quantum theory here considered, "events" are described in
terms of certain variables taking certain values at some given
time. Note also that the version of quantum theory I am
considering here (the "realist version") is controversial -

as will be seenlin Chapter 5. In particular, on the
"indeterminacy interpretation" one only talks about the

probability of E happening under certain circumstances (viz.,

that a measurement takes place). For simplicity, I shall

ignore this complication here.

PART 2. Quantum theory.

T shall now discuss the experimental evidence which
leads one to postulate the existence of non-trivial intrinsic
probabilities in gquantum theory.

The novel characteristic of quantal phenomena is the
existence of "conjugate variables". If A and B are conjugate
variables in a system S, then it is experimentally found

that if S is prepared to have a particular value a; for A,

by a process P, then P does not also prepare S to have a
particular value for B, for any P. In fact, if S has value
a; for A, as a result of preparation by P, then one finds
that there is a (non-trivial) propensity distribution for
the values of B in any systems prepared by P.

There are two ways of interpreting this phenomenon.
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First one can take the way adopted in "orthodox" quantum
theory, viz., of postulating that any process P, which
prepares S to have a particular value aj for A, prepares
S to be in a particular state ¥(A,i); and that, a
"correspondence rule" of quantum theory implies that if S
at t is in ¥(A,i) then there is a certain intrinsic proba-
bility distribution for the values of B in § at t. Second,
one can take the way adopted by Landé [62] (as well as by
Popper, who endorses Landé on page 41 of [76]). Landé
says that the spread of the values of B (which accompanies
the preparation of A to have the value ai) is caused by a
random interaction between the preparation apparatus and
the prepared system. As such, there is no question of
incorporating the spread of B values into the prepared state.
Hence there are no (significant) intrinsic probabilities.
Despite the attractions of Landé's theory, I shall
not be adopting it in what follows. My reasons for this are
two-fold. First, Landé's theory is incomplete, in that it
does not attempt an explanation of all cases of conjugate
variables. In particular no explanation is forthcoming
for the conjugacy of the various spin components of electrons.
Second, Landé's theory relies on the Duane diffraction theory

[21], which has been shown to break down in some cases [24].
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Further criticisms of Landé's theory are found in [69] and
[89].

To the extent that I have precluded adoption of
Landé's theory, I have justified the adoption of the (at
present) only alternative, viz., the "orthodox" version -
according to which the probabilities are intrinsic and
hence non-relational.

I have indicated that one sort of state for a system
in guantum theory is ¥(A,i) - if S at t has the state
¥(a,i) then A has the value a. and B (conjugate to A) has
an intrinsic probability distribution of values. The Y(A,i)
is represented by a vector - which we also denote by
'Y (A,i)' - in a Hilbert space H associated with 8. For
every vector in H, there is a variable which has some
particular value whenever S is in the state represented by
that vector, and vice-versa. Are the only sort of states,
those represented by single "state-vectors"? I shall answer
'No' to the previous question, by claiming that the most

general sort of state for S at t, is that in which there
is an intrinsic probability Pj of § at t having the state-
vector Wi, for each i; where {Wi} is a set of state vectors
in H, The justification for including such a state requires
that I anticipate some of the notation to be introduced later

on.
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Suppose that in the joint system S$+M at t, a
variable C has the value c, so that the state of S+M at t
is represented by the state-vector V¥ = ZciTixﬂi, where
{Ti} and {ﬂi} are sets of state-vectors for S, and M resp-
ectively, and {ﬂi} is orthonormal*, The laws of quantum
theory then imply that the propensity distrubutions over
the values of all the variables in S, whenever S4M is in
the state ¥, are the same as if there were propensity
lc,l* of S having ¥, for each i, whenever S+M is in VY.
This seems to me a good reason for taking the extra step
and concluding that there really is a propensity]ci|2c$ S hav-
fha state-vedor ¥, for each i (see Chapter 4, part 2), whenever
S4M is in the state VY.

I now assume that if S+tM  has a particular state
at t, then so does S. Also I assume that if S has some
feature £ with propensity p, whenever StM has the state VY,
then S has feature f with propensity p, whenever S has the
state which it has when S+M has state ¥. Hence, from (i)
and the conclusion of the preceding paragraph, it follows
that there is an intrinsic probability ch'_[2 of S at t having.
state-vector Yi, for each i. Furthermore, we see that the
state of S at t is characterised by the set {|cﬂ’2,T%}, because

(M

,from this set,all information about the intrinsic probability

*I.e. IC.Y:x@* is an elgenvector of the operator C (represen-
tin¥ é ) for eigenvalue c.
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distributions of the values of the variables of S at t can
be obtained, via the laws of gquantum theoryl

Quite generally, if the state of S at t is character-
ised by the set of {ZPLQLPL} (i.e., there is intrinsic

Y]

probability p; of S at t having state-vector kP- , for each(”
then a "density operator ra P B‘}PQ] is associated with S
at t (where P{Y¥Y.] is the projection operator onto qﬁ
in H). The density operator notation will be discussed at
length in Chapter 4.

There are three points which I wish to make in
connection with the density operator formalism. To discuss
these, I define any system whose state is characterised by
{P;)‘y;} (and not just by one of the {q)a} ) to be in a
"mixed state". Any system which is not in a mixed state, is
in a "pure state", by definition. I note that S at t may be
in the pure state 'Wa , and yet there may be a probability P;
of 8 at t having state-vector WQ , for all i, merely because
the process P used to prepare S at t is coarsely specified.
The probabilities .{pi} , in that case, would be the usual
relational probabilities, familiar from classical contexts.

The guestion now arises whether an isolated system
can be in a mixed state, or whether any system (like S at t)
is in a mixed state only by dint of it being a subsystem of
some other system (like S + M at t) which is in a pure

state. Of these two alternatives, I shall
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opt for the latter*; although not very much seems to hang on
which way this question is decided.

The second point which I wish to make is that my
distinction between intrinsic and extrinsic probabilities,
is in no way intended to replace the reducible/irreducible
distinction introduced by Margenau [65]. The latter dis-
tinction is based on the mixed/pure state distinction (of
von Neumann [71]1); and cuts across the intrinsic/extrinsic
distinction. I.e., as I understand it, irreducible proba-
hilities are those probabilities which are characteristic of
a system in a pure state; whereas reducible probabilities
are any probabilities which are not irreducible. Therefore
all irreducible probabilities are intrinsic; but reducible
probabilities may be intrinsic or extrinsic. For example,
the probabilities {pi} in the case discussed above (where
there was a relational probability that S at t had state
vector Yi for each i, but the state of S at t was Wl) are
extrinsic and reducible. On the other hand, if the state
of S+M at t was Y (see above), then we would have p; =|CiL2
for all i, and the probabilities {pi} would be intrinsic but
reducible.

My final point is . to put forward an argument in

favour of the premise I made above, that the density

*Adopting the latter alternative has the (agreeable?) con-
sequence that the Universe is in a pure state - if in any
state at all - since the Universe is, ex hynothesi, an
isolated system.
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operator is associated with an individual system at a partic-

ular time; and, in particular, that the probabilities used in
constructing it are intrinsic. The alternative to this
premise, is to associate a density operator ZpiB[Wi] with

a method for selecting out systems similar to S at t (or

with an ensemble of systems selected by that method) if and
only if there is a propensity pL,,for any system selected by
that method, to have state Wi, for each i. If one accepts
the latter alternative then the {pi} may obviously be
extrinsic.

My argument consists in showing that the latter alter-
native ends up by undermining the significance of the density
operator; and is based on an interesting article by Bergmann
[7]. What Bergmann shows is that there are methods of
selecting similar systems, to which we cannot ascribe a
density operator. In particular he shows that this is so
if the method of selection includes a restriction on the
result of some future measurement.

Tt follows that density operators cannot be ascribed
to all possible methods of selecting systems, without an
injunction to the effect that we only consider methods of
selection which do not use the results of future measure-
ments. Such an injunction, as well as being ggjggg, sins
against the time-symmetry of quantum theory. Therefore,

we have a strong argument against. the ascription of density
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operators to methods of selection¥*,

My own view of density operators (discussed above)
is not open to the same criticism, because I assign a
density operator to any particular system at any particular
time, irrespective of the method of selection which happens
to be used on the system (i.e., irrespective of the ensemble

in which it happens to be located).

*Because, for density operators to be of use in character-
ising methods of selection, they would have to be assigned
to all possible methods.
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CHAPTER 4

AXIOMS

Part 1. Central theorem.

In order to keep the discussion to a manageable length,
I shall simply list the axioms, definitions, and theorems
of quantum theory, following them by proofs or comments where
appropriate. Theorems will be referred to by arabic numerals,
and axioms by upper case roman numerals. Definitions will
be referred to by the term 'definition' followed by an- arabic
numeral. Lower case roman numerals will number the lines
in proofs; and numbering sequences will be restarted for
each theorem - where necessary. Lower case numerals in
parentheses will be used to number lines in the text; and
the numbering sequence will be restarted after every
section part (where convenient). Any unbound variables
appearing in axioms or theorems are to be understood as
universally quantified. For example, the axiom:

If Sat t ...
is to be understood as:

For all S and t, if S at t ...
all probabilities are to be understood as intrinsic.

For the sake of clarity, I have not presented the
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axioms in their most formal format (i.e., in terms of mappings
- see Bunge [16]). It is to be hoped that this degree of
informality does not prejudice the rigour of the axiom system
unduly. I also note that, due to circumstances beyond

control)there is no axiom XIII, or theorems 12, 32, or 25p

Axiom T. With the system S is associated a Hilbert space

H of vectors normalised to unity; and with the variable A

in S is associated a set of vectors Nﬁ}, complete and ortho-
normal in H. Wi is associated with the ith value aj of A.
Comment . H and {Wi} will in general depend on S and A
respectively; but I have not explicitly indicated this
dependence in I. H need not be separable; although, if the
index set {i} (which is a subset of the real numbers) is
denumerable, then H must obviously be separable, since the
range of {i} is obviously the dimension of H. We may have
a; = a5, for i'$i(see degenerate variables, later). Also, we
may have a; as real numbers, complex numbers or sequences

of such numbers (see part 2). Later on I shall introduce

a second type of variable - "m-variables" - for which I is
false (see Chapter 7). I shall adopt the convention of
letting unsuperscripted latin capitals denote

variables of the system S, and unsuperscripted greek letters
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represent vectors in H - the Hilbert space for S. Underlined
and unsuperscripted latin capitals denote operators on H.
Latin capitals are taken to denote ordinary variables (not
m-variables) unless otherwise stated.

Definition 1. Any linear operator on H which maps Wi onto

ain for all i, is denoted'a’'.

Theorem 1. A exists, is unigue, and is self-adjoint if the
a; are real.

Proof. A is defined uniquely on all elements of H since it

is uniquely defined on a complete set of elements of H and 1is
linear. Hence éﬁexists and is unique. Also, we see that

s 2| is an eigenvector of A for eigenvalue aj;; and hence, since
any linear operator with a complete set of eligenvectors

and real eigenvalues is self-adjoint (see page 113 of [681),

A is self-adjoint.

Comment. A is moreover hypermaximal (in von Neumann's

notation [72] ).Note also that I have preferred to charact-
erise a variable in terms of its value and associated
vectors,rather than in terms of its associated linear
operator. My reason for this is that it gives me greater
generality (i.e., it allows variables with values which are
sequences of numbers) ; and because it is more readily
understandable why a variable should be characterised in

terms of its values and associated vectors*, rather than

*The details of the correspondence between the variable, its
values, and its vectors will be explained later.
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in terms of linear operators.

Axiom IT. With S is associated a set of times T, so that,

for every t in T, and every variable A in S, and every value
i of the index counting the vectors of A, there exists a
unigue non-negative P[A,i;S,t].

Comment. T may depend on S; but this dependence will not
be explicitly indicated. Note that the function P ,referred
to in II, is understood as being single-valued - a similar
convention applies to any functions which will be mentioned.
According to this convention, y is a function of x if and
only if the dependence of y on x is such that, if y(xl) is
the value of y in the case that x has the value Xq then

Y, = X

1 ' implies 'y(xl) = y(x2)'. Note also that

2
PlA,i;S,t] will be interpreted as the probability that

A has its ith value in S at t, or as the conditional
probability that:if A is measured in S at t then the ith
value is the value measured (see Chapter 5), or even in
some other way (see the discussion of Everett).T is called
ithe life-time of S'; and I adopt the convention that time
variables associated with some system take values within
the life-time of that system.

Axiom IIT. There exists a set {Pa,q%}- for each t in T,

so that there is probability py of S at t having the
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state-vector gikout of the set of distinct state-vectors
f?:} , where Ip = 1,p >0. Furthermore, there is a

e OL‘* -
unique non-negative P[A,ifY] associated with A,i,ﬁY,where

P[A,i;S,t] = gpo'(P[A,i;‘Pok 1%

Comment. The predicate 'has a state-vector V' is a
primitive of the axiom system. The {p&,T&} for a given S,t
need not be unique (see part 3), although the {p[A,i;s,t]}
for given S,t are unique (since the latter essentially define
the "state" of S at t - see part 3), P[A,i;¥] may later

be interpreted as the probability of A having been measured
to have its ith value, when S is in the state Y (see Chapter
5). In my axiom system, III plays roughly the role of
postulating the existence of a density operator; and is
non-trivial given the special form. for P[A,i;¥] to be
derived in theorem 10. The non-triviality is emphasised

by Bergmann's proof (see part 2 of Chapter 3) that there are
physically significant probabilities (albeit extrinsic) which
cannot be fitted into the density operator formalism.

Theorem 2, There is a function PA', associated with A,

for which P[A,i;¥] = P,'[¥; ¥].

Proof. Since there is a 1:1 mapping of {i} onto {?i} , any
function of A and i can be considered as a function of A

and W-

* Sop—;e‘hn\QS (eg n Chaf'l'ef 5) | shall, IAJFI"'e, (P[AJCLh_; ,..])
InJ'fQCIC( Of(P[A)b Y ¢]
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Axiom IV. P,' [Wi,W] = PR [Q_Wi!ngfor any unitary U for
which ?i and UY; are both vectors of A,

Comment. What this axiom amounts to is the restriction that
if there is an arbitrary sequence of rotations of all
vectors in H, then the value of Pf[?l,wzl does not change.
This condition is similar to the "condition of homogeneity
of spapg—time" which is applied to metrical spaces. The
latter conditien says that certain physically significant
quantities of a system remain invariant under transport

of thé system in space-time. Thus IV can be understood

as a condition for the "homogeneity" of Hilbert space.
Obviously there is a considerable gain in simplicity from
including this condition. IV can also be interpreted

in terms of passive transformations,rather than active

transformations. Let

P'[Wl,Tz] = Pf"[Wl(l),Wl§2) 2 0. Wz(l),Wz(Z) -

where Y, (§) is the }th component of VY. in a representation
r, - the functional form of Pf" will in general depend

on r. The basis sets characterising representations

are, however, unitarily equivalent; and hence IV amounts

to the condition that Pf" takes values independent of r;
i.e., for any r, r',

Pf [al,bl, SE 5 a2b2...] e Pf'[al’bl""; a2b2,...]
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Hence, IV B ' amounts
to the condition that P," has the simplest r dependence
possible. Thus IV can be justified in terms of the methodo-
logical principle (mentioned in Chapter 2) which advocated
simplicity of theories.

Theorem 3. For some function P",

Pt [¥y,¥] = PpUIcY; W]

where <, > 1is the operation of taking the scalar product.
Proof. Theorem 3 holds if we can show that from

<¥E L, ¥> = <Y
i

i,,W'> it follows that PA'[Wi'T] =P, '[vi, ,¥']

A Lt
(since, in that case, there is a mapping of <Y¥;,¥> into
PA'[Wi,Y]).

Now let <¥j,¥> = <Wi|,W'> . If H has at least two
dimensions, there exists @ and #' in H for which

Yy = clwé + czﬂ, <ﬂ,Wi> =0

vro=djvy + A8, <@, ¥, > = 0%

Obviously dl = Cy. since <Wi,W? = <Wi.,W'>.

Further, since ¥ and Y¥' have unit norm (see axiom I), we

have
2 _ . 2 . 2
|© = Jdi] + \dzl

Hence d2 = c2elu. But, any complete orthornal base sets

Y 12 .
l-cj\ + ICZ

are unitarily equivalent; and hence there is a U for which

*In fact @ = [¥; - (¥, ¥3)¥]/

Fi , where c.is a normalising
factor, and similarly for @'

Cs
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ia . » t ik
Uy, = Yo and Ug = @'e (since {Wi,ﬂ} and {?u ,get }are
subsets of distinct complete orthonormal sets of vectors).
Therefore

yr = g(clwi + czﬂ)

(034

as well as gi& = ¥, . Hence, from IV, P'[%:,W] N P'[%) LY.
In the case that H is 1 dimensional, the proof goes through
trivially, but with U = et® I, where I is the identity

operator on H.

Axiom V. QP[A,i;W] =1

- i
Axiom VI. p[A,i';%ﬁ] = 0, for any i # 1i',
Comment. v and VI will emerge as theorems when the

plA,i;¥] are interpreted as probabilities. By convention,

. ’ 3, .
the index'i'’is taken to range over the same values as‘li

unless otherwise stated.

Theorem 4. PA"[O] 0

Proof. P[A,i',Wi] = PA"[<Wb,Wi>] (by 2 and 3).

Let i #i'. Then <Y{‘,W;> =0 (by I); and p[A,i’;Wi] = 0
X i

(by VI). Hence, since P," is single-valued (by 3),

A
PA[O] = 0.

Theorem 5. PA"[l] = 1.
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Proof. Let VY Wi, in V. Hence (by 2 and 3).

T pl<¥y, ¥y ] = 1. Bub <¥y,¥ 4> = 0 (by I) and

<y Y>> = 1 (by I); hence (by 4)PA" [1] = 1.

ill

Comment. The summation convention I shall use is to

understand "ZFi' as ';Fi' if 'i' is the only index in

'Fi'. E.g., Z\cﬂz i %1012-

Theorem 6. If ZbiLZ =1, thén ;PA"[ci] = 1.

Proof. Let Z hie = i3 Thenlthere is a ¥' in H for which
g ='ZC}W ; mhere ci =<W',Wi> (since, by I,'{Wi} is complete

and orthonormal in H). Hence, there exists a Y' for which

P[a,i;¥'] = PA'[Ci]' where c; = <Wi,W'> (gince

PAL;Y'] = P'[Wi,W'] e PA" [<Wi,W'>], by 2 and 3).

But, by Vv, for any V¥' in H, yP[A,i;¥'] = 1. Hence, since
i

P L 1] = L] : " . -
[A,i;V¥'] P [cl], we get EPA [ci] 1.
Theorem 7. PA" [Ci] <l.

" of i T '
Proof. PA [ci] e PA [<wi,w>] for some ¥ (by 3)

P[A, ;Y] (by 2).

Hence, from V,

P."[c.] =1 - zP[A,i';VY]
fa = UL
But, from III, P[A,i';¥] >0; and hence 1;p"[ci].

Theorem 8. PA"[Ci] = fA(|§ﬂ ), for any c¢; ,for some

function /f, associated with A.
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2__ 2 : nr.
| © = \dil entails P, [cy]

Proof. Theorem 8 holds if {c.
" 5 iy - 7.

= P, [@;] for any chchet ‘cir = Jdi\Z; and select

¢., =d, for all i' #1i, so that lc)? = 1 and z1d,1% = 1

i i : i i

8 uree = — I i n = - ! .

Hence (by 6) P,"[c;] =1 5, Pplcyil and P "[d;] =1 i?ﬂ[da
U+ i : Ugi

But d1}= ¢y, for any i' # i; and hence, since PA" is single-

valued (by 3), PA"[ci,]=‘PA“{di,]'fpr‘anY i?#:fr~and hence-

PA" [ey] = PA"[di’].

3

Theorem 9. fA has domain and range [0,1]; and fA(O) =0,

and fA(l) = 1.

Proof. The dependent variable for f is lcilz, where 1ci12 =

1<Wi,?>12, which takes all values in the interval [0,1] as Y
varies between ¥y and Ti,i $ i' (since<4§,?i,> = Gii’ by

I, and since the scalar product is a continuous functional).
The range of f follows from III and 7. fA(O) and fA(l)

Eah be evaluated from 4 and 5.

Theorem 10. If dimension H >2, then P[A,i;¥] = |<¥i,¥>|?,

for any A, wi,w in H. If dim H = 2 then other forms for

P[A,i;W] are possible.

Comment. The special case of 2 dimensions will be dealt
with again in part 3. (Note that in the proof of Gleason's
theorem,the 2 dimensional case presents special problems

too [35]. I shall present the proof in three steps. First
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I shall show that the conditions on fA force it to be a
solution of the Cauchy equation if dimension H 3 3. Then I
shall show that fA is continuous, and hence get an express-
ion for it. Thirdly I shall deal with the case of dimension

H = 2. For convenience I shall drop the subscript 'A' from

L] L]
fA ]
Step 1. From 6,8,9, we have the function equation:
(1) - if Ix; = 1 then Zf(xi) = 1, where f has domain

and range [0,1].
Now the range of the index 'i' is the dimension of H (see

comment to axiom I). Hence if dimension H 32, we can let

xi, Y xi + xé be in [0,1], and set xi = xi + x

27 ¥
l-[ﬁi + §2], and xi =0 for i = 3,4..,Then, from (i) and 9,

(i) - E(Xp + %) + £ (L - [%y + X)) =1

2
But also, if dimension H >3, we can let xi e §i, xé = iz,x;:
1 - [§i + §2], and xi =0 for i = 4,5,...n, in (i); which
gives (from 9)
(iii) - f(xl) + f(x2) + £(1 - [x1 + X2]) =1
From (ii) and (iii) we see that
(iv) - f(xl) + f(xz) = f(x1 + xé) for any Xy 1%y, xi + xé

in [0,1]
(iv) is just the Cauchy equation for a function on domain

[0,1] (see [11]).
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Step 2. By induction, it is easily proven from(iv) (as

basis of the induction), that f(xl + Xo + ... + xh) e

£(xy) + £(x5) + ... + £(x,) for each o{,xi,xr.., Xy 1

(xi + x2 + .. * xh) in [0,1], any any n. The inductive

step in the proof simply consists of the following. Let

xl,x2 ceer Xp and (xi + X, + ... + x + xh+f all be

in [0,1]. Then f(x " +x2 tree. toX F X + i) bt l)’
are both in [0,1].

= f(y + x

where y = (xi + Xy + ...+ Xh)’ and X + 1

Hence, by (iv),

f(xi + X, t ... + X + 1) = f(xi + X, + Gee + xh) + f(xh +—l)/

which, from the inductive hypothesis, gives,

£(xg + X5 ...+ xp ) = f£(xg) + £(xy) + ... ._f(x}n . B
Hence, letting x; = %, = ... = X, = X, we get f(nx) = nf (x),
for nx and x in [0,1]. Hence, it 0<x=;% then f(nx)= % .

But, for 0<x\%, we have f(nx) <1, since f(x) is
bounded above by 1 (by 9); and hence, if 0<x<% then f(xf
<%-. Thus the limit, as x —> 0, of £(x) is 0 = £(0) (by 4).

But f(x + x') = f(x) + £(x'), for x, x', and x + x' in

[0,1]; and hence

limit f(x + x') f(x) + limit f(x')

L} 1
X' —> 0+ X ——e-0+

= f(X).

for x in [0,1]. Therefore £ is continuous in [0.1].
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But it is well-known that if f is continuous, and is a
solution of the cauchy equation, then f(x) = x ([1], page 50).
Obviously, the solution f(x) = x satisfies all the other
conditions on f imposed by the above axioms. Hence

. 2 2
PlAa,L;VY] = fA(l<\PU‘P>| ) = l<lPi,‘P>|, :

Step 3. If dimension H = 2, then (from 6 and 9) we get
that if x. + x,. =1 ( 0gx, <1, 1i = 1,2), then f(x,) + £(x )

1 2 i 1 2
= 1. This reduces to:

f(x) + f(1 - x) =1, O0gx<1.

The class of solutions for this eguation is obviously
broader than the class censisting of f(x) = x. In fact, the

most general solution is

f(x) = % + g(% - x),where g is any odd function with domain
[0,1]. For example, f(x) = % + (% - x)3.
CommegE. The above proof of continuity on f is not to

be found in [1] or [2]. All that is proved in [2], is

that if £ is bounded, and obeys the auchy equation, on

the domain [0,®], then f is continuous. The method of proof
for functions of domain [0,»] does not carry over to domain
[0,1]1. I also note that the inductive method of solving

the cgauchy equation, for € continuous, is not affected by

the domain of f (see [4]). For completeness' sake, however,
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I present an inductive method of solving (i) , using the
continuity of £, as follows.

Let dimension H = 3. Then from 6 and 9, we get that
f(xl) + £(xy) + f(xﬁ) =1 if xi + x5 + xé = 1 and 0§xi§l

for each i. From 9, we can let X| = Xy = % and X3 = 0.
1
2

this is the basis step in the inductive proof. Now we make

Hence f(%& +~f(%) + £f(0) = 1. Hence (from 4) f(%)

the inductive hypothesis:

£(™/2n) = ™/on for all m, lgmg2”.

We must then prove:

£(™/on+l) = M/on+l for all m, lemg20Fl,

in order to complete the inductive proof (m and n are

integers) .
First consider the case where "/2n + 1 s%-. Hencn-%ereiSanm’fm-
which
[}
(v) - ™on+l + M/on+l 4 ™ /on = 1, where m' = 27 - m 30.

Hence (from (iv) and (v)) £("/2n + 1) 4+ £ (M/2n+2) + f(ml/2n)

Y = M/an+l anga X, = M s2n,  Hence,

]
using the irductive hypothesis on £ (M /2n) , gives

= 1, by letting X, =X

26 (M/2n+l) = 1 - ™ a0 ond hence

n o '

(vi) - £(My/om+l) = Z I o Tyontd
2

for all m such that T/2n+l <%,
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Now consider the case where 1 >,m/2n+l 5%. In that case
there exists an m" for which M on+l 4 m"son+l = 1, where

ot o= 20 Pl g anas Manel Ll

Hence, letting x; = m/ontl, X, = m" /2n+l and X, =0, we
get that . ~ , - e -
f(m/2n+l) + £ (O /2n+l) = 1

. m" 1 1 .
where, since = /2bhtl < 5 . we have

£ /2n+l) = ™ 2+l (pby (vi)) Hence f(T/2n+l) = 1 - m* on+l
= gﬁii_:_ﬂl = m/2n+l‘

- on+l =

Therefore, by induction, £(™/2n) = M/2n for all m, n,

m g 2B, Since the set of numbers {m/2n}, for arbitrary m,n,
integral, m £ 21, is dense on the interval [0,l1], and since
f is continuous, we have shown f(]éikz) = Lci12 for any |Ci|2.
Hence, by 2, 3 and 9, we have proved 10 in the case dimension
H = 3. Trivially, the proof is extended to all cases where

dim H >3, by letting |c']2_|2 = 0 for all but three of thagg

values of 'i'.

I shall now discuss an alternative axiom scheme,
which is due to Everett [28]. Everett supposes that

P[A,i; Y] can be written as P(|Ci|), where €j = <¥i,¥>;
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and he makes the strong linearity assumption that P(4) =:§
p(di) if a¥= Zaiq*i(where{¢§3’is an orthonormal set, and
q)is normalised). Further, he normalises P so that

P(l) = 1. The linearity and normalisation assumption can
be seen to include my V and VI as follows. Let d =1

so that d; = ¢{. Then we get p(l) =2:p(ci) from the

L
linearity condition; and hence 1 =;Z;Nci) from the normal-
isation condition. Now let d = 0. This forces di =0

for all i; and hence p (0) =§;p(0), from the linearity
condition. This immediately gives P(0) = 0. Everett

also uses VIII. From these assumptions he then proves
P(ci) = Icilz (my 10); but he does so without the qualif-
ication that dimension H=>2,

One obvious advantage of Everett's scheme is this
last consequence, viz. that his proof includes the case of
dimension H = 2. Later on, however, I shall present an
extension of my scheme which takes in this case too. The

moxt unsatisfactory aspect of Everett's scheme is the

ad hoc nature of ‘his strong linearity assumption and of

his assumption that p[A,i;q/] = P(]@i]). The ad hoc
nature of the latter can, however, be got around by
replacing the offending assumption by IV. Furthermore,
Everett does try to justify his strong linearity assumptions,

in exactly the manner in which (in Chapter 2) I suggested
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assumptions are to be justified; viz. by pointing out the
analogy between them and axioms in other theories. To
see this, I need to refer to Everett's interpretation of
gquantum theory.

Everett takes the statement ¢S at t has state
Ebi*PiP to mean ‘At t there are as many branch worlds Wi
as there are %&; and these branch worlds are exactly
similar to each other, except that, in: W,, the system /(
exactly similar to S has the state %;, for each i ’
(The {¢i} are taken to be orthonormal.) The pl[a,i;¥]
is then envisaged as some measure on the branch world Wi’
The strong linearity condition is then equivalent to the
condition that, however the world is split up into the
various branch worlds Wi’ the total measure over all the
branch worlds is conserved. This sort of conservation
principle is similar to the conservation of probability in
statistical mechanics - except that in quantum theory,
the system's states are in Hilbert space, whereas, in
statistical mechanics, they are in phase space.

My objection to Everett's justification of his
axiom is that it assumes an unnecessarily complex ontology.
I only need one world, but Everett needs an uncountable

infinity of worlds*. Since I find Everett's justification

*Another reason is that Everett only succeeds in deriving
that quantum theory is false in a set of branch worlds
of measure zero. This does not, however, give us that
guantum theory is true in our branch world, or even that
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for his strong linearity assumption to be unsatisfactory,
I shall reject his axiom system on the grounds of being
ad hoc.

Before going any further, something does perhaps
need to be said about variables with continuous spectra,
e.g. the position variable. Spatial coordinates of systems
appear in two roles in quantum. theory. 1In the first role
they are not physical variables; but merely parameters
which appears wherever it is convenient to work in the
"nosition representation" of the state-vectors. In their

second role, they appear as physical variables; and it is

in this second role that they appear in the statement:

(1) The probability of measuring the position of system S,
within dx of the point x at time t is ‘%%x)[z dx.

Despite the fact that the statement (1) is called 'The
Born statistical interpreation', and is often regarded as
on par with theorem 10 (under suitable interonretation - see
XXI later) , it is not in fact part of quantum theory as so
far presented. Admittedly, the statement (1) can be
formally made to look like an instance of theorem 10, by

setting q/(x) = Jé(x’-x)q)(x')dx' =<8X/(\U> ( \(/is of course

the state-vector of S at t). But it is well-known that

cont'd. this is probably the case (because Everett does
not identify his measure with a probability).
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the vector Sx for which gx(x') = S(x-x'), is not in a

Hilbert space. Thus the statement (1) is, strictu sensu,

not within the scope of guantum mechanics as here

presented. It may, however, be possible to take (1) as

true in some approximate sense. For example, we could
define a coarse-grained x-coordinate variable X for a system
5, as follows. X has the value n & if the x-coordinate of
S is located in the semi-closed internal [n§,(n + 1)§) where
n has one of the values -¢® » +» , ... 1, 0, 1 ... , and &
is a finite positive number characterising the coarse-grain-
ing. X is highly degenerate, and the eigenvectors associated
with eigenvalue nd isany complete orthonormal set of
vectors whose realisations, as functions of x, span the set
of normalised functions which are zero outside the interval
In2, (n+ 1)$). For a good account of the coarse-grained
variable X, see Trigg, Chapter B.21 [9]].

What has been said here with regards the position
variable applies generally to vaiables with continuous
spectra, viz. that they must be replaced by coarse-grained
variables to partake in guantum theory as here presented.

I note that the same duality of roles which applied to the
position variable, applies to the temporal coordinate

variable - see Allcock [3].



44,

PART 2. JOINT SYSTEMS AND DEGENERATE VARIABLES.

I now introduce the trace and projection operator
notation. 'Pl ﬂP]' will denote the projection operator onto
the vector (P . '"Tr' will denote the trace operation. A
summary of the theory of Tr can be found in [70]; but I shall
restrict myself to taking Tr of the operators WB, where B is
bounded and W has the properties of being positive-definite

hermitean, and having, for some complete orthonormal {(U:}’
LY, wY¥> =1
Under these conditions

Tr WB = Z<4’¢, NB Y>>

for any complete orthonormal W;’r - see 8. 22 of [50].
Also, from the final paragraph in 8 2™ of [50],

(a) ww ZPW = ZTew PLV]

where {LP,‘;L; is orthogonal (but need not be complete). Also

(b) Tr WB = Tr BW

(c) <@, ¢i>1> = Tr PUIPTY']

(d) If, for all tl/ in H, Tr WP [Y] = Tr W'BR[Y ] then W=W'
(e) Tr (cA + c,B) = ¢ TrA + c,TrB, for ¢;,c,, B bounded

(b) and (e) are proved in & 22 of [501*; (c) is obvious g
(d) is proved as follows. If, for all ‘P in H,

<‘P, ﬁ_q’> bl <LP, 6’qj> , then it is easily proven that

Re <‘-P, (E-ﬁ’)(’) > = 0 for any 4’,4’ (by considering
W), A-AY(Y+d)> ), and that Im <Y, (a=-a") &> = 0
for any g , 4) (by considering <(¢+Lc1$,(ﬁ—ﬁ)(“lf+é¢)>)

*Actually (e) is a spec1al case of the theorem proved in
& 22 of [50], viz. the special case of W = 1.
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Hence,(k\’,z_& P> = <4’,AL > for any qj in H , entails that
<L§’,§ C{)>=<“P,§’<b> for any LP, C[) in H . But if A is
Hilbert-Schmidt (i.e., TrA* A < co) then it is uniquely
determined by its "matrix elements"{l<:q)t,§ $3f>},
for any complete orthonormal set{%& } in H. (This previous
statement is proved in theorem 4.10.32 of [82]). Hence, if
Tr WP [Yl =Tr WB [$] for all ¥, and since Tr W P [¥]
=<3?, W 4§>, it follows that W = W' (since W is obviously
Hilbert-Schmidt) .

I also introduce into the formalism, the distinction
between degenerate and non-degenerate variables. To do
this, I split the index 'i', in axiom I, into a pair of
= a

indices 'd«', in such a way that a if and only if
y

dex d'ec!
d =4d', for any & o', d, d'., A is said to degenerate if
and only if'ot'has more than one value for any 'd'value ,'
is called 'the degeneracy index'.

I shall now discuss the notation of equivalent

variables.

Definition 2. pI[A,d;¥] =:ZP[A,dd:LP]
L

Definition 3. If A and A' are two variables, with respective

sets of vectors {dex} and.%¥'d'x'} , then A = A' if and
only if P[A,d;‘P] e P[A',d;LP] for all (P, d, and A3 = a'dc><

for all d,ct.**

* Actually (e) is a special case of the theorem proved in
§22 of [50], viz. the special case of W = 1.

**The indices 'd','d'' (and '\','x'') need not have the
same range.
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Theorem 11. If A and A' exist (see definition 1), then

A = A" if and only if AE A,

Proof. From (c), definition 2, and theorem 10,
(1) -Ppad ¥ 1= TTWP [deDJE[‘P]
(i) -e@,d Y 1= T T PIYL APLY]

But, (from (d)) we know that El = V_\72 if and only if Tr V_\Ilg[‘l)]=

Trﬂzg_[(P] for all ¥ in H. Also, we see that we can interchange

the trace operation and the summation in (i) and (ii) - (from
(a) and (b)); and hence
(iii)  pla,a; Y1 =pra,a; ¥ 1 for all ¥, if and only if

E_EELVO{OJ =Z:‘E_[q’/0£“:] for any d.

Now let A = A' and suppose their eigenvalues are real. Then
from (iii) and definition 3 we get 'Zm_ E[%’d“’] = ?Z' E["&o‘]
and that A and A' exist. Hence the eigenspace of A, for
eigenvalue a, is spanned by the same set of vectors as span
the corresponding eigenspace of A' (since the corresponding
projection operators are the same). Hence we can choose, with

no loss of generality,

V=Y

Since aq = a'd as well, this gives A = A', because A and Al
can be seen to both map the complete set of vectors {L\/Aoﬁl
onto the same image set {%LRVA “’} for all 4 - this is because
the self-adjoint operators are uniquely determined by their

spectrum and spectral family of operators. Comparing



47 .

this last result with (iii), we get the required result.

Comment. In some schemes for gquantum theory, a variable

is characterised by its operator. I.e., it is not just a
question of A = A' if A = A'; but we have the stronger
consequence that A = A'. 1In practice of course, there is

no difference between 'A = A'' and 'A & A''; but there is

an important formal distinction between these two relations.
My reason for chosing 'A = A'' as a consequence of 'A = A''
(instead of 'A = A''") is, that, if I had chosen to character-
. ise A by its operator, then there would not have been a
unigue set of vectors {ﬂ)du. associated with A (in the case
that A is degenerate). This result would then have prevented
the development of any of the preceding scheme. Also, it
would have prevented the generalisation to variables with

sequences of numbers as values (see later).

I now introduce variables whose values are seguences
of numbers. Equality conditions between these values are
defined in the usual way for defining equality conditions
between sequences of numbers (viz. in terms of equality of
corresponding members). A variable whose values are sequences
of numbers will not of course have a corresponding operator,

as in definition L Therefore, I shall suggest a suitable
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generalisation of the notion of an eigenvector and an eigen-
value to suit these variables

Definition 4. If ‘{ad’% is the set of sequences of numbers

for which a3 = 33 for any d,« , then {ad } is the set of
eigenvalues of A.

Comment. From the definition 4, ag = ags if and only if
d =4da'.

Definition 5. The closed linear manifold spanned by those

members of {Ajd'a'g for which d' = 4, is called ‘the eigen-
space of A for eigenvalue adz Any member of that e;genspace
is calledcan eigenvector of A for eilgenvalue q}

I also introduce two pieces of notation. First I
shall let ' &Fd B ' denote the set of all elements F

@ Jet %@

formed by varying @ but keeping « constant, at the
value . Second, I shall let '<<al,b2,c3 cee g >

denote the ordered N-t uple of elements with al as first

2
member, b~ as second member, etc.

]
Theorem 13. If {}{jd‘x}d‘ ( for given d) is any orthonor-
mal set of vectors spanning the ejgenspace of A for eilgen-

value ags then,

. == ' '
plad; W 1= 2 PIW g, Y]
Proof. From definition 2 and theorem 10,

T oor 2lY,) RIY ]
= T ZEMJEMI = T PPV

pla,d; ¢ 1
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where P3 is' the projection operator onto the eigenspace
for eigenvalue ag of A. But
— )
Pa = Eg[qldo«]
for any orthonormal set g{W'dM&‘L spanning the eigenspace

of A for eigenvalue ad. Hence

pla,a; ¥ 1 =1Tr 2 PV, JRIY]
=< &K =

= T TrR IV, E Y

- ' ]
Theorem 14. Eigenspaces of distinct eigenvalues are ortho-
gonal.
Proof. Trivially from definitions 4 and 5, and I.
Axiom VII. When S has the state Y , where ¢ is an eigen-

vector of A for eigenvalue a, then A has the value a, where A

may be a variable or m-variable.

2xiom VIII. If A has the value a whenever S has the state W
, then ¢) is an eigenvector of A for eigenvalue a,wker&

T A may be variable or m-variable.

Comment. VII and VIII hold for m-variables (not yet

discussed) and variables. They detail the correspondance

between the %;ai‘} and {q/i}, alluded to in I.

I shall now further extend the scheme, by intro-

ducing joint systems.
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Axiom IX. If V& is the Hilbert space associated with the
system Si' then the Hilbert space associated with the join

of all the separate Si, i=11,2, ... 1is WTH; =¥hf§42x ¥
il

Comment. If each F\i has at least 2 dimensions, and if
there is a countable infinity of the S., then TT A i = ‘\00
is non-separable. I shall adopt the usual conventions

of letting 'Sl + S2 + ... ' denote the join of Sl’ 52, . il
letting F‘h be the Hilbert space for S and letting yn

be a vector in {4nt.

Axiom X. When the state of Sl + 82 + zew + SN is
(?l XKPZ M era K kVN, then the state of Sn is %’n.
Comment . I shall not be suggesting the converse of X as

an axiom. Indeed, on my system the converse of X will be
seen to be false - which is of crucial importance later ,
in discussion of the Schrddinger cat paradox. The converse
of X is not to be confused with theorem 26 - the latter
deals with the case where Sn at t has pure state ‘Pn,
whereas the former considers the case where Sn at t just
has the state $n (which is consistent with Sn at t

being in a mixed state). The pure/mixed state distinction

will be discussed later.

1

same variable is a variable in Sl + S?. Al has the same

Axiom XI. If A, is a variable or m-variable, then the
e e
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values in Sl + 82 as in Sl; and if Al has the wvalue ai

in 8. then A, has the value aj in Sl + S

1 1 2

Axiom XITI. Let A A2, BE. . AN be variables or m-

l’

variables in each Sl S,, respectively. Let the

2’ e o N

1 27
set of values of Al be { da} . A be {ae(J p e

12 °"" N
t oe. Sy whose values includes the N-tuple

AN be {ags } 2 Then there is a variable A

in S1 + 82

<< a' ,aeP F e s ags\> , for each 4, e, .+ g and

2
has the wvalue <a<'io< ya . e

<, cese & . A
P 2p

12 N

al 1
g \>'only if Al has the value A3

2
> and A2 has the value a@@".
N 1
and AN has the value agS' If Al has wvalue ad“\ and A2
2 N

I +
has value an and AN has wvalue agS whenever Sl 82
+ .... + 5y is in some state q’lz"'N, then A

has value <ad“’ae(3 "'ag3> whenever S, + S, + ...

1 2
} ; 12 ... N
Sy is in ‘f .

12 ... N

Comment. Note that XII does not include the statement

that if Al has value al. and A2 has value a2j say, then

A12 has value <:a ,a ‘> (although the converse does

hold). Indeed, this latter statement is inconsistent

(at least on the indeterminacy interpretation) with the

axioms of quantum theory. This can be seen by anticipating

o
“l .
1
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some of the later axioms, as follows. Let \Plz =

1 2 rate of 5. - Wi
ici Y i x% : be the state of 5, + 52 at t, where {W i&
and %PZi } are vectors of Ny and ) respectively. Then

we will find that A1 has one of the values {aij‘s in Sl

at t, a-”
2 .
A2 has one of the values {a i}i in 82 at t; but, from XX

(or XX") it follows that A,, does not have a determinate
value. This fact becomes of crucial importance later,

in resolving Furry's version of the E.P.R., paradox

(see Chapter 5, part 2). I note also that at first sight,
XI and XITI appear les; like axioms,and more like trivial
stipulations introducing new notation. This is not so,
however. If we specify a variable in some system, in

terms of the values it takes whenever the system is in

each of a complete set of state-vectors, then this is enough
to determine its representative operator in quantum theory -
and hence, to determine what values (with what probabilities)

the variable will take when the system is in any state.

Therefore, when, as part of quantum theory, we say that a

certain variable in some system exists - and give the values
it takes whenever the system is in each of a complete set

state-vectors - then this is a non-trivial statement, to
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the effect that the representative operator for the

variable gives a true representation of the variable,

in all cases.

Theorem 15. The eigensapace of A, N for eigenvalue

<é'd'a2e’ ‘i aNg >' is spanned by the set of vectors

{‘Vldm.'x‘{’ze(sx wags}de““ g

The proof works in three parts.

Proof.
X ..o x\PNgS} is complete and orthonormal

€) { ¥ty x¥°
in H, i“Hz X e(b XHN’ since each of {q/ldo(,} ’{erp} ,

"'%ﬂ]Ngs} is complete and orthonormal in their respective

spaces.
&0 Whenever Sl + 82 + ... SN has the state (Plddx kfzeﬁx i

1
XQPNgS' then (by X) S; has state Y ax and s, has state

erﬁ'.. and Sy has state\PNg(Y , and hence (by VII and XII),
A has the wvalue <al a2 aN :} Therefore
‘12 o W N d e’ * » 8 g » .

wl 2 N
(by VIII) the members of W do{x‘? e(‘%x - x? gs} de 3

. Py : ;. 1
are in the eigenspace of Al2 s N for eigenvalue <§ a’

a2, A Y

) Now suppose that the eigenspace of A, ... for

; ]
eigenvalue <é}d’a2e’ . aNg\>>, contains a vector %’,

orthogonal to each‘flda X(*zeﬁ 2% RGE xkyNgs , for varying

The vector kV must also be orthogonal to

4 (B .. )

those vectors in all eigenspaces of A12 cer N for
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. 1 .2 N
eigenvalues other than <a grad gr cre @ g > (by 14).

Hence, from part(p) of the proof, we see that \P is ortho-

gonal to all vectors in the set {’wldmx erﬁ X ..a X L[/Ngag.
Hence, from part (a) of the proof, \f/ must be zero; and we
see that the set {}(’ldd\x wzepx cee X _kPNgS.S T = .5
spans the eigenspace of A12 N for eigenvalue <ald,
a2, Ay

Theorem 16. P[Alz...N’ d,e, ... 9; i xwz X oos X \{/N ] =
pia .a; Y1 playe; 21 .. plag,gr 0.

Proof. From 15, 13 and 10,

P[A12...N,d'e’ ese 97 q)lxqzx...wa]=

li

\lek(/zx

g ’

le(é ig [< Wlda xk}/z(3 X vee xWN
% qjN\>|2
= Ewldo&’wl>\2 %K\Iﬂe(b’\fz>‘2 ZSK&FQI\; ’QFN)[Z

1 2 N
= pla,a; Vi P (2,61 L. RIAGG T,

In the above, when the equation : P[A,i;\V] =

2)
K“Pl,‘f>[ was applied, a qualification was implicit to the
effect that dimension H > 2 . I shall now show that the

gualification 'dimension H> 2', which appears in 10,
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can be removed. This will then show that all the above
theorems can be extended to the case of dimension H~< 2.
In order to do this I need to use the "obvious axiom" XI
that a variable Al in Sl' is also a variable in Sl + Sz,
for any S2’ although, the vectors (and hence operator)

associated with Al in Sl and in Sl + 82 are different.

Theorem 17. If {qﬂ&_} is the set of vectors of A; in
WL L. . ., {20

Sl’ there {FV i}ls in f*l for each i, and %’ j} is

any complete orthonormal set in HZ' then the eilgenspace

of A, in Sy + S,, for eigenvalue ali, is spanned by

{W li xk’/Zj?I Le

S 1 2 9= m il
Proof. Whenever S, + S, is in N% i X\F L S, is in %) i
(by X), and hence Al has value ali (by VII). Therefore,

(by VIII) q/li x(yzj is in the eigenspace of Al in
F‘l xfﬁz for eigenvalue ali, for any i,j. (The existence of
this eigenspace follows from XI.) But {}Vli X ‘* Zj} is
complete and orthonormal ini4l xi*z; and hence, by the same
steps as in the proof of 15, we get %Pli kazj} ; Spans

the eigenspace of Aq (in Fil X Hz) for eigenvalue aii.

Comment. Theorem 17 is presented in a different form in
those axiom schemes (like von Neumann's ,for example [7l]>

where variables are characterised by self-adjoint
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operators; viz. as:

Theorem 18. If A, is the operator representing Al in.Hl,

1

then A, x I, is the operator representing Al in Hl X H2,

1 2

where I, is the identity operator on Hz.

Proof. {%ﬂi XKPZj}Cis (by 17) a set of eigenvectors for

A, for eigenvalue ali. Hence (by definition 1 and theorem

1

1) the unique operator representing Al in S1 + 82 has

{}Vli x‘{zj }i as eigenvectors for eigenvalue ali. But

the operator A, x I, has each member of {Wli x‘sz} as
ei'genvector for eigenvalue ali. Hence 2, is represented by

él X 12 in Hl X Fiz.

Comment. A. is obviously degenerate in Sl + SZ’ whether

1
or not it is degenerate in Sl. For this reason, when I
refer to a variable's degeneracy, I mean that it is

degenerate in any system, and, conversely, a variable is

non-degenerate, if it is non-degenerate in at least one

system.

Axjiom XIV. P[A1

,1;8,8] = ?[Al,i; Sl + SZ’t]
Comment. XIV is seen to be trivially true if P[Al,i;(V]
is interpreted as the probability of Ay having value ali,

in S, when S is in the pure state (P .
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Axiom XV. For every Sy, where dimension Hl { 2, there

exists an SZ’ where 52 and Sl are distinct sytems for

which the dimension of Hl X H2 >’2_

Theorem 19. P[Al,i; \pl] = K‘{’il,‘#’l>[2 if dimension Hl< 2.

Proof. Let \{/2 be some vector in H2, where S2 is the
system for which dimension Hl X H2 > 2 (by XV). Then,
if q’l is any vector in H 1 and if {qj %.}is any complete
orthonormal set of vectors in H2' we have (by 17, 13 and
10) playir P ox W22 TIYE W2, P <2) 2
= Kkl)l : ’\fll>\ zz \<\P2r&‘}2>l 2
i J ]

AL WlN2
=\<({J lrkP >{ 7

. . qu ;
(since the completeness and orthonormality of{ J entail
that Zjl@l’zj,k(’z M2 =1,
But let S, + S, at t be associated with (as in III) the set
{l, Wl xq’z 3; so that

. . - Lol 2
(i) - P[Ay,i; S + Sy, t] = PI2,i; Y+ x$ey.
From X, we have that when Sl + 82 is in ‘{Jl xq’z then Sl
is in \Pl; and hence Sl is associated with {l, Kl'/'l} at t.
Therefore,

., . . 1
(1ii) - P[Ay,i; Sy,t] = PIa;,i5 ¥
Hence, from (ii) and (iii) (and XIV),

G = P[Al,i;q’)l x¥? = p[Al,i;\(fl].
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Comparing (iv) and (i), gives

eia, s ¥ = (<P LIS )2

The Density Operator.

I shall now introduce the density operator into
the formalism. The ‘[pd,<¥‘*} in III, will be referred to

as 'being associated with S at t'.

pefinition 6. if {pm,qh‘} is associated with S at t,

then there is a density operator 2 Fﬂg[@“] associated with S okk,
I shall show later that density operators are p.h.u.t.

(positive-definite-hermitean with umt trace). Before doing

this however, in order to understand the significance of

the density operator, I shall need to discuss the notion of

the state of a system,

I shall adopt the principle that S at t is in the
same state as S at t' if and only if there are, even in
principle, no measurements which distinguish S at t from S
at t'. This principle is what Bunge calls 'a meta-nomological
normative principle' - it is a principle which theories ought
to conform with, in order to be hetter theories [16]. I
shall discuss methodological principles in a bit more detail
later; but, for the time being, I point out, in justification
of the above principle, that by not conforming with it, a

theory becomes notationally more complex (because distinct-
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ions have to be drawn between

experimentally identical situations, which otherwise would
not have to be drawn*.)

Now that it will be seen later that the measurable
quantities associated with S at t, are the P[A,i;S,tl]
for varying A,i. (It is for this reason that I made
P[A,i;S,€] unique - see II). Therefore, from the above
principle, I have the general result that S at t and S at
£' are in the same state if and only if P[A,i;S,t] =
p[a,i;s,t'] for all A in S, and all i.

But if 8 at t and S at t' are in the same state,
we surely require that any theoretical description which is
true of one, is true of the other. (This can also be taken
as part of the stipulative definition of 'state'). 1In
particular, if S at t is associated with {pd,§l:}, so is
S at t' - if S at t is in the same state as S at t'. This

condition is formalised as:

(1) 1I1f p[Aa,i;S,t] = P[A,i;S,t'] for any variable A in S,
I
and any i, and if {pé ﬁ?ey is associated with S at t',

then {pé fEéB is associated with S at t'.
More generally, however, I put forward the condition:

Axiom XVI. If for all variables A in §, and all i,

*Note that I am not taking the operationalist line of making
this principle a meaning postulate.
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P(A,i;S,t] = P o PLA,C -,Q __l and if
ol
P[A,i;S,t] # Z P; PLH,C;@DJ for some PL + P‘* , then

S at t is associated with {' Pw@m} .

Comment. The reason for including the inequality condition
in XVI, is to ensure uniqueness of the probability of S at t

having ’&Dd out of the set {CPOL} - see axiom XVIII.

The cxiom XVI obviously implies (1); but is more general
because it places restrictions on the state of S at t even
if there is no agreement between P[A,i;S,t] and the
P[A,i;S,t'] at some other time.

An immediate consequence of XVI is of course that
there may be no unique { P JQRX} associated with S at t.
In my opinion, the latter consequence just has to be accepted.
In particular, one has to accept that there may be no unique

state-vector for S at t - S at t may have both one of the

. /
state-vectors {q{‘*}- and one of the {,CP(;}

I find nothing paradoxical in this result - as long
as the non-uniqueness of the state-vector is not reflected in
non-unigueness of state-description. To achieve unigqueness
of state-deéescription however, oné merelv needs uniqueness of
the P[A,i;S,t] - which is 'consistent with there being more than
one set {Pd)QQg} associated with S at t. 1In faét, from
III and theorem 10, we see that uniqueness of state-

description merely demands that if {'Po\)\Po&} and
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{pé ,q%;} are both ass?ciated with S at t, then
22 P l<@¢,l\1{i>\ 2 = % p}s 1<\P(\,qjl >‘2, for all \{ji
which are ejgenvectors of some variable in S. This con-
dition will be seen to be equivalent to uniqueness of the
density operator associated with S at t.

It is to be noted that the term 'state' does not
appear in XVI, nor in any of the axioms to follow. This is
because the notion of the state of a system is essentially a
meta-theoretical notion - it is a notion which plays a part
in the rationale behind the axioms, rather than in the
axioms themselves.

The above considerations explain why I persist with
the locution 'there is probability p, that S at t has the
state-vector QL , out of the set {f“} ' instead of
just saying 'there is probability p _ that S at t has the
state-vector ‘E&'. The reason is that both of the sets
{pd ,‘fuy and {p; ,SE%} may be associated with S at t;
and CQQQ may belong to both sets but be associated with
different probabilities in each set. TI.e., we may have

{fi = iq » but p, # p'l. This possibility does not
arise if the {f%;% are restricted to orthogonal sets; but
I see no reason why the {(fd}in definition 6 should be
restricted to being orthogonal.

I also note here that the condition (incorporated

into XVI) that there is a unigque probability associated
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with S at t having state vector %L, out of a particular
set {‘%;}, will be shown later (theorem 23) to imply linear
independence of the {E.[ %;]} (for o having finite range).

I shall now derive the various theorems mentioned

above.
Theorem 20. Density operators are p.h.u.t.

Proof. From definition 6 and III, the class of density
operators is the class of operators of the form:

1) - w= 2p, Bl ¥ 1,
where §:p“ =1, p, >0, and kfx is any vector in H

- for each & .

Therefore, since projection operators (and hence their
linear combinations) are self-adjoint, W is self-adjoint.
Hence W has a set of real eigenvalues and orthonormal eigen-

T
vectors {p} ) P} , where
ki ! = .
<\E ,V_‘T kE(&> p(g, !

and hence, from (i),

- z b @2
P, - P, l<L£°<, _ﬁ>l
>0 .
Also, from (e) above, and since Tr P[ @ ] = 1, we get
Tr W = TZ P, = 1.

But this entails that W has a pure point spectrum (by 22.1
of [50]); and hence
W= 2 p' P[P 1.

¢ f
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Therefore, taking Tr of both sides, we get E; pb = TrW = 1;

and hence, since pL > 0, we get p% < 1. But the
upper bound of the eigenvalues is the upper bound of the
uniform norMmethé-spéCtrai‘thegrém); &and“hence W is bounded.

Therefore W is Hetrmitean; positive-definite, with unit trace.

Axiom XVII. All vectors in ** are e igenvectors of some

variable.
Comment. XVII amounts to saying that every projection
operator on F& represents a variable - and hence that any

hermitean operator (which is just a linear combination of
projection operators) represents a variable. I wish to main-
tain that this is consistent with holding that any variable is
measurable, and with the gquantum theory of measurement (see
Chapter 8), because von Neumann has shown how, in principle, to
construct a measurement process for any variable represented
by an hermitean operator [71]. The impracticability of the

von Neumann model is irrdevant - because all that is required

is that, in principle, there is a measurement process for

every variable. For those readers who are nevertheless
dissatisfied with von Neumann's model, Lamb has made some
interesting suggestings on how variables may be measured, from
a more practical point of view [61]. I also note here that

my axioms need to be adapted if an account is to given of

super-selection rules. I shall not make this extension, the
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details of which are to be found in [46]. Finally, I refer
the reader to meta-theorem 1 (near the end of Chapter 4),

where I discuss the possibility of weakening XVII.

Theorem 21, There is one, and only one, density omerator

e

W(S,t) associated with § at t, and P[A,i;S,t] = Trﬂ(S,t)B[V{];
and if, for all a, i ,

PIn, S, E] = 2 by PlAL: F

then

wis,t) = 2p, Bl Q1.

o6
Proof. From definition 6 we see that the only way in which

twe density operators ﬂl and W2 can both be associated with
S at t is if
= 7pRl ‘Y 1 ana w, 7pn D[ {{: , and if both
" 2l

L.

o+

-% @ 1 and {n @d ) be associated wiéw S
®,. "¢j‘ r L (R 1SS0Ci ; T 8 a

Let {pﬁ,(f¢} 3“153 Hé;} e both associated with S at t.

From III and 10 it follows that, for all A,i,
. Y q ‘ 2
P[A,1;8,t] = & P, l(‘gm,kyi >‘
= E;P'i<i§T ,(Pp>l2
S

But, from (i),

2pl<“'} i >l2
Z_p <, M W = mew,pIv .

Hence, for all Q’ which belong to some variable of S, we

i

Trﬂlg[¢i}

have

) - ¥
Tr Wy BLY .l = Trﬁﬂzg[\f;].
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Therefore, from XVII and (4),
= ¥
Wy o=,
which proves the first part of theorem 21.
Now let, for all A,i,
Pla,is,t] = 2p Pla,i; ¥ ]
o [+.4

Hence, from 10,

pia,iss,e) =L p KE WP = T wy PL9] where

Wy = s Péx PLP.] Also, with S at t s associated

]
( from III,) o set {p('a '\'P(S} for which, for any A,i
., = N ST e s E ‘

P[Arllslt] —?{:}P'@ P[Arlr \‘E@] 7 = Tl’ \I_\ll E Eq}t‘.a 4(!»%!0) )W"QIQ
W, = . :
Wo = Z e PLE,]
Comparing the two expressions for P[A,i;S,t], and using XVII
and (d), gives ﬂl = V_Vz.
But, by definition 6, V_\Tz is associated with S at t, and there-

fore so is V_‘l]_" which proves the second part of theorem 21.

Comment. The {/%d} need obey no special condition (e.g.,

g . >

linear independence) for theorem 21 to hold - cf. theorem 23.

Theorem 22. If w(s,t) =2p PL P 1 #7p' PI ¥ 1, where

- o 8 N S ¢
p' # p for some o¢ , then {lp ,\E } is associated
= = P [

with S at t.

Proof. Let W(S,t) = Zp Pl CE 1 # zp' Pl QZ 1, where
ot ot A

p.F Eu _
%‘)l
By III and definition 6, there exists ’I (3 p (5 so
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that W(S,t) = ?‘pé Pl {% ]; and hence

1) - p(J 1 =%p PILPI.

(1) Epm_[fk“ ?_pﬁ 3 \Pﬁ]

Multiplying both sides of (i) by PI Wi] and taking Tr of

both gides, gives

.

ZZP‘X K(:Pm’k{)i>lz =zpék< @(’; ’({/i‘>‘2, which, by IIT and 10,
= P[A,1:8,t]. P

From XVI, the theorem then follows.

Comment. In putting forward XVI ~ and hence arriving at

theorem 22 - I am influenced by suggestion made by von

Neumann [71] and followed up by Margenau [65], and Jauch [41].
Tt is not, however, clear that von Neumann would accept

theorem 22. Indeed, according to"or+hodox theory" ascribed

to him (by Jordan, for example [49]), he would only accept

then, as far as any measurements

that, if W(s,t) = 7;p Pl ?;],
il =

on S at t go, S at t may as well have probability P, of
having state Kﬂu , for each & . As Margenau points
out, however, it is not quite clear exactly what von Neumann

did have in mind on this point (page186. of [66]).

On the other hand, it is not altogether clear that
Margenau would accept all the consequences of my XVI. 1In
particular, in Chapter 5, I shall show that there is an
inconsistency between an axiom which Margenau wants to accept
(viz. XX of Chapter 5) and the preceding axioms (including

XVI). Also, Margenau nowhere says that he would accept there
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being non-unique sets of possible state-vectors for S at t
(cf. comments after XVI)*,

Jauch would, I feel, accept XVI and its conseguences;
however, there are two points on which I differ from him.
First, he favours Gleason's method of introducing density
operators [47], which I shall criticise later. Second, he
tends to stray into positivist meta-physics in order to solve
the various guantum theoretical paradoxes. This I shall

discuse further in Chapter 5.

Axiom XVIII. If S at t is associated with both {;%*,(Ed}

e

and {p' ,\E’ } , where for every SP« there is a
en O -
(kf for which 3= Lo , and vice-versa, then
b -
25 ol
k}_)“ = \K@ entails P = p}a .
Theorem 23. If S at t is associated with a finite set

{pa‘,(£°<} then{?[ %{] } are linearly independent.
C— oL

Proof. Suppose S at t is associated with {p , %;} ,
[

where the -{E_[ \Ed ] } are linearly dependent, Then,

for some <K ,

pr P1-= 2 o b1 P
ot o« ! At =
Al

Let )\ be a constant, 0< A& 1. Then

*In particular Margenau does not try to solve the E.P.R. para-
dox, as I shall do, by invoking non-uniqueness of sets of
possible state-vectors. Rather, Margenau does it by question-
ing the "projection postulate" [67].
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1) - xp 2l @ 1= ApoZ o BIY I

o ! Y .
(et ot/
From (i) it follows that
(ii) - ipd Pl \1)«& ] = 7 p:x P TM], where
B, =p_, + Mp_ e, for x#o', and
P! = (1 -\ P -

I now choose ) so that U\p c \< for any &'.
& ot/ F(X'
(This is possible since there are a finite number of P,
and since, by III, p > ®)., Hence p' > 0 for any o« ,
[> 9 [~

and Zp' = 1. Therefore (from 22 and (iii))not only is
oK

{ P i } associated with S at t, but so is
(=4
{p' , \V’}where p' # p . This is inconsistent with
A e -2 o

XVII; and hence the initial supposition that {B[ %04 ]}
are linearly dependent, is disproved. Hence {_li[ KE‘x]}is

linearly independent.

Comment. The condition that {P[ \P ]} are linearly
- [~ 4

independent is a weaker condition than the linear independence
of the {‘fo‘} . Also note that if there were infinitely many
{p o‘} then we may not get >\ smaller than all of them, with-

out >\ = 0 (e.g., in the case where p_.—> 0 as A—>0) .

Theorem 23Db. If {B[pr]} is linearly independent, or

{KPOJI is linearly independent or orthogonal, then W(S,t) =

g

VAR

Proof. Let {P[ qz ]} be linearly independent. Then
P — oL

p[ ¢ 1 entails {p ,‘E } is associated with S at t.
A = o, A -4
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>
the coefficients c_ in the expression f{ 1 are

&(dsz

unique (by definition). Hence, from 22,
associated with S at t.

Let {&K‘}be linearly independent. Then {B[ fx ]y is linearly
independent (see appendix 3). Also, if {‘%x} is orthogonal,

then {g&} ig linearly independent. Henae 23b is proved.

Definition 7. If and only if there is a set {l, %>} assoc-
iated with S at t, then $ at t is in the pure state i
pDefinition 8. If and only if the state of S at t is not

pure, it is mixed.

Theorem 24. If S at t is associated with {pe( , %;} ,

where @ = [expi 904 ]kf for all <o , then S at t is in

the pure state (? .

-~

Proof. Let S at t be associated with {pm,sz }, where

R o

@¢: [explgd]kg . Then (by definition 6) W(S,t) =Zplxg[‘fi](
B[%J], since P[?[expﬁ%}] B B[f]. Hence (by 22) S at t is
associated with {1,QV} ; which, by definition 7, entails

that S at t is in the pure state

Comment. It is theorem 24 which justifies the usual
assertion that it is not the state-vector which is physically
significant -~ rather it is the ray to which the state-vector

belongs.

2
Lemma 1. If B, is a variable in S and {}P:‘} an ortho-

1
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I
normal set in L*2, then P[B ,1; :ic.i q/L X

?;*QJ‘z ‘<14/|’ ﬂi:>‘2

i

where ﬂi is the eigenvector of Bl corresponding to the ith

value.

Proof. The eigenvectors for the ith value of B, in
H X Hz, are (by 17) {ﬂl X ‘P 2’} i where {‘-P }. is any ortho normal,
complete set in H2’ and%{/ j} D{Wz }

Therefore (by 10 and 13).
. 2
P[Bl/l; .ZCltvil X\{) l]=
4 2 2512
YTy Vax? oty x93

= Z -Z 7_ <C ({Jlii x\PZi' ”qii X\r2j> <g11 X("sz ,cfi“%j;xq}i“ 2

- TR TRYL AR, e Gt O,

— Zlctyl2‘<g1ilw1is>'2'
U,

Lemma 2. If Tr, is the operation of taking trace 1n‘4 27 and

{\P } is orthonormal, then Tr P[ZC (w- x\PZ i E
'Cw\ B[*Ai]~

Proof. This is a standard proof, to be found in [47]. The

easiest way to prove it is via Dirac's bracket notation,
according to which P[Y] = \‘VXW‘ and(‘kﬁ> =P g .
Now, by definition, Trzé =§:<g2j\ A ﬂzéz where {ﬂzj} is

any complete orthonormal set in H ¢ In particular; we
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can choose {ﬂzjlj = {sz?j’ 2{%21} . Therefore,

: [ ()2
Tr., P[EECLU‘)LXKVL ]

i

Z (W; \Z Qb\P{x&V‘:XTI C'L/&Pz',ﬁjt/ \q}2>
Zii i <kv_“‘-\) ><k§/,k¥ *> \\{)1><&V1\
. 7- e 2 1> Cdt )

Theorem 25. V_/\T_(.Jlt) = Trzt_w_(sl + S

it

L)

Proof. By III, there is a {pu, %{i{z } associated
with 54 *+ S, at t; so that (by definition 6) V_\T(Sl + Sz,t) =
l i
2 pr P2 .
o
Now any kgl 2 in Hl X k*Z’ can be written as
o

= A 2 Y

2_ C“,\Vt_xw Jfor some orthonormal set {q)d } *,
< L ¢
Hence, W(S +S ZP P[Z C -kvi.x QV}' 1.

- - *C el ol

¢
Therefore,

. _ ; 1 )2
2 w (S]_ + Szt) = pr Tr2 P [Z(qubq/%LX \chb ]
and hence (from lemma 2),
(i) - Tr, W (S; + S, . Pufz.‘c l F[ ‘P‘

Now (from III)

Tr

+ S

1
tl =2 pPB,i;ZTe VY ox P2
L x¢

P[Bl,i; S
o< ® AL

1 2’

and hence (from lemma 1),

— _ 2| s 41 1 52
P[By,i; §; + S,,tl Zpdzulc_dul |< o L’ q)w..,
Hence, by 21,

(ii) ~ W(s;,t) = 2 p_ 2 e AF EI Y1
o T et T oy

o

Comparing (i) and (ii), the theorem is proved.

*In faﬂt, von Neumann showed that {qﬁm} can be chosen ortho-
~evmal too - see page 433 of [71], or [47].
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Theorem 26. If Sy is in the pure state q’mJ, for each
n=1,2, ..., at t, then Sl + 82 + ... is in the pure state
kvixkyzx e » --ep at t.

Proof. I shall prove it for n having the two values 1,2;

and the proof for general n then follows easily by induction.

4. 2
Let S, and S, be in pure states Y and kP respectively

1 2
142
at t. By theorem 21, W(S; + S,,t) = L Pex P LY ; ]
where W)Ej € H»xH, . Also quite generally,
42 1 &

Y w = ZU. Cat LPO(L x qlo‘l‘ where {\V:b}lq ortho-
normal., Following from lemma 2 and theorem 25,

. _ 2 1

W =W s0 = L p, T e MR LWL]
but, since Sl is in pure state q} at t, it follows

(from definition 7) that

. 1

(i) - W(sy,t) = B[ YT 1.
Comparing (i) and (ii), and since pure projectors are
irreducible (theorem V, page 105 [90]), we get

1 1 2 1
Ll'}o“'_ = ¢ lexpi © o ¢ 1; and hence “P{‘ =LP—3<LV2;

and hence

[td

wis, + 8,80 =20 W, 1 x Lp PLY.]

Interchanging 'l' and '2' in the above, then gives:

[ Lpi'] x P kP?_], as required.

|

W(Sy + 8,,t) =

Comment. A derivation of theorem 26, using theorem 25,
can be found on page 426 [71]; but using different notation.
I shall now make two consistency checks. Suppose

) . 4 2
+ S, is in the pure state %J X %j at t. Then (from

S1 2
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definition 7 and X) it follows that Sl is in the pure state

WA
+ at t. Hence, (from 22 and definition 6) if T/_\T(Sl

= P 'Wji ¥ Wn’ ] then ﬂ(Sl,t) = P[ Wi ]. The same result

+ 8,,t)

emerges if one uses theorem 25 (which was derived from XIV,

and not from X).

Similarly, consistency demands that if qﬂX\PZ =

7:ngﬂtX\Vt , where the %Vz} are orthonormal, then
q)% e kVi[ isz LO&C 1 for each i -otherwise the density

operator of S; at t becomes both P{ 4"1] and Z {(,L'\l

2 ‘y%] # g[‘Vi] (in contradiction with theorem 21).

«

The proof that the latter requirement is indeed met, is
given in appendix 2.

Before discussing alternatives to the above I shall
discuss the possibility of weakening XVII. What I shall show
is that by accepting P[A,i;S,t] = TrW(S,t)PI[ q’i], and that
the density operator characterises the state of a system, one
is committed to XVII. This, of course, leaves the question
of why one should accept these assumptions. The reason for
doing this, lies, in part in their mathematical convenience*.
I.e., by doing this, one gets that P[A,i;S,t] = TrW(S,t)PI %&],
where W(S,t) is characteristic of the state of S at t;
and hence P[A,i;S,t] = <lﬂ(s,t),g[¢t]i> , where

<f§§_>> = TrA*B is the scalar product in L_ , which is the

*Bunge discusses other meta-theoretical principles, whose
rationale is one of mathematical convenience [76].
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H*-algebra of Hilbert-Schmidt operators [70]. Thus it is the
nice properties of the H*-algebras, which supply one reason for
chararacterising the state of a system by a density operator.
Note that what follows 1is & sort of converse to theorem 21;

i.e., theorem 21 assumes XVII, but I shall now derive XVII.

Meta-theorem 1. The proof that characterising the state of

S at t by a density operator W(S,t), where P[A,i;S,t] =

Trw(s,t)P [ 4“ 1, leads to XVII, proceeds in four steps.

First, I shall show that
(1) the class of density operators is identical with the class

of p.h.u.t. operators.

By theorem 20, any density operator is p.h.u.t.
Conversely, the theorem 22.1 of [50] implies that any p.h.u.t.
operator can be written as Z Pe< _E [\\ﬁ(j , where
2 F“=1 p, Pox = 0, and {Tm} are orthonormal. From

definition 6, Z F“* __E [_@; is a density operator.

Second, I point out that characterising the
state of S at t by its density operator, amounts to saying:
(ii) P[A,i;S,t] = P[A,i;S,¥] for all A in S, and all i, if

and only if W(S,t) = W(S,t'), whatever W(S,t) may be.

But, since P[A,i;S,t] = Trﬂ(s,t)g[qﬁ], (i) just amounts to
saying:

(iii) - W = W' if and .only if Tr W P, = Tr W' P. where W and

W' are any two p.h.u.t. operators in H, and {E‘} is the set
of pure projectors onto those vectors in fl which belong

to variables. .

Thirdly, I shall show that
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(iv) There is at the most ohe vector LPO in H which is

orthogonal to the{gi}mentioned in (iii).

Earlier on (in the proof of (d) in part 2 of this
section) I showed that if A and A' are Hilbert-Schmidt
operators, and if <qJ> A ‘P>%LP, A q/> for all L"} in H, then
A =A'. Therefore, if A and A' are in L, it follows
that if (P_ C%/A) = (9[“9,&’) for all S‘Jin H, then
A=A'., In other words, {_EEP]] for all ‘P in H, is complete
in L. Now suppose that the {J?L}' mentioned in (iii) is
not complete in L. It follows that there exists a class of
pure projectors {El‘d} , where each E'j is orthogonal to
each P—-i’ and {_P_'j } u ‘%,Bi} is complete in L*,

But since pure projectors are p.h.u.t., it

follows from (i) that we can let W = _P_'j and W' = I_J'j,
in (iii); and hence we see that B'j = R'j’ for any g'j
and P'., in { P'.} . In other words, P'. = P! for all j,
= =3 -3 o
for some single P ).
—O
; ; |
Hence Bi } U Por 1is complete in L, where P

is a pure projector onto a vector qjo orthogonal to the
vectors onto which the {.Bik project. In particular, any
pure projector in L is expressible as a linear combination of

members of {'Bl } U Bo'\ . But it is known that pure

*Implicit here is the theorem (II on page 87 of [68]), that
any vector in a Hilbert space, like L, can be expressed as
the sum of a vector in any closed subspace of L plus a
vector in an orthogonal closed subspace.



76.

projectors are irreducible (theorem V, page 105 [70]); and
therefore every pure projector in L must belong to
Bi‘S \ {go'} Hence thereg:is at most one vector \Vo in
'  which is orthogonal to the set of vectors in H
which belong to variables. (In the case that {‘Bi} does
span L, then the preceding statement obviously still holds,

since the class {gyj‘} will be empty.) Thus (V) ts proved.

Finally, I bring together the preceding three points.
The eigenvectors of any variable in S are complete in f‘ (see
I). Therefore, since there is at least one variable, any
vector in *ﬂ ig expressible as a linear combination of
vectors belonging to some variable. Hence there is no
vector which is orthogonal to the set of vectors inl4 which
belong to some variable. The preceding statement, combined
with (iv), implies the required result that all vectors

in }4 belong to variables.

An alternative to the above axiom scheme, is to
start with I and II, but to drop III altogether. We then
derive, from I and II, an analogue of theorem 1, viz.,

(a) P[A,i;S,t] = P(Ei), where E. is the projection operator
onto &Pi' (The dependenceof P(Ei) on S and t is left
implicit.)

The following conditions are then imposed on P (E):

(b) P(E) exists for every projection on H.

(c) P(0) = 0, where 0 is the null operator on H .
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(d) P(E) = 1, where I is the identity operator on F* 5
(e) P(E + F) =P(E) + P(F) if E F = 0.

Note that (d) and (e) imply

(e)! ‘E P(Ei) = 1 for any complete orthonormal set
ERELE

We also assume

(f) &* is separable.

Comment. (b) just amcunts to my VIII, and (c¢) is just my VI.

Instead of (d) and (e), I used the weaker (e)'(which is just

ny V).

Gleason's theorem [35] then says that, from (a) ~ (f)
it follows that, P(Ei) = Tr W Ei, where W is a density
operator on ‘* ; i.e., W is a positive-definite hermitean
operator on P{, with unit trace. In particular W can be
diagonalised (not necessarily uniquely) so that

—_—

W = i;p« P %; ] for some (F°<’ %;) , where

2 Po = 1 and P >; 0. Hence, for any S and t in T,

there exists a set {,pcx ’ ¢/ } for which P[A,1;S,t] =

o
2‘: P f<q)l ) %M>\2.

This last result suggests a way of looking at guantum
theory which is completely different from what I have been
suggesting earlier. We could take the set of {P[A,i;S,t]},
for given S and t in T, as characterising the state of S at
t. It is then deriveable that there are various types of

states of S at t - depending on the relations among the



78.

{P[A,i;s,t]}. The type 1is characterised by a density
operator W(t) - which in turn is characterised by a (not
necessarily unique) set of state-vectors and non-negative
weights {(pd ' EL) } . This way of looking at quantum theory
has the advantage of economy over the earlier scheme; however,
it has various disadvantages which, in my view, outweight
its economy*.

The first disadvantage is that the foE’ are not
given any significance. They are just primitives which
delineate the space of "types" ' in which gquantum systems are
located. On the earlier scheme, the {px} were interpreted
as probabilities (see III). The second disadvantage is
that H is restricted to being separable. The objection
to making this restriction is that it prevents guantum
theory from applying to infinite ensembles of systems,
because the Hilbert space associated with an infinite ensemble
of systems is non-separable. The third disadvantage is
that the axioms (d) and (e) are ad-hoc. This is not a
disadvantage which the earlier scheme suffered, because I
used V instead of (d) and (e); and V, in turn, will be
shown to be deducible by imposing a probabalistic interpret-
ation on the P[A,i;S,t].

On the other hand, the earlier scheme may be

accused of being ad-hoc¢ with regard to IV and III. I have

*Jauch seems to favour this approach in [47].
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already tried to gét around ‘this accusation, by my comments
which followed IV. Further, I feel that III can be under-
stood (rendered less gﬂ—ggg) by concentrating on the
geometric aspect of quantum theory. III can then be seen
simply to prescribe what corresponds to the states of
systems within the new Hilbert space formalism. As such it
serves a role similar to that of the axiom of general
relatively which prescribes that it is the metric which
defines the state of a space. Such axioms are needed
whenever a theory introduces a new formalism; i.e., we

need some rule to single out what aspect of the new formalism
represents the states of systems.

A similar, but less powerful, theorem to Gleason's
theorem, is to be found in von Neumann (page 297, [71]).
Jordan, in [50], makes a trehchant comparison of these
two theorems*.

There is a third alternative open here, which is a
compromise between the preceding two. One could adopt
the second alternative (either using Gleason's or von
Neumann's theorem), but then add the following two

interpretative axioms:

*The main difference is that von Neumann uses mean-value
functionals instead of probabilities. He also regards his
mean-values as measured quantities; but this is in no way
essential. (In the preceding alternative, the interpretation
of the P(Ej) was left open.)
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(g) - With & at t is associated a set {pq ,kﬂm} so that
there is probability P of S at t having state-vector f;.
(h) - If there is a unique p.h.u.t. W, for which P[A,i;S,t]
= TrwEi for all i, and if W = me et ¥ 1,0 >0,
then th?fe is probability p o that S at t has state-
vector ﬂit.

I reject this alternative on the grounds that (h)
is just too ad-hog.

A fourth alternative to the preceding schemes,
lies in omitting XVI, reinterpreting III as asserting the
existence of a unigue set {pu ’ gi}, and replacing definition
6 by:
If P[A,i:S,t] = ;pd p(a,i; P 1 for all a,i, then there
is a density operator W associated with S at t, where
w=2Zrgp, RILEI.
One can then easily prove that the W associated with S at
t is unique (along the lines of the proof of theorem 21);
and hence one is entitled to refer to W(S,t). All theorems
then go throﬁgh as on the original scheme (including the
crucial theorem 25), except for theorems 22 and 24.
Theorem 24 can however be salvaged, by replacing definition
7 by:
The state of S at t is pure if and only if W(s,t) is a pure
projection operatorl

My objection to this fourth alternative is simply
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that it violates the methodological principle which I

invoked above in order to justify the inclusion of XVI.
Having discussed the alternatives to my own

axiom system - and criticised them - I now wish to point

out one advantage which my system has; and which, for me

anyway, constitutes its best point. The advantage I have

in mind, is that my axiom scheme licenses the inference from

the density operator of S at t being approximately equal

to z_pig[ 4& 1, to there being probability p'i of S at t

having state ’Wi, where P'L ©w p; for each i. On the

more usual axiom systems, this inference is not licensed;

and yet, as Weidlich points out [93], good reasons can be

given for why one needs to make this inference. Weidlich ends

up postulating that the inference is valid, whereas I shall

derive it as theorem 27. The concept of approximate equality

of operators will be introduced within the proof of theorem

27.

Theorem 27. If W(s,t) % z: pig [\%] to order 8, where

§ > o, and for each i, p:L > 0, b pl = 1, and {wl} is
a complete orthonormal set, ond if § is so small that
every <<W}i, W(s,t) q/i > is zero or greater than S ,
then there is probability p'i that S at t has state ¢)i )

where P'i v py to order 28 , for each 1i.

Proof. I suppose that
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(1) wW(s,t) = Zpi‘_li[ % 1, where 'p‘i > 0, %pl =1,
and {qﬁ} is complete and orthonormal. (The condition
that {}Vi} is a complete set, involves no loss of
generality, since I have allowed either Bj >0 orfpi = 0;
i.e., any vectors needed to complete {ﬂ{}may be supposed
to have zero weight.)
I shall define:
(ii) A Y B to order § if and only if [Tr(A*-B*) (A-B)lg§
Hence, if A « B to order § then
1i1) I a0 a-m W > £ §
for any comp;ete and orthonormal {“{k But for any such {%ﬁ}
j-\WU><%QF 1
Therefore (from (iii))
Z3, <YLY, (BB <8
l.e.,
(iv) ?:_ZL\< "P.U )(ﬂ“'_B’)k‘)U>\2 < S if A ¥ B to order S .*
Now, since {ﬂﬁ?{is complete and orthonormal in H ,
the set {NJ:><&VL,R\} is complete and orthonormal in the
H*-algebra of hermitean operators on ‘ﬂ (see 4.10.32 of

[32]). Therefore,

() W(s,0) = 22 ey, N):,><LV;'\

*The following is an improvement of my discussion in [55].

In [55], I used the weaker condition that[<“PL,(A—B)‘Ptf>\2
< 8§  , as the definition of A x B to order. ~. As will

become apparent, the stronger condition given in (i) is

needed. Also, (i) has the advantage that the condition

for AwB to order & is basis~-independent.
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where, since W(s,t) is p.h.u.t., ¢ > 0 and o, = g,
ii ii! iti
Now for C, ', # 0, define
W12 L (\¥io g0 1Y
ii ( / + Gij! :>)
2 1l L
iz 5

Then

Wi <Yyl = £ (19 + 19,5, 1+ T, |
AT lcu}\
Hence Tfft,“+r><}PU]>

Wi T WPl + e | Q(LPQ\ = el (2, DA, -5k, |-
But (from (v)) - iL'PU><L‘PL'\

W(s,t) = Zcuf[‘\’;lwhjzzb, (Coor (PO [+ Cye N’U><q’¢l>

CLL|=#O,L>.U
Therefore (from (vi) and since €{jv = €51y >
wis,t) =7 ¢, P +?? et (2 PIY. 1~ E[%]—E[%])
Cuy #0,i>1
- 3w P91+ 7 alcwl BUI1- T 7 e BRl-Z 2 2cul Y]
C. u*o A b>b' L.-:\,
= 2 (cu- -7 lewh) BI] 1T 2l £TW,]
i Fai cbb=¢o)u>d
- Tl PWs zz plv PLV.uT]
.#O U

where,
(vii) p';ir= 2 leypl =0
(viii) g = & ‘%‘%u\

1 Vel
and since TrW(S t) =1,

(iv) - 2Zp'; + 22 pi,=1
o1 LU 11
CL(,|=#O)L>U
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From (iv) and (i), we see that
2
i{,i‘;- ‘CZL'-‘FLSCU\ <8
and hence
(xi) -~ Pl 0© ¢l to order g .

(xii) — Z \e. U:\ <38

U¢ v
Furthemore, we see that the set

{EI W& 1, PI kVUU‘]’}L>L is linearly independent ,
/ Il._‘:‘o

as follows. Consider the equation:

= T WXy it 22 oo & (Wil 14>l

b>o" ,Co 0
T Cuy N)(DG‘J;,"I + Cu‘L“ N)BC‘PUI

byl c
Operating on both sides w1th<§P F¥IJ>(where it>itY)
gives 0 = djr in ; and hence the equation reduces to:

= i:di “vj><ﬂtl

Operating on both sides with <:4ﬁ|..--‘“P¢f> , gives
di = 0; and therefore the set is linearly independent as
required.

Therefore, if we let those of the {C%L which are
not zero, be bounded below by 8 , we see, from (xii) and
(viii), that p'i ;; 0 for c i # 0. On the other hand, if
cii = 0, then we still have P'i > 0, because it is well-

known that if <“P-°\\Nq’,;>= 0, where W is p.h.u.t., then

<§PUYUJ\PJ> = 0 also; 1i.e., if ¢,. = 0 then qii; =0

-1l
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for any i', and hence p'i = 0, for any i (from viii)*.

Hence, provided that d < C. ¢ for any c 40
we have fbk = 0 for any i; and (from(xi), (viii), and
(xii))we see that p', © p, to order 2§ . If we add in
the conditions (vii) and (ix), it follows, by theorem 23b, we
have shown S at t to have the probability p'i of having

State 4)L , where p'i v Py to order 28 - provided that

d < ¢y for any ¢, + O.

Comment. Sufficient for ¢ »81is that p( = &% ,
since P; ™ CLy to order. & . If in fact pi>/ A§ for any
i for which Cyiu 0 then N2 § < 1, where N is the number
of 'i' values for which Cii # 0 - this follows from ‘z.pi = 1.
This completes my discussion of the axioms of
guantum theory, except for a brief reference to the dynamical
axioms in the next section. I shall now move on to consider-
ing the various alternative interpretations of these axioms,
but before doing so, I shall introduce one further piece

of netation.
Definition 9, 'Hl and H2 are isomorphic' is abbreviated to**

lHl €H,'. If 4)1 and Y? are in H; and H

2

*For proof see [63].

**H_ and H. are isomorphic if and only if for every vector in

Hl there®is a corresponding vector in H2 and vice versa.
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respectively, where HlE Hz ’ then(q/i is the vector in H1
P ) . c )

corresponding to Y in FL) , abbreviates to q&_E.%& .

. . . H =

If Al and A2 are in S1 and 82 respectively, where Q_’Iﬂl

then ‘For any (P 7} , which is an eigenvector of A;, there

)T 1 PR
is a q}L ,which is an eigenvector of A2, for which %';E q}L

? .
and vice versa, and ali . a2i for all i. abbrediates +to

Ch o= Al
A, = AL,

Comment. Obviously representations can be found in Hl

and H2, if Hl = H2, such that any equivalent vectors have
the same components. Such a convention will be assumed from
now on.

I also introduce the pre-theoretical

notion of a variable Al in Sl"

corresponding té\a variable A2
in 52' The semantics of this correspondence relation is that
'Al in Sl corresponds to A2 in Sz' has the truth condition
that A; and A, have the same operational definitions -

within the contexts of their respective systems.

I then put forward:

Axiom XIX. Sl = 82 if and only if

(a) Hl = H2
(b) Sl and 82 have all state-parameters in common
(c) the state-variables of Sl are equivalent to the corres-

ponding state-variables of Sz.

Comment. The "state-parameters”" - like mass, charge, lepton
number, are those variables which do not have eigenvectors

*

flt

is to be read as 'is equivalent to'.
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(as in II); whereas the "state-variables' do.

The relation 'Sl = S2' amounts to the relation 'Sl
is a replica of S2'. XIX is an axiom, rather than a definit-
ion, because the notion of a replica is pre-theoretical.

In particular, XIX is needed if one applies probability
theory to quantum theory, because probabilities are
estimated only by ensembles of measurements on identical
systems (meaning ' a set of replicas of the one system, in

the same state'). A consequence of XIX, is that if

then S, and S, have the same Hamiltonian.

s = S 1 2

1 27
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INTERPRETATION

PART 1. REALIST AND INDETERMINACY INTERPRETATIONS.

One popular interpretation of guantum theory makes
the postulate:

XX. When the state of S is not one of the vectors of A,
where A is variable or m-variable in S, then the wvalue of
A is indeterminatey.

It is hard to know what is meant by 'indeterminate'
in XX; but I think that most devotees of the Copenhagen
schbol (including both Bohr and Heisenberg) would accept
that, at least what is meant is that when the value of A
is indeterminate then A does not have one of its values.
Heisenberg [41] however, goes further than this, by
claiming that when the value of A in S is indeterminate,

S has the Botential to have certain values of A - that
potential being realised upon measurement. Bohr would
not, I feel, subscribe to this latter step, because,
for Bohr, a system has no properties - not even disposit-
ional ones - in the absence of measurenment (see Chapter
6).

YiCQgpledjwiFh_xx is.the pqstulate:

- L 7

xXI Pl[a,i; ¥ 1 is the conditional probability that, if the

variable A is measured in S when S is in‘y , then the ith

value of A is registered by the measuring apparatus.
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XXI and III together imply:

Theorem 28, P[A,i;S,t] is the conditional probability that

if there is a measurement of A on S at t then the ith value
of A is measured.

I note that P[A,i;S,t] is to be interpreted as the
propensity for the ith value of A, to be registered whenever
a system, in the same state as S at t, is given an A measure-

ment. This is because of the agreement that all probabili-
ties in quantum theory are intrinsic (see Chapter 3). Theg
assertion that P[A,i;S,t] is a propensity to be realised
upon measurement of A (and repetition of the state of S at t)
is echoed in Margenau's doctrine of "latent variables" [65]
and Heisenberg's doctrine of "potentia" (discussed in [66]).

I shall now show that XX, when combined with the

axioms of Chapter 4, leads to a contradiction. Suppose

) 2
Sl + 82 is in Z cﬁV%x‘-VZ-b at t, where Hj LZI is

orthonormal, and the {}V%} are vectors of the non-degenerate
variable Al' (That such a state is possible is shown in

Jauch [47].) Now from theorem 25, it follows that E(Sl’t) =
2 ICLP f_[k\)lb] , and hence, from theorem 23b and

1
VII, A, at t has one of the values { 0-;} . But,

1 . ”
the vectors of Aq in S, *+ S, are %P;X‘V i}, for any

complete ortho-normal set '{4/3} , and hence, since Sl + 82
at t is in Z:C;q/tkaE' , which is not a vector of Al'

it follows, from XX, that the value of Al at t is
indeterminate. Therefore Ay simultaneously has an

1
indeterminate value, and one of the {flt} as value, which

violate the minimal meaning agreed to for 'indeterminate'.
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Tt is this latter contradiction, arising out of
adherence to XX, which has (I feel) been at the back of
people's minds as the main reason for not accepting my
axiom XVI. This seems to me a bad reason, however, because
there are alternatives to XX (and to XXI) which do not
generate a contradiction when combined with XVI (see later).
Furthermore, since there seems to be no acceptable alternative
to XVI (see the four alternatives discussed in Chapter 4), I
feel that the above contradiction;ﬁnvideSrqéﬁd:reasons for
rejecting XX, rather than for rejecting XVI.

I also feel that there are reasons for rejecting

XXI. For a start, XXI makes no allowance for the fact that

there may be good and bad measurements - some of which obey
XXI, others not. (Bunge makes this point on page 263 of
[16]). As such, the term 'measurement' in XXI must be

qualified to mean some special sort of measurement -call it
'measurementtﬂ It turns out, however, that it is quite
difficult to find a consistent dynamical description of
measurements i, which have the sorts of properties we would
like measurements to have. In particular Araki and Yanase
[4] (following Wigner [95]) have shown that the "projection
postulate" (that the measured variable is conserved by

the measurement interaction) cannot be satisfied - if we

insist on the condition that there is no probability at all
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of the apparatus giving a wrong reading*. I shall devote

Chapter 8 to the investigation of measurements j.

An alternative to trying to describe measure-

ments i would of course be to leave the term 'measurement i

as a primitive. This seems to be the line that Park

advocates [72]. Although such a course of action is

possible, it seems to be a pretty desperate course; and

is one which I shall therefore try to avoid (see Chapter 8).

One alternative to XX and XXI ig;A

XX'. For any t in T, every variable or m-variable A in

RN

S has one of its values at t.

XX1'. P[A,i;*)] is the probability that A has its ith

value when S is in LP .
From XXI' and III, it obviously follows that

Theorem 28' P[A,i;S,t] is the probability that A has

its ith value in S at t.

XX' is, to say the least, a most contentious
axiom, to the extent that it directly contradicts XX,
which is a cornerstone of both the Bohr and Heisenberg

interpretations of quantum theory. It seems, at first

*T.e. if the measured eigenvalues are correlated with
orthogonal channels of the measuring apparatus.
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sight, just too ridiculous to deny XX - because, if there
has been one point upon which all the disparate elements in
the "Copenhagen school" have agreed, it is the correctness
of XX. 1In fact, the only interpreters of quantum theory who
have been persistent champions of XX', are Landé [62],
Popper [76], and Bunge [16]. Despite the attractién of
Landé's theory, I shall not be advocating it here - for
reasons referred to in Chapter 2. I shall also bypass Popper's
theory, to the extent that Popper seems to rely on Landé's
theory (see page 49, [76]). The realist interpretation, which
I shall discuss here, is most closely related to that
advocated by Bunge. U’ - 6 PVl e BE - e

The main difference of my version from Bunge's, is
that I have attempted to show that the choice of
pla,i:5,t] = Trﬂ(s,t)g[‘yc] is a necessary choice - whereas

Bunge only shows that is sufficient (see page 252 of [16]k,

*My serious consideration of XX' and XXI', as providing a
viable interpretation of guantum theory, is the result
of persistent and searching criticism of some earlier
work of mine by Bunge. One argument which Bunge
levels against XX and XXI is that conditions on the
measurement process do not deserve a place in the axioms
of a theory - rather such conditions should be deduced
from a general theory about interacting systems. This
argument, although persuasive, is not, I feel decisive.
Provided one can give some consistent description of
a measurement ; , it seems to me that XXI is a quite
proper axiom. There are, however, other arguments
against XXI - and its raison d'étre (viz. XX) - which
I have discussed above, and which suggest that a search
for alternatives (like XX' and XXI')might be advisable.
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If one is to adopt XX' and XXI', which I shall call
'the realist interpretation',one has to explain away those
phenomena which have led people, in the past, to favour
XX and XXI. The phenomena which are relevant here, are
of course the "interference phenomena", which Heisenberg
discusses so clearly in [41l]. It is a strength of Landé's
theory that he can explain these phenomena so convincingly -
at least in the case of diffraction phenomena; although
in other cases, e.g., the interference of different spin
components, his theory has not been applied.

What I have to say about these interference
phenomena, is, I am afraid, nowhere near as enlightening as
what Landé says. Nevertheless, I feel that XX' and XXI' do
give at least as good an explanation of interference
phenomena, as do XX and XXI - which is all I need to show*.
The example I consider will be an adaptation of Heisenberg's,

on page 59 of [41].

*The fact that the "explanatipn" which quantum theory gives
of interference phenomena (under either the realist or
indeterminacy ‘interpretation) is not a terribly enlighten-
ing one, is not, I feel, a too damaging objection to
quantum theory. As pointed out in Chapter 2, when a
theory makes a change in conceptual scheme (as quantum
theory does - at least with regards the concept of the
state of a system), then loss of explanatory power is
to be expected. This is not, however, to be construed
as a licence for new theories to be totally incompreh-
ensible. Indeed, in Chapter 6, I shall argue that a
suggestion by IF¢yerabend stands in danger on this
score.
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Let .%VL} and {¢¢}be the eigenvectors of A and

B respectively - which are both non-degenerate variables
in S. S is supposed isolated from time t to t', with
Hamiltonian H. First, suppose S at t is prepared, so that
there is probability 1 of A being measured to have value
a; in 8§ at t - 8 at t is in the pure state ¢k . Hence S8
at t' is in the pure state U ¢Q , where U = exp~-iH(t'-t);
and hence
(i) - the probability of B having the value bé at t' is

|<ﬁI ,HKP¢>|1 if fhere is unit probability of

A having a; in S at t.

Second suppose that S at t is in the state 4’ y where
(ii) = kP = 7_. QLW; , C.# O for several values of 'i'.
From XXI' and theorem 10 it follows that
(iii) There is probability |cilﬁ'0{ﬂhhaving value a, in
S at t.
Now, from probability theory, it is known that if {Ei‘g
is a set of mutually exclusive and exhaustive events, then

(iv) - P (E'y ) = 7% P(E;)P(E, —>E;'r ),

Therefore, since on the realist interpretation  the set of
events of A having the value a; in S at t -~ for varying i -
is exhaustive and mutually exclusive, we can let Ei in
(iv) , be the event of A having the value a; in 8§ at t.

With this substitution, we see, from (iii), that
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(v) P(El) = \C\L\z

1
and, from (i), if we let Ej be the event that B is measured

to have the value bj in 8 at t', it follows that

(vi) P(E, —> E:: ) = 1<, U S

But, we also know that if S at t is in the pure state
\P , then at t' it is in the pure state \A}l/ . The
linearity of K& and (ii), entail that k_A__/&P = ZCL(}_»(IUL.)
and hence, from XXI' and theorem 10, the probability of B

having value by in S at t' is 1< ?53. J 2 ch‘/¢->lz .

Hence
(vii) P(E:'.l ) = [<¢J)ZcL(A_}PL>I°’
Now, substituting (v), (vi), and (vii) in (iv) gives:

(viii) | < &5, 3 c WY >I% = 2 e, l? <¢J)L£.QV¢>]1
which is plainly false. ‘

Therefore, it looks as if XX' and XXI' contradict
guantum theory - or at least this is how Heisenberg inter-
prets the above proof. Heisenberg's conclusion is, however,
far too precipitate - there are at least two ways of avoid-
ing (viii), other than by dropping XX' or XXI'.

One way is to point out that in the derivation of

(iv) recourse is made to the distributive law of logic¥*;

*The derivation runs as follows. I adopt the conventions of
letting an event and the propostioén describing it be denoted
.by the same.symbols, letting 'U' abbreviate 'or', letting
' y ' abbreviate 'and', and letting ' UE; ' denote the
¢
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and then propose that the logic of gquantum theory is non-
distributive. If one does this, however, then one must
accept (given the universality of scientific theories) that
logic, in general, is non-distributive -~ even for "everyday
propositions". Such an explanation will result in complex
changes in the whole sytem of our beliefs, because of the
centrality of the Boolean laws of logic to our system of
beliefs. (For example, Russells "Principia Mathematica"

has shown the intimate connection between mathematics and
Boolean logic.) For this reason, I feel that the revision of
the laws of logic is a last resort solution - nearly any other

solution will be preferable because it will be simpler**.

continued.

disjunction of ell E;. Since the {EL} is exhaustive and
mutually exclusive, Y E; is a tautology, so that
(a) - B = B N (Y B
Hence, by the distributive law,
/
- e’ = ) . NE.
(b) J ) (E, DE})

But, it is an axiom of probability theory that if {Eg}is
a set of mutually exclusive events, then

(© - P(YE! )= TP(E)

i -
From (c¢) and (b), and since E; N EL}A is a set of
mutually exclusive events, we get

@ -2 ( E])-= Z P(EjnEL)
But, by definition of P(Ei—éE’J )Y,
(e) - P(EéﬂE(.) = P(E;)P(E;-——\)Eé)
Therefore, from (d) and (e),

P(Ef) = Z P(E)P(E,—=Ef)
as required.

**The notion of simplicity appealed to here will be dis-
cussed in Chapter 6.
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A second way to avoid (viii), (and certainly a
simpler way than changing logic!), is to question the move
from (i) to (vi). My grounds for questioning this, are that
(i) does not entitle one to assume that P(Ei _ E; )
even exists - let alone that (vi) holds. All that we can

say exists, in the light of (i), is the probability

P( \Pi —_— E% ), which is the probability that if S at t
is in the pure state (PL , then E% happens. It is of
course true that if S at t is in the pure state qL ’

v

then Ei does happen; but this does not entitle us to infer
from the existence of P( 4/i —_ Eg) to the existence of
P(Ei-—4> E;). To clarify this point, I shall consider an
obviously invalid inference, which is analagous to the
inference from (i) to (vi).

Suppose people had only two eye colourings - blue
and brown; and that there were three distinct genetic
groups ... Group A - in which blue eyes is a dominant
trait, andthere is unit probability of members having blue
eyes; Group B - in which brown eyes is a dominant trait,
and there is unit probability of members having brown eyes;
and Group C - in which the eye-colour is a dominant trait
of "variahle expression", i.e., there is probability Py
of having blue eyes, and probability P,y of having blue eyes,

(pl # 0 and P, # 0).
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Suppose also that there is a prdbability T  of a group A

A
member being colour blind, and probability Ty of a group B
member being colour blind. It is obviously invalid to infer
that the probability of a group C person being colour blind
is TA if that person happens to have blue eyes, and TB

if he has brown eyes. One is only tempted into making

the latter inference, by making the false presupposition
that there is probability 1] of a group C person being group
A, and probability P, of a group C person being group B.

The latter presupposition is false, because group C members

are envisaged as being of a completely different genetic

type from group A or group B members. I.e., Group C is
not just considered as made up of two sub-groups of group A
and group B.

The latter analogy is also useful, in that it
suggests a way in which a proponent of XX' and XXI', may
look upon the role of the state-vector for a system in a
pure state; viz. the state-vector is conceived of as
determining the "type" of the system. Just as in genetics,
the type of the system in guantum theory, determines the
probabilities with which various characteristics are
possessed. Also, just as in genetics, there are in quantum
theory, two independent items of information one can demand
about any individual system - first one can demand its type,

and second one can ask what particular characteristics it
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has. It may of course happen that information about type
entails information' about™ -

particular characteristics. For example, a group A member
always has blue eyes; and similarly, a particle in the pure
state q/L always has value ai for A. On the other hand,

a group C member may have blue eyes, or may have brown eyes;
and similarly, a particle in the pure state (yé may have any
one of the values bj for B (on the realist interpretation).

The analogy also makes it easy to contrast XX with
XX'. Proponents of XX only concern themselves with the type
of individual systems - not with particular characteristics;
whereas XX' does concern itself with particular characteristics
of individual systems. It 1is therefore €asy to see why
proponents of XX often say that guantum theory is only about
ensembles of systems - not about individuals - given that
it is only over ensembles that the types of systems manifest
themselves.

In a nutshell then, the interpretation I am suggest-
ing is to consider the state-vector of a system in a pure
state, as determining the type of the system. A system which
is in a pure superposition of various state-vectors is to
be considered as being of a type which is completely distinct
from the types corresponding to the supermposed componerts.
This interpretation obviously invalidates the move from (i)

to (vi), as the above analogy shows.
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The above considerations can of course be general-
ised to the case where we deal with mixed states, rather than
pure ones. In a mixed state, the type of system cannot be
determined by the state vector, since there may be more than
one state-vector at the same time (see XVI). Therefore,
in mixed states, the type of a system is determined by its
density operator.

It therefore appears that I have a way of avoiding
(viii), which is consistent with maintaining XX' and XXI'.
It may of course be objected that, although I have
avoided (viii), I have not managed to explain why inter-
ference effects do occur. TI.e., I have not explained why
(vii) is true, and not (iv). This objection seems to me to
carry some weight, because, even if the notion of the "type"
of a system is accepted, this does not lead to (vii).
However, on this score, I feel that I am no worse off than
Heisenberg - the notion of "indeterminacy" which he appeals
to, seems to have no more (or less) explanatory value than
my notion of a "type"; and, even granted some acceptable
explication of 'indeterminate', we are not led directly to
(vii) *.

Having defended the realist interpreation, I shall

*Cf. footnote before the footnote before last.



now suggest an alternative interpreation, which is closer
to XX and XXI, but which avoids their inconsistency with
XVI* ., What one simply does is to retain XXI, but to

introduce the definition:

Definition 10. A primitive variable (m-variable) of S is

one which is not also a variable (m-variable) in any proper

subsystem of S.

Comment. If A is represented by an operator A in H, then
definition 10 amounts to saving that A is primitive if and

only if it is not the case that there exist S, or S where

2
A = él x 22 for any él which is self-adjoint in Hl' and
Sl + S2 = 5.
One then qualifies XX to:
XX''. When the state of S is not one of the eigenvectors

of A, where A is a primitive variable or m-variable in

S, then the value of A is indeterminate.

This removes the inconsistency with XVI, because, according
to XX'', the indeterminacy of the values of a variable, is

decided in just one system in which the variable is primitive**,.

*Tt was the clash between XVI and XX,which I proved at the
beginning of this section,which led me to consider the realist
interpretation.

** To see that the change to XX'' does avoid the inconsistency

with XVI, the reader is referred back to the proof of the
inconsistency, at the beginning of this section.
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In adopting XX'' and XXI -~ which I shall call 'the
indeterminacy interpretation' - one would of course have to face
the criticism which I levelled against XXI earlier on. Another
obvious criticism of the indeterminacy interpretation, is that
the adjustment of XX to XX'' is rather ad-hoc. Just as
obviously, however, this criticism can be met with the simple
reply 'So what ... any axiom is to some extent ad-hoc . 1If it
were completely justified it would not be an axiom!' But this
reply is appropriate only if it does not have to be invoked
too often, for the reason that I have mentioned before; viz.
that any scientific theory, in order to have explanatory value,

must make some concessions to comprehensibility.

PART 2. Schrddinger's Cat Paradox.

I shall now briefly discuss how the realist and
indeterminacy interpretations resolve the paradoxes which
beset quantum theory. I shall only consider two paradoxes,
because, from these, the style of my reply to the others becomes
apparent. A summary of qguantum theoretical paradoxes is
given in [48].

First, I shall consider the "Schr&dinger cat
paradox" [86]. Since the background to this paradex - and
for the Einstein-Podolski-Rosen paradox, which I shall
consider in part 3 - is familiar, I shall put down the nub
of the paradox in a condensed and abstracted form. Consider

an "ideal measurement interaction" between the measured
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systems Sl and the measuring apparatus Sz, which takes place

from time t to t', and measures the non-degenerate variable

1
'Al in S, whose eigenvectors are {4JL} . If 82 is in the
. 3
pure state qjo at t, then, for each i,

2
(ix) - [exp-iH(t'-t)] %’1 X q)o = %}t X.qj%

2
where H is the Hamiltonian for S, + Sz; and q’; is

2 o
macroscopically distinct from 4JL' , for i # i',

(2
because 4J1‘ corresponds to M being in a state where a
macroscopic record is left of the value a% of Al’

for each i. Note that (ix) is uniquely determined by the
condition that the interaction conserves Ayj and also that
the {q/z:} can not be orthogonal in all cases, although
they may always be approximately so [4].

Despite only being allowed to assume the '{tyz}approx-
imately orthogonal, I shall for convenience, assume them to
be exactly orthogonal. I shall assume that they are eigen-
vectors of some variable A2 whose eigenvalues {,Q:;} are
macroscopically distinct. These assumptions will be correct-
ed in Chapter 7, where a general discussion of macroscopic
variables (i.e., variables whose values are macroscopically
distinct)will be undertaken.

The Schr8dinger paradox points out that if Sl at

1 1
t has the pure state ky :.i.CL &V .  then, from
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the linearity of H and (ix), it follows that Sl + 82 at t'

is in the pure state.
(X) - (t’) = 2 Chkt)'\‘)(qj N

Now the eigenvectors of A, in S; + 8, are { q’ﬁ,xkyz_}
(by theorem 17), which are all orthogonal and hence linear-
ly independent. Therefore, by (x), 4)tz) is not
an eigenvector of A2; and hence, by XX, A2 has an indeter-
minate value at t'. But this conclusion, it is alleged)is
impossible, because, it is alleged, macroscopic variables
always have determihate values*.

I shall first try to answer the paradox by
retaining XX. One way (and, I feel, for someone who believes
in indeterminacy, this is the obvious way) is tO simply
accept the "paradox"; i.e. simply to drop the classical
concept of variables - even macroscopic ones - always having
determinate values. If one does this, then of course one
has the job of explaining why interference effects are not
observed at the macro-level; but this can, I think, be
done - see Chapter 7. As it happens, however, this is not
the only way out, consistent with keeping XX. Another way
is to use theorem 25 in showing that W(s,,t') = Z:\CL\L E[}Vt]i

and hence, from theorem 23b and VII, A2 has

*In Schrddinger's case, the macroscopically distinct states,
were the "dead" ang "alive" states of a cat. Thus (xX) was said
to imply that the cat was both dead and alive - or, at
least, that it was indeterminate whether the cat was dead or
nlive,
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a determinate value after all, and Schrddinger's cat is
rescued from the limbo of indeterminate life and death.

The latter answer (which is the one I gave in [57]
and [58])is, however, unsatisfactory by itself - because
it leaves us with the vexing question of how A2 can have
a determinate value from the point of view of Sz, and yet,
at the same time, have an indeterminate value from the
point of view of S; *+ 8,. It will be remembered that it was
inability to answer this very question which led me, at the
beginning of this section, to abandon XX.

In short, the real thrust of the Schrgdinger paradox,
as I see it, is to force us to drop XX; and (I feel) either
take up the realist or indeterminacy interpretation. On
the realist interpretation of course, the Schrodinger paradox
is given short shrift, because every variable in Sl and Sz,
at t', has just one value (see XX). Similarly, on the
indeterminacy interpretation, the value of A2is determinate
because the indeterminacy only arises if - illegitimately -
one considers A, in a system where it is not primitive (see
XX'').

More does, however, need to be said about this
paradox. Not only do we want 82 at t' to be in a mixture
of the %Vij, but we also want there to be a correlation

5
between S2 being in (V-b at t' (i.e., A, having value

2
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QZ’ ) and S, being in qI% at t' (i.e., Ay having value
Cdi), for each i. Such a correlation, it has been argued,
is necessary for the measurement described in (ix) to function
as a preparation. Indeed, if this correlation does not exist,
then no measurement (be it described by (ix) , or not) which
is also a preparation, will be possible* This is because
a necessary condition for a measurement to be a preparation
is that there is conservation of the measured variable; and
this condition, as mentioned, uniquely determines (ix).

Now one way to obtain such a correlation would be
if
(X) W {S; + S,, t') = 2 e (™ E [“Pfx“l’t]
but this is plainly precluded by S at t' being in a pure
state**, (I am assuming L # 0, for all i, where i ‘has

at least two values.) Nevertheless, much effort has been

expended on trying to show that to some approximation,

(x)' does hold. Such efforts may be classified as 'phase-
wash out theories' (Margenau [65] coined this term, from

Bohm [97); and examples occur in Pauli [73], Green [36],

*I am not sure just how much of a blow it would be to have
to admit that no measurements can be preparations. It
does, however, seem to be a blow which is worth avoiding.

**Wignerhas shown in [95], that considering S, at t to
be in a mixed state does not alleviate the p¥oblem. His
work has been generalised by D'Espagnat [19], Earman and
Shimony [22], and Fine [32].
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Ludwig [63], Feyeraband [31l], and Bohm [9]*. I now agree
with Margenau [65], that such efforts are unnecessary,
because the falsity of (x) does not preclude there being
the requisite correlation**, as | shall now show.

The degree of difficulty in showing this, depends
on the interpretation one adopts. On the realist inter-
pretation, the existence of the requisite correlation is
proved as follows. From (x), III, theorems 15 and 10,
we see that
(xi) - PlA,, < a;',a;f 25 8 +8,,t'] = 8.y le|*
llence, using probability theory,XXI' and I~

X171, we see that there is unit probablllty that if Al

hag the value a? in Sl at t then A2 has the wvalue ai2

in 82 at t (and vice versa). But, since (from theorem 25)

W(sxt) = PARTHE E[W’T;_\ and W(S,,t) = Z‘C;V‘.E[“Vi‘.‘],
we get (from theorem 22) that S, at t has one of the (W%}

1
as state-vector and 82 at t has one {qu} as state-vector.

*In [55], I also attempted such a theory; but with the
more ambitious aim of showing that, if the time-averaged
density operator were consaﬁered + S, at t' was
actually in one of the } now realise that
such a program would presuppose show1ng that the
probability of a system being within a certain time-
interval, is an intrinsic probability. This in turn
would presuppose the incorporation of the time-variable
into quantum theory; which creates many new problems.
For an interesting discussion of this, see Allcock [3].
**Nevertheless, I do revive the phase wash out theory
in a different context, in Chapter 7; and refer to the
calculation - if not the conceptual paraphenalia - of
[55].
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Hence, from VII and the just proven correlation between the
values of Al and A2, we see that there is unit probability
that if S, at t has q}% as state-vector then S, at t
has 4/1 as state-vector (and vice versa).

On the indeterminacy interpretation (viz. XX''

and XXI) however, we can only g sO faras to derive the weaker

correlation that there is unit probability that if Ay is

measured to have the wvalue aii in Sl at t then A2 is
measured to have the value ai2 in 82 at t. (The latter

correlation follows directly from (xi)). It can, however,
be argued (and this, I think, is Margenau's point) that
the latter correlation is sufficient to justify the measure-
ment in question being considered a preparation.
It will be of significance in part 3 of this
section that if we adopt a stronger version of the indeter-

minacy interpretation, and include as an axiom:

Axiom XXIT,. If Al has one of the wvalues ai1 in
Sl at t and A2 has one of the values ai2 in 82 at t, then
the joint conditional probability that, if Al and A, are

measured in Sl + 82 at t then Al is measured to have
value ai1 and A, is measured to have value ai? , 1s equal

to the joint probability of Ay having the value ai1 and

having the value ai% in 84 + S, at t.

& 2

2

Hten we can



109.

recover the stronger correlation which we derived in the
case of the realist interpreation. This can be seen as

follows.
From Chapter 8,it will be seen that a measurement

of A, and A, is equivalent to a measurement of A12’ and

1

hence,

2

.. 1 2 ) .
(xii) - P[A a. a j> ; S, + 5,,t] = the probabil-
120 <ay i 1 iz' P

ity of measuring Ay to have value as

a.? if A and A, are both measured in S, + S, at t'.
i 1 2 1 2

and A2 to have value

But from the form for ﬂ(sl,t') and ﬂ(Sz,t'), and theorem 22
and VII, we see that Al has one of the values{aii}and A2
has one of the values{ai?}in s, + 5, at t'. Hence, from

XXIT and (xii),

ray 1 £ ) noo_

(xiii) PlA],, < ay ai,:> 7 S, + S,,t] =
- A 2y,

P[(Al,ai )and.(Az,ai ) ; Sl + Sz,t]

where the right hand side probability (xiii) is the joint

probability of Al having value ai1 and Az having value

ai2 in Sl + S2 at t'. But, from VII we see that, for

each i, if Si is in q)% at t then Al has value aii; and
. . 1

hence, since Sl is in one of the*&yij at t, we get that

1
S is in 4)' if and only if A. has value Od& , for

b 1
each i. Similarly, S, is in ¥, if and only if a,
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2
has value asy - Hence,

(xiv) - P[(Sl’kpi) and. (S2, q/z ) ; S1 + S

2
= P[Al,ai') oard (Az, ai.); S, + sz,t']

Therefore, from (xi), (xiii) and (xiv), we get

1 2z ' —
(xv) - P[Sl 7 \P b) angl (SZ' LP O ) ; Sl + Sz’t I = Sbbl ‘c(‘lz

,which, via probability theory, gives the requisite correla-

tion that

1
(xv)' There is unit probability that if Sy is in 41& at

2
t then S, is in %)L at t', and vice versa.

Finally, before going on to the E.P.R. paradox,
I note that the following argument against (xv) (and hence

against XXII) is invalid. For each i, there is a joint

1
probability e 1? of S1 being in Q’b and

S, being in Y * at t'; i.e., there is probability |c;|*

e oin PEG QT
of S1 + 82 being in v X " at t'. Therefore, by

definition 6, (xi) is true, which contradicts (x). This

argument is invalid however, because the step from gsl
7 ) (

5 is in 4’& at t' to 's; + 8,

o pL, c YL . o . .

is in Y o at t is only justified in the special

1
is in q)L and S

case that S, and S, are in pure states at t' - see theorem

1 2

26. In part 3, however, I shall consider an argument against
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XXII, which is valid (in the context of accepting various
of the preceding axioms) - viz. that provided by the Furry-

E.P.R. paradox.

PART 3. Eingtein Podolski Rosen Paradox.

The second paradox I wish to consider is the Einstein
Podolski Rosen (E.P.R.) paradox [25]. The crucial statement
in their argument is:

(a) Either (1) the gquantum mechanical description of
reality given by the wave function is not complete

or (2) when the operators corresponding to two

physical guantities do not commute the two

guantities cannot have simultaneous reality
(page 778, [25]).

The support which they give this statement can, I feel, be
fairly paraphrased as follows. A state-vector of a system
cannot be an eigenstate of both of the two non-commuting
variables (from Hilbert space theory). Therefore, if a system
has a state-vector which is an eigenvector of A, and
simultaneously has a state-vector which is an eigenvector of
B, where A and B do not commgﬁte, then the system must have
two state-vectors at that timei But if a system has two-state-

vectors at a given time then guantum theory is- incomplete,

because gquantum theory only describes one state-vector at a
time, for any given system. '

E.P.R. then give an example where (2) is false. An
adaptation of their example to suit my axioms is the follow-

12 1 2
ing. Let Sl + 52 at t have the pure state T = 'z C. ‘PLX (:U;'
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where {qji} and‘{(+/i}are orthonormal sets in Hl and H2

12
respectively. Then E.P.R. show that can be so chosen that

L’£12= i Ci gPl]{‘/x LP:'/ , where {‘P%/}and {qut/} are also
orthonormal sets in Hy and H2 respectively; but, whereas
'%qj%} are momentum eigenstates, the {Lpﬁf}are position
eigenstates. An application of theorems 25 and 23b then
shows that Sl is simultaneously in a momentum eigenstate
and a position eigenstate at t; and hence, by VII, and since
momentum and position operators do not commute, we have an
example where (2) is false. Therefore (1) is true; and
gquantum theory is incomplete - paradox!

My objection to this argument is obvious. I simply
do not accept (a), because,to support (a),E.P.R. make the
false presupposition that quantum theory only describes

one state-vector, at a given time, for any given system

(see comment following XVI). My reply is of course
"obvious", only in the context of the axiom system for
guantum theory which I have built up over the preceding
sections. It is quite open to someone to simply reject my
axioms, and hence my solution to the E.P.R. paradox. The
onus then falls on the critic however, to produce an
alternative set; and this, I have argued, is difficult to
do.

It is interesting to compare the preceding

paradox with the version which Einstein suggested
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in a letter he wrote to Popper [77]. In this letter Einstein
makes it plain that he considers the incompleteness of
gquantum theory to lie in the fact that there may be ambiguity
in the state-vector assigned to a system (page 459 of [77]).
This is a different point to the one made above, where it
was assumed that the incompleteness of guantum theory lay
in its failure to describe a state vector which belonged
to the system. In other words, in the letter to Popper,
Einstein is agreeing that there may be two state-vectors
associated with a system -~ which is just what my axion XVI
implies. The worry which Einstein has over the ambiguity
of the state-vector ascribed to a system at a given time,
igs, I feel, easily resolved by realising that it is the
density operator - and not the state-vector - which describes
the state of the system. As such, the ambiguity of state-
vector is not paradoxical - at least not to the extent that
it would be if one thought that the state-vector described
the state of the system.

C.A. Hooker has criticised my resolution of the
E.P.R. paradox in [42] [43], by accusing it of "being cool"*,
He has argued that presenting axioms, which show that E.P.R.'s

example involves no formal inconsistencies, is no way to

*'Cool' is meant here in the sense of 'facile' or 'glib'.
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resolve a paradox - what is needed is explanation. Admittedly,
when I presented my solution of E.P.R. in [57], I did so in a
rather stark format - with the emphasis placed on the formal
aspects of the problem. As such, my solution had less
explanatory value than was perhaps necessary. I have tried to
rectify this omission in the above by trying to justify the
axioms where possible, and to point out that they are at least
as good as any available alternatives. Inevitably however,

. there will be complaints that what I have provided is still
not a "real explanation". If by 'real explanation' is meant
an explanation in terms of the classical conceptual scheme,
then I must plead guilty to this complaint. However, I feel
that it is just wrong to restrict the term 'explanation' to
those explanations which involve only classical concepts.
Rather I adopt the line, that conceptual schemes may change;
and that therefore explanation may arise which invoke entirely
new concepts (see Chapter 2). Such a change has occurred, in
my view, in the transition to quantum theory from classical

theory*. It follows of course that the explanations in terms

*In particular the change has occurred to states which have
intrinsic probabilities. The proponents of the indeterminacy
interpretation wish even greater conceptual change (in
dropping XX'); and Bohr wants to go further still (see
Chapter 6). In fact, I feel that the axiom system I have
suggested - plus the realist interpretation - represents the
most conservative scheme; and, to this extent, has (at
present) most explanatory value.
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of this new conceptual scheme will appear overly formal
("cool") to those thinking in the old (classical) conceptual
scheme - however, this is not, in my view, a feature for
which quantum theory can be held to blame.

Finally, on the subject of the E.P.R. paradox,
I wish to consider the development of this paradox put forward
by Furry [34]. Furry showed that the case considered by
E.P.R. is only a special case of a more general class of
cases; and that there are interesting new features which arise
in the more general case. Rather than summarise Furry's
arguments, I shall simply present his most general case
within my own axiom scheme, and show how 1o resolve the
paradoxical features in it.

Furry considers Sl + 52 at t' in the pure state

@jl = zc'q//‘.tx ¢t o= Zc: YJ%/XW?/

G L v

5 =
where %}L ,Q, | are the vectors and values of A
{q)i/ 17 :1
" :CLL} . Al
{, L{jf _>Cll;, k 0 A
Y2t 17 P
{ ijﬂbu} " A;-'
Note that lVE%E W27 , since usually a state cannot be
|7

given two biorthogonal decompositions (although, the
example which E.P.R. considers is one case where it can).
Furry puts forward two methods for calculating P[(Al' and

V7
Az"),<:CU%; a}5“>_;(211], and claims they are inconsistent.

[The variable (Al' and A2") is just the joint variable which

z .
has value <<a%{, aiz/ > only if Al' has value ag/’and

A2" has value aizj'— see XII.]
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Furry does not thereby consider himself to have
shown gquantum theory inconsistent, because he considers one
of the methods of calculation (in so far as it is based
on an erroneous postulate of E.P.R.) to be incorrect.
Indeed he only set up his example to show just how incorrect
the E.P.R. postulate was. It will turn out, however, that
the reason which Furry gives for rejecting one of the methods
of calculation, is not a reason I can accept. Nevertheless,
I shall show that there are other ways open to me of
rejecting one of Furry's methods of calculation - and hence
of avoiding an inconsistency in guantum theory.

The first method Furry uses (his "method A") is the

"orthodox" quantum theoretical method, whereby

[ ]

. . 4 1 . [/ 297,42 b
(xvi) - P[(A;" and A,"),<a’/,a%’>36,+S, €]= |<‘{/L><&P.”‘]{ 2
(This follows from III, theorems 10 and 16, and definition 2.)

In order to argue for the second method ("method B")
I will need to adopt interpretation of the P-functions -
I shall choose what I have called 'indeterminacy inter-
pretation', supplemented by XXII; although the same argument
can be presented (on my axiom scheme) using the realist
interpretation.

First I note, from theorem 25, that if S, + S

1 2

12
is in the pure state ?? at t', then S and 82 have



i

density operators TIC(,(LE[LP %]and 3 [cof® E[Wﬁ]
respectively. Hence, from theorem 23b, there is probability
/chlzof s, having state 4’%, and probability chllof

S2 having state (Pz¢

Furthermore, from XXII, we derived (xv)’ 1i.e. +hat

(xvn)_T\nem & sunpt probabilig that ; Wf

Sl is in (V then 82 is in , and vice versa, at t'.

Now considér the préﬁabiliﬁyﬁﬁ[(sl, q) ) and (A 1/)]

which is the probability that S1 is in %/ and that Al
is measured to have value afil, for Sl + 82 at t' (when

1L

it is in the pure state @’ ). From probability theory
(xviii) - PL(S., ¥L) anda (a,7,a,14)]1 = pI[s kPi 1P (S LPi
. 1’ U 1 %1 17 ia 1’ LJ
. 17

% Al r ai ] ’
qﬂ . . B qji
where P[Sl’ U ] is the probability that Sl is in )
(9]
at t' - which is just |cu\z (see previous paragraph) .
And P[SlD‘P4]——%> Al’, ai4/] is the conditional probability
L

that if Sl is in q’ﬁ then Al/ is measured to have the value

a_il. But, by XXI,
i

xx) - pIsy, VL —>a Y aM = pia?, als ‘Pﬁl

where, from theorem 10,
i .1 1
iyt 2t W= Y, g LP

Therefore, substituting into (xviii) gives
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) 1 - 4 _ ¢ 17 1
(xx) p[(sl, @L‘) and (Al - . )1 = lCLJ \<:4)L )q)b,>|1

But, from probability theory, we know that if there
is unit probability of E happening if E' happens, and vice-
versa, then P [E and E"] = P[E'and E"]. Hence, from

(xvii) we see that
5 1 z 17
(xxi) - P[(Sl,kPL.) and (Al',afj)] = P[(SZ)LP&') and (Al',Q%)]
Also, we have from probability theory,
P[E, and E,] = b3 PIE, and E,] P[E,, —>E,]

where El and E2 are any two events, and {ﬁ;ugis a set of

mutually exclusive and exhaustive events; and in particular,

we see that
(xxii) - P[(A.%, a,2¢) and (a,%,a,1M)1=7 pi(s,, ¥7) and
2 ¢ 3+ f g ¢S 5 2r Ty

2

1

Now, by XXI and theorem 10,

i i’

(<P Pl (®

¢

. L 2, /. i 2
(xxiii) - P[S ,‘H —. A 41, a, “1 = p(a 4 a 2//; 4J,]
2 % 2 2 U

I

and therefore substituting (xx), (xxi), and (xxiii) into
(xx1i) , we get
; _ R4 (o 14y = 2 &yt
(xxiv) - P[(A,"4,a,;7""") and (A, %%,a;™)] —7; (Tl ‘<:q)¢)q)U
8

N L
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But the left hand sides of (xx1v) and (xvi) are the same;
whereas the right hand sides are different. Therefore the
two methods are inconsistent.

Furry felt that where the second method goes wrong,
is in assuming a correlation between the‘gyf}and %;q/t}—
and hence between Aq having value ai'1 and A2 having value
azl, for all i, He felt (in agreement with Bohr - see
Chapter 6) that such an assumption is only justified if
Al and A2 are measured (which they are not, since we only
consider the probability of measuring Al’ and AZ" to have
certain values). Furry then concluded that, to the extent
that the E.P.R. epistemology is committed to the existence
of the latter correlation, the E.P.R. epistemology is
precluded by quantum theory.

I agree with Furry that it is the correlation between
the %V%:} and g*ﬁi} which is the source of trouble. I do
not, however, agree with his Bohrian reasons for rejecting
the correlation (see Chapter 6). Rather, I feel that the
E.P.R. paradox must simply be taken as indicating that XXITI
(which was used in deriving the correlation ﬁndi)ﬁsxni:caniStent
with the rest of gquantum theory - and therefore must be
dropped from the list of axioms.

In taking this latter view, I must make sure of two

points. First, I must ensure that XXII is not in fact
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implied by as yet not mentioned axioms of quantum theory
(i.e. that XXII does not turn out to be a theorem of quantum
theory). If it turns out to be so implied, then of course
my "solution" of the paradox is no solution at all.

In fact, XXII does appear to be implied by other

axioms; in particular, it is implied by:

(xxv) - If A has one of the values{ai}in S at t, then the
probability of it having the value a; is equal to
the probability that if A is measured in S at t

then a; is the measured value*.

A moment's thought will, however, make one realise
that the inference from &xv) to XXII is only apparently
valid. The reason for this, very simply, is that there is

no variable in guantum theory which has the pair of values

<<a%hcbiﬁ> if and only if A, has the value ai1 and A,
has the value ai?. As such we cannot use xxv) to infer from
A, and A, being measured to have the pair of values <:CUﬁ;C£tC>
with probability Pigr s to some variable having the pair
<iai1,a£ﬁ.:>as its value with the same probability p,., and

vice versa. Since there are no other ways I can see, of

deducing XXII as a theorem of quantum theory, I conclude

* (x%y) | turns out to be a corollary of the "Born inter-
pretation".
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that the denial of XXIT is consistent with quantum theory.

It may, however, be argued, that to show the denial
of XXII to be consistent with the rest of guantum theory,ison%%
P-‘"”" of what one must do \f ore wishes 1o drop Xxxil from the uxioms
of quantum theory in order to avoid the Furry-E.P.R. paradox.
What one must also do, is examine the reasons for suggesting
XXII as an axiom in the first place; sincg, if these reasons
are cogent, then we are not entitled to drop XXII as an
axiom, on pain of creating a new paradox - viz. the paradox
that XXII is false despite there being good reasons for it
being true.

In fact, there do seem to be methodological principles
which imply XXII; and hence there are good reasons for
including XXII as an axiom. The principles I have in mind

are:

XIII' (a) If A has one of the values {QL} in S at t, and
is measured to have the value a; in s at t, then
it has the value a; in S at t.

XXII'(b) Let Al and A2 have one of the values {fl%%andi}lt}

respectively, in S; + 8, at t. Then the
conditional probability that Al has the value
ai1 and A, has the value ai? if Ay and A, are
measured in Sl + 52 at t, is equal to the

probability that A, has the value aiiahd A, has

the value a?, in S, + S, at t.
i 1 2
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These two principles obviously imply XXII; and can, in turn,
be regarded as following from the vaguer principle that the
value taken by a variable is the same whether or not it, or
the variable in any other 'systems; are”

measured.

In reply to the preceding argument, one can take
the hard line that at least one of the preceding methodological
principles - XXII'(a) or XXII'(b) - just do not apply to quantum
theory. One can rationalise this, by pointing.out that it would
be surprising if all of the methodological principles, which
have arisen in the context of pre-quantum theories, also
applied to gquantum theory. This reply does of course entail
that not all of the air of paradox surrounding the E.P.R.-Furry
paradox has been dispelled. Rather the reply counsels
acceptance of the paradox - on the grounds that it does not
impose too great a strain on credibility; and, in particular,
does not involve quantum theory in a rahk inconsistency.

On the other hand, some readers may reject this reply,
because they find incredible any theory which violates elther
of the preceding methodological priniciples.

For such readers there is however, another way out
of the E.P.R.-Furry paradox, which allows them to substant-
ially retain the indeterminacy interpretation. This second
way out I have in mind, relies on leaving the P[A,i; W ] as

uninterpreted, but interpreting the P[A,i;S,t] instead, by
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replacing XXI by:

XXIb. P[A,i;S,t] is the probability that if A is measured

in 8 at t then the ith value is measured.

Note that this replacement of XXI by XXIb results in a weaker
axiom scheme than originally, because, whereas XXIb can be
derived from XXI (see theorem 28), the reverse is not
possible.

By taking the step of replacing XXI by XXIb one is free
to include XXII in one's axioms, because now the Furry-E.P.R.
paradox is avoided by pointing out that (kix) is no fonger
yushf;écL '; and not by trying to question (xXvii)
(i.e. by gquestioning XXIf)

In taking the step of replacing XXI by XXIb, there is
of course a price to pay. First, P[A,i; ¢ 1 has to be
introduced as a new uninterpreted primitive, and, more
particularly, those axioms which became theorems when we
interpreted P[A,1i; %}] as a probability (e.g., V and VI)
have to be left as axioms. Thus the formal structure of the
axiom system becomes more complex. It is a nice problem to
decide whether it is better (in avoiding the E.P.R.-Furry
paradox) to stick with XXI but drop XXII (and suffer the
loss of credibility which accompanies the rejection of well-
tried methodolocal principles); or to stick with XXII and

drop XXI in favour of XXIb (with a subsequent increase of
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formal complexity). Either way, the E.P.R.~ Furry paradox

is a nasty thorn in the side of the indeterminatist - but
surely is not one which is bad enough to give him reason for
despair.

I now wish to consider what the realist might do
when confronted with the Furry-E.P.R. paradox. Obviously,
one of the options open to indeterminatist, is not open to
him. This is because he is obliged to accept (xvii), which
is implied by XXI' and (xi). He may, howevever, avoid the
paradox, by taking up a modified realist position, in which

XXT' is replaced by:

XXI'(b) P[A,i; S,t] is the probability that A has its ith

value in S at t.

The same comments about the replacement of XXI' by XXI' (b)

can be made, as were made for the replacement of XXI by XXI(b).
Finally, there are three points I wish to make.

First, I note that, in the face of the preceding paradox,

the quantum theorist has another alternative - he may drop

my axiom scheme altogether; and adopt one of the alternat-

ives discussed in Chapter 4, part 3. 1In particular, he may

adopt the alternative centred around Gleason's theorem -

this obviously avoids the Furry-E.P.R. paradox because the

Pla,i; ‘P ] are not interpreted (cf. preceding comments).

Also, T note that Bohr's response to the Furry-E.P.R. paradox

is to deny XXII; but for different reasons. He claims that
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L
Sl and 82 at t have none of the %y%}or' %P L}as state-vectors

if Al and A2

correlation between the %?gj'and %Pt},in the absence of

are not measured; and hence the question of the

measurement of Al and A does not even arise. Bohr's views

27
will be further discussed in the next section.

Second, I note that my solutions of the paradoxes
differ substantially from those of Jauch [47]. Where I
differ from Jauch, is over his claim that the problem of
whether or not there is a correlation between the {q)%} and
§¥Pt} (as in (xvii)) is a "pseudo problem". If Jauch is
using the term ‘'pseudo problem'. in'its accepted philosophic
sense (as part of the positivist armament), then what he
is claiming here is that the question 'Does the correlation
exist' cannot be recast into (empirically) meaningful

terms. He justifies this claim by pointing out,

guite correctly (see [47]) ,that there is no macroscopic

evidence which either confirms or disconfirms the existence
of the correlation. Where I disagree with Jauch, however,
ig in his claim that the question of the existence of the
correlation is only meaningful, when recast as a guestion
about the existence of certain macroscopic evidence. The
empiricist criterion of meaningfulness has surely been
sufficiently discredited (see [30] or [76]) for this last
point need not to comment. Unfortunately, Jauch seems to

adopt a similar positivist approach to his solution of all
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quantum theoretical paradoxes [48].

This brings me to a final point with regards the
realist interpretion. It is undeniable that, on the realist
intepretation, guantum theory is, in one sense, "incomplete";
viz. that events do occur which are not predictable within
guantum theory. This sense of 'incomplete', is not, however,
the sense with which the E.P.R. paradox is concerned. What
E.P.R. were concerned to show is that there are "elements of
reality”, which not onrly are not predictable within quantum
theory, but are also not even mentioned as probabilities.
(Thus, E.P.R. tried to show that there were really two
state—vectérs at some time for some system, and that quantum
theory mentioned only one of them).

The above distinction between different senses of
‘incomplete' can be put roughly as follows:

(i) Theories which predict any events that happen are
strongly complete.

(ii) Theories which predict intrinsic probabilities for
any events that happen (and for some which don't),

are weakly complete.

On these definitions, we see that classical theories
are strongly complete, whereas quantum theory (and any
intrinsically stochastic theory) are weakly complete but
strongly incomplete; and that what E.P.R. tried (unsuccessfully)
to show is that quantum theory is both strongly and weakly

incomplete.
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CHAPTER 6

1. Introduction.

A central part of Bohr's quantum theory is the
doctrine that micro-systems have properties only when they
are measured. The following quick argument is often given
against this position. If the fact that micro-systems
have properties, depends on the micro-systems being measured,
then measuring apparatus can't have properties without them-
selves being measured since they are composed of micro-systems.
But measuring apparatuses do have properties - and hence
must themselves be measured; which leads to an infinite
regress of measuring apparatuses¥*.

It is my contention that the preceding argument
is just too quick. For a start it is not obvious why each
measuring apparatus in the regress must be different.

More importantly howeverrit is not obvious that Bohr would

*It is this argument, for example, which Hogker seems to
allude to, when he puts forward the following rather
cryptic remark:

If micro systems are merely the termini of relations
with macro systems, macro systems themselves can hardly
be regarded as constituted of such termini

(page 220 of [212]).
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accept the assumption that measuring apparatuses are combina-
tiong of micro-systems. Nor is a reason given why combinations
of micro-systems should have the same restrictions on their
properties, as have micro-systems.

In this section I shall put forward an expanded
version of the above argument. A crucial point will be the
introduction of Leibnitz's daw into the argument. The reason
for doing this, is that, with the help of Leibnitz's law, one
can set up a regress of apparatuses, for which the members are
all distinct. My argument in part 1, will take the form of
showing that the following three statements form an inconsistent
triad (i.e., the conjunction of any two implies the denial of
the thixd);

(a) Leibnitz's Law - that systems which have all properties
in common, are identical#*

(b) Bohr's guantum theory

(¢) The principle of micro-reduction - that all systems are

combinations of micro-systems**,

In part 2, I examine Bohr's epistemology; and then, in part 3,

I examine to what extent the proof in part 1 supplies

*The only properties that I shall be considering are properties
referred to in a scientific theory. Thus I shall not consider
electron A to be distinguished from electron B just because
the first electron is called 'A' and the second 'B', With
this restriction Leibnitz's law becomes a lot strondger than it
otherwise would be; but I feel that the strengthening is
justified if one takes a Quinean view that all "properties"
(the term 'classes' would be a more appropriate term) which
are not referred to in a scientific theory aren't worth
considering.

- . cnntter is composed of atoms, and light of phkotons.
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an argument against (b). In part 4, I also consider
Feyerabend's modification of Bohr. Finally, in part 5, I

make some general remarks about (a).

PART I. The Regress.

The Bohr theory says that any electron e at time t has
a property p if and only if e at t is measured to have the
property p, where p is any member of a class C of electron
properties. C includes the group of properties of having
position X, for varying x, and the group of properties of
having momentum p, for varying p. (No one electron can have
more than one momentum value, or more than one position
value, at any given time.)

I think it is implicit in Bohr's theory that all
electron properties are in C. Some authors, however, (Born,
page 158 [15]), take the view that not all electron
properties are in C. Out of all the electron properties,
the only candidates for non-inclusion in C, are those
properties common to all electrons at all times - like
the properties of having a certain charge, a certain mass,

a certain spin (spin l/2), and a certain lepton number

(lepton number 1)*. For the sake of generality, I shall
p Yy

*The reason for this is that those properties which all
electrons share, do not occur in complementary pairs, and
hence there is no real reason to make their ascription
dependent on the presence of a measurement process.
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assume that electrons may have properties at particular times,

which are not in C - until such a time when this assumption

affects my argument. Therefore I arrive at the following
scheme:

(1) The class C" of electrons exists

(2) Each electron has each of the properties in the class

C', at all times (during its life-time). '

(3) There is a class of properties C, C is disjoint from
C', where, for any e inC" and p in C, e has p at t if
and only if e at t is measured to have property p.
C includes the groups of momentum and of position
properties.

(4) Electrons have no other properties at any times beyond
those in C' and C. An exactly similar scheme can be
set up for the classes of protons, neutrons, mesons,

and all other types of micro-systems.

Now consider any two electrons e, and e, at some

1 2
time t, when neither of them are measured. From (2), (3),
and (4), and Leibnitz's law, it follows that e, = e, at t.
More generally, it can be concluded:
(5) All micro-systems of the same type*, which are not

*The "type" of micro-system, in the context of this section
only, determines whether it is electron, neutron, proton étc.



measured at any given time t (during their life-time)

are identical at t.

Note that when I say 'electron e, = electron ey
at t', this is to be read as 'the time-stage of eq at t = the
time-stage of e, at t'. Similarly, when I talk of the
conservation of the number of electrons, I am referring to the
constancy of the number of electron time-stages at various
times. Actually, within Bohr's theory, it may be better to
scrap electrons altogether; and just have electron time-
stages in the ontology. This is because the conditions under
which two time-stages (at different times) belong to the same

electron, are obscure, unless the electron undergoes a

continual measurement¥*.

*This problem does not crop up in those versions of quantum
heory in which the state-function is taken seriously as a
property of the system (and not just used as a mnemenic,
as in Bohr's theory - see later). This is because two
electron time-stages, at t, and t,, can then be taken as
belonging to the same elec%ron, i% the state-function of
the electron time-stage at t, is transformed into the
state-function of the electrdn time-stage at t,, by the
Schr8dinger propagator from t, to t,, for the“system of
which the electron time-stage at t, Is part. Even with
the help of state-functions, howevér, the identity
conditions for individual micro-systemsbecome obscure
within the "N-body systems", because of the symmetrisa-
tion procedure over the component terms in the N-body
systems's function. This fact lends support to the move,
which I shall make later, of considering "N-body systems"”
as primitive systems in their own right.
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One objection that may be made to (5), is that it is
uninteresting, because it makes no sense to talk about micro-
systems when they aren't measured. This objection does not,
however, affect the truth of (5); and therefore I shall
persevere with (5) as a premise of my argument.

I shall now show that (5) leads to trouble when combined
with (&) and with:

(6) There are, at some times, distinct systems.

(7) If two combinations of micro-systems differ by at
most one component micro-system, then they are not
macroscopically distinct.

(8) Measuring apparatuses which measure distinct systems

at the same time, are macroscopically distinct.

(6) is, I feel, an uncontroversial fact; and (7) can
be considered as true by definition of 'macroscopically
distinct'. (8) is, at first sight, harder to justify;
becuse there are prima-facie counter-examples to it. In the
first place, there do appear to be actual measuring apparatuses
which measure several systems at once - for example, cameras
measure the spatial locations of many systems within their
field of vision. Secondly, given any two systems, a measuring
apparatus can be constructed to measure them both, by simply
measuring each system with separate measuring apparatuses,

and then combining their respective outputs in a single
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output device. To overcome the second sort of counter example,
I shall restrict the term 'measuring apparatus', so that no
measuring apparatus has two macroscopically distinct measuring
apparatus as parts. I.e. I shall only be concerned with
"fundamental measuring apparatuses".

To overcome the first sort of counter-example, I shall
assume (as seems to be the case) that whenever a measuring
apparatus does measure several systems, it is because it is
not fundamental ;i.e. it contains several macroscopically distinct
measuring apparatuses as parts, and each part measures just one
gsystem*., For example, in the case of the camera, each system
whose position is registered by the camera, has its position
registered on a macroscopically distinct part of the pilate.
Therefore the camera can be considered as a composite of
several macroscopically distinct systems - each system having
the lense and shutter of the camera in common, but each system
having at least one part (viz. some region on the plate)
which is macroscopically distinct from any of the parts which
the other systems have.

This latter convention for the division of measuring
apparatuses into components, may seem artificial. It is,
however, a harmless convention, with no uncontroversial

physical presuppositions. For that reason, I feel free to

*The reason why the parts have to be macroscopically distinct,
is of course, that two macroscopically identical measuring
apparatuses are effectively the same apparatus.
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adopt it, since it makes the presentation of my argument a
lot simpler.
From (6) it follows that there exist at least two

distinct systems at some time t - call them 'Sl' and 'SZ'.

Therefore, by (5), there are two measuring apparatuses at t,

which are in the process of measuring Sl and S, at t

2 call them

'Ml' and 'My' respectively. From (8) it follows that My and

M, are macroscopically distinct; and hence, from (7), that

there are at least four distinct micro-systems Sl', Sz',

s,', 84' at t, where Sl' and SZ' are components of Ml,and

1 ] ! [} [}
83 and S4 are components of M2. Of the Sl , S2 ; S3 ;

84', at most two are identical with S1 and SZ; and therefore

the existence of distinct Sl and 82 at t, entails the
existence of a pair of measuring apparatuses in the process
of measuring at t, as well as a pair of systems which are

distinct from S; and S, at t - let them be s,' and S,' , where

Sl' # 82'. (5) then entails that there is a pair of

measuring apparatuses Ml' and M2' at t - to measure Sl'

and SZ' respectively, where, from (8), Ml' or M2' are not

identical with Ml or M2. Hence an infinite regress of
macroscopically distinct pairs of measuring apparatuses
is generated at t, each member in the process of measuring.

The existence of this regress is inconsistent with the fact
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that, at any given time, there are only a finite number of
measurements going on. Therefore, one of the premises (c), (5),
.. (8) must be rejected; and of these it is only (5) and (c)
that are candidates for rejection.

From this last result, two important consequences
follow. First, I arrive at an inconsistency between (c)
and any doctrine which implies that the only micro-systems
which exist at t are those which are measured at t, for any
t; because any such doctrine implies (5). In particular,
I have shown an inconsistency between (c) and the doctrine
that it makes no sense to talk of electrons when they aren't
measured*. Second, since (5) follows from Leibnitz's law
and Bohr's theory (as represented by the conjunction of
(1) - (4)),I have shown that there is an incompatibility
between (c), Leibnitz's law and Bohr's theory - as I set out

to show.

PART 2.  Bohr.

What would Bohr's reaction be to the preceding proof?

To asses this, I shall need to examine Bohr's epistemology.

* There is no unequivocal evidence that I can find (see
later), that Bohr held this doctrine; although it has sometime
been attributed to him by those with a positivist axe to grind.
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Bohr held the Kantian view that our descriptions

"(the " noumenal world") can, as a matter

of the“world as it is
of fact, only be framed in terms of classical concepts -
because, as a matter of fact, it is only those concepts that
we are equipped to use. Hence, the "phenomenal world"

(the world as we perceive it) may not reflect all aspects

of the world as it is; and any aspects that it does reflect,

will be classical. Thus Bohr writes:

the account of all evidence must be expressed
in classical terms (p.209 [117])

and again:

All new experience makes its appearance within
the frame of our customary forms of perception
(p.1, [11D1).

More importantly, however, Bohr points out that
systems describable within the classical conceptual scheme
need not have the same sort of classical properties at all

times. The most general sort of description within a

classical framework would be of a system which had one sort
of classical properties (viz. particle-like properties) under

some conditions, and incompatible (complementary) classical

properties (viz. wave-like properties) under other conditions.
Bohr argued that the experimentally confirmed existence of
a non-zero gquantum of action, indicated that this complemen-

tary style of description is, in fact, the correct one.



I.e. one cannot, as a matter of fact, get away with just
using one classical picture to describe the same system under

all conditions. Thus Bohr writes :

.. The fundamental postulate of the indivi-
sibility of the gquantum of action ... forces us
to adopt a new mode of description designated
as complementary in the sense that any given
application of classical concepts precludes
the simutlaneous use of other classical
concepts (page 96 [18]).

Bohr suggested, moreover, that the conditions under
which a certain picture is appropriate, are just those
conditions under which the details pictured would be
measured in the classical context. In other words,
"operational definitions" in the quantum theoretical context
are carried across from the classical context. This has
the immediate conseguences that Bohr's measuring apparatuses
are classically describable; and hence that the measurements
which Bohr considers, are restricted to instantaenous ones.
This latter qualification is necessary because any
classically conceived measurements that extend over a finite
time interval, will presuppose a classical dynamics for the
measured particle - and this is something which micro-systems

do not have*

*For example, one method to measure momentum of S at t is

to collide S with a photon at t, and measure the Doppler
shift in the scattered photon [41]. Since the collision
occurs instantaneously (at least from the classical point

of view) this method is suited both to classical and gquantum
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From this brief summary of Bohr, there emerges the need
to make one important qualification to (4). Since the only
properties which can be mentioned in scientified theories,
are phenomenal, Bohr would read (4)(which is, after all,

part of a scientific theory) as:

(4)"' Electrons have no other phenomenal properties at
b p

any times, beyond those in C and c'.

This qualification leaves it open for the electron to have
additional properties - in the noumenal world - to which

we cannot gain access. This is not to say that
the phenomenal properties (like momentum, or position) are
not really properties of the electron - it is only to say
that they are in an epistemologically privileged position.

What difference does this qualification make to
the preceding arguments? The answer is 'None' provided that

one understands (a) as saying:

(a)' All systems which share all phenomenal properties,

are identical.

In other words, one has to infuse an epistemological flavour

continued

theoretical contexts. Compare this with another classical
method of measuring momentum, in which the velocity is deter-
mined by two subsequent position measurements. The velocity
can be determined only by assuming S to have classical particle
dynamics over the interval between measurements - and hence this
method is unsuitable for transcription to the quantum theoret-
ical context.



139.

into the notion of identity, by restricting the properties
mentioned in Leibnitz's law to epistemologically accessible
ones. To make such a restriction is of course, to reject
the concept of "absolute identity" (absolute identity is
equivalent to having all properties - not just phenomenal
ones - in common); but this change is, I feel, justified

to the extent that it brings the concept of identity in line
with that concept which is appropriate in sc¢ience (see final
section). From this point on I shall assume that by
'property' is meant 'phenomenal property' (unless otherwise
stated). Hence (a) becomes (a)', (4) becomes (4)', and the
'is' in (¢) is to be taken as 'is identical with' - where

the identity relation is partially explicated by (a)'.

PART 3. Modified Regress.

What would Bohr's reaction be to the inconsistency
of (a), (b), and (c)? The most obvious member of the triad
for him to reject, would be (c); however, from the following
guotation, it is apparent that he holds some version

anyway, of (c):

.. the guantum of action is ultimately responsible
for the properties of the materials of which the
measuring instruments are built (p.223, [11)

Sand, on page 238 of [11l], he speaks of "the atomic constit-

ution of the measuring instruments" (if only to say that
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experimentally it can be neglected) .

It may be argued that I have taken Bohr too literally,
when he talks of "the atomic constitution of macro-systems".
What he means is not (@s in (c¢)) that each macro system is
literally a combination of n micro-systems, for some n.
Rather he means that a macro-system is a micro-system,
whose state function is formally a combination (in fact,

a direct product) of n single-micro-system state-functions.

Tn other words a new ontology for quantum theory is suggested,
in which one has not just the sorts of micro-systems already
mentioned, but also other types of micro—systeﬂ(ﬁith higher
spins, masses, and charges) which are not reducible to
combinations of single micro-systems. Each of these new types
of micro-system obey (1) - (4); and those whose state
functions are combinations of n single micro-system state-
functions, I shall designate 'n component systems' (for

any n).

The advantage of this new ontology is that "macro-
systems' can be identified as n-components systems; and
therefore have an overall momentum (or position) without
having the momenta (or positions) of their "atomic
constituents" measured. With this innovation of course, the
preceding regress argument breaks down. In its place,

however, another regress argument can be advanced, which
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I shall now discuss.

The new regress argument relies on an hitherto unused
feature of the quantal formalism, viz. that n-component
systems obey (1) - (4). I shall also assume that the set
C' (see (2)) is empty; and a suitably gualified version of

(¢), viz.

(c)' All systems are n-component systems, for some n.

(The assumption that ¢' is empty can be replaced by a
y

different assumption —see later.)

Now the regress gets going by putting forward an

emended version of (6), viz.

(6)'" There are distinct systems at some time, which are

not measuring apparatuses.

This is, I feel, an uncontroversial extension of (6) -
plainly there exist macroscopically distinct systems, which
are not measuring apparatuses. From (6) and (c)', it follows
that there is, at some t, for some n,, Ny, an nl—component
system and an nz;component system, which are distinct at t2,
and not measuring apparatuses at t - call them 'Sl' and '82'
respectively. From Leibnitz's law, (3), and the emptiness

of C', it follows that,'at t, there are measuring apparatuses

M, and M2, measuring Sl and 52 respectively. Furthermore,

1l



142.
from (8), M, and M, are distinct at t. Since neither S

1 2 1

or 82 are measuring apparatuses at t, neither Ml or M

can be either S1 or 82 at t.

2

Now since My and M2 are distinct at t, it follows

from Leibnitz's law, (3), and the emptiness of C', that there

are measuring apparatuses Ml', and M2', measuring Ml and M2
respectively at t. And since we have just shown Sl' 82,
My M2 to all be distinct at t, it follows (from (8)) that

the apparatuses measuring Sl , Sz, My, M, at t (viz. My, My,
Ml', M2' respectively) are all distinct at t. In particular

Ml' and Mz' are distinct from Ml and M2 at t; and also Ml'

and M2' are distinct from each other at t (since they measure
distinct systems at t, viz. Ml and M2). Therefore, an
infinite regress of distinct pairs of measuring apparatuses
exists at t - which is plainly false (see earlier).

A similar regress can be got going by replacing the
assumption that Q' is empty, with the assumption that the
members of the set of macroscopically distinct systems are
individua.ted only by differing in their spatial
properties (where spatial properties belong to C - see
(3)). Bohr would certainly agree with the latter assumption,
because for him macroscopically distinct systems have to be
distinguished within the classical conceptual scheme - and

it is part of that scheme that spatial properties are

necessary for individuating systems (for example, see [91]).
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The regress then arises by further extending (6)' to:

(6)''" There are macrogscopically distinct systems at some

time, which are not measuring apparatuses.

((6)'' is justified as for (6)'). From (6)'', (8), (3),

and the assumption that spatial properties are necessary for
individuating macroscopically distinct systems, it follows

that there are macroscopically distinct measuring apparatuses
My and M, at some time t, which measure the spatial properties
of two systems S, and S, which are macroscopically distinct

and not measuring apparatuses at t. M, and M, are distinct
from Sy and 82 at t (since Sl and 82 are not measuring
apparatuses at t.) Since My and M2 are macroscopically distinct
at t, there must be measuring apparatuses Ml' and M2' which
measure spatial properties of My and M, respectively at t (from
(3), and the assumption about individuating macroscopically
distinct systems). Further, from (8) it follows that Ml',

are all macroscopically distinct at t (since

M',Ml,M

2 2
they all measure distinct systems at t). Hence an infinite
regress of distinct pairs of measuring apparatuses exists at
t - which is plainly false.

It would seem therefore that Bohr has no option but

to completely drop (c¢) (and not just modify it) at least

if he wishes to persevere with (a) and (b). The only question
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then remaining is what doctrine Bohr adopts which implies the
falsity of (c¢); and, 'in particular, what Bohr means when he
talks of "the atomic constituents of matter" (as in the
quotes at the beginning of this section). Feyerabend suggests
that Bohr rejects (c) by adopting the view that there are
two sorts of systems - those in the "macro-domain", which
obey classical mechanics; and those in the "micro-domain",
which obey quantum theory (see page 315 of [29]1)*. These
two domains are envisaged as "two separate and non-overlapping
parts of the world". I shall now give reasons why Feyeraband's
suggestion is both unacceptable and amisgonstrual of
Bohr's position.

My first reason is that Feyeraband's suggested
distinction between micro and macrodomains, is ad-hoc - it is

introduced solely to fix up certain conceptual difficulties

which afflict guantum theory and makes no new predictions**,
In support of this view, I point out that there is no

operational criterion by which systems may be adjudﬁed to

fall in the macro-domain but not in the micro-domain. The

reason for this is of course, that the“correspondence

*Note that the distinction envisaged here, between the micro-
and macro-domain, is not one of size - it is one of which
theory (classical or quantum) is obeyed.

**For a criticism of ad-hoc adjustments to theories, see

Popper [76]. T
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principle"(which is built into the foundations of gquantum
theory - see page 49 [12]) guarantees that measurements on
certain combinations of micro-systems (which are in the micro-
domain) reveal the same results as would be predictéd on the
basis of classical theories.

My second reason for objecting to Feyeraband's suggest-
ion, 1is that it flies in the face of experimental evidence.
All systems, when subjected to tests which discriminate
between classical and quantum theoretical behaviour, have
favoured quantum theory. Therefore Feyerabend's claim that
the macro-domain is not empty, runs counter to accepted
experimental facts - facts which Bohr does not in any way
dispute (see the quotes at the beginning of this section).

My second reason for rejecting Feyeraband's suggestion

can, however, be got around, by replacing (c)' by:

(c)'' Any system is either an n-conpoment system for
some n, or a macro-system. Any macro-system has
the properties of an n-component system if those
properties are measured, for some n, and has

classical properties otherwise.

My objection to (c)'' is that it is still ad-hoc (for the
reason discussed above). Furthermore, Bohr would not

have a bar of (c¢)'', because he is vehement in denying the
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propriety of ascribing any properties to systems in the
absence of measurement.
As I see it, Bohr rejects (c) by adopting an instru-

mentalist view of scientific theories, Thus he writes s

... the mathematical formalism of quantum
mechanics ... merely offers rules of calculation
(page 60 [13])

and 2
It is wrong to think that' the task of physics is

to find out how nature is. EhY§iC% concerns what
we can say about nature (page 12 [15])

and again, as gquoted by Kramers:

classical physics and the quantum theory, taken- as
descriptions of nature, are both caricatures; they
allow us, so to speak, to represent asymptotically
actual events in two extreme regions of phenomena
(page 559, [53]).
On the instrumentalist view, there is of course no question.
but that (¢) is false, because quantum theory is not
conceived of as describing the real world - it is only a
mnemonic which is useful for a certain range of phenomena.
Similarly, classical mechanics is only a mnemonic - useful
for some cther range of phenomena. The correspondance
principle then guarantees that where the two ranges of

phenomena overlap, the two theories agree in their numerical

predictions. Thus the quotes at the beginning of this section
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(in which Bohr talks of the atomic constitutents of (all)
materials) are to be understood as referring to the general

applicability of the gquantum theoretical mnemonic - without

implying that its concepts are instantiated in the real world.
In summary then, it seems that Bohr has no satisfactory
way of rejecting (c) - short of a retreat to instrumentalism.
Instrumentalism is however, a doctrine which has a multitude.
of objectionable features - see Feyerabend [31] , and Popper-
[76]. Therefore, to the extent that Bohr wishes to retain
(a) and (b), the above argument constitutes an argument
against Bohr. (I consider the possibility of dropping (a),

in section 5).

PART 4. Feyerabend.

I now wish to discuss the nature of the relation between
the condition that an electron has property p (p in C) and
the condition that the electron is measured to have the
property p.

Bohr is quite vehement in denying that the relation

is a causal one. Thus he writes:

... I warned especially against phrases, often
found in the physical literature, such as
"disturbing of phenomena by observation"

(page 118 [1371)*

In the light of this, Feyeraband puts forward the ingenious

idea that what Bohr has in mind is that the properties in

*Here Bohr obviously criticises Heisenberg, who is the major
~mornant of talk about "Disturbances by observation!". [44]
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class C are relational properties - properties of both the

electron and the measuring apparatus.

Feyerabend's postulate obviously allows him to agree
with Bohr that a measurement may not disturb the system being
measured. This is because a relation between a system and
a measuring apparatus may be changed without in any way
disturbing the system, i.e. by just changing the measuring
apparatus. Feyerabend compares this, with the following
case:

the state of "being longer than b" of a rubber

band may change ... when we change b without
at all interfering with the rubber band (p.217
[301).

My objection to Feyerabend's postulate is that it implies
the possibility of breaks in causal continuity - at the
macro level. TI.e. ex hypothesi, there may be no mechanical
interaction between measured system and measuring apparatus -
and yet after the measurement the measuring apparatus may

be in a state which is macroscopically distinct from the one
before measurement. (I.e. the apparatus, at the end of
measurement, may be in a state in which a pointer coincides
with a particular scale reading, which it did not coincide
with before measurement.) This break in continuity is
significant, becuse there is no explanation for it along
classical lines (i.e., it can't be put down as the result of

a mechanical interaction with other systems.) As such, the
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measurement process must be taken as a new primitive phenomena
at the macro-level - outside of the classical framework.
Although there is nothing incoherent in this last
result, I do feel that it is open to criticism, on the
grounds of being uninformative. 1In reply to the preceding
criticism (of being uninformative), Feyerabend may argue as
follows:
Any postulate which suggests a change in concepts,
is bound to be uninformative to some extent
(because the best sort of explanation is the one
conducted in terms of a familiar conceptual scheme).
Sometimes, however, we do need to make conceptual
changes (because no better alternative presents
itself); and the Feyerabend postulate of relational

properties represents one such change.

This style of reply by Feyerabend, can be met by making
either of two moves. First one oculd compare the Feyerabend
postulate with other postulates which entail conceptual
changes; and shows that Feyerabend's postulate is so much
less informative than the others, that even if the only way
to interpret quantum theory is by adopting Feyerabend's
postulate, one ought not to do so. Second, one could show
that there is some alternative interpretation of quantum
theory, which does not include Feyerabend's postulate;

and which entails a less serious conceptual revolution than
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Feyerabend's postulate does. Either of these replies to
Feyerabend, require one to estimate certain quantities

(viz. the "informativeness" of a postulate and the "serious-
ness" of a conceptual change) for which there are no rigor-
ous ways of making an estimate. Therefore, either way of
replying to Feyerabend, provides, at best, a plausible
argument against him. For this reason, I shall present

both of the arguments against Feyerabend (in the two follow-

ing paragraphs) in accordance with the maxim that two
plausible arguments are better than one. It is nevertheless
open to Feyerabend to refuse to accept my arguments by
pointing out that two bad arguments do not make one good one.
One standard exampl; of a conceptual change in
physics, is that entailed by Einstein's postulate that
the spatial or temporal intervals between events are
relational quantities, i.e., are relative to a frame of
reference*. This conceptual change has the merit, in the
present context, of being claimed by Feyerabend, to be on a
par with the conceptual change which he feels that his
postulate entials [30]. Now, prima-facie, Feyerabend's
claim here is a plausible one. Both the Einsteinian and

Feyerabendian conceptual changes involve the postulate that

*The change in this case is from the Newtonian concept
of space and time, according to which spatial or temporal
intervals between events are intrinsic properties of
the events - not dependent on the frame of reference.
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some property, previously conceived of as categorial, is
really relational. Nevertheless, there is an important
difference between these two changes, which Feyerabend does
not mention; viz. that Feyerabend's postulate implies that
the measurement process must be taken as a new primitive
process (see above); whereas the measurement process is not
at all affected by Einstein's postulate. 1I.e. clocks and
measuring rods still measure temporal and spatial intervals,
in the same old way, on Einstein's theory - all that has
changed is that the temporal and spatial intervals are relat-
ional. It is this difference between Einstein's and Feyera-
bend's postulate, that makes Me want to reject Feyerabend's
postulate, while being happy to stick with Einstein's postulate.

The second argument against Feyerabend is to present
a viable alternative interpreation of guantum theory, which
is conceptually more conservative. This I have undertaken
in Chapter Sbey showing that interpretations of gquantum
theory are possible for which the measurement Erocess is
not a new primitive process; but is on a par with any other
micro-macro interactions. Therefore, causal continuity is
salvaged, because the macroscopic change in the measurement
apparatus is explained by a (mechanical) interaction with an
external system.

Having criticised Feyerabend's postulate, it remains

for me to discuss whether Bohr would have endorsed it in the

% ond wilk conhinue in Chapter &
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first place. In my opinion, he would not. When Bohr in-
veighed against the doctrine that measurements disturbed
phenomena (see above), he was, I feel, doing so for

epistemological reasons*. He did believe that there is an

interaction between micro and macro systems in the measurement
process; but that this interaction was not at the phenomenal
level - and as such "beyond ocur ken". Therefore, when he
denies that the micro-macro interaction is a Mmechanical one
(see Feyerabend's quotation from Bohr, on page 218 of [291D,

he is not denying the existence of a "full-blooded interaction"
- he is only objecting to the epithet 'mechanical', with its

implication of a well-defined phenomenal process, which we can

capture in our scientific theories.

It is in fact easy to see why Bohr would hold this.
Consider the general question,which Bohr's postulate of
complementary descriptions faces ... why certain conditions
E, on the system S, entail that a certain classical description
D (and not some other) applies to S? It is apparent that
such a question can be answered only by appealing to some

description of S - other than D**, Ex hynothesis, however,

no description of S is possible (under conditions E) other

than D. Therefore, the dependence between E and D, is not

*Substantially the same point is made by Hooker ([42].

**Cf. the question of why water evaporates if it is heated.
Such a question is a demand for a redescription of the process
of water evaporating, plus a causal connection between the
redéscribed process and heating the water. One such redes-
cription would be in terms of molecular theory. For a dis-
cussion of the connection between explanation and redescript-
ion, see Smart [90].
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describable within scientific theory. Bohr would not
however, take the additional step which Feyerabend takes
(viz. of denying that there is any causal dependence at all)
- he would simply say that any causal dependence is in the
noumenal world, and does not manifest itself in the pheno-
menal world.

Just how satisfactory is this Bohrian account of the
dependence between E and D? In my opinion there are strong
objections to it, which are just the objections that
Feyerabend raises in [30]. Thus it seems that we have
another objection to retaining (1) - (4), because (seemingly)
there are only two ways to view the dependence between
measurement and measured property, viz. one either goes
along with Bohr's epistemology or with Feyerabend's postulate

- and both of these are unsatisfactory.

PART 5. Leibnitz's Law.

Finally, I wish to briefly discuss the status of
Leibnitz's law - why we are reluctant to drop it, and whether
we ever could. In what follows I shall use 'are indiscerni-
ble' as short for 'share all properties'; and hence refer
to Leinbitz's law (qua (a)) as the principle of identity
of indiscernibles (see appendix 6 also).

On the subject of Leibnitz's law, Quine writes:
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Suppose ... that we undertake a discourse
relatively to which any geometrically similar
regions are interchangeable (i.e. their
designations ae interchangeable salva veritate
in all extensional contexts). Then our maxim
of identification of indiscernibles directs

us for purposes of this discourse to speak
not of similarity but of identity [page 73,
[88], my parenthesis and italics].

From this quote two ~main points emerge. First that Leibnitz's
law is put forward as a maxim (methodological principle); and
second that the identity relation is envisaged as being
relative to a particular domain of discourse, i.e. 'a = Db',
is not a well-formed expression, unless the domain of
discourse in which it appears is specified. In particular
'a = b' may be true in one domain of discourse and false in
others.

Now in what sense is Leibnitz's law a "maxim"?
Clearly, Quine cannot (consistent with his anti-empiricist
stance) mean that Leinbnitz 's law is a "mere rule of language".
Nor can he mean that Leibnitz:'s law amounts to 'Indiscernibles
ought to be identical’, because this last statement is quite
consistent with the denjal - of 'Indiscernibles avre
identical' -..and it is:surely nobt what we wantcof-Leibnitz's
law, that it be consistent 'with indiscdernibles failing -

to be identical.
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It seems to me that when Quine addresses Leinbitz 's
law as a maxim, he is not telling us that the law itself
is a maxim; rather he is telling us that there is some

maxim (distinct from the law itself) to the effect that

the law ought to be part of accepted scientific theory. 1In
other words, Quine regards Leinbitzc's law as the statement
(subject to revision, like all other statements) that

indiscernibles are identical; but Quine also (independently

of his acceptance of Leinbitz's law) accepts the maxim that
indiscernibles ought to be identical.

Having endorsed the doctrine that Leibnitz's law
is falsifiable, the question now arises whether one could
in fact reject Leibnitz's law, but still accept the maxim
that scientific theories ought to conform with Leinbitz's
law. The answer to this is 'Yes'. In particular, if
Feyerabend were correct in his claim that the Bohr intepre-
tation is the only feasible interprd:atiop‘&guf-wquantum.;\_n
phenomena*, then we would have grounds for rejecting
Leinbitz's law (because not to do so, would commit us to
instrumentalism - see part 3). .But such an eventuality
would in no way constrain us to cease looking upon conformity
with Leibneitz's law as a desirable feature of scientific
theories. All that this eventuality would show is that

sometimes we only have undesirable alternatives to choose from.

*By 'non-feasible theory', I mean a theory which is inconsistent
with "experimental facts " - or at least invokes fantastic
(i.e. unfalsifiable) hypotheses to explain away those facts.
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One final remark is appropriate here. On what
grounds could one justify the maxim that indiscernibles
ought to be identical? (An answer to this question would
give an answer to why we are reluctant to drop Leibnitz's
law.) Involved in such a justification are two steps.

The first step involves stating (and achieving agreement on)
what ends one desires when one sets up a system of beliefs
(scientific ones, anyway). The second step involves showing
that inclusion of Leibnitz's law goes further towards
achieving those ends than does its exclusion.

As to the first step, Popper tells us (and, by and
large there is agreement) that one end to aim at in theory
construction is simplicity [96]. For the second step, I
appeal to Quine's metaphor, that Leinbitz's law is one of the
"very central beliefs" in our system of beliefs; and, as
such, its revision would necessitate far-reaching and
complicated changes [80]1*. This latter statement does not
of course guarantee that the complexity of the changes
necessitated by a revision of Leibnitz's law will, in any
new set of circumstances, outweight the complexity of
changes needed to accommodate Leinbitz's law. Indeed it

may come about that it is not feasible to maintain Leinbitz's

*Tt is not obvious that the Popperién notion of simplicity
as falsifiability, is the one appropriate to the Quinean
metaphor. - or even that the Quinean metaphor is a good
one. To this extent, what I am giving here is ,at best,
a sketch for a valid argument. For a thorough discussion
of simplicity see Bunge [{7].
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law (see above). Nevertheless, the "centrality" of
Leibnitz's law does give us (plausible) reason for saying
that if, in the light of new circumstances we are forced

to forgo Leinbitz's law, then the new system of beliefs will
be less simple than the original set - =ven though the
forgoing of Leibnitz's law is the simplest alternative to
take in the light of the new circumstances*.

To the extent that adherence to Leinbitz's law is
not necessary - but is only desirable - I come to the
following conclusion. If there is an interpretation of quantum
phenomena, alternative to Bohr's, which is ncot inconsistent
with Leibnitz's law, then the arguments in the preceding
sections give me a reason for preferring the alternative.
[Whether or not one then gces ahead, and replaces Bohr's
theory, depends, of course, on whether or not there are
stronger reasons which militate against the alternative.]
On the other hand, if there is no feasible alternative to
Bohr's theory, then one has to accept Bohr's theory and
reject Leibnitz's law. Since there are alternatives to
Bohr's theory (see Chapter 5), which have no glaring
inadequacies (such as conflicting with Leibnitz's law),

I reject Bohr's theory.

*What I have said about Leibnitz's law - gua methodological
princivle - applies ecuallv *tc tha orinciple of universal
causation, =2tc.
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CHAPTER 7

PART 1 - M-variables.

The suggestions I shall make in this section are
rather tentative ones, to the extent that the whole question
of the nature of macroscopic variables is a rather open one.
One way to answer this question is to identify macroscopic
variables with those guantum theoretical constructs which
satisfy classical equations, to some approximation, and
under expected circumstances. (This program is essentially
the one put forward by van Kampen [51}, [52] and by Ludwig
[65]) TFor example, Ehrenfest's theorem (page 25 [84])
suggests that the macroscopic position of a particle be
identified as the mean of the particle's (quantum theoret-
ical) position. We also require that if a particle has a
definite macroscopic position there there is small
probability of it bhaving any other (quantum theoretical)
positions*. And finally, we require that no position be
available to a particle from.a macrosdopic point off view, which
is not available to it from a quantum theoretical point of view.

Therefore, we arrive at the conclusion:

*vVan Kampen uses the different condition that the
dispersion of position is small. Under suitable
assumptions those two conditions are equivalent.
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(i) If S at t is in the state KP then the macroscopic -
variable A has value a if and only if
(a) the guantum theoretical variable A has mean value
a in q} ;

i.e. Q2 PA,i; Y 1a, =32

il
(b) a is one of the values {Qi}of A
(c) If a = a, ,then 'z‘ pla,i P 1§, for §
small and © > 0O }l‘:ftor any 1i.

A second example of macroscopic variables arises in
guantum statistical thermostatics. A system's temperature
is .a function of the mean of its internal energy; but it is
only defined (and only measurable) when the system is in
equilibrium. It is well-know, however, that for an equili-
brium system, with a given average energy and number of
components, the internal energy dispersion is small (see
pages 159 and 189 of [44]). This in turn suggests that
for the temperature variable, (a), (b) and (c) are satisfied.

The statement (i) does imply that there is an
intrinsic vagueness in the concept of a macroscopic
variable - to the extent that the number § is only defined
as being "small". This is not a disadvantage, however,
because the difference between micro and macro is only
supposed to be one of degree. Later, an upper bound on

§ will be suggested.
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The macroscopic variables may be formally introduced

as follows:

Definition 11. If ‘V’ and kP are vectors in H, then (Plkﬁw
to order ¢ if and only if (TY_E[K-P—({J’J,@ S

where § > 0 .

Axiom XXITIT. In any system S in which the m-variable A exists

it is associated with the same variable A, and with a
set {CL}1of clusters of vectors in H, the Hilbert

Cthe

space of S. The vectors in cluster Ci are called
vectors of A for value ai>. 4) is in C, if and only
if both E;P[A,i'; “V ]ai, = a; and 449qf to order
) , where {4’2} is the set of eigenvectors of A
in H, and ~{Q¢} is the set of values of A, and s

is small and non-negative.

Comment. The use of the strong norm in definition 11, is
necessary for later theorems (cf. 31). Note thattﬁ:ﬁEP-%@“ﬁS
has the geometrical interpretation that the tip of ¢' is
located within a hypersphere of radius s , and with the tip
of W as centre. Thus the cluster Ci of vectors is not
a closed linear manifold - rather it is a hypersphere of

vectors centred on q{ . Therefore I picture the m-variable A

associated with A, as having the same values as A, and having

a hypersphere of vectors around each eigenvector *t of A, of

radius §

The m-variables obey VII, VIII, XI, XII and one of
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the interpretative axioms - XX, XX' or XX'" - depending on
the interpretation favoured. For example, we have that if Y
is in C; sthen A has the value a; when S at t has state %

(by VII).

by,
Theorem 29. If {\P i}J.s any complete orthonormal set and

P2
‘P& q)L to orderg , for some i, then

%. !< q):‘ gP)ll < § and ‘<k‘):,\l}>|1 . 1
ut*ob order g .

proof.  Ir L[¥-%{]

7, <YL PP b
LI, 99>

L

T KWL Y>- YL wisIT

¢

2 Ko ¥ >-vu "

Hence, by definition 11, theorem 29 follows.

|

Comment. It then follows that XXIII is a formalisation
of (1), since, if LP is in Ci’ then from theorems 10,
29 and XXII, we immediately get the conditions (a), (b) and

(c).

In introducing m-variables, like A ,into the axiom

scheme, I have not yet introduced a probability P[A,i;S,t];
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and I shall now discuss this.

On the realist interpreation, we can extend XXI' to
apply to m~variables as well as ordinary variables. The
only catch with doing this, is that our axioms only give
us a means of estimating P[A,i;S,t] in the special case
that S at t is in a mixture of states in various Ci.

(In that special case P[A,i;S,t] comes from theorem 23b.)

This is because, even if we define a P[A,i; 4/ 1, we cannot
obtain theorem 10 for m-variables, since theorem 10 requires
the orthogonality of the variable's vectors in its proof.

I shall suggest a means of approximately estimating P[E,i;S,t]
in the more general case, below.

On the indeterminacy interpretation, P[A,i;S,t] does
not exist, because, in my view, there are no measurements
of m-variables. I suggest that when we appear to be
measuring i, what we really do is to measure A, and when we
appear to refer to the value of P[A,i;S,t] we are really
referring to P[A,i;S,t] to some approximation. These
suggestions can be formally set out by redefining

P[A,i;S,t] by the relation:

Definition 12a. P [A,i;S,t] » P[A,i;S,t] to order A .

The question then, is how to arrive at a satisfactory

definition for A . What I suggest is:
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Definition 12b. [\ is the degree of approximatation

to which P[A,i;S,t] approximates the probability
of A having the value a; in S at t, for the case

that A does have one of the values a, in s at t.

I justify definition 12b by pointing out that we ought to
accept that the probability of A having the value a; is
egqual to the probability of measuring A to have value ai, for
the case that A has one of the a; as value, if we are to
extend the use of the methodological principle (XXV?%to
m-variables (Note that (kxxXv) cannot be derived for m-variables,
as it can for ordinary variables - see Chapter 8). 1In
Appendix 1, I evaluate A = 28

I also extend the use of definition 12a to the
realist interpretation, where its meaning is, however, quite
different. I justify this extension by again appealing
to (xXxV); i.e. from (xxv) it follows that if A always has
one of its values (as it does on the realist interprefation)
then the probability of measuring A to have value a. is equal
to the probability of A having value ay -

The introduction of definitions 42a and 12b is, I
admit, a trifle artificial, to the extent that, under
the new definitions, the sign 'P[A,i;S,t]' loses much of its
old significance. In the absence of any more significant

alternative, however, I shall adopt these definitions.

*The (xxv) referred to here is from Chapter 6.
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It is perhaps appropriate here, to give an example
where all we can do to estimate P[A,i;S,t] is to use the
relation P[A,i;S,t] % P[A,i;S,t] to order A ; and then
measure P[A,i;S,t]. The case I have in mind is the Stern-
Gerlach experiment [64]. After passage through the magnetic
field, the electron is in a mixture of macroscopically
distinct states. They are macroscopically distinct because
they have widely divergent average values of position (and
small dispersions). Nevertheless, we do not make a measure-
ment to distinguish the various components of the mixture.
All we measure is the actual position (or coarse-grained
position) of the electron. Since the components of the
mixture do overlap in configuration space (albeit with small
probability), the measured position probabilities are only
taken to approximate (albeit very accurately) the probabilities
attached to measuring the various components of the mixture*.

I now extend the notation for m-variables, to the
case that their corresponding variables are degenerate. If
the variable A, corresponding to the m-variable A is
degenerate, then A is itself said to be degenerate. It will

be remembered that the values of a degenerate variable are

*Note also that I agree with Bunge that the Stern Gerlach
experiment is not really a description of a measurement -
not, at least, until the interaction between the target
screen and the incident electron is spelled out (see page
281 [1l6]}. The answer to the perennial question 'which
component is the electron really in' is contained in the
answer to the Schr8dinger cat paradox of Chapter 5.
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given a pair of subscripts 'id', so that a9 = a:qr and

as4q # aifb.for any i # i', d4,d4' (Chapter 4, part 2).

Definition 13. 'Ci'denotes the union of all the clusters {(%@k
of A, for any i.

Definition 14. Two clusters of vectors C1 and Cz are

approximately orthogonal to order & if and only if, for
!
any qg. in Cl and ‘yl in C2, there exist vectors q),qmm
. i , . 4
W;such that <3V{}nf>= Q and *&m 4 to order O and
. A ) LR G i
$L&JV1 to order &

Theorem 30. The {K:L} for any given A, are approximately

orthogonal to order S .
Proof. Obvious from XXIII and definitions 14 and 13.

I now introduce one more definition and a theorem,

which become of importance shortly.

Definition 15. The set of clusters {Cq}is linearly

independent if and only if any set of Vectors, contain-
ing only members of the {ﬂl{} and at most one member

of any one {QL} is linearly independent.

Theorem 31. Any finite set of clusters, which are approx-

imately orthogonal to order 5 , are linearly independ-
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ent, for & small enough, but %>O

Proof. Let {C }be a finite set of clusters, approximately
orthogonal to orxder S . Let w be an arbitrary
vector in C yfor each i. Then, by definition 13,
there exists an orthonormal set of vectors {,\P }for

which k\) wq)\.‘ to order & , for each i.
G

By theorem 29,
l<&V.L,,‘P'¢>l1 <38 for any i' # i
and
ST N A
Now let {¥.} be lincarly dependent ;5 ie.
CETIN Z &n “P
un

!
Taking scalar product of both sides of (iii) with kV(‘ ,

and then taking :médulus squared, gives

R AT PN E

l
where, by (ii), EeE

L.H.S. of (iv) > 1 - §

and, by W&lder's inequality, R.H.S. of (iv) < |c \ Z\QKP
)‘PL\>P’ < z‘. CL" (N—'I)g L':H. L'#L
by (i). Henc“e*b
(v) -1 -§<(N-1)9 i le,[*
L‘tb

Now, also, from (iii),
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<P

1

i,lc

Uto

+\Z C. CQ‘ <LP(‘IJKP >|
o#b‘
Hence, by the triangle inequality,

% \cv\zg 1+\2 c. Cb,<‘P,)\P>|

e cu
(vi) - §1+C2l<&l) ¥.>1
otc

|
Now let {}ng}be the complete orthonormal set for which
j‘ t
Y'w Y. fo orkur O
i Y
Hence, from theorem 29,

win - Y. = T e’ Y

Oad b fo

and,

(wilii) Z |Qum:| <y

(Ud\') +e D
Also, from (vii)

L
(ix) - | < oL ‘7— = |<kl);1)\’)(,‘>l7' < 1
Hence, from (vii),

(<9, 9> 1 =(2 T8 o |

L“ U
' = U ¢ oy .
Ql%mcb“mc’u‘o«l + thﬂ_HCti‘
(W) $£ (VD) ansl (V") 4 (L' D)
" -
+ ‘CLHLHC{,.'_{I
By H&lders inequality, (Viii) and (ix),

N
< |7 1T 1Z(<:U, LY
((.."o(.)#(b 1) L"o():{:(b 1)
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By (viii),

L v
x) - € § +2 8% < 3 8&* (since Sg1)
Hence, from (vi) and (x)

(xi) - &, lcV' < Avan -1 3 8%
el
Hence, from (v) and (xi),

(xii) - (1 -§) < (N-1) $ [1 + (N) (N-1) 3 &% ]

By making % small enough, (xii) is obviously false;
and hence, for & small enough, (iii) is false. Hence,
for S small enough, {fpa}'is linearly independent; and
since the {H{}was arbitrarily chosen - one vector from
each Ci - it follows, from definition 15, that'{C£}is

linearly independent.

Comment. To get an idea of a size for S sufficient for
the {%ﬁ} to be linearly independent, we examine the
inequality
L

(1 -%)>@m-1)8 [1 + (N)(N-1) 38™]

Hence,
. _ 2 .§§

1 > (N-1) 3 opdt 4 > (-1)“ N3

Hence, approximating (N-1) by N (since N is large)
)
N 5 < 1 and NBﬁ'<_l__<1
3(3

Since > < 1, the stronger of these conditions is

NSy <1 o No< 83
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Note that this condition guarantees the condition N S<:l£which

SN
appeared in the comment to theorem 27 (at least for N > 2)

Now it is obvious that we would like to be able to
make statements like (There is a (unique) probability p;
that S at t has state vector kPL , where 4Q is in Ci)
in order to deduce (from VII) that A has the value a;
with probability ;- Before we can do this, however, it is
necessary, from 23, that the various {EFPJ}'are linearly
independent. In order to guarantee this, I suggest making
the {,C;S linearly independent (since, from appendix 3)
if {41} are linearly independent, then so are {f,[421}>.

However, we know from theorem 31, that linear
independence of {ﬁ@} is guaranteed by there being a finite
number of {C(}, and by their being approximately orthogonal
to degree 3 , for % small. This suggests that we
vostulate the {Qts-for any m-variable A in S, to be
approkimately orthogonal to degree % ;' where S is
very small; and that we either assume observed systems to
be restricted to states which are superpositions of vectors
from a finite number of the {Cb}, or that there §£§_only
a finite number of members of {CL}. Of the latter two
alternatives, I prefer the second because it is less
arbitrary, although it does have the controversial

consequences that macroscopic variables necessarily have
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finite (albeit arbitarily large) ranges, and hence must be
infinitely degenerate (whenever the system% Hilbert space is

infinite dimensional). Formally, then I suggest,

Axiom XXIV. The number of clusters associated with any

m-variable is finite.

Axiom XXV. For any m-variable A, the degree 8§ to which
its vectors approximate the vectors of the associated
i
variable A, is so small that NQ2 < 1, where N is

the number of clusters of A associated with A.

Theorem 31b. {C;}is linearly independent.

Proof. Trivially from XXIV, XXV, and theorem 31 (and comment

to theorem 31).

Comment. N may depend on A, although I do not explicity
display this dependence. Note also that I am gquite happy to
alter the condition that N S%'<( 1 in XXV, and even forgo
XXIV entirely, if some significantly weaker condition can
be found to guarantee {;Cg} linearly independent.

I also note that in practice XXV is usually obeyed
anyway. For example, in the Schr8dinger cat paradox, the
m-variable had two clusters associated with it-one for the

"oat-dead states" and the other for the "cat-alive states".
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Finally, I note that the approximate orthogonality
of the {CL}' is just the condition which Araki and Yanase
[4] found was dictated by independent considerations, based

on the study of "ideal measuring processes".

I shall now discuss the repercussions of the preceding
considerations, for the Schrgdinger cat paradox. It will
be remembered, in that paradox, we discussed the correlation
between the values of Al and A2, in Sl + 82 at t', where
A2 was a macro-variable. At the time, we assumed the {q/:}
to be exactly orthogonal; but we can now see that we were
only entitled to assume them approximately orthogonal.
Furthermore, from XXV, we see that the range of 'i' is
finite; and hence the ﬁyi} will not in general be complete
(since Hl may be infinite dimensional), although they are
still orthogonal. 1In Appendix 9,I show that these
modifications have the consequence that (instead of
E(Sl,t') = 1 lc-bll' f_["{)t] > we only have
W(s,,t') & Z‘ICLIL P [%)%] to order 34§ . From theorem
27, we see that if 3 g is small, this may still entitle
us to say that Al has one of the values{aii}in Sl at t' -

although we now only have P[A,i;S,t'] = lc;|* to order 6 5.

L
q)i

Since the { ;} are still orthogonal, we still have

W(s,,t) = b} le (> P D+’t] , and hence, since (by

T
theorem 31b) the %+’L} are linearly independent, there is
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(by theorem 23b and VII) probability ic:l™ of A, at t' having

2

value ai2 in S Nevertheless, the fact that P[Al,i;Sl,t']

5
is only approximately \CL{z is sufficient to prevent XXI from

applying; and hence the exact correlation between the values

of Al and A2

lz,-(cﬁﬂ )ai,:> : Sl + Sz,f] is no longer possible -

except in the rather formal fashion which I discussed above -

is lost. Furthermore, calculation of

P[A

because 5; + S, at t' is not in a mixture of states each
obeving conditions (c) and (d). Therefore, it seems as if
the desired correlation becomes (at best) approximate and
formal. Asg indicated earlier, it is not easy to assess just
how big a blow this emasculation of the correlation is.

One other important point does need clearing up

in connection with the Schrd&dinger cat paradox. Central

to that paradox was the i nference, via XX, from Sl + 82
at ' being in Zc,bqjty“”’t to Sl + 52 not having a
determine value for A2 at t'. This inference relied on
the intermediate step that Z CL&PALX \Pz‘; was not a

vector of A,. Now this intermediate step is obviously

justified if A, is an ordinary variable, since in that case,

all vectors of A, (for different values)are linearly indep-

endent (since they are orthogonal), and hence a



173.

linear combination of them cannot be a vector of A2. In the

case where A2 is an m-variable, however, (which is the case
2

we ought to consider) the linear independence of the {ﬁ-b}

(via theorem 31b) needs to be adduced in order to justify

the intermediate step.

PART 2. Evolution of m-Variables.

There is one crucial qguestion which must be resolved,
if I am to maintain the model for macroscopic variables
which I have suggested in the preceding part. "~ That guestion
is why there are no interference effects observed between
macroscopically distinct states. One answer would be that
superpositions of macroscopically distinct states only occur
in joint systems, where the macroscopic variable is not
primitive (cf. the Schrddinger cat paradox). If that were
so, then interferences effects between macroscopically
distinct states would not be observed - at least at the
macro-level. But this restrcition seems just too ad-hoc.
Furthermore, I shall now show this restriction to be
inconsistent with guantum dynamics (via a certain lemma).

Let S at t be in the pure state \PL in the cluster

Ci. - where Cﬁlis the cluster of vectors corresponding

to the value @; of some macro variable A. It is a fact

that, even in isolated systems the values taken by some
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macro-variables do, on occasions, change*. Therefore, for
some S, A, and t', S will be isolated from t to t' and will

be in the pure state “&: at t', where kPU is in the

cluster C’U and i # i' . We can assume that the state-

vector of S is not in any of thesfh}, other than (:; or C-,
(V)

during [t,t'] with no loss of generality**; because, if S

s

at t'' were in (:L"’ where i'' # 1 or 1i' and t <€ t"'< t',
then we could change t' to t'' and consider the new interval
[t,t''] instead.

Now, since S is isolated between t and t', it follows

that for any t t, in the interVal [t,t'], we have that

17 -2
is in the pure state kP(b:L) yand qj(tl): u_’(tl)(-_i)q}(tl);

S at tl

and in particular L\) U = \._l_, (t',l—;) 4) % L_)_L(tz;ﬂ) is the
Schrddinger propagater from t; to t,; and the set of

jlttz,t for constant tl’ forms a one-parameter continuous

l)l
. H ¥ ¥ !
group of unitary transformations, so that, for any LP cn—kk

in H if t;_ —> t, , then <q))k'&(€uti)qﬂ> _><‘4’)L&(tz)b‘1,‘?>

*This fact, like any other "fact", could be denied [77];

but it seems rather drastic to do so.

**The state-vector of S may of course be jin a linear-

superposition of vectors from various Ci} during[ﬁ,tﬂ,
without being in one of the {C.} .

***T shall not be discussing the axioms of guantum
dynamics. An excellent attempt at doing just this,
starting from very elementary principles, is to be
found in Eckstein [23]. Details of one-parameter
groups are given in [83].
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I can now prove the following:

Lemma. If for any two members W(ti) )q}(‘:) of the continuous
: L 2

sequence of vectors t we have that

\P(t,_) = b—(-l(tz)ti) q}(ti) ; and if (P(tl) is in

CL“' and (tl)is in Cu‘ , then =M
if ltl = t2| is sufficiently small.
‘2
Proof. There is a set {_ i ,which is a complete ortho-

normal set of wvectors of the variable A which

correspondg to the m-variable A (to which the

{C i.} belong) . Let %ti) be 1n C('.“‘ and L(J(t)‘)
be in C‘U' ,i'' £ i'''. By theorem 29, if
LW ! B _ 2 'r
\{J(tgz: icb k‘) B a L[)(tc) .Z Cb kY L
then

~er P> -8 and \Ciu.ll< o

L.“

)
Also, since ex hypothesi qK(tl) = L.’L“(tz)t 1) %(t

and since the Lk is linear,
t‘).)ti)

2 !
ZCL-—(e,)ti)k\) = ZCL(PL

i
Taking scalar product of both sides with q/'w
4 [ |
gives _Z.C¢<LVL||/@(C ti)kv;>*
Therefore, taking modulus squared of both 31des
2 L
\ZC <q)u)&é&tqj>l lc'('u(
Hence, from Schwartz's 1nequalltv,
(ii) | 2~ 2 |2
Z‘ 1<quu),___(t ti)w >‘ > lc'wl
But, as t
<L|J.L” )LPL>= 8LL" since the group of transforma-
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tions is continuous, and K_Ag_(tl)to = I ).
Therefore the left hand side of (ii) tends to
\C,%.‘z as t; ——%>t2. Hence from (i),
we see that, as t; ——%>t2, the inequality (ii) is
not possible. Hence, the supposition i'' #¥ i''’,

as t ——%>t2, is not possible, as required.

1

Now introduce the function i(t''), which takes the
value 1 in S at t'' if and only if S at t has a state-
vector in (:L . Ex hypothesi i(t'') takes the value i or
i' for t'' in [t,t'].If and only if S at t'' has a state-
vector which is none of the {C@} , then i(t'') is
undefined. I shall now show, using the preceding lemma

that i(t'') must be undefined at some t'' in [t,t'].

Proof. Suppose that i(t'') is defined for all t'' in
[t,t']. Then the preceding lemma entails that
i(t'') is a continuous function of t'' on the
domain [t,t']. Hence, from the fundamental
property of continuous functions (see § 101
of [39]), and since i(t) = 1 and i(t') = 4i',
we see that i(t'') must take any value between i
and i' as t'' takes various wvalues in [t,t'].
This is impossible, however, since i(t''), ex

hypothesi, only has values i or i', where i # i'.
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Therefore, i(t'') must be undefined for at least

one t'' in [t,t'].

From the preceding proof it immediately follows that the
state-vector of S is not in one of the {(:{}, at some t''
in [t,t']. But the set {CQ} is complete in H (since it
includes the complete set of eigenvectors of the variable A
corresponding to the m-variable A); and therefore, at some

' in  [t,t'], &y

(£ 1) is a non-trivial linear combina-

tion of vectors from various '%:J} and is not in one of
the {C &( ,*

This completes my proof that to restrict the
occurrence of superpositions of macroscopically distinct
states to joint systems, is inconsistent with guantum
dynamics. It follows that some other way must be found
to explain the failure to observe interference effects
between macroscopically distinct states.

The way which I shall suggest now, is a variant
of the "phase wash-out theories", for which I gave
references in Chapter 5. The germ for what follows can
be found in [55], although, as mentioned earlier, I now
disagree with the context in which the proof in [55] is

embedded.

*The conjunction in the latter conclusion is not redunant,

because a non-trivial linear combination of vecfo*s from
various {Cmay be in one of the {C&— since the C$ are

not closed linear manifolds, bul are hjpwsﬁWr{s(wx partd)



178.

My first-point is that macro-variablés change
their values slowly; i.e., there is, by and large, stability
of their values over macroscopic time-intervals. This in
turn suggests an approximate correlation between the various
B:J, for an m-variable A of the isolated system S, and the
"energy shells' (eigenspaces of the Hamiltonian H) of s.
The correlation must not of course be an exact one - other-
wise we contradict the fact mentioned earlier, that macro-
variables do change their values in isolated systems.

(I am of course assuming econsérvation of enerqgy for
isolated systems.) This approximate - correlation may
be expressed as follows. Let qﬁh@ be the eigenvector
of H for energy value Em(s , where EmP=Em for all
m)F . Then, if Y is in CL and

Y- 2L Cing me(:\
we have that

L2 lcmpl*< § for EL>E B E+AE,
where & is small, and all the intervals (Ei,Ei + A;Ei]
are disjoint.

My second point is that at the macro-level, we do
not determine P[i,ié§+t], but only determine the time-
+

average quantity _|l__ [ 1P|:ﬁ)t: s S)t']dkf,where T1+TO=T> 0,
and T is the error gég%pted in locating times at the

macro-level. (When I talk of determining P[A,i;S,t'],
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it is to be understood as talk about determining P[A,i;S,t']
- within an approximation - see part 1 of this section.)
Furthermore, I shall assume that | AE 2 L/s , where
A E is the minimum energy difference between the energy
shells correlated with the {S:i& I use units of K = 1.

It is tempting to try to justify the latter assump-
tions by referring to the Heisenberg relation <AEAE Z i);
but Allcock, in a penetrating and thorough series of articles,
has warned against doing this lightly [3]. According to
Allcock, we need to examine the details of the measuring
apparatus used, before interpreting ' At' in the above
relation as the indeterminacy in the time variable. I
therefore leave this assumption as unjustified; but one
which will, I hope, be vindicated by a complete theory of
macroscopic phenomena.

Now, suppose that

H(S,t) = L py Hﬂd><“|’%(

where,

(1ii) - kK,A= 2t W, ana ¥, isin Cg

| also f““fP"se that S is isolatedyond for simplicity,

I assume that, for each i, any vector in CL is

approximately orthogonal to the same q’l(i.e.

A is non-degenerate). Since qjl is in (;L'

it follows, from the first point raised above,
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that, for any i, if

(v - Y= 2L ¢t Y.,

g MP &

then

(v) ,Zni@ \CL@,\Z <8 for E{>E S E+AE,
Also, from theorems 22 and 10,
PIA,i;S,t] = oy lc?l?

¢ T T
- One way for there to be no interference effects
between thevvarious ggd}r would be for the density
operator of S at to to be
(vi) -w = LL py 1t * el ]
I shall now show that time-averaging W(S,t) does, in
fact, smooth out the interference terms; so that,
after a macroscopic time-averaging, W(S,t) v W
to order 3 § . This is sufficient to show that
interference effects do not appear at the macro-
level, because of the second point I raised
above; viz. that only time-averaged probabilities

are significant at the macro-level.

From the rules of guantum dynamics, the time-averaged

density operator for S at t, is
Yy op et

pe A ;
W(s,e) = L tf_T W(S,t) otk

ExT,y
+ 5 " -] W)t (-]
kT,
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where H is the time-independent Hamiltonian for the
isolated system S.
Hence, C+T
W(s, 6y =1 JT fexp-itt-o) 7{ Py Z g W';><“|’H c? [
’ exp tLH(t'-—t)] !
n t+Ti
T ) e azf LT Sy W
<qjm‘(v h\(&' 'C_, [exp oH (t' (:)] L'
: 1
B Zis o 2 Po® ctel e :“‘f*f‘“'
[exp- & £ M08, <E,, Wk
- Zfé— L L py C'Lacuc E (qfnexqfnﬁi

LI mp m ;l

E’x? LT cem—Em.XT.-Te][sm-.z____.“im'Emm

1
T

I now evaluate T} R\ N\ , where R is got from
the above expansion of W(s,t) by putting i # i'. This will

give the degree to which W(s,t) approximates W (see (vi)),

after time-averaging; and it is this guantity which we

require to be small.

Now
TrR¥R=2 7 < |
2 7 g B> < R,
Z(s ZW\ZZ Py C C.té ;@Em,@,[exp—g'u
E, #E.

EnEo)(TT ) 4 (EE) T |*
LEE,NT

Informally, one can see that this expression will




181.

be small, because, from (iii), the only non-negliible terms

will be those for which E. > Em > Ei + £;Ei and

Ei' > Em‘ > Ei‘ 4+ A Ei' But, for anv term for which the
latter inequalities hold, lEm - Em,\f> A E, since
i # i'. Therefore \{(Em - Em)T| > /% (since we

decided above that T A E > /% ); and the required result
follows. I prove this formally in Appendix 7.

Another problem which the m-variable model for macro-
variables has to face is the following. It is a fact that if
a macro-variable starts out with certain value in S at t,
then its value does not spread (although it may change)
at later times in $S. To capture this fact in the m-variable
model, the Hamiltonians for macro-systems will have to be
s¢ constructed that if S at t has a small spread in the
values of A (necessary for it to be in one of the {CCS ),
then that spread will reamin small. Van Kampen discusses
this requirement in [51] and [52]. This restriction does
not, however, guarantee that S will always be in one of the

{CL} . Indeed it is clear from theorem 32 that S must
be in none of the {C¢}, at some time, if it is to change

to some other {CL} *. This discrepancy between m-variables
and. Macroscopic

*An exception to this is of course if A is a "continuous
variable", because theorem 32 relies on the discreteness
of the {C¢}. I have discussed "continuous variables"
earlier - see Chapter 4, part 1.
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variables can, however, be explained by realising that,

at the macro-level, the accepted errors are so large that
they mask the transitions between the discrete'{CL} .
(This is also the reason why classical theory gives
satisfactory answers at the macro-level, despite containing
the false assumption that the macro-variables have continu-
ous ranges of values.)

Before moving on to consider the measurement process,
it is appropriate to compare what the realist and
indeterminacy interpretations say about the classical
concept of macro-variables. According to the realist, the
classical dictum that macro-variables have objectively
inherent values, is correct. According to the indeterminacy
proponent, however, this dictum is only appropriate where
the system concerned is in a mixed state. (Bohr of course,
would deny even this.) On the indeterminacy interpretation,
one can only talk generally, about the measured values of
variables. This indicates that the conceptual gap between
gquantum theory and classical theory is even wider on the
indeterminacy interpretation than on the realist inter-

pretation.
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CHAPTER 8. MEASUREMENT .

The first obvious comment to make is that the
role of measurements in quantum theory depends on the
interpretation one adopts. First I shall consider the
indeterminacy interpretation.

The crucial difference of the indeterminacy inter-
pretation from the realist interpretation, is that, on the
indeterminacy interpretation, the term 'measurement' is
included in the axioms (viz. XXI). The guestion immediately
arises how we are to interpret the term 'measurement'. One
way is to have the term as a pre-theoretical primitive,
which gets its meaning from contexts outside of quantum
theory. The trouble with this alternative is that it puts
description of the measurement process outside of the scope
of quantum theory. This is undesirable because guantum
theory (in its dynamical aspects) is supposed to be a
universal theory about-all processes*.

It seems therefore that the indeterminatist is
obliged to present, within the context of quantum theory,

a definition of 'measurement' as it appears in XXI. With

*Tn all fairness, I must admit that there are authors who
seem to deny this - e.g., Heisenberg on page 58 of
[41].
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regards this definition, there is one important preliminary
point. Obviously 'measurement' in XXI is used in a highly
specialised sense, and does not apply to all processes
which we would agree to call 'measurements'. (This obviously
follows from the facts that XXI stipulates a unique
measured value for some gquantity, and that two measurements
of the same quantity may give different measured values -
e.g. if one is inaccurate. Bunge makes this point in [16]).
To indicate that I am using a specialised sense of 'measure-
ment', I shall use the term 'measurementi' from now on.

The actual definition of measurementi which I shall

adopt is:

Definitiondb There is a measurementi of Al in Sl at t

(by the measuring apparatus Sz) if and only if

(iii) and (xiii) hold.

Wwhat the conditions (iii) and (xiii) are, will be discussed
later - suffice for now to say that they place various
dynamical and other restrictions on the interaction between

5., and the measuring apparatus S,.

1
1f definition 16 is to be incorporated into the axiom
scheme of gquantum theory, then of course it (and any

related definitions) must be consistent with the other axioms.

Furthermore, the conditions (iii) and- kii) must
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not violdte any quantum theoretical - dynamical Lows

, or else measurementsi will be (nomologically) imposs-
ible*. 1In particular, the definition 17, to be introduced
later, whose role is to tell us what is the probability
of measuringi Ay to have its ith value in Sl at t
(independently of XXI) must be demonstrably consistent with
XXI. Later, in meta-theorem 2, I show this to be the case.

Definitions 16,17 and meta-theorem 2 together,

make up the traditional "measurement theory". As such, the
term 'measurement theory' is a misnomer. Firstly, the
term 'measurement' should be replaced by 'measurementi';
and secondly, definitions 16, 17 and meta-theorem 2 in
no way make up a theory in their own right -there are no
new testable consequences arising from "measurement theory"
which are not already in quantum theory**. In particular,
XXI cannot be considered a new consequence of "measure-
ment theory", even though it is provable that measure-
mentsi give results in accordance with XXI (via meta-
theorem 2). This is because, in the proof of meta-theorem

2, recourse is made to quantum theory, as so far presented

*Ag mentioned in Chapter 5, this condition may be quite
difficult to fulfill.
**0On this point I agree with Bunge [16].



187.

- which include XXI. Thus "measurement theory" only brings
forth XXI,(if a theory which includes XXI is assumed in the
first place. (Actually XXI is not directly involved in the
proof; but only in the interpretation of terms in the proof.)

What I have just said, however, in no way is
intended toc down-grade the importance of measurement theory.
Even though measurement theory is not a theory proper, it is
crucial in supplying an interpretation of the term 'measure-
ment'. If it turned out that a measurement theory was not
formulatable (i.e. if there were no measurements which could
be designed to fit XXI) then this would have drastic
consequences for the indeterminacy interpretation (i.e. it
would have to be admitted that the measurement process was
outside the scope of guantum theory - see earlier).

Before discussing the realist attitude to measure-
ment theory, there is one remark I would like to make.
Having set up definitionsl6é and 17,and showed their

consistency with XXI, the following possibility arises.
Why not take XXI as a definition of 'measurementi'; and then
replace definition 16 by a theorem (viz. meta-theorem 2) to
the effect that those measurements (which were previously
defined as measurementsi) are in fact measurementsi?
A similar possibility of shuffling around the labels 'axiom',

'definition' and 'theorem' arises of course, with most
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scientific theories. (E.g. consider the o0ld saw of whether
Newton's laws are definitions or matters of fact.) I can
see no reason why in fact this should not be done - although
as a matter of fact, if XXI is going to be taken as a
definition,it seems more natural to take it as a definition
of 'P[A,i: q/ ]'. In my view, the label 'definition' is
only an indication that the statement to which it is
attached, is (for historical reasons, or perhaps reasons

of convenience) taken as "central" (in the Quinean

metaphor [80]).

On the realist interpretation, the situation changes
radically, because 'measurement' occurs nowhere in the
axioms. Therefore if we introduce definitions l6and 17, it is
purely for notational convenience in referring to a special
class of measurements. In particular, we do not have to
make any sort of consistency check before introducing the
definitions. Moreover, since measurementsi are usually
rather artificial (but cf. comment after XVII in Chapter 4),
the realist will not see much point in introducing this
definition. Rather what interests him is whether particular
physically significant measurements are "ideal", i.e.
whether,

(i) The probability of measuring A in S at t to have

its ith wvalue is P[A,i;S,t].

(i) is called 'the Born interpretation', and conformity
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with (i) is a suitable criterion for idealness in a measure-
ment, on the realist interpretation, because (i) asserts
identity between the measured and actual probabilities.
Meta-theorem 2 (which is provable on the realist
interpretation too) obviously implies that measurementsi
are ideal, but, as mentioned, measurementsi are usually too
unrealistic to provide any interest for the realist. While
on this point, I note that it is only the realist who is
entitled to call measurementsi 'ideal'. The indeterminatist
cannot appeal to (i) as a criterion for separating off
ideal measurements, because, for the indeterminatist, (i)
does not assert the identity of actual with measured
probabilities.
I shall now investigate,from the realist point of
view,whether or not the members of a certain broad class
of measurements - which encompasses just about all the
measurements for quantum theoretical phenomena - are ideal.
The class of measurements I have in mind are those for
which, there is a measurement of A,y in S, at t (by the

measuring apparatus Sz) if and only if

(ii) - There is an interaction between S, and S, during

2

some [t,t'], for which, if Sl at t were in the

1 -
pure state qjid/, then an m-variable A2 of 82
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would have value ai2 at t' for each 1i. {Lpgjare

the vectors of Ay (degeneracy index 'd'); and iz

having the value ai2 correspond to S2 registering

the value a.i of A, .,
i : 1

As it stands, (ii) will not do as a description to take a
place in a scientific theory, because of its subjunctive

mood. It can, however, be reparsed to:

(iii) There is an interaction between Sland some 82
during some [t,t'], for which, if U is the
Schradinger propagater for Sl + Sz, from t to t'
then

z 12
(a) o q’)botxqjoc = 2t ol

for every x, i, d, where

1
(b) '{qjt¢j are vectors of A,

(c) W(S,,t) = ;gF% P[LPDJ > Px> 0, iF; -

12 12
(4) . is in the cluster C,- of vectors
xe v

belonging to some m-variable 52 of S,
(e) If KZ has the value ai2 then 82 registers the
value a.l for A..
i 1

In addition we have

Definition. The probability of measuring A to have the

value a; in 8 at t, is the probability of the
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measuring apparatus registering the value a; at the
end of measurement.

Translated across into a form suitable for inclusion into

guantum theory, the above definition becomes -

Definition 17. Under condition (iii), the probability of

measuring A, to have value ai1 in 8, at t, is
the probability of A, having the value al2 in

!
Sl+82att'

Note that if (iii) is included as a condition in the axioms
of guantum theory, then 'registers value aiz‘ must be taken
as a primitive - defined in a context outside of quantum
theory.

Are the measurements described in (iii) ideal?

To see this, I shall need the following preliminary theorem.

1
Theorem 34. If W(S,,t) = ZP‘O f_ [LP%] and W(S,,t)

= 2 P:‘LELKP;E] , where {q}“-d} and {‘P;}'

are complete and orthonormal in Hy and H, respect-

ively, and P*>OJ F%>/O) iPx=1)§.P\d=']_
= 1 1 1

then V_V(Sl + Szpt) 7_ Cmi‘kdg“l ‘kv kd>@ ‘lxNJx>

oC 2! gt <LP2'\
Xt
,where ji C o , = , d P
he £ Sxxyy Py 2y @ %Cnm

Pac $ o
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Proof. Since %Vt}and SLLP:J alre complete in H, and H,
respectively, &_U( t’x"})x} is complete in Hl X H2;
and hence,
1
V_V(Sl + Szlt) = 1‘ Ciil\dvl \d‘)tx‘q),d:\x\q)lxkl)l"
But, from theorem 25,
2 R
T—N—(sl’t) = Shiap Vl(sl i SZ't) - E.. <LP9QII )W(S|+Sz)t>Llel>
- L 1 2 2 2 42
:LZ x-l‘tdkalc'mlkdkd‘ \L'V QDQK‘/ &1“<LP1“ H)qu}ilgkx"
= 1 1
Therefore, if we are given,
1
W(S.,t) = N
me ) = Y py 1O
4 1 L 1
e get -
Hence, taking <34)t t,t) of both sides,
Po Sy = & Coocyy:
Similarly, by considering ﬂ(sz,t),
pé-cl g = %C:’dadgud
as required.
Theorem 35. Measuremehts described by (iii) are only
approximately ideal.
Proof. Consider the most general case of a measurement of
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Aq in 82 at t, by the apparatus 82 as in (iii).

I.e., we have

W(S 1 ‘)“6 [L\)il , and V_V(Sz,t) =1P3LE[W:]
where { } and {%"} are complete and orthonormal.

Hencey, from thédrem 34,

08y 50080 = T € IYCHE 192 5|

- XXy
with

From the rules of quantum dynamics, it follows that

0 =0y 950 = T C oy U DAY LS U
TAMIS

I now let

(vi) - ‘P Z WLWM
which is p0551b19 51nce the {FVM;}lq complete.

Theorem 23b and definition 2 imply that

(vii) P[A,,i; 8,t] = % Py fc?odl

Now for the measurement to be ideal, (i) must be satis-

fiedfi,e, from definition 17 and XXI', we must have

*In order to give (viii) more than just a formal significance
(see part 1 of Chapter 7), it is necessary that S, at t' be
in a mixture of states from the various C, %act it
will be seen later that such a state of a fairs can be
guaranteed by a fairly simple restriction on the measure-

ment process (viz. (xiii)).
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P[Ziz,i; Sl + S t'] = P[Al,i; S,t]. Therefore, I shall

2’
evaluate P[iz,i;sl + S,,t']; but to do this I shall have to
use the method discussed in part 1 of Chapter 7, viz. via

the relation (see definitions (2a) and (2b):

(viii) PIA,,i; S§; + S,,t'] ¢ PIA,,i; §; + 8,,t'] to order 2§.
Now, as part of (iii), it is given that
3

12 LPCL
CL contains id? for all x, d, where, from (111) (a)

12 (P
and the unitarity of U, it follows that < =i 'oL'

2l 5
= %:);ac'gdb' %J.oU . Hence, A, must have a set of ortho-
1 ei 2 {qjiz/ 'S N 12 / 12
o v "
normal eigenvectors xid o) ¢ where xidf 7 ~xoob

(to order & ), and {‘"dedog}d is an orthonormal set in H.tz

spanning the eigenspace of.’-A2 corresponding to eigenvalue
2

a; ( ¢ =1,2, .....). Hence, from theorem 33,
(ix) - P[A,,i; S{ + S, \N S, +S ’ 127/
2 1 ELO‘—TY' (,11’ z)t)E{ xt.d-,o(.]
But, substituting (vi) into (v) gives
ny - 4 d .
W(Sl * B2t ! 'J:L;J ) s ¢Q' — W, Ut ‘q)i,"d"> XN)$>
!
*
ldl |x<q) \ 'd‘ u)
Hence, from (iii) (a),
(x) - V_V_(Sl + S,t") =1“le ! “a"d b'oU Q NPT NJ T ||dll>< 'bloU

Ut v
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Therefore, from (ix) and (x),

(xi) - P[A,,i; S, + S,,t'] 7 C =% =y
2 1 Ut .
2 :t“x"%ﬂ x ! ‘I"La’(a QL’d.' C.L"CLH
A U

12/ 12/
u.goL k\)ot," L o(,“> <kvx' ol LPaulo(x>
In Appendix 8, I show that (xi) combined with

127
®

12
the fact that &Pxéotv; iaqto order > implies

s . ' =4 Y
PlAy,i5 8] + S,,t'1 R L cl ety ZQ

ol g xxgy’

to order 3§

From (iv), therefore,

P[A ’i; S + r '] A z —C%' "kd. ’ ddQ}r
2 1t 5 Ty Cly f\ag‘d% Jfo r%S

o 7 9 1% der 33
}% |C &\ P\d' to order
Hence, from (viii),
- 2
P[Az,i; S, + Sz,t'] w Z ‘C?(L\ f*d to order 9§ 3

and therefore, from (vii),

P[iz,i; 8, + 2,t ] «~ P[a, 1i; S,t] to order §§ .

This result indicates that, on the realist inter-
pretation, measurementsi are only approximately

ideal.
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I now return to the indeterminacy interpretation, and
investigate whether there is a class of measurements whose
members are measurementsi - and, in particular, whether meta-
theorem 2 is provable for that class. Actually, we already
know that measurementsi do exist, viz. non Neumann's measure-
ments, which he describes on page 441 [91]. What I shall
now do, however, is show that a much broader class of
measurementi exists. In making this class as broad as we can
there are two advantages; viz. we make the realist happier,
because our class of'measurementsi becomes less artificial,
and second we achieve a greater generality in our axioms.

What I suggest is to define measurementsi by definition 16,

where the cendition (xiii) is:

LPZ
(xiii) - There exists a set { L@} for which

12 AL xc
(a) Try q)xc.ob><qj o(,[ Z P y q{p>< (5‘ GL

, for any x,i,d, .

(b) W(S,,t') = % Pis lW-j&(‘Vsﬁl for some {pio]

where > O , and depends on Sz,c‘_

Pip
{‘P:@} is in Ci , for each i, f3 .

T
(a) <WL(}/ Wig > = 8(4@’

Parts (b) and (c) of (xiii) are obviously necessary

(if we adopt the indeterminacy interpretation) in order to
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2
force S, at t' to register one of the {CL;}— which is in

2
turn necessary if one is to satisfy Ludwig's dictum (page 143
of [64]):

Es wird makroskopisch. nur das beobachtet, was

schon als solches feststehet¥*,

(xiii) (a) is desirable, because it does seem part
of our concept of an ideal measurement, that the apparatus
always responds in one of the ways in which it would respond
if the measured variable had one of its values with unit
probability. It is, however, possible that this previous
condition could be weakened without destroying the result I
shall try to prove. The orthogonality condition (xiii) (d)

only has the pragmatic justification that I cannot get the

result I want without it.

I now introduce an intermediary theorem.

Theorem 35. s 2 'I'rl W '11 >Cq}47—l -'-z FP\W;><W;‘
where P(ﬂ > O for any Qg and HJ(S}

are linearly independent, then q)ﬂ= ZZ kl’tx"kz

;

|
for some complete orthonormal set %¥C‘} where

Z Cup Cup = PpOpp

Cx

P

*We observe at the macroscopic level, only that which already
objectively exists.



19¢€.

Proof. Any linearly independent set can be made complete,
by adding an orthonormal set of vectors to it -
each added vector being orthogonal to each of the

original set. Hence there exists a complete set

{LV@!} in H2, where W q and

<q/@‘ yio LP > = 8755' -for 6“#‘4 and

¥ # 1, and <“VM,W > 0, for all ¥’ &, if E41.
{'kPi}ls a complete orthonormal set in Hyv

we can then write

AL SRS S

Hence,

ry (WEOCYH =TI P9ty

P M upy Yeotp' s

But, we are given that

NI
"4 | iﬁ FPWP(q)@/

Hence,
(575(6 5 ‘LP(,};><(P{) Iy (% CM(EKE o<(5'6’ —"O(&st(yg&ﬂsﬁ’i)

Hence, since {wﬁx}are linearly independent,

it follows, from appendix 3, that

L Cupe T

oL@l Y P{5 (b(&'%K'l%a"’L

Letting Y X' and {3 /5 , gives

2



and therefore,
)

Hence, setting C“*Gi = we get the required

C,o((L
LP’L:L = 7 “Pixq); C

Substituting this back into;
ey [P ESCP - T P 9y Pt Ly
we get:

wry |PA2SCP Y = Z@,(i c

where, ex hypothesi,

© 2> Yt = zr@rcp;xw;
Therefore,
T WYL I( T cn T Ppoap) = O

result

s

e Cap) 1 <P |

]

Hence, from the linear 1ndependence of the {}P@}and
appendix 3,
L e
o A

as required.

o= Pp Spp

Meta-theorem 2. The probability of measuringi Ay in Sl

at t to have the value ali, when calculated from the
probability of A, having the value ai2 in s, at t!
and definition 17 (but not using XXI) has the same
value as it has in the case that it is calculated

via XXI and definition 2%,

*The following derivation is a modification of my derivation
in [56].
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Comment. For generality I am considering the case where Al
is degenerate, even though, when I originally
mentioned meta-theorem 2, I only mentioned the
non-degenerate case (where it was possible to

measure each value aii).

Proof. I shall consider the most general states for Sl

and 82 at t, as in the preceding proof. I.e. we

have ﬂ(Sl, 7‘?% P DV ‘] VJ(S1)E)
“Tps PIVTD 808y + 5,000 = T cogy IPESCHELMIYS|
and (iv), (vi) and (x) holding. Now from (x), and
theorem 25, we have
. L ' - ! 12 12
(xiv) - W(S,,t') = i C'L’U‘d“d' Q?OL C,LSOU Tr kP 0L>< \-V “oU\

'xxAd%
U L d

1
But from (xiii) (d) we see that {EVL@}L are linearly
independent and hence, from 35 and (xiii) (a),
2 xed 2 1
Lvﬂ‘ 2 < Yoox W
(xv) - . = (501 o(’s
aed (’:o( 1
for some complete orthonormal set %}Vu.}( which

may depend on x,i,d). Hence,

\qjil ><LV 12 ( z <qj1 LP12A><W 117;0(" qj1.>

= 2 3U~°L ——x‘ud, sz
ep P > <ipl

Substituting into (xiv) then gives
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v = — i .OL ! <) [
T80t ) xE%%l C&I“dko‘ c‘\?cft ¢ :?,s‘oU C/x(:d‘ Cl(ao(‘o(dlkk?>
Lok Ll
e LY 3(3’\
C

But, from (xii) (b)

W(S,,t') = LZG Pie WL(S><“V ;(J

Hence
T WO |(pi, S Spp’ - Conren O T
b@c@ » o@k(PB v Tepe ;;m% X'y v CUit
ik — xii'd' C o
C o C o = Q *pp

!t
Hence,(;incepthe {9’ }are llnearly independent
(see (xiii) (¢), (xiii) (d), and theorem 31(b»
it follows from appendix 3,that

(xvi) - PL(’ SLUBP@” = IZ)’%%Cxxl‘dkd z ‘d‘—"" ) 'L £ 7 CILcL-- 't:i

But from (iii) (a) and the unitarity of U, it
follows that
<q),,“;d_, (qucu\> = %ﬁugd,,u
Also, from (xiii) (d) and (xv),
<¥iiasYarca> = ;[_ C’;f—x'”‘OV(MWPP
RS A
X — XL
goc T © r»cd

ook P = gai’gdw

Putting i = 1i"', (1= (5', summing over all ﬁ, of

both sides of (xvi), and substituting (xvii) into
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(xvi)’gives

Z pie =x3w Cu‘w'zou Cpid T s Sl

=T 8 T, T
: C . C
Using (iv) givey % ed'

xviii) - R gl
(xviii ‘Z(;Fta(b Za P%zlc?i\

The crucial point now is to recognize that (xiii) (b)

:I.xtdgd’

allows an exact evaluation of the probability that Kz has
the value aiz, viz. 7; Pde . The reason for this is as
follows. From (xiii) (d) and (xiii) (¢) and 31b, the

1
{qjégg are linearly independent; and hence, from 23b,

2
{_P;@,\P;&]- is associated with 5, at t'. Hence, there is

]2
probability Pd@ of 82 at t' being in 4 éP out of the
set {}VE&} (from III); and hence the total probability
of 82 at t' having a state-vector in C.2 is ?E P. .
1 F bﬁ

Hence from XXIII and VII

(xix) The probability of S, at t' having value ai2 (out of

2
the set {‘OL?L}> for 52 is Z(g Fb(&

But, from XXI,(vii) and definition 2, we also have

i

(xx) The probability of measuring Al to have value a; in

S

. 9y g2
L at t is Zde‘aZ,,(,‘cidvl )

Hence, from (xix), (xviii) and (xx), meta-theorem

2 is proved.




This theorem shows that the indeterminacy interpretation
of quantum theory is consistent - when supplemented by the
definitions 16 and 17 - see earlier.

There is one important point which I have not mentioned
hitherto. The condition that any m~-variable (such as the Kl
in (iii)) has a finite number of clusters (i.e. axiom XXIV)
implies that the only variables which are measurable are those
with a finite number of different values (see (iiiD. This
seems an unbearable restriction; however, by a slight
adjustment of our concept of : measurements; this
restriction can be removed satisfactorily.

All one need do is change (iii) (d) to:

1n 12
(iii(d"'") %) . is in the cluster C. of vectors
sl A v
belonging to some m-variable 52 of 5,, for all
i, = i1 or i2 ... OF iN , N <ol , and all other
L- are in the cluster C12
x‘-da (I - (ilizo-- iN)’

for some finite i iy e lN.

Thus, if Hy is infinite dimensional, then, for a given x,d,

2
there will be infinitely many vectors (Vxéd,in

12 2
© (T - (i5,i... ig ) - viz. all those T,y for i # i, and

L:ﬂ:ﬁz s and i‘.'.‘-'#iN N < od .

By adopting (xiii) (d'), one gives up the idea of

a single measurementi distinguishing between all the values
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of Al (unless Hl is finite); and considers a measuremen%_of
Aq to only distinguish values on a finite segment of the
spectrum of Al from all other values., If the spectrum of Al

has infinitely many values, then it will take an infinite
number of different measurements of Ay (with different
apparatuses), to distinguish them all. Granted this adjustment,
how then does one evaluate all the P[Al,z.;s,t] if EZ C‘QcLLY%oL

is the state of Sl at t, where Cid # 0 for infinitely many
T

values of 'i
What one does is firstly to construct a measuring
apparatus for Aq which distinguishes the values

a1s85s <o 43y of Al’ from all other values of Al,

This is possible, since no restriction was placed on the

range of the degeneracy index 'd' of the values of Al.

I.e. the apparatus will be distinguishing the linear subspaces

V(l),V )’V(I—(l,2 L)) where V(i) is the

(2)-...’ V(N
eigenspace of Ay for value ail, i=1,2... , N; and

V(I - (1,2, ... N)) is the orthocomplement of the union of

all the V(l),v(2) :EE V(N) in Hl’ From this first measuring.
apparatus, one can determine P[Al,i; Sl’t] for i = 1, ...,N.
One then constructs a different apparatus for N other values
of Al)etc. We can of course, never exhaust all values of

A, (because we are capable of only a finite number: of

il

operations); but this restriction applies equally well
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under the old idea of a single measuring apparatus of all
values (i.e. we couldn't make an infinite number of readings,
even if the apparatus could deliver them).

This completes my discussion of measuring theory,
except for two appendices 4 and 5, where I discuss an
alternative axiom system for quantum theory, also based on

measurement theory, as well as an alternative to (xiii).
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CHAPTER 9. THE MASTER EQUATION.

PART 1 - Introduction.

In this section I shall study the "Master equation"
for a system. There are two reasons for doing this, in the
rresent context.

First, the Master equation - via its approximation
the "Pauli equation" - governs the approach of a system to
thermodynamic equilibrium. It was mentioned in Chapter 7,
however, that in a state of thermodynamic equilibrium (i.e.,
Maxwell Boltzmann distribution) the dispersion of the internal
energy of a.system is small. 1In that case, the possibility
arises of defining the system to have a definite internal
energy from the macroscopic point of view - and hence define
temperature, pressure, etc. in the usual way [85]. Therefore,
study of the Master equation is relevant in studying conditions
for the existence of definite macroscopic states.

The second reason arises in connection with the
guestion of the temporal reversibility of the measurement
process. An inspection of Chapter 8 will reveal that there
has been no reason given why "time-reversed measurements"”
should not occur. In fact, however, they do not occur - the
t' and t in (iii) of Chapter 8 always, in fact, satisfy

)
t' > t . Why is this so? Must we accept it just as a
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brute fact of nature, or is there some deeper reason for it?
My suggestion is that the relation (t' > +t? comes
about because the process taking place between t and t'
involves an approach to thermodynamic equilibrium, 'so that-
at t', the measuring apparatus is in a definite macroscopic
state - viz. the state where it registers some particular
value of the measured variable. To use Ludwig's terminoloa%
[63], the measurement process involves the establishment of
a "makroskopische Spur" in the measuring apparatus*.
The question then arises why all approaches to the thermodynamic
equilibrium "run parallel"; i.e. why don't some of the systems
in our spatio-temporal neighbourhood approach equilibrium
with decreasing times, and some of them do so with increasing
timel To use a perhaps dangerous metaphor - why do the
"arrows of time point in the same direction" in all systems
that we observe? I shall address myself to this question in
the part 4 of this section. To start with, however, I shall
establish the notation which I shall be using. It differs
from the notation used earlier for ease of comparison with

that used in one of the references [33].

Consider a system M whose state kets are the elements

*This is the line taken by Daneri, Lolinger, and Prosperi
in [lS],ako.
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of a separable Hilbert space H. The coarse-grained master
equation for M is

(1) .
Pl = ZA/ {C](A“')_\E}f) — G(a'n) P

I SEPN Cr (A9 T(o)
The terms in (1) are defined as follows:
Pt(ﬁgis the probability of measuring the state ket of M at
time t in a subspace A of H. A is assumed to be a closed
linear subspace, with finite dimension G (&) = Tr E(&),where
E (») 1is the projection operator onto A , and Tr is the
operation of taking the trace in H . The set {Eﬁ&ﬂiﬁ
assumed orthogonal and complete in H, so that we can assume
the existence of a complete orthonormal set of kets {Jwﬁ>}

in H for which

Eay= 2 im><m|

me a
i )
where J.  denotes summation over the subset of %nﬁ;}which
mes
spans /A . The operation Tr can then be defined by
Tr ﬂ = 2 <m| ﬂ|m> The Born statistical interpretation
m

asserts that

(2) Pp@ = Tr E ()W

where Y!&dis the density operator for M at time t, which

obeys the von Neumann equation,

= \/_.\)(t) = L[ We, \j]
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The G((AA’)J'_n (1) are simply scalar coefficients, which may be

time-dependent, and have the property that
2. G(asy =0
[AN

The derivation of (1) from (3) will be made via the
theory of tetrads[yﬂln order to establish notation, a brief
summary of tetrad theory will now be given. Consider the set
of linear operators A on H for which Tr A¥ A<od. These
operators are called Hilbert-Schmidt operators; and, by
4.10.32 of [&1x], are uniguely defined by the set of scalar
matrix elements )A\mm b (A] m (m ‘ _A_ ‘f\>
The set of A constitutes the elements of a Hilbert space

£ (Liouville space), with scalar product (A,B) = Tr A*B
and corresponding norm |[A| = Tr A*A. A tetrad &iis then
defined as being an operator<n1yawhich linearly maps
elements of Jeonto elements of b?_;.*Q

The tetrad norm“JAJ‘will be defined in the usual way
(page 74 of [70]) as the l.u.b. (least upper bound) of the
C for which (o4 all < ¢ || al| for any a €f. any bounded
linear J¢ is uniquely defined by the set of scalar matrix
elements “%mnm'n'=[.’4’]m‘nm'n’= <m|(J4' Im "> <h’.!> >

It is easily proved from the definitions that

[JA’ 0@] mnm'n' = z )d"mnrs O@Tsm'ﬂ'

rs

‘;)4 a] min = rzs ‘)4'”"\"5 ﬁ rs

*1 use script characters for tetrads.
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The tetrads to be used here are defined as follows:

HA = 2 EwA) Ew
o CJ{(A) - for any A Qi

i(t)/i\_: %(tt)f\ UJ((; t,) for any A e

where @Ag@3t®is the unitary propagator in M defined by

*
\i\_}(t) = (_/_l:(t)to) \]_\_I(CO) L.'_L—(tlto)

S/B\_ = E\ for any E\_
\Z ﬁ s [t{-) ﬁ] for ang P\

e X
ed
where H is the Hamiltonian for M. The condition fﬂ
required by the last definition does of course constitute a
restriction on H. This restriction is simply met however
by assuming H bounded, because the product of a Hilbert-Schmidt
operator with a bounded operator is a Hilbert-Schmidt operator.
(This is easily shown by choosing a representation for which
the bounded operator is diagonal.) The boundedness of H,
its assumed linearity and self-adjoint nature entail that the
energy spectrum for H has finite upper and lower cut-offs
(physically, not an unreasonable requirement). This in no
way prevents the energy spectrum from being continuous of
course, and, in fact, continuity of the energy spectrum will
be referred to later. From (3), we get Lé(t)to) :[exp -¢ t‘_(t-toﬂ

yin the case of time-dependent H (see page 154 of [48]).
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PART 2 - Derivation.

My derivation of (1) from (3) follows the moves made
in [33], except that I make use of a boundary condition corr-
esponding to a postulate of initial random phases. This
boundary condition has the advantage of not only allowing
a generalization of certain features of the derivation, but
also facilitates the physical interpretation. I will incor-
porate coarse-graining into the derivation.

The derivation depends on two lemmata, which I now
prove.

Lemma 1. For each t there exists a bounded tetrad \}[kt) such
that, for a given set of { P(E)} S

NeNe Z pey By = 2py B
where P(A>>O S 7 P(25)= 1, and

Ney= §+ O ({«:),Q))

where the form of .)(QJ may depend on the choice of {‘)(A)}

Obviously Lemma 1 holds if and only if, for all t,
Neo 2 P& Ex» +0 for the given {P(A}} ,
|
because in that case we can define .j(’&ﬂ by specifying
ey (N Ew») =1 E
NeoHNe Tporkw) = Tew) Ew
N -
The ) so defined, for a particular {()aﬁ}and a partic-
ular & , is not, of course, uniquely defined, since it is
simply one of the bounded and linear extensions of an

operator (gua tetrad) which transforms the given vector
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N L pea) Bes into Lpw B

Now let us examine just what the condition N(L’jzii‘r@;}g(;‘l}tﬁ
amounts to. Substituting from the definitions gives us that

it is equivalent to

7_’ LT Ewn b_bct)to')é prey e b_tf‘((t.,to)l

E(an =0
= G (ah)

% F(A) z z \[L_/_(__, (t)to)l m m'\l =0 i for all a’

MmeEA mlep

Since at least one P(A)# O, this is eguivalent to [L_L_,(t)t,_,)]m,;-;"o
for all y,', and for all m such that > € A. This
obviously contradicts the unitarity of b_(_,(t)to) whi¢h requires
that

?ﬁ' \M(c)to)}mm:‘l = f]_ , For ang m
Thus we see that Lemma 1 is proved in so far as we have shown

that J‘(’(&) i P(A) _E(A) = O leads to contradiction for any

fpef -+,

A - i c . .
*Note that if J\((t:) exists then it is a possible solution for
é;) , which is moreover independent of the choice of '[F(A) .
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mre
. 1
where KQ& = - g (6 %&) )
Now from the definition above,

kQJ momm! = E‘% I;Wb(m’]] mm—'[@elﬂmm for some ﬂ

" i < T € A) - TH Bt T (ZEH]

Therefore, since the set {-Ekﬁhs complete and orthogonal,
:;\\éa mme'ml = Tr k€»e& S 'T}'Ej_,ES] =0
Now I use these lemmata to derive (1) from (3).
Equation (3) is obviously equivalent to

(4) \_N_(t) = — ‘65@&-)\&(& o)

I now assume, as boundary condition at t_,
(5) Wi(ty = 7 p(&) Ew

This boundary condition is simply a postulate of initial
random phases. Note that it does not include a postulate

of equal é priori probabilities, nor does it apply continuous-
ly over an interval of times like the stosszahlansatz of
classical statistical mechanics. Substituting (4) into

(3), and using Lemma 1, we get

(6) \!_j\j ©) = —eLw J\&e’) Ny Wik

Operating on both sides with 55 , and expanding out JN&)Y!@O)
gives

PDwe = =0 EoONd (Wey + D% Wiy - DWey)
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But, from (5)

OWey = We
and, from the definition of ¥(t); £ \N(t@‘-‘— \'\_/((:) '
Hence, from the definition of‘g

PWe = Y OWeq
Equating coefficients of |m><Mm| on both sides, where rné;lﬁ)
and using (2), gives

Egﬁﬁ _ L P& 7 LQdmmmm

Cr () & Tae) mes
Summing both sides over all meA , and letting

p2 j[ u%rhmnVﬂV = CT(LSA“)

meAs  ples!
we get

{Se(@ = L Pt(‘a‘s Gr(an)
& G(al)

From Lemma 2 however we get ?;(&@5AQ' O,and therefore get (1).

It is worth noting here that the (G(Aa), may depend
on {q;@;i}, which are the occupation probabilities of the
various A at an initial time. t Hence what we have
derived is actually a family of master equations, of which
the coefficients depend on initial conditions. This latter
property does seem to be undesirable; but in defence of it
two facts can be pointed out. First, when we approximate
the terms in the master equation in order to get out a
practical solution (see Section 3) the undesirable dependence
on {‘Daﬂ}'disappears. Second, it is traditionally postulated
that the {kKA)}'do have a fixed form at an initial time -

that given by the "postulate of equal a priori probabilities".
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I
These two facts indicate that the dependence of ,Aﬂg)on the
{‘P(AQ} is not worrisome in practice, even though it may

offend aesthetically.

PART 3 - Markoff and Pauli equations.

I now consider the relation between (1) and the Markoff
equation. I shall define the Markoff equation as being that
version of (1) for which GilAA)is identifiable with the
transition probability per unit time from A to &' at
time bt , for any A,n’ . The Markoff equation is physically
significant because it can be taken(see later) as governing
the diffusion process by which a system attains thermodynamic
equilibrium.

Now whatever the relation between (1) and the Markoff
equation may be, it is certainly not one of identity, because
(1) is equivalent to (3), together with a boundary condition.
And Emch has shown [23] that the equations of gquantum mechanics
(qua (3)) are incompatible with a nontrivial (i.e.; non-
stationary) Markoff equation; and therefore, not only is (1)
not Markovian, but, if (1) is true for some system then the
Markoff equation is false for that that system.  (Emch uses
a different definition of the Markoff equation from the one
used here, but the difference does not affect’the proof.)

What I do therefore is to introduce a new relation

(which is weaker than that of identity) between two equations .
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isomorphic with (1), and then show that this new relation does
indeed hold between the Markoff equation and (l1). I define
‘ equation € reduces to equation e!, to order J\ > as
meaning that € and €'are identical with (1) except that
in each of them the (i(adf) . are replaced by terms which
differ from the G(Ad), only by order I\ or less. The point
of introducing this new relation is that, even though e! may
be false for M, and € is true, it still may be possible to
use &' to prédict states of N\, to within a good approximation,
if € reduces to ¢! to order _/\—,for small A . If this
possibility is realized, we say that € is well conditioned
for M , in so far as a small perturbation (to order A ) in
the coefficients of € only results in small perturbations
in the solutions of € . The assumption that there are
equations which are well conditioned for any actually occurring
system is of course not a physically implausible assumption,
perturbation theory, etc. in the physical sciences.

Assume that we can choose {lnrb}for which, not only do
we have W(co)-;ZF(A)_E(A)for some bk, , but also we can split
w H o= Hot AW @ [V [m> =0, Holm> = E, 10>, TrV*¥=1
and X is a scalar such that O < A<<{1 . _H_) l_—_fo) \_/_

are assumed time-independent. The point of this split-up is

that it can be shown, for A\ small enough, that ll@(f(tpg«}\l(ﬂ
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and hence that the Neumann series [70]
Z [SB(%:) EP\X
is convergent to -N—‘
Therefore for >\ small enough, we can evaluate
J\{—‘ , and hence MQJ (see preceding footnote and the
definition of “Q-j ). Fulinski and Kramarczyk [33] do this
to order % , obtaining, for m++m’ ,

(7)

AN (VL2 Lo (- eEmE )]
G minmim! = (E"‘_ E"’"') Enﬁt Eml

D\XL‘meI‘L (t “tu) , For Em':' E,n:

Q‘rmmmm is then given by ) Gmmm'm' =0
m

/
From (7) we see that for A+A

L 2 AN V] [sin-to)(E
MmeA men )

Glan) = &, -

)'F?)‘Y Em"# Eh\
7 L ANV, ,
Z, & wl " (£-£0) |, for £,2E,,
to order N, where A < GRGE) N for any A+ A ,
and hence . —> 0 as A’— O . Therefore Gr(as!)= Gr(A’A)

and G(AA) 2O for A+’ and & = t, , to order J\.
Gra A) is given by Z Cr(4 6')=0, which only however holds
to order N_/\_ , where N is the range of /A . Hence the

degree of approximation in evaluating Gl(bb) may be as much
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as NJ\_ The pair of equations which are isomorphic with (1),
but for which ({AN)are given by (7), and for which &> €y

and €< €, respectively, will be called the "Pauli equation”
and "anti-Pauli equation" respectively. Obviously for t>(‘:3
and € < &, respectively, (1) reduces to the Pauli and anti-
Pauli equations respectively, to order j\_ . (Note that (I(AA)
does not appear in (1), which is why the poor accuracy with
which G(a b—) is evaluated above, does not affect the accuracy
with which (1) reduces to the Pauli or anti-Pauli equations.)

I will now show that the Pauli equation, under certain

continuity assumptions, and for (t-to) large, reduces to a
Markoff equation, to order J\._ . Let the subspace A/ corres-
pond to a range A'E of the eigenvalues of Ho . Let (-)l(E)

be the number of |[MD € A for which _l'_"o |m'>=Elm'>; and let
va
for which [m'"> €A/ and Hylmd> e E[mD>.Then we have for:'the

Cr(aa)

be the root-mean-sguare value of the set of me:

, in the Pauli equation, for A A')

Gasd= 2 7 Z. A/’J\AZP(E_' Wmer| " [smn(ee)(E,E"]
(EW\_E’T

Now assume that ()'(E/)and Vmg_l are continuous functions of

/ I
E’ , and that A'E is small enough so that both P ()
()(A’) and va’ =V, a¢ for all E'e A'EJ
to within a good approximation. In that case, we have

Cita sy & 7 AN? (J'(a') Varl® 7 Fine-€o)(E,~E)]
meA E'leNE (E —E')
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to order _/\_ . Let us also assume that the separations between
the eigenvalues of _ﬂ'o in L&'E , are small enough so that,

to order J\« ’
Gi(a &) 2 2 AN '(a") I\/m / lZ d £ l-_s_"_’_(_t’(:O)(Em"E’)]
VE el i E»LE (E,-E)

If we let aLbe a constant characteristic of the

separation between the eigenvalues of .HO in lA‘E then this
last condition amounts to (t— to)o(.<<-”— ;, because it is just
this which guarantees that there are sufficiently many

E{ e A'E , contained between successive nodes of
[sinE-t9 (E, .- EN]
(En—E")

tion over [' by an integral. This places an upper limit on

to justify replacement of the summa-

the range of (t - € 0\).
Lastly, let us assume that if the width UJAN
of the interval common to OE and A'E  is nonzero, then
(t ’Eo) is large enough to ensure a sufficiently quick
cut-off of the above integrand so that, to a good approxi-

mation and for most E‘m S

)

(3 [Ent-t)EnElde

-£ 7
n \

et [sinle-e)(E,-E")
AE [m )( ] -~ {‘m‘ E enlg

E' cnlE (Em=E)

_ O for EM¢AIE‘

In that case we get, to order _f\_ , <—for L\#‘-A’)
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; | 2
Gi(any = T 22" ' |V T
e a
E.eca'E
If on the other hand W, = O then &G (&)=0to order J\ is

to be the requirement on Q:—tg) . Therefore, in general
we get that, to order A , for AFAS ,
G [G(any & 2 amNp't) NV wael* [ Gilar
Mme A
EncAE
This, however, is just the expression for the transition
probability per unit time from A’ to A& , to order A
(see page 199 of [84]). Therefore, under the above assumpt-
ions, (1) not only reduces to the Pauli equation, but can
be further reduced to the Markoff equation, all to orderJ\..

(Note that under further obvious simplification we get

Cr(aa) = 21> PP [V, " Wan

,in which form the symmetry property G(ars)=G(&A) is more
obvious.)

The above set of assumptions places two contrary set
of restrictions on (t‘Eé) . First we have the condition
that U:—té << Trﬁi and then we have the condition that
(E-ty) >> M/Wpy , for any Wy, # 0, to ensure a quick

cut-off of the integrand. The first condition may of course
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be trivially obeyed by tjohaving a continuous spectrum. (In
this case the preceding theory would have to be modified in
the usual way for passing from a discrete to a continuous
spectrum.) In this case (E"ké) may even become infinite
without invalidating the derived form of beﬁéJ) because

in the limit as (E-€,)— 0

[Sm (tdr:bo%(i—rg’gl)] = T S(E.-E")

In general, however, .ﬂo will not have a continuous spectrum
(although it will be seen later that tj must have at least a
partially continuous spectrum) and in this case there is
indeed an upper bound imposed on L by (k- €y <«<T[d. , In
order that the existence of this upper bound does not clash
with ‘the’ lower bound imposed by (E- Eo) >> T W, o >
we require W, ,/>>d. and hence AE > d . Also it is
assumed that by the time (E-&,) reaches the upper bound
imposed by @-t@ <Kfﬂhﬂ;he system will be close enough to
equilibrium that the distinction between the Markoff equation
and Pauli equation is negligible (i.e. of order.ﬁg; see
next section). Therefore one can assume that for (t"td
large enough, the Pauli equation reduces to the Markoff
egquation, to order J\ .

The Pauli equation (and hence the Markoff equation)

is of significance because a system for which the Pauli



222,

equation is true exhibits an approach to equilibrium. The

standard method for showing this is to introduce

Eey = = 2 pus '@h[F’L@]

Gla)

+and then show that E:ez'o by substituting for p (o

from the Pauli equation and using the symmetry property

(s ) = CILA’AJ . Furthermore, it can be shown’
F= O if and only if, for all A and A/ ]
where Glan)40 , we have

Pel® _ Gl
Pelah) Gr(at)

at which point the system is said to be in equilibrium [51].

At equilibrium Eﬂﬂ has its maximum value; and therefore

the system can be seen to exhibit a monotonic increase of

E o

with € until a maximum value is reached at time

tN\ , say, after which the system remains in equilibrium

( & may be infinite).
M

I now define PJ\ to be a Pauli system if it obeys

(3) with time-independent H”andimere exists a bo for

which VV(b&zz-7_Pm|nf><3h](these two conditions entail

that M obeys (1) at least for (k(b)=i;>, and (1) is well

conditioned for hA with .ﬁL small enough so that the

Pelmd

predicted by the Pauli equation are a good
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approximation to the actual PtUﬂ)for Ei>t° . (For the time
being we leave as an open question whether Pm= P(Abfaf"’eﬂg
What is meant here by "good approximation" is, of course,
open to question, but we will take it as entailing that
if $ is the relative frequency with which the actual

p{m) deviates from the predicted P (m) by more than

€ , then g is very small for some very small € .

Under this definition, we see that if M is a Pauli system

it will be in guasi-equilibrium for £>& where Oy

m
is in gquasi-equilibrium after QWL) means that there is an
almost uniform probability distribution among the [m,
for nearly all t>/tm,' (Note that tm< EM’ and hence trm,
may be finite even though b'“ is infinite.) Similarly, by
considering the anti-Pauli equation, to which (1) reduces,
to order _/\_ , for &< Cowe see that there exists a ﬁ,n,for
t, < ¢, , for whiq? M is in quasi-equilibrium for t<-t¢v (ﬁ#»ﬁe
for t< t,, Eg) < O)

There is a further point to make here. If ti has
a purely discrete spectrum, then Yy&)is an almost periodic
function of € [74]. 1In particular, for any given t,
if v_y(ta) =7 P(A) E(A) ,where << & , then there
exists a t’° for which [l We!H — iP(A) _E.(A3 ”
can be made as small as we

]
like, and &y >> € . Therefore, in the case of small
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A , there exists a tol for which || ‘@(\N(té)“zP(A) .E(b)) ﬂ
can be made as small as we like, because \‘%%ﬂ'<.00 [33]1;
and it can therefore be seen that we can reduce (1) to the
anti-Pauli equation to within the same order JL as we
reduce (1) to the Pauli equation. This is only possible,
however, if both the Pauli and anti-Pauli equation
reduce to the trivial Féﬁ9=fx to order .N. . We therefore
conclude that !ﬂ_ must have an at least partially
continuous spectrum for ti , if (1) is to reduce to the
Pauli equation in a non=trivial way.

In particular, we see that it is the open-ended nature
of systems which allows them to approximate the behaviour
characteristic of a solution of the Pauli equation, over
some finite time interval; because for closed systems
(i.e. systems enclosed by infinite potential barriers at
finite distances apart, and therefore with discrete energy
spectra), (l) cannot reduce to a Pauli equation to order_ﬁL
in any but the trivial case Pt(tg = 0 , to order Jo .
This conclusion is seen later to entail that a satisfactory
resolution of the classical recurrence paradox [1ll] must
be made within the framework of gquantum mechanics, because,
classically speaking, all boxes enclosing systems are
impenetrable, and therefore effectively constitute

infinite potential barriers.

Finally it should be noted that the E;w) defined above
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is not analogous to the classical entropy EI&) =f%(e) [‘O/y\, g(t)lo(w
at time € , where *6¢)is the distribution function in phase-
space, and AW is an infinitesmal volume element in phase
space. In particular the analogy does not hold because,
whereas Eé)is invariant under time-reversal of the state at
€ E-&) is not, except as a special case which can be
considered excluded by the choice of boundary condition made
to reduce (1) to the Pauli equation. This lack of analogy

has the agreeable consequence that the classical reversibility
paradox [38] does not go over into quantum mechanics, which

is just as well, because the reduction of (1)to the Pauli
equation does not involve anything as suspicious as the
classical stosszahlansatz on which any paradoxes can be
blamed. (The guantity analogous to E%»is in fact

Tr &i&)!muh!uj » which is, however, of no use in setting up

paradoxes, because of its time independence.)

PART 4 - Interpretation.

So far I have put no interpretation at all on the HO
and X}[ ; and therefore the above results would apply to
any system with a Hamiltonian tt . Now, however, I
identify !jo of the above formalism with the Hamiltonian
of a system M consisting of N noninteracting molecules in
a box whose sides are not infinite potential barriers. I

then suppose that there is a weak interaction (perturbation)
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between the molecules, which we represent by the \\i of the
above formalism. Assuming M  is a Pauli system, and that

we observe it at some time after € ,we see that, after a

o
period of time, M will remain in guasi-equilibrium.

Hence, the theory of the previous sections serves to validate
the so-called postulate of equal‘é priori probabilities for

a Pauli system for nearly all b which exceed 60 by more
than some characteristic relaxation time T-= t”n7 C, -

From this postulate one can then derive, via the Darwin-
Fowler method [86], the important result that M spends
nearly all its time in a Maxwell-Boltzmann distribution
(after time th); and hence we can define the pressure,
temperature, etc. for M in the usual way. It is because of
this that the Pauli equation can be considered as governing
the evolution to thermodynamic equilibrium (qua Maxwell-
Boltzmann distribution).

Unfortunately, the above paragraph raises more
questions that it answers. In particular, how can the results
(viz. the postulate of equal\é priori probabilities, for
nearly all t§>(;mU)'be applied to systems in practice,which
are not isolated over periods long enough to include a to
on which we can impose the boundary condition V_\](to) =2Pmlm><ml
This objection can be got around, however, by
pointing out that even though AA is only isolated over a

short period, there is sense in talking about the state
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which N\ would have had at time €, had it been isolated
for all & . Admittedly there seems something a trifle
absurd about imposing boundary conditions on M at a time
when M  did not exist as a system in its own right, but
this can be got around artificially by propagating the
boundary condition forward in time from 60 to a period when

M is actually isolated.

The second question raised by the above result is why,

for the systems we observe, is it never the case that

o

E(t) < O ; i.e. why are the to for the various
systems which we observe correlated in such a way that, for
any € when we observe the systems, C > each of the to
Are we to accept this as a brute fact about nature, as
Grunbaum suggests [37], or is there some more fundamental
reason behind the correlation? Boltzmann, in his original
discussion of this problem in 1885 [14], took the latter
line, claiming that the correlation was imposed by the laws
governing the temporal evolution of the universe as a
whole. I will try to vindicate Boltzmann's view, making
use of the Reichenbach concept of a branch system [81].
My answer will also avoid the artificiality of imposing
boundary conditions on systems at times when they did not
exist as systems in their own right.

Consider the case where AA is a Pauli system for

which Pm= pP(A) for all me A , where G(&) is
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large enough and the appropriate continuity conditions hold
which guarantee that (1) reduces to a Markoff equation, to

order M, for large (&-Eg). such an M will be called a
"Markoff system”". Now by multiplying both sides of the

Markoff equation by d& > 0 , we get

(8a) Perdc(®) = T T(anr) puls!) ,whers

A‘
(8b) Taary = Gaol) de [/ G(a’) jand hence
(8c) ZA T(A&’) = |

T(o8)is the probability that M is found in A at
t +d , given that it is in N at € According to

(2), (3) (and assuming ‘j time independent), we get

@ Tee)=[Te Eey (exp-tHot) £e0 (expi )]
G(a’)

Now suppose that during some interval [ti)tz] N t1> ti
and (t’(:ﬁ) large enough, a subsystem Miof M is"quasi-—
isolated" from MM (i.e. M_'l. is a "branch system" of M )
To see what this means, let Hi ,\-\2and H be the
Hilbert spaces associated with Mi, M,_ and M , respective-

ly, where N\,_4_+ M, =M, so that H1XH?_=H . Let Tri ,
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andTr be the operations of taking the trace

Tr
in HL' Hzand H , respectively. If \L\I'l(af-\Nv_&) and W__(t)

2

are the density operators at time L, for N\UMl and M
respectively, then, by theorem 25, Vl’i(t)z T\r‘l W @)

and V_\_Izkt)vai \N(b) . Letl,l,];_l and L Dbe the identity
operators in Hj_,l--\2 and H , respectively. If N\iis
isolated from M (as opposed to being "quasi-isolated", which

we will define shortly) then, by definition, for each t,

(10a) H_ ;(H Lt)sz\)+ (IAXHZ(U)

where H,Lt) H (t)are operators in H'J ” Hz , respectively. From

this one can deduce that

3
Wiy 6 = — o [He,Wae] and We = -[d 0, Wl
and hence that, if{Eﬂgg)_} is a complete orthogonal set of
projections on Hi corresponding to the set of subspaces
{S} of Hi , thenT1(§8’), the transition probability from

) at & to &' at t4+dL , is given by

(1ob) T, ((88)="Tr, [E A3 [exp —LHd_(t)olt]E &) EXP(,H (c)ou]]
Cx, (& (8’

where GJ,_L( %) is the dimension of §
Now usually l_—__(' cannot be split up as in (1l0a), and

therefore (10b) will not hold, but one can quite generally

write

(Hyex I (T, o) + Vg



230,

where \l&) is an operator in H . We consequently define
M.ﬂ. as being quasi-isolated from M during [-t'].;t'z]'
if, for any £ and t+oLt€[t1,t7_] , we have

(11a) ¢ (_Etﬂ) @KP-—L\:\_ oLtl E @) [_€)QP L lj_au:])%
G (&)
= Tr ({:(@{[{’r(z tHy© o] x L, }{I xfexp-t B &)dﬂ}

%_Ei}) {Exp oH ,l(t)cugk * 12} {-L R [QKP ot 9.“‘)‘%]})

to order M ; and we have

(11b) 4 (8 8D "".{Tr (E (8) fexp- cH(t)oLEJE'L“')Ee H o
gy

to order P—' , where ,.,g, and ’.&. are small positive numbers.

I now assume that each subspace A can be split
into the direct product of two subspaces $ and ¥ in Hi

and H2 respectively, so that

(12) E@ = E, ¢« E o

for some & and ¥ , where the sets {5} and {K}are complete
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orthogonal sets of subspaces of l41 and F( respectively,
with corresponding sets of projection operators %{ @{} and

{E;éﬁj} respectively.

In particular we have

—_—

1 L Eey= T, ad ZE®m=T

We let (}aﬁs) and (k§ﬁ) be the dimensions of § and ¥
respectively, so that G(a) = Cﬁﬂ_C83>< Ci£bj

substituting (2),(9), (12) and (lla) into (8a) gives
e (E@®xE® Wer ow)\%g gT‘" Eas0x E @) W) Tr|
[EJLK%)XE_;,,;(K )1 [("”‘?” ¢ \;\1(&) O{Jf)x Iz][__—[ix (exp -l O%ﬂ E'J,(S”)x
G467

E, ')[(o,xPcHi(@oUc\xI][I x (exp L H A6 0“5]7
G, (39

Summing both sides over Y ., using (13) and theorem 25,

we obtain

T (E (8) Wl(t+di‘)> 7_ {T‘rl[Ei(g)anP R H (b)oU%Ea(s’
(%)
@xp \,Hik)olk)_y} %_Tr [@Xp*bH tt)ou)

%‘é@xpudﬁ) )|} [l <N
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But Ty [(-up—uﬁ (Uobt) Ez(?f’) (exch ) 0“7)] T); E@") -1
G{®) & i)

jand hence, by (1Y)
Tr, [Ey®) W, b))

{Q

L T8 %"Ty [E,69E0) W]

%T,Lcs 8) Tr[Lx E, @9 W«c)]
Crom (1) |

Furthermore, by (2) we see that | [E (8)\N (t.rd.;b):l P
where Fi ti—olb(&') is the probab-=-
ility of finding N\iln 2 at bt+dt . similarly, Tri['l'_-'_ 1_(5')
Wﬂf"'ﬂﬂ)i,t (8&) . Therefore, to order J\_ ,

(14) P’l,cﬂbt“) = is’ Ti(g 5) Pilt(af)

provided t& and t.&' are small enough only to affect

/
terms in (8a) to within order .A. . Since the T,88) ,for 648
are obviously proportional to &t , to order J\.,(l4) is

equivalent to a Markoff equation to order JU in the Ti(S,S’)‘

We further assume

Hw) = H, o+ V0 , <my Ngolmg>=0, <mgid, lmg>=

=E., 5m(u““(a)
{the {l mmp} being a c.o.n. set in Hi , subsets of whlch
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span each of the S ), and “yﬁ&)“sufficiently small for
£t e lk,, t'z,‘l , and Gl’i( %) large enough, and the approp-
riate continuity conditions, such that
Toee) = AMN Wy PG FlaN WV gl db, for 848

to order‘J\_ , as in section 3. 1In particular -Y1CS&/)£T1(y£J
to JL. From this last result we can then show that there
is an approach to quasi-equilibrium as C increases in

N\ﬂ_ , as well as in M as a whole. This is done by
defining

Eo = ~ 7; Pg c(® In p‘_lﬁ))\

QJ¢(8
and showing that Ei(tfdt)-E,fB?O with the help of (14)

(cf. Section 3). The conclusion is therefore that under
certain plausible restrictions on M ana ﬁA{l(where hAﬂ_
is a subsystem of the isolated system M), if hﬂiis a
branch system of Mduring any time interval B"l/(:‘z] i
and if (bq:-€63 is large enough to ensure that M is
governed by the Markoff equation, then hAﬂ—is also
governed by the Markoff equation, and both hA and hAi
approach gquasi-equilibrium "in the same direction”

(i.e. as £ increases beyond t;o )*,

*The Darwin-Fowler method can also be used to show that
the condition of quasi-equilibrium mentioned here
(although coarser than that used in [85]) still entails
a Maxwell-Boltzmann distribution (provided G(&) < = ),
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I now make the obvious step of identifying M of the
above formalism with a sufficiently large part of our
surroundings to ensure isolation; and identify hAi_during

[ki,t):l as any branch system of M . The above con-
clusion then explains why we never observe E.&)<: O in
the branch systems contained in our surroundings.

I will now summarise the essential points of the
above argument, and comment on how they relate to Grunbaum's
position [37]. What I have done is to take a system M with
Hilbert space F\ , and let “Aj. be any subsystem of M
with Hilbert space H,. so that W = Hix H, .

I then showed that under certain physically not implausible
continuity assumptions, and by imposing a certain boundary
condition (5) on the whole of M (including hA4 ) at some
time to in the distant past, the Markoff equagions for

M and N\ﬂ- "run parallel in time" during the time
that N\l is quasi-isolated from the rest of M (i.e.
both M and ““A. approach gquasi-equilibrium as iy
increases). Finally I suggested identifyingbA as a large
but finite part of the Universe, and hAl as any subsystem
of it.

One possible criticism which may be advanced against
the above argument is that the final step of identifying

M ana hAﬂ_is tagged onto the body of physical theory with

the sole purpose and result of getting out the Reichenbach
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postulate that the arrows of time in the various branch
systems run parallel. As such, my suggestions amount to
nothing more than a fancy restatement of Grunbaum's propos-
ition that, as a matter of brute fact, the Reichenbach
postulate is true.

I would disagree with this criticism for several
reasons. First, my suggestions make predictions other than
the Reichenbach postulate. 1In particular they predict that
“A , 1f it remains isolated, will suffer Eddington's thermo-
dynamic death for (t-t,) large; and that, for t<C
exhibits the time-reverse of the process which occurs for

t > t(; . Second they suggest the cosmologically

interesting possibility that there exist other systems

NN/ , ilsolated from ﬁA, which have opposite time arrows
to M . (The cosmological implications will not be dwelt
upon here, if only because the theory employed above is
non-relativistic, and hence out of place in cosmology
without patching up.) Third, my suggestions only involve a
boundary condition at one time C,on a finite system DA ,
whereas Grunbaum's suggestions involve conditions on the
Universe as a whole, over all times. Thus my suggestions
have advantage of simplicity, fertility, and added falsi-
fiability, over Grunbaum's suggestinn; and would therefore
gqualify well ahead of Grunbaum's suggestion, as a viable

part of theory of macroscopic phenomena. (Grunbaum's
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suggestion is simply an inductive generalisation, with no
theoretically significant ramifications, and as such it is
doubtful whether it would ever qualify to join the ranks of
a scientific theory - just as in the case of the inductive
generalization "all ravens are black".)

Even though my suggestions do have the above advan-
tages over Grunbaum's, it may still be argued that I have
made Reichenbach's postulate dependent on a boundary
condition and, as such, a matter of brute fact. 1In reply to
this I can only question a usage of the term "brute" accord-
ing to which a fact is not brute if and only if it is
deducible from the laws of physics without any boundary
conditions. My objections to this usage of "brute" is that
it ends up making brutes of nearly all the facts deducible
from the laws of physics. This is because nearly any law of
physics involves certain characteristic constants ( T in
guantum theory, & in Newton's gravitation theory, etc.)
whose magnitudes are only determinable experimentally, and
hence becare:boundary conditions on the laws. Surely it is
rather the case that a fact is not brute, if it is a test
of a viable part of some scientific theory; and not just
a test of some inductive generalization which has no part
in a scientific theory. Under this more realistic definition

of "brute" it is apparent that although Grunbaum's suggestion
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makes Reichenbach's postulate a brute fact, the suggestions
I have presented above do not. Therefore, in the sense

that I have deduced Reichenbach's postulate from something
more than just a brute fact, I consider Boltzmann's position

vindicated.

khkkkkk



238.

APPENDIX 1.

In the case where we have a mixture of vectors
{,p;)q};} ,whereq)(, s in CL , for each L,
the degree of approximation involved in the relation

PLAR,¢; syt = PLA ;S E]
can be calculated as follows.
Let {fp(‘l} be the complete and orthonormal set for
[} .
which L‘)d w “Vt_' to order & for each L . Then,
from theorem 10 and III,
. N i 4] 3
PLACS el = T pulc W95
Ll
T.e.
. . | . 2
(1) PEH’L)‘S,(?] = PL Kq)g;)q).;>l +K,W}\0N
— _ I i 2
R - % Pc‘ \<LVL)LPL'>|

At
Hence, from theorem 29, L

R< Z prs < Tpus = 8
JE L '

=

Also, from theorem 29, |<‘*P‘:I)LP;/>|2 v 1 to order &
and hence P | < ‘P: >LPL‘> R PL’ to order PtS

Therefore, since P;é ﬂ_) P",l<q/(“l)qjdl>/2‘0 P; to order 8

and therefore, from (i),P[A,( )'S)t] v Py to order A&
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[N

‘L .
If i4)L} are orthonormal, C.¥ 0O, for any ¢ '

and L C. q”{)« ‘f’t = Yltxy?
vt

are all normalised.)

1 .
= ¥ @XPOQ;] for each

Proof.

P
1) V=T + oy ¥,
for each L

‘{.j LP

Then z eé

d
1 Lowt
(iii) qJL ——'?e—gd qj(‘,

(iv) Therefore

7__:_C¢“Pf¥(Z&€¢J LPai)

Taking scalar product with
gives

thldd =

Therefore, since C; +0O

- (@)

and hence

- (e

SO VA
\ %_i\___g_ . 1€
Hence

OLi.ea

, then

¢ . (The fYTL ¢ty>

Y ¢iv =0

where

(See page 87, II of [70].)

j } be a complete orthonormal set in F4

)dan

for each 'L

5 (Zr e WhIK(Z Vi +afy)
Y% x ‘Vj’-'

of both sides,

NG

; and hence

oL, = CL[QXPLQJ

Lv'j‘: - LeXPLQL)LVﬂ'
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APPENDIX 3.

I shall prove that if &Pﬁ% is linearly independent
then {‘W@)C%I} is linearly independent.

Let
CEEPE L ATE A {)@,u) =0
L L
where {fp:} is linearly independent.
Operate on (i) with Y>>  to both sides, where [q)>
is an arbitrary vector. This gives
LY, v {(L,L’) We> =0
vi!
Since the {J*ﬁ:>} is linearly independent,
this gives
T, <Ye,P>{uw=o
L
for any ¢,/
Putting Y = LVL* for successive ('

then gives

-%(L)C'Jto for any L, I
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APPENDIX 4.

[Numbering on from Chapter 8.]

I now wish to show how, with only a slight variation
12
of (xiii), the form for th_(:aL can be considerably restrict-
ed. What I suggest is replacing (X111 by:
. 1 xoed ()2
(xx1i) (a) TY‘,L L‘/aua(,5<q}ou,ot il ?3P 'q}acw((;><qjocdo(pl
for some {Px"d’} and {“Px‘;d(b} ’
_ _ xu ot
- where <LP:LLd(z.)kpxdaL(y> = %{n,(y , P b 20
' . D. 7-\

for some {FDLLOL} where chot >0 , but
P'JLLCL may o(ePU\.DL on. Sl)t'

2 P2
(c) LV)M(@ is in C°; .

2
(d) { DLLd(s} are approximately orthogonal to degree S,

E) >0 and § small and{ Ldp}ls finite In
number.

(xxi) can, in parts anyway, be just as easily justified
as (xiii). (xxi) (a) and (c) just amount to the obvious

restriction that if S,‘ at & 1is in the pure state

wr S, at & isin C;
La r then , at is in ¢ - Note that
2
because I allow q}océd(g,to depend on 2C and ol , this is
a far more general cendition than (xiii) (a). (xxi) (b)

says that whatever W_(S,fsme) , there is always some
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probability that S)_ at £’ responds in the same way

as it would were S, at e in one of the pure states {W}A}

- and there are no other ways in which S1,responds at |
t’ (since OZ Pxick = 1 , because \N(Snﬁ)

has unit trace.) (xxi) (d) does, however, impose a very

strong condition. For a start it implies that -{C } is

finite; but this can be got around by only measuring

finite segments of the gpecdtrum (as discussed above).

Also, however, it implies that {OL}is finite, which is a

more worrying condition, because it restricts us to

measuring finitely degenerate variables. Since the finite-

ness of {4&1dé}is only needed to guarantee linear indepen-

1 3
dence of {}kMLdp]" I shall therefore change (xxi) (d) to:

pa
(xxi) (') %%)mxci@ } is linearly independent;

and assume {}Piii]° complete in F{4 . It is my failure
to show (xxi) (d') to be consistent with-;his last assumption
(in the case that dimension ‘{1 = o0 ) which has persuaded
me to put (xiii) in the thesis proper, and restrict (xxi) to

an appendix.
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1
Suppose Sy at E is in the pure state Y , where
A
L‘) = i Cod LVl..ol,
1
since the {lqu'} are assumed complete in Hi . Then,
assuming S, at € is in the pure state (-Px , we have

/
from (iii)(a), S$itS, at € is in the pure state

12
(xx) - k{J‘ = icbdq)md’

2

But, from theorem 35 and (xix) (a),

) 12
(xxi) - xid = j ququ'L  Xed
:xccl@ o<P
for some complete orthonormal set {q)i}in Hi )

Therefore, substituting into (xx), gives

12
i) - V5 =2 T ey oMt 9Lyl
e dip 0 o

But, from theorem 25,

W(gl)t/) = Tfi W(gi"'gfz) t/)
LISl v

Therefore, substituting from (xxii),

(xxii) - W (s..t!') = ; wed — —~3c:.ol
wt) ZLQLC“LC"‘(‘ Cow T2 YL, X
L‘DLJ (5 F
But, from (xix) (b) ﬁl

W ( S‘J.)t’) = i Pguat -T'; ’LP'xui>< I
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which, using (xix) (a) becomes,

(xxiv) - y_\/ (gl)(?’) = ZL& PchL IWL Ww ><kPou,d?(s‘

From (xxiv) and (xxiii), it follows that

pa 2
DUzd(é ‘LPX.’Cd‘5~><Q‘JxI(“IO(I(sI| (SQL,)(_, Ced C al z C)u,:, 6_;:;:?(/

Id.{&’
S 8ade py P:x'.;ot)=0

Hence, from the (xix) (d') and appendix 3,

_— x(d, — xdd! icd
g')cx_' QLC’LC‘ UOU z C @ C D((Sl = Sob’ Sd&/gpﬁ, P%(; Px(:t{'

Now, putting C:L’ and ol = d’ , and using (xix) (a) and

theorem 35, gives,

- >) cd _
Sacwleial P77 3ppr = Bop PR puia

Hence, ng Y S Soc.a:/ ICLoUl

L

and. , for any ac,ac’)cl)cl,i,’,d;(a)(&/’)

')uol..-—’.):c'd./ '
C.aC 4dlgxl,(i c o b c“(!, S;,;z%o(aug(;@/P);WL):O

Since our choice of x, and ¢ 4 was arbitrary, this gives,

_ saccdh ’)C.:’d.’ . ~id
(xxv) i{c c - C oy = Soc‘go(d,‘ 8(;(31 P .

Now construct a vector field E(‘., , where the
xed ‘ H s cl
vector V (')' has as its o " independent component C “p
Since {LV ]- is complete and orthonormal in Hd. , it

follows that F;L and H,, are equidimensional. Let
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T iq be the number of non-zero '[Vx(i&};&d — Siha (Pu_‘i + 0
from (xxi) it follows that for any 2(,{,ol, there is at
least one C xug.,#: O , and hence ’r\..uab> 1 But (xxv) can
be rewritten as:

secde -

(xxvi) = (V Ao V 3({;’01'> = (,L.’So(cU e PO;LO(
and therefore there are ZL Mg non-zero
mutually orthogonal vectors in Fx

But the range of (,d is the dimension of H'l ,
since {L(jc& is complete in Hi Hence, since
the number of mutually orthogonal vectors in Fx
is equal to the dimension of r% , which is
equal to the dimension of H,l,it follows

that M,y = 1 for any X,¢,dl.

I.e. for any X,(,d, there is just one member

¢ W el

of {Qud,} which is non-zero - call it C .
= (3L d.){&(xid;)

Hence, we get, from (xxi),

gL gl

From (xxvii) and (iii) (a), we then get,

I

(xxvii)

~xid (xcd) X q):u.p((z(x(, o()

1 g2
(xxviii) = L__J_: ced ¥ q)x . LP - > quLLcL
where

1 1 1 7
L‘)')ciat = qjoc(xéd) and L'U'J(.id = qjot,(;cl/l(xéci)
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The form of the interaction in (xxviii) is the one usually
assumed in measurement theory; but I have shown here how

it can be derived.
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APPENDIX 5.

[Numbering continues on from Chapter 8 - not appendix
4.]

It is of interest that the orthogonality of the {(Fc.ioL}

ERRLY

for different ‘ﬁgfﬁjwas not used in the proof of theorem 36.
In fact it is easy to derive this property as an extension of
theorem 36, (thus providing a consistency check with I)

as follows:

Let Pyt = 8%%'P3 inn &kvidi),

and sum both sides over L . This gives
. 2
(xxi) Liol, |c?d| =1

The previous result holds quite generally (i.e.

; 9
even when P%, + S‘UU’ P‘d) since the G Vol
are independent of the P% .

But from (vi) we have

/
Coxid <WEWE> =2, ctac <Y, wi>=1

G/’
Hence, assuming < q)if,'d.) ‘-Vz*i,>: Sold," and
comparing

(xxi) and (xxii), we get

/
4 =Y 1 @ : _
vy ST <Yup, Yia> =0

L+
But tﬁe

1!

‘ {CHLé}are arbitrary, because they are
1

determined by the arbitrary ¢)% (except for the

normalisation condition (xx)); and therefore

<3P3;,Lpii> = Sicr dad
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An immediate corollary of this last proof is that fhe
operator of the measured variable Fqi.must be self-adjoint,
by just assuming it to be linear with real eigenvalues, and
a complete set of vectors {?ﬁi}. Note that the assumption
of <.LP ,'jLoL, ‘Pb:> = go(d,' , used in the proof,
does not go beyond the linearity of Eli , because any
degenerate linear operator (self-adjoint or not) can be
assigned an orthogonal set of eigenvectors spanning any one
eigenspace.

These last two results and theorem 36, can then be
used as the basis for yet another method of axiomatising
guantum theory. In this method one simply postulates that
there is a unique density operator Vy(s,t) associated with
any S,t; and introduces theorems 22 and 25 as axioms. One
also postulates that every variable is measurable;
and that it has a linear operator, with real eigenvalues,
and a complete set of eigenvectors, corresponding to it.
One also postulates VII ... XII. From these axioms, plus
definitions 16 and 17, the Born interpretation can then be
derived (i.e. one simply uses the proof of meta-theorem 2
down to the stage of proving (xviii)). Also one can derive
the orthogonality of the eigenvectors, as discussed above.

This latter axiom scheme is in fact the one which

I suggested in [56]; but I now feel that it has two decisive
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weaknesses. First, it leaves totally mysterious the status
of the density operator. As such, although it can give
formal explanations of why the paradoxes discussed in Chanter
5 arise, thése explanations are unenlightening as resolutions
of the paradoxes. One could, not unfairly, accuse the latter
axiom scheme of providing question-begging resolutions of the
paradoxes - to the extent that it simply postulates axioms
which, in short order, imply the paradoxical results.

The second weakness is that I have only managed
to devise measurementsi for variables with eigenvector
sets {q)gﬁj-, where {C } is finite (since {quﬁ}
is finite). As pointed out, however, one might accept
the restriction to finite {kPT;}; but postulate that
different measuringi apparatuses are required for different
finite segments of the variable's spectrum. One need then
only assume that for any pair of eigenvectors of Al, there
is at least one measuringi apparétus for Al, which
distinguishes them from all other eigenvectors,to derive

the pair-wise orthogonality of all the eigenvectors of Al.
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APPENDIX 6.

In considering Leibnitz's law to be true, one
must have a way of replying to Max Black's "counter-example"
[8]. Black asks us to imagine that in the Universe there
is a plane of symmetry, so that one half of the Universe
is distinct from, but the mirror image of, the other half.
Then, on a relational theory of space, one half of the
universe is identical to the other half - if we take
Leibnitz's law seriously. But this is an absurd
conclusion, because, ex hypothesi, the two halves are
distinct.

A simple reply to Black is possible, however. One
denies either that space is relational, or that there
is a plane of symmetry in the Universe. If one does
this, then Black's "counter-example" fails, to refute
Leibnitz's law, because Leibnitz's law (as I have
presented it) is not supposed to be true in all possible

worlds - it is just supposed true in this world.
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By the inequality leb| < lallb) , we seethat
Tr R¥R < Zpy T 1HPITL T T dcp, Pl P
«.Ld:i‘(. m@ m' @’ e me

[pin b EuTI =
L (. ~-E)T

Now, since Elh el L , for any ¢ % © , it follows

that
i \Cmnl® L - %
Z‘n@ Z'B‘ ‘mr’\ \Cmrs'\ \[S'”ﬁ(Em Em>T]
= S AE W ~E )T
'z‘ .
<§ Zm \Cm(b\ e \Z\Em g(Em-Em.yT]\l
E 5, 3Lel S (Em—Em )T
E mAL_;EmI"‘A‘
v12 i
TLoL ) \ lc""f”‘ + ‘o; .Z; ‘c'“@\ m'ts’
me e (s
E =*E_ b*Ll ‘;K#Em' b*h
iy L - ‘AL Ein notmn &L.Jklﬂ in A
B onobin Ay s En A i b
+ 2 2,

E ‘-'-FE.m|‘L¢L _
E_ not in DY §E. s hotin A

where, 'Em in FANCEE

means
%

'E¢> E EE},*'A‘EL'-
But, for for E_ in A and E v in By,
IEm-El> AE ; and hence
\[;m v@: E )ﬂ\l< \ 2 \2<
5 AT EnEm)T

te (', we have

A€y
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Alsp since {}an;} is complete and orthonormal, from

(iii) we get

7 et

2%
h'\(; m@" _4'

Hence,

me wﬂp

Z 7 \cm@,l’\c. \\[Sm,(Em Em.)T]‘\\ :

Em+ E0 gLtU L (Em-Ep)T ‘(AE)
Emlh Ay Em. h Ay
Also,
Z z c 2 (¢ 2
mlr_,, \ \ "‘(3'{ Z. ml@t\ z ‘CM(&\
‘:.,Y\:‘:Emi SL*L E. 2 of h A
Epin &0 s B ndin Ay w pOT I Ly
<ZT lcY 1?7
mipt M6
E_ o roTin AL‘
which, from (iv),
SO
Similarly,
5 O T A
.%(-, ;}Z\W behat™lem\* < 8
EntEm g LEU
Emh‘.ﬂ' m Ay )Eml Ta) Au
-Jand
Zo Ty 1Sl lehplr < 8
bt Emr 5 GEL
Eonnohin ALLE L netin A,
Therefore
K 2
Tr RTR < 2_ P LZL, Lt =25+ %)
. L '
But, Z\c‘%lz = 4 (from (iii) and since {q};}is orthonorma]).

o
Hence, since § < L

r



T R¥ < (F
< 35

since, if z P“‘b = 4.

’

then

Lpo< i

2583.
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APPENDIX 8.

g D .
For convenience superscript L 2 is dropped.

Let LP._X_LA, = kl)

dq - From (xi),

A S +S N g9 9
P[ 2ot 3 St Qat] dei Cla Cod gcxudndl + R

where

| R < z x"ou { 7 ‘<LP>(,od°4)k‘J3L”L“d."'l>h

A g
G A L) or (ot it ! )6 i )
{<‘P.l-. ', I Z — 4yl
adtd, _)_)qj—)(_ul_“>| } {‘ Ldz‘zj' C"I'-"l,“d“d' Ckgd’, C.kg,duu\l}
But,

uzﬁm 1< qé‘*‘*d“)kvﬁa"t'"ot"'l\ﬂl [ <Y, Wdle

= z ‘<q)3‘(' dex L"}iu gt >|

ide o 1217 <Y
(%S (U i) Beoan Vo Pyt
otnd (et do) (o g q)

\Pu' "eL“a>\ \<q)11 vid' 1 ‘V;wu 15\+‘<LP

Ju.alo<,>|
i CL_L)

xted" )y x"t"d-"'l_\>l ‘<('Px, Wl

Hence, qj:x.“ od” 1> ‘
lRiP< ] '
xIrig xipdr Z_c ol<<q/°“d°<« D(PT-“ e ol,“{l>ll(<4’x’t'd’1
L A" 1Y or (xtitd' 1) (cidw) $6c!i'd! Q)
*+ (Xidw) (% LA:S\?:()(_M )
. ‘ '
:wc.,dcx ‘ +1; g o ‘oL' l q/ouudu‘:t ’QPJJ‘ L"aL"ﬂ> ‘IKLPJ.‘UA‘ﬂ.
(:r." ngn 1) or()c.‘t,'d ,1)
#+ (X! 4_)

] [} 2
;\Eu.,cu ] +9§L ! zucu I< Lpi‘i"t"i>q')x"t“d." O <Ko
O " ) or (x! et t)
:# (1" l:d-" 1)
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)L‘}quoL"’L>‘l} {.?{;‘w 'c-ou'adkd‘d'\llC‘L'j‘ot"z‘ca'ut“‘l}

]
But, since LP)LL&,% Lvau‘,oti to order & , and {kp:u,doc} 1s

orthonor.mdl, we see, from theorem 29, that

Zd l< q},)u_'d“)kl}in (;u d." 1> ‘2 S 3 )‘f(Jff)U*IHOF L#L“ oY
)
P dtd ' o a=1
Hence, by Schwartz's inequality,

Z.:loc I< Lp:’u’d"“)q}’&“ "OU'1>‘ qu‘(.'d‘i)q)'ac_bdoc>lz <
(cidod$ (x!c'dl1)

and

(ocidat ) 4 (Mol L
[bd‘é"d"d.)«(x'c'd.‘i $+(xid«)

2 (< q)ou,oloc. )L\)y,“ "d"1.>\lz I<q)-;,lblal."].) .')u..dlx.>\

0d o
Gude)$ (X id"h) (udog* ('d'e)
< %t
Also, for [_('x,“(." AV or (x4 1)]# (i d'd) , we have,

l <q);‘.‘£,d,‘ﬂ, )q‘)_)(_u clnd_“/l_> ‘1 \<LP3(_ILICLI_1>\1 < 4 S

—

. T
B S S VIR UAETIY S
Similarly, for [(Z)C“ A1) or (it '1.)]* G d'4) we have

't<\vla(_l;, L )q)x“ M d-"1>P \ <LP30(,'A'1 sq')x“éol,“1>( l< '1_8 .
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Hence,

R\ < | '
|R\ 3;‘6"0“ Zud} {81+S FS}%,‘CL";.'%%‘\I‘C?@'\z

L dual™

swhich, by Schwartz's inequality, and since § < i ) 31 ues

2 2 b 2
\R\ \<. %8 2 \Cxﬂllgd\d'\ 2‘ ‘C'?'aUl 2 \C% ‘

! Y ‘d’ Ud aT g ar

But, it is easily seen that

Z el = Ty W¥s ks, 1) W (S +s, ') <L

DUD(-"taw

. . 1
Sand, from(v1),and since the {fvtd}are orthonormal,

z ( C?dill "—'i

Lk

Hence,

IR < 36,
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TWO PARADOXES IN QUANTUM MECHANICS*
H. P. KRIPS

University of Adelaide

The purpose of this paper is to resolve two paradoxes, which occur in quantum
theory, by using the discussion of the theory of measurement presented in two earlier
papers by the author [3], [4], [5]. The two paradoxes discussed will be the Schrédinger
cat paradox and the Einstein, Podolski, Rosen paradox [2]. An introductory section
will be included which summarizes the relevant results from the author's previous
papers. Also a discussion will be made regarding the author’s interpretation of the
density operator.

I: Introduction. First, let us introduce the idea of a state of a system S at time 1.
This state we assume to have been prepared by a certain process Pin S leading up to
the time 7, and determined by some variable in S—say 4, taking a certain value a, at
the time #. The variable 4 in S is represented by an operator 4 in the Hilbert space
H? associated with S. We then say that the state of S at ¢ has been prepared by P
to be the normalized ket |¢,> if and only if 4 has the value a, in S at ¢, where
A |¢> = a, |$,> and 4 is nondegenerate. (The non-degeneracy of A is necessary
for the existence of a unique |¢,).)

Now suppose we prepare an ensemble of systems S at 7 by making an infinite
number of applications of the process P at various space-time points. (Pis assumed
exactly reproducible as many times as we like. This is possible if P has a purely
macroscopic description, since this macroscopic description can be realized exactly
without having to get down to the fine quantum mechanical (q.m.) details where we
strike reproducing difficulties because of the uncertainty principle.) If we then
examine the various systems S in the ensemble at #, we will find in general that P has
not been strictly enough specified to guarantee a unique state for every system S in
the ensemble at 7. In other words, we will find that Sis in any one of a set of possible
orthonormal states {|¢,>} at t. The fraction of occasions, over the ensemble of
occasions, for which S'is in |¢,> at # we define as the probability p, that S is in |pn>
at z. Obviously p, = 0 and 3, p, = 1. (We also make the usual hypothesis that p,
takes a value independent of the size of the ensemble, once the ensemble has become
very large.) We then say that P has prepared S at ¢ to have a density operator

VV(% = an I¢n> <¢n|,

where the density operator is by definition positive-definite, hermitean, with unit
trace.

Thus the state of S at ¢, as prepared by a process P, has two quite distinct aspects.
First, there is the actual state of S at ¢, which is represented by a ket |$,> in H5,
Then there is the density operator for .S at # which describes the statistical distribu-
tion of potential states for S at 7 in the event that an ensemble is set up. The distine-
tion between these two quite separate aspects is not something mysteriously unique

* Received February, 1968.
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to q.m. states, but also exists for any classical systems in which we have a statistical
distribution of potential results for an experiment. In Q.M. however a confusion
does arise between the two aspects because, in the case where W3 is a projection
operator of the form [¢,> {$,|, it is conventional to say that “the state of S at zis
|#,>7", which has been given a different meaning earlier (see paragraph one).

To clear up this confusion we will adopt, from now on, the convention that when
we talk of “the state of S at #,” with no further qualification, we mean the ensemble
state, i.e. “the state of S at ¢is |¢,>”” means that S has a density operator |¢,> ($,| at
t. Conversely, if we refer to “the state of S at ¢ on a particular occasion,”” we mean
the actual state of S at t, with no reference to potential states over an ensemble.

Now let us introduce the following two axioms which further define the concept
of state.

Axiom I: The combined system S + M has a Hilbert space HS x H™ associated
with it if the partial systems S and M have Hilbert spaces H* and H™ respectively
associated with them. Furthermore if the state of S + M (meaning ensemble-state)
is represented by a density operator Wt¥in HS x HM at t, then the corresponding
density operator for M at tis W# = Trs Wir™ (Tr® is the operation of taking the
trace in H*). Similarly W§, = Tr™ W§HM.,

"Von Neumann [6] then proves:

Corollary I: If either S or M is in a pure state at ¢ then W§'™ = W§, x W,
where we define a system to be in a pure state at ¢ if its density operator at ¢ is a
projection operator. (If the state of a system is not pure we say that it is mixed.)

Axiom II: If S + M is in the state |¢> x |> on a particular occasion at ¢, where
|¢> is in HS and [y in HM, then, on that occasion, S is in |#) and M in [} at ¢.

It should be noted that axiom I refers only to ensemble-states and axiom II only
to states on a particular occasion. It should also be noted that the converse to
axiom II is not valid because it can be shown to lead to a contradiction: let the
state of S + M (meaning ensemble state) at 7 be

|0y = Z G ld x ¢,

where (¢ | $i> = By, b | i) = 8uw (|$ is in H?, and [ is in HY). Then
axiom I tells us that

We = Z |eif?|$> 4| and W = Z sl (4> <l

Using the definition of density operators introduced earlier this means that, on any
particular occasion, Sis in |¢;> and M in |, at ¢, for some choice of 4, i". Hence, if
the converse to axiom II were valid, we would get that, on any particular occasion,
S + Misin |¢,> x |- at ¢ for some choice of i, i". Hence the density operator for
S + M at ¢t would have to be of the form

2 Pu 80 Gl x > el P20 3 Py =1,
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because of the definition of density operators. This conclusion obviously contra-
dicts the assumption that $ has a density operator |0wy> <0 at 7. Hence the con-
verse to axiom I is invalid, once we assume the validity of all other axioms used in
this proof.

Second, in this introduction we will define the rather restricted form of measure-
ment process which will be considered in this paper. It will be assumed that to
measure a variable 4 in S at = 0 means to distinguish between the cases when 4
is in the various {|¢,>} on particular occasions at ¢ = 0, where {|¢.>} is the set of
eigenkets of 4. (This account of the measurement process obviously applies only to
nondegenerate 4.) The {$,} will be assumed complete and orthonormal (c.o.n.)
such that

<¢n| ¢'n’> = Snn': Z |¢‘n> <¢nl =18

where 15 is the identity operator in HS. If we let the duration of the measurement
interaction be 7, then it can be shown that the interaction must take the form
(provided A4 is conserved by the interaction)

Uon [$e> X [t = 82> x [fd,  [$2> = €% [¢,,

where U,y is the propagator in S+ M from ¢t = 0 to ¢ = =, |y> is the initial
state of M (assumed to be pure, for convenience), and [, is a state of the measurin g
apparatus in which |¢,> is registered by some sort of macroscopic trace (e.g. a
pointer coinciding with the nth division on a scale). We will assume that the
{|$=>} is orthogonal, although this assumption may in fact be true only in an
approximate sense. Note that ¢'*m is a constant phase factor, and hence the set
{|¢n>} is still orthonormal. In fact there is no less of generality if e'*m is absorbed
into |i,, giving |¢;,> = |$,>—this will be done in section III, but not in section 11,
to conform with the original references.

We now proceed to a consideration of the two paradoxes mentioned in the
abstract.

II: Schridinger Cat Paradox. First, we will consider the so-called Schrédinger cat
paradox. In this paradox one has a situation where a measuring apparatus M is so
arranged that, depending on whether an electron ' is transmitted or reflected by a
half-silvered mirror, a cat is respectively allowed to live or is killed. Putting this
formally we let |¢qyr> and |dey» represent the reflected and transmitted state

- vectors! for § at ¢ = 0, the instant after passage through the mirror. Then, if
|hoyy s the state vector? of M at ¢ = 0,

Uo,» |Por> X ey = |peyry [¥py
Uo,n |doyr> X [y = [bwr> X |,

where Uy, is the propagator for S + M from ¢ = 0 to ¢ = = when the measure-
ment is finished. |, is a state of M for which the cat is dead, and lihs> is a state of

1 The term “vector” is interchanged with “ket”, to conform with [2] and [7].
2 M should really be in a mixed state at # = 0, but this does not affect the argument,
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M for which the cat is alive. Note that |¢ur> and |¢er> are orthogonal. (See
section I.) Now suppose that S is in a linear superposition |¢w)) = ca [por> +
cr |foyry at t = 0. Then, due to the linearity of Ug,, we get that S + M is in the
state |0 = ¢r |[Pwny X [P + er |bwr> X s> at time £ = 7. Herein lies the
paradox because the cat thus seems to be in a linear superposition of dead and alive
states, whereas in fact we know that the cat is either dead or alive with no inter-
ference effects between these alternatives.

The answer to this paradox can be made at two levels. The first answer is so
simple that one almost feels that one has missed the point of the paradox in giving
it. One simply points out that it is not really surprising that S + M behaves
peculiarly, in the sense of exhibiting a linear superposition of states, because
S + M does after all include the electron as one of its components. Where we
would be surprised is if the system M by itself exhibited a superposition of dead and
alive states of the cat, since M is the system which we actually observe. If we
calculate W@ however, which is the state of M at ¢t = 7, we get, using axiom I,
that W20 = |cg|?[¥oy <ol + lex|2lihad (fia]. The interpretation of this is that M is
either in |p) or in |¢,> at £ = 7, with no interference between the alternatives—in
fact we see that the probability of M being in |y, is |¢z|* and the probability of M
being in |, is |cr|2 Thus the paradox is resolved.

Now in one sense the above solution does resolve the paradox considered, but it
does so at the expense of introducing a related one: Suppose that |5 is ortho-
gonal to |,>—Araki and Yanase [1] pointed out that this is sometimes only
approximately possible, but we shall assume that it is exactly possible here. Then

mﬁ) - |CR|2|¢(1:)R> <¢(1)R| + ]ch2|¢(t)T> <¢(T)T|-

Hence, at t = , S is in |$uz) With probability |cg|? or in |$er> With probability
|ez|2. Now if on a given occasion we find M in |,) at t = 7 we would want to say
that the electron was reflected, i.e. we would have S in |¢u> rather than in
|byz at t = =. Similarly if on a given occasion M is in |4,> at ¢z = = then we would
want S in |beep at ¢ = 7. Hence, since S'in |$z> and M in [¢h,) implies S + M in
|besny % |hpp, We get that there is a probability |cg|? of S + M being in [$yr> %
l¥p) at t = . Similarly there is a probability |cr|? of S + M being in |peyr> X |4
at ¢ = =. The interpretation of these facts is that

W(l?r;.M = Ich2|¢(T)T> <¢(I)T| X llle) <¢Al + Ich2|¢(1)R> <¢(1)RI X |¢D> <l/JD"

This contradicts S + M beingin |8,y at ¢ = however; and hence we have another
paradox. The answer to this paradox is that the step which went from S in |$ur>
and M in |fp) on a particular occasion to § + M in lewn> X |hpy on that occasion
is not valid. This was pointed out in connection with axiom II, whose conversc was
shown to be invalid. There is one further comment to make which will perhaps
placate those who feel that the state of S + M att = = should nevertheless be

Wy, = lerl?|bary <bwrl X |$ay hal + eal?|mr> <Parl * [¥p) ol
It has been proved in earlier papers [3], [4], [5] that on the average W™ does in
fact approach W, which, it will be remembered, leads to the validation of the con-
cept of a strong objective reality for classical systems.
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III: Einstein-Podolski-Rosen Paradox. The paradox which we will discuss now was
first pointed out by Einstein, Podolski, and Rosen [2] (E.R.P.). They discovered a
certain mathematical peculiarity in Q.M., which, when given a certain physical
interpretation, led to paradoxical results. One possible answer to the paradox lies in
criticizing the mathematics, which does involve various idealizations such as
assuming one can make interactions between two distinct systems vanishingly small.
Sharp [7] follows this line. The idealizations made in the mathematics are however
quite in keeping with the usual sorts of approximations made in Q.M. An attempt
will be made therefore to try to resolve the paradox by having a close look at how
one interprets the mathematics. It is perhaps a comment on the effectiveness of the
E.R.P. paradox that philosophers resort to Mathematics and physicists resort to
Philosophy in order to resolve it.

E.R.P. assume that we have two systems S, and S, which are in a combined pure
state |D,> at ¢ = 0. Now let A* be a variable in S, with a c.o.n. set of eigenvectors
{|uz>} in H* the Hilbert space associated with S,. Any | ®¢g,» can then be written as

[Py = > [ui> x [ob,
n

where |v3> = <u; | O, is a vector in H" the Hilbert space associated with S;,. Now
suppose we make a measurement on S, at ¢ = 0 for the variable A® by using some
measuring apparatus M with Hilbert space H™. (4%, and later 42, are assumed
nondegenerate.) E.R.P. claim that on any particular occasion this has the effect of
projecting | @,» into one of the {|u:> x |vl)} at time 7 =  after the measurement
interaction has stopped, provided that {|«}>} and {|v}>} are both conserved by the
interaction. Let us now examine this claim more closely: To measure A* in S, at
t = Owe put S, in interaction with M, which we suppose is in a state [¥'p,> at # = 0.

Hence the state of S, + S, + Matt = 0is [0,)> = | D> % |0y by corollary
L. Now for a measurement to take place we must have S, + M in 3, ¢, | uny x
[¥eoy> at ¢ = 0 going to 3, ¢, | ul)> % |¥',> at ¢ = = when the measurement has
stopped, assuming conservation of the {|u2)}. It will be assumed that (¥, | ¥y =
Snnv» although this may not always be possible, as pointed out by Araki and
Yanase [1]. Hence if we have S, + S, + M in [y at t = 0 we must have S, +
Sy + M in |0q> = >, [us> % [vly x [¥,> at ¢t = r, assuming conservation of
{|#3>} and {|v}>}. Now the state of S, + S, only, at # = , is given by the density
operator Wit = Tr™ |6,,,> (0,|. This gives

B = [va> <vh| x |ub> <udl,
n

due to the assumption (¥, | ¥',.> = §,,.. We now change our notation, and replace
[03> by ¢, | v}>, where v} | v1) = 1. This gives

G =2 leal?[o2> <vE| x> <udl,
where the {[u;>} and {|v;)} are both normalized and therefore represent possible

state vectors. Hence we have E.R.P.’s result that at ¢ = =, on any particular occa-
sion, S, + S, is in one of {|v}) x |ul>}. Furthermore we can say that S, is in one
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of the {|vi>} on any particular occasion at ¢ = 7 by axiom II. In fact the probability
of S” being in a particular |v1> on a particular occasion is |c,|?. The purpose of
making this analysis was simply to make explicit the assumptions involved in
E.R.P.’s claim, and in particular to show that it does not involve any assumption as
to a reduction of the wave-packet.

Now the E.R.P. paradox arises as follows: Suppose one chooses to measure a
variable 42 in S, whose c.o.n. eigenvectors {|uZ>} are different from {|ui>}. If we
define d, | v2> by | D> = Dn 42> X |v2> dy, where <v | 2> = 1, we can see that
{|va>} and {|v2>} will be different. A measurement of A2 in S, at ¢t = 0 will then
resultin S, + S, beingin some |u2) x |v2>, with probability |d,|2, on any particular
occasion at ¢ = = (the proof of this is as for A!). Thus by axiom II, there is a
probability |d,|2 of S, being in |[v2> on a particular occasion at ¢ = 7. E.R.P. then
show that in a special case we can have a |®,> such that {|vi>} correspond to
eigenvectors of a position operator and {|v2>} correspond to eigenvectors of the
momentum operator. Hence, depending on the measurement which one carries
out on S,, the state of S, on a particular occasion at ¢ = 7 is represented either by a
momentum or by a position eigenvector. E.R.P. then claim that since the measure-
ment on S, can be assumed not to affect S, in any way (i.e. S, can be assumed iso-
lated from M and S, after ¢ = 0) it must be the case that one can simultaneously
assign, on a particular occasion, eigenvectors of momentum and position to the
same system. This conclusion involves a contradiction with Q.M. according to
E.R.P., and hence one has a paradox.

Now before proceeding with an attempt at resolving this paradox we will briefly
look at Bohr’s solution and why it is unsatisfactory. In criticizing Bohr we will be
simply expanding on the reasons given by Sharp [7]. Bohr solves the paradox by
claiming that one can only consider a system as having a value for a certain variable
after one has made a measurement of the variable. Thus, although mathematically
one may have S, in the state |s1> say, one cannot say that S, is in any real state at
all until one makes a measurement on it. This rather positivistic approach does solve
the paradox, because, if [v1> and |vZ) are eigenvectors of noncommuting variables
such as momentum and position, we know that we cannot measure them simul-
taneously (see later); and hence only one of the |v1) or |v2> can be the state vector
for a given system at a given instant on a given occasion.

This resolution of the paradox is to be rejected on two grounds. Firstly, Bohr has
simply denied E.R.P.’s physical interpretation and substituted his own. Since
E.R.P.’sinterpretation is simpler than Bohr’s (because E.R.P. do not need to invoke
the measurement process to establish reality for their state vectors), Bohr would
have to advance reasons for accepting his interpretation rather than E.R.P.’s.
Furthermore any such reasons should not just consist of the fact that Bohr’s
interpretation resolves the above paradox, since otherwise the resolution becomes
trivial. Since no such reasons are apparent Bohr’s resolution would seem to be of
rather doubtful use.

The second more cogent reason for rejecting Bohr’s argument lies in the already
mentioned fact that it involves the measurement process in giving reality to the
state vector of a system. This is unsatisfactory because the measurement process
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is itself an entirely physical phenomenon, describable in terms of the evolution in
time of the state vector of ¢he measured system plus measuring apparatus. This
latter state vector will not be “real” in Bohr’s sense, unless one performs a measure-
ment on it. (Bohr means a “real state vector” to refer to the state vector which
“actually exists” in the system considered.) Since the data about the measured
system are contained in the state vector describing the measuring apparatus and
measured system, it follows that one cannot obtain any real data about a system
unless the measuring apparatus and measured system are themsclves being
measured. These considerations lead us to an infinite regress in which we have to
set up a whole series of measuring apparatus, to measure other measuring apparatus
and the measured system, in order to get some real data. Such an attempt is
obviously futile unless one introduces some sort of extra-physical intervention
which imposes reality upon the situation. Such an extra-physical intervention is out-
side the realm of physical theory; and hence cannot be allowed. _

The alternative to Bohr’s interpretation (which is usually called the “Copenhagen
interpretation”) is to simply assign a state vector |v) to a system if there are sound
theoretical reasons for doing so. One thus avoids the rather metaphysical sort of
questions as to when a state vector is “the state vector which the system actually
has”, since any theoretically acceptable state vector constitutes a valid state vector
for the system. Under this interpretation of course one has the problem that
|vt> and |vZ) are both equally valid state vectors for M at ¢ = = on a given occa-
sion. One must show that such a state of affairs, contrary to what E.R.P. suppose,
is not contradictory with the theoretical body of Q.M., even though |v3> and |v2>
are eigenvectors of position and momentum operators respectively. Furthermore
one must explain why Q.M. allows a redundancy in its structure in that we have
two descriptions for the one physical reality. (By “physical reality”” is meant the
state of a system at a given instant on a given occasion.)

Now' there are basically two arguments which claim that one cannot simul-
taneously assign eigenvectors of momentum and position to the same system on a
given occasion. The first of these bases its conclusion on the fact that Heisenberg’s
thought experiments have shown that E,E, = A, where E , is the error in measuring
the momentum of a particle on a given occasion, and E, is the error in making a
simultaneous measurement for the position of that particle on the same occasion.
This fact however tells us nothing about whether one can simultaneously have a
particle with an exact momentum and position on a given occasion—all it does is to
point out that if such a situation arose we could never perform a measurement to
check it bécause of experimental limitations. Therefore this first argument is
inadequate. The second argument bases its conclusion on the uncertainty principle
which states that ApAg = h/2 for any system S at time ¢, where one defines Ap for .S
at time ¢ as the root-mean-square deviation of the distribution of values of momen-
tum, as measured over an ensemble of systems each with the same density operator
as S has at time ¢. One defines Ag similarly. 'I'herefore the uncertainty principle tells
us that one cannot assign |p) and |g) simultaneously as states of the same system,
since to do so would yield Ap = 0 and Ag = 0 simultancously in the same system,
in contradiction with the uncertainty principle. This conclusion however refers only
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to ensemble states and not to states on a particular occasion. As such it only places a
restriction on the distribution of values over ensembles; and does not, as E.R.P.
want to claim, restrict the simultaneous values on a particular occasion. Thus we
conclude that there is no argument, as far as we know, invalidating the proposition
that on a given occasion we can simultaneously assign a value of momentum and
position to the same system.

This has removed the strongest feature of the E.R.P. paradox. One still however
has the problem of explaining the redundancy which is present if one allows both
[v2> and |v2) as simultaneous state vectors on a given occasion for the same system.
The answer to this is very simple: One knows that one of the {|v1>} describes the
state of S? on a given occasion at ¢ = = because, if we measure 4* in S*, we get
W3 = >, |ea)?|vt> <vi|. Similarly, the fact that, if we measure 42 in S, we have
WEy = Dn |dnl?|v2> <3|, tells us that S¥ must be in one of the {|vZ)} at ¢ = 7 on any
given occasion. The problem is thus solved if we can show that 3, |d,|%|v2> {v3=
> lenl?|vsy <vi|, which can easily be done by taking Tr | @) (®q,| and using
| Doy = S Cn |ua> % |03 = 2ndy |uZ> x |v3>. Therefore we see that the re-
dundancy which we require to explain arises simply because the initial state of
S* -+ S? may be mathematically decomposed in either of two ways. Such a
redundancy is therefore not paradoxical but an integral part of Q.M. arising be-
cause of the fact that the states of systems are located in Hilbert Spaces. This com-
pletes the resolution of the E.R.P. paradox because the inconsistency has been re-
moved and the redundancy explained.
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