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ABSTRACT

The underlying theme of this thesis is the application of infinite-
simal techniques to the theory of Lie groups. Repeated use is made of
the fact that the infinitesimal generators of a semi-simple Lie group
necessarily satisfy polynomial identities among themselves which, in
favourable circumstances, may be written in the form of a polynomial
identity for a suitable matrix with entries from the Lie algebra. Such
polynomial identities, which are referred to as the characteristic
identities, are usually in the form of a polynomial identity with
coefficients from the centre of the universal enveloping algebra of the
Lie algebra. It is shown how such polynomial identities may be obtained
by generalizing the classical Cayley-Hamilton theorem. However, since
we are considering the special case of a universal enveloping algebra of
a Lie algebra, the Cayley-Hamilton identity is shown not to be minimal
and may be considerably reduced. The minimal polynomial identity is
obtained whose coefficients also belong to the centre of the enveloping
algebra. It is moreover shown that the coefficients of the minimal
polynomial generate the centre of the enveloping algebra and this fact
is used to construct a full set of invariants of a general semi-simple
Lie group. The eigenvalues of these invariants (i.e. their images under
the Harish-Chandra homomorphism) are also determined by an explicit
formula which is simple and easy to apply.

The minimal polynomial identity is also applied to the construction
of projection operators whose matrix elements, in unitary representations
of the group, are shown to be bi-linear combinations of Wigner (or
Clebsch-Gordan) coefficients. This opens up the interesting possibility

of a complete determination of Wigner coefficients of the group using



only the properties of the projection operators for which we have an
explicit expression as polynomials in the group generators. We illustrate
this technique by presenting a simple derivation of all U(2) Wigner
coefficients and also the fundamental Wigner coefficients of U(n) and O(n)
for all n. It is also shown how these techniques may be applied to obtain
the reduced matrix elements of tensor operators. As an example the
reduced matrix elements of the generators of 0(n) and U(n) are determined
completely.

These results are then applied to thé construction of a certain set
of raising and lowering operators of O(n) and U(n). These operators may
be expressed in a compact product form and therefore are easily
constructed. These raising and lowering operators also possess the
advantageous property of being Hermitian conjugates of one another and
thus considerably simplify the task of normalization. Finally we apply
our methods to give a simple self-contained and complete determination
of the matrix elements of the O(n) and U(n) generators. An explicit
expression for the general fundamental Wigner coefficients in terms of
the matrix elements of the projection operators, constructed using the
characteristic identities, is also given and is directly generalizable to
other groups. Applications of our techniques, including the state

labelling problems and extensions to the non-compact groups U(p,q) and

O(p,q), are discussed in the conclusion,



STATEMENT OF ORIGINALITY

I certify that this thesis does not incorporate without acknowledge-
ment any material previously submitted for a degree or diploma in any
University; and that to the best of my knowledge and belief it does not
contain any material previously published or written by another person

except where due reference is made in the text.

M. Gould



ACKNOWLEDGEMENTS

It is my pleasure to thank Prof. H.S. Green for his encouragement
and for many stimulating discussions during the time in which my research
was carried out. I would like to express my indebtedness to the prior
researches of Dr. A.J. Bracken and Prof. H.S. Green which form the basis
for much of the work presented in this thesis. The author is also
indebted to Prof. K.C. Hannabuss for making available an unpublished
manuscript which was invaluable in the earlier part of this thesis. 1
also thank the many people in the department for providing a stimulating
research environment which has made the execution of my work so much
easier. In particular I am indebted to S.A. Edwards, Dr. A.L. Carey and
Dr. A. Cant for the many useful discussions which led to several ideas
presented in this thesis. I would also like to thank Prof. C.A. Hurst
for his encouragement and for his help in proof reading this manuscript.
I also take pleasure in thanking Barbra Bielby for her cooperation and
willingness in typing several manuscripts for publication during my
Ph.D.. Finally the author would like to thank Cheryl Marshall for her

cooperation and expertise in typing this thesis.



CHAPTER 1

Introduction

The Theory of Lie groups has now become established as an invaluable
tool in physical applications. In particular physicists are familiar with
the well known treatment of the Quantum Theory of Angular Momenta where
the group of interest is SU(2). The Theory of Angular Momenta is of
fundamental importance in any concrete calculations in atomic or nuclear
physics. It is only on the basis of this theory that it has proved
possible to calculate cross-sections, energy levels, wave functions, and
transition prdbabilities.

Since the development of the Angular Momenta Theory it has become
apparent that higher order Lie groups play an important role in physics.
For instance the unitary group in n dimensions is the symmetry group for
the n-dimensional harmonic oscillator which serves as the foundation on
which all models in nuclear physics are built. The orthogonal and
symplectic subgroups also play an important role in physics particularly
for the classification of states in atomic and nuclear physicsl. It is
not surprising then, particularly with the discovery of SU(3) and SU(6)
symmetry in the Theory of Elementary Particles, that in the 1960's it was
found necessary to develop a general formalism for the groups U(n) and
O(n) for arbitrary n along the lines suggested by the angular momentum
paradigm.

In the literature two distinct, yet intimately related, approaches
to a general study of the classical groups have emerged. Firstly there
is the infinitesimal approach which exploits only the generators and
their commutation relations. This approach is an elaboration of the

classical researches of Casimir2?:3, Van der Waerden3 and Racah".
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Secondly there is the integral approach, due to Weyl®, which is invaluable
for the understanding of the group as a whole. Weyl's methods have since
been given an elegant treatment by Schwinger's7 application of boson
operator techniques. Subsequent important developments of this boson
calculus have been made by Bargmanne, Friedrichs? and Moshinskyl® among
others.

The general plan of attack for the study of the classical groups has
been laid out in detail principally by the work of Racah and Wigner.
Following Baird and Biedenharn!! this plan consists of essentially three
problems:

(a) The determination of invariant operators that uniquely specify
the irreducible representations.

(b) The determination of sufficient labelling operators to specify
uniquely the states of an irreducible representation.

(c) The determination of explicit Wigner (or Clebsch-Gordan)
coefficients by a solution of the problem of simple reducibility.

Part (a) of this programme has been a problem of considerable
research interest and has been treated in the past by a number of
authors. Quadratic operators commuting with the elements of the univer-
sal enveloping algebra were first introduced by Casimir3 in his purely
algebraic treatment of the complete reducibility of finite dimensional
representations. Later these operators, now no longer necessarily
quadratic, came to be known as "Casimir operators'. By the early 1960's
it was known, from previous work of Racah”, Gel'fand!? and Chevalley13,
that any semi-simple Lie algebra of rank n has exactly n algebraically
independent Casimir invariants. Such jnvariants for the classical

groups were explicitly constructed in the early 1960's by Kleinl",

Biedenharnl®, Bargmann and Moshinskyl® and Gruber and O'Raiffeartaighl’

among others. Eigenvalues of these invariants on irreducible
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representations of the group were subsequently computed by several
authors including Popov and Perelomovle, Louck and Biedenharnlg,
Aguilera-Navarrozo, Wong and Yeh2l, Nwachuka and Rashid?? and Green?3,
The first major step in a solution to part (b) was made in 1950 by
Gel'fand and Zetlin?%. They constructed, with a full set of labels, a
complete set of basis vectors for irreducible representations of the
orthogonal and unitary groups. This basis has now become known as the
Gel'fand-Zetlin basis and it was later shown, by Baird and Biedenharni!,
to be a statement of Weyl's subgroup branching laws. (Although it is
evident, from the structure of the parameters defining the basis vectors,
that Gel'fand and Zetlin were aware of this result.) The matrix elements
of the group generators in this basis were also given initially by
Gel'fand and Zetlin and rederived using different techniques by Baird and
Biedenharn. The ingenious notation developed by Gel'fand and Zetlin has
been applied, in conjunction with the boson calculus, by Biedenharn,
Louck and Baird [11, 19, 25-28] in a series of papers aimed at extending
the angular momentum techniques of Wigner and Racah to the general
unitary group. In their discussion of the Gel'fand Zetlin matrix
elements Baird and Biedenharn made an important contribution to the
understanding of their structure by showing that they could be expressed
as a product of a reduced matrix element and a Wigner coefficient. As a
result the fundamental Wigner coefficients of all U(n) were given for
the first time thus completing the first step in a solution to part (c).
The evaluation of all multiplicity free Wigner coefficients for all U(n)
was subsequently given by Biedenharn, Louck and Giovannini?”7» 28, The
complete programme followed by Biedemharn et al. for U(n) has never been
carried out for O(n) although it is clearly evident that it will extend
to the orthogonal group with appropriate modifications.

The approach employed by Biedenharn et al. relies heavily on the



group theoretic methods of the Young tableau and the Schwinger-Bargmann
boson calculus. These methods are inherently integral in nature as are
the techniques of Gel'fand et al.. Nevertheless a completely algebraic
infinitesimal discussion of the group SU(3) was given by Baird and
Biedenharn!! patterned precisely according to the angular momentum
techniques familiar to physicists. This approach however, although
suitable for low order Lie groups, becomes complicated for groups of
higher order. Around the middle of the 1960's an alternative infinite-
simal approach to this problem was developed by Nagel and Moshinsky?29s 30
for the unitary groups and subsequently extended to the orthogonal group
by Pang and Hecht3! and Wong32. This approach relies on raising and
lowering operators which are constructed from polynomials in the group
generators. Gel'fand-Zetlin basis states are then written as a product
of lowering operators acting on the maximal state. One may then obtain
the matrix elements of the group generators between Gel'fand states
exploiting only the properties of the raising and lowering operators and
the group commutation relations. However this procedure is somewhat
involved due to the complicated nature of the raising and lowering
operators. Additional complications arise in the case of the orthogonal
group mainly due to the fact that the Gel'fand basis states are not, in
general, eigenstates of the Cartan generators unlike the case of the
unitary groups.

Problems arising in applications of the infinitesimal method are
well known and one must always bear in mind certain complications
inherent in the process of '"integration', i.e. the passage from a Lie
algebra to a Lie group. Nevertheless there are mno obstacles to applica-
tion of the infinitesimal method if we restrict our dealings to finite
dimensional representations and connected Lie groups. (Although many of

our results extend to infinite dimensional representations.)

1
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It is our main aim to show how parts (a) and (c) of the programme
may be solved by a simple and systematic procedure using purely algebraic
infinitesimal techniques. We shall not say much about (b) since it
depends not only on the group under consideration but also on the chain
of subgroups chosen. Apart from the canonical solution to the orthogonal
and unitary groups, given by Gel'fand and Zetlin, this usually leads to a
multiplicity problem which are well known to be difficult to handle even
in the simplest of cases.

We use as the corner stone of our approach the polynomial identities
satisfied by the infinitesimal generators of semi-simple Lie groups. It
was recognized early by Fano33, at least for the lower order unitary
groups, that polynomial identities satisfied by the infinitesimal
generators of the unitary groups were useful particularly for the task of
discussing generalized Wigner and Racah coefficients. This idea of Fano's
was incorporated into subsequent work of Baird and Biedenharn?® who noted
that Fano's techniques tied up nicely with their evaluation of the
fundamental Wigner coefficients. However no details of this method
were given and the idea was not considered further. It is our aim to
pursue this matter in detail.

Much of our work is based on the researches of Bracken and Green3"
who derived the polynomial identities satisfied by the infinitesimal
generators of the Lie groups GL(n), O(n) and Sp(n). By generalizing the
techniques of Bracken and Green we shall derive the polynomial
identities satisfied by the infinitesimal generators of arbitrary semi-
simple Lie groups. At the same time we shall make an effort to relate
our results to those obtained by other authors3®~*1 in order to put our
results in their proper perspective. The polynomial identities
satisfied by the infinitesimal generators of semi-simple Lie groups are

particularly useful for the construction of projection operators which
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are of fundamental importance in determining Wigner coefficients of the
group. It shall be shown that the matrix elements of such projectors, in
unitary representations of the group, are in fact bi-linear combinations
of Wigner coefficients. This then opens up the possibility of a complete
determination of all (mutliplicity free) Wigner coefficients using only
the properties of projection operators for which we have an explicit
expression as a polynomial in the group generators. The principal value
of this approach, however, is its generalization to other groups besides
the relatively well known unitary groups.

We shall illustrate this technique in detail for the orthogonal and
unitary groups for which a complete solution to part (b) is known. In
particular we shall present a simple derivation of the fundamental
Wigner coefficients of the group and the infinitesimal generator matrix
elements. Although our approach is intimately related to that employed
by Biedenharn et al. there is one important difference. The Wigner
coefficients of the group are obtained using only the properties of
projection operators for which we have an explicit expression as a
polynomial in the group generators. Calculations may then be carried out
using only the Lie algebra commutation relatioms.

For completeness we shall also apply our methods to the construction
of raising and lowering operators for the groups O(n) and U(n). These
operators are simpler in appearance than those previously constructed and
may be written in a compact product form. Our operators have the
additional advantage of being Hermitian conjugates of one another thus
considerably simplifying the task of normalization. Our treatment of the
orthogonal group in particular is simpler than previous treatments and is
no more complicated than the U(n) case. We feel that it is useful to
have such a set of raising and lowering operators in case they are needed

although we shall not need them in our derivation of the group generator
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matrix elements.

The polynomial identities satisfied by the infinitesimal generators
of semi-simple Lie groups are also closely related to the construction of
a full set of invariants for the group. This is because the identities
take the form of a polynomial identity of degree n for a n x n matrix A
with entries from the Lie algebra. Traces of powers of the matrix A are
Casimir invariants and are generalizations of the well known Gel'fand
invariants of O(n) and U(n). A general character formula shall be
presented for evaluating the eigenvalues of these invariants on any
irreducible representation of the group thereby completely solving part
(a) of the program. This is the first time a full set of invariants for
an arbitrary semi-simple Lie group and their eigenvalues has appeared in
the literature. It is felt that the character formula obtained is
simple in form and comparable in utility to the well known Kostant-
Steinberg multiplicity formulae"?-43,

It is also shown that the coefficients of the identity satisfied by
the matrix A are Casimir invariants which, for the simple Lie algebras,
generate the centre of the universal enveloping algebra. From this fact
it may be deduced that traces of powers of A also generate the centre of
the universal enveloping algebra for the simple Lie algebras. A general
algebraic formula relating the coefficients of the characteristic
identity with the fundamental Gel'fand invariants is presented for U(n)
which is generalizable to arbitrary semi-simple Lie groups.

Although we shall be primarily interested in finite dimensional
representations (of compact groups) many of the results contained in this
thesis have been proved using techniques which make it clear that the
results also extend to infinite dimensional representations. This has
been done deliberately (sometimes at the expense of a simpler proof in

the finite dimensional domain) to emphasize the fact that many of our



techniques are not confined to finite dimensional representations. (We
have in mind primarily the unitary representations of the non-compact
groups which have not found a place in this thesis). We have also
attempted to present our results in a form immediately generalizable to
more general groups.

At the end of each chapter we present examples designed to clarify
various concepts and also to present some ideas which do not constitute
an important part of our approach. (In the Appendix of Chapter 3 for
example we present a simple technique for obtaining all U(2) Wigner
coefficients which is capable of generalization.) Further applications
and extensions of our techniques will be discussed in the concluding

part of the thesis.

1.
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CHAPTER 2

Polynomial Identities in Irreducible Representations

of Semi-Simple Lie Groups

The purpose of this chapter is to present a simple derivation of the
characteristic identities satisfied by the infinitesimal generators of
semi-simple Lie groups. Identities of this form have been encountered in
the past by several authors. Probably the first time such identities
appeared in the literature was in a paper by Dirac3® in a discussion on
relativistically invariant wave equations. Dirac obtained the character-
istic identity of the Lorentz group S0(3,1) (or more precisely s£(2,0)).
It was later shown by Lehrer-Ilamed3® that n? elements chosen from the
universal enveloping algebra of any Lie algebra necessarily satisfy n2
jdentities, which, in certain special circumstances, can be written as a
single polynomial identity of degree n for an n x n matrix, analogous to
the classical Cayley-Hamilton identity satisfied by a matrix over a
commutative algebra.

In the 1960's polynomial identities satisfied by the infinitesimal
generators of the various classical groups were encountered by Louck37,
Makunda38 and Galbraith37. Green and Bracken3" subsequently derived the
characteristic identities, in finite dimensional irreducible representa-
tions, for the Lie groups GL(n), O(n) and Sp(n) for general n. The
results of Green and Bracken have since been extended by Hannabuss3? to
arbitrary semi-simple Lie groups using integral techniques based on
earlier work of Weyl®. Subsequent independent work of Kostant“0 shows
in fact that the infinitesimal generators of an arbitrary semi-simple Lie
group satisfy a certain polynomial identity over the centre of the

enveloping algebra which coincides with the identities of Hannabuss on

1
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irreducible representations of the group.

We shall later investigate the relation between Kostant's results
and the classical Cayley-Hamilton theorem along the lines suggested by
0'Brien, Cant and Carey*!. In this chapter however we shall restrict
ourselves to polynomial identities satisfied in irreducible finite
dimensional representations of the group by extending the techniques of
Bracken and Green. We first require some preliminary remarks on the

general theory of semi-simple Lie algebras.

2.1 Let L be a complex semi-simple Lie algebra, H a Cartan subalgebra,

H* the dual space to H and ¢ C H* the set of roots with respect to the
pair (L,H). Let ¢+ C ¢ be a system of positive roots, A C s a base for
®, & the half sum of the positive roots and W the Weyl group for the
pair (L,H). Let A+ C A denote the set of dominant integral linear

functions on H. Finally let ( , ) denote the inner product induced on H"

2(A,0)
(a,a) °

For any v € H* let T, denote the translation map defined by

by the killing form and for A € H*, a € ¢, set {A,a) =

TV(A) = X + v for any A in H*. The translated Weyl group W is defined as
the conjugate T_GWTG of W in the group of invertible affine transforma-
tions of H*. Thus every element of W is of the form ¢ = T_s9Ts where

o € W. W therefore acts on H* according to
o(A) = o(A + 8) - 8 for any A in H*.

Now let U be the universal enveloping algebra of L and let U(H) C U
denote the enveloping algebra of H. It is often convenient to identify
U(H) with the ring of polynomial functions on H*. The Weyl group W acts

on U(H) where if 0 € W and h € UMH), » € H*, then

(ch) (A) = h(o~1n).

2
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Similarly the translated Weyl group acts on U(H) according to
(6h) (\) = h(c™*A) = h(c"1(x + &) - 8).

Now let Z be the center of U and let B be the nilpotent subalgebra
+
of L spanned by root vectors X € L corresponding to roots o € ¢ . For
any z € Z it is known“* that there is a unique element fz € U(H) such

that
z - fZ € UB (2.1.1)

Accordingly one obtains an algebra homomorphism Z - U(H) defined by
z - fz. Following Harish-Chandra and Dynkin one in fact has the follow-

ing result.

Theorem (2.1.1)

For any z € Z one has fZ € U(H)w and the map Z -~ U(H)W, z > fZ, is

an algebra isomorphism.

By virtue of this result one may identify the center Z of U with the
ring of W-invariant polynomial functions on H*.

If £ = rank L = dim H then one knows that there exist

fl’ —— %ﬂ € U(H)w which are algebraically independent and such that

U(H)w is generated as an algebra by the %i;

van® - CLE , ssmy Ep)

In view of Theorem (2.1.1) one knows that there exist elements

z € Z which may be identified with the polynomial functions

1ot Zp

%1, > B fK under the Harish-Chandra homomorphism. It is clear, from

equation (2.1.1), that the z, are uniquely determined by fz- = %i'
il

Hence, as a Corollary to Theorem (2.1.1), we obtain

3
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Corollary: Z = E[zl, . ZK] where the z, are algebraically indepen-

dent.

By a character X we shall mean an algebra homomorphism of Z into the
scalars €. If Zys vees ZE,E Z are algebraically independent then a
character X is uniquely determined by the scalars X(Zi) wvhich may be
arbitrary complex numbers. Thus if c = (cl, S cz) € GK there exists a

unique character XC such that
c; = Xc(zi) (2.1.2)

By this means one may set up a bijection between the characters over Z
and elements of CK.

We say that a module M over U admits an infinitesimal character if
the elements of the center Z take constant values on M. Such a module
determines an algebra homomorphism XM :Z-~>C0C, z » XM(Z), where XM(Z) is
the eigenvalue of the central element z on M. In such a case we say
that M admits the infinitesimal character XM. If vy, is a maximal weight
vector, of weight A say, then v, determines an algebra homomorphism
X. : Z >~ C, where XA(Z) is the eigenvalue of z € Z on vy In view of

A

equation (2.1.1) we see that X, is uniquely determined by

A

*

X (2) = £,00, » € H". (2.1.3)

The characters Xy play a fundamental role in character analysis since it
is a theorem of Harish-Chandra“* that every character X over Z is of the
form X = Xy for some A € H*. The character XA does not characterize the
weight A uniquely since it may happen that XA = Xu’ u € H*, but 1 # u.

One in fact has the following result due to Harish-Chandra.

Theorem (2.1.2)

XA = Xu if and only if A and u are W—conjugate. Two such weights

4



are called linked and we write A ~ W.

Remark When z = CL is the universal Casimir element one obtains from

equation (2.1.3) the well known formula

XA(CL) = (A, X + 28) (2.1.4)

2.2 Reduction of the Product space V(A) ® V(u)

Let V()\) and V(u) denote finite dimensional irreducible modules
over U with highest weights A and u respectively. We consider here the
reduction of the product space V(1) ® V(u) into irreducible modules over
L.

In principle it suffices to determine the infinitesimal characters

which occur. If {Al, ..., A} is the set of distinct weights occurring

i}

in V(1) then one knows that the characters admitted are among the set

Xu+x'”0’”u’45. If the character Xu+k. occurs there must exist a finite
i

dimensional irreducible representatio;, V(v) say, which admits Xu+l- as

an infinitesimal character. By virtue of Theorem (2.1.2) the weighis v

and y + Ai must, under such circumstances, be conjugate under W. Thus

the character XU can only occur if the weight u + Ai is W-conjugate

+A.
1

to a dominant integral weight v. This leads one to investigate
conditions under which a given integral weight is linked to a dominant
integral weight.

For o € o' we define the translated hyperplanes
ﬁa ={xed | (A+3s, 0) = 0}.

The translated hyperplanes intersect in the translated origin -¢§ and
partition H* into finitely many regions (the translated Weyl chambers).

The correspondence A » (A + &, a) for A € H* determines a polynomial

[ 85 ]
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function on H'. Consequently the translated hyperplanes are closed in

N

the Zariski topology on H*.*"* Since ¢ is finite it follows that the set

is also Zariski closed. Its complement in H*, denoted ﬁ, is therefore
open in the Zariski topology. We call elements of R regular. Since all
open sets (non empty) are dense in the Zariski topology it follows that
the set of regular elements is Zariski dense in H*.

Suppose now that u € A and let § be the half sum of the positive
roots. One knows (see for example Humphreys””), since p + § € A, that
U + 8 is W-conjugate to a unique dominant integral weight v say. The
following conditions are equivalent.

(i) <+ 8, o) #0 for all a € o'

(ii) (u + &, o) # 0 for all a € ¢

(iii) (v, a) # 0 for all o« € ¢ (2.2.1)
(iv) (v, a) >0 for all a € 0"
(v) (v, a) >0 for all a € A

The equivalence of (i) and (ii) is trivial while the equivalence of (ii)
and (iii) follows from the fact that the Weyl group acts on the root
system & by permuting the roots among themselves. The remaining
equivalences follow from the definition of dominant integral weight and
the fact that every positive root can be written as a linear combination
of elements from A with coefficients being non-negative integers.

Since p + & is W-conjugate to v € AT it is clear that u is conjugate
under W to v - 6. Suppose now that u satisfies part (i) of (2.2.1). One
knows that (8, a) = 1 for o € A and, in view of (v) of (2.2.1), v - §
must satisfy (v - &, a) = 0 for o € A. By definition the weight v - &
is dominant integral. By virtue of the equivalences (2.2.1) we therefore

have the following easy result.

.6
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Lemma: Let p € A. Then p is conjugate under W to a dominant integral
weight if and only if u € R.

Clearly then the set of integral weights conjugate under Wtoa
dominant integral weight is just the set A of regular integral weights.
One has A = A N R. It is a well known property of the Zariski topology
that the weight lattice A is Zariski dense in H*. Moreover A # § since

+ " . ; . . s
A" C A. We see then that A, being a non-empty intersection of a Zariski

dense subset A and a Zariski open set R, is Zariski dense in H*.

In view of the above remarks it is clear that the character Xu+x.
can only occur in the product space V() ® V(u) when u + Ai € R. In ’
such a case we know that u + Ai + & is W-conjugate, via o4 € W say, to a
unique dominant integral weight Ve € 0*. Moreover one knows, from the
preceding discussion, that vy - 8§ is also dominant integral and is
W—conjugate, via 81, tou + Ai. The module V(vi - 6) therefore occurs
in the decomposition of V(A) ® V(u). The multiplicities are obtained by
comparison with Steinberg's formula“3. By this means one may obtain the
formula originally due to Klimyk'+5 (see also Weyl®). The reduction of
the space V(1) ® V(u) is probably best represented in terms of formal
characters (see [44] p.124). Let chu, u € A+, denote the formal

character of V(p) and let ch>\®u denote the formal character of

V(A) ® V(u). Application of the above considerations yields the formula

ch = (2.2.2)

Ay

n~1=

m(i)chv

1 1'5

i

where the multiplicities m(i) are given by

m(i) sn(oi)n(i), when u + Ai € A

=0 otherwise

where sn(oi) = +] is the sign of the Weyl group element o..

7
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Remark From equation (2.2.2) one obtains the reduction of the space
V(A) ® V(u). The formal characters Chv.—é occurring in (2.2.2) are not
all distinct since it may happen that u1+ Ai and p + Aj are conjugate
under W. We see then that the representation V(\)i - 8) occurs in
V(A) ® V(u) with multiplicity
I m()
jeSi

where Si denotes the index set

2.3 The General Linear Group

The infinitesimal generators of the general linear group GL(n)

satisfy the commutation relations

k

[a?, aﬂ] e § (2.3.1)

We denote this Lie algebra by g€(n, F) where F is the underlying field
which we usually take to be the real or complex field. The Lie algebra
gl(n, F) is not semi-simple although it is reductive and most of the
general theory of semi-simple Lie groups may be extended to the general
linear group with trivial modifications. We shall therefore not
hesitate to apply general results on the theory of semi-simple Lie
groups to this case.

In view of the commutation relations (2.3.1) we may take as a
Cartan subalgebra the n-dimensional subspace spanned by the diagonal

generators ai. The vector space dual of the Cartan subalgebra may be

identified with the set of n tuples (Al, Cees An) in an obvious manner.
We denote the weight (Al, ey An) simply by A and refer to the numbers
A (r=1, ..., n) as the components of x. In what follows it is

T

8
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convenient to introduce the fundamental weights Ai (i=1, ..., n) which
is the weight with 1 in the ith position and zeros elsewhere. Thus the

weight A may be written in terms of the Ai according to

The weights Ai - Aj, i#j=1, ..., n, constitute a system of
roots for gf(n, F) the generator a? having weight Ai - Aj. One may
introduce an ordering on the set of weights using the natural lexico-
graphical ordering induced on n-tuples. This is equivalent to choosing

as a base the set of roots of the form Ai - A i=1, ..., n-1.

i+l’
The set of positive roots therefore consists of all weights of the form
A. - A, with 1 < j.

1 ]

In this case 6, the half sum of the positive roots, is given by

~

=1 -
8 =3 ] (& -4y
1<]
which may be rewritten in the form

Ln + 1 - 2i)A, . (2.3.2)
1 1

(07)
)
ne-—s

i
The Weyl group acts on the set of weights by permuting the components of
a weight among themselves. The Weyl group in this case may be identified
with the permutation group on n-objects. The sign of a Weyl group
element is then given by the sign of the associated permutation.
From the GL(n) commutation relations we see that gf(n, F) admits a

first order invariant
T3
I, = ) a, , (2.3.3)

which commutes with all the elements of the Lie algebra. Higher order

jnvariants may be defined by setting

(2.3.4)
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where we have summed over repeated indices i, j, k, T, £ (m in all) from
1 to n. Not all of these invariants however are algebraically independ-
ent. Nevertheless the first n invariants are algebraically independent

and generate the center Z of the universal enveloping algebra;

i, 11

z=F[I, 1, . )

A direct proof of this result will be given later.

On finite dimensional irreducible representations these invariants
take constant values. Their eigenvalues can, in principle, be used to
provide a unique labelling of the finite dimensional irreducible
representations of the group. However a more convenient way of
labelling irreducible representations is in terms of the highest weight
of a representation. From the second theorem of Cartan one knows that
every finite dimensional irreducible representation possesses a unique
vector v, (up to scalar multiples) of highest weight. Such a vector is

0

uniquely determined by the conditions

The weight A of the highest weight vector js called the highest weight
of the representation (or simply the representation label). The
representation labels of a finite dimensional irreducible representation

necessarily satisfy the inequalities

where the differences Ai - Aj are positive integers for i < j. Such a
weight, in the language of Humphreys"!, is commonly referred to as
dominant integral.

From the commutation relations (2.3.1) we see that if ¢ is an

10
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arbitrary constant then the generators

also satisfy the GL(n) commutation relations. Hence the finite dimension-
al irreducible representations with representation labels
(Al + C, ey An + ¢) and (Al, R An) are necessarily equivalent.

Therefore a full set of irreducible representations may be obtained by

considering only representations with highest weights which satisfy

where the Ai are all integers.

Our discussion shall be primarily centered around the unitary group
U(n) which is a compact real form of the general linear group. As
mentioned previously the unitary group in n dimensions is of fundamental
importance in physics since it appears as the symmetry group of the
harmonic oscillator in n dimensions. The abstract generators a? of the
unitary group also satisfy the GL(n) commutation relations but also must

satisfy the Hermiticity requirement
it o_ o]
(a)) = a: (2.3.5)

So long as no questions of unitarity arise the finite dimensional
representations of GL(n) and U(n) are equivalent (in the algebraic sense) .
However in the case of U(n) we require that the representation comprises
a Hilbert space on which the matrices of the generators satisfy the
Hermiticity condition (2.3.5). Such representations are called unitary
and it is well known that all irreducible unitary representations of

U(n) are finite dimensional. These are the representations which are of
importance in physics.

Now that all unitary representations of U(n) have been specified it
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is of fundamental importance to obtain an orthogonal basis for the
representations. One way of doing this is to obtain a full set of
commuting Hermitian operators whose simultaneous eigenvectors must
necessarily form an orthogonal basis. These eigenvectors (which we

assume are normalized) may then be uniquely labelled by their eigenvalues.
This is the U(n) state labelling problem which was first solved by Gel'fand
and Zetlin?“. We follow the arguments of Baird and Biedenharn!! in
explaining the group theoretical significance of the Gel'fand-Zetlin
results.

In order to specify completely the elements of a matrix of n? para-
meters we need 4n(n + 1) labels. We now note that the U(n) generators a?
where i and j are restricted to values 1, ..., m (for some positive
integer m less than n) form the generators of the unitary subgroup U(m)

of U(m). We see therefore that U(n) admits the canonical??® chain of

subgroups
Umn) DUMmM - 1) D ... DUQ) . (2.3.6)

For each unitary subgroup U(m) in this chain we may define a set of m
independent Gel'fand invariants IE (k =1, ..., m) as defined by equation
(2.3.4). The Gel'fand invariants for each subgroup occurring in the
chain (2.3.6) furnishes a total of %n(n + 1) commuting Hermitian opera-
tors which is precisely the number required. Hence we may label the
basis states of an irreducible representation of U(n) by the simultaneous
eigenvalues of these operators. We may, if we wish, denote these states

by the tableau
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"
=

where A? refers to the eigenvalue of the ith Gel'fand invariant for the
subgroup U(k). However we have already remarked that the Gel'fand
jnvariants for U(m) only take constant values on irreducible representa-
tions and their eigenvalues serve to label the representation completely.
Hence another method of labelling is to replace the eigenvalues of the
Gel'fand invariants appearing in each row of the tableau by the highest
weight of the representation they label. Hence we may label our basis

states by the tableaux

m M. & eses Semes s m

1,n 2,n nn

m

1,n-1 M,n-1 ™n-1,n-1
) (2.3.7)
Mo M2
Mo
.th . . . . .

where the 1 TOW (m1 'EEEEED mii) is the highest weight of an irreducible

b

representation of U(i) which is necessarily contained in an irreducible

Il.

representation of U(i + 1) with highest weight (ml,i+1’ SR mi+1,i+1

Thus the mij are all necessarily positive integers which satisfy

The integers mij must also satisfy the inequalities
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Zm. .= m, . 2.3.8

Mo 7 M,3 7 Mg Gl
by virtue of Weyl's branching theorem for U(i + 1) restricted to U(i).
This is the state labelling scheme devised by Gel'fand and Zetlin.

The states (2.3.7) constitute a complete orthonormal basis for the

irreducible representation of U(n) with highest weight

2.4 The Orthogonal Group

It is well known that the introduction of a metric tensor is
necessary for the definition of the orthogonal subgroup of U(n). If gij
is symmetric we define

(o BN = ak - ak
i T &ik?% T B4

where the a; are the generators of U(n). The uij are generators of the
orthogonal transformations which leave the quadratic form gijvluj,

involving two vectors v and u, invariant. These generators satisfy the

commutation relations

log50 oed = 850 ~ 80k ~ Bik%je * 8e3%i -

For our purposes no loss of generality is incurred by choosing our metric

to be gij = Gij' With this choice of metric we may take our O(n) genera-

tors to be
al = al - al (2.4.1)
which satisfy the commutation relations

i k, _ ki ik
[OLJ-, 0‘17_] = Gja!i = 6£O.j . (2.4.2)

The generators (2.4.1) necessarily satisfy the Hermiticity property

14
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(a;l.)T . (2.4.3)

and therefore must be represented by anti Hermitian matrices on unitary
representations of the group.
From the commutation relations (2.4.2) we may take as a Cartan sub-

algebra the subspace spanned by the generators

2r-1

o, s r=1, ..., h

where h = [%] (the integral part of %J. The set of weights in this case

may be identified with the set of all tuples of the form (Al, 3 ey Ah).

We prefer however to label our weights by the simultaneous eigenvalues of

2r-1

- Clearly these labelling schemes are equivalent

the operators -i a
and it is ultimately a matter of taste as to which labelling scheme is

chosen. However on unitary representations of the group the operators

. 2r-1 et . .
-iay 0 are represented by Hermitian matrices whose eigenvalues are real

as in the case of U(n).

We note however that with our choice of O(n) metric, the generators
(2.4.1) are not in their Cartan form as in the U(n) case. It is there-
fore necessary to look for the appropriate linear combinations of these
generators which have this property. We overcome this by introducing an

X ; 5 i y-1a1 kMK
appropriate numerical matrix M so that the gemerators aj = (M )kaﬂ : are

automatically in their weight space forms.

For O(n = 2h) we take M to be the unitary matrix with entries defined

by
M-t oL y2-1
j 2 n+1-j
j =1, , h
VR Ve B
J /2 n+1-j

all other entries being zero;



viz.

S

0..ouovnn
0ceeeens
159565 s
=de wwmees
0...... 1
0...... i

h

....... 0
....... 0
...... 1
...... i
1 000000 0
1eeeeen 0
h+1

2.

(2.4.4)

For O(n = 2h + 1) we add an extra row and column to give an additional

non-zero entry Mn

-14J _ 1 _ m1yntl-)
-14] - _£_= _ -1 +1-]
My = == - (1)

all other entries being zero except when n

h+1

31~

\

0

0

=1;

we have an additional non-zero entry

.......

ooooooo

.......

= 2h + 1 is odd in which case

(2.4.5)

16
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(M 1)h+1 -

The generators

; - 1)r ;‘J‘ (2.4.6)

are now in their Cartan forms. To see this we note that the diagonal

generators are given by

T : 2r-1 n+l-r
a = -1ao = -a
T 2r n+l-r
with
h+1
a =0 for n = 2h + 1.
h+1

We now evaluate the commutators [a;, az]. We have
-1,k a4, .t P
a, S M H Mo, of]
[al, ap] = OO M OrD ] el of]
which, using the commutation relations (2.4.2), becomes
k
]

-151 1 Pyd, P
-, o ) 1\1qu

i i
aK Gza
PP m-111 m-17K L4
+ MjMﬂ(M )r M )q a. -

Now M?ME is the inner product between the jth and Kth columns of the

matrix M. Hence

Similarly

—1 i —1 k
(M )r M )r i,n+1-k °

Also, from (2.4.6), we have
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_1k r _ kM_lr
M )r aq ar( )q .
Thus we obtain the commutation relations

i ik k n+l-j n+l-j k

i _ky _ [k
[aj, az] = Gjal Gkaj - 6n+1-ia£ + 62 o i (2.4.7)
From this we see that for i < j < h the generators 32:1:; and ai

have weight A. - A. while the generators at . and a?+1_1 (i # j) have
j i g n+l-j

weights Ai + Aj and —(Ai + Aj) respectively. Finally for O(n = 2h + 1)

we have the additional generators al _ and ah+1 . of weight A. and the
h+1 n+l-1 i

n+l

-1 . . .
hel of weight —Ai. It is easily checked that

generators a?+1 and a
these generators agree with those prescribed by Wong32. The advantage
of writing the root space elements in this form is that we maintain the
simplicity of our commutation relations and furthermore the analogy with
U(n) is clearer.

Thus in this case we may take as our root system the set of weights

of the form
+ . . .
_(Ai * Aj) 1#3) 1i,j 1, ..., h

together with the additional roots iAi (i=1, ..., h) for the case
n=2h+ 1. We choose as our set of positive roots the weights of the
form Ai + Aj i+ 3), Ai - Aj (i < j) together with the additional
positive roots Ai for the case n = 2h + 1. With this choice we see that
generators of the form a? (resp. ag) with i < j correspond to positive
(resp. negative) roots in the direct analogy with U(n).

In this case &, the half sum of the positive roots, is given by

5=1/2_z. (Ai—Aj)+1/2‘z‘(Ai+Aj) n = 2h
1<) 1<)
h
=% ] (b -8 % L (b + 8 + % Z b, m=2h+1

i<j i<j i

which may be rewritten in the form
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§ =%
i

e~

(n - 2i) Ai ; (2.4.8)
1

In the case of O(n = 2h + 1) the Weyl group acts as the group of all
permutations and sign changes of the set {Al’ e Ah}, so W is isomorphic
to the semi direct product of (Zz)h and the symmetric group on h objects.
The Weyl group in the case of O (n = 2h) is the group of permutations and
sign changes involving only even numbers of signs of the set
{Al, cees Ah}. So W is isomorphic to the semi direct product of (Zz)h-1
and the symmetric group on h objects.

As for the U(n) case every finite dimensional irreducible representa-

tion of O(n) possesses a unique vector v  of highest weight. Such a

0

vector is defined by the conditions

av_ = AV r=1, , h
r 0 r 0
a;v, = 0 for i < j.
The weight A = (Al, CINE Ah) of the highest weight vector uniquely labels

the representation and is called the highest weight of the representation
(or the representation label). For finite dimensional irreducible
representations the components of the highest weight are simultaneously

integers or half odd integers which satisfy

P > = = B
Al Az — Ah 0 for n 2h + 1

L=, s 2 A

\Y
V

2h.

A for n

B!

Such a weight A is referred to as dominant integral.
An alternative method of labelling is in terms of the eigenvalues of
a full set of invariants for the Lie algebra. We may define a full set

of invariants for O(n) by setting

j
A+ Oy (2.4.9)
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where repeated indices i, j, k, ..., T (m in all) are summed over from
one to n. However, unlike the U(n) case, the first order invariant I1
vanishes identically. Also the invariants 12, vees In are not algebra-
ically independent. Since, using the commutation relations (2.4.2), one

may deduce relations of the form

=1 _
13 = %(n 2) 12
=1 - _ 1 _ _ = 2
I5 %(3n - 4) II+ s(n - 1)(n - 2) I3 (12) etc.
However it may be verified that the invariants 12, Iq, o, 12h do form

a full set of algebraically independent invariants whose eigenvalues may
serve to label the finite dimensional irreducible representations
completely.

One may obtain an orthonormal basis for the irreducible unitary
representations of O(n) by obtaining a full set of commuting Hermitian
operators whose simultaneous (normalized) eigenvectors necessarily
constitute an orthonormal basis. Such a set of operators may be

constructed by noting that O(n) admits the canonical chain of subgroups
O(m) 20(mn - 1) D ... 20(2) (2.4.10)

where the subgroup O(m) occurring in this chain has infinitesimal genera-
tors consisting of the O(n) generators a? where i and j are restricted to
values 1, ..., m. For each subgroup O(m) occurring in the canonical
chain (2.4.10) we may define a set of h = [%] independent Gel'fand
invariants I?r (r=1, ..., h) as in equation (2.4.9). The set of
Gel'fand invariants for each subgroup O(m) occurring in the chain
(2.4.10) provides us with a full set of commuting Hermitian operators
whose simultaneous eigenvectors constitute an orthonormal basis for the

finite dimensional (unitary) irreducible representations.

As for the U(n) case this leads us to the Gel'fand-Zetlin state

20
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labelling scheme where we may label our basis states by the tableaux

m, .o . M 5 . ssssssssssass
1,2h+1 M, ,2h+1 M, 2h+1
m. ;. T, ,q7 sssssssssssssa
1,2h M, 2h ™, ,2h
m M, 1  sssssns
1,2h-1 2,2h-1 Mh-1,2h-1
M3
Mo

for the case n = 2h + 1 and where the top line is omitted when n = 2h.
The rows of the Gel'fand patterns represent the highest weights of
irreducible representations for each subgroup occurring in the canonical
chain (2.4.10). Hence the my : are simultaneously all integers or all

b

semi-integers which satisfy the inequalities

m =m >'...2n > |m
1,2k = 2,2k T k-1,2k = | k,zk|

= = = > =
My oke1® Mo ok+1 = 00 T Mk-1,2k41 7 M, 2k+1 = 0.

The m. ; must also satisfy the inequalities

>

m Zm Zm > m =z ... 2 Z -m
1,2k+1 = M2,2k ~ M2,2k+1 7 2,2k T = M2k 7 T, 2k+1

m Z M

>m = i > ... > >
1,2k ~ M2 2k-1 7 M2,2k T M2 0k-1 7 = Meo1,2k-1 7 Imk,zkl

by virtue of the Gel'fand-Zetlin branching rules for O(m + 1) restricted

to 0(m).

2.5 The Characteristic Identities of O(n) and U(n)

The infinitesimal generators a; of U(n) may be assembled into a

square matrix a whose (i,j) entry is the operator a;;

21



2.

(1 1 1)

Al s weRms s a
a) 2 n

2 2 2

a Al GEen daee e a
1 2 n

viz. a-=

an an an
) p e =

Polynomials in a may then be defined recursively by the formula

m+l.1 mi r i, mrT
(a0 ). =1(a)_ a.,=a(a),
J r ] r J
where we have summed on r from 1 to n. Associated with the matrix a is

its adjoint a with entries

We then define powers of the matrix a by the formula

-m\T -j _ =T ,.-m]
(a idr 7 ai(a )r

-m+1. j
(a ")z

which enables polynomials in the matrix a to be defined.
Green and Bracken3" have shown that on a finite dimensional
irreducible representation of the group with highest weight A that the

matrices a and a satisfy the polynomial identities

n
0 (a-X_-n+71)=0

T
r=1

(2.5.1)

n -
O (a+x +1-1)=0

T
r=1

For completeness of thesis we shall now present a simple proof of the
identities (2.5.1).

We begin by noting that if p(x) is any polynomial then it may be
shown (e.g. by induction on the degree of p) that the following commuta-

tion relations hold:

22
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i ke _ <k i i k
[aj’ P(a)z] = GjP(a)£ - aﬂp(a)j (2.5.2)

We remark in passing that these commutation relations imply that traces
of arbitrary polynomials in the matrix a are invariants of the Lie algebra.
Included in this set are the Gel'fand invariants Im = tr[am] introduced
earlier.

From the commutation relations (2.5.2) it may be deduced that if v

is a maximal weight vector then

1}
o
Hh
Q
H
H

A

(]

P(a)j v0
(2.5.3)

1}
=

i
P(a); vy = 13V

We shall later derive the eigenvalues My of the diagonal entries p(a)i of
the matrix p(a) on arbitrary maximal weight states. It is convenient now
to introduce the polynomials~
n
gr(x) = I (x - Ar -n+71).
k=r
In order to prove the identities (2.5.1) we need to show that gl(a)

vanishes on a finite dimensional irreducible representation with highest

weight A. This result in fact follows from the following proposition.

Proposition (2.5.1) Let v, be a maximal weight vector of weight A.

If h(x) is a polynomial such that gr(x) divides h(x) then
h(a)? v, = 0 for i,j = r.
Proof: If gn(x) = (x - An) divides h(x) the result is immediate. For
suppose h(x) = P(x)(x - An). Then
h(a)z gy == P(a)?(a - An)i v,- But, from the

definition of maximal weight vector, we have



a1 v =20 for i < n.
n
Hence
n _ n n _
h(a)n v, = P(a)n (a - An)n Ve = 0.

Suppose now that h(x) is a polynomial which is divisible by gr(x) where
r < n. Then h(x) is divisible by gk(x) where n 2 k = r. Proceeding
recursively let us assume the proposition holds for all polynomials
divisible by gk(x) for k > r.

Since h(x) is divisible by gr(x) there exists a polynomial P(x)

such that
h(x) = P(x)(x - Ar -n+ 1)

and each of the polynomials gk(x) (k > r) divides P(x). Then

h(a)g v, P(a)? (a - Ar -n + r)i v,

(r - n) P(a)z v, + z P(a)? a;L_v0

i>r
where we have used the result
av =20 for i <r
We then obtain
h(a)g v, = z ai P(a)? v,

i>r

where we have used the result

n 1 n i i n
izr P(a)i a izr [P(a)i, ar] + izr a_ p(a)i
(-7 P@L+ ] al
1>T

P(a)?

which is verifiable with the help of the commutation relations (2.5.2).

2.
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Since gk(x) divides P(x) for k > r the recursion hypothesis implies that
n

h(a)r v, = 0.
Using the commutation relations (2.5.2) and the definition of

maximal weight vector it is then easily verified that
h(a)Jl. vy=0 fori,j>r

and our result is proved by (finite) recursion.

As a result of this proposition we have
(a)i v. =0 i,j =1 n
g1 3%~ ] 5 s sEse

and the identity (2.5.1) is satisfied on arbitrary maximal weight states.
Suppose now that V() is a finite dimensional irreducible representation
of highest weight A. From the preceding remarks we know that the
identity gl(a) = 0 is satisfied on the state of highest weight. From
this it is an easy matter to prove that the identity is satisfied on all

of V(A\). To this end denote by Ann g, the set
fvevp) ; g (@ v=0}.

Clearly Ann g, is a subrepresentation of V(A). For if v € Ann g, then

a; v € Ann g since
k . i _ k i i k
gl(a)'@ (aj V) - [gl(a)Z, aj]v + aj gl(a)le v
which, using the commutation relations (2.5.2), may be written
i k k i i k
[6£ gl(a)j - Gj gl(a).@ + aj gl(a)ﬂ) V.

Since v € Ann g, this must vanish. Thus gl(a)(a; v) = 0 and a; v € Ann g
This shows that Ann g, is a subrepresentation of V(A) which is

clearly non trivial since it contains the state of highest weight. Thus,
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by the irreducibility of V(A), Ann g, must equal V(}) and the identity
(2.5.1) is satisfied on all of V(A). We remark, in passing, that this
method of proof extends to arbitrary representations generated by a
maximal weight vector.

In an analogous fashion we may prove the adjoint identity. In this

case we introduce the polynomials
T
h((x)=1T (x+xr_ -1+1)
T k=1 T

and we may prove the following result using similar techniques to those

used in the proof of proposition (2.5.1).

Proposition (2.5.2) Let v, be a maximal weight state of weight A.

If g(x) is a polynomial such that hr(x) divides g(x) then
g(ﬁ); vy =0 for i,j < r.

From now on we write the identities (2.5.1) in the form

n
n B =

(a ar) 0
r=1

(2.5.4)

n
11 3 - Q =

(a ur) 0
r=1

where the o and &r may be interpreted as invariants of the group which
take constant values on a finite dimensional representation with highest

weight A given by

o =n-1-qg_=XA_+mDn-T7T (2.5.5)
T T T

By means of the identities (2.5.4) one may construct a set of

projection operators
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a - U.z
Plr] = 1 =%
ter Lx _fa (2.5.6)
a - a
13[1'] = 1I - :.E
L=y [%r T %p]

It follows immediately, in view of the characteristic identities, that
a P[x] = a_ P[r] and a P[r] = &r P[r]. By induction it may be proved

that if h(x) is any polynomial then

h(a) P[r]

h(e) Plr]

I (2.5.6)
h(a ) P[r]

1

h(a) P[r]

In particular we have P[k] P[r] = Gkr P[r] and 5[k] ﬁ[r] = Gkr ﬁ[r] which
shows that the projectors P[r] (resp. ﬁ[r]) form an orthogonal set of
idempotent matrices. Also, following O'Brien, Cant and Carey“l, the
Lagrange interpolation polynomial to the constant polynomial 1 is
n X - o
£
gx) = ) M |—=
r=1 £#2r | 4
This interpolation is exact because the degree of the constant polynomial
1 is zero which is certainly less than n. From this it follows that we
obtain the following resolution of matrices
n
1= ) Plr]
r=1

which in component form may be rewritten

. n .
st = ) P[rl} . (2.5.7)
i j
Similarly we may write
i % o=
§. = ) P[r]. . (2.5.8)
] =1l J

From (2.5.6) it follows, if h(x) is any polynomial, that we may write
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h(a)

n

n
) h(a ) P[r]
r=1
(2.5.9)
n . -
) ha ) P[r]
r=1

h(a)

By means of this formula rather general functions of the matrices a and
a may be defined.

The projectors P[r] and ﬁ[r] are also useful for projecting out the
shift components of vector operators. Recall that a U(n) vector operator
v is defined as a collection of components wi (i =1, ..., n) which

transform according to the rule
(&} W ] = G?wl . (2.5.10)

Dually we define a contragredient vector operator ¢ as a collection of

components ¢i which transform according to the rule

i _ i
[aj, ¢k] = - 6k¢j (2.5.11)

Following Green and Bracken3" y and ¢ may be resolved into a sum of

shift components

=B

n
y[r] s, 6= 1 ¢lr] (2.5.12)

1 T

<=
n
Il t~1

T

which alter the representation labels according to

A Ird = 9Irl Oy + &)

(2.5.13)
Ay olr] = 6[r10y - &)

T

In terms of the roots o, of the characteristic identities these relations

may be rewritten as

[ak’ lp[r]] Gkr ‘P[r]

(2.5:14)

[ak’ ¢[I‘]] - Gkr ¢[I‘] .
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The shift components of ¢ and ¢ may be constructed by application of the

projectors P[r] and ﬁ[r] as follows

y P[r]
¢ P[r] .

P[r] ¢
P[r] ¢

y[r]
¢o[r]

(2.5.15)

Extension to O(n)

We may assemble the generators a; of 0(n) into a matrix o as we did

for U(n);
P 1 1 11
0 a, Qg evveernnnnes an
2 2 2
o 0 AF eeeerinee an
u =
n n
Qp O, eeieseriiirianneeas 0]

Associated with the matrix o is its adjoint a with entries

Polynomials in the matrices o and o may be defined as before.
Green and Bracken3" have shown that on a finite dimensional
irreducible representation of the group with highest weight A that the

matrices o and a satisfy polynomial identities of the form

n
n (o - ur) =0
r=1
(2.5.16)
n
m 4 - O =
(o ar) 0
r=1
where the roots a. take constant values given by
o =i _+n-1-r (2.5.17)
T T

where we define labels Ar for r > h by

29
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= - A r=1, , h
n+l-r T
with (2.5.18)
xh+1 =1 for n = 2h + 1.
The roots o. of the adjoint identity are given by o = a so that the
T T n+1-r

matrices o and a satisfy the same polynomial identity.

Now let a denote the matrix with entries
i _ -1 i I‘ME .
aj = (M )r oy j where M is the transforma-

tion matrix defined by equations (2.4.4) and (2.4.5). One may show by
induction that if h(x) is any polynomial then the matrices h(a) and h(o)

are related by
h{a) = M™! h(a) M . (2.5.19)

In particular the matrices a and o must satisfy the same characteristic

jdentity. Similarly if a denotes the matrix with entries

then the matrices h(a) and h(a) are related by
h(a) = M h(a) () ~!
where

vd = m4 i -19 = 14
MP =M}, M = (M .
P P & P ( )P

Therefore the matrices a and a also satisfy the same identity.
Following our U(n) example we shall now present a simple proof of
the identities (2.5.16). We begin by noting that if g(x) is any poly-

nomial then we obtain the commutation relations
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i ky _ [k i i k
[O‘j, g(u)z] = Gj g(a)le . Gz g(o‘)j

(2.5.20)
k j j k
- 6 gla)y + & gla)y
From this we may also deduce the commutation relations
i k, _ [k i i k k n+l-j
(2}, (2)p] = 65 8(a)y - & g(@)y - &, ; g(a)y
(2.5.21)
n+i-j k
) g(@) 44
Suppose now that v is a maximal weight vector of weight A;
i
aj v, = 0 j>i
n+l-r _ T _ _
nelor Vo O ar Vg = Ar v r=1, , h
From the commutation relations (2.5.21) it may be shown that
g(a); v, = 0 for i < j
(2.5.22)

i
gla); vy =1, v,

for arbitrary polynomials g(x).
Following our U(n) example we introduce the set of polynomials
n
g, (x)= M (x-3 -n+1+Kk
k=1
where we define labels Ak for k > h in accordance with (2.5.17). In

order to prove the identities (2.5.16) we prove the following result.

Proposition (2.5.3):

Let v, be a maximal weight vector of O(n) with weight A. If g(x)

is a polynomial such that gr(x) divides g(x) then

g(a); v, = 0 for i,j = r.

31
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Proof: The result is true if gn(x) = (x - An + 1) divides g(x). Since

if

gx) = h(x)(x - At 1) then

n _ n _ i
g(a)n Vg = h(a)i (a An + 1)n v,
n n
= h(a)n (a - An + 1)n v,
=0 as required.

Proceeding recursively, we suppose gr(x) divides g(x) and assume the
result holds for all polynomials divisible by gk(x) for n 2 k> r. Since

gr(x) divides g(x) we may write
g(x) = h(x)(x - Ar -n+1+71)

where each gk(x) divides h(x) for k > r. We then have

n n i
g(a)r v, h(a)i (a - Ar -n+ 1+ r)r v,

n T
h(a)r (a - Xr -n+ 1+ r)r v,
n i
+ ‘Z h(a)i a_ vy -
i>r
Using the commutation relations (2.5.20) this may be rewritten in the

form
n _ n T ~ n
g(a)r v, = h(a)r (a - Ar -n+ 1+ r)r Vg ¥ (n r)h(a)r Vo

i n
) .Z Spe1-r 18 Vo -
i>r
T i
< =
In the case r < h we have a_ v, Ay Vo and the term .Z ———
i>r
contributes 1. Hence we obtain

g@)l vy = (r+ 1 -mh@] vy + 0 - rh(2)} vy - h(@)} v,

= 0.
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In the case r > h we have al v, = -\ v, = (A_ - 1)v_. Also, in this
r 0 n+t1-r 0 T 0
case, the term z 6;+1-r contributes zero. Hence we obtain
i>r
n _ n n
g(a)r vy = (r - n)h(a)r v, * (n - r)h(a)r Vo

= 0.

In either case we have g(a): vy = 0. From the commutation relations
(2.5.20) and the definition of maximal weight vector it is then easy to

show that
g(a); vy = 0 for i,j=r

and the result is proved by recursion.

Proceeding as we did for U(n) we may then establish that the
identity
n

I (a-Xx_-n+1+r7)
Py
r=1

1]
(=)

is satisfied on an irreducible representation of O(n) with highest weight
A. Since the matrices a and o satisfy the same polynomial identity this
establishes the identity (2.5.16).

In an analogous fashion we may prove the adjoint identity. In this
case we consider the set of polynomials

T

= H _— . = = -
hr(X) k=1 x ar)’ ik % T %ne1-r Xn+1—r 2 & &,

and we may verify the following result.

Proposition (2.5.4):

Let v, be a maximal weight vector of weight A. If g(x) 1s a

polynomial such that hr(x) divides g(x) then

g(é); v, =0 for i,j < r.



We now introduce the O(n) projectors

a-o

£
P[r] = NI R
£Lzr {1 £

which, like their U(n) analogues, satisfy the properties

P[r]P[k] = Grk P[k]
and

% i i
P[r]. = §..
r=1 J J

From this we obtain, for arbitrary polynomials g(x),
n
gla) [ gla) Plr].
r=1
Similarly we may consider the adjoint projectors
a - o
Plrl] = T |- f
: Lzr (o, - ap

which satisfy

P[r]P[k] = 8 1 P[k]
and

E N S
P[r]. = ¢,
r=1 J J

from which we obtain the resolution

It~

g(a) =
T

. ga), Plr] .

Do,

(2.5.23)

(2.5.24)

(2.5.25)

(2.5.26)

It is also useful to consider the projectors P'[r] and their

adjoints P'[r] constructed from the matrix o instead of the matrix a.

These are related to the projectors P[r] and P[r] by the equations

Plr] = M Prr](M !

P[r] = (M)~ P'[r] M.

From this it follows that the projectors P[r'] and P[r]' also satisfy

34
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properties (2.5.23)-(2.5.26) for polynomials in the matrices o and a
respectively.

Recall that an O(n) vector operator ¥ is defined as a collection of

operators wl (i 1, ..., n) which satisfy the transformation law

(o} o7 = s? oo . 5? " (2.5.27)

Similarly a contragredient vector operator ¢ is defined as a collection

of components ¢i which transform according to

[a;, 6] = - c; b5 * ai o5 (2.5.28)

The operators ¥ and ¢ may be resolved into a sum of shift components

n n
Y= 2 pir], ¢ = ) ¢[r]

r=1 T

which alter the representatien labels Ar according to

1

AL WIk] = vkl (A, + 81 ) k=1, ..., h

A, yn+1-%k] =y[n+1- k]()\r - Gkr) r =1, @i, h

A 01K = 6[KIO - &) k=1, @ h

AL é[n + 1 - k] ¢[n + 1 - k](xr + Gkr) r=1, 45., h

with Ar ¢[h + 1] ¢[h + 1] kr

A, w[h + 11 = y[h + 1] A,

for n = 2h + 1.
The shift components y[r] and ¢[r] may be constructed using the

projectors P'[r] and P'[r] as follows

Y[r] = P'[rly = ¢ P'[r]

o[r] = P'[r]¢ = ¢ P'[r] .
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We conclude our treatment of O(n) by considering the 0(3)
characteristic identity. This example illustrates the potential import-
ance of the characteristic identities in applications to physics.

Our 0(3) matrix o is

1 1
0 a, L H
- 2
o = |o
1 0 a%
3 3
oy o) 0

Applying the change of basis transformation
1 :
e, > /7 (e, - iey)

e -*L (e, + ie,)

S 2

one obtains the 0(3) change of basis matrix

1 0 1
1 .
M=-"%=|[-1 0 i
V2
0 Y2 0
with inverse
1 i 0
Mvl=Xlo o /2
V2
1 -i 0
Our 0(3) matrix a is therefore
a=M1!aM
i, L 0
=L 0 -L,
0 -L -L
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where L, is our Cartan subalgebra element L0= -i a; and L, are our rais-

ing and lowering generators

1
= _— 1 : 2
L, =+« 6—(a3 i 03).

According to (2.4.7) we see that LO’ L, obey the well known angular

momentum commutation rules;

[L,, L] =L,

1
=

[Ly, L] = tL,.

Clearly L0 plays the role of the z-component of angular momentum while L
play the role of ladder operators.

Our second order fundamental invariant I, is given by

1, = tr(aZJ =\tr(a2)

2
» 2(L0 + L+L_ + L_L+)

2 .
2(L2 + 2L,L_ - Lo)

2
2(L2 + 2L_L, * Ly).

On an 0(3) representation of highest weight £ 12 takes the constant value
20(£ + 1) as one may verify by operating 2(L% + 2L_L+ + LO) on the state
of highest weight. In this picture we see therefore that the square of
angular momentum L2 is given by %12.

The matrix a of 0(3) should not be confused with the following

matrix

L0 L+ 0

b =
a = L" 0 L+
0 L -L0

which occurs in the quantum mechanics of a particle in three dimensions

with spin 1 and orbital angular momentum L = (L_, L., L ). The
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components of the total spin S of such a particle are represented by

matrices
0 1 0 1 0 0 0 0 0
S+ = |0 0 1], S0 = |0 0 0|, S =11 0 0
0 0 0 0 0 -1 0 1 0

which represent the spin states of spin 1, 0 and -1 respectively.

Clearly these are just the matrices representing the generators L, L0

and L_ on the fundamental vector representation.

According to the vector addition model of angular momenta the total

angular momentum J of this particle is

J=L+5

where L denotes the orbital angular momentum and S the spin. We are

therefore considering a tensor product representation of 0(3) where we

take our generators to be

J.=L.®1+18®S,, i
1 1 1

The square of the total angular momentum is

2 _ 3 .
J Z(Li@1+1®si)(Li®1+l®Si)

1

which is the second order invariant %Iz in the new generators.

this expression we obtain

L+S = %(J2 - L2 - 8?)

This operator essentially determines the energy level shifts in the fine

structure components due to the interaction of the magnetic moment of the

1+

Expanding

.38

particle with the current generated by its motion (Lande's interval rule).

The only possible eigenvalues of J2 are (L £+ 1)(L £ 1 + 1) and
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L(L + 1) and hence the eigenvalues of the operator L-S, on states of
orbital angular momentum £, are L + 1), % and %L respectively. It

follows then that the operator L-S satisfies the identity

(LS - % - %) (L*S - %) (LS + }8) = 0.

We note that the operator 2L-S is the matrix a' constructed earlier.

Hence the matrix a' satisfies the identity

(a* - £ - 1)(a' - 1)(a' + &) = 0.

The matrix a' is related to the matrix a by

a' =Tl arT

1 0 0
where T is the diagonal matrix T = {0 1 0|. The matrix a' may be
0 0 -1

constructed from the matrix o by considering the change of basis trans-

formation

L L .
€, 77 (e1 - 1e2)
€, 7 €3

e, > - L (e, + ie,)
3 /2 o1 27"

The matrix a' therefore satisfies the same characteristic identity as the

matrices o and a.

39

Suppose now we consider a state of orbital angular momentum £. Then

the projection operators

P = (a' - 1)(a' + &)
+ Lzl + 1)
b o f(al - -1+ 0)
0 L+ 1)
p oo -2 - D@ -1)

-7 L+ 1)L +1)

will project onto states of total angular momentum j = £+ 1, £Land £ -1
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respectively.

This example indicates the potential importance of the characteristic
identities in applications to quantum mechanics. The general character-
istic identities discovered for the classical groups are clearly general-

jizations of this simple model.

(2.6) Tensor Identities for Semi-Simple Lie Algebras

Following the notation of section (2.1) let L denote a semi-simple
Lie algebra and let H denote a fixed Cartan subalgebra of L with vector
space dual H*. Let ¢ denote the set of roots of L relative to H and let
o' denote the set of positive roots. Finally let {xl, . G5 xg},
£ = dim L, be a basis of L and let {xl, cees xﬂ} be its dual basis with
respect to the Killing form of L.

We call a collection of operators {Ti} indexed like basis vectors
{ei} of a representation space V of a finite dimensional representation m
of L a tensor operator of L if the components T; transform according to

the rule

Ix, T.) - ﬂ(x)g T x € L. (2.6.1)

j’
This definition may at first seem confusing since we have designated the
components of the tensor T by subscripts instead of superscripts. One

may nevertheless denote the components of T by a superscript in which

case (2.6.1) would read as
[x, Tl] = nT(x); 1.

However in our general discussion of semi-simple Lie algebras we find it
more convenient to designate components of a tensor operator by sub-

scripts.
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Dually we call a collection of operators {Tl} indexed like basis
vectors {el} of a representation space V of a finite dimensional
representation m of L a contragredient tensor operator if the components

T! transform according to the rule
[x, T'] = - ﬂ(x)Jl. 7. (2.6.2)

If m is an irreducible representation of L with highest weight A then we
call the tensor operator an irreducible tensor operator of weight A.
Clearly our definition of tensor operator depends upon the basis
{ei} chosen for the reference representation V. We may if we wish con-
sider a different basis {(ei)'} for V. Suppose that M is the change of

basis matrix for the transformation
et > (e = (MT)§ el
The components of the tensor T in this new basis are then given by
T = Tj(MT)'l :JL

Similarly if T is a contragredient tensor in the old choice of basis

then
)t = (MT)§ T/

is a contragredient tensor in the new choice of basis.
We may write the tensor operator T in the form T = z el ® Ti where
. i
{el} constitutes a basis for V and T, are the components of T in this
basis. This is in fact an invariant definition for T since applying the
. . i iy, T.i j .
change of basis transformation e ~» (e7)' = (M )j e’ one obtains
i, e i _
Z(e) ® T! Ze ®T, = T.
i i

Consider for example the case O(n) where V is the fundamental
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vector representation. We take our unprimed basis to be the n column
vectors ei with 1 in position i and zeros elsewhere. Let M be the change
of basis matrix given by (2.4.4) and (2.4.5).

In the old choice of basis the matrix representing the generator a?
is E; - Ei where E; is a typical elementary matrix. According to (2.6.1)
a vector operator in this choice of basis must satisfy the transformation

law (using superscripts to denote the components of V)
i k k i k .j
o, = 6§, - 8,
[, ¥1 = &5 v' - 85 v

which agrees with (2.5.27). Similarly a contragredient vector operator ¢
must satisfy the transformation law (2.5.28). In the new basis
(el)' = (MT); el induced by the transformation matrix M our vector

operator y gets transformed to
ol 151 ]
it = arhi v,

where ¥ is the vector operator in our old choice of basis. The components

of @ are therefore related to the components of ¢ by

\'Lr - ll)21‘—1 .- lPZI'
r=1, , h
{Ln*'].—r - U)Zr—l - w2r
with gL e for odd n = 2h + 1,

Similarly if ¢ is a contragredient vector operator then

i = j

is a contragredient vector operator in the new choice of basis.
Now let a = M"! a M be the O(n) matrix obtained from the matrix

a = (a;) by the transformation matrix M. Then we have

[l % = oDl Mo e, v
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which gives, in view of the transformation law (2.5.27),

i -~k k -i Gk ~n+1-j
[a, $°1 = 65 97 - Gy 5 VT (2.6.3)
Similarly we have
i i = n+l-j =
[a;’ bl = - 8 45 * % T s (2.6.4)

Equations (2.6.3) and (2.6.4) may be taken as our transformation law for
vector (resp. contragredient vector) operators in the new choice of 0(n)
basis. We see therefore that the O(n) projectors P[r] and P[r], defined
in terms of the O(n) matrix a, project out the shift components of the
0(n) vector @ and its contragredient é.

Returning to our general discussion let us fix a basis for our
reference representation V. With respect to this basis we may introduce

the following matrix over the Lie algebra L;
5 T T
A=-% ) (rxDx, + n(x)x) (2.6.5)
i=1 t t

where m is the representation afforded by V. This matrix is clearly a
generalization of the U(n) matrix a since upon setting m to be the
contragredient vector representation one obtains the matrix A = (a%).
If we choose 7 to be the fundamental vector representation of U(n) then
A becomes the adjoint a of the U(n) matrix a.

We define an adjoint A of the matrix A by writing

A, = - A
] J
More generally we define
m+1l.i i, mk
A .= A (AT
WHT = A
-m+1.i -k ~-m,i
A .= A (A

@™} = B Gy

where the repeated index k is understood to be summed over. In this way

.43
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we may define polynomials in the matrices A and A.
If T is a contragredient tensor operator we may regard A as an

operator from the left on T and A as an operator from the right on T by

defining
(AT)i = A; Tj,
(T/’\)i - 1) A?.
With this definition we have
an? = A? T/
=-% g (n(xr)§ x .+ n(xr)§ x") T,

Substituting the transformation law (2.6.2) into this expression gives

an’ - g (I x. T - BF, Thx, - [x T+ [x, xF, TH)
= ey ™ + (TR .
where

[g]
1}

L i x* X, = ) x
T

T
is the universal Casimir element of the Lie algebra L. We therefore
obtain

AT - TR = [c;, TJ. (2.6.6)
On the other hand, we have

iyt

y T ] () K e e

T

L) (n(xr)§ xF + n(xr)§ x_) T

r

5 1 (neh w0 + 16O} 16))) )

T
_ 1]
= (W(CL) - A)j T’ .
Substituting this into equation (2.6.6) gives the result

(2A - w(c))T = [, T]. (2.6.7)

Equations (2.6.6.) and (2.6.7) are clearly generalizations of equations
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(13), (24) and (27) appearing in the paper by Green3*®.

We shall now show that when V is an irreducible module over L that
the matrices A and A satisfy a certain polynomial jidentity. It should be
noted however that the identities satisfied by the matrices A and A are
independent of the basis chosen for V. Since applying a change of basis
transformation M to A gives a new matrix B = M~! A M. Clearly then if
P(x) is a polynomial we must have P(B) = M1 P(A) M so that the identit-
jes satisfied by B and A are the same.

Throughout the remainder of this thesis let V()) denote a finite
dimensional irreducible module over L with highest weight A and let LY
denote the representation of L afforded by V(7). Henceforth we shall let
A denote the matrix

A=-4 g[wx(xr)xr + nx(xr)xr).

From the Cartan decomposition of the semi-simple Lie algebra L we
may choose a basis for L consisting of root space elements together with
a basis for the Cartan subalgebra H. Hence let us consider a basis

{(h, ..., h; X, 0 € o} where {hl’ e hm}, (m = rank L), is a basis

1 m

for H and X, is a non-zero element of the root space La'
The dual basis may therefore be written

m

{hl, ..., h; Xa, o € ¢}

where x* is the unique element of L_u which is dual to X, under the Kill-

ing form of L. We may therefore write the universal Casimir element in

the form

1 aed .

Now let V(u) be an irreducible finite dimensional representation of L

with highest weight y and maximal weight vector V- Then

m .
_ i
e vy = ) w@Dutvg+ ] ue v,

i=1 aed
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Since cr is an invariant of L it must take the constant value shown
on the entire space V(u).

It is convenient now to introduce the labelling operator A which,
when acting on an irreducible representation of L with highest weight u,
coincides with the weight u. We may regard A as a 'vector' operator
with components A(hi) which take the constant values u(hi) on an

irreducible representation of L with highest weight u. The universal

Casimir element may therefore be written

m .
_ i
e, = .Z A(A) + Y, ACt). (2.6.8)
i=1 aed
Suppose now that {Al, cies Ak}are the distinct weights occurring in

V(A). Following the remarks in (2.2) we may decompose an irreducible
contragredient tensor T with highest weight A into shift tensors T[i]
which decrease the eigenvalue of the labelling operator on an irreducible

representation of L by the weight Ai;

or (2.6.9)

Hence from equation (2.6.8) we obtain

m . . .
: - : J J J :
[ep, TIi1] = - jzl (Ai(hj)A(h ) + A () A (IR ))T[i]
-1, Ay (€ )TIET. (2.6.10)
aed

Substituting equation (2.6.10) into equation (2.6.7) gives the
identity
v j j j
- L L
[A s (ep) + jzl (3 BOAMT) + AN B + 2 ()2 (W)

vy YL -xi(ta)} T[] = 0. (2.6.11)
oed
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We may simplify this expression by making the following substitutions

(see Humphreys™*“);

m .
Y A(hDAGY) = (4, A)
i=1 !

L, At = (1, 28)
aecd
where & is the half sum of the positive roots and ( , ) is the inner

product on H" induced by the Killing form of L. We obtain from this the

well known formula

cp = (A, A+ 28)

and we may write equation (2.6.11) in the form

[A - B0, A+ 28) +B(Ay, 200+ 8) + Ai)] T[i] = 0. (2.6.12)

Similarly substituting for A using equations (2.6.6) and (2.6.7) gives us

the equation
T[i][R - (A, A+ 28) - g(xi, 200 + 8) - Ai)] - 0.

These equations may be regarded as a generalization of equations
(14), (19) and (30) appearing in Green3%. As in Green's case the

matrices A and A satisfy the polynomial identities

= =

[A - (A, A+ 26) + 12()‘1’ 2(h + 8) + )‘i)] 0 (2.6.13)

i=1

0. (2.6.14)

=

[A - LA, A+ 28) - g(xi, 2(A + 8) - Ai))
1

i
These identities are the required generalizations of the identities
previously encountered for O(n) and U(n). The identity satisfied by the
matrix - A is the identity appearing in the work of Hannabuss3°.

We shall now present an alternative proof of the identities
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(2.6.13) and (2.6.14) without the use of tensor operators. We may do
this if we wish by generalizing the procedure outlined in our treatment
of O(n) and U(n). We prefer however to make use of an idea due to
Hannabuss32 which has already appeared in our treatment of 0(3).

Let U(L) denote the universal enveloping algebra of L and let Z
denote the centre of U(L). First of all, following Kostant“0, let =
denote a finite dimensional representation of L with representation space

V and consider the map
9 : U(L) — (End V) ® U(L)

defined for x € L by
(2.6.15)
) =1(x) ®1 +1®Xx,

which we extend to an algebra homomorphism to all of U(L). In general
3(u) for arbitrary u in U(L) is a more complicated expression. For

example if x,y € L then
d(xy) = 3(x)3(y) = m(xy) ® 1 + n(y) ®x + n(x) @y + 1 ®xy.

When z is an element of the centre Z of U(L) Kostant shows that the
operator 3(z) satisfies a certain polynomial identity. In our case we

shall consider the operator
z=-%(3(z) -7(z) ®1 -1 z). (2.6.16)

When acting on an irreducible representation V(u) of L with highest

weight u the operator z reduces to
-4 ® n(2) -m(z) @1 -18@ ﬂu(z)).

The case where z is the universal Casimir element cL is of primary

importance since ¢, is the matrix A defined by (2.6.5). To see this we

L
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may write the universal Casimir element in the form

Hence

a(cL) Z (n(xr) ®1+ 1K xr)(ﬂ(xr) ®1+1® xr)

H

g (r(x") ® x_ +m(x) @ x")

+ g (rGxIm(x,) €1+ 1@ xt x_)

where | m(x )m(x_)
T
Rearranging this expression we obtain

n(cL) is the matrix representing ¢, on the space V.

=g g (rx) ® x_ + 7(x) € x") = - %(a(c)) - () ®L-1@c)

where the left hand side is the matrix A as required. This is clearly a

generalization of the equation (2.5.29) occurring in our 0(3) example.
Now suppose our reference representation is V = V(\) where V(A) is a

finite dimensional irreducible representation with highest weight A.

Then acting on an irreducible finite dimensional representation V(u) of

highest weight p the matrix A may be written (see [46] for details)
= - L - P @i
A 3 (m, © m(ep) - mle) @1 -1 'rru(cL)). (2.6.17)

Hence A may be interpreted as an operator on the tensor product space
V() € V(u). Recall, from section (2.2), that if V(v) is an irreducible
representation occurring in the Clebsch-Gordan reduction of the space
V(A) ® V(u) then V(v) admits an infinitesimal character of the form

Xu+k where Al, cees Ak are the distinct weights occurring in v(y)., It
i

follows then that on the space V(v) A takes the constant value

- 1/z(xw\i(cL) R NCHIERNCH)



which, using (2.1.4), may be written
s A+ 28) - (A, 20w+ 8) + ;\i).

From this it is an easy matter to deduce that acting on the space
V(u) the matrix A satisfies the polynomial identity
k
m jA - %A, A + 28) + %(A., 2(p + &) + Ai)J = 0.
i=1 *
This result in fact follows from the easily established fact that a
diagonal matrix D with distinct eigenvalues d;, ..., dk satisfies the
polynomial identity
k
m (b -d,) = 0.
. i
i=1
A similar argument may be carried out for A.
Replacing the weight u by our labelling operator A the identities

(2.6.13) and (2.6.14) are then seen to hold.

From now on we write the identities (2.6.13) and (2.6.14) in the
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form
k
nm (A-0a.)=0
i=1
(2.6.18)
k
I A - =
. (A ai) 0
i=1
where
=L oL
a; s(A, A + 26) 2[)\1, 2(A + 8) + )\i)
(2.6.19)
5 =1 1 -
a, = %0, A+ 28) + B(a, 200+ 8) -2y

We have already shown in equation (2.6.12) that

AT[i] = oy T[i].

By a simple induction argument we may show that if P(x) is any polynomial
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then
NMTH]=PmﬁTﬁL
Substituting

P(x) = I (x - ap)
= ¢

into this expression gives
PIIITIL] = &, T[i]

where P[j] are the projection operators

A - ap
P[j] = 11 ——T— . (2.6.20)
225 |% T %
We may write the decomposition of a contragredient tensor T into its

distinct shift components T[i] by writing
k
T= ) T[i]. (2.6.21)

If the weight Ai occurs with multiplicity n(i) then T[i] may be further
decomposed into n(i) distinct parts each with the same shift property.
Applying the projector P[i] to the left of equation (2.6.21) we immediate-

ly obtain
T[i] = P[i] T. (2.6.22)

Hence the projector P[i] projects out, from the left, the shift
components of the contragredient tensor T corresponding to weight ki.

Using the adjoint identity one may construct projection operators

A - a.
P[i] = T [E—.L]
i j

which satisfy

T[i] = TP[i]
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and

T{i]P[j] = ¢

X T[i].

Hence the operators P[j] project out shift components of a contragredient
tensor operator from the right.
Suppose now that T is a tensor operator of highest weight A. Then

we may decompose T into components T[i],
-~ k ~
T= ) T[i], (2.6.23)
where each shift component f[i] satisfies
[Aq), T[i]] = A, () T[i], h€EH

Note that in terms of the roots oy of the characteristic identity the

above relation may be rewritten as
a., T[11] = (. A TL4T.
oy, TIH1] = Oyga 2 TIE]
Similarly if T is a contragredient tensor of highest weight A then
a., T[1 = - (A., A.) T[1i].
[os, T (5> 2) THI

Clearly these relations are a generalization of equation (2.5.14) obtain-

ed for U(n).

We may regard the matrix A as an operator from the left on T and the
matrix A as an operator from the right on T by writing

AT,
]

(AT)

T. AJ.
1

(TA), ;

By carrying out an analogous argument for tensor operators we may readily

verify the identities
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T[i] (A - o)

It
o

(& - &) T[i] = 0,

vhere o, and &i are the operators defined in (2.6.19).

From this it follows that
T[i] = P[i] T = TP[i]. (2.6.24)
From the identities (2.6.18) we obtain
A P[i] = a. P[i] and A P[i] = ai P[i]

and more generally we may show by induction that if g(x) is any polynomial

then

g(A) P[i]

~

gle;) P[i]

g(R) P[i] = g(o;) P[i].

In particular, P[i]P[j] = Gij P[j] and P[i]P[j] = Gij P[j] so that P[i]
(respectively P[i]) form an orthogonal set of idempotent operators.
Moreover, from equations (2.6.23) and (2.6.24), we obtain a resolution of

the identity on our space of tensor operators;

P[i]

-
n
Il o~

Hence if g(x) is any polynomial then we may write

g(A)

1

k
I gloy) Plil
=1

(2.6.25)

1l

k
g® = J g@) Plil
i=1



Examples:

(i) Let V(A) be the fundamental spin representation of 0(3). In
this case we have only a single positive root A = 1 so that § = %. Our
tensor operators in this case are of course the Dirac spinors. On the
fundamental spin representation of 0(3) our generators LO, Li are

represented by 2 x 2 matrices

5 0 1 (o 1
L0= 5 L+=T
0 3 210 o0
) LO 0
- ‘/71 0

in a basis chosen so that L, is diagonal. Our matrix A in this example

becomes

L V2 L
+

x>
n

which is essentially the matrix originally considered by Dirac3%. Dirac

noticed that the matrix A satisfies
A(A + 1) = L2 .

Hence on a representation of 0(3) with highest weight £ the matrix A

satisfies the polynomial identity
(A -3 A +3%+12%) =0
which agrees with the prescription given by equation (2.6.18).

(ii) Consider now the case U(2) where we have only a single positive
root A, - A, so that 6 = %(A1 - Az)' Let V(A) be any finite dimensional
irreducible representation with highest weight X = (Al, 12). Choose as a

basis for V(A) the Gel'fand-Zetlin basis

Al A, . )
“\ where m is an integer
m

.54
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lying in the range xl Zm= Az. The matrix elements of the U(2)

generators in this basis are well known and are given by

A A A A
1 2 1 2
al > = [, -m@m -2, + D] >
1 2
m m+ 1
A A A A
1 2 1 2
a? =[Oy -m+ D@ -1 |0
m m-1
1 >‘1 A2> >\1 )\2>
a =m
1
m m _
A A A A
21"1 2\ _ 1 2
a; = (Al + A, - m) > (2.6.26)
m m
Let A denote the matrix
2
A=- ] ﬂk(ag) ag
p,q=1

with entries given by

2 A Y A B
A== 1 (0 2| 2| 2 o
J p,a=l \A, - i+ 1 Tl -3+1 P
for
i,j =1, couy A = A, + L.

Thus, using (2.6.26), the (i,j) entry of the matrix A is given by

- _ 5 1 _ s 2
Aij = 5ij(xl j o+ l)a1 Gij(xz + 1) a$
1
- - _ - & ]
Gi,j—l[(J 1)(A1 Az i+ 2)] aj (2.6.27)
: : P
_ 6i,j+1[J(A1 . Az -3+ 1)] a2'

On a finite dimensional irreducible representation V(u) of U(2) with

55

highest weight p = (pl, uz) the matrix A satisfies the polynomial identity

)\1")\2"'1 _
3 (A-o)=0
m=1
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where the roots o of this identity are given by

a = (M- 10 - A, +uy - wy - m+2) - kg -k, (2.6.28)

(iii) Let Vi be the totally antisymmetric mth rank tensor representa-

tion of U(n). The matrix A in this case becomes

n 1 .
A= z F. a?
. j i
i,J=1
where
F;=E;®1®...®1+1®E§®1...®1+...+1®1®...®1®E31.

where E; is a typical elementary matrix. The weights occurring in Vm are

of the form
A.. + A, + + A
b ‘m
where the ir (r =1, ..., m) are distinct integers lying in the range
1, ..., n. These weights all occur with multiplicity one. On an

irreducible representation of U(n) with highest weight u the matrix A

satisfies the polynomial identity

L (A - ali,, ...,1m))=o
nxi_>i >...>i =1
i) m

where the product is over all sets of m integers i,, ..., i_ satisfying
1 m
the inequalities shown. The roots o of this identity are, according to

(2.6.19), given by

a(il, A im) = m(m + 1) + (ui + ...+, )
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2.7 Reduction of the Identity.

We have shown that the matrix

A=-Y%
T

Il e~

. (wk(xr)xr + nA(xr)xr)

satisfies the polynomial identity
k
oA - L, A+ 268) + %(Ai, 2(p + &) + xi)] =0
i=1
on a finite dimensional irreducible representation V(u) with highest
weight u. However the matrix A may satisfy a polynomial identity of
lower degree on the space V(u) depending on the properties of the weight
u. This reduction is directly related to the Clebsch-Gordan reduction of
the product space V(A) ® V(). We know, from section (2.2), that the
characters ocgﬁrring in V(A) ® V(u) are of the form XU+A-' One may in

1
fact prove the stronger result that the highest weights occurring in
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V(A) € V(u) are of the form p + Ai (see for example Humphreys [44] p.142).

It follows immediately from this that if I(A, u) denotes the index set
. +
I(A, p) = {1 ;U o+ Ai € A}
then on the space V(p) the matrix A satisfies the reduced identity
n A -, A+ 28) + %, 2(u + &) + A.)J = 0. (2.7.1)
. i i
ieI(X,u)
However this need not be the minimum polynomial identity satisfied by A
on the space V(u) since it may happen that the representation V(u + Ai),
i€ I(A, u), occurs with multiplicity zero in the product space
V(A) ® V(u). It follows at once that the minimum polynomial identity
satisfied by A may be written

il A-Y%0, A+ 28) + 5(x

iel  (,m) '

2(u + 6) + Ai)) =0

where IO(A, n) denotes the index set
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IO(A, u) = {i ;U o+ Ai e 1' and m(u + Ai) # 0} .

In view of Klimyk's multiplicity formula one sees that the minimum poly-
nomial identity satisfied by A may be obtained solely from a knowledge of
the distinct weights occurring in the reference representation ,.
By an analogous procedure we may verify that on the space V(1) the
matrix A satisfies the reduced identity
I [R-‘/z(k, A+ 26) -%[A., 2(u + 8) —A.)] =0
. = il i
lelo(A,U)

where TO(A, 1) denotes the index set
. +
{1 TR Ai € A and m(u - Ai) + 0}

where m(p - Xij denotes the multiplicity of the representation V(u - Ai)
in the product space V(A)* Q V(u) and where V(A\)* denotes the contra-
gredient representation of V(}).

The nicest case occurs when the characters Xu+k. are all distinct.
In this case it is immediate that if u + Ai N the; the representation
V(u + Ai) necessarily occurs with multiplicity n(i) where n(i) is the

multiplicity of the weight Ay in V(3). In this case the index set

IO(A, u) may be written
. +
IO(A, w) = {1 ;ou o+ Ai e A }

Similarly if the characters Xu-k are all distinct then the index set
i
io(x, u) may be written

I,(, p)={i;u-;ieA+}.

In view of the remarks in section (2.2) the above index sets may

also be written in the form

1,0, 1w = {i; e+ +8,0)#0 for all o € &'}
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IO, w={i; @-2+6a#*0 forallac o'} .

*

Consider for example the case where V(A) = V' 1is the fundamental

contragredient vector representation of U(n). Let A be the matrix

n . .
A=- ] nx(a})ai
i,j=1 .
I
i,j=1 7

which is the matrix a of U(n) considered previously. On a finite
dimensional irreducible representation with highest weight u the matrix A
satisfies the polynomial identity

n

II (A - w, - mo# r) = 0.

r=1
The characters occurring in the reduction of V¥ & V(u) are of the form

Xu—A and these are all distinct. Hence in order to obtain the reduced
T

identity we omit those factors corresponding to weights u - Ar which
satisfy (p - Ar + 8, a) = 0 for some o in 8. Hence if the weight u

satisfies ur = u then the factor (A - B -1 + 1) is to be omitted.

T+l
By this means we obtain the reduced identities originally encountered by
Green3" for the case of GL(n).

The reduced identities satisfied by the U(n) matrix a for some of

the lower order irreducible representations are tabulated below (see

Green3").

(1,0) a(a -n) =0

(1,1,0) a(a-n+1) =0

(2,0) a(a-n-1) =0

(1,1,1,0) aa-n+2)=0

(2,1,0) a(@ -n-1(a-n+1)=0

(3,0) a(a -n - 2) = 0.
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By taking the traces of the reduced identities one obtains the scalar

identities
(1,0) I, -nl =0
(1,1,0) I,-(m-1I =0
(2,0) I, - (n+ 1I; =0
(1,1,1,0) I, - (n - )1, =0
(2,1,0) I, -2nl, + (n - 1)(n+ NI, =0
(3,0) I, - (n+2)I; =0.

Such identities are useful for an explicit construction of Young's pro-
jection operators as demonstrated in Gould“”.

By taking traces of the reduced identities for arbitrary semi-simple
Lie algebras one obtains the general scalar identities. These identities
may then be used to construct generalized Young's projection operators
and provide direct and explicit proof of the so-called generalized

Burnside Theorem (see Warner"® p-129).
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CHAPTER 3

Casimir Invariants for a Semi-Simple Lie Algebra

In the previous chapter it was shown that the matrix A, defined by
equation (2.6.5), satisfies a certain polynomial identity in finite
dimensional irreducible representations. However from the work of
Kostant*?, one may in fact deduce the stronger result that the matrix A
satisfies a polynomial identity with coefficients from the centre of the
enveloping algebra. It shall be one of our aims to show that the
coefficients of the identity satisfied by A generate the centre of the
enveloping algebra of the Lie algebra. Related to this is the recent work
of O'Brien, Cant and Carey*! who have shown how one may obtain Kostant's
identity by an extension of the classical Cayley-Haminton theorem for the
special case where LY is the fundamental vector representation of GL(n).
We shall investigate this connection in detail for the general linear and
orthogonal groups.

We shall also be concerned with the construction of a full set of
invariants which generate the centre of the enveloping algebra of the Lie
algebra. This is done for the simple Lie algebras, in direct analogy
with the 0(n) and U(n) case, by showing that traces of powers of A are
Casimir invariants which generate the centre. A full set of invariants
for a general semi-simple Lie algebra may then be obtained by considering
the Casimir invariants for each of the simple Lie algebras occurring in
the decomposition of the Lie algebra L into its simple two sided ideals.

In deriving the eigenvalues of these invariants we make use of
Weyl's dimension formula along the lines suggested in the recent work of
Edwards*? and Okubo®®. We remark however that our extension is by no
means trivial and exploits the Clebsch-Gordan decomposition formula as

obtained by Klimyk*® (see equation (2.2.2.)).

1
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3.1 The GL(n) Cayley-Hamilton Identity

It was shown in Chapter 2 that the matrix a of U(n) satisfies a
certain polynomial identity on finite dimensional irreducibie representa-
tions. The results obtained depended only on the commutation relations
satisfied by the infinitesimal generators of the group and are independ-
ent of any Hermiticity properties. Since the infinitesimal generators
of GL(n) satisfy the same commutation relations it follows that all of
our previous results obtained for U(n) extend to GL(n) without modifica-
tion.

This extension, although trivial, is important since it allows one
to extend our previous results to the non-compact real forms U(p,q) of
GL(n). Since the unitary representations of the non-compact groups are
infinite dimensional it is desirable to extend our results to infinite
dimensional representations.\ In doing this we shall follow O'Brien,
Cant and Carey who have shown that the matrix a of GL(n) satisfies an

n-degree polynomial identity

P(a) = 0
where
t n-r
P(x) = ) z_ X (3.1.1)
T
r=0

where the coefficients z.. belong to the centre Z of the enveloping algebra

of GL(n) and satisfy
(3.1.2)
2z, + 1 € F[Il]

nz  + In € F[I,, I,, ..., 1T 1



where F is the underlying field (usually the real or complex field).

It shall be our eventual aim to extend this result to arbitrary
semi-simple Lie groups but we feel it is instructive to consider first
the more familiar examples of O(n) and GL(n).

We call the polynomial p(x) the characteristic polynomial of the
matrix a. In this case the characteristic polynomial is also the
minimum polynomial; that is if the matrix a satisfies g(a) = 0 where
g(x) is a polynomial with coefficients from Z then p(x) divides g(x).
It was remarked in section (2.3) that the fundamental GL(n) invariants
I, ..., In are algebraically independent and generate the centre Z.
From (3.1.2) it follows therefore that the coefficients Zys wees Zg of
the characterj§tic polynomial (3.1.1) are also algebraically independent
and also generate the centre Z.

Since the coefficients of the characteristic polynomial belong to
the centre they must take constant values on any representation
admitting an infinitesimal character (see section (2.1)). 1In this
instance the characteristic polynomial reduces to a polynomial with
coefficients from the underlying field F. Suppose now that v, is a

maximal weight vector of arbitrary weight A. Then from (3.1.1) we see

that, acting on v_, the matrix a satisfies the polynomial identity

0)
N n—r.
]} X, (z Ja = 0.
r=0

On the other hand proposition (2.5.1) implies that on v, the matrix a
satisfies

n

n (a - Ar -n+1)=0.

r=1

It follows then that the characters XA(Zr) are given by

3.

X, (z) = (-7 ) (g #n - DOy +n-3) o Oy F oK)

1<i<j<...<ksn

en =1 24, . ..7

n

3
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the sum being over all sets of r integers i,j, ..., k satisfying the
inequalities shown, and z, = 1. From this it follows that the character-
istic polynomial p(x) may be written in factorized form
n
p(x) = T (x -a) (3.1.3)
T
r=1

where the . are invariants of the group which are related to the

invariants z. by the equations

z_ = (—1)r z @s0L ees O
1<i<j<...<ksn ') (3.1.4)

The o take constant values on a representation admitting an infinitesi-

mal character XA given by

Xx(ar) = Ar +n-r.

We see from (3.1.4) that the invariants z are symmetric functions
of the roots ay - Since the Z. generate the centre Z of GL(n) it follows

that we may also write

Z = F[al, e an]

where F[xl, ceny xn] denotes the algebra of symmetric polynomials in the
indeterminates X 5 aees Xpo Since the fundamental invariants
Il, e In belong to Z it follows that they are symmetric polynomials of

the roots Gy weey Ope For example on a maximal weight vector of weight

A the invariants I1 and 12 take the constant values

n
XX(II) = z Ar
r=1
(3.1.15)
n
X, (1,) = rzl A +n+ 1 - 2r).

Hence, in terms of our roots @, We may write



I, = z (o - n+ 1)
z T

I, = z (ur -n+ r)(ar +1 -71).
T

We may if we wish regard the operators a  as solutions to these
equations. In general, however, the explicit form of the o in terms of
the Ik would require the solution of algebraic equations of degree up to
n (see [47]).

The identity P(a) = O satisfied by the matrix a is clearly a (non-
trivial) generalization of the classical Cayley-Hamilton identity
satisfied by numerical matrices. The matrix a in fact satisfies several
properties of matrices with numerical entries. The roots o of the
characteristic polynomial may be interpreted as the eigenvalues of a.
Appropriate definitions for the inverse and determinant of the matrix a
may also be given (see [47]).

We wish now to determine the eigenvalues of the fundamental invar-
iants Ik of GL(n) on any representation admitting an infinitesimal

character. We shall do this by explicitly expressing the Ik as a

polynomial in the .. From equation (2.5.9) we obtain

=}

t lg(a)] = kzl glo) t (PIK])

so that the problem of determining the eigenvalues of the invariants
tr[g(a)] reduces to the problem of determining the traces of the

projectors P[k].

3.5

Green23 has shown that on a finite dimensional irreducible represen-

tation of GL(n) with highest weight X that
A, - A, + £ -k -1
k £
t Pk = N |————— 7 v
T 22k Mo - At L -k

However the derivation due to Green relies on the finite dimensionality
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and the irreducibility of the representation concerned and hence only
applies to weights A which are dominant integral.

From the point of view of applications to physics Green's work is
sufficient provided one is considering the compact real form u(n) of
GL(n) whose unitary representations are finite dimensional. However if
one wishes to consider the non-compact groups U(p,q) then a more general
derivation of the trace formula is required which extends to infinite
dimensions.

We shall in fact prove more than what is needed here. If g(x) is
any polynomial then the diagonal entries g(a)i and g(é)i of the matrices
g(a) and g(a) will take constant values on a maximal weight vector. We
shall in fact determine the eigenvalues of these operators on arbitrary
maximal weight states. In view of equation (2.5.9) this may be done if
we can compute the eigenvalues of the operators P[r]i and ?[r]i on
maximal weight states.

Suppose now that s is a maximal weight state of arbitrary weight

A= (Xl, L An). We begin by introducing a set of operators
N k
Pi(k) = _?‘ (a - aj)k
j=i
(3.1.6)
- K
= 1 -
Pi,j(k) e (a aﬂ)k'
#j

From definition it is clear that Pi j(k) = Pi(k) if i > j. Now let
Py j(k) and pi(k) denote the eigenvalues of the operators Pi j(k) and
Pi(k) respectively when acting on the maximal weight vector v,

From the commutation relations (2.5.2) and equation (2.5.3) it is

easily verified that the pi(k) satisfy the difference equation
pi(k) = (o - 0;) pi+1(k) - pi+1(k +1) - ... - pi+1(n) (3.1.7)

where the roots a. are to be replaced by their eigenvalues a = Ar +n-r.
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Similarly, when i < j - 1, the Ps j(k) satisfy the difference equation

3

pi,J(k) = (ak - ai) pi+1,j(k) - pi+1,J(k + 1) T e T p1+1,J(n) (3'1'8)
and when i = j - 1 we obtain
pj'l,j(k) = (uk - aj_l) DJ+1(k) - pj+1(k & 1) ==l pj+1(n) (3-1'9)
From proposition (2.5.1) it is clear that
p.(k) =0 for k=2 1
1 (3.1.10)

p. .(k) =0 for k=2j =21
This set of conditions together with the extra boundary conditions

o,y ) = (k) =1

n+l,j
(3.1.11)

pi(n +1) =0

enables us to solve these difference equations uniquely.
In particular the Py r(k) are given by (details in Appendix A)
) KY=1T (o_-a,) I (a_ -a,-1) T Z k.

1,r <k T £ ok T L
Now from definition the eigenvalues of the operators P[r]t are related
to the pl,r(k) by

P[r]k v. =0 (o -a) 1o, (K)vV r >k

k 0 £ T L 1,r 0 )
Zr

Hence, substituting our formula for Py r(k) into this expression yields

the formula

k ~ 0, Fay ®1
P[r]k v, ® n = = Voo r = k. (3.1.12)
£k |'r 0 L i

Of course, when r < k, we have, from proposition (2.5.1),

P[r]i v, = 0.

7
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By a similar procedure we may also verify the result

a_ -a, -1
13[1‘]1( v,o= I [T L2 v, k=r
k 0 o<k |% = % + 6r£ 0
(3.1.13)
=0 5 k<r
Hence if g(x) is any polynomial we may write
o -o, -1
k T £
g@a, vo= ) gl) 0 - v
ko r>k ok % T % 7T Grﬂ 0
Summing this equation on k from 1 to n yields the formula
n o, - Op - 1
tlg@]= ] gl) U |———p—
r=1 Lzr T £
which may be shown to be a symmetric polynomial in the roots a,, ..., @ .

This is the required generalization of Green's trace formula and extends

to arbitrary representations\admitting an infinitesimal character. In

particular the fundamental invariants Im may be expressed in terms of the

GL(n) roots o by writing

(3.1.14)

T

We have previously given two sets of invariants which may be used to

generate the centre Z. They are the coefficients Z.. (r =1, ..., n) of

the characteristic polynomial and the fundamental invariants Ik

(k =1, ..., n). Therefore there must exist an algebraic relationship

between the z  and the I,. Bracken and Green3* have developed a

technique for expressing the coefficients z., of the characteristic

polynomial in terms of the Ik' However their method does not yield a

general analytic expression and is complicated to apply even for relative-

ly simple cases requiring the aid of a computer. This task may,

however, be considerably simplified by noting that it suffices to obtain

an algebraic expression which relates the polynomials (3.1.14) and (3.1.4).

Making use of some well known summation formulae for such polynomials (see
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e.g. Louck and Biedenharn!® and Weyl®) one may show that the required

algebraic relationship is given by

' T, T Tn
Ik = z z Akﬂ(rl’ Tys vees rn) 2, 2, e z
£=0 T,,T,,...,T
n
r1+2r2+...+nrn=£
where the coefficients have the following definition (in Akﬂ’ the
constraint r, + 2r2 + ...t nr = £ is in effect):
n
e S it I TR B N A R
k£*12 """ Tn r. b r. } eew Tl . k+1-42)71°
1 2 n i=0
for £ =1, 2, ... , and in which
Tr = r1 i r2 + + T, ro = -T
k n
AkO(O, 0: > 0) - (_1) [k + 1]

Note also that

DT -tk

p-d
ot
o

—
=
—

H

=

~—
|

3.2 Extension to O(n)

We have seen that the matrix a of GL(n) satisfies a polynomial
jdentity over the centre of the enveloping algebra. The proof presented
by O'Brien, Cant and Carey”1 of this result obviously extends to 0(n)
with trivial modifications. Hence we may deduce that the matrix a of
0(n) likewise satisfies an n-degree polynomial identity over the centre
of the enveloping algebra. The matrix a = M a M~! satisfies the same
identity.

Appropriate definitions of inverse and determinant of these matrices
may also be obtained. From the properties of determinants it is clear

that det a = det a. A full set of invariants for the algebra may be
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obtained by taking traces of polynomials in the matrices a and o. Since

p(a) = M"! p(a)M we have, from the properties of trace,
t [P()] = t [P()]. (3.2.1)

Hence, as far as invariants are concerned, there is no need to distinguish
between the matrices a and a. We shall work here with the matrix a due to
the close analogy with our GL(n) example. However, because of (3.2.1),
the trace results obtained apply equally well to the matrix a.

Proceeding as before we see that traces of arbitrary polynomials in

the matrix a are given by

n
t [P@)] = kZ P(ay) t (PIKD).
=1

It is our aim here to verify Green's trace formula23 for the orthogonal
group for arbitrary weights..

Suppose now that v_ is a maximal O(n) weight vector of weight

0

A= (A e Ah). We consider the operators Pi(k) and Pi j(k) defined

1,

as in equation (3.1.6) with the O(n) roots o taking values given by

a, = Ar +n-1-r, r=1, ..., n

where we define labels xr for r > h in accordance with (2.5.17). As
'before we let pi(k) gnd pi’j(k) be the respective eigenvalues of these
operators when acting on the maximal weight vector v,. It is easily
verified from the commutation relations (2.5.20) and equation (2.5.21)

that the pi(k) satisfy the difference equation

p;(r) = (o, - 0;) py,, (¥ - I opy,, )+
k>r (o

The Py j(r) for i < j - 1 satisfy

N ¢'5 T N U ¢ S B
] ksr e Pis j(“ +1-1r) rTv<h

pl,J(r) = (ar - ai) p
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and for i = j - 1 we obtain

0 r>h

G j(r) = (a, - a

5 () - 1 ey, 0+

. ) p.
J-17 7+l = pj+1(n +1-1) t<h.

Proceeding as for GL(n) we obtain the following formulae:

O(n = 2h)
o -0, -1+
p[r]k V - H I‘ £ /e.,n+1—1‘ V ; k < r
k 0 25k a. - oy + 6 2 0
= (3.2.2)
= 0 , k>r
= .k &r =ap -1+ 6, n+1—r]
P[r], v, = 1 — _ : A k>r
kK0 e G =8 * Sy J 0
(3.2.3)
=0 5 k<r
O(n = 2h + 1)
k Or ~ aﬂ‘_ 1+ 8p a1 ~ % n+1—r1
P[r], v. = 1 > > v, k<r
L £>k dp T Op ¥ Grﬂ J )
(3.2.4)
=0 , k>~
. o -a,-1+38 -6
5[r]k v = T T 2.- 3 £,h+1 £,n+1-r v, k>r
koo pex 6. - 0p * O 0
(3.2.5)
=0 k <r

Summing these equations over k from 1 to n we obtain the formulae

-1+
£1n+1_k}, n-= 2h

£
a, - %p

ak - 0o
t (P[k]) = O
£k

0, -0, - 1+ & )
tr(P[k]) I k L £,h+1 £,n+1-k . n=2h+ 1.
22k % %

In particular when n = 2h + 1 and r = h + 1 we obtain

a -a, -1
t (°[h +1]) = T {h” £ }:1

£zh+1 %he1 T %2

where we have used o -a, - 1=ua - for n odd and £ ¥ h + 1.
h+ £ n+1-£

1 h+1

11
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This shows that Green's trace formulae for O(n) extends to arbitrary

weights.

3.3 A general Cayley-Hamilton Identity for Semi-Simple Lie

Algebras

Following the notation of (2.1) let V(A) denote a finite dimensional
irreducible module over the enveloping algebra U of a semi-simple Lie
algebra L and let T be the representation afforded by V(A). Let
Al, ees Ak be the distinct weights occurring in V(A) and suppose Ai
occurs with multiplicity n(i).

Now U may be imbedded in the algebra U & U by the diagonal homomor-

phism (see Dixmier51)
d: U->-U®U

defined for x € L by dx = x & 1 + 1 € x. In general du for arbitrary

u € U is a more complicated expression which may be written
= . L Bre
du = ) u, ® v (3.3.1)

where U,V € U. Now let Y be the algebra Y = (End V(1)) ® U and let
3 : U~ Y be the algebra homomorphism defined by (2.6.15). For general
u€ U with du as in (3.3.1) we have

a(u) = z m (W) © vy (3.3.2)

Now let A denote the operator considered in section (2.6);
= —1 - - -
A Z[B(CL) NA(CL) 1 -1® cL]. (3.3.3)

If {xl, S BB xn} (n = dim L) is a basis for L then A may be expressed in

terms of the basis elements X; and their duals x* according to (2.6.5).

12
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It is convenient now to introduce the trace map
T:Y~>1U

defined by (3.3.4)

T ]e; €u )t le;lu
1 1

where Py € End V(2), u, € U and where tr[pi] denotes the trace of the

endomorphism ps- In particular for u € U, 3(u) as in (3.3.2), we have
13 (u) = g tr[ﬂx(ui)]vi'

In view of the properties of trace it is immediate that T is well defined

and linear. In fact 71 is a U-module homomorphism as one can see from

[(1 ® u)y] = ut(y)

tly(1 ® u)] = t(y)u

for all y € Y, u € U. Also for u € U we have 1(1 ® u) = d(A)u, where
d(A) = dim V(A), which shows that T is surjective. Moreover, from the

properties of trace, one obtains

[ @ 1yl = tly(e ® 1)] (3.3.5)

for p € End V(A), y € Y.
Now let R denote the centralizer of 3(U) in Y. If w € R we have,

for arbitrary x € L,
d(X)w = wd(x)
which may be rearranged to give
(1 ®x)w - w(l &x) = w('n)\(x) ®1) - (Tr)\(x) ® 1)w (3.3.6)

Applying 1 to both sides of this equation, using the fact that 1 is a

13
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U-homomorphism, we obtain, in view of (3.3.5),
xt(w) - T(w)x = 0.

It follows then that t(R) € Z. In view of the surjectivety and linearity
of T we in fact obtain t(R) = Z.

For y € Y let us call t(y) the trace of y. Now the operator A
defined by (3.3.3) and all of its powers belong to R. Hence the traces
of arbitrary polynomials in A belong to the centre Z. Of particular

importance to us are the fundamental invariants
m
Im(l) = T(A). (3.3.7)

We shall later show that these invariants generate the centre Z (at least
when L is simple).

The invariants (3.3.7) are clearly generalizations of the fundament-
al O0(n) and U(n) invariants Im as defined by equations (2.3.4) and (2.4.9)

To see this it is illuminating to introduce a basis into the space V(i).

14

Fix a basis for the reference representation V(A) and let "A(x) € End V(}),

x € L, denote the matrix representing x in this basis. With respect to

this basis the entries of the matrix A are given by

T T
UNCOIFE SR S NCITE ) s

i,j=1, ..., d(A) = dim V(0).

In particular A is a matrix with entries from L. Applying (3.3.6) to the
case w = A one obtains the commutation relations

)

1

[a W
~
>

[X, Aij] =

[ e

) CLNCI As * Ay ﬂx(x)kj), (3.3.8)

for x € L.

Polynomials in A may be defined recursively according to
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d(}) d(n)
m+1 _ m _
(" g B kzl Aic® g kzl

m
(A x Ay
for positive integral m. The invariants (3.3.7) may then be written
d(\) o
LO) = 1 (A
i=1
in direct analogy with our O(n) and U(n) example.

If A denotes the adjoint matrix of A then we may also consider the

adjoint invariants

_ aQ)
I = ) (A,
i=1

It is clear that the adjoint invariant Tm(k) is the image of the invariant
Im(A) under the principal anti-automorphism of U (see [51], p.73).

We have already shown that acting on a finite dimensional irreducible
representation V(y) of L with highest weight ¢ € A" that the matrices A

and A satisfy the polynomial identities

k
1?1 [A -5, a v 28) + (A, 20+ 8) ¢ Aij} =0
(3.3.9)
k -
m [A -3, x4 28) - B(Ay, 2+ 8) - xi)] =0
i=1

It has been further shown by Kostant“? that the operator 3(c;) satisfies
a monic polynomial identity of degree k over the centre Z. It follows

from this that A also satisfies a monic polynomial identity m(A) = 0 of

degree k over Z. We call m(x) the minimum polynomial of Aj;

LS k
mx) = ¥ z_x T, (3.3.10)

where z € Z and z_ = 1.
T 0

It is our aim now to determine the polynomial m(x) explicitly.

We begin by introducing the following polynomial functions on H*

a, (1) = %0, A+ 28) - %(Ai, 2(u + &) + xi) . (3.3.11)

15
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The translated Weyl group W acts on the polynomial functions ay

(1 =1, ..., k) according to

aai(u) ai(o—l(u +8) - §)

L, A+ 28) - %[o(ki), 2(p + 6) + o(Ai)) (3.3.12)

where we have used the fact that ( , ) is invariant under the Weyl group.
However one knows“*" that o € W just permutes the distinct weights of V(A).
Thus there exists a permutation m of the numbers 1, ..., k such that

o(Ai) = An(i)' Hence (3.3.12) may be written 8ai = 2 ) and it follows
that the translated Weyl group acts on the polynomial functions a; by
permuting them among themselves. Thus any symmetric polynomial in the

a; (i=1, ..i;‘k) determines a W-invariant polynomial function.

We note also that the polynomial functions a; are distinct. For

suppose a = aj. We then have, by virtue of (3.3.11), for any u € H*

(xj - A ) = %(|xi|2 - IAj|2) + (- Ay 8).

Since the R.H.S. is independent of p we have (Aj - Ai, u) = ¢ for some
scalar c¢. Evaluating at y = 0 we obtain (Aj - Ai’ y) = 0 for all u € H*.
Since the inner product on H* induced by the Killing form is non-
degenerate this forces Ai = Aj whence i = j.

From these remarks we may further assert that there exists a
dominant integral weight u € A+ such that the ai(u) are all distinct.
Accordingly consider the polynomial function h = .E' (a. - aj). Since
the a, are distinct h is non-zero. Furthermore, ;i%ce polynomial
functions are continuous in the Zariski topology on H*, h cannot vanish
on a Zariski-dense subset of H*. However it was shown in Chapter 2 that
the set A of all regular integral weights (i.e. integral weights

conjugate under W to a dominant integral weight) is Zariski dense in H*.

Hence there exists v € A such that h(v) # 0. However, by definition of K,

16
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v is conjugate under Wtoa unique dominant integral weight u € At
Using this together with the fact that W acts on the a; by permuting
them among themselves it is easily deduced that h(u) # 0 and our
assertion follows.

From (3.3.9) we know that on a finite dimensional irreducible
representation of L with highest weight u € A" that A satisfieé the
polynomial identity

k
m (A-a, () =0.
. i
i=1
Expanding the L.H.S. into powers of A this identity may be written
LS k-r
Y S (WA =0 (3.3.13)
T
=0
where S0 =1 and Sr (r > 1) is the polynomial function defined by

s, = -»F ) a. a. ... a,
1sil<i <...<irsk 1 2 k

2
Now the Sr are symmetric in the a; from which it follows, in view of our
previous remarks, that they are W-invariant polynomial functions. Hence,
from Harish-Chandra's theorem, there exists elements Cys wres y of the

centre Z which may be identified with the Sr under the Harish-Chandra

homomorphism;
X, (c) = 5.().
Hence equation (3.3.13) may be written

k
:

X (c.) AR T o 0, c =1
r=0 * r

and it follows that the identity

is satisfied on any finite dimensional irreducible representation of L.

17
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For the moment let p(x) denote the polynomial over Z defined by

< k-r
p(x) = z c. X .
r=0
Now let C denote the categorie of all finite dimensional irreducible
representations of L (C is closed under direct sums and tensor products).
We have shown then that A satisfies the polynomial identity p(A) = 0 on
C. Suppose now that 7 is a minimal extension field of Z over which the

polynomial p(x) splits into linear factors;

% k-1
p(x) = c_ X s c €17
=0 T e
k -
= ‘H (A - bi), bi € Z,
i=1

If we identify the coefficients c. of p(x) with the W-invariant polynom-
ial functions Sr it follows ghat we may identify the roots bi with the
polynomial functions a. However we have shown that the a, are distinct
over C (since there exists u € A" such that the ai(u) are all non-equal).
It follows immediately, using standard arguments, that the polynomial
p(x) is the minimum polynomial of A over €

On the other hand let m(x) be the minimum polynomial of A (over Z2)
defined by (3.3.10). Then, in particular, m(A) = 0 over C. Since m(x)
and p(x) are both monic of degree k over Z we have, by the minimality of
p(x), m(x) = p(x) (over C). Equivalently the coefficients z, of m(x)

must satisfy
X (z) (= x (c)) = S_(u)  for e .
ur T T

Now let A be the set of all regular integral weights (see (2.2)). Then
every v € K, by definition, is conjugate under W to a (unique) dominant

. . + ; = .
integral weight uw € A . Since z, and Sr are W-invariant we have

Xv(zr) [= Xu(zr) = Sr(u)) = Sr(v) for all v € A.

18



Since A is Zariski dense in H* we may deduce, by continuity, that
*
Xu(zr) = Sr(u) for all pn € H .

Hence the coefficients Z. of the minimum polynomial m(x) are
determined by the W-invariant polynomial functions Sr and m(x) may be

written in its split form as

k
m(x) = M (x - a.)
. 1
i=1
where the a; are the polynomial functions over H" defined by (3.3.11).
In particular we see that the identities (3.3.9) are satisfied on any

- - - . . - - *
representation of L which admits an infinitesimal character Xu’ ueEH.

Remarks

Suppose that RA is the subalgebra of the algebra of all polynomial
functions on H generated by the polynomial functions a; . We have shown
then that the polynomial m(x) over Z splits into linear factors over Rx
so that Rx may be regarded as a splitting ring for m(x) over Z. The
subalgebra ZA of Z generated by the coefficients of m(x) is isomorphic
(under the Harish-Chandra homomorphism) to the subalgebra RN of
W-invariant polynomial functions of RA. Thus RX may be regarded as an
algebraic extension of ZA.

We note further that the a, are linear and depend only on the

distinct weights Ai of V()) (see equation (3.1.11)) so that if the Ai are

linearly independent over H® then the a, are algebraically independent
polynomial functions. In this case therefore RA has rank k < rank L (k
equals the number of distinct weights of V())) and hence so does ZA.

In the case where the distinct weights A, of V(1) span H* we see

that the a; generate the full ring of polynomial functions over H*. In

.19
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this case therefore the coefficients z. of the polynomial m(x) generate
the centre Z of the enveloping algebra of L. (For a direct proof of
this result see Appendix C.) When L is simple it is known that the set
of distinct weights of V(A) necessarily span " (in fact all W-orbits in
A necessarily contain a basis for H*). Hence when L is simple we see
that the coefficients Z. of the polynomial m(x) always generate the
centre Z of the universal enveloping algebra (c.f. O(n) and Uu(n)).

We note also that the Cayley-Hamilton theorem applied to A, along
the lines suggested by O'Brien, Cant and Carey39, will yield a polynomial
identity of degree dim V()), whereas m(x) (the minimum polynomial of A)
has degree k (which equals the number of distinct weights in V(A)).
Hence it follows that, unlike the special case treated in [39], the
Cayley-Hamilton polynomial cannot equal the minimum polynomial m(x)
unless all multiplicities are unity.

The nicest case occurs when A is minimal where we say that A € A
is minimal if u € A" and p < A implies u = A (see [44], p.72). In this
case all multiplicities are unity and the polynomial m(x) is
irreducible over Z (i.e. cannot be factored into a product of two
polynomials over Z of smaller degree). For general A m(x) is not
irreducible over Z and may be factored into irreducible polynomials over

Z in 1 - 1 correspondence with all weights u € N satisfying u < A.

3.4 Casimir Invariants for a Semi-Simple Lie Algebra

In the previous section it was shown that a set of invariants for a
general semi-simple Lie algebra may be obtained by considering the
coefficients of the minimal polynomial m(x). However although we know
the images of these invariants under the Harish-Chandra homomorphism we

do not have an explicit expression for them as elements of the universal
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enveloping algebra. However an alternative set of invariants are the
fundamental invariants Im(A) = T(Am) defined by equation (3.3.7). It
remains now to determine the eigenvalues of the fundamental invariants
Im(x) on arbitrary representations which admit an infinitesimal

character.

Eigenvalues of the Im(x)

One method of obtaining the eigenvalues of the Im(x) is to operate
the invariants Im(x) on an arbitrary maximal weight state. The eigen-
values of the 1lst and 2nd order invariants II(A) and 12(1) have been
determined in [52] using this method but unfortunately the process
becomes complicated for higher values of m. An alternative approach is
to use the difference equation technique presented in our treatment of
O(n) and U(n) (for detailé see Appendix B). There is however a more
systematic procedure for determining the eigenvalues of these invariants
which exploits the use of Weyl's dimension formula (see Edwards“? and
Okubo3? and compare with Louck and Biedenharn!?).

In our previous notation let V(A) denote a finite dimensional
irreducible module over L with highest weight A € A, Let Al, . Ak
be the distinct weights occurring in V(A) and suppose Ai occurs with
multiplicity n(i). It is convenient to consider the following poly-

*
nomial functions over H

fw = M, (u+3, o) u€H
aed
£, = flu + 2y) i=1, ..., k.

The translated Weyl group acts on f according to

GE) = £flolu+ &) -68) = W _ (u+ 6, o))
aed

where we have used the fact that ( , ) is invariant under the Weyl group.
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One knows“”, mofeOver, that o permutes the roots in ¢ and if £(c) denotes
the number of factors in the reduced expression for o (L(c) is called the
length of o) then the number of positive roots sent to negative roots is

£(c). It follows then of = sn(o)f, where sn(o) = (-1)£(0)

is the sign
of the Weyl group element o. We say that f is skew under W.

The translated Weyl group W acts on the polynomial functions fi
according to o fi(u) = sn(o)f(u + o(xi)). Recall however that o just
permutes the distinct weights Ai; o(Ai) = An(i) where m is a permutation
of the numbers 1, ..., k. Thus o fi = sn(o) fn(i)' Accordingly it
follows that any symmetric combination of the polynqmial functions fi

will be skew under the translated Weyl group. Of particular importance

to us are the polynomial functions

.y .M
. n(i) a; fi

n e~

g@‘ .
where a; is the polynomial function defined by (3.3.11). The polynomial
function g, is skew under W as one may deduce from the fact that
elements of W not only permute the Ai but W-conjugate weights also have
the same multiplicity.

Now let V(u), u € A+, be a finite dimensional irreducible module

over L and let ™ be the representation afforded by V(yp). One may

extend s to an algebra homomorphism
%u : (End V() ® U > (End V(1)) & (End V(u))

defined by
wu : Z Py &® u, > Z Ps ® ﬂu(ui)
i i
where Ps e End V(A) and uy € U. In particular if A is the matrix

defined by (3.3.3) then

%U(A) = (n, © m o) - mle) ®1 -1 ® nu(cL)).
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%U(A) is clearly an operator on the product space V(A) € v(u). In the
following we shall identify A and §U(A).

In the notation of section (2.2) let vy be the unique dominant
integral weight which is W conjugate to u + Ai + § and let o4 be the
associated Weyl group element; oi(vi) =y + Ai + §. We may then write

the Clebsch-Gordan reduction of the product space V(A) ® V(u) formally

as
k
V() € V() = ¢ m@E)V(v, - ¢) (3.4.1)
ji=1
where
m(i) = sn(oi)n(i) if o+ ) € A
=0 otherwise.

Now consider the map
t :Endv())®Uu-~>LC
defined by
s Loy @up ] (e e (e m, (u)
i i

where p. € End V(A), u, € U and where t_p., t [T (u.)] denotes the trace

i i r i’ r-ui
of the endomorphisms CH and nu(ui) respectively. On each of the spaces
V(vi - 8) occurring in (3.4.1) the operator A (identifying A with its
image under ﬁu) takes the constant value (see section (2.6))

= =1 . .
ai(u) 2[Xu+li(cL) XA(CL) Xu(CL)] where we have used the fact that
V(\)i - 8) admits the infinitesimal character Xu+k . More generally the

: i

operator A™ takes the constant value ai(u)m on the space V(vi - 8. It
follows immediately that

: m
tu(A ) = A

m(i) ai(u)m dim V(v, - 8). (3.4.2)
1

ne~1%
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On the other hand let Tu denote the linear map
Tt :U-~>¢C
defined by
Tu(u) = tr[nu(u)], ueu.
Also let
T :End V() ® U-~>U

denote the map defined by (3.3.4). Then tu is the composite map tu = TuT.

From this we obtain

t (A" = v, (™) = 7 (1,0)) t, (m [1,00])

X, [1, ()] dim V().

- (3.4.3)

Comparing (3.4.2) and (3.4.3) one obtains

ko o dim Vv, - §)
x (1,007 = 121 m(i) a; (W) dim V(1)

Substituting Weyl's dimension formula into this expression yields the
formula
(v;s @)

I —
aed (u+ 6, a)

k
. m
X, (1,001 = I m(@) a0
i=1
Note that this expression is well defined since u € 2 e A, so that
(0 + 8, a) does not vanish for any o € o .

In terms of the polynomial function f the above formula may be

written in the form

k _ o EOs - 8)
Xu[Im(A)] = izl m(i) ai(u) ey (3.4.4)

Now vy - § is W-conjugate, via Si, to u + Ai. Hence one obtains, in
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view of the fact that f is skew under W,

£(v; - 8) = £{o7 (n + ) = o £Qu + A) = sn(o ) f(n + Ay).

On the other hand the multiplicities m(i) occurring in (3.4.4) are given

by m(i) = n(i)sn(oi). We therefore obtain the expression

+

(n + Ai + 6, a)
u€E AN .

K
X [1,M] = P n(i)ai(u)m I

i=1 ue¢+ (w+ 3§, )

- (3.4.5)

Note that even when the multiplicity m(i) is zero (3.4.5) is still correct
since the necessary and sufficient condition for this to occur is that
(uw + Ai + 68, o) = 0 for some o € ot .

We wish now to extend (3.4.5), in a suitable manner, to arbitrary

*

@ € H'. 1In terms of the polynomial functions g and f we may rewrite

(3.4.5) as

x [1,00] = g /€0,  we .

Suppose now that u € A. Then according to lemma (2.2) u is ﬁ-conjugate
to a unique dominant integral weight v € AY. write u=oaW, o€ W.

Since p and v are linked we may write
x [L00] = x [T 00] = g, (I/E(V).

But

g, (v) gm(a'l(u)) og () g M
£ fE ) o £ £

where the last equality follows from the fact that both g, and f are skew
under W.

We see-then that (3.4.5) holds for arbitrary u € A. Note that
(3.4.5) is well defined for u € A since TI+ (p + 8§, o) cannot vanish

oed
for such yu.
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Now let fm denote the unique W-invariant polynomial function deter-

mined by the Casimir Im(x) under the Harish-Chandra homomorphism;

*

Xu[Im(A)] = £ (W), u € H.

We have proved then that
£ () = gm(u)/f(u) for u € A.
To avoid singularities we express this by writing
fm f(u) - gm(u) =0 for all u € A.

Since A is Zariski dense in H* we see that the polynomial function

fmf - 8 vanishes on a Zariski dense subset of H*. Since polynomial
functions are continuous in the Zariski topology (see [44], p.133) this
polynomial function must vanish on all of H" and we may write fmf =g -
In particular the polynomial function f necessarily divides g It
therefore makes formal sense to write fm = gm/f and we obtain, from

this, the character formula

(w + Ay + 8, )

+ (a+8,0a) 7

uGH*.

k
X [ = ) n(a, ™ 0
pom 5 i
i=1 0€d
- (3.4.6)
This formula is correct for all regular elements (see (2.2)) of H*.
However for weights p lying on a translated hyperplane care must be
taken in order to avoid singularities. In such a case formula (3.4.6)
must first be expanded into a polynomial. One may make formula (3.4.6)
fully explicit using the Kostant multiplicity formula'*?.
In the notation of section (2.6) let A denote the adjoint matrix of
A and let im(x) denote the corresponding adjoint invariants obtained by
taking traces of powers of the matrix A. All of our previous analysis

may also be carried out for the matrix A. In particular A satisfies a
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minimal polynomial identity which may be written in its factorized form
as

k — -

n (A-a,)=20

. i

i=1

where the ii are the polynomial functions defined by
A ) = %0, A+ 28) + 500, 20+ 8) - Ay

(c.f. (2.6.19)). Proceeding as before one may determine the eigenvalues
of the invariants im(k). However in this case it suffices to note that
there exists a unique element 1 of W which sends ¢ into -¢ (see e.g. [44]
and [51]). If z € Z one may deduce (by [51], p.246) for arbitrary

p e H,
Xuté(z) = X-T(u)+6(2)

where z is the image. of z under the principal anti-automorphism of U.

Hence
Xu(Z) = X_T(u_5)+6(z).

Applying this to the case z = Im(x) one may deduce, from (3.4.6), the

formula

(U')\i"'(s,u)
B (U*‘G,OL)

k
x [I_)] = n(i)a, " 0
wom iZl = aed

Generalizations

We have worked, for simplicity, with the universal Casimir element
L of L. One may equally well work with any (non-trivial) element of Z.
If u€ Z is any central element one may show, by the same techniques,

that the operator

Aw = H[o(w) - 1, (W) @1 -1®u]
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satisfies a polynomial identity over the centre which may be written in
factorized form as
k
1 - =
(A ai) 0

i=1

where the a, are the polynomial functions over H* given by

*

uﬂi(u) - X @ - Xﬁ(u)]’ p € H. (3.4.7)

al(u) = - [X
By taking traces of powers of the matrix A(u) we obtain a set of
invariants Im(k) = T[A(u)m]. The eigenvalues of these invariants are

given still by formula (3.4.6) except now the polynomial functions a;

are given by (3.4.7) instead of (3.3.11).

3.5 Quadratic Invariants

Let L be a semi-simple Lie algebra with basis X;, ..., X, (n = dim L)
and let x!, ..., ! be its dual basis with respect to the Killing form of
L. In our previous notation let V()) denote a finite dimensional
irreducible representation of L with highest weight A € A" and let

Y %. be the distinct weights occurring in V()).

NIRRT

So far we have considered two second order invariants for the Lie
algebra L. They are the universal Casimir element ¢, and the fundamental
invariant IZ(A). It is natural then to ask whether there is a relation-
ship between the two. We start with the case where L is simple.

When L is a simple Lie algebra it can be shown that the invariants

IZ(A), e Ik(A) (Il(x) = 0 for a general semi-simple Lie algebra)
generate the centre of the universal enveloping algebra (although they

are not of course all algebraically independent). Also in this case the

Killing form g on L defined by

gij = tr(Ad Xy Ad xj)



is the unique (up to scalar multiples) non-degenerate associative bi-

. ; . 5 . ij
linear form on L. Since g is non-degenerate it poss€sses an 1Nverse g J

and the dual bases {xi} and {ki} are related by

- j
X5 gij x

i dj
X = X..
=y

Hence the universal Casimir element ¢, may be written

SV T g = gtd - id
c Z X' x, =g Xg X% gy XX

Now consider the following non-degenerate bi-linear form fA on L
defined by
£,06,y) =t (n,@mn»)  xyeL

Then fx is necessarily a scalar multiple of the Killing form g;

fA = ag, aekF.

Suppose now that {Yl’ — Yn} is the dual basis of {xl, ey xn} with

respect to the bilinear form fk;

1}
O

fA(xi’ Yj) ok

Since fA = a g we have

1

a glx;, Yj) T
so that the basis {Yi} is related to the basis {x'} by
i

Y. = l-x .
i a

Now acting on V()) the universal Casimir element is given by

m (e) = gt INCHENERP

3.29
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Since L takes the constant value XA(CL) = (A, A + 28) on V(A) we have

tr[“l(cL] = (A, X + 28) dim V(A). (3.5.1)

On the other hand
tr[“A(CL)] = g tr(ﬂk(xi)nk(xi))
=L 0, x)
i

=a Z £, (x5 Y;)
1

= adim L . (3.5.2)
Hence, comparing equations- (3.5.1) and (3.5.2), we see that the constant
a is given by

_ dim V())

am L (A, A+ 28).

We now note that the second order invariant IZ(A) is given by

z tr(ﬂk(xr)ﬂk(xk))xr xk

I,(3)
2 T,k .

r k
z fk(xr’ xk)x X
T,k

T
X X

a 8rk

I
)
0

Hence for a simple Lie algebra the second order invariant Iz(x) is a

scalar multiple of the universal Casimir element cL

dim V()

IZ(A) = (X, A + 26) Sn L SL- (3.5.3)

For a general semi-simple Lie algebra L however Iz(A) is not a

scalar multiple of cL and moreover the Im(x) do not in general generate
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the centre of the universal enveloping algebra. To this end suppose
L=L L © .,,..9%L (3.5.4)
1 2

is the decomposition of L into its simple two sided ideals. This

decomposition induces a decomposition of the C.S.A. H;

H = H1 & H2 e .., © Ht’ wheTe Hi is a C.S.A. of Li' This in turn induces
o L. * * * * *

a decomposition of the dual H'; H = H1 ® H2 ® ... ® Ht' Hence every

weight A € H* may be uniquely expressed in the form A = Al + Az + ...t A

where Ai € H;. Suppose now that V(i) is a finite dimensional irreducible
representation of L with highest weight X € AY. Then V(A) may be written

as the direct product
V(A) = V(Al) X V(Az) X ... X V(At) (3.5.5)

where A = Al + AZ + ... 4 At\and where V(Ai) is a finite dimensional
irreducible representation of Li with highest weight Ai. (Note that
some, not all, of the V(xi) may be trivial one dimensional representa-
tions in which case the corresponding highest weights A; are zeror)
Conversely every direct product (non-trivial) of the form (3.5.5)

defines an irreducible representation of L. If x € L then, in view of

(3.5.4), x may be expressed

X=X +XxX + ... +X x. € L..
1 2 t’ i i

Hence nx(x) may be uniquely expressed as an element of End V(A) by

wx(x) =m (xl) ®l® ... ®1+1@® T (xz) ele® ... ol
1 2
+ ...+1®1® ... (Xt)

e

where LAY is the representation of Li afforded by V(Ai). 1t follows then
i

that the decomposition (3.5.4) induces the following decomposition of the

matrix A;

31



= A1 ®1®...©1+189 A2 ® ... ®1+ ...

®1 ® ®
.+ 1®] .= At

where Ai is the matrix of the Lie algebra Li corresponding to the

representation V(Ai);

Hence A2 may be written

A2=J181®. . 0A .. 1 (A inthe it place)
i
+2 ) 1®...@A, ®...9A ©. ... 1.
. j i
1>J

Therefore the second order Casimir IZ(A) may be written

I,0;)
1 ()\) = dim V()\) z —&Im—m—)—

where we have used the fact that the first order invariant vanishes. In
terms of the universal Casimirs cr of the Li we therefore have, in view

i
of equation (3.5.3),

(., Ai + 28)
c

dim L. L.’
i

I,(\) = dim V(A) ¥
i i

Hence, unlike the simple case, the second order invariant IZ(A) is not a

scalar multiple of the universal Casimir element cL = e et +

1 2
in general.

Similarly for the third order invariant Is(x) we have

I (A )
I,(A) = dim V(A) Z m

while the fourth order invariant may be written

I (A )
IH(A) dim V(&) z EIE_VTX—T
I (A )1 (A )

+ 2[dim V(1)1 Zj dim V(A ) dlm V(l )

3.32
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We see then that in general the Im(k) may be expressed simply in terms of
the fundamental invariants of its simple two sided ideals Li' Now the

centre Z of the universal enveloping algebra of L may be written

Z = Z1 ® Z2 ® ... ® Zt

where Zi is the centre of the universal enveloping algebra of Li' It
follows, since the fundamental invariants Im(Ai) of Li generate the
centre Zi’ that the fundamental invariants for each of the Lie algebras
Li together generate the centre Z. Note however that the invariants
Im(x) of L do not generate the centre in general.

Finally we conclude by obtaining an alternative useful formula for
the second order invariant IZ(A) for a general semi-simple Lie algebra L.
Following the notation of (2.6) let us choose a weight basis for V(i)
chosen so that the ith baéiS\vector has weight Ai (possibly with

multiplicities) and let us write the matrix A of L in the form

ya 5
- _ 1 _ o o
he izl (7, (n h,) aZo CNCENR I N CE )
where {hl’ P hK}’ £ = rank L, is a basis for H and X, @ € ¢, is a

non-zero element of the root space La and where hl, x* are dual to hi
and X respectively with respect to the Killing form on L.
Let us introduce a diagonal matrix K whose diagonal entries are

given by the diagonal entries of A;

£ i
i,e. K=- ) (nh )h, )
i=1
i, i £ r
KD = 6T A3 = -8, )} A (h)h .
i 33 Jopop J T

More generally the matrix K" has entries given by

mi _ (i, 3ym
(KD Gj(Aj} :

On a weight vector of weight u the eigenvalue of (Km)§ is given by

33
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(—l)m(kj, W)™ and the trace (K™ of K" is given by

k
T = (DT ]

n(j) Oy " (3.5.6)
J

]
where we have summed over the distinct weights Ai in V(1) (occurring with
multiplicity n(i)).

In order to evaluate the eigenvalues of IZ(A) it suffices to eval-
uate IZ(A) acting on a maximal weight state v, of weight p. We then

have

IZ(A)V0 T(Az)v0

TV, - ] T(A nxcxa))x“ v, (3.5.7)
o>0

where we have used X Vs 0 for o> 0. We may simplify the second term

on the right of (3.5.7) by replacing (A nx(xa))xa with the commutator

~-

oy _ o
[T(A n}\(xu)), x] = T([A,x ] TTK(XOL))
which, in view of the commutation relations (3.3.6), may be written
o
T([Tr)\(x ), Al w)\(xa))-
Further, using the cyclic rule for traces, we have

GZO r(n, %), Alm, (x))) = 2t (A w (), (3.5.8)
where
= L o
tG =L aZO [xa, x].
Also, noting that K and “x(ts) have only diagonal entries, we have
t(AK) = t(K2) and T[A ﬂx(té)) = T(K “x(ta))' We therefore finally

obtain

IZ(A)VO = T(KZ)VO -2 T(K ﬂk(td))vo'
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However the diagonal entries of ﬂx(tc) are given by
i i i
. (t). = 6, A (t) = 6.(x., 6).
\(E)3 = 85 A5 () = 650, 8
Hence we obtain, in view of (3.5.6), the final formula

k
X, 1,1 = 121 n(d) (g, WOy, u+ 28). (3.5.9)

Examgles

(i) Suppose L is a simple Lie algebra. Then applying formula
(3.5.9) to u = 6 yields, in view of (3.5.3)
k
I n(@)(h, 8)% = a(s, ¢)
. i
i=1

where

dim V(1)

a= €, X+ 28) Tt

Using (u, u) = (u - 8, u + 8) + (8, &) we obtain (by application of
(3.5.9) tou - 9)
k *
Y n(d) (s w2 = au, u for all ye H .
i=1
From this result we obtain, keeping in mind the fact 2(u, v) = (u + v,
u+v) - (¢, ) - (v, v), the general result
k *
z n(i)(ki, u)(ki, v) = a(u, v) for all u,v € H".
i=1
Recall that the distinct weights in V()) consist of all p € A" such
that u < A together with their W-conjugates. Now let Sym(A), X € A+,
denote the set of all W-conjugates of A. In view of our previous
remarks it may be shown (e.g. by induction starting with A € At minimal)
that

R (RO N CRTAD LY (TR TR (3.5.11)
veSym(A)



*
for some constant ¢ where u, u' are arbitrary elements of H . Applying
(3.5.11) to the case where u € A and p' is a fundamental dominant weight

the constant ¢ can be shown to be equal to

where |Sym(A)l is the order of Sym(A). Since every element of A is
W-conjugate to a dominant integral weight A we see that formula (3.5.11)
extends to arbitrary A € A.

(ii) By choosing LY to be the fundamental contragredient vector
representation of one of the classical groups one sees that formula
(3.4.6) reproduces Green's trace formulae exactly.

(iii) Let L be any semi-simple Lie algebra of rank £. Let V(A) be
the adjoint representation of L. In this case the weights occurring in
V()) are the roots of L which all occur with unit multiplicity together
with the zero weight which occurs with multiplicity £ (= dim H). From
the Cayley-Hamilton Theorem we know that the matrix A satisfies a
polynomial identity of degree (dim L) over the centre Z. However this
is not the minimum polynomial of A since the zero weight occurs with

multiplicity £. Accordingly the minimum polynomial has degree
(dim L) - (rank L) + 1.

If A satisfies any other polynomial identity g(A) = 0 then g(x) is

divisible by the minimum polynomial of A. (In particular A cannot

satisfy a polynomial identity of degree less than (dim L) - (rank L) + 1.)

The invariants obtained by taking traces of powers of A in this case are
direct generalizations of the well known Racah invariants.
Consider for example U(3) which is a reductive Lie algebra of

dimension 9 and rank 3. From our previous remarks the matrix
3

3r.

36
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over the centre and cannot satisfy a polynomial identity of lower degree.
(iv) Let A be the U(2) matrix defined by equation (2.6.27) and let
Im = tr(Am). On an irreducible representation of U(2) with highest

weight u = (ul, u2) the invariants Im take the constant values
ApmAptl My - H. + A =X, - 2r + 3
X[I]= z am 1 2 1 2
ul m + 1

r=1 r B =,

where the a, are given by equation (2.6.28).

) ISo far we have only applied our techniques to the classical Lie
groups. Hence we conlcude this section by considering the exceptional
Lie algebra G2 which may be identified with a subalgebra of GL(7). We

consider first the Lie algebra 62 which is a 15 dimensional Lie algebra

1

with generators b; (i,j =1, 2, 3), b*, b, (i =1, 2, 3). These
generators may be expressed in terms of the GL(7) generators a;

(i,j =1, ..., 7) as follows-

i i+l jth .

bj =a. .- aj+l+ i,j=1, 2, 3

b, = /2(al - a%) - (af - a¥) = (b1
b2 = /7(aé - a?) + (a2 - ag) = (-b?)

- (3.5.12)

~

From the GL(7) commutation relations one may deduce the G2 commutation

relations

i k k k
b, by] = = 5 b.
[ J K] J J
[bl, bj] = *2
i, j, k distinct
b, b1 =

37
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[b., b'] = 3b1 = tr(b) - (3.5.13)
i . E

(b}, by = - & b,

i, b¥] = sk pl
j j

Note that the b; (i,j = 1, 2, 3) form the generators of GL(3) while the
bi (resp. bi) transform as vectors (resp. contragredient vectors) of
GL(3). Hence there is a close analogy between the subgroup embeddings
| U(3) € U(4) and U(3) C 62 (or more precisely U(3) C U(3,1) and

U(3) C 62) although the commutation relations between the bi and bj are
different. This indicates that our approach to the orthogonal and
unitary groups will extend, with little modification, to 62.

The derived subalgebra of 62 is the semi-simple 14 dimensional Lie
algebra G2. This Lie algebrg‘is of importance in physics because it is
the Lie algebra of derivations for the octonion-Cayley algebra. We may
take as a set of generators for G, the bi, bi i-=1, 2, 3), b; 1 #F3)
together with the Cartan generators h1 = Sbi - tr(b), h2 = 3b§ - tr(b).
The b; (i # j) together with the generators h, and h2 form the generators
of S£(3). We see then that G2 is embedded in 62 in much the same way as
S£(3) is embedded in GL(3).

Erom the commutation relations (3.5.13) it may be shown that the G,
generators are in their Cartan forms. In this case the set of weights
may be identified with all 3-tuples (Al, Az, Ag) which are orthogonal to
the weight A, + A, + Ay = (1, 1, 1); i.e. the components of X must
satisfy Ayt A, Ay = 0. We may choose as a root system the set of

Toots
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As a base we take the roots al = A1 - A2 and a, = —2A1+ A2 + A3. Our

positive roots may therefore be taken to be

+ = - = -
Oy Oy Oy o, A3 Al, 20L1 +a, A3 Az’

3a1 + 2a2 = 2A3 - A1 - A2, 3a1 + a2 = -2A2 + A1 + A

e
Thus 6§, the half sum of the positive roots, may be written
§ = Sal + 3a2 = - A1 - 2A2 + 3A3.
The finite dimensional irreducible representations of G2 have high-
est weights ) = (Al, A, A3) which, by definition, satisfy the condition
2
that

(>\’ al)
(al, al)’

(, a2)

(X, a,) =2 - e _
1 (az, az)

(A, 0L2) = 2

are non-negative integers. Hence in order for ) to be dominant integral

~-

the components A of ) must satisfy

(Al - Az) is a non-negative integer
%(Az + As —2A1) is a non-negative integer.
From the constraint Al + Az + Aa = 0 we see that A is dominant integral

if and only if —Al and (Al - 12) are non-negative integers. The

fundamental dominant weights are defined by the conditions

(Ai, aj> B 6ij i,j = 1,2.

Thus the fundamental dominant weights are

A= 3o, + 2a2 = 3A3 - A1 - Az'

Hence every weight may be written as a linear combination of A1 and A2.

This allows us to identify our weights with the two tuples u = (ul, “2)

3.
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which represents the weight u;, A, + u, A2 = -u, A - (u1 + uz)A2 +
(2p, + uy)A;. In this notation our dominant integral weights are the
set of all weights (ul, uz) where My and u, are non-negative integers.

Now let A be the G2 matrix
A= —%[B(CL) - “A(CL) ®1-10® cL]

where

. 3
- 1.] 2 2 k k
c 'z.bjbi+h1+h2+2(bkb+b b,)

izj k=1

is the universal Casimir element. Let us choose as our reference

representation the case where My = is the fundamental vector represen-

tation which has highest weight-A-= A This representation is seven

1
dimensional and on the representation space V of = the matrices of the
generators are given by (3.5:12) with the GL(7) generators a; being

replaced by the elementary matrices E;. Hence the matrix A of G2 is

given by
0 V2bl vV2b2 vY2b3 ;/;?b1 /Ebz »/Eb3
-/2b,  (2h, - h)) b2 bi‘ 0 -b3 b2
1 3 3 Kl
—/sz bl (2h, - h)) b3 b 0 b
= li_ 1 2 _ _h2 1
A = /§b3 bl b2 (h, * h) b b 0
1 - bl -bi
-/2b 0 -b, b, (h, - 2h)) bl b3
2 2 _ _h2
-V2b b, 0 -b, -b? (h, - 2h)) b3
3 3 _h3
_—/Z_b -b, b, 0 -b3 b3 (h; +h

The distinct weights occurring in V are

w o o= +(1, 0) = i(Zal + az)
2 e

w o= £(-1, 1) = _(al + az)
+1

w o o= £(2, -1) = *o
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Hence, according to section (2.6), the matrix A satisfies a poly-
nomial identity of degree 7 on irreducible representations of G2. On an
arbitrary representation admitting the infinitesimal character Xu this

polynomial identity may be written, in view of (2.6.19),

3
nm (A - ui) =0
i=-3
where the roots a; are given by
a, = —Zul - 3u2, a, = 2 - 3u2 T a, = 3 - o a, = 6,
a_, = 7 + LI a_, = 8 + 3u2 + s a_g = 10 + 2u1 + 3u2.
The fundamental invariants Im = tr(Am), m=20, ..., 7, generate the

centre of the enveloping algebra. Since G, has rank 2 only two of these
are algebraically independent. One may show, with some effort, that

they are 12 and 16. Their eigenvalues are, according to (3.4.6), given

by
; . . i
3 p, + 1 + wl p, + 1 + wl u, + 3u, + 4 + wl + 3w
mf{ 1 1 2 2 1 2 1 2
Xu[Im] - z %4 v, + 1 H, + 1 u, + 3u, + 4
i=-3 1 2 1 2
i i i i i i
3 Zul + sz + 5 + 2w1 + 3@2 My o+ 2p2 + 3 + wy + 2w2 g + u, + 2 + wl + QZ
+ +
2uy *+ Bu, 45 Wy * 2uy + 3 Wty + 2
i i . i i i .
where wy and w, are the components of the weight w™ = (wl, wz), i= -3,

v 3



APPENDIX A

Our aim here is to determine the eigenvalues pl,r(k) of the opera-
tors Pl,r(k) as defined by (3.1.6), using the difference equations
(3.1.7)-(3.1.9). We proceed stepwise.

(1) First of all we determine the pr+1(r). When r = n - 1 we have,
from the difference equation (3.1.7), using the boundary conditions

(3.1.11),

pn(n - 1) = (ocn_1 -o - 1). (A))

For r = n - 2, we have, from the difference equation (3.1.7)

P (@ - 2) = (o

; g an_l)on(n - 2) - on(n - 1)

which using (Al) and the result pn(k) = (ak -a k - n) (which follows

from the boundary conditions (3.1.11)) may in turn be written

Ppy (P - 2) = (o, - D T 2) - (o y =% - 1)
= (un—z oy T 1)(an_2 - e - 1)
Proceeding recursively we obtain
pr+1(r) = I (ar - op - 1). (A2)
L>r
(ii) Our next step is to show that
S - < <
oz’r(k) (. “g)°£+1,r(k) 1<f<k<r (Aj)

We again proceed recursively. Starting with £ = r - 1, k = r we have,

from the difference equation (3.1.9),

pr-1,r(r) = (o, - 0Lr—l)pr+1(r)



so the result holds for k = r and £ = r - 1. Now, proceeding recursive-
ly for fixed r, suppose the result holds for all £ and k when k = p + 1,
and when k = p assume the result holds for £ in a range p> £2> m. We

now proceed to prove that

Pp (P = (o, - ap)Ppyy,rP)

assuming the result holds for £ + 1. Now, from the difference equation

(3.1.8), we have

pﬂ’r(P) = (ap - az)p£+1,r(P) -1 o£+1,r(k)-

k>p

By hypothesis we have

D£+1’r(k) = (ar - a£+1)p£+2’r(k) for k> p. Hence

pp,x® = (ay —a ey, (@) - (o - O Ppeg,r ) (A,)

P r K>p

But, from the difference equation (3.1.8), we have

Ppar r® = (o = opidop,, L (P) - kZp Ppun,r ()

or

Lo x 00 = (= 0 dopy 200 - gy o)

Substituting this expression into (Au) then gives
DE’T(P) = (ap - aﬂ)0£+1,r(P) B ((xr - uz_‘_l)[p/e_'_l,r(P) - (up - a£+1)0£+2’r(P)]-
Again by our recursion hypothesis we have
(OLI‘ = a£+1)p£+2’r(p) = p£+1’r(p)-
Hence we obtain

pz,r(p) = (ap - a)@)p/e_'_l,r(p) + (a'r - a£+1)p£+1’r(p) - (up - °‘I_+1)p£+1,r(p)



- (ar - 0ti’,)p!iﬂ,r(p)’

and (A3) follows by recursion.
(iii) From (A3) we deduce the result
o k) = I (o - adp, (k) for £ < k< r. (AD)
L, r £<q<k T q’"k,r 5
In particular we obtain

p. (k)= T (o -a)p, _(K). (A))
l,r q<k T q k,r &
Hence it just remains to determine the Px r(k).

Now, from the difference equation (3.1.8), we have

b @ =- 1 o0 (k)

where we have used pp+1 r(k)\_: 0 for k> r. Using (As) we may then write

Pp,x® = - e IEPRI CRESL P LI

where Py r(r) is interpreted as Prs (r). This equation is clearly a

s 1

recursion relation from which the pp r(p) may be determined.

We have, in particular,

1}

1
©
~

H
()

pr—l,r(r - D

r - 2
Orp, 2t ) r = Yr-1

]

|
—~
]

1
]

- D, (@

RN C )

T-3, _(ur T %o T 1)(ar B

ro1 © PPy (1)

More generally we obtain, by recursion,

pk,r(k) = - (dr -, - 1)p (r) for r > k,

r+1
r>£>k

with

(r - 1) =-p_,,(x).
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We write this in the form

p, (K)= T (¢ -ap,-1p ()

k,r r2f>k Tr £ T+l
where the minus sign is incorporated into the term £ = r. Substituting
this formula into (AG) gives, in view of (A2), the final result
p k) = 0T (@ -ao) O (o -a,-1).
1,r q<k T Q g T £
This method also extends to the orthogonal group with little modifi-

cation.
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APPENDIX B

Our aim here is to present a generalization of our difference
equation technique to arbitrary semi-simple Lie groups. Although this
technique is not needed to determine the character formula it is useful,
as we shall see, for the determination of certain fundamental Wigner
coefficients of the group.

Following our previous notation let A denote the matrix considered
in (2.6). Let us choose a basis of L to be {hl’ eees hﬂ; X, xa; o € ¢+}
where X, is a non-zero element of the root space La and x* is the unique
element of the root space L_a which: is dual to X, under the Killing form

£

of L. Then the dual basis is {h!, ..., h'; x_, x*, a € @'}. With this

choice of basis for L the matrix A may be written:

/e . -
= - L 1 1 _ o o
A= -7 _Z (“A(hi)h + ﬂk(h )hi) ) . (ﬂx(xa)x + FA(X )xa).
i=1 oe?d
Suppose now we choose a basis of V(A) consisting of weight space

8 shift the weights occurring in V(})

elements. Since the elements xa; X
the matrices “A(Xa) and nk(xs) contain no diagonal entries. In fact
these matrices are nilpotent endomorphisms of V(1) and a basis for V(i)
may be chosen so that the matrices ﬂx(xa) are strictly upper triangular
while the nx(xB) are strictly lower triangular (for o,B € ®+). On the
other hand, the matrices “x(hi) and nx(hi) are diagonal.

In the basis considered above we see that the diagonal entries of

the matrix A must consist of elements of the Cartan subalgebra H and we

may write
Jpd iy]
(nk(hi)j h™ + = (h )j hi).

Assume now that the weights in V(A) are arranged in descending order and

1
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suppose the ith basis vector has weight Ai (assuming only unit multipli-
cities). With this choice of basis for V(A) the diagonal entries of the

matrix A are given by (see [52] for details)

. 2 .
i_ o i
Aj 121 Aj(hi)h . (B,)

Hence if v, is a maximal weight state of weight u € H*, we have, using

the fact that positive roots are represented by upper triangular matrices

on V(1},
Aj v, = - (A., Wv
j 0 i’ 0
. (8,)
i .
= > g,
Aj v, 0 for i j

Now let Pi(k), Pi j(k) denote the operators

o ) K

;K = jgl (A - aj)k

P : y

i,j(k) = ZEl (A - o)y
#j

and let pi(k), Py j(k) denote the respective eigenvalues of these opera-
tors on the maximal weight vector v,. Using (Bz) and (Bl) together with

the commutation relations (3.3.8), one obtains the recursion formulae

_ _ _ o\ T i .
pk(r) - (a.r ak)pk_l (r) aEq)_,_ “)\ (X )i “>\ (xd)r pk—]. (1) (Bs)
= _ _ 0. T T .
P 3 () = (o - ey 5 () a€Z®+ m )] M (x ) epy @) (B
where pj_1 j(r) is interpreted as pj_l(r) and po(r) as 1. These recur-

sion relations are non-trivial and may be deduced by noting the fact
o, - a; =k - AL, At A+ 2004 8)).

The recursion relations (Bs) and (Bq) may be solved in principal with the

aid of the relation
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pﬂ,r(k) = (ar - uz)pz_l,r(k) for £> k> (BS)

which may be deduced using the same techniques as those employed in our
U(n) example. The eigenvalues of the diagonal entries of the projectors
. ..k -
- = ]—I _ 1
P[i] are given by P[1]k A 55 (ai aj) pd,i(k)v0 where
d = dim V(A).
Consider for example the case where A is the U(2) matrix defined by
(2.6.27). Let
Al-k2+l A - op
P[i] = It _—

=1 |%i - %
#i

be the corresponding projection operators. Then from the difference

equations (Bé) and (Bu) one obtains the relations
p; (k) = (k - 0Oy - A, +uy ~u, -i-k+ 3)pi_1(k)
- k-0 -2y, - k +:2)pi_1(k -1) (B.)
where
(k- - A, +u -u, - i-k+3) =0 -oa,

and

pi,j(k) = (k- 1)y - Ay +up -, - -k 3o, . (k)

1,]
S k- DOy A, -k e k- D). (8,)
From these recursion relations one may evaluaté the eigenvalues of the
diagonal entries of the projector P[i] on a maximal weight state of
weight y = (u;5 u,)-
We obtain immediately, by recursion and (BG)’ the result
T
p () = M (k-0 -u,-L+1). (Bg)

£=1
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Put d = Al - Az + 1 = dim V(A). Then from (B5) we have

p, (k)= T (a_ -adp, _(k) (By)
d,r p>k T P k,T 9
Hence it remains to determine the pk r(k). From the recursion relation
3

(B7) one obtains immediately

o p () = - (k= DO -2, -k oy (k- D)
which is a particularly simple recursion relation, and has the solution

b 200 = DN 20y -, - £ De ().

2 r<f<k
Substituting for pr_l(r) using (Be) we then obtain
k-
o ) = (DT MRy -y - £+ 1) T (@ -p)(uy - kp - P+ D).
? r<f<k p<r
Hence from (Bg) one obtains -
k-1

-k
o, (K) =T (o -a)-DTF LA, - A, - £+ 1)
d,x ik Tt =r 7

I (r-puy -u,-p+1). (Byy)
p<r

However, by definition, the eigenvalue of the (k, k) entry of the
projector P[r] on a maximal weight state W5 of weight p is given by
- -1

-H (ar 0L:'L) pd,r(k)'

izr
One thereby obtains the final result

1 ()‘1_)\2—’6-'-1)“(“1—”2_’6"-1)
_ (k - 1)! r<f<k L<r
Tk - - I)I(r - 1)! it (Al - A, t U - M, =T - 2+ 3)

£<k 2
2T

v

k
P[r]k Vo

- (B
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APPENDIX C

It is our aim here to show that if the distinct weights Ai of V()
span H' then the .coefficients z, of the minimum polynomial m(x) of A
generate the centre Z of the universal enveloping algebra.

Suppose on the contrary they do not generate Z. We obtain a contra-
diction. Choose among the coefficients z M (where m is a positive

integer less than £ = rank L) which. are algebraically independent. Let

us denote them by Yo cces Ypo In view of the corollary to Theorem (2.1.1)
there exists a further (£ - m) independent invariants Ypey1? *°°? Y-
The centre Z may then be written Z = C[yl, ...,,yz]. From (2.1.2) the

characters acting on Z may be put in 1 - 1 correspondence with elements

£

of €. In particular there exist characters X such that X(yi) = 0,
i=1, ..., m. The set of all such characters may be put in 1 -1
correspondence with the elements c of Ct of the formc¢ = (0, ..., O,

c . cﬁ—m) (zeros up to position m) and are clearly uncountably

1?
infinite in number.-Also from: section (2.1) every character X is of the
form X = Xu for some u € H*. Hence there exists an uncountably infinite
number of weights y € H* such that Xu(yi) =0 fori=1, ..., m. Now the
coefficients z.. of the minimum polynomial m(x) are polynomials in the

Yys cres Yo Let us write 2. = C. + z; where c. is a constant term and

z; is a polynomial in the Yo o0 Y without constant term. The

polynomial m(x) may then be written

k k
k-r k-r
m(x) = z c_ X + z z! x s c. =1
T 0
r=0 r=1
Suppose now that 1 is a weight satisfying Xu(yi) =0.1i=1, ..., m.
By definition it is clear that Xu(zé) =0, r=1, ..., k. On a represen-

tation admitting Xu as an infinitesimal character the minimum polynomial



identity satisfied by A may be written

k

) c. AKT < o,

r=0
The generalized eigenvalues ai(u) of A (as defined by equation (3.3.11))
must obey this same equation; i.e.
= k-r
Y oc [, A+ 28) - %A, 2+ 8) + A )]T T = 0.
T i i
r=0

If the Ai span H* then u is uniquely determined by the numbers (Ai, H).
Clearly only a finite number of weights u can meet these requirements
(there are only a finite number of solutions to a polynomial equation)

which contradicts our previous remarks.

Q.E.D.

C.2
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CHAPTER 4

Wigner Coefficients and Reduced Matrix Elements

4.1 Clebsch-Gordan (or Wigner) coefficients are instrumental in deter-
mining the matrix elements of a tensor operator which, according to the
Wigner-Eckart Theorem, may be factorized into a reduced matrix element
and a Clebsch-Gordan coefficient. This includes the important case of
determining the matrix elements of the group generators théﬁselves.
Suppose V(1) is a finite dimensional (unitary) irreducible represen-

tation of a semi-simple (compact) Lie group G(L) with Lie algebra L. Let
A be the matrix introduced in section (2.6). If V(p) is a finite
dimensional irreducible (unitary) representation of G then we know that A
satisfies a polynomial identity

k

mn (A-a.)=0

i=1 *
on V(i) where the roots oy of this identity are given by (2.6.19). Let

us now write the Clebsch-Gordan decomposition of V(A) ® V(u) in the form
V(A) ® V() = @ m(v) V(v) (4.1.1)
v

where V(v) is a finite dimensional irreducible representation occurring
in the decomposition with (non-zero) multiplicity m(v). Then on each

space V(v) the matrix A takes the constant value (c.f. section (2.6))
- —1 - -
(X\) /2|:X\) (CL) X)\ (CL) Xu (CL)]

Hence on the space V(u) the matrix A satisfies the minimum polynomial

identity (see (2.7))

mn (A - = 0.
: (A av) 0

1



Note that each root a occurring in this identity must equal one of the
o, since, by virtue of (2.2), V(v) admits an infinitesimal character of

the form X = X for some i.
v u+)\i

By virtue of the minimum polynomial identity one may construct a

set of projection operators
P[v] = II
pzv | v P

Since the matrix A takes the constant value a on the space V(v) it
follows that if p(x) is any polynomial then the matrix p(A) takes the
constant value p(av) on the space V(v). In particular the projector
P[v] takes the constant value 1 on the space V(v) and zero on the remain-
ing V(p), p ¥ v. P[v] therefore projects the product space V(1) ® V(u)

onto the subspace
m(v) V(v) = V(v) e‘v(v) ® ... ®V(v) (m(v) times).

It follows that the matrix elements of the projector P[v] between basis
states in the space V(u) are bilinear combinations of Clebsch-Gordan
coefficients.
P A A u U s

To be more explicit let e;, ..., e and @5 e e, n= dim V(}),
m = dim V(u), be orthonormal bases in the spaces V()) and V(u) respectiv-
ely. In order to distinguish between the equivalent representations V(v)
occurring in the decomposition (4.1.1) we provide them with an additional

index r; V(v,r), r =1, ..., m(v). With this convention the Clebsch-

Gordan decomposition (4.1.1) may:-be written SERTE

m(v)
V() e V() =@ @ V(v,r).
VvV o r=1
(v,1) (v,1) : :
Let e, ol wwle s ed(v) , d(v) = dim V(v), be the orthonormal basis

of the space V(v,r). The basis vectors e;’r form a basis for the

product space V(i) ® V(p) which is related to the product basis eg ® e?

.2



by the change of basis transformation
e’ e>.‘ ® e
p 1 J

e;f ' e;’r >of this (unitary) basis transformation are

e(v,r) = z el e
P i,5 \ Si’ 5

The elements < e?,

Clebsch-Gordan coefficients.
Since the projection operator P[v] projects onto the subspaces

V(v) one has
e P> T) (4.1.2)

P[\)] e(p,r) =
P pv P
Hence the matrix elements of entries of the matrix P[v] between basis

states in the space V(u) are given by
u >

<ei \ P[v]§ ez>= <e]]i, e? P[v]

Introducing a complete set of states for the space V(A) ® V(u) we have

et e
i’ 2

u

eg =L ] pzl ey

p r=1
Ao
ej, ele > -

e(p,r)> o (P5T)

P P

In view of (4.1.2) this may be written
e(\),r) >< e(\)’r)
P P

In particular when i = j, k = £, formula (4.1.3) yields,

. m(v) d(v) 2
U i U\ uooA (v,T)
<ek l P[\)]‘i >— ) ) |< e € ep >| .

e
k r=1 p=1
If, moreover, the representation V(v) occurs with multiplicity 1

m(p) d(p) A .
> e; } P[v]

(et | o

X

Ao
ej, e£> (4.1.3)

m(v) d(v) : X
e

Lol ®x’ 4

r=1 p=1

then the above formula may be written (dropping the multiplicity label)
] d(v) 2
u i VO vooA v
<ek ‘ P[v]j ek>- pzl |< s ©) ep>‘ . (4.1.4)

In many cases the right hand side reduces to a single term
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|< ei, eg ] e; >|2 enabling an evaluation of the Wigner coefficient

< ei, e; | e; > (up to a phase) by an independent evaluation of the left
hand side. (Such a situation always occurs when the basis states are
eigenstates of the Cartan generators and the weights occur in V(v) with
multiplicity one.)

An important application of formula (4.1.4) is the matrix element of
P[v]i between the maximal state e" in V(u). Suppose we choose an
orthonormal basis for the (reference) representation V(A) to be a weight
basis. Recall, from section (2.7), that the highest weight v of V(v) is
given by v = u + Ai for some weight Ai in V(3). Hence there exists a

basis vector e? in V()) of weight Ai so that the vector e? ® e has

weight v. Then, according to (4.1.4), we have

. d(v)
<e“ l P[\)-]; \“e]J> = Z <eu, e? e;>|2 (4.1.5)

p=1
Now e" ® e: has. weight..v which is the highest weight occurring in V(v).

Hence <e§ﬂ ei ' e; > vanishes unless e; coincides with the unique high-

est weight vector e’ of V(v). We therefore obtain the result

<JlPMi J>=KJ,% J>

This Clebsch-Gordan coefficient is important for the normalization of

2

generalized raising and lowering operators for the group. We shall
discuss this application in more detail in Chapter 5. (Note that we do
not require a weight basis for the spaces V(u) or V(v) but only for the
‘reference representation V(). We also do not require that the weights
in V(1) occur with multiplicity one.)

As an example consider the case U(2) where A is the matrix defined
“by (2.6.27). Let V(u) be a finite dimensional irreducible representation:
of U(2) with highest weight u = (ul, ”2)' Then the matrix elements of

the entries of the U(2) projector P[m] (m =1, 2, ..., A, - Az + 1) are



given by

u u
! 2:> - (4.1.6)
K
>\1 )\2 ®
A1+£+1

U U
! 3 2:> . However the Clebsch-Gordan reduction of the space

A >‘2 My

A -4+l Pk

where

:> denotes the product state

V(A) ® V(u) may be written
Ap-A,+l

vy ev@) = e V(g +u -2+ 1,2

+u, + £ - 1)
2=1 2

2

where (A; - £+ 1, Az + £ - 1) runs over the weights in the space V(X) as
£ runs from 1 to A, - A, + 1. Hence the projector P[m] projects
V(A) @ V(u) onto the space V(A1 +ppo-m+ 1, Az tu, tm- 1). Hence the

matrix element (4.1.6) may be written
<iu1 M, My u2:>
k! k
A A

o <“1 Fa 1 2
k-/e,k"‘l?,' k! ’ ()\1 - L' + 1)

Pinles ¢

(u, + A -m+ D uy+ Ay, +m-1)

(Al + k-4 +1)
Ag Ay ! Hy
(>\1 -2+ 1) k
<:(u1 #a, -m+ 1), + Ay +m-1)

(Al +k-£+1)
M Ay Wy “2>
(A1—£+1) k

which enables a systematic evaluation of all U(2) Wigner coefficients

) <i(u1 A -m+ 1) (uy, + A, +m-1)
(A1+k'£+1).

This gives, in particular,

H H
1 2 P[m]zz

kl

- (4.1.7)

using only the properties of the projectors P[m]. In particular when
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k = k' =y, we see that the squared Wigner coefficient (4.1.7) is given

Hy UZ> of
L1

V(u) which has been determined in equation (Bll) of the previous chapter.

by the eigenvalue of P[m]ﬂz on the maximal weight state

All remaining Wigner coefficients may then be obtained by acting on the

state

1 y u2> with lowering operators in U(2).

This m;thod for evaluating Wigner coefficients will generalize to
arbitrary semi-simple Lie groups. One may obtain the Clebsch-Gordan
coefficients corresponding to the matrix elements of the projectors
between maximal weight states using the difference equation technique
outlined in Appendix B of the preceding chapter. All other Wigner
coefficients may then be obtained with the use of lowering operators for
the group. A general method for constructing such lowering operators is

discussed in [56].

4.2 TFundamental Wigner Coefficients of U(n)

In order to'determine the matrix elements of the U(n) generators we
need only determine the fundamental Wigner coefficients which correspond
to the reduction of the tensor product space V ® V(n) where V is the
fundamental vector representation. Hence we shall only need the vector
identity of U(n) (see section (2.5)) where the reference representation
V is the fundamental vector representation. It is clear however that if
we wish to consider the Clebsch-Gordan coefficients for a more general
reduction V(1) ® V(u) then one of the appropriate tensor identities for
U(n) must be applied.

Throughout this section we let m denote the fundamental vector
representation of U(n) and we let V- denote the representation space of
m. We let m* denote the contragredient representation of m with

representation space V*. On the contragredient vector representation



the infinitesimal generators a; of U(n) are represented by matrices

n*(a;) = -Eg

where E; is a typical elementary matrix. Hence our matrix a = (a;) of

U(n) may be written in the form

Following our previous notation, when acting on a finite dimensional
irreducible representation of U(n) of highest weight u, the matrix a may
be written

n . -
a=- Z ﬂ*(ai) nu(a;) 5
i,j=1
so that a may be interpreted as an operator on the product space
V* ® V(u). Using the branching laws for U(n) this tensor product may be
decomposed into a direct sum of irreducible representations given by the
Clebsch-Gordan decomposition

V¥ e V(u) =
I

nhes

v(w - 8]
1

The U(n) projectors P[r], as defined by equation (2.5.6), will project
the space V¥ ® V(u) onto the subspace V(u - Ar)'
Using the Gel'fand-Zetlin state labelling scheme let us denote the

basis states of the irreducible representation V(i) by the tableaux

(1};)> where ) denotes the highest weight of the representafion (top row

of the pattern) and (v) denotes the rest of the pattern. Following the

notation of Baird and Biedenharn we. denote the Gel'fand basis states for .

the fundamental contragredient vector representation V* by

1 . O> where
i

[1, 6] denotes the highest weight of the representation and the index 1

.7
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enumerates the basis states (i.e. the row vectors e, with 1 in position i
and zeros elsewhere).

Since the U(n) projectors P[r] project V* ® V(A) onto the subspace

A - A A - A
S )= 6. Sy . (4.2.1)
() (u)

(i) > and I( " > are two arbitrary Gel'fand basis

v(a - Ar) we may write

Plr]

Suppose now that
states in the space V(A). Then the matrix elements of the entries P[r]

of the projector P[r] between these states is given by

A :> <i A 1 0
) DR

which, by virtue of (4.1.3), may be written

<x A> Z< A 1 A—A><A—A
" &/ @\Non il oW W)

1 0 A

.
b 3>

J (')
>

- (4.2.2)

A

(v')

P[r] P[r]

P[r]%

8

where the sum on (u) is over all Gel'fand patterns for the space V(x - Ar).

The sum (4.2.2) reduces to a single term (which always occurs when
the weights in V(d - Ar) occur with multiplicity one) in two cases of
interest to us. The first is the case i = j = n in (4.2.2). Since P[r]g
is a U(n - 1) invariant it cannot alter the representation labels of the
subgroup U(n - 1) and it follows that Fhe only surviving term in this

case is (v') = () = (v) in (4.2.2). Hence we obtain the result

<i A <: A 1 0lx - A >>
. T
v") v) n v)

The second case of interest, which we have already treated in our

A 2

P[r] o) = G(v')(v)

(4.2.3)

general discussion in (4.1), is the matrix element of P[r]i between the_ .
maximal state |A) of V(A\). This matrix element has already been

evaluated in equation (3.1.12). From (4.2.2) we have



1 0
A
T

rO H A:> has weight A - Ar which is the maximal weight

of the representation V(A - Ar). So <>\ ; 1r0 A (—U)Ar> is zero unless

. (_U)AT> coincides with the (unique) maximal state |\ - b

only non-vanishing term in the above sum is

<ix‘ P[r]; x>> =

We therefore have, according to formula (3.1.12),

A =2, + 4L -1 -1
=n | £
25 Ar - A, + 4L -1

In a similar fashion, using the properties of the adjoint projector

A - A 2
Tr

()

< X‘ P[r]i

)= )

(W)

Now the vector

Hence the

1 0 2
A A - A

(4.2.4)
r

P[r], we may verify the results

<i A RN A1 0r+ Ar:> 2
P[r] = 8., 9 (4.2.5)
ool M COON ) " o [
. 1 0 2
Al Plr]. x;> = A A+ b (4.2.6)
_ T
where > forms the usual basis for the fundamental vector representa-
tion.

It is our aim now to apply the characteristic identity of the U(n)

matrix a to evaluate the Wigner coefficients (4.2.3) and (4.2.5).

Spectral Resolution

Let us now consider U(n + 1) and its associated characteristic

jdentity. We denote the U(n + 1) matrix by b;

4.

9
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( 1
1 1 1 1
a B seiaiwin siwisceie Wiy s a
1 2 an n+1
2 2 2 2
a1 a2 ................ an an+1
. b = 2
a an an an
1 g seeesessassee . = n+1
n+1 an+ 1 an+ 1 an+ 1
1 g reeveesssees h n+1
E

Note that the first n rows and columns of the matrix b gives us the matrix
a of U(n). The first n entries of the last column constitute a U(n)
vector operator while the first n entries of the last row constitute a
contragredient vector operator. The remaining entry aﬁii is a U(n)
invariant. Using the U(n + 1) commutation relations it may be verified
that if p(x) is any polynomial over the underlying field then the first n
entries of the last column J} the matrix P(b) (i.e. the P(b)i+1)
constitutes a U(n) vector operator while the P(b)r.ll+1 constitute a
contragredient vector operator.
We write the U(n + 1) characteristic identity in the form
n+l
rill (b-8)=0
where the operators Br are invariants of the group which take constant
values Br = Ar +n+1-r1ronan irreducible representation with highest
weight (Al, cees An+1)’
The centralizer of U(n) in the universal enveloping algebra of
U(n + 1) isC =2 ® 7 where Z (resp. 2) denotes the centre of the
enveloping algebra of U(n) (resp. U(n + 1)). The algebra C is generated
by the U(n) fundamental invariants Ik = tr(ak) (k =1, ..., n) and the

U(n + 1) fundamental invariants ik = tr(bk) (k =1, ..., n+ 1). Hence

C may be expressed as

10



4.11

which is the algebra of polynomials in the a's and B's which are symmetric
with respect to interchange of the oy and also with respect to the Bi (but,
of course, not symmetric with respect to interchange of a's with B's).
Included in C are the U(n) invariants P(b)ﬁ:i where p(x) is an arbitrary
polynomial. Thus p(b)ﬁii is expressible as a symmetrized polynomial in

the o and B. In particular the U(n) invariant 32:1 is expressible as

n
+1 4
ag+1 = I1 - I1 = z B, - z o - 1N .

. . . +1
It shall be one of our aims here to express the U(n) invariants P(b)?l+1 as

a function of the o's and B's for arbitrary p(x).
Since we are working with the unitary groups the generators a; must
j

satisfy the Hermiticity requirement (a;)T = aj. More generally, if p(x)

is any polynomial, then

o -
[p(b)ﬂJr . P(b)i .

Hence the diagonal entries of any polynomial in the matrices a and b are
Hermitian operators. In particular the fundamental invariants of U(n + 1)
and U(n) are Hermitian. From this it follows that the U(n) roots o and

the U(n + 1) roots B, may likewise be regarded as Hermitian.

k
Throughout this section we let y denote the U(n) vector operator

with components wl = a’

N (i=1, ..., n). Following the notation of

(2.5) ¢ may be resolved into a sum of shift vectors

n
p= ) vir]

r=1

where y[r] has components given by
o1’ = PIx)S w0 = 9 PITS

The Hermitian conjugate ¢+ of y is therefore a contragredient vector



operator with components ¢I = a?+1

i (i =1, ..., n). The shift components

¢+[r] of ¢+ are given by
o)y = (i) = P o = 9] P

As for U(n) we may construct the U(n + 1) projectors

n+l |b - B
Qk] = O {%————49}

e=1 |Bx ~ B
2k
) n+tl [b - B
=1 [B, - B
2K k £

which satisfy the orthogonality conditions
QIk] Qlr] = &, Q[r],  QUk] QUr] = & Qlr]

Furthermore, if p(x) is any polynomial, we may write

n+l
P[b] = } P(8) Q[k]"
k=1
(4.2.8)
_ n+1 _ _
P(b) = ] P(8) QK] .
k=1
From the U(n + 1) identity we have
b Q[k] = 8, QIK] .
Taking the (i, n + 1) entry of this matrix equation we may write
O i
1 QI = g QKL i=1 ..,
£=1
Rearranging this expression we obtain
i n+1 _ _ai L
al, QIKIT) = (8, - &), QKT ,, (4.2.9)

Similarly we may write

QK™ oM = Q[k]zﬂ(ek - a)f . (4.2.10)

n+l 1

.12



4.13

n+l

For simplicity we shall henceforth denote the U(n) invariant Q[k]n+1

by C Clearly C, is the U(n + 1) analogue of the operators P[r]ﬁ whose

k’ k
matrix elements are squares of Wigner coefficients. From equation (4.2.8)
we have

n+l

Moy P(8,) Cp - (4.2.11)
=1

P(b)
n+1
k

. . . + 3
So in order to evaluate the invariants P(b)2+i as a function of the Bk
and o it suffices to evaluate the Ck’

We may invert equations (4.2.9) and (4.2.10) by writing

1

i -1i ]
Q[k]n+1 (Bk - a)j an+1 Ck

(4.2.12)
n+1 n+1

where (8, - a)~1 denotes the matrix

il o~13

(Bk - a)_l =
T

1 (Bk - ar)—llp[r]

Note that from the U(n + 1) commutation relations we have

n+1
n+1l

(3", qrx | - ¢ am

j n+l

i

or

Q} = 85 - [a5" ely,

} _ (4.2.13)

On the other hand evaluating the commutator [é?+1, Q[k];+¥] using

(4.2.12) we obtain

n+l i _ i L n+l
[:aj H Q[k]n+1] - GJ Ck - (Sk - a)'e an+1 Q[k]J H

where we have used the result

l:a;.l-.-l; (Bk - a)}'lx] = _(Bk - a)I_)lr [a?+1) (Bk - a)Iq):l (Bk - a)zlq .

Substituting this into equation (4.2.13) gives



n+l

QIK]} = (8, - )G e, QKT

n
which, in view of [4.2.12], may be written

i - i -1 n+l
Q[k]] = QIklp,, (€)~" QIKI™
This result appears in Green?3 using different techniques. By summing
this equation over k from 1 to n + 1 we obtain the resolution
n+l

:

k=1

Qkl},, € Q[k]‘j‘+1 - 5? : (4.2.14)

i

into its shift
n+l

Decomposing the U(n) vector operator wl = a

components allows us to write equations (4.2.12) in the form

. n .
Akl = 1 virlt (8 - o, - 7L C
T=
(4.2.15)
R
n+l _ R
QK] = rgl C (8, - o - D7yl ,

where we have used

(8, -« )7t ylr] = v[r] (& - o - D7

and

8 - o - 171 e] =y 2] gy - a7

However, from equation (4.2.8), we have

n+1

L

k=1

i i oAl .
Q[k]n+1 = 6n+1 = 0; i=1, ..., n.

Hence, summing equation (4.2.15) over k from 1 to n + 1, we obtain
n n+l
rzl p[r] kzl (B - o, - n-tel=0.
However the shift vectors ¢[r] form a linearly independent set (see [52]
for details) since they effect different shifts. This implies that
n+l

bl - -1 = S
kzl (8 -, -1lg =0, r=1,..,mn (4.2.16)

.14



4.15

This set of equations together with the condition
nil & i nil Q[k]n+1 i 5n+1
x=1 k k=1 n+l n+l

uniquely determines the Ck' These equations are easily solved using

matrix methods (see Appendix A) and yield the solution

n+1 . n
c, = m (8 -8) 1 (B -a,- 1). (4.2.17)
k - k P k £
zk

Substituting this expression into equation (4.2.11) allows us to evaluate

U(n) invariants of the form P(b)ﬁii for any polynomial p(x).

fi

We have already remarked that the entries P(b)Ill+1 (i 1, ..., n)

of the matrix p(b) constitute a U(n) vector operator. Using equation
(4.2.15) we may express this vector operator as a linear combination of
the shift vectors y[r] by.writing

-

n+l i
kzl P(8) QKI,,

Pk,

nil E ) i
PR, ) C (B, - o -1)7% y[r]" ,
kel =1 k7 "kk T

where we have used the’fact that Ck(Bk - o - 1)"! is independent of o
and hence commutes with y[r]. This shows that the vector operator
i . . i j . .

P[b]n+1 may be written in the form h(a)j a1 where h(x) is given by

n+l n )

h(x) = J L p(g) Cu(8 - a - D7 PIx] ().

k=1 r=1

One may deduce from this result (see [52] for details) that if p(x) is a

polynomial under the underlying field then the components of the vector

i .
operator p(b); commute; i.e.
P PiPJi41

[p(b)rlm, P(b)%ﬂ] -0 for i,j=1, ..., n.

Similarly, using the adjoint projectors Q[k], one may deduce the

equations



. n .
Qkl,, = 21 ¢, (8, - o)™ vzl
r:
(4.2.18)
n N _
QK1 = LovIE (8 - a )71 €
T=

where Ck is shorthand notation for Q[k]E:i which may be expressed in

terms of the B's and a's according to

_ n+l . n
C, =10 (g, -p)+ I (B, -ap) . (4.2.19)
k =1 k P £=1 k L
zk

The U(n) invariants Ck and Ck are the U(n + 1) analogues of the
operators P[r]ﬁ and ﬁ[r]z which may likewise be expressed in terms of the
roots in the U(n) and U(n - 1) identities. This then enables us to
evaluate the fundamental Wigner coefficients (4.2.3) and (4.2.5) as
required. However, in order to determine the matrix elements of the

group generators, we must also determine the reduced matrix elements of

the U(n) vectors y and ¢+-

4.3 The U(n) Reduced Matrix Elements

We shall find it convenient to introduce the U(n) invariants
SR £ PRI PSR WS S 63 MR € (4.3.1)
T i T i -

That these are invariants of U(n) is easily verified using the transform-
ation law of vector operators. As we shall see these invariants are
closely related to the reduced matrix elements of ¢ and w+.

It shall be our aim to express I and fr as functions of the roots

Bk and o We begin by considering the unique solutions Yok to the
equations
n+l
- -1 = . =
kzl Yoy Ci(By = op = 1) 8.5 L= 1 , n

.16



and (4.3.2)
nil
Y,, C, = 0,
kel £k 'k

where Ck may be expressed in terms of the Bk and . according to (4.2.17).

Then, for each r = 1, ..., n, we have n + 1 equations inn + 1 unknowns
Yok (k =1, ..., n+ 1). Again these equations are easily solved using

matrix methods (see Appendix B) and yield the solution

N - 1yl
Trk ~ Yo(By =2y D
where (4.3.3)
- n+l .
Y = (-1) 0 B -a_ -1) 0 (o -ap)”
T p=1 P T per T £

Now from equation (4.2.15) we may write

. n+l

n+l i n i i
kI, Yok =.£§rw[z] kzl Yop Ce(By -0 - D7H

k=1
Rearranging this expression using (4.3.2) we obtain

= n+l .
virl* = kzl QIKIL,, Y (8 - oy - D7 (4.3.4)

The invariants Yr appearing in this equation have an interesting interpre-

tation.

From the orthogonality of the projectors P[r] we have

vien, virlt = &2 e P vix)

B n+1 i
= Gﬂr ay plr]™.

1

Hence multiplying equation (4.3.4) on the left by a2+ and summing on i

from 1 to n we obtain qﬁ[r]i w[r]i (= rr) =Y. where we have used the
result

) nil a™1 Qrk1*, (8, - o, - 17! = nil c =1

r=1 k=1 i n+1 -k T kel k

which is verifyable with the help of the U(n + 1) characteristic

.17



identity and equation (4.2.16). Hence, in view of (4.3.3), the invar-
iants Pr may be expressed in terms of the . and Bk according to
n+1

T =D 0 (8 -e_ -1 I (o -o,)7 L. (4.3.5)
T p=1 P ¥ Lzr T £

n+1l

In a similar way, by considering the operators Q[k];+1 and Q[k]i ,

we may also verify that
_ n n+l )
I =(1) 0T (B -0o) O (o, -ap) . (4.3.6)
T =i P T gy T £

We consider now the operators
vIr] )7 v [x]

which, using equation (4.3.4), may be written as

. n+l .
1 -1, T _ i -1 ,t
\P[r] (I‘T) 1 w [r]J :\ kZl Q[k]n+1 (Bk - ar - l) 1 ‘\U [r]j .

‘Summing this equation over r using equations (4.2.15) and (4.2.14) gives

the result
1 i ¥ e i n+1
I wielt 7yl = T QIKlg,, (€07 Qlk]y
2=1 k=1
=61
j

Multiplying this equation on the left by the projector P[r] we finally

arrive at the result

oIt a7 oty = P (4.3.7)

Similarly we have

w+[r]i 7! o)’ ﬁ[r]g . (4.3.8)

Hence if p(x) is a polynomial then we may write

‘n
P(a) = J Pla) vlx] )71 ¢'Ix]
r=1

.18



n
PG) = 1 PG ¥ Ir] G0 vixl .

r=1

Such resolutions are useful and may be regarded as a generalization of

the spectral resolution of a non-degenerate numerical matrix (c.f.

Green?3).

Rearranging equations (4.3.7) and (4.3.8) we may write

olr] v [x]
v [r] vlx]

where Mr and M_ are given by

n+1l
1

p=1

= (-n" (Bp - o

n+l
"I (B
p=1" P

n

= (-1)

- O
T

By taking the trace of equation (4.3.

—
|

= y[r]* ¥ [x];

1
n

Vel el

Note that substituting for fr and Mr

t (Plr]) = r_()™" =

which is Green's trace formula.

We now claim that the Mr (r 1,

= Mr P[r]
(4.3.9)

=M_ P[] ,
y I (o -a, - 1)1 (4.3.10)

pepr T £

-1 O (a, -a, +1)71  (4.3.11)

per T £

9) we obtain

N Mr tr(P[r])

B Mr tr(P[r]) (4.3.12)
we obtain

. a. - ap - 1

Lzr Or T %

., n) are the squares of the

reduced matrix elements of the a;+1 while the Mr are the squares of the

n+1

reduced matrix elements of the ai

let

Suppressing our U(n + 1) labels we

(tl> denote a Gel'fand basis state contained in a representation

of U(n) of weight A where (v) denotes a Gel'fand pattern for the sub-

group U(n - 1).

We may then denote a maximal U(n) state by the pattern

.19



A :
’(A)> or simply IA) .
Since the shift vector y[r] increases the representation label of

the group U(n) by the weight Ar (1 in position r and zeros elsewhere) we

see that the only non-vanishing matrix elements of the vector v[r] are of

<: A+ A A :>
T
") v)
According to the Wigner-Eckart Theorem this matrix element may be written

[CRENINISIEN G
A+ A PilA
’ (')

where the term on the left is a reduced matrix element. Hence we see

the form

vir)?

1 0 A

i )

X

that the matrix element of the U(n) invariant Fr between the maximal
state |A ) is given by

4 " N 2 A+ |10 2

Cal vt vt ) = [ ool )] 0|
i, W1 i

- (4.3.13)

where the sum on (u) is over all Gel'fand patterns for the space
+
V(X Ar).
However, since Pr is a U(n) invariant, its eigenvalues must be

independent of the parameters of the U(n - 1) subgroup. So we may write
; A
t i > 1
(AT v ) = g

A >
v \ (V) (v)

where we have summed over all vectors in the representation space of

e, vl

U(n) with highest weight A and then divided through by the dimension
D[A] of the representation. Hence (4.3.13) may be written

O wtestg vt ) = (e tivin ) ody

)
RENONM,

) 1 0]a + A 2
: T _ - (4.3.14)
(v) i ()

X

.20



However from the completeness relations satisfied by Wigner coefficients

A 16><A 1 0
v i O

A

we have

A 1('))\+Ar 2 A+ A

(u)

T

) o )

i, (v) ™) i i, (v) (w)

A
Tr

(n)

Substituting this into equation (4.3.14) we have

Qo e oty - 2 Gt}

However from section (3.4) (see also Edwards“") we have

D[A + A_]
tr(Pr]) = L
D[A]

Hence we may write

. 2
=y Irl, wirlt = ¢ (Plx]) |< A+ Arllwllk>l

T

Comparing this with equation (4.3.12) we see that the invariants Mr
determine the squares of the reduced matrix elements. In a similar way
we may show that the invariants Mr determine the squares of the reduced
matrix elements |< A - Ar||w+||A >|.

In view of this result we see that equation (4.3.9) may be regarded

as an operator generalization of the Wigner-Eckart Theorem.

4.4 Wigner Coefficients and Reduced Matrix Elements for O(n)

Let a denote the O(n) matrix a = M~! o M whose entries a} satisfy
the commutation relations (2.4.7). Suppose now that V denotes the
fundamental vector representation of O(n). If V(») is any finite

dimensional irreducible representation of O(n) with highest weight A then

.21



we may write the Clebsch-Gordan decomposition of V ® V(A) in the form

Ve V()=

N e

V(r + Ar)
r=1

where Ar (r < h) is the O(n) weight with 1 in position r and zeros else-

. . < -

where. We define the weight B ii-p (r <h) by A iir Ar' In the

case of O(n = 2h + 1) we also have the weight Ah+1 = 0 (which is

consistent with the condition An+1—r = —Ar). We choose a weight basis
th

110> for the space V where the i

basis vector has weight Ai' This
basis, although orthonormal, does not coincide with the Gel'fand-Zetlin
basis on V since the Gel'fand states are not eigenstates of the Cartan
generators.

As for the case U(n) the O(n) projectors P[r] project the tensor
product space V ® V(1) onto the subspace V(A + Ar)' Hence the matrix
elements of the O(n) projéctors P[r] and P[r] are bi-linear combinations
of Wigner coefficients. Suppose now we denote the Gel'fand basis states

of the space V(1) by (t) > where (v) denotes a Gel'fand pattern for the

subgroup O(n - 1). Then, following our U(n) derivation, we may verify
that the matrix elements of the O(n) projector P[r] between two states

‘() > and ’( ,)‘> of the space V(\) are given by

<A > < A—A A -
v") v) (u) (v! ) i (1) (w)
(v)>

j = n we obtain the results

P[r]

j

forr=1, ..., n.

ti

In particular putting i

A 1 0 A

")

A - A
T

v)

A

V)

PIr, SN

r=1, ..., n - (4.4.1)

.22



4.

As for U(n) we also wish to consider the matrix elements of the
operators P[r]; between the maximal state |A> of V(). In this case we

obtain
A - A

< A P[r]§|x > =

where |\ - AL > is the maximal weight state of the space V(A - Ar).

Similarly, by considering the adjoint projectors P[r], we obtain

the results

< N N ves |10 A\ P
P[r] =38, H
") | () (v ) & | n ™
- _ 1 0 2
< Al Plr], |x>= A+ B L A - (4.4.2)

We now wish to proceed as we did for U(n) to evaluate the matrix
elements of the projectors PT%]E and ?[r]g. Let o denote the O(n)
matrix withfentries»ui;»LWe'denote the O(n + 1) matrix whose (i,j) entry
is the generator a§ by B. As for U(n) € U(n + 1) the O(n) matrix is
canonically imbedded in the O(n + 1) matrix 8. The first n entries of
the last column of the matrix B (i.e. the ai+1) constitute an O(n)
vector operator transforming according to (2.5.26) while the first n
entries of the last row (i.e. the a2+1) gives us an 0(n) contragredient
vector operator transforming according to (2.5.27).

However, unlike the U(n) case, these generators are not in Cartan
form. If we put the generators of O(n + 1) into Cartan form we lose the
canonical imbedding of the O(m) matrix inside the O(n + 1) matrix when
n is odd. We overcome this by putting the generators of O(n + 1) into

their weight space forms with respect to the Cartan subalgebra of O(n).

This leads us to consider the matrix M defined by

23



(4.4.3)

=z>
n
=

where M is the O(n) transformation matrix defined by (2.4.4) and (2.4.5).

We now consider the O(n + 1) matrix defined by
b=(M-18M. (4.4.4)

Clearly the matrix b of O(n + 1) satisfies the same characteristic
identity as the matrix B. Furthermore the O(n) matrix a = Ml a Mis

canonically imbedded in the matrix b;

- o
n+1
b= a
B
n+1
DL e e oo
! n
. n+l i .
The entries b, ", b are given by
i n+1
i _ w-1y1
brer = M) %an
P+l 0¥l 0
i q i’

Hence the b;+1 constitute an O(n) vector operator transforming according
to (2.6.3) while the b?+1 constitute an O(n) contragredient vector
operator transforming according to (2.6.4).

For example in the case n = 2 the 0(2 + 1) matrix b is given by

.24



4.

L, O
0 -L,

confused with the matrix a of 0(3) considered earlier although they both

where a = [ ] is our 0(2) matrik. The matrix b is not to be

satisfy the same identity.
Returning now to our general discussion let us denote the O(n)
by ¢. Now we note that the 0(n)

generators a; satisfy the Hermiticity property (a;)+ = ag.

vector operator with components b;+1

Since the
matrices M and M are unitary it is easily checked that the matrices a and

b also satisfy

iyt _ ] it 1]
(aj) = ag, (bj) = bi'

More generally, if p(x) is any polynomial, we have

iyt j iyt _ j
(p(a)j) = P(a);, (P(b)j) = P(b)i.

~ E
1

In particular we have b2+1 = (b :

so we let w+ denote the contra-

o)

- i . +
gredient vector operator with components wI = b? N

Following our
previous notation the vector y and its adjoint ¢+ may be resolved into a
sum of shift components
n n
+ +
y= ] wlrl, v = ) vr]
r=1

r=1

where the y[r] and ¢+[r] are given by

i i i proqd
plr]t = p[r]§ b%+1 = b%+1 P[r];
otixly = (i)t = Bl BT = plrl .

We denote the O(n + 1) roots by Br and write the O(n + 1) character-
istic identity in the form
n+l
nm (b - Br) = 0.

r=1

We denote the O(n + 1) projectors by
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4.26

K] = T [b i ﬂ
QK] =
=k [Pk " P
b -8
Q] = N |—2%
L=k {Bk i BJ

Proceeding as we did for U(n) we may apply the O(n + 1) character-

istic identity to give the equations

S1i g

i
Qlklg,y = By - 35 Poy &
(4.4.5)
n+l _ n+l _ -1j
Q[k]i = Ck bj (Bk a)i
where (Bk - a)~! denotes the matrix
n
8, -a)l= ] (8 -o)7! Plx]
k k T ?
r=1
) e i n+1l
and Ck denotes the O(n) invariant Q[k]n+1'

- wm-:Notethat: from the: form of the matrix M we see that if p(x) is any

n+l

n+1
0+ = P(B),,,- Hence as far as the

polynomial then we must have p(b)
O0(n) invariants Ck are concerned it does not matter whether the
projectors Q[k] are constructed from the matrix B or the matrix b. We

note further that if p(x) is any polynomial then the P(b)Ill+1

. . . 1
(i =1, ..., n) constitute an O(n) vector operator while the P(b)r.ll+
constitute a contragredient vector operator. Hence we have the
comnutation relations
i k _ .k i k n+l-j
[aj’ P(b)n+1:| N 6j P41~ Snerni P(®)pes
(4.4.6)

i n+1l

It is also easy to deduce the commutation relatioms

i n+1 n+l-j n+1
—6k P(b)j + Gk p(b)n+1-i .

nel i T bl pepd
[bi , P(b)n+1:| = &3 P(b),, - P(b)3



n+l n+l| _ n+l n+l-j
[bj s P(b)n+1] = —P(b)j + P(b)n+1
- (4.4.7)
These commutation relations give the result
i i n+1
QIK]y = 85 € - [ by Q[k]n+1] (4.4.8)

On the other hand evaluating the commutator [ j Q[k]n+1] using

(4.4.5) we obtain, using the commutation relations (4.4.6) and (4.4.7),

ph+1 i -1i £ n+1
[ j s Q[k]n+1] - 6j Ck - (Bk - a)£ bn+1 Q[k]j

Substituting this into (4.4.8) gives, in view of (4.4.5),

n+1

Q[k] = q[x1} (c )™ QUkI;

n+1l

23 ‘except that it

This is in agreement with'thg‘result obtained by Green
even holds for the zero shift projector when n + 1 is odd in contrast to
the method employed by Green. Summing this equation on k from 1 to
n + 1 gives us the resolution

n+l ]
L QK] (€7 QIkI}™ = 65 (4.4.9)

Decomposing the vector operator y into its distinct shift components

allows us to write equation (4.4.5) in the form

(8, - o) Tulr] C

ne-13

Qrkll, =

n
e FE D S £ I R R

When r < h we may write

(Bk - ar)—l w[r] ¢[r](8k - ar - 1)-1

)71 yn + 1 - 7] - -

(Bk - n+1 T w[n + 1 - r](Bk - an+1_r

.27



4
However for n = 2h + 1 we have the zero shift component y[h + 1] which
satisfies
- —1 = - -1
(B - oy, )70 wih + 1] = v[h + 11(8; - o))
We combine these relations into the more compact form
. -1 = - _ -1
(8, - )7t wlr] = vIrl(8) - o - n)
where
nr - nn+1—r =1
with (4.4.10)
Moy = 0 for n=2h + 1.
Hence when n is even we have n. = 1 but when n is odd we have
ne =1 8 her s
We may now write
i s i
= _ - -1
Qlkl ,, = rzl plr]” (8, - o, - nJ7H G
(4.4.11)
R "1 T [r]
Q[ ]i 'z k(Bk_aI'_nI‘) lp ri'
r=1
In this case the O(n) invariants Ck satisfy the equations
n
e = -1 = =
L B o, -n)tC =0 r=1, , n
r=1
which, together with the condition
n+l
c, =1
k=1 k

uniquely determines the Ck' These equations are easily solved as in the

case of U(n) and yield the solution

. :
c,=m (8 -8,)°t 0 (B -o_ -nl. (4.4.12)
k £2k k £ r=1 k T T

.28
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Similarly using the adjoint projectors Q[k] we may deduce the

relations

am1t, = 1 E B - a - )7 el

I
I~
(@]}

_ -1
nr) Ck

i T

n
k1™t = ] Vel B - @

where ék = Q[k]ﬁ:i may be expressed in terms of the a's and B's according

to

n
_ = 5 -1 2
K = Chipx = B (B - BT M (B -a - m)

L2k r=1

(@]

- (4.4.13)

Equations (4.4.12) and (4.4.13).then allow us to evaluate the matrix
elements of the O(n) invariants Ck and Ck which are the O(n + 1)
analogues of the operators P{r]ﬁ and ?[r]g whose matrix elements are

Wigner coefficients. For future reference we write down these formulae

for the cases n odd and n even separately.

O(n = 2h)

In this case we have nr = 1 and we obtain

n
c, =C = N (B -8,)"t M (B -a_ -1) (4.4.14)
k n+2-k 22k k £ r=1 k T
O(n = 2h + 1)
In this case we have n_ =1 - 3§ which gives
- T r,h+1.
N n
c, =C = 0 (8 -B8,)°t O (B -o -1+38 ) .
k n+2-k P2k k £ 2= k T T,h+1

- (4.4.15)

Reduced Matrix Elements

Proceeding as we did for U(n) we may evaluate the 0(n) invariants
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r. = ¢*[r]i vxlh, T.= oixlt w*[r]i

as a function of the Bk and o From equation (4.4.11) one obtains the

result
T =(—1)nnl;1 B, -a_-n) 0 (@ -o -n +n)!
T 2=1 £ T T’ oyer T k k T
3 n+l - - -
r.=(n 1{21 (Bp - o, - 1) k‘:r (<>tr—0tk+nr-nk)'1
Finally we may deduce the relations
v Ir] €71 wix] = PLx)
plx] )7 ¥ Ix] = Plx]
which may be rearranged to give
o Ix] ylx] = M, Plr]
(4.4.16)
olx] v'Ix] = B PLz]
where
n+l
l\—/Ir = (-1 kzl (ék B ar) Zgr (&i B &ﬂ - e 61’,,n+1—r)-1
M= (-1)" £y 8, -o) 0 (@ -a,-n, -3 )
T k=1 k o T £ £ £,n+1-1
- (4.4.17)

Note that by:applying the0(n): transformation matrix M to the left:

of (4.4.16) and its inverse M"! to the right we obtain

iTIr) §Ixl = M Blr]

(4.4.18)

pix) 9TIrl = §_Prx]

i

- and P'[r] is the O(n) projector

where ¢ is the O(n) vector it = o

30



constructed from the matrix o instead of the matrix a.

Taking the trace of (4.4.16) we obtain

—
~~
<
f—
)
—
1

=t P[r]

r M) = t. P[r]

As for the case U(n) the invariants Fr and fr determine the reduced
matrix elements of the vectors Yy and w+ respectively. For future
reference we write down some of our previous formulae for the cases n

odd and n even separately.

4.31

O(n = 2h)
In this case we have N, = 1 and
&r - &£‘= az - o
ar_6k=8‘k_a -1 (Sk,h"'l
We therefore obtain
_ a n+l
r.=r .. . =CD" 10 B -e, -1 0 (e -a )L
T n+1-r k=1 k T f2T T 2
_ n n+l
=M =1 10 B -a) O (e, -a, - 1-38 a7t
T n+i1-r k=1 k T LT T £ £,n+1-1
- (4.4.19)

Note that substituting for fr and Mr from these expressions we
obtain

n+tl [RB, - a_ - & o. —o, - 1 -8
tr(P[r]) - k . r_ - k,h+;] - T Ka - £,n+1-1
k=1 | T £

k T l Lzr

But

n+l By - an = Sy pa| -ap -1 ap ~ap - 1+ 8p iy
= = 11
- a I h -« -1-
T B T |

k=1 Bk ezr |%r ~ %2 6£,n+1-gw
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We therefore have

t (P[r]) = 1
* Lz %y " % J

as required.

O(n = 2h + 1)

In this case we have n, = 1 - and

6r,h+1
a-&.+n—n=a—o(,r r# h +1

from which we obtain, for r h + 1,

n+1

T, =T =D W (B o) M (o, - ap)!
T n+1-r k=1 k T e T L
_ = n+1 )
Mr = Mn+1_r; = (-1) :,-na;; (Bk - ar) H (ar - u"e -1+ 6£,h+1 - sz,n+1—}‘,), ;:
k=1 Lz

- (4.4.20)

From this we obtain

¢ @n)) - a7 n |t s Lo
Lzr T £
which is Green's trace formula.
Finally, when r = h + 1, we have
_ A _ n n+1l
Thay = Ther = Moy = Moo . kzl B =W £¢I}£+1 S

which gives
t (P[h + 1]) = t (Flh +1]) =1

as required.



APPENDIX A

Here we solve the system of equations (see equation (4.2.16))

n+l
kzl Mrk Ck = 6r,n+1 (Al)
where
= - - -1 =
Mrk (Bk oL 1) T 1, , N
Mn+1 kK - L
viz.
- - -1 - . -1 - - —1“
(Bl O"l 1) (82 N a.l 1) ............. (Bn+1 ol,l 1)
< - -1 - . -1 - - -1
(Bl o, 1) (82 o, 171 L Lceseeses (Bn+1 a, - 1)
M =
- - -1 = = -1 _ _ -1
(8, ay 1) (82 ay 1)) L Leean i ws (Bn+1 ay 1)
1 1 L Sehate e sl 1

Using Cramer's rule we may solve the system of equations (Al) by invert-

ing the matrix M. We have

= -1
Ce = M)y 1y

Setting
. i cofactor(Mn+1 k)
k n+1 det M
a1 e wet wee that it suffices to evaluate the determinant of M and the

determinant of the matrix obtained from M by omission of the last row

and kth column.



From the form of the matrix M we may write

n+l n )
detM= 1 1 (Bk - o - 1) det N (Az)
k=1 r=1

when N is the matrix with entries
n+l
= H - - 1 = .o
Nij et (Bk a, 1) i 1, , I
#j

Nn+1,j

It is clear that det N is a polynomial in the By and o of degree n?.

Also det N must vanish when (Bk - Bl) = 0 (£ # k) and when (ar - am) =0
(r # m) since then we would have two rows or columns of our matrix equal.
Hence det N must be divisible by factors (Bk - Bﬂ) (£ # k) and

(ar - am) (r # m). The ngmber of such factors is n? which is precisely

the degree of the polynomialxdet N. Hence we may write

- - -1 -
det N=C 1I (Bk Bm) nn (ar ag)
k,m >0
k>m
where C is a numerical constant. Substituting this into (A2) gives the
result
n+l n
detM=C I m (B -o -1 0 (B -8) O (o« - ap)
p=1 r=1 p bl k>m 5 = q>£ L £
By applying the same argument to the cofactor of Mn+1 X’ noting that

the resulting polynomial is independent of B> one obtains

n+l n
cofactor [M_ ., ] =C'* 1 1T (B, - a_ - D! om (B -8) O (o, - ay)-
‘n+1,k p=1 r=1 P T o> P m oy T £
zk zk
This then gives
- -1
Co = My nay

n
d m (8 -8, m (B -o_ -1),
22K k £ r=1 k T



for some numerical constant d (=

it is easily deduced that d = 1.

C

T

n+1
From the requirement Z C, =1,
k=1 X
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APPENDIX B

Here we consider the set of equations (see (4.3.2))

n+l

k§1 Nek ke = Ore

£=1, ..., n
where Nrk is the matrix with entries

= S = -1
N =GBy o - 1)

Nn+1,k = Ck

with C, as in Appendix A.

k

Clearly this set of equations is very similar to the equations

solved in Appendix A. Proceeding in exactly the same way we obtain, for

~-

£=1, ..., n,

- -1
ke = N ke
2 1 1 1n
=D eyt moe -8) M (o, -l O (B -a -1)
k ek k P ) 4 T r=1 k T
n+l ]
xT_I(Bp-oal-l)(Bk-at-l)-
p=1
: - Substituting for Ck'using our previously derived formula gives
n . n+l )
Y ,= (D" (B -0, -1 O (B -0,-1) 0 (ap-0a)”
k£ : k £ p=1 P £ -y £ T

as required.
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CHAPTER 5

Raising and Lowering Operators for O(n) and U(n)

3. i With the emergence of SU(3) symmetry in the theory of elementary
particles a great deal of interest was generated in developing group
theoretical techniques which could be used for the analysis of a wider
class of problems of interest in physics. This has led to the introduc-
tion of the group-theoretical concept of operators that lower or raise the
irreducible vector spaces of a.semi-simple subgroup of a semi-simple Lie
group contained in an irreducible representation of the group. These
operators may be regarded as a generalization of the raising and lowering
operators Li appearing in-the theory of angular momenta.

Such operators were first constructed for the unitary groups by
Nagel and Moshinsky who applied them to the analysis of many body

29,30,  subsequently raising and lowering operators were

préblems
constructed for the orthogonal groups by Pang and Hecht32 and Wong3!.
(Possible applications of the orthogonal groups in Physics, in particular
the groups 0(5) and 0(8), are discussed in the paper by Pang and Hecht.)
Following the definition of Nagel and Moshinsky2? the lowering
(raising) operators shall be polynomials of the group generators that,
when acting on a basis vector of an irreducible representation of the
group which is of given weight with respect to the subgroup, lower
(raise) the weight. Furthermore, they shall, when acting on the basis
vector of highest weight of an irreducible vector space of the subgroup
contained in a vector space of the group, transform it into the basis
vector of highest weight of a lowered (raised) irreducible vector space

of the group.

Of particular interest are the lowering operators of the group since

1



by repeatedly applying the lowering operators to the vector of highest
weight one may obtain all the basis vectors of the representation. Hence
an arbitrary basis state may be written as a product of lowering
operators acting on the maximal state.

It is important to note however, that the raising and lowering opera-
tors for a subgroup are only defined by their action on a state of
highest weight for the subgroup. We see therefore that such operators
are not unique. Hence the raising and lowering operators constructed
previously for O(n) and U(n) are only one particular solution to the
problem.

The purpose of this chapter is to construct an alternative set of
raising and lowering operators for O(n) and U(n). These raising and
lowering operators have the advantage that they may be written in a
compact product form. Fufthermore, unlike the raising and lowering
operators previously constructed, our raising and lowering operators are
Hermitian conjugates of one another. This makes their normalization
simple and moreover the analogy with the 0(3) raising and lowering

operators is clearer.

5.2 Raising and Lowering Operators of U(n)

If U(m) and U(m + 1) are two groups occurring in the canonical chain
U(n) DUMm - 1) > ... DU()

we shall denote, for convenience, a maximal weight vector of U(m) (i.e. a
i -Ai m+1
semi-maximal state of U(m + 1)) simply by the pattern 2 .
im
It is our aim here to construct raising and lowering operators for

the group U(m) which effect the shifts
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A. AL

1 m+l 1 m+l
—

A A. + 8
im im ir
i m+1l i m+1

A AL - 8
im im ir

respectively.
We begin by noting that if P[r] is a U(m) projector (defined by
equation (2.5.6) with n replaced by m) and |A> is a maximal weight state

of arbitrary weight A then, in view of proposition (2.5.1), we must have
P[r]; [A) =0 for j > r and i arbitrary. (5.2.1)

An alternative proof of this result which exploits the orthogonality
relations of Clebsch-Gordan coefficients is given in [56].
Following our previous notation let wm denote the U(m) vector

operator with componentsnw; =gl (i=1, ..., m). Similarly we let w;

m+1
denote the U(m) contragredient vector operator with components

+ m+1

(). =a

m’ i i

We now note that
E A IVIER R JE LY

necessarily vanishes for i > r by virtue of (5.2.1). Hence it follows,
from the transformation law of contragredient vector operators, that
w;[r]r |A) is a maximal weight state of U(m) of weight A - A .

By an analogous argument, using proposition (2.5.2), it may be
shown that wm[r]r |A> is a maximal weight state of U(m) of weight A + AL
(We remark here that equation (5.2.1) holds for arbitrary maximal weight
states and hence may be applied to the construction of raising and
lowering operators in infinite dimensional representations.)

T
For ease of notation we denote the rth component of ¢m[r] by wm;

3
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viz. w; B wm[r]r. Similarly we denote the rth component of w;[r] by ¢+;-

In view of the preceding remarks we obtain

i m+l >‘i m+1
T
u) ac
miA. A, + 6,
imnm im ir
A, Al
N i m+l 1 m+l
wlr -
mlA. A, -~ 6.
im im ir

and we have our required (unnormalized) raising and lowering operators.

A.
Note that acting on- the state: 3 m+l the U(m) projectors P[r] and
im
P[r] are given by

(a - Aﬂm -m+ L)

Plr] = T
L=r \Arm “Aem * Y- *)
(3 + Ao - L+ 1)

P[r] = 0
L#r \Aﬂm e £J

where a is the U(m) matrix and a its adjoint. Hence our unnormalized

raising and lowering operators are given by

. (3 +r, -£L+1)\F
1‘br ] £m
m ml op ‘Aﬁm - Arm + 17 - £ j
(. _ j
w+r _ am+1 I a Aﬂm m o+ £
m J Iazr L)\rm - )\zm + K - 7T .

respectively.

Note that our raising (lowering) operators appear as components of a
U(m) shift vector. In fact they appear as components of pure shift
vector operators and hence have the additional property that when applied
to an arbitrary state of U(m) take it to a state in a representation of
raised (lowered) weight.

Now that our unnormalized raising and lowering operators have been

constructed it just remains to obtain the normalization. Using the
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Hermiticity relation

<
=
>
It
>
<
=

it follows that the normalization constants N; of our lowering operators

are given by

N = VoY

T
m(xi m+1’ Aim) AL m’'m Ai

Now from equation (4.3.9) we have

vV

y ~aT
m V=M Plr].

where Mr may be expressed in terms of the U(m) roots o and the U(m + 1)

roots B, as in equation (4.3.10). Acting on the state Al m+1:> the
im
operators Bk take the constant values Ak el +m+ 1 - k while the o

~-

take the constant values Arm +m- 1. We therefore obtain

= m+1
M ome (-1) ? (Ap e R I I LA
# . 2=l
o Al m . >‘1 m
n (a - A + 0 -1 -1)
g=1 I £m |
zT
Also, from equation (3.1.12), we have
= Ai m+1 Arm - Aﬂm + £ -1 -1 Ai m+1
P[r] ) = 1
1A m 2> ‘em ~ Mm t £L-r Al m
We therefore obtain the final result
- m+1 4
(-1) ? (Ap e em 22 "B &L
NT = p=1
m
I - - - I - + £ -
P<r (Arm Aﬂm & e S s iy £>1 (Arm Aﬂm )

- (5.2.2)

Our required normalized lowering operators are therefore

=Ty -1 tr
@'

5
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] . - . . . T
Proceeding in a similar fashion the normalization constants Nm of

our raising operators are given by

Again, from equation (4.3.9) we have

Substituting for Mr and

finally obtain

n - A

p m+l m

+T-P)

A
1 m+l

im

ﬁ[r]i using equations (4.3.11) and (3.1.13) we

Tz

(Am~k£m+£—r) M (xrm
£>r

-Aﬂm+z-r+1)J‘

Our normalized raising operators are therefore

ry-1 ,T
N7 v

We may now write down an arbitrary Gel'fand basis state in terms of

lowering operators acting on the maximal weight state |max> of U(n). We

have
T L A nn
Aln—l >‘2n-1 >‘n—1,n-1
y = N[A]'1
Xlz A22
>‘11

n-1 m +r >\rm+1_>\rm
m (w'm) | max) .
m=1 r=1

- (5.2.3)

The normalization constant N[A] appearing in this expression is

easily computed by repeated application of (5.2.2).

We readily obtain
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- = _r - 1! - - 1)
— nnl E . (Ar 41 Aﬂm + £ -1 -1)! . (Arm A£m+1 + £ - 1)!
D ( - A, + L -1 -1)! (A - A +£ - r)!
m=1 r=1 £<r rm £m £>r *"r m+l £m+1 _
1 O |
+ - -
x mH ( pm+1 Arm +r-p+ D!

(A

- - I
p=1 * pm+l Arm+1 HEEN L L

It should be noted that the products of lowering operators appearing
in (5.2.3) are ordered in such a way that the lowering operators for the
group U(m) appear on the right of those for the group U(m - 1). The
lowering operators WT; and w+$ for U(m) are ordered so that wT; appears
on the right of w+§ when r < k. However, changing the order of two
lowering operators for U(m) will only result in a change of normalization
constant N[A]. Of course this may be overcome by incorporating the
normalization constants_(5.2.2) into our lowering operators and working

with normalized lowering operators.

5.3 Comparison With the Nagel-Moshinsky Operators

We have already remarked, by their definition, that the raising and
lowering operators of U(n) are not unique. However we may assert that
our raising and lowering operators are unique with respect to the
property of being Hermitian conjugates of one another. To see this let
R; be an arbitrary U(m) raising operator which effects the shift

>‘i m+1 >‘i m+1

A A+ A
im im ir

According to Nagel and Moshinsky such an operator must be of the form

T _ r _j
Rm = h(a)j a1

for some polynomial h(x). Hence decomposing the U(m) vector operator
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pt o= a;+1 into its distinct shift components allows us to write

m
RE = ) h(a,)v[e]” .
mo ety 2

Now acting on the state Al 1Y the operators w[ﬂ]r, for £ < r,
im
must vanish by virtue of proposition (2.5.1). Hence acting on the state
J\i m+1 ;
A > we may write
im
- i m+l T i m+l
R = ] h@pviel
A L<r AL
im im

Now R;, by definition, effects the shift Aim > A+ Gir whereas each

im
T im+l\ . . .
Y[£] takes the state A into a combination of states of the form
im
i m+l
Aim + GiK . So in order to obtain the required shifts we must have
o)

h(az) = 0 for £ < r. Hence h(x) is divisible by the polynomial

n (x - GK) and R- is of the form
L<r m

T T
R.= ) ha,)v[e]".
L2r
Hence in terms of our raising opefator w; we have

e T
Rm - h(Otr)”pm *

I h(apuiel’. (5.3.1)
£L>r

A
Acting on the state 2 m+1;> the second term on the right vanishes and
im
we are left with
>‘i m+1 Ai m+1
T T
R = h(a_)v (5.3.2)
m r’'m
A AL
im im

In particular the Nagel-Moshinsky raising operators R; are of the

e for a suitable polynomial h(x). Moreover, from our

form h(a)? al
preceding remarks, h(x) is necessarily divisible by the polynomial
n (x - aﬂ). However it is well known that the Nagel-Moshinsky

L<r

T .
operators Rm are homogeneous at degree r in the group generators from

8
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which it follows that h(x) is of degree r - 1 which is precisely the

degree of the polynomial M (x - al)' Accordingly we must have

£<r
h(x) =c T (x - az)
L<r
where ¢ is a constant dependant on the roots Gy From equation (5.3.2)
A
acting on the state 1 the Nagel-Moshinsky operators are given by
im
A A
1 m+l N 1 m+l
R =c I (o -ap) ¥
M. L<r T £ AL
im im

. . . - T .
By comparing the normalization constants of our raising operators wm with

9

those of the Nagel-Moshinsky operators R; the constant ¢ may be determined.

By this means we obtain the result

= ar - ap - 1
c = (-1) I ——
< A<r T £

Hence the Nagel-Moshinsky raising operators may be written

o - aﬂ -1

r T i

T T
= (- 11
Rm (-1 i am+1

(a - a,)
Rer | %r T % :
From equation (5.3.1) we see that an arbitrary U(m) raising operator

may be written in the form

T Tr T
R- =8y + ) B, v[el ,
m m P51 £

where B, BE are constants dependant on the roots o It is matural to

ask under what conditions is the Hermitian conjugate R+; of R; a lowering

A

A
. +
operator. Now acting on the state e 1:> we have
im

Ai m+1 Ai m+1l

R = 4™ g + 1 v, 8,
A

A L>r .
im im

However each ¢+[£] for £ > r effects the shifts A, > x. + &., and
r im im il

hence in order to obtain the required shifts we must have BK = 0 for



£>r.

It follows then that in order for the Hermitian conjugate of a
raising operator to be a lowering operator it must be a scalar multiple
of our raising operator w;. A similar argument may also be carried out
for lowering operators.

Accordingly we see that our raising and lowering operators are

unique with respect to the property of being Hermitian conjugates.

5.4 Raising and Lowering Operators for O(n)

Following our U(n) notation if O(m) and O(m + 1) are two subgroups
occurring in the canonical chain

o(m) D0@m - 1) D ... D 0(2)

-

we shall denote a maximal weight state of O(m) with representation label
(Aim) contained in a representation of O(m + 1) with representation
A
im
label (Ai m+1) by X :>.
’ 1 m+1

Throughout we‘shall-let a‘be the O(m) matrix defined by (2.4.6)
(with n replaced by m) and we shall let wm denote the contragredient
vector operator with components

i_ i J
Vi M )j *m+1

where M is the O(m) transformation matrix given by (2.4.4) and (2.4.5).
Similarly we let wé denote the contragredient vector operator with

components

Suppose now we let P[r] denote the O(m) projector

a - o

£

P[r]= I u——_—a—
£=2r |'r e

5
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where the @ are the characteristic roots of O(m). Then, if |A> is an
arbitrary maximal weight state of O(m) of weight A, we have, in view of

proposition (2.5.3),

P[r]; x> =0 for j > r and i arbitrary.

From this result, as in our U(n) case, we may deduce that
w;[r]i ]A) = 0 for i > r. Accordingly it follows that w;[r]r |A> is a
maximal weight state of O(m) of weight A - Ar where we define weights Ar

for r > h by Ar = - A

.. T .
A 1or” Similarly we may show that wm[r] |A) is a

maximal weight state of weight A + Ar.

Following our U(n) notation we denote the rth component of wm[r] by

w;. In order to incorporate all possible shifts we need only consider
the operators ¢; and their adjoints ¢+; for values of r in the range
Of course in.the case m = 2h + 1 we may also consider the

r=1, ..., h.

zero shift operator w% and its adjoint w;o defined by w% = wm[h + 1]h+1.
However we do not require the zero shift operator for our purposes.

We then have

Aiomer A me1
T

wm o
A .+ AL
im im 1T

r =1, , h.

Xi m+1 >‘i m+1

+r

L “la. - AL
im im ir

We therefore have our required raising and lowering operators and it just
remains to obtain the normalization.

The normalization constants N; of the raising operators w; and the
normalization constants N; of the lowering operators w;r, in view of

equation (4.4.16), are given by

A A £
r i m+1 2 i m+1l
Nm - lPm ¥
AL A
1m 1 m

.11



im+l

r fr

M ﬁ[r];

1
Ai m+i:;
A.
im
>\i m+f>§
A.

im

1
Ai m+£:;
X,
im

5l

(5.4.1)

(5.4.2)

Due to differences in the normalization associated with O(m) for m

odd and even we shall consider each case separately.

O(m =

2h + 1):

(3.2.4) and (4.4.20),

o m+1
. II - -
_ Ai m+1 (-1) p=1 U‘p m+1 m  TTP? 1
M = -
Tla. g (Arm " At £-r -1+ 6£,h+1 h Gﬂ,n+1—r)
im Lzr
A omel A =dp, + £ -1 -1+38 -8
T Tm £m £,h+1 £,n+1-1
Plrly R N -, +L-r
AL L>r ™ £m
im
which gives the result
z n m+1
= il - -
= (-1) i Opmeg ~ AT P+ D
T - - 0] - I-r-1
m o (Arm Aﬁm + L - 1) o (Arm Ao * ho )

We also have in accordance with (4.4.20) and (3.2.5)

m+1
-n" oo
p=1

(A - A

p m+l

b & B = p)

In this case we have, in accordance with equations

AL
1 mt+l

Xi m+1

1 Ai m+1

(Arm - A * F-1r+1-2 6£,h+1 + 6£,n+1-r{J Moo

12



where we have made use of the identities

o - B +1
P r r P

™
]

=]
"

r+ h + 1.

a - ap=0p -G+ 8y

Substituting these expressions into (5.4.1) gives the result

- m+1
_ I _ -
(-1) ! (Ap e P)
N = 7 o 4
= P<r B - >tZm +4-7) L1 Py = J\lim rE-r+1-2 6i’_,h+1 * 6£,n+1-r)

In a similar way we may normalize the zero shift operator but we
will not do this here. It should be noted that in the above formulae we

have adopted the convention (2.5.17) for defining labels Aﬂm for £ > h.

O(m = 2h): As for the case m odd we may substitute formulae (3.2.2),

(3.2.3) and (4.4.19) into (5.4.1) and (5.4.2) to give the results

1

= m+1 “
. (-1 pql (AP " xrm +T-p+1- 5p,h+1)
N = =
m zgr (Arm - Atm + £ - 1) Ezr (Arm - Aﬂm + £ -1 -1)
n m+1 1
2
. (-1) p?l (Ap el Arm + T -p - 6p,h+1)
N = -
m zEr (Arm - Aﬁm + [ - 1) KET (Arm - Akm + £ -7+ 1+ 6£,n+1—r}

where we have used the identities

kool
I
Q
1}
Q
1
on]
g
+
=
+
(o]

Our normalized raising and lowering operators are therefore given by
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(N:l)'1 UJ; and (ﬁ;)'l 1p;r respectively for values of r in the range



CHAPTER 6

Matrix Elements of O(n) and U(n)

6.1 Our aim here is to determine the matrix elements of the O(n) and

U(n) generators. We have in fact already determined the matrix elements

+1 . .
of the generators a$+1 and a$ in Chapter 4. It is customary then to

obtain the matrix elements of the remaining generators by repeated

. . +
commutation with generators of the form a™ _ and aﬁ 1

We shall, however,
m+1

present an alternative procedure whereby the matrix elements of all the
. . . m+1

group generators may be obtained just as easily as those of the form a
m
and N

Before proceeding we establish some notation. If U(m) is a subgroup

occurring in the canonical chain
Umn) UM - 1) 2 ... 2U(1)

we denote the U(m) matrix whose (i,j) entry is the U(m) generator a;
(i,j =1, ..., m) simply by a . We denote the characteristic roots of the
matrix a_ by a. - (r =1, ..., m). They take constant values on a finite

dimensional irreducible representation with highest weight

(Alm’AZm’ s Amm) given by ar,m = Arm +m-T.
We denote the U(m) projectors simply by P[?J and ﬁ[?];
(a - «a

N m £,m
P[r] = 1 “eom T *2,m

Lzr \ 77 ?
p[m] T i
o Lzr %r.om T %2,m

where ém is the U(m) adjoint matrix whose roots &K o &Te given by

3

ap =M - 1 - Up - Following the notation of Chapter 4 we denote the

s

.1
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. : . m =|m =
(m,m) entries of the U(m) projectors P[r] and P[r] by Cr,m and Cr,m
respectively; i.e. p[m]m =C_ , ﬁ[m]m = C . From the remarks in
rjm T,m r/m T,m

Chapter 4 we know that these operators are essentially squares of Wigner

coefficients which may be expressed in terms of the a and o as
T,Mm £,m-1

in equations (4.2.17) and (4.2.19); i.e.

m ) m-1
= I = = - -
Cr,m 1 (ar,m ak,m) T (« - aﬂ,m-l 1) (6.1.1)
k=1 =1
zr
and
_ m ] m-1
C = II (« -a, ) - I (o -a, ) . (6.1.2)
Mmoo,  T,M k,m £=1 T,m £,m
T
Finally we denote the U(m) vector operator with components a;+1
(1=1, ..., m) simply by y(m). Its Hermitian conjugate constitutes a
contragredient vector operator with components wT(m)i = a?+1. The U(m)

~-

vector ¢(m) and its conjugaté wT(m) may be resolved into shift components
m m
t T
V) = ] w[’ﬁ], v = ] ov [ﬁ]
r=1 r=1
where w[?] and wT[ﬁ] alter the U(m) representation labels according to
m
- 1p[x‘][>‘k,m ¥ 6kr]
_ tm
-V [r] [)\k’m . Gkr]l
According to equation (4.3.9) we may write
m| T [m - m
o) ) -l
L I L IV (6.1.3)
T T r,m (T T

and Mr q are U(m) invariants which are given by

H

>
o
=

=8
—
= 38
—

1

n

where M
T,m

1 m+1
M op = CGDT T (o

-1 0 (o -a - 1y
k=1 T,m £,m

- Qo
k,m+1 r,m L= ,
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_ = m+1 )
M = (-1)7 I (o -oa. ) I (« - o - 1)
T,m k=1 k,m+1 T,m p,. o T,M £,m

- (6.1.4)

Their eigenvalues on finite dimensional irreducible representations are
the squares of the reduced matrix elements of the vectors y(m) and wT(m)
respectively. Note that by taking the (m,m) entries of equations (6.1.3)

we obtain the relations

mim T |m| _
1p[r] v [an Mr,m Cr,m
T {m mim _ =
L [r)m w[r] =Mem Cr,m

which will enable us to immediately write down the matrix elements of the

(6.1.5)

m m+1
generators a and a

. It is our aim here to generalize equation

(6.1.5) to enable us to calculate the remaining matrix elements.

From equation (4.2.15) we see that the entries P[m ; 1);+1 and
P[m ; 1]?+1 of the U(m + 1) projectors P[m ; l] are related to the

components of the U(m) shift vectors w[?] by the following equations
pjmF L1 ? p|h G (o - -1t
k [m+t1 ~ £21 £ k,m+1 " k,m+1 £,m

m
m+ 1ljm+l _ ) i . t (m
P[ k ]1 - Kzl ck,m+1(ak’m+1 U‘/@,m 1) (" [KJI. (6.1.6)
Similarl)’s from equation (4-2-18), we have the relations

( . m :
=im + 1|1 _ = _ -1 , |m|1
Pk k Jm+1 - KZI Ck,m+1(°‘k,m+1 aﬂ,m) ¢[£]

—(m + 1)m+1 _ Iil T {m o )-1 6.1.7)
k Ji = Yoleli k,m+1(“k,m+1 T %,m’ S

\

Finally, in view of (4.2.14), we have the relations

m+ 1{i _ jim + 1|i -1 p|m + 1|m+l
P[ K )j : P[ K ]m+1(Ck,m+1) P[ K }j
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R RS A WAET L e

This completes the summary of results from Chapter 4. We conclude
this section by obtaining a useful relationship between the projectors
P[m ; 1] and P[?] for the two subgroups U(m + 1) and U(m).

By applying the U(m) projector P[?) to both sides of equation
(6.1.8) we obtain, by virtue of (6.1.6),
If P[“‘]i P[‘“ y I]P P[m]9 = w[“‘}i C (o —a. - 1)72 w*[m]..
p,q=1 T|p k q T)j T k,m+1 " k,m+1 T,m Tr))

We now note, from the form of C 1 given by equation (6.1.1), that

k
_ _ —1 N «
Ck,m+1(ak,m+1 ar,m 1) is independent of ar,m and hence commutes
with ¢ 2 . We may therefore write

m|i m+1p miq _ _ _ -1 _ -1
P[r}p P[ k )q P[r]j T-Ck,m+1(ak,m+1 %r.m 1) (ak,m+1 ar,m)

m{i _{(m
" ‘”[r] ! [r)j’
which, in view of (6.1.3), may in turn be written

- - -1 _ -1 pimji
Ck,m+1 Mr,m(uk,m+1 ar’m 1) (ak,m+1 ar’m) P[I‘}j . (6.1.9)

Similarly we obtain
T o(m p s|m+ 1)q 5{m|i = 1
L P[r]j P{ k ]p P[rJq = Comen MemCimer ” Opm T D
p,q=1
_ -1 gl i
X (ak,m+1 0Lr,m) P[r}j ’

- (6.1.10)

As we shall see equations (6.1.9) and (6.1.10) are essentially all

we need to determine the matrix elements of the U(n) generators.

6.2 Simultaneous Shifts

If U(m + 1) and U(m) are two canonical subgroups of U(n) we have



a

already remarked that the operator y(m) with components l,b(m)z =a .,

constitutes a U(m) vector operator. Hence each operator a£ may be

m+1

written as a sum of shift components ¢[$) which alter the representation
labels of the group U(m) according to (2.5.13). However if k is a
positive integer less than m then the components \p(m)i i1=1, ..., k)
also constitute a vector operator with respect to the subgroup Uk).
Hence any given operator of the form aﬁ+1 (£ <m + 1) transforms as a
component of a vector operator with respect to the subgroups
U(m), Um - 1), ..., UL).

In the limiting case when £ = m we see that a$+1 can only be a
component of a vector operator with respect to the subgroup U(m). In

this case a$ can only alter the representation labels of the subgroup

+1

U(m) and we may resolvela;:+1 jnto its U(m) shift components according to
-
m o m|m
I ) w[r] .
r=1
Suppose now we consider a generator of the form aﬁli which transforms as
a component of a vector with respect to the subgroups U(m - 1) and U(m).

Firstly aﬁli must alter the representation labels of the subgroup U (m)

and we obtain a primary decomposition into U(m) shift components

m-1 s mim-1
fme1 T Z w[r]
r=1
where

mii _ tmii _ j =|m)i
o - B

mim-1 . .
Now each w[r)m ! is also a component of a vector operator with

mim-1 . i
T ! into 1ts

respect to U(m - 1). Hence we may further decompose w[ ]

U(m - 1) shift components according to

[m m-1 _ mil m m-1jm-1
Vir B =1 Vir 2

6.
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where

m m-1lm-1 _ Jfm-1jm-1  (m}i _ _|m|{i 5im-1|m-1
) iy il W AT W e
Hence we obtain the resolution

m m-1 [(m m-1|m-1

m-1

fper = L LY
r=1 £=1 (r £

where each component ¢[$ mil] simultaneously alters the representation

labels of U(m) and its subgroup U(m - 1) according to

m m-1
¢[r £ )[Xk,m ¥ Gkr]
m m-1
- w[r L )[Ak,m—l ¥ th]

By our construction the shift components ¢[2 mil] are given by

m m-1lk O F ml ek _(m)i _j
‘P[r K] le izl P[ £ )i P[r]j Um+1

m m-1 . .
7] 8 ﬁ[‘“]l. 15[“‘;11)‘.‘ .
551 i1 m+1  (r)] i

m m-1
>\k,m 1"}[1‘ £ ]

~im m-1
>\'k,m—l 1‘b[r L ]

We write this simply as
m m-1
o7 )

mél 2] may be interpreted as an (m - 1) x m matrix of operators

with entries

- P[’“@1 “‘] y(m) = y(m) 13[‘]‘_,‘ “‘;] ;

T

where P[

b x=1

More generally an operator dﬁ (L <m + 1) may be decomposed into

+1

sum of shift components which simultaneously alter the representation

6.6

a

labels of the subgroups U(m), U(m - 1), ..., U(L). We write this decompo-

sition as

ég _ z v m m-1 2 )2
m+1 ) im) i(m-1) 77 i)

(6.2.1)
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where the summation symbol is shorthand notation for
m m-1 X
im)=1 i(m-1)=1 i)=1

Each shift component simultaneously alters the representation labels of

the subgroups U(m), ..., U(£) according to

m m-1 £} _ m m-1 £ .
Mop Ylim) i) i(/é)] “”[icm) i(m-1) icz)][*k,p ‘Sk,icp))
for p=4, ..., m and k=1, ..., p. - (6.2.2)

These. shift components may be constructed by repeated application of

the subgroup projectors as in the aﬁli case. Let us denote the £ x m

matrix of operators with the entries

,z@ mEZ mil P[ L ]1 p[ 2+1 ]I‘ P[ m-1 )q P[ m ]P
Lo bk Tl i) o Tlaeen)e T lim)s
. 2 m-1~ m
simply by P[i(g) T i(m-1) i(m)]'

It is clear that these operators project out the simultaneous shift

components of the generator aﬁ+

m 4 2 m
?[i(m) o i(z)) B P[i(g) e i(m)) Y(m) . (6.2.3)

L = \p(m)K from the left;

Similarly we define the projectors

p| m m-1 L ]
im) i(m-1) 7 i)
with entries given by
-1 m- 4
= m £l _ L St —[ m ]p -[ m-1 ]q —[ L ]j
p im) " i(ﬁ)]i N pzl qzl rzl p i(m)ji P im-1jp " p i) )7
i=1, ..., m

=1, ..., 4.

Clearly these operators project out the simultaneous shift components of

the generator 1,1;(m)!Z = aﬁ+1 from the right;
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m £ 1 _ =l m £
w[i(m) . i(t)] = ¢ (m) P[i(m) - i(ﬁ)] . (6.2.4)
In a similar way we define the operators

P 2 m-1 m and p| @ m-1 £ )
i) 77 i(m-1) i(m) im i(m-1) "7 i®)

- (6.2.5)

defined in the same way but with the order reversed.

By taking the Hermitian conjugate of equations (6.2.1)-(6.2.4) we

1

see that the generator az+ (£ <m + 1) may also be resolved into its-

simultaneous shift components according to

AR ) 1\b'f[ m m-1 4 ]
Y A i (k) im) i(m-1) “°° i@)j2
' 1 m £ .
where each component Y [i(m) Qs i(E)J may be constructed by applying
the projectors (6.2.5);
t| m m-1 £ - £ m-1 m i
Vlim) i(m-1) i(ﬂ)] = p[i(ﬂ) Tt i(m-1) i(m)] v (m
t m m-1 £
= P[i(m) im i(ﬂ))
We conclude this section by obtaining a generalization of equation
(6.1.5) for the multiple shift vectors w[i?;) aare iéz)]'
We have
t1 m £ m /4 ]Z
Viim i e Yam il
m . 3
N ) rme)i t j = m 2 ]2
" . JZ=1 p[i(z) i(m)]z vt (m), v(m) Pli(m) SRR
m-1 . ]
_ ={ £ m-1 i f| m m |j 5| m-1
" §=1 P[i(ﬂ) rie i(m-l)]ﬁ v [i(m)]i 11’[i(m)] P[i(m—l)
- (6.2.6)

However, in view of equation (6.1.3), we know that

8

£
i)
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LN

) m m |j _ = m |j
v [i(m)]i w[i(m)] =M tm),m P[i(m)]i

and it follows that (6.2.6) may be written

={ £ m-1 =l m - m-1 ,CK
Mim),m P[i(ﬂ) ... i(m_l)] p[i(m)] P[i(m_l) e i(z)]z (6.2.7)
By repeated application of (6.1.10) this in turn may be written

m m

_ _ -1 _ -1 ~
ol (5 p3,p = “1p-1,p-1 ~ D7 iy~ Senyp) T T, M aCie

- (6.2.8)

Similarly we have

m 2 YV [ m 2
q’i(m) i) v im) "7 i@t

m m

- — -1 _ -1
AT R TRV D75 y,p ~ “en,p-) Y, M i

N

- (6.2.9)

These are the required generalizations of (6.1.5). They are in fact

+ .
the squares of the matrix elements of aﬂ and a? ! respectively.

m+1

6.3 Matrix elements of the Group Generators

Throughout this section we assume that we are working in a finite
dimensional irreducible representation of U(n) and we shall adopt the

usual Gel'fand basis notation. Our aim is to evaluate the matrix

£ m+1 . m+l .
<

elements of the generators a1 and a, (£ <m). The matrix of a 4 1S
of course diagonal with entries

m+1 m

YA S VEN
+
j=1 o™l i=1 !

Supressing the labels of U(m + 2) we may write an arbitrary

Gel'fand pattern in the form
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Ai m+1

where (v) denotes a Gel'fand pattern for the subgroup U(£ - 2). Let us

fix this Gel'fand pattern and write it in the form |Aj k> for ease of

>
notation. We begin by obtaining the matrix elements of the generators

m m
a and a
m+1 m

+1

Resolving a$+1 into its U(m) shift components we have

AJ',k> - [I;]m ”\j,k>

m v
= ) N“‘[;\. DAL 3 AL Hx + A >
r=1 T j,m+l j,m’> "j,m-1 j.k T,m

m
a
m+1

1
~—13
=

r=1

where |Aj Kt Ar m) is shorthand notation for the state obtained from
2 >

|Aj k> by increasing the label Ar = of the group U(m) by one unit leaving
the remaining labels unchanged. The matrix elements N?, in view of the
Hermitici tim| _ m\m]* . .

ermiticity property ¢ o ) = v r and equation (6.1.5), are given
by

NT (A A A <>\ A >1/2 6.3.1)
r(Mgomend Aym Myme) T Yk 3k (-3

(Strictly speaking this matrix element is to be multiplied by a phase

M

C
T,m T,m

factor. However it is customary to choose the phases of the matrix
elements of a$+1 to be real and positive. The question of phases shall

be discussed more fully in the next section.) Substituting for Mr n and

3

Cr n using (6.1.2) and (6.1.4) gives the result

E

10
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. L
. m+1 m-1
(-1) H[A +r—p]H[A - A +£—r+1]
p=1 p,m+1 T,m g=1 L Tom £,m-1
= m
n _ _ _ _ '
o [Ar, )\L + £ r] [)\r, ‘em £ -1+ 1)
L zr A
- (6.3.2)
which are the well known matrix elements of a$+1.
Similarly the matrix elements of a$+1 are
—m .
r J,m+l, J,m, J,m-1
. E
= <Aj,k Mr,m Tr,m Aj,k>
] " m+1 m-1 7’
(-1) U[)\ - A +r-p+1)H[)\ - A +£-r)
) p=1 p,m+l TyMm g=1 L Tom £,m-1
m
I [kr, - AZ, + £ - r}[kr,m - AE, +4£ -1 - 1]
£=1
- (6.3.3)
The method for calculating the matrix elements of a1 and a?+1 is
similar and, in view of (6.2.8) and (6.2.9), no more difficult. Resolv-
ing aﬁ+1 (£ < m) into its simultaneous shift components we have
fabsd = gy b 1) P
a Al = ) vl . AL
m+1|" 3,k 1 () i(m) i) ik
m £
= N|. cee s Al + A, + sga + A,
i(zk) [1(m) 1(1’.)” ik " Cim),m 1(1&),/&>
where lxj’k + Ai(m),m + ...+ Ai(ﬂ),£> denotes the state obtained from
|Aj k> by increasing the representation label Ai(r) r of the subgroup
Uu(r), r = £, ., m, by one unit leaving the other labels unchanged. In
! . m £ 3
this case the matrix elements N[i(m) i(l)] are given by

11
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1

m L) _, t( m £ m L\ >1
Nigm) iaJ'””ALk¢[ﬂm L inzwhm)'“ iwﬂ ka
which, by virtue of (6.2.8) and (6.3.1), equals

m 7 m -

e B ) gy [(Xi(r),r “Aie ), P IE D SN0y gy
. _ 1%
- Ai(r-l),r-l +i(r - 1) - i(r) + 1) ] - (6.3.4)

T

. (A, s AL 3 AL } are the matrix elements of the
i(r)Vj,r+1’ i, v’ Tj,r-1

r -—
where Ni(r) = N
generator a;+1 which is given by (6.3.2). The undetermined phase ()

(which may be chosen real for U(n)) will be obtained in the next section.

Clearly N ig;) =T 1(2)] corresponds to the matrix element
>‘j,m+1 2 Aj,m+1
a
an | ™

where (A') = (A) except for A{(r) o Ai(r) . 1, r=4, ..., m.

Similarly the matrix elements N 13;) " i(ﬂ)] of the generator
a$+1 (L <m + 1) are given by
o m IAVA m KﬂwT[m /&HA >li

im i) TNkl iw im i@k

which, in view of (6.2.9), equals

nor N _ _ . ]-1[
= rEK Ni(r) r=2+1 [[Xi(r),r - Ai(r—l),r—l +ifr -1 -i() + 1 Ai(r),r
S VPR T I i(r)]—l]z - (6.3.5)

=T _&T

= b ; i 1 ts of the
where Ni(r) Ni(r)(kj,r+1’ Aj,r’ Aj,r—l) are the matrix elemen

generator a;+1 which are given by (6.3.3).

Choice of Phases

In obtaining the matrix elements of the U(n) generators there is a
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degree of freedom in that the phases of the generators aE+1 may be chosen
arbitrarily. Following Baird and Biedenharn!! we have chosen these

phases to be positive (which agrees with the Condon-Shortley convention
for SU(2)). By Hermiticity it follows also that the phases of the
generators a$+1 are also positive. The phases of the remaining genera-
tors are then dictated by the Lie algebra commutation relations. {(Note
that with our choice of phase all matrix elements are real.) It follows
from these considerations that the general matrix element N i?;) ees iéi)]

has phase
S(im - 1) - im)s(im - 2) - im - 1)) ... s(i(®) - i€ + 1)

where S(x) is the sign of x and S(0) = 1.

Specific Cases

U(2)

An arbitrary Gel'fand basis state for U(2) may be written in the

form

Kln{£2> where Kl > £2 = 0 and Kl =m=> Kz. This case is somewhat
special since aé and a% constitute vector (respectively contragredient

vector) operators which increase (respectively decrease) the label m by
one unit. In this case therefore there is no need to project out shift
components. The matrix elements of a% and a% coincide with the reduced

matrix elements for this particular case. Application of the above

formulae gives

a;]‘1m£2>= (4, - mm - £, + DI? ’1'1 £2>

m+ 1

m -

as requiredll. The matrix elements of the diagonal generators ai and ai

are given by



U(3)

(o)
—
=
(o]
N
"v
n
=

)
—
=
o)
N
\/
n

For U(3) an arbitrary Gel'fand basis state may be written

T3
. We have

T, I, Tj
2
az| 4, 4,
m
I‘l r2 r
1
ag !Zl 1’.2
m
Ty T, T3
3
aj El £,
m
I'l r2 r>
a3
1

1 o 3
) 2
= Nj £ +1 !,2 + N2
m
2 1111 T2 T3 T3
o I 2, z +1
1 : m+1
r, T, T3
= 52 =2
= N2| £,-1 &, + N2 fly !_2-1
m
(2 NFEr Tz %3 r, Ty
Sy £,-1 &, 21 £,-1
1 1 m-1 m-1

According to formulae (6.3.2)-(6.3.5) the matrix elements are given by

N2
1

Ty - £y -1, + Dy -1, + 2D, - m o+ 12
@, - L, * D - L, + 2
e, - £, + D@, - L), - 7, + D - 2]
i @, - L, + DU, - L) i
T, - £) (R, -1, + DU -1y + D@ - L, + 1]
@, -2, * D - L, + D

6.14
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[ DO, - )8, - r  DE m)]*
@, -L, +DE - L) 1

=
————
N N
— —
| —
|

=z
N
|

o (r1 - £1 + 1)(!,1 - rz)(ﬂ1 - Tyt 1)(1’.1 -m &
*, - £2 + 1)(31 - Ez) :

2

, ’Trl - 22 + 2)(r2 - Kz + 1)(1’,2 - r3)(m - £2 + 1) &
2 @ - +D& -4, + 2

-

n

£, - Kz + 1]([1 - 12)

_[2 1] (r, -4, + D®, -1,)¢ -1+ (m - zzf}%

(2 il (r; -4, +2)(x, - &, + D, - rs)(t1 -m+ 1)’]2’i
N = -
(£1-£2+1)(£1-£2+2) _l

Finally the matrix elements of the generators ag are given by
3 r, r, T, r T, T,
a £ £ = [(r1 tr, ot r3) - (21 + Ez)] £, £, while
m m

the matrix elements of the remaining generators are given by our U(2)

example.

6.4 Analysis of Results

We have shown that the only non-vanishing matrix elements of the

generator a£+ are of the form (suppressing the labels of the group

1

U(m + 1))
A! A
<i aﬁ+1 :> (6.4.1)
") (v)
where X' is of the form A' = A + A, where A. is the U(m) weight
i (m) i(m)

with 1 in position i(m) and zeros elsewhere. Also, since aﬁ+l is a

vector with respect to the subgroups U({), ..., U(m - 1), we see that the

only allowed patterns (u') are of the form (u') = (n) except

15
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1

ui(r),r = ui(r),r +1 forr=4, ..., m-1 and some i(r) in the range |
1, ..., r. The matrix element in this case is N . ) £ and is
i(m) i)

given by (6.3.4) (with the appropriate phase). On the other hand, using
the Wigner-Eckart Theorem, this matrix element may also be written
- A 10 | A+ 55 (m)
A+ Ai(m)’ lw(m)’ \A i (6.4.2)
w £ (n")

where the first term is the U(m) reduced matrix (Mi(m) m);i of the U(m)

i

vector w(m)1 =an;

Hence comparing the general matrix element (6.3.4)

with (6.4.2) we see that the general Wigner coefficient

A 10 | A + 54 (m)
5 is given by
(v)

(")

16

m
: {%i(ﬂ),ﬁ ey )T M o1y, (i) ,r Y-, YT Py r

where the phase is given by the phase of the corresponding matrix
element. This shows the explicit factorization of the matrix element
1

(6.4.1) into the reduced matrix element [Mi(m) m)é and the Wigner
coefficient (6.4.3).

In the notation of Baird and Biedenharn!! let us denote the U(£)
Wigner coefficients [C ]1/2 b 1(£) : é] (where we incorporate
gner o i, L e-1 | P

(£ - 1) into the pattern to indicate the dependence on the u - 1)

1
labelling parameters), and the reduced matrix element [Mi(r) r]/2 by -

[i(i)+'lr]' Finally we consider the "reduced Wigner coefficients

[ i(r) ¢ 71

i(r-1) : 1 - 1] which are given by

site - 1) - i(r))l}_:i(r),r Mi(r-l),r-l(ai(r),r T % (r-1),r-1 1)--I[OLi(r),r -

5
_ -1
, ai(r—l),r-l) } '

Then the matrix element N . s .Z' may be written in terms of
i(m) i(8)
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reduced matrix elements, Wigner coefficients and reduced Wigner coeffic-

ients according to

m £ m+ 1 m i(r) ¢ T
T } :
i(m) i(L) i(m) : m| r=f+1 [i(r - 1) : ¢ -1

It is interesting to note that by taking the (m,m) entry of equa-

tion (6.1.10) we obtain the result

: P P - Ck,m+1 Mr,m Cr,m %k,m+1 ~ Cr,m

T k Tim ?

In terms of reduced Wigner coefficients this relation may be written in

2
_|m| _{m + 1} [mim k:m+1 _{m|m
P p P P
T) - k T/m r :m T/m

which shows that the reduced Wigner coefficients are determined solely by

the form

-

the subgroup projectors.

Finally from equation’ (6.2.7) we may write the matrix element

N[i?;) F 3 ié%)] in the form
A (¢ m) (m £ e | r \®
Mi(m),m P . et - . R
(1) i(L) ~i(m) i(m) i(@))e | (W)

Comparing this with the Wigner-Eckart factorization (6.4.2) we see that

the general Wigner coefficient (6.4.3) is given by

<A . ya ) m 15.m 2 A =,<x .1(.))\+Ai(m)
() i) i(m) i(m) i) e | (w) () £ (u")
- (6.4.4)

This is clearly a generalization of equation (4.2.5) obtained in
chapter 4.

It is in the form (6.4.4) that I believe the formula for the
fundamental Wigner coefficients is most useful. This is because it is in

a form which is directly generalizable to the more general case of

arbitrary tensor representations by applying the appropriate tensor

S (o iy - )

\
/
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projectors in a way indicated by the corresponding Gel'fand patterns.

6.5 Extension to O(n)

Following our U(n) example if O(m) is a subgroup occurring in the

canonical chain
O(n) 20 -1)> ... 2 0(2)

then we denote the O(m) matrix whose (i,j) entry is the O(m) generator

at by a_. We denote the characteristic roots of o_ by a r=1, ..., m
J m m T,m

where the a. ., are related to the O(m) representation labels xz n by

3

ar,m=)\le,m+m-l-£

where we define labels AZ o for £ >-[gﬂ in accordance with (2.5.17).

With this convention we see that an operator which increases the label

Aﬂ o ey be interpreted as an operator which decreases A and
3

m+1-£,m

vice versa.

We denote the O(m) projectors constructed from the matrix o by

P[mJ and P[m];
g r rmw ra - O
i.e. P = 1 __E__?ﬁgdl_
ir) Lzr (“r,m £,m
(m) (& - a
5l | = n | Lm
)  £zr (%r,m ” %4,m

.3

where &m denotes the O(m) adjoint matrix whose roots &2 o 2re related to

the characteristic roots % m by % m T %me1-g,m’

We denote the (m,m) entries of the O(m) projectors P{?] and ?[2)
simply by Cr = and Cr " respectively. We have seen in chapter 4 that
these are essentially squares of fundamental Wigner coefficients which

may be expressed ‘as a function of the roots in the O(m) and O(m - 1)

identities according to
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m-r
C = C = 0 (a - o Y7l n (o -a - n,).
T,m m+l-r,m . T,M k,m g1 Lo £,m-1 £

where nz =1 for m - 1 even and np = 1 - 6{ h+1 for odd m - 1 = 2h + 1.

Hence we have

m-1
= C = _ -1 _ -
Cr,m m+1-T,m kzr (a ,m ak,m) 21 (ar,m aﬁ,m—l 1), m 2h + 1
n-1
Cr,m m+1-1,m = (0‘ ,m ak,m) Kl:l (Otr,m aﬂ,m—l 1 + 6ﬂ,h—1)’
m = 2h
- (6.5.1)

We denote the O(m) vector operator with components ot iA=1, ..., m

m+l
simply by y(m). Its Hermitian conjugate is a contragredient vector

m+1

operator with components w+(m)i = o The O(m) vector Y(m) and its

~

conjugate w+(m) may be resolved into a sum of shift vectors

m
1 rii

where w[?] and w+[?] alter the O(m) representation labels according to

=

pm?t =

1~
=)

m|i
t -
1 IPE » w (m)i -

r r T

(m m
>‘k,m v =V [Ak,m * 6kr B 6k,m+1-r)
s P
'8
+™ 1 m
>‘k,m v r =V (Ak,m " S T 6k,m+1—r)'

According to equation (4.4.18) we may write

m + m _ m
14 14 = Mr’m P
T T (T
3 3
4[m m fm
" 1 o | =M P } , - (6.5.2)
T T LT

where M
T,m

3

and Mr o 2re O(n) invariants which are given by
m+1

M =M = (-1)"
r,m m+1-r,m
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where the entity n, is subject to our previous interpretation.

£
We therefore have, for the cases m odd and even,
n m+1
M - = [A _ ‘ _ . N = -1
Mr,m Mm+1-r,m (-1) k=1 (ak,m+1 0Lr,m) Kgr (ur,m %2,m i Gﬂ,m+1—r)
m = 2h
_ = m+1
Mr,m - Mm+1—r,m = (-1 ? (ak,m+1 - 0Lr,m) n (ar,m T %.,m " L+ 6[,h+1
k=1 Lzr
- -1, =
6£,m+1—r) B m= 2h + 1.
- (6.5.3)

Their eigenvalues, on finite dimensional irreducible representations, are
the squares of the reduced matrix elements of the generators a;+1 and

m+1 .
ay respectively.

k m+1 k i

As in our U(m) example the entries P[m y 1]1 and P[m N 1]@+1 of
the O(m + 1) projectors are related to the O(m) shift vectors w[?] by

the following equations (see equation (4.4.11))

(m + 1}i

m m|i A
PL k Jm+l ) Kzl ! £ (uk’m+1 " %,m T nf)_l Ck,m+1
(m + 1)m+1 m . o[m
P\ K )i Zl (o, mer = %m0 Cmer V|, i

- (6.5.4)

Similarly, using the adjoint projectors ﬁ[m ; 1) we have the equa-

tions
_'m + 1)1 m ~ _ m|i
PL 1 jm+1 i Zl Ck,m+1 [“k,m+1 T %.,m nf)_l v ya
_rm + 1\m+1 mooml _ _ 0s
P ¥ 15 - KZI v 2l Ck,m+1(ak,m+1 T %,m " nﬂ)

- (6.5.5)

Finally, by applying the U(m) projector P[?] to both sides of the
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relation (see equation (4.4.9))
m+ 1}i m+ 1}i ) m + ljm+l
P =P (C Y™ P
kK Jj K m T kK Jj

we obtain, by virtue of (6.5.4),

m m|i |m+ 1l|p |m|q m|i ™
- - _ -2
z_ P P : . v (ak,m+1 %r,m nr) Ck,m+1 ¥ )
p,q=1 (r)p k Jag |r)] T T)]

From the form of Ck o given by (6.5.1) we may write this in the form

C M o - o - "1 (g - a -1 (o - o
k,m+1 r,m( k,m+1 T,Mm nr) ( k,m+1 r,m) ( k,m+1 m+l-1,m

-1
- nr) (ak,m+1 T Ym+r-T,m 2nr) P )i
- (6.5.6)

This equation, although clearly an analogue of (6.1.9) obtained for
the unitary group, is a slightly more complicated expression than the
corresponding equation obtained for U(m). This is because, from the form

of Ck . given by (6.5.1), we may deduce, as in the U(m) case, that

C (

- n.)"! is independent of o_ . However we cannot
k,m+1

%k,m+1 _ Cr,m T T,m
simply bring this quantity through to the other side of w[?]l due to

the dependence on the root o . Hence an extra factor
m+1-T,m

(o

- an)(a - nr)'1 has to be introduced

- a - o
k,m+1 m+l-r,m k,m+1 m+l-r,m

to account for this.

6.6 Simultaneous Shifts

As in the case of U(n) an O(n) generator of the form a$+1 transforms
as a contragredient vector operator with respect to the subgroups
om), ..., 0(£) (for 2 < £ <m). We may then proceed to resolve a2+1
into its simultaneous shift components. However in the case of the
orthogonal groups a special derivation is evidently necessary for the

special cases where £ = 1, 2. We shall treat the case £ > 3 first and



6.

then consider the special case £ = 1, 2 later.

First of all it is clear that a generator of the form a2+i may only

H

alter the representation labels of the subgroups O(m) and O(m - 1) and
we obtain a resolution into simultaneous shift components

m m-1 m-1

m
M) ]
r=1 £=1 T £ jm-1

where each shift component w+[$ mél] simultaneously alters the represen-

tation labels of O(m) and its subgroup O(m - 1) according to

(m m-1) ,’m m-1
A, =y (A, -6 +8 )
k,m k,m kr k,m+1-1
\r 'ea kr IE’
(m m-1) (m m-1
+ +
A Y =y A . 8 )
pom-1 Yy ¢ ) r ¢ |Vpom o TPt Tpom-L

_ m| _ M- 1
k=1, ..., [2} s p=1, ...; [ > ].
m-1

The simultaneous shift components ¢+ ? 2 ) are clearly given by

. |m m-1 n m m-1 _ m-1 ml o
P =y (m) P . =P ¥ (m)

T £ T

where P[$ m—l] and ﬁ[m-l 2] are the operators defined by

m m-1}i m-1 (m]i (m-1}p
P = } P P

\r £ JJ p:l TP L J i=1, ., m
(m-1 m}1 m-1 (m-1|p _[m]i j=1 ... m-l
P = ] P P

L L rj]j p=1 (£ )] T|p

More generally a generator a?+1 (3 < £ <m) may be resolved into shift

components which simultaneously alter the representation labels of the

subgroups O(m), ..., O(£). This decomposition may be written as
m+1 | T £
ap = P .
ick) i(m) i))e

where the summation symbol is shorthand notation for

22



m-1 £
i(m)=1 i(m-1)=1 i(L)=1
Each shift component alters the representation labels of the sub-

groups O(m), ..., 0(£) according to

| ™ 4 4| ™ 2 ( ]
A ¥ .. =y . A -5 . + 8 .
k)p 1(m) 1([) 1(m) 1({) k,P k,l(P) k,P+1 1
forp=4, ..., m; k=1, ..., [g].
Clearly then if i(r) < Eﬂ then the above shift component decreases the
O(r) representation:1abe1'ki(r) N by 1 unit. On the other hand if
. T N . .
i(r) > [ﬁ] then Ar+1-i(r),r is increased by 1 unit. In the special case

when r is odd we see that when i(r) = [%] + 1 then none of the represen-
tation labels of O(r) are altered.

These shift components may be constructed by repeated application
of the subgroup projectors as in the case of U(n). We denote the m x £

matrix of operators with entries given by

m-1 m-2 2 m |i m-1 |p £ |r
Y T wma P P s P
p=1 g=1 r=1 (i(m)jp (i(m - 1))q i3

i=1, ..., m; j=1, ..., &

simply by P[ig;) &9 iéi)]' Similarly we define the matrix of opera-

tors ﬁ[ constructed from the adjoint projectors. Clear-

m
i) 77 i(m)

ly then, the simultaneous shift components of the generators

¢+(m) = a?+1 are given by
L m £ N m +
v =P Y (m)
i(m) i) i(L) i(m)
m £
= v (m) P[ . }
i(m) i(8)

In the same.way we define the matrix of operators

6.23
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m L £ m
p —_ and p .
i(m) i) i) i(m)

defined in the same way but with the order reversed. These operators

. . . £
project out the simultaneous shift components of the generators LA

£ £
2 m
Ol z w[ ]

il im i (0)
where each component w[i Enm) — i(ﬂﬂ)] is given by
m £ £ m
P =P P (m)
i(m) i(L) i(L) i(m)
[ m £
= y(m) P
i(m) i(f)
We may now present a generalization of equation (6.5.2) for the
multiplle shift vectors w[i Enm) R ié&)] . We have
m L L 4] ™ £
Y ¥
i(m) i(e) i(m) i()jL
(2 m |2 i 4 m £ 13
= P Y (m) ' (m). P
1i(2) i(m))i I lim) i())e
i m-1 £ m }i +[ m ]
= P et P Y
1) i(m-1)ji (i(m) i(m)/j
m-1 £ 13
x P “lane :
i(m-1) i) e
Using (6.5.2) this in turn may be written
£ m-1 m m-1 £ L
M. P e P P . :
1m,m = o) im-1)) im) (i(m-1) 1(0))2
Hence, by repeated application of (6.5.6), we obtain the result
m £ |L 4 m £ ) mo
] A ] % w =M, . C, . 11 M_ .
i(m) i(2) i (m) ije B0 LI oy T

- -1
xcr,i(r(“i(r),r T % (r-1),7-1 ni(r-l)) ' (“i(r),r B ai(r-l),r—l)

.24
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x (“i(r),r B “rQi(r-l),r-l B ni(r—l))_l (“i(r),r T Ori(r-1),r-1 zni(r—l))’

- (6.6.1)
which is the required generalization of equation (6.5.2).
We now consider the special case where £ = 1, 2. Although the

m+1 + . .
generators o and o™*? both transform as components of vectors with

1 2
respect to the groups O(m), ..., O(3) it is clear that neither of them
transform as vectors with respect to the subgroup 0(2). This leads us

to consider the operators y (m) defined by

1 .
b = 5= (oqey * 1 0s)

These operators may be regarded as components of the O(m) vector opera-

tor
ym?! =y, ()
pm)?2 = y_(m)
i i _
\D(m) = am+1 s 1= 3, ] m,
which is obtainable from the 0(m) vector operator {u;+1} 1=1, ..., m)

by considering the change of basis transformation

The associated change of basis matrix is

( )

M' = ygj




6.26

where M 1is the 0(2) change of basis matrix

Clearly then the operators Y (m) are given by

_ mogal = m-132 ]
p, (m) = (M )j & p_(m) = (M )j o

where we have summed on j from 1 to 2. The O(m) vector wl B (M');lj-a&+1

has components in their 0(2) weight space forms. Similarly the entries

of the O(m) matrix
a' = M' a(M')"1

consist of O(m) generators in their 0(2) weight space forms. We may now
proceed as we did before working with the matrix a' instead of the
matrix a. The»modificatidns\required are trivial and the analysis
proceeds in exactly the same way as before.

The result is that the operators ¢ (m) and their adjoints

wi(m) = 5L:VaT+1 Fi a2+1] may be resolved into simultaneous shift compo-
= 2
nents
m 3 2
p,m = ] v
B i(k) i(m) i(3) *
+ " m 3 2
y, (m) = v
- ick) i(m) i(3) *

where the simultaneous shift components simultaneously alter the repre-
sentation labels of the subgroups O(m), ..., 0(3) as before and also

alter the representation labels of 0(2) according to

[ m 3 2) m ' 3 2 ( )
A, o ¥ = ¥ |
B2 i) i(3) 3 i (m) i3 o+ P
([ m ‘ 3 2) m 3 2
x12w+ =" Moo Y
22 i(m) i(3) % i (m) i(3) &



6.27

Note that ¥, can only increase the representation label of 0(2) while
y_ can only decrease the representation label of 0(2) (and similarly for
o
Vo).
+
In the case of 0(2) all Wigner coefficients are unity and the
result corresponding to (6.6.1) for the simultaneous shift components of
the operators w+(m) is

m S 2 L] m 3 2
P!
i(m) i(3) + i(m) i(3) +

m
=M, 1Moy Ci e (i, T e, T i)

1,2 r=3
X = - _ _ -1
(“i(r),r “i(r-l),r-l) ' (ai(r),r %r_i(r-1),r-1 ni(r—l))

8 (ai(r),r T %yli(r-1),r-1 2ni(r— ))

- (6.6.2)
and
m 3 2 + m 3 2 Mz,z m 3 2
14 ] = 5 Y
i(m) i3 - lim i(3) - 1,2 |i(m) i(3) o+
of m 3 2
x Y e - (6.6.3)
(i (m) i(3) o+
where M1,2 and M2,2 are given by (6.5.3).
Expressing the generators a$+1 and a%+1 in terms of ¢ (m) we have
al, = = (v, - y_m)
e -
(6.6.4)
2 .1
a2 = /E'(¢+(m) +y_(m).

. . . . m+
From this it follows, in our previous notation, that the generators a,

m+ . .
and a, ! may be resolved into a sum of shift components

m 3 2
SALI S i=1, 2

* i(k)  (i(m) i(3) i(2))i

where the shift components alter the representation labels of 0(2)



according to

"
m

i i (m)

.
m

’ [ (m)

These shift components, in view of

(
m
w+
|1 (m)
..l..r m
wl
(i (m)
( m
w'l'
(i (m)
_Lr m
l’)l
(i (m)

6.7

3
i(3)
3

i(3

3

i(3)

i(3)

i(3)

i(3)

2\

2)
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A m 3 2)

v , - D

i (m) i3 1y
L' m 3 2)

P (L. + 1).
i (m) i3 2 '?
(6.6.4), are given by

( \

1 + m 3 2
=nv . :

2 li(m) i(3)  +)

4 o+ m 3 2

= — u)

2 (im) i3 -
:

) _1= ¢* m 3 21
2 (i(m) i(3)  +)
P m 3 2

AP Ny

(i (m) i3 -

Matrix elements of the O(n) generators

- (6.6.5)

Throughout this section we assume that we are working in a finite

dimensional irreducible representation of O(n) which admits a Gel'fand

basis.

m+1

) £ <m.

Supressing the labels of O(m + 2) we may write an arbitrary Gel'fand

state in the form

Our aim is to evaluate the matrix elements of the generators

28
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where (v) denotes a Gel'fand pattern for the subgroup O(£ - 2) (this

pattern of course does not occur when £ < 3). In the special case

£ = m=> 3 we see that the matrix elements of the generator a$+1 are

given by
m m
m+1 T
A A
m lJ,k> rzlw rmlJ,k>
I | )
= N A, - A
=1 T j.k r,m
where lAj,k - Ar,"l>denotes the state obtained from IAj’k.)by adding to

the 2nd row (from the top), corresponding to the labels of the subgroup

O(m), the weight —Ar Here the weight Ar o is defined to be the weight

3 b4

with 1 in position r and zeros elsewhere for r < h = [g] while we define

weights A , T>h, by A = -A .
r,m r,m m+l-r,m

The matrix elements N?(Xj 3 AL _1), in this case, are

DAL
,m1” Tj,m’ j,m

given by (up to a phase)

N“‘=<>\. | M C |A.J/2
r \j,k r,m r,m Js

which may be evaluated using equations (6.5.1) and (6.5.3). Hence for

the case m = 2h we obtain (up to a phase)

o Ml m-1
i) (Ak,m+1 - Ar,m ¢ Taap & 0y M (Xr,m - >‘!Z,m—l alE Bl 6Ii,h—l
Nm = k=1 ,e_:l
T
n o ,m Aﬂ,m tf-r-1- 6£,m+1—r)(kr,m B Aﬂ,m *L-T)
2zr
- (6.7.1)
and in the case m = 2h + 1 we obtain (up to a phase)
i
m m+l m_l 2
-1 (Ak,m+1 - >‘r,m +r-p+1) T (Ar,m - Aﬁ,m—l +&-1)
N - k=1 £=1
T Zgr (A i Aﬂ,m + L -1 -1+ 6£,h+1 - 6£,m+1-r)(xr,m - Aﬂ,m + L - 1)

- (6.7.2)

where we have adopted our previous convention for defining labels Ar o
b
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for r > Eg] = h. The phases for the above matrix elements shall be
determined in the next section. To avoid ambiguity we henceforth refef
to (6.7.1) and (6.7.2) as the '"phase-free'" matrix elements.

Returning to the general case we may resolve the generator a2+1

(3 < £ <m) into its simultaneous shift components to give

' £
m+1 + ™ W
o . >= Z IJJ L. |>\ >
£ 3.k i(k) (i(m) (L)L i,k
(m L\
) igi) iwm sy ‘Aj,k “limy,,m T T Ai(ﬂ),£>

The matrix elements in this case are given by (up to a phase)

m L m L L 4 m 2 .
N =<>\.k‘w V ’x. k>1
i(m) (L) ) i(m) i) i (m) i)je I

which, by virtue of (6.5.6), is equal to

moo m h ) .
BT - [[“i(r),r “ % en,et T M) G T e e

. (“i(r),r T %i(r-1),7-1 ni(r—l))_l (“i(r),r T %roi(r-1),r-1 T

- Z”i(r-l){} , , - (6.7.3)

) T+l
where Ni(r) are the phase-free matrix elements of the generator o

which are given by (6.7.1) and (6.7.2). We henceforth refer to (6.7.3)
as the phase-free matrix elements of the generators a?+1

. m £ ;
It is clear that N[i(m) ces i(K)] corresponds to the generator

AL >
j,m+1
M)

where (A') is obtained from the pattern (A) by adding to the first

matrix element

Ay ,m

(A"}

m+1
a

(m - r) rows of the pattern (A), corresponding to the representation
labels of the subgroups O(m), ..., O(£), the weights —Ai(m)’ _Ai(m—l)’

. —Ai(k) respectively.
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. +1 ) . i
In the case of the generator uT we have a resolution into simulta-

neous shift components which are defined by (6.6.5). In this case we hay

write
o™l ‘X. k> = ): ‘P+ " 2| ‘A. k>
1 J> i) li(m) i1
([ m 2 )
i i(Zk) “iw i) ‘*j,k “Am,m T T A1(2),2>

where we have adopted the same convention as that used before (keeping in
mind that Al =1 = —A2 for 0(2)). We have found it convenient, in this

case, to add a subscript 1 to the matrix element to indicate that we are

. . + +
considering the generator o ! rather than oh !

1 2 (In the other cases

this ambiguity does not arise since, from the form of the matrix element

m ) ey . . .

N im Ut i)’ it is clear that we are considering the generator

(xm+1)

e

Our (phase-free) matrix elements in this case are given by (see

(6.6.5))

o 21‘1'<A J ol ’ B >/
1 . - . e — 3 k . . e o . - e w -,k
(i (m) 1) 2 Jo (i (m) +) (1 (m) + .

([ m 2) 1 < ([ m 2) 'I" m 2) 1

N = — ( A, ¥ v IA. >
1. L,k . . S
i (m) 2) 2\ 1 (m) - i) B

Using (6.6.2) and (6.6.3) we see that the "phase-free" matrix elements of

+1 : i
the generator o™ are given by

1

m 2 1 .- ) m 3 B
N, s =7{mgﬁN s E%HL3h%J'1)1

i (m) 1 i(m) i(3)

(“i(a),a - 0‘1,2)



Y
(“1(3),3 - 2,2)_1 (“1(3),3 T %0 7 1)~ (“i(a),3 T 9%, 7 2i}

o
M (a - o - 2) (a -a ) & m 2
oL |l22771(3),3 152 i(3),3 1,2 N o
M1,2“"1(3),3 T e 2 [“1(3),3 - O‘2,2) i 1]

- (6.7.5)

m 3 .
where N im 1(3)] are the phase-free matrix elements of the
generator a$+1 which are given by (6.7.3) (with £ = 3). (Here we
emphasise that the phase-free matrix elements of aT+1 may in fact have a
phase as seen in equation (6.7.5). The term '"phase-free' means that the

matrix element is to be multiplied by an additional overall phase.)

e . +1
Similarly in the case of the generator ag , we have

( 2}
2 Byad = L ¥ e iy
¢ o = 1 ¥ AL
i 3k ik) (i i(2))2 i,k
Z rII-l ~ 2T
K N lx. - A, = ey = A, >
i(k) lim) i) j,k - “i(m),m i(2),2

In this case the full matrix elements are related to those of the genera-

tor aT+1 by (see (6.6.2)-(6.6.5))

(m 2) m 2
N =1iN
2
1 (m) 1) im 1
([ m 21 m 2
N, = -i N, ) - (6.7.6)
i (m) 2 i (m) 2

It is important to note that equation (6.7.6) expresses a relation be-
3 m+1 m+1
tween the full matrix elements of the gemerators o, and a, (and not
the phase-free matrix elements). Hence in this case it suffices to
. : m+1 : m+1
obtain the matrix elements of a, only while those of o, follow from

(6.7.6).

Choice of Phases

“Unlike the U(n) case we cannot simply choose the phases of the

.32
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+ . ]
generators a$ ! to be (+1). This is because on unitary representations

of the group the generators a% are to be represented by anti-Hermitian

2r

op-1 have diagonal entries (in

matrices. Now the Cartan generators a
fact these are the only generators with diagonal matrix elements) and
hence, by the anti-Hermitian property, these must be pure imaginary.
Hence we multiply the diagonal matrix elements by a phase factor of (-1).
Although the remaining matrix elements of the Cartan gemerators can be
chosen to be real we feel it is simpler to adopt the phase convention
(-i) for all matrix elements of the Cartan generators. In keeping with
the unity of this choice of phase factor we adopt the phase (-i) for the

R +
matrix elements of all generators of the form aE ! (although one may

equally well choose real phases for the matrix elements of the generators

2r+1

o, ). It is easily checked that the choice of (-i) for the phases of

+1 . . . R .
the generators ag ! is consistent with Hermiticity requirements.
The phases of the matrix elements of the remaining generators are
now dictated by the Lie algebra commutation relations. It follows from

these considerations that the (phase-free) matrix elements

m

-2 B
N oy e i(ﬂ)] are to be multiplied by a real phase

s(im-1) -im) s(im-2) - im - 1) ... sE® - i@+ 1)

(c.f. U(n) case). (This convention also applies to the phase-free

matrix elements (6.7.4) and (6.7.5) of am+1.) The matrix elements of the
1

generator a?+l (L<m + 1) are also to be multiplied by an additional
overall phasez(;i)m+1_£. In the case of the generator u2+1 the matrix

+ 5
elements are obtained from those of aT 1 (whose phases are determined by

the above conventions) by relation (6.7.6).

Specific Cases

We shall now apply the above formulae and phase considerations to

33



obtain the matrix elements of the 0(4) generators. We shall consider

the action of the 0(4) generators on an arbitrary Gel'fand basis state

m m

1 2
£
m
Before proceeding we note that acting on this state the 0(4) roots
ai’“ are given by qlq =m + 2, Oy, = M, + 1, ag), = 1 - m,, 0,, = -ml
while the 0(3) roots are given by o;4 = £+ 1, a,9 = 1, Ugq = -£.

Finally the 0(2) roots are Oppy =M = -0,,.

The matrix elements of the 0(3) generators are, according to our

prescription, given by

ml m2 ml m2
all|e = -im|£
m m
m m, - m, m,
ad|e - A fe-mens 0] e
m m+ 1
" 1M m,
) 1
- gl v mye - m+ 1017 |2
m-1
ml m2 mll m2
3|p 1 L
o = -2—[@ -m)@ +m+ 1)]* |2
m m+ 1
ml m2

1
-2 me - m s D] |L
m -1
The matrix elements of the generator a:, in view of our phase convention
and equation (6.7.2), are given by
m, m, m, m, m m,, m,oom,

Y - N3lp _ 3 3
o £ N1 L -1 + N2 £ + N3 £+ 1 where

m m m m

6.
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= %
£ +m - m)(m1 -£L+ 1)L+ mz)(l’, - mz)(l’, +m + 1)

22022 + 1)(22 - 1)

;un2 (m1 + 1)
£+ 1)

@ +m+ 1)L -m+ @, - L@ + my + 2) (£ + my+ 1@ +1 - mz)

(22 + 1) (22 + 3) (L + 1)?

Similarly for the generator all’ we have

! 2 3, 2)| ! 2 3 2)| ! 2 3 2
a? £ =N, £ -1 + N 4 + N
1 1 2 1 1 2
m m-1 m-1
m m m m m m
! £ 3 2! 2 3 2\ ! z
x (£ -1 +N1 £ + Ny £ +1
2 2 3 1
m+ 1 ° m+ 1 m-1
m m
3 2 L 2
+ N, £+ 1
3 2
m+ 1

where the matrix elements in this case are

2
1

2)

2

2)

L
= 2

%
i
2

@+mm -2+ 1)K - mz)(ﬂ +m,) +m o+ DW® +m - 1)_|
2222 - 1)(22 + 1) ' _I

S[@-mm £ D@ @I e s DE - m - 1T
? L 2228 - 1)(22 + 1)
L[l -m@ s wng (¢ 1)
21 228 + 1)2 |
S[@ s ms D@ - w2 @+ 1T
2_ 220 + 1)2 ]
e -men@en P D@ e m ¢ D@+ 1w -0 € -m+ 2]
2~ (22 + 3)(2L + (L + 1)?

T +m+ 1)@ +m +2)(+my+ 1)(£+1—m2)(m1-z)(z+m+2ar
(2¢ + 3)(22 + D + 1)?
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Similarly, for the generator a;, we obtain

m m m m m m
1
B 3 ) 2 ) | 3 2
ot |e =N L -1 + N, £ -1 + N,
11 1 2 2 1
m m-1 m +
m m m m m m
1 2 . Al 2 3 AL 2
x (£ + N L + N £+ 1
212 2 21z 1
m-1 m+ 1 m-1
m m
5 N 2
+ N2 £+ 1 s
3 2
m+ 1

(3 2) 3 2
N =iN
2 1
LJ 1 j 1
j=1,2,3
(3 2) 3 2
N = -i N
2. 1
J 2/ j 2

One may check directly that the 0(4) commutation relationé are satisfied
with these matrix elements and that the Hermiticity condition
hf = -u§ is satisfied.

We conclude by noting that the matrix elements of the generator

a2+1 (£ <m + 1) may be written in terms of Wigner coefficients

1

i
(Ci(m) m)é’ reduced matrix elements (Mi(m) m)2 and reduced Wigner coeffi-
cients
k:r+1 .
= -i - M - - -1 - .
2T = -i8(¢ - k) Ck,m+1 MK,r(ak,rﬂ ak,r nﬂ) (gk,r+1 aﬂ,r)

1
3

= 1 _ _ 3
(ak,r+1 T Orsi-f,r nﬂ) (ak,r+1 “r+1-L,r znﬂ)

in exact analogy with the U(n) case (except for an additional phase of -i).
As in the U(n) case one sees that the general O(n) Wigner coefficients and

reduced Wigner coefficients are determined solely by the subgroup projectors.



CHAPTER 7

Conclusion and Suggestions for Future Research

An attempt has been made to show that the polynomial identities
satisfied by the infinitesimal generators of semi-simple Lie groups are
of fundamental importance in the understanding of Lie groups. The
identities themselves are simple to obtain and follow almost immediately
from the basic concepts of representation theory essentially only
requiring a knowledge of reducibility and characters of representations.
Nevertheless, although intrinsically fundamental, these identities are a
powerful tool for obtaining explicit results such as the evaluation of
Wigner coefficients of the group, etcetera. Indeed I feel that it is
the fundamental nature of these identities which makes them intereéting
because it is precisely this property which enables them, and the
techniques summarized in this thesis, to be generalized to other
situations of interest to both physicists and mathematicians. (Members
of this department are currently investigating the extension of these
ideas to Graded Lie Algebras.) To illustrate the wide range of
application of these ideas we conclude with a few suggestions for future
research.

In Chapters 4-6 we were mainly concerned with applications of the
vector identity of the orthogonal and unitary group to the evaluation of
the fundamental Wigner coefficients of the group. It is clear that this
scheme may be extended to the evaluation of all (multiplicity free)
Wigner coefficients by making use of the appropriate tensor (or spinor)
identities. The important equations in this approach are equations
(4.2.2), (4.3.9) and (4.4.16) which I can extend to arbitrary tensor

representations using alternative methods (Wigner-Eckart Theorem). One

A,

1
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may then evaluate the Wigner coefficients of the group by a close
examination of the associated tensor projectors. Indeed, since the
characteristic identities for arbitrary semi-simple Lie groups are known,
it is clear that many of our techniques are capable of generalization to
other groups. (See [53] for further details.)

In Chapter 5 raising and lowering operators for the groups O(n) and
U(n) were constructed. However it is clear that more general raising
and lowering operators may be constructed by applying the appropriate
tensor (or spinor) identities. Related to this is the recent work of
Hughes and Yadegar>“ who have constructed SU(2) shift operators
OE (k = -j, ..., j) which increase the value of £; where £(£ + 1) is the
eigenvalue of the second order Casimir L2, by k when acting on eigenstates
of L2. Our methods in fact yield their results rather easily by applying
the SU(2) identity corresﬁonﬂing to the reference representation with
highest weight j. In fact we have already obtained these results in our
analysis of U(2) covered in examples. The projection operators construct-
ed by means of the general U(2) identity (see equation (2.6.28)) project
out the shift components of U(2) tensor operators which effect the
required shifts. The normalization of these operators is secured using
equation (Bll) (see Appendix B to Chapter 3) in direct analogy with the
normalization of our O(n) and U(n) raising and lowering operators. More
generally, in view of the general characteristic identities satisfied by
semi-simple Lie groups, one may construct projection operators to project
out shift components of tensor operators (see section (2.6)) whose
components act as generalized raising and lowering operators which shift
the representation labels of the group (i.e. the eigenvalues of the
Casimir invariants) by a given weight (corresponding to the weights in
the reference representation). One may in fact apply these methods to

construct shift operators which shift the representation labels of a
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semi-simple Lie group by any prescribed integral weight p € A. (One
simply applies the characteristic identity with reference representation
LAY where A € A" is the unique dominant integral weight which is
W-conjugate to u.) The construction of these general shift operators and
their normalization is discussed more fully in [53].

In this thesis we have only discussed compact Lie groups. However
the non-compact groups are also frequently used in physical applications
One obvious example is the Lorentz group SO(3,1) which has had several

56,57

classical treatments The unitary representations of S0(2,1),

S0(4,1) and SO(5,1) have been studied respectively by Bargmannss,
Thomas®? and Kuriyan et al.®0. They are of course infinite dimensional.
The unitary representations 6f the groups U(n,1) and O(n,1) for general n
have been studied by Gel'fand and Graev®! and Ottoson®2.

As for the compact gfoups there exists a well established Gel'fand
state labelling scheme®3 for the non-compact groups U(p,q) and O(p,q) (at
least for the discrete series of representations). It would therefore be
desirable to extend our results to these more general representations.
However the U(p,q) generators a? (i,j =1, ..., p+tq) also satisfy the

U(p + q) commutation relations but must also meet the Hermiticity

requirements

for i,j < p or > p,

It
[

(a3

-a: for i<p, j>p

ori>p, j<Pp

(see Chakrabarti®3 for more details). The important thing here is that
the U(p,q) generators satisfy the U(p + q) commutation relations and
therefore all of our previous analysis extends to the non-compact groups

since our results were obtained using only the group commutation rela-

tions. The difference in Hermiticity has the effect of introducing a

3

55
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minus sign in equations (4.3.9) and (4.4.16) so that the matrix elements
are multiplied by factor i. Recent work of Wongeu and Patera®® shows
that the raising and lowering operators of Wong and Nagel and Moshinsky
are also a suitable choice for the non-compact groups O(n,1) and U(n,l).
The only difference is the introduction of a factor i to the normaliza-
tion constants. One may follow through their derivation to conclude
that our raising and lowering operators are also a suitable choice. Of
course, due to the change in Hermiticity, our raising and lowering
operators are no longer Hermitian conjugates. (One may multiply by a
factor i to obtain the desirable Hermiticity relation.)

It is important also to note that U(p,q) is the maximal subgroup of

U(p,g+1l) and the generators {al

p+q+1} constitute a vector operator of

U(p,q). This vector operator must therefore shift the representation
labels of unitary irreducible-representations of U(p,q) contained in a
unitary irreducible representation of U(p,q+l). However in this case it
is not immediately obvious how one is to interpret the shift properties
of a vector operator since the unitary representations of U(p,q) are
infinite dimensional and do not in general possess maximal or minimal
weights. I believe that the correct interpretation of this action is to
regard a tensor operator as shifting the infinitesimal character of the
representation. (In the case of finite dimensional irreducible
representations this is equivalent to shifting the highest weight.) This
interpretation is consistent with the fact that the Gel'fand states are
eigenstates of the fundamental invariants of U(p,q) and each of its
canonical subgroups. Therefore shifting the character of a subgroup of
U(p,q) (i.e. altering the eigenvalues of its fundamental invariants) is
equivalent to shifting the labels of the Gel'fand pattern in exact
analogy with the compact case.

Related to this is the recent work of Kostant“0 (see also Bernstein,
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Gel'fand and Gel'fand®®) who considers the tensor product representation
V(A) € V of a semi-simple Lie algebra L where V(A) is a finite
dimensional irreducible representation and V is an infinite dimensional
representation about which we have certain information. (For example V
is a Harish-Chandra module which admits an infinitesimal character which
includes the case where V is a unitary representation of a semi-simple
Lie group.) Kostant shows that if V admits an infinitesimal character
Xu then the characters occurring in V(A) ® V are among the set

X X where Al, ... A, are the distinct weights occurring in

“”‘1’ sR- - “+>‘k X

V(A). 1In the case where the characters Xu+A are all distinct Kostant
i

shows that the space V(A) € V is decomposable

o =

V(A) ®V = A

j=1 %

+A.
1

character. This result of Kostant's may be applied to the subgroup

where each Vi is indecomposable and admits Xu as an infinitesimal

embedding U(p,q) C U(p,q+1). In this case we consider the reduction
V & W where V is the vector representation of U(p,q) and W is a unitary
representation. Kostant's results are of interest in other areas
notably the suggestion of I.EF. Segal that a finite mass spectrum will be
obtained by decomposing V(A) € V for the case where L is the complexifica-
tion of the Lie algebra of SO0(3,2) and V{(X) and V are suitably chosen.
Physicists are also aware of the decomposition of the space V(1) ® V into
four-components where L is the Lie algebra of S£(2,C), V(A) is a four
dimensional representation of L and V is a unitary representation.

We mention here in connection with Kostant's work“® that we can
sharpen his result (his corollary (5.2)). Kostant has shown that the
possible characters occurring in the product space V(1) ® V are among the

set Xu+k but not all of these need be admitted. I can show that if
i

. +
(u+ Ai + 8§, a) 1s non-zero for all a € & then the character xu+k
i
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necessarily occurs in the space V(A) ® V. (One may prove this assertion
by constructing generalized projection operators using the characteristic
identity and then applying the trace formula (3.4.6).) Unfortunately
this condition is sufficient but not necessary. (For example let u be
any weight satisfying (u + A + §, o) = 0 for some a € o' and consider the
product space V(1) ® Z(u) where Z(p) is a Verma module of highest weight

u. Then the character Xu is admitted but (u + A + §, a) = 0.) It

+A
would therefore be of interest to determine further conditions to obtain
a necessary and sufficient condition for determining the infinitesimal
characters occurring. (The infinite dimensional analogue of the
Clebsch-Gordan series.) It is suggestive that such considerations are
closely related to the structure of maximal ideals in the universal
enveloping algebra which is a popular field of research for mathematicians
at the present time°l. o~

The techniques presented in this thesis may also be extended to the
state labelling problems. This has been illustrated in the recent work
of Green, Hurst and Llamed®’ who have applied the characteristic
identities to the state labelling problem O(n) C U(n). One may
consider the general situation of a semi-simple Lie algebra L contained

in a larger semi-simple Lie algebra K where L is separated from K by an

irreducible tensor operator (see [68] and [69]);

[T,T] <L; [L,T] CT.

(For example when K is SU(n) and L is SO(n) then T is a symmetric two rank
tensor of SO(n).) One may conceivably construct an appropriate matrix
with entries from K which satisfies a certain polynomial identity with
coefficients from the centralizer of L in the universal enveloping

algebra of K. The coefficients of such an identity could then be used to
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provide extra labelling invariants for resolving the problem of labelling
equivalent representations of L in a given irreducible representation of
K. The multiplicity problem is therefore reduced to determining the
spectrum of the coefficients of the associated identity or equivalently
of determining the factored form of the identity. I feel that this would
probably lead to polynomial equations for the determination of eigen-
values as seen in other approaches®’>70, However much research on this
idea has to be carried out before any definite conclusions can be
reached.

From the point of view of applications to physics one sees that the
projectors P[i] (see equation (2.6.20)) have a natural physical interpre-
tation. Consider for example the scattering of a particle A off a
particle B where A and B are known to be in states of finite dimensional
irreducible representatiohs V(A\) and V(u) respectively of a semi-simple
Lie algebra L. The resultant scattered particle is known to be in any
one of several possible states corresponding to the reduction of the
product space V(1) ® V(u). The projector P[i] has the effect of restrict-
ing the scattering experiment to the channel A x u -+ p + Ai. The matrix
elements of the projectors P[i] therefore determine the probability
amplitudes of the various possible outcomes. The conservation of
probability is guaranteed from the relation

} P[i] = 1.

i
Such projectors may be conceivably used in a similar way in a wide range
of physical applications. For a nice application of these techniques to
Quantum mechanics and field theory see Green and Bracken’!.

Finally I feel that it would be of interest to extend the methods of
the characteristic identities to non semi-simple Lie groups. The groups

I have in mind are the inhomogeneous classical groups such as the



Poincare and Galilei groups which are of fundamental importance in
physics. Also, as mentioned previously, one may consider the extension

to the graded Lie algebras.
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