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SUMl'1ARY

The problem of demodulating an analog FM signaì transmitted

over a Rayleìgh fading channel is considered in the framework of

optimum design of communication receivers utilizing recent

developments in nonlinear estimation theory.

An analog mode'l ís set up using state-variable formulation:

The message, assumed to be sample function from a gaussian random

process,'is generated by a linear message model and is used to

frequency-modulate a carrier signal before being transmitted over

a Rayleigh fading channel. The fading is assumed to be slow and

frequency nonselective (and thus can be considered as multiplica-

tive noise). The fading signa'l is further contaminated by additive

white gaussian noise and the received signal is sampled and processed

by a discrete type of receiver. The output of the receiver is the

desired estimate of the message and possibly the channel condition

al so.

To derive optimum demodulator structures, various discrete

nonlinear estimation algorithms are considered. No prior know-

tedge of the demodulator structures is assumed. These algorithnts

are the results of recent developments in nonlinear estimation

theory. The first one to be considered is the extended Kalman

filter (EKF) a'lgorithm. The second is the maximum a postenior

probability (MAP)aìgorithm. Both algorithms are only approxi-

mate and their validity depends on two main factors:

(i) the,,signa]-to noise ratio" which is characterised by the

ratio of the mean square values of the multiplicative and

additive noise components, and

(ii) the error stability conditíons which are inherent in a'll

approximate algorithms and render the a'lgorithms invalid
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in the be'low threshoìd region of an angle-modulated system.

l^lith these I imitations borne in mind, these algorithms can then

be applied to the discrete equìvalent of the analog communication

model formulated above and result in a fami'ly of demodulators which

all have a phase-locked type of structures-

The samp'ling is done by using by either uniform (or scalar)

sampling or by quadrature sampìing resulting in two class of re-

ceivers for each set of aìgorithms. Results obtained in the first

stage of this work indicate best performance achieved by using the

MAP atgorithm with quadrature sampling and thjs will be used for

the rest of the studY.

Performance of receivers is investigated by extensive use of

computers for simulation. Theoretical considerations and the

actual procedure used are discussed fully in order to ascertain the

vatidity of the simulation results.

The Rayleigh fading effecting the signal'is normal'ly assumed

to be slow. The receiver will ìn fact cease to operate satis-

factorily once this assumption is relaxed. 0n the other hand, if

very slow fading occurs, a quasi-stationary ana'lysis allows the

receiver structure to be simplified into an adaptive version of

the digital phase-locked ìooP.

The most severe problem in a fading environment is the problem

of the signal going into a deep fade during which the receiver

wilt be operating below threshold. The assumption of slow fading

means a ìonger fraction of time spent once the recejved signal goes

into a deep fade and limits the performance of receivers to the

order of 5-7dB v,/orse than those obtained with no fading.

To improve the overall performance of the receiver, fixed-

lag smoothing techniques were used but the results show only

better performance at high signal-to-noise ratios. To overcome
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the deep fade probìem, the use of diversity techniques recasted in

the framework of estimation theory proves to be the only solution

to the prob'lem.

The main contributions of this thesis are related to the

fol lowing areas:

(i) Derivation of the discrete receivers for demodulating an

analog FM signal transmitted over Rayleigh fading channels

using both scalar and quadrature sampling techn'iques and

employing the EKF and MAP algorithms.

(ii) Simplification of the receiver into an adaptive phase-

locked loop for very slow fading channels'

(iii) Illustration of the better performance of the MAP algorithm

over the EKF algorithm for the communication problem

considered in this thesis.

(iv) Showing that the use of fixed-lag smoothing does not improve

the performance of the receivers to warrant the increased

compl ex'i tY.

(v) Derivation of optimum diversity receiver structure based

on estimation theory and demonstrate its superiority.
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1. INTRODUCTION

1.1. Motìvation

The main motive behind the work to be presented in this

thesis has been the tremendous success 'in applying modern esti-

mation theory to the design of phase-locked 'loops for optìmum

demodulation of analog FM signaìs transmitted over add'itive noise

channels. A brief review of these is presented in Section I.2.

When the anaìog FM signal is transm'itted over multipath media,

Rayle'igh fading equivalent to mu'ltipl icative noíse wil I be

introduced. There have been a number of investigators studyìng

the probìem of demodulating an analog FM signal transmitted over

Rayleigh fading channels using estimation theory as w'i11 be

reviewed in Section 1.3. Most of these works, apart from those of

Dharamsi and Gupta (rgzsa, 1975b) and Takhar and Gupta (1976),

mainly deajt with theoretical novel demodulator structures and

are presented without any sìmuìation results. The aim of this

thesis is to extend the works already in existence to provide a

compìete treatment of the probìem of demodulating an analog FM

signal transmitted over Rayìe'igh fadìng channels using discrete

type of receivers. The rest of th'is chapter is to provide a rev'iew

of the works relevant to this problem.

1.2 Phase-locked Loo ps for 0otimal FM Demodulation

r.2.L. Analoq Phase-locked Loops

Cìassica'l Approach:

The development of the ana'log phase-locked 'loop as an optimum

FM demodulator has.evolved through two distinct but related direc-

tions, the first via app'lication of classical feedback theory and

the second following an application of nonlinear estimation theory.

No description of the works belong'ing to the first category ìs
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given here but a good account can be found in Klapper and Frankle

(L972). Lehan and Parks (1953) made the first attempt at app]y-

ing estimation theory to the demodulation prob'lem. Youla (195a)

extended this work and introduced the maximum a posterior probability

(MAP) estimate. Their receivers were interpreted as feedback

structures Very similar to the phase-ìocked loop. A good acCount

of these works can be found in Van Trees (1971). Essentially, the

MAP approach leads to an integral equat'!on for the message estimate

and the solution to this corresponds to a physically unrealisable

demodulator (Figure 1.1). Van Trees suggests mak'ing an approxima-

tion to the unrealisable demodulator for the purpose of impìementa-

tion. In consists of a cascade of a nonlinear realisable demodulator

and a physicalìy unrealisable linear filter (figure 1.2). The whole

system can then be approximated arbitrarily c'losely by al'lowing

delay in the post-toop operations. For FM demodulation under lou,-

noíse case, the realisable portion of the receiver is recognised

as a phase-'locked loop (Figure 1.3).

State-Variable Techniques :

Another significant contribution was made by Snyder (1909) who

first used the state-vari.able approach to the optimum demodulation

probtem based upon the theory of Markov processes (Kushner, 1967).

The state-variable approach leads directly to a physical'ly reaìis-

able demodulator which is equivalent to the realizable portion of

the MAP demodulator discussed above. Snyder established quasi-

optimum (optimum for large Sl'lR) FM demodulators for a stationary

Gaussian message corrupted by aCditive white gaussian noise and

these reduce to the form of phase-locked loops for large SNR. The

state-variab]e approach has severa'l advantages, notably
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(i) easy formulation of the more compìex systems, e.g.

multipìicative noise channels or diversity systems '
by the use of the augmented state vector, as will be

done in this thesis,

(ii) direct application of results in modern estimatjon

theory normally deve'loped using state-variable models.

1.2.2. Di gì tal Phase-l ocked Loops .

The requirements for compact and more accurate receivers has

led investigators to consider digital realisatjons of the analog

phase-locked loops. Advances in 'large-scale integrated (LSI ) semi-

conductor technology has made d'igital processing of communication

signaìs a much more attractive proposition with no more cost or

power than some supoptimal analog demodulation methods. The voltage

controlled osciìlator (VCO) nonlinearities, inaccuracies in the

phase detector, and the saturation prob'lems due to noise spikes in

the analog PLL, are eliminated by use of digital circuitry. The

errors associated with digitaì systems, such as quantization,

roundoff and overflow, are minor compared to the advantages of

using digital processing.

The earlier works on digital phase-ìocked loops have been

essentially heuristic approaches and can be broadly classified

into three categories (as far as the phase-locked operation is con-

cerned) :

( i ) hybri d PLL (l.lestl ake , 1960; Gupta , 1968) ;

(ii) discrete PLL (Gill and Gupta, 1972; Weinberg and Liu,

1974); and

(iii) all-digital PLL (Natali, 1968; Pasternack and Whalin,

1968; Garodrrick et al, 1972). These schemes are

mainly concerned with the practical imp'lementatjon of the phase-

locked loop using digita'l techniques but there is no unifíed
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theory equivalent to those developed for analog phase-'locked loops.

Keìly and Gupta (1972) made the first attempt to bridge the gap

utiìising recent developments in discrete estimation theory and

state-variable approach. They extended the model of Snyder (1969)

to a discrete-time observation sequence and applied Jazwinksi's

(1970) continuous-d'iscrete truncated and Gaussian second-order non-

linear filters to obtain quasi-optimum digital demodulator structures.

Theirsimulatjon results indicated performance comparable to the

analog case. Polk and Gupta 
,(1973) 

appìied the discrete extendecl

Kalman filter (EKF) and MAP estimation algorithms to obtain results

ident'ical to those of Kelìy and Gupta (1972). Tam and Moore (tgZS)

also extended the work to allow for fíxed-lag smoothing. Under high

SNR conditions, these filters are reduced to the form of a standard

discrete Kalman filter. Emp'loying quadrature sampling, McBride

(1973) using the MAP a'lgorithm¡, and Tam and Moore (tgZS) using a

class of minjmum variance algorithms, derived receiver structures

whose performance-- are more read'i1y simulated and are shown to be

better than those using scalar sampling. By a'llowing for fixed-lag

smoothing, Tam and Moore (L975) also achieved better performance.

1.3 Receivers for Fadinq Channels

In the framework of estimat'ion theory, there have been a number

of works studying the problem of demodulating an analog signal trans-

mitting over fading channels, e.g. Schwartz (1964, 1966), Van Trees

(1966 , Ig71-), Boorstyn and Schwartz (1968), using the MAP approach of

Youla (tgS+) as was done for the no fading case and result in a class

of novel demodulator structures for linear and nonlinear modu'lation

signals over various types of randomìy time-varying channels. When

specialised to the case of FM signals over Rayleigh fading channels'

however, none of the above works contain any specific demodulator

structures whose performance could be studied. To obtajn an indication
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of the effect of fading, the only results available seem to be from

Schilling et.a1. (1967 ) who considered the performance of an FM

discrimjnator in a fading environment and found an irreducible

error due to fading in the order of 3 - 7 dB for above threshold

operati on.

Recently, Dharamsi and Gupta (tgZSa, 1975b) extended the work

by Kelly and Gupta (1,972) for no fading to consider the probìem of

demodulatìng an FM sìgnaì transmitted over Rayleigh and Ricjan

fadìng channels and obtained results for Rayleigh channels similar to

those obtained independently in this thesis. Prasad and Mahalanabis

(I974) also proposed fixed-lag rece'ivers for fading channels but no

result is obtained for FM signals. Painter, Gupta and Wilson (1973)

developed a stochastic approximate model for the multipath channe'l

for aeronautical communication and obtained simulation results(Painter

and Wilson, 1974) for the recursjve MAP detection of known M-ary

signals. Takhar and Gupta (1976) also used this model to obtain

results for analog FM signals. All the above resultsstrongly suggest

the feasibility of app'ly'ing d'iscrete estimation theory to derive a

digital receiver for a wide class of communicatjon systems. This

thesis is an attempt to further explore in depth the performance of

receivers for FM signa'l over Rayle'igh fading channel s in order to

improve their performance.

1.4 Orqanization of the thesis

Chapter 2 will develop the analog communjcation model for an

analog Fl4 transmitted over Rayìeigh fading channel using state-vafiable

approach. The equiva'lent discrete model will be then derived. Chapter 3

will outline the developments of the EKF and the MAP filtering algorÍthms.

Chapter 4 r,rill discuss the use of computer simulation to study the

performance of communication receivers. Chapter 5 will study the

performance of receivers using sca'lar sampl ing. Chapter 6 t¡ril I
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consider receivers using quadrature sampf ing. Chapter 7 will

discuss fixed-lag receivers and Chapter 8 will investigate the use

.of diversity techniques to combat fading. The thesis will conclude

in Chapter 9 with a summary of the results-obtained.



B

2. ANALOG AND DISCRETE COMMUNICATION MODELS

In this chapter, an analog communication model fo¡trequency

modulated (FM) signals transmjtt.ed over Rayìeìgh fad'ing channel is

developed using state varjable formulation in Section 2.I. The

equ'ivalent d'iscrete communication model is derived 'in Secti on 2.2.

The last section (2.3) will discuss the samplìng schemes to be

empì oyed.

2.1 Analoq Communication Model

Figure 2.f is the block diagram of a communication system'in wh'ich

the message a(t) i s frequency modulated resulted 'in a modulated s'ignal

s(t) to be transmitted over a channel which introduces both multiplicatìve

noise characterised by Rayle'igh fading and additjve noise. The received

signaì z(t)' is the sum of h(t), the output from the Rayìeigh channei

and n(t), the add jtive noise normal'ly assumed to be a r^rhil-e gaussÍan

pr0cess.

2.7.I Messaqe

The random analog message a(t) is modelled as a stationary scalar

gaussian process with a rat'ional spectrum that approaches zero at high

frequencies and can be represented by the d'ifferential equation

dn , 'n-1
f;t a(t) + ,1,1 fr:T a(t) + ... + pn a(t)

=| dn- 1

ldfn-f uu(t) - ^r# ua(t) + ... + Àn ua(t) (2.1)

where rfi's and Àr's are constant coefficients and uu(t) js a

zero-mean white gaussian process of unity variance. In

other words, a(t) can be represented as the output of a

linear filter with the transfer function (fi gure 2.2).
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Mess age
Source

FM

Modul ator
Rayl ei gh

Fadi ng

Addi ti ve
oise Source

n (r)

a( t) s t

Fiqure 2.1. Analoq FM Communication Model.

h t z t
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n-1 n-2
ÀrS + À2S

n (2.2)

(2.3)

function

H(s) =

H(s) =

As an examp'le'is the class of Butterworth messages with the transfer

n n-1
s + Vrs

1

+ ... * ún

n n-1+ ürss

Itt(j,¡)l

s+1
n-1

such that the amplitude response is

k (2.4)
2n ,4

(1 + ur )

where k isaconstant.

The equivalent state-variable realization of Equation 2.1 can be

obta.ined by represent'ing a(t) by any one of several possib'le equations

of state. A particular" set of state equations is (Snyder, 1969)

# '' (t) -ürmr(t) + mz(t) + rtuu(t)

#'r(t) -úzmr(t) + m3(t) + rzua(t)

(2.5)

AT
d

m
n 1

- tn_1*r(t) + mn(t) + rn-ruu(t)t

d
Ut mn(t) = -tntr(t) + rnuu(t)

where a(t) = mr(t). That this set of n first-order differential equations

is equivalent to the n-th order differential Equati on 2.1 for a(t) can

be verified by successively differentiating the first-order equations.

Equati on 2.5 leads to the alternative real'izat'ion of a(t) as

shown in Fjgure 2.3. Us'ing matrix notation, Equat'ion 2.5 can be written

as a first-order vector state equation

)
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u (t) a( t)a

uu(t)

Fiqure 2.2: Transfer Function Realization ot a(t).

Fiqure 2.3: State Variab]e Realization of a(t).

a (t)

n-l

n-1

1
S +

+ +À2t
^2

n-

sf,+v
\s

+Y
n

2+

l.
s

I
s

I
s

I
s
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rilt¡=Lu(t)*qu uu(t)

i s an n-d'imensi on message state vector

with the fjrst component being the scalar

nessage a(t)

I n-1

is an n x n matrìx with In_t

being an 'ident'ity matrix of

dimension (n-1) x (n-1)

e(r) = o, 
lot

(2.6)

where

mr (t)

mz(t)

)tm (a.oa)

(2.6b)

(2.6c)

m
n

-rf

-{,

(t)

1

2r-ra-

Ç=
-a

----t
_,1,n 

i
0 0

À1

^2 is an n-d'imension column vector

À
n

The message a(t) is frequency modulated result'ing in the output

s(t) of the FM modulator being written as

s(t) = flsin(trt.t + e(t))

where

P, is the average transmitted Power

ur^ is the earrier frequency
c

o (t) 'is the i ntegral of the message

a(t)dt
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and df is the frequency dev'iation (radians/sec) '

ÌnJe could'incorporate 0(t) into the message state vector m(t) by

defining 0(t) as an additional component result'ing in

m, (t)

m2 (t) wi th mr (t) A e (t)

m2(t) 4 a(t)

and ,ir(t) 4 a, mr(t)

<- mes s age (2.7a)
)tm

mn*1(t)

and now

now has

m (t) becomes an (n+l)-dimension state vector and Equation 2.6

0 r d^IT
0 0

0 -ü
an (n+L) x (n+1) matrix (2.7b)n-1

I If=-û

0 -{)n

Ài

0 0

an (n+1) column vector.

0

I
n

(2.7c)
G-ûand

2.1..2 Ravleiqh fadinq channel

Fading of a signal is said to occur when the receive level varies

from the free-space calculated level for a given far-end transmitter out-

put. The mechanisms causing fading involves refraction, reflection,

defraction, scattering, and other miscellaneous causes such as rajnfall

above 10 GHz (Freeman, !975, Section 5.11) and result in varjous types

of fading each having a different characteristic.

Multipathfading,oftenfoundintroposcatter(Fig'2'a(a))andmobileradio

communications, is due to interference between a direct wave and another
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wave, usualìy a ref'lected uJave. The reflection may be from the ground,

the bui'ldings on from atmosphere layers. Detailed discussion of multi-

path fading phenomenon is to be found in Schwartz et al (1966) in which

several chapters are devoted to the fading problems of radio signals.

A more throughout treatment of fad'ing dìspersive channels is 'in Kennedy

(1969) whose comp'lete text is devoted to the subiect. For the purpose

of this study, it is sufficient to state here the assumptions behjnd a

Rayìeigh fading mode1.

Consider first a single sine wave tone being transmitted over a

multipath medìum in which the time differentials betvreen the paths are

smallerbhan the period of the sine v¡ave tone. The received combined

signaì tends to have a Ray'leigh fading envelope and a uniformly dis-

tributed phase.

l,lhen a packet of frequencies, i.e. a bandpass signal such as the one

found in an FM modulated signal, js being transmitted over the same

multipath fading medium, and, if
TN .. # (2.e)

where T, is a measure of the overall tjme delay spread in the mult'ipath

and lll is the bandwidth of the bandpass signal, the fad'ing effecting

the various frequency components within the band is the same and is

said to be non-seìective. The maximum values of l,J for which relation

2.9 is val i d i s termed the coherence bandwi dth.

The assumptìon of Ray'leigh fading aìlows the output h(t) from

the fading channel to be written as

h(t¡ = /Í\ r(t) sin (ur.t+o(t)+O(t) ) (2.10)

where r(t), the envelope, has a Rayleigh distribution (figure 2.4-b-)

p e (2 . 11)( r )
r-z

or

with mean

-.E(r) =4"

-r2
/2o

2

(2.11a)



Transmi tter

IÐ

(a) Multi path fading.

-r2 lzoz
r2

o

o

(b) Fading envelope distribution.

(o)

Troposcatteri ng

0

/2o2

Recei ver

( r )r e

p
0

0

(c) Fading phase distribution.

p
b1

I

I
ñ

bî

(d) Gaussian distr ibution.

Figure 2.4.

TX

XR

b I



16

and mean square values

r(.2) = zo2 (2.11b)

The random phase O(t) Ís uniformly distributed between 0 and

2n (radians). (Figure 2.4c).

r*(o) = f, Q.rz)

It can be further shown that h(t) can be resolved into a sum

of an in-phase (or direct) and a quadrature component as follows

h(t) = /2\ tbl(t) sin (r,r.t + 0(t)) + bz(t) cos (tr.t + 0(t))l (2.13)

where b1(t) and br(t) are stat'istically independent gaussian pro-

cess (Figure 2.4d) each having zero mean and varjance o2. Further-

more they have identical "ìow-pass" power spectral densities and

can be modelled as the output of linear dynamical systems in the

same way as the modelling of the message process. These processes

are to be called fading processes to distinguish them from the

message process. The differential equations describ'ing these pro-

cesses are as follows:

(2.t4)(t)P(t) = 5
1

q(r) = rr, s"(t) * %ruu, (t) (2.15)

an m-dimension state vector with the first

component being the 'in-phase fading process

b 1(r)
bt(t) A nr{t)

p_(r) + %, uo,

p 1(t)
p2(t)

p

p(t) =

m
(r)



q1(t)

q2(t)

qm(t)

are m x m matrices.
2

are m-dimension column vectors.
2

L7

an m-dÍmension state vector with the first
component being the quadrature fading process

b2(r)

b2(t) A or{t)

9,(t) =

5, uno å
G. and G,-Ðr -Ð

u'r(t) und uO, are scalar white gaussìan processes with zero mean

and unity variance.

2.1.3 Additive noise

The output h(t) from the Rayleigh fading channe'l is further

contaiminated by additive noise v(t) caused by both man-made and

natural sources. An example is the thermal or resjstance noise

at the front end of the receiver. The continuous received signal

is then

z(t¡ = h(t) + v(t) (2.16)

and v(t) is normally assumed to be gaussÍan and have a spectrum

broad enough to be ccnsidered as white noise.

2,I.4 Auqmented svstem state vector

Note that the output of the Rayleigh fading channel h(t) as

given by Equation 2.13 is a function of the 3 state vectors m(t)'

p-(t) and g(t), an augmented system state vector can be defined by

adjoining the individual state vectoró in any order. This tech-

nique, first used by Snyder (1969), permits a wide class of

communication systems being represented as an estimation mode'l

and allows direct applications of modern stochastic estimatjon

techni ques .
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By adjoining the (n+f)-dimension message state vector m(t)

with the m-dimension fading state vectors g(t) and g(t) into an

augmented system state vector X(t) as below:

<- 0(r)
<- a( t)

x, (t)
(t)xz

m(r)

P.(t)

xn*2( t)

xn+m+2(t)

<-

<-b ( t
2

b1(r)

tÅ( )
A (2.17)

(2.18a)

g(t) )

xn+2m+L

Then by combinìng Equations 2.6,2.14 and 2".15, the state equation

for the system vector X(t) 'is given by

(2.18)

where

(t)

x(r) = F x (t) + 9.u (t)

0

Fu

0

Fu

0pA

q
0

0

0

an (n+2m+1)-dimension

square matrix1

0 Fu
2

A
G

0

gb an (n+2m+t)x3 matrix (2.l8b)
100q

2

0

0

0 is the null matrix of appropriate dimension.
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an 3-dimension column matrix (2.18c)

u

Furthermore if we define

,b

(t)

(t)
1

,(t)

0

0

0

000
100
000
f

000
000
100
t

(n+m+2)
col umn

0

0

0

. 0l

. ol (2.1e)

. 0l

+

( 2m+n+1 ) 
th

col umn

(n+z)th
col umn

th

Then written in terms of X(t)

o(t)A xr(t) =Lrx(t)

b1(t)A xn*2(t) =Lrx(t¡

b2(t) A xn**r(t) = Lux(t)

The received siqnal z(t) can then be vrritten as

' z(t) =htx(t)l+v(t) Q.?n)

ulhere

htX(t)l = ,4 tLzI(t) sìn (ur.t+l[(t))*Ls!(t) cos (oct+L,X(t))l (z-zt)

The formulation of the analog communication systen us'ing

state-variable as described by Eouations 2.LB - 2.20 is then com-

plete and a block diagram of the system is shovrn in Fiqure 2.5.
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2.2 Discrete communication model

In order to generate and simulate the system state vector

Å(t) using digital techniques, the system model as described by

the continuous differential'equation 2.18 is to be converted into

an equivalent discrete state-variable model. The common method

for doing this is to convert Equatíon 2.18 into a djfference

equation. This involves the uses of various jnteqration

procedures and detailed descriptions can be found in many standard

texts, ê.9. Peikari (I974, Chapter 7). Another method (Mehra, 1969)

is to djscretize Equation 2.18 in such a way that the output of

the discretjzed system possesses the same statistical properties

at the sampìing instants as the output of the continuous system.

This method g'ives the same result as the one described below.

Consider the solution of Equation 2.18 (Peikari, 1974) which is

o(t,r)G u(t)dt

where o(t,to) js the transition matrix associated with the con-

tinuous system represented by Equation 2.18 and is the solution

of the homogenous linear differential equation

* rf t,to) = Fo(t,to)

with the boundary condition

x(t)=o(t,to)x(.")-f: (2.22)

(2.23)

o

Io(to,to) (2.23a)
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As the system has been assumed to be stationary, F is a

constant matrix and the solution of Equation 2.23 is given by

o(t,to) = o(t-to)

é(r-to)

By letting

f= tk

The transition matrix o(tk,tk-l) is dependent on'ly on the sampling

interva'l T

(2.24\

*=f"o "k-1

1A tk-tL- t

and is given by

o(r t ) A o(k,k-l)k' k-1

FT
=g-

The solution (2.22) can then be put into a recursive form

\*r = o(k,k-l)X(k) + l^l(k)

(2.2s)

(2.26)

t
k

h,(k) a
L

"k- r.
I o(t,,,r) G u(t)dtÑ --

(2.27)
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Sínce U(t) is a zero-mean white gaussian vector process, l¡l(k)

is a rvhìte gaussian sequence with zero-mean

E U-(t<¡ = Q

and vari ance

k u.T (i ) = q(k)ô kj

where the covariance matrix 'is symmetrical and is given by

t

(E u.

(2.28)

(2.?e)

(2.zea)Q(k) =
tk-1

Table I is a summary of the discrete model for the general anaìog

for communication system. Equation I.L is equivalent to the con-

tinuous message model (Equation 2.6) together with the definitions

given by Equati on 2.7a, 2.7b and 2.7c) whereas Equations I.2 and

I.3 are equivalent to Equatìon 2.14 and 2.15 representing the con-

tinuous fad'ing processes. The equivalent discrete system model

(F'igure 2.7) is derived directly from Equation 2.18 as was done

above (Equation 2.26) or by adioining the discrete models of the

individual components (Equations I.4a, I.4b and I.4c).

The initjal distribution of X(0) is assumed to be gaussian

with mean gu (normaììy assumed to be zero) and variance !-x^ as-fo ao

given by Equations I.5a and I.5b.

2.3 Scal ar and ouadrature samplÍnq

The continuous received signal as given by Equatian 2.20 is

to be sampled and processed by a digita'l receiver. Two sampìing

techniques are used to obtain discrete samp'les suitable for digital

processing. The first emp'loys uniform or scalar sampling

(fofrlenberg, 1953) and the second employs quadrature or second-

order sampìing (fonlenberg, 1953, Grace and Pitt, 1968; and also

Grace, 1970). McBride (1973) first app'lied the quadrature samp'ling

k
o (to ,t ) gqTrT ( ro ,t ) dr



24

TABLE T

GENEML DISCRETE MODEL FOR ANALOG FM COMMUNICATION SYSTEI'I C,VER RAYLETGH

FADING CHANNELS

Channel model -(m dímensíonal)

¿(k) = %1(k,k-1)p(k-1)+Inl 
(k), (r.2)

s.(k) = sb2(k,k-1)g(k-1)*%(u) (r.3)

Equivalent system model (2rn+n+1 dimensíonal)

X(k) = 0(k,k-1)x(k-1)+L{(k) (r.4)

r¿here

(k) wíth
{

t1 (k) = 0 (k)

(k) = a(k)
m

^2

x(k) s(k) with pr(t) = b., (k) (I.4a)

g(t) rsíÈh cl(k) = br(k)

0_ (k,k-l) I 0
-ar J---

4) i ob., (k,k-l)
- - -t-,t0;0

I
I

I
I
I

J
I
I
I

0

0(k,k-l) = 0 (r .4b)

0b
2
(k,k-l)

w (k)
---fn

I^I I^I-? (k)(k)

r^t (k)-n

wírh Etr,r-(k)1rr(j)l = 9{t)ou. (I .4c)

Message Model (n*1 dimensional)

m(k) = 0 (k,k-1)m(k-r)fi.1 (k)
-ia -m

(r .r. )
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Observation model

z(k) = h [x(k) ]+r (k) (r.6)

with

Etv(k)\¡r(j)l = R(k)6kj (r.7)

For uniform samplíng

h tx (k) 1 = f,1.!.2x (k) sin (0.tu*LrX(k) ) +!3X(k) cos (t r"t¡+-L1Ä(k) ) l (I. B)

For quadrature samplíng

hlx(k) I = /2\t
r^x(k)
-¿-

-L^x(k)
-J-

L^x(k)
-J-

L^x(k)
-¿- lI

sin (L. x(k) )-r-
cos (L. X(k) )

-r-

(r. e)

Definitíons
tr-_I

t-
L^-

-¿

[1 00

[000

[000
+

0 000

0 100

0 000

+

(n+2) th
column

0 0c0 ol

ol

ol

+

0 000 (r.10)

!3= 0 100

+

Ist column (n+m+2) th
column

(2m+n+1) th
column

FT
Oa(k,k-l) = "-"

(I.11a)

0
b1

F. -T
(k,k-l) = e " (r.llb)

E-
0b2(k,k-1) = e ' 2T (I.llc)

tk

Q(k) =

tt 
-1

o(r, ,t)ccTo(t, ,T )d'rKK
(r.12)

Initlal conditions

Elx(0)l = u..
¡1, ^{J

(I .5a)

rF

E Ix(0) x'(0) ] = V.,
-éO

(r-.sb)
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technique to derive optimum sampled-data FM demodulators (MAP

filter, no fading) arrd it was later used by Tam and Moore (1975)

to derive receivers using the extended Kalman filter, the modified

truncated second-order filter and the modified Gaussian second-

order filter. They considered the non-fading case on'ly but extended

their study to include fixed-lag demodulators. Prasad (L974) also

used quadrature samp'ling technique in his study of fixed-1ag re-

ceivers for fading channels. Apart from the resuìting better

performance of receivers using quadrature sampling techniques as

reported in the stud'ies mentioned above, another motivation for

the use of quadrature sampling technique in the present study is

that the fjltering algorithms do not have carrier frequency terms

and can be simulated directly without having to derive a baseband

model as would be done for the uniform sampìing case.

An 'important parameter to be consjdered is the minimum sampling

rate required to sample a bandpass signa'|. The frequency-modulated

bandpass signaì is assumed to have a bandwidth of B (cycles/sec)

centred at t f. (cycles/sec). (Figure 2.6a.)

2,3.I Samplinq rate for unjform sampling

The permissible va]utis of the samplìng period are g'iven by

(fonlenberg, 1953)

m = 0r 7r 2' ... (2.30)

(2.30a)
where

B

mtn c ¿

*=f.*å
-ctma (2.30b)
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are assumed to be the mjnimum and maximum frequencies respectively

of the FM bandpass signaìs (noting that the spectrum of an FM

signaì is strictly non-bandlimited).

Us'ing the above relationship, Panter (tg6S) derived the

minimum sampling frequency in terms of fru*, the highest frequency

component as shown in Figure 2.6b. It can be seen that the minimum

permissible sampling rate requ'ired always lies between 28 and 48

samples/sec

28<(f < 48 (sampìes/sec)) (2.31)

(2.32)

s min

Let tO denote the discrete t'ime sampfing instants, the sampled

received signal using uniform samp'ling is given by

z(to) A z(k)

= h [Å(to)l + v(to
(/

)-art
[t,o, J

+ v(k)

Where v(k) is the sampìed white-noise having zero mean and

'variance R(k) appropriately determined from r.

2.3.2 Samp linq rate for quadrature sampling

The maximum sampling interval for quadrature samp'ling is

given by (Grace and Pitt, 1968)

[frlf 
k) si n (r.tr*Lrl( t) )+!.1-( k)cos (o.to+! x( r<) )] +v( r<)= lN.

T,

+ t+]. +T
max

(2.33)
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where the symbot t'l denotes the greatest integer function.

To obtain the in-phase sampìe the FM bandpass signal z(t)

as given by Equation 2.20 is sampled at time instant

t
k =l II

where k is the sample time index (k = 1,2,3...) and I is an

integer such that

f
I< -B-

then

z(t¡)=h[I(tk)) +v(t*)

/2P t

The quadrature sampìe is obta'ined by sampl ing z(t) at time

i nstant

(2.34)

c (2.3aa)

(2.35)

(2.36)

A r,(x(r.l) *l u.(lol

[t t, k ) s i n (L1Å( k ) ) +L3x ( k ) cos (LlI( r< ) ) 
J 

+v. ( r< )

'l='o-4
i.e. a quarter of a camier cycle later (and hence the term

"quadrature") and we obtain

'tri) = n 
[0,

*
tk ))

*
+ v(t

k
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Since the carrier frequency f. is usually much greater than

the bandwìdth of the conrponents of X(t) so

and the quadrature component can be written as

I(t;) + x(tr)

*

L"X(k)
-¿-
-L.X(k)
-J-

sin(L,X(k) )-r-
cos(L.x(k))

-r-

(2.37)

(2.38)
*

z(t
k

-!.3I( k) si n (t l( k) ) +ÐL( k ) cos (LlI( k) ) +v (t
k

*
The sampled noises v(tO) and v(

sequences havi ng zero-mean and

determined from r.

r¡v2(to)t = Etvz(t;)r = R(k)

as

) are i ndependent whi te gauss'ian

variance R( k) appropri ateìy

tk

By defining the discrete observation and sampled noise vectors

Z(r¡
,!
,2

vr(k)

z(t¡)

z(t[)

(k)

(k) l^l
)!.( k A k

v(r

v(r*
k

L.X(k)
-J-

L.,X(k)
-¿-

rl

lI

and combine Equations 2.35 and 2.38 to give

Z = htx(k)l + V k

vr(k)

)

+
V I=q
,2

(k)

(k)
(2.3e)
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with the covariance matrix of V(k) given by

R(k) =
R( k)

0

0

R(k )

Thederivation of the discrete cornmunication model is complete

and will be used as the estimation modeì for the derivatÍon of

the nonlinear filtering algorithms in Chapter 3. A block diagram

of the discrete model showing the message model together with the

observation models is shown in Fi gure 2.7.
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3. DISCRETE NON-LINEAR FILTTRING ALGORITHMS

tlaving formulated the FM communication model as an estjmation

model i n Chapter 2, th'is chapter w'i 
'l I brief 1y di scuss the deri va-

tions of the most well known nonlinear fjlterìng algorithms that

have found app'lications in a wide range of practical problems,

notab'ly in the dominant aerospace areas and also in other diverse

fiel'dssuch as elect¡ic power. systems (e.g. Mìller and Lewis, l97I),

speech processing (e.g. Gibson and Melsa, 1976), and of course

communjcat'ion systems as already discussed in Chapter 1. Sectjon 3.1

will g'ive a brief historìcal account of estimation theory in con-

nection with the thesis. The estimation prob'lem'is formulated jn

Section 3.2 -and will consider the class of linear system model

and nonlinear discrete observations. Sections 3.3 and 3.4 will

outljne the developments of the extended Kalman fÍlter (EKF) aìgor-

ithm and the mav.imum a posterLor probability (MAP) filtering algor-

ithms. Sect'ion 3.5 will conclude with a discussion on the merits

of these tvio algorithms as have been found'in the literature.

3.1 Introduction

The prob'lem of obtaining an optimum estimate of a message

contaminated by noise was formulated and solved by I'liener

(1949) and independent'ly b¡' Kolmogorov (tg+t). They used as the

optimaì estimate a.linear combination of the observed signal that

would minimise the mean square error of the estimate. The end

result was the spec'ification of the weighting function of the

optimal linear filter as a solution of the Wiener-Hopf equation.

This is an integral equation which relates the correlation functions

of the message and noise with the impu'lse response of the optimum

linear filter (called tliener filter). The solution is dependent on

the assumptions of
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(i) stationarity of the message and noìse processes, and

(ii) knowledge of the entire past of the observed process.

The !,rjiener filter is thus limited to'linear processing of statìon-

ary processes involving the use of the correlation functjons of

the processes. Kalman (1960) developed an alternative approach

for the generaì nonstationary filtering probìem by representing

the message and noise processes wjth differential equations. The

optimum linear estimate is then spec'ifÍed as the solution to a

differential equation whose coefficjents are determined by the

statistics of the message and noise processes. The resulting Kalman

filter can be consjdered as a true time-varying Wiener filter (Anderson

and Moore, I97I) and is eas'ier to solve using ana'log or digita] tech-

niques.

If the message and/or observation models are non-linear then

the Kalman filter does not apply. However, by ìinearis'ing the mode'ls

(using a Taylor series expansjon about the current pred'icted

estimate and assuming that the estjmation error is small), the

Kalman fi'lter algorithnl can be used to give an approxìmate nonlinear

filter. This is the extended Kalman filter ( Jazwinski, 1970) and

wiìl be discussed further in Section 3.3.

The general nonìinear problem was first studied by Kushner

(1964) using the probalistic approach in which stochastic differen-

tial equatìons were used to model the message and observations.

Kushner (1967) also shows that the optimum nonlinear mjnimum variance

fi'lter is infinite dimensional in that all the moments of the con-

ditionaì probability density function are required in order to

solve for the optìmaì estimate. Approximation techniques are thus

required and Section 3.4 will consider the maximum a poster'íon

approach in which the conditional probabiìity density function Ís

maxi mi sed .
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3.2 Problem formulation

The díscrete cornnunication model developed in Chapter 2 can

be considered as a specìal class if more genera'l estimation models

in which the system and observation models are given by

I k I rÅ(k-l)l + l^l(k)

In thjs thesis, the message model is assumed to be linear

time-invariant system described by

X(k) = o(k,k-1)I(k-1)+l^J(k)

where o(k,k-1) is the transition matrix and W(k) is assumed to be

white gaussìan nojse sequence with zero mean and covariance

Etl^l(k)l,'lT(j)l = Q(k)ô kj

The initial state X(0) is assumed to be gaussian with mean

EtX(o)l = il,,
-40

and covariance

)

k)v.(+Z(k) = ¡ rÄ(k)l

(3.1)

(3.2)

(3.3)

( 3.4)

(3.5a)

T
E tX(0)X' (0) I = Vu-h

(3.5b)
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The observation furrction h (.) depends on the ty¡.ie of modu-

lation used. In an FM system, h(.) is a nonlinear function of

The adciitive noise V(k) is also assumed to be white gaussian

noise sequence wjth zero mean and covariance

Er!(k)!T(j)l = R(k)6 kj

Furthermore, it is assumed that W(k), V(k) and X(0) are un-

correl ated.

The filtering problem is defined as the problem of deter-

mining "ìn some optìmum sense" an estimate of the system state

vector X(k), say i(k), given the set of observatìons

t o= Vtt), z(z), ..., z(k)l

r 
Iclt 

k) -r( k) ) (r( k) -lr olt]

k

Consistent w'ith the above definition is a widely accepted

definition which states that the data Zk are to be used to deter-

mine the a posterior density function pfI(k)l¿kl . This dens'ity

functjon provides the most complete descniption of the system

that is poss'ible.

The "optìmum senseì'i, d.fined in terms of an error crjterion

and two of the most important criteria are

(i) Minimum mean-square (muSE) error criterion: the estimate

X(k) is chosen so that. the mean square error

(3.6)

( 3.7)

is minimised.

( 3.8)
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(ii) Maximum a posteriorprobability (MAP) criterion: The estimate

X(k) is chosen so that the apostenion density is maximised

= max (3.e)

3.3 MMSE Filters: Extended Kalman Filterin AI ri thm

It is well known (Jazwinski, 1970) that the minimum variance

estimate is given by the conditional mean

î.(o) = r¡¡tr.l lek) (3.10)

A recursive algonithm in which the solution for the (k-1) stage

isusedto obtain the solution for thekth stage can be obtained

through the used of Bayes'rule to show (Ho and Lee, 1964) that the

a poster"Lon density evoìves jn the following manner

n [îtr.r tekJ [nsrk)l¿k)J

p(Å(k) l¿k) = ckp(x(r.) l¿k-1) p(zklx(r))

p(Å(k) t¿l-11 Jn{tt 
k-1) l¿k-1) pß( k) lÅ( k-Ð)dx ( k- 1)

where the normalizing constant cO is given by

t/ck p(z(k) lzk-1)

Jn{lr 
k) l¿k- 

t) 
o(¿( k) lr( k) ) dr( k)

(3.11)

(3.12)

( 3. 13)

The initial condition for Equation (3.11) is

( 3. 14)pG(o)l¿o ) = p(x(o))
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The densit'ies plZ(k) llttll and ptÅ(k)lX(k-1)l are saussian

as a resu]t of V(k) and l,l(k) being gaussian and when used in con-

junction with the ínitial conditions ptX(0)l provide a general

solution to the nonlinear filtering prob'lem. The actual evalua-

tion of the BayesÍan recursive relation (3.11) is not easy and

various techniques have been developed (Sorenson, 1974) to compute

(3.11) tor spec'ific nonlinear systems. The on'ly exception is the

case when the observation model is linear (having assumed that

the nrcssage modeì is linear in Equat'ion 3.3) then the a poster'íor

density is gaussian and the conditional mean and variance are

described by the well known Kalnran filter equations (Kalman 1960,

see also Sage and Melsa 1971, Tabl e 7,2-2, p. 268).

The extended Kalman filtering algorithm used in thjs thesis

is developed by expanding the nonlinear oþservat'ion function

h tÅ(k)l into a Tay'lor series about a nomjnal traiectory -X(k ) and

the series is truncated after the linear term to obtain

z(k) = ¡rÅ(k)l+!(k)

ðrr tÍ(k) I -=hrx-(k)l+ _- tx(k)-[(t l]tr(k)
ôr(k)

( 3. 15)

(3.16)

By ìetting

x*(k) a L(o)-x(k)

and

Z"(r¡ a ¿(o)-¡rx.(k)l (3.17)
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Then Equa'bion 3.15 can be written as

ahrx(k)l
¿*(k) = i- x*(k)+v(k)

ax( k)
( 3. 18)

Furthermore, jf the traiectory T(k) is assumed to be such

that, with given

Xtol A rrx(o)l

then X is generated by

Xtt l = o(k'k-1)x(k-1)

Equation 3.3 can then be put into the form

I*(k) = Õ(k,k-1)x*(k-1)+l^l(k)

which represents a linear system descrjbing the "state devjation"

X*(k). The "observation deviation" Z"(k) is thus processed by a

Kalman filter to give an estimate of X*(k),denoted as l.fOl, and

the estimate of the state vector X(k) is then given by

(3.le)

(3.20)

(3.2t)

(3.22)x(k) = X'(r)+Å*(r)

The resulting aìgorithm using the above linearised model is known

as the djscrete extended Kalman filter (fff) a'lgorithm (Jazwinski,

1970, pp. 272-278) and js summarised in Table II with the

trajectory I-(k) chosen as the propagated conditional mean

I(klk-1) and given by the one-stage predictìon aìgorÍthm (Equat'ion
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TABI,E II

G'ENERAL DISCRETB EXTENDED KAIMAN FTLTER (EI(]I) }-ILTERING ALGORITHM

Svstem model

x(k) = 0(1c,k-1)x(k-1)+w(k) (rr.1)

v.X(rt I rt-r¡ = O (k, k-1) V.f (k-r¡ OT çt<, t<-1) +q(k)

(rr . sa)

(rr. s)

Prior error variance algoríthm

v*(0) = V-.
-rt -Ã---t)

(II .4a)

x(klk-l) = O(lc,k-l)x(k-1) (rr.4)

One stage predíctjon algoríthm

x(o) = -ll-êO

(II.3e)

(rr.3d)Etl,r(k)I^Ir(j) I = q(k)ô

(II. 3c)

(rr .3b)

(II.3a)

Statistical parameters

kj

kj

Elx(O)l = H-.
-Ã^-t)

EII^r(k)l =EtV.(L)l =0

Etv(k)vr(j)l = E(k)ô

Eix(o)xÏ(o)l = ,r'xo

(rr.2)z(k) = hlx(k) l+x(k)

Observation model
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Fílterlng al.gorj-thm

x(k) = a(r< | r-r¡ ç1r.) v (k) (rr. e)

where

c(t) A v*
-lt

(L)gr(r.)¡1(r.) (fíl-Èer gain) (rr.10)

v (r.) A å(k) -h ti(k I k-1) l (innova.Ëion process) (II.11)

Error variance algoríthm

I¡ (r< ) = I¡(rc I k-1) {i ( k I r.-r)gr qr.)u 1 
( r.)E ( k) Ii (k 

I r.-rl (rr.6)

where

_rr(k) ^ 
ðÞtx(klt-r) 1

(rr.'7)
ôx.(k I k-1)

M(k) A n(k)yx ¡r<l rt-r¡gr(k)+B(k) (rr.8)
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II.2) correspondìng to Equat'ion 3.20 above. Discussions of the

derjvation of the EKI-- a'lgorithm a.re also found in Sage and Melsa

(tglt, Table 9.4-3, p. 462) frorn which Table II was formed.

3.4 MAP Filterinq Alqorithm

k.
ing ptX(kf)lZ 'l (v¡ith k, defined as

It can be'shown (Sage and Melsa, L97I, p. 443) that maximjz-

(k)-1

another discrete time index) js

2
1

equivalent to minimìzing a scalar J g'iven by

0

r = äl<(o)-ux

* l:t I ¿tr.t-hrÅ(k)l 
2

t k=r

k^
rï.+{ x t,,l(k) L

2 ult 
j:\r\/ 

q(k)-1

&

( 3.23)

subject to the equality constraint (3.3) and the associated

initial conditions (3.5).

Equation (3.23) suggests the appìication of the d'iscrete

maximum pnincip'le (Sage, 1968, Chapter 6) wjth the Ham'iltonian

defined as

HtX(k),t^,(k),À(k),kl

0 flf{k)-hrx(k)lll 
2 

R(k)-1

+ !.(
1'

J

2t
k) 2

q.(k) -1

* ÀT(k)r(k) (3.24)
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The canonic equatìons are given bY

îtr.1rrl = ,îtor

r(t<lk¡) = rlt" I u,o, = îrrlrr)

( 3.25 )

1t.za)

(3.27)=Q

with the tvro-point boundary conditions g'iven by

( 3.28)-¡_(0)l

and

r(krlkr) = o (3.2e)

These canoníc equat'ions and the associated boundary conditions

specify a nonlinear two-point boundary-va1ue prob'lem whose

solution yield a fixed-interval "smoothing" solution Îtf.¡f.rl to

stage kr. If only the filtering sotut'ion Îttrlr.rl is desired then

k, is to be treated as a running variable and an approximate re-

cursive solution may be obta'ined by using the discrete invariant

imbedding techniques (Sage, 1968). The resulting a'lgorithms are

shown in Table III where it can be seen that the difference between

the discrete EKF a'lgorithm of Table II and the discrete MAP filter-

ing a'lgorithm is in the error variance equation. For the MAP

filtering algorithrn, the error variance equations involves the

innovation process

r(ko ko) -1Ih to\
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TT\BLE III

GENERAL DISCRETE NONLINEAR I'IAP FI].TER]NG ALGORITHMS

Prior er v t

vr(kl k-1) = o(k,k-l)yer(k-1)oT(t<,t<-t)+q(k)
-.K. Z.

(rrr. s)

Yg(O) = Ix^
-1J

(III.5a)

One stage predíction alsoríthJl

x(klk-I) = o(k,k-1)x(r-r) (rrr.4)

Ã(o) = oå (III .4a)

Statis tíca1 parameËers

Elx(o) I = I!..
tu

(III.3a)

T
Elx(O)x-(0) I = .U-

tu
(rrr.3b)

E[!ù(lc)] =EtV(k)l =0 (rrr.3c)

Btlü(k)r{r(j)l = q(k)ôk. (rrr.3d)

Etv(k)vr(j)l = R(k)ôkj
(III.3e)

0bse-rvation model

z(t<) = h[x(k) ]+Y(k) (rrr.2-)

SvsterE rnode-l

x('k) = 0(k,k-1)x(k-l)+I^I(k) (rrr 
" 1)
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c(k) A v,,(k)HT(k)R-l(k) (rilter gaín)
-À

(rrr.12)

where

x(k) = E(klt-r¡+g1t )v(k) (rrr.1r)
Filterine alsorithm

Er:ror varlarrce algorithm

Eíther

11 (t¡ = -V¡ (t l t- r> -vx (rc 
l r.-r¡ .rr it) Ii 1 (r.) .r Ck) v.X (k 

l r.-r) (rrr. 6)

where
ai,r tirr.lr.-rl I_1 /\

J(k)R '(k)J(k) '=
â {1(t) u (r.) (III .6a)

aÅ(k lk-r) ax(r lt-r)

rq(r.) A ¿(k)vf (k 
I r.-r¡¿rçr.)+B(1c) (rrr.6b)

or

v*(k)
-À F"rr,r. ¡ r.-rlstiir. l t-r¡, kr 

] 
-!x(r. 

l r.-r¡ (rrr.7)

= Ix(t< I t-r> --v-N(k I t-r)u tx(t I t-r;, t1

ft*oo,u ¡ r.-r¡v tîcr. I r.-r¡ , r.r I 
-\cr. lr.-r¡

f-)-
where

UIx(klr-r¡,t.1 ^
â

E(t< ) R-1 (k)v(k) (rrr . B)
aÃ(t lt-r)

ri(t) A
aurricr.lr.-r> I

(rrr.9)
ax(t lt-r)

v(r.) A Z(k)-ht¡(tolt-r¡l (innovatíon process) (rTr.10)
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L(=(k)V kk kILtT 1)l

(k k-1)ltX

(3.30)

and take two alternative forms. The first form (Equation III.6)

is convenient to use when the Hessian matrix

T
a ðh

1
B (t<)y(t<)

âx(k I k-i) ðx(klk-1)

is posit'ive ciefinite and can be factorÍsed as ¿(k)R 
1(L)¿(f 

) .

As w'ill be seen later in Chapter 5, this is not the case for the

probìem considered in this thesis so the alternative fornr (Equation

III.7) is used.

3.5 EKF versus MAP Al ori thms

At the outsetn the choice between the EKF algorithm and the

MAP algorithm ìs not obvious. The EKF algorithm js the most popular

one and has been found to performance satisfactoriìy prov'ided that.

the assumptions inherent its deveìopment are verified by practical

experience to be valjd. There are also well-known disadvantages

and difficulties associated with the applÍcation of the extended

Kalman filter. The manifestation of these difficulties is commonìy

referred to as the diverjence prob'lem (Nahi, 1976) which is said to

occur when the actuaì error in the estimate becomes inconsistent

with the error variance matrix approximation provided by the filter
a'lgorithms. In the application to be considered in this thesis,

this is 'like'ly to occur when the signaì goes into a deep fade and

results in an instantaneous SNR level below threshold and render

the estimation scheme to be invalid for the duration of the deep

fade. Further dÍscussions on the EKF a'lgorithm can be found in

Nahi (1976) and two comprehensive survey papers by Sorenson (rg74a,
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1974b )

The MAP algorithm is more compìex and requires more computat'ion

time but has been found (McBride 1973; Py]e, 1974) to perform well

in a situation when phase locking is required and thus the ability

of the estimator to reach steady state operat'ion is intimately con-

nected with the in'itial set of observation data.

Due to lack of comparison results based on the experiences

of other workers, it was hourever decided that both algorithms are

employed and results are compared. It was found that the MAP

a'lgorithm is better than the EKF in terms of performance for the

problems considered in this thesis.
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4. SIMUI.ATION METHODOLOGY

The filterjng algorithms descrjbed in Chapter 3 will be

appìied to the communication model developed 'in Chapter 2 to

derive the receiver structures whose performances are to be

investiga+-ed by computer simulations. To reduce the djntension

of the system state vector and render the simulatjon possib'le

in terms of execution time, a simple 4-dimension model using

the Ornstein-Ublenbeck stochastic processes (Ornstein and

Ublenbeck, 1954) for the message and fading components will

be deve'loped 'in Section 4" 1. These processes result when

Gaussian white nojse is passed through a ìow-pass filter des-

cribed by a first-order transfer function and have a first-
order Butterworth spectrum. Section 4.2 will give some theo-

retical considerations on the use of computer simulatíon to

study receiver performance. Section 4.3 will set out the pro=

cedure fol I owed 'in organi s'i ng the s i mul ati on programs together

with a description of the parameter set used in the programs.

The latter is very important in 'interpret'ing and reproduc'ing the

res ul ts .

4.1 Example of an FM communication system

Consider a scalar message a(t) having a first-order Butter-

worth spectrum and represented by a fjrst-order differentia'l

equat'ion

where u-
d

yari ance

å(r) = -cra(t) +/\ uu(t) (4.1)

(t) is a zero-mean white gaussian process having un'ity

e tuu(t) uu(t) I = 6D(t-r) U.z¡

6D(t) is the Dirac delta function

s and Pu are constants having specía'l meanings as can be seen

by first determin'ing the transfer function corresponding to

Equati on 4. L .
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¿, = pus-oltl

lto,T
u(s) = ,# (4.3)

The power spectrum of a.(t) is then
^ '2aP

Su(ur) = lH(ir) l'=-2.+ (a.aa)
ûJ +Cf

It can be verified from Equations 4.3 and 4.4athat cx measured

in radians/sec is the one-sided 3-dB ba.ndwidth and is also the

half-power frequency of the message power spectral dens'ity.

The autocorrelation function of a(t) is given by the Fourier

(4.4b)
-ó

I/a is thus the correlation time and Pu is the average power of

the message. Note that a(t) is a gauss'ian process with zero mean

and variance P
a

Figure 4.1 shows the plots of the frequency resÞonse lH(jr) I,
the power spectrum Su(ur) and the correlation functjon Ru(t) for

such a first-order Butter-worth process.

If we define

where mr(t) is the message a(t) and m,

phase

mes s age

(t) is the phase o(t)

m
A 1

^z

mr(t)

mr(t)

(t)

(t)

+-

( tm

t
o(t)=¿.Iu(t)dt| ,0

Then the state variable model for the message being FM modulated

can be written as

+-

0 dr
(4.5)

m, (t)

rr{t) 0 -ct
+ uu(t)
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lH(i') I

,Æ-
a

E

2a û)

(a) Amp'l i tude rati o

s (o)

2P /aa

P '/a
a'

2a û)

(b) Power spectrum

R(t)

.37

T

(c)

cl

c[-ct

Pu

?
c[

L
ot,

Correl ati on functi on

Fiqure 4.1. Characteristics of a first-order Buttenvorth Process
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The chanrrel processes characteri s i ng the Rayl ei gh f ad'i ng

channel are also to be modelled as first-order Butterworth

pr0cesses

'nrtt) = -ybl(t) + ry rur(t)

'br(t) = -\bz(t) + ry unr(t)

(4.6)

(4.8)

(+.t7

where

,br(r) and uo(t)are zero-mean white gaussian processes having un'ity

vari ances

Elu
b

(t) ,b (.)l = EIu

x, (t)

xr(t)

xr(t)

xn(t)

(t) u (.)l = g (t-. )
1 1

b2 b2 D

y'is the half-power frequency and P, is the average power of the

fad'ing processes. Recall that b1(t) and br(t) are supposed to

be i ndependent processes hav'i ng i dentj cal stati sti cs and thus

,Ur(t) and u'r(t) are'independent of each other and are also in-

dependent of uu(t).

Now if we define

L(t) =

o(r)

a (t)

b1(r)

b2(r)

A

<' phase

<- message

<- in-phase fading component

<- quadrature fading component

Then by combining Equat'ions 4.5,4..6 and 4.7 we get for the

system state vector X(t) the follornring state djfferential equation:

!(r) = tl(t) + eu(t) (4.e)
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w¡lere

I

0

0

0

8Ç
0

0

.Y

dt

.O¿

0

0

0

0

0

ry
0

0

0

0

lry

0

0

0

000-y

(a.ea)

(4.eb)

0

q

tU )

uu(t)

'u, 
( t)

'ur(t)

(a.ec)

Using the relations between the analog and the corresponding

djscrete models developed in Chapter 2, the discrete model for

the FM system considered in this example is derived and summarised

in Table IV (Equations IV.3 - IV.S) together with the observation

model using both the uniform and quadrature sampfing techniques

(Equat'ions IV.6 - IV.9).

The transition matrjx o(k,k-l) is derived by using the Lap'lace

Transform method (peikari , 1974, p. 246) to comput. .It as the

inverse Laplace Transform of the resolvent matrix (sI - L)-1

jt=¿ -t(= I 1 (4.10)

Figure 4.2 is a block d'iagram of the díscrete communication

model jn this example.

l)
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TABLE ÏV

AN EXAÌ4PLE 011 ¡J{ n4 C0ì'Í}'IUNICATÍ-ON SYSTEM I^]ITH PÁYI,EIG}I FADING

Message, mode-l (2-dimensional)

rn (k) = Õu(k,k-l)n(k-l)+E-(k) ( rv. l-)

(rv. z¡

with

z(t) = hlx(k)l+l¡-(k) (rv.6)

Observation model

Et_Y(k)Yr(j) I = -B(k)ôrj

Ecuivalent svstem model (4-dimensional )

x(lc) = <Þ(k,1c-l)x(k-1)-+Il(k) (rv. 3)

v¡here

A(lc) A

xr(k)

x, (h)

xr(k)

xO (k)

<- phase

<- message

+- ín-phase fading colïponent

<- quadrature fading component

I^l (k)
^

rvr(k)

w, (k)

rv, (k)

wO(k)

wirh EEr r.>dc:ll = Q(k)ôrj (rv. +)

ß(l-e -o{.7
) 0

0

0

1

0

0

0

0

o(k,k-r) 4
-(,7

e 0

-YT
(rv. s)

0

0

e

0
_YT

e'

(k-1)+r¿(k)-o (k, k-1) b (rv.2)
Channel model (l-dirnensíor-ral)

ta DA
b l_bi L12(L) 

'
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For uniforrn sanpling

For quadrature samplíng

htE(k) I = q

R(k) =

Definitions

lr [X(k) , = lZlt-L2X-(k) sin(co.tr.+L., X(k) )-FL3X(1c) cos (ur.tU+Lrå(1t) I

R(k) = Ë

L X (k) L^X(]c)
-J-

L^x(k)
-z- rI

(rv. B)

(rv.9)

(rv.10)

-crT 2

-L^x(k)
--J-

sin(L" x(k) )
-a-

cos (L. x(k) )--r-

0

g
T

r
T

0

L. A tl o_I

L^Ato o
-z
L^Ato o_J

0

1

0

ol

ol

1l

Ír ation
3-db frequency of message ( radians sec)

T = Èk-tk_, (samlling inteïval) (secs)

Pa = average transnìitted Po\¡¡er (watts/sec)

uJ = Carrier frequency (raclíans/sec)
c

Qrr

Qrz

0

0

Qu

Qzz

0

0

33

0

0

0

0

0

Ql1 = e 

^ß2 
{zut-3+4e-'0T-e-2o'T'

Qtz = Q2t = p g(l-e
a
2aT,

f 
( 1-e-2YT)

(rv. rr)

)

Q(k) =
a

o Q++

Q2z = P"(l-e

Q33=Q44=P

y = 3-db frequency of fading components (radians/sec)

P" = average message pol¡ler (rvatts/sec)

P, = average facling component porver (waÈts/sec)

a - trao-sided spectral height of continuous additive ivhite

gaussían noise (watts /cycLe)
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wb (k)

wb (k)
2

(k)

b k b k
1 2

( ))

(V k )

Z(t<

Fiqure 4.2. Di s crete FM Communication Model

(k,k-1)
a

0 Uni t
Deì ay

Uni t
Del ay

(k,k-1)
b2

0

ob1(k,k-l Uni t
Del
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4. 1 . 1 Defi ni ti on of terms

Several terms relating to the communjcation mode'l as formu-

I ated i n thj s study requi re some cl ari fi cati ons .

(i) Bandwidth expansion ratio

Van Trees (107t, p. 88) defines the bandwidth expansion ratio as

ß
t

ct,

and this is the same as the modu'lation index (Schwartz et al,1966,

p. 164) defined as the ratio of the rms frequency deviation Ar¡ to

the rms bandwidth B. of e(t) as can be seen below
0

Reca'll that

l.
o(t) = df a(t)dt

It can be verified that the rms bandwidth of e(t) g'iven by

Bô)2 a(
fl_ r"é(r)dr

[:';(r)dr

with S. (f) derived from Equation 4.4a
0

is

B. =cr (radians/sec)
0

Furthermore, the rms frequency

(Schwartz, Íbid. ) Æ

(¡')2 n 
.|_- 

s.(r) dr

is

Ar¡=d (radi ans/sec)

deviation of o(t) given bY

f

At¡
B;

0

t
CI,

and thus
ß

(4. tt¡
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(ii) Average recejved power.

The recei ved s'i gnaì

z(t) = /4(b1(t) sinlo.t + 0(t)1 + ur(t) coslur.t + 0(t)l) + v(t)

has the average recejved power P given by

where Pa is the average transmitter power (and would be also the

average received power in the non-fading case) and Pr'is the

average power of the fading processes.

(iii) Variance of continuous additive noise.

The continuous addit.ive nojse v(t) is assumed to be a scalar

white gaussian process hav'ing zero mean and varjance

kj
where

k for uniform sampìing

P=ZPrP, (+.tz¡

(4. 13)

(4.14)

Etv(t)v(t)l = ro(t-t)

and r is thus the two-sided spectral height measured in watts/cycìe.

(iv) Variance of sampled additjve noise.

The measured noise, i.e. the sampled white noise sequence'

V(k) have also zero mean and variance (Sage and Melsa, 1971, p. 83).

Etv(k)I(i)l = R(k)6

r
T(&

rlT 0

0 r/T
R(k) = for quadrature sampling
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4.1.?-. Signa'i-to-noise ratio and fading rate

Before leaving this section, there are two important para-

nreters to be defined for later discussions. The first is the

si gnaì -to-noi se i n the message bandr^ri dth defi ned as

^ê

The noise por{er in the message bandwidth is given in terms

of the (one-sidcd) noise equìvalent bandwidth of the message pol{er

spectral densìty (Carjson, 1975, p. 725).

B

1-o

_* I" lH(i,)l' d'

lH(jo) l';n

I16
GJ

0
do

(2/a)

þ (raaians/sec) = fr tcycles/sec)

2P

(+. ts)

and therefore

(4.16)
0r

This definition of the signal to noise ratio in the message

bandwidth agrees with those used by Polk and Gupta (1973),

McBride (1973) , for the non-fading case

and also by Dharamsi and Gupta (tgZSU) for the fading case and

thus al'lows direct comparison of their results with those ob-

tained in this thesis.
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In his study of fading channels, Van Trees (tgtt, p. 258)

also defilres an "effective" signal-to-noise ratio in the message

bandwi dth as

n. A nurr- f rn 1r+no)t (4.17)
sqrtb

where Lu is the signaì-to-noise ratio in the message bandwidth

as defined in Equation 4.15 and i\O is the sígna1-to-noise ratjo

in the channel bandwjdth g'iven by

^. = 2P (4.1g)"b Yr

The second parameter, to be called the "fadjng rate", is
defi ned by:

3-db bandwidth of fadin onent
an d o mes sage

(4.te)

f+r

ï_
cx,

and is a rneasure of the rate of variation of the carrier signal

amp'litude compared to the changi.ng rate of the random message. If
f, = 0, the carrier s'igna'l amplitude is constant and no fading is

said to occur. If fr = 0.01, the amplitude is varying but at a

much slower rate than the message. A rather artifícial value

f, = 0.05 is to be chosen as an intermediate value and the fading

is said to be "fast" if

f

f

>> 0.05r
and "slow" if

r << 0.05
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4..2 CotnpLrber sinrulat,'ion - l'heoretical considerat.ions

The djscrete model for the exampìe of an FM communicat'ion

systetn as descrjbed 'iri Sec'bion 4.1 wÍl I be used in conjunction

w j bh the a'lgorithms 'in Chapter 3 to devel op recei ver structures

in the remaining chapters. The performance of the rece'ivers

will be studjed using Monte Carlo simulatjon. As discussed by

Bucy, et al (l.glZ, Chapter IV) the term "Monte Carlo simu'latjon"

is subjected to a great number of alternative and somet'imes mis-

leading interpretatjons. Qu'ite often, the sinlulation results

are presented in the ljterature wjth no explanations regardìng

the procedure follou,ed and the degree of confidence associated

wìth the results obtained" Many types of errors can occurin a

simulatjon study and great care must be taken in attempting to

draw meaningfuì conclusions about the validity, signifjcance and

accuracy of the results. In the fol lowing subsectjons, sonle of,

the important topics on computer simulation relevant to this

thesi s wi I I be di scussed.

4.2.L Generati on of çJauss i an random vari abl es

1'1ost di gi ta'l cornputers have at I east one uni form pseudo-

random number generator in their system library. These generate

numbers whjch are uniformly d'istributed between 0 and L. Usually

they are based on the mjxed congruential method clf generation

and some control of the algorithm is available by a'llowing the

user to choose the seed for initiating the sequence (Fishma.n,

1972). For example, RANF(.), avajlable from the CDC 6400, is

a mod'ified form of the mixed congruent generator and the

jnitialisation js done by calling RANSET(.) with any chosen seed.

Fronrthese prime sources ofuniform random numbers, random

varjables of other distribution can be genera'bed. 0f particulan

interest is the gaussian djstribution associated w'ith many types
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of signaìs encountered in commun'ication systems. The

generat'ion of gaussian variab'les can be done using e"ither:

(i) Sum of uniform random numbers:

As a consequence of the central limit theorem, the djs-

trjbutjon of a linear combjnation of random processes u,rjth sinlilar

first and second order statjstics tends to that of a gaussian dl's-

tribution. By summìng N variables uni'formly distributed in the

interval (0, 1), the resultant variable would have a gaussian

d'istpibu'i:ion with mean N/2 and a varÌance N/12. Thjs method

has been found to have a bad gaussian "tajl" and is only margin-'

ally more efficient in terms of execution tinle than the more

exact direct transformation method as beiow.

(ii) The exact transform method.

Let U, and U, be ìndependent random variables uniformìy

distributed in the interval (0, 1). By transforming U, and U,

us i ng the rel at'ions h'i ps

Vt = ç-zlnlr)%cos2ñ), (4.20)
Yz = (-21nUr)%sin2rl,

The random variables V, and V, are ìndependent and normally

djstributed with zero mean and unity va¡iance. To ve¡ify this'

it is noted that (Sage and Melsa, 197I, page 25)

(4.2r)Rv'vr(vyvr) = ldet rll or,,,u z 
Nl,uz)
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where ldet Jl is the magnitude of the determinant of the

Jacobian matrix

ðut

ðvt

ðuz

ðut

ry
ðuz

ry

,lt rz -uz"-tul*ult n

A¿

Fç

,2
-vre- ( vl

sl*u?rt,'l*,lt

+

-,v 
2

-1
ñ

-t,l*,ltn

Pvr,v, (v'vr) = + "-t'l*'l)n

u1

2n

e

2n

th us

and

(4.22)

(4.23)

(4.24)

Py (v
1

1
)

æ

-OO

æ

-CO

I

I

p(o1,vr)dv, = 
*"-v12lz

nvr(v2) p(ul,vr)av, = * "-urz/2

Generation of gaussian random variables N of mean m and variance

2o- requires further transformation

N = oV*m

where V is gaussian variable of zero mean and unity variance

generated by Equation 4.20.

(4.?5)
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In generat'ing white gaussian noise as requìred in the sinru-

I ati on of the rece'i ved s 'i gna 1 beì ng contam'i nated bJt addi ti ve noi se

of two-sided spectral height r and sampled at the sampfing rate
1f, = i, the variance of the white noise sequence is said to be

appropriately determined from r. As simulated white process cannot

contain frequencjes higher than one hal'F the sampì'ing frequency so

the total power in the power spectrum must be equal to the variance

R of the generated noise sampìes, i.e.

R=rf r
TS

(+.zo¡

and this agrees w'ith Equation 4.14 given earlier.

4.?-.2 Mul ti vari ate normal distri but'ion

The simulation of the system model as given in Equat'ion

IV.3 (Table IV) requ'ires the generation of l.l(k), a multivariate

normal random vector with zero mean and covariance matrix.

q.(k ) =

Qrr Qrz o o

Qtz Qzz o o

00Q¡g0
000Qss

(See IV.11)

By first generat'ing a multivarjate normal random vector

r(k) w'ith zero mean and un'ity covariance matrix, l^l(k) can be

gi ven by

u.(k)=cr(k) (4.27)

where C is a uníque lower triangular matrix satisfying

(Anderson , 1"958, p. 19 )
T

q(k) =cc' (4.28)
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In particular, with _Q(k) as given by Equation IV.11, the

nratrix q is computed to be

0

Qtz Qrz
a

/Qrr

l[11

0

0

0

0

0
22

l. (4.2e)

00

0

0

0 q

M

4.2.3 Sources of Emor

There are several types of errors involved in a sjmulation

study and can be classified broadly as

(i) Modelling errors in the model of the commun'ication systems

under stucly. Thi s i ncl udes the errors occuri ng i n mode'll i ng

real random signa'ls as the output of dynam'ical systems ex-

cited by white noise,:as was done for the message and Fad'ing

processes. The stati sti cs of these random s'igna'ls may not

be known accurateìy. To reduce the model'ling errors, ex-

tensive experimental data have to be collected to determine

the validity of the mc¡del used or else the unknown para-

meters can be augmented into the system state vector to

be adaptìve'ìy identified before they can be used in the

estimation model. This problem is not attempted here, how-

ever, and the model is assumed to be accurate enough to

render modelling errors insignificant.

(ii) Discretization errors due to the discrete representatjon

of continuous processes as was done in Section 2.2.
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Ï i i i ) Stati sti cal errors due to the fi ni te observati on time. The

simulation normal'ly cons'ists of N. number of runs of ìength

N-, simulation points each. For each run the total observation
p

tìme t is given by

t = l{nT

where T is the sampling interval. As a guideline, this product

must be at least several times the dominant time constant of

the system which is 'the tjme constant (also called the correla-

tjon ti*.) | of the fading processes bt(t) and br(t) in the

example corìsidered in Section 4.1.

4 .2.4 Sampl e s i ze requi remerts

The performance of the receiver is measured in terms of the

rnean square error E., between the state estimate (at time instant

tf ) i., tf.l and the true state x., (l<). The subscript " j " indjcates

the partìcular state to be estimated and

= | : phase

i=2: message

i = 3 : in-phase fading component

L = 4 : quadrature fading component

The mean square emor Ei (also called the error covariance for zero-

mean processes) is computed as

(4. 30 )

Corresponds to
the system state
vector defined
in Sectìon 4.1

E

where N is the samp'le size

= fr o!, 
x.,2{t')I

N = N'NO

and

x.' A x,(k) - i., tr.l

is the error in the estimates at time t
k

and is assumed to be

(4. 31 )

Gaussian distributed. E" is thus the sum of N squared Gaussian
1
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ranclom variables and \^roul d fol low a x2 - distribution (Papor-r1is ,

1965, p. 250) with an effective nuntber of deqrees of freedom

g'i ven by (Bucy and Mal I i nckrodt, 1973 )

N
N

e ff (4.32)

(4.35)

1+

*|to. large F (4-.32a)

where F is defined as

F = j= (4.32b)
2BI

with B bejng the FM bandwidth (cycles/sec) and T is the sampfing

period. Equation 4.32a thus becomes

Nur, = 2BTN G.szc)

and is interpreted as the total number of independent samples

obtained over the total observation time (fn) wnich agrees with

the assumption behind the xZ - distribution.

If N^.. is greater than 30; the x2 - distribution is
ETT

asymtot'i cal 'ly normal wi th vari ance (Appendi x C, Equati on C.4)

2
o

2 (4.33)
N

2

2u
eff

where

uz A Etxi2(k)l (4.34)

and it can be further shown (Appendix C, Equation C.7) that the

probability of E., to be within some fraction s of the true mean

square value u, is given by

Prtl6i-u2ksurJ = 1-2Q

where Q(.) is the "error probabiìity"'tunction (Carlson, 1975,

Table D, p. 474).

f
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Consequent'ly if we require, for example, 5% accuracy

(s = 0.05) wit.h 98% confjdence (P, = .98) , the m1nimum required

Neft i s gi ven approx'imateìy

eff = 4000
mrn

4.3 Computer simulation Pro cedu re

Having discussed the theor^etjcal considerations for the use

of computer simula'lion to study performance of commun'ication

systems, the actual procedure js to be developed in this sectiorr

and wjl'l be folloured throughout the rest of the studies.

4.3. 1 Program orqani sation

The simulat'ion programs are organised accord'ing to the flow

chart depìcted in Figure 4.3 and brjef descriptions of the various

steps are given below.

Step 1. Input parameters

Varjous parameters are to be specìfied at the beg'inn'ing of

the sjmulation progrants. A short summary of these parameters 'is

g'i ven bel ow:

Parameter Defi ni ti ons

(N ) (4. 36 )

(i )

(i i )

(iii)
(iv)

(v)

(vi )

(vii)

(viii)
(i x)

(x)

P

0

Y

f
ß

t

T

3-dB one-sided bandwidth of message

average power of message

3-dB one-sided bandwidth of fading process

average power of fadi ng process

bandwitlth expansion ratio (Equation 4.11)

average transmi tter power

signal-to-nojse ratio in the message bandwidth

samplìng interval

number of simulation runs

number of simulation points for each run

a

P

P

1\

p

N r
N
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NEXT RUN

NEXT POINT

OUTPUT RESULTS

FI NAL

OUTPUT STATISTICS

OUTPUT STATISTICS

FOR EACH RUN

ESTIMATOR

SAMPLI NG

GENERATIONS OF

SYSTEM STATE VECTOR

INITIALISE CONDITIONS

FOR EACH RUN

INITIALIZE RANF'

IN PUT PARAI"IETERS

Fiqure 4.3. Flowchart of General Sirnul ati on Proqram
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The actual parameter set used in the simulation programs ìs

discussed further in Section 4.3.2.

Step 2. In'it'ialise RANF

This is requ'ired on'ly'if the sequence of uniform random numbers

generated by the RANF(.) function on the CDC 6400 computer js

desired to be the same for various parameter sets.

Step 3. Initfal conditions for each run

When several runs each of length NU Points are to be made,

they are made independent of each other by random'ly se'lecting the

initjal conditions giving the initial state vector X(0) with

the assumption that X(0) is normally d'istributed w'ith mean pu ,
aO

normalìy assumed to be zero, and variance V,, Note that these
a0

statistica'l parameters are later used as initial conditions for

the estimation aìgorithms.

Step 4. Generation of the s.ystem state vector

This requires the evaluation of the transÍtion matrix (Equation

IV.s) which is constant for thjs example and then

(i) generation of t,'l(k) by Equation 4.27.

(ii ) generat'ion of X(k) by Equation IV.3.

Step 5. Sampl i nq

Th'is requires the generation of the sampled white Gaussian

noise sequence having zero mean and variance
r
T

2P
d^T

R(k)

(4.37)
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For un'iform sampling, only one sequence is required to form the

d j screte observat'i on s'ignal as gi ven by Equati on I V . B.

For quadrature sampling, two indepenCent noise samples are

required to fornr the discrete inphase and quadrature observation

si gna'l as gi ven bv Equati on IV .9 .

Step 6. Est'imation

This is the rrain step in the program and emp'loys a chosen

filtering a'lgonithm (ffn or ÌrlAP as discussed in Chapter 3) to

process the observed s'ignals to obtain the opt'imum estimates

for the system state vector.

Step 7. Output statistics for each run

For the ith.un, the part'ia'l stat'istics li it computed as

I
N

p.iei x
k

xfrrl (4. 3B)

(4.3e)

1

for the desired state estimate, nameìy the phase (i = 1) and the

message (i.= 2) .

Step B. Final output stat'istics

The simulation is repeated for N. number of runs, each t'ime

with a different set of injtial conditions (chosen in Step 3)

and the final output statistics is computed as

N
p

1

N.

N l^:
T E']

j=L -1lE
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Step 9" 0utput results

After havíng run the sjmulation for several set of parameters'

the results consist of pìots of the inverse simulated error

covarìance (I/Ei) versus the signal-to-noise in the message band-

wjdth (n) for a certajn combination of the input paranteters

(i) B" to investigate the effects of bandwidth expansjon rat'io

(ii) f., to jnvestigate the effects of the "fad'ing rate" as

def i ned 'i n Equati on 4. 19

(ii'i) T, to 'invest'igate the effects of the samplìng rate

and, of course, for both the EKF and the l'1AP a'lgorithms used jn

the single channel case. As for the MAP recejVers using quadrature

sampling for fixed-lag smoothing (Chapter 7) and for diversity

recept'ion (Chapter B), the number of lags allowed and the number

of diversity branches would be the relevant parameters.

0ften found plotted on the same graph are simulation results

obtajned by Poìk (1973) and McBride (1973). These results are for

comparison and also serve as an jndication of how well the results

for the Ray'le'igh fading couìd be êxpected to improve.

4.3.2. A typical parameter set

Unless expìicitly stated, the input parameter set has the

values chosen below

0

P

P

normal i sed to uni ty

= L (radians/sec)

=l
-1

c[

P
a

Pt

¡ AT,=
fcx

a

y (for o= 1)
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.1 "fast" fadi ng

.01 "slow" fading (typical )

.001 "very slot,'l" fading

Pt I tu'' l owi ng P normal i sed to unÍ ty)

10

25 (typical )

50

Â = 20-45 dB (in steps of 5 dB)

The cho jce of the remain'ing parameters (1, N

further discussions.

ß

rt *o) require some

Choice of samplinq rate {f, = }): dependent on the bandwidth B

of the Ftvl bandpass signal. Van Trees (1971, p. 100 ff) shows that

for wideband FM ($>S), the spectrum of the frequency modulated

s'igna1 can be approxìmated Uy a gaussian-shaped spectrum

/T.nP -
c^(f)' 40,

-(ltrf )z lzv uarz (4.40 )

(4.41)

(4.42)

The root-mean-square bandwidth B (cycles/sec) defined by
s

824
s

4

(2n)

rI r' (e 
" 
(t)J dr

I-LPJ-æPt

and is evaluated to be (see Figure 4.4)

B
s

= 2q d, (cvcles/sec)



/J

(G" (f ))"LP

B
S

Gs(f)

B
S

2

Fig. 4.4: FM modulated signa'l spectrum and equivalent 1ow-pass spectrum.

B-fc fs +fcfTf. c
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B=kB
s

where k is a constant chosen by the designer. For example, if

k -- 2,95% of the power is contained in B.

Having determined B, the minimum samp'l'ing frequency is chosen

as required in Sectì on 2.3. For example, for g = 25

the approximate modulated bandwidth is then given by

d, = crß = 25 (radians/sec)

e, = 2,Ç d,

= 50 (cyc'les/sec)

B=kB,

= 100 (cyc'les/sec) for k = 2

(a) For scalar sampling, choose

(4.43)

(f, ) =48

Ã
= L0'

(Eq.2.31)
mtn

and allow for a safe factor of 10 then the requìred sampling

frequency i s

f, = 408 Ø.44)

(b) For quadrature sampling, assuming

fc = 106 (cYcles/sec)

fc
B
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Minimum sampì'ing frequency 'is

f
f( )

S mln

= i00 (cycles/sec)

By aì'low'ing for a safe factor of 10, the requìred sampling fre-

quency 'is

f
s

( cycl es/sec)

Choice of N and Nr

Hav'ing determined the sampling frequency, the mínimum total

of simulatjon points is gìven by

( N.rr)
mln(N)*in =

2BT

4

3 (4.45 )

(4.46)

10

(Eqs. a32(c) and 4.36)

The actual choice is

[tl =

s cal ar sampì i ng

quadrature samp'lÌng

scalar sampf ing

quadrature sampì i ng

t

1

Bx10

2xI0 4

NN =l{rp

tr
10'

2.5x 10
4

To obtain the total number of sjmulation points as g'iven by

Equation (4.46) N, and NO are chosen so that
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and allow for a minirnum nuntber of 10 runs to samp'le the initial

distribution, N- js then given bY
u

4 for sca'lar sampl i ng

for quadrature samp'li ng

10
N=

p
(4 "47 )

2.5x 10

Each s'imulation stu<ly thus consists of a m'inimum nunlber of

L0 runs each of minimum ìengths 10,000 or 2,500 points dependìng

on the sampl'ing scheme.
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5. RECTIVERS USING UNIFORM SAI4PLÏNG

Employ.ing uniform (or scalar) sampjing, the fi'ltering a'lgor-

i'bhms of Chapter 3 are to be applied to the comnlun'icat'ion model

of Section 4.1 to ob'bain various set of algori'bhms from whìch

receiver structures can be ident'ified and their performances are

stucJied by using computer s'imulation.

Section 5.1 will consjdet" receivers using the EKF algorithm.

These receivers are further simplified for very slow fading channe'l

us'ing a "quasi-statjonary" ana'lysis ìn Section 5.2. Sectjon 5.3

.c-onsjder receivers using the MAP algorithm and a "quasí-st.abjonary"

version is compared with the EKF receiVers. The last sectjotr js

a summary of the development in this chapter. The effect of

sampfing rate and comparison of results for no fading wj1l be

postponed until Chapter 6 after considering receivers usìng quad-

rature samp'l ì ng.

5. 1 Di screte EKt Recei vers

5. 1. 1 Al qori thm

The djscrete tKF algorithm developed 'in chapter 3 (Table II)

is app'lied to the example of an FM communicatjon system discussed

in Section 4.1 ancl summarised in Table IV. Uniform sampling is

employed and the resultìng algorithms are tabulated in Table V.

To illustrate the recursjve nature of these aìgorìthms, a flowchart

is shown in Figure 5.1 and will be used in coniunction wÍth the

flowchart for the General Sjmulation Program discussed in Section

4.3 to simulate the system.

The development of these algorithms is summarjsed belotv.

Equations V.1 through V.4 corresponds to the communjcatjon

moclel in Table IV. Equat'ions V.5 and V.6 are the d'irect applica-

tion of Equations II.4.and II.5 to the above model. The jnitial
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ITADING ( UI'ITTOR}{ SAMPI-TNG)

Filtering algoqilþq

x(k) = ë(t lk*1)+c(k)v(1:) (v.7)

^

V;
3,
I

i=1
H. LT

a--r
(filter gain) (v. e)c(k) eIÛ

r¿here

^^v(k) 4 z(r<)-trti(klk-1) I (innovatíon process) (V,9) I

Pr:ior error va::íance al.gorithm

v.x(rl rc-r¡ = Õ(tc,k-1)vç(h-1) oT(k,k-1)+Q(h) (v.6)

v*(0) = v-,
3::o (v.6a)

One staqe pleclíction a1goríthin

x(klk-l) = Õ-(k,1c-l)x(k-l) ' (v.5)

x(o) = _Ìl-
to

(v.5a)

S tatís tical parame-ters

ntw(r<)Ulf¡l I : e(k)6,.,
(v.3)

(v.4)See Table TV

EIv(k)v(j)] = R(k)ôkj

Observation mociel (uniforrn samplíng) : z(k) = h[x(lc) l+v(l()

+xO (k) cos (ur"tr.l-x, (1c))1+v (k)z(lc) = ,/2P ,[x, (k) sín(or.t, *x1(k) ) (\I.2-)

Systen mode-l ð(k) == 0(lc,k^l)X(1c-r)+.t(lc)

xr(1'-)

xr(k)

x, (h)

xO (lc)

t-

0

0

0

ß(r-e -cT)o 0 xr(k-1)

x, (1.--f)

x, (k-1)

xO (k-1)

ru, (1c)

rv, (lt)

rv, (lc)

rvr* (h)

-c)¿T
c 0 0

I (v.1)
0

0

--rz'Fe r' o

0 e-l r
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Error variance algoríthrr

VX(k) = I¡(ltlt-i>-
3 ll.H.

- l_.ofijo¡cr. I r.-rl¡r\lrrn I t-rl
L r-J =r

(v. 10)

where

!r
L2
L^'-J

A

I
0

0

0

0

0

0

1

0

0

0

1

(v. n¡

^ âhlx(lclr"-r) l/\ -Ht
aîr{t lt-r>

âh tI(k I k-1) l

=,\t"r1r.l t-r) cosn(kl k-l) -xo (kl k-r) sinQ(kl t-r> I (v. tza¡

Ltz
âî (lc lt-r)3'

= @sínn{tlt-r¡ (v. r2b)

^ a, ¡î1u I r-r> I -H" Ê- ^ 
' = ñ-"o"n(tlt-r)

' â", (rc I k-1) Þ

4' I

(v. rzc)

^^q (r.l r.-r) I or 
^ 
t. +x, (k 

I t -rl' ck 
\

(v.13)

^^^n(r.) Ê mo*m"sín2n(t lt-r)+m.cos2Q(k I t-r> (v.14)

*o (þ +r.(îr2 it ¡ t-r) nî o',ul r.-r >, uor,t I t-r) +v-, (r< | t-r) +vio (k 
I t-r¡ (v.14a)

*, ,uOrio {t I t-r) x, (ro 
I r.-r) -uOrO, {to I t-r) xo Ct I t-rl ) }

rn" = 2p r{-x, (tc 
I t-r)'* (t< 

| t-r) v-, (t< 
I t-r) +x, (t I r.-r) vlr;, (t I t-r) (v.14b)

-xo (k 
I r.-r) v-r- 

o 
{t I t-r) +vOrOo (u 

I t-r) }

m" = p 
r{ <îr' cn I r<-r) -} o' rul r.-r> ) ulr (k 

I k-1) -v- 
3 

(t 
I t-r) +v;o (k 

I t-r¡

+zrî01r.lro-r) uoro, cr. I r.-r>nî3 (k 
I k-1)vi1ï4 (kl t-r) ) ]

(v. t4 c)
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x(o) = Uv'..q)

ul(o) = vh

STEP FIVE

Update est'inate

ûol
Eq. (v.z¡

STEP FOI.JR

Compute gain

G(k)

Eq. (v.e¡

l( k+1
STEP TI-IREE

Compute error variance

v;(k)
-^

r=q . Tv. to)

STEP TNO

ute prior error variance

Is
Eq

( l( | k-1)

. (v.o 1

STTP ONE

Contpu l:e predi c'[ed estimate

L(klk-1)
Eq. (v.5 )

Fiq. 5.1: F I owchart of tKF al qori thrn (Tal¡] e V . )
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conditions requìred for these equations are given in terms of the

mean and variance of the distribution assumed normal of the initial

state X(0)

x(o) = rv-tu
A r rx(o) I

a rrI(o)xT(o)l

In app'lying Equat'ions II"6 and II.9 to derive the corresponding

Equations V.10 and V.7 for the error variance algot"ithm and the

filtering aìgorithm respectively, ìt is observed that the Jacob'ian

matrix

vH )
A

ahrx(klk-1)l

ax(k lk-1)

ah rx(k I k-1) l

Ðxr(klk-1)

ahrx(klk-1)l

ðxr(klr-t)

T

âhrx(klk-1)l

âx (klk-1)
3

ar'rû(k lk-1) l

ôxo( k I k-1)



r,vhere the observation function

irtr. ¡k-1), irtr.lk-1) , îo{r,lr.-r)
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htÅ(kl¡.-r)l is a function of

only so

and thus

where

and

!-1

,
!.3

is shown to be

Ðhrx(klk-1)l

axr(klk-1)

H(k)

0

H.L.Tl-l

3
l

i=1

tra

tra

A
H

ôhr)((klk-1)l

ðxr(klk-1)

ôhri(klk-1)l

axr(t<lk-t)

ah rx(k lk-1) l

axo(k l t -t)

(Eq . v.J2a)

(Eq.v.12b)

(Eq.V.12c)

(Eq.v.11)

3

A

1000
0010
0001

Using these shorthand notations and after some tedious but

strai ghtforuard cal cul ati ons , the term

u(k) a [( k)Ii(k I k-1)[T(r)+B(r<) (tq. II.B)

U.(t<¡ = mo*mrsin2o(k lk-1)+m.cosZfi(k lk-1) (Eq.V.14)



whe re

is shown to be

ntr, I r-1) A .r.to*îr{t I i -r)

and rno, m, and mc are given by Equations V.L4a, V.14b and V.14c

res pecti vely.

Sirni I arly, the f i I ter gai n

a(r<l A y,(k)d(k)& 1(k)
-I

B3

H. LT
1-'t

(Eq" v.13)

(Eq.II.10)

(tq. v.B)

where R(k) has been intentionalìy substituted by

R(k) = rlr

,to indicate the discrete nature of the rece'iver.

Figure 5.2 is a block diagram of the recejver structure as

depicted by the above algorithms.

5.I.2 Baseband Model

In order to facilitate the simulation of the receiver, further

simp'li fi cati ons are requ'ired to derj ve a "baseband" model . To

illustrate the nieaning of the term "baseband" and the procedure to

obtain it, consider the filtering algorithm

Îf o lo-1)+q(k)v(k) (tq.v.7)I(k )

= Õ( k , k- 1)X (k- 1)+G (k )v (k ) (5.1)



z(k) v( k)

B4

s'in0(k lk-1)

Fiqure 5.2: EKF Receiver Structure.

x1(klk-1)

cosn(klk-1)

îo{r¡r.-r¡

xr(k I k-1)

v;(k)

o(k,k-1)9.(k ) +

Functi on
Generator

Phase
Modu'lator

hrÎ(rlr-r)l

Vari ance
Processor

Uni t
Del ay
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which can be inrple'mented as a digìtal filter excited by the innova-

tion process (see Figure 5.2).

u(k) A z(k)-hilfr.lk-1)l

which'is equivalent to a random forcing ternt normally approx'inlated

as whi te gaussi an noÍ se.

The desired estjnlate X(k) is expected to have a 1ow-pass

(baseband) spectrum and the filtering operation, jmplìcìt in Equa-

tion 5.1 r,rill tend to fílter out any high frequency component

associated with the carrier frequency as 'implied in the error

variance tquat'ion V.10. This can be done exrrlicitly by

(i) Determine the baseband form of the error variance equatìon

v;(k) = vJ(klk-1)-
H.H.

1__J

M(k ) Ir{r< ¡k-l)Ll\v{(k lk-i) (Eq.v.10)

by notì ng that the term

(5.2)

can be put in a general form

3
T

i,i=1

i = 1., 2, 3
j = !, 2, 3

H.H .1J
M( k)F..'rJ

n*nos s'in2fì(k lk 1)+nrcoszCI(k lk-1) (5.2a )f .. =
1J mo*mrs i n2n( k I k- 1 )+m.cos2n( k I k-1 )

where the coefficient.s in the numerator are evaluated readily

from the expressions for H., 's (Eqs. V.12(a), V.12(b) and

v.12(c).)
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All of these coeffjcients are time-vary'ing and assumed to

vary very s'lowìy compared with the double carrier frequency

term to be considered as constants vrhen expanding Fi, 'into

a Fourier series with the d.c. component given by

T/2
p'

(s.3)F rJ

where TO is the period of the continuous function ftr(t)

obtained from Fij by letting tk to be a cont'inuous tjme

vari able (t) .

The evaluation of the integra'l (S.S¡ is given in Appendix A

and the results are g'iven by Equation VI.4 (see Table VI).

One diffjculty occurs here in ascertaining that

222rå - rl - *:'o (5.4)

and this was later checked and confjrmed by simulatjon.

(ii) Consider the correctjon term

D..
1J

(t)¿t

r/2p'

e(r)v(k) = G(k){z(k)-nlx(klk-1)ll

where

= G(k)z(k)-q(k)h tx(k I k-1) l

v;(k)

(5.s)

G(k) =

3
E

11
IF/T-)-

t,LT (Eq. vI.6)
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wi th yX(k) beì ng the sol ut'ion o.t the baseband error varjance

equat'ìon VI .3 and w'ith Ht 's g j ven by

H

H

H

1

2

t
J

m.t

,, tr. I t- t) cosô(k I k- 1l-iotk I k- 1)s i nô1k I k- i )

s'i nCI( k I k- 1)

cosr¿(k I k- 1)

(Ëq.VI.7)
(See also
Eqs. V.12)

(s.5)

As z(t) contains carrier frequency term so the product

G(k)z(k) will contribute a basebancl term.

The second product q(khfÅ(k lk- 1)l is expanded and by re-

taining on'ly the baseband term we ge'b

^ Ii(k¡ 
^

{q(k)[tI(k lk-1)]]ourubun¿ = Ë.21)- 
Pt [;3(k lk-1)fl*totr. ¡r.-rlff)

The result'ing baseband fjltering algorithm is then given by

Equati on VI .5.

Table VI is a summary of the baseband form of the discrete

EKF fi I teri ng al gori thns for FIrl comnruni cati on system vli th Rayl ei gh

fadÌng and Figure 5.3 is the correspondìng flowchart.

5.1.3. Baseband receiver structures

Figure 5.4 is a block djagram of the baseband receiver struc-

ture resulted from the algorithms of Table VI. 0n the diagram'

the thick line indicate vector quant'ities whereas the thinner line

is used to indicate scalar quant'ities. The receiver can be rec-

ogn'ised as a feedback system sinrilar in fonn to those of the well-

known phase-'locked loop (Gupta , 1975) except for the time-vary'ing

gajn G(k) given in terms of the solution of the variance processor

driven by the estimates of the channel fad'ing processes.
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TABI,E VI.

B¡,SEI]AND I]ORì\I OT TIIE DISCRETE EKF ]IIL .IERING ÂLGOIÌITHì{S T.OR }}f COI'I}ÍUNf CATION

SYSTEI,T I.JITII RAYLEIGI1 FADTNG

i'lrror varíance algorithm
3

v-i(k) = y'(tl t-r)-- 
Í=.,orrlr,r.l 

t-r>q\v-N(kl k-1)
lrJ-r

(vr. 3)

where

"lcu¡t -t)*io2(klk-1) -xo(kIt-r) x,(tIt-r)

tDijl = Pta -îo(ulr-r)
î, <r. I r.-rl

1

0

0

1

-2x, (k 
I t-r)xo ltc I t-r) x

3
qr< lt-r) -xo (tlt-r)

m"(l-moA)
+ 2 2 I

x, (t<l t-r) 0

1

1

0+mtn c -xo(t<lt-r)s

lr' ,u ¡ t-rl -î02 1r. I r.-r) xo tr. I t-rl
x4 (klk-l) -1

xr(tlt-r)
rn" (l-mnA)

0

1

+
2 2

m +m
s c x, (t< 

| t-r) 0

A
A
=

I
2 2

-m -nt
S c

"rt", 
tO, *" and m" are as defined Ín Table V

(vr. 4)

vx(rclt-l¡ = o(k,k-l)-vi(k-1)or(t,t -t)+a(k)

ríor error varíance algoríthmP

v-.(o) = v.,-a -èo

Cvr. z¡

(VI.2a),

x(0) =

X(kl k-1) = Õ(k,k-l)x(Ic-l)

oå

pr ed iction algoi-i thr¡One sta

(vr. r)

(vr.1a)
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Filter:íns alcorithm

icu> = !.rul k-l)+c(k) z(k)-þrrou,u¡ ¡irtr.l ur)¡rr+lo{r.l r<-r)¡rr 1 (vr.s)

vlhere V:-(k)
-Å 3

x
í=1

H. LT
a-l_

c(k) = Giú (vr. 6)

and H. rs are as defined ín Table
a

V

tt1 x,(kl k-1) cosf)(kl k-1) -xo (kl 1c-1) sinQ(t l t-r)

T'Z /n-t sínfl(lc I to.-rl (vr.7)

"3
cosfl(lclk-l)

(vr. a¡fì(klk-r) = r".Lk1çt lt-r¡
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STTP ONE

Compute predicted estimate

lf 
'. 

¡o-t¡
Eq. (W.1)

x(0) = I{v
30

STEP FIVI

Update estimate

x(k)
Eq. (Vï.s)

STEP FOUR

Conrpute gai n

c( k)

Eq.- (nT.6)

k k+1
STEP THREE

Compute error variance

v;(k)
Eq.-(W.3)

STEP TI,JO

Compute prÌor error variance

Ii(klk-1)
E4. (W.2)

Figure5.3. Flow chart for baseband EKF ajqorithm (taUle VI).
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V.,
-.h îr{rlr,-r)

coSCI (klk-r)
x,(klk-l)

z(k)
+

x
i=

Fiqure 5.4. Baseband EKF Receivers

Phase
l4odul ator

xo(t<¡t<-t)
t

P¡
-Y/1-

!li3(k I 
k-r )

+!]Î4(klk-1)

xr(klk-l)

!(k lk-r )

Uni t o(k,k-t )

(k

(k)
(klk-1)*4

Va ri ance
P roces s or
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5. 1.4. Performance

Cornputer simulation is used to study the performance of the

receivers. The procedure and the parameter set used have been

described in Chapter 4 and the results are summarised beiow.

Figures 5.5(a) and 5.5(b)¡ Inverse Error Variance for various

values of the bandwidth expansion ratio (g).

Each graph consists of two sets of curves showing the predicted

inverse error variances and the simulated inverse error variances

against the sìgnal to noise ratio in the message bandwidth (^) as

defined in Equation 4.16. As already discussed in Chapter 4, the

predicted error variances are obtained as the steady-state value

of the error variance equations

lim V; (k) for phase
lç-ræ ^1

and the simulated error variances are calculated as

lim V; (k)
k-+- ^2

txr(k¡-îr{r.) r2

N

: ¡xr(k) -î¡of

for message

for phase
N

x
k-

k

I

1

for message

where N is total number of simulation points determined in Chapter

4.

Atso plotted on the san€ graph are the simulated results of

Polk (1973) for no fading using the EKF algorithm and uniform

sampìingwithß=25.
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The results exhibits the features characteríst'ic of an FM

system, namely'

(i) Threshold behaviour: following Polk ( tgzg ), threshold is

said to occur when the phase error variance exceeds

(u- (k)ì = .25

I tr' 'Jthresho'ld

and it can be seen (Figure 5.5(a)) ttrat thresho'ld occurs at

approximately 1ldB higher than the no fading case (tor ß = 25)'

(ii) Bandwidth versus signal-to-noise ratjo tradeoff: By increas-

ing ß and therefore jncreasirrg the bandwidth required for

transmission, the error variance of the phase also increases

as expected but the message error variance (figure 5.5(b))

decreases and results in better output signal-to-noise ratio

at the expense of higher threshold.

Another observation is the agreement between the predicted

and the simulated values of the error variances which Seems to be

very good around threshold region and becomes very bad below

threshold. This is due to the approximate nature inherent in the

derivation of the a'lgorithm which renders it valid onìy for low

noise conditions.

Fiqures 5.6(a) and 5.6(b): Inverse Error Variance for various

values of the "fading rate".

The "fading rate" f. defined as

f

( 5.6)

ï.
gr y (foro=1)
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is varied to study the effect of "S.low" or "fast" fading by which

the rates of variation of the fading components Ut(t) and Ut(t)

is compared to the rate of variation of the message. As can be

seen, the performance of the receiver improvesboth in terms of

threshold and of signal-to-noise ratio when y decreases from

y = 0.01 (slow fading) to y = .001 (very slow fading). 0n

the other hand, with Y = .1, the receiver seems to be operating

below threshold all the times

5. 1.5. ri son w'ith Dharamsi resul ts

Dharamsi and Gupta (tgZSa) considered an jdentical probìem of

discrete-time demodulation of anaìog FM signals transmitted over

Rayleigh fading channels us'ing the EKF algorithm and unìform

sampling as was done in thjs section. They aìso consider Rician

channeìs by alìowing one of the fadjng processes to have a non-

zero mean equaì to the specular component of the Rician channel.

Furthermore, they also considered other estimation algorithms and

the performance results are presented in another paper (Dharamsi

and Gupta, 1975b). Their results for the EKF algorithm are com-

pared with those obtaíned in this section. Figure 5.7 shows the

results for the inverse message error variance with ß = 25 and

y = .01 (the quantity y used here corresponds to o, in Dharamsi and

Gupta paper) which seems to agree weìl with respect to the simulated

error variance but differ significantly for the predìcted error

variance. This is despite the fact that the algorithms have been

checked to be identical and in fact, some of the notations used in

this thesis have been borrowed from their work and made as identical

aS possible. For the case when y = .1., their results indicated

that the performance is better than those for the case when Y = .01

which is exactly the opposite of those obtained and presented in

Figure S.6(a) and 5.6(b).
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5.2 Quas i-stationarv attalvsis: slow fading

In the early stage of thjs work, due to the limited access

to the computer for running long simulation programs, effort was

made in simpìifying the receiver structures and therefore reduc-

ìng the execution time. This was done for slowly varying channe'ls

(v< .01) by using a "quasi-stationary" ana'lysis proposed by Van

Trees (tgZt, p.253) which requires the following assumptions to

be made concerning the channel variations and consequent effects

on the estimation algorithms:

(i) The channel measurement error is small.

(ii) The cross-coup'ling term may be neglected.

(iii) A quasi-stationary solution to the variance equation is

val i d.

5.2.1 Quasi-stationar.y receivers

The eryor variance matrix is now assumed to be approximated by

vi1 ( k)

vxrx, ( L)

0

0

vrrxr( tt)

V i2(k)

0

0

0

0

0

0

V-
-X

k )
(s.7)

v
x3

0 V (k)
x

4

and the baseband EKF algorithms in Table VI are modified to result

in a simpler set of algorithms shown in Table VII. ,The correspond-

ing flowchart is shown in Figure 5.8.

A block diagram of the receiver structure to be called the

quasi-stationary receiver is shown in Figure 5.9(a) where the

output from the function generator block is given by

k( )

0

H, = xr(klk-1)cosCI(klk-1)-*+(klk-1) sinn(klk-1) (See Eq. VII.8)
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T/IBLE VII.

QUAS I-STATIONARY BASEBAND FORM OF THE DISCRETE EKII FILTERING ALGORITH}ÍS

FOR FM SYSTEM I^IITH SLOI.I lìAYLEIGH FADING

(4)

Channel estimator

*!*z (k)v--x, (t I t-r)
"t(r/r) z (k) (3)

xr(t< lt-r)

Filteríng algorithm

4
x

(k)

t"

þ

+
,(r< lr-r¡ vir(t)

+
*1v (k)

(k lk-1)

(k lk-1) 4(klk-1) vio(t ) V

[l;..,] [i;

xr(k)

Phase and message

v- (k)
*3P t

(r /r)

lr(u)

uoo,n lr-r) = uoo,n lt-r) tr-nrvoo(t lt-r) J 1zu)

(tlr-r) = v- (klt-rl[l-Drv- (tlt-rl]
"3 -"3

(2a)

For channel estímation

V_ (k) = V_ (rlt*2 tz ' r-1) - Drvir;r(ttlt-r) (1c)

*L*z*r*2 (r lr-r) [ 1-D., v- (k 
I t-r> I' t*l=V-- (1b)

(r. lro-r) [ 1-D., v- (k lt-r) J

'^1
=V-V- (1a)

For phase and message

Error varíance algoriËhm

*3V-

*1*1 k)(

v- (k)
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Def initi-ons

D

D
2

D

llcu n-t> * if<u u-tr
1

3

I

I

-2x, (k lt-r)"0 (t lt-r)

0

-1

ì3,ut k-r) -.î1(kl k-r)
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x(o) = uu
{

v 0(i ) rh

STEP FIVE

Update estimate

Eq. (vI I .3)

Eq. (vtl.q)

STEP FOUR

Compute terms

Hl' H2' H3

Eq. (vII.B)

k k+1
STEP THREE

Compute error variance

Eqs. VII.1(a) - vII.1(c)
Eqs. VI I .2(a) - VII .2(c)

STEP Tl^lO

Compute prior error variance

Ii(rlt-t¡
tq. (vI .2)

STEP ONE

Compute predicted estimate
^x(klk-1)

Eq. (vI.1)

Flow chart of Quas j - stationaFiqure 5.8:
(See also Tabte VI).

rv EKF Recei vers (Table vII).
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(k), vx (k t Vv (k) are solutions
n4

1 3

of the error variance algorithm in Table VII.

From the diagram, the receiver is seen to consist of two parts:

the upper part'is to estimate the phase and message, while the lower

part is to estimate the channel processes. To facilitate dis-

cussion, the upper part will be called the message estimator (as

the message est'imate is the desired one in a practical solution)

and the lower part w'i1ì be termed the channel estimator. Each

estimator is recognised as a feedback structure sjmilar to those

of a phase-locked loop and consists of various multip'lexers, gains,

toop filters and is driven by the same incoming observed signal

z(k) plus a feedback path from the phase modulator common to both.

By redrawìng Figure 5.g(a) in another form (figure 5.9(b)) ' the

receiver can be readily recognised as an adaptive version of the

digìta1 phase-'locked loops (Gupta, 1975).

The basic operation can be recognised as the maximal-ratio

combining of the in-phase and quadrature components of the carrier

signal: the outputs from the voìtage controlled oscillators (VCO)

of the phase-locked loops are used to cross-correlate with the in-

put signal to produce a measure of the in-phase and quadrature com-

ponents of the fading process (characterising the Rayleigh fading

channel ) and the output from the channel estimator is used to up-

date the variance processor for the message process, trying to keep

the carrier level constant so as to allow for normaT demodulation

of an FM signal.

5.2.2. Performance

The parameter set is the same as in Sect'ion 5.1.4 and the

simulation results are discussed below.

itxz
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I
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Fiqure 5.9( b) : Ouasi-stationarv EKF Receiver.
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Fiqure 5.10(b): Curves B show the simulated inverse error variances

(with ß = 25, y = .01) for the quasi-stationary receiver using EKF

aìgorithms and when compared with the results (curves A) for the

baseband EKF receivers (from Figures 5.5(a) and 5.5(b)), it can be

seen that the quasi-stationary receivers do not perform as well.

This is rather disappo'inting at first. However, when considering

the results for ß = 25 and y = .001 (very slow fading) shown in

Figure 5.11(a) and 5.11(b): It can be seen that the performances

of the quasì-stationary receivers (curves B) are almost the same

as those obtajned for the baseband receivers (from Figures 5.6(a)

and 5.6(b)). The assumptions regarding the validity of a quasi-

stationary analys'is discussed at the beginning of this section are

thus val jd for very s'low fading channels only.

Curves C on Figures 5.10(a) through 5.11(b) are for the per-

formance of the MAP receÍvers to be discussed in the fo'llowing

secti on .

5.3 Discrete MAP ReceÍvers

5. 3.1. A'l gori thm

The discrete MAP algorithm in Chapter 3 (Table III) is app'lied

to the FM communication system in Table IV. The resulting algor-

ithms are similar to those obtained in Table V for the EKF algor-

ithm except for the error varíance equation whjch requires some

further discussion.

In Table III, the error variance equation takes two alternative

forms. The first form (Eq. III.6) is commonìy found in the litera-

ture (e.g. Sage and Melsa, Ig7!,Table 9.3-1, p- 452) and requires
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the factorisation of the Hessian matrix (of dimensjon 4 x 4)

âh
T

-1ri(r r-r) r

urî(klr-r),tr - -â

aî(t lt -t) ax(k k-1)
R (k) y(k)

L

(5.8)

*11
^rz

*13

=LT ^rz nzz 
^23

*r.3 *23 m

tll ^rz t13

'rz nzz *23

t13 nzg t33

(Eq. vIII.2)

33

wi th mr, 's gi ven by Eqs. VI I I .2(a) through VI I I .2(f) .

The ( 2, 2) minor ot ¡'ltÎ(klk-1),kl is calculated to be

lMzzl

= -zu2(k)

and MtX(klk-1),kl is not positive defjnite and cannot be factorised
'l

as ¿(k)B-'(k)J(k) (Eq. III.6(a)) (Bellman, 1960.)

The atternative form (Eq. III.7) is used and is summarjsed in

The flowchart for the MAP a'lgorithm is shown in FigureTable VIII.

5.1,2.
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x(o) = u"
-10

o)vi( rh

STEP FIVE

Update^es ti mate

r(k)
Eq . (!TiT. 1)

STEP FOUR

Compute gain

q(k)
Eq. (y.8)

k k+1

STEP THREE

Compute error vari ance

v;(k)
Eq.-(I.10)

STEP ThIO

Compute prior error variance

!i(t< lt<-t¡
Eq. (I.6)

STEP ONT

Compute predicted estimate

I(k I k- 1)

Eq. (I.5)

Fjqure 5.I2. Flow chart for MAP algorithm (fable VIII; see also Table V)
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5.3.2. Receiver Performance

Attenrpts to derive the baseband form for the MAP aìgorithm

as was done for the EKF was not successful due to the comp'lexity

of the matrix [fi(klk-1),k]. To overcome this problem, two solu-

tions are proposed:

(j) Employ quadrature sampling techniques to derive a

set of aìgorithms that lend themselves to direct simu-

lation as will be done in Chapter 6.

(ii ) To make further assumptions al'low'ing some simplificat'ions

of the MAP error variance algorithm and requ'ire

(a) high SNR to uncouple the observation z(k) from

the equations for tij't, and

(b) very slow fading and use the quasi-stationary

form of the error variance matrix as given in

Equation 5.7.

The actual amount of computation required is found to be com-

parabìe to the time required for the baseband EKF receivers.

The performance is shown in Figure 5.10(a) through 5.11(b)

(Curve C) and is seen to be better than the EKF baseband and quasi-

receivers at high SNR but is worse than the baseband EKF receivers

at low SNR. Also noted is the seeming'ly better performance of the

quasi-MAP receivers when compared with the quasi-EKF recejvers at

'low SNR but this is not meaníngful as these receivers are designed

to operate at high SNR only.

5.4 Summarv

The results shown in this chapter have demonstrated the feasibifity

of apply'ing modern estimation to derive receiver structures which

are "quasi-optimum" and dependent on the validity of various assump-

tions regarding the signal-to-noise ratio (relative to the additive
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noise) and the rate of fading. tor very slowìy fluctuating channe'ls,

it has been shown that a quasÍ-stationary approach has allowed the

receivers to be simpìified and recognised as an adaptive version

of the d'igi tal phase-ì ocked I oops . When the fadi ng i s rel atf ve'ly

sìow (say Y = .01.) tfie performance of the recei ver i s sti I I far

below that achieved in a nonfading situation and other techniques

will be employed in the 'later chapters to improve the performance.

The theoretjcal performance of these receivers cannot be

calculated analyticaì'ly except in the case of very slow fading and

Van Trees (1971) gave an approximate performance bound for the

inverse message error variance of the unrealisab'le contÍnuous MAP

demodulator that he derived. This is used to compare with the

results obtained in Figure 5.11(b) (g = 25, \ = .001) and is shown

in Figure 5.13. Note that the signal-to-noise ratio is defined

as the "effective" SNR in the message bandwidth as given in Equation

4.77 .
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6. RECIIVERS USING QUADRATURE SAMPLING

It was mentioned in Section 2.3 that the use of quadrature

sampl'ing techniques has resulted in better performance for FM

demodul ators wj th no f ad'i ng . Thi s chapter vri 1 f invest j gate the

performance of receivers using quadrature sampììng for Ray'le'igh

fading channels. In Section 6.1, t.he receiver structures using

the EKF algorithm will be derived and their performances are

studied using computer simulation. Section 6.2 wÍll apply the MAP

algorithm to obtain quadrature receivers whose performance are

found to be better than those using the EKF algorithms and are

chosen for study'ing the effect of varying the bandwidth expansion

ratjo and the fading rate. Section 6.3 will consjder the effects

of varying the sampling rate for the quadrature receivers as Well

as for those obta'ined in the prev'ious chapter. The performance of

receivers in a Ray'leigh fadìng environment is compared with the

non-fading case in the last section and the need for more complex

receivers is also discussed.

6. 1 Di screte EKF rece'ivers usinq ouadrature sampling

As was done in Section 5.1, the general discrete EKF algorithm

(Table II) is app'ljed to the example in Table IV using quadrature

samp'lìng to obtain the set of algorithms summarised in Table IX,

and the corresponding flowchart is shown in Figure 6.1.

In deriving the filtering algorithm (Equation IX.7) and the

error variance algorithm (Equation IX.10), the following shorthand

notations have been defined
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TASLE IX

DISCR-ETE EKF FILTERING ALGORITITM FOR FJV COI.ß{IÍNICATION SYSTEM T{ITI{ RAYI,EIGII

F¡,DING (S ,]i CIIA}ìNEL. OUADRATURE SAI"ÍPLING)

Filterine alsorithm

v.(klk-1) = o(k,k-l)V1r(k-1)oT(t ,t -t)+q(k)
-x - -lr

(6a)

(6)

error variance algoríthmPrior

V*(0) = V-,
-Ä -å

(5a)

(5)

o)(

One st

E =oå

x(klk-1) = o(k,k-1)x(k-r)

oredictíon alsorithm

(4)
See Table IV.

(3)

Statistical parameters

Etv(k)yr(j)l - n(k)ôrj

Etr^r(k)rf (j) l= q(k)ôk.

,L

,2

x, (k)

xr(k)

(k)'ì

rof
(2)

atíon model sam

2
v(t

+
1ç)(

"4

"3
)

(k)

(k)

(k).

(L)
/zp t

t1

z(k) = hlx(k)l+v(k)

sin x,

cos xl

xr(k)

x, (k)

xr(k)

xO(k)

L

0

0

0

xr(k-r)

x, (k-1)

x, (k-r)

xO(k-1)

wr(k)

w, (k)

wa(k)

wO(k)

(1)

-oT

x(1c) = Õ(k'k-1)x(k-r)+g(k-)

e0
-ru '|1t¿

+
0

0

0

.-YT o

0

0

)oß (l-e
-cxTe

î(o) = îçr.¡ r.-rl+v.x(k)fq(k)
(7>
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Definitions

I

0

0

0

0

0

0

I

0

0

L= 0 ( I 1)

1

x, (k I k-r) z c2(k) -x¿ (k 
I k-1) z cr(k)

D(1c) tq
(r/r) z.r(k) -/m ¡r(ulr.-r> (r2)

z 
cz1Ò - / ñ-Y rt o( 

lc lc- I )

-xo (k 
I t-r) 1 0

H (k) /2P t sin xr(trlt-r)

-x, (k 
I t-r) 0 -l_

xr(tclt-r) 01

+ /m t cos xr(t<lk-r) (13)

-x* (k I t-rl 10

M (k) tr( k) {Lvxf iul <tl +¡<r.l (14)

zct (k)

(k)
A

z, (k)

zr(k)
'z(k) sin xr(klk-r)

(1s)
L z (k) cos xr(lc I t.-rlC2 I

Error varíance aleorithm

v* (k) = -r¡(k l r<- r) -rt (r< l r.-r> rJ tuT (r.)u 1 
cr.l H (k) ] Lvx (k l k-l ) (10)
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x(o) = uu
{

rh)0tr

STEP FIVE

Update estimate

!(k)
Eq. (IT.7)

.STEP FOUR

Compute term

q(k)
Eq. (il.12)

k k+1
STEP THREE

Compute error variance

v;( k)

rq. l$. to)

STEP TI^JO

Compute prior emor variance

Ii(k I k-1)

Eq . (iT.6 )

STEP ONE

Compute predicted estimate

!(klk-1)
Eq. (iT.5)

Fioure 6.1 Flow chart for EKF al oo ri thm

(raUle IX. )

usinq quadrature sampling



t22

A

1

0

0

0

1

0

0

0

0

0

0

1

(rq. IX.11)L

arrfx(klk-1)l
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Figure 6.2 is a block diagram of the recejver as depìcted

by the algorithms in Table IX.

Using the parameter set chosen Ín Chapter 4, the receiver

performance is shown in Figures 6.3(a) and 6.3(b) for ß = 25 and

y = .01. When compared with the results for scalar sampling, the

improvement is in the order of ldB at high signal-to-noise ratio.

The below threshold behaviour does not seem to be conclusive from

the results obtained although the threshold is marg'inally lower

for the quadrature receivers. For no fading case, Tam and Moore

(fgZS) obtained results that indicated overall better performance

by the use of quadrature sampìing.

The total computational effort using quadrature sampì'ing is

comparabìe to the scalar sampìing due to the lower samp'ling fre-

quency requi red.
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6,2 Discrete MAP Receivers Using Quadrature Sampling

Using quadrature samp'ljng, the MAP algorithm for the FM

communication model in Section 4.1 is obtained and is different

from the EKF algorithm of Table IX in the error variance aìgorithm.

Equations (1) and (10) in Table X show two alternative forms of

the error variance aìgorithms that can be used. The first equation

yi(k) = (l*Ii(k lk-1lurÎ(k lk-1) ,kl )-1 qtk lk-1)

was used in Chapter 5 but found to be unstable when used in this

immediate study.

The alternative form

(6.3)

I;(k) = v;(klk-1)-Iî(rlk-1)Utx(k lk-1),kl

.(rny;(k lk-1lUrÎ(k lk-r) ,kl)-tyr,k lk-1)-^

is used instead and was found to be more stable. This can be

understood by considering, for simplicity, the evaluat'ion of

-1 (] * u¡-
1

(6.4)

(t+ au) cl- (6 .5a )

(6.5b)1=a-ab(1+ab)-

Assuminga=1andb=.001

ftren (] * b)-1 = g.eeoL.

Assuming however a .05% numerical error involved in evaluating

the inverse (| * u¡-l , the calculated resu'lts cou'ld then be (say)

a

.999+.0005=.9995
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TA}LE X

DISCRETB },fAP FILTE1ìING ALGORITH},IS FOR T.}f COI4,IUNICATION SYSTEM WITH RAYLEIG}I

IiADING (SINGLE CIIAI{NEL. OUADRATUP.J SAMP],TNG)

DèfínÍ tíons

See Table TX for definítions of L, ZCl(k) and Z"r(l<)

Error variance algor:ithm

(1)

or alternatívely,

v,r(k) = Ix(Ll t-r)-Ix(t It-r)utx(kI k-r),kl

r+vo(k I t-r)utx(tr I t-r¡,trl-Ã
(la)

where

Î,'u
k-1) zcl(k) I

I

I

I

-t
I

I

-l
I

I

UtîCr.lk-1),kl nrÆ t
z

c2
(k) z"r(k)

+xO (k 
I 
t*rl z,r"(k) L (2)

-2."r(k) ¿n- ! otr
--t-

zc1
(k) 0 /n t
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x(o) = Èv
10

y"
a0

\/i ( 0

Fl ow chart for MAP alqori thm us i nq quadrature samp'l i ng

STEP FIVE

Update estimate

Å(t)
Eq. (1T.7)

STEP FOUR

Compute term

q(k)

Eq. (IT. 12)

k k+1

STEP THREE

Compute error vari ance

v;(k)
rq.-(I.t)

STEP Tl¡lO

Compute prior error variance

Ii(r<lr-t¡
Eql (ïï.6)

STIP ONE

ute predicted estimate

I(k I k- 1)

Eq. (iT.5)

Comp

Fi qure 6.4

ftabl e x. See also Table IX).
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If the alternative form (Equation 6.5(b)) is used instead, then

the calculated result is

1-o'oo1('9995)='999

which is closer to the actual result. F'igure 6.4 shows the flow-

chart of the MAP algorithm and Figure 6.5 is a block diagram of

the receiver. The MAP quadrature recejver is seen to be different

from the EKF quadrature receiver in the additional coupììng terms

drjving the error variance processor.

The performance of the MAP receiver for B = 25 and y = .01 is

shown in Fjgure 6.3(a) and 6.3(b) presented previous'ly. The over-

all performance is in the order of l-2 dB when compared with the

EKF receivers. The extra comp'lexity involved in the solution of

the error variance algorithm is to be taken into account. As the

main purpose of this investjgat'ion is to determine how much the

performance of receivers for fading channels can be 'improved, the

MAP algorithm will,be preferred to the EKF algorÌthm for further

i nvesti gati ons

When varying the bandwidth expansion ratio ß (with y = .01)

the performance of the MAP quadrature receivers is shown in Fjgures

6.6(a) and 6.6(b). Also shown on the same graph are the results

for no fading obtained by Poìk (1973) and McBride (1973). The

expected improvement is even more pronounced when compared with

similar results obtained in Chapter 5.

Effects of the fading rate are also studied and are shown in

Figure 6.7(a) and 6.7(b) for I = 25. These results confirm the

conclusions aìready discussed in Chapter 5, namely the very poor

performance for "fast" fading (y = .1) and the very much better

performance for very slow fad'ing (y = .001).
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6 . 3 Ef'tects of Sampl i nq Rate

By vary'ing the sampì'ing rates and adiust the sampìe sizes

accordingly to maintain the same confidence in the simulation

results, the effects of varying sampling rate are shown in Figure

6.8 for all three types of receivers. The inverse simulated

message error variances (for /\ = 30dB) are pìotted against the

sampling frequency normalised wìth respect to the sampling fre-

quency chosen in Chapter 4. The effect of under-sampling is very dìs-

tinct and results'in rapìd increase in the message error variance.

Over-samplìng, however, does not improve the performance.

6.4 Comparison of Results

Figure 6.9 summarises the results for Rayleigh fading channeìs

when conrpared with those obtained for no fading (tor ß = 25,

^r = .01). The difference is in the order of 5-7dBs in terms of

output signal-to-noise ratio. This is accounted for by the deep

fade problem made more severe by the assumption of slow fading.

If the Ray'leigh fading enveìope goes down below a certain threshold

level, it is likeìy to remain below threshoìd for a ìonger period.

Two solutions are proposed to attempt to improve the overal'l per-

formance of the receivers:

(i) Fixed-1ag Smoothing (Chapter 7); and

( i i ) Di vers i ty Systems ( Chapter 8) .
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7. RECIIVERS USING FI)(ED-LAG SMOOTHING

It is well known that by allowing a fixed amount of lags in

the receivers, significant improvement is achieved. For the non-

fadi ng case, Tam and I'loore (1973) empì oy uni form sampì i ng and

present good results for high SNR. 'l'hey further extended it (Tanr

and Moore, L975) to employ quadrature sampling and found that the

improvement in high noìse situations (low SNR) is not as good as

could be expected from the results for the lìnear cases (Moore and

Hetrakul, 1973; Prasad and Mahalanabis, 1975). For the fad'ing

case, Prasad and Mahalanabjs, (1974) obtained some simulation

results for the PM case which also show some improvements at high

SNR. This chapter will consider the use of fixed-lag smoothing

for the FM communication model used in this investigation. The

fixed-'lag smoothing a'lgorithm is formulated in Section 7.1 and the

performance of the fixed-lag receivers will be discussed in Section

7.2.

7.1, Fixed-lag smoothing algorithms

Data smoothing is a more difficult subject to deal with due

to the instability problem associated with the delay 'implicit in

any smoothing scheme. Meditch (1973, see also Kailath, 1975)

gives a very good survey of the subject. The aìgorithms used in

this chapter are drawn, however, from two complementary papers,

one by Moore (1973) for linear system and the other by Moore and

Tam (1973) for non-ìinear systems. The deveìopment of these

algorithms are outlined below.

Consider the discrete system and observation models

X(k) = o(k,k-1)X(k)+w(k) (7.1)

z(k) = ¡.tI(k)l+v(r) (t.z)
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By a'llowing a fixed amount of L lags w'ith each lag corresponds

to one samplìng ìnterval and define

k ( 7. 3)

as the state delayed by L 1ags.

The minimum variance filtered estimates ltOlO) and the fixed-

ìag smoothed estimates X(k-Llk) are defined as

lf olo) = ErI(r)l¿kl

(å- ) k-L )Å(
A

(7.4)

Îtr.-rlrl = Erx(k-L) lzkl

= Elx, (t<)lzkl
-1_

= \(klk) (7.5)

In other words, the optimaì fixed-lag smoothed estimate of
^the state I(k-Llk) is simply the optimal filtered estimate of the

state delayed by the fixed-lug i(tlf.l. This means that by an

appropriate augmentation of the system model to ìncìude the states

\(tl, filtering algorithms as those in Chapter 3 can be appìied

to the augmented model to achieve an optimal filter which has as

its output E(k).
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The augmented state vector is defined as

x, (k)
---L

The system state equation for the augmented state vector js now

given by

where

x. (k) A x^(k-i ), i = t, 2, ...,
-l -1,

and L is the number of ìags.

(k-1)

(k-1)

Io(k)

x.' (k)
-I

:

li rr.l L (7.6)

,(k, k-t) E E

Åi (t<¡

x, (k)
-1-

and the observation model is now given by

z( k) ¡.Uo(r))+Y(t<)

b
x1

(k)

(k)

E

9.

5

x. (k-1)
-l

x, (k-1)
-t-

(7 .7)

(7.s)

^l

(k)

Ext

J- E

s.

+ o.

0_
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where Lî(k),0(k,k-1),!\l(k),z(k),h(x^(k)), and v(k) cor,^espond to--1J -'-U
the filtering case (i.e.no lag, see Equations 7.1 and 7.2 above),

and for the FM communication model in Section 4.1 with quadrature

sampling they are given in Table IV.

Define the error covariance matrix as

Iio(Ll Yi 1(k) 't
(k) \r(t)

5o(t l qr(Ll v, . (k)
--1_ I \r(t')

where

Y..,i (k) A r rx. (k)xT(k) r
-r -J

(7.e)

is the error covariance matrix between the system vectors associated

with various amount of lags and note that

%o(k)

Llo (k)

!01(k)

y.11(k)

!¡r ( t¡

v1i (k)

lol(k)

!.11(k)

(7.10)

V.
-]

T

, 
(k) = I¡i (r<)

the algorithms of Chapter 3 can be applied to obtain the MAP

aìgorithms as shown in Table XI, from where it can be seen that

Equations (3a)

Equations (aa)

Equations (5a)

V.
-1

correspond to the filtering case
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TABLII XI.

pT S CRETE nA3_-EIXnn -J,A(r sMO OrH t NG élqqËq1s_ryliÆ! jgleui] gAr r oN syiS rlÌi{s

IIIT}I RAYLE]GËI FADING

Prior error variance alsorithm

%o(r.l k-1) = o(k,k-1)%0(k-1) or(k,r.-r)+q(k)

vo. (klk-1) = o(k,k-l)yo,i_1(k-1) 
I

Il,(klr<-r) = jL 1.:.'(k-1) )
-_1 

---l--I ,l--I '

i=Lr2,...,L

(4a)

(4b)

(4c)

One-stage predícËíon aleorithm

å(r.l k-1) = 0(k,k-1)\(k-1) (3a)

(3b)+.(klk-1) = \_r(t-r¡ , í = 1-r2, , L

Observatíon model

z(k) = g(x(1c))+\¿(k)

= b(x^(k) )+V(l()--u (2)

where

IO(k),ç(lc,k-1),!Í(k) ,Z(k),h(\(1c)), and V(k) corresÞoncl to the

fíltering case (see Table IV.)

L is the number of lags: X. (1c) 4 *(t-i), i = Ir 2, ..., L

I and ¡[ are the identity and nul1 matríces respectívely.

System moclel:

% (k)

(k)
å (k-r)

(k-1)

t"r(k)

Å1 E Å1 o

-a_ (lc) I .0^ E(k-r) + E (1)

x_ (k)
-t- o x. (k-1)

-L
o
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Definítions

x, (r< lr-r) zc1(k) I

I

I

I

r

z (k) z (k)
^

T c2 c1go L + xo(klr-rl z"r(k) L (7)

zc2(k) ln-t I

I
.T

I

I

0

z"r(k) 0 ,/n-t

,,\

zcz

(k)

(k)
A

z I (k)

(k)

z
2

(k)

(k)

sÍn xr(klt-r)
(B)

-22 ,T cos xr(k lt-r)

A 

x. (k) = x. (kl1c-
-l_ -t-

I ) + V.
-a o{t<)¡r¿(t<), i = 0, 1, 2, ..., L (6)

Error varíance algoríthm

%o(r.l = tr+%o(klk-l)lhl -t %o1r.lr<-r¡

= %o(kl k-t) -%o(kl k-r)% tr+%oqr.l r.-r>ql -t %o(kl k-1)

%i(k) = tr+%o1r<lr.-rlql-1 vor{t.l t-r¡

= %i(r.l r.-r) -%o(kl o-r)¡1o tr+voo (kl k-l)%l -r vorcr.l r.-r>

v.ii(k) = &_r(kl r<-r)-%r\ tt*%oCr<l r<-r>ql-r vor{r.l r.-r>

(5a)

(sb)

(5c)

í = lr2, ..., L
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Equation (3b) gives the fixed-lag estimate for various amount

of ì ags up to L.

Equation (4b) and (Sc) are only required to calcujate the steady-

state error variar¡ce of the fixed-'lag smoothed estimate.

It is appropriate to comment at th'is point that when using

the EKF a'lgorithm, the corresponding equation giv'ing V. t 
(k) is

!.-r(t<¡ = !ji(k-l) 1= t,2, Lt

which'implies that no improvernent ìs expected by using fixed-lag

smooth'ing. Th'is is not surprising as the error variance equat'ion

in the EKF algorithm ìs not coupled to the innovation process and

consequentìy is not expected to allow new data to improve past

(and consequently fi xed-1ag) est'imates .

.F.igure 7.1. is a flowchart of the algorithms in Table xI and

Figure 7.2 is a block diagranì of the MAP fixed-lag receivers.

The receiver is seen to be made up of the same basic struc-

ture as the MAP quadrature receiver in Chapter 6 pìus additional

smoothing stages to give fjxed-lag estimates for various amount

of lags. Up to 4 lags are allowed due to the increased complex'ity

and computations required.

7.2 Performance

The performance of the fixed-tag receivers are shown in Figures

7.3(a) and 7.3(b) and prove to be rather disappoìnting. The rather

marginal improvement definitely does not warrant the extra complexity

of the receivers. This is due to the deep fade problem already d'is-

cussed in Chapter 6 and would require the use of diversity

techn'ique as wi'll be done in the next chapter.
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x(o) = *h

STEP FIVE

Update^esti mate

r(k)
Eqs. (Xr.0)

STEP FOUR

Compute term
q( k)

Eq. (ü. tz¡

k k+1
STEP THREE

Compute error variance
v;(k)

Eqs.-(Xr. s)

STIP Tl^lO

Compute prior variance

v;(klk-1)
Eqsl (II. a)

STEP ONE

Compute predicted estimate

îtr. ¡r-rl
Eqs. (u. r)

Figure 7.I . Fìowchart of MAP Fixed-'las Smoothinq Alqorithm (fanie lT).
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8. DIVERSITY RECTiVTRS

To combat deep fades and to improve the overal'l performance

of receivers in a fading environment, divers'ity techniques are

investigated in this chapter using the framework of optimum

design based on estimation theory as was done in the previous

chapters for a singìe channel situation. Section 8.1 introduces

the use of diversity techniques and Section 8.2 will formulate

the two common techniques, frequency and space diversity, as an

estimation mode'1. Section 8.3 developes the resulting MAP algor-

ithms. The receiver performance is to be investigated in Section

8.4.

B. ! -Di 
vers i ty Recepti on

Various types of diversity reception are used wide'ly on poìnt-

to-point HF systems, on transhorizon microwaves (troposcatter

channel), and to an jncreasing extent on radio links(Freeman ' 1.975).

Diversity reception is based on the fact that radio signals

arriving at a point of reception over "separate" paths may have

non-correlated sìgnal levels. More simply, at one instant of time

a signal on one path may be in a condjtion of fade while the

identical signaì on another path may not.

The separation may be in

(i ) frequency, and

(ii) space, arrd

result in the two most common forms of diversity.

A frequency diversity system utilizes the phenomenon that

the period of fading differs for carrier frequencies separated by

2-5%. Such a system normal'ly emp'loys two transmitters and two

receivers, with each pair tuned to a different frequency (usua'lly
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2-3% separation since the frequency band a'llocations are linrited).

If the fadìng period at one frequency extends for a period of

time, the same signal on the other frequency wí'I1 be received at

a hìgher level, with the resultant improvement in propagation

rel'iabi I'ity.

In a space diversity system, jf two or more antennas are

spaced nany wavelengths apart (in the vertjcal plane), it has

been observed that multipath fading will not occur simultaneous'ly

at both antennas. Sufficient output is almost always ava'ilable

from one of the antennas to provide useful signaì to the receiver

diversity system. The use of the two antennas at djfferent heights

prov'ides a means of compensating, to a certain degree, for change

in electrjcal path differences between direct and reflected rays

by favouring the stronger signal in the divers'ity combìner.

A diversÍty combiner combines s'ignaìs from two or more diversity

paths (a'lso cal l ed branches or channe'ls ) . Most of the exi sti ng com-

biners in use are broken down into two major categories.

(i ) Predetection;

(ii) Post-detection

depending on where in the receiver the combining takes place. They

are further divided into three types:

(i ) Selection combiner.

(ii) Equaì gain combiner.

(i i i ) Maximal ratio combj ner.

The selection combiner uses one rece'iver at a time. The out-

put s'ignal -to-noi se rati o i s equal to the i nput s'i gna'l -to-noi se

ratio from the receiver selected for use at the time.

The equaì gain comb'iner simply adds the diversity receiver

outputs and the output s'ignal-to-noise ratio of the combjner js



151

( sNR) S
1-z

m
rL
=

i

branch

( 8.1)

(8.2)

(8.3)

0
n

is the input signal level'in the i

is the receiver noise

1 Irc'

where

th
s

o

i
2

n

m is the order of diversity 'i .e. the number of

independent diversitY Paths.

The maximal ratio combiner uses a relative gain change

between the output signal in use. For exampìe, assume

that the stronger signaì has unity output and the weaker s'ignal

has an output proportional to gain G; it then can be shown that

(Brennan,195B)

such that the s'ignaì gain 'is adjusted to be proportional to the

ratio of the 'input signals. The output signal-to-noise rat'io is

then gi ven by

S.
^_ ru-G:-

'2

(sNR)

The effjciency of diversity depends on the cori"elation of

fading of the diversity paths (Schwartz etal, 1966). In the

fol'lowing section, when modeltÍng the diversity systems using

state-variable approach, the corre'lation is assumed neg'l igible

to a'llow the assumptìon of ìndependent diversjty paths.
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8.2 State-Variable Moclelling of Djversìty Systens

8.2.1 Frequency FM Di versi ty Systems

Consider an m-branch, frequency diversity system as shown

in Figure 8.1(a). The signal transmitted over the ith branch is

t
s, (t) = /T\sìn(u,,t+df I a(t)dr) (8.4)

(8.6)

where

P*'s 'is the average transmjtter power in ilh branch and is
'l

normally assumed to be the same for every branch.

d- is the frequency deviation assumed to be the same in
1

every branch.

' Each branch (or path) is assumed to exhibit Rayìeigh fading

and the output from each branch can be written as

0

a(t)dr

z.' (t)
"q[ti 

( t) s i n (ur., t+o (t))

+bå( t) cos (ur, ( t)+o ( t)) 
J

o(t) a df

+v i -- L, 2, ..., m (8.
.' (t),

where t

I

ana Ul (t) and b) (t), to be called fading processes' are statis-

ticaììy independent gaussian processes each havÍng zero mean and

i
variance Pl, also. Normalìy assumed to be the same for each branch.

1-

In addition, the carnier frequencies are assumed to be separated

enough so that the fading on each branch are statistically inde-

pendent.
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a(t)
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The additive noise is normally assumed to be gaussían and

have a spectrum broad enough to be consídered as white noise.

For simplicity, the message process and the fading processes

of each branch are modelled as first-order Markov process having

first-order Buttenvorth spectrum as was done in Section 4.1.

a(t) = -0a(t)+'ÆoÇ uu(t) (8.7)

= -yiuittl -qf,[rrttúirtl

b;(r) æ,[,rtr
1 1 m

(B.B)

(8.e )

(8.10)

= -Yio],ttl*

where the meanings of s, Pa, yi, l| are the same as those given

in Section 4.1.

Define the augmented state vector X(t) of dimension (2m+2) as

o (t)

a (t)

b l(r)
ulrtl

<-

<-

phase

message

1st branch

th branch

m

Å( t A
)

bl(r)

ultt I
I

b

b

m

1

m

2

(r)

(t)
th

branch
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The state equation for X(t) is then given by

I(t)=FI(t)+cu(r)

-Y1

0 -Y1

(8.11)

where F is an (2n+2) x (2n+2) matrix.

0

0

0

0

d
1̂

-c[

0

0

0

0

0

0

0

0

0

0

0

0

0

00
F (8.12)

0000
0000

0
m

0-y
m

G is a (2m+2) x (2m+1) matrix

0

4
0

0

0

0

0

/rrfr

0

0

0

0

0

0

0

0

0

0
q (8.13)

(8.14)

000 ÇP\'m T

0 00

and U(t) is a (2nr¡1) column vector

0

U(r) = [ uu(t) ufrttl ,frttl . ,[r{t) uil, (t) 
Jr
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The discrete system model corresponding to tl"re analog modeì

given by Equation 8.11 is shown in Equat'ion (t) ot Table XII.

The variance of l^l (k) is defined as

Qtr

Qtz

0

Qrz

Qzz

0

0

0

0

0

0

0

a

0

0

0

0

0

0

0

00

33

o Q++
q( k) (8.15)

Lr2r. .. rl

0000
0000

a 0

Qt*

mm

0

and the non-zero elements are given in Equations 3(a) through 3(d)

in Table XII.

Using quadrature sampling, the receíved signal in each branch

is given by

z.' , 
(k ) x2i+1(k) x2ia2k) sin xr(k) v.',(k)

/7Í:l + ì

zrr(k) -xr,*r(k) x2i+1(k)

where the samp'led noise

xr(k) vrr(k) (8.16)cos

v.(k) a
-¡

v.'r(k)

vrr(k)
(8.17)
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are gaussian white sequences having zero mean and variance

r.l
kj

with ri being the two-sided spectrai height of the continuous

additive gaussian noise in each branch.

The formul.rtion of the frequency FM diversjty system as a

discrete state-variab'le model is thus complete and js summarised

in Equat'ion (1) through (4) in Table XII.

8.2.2. Space FM Diversity System

ln the space diversity system, â single FM modulated carríer

is transmìtted over the Rayleigh fading channel and at the receiver,

there.are m antennas separated by several waveìengths in the vertical

plane and the reflected rays from the multipath fading medium re-

ceived by the various antennas are assumed to exhibit Rayleigh

fading ìndependentìy. Assumíng ìdentica'l fading statistics and

equaì average received pouler, the signal received by each antenna

can be written as

r 
[y, 

,k)y|( ,)) T
0

r.l
ô (8.18)

0

2.,(t) = /\ 
[uif 

rlsin [ur.t+e(t))

+bå ( t ) cos (u,.t+o ( t) )j +v (t), i = 1,2,...,rfl (8.19,
'l

This is of the same form as the signa'l received in a frequency

diversity system (Equation 8.5) and the formulation of an augmented

state-variable model for the space diversity can be done'in exactìy

the same way as was done in the previous section. Equations (1)
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TABLE XII

DISCRETE }4AP FILTERING ALGOI{ITHM I'OR I}I DTVERSITY SYSTEMS

Observation model z(k) = h[Ã(k)]+v_(k)

h. (lc)
-I

h^ (k)
-¿

v, (k)_-L +-

<-

branch l-

v^ (k)
-z

branch 2

z(k) + (2)

q(k) q(t<) <- branch i

qn(k) v
-m

(k) <- branch m

For each branch

z. r(k) *zi*t(k) *zi*z(k) sin x
1

(k) v. ,(k)
2,

z. r(k) -"zt -lk) x2i+L
(k) cos x

1
(k) v. , (k)

where P- is the average transmitted power ín each branch.
l-

a 1, ,

(2a)

System model x(k) = o(k,k-1)x(k-1)+E(k)

(k)

(k)

(k)

(k)

I ß(l-e -oT
) I

I

I

I

J

I

I

I

I

-t
I

I

I

I

+
I

I

I

f
t

0

0

0

0

I

t'
I

t.
_t---

I

t.

I

I

I'-l

0 0 xr(k-1)

x, (k-1)

x, (k-1)

xO (k-1)

wr(k)

w, (k)

wr(k)

ru. (k )

*1

*z 0 -crTe 0 0

*3 0 0 .-Y1T 0 0 0

0 0 0 e '1
1l

0 0*4 t.
t-
I

I

I

I

*zr*t(k)

*z**z (k)

0 0 0 0 e
-vT,m 0

-vTe'm

<2m+1(k-l) tozr+r(k

t2rn*2 (L0 0 0 0 0
zm-1- L

m is the number of diversíty branches
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toïerror variance a1

(6)

( 6a)

x(0) =

x(klk-r-) = Õ(k,k-1)x(k-l)

One st-ase preclicËíon algoriLhm

ILY
{

(5)

(5a)

Statístical parameters

Etw(lc)lc(j):l = q(k)6
lcj

(3)

the non-zero el-ements of Q(k) are

Qrl = r"ß2{zcrr-3+4e-07

QI2= Q2l = rrß(1-e-07

Q2z = Pa(l-e-2cxT)

and oEher diagonal elements

-2aT
) (3a)

(3b)

(3c)

-e
2

Qzint = Qzi+2 f, {t-"-zYiT), i = Lr2, ..., m (3a¡

T
l-

ntq(t)4c:>l = 3a(k)ôk. T

0

0

1
okj t í = -1r 2r,,.rm (4)r

T

where r, ís Ëhe two*sided spectral height of the continuous additíve
I

gaussian noíse of each branch.

Fílterine aleorittm

where

x(k) = x(kl k-1)+x.v(k)p(k)

,m
D^(k) Ê t
-1J a=

E
]-

D. (k)
a

A

(7)

(8a)

2xT

, i = 7r2, '.. rm (Bb)

ir.*rtr.l k-r)z¿2E) -îrr*r(klk-r) zircr.l
%
D'1

(k)

(k)
0

1 l_

Ð.(k) D. (k)
a

(: - ^

,_lrir(k) - /2P .x ri+r (k I ro- r >

. v LL . Ial
(r. /r)l.llr-^

frä, 
,u, -/Fr"rr*, (r< 

| t-r¡ 2xI

-l-
'cr
.L
"cz

(

(

k)í2
z

A
lc)

k)

z. r(k)

-zi2(k)

(

zrr(k)
L, 2, "''"ir, îr{t lr<-r)

Â,
cos x1(klk-1)

D (k)
-m

lI
a

(e)
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Error va.rianc-e algorithm

v*(k) = r+yÍ(k ¡ r.-rlUtick I k-1),kl
_1' V.r{t lt -r) (10)

where
,fJflculk-1) ,kl

utirr.lr-r),tl A -J-
ax(rlr-r)

R
1 (k)v(k) (11)

a xltlt -r¡

Mo 0 I

I

f

I

t-

ttt ttz M*1

0

M*2

000 00
_t

Mtt o

*tz o

N
1

0 00

A
ON

1
00

(tz'¡
I

I

I

I

I

I

I

I

I
I

___J
M

m l-
0 00 NO

m

l,f ^m¿
0 00 0 N

m

Mo ^T=L
i=1

lrr*, (u 
I r<-r),i, cr.l *l,i+z (k 

I t -Ð zlzk) (tza)

M.-a_
r_I

(k) (12b)

^

lzp.
l- l_ (k) I = L, 2, ..., m (12c)M.^

L¿ G. /'r)
a

z
C1

N
1_

(12d)

I
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through (4) in Table XII can thus represent either a frequency

di vers'ity system or a space di versÍ ty system.

8.3 MAP Algorithms for FM D'iversity Systems

The MAP filtering algorithm in Table III is applied to the

discrete FM diversity modeì as formu'lated in the preceding section

and the result'ing algorithms are shown in Equations (5) through

(12) in Table XII. The derjvation is tedious but strajghtfot"ward

and uses the following defínitions

ô
a¡.T rit k I k- 1) l

î(rlr-rt
D k k)v( (8.20)n-1(r.))

(k k-1)Ta

T (k k-1),kXÐh

UrÎf r.Ik-1),kl A ----3-
ax(klk-1)

1
R (k) v(k)

ax(klk-1)

-aD( k)
( 8.21)

The flowchart for the algorithms is shown in Figure 8.2 and

a block diagram of the receiver is shown in Figure 8.3.

8.4 Performance

The - pertormance of the diversity receivers is shown in

Figure 8.4(a) and 8.4(b) (with ß = 25 and Y = 0.1), for diversity

a system of order 2 and order 4. 0n the same graph are plotted

the results for single channel MAP quadrature rece'ivers from

Figures 6.3(a) and 6.3(b) and also the sjmulated results for no

fadì ng obtai ned by Po] k ( tgZE , us i ng scal ar samp'l i ng ) and McBri de

(tgZS, usjng quadrature 3ampling). It can be seen that the use of
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x(0) = u"
-40

V¡(0) = Ix
-11

STEP FIVE

Update estimate

x(k)
Eq. (m .7)

STEP FOUR

Compute term

q(K)

Eq. (ro.e)

k k+1
STEP THREE

Compute emor vari ance

v;(k)
Eq. TrE.10)

STEP Tl^lO

Compute prior variance

vv(klk-1)
Eq. (m.o)

STEP ONE

Compute predicted estimate

Å(k I k-1)

Eq. (ro.s)

Fiqure 8.2 . Flowchart of MAP Alqorithm For Diversity S.ystems (faUle Xlf)
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djversity has inrproved the perfonnance considerabìy in terms of

threshold performance as well as output signaì-to-noise ratio.

In fact, 'Lhe performance of the 4-branches diversity receiver is

almost as good as those obtained by Polk (L974). Tlre complexity

of the receir¡er becomes rather formidable in terms of execution

time while s'imulating them on the computer so higher order diver-

si ty systen'ìs are not i nvesti gated.

Figure 8.5 shows the performance of the diversity rece'ivers

in a "fast" fad'ing situation (y = .1) the soiid lines are the

simulated jnverse message error variance for the quadrature l,lAP

receivers for the sìng]e channel case (m = 1, from Figure 6.7(b)),

and for the two-branch (m = 2) and four-branch cases. Curve A is

the sing'le channel performance of the quadrature MAP receiver for

slow fading (y = .01) whereas curve B shows the performance of

the baseband EKF receiver (F'igure 5.6(b)). It can be seen that

when the fading is fast, the use of diversity technique improves

the performance even nrore sìgnìficant'ly but the performance achieved

by a four-branch diversìty system js still worse than that of a single

channel under slower fadÍng condit'ion. The fast-fading problem is

thus not solved by the use of divers'ity techn'iques. Fortunately,

the assumption of slow fading has been found to agree well with

many practical channels (Schwartz, 1966) where the most difficult
problem is that of deep fade and the use of d'iversity technique is

the best way of combatting this probìem when transmittjng analog

i nformati on .
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9. CONCLUSIONS

This thesjs has been concerned with the problem of denlodulating

an analog FM signaì transmitted over a Rayleìgh fading channeì. The

approach taken has been to formulate the FM conlnlunication nrodel as

an estimation model and applied the nonlinear estimation algorithms

to derive the recejver structures. No prior knowledge of the

receiver structures was assumed.

In Chapter 2, an analog model was set up for the FM

communication system usìng the state-variable formulation. The

message, assumed to be sample function from a gauss'ian random

process, is generated by a linear message model and was used to

frequency-modulate a carrier signal before being transrnitted over a

fad'ing channel. The fading was assumed to be slow and frequency

nonselective and could be considered as multiplicative noise having

a Rayle'igh envelope distribution and a uniform phase distribut'ion.

The fading s'ignaì was thus represented aS a sum of an'in-phase and

a quadrature component, each amplitude modulated by a gauss'ian low-

pass process (cal I ed f adi ng processes ) generated by a 'l 'inear model

in the Same Way aS WaS done for the message. An augmented state

vector having for its components the message, the phase and the

fading processes was formulated and allowed the output of the

fading channel to be expressed as a nonlinear functjon of the

system state vector. The fading s'ignal was further contam'inated

by additive white gaussian noise and the recejved sjgnal was

sampì ed by two poss'i bl e methods us i ng ei ther scal ar sampì'i ng or

quadrature sampì i ng.

In order to apply results from discrete estìmation theory, the

analog model was also converted to an equivalent discrete model and

was combined wjth the dìscrete observatjon model (as a result of
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sampling) to form a cornplete estimatjon model as was presented in

Table I (pp.24-25).

Chapter 3 was an out.l'ine of the deviat'ions of the extended

Kalman filter algorithm a.nd the maxjmun ø pos'berior filtering

algorithms to be applied to the estinration model already formulated

ìn Chapter 2. These algorithms are the results of recent developments

in nonlinear estimation theory and were summarized in Table iI
(pp. 40-41) and Table III (pp. 44-45). The validity of these

algorithms, when applied to the FM communication system considered

in this thesis, depended on the "instantaneous" signal-to-noise

rat'ios whjch divided the operations of the receivers into an above

and a below threshold regions. Furthermore, these algorithsm are

only approximate and the rece'ivers are therefore termed as beìng

"quasi -optinrum" .

Chapter 4 considered the use of computer simulations in this

study'. Computer simulations u/ere requ jred as there are no analyt'ical

techniques that could be used to analyse the performance of the

rece'ivers to be proposed. For simpì icity, an examp'le of the FM

communication system having an 4-dinlensional state vector was

derived and summarised in Table IV (pp. 53-54). This could be

extended to higher order systems at the expense of longer computation

time when simulated on the computer.

The theoretical considerations cln various aspects of computer

simulations were very'important in ascertaining the validjty of the

results. It was found that to achieve a 5% accuracy w'ith 98%

confidence, the minimum requ'ired number of statistically independent

sjmulatjon points was to be 4000 (Equation 4.36, p.67) and this was

used as a basis for determ'ining the number of runs and the number of

simulation po'ints per run for the simulation program. The organization
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of each simulation program was based on the following informations:

('i) The parameter set chosen in Section 4.3.2 (pp. 7l-76).

(i i ) The f lor^¡chart of the General Simul ation Program

(Figure 4.3, p. 68).

('iii) The flowchart associated v¡ith a particular algorithm and

given immediately after the table showing the a'lgorithm.

All the results obtajned and plotted were interpreted as being

correct to within 5% with a 98% degree of confidence. Thjs'is to be

borne in m'ind v¡hen interpreting results represented by curves very

close to each other

The main development of the thesis was started'in Chapter 5

when the algorithnrs derived ìn Chapter 3 were app'lied to the exampìe

of the FM communicatjon model in Chapter 4 to obta'in recejver structures

under various situations. The receivers obtained were of a discrete

type and would lend themselves to be ìmpìemented by the use of special

purpose fast digita'l hardware consistìng of an A/D converter, a

digital demodulator and a D/A converter. The probìem of on-line

implementation using digital computers was not investigated but is

quite concejvable with the coming of the new computer generat'ions

(Bucy et a'l . , L976) .

The results obtained in Chapter 5 usjng scaìar samplìng strong'ly

supports the feasibility of the approach taken in this thesis, namely,

the appìicat'ion of estimation theory to rigorously derive the quasi-

optimum receivers for ana'log FM signals transmitted over Rayleigh

fadìng channel.

.The results obtained 'in Chapter 5 also revealed that the

performance of the rece'ivers using scalar sampìing for reìatively

slow fading (y = .01) r^rere still far below that achieved in a non-

fading situation and requ'ire further improvetnent. For very slow

fading channels however, the receivers can be s'implified into
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an adaptive version of the djgìtaì phase-'locked'loops. Th'is is

very satjsfying as jt could be intuibively conceived based on the

development of the digita'l phase-locked 'loop as an opt-irnunt FM

demodulator (See Section 1 .2, pp. 1-5).

Chapter 6 was the paral'le'l developnrent of receivers us'ing

quadrature Sampljng. It turned out that the use of quadrature

sampling allowed the recejver structures to be read'iiy simulated

without having to derive a baseband model as was done in Chapter 5.

The receivers using quadrature sampf ing also shoured better performance

(see Figure 6.9, p. 137). The reason is not clear but the sarne

observatjon was also made 'in the nonfading case. The improvement

was not, lrowever, sufficient to be comparab'le to the results obtained

by the nonfading case. Th'is was explained as being caused by the

deep fade probìems when the envelope of the received signa'l falls

below a certain threshold level and js ìikely to remain there for

a while due to the slow fading assumption. Two solutions were

proposed. Fixed-lag smoothers were consjdered in Chapter 7' but

the margina'l 'improvement, however, did not warrant the extra

complexìty. This is in contrast to the results obtained for no

fading case. Diversity techniques were employed in Chapter I and

offered the best performance at the cost of extra complexity. This

is indeed the case as has been found in rnany practical diversity

systems already 'in operation and the results obtained were to

rigorously demonstrate it.
Further research is needed, hovlever, to study the actual

mechanism of signal operation taking place in the rather comp'lex

receiver structure proposed in the thesis.

As a conclusjon, the maìn results obtained in this thesis

are related to the following areas:



(i)

(ii¡

(iii)

(i v)

(v)

t72

Derivation of the discrete receivers for demodulating an

analog FM signal transmitted over Rayìeigh fad'ing channels

using both scalar (Chapter 5) and quadrature (Chapter 6)

sampling techniques and employ'ing the EKF and MAP aìgorithms.

S'implification of the receiver into an adaptive phase-

locked loop for very slow fading channels (Chapter 5).

Illustration of the better performance of the MAP a'lgorithm

over the EKF algorithm for the communication problem

considered in this thesjs (Chapter 6).

Showing that the use of fixed-lag smoothìng does not improve

the performance of the receivers to warrant the jncreased

compl exi ty (Chapter 7 ) .

Derivation of optimum diversity receiver structure based

on estirnation theory and de¡ronstrate its superiority (Chapter 8).
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APPENDIX A

DC COYIPONENT OF A GENERAL RATIONAL FUNCTION OF SINE AND COSINE

To derive the baseband model of the estimation algorithms in Chapter

5, we need to evaluate the d.c. component of the function

-r, A+Bcosx+Csinx
îf v I =r\^/ a + b cosx + csinx

which'is period'ic having a period of 2n and can be represented by an

exponent'ial Fouri er Series

jnxf(x) =

i ntegraì

dx
3* cosx+cs NX

1T .J NX

oo

L
l'ì=

1

ñ

Ce
n

-co

where Cn, the genera'l Fourier Series coefficient, is given by

In particular, the d.c. component Co is given by the follorving defìn'ite

C
n

f(x)e dx

-fi

f,=
o

1

ñ
[,,

r(x) dx=hf"ffia-
-1Í

From tables of integrals (Gradshteyn, 1965, p.1a9)

+

where

W¿* = $:9 tn (a + b cosx + c sinx)a+DCOSX+CSlnX b¿+C-

2

/T-TZ'a - Þ - c

a rctan

if a2 - b2 - c2, O which is the case for the problem consiclered in

Chapter 5.
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+ A
1

ñ
Bb+cclre") 2(2k + I) r

co=
a -b -c

(2k + 1) A
1

(2k_+ 1) a

,rTa--a'a - D - c

k = 0, t 1,

a b -c

To determine a suitable value for k, consider

1ï

'lim

brO
c+0

A+Bcosx+Cs'inxu,-A
a u^-ãco =* f

and thìs would agree with CO if we choose k = 0

Therefore

-TT

A1
co

a

=AA+

A
v'rnere a , =

1

a b

b

+

(1 -a^)

a b -c
1

a
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APPENDIX B.

SIMPLIFICATION OF THI ERROR COVARIANCE EQUATION FOR TI.IE MAP RECEIVER

USING UNIFORM SAMPLING

In Chapter 5, Table VIII, the error covariance algorithm for

the djscrete MAP receiver for FM communication system with Rayleigh

fadìng emp'loying uniform sampling is g'iven. Due to its complexity,

the baseband model could not be derjved and direct computation is

form'idable without making two further assumpt'ions (i ) low noise and

(ii ) very slow fading, to allow further simplification as follows:

8.1. S'impl jfication of products involv'inq z(k) (Equatìons 2a, 2d, 2e)

First, let define

r¿(k) A o.to+x.,(k) ,â(t I t-l ) A r..o * i.' tt lt -l )

and consider the product_

z(k)î¡(k lk-1¡sinô(k lk-l )

='\(4(k)si nn(k)+xo (k) coss¿[k)+v(k) lirtr.l r-l ) si nôft I r.-l )

=mt xr(k)xr(kl k-l )sin0(k)sina(kl k-l )

+xo(k)x3(kI k-l )cosCI(k)sina(kI L-i ) (8.

+v(k)xr(kl k-l )si nn(k I k-l )

Us'ing the tri gonometrì c i dent'iti es

si nasi ng = l-"cos (o_ß) _%cos (*+ß)

cosusi nß = %si n(o+ß)_%sin(q-ß)

and defi ne

õ, 4 *, (k)-ir (kl k-r )

Under the assumption of slol,r fading and consequent'ly availabììity

of very good estimates of the channel fading cot"llponents

x.(klk-'l) - xr(k)

*ntt¡k-'l) = xo(k)

coupled with the assumption of high SI'JR

x.,(klk-l) - x.,(k)
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X

t'
11

l1n
0

(s.sa)

ILtL(k k-1),kl =f

t

00

00
^rz *1

4' ( s. e¡)

of 11 are defined in Table VIiI.where the elenlents

Now l et

where

Lz Hkazz

Wz

[.;:

( e. sc)

(s.ga)

1a.oo)

(s.sc)

(e . ç,¿)

m23

t33

¡A B-1 = I+vo( t( | k-1¡lt tx ( l( I k-1) ,l(l
^

lu- r-tr

0

1

btih,
Arr I+lr!1rr

t*uO, ( t I r- t )nrr t

xtÌzV

1+V

(r I k-r )m'

,(t< 
I t<-t )m,

(klt-t)m.
uo,Io I t'.-r )m5
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Ltz Lr llrz
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V

V

X

X

3
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APPENDIX C

SAMPLE VARIANCE OF MEAN SQUARE ERRORS

In Section 4.2.4, in determining the mimimum sample size,

the statistic E.' computed as

Neff
e.I N

I
x

eff k=1

was shown to be asymtoticalìy normal with the mean value and

variance to be determined as follows:

The mean value of Ei is

Neff
x

k=L

Neff
XE

k=1

-2xi(r)

(c.1)

(c.z¡

xf t r,l

EtEil =
1

ç
E

=f
[-ît-r1

A tt2

[xîr-r]

where u, is the true mean square va'lue which is not available.
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The second moment of lsE?

'['îJ
1q; -2X.

1
(i )

f'*"rr ^t 

|.o:, 
xf tt'r

Neff
t

j=1

f'*"rr

l-:,

ff

N

(k) + r
eff N

e ff
E

1q;

1

Ç

-4ti
1

x xfrr.l 'fril

r[-fror

2

?
3y

' fof 
rorJ

[-.

k=L j
kli

2+ N N )

='['frorJ 
'[-ftir)

'[xfrr.lofrirJ
(

and since

p. t47)

Therefore

eff eff

Xr(k) is assumed to be gaussian so (Papoulis, 1965,

and it has also been assumed that the samples of size N.r, as

given by Equation (+.glU) are statistically independent so

r 
[.f toJ

(i 
tJ

2
X.l

) ,r),î*

2
v2

'['î]
1q; 3Neff 2

eff Neff(N

+2eff
Neff

2
v2

N

(c.3)
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2The variance of { is thus
t

2
o

eff
N

N +2

eff
2

tt2
2

v2

2 2

Neff v2

(c.6)

(c.4)

(c.5)

The probability density function of t., is thus

p(8.) = -l--o-. -(Ei - vz)',ro,
tl;-L {¿\t o

and jt is well known (Carlson, 1975, Table 0) that

P(lEi - u2l<ro) = t - zQ(r)

where

Q(") ê -x2 lz
f;

1

,m
e dÀ

is called "the area under the gaussian tail" and is also called

the "error probabiIity" function.

From Equation C.2

a=/

by letting

s=r/

Equation C.6 becomes

2

ç

P(lEi - u2l<sur) = 1- 2Q s/ (c.7)
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