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ABSTRACT

The underlying theme of this thesis is the application of infinite-

simal techniques to the theory of Lie groups. Repeated use is nade of

the fact that the infinitesimal generators of a semi-sinple Lie group

necessarily satisfy polynonial identities anong themselves which, in

favourable circunstances, mâY be written in the form of a polynonial

identity for a suitable matrix with entries frorn the Lie algebra. Such

polynomial identities, which are referred to as the characteristic

identities, are usually in the form of a polynonial identity with

coefficients fro¡n the centre of the universal enveloping algebra of the

Lie algebra. It is shown how such polynonial identities nay be obtained

by generalizing the classical. Cayley-Hamilton theorem. However, since

we are considering the special case of a universal enveloping algebra of

a Lie algebra, the Cayley-Hamilton identity is shown not to be minimal

and may be considerably reduced. The ninimal polynomial identity is

obtained whose coefficients also belong to the centre of the enveloping

algebra. It is moreover shown that the coefficients of the mininal

polynomial generate the centre of the enveloping algebra and this fact

is used to constïuct a full set of invariants of a general semi-sinple

Lie group. The eigenvalues of these invariants (i.e. their inages under

the Harish-Chandra honomorphisrn) are also determined by an explicit

fonnula which is simple and easy to apply.

The minimal polynonial identity is also applied to the construction

of projection operators whose natrix elernents, in unitary representations

of the group, aTe shown to be bi-linear combinations of hligner (or

Clebsch-Gordan) coefficients. This operìs up the interesting possibility

of a conplete determination of Wigner coefficients of the group using



only the properties of the projection operators for which we have an

explicit expression as polynonials in the group generators. We illustrate

this technique by presenting a simple derivation of all U(2) Wigner

coefficients and also the fundanental Wigner coefficients of U(n) and O(n)

for all n. It is also shown how these techniques nay be applied to obtain

the reduced matrix elernents of tensor operators. As an example the

reduced matrix elernents of the generators of 0(n) and U(n) are deternined

conpl etely.

These results are then applied to thè construction of a certain set

of raising and lowering operators of 0(n) and U(n). These operators may

be expressed in a compact product forn and therefore are easily

constructed. These raising and lowering operators also possess the

advantageous property of being Hermitian conjugates of one another and

thus considerably sinplify the task of normalization. Finally we apply

our rnethods to give a sinple self-contained and conplete determination

of the matrix elements of the 0(n) and U(n) generators. An explicit

expression for the general fundanental ttligaer coefficients in terrns of

the natrix elements of the projection operators, constructed using the

characteristic identities, is also given and is directly generalizable to

other groups. Applications of our techniques, including the state

labetling problerns and extensions to the non-compact groups U(p,q) and

0(p,q), are discussed in the conclusion.
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1.1

CFIAPTER 1

Introduction

The Theory of Lie groups has now becorne established as an invaluable

tool in physical applications. In particular physicists are familiar with

the welt known treatment of the Quantun Theory of Angular Mornenta where

the group of interest is SU(2). The Theory of Angular Mornenta is of

fundamental irnportance in any concrete calculations in atornic or nuclear

physics. It is only on the basis of this theory that it has proved

possible to calculate cross-sections, energy 1evels, hlave functions, and

transition probabilities .

since the development of the Angular Momenta Theory it has become

apparent that higher order Lie groups play an inportant role in physics '

For instance the unitary group in n dimensions is the syrnnetry group for

the n-dinensional harnonic oscillator which serves as the foundation on

which all models in nuclear physics are built. The orthogonal and

symplectic subgroups also play an inportant role in physics particularly

for the classification of states in atomic and nuclear physicsr. It is

not surprising then, particularly with the discovery of SU(3) and SU(6)

symmetry in the Theory of Elementary Particles, that in the 1960ts it was

found necessary to develop a general fornalism for the groups U(n) and

O(n) for arbitrary n along the lines suggested by the angular momentun

paradigm.

In the literature thro distinct, Iet intinately related, approaches

to a general study of the classical g1oups have energed' Firstly there

is the infinitesimal approach which exploits only the generators and

their commutation relations. This approach is an elaboration of the

classical researches of Casimir2'3, Van der FJaerden3 and Racah4'
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Secondly there is the integral approach, due to Weyt6, which is invaluable

for the understanding of the group as a whole. weylts nethods have since

been given an elegant treatment by SchwingertsT application of boson

operator techniques. subsequent inportant developnents of this boson

calculus have been made by BargrnannS, Friedrichsg and Moshinskyl0 anottg

others.

The general plan of attack for the study of the classical groups has

been laid out in detail principally by the work of Racah and wigner'

Following Baird and Biedenharnlf this plan consists of essentially three

problems:

(a) The determination of invariant opelators that uniquely specify

the ineducible representations.

(b) The determination of sufficient 1abelling operatols to specify

uniquely the states of an ir-reducible representation.

(c) The determination of explicit l{Iigner (or clebsch-Gordan)

coefficients by a solution of the problem of sinple reducibility'

Part (a) of this pïogranrne has been a problem of considerable

research interest and has been treated in the past by a nunber of

authors. Quadratic operators comnuting with the elenents of the univer-

sal enveloping algebra were first introduced by Casinir3 in his purely

algebraic treatment of the conplete reducibility of finite dinensional

representations. Later these opeTators, noI^I no longer necessarily

quadratic, came to be known as "casinir operatorsr'. By the early 1960rs

it was known, from previous work of Racah4, Geltfandl2 and Chevalleyl3,

that any seni-sinple Lie algebra of rank n has exactly n algebraically

independent Casinir invariants. Such invariants for the classical

groups were explicitly constructed in the early 1960 I s by Kleinl4,

BiedenharnI5, Bargmann and Moshinsky16 and Gruber and O'RaiffeartaighrT

among others. Eigenvalues of these invariants on irreducible
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representations of the group were subsequently computed by several

authors including Popov and PerelomovlE, Louck and Biedenharnl9,

Aguilera-Navarro20, llong and Yeh2l, Nwachuka and Rashid22 and Green23.

The first major step in a solution to part (b) was nade in 1950 by

Gelrfand and Zetlin24. They constructed, with a full set of labels, a

conplete set of basis vectors for irreducible representations of the

orthogonal and unitary gloups. This basis has now becorne known as the

Gel'fand-Zetlin basis and it was later shown, by Baird and Biedenharnll,

to be a staternent of Weylts subgroup branching laws. (Although it is

evident, from the structure of the parameters defining the basis vectors,

that Ge1'fand and Zetlin hrere aware of this result.) The natrix elements

of the group generators in this basis were also given initially by

Gel'fand and Zetlin and rederived using different techniques by Baird and

Biedenharn. The ingenious notation developed by Geltfand and Zetlin has

been applied, in conjunction with the boson calculus, by Biedenharn,

Louck and Baird [11, 19, 25-28] in a series of papers airned at extending

the angulaï momentun technic¡ues of Wigner and Racah to the general

unitary group. In their discussion of the Geltfand ZetLin matrix

elenents Baird and Biedenharn made an inportant contribution to the

understanding of their structure by showing that they could be expressed

as a product of a reduced rnatrix elernent and a Wigner coefficient. As a

result the fundamental l{igner coefficients of all U(n) were given for

the first time thus conpleting the first step in a solution to part (c)'

The evaluation of all nuttiplicity free lVigner coefficients for at1 U(n)

was subsequently given by Biedenharn, Louck and Giovanniní27'28. The

conplete progranme followed by Biedenharn et al. for U(n) has never been

carried out for O(n) although it is clearly evident that it will extend

to the orthogonal group with appropriate nodifications.

The approach employed by Biedenharn et al. relies heavily on the
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group theoretic nethods of the Young tableau and the Schwinger-Bargmann

boson calculus. These nethods are inherently integral in nature as are

the techniques of Ge1'fand et al. . Nevertheless a completely algebraic

infinitesimal discussion of the group SU(3) was given by Baird and

Biedenharnll patterned precisely according to the angular momentum

techniques faniliar to physicists. This approach however, although

suitable for low order Lie groups, becomes conplicated for groups of

higher order. Around the niddle of the 1960rs an alternative infinite-

sinal approach to this problen was developed by Nagel and Moshinsky29' 39

for the unitary groups and subsequently extended to the orthogonal group

by Pang and Hecht3t and Wong32. This approach relies on raising and

lowering operatoTs which are constructed from polynomials in the group

generators. Geltfand-Zetlin basis states are then written as a product

of lowering operators acting on the maxirnal state. One nay then obtain

the matrix elements of the group geneïatols between Gel'fand states

exploiting only the properties of the raising and lowering operators and

the group connutation relations. However this procedure is somewhat

involved due to the complicated nature of the raising and lowering

operators. Additional complications arise in the case of the orthogonal

group mainly due to the fact that the Geltfand basis states are not, in

general, eigenstates of the Cartan generators unlike the case of the

unitary groups.

Problems arising in applications of the infinitesinal nethod are

well known and one must always bear in nind certain cornplications

inherent in the process ofrrintegrationr', i.e. the passage fron a Lie

algebra to a Lie group. Nevertheless there are no obstacles to applica-

tion of the infinitesimal method if we restrict our dealings to finite

dinensional representations and connected Lie groups. (Although nany of

our results extend to infinite dimensional replesentations-)
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It is our rnain aim to show how parts (a) and (c) of the programne

may be solved by a simple and systematic procedure using purely algebraic

infinitesirnal techniques. We shall not say much about (b) since it

depends not only on the group under consideration but also on the chain

of subgroups chosen. Apart from the canonical solution to the orthogonal

and unitary groups, given by Gel'fand and Zetlin, this usually leads to a

nultiplicity problen which are well known to be difficult to handle even

in the sinplest of cases.

We use as the colner stone of our approach the polynomial identities

satisfied by the infinitesinal genelators of seni-simple Lie groups ' It

hras ïecognized early by Fano33, at least for the lower order unitary

groups, that polynonial identities satisfied by the infinitesinal

generators of the unitary g¡oups were useful particularly for the task of

discussing generalized wigner and Racah coefficients. This idea of Fanors

was incorporated into subsequent work of Baird and Biedenharn2s who noted

that Fanors techniques tied up nicely with their evaluation of the

fundamental Wigner coefficients. However no details of this method

were given and the idea was not considered further. It is our ain to

pursue this natter in detail.

Much of our work is based on the researches of Bracken and Green34

who derived the polynonial identities satisfied by the infinitesinal

generators of the Lie groups GL(n), O(n) and sp(n). By generalizing the

techniques of Bracken and Green we shal1 derive the polynomial

identities satisfied by the infinitesimal generators of arbittary semi-

simple Lie groups. At the same tirne we sha1l make an effort to relate

our results to those obtained by other authors35-41 in order to put our

results in their proper perspective. The polynonial identities

satisfied by the infinitesinal generators of seni-simple Lie groups aÌe

particularly useful for the construction of projection opelators which
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are of fundamental importance in determining Wigner coefficients of the

group. It shall be shown that the matrix ele¡nents of such projectors, in

unitary representations of the group, are in fact bi-linear combinations

of Wigner coefficients. This then opens up the possibility of a complete

deternination of all (nutliplicity free) Wigner coefficients using only

the properties of projection operators for which we have an explicit

expression as a polynomial in the group generators. The principal value

of this approach, however, is its generalization to other groups besides

the relatively well known unitary groups.

We sha11 illustrate this technique in detail for the orthogonal and

ruritary groups for which a complete solution to palt (b) is known. In

particular we sha11 present a simple derivation of the fundanental

Wigner coefficients of the group and the infinitesinal generator matrix

elements. Although our approach is intimately related to that ernployed

by Biedenharn et al. there is one inportant difference. The Wigner

coefficients of the group are obtained using only the properties of

projection operators for which we have an explicit expression as a

polynonial in the group generators. Catculations may then be carried out

using only the Lie algebra connutation relations.

For conpleteness we shall also apply our methods to the construction

of raising and lowering operators for the groups O(n) and U(n). These

operators are sinpler in appearance than those previously constTucted and

may be written in a conpact product form. Our operators have the

additional advantage of being Hernitian conjugates of one another thus

considerably sinplifying the task of nornalization. Our treatment of the

orthogonal group in particular is sinpler than previous treatments and is

no more conplicated than the U(n) case. We feel that it is useful to

have such a set of raising and lowering operators in case they are needed

although we shall not need then in our derivation of the group genelator



r.7

matrix elements.

The polynonial identities satisfied by the infinitesinal generators

of semi-sinple Lie groups are also closely related to the construction of

a full set of invariants for the group. This is because the identities

take the forn of a polynonial identity of degree n for a n x n matrix A

with entries fron the Lie algebra. Traces of powers of the matrix A are

Casimir invariants and are generalizations of the well known Geltfand

invariants of O(n) and U(n). A general character formula shall be

presented for evaluating the eigenvalues of these invariants on any

irreducible representation of the group thereby conpletely solving part

(a) of the progran. This is the first tirne a fulI set of invariants for

an arbitrary semi-sinple Lie group and their eigenvalues has appeared in

the literature. It is felt that the character formula obtained is

sinple in forn and conparable in utility to the well known Kostant-

Steinberg multiplicity formul^"42 t43 .

It is also shown that the coefficients of the identity satisfied by

the matrix A are Casinir invariants which, for the sinple Lie algebras,

geneïate the centre of the universal enveloping algebra. From this fact

it nay be deduced that traces of powers of A also generate the centre of

the universal enveloping algebra for the simple Lie algebras. A general

algebraic formula relating the coefficients of the characteristic

identity with the fundanental Gel'fand invariants is presented for U(n)

which is generalizable to arbitrary seni-simple Lie groups.

Although rve shall be prinarily interested in finite dimensional

Tepresentations (of conpact groups) nany of the results contained in this

thesis have been proved using techniques which nake it clear that the

results also extend to infinite dimensional representations. This has

been done deliberately (sonetimes at the expense of a sinpler proof in

the finite dinensional domain) to enphasize the fact that many of our
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techniques are not confined to finite dÌnensional representations. (We

have in nind primarily the unitary representations of the non-cornpact

groups which have not found a place in this thesis) . Itle have also

attenpted to present our results in a for¡n innediately generalizable to

more general groups.

At the end of each chapter we present exanples designed to clarify

various concepts and also to present sorne ideas which do not constitute

an inportant part of our approach. (In the Appendix of Chapter 3 for

exanple hre present a sinple technique for obtaining alI U(2) Wigner

coefficients which is capable of generalization.) Further applications

and extensions of our techniques will be discussed in the concluding

part of the thesis.
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Polyn onial Identities in

CHAPTER 2

Irreducible RePresentations

of Seni-Sinp1e Lie Groups

The purpose of this chapter is to present a simple derivation of the

characteristic identities satisfied by the infinitesinal generators of

semi-simple Lie groups. Identities of this forn have been encounteled in

the past by several authors. Probably the first tine such identities

appeared in the literature was in a paper by Dirac35 in a discussion on

relativistically invariant r.Iave equations. Dirac obtained the character-

istic identity of the Lorentz group SO(3,1) (or more precisely S¿(2,C))'

It was later shown by Lehrer-I1amed36 that n2 elements chosen frorn the

universal enveloping algebra of any Lie algebla necessarily satisfy n2

identities, which, in certain special circunstances, can be written as a

single polynonial identity of degree n for an n x n rnatrix, analogous to

the classical Cayley-Hamilton identity satisfied by a matrix over a

comnutative algebra.

In the 1960's polynoniat identities satisfied by the infinitesinal

geneïators of the various classical groups üIere encountered by Louck37,

Makunda3S and Galbraith3T. Green and Bracken34 subsequently derived the

characteristic identities, in finite dinensional irreducible representa-

tions, for the Lie groups GL(n), O(n) and sp(n) for general n. The

results of Green and Bracken have since been extended by Hannabuss39 to

arbitrary serni-sirnple Lie groups using integral techniques based on

earlier work of lVeyl6. Subsequent independent work of Kostant40 shows

in fact that the infinitesimal generators of an arbitrary seni-simple Lie

group satisfy a certain polynomial identity over the centre of the

enveloping algebra which coincides with the identities of Hannabuss on
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irreducible representations of the group'

we shall later investigate the relation between Kostantrs results

and the classical Cayley-Hanilton theorem along the lines suggested by

grBrien, Cant and Carey4l. In this chapter however we shall restrict

ourselves to polynonial identities satisfied in irreducible finite

dinensional representations of the group by extending the techniques of

Bracken and Green. we first require sone preliminary rernarks on the

general theory of seni-simple Lie algebras '

2.I Let L be a conplex seni-sinple Lie algebra, H a Cartan subalgebra,

H* the dual space to H and C C H* the set of roots with respect to the

pair (L,H). Let o* c o be a system of positive roots, A c o+ a base for

o, ô the half sun of the positive loots and I{r the weyl group for the

pair (L,H). Let A* c 
^ 

denote the set of doninant integral linear

functions on H. Finally let ( , ) denote the inner product induced on H*

by the killing forn and for À € H*, o € Õ, set ( À,4) = 'f9;;i' '

For any v € H* 1et tu denote the translation nap defined by

tu(À) = À + v for any À in H*. The translated Weyl group ñ it ¿"¡ined as

the conjugate t_OWtO of W in the gloup of invertible affine transforma-

tions of H*. Thus eveïy element of III is of the form o = r

o € W. ñ therefore acts on H* according to

^ot ^ where-Ò Ò

¿

ã(r) = s(| + ô) ô foranyÀinH

Now let u be the universal enveloping algebra of L and let u(H) c u

denote the enveloping algebra of H. It is often convenient to identify

U(H) with the ring of polynomial functions on H*. The tr\reyl group W acts

on U(H) where if o € lV and h € U(H), À € H*, then

(oh) (À) = h(o-Itr).
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Sinilarly the translated Íleyl group acts on U(H) according to

(õn) tr) = h(õ-1À) = h(o-t (À + 6) - ô) .

Now let Z be the center of U and let B be the nilpotent subalgebra

of L spanned by loot vectors xo G L corresponding to roots a € 0+ ' For

arry z e Z it is known4a that there is a unique element fz C U(H) such

that

L f €UB (2.1.1)

W W

Accordingly one obtains an algebra hononorphisn Z + U(H) defined by

z -> f_. Following Harish-Chandra and Dynkin one in fact has the follow-
z

ing result.

Theorem (2.1.1)

For any z € Z one has f, = U(H)

an algebra isonorphisn.

and the map Z + U(H) , z -> f ,, is

By virtue of this r.esult one may identify the center Z of U with the

ring of ñ-invariant polynonial functions on H* '

If .L = rank L = dim H then one knows that there exist

generated as an algebra bY the ãr;

f iue u(H)uI which are atgebraically independent and such that
t

U(H)
W

1S

u(H)w = olrl, t- l

In view of Theoren (2.1.1) one knows that there exist elernents

ê 7 which may be identified with the polynomial functions
"rt oL' "

f

Itrt

equation

Hence, as

rL under the Harish-chandra hononorphisn. It is clear, fron

(2.r.r), that the 2., are uniquely deternined by f- - f, '-1 ""-1---¿ ' Zi 1

a Corollary to Theoren (2.1-l), we obtain
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Corollary: Z = tfzr, . .., z2J where the z. are algebraically indepen-

dent

By a character X we shal1 mean an algebra homonorphisn of Z into the

scalars C' rf zt, .." 'Lt z are algebraically independent then a

character X is uniquely determined by the scalars X[zr) which may be

0

arbitrary cornplex nurnbers. Thus if c = (cI, tI-) t 0" there exists a

unique character X. such that

(2 .r.2)

By this means one may set up a bijection between the characters over Z

and elements of 02.

We say that a nodule lvl over U adnits an infinitesimal character if

the elenents of the cente-r Z take constant values on lr{. Such a nodule

determines an algebra hornomorPhisn Xn : Z '> t', z * xr(z), where xt(z) is

the eigenvalue of the central element z on M. In such a case hle say

that M adnits the infinitesimal character Xr. If vO is a maximal weight

vector, of weight tr say, then vo determines an algebra honomorphisn

Xl : Z -> 0, where x^(z) is the eigenvalue of z E I on vg' In view of

equation (2.L.1) we see that X^ is uniquely deterrnined by

x^(z)=fr(À), À€H* (2.r.3)

The charactels XÀ play a fundanental role in character analysis since it

is a theorem of Harish-Chandra44 that every character X over Z is of the

form X = X^ for some À € H*. The character X^ does not characterize the

weight À uniquely since it nay happen that XÀ = Xu, u € H*, but À * u'

One in fact has the following result due to Harish-Chandra.

Theorem (2.I.2)

X.

c. = |
1 . ("i)

u
Ã if and only if À and u are w-conjugate. Two such weights
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L

are called linked and we write À - u'

Remark When z = C, is the universal Casimir elernent one obtains fron

equation (2.I.3) the well known forrnula

xÀ (cL) (À, ¡ + 26) (2.7.4)

2.2 Reduction of the Product sPace v(À) ø v(u)

Let V(À) and V(u) denote finite dimensional irreducible modules

over U with highest weights À and U respectively. f're consider here the

reduction of the product space v(r) s v(u) into irreducible modules over

In principle it suffices to determine the infinitesinal characters

which occur. If {À1, ..., fU} is the set of distinct weights occurring

in V(À) then one knows that the characters adnitted are among the set

X . 40'44,45. If the character X-,, occurs there must exist a finite
"U+Ài U+^i

dinensional irreducible representation, V(v) say, which adnits X - as
u+Ài

an infinitesinal character. By virtue of Theoren (2.I'2) the weights v

and U + Ài must, under such circlmstances, be conjugate under ñ. Thus

the character Xp+À, .tt only occur if the weight u * Ài is ñ-conjugate
].

to a doninant integral weight v. This leads one to investigate

conditions under which a given integral weight is linked to a doninant

integral weight.
+

For cl € Õ' we define the translated hyperplanes

Þ {reH
* I (r * 6, s) oÌ.

ct

The translated hyperplanes intersect in the translated origin -6 and

partition H* into finitely many regions (the translated l{eyl chanbers) '

The correspondence À + (À + 6, o) for À € H* determines a polynonial
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function on H*. Consequently the translated hyperplanes are closed in

the Zariski topology on H*.44 Since 0 is finite it follows that the set

U
ae0

is also Zariski closed. Its complement in H*, denoted R, is therefore

open in the Zariski topology. Itre call elements of ñ regular' Since all

open sets (non empty) are dense in the Zariski topology it follows that

the set of regular elenents is Zariski dense in H* '

suppose now that u e 
^ 

and let ô be the half sum of the positive

roots. one knows (see for exarnple Hurnphreys+a), since u + ô € 
^, 

that

U + ô is W-conjugate to a unique dominant integral weight v say' The

following conditions are equivalent.

(i) (u + 6, a) *0 for all cr € 0+

(ii) (u+ô,o)*0 forall a€Õ

(iii) (v,a>+0 forall a€O (2'2'L)

(iv) (v, cr) > 0 for all c € O+

(v) (v,o)>0 foralla€A

The equivalence of (i) and (ii) is triviat while the equivalence of (ii)

and (iii) follows fron the fact that the lveyl group acts on the root

system 0 by perrnuting the roots among themselves. The rernaining

equivalences follow from the definition of dominant integral weight and

the fact that every positive root can be written as a linear combination

of elements frorn A with coefficients being non-negative integers.

Since u + 6 is W-conjugate to v c 
^* 

it is clear that p is conjugate

under ñ to v - O. Suppose now that U satisfies paTt (i) of (2'2'I)' One

knows that (ô, cr) = I for a € A and, in view of (v) of (2'2'I)' v - ô

nust satisfy (v - 6, u)Þ 0 forq€4. Bydefinition theweight v - ô

is doninant integral. By virtue of the equivalences (2.2.1) we therefore

have the following easY result.

P
d+



Lernma: Let U € /\. Then U is conjugate under û¡ to a dominant integral

weight if and onlY if u e ñ.

ctearly then the set of integral weights conjugate r¡nder ñ to a

dominant integral weight is just the set Ã of regular integral weights'

one has ñ = 
^ 

n ñ.. It is a well known property of the Zariski topology

that the weight lattice Â is Zariski dense in H* ' lriloreov"t ñ + Ø since

n* C ñ. We see then that i, being a non-empty intersection of a Zariski

dense subset À and a Zariski open set ñ, is Zariski dense in H* '

2.7

In view of the above remarks it is clear that the character XU*¡

can only occur in the product space V(À) a V(u) when p + À' e ñ' In

such a case we know that u * Ài + ô is w-conjugate' via o' € l1I say' to a

unique doninant integral weight ui € 
^*' 

Moreover one knows' from the

preceding discussion, that v. - ô is also doninant integral and is

fi-conjugate, via õr, to ¡.r + À.. The nodule V(v. - ô) therefore occurs

in the deconposition of V(À) I V(u). The nultiplicities are obtained by

cornparison with Steinbergts formula43. By this neans one may obtain the

fornula originally due to Klinykas (see also l¡ley16). The reduction of

the space V(À) I V(p) is probably best lepresented in terms of fornal

characters (see [44] p.124). Let chu, u € Â*, denote the fornal

character of v(u) and let .hÀ*u denote the formal character of

v(À) I v(u). Application of the above considerations yields the formula

k
I

i=1
n (i) chu

1

(2.2.2)thÀ*u

m(i) = sn (or)n (i) ,

-0

when u * Ài

otherwise

-ô
1

where the nultiplicities n(i) are given by

^

where sn(or) = tl is the sign of the lveyl group elernent o.
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Rernark From equation (2.2.2) one obtains the reduction of the space

v(À) s,v(u). The fornal characters chu._6 o..ttring in (2.2.2) aÏe not
I

all distinct since it nay happen that u + À. and u * Àj are conjugate

under ñ. We see then that the representation V(vi ô) occurs in

V(À) Ø V(u) with nultiPlicitY

I 'U)'ieS.

where S denotes the index set
I

{¡S.
1

1 klu*r -u+
^iÌ')

2.3 The General Linear GrouP

The infinitesinal generators of the general linear group GL(n)

satisfy the cornrnutation relations

' i \r = o\"i - oi"f Q.s.r)L^j'^L, JL LJ

we denote this Lie algebra by g.(-(n, F) where F is the underlying field

which we usually take to be the real or cornplex field. The Lie algebra

gL(n, F) is not semi-sinple although it is reductive and most of the

general theory of semi-sinple Lie groups may be extended to the general

linear group with trivial modifications. We shal1 therefore not

hesitate to apply general results on the theory of semi-sinple Lie

groups to this case.

In view of the commutation relations (2.3.1) we may take as a

Cartan subalgebra the n-dinensional subspace spanned by the diagonal

geneïatoïr "ii. 
The vector space dual of the Cartan subalgebra nay be

identified with the set of n tuples (Àr, 
^r,) 

in an obvious mannel.

We denote the weigha (Àr , Àr,) sinply by l' and refer to the nurnbers

À, (r = 1, ..., û) as the components of À. In what follows it is
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convenient to introduce the fundanental weights A' (i = 1, . '

is the weight with 1 in the ith position and zeros elsewhere.

weight À may be written in terrns of the A' according to

, n) which

Thus the

(2 .3 .2)

|=

n

I$= ra(n + I 2i) L

À. 
^.11

n

I
i=1

The weights À' - 
^', 

í + j = l, "'' r' constitute a system of

roots for gZ(n, F)
l-the generator a; having weight A- - A.
JoelJ

One may

introduce an ordering on the set of weights using the natural lexico-

graphical ordering induced on n-tuples. This is equivalent to choosing

as a base the set of roots of the fonn A. - Ai*l, i = 1, "', D - 1'

The set of positive roots therefore consists of a1l weights of the forn

A. - A. with i < j.1J
In this case ô, the half sum of the positive roots, is given by

I r^.
'l-i<j

which nay be rewritten in the form

6=La oj)

1Ia

The weyl group acts on the set of weights by permuting the conponents of

a weight among thenselves. The weyl group in this case may be identified

with the permutation group on n-objects. The sign of a weyl group

elernent is then given by the sign of the associated permutation'

Frorn the GL(n) conmutation relations hre see that gz(n, F) adnits a

first order invariant

rt (2.3.3)

which connutes with all the elenents of the Lie algebra. Higher order

invariants may be defined by setting

ia.
1

n
I

i=l

t = alalm lK
t,L

^L^i
(2.3.4)
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where we have sunned over Tepeated indices i, j, k, r, L (m in all) frorn

I to n. Not all of these invariants hoì'Jever are algebraically independ-

ent. Nevertheless the first n invariants are algebraically independent

a¡rd generate the center Z of the universal enveloping algebra;

Z = F[Ir, I I l2t t n

A direct proof of this result will be given later'

0n finite dinensional irreducible representations these invariants

take constant va.lues. Their eigenvalues can' in principle, be used to

provide a unique labelling of the finite dirnensional irreducible

representations of the group. However a more convenient way of

tabelling irreducible representations is in terms of the highest weight

of a representation. Fro¡n the second theorem of Cartan one knows that

every finite dinensional irreducible representation possesses a unique

vector v0 (up to scalar nultiples) of highest weight. Such a vector is

uniquely determined by the conditions

1
Va =Q fori(j

> ,.. > 
^

) 0

1

"iuo
T v

1 0

The weight À of the highest weight vectoÏ is catled the highest weight

of the representation (or sirnply the representation label). The

representation labels of a finite dimensional irreducible representation

necessarily satisfy the inequalities

\zÀ, n

where the differences Ài - Àj are positive integers for i < j ' such a

weight, in the language of Humphreys4tt, is comrnonly referred to as

doninant integral.

Fron the commutation relations (2.3.I) we see that if c is an
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arbitrary constant then the generators

also satisfy the GL(n) comnutation relations. Hence the finite dinension-

aI irreducible representations with representation labels

(ÀI * c, Àr, * t) and (Àt, Àrr) are necessarily equivalent'

Therefore a ful1 set of irreducible representations nay be obtained by

considering only representations with highest weights which satisfy

>/ >0À
n

where the À are all integers

u|=ri*.oiJJJ

1

Our discussion shall be prinarily centered around the unitary group

u(n) which is a compact real form of the general linear group. As

mentioned previously the unitary group in n dinensions is of fundanental

importance in physics since it appears as the syrnmetry group of the

harrnonic oscillator in n dimensions. The abstract generators ai of tne
J

unitary group also satisfy the GL(n) corunutation relations but also must

satisfy the Hermiticity requirement

(2 .3 .s)

So long as no questions of unitarity arise the finite dimensional

representations of GL(n) and U(n) are equivalent (in the algebraic sense) '

However in the case of U(n) we require that the representation conprises

a Hilbert space on which the rnatrices of the generators satisfy the

Herniticity condition (2.3.5). Such representations aIe ca1led turitary

and it is well known that all irreducible unitary representations of

U(n) are finite dimensional. These are the replesentations which are of

inportance in physics.

Now that aI1 unitary ïeplesentations of U(n) have been specified it

dc"ltr
j
i
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is of fundamental inportance to obtain an orthogonal basis for the

representations. One way of doing this is to obtain a full set of

conmuting Herrnitian operatols whose sirnultaneous eigenvectors must

necessarily form an orthogonal basis. These eigenvectors (which we

assume are no1lnalized) nay then be uniquely labelled by their eigenvalues'

This is the U(n) state labelling problen which was first solved by Gelrfand

and Zettin24. We follow the argurnents of Baird and Biedenharnl I in

explaining the group theoretical significance of the GeI'fand-Zetlin

results.

In order to specify completely the elements of a rnatrix of n2 pa'ra-

rneters we need In(n + 1) labels. lVe now note that the U(n) generators ai
J

where i and j are restricted to values 1, ..., r (for sone positive

integer m less than n) form the genelrators of the unitary subgroup U(n)

of U(n). Ite see therefore that U(n) adrnits the canonical29 chain of

subgroups

U(n) > U(n - 1) r ... I U(1) (2 .3 .6)

For each unitary subgroup u(m) in this chain we may define a set of m

independent Gel'fand invariants Ifl (k = 1, ..., il) as defined by equation

(2.3.4). The Geltfand invariants for each subgroup occurring in the

chain (2.3.6) furnishes a total of '-rn(n + 1) comnuting Hernitian opela-

tors which is precisely the number required. Hence we may label the

basis states of an irreducible representation of U(n) by the simultaneous

eigenvalues of these operatoïs. lÍe may, if we wish, denote these states

by the tableau
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n
T^ ^

^

n-l /\t-In-1

^nn
n
2

I

t
^ t

where nf refers to the eigenvalue of the ith C"trfand invariant for the
1

subgroup U(k). However we have already rernarked that the Gel'fand

invariants for U(rn) only take constant values on irreducible representa-

tions and their eigenvalues serve to label the representation completely.

Hence another nethod of labelling is to replace the eigenvalues of the

Geltfand invari'ants appearing in each row of the tableau by the highest

weight of the representation they label. Hence we may label our basis

states by the tableaux

t, 
,t 

tt 
rt nn

m

tt 
rt-l 

m2rn-I mn-l rn-l

(2 .3 .7)

where the ith row (mr,i, ..., rii) is the highest weight of an irreducible

Tepresentation of U(i) which is necessarily contained in an irreducible

representation of u(i + 1) with highest weight (*,.,i*,

Thus the m.. are all necessarily positive integers whj-ch satisfy
1J

m- .2m^ ->.---1 ,1 2 r! 1 ,1

The integers m. . must also satisfy the inequalities
- 1l

^22^rz
ttrt
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n. ..-Þm,, Þn..- !.- (2.3.8)"-Írj+l 1rJ 1+l,J+I

by virtue of hreyl's branching theorem for U(i + 1) restricted to U(i).

This is the state labelling scheme devised by Get'fand and Zetlin.

The states (2.3.7) constitute a complete orthonormal basis for the

irreducible representation of U(n) with highest weight

(^r,rr' ^z,n' "'' ta,rr)

2.4 The Ortho onal Grou

It is well known that the introduction of a netric tensor is

necessary for the definition of the orthogonal subgroup of U(n). If gij

is syrunetric we define

kk
"ij=8ikaj-s¡tai

where the a] are the generators of U(n). The a. . are generators of the---- "j ---- o----- 1l

orthogonal transformations which leave the quadratic fonn g*.,tttJ,"L)

involving two vectors v and u, invariant. These generators satisfy the

connutation relations

[oij, ok¿] = Stjoi¿ - ei¿otj - sitoj¿ * 8¿joki

For our puïposes no loss of generality is incurred by choosing our metric

to be g.. = ô... With this choice of rnetric u/e may take our O(n) genera-"lJ r-J

tors to be

(2.4 .L)

which satisfy the comnutation relations

Icr
t- (2.4.2)j

J

i

- ôI"i * oiofLL LL
^iko!-oj^kiô.cl^

JL"|r

].a.
J

1
ct.

J
a

t

The generators (2.4.1) necessarily satisfy the Herniticity property
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=cf,
j 1 (2.4 .3)
]-

and therefore must be represented by anti Hernitian matrices on unitary

representations of the gÌoup.

Fron the connutation relations (2.4.2) we may take as a Cartan sub-

algebra the subspace spanned by the generators

,'i, t =-d

J

2T-l
2T

0 r = 1, h

where h = i"J (the integrat part of å). The set of weights in this case

may be identified with the set of all tuples of the fonn (Àr, 
^f,)'

We prefer however to label our weights by the sinultaneous eigenvalues of

the operators -i "3i-'. Clearly these label1ing schemes are equivalent

and it is ultinately a matter of taste as to which labelIing scheme is

chosen. However on unitary ïepresentations of the group the operators

-, "1i-l """ 
represented by Hernitian matrices whose eigenvalues are real

as in the case of U(n).

We note however that with our choice of O(n) netric, the generators

(2.4.I) are not in their Cartan form as in the U(n) case. It is there-

fore necessary to look for the appropriate linear conbinations of these

generators which have this property. We overcome this by introducing an

appropriate numerical natrix M so that the generator, tl = (M-i)1"þ'f 
"t"

autonatically in their weight space forms.

For 0(n = 2h) we take M to be the unitary matrix with entries defined

by

M?J 
-I

)

M?j =
J

M2
n
j-r
+t-j

-i:
/z

1:
/z

j = 1,

al1 other entries being zeroi

M2jn+I-J

, h
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10

-i 0......

0

0

I

i

0I :10

0 1

vlz. lvl =
I
E

i0

......0 0

0

(2.4.4)

(2.4.s)

0 0......1

00

I

i
1
h+1

i
1
h

0 0

For 0(n = 2h + I) we add an extra rolrr and colrrrnn to give an additional

non-zero entry Nf ,. = 1;h+t

I

-1

0

0 0

I

i

001

0-i

0

0

0

I

1

n+t-j
2j -t

n+r-j
2j

i0

t

fvt = 6

0......r 0 1......0 0

0.....-i 0 i......0 0

o ......0 õ 0......0 o

The inverse matrix M-l then has entries defined by

(M-r)
j
2j -r = tU= flrl-t¡

j = L, h

(M-r) J
2j =å=-¡y-l){2

all other entries being zero except when n = 2h + I is odd in which case

we have an additional non-zero entry
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(M- r) = 1.h+t
n

The generators

I
ar

with

h+t
"h* r

Ia

Similarly

(M-I)

=Q forn=2h+\

(M-r)l "il"i

l, 'äl ='(tu-r,i ruicr,a-tlf

I
d- -

J

(2.4.6)

are nor,,' in their Cartan forrns. To see this we note that the diagonal

generators are given bY

=-1 Cl
n+l-r

--d N+I-T
2T-T
2T

i
j'

k
We now evaluate the commutators [a

^L
]. We have

t
"Pot

M2

k uPugoPT )Lq
(M- r)- (M-1)

Ior'

which, using the conmutation relations (2.4.2), becones

^ikÒ ^a.LJ
^kiÒ.a" -JL

I
r

* rr,lPuBrM-I)t lt-IIk oQ
J L' 'T -q r

uow ru?ru| is the inner product between the jth 
"r,d 

Zth.olrrtts of the
JL

natrix M. Hence

MPI',üJt- i ,n+t-.L 'ô

]- I ô irn+t-k
k(M- )

q
LaMp

q

Also, from (2.4.6), we have

ï

"ä"1

r
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k
a
k (M-r)(u-t) T

rq r q

Thus we obtain the commutation relations

rq

ik ^ikò ^a.Llr=oT,ä- - ôl.r-i"l*t-j * oä*t-j"l*r-, (2.4.7)

n=2h

) ^L

Fron rhis we see that for i < j ( h the generator, "rrll-j ""a .1

have weight A. - a. while the generatorr ti*r-¡ t,d "l*l-i (i+ i) have

weights Ai * Aj and -(4. + Aj) respectivel Finally for 0(n = 2h + 1)

we have the additionat generator, "i*, and "lli-t of weight a. and the

h+t n+l-igeneratorr ri-' and "ir;i-' of weight -Â. . It is easily checked that

these genelatoTs agree with those prescribed by Wong32. The advantage

of writing the root space elements in this forn is that we naintain the

simplicity of our connutation relations and furthermore the analogy with

U(n) is clearer.

Thus in this case vre may take as our root system the set of weights

of the forn

t(A. r Aj) (í + j) i,j h

together with the additional roots +4. (i = 1, ..., h) for the case

n = 2h + 1. We choose as our set of positive roots the weights of the

form A. a A. (i + i), A= - A: (i < i) together with the additional
lltJ

positive roots A, for the case n = 2h + 1. With this choice we see that

generators of the eotr ri (resp. rjl with i < j correspond to positive'- --- -J L'

(resp. negative) roots in the direct analogy with U(n) '

In this case ô, the half sum of the positive roots, is given by

at

1

6=r¿ I
i<j

+ra I c¡
1<J

) *% I

(^. - 
^j)

+ A.l)'1

J1<J i<j
+ 

^.J

h
I

i=1

which nay be rewritten in the form

(Ai ) *'¿ ai' ¡=lþ+1
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6=4 (n 2i) (2.4.8)

In the case of O(n = 2h + 1) the Weyl group acts as the group of all

pernutations and sign changes of the set {at, ..., oni, so W is isonorphic

to the seni direct product of (L-r)h and the synnetric group on h objects'

The Weyl group in the case of O (n = 2h) is the group of pennutations and

sign changes involving only even numbers of signs of the set

{Ar, ..., On}. So lt¡ is isonorphic to the semi direct product of (Zr)n-t

and the symnetric group on h objects.

As for the U(n) case every finite dinensional irreducible lepresenta-

tion of O(n) possesses a unique vector vO of highest weight. Such a

vector is defined by the conditions

r = 1, h

"1t^ = 0 for i ( j.
l0

The weight À = (Àr, 
^t,) 

of the highest weight vectol uniquely labels

the representation and is called the highest weight of the representation

(or the ïepresentation label). For finite dinensional irreducible

representations the conponents of the highest weight are sinultaneously

integers or half odd integers which satisfy

)- ), )-O forn=2h+L
h

I I 
^r,l

forn=2h

Such a weight À is referred to as dominant integral '

An alternative nethod of labe11ing is in terms of the eigenvalues of

a full set of invariants for the Lie algebra. We may define a full set

of invariants for 0(n) bY setting

I

h

I
1

A.
]-

rutto = Àtto

x, Þ ),r>-

À
2I

I =cr
1l
j"[

T
im

CT
(2.4.s)
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hrhere repeated indices i, i, k, ..., I (n in aII) are sr¡lnmed over from

one to n. However, unlike the U(n) case, the first order invariant It

vanishes identically. Also the invariantt IZ, ..., I' are not algebra-

ically independent. Since, using the commutation relations (2.4.2), one

may deduce relations of the form

I =ra@ - 2) I
2

I = ra(3n - 4) I
4

- \(n - 1)(n - 2) G)' etc

3

R
I,

However it nay be verified that the invariants Ir, 14, .. ' ' Irn do forn

a full set of algebraically independent invariants whose eigenvalues may

serve to label the finite dimensional irreducible representations

compl etely.

gne nay obtain an orthonormal basis for the irreducible unitary

representations of 0(n) by obtaining a fu|1 set of commuting Hermitian

operators whose simultaneous (nornalized) eigenvectors necessarily

constitute an orthonormal basis. Such a set of operators nay be

constructed by noting that 0(n) adrnits the canonical chain of subgroups

O(n) > 0(n - 1) ) ... r o(2) (2.4.1o)

where the subgroup O(m) occurring in this chain has infinitesinal genera-

tors consisting of the O(n) generators oi "h"te i and j are restricted to
J

values 1, ..., m. For each subgroup o(n) occurring in the canonical

chain (2.4.10) we nay define a set of h = tlt independent Geltfand

invariantr lÏ, (r = 1, ..., h) as in equation (2.4.9), The set of

Gelrfand invariants for each subgroup O(n) occurring in the chain

(2.4.10) provides us with a fulI set of cornmuting Hermitian operators

whose sinultaneous eigenvectors constitute an orthonormal basis for the

finite dimensional (unitary) irreducible representations.

As for the U(n) case this leads us to the Geltfand-Zetlin state
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labelling scheme where we nay label our basis states by the tableaux

tr 
, 2h* t m2, 

2h+ I
nh, zh* t

mI 
,2h

tr2

m2 
r2h

trh, zh

mr 
, 2h- I m2, 2h- t \-r, zh-t

mt3

for the case n = 2h + 1 and where the top line is onitted when n = 2h'

The rows of the Geltfand patterns represent the highest weights of

irreducible representations for each subgroup occurring in the canonical

chain (2.4.L0). Hence the Inì, j are sinultaneously all integers or all

seni-integers which satisfy the inequalities

The n. rnust also satisfy the inequalities
lrJ

tI,2k*r>mzrzy Þ \,zk > -nk,zk+r

Þ tk-',2k-r t l\,rnl

by virtue of the Gelrfand-Zet|i.n branching rules for O(n + 1) restricted

to 0(m).

2.5 The Characteristic Identities of O(n) and U(n)

"r,zk*t 
Þ mz,zk>'

mI,2k 
' ^r,2k-r 

> mz,2k' ^r,rk-,'

The infinitesinal generators a1 of U(n) nay be assenbled into a

square natrix a whose (i,j) entry is the operator ai;
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II
ta a

a?

a1n

n

2

a2I

n
"l

a2

vrz. d-

an
a

2

Polynonials in a nay then be defined recursively by the formula

T
j

r L.a. = a taI r-
i
I

Ille then define poh¡ers of the matrix ã by the formula

)1aicrT aj'r r
-m
a

t_

n
n

-m+1a

^)

-ma

(a

(

m+l ]-

j
m

) a( )

where we have sunrned on r from 1 to n. Associated with the natrix a is

its adjoint ã with entries

I
J

-1
d.

J
a

j
) (

which enables polynonials in the matrix ã to be defined.

Green and Bracken34 have shown that on a finite dinensional

irreducible representation of the group with highest weight À that the

matrices a and ã satisfy the polynomial identities

n
il ("-Àr-n+r)=Q

r=1

n
il

r=1

(2.s.1)

(a+),.T +1-r) 0

For completeness of thesis we shall now present a sinple proof of the

identities (2.5.1).

l,tle begin by noting that if p(x) is any polynonial then it nay be

shown (e.g. by induction on the degree of p) that the- following commuta-

tion relations hold:
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(2.s.2)

We remark in passing that these connutation relations inply that traces

of arbitrary polynonials in the natrix a are invariants of the Lie algebra.

Included in this set are the Gelrfand invariants I- = tr[an] introduced
m

earlier.

Frorn the conmutation relations (2.5.2) it nay be deduced that if vo

is a maxinal weight vector then

=Q fori(j
(2. s. 3)

= uito

I,rre shal1 later derive the eigenvalues u, of the diagonal entries p(a)l of

the natrix p(a) on arbitrary rnaxirnal weight states. It is convenient now

to introduce the polynomials'

n
g.(x) = fl (* - À, - n + r).
t k=t

In order to prove the identities (2.5.1) we need to show that er(a)

vanishes on a finite dinensional irreducible representation with highest

weight À. This result in fact follows from the following proposition.

Proposition (2.5.1) Let vo be a naxinal weight vector of weight À.

If h(x) is a polynonial such that Sr(x) divides h(x) then

h(")l to=o fori,i>r'

Proof : tf e;(x) = (x - Àrr) divides h(x) the result is imnediate. For

suppose h(x) = P(x) (x - Àrr). Then

t";, P(')äl = oTt @i - oioc"tT

P(a)1 vo

P(a)1 vo

n n 1
h (a) vo = P(a)

1
(a - Àrr)

n

definition of maxinal weight vector, we have

n
v0. But, from the
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1

na v -0 fori(n.
0

Hence

nh(a) vn

T

n= (r - n) P(a) V
0
*l

T

) v = Q.
0

l(a)l alvo

P (a)l ( Àna
n
n0

Suppose now that h(x) is a polynonial which is divisible by er(x) where

r ( n. Then h(x) is divisible by sn(x) where n Þ k ) r. Proceeding

recursively 1et us assume the proposition holds for all polynonials

divisible by gt(*) for k ) r.

since h(x) is divisible by sr(x) there exists a polynonial P(x)

such that

h(x) = P(x)(x - À -n+r)

and each of the polynornials gn(x) (k > r) divides P(x). Then

h(a)î vo = P(a)T (. - À,, - n + t)l 
"o

"it =Q fori(rr0

P (a)l

I .: P(a)Ï
.¡r1>r

I
i>r

= (n - r) P(a)n * 
,1,

>T

1
ar

1>r

tP(u)T, "ll +

]-

where we have used the result

h(a)] vo

Itle then obtain

where we have used the result

I to

I p(")l "i =

1>r

1 n
a P (a)

]-r

which ís verifiable with the help of the connutation relations (2.5.2) '
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Since Cn(x) divides P(x) for k ) r the recursion hypothesis inplies that

h(a)Ï uo = 0.

using the conmutation relations (2.5.2) and the definition of

¡naxinal weight vector it is then easily verified that

I =Q fori,jÞTh(a) vj

and our result is proved by (finite) recursion.

As a result of this proposition we have

0

t0 = 0 i,j = 1, ...'-rls, (.) j

and the identity (2.5.L) is satisfied on arbitrary naximal weight states.

Suppose now that V(À) is a finite dinensional ineducible representation

of highest weight À. Fron the preceding rernarks we know that the

identity gr(a) = 0 is satisfied on the state of highest weíght. From

this it is an easy natter to prove that the identity is satisfied on all

of V(À). To this end denote by Ann I, the set

clearly Ann g, is a subrepresentation of v(À). For if v c Ann g, then

i_
"j 

t = Ann gl slnce

s, (a)l (.î ul = [8, (")ä, a]Jv * 'i t, (")ã "

which, using the connutation relations (2.5.2), may be written

(ul ,,(")T - oT t, rùT *.i t,r'l!) v.

Since v e Ann B, this must vanish. Thus gr (a) (a] v) = 0 and "l " 
t Ann g,

This shows that *tr gr is a subrepresentation of V(À) which is

clearly non trivial since it contains the state of highest weight' Thus,
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by the irreducibility of V(À), Ann gr nust equal V(À) and the identity

(2.5.1) is satisfied on all of V(À). We renark, in passing, that this

nethod of proof extends to arbitraÌy replesentations generated by a

maximal weight vector.

In an analogous fashion we may prove the adjoint identity. In this

case h¡e introduce the polynomials

hr(x) =

T
II
= 1

(x+À -r+l)
k

T

and we nay prove the following result using sinilar techniques to those

used in the proof of proposition (2.5.1).

Proposition (2.5.2) Let vo be a naxinal weight state of weight À.

If g(x) is a polynonial such that hr(x) divides g(x) then

1

J
u0=0 fori,j(r.e (a)

From now on hle write the identities (2.5.1) in the forn

la-a)=0'r'
(2.s.4)

=Q

where the a- and a - nay be interpreted as invariants of the group which
TT

take constant values on a finite dimensional representation with highest

weight À given bY

cx = n - I - a = À- + n - r (2.5.5)-r r r

By means of the identities (2.5.4) one may construct a set of

proj ection operators

I

n
il

ï

n
T (ã-" r)r= I
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P[r] = [I

Þ[t] =

,L*r

II
L*r

c

-aL
õ

a

r
a

CI

L

L
0T -d

(2 . s.6)

(2.s.6)

(2.s.7)

It follows innediately, in view of the characteristic identities, that

a p[r] = a, P[r] and ã Þ[r] = ã, Þ[r]. By induction it nay be proved

that if h(x) is anY PolYnomial then

h(a) P[r] = h(cr) Plrl

h(ã) Þttl = h(;r) Þt'l

shows that the projectors P[r] (resp.P[r]) form an orthogonal set of

idenpotent matrices. Also, following OrBrien, Cant and Carey4l, the

Lagrange interpolation polynqmial to the constant polynonial I is

g(x) =
L

This interpolation is exact because the degree of the constant polynomial

I is zero which is certainly less than n. From this it follows that we

obtain the following resolution of matrices

In particutar we have Ptkl P[r] = ôu" P[r] ana Þ¡t1 Þtrl = ôk,. Þ¡r1 *rtictt

ti-iql
1"" - "rJ

.n
o1 = I ot'1]
J r=1 J

T
lTI

n

I
r=

n

I
r=

.n
ô1 = I1LJ r=l

f= P [r]

which in component fonn nay be rewritten

P [r]

1

I
j

Sinilarly we may write

(2.s.8)

Fron (2.5.6) it follows, if h(x) is any polynornial, that we may write
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h(a) =

(2. s. s)

h(a) = h

By means of this formula rather general functions of the matrices a and

a nay be defined.

The projectors P[r] ana Þ¡r1 are also useful for projecting out the

shift components of vector operators. Recall that a U(n) vector operator

r| is defined as a collection of conponents üi (i = 1, ..., n) which

transform according to the rule

h (ar) P [r]
n
I

r=l

n
I

r=1
t( Por) lr

a (2. s. 1o)
J

Dually we define a contragredient vector operator $ as a collection of

cornponents Q. which transform according to the rule

l_
0 (2. s.11)

J k

Following Green and Bracken34 ri, and Q nay be resolved into a surn of

shift components

{,= ,1.,[r] 0= o [r] (2.s .12)

which alter the representation labels according to

ru V [rJ = ,l [r] (ru + 6ur)
(2.s.r3)

ru OlrJ = 0[r](Àk - Ökr)

In terms of the roots cr

nay be rewritten as

of the characteristic identities these relations

[cru, ú[rJl = 60, rf [rl

I = olui)',lrk]

oio¡a ]=-

n
i

r= I I

n

i
f=

r

[ok, 0tr]l = - ôn, ö[rJ

(2.s.t4)



2.29

The shift components of rl and { nay be constructed by apptication of the

projectors P[r] and P[r] as follows

ú [r]

ô [r]

= P[r]

Extension to 0(n)

We rnay assemble the generators cr

for U (n) ;

(2. s . 1s)

into a natrix a as we did

lTÞ

,¡ = r¡r P[r]

q = 4 p[r]

1
j of O(n)

o"å ct

ct

=-cx

t
3

2
3

0I

02
Iü

n

o2n

0=

n noI 'o2

Associated with the natrix a is its adjoint o with entries

I 1

0

CI

J )

Polynonials in the matrices c and õ nay be defined as before.

Green and Bracken34 have shown that on a finite dimensional

irreducible representation of the group with highest weight À that the

rnatrices c and õ satisfy polynomial identities of the forn

(o - crr) =Q

(2.s.16)

(cr ct )=0

where the roots c take constant values given bYr

1

n
II

r=

I
1

n
il

r

cr,=|r +n-l-r
T

where we define labels Àrforr)hby

(2.s.17)
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}, = I - À r = lrn+I-r r ,h

wirh (2. s.18)

Àh*l=1 forn=2h+1

The roots a, of the adjoint identity are given bY or = orr*I-r so that the

natrices o and c satisfy the sane polynonial identity.

Now let a denote the rnatrix with entries

where M is the transforma-

rion matrix defined by equations (2.4.4) and (2.4.5). one nay show by

induction that if h(x) is any polynonial then the natrices h(a) and h(a)

are related bY

h{a) = M-I h(cr) M (2. s. 1s)

In particular the matrices a and g nust satisfy the same characteristic

identity. Sinilarly if ã denotes the natrix with entries

"] = *-'I)i"îú

l-
a --d

) J

then the rnatrices h(a) and h(a) are related by

h(a

where

tl = r;t, (M)-t; = (M-1);

Therefore the natrices ã and a also satisfy the sane identity.

Following our U(n) exanple we sha1l now present a sinple proof of

the identities (2.5.16). Il'e begin by noting that if g(x) is any poly-

nonial then we obtain the commutation relations

= ñ,r h (õ) (t',t) - t)
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From this we may also deduce the conmutation relations

t*i, gr')ll = oT t(")å - o| sc"l|

- ol rc"lå . oi er")l

t'1, ec.läl = oT t @L - o| c(")l - ol.,-, n+ I -.i
L

(2.s.2o)

(2.s.2r)

(2.s.22)

e (a)

+

e (a)

oä*t-, g(a) k
n+I-i

Suppose now that vo is a maxinal weight vector of weight À;

ia.
J

to=o j>i

n+ 1-r r-."n*t-r vo = ut to = nt to t = l, ..., h

From the conmutation relations (2.5.2I) it may be shown that

1

J
to=0 fori(j

1
e (a) ivo=ui V

for arbitrary polynomials g(x).

Following our U(n) exarnple we introduce the set of polynonials

n
II

k=r
e, (x) = (*-Àk-n+t*k)

where we define labels lU for k > h in accordance with (2.5.77). In

order to prove the identities (2.5.16) we prove the following result.

Proposition (2.5.3) :

Let vo be a naxinal weight vectoï of o(n) with weight À. If g(x)

is a polynomial such that Cr(x) divides g(x) then

- -ig(u)i to = 0 for i,j > r'
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Proof : The result is true if grr(x) = (x - Àn * 1) divides g(x). Since

if

g(x) = h(x) (x - lr, + t¡ then

g(")l vo = h(a)l (. - trr, * t)i vo

= h(a)T (r - Àr, * l)n vo

=Q as required.

proceeding recursively, hre suppose gr(*) divides g(x) and assume the

result holds for all polynonials divisible by e¡(x) for n ) k ) r. since

sr(x) divides g(x) we naY write

g(x) = h(x) (x - Àr - n + I + r)

where each gn(x) divides h(x) for k ) r. We then have

gf")I vo = h(a)l (t - À,

=hla)nfa-À -n+1+r)'-r ' r

* .l h(a)l 'l uo
i>r

gCr)l vo = h(a)n (. - À, - n + 1 + r)T v0 + (n - r)h(")Ï 
"o

-n+1+r) i
ï

ï
T

V
0

0
V

Using the comnutation relations (2.5.20) this may be rewritten in the

form

6

In the case ï ( h we trave af,

contributes 1. Hence we obtain

and the terrn [ 0

I
i>r

1

n+l-r
n

h (a) vr

V =}, v
i
n+l-r0 r i>r

e(a)Ï vo = (r + I - n)h(t)l to + (n - r)rr(a)| to - h(")Ï "o

= Q.
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In the case r ) h we have af, u0 = -Àrr*t_r v0 = (Àr - l)vo. Also, in this

Hence we obtaincase, the term contributes zero.Io
i>r

i
n+l-r

e(')l "o
(r - n)h(a) (n - r)h(.)Ï 

"o
n

+
I

-0

I
e (a) v 0 for i,j2t

v
0

rneithercasel'vehaveg(a)nvo=6'Frontheconmutationrelations

(2.5.20) and the definition of maxinal weight vector it is then easy to

show that

) 0

and the result is proved by recursion.

Proceeding as we did for U(n) we may then establish that the

identity

n
II (.-À"-n+l+r)=Q

is satisfied on an irreducible representation of 0(n) with highest weight

À. Since the natrices a and a satisfy the sane polynomial identity this

establishes the identity (2.5.16).

In an analogous fashion we may p1.ove the adjoint identity' In this

case we consider the set of polynonials

T
hr(x) (x - õr), wher" d,' = orr*t-r = Àrr*I-r 2 + t,

K=I

and we nay verify the following result.

Proposition (2.5.4):

T I

Let vo be a naxinal weight vector of weight À' If g(x)

polynonial such that hr(x) divides g(x) then

1

J
e (a) vo 0 for i,j ( r.

15a
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We now introduce the 0(n) projectors

P[r] = II ^-oL
L-r

which, like their U(n) analogues, satisfy the properties

and

1
P [r]

J

Cl - 0.o
1L

P [r] P [k] = 6rk P [k]

ô1.
J

From this we obtain, for arbitrary polynonials g(x) '

n
I

I_

t

n

I
r=

I

e (a) s(cr) Plrl .

(2.s.23)

(2.s.24)

(2.s.2s)

Sinilarly we nay consider the adjoint projectors

Þ¡r1 = tI
L*r

which satisfy

and

g¡õ1, Þ[r]

-\l"-o¿l
1", - 

"1

Þ tr11 = oJ

e(a) = (2.s .26)

It is also useful to consider the projectors Pt[r] and their

adjoints Þt[t] constructed from the rnatrix a instead of the matrix a'

These are related to the projectors P[r] and Þ[r] by the equations

Þttl = M Þ' ¡al (M)-r

P[r] = (lrll-t P'[r] M.

Þ ¡rl Þ ttl = oru Þ [t]

I

n

I
1:=

1

n

I
r=

fron which we obtain the resolution

From this it follows that the projectors P[r'] and Þ[r]' also satisfy
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properties (2.5.23)-(2.5.26) for polynonials in the matrices a and c

respectively.

Recall that an O(n) vector operator rf is defined as a collection of

i ,.
operators rf' (i = I , n) which satisfy the transformation law

t"], vkt = o| k
i6,l.,t \þl (2.s.27)

Sinilarly a contlagredient vector operator 0 is defined as a collection

of components Q. which transform according to

l'1, ötl = - oi o¡ . oi o, Q.s'28)

The operators rf and Q nay be resolved into a sun of shift components

nn
{,- i Vtrl, ö= I 0[r]

f=] r=1

which alter the representation labels À, according to

Àr U[k] = ,rlkl (1, * ôkr)

À, r![n + 1 - k] = rf [n + 1 - k](Àr - ôLr)

Àr Olkl = Olkl(Àï - ôkr)

À, ö[n + 1 - k] = O[n + 1 - k](Àr * ôkr)

Àrö[h+li=q[h+1]À,

k = 1, h

r = 1, h

t

t

,

k = 1, h

r = 1, h

with
T = 1, h

À, rllh + 11 = r¡[h + 1] À,

for n = 2h + I.

The shift components ,1, [r] and Q [r] nay be constructed using the

projectors P'[r] ana Þ'[r] as follows

ü[r] = P'[r]ü = 9 P'[r]

' ö[r] = P'[r]0 = Q P'[r]
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l\Ie conclude our treatnent of o(n) by considering the o(3)

characteristic identity. This exanple illustrates the potential inport-

ance of the charact.eristic identities in applications to physics'

Our O(3) natrix cr is

cl=

fvt = ,ñ

o"å

c 3
2

-|

I

al

"í

"å

"3
0

0

Applying the change of basis transfornation

I
er + Jz (et 1e )2

t2

e
Ĵ

1+-
,tr

(er * iez)

one obtains the 0(3) change of basis ¡natrix

e
3

with inverse

101

-i0i
oõo

ri0
00ttl-l = I

{2
I i0

Our 0(3) matrix a is therefore

a = M-I c M

Lo

L-

0

L
+

0

-L

0

-t+

-Lo
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r.irhere LO is our Cartan subalgebra element L0 - -i "å and L* are our rais-

ing and lowering generators

L
L* = I ø ø" t i c!).

According to (2.4.7) we see that Lo, L* obey the well known angular

momentr¡m commutation rules;

I

IL*, L_] = Lo

ILo, Lr] =tL +

Clearly LO plaYs the role of the z-component of angular momentum while L*

play the role of ladder oPerators.

Our second order fundamental invariant Iz is given by

s2) =. tr(a2) - Z$3 * L*L_ + L-L*)

= 2$l + 2L*L_ - Lo)

= 2&l + 2L_L, * Lo).

I, (t

on an o(3) representation of highest weight L I, takes the constant value

zL(L + I) as one nay verify by operatíng 2(L3 " 2L-L+ * Lo) on the state

of highest weight. In this picture we see therefore that the square of

angular momentum L2 is given Uy 'aI z-

The natrix a of 0(5) shoutd not be confused with the following

natrix

0

a L
+

L
+

0

Lo

L

0 L-L
0

which occurs in the quantun mechanics of a particle in three dimensions

with spin I and 'orbital angular momentum L = (L*, L0' L-) ' The
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components of the total spin S of such a particle are represented by

natrices

so =S=
+

0

0

0

S

0

I

0

1

0

0

100

000

0 0 -1

0

0

0

0

0

I

0

I

0

t

which represent the spin states of spin 1, 0 and -1 respectively.

Clearly these are iust the natrices representing the generators L*, LO

and L- on the fundanental vector rèpresentation.

According to the vector addition nodel of angular momenta the total

angular momentum J of this particle is

J = L + S,

where L denotes the orbital angular nomentum and S the spin.

therefore considering a tensor product representation of 0(5)

take our generators to be

J L &1+1AS i = Ort.
t

We are
a

where we

I 1

The square of the total angular momentum is

J2= I Cr, & 1 + 1 e si)(Li Ø 1 + I a si)
1

which is the second order invariant 4I, ín the new generators. Expanding

this expression we obtain

L.S=4Q2-L2-52) (2.s.2e)

This operator essentially deterrnines the energy level shifts in the fine

stlucture components due to the interaction of the nagnetic moment of the

particle with the. current generated by its rnotion (Landêrs interval rule).

The only possible eigenvalues of J2 are (L 1 1) (L t 1 + I) and
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L(L + 1) and hence the eigenvalues of the operator L'S, on states of

orbital angular momentum Z, are 4(L + 1), \ and -4'L respectively' It

follows then that the operator L.S satisfies the identity

(!'q - '4 - Ð(L'q - %)(L's *'4) = o'

We note that the operator 2L'S is the natrix ar constructed earlier'

Hence the matrix ar satisfies the identity

(a' - I- - 1)(a' - 1)(a' + Z) = 0.

The natrix at is related to the natrix a by

ar = T-l a T

(t o ol
where T is the diagonal natrix T = lO 1 0 l. The matrix ar may be

[o o -IJ
constructed fron the natrix o by considering the change of basis trans-

fornation

et*ñ (er ier)

e2 *e3

"3 
* - # t., + ier).

The natrix a' therefore satisfies the same characteristic identity as the

matrices a and a.

Suppose now we consider a state of orbital angular no¡nentum Z' Then

the proj ection oPerators

I

Po
al L I al +

+ 1)

at al 1)
P

I
1

L
+ + )

will project onto states of total angular momentum i = L + I, 'L and 'L - L
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respectively.

This exarnple indicates the potential inportance of the characteristic

identities in applications to quantum nechanics - The general character-

istic identities discovered for the classical groups are clearly general-

izations of this sinPle nodel.

(2 .6) Tensor Identities for Seni-Si 1e Lie Algebras

Following the notation of section (2.1) let L denote a seni-sinple

Lie algebra and let H denote a fixed Cartan subalgebra of L with vector

space dual H*. Let Õ denote the set of roots of L relative to H and let

o+ denote the set of positive roots. Finally 1et {xr, "', *¿},

Z = din L, be a basis of L and tet {xI , {¡ be its dual basis with

respect to the Killing forn of L.

We call a collection of operators {fr} i"a"xed like basis vectors

{"i} of a Ìepresentation space V of a finite dinensional representation n

of L a tensor operator of L if the components T. transfor.m accolding to

the rule

[x,Trl=n(x)'rtr, xGL. (2'6'r)

This definition may at first seem confusing since we have designated the

components of the tensor T by subscripts instead of superscripts ' one

may nevertheless denote the conponents of T by a superscript in which

case (2.6.1) would read as

Ttl T (x-I T
1
j)

j
lx,

However in our general discussion of seni-simple Lie algebÏas we find it

more convenient to designate components of a tensor operator by sub-

scrípts.
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DuaIIy we call a collection of operators {ft} indexed like basis

vectors {"i} of a lepresentation space V of a finite dinensional

representation n of L a contragredient tensor operator if the components

Ti transform according to the rule

If n is an irreducible representation of L with highest weight À then we

call the tensor opelator an irreducible tensor operator of weight tr'

Clearly our definition of tensor operator depends upon the basis

{"i} .froren for the reference representation V. llre nay if we wish con-

sider a different basis {(ei)'} for V. Suppose that M is the change of

basis natrix for the transformation

[*, tt] - n(x)

(NIT

1 rj
J

(2.6.2)

)

The conponents of the tensoï T in this new basis are then given by

e-> ("i)' )
t1 e
J

Sinilarly if T1 is a contragredient tensor in the o1d choice of basis

then

)
iri = rj (ttr) -r

rli rj'l

= I "t €,T. = f.?L
1

("i)'Ii

1(T') (M

@T!
1

is a contragredient tensor in the new choice of basis.

We nay write the tensor operator T in the form f = I "i 
ø t. where

i
{"i} .or,rtitutes a basis for V and T. are the conponents of T in this

basis. This is in fact an invariant definition for T since applying the

change of basis transformation ei * ¡si¡ ' = tuT¡] "j one obtains'J

Consider for example the case O(n) where V is the fundanental
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vector tepresentation. We take our unprined basis to be the n column

vectors ei with I in position i and zeros elsewhere. Let M be the change

of basis matrix given by (2-4-4) and (2.4'5)

In the old choice of basis the natrix representing the generator al
J

is ¡i - ¡j wher" ri i, a typical elementary natrix. According to (2.6'r)
JlJ

a vector operator in this choice of basis must satisfy the transfornation

law (using superscripts to denote the components of {')

J

which agrees with (2.5.27). Similarly a contragredient vector operator Q

must satisfy the transforrnation 1aw (2.5.28). In the new basis

("t)' induced by the transformation matrix M our vector

operator rf gets transformed to

ü'= (M-r)l ,r,

where rþ is the vector operator in our old choice of basis' The cornponents

of I are therefore related to the components of r] by

2T-l +i{l 2T

r=l h

ìÞ^kÒ.
]-

ef ,l,i -
J

vklr'j

crtl I "j

üt=ú

= ,lra

õi

,

ùn+ 
I -r

rl.,

:h+ 1
u

2T-L 21i{,

with foroddn=2h+1

Sinilarly if Q is a contragredient vector operator then

=0 MJ
1J

is a contragredient vectoÏ operator in the new choice of basis.

Now let a = M-I o M be the O(n) natrix obtained fron the natrix
iq = ("j) by the transformation natrix M. Then we have

t.l, 'lkt = (Nr-'ri 
"To'{-')ä 

t{, v¿t
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which gives, in view of the transformation law (2'5'27)'

ta
1

ùn+ 
I -J

J

Sirnilarly we have

ükl = oT ü' - ôl*,-i

oi õ¡r'i,

(2.6.s)

(2.6.4)orl +ô 0
n*1-j
k n+1-i'

Equations (2.6.3) and (2.6.4) rnay be taken as our transformation law for

vector (resp. contragredient vector) operatols in the new choice of O(n)

basis. lt¡e see rherefore that the o(n) projectors P[r] and Þ[r], defined

in terms of the 0(n) natrix a, project out the shift components of the

0(n) vector fr and its contragredient [.

Returning to our general discussion let us fix a basis for our

reference representation V. With respect to this basis we may introduce

the following natrix over the Lie algebra L;

A- , [n(*t)*" * n¡*r)*t) (2.6.s)

where n is the representation afforded by V. This natrix is clearly a

generalization of the U(n) natrix a since upon setting n to be the

contragredient vector representation one obtains the rnatrix A = f"il ''l-

If we choose n to be the fundamental vector representation of U(n) then

A becones the adjoint ã of the U(n) rnatrix a'

We define an adjoint A of the matrix A by writing

More generally we define

1

L

I1

(R'*t) j = oi(A')T

(Ã** t 
)

1
j

Al A1
)J

= a| cÃ*li

where the repeated index k is understood to be sunned over' In this way
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ü¡e nay define polynonials in the natrices A and Ã'

If T is a contragredient tensor opeTator we nay regard A as an

operator fron the left on T and Ã as an oPerator fron the right on T by

defining

With this definition we have

(Rt¡l = ¡ TJ

(Ar)i = oi t',
(TÃ)t = t' Ã;.

1
j

Substituting the transformation Iaw (2.6.2) into this expression gives

(AT)i = , I [[xr xr, ri1 - [*t, Ti]*, - [xr, Ti1*r * [x, xr, t11)
r

where

ItL

is the universal Casinir elernent of the Lie algebra L. We therefore

obtain

On the other hand, we have

AT - TÃ = [cL, T].

xxr=l
r

xï=)xLr

(2.6 .6)

(rÃ)i =,4ri | (n(xr)l *t. n(*t)l .r)
r

= k T [n(x-)] *t * n(*")i *r) rj
Ï T'J J

* % L (n[xr)ï ,,C*'lT * n(x"); 'C,.rl]) rj

= [n(cr) - o); t

Substituting this into equation (2.6.6) gives the result

(zn - n(cr))T = [c' Tl . (2.6.7)

Equations (2.6.6.) and (2.6.7) are clearly generalizations of equations
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(13), (24) and (27) appearing in the paper by Green34'

we shall now show that when v is an irreducible module over L that

the natrices A and Ã satisfy a certain polynonial identity' It should be

noted however that the identities satisfied by the natrices A and A are

independent of the basis chosen for V. since applying a change of basis

transformation M to A gives a new ¡natrix B = M-I R t"t. Clearly then if

P(x)isapolynonialwemusthaveP(B)=M-lP(A)Msothattheidentit-

ies satisfied by B and A are the same'

Throughout the remainder of this thesis let v(À) denote a finite

dinensional irreducible nodule over L t4tith highest weight À and let n^

denote the representation of L afforded by V(À). Henceforth we shall let

A denote the natrix

[ = - L | (n^(x")*t * n^[*t)*r) .

T

From the cartan deconposition of the semi-sinple Lie algebra L we

nay choose a basis for L consisting of root space elements together with

a basis for the Cartan subalgebra H. Hence let us consider a basis

{nr, ..., hri *,r, o e Õi wher" {h,

for H and x is a non-zero element of the root space Lo'
CT

The dual basis nay therefore be written

{tt, ..., ht; x0, c e Õ}

where xo is the unique element of L which is dual to xcl under the KiIl-

ing fonn of L.

the forn

We nay therefore write the universal Casimir element in

I c[xx
m

I ir. hl
L1 I1=I

+tL
cre 0

CX

Now let V(p) be an irreducible finite dinensional representation of L

with highest weight p and naxinal weight vector v0 ' Then

tL v
0

m

I
1= 1

twhere t
ct

txci

C[rx J.

u (h1)u (hr)vo * 
oå* 

u (t0)vo,
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Since c, is an invariant of L it rnust take the constant value shown

on the entire sPace V(u).

It is convenient now to introduce the labelling operator Â which,

when acting on an irreducible representation of L with highest weight ¡r,

coincides with the weight p. We may regard Â as a rrvectoril operator

with conponents 
^(hi) 

which take the constant values ufti) on an

irreducible representation of L with highest weight ¡r. The universal

Casinir element nay therefore be written

tL ttGr)^fti) + I*
cre 0 ^(r

) (2.6.8)

Suppose now that {Àr, .i.¡ ÀO}are the distinct weights occurring in

V(À). Following the rernarks in (2.2) we nay deconpose an irreducible

contragïedient tensor T with highest weight À into shift tensors T[i]

which decrease the eigenvalue of the labelling operator on an irreducible

representation of L by the weight Ài;

^ 
(hj )r [i] = r [i] (^ - Ài) (hj )

(2.6.e)

d
1

m

Ii-

or

[n(hj), rIi]] = - ^iftj)rtil .

Hence fron equation (2.6.8) we obtain

[c' rti]l = -
n

L (rrtr^'r)^(hl) * Â(h.)Àiftl) + Àr(hr)À.ftJ1)rtil
-IJ

- 
*À. 

Ài (tcx)r [i] . (2 .6. 10)

substituting equation (2.6.10) into equation (2.6.7) gives the

identity

-t
)_* "Ài (to) 

I

c[€Q

+ra Tlil = Q (2.6.rr)
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We nay simplify this expression by making the following substitutions

(see Hunphreysa4¡;

1\(h.)^(ht) = (^, 
^)

I-* n(.o) = (^, 2ô)
cle 0

where ô is the half sum of the positive roots and ( , ) is the inner

product on FI* induced by the Killing forn of L. lle obtain fron this the

well known formula

1

m

I
i-

c =(À,1+2ô)

[n 
- %cl, I + 26).* %[Ài, 2(Â + 6) * Ài)] trrr = Q. (2'6'12)

Sinilarly substituting for Ã using equations (2.6.6) and (2.6.7) gives us

the equation

rlrf [Ã -'4(x. I + 2ô) -'¿(x¡, 2(1\ + ô) - ^r)] = o.

L

and we nay write equation (2.6.IL) in the forn

These equations nay be regarded as a generalizatíon of equations

(14), (19) and (S0) appearing in Green34. As in Greenrs case the

matrices A and Ã satisfy the polynonial identities

I

k
II
i-

k
II

i=

[o 
- zc^, À + 2ô) + u(^:.,2(^ + ô) . 

^r)J
- 0 (2.6.13)

[a 
- zc^, l + 2ô) -'¿(xi, 2(^ + 6) ) = Q. (2.6.14)-À

L
1

These identities are the required generalizations of the identities

previously encountered for O(n) and U(n). The identity satisfied by the

matrix - A is the identity appearing in the work of Hannab,rss39.

I'rre shall now present an alternative proof of the identities
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(2.6.I3) and (2.6.14) without the use of tensor operators. We nay do

this if we wish by generalizing the procedure outlined in our treatment

of O(n) and U(n). We prefer however to nake use of an idea due to

Hannabuss39 which has already appeared in our treatment of O(3).

Let U(L) denote the universal enveloping algebra of L and let 7

denote the centre of U(L). First of all, following Kostantq0, let n

denote a finite dinensional representation of L with representation space

V and consider the naP

â : U(L) -+ (End V) E U(L)

definedforxeLby
(2 . 6. 1s)

A(x)=r(x)&1+18x,

which we extend to an algebra hononorphisn to all of U(L). In general

ð(u) for arbitraly u in U(L) is a more complicated expression. For

exanple if x,y c L then

à(xy) = A(x)A(y) = îT(xy) @ I + n(y) A x + r(x) @ y + I & xy'

When z is an elernent of the centre Z of U(L) Kostant shows that the

operator ð (z) satisfies a certain polynomial identity. In our case we

shal1 consider the operator

;= -%(¿e) - r(z)81 - 182). (2.6.16)

hrhen acting on an irreducible representation V(p) of L with highest

weight p the operator ã reduces to

-'¿(n onu(z) -tr(z) @1- re"u(z))

The case where z is the universal Casinir element c, is of prinary

inportance since ð, is the natrix A defined by (2-6.5). To see this we
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nay hlrite the universal Casinir ele¡nent in the form

Hence

a(cr) = I (r,(*t) E I + r I xr) (n(xr) @ I + r I xr)

xr
r'TcL=¿x
r

= I [r,(*") * *,. * n(xr) @ *t)

* I [n(*t)n(xr) E 1 + 1 e *t *r)

r

r

I

where I n(*t)n(xr) = n(cr) is the natrix representing c, on the space V.

I
Rearranging this expression we obtain

'4 l, (r,(**) **r* n(xr) e*t) = -r(atcr) - n(cr) ø1- røcr)
r

where the left hand side is the natrix A as required. This is clearly a

generalization of the equation (2.5.29) occurring in our o(3) example.

Now suppose our reference representation is v = v(À) where v(À) is a

finite dinensional irreducible representation with highest weight À '

Then acting on an irreducible finite dinensional representation V(p) of

highest weight p the matrix A nay be written (see [46] for details)

[ = - ]ø[n^ ø nu(cr) - n^(cr) a 1 - 1 & ru¡cr))- (2 .6.r7)

Hence A nay be interpreted as an operator on the tensor product space

v(À) c'v(u). Recall, from section (2.2), that if v(v) is an irreducible

representation occurring in the Clebsch-Gordan reduction of the space

v(À) €' v(u) then v(v) admits an infinitesinal character of the forn

xu*li where Àr, ),n are the distinct weights occurring in v(À)' It

follows then that on the space v(v) A takes the constant value

- %[xu*^. (.r) - x^(cr) - xr(cr))
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which, using (2.L.4), naY be written

(À, r + 2ô) - (ri, 2(u * ô) * Ài) .

From this it is an easy natter to deduce that acting on the space

V(u) the natrix A satisfies the polynonial identity

- 0.

This result in fact follows from the easily established fact that a

diagonal matrix D with distinct eigenvalues dr, . . . , dU satisfies the

polynonial identitY

(D-di)=Q

A sinilar argument nay be carried out for A.

Replacing the weight u by our labelling operator 
^ 

the identities

(2.6.L3) and (2.6.14) are then seen to hold.

From now on ule write the identities (2.6.L3) and (2.6.L4) in the

forn

fA - a.) = Q

(2.6. rB)

[n - aCl, r + 2ô) * t(li, 2(p + ô) . 
^r)J

k
II

I

k
T

i-

k
II

i=1

k
II

i=1

(A-a )=01
11

where

u, = rr(\, À + 2ô) -'¿(x¡, 2(A + ô) + Ài)
(2.6.rs)

-a, = re(\, I + 26) * L[Ài, 2(À + ô) - 
^r)

We have already shown in equation (2.6.12) that

Arlil = 0i Tlil .

By a sinple induction argunent we may show that if P (x) is any polynonial
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then

P(A)r[i] = P(cr.)r[i].

Substituting

P(x) = fl (x - cL)
Ltj

into this exPression gives

PUlrlil = ôji r[i]

where P[j] are the projection operators

A-oL
(2.6.20)Ptil = lI

Ltj CI,
J

- g,L

hre nay write the decolnposition of a contragredient tensor T into its

distinct shift cornponents T[i] by writing

l= rlil . (2.6.21)

If rhe weight À. occurs with nultiplicity n(i) then T[i] may be further

deconposed into n(i) distinct parts each with the same shift pToperty'

Applying the projector P[i] to the left of equation (2.6.21) we immediate-

ly obtain

I

k
I

1

rlil = Plil r. (2.6.22)

Hence the projector P[i] projects out, fron the 1eft, the shift

cornponents of the contragredient tensor T corresponding to weight À. '

Using the adjoint identity one may constluct plojection operators

Þtil = rl
J*t

lÃ - ;.1I ll
la^ - c[-l
L1 ll

which satisfy

rlil = rPlil
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and

1J
rlil .

Hence the operators P[j] project out shift coÍponents of a contragredient

tensor operator from the right.

Suppose now that i is a tensor operator of highest weight À. Then

we nay deconpose t into componentt i¡i1,

(2.6.23)

where each shift component i[i] satisfies

[nCr';, iti]l = À.(h) r[i], h€H

Note that in terms of the roots c. of the characteristic identity the

above relation rnay be rewritten as

rtilÞtjl = $

, itill = (À , Ài) itil.

k
i

i=1
t tlrl,

tr
JJ

Sinilarly if T is a contragredient tensor of highest weight À then

fcr., rti]] = - (^j, À.) rlil

CIear1y these relations are a generalization of equation (2'5'14) obtain-

ed for U (n) .

We nay regard the natrix Ã as an operator from the left on i and the

matrix A as an operatoï fron the right ott i Uy writing

(Ãr)

(rA) i i
)

A

By carrying out an analogous argument for tensor operators uJe may readily

- ^J 
.r.

- A. t.1l1

)
1

verify the identities
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T[i] (A - crr) = Q

(A

where o. and ;, are the operators defined in (2.6.19)'
1t

Fron this it follows that

ilil=Þ¡i1 i=iplil (2.6.24)

Fron the identities (2.6.18) we obtain

A P[i] = cli Plil and Ã Þtil = 0i Plil

and nore generally hte may show by induction that if g(x) is any polynonial

then

g(n) r[i] = s(oi) Plil

- c.lL.
1i 1 0

s(Ã) Þtil = e(õi) Þtil.

In particular, PlilPljl = ôtj Ptjl and ÞtilÞtjl = oij Pljl so that P[i]

(respectively Þ[i]) form an orthogonal set of idempotent operators.

Moreover, fron equati.ons (2.6.23) and' (2.6.24), we obtain a resolution of

the identity on our space of tensor operators;

k
I = I ptil

i=1

l= Þ[i].

Hence if g(x) is any polynornial then hre may write

k

I I

g(A) = e (oi) P [i]

1

Il-

k
I

k
I e(o.,) Þtil

a=l
g(A) =

(2.6.2s)
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Exanples:

(i) Let V(À) be the fr¡ndanental spin representation of O(3). In

this case we have only a single positive root ô = I so that ô = L. Our

tensor operators in this case are of course the Dirac spinors. 0n the

fundanental spin representation of O(5) our generators Lo, L* are

represented by 2 x 2 natrices

+
LLo=

I:
/2

I
ã

OI

00

t,

0

llr
+

-Lo

0

in a basis chosen so that Lo is diagonal. Our natrix A in this exanple

becomes

L

L
0

¡ì
/1 r

which is essentially the natrix originally considered by Dirac35. Dirac

noticed that the natrix A satisfies

A(A+1)=L2

Hence on a representation of O(3) with highest weight L the matrix A

satisfies the polynomial identity

(^ -,2L)(¡ + L4L + >z) - 0

which agrees with'the prescription given by equation (2.6.18).

(ii) Consider now the case U(2) where we have only a single positive

root A t - Az so that 0 = %(Â, - Ar). Let V(À) be any finite dinensional

irreducible representation with highest weight À = (Àr, xr). Choose as a

)

Ibasis for V(À) the Gelrfand-Zetlin basis
À

m
^ where m is an integer
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lying in the range À, Þ n Þ \r. The natrix elements of the u(2)

generators in this basi.s are well known and are given by

À

,^')

í 1^'
q=r \ Àr

,,' 

^')

,2 I ^2
À

À

i')

I

a I
i

Let A denote the matrix

with entries given bY

A.
1

for

A.
1

[(Àr - rn + 1) (n -

= JIì

n)

ap
q

[(Àr

I

- m)(n - À, l) laL,

"?

+

À

). t

À

,'^')

,"^')

m+1

m-
I

I ^")

L

^)l''

^r)

m

À
I 1

al (rr + x2 (2.6.26)

(2 .6.27)

m

nl([=

\,

ô..
1Jorj (^,

J

2

I
P, Q=l

oa'p

À,

pj*1Àr

x2

a
\,

1+

)

J i+1

i,j - 1, À

¡ + 1)a1,

ap
q

lA-a)-m-

q

p

I

Thus, using (2.6.26) ' the (i, j) entry of the matrix A is given bY

z*i -1) al

ôi,¡-r[[i - 1) (r t - ^z 
- j + z)]h al

t-
- oi,¡*1[j (Àr - x2 - j * 1) ]-' ^".

On a finite dinensional irreducible representation V(p) of U(2) with

highest weight p = (ur, ur) the natrix A satisfies the polynonial identity

Àr-Àr+1
II

m=1

(À

=Q



where the roots cr,n of this identity are given by

(¡n - 1)(Àr - À2 * ut - tz - n + 2) !rÀr

(iii) Let V, be the totally antisymmetric nth

tion of U(n). The natrix A in this case becones

CT

m

rank tensor representa-

-uz\z' (2.6.28)

2.56

1

[=

i>1n

n

I
j=1

)
iFi

J
a

1

where

ri = Ei e 1 @ ... ø I + I e Ei
JJJ

r8l1...81+ +1Ø14...Ø1@E
J

where E1 is a typical elernentary natrix. The weights occurring in V are
w¡tv¡ v u .

of the form

+ + +A
1

where the i, (r = 1, ..., m) are distinct integers lying in the range

1, ..., n. These weights all occur with nultiplicity one. 0n an

irreducible representation of U(n) with highest weight ¡r the natrix A

satisfies the polynonial identity

^.]-^..tI 2 m

(R - o[i' 1 )) 0t
m

n>i, >i,

where the product is over all sets of m integers ir, i, satisfying

the inequalities shown. The roots cr of this identity are, according to

(2.6.19) , given bY

ir) n(m + 1) + i
m

+
1 t

+ +il
m'

0(i I

+ (ir

(u +u )



2.7 Reduction of the IdentitY.

A= -r¡

T
ieI (À,u)

II
ielo(À,u)

[o 
- AC^, À + 2ô) *'¿(xi, 2[p + ô) . 

^r)J

[o 
-'"C^, I + 26) * L(^i, 2(u + ô) . 

^r))

We have shown that the matrix

2.s7

- o. (2.7.1)

(n^ (xr) x,
I

L
I

l|=
(x*À+ ,) *t)

satisfies the polynonial identity

k(n la - %(r, ¡ + 2ô) * k[Ài, 2(u + 6) * Ài)J = o

i=l (

on a finite dinensional irreducible representation V(u) with highest

weight p. However the natrix A nay satisfy a polynornial identity of

lower degree on the space V(¡r) depending on the properties of the weight

u. This reduction is directly related to the Clebsch-Gordan reduction of

the product sf1:e V(À) Ø V(u). We know, from sectíon (2.2), that the

characters occurring in V(f) e V(¡r) are of the form X . One nay in
u+^ i

fact prove the stronger result that the highest weights occurring in

V(À) a V(¡r) are of the form u * tri (see for example Humphreys [44] p .L42).

It follows inmediately fron this that if I(À, u) denotes the index set

I(À,u)={i;u+r.en*}

then on the space V(¡r) the natrix A satisfies the reduced identity

However this need not be the rninimun polynonial identity satisfied by A

on the space V(p) since it rnay happen that the replesentation V(U + Ài),

i € I(À, u), occurs with nultiplicity zero in the product space

V(À) €r V(u). It follows at once that the minimum polynomial identity

satisfied by A nay be written

where Io(À, u) denotes the index set

=Q
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Io(À, u) = {i ; u + tr' e 
^+ 

and m(¡r + À') + 0i

In view of Klinykts rnultiplicity formula one sees that the nininun poly-

nonial identity satisfied by A nay be obtained solely from a knowledge of

the distinct weights occulling in the reference representation tÀ'

By an analogous procedure we nay verify that on the space V(p) the

natrix Ã satisfies the reduced identity

r [A -,rf^, À + 26) -'a(xi, 2(P + ô) - 
^r)J 

= o

ielo(l,u) (

where Ïo{r, u) denotes the index set

ii ; u - À. € 
^+ 

andm(u - Ài) + 0Ì

l
where rn(u - Àr) denotes the nultiplicity of the representation V(U - Àt)

in the product space V(À)* I V(U) and where V(À)* denotes the contra-

gredient rePresentation of V(À).

The nicest case occurs when the characters Xu*Ài are all distinct'

In this case it is innediate that if U + À. € 
^+ 

then the representation

V(u + Àr) necessarily occuïs with nultiplicity n(i) where n(i) is the

nultiplicity of the weight À. in v(À). In this case the index set

(I, u) naY be writtenI
0

Silnilarly if the characters X

1o{1, u) may be written

are all distinct then the index set
u-À.'a

Io[l,u)={i;u-lrel*}

In view of the remarks in section (2.2) the above index sets may

also be written in the forn

Io(À, u) = ii ; [u + Ài * ô, d) * 0 for all cr t o*]
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lo{r, u) {i (u- À.
1

+ c)#0
*rforalla€Õl

V* is the fundanental

Let A be the natrix

ô ,

Consider for example the case where V(À)

contragredient vector representation of U(n).

A-

(1, Ö)

(1,1,0)

Q,ö)

(1,1,1,Ö)

[2,I,ö)
(3, Ö)

a(a - n) = Q

a(a-n+1)=Q

a(a-n-1)-0

a(a-n+2)-0

a(a - n - 1)(a - n + 1) - 0

a(a - n - 2) = Q.

"^ c"Jl 'l
n
I

i,j=1

1a.
J

E1
J

n
Ij1 I,

which is the matrix a of U(n) considered previously. 0n a finite

dinensional irreducible representation with highest weight u the matrix A

satisfies the polynonial identity

(A-ur-n+r) 0

The characters occurring in 3he reduction of V* I V(U) are of the forrn

X and these are all distinct. Hence in order to obtain the reduced
u-A'r

identity we onit those factors corresponding to weights u - ar which

satisfy (p - A_- + 6, cr) = 0 for some o in O+. Hence if the weight ¡rr
satisfies U" = ur:+l then the factor (A - ur - n + r) is to be omitted'

By this means we obtain the reduced identities originally encountered by

Green34 for the case of GL(n).

The reduced identities satisfied by the u(n) natrix a for some of

the lower order irreducible representations are tabulated below (see

Green34) .

1

n
II

I-
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By taking the traces of the reduced identities one obtains the scalar

identities

(t ,0)

(1,1,Ö)

(2,0)

(1,1,1,Ö)

(2,1,Ö)

(3, 0)

I

r2

r2

T,

r2

nrr=o
(n-f)Ir=0

(n+1)Ir=0

(n-2)It=0

2nIr+ (n - 1)(n + 1)Ir = 0

(n+2)Ir=0.

2

I
3

Such identities are useful for an explicit construction of Youngrs pro-

jection operators as demonstrated in Gould47.

By taking traces of the reduced identities for arbitrary seni-sinple

Lie algebras one obtains the general scalar identities. These identities

nay then be used to construct genelalized Youngts projection opelators

and provide direct and explicit proof of the so-called generalized

Burnside Theoren (see Warner4S p -L29) -
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CHAPTER 3

Casinir Invariants for a Seni-Sinple Lie Algebra

In the previous chapter it was shown that the matrix A, defined by

equation (2.6.5), satisfies a certain polynornial identity in finite

dinensional irreducible lepresentations. However from the work of

Kostant4O, one may in fact deduce the stronger result that the matrix A

satisfies a polynomial identity with coefficients frorn the centre of the

enveloping algebra. It shall be one of our aims to show that the

coefficients of the identity satisfied by A generate the centre of the

enveloping algebra of the Lie algebra. Related to this is the recent work

of OrBrien, Cant and Carey4l. who have shown how one nay obtain Kostantrs

identity by an extension of the classical Cayley-Haminton theorem for the

special case where n^ is the fundanental vector representation of GL(n) '

We shall investigate this connection in detail for the general linear and

orthogonal grouPs.

We shall also be concerned with the construction of a full set of

invariants which generate the centre of the enveloping algebra of the Lie

algebra. This is done for the sirnple Lie algebras, in direct analogy

with the O(n) and U(n) case, by showing that tTaces of powers of A are

Casirnir invariants which generate the centre. A ful1 set of invariants

for a general semi-sinple Lie algebra nay then be obtained by considering

the Casimir invariants for each of the simple Lie algebras occurring in

the deconposition of the Lie algebra L into its sinple tr'{o sided ideals.

In deriving the eigenvalues of these invariants we make use of

Weyl's dinension formula along the Iines suggested in the recent work of

Edwards4g and Okubo5O. We remark however that our extension is by no

means trivial and exploits the Clebsch-Gordan deconposition formula as

obtained by Klimykas (see equation (2-2.2.)).
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3.1 The GL(n) Cavlev-Hani 1ton IdentitY

It was shown in chapter 2 t:nat the matrix a of u(n) satisfies a

certain polynonial identity on finite dirnensional irreducibl" t"pt"'enta-

tions. The results obtained depended only on the connutation relations

satisfied by the infinitesinal generators of the gloup and are independ-

ent of any Herniticity properties. Since the infinitesimal generators

of GL(n) satisfy the sane connutation relations it follows that all of

our previous results obtained for U(n) extend to GL(n) without modifica-

tion.

This extension, although trivial, is impoÏtant since it allows one

to extencl our previous results to the non-compact real forms U(p,q) of

GL(n). Since the unitary repTesentations of the non-compact groups are

infinite dirnensional it is desirable to extend our results to infínite

dimensional representations.' In doing this we shall follow 0rBrien,

Cant and Carey who have shown that the matrix a of GL(n) satisfies an

n-degree polynornial identitY

P (a) 0

where

P (x)
n

=Jz n-rx (3.1.1)
ï

0r=

where the coefficients

of GL(n) and satisfY

z, belong to the centre Z of the enveloping algebra

z =l

.2+-t

U

I

2z

I

I

€F

e r[Irl
2 2

+

nzn I. e F[Ir, l+ I 2t In-l

(3.r.2)



hrhere F is the underlying field (usually the real or conplex field).

It shall be our eventual aim to extend this result to arbitrary

semi-sirnple Lie groups but we feel it is instructive to consider first

the nore faniliar exanples of 0(n) and GL(n).

We call the polynonial p(x) the characteristic polynomial of the

rnatrix a. In this case the characteristic polynonial is also the

mininun polynonial; that is if the matrix a satisfies g(a) = 0 where

g(x) is a polynonial with coefficients from Z then p(x) divides g(x).

It was renarked in section (2.3) that the fundamental GL(n) invariants

Ir, ..., In are atgebraicatly independent and generate the centre Z.

From (5,L.2) it follows therefore that the coefficients zr zn of

the characteristic polynomial (3.1.1) are also algebraically independent

and also generate the centre Z.

Since the coefficients of the characteristic polynomial belong to

the centre they nust take constant values on any replesentation

adnitting an infinitesinal character (see section (2.1)). In this

instance the characteristic polynomial reduces to a polynonial with

coefficients fron the underlying field F. Suppose now that vO is a

naximal weight vector of arbitrary weight À. Then fron (5.1.1) we see

that, acting on v0, the matrix a satisfies the polynonial identity

On the other hánd proposition (2.5.1) inplies that on vO the rnatrix a

satísfies

n
II (a - À- - n + r) = Q.

r=1 r

It follows then that the characters X^(zr) are given by

n
I x., (z-)an-r = o.

:|:=0 
rt L

3.3

+n-k)icr
1<i.j<...<kSn

x^ (zr) +n-

T = 2, ..., D

(-1) T
1
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the sun being over all sets of r integers i,j , k satisfying the

inequalitiesshown,andZo=I.Fronthisitfollowsthatthecharacter-

istic polynoniar p(x) nay be written in factorized form

p (x)

are invarj-ants of the group which are related to the

by the equations

r c ok

n
=fl

r=1
(x - ur) (3.r.3)

it follows

where the cr
invariants z,

L (- 1) I
1<i.j<...<kln (5. I .4)

The cr take constant values on a representation adrnitting an infinitesi-
T

ma1 character XÀ given by

0
1r J

'o = r

x^ (or) l, + n - r.
T

l{e see from (3.1.4) that the invariants z are synmetric functions
I

of the ïoots dk. Since the z" generate the centre Z of GL(n)

that we nay also write

where F [xr, xn

indeterminates x1'

z = ìlar, ..., o.]

] denotes the algebra of syrnmetric polynonials in the

xn. Since the fundanental invariants

I 1' In belong to z it follows that they are synmetric polynornials of

the roots a
It

cÌn. For exanple on a maxinal weight vector of weight

À the invariants I, and I, take the constant values

rÀ

n
X.(I,) = I
^¡ T=I

^r(^, 
+ n + L - 2t).

n
xÀ (r2) = I.

r=I

Hence, in terms of our roots or' we may write

(3.1.1s)
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I -n+r)

T,

I

(ot - n + r)(a + I - r).-- r

WenayifwewishregardtheopelatorscrTassolutionstothese

equations. In general, however, the explicit forrn of the cr, in terms of

the Iu would require the solution of algebraic equations of degree up to

n (see [47]).

TheidentityP(a)=0satisfiedbythenatrixaisclearlya(non-

trivial) generalization of the classical cayley-Hanilton identity

satisfied by nunerical natrices. The rnatrix a in fact satisfies several

properties of matrices with numerical entries' The roots ar of the

characteristic polynonial may be interpreted as the eigenvalues of a'

Appropriate definitions for the inverse and determinant of the matrix a

nay also be given (see l47l).

We wish now to determine the eigenvalues of the fundanental invar-

iants In of GL(n) on any representation adrnitting an infinitesimal

.hat.ctet. l\Ie shall do this by explicitly expressing the In as a

polynomial in the or. Fron equation (2'5'9) we obtain

so that the problen of deternining the eigenvalues of the invariants

tr[C(a)] reduces to the problem of determining the traces of the

proj ectors P [k] .

Green23 has shown that on a finite dinensional irreducible replesen-

tation of GL(n) with highest weight À that

I (",r

=I
r

n
trle(a), = 

ui, e(or) tr(Plkl)

À ),,+ L

^L
+

k I
kt_(P[k]) = il

' L*k ÀL

However the derivation due to Green relies on the finite dimensionality
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and the irreducibility of the representation concerned and hence only

applies to weights À which are doninant integral '

From the point of view of applications to physics Greenfs work is

sufficient provided one is considering the cornpact real forn U(n) of

GL(n) whose uni.tary representations are finite dinensional. However if

one wishes to consider the non-compact groups u(p,q) then a nore general

derivation of the trace formula is required which extends to infinite

dinensions.

we shall in fact prove more than what is needed here. If g(x) is

any polynoniat then the diagonat entries g(t)l and g(ã)i of the matrices

g(a) and g(ã) will take constant values on a rnaximal weight vector. We

shall in fact determine the eigenvalues of these operators on arbitrary

maxinal weight states. In view of equation (2.5.9) this nay be done if

r,\re can conpute the eigenvaluès of the operators p tt] i and Þ [r] i on

naxinal weight states.

suppose now that vo is a naxinal weight state of arbitrary weight

À = (Àr, ..., 
^rr). 

We begin by introducing a set of operators

t, (k) = (a-c )j

L

k
k

n
il

j=i
(5.1.6)

P

n
(k)= rl (a-a

. 'L=i
tj

k
k)í,j

Fron definition it is clear that P.,j(k) = Pi(k) if i > j' Now let

pi,j(k) and p.(k) denote the eigenvalues of the operators Oi,¡[t) and

P.(k) Tespectively when acting on the naxinal weight vector v0.

From the connutation relations (2.5.2) and equation (2.5.3) it is

easily verified that the pi(k) satisfy the difference equation

+ n - r.where the roots crr are to be replaced by their eigenvalues c, = À,
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Similarly, when i < j - 1, the o.,r(k) satisfy the difference equation

andwheni=j-lweobtain

Frorn proposition (2.5.1) it is clear that

p (k)=0 fork>i
1

p (k)-0 fork>i>i

(3. r. . 1o)

(3. 1 . r1)

1 j

This set of conditions together with the extra boundary conditions

or,*r,j(k) = pn+r(k) = l

or(n+1)=Q

enables us to solve these difference equations uniquely.

In particular the pr,r(k) are given by (details in Appendix A)

Hence, substituting our fornula for pt,r(k) into this expression yields

oLrct

p (k ) II (0r oL) T
L>

(o" oI- - L) -rÞk.

t)'k.

1

CT +ô Vo' rlk.
L r.L

TI k

Now fron definition the eigenvalues of the operators P tr]f are related

to the p (k) byI,T

<kL

Pttll ,o = 
å, 

(o, oL)-t or,r(k) vo

the fornula

k
P [r] k V

0rk
II

L>
0

Of course, when r ( k, we have, from proposition (2'5'1),

PI'll Vo = 0.

(3.r.r2)
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By a sinilar procedure we may also verify the result

CIctr -1_vP[r]i vo = II L

L<k
dr oL +6 vo, k2 r

rL

k(r.
(3.1.r3)

=Q

lg(a)l =

t

Hence if g(x) is any polynonial we nay write

)tr
0' - ct^TL I

g(")l ro = I. B(o,
r>K

vo
¿>k

ot - oL * ôt¿

sunrning this equation on k from I to n yields the forrnula

I

n

I
l-

II
0, - 0^

1L

L*r CI, - Cf,ørL

I
t g (c1)r

which nay be shown to be a symmetric polynonial in the roots ot, or,.

This is the required generalization of Greenrs trace formula and extends

to arbitrary representations. admitting an infinitesimal character. In

particular the fundanental invariants I,n nay be expressed in terms of the

GL(n) roots o, by writing

0 - crn - I1L (3. I . 14)
ct - cl"TL

We have previously given two sets of invariants which may be used to

generate the centre Z. They are the coefficients z, (r = 1, . . . , fl) of

the characteristic polynomial and the fundamental invariants In

(k = 1, ..., n). Therefore there must exist an algebraic relationship

between the z, and the IU. Bracken and Green34 have developed a

technique for expressing the coefficients z, of the characteristic

polynonial in terms of the IU. However their method does not yield a

general analytic expression and is conplicated to apply even for relative-

ly simple cases requiring the aid of a computer. This task nay,

however, be considerably simplified by noting that it suffices to obtain

an algebraic expression which relates the polynomials (3.1.14) and (3'1'4)'

Making use of some well known summation formulae for such polynomials (see

(o-)t II
' L''r

n

I
r=1m

I
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e.g. Louck and Biedenharnl9 and Weyl6) one may show that the required

algebraic relationship is given by

2I
0

k
tn = 

,I=

rt rz I'
I

T.tt2r... rÎn
t r+2t r+. . . *nrr.r=Z

At¿(t, ' r2' )Tn
L z z

n

.J",

where the coefficients have the following definition (in Au¿, the

constraint r +2t +
t 2

Ak¿(tr' I
r

forZ=1,2, and in which

+ nr = L ís in effect):
n

k+Z+r+ I r-1
r

+1.
n

o) (-1) k

I n-
[t*r

n

I
i=0nt2I

trr)
1

t

t=tI*t2

0

-rto

At o(o' [-r'Jt

Note also that

Att(t, ' T2' r
n )

T I !k
T

3.2 Extension to 0 (n)

we have seen that the natrix a of GL(n) satisfies a polynornial

identity over the centre of the enveloping algebra. The proof presented

by OtBrien, Cant and Carey4l of this result obviously extends to 0(n)

with trivial rnodifications. Hence we may deduce that the ¡natrix a of

O(n) likewise satisfies an n-degree polynonial identity over the centre

of the enveloping algebra. The natrix c = M a M-I satisfies the same

identity.

Appropriate definitions of inverse and determinant of these matrices

nay also be obtained. Fron the properties of deterninants it is clear

that det a = det c. A full set of invariants for the algebra may be

( I

r
I

l1
2I n
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obtained by taking traces of polynonials in the matrices a and cr- Since

p(a) = M-l p(c)M we have, from the properties of trace,

t"[P(a)] = trlP(a)1. (3.2.1)

Hence, as far as invariants are concerned, there is no need to distinguish

between the natrices a and c. We shall work here with the natrix a due to

the close analogy with our GL(n) exanple. However, because of (3.2.1) '

the trace results obtained apply equally well to the natrix cr.

Proceeding as befoTe we see that traces of arbitrary polynomials in

the natrix a are given by

t [P(a)] = r¡cn) tr(Plkl).
T

It is our aim here to verify Greenrs trace fornu1a23 for the orthogonal

group for arbitrary weights. -

suppose now that vo is a maximal o(n) weight vector of weight

) = (Ài, ..., Àt). We consider the operators Pi(k) and P',j(U) defined

as in equation (3.1.6) with the 0(n) roots a" taking values given by

n
I

k=1

cf,=ï Àr*t-1-r,r=1,"'rfl

where we define labels À for r) h in accordance with (2.5.17)' As
r

before we let pi(k) and or,j(k) be the respective eigenvalues of these

operators when acting on the maxinal weight vector v0. It is easily

verified from the connutation relations (2.5.20) and equatíon (2'5'2I)

that the ei(k) satisfy the difference equation

0 r)h
I

k>r oi*r(n + 1 - r) r ( h'

The p, ,(r) for i ( j - 1 satisfY' lrl - -

0

P1*1 (k) +

r)h

r(h0.._ .(n + t - r)'r+l,J'
or,r(r) = (or - oi) oi*r,j(t) - 

kl, 
pi*1,¡(k) +



3.11

andfori=j-lweobtain

oj-r,i (t)

0(n = 2h)

(0r oj 
- r) j+l - 

nl' 
o¡*1 (k)

n+l-T

0

o¡*r(t * I

v k(r

r)h

-r) r(h.

(3.2.2)

(3.2.3)

n trlf vo

p (r)

c
T

T

- u.L- I + ô¿

+

Proceeding as for GL(n) we obtain the fotlowing formulae:

II
(lr - g,L

r,L

1+6

k)r

vo, k Þ r

k(r.

+ 0
L k

=Q

0

II
¿<k

,

Þtrll vo = dt-d¿*ôrz
L n+l-T

ô

aL-cl

t

0(n=2h+1)

I trlf; vo = il
L>k

Cl - Cf,¿
TL

1+ô L,h+r Z,n+I -r
T

- oL * 6t!, 0

CT 1+ô ô
L L h+t L n+1-r

CI

v k(r

k)r.

vo, kÞr

n=2h

(3.2.4)

=Q

Þ¡'11 '',0 =

t r

rT
L<k (3.2.s)

=Q k(r

Summing these equations over k from 1 to n we obtain the fornulae

cx -ct
T

ok-o¿

,(- 
* 6 

r.L

(P Ik] )

II
L+k

II
,L*k ok oL

1+ô L n+I-k

ôcrk-oL-l*ô¿,h*, Z,n+ l -kt (P tkl ) ok-o¿r

In particular when n = 2h + 1 and r = h + I we obtain

oh* I oL 1

1tï(Plh * 1l) II
L*h+L

oh* t - o'L

, n=2h+L

where we have used o¡a t - oL- I - on*I-Z - oh*r for n odd and L * h + |
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This shows that Greenrs trace fonnulae for O(n) extends to arbitrary

weights.

3.3 A seneral Cavley-Hanilton Identit v for Semi-Sinple Lie

A1 gebras

Fotlowing the notation of (2.L) let V(À) denote a finite dimensional

irreducible module over the enveloping algebra U of a seni-sinple Lie

algebra L and let n^ be the representation afforded by V(À). Let

It, ..., Àn be the distinct weights occurring in V(À) and suppose À'

occurs with multiPlicitY n(i).

Now U nay be imbedded in the algebra u I u by the diagonal homomor-

phisrn (see Dirniersl¡

d: U+U&U

defined for xe Lby dx = xfijl + 1Ex' In general du for arbitrary

u € U is a more complicated expression which nay be written

dr=ltiEti (3. 3. 1)

1

where ui,v. e u. Now let Y be the algebra Y = (End v(À)) E u and let

â : u + Y be the algebra homomorphisrn defined by (2.6.15). For general

u € U with du as in (3.3.1) we have

a(u) = I "r(u.) Øv.. (3,3.2)
1_

Now let A denote the operator considered in section (2'6);

A = -r¿[a(cl) - n^(cr) a 1 - t o crJ. (3'3'3)

If {x, , *rr} (n = din L) is a basis for L then A nay be expressed in

terms of the basis elements x. and their duals *i ac.otding to (2'6'5)'
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It is convenient now to introduce the trace rnap

r: Y+U

defined by (s.3.4)

r:lor*"i*ltrlolJul
11

where O, c End V(À), ti = U and where trlOr] denotes the trace of the

endonorphisn p.. In particular for u€ U, A(u) as in (3'5'2), we have

In view of the properties of trace it is irunediate that t is well defined

and linear. In fact t is a u-nodule honomorphism as one can see from
ì _'ì

t[(r 8tu)y] = ut(y)

.,. [n¡. (ur) lv, .tâ(u) = [
i

t[y(l {}u)]=r(Y)u

for all y€Y, u€U. Also foru€uwehave t(l€)u) = d(À)u, where

d(À) = din V(1,), which shows that t is surjective. lr{oreover, fron the

properties of trace, one obtains

t[(p st 1)y] = r[y(P e 1)] (3. 3. s)

forp€EndV(À), Y€Y.
Now let R denote the centraLizer of â(U) in Y. If o C R we have,

forarbitraryx€L,

à (x) o = r¡â (x)

rr'hich nay be rearranged to give

(1 Ø x)ur - ur(l R; x) = ,[n^(x) e r) - (n^(x) Ø I)ar (3. 3.6)

Applying t to both sides of this equation, using the fact that t is a
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U-homomorphism, we obtain, in view of (3.3.5),

xt(ur) - t(o)x = 0

It follows then that t(R) C Z. In view of the surjectivety and linearity

of r we in fact obtain t (R) = 2.

For y e Y let us call t(y) the trace of y. Now the operator A

defined by (3.3.3) and all of its powers belong to R. Hence the traces

of arbitrary polynonials in A belong to the centre Z. 0f particular

inportance to us are the fundanental invariants

rm (r) = t (An) . (s.3.7)

We shall later show that these invariants generate the centTe Z (at least

when L is simple).

The invariants (3.3.7) are clearly generalizatíons of the fundament-

al O(n) and U(n) invariants I, as defined by equations (2-3.4) and (2.4'9) '

To see this it is illuninating to introduce a basis into the space V(À).

Fix a basis for the reference representation V(I) and let n^(x) € End V(À),

x € L, denote the natrix representing x in this basis. With respect to

this basis the entries of the matrix A are given by

n
A*., = - r t [r,^[xr)ij *,' * n^(xr)ij *t)
IJ t]t

t

i,i = 1, ... ' d(À) = dirn V(À)'

In particular A is a matrix with entries fron L. Applying (3.3.6) to the

case o = A one obtains the comnutation relations

[x, Arr l =

d (À)It
k=1

-n^(x)it Ati * Aik "^(x)¡¡),

forxeL.
Polynonials in A may be defined recursively according to

(3. 3. B)
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(At* A. 
k 

(A¡n) kj =

d(À)
I

k=l
(n') rr \j

d (À)

i
k=1

) 1 J

for positive integral m. The invariants (3.3.7) nay then be vlr.itten

d rÀl
rn(À) = .I. (nt) ii

1=I

in direct analogy with our 0(n) and U(n) exanple.

If Ã denotes the adjoint natrix of A then r¡re may also consider the

adjoint invariants

d (À)

I
i=1

(Ãt) ri .

It is clear that the adjoint invariant In(À) is the image of the invariant

Im(À) under the principal anti-autonorphisn of U (see [51], p.73).

We have already shown that acting on a finite dinensional irreducible

ïepïesentation V(y) of L with highest weight U € 
^* 

that the matrices A

and Ã satisfy the polynonial identities

[o 
- ZC^, ¡ + 2ô) *'¿(xi, 2(u + ô) . 

^r)J

rm(À) =

=Q
1

(3. 3. e)

fi lu - rr^, ¡ + 2ô) -'¿(xi, 2(u * ô) - ^r)] = o

i=l t

It has been further shown by Kostant40 that the operator ð(cr) satisfies

a monic polynomial identity of degree k over the centre Z. It follows

fron this that A also satisfies a monic polynomial identity n(A) = 0 of

degree k over Z. we call n(x) the rnininun polynornial of A;

k
II

i-

r
k

m(x) = I
r=1

z
k-rx, (3. 3. 10)

wherez eZandzr = l.
0

It is our aim now to deternine the polynonial n(x) explicitly.

lVe begin by introducing the following polynonial functions on H*

ar(u) ='¿(\, ¡ + 2ô) - '¿(xi, 2(P + ô) * Ài) (3. 3. 11)



3. 16

The translated Weyl group ñ acts on the polynonial functions a.

(i=1 ,k)accordingto

õar(u) = ai[o-t(u * ô) - ô)

='¿(\, À + 2ô) - k(o(Ài), 2(p + 6) * o(Ài)) CS.3.I2)

where we have used the fact that ( , ) is invariant under the Weyl group'

However one knows44 that o e W just perrnutes the distinct weights of V(À).

Thus there exists a perrnutation n of the numbers 1, ..., k such that

o(Ài) = Àn(i). Hence (3.3.L2) may be written õa. = "n(i) 
and it follows

that the translated Weyl grouP acts on the polynonial functions "i 
by

permuting them arnong thenselves. Thus any symmetric polynonial in the

^í 
(i = I , ..., k) determines a W-invariant polynonial function.

ltre note also that the polynonial functions a. are distinct. For

suppose ^í= ^j. we then have, by virtue of (3.5.11), for any u € H*

(r u) = ,4(l^, l, - lr, l2) (Ài - Àj, ô) .-^ +j i'

Since the R.H.S. is independent of ¡r we have (^j - Ài, u) = c for some

scalarc. Evaluatingatu= 0weobtain (^j - À', u) = 0forall ueH*'

Since the inner product on H* induced by the Killing form is non-

degenerate this forces Ài = Àj whence i = j.

From these remarks üJe may further assert that there exists a

doninant integral weight U € 
^* 

such that the ar(U) are all distinct'

Accordingly consider the polynonial function h = (a' - a-t)' Since
1<J

the a. are distinct h is non-zero. Furthermore, since polynonial
1

functions are continuous in the Zariski topology on H*, h cannot vanish

on a Za-riski-dense subset of FI*. However it was shown in Chapter 2 that

the set Ã of atl regular integral weights (i.e. integral weights

conjugate under ñ to . doninant integral weight) is Zariski dense in H* '

Hence there exists v e Ã such that h(v) + 0. However, by definition of ñ,
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v is conjugate under ñ to. unique doninant integral weight U € 
^+.

Using this together with the fact that ñ acts on the a. by pernuting

them among thenselves it is easily deduced that h(u) + 0 and our

assertion follows.

From (3.3.9) we know that on a finite dirnensional ir¡educible

Tepresentation of L with highest weight U € /\* that A satisfies the

polynonial identitY

k (r-"r(u)) =Q.
i=1

Expanding the L.H.S. into powers of A this identity nay be written

k
I

r=0
sr(u) Ak-r =Q (3. 3. I 3)

where S =landS (r > 1) is the polynonial function defined by
0 ï

S (- 1)
r a

1<i
tk

I
I I<i <...<i <k2T

a.,2a.tl

Now the S-- are symmetric in the a. fron which it follows, in view of our-T']-

previous remarks, that they are ñ-invariant polynonial functions' Hence,

from Harish-Chandrars theorem, there exists elements cr, ...' cn of the

centre Z which nay be identified with the s, under the Harish-chandra

hornomorphisn;

=$ (u) .r

Hence equation (3.3.13) may be written

A
k

1

k
I

T= " Ak-t=o

xu (c")

c
0

0
rk

,lo 
*u (")

and it follows that the identitY

0
r

is satisfied on any finite dinensional irreducible representation of L'
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For the monent let p(x) denote the polynonial over Z defined by

k
i

k
p(x) = J "-**-tr=0 r

Now let C denote the categorie of all finite dimensional irreducible

representations of L (C is closed under direct sums and tensor products).

l,l¡e have shown then that A satisfies the polynonial identity p(A) = 0 on

C. Suppose now that Z is a mininal extension field of Z over which the

polynonial p(x) splits into linear factors;

P(x) = x, c ez
T

b ez

r=0

k
=fI

i-= I

c
I

(A

k-r

b.) , 1

If we identify the coefficients c, of p(x) with the W-invariant polynom-

ial functions s, it follows that we nay identify the roots b- with the

polynonial functions 4.. However we have shown that the a. are distinct

over C (since there exists U € 
^+ 

such that the ar(U) are all non-equal)'

It follows imnediately, using standard algrments, that the polynonial

p(x) is the nininum polynomial of A over C.

0n the other hand let n(x) be the nininun polynonial of A (over Z)

defined by (3.3.10). Then, in particular, m(A) = 0 over c. since n(x)

and p(x) are both monic of degree k over Z we have, by the nininality of

p(x), n(x) = p(x) (over c). Equivalently the coefficients z, of n(x)

must satisfy

[= xu¡cr)) = Sr(u) forueÂ

Now let Ã be the set of all regular integral weights (see (2.2)) - Then

every v e Ã, by definition, is conjugate under W to a (unique) doninant

integral weight u € 
^+. 

Since z- and S- are ñ-invariant we haverT

tu (") +

xr(2") (= xu(zr) = Sr(u)) = Sr(v) for all v e /\.
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Since ñ is Zariski dense in H* h'e may deduce, by continuity, that

*

deternined by the ñ-invariant polynonial functions S" and n(x) nay be

written in its split form as

xu(zr) = Sr(u) for all u c H

Hence the coefficients z of the nininurn polynornial n(x) arer

k
m(x) = II

i=1
(x - ar)

where the a, are the polynornial firnctions over H* defined by (3.3.11).
1

In particular we see that the identities (3.3.9) are satisfied on any

representation of L which adnits an infinitesirnal character Xu, u e H*

Remarks

Suppose that RÀ is the subalgebra of the algebra of all polynonial

functions on H* generated by the polynomial functions 4.. We have shown

then that the polynonial n(x) over Z splits into linear factors ovet RÀ

so that RÀ nay be regarded as a splitting ring for n(x) over Z. The

subalgebra Z\ of Z generated by the coefficients of m(x) is isomorphic

(under the Harish-Chandra homomorphisn) to the subalgebr" ñÀ of

fi-invariant polynomial functions of RÀ. Thus RÀ ,nay be regarded as an

algebraic extension of z\.

We note further that the a. aTe linear and depend only on the

distinct weights À, of v(À) (see equation (5.1.11)) so that if the À. are

linearly independent over H* then the a. are algebraically independent

polynomial functions. In this case therefore RÀ h., rank k ( rank L (k

equals the nurnber of distinct weights of V(À)) and hence so does ZÀ'

In the case,where the distinct weights À. of V(À) span H* we see

that the ai generate the ful1 ring of polynomial firnctions over H* ' In
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this case therefore the coefficients z, of the polynonial m(x) geneTate

the centre Z of the enveloping algebra of L. (For a direct proof of

this result see Appendix C.) When L is sirnple it is known that the set

of distinct weights of V(À) necessarily span H* (in fact all W-orbits in

Â necessarily contain a basis for H*). Hence when L is sinple we see

that the coefficients zr of the polynonial n(x) always generate the

centre Z of the universal enveloping algebra (c.f. O(n) and U(n)).

We note also that the Cayley-Hanitton theorem applied to A, along

the lines suggested by 0tBrien, Cant and Carey39, will yield a polynonial

identity of degree din V(À), whereas rn(x) (the ninimun polynoniat of A)

has degree k (which equals the number of distinct weights in V(À)).

Hence it follows that, unlike the special case treated in [39], the

Cayley-Hamilton polynomial cannot equal the mininum polynonial m(x)

unless all nultiplicities are. unity.

The nicest case occuTs when À is minimal where hle say that À e Ä+

is ninimal if ¡r € Â+ and u ( À inplies u = )' (see 1441, p'72)' rn this

case all multiplicities are unity ancl the polynonial n(x) is

irreducible over Z (i.e. cannot be factored into a product of two

polynomials over Z of snaller degree). For general À n(x) is not

irreducible over Z and nay be factored into irreducible polynomials over

Z in I - I correspondence with all weights u € 
^* 

satisfying u < À.

3.4 Casinir Invariants for a Seni-SirnPle Lie Algebra

In the previous section it was shown that a set of invariants for a

general seni-sinple Lie algebra may be obtained by considering the

coefficients of the minimal polynonial n(x). However although we know

the inages of these invariants under the Harish-Chandra homonorphism we

do not have an explicit expression for then as elements of the universal



enveloping algebra. However an alternative set of invariants are the

fundanental invariants Ir(À) = t(ln) defined by equation (5.3.7). It

remains now to determine the eigenvalues of the fundanental invariants

In(À) on arbitrary representations which adnit an infinitesinal

character.

Eigenvalues of Lhe (À)

one nethod of obtaining the eigenvalues of the In(À) is to operate

the ínvariants In(À) on an arbitrary naxinal weight state. The eigen-

values of the lst and 2nd order invariants Ir(À) and Ir(À) have been

determined in [52] using this nethod but unfortunately the process

becomes complicated for higher values of n. An alternative approach is

to use the difference equation technique presented in our treatnent of

O(n) and U(n) (for details see Appendix B). There is however a more

systematic procedure for determining the eigenvalues of these invariants

which exploits the use of Weylrs dimension formula (see Edwards49 and

Okubo5O and compare with Louck and Biedenharnlg).

In our previous ¡rotation let V(À) denote a finite dirnensional

irreducible nodule over L with highest weight 
^ 

€ 
^+. 

Let Àr, Àt

be the distinct weights occurring in V(À) and suppose À. occurs with

nultiplicity n(i). It is convenient to consider the following poly-
*

nomial functions over H

f (u) II
qe0

(u + ô, a) ueH
*

k

+

fr(u)=f(u+Ài) 1 1

The translated Weyl group acts on f according to

5

õr(u) r(o-t (u * ô) ô) II
ae0

(u * o, o(o))
+

where we have used the fact that ( ) is invariant under the lVeyl group.
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One knows44, moreover, that o permutes the roots in Þ and if L(o) denotes

the nunber of factors in the reduced expression for o (L(o) is called the

length of o) then the m¡mber of positive roots sent to negative roots is

L(o). Ir fotlows then õf = sn(o)f, where sn(o) = 1-¡L(o) i, th" rigrt

of the Weyt group element o. lVe say that f is skew under ñ.

The translated Weyl group fr acts on the polynomial functions f'

according to õ fr(u) = sn(o)f[u * o(ri)). Recall however that o just

permutes the distinct weights À.; o(Àr) = Àn(i) where n is a pernutation

of the numbers l, ..., k. Thus õ 4, = sn(o) fn(i)' Accordingty it

follows that any sym¡netric conbination of the polynonial functions f'

will be skew under the translated IVeyI g1oup. 0f particular importance

to us are the PolYnonial functions

o=om

where a, is the polynomial function defined by (3.3.11). The polynonial
1

function g^ is skew undet ñ rt one may deduce fron the fact that

elements of IrJ not only pernute the )'. but W-conjugate weights also have

the same multiPlicitY.

Now 1et V(u), u e /\*, be a finite dinensional irreducible module

over L and let nu be the representation afforded by v(u). One may

to an algebra hononorPhisn

(ena v(l)) ø u + (rnd v(À)) e' (End v(u))

f.
I

k
I "(i) 'lI1=I

extend n
u

defined by

1T

u

T
Ior*"r*Ìor@nu(ur)

In particular if A is the natrix

u

where o, e End V(f) and u. e U.

defined by (3.3.3) then

iutn) = -rr(nx@ nr(cr) - n^(cr) úc' 1 - t t nr¡cr))'
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ñ. Cnl is clearly an operator on the product space V()') A V(u)' In the
u

following we shall identify A and ñutA).

In the notation of section (2.2) let v. be the unique dominant

integral weight which is w conjugate to y + Ài * 6 and let o. be the

associated weyl group element; o.(vr) = u + ).. + ô. we nay then write

the Clebsch-Gordan reduction of the product space V(À) @ V(u) fornally

as

k
V(À) e V(u) = n(i)v(v. - ô)o (3.4 . 1)

where

Now consider the naP

defined by

u

i=1

n(i) = sn(or)n(i) if ¡r + À' € 
^

otherwise.0

I o. a u. + I?11:11
t

t:EndV(I)@U+0
u

(t, or) (., ru ¡ur))

where o, € End V(À), u. € U and where t" 9i, tr[tu(ut)l denotes the trace

of the endomorphisns p. and n'(u.) respectively- On each of the spaces

v(v. - ô) occurring in (3.4.1) the operator A (identifying A with its

inage under ñu) takes the constant value (see section (2.6))

ar(u) = -l[xp+Ài(.1) - x^(cr) - xu(cl)] where we have used the fact that

V(v. - ô) adnits the infinitesimal character Xu*li' More generally the

operator Am takes the constant value ar(U)t on the space V(v' - ô) ' It

follows imnediatelY that

k

I 11
tu (An) = n(i) a.(u)m dim v(ui - o). (3.4.2)
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0n the other hand let t denote the linear maP
u

T : U+0

defined by

tu (u) = tr[tu (u) ] , u€U.

Also let

t:EndV(À)AU+U

denote the rnap defined by (3.3.4). Then tu is the conposite rnaP tu

Fron this we obtain

= xu[Ir(À)l din v(u) '

Comparing (3.4.2) and (3.4.5) one obtains

din V(ui - ô)

u

xuIrr(À)l = m(i) ar(u) dín (u)

(3.4.3)

(3.4.4)

u
TT

tu (An) = tu (t (nt)) = .u (rrtr)) = ., ('u trn(À) l)

i n(i) a.(u)m
1=I

Note that this expression is well defined since p e .À+ c Ã, so that

k
xulrn(À)ì = .1, n(i) tr(u)t

k
I

m

I1

Substituting lveylrs dinension fornula into this expression yields the

fornula

I]
(vil o)

xu Irr(À) J =
cre Õ

+(u+ ô, cl)

(u + ô, a) does not vanish for anY 0 € o

In terms of the polynonial function f the above fornula nay be

written in the form

f(v. - ô)

f(u )

Now v. - 6 is ñ-conjugate, via õr, to u + Ài' Hence one obtains' in
]-
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view of the fact that f is skew under W,

f(vi ô) = f[õit¡u * À1)) = õra(u + Àr) = sn(or)f(u * Ài).

0n the other hand the nultiplicities n(i) occurring in (3.4.4) are given

by n(i) = n(i)sn(or). tVe therefore obtain the expression

n(i) a, (u)n [_ *
cr,€ Q

(u * Ài + ô, c)
xu IIr(À) J =

k
I

i=1

+
, U€Âu+ ,0)

- (3.4.s)

Note that even when the nultiplicity rn(i) is zero (3.4.5) is still correct

since the necessary and sufficient condition for this to occur is that

(u * Ài + 6, o) = o for some cr € o+-

We wish nohr to extend (3.4.5), in a suitable nanner, to arbitrary

U e H*. In terms of the polynonial functiottt 8n and f we nay rewrite

(5.4.5) as

+
xulrn(À)J = cr(u) /f fu), u € ,À

Suppose now that U € ñ. Then according to lenna (2.2) U is l{-conjugate

to auniquedominant integral weight ve^+. I{riteu = ã(v1, õefr.

Since u and v are linked we may write

xu IIn(À) ] = Xu Irn(À) I = sr(v) /f (v)

But

sr(v) sr[;-l(u)) õ e*(u) cr(u)
Tiv)-= TIFr-(-uÐ=;-FG) = T(u)

where the last equality follows fron the fact that both g, and f are skew

under W.

, we'see-then that (3.4.5) holds for arbitrary u e i. Note that

(3.4.5) is well defined for ¡r e ñ since [ * (U + ô, q) cannot vanish
ce0

for such p.
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Now let f, denote the unique Ñ-invariant polynomial function deter-

rnined by the Casinir In(À) under the Harish-Chandra homonorphisn;

We have proved then that

To avoid singularities we express this by writing

f, f(u) - Sr(u) - 0 for all u € 
^'

Since Ã is Zariski dense in H* we see that the polynonial function

f f - s vanishes on a Zariski dense subset of H*. Since polynomial
m-m

functions are continuous in the Zariski topology (see 1441, p.133) this

polynomial function must vanish on all of H* and we may write frf = gr'

In particular the polynomial function f necessarily divides gr. It

therefore makes formal sense to write f, = gr/f and we obtain, frorn

this, the character formula

xu[In(À)] = f,n(u), tl e H*.

fr(u) = er(u) lffu) for u e Â'

k
I n (i) a. (u)m

!

l-=I

(u*Ài + ô ,0) *
xu Irr(À) I = II

ae0
u€H

+ c¿+ ,d)

- (3.4.6)

This formula is correct for all regular elements (see (2.2)) of H*'

However for weights u lying on a translated hyperplane care nust be

taken in order to avoid singularities. In such a case fornula (3.4'6)

nust first be expanded into a polynomial. one nay nake formula (3'4'6)

fully explicit using the Kostant rnultiplicity formula42.

In the notation of section (2.6) let Ã denote the adjoint rnatrix of

A and let 1 (À) denote the corresponding adjoint invariants obtained by
m- -

taking tTaces of powers of the natrix Ã. All of our previous analysis

nay also be carried out for the natrix Ã. In particular Ã satisfies a



3.27

as

minirnal polynomial identity which nay be written in its factorized form

where the a are the polynornial functions defined by
1

ãr(u) =r2(^, ¡ + 2ô) * L(ri, 2(u * ô) - 
^r)

(c.f. (2.6.19)). Proceeding as before one nay deternine the eigenvalues

of the invariants fr(f). However in this case it suffices to note that

there exists a unique ele¡nent t of W which sends Þ into -0 (see e.g. l44l

and [51]). If z e z one may deduce (by [51], p.zaQ for arbitrary

U € H*,

X (z)=x (z)
ut6 -t (u) *o

where Z is the inage, of z under the principal anti-autonorphisn of U

Hence

X(z)=f,
u -t(u-6)+ô

(z) .

Applying this to the case z = Ir(À) one may deduce, from (3.4.6)' the

fornula

X lr (r)l =
mr

aeQ

(u - Ài + ô, o)

General izations

I¡Je have worked, for sinplicity, with the universal Casinir element

c, of L. one nay equally well work with any (non-trivial) element of Z'

If u e z is any central element one may show, by the same techniques'

that the operator

ãt)(A
I

k
II

1

0

k
i

i=1u
n (i) ã, (u)

+ u + ô, a)m

A(u) = -%[a(u) - n^(u) a I - t @ u]
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satisfies a polynonial identity over the centre which may be written in

factotízed form as

(A-a
I

where the a. are the polynonial fi¡nctions over H* given by
1

ar(u) = - [xu*^r(,r) -x^(u) -x (u)]' ueH*' (3'4'7)

By taking traces of powers of the natrix A(u) we obtain a set of

invariants I*(À) = t[A(u)n]. The eigenvalues of these invariants are

given still by formula (3.4.6) except now the polynonial functions a'

are given by (3.4.7) instead of (3.3.11) '

3.s auadratic Invariants

Let L be a semi-simple Lie algebra with basis xr, . . ., xn (n = din L)

and let xt, . . ., xD be its dual basis with respect to the Killing forn of

L. In our prevíous notation let v(À) denote a finite dinensional

irreducible representation of L with highest weight À € ,À+ and let

trr, ..., ÀU be the distinct weights occurring in V(À)'

so far we have considered two second order invariants for the Lie

algebra L. They are the universal casimir elenent cL and the fundanental

invariant I2(À). It is natural then to ask whether there is a relation-

ship between the two. we start with the case where L is sirnple'

When L is a sinple Liê algebra it can be shown that the invariants

12(À), ..., Ik(À) (Ir(À) = 0 for a general semi-simple Lie algebra)

generate the centre of the universal enveloping algebra (although they

are not of course all algebraically independent). Also in this case the

Killing forn g on L defined bY

)=0
I

k

:I

gij = tr(Ad xi na xr)
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is the unique (up to scalar multiples) non-degenerate associative bi-

linear form on L. Since g is non-degenerate it possesses an inverse

and the dual base, {*i} ana {*i} are related by

xi

t

sij

] with

x

x

sij1

i gtJ x
J

Hence the universal Casinir elernent c, nay be written

r r ii *i *j.cr=/,x *r=8'*i*j=8ij
T

Now consider the following non-degenelate bi-linear fonn f^ on L

defined by

f^(x,r) = tr(n^¡x)n^(r)) x,Y € L.

Then f is necessarily a scalar nultiple of the Killing forn g;
À

fÀ=.g, aeF.

Suppose now that {Yr, ..., tr,} is the dual basis of ixr,

respect to the bilinear form f^;

f^(*i, tj) = ôij.

SincefÀ=tgwehave

a g(xi, tj) = 6ij

so that the basis {Yi} is related to the basis {*t} ot

x
n

1
Y

Now acting on V(À) the universal Casirnir element is given by

1
xI

a

n^(cr) = glJ n^(xr)n^(xr)
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Since c, takes the constant value X^(cr) = (À, I + 2ô) on V(À) we have

tr[n^(crJ = (À, À + 2ô) din V(À).

xl)

(3. s. 1)

0n the other hand

.rlnl¡cr)J = I .r(n^(xr)"^t*t))
1

=I
i

f^(x'

À 
(*i' Y

1

=adinL (3.s.2)

Hence, conparing equations (3.5.1) and (3.5.2), we see that the constant

a is given by

-d fI )
]-

a= (À, I + 2ô).

lVe now note that the second order ínvariant I2(À) is given by

I2(À) = I. .r(n^(*")'^(*t))*t *k
IrK

= I- f, (*r, *n)*t *k
r,k t\

rfk=a8"kx x

="tL'

Hence for a sinple Lie algebra the second order invariant I2(À) is a

scalar multiple of the universal Casinir elenent cr;

I2(À) = (À, r + 2ô) *# "r. (5.s.3)

For a general semi-sinple Lie algebra L however I2(À) is not a

scalar nultiple of c, and moreover the Im(À) do not in general generate
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the centre of the universal enveloping algebra. To this end suppose

L=L @L e e
I

2

+

+ +lala 8n tt

2
Lt (3.s.4)

(3. s. s)

is the deconposition of L into its simple tr4'o sided ideals. This

deconposition induces a deconposition of the C'S'A' H;

H = H, * FI, * H., where H, is a C.S.A. of L.. This in turn induces

a deconposition of the dual H*; H* = ti. nl @ "' * H;' Hence every

weight ). e H* nay be uniquely expressed in the forrn À = À, * À, * * Àt,

where À. e Hl. Suppose now that V(À) is a finite dinensional irreducible
1L

representation of L with highest weight À e 
^+. 

Then V(À) nay be written

as the direct Product

V(À) =V(Àr) "V(Àz) x x V(À )

where À = À,. * Ài and where V(Ài) is a finite dinensional+À +

t

L.
1

irreducible representation of L. with highest weight Ài. (Note that

some, not all, of the V(Ài) may be trivial one dinensional representa-

tions in which case the corresponding highest weights Ài are zero')

Conversely every direct product (non-trivial) of the forrn (5.5.5)

defines an irreducible representation of L. If x e L then, in view of

(5.5.4), x may be expressed

€
1

x*=*l**2 xt'

Hence n^(x) may be uniquely expressed as an element of End V(À) by

n^ (x) 'lT.

I
(*r) e 1 I ... ø I + I ø n^ (*z) ø 1 ø ... a I

2

(x )
À

where n^. is the representation of L, afforded by V(Ir)' It follorvs then
l-

that the deconpo5ition (3.5.4) induces the following deconposition of the

matrix A;
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A=A o1@...41+1EA @
2

aI+
t

+lal@...tAt

where A. is the natrix of the Lie algebra L. corresponding to the

representation v(Ài);

Ai = -%(atcr.) - nÀ.(.r.) o I - 1 s cL.) .

-111 I

Hence A2 may be written

n2 = I I s I B ... "41 o I (4. in the ithplace)
i

+2 1@... øA

+ 2[din v(À)]2 I

I
i>j

a... oA. @... ø 1.
J ].

din L
1

r2 (Ài) I2 (À )

Therefore the second order Casinir 12 (À) nay be written

I^ (À. )
r2(À) -= din v(À) ii aIifrr

where we have used the fact that the first order invariant vaníshes. In

terns of the universal Casirnirs cr. of the L. we therefore have, in view
l-

of equation (3. 5.3) ,

12(Ì) = din v(À) i
1

(Ài, ¡. + 2ô)

Hence, unlike the simple case, the second order invariant I2(À) is not a

scalar multiple of the universal Casimir elenent .L = .L 
r, 

* 
'"r 

+ " ' * 
"ta

in general.

Similarly for the third order invariant I3(À) we have

c
L

1

while the fourth order invariant nay be written

I.(À=)
r3(À) = din v(À) 

Ì ãñvq,

r4(À) = dinV(À) Ì#+
À À j1>J 1

V
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We see then that in general the Im(À) may be expressed simply in terms of

the fundamental invariants of its simple two sided ideals L" Now the

centre Z of the universal enveloping algebra of L may be written

z=zr@ Øzt

where Z. is the centre of the universal enveloping algebra of L" It
I 

-v¡¡L^v v! Y"----r---o

follows, since the fundarnental invariants Ir(Àr) of L. generate the

centre 2., that the firndamental invariants for each of the Lie algebras

L. togetheï generate the centre Z. Note however that the invariants

In(À) of L do not generate the centre in general'

Finally we conclude by obtaining an alternative useful fornula for

the second order invariant 12(À) for a general seni-sinple Lie algebra L'

Following the notation of (2.6) let us choose a weight basis for V(À)

chosen so that the ith basis' vectol has weight I. (possibly with

nultiplicities) and let us write the natrix A of L in the form

[= i

zz*

L
i (n^ [*o) *o["^ ttrl)hr) + n^ [xo)x0 )

i

n¿Ì

cr>01

where {hr, Z = rank L, is a basis for H and xo, cl € 0, is a

non-zero element of the root space Lo and where ht, *o are dual to h.

and xo respectively with respect to the Killing forrn on L.

Let us introduce a diagonal natrix K whose diagonal entries are

given by the diagonal entries of A;

L:-i.e. * = - 
,1, 

(n^ttr')hr)

K1 =ô
J

1
AJ

)

L
I

r=1
(ht)ô1

J
À h

J J r

More generally the rnatrix Kn has entries given by

(K*) tj = 6
1

AtJ

Jrm
it

On a weight vector of weight p the eigenvalue of txm)l is given bY
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(-1)t(À., u)m and the trace.(rm) of fl is given by

. (lë) = (-l)t n(j) (À ,U) (3. s .6)
J

where we have sunmed over the distinct weights I. in V(À) (occurring with

nultiplicity n(i)).

In order to evaluate the eigenvalues of I2(À) it suffices to eval-

uate Ir(À) acting on a maxinal weight state vo of weight p. lve then

have

= .¡ (A2) v

= . (AK)v (3. s. 7)
0

where we have used xovo = 0 for o') 0' we nay sinplify the second term

on the right of (3.5.7) by replacing r[A "f(*o))xd 
with the conmutator

[r(n ',,^(*o)) , x0] = r([A,x.,] n^(xo))

which, in view of the coffnutation relations (3.3.6), nay be written

. [[nr (*o) , R] 
"^ 

(xo)) .

Further, using the cyclic rule for traces, we have

k

I
m

J I

I2 (À) vo
0

Vxo- 
"io 

.(A 'r¡xo))

I (5.s.8)
À 

(t6)) 'Al n^ (xo) )r [[n^ (*o) ,

=ra t
o>0

=2t An(

a>0

where

t
ô̂

[x, xo].
CT

Also, noting that K and n^(t.) have only diagonal entries, we have

t(AK) = r(K2) and t(A "^(tô)) = .(r n^(to)) . we therefore finally

obtain

12(À)vo = r(K2)v0 - 2 t(r "¡.(to))vo.



3. 35

However the diagonal entries of n^(tO) are given by

]- 1
ô À (t ) =ô (À , ô) .

ð
n^ (to) 

] JJ j J

Hence we obtain, in view of (3.5.6), the final formula

xu Ir2 (À) ] =

k
I

i=1
n(i) (À. , u) (Àt, ¡¡ + 2ô) . (3. s. e)

Exanples

(i) suppose L is a sinple Lie algebra. Then applying formula

(3.5.9) to ll = ô yields, in view of (3.5.3)

n(i) (À., ô)2 = a(ô, ô)

where

a=(tr,f+2ô) din V(À)
dim L

Using (u, u) = (u - ô, p + ô) + (ô, 6) we obtain (by application of

(5.s.9)tou-ô)

k
I

i=1

k
i

i=1

*
n(i) (À. , v)2 = a(u, u) for all u c H

Fron this result we obtain, keeping in nind the fact 2(p, v) = (u + v,

U + v) - (U, U) - (v, v), the general result

n(i)(Àr, p)(Àr, v) = a(u, v) for all P,v € H*

Recall that the distinct weights in V(À) consist of all U € 
^+ 

such

that p < À together with their l\r-conjugates. Now 1et Sym(À), À e Â*,

denote the set of all W-conjugates of tr. In view of our previous

rernarks it nay be shown (e.g. by induction starting with À € 
^+ 

ninimal)

that

k
I

i=1

I Cr, v)(v, u') = c(u, r')
veSym (À)

(3.s.11)
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for sone constant c where U, U' are arbitrary elements of H Applying

(3.5.11) to the case whete U € A and pr is a fundanental doninant weight

the constant c can be shown to be equal to

c = (À, À)

where lSy*(f) | is the order of Syn(À). Since every element of Â is

W-conjugate to a doninant integral weight À we see that formula (3'5'11)

extends to arbitrarY À € /\.

(ii) By choosing îïÀ to be the fundamental contragredient vector

representation of one of the classical groups one sees that fornula

(3.4.6) reproduces Greenrs trace fornulae exactly.

(iii) Let L be any semi-sinple Lie algebra of rank z. Let v(À) be

the adjoint representation of L. In this case the weights occurring in

V(À) are the roots of L which all occu¡ with unit muttiplicity together

with the zero weight which occurs with multiplicity z (= din H). From

the Cayley-Hanilton Theoren we know that the natrix A satisfies a

polynonial identity of degree (dim L) over the centre Z. However this

is not the nininum polynornial of A since the zero weight occurs with

rnultiplicity L. Accordingly the minimun polynonial has degree

(din L) - (rank L) + 1.

If A satisfies any other polynomial identity g(A) = 0 then 8(x) is

divisible by the nininum polynomial of A. (In particular A cannot

satisfy a polynonial identity of degree less than (din L) - (rank L) + 1')

The invariants obtained by taking traces of powers of A in this case are

direct generalizations of the well known Racah invariants.

consider for exanple u(3) which is a reductive Lie algebra of

dimension 9 and rank 3. From our previous remarks the natrix
J.

{= I .a[.])al satisfiesapolynornial identityofdegrêê7 = (9 - 3+ 1)

i'i=I r
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over the centre and cannot satisfy a polynonial identity of lower degree.

(iv) Let A be the u(2) natrix defined by equation (2.6.27) and let

I, = tr(Aln). On an irreducible representation of U(2) with highest

weight ¡r = (ur, ur) the invariants I, take the constant values

xu[rn] =
I !z * Àt

ut 2

)', -Àr+l

I
u 2r+3

2

u +1
ì

mcr
r=1

where the cr- are given by equation (2.6.28).
,r

(v) So far we have only applied our techniques to the classical Lie

groups. Hence we conlcude this section by considering the exceptional

Lie algeb'ra G, which may be identified with a subalgebra of GL(7). We

consider first the Lie algebra õ, which is a 15 dimensional Lie algebra

These

generators may be expressed in terrns of the GL(7) generators a

(i, j = I, ... ' 7) as follows'

1 irj = 1, 2, 3

with generators bi (i,i = 1, 2,31, bi, b. (i = l, 2,3)

br=ñ(aå-"ï) -G1 -.ä) =¡-5r1t

br= /1(aå - "î) * (^? - "T) = ¡-uzlt

br= ã(al - "í) . ("? -'3) = (-us)t.

i
j

b
i+4

^i*,
i+lti* 

rJ

- (3.s.12)

Fron the GL(7) connutation relations one rnay deduce the G, conmutation

relations

lb
l-

) {t=g
k -i
joL

k
t b6i

)

lbi, b I = tzbkj

lb t

[o' oj] = 3b1

bjl = t2bu

I i, j, k distinct
1

i+j
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lbi, bil = tol = tr(b) - (3.s.13)

tbi, bkl = - ol o¡

toi, okt = oT ot

Note that ttt" UJ (i,j = t, 2,3) form the generators of GL(3) while the

Ui (resp. bi) transform as vectors (resp. contragredient vectors) of

GL(3). Hence there is a close analogy between the subgroup enbeddings

U(5) c U(4) and u¡s1 c õ, (or more precisely U(3) c U(3'1) and

U¡S¡ a õr) although the corunutation relations between the b, and bj are

different. This indicates that our approach to the orthogonal and

unitary groups will extend, with little modification, to õr.

The derived subalgebra of õ, it the semi-sirnple 14 dinensional Lie

algebra Gr. This Lie algèbra is of inportance in physics because it is

the Lie algebra of derivations for the octonion-Cayley algebra' We nay

take as a set of generators for G, the bi, bi (í = L, 2,3), bl (i + j)

together with the Cartan generators h, = 3b] - tr(b) , h2 = sbli - tr(b) '

The bi G + j) together with the generators h, and h, form the generators
)_

of sz(3). we see then t]nat G2 is embedded in G, ít nuch the same way as

S¿(3) is embedded in GL(3).

Fron the corunutation relations (5.5.13) it lnay be shown that the G,

generators are in their Cartan forns. In this case the set of weights

nay be identified with all s-tuples (Àr, \2, Àr) which are orthogonal to

the weight At * Az * Àg = (1, L,1); i'e' the conponents of À must

satisfyÀt*Àz*À3=l{emaychooseasarootsystemthesetof

{^, az'
3

A
2 2I3

À

^
2LAAA

3I

^
Â,

I 3

Toots

0=t

2L,
^^,5

2L

t

or]'

t
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As a base we take the roots c =[ -^ and ct -2L +
2 2

positive roots nay therefore be taken to be

02, 0I * o2 À, - Àr, 2ol * o2 = Â3 2'

L, 0ur+

^^.5I I I

^
o t

3o, * 2or= 2^3 - AI - Ã2, 5o, * ar= -2L, * A,

Thus 6, the half sum of the positive roots, raY be written

ô = 5c, * 3o,= - ÀI - 20,+ 3aa.

The finite dinensional irreducible representations of G, have high-

),

^r)
which, by definition, satisfy the condition

A
2

estweightsÀ=(f

that
I 2

( À, (I )=2
(1, or)(À,ar)=2C;"(À,

or' o r)

)CT I
,

are non-negative integers. Hence in order for ì to be dominant integral

the components À, of À nust satisfY

(Àr - 
^r) 

is a non-negative integer

å(^,*À3-2ÀI)isanon-negativeinteger.

From the constraina À,. * À, * À3 = 0 we see that À is doninant integral

if and only if -À, and (À, - 
^r) 

are non-negative integers' The

fundanental doninant weights are defined by the conditions

=$ irj a
,L(^ cr.)

J

2a

3a

Ii' ij

Thus the fundanental doninant weights are

II^

^=2

+ct
^ 2

5^ -A -A

-^
2 3

+ 2s.
3Ì 2 2

Hence every weight nay be written as a linear combination of Ât and Âr'

This allows us to identify our weights with the two tuples U = (Ur, lr)



which represents thd weight ur Âr * rz Ãz = -!2 Ar - (u t * lz)Lz *

(2vz + u1)Ar. In this notation our doninant integral weights are the

set of all weights (ur, ur) where u, and u2 are non-negative integers.

Now let A be the G, natrix

A = -r¿¡a¡cr) - n^(cr) o 1 - t e crJ

where

.rrzt\

(2hr - hr)

bå

bi
5

0

b3

,tr2a2

b?

(2h2 - h)

b3

-b3

0

b1

5.40

2

-53 62

0 _¡t

61

-b I -b I
2 3

3

(hr+h

h7f t1¡l+h?+.L'. I I r
:-tJ

tL= + uk * bk un)
3

I
k=1

(br

is the universal Casinir elenent. Let us choose as our reference

representationthecasewheren}'=nisthefundamentalvectorrepresen-

tation which has highest weight'-À = ÂI. This representation is seven

dinensional and on the representation space V of n the matrices of the

generarors are given by (3.S.fZ) with the GL(7) generatorr.j U"ing
J

replaced by the elementary matricet El. Hence the natrix A of G- is---- -j - 2

given by

0

-/-zt,

-fza 2

-{=zu."

-l-zar

-/1az

-fzts

fzas

b

- (h,. *

-b

/-za,

0

53

_62

3
I
3
2

b

t)b,

/-zañr

0hr)

-bt

[=
(hz 2h

I
_62

I

-bi

(hr 2h) -b?

-b2 0

The distinct weights occurring in V are

rt3 = t(1, 0) = +(201 * oz)

,=' = 1(-1, 1) - 1(sr * oz)

r¡tl = t(2, -1) = ior

oro=0



Hence, according to section (2.6), the rnatrix A satisfies a poly-

nonial identity of degree 7 on irreducible Tepresentations of Gr. On an

arbitrary representation adnitting the infinitesinal character XU this

polynonial identity may be written, in view of (2.6.19),

(A-cr ) =oI

where the roots o are given by
1

0 - -2y 3u or= 2 - 3v2 c[ =3-U 6,

3

5
T

1

3.4I

1

r+ u2

u oo
I I,3 I 2 I

o_l = 7 * uI, o_2= " * 3u2 * þI, o_3 = 10 + Zut * 5!z

The firndanental invariant, I, = tr(Aln), fl = 0, ... ' 7, generate the

centre of the enveloping algebra. Since G, has rank 2 only two of these

are algebraically independent. One nay show, with some effort, that

they are I, and IU. Their eigenvalues are, according to (3.4.6)' given

by

I Ur+l+¡¡ 2 u r * Suz + 4 + rl * S,t-

m
d.

-15

3

IlnIt
u

u

5+2y

+1+ü) 2t

1
ut * 1 lz*r l, I * 3u2 * 4

zvr 3r, 5+2u t
+

2 u t*2vz+3+u!*zul Þt*U2+2+u1
3o

x
+ 3uI 2

vr+2:ur+3 ut*lr2*

- i i !-r-.. L .1 1'
where t¡l and r¡i are the conponents of the weight ur'= (urf, rrri), í = -3,

L2

3t
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APPENDIX A

Our ain here is to determine the eigenvalues pt,r(k) of the opera-

tors Pr,"(k) as defined by (3.1.6), using the difference equations

(3.1.7)-(3.1.9). We proceed stepwise.

(i) First of all we determine the or*, (r). hhen r = n - 1 we have,

fron the difference equation (5.1.7), using the boundary conditions

(5.1.11) ,

p (n-1)=(o cr - 11.n
(Ar)

(Az

n

For r = n - 2, we have, from the difference equation (3-L-7)

(n-2)-p (n-1)
n

n-I

Pr,_r(t - 2) =. (or,-, - or,-r)9r,

which using (Ar) and the result pnft) = (ok - or, * k - n) (which follows

fron the boundary conditions (3.1.11)) may in turn be written

pr,_r(t - 2) = (or,-, - on-r)(or,-z - on - 2) - (on-r - on - 1)

(orr_, - crn_t - 1) (on_, - on - 1).

Proceeding recursively we obtain

0
L>r r

(ii) Our nexr- step is to show that

p¿,r(k)=(or-oL)p¿*r,r(k) 1<¿(k(r (Ag

We againproceedrecursively. StartingwithZ= r - 1, k= rwe have,

fron the difference equation (3.1.9),

or*, (r) = II ( oI- - r)' )

)

p r-I rr
(r) = (aï CT1-I )pr+l (r)
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so the result holds for k = r and .L = t - I. Now, proceeding recursive-

ly for fixed r, suppose the result holds for alL L and k when k Þ p + 1,

and when k = P assume the resultholds for L in arange p> LÞm' We

now proceed to prove that

o¿,r(p) = (dr -o1)o¿*r,.(p)

assuming the result holds for { + 1. Now, fron the difference equation

(3.1.8), we have

o¿,r(p) - (op - a2)01*r,"(p) - 
uln 

sl*L,r(k).

By hypothesis we have

o¿*1,r(k) = (ar - ol*t)py*z,rß) for k ) p' Hence

o¿,r(p) = (op - o')o¿*r,r(p) - (ar - or*r) 
tln oz*r,r(k) (A+)

But, fron the difference equation (3.1.8), we have

o¿*r,r(p) - (op - oL*r)o¿*z,r(P) - 
uin 

,L*r,r(k)

oï

I
ktp

o2*2,r(k) - (op - oL*r)rL*",r(P) - aL*i,1(P)

Substituting this expression into (Au) then gives

o 1,t(P
(on ar)01*r,r(p) * (or - oL*.,) [o¿*r,r(n) - (op - oL*)02+z,r(n)l'

Again by our recursion hypothesis we have

(ar o¿*r)02*r,r(P) = QL*r,r(P)'

Hence we obtain

)

or,r(p) - (dp - oL)o¿*r,r(p) * (dr - oL*r)o¿*r,r(P) - (op - ol*r)0}*r,1(P)
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= (or - o1)p L*r,1(P) ,

and (4,) follows by recursion.

(iii) Fron (Ar) we deduce the result

o¿,"(k) = [I
z<q'k

In particular we obtain

forL(k(r. (As)

(o,. ot-r)Pk,r(k)

This equation is clearlY a

(a

(p)=- I
r2k>p

T
co) on,,. (k)

pr,r(k) = 
oTu 

(o, ao)ou,r(k).

Hence it just remains to detennine the pk,r(k).

Now, fron the difference equation (3.1.8), we have

(A )6

p op*r,t(k)
PrI

where we have used p (k)-= 0 for k ) r. Using (Au) we nay then write
P+lrr

p (p)=- I c

r2k>p
ct op*, )

P,T T

where or,r(r) is interpreted .t Pr*, (r).

recursion relation fron which the on,r(P) nay be determined'

We have, in Particular,

gr_r,r(r-1)=-Pr*r(r)

pr_2,r@ - 2) - -(0r - ctr-i - 1)or*r(r)

pr-3,r(r - 3) - -(or - dr-2 - t) (or - .,r-i - l)ot*r(r)'

More generally we obtain, by recursion,

pk,r(k) = - II
r>L>k

(qr - oI- - I)pr*1(r) for r ) k,

with

pr_I,r(r - 1) = -Pr*, (r) .
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We write this in the form

pk,r(k) = 

"Jrn 
(o" oL - r)0"*r(r)

where the ninus sign is incorporated into the tern 'L = r. Substituting

this fornula into (Ao) gives, in view of (Ar), the final result

pr,r(k) = 
oTu 

(o, "o) alu 
(ür 0¿ - 1).

This method also extends to the orthogonal group with litt1e nodifi-

cation.
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APPENDIX B

Our ai¡n here is to plesent a generalization of our difference

equation technique to arbitrary semi-sinple Lie groups. Although this

technique is not needed to determine the character fornula it is useful,

as we shall see, for the determination of certain fundanental Wigner

coefficients of the group.

Following our previous notation let A denote the natrix considered

in (2.6). Let us choose a basis of L to le {tr,, ..., hLi Xo, xo; o € o*i

where x is a non-zero element of the root space L^. and *o i, the unique''----- -0, ' cl

element of the root spac" L_o which, is dual to xo under the Killing form

of L. Then the dual basis is {trl, ..., h¿; *o, xd, o. o*}. with this

choice of basis for L the maÈ'i'ix A nay be written:

[= ,4
L

I
(n^ ftr)hi +T

^ 

tttt)hr)

('^ Ct rl J

I* o)[n^ (xo) ** * ,,^ (x0) x
1I cre0

Suppose nou¡ we choose a basis of V(À) consisting of weight space

elements. Since the elenents xo, Xß shift the weights occurring i.n V(À)

a
the rnatrices n^ (xo) and n^ (xe) contain no diagonal entries. In fact

these matrices are nilpotent endonorphisns of V(À) and a basis for V(À)

may be chosen so that the natrices r^ (xo) are strictly upper triangular
o, are strictlv 1, (for a,ß e o*). On thewhile the n^(x') are strictly lower triangular

other hand, the matrices n^(h1) and r,^(hi) are diagonal.

In the basis considered above we see that the diagonal entries of

the natrix A nust consist of elenents of the Cartan subalgebra H and we

nay write

nr)')
t-tr+h1

j
A

L

i
J4 (h

J J
l_ 1

Assume now that the weights in V(À) are arranged in descending order and
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suppose the ith basis vector has; weight À. (assuning only unit rnultipli-

cities). with this choice of basis for v(À) the diagonal entries of the

natrix A are given by (see [52] for details)

J 1
À

L
I

i=1
(Br )A (hi)h

(A-cr j

I.
l_

+ À + 2(p * ô)).
J

j J

Hence if vO is a naxinal weight state of weight U e H*, we have, using

the fact that positive roots aTe represented by uppeT triangular matrices

on V(À),

A]
J

A v - 0 for i ) j.
(Bz)

V0 = - (tr., u)vo

1
j 0

Now let P (k), P (k) denote the oPerators
1 irj

n, (k) =

1
II k

k)
J I

P- *(k) = "i (A - " )llrJ L=L
rj

and let pi(k), pi,j(k) denote the respective ei,genvalues of these opera-

tors on the maxinal weight vector vO. Using (Br) and (Br) toeether with

the comnutation relations (3.3.8), one obtains the recursion formulae

on(r) = (or - ot)on-r(r) - 
.,lr. 

n^{*")l n^(xo)f on-r(i) (Bs)

on,r(r) = (or - ot)pk-r,j(r) - 
"å. 

n^[xo)T "^(*o)l pk-r,j(i) (Bu)

where oj-r,j(t) is interpreted as pj-t(t) and po(r) as 1' These recur-

sion relations are non-trivial and nay be deduced by noting the fact

(x. - 0,1J = L(r
)

Ài'

The recursion reiations (B¡) and (B,*) nay be solved in principal with the

aid of the reLation
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o¿,r(k) = (ar - oL)p¿-r,r(k) for L) k ) r (Bs)

which nay be deduced using the same techniques as those enployed in our

U(n) exanple. The eigenvalues of the diagonal entries of the projectors

P[i] are given uy ntill to = 
¡Ti 

(di oj)-t ou,r(k)vo where

d = din V(À) .

Consider for exanple the case where A is the U(2) matrix defined by

(2.6.27). Let

t-Àz*l
II

'L=L*i

À A-cl

oi-oL

be the corresponding projection operators. Then fron the difference

equations (Bã) and (Bu) one obtains the relations

ei(k) = (k - i)(lrr - Àz * ur - 12 - i - k * S)pi-r(k)

- (k - 1) (Àr'- \2 - k +'2)or-r(k - 1)

where

(k - i)(Ài - À, * U, - 12 - i - k-+ 3) = ok - oi,

and

or,r(k) = (k'- i)(rr - Àz * ilr - v2 - 'i - k + s)pi-r,j(k)

- (k - 1)(Àr - x2 - k + 2)ei_r,j(k - 1). (Bz)

Fron these recursion relations one may evaluate the eigenvalues of the

diagonal entries of the projector P[i] on a naxinal weight state of

weighty=(ur,ur).

We obtain innediately, by recursion and (Bs), the result

r
II

Plil =

p

(B- )
b

r (k) =
L 1

(k - ¿)(u, - v, - L + 1). (Be)
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Putd=À Àz * I = din V(r). Then fron (Br) we have
I

pd,r(k) = 
nïn 

,",

Hence it renains to determine th" Okr,

(Br) one obtains innediately

crn) ou,,. (k) (Bg)

(k). Fron the recursion relation

on,r(k) = - (k - 1)(Àt - 
^2 

- k + 2)pk-r,r(k - 1)

which is a particutarly sinple recursion relation, and has the solution

k-r II
r<Zck

ou ,(k) = (-1) Z(Àr - 
^z 

- L + I)0"_,(r).

Substituting for or_, (r) using (8.) we then obtain

v_pk,r(k) = (-1)*-tr=T.uZ(Àr - \r- L * t, 
nT, 

( -n)(u, -vz- p + 1)'

Hence from (Br) one obtains

k I
ou,,. (k) = (o, ar) (-1)

ü

r .L(x IL=t
-I-+1)z

-L+I) II
t-<r

r-kT
i>k

I

rI (r - p)(ur - rz - P + 1).
p<r

However, by definition, the eigenvalue of the (k, k) entry of the

projector P[r] on a maxinal weight state vO of weight p is given by

.T (0r oi)-t pd,r(k).
T*T

One thereby obtains the final result

(Bt 
o)

À(Àr
2

(ur -v2-L+I)pt'llvo=ffi r<.L <k vr(À Àr*rtI
+3)

L<k
IT

v2 r L

(Br r)
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APPENDIX C

It is our aim here to show that if the distinct weights À. of v(À)

span H* then the.coefficients z, of the ¡nininum polynomiat m(x) of A

generate the centre z of the universal enveloping algebra.

Suppose on the contrary they do not generate Z. We obtain a contra-

diction. Choose anong the coefficients z, n (where m is a positive

integer less than Z = rank L) which, are algebraically independent. Let

us denote them by yr, ..., Ym. In view of the corollary to Theoren (2'1'1)

there exists a further (Z - n) independent invariants Yr*t, "', y!-'

TIre centre Z may then be written Z = 0[yr, yt]. Fron (2'1'2) the

characters acting on Z may be put in I - I correspondence with elements

0

of 0¿. In particular there èxist characters X such that X(yt) = 0,

i = 1, ..., m. The set of all such characters rnay be put in I - I

coïTespondence with the elernents c of AL of the forn c = (0, 0,

cI, .¿_*) (zeros up to position n) and are clearly uncountably

'infinite,in-number. ,,'415o' from'section Q.Ð every character X is of the

formX = X for someu€H. Hencethere exists anuncountablyinfinite
u

number of weights u € H* such that xu(lr) = 0 for i = 1, "'' m' Now the

coefficients z- of the ninimun polynornial n(x) are polynonials in the
r

I where c is a constant term andrr
without constant term. The

n(x)
k-rx,

Yt, ..., Ym' Let us write zT = ct + z

z| is a polynomial in the Yr, . . . , Y,

polynornial n(x) nay then be written

I

kknK-Iç= L c_x + L z
r=0 ' r=1 "o=1

Suppose now that u is a weight satisfying Xu(yi) = Q' i = 1, " ', m'

By definition it.is clear that Xu(zf) = 0, r = 1, ..., k. 0n a represen-

tation adnitting Xu as an infinitesinal character the minimum polynornial



c.2

identity satisfied by A rnay be written

k
Ic

Ì=0 ¡ Ak-t = Q.

The generaLized eigenvalues ai(u) of A (as defined by equation (3.3.11))

nust obey this sane equation; i.e.

k
i^ ""þcr, À + 2ô) - t(ri, 2(u + ô) * Ài)]k-t = 0'

r=0

If the À. span H* then ¡r is uniquely deternined by the numbers (lt, U)'

Clearly only a finite number of weights U can ¡neet these requirenents

(there are only a finite nt¡¡nber of solutions to a polynonial equation)

which contradicts our previous re¡narks.

Q.E.D.
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CHAPTER 4

Wigner Coeffic ients and Reduced Matrix Elements

4,I Clebsch-Gordan (or ttrigner) coefficients are instrumental in deter-

mining the matrix elements of a tensor operator which, according to the

Wigner-Eckart Theorem, ¡nay be factorized into a reduced natrix element

and a Clebsch-Gordan coefficient. This includes the important case of

deternining the matrix elements of the gloup generators thenselves.

Suppose V(À) is a finite dirnensional (unitary) irreducible represen-

tation of a seni-sirnple (conpact) Lie group G(L) with Lie algebra L. Let

A be the matrix introduced in section (2.6). If V(u) is a finite

dinensional irreducible (unitary) representation of G then we know that A

satisfies a polynomial identity

k
T lA - a.) = 0

1l-

on v(p) where the roots o. of this identity are given by (2.6.L9). Let

us now write the Clebsch-Gordan deconposition of V(À) ø V(U) in the form

V(À)eV(u)=e¡n(v)V(v) (4.1.1)
v

where V(v) is a finite dinensional irreducible representation occurring

in the deconposition with (non-zero) nultiplicity n(v). Then on each

space V(v) the matrix A takes the constant value (c.f. section (2.6))

f-l
ou = -4lxu (cr) - x^ (cr) - xu (cr)-l

Hence on the space V(p) the natrix A satisfies the ninimum polynomial

identity (see (2.7))

T(A
v

-ct v) = o.
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Note that each root ov occurring in this identity rnust equal one of the

c. since, by virtue of (2.2), V(v) admits an infinitesimal character of

the form Xu = Xu*À, tot sone i.

By virtue of the nininum polynornial identity one may construct a

set of projection operators

lR - ' I
p[v] = r l"-+lpÉv Iv pl

since the natrix A takes the constant value ov on the space V(v) it

follows that if p(x) is any polynonial then the matrix p(A) takes the

constant value p(ov) on the space V(v). In particular the projector

P[v] takes the constant value 1 on the space v(v) and zero on the renain-

ing v(p), p + v. P[v] rherefore projects the product space v(À) o v(u)

onto the subspace

n(v) v(v) = V(v) e v(v) @ ... e v(v) (n(v) tines) '

It follows that the natrix e1e¡nents of the projector P[v] between basis

states in the space V(p) are bilinear combinations of Clebsch-Gordan

coefficients.

To be nore explicit tet e|, ... ' "À 
tnd el, "H, 

t = dirn V(À) '

n = dim V(u), be orthonornal bases in the spaces V(À) and V(u) respectiv-

ely. In order to distinguish between the equivalent representations v(v)

occurring in the deconposition (4.1.1) we provide them with an additional

index r; v(v,r), r = I, ..., n(v). with this convention the clebsch-

Gordan deconposition (4.1.1) nay,be written : ri;J

V(À) aV(u) = @^l'u(v'r)'
v r=1

"áì;ir, d(v) = dim v(v), be the orthonormal basis

The basis vectors "u't fott a basis for the

Let e
(v, r)
I

of the space V(v,r).

product space V().) o V(u) which is related to the product basis "Ì 
* "l



by the change of basis transforrnation

u(v,r) = I À
p i,i i'(

)( "J''"', I

( "i' "1 I n'"'

4.3

(4.1.3)

e "ïJ
uE e'.
J

.u't \ "lp / 1

The erene"., ( "ì, "ï I ";'t ) o, .nt, ('nitary) basis transforrnation are

Clebsch-Gordan coefficients.

since the projection operator P[v] projects onto the subspaces

V(v) one has

p'vl 
"(o,r) - ô "(o,r) 

(4.r.2)_r,J p pv p

Hence the natrix elernents of entries of the ¡natrix P[v] between basis

states in the space V(v) are given by

/
( "i I ',"'; I 'i)=("i, "ì I n,"' | "ì' "ä )

Introducing a cornplete set òf states for the space v(I) s V(p) we have

n(p) d(p)

'-1, nl,
("i1"",i l"ä)=l

x
"(o,r)p "ä)e

À

J

In view of (4.I.2) this may be written

m(v) d(v)
iIr=1 p=l

("i,"1 
I ) ( "J"'" I

(v, r)
p

e
),

"j'

In particular when i = j, k = L, fornula (4'1'3) yields,

¡n(v) d(v)
iIr=1 p=I

("1 lo'"'l l"i)= l("i'"1 l"
(v rr)
p

If, moreover, the representation v(v) occurs with nultiplicity I

then the above formula may be written (dropping the nultiplicity label)

( "i | ,r"ri | "i )= :i] l( "ï' "ì I ";)l' (4 r 4)

In nany cases the right hand side reduces to a single term
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l( "i, "ì I ";)12 enaurins an evatúation of the wigner coefficient

( "1, "1 | "; ) (up to a phase) by an independent evaluation of the left

hand side. (Such a situation always occurs when the basis states are

eigenstates of the Cartan generators and the weights occur in V(v) with

multiplicity one.)

An important application of fornula (4.f.4) is the matrix elenent of

pt"]ii between the naximal state "u 
i¡ v(u). Suppose we choose an

orthonorrnal basis for the (reference) representation V()') to be a weight

basis. Recal1, from section (2.7), that the highest weight v of V(v) is

given by v = U * Ài for some weight À. in V(À). Hence there exists a

basis vector "1 
in v(r) of weight À, so that the vectot .1 t 

"u 
h.,"i -- 1

weight v. Then, according to (4.1.4), we have

(
1

1"u
P [v] l.*) = iil l("', "l I ";)l' (4. 1. s)

Now ef o 
"Y 

htr, weight. v which is the highest weight occurring in V(v) '
1

rr^-^^ / ^, ^)' I 
"u 

\ vanishes unless ev coincides with the unique high-Hence \e', "i I pl p

est weight vector ev of V(v). We therefore obtain the result

(+ I'r'ri l"u) = l(*,"ì l")l'
This Clebsch-Gordan coefficient is inportant for the normalization of

generalized raising and lowering opelators for the group. Í,re shall

discuss this application in more detail in Chapter 5. (Note that we do

not require a weight basis for the spaces V(u) or v(v) but only for the

,' rêferenee¡,Tepresentati-on V('À).' We' also do not requíre that the weights

in V(À) occur with nultiplicity one.)

As an exanple consider the case U(2) where A is the rnatrix defined

,by (2.6.27). Let V(u) be a fini.tè dilnensional irreducible representa-tion'

of u(2) with highest weight u = (ur ur). Then the natrix elernents of

the entries of the U(2) projector P[rn] (m = l, 2, " '| ' Àr - Àz * 1) are
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rÀz
-L+L

(4. r.6)

( P [n]
v2 2

kr À -Lt+l

uI lz

)k

denotes the product state

I À

IÀ

Àur v2 I
t P [n]L'Lkr

u

I

where
,À,
-L+7

uI v2

k

À

)

\,tr,

)
a

À,Àt L+I

)k

ut
2 However the Clebsch-Gordan reduction of the space

V(À) @ V(¡r) nay be written
Àt-Àr+1

v(À) ev(p) = @

.L=I
v[], + u, \z* tz + Z - 1)

where (Àr - L + l, \r+ L - 1) runs over the weights in the space v(À) as

Z runs fron 1 to À, - À2 t l. Hence the projector P[n] projects

V(À) eV(p) ontothespaceV(ÀI +uI -m+ 1, \r*r, +rn- 1)' Hencethe

natrix element (4.1.6) nay be written

ut 1r2

)

-L+r)

-.L+I

(Àr-Z +1)

t

+k-L+l)

(
kr

ur vz
P ln) L, X- k

(
ur vz À,. \, (u, * I, - n + 1) (vr* )',, +m-1)

ôk-z,k'-¿'
kr (Àr

(
(u Àt \, ut

x I

P [n]

(Àr -L+I)

This gives, in particular,

( u
(u, * À, - n * 1) (vr'X,

(Àr*t-Z+1)
It1 v2

kr

ur u

k

+m- 1)

(4.r.7)
k

u\,Àt

(rr

which enables a systematic evaluation of all U(2)

using only the properties of the projectors P[m]'

Wigner coefficients

In particular when
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k = k, = ut h'e see that the squared Wigner coefficient (4 -L.7) is given

by the eigenvatue of P [^]tlon the maximal weight state lut u, 
u') ot

V(U) which has been deternined in equation (Br1) of the previous chapter'

All renaining Wigner coefficients nay then be obtained by acting on the

state lut u2) *itr, lowering operators in u(2).I ur /
This nethod for evaluating Wigner coefficients will generalize to

arbitrary semi-sinple Lie groups. One rnay obtain the Clebsch-Gordan

coefficients coTresponding to the natrix elements of the projectors

between maximal weight states using the difference equation technique

outlined in Appendix B of the preceding chapter. All other Wigner

coefficients may then be obtained with the use of lowering operators for

the group. A general nethod for constructing such lowering operators is

discussed in [56].

4.2 Fundanental Wigner Coefficients of U [n)

In order to deternine the natrix elements of the U(n) generators we

need only deter¡nine the fundamental Wigner coefficients which correspond

to the reduction of the tensor product space V @ V(¡r) where V is the

fundanental vector representation. Hence we shall only need the vector

identity of u(n) (see section (2.5)) where the reference replesentation

V is the fundamental vector representation. It is clear however that if

we wish to consider the Clebsch-Gordan coefficients for a more general

reduction V(À) o V(p) then one of the appropriate tensor identities for

U(n) nust be applied.

Throughout this section we let n denote the fundarnental vector

representation of U(n) and we let V denote the representation space of

T. IVe let n* denote the contragredient replesentation of n with

representation space V*. 0n the contragredient vector representation
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1the infinitesinal generators a of U(n) are represented by natrices
J

n*lail = -slt J' 1

where E} is a typical elementary matrix. Hence our matrix a = tJ'
U(n) may be written in the form

.i)

d-

n
I

i,j=1
E1

J
a

I
j

of

úhere

a

=l

n
I

,i1

IT*
^1t )

1
j1

Following our previous notation, when acting on a finite dirnensional

irreducible representation of U(n) of highest weight ¡r, the natrix a may

be written

"u ["])". ("1)
n

i
,j

t

1

so that a may be interpreted as an operator on the product space

V* e V(¡r). Using the branching laws for U(n) this tensor product nay be

decomposed into a direct sum of irreducible representations given by the

Clebsch-Gordan decomposition

V* o V(p) = v[u - ar)

The U(n) projectors P[r], as defined by equation (2.5.6), will project

the space V* e V(u) onto the subspace V(p - Ar).

Using the Geltfand-Zetlin state labelling schene let us denote the

basis states of the irreducible representation V(À) by the tableaux

l,l, ) 
where À denotes the highest weight of the representation (top row

of the pattern) and (v) denotes the rest of the pattern. Following the

notation of Baird and Biedenharn we.denote the Geltfand basis states for

I

1

n
@

f=

1 0

)
the fundanental contragredient vector representation V* by

1

[1, Öl denotes the highest weight of the representation and the index i
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enunerates the basis states (i.e. the row vectors e. with I in position i

and zeros elsewhere).

Since the U(n) projectors P[r] project V* s V().) onto the subspace

V(À - Âr) we may write

P [r]
À-A

(u)

À-^

(u)
s s (4.2.t)

1

=$ rS

suppose now that l,l, ) ."u 
1,.1,, ) "t" two arbitrarv Gel'fand basis

states in the space V(I). Then the natrix elernents of the entries P[r]

of the projector P[r] between these states is given by

/ Àl rl À\ / À rol ltö À\
( I Plrl\(u')l ;1,',/ = 

\,u', ' 
-r-l ot"I , t r,rì '

j

which, by virtue of (4.1.3), raY be written

(,1,,1 o'''ll,:,) = ,1,( ¡', 
",ul^ 

;'i)(^ ;,i"1'

0

)

À

vJ (

- (4.2.2)

where the sun on (U) is over all Gelffand patterns for the space V(À - Ar)'

The sun (4.2.2) reduces to a single ter¡n (which always occurs when

the weights in V(À - Ar) occur with nultiplicity one) in two cases of

interest to us. The first is the case i = j = n in (4.2.2). Since plt]l

is a U(n - l) invariant it cannot alter the representation labels of the

subgroup u(n - 1) and it follows that the only surviving term in this

case is (v') = (u) = (v) in (4.2.2). Hence we obtain the result

(,",,1 pr'rTl,:,) = ô(u,)(v)l(,",' Tl^ .,^')l'
(4 .2.3)

The second case of interest, whi'ch we have already treated in our

general cliscussion in (4.1), is the natrix element of ntr]f between the

naxi¡nal state ll ) of V(f). This natrix element has already been

evaluated in equation (3.L.L2). Frorn (4.2.2) we have
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Now the vector

( ^l 
pr",il^) = 

cl, l(^' Tl^ ;,i) l'
)

( 10

10
T ;l hasweightÀ-^ ch is the naximal weightwhir_

of the representation V[f - lr)

T À +L T I
I

r r L
+ r

r is zero unless

(4.2.s)

So À
ì-A

(u)tr

À

coincides with the (unique) naxinal state l^ - Or) Hence the

only non-vanishing term in the above sum is

(^l pr'rrl^) = 
l(^ 

,'.ul^ ^)l' (4.2.4)

We therefore have, according to fornula (3.1.12),

t(

l^ ;i" )

where

tion.

I
À

À
T

In a sinitar fashion, using the properties of the adjoint projector

Þ [r], we may verify the results

(,1 ,l 
pt'rll,:,) = o(u'),", 

l(,", 
" 

n 

ul^,,,^')l'

(^l pr,rrl^) = 
l(^ 

, ',ul^ . ^,)l' (4.2.6)

rö
1 ) forms the usual basis for the fundanental vector representa-

It is our airn nohr to apply the characteristic identity of the U(n)

natrix a to evaluate the lvigner coefficients (4.2.3) and (4.2.5).

Spectral Resolution

Let us now consider U(n + 1) and its associated characteristic

identity. We denote the U(n + 1) matrix by b;
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I aL2

al

al ^lon+ Ia

+la2
n

n

2
n

d

þ=

a?

nar
nn

ã2

Ia
n+

n
an

an+l

n+l n+lar a2
n+l
n

n+l
a

Note that the first n Tows and colunns of the matrix b gives us the natrix

a of U(n). The first n entries of the last colunn constitute a U(n)

vector operator while the first n entries of the last row constitute a

contragredient vector operator. The rernaining entry "lli tt a U(n)

invariant. Using the U(n + l) cornnutation relations it nay be verified

that if p(x) is any polynonial over the underlying field then the first n

entries of the last colunn of the natrix P(b) (i.e. the P(b)l*t)

constitutes a U(n) vector operator while the PG)T*t constitute a

contragredient vector operator.

we write the u(n + 1) characteristic identity in the forrn

n+1
il(b

r=1
)=0ßT

where the operators ß, are invariants of the gloup which take constant

values ß = À + n + I - r onanirreduciblerepresentationwithhighest'T r
weight (lr, Àr*r).

The centralízer of U(n) in the universal enveloping algebra of

U(n + 1) is C = Z ø 2 where Z (resp. 2) denotes the centre of the

enveloping algebra of U(n) (resp. U(n * 1)).

by the U(n) fundarnental invariants Ik = tr(a

U(n + I) firndamental invariants În = tr(b

C rnay be expressed as

u)

The algebra C is generated

u) (k = 1, ..., D) and the

(k = 1 , n + 1). Hence

,JdnC=F ßr,
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which is the algebra of potynomials in the ars and ßts which are symmetric

with respect to interchange of the cr. and also with respect to the ß1 (but,

of course, not symnetric with respect to interchange of ats with ß's)'

Included in c are the u(n) invariantt P(b)jlT where p(x) is an arbitrary

polynonial. Thus p(b)ill ir 
"*ptessible 

as a synmetrized polynonial in

the c and ß. In particular the U(n) invariant tÏlì tt expressible as

n+ltrr* t î
I

I
n
fo

Ì=I
ßk

n+l=l
k=l

-n

It shall be one of our ains here to expless the U(n) invariantt P(b)T:ì as

a function of the ars and Brs for arbitrary p(x).

Since ü¡e are working with the unitary gloups the generators al nust
J

satisfy the Herniticity requirenent C"ili - "i. 
Nfore generally, if p(x)' J' r-

is any polynomial, then

loc"rl

þr'rl

+ = P(a)l

+ )= P(b)

(4.2.7)

1

Hence the diagonal entries of any polynonial in the matrices a and b are

Hermitian operators. In particular the fundanental invariants of U(n + 1)

and U(n) are Hermitian. Fron this it follows that the U(n) roots o, and

the U(n + 1) roots ßn nay likewise be regarded as Hermitian.

Throughout this section we let rþ denote the U(n) vector operator

with cornponents úi = rl-, (i = 1, ..., n). Following the notation of' n+I -

(2.5) rf nay be resolved into a sriln of shift vectors

n
ú = I ,ltrl

r=

where rþ [r] has components given by

i = ptttl ,r.,j = q,j pltlJ,t,[r]

The Hernitian conjugate ,lrt of rp is therefore a contragredient vector
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operator with conponents VI = "T*t 
(i = I , n). The shift components

,l,t [r] or ,¡,
t are given by

,t,t[']i = (vt"lt)* = Þt"lji *T = *l pt'll

As for U(n) we may construct the U(n + 1) projectors

n+l
Qlkl = rl

L=I
rk

b-BL
ßr. - ß¿

n+1
Qltl = r

'L=l
Ék

which satisfy the orthogonality conditions

QItl QIrl = ôk, Qlrl, Qttl QItl = ôn, Qlrl

Furtherrnore, if p(x) is arry polynonial, we nay write

P(ßk) Qlkl "

I

Fron the U(n + 1) identitY we have

b Qtkl = ßn QlkJ

Taking the (i, n + 1) ently of this matrix equation we may write

[t - B¿ lt_t
leu - e¿.J

n+1
Plbl = I

k-

n+1
r¡u¡= I pcs,'.)Qttl

r,-1 A
Ã-l

i = 1, ..., n.

(4.2.8)

(4.2.e)

a
n+1

T
.L=I

1 L
n+1

1
n+a atkl ßkL

Rearranging this expression we obtain

kt l I

'l*, Qlttili = (Êr - .ll qttlf.,

Sinilarly r{te may write

n+1 n+la.n+l 1
(en - a¡ L

Qtkl = Qlkl
n+l
L 1

(4 .2.10)
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For sinplicity we shall henceforth denote the U(n) invariant afkflll

Uy Ct. Clearly Cn is the U(n + l) analogue of the operators ptt]l whose

matrix elernents are squares of Wigner coefficients. Fron equation (4.2.8)

we have

n I
I

+

+

n+1=l (4.2.Lr)

(4.2.r2)

(4.2.r3)

P (b) P(ßr) cr

l- n+l
=$ atkl - atkl

J n+1

n Ik-

So in order to evaluate the invariants Pþ)l:l tt t function of the BU

and cr, it suffices to evaluate the Cn.

We nay invert equations (4.2.9) and (4-2-10) by writing

Qtkli*, = (ßt - .);t 'l*, tu

atklÏ.t -.u r1*i(ßr - "rltj

where (gu - a)-1 denotes'the:natrix

n
(ßr - a)-l = I- (ßr - or)-t Plrl

r=I

Note that fron the U(n + 1) commutation relations we have

1
n+, Qlkl

61l

J
1

J

or

ct n+I
j , Qlkl

1

n+1

0n the other hand evaluating the commutator

(4 .2 .12) we obtain

where we have used the result

þï.', atkll.J = oi .n - (ßr - ùl' 4., atntT.' '

atkli = þ

H.t ' Qlkl
.-t1l

"*rl 
uslng

þ
n+1
j (ßr-")Zt']=-(ßk-a) -IT

p þï.', (ßk - ")ei
(ßr - Ði"

Substituting this into equation (4.2.L3) gives
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Qtkl

I 1
n+lDeconposing the U(n) vector operator p -d into its shift

components allows us to write equations (4.2.12) in the forrn

I
n+lQtkl

atkl
n+l
I

I qltl
k 1

(ßr - ùì'4.,,

,1.,[r]
1 (ßr -ct r

- r)-t ct

Qlk r;
n+l
j

which, in view of [4.2,I2], DaI be h'ritten

atkf i = Qtkti*r (cr) atklT*t

This result appears in Green23 using different techniques. By sunning

this equation over k from I to n + I we obtain the resolution

n+1-i- atkli*r (cr) atklT.t = oT . (4.2.14)

n

I
ït= I

I

n

I

ln+1t-
,1,[r] I )

[t=rI

n

I
l-

n+1

ul, 
(ßt - ot - 1)-t tn = o'

r)-l cr

(4.2.rs)

cr(ßr - 0r - r1-r,¡-l¡r1, ,
I:=

where we have used

and

(Bt - or)-t r![r] = rf [r] (ßt - or - 1)-1

(ßt - o" - 1)-t ,l,t["] = üt[t] (ßt - or)-t

However, from equation (4.2.8), we have

n+1 i
n+l

Hence, sunming equation (4.2.15) over k fron 1 to n + 1, we obtain

(ßk -cl -0
T

However. the shift, vec.tors rþ[r] forrn a linearly independent set (see [52]

for details) since they effect different shifts. This inplies that

..., n. (4.2.16)r=l
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This set of equations together with the condition

n+1 n+1

I =l ict
Ik=1

n+1

*k

arkrill = oili

n

k-

uniquely deternines the Ck. These equations are easily solved using

matrix nethods (see Appendix A) and yield the solution

.t = *1, (ßr - en)-t¿lr (ßL - ot- - r) -

p=r
(4.2.r7)

Substituting this expression into equation (4.2.II) allows us to evaluate

U(n) invariants of the forn Pþ)Tli for any polynornial p(x).

Itle have already renarked that the entries p(U)i.r (i = I' " '' n)

of the natrix p(b) constitute a u(n) vector operator. using equation

(4.2.15) we may expless this vector operator as'a linear combination of

the shift vectors ú[r] bY-writing

P (b) i
n+l P (ßk) qtkli.r

1

n+1

i
I
1n

I
1r=

k-
n+

I
k-

P(ßk) Ck(Bk - cr - r1-r r¡¡r1i '

where we have used the'fact'that Ck(ßk - or - I)-1 is independent of cr"

and hence cornrnutes with r! [r] . This shows that the vector operator

ptbll.r rnay be written in the form h(a)i "i., where h(x) is given by

p(ßk) ck(ßk - cr - r1-l n[r]
1

n
I

r=

n+1
h(x) = I

k=1

(x).

one nay deduce fron this result (see t52] for details) that if p(x) is a

polynonial under the underlying field then the cornponents of the vector

i
i+toperator p(b) commute; i.e.

l-;;-l
LoCo)i.r, 

pC¡)*.r.1 = Q for i, j = 1, -.', il'

Similarly, using the adjoint projectors Q[t], one ¡nay deduce the

equations
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Qtklî.t = 
,1, 

ut[']i (ßr - or)-t er

where õU is shorthand notation for Q¡tlnfl wfricfr nay be expressed in

{,r [r] i.

(4.2 .18)

(4.2.te)

(4. 3. 1)

terns of the ßrs and als Eccording to

n+1 n
eu = 

^1., 
(Br - on)-t 

¿lr 
(ßu - cr¿)

p=r
*k

The U(n) invariants Cn and õn are the U(n + 1) analogues of the

operators pttl| and Þ[r]f, which nay likewise be expressed in terms of the

roots in the u(n) and u(n - 1) identities. This then enables us to

evaluate the fundanental wigner coefficients (4.2.3) and (4-2.5) as

required. However, in order to determine the matrix elements of the

group generators, we must also determine the reduced natrix ele¡nents of

the U (n) vectors r! and r|
t

4 .3 The U (n) Reduced Matrix Elenents

We shall find it convenient to introduce the U(n) invariants

r" = út[t]i û[t]t and rt = r¡[r]i

That these are invariants of U(n) is easily verified using the transforn-

ation law of vector operators. As we shall see these invariants are

closely related to the reduced matrix elements of ,p and ,p+.

It shall be our ain to express I]| and ir| as functions of the roots

3,- and cr-. t\le begin by considering the unique solutions Y¿¡ to the'K r
equations

n+1

- l_ Y¿t Ct(ßt - o, - 1)-1 = ôr¿i 'L = L, " ', n
1-- 1t\.- r
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and (4.3.2)

where Cn nay be expressetl in terms of the Bn and cr, according to (4 '2 'I7)

Then, for eachr= I , n, ulehaven+ I equations inn+ lunknowns

y"n (k = 1, ..., D + 1). Again these equations are easily solved using

natrix nethods (see Appendix B) and yield the solution

n+l

rl, 
t¿L ck = o'

tt(ßLY cl
T

- 1) -lrk

where (4.3.3)

(4.3.4)

n n+1
ll (ßo - or - l) ,l (o, oI)-'

p=l r - LlT

Now fron equation (4.2.15) we nay write

Y = (-1)r

n+1

. n+1
,p[¿]t I

Z=!- k=1

n+1
atkli.r Yrk ='

n
II Yrk Ck(ßt - o¿ - 1)-i

1

n+1

k=1

The invariants Y, appearing in this equation have an interesting interpre-

tation.

Fron the orthogonality of the projectors P[r] we have

Rearranging this expression using (4.3'2) we obtain

ü [r] 1

result

n+1
= 

;I=, 
atkli.r Yr(ßk - o' - 1)-1

fron l to n we obtain {;f[t]1 úlrlt (= tr) = Yr, where we have used the

,p+ l,t\., rÞ[rJt = 4*t n[¿]i. of'lÏ v[']'

= ô¿" tl* t * [t] 
i'

Hence multiplying equation (4.3-4) on the left by al* I and sunming on i

kI

n
i

f=
I "l*t Qtkll.r(Êr - cr" - 1)-I = ic =lk
I k=1

which is verifyable with the help of the u(n + 1) characteristic
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identity and equation (4.2.L6). Hence, in view of (4.5.5), the invar-

iants I, may be expressed in terns of the cr, and ßU according to

rn a sinilar way, by considering the operators Q[k]i*1 .td QtklT*t,

we nay also verify that

n+1

Tr

r = (-1)nr

We consider nor^I the operators

Sinilarly we have

n+l
= (-r)" 

nÏr 
(un - "t - t) ¿T" 

(o" o¿)-t' (4. 3. s)

(4.3.6)

(4 .3 .7)

pl, 
(un - or) 

¿1, 
(o, o¿)-t'

ú [r]

which, using equation (4.3.4), nay be written as

,P [r] 1

k=1

Sunming this equation over r using equations (4.2.15) and (4.2.L4) gives

the result

(rr) t ,l,t [r]

(tr) t ,t,i'trl: -_

n+1

I qttli.r(fu - or - 1)-r 'þt[t]j

n n+l

,irrrt' (rr)-' üt[¿], = ;i; atkli.,(cr)-' QtklT*'

,¡, [t] 
i (rr) ,t,t t"l j

=$
].

)

Multiplying this equation on the left by the projector P[r] we finally

arrive at the result

1
= p[r] j

Hence if p(x) is a polynonial then we nay write

.l,f tt]i (rr)-1 ,1,[t]: = Þtrlli

n
P (a) = 

"i, 
n (cr) rlr lrl (rr) ,l,t ["]

(4. 3.8)
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P(a) =
I

Such resolutions are useful and nay be regarded as a generalization of

the spectral resolution of a non-degenerate nurnerical matrix (c.f.

Green23).

Rearranging equations (4.5.7) and (4-3-8) we may write

n
I P (õr) ,l,t [t] (ir) t 

û [r]

U ["] Vlt [r] = t"t, n ¡r1

,1,+ [t] ù [r] = Mr Þ [r]

(4.3.s)

,

where M
T

and M, are given by

ú, = , t,";:i (un - o,, ,ï, (o, o¿ - r)-r (4 . 5. 10)

(o" crr+l)-l (4.3.11)

(4.3.72)

1

M, = (-1)"
n+1-tI (un -0 -1) rr L*rP=1

By taking the trace of equation (4.3.9) we obtain

I" = ù [t] 
i ,l,l [t] i = [l" t, (P tr] )

r, = ûl[r]i ù[r]i = M, ."(Þttl)

Note that substituting for 1" and M, we obtain

0 - ClnrLt" (P [r1 ) = i, ([lr) - I = II
.Ltr o"-oL

which is Greents trace formula.

we now clain that the M, (r = 1, ..., n) are the squares of the

reduced matrix elements of the af,*, whife the M, are the squares of the

reduced natrix elements of the "T*t. 
Suppressing our U(n + 1) labels we

tet I .^. \ denote a Gelrfand basis state contained in a representation
ll\)/

of U(n) of weight À where (v) denotes a Gelrfand pattern for the sub-

group u(n - 1). We nay then denote a naxinal u(n) state by the pattern
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/ À * arl .l I \( ,u,,'l 
vr'r'1,",/

According to the lrligner-Eckart Theorem this natrix elenent nay be written

l(^. r"ru',^)l . 
l(^,",î"1',u, ,:,)l

where the tern on the left is a reduced natrix elenent. Hence we see

that the natrix element of the U(n) invariant I" between the ¡naximal

state lr ) is given by

( 
^l 

,!tr,r1 rr,rrìit^ ) = l( ^ 
. r,lul^)l'.r,î,, 

l(^ ;,;'l'ru 
, ^)l',

l,ì, ) or sinplv l^) -

Since the shift vector r! [r] increases the representation label of

the group U(n) by the weight Â, (1 in position r and zeros elsewhere) we

see that the only non-vanishing natrix elements ofthe vector Ú[r] are of

the form

- (4.5 . 13)

where the sun on (U) is over all Gelrfand patterns for the space

V(À + Àr).

However, since I, is a u(n) invariant, its eigenvalues must be

independent of the paraneters of the U(n - 1) subgroup. So we may write

where we have summed over all vectors in the representation space of

U(n) with highest weight À and then divided through by the dinension

D[À] of the representation. Hence (4.3.13) nay be written

( ^l 
,r*r,ri úr,ril^ ) = 

"h ,1, 
(,:, I {,rr'1, ùrr,tl,:,)

(^t q,tr,t1 úrrìtt^) = l(À*Â,llull^)l'tfo i
i, (v) , (u)

' K,:, ' 
',ul^;i')l' - (4 .3. 14)
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However fron the conpleteness relations satisfied by Wigner coefficients

we have

i,Ìur l(,:, ' 
',ul^;i)l'

( 
^ | v*r't, úrrJ'l^ )

tr¡Þ¡r1¡ =

(u)

l( ^ 
. a,¡u¡^)l'

À+ Ar T I
i

i, (v) )v(

=l

Substituting this into equation (4-3.14) we have

o[r + Arl

D [À]

However from section (3.4) (see also Edwards44) we have

o[r + Arl

D [À]

Hence we may write \-

r" = út[']i ú[']i = t,(Þ[rl, l( ^ 
* arllull^ )l

Conparing this with equation (4.3.12) we see that the invariants M"

deternine the squares of the reduced natrix elernents. In a sinilar way

we may show that the invariants ú" deternine the squales of the reduced

matrix erements l( ^ rrl lutl l^ ) l.
In view of this result we see that equation (4.3.9) nay be regarded

as an operator generalization of the }Vigner-Eckart Theorem.

4.4 Wisner Coefficients and Reduced Mat rix Elements for 0(n)

Let a denote the 0(n) natrix a = M-I a M whose entries aJ satisff

the conmutation relations (2.4.7). Suppose now that v denotes the

fundamental vector representation of o(n). If v(À) is any finite

dinensional irreducible representation of 0(n) with highest weight À then
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we nay write the Clebsch-Gordan deconposition of V @ V(À) in the forn

n
ovEv(À) = V(À + A")
II-

where A (r < h) is the O(n) weight with I in position r and zeros else-

where. We define the weight Âr,*r_" (t < h) by An+r-r = -Ar. In the

case of 0(n = 2h + 1) we also have the weight Âh*I = 0 (which is

consistent with the condition Arr+t_r = -Âr). We choose a weight basis

l"
0

) t"t the space V where the ith basis vector has weigha Ai. This

basis, although orthonormal, does not coincide with the Geltfand-Zetlin

basis on V since the Gel t fand states are not eigenstates of the Cartan

generators.

As for the case U(n) the O(n) projectors Þ[r] project the tensor

product space V o V(f) onto the subspace V(À + Ar). Hence the natrix

elenents of the 0(n) projectors P[r] and Þ[r] are bi-linear combinations

of Wigner coefficients. Suppose nohr we denote the Gelffand basis states

of the space V(r) by 
l,l, ) 

where (v) denotes a Gelrfand pattern for the

subgroup 0(n - f). Then, following our U(n) derivation, we may verify

that the natrix elements of the O(n) projector P[r] between two states

| ,1, ) '"u I c'l'r )
1 Tl^;,'X^.i'lT(v')

for r = 1, ..., n.

rn particular putting i = j = n we obtain the results

of the space V(À) are given bY

À

P [r]
À

(v)

À

(v')
À

(v)

J

(,1',1 pr'rll,:,) = ' l(^"i'rT',:,)l'(v') (v)

r = 1, ..., ll - (4.4.r)
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As for U(n) we also wish to consider the natrix elements of the

operators pttll between the ¡naximal state ll ) of V(À) ' In this case we

obtain

( ^r 
Prrrlr^) = l(^ ^,1T, ^)l' r = 1, ..' n

where lÀ - A, ) ir an" rnaxinal weight state of the space V(À - 
^r)'

Sinilarly, by considering the adjoint projectors Þ[t], we obtain

the results

/ À | li\ l/x*n-lr Ö i\l'
(,"',,1 pr,rl[,,,) = ô(u,)(v) l( ,,r'l " ' ,",/l

( 
^t 

pt'ri l^)= l(^ 
. o,l',u ' ^)l' Ø'4'2)

We now wish to proceed as v¡e did for U(n) to evaluate the matrix

etements of the projectorr pltlT and PttlÏ. Let cr denote the 0(n)

natrix with,entries'"ij, We denote the O(n + 1) natrix whose (i,j) entry

is the generator "1 or u. As for u(n) c u(n + 1) the 0(n) matrix is

canonically inbedded in the o(n + 1) matrix ß. The first n entries of

the last column of the matrix ß (i.e. the di+r) constitute an O(n)

vector opeïator transforming according to (2.5.26) white the first n

entries of the last row (i.e. tt" of*l) gives us an O(n) contragredient

vector operator transforming according to (2'5'27)'

However, unlike the u(n) case, these geneTators a1.e not in cartan

form. If we put the generators of o(n + 1) into cartan form we lose the

canonical inbedding of the 0(n) natrix inside the o(n + 1) natrix when

n is odd. we overcome this by putting the generators of o(n + 1) into

their weight space forrns with respect to the Cartan subalgebra of 0(n)'

This leads us to consider the natri* û defitted by
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0

M M (4.4.3)

(4.4.4)

0
_t_

I

0 0 il

where M is rhe O(n) transfor¡nation natrix defined by (2.4.4) and (2'4'5)'

We now consider the 0(n + 1) matrix defined by

b =, (fi¡-r ß û

Clearly the natrix b of O(n + 1) satisfies the sane characteristic

identity as the matrix ß. Furthermore the O(n) natrix a = M-t a M is

canonically imbedded in the matrix b;

þ= a

b
n+

bn
n+

I

I
. n+Ibt

i
n+1

b

b
n+I
n

(M-I)ä "T.,

0

The entriu, bf*1,
1

b
]-

n+l are given by

b =c

- -1Hence the b;+, constitute an 0(n) vector operator transforning according

to (2,6.3) while the bl+l constitute an O(n) contragredient vector
].

operator transforming according to (2.6.4) '

Forexanpleinthecasen=2theo(2+L)natrixbisgivenby

-L
0

-L

n+1
i

n+1
q

M9
1

Lo

0

L-

L
+

0

0

þ=

-L+
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|.to ol
where a = | ot _roj is our 0(2) natrix. The natrix b is not to be

confused with the natrix a of O(3) considered earlier although they both

satisfy the sane identitY.

Returning now to ou¡ general discussion let us denote the O(n)

vector operatol with components Uj*, Uf V. Now we note that the 0(n)

igenerators cr. satisfy the Herniticity property C"il = oi ' Since the

rnatrices M and û are unitary it is easily checked that the matrices a and

b also satisfy

(b1
j

More generally, if p(x) is any polynornial, we have

c"il
I
I

)"i, bl
1

previous notation the vector r¡ and its adjoint r¡t nay be resolved into a

I

n

i
T=

+tl,=
n

ù= I
r=1

(p (')

sun of shift comPonents

) = p(.)ji, (pc¡ltj)* = Pþ)ji.]. t

rn particular we trave ul*t =- (oi*r)+ ,o we let 9f

gredient vectoi operator with conponents VÏ = OT*t

denote the contra-

. Following our

{, [r],
I

,!' [r]

where the r¡ [r] ana ,pf ¡r1 are given by

,1,[t]i = Plrlj oir., = bi*, Þttll

{,t[t]i = [vt']t)* = Þt"11 oT*t = ul*r e¡'1i

we denote the o(n + 1) Toots by ßr and write the o(n + 1) character-

istic identity in the forn

n+1
r (b-ß

r=1

We denote the O(n + 1) Projectors bY

r) = Q.
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atkl = fI
L¿k

6 ßL
Qtkl = rl

L¡k ß¡ ß2

Proceeding as h'e did for u(n) we may apply the o(n + 1) character-

istic identity to give the equations

atkl
1

n+I
(ßL - ");t o1*, .n

(4 .4. s)

atkl

þj,pþ)l.J

n+l
i ct n+I

jb (Br - ");t'

where (g - a)-l denotes the natrix
k

n
(ßr - a)-r= I. (Bt - or)-t Plrl,

r=I

and Cu denotes the O(n) invaìiant atkf}ii.
Ì,:.r ,ìi::JrJglg:,,!þ¿t.f.rorn,the,fOrn Of the matriX M we See that if p(x) iS any

polynomial then we must have p(b)ill = n(ß)l:i' Hence as far as the

O(n) invariants CU are concerned it does not natter whether the

projectors Q[k] are constructed fron the natrix ß or the ¡natrix b' We

note furrher that if p(x) is any polynornial then the P(U)i*,

(i = 1, ..., D) constitute an O(n) vector operator while the Pþ)T*t

constitute a contragredient vector operator. Hence we have the

connutation relations

k
j

I
n+l

k
n+t-i

n+1-j
n+1-ô P (b) ô P (b)

(4.4.6)

I
t"J

oCu)l.t] = -ôi P(b)Î+r +
n+r-j
kô P (b)

n+1

n+l
¡+t-i

It is also easy to deduce the commutation relations

j l=eiPu1
)

Þï.' , P (b)
n+

(b) n+l - P(b)
]-
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n+l
J

These connutation relations give the result

[oî." Pcu)l]i] = -P(b) + P(b) n+l-j
n+l

o1l ct þ
n+1
j , Qlkl

I
n+l

- (4.4.7)

(4.4.8)Qtkl
1

J

0n the other hand evaluating the commutator þî.', qrrri.,] us]-ng

þ;.', Qtkti*r] = oi .n - (ßr - ùi' of., atulï.'

Substituting this into (4.4.8) gives, in view of (4.4.5),

arkli = Qtkl;*, (cr) -t Qtkl}*'

This is in agreement with the result obtained by Green23 èxcept that it

even holds for the zero shift projector when n + I is odd in contrast to

the nethod enployed by Green. Suruning this equation on k fron I to

n + I gives us the resolution

n+1

ul, atkli., (cr.) -r atkli t = oT . ( 4.4.s)

Deconposing the vector operator rf., into its distinct shift components

allows us to write equation (4.4.5) in the form

n
atkl|.t =,lr ck úrlrli (ßr - or)-t.

(4.4.5) we obtain, using the conmutation relations (4.4.6) and (4.4.7),

Whenr(hwenaywrite

(ßr - o")-t,1,[rl = û[r](% - or - 1)-r
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However for n = 2h + l we have the zero shift component rl.,[h * 1] which

satisfies

(ßL - oh*r)-t g[þ + lJ = ü[h + r](8t - o¡*r)-l

We conbine these relations into the nore compact form

(ßt - or)-l ,I,[rJ = ü[r] (ßt - o,, - nr)-l

where

n=n=f'r 'n+ I -T

with (4 .4 . 1o)

lh*I=0 forn=2h+1

Hence when n is even we have îr = 1 but when n is odd we have

lt=1-ôrrh*l'

We may now write

atkl
]-

n+I
(Br -0v [r]

1

)-t cctr lr k

nr)-1 ck
1

n

I
r=

r
(4.4.11)

atklÏ.t = j, ck(ßk - crr - nr)-' ,!t["]i

In this case the O(n) invariants CU satisfy the equations

1

n
I

T-

(ßr = Q f = l, ...,ll

which, together with the condition

C =lk

uniquely determines the CU. These equations are easily solved as in the

case of U(n) and Yield the solution

n
tn = 

rTu 
(ÊL - u¿)-t rl, 

(Br - c, - nr)' (4'4'12)

n+1

I
k=1
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Sinilarly using the adjoint projectors Q¡t1 we rnay deduce the

relations

to

Qtkl
1

n+I I

n
I

L-

ek(Bk - or - n")-t ú[r]t

n
QtklT*t = I_ u*t'], (Br - õ, - nr)-t er

r=I

where ön = Q¡t1|li r"t be expressed in terms of the crrs and $rs according

7 -nU._Uk n+2-K
(Er - B¿)-t

n
IIII (Br nt)ct

1
L¡K

- (4.4.13)

Equations (4.4.I2) and (4.4.13) then allow us to evaluate the natrix

elements of the o(n) invariants cn and eu which are the o(n + 1)

analogues of the opelators p.[tll and Þ[r]f, whose matrix elements are

Wigner coefficients. For. future reference we write down these formulae

for the cases n odd and n even separately.

O(n = 2}:.)

In this case we have n" = I and we obtain

n
II (ßr - or - 1) (4.4.14)

If=

ct C TI (Êr - Ê¿)-tn+z-k L*k

0(n = 2h + 1)

In this case u/e have n, = | - ôr,h*, which gives

f_f1

"k - "n+2-k - (ßL - ß¿)-t
n
II

1r=

II (Bt-or-1*ôr,h*r)
.L¡k

- (4.4. 1s)

Reduced Matrix Elements

T I

Proceeding as we did for U(n) we rnay evaluate the 0(n) invariants
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r, = útlrli û[t]i, = ù[r] rl,f Ir] i

ô

1rr

as a function of the ß* and or. Fron equation (4.4.11) one obtains the

result

n+l

Ë, ßt - cr, - nr) 
nT, 

(", - ck - nk * nr)-lT = (-1) n
r

f = (-1) n
r

Finally we may deduce the relations

,t,t[r] (Ír) I ,1,[t] = Þ[r]

t [r] (rr) t ,l,t [t] = P [r]

which nay be rearranged to give

'1" l ,rf [t] ü [r] = tu" Þ [r]

V [r] ,t,t [r] = ú, I ¡r1 ,

"r (ã, - ã, nL
- -lô¿,rr*t-t) ¡

where

= (-1)
n+1r(
k--1

- oL- \L .(,n+l--t

(4.4.16)

(4.4.18)

ßkrM = (-1)
n+1r(
k=1

n
) il

n
) (c¡

Lxr

II
L¿t

)Mr ßk -(xr T

- (4.4.r7)

i , Note that ,by.'.applying.the,O(n),'transformation matrix M to the left 
'

of (4.4.16) and its inverse M-l to the right we obtain

¿
t|l t rÞMlr l{, rt T

üttl i'tlrl = ü, l'¡ri

where fr is tt'e o(n) vector ü1 = oi*r and P'[r] is the 0(n) projector
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constructed fron the natrix cr instead of the matrix a'

Taking the trace of (4.4.16) we obtain

rr(Mr)-t = tr P[r]

rr(Mr)-I = t, Þ[t]

As for the case U(n) the invariants I" and I, determine the reduced

¡natrix elernents of the vectoTs rf and 9t respectively. For future

reference we write down some of our previous formulae for the cases n

odd and n even seParatelY.

O(n = 2l;')

In this case we have ¡, = I and

We therefore obtain

i,

M
T

T = (-1)n+l-T

ot' oL- o¿

n n+1
T

k=1
(ßt-or-1)

0T

dr-ßt=ßk-or-1-6k,h*t

(sII

Note that substituting for i, and M, fron these expressions we

r - ar)-I
L*r

=[{n+I_T

n+I
II

k=1

-(x ôr k h+l
Bk CX 1

-0 I
h-o r

n (ßt - or, 
aT, 

(o, - oL - r - ô¿,r,*r-r)-t= (-1)

obtain

But

n+1
T

k=1

n+1
II

k=1

ô

II
L*t

ot-oL

T

-1-6

- (4.4.1s)

n+l-r

L n+l-r
tr(P[rJ) = CX - CT^rL

ß
(lclr - o.L- t * 6¿

k k
ßk -(} II

L*tI

h+l
or-rL-1-6z,rr*r._"
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We therefore have

tr(PlrJ) =

or
Lxr

fron which we obtain, for r h + 1,

as required.

o(n = 2h + 1)

In this case we have ¡, = t - ôr,h*, and

oI ; +n 1r =cl

ar- L + 6t
o"-o¿

r*h+1

or r*h+l

II (or oL)-'
Ltr

or-o¿-1+ô¿ -ô

II n+l-r

h+t L n+l-r

Bk-or-tr=or-ßk

r rrr*t-t = (-1)

Th+t

which gives

n+IntI
k=1

(ßn - or)
T

ïü

From this we obtain

t"(Plrl) = ir(lt'tr;-t =
L¡r

which is Greenrs trace fornula.

Finally, when r = h + 1, we have

T,L
h+

n+1nil
k=1

or-o¿

(ou - n1 il
L*h+L

rh*t I úh*, = (-1) (h-aa-1)

as required.

tr(Plh * 1l) = tr(Þ[h + 1]) = I
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APPENDIX A

Here we solve the systen of equations (see equation (4.2.16))

n+1

I
ft=

Mr ô"rrr*, )k'k- (Ar
I

where

vLz.

M"k=(fu-crr-1)-r

Mrr*r k = 1 ;

(ßt

(8,

- 1)-' (ß, I or - 1)-1

lc = 1, ..., n

(x (ß¡+r-or-l)-r

(ßn*r-oz-1)-l

(ß¡+r-on-1)-l

- 1)-I ß,

ß,

0 - 1)-I ..o2 2

(Bt

I I I

Using Cramerrs rule vfe may solve the system of equations (Ar) bf invert-

ing the natrix M. We have

Ck = (M-I)k n*r

[il =

Setting

on - 1)-r on - 1)-1

cofactor (Mrr*1 ¡)
(M-l )k n+r det

ì,. z.\¡-',',¡'*we.S-ee'.that"'it, si¡ffiCês''tô ev'aluate the determinant of M and the

deterninant of the matrix obtained fron M by omission of the last row

- -thand K colunn.
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From the form of the matrix M we may write

n+l n
detM= II II

k=l r=1

when N is the matrix with entries

n+1
II

k=1
tj

N =fn+l rJ

detN=C II
krm
k>n

(ßt - or - 1)-I det N (Az)

f{.. =rJ
(Êt - oi - 1) i = 1' ...' rl

It,is clear that,.det N is a po'lynonial in the ßU and cr, of degree n2.

Also det N nust vanish when (Bn - ßf-) = Q (,L + k) and when (o, crr) = 0

(r # n) since then we would have two rows or colunns of our matrix equal.

Hence det N must be divisible by factort (ßt - Sù @ + k) and

(o,. - crr) (r * n) . The lunber of such factors is n2 which is precisely

the degree of the polynonialtdet N. Hence we nay write

where C is a numerical constant. Substituting this into (Az) gives the

result

(ßr - ßr)-t II(c , - oI-)
-r>.L

*k

(ßL-or-1)

n+l n
detM=C il il

P=l r=
- 1)-l n

k>nr

(ßr - ßL)-'

( ßn -q (ßL - ßr) 
ql¿ 

("q - oL)
1

By applying the same argument to the cofactor of Mn*I,k, noting that

the resulting polynornial is independent of Bk, one obtains

n+l n
] = C' tI il

P=l r=1
*k

[Mr,* i, t (ßn - o, - 1)-t 
nTr 

(ßn - ßr),Tr,or - oL)-cofactor

ck = (M-l)k n+I

n
T=fl II

T I

This then gives

L=k
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n+

for sone nunerical constant d C= Ël . From the requirenent 
- |
ft=

it is easily deduced that d = 1.

Ict
I

I
t
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APPENDIX B

Here we consider the set of equations (see (4'3'2))

n+l
ô L = L, ...r n

l<L il.

where N , is the matrix with entries
1K

Nrk ( - 1) -I

rl, 
N't v

Êk -(Ik r

Nn+I 
rk

cL

with Cn as in APPendix A.

Clearly this set of equations is very sinilar to the equations

solved in Appendix A. Proceeding in exactly the sane way we obtain, for

L = L, .,., n,

\k!.= (t¡-l)t¿

(ßt-or-1)
n
II

T= I

n+l
xll (

P=1

. = Substituting for Cç using our previously derived fornula gives

n+1
- 1)-r u (

P=1

II(o -t
h o¿-1) L

ßn - c, - 1) (ßt - o¿ - 1)-t.

Yk¿ = (-,1)n (Bn - oa

as required.

o")
rl,L

tl lrl)7)la i-
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CHAPTER 5

Raisins and Lowering Operators for 0(n) and U(n)

5.1 With the energence of SU(s) symetry in the theory of elenentary

particles a great deal of interest was generated in developing group

theoretical techniques which could be used for the analysis of a wider

class of problems of interest in physics. This has led to the introduc-

tion of the group-theoretical concept of operators that lower or raise the

irreducible vector spaces of a seni-sinple subgroup of a semi-sirnple Lie

group contained in an irreducible representation of the group. These

operators nay be regarded as a generalization of the raising and lowering

operators L* appearing in the theory of angular nomenta.

Such operators were first constructed for the unitary groups by

Nagel and Moshinsky who applied them to the analysis of rnany body

p"obt"rr29,30. Subsequently raísing and lowering operators were

constructed for the orthogonal groups by Pang and Hecht32 and Wong3i.

(Possible applications of the orthogonal groups in Physics, in particular

the groups O(5) and O(B), are discussed in the p,aper by Pang and Hecht.)

Following the definition of Nagel and Moshinsky29 the lowering

(raising) operators shall be polynomials of the group generators that,

when acting on a basis vector of an irreducible representation of the

group which is of given weight with respect to the subgroup, lower

(raise) the weight. Furthermore, they shalI, when acting on the basis

vector of highest weight of an irreducible vector space of the subgroup

contained in a vector space of the gïoup, transform it into the basis

vector of highest weight of a lowered (raised) irreducible vector space

of the group.

0f particular interest are the lowering operators of the group since
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by repeatedly applying the lowering operators to the vector of highest

weight one nay obtain all the basis vectors of the representation- Hence

an arbitrary basis state may be written as a product of lowering

operators acting on the maxinal state.

It is inportant to note however, that the raising and lowering opera-

tors for a subgroup are only defined by their action on a state of

highest weight for the subgroup. We see therefore that such operators

are not unique. Hence the raising and lowering operators constructed

previously for O(n) and U(n) are only one particular solution to the

problem.

The purpose of this chapter is to construct an alternative set of

raising and lowering operators for O(n) and U(n). These raising and

lowering opelators have the advantage that they may be written in a

compact product form. Furthermore, untike the raising and lowering

operators previously constructed, our raising and lowering operators are

Hernitian conjugates of one another. This nakes their normalization

simple and moreover the analogy with the O(5) raising and lowering

operators is clearer.

5.2 Raising and Lowering Operators of U(n)

If U(m) ancl U(rn + 1) are two groups occurring in the canonical chain

U(n) : U(n - 1) ) ... r U(1)

we shall denote, for convenience, a rnaximal weight vector ofU(n) (i.e.

semi-maxinal state of u(m + 1)) sinply by the pattern lì: 
t.t).

l].n /

It is our aim here to construct raising and lowering operators for

the group U(n) which effect the shifts

a
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6.
I

ô.
]-

lespectively.

We begin by noting that if P[r] is a U(n) projector (defined by

equation (2.5.6) with n replaced by n) and lf) is a maximal weight state

of arbitrary weight À then, in view of proposition (2.s.1), we rnust have

1
À) 0 for j ) r and i arbitrarY. (s. 2. 1)P [r]

J

An alternative proof of this result which exploits the orthogonality

relations of clebsch-Gordan coefficients is given in [56].

Following our previous àotation let r!, denote the U(n) vector

operator with conponents',r* =-',4*,r, (i = 1, ..., m). Sinilarly we let rlt'm

denote the U(n) contragredient vector operator with conponents

t m+1
=4.

1
({,

m 1)

We now note that

vflt't, lr) = (vn)i ot"l t^l

,,"""rr"tily vanishes for i ) r by virtue of (5 .2.L). Hence it follows,

fron the transformation law of contragredient vector operators, that

vltrt, ll) is a naximal weight state of u(n) of weight À - Àr.

By an analogous argument, using proposition (2'5'2), it nay be

shown that r¡r[r]r lr) is a maximal weight state of u(n) of weight À * Âr.

(We remark here that equation (5.2.I) holds for arbitrary rnaxinal weight

states and hence nay be applied to the construction of raising and

lowering operatoïs in infinite dinensional representations.)

For ease of notation we denote the rth component o¡ üntt] ¡y Vl;
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,l,rIrJr.Tìr='mLv1 Sinilarly we denote the rth component or ,pltr1 by ûf;.

l^i '*,\ l^i. ,n*,
*il^,, l" l^r,".

. l^t n+r\ lÀi '*rú'il|^ . )' l^.lln / | r-m

In view of the preceding rernarks we obtain

ô.
1T

6.
11

)

)

and we have our required (unnornalized) raising and lowering operators.

Note that acting,on.the state lìt t.').n" u(n) projectors P[::] and

lni * /
Þ[r] are given by

TM
I
a-À -m+zl,LNP[r] = tI

ÀL*r Ln
+.L-r

P[r] =

a

m+l
j

II-L*r
-L+L
+r-

a+tr
,LN

,LN

rm

where a is the U(rn) natrix and ã its adjoint.

raising and lowering operators are given by

Hence our unnormalized

ra+À -,L+Ir
m

rl

fr

J

m+l
,LM

T
À À +r-.L

L¿r In 1m
J

a-À -n*zl j
arir

m

Lmü
,L*r T -À In +I--r

rm r

respectively.

Note that our raising (lowering) operators appear as components of a

U(n) shift vector. In fact they appear as components of pure shift

vector operators and hence have the additional property that when applied

to an arbitrary state of U(n) take it to a state in a representation of

raised (lowered) weight.

Now that our unnornalized raising and lowering operators have been

constructed it just renains to obtain the normalization. Using the
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Herniticity relation

À !
I À

À

tr
m

(-1)

i rn+t

À

m+1

i n+I

À 1m

r
tf ri,

tm 1n n

it follows that the nor¡nalization constants N^
m

of our lowering operators

are given by

À i m+l ^ i n+l

r

I

ñl(^, r*r' ^ir) =

Now from equation (4.3.9) we have

*¡,l,r,rrr=ü Plrlr'm'm t "r

where M, nay be expressed in terns of the U(n) roots or

roots ßn as in equation (4.3.10). Acting on the state

operators ßn take the constant value. Àk ,*I + m + 1 - k while the cr,
\-

take the constant values À* * m - r' we therefore obtain

mviv 'l'r

1m

m (tror*r-Àrr+r-P+1)
P=r

T tm+

(m+1)

the

)

À am+

1m

r
r

)
Mr À mr(À

.L=I
ÉT

À 1m

AIso, from equation (3.L.L2), we have

II
L>

rm

À rm

-T

-À

,LM

Lm

+,L-r-1)

+.L-r-1
P [r]

'l

1n+
1

1m )
À

TM
-À +L-t

i n+l

1m

À

Àr ,LM

We therefore obtain the final result
m+1

(-r)In tt
1 

(Àpr*t -^r*+r-P+1)

(À - Àn + ,t- - r)
LM

ñr
m il(À À

Lm
il

.L>r rm
+L-r-1)

TM.L<r

Our required normalízed lowering operators are therefore

(ñ;) -t ,tr;.

- (s.2.2)
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Proceeding in a similar fashion the norrnalization constants

our raising operators are given bY

À ]. m+l À i m+ttr I
û rl.,

À
m m À

1m 1m

Again, fron equation (4.3.9) we have

,l,tr,rt=M Þtrlr'm'mT'-r

NI
m

-T

of

4

NT
m

substituting for M, and Þttll using equations (4.3.11) and (3.r.15) ute

finally obtain

m=

(-1)^ r
I

1 
(ÀP t*t *t-P)

- À, + f - r +
LM

n-l m

IIT
m=l r=

-À
,-,

r m+I

NT
m +L-T

1m

rmII
L<r rm Lm

II
L>r

Our normalized raising operaÈòrs are therefore

c'rfil -1 ,i,fi

IVe may now write down an arbitrary Geltfand basis state in terms of

lowering operators acting on'the naxlmal weight state lmax) of U(n) ' Itre

have

), À Ànnln 2n

Àln- I 2n-tI trn- I ,n- t

À

N[À]-I

À
22

- (s.2.3)

The nor¡nalization constant N[tr] appearing in this expression is

easily conputed by repeated application of (5.2.2). We readily obtain

(,rtit
rmt \

I nax) .

1

À
L2

Àr,



n-l m

IIIItl
rn=l r=1 Z<r

r m+l Lm
+ ,L - r - 1)!

s.7

(Àr, ÀZn*r + .L - r)l(À À

Nlrl = lì - À, + 'L - r -'rm Lm
1)! II

L>r (À'. ,*t - ÀZn+t +,L - r)l

,4
m+1

xlI
P=1

À
rm

( + r - p + 1)!
+T-p+l

I

t Îm+ I

It should be noted that the products of lowering operators appearing

in (5.2.3) are ordered in such a way that the lowering operators for the

group U(n) appear on the right of those for the group U(n - 1) ' The

rowering operators û+l a.,a ,ltf for u¡n¡ are ordered so tn"t v+fi appears

on the right of v*l when r ( k. However, changing the order of two

lowering operators for U(n) will only result in a change of norrnalization

constant N[À]. 0f course thi-s nay be overcome by incorporating the

norrnalization constants (5.2.2) into our lowering operators and working

with nonnalized lowering opelators.

5.3 Cornparison With t he Nag e1 -Moshinsky OPerators

We have already remarked, by their definition, that the raising and

lowering operatoïs of U(n) are not unique. However u¡e may assert that

our raising and lowering operators are unique with respect to the

property of being Hermitian conjugates of one another. To see this let

Rr be an arbitrary u(n) raising operator which effects the shift
n

À im+ À 1 n+l
---->

À 1m

According to Nagel and Moshinsky such an opelator must be of the form

Rr = htt)T ti,*,

À.llfÀ. +
l-m

for some polynonial h(x). Hence deconposing the U(n) vector operator
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into its distinct shift cornponents allows us to write1
d

m+

Irl

I

m

I
L--

RT
m

= I h(ar)rl [Z]r
,(sr L

II (x - cr,) and R] is of the formL-m
L<T

RT= In 
,L3-"

Now acring on the state 
lll ;.t) 

.n" operators ,![¿]', ror z ( r,

I

íL

1m

),1,t¿l
T

h(aL

À i m+I

À
IM

into a conbination of states of the forn

must vanish by virtue of proposition (2.5.1). Hence acting on the state

we ¡nay write
À i m+I

RTn
À

Now Rr. bv
m'

definition, effects the shift À . + tr. + ô. whereas each1m rm 1r

,þlLlt takes the state
À

À

i n+I

irn )Ài r*,
À. + $1n
(v)

So in order to obtain the required shifts we must have

h(a¿) = 0 for .L 1r. Hence h(x) is divisible by the polyno¡nial

h(o¿)û l,,Ll' .

Hence in terms of our raising operator úf, we have

Rr = h(or),r; * 
,\"h(o¿)rll,Llt.

(s.3.1)

Acting on the state

r{e are left vrith

the second term on the right vanishes and

À i m+I
À i m+l

RT
m

= h(or)úl (s.3.2)
). À 1m1m

In particular the Nagel-Moshinsky raising operators Rr are of the

forn hC.li "jr., for a suitable polynonial h(x). Moreover, frorn our

preceding remarks, h(x) is necessarily divisible by the polynonial

II
.L<r

(x - cr¿). However it is well known that the Nagel-Moshinsky

operators Rr are homogeneous at degree r in the group geneïators from
m
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which it follows that h(x) is of degree r - 1 which is precisely the

degree of the polynonial _II (x - cr¿). Accordingly we ¡nust have
L<r

h(x) = ç (x - cr¿)II
L<r

where c is a constanTÀdependant on the roots o¿. Fron equation (5.3.2)

acting on the state l^l 
t.t 

) tft" Nagel-Moshinsky operators are given by

lr.n /

À i n+t

i;:)Rt
m

=c [I (a, - cr¿) rl
r
m

À L<r1m

By conparing the nornalization constants of our raising operators Úl witfr

those of the Nagel-Moshinsky operators Rr the constant c nay be deternined.

By this means we obtain the result

c =. (-1) TII -oL-rc[

= (-1)r tl

r
t-<r CX r - g,L

0, - ct^rL 1

ü - 0^rL

Hence the Nagel-Moshinsky raising operators rnay be written

RÏ
m .L<-r

_ -r(a - u2), 1
a

m+ I

From equation (5.3.1) we see that an arbitrary u(n) raising operator

nay be written in the form

sL,þl.tlr ,= ßü;RT
m

+[
.L>t

where p, B¡ are constants dependant on the roots ctr.

ask under what conditions is the Hernitian conjugate R

operator. Now acting on the state lìl 
*t) *" n"u"

l:.m /

It is natural to
t" of RÌ a loweringmm

À À
1

1n

m+1 i m+l
RtT = ,rfr ßmn + ^[ ,þ+ lL], st

L>TÀ À 1m

However each,¡+[Zl, for '(-) r effects the shift, Ài, * Ài, + ô'¿ and

hence in order to obtain the required shifts we must have ß¿ = 0 for
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L) r.

It follows then that in order for the Hermitian conjugate of a

raising operator to be a lowering operator it must be a scalar rnultiple

of our raising operator r!r. A sinilar argument nay also be carried out

for lowering operators.

Accordingly we see that our raising and lowering operators are

unique with respect to the property of being Hernitian conjugates.

5.4 Raisin and Lowering Operators for O (n)

Following our U(n) notation if O(n) and O(n + 1) aIe two subgroups

occurring in the canonical chain

0(n) > 0(n - 1) r ... ) o(2)

we shall denote a maxirnal weight state of 0(m) with representation label

rr.tlm

labe

) contained in a Tepresentation of O(rn + 1) with representation

1 (Ài **,) br 
li, i.,)

. Throughout we'shall, Let a'be the o(n) matrix defined by (2.4.6)

(with n replaced by rn) and we shall let rfrn denote the contragredient

vector operator with comPonents

ü (M-t)1

m

1
j clJ

m+ I

where M is the O(n) transfornation natrix given by (2.4.4) and (2.4.5).

Sirnilarly we let ,¡j aenote the contragredient vector operator with
'm

conponents

(0lr
m+l

= cr.
J

M]
11

Suppose now we let P[r] denote the O(n) projector

P[r] = fI
Lrr

fã - "¿-l

þ' - ".j
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hrhere the a are the characteristic roots of O(n). Then, if lf ) is an
I

arbitrary naxinal weight state of O(n) of weight À, we have, in view of

proposition (2.5. 3) ,

P [r] 1 lfl = 0 for j ) r and i arbitrarY.
)

From this result, as in our U(n) case, we may deduce that

Vlttti lr) = 0 for i ) r. Accordingly it follows that Ulttt, lr) is a

naxinal weight state of 0(n) of weight À - Â, where we define weights Â,

for r ) h by Á,. = - arn+t-r. sinilarly we may show that rf;r[r]r ll) :-s a

naxinal weight state of weight À + Âr.

Foltowing our U(n) notation we denote the rth component of rlr[r] by

,p;. In order to incorporate a1l possible shifts we need only consider

the operators úfl and their adjoints Vt[ fot values of r in the range

r = 1, ..., h. Of course in-the case m = 2h + I we nay also consider the

zero shift operator g0 and its adjoint {,f 
0 defined by {lå = {ln[h * ,]h*t'

However we do not require the zero shift operator for our purposes.

We then have

À À

r 1 m+l

l_n

i n+t

1m

1 m+I

À +À
an 1r

À i m+I

rl,

À

G

G

m

I = 1, ht

*r
À

Àü
Àm -À

We therefore have our required raising and lowering operators and it just

remains to obtain the normalization.

The nornalization constants Nl of the raising operators rll and the
m

nornalization constants Ñfi of the lowering operators r¡fr, in view of

equation (4.4.16), are given by

1m 1r

i rn+I

,4
¡. I i m+I

T
úm

fr
rpNT

m
À À1m

m

1m
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i n+I

1m

i n+I

ru, Þ ¡r1r
À

,-1

1 m+l

À 1n

À i n+I

À 1m

(s.4 . 1)

(s.4.2)

À i m+t

À
l_m

i m+I

1n

),

). \
N^
n

,lr" ùtt'm 'm
À

À

1n

i n+l

l^,:)

(-1)*

m+1
II

ü,. n ¡r1r

,LM
+

À
IN

Due to differences in the normalization associated with 0(m) for ¡n

odd and even we shall consider each case separately.

o(m 2h * t): In this case we have, in accordance with equations

(3.2.4) and (4.4.20),

À I m+l

m+1n(À -À +r-p+1)p m+l rnI
M

T À À + -r-1+

+L-r-1+ô

Z,h+I -ô .L rn+l-

ô.L,h+t L n+I-r

À TM

1m

,LN1n

À

À

1m+

1m

\

)

.LmII
L>r

L*r

À
À

which gives the result

À

p t'll -r À

(- 1)In

rm

+ -r)

,2

I
(Àp r* t À +r-p+1)

1m

(À
ñt

m

]. m+l

-À À
rm - À" +

Lm
-r-1

.L>r rm Ln I-<'r

We also have in accordance with (4.4.20) and (3.2.5)

rn+ 1

(-1)m +r-p) À i n+IT n
=l

(^n -Àm+I
M

T II -À -I'+ ÀÀ 1m L¡r
(À

TM ,LN
+

rm

ôL,h+l
+ô I-,n+l-t )

1m
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Þ r"ll
i ¡n+l

IN

À

À ) r rm Lm

À -1" +,(-- r+1-26ofm ¿m 'ç h*r * ôf ¡+I-T
I

À

I

Z,h+t

i m+I
II

L<
+ -r

1m

where we have made use of the identities

B +1
p

N]|n - À^ +rm Lm

I p n+l rm

CIB -u Irp
r*h+1

dr-o¿=oL-or*ôz,h*,

substituting these expressions into (5.4.1) gives the result

(- 1)In
rn+1r(r -À *t-P)

-r À
rm

I

In -r+1- Zrn+ I -r)

,4

.(.<r 'L>r

In a siniLat way we.may normalize the zero shift operator but we

will not do this here. It sùould be noted that in the above for¡nulae we

have adopted the convention (2.5.17) for defining labelt À¿,n for Z) h'

0 m=2h : As for the case n odd we nay substitute formulae (3.2.2) '

(3.2.3) and (4.4.19) into (5.4.1) and (5.4.2) to give the results

m+1
il(

4
(-1) t Àp

À

ñtn

m+1 rm

II
.L<r

Àp m+l 1m

+r-p+1-ôp
-1

À -tr¿r*rm
-r À _ì +

,h*r)

P,h* r)

-r-1
rm In

.L>t

¡n+ 1

(-I)In r (

-ì "Lm

-À +1-p-ô

Nr=
m,

I
À + À

-ãL=oL-o,

-r bnrm -À +

Prh+l

-1.+ +6
Lrn+lïm

.L<'r

where we have used the identities

0,
T r=(x

(l

.L>-r

ßn

r

ßn +1+ô

Our norrnaLized. raising and lowering operators are therefore given by
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0;)-l Ul rtta (ñ;)-t ,;t respectivety for vatues of r in the range

r = 1, ..., h.
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CHAPTER 6

Matrix Elernents of O(n) and U(n)

6.1 Our ain here is to determine the matrix elements of the O(n) and

U(n) generators. We have in fact already determined the matrix elements

of the generators al-, and .l*t in Chapter 4. It is customary then tom+l m

obtain the matrix elements of the remaining generators by repeated

commutation with generators of the fonn {*, and {*t. IVe shall, however,

present an alternative procedure whereby the natrix elernents of all the

group generators may be obtained just as easily as those of the fotrn 
"T*lm

and

Before proceeding we establish some notation. If U(n) is a subgroup

occurring in the canonical chain

U(n) > U(n - 1) r ... r U(1)

we denote the U(n) natrix whose (i,j) entry is the U(n) generator a]
J

(i,j = 1, ..., n) simply bI an. We denote the characteristic roots of the

natrix t,n bI or,, (r = 1 , m). They take constant values on a finite

dimensional irreducible representation with highest weight

n
a

m+

(Àtr, Àzr, Àrr) given of or,* = Àr, + m -

We denote the U(n) projectors sinply by P

r.

tïl and Þ
m

r
A - 0^ML m

ctII'[l] = 0,

,L*r ïrI L m

Þ l'"1 = , [:u' 
- nÉ,r' 

](ri L*r lor,,n - o.(-,^)

where á, is the U(rn) adjoint matrix whose roots oZ,* "t" 
given by

oL,^ = n - I - oZ,r. Following the notation of Chapter 4 we denote the
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(n,n) entries of the U(rn) projectors

respectivety; i.e. t[:l: = c- -, Þh- lrjn r,r' tr
Chapter 4 we know that these operators alre essentially squares of Wigner

coefficients which rnay be expressed in terrns of the or,, ttd oz,r-l "t
in equations (4.2.I7) and (4.2.I9); i.e.

c=ttm-'-r,n tlr 
(ot,t - ok,t)-' 

¿T, 
(o,.,t - oz't-r - r) (6'1'1)

*T

and

m-1-I II (cr

.L=Ir 
(ot,^ - okrr) rrI o¿rt)

lrI

_n"," , [ï] r

where M and tr4rril rrfl

C

m

II
k-

(6.1 . 2)

(6.1.3)

tT

Finally we denote the U(n) vector operator with components a1,,
m+1

(i = 1, ..., il) sirnply by ,1,(m). Its Herrnitian conjugate constitutes a

contragredj-ent vectoï operator with components ,l,t (ln), = .l*t. The U(m)

vector rfr(n) and its .or,¡rgrtì ,¡T (^) nay be resolved into shift cornponents

r IIì

,1,' (r) = I
r=1

and {t m alter the U(n) representation labels according to

,H,
1

m

û(n) = I
r=

^n,* 
* [ï]

Àk,r * ôk"

6

=v H

'[l^u,t

n+1r(
k=1

u,][^n,''tI

= rvr Þþl1ril (rj
- 

[ï]

Ð
=ú

According to equation (4.3.9) r^¡e may write

'[Ð

¡[l
-' 

[ï]

are U(n) invariants which are given by

-r) r (ot,rn - oL,^ - 1)-ll'l = f-ll1rfl
m

ct-
k,m+ l

(l
rril L*r
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Their eigenvalues on finite dimensional irreducible representations are

the squares of the reduced matrix elenents of the vectors rþ(n) ana 9T ¡m¡

ïespectively. Note that by taking the (n,n) entries of equations (6.1.5)

we obtain the relations

(6.1.s)

which witl enable us to imnediately write down the matrix elements of the

' n urrd at*I. rt is our aim here to generalize equationgeneratort rr*I 
m

(6.1.5) to enable us to calculate the renaining natrix elenents.
fn + rìi
I t J'*r

of the U(m + 1) projectors P are related to the

ilconponents of the U(n) shift vectors { by the following equations

m+1

M = l-l)n IIr,rr k=r 
(ok,r*, - o",r) 

¿], 
(or,r - oL,^ - 1)-I

r[ïJ' -t H,o = M,,, c,,,,

*t [î]. t[Ð' = 
",,,,' 

e,,,"

i'l

_ 1) -' 
'* [iJ ,.'[' ; 'J

t[' i tJi., 
= 

]-rÕn,'*r(ok,'*r 
- oz,')-t *[ÏJ'

,' [i]i ek,,n*, (ok,,n*'']

'[' ; ']'J; = '[^; 'J'[' I

- (6. I .4)

and

(6. I .6)

(6.1.7)

1
m+l äJt tu,r..r(ok,r*r - oz,r - 1)-i

m+I
i tk,rn*r(okrrn*r - oL,^

I

Sinilarly, from equation (4.2.18), we have the relations

' [' I 'Jï.'

*[

m

I
.L=l

m+

i

Fron equation (4.2.15) we see that the entries P

I

(Ck,n*r)-I

'[' i 'J I

m=I
L_

m=I
L=

u['; o¿,r)-t

m+1
j

Finally, in view of (4.2.I4), we have the relations

i
m+1
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['n,,".,J-' 
uf ; ')'J

x rlr [iJ' 
-- 

[T], 
,

ck,r*, Mt,r(on,**,. - ot,r - 1)-t (on,rn*, - o",t) t t[l;

u[' ; 'J; uf; n+I
j

1

n+l
(6.r.8)

This conpletes the surunary of results from Chapter 4. We conclude

this section by obtaining a useful relationship between the projectors

nft.. tl 
"r,a 

pftl for the two subgroups u(n + t) and u(m).-t k ) (rj
By apprying the u(n) proj""."t n[]l to both sides of equation

IrJ
(6.1.8) we obtain, by virtue of (6.1.6)'

ck,r*, (ok,r*, _ Ð-2
m

I
P,9=

'Jl'[Ði = *[ï]''[l]; '[' i *- [î],
1

(l
IrI

- r;-t ¡cr cx '¡-1
1, ß'

ct,t*, 
Iwith ü 
|

We now note, fron the forn of Ck,r*, given by equation (6.1'1), that

cr, - *,- _ - l)-l is independent of '_ _ and hence commutes"k,m+I *1 ,m -- -----¡ - rrfl
tl - we mav therefore writer)

k,m+r 
(ok,r*,m

ct
T rrI

which, in view of (6.1.3), fraY in turn be written

Sirnilarly we obtain

, (ok,r*,

'li'I'[l]; '[' ; 9=c
J krm+ I

n,ä=r 
t[l]i u[-; tJ; u[lå = en,'*r M',*(ok,'*, - o','- 1)-1

(6.1.s)

- (6.1.10)

CI )-1
'[Ð;rrfl

As we shall see equations (6.1.9) and (6.1.10) are essentially all

we need to deternine the natrix elements of the U(n) generators'

6.2, Sinultaneous Shifts

If U(m + 1) and U(m) are two canonical subgroups of U(n) we have



6.5

already renarked that the operator rþ(m) with components U(*)Z = 4*t
constitutes a U(n) vector operator. Hence each operator afo+., may be

written as a sum of shift componentr ,þ fil which alter the representation'[rJ
labels of the group U(n) according to (2.5.13). However if k is a

positive integer less than rn then the conponents ü(n)1 (i = 1, "', k)

also constitute a vector operator with respect to the subgroup U(k) '

Hence any given operator of the eo* {* , (L < rn + 1) transforms as a

component of a vector operator with respect to the subgroups

U(m), U(m - 1), ..., U(¿).

In the limiting case when .L = m r,\re see ttrat {*t can only be a

component of a vector operator with respect to the subgroup U(n). In

this case a]., can only alter the,representation labels of the subgroup
m+r

U(n) and we may resolve a
m+l

into its U(n) shift components according ton

ú[

ü

n-1m-l F=L

m
a

m+

Suppose now vre consider a generator of the forn i;l *fti.h transforms as

a component of a vectol with respect to the subgroups U(n - I) and U(n) '

Firstly.t*l t"=t alter the representation labels of the subgroup U(n)

and we obtain a prinary deconposition into U(m) shift components

= i' *[l'I

I

m

I
r=

rn- Ia_m+l
m-I

r[ïJ' = '[Ð] 
,i.r = .i,*, u[Ï)i

rl

where

m-I is also a component of a vector operator with

respect to U(n - 1). Hence hle Inay further decompose Q

U(rn - 1) shift components according to

¡¡o" "t.r, ,¡ Itl'[rJ

Ilú
n n-l
rL

1L

m-1

ftlt-I into it,
trJ
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J = *[ï
J [^n,' 

. on"]

uþ'Jï-'

uu.J
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krm

m

r

n-l n
Lr

rl,
n m-l
rL

¡n- I =p n-
L ')

n-l
i = * [iJ', [ï]'

Hence we obtain the resolution

m

I
r=

-1
+1

m
a

m

Ir

1

m-

I
L_l'[

n

r

n-1

T

n-l

where each component ,¡ [] 
t;t'ì si¡nultaneously alters the representation

'[1 L )

labels of U(n) and its subgroup U(n - 1) according to

À
IIl-l
L

n-1
L

Àk,t-, ú

We write this sinPlY as

m m-l
rt-

n-1
LT=v +

) [^n,'- '
m

aJ
m+'['¿')l '[l];

By our construction the shift conponents {

^id
m+I

ft
Ir

m-1
t- are given by

I
-ì. - m n-lm-I lK \. Fol = L L

'1.- ) j=l i=l
*[ï

I
i=1

li = -!,'['.']i'[ï]i

I

n
I

n-1
u ['z']T

n-l
L

i = 1t ..., D-l

j = 1, ..., il'

J

rf ';tJ = of;t Ð ú(n) = rr'(n) u[î

where o [t;t 1l nay be interpreted as an (m - r) x m matrix of operators
[¿ r)

with entries

P t

More generalty an operatot 4*, (.(- < n + 1) nay be decomposed into a

sun of sltift components which sinultaneously alter the representation

labels of the subgroups u(n), u(n - 1), ..., U(,L). We write this deconpo-

sition as

L n-1
i (n-1)

L
i(L)= I ül,

i(k) tIa
m+

m

i (¡n)

L (6.2.r)



r{here the sunnation symbol is shorthand notation for

m rn-l L

III
i(n)=1 i(m-1)=1 i(Z)=1

Each shift component si¡nultaneously alters the representation labels of

the subgroups U(n), ..., U(¿) according to

.., ¡n and k = l, ..., P.

6.7

L + ô
i(.1) krp k, i (p)

- (6.2.2)
^u,p 

û
n-1

i (m-I)

t-

m m-I
i (n) i (n-r)

t-
i(.L)

i(L)
L =rf m

i (m) ^

for

with entries given by

1
P

.L+L

i (Z+1)
P

Lp

These. shift components may be constructed by repeated application of

the subgroup projectors as in the al-] ..t". let us denote the Z x rn
m+r

matrix of operators with the entries

l; '[llL
(,1)

L
I

r=1

ll 'I1

L

I
r=

m-2

I
Q=1

I q
pI

P=1

'I
n-2 n-lII
q=1 P=l

r

L
í(I-)

n-1
i (n-1)

m

i (tn)
p
j

sinpry o, o 
[, ål , ä-tri , i,, ]

It is clear that these operators,project out the sinultaneous shift

coïnponents of the generator 4*, = U(t)Z from the left;

L
L(L)

-D
m

ú (n) (6 .2.3)i (n)

Similarly we define the projectors

m

(n)

]i =

'L

P
n n-l

i (n) i (n-1) i(.1)

m
P

n
i (n)

n-1
i (m-1)

x-

í(L)P
1

ïP
m

i (tn)

i = l, ..., il

j = 1, "', L'

Clearly these operators project out the simultaneous shift cornponents of

the generator rf (t)Z = y'*, ftot the right;
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rþ
n

i (m)
L

i(.1) = ü(m) Þ
m

i (tn)
L
(.(-)1

(6.2.4)

In a sirnilar way we define the operators

P
L

i(-)
m-1

i (n-r)
m

i (m) and P
m m-l

i (¡n) i (n-1)
L

í(,1)

- (6.2.s)

defined in the same way but with the order reversed.

By taking the Hernitian conjugate of equations (6.2.1)-(6 -2-4) we

see that the generator al*' (La m + 1) nay also be resolved into its
L

sinultaneous shift conponents according to

m+l
^L=

where each component ,¡T

the proj ectors (6. 2. 5) ;

m n-l
i (m) i (n-1)

L
i(L) L

rnay be constructed by applYing

{,t 
Ii

(k)

m

i(n)

m m-l
i (n) i (n-1)

1

L
i(.L)

,!i 
I

L
i(.L) P

= ,l,t (rn) t 
[, äl

m-l m

i (n-1) i (n)

n-1
i (n)

),rt

L

L
(.1)1

(n

We conclude this section by obtaining a generalization of equation

m

i (tn)
L

i(,1)

i(.1)

n-1
i (m-1)

(6.1.5) for the nultiple shift vectors ú

We have

--[ m L
i (m) i (¿) L t|,

m

i (n)
L L

i(.1)

Jä ,t [,i^,J,

i
L

m

I'
i,j=1
m-1

I
i,j=1

Þ
L

i(.1)

L
i(.1)

rm
i (n)

+u(n) .t1,(n) I Þ
1 i (n)

L
i(!-)

L
J

m(

t

P
n-1

i (m-1)
m L

i(.L)

However, in view of equation (6.1.5), we know that

{, i (n)
lp

- (6.2.6)
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¡
I

{, i (n)J"I M

m

i (m)

m m

i (m)
J P

m J
i (rn) ,m i (n) 1

and it fotlows that (6.2.6) nay be written

P
L

i (n) ,n i (¿)M
m-l

i (n-1)l'I J'[
n-l

i (n-1)
r. l¿

i@) )r.
(6.2.7)

By repeated application of (6.1.10) this in turn nay be written

n
II

l=L+L

m

("r(n),p - oi(p-r),p-r - r)-t ["i(p),p - oi(p-r),p-r)-t 
rl, "t (t) , tci ¡t¡

- (6.2. B)

Similarly we have

rl.,
m

i (n)

m

-n(^,= 
p=[*tL"i(P)'P 

- o

m

i (p-r) ,p-1 - r) -t [", (n) ,p - oi (p-r) ,p-t) 
-' 

X-rM, 
(') ,'ci I'

\-

- (6'.2.s)

These are the required generalizations of (6.f.5). They are in fact

the squares of the matrix elements of tf*, and "[*1 t"rpectively.

6.3 Matrix elements of the Group Generators

Throughout this section rtre assume that we are working in a finite

dinensional irreducible representation of U(n) and we shall adopt the

usual Gelrfand basis notation. Our ain is to evaluate the natrix

eternents of the generator, 4*, ana aft*t (¿ * t). The natri* of 
"flf l it

of course diagonal with entries

m+I

I
i=l

À

I

m

Ii-
À

]. rm+ I irm

supressing the labels of u(n + 2) we nay write an arbitrary

Geltfand pattern in the form
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I i n+I

À 1m

Ài ¿-,
(v)

where (v) denotes a Gelrfand pattern for the subgroup U(L - 2). Let us

fix this Gel'fand pattern and write it in the form lfr,U) for ease of

notation. We begin by obtaining the matrix elements of the generators

m . m+la andam+l n

Resolving am*, into its U(n) shift components we have

'i., l^:,n ) = ,Ï, * [ïJ' l^, ,u )

= j, *ïl^¡ 
,m+r; ^i ,', ^j ,'-,J l^, ,k 

* o',' )

where l^j,n * o",r) is shorthand notation for the state obtained fron

lÀ¡,¡) by increasing the labe1 
^r,r 

of the group U(m) by one unit leaving

the remaining labels unchanged. The natrix elernentt NI, in view of the

Hermiticity property ,/,t 
[}],n 

= þ[Ï]1* 
and equation (6.1.s), are given

by

^,,,-,] = ( ^,,u1",' 
e",'NN

I
À jÀÀj,m+l' j,m' )

,4
(6. 3. 1)

kt

(Strictly speaking this matrix element is to be multiplied by a phase

factor. However it is custonary to choose the phases of the matrix

elements of al,, to be real and positive. The question of phases shal1
m+l

be discussed rnore fully in the next section.) Substituting for ttr,r "td
Cr,r rrire 6.I.2) and (6.I.4) gives the result
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NNr j,n+I' J rIII i,m-1
À À À

,,,

(-1) trprrn*l tr +r-D
T,D

-1 'ìZ,m- t
+L-r+l

n+1mr
P=1

n-1
II

.L=L
rrIÀ

Sinilarly the matrix elements of al+t "t"m

m
II

'L=I
Ér

1ril
À - 

^¿,, 
+ L - tJ [^r,, - ^¿,, 

+ L - t * tJ

(6.3.2)

mwhich are the well known matrix elements of a
m+l

ñtr j ,m+ I' j,m' j,m-1À À À

À( ñr
Jrk r c À

,,,

),m ïrfl j,k
4

m+1
(-1)t r

Þ=1

n-1
II

L=I
À À +r-D+1

T) In ^",* 
- Àz,r-,. +L-r

P'm+l
m

II
'L=L

*t

|,
lrD - 

^L,^+,(- 
- "] [^",, - 

^L,^+ 
L - " - 1)

(6. 3. 3)

The method for calculating the matrix elements of ^fr*, ar',a a[*1 is

sinilar and, in view of (6.2.8) and (6.2.9), no nore difficult. Resolv-

0

ing afiç1 (Z < n) into its sinultaneous shift conponents we have

I
(L)

I
(L)

'.)

L
a

m+
T ú À )Jt 1

m

i (m)

LL
í(.1) j,k

N
n

i (m) ,tt)l^, ,u 
* 

^i ¡",; ,*
' ^í(L),L+

)
I

wherel^j,n * Ai¡*,,, * * oi(¿),¿) d"ttoaes the state obtained from

l^i,t) by increasing the representation label 
^i(r),r 

of the subgroup

U(r), T = !-,..., fl, by one unit leaving the other labe1s unchanged. In

this case the natrix elenents Nl m L ì

[' c'l iiu) are given bY
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L
N

n
i (n) í(.(.) =t(À m

J i (rn)

[(^r,'r,' - Ài ¡'- ),T-l

+ i(r - r) - i(r) + 1) -t

^ i,n+l À

La
m+I

=| i(r),r
m

i (n)

'/[k

which, by virtue of (6.2.8) and (6.5.1), equals

+ - i (r))-r (ri (r),r
+1

*T c't
m

II
Lr

m
II

r=L

i(r-t),r-l

L
i(.1)

+i(r-1)

t4

-À (6. 3.4)

where *lrrl = *l(r)(^j,r*rt 
^j,", ^j,r_r) 

are the natrix erements of the

rgenerator ai*, which is given by (6.3.2). The undetermined phase (t)

(which nay be chosen real for U(n)) will be obtained in the next section.

ctearlvNl..t L I
' rt iil ii.t-l) corresponds to the natrix elenent

)À(

i ,n+ I

(À)

+

]' ,'[L
i(.1)

m

i (m)

L,T=L,...,m.

,t r) or the senerator

where

n+1

^L

(À') = (À) except for ll(r),r

Sinilarly the natrix elements Ñ

(Z < rn + 1) are given by

N
m

i (n) J = =(,,n1*[,ä,
L

i(.1) L
À.
J'

which, in view of (6.2.9), equals

[[^, ,', , '+1

m

II
-r=.L

m

' Irñi c'i
-t

+ i(r - 1) - i(r)

+ i(r - 1) - i(r) + 1 À i (r) ,r

(6.3.s)

-À i(r-r),r-I

,
À J'l

where ñT, .1ITJ

i(r-t),r-1

= |rf

T+1
Tcrl(^¡,r+r; ^j,tt ^j,r-r) 

are the matrix elements of the

which are given by (6.3.3).generator a
tf

Choice of Phases

In obtaining the natrix elements of the U(n) generators there is a
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degree of freedom in that the phases of the generatort "l*t 
Inay be chosen

arbitrarily. Following Baird and Biedenha¡nll we have chosen these

phases to be positive (which agrees with the Condon-Shortley convention

for SU(2)). By Hermiticity it follows also that the phases of the

generatort 4*l ttu also positive. The phases of the remaining genera-

tors are then dictated by the Lie algebra comnutation relations. (Note

that with our choice of phase all ¡natrix elements are real.) It follows

from these considerations that the general matrix element *[räl ,tO)

has phase

where S(x) is the sign of x and S(0) = ].

Specific Cases

u(2)

An arbitrary Gelffand basis state for U(2) nay be written in the

ror, f 

u, 
^tr) where LrÞ LrÞ 0 and.Lr>- mÞ Lr. This case is somewhat

ln/
special since al, and af constitute vector (respectively contragredient

vector) operators which increase (respectively decrease) the label n by

one unit. In this case therefore there is no need to project out shift

components. The natrix ele¡nents of a| and a! coincide with the reduced

matrix elements for this particulaT case. Application of the above

formulae gives

LIa
)

L2
2 m

2 Lt L2
m

I = Í(Lt - m)(m - L,+ I)l

= [(Zr - m + I)(n - Lr))

, Lt Lz

4 Lr L2
n-1

)rn+1

a ) )I

as requiredr l.

are given by

The matrix elements of the diagonal generator s ar, and a2,
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LLr Lt L2

r3

)
I

m

2

L2

d I
m

L

)
n)

L L,

)
I t

2I L+L

+L2Lra

2

a2
2

(
m

We have

m

Tr

u (3)

a2
3

t
?

For U(3) an arbitrary GeI'fand basis state nay be written
r

)

r
3

*N;

2I 3

L,L

m

r
33

,2 II
rrI

LL,

TI'27 2

L2

L2

-Nî LI +1 L2 Lr+L
1

m m m

TI T2 13 rI tz
Lr*r L2

m+1

2I

2l

3

T2 T3

11 Lr+I

3

rl
La

3
2

=\|

1

2L

11
+N

I

rr

3

m

T r

ïr T2 T3

Ij L2

m

I

rI t2 13 T2r
Lr Lz-L

m

m+1

rt 12 1

LL Lr-l
m-1

,

?2 I
ñî Lt-L L2 2

2
N

mm

T
_fz

= rl,a
1 I

L I
T r

L2

n-1

+

21

2L
3

t
+N

I

According to forrnulae (6.3.2)-(6.3.5) the rnatrix elements are given by

1)(¿r - t3 * 2)(\ - m + 1 4
T - L) (Lr -TI 2¡2-

I

N2=
2

+1 +
I

L2 + t) (rz - L) (L2 L)(n - L,-r +
I 3

ltLt Lz + l) lLt - Lz)

-[;
I I++,2- L) (Lr t) (Zr -r

I

+ 2)(m - .L,
I

tI +1
3

+ 2

,4
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N

ll

ll

-[;

2t
2T

(rr L, + I)(rz L)(L2 - 13 * r) (Zr- m)

(Lt-L , + L) (X-, - Lr)

n)

4

\

1( L + r) (Zr - t3 * r)(Zr-T ) (Lr
tI

ñ2I

ñå=

+I 2 I z

I L,+2)(rz L,+I)(Lz- r,)(n -L,*
+ +2

I

2- + 1) (2, - t3 * 1)(m - Zr)

I

2 t2

(rr ) (Ltt -r
(Lt Lz* L (\ - Lr)

t
3

r
"2

m

I1

3a

2

2

Ij L2

(rr L, + 2) (r, t)(Lz - rr)(2, - n + 1)L2 +

N
22

+ I +

Finally the ¡natrix elements of the generators al are given by

3t
rT1

2

m

(r L* .Lr)J(LtT +rl23'+ It
L2 while

3

the matrix elements of the remaining generators are given by our U(2)

exanple.

6.4 Analysis of Results

We have shown that the only non-vanishing matrix elements of the

0
generator "fu, tt" of the forn (suppressing the labels of the group

U(m + 1))

(
TI

)

À
r-a
m+l

(6.4. 1)
(u)

where À' is of 'the form Àr = À + Or(r) where Or(rn) is the U(m) weight

with 1 in position i(n) and zeros elsewhere. Also, since {*, i, "
vector with respect to the subgroups U(Z), ..., U(m - 1)' we see that the

only allowed patterns (u') are of the form (u') = (u) except

(u )



6. 16

urc"l,t = !i(r),r
1, ..., r. The na

given by (6.3.4) (

+ 1 for r = L, ..., m-l and some i(r) in the range

trix element in this case is Ni. t L I
e iil tit>) and is

with the appropriate phase). On the other hand, using

the Wigner-Eckart Theorem, this matrix elenent ¡nay also be written

(^. o,(,)l l,c,rl l^X,:, ,'; I 
^;,:;,',) (6.4 2)

where the first tern is the U(n) reduced natrix (Mi(r),r)L of the U(n)

vector V(r)i = "i*r. Hence comparing the general natrix elenent (6.3.4)

with (6.4.2),h¡e see that the general Wigner coefficient

( ^, rÖ 
I ^ 

. o'(')) 
r, given bv

\ (u) I (u') /
fm

t 
[t (-) ,.(-,=f;., õr(t),t Mi(r-r),t-, [or(r),r - oi(t-r),r-t - 1)-t [ot(t),t

L
í(.1)

i
,4

- (6.4.3)

where the phase is given by the phase of the corresponding rnatrix

element. This shows the explicit factorization of the matrix element

(6.4.1) into the reduced matrix element [tr(*),,n)L t,,U the Wigner

coefficient (6.4.3).

In the notation of Baird and Biedenharnll 1et us denote the U(Z)

wigner coefricients te i (¿) ,rlu tr I f'- ', '1 (where we incorporate

(,(- - Ð into the pattern to indicate the dependence on the U(¿ - 1)

labelling parameters), and the reduced matrix element [Mi(r) ,t7" O,

[,lr.,tJ 
. Finarly hre consider the rtreduced wigner coefficients'r

I i(t) : r I
bc' -'ij ; ; - ti which are given bY

s(:-¡r - r1 - i(r)) þrcrl," Mi(r-i),r-r(or(r),r - oi(t-r),r-r - 1)-t[oi(r),r -

tL
_ q. ì-ll

, r(r-r),T-!) J

Then the matrix elenent N
n

i (n)
nay be written in terms of
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teduced natrix elements, Wigner coefficients and reduced Wigner coeffic-

ients according to

N

¡n

i (m) [,. ],;] , : I

Þ

+l

m

II
t=L

It is interesting to note that by taking the (n,n) entry of equa-

tion (6.1.10) we obtain the result

t[';t] tlil = ek,,*, M,,^ e,,,n(on,**r - o,,, - r)-' (ou,,n*, - o,,,)-''

In terms'of reduced Wigner coefficients this relation nay be written in

the forn

'[l

2

'[:] '[;'] '[ï=[,'.] [l:
which shows that the reduced Wigner coefficients are determined solely by

the subgroup projectors

N

Finally from equation' t6.2.7) we nay write the matrix element

rn I- ì
t trl tiu) in the rorm

(,1, 
1 

,,,,",,, u [,1r, ,;,]
Comparing this with the Wigner-Eckart factorízation (6 .4.2) we see that

the general Wigner coefficient (6.4.5) is given by

/xl f r. ml=l * r. l¿l ^\_l/ t öl^*or(,)\
(,,, I 

tl,ã, ,",j ul,*, ,rr)tl*,Ì= l\,,, ' u I ,u'r' ' 
/

- (6.4.4)

This is clearly a generalization of equation (4.2.5) obtained in

chapter 4.

It is in the forrn (6.4.4) that I believe the fornula for the

fundanental Wigner coefficients is most useful. This is because it is in

a form which is ãirectly genera IízabIe to the more general case of

arbitrary tensor representations by applying the appropriate tensor
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projectors in a way indicated by the corresponding Gelrfand patterns.

6.5 Extension to 0(n)

Following our U(n) example if 0(n) is a subgroup occurring in the

canonical chain

o(n)>0(n-r)>...ro(2)

then we denote the 0(n) natrix whose (i,j) entry is the O(n) ggnerator

i
o1 bv o We denote the characteristic roots of a- by o- - (r = l, ..., [)"j*n'm-r'il
where the ar,r "t" related to the O(n) representation tabels 

^2,,n 
O¡r

cr = l' + m - I - L
Irh år[

where we define labels À" f,or Zt [+] in accordance with (2.5.17).L,ß L¿)

With this convention we see that an operator which increases the label

^L,^^, 
be interpreted as an operator which decreases Àr*l-2,, "td

we denote the o(m) projectors constructed from the matrix cnl by

v]-ce velsa.

p I'l 
",'¿ 

p ['l ,[ri [ÌJ'
i.e. T'[l

mL0'[l=

Lrr

il
L*r

0 - ct^ML n
0, - CloT,fl L,fr

cr -;"m ¿.m
o1r[

where a denotes the O(n) adjoint matrix whose roots oD - are related to
m *-J --"- - Ltfr

the characteristic roots oZ,, bY oL,^ = om+I_Z,rn.

we denote the (m,n) entries of the 0(n) proj"..ot, nfll ."d Þfii- - lrj (r/

simply by c _ and c respectively. we have seen in chapter 4 that
---'-E-¿ -r Trfl Tril

these are essentially squares of fundamental Wigner coefficients which

nay be expressed'as a function of the roots in the o(n) and o(n - 1)

identities according to
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c",r = e¡+r-r,m = 
tT, 

(ot,r - ok,r)-t 
,1, 

(or,r - oz,*-r - n¿)'
m-r

Z,h+ twhere nL= L for n - I even and n¿ = I - ô

Hence we have

n-1

for odd n - 1 = 2h + 1.

c c
TrI m+ I -Trm = ff (a _ - crr "¡-l il (a - ol-,^_l - 1),

t.r '--Trn -'kr[' 
.L=I ' r'fl

À- +ô.
k,fl Kr

ok 
, r*, -t)

kr krrn+I- ")
-ô +ô

n=2h+1

- (6.s.2)

CrrI c II
n+ I -rrm k_r

rl (n) 1

rn- I
-I 11

.L=1
(ot,r - okrr) (ot,r - oL,^-I - I * o¿,n-r)'

n = 2h.

- (6. s.1)

We denote the O(n) vector operator with componentt oi*, (i = 1, "', m)

sirnply by ü(m). Its Hermitian conjugate is a contragredient vector

operator with components üt(r)i = oT*t. The 0(m) vector ü(m) and its
-'

conjugate ,1,'(tn) may be resolved into a sum of shift vectors

,1,+ (^) i --[l'
I

m

i
r=

"n"," û [ïJ
and rf

m alter the O(m) representation labels according to
1

t

^urt 
û

I

(^n 
,,n^n,* 

ù

According to equation (4.4.18) we may write

M
I

Irp = fvl

,,'[l,r-[l'[l
,

where

M
ïril

M andMTrfl rrfl are 0(n) invariants which are given by

(-1)t
n+1
II

k=1
O - CXo - flo
T,fl L,fr Ll-rrmM

m+ [ou,r*r - or,r) 
Ë" t

\-
ô¿,r*, -tJ
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where the entity n¿ is subject to our previous interpretation.

We therefore have, for the cases n odd and even,

Mrril

tions

ok,r*, - ot,r) 
,n, 

(orrr - o.(-,^ - I - ôz,r*t-t) -t

Sinilarly, using the adjoint projectors Uf i 
tJ *" have the equa-

Mm+r-r,n = (-1)t
m+1r(
k=l

m=2h

nrM

Their eigenvalues, on finite dimensional irreducible representations' are

the squares of the reduced natrix elements of the generators cI*t and

n+1c.
l_

m+l of

m+1

Mm+r-r,m = ¡-1)t 
¡11 

(on,r*, - or,r) 
¿f, 

(ot,* - oz,r - 1 + ôz,h*t

-ôz,r*r_r)-t; n=21n+l-

- (6. s. 3)

respectively.

As in our u(n) exanpt.e the entri", n[*; tJi., and tlt; t
i
m

rthe O(n + 1) projectors aTe related to the 0(n) shift vectors p by

the following equations (see equation (4.4.11))

P

P

rn+ I

k ,L=L

m

I
,L=L

m+L [l'
in =JÛ

1m

,.,*r 
= 

¿1, 
et,**' [õu,t*r - õz,t - n')-r v

[0¡,¡* r oL,^ - n¿)-t ck,**,

(on,r*r - oz,, - n¿) I ck,r*r
m+1 m+1

k 1

tl
m .frl
,i, *tlaj, 

'u,'*,(;n,'*' 
- ã',^ - nL)-'

n+l

1

- (6. s .4)

l-

- (6. s. s)

Finally, by applying the U(rn) proj".."t o[î] to both sides of the
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relation (see equation (4.4.9))

t-

P

m+1

k
=p

m+ 1

k

1

m+I
krm+I

(c )-1 p[ 
; 

']

ctrrfl

¡n+ I

j

0k 
rm+ I

J

we obtain, by virtue of (6.5.4),

n 
o l'loq L'Ji

m ftnìiI ol 
I

P, e=l l.tj p
(o¡,¡* r nr)-' ck,m*l

Fron the forn of C given by (6.5.1) we may write this in the forn
krrn+l

rocL M
,m+l 1rI (ou,r*r - o",,n - nr)-t (0¡,¡*r

,rn)-

'[l

tI 0m+ 
I -r rm

1

nr) -t [on,^*I - or*r-ï,m - znr)
J - (6. s .6)

This equation, although clearly an analogue of (6.1.9) obtained for

the unitary group, is a slightly molle complicated expression than the

corlesponding equation obtained for U(m). This is because, from the forn

of ck,r*, given bI (6.5.1), we rnay deduce, as in the u(n) case' that

ck,r*, (ok,r*, - or,, - nr)-t is independent of or,r' n"i"T:t we cannot

sinpty bring this quantity through to the other side of * 
LT,) 

t due to

the dependence on the root or.,l-r,m. Hence an extra factor

(ok,r*I - or*I-r,m - 2nr)(ok,r*r - on+I-r,m - nt)-I has to be introduced

to account for this.

6. ó Sinultaneous Shifts

As in the case. of U(n) an 0(n) generator of the tor* o[*I transforrns

as a contragredient vector operator with respect to the subgroups

O(n), ..., o(.L) (fot 2 ( Z < m). Víe may then proceed to re,ol.," o[*r

into its sirnultaneous shift components. However in the case of the

orthogonal groups a special derivation is evidently necessaly for the

special cases where L = L, 2. l{e shall treat the case LÞ S first and
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then consider the special case Z = 1, 2 latet.

First of aII it is clear that a generator of the form ol:i may only

alter the representation labels of the subgroups O(n) and O(n - 1) and

we obtain a resolution into sinultaneous shift cornponents

m m-l ,Itn n-11
o1*1= I I ú'l "lm-l r=l Z=1 [r L )n-t

where each shift compone". **[î n-1
L sinultaneously alters the represen-

tation labels of 0(m) and its subgroup 0(n - 1) according to

^k,t 
ü

n-1

L

m-1

L

t m

T
krD - ôkt * ôk,rn*r-t)

(^n,r - ôpz +6
P'm L)

k = 1,

^n,^-,

P

P = 1,

m-1

L

= {.,

P

n-1

!-

'[';']

[:
--[: +

r,L

(n)

[m-1-l
L-z-l t ftn

Ir

']
m

x-

t¿tJ are clearlY given bYThe sinultaneous shift components {

I.t
!/

tî
,trl

1

p=

n-1
I

n-1

p=

m

r
f

,lr' (n)

,urr"te P It
tr

n-1
L and P are the operators defined bYrn-l n

LT

n n-l in-
-t L

J

p

J

mL

i (m) i(.1)

i = 1r ..., m

j = I , m-l

P

L t;
n-1

L

p

j

More generally a geneïato" o[*t (S * Z < n) nay be resolved into shift

components which simultaneously alter the representation labels of the

subgroups o(m), . .., o(¿) . This decomposition nay be written as

CI
m+1

L
¡

,1, 'I
(k)L

where the sunnation symbol is shorthand notation for

L
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mn-lLIII
i(n)=1 i(n-1)=1 i(Z)=1

Each shift conponent alters the representation labels of the sub-

groups 0(n), ..., O(¿) according to

^u,n 
*'[,;, ,;,] 

= **[,ä, ,;,](^t,p 
- on,i(p) * 6k'p*r-i¡p1)

fot p = L, ..., m i k

Clearly then if i(r) <

rn=I m-2II

=l

Þl

tt

then the above shift conponent decreases the

O(r) representation label 
^t(r),r 

bY I unit' On the other hand if

tt] then À'* 
r -i (r) , ri(r) > is increased by t unit. In the special case

when r is odd h¡e see that when i (r) =

tation labels of O(r) are altered.
it + I then none of the represen-

These shift components may be constructed by repeated application

of the subgroup projector, "ì 
in the case of U(n). We denote the n x Z

matrix of operators with entries given by

1

L
I

r=1
P

L

i(.L)

m-l

i(m - 1)

p

q
P

r

)

L

í(L)qIp=

I
,l

1r

rly we define the matrix of oPera-

fron the adjoint projectors. Clear-

Iy then, the sirnultaneous shift components of the generators

,þf (r) - "I*l .t" given by

n

i (n) ]='[

L

i(L)

t={, (n) P

+
,l' (m)

L

m

i (tn)

m

i (n)

In the sânê rl,lrÉr/ we define the natrix of operators

i(.1)



6.24

Þ

mL
i (rn) i(L)

and P

Lm

i(.L) i (n)

defined in the sane hray but with the order reversed. These operators

project out the sinultaneous shift components of the generatorc of*r,

i (rn)
L

i (¿)

m

is given by

L
oft+ I I

(k)
rl,

i (n)1

L

i(.1)

L

i (n)

where each component V

fn
tl., I

li (')

m

L

i (¿)

L

i(.1) ]='[
û (n)

L

i (¿)

= ù(n) Þ

m

m

i (m)

We nay now present a generalizatíon of equation

nuttiple shift vectors ,f,[, ärl rt r)
Ír/e have

v
L+

tl, '

m m

n-1

i (n-1)

m-1

i (m-1)

L

i(L)i (n) i (n) L

P

L

i(.1)

x-

i(.L)

ml¿ It
I ,¡ Crl 

t 
,¡,t (t) ., P 

I

i(n)Ji J li(*)

L J

i(.1) L

l:,[
m

i (m)

l_

)

P

¿
,1, '

J

X P

L

Using (6.5.2) this in turn nay be written

L

i(.1)

í(L) L

rn

i (n)

L

M-, - P1(n) ,m

L

i(L)

L n-l

i(L) i (n-1)l'I l'I
m-l L

i (n-1) i(L)

m

í(L) cL,i(L) ,-l

L

L

Mr, i (r)

Hence, by repeated application of (6.5.6), we obtain the result

rl.,

m

i (n)

nLI
,1., '

i (n) +1

* tt,r(tl"i(r),r - oi("-r),r-I ni(t-r))-t ("r(t),r - oi(r-r),t-r)-'
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,. (oi(r),r - or-i(r-r),r-r ni("-t))-t ("r(t),r - or-i(r-r),r-l -'nr¡t-,1)'

- (6. 6. 1)

which is the required generalization of equation (6-5.2).

We now consider the special case where .L = I, 2. Although the

generatoru oT*I and o|*' tott transform as components of vectors with

respect to the groups 0(¡n), ..., O(5) it is clear that neither of them

transform as vectors with respect to the subgroup 0(2). This leads us

to consider the operators ú*(n) defined by

ú*(m) = # ("å., t i ofr*1)

These operators nay be regarded as components of the 0(n) vector opera-

tor

{, (n) I = V; (n)

ú(n)2 = rf-(m)

.....ri i , - zû(.n)- = om*I , 1 = J, .. ', m'

which is obtainable frorn the O(rn) vector operatot io**,

by considering the change of basis transfornation

", * 
Ln (e, - ier)

2)

Ì (i = t, t n)

e->
2

1

ø
( 1e+e I

e ->
1

The associated change of basis matrix is

e i = 3, ..., llì.
1

1

I

Mt= U
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where M is the O(2) change of basis natrix

M2
I:
/z

1l

-1 t

Clearly then the operators ü*(rn) are given by

ú* (n) = (M;t, 
,t 

oj,*, , rl,- (n) = (M; t r l "ir-,

where we have sunmed on j frorn 1 to 2. The 0(n) vector Vi = (M');t t o**,

has conponents in their O(2) weight space forms. Sinilarly the entries

of the 0(n) natrix

af = Mr oq¡4r¡-f

consist of O(n) genelators in their 0(2) weight space forms. We may now

proceed as hre did before working with the natrix ar instead of the

matrix c. The.rnodificationssequired are trivial and the analysis

proceeds in exactly the same way as before.

The resutt is that the operators r!*(n) and their adjoints
m+I
Ivl r'l

nents

1

õ
m+1
2

ct +1(l nay be resolved into simultaneous shift compo-

n

m

i (n)

32
I,p

i (k)

i
i (k)

û* (n) =
i(m) i(3) t

32+
rl, i (m)

I
,þt

i(5) +

where the simultaneous shift conponents sinultaneously alter the repre-

sentation labels of the subgroups 0(m), ..., O(3) as before and also

alter the representation labels of O(2) according to

l' 3 2\ ln s 2l
Àt" vl.r,', i(s) ,,J 

= tlr,*, i(s) ,,l 
[^t 

'2 
! L)

-f m s 2l -( m 3 2)

^,,, u+lrå, ,crr ;l = '*lr*, i(s) ,,J 
(^,,, * 1)
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ì1, _
+

r¡,:)
+

Note that t* can only increase the representation label of 0(2) while

can only decrease the representation labet of 0(2) (and sirnilarly for

In the case of 0(2) all lVigner coefficients are unity and the

result corresponding to (6.6.1) for the simultaneous shift conponents of

the operators rþ* (n) is

ú

m

i (n)

m

i (rn)

3

i (3)i (3)

3

i (3)

3

:l
2

+

2

,rÌ

m

= Mr,, 
IrMr(t),t 

ci(r),r("r(r),r - di(r-r),r-r - ni(t-r)) t

" (oi(r),r - oi(t-r),r-r)-I (or(t),r - dr-i(r-r),r-r - ni(t-r))-t

* (oi(r),r - or-i(r-r),r-I 
'ni¡t- 1) - (6.6.2)

and

ìl
m

i (m)

2 ms
i (n) i (5)

ms
i (n) i (5)

="'' ìJl

2

n

i (m)

32
+

J

,1., '

c[l
m+ /z [v*tr) - ,P-(n))

i (3)

- (6.6. 3)

(6.6.4)

MI

t 2

+

xrf

where M and M are given by (6.5.3)
It2 2t2

Expressing the generators afi*, and ofr*, tt terms o¡ r!+(m) we have

I
I

oå*r = f (v.crl *,i,-(m)).

Fron this it follows, in our previous notation, that the generatort oT*t

- m+l
and ci'' *"y be resolved into a sum of shift components

m+lc.
1

JI ,t,'
i (k)

32

i (3) í(2)
i = I, 2

m

i (m) l_

where the shift components alter the representation labels of O(2)
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according to

^r,,
,l,t

^r,, û*

n

i (rn)

n

i (tn)

3

i (3)

3

i (3)
=ìl

m

i (m)

i (tn)

-1

3

i (3)

3

i (3)

2

2

3

i (3)

3

i (3)

3

i (3)

3

í(3)

2

I

2

2

,r),

.L

= ú'
2

I
(r 1)t2

(Àr, + 1).

2

+

2

2

+

2

-f m

These shift components, in view of (6.6.4), are given by

{,f

{,t

{,t

¡n

i (tn)

m

i (m)

m

i (m)

m

i (n)

3

i (3)

3

i (5)

3

i (5)

3'

i (3)

2

I I

m

i (n)

m

i (m)

n

i (n)

m

i (m)

I
T,

+
rp

,þ+'r), =

{,+

,¡t

/z

1

/2

i
/z

:l
,), 

=ü'

(6.6. s)

6.7 Matrix elements of the O (n) generators

Throughout this section we assume that we are working in a finite

dinensional irreducible representation of O(n) which adnits a Gelrfand

basis. Our ain is to evaluate the matrix elernents of the generators

oT*t lz < n).
)L

Supressing the labels of 0(n + 2) we nay write an arbitrary Gelrfand

state in the forn

À irm+l

T
1rh

l^¡,¡) =

í,L-tÀ

(v)

L> 3
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where (v) denotes a Gel t fand pattern for the subgroup O(L - 2) (this

pattern of course does not occur when Z < 3). In the sþecial case

.L = mÞ 3 we see that the natrix elements of the generator o**I "t"
given by

with 1 in position r and zeros elsewhere for r ( h = t1 while we define

weights ar,r, r ) h, bt orr, = -Àm*l_r,il.

The ¡natrix elementt {C\ ,m*r; ^j ,rt
given by (up to a phase)

'Ï = (^¡,u | ü',' t',r I )'

which nay be evaluated using equations (6.5.1) and (6.5.3). Hence for

the case m = 2h we obtain (up to a phase)

ol*t l^i,r ) lr, ,r )ï *- |,'l
r=1 l.tjt

m

= ,l NT l^j,n - o',r )

where l^j,n - or,r)denotes the state obtained fronl^j,n)by adding to

the 2nd row (fron the top), corresponding to the labels of the subgroup

O(n), the weigha -Or,r. Here the weight Ar, is defined to be the weight
m

À ), in this case, arej,n-1

n-1

À.
)t

m+1
(-r)¡n ' r (À Ikrn+I 1rfl

+r-p+1) U (À -À +f-r+ô
.L=1

rrñ L,m-! L,h-t
k=1

NMr
Ë, 

(^t,t - 
^x-,^ 

+ f - r - I - oz,tn*t-") (^t,t - 
^'(',^ 

+ L - r)

- (6.7 .L)

and in the case n = 2h + I we obtain (up to a phase)

rn+ I
n

k=1

,2
n-1

(-1)t (^k,r*, - Àr,, + r' - n * 1) 
a_I r 

(Àt,t - 
^¿,t-t 

* L - r)

NINr -t +'L-r- 1+ô L,h+l oz,r* 
t -t) (Àt,t

L,m
+L-r)-II]tÀ

L*r 
' T'fl L,m

- (6.7.2)

where we have adopted our previous convention for defining labelt 
^rr,
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for r t [å] = þ. The phases for the above natrix elements shall be

determined in the next section. To avoid anbiguity we henceforth refer

to (6.7.1) and (6.7.2) as the I'phase-freerrmatrix elenents-

Returning to the general case we may resolve the g"t"t.tot ol*f

(3 < Z < n) into its sinultaneous shift components to give

m+l
oL

nL
i (¡n) i(.1)

-2n

^j,u

r .l *

^¡,u)= rL*'[r,,,',
fn= I Nl

i cL) [i (')

L

i (¿)

L

i(.1)

L )

The natrix elenents in this case are given by (up to a phase)

N À À

,.r

)J k j,k

which, by virtue of (6.5,6), is equal to

mnl-

'1, 
*i(') 

'=T*, I
oi(t),r - oi(r-r),r-r - ni(t-r))-t ("r(t),r - oi(r-r),t-,)-t

" (o:-(r),r - or-i(r-r),r-r - ni(t-r))-t ("r(r),r - dt-i(r-r),r-l

,]
t4

- (6.7.s)
i(r-t) t

^

where NT,.-., are the phase-free matrix elements of the generator o1+t"i (r) r
which are given by (6.7.I) and (6.7.2). ltre henceforth refer to (6.7.3)

as the phase-free natrix elements of the generatoru oT*t.

It is clear that Nl. L ì 
nonds to the ger

l:. tInJ tiU) corresponds to the generator

natrix elernent

(
m+I

oL ^

)
j,m+I
(À ')

j,n+I
(À)

where (À') is obtained fron the pattern (À) by adding to the first

(n - r) rows of the pattern (À), corresponding to the representation

labels of the ,,rbgto.rp, 0(n), ..., O(Z), the weights -or(*), -Ai(rn-r;, "

.., -Ol(¿) respectively.



In the case of the generator al+I *" ha.r" a resolution into si¡nulta-
I

neous shift components which are defined by (6.6.5). In this case we may

write

n+l
0

I

t

Ir
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)

^j,u

m

^,,u) = 
,-,Iu, 

**
2

)I

=lN
(k) I

i (n) í(2)

m2

i (m) i(2) 1[mJ,m
ot (r) 2^i,u

where we have adopted the sane convention as that used before (keeping in

mind that At = I = -Ã2 for 0(2)). We have found it convenient, in this

case, to add a subscript I to the natrix elernent to indicate that we are

considering the generator of*I rather than "T*t. 
(In the other cases

this anbiguity does not arise since, fron the form of the matrix element

N
m

i (n)
L

í(.1) , it is clear that we are considering the generator

m+IoI- ')

Our (phase-free) rnatrix elements in this case are given by (see

(6.6. s) )

N

m

i (m)
{,+

,l,l

2

I

2

2

I
/z

-1
,tr

(

(

À i,k r¡

t'I

m

i (n)

m

i (m)

m

i (n)

m

i (n)

Y
2

+

2

2

+

2

À

)

j k

^j ,n
N I

m

i (n)

I

t

Using (6.6.2) and (6.6.3) we see that the I'phase-freerrmatrix elements of

the generrto" of*t are given by

m 3

lr
,4

N 2 )
1l

1

/z
(¡i ,)% * 1 -1

I

n

i (m)

n

o2oi¡r¡,a

(o, (,) , , [or(r) ,3 - o2,, - r)-'[or(r) ,3 - o2,, - ,\

i (m) i (3)

m 3

- (6.7.4)

ì_

llt'r(3),3 - or,, - 1)-t
)-

I 2

and
2 -I

IM ,)4 *IN

i (m)

c[

2

-t

/, i (n) i (3)
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(o, (.) , , )-I (or(r) ,3 - o2,, - t)-l [or(r),3 - o2 ,, - ,)f'- o"r,

Fa2 , (",. 3 3 - oI

ct

, - 2)("i
2

3 3 I 2)cl

2

lr2 oi 
¡a¡, s

)

N
2

N
2

a

N

n

i (¡n)

2

1

- (6.7. s)

I
22

oi(r) ,3 - o2,

where *[räl ,år] are the phase-free matrix elements of the

generator o[*l wtrich are given by (6.7.3) (with L = 3). (Here we

enphasise that the phase-free natrix elements of of*t t"y in fact have a

phase as seen in equation (6.7.5). The term "phase-fleen means that the

natrix element is to be nultiplied by an additional overall phase.)

Sinilarly in the case of the generator o|*1, we have

)

m

2 )
rn+ I
2

(I
^i,u I

(k)

(k)

,lrt
^j,u

^j,u

I

=IN

i (n) i(2)

m\2

i'(n) í(2)Ir
A )

1
2

n

i (n)

m

i (m)

=iN I

=-iN

m

i (m)

i (n) ,n

2

Li(r),,

In this case the fulI natrix elements are related to those of the genela-

tor of*I by (see (6.6.2)-(6.6.s))

2

1

2

2
I

1l
,r)m

i (n)
- (6.7 .6)

It is inportant to note that equation (6.7.6) expÏesses a relation be-

threen the full natrix elements of the geneïatorc oï*l 
",,d 

o]*1 (and not

the phase-free natrix elenents). Hence in this case it suffices to

obtain the natrix elements of ol*1 only while those of o|*1 follow from

(6.7 .6) .

Choice of Phases

Unlike the U(n) case we cannot sinply choôse the phases of the
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. n+lgenerators o_ ' to be (*1). This is because on unitary representations

of the group the generators c[ are to be represented by anti-Hernitian

matrices. Now the Cartan generatort "ti-, have diagonal entries (in

fact these are the only generators with diagonal matrix elenents) and

hence, by the anti-Hermitian property, these must be pure inaginary.

Hence we rnultiply the diagonal natrix elements by a phase factor of (-i).

Although the renaining natrix elements of the Cartan generators can be

chosen to be real we feel it is simpler to adopt the phase convention

(-i) for all matrix ele¡nents of the Cartan generators. In keeping with

the unity of this choice of phase factor we adopt the phase (-i) for the

matrix elernents of all generators of the fot* ot*l (although one may

equally well choose real phases for the natrix elements of the generators

"7i.'1. It is easily checked that the choice of (-i) for the phases of

the generators ofi*t i, consistent with Hermiticity requirernents.

The phases of the matrix elements of the renaining generators are

now dictated by the Lie algebra con¡nutation relations. It follows fro¡n

these considerations that the (phase-free) rnatrix elements
( m L ì

^friil titl) are to be multiplied bv a real phase

s(i¡m-r¡ -i(n)) s(i¡m-21 -i(n-1)) s(i(¿) -içt *1))

(c.f. u(n) case). (This convention also applies to the phase-free

matrix elernents (6.7.4) and (6.7.5) of of*l.) The natrix elements of the

m+l -generator a'i-" {L( ¡ + 1) are also to be nultiplied by an additional

overall phase, (-i)t*t-¿. In the,case of the generator a|*t th" matrix

elements are obtained fron those of ol*r ¡"hor" phases are determined by

the above conventions) by relation (6.7.6).

Specific Cases

I1¡e shaIl now apply the above formulae and phase considerations to
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obtain the matrix elements of the 0(4) generators. ltre shall consider

the action of the O(4) generators on an arbitrary Gelrfand basis state

mr m2

L

m

Before proceeding v{e note that acting on this state the 0(4) roots

oirr ""u 
given by ar4 = [l + 2, d24 = il2 * 1, o34 = 1 - [2, o4q = -DI

while the O(3) roots are given by olr = Z + l, d23 = 1, o33 = -L-

Finally the 0(2) roots are ct 2 = m = -d22.

The matrix elements of the 0(3) generators are, according to our

prescription, given by

0

nI m2

L

mt m2

t-

m

^2

m-1

^2

L

m-1

2
I

m

L-L

= -]-n

tI 
^2

r_

m+1

tr 
^2

L+l

Im2n

L

m

mI mz

c[ 3
2 = * lrt - n)(¿ *'* t)l%

mI

L- ïlft + n)(z - m * r)l%

mr

x-

m

m n
^z2 I

CI
3

I =IJt - n)(¿ * m * r)l%

Tlrt. n)(¿ - n * r)l%

L

m+1

m I

The natrix elements of the generator a!r in view of our phase convention

and equation (6.7.2), are given by

mmr

\L
5

m

t

=N3I
*N; L *N3

cx

m2

n

^z

n m

where
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13

(Z + m)(Z - n)(nr L + I)(L + mr)(L - n)(Z + n, + 1)

L2 QL + r) (2.1 1)

+ 1)

+
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- *r)

I

(nrm2
N

2

b
(Z + n + 1)({ ¡n + l)(nr- Z)(Z + m, + 2)('L + nr+ l)(L + I

N3 = 1

I

(2L + L) (2L + 3) (.L * I)2

generator af we haveSinilarly for the

m

l.
)

n

2
ntI

L

m

n n

L

m2

t 1 I

I 2

m2I

I

0 4
t =fi

n

L

rn+ 1

2

+

2

where the natrix

2

L+\

m+1

Q.

elements in this case are

+ n)(nr - f + I)(L - nr)(.L

3 ,2

t1
I

I

+N
32

2l
+N

32
72

n-1

m m

L
32

31

mI m2

L+L

m-1

I 2

NX I +N
32

22
+

I I

m+1

^2
m

+

Nl't lt

(s
*, 

I

t3

tr)

+ nr) (Z + n, + T) (L m 1)
,4

I

LzeL _ t)en- + L)

n)(nr -f +r)(L-nr)(L *mr)(Z+nr

L2(2L-L)(2X-+t)

(L*t n) (Z + n)n! (n, + 1)
,4

2zç2 + r)z

2
-1 Q. + m + t)(L - n)n| (n, + 1)

,2

yzçf, + L)z

n + 1)(Z * nr * 2)(L * *z * 1) (L+ 1- tr)(m, -Z) (L -n+ 2)

,4

5 Q. + I)Q- - n - 1)
1

N I

2

I

2

.,

-1

1

-,[;

"[;

2

(L(s

"l.
2

I

2

2

-iT (2.L + 3) (2L +

L)(,(- * n, + 2) (.L + mz *

I) (L + t)z

1)("[+1-m(Z*m*
(2L+3)(2L*I)(X-*1)2

2)(m, -L)(L+m+Ð ,

^r[:
i
2
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Sinilarly, for the generator cl, we obtain

Im

L

m

4
2

n nr

T.-L

m-1

+N

.,

I

2

2

m2 mIm

L-L

m+1

2

+N

tI n2

.L+I

n-1

32

2T

2

,[:
2

I

2

2
2

)
,[:ct = |rf

2I mm m
I32

22

t

32
x

+

L +N

tt

L+l

m+1

L

m+l

+N
2 2

3 1

n-1

-"[ 

")

^z

where the matrix elements N, are given by

j
-rI

(s

= _i Nrl.
t:^r[;

32

t;
=iN II

2

2

j = I, 2, 3.

One nay check directly that the O(4) connutation relations are satisfied

with these matrix elenents and that the Herrniticity condition

- i-f ilai)' = -ci is satisfied.')' J

We conclude by noting that the natrix elements of the generator

oT*t (Z < m + 1) may be written in terms of Wigner coefficients
L

(c:- (r) ,r)
cients

t4 ,4

, reduced matrix elements (Mi (n) ,n) and reduced Wigner coeffi-

[t:r+11 f
I I = -is(¿ - tllcV-,r j 'L k,rn+r Mz,r[ok,r*r oL,, - n¿)-t [gu

[on,"*r - or* r-,L,r - n¿)-t (ou,"*r - or* r-I-,r - 2nL

- oL,t)-t
,r+1
,4

,]

in exact analogy with the U(n) case (except for an additional phase of -i).

As in the U(n) case one sees that the general 0(n) Wigner coefficients and

reduced Wigner coefficients are detennined solely by the subgroup projectors.
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CHAPTER 7

Conclusion and Suggestions for Future Research

An atternpt has been made to show that the polynomial identities

satisfied by the infinitesimal generators of semi-sinple Lie groups are

of fundanental inportance in the understanding of Lie groups. The

identities thenselves are sirnple to obtain and follow almost immediately

fron the basic concepts of representation theory essentially only

requiring a knowledge of reducibility and characters of representations.

Nevertheless, although intrinsically fundamental, these identities are a

powerful tool for obtaining explicit results such as the evaluation of

Wigner coefficients of the group, etcetera. Indeed I feel that it is

the fundamental nature of these identities which rnakes then interesting

because it is precisely this property which enables them, and the

techniques summarized in this thesis, to be generalized to other

situations of interest to both physicists and nathematicians. (Members

of this departnent are currently investigating the extension of these

ideas to Graded Lie Algebras.) To illustrate the wide range of

application of these ideas we conclude with a few suggestions for future

research.

In Chapters 4-6 we were nainly concerned with applications of the

vector identity of the orthogonal and unitary group to the evaluation of

the fundanental Wigner coefficients of the group. It is clear that this

scheme uray be extended to the evaluation of all (nultiplicity free)

Wigner coefficients by making use of the appropriate tensor (or spinor)

identities. The important equations in this approach are equations

(4.2.2), (4.3.9) and (4.4.16) which I can extend to arbitrary tensor

representations using alternative methods (Wigner-Eckart Theoren). One
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may then evaluate the Wigner coefficients of the gToup by a close

exanination of the associated tensor projectors. Indeed, since the

characteristic identities for arbitrary seni-sinple Lie groups are known,

it is clear that nany of our techniques are capable of generalization to

other groups. (See [53] for further details.)

In Chapter 5 raising and lowering operators for the groups O(n) and

U(n) were constructed. However it is clear that nore general raising

and lowering operators may be constructed by applying the appropriate

tensor (or spinor) identities. Related to this is the recent work of

Hughes and Yadegar54 who have constructed SU(2) shift operators
L

oä G = -i, j) which increase the value of L; where L(L + L) is the

eigenvalue of the second order Casinir L2, by k when acting on eigenstates

of L2. Our nethods in fact yield their results rather easily by applying

the SU(2) ldentity corresponding to the reference representation with

highest weight j. In fact we have already obtained these results in our

analysis of U(2) covered in examples. The projection operators construct-

ed by means of the general U(2) identity (see equation (2.6.28)) project

out the shift components of U(2) tensor operators which effect the

required shifts. The normalization of these operators is secured using

equation (Br r) (see Appendix B to Chapter 3) in direct analogy with the

normalization of our O(n) and U(n) raising and lowering operators. More

generally, in view of the general characteristic identities satisfied by

seni-sinple Lie groups, one may construct projection operators to project

out shift components of tensor operators (see section (2.6)) whose

components act as generaLízed raising and lowering operators which shift

the representation labels of the group (i.e. the eigenvalues of the

Casinir invariants) by a given weight (corresponding to the weights in

the reference TepTesentation). One may in fact apply these methods to

construct shift operators which shift the representation labels of a



7.3

seni-sinple Lie group by any prescribed integral weight u e 
^. 

(One

sinply applies the characteristic identity with reference representation
+n^ where À e 

^' 
is the unique doninant integral weight which is

l¡I-conjugate to ¡r.) The construction of these general shift operators and

their normalization is discussed nore fully in [53].

In this thesis we have only discussed conpact Lie groups. However

the non-conpact groups are also frequently used in physical applications55.

One obvious example is the Lorentz group SO(3,1) which has had several

classical treatrnents56'57. The unitary representations of SO (2,I),

SO(4,1) and S0(5,1) have been studied respectively by BargnausS,

Thomas59 and Kuriyan et al.60. They are of course infinite dinensional.

The unitary representations of the groups U(n,1) and 0(n,l) for general n

have been studied by Gelrfand and Graev6I and Ottoson62.

As for the conpact groups there exists a well established Gelrfand

state labelling schemeG3 for the non-compact groups U(p,q) and 0(p,q) (at

least for the discrete series of representations). It would therefore be

desirable to extend our results to these more general representations.

However the U(p,q) generators ai (i,j = 1, ..., p+q) also satisfy the

U(p * q) conmutation relations but must also neet the Herniticity

requirernents

j
-d 1

fori,j(por)p,

--^1 fori(p, j>p

ori)P,j<P
(see Chakrabarti63 for more details). The inportant thing here is that

the U(p,q) generators satisfy the U(p * q) connutation relations and

therefore all of our previous analysis extends to the non-conpact groups

since our results were obtained using only the group comnutation rela-

tions. The difference in Hermiticity has the effect of introducing a

t'i)t
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ninus sign in equations (4.3.9) and (4.4.L6) so that the natrix elernents

are nultiplied by factor i. Recent work of Wong64 and Patera65 shows

that the raising and lowering operators of Wong and Nagel and Moshinsky

are also a suitable choice for the non-compact groups O(n,l) and U(n,l).

The only difference is the introduction of a factor i to the nornaliza-

tion constants. One nay follow through their derivation to conclude

that our raising and lowering operators are also a suitable choice. Of

course, due to the change in Hermiticity, our raising and lowering

operators are no longer Hernitian conjugates. (One nay nultiply by a

factor i to obtain the desirable Hermiticity relation.)

It is important also to note that U(p,q) is the maxinal subgroup of

U(p,q*l) and the generators constitute a vector operator of
{ )

1
ap+q+ I

U(p,q). This vector operator must therefore shift the representation

labels of unitary irreducible representations of U(p,q) contained in a

unitary irreducible representation of U(p,e+1). However in this case it

is not irrunediately obvious how one is to interpret the shift properties

of a vector operator since the unitary representations of U(p,q) alre

infinite dinensional and do not in general possess rnaxinal or nininal

weights. I believe that the correct interpretation of this action is to

regard a tensor operator as shifting the infinitesinal character of the

representation. (In the case of finite dimensional irreducible

representations this is equivalent to shifting the highest weight.) This

interpretation is consistent with the fact that the Gelrfand states are

eigenstates of the fundamental invariants of U(p'q) and each of its

canonical subgroups. Therefore shifting the character of a subgroup of

U(p,q) (i.e. altering the eigenvalues of its fundamental invariants) is

equivalent to shifting the labels of the Gelrfand pattern in exact

analogy with the conpact case.

Related to this is the recent work of Kostant40 (see also Bernstein,
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Geltfand and Gelt¡rn¿66¡ who considers the tensor product representation

V(À) E V of a seni-sinple Lie algebra L where V(À) is a finite

dinensional irreducible representation and V is an infinite dinensional

representation about which we have certain information. (For example V

is a Harish-Chandra nodule which aùnits an infinitesimal character which

includes the case where V is a unitary representation of a seni-sinple

Lie group.) Kostant shows that if V admits an infinitesinal character

X- then the characters occurring in V(À) Ø V are among the set
u

Xu*Àt' ..., Xu*Àk where Àr, ÀU are the distinct weights occurring in

V(À). In the case where the characters Xu+).. are all distinct Kostant
'1

shows that the space V(À) G V is decomposable

V(À)aV=

where each V. is indecomposable and aúnits X as an infinitesimalu+^i
character. This result of Kostantrs rnay be applied to the subgroup

enbedding U(p,q) c U(p,g+l). In this case we consider the reduction

V A hr where V is the vector representation of U(p,q) and W is a unitary

representation. Kostantts results are of interest in other areas

notably the suggestion of I.E. Segal that a finite mass spectrum will be

obtained by decomposing V(^) Q V for the case where L is the complexifica-

tion of the Lie algebra of S0(3,2) and V(À) and V are suitably chosen.

Physicists are also aware of the deconposition of the space V(À) A V into

four-conponents where L is the Lie algebra of SL(2,C), V(À) is a four

dinensional representation of L and V is a unitary representation.

We nention here in connection with Kostantts work40 that we can

sharpen his result (his corollary (5.2)). Kostant has shown that the

possible characters occurring in the product space V(À) A V are among the

set X . but not all of these need be adnitted. I can show that ifu+^.'1
(u * tri + ô, a) is non-zero for all a e o+ then the character Xu+Ài

1
V

I

k
o

i-
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necessarily occurs in the space v(À) a v' (one may prove this assertion

by constructing generalized projection operators using the characteristic

identity and then applying the trace formula (5.4.6).) Unfortunately

this condition is sufficient but not necessary. (For exanple let U be

any weight satisfying (u * ¡, + ô, c) = 0 for some d € O+ and consider the

product space V(À) e Z(p) where Z(u) is a Venna module of highest weight

u. Then the character tu*^ it aùnitted but (p + À + ô, a) = 0.) It

would therefore be of interest to determine further conditions to obtain

a necessary and sufficient condition for determining the infinitesinal

characters occurring. (The infinite dinensional analogue of the

Clebsch-Gordan series.) It is suggestive that such considerations are

closely related to the structure of naximal ideals in the universal

enveloping algebra which is a popular field of research for nathematicians

at the present timesI. \-

The techniques presented in this thesis nay also be extended to the

state labelling problerns. This has been illustrated in the recent work

of Green, Hurst and L1âned67 who have applied the characteristic

identities to the state labelling problem O(n) c U(n). One nay

consider the general situation of a seni-simple Lie algebra L contained

in a larger semi-simple Lie algebra K where L is separated fron K by an

irreducible tensor operator (see [68] and [69]);

K=L @ T

lT,Tl 9 L; [L,T] c T.

(For exanple when K is SU(n) and L is SO(n) then T is a symnetric two rank

tensor of SO(n).) One may conceivably construct an appropriate natrix

with entries from K which satisfies a certain polynomial identity with

coefficients fron the centralizer of L in the universal enveloping

algebra of K. The coefficients of such an identity could then be used to

I
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provide extra 1abelling invariants for resolving the problen of labelling

equivalent representations of L in a given irreducible representation of

K. The nultiplicity problen is therefore reduced to deter¡nining the

spectrun of the coefficients of the associated identity or equivalently

of determining the factored form of the identity. I feel that this would

probably lead to polynonial equations for the determination of eigen-

values as seen in other approaches6T'70. However much research on this

idea has to be carried out before any definite conclusions can be

reached.

From the point of view of applications to physics one sees that the

projectors P[i] (see equation (2.6.20)) have a natural physical interpre-

tation. Consider for exanple the scattering of a particle A off a

particle B where A and B are known to be in states of finite dimensional

irreducible representations V(À) and V(p) respectively of a seni-simple

Lie algebra L. The resultant scattered particle is known to be in any

one of several possible states corresponding to the reduction of the

product space V(I) S'V(u). The projector P[i] has the effect of restrict-

ing the scattering experinent to the channel À x U + U * Ài. The natrix

elenents of the projectors PIi] therefore determine the probability

amplitudes of the various possible outcomes. The conservation of

probability is guaranteed fron the relation

Such projectors nay be conceivably used in a simiTar way in a wide range

of physical applications. For a nice application of these techniques to

Quantum mechanics and field theory see Green and BrackenTl.

Finally I feel that it would be of interest to extend the methods of

the characteristic identities to non semi-simple Lie gToups. The groups

I have in nind are the inhonogeneous classical gToups such as the

ln
i

1til
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Poincar6 and Galilei groups which are of fundanental inportance in

physics. Also, as mentioned previously, one may consider the extension

to the graded Lie algebras.
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