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ABSTRACT.

A speclal ensemble, called a fluctuation ensemble,
is discussed and the corresponding phase space distribution
function is rigorocusly defined. The apecial subensenble
ia obtalned by choosing, from the grand ensenble, at &
specifised time, t=0 say, those configurations in which a
molecule is at a given point x, moving with a specified
velocity v,. In & dilute gas, it is shown that the
fluctuation ensemble contains configurationa which are
realized when a molecule is injected or allowed to diffuse
into & gas originally, l.e. at time t=0 , in equilibrium.
The one particle velocity distribution function correspond-
ing to the special subensemble 1is rigorously defined, and
is divided into two separate contributions - one associated
with the motlion of the distinguished molecule, and the other
with the rest., A genersl subensemble in which the dis-
tinguished molecule has a specified distribution at time t=o
is also discussed, and the one particle velocity dis-
tribution functions rigorously defined. These functions
are then connected with those of the special sub-ensenble,

The distribution functions are obtained for a general
subensemble in which the veloclty of the distinguished
molecule 18 specifled at time t=0 . The velocity dias-
tribution functions assoclated with the motion of this
distinguished molecule are obtained for a general molecular

model from forward and backward Boltzmann equations, and, in




partioular, for ¥axwellian molecules, The distribution
function associated with the motion of the other molecules
for the Maxwellian meoleculer model i3 also caleulated.

The Kaubo~type iransport coefficients of thermal con-
duction and viseosiiy are evalusted, from the sbove dis-
tribution funetions, for MKaxwellien molecules forming e
dilute gas, uveing a method developed by Green, and, ss
expscted, the valuea obtained are those given by the Chap-
man-inskog method. The exact mean~free-path coefficients
are obtained by using the distridution function 2seociated
with the motion of the dlstinguished molesule, end are com-
pared with the exmct transport coefficilentas as given by the
Eubo methed. |

The corresponding general and special subensemblee
of the grend ensemble of non-eguilibrium are Aiscussed,
snd the corresponding distf#ibution functions rigorously
defined. It is shown, =s in the equilibrium case, that
in dilute gases this specizl subensemble {is eguivalent ¢o
conaidering a system in which a molecule is distinguished
et time t=0 Dy 1ts position and velocity, end is aurrcunded
by a2 gas in a "asteady"” state of non-equilidrium at time t-o.
The distrivution functions, correaponding to those of the
equilibrium cese, are found using forward snd backward |
Boltzmann equations for a general moleculsr model, end, in
particuler, discussed for Vaxwellian molecules, An ex~

perimental procedure which involves the injection or




diffusion of redicsetive particles into a ges, 1is suggested
as a method of confirming the resulta.

The distribution functions esre used to define various
mean accelerations in a ges, in both equilidbrium and non-
egquilidbrium, as suggeated by the statisticel theory of
fluide developed by Kirkweod. Theso meen sccelerations
are evaluated for Maxwellian molecules. In the equilivrium
case, a “"forward" mesn acceleration is shown to be eguivalent
to that defined by O'Toole and Dahler. The equivalence of
all the definitions of mesn accelerations involved in kinetic
theory ia precisely discusaed, and it is shown rigorously
that the definition used in the thesis, and so by O'Toole
and Lahler, 1is not eguivalent to that defined by Kirkwood.
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UCT IO

The earliest attempt to deseribe transport phenomena
in dilute gesee was by the mean free path thecry whish was
developed by Maxwell, Stefan, Boltzmann and Meyers This
theory gave a good physieal picture of the processes oceurring
but 414 not yield exact results for the transport coefficients.
This defect was partly oversome by the modification of the
theory to account, to some extent, for the persistence of
velocities in the collisions”. However, the obtained results
for the transport coefficients were still not as exact as
those obtained by the exact mathematical theory of Hilbert,
Chapman and Enskog developed some yecars later, In this exact
theory, deseribed fully by Chapman and Cowling (C.C.), the
one particle velocity distridbution function f£(t, y, X), for &
aystem of molecules forming & dilute gas in non-equilibrium,
were calculated for 2 rumber of different molecular modelw‘
(specified by their two body force laws) from the now well-
known Boltsmann transport equation. This transport eguation
has the following form,

ey E.g 1, (1)

“The mean free path theory together with these modifications
are fully discussed by Jeans,ref. (1) Chapters 11, 12 and 13,
;ﬁax'ull had solved the equation for a special model ecalled

the Maxwellian moleculea,
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t’hefe the rate of change in the distribution function £, due
to collisions is given by,

(£, 2] = firlg)e(x,') « #p) 2] ¢ D av's (2

in which ¢ = | y-y’|, and Jh is an element of cross-section
for the eollision (xy» %,') - (% x')s FProm these atetri~
bution funstionse the coefficients of thermal eornduction anmd
viscosity were calculated for the models., The coefficient
of thermal eonduction, X, 1s defined by

g ==K %‘ 4L ’ (3)

where g is the loeal thermal finx., The ooefficientes of
visgosity, n and T are defined by,

E“PE*@*%-mi (u)
where P is the local pressure tamer;(%:sj“)“ = %(-;;% 4%) -

= §(£ * u)6,43 n 1s the cosfrictent of shesring vissosity,
and T the evefficient of volume viseosity. In a &ilute gas
the evefficient of volume visoosity is negligidle compered

with that of shearing viscosity, The &iffusion coefficients
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Monehick2) has sttempted to reconcile the mean
free path theory with the Chapman-Enskog theory dut 4n doing
80 has introfuced "an effective transition probability”. In
Chapter IV, the mean freoe path eoefficients of thermal con~
duetion and viscosity are caloulated for Maxwellian moleoules™
taking escount of the persistence of velocities exactly, end
these sre then compeared with the exmet coeffiefents. All
these coefficients are caleunlated uging another approe
which was first introduced about ten yeare sge by M.S, Greenw )
who obtained expressions for the transport coefficients using
the theory of Markoff processes. 'In 1957, Kubo“‘) derived
his quantum mechanieal formmla for the eleotrical conductivity,
and, since then, meny suthors, e.g. refs. (5) to (10), applied
similer methods to derive and eveluate expressions for the
other transport ovefficients, Thess formulae were intro-
duced primarily for the ealculation of the transport i
coefficlents in dense gsses or liguids, as the Chayman-Enskog
method is mainly restrioted to dilute gases although Born and
Gx-m(") have generaliged to some extent this theory to dense

* ¥axwellian molecules are defined by the two body foree law

E PR ;f;ﬁ ¥
where « = constant and p is the distance apart of the two inter-
acting molecules,




fiuids. However, the calculatiocn of these Kubeetype
goofficients - as they are now called « for dilute gases is
of intereat ee one would expeot them to be equivalent wzth
thoee cbtained from the Chapman-Enskeg theory. Moril®),
Montrol12{7), oreen'1®), ana others have esteblished the
equivalence of the methods for low densities, and Green’!0)
has also discussed a general proof of the equivalence of the
methods for dense fluide. In Chapter IV the Eudo-type
coefficients of viseosity snd thermal contuetion are evaluated
for Naxwellian molecules forming & dilute gas and, &s expected,
have the sams values as those given by the Chapman-Enskog
method, Hor1'®) nas also evelusted theee Kubo-type cosffic-
ients for Mexwelllan moliecules and shown thelir equivalence
Hori uses the mseter and
binary coliision operators, and obtains the approxim
eigenvelues of the master eollision operator corresponling
to the fluxes of viseosity and thermal conduetion. For
¥axwelllen molecules, in the classisal limit, these eigen-
velues ere exact, and, using thege, ¥ori caleculetes the
corresponding coefficiente for the Maxwellian molecules,

The eigen wvalues are the inverse relaxation times correspond-
ing to the different modes of relaxation, and the values
obtained by Nord ere the same as thowe found in Chapter IV,
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The Kuboetype integrals of creen’ %) nave the form,

Ia= G(T(!i)l;‘lsf(‘xa’ Jat >3
where the values of "a” and "r" depend on the particulsar
coefficient being considered®, emd 13' is the peculiar velo-
city of the jth molecule at time t° ~ the summation of J being
over all the molecules in the eystem. The average <...>; is
formed with an eguilibrium distribution function, In Chapter
IV, a method imtrotuced by areen’’®) is employed in the evalua-
tion of these integrals, In this method, Green introduced a
subensenble of the grand engendle of statistical equilibrium,
This subensemble is obtained by eeparating, at time t=o0, from
the eonfigurations forming the grand ensemble, those configurae
tions in whieh & molecule is at s specified point, I, say, end
moving with & specified veloeity, x; ﬁ&ﬁ ﬁel!‘m(wy) has also
applied similar eubensembles to the Kuboetype cocffielents.
In &ilinte gases, the introduction of sueh an above subensen
18 eguivalent to considering a gas in equilibrium, into which
a molecule of the same type is injected with veloeity X, ot
the point X, This subensenbd;
Chepter I, and the e¢orresponding subensesmble of the grand
ensouble of nonwegquiliderium is also comstructed, It is shown

* The precise form for the coefficients of thermal conduetion
and visoosity sre given in Chapter 1IV.
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that, in 4ilute gases, the latter subensemble 1s equivalent
to eomsidering a molecule entering a system of molecules of
the same type forming a gas in a state of nonw-equilibrium.
The correlation functions corresponding to the sbove processes
are defined in Chapter I, i.e. the time dependient velocity
adstribution functions assoeieted with the "incoming” molew
cule and thoee sasociated with the system as & whole. In
the latter part of the chapter, the concept of "beckward”
aistribution functions is introdueced in order to dessribe the
fluotustion ensembles prier to the time t=o at which the
distinguished molecule has veloeity ¥, et the point X,

In Chaptera II and III the distribution funstions
are found from "forwapd” and "backward Bol tgmann ecuations
for the general moleculsy model ant for the psrtisular case
of the Masxwellian molesouless In Chapter 1Y it is shown that
the veloecity aistribution fonction gl{t, X, X, ) essosiated
with & molecule entering a system in adsolute equilibrium with
peculisr velocity y = X, U satisfies the Boltmmann equation,

%é = [&rﬁ 3] .
xac{13) nes also considered the eame proviem for a onee
dimensionsl mrdel and Prigoginel'™) for weakly coupled gases.

The basio equetion of mon
fluids is the Liouville equation,

2quilibprinm processes in




oF (1) . ﬂF -1 oé oF ‘
Wi i o). o
in which F (ﬁ' z( )y-ccj l( R) (l)atuox(N)) is the proba- |

bility distribution function for findling only N molecules,
econsidered to be all of the same type, ocoupying the rangee
in positions and veloeittes (x''7, z'') « az{')), oo
(x(m. .,g‘mm(m). The total potential ensrgy of the system
of Nemolecules is denoted by &y e This equation is essentially
a contimuity equation in 6N dimensionel phase space,

By using 2 simple avareging process in (5), the
equation for the one particle distribution funmection, £(t, ¥, X),
defined by ’ “

£(ty 3, X) = By 1?13 315‘(&*5(2'))6'(1«»1(1))
M(’)oe-ﬂ(x)ﬂ( b n(ﬁ)/w

is derived, Thie equation, scmetimes oelled the Liocuville
equation aleo, hes the following form,

Hoxrfogom-o (6)

where the mean acceleration, Ny at time ¢t of a molecule
moving with veloeity yx et the point x 1s given by the rigorous
expression (external force serc),




Cl’ <ad (al)

e g e

o = dEa(t,
o m[ r(t

C1a)d
IR
ax''’

where £ is the two pearticle distribution function defined by

ax *ax' (7

fa(ty X0 % X'» X)) = EK[Fﬁsid(m-z”’Mr ¥ %)

Jézﬂﬁd* <3J ’)&(I“'flj %) ggt! :ue ' ’--ﬂlm)
ax'®/xg

end 3°'*? 18 the 2 particle potential emergy. It should be
noted that Equation (6) may be regarded es an exact form of
Boltzmenn'e equation valid for both gases and liquids. In
faect, Gmn“5) has rigorously derived the Bolismann equation
for 4ilute gases (i.e. Fquation (1)) from Equation (6),
together with an appropriate statistical hypothesis.

As mentionad above, the theery of dlssipative pro-
casses in gases was extended by Born ard Oreen to dense fliuilds
(especielly 1iquids), At about the same time Kirkwooa' 'S’
introduced another approach in which the theory of Brownian
motion was used as a guide. In this theory, approximations
were used whieh were suggested by the theory of Brownian
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motion, and 50 the thesory is not exact, However, the calcu~
lations of the transport coefficients which have been performed
using this theory appear to agree moderately well with experi-
ment.

In Chapter V, using the distridution functions
assocliated with the distinguished molecule, which are defined
in Chapter I, we define various mean accelerations for s mole~
cule moving in a dilute gas corresponding to those defined by
Kirkwood, We then calculate these mean accelerations for
Maxwellian molecules and obtain the sorresponding friction
coefficient whigh has s8lso been caloulated by O'Toole and
nahler(ﬁ) using & dirfferent approach.

%e now deseride the theories of Kirkwood and 0'Toole
and Dahler with special atiention to the mean asccelerstions,

In Chapter V a detailed comparison is made between these
accelerations and also those introduced in the thesis.

In the theory of Kirkwood, the mean aceceleration,
Jge Of a molecule at the point ;‘ "7 in the fluid moving with
velocity 3 ' at time t is defined by,

g (% Py “; 1‘ ey -‘6% <po* ';’%P‘ s (7a)

‘Tha form of expressions used here are following H.S. Green“a)
Prai113=11hL.
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F ‘
T4y €ada b2
Cooed = t’ﬂ /f(g.f”'s":) ee s M ﬁ! K

M‘ B ,ﬁfﬂ“,/m (8)

oot '? is the change of veloeity of molecule 1 during the
intervel from ter to T, 4e0e¢
rt 6N apt
X ”'M%ﬁ“ .1" [ B e (3)
[E, = forece on molecule ¢ due to its intersetion
with the other molecules in the system.]

£'? 18 the change of veloecity of moleecule 1 during the
interval from t $0 t+7, 1.4,

< .
P e “”Jz 1;?%& : {40)

Note that in the average (&), the position and veloeity of
the particle 1 are kept fixed at time t. From (9) and (10),
g may also be written as |

44’
nK ,’, (*; 1';;% ﬂt) s (11)

The method expresses 3. in terms of a frietion
tensor ( given by

% C!) ‘Iﬁ>. (12)
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and in doing so, another mean acceleration g, defined by

ma%(bc”? » (43)
is introduced. The expression obdbtained is as follows,

%”&‘&#‘"'rg' (44)

In equilibrium the mean force aoting on a moleculs is zero,
So, using the Hexwell distribution, Equation (44i) becomes

Il: -[_( €13 ),,ﬂs}ﬁﬁ},go:. (15)
1eCey
&co: .ol g0, (16)

where ¥ ' %=y" ' %ay, and ¢ has been termed the friction coef-
fieient. It should be noted that Equation (16) is ths amalogue
of the langevin eguation of the Brownian motion theory., However,
unlike (16), Langevin's equation has not been averaged over
an ensemble, but is the equation of motion of a single mole~
cule gonsidered from s microeecople peint of view.

If the devigtion of the friction tensor from its

equilibrium velue 1s neglected, then from (14) ant (15), ng
may be expressed in the following manner,

H) o3 (17)
- (B en) ¢ !
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where 2,°=z,-0°®’s Actually, Kirkwood sseumes the following
value for &'!

a, = ;,?;,» gg (nkTwp) - (18)

(p = hydrostatic pressure).
The formmla (17) for the mesn sceeleration of a
molecule whose position and veloeity at time t are x= A
and y-y° '’ respectively is taken as the mean scesleration,
8Os defined by the Liouville equstion and substituted in thie
equation; the result being essentially that of Kirkwood,
However, Kirkwood sssumed that the friction temsor (*°°
reduced to a multiple of the unit tensor, i.e.,
| ge: n ‘-coai o (49)
Eirkwood also supposed that there was & range of 7 = galled
the "plateau time" - where (‘°’ 1s eonstant” in value, amd
published a platesn value without darivntion‘19). Hbvevur;
Rice and Kirkwood!2®) ana Colitne end Rarrer(2!) nave aertves
this same value approximately by different methods for dense
flulds. The latter derivation 15 of interest ss the subensemble
used by Green''®) and referred to above is introduced %o define

¥ If this platesu value is escumed, then ¢°°” and ¢ in Equation
(16) are, of course, identiocal, '
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the friotion c¢coefficient, However, certain assumptions are
intrcduced which do not appear to be nacessarily accurate,
glthough the "eorrect” expresgion for the plateau value, 1.6,
agreeing with Rige and Kirkwood, is cbtained,

The plateau time is important as we see from the
formulae (11), (13) and (10) that in the 1limit 7-0, 3, amd
I, sre identical, and also the friction tensor approaches sero
with 7o

neirana{??), Collins ana Rarfe1!?3), and otners nave
disoussed the fricticn terms for dense fluids, However, in
this thesis we sonsider d{lute gases in which only binary
ecollisions sre acscunted for,

The frietion coefficient for dilute gases has been
ealoulated by C'Toole and Dahler‘”) for a mumber of moleculer
modsles Their method makes use of the formula (16), The mean
change in momentum uring a collision of & specified molecule
with one of its neighbours 1s soneidered., In partieular, their
expression for p.°°’ 1e,

4y p (te)ate ® =

n:”(t.x.) = éj: =
= [#°%v") (gex,) o @ ax° (20)

when & ecllision process (x,,X') = (ZeX,') 1s considered. To
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obtein (20), in going from Eirkwood's definition to theirs,
0'Toole and Dahler suppose that the plateau time 7 is come
siderably larger than the time taken for s dinary ecollisjon
but lese than the recurrence time for miltiple colilsions,
They finally teke 7 to de of the order of the mean transit
time for a free path lengthy, This c¢hoice is, as pointed out
by the suthors, impoesible for a dense fluid as the two limits
are of the same ordier,

The esleulation of formula (20) for Maxwellian
molecules is ocmparatively simple, and the result obteined
is

25 = - ,@,(5) _(@5) X e (24)

In Chapter V, it is shown that 3.°°’ of 0'Toole and Dahler

i3 equivalent to that introfuced in this thesis but is differ-
ent from that definsd by Kirkwood, It is interesting to note
that, in the definition of the mean acseleration g ‘°? in
this thesis, it does not appear necessary to introduce a

- plateau time like that of 0'Toole and Dahler.
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1=-1 INTRODUCTICHN

Any system of molecules forming e gas is so complex
that 1t iz impossible to specify the configuration of the
system at any instant of time by the positions and velocitiles
of every molecule in the systems For this reason an ensemble
fs introfuced to represent the state of the gas, This en~
semble consistes of an uncountable set of configurations
constructed so that the configuration of an actual gas may
be imagined to de taken at random from the snsemble, When
provabilities and averages are calculated they are always
defined relative to the constructed ensemble. In order to
evaluate the unconditional everage of any function of the
positions and velocities of the molecules, a phase space
distribution function, Fﬂ(z,x‘,'.?,;(“),x‘,'.!,x(m). is introe
duced. This funetion is usually defined as follows: 4if e
gas consists of Ii molecules (all of the same type), and a2y

is an element of configuration space, 1.€.,

agﬁ "ﬁ;"!?"ngw’u“’"ﬂcn,ﬁ‘}"’ : (1=1)
the probability that the configuration of the gems unier
conelderation is in this element ie Fy @ge The normaligza-
tion 1a



1=2

and 80 the unconditional mean of eny funetion G of positions
and velooities is

o = 25 [Foacy (1-2)

From this phase space distribution function it 1s possible
to define the one~partiocle distribution function £(t,X,Y)
by the following,
£(t,x03) = <y, 651621 . (1=3)

This veloeity distribution function heas the property that
£{t,X,X)4x 4y is the probebility of finding, st time &, @
molecule of the ges in the volume element (Z,Z+ix) with
velocity in the range (¥,x+d¥).

in this chapter sudbensembles of the grand snsemdles
of statistical equilibrium and noneequilibrium are 4isocussed,
Piratly, we will discuss the special euvbensemble which was
introduced by oreen!’ (note a1so Re1rana(?) ana Collins ema
Ratrel(z’ o see Genersl Introduetion). This subensemble is
constructed by separating from the complete (i.e., grand)
ensemble of equilibrium, those gonfigurations in which & molee
cule is at a specified point in a gae and moving with a
specified veloeity st a specified time. The correspording
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gubensenble for the grand ensemble of nonw-equilibrium is alse
constructed, A more generel subensemble of which the special
subengemble 18 @ special case is introduced. It is found
possible to cbtain the one particle distribvution functliome
corresponding to the more general subensemble from those
correaponding to the special subensemdle.
1-2 EQUILIBRIUK

For a gos to be in a state of statistical equili-~
brium, the following necessery and sufficient conmditioms holéd
in the whole region cccupled by the gas,

g

2.5,
and é(M*‘?ﬂa)ﬁo,

where T is the absolute temperature, J the mese velocity,

B,

£ % thermodynemic potentiel,
and ¢ = potential per unit mass due to external forces,
The solution to the second condition above is
=R *LxE
where g, and g are arbitrary constents, and so the gas moves
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gs & rigid body with constant trenslational veloecity emd
constant angulaer velocity.

The one particle distribution function corresponding
to a state of equilibrium is the Maxwellian velocity distri-
bution

a
ﬁf'_q) = n‘(g)=¢ e"‘i’ﬂmg s
wvhere the peculisr veloeity guy-u ,

and 5"5%0

In general, the one particle distribution function
for equilibrium will depend fmplicitly on the spatial variable
X in the mwier density n and mass velocity g in a special way.
However, in uniform equilivrium (C.Ce pes69) - sometimes ealled
"absolute equilibrimm” « the distribution function is indepen-
dent of the spatial veriables In this case, the gas moves
with a constant translationsl velocity and there is no rigid
body rotation, | |

The phase space distribution function ecorrespording
to the state of abaolute squilibrium will he denoted by Fﬁ"
end so the unconditional mesn, with respect to this ensemdle,
of any function G of positions and veloeities is denoted by,

<F o Iy /PGy . (1=t)
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From the grand ensemble of equilibrium, the speclal
subenserble is defined by separating at a specified time, t=0
say, those configuratiors in which & molecule is at the point X,
and moving with veloeity Y, e denote the phase space diatri-
bution function eorresponding to this emsemble by Xm°
(4551 e T 200 ). The state represented by this
subenzemdle ie not one of equilibriumbut anon-gteady atate,

S0, at time t=0, x,° has the value
1oy (@3 5wt 1Y

f‘“’(l.pxg) ’ (4=5)

Xmo(’ﬂ) & Fmo Z

vhere 3,512, 3.5%? are the position and velocity of the ith
molecule at time t=0, This distribution function is correctly

normaiiged as

Fooay
EﬂjXﬁ‘(C*} 2oy

= B fFﬁ’ s, &z =gt i’)d‘(z;%‘n) ﬂﬂu;{"',(ﬁa 2X:)

= 202 g0 M/ (Zowi)

= 4
In principle, the distridution function xm"( %) eould
be found from the integration of Licuville's egustion with the
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application of the boundary condition (1-5); However, in
practiocs, this task is far too complex and the one particle
distribution function is used, The ons particle distridution
funotion for the specisl subensemble, dencted by fx"’(%mxh
is defined by the following,
£ 5N tmmimiox) = <25 6aat )0 (grt 0¥
s Sy xg®(8) 25 6(aeg )0 g Ry (1-6)

Now, by Liouville's theorvem,

xy'(0) @Roy = xx°(t) 4Ry

vhere 42, is the element of phase spase at time ¢t derived dy
naturel motion from the element 49,y at time =0, (Also, 1t
is a well=known reault that this element remains constent in
time.) So,

rx“’ = xx“(o)zgé’(;-x‘j’)é‘(z-'z‘ j’)&"!/f“’(x' oXi)

- Sl g et ) e e G et e

: f _FE 3.6 ché- ' ¢ e végga;_ £32

where cagh torm in the firet integral may de interpreted as
following the motion of the ith molecule which has & position
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&, ot time t=0 and velocity X, The second integral may be
interpreted as following the motion of the molecules other
than the distinguished ith molecule, FHence we define the

one particle distribution functioms g ‘* () ZeXsZyeX,) =
the distridbution function associated with the m&mmm
moleouls - end T, €0 (4,Z:X3%,s%;) ~ the distribution function
associeted with alz molecules exeept the distinguished one.
These functions are therefore given ty,

EL{,& 3(3 1‘9(3!"3»0 1) (g et 12)65 (a5t 1230 (gegf 1)
1921

r Cod = r’N/F‘%Ti:’ 31 6’(&% ii)g(x'% 13)
L (g5 %) ey o
3, Sara PNt ) ey

So, at time t=0,

3’:‘,‘0) . ‘ o ‘1})6'(_&‘-“@‘ 1)}
§(gmo* 17)6( 230" 1*) 420y,
= 6(2wg: )6 (2=xy) » (1=7)
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P,.° : .
&0 o) EN[:‘*’(;..;,) REL¢ RO RELTIE X A

33y 0(@met 1) (1" %) a8y
= 03,3 » (1-8)

for dilute gases, to the order we consider in the Eoltmmann
equation, vis., 0{n). For gases dilute anoﬁgb to apply the
“binery encounter® approximation, rxﬁ‘ M t,2,y) will satisfy
the Boltsmann equation which may be linearized. - The functions

gx"’ and rx“"uu 8lso astiasfy Boltzmann equations.

From the resulte (1-7) and (1-8), we see that the
system represented by the spescisl subensemble is one in which
at a specified time, t=0, a molesule is moving with veloeity
¥, at the point X, in the system, and all the other molecules
in the eystem are in statistical equilibrium., This distin-
guished molecule i3 not in equilibrium with the other molecules,
This is egquivalent, for time t)0, to considering a moliecule
entering, at time t=c, a system of similar molecules, forming
& gas in equilidrium, with veloccity x,; at the point 2, 4in the
systems A3 time progresses this distinguished molecule will
exchange momentum and energy with the molecules of the system
by eollision, thus forming an unsteady state. After a short
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time, however,; this originally distinguished molecule will
be in equilibrium with its neighbours as the steady eguilie
brium state is reached,

In the above section we have conaidered a sube
ensemble whieh is obtained by choosing at & specified time
certain configurations from the grand equilibrium enwenmble.
These configurations were sush that a molecule is at a parti-
guler point moving with a specified velooity, as is expressed
by the condition (4-7)s The phase space dieiribution funetion
Xg® corresponding to this subensemble was constructed end &
ons partiele distribution funetion conatructed from it,

In this section we wish to discuss & more general
subensemble, The genersl subensemble is obtained from the
grand ensemble of equilibrium by separating, at time t=0 end
with statistical freguensy ¢(X,x), those configurations in
which & molecule has position X and veloeity 3. This means
that the distinguished molecule in the system we are consider~
ing hee a specified distribution ¢(Z,3) at time t=0. If we
dexote the one partigle distridution function eorresponding
%o the general subensemble by r;”(u.;.x). then it is
divided as adove, viz.,
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t'; * ) teZsX) = E; y ’(t;!‘.’l) + I‘; °¥ TyXy¥) ' (4=10)

where g;“’ is sesociated with the distingnished moleenle and

T ;" with the rest., Henee, for t=o,

g Neua) = #(m) (1-11)
(note: ¢(X,¥) 18 normalimed so that sp(Z,x)Ax 4¥ =1),
and

r;“(a.;.x) a gf0?, {4-42)
e are sble to abt.-am the functions g;” m‘r‘;" from the
funotions gx ? ana T “e? (1,e44 the "fundemental solutions"
refs (), ps 76) in tlw following menner, Since g&“ ? satisfien

8 Boltzmann equation then the function
Mot *2(tsmaXszarZo)p(Z0so) 820 &¥o
will alsoc satiefy the same sguation, Also, at t=0,

7a $* (0,2, %5500%0)(Z0sZo) 8o 4%o

% .;f}k(x—&)a(r-xg)@(xmxe) dxo 4¥o

= $(ZeX) o
and 80 the distribution funetion in the general Budbensemdle
sorresponding to the function gx in the special subensendle
ean be expresssd by the following,
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gt (tze3) = 8,502 (41Zs21B0r20 )6 (Zos%o) dko d¥or  (4-13)

Similarly, the function rﬁ""( teZ»Y) may be obtained from
the corresponding function r;" for the special subensemble,
by using the following relation,

r ,“’(t.:.;) = f{?r'xi"’(t,m;mx@)ss(m»xe) ax, 4 « (1=11)

1=3 HON=-EQUILIBRIUM

in the sbove sections we have discusesd the grand
ensemble of sguilidbrium and ¢btained subensembles from it by
separating certain configurations st a specified time, In
this section we apply the edove to the grand ensemdle of non-
equilibrium, and 80 obtain similer distridution funsctions
corresponding to subensembles of this granl ensembles

In & vniform equilibrium state, the meeroscopie
parameters, abgsolute temperature T, mass veloelity y and number
density n, are all constant in epace and time. In non-
equilibrium, of gourse, these pareameters are no longer constant,
and so gradients of all the above may exist, The phase space
4istridbution function corresponding to the grand enseable of
non-equilidbrium 18 denoted by Fy and 1s ususlly expandied as
followe;

Py = Fe® + qu”' * soo



=12

where FN. hags the generaliged eguilibrium form amd so is
indepenient of the gradients of the masroscopic parameters
8(Zst)y TZ,t) and nlg,t), and F''? 18 linear in the grad-
fents, and €0 on to higher orders,

The one particle distribution function for a dilute
gas 18 8ls0 expressible in the above form, le.c.,

= 2% & £ 4
and may be found from the Boltsmann equation via the Chapmane
Enskog method (see CsCs)e The terms linear in the gredients,
1.8s, those represented by the first order f’, are ususlly
sufficient for most work in kinetie theory. This is due, of
ecourse, to the fect that the cvefficients involved in the
theory of the irreverasible processes, €.2+; thermal oconduction
and viscosity, are expressed in empirieal equations linear in
the macroseopic gradients., These equations defining the
coefficlents of thermel conduction, K, and shear viscosity,
ne are given by Equatiome (3) and (4) in the General Intro~
duction.s In thie thesis, we neglect terms of second and
higher orders in the gradienta.
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~ As in the equiuhrim cane, we select 8 epecial sube
ensesble by separating from the gramd ensemble of none
equilidbriun those configurations in which & molecule iz at the
point X moving with velocity ¥, at time t=0,
I the phase space distridution mﬁian corrasponi=
ing to this subemmemble ia demoted by X (tyx T sk’

22002 F?), then at the specified time t=o,

x0) = Fylo) BV (mi-ge’ N(xioxe VW tlorminz) » (1015
=y

and 80 it is correctly normaliged, 1.c.,

j"x,,(o) oy = FararmT | Fl0) By 6z 1)0(xi-xe ) 2oy
= 1 o

The one-particle distridution function, t}é( CoZeXiZ19X1 )y COPTRE-
ponding to this speeial subensemble ean de divided into two
djstribution functions in the same manner ss f.°*’ ia section
1=2«1 gbove. One velocity distribution function is associated
with the distinguished molecule, the other function with the
remaining molecules, Hence, as in (1~7) and (1-8),
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| | ¢4

£, = 2y fxn"‘) z, Hz-z J
= 2 [ 24 0arst oter'S) aaey

F.{o)
" [regmy 21 SEeaet ez
Sz’ 1163y’ asog
F.(o) ¢

* In [Rougngn B S

‘@33‘ »-_:.‘j,,' as .
321 Sla-x " )6(xex °7) oy

Ft) o
= 25 [owkirxr) 24 é(zimxe* 16 (gregett?)

- olaa sl ) ay

“ Felt)
I, . 843, ¢4
+ EN ot Ty §{Zivzo )8 (Xu=x0 ")

)6 (xex*?7 agy,

’" M elgimgetd?)

z 6lzxd6(xx’d?) a0
A (z~z o SRR

« 8 (LaZoXsZtrXs) + T, (G2 X3K00X1) »

So gx is ssscciated with the distinguished molecule and !‘x with
the rests For t=o0,
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‘ f FN(O) ¢4 g
.8" °) = Xy [Moranzy o1 S(&1-E0 (g ryot}

S(z=got Nolgmy ot ) a2q,

= ﬂzﬁ ) Kg=x1) » - (1-18)
and !'x(o) 18 given by®,

. 1__Fxlo) ¢4 3\ o c1
I o) = 3, -’;.T;'}‘m 2, 6(Zi=%0 N5(gi=xo't

2 6(zeg0d N (arzo ¥ ) agq
4fy T . %

=242, (1=17)
Hernce, to calculate the Aiatribution function 8
epsoclated with the distinguished molecule, we can considep
the equivalent problem of a molecule entering a system of
molecules of the eame type in & "steady” non-equilibrium state
whose distribution function is denoted by (1-17) et time t=o0.
This molecule is injected at time t=0 with veloeity ¥, at the

point X:» The presence of this extra molecule causes a "non=

*The actusl expression is given by £.(0, X Xs Xis Xu )/

#{(oy %, X,)e However, in a ges the probability that the
distinguished molecule is undergoing a eollision or has just
sompleted a collision with another molecule may be neglected,
This ie not, of céursa, true for 8 lignid,
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ateady' ' non~equilibrium state to ariee which, after a short
time, settles to the 'steady'’ non~equilidbrium etate.
4=3-2 GENERAL SUBENSEMBLE

As In sections 1«2, we introduce a general aubensembdle
of which the subensemble in 1-3~1 iz & speciasl case., This
general subensemble is obtainsd by separating, at time t=0,
with frequency #(z,y), those configurations in which a mole~
cule has position F and velooity Y« S0 if % is the ons
particie distribution function corresponding to this sud-
enassmble, then we take

£,(602:3) = g,(taBeT) + T (t1m0X)
where s¢ ie the distribution function assoslated with the dis-
tinguished molecule and t‘¢ with the rest, For i=0,
gy (0e2eX) = ¢(HX) »

and Ty(0szs¥) = fe? , 2%,

The funotions g, and T, may be caloulated from the
corresponding funstions for the epecial subensemble in the
seme manner as the subensembles of the equilibrium state, l.e.,

8@( teZeX) = j{gx( CoZ0XiZ0sXo )9 (ZosXo) BF0 4¥o »

and T (t,53) = fl‘xttgmmmxom) 8%0 oY -
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t=i; BACKWARD DISTRIBUTIONS

reding esetions, we have implied that the
distribution functions sre "forward” in time, i.e., they pre=-
4iot future distridutions with the inittal conditions specified,
For instanee, in the speciel subensembls the velooity and
popition of the distinguished molecule is specified at time
t=o and the distribution function g 1is such that
%(tﬁg Z X 5 ) 4% 8y o the probedbility thet the position
and veloeity of the distingwished molecule lie respsctively in
the ranges (X, X + 4x) and (3, ¥ + 4¢¥) st some subsequent time
ts« For dilute gases, we have shown that this is equivalent to
eonaidering a molecule enteﬂng, at time t=0, & system in
equilidbrium, or non~equilibrium, with the speeified velooity
at the specified point in the system. Henve, we have implied
that the distribution functions are only wvalid for t)o and do

t "predlet” events in the "psst”, l.e., for t<o. Distribut-
ion functions of this type are termed "forward distridbution
funetiona™ and the equations sstisfied by thasa fmtim m
termed "forward squations" - this temimmmr being used m
the theory of Merikov processes'>),

He may also ask what is the probability that the
positicn and veloolty of the dletinpuished molecule were in
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the range (X, X + 4x) e (3, ¥ + 4v) reepectively at a time
earifer then t=0, In this ¢ase the final conditions are
specified eand the probability of events, which oceur before
the time t=o, are caleulated, lence, dlstiribution functions
of this type are termed "backward distribution functions®,
and the egquations satisfied by them termed "backward egustions” =
this terminology also being used in the theory of Markor
processes' ),

The backward distridutions ¢an be included in the
diasteribution functions defined in sesctions 1=2«1, {=2-2,
1«3« and {=3~2 above, if we allow the possibility of nagative
te However, the "forward"” Boltsgmann equations sre time
Arreversible, and so the “"backward” Boltsmann equations are
naed to find the backward distribution functiona. These backw
vard equaiions are discussed in Chapters II and III,
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CHAZTZR 1T EQUILIBRIUM SOLUTION

2=1_ INTRODUCTION

Suppose we have a system of molecules forming
a dilute gaz in equilibrium. A molecule of the same
type is injected at the point x; with velocity ¥, into
~ this syatem, The injected molecule will collide with
those of the syetem, 80 causing an unsteady state to
arise. However, as time progresses and the molecule
imparte more and more of its energy snd momentum to the
system by collisions with members of this system, a
steady state of equilibrivam will again be reached. In
this chapter, the motion of this incoming molecule; mnd
its effect on the motion of the moleculea of the syatem.
in equilibrium, is studied statistically by considering
the equatione for the veloclity distribution functions
involved in the theory.

In a system. in equilibrium%thc macroscoplc
parameters are constunt in space, and so the sctual
point of entry into the gystem has no effect on the
calculation of the distribution function which gives
the probability that the injected molecule has velocity

in the range Y,¥+dY at time t later, irrespective of

4 i.e, absolute equilibrium.
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ite position. In chapter I, it was pointed out that the
sbove is egquivalent to comeidering certain distridbution
functions, corresponiing to subensezbles in which certain
corfigurations are selected from the complete equilibrium
enseable. Por these reasons, at time t«0, we ssparate
from the grand ensemble of equilibpium, the subensemdle
with those configurations in which a molegule 1s moving
with veloocity i irrespective of its position. This is
sguivalent to the subensemble obtainsd by choosing, at tise
t=0, with frequensy ¢(ZsX)s whore

P = § 6
those configurations, from the complete equilibrium ensemble,
in which & molecule hes position X snd velocity Y. In
doing this, we are replacing the boundary eondition, (1~),
on the alstribution function &\ tsXeXiZseXs) 1eee

é;iﬂax-mznm) w 8(x~%1) 6 x~Xs)

by é;)(oazm) 'é 6(x-xs)e
S0, we are replaging the satial delia function by the
pmh’bnity. % s of finding the molecule per unit volume
in the equilibrium ayatem.

In chapter I; it was pointed ocut that the
distribution function, &‘;(t). is only defined for tio
1.0+ thin distridution is & forward dlstridution and the
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equation it satisfies is a forward Boltzmann equation. The
backward distribution function, s;(t). which gives the
probability that the distinguished molecule had velocity
in the range Y,¥Y+4y - - at time t earlier than t=0,is
also found for the equilibriuvm situation. Thie velocity
distribution function satisfies a backward Boltzmann eguation.

Ve will consider the velocities measured with
reapect to the mass velocity, and so will regard the
distridbution functions as functions of these velocities
¥ = Y-y, where 3 = msss velocity = mean value of the actual
velocity Ys i.e. we will take

é;)(cilt.'!l) - E¢(°!3’11) = % §(g-x1)

= %’ 8(0sXs¥s )

The velocity distridvution function of a system of
gas molecules in equilibrium is £¢% (), where

reo , n(g.)y * exp(-pouw ) (2-1)

and n = nusber dengity, 5 = 11& . Suppese that a molecule
enters the aystem with velocity wi=Y;~y at time =0,

We wish to follow statieticslly the motion of this molecule
as it enters this aystem snd collides with members of this
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system, and so calculate the probability , g(t.y,¥s)4X»
that the velocity of this distinguished molecule will
lie in the renge (ywyy+dw) at some subsequent time t.
The assumption is made that the gas i3 go dilute that
only binary aeollisions need be considered - the probabllity
of many body collision processes being regarded as mgligible.
This assumption enables the Boltsmann eguation to be used.

In following the motion of this distinguished
molecula, we are, in fact, distinguishing it froz the
othaers in the system for all time. Therefore the velocity
distribution function, gs satisfies the Boltsmann sguation

8 . (g2®) , (2-2)
in which the rate of change of the dlstribution g is due to
the rate of change, [g,£(%?], due to collisions of the
incoming molecule with those of the sguilibhrium system
(see CuCapeb5)a This equation may de regarded as the
Boltgmanm equation for g mixture in which we do not need
to consider collisions (among themselvee) of the "molecules™
specified by g, a8 there ie only orme molecule present in
the syzten; therefore we 40 not have a term {g,g] in
eguation (2-2). In equation (2-2) the collision temm
is defined by

e/ ] = [[{ al@o)e® (@) - s@e®(5)) ogp &x° (2-3)
L ,
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in which we consider a collision between the distinguished
molecule and one of the molecules in eguilibrium - the
actual velocities when the molecules enter the "sphere of
influence” at time to being Yo and Yo respectively end
the velocities when leaving at time t being Y end Y’

The term involving g(Wo) £9/(ge’) gives the change
in g due to the two molecules entering the sphere of
influence and the term involving g(w) £¢%(y’) the change
due to the molecules leaving the sphere of Influence.
Also, o=|y-x’l, end gh ie an element of cross-section
for such a collision. It should ©e noted that in
equation {2~2) we are considering only terms to arder % ’
end 8o in (2-2), to this order, the distribution of the
molecules, into which the molecule enters, can be regarded
as that of equilibrium for all time (see section 2-3 below).
Prom equation (2-3) we define the linear integral
operator "L" which operates on the function g giving the
rate of change of g due to collisions with the molecules of
the system in equilibrium, and ®0,

Lg = [geff®] . (2-4)

The equation (2-2) is linear, whereas the Boltzmamn
sguation usually used in kinetic theory is non-linesr, and is




given by
& - [f'f] ’ (2-5)

whers £ is the single particle velocity distribution for a
dilute gas. However, this squation is linearigzed to give
(CuCs Chapter 7),

ﬁ - [f,f‘o)] + [f‘o).f] . (2“6)

From (2-6), we may define a linear operator L; such that Lgf
is the rate of change of the diatribution function, £, Jus to
collisions eamong the molecules, i.6.

Lif = [£y209)]) & 0@ ,r] . (2~7)

Comparing (2-2) with (2-6), equation (2-2) will be termed the
"half Boltzmenn equation”, whilst equation (2~6); the “full
Boltgmann eguation®, The operstor L will be termed the
“half Boltszmann eollision operator” ami Lg the "full
Boltzmann collision operator®,

The velocity dependent eigenfunctions, 8. and £ .,

l‘l"

and vslocity independient eigenvalues, \,1 amd u .y of the

1
two operatorg are defined by the Tollewing,

% 8y (ﬁ) - ’)&.18?1 (x) (2-8)

and Ly £ = <y (@ (2-9)

The eigentheory of the full Boltzmann collision operator has
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besn developed by Yang Chang and Uhlmbeck(1) for the

Hexwellisan molecules.

At time t=0 the molecule has velocity Wi, 80 that
the boundary condition to be imposed on g ie

g{0sXsX1) = S(m=21) » (2-10)

Using this condition, we expamd the solution of (2-2) in the
eigenfunctione of the collision operstor L, taking the
eigenveluss as the inverse relaxation times. This
expansion ie possible if the eigenfunctions form a
complets orthogonal aet.

The orthogonality is proved as fcllowss
Ir ,’%W Bpy is an edgenfunction of the collision
operator L, then, from (2-8),

“Ar1 ﬂ'ﬁmz“ﬂ 3 Caind By ot ]

srnd Bso

- / Na O g gads
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= [gkl(x)j Q‘*m(fd-'os)(grl(’g).grlw)m dway (2-11)

Now, we use the property of an integral of this type given
on page 66 of CoCe This property is due to the fact that
4 4u° = dxo gu. (Jaccbisn of the transformation unity), and
3, ond ¥ can be interchenged because of the mieroscopic
reversibility of a collision. Then eguation (2-11) becomas,

j‘!‘l(x)[ .‘%&(ﬁﬂ'a)(muﬂ) -~ ‘kl(x))m mo aw
= fsrl[.-&m‘kl.ffﬂj ]n

. = f’h T g 88X

Hence

MerN ! f T g B = O
‘f TEAY o B bw = 0 (2-12)
Take g,y = Lrl(i&f)?,_(m“)wbror the genersl molecnlar model .
Then for different velues of "1" the Legendre polynomials
are orthogonal, and relation (2-42) ensures the orthogomslity
for different values of "r*, We assume that the polynomials
fore a complete set. However,; in the case of the Sonine

polynomials (see section 2-5 below), the completeness is known.
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Therefore, the solution of eguation (2-2) for
the general molecular model, applying the boundary condition
(2-10) is

s(tapm) = ¢ S 5 0 Chimw® g (o)

1m0
“Nat

P (cone) (ww,)! o (2-13)

where o, are constants determined by (2~10); ww,cosl=g.¥;» end,
in applying the condition (2-10), an expansion of the delta
function in the orthogonal polynomials haes been used,

The equation (2-2), which gives the distribution

function associasted with the incoming molecule, may de
connected with the full Boltsmamn éqn&tian (2=7) which
gives the distridbution function for the whole asystem i.0.
the incoming molecule and the gas in equilibrium. This
full Boltzmann eguation has been used by suthors in the
evaluation of the Kubo~type transport coefficients (see
Introduction end Chapter IV).

If P is the veiooity distribution function for the
whole syatem then,(z)

P o= pla) + r(tlv l) "
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where V = volume occupied, From (2-5), neglecting
terms of order %m I’ must satisfy the linsar equation,

.g.% = [£60),P)e[r,209] (2-14)

Vie may now divide the distridution fumetion, F, into two
separate distributicn functions as was done in Chapter I.
The firet part, g» 15 associsted with the motion of the
incoming molecule snd 80 is defined as above. The

second part, ¥» i such that £(% 4+ 1s the aistribution
function associated with ihe molecules other than the
incoming moleculs. At time t=0 the distinguished molecule
is moving in an equilibrium environment so that the boundary
condition on y is

7{(OpXsXs) = O o (2-15)

The 1linear eguation (2-14) then may be divided into (2-2),
and
£ o« [0, 7hlnel ] + [£09,5] . (2-16)

As the molecule enters the zystem with which it is
not in egquilibrium, collisions with the molecules will cause
en unsteady state to arige. 3ome time later, the originally
distinguished molecule will be indistinguishable from the
rgst as the steady state is reached. Fowever, owing to the

introduction of this one extra molecule tc the system, the
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tempereture, ma:zs velocity, and number denslity will be
slightly altered. Suppose, at time t=0, these
parameters are T(0), 1(0) ard n(0). Then, at time
tmos they become T(0)+AT,3(0)+lis and n(0)+in where
the increments AT,Oy end An are given by the conservation
laws.
{a) The increment in the number density:
The equation corvesponding to the conservation of

mass in a system in equilibrium {or non-equilibrium) is

= [ng;uo ;

Using the definition of the number density from the velocity
distribution function, F, for the system, ithis equation

bacones

2. U Paxgr=0.

Now at time t=0 F(0) a% S(xru(0) - x1+u(0)) + £(®(0) (2-178)

and at time tme Ple) = £8 (), (2-17)
. 3/2
£(9)(0) = n(o) (G2 )/ exp(~45(0)m(Z-8(0))?) o

apd similarly with £(% ().
Herce

[from a - [ &
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1.0

14 f n(0)yg = j n(e)gx

bat .
[ angx = ] (n{w) ~ n(0))4% = 1o

and as the number dengity is unifors in space in s system
in equilibrium,

Hn = %! . {2~48)

(b) Increment in the manss velocity:
he egquation for the conservation of somentun
in an equilibriun system is

g’i .[n_gmuo

teee $5 ffnpxg; gQr=0 .
substituting from (2-178) and ( 2-17b) we cbtain,

X+ j 2(0) 2(0) 4x = [ n(e) 3(w) 4

1e0e % = D) (glw) - u(0))
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and so the increment in the mass velocity is givem Ly

- (2-19)

Since we are considerim changes to m«r% » the
nunber density in (2-19) may be 2(0) or n{w)e.
(e) Inerement in the temperatures
The equation expressing the conservation of energy
in s syatem in egquilibrium is given by

%{ jrnW‘usﬂ

where i is defined by »‘bwsgfl’w“’m » ond the temperatuse
T by v = $ DET. |

Hence by substituting the velues of P given by
(2=478) and (2-170) we obtain,

$Bwi® =2 xnw (T(e)-2(0) + £ k2(0) [n(e)-n(0)]

i.9.
#0VE AT = jmey® -2k (2-20)

If the values nedn, T+AT and PedR are substituted
in the equilibrium distribution function, and the expansion
made to terme of the first order in the increments, then at
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time twoo
g= (%)yzm(-&ﬂm“) (2~21a)

Y= (@)yaan(-&ﬂn’ Y[ agexe+ & (Amwy®-3)(pme-3) ]
(2-21v)

2=l DE TION QN _O B 17 E ONe

In this section, we are to derive the equation
that is satisfied by the backward distribution function
g, (tsXo}1) defined much that B, (teXsX: )X 18 the probebility
that the molecule, which was distinguished at time t=0,
had veleocity in the range (Y,¥+dy) at time ¢ earlier,

Consider a collision between two molecules, the
distinguished molecule and one of the molecules in the
sguilidbriun surroundings.: The respective velocities
before and sfter the collision being X .» X, snd 11,.!1,‘ ’
where &ll velocities are messured with respect to the
mass velocitys - Define the quantities q(!.gt) and
p(nr) in the following manner;

q(!,!‘)k T ia the probability that there has been
& cocllision in the interval of time 7T and that the velocity
wee in the range (w,w+dw) at time t if the velocity at
time t+7 18 Xpo -
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p(nf)‘f ie the probsbility that a collision has
occurred in the interval 7 earlier, 1f the veloclty of
the molecule is Xy at time t+7.

In the sbove definitions 7 is, of course, supposed
so small that only one c¢ollision can occur in the interval
t to t+7 and that the distribution of the moleculss other
than the distinguished molecule is the distribution
£¢%) (ge") of equilibrium at time t+7e

Therefore,

a(@oE,) = [ f £00) (g,*) 6(z-go) v gmp®  (2-22)

and
piap) = [[ 269 (ae") o gx”

Ueing thege functione, we wish to calculate the change in
the backward distribution function during the interval
tateTo If the probability that the molecule hed
velocity in the range (w,w+dw) at time t 1s gb(t.gpm)m
when its veloclity is ¥, at time ta0 then,

G (om0 = [ almue)an 7 gy (engpemgn,

+ G (t+Taxomy)dE (1-p(w)7)
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where the first term takes account of all the possible
collisions during the intervel 7 and the second is the
contribution to the range (g,¥:dw ) if no coliisions
occurred during the intervale Using the values of
(2-22) and teking the limit t-»0, then

- ;.:D.“”'x'), [j j £0% (gp.) 6(-2,) 8, (toxpoxs ) (oZR)AN, - G,

. ' \
- [[ro @im e @ gr  (2-23)
In the first integrsl the collision process
(Mosu3)=> (psX,") 18 being considered, Hence, by
using the propsrty of such an integral given in section
(2-2-1) in equation (2-11), this integral

- fff £09 (g3) G(m-xp) & (todorks)e qb dn_ IN, o
On removal of the delta function, the equation becomes,

ogy (toXs¥y)
ot

- - [ [ et @ orrg e @ )]

oub aa° »
which, on comperison with the forwerd equstion (2-2) may be

written as
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<]
S = - [ayet@] (2~21)

Henge, in going from the forward equation to the backward
equation, we have reversed the sign of the colligion
integral, which is the microscopic rate of change of the
aistribution function.  Moyal(3) nas cbtained e
similar result assuming that the collision processes are
Harkoviane

The equation (2-24) is a backward Boltzmann equation
and its solution, together with the boundary condition,

8, (OsXsity) = F(@-us)» (2-25)

will give the required backward velocity distribution function.
At time t= =w, the distinguished molecule will have the
velocity distribution of squilivrium 1.8y

8y (~orBog1) = (g,-,) exp(~4omv )« (2-26)
\Uamg the result (2=-13), derived from the forward

squation, thc soclution to the beckward equation ias

gy tolols) = o2 T T o L (homwy® )L (R )

1=0 D
1, ®

Pl(cma) (W.) ° (2"’27)

The forward and backward Boltzmann equations are
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both irreversible in time as the replacement of "t" by
"=t" alters the form of these squatione. However,

the solutione obtained are symmetrie in time about the
specified time at which we imposed the fluctuation on the
aystem i.8, t=0, In the forward case, we are considering
the molecule "entering" the system in equilidbrium snd

at some time later galning a veloecity distribdbution of
eguilibrium,. However, in the backward case, we are
considering the time reversed situation of a molecule,
which was originally in equilibrium with its neighbours,
Pleaving” the system in such a way that this molecule

18 not in squilibrMum with the system.

- ? ™

In the above sections, the solutions were expressed
in terme of the eigenfunctions of the collision operator for
the gereral molecular model. However, the sigenfunctions
of the collision operators, defined by equations (2-4),

(2-7)» (2-8) and (2-9), are not known for all molecular models.
In fact, the exact eigenfunctions are om.y* known for the
so-called "Maxwallian Molecules" which are defined by the

two body repulsive force-law, F = 5'_. where r is the distance
r

T However, the method of Gotter(h) should allow the eigenfunetioni
for the Rigid Sphere Hodel to be calculated.
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apart of the two molecules. Use is made of these
eigenfunctions, the Sonine polynomials, in the Chapman~
Enskog method in which the transport coefficiente for
dilute guses sre cslculsteds 1In this method, the
‘steady~state velocity distribution function 18 calculated
for & mumber of molecular models (see C.C. Chapter 10)
in non-eguiliibrium. The evaluation of the distribution
function to the first order in the temperature and
velocity gradients requires the golution of the equations

Lef (A, (3omw) ¥ = £19 ($om" - °/2)x (2~28)

end LtV as(iomw) gy -3v O =gy -1
(2-29)

In the case of Maxwellian molecules, the sclution of (2-28)
and (2-29) presents no difficulty as the eigenfunctions
are known. For the other molecular models, bhecause the
eigenfunctions are not known, the following expansions in
terma of the Sonine polynomials®, sﬁg(iﬂmr‘ )e

® In this thesis the polynomiasil 'Bgn) (x) is the cosfficient

of s in the expansion af (1-3)'“"10@!-:0/1*3] Jolal<te

The usual Sonine polynomials are numericel multiples of

s(:) (x)e The Bg‘) (x) sre eguivalent to the Laguerre polynomisls
defined in "Higher Transcedental Functions” Bateman Manuscript
Project Vol.2, pi88. However, for historicel reasons, the
author will call sé”) (x)s the Sonine Polynomial.
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Ag(domw* ) = £° 2, sg;';

and  Ag(dimvw”) ‘rfo b, sg;‘; R

grs used in the integrel equations. The valuss of the
coefricients s, and br are dependent upon the particular
model being used, and determine the valuea of the
tranaport coafficients. As one would 'exp-act Trom the
expansions,the veluee of the trensport coefficients for
the Maxwellian molecules turnm out to be the first
approximations in the iransport coefficismts for the other
models. Consequently, the Maxwellian molscules are of
interest in any theory of dilute gases.

In Appendix A, it is shown that the Sonine
polynomials are also the eigenfunctions of the halfl
Boltzmann eollision operatore 80 the solutions of the
forward and baskward equations (2-2) snd (2-24) are,

.z 2 W -
g= o™ T 3 o a{f (homw,* )a{T] (homw* )2, (con0) (mwy)e 1

1=0 r=o
I (2-30)
and g, = ¢ LAEW e e cﬂs:::; (&m,ﬂ)s{f%({.fn*)plccoso)
&
(mwy)le’ ¥ (2-31)

where,

24 w2 _xpb
cy =y (1e3) (12m) (Tered)?

]
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and the eigenvalunes, 7\,1. may be obtained by direct
caleulation (see Appendix A); some are given belowg

Moo =0 Mo = nm(5) (%)i Nze = w4, (5)-&&:(5))(%)*
Nos = nmA(5) (25)* My = aw(aAy (5) + &A.(sn@f)*
Nea = n{A (5) + /4 A.(sn(-%g)*

where A,(5) are well known constants (see C.Ce De172 table 3)e
Using these values end tsking the 1imit ae t->en the conditions
(2-21a) and (2-26) are satisfied.

If we use the elgenfunctions for the full Boltemernn
collision operator, equation (2~16) is molved to give,

v e o S 5 oy o{T] Ghomm® )7y (o0st) 5{T) (homet)

- t = t
P Tiee > M O (2-32)

where LY are as sbove, and “rl are the eigenvalues of the

full Boltsmarm collision operator (see C.C. and ref (1));

Hoe = Pyomiiog=0y Mlgml(ﬁ)(gs)*
nos = /2 nma(5)(3) .

Using the eigenvalues given above, the solution (2-32) patisfies
the conditions (2~15) at t=0 and (2-21D) as t=>o

In the sbove chapter we have considered a molecule
moving with & specified velocity in a syetsm of molecules
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in equilidbrium. In the following chapter; we will
consider a molecule moving in a eystem of molecules in a
"steady stete''of non-equilibrium.
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In the previous chapter we discussed the caae
of a molecule entering a system in equilibrium in which
there were no external forces, including centrifugal
forces (i.e. no rotation), In this chapter, we discuss
the cese of a molecule entering a system in a''steady'state
non-equilibrium in which there ere no external forces.

We first consider the general case in which a
molecule enters at the point X, at time t=0 with velocity
31 1.e. we cormider the distridbution function essocinted
with the special subensemble discussed in Chapter I. This
special subensezble was cbteined by separating, at time
t=0, Irom the grend ensemble of non-sguilibrium, those
configurations in which a molecule is moving with velocity
Y 1+ at the point Jy.

-In the previocus chapter the spatial dependence
of the distribution function wes not considered and the
spatial dselts function wae replaced by s factor % vhere V
is the valune occupied by the gaa. This amounted to the
comsideration of another sub-ensemble of the general type
discussed in Chapter I. In thia chapter, a similar
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gimplification is introdused by replacing the spatial
delta function by the factor %— s where n(x,t) 1is

the number density at the point x at time t.  This
factor, %’g » 18 the probability of finding a
specified molecule in the volume element (Z,z+dx) at

time tso. In equilibrium, this reduces to the rfactor
uned in the previocus chapter.  The velocity distribution
function is first calculmted for a molecule entering a
systen '1n' which there are only temperature and numbder
density gradiente and the mass velocity gradient 18 zero.
The distribution function is then calculated for a moleculs
entering & system with a mess velocity gradient, A8 the
eguations for the distridution functione are all linser we
may add the solutions to obtain ths distribution function
when considering a molecule moving in a genersl system in

'steady"state non~equilibrium.

ENE RAL FROBIE

If at time teo & molecule enters with velocity ¥,
et the point Z; a system of similar molecules in"steady'astate
non-equilibrium, we wish to ealoulate the velocity
distribution function xx(tnmxxx; 2Ys) associated with this
molecule. This function will give the probability, 8, 4X 4,
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that the incoming molecule will be in the volume element
(zsx+dx) and have velocity in the range (YL,Y+JY) st 2 time
t later. As shown in Chapter I, in dilute geses this is
equivalent to considering & special sub-ensenble in whieh
we separate, from the grand ennemble of non—-equilibrium,
those gonfigurations in which a molecule is at the point
& end moving with velocity ¥, at time two, If Px is the
velocity distribution function for the molecules other than
the incoming molecule then the equetion satisfled by 8y is
the forwverd half-Boltsmann eguation,

bg, ¢%g og |
;-;xz;;x‘ + x.'ﬂ_;x » [gx'rxl (5"1)

where [gx.rx] {8 the collision integral givem by (2-3) 1.6

(gyoT )= f f {8x(tmxo)f‘x(tho’)*tx(ts»z’x)fx(tmx‘f}fﬁ [ o

The Youwndary coanditions for tu0 are,

sx(mxcxsz: oX1) u 6(x~Yy)6(x~%s) (3~2)
P {0rZeXsZsoXs) = £%42° (3~3)
where I’ involves the terms in the velocity distridbution

function which are linesar in the tempersture ani mass
velocity gradisenis.
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The equation (3-1) has the same form as equation
(2-2) except that the distridution function ies now
spatislly dependent es well as velocity dependent.

The introduced molecule will elter the
distribution function for the 'steady'state non-equilibrium,
buty one would expect, to a good approximation, that in
equation (3-1), rx may be replaced by £ (%4’ for all t.
8o squation (3=1) will then become

Dg _ ,
550 = [8pf @], (3-4)

However, in equilibrium, ths spatial detla function was
replaced by the factor % y and 1t wes found that dy
neglecting terms of order hi gher than% the equation

Q
5 = (5009 (3-5)

was cbtained. In non-equilibrium we will introduce e
factor ﬁ to replace the spatial detla function, and
then the distribution function satisfies equation (3-4)
to this order,

As well as an explicit dependence on time amd
position in the distributicon function 8,0 for non eguilibrium
there is also an implicit dependencs thraugh the spatial snd
time dependence of the number demnsity n(g,t), tempearature
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T(Zst) :nd mass velocity u(x,t) (see reference (1) page 124
and C.Cs e Ye may therefare write,

B * (e )umpatons * Colmpriass °
expliocit /implicit

The operator (%t) operates on the implicit varigbles
implicit

containel in the macrosc¢ople parmseters, and so 1is
associated with the mecroscoplic motion, Nowever, the
operator (R \ oparates on the explicit variables

\P% Jexpiicit
and 8o may be associated with the microscopic motion,.
Hence equation (3-l4) could be written as

i * Tery * TR tmp. * Tery = 607 4°] «

However, for brevity, we will not differentiate between the
explicit and implicit variebles except in ezbiguous cases.

The sclution of equation (3-4) together with the
boundary conditiocn (3-2) foar tmo would give the reguired
result. However, as already indicated, we shall simplify
the problem tc some extent by considering, not ths speeisl
subensenble, dDut ancther suhehuom‘ble in vhich, at tmsos from
the grand ensesnble of non-equilibrium, we chooss with

rrequency $(XsY)s where

n(xs0)

$@ox) = 6(x-21)s (3-6)
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those configurations in which a molecule is at the point X
poving with velocity Yo In equilibrum (3~6) reduces to

#(Zsx) = % 6(z-14)

which was vsed in the previouas chapter.

Since the velocity distribution function associ ated
with the dletinguished molecule will have the distribution
glven by equation (3-6) for t=o, we have replaced the
spatial delta funstion by %_‘9_ which is the
proévability of finding ihe molecule in the volume element
(ZoZ+4x) in the eystem in steady state non~eguilibrium at
tinme t=o, We are, in effect, supposing that{ the incoming
molecule assumes the mumber density distribution of the
molecules of the system into which it enters.

Fow let ¥ be the velocity disteibution function
for the complete system l.e. the incoming molecule Iand
the system intc which it enters. Suppose that the
func tion ' is defined by the following,

Fatl®er 4 ?ﬁ Fa (3=7)

The Boltzmann equation is satisfied by #, 1.e.

ﬁ = [7F],

and so, substituting from (3-7) amd considering terms linear
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in the gradients and neglecting terms of order -(.i'l-h;x)“ »

%(03*_ E % - [fa’rﬂ)] 5 [f‘“ .t']
* [7% Tsf m] + [ r.r‘]
Frtw ] : m 1‘] )

(3-8)
Now from the Chapman-Enekog theory
B o (e, ) o (209 ,00] ,
and so equation (3-8) becomes
BL o [ar,2(®4r°) 4 [£0942°0nr] o (3-9)
From (3-7) ard (3-6) the bowndary condition for tws is
I 6(2-n(Xed-114u(200))
e §(x-2y)e

As in Chapter I, the function I Eay be divided into twe
separate parts, i.e.

I' = g+y
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such that g is associated with the incoming molecule and
20,27, m Yy with the rest. The boundary conditions
cn g and Y are therefore for i=o,

g = §(x~ms) (3~10)
Y = 0

The equation patisfied by the distridution functicn
associated with the incoming moleguls is then

B u [ngert®er’] (3-11)

and 80 the equation satisfied by the function 7 is

&1 s [Ny, (4] & [£%%40%ny] + [£0%%:2°,ng] ©
For t=0o we have defined ¥y, by
X1 = X5 ~ 3(xs0) o

and 80 for all t we may take either g, = ¥, - R{(Z»t) or
X 1 = X1 = 3(Zs0) whichever is the more convenient, as
each definition must producs equivalent distridbution
functions.
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Equation (3-11) above is solved in the same
mannsr as the full Boltsmann equation via the Chepman~
Enskog msthod (e.gs mee C.C. Chapter 7).

The derivatives of the macroscopiec parameters

Ten and 3 are oliminated by using the maorcecopic equations

of motionjg
%z@t + 3.-3;);1 = -n(%lq;) (3-12a)
?:% =" ‘p?f g (3-12b)

where 0 = density = mn, p = pressure = nkT, and there are
no exterrel forces. Using these sguationg angs the fact
that we are taking the mass velocity gradient, E s B8
gero, equation (3~11) becomes

n £& + x.8 -n--“-»-?-?- 28 . [ng,e®4r’]  (3-13)

ot exp I'ﬁ‘ 5 3% ° Oy = Ln&I T+ 3-13

where £° i8 linear in the temperature gradient but does not
involve the number density gradient (see GaCe Chapter 7).
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(a) Terms involving the tempersture gradient.

The terms in the function g which involve the
tenperature gradient are first found. In this case
equation (3-13) becomes,

B 2B+ h %% = [gor @] (3-10)

In the case of terms involving the nusber density and
temperature gradients it 1is com'eg;ent to define yy for
all ¢t wy 1,:1;-3(;,9) and, since " oy then p(xz,0) is
& oonstent vector,

The equation {3-14) is sclved by the usual
perturﬁation method, Owing to the temperature gradlent,
the equilibrium solution given by equetian (2-13) will be
perturbed so that

g = g 4G | (3-15)

where [ doss not involve %

ard G is linear 1n§ .

Substituting (3=-15) into (3-14) anml eguating terms uneab
in, or not involving the temperature gradient, it is founds
of course, that g, satisfies equation (3-5) i1.es the
equation solved in the previocus chspter, and G satisfies
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B ot @ e gt - L AL (] (r6)

How, equation (3-16) 18 linear and so may be divided into;

$ oy~ (029 ] = -xa;‘ -4 %ﬁgﬁ (3-17)
$% oxp = (019 ] = [gger”] (3-18)

$2 exp - [B®]a 0. (3-19)

The distribution funciion, 3°+G, must satisfy the boandary

cordition (3-10) for t=mo, and this is only possidle if,
for t=0,

G=0. (3-20)

The sclution of the sbove equations is of
consi derable length and so will not be given in this
chapter but is given in Apperndix B.

(b) Terms involving the number density gradient.
With the temperatumre gradient tsken as sero in
equation (3~13) we obtain,

n 3% gxp 128 + L JIK | [ng,e*) (3-21)

The solution msy be written in the form

gns"l'ﬁu
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whepe &g is the zero order solution as above,; ard H is

linear in the number density gradient and satisfies,

og

$ oy - [ - .g;-g-! -LiB. 2 G2

B - @] .o,

The boundary condition 1s for t=o,

H = Qe (3~23)

The solution of these equations is also given in Appendix B.
The ¢omplete solution when considering & syastenm

in which there exists a tempersture gredient with the

maas velocity gredient gero is given by the sddition of

the above solutions l.es go+O+He If the pressure ls

uniform, then the following relation existe between the

two gradients,

il (3-24)

However, in general, there is not & definite relation

between these gradienta.

The above solutions spply to a eyvster in which there
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are gradients of temperature and number density only i.e.
we have taken the mase veloclty gradient as zarb.
Physieally, thiz mesns that we were considering the
digtinguished moleocule in a syetem in which the mass
veloclity, at any glven instant, 18 constant over the
whole volume, Hence, when considering & molecule
surrounded by a gererel gas in''steady'state none
equilivrium in which all gradients mey exist, we must
add, to the above eclutions, terms which imwclve the
gradlent of the mass velocity.

The spatial delta function in the velocity
digtribution function for time t=0 has been replaced by
the factor « This factor is, to some extent,
arbitrary depending on the region of integration used
in the integral in the denominator. Te remove this
arbitrariness we shall suppose that the region, Rm, ie
guch that each point on the boundary surface, 5, moves
with the mass veloclty at that point, then,

FENYE PRy

* Jl8 B

= Qp
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from the comservation equation. The effecta of volume
viscoslity ere known to be comparatively small and can be
neglected for a dilute gas. Therefore, when coneidering
teras in the dlistribution function inwvolving the mass
velocity gradient we may, without rigk of error, discard
terms in the solution which involve the divergence of the
mans velocity, i.e. we may ocomsider a pure shearing motion
of the gas.

When caloulating the terms in the distribution
function which involve the mass velocity gradient, it is
foand more convenient to take wy=¥j-u(g,t) for all t.

When the gradients of temperature and number density are
taken as zero, eguation (3-11) becomes, using equstions
(3-12)

-g{cxp - @-3%3“*%'1'@‘-2)%' gztg-g" q g

= [gy0(® 4] (3~25)

Following the perturbation technique used above, then the
gero order is as above (exgept that g, ie defined slightly
differmtly) and the terms linsar in the mass velocity
gradient, denoted by U, satisfles the fdllowing aquations;
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b oxp - (0209 ] = [gr’] (3-26)
' o
% exp - [U,f(e,] = &oﬂ) ;:.-E. % % T@Q&)'ﬁgﬁ

g % ¢ oy
*Egmﬁ-t-.ﬁ? 3 (3~27)

-ﬂ m - [U£/® ] w0 (3-28)
together with the baundary condition for tuc;»

U = O (3-29)

The aclutiocn to these eguations are found in Appendix B,
This completes the dimousszion of the forward

equations for the distinguished molecule in the'steady"

stete non-equilibrium gas in which all gredienta are

present,

In the case of the forward Boltzmenn equation,
in the gollision integral ons assumes that the velocities
are uncoerrelated before & collision and so correlated
after the collision. However, in the backward Boltsmenn
equation the velocities are uncorrelated "after" the
collision (in the backward time serse), &xi correlated
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"before™ the collision, smd this lesds to the gign of the

collision integral being changed, The forward distribution
will, of course, differ from the backward distribution.

Hence the backward esquation corresponding to the forward
sguation (3~11) will be

SR < -(ngyr(®)-g°] (3-30)

where the change in sign of the Tirat order perturbation £°
is due to the change in the algn of the collision integral
in the full Boltzmamm eguation for & general dilute gas in
tteady'state non-equilibrium,. In the equilidbrium case,
equation (3-30) reducss to the backward aquation found in
the previcus chapter.

Hence, for ths backward diatributions, sguations
(3=14), (3-21) and (3~25) becoms respectively;

;?m : !% 5 %g‘; = ~lgyt¥r’] (3-31)
Ry * 15+ g.? - ~lngper ] (3-32)
B - () T3 - § o - B eE - B

= -[gb’f{O) *t‘] . (.3“33)
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The boundary condition on &, is for t=o,

gy = S(m-:1)o (3-34)

Theee eguations are solved in exactly the zame
nsnner as the corresponding forward equations end the
folutions will differ from the corresponding sclutions
of the latter only in the signs of certain terms. Por
these reasons the formal solutions will be presented only
for Maxwellian molecules for the terme used in the
calculation of the mean accelerations of the distinguished
molecule - see Chapter V.

KOLEC
As pointed out in Chapter 1I, the exact elgenfunctione
of the collieion operator are not known for any molecular
model except the kaxwellilen molecules which are defined
by the force law ? = 5..
In AppcndixrB it is shown that for Maxwellian
molsculsa the farward distribution function tends to the

fcllowing velue as t->om,
s a3/ 2 - ) X a | L
g = (g) I 1 Bt - /) 4 W@ i O |

(3-35)
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As this is the usual distribution function given by
the Chapman~Enskog theory, this clearly shows that
the distinguished molecule has become indistinguishadle
from the rest.
The backward distribution tends to the following

value as t=>~x ,

& = (ﬁ)méw T1e 81 (ot - 32) g 4 B v é‘):gj |

In the dlscussion of the hackward equation (3-30)
sbove, we have, in effect, completely time reversed the
situation aas a whole, i.8. not only have we considered
the behaviour of the distinguished molecule ss anticausal
but the other surrounding moleculesa, An alternative
approach would be to introduce a time reversal only of the
motion of the dAistinguished molecule. In this case
equation {(3-30) is replaced Dy,

| ar
. Y +m + xé = [ger(®4r], (3~36)

et exp ot imp

end as w-/
&, = (m)s o Emr ] |- 21 (yomw - 5/2)1;% -+ (g r‘}'ﬂ'ﬂ’ﬁj
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88 in the case of 335 above.
Pollowing section 5-3, we define

2 - B[22 D

where to be consistent with {3-36), we nust take

B;ta'gtm"gt inp"x”%j *

It is foamd froa (3-36) that
_n. = g-lfl[nsb,:ul m}\.g

- *% ﬁ[ﬁ §(x-xe Jot (¥ ]n} ’
whigh 18 ths value (5-22a) found in Chapter V,

3=8 EXPERIMENTAL VERIPICATION
A direct verificat ion of the above results by

experimant appears poasible.

A small beam of radicactive perticlss could be
injected or sllowed to diffuse into a gas in equiiidrium.
and, at a gertein time, the momentum distribution of the
asubeegquent S-decay could be observed. The experiment
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could then be repeated for a gas in non-eqguilibrium.
Probably the best way to carry out this experiment
is with uniform pressure throughout the gas sg»

no mass velocliy with no external forces. Hance
we have the relation

FTETY

and so the distribution functions above do not cantain
the number density gradient.

The choice of radiocactive particles and gas
molecules shauld be such that their chemical and
physical properities are similar so that the particles
can be regarded as indistinguishadle from the ges
moleculese The momentum distribution should be
observed before the steady-state has been reached,
al though allowsnces should be made so that incoming
particles have lost their original momentum, i.e.
hed at least cne collisions At NeTePe the mean
collision time between successive collisions in
hydrogen is 6.6:«0"“ nm{, although, if the density
is decressed, this time is increased. If the eigenvaluse
Noy» for Haxwellian molecules, is calculated approximately
forr Hydrogen at NeTeFsy, it is found thet it hag the value
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of about three or four times that of the collision time.
It appears from this thst the steady-stats is reached
after only a few ¢ollisions and so the obaervwation would
have to be made a very short time after the particles
enter the gas.

The theory is as follows: suppose the beanm
enters with (peculiar) velocity y; into the gas.
Corsider the differentisl cross~secticn I(m Y,p)dps
normalizsed sc that I dp is the probebility tha: s”
particle with mmumanx enits an elestron with
momentum in the range peP+dP o  3ince g(tysXeXy Q¥
is the probabliliity of : ;;;icle having peculiar
velocity in the renge w,g+3dw at time t, when its
peculier velocity was ¥ at time t=0, the momentum
distrilution at time t; of the S-radiation is given
by

P g’; - 2 8(t) o Xou1 )3 ﬁ *

The velocity distribution function, gy for the equilibrium
snd non-eguilibrium cases is siv&n‘:hy the sbove sections,
snd will produce a different momentum disteidution in

eadh caBse. Aetually, the correct distribtution applying
to the above would be that defined in equetion (3=1)e
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However, one woild expect that the Slsiriution wmld
not dspend critically on the sinplification introduced
by replacing the spatial delts funotion by the factor

h.

Footnote:~ Van Km(” has pointed out that the incoherent
radiation in the neutron 4Aiffractimm in fluids gives
information omcerning the time dependent correlation
functions, and 80 this may be able to be used to

demonstrate experimentally the difference between the
"equilibriuam” snd "non~equilibrius® functions defined

above.
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The exact theory of trensport phencasna in dilute
ganes was developed independently by Chapman and Enskog
nearly 50 years &gos This was preceded by the msen frce:
path theow“) which was not exact, but certainly gave
a good physical picture and qualitative resulis for the
transport processes. Cne of the deficiencies of
this thecry wes the fsat that the persistence of velocities
in ths collision processes was not fully accounted for.
Yorng'®) ana, Purry ant Pitxannen'®) taprovea the theory by
extending the theory to follow statistically the motion of
a molecule in a gas through a large number of collisions so
that the psrsistence could be accounted fors However, their
resulis have been applied to the various diffusion coefflcientis
and not to the coefficients of visgcosity and thermal conductioen.
Another application, where the mean-free-path theory has been
successfully employed, is to the properties of free elecirons
moving in a gae to which an electric field has been applied.
Hmey(u) has calculated the cosfficlent of diffusion and
arift velocity of the free slectrons. Monchick'S) has shown
the e_quivalomo between an extension of the mean-free-path
theory snd the Chapman-Enskog theory by using a Liouville~
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Feunsrn series for the first order solution of the Bolizmann
equations “Unfortumately, in the process an gffecilye
transition provebility" (NMonchick's emphasis) has been
introduced.

Consideraeble interest has lately been shown in
the Xubo-type transport coefficients introduced by
Kubo's electrical conductivity formala‘’) and by otner
autmu(a'") who recognised the application of this type
of formula to the other coefficients. Astuslly, MeS. Green ")
had obtained similar results a few years previous to Kudbo's
independent derivations  Various suthors(12-14) nave
caloulsted these expressiona for dilute gases and
dsaonstrated that they were gguivalent to ihae obtained
viz the Chapman-Enskog methode This was done by
areen{14) by constdering from the complete ensemble of
statistical squilidrium, a sub-ensenble in which the velocilys
Els of the z"‘h molecule has & specified value Y, at time t=O,
1t has been shown in Chapters I and II that, in dilute gases,
this is eguivalent to considering a systen in equilibrium
into which & molecule has been injected with velosity Yy
at any point in this system. Using this comparatively
simple nom-equilibrium systes, Green'®) nas ehown that
1t is possible to calculete all the transport coefficlients
for dilute gases.

In this chapter, we s&pply the various dlstribution
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functions (calculated in Chapter II) associsted with the
complete syntem of a molecule entering similar molecules
whioh form a system in squilibrium, to the calculations
of the transport coafficlents of the Kubo-type x‘br
viscosity and thermal conduction.

The general expreasion for the Kubo-type transport
coefTicient 15(1’*)

Iascrlm) [ 5y Tlyteetst (t=1)
N |

where the values of "7(y)" snd "a" depend on the particular
coefficient being considered; Xj is s summation over all the
molecules in the system; yy° is the velocity of the gtn
molecule at time %', <---~>: is an average with an equilibrium
distribution function. In the case of viscosity 7(¥) is
given by 7(x) = ¥ y-iv" 4y avd is f(x)s(&w~5/2)l fop
thermal conduction.

We may now divide the coefficient into two
separate parts so that,

- » » - . L4 * °
Iu aw(lg)L T(ge*)at’>f + aw(m)[e ;lzl (;y*)at >

= It + I, (L-2)
where the firat term, It, givea the contribution from the
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1*® molecule, and the secomi term, I, the contribution
from the rest. Therefore, using the sivbensenmble for
which the velocity, yt» of the 1“‘ molecule has the value

¥y 8t t=0, (4~2) may be expreseed in the following manner,
It =8 [ £09) (we?) (my) f “f g(toXody ) 7(w)ax at dw; (4-3)
]

and
To = a0 (0 )rt@) [T [ Atpm) T ot gy (5-b)
@

where g is the distribution functi~n associated with the motion of
the "ingcoming" moleculs, and Y is the function associated with
all the molecules excluding thie distinguighed molecules

{see Chapter II), In equation (4=4), we have taken

ﬁtei (xy)aw = O
a8 I, is volume independent.

Therefore, Ii i the part of the transport coefficient
cbtained by following statistically the motion of a molecule
moving with initial velocity ®; in the gas, By defining 1t
in this manner, we may identify this coefficient with the
Bean-free-path transport coefficient in which the persistence
of velocities has been agcounted for exactly.

Hence, using equations (4~3) smd (4~-i), and the
solutions g and y from Chapter II, the "mean~free-path"
contribution It, and the remaining contribution, Ir" to
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the transport coefficients way be celculated for Mexwellimn
mnoleculess A8 we have considered the problem with only
one type of molecule we are not in the position to ecslculate
the various diffusion coefficients. However, the theory
ipvolving more than one type of molecule could be obtained
by an exiension of the theory presented in Chapter II, and
the diffusion coefficlients calculated in the same manner as
those calculated belows

COSFRICISNT COF THEREAT COMDUCTION K

In the case of thermel conduction, equations (L=3)
end {ii~4) decome,

Kt = % ff"”’ (wy® )irm{‘x;- f /s(t.a.m)(v‘sw - 9/2)x gw at gu;

and
R, =3 [£09) (w®) jowiowye f f?(t.z,m)(%ﬁw* >/2)X g at duye

If we use equatione (2-30) and (2~32) and the orthogonality
relations, we find for Haxwellian molecules,

X w3 4 w \¥
“TFn wlens(5)eha(5)] <2k\
28,(5) = Aq(5) &
'Y . T _ [ Gl & why
R 2m 2(5)[244(5)+4,4(5) ] (%C> S
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Then the coefficient of thermal conduction, K, is

given by
¥
R (%—C) s (=7

which i the valus given by the Chapman-Enskog method
~ 808 C.0s »o.ge 174

If and Ir take the following form in the case of

viscosity,
n s ﬁmfr“” (we" g1 Um a(tago:) (R - '} v §)dw at gu,

and
=13 ﬁﬂjf“” (wn'*‘)mmsjfn Htoma) (@ X - 5 ¥ D at dxye

For Maxwellian molecules, the resultis obtained are,

i
ok PR
= )+3A2(5) ] (%) %

w{bag (5
and
[has(5) - 342(5)] w g
= . - " Y (h—-&)
ki %’ Aa(5) [uag(5)43A2(5) ] (2'*“/ 4
Hence the coefficient of viscosity, % is given by,
: -« cliree (B -
nws M+ N P~ (2%) % » (L=9)

which is ir agreement with the Chapman-Enskog result,.
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Using the solution obtained from the full linear
Boltgmann equation for MHaxwellian molecules, we have
caleulated the transport coefficlents for themmsl conduction
and viscosity, via the Kubo~type method of Green, Am
expected, these regults agree with those of the Chapman~
Enskog method,

If the values of the constante, Ag(5) = 0,422 and
Ap(5) = 0.436, are substituted in equations (4~6) and (4=8),
then the following results are cbtained for the rstios of the
twe contributions,

Kt

E s 2eily
and

m

-ﬁ; = 6.88

As wes previously pointed out; the contributions Ky and m
correspond to the exact mean-free-path coefficienta.
From the ratics above, it is seen that, in both cases, the
greater contridbution to the exact Chapman-Enskog coefficient
comes Irom this mean-free-path coefficlent.

A vague congept of relaxation time esssociated with
transport phencmena has been introduced by replacing the
collision integral in the Boltmmann squation by the



he8

approximaticn,

=g {0
Liry 55

where 7 is the relaxation time. This relaxation time has bee

taken as & mesn collisicn tims, and has produced results which

give approximate velues, involving this relaxstion time, for

the cosfficlients of viacosity end thermsal conduction, (15516)
From the above theory, for Maxwelllian molecules

we mey define a microscopiec relaxation time, associated with

sach of the irreversible processes, as the inverse of the

eigenvalue of the full Bolismenn e¢ollision opersator

(see Chapter II) corresponding to the particular mode of

relaxation for the process. Hence the relaxation times

for viscosity end thermal conduction for Maxwellisn molecules

Torming a dilute gas are respectively, "

Ty u e = [ 3/2 omag(5) (?)*r‘ w0
and
\d
T ® %;-' = [nmg(5) (%i) Td ’ (L=11)

where Moz a8rd [y are the eigenvalues given in section 2&-5.“\
and in each case correspond to the value of (@) appmﬂ;g
in equation (4=i1)e  The values given by (4=10) and (h~11)
were cbtained by Mord('2)py a similar method using the
eigenvalues of the master and dbinary collision apemtomi\
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Also

na‘r‘.;nk'r-r'p

and

K= 7, /2 }E;
whieh agree with sors §12) Storer sna Green'17?18) have
also cbtained similsr resulis ueing a similar, but not exsct,
concept of relaxation time. Howevery thelr resulis apply
to denge gases and liquidsas well as dilute geses.

In the above theory; we have two relaxation times
for each process. The first, the edigenvalue of the half
Boltzmann ¢ollision operator, corresponds to the mods of
relaxation of the incoming molecule. The other is the
relaxation time for the corresponding mode of the complete
syster of the incoming molecule and the molecules into which
it enters. The latier times ars givem by the asigenvalues
of the full Boltsmann colliaion cperators

In the case of thermal condugtion, the two relaxation
times for the particular mode is given by (4~11) ebove, and by

2k, - prwoane@ T s

Therefore the relaxation time assoclated with the incoming
moleculs is less than the corresponding relaxation time for
the complete system, Thia meana that the particular mode
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of relaxation of the incoming molecule reaches completion
befors the mode of the complete system. Hence for this
particular proceasz in which we are congerned with transfer
of energy, the incoming molecule sttains the mode of the
complete aystem before the transfer is completed,

In the case of viscosity, the two relaxstion
times are given by (4-10) above, and by

=Yk = | 2(Ar(5) +  Aa(5) (25)*]*'. (1=13)

Hence, ag in the sase of themmal conduction, the relaxation
time for the incoming molecule is less than the corresponding
relaxation time for the complete cystem. 20, in this
process of momentum transfer, we agaln have the incoming
molecule attaining the mode of the complete system before
this transfer is exhausteds
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CHAXTER ¥ MEAN ACCELF

In this chapter, we introduce the definitions
of various mean secelarations of & molecule moving in a
gag by using the velocity distribution functions that
were defined snd celculated in chapters II and 111+ Thesge
mean accelerations correspond to those definsd in the
theory of Kirkwoad(” and 0'Toole and Dahler(z) {ses
General Introduction), and we show that the mean
acceleration defined by 0'Toocle and Dahler is eguivalent
to that defined below. In section (5-L) the aguivalence
of our definitions and of Kirkwood's 18 discussed.

In the theory of XKirkwood fhe mean accelsration
Btz ,x(7) of a molecule moving with velocity ¥t at
the point 3!’ for both equilibrium and non-equilibrium is
glven by equation (7), l.e.

B = 1 <pol1ap1? (5-1)

where, in the average <eese> , the position and velocity
of the molecule 1 is fixed at time t, Another mesan
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acceleration I, ves also introduced and is given by

n'- ;.gi;-_‘h ° {5-2)

This mean sccsleration may be considered as a “"forward"
acceleration as the velocity end position of the moleculs
are speacified at the beginning, visg. time t, of the time
interval and the subseguent average change of velocity
is computed during the fcollowing time interval from
t to teTe |
In the sane mammer, we may define a mean acceleration
h_ gliven by
Wit
3 = — ’ (5-3)

and 80 we consider &8 8 "backward" accsleration in the
senne that the wloc;ty and position of the molecule 1 are
gpecified at the end, visg, time t, of the time interval
and the average change in velocity is computed during the
past time interval from t-7 to t. Hence, the mean
acceleration 2 My be expressed in terms of 7 and 3

by using (5~1) i.e. }

&‘%(&*3’) . {5=4)
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Using the distribution functions introduced in
chapters II and III, we define the variocus mean accelerations
corresponding to (5-2) ami (5-3).

(1) "Porward" mean aeceleration

Ir <x>(7) is the mean value at time T of the
veloaity of the distinguished molecule which has veloclty
Y: st time t=0 ~ this mean value being taken with the
forward distridbution function associated with this molecule
and defined in ghspter I, then the forward mean acceleration
is defined as followa;

)....
2, (@) = lin v N (5-5)

7‘*)0

We are therefore not taking the average with respect to the
grend enserble but with respect to the fluctuetlon ensemble.

Using the distridbution functions defined in
chapters II and III, formula (5-5) beaoms."’

7, = lm r.m(;‘vxv'.?)z(r.myxf)mx Sn(x,0)g(0, X Z) XY

T=>o* 7 Ln(s,,,x'r.*r)g( ToMpZ+X7)AY  /a(gso)g(ordrz)dy
(5~6)

J

+ Alterratively we may take
r- JREYAY , D ' 2
{%‘Gi ]LO,MM Dt.%e".x"_‘é‘.

i.0, differentiation following the motione This almo reduces
to (5"8)0
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shere g(oyMsx) = &(T-X1)e (5~7)
This reduces %o,

’ \ X
2, @) =L § pa-3 4 fpesx] o (5-®)
In uniform equilibrium, formuls (5-8) reduces to

v fos,,

The work of 0'Toole and Dahlesr has besn discussed in
the General Introduction. Thege anthors defined the mean
acceleration &“” as followa,

R"‘Q) - f‘/“ r(')('o) (!fnl') rm Ma . (5_.10)

when considering the eollision prosess (YisX’) =» (YpeX,")e
Ths dsfinitions (5-10) and (%5-9) are, in fagt, equivalent.
This ie shown as folleows: Thes equation satisfied by the
distribution function g{t,Xeys) 1= (2-2), i.e.

2 = (], (5~11)
Hence,

B Jma] = [ Jler e
- [ j!(Bof‘“ ]QLG
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- #f [ fe(0sMorls )L (wo’) = g(OaxsXs )% (w*)]

o v’ gw,
but glosle¥s) = 6(E-21)» (5-12)
and 8o

B¢ faax] - fuff [f@emoet (we")-6(as)2® (w°) ]

g v’ (513)
shen considering the collision process (Nes¥o' )=>(¥sX’)e
Considering sach term separately in the right hand side
of {(5~13), and following the procedure used on pags 2-8,
we £ind;

[[[ 2 saeze® ne)r @ ax” 2x

“ ff! £(% (wo*) = &b dWo’

for the collision process (WssXMo')->(MeX’)s
and

[[[ 2 oame )e o au g

) jf!:f“’ (wo’) & &b d¥o” »

also for the collision process (Mss¥o ) (IbX')s Combining
these results, we £inally obtaln,




| {g't ,/m}tcb . jfffo) (wo”){(g-wslo b d¥o°

for the collislon process (Wys¥e’)->(¥eX")s Which is the
expression (5-10) of 0'Toole and Dahlere However, as
already pointed out in the Genersl Introduction, O'Tocle
and Dehler found it necessary to introduce & "pleteau-time".
In the definition (5-5) such a concsept is not introduced.

Using the distribution function (2-30), ,uf_o’ haa
the following value for Maxwellian molecules

ot
2 @ = -oony (53 (%) » (5-11)

whiech is the value obtained by 0'Tocle snd 'Dahlars'l' Hence

+ 0'Toole and Dshler also calculate the eaverage power

consumption, Te Using the distridbution functien (2-30)
P is defined by

B, et #1 -3, frar
Poa 1 i f
i.%t 3l it=0 - %mi.%t J m}t‘o

4
2\ (3 :
an 7y(5) ( m) [-/2 KT~m vy )
if yeo, which is agreemsnt with their result. If yfo, the
average power consunption is given by

P = nma,(5) (-%‘SJ (3/2 xT-jm v¢° + im ] .
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the friction coefficient for laexwellian molecules is given
by,

¢ = nmq(5) (3§)*

For the general molecular model _q{“ will have the following

form,

72,% (w) = ~Cx

where { is not necessarily a conmtant but may ds velocity
depandent. In fact, ¢ has bBeen found veloeity dspendent
by 0'Toole and Dahler for & mumber of molecular models.

in non-eguilibrium, the distribution function ng
eatisfiee the following equstion (Bee Chapter IIX),

8 4 y. g-f‘ = [ngt(®) + [nger*] «  (5-15)

Hence from (5~8), uwsing (5-15) and

[Jowrmm) -

the following expression for the mean ecceleration in non-
equilibrium is found,

2, = {% f![nsvf fel lﬂ-l}t_o* {% ﬁ(nx-f’ ]gx}ho .
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For Maxwellian molecules it 1s found that the second
term does not coniribute, and so we finally obtain
the result for thie forece law,

ﬁ‘,(!;) {%jﬂnspf“” ]ﬂ!}tﬂo“

Therefore, from the condition (5~12), we see that the
non~equilibrium part of the distribution function does
not contribute, and so in this case 34. has the valus,

3, (®) = -nm, (5)(%)%1 (5=16)

for both equilibrium and norn—~equilibrium. In Appendix B,
a, is caloulated using the distrddution function ng for
Maxwellian molecules and the result (5-16) is obtained

as expscted.

(2) "Backward™ mean acceleration,

The "backward" mean sccsleration is defined similarly
to (5~5), but the meen velocity at time v, <v>(7), is now
calculated using the beckward distribdution function
asgoclated with the distinguished molecule, The

"backward" mean acceleration is defined by,
<>(7) - ¥4

T

g = 1im _
- Ve 20

(5-17)



Hence using the backward distribution function ng.»
a8 in the forward case we obtain,

E_(xl) = {% %t fncb(t-nez: Jxoy - %" %t /”’"9!}»0' (5~-18)

where ng, (0sXs¥1) = n §(z-2s)e (5-19)

[n_equilibriugs using the backwaerd distridution
function for Maxwelllan molecules given by (2-31), we
obtain

2% (@) = + nmry(5) (“;)1} X (5-20)

end for the general molecular model 7‘®/(y) will have the
fore
n‘e}(!) = 4 c!.

Hence, the mean acceleration 3 in equilibrium has the
following valus,

3= %(ﬁ,*.ﬂ_)*oo (5-21)

whieh one would expesot as the mesn force acting on a
molegule in a system in statistical eguilibrium is zero.

In non—emilibrium, the backward egustion has
the form (see Chapter III),
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-
gl:—zk - X g = [!’&brf’” J-[nget"] »

and so uaing the same method &8s in the forwerd case, we

finelly obtain the following resuli for Hexwellian molecules,
1= -B[ulng,,£ Jaxl,, -
Hence 5 has the equilibrium value of (5-20), viszs
| 2rt
g =+ om(3) (32,
and 80 in non-equilibrium

2= #(n+3) = 0 (5-22)

Prom {5-22), we see that in non-equilibrium the
mean acceleration, 7y venishes ss in the equilidrium
case - s result one would not expect if we identify it
with the mesn accelerations of Kirkwood and the Liouville
squetion (g, =nd gL), as from equations (6) and (14) it
in seen that these accelerations must involve the gradients
of the macrogcopic parameters. We may therefore ask
whether the mean accelerations defined using the fluctuation

ensembls (and so slso that mean accelerstion of 0'Toole
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and Dghler) are sguivelent to those defined by Kirkwood.

(1) QK and %Q
In the limit of small values of 7, the j. of

Kirkwood hees the form from (11) and (8),

»fZ, = —af.;.f — .._%.} Qmﬁm (N-H)Q!(IM)/N;

| L1
neh, (ts2eX) = -%f.uj Fra St ﬁ 6(z-z4 )6 (x-x‘*)

“(l’ﬂ(ll ’.“(E*ﬂ )ﬂ(m" )/(ﬁ-ﬂ )¢

Now, assunling sdditive two body forces,

mtgx = -“R’f"'[ K#"a‘ 6‘(&"‘“ )ﬂ(rx‘“),g.yi
- —Eﬂj;ooj%3¥1ﬁgdtha(£))61!h1f1))21‘16(;f13‘13)€t!‘ﬁx(1))

a!ﬂJ) e
o Axavtany,,

o
2¢(ix-2"1)
= - ] TaltsZoXeZ X"} L ax°3x° »
2z
enee a(tomdod'sx’) 09(Iz5"1)
o) u o 1 [[ L2 EeXeZ X’ o S
Bluare) = - 5 H £(tez>3) w o

=Z- | (5-23)
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However, to order 7- the order to which Xirkwood works -~
5 end 3 are equivalent; This mey be shown as
follows; from equation (11)

t+
B h = %,r ‘ft— ! £, (t°)at’>
31, < f_:r £ (ws)ds>,

Now using a Taylor expansion about E' (t)» » being considered
macroscopically small, we obtain,

o = 3,4 [_,: {E.(t) +e gy £,(8) 0(’2)}

. {-13,'(1) + 0(2)> o

whieh, to order 7, is the instantaneocus meen acceleration
Iy e Green(s) assumes thie, of course, when Ik replaces
o in the Liouville equation, as he does not introduce
the time smoothed distribution function uwsed by Xirkwood(1) »
vize.

= 317

f2 f £(t+s)ds.

(-]

This concept of time smoothing is usually introduced to allow
for the expsrimental inaccuracy of the physical measurements,

+
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gerd gserves a useful purpose in the mecroscopic theory of the
Brownian movemant. However, in other physicel theories
lack of precision does not normally require the introduction
of a parameter such ag 7, and it is presumsbly unnecessary
in a rigorous molecular theory.

(2) The definitions introduced above and those of Kirkwood.

From the General Introduction, 2{‘” of Kirkwood
has the exact rom,

te7
(u),)‘n ."/ =te) 'r ( ““‘J at mmﬂm k(l‘h»ﬂm(hﬂ/

M{O) (t," X3 )32}1/0.0#1 3‘6‘(;‘..;“) )é‘(x'.,x(‘) )“ l j

( ﬂxﬂ))dt. n(!)n(u “(m1)ﬂ!(m1)/(lf+1)'

I o
= 3 juj-'E%,Eté"(m-l"“)ﬂll'x“’)2 lj gt (tes)ds ay 40

(5-24)
where Et" is the force® on the 3.th molecule due to ita
intersction with the Jt‘h moleculs. We recognize the
distribution,

.Fo

B 49zt ) ™)

‘Ettmo
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as the initial velue of the phase space distribution function
corresponding to the special sub-ensemble of the grand
angemble of statistical equilibrium that was introduced

in Chapter I, i.e. from equation (1=5),

Py 3
Xy (we) = &L 20055 ) 63 "), for seo.

th molecule in each configuration

In this pubengemdle, the &
at time t is distinguished by having specified velocity and
position, Ys and X, reapectively. Hence we may write

(5-24) as,
2 = 3 gfone | By (ong (tenres ety (5-25)

end so in going from (5-2.) to (5-25) we have replaced
the time independent equilibrium ansemble by the time
dependent fluctuation ensembls.

To compare the Rf°’ sbove with that introduced
in section (5-3), we wish to take the average using the
one-particle velocity distribution function associated
with the distinguished molecule., This function wee
defined in Chapter I and is given by

B(t48, 8 XiX0oXs) = <0(a-5,)6(x-x,)¥
where 55’-!5 are the position and velocity of the molecule whose
position and velocity at time 8=0 i8 x; and ¥;.
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Vie may write (5-25) as,

.n:e': . ;r'f szff"jx:“ (ten) 6(x-x, ) 6(x-x,)
o
whiech is equivalent to

2:'0,) - ._1’..] ‘r‘m »%(1+8)dn, (5-26)
5 .

where 3, is the instaitanects mesn acceleration of the
distinguished molecule and the distribution function g

is sasociated with the motion of the distinguished moleculaz.
However, if the limit from the formula (5-9) is omitted, then
definition (5=9) is eguivalent to '

@8 (t+7) - ¥ (2)
T

’ (5~27)

where the distinguished moleculs has velocity ¥, at time t.
Formula {5-27) may bde written as

teT
%[t %t‘ <g>¥as’ (5~28)

and so we pse the important Aif ference between ocur definitiocn
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{5-28) (and therefore that of O'Toole snd behler) and
that of Kirkwood. In (5-26), we are essentially
differentiating bef'are the average with the apecial
ensemble is teken, In the limit of small 7=->07%,
we may proceed ss we have in the derivation of (5-23),
and so g‘_‘“ will have the equilibrium form of Iys
l.e. _q+‘?’ = O. However, in (5-28) the average is
taken ud.t;h the special ensemble bhefore the differentiation
and 30 18 not equivalent to (5-25) as the distribution
function is time dependent, Bacause of this difference,
when we take the limit as 7->0% as we have in (5-9), :-
the equilibrium value, viz. 5, % = O, 1s not obtained.
_’I‘he rlateau time 7 playe no essential part in the present
theory and the 1imit 750" 1e implicd.

| The game argumente apply of course, to the backward

accelerations and the "non-equilibrium" accelerations.

OF ENZRGY

G=5 . THE MEAN RATE OF CHANGE CNERGY WLU

MOMENTUM AND HOMSNFUM FLUX AT TINE t=0 USING THE

(1) Momentum

'In section (5-3) above, we have calculated for
Haxwellian molecules the mean rate of change of momentum
for the distinguished molecule at time t=o0, and shown that
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the values for "equilibrium” and "non-equilibrium” are

the seme 1.0

afR g
"oy ¥ ]t.-o

| "
ofid fexan-F Ges]

= -m nwA (5) (ﬁﬁ)’} w

(2) ZXinetic Energy
A similar reault-f" iz found for the mean rate of
change of the kinstic energy at time tso (called the power

cnmumption(z)) for Haxwellisn molecules, Vis.

{g" @nv "L-o

- s} 3 o v ar- 3 4 fa s},

= awi,; (5) (%)i [5/2 kT—ﬁ“gn*&n‘lﬁ] »

for both "equilivrium" and "non-eguilibrium®,.

+ TNote footnote page 5.6
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(3) Homentum Flux
The mean rate of change of the totsl momentum flux

at time t=o in “equilibrium™ is given by,
. g]
nm >
[%‘ L T

{fste i,

For Maxwellian molecules this gives,

mﬂ(aﬁ) [":'22* (4~ é ﬁm'*)d‘ = (As(5)+ ﬁﬂc(ﬂ)(mx!" 1' ff)

- AM(S)a ;s - A.(S)m] #

In non-equllibrium the above becomas,

n{g‘ “ ;,g]tm

ot fatar o« stfosierial,
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Por Haxwellian molecules we obiain,

O Bl e RIRCIT FONS AT

-ar (9 w-as (3w |- § (3 448 1) ;—xﬂ -

(4) Energy Flux
The mean rate of change of the total energy flux
at time t=o 18 given by,

inf3e v,

« inf Falr @] .
; , tx0
FPor laxwellisn molecules this gives,

imﬂef)i [ﬁ Agly + %5 My + (&ArAa)'c*n - AN

- (2ay + g Ag)Ms¥son - 244 3 Bt!:] .

In "non~equilibriwm®, the mean rate of change of the total
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energy fliux at time t=0 is given dY,

«&n{gt <V _p‘}

=0
el fratess ] o f fioratrne i) -
For Maxwellian molecules this gives,

%mﬂ(z‘*f)& [ﬁ Agly + ﬁ A+ (FAg-ag)wy'y = A0 Ny
=(24+ % Ag)slls -2 - 2443 s-mj - % (% ;‘: *1) 3-25

-gﬁﬁn As %)1 ’

From the above we see that there are differences
in the expressions between the "equilibriwm" and “non-
equilibriun® mcmentum and energy fluxes which involve the
velocity and temperature gradients, This is probadbly
vhat en experimentalist could look for.
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APPENDIX A.

In the Appendices we are concerned with the evaluationa
used in Chapters 11, 111, and V. The elgebra ia heawvy and
80 for this reasen only finel results are usually given.

A,1 Eigenfunctions of the half-Bolizmann colliaion operator.

The helf-Boltzmann collision operator was defined in
Chepter 11 and is given by

Lg— E[g) f(ﬂz (({‘3("’%){@(&%9 "g(.",")f@/w’)}ns—;__(l@; ( )
1

and se the following relation for Maxwelliasn molecules,

quoted in section 2.5, 18 to be verified;

~ Mvp e'i}"mwxffw ({/}mw*) Polcooe) w 2

i

- [etm 58, wpmedtlan wl, g0]

(2)

where;

g

A
the coeffiscient of s" in the expansion of

({g»w?) are the Sonine polynomiala given bdy

(-5) " g THT s
3 (3)
Fo(cae) are the Legendre polynomials,

)¢ 8re the eigenvalues (independent of the molecular

velocity w).
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Fow let us take,

= [e _i"’”wflb[;’ﬁmW’); bg(o;]j

£ Loty g0
J

: : (W)
then, since the funciions i, ww-dwl ars nnlqug-v’
A= L, (2pne)
_é S ki (,'{/59"“"").1‘_")
2= Llipne) (v - wd),
: (5)
+ 1.0, ¥ 13 the only vector that cen be formed.
(w23 wd) = wiw - turdy 1s unigue in the sense

that 1t 18 the only second order tensor that cen be formed
with zero trace { ie - j :

(e y -

"“\ ~

2 _ i /
Wiy -Lfwrws —Lw S r);jfz

2w wg ~dwt dpwg mdw e b s unigue
in the sense thet it is the only third order tensor that
can be formed with zero trace (viz., L = Jand § =4 ),
and so on.
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where

/\’i ($pmw) = [.‘e”ﬁWW)Li."—"s {@jey/W’ )

bltpm) < L7 Ly Lowugorf) g0 f,

(6)
Therefors 1f the componenis of the vector y are taken
in (5) in the poler angle form, viz. (waimscoef, wainbd 2ingd,
v cmo )s then the eigenfunctions involve
Pe™ (cone) eémﬁo The eigenvalues below will, of course,
be independent of m.
so from (L), (5) and (8), let L, (ipmw), L, (ipmw),..
be the solutions of the integral equmtions,

[eArm L, 7 = = sy Lo e 407"

[€'£ﬁﬁw1 A.,., Lv,fl_bjc }’_V/w’_ = =M Lri evéﬁmuj
i

(n
and 80 on,
where the )., A, .. . are the corresponding eigen-
values. In the cese of Yexwellimn molecules, these

eigenfunctions 2re shown helow to be the Sonine polynomials,

The Sonine polynomials willl now be shown to be the eigen~

functions for the Maxwesllisn molecules gorresponding to
each value of in the smbove,

The pelynomials corresponding to {=o are the poly~
nomials 55?(£ﬁnmg). 'This is shown by using the
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orthogonslity relation

e ) 2
Ié' f,,(f(x) f,,f (x) x™ dx= cg &p.

Se if S,‘w are the eigenfunctions, then from (1)

4

- Amiv)> o, )
(f et 080 ) (Llpmn) [ SEfpmi)- SPpmir)]
s db do‘cho
=C4 G
(8)
Using the generating fumction (3), for relation (8) to hola,
ir

) ——— Lpw O ) i T
F(se) —T gfe £Eln) €
~Lpm Sy .
[etomsue _ e 45 ] o db i,
_—J

/’_f =5 S= ,j;;)j (9)

P(s,t) must be a function of (st) aleme. This is proved in
e method similar to that used by Chapman and Cowlimg (C.C.)
section 9.3.

If G, =w/-w and s wi-w and s S.=c*wnx

—— 0 — —

then for Naxwellisn molecules® formala (9) may be written as

+ Note Chapman and Cowling (C.C.) pege 17h.
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— I
Fls.e)= ) ( (H(x) - FHi(o) =l
where

H(X) = [_ﬁ;)%ﬁe"*1/"’7"(”1“’""'*71/11:—5'%:) (10)

dhw el ,
Row, if G :-wew!, v- G -4 (Ts+$s) , a=S+T+a,
and b a -l (T2 STeom %) s then (10) takes the
aimpler form

H(x)

2)" ([ exp (-dpmlavi b)) b de

\i

~ ézl_%[ﬂ‘; I
. ) a b

Hence, finally we obtain
) _ i
F(Slé) = A(([g-st(wca)x)] /7'_.):,?_25(__7 ;4}6"4

(A = constant)
and a¢ when the intezration over the erosa. section 1s
performed we will have & function of st alone,
Similarly to prove that the polynomials ceorresponding

to the value ¢ = 1 sre §£) (Epmws) » W& must prove that

= ____L-——-—-—_ -4 w2 L, -t Tq
Filse) = (- )% (i-£)= g{e o {U{W’) g AW

-1 2 ;
[6’ 2hmbie W.ow, — e_"lﬁmgwlw’j" é cho o

is a function of (et) alene. Using the sbove method we
finally obtain
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E. (S,t—) 3 ,ﬂ({[a—s[—[nam()] -ﬁl(i-f'caa?c) _-[2_567'571} 6..54;

which {8 also a function of (st) alone, thus proving the
orthogonality.

A similsr result may be found by the same method
for f-a,

The methed could be used for higher £ , but the
slgebra becomes very long, and so we sssume that the Sonine
polynomizls are the sigenfunctions for higher values of {i
Actuelly all the caleulstions used in the thesis enly
reguire the Seonine pelynomials for the above values or'/,

end the higher values are not required,

A.2 Eigenvalues.

The eigenvalues corresponding to the ahove eigen-
functions mey be found by direct substitution into the
collizion integrel and then by direet cslculation. The
celculetions follow those of Chapman and Cowling (C.C.)
page 175, and so only the calculstion of )., will be given
here briefly.

#We wish to find the eigenvslue corresponding to the

_.;l_ﬁmw"—

eigenfunction e w - Substituting in the

o

collision integral (1),

i 2
— Xo; € LiAmw . ﬂ —Apmwr ~dpmwi? %o,
,, Z AT (o) e i . o
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=4 ([e'éﬁ""wlf@){wi) (e -<) 6.‘44_/3”

=z (f e pme> {@[wi)[_o:(l—cm;c) —cRoinX € ~ & ainX @né | o dbdedui

=7 [e 26, (Z)*0i) € dw,
where T [Z_’_Q))/" Ael(s)= l((:—a»"x):;dl,

and A¢(s) are tabulated p.172 C.C.
Th’iﬁ gi‘i’&& )\on = 71,7;"/),—{;) (_,i_i_r) i;:
Using the same method the following eigenvalues, uased in the

theals, were caleulated;

hoeZo o= nmh() (ZE)> )= alnts)+ () (35)™
Aoy = Mo A= 717"(:4,[:) +4p (;_p (';;?T\E‘)’/z_

/\01 = 7171'[/;,(5’) £ % /}1(5')) /%;.ij\) V’;

A.3 Miscellaneous.
Por the evaluations in Appendix B we need the values
w2 - > ~0)
of [je, e~ Lam (w1 W;%g)] eand [9e,e Lpnw 53(/) }y]p
By ueing the method of A.1(b), we can show, after heavy
algedbra, thet

(3 O R (
B 866%0w) $5Cemmd €5 B lpmn) mits fspmearns )

S e s ey
= C£ &f{,{)
(11)
i.e¢, it 18 found that,
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' A Opers ) 5 —mT W [ dpmSwen
S P
(bpmut*=5,) wlow — e S {;’ﬁww"-—‘i,)yiy} e Db do) el

= 214 /E )j- S"P[ncoan)]"/,. [[i-wf?‘) 'Qli-tmﬂ)]o’”ig ;
(2” = le’dmf')

1.6, P (8,8) = ¢ £ (8t), which establishes (11),
Also, ualing the method of A, 2 it is found, after
heavy algebra, that

e ipmwe —Apmwt ()
.): € w,e fim S;i,_ (;Z_ﬁmw’;)y‘]

i ‘j%__ {ﬂ;{f)i— Ay (s) 'ﬁi(f)) (%’\‘)’4 evé/ymw"fg)/iiﬁmwz)
(l‘:’l’."'giwlé)o

We therefore sasume that {f

. i pmwt &
je =8 @i g {5."; ;i’ﬁ-mwy * g&/f}[%/gnwyﬁa Yo+ J?
then

Lgese ™" (£-dpmw) ]

(12)
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= eI g [ o § 36;:'.)[—,1/57»\1/151 w

(r+1)
+a? S5, (pmw) a. (ww-1w>S)

7.

Similarly, since
[{(o)’ e ’{ﬁWW1[LVy—€' wxg)] R [ e, -4 W’é); {(:;]

A 3
Aoz €MV -dws
/“oa [Lv_ig 5 w’:)’

{i.8.
L¢O, emsbmm(y,, 4w )] = (Ao per) €7 gy w4 )

then we make a similar sssumption to the sbove, i.e. using
(12)

[je) e-f’,]hnw"- [k"‘b’ '—?f w’§27

< entpmet £ [4 58 lipo) [k -4 wof)
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APPENDIX Bt . Caleuletions involved in
Chapters 111 and v,

In this appendix, the caloulations invelved in the
solution of the half Boltzmeann eqguation for non-equilibrium
discusased in Chapter 1lll ere given. In the firat part
the equations are solved for the general gas-model with =
tempersture gredient, number density gradient and masa

velocity gradient.

In the second pert cértain results are obtained using
the solution for Maxwellian moleculesz, These resulis are

guoted in Chapters 11l and V.

1. GENERAL MOLZCULAR NCDEL,
Besl Solution involving Temperature Gradient - solutien
of Qquﬂﬁtiﬂﬂ! (:50214)0

The linear esquation ’(3.16) has been divided into,

al{’E“P EG‘ g(:]——w ég_e,_.

26 e, ¢ = [3.¢7]

dbex

’ (2)
> x
qufhiG)F?] -0 J (3>

+ If the definition Y=y, - u(x,t) 18 used, an extra term
e o must be added to the right hand side
of equation (1).
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where ¢, 18 given by the equilibrium solution (2.13). we
therefore wish to solve (1), (2) end (3) with ths boundary
condition given by (3.20), vis.

@ = 0, (4)
In the solution of these equations the temperature gradient
will be resolved into two components - ons component para-
llel to the velocity g, and the other perpendiculer to ¥,
in the plane containing ¥, and 5_5_ s Le8.

AT _ 5 3T s . o (o7 2)

= 3T A~ 3T A
= oyt T oy 4, (5)
and we will take 1‘-’:{—‘:’\[= w Coa B and y_\/‘,g: WMOCM%,
) T
Pirstly, consider terms in G that involve g—xig ot

terzs conteining z—; ; ¥ill be aimilar but will involve
terms in the ssscoisted Legendre polynomial Pgi (wop),
(a) Solation of (1):-
If the recurrence relations, etc. of the L[ .

polynomials_. and the relations,

(20k))x Pp(x) = (Eri) Pesi+ €Pe.,

QC) (1-x2) P (x) = €16+ [Pp,— Py, ]

2 (6)

are used, the following expension may be employed in (1);
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(6a)

where [ ., 18 slways taken as a funetion of Lp»w> unless
otherwise indicated, and Fﬁx - are all functions of w. In
the solution we must consider the possibility of degenerate
eigenvalues, We make the assumption thet we may have egual
eigenvalues only for aifferent velues of 7 in A¢  L.e.
in the expansion (6s) above for each particulsr value of

ry, 1, we wmay have

)\a,eﬁ - )\fe or A b,l-i )\re 5
(7

for only one value of "a" ahd "b". [IHowever, if this sssump-
tion is not valld then further summations muat be introduced.
For all values of r, 1, there may be certain values a(r,s)
and bd(r,1) for which relation (7) holds - these values are
considered aseparately in the solution,

Take

. )  _qef () . At
=) e = 7¢ (2) 5 ek
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(i?
If (7) holds and if G., has the form
Gm = F,(Wa) La@ﬁ w Pﬂ, ,I -1y

e 3xjj

then for this value of r,l

e €8 —[65% 70

+fa
Similarly, 4f G{, has the form
]
Greb - ”)Lb( w! P(—i T gal—”
then

5 (i) (l) (t
— Are Gyop ~ LGrens f _7 C.

lHlence we must take the feollowing contributicnas

&) j o edpmwr 5T a,\.,e £
= I < £-
Gv-@h 2 € a_;_(" { a€+l w Pé-ij (9)

and

= 1 —ipmwr T a;\,e - ‘
G"r@b 3 € 91” [F@) L[,é’i I'PI"‘?) (10)

and for all other values of {, G,g = 0.
For [#a the contribution from F£$ 1s

n _ ~damwr T DAn’ (3) €1
réc € -3’1-// >T (e“-,\.,.g) 7‘(: L (ler Pﬂ-&

and for (#b  the ocontribution from ff?f is

> (11)

) i 2T A _ éf) 2-
G-t{& = € ﬁmw R {;e € (@-fw !Pl.a"!]
=i T L] )
(12)
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When 4 = a, 1 = b (relation (7) holds) contributions from
F,ﬁ;‘, and £ —SZ)L are,

G(ﬂ - (:) wl p I oT

" Tfu a@ﬂ e+ T % i (13)
and
[0 (z) ‘ = 2T
G‘feB ’reb Lbf'/ . }78 - T axJ " (m)
For unequal eigenvalues,
=
0 g 2T [ e O Are Z(ei)
. . B T Actw —4 "’e) oT W=7 LW /%H
i#a b+ re)
(15)
apd
(1)
A 1) [_E____ _ dMe FY
. o X jj r[/\tfml -r\-;e) 37’ (Azé—r Aﬁi)j L; il W PE_
itb (f‘)

This complstes the solution of equation (1).

(v) Solution of (2)s-
The first order perturdbatiocn to the equilibrium dis-
tribution for a dilute gas for the general model, as given

by the Chapman- inskogtheory, has the form,

-_ @) w. i —
£ 4 e 2. &

2%

@ LD
= {7 i) weme £ 2 O D) wraine cong 2
fie therefore sgssume that the collision term may be expended
in the eigenfunctions used in the equilibrium solutien in

the following way,
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LA ;50

(17
where  d.y; and b,,gi;’- ars functions of v, .
Take

© P E (i) "y
-+4?,i (G = é;e;j te T[) . (18)

and so, by sdbstitatton inte equation (2), 1t is found
that

) ~dpmwr | 5T i i
1’?«," =€ ? 5% e a-re"‘j Lé PJ [ _
J PX Aip=Aee J (19)

12 /\,J?(-')d‘e,

= 0 otherwise . (20)
It A, = A, then
Q) —dpmw> 7 BT
é"(ﬁb o ; 5;” Areab Lab w ? PbJ. (21)

end for general cfa, ;b

- (22)

Bquations (19), (20), (21) and (22) dstermine the
functions involved in (18), and so complete the solution
of equation (2).
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(e) Solutien of (3)3-

The sclution of this homogenecus equation ernsures
thet the boundary condition (4) holds. Hence, by taking
t = O in the adbove solutions (15), (15) and (19), the
following result is cbtained for the solution of (3),

e et BT Fy

2t FE T

X i T{Acfﬂ }‘*e) G'T 3
l*ﬂf (At‘(w")ﬂ?)
] i @)
Li'ff,- W‘eﬂ Pf-&l e it € [ F;P.', o 9/\1€ /—,g:) ]
‘ch T(A ooy >“+€J oT (,\‘g_, .,g)
(b
j -i - Ao E ~dpmw? | 3T /
'I\t'?’i w Pg_/ € f )] —_ Z —_— a-r&
. - l'f‘{j(/—?{b
Léj PJ W J @~>\LJ (;

(22)
This completes the part of the solution which involves
the component 5;5 . The terms in the solution which
finvolve the perpendicular componont %{L are obtained in
the sam® manner @8 the solutiona sbove, &nd so will not be
repeated, The resulta cdteined are as followst

If the terms involving ;%i in the expsnsion of

2o i T
—- W, e _ L 1 21 94,
?% p T et E%
_d > -—0) ¢ ¥4 .
= @ spmw> OT Z_ L ‘7‘€ L;Q.H li /%,H (ccrze) caa}z{e At

BJ&L,’.}{;‘; T
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A 5@ -1 pi el
+T 3—72{ Lé(—i ol &-1 C05'¢€ e

e — :
+ 24+ 5(0) 1 ~rre€
T Y Ligy w a 'D{f, Wy{te 7¢

+ W gl PE g be ‘A*f*}j

(23)
where JT ‘jz are functions of w,. Then the full solution
of equations (1), (2) ana (3) is as follows,

i 1 3\ A W ; 2
™G = 2 222 e ”6[[6”_1«'__“’_,.,
’3@5 (/\flw"A"'e)
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Be2 Solutton involving number density gredient - solution
of equation (3.21).

The aqnations* to be solved are,

S S LT = T
2H regen
B('C’l EI O

(26)
with the boundsry conditien for ¢ = o, E = O,
Then, i{f the number density gradient 1s expreased in

the menner of (5) above, i.e.

on - SN A A
E lﬁ’, ‘ ;_- ‘v’vi + l«'ll ¥ (z"‘: XQ[_)
= 9N A In A
PR Gy (27)
where we take .3 m i eino o, we may proceed in

the ssme way 28 we have with terms involving the tempera-
ture gradient in B.l ebove. |

Therefore, expapding the right hand side of (25) using
the regurrence relations, etec. for the polynomiasls, we may

expresas it aas follows;

I-‘.‘

3
$L

—

/,

i
3lig
513

,9._&2

2x

+ If the definition ¥y = Xy - 4(x,¢) 15 ueed, an extra term
2B ma}t be sdded to the right hend
alde o equation (25).
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r&

—ipmw? 5)
= e Z {(F( Ros; (ccae) :l 7~€ (ccfzS)Can é_‘:l)

%) 7 dx
Lle_”wlue-—/\-re['
CO L o
P, 22 €)
Frec P 1y * o Piy g au) Loy w w gl
() > .
+ [ F p,,. 2n a) 4 > sl ¢ ~Aqef
*éc +i oxjy -+ 20c Pe“ cea 4 %_,_) an"‘ Ll@ii W n[-e >

t F[g) P, .y 3 : ¢
( il -é;[_ii+ J“fe{ Pl': Caﬂé 7 9/\16 L ve-i wte o }

87\,

| (28)
where Ffz, and VTT%’ are functions of wy. Using the same

method smployed in seotiona (a) and (o) sbove, we finally
obtain the following 8s the solution to (25) end (26) with
the boundary condition;

1 mw vt | —Asek
{377\ b )L'/—- Z [ [' € Z((-i—i (./\ o 1.@) {F-’,(‘_ O+ = 91i[

6
(/\fe-"-i =) +€)

+J(7) pi n . )

)
{" { 1“—75, _ 9>\~r€ F‘f(t 971
.-n-f()\le-ﬂ A"‘e) oM ( )‘t G~ A're) e"'i QX”
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Be3 Solution invelving mass veleoscity gradient -
solution of equation (3.25%)
The equetions to be soclved ars,

__2(_/ = @7 _ R . )
MR oL T
* 2%, 04,0 . 2k
2w ¥ e ?;_"f' -+ E‘-pg_\_/—eilv e s‘z 3
QU )7 _
';_(.u/,“'[();f(_’]— [323{_’_7J (31)
Y &] _
Pexp ZU’{ =0, (32)
together with the boundary conditien for t = o
U=o0.
Take
(33)

W= w,aén&cmqﬁi.,-. wmaax}n%i, +waa9£j

where
{ = i
~ Wi

(8) Solution of (30)3-
As we are neglecting terms im (3 -« ) in the dfstridu-

tien function (see section 3.4), (30) becomes,

v

(34)

U
2t "[U?fl@j: ;e_‘d:a'g-f— e .

Skesp =

¥y

QU

\

1

From (33), putting 2% _ g
2X; i’(j 3
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Hel2 w = w2 {m’g[{(amzé-,)g”+514”+.4¢;.\¢cf_z'¢¢

Wy

(Rizt Ba) =4 (1-a0e@) B, +0 4, ] + capaine

[cad(h; +As) +tand (4, *432)_7 + g [A;;j}j

(35)
and
Yk
W S_f CAVY {Me‘[cezqg Biz +4A'm¢4z;] +Cno Aaz} R (36)

Kow, using the recurrsnce relations, ate, for the /.o
polynomials and the F, (cze) (e.g. reference (1) p.
1325-1326), the right hand side of (34) may be expanded.

We assume here the moat general expansion, i.e.

LV" _’Bﬁb ?_ie i W Qi )
9L Siv 1T 2o é;o —g_bw:
- Y
i% ¥/ { Kf'jme [ vi) Lig W™ P € ¢ [Air""ﬁ;z..]
+

s K(?) o (W) Ly W™ P g b [Aasj

“m
. Sy i
+ Kg)n_’e (wi) Lipp w™ P"'rv% et &Q¢[AIB*A51)*M¢/413+93127
i . i m pP= ~Aset
-+ K(Z’:\"e (w’) L(/m w P»,:_ € Ave [Lm#ﬂ,; -rw;r\#/ #)5]
L (5) n —Aref ; .
+ KW\Te [W,) LW"\ w P,;z\ (4 e [-i [DZQRI¢")4I[—§’(,"?MZ¢)421

+ amf‘ ccszy!//i,z-fﬂz,)]j

(37)
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whore [, = Lo ({pmw2) and P = B (o),

Formala (37) 1s the most general expansion - it is to
be hoped that for specific models the eipanaim is simpler
than the above. In fact, below we see that the expansion
for the Maxwellian model is simpler., However, expansion
(37) 4s suffictent to show the most general method of obtain-
ing the solutlion.

How take,

U= Z {Uvnne e-xfec— U(” Ee-A$e€} -

The first term in (38), viz (J...¢ takes scecount of all
terms in the expanaion (37) in whieh Ili,n#)ive . When
then we must use the seocond term

Hence;
Uimie = A‘:‘j Lo W {K"’,e P [ Bt n]
Aim #Are N ngwe %[A”J
+ K o Pt [ag (B hy) + 0 g (Ass+0,.)]
t KD g P [anp by + 2mp s

+ Kk ® P2 [ 3 (acoz*d-1) By~ 1 (-2 224 45,
+4¢m¢ Coz¢ /412+41i)]]

(39)
= C it Ai'ﬂy\.= A,g °
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Also, 1f A = A, (tneluding 1 =pr & m= 1),
then
Vb = KO, levwm suTon]
(i = dne) +KE Liwmp, LAs]
PR L L PR [ (454 1,,) +m¢'/yn+4u)]
* K og Lim ™ PR [ty # ain 1, ]

. i (8) I,
+ mee L(/m. w Pﬁw [5 {.2(011"?!-/)41, "'.{i(/'a?ﬂ#‘nzd’)ln.

+am¢ coa¢ /4iz_+ :q.u)_]'b

(40)

() Solution ef (31)1-

For viscosity f" has the fellowing form (see C.C.
Chapter 7),

£'= 47 Blw) (wn-gug): 2%
=3 (K1)

end so the form that the right hand side of (31) takes for
the general moleeular model is aifficult to predict. For
Eaxwellian molecules, the form of (L1) {s simpler as B(w)
is found not te depend on the molesulsr velecity and alse
the bracket is gon

sl &3 &

{ eapy to evaluate. It is found
that the bracket hes an expansion of the following form,
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A [ b0) S8 (dpmer) (wu-yurf) s 2 oot

(i)(w) 5‘6") [,_ﬁ‘mw) w, {

ware fred L g L) 2
.. _] -
So, we will sgain masums a very general expansion in

which we consider for the sake of simplicity only i—i"
t.e. N, The terma involving the other components
eould be conaidered similsrly end sow 111 not dbe given
nere. |

Henee

L3e67y = Ao Z e L (dpn?) W E K G () Ponfe0)

im+e

¥ K(’) » PL g + Klg) P,,i,\ ang + Kg)”e P;\,[o?caalqg-l)

+ k& ¢ P i aing + K.;(:',)ﬁe [i—Qm’¢)f"

%% %

Equetion (31) 18 then treasted {n the same manner as (30)

in (a2) above.

(e) Solutien of (32):~

The solution of (32) ensures the vanishing of () for (o,
Hence from (39) above we sse ihat part of the solutlon of
(32) 1s given vy,
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“Aem F _
v-- 2 )\e At Lim W™ { KO g P [Aut Ao ]
(m+€ G fa

Ezjv\re P ZA”] & Kfm\re p [cm(ﬁ/;}”f”a’) 7M¢/015+A32)_7
@
* K:,\.,e P'r:- [cm¢ﬁ,5+44‘m¢,023] + /(g:?e Pl [;‘[Jwa’qf-/)ﬂ,, +

@vusé ca.;z¢ //7;‘,4 /)u) ',j/ [/f,z m’¢)'42;];

Hhon /c.= Mr¢ then (40) venishes, snd so no sontributien
from (32) {8 needed.

There will also be a similar gontribution from the
solution of (31).
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20 MAXVELLIAN MCLECULES.
B4y Results for Yaxwellisn moleculsa forming a dilute
gas with 2 tempesrature gradient.

For ¥axwelllisn molecules,

) .
go = 7™ T ae (ipm) " (o hleme) S S et
e (42)

whers
(:-r) - @)
€+'A e+v [,_/Smw )

§€+i/, = gqul/ ‘;ﬁmw)

2 i
fre = /{’ é) (¢+ ++'5_)1 ’

and )¢ are independent of the temperature T.

How
o WY B g s e ST Fe we
.9_%9 = rZ Are [;'ﬂ-m) iff’-rié’ I~ [ﬂ w ZHI

+ wt S}w PQ/ -3—,']
(422)
Henoce using the following rolatlens(?:?f;
4
SKLI:/; = éf:'i 5
523’(1) 1l ) S{’M (++¢s) S, é-(:i'/ )
- (5 (2) = 6 8) SE = o) 5570 (43)
€+f/,, gij*'é,_ 5\-43-::2 9
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end those of (6), end considering only the terms involv-

ing ;—Z; we £1inally obtein;

. _ﬁ.e A 3T 9%
Pt B
-d - L3 —Avet en lii
= e L T 5 )P e € :‘{PHI” 26
2 e

G) > / )
[("?* ‘C\;“ﬁ-_ifjﬁw’ iS}‘”/;) S; * (gpmmi igéﬁj; - rig‘e*'/’)

i+,

gf#u;, [*'H) CE,;/) g*'@‘*i)\.\‘ + P(-/ w72 [-["'['H' < /’)irtgll

Giitigy A?n ‘2(_”

! 2/ ) cer)
1/3mw, /Séf;/ €(/+’/$, i ((1“)0 7) {+i/ a/!"""”"’.'-(_M") +'/; Z-H'/

iy

+ (r+1 )Y +42) S, 9% g‘(’““,)
',-i-flz_

(Lk)
which has the form of (6a) above.

Similariy, oonsidartng the perpendiculsr component
we obtain;

= e-ipmwr 1 5T £, —antt 1
N 7T sz Cosz¢ 2 [ilﬁ"") Vﬁue € Wie{Pe-H w !




B.21

i o &
— — i . )
26+ [[;+ ig& h P @u;, ) Sé-fl-r'/ + {1ﬁm“}i1 : F(H/ = C{:)’/ )

N @+i)
&+ .5 f“’z Ss(+i+’/ ] * Pé’f/ w2 [(T(}"[’F ) €+'/

A™ a‘llﬂ
- ) )
.7'.]/57"“'/ [_?:, ) jéfj*,, + ([++I>(i“"‘) ,.((Q}é;/) +5’[£7nwi’("“”);§(6://.,)

G#1)

S@-H'/,_ + (++1 ) ++1) 51,,” S‘@R)

E-1+ 1

(45)
Prom (L4) eand (L45) we see that the term involving ‘S@’
in the expansions is

- ~At 3/, [’ 2T Narya 4 &)
,3 Q,D 0 //5 ) > a;[j/ i + b= 5;_]_ Pi C02¢ Sg/;w

oL

Hence the gontribution from the velooity distridbution

function G is given by the aolution of the equation,
= [6,4%] = 2 awe ™ (Ipm)*

A a7 A 27 @ @)
[T 5;” Iji +TBJ( R%jg

aferf

This solution is

3 -AF 3] 1 oT i o
7 Qo Fe—"1® /ﬁ”") L Tax;, P, ...7__2_/ P,ifaan]S@wﬁ
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and aso

b » : : -— _

N &yc@}hl_l T ~ 2l a)_ 1 4 3
{akf o AT [oxy ¥ T LT AT . (47)
Begause (L46) vanishes identically at ¢t = o, there will be
no contridution from equation (3). Also, in Appendix A

we show that
_ e a,
L9007 = [ges {8 (5-tpmm) 2. T ]
(for Mexwellisn molecules)

has the form
g3 [ af(
+ a?(WO §§T) s (ww L w

- _7}

and so there will be no contributica to (L47) from (2). Xote

that also from (45) the ccefficient of S »(Z P.(crb) 18

&+

zero, 1.6, (G ciw =0
In the above evaluations we have taken ¥, = y, - u(o)

for all t, and if we teke y, = y; - y(t), then we must con-
sider the term

L L 2T, %
pm Toox oy (48)

in the sbove equation {1). Since

/
990 L pmw > _Ave b o) ve w, ¢ & Py w
5%1 = e > Cre e g’(-u/ [ﬂm Ty, TE
QW e ,
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g (47 ’
=2 bt w,

. - f}
+€W[€2;‘(€(f’/; PgLVI — W 19 ey,
-1 C® .
oW i‘g.f:l/,, (4 —;‘
(49)
then,
A 15T 28
fm T m e
_areb (8]
= 2 Cv’if"mw} D Cee € i e+, {Eﬁ"“ Wi
/-)’7" f}e
L)
/ - & . ) ) 3‘7‘ o P
i’S;(:) Pe-r { "?I S;-H/ ] T aanfi -+ Wy 423 -ra:f__,_ ¢ £
v -]
{50)

Therefors, the coeffioient S ;‘Z R (cae) iz zero, and the

term involving S fz w i 88 follows,

i -iﬁ?’lwl )(o[é @)
— > g i
e Coy € 53 W{T 27y fr+ 75 ; Ta

fpm
From (1), the oontridution from this extrs term to {;; _(Gwc/}_o

is
: (51)

—

4T
A~ T 2x
In the case of equatien {25) a term

i
ﬂ??\ n ax 2w
must be oconsidered, and se the same results are obtained,

1.8, replacing T by »n in (51).
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With the backward equation, we have to solve

“9_@’ + ]G, ffﬂzza,o *’\"’& ,“)’1 13T

ate,f, T az,,
_1
and ao the solution is
T 3 | i 3T , T
3a, e T (pm) [? Say T oxy P m{](

as in (L6). Correspondingly similsr results cen be found

in a8ll the other eases.

B.5 Terms invelving the nuymber density gradient.
From (L2a), in equetion (25),

= N i i amM >
T T e N
i [ %
= _e pmwr 1 27 ~Me b e & X
n 91” %e Cie e S_(.f]/)- ﬂm 2(«}-] [ AT-e f’[,\,ﬂﬁ‘)

g EYTY T & i) - 79

[ i S&m»%] - [Iiﬁ””) S;ii:) }((—H‘)P&le "4 {-—)\*ef[[?—f@f’&_) ,
&) (

S‘ {11ty -(f—f') " + O+ ['f’/) . ZZPZ_[ W‘é') "ﬂ-mw L

Criy Seasis A 5x;

Z Cree-,\,e[' p) @
+e wit,S,, ¥ ﬁm ,,7(’7/ /[ A;et‘[l/g‘m)[§gﬁ+,,l S "

rig | TEpm
fr—i) } o ﬁ
e-r-f
/ i/,_ Pfl {\ A_’e(‘[(‘f'f-e‘f'/) !i*’/ —(1-+i)§é"+l)

-/4i/
+ (7'-+-P+i6.) S-‘;'('HI}PI W[—I)
2y Te,

(52)
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To caloculate terms in H from squation (25) which involve

©
s¢

. Wy from the sbove expension, we must solve

=

SH . 2 > — At
ZH7 (‘ﬂ —e THp n }32” () [Clc Mo b7 f-g;/z)

. - i = ~Aez €
~Ci € ?‘(c("S‘Ig" — Coy Yoy Ee (\ozEWiz —2C, € Aoz Wli]

S ~f{pmw> i n

3xg C"z?g S-(,,)WPJ[Cio/\/o('e"\“’[_.g‘m Co © ,/\,,,[v;{)

+ Cogy ,\oafe~>¢c1f'__/

The solution 18 found to be (using equation (26) also);
s
H= (fn)™

A o - NG - Mo ~@) -
£ 2 et oF Wp,[ Qo ¢ g2 ot

+2 00 L oMb AL _
370 + /:_;—o —:f(;iﬁnwpz) (——e*)‘ozf'
© z

g )\oi L7
$r v,\‘,lé Ao: . ’
= 2 2 {37'“"‘,‘1 e + ; l"__ f g nw; 2 e ”\o’é_
()w )\az) 3 ) (Aw ""Ac:.) 3 { ! ) ‘
//67'\ % i 27 frmW’ @7 /71 ’ A () -/\
A . S w cmé -5IO;§;,L ¢ io 2,«({” -Aoj &
= /|01

—

o, 3 () pedob

Ao

[l‘o,‘ “/\'01)1 ;‘/;i/g%w’Z) e"Acz["

Aof

— (,\e’—/\‘”)l —?%[;fﬁmwiz) C—Aoij
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Hence, we finally obtsain

J f ;
o =1 1 on _
{9(— Hy'i"}é Am ax ;. = Lv,,

=0

(53)
Alaso, from (52), the terms involving
are the following,
i .
e ipm i 2n , £ [Coge’Ao'é—COE(\olbe-Aolf_—]S‘f’:P¢>[CO7~9“)_3
and 8o this gives the following term in B from equation (25),

;/ -—im =3
(B2 e B SO g o) e

Thersefore we have the following,

2
{a’é IH‘_/'!J?[_% = —Y.

MM

: (54)
Kean acceleration
From chapter V,
= {19
{35 ngve — 2 2 (nghf,

=9 2 : )
{fn a[fg"‘gel’f"c_['ﬂ’ 75 {ﬂgeﬂtﬁf _'—v,"éfngeﬂ/l‘.’

From (47), (51), (53) ard (54) sbove, this expression gives

_?’4_ -nT ,Q,[f) (aﬁv ?’z. __/

‘:n
‘\\\
Wy
~+
\\\
3
S
MM
+
Y

- j
= -nw 4,(5) [%Tlf)/)'w



B.27

As expected, this value is obtained in the both ceses of
taking

t41 a8 > DO
A8 £ > oo the only terms that remein in G are thoae

which sre time independent, and these tsrms must involve

e Bince )\, =0 ., Hence contribution from (1) s given
by the sol’ution of
— Cilie 2 /4 5 —dpmw> A mw ®
aée,(, [ f ”ax,a%' e -ﬂi %;f_a;w/ pm ko 3F

SR)F e gimen) 2.0

So the contribution to ¢ s

i 3/
- ﬂ ¥ "-}-ﬁ"“w" 3 w -
/\” 2T € (;'J{‘ﬁmw?—;{a%

(58)
There ia no contribution from (3) as the cosfficient

of the terms of @ in (1) tnvolving S R (ce) is zero.
However, there is a contribution from equation (2) givem by
the solution of

bop ~ LGf = [P (tm g7
= [etpmw= [am % AN mw)%_v‘%‘]

(56)
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for Maxwellian molecules, where

I
Cl, = 77_41(5’) (-377(@)'/1 .

Equation (56) reduces to,
- g 3 —d w
eep [6,69= (hupn) [B2)% e 4Pm"

[-'-'/é‘mwl- :."_'—I-‘, T

T " 3%
and B¢ glves the contribution
(Aif ’/‘[ 3/), .y 2 i
§ [l;mw
/\,i ( [ -[/fanw} =, %T‘
(57
Combining (55) and (57}, we finally obtain
=0 Bm 3/2» -l , w
Gl ~=) = (8205 etbm & (5 ypmi) 2.7
(58)

The term (438) dces not contribute to (58).
The right hand side of (25) vanishes when we take

Ge = (LB)™ g-tpmw? Also we have shown above
that there are no terms of the type S ,(f: P, (coz &) e'“-

in the expansion (52) and so

I—I(é"?cb) =0.
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B.6 Terms involvi the mass veloe gradie

From (35), (36), (42a) snd {50), using the relastions
given by (L3), we obtain;

waa
—’9—:49—2 . 24,

s

\?f
"

\

w,
/

=L o ewfe-%ﬂ”““‘{ S wewt [(s00ee) S5
(++€47% ) S‘g),/ ] +¢ S;f:f/ )(,7( wine [eaphy + mondead (5, + 4s;)
+ ain® g /2nj+ Foan*e B33 + Fpaimt cons [aind (A2s+ Az )+
Coa%[/),_,,.f/p,;)]) f (Pe (6 a8 [P Ay, +m¢cm¢(z),1+ B )
+‘Q”"25Mzz_‘] + P cadp Ay + B e aine [2nd( 4., +hs2) +eag(hy, +

A)])+ s

,_,% 2 (PE aome [eng Ay + sind has [+ B cmo s, )]
+ Z 4 S
Seo, w O[S, (B e Lewd g, o aimdmphyen,,)
+ Qin2
MJ+ B e aimt- [and h,, v g hs ] ) +pm2 557

(I[P ’ Con e A
¢ tung ¢l),-;+wm95n_.,3)]_,-_ &Cm&453)4 {’i§((:f,l([f’ema—

(cad A3 4 2 423)_7 + Fpeoae /-733)_],

(59)
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We could use the relations for the Legendre polynomials
and Sonine poynomials, and arrange (59) in the form of
(52) ebove.

However, we wish only to celeulate | Uw o and
86 need terme in (59) which involve E(cme) §§°,i w,
Pl aind ﬂi) W or P/ cng f;(ji w The final

result g

3(/ o) 2 _ = [
S—C:—[UJK[]: AB% S.aljiwpifme)[coze Aoz%ﬂ-ﬁ*ﬁoe /\I‘;gm

- Co e-—)oiéj_i_ (COZ¢/45/ i gind ”52) 53@;) . Pii[coa,&) [Ce;, e"/\ozf’f_m
> /

= C¢; e’AOiC-,]ﬁ" (CGZ¢AI3+M9{'423) S‘(ji_ wiv P,’[ww)[c,oe"\"";ﬂm

— Col e-/\ozf'_’z_
psm™m_J.

Henee, the terms involving in the distributioen

Tunction are}
e -AO;. £___ e“'AOﬁ(‘

% /-\oi - Aoy /;i_n Wi ggz w [3 Pli (coz¢/43, +M¢ #5'2)

T F Ry -2 Pl Ay + pind hay) ]+ Coopmm S5, w /[ Pllcaplys

+M¢423) + pi n33j Fe V)‘/QC'_ Cos W S‘BC'Z W[Pi #53 7 Hi[M¢AB£

+cmd ,1)3,)] Fe -—Aoa(:

Hence we finally obtain,

3
{Ekfuf—"c—/gjf =0,

=0

(60)
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We find similsrly thst no terms in () involve ,(Z Po(co;e)
and 8o

on_@=0°

(61)
tHience the moan scceleretion n is given by
i

!11-& n Mrf"‘g V‘[" - -;-'1‘1’ ;%’Jqﬂa‘ivj?}

=0

{;7‘192 .(7\3 wc/w + 9'—2 f()wc/w +—-—[7mgeuc/w}
{ 2(me?t) 4 2

-nw A, (5) /—5'37%\ !

=0

t=o

.—I)

since we are taking w, = V,- 4/2¢).

Solution as t > <
A8 t oo the only terms that contrivute to (/ are

those net involving t explicitly. iience the contributien
from (31) is cbtained from the solution of

[ ; /;m 3/z L fmw? ;
aeex,, [u{j [ ﬂ) +327—a"/a1'/ )”id””‘
+ w, 9“ %/ -
9:& .—;%u//é;rm PC-%/”“ Z

= Lpmwr ¥, -
= Spa [gﬂ ;/yy';‘wtf): o4
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Therefore the gcontributiocn to [/ is

_ A (pmh ) 2
m € ww—/ o
Doz I am ¥y ) (62)

From (61) above there will be no contridbution from (32).
However, there will be & contridution from (30), which is

given by the solution of,

Sy ~ L0t = [ ()% ¢']
—[6 ﬁmw:./ 3/;. ﬂ:)', £ o /ww’,wg) 9]

(63)
for Maxwellian molecules, where

_ 4 / .
ﬁi—?mﬁ

Zguation (63) reduces to

oV . ) "
Dl—exp - [U {(_)]' '[)01 /‘oz zi é—-) A e"“Uh" _ﬁl

and so the contribution from this equmtion is given by,

M i ( 3/1_ /mel ,g

'} 3> _l;_
Aoa pm o (S ) s 22
Adding to this the contribution (62), we finally obtatn

U[l— eoo) 5 Ei _4 / 3/" ﬁmwﬁm[wW-} th) aa

L4
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Cel

The purpose of this Appendix 43 to resolve the apparent
conflict betwsen the results of Chapter V and the work of
O'Toole and Dahler, who do not, of course, take the limit —-o.

From page 5.13, the expression for the mean sccelera-

tion _g?” from the theory of Kirkwood is given by,

7),l_’}[o)_ 2’ f"N-H f 5{,1 I(c))QV v("y _(S Fﬂ[ws)rls c/\ﬂ;wicl)

g@)
= 2— '(fiz;w S g(;’z(i) S[V v )) .V__;_—,—-VLL)J N4 |

v (" ” v(':)

= P ,(r];éﬁ 2: Slx, 1“9{("""‘)5[2( -x%) 8(v, ~1('“ ~
f[‘/le ’érdyz‘ '

i f{(éx () (Yo =,) dnp dvy
(2)
From (1), 1f the 1limit 1s teken @s T>0 , then the equili~
brium value of ithe mean accelsration, 1-“-.9:=0 s 18 oStained.
However, in (2), it haa been found that the limit produces
a value different from gero, viz. "-<u,",

It is diffiecult to prove that this argument is a
fallacy. Such fallacies are well-known to arisze in
theoretical physics where two delta functions appear under
the same integral, An exsﬁple of this 18 the critique of
Schwinger's guantum electrodynemics made in Peuli's well-
known letter.to Jehwinger (dated January 24th, 194L9),

Pauli remarks "ivery 'evaluation' of expressions of this




Ce2
type 18 not s 'computation' {n the ordinery sense, but

rather a new jefinition, which ean only be made precise

by referring to 2 eertailn limiting process, in the eourse
of which the singulsr functions ere first replaced by
regular functions ...... The uniguaeness of sensible
rules for these definitions has to be particularly
investigated,*
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