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SUMMARY

The problem of demodulating an analog FM signal transmitted
over a Rayleigh fading channel is considered in the framework of
optimum design of communication receivers utilizing recent
developments in nonlinear estimation theory.

An analog model is set up using state-variable formulation:
The message, assumed to be sample function from a gaussian random
process, is generated by a Tinear message model and 1is used to
frequency-modulate a carrier signal before being transmitted over
a Rayleigh fading channel. The fading is assumed to be slow and
frequency nonselective (and thus can be considered as multiplica-
tive noise). The fading signal is further contaminated by additive
white gaussian noise and the received signal is sampled and processed
by a discrete type of receiver. The output of the receiver is the
desired estimate of the message and possibly the channel condition
also.

To derive optimum demodulator structures, various discrete
nonlinear estimation algorithms are considered. No prior know-
ledge of the demodulator structures is assumed. These algorithms
are the results of recent developments in nonlinear estimation
theory. The first one to be considered is the extended Kalman
filter (EKF) algorithm. The second is the maximum a posterior
probability (MAP)algorithm. Both algorithms are only approxi-
mate and their validity depends on two main factors:

(i) the "signal-to noise ratio" which is characterised by the
ratio of the mean square values of the multiplicative and
additive noise components, and

(ii) the error stability conditions which are inherent in all

approximate algorithms and render the algorithms invalid
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jn the below threshold region of an angle-modulated system.

With these limitations borne in mind, these algorithms can then

be applied to the discrete equivalent of the analog communication
model formulated above and result in a family of demodulators which
all have a phase-locked type of structures.

The sampling is done by using by either uniform (or scalar)
sampling or by quadrature sampling resulting in two class of re-
ceivers for each set of algorithms. Results obtained in the first
stage of this work indicate best performance achieved by using the
MAP algorithm with quadrature sampling and this will be used for
the rest of the study.

Performance of receivers is investigated by extensive use of
computers for simulation. Theoretical considerations and the
actual procedure used are discussed fully in order to ascertain the
validity of the simulation results.

The Rayleigh fading effecting the signal is normally assumed
to be slow. The receiver will in fact cease to operate satis-
factorily once this assumption is relaxed. On the other hand, if
very slow fading occurs, a quasi-stationary analysis allows the
receiver structure to be simplified into an adaptive version of
the digital phase-locked loop.

The most severe problem in a fading environment is the problem
of the signal going into a deep fade during which the receiver
will be operating below threshold. The assumption of slow fading
means a longer fraction of time spent once the rece%ved signal goes
into a deep fade and limits the performance of receivers to the
order of 5-7dB worse than those obtained with no fading.

To improve the overall performance of the receiver, fixed-
lag smoothing techniques were used but the results show only

better performance at high signal-to-noise ratios. To overcome
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the deep fade problem, the use of diversity techniques recasted in

the framework of estimation theory proves to be the only solution

to the problem.
The main contributions of this thesis are related to the
following areas:

(1) Derivation of the discrete receivers for demodulating an
analog FM signal transmitted over Rayleigh fading channels
using both scalar and quadrature sampling techniques and
employing the EKF and MAP algorithms.

(ii) Simplification of the receiver into an adaptive phase-
locked loop for very slow fading channels.

(iii) Illustration of the better performance of the MAP algorithm
over the EKF algorithm for the communication problem
considered in this thesis.

(iv) Showing that the use of fixed-lag smoothing does not improve
the performance of the receivers to warrant the increased
complexity.

(v) Derivation of optimum diversity receiver structure based

on estimation theory and demonstrate its superiority.
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1. INTRODUCTION

1.1. Motivation

The main motive behind the work to be presented in this
thesis has been the tremendous success in applying modern esti-
mation theory to the design of phase-locked loops for optimum
demodulation of analog FM signals transmitted over additive noise
channels. A brief review of these is presented in Section 1.2.
When the analog FM signal is transmitted over multipath media,
Rayleigh fading equivalent to multiplicative noise will be
introduced. There have been a number of investigators studying
the problem of demodulating an analog FM signal transmitted over
Rayleigh fading channels using estimation theory as will be
reviewed in Séction 1.3. Most of these works, apart from those of
Dharamsi and Gupta (1975a, 1975b) and Takhar and Gupta (1976),
mainly dealt with theoretical novel demodulator structures and
are presented without any simulation results. The aim of this
thesis is to extend the works already in existence to provide a
complete treatment of the problem of demodulating an analog FM
signal transmitted over Rayleigh fading channels using discrete
type of receivers. The rest of this chapter is to provide a review

of the works relevant to this problem.

1.2 Phase-locked Loops for Optimal FM Demodulation

1.2.1. Analog Phase-locked Loops

Classical Approach:

The development of the analog phase-locked loop as an optimum
FM demodulator has evolved through two distinct but related direc-
tions, the first via application of classical feedback theory and
the second following an application of nonlinear estimation theory.

No description of the works belonging to the first category is



given here but a good account can be found in Klapper and Frankle
(1972). Lehan and Parks (1953) made the first attempt at apply-

ing estimation theory to the demodulation problem. Youla (1954)
extended this work and introduced the maximum a posterior probability
(MAP) estimate. Their receivers were interpreted as feedback
structures very similar to the phase-locked loop. A good account

of these works can be found in Van Trees (1971). Essentially, the
MAP approach leads to an integral equation for the message estimate
and the solution to this corresponds to a physically unrealisable
demodulator (Figure 1.1). Van Trees suggests making an approxima-
tion to the unrealisable demodulator for the purpose of implementa-
tion. In consists of a cascade of a nonlinear realisable demodulator
and a physically unrealisable linear filter (Figure 1.2). The whole
system can then be approximated arbitrarily closely by allowing

delay in the post-loop operations. For FM demodulation under Tow-
noise case, the realisable portion of the receiver is recognised

as a phase-locked loop (Figure 1.3).

State-Variable Techniques:

Another significant contribution was made by Snyder (1969) who
first used the state-variable approach to the optimum demodulation
problem based upon the theory of Markov processes (Kushner, 1967).
The state-variable approach leads directly to a physically realis-
able demodulator which is equivalent to the realizable portion of
the MAP demodulator discussed above. Snyder established quasi-
optimum (optimum for large SNR) FM demodulators for a stationary
Gaussian message corrupted by additive white gaussian noise and
these reduce to the form of phase-locked loops for large SNR. The

state-variable approach has several advantages, notably
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z(t) = V?ﬁ% sin@»ct +0(t) + v(t)
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Fig. 1.3: Phase-locked loop



(1) easy formulation of the more complex systems, e.g.
multiplicative noise channels or diversity systems,
by the use of the augmented state vector, as will be
done in this thesis,

(ii) direct application of results in modern estimation

theory normally developed using state-variable models.

1.2.2. Digital Phase-locked Loops.

The requirements for compact and more accurate receivers has
led investigators to consider digital realisations of the analog
phase-locked loops. Advances in large-scale integrated (LSI) semi-
conductor technology has made digital processing of communication
signals a much more attractive proposition with no more cost or
power than some supoptimal analog demodulation methods. The voltage
controlled oscillator (VCO) nonlinearities, inaccuracies in the
phase detector, and the saturation problems due to noise spikes in
the analog PLL, are eliminated by use of digital circuitry. The
errors associated with digital systems, such as quantization,
roundoff and overflow, are minor compared to the advantages of
using digital processing.

The earlier works on digital phase-locked loops have been
essentially heuristic approaches and can be broadly classified
into three categories (as far as the phase-locked operation is con-
cerned):

(i) hybrid PLL (Westlake, 1960; Gupta, 1968);

(ii) discrete PLL (Gi1l and Gupta, 1972; MWeinberg and Liu,

1974); and
(iii) all-digital PLL (Natali,1968; Pasternack and Whalin,
1968; Garodiiick et al, 1972). These schemes are
mainly concerned with the practical implementation of the phase-

locked Toop using digital techniques but there is no unified



theory equivalent to those developed for analog phase-locked Toops.
Kelly and Gupta (1972) made the first attempt to bridge the gap
utilising recent developments in discrete estimation theory and
state-variable approach. They extended the model of Snyder (1969)
to a discrete-time observation sequence and applied Jazwinksi's
(1970) continuous-discrete truncated and Gaussian second-order non-
linear filters to obtain quasi-optimum digital demodulator structures.
Their simulation results indicated performance comparable to the
analog case. Polk and Gupta (1973) applied the discrete extended
Kalman filter (EKF) and MAP éstimation algorithms to obtain results
jdentical to those of Kelly and Gupta (1972). Tam and Moore (1973)
also extended the work to allow for fixed-lag smoothing. Under high
SNR conditions, these filters are reduced to the form of a standard
discrete Kalman filter. Employing quadrature sampling, McBride
(1973) using the MAP algorithms, and Tam and Moore (1975) using a
class of minimum variance a]go}ithms, derived receiver structures
whose performance are more readily simulated and are shown to be
better than those using scalar sampling. By allowing for fixed-lag

smoothing, Tam and Moore (1975) also achieved better performance.

1.3 Receivers for Fading Channels

In the framework of estimation theory, there have been a number
of works studying the problem of demodulating an analog signal trans-
mitting over fading channels, e.g. Schwartz (1964, 1966), Van Trees
(1966, 1971), Boorstyn and Schwartz (1968), using thé MAP approach of
Youla (1954) as was done for the no fading case and result in a class
of novel demodulator structures for linear and nonlinear modulation
signals over various types of randomly time-varying channels. When
specialised to the case of FM signals over Rayleigh fading channels,
however, none of the above works contain any specific demodulator

structures whose performance could be studied. To obtain an indication



of the effect of fading, the only results available seem to be from
Schilling et.al. (1967) who considered the performance of an FM
discriminator in a fading environment and found an irreducible
error due to fading in the order of 3 - 7 dB fof above threshold
operation.

Recently, Dharamsi and Gupta (1975a, 1975b) extended the work
by Kelly and Gupta (1972) for no fading to consider the probiem of .
demodulating an FM signal transmitted over Rayleigh and Rician
fading channels and obtained results for Rayleigh channels similar to
those obtained independently in this thesis. Prasad and Mahalanabis
(1974) also proposed fixed-lag receivers for fading channels but no
result is obtained for FM signals. Painter, Gupta and Wilson (1973)
developed a stochastic approximate model for the multipath channel
for aeronautical communication and obtained simulation results(Painter
and Wilson, 1974) for the recursive MAP detection of known M-ary
signals. Takhar and Gupta (1976) also used this model to obtain
results for analog FM signals. A1l the above resultsstrongly suggest
the feasibility of applying discrete estimation theory to derive a
digital receiver for a wide class of communication systems. This
thesis is an attempt to further explore in depth the performance of
receivers for FM signal over Rayleigh fading channels in order to

improve their performance.

1.4 Organization of the thesis

Chapter 2 will develop the analog communication model for an
analog FM transmitted over Rayleigh fading channel using state-variable
approach. The equivalent discrete model will be then derived. Chapter 3
will outline the developments of the EKF and the MAP filtering algorithms.
Chapter 4 will discuss the use of computer simulation to study the
performance of communication receivers. Chapter 5 will study the

performance of receivers using scalar sampling. Chapter 6 will



consider receivers using quadrature sampling. Chapter 7 will
discuss fixed-lag receivers and Chapter 8 will investigate the use
.of diversity techniques to combat fading. The thesis will conclude

in Chapter 9 with a summary of the results-obtained.



2. ANALOG AND DISCRETE COMMUNICATION MODELS

In this chapter, an analog communication model for frequency
modulated (FM) signals transmitted over Rayleigh fading channel is
developed using state variable formulation in Section 2.1. The
equivalent discrete communication model is derived in Section 2.2.
The last section (2.3) will discuss the sampling schemes to be

employed.

2.1 Analog Communication Model

Figure 2.1 is the block diagram of a communication system in which
the mesﬁage a(t) 1is frequency modulated resulted in a modulated signal
s(t) to be transmitted over a channel which introduces both multiplicative
noise characterised by Rayleigh fading and additive noise. The received
signal z(t) s the sum of h(t), the output from the Rayleigh channel
and n(t), the additive noise normally assumed to be a white gaussian

process.

2.1.1 Message

The random analog message af(t) 1is modelled as a stationary scalar
gaussian process with a rational spectrum that approaches zero at high

frequencies and can be represented by the differential equation

d" qn-1
@ at) vy = - palt) + ... +y alt)

Jn- -2
D ua(t) + ...+ An ua(t) (2.1)

u (t) + A5
dt

where wi's and Ai's are constant coefficients and ua(t) is a

zero-mean white gaussian process of unity variance. In

other words, a(t) can be represented as the output of a

Tinear filter with the transfer function (Figure 2.2).



Message
Source
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Figure 2.1.
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as" L 4 st e L Ay
H(s) = . — (2.2)
s+ s Ly

n

As an example is the class of Butterworth messages with the transfer

function

H(s) = — ) . (2.3)
s + ;S + ...+ wn_ls +1

such that the amplitude response 1is

[H(jw)| = (2.4)
(1

2n)1/2
where k 1is a constant.

The equivalent state-variable realization of Equation 2.1 can be
obtained by representing a(t) by any one of several possible equations

of state. A particular set of state equations is (Snyder, 1969)

é%—ml(t) = —ypmy(t) + my(t) + Ayu (t)
a%mz(t) = -yomi(t) + mg(t) + apu(t)
(2.5)
é%’mn-l(t) = -y qm(t) +m () + AooqUa(t)
S (t) = —ym(e) + ()

where a(t) = ml(t). That this set of n first-order differential equations
is equivalent to the n-th order differential Equation 2.1 for a(t) can

be verified by successively differentiating the first-order equations.

Equation 2.5 leads to the alternative realization of a(t) as
shown in Figure 2.3. Using matrix notation, Equation 2.5 can be written

as a first-order vector state equation



11

n-1 n-2
T 1 n-1 =
s + wls + + Tn

Figure 2.2: Transfer Function Realization of a(t).

0 =

h-2,

Figure 2.3: State Variable Realization of a(t).




12

m(t) = F_ m(t) + G, u,(t) (2.6)
where
’ ml(t) b
m,(t) is an n-dimension message state vector
m(t) = with the first component being the scalar
message aft)
{ mn(t)
4 _wl ; Y
[ . o
vy I is an n x nmatrix with 1 4
= |
L ! n-1 being an identity matrix of
|
| dimension (n-1) x (n-1)
oo Qe s e
| -wn : 0 0 )
A1
A2
ga = is an n-dimension column vector
A
\ n )

The message a(t) 1is frequency modulated resulting in the output
s(t) of the FM modulator being written as
s(t) = V2P sin t + 6(t))
where

Pt is the average transmitted power
wc is the carrier frequency

o(t) is the integral of the message

t
o(t) = d, JO G

2.6a)

(2.6b)

(2.6¢)
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and de 1is the frequency deviation (radians/sec).

We could incorporate 6(t) into the message state vector m(t) by

defining 6(t) as an additional component resulting in

(my (t)
my(t) with mp(t) 2 e(t) < phase
m(t) = my(t) &a(t) «  message (2.7a)
and my(t) & d.my(t)
\ mn+1(t) ) : f2

and now m(t) becomes an (n+l)-dimension state vector and Equation 2.6

now has
( t I )
_O_L_d_fpl_g___”?“
I |
0, -
F, = : : In-1 an (n+l) x (n+l) matrix (2.7b)
| I
___un_l___hw___
I
. 0 DV 0 0
(0
A1
and G = : an (n+l) column vector. (2.7¢c)
LA,

2.1.2 Rayleigh fading channel

Fading of a signal is said to occur when the receive level varies
from the free-space calculated level for a given far-end fransmitter out-
put. The mechanisms causing fading involves refraction, reflection,
defraction, scattering, and other miscellaneous causes such as rainfall
above 10 GHz (Freeman, 1975, Section 5.11) and result in various types
of fading each having a different characteristic.
Multipath fading, often found in troposcatter(Fig. 2.4(a))and mobile radio

communications, is due to interference between a direct wave and another
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wave, usually a reflected wave. The reflection may be from the ground,
the buildings or from atmosphere layers. Detailed discussion of multi-
path fading phenomenon is to be found in Schwartz et al (1966) in which
several chapters are devoted to the fading problems of radio signals.

A more throughout treatment of fading dispersive channels is in Kennedy
(1969) whose complete text is devoted to the subject. For the purpose
of this study, it is sufficient to state here the assumptions behind a
Rayleigh fading model.

Consider first a single sine wave tone being transmitted over a
multipath medium in which the time differentials between the paths are
smaller than the period of the sine wave tone, The received combined
signal tends to have a Rayleigh fading envelope and a uniformly dis-
tributed phase.

When a packet of frequencies, i.e. a bandpass signal such as the one
found in an FM modulated signal, is being transmitted over the same
multipath fading medium, and, if

Ty << %— (2.9)
where TM is a measure of the overall time delay spread in the multipath
and W is the bandwidth of the bandpass signal, the fading effecting
the various frequency components within the band is the same and is
said to be non-selective. The maximum values of W for which relation
2.9 is valid is termed the coherence bandwidth.

The assumption of Rayleigh fading allows the output h(t) from

the fading channel to be written as

h(t) = /2Pt r(t) sin (wct+e(t)+¢(t)) (2.10)
where r(t), the envelope, has a Rayleigh distribution (Figure 2.4b)
o -réjadt
pr) = e (2.11)
o

with mean

E(r) =/ (2.11a)

WME
Q
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and mean square values

2

E(r?) = 2 (2.11b)

The random phase ¢(t) is uniformly distributed between 0 and

2r (radians). (Figure 2.4c).

(¢) = o . (2.12)

It can be further shown that h(t) can be resolved into a sum

of an in-phase (or direct) and a quadrature component as follows
h(t) = V2P, [by(t) sin (w .t + 6(t)) + by(t) cos (w b+ 6(t))1 (2.13)

where bl(t) and bz(t) are statistically independent gaussian pro-

cess (Figure 2.4d) each having zero mean and variance 02.

Further-
more they have identical "low-pass" power spectral densities and
can be modelled as the output of linear dynamical systems in the
same way as the modelling of the message process. These processes
are to be called fading processes to distinguish them from the

message process. The differential equations describing these pro-

cesses are as follows:

p(t) = F, p(t) + G up (t) (2.14)
1 1 "1
a(t) = F at) + 6 v, (1) (2.15)
2 2 "2
(py(t))
py(t)
(t) an m-dimension state vector with the first
p{t) =
component being the in-phase fading process
(t) ()
Pm A
] b,(t) & py(t)
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(q,(t) ]
qz(t) an m-dimension state vector with the first
q(t) = ‘ component being the quadrature fading process
by(t)
b,(t) & q;(t)
q,(t)
{ J
Ebl and sz are m x m matrices.
gbl and gbz are m-dimension column vectors.
uy (t) and u, are scalar white gaussian processes with zero mean
1 2

and unity variance.

2.1.3 Additive noise

The output h(t) from the Rayleigh fading channel is further
contaiminated by additive noise v(t) caused by both man-made and
natural sources. An example is the thermal or resistance noise
at the front end of the receiver. The continuous received signal
is then

z(t) = h(t) + v(t) (2.16)
and v(t) is normally assumed to be gaussian and have a spectrum

broad enough to be considered as white noise.

?2.1.4 Augmented system state vector

Note that the output of the Rayleigh fading channel h(t) as
given by Equation 2.13 1is a function of the 3 state vectors m(t),
p(t) and q(t), an augmented system state vector can be defined by
adjoining the individual state vectors in any order. This tech-
nique, first used by Snyder (1969), permits a wide class of
communication systems being represented as an estimation model
and allows direct applications of modern stochastic estimation

techniques.
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By adjoining the (n+1)-dimension message state vector m(t)
with the m-dimension fading state vectors p(t) and g(t) into an

augmented system state vector X(t) as below:

[(x,(t) | <« o(t)
x2(t) <« a(t)
[ m(t) ) X 4o(t) |« by(t)
xt) & | p(b) - : (2.17)
(alt) Xameo (B < by(t)
Xpaame1 ©)
\ J

Then by combining Equations 2.6, 2.14 and 2.15, the state equation

for the system vector X(t) is given by

X(t) = EX (t) + 68U (t) (2.18)
where
(Fy, 69 _
A an (n+2m+1)-dimension
E= ¢ B ¢ (2.18a)
1 square matrix
¢ ¢ F
\ )
Qa ¢ ¢ | -
g_é @ gb ¢ an (n+2m+1)x3 matrix (2.18b)
1
¢ ¢ G
0

¢ is the null matrix of appropriate dimension.
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and
u, (t)

'g(t) 4 u (t) an 3-dimension column matrix  (2.18c)
1

", (t)

Furthermore if we define

Lenoo 0 000 .... 0 000 ... 0]
Lewoo 0 100 ... 0 000 ... 0] (2.19)
L4woo 0 000 ... 0 100 ... 0]
4 A 4 4
1st column (n+2)th (n+m+2)th (2m+n+1)th
column column column
Then written in terms of X(t)
phase: o(t) 2 xl(t) = Lilﬁt)
in—phase A
fading component bl(t) 2 xn+2(t) = Lzlﬂt)
quaqrature A
fading component bz(t) 2 xn+m+2(t) = Lsxﬂt)
The received sianal 7(t) can then be written as
z(t) = h[X(t)] + v(t) (2.20)

where

hIX(t)] = V2P, [LX(t) sin (w t+L X(t))+LoX(t) cos (w t+L X(t))1 (2.21)

The formulation of the analog communication system using
state-variable as described by Equations 2.18 - 2.20 is then com-

plete and a block diagram of the system is shown in Fiqure 2.5.
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2.2 Discrete communication model

In order to generate and simulate the system state vector
X(t) using digital techniques, the system model as described by
the continuous differential ‘equation 2.18 is to be converted into
an equivalent discrete state-variable model. The common method
for doing this is to convert Equation 2.18 into a difference
equation. This involves the uses of various integration
procedures and detailed descriptions can be found in many standard
texts, e.g. Peikari (1974, Chapter 7). Another method (Mehra, 1969)
is to discretize Equation 2.18 in such a way that the output of
the discretized system possesses the same statistical properties
at the sampling instants as the output of the continuous system.
This method gives the same result as the one described below.
Consider the solution of Equation 2.18 (Peikari, 1974) which is

t
X(t) = o(t,t )X(t ) + Jt o(t,7)G U(t)dt (2.22)

)
where @(t,to) is the transition matrix associated with the con-
tinuous system represented by Equation 2.18 and is the solution

of the homogenous linear differential equation

d . -
e @(t,to) = £¢(t,to) (2.23)
with the boundary condition
o(t ,t ) =1 (2.23a)
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As the system has been assumed to be stationary, F is a

constant matrix and the solution of Equation 2.23 is given by

@(t,to) = @(t—to)
= f(t-t,) (2.24)
By letting
t= tk
to ) tk—l

The transition matrix @(tk,tk_l) is dependent only on the sampling

interval T
A
T*= tk-tk—l
and is given by
o(t,.t, 1) & o(k.k-1)
k® k-1 )

= e— (2.25)

The solution (2.22) can then be put into a recursive form

Koy = #(kok-1)X(K) + W(K) (2.26)
by

u) & [T el m 6 Uk (2.27)
t

k-1
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Since U(t) is a zero-mean white gaussian vector process, W(k)

js a white gaussian sequence with zero-mean

EuW(k) =0 (2.28)

and variance

E WO (3) = QKIS 5 (2.29)

where the covariance matrix is symmetrical and is given by

" T.T
Q(k) = J @(tk,T)QQ ) (tk,T)dT (2.29a)
t
k-1

Table I is a summary of the discrete model for the general analog
for communication system. Equaticn I.1 is equivalent to the con-
tinuous message model (Equation 2.6) together with the definitions
given by Equation 2.7a, 2.7b and 2.7¢) whereas Equations 1.2 and
1.3 are equivalent to Equation 2.14 and 2.15 representing the con-

tinuous fading processes. The equivalent discrete system model
(Figure 2.7) is derived directly from Equation 2.18 as was done
above (Equation 2.26) or by adjoining the discrete models of the
individual components (Equations I.4a, I.4b and I.4c).

The initial distribution of X(0) is assumed to be gaussian
with mean EXO (normally assumed to be zero) and variance !X as

._0
given by Equations I.b5a and I.5b.

2.3 Scalar and quadrature sampling

The continuous received signal as given by Equation 2.20 is
to be sampled and processed by a digital receiver. Two sampling
techniques are used to obtain discrete samples suitable for digital
processing. The first employs uniform or scalar sampling
(Kohlenberg, 1953) and the second employs quadrature or second-

order sampling (Kohlenberg, 1953, Grace and Pitt, 1968; and also

Grace, 1970). McBride (1973) first applied the quadrature sampling
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TABLE T

GENERAL DISCRETE MODEL_ FOR ANALOG FM COMMUNICATION SYSTEM OVER RAYLEIGH

FADING CHANNELS

Message Model (nt+l dimensional)

m(k) = &_(k,k-Dm(k-1)+4_(k) (L.1)
Channel model ,(m dimensional)
R() = &) (k-1 p(e-1)+ (1), (1.2)
a0 = &, (&, k-1 g (k14 (1) (1.3)
Equivalent system model (2mt+n+l dimensional)
X(K) = Bk, k-1)X(k-1)+H (k) (1.4)
where
] . . ml(k) = 0 (k)
m(k) with {
mz(k) = a(k)
X(k) = p(k) with pl(k) = bl(k) (I.4a)
q(k) J with ql(k) = bz(k)
(& (k,k-1) ! ¢ : ¢
sok-) = | ¢ jeb Gkl | 6 (1.4b)
_______ T S [ A
o ¢ :<I>b2<k,k—1)J
1 I
(W (k)
W) = | W) | with EW@OWT()] = O (I.4¢)
W (k)
\ J
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Initial conditions

E[X(0)] = uy (I.5a)
_0
T )
E[X(0)X (0)] = V. (1.5b)
_0
Observation model
Z(k) = hIX(k)]+V (k) (1.6)
with
E[V(OY ()] = RIS, (1.7)
For uniform sampling
h[X(k)] = VZPt[ngﬁk)sin(wctkfglg(k))f£3§(k)cos(wctk+£l§(k))] (1.8)
For quadrature sampling
: — L,X(k) L,X (k) sin(L, X(k))
hiX(K)] = /2Pt (1.9)
LX) L,X(K) cos (L, X(K))
Definitions
Li = [100 ... O 000 ... 0 0¢ 0]
l@ = [000 ... O 100 ... 0 00 ce. 0] (1.10)
LS = [000 ... O 000 ... 0 10 0]
0 r> 4 4
1st column (n+2)th (n+m+2)th (2m+n+1)th
column column column
FT
¢ (k,k-1) = e a (I.11a)
F _T
o (k,k-1) = e PL (1.11b)
bl
F T
o . (k,k-1) = e 02 (I.11c)
b2
T
Q(k) = J @(tk,T)ggTQ(tk,T)dT (1.12)
t
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technique to derive optimum sampled-data FM demodulators (MAP
filter, no fading) and it was later used by Tam and Moore (1975)
to derive receivers using the extended Kalman filter, the modified
truncated second-order filter and the modified Gaussian second-
order filter. They considered the non-fading case only but extended
their study to include fixed-lag demodulators. Prasad (1974) also
used quadrature sampling technique in his study of fixed-lag re-
ceivers for fading channels. Apart from the resulting better
performance of receivers using quadrature sampling techniques as
reported in the studies mentioned above, another motivation for
the use of quadrature sampling technique in the present study is
that the filtering algorithms do not have carrier frequency terms
and can be simulated directly without having to derive a baseband
mode1 as would be done for the uniform sampling case.

An important parameter to be considered is the minimum sampling
rate required to sample a bandpass signal. The frequency-modulated
bandpass signal is assumed to have a bandwidth of B (cycles/sec)

centred at = fc (cycles/sec). (Figure 2.6a.)

2.3.1 Sampling rate for uniform sampling

The permissible values of the sampling period are given by

(Kohlenberg, 1953)

m : m+1
<7 < , m=20,1,2, ... (2.30)
2 fmin 2 fmax
where
_ B
fmin = fc ok (2.30a)

foo=f 4o (2.30b)
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are assumed to be the minimum and maximum frequencies respectively
of the FM bandpass signals (noting that the spectrum of an FM
signal is strictly non-bandlimited).

Using the above relationship, Panter (1965) derived the
minimum sampling frequency in terms of fmax’ the highest frequency
component as shown in Figure 2.6b. It can be seen that the minimum
permissible sampling rate required always 1ies between 2B and 4B

samples/sec

2B < (f.)

min < 4B (samples/sec) (2.31)

Let tk denote the discrete time sampling instants, the sampled

received signal using uniform sampling is given by

>

z(tk) z(k)

h[ﬁtk)] +v(t,) 8 h[yk)J + v(k)

/Z_F:[in(k)sin(wctkﬂ__li(k))+L3§(k)cos(mctk+g_ll(k))]+v(k) (2.32)

where v(k) is the sampled white-noise having zero mean and

variance R(k) appropriately determined from r.

2.3.2 Sampling rate for quadrature sampling

The maximum sampling interval for quadrature sampling is

given by (Grace and Pitt, 1968)

T

e -
1| el
max ~ f_ | B th B (P9
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(b) Minimum Sampling Frequency for Band of Width B

(from Panter, 1965, p. 527)

FIGURE 2.6



29

where the symbol [*] denotes the greatest integer function.
To obtain the in-phase sample the FM bandpass signal z(t)

as given by Equation 2.20 is sampled at time instant

I

ty = kf_c' (2.34)

k

where k is the sample time index (k = 1, 2, 3 ...) and I is an

integer such that
I< = (2.34a)

then
z(tk)

h[;(tk)] + v(tk)

>

h(X(k)) +; Y(Mk)

2P Ly (KIS T (L X () oLk (K)cos (LyK(KD) | +v, (k) (2.35)

The quadrature sample is obtained by sampling z(t) at time

instant

= 1 :
t, = tk + 4fc (2.36)

i.e. a quarter of a carrier cycle later (and hence the term

"quadrature") and we obtain

2(6) = h[x(t)] + v()
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Since the carrier frequency fC is usually much greater than

the bandwidth of the components of X(t) so
d 2
Xﬂtk) % X(tk) (2.37)
and the quadrature component can be written as
* P . *
z(tk) = V2P, ‘lefk)51n(Lilfk))+L2ka)C°5(L¢ka)) +v(tk) (2.38)

*
The sampled noises v(tk) and v(tk) are independent white gaussian
sequences having zero-mean and variance R(k) appropriately

determined from r.
EvE(t,)1 = EIvE(8)1 = R(K)

By defining the discrete observation and sampled noise vectors

as
206) - Zl(k) A z(tk)
2,(K) 2(t})
Y - ACREFERETN
v, (k) J v(tt)

and combine Equations 2.35 and 2.38 to give

Z = hix(k)1 + V(k)

LoX(k)  LaX(k) Y[ sin(Lyx(k)) ) { vq(k)
V2P, + (2.39)
-LoX(k) L,X(k) l cos (L;X(k)) v, (k)
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with the covariance matrix of V(k) given by

R(kY 0
R(k) =
0 R(k)

The derivation of the discrete communication model is complete
and will be used as the estimation model for the derivation of
the nonlinear filtering algorithms in Chapter 3. A block diagram
of the discrete model showing the message model together with the

observation models is shown in Figure 2.7.
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H(K) X(k)
N N
) -+) N MODULATOR
Ped
_~—— Unit
o(k,k-1) < | Delay | ADNDOIITSIEVE
Scalar

Y

Sampler [—— z(k) = hIX(k)I + v(k)

Y

o [zy(K)) o (hyIX(K)T)  (vq(k)
Quadrature = +
Sampler [Zz(k)] [hz[lﬂk)]] [Vz(k)]

Figure 2.7: Discrete FM Communication Model
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3. DISCRETE NON-LINEAR FILTERING ALGORITHMS

Having formulated the FM communication model as an estimation
model in Chapter 2, this chapter will briefly discuss the deriva-
tions of the most well known nonlinear filtering algorithms that
have found applications in a wide range of practical problems,
notably in the dominant aerospace areas and also in other diverse
fieldssuch as electric power systems (e.g. Miller and Lewis, 1971),
speech processing (e.g. Gibson and Melsa, 1976), and of course
communication systems as already discussed in Chapter 1. Section 3.1
will give a brief historical account of estimation theory in con-
nection with the thesis. The estimation problem is formulated in
Section 3.2 and will consider the class of linear system model
and nonlinear discrete observations. Sections 3.3 and 3.4 will
outline the developments of the eXtended Kalman filter (EKF) algor-
ithm and the maximum a posterior probability (MAP) filtering algor-
jthms. Section 3.5 will conclude with a discussion on the merits

of these two algorithms as have been found in the Titerature.

3.1 Introduction

The problem of obtaining an optimum estimate of a message
contaminated by noise was formulated and solved by Wiener
(1949) and independently by Kolmogorov (1941). They used as the
optimal estimate a ‘linear combination of the observed signal that
would minimise the mean square error of the estimate. The end
result was the specification of the weighting function of the
optimal linear filter as a solution of the Wiener-Hopf equation.
This is an integral equation which relates the correlation functions
of the message and noise with the impulse response of the optimum
Tinear filter (called Wiener filter). The solution is dependent on

the assumptions of
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(1) stationarity of the message and noise processes, and

(i1) knowledge of the entire past of the observed process.

The Wierer filter is thus limited to linear processing of station-
ary processes involving the use of the correlation functions of

the processes. Kalman (1960) developed an alternative approach

for the general nonstationary filtering problem by representing

the message and noise processes with differential equations. The
optimum linear estimate is then specified as the solution to a
differential equation whose coefficients are determined by the
statistics of the message and noise processes. The resulting Kalman
filter can be considered as a true time-varying Wiener filter (Anderson
and Moore, 1971) and is easier to solve using analog or digital tech-
niques.

If the message and/or observation models are non-linear then
the Kalman filter does not apply. However, by linearising the models
(using a Taylor series expansion about the current predicted
estimate and assuming that the estimation error is small), the
Kalman filter algorithm can be used to give an approximate nonlinear
filter. This is the extended Kalman filter (Jazwinski, 1970) and
will be discussed further in Section 3.3.

The general nonlinear problem was first studied by Kushner
(1964) using the probalistic approach in which stochastic differen-
tial equations were used to model the message and observations.
Kushner (1967) also shows that the optimum nonlinear minimum variance
filter is infinite dimensional in that all the moments of the con-
ditional probability density function are required in order to
solve for the optimal estimate. Approximation techniques are thus
required and Section 3.4 will consider the maximum a posterior
approach in which the conditional probability density function is

maximised.



3.2 Problem formulation

The discrete communication model developed in Chapter 2 can
be considered as a special class if more general estimation models

in which the system and observation models are given by

X(k)

I
{=h

[X(k-1)1 + W(k) (3.1)

Z(k)

il
(=

[X(k)1 + V(k) (3.2)

In this thesis, the message model is assumed to be linear

time-invariant system described by
X(k) = o(k,k-1)X(k-1)+W(k) (3.3)

where ®(k,k-1) is the transition matrix and W(k) is assumed to be

white gaussian noise sequence with zero mean and covariance

EHOON' (3] = Q(K)8 5 (3.4)

The initial state X(0) is assumed to be gaussian with mean

EX(0)] = n, (3.5a)
_.0

and covariance

EIX(0)X'(0)1 =V, (3.5b)
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The observation function h (.) depends on the type of modu-
lation used. In an FM system, h(.) is a nonlinear function of
x(k).

The additive noise V(k) is also assumed to be white gaussian

noise sequence with zero mean and covariance

EV(KY (3)] = R(K)8, 5 (3.6)
Furthermore, it is assumed that W(k), V(k) and X(0) are un-
correlated.
The filtering problem is defined as the problem of deter-
mining "in some optimum sense" an estimate of the system state

vector X(k), say X(k), given the set of observations
k A :
= {z(1), 2(2), ..., Z(k)} (3.7)

Consistent with the above definition is a widely accepted
definition which states that the data ZF are to be used to deter-
mine the a posterior density funcfion p[xjk)lgk]. This density
function provides the most complete description of the system
that is possible.

The "optimum senseh is defined in terms of an error criterion
and two of the most important criteria are
(i) Minimum mean-square (MMSE) error criterion: the estimate

X(k) is chosen so that the mean square error
e[ u0-k060) x)-R06) ] (3.8)

is minimised.
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(i1) Maximum ‘a posterior probability (MAP) criterion: The estimate

X(k) is chosen so that the aposterior density is maximised
" ky _ i k
pX(k)|Z"] = max|p{X(k)|Z") (3.9)

3.3 MMSE Filters: Extended Kalman Filtering Algorithm

It is well known (Jazwinski, 1970) that the minimum variance

estimate is given by the conditional mean

X(k) = E(x(k)|Z) (3.10)

A recursive algorithm in which the solution for the (k-1) stage
jsused to obtain the solution for the kth stage can be obtained
through the used of Bayes' rule to show (Ho and Lee, 1964) that the

a posterior density evolves in the following manner
p(X(K)[Z°) = ¢ p(x(K) 27D p(@Ix(k) (3.11)
pCR(K) (27 = [pCt(k-1) 1257 p(CK) IX(K-D)X (k1) (3.12)

where the normalizing constant c, is given by

1/, = P ZH

Pt 1Z ezt x(k))axk) (3.13)
The initial condition for Equation (3.11) is

p(x(0)]2% ) = p(x(0)) (3.14)
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The densities p{Z(k) | X(k)1 and p[X(k)|X(k-1)] are gaussian
as a result of V(k) and ﬂ(k) being gaussian and when used in con-
junction with the initial conditions p[X(0)] provide a general
solution to the nonlinear filtering problem. The actual evalua-
tion of the Bayesian recursive relation (3.11) is not easy and
various techniques have been developed (Sorenson, 1974) to compute
(3.11) for specific nonlinear systems. The only exception is the
case when the observation model is linear (having assumed that
the message model is linear in Equation 3.3) then the a posterior
density is gaussian and the conditional mean and variance are
described by the well known Kalman filter equations (KaTman 1960,
see also Sage and Melsa 1971, Table 7.2-2, p. 268).

The extended Kalman filtering algorithm used in this thesis
is developed by expanding the nonlinear observation function
hiX(k)] into a Taylor series about a nominal trajectory X(k) and

the series is truncated after the linear term to obtain

2(k) = h{x(K)1+Y(K)
_ oh [X(k)1 _
= h[X(k)1+ ———— [X(k)-X(k)1+¥(k) (3.15)
= 2% (k)
By letting
x*(k) & X(k)-X(k) (3.16)

and

7x(k) @ 2(k)-h(X(k)] (3.17)
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Then Equation 3.15 can be written as

)]
2%(k) = ———— X*(k)+V(k) (3.18)

Furthermore, if the trajectory X(k) is assumed to be such

that, with given
X(0) 2 E[X(0)] (3.19)

then X is generated by

X(k) = o(k,k-1)X(k-1) (3.20)

Equation 3.3 can then be put into the form
X*(k) = o(k,k-1)X*(k-1)+W(k) (3.21)

which represents a linear system describing the "state deviation"
X*(k). The "observation deviation" Z*(k) is thus processed by a
Kalman filter to give an estimate of X*(k), denoted as X*(k), and

the estimate of the state vector X(k) is then given by
X(k) = X(k)+x*(k) (3.22)

The resulting algorithm using the above Tinearised model is known
as the discrete extended Kalman filter (EKF) algorithm (Jazwinski,
1970, pp. 272-278) and is summarised in Table II with the
trajectory X(k) chosen as the propagated conditional mean

Xﬁk|k-1) and given by the one-stage prediction algorithm (Equation
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TABLE IT

GENERAL DISCRETE EXTENDED KALMAN FILTER (EKF) FILTERING ALGORITHM

System model

X(k) = ¢(k,k-1)X(k-1)+W(k) (11.1)
Observation model
Z(k) = h[X(k)]+V(k) (II.2)
Statistical parameters
E[X(0)] = EX (11.3a)
_0
E[X(OX (0] = ¥, (I1.3b)
0
E[W()] = E[V(K)] =0 (I1.3c)
EWAON (D] = QU8 (11.30)
EIY(OY (D] = RGOS, (I1.3¢)
One stage prediction algorithm
ﬁ(k|k-1) = (I)(k,k—l)i(k—l) (I1.4)
2(0) = Uy (11.4a)
._0
Prior error variance algorithm
Vg (k[k-1) = CI>(k,k—l)lx(k—l)d)T(k,k—l)-l-g(k) (11.5)
XZ(O) = !X (II.5a)

_0
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Error variance algorithm

¥y (k) = y_X(klk.—l)—y_z(klk-l)gT(k)y__l(k)_}l(k)lg(k|k—l) (II.6)

where ~
A Sh[X(k[k-1)]
_Il(k) = -~ (11:7)
3X (k| k-1)
M) & BOY, (el k- ET (1) 4R (K) (11.8)
Filtering algorithm
X1 = X(k| k=146 (k) v (k) (11.9)
where
A T, ~1 . .
G(k) = li(k)-}l ()R (k) (filter gain) (I1.10)

v(k) é_&(k)—higﬁk|k—l)] (innovation process) (II.11)
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I11.2) corresponding to Equation 3.20 above. Discussions of the
derivation of the EKF algorithm are also found in Sage and Melsa

(1971, Table 9.4-3, p. 462) from which Table II was formed.

3.4 MAP Filtering Algorithm

It can be -shown (Sage and Melsa, 1971, p. 443) that maximiz-
k
ing D[Xjkf)lz_f] (with ke defined as another discrete time index) is

equivalent to minimizing a scalar J given by

3= Hx-n 1

v
0 X,

ke

+%z ”ymﬂmwmﬁ
k=1 R(k)™!
k
f
+ L W(k)| 2
7 L, | (k) QL (3.23)

subject to the equality constraint (3.3) and the associated
initial conditions (3.5).

Equation (3.23) suggests the application of the discrete
maximum principle (Sage, 1968, Chapter 6) with the Hamiltonian

defined as
HIX(k),W(k),A(k) k]
8 %“ka)‘blllk)luz R(k)™ !
1 2
+ 5| W(k) B}
Sl UK e

+£wmw> (3.24)
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The canonic equations are given by

X(kIke) = 53¢y (3.25)
_3H R

A(klkf) (3] X_(k);_)_(_(klkf) (3.26)

51‘»'%% =0 (3.27)

with the two-point boundary conditions given by

n
-z

Ak, 1K)

and

1
o

_)‘_(kflkf) -

These canonic equations and the associated boundary conditions
specify a nonlinear two-point boundary-value problem whose
solution yield a fixed-interval "smoothing" solution Xﬂk]kf) to
stage kf. If only the filtering solution Xﬂkflkf) is desired then
kf is to be treated as a running variable and an approximate re-
cursive solution may be obtained by using the discrete invariant
jmbedding techniques (Sage, 1968). The resulting algorithms are
shown in Table III where it can be seen that the difference between
the discrete EKF algorithm of Table II and the discrete MAP filter-
ing algorithm is in the error variance equation. For the MAP

filtering algorithm, the error variance equations involves the

innovation process

(3.28)

(3.29)
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TABLE TITIT

GENERAL DISCRETE NONLINFAR MAP FILTERING ALGORITHMS

Systems model

B (k,k-1)X(k-1)+i (k)

X(k) = (I1I.1)
Observation model
Z(k) = h[X(k)]+V(k) (I1I.2)
Statistical parameters
E[X(0)] = My (ITI.3a)
__0
E[X(0)X (0)] = ¥, (I11.3b)
’ =0
E[W(k)] = E[V(k)] =0 (III.3c)
BHGOK (D] = QU8 (111.3d)
BLY(OY ()] = RIS, , (IT1.3e)
One stage prediction algorithm
_}_E(klk—l) = @(k,k—l)ﬁ(k—l) (III.4)
_}_E_(O) = My (II1.4a)
.._0
Priqr érror variance algorithm
li(klk-l) = @(k,k-l)yi(k—i)@T(k,k—l)-l-_(}_(k) (III1.5)
lz(o) =¥ (I11.5a)
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Error variance algorithm

Either

Ve (k) = _\zz<k|k—1>—zz<klk—l)f(km'l(ku(k)_zz(kIk—l) (I11.6)

where T A

1 A 5 oh”[X(k[k-1)]
JOIIR “(k)JI(k) = -—= A R T (K)v(k) (II1.6a)
OX (k|k~1) 30X (k|k-1)

M) & 300, (k-1 17 (4R (1) (IT1.6b)
i e e e e S
Vg (k) = [‘;ﬂX(klk-l)m[i(klk—l),k]]“lzz(klk—n (ITI.7)

y_x(klk—l)—yx(klk—l)g[:\)g(kIk—l) ,k]

TV (k | k-l)M[i(klk—l) ,k]] _1y_X(k|k—l)

where
A A d -1

M[X(k|k-1),k] = - ——— | H(KWR ~(Kv(k) (1II.8)

30X (k|k-1)

) AE(k]k-1))
H(k) = —= (1I11.9)

39X (k|k-1)

= Z(k)ﬁh[i(klk—l)] (innovation process) (II1.10)

v (k)

Filtering algorithm

X(K) = X(k|k-1)+6 )V (k) (111.11)

where

ne

G(k) yx(k)gT(k)g—l(k) (filter gain) (I11.12)
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(k) & Z(k)-hX(k|k-1)] (3.30)

and take two alternative forms. The first form (Equation III.6)

is convenient to use when the Hessian matrix

T A
oh ' [X(k|k-1)]
d h [X(k|k-1) R"l(k)\)(k)

aX(k|k-1) | 8X(k|k-1)

is positive definite and can be factorised as gjk)gfl(k)J(k).
As will be seen later in Chapter 5, this is not the case for the
problem considered in this thesis so the alternative form (Equation

I1I11.7) is used.

3.5 EKF versus MAP Algorithms

At the outset, the choice between the EKF algorithm and the
MAP algorithm is not obvious. The EKF algorithm is the most popular
one and has been found to performance satisfactorily provided that
the assumptions inherent its development are verified by practical
experience to be valid. There are also well-known disadvantages
and difficulties associated with the application of the extended
Kalman filter. The manifestation of these difficulties is commonly
referred to as the diverjence problem (Nahi, 1976) which is said to
occur when the actual error in the estimate becomes inconsistent
with the error variance matrix approximation provided by the filter
algorithms. In the application to be considered in this thesis,
this is likely to occur when the signalgoes into a deep fade and
results in an instantaneous SNR level below threshold and render
the estimation scheme to be invalid for the duration of the deep
fade. Further discussions on the EKF algorithm can be found in

Nahi (1976) and two comprehensive survey papers by Sorenson (1974a,
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1974b).

The MAP algorithm is more complex and requires more computation
time but has been found (McBride 1973; Pyle, 1974) to perform well
in a situation when phase locking is required and thus the ability
of the estimator to reach steady state operation is intimately con-
nected with the initial set of observation data.

Due to lack of comparison results based on the experiences
of other workers, it was however decided that both algorithms are
employed and results are compared. It was found that the MAP
algorithm is better than the EKF in terms of performance for the

problems considered in this thesis.
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4. _ SIMULATION METHODOLOGY

The filtering algorithms described in Chapter 3 will be
applied to the communication model developed in Chapter 2 to
derive the receiver structures whose performances are to be
investigated by computer simulations. To reduce the dimension
of the system state vector and render the simulation possible
in terms of execution time, a simple 4-dimension model using
the Ornstein-Ublenbeck stochastic processes (Ornstein and
Ublenbeck, 1954) for the message and fading components will
be developed in Section 4.1. These processes result when
Gaussian white noise is passed through a low-pass filter des-
cribed by a first-order transfer function and have a first-
order Butterworth spectrum. Section 4.2 will give some theo-
retical considerations on the use of computer simulation to
study receiver performance. Section 4.3 will set out the pro-
cedure followed in organising the simulation programs together
with a description of the parameter set used in the programs.
The latter is very important in interpreting and reproducing the
results.

4.1 Example of an FM communicétion system

Consider a scalar message a(t) having a first-order Butter-
worth spectrum and represented by a first-order differential
equation

a(t) = -oa(t) +2oP, u_(t) (4.1)
where ua(t) is a zero-mean white gaussian process having unity
variance

E[ua(t) u (1)1 = 8p(t-) (4.2)
GD(t) is the Dirac delta function
a and Pa are constants having special meanings as can be seen
by first determining the transfer function corresponding to

Equation 4.1.
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'?ala
H(s) = v (4.3)
The power spectrum of a(t) is then
_ 5 "ZOLPa
Sa(w) = IH(Ju))I = -‘é—“z— (44&)
w +o

It can be verified from Equations 4.3 and 4.4athat o measured
in radians/sec is the one-sided 3-dB bandwidth and is also the
half-power frequency of the message power spectral density.

The autocorrelation function of a(t) is given by the Fourier
transform of Sa(w)oo

R (1) = -21? Los‘_i(w)e“T dw = Pae"alTl (4.4b)

1/0 is thus the correlation time and Pa is the average power of
the message. Note that a(t) is a gaussian process with zero mean
and variance Pa'

Figure 4.1 shows the plots of the frequency response |[H(jw)|,
the power spectrum Sa(m) and the correlation function Ra(T) for
such a first-order Butterworth process.

If we define
m(t) | «  phase

m(t) & |
my(t) | <«  message

where mz(t) is the message a(t) and ml(t) is the phase o(t)
.t
olt) = d; joa(T)dT

Then the state variable model for the message being FM modulated

can be written as

mo) [0 (t) (4.5)
i t .
my ()| 7[00 o | | my(t)| T |V, “a



50

(a) Amplitude ratio

eV

~

NS (w)

€V

(b) Power spectrum

\R(T)

Pa

>~

ﬁ\/

(c) Correlation function

Figure 4.1. Characteristics of a first-order Butterworth Process




51

The channel processes characterising the Rayleigh fading

channel are also to be modelled as first-order Butterworth

processes
bl(t) = —yb, () + /2yP_ ubl(t) (4.6)
bz(t) = ~yb,(t) + /2YP ubz(t) (4.7)
where

uy (t) and ugtjare zero-mean white gaussian processes having unity
1 2
variances

E[ubl(t) ubl(T)] = E[ubz(t) ubz(T)] = §p(t-1) (4.8)

v is the half-power frequency and Pf is the average power of the
fading processes. Recall that bl(t) and bz(t) are supposed to
be independent processes having identical statistics and thus
ubl(t) and ubz(t) are independent of each other and are also in-
dependent of ua(t).

Now if we define

fxl(t)" (o(t) ) <« phase
Xo(t) a(t) < message

x(t) =2 |8
x3(t) bl(t) < 1in-phase fading component
x4(t) bz(tn < quadrature fading component
\ J \

Then by combining Equations 4.5, 4.6 and 4.7 we get for the

system state vector X(t) the following state differential equation:

X(t) = FX(t) + GU(t) (4.9)
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where ) .
0 df 0 0
0 -0, 0 0
F = (4.9a)
0 0 -y 0
0 0 0 -y
| J
0 0 0 )
/ZyPa 0 0
G = (4.9b)
0 /Zypf 0
0 0 V?fo
L p.
"
u, (t)
1
ubz(t)

Using the relations between the analog and the corresponding
discrete models developed in Chapter 2, the discrete model for
the FM system considered in this example is derived and summarised
in Table IV (Eéuations IvV.3 - IV15) together with the observation
model using both the uniform and quadrature sampling techniques
(Equations IV.6 - IV.9).

The transition matrix o(k,k-1) is derived by using the Laplace
Transform method (Peikari, 1974, p. 246) to compute eEﬁ as the

inverse Laplace Transform of the resolvent matrix (sI —_E)_l

eft = rls1 - )7t (4.10)

Figure 4.2 is a block diagram of the discrete communication

model in this example.
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LN

AN EXAMPLE OF AN FM COMMUNICATION SYSTEM WITH RAYLEIGH FADING

Message model (2-dimensional)

n(k) = @ (k,k-1)nlk-1)+1 (k) (1v.1)

Channel model (l-dimensional)

b,(k) = & . (k,k-1)b, (k-1)+w, . (k), i=1,2 (1v.2)
i bi i bi

Equivalent system model (4-dimensional)

X(k) = @(k,k-1)X(k-1)-+7(k) (Iv.3)
where
( \
Xl(k) < phase
Xz(k) < message
X(k) =
x3(k) < in-phase fading component
X4(k) < quadrature fading component
\ J
¢ 3
wl(k)
W, (k) T
W(k) = with E@(1)W (1)1 = QU6, . (1v.4)
w, (k) J
3
w, (k)
L4 )
[ B(1-e %) o 0
0 . 0 0
o(k,k-1) = B (1V.5)
0 0 gv 18 0
0 0 0 e YT
L J
Observation model
2(1) = BIX()14Y(K) (1V.6)
with
T
E[V(K)V (1] =_§(k)6kj (1v.7)
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For uniform sampling

h{X(k)] = /ZPt[Lzﬁ(k)81n(wctkal§(k))ngg(k)cos(wctkfglg(k)]
R(K) = < (1Iv.8)
T
TFor quadrature sampling
LXK LX) [ sinCXK)
h[X(0] = V2P| - y
L, X(k) L,X(k) cos (L, X(k)) |
T . (1v.9) |
B(k) = T |
T
2 T
Definitions
A
L, =11 0 0 0]
%m0 o 1 ol
=2 (Iv.10)
A
L_3 - [0 0 0 l]
8 ='i£ _ frequency deviation (constant)
o 3-db frequency of message (radians/sec)
T = t "t (sampling interval) (secs)
Pt = gverage transmitted power (watts/sec)
wc = Carrier frequency (radians/sec) ;
( \ _ 2 -aT -20T
Qll le 0 0 Qll = PaB (2aT-3+4e -e )|
_ _ _ —aT.2
o) = Q9 Q5 0 0 | Q= Q@ =PpU-e )
N B ~20.T
0 0 Qg4 0 | Qyy =P (1-e )
- - _am2T
) : : Q44J Q33 = Q = Ppl-e 777)
(1Iv.11)
vy = 3-db frequency of fading components (radians/sec)
Pa = average message power (watts/sec)
Pf = gverage fading component power (watts/sec)
r = two-sided spectral height of continuous additive white

gaussian noise (watts/cycle)
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by (k)

V(k)

%

Wy (k)
L)
O/
/N
o, 1(k,k-1)L- Unit
bl Delay
Wy (k)
2 53
/X7[i__
~ Unit
¢b2(k’k—D\“ Delay
by (k)
K)o \
®_(k,k-1) Unit
a Delay

Figure 4.2.

Discrete FM

Communication Model
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4.1.1 Definition of terms
Several terms relating to the communication model as formu-

lated in this study require some clarifications.
(1) Bandwidth expansion ratio

Van Trees (1971, p. 88) defines the bandwidth expansion ratio as

d
Ba= I
and this is the same as the modulation index (Schwartz et al, 1966,

p. 164) defined as the ratio of the rms frequency deviation Aw to

the rms bandwidth B. of é(t) as can be seen below
0

Recall that

t
o(t) = do [ a(t)d
(0]

It can be verified that the rms bandwidth of é(t) given by

r £25, (£)df
-00 e

[ 5.0

with S.(f) derived from Equation 4.4a
0

(8;)°

is

B. = o (radians/sec)
6

Furthermore, the rms frequency deviation of 6(t) given by

(Schwartz, ibid.)

(Aw)2 4 r S.(f) df
-0 e
is
Aw = df (radians/sec)
and thus A df
- LW _ T .11
B i B o (4 11)
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(ii) ' Average received power.

The received signal

z(t) = /2Pt(b1(t) sinfw,t + o(t)] + bz(t) cos[w t + 8(t)1) + v(t)
has the average received power P given by
p=2p, P (4.12)

t f

where Pt js the average transmitter power (and would be also the

average received power in the non-fading case) and Pf is the

average power of the fading processes.
(iii) Variance of continuous additive noise.

The continuous additive noise v(t) is assumed to be a scalar

white gaussian process having zero mean and varijance

Efv(t)v(t)] = r&(t-1) (4.13)
and r is thus the two-sided spectfa1 height measured in watts/cycle.
(iv) Variance.of sampled additive noise.

The measured noise, i.e. the sampled white noise sequence,

V(k) have also zero mean and variance (Sage and Melsa, 1971, p. 83).

ELV(k)V(3)] = Bﬂk)ﬁkj (4.14)
where
R(k) = %— for uniform sampling
r/T 0
R(k) = for quadrature sampling

0 r/T
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4.1.2. Signai-to-noise ratio and fading rate

Before leaving this section, there are two important para-
meters to be defined for Tater discussions. The first is the

signal-to-noise in the message bandwidth defined as

A average received power
noise power in the message bandwidth

The noise power in the message bandwidth is given in terms
of the (one-sided) noise equivalent bandwidth of the message power

spectral density (Carlson, 1975, p. 125).

. ] 2
[ [HG0) | do
. 2
[H(jw) |
_l.jw._Jﬁ&_
2 0 m2+a2

(2/a)

max

dw

1

%u (radians/sec) = %—(cyc]es/sec) (4.15)

and therefore

= (4.16)

This definition of the signal to noise ratio in the message
bandwidth agrees with those used by Polk and Gupta (1973),
McBride (1973), ' for the non-fading case
and also by Dharamsi and Gupta (1975b) for the fading case and
thus allows direct comparison of their results with those ob-

tained in this thesis.
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In his study of fading channels, Van Trees (1971, p. 258)
also defines an "effective" signal-to-noise ratio in the message

bandwidth as

1
Ay
where Aa is the signal-to-noise ratio in the message bandwidth

A
A = Aa[l—

i Tn (1th,)] (4.17)

as defined in Equation 4.15 and A_ is the signal-to-noise ratio

b
in the channel bandwidth given by

L2
Ab ol (4.18)

The second parameter, to be called the "fading rate", is

defined by:

3-db bandwidth of fading component
r 3-db bandwidth of message

>

=§xﬁ (4.19)

and is a measure of the rate of variation of the carrier signal
amplitude compared to the changing rate of the random message. If
fr = 0, the carrier signal amplitude is constant and no fading is
said to occur. If fr = 0.01, the amplitude is varying but at a
much slower rate than the message. A rather artificial value

fr = 0.05 is to be chosen as an intermediate value and the fading
is said to be "fast" if

fr >> 0.05
and "slow" if

fr << 0.05
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4.2 Computer simulation - Theoretical considerations

The discrete model for the example of an FM communication
system as described in Section 4.1 will be used in conjunction
with the algorithms in Chapter 3 to develop receiver structures
in the remaining chapters. The performance of the receivers
will be studied using Monte Carlo simulation. As discussed by
Bucy, et al (1972, Chapter IV) the term "Monte Carlo simulation"
is subjected to a great number of alternative and sometimes mis-
leading interpretations. Quite often, the simulation results
are presented in the literature with no explanations regarding
the procedure followed and the degree of confidence associated
with the results obtained. Many types of errors can occur in a
simulation study and great care must be taken in attempting to
draw meaningful conclusions about the validity, significance and
accuracy of the results. In the following subsections, some of
the important topics on computer simulation relevant to this

thesis will be discussed.

4.2.1 Generation of gaussian random variables

Most digital computers have at least one uniform pseudo-
random number generator in their system library. These generate
numbers which are uniformly distributed between 0 and 1. Usually
they are based on the mixed congruential method of generation
and some control of the algorithm is available by allowing the
user to choose the seed for initiating the sequence (Fishman,
1972). For example, RANF(.), available from the CDC 6400, is
a modified form of the mixed congruent generator and the
initialisation is done by calling RANSET(.) with any chosen seed.

From these prime sources of uniform random numbers, random
variables of other distribution can be generated. Of particular

interest is the gaussian distribution associated with many types



61

of signals encountered in communication systems. The

generation of gaussian variabies can be done using either:

(i) Sum of uniform random numbers:

As a consequence of the central Timit theorem, the dis-
tribution of a Tinear combination of random processes with similar
first and second order statistics tends to that of a gaussian dis-
tribution. By summing N variables uniformly distributed in the
interval (0, 1), the resultant variable would have a gaussian
distribution with mean N/2 and a variance N/12. This method
has been found to have a bad gaussian "tail" and is only margin-
ally more efficient in terms of execution time than the more

exact direct transformation method as below.

(ii) The exact transform method.

Let U1 and U2

distributed in the interval (0, 1). By transforming U1 and U2

be independent random variables uniformly

using the relationships

v

1=

(-21nU,) %cos2mU

1 1 . 2 (4.20)
2 (-21nU1) sin2nU,

The random variables V1 and V2 are independent and normally

v

distributed with zero mean and unity variance. To verify this,

it is noted that (Sage and Melsa, 1971, page 25)

va,vz(vl’vz) = |det J| U, (U5U,) (4.21)
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where |det J| is the magnitude of the determinant of the

Jacobian matrix

1 1
] A 3V1 8V2
8V1 8V2
L J
( 2.2 2.2 )
-V e'(vl"LVZ)/2 -v e—(\'1+\'2)/2
1 2
-"VZ___ ___Vl -
2, 2 2
2w(v1+v2) 2w(v§+v2) )
2. 2
=1 -(vi+v,)/2
= o e 1 °2
thus
: 2.2
pv V (V19V2) = 'ZL e'(V1+V2)/2 (4,22)
1°°2
and . 1 i 2/2
py (vi) = plvy,v,)dv, = ——e™V1 (4.23)
v VT Pl T
py (v,) = fw p(vy,v,)dv, = ——1—-e_v22/2 (4.24)
v,\V2! T PV Yy T o |

Generation of gaussian random variables N of mean m and variance

02 requires further transformation
N = oV+m (4.25)

where V is gaussian variable of zero mean and unity variance

generated by Equation 4.20.
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In generating white gaussian noise as required in the simu-
lation of the received signal being contaminated by additive noise
of two-sided spectral height r and sampled at the sampling rate

f the variance of the white noise sequence is said to be

_ L
s T°
appropriately determined from r. As simulated white process cannot
contain frequencies higher than one half the sampling frequency so
the total power in the power spectrum must be equal to the variance

R of the generated noise samples, i.e.
(4.26)
and this agrees with Equation 4.14 given earlier.

4.2.2 Multivariate normal distribution

The simulation of the system model as given in Equation
IV.3 (Table IV) requires the generation of W(k), a multivariate

normal random vector with zero mean and covariance matrix.

Qp Qp 0 0
Q Q 0 0
Q(k) = 12 - (See IV.11)
0 0 Q3 O
‘ 0 0 0 Qg J

By first generating a multivariate normal random vector
I'(k) with zero mean and unity covariance matrix, W(k) can be
given by
W(k) = € I(k) (4.27)
where C is a unique lower triangular matrix satisfying
(Anderson, 1958, p. 19)

k) = ¢ ¢ (4.28)
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In particular, with Q(k) as given by Equation IV.11, the

matrix C is computed to be

4.2.3

/QH 0 0 0
/ 2

Y2 oo e . 0

AT 22 Oy
11

¢ = (4.29)

0 0 VQ33 0
0 0 0 VQ44 J

Sources of Error

There are several types of errors involved in a simulation

study and can be classified broadly as

(i)

(i1)

Mode11ling errors in the model of the communication systems
under study. This includes the errors occuring in modelling
real random signals as the output of dynamical systems ex-
cited by white noisewaé was done for the message and fading
processes. The statistics of these random signals may not
be known accurately. To reduce the modelling errors, ex-
tensive experimental data have to be collected to determine
the validity of the model used or else the unknown para-
meters can be augmented into the system state vector to

be adaptively identified before they can be used in the
estimation model. This problem is not attempted here, how-
ever, and the model is assumed to be accurate enough to
render modelling errors insignificant.

Discretization errors due to the discrete representation

of continuous processes as was done in Section 2.2.
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(iii) Statistical errors due to the finite observation time. The
simulation normally consists of Nr number of runs of length
Np simulation points each. For each run the total observation
time T is given by

T = NpT

where T is the sampling interval. As a guideline, this product
must be at least several times the dominant time constant of
the system which is the time constant (also called the correla-

tion time) %—of the fading processes bl(t) and bz(t) in the

example considered in Section 4.1.

4.2.4 Sample size requirements

The performance of the receiver is measured in terms of the
mean square error gi between the state estimate (at time instant
tk) Qi(k) and the true state xi(k). The subscript "i" indicates
the particular state to be estimated and

i =1 : phase

i =2 : message | Corresponds to
the system state
i =3 : idin-phase fading component vector defined

in Section 4.1

1 =4 : quadrature fading component |

The mean square error gi (also called the error covariance for zero-

mean processes) is computed as

£, = 1 g % 2(k) (4.30)
1 N, o T
where N is the sample size
N = Ner (4.31)
and
v O e
% Xi(k) xi(k)

is the error in the estimates at time tk and is assumed to he

Gaussian distributed. 51 is thus the sum of N squared Gaussian
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random variables and would follow a X2 - distribution (Papoulis,
1965, p. 250) with an effective number of degrees of freedom

given by (Bucy and Mallinckrodt, 1973)

- N
Neff = — ?F2 (4.32)
] + s
1+ 2F
5 %-for large F (4.32a)
where F is defined as
_ 1
F = om (4.32b)

with B being the FM bandwidth (cycles/sec) and T is the sampling
period. Equation 4.32a thus becomes

N = 2BTN (4.32¢)

eff
and is interpreted as the total number of independent samples
obtained over the total observation time (TN) which agrees with
the assumption behind the X2 - distribution.

If Neff is greater than 30; the XZ - distribution is

asymtotically normal with variance (Appendix C, Equation C.4)

2 2 2
2= 2 (4.33)
Negr 2
where
uy & EIXA(K)] (4.34)

and it can be further shown (Appendix C, Equation C.7) that the
probability of gi to be within some fraction s of the true mean
square value Ho is given by

Nors |
P LEs-uy Ksu,l = 1—2Q[s ~7§ff] (4.35)

where Q(.) is the "error probability" function (Carlson, 1975,

Table D, p. 474).
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Consequently if we require, for example, 5% accuracy
(s =0.05) with 98% confidence (PS = ,98), the minimum required

Néff is given approximately

(Ngge) | = 4000 (4.36)

4.3 Computer simulation - Procedure

Having discussed the theoretical considerations for the use
of computer simulation to study performance of communication
systems, the actual procedure is to be developed in this section

and will be followed throughout the rest of the studies.

4.3.1 Program organisation

The simulation programs are organised according to the flow
chart depicted in Figure 4.3 and brief descriptions of the various

steps are given below.

Step 1. Input parameters

Various parameters are to be specified at the beginning of
the simulation programs. A short summary of these parameters is

given below:

Parameter Definitions

(i) o 3-dB one-sided bandwidth of message

(i1) Pa average power of message

(111) Y 3-dB one-sided bandwidth of fading process
(iv) Pf average power of fading process

(v) R bandwidth expansion ratio (Equation 4.11)
(vi) Pt average transmitter power

(vii) A signal-to-noise ratio in the message bandwidth
(viii) T sampling interval

(ix) N. number of simulation runs

(x) N number of simulation points for each run

p
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\ INPUT PARAMETERS /

INITIALIZE RANF

NEXT RUN

4

INITIALISE CONDITIONS
FOR EACH RUN

NEXT POINT

P
e~
2

GENERATIONS OF
SYSTEM STATE VECTOR

b

SAMPLING

ESTIMATOR

OUTPUT STATISTICS
FOR EACH RUN

/]

FINAL
QUTPUT STATISTICS

///OUTPUT RESULTS \\\

Figure 4.3. Flowchart of General Simulation Program
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The actual parameter set used in the simulation programs is

discussed further in Section 4.3.2.

Step 2. Initialise RANF

This is required only if the sequence of uniform random numbers
generated by the RANF(.) function on the CDC 6400 computer is

desired to be the same for various parameter sets.

Step 3. Initial conditions for each run

When several runs each of length Np points are to be made,
they are made independent of each other by randomly selecting the
initial conditions giving the initial state vector X(0) with
the assumption that X(0) is normally distributed with mean Uy
normally assumed to be zero, and variance yx . Note that thgge
statistical parameters are later uéed as 1n;21a1 conditions for

the estimation algorithms.

Step 4. Generation of the system state vector

This requires the evaluation of the transition matrix (Equation
IV.5) which is constant for this example and then
(i) generation of W(k) by Equation 4.27.
(ii) generation of X(k) by Equation IV.3.

Step 5. Sampling

This requires the generation of the sampled white Gaussian

noise sequence having zero mean and variance

R(K) = T

_ 2
= AT (4.37)
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For uniform sampling, only one sequence is required to form the
discrete observation signal as given by Equation IV.8.

For quadrature sampling, two independent noise samples are
required to form the discrete inphase and quadrature observation

signal as given by Equation IV.9.

Step 6. Estimation

This is the main step in the program and employs a chosen
filtering algorithm (EKF or MAP as discussed in Chapter 3) to
process the observed signals to obtain the optimum estimates

for the system state vector.

Step 7. Output statistics for each run

For the jth run, the partial statistics g% is computed as

J-. 1
TN

) Xi(k) (4.38)
P

n~ =

P 2
1

for the desired state estimate, namely the phase (i = 1) and the

message (i,= 2).

Step 8. Final output statistics

The simulation is repeated for Nr number of runs, each time
with a different set of initial conditions (chosen in Step 3)

and the final output statistics is computed as

N
- ol
85N

5‘1? (4.39)
v

™ =s

1
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Step 9. Output results

After having run the simulation for several set of parameters,
the results consist of plots of the inverse simulated error
covariance (1/51) versus the signal-to-noise in the message band-
width (A) for a certain combination of the input paraneters
(i) B, to investigate the effects of bandwidth expansion ratio
(i1) fr’ to investigate the effects of the "fading rate" as

defined in Equation 4.19
(iii) T, to investigate the effects of the sampling rate
and, of course, for both the EKF and the MAP algorithms used in
the single channel case. As for the MAP receivers using quadrature
sampling for fixed-lag smoothing (Chapter 7) and for diversity
reception (Chapter 8), the number of lags allowed and the number
of diversity branches would be the relevant parameters.

Often found plotted on the same graph are simulation results
obtained by Poik (1973) and McBride (1973). These results are for
comparison and also serve as an indication of how well the results

for the Rayleigh fading could be expected to improve.

4.3.2. A typical parameter set

Unless explicitly stated, the input parameter set has the

values chosen below

1 (radians/sec)

Q
Q
it

1

Pa normalised to unity P

B~
[

1

£ b g-= v (for o= 1)
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.1 "fast" fading
Y= .01 "slow" fading (typicatl)

.001 "very slow" fading

Pt = %'(a110wing P normalised to unity)
10

B = 25 (typical)
50

A = 20-45 dB (in steps of 5 dB)

The choice of the remaining parameters (T, Nr’ Np) require some

further discussions.

Choice of sampling rate (fs =-%): dependent on the bandwidth B

of the FM bandpass signal. Van Trees (1971, p. 100 ff) shows that

for wideband FM (8>5), the spectrum of the frequency modulated

signal can be approximated by a gaussian-shaped spectrum

/TP -(2ﬂf)2/2Padf2

G (f) = t e (4.40)
S
B, de

The root-mean-square bandwidth BS (cycles/sec) defined by

25 __ 4 2
24 4 | {26 (r) df (4.41)
S (e, ), Gt

and is evaluated to be (see Figure 4.4)

B, = 2%5;'df (cycles/sec) (4.42)
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Fig. 4.4: FM modulated signal spectrum and equivalent Tow-pass spectrum.
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the approximate modulated bandwidth is then given by
B = kB (4.43)

where k is a constant chosen by the designer. For example, if
k = 2, 95% of the power is contained in B.
Having determined B, the minimum sampling frequency is chosen

as required in Section 2.3. For example, for g = 25

= 25 (radians/sec)

2/ d.

oA =
_h
t i
Q
>

50 (cycles/sec)

kBS

100 (cycles/sec) for k = 2

[w9]
n

(a) For scalar sampling, choose

(fg)ipn = 4B (Eq. 2.31)

and allow for a safe factor of 10 then the required sampling

frequency is

f, = 408 (4.44)
(b) For quadrature sampling, assuming

fc = 106 (cycles/sec)
f

c _ .4
B 10
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Minimum sampling frequency is

= 100 (cycles/sec)

By allowing for a safe factor of 10, the required sampling fre-

quency is

103 (cycles/sec) (4.45)

-t
i

Choice of N_ and N
r P

Having determined the sampling frequency, the minimum total
of simulation points is given by

(N_ce)
eff mi

= n
(Npin = =287 (Egs. 4.32(c) and 4.36)

{ 8 x 104 scalar sampling
4

2 x 10 quadrature sampling

The actual choice is

N = (4.46)

( 10° scalar sampling
2.5x 104 quadrature sampling

To obtain the total number of simulation points as given by

Equation (4.46) Nr and Np are chosen so that

Ner = N
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and allow for a minimum number of 10 vruns to sample the initial

distribution, Np is then given by

104 for scalar sampling
= (4.47)

N._
P Aoy 103 for quadrature sampling
Each simulation study thus consists of a minimum number of

10 runs each of minimum lengths 10,000 or 2,500 points depending

on the sampling scheme.



77

5. RECEIVERS USING UNIFORM SAMPLING

Employing uniform (or sca]ar)lsamp1ing, the filtering algor-
ithms of Chapter 3 are to be applied to the communication model
of Section 4.1 to obtain varjous set of algorithms from which
receiver structures can be identified and their performances are
studied by using computer simulation.

Section 5.1 will consider receivers using the EKF algorithm.
These receivers are further simplified for very slow fading channel
using a "quasi-stationary" analysis in Section 5.2. Section 5.3
consider receiveré using the MAP algorithm and a "quasi-stationary"
version is compared with the EKF receivers. The Tast section is
a summary of the development in this chapter. The effect of
sampling rate and comparison of results for no fading will be
postponed until Chapter 6 after considering receivers using quad-

rature sampling.

5.1 Discrete EKF Receivers

Spd M Algorithm

The discrete EKF algorithm developed in Chapter 3 (Table II)
is applied to the example of an FM communication system discussed
in Section 4.1 and summarised in Table IV. Uniform sampling is
employed and the resulting algorithms are tabulated in Table V.
To illustrate the recursive nature of these algorithms, a flowchart
is shown in Figure 5.1 and will be used in conjunction with the
flowchart for the General Simulation Program discussed in Section
4.3 to simulate the system.

The development of these algorithms is summarised below.

Equations V.1 through V.4 corresponds to the communication
model in Table IV. Equations V.5 and V.6 are the direct applica-

tion of Equations II.4 and II.5 to the above model. The initial
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TABLE ¥

TSCRETE EKF FILTERING ALGORITRM JFOR FM COMMUNICATION SYSTEM WITH RAVLEIGH

System model X(k) = O(k,k~1)X(k-1)+W (k)
’ : EN P2 4_ -QT B ( . b [ 3
xl(L) 1 B(1l-e ) 0 0 xl(k 1) wl(k)
X2(k) 0 e_-OLrl 0 0 X?(k—l) wz(k)
T ‘ + (v.1)
X3(k) 0 0 e 0 X3(k—l) w3(k) .
Xh(k) 0 0 0 e_YT x4(k—l) wh(k)
. J \ J N J . ) J
Observation model (uniform sampling): z(k) = h[X(k)]+v(k)
= Inp - i L 5 I 7.2
z (k) /ZPt[XB(I)51n(wctk+xl(k))+x4(k)co (wctk4xl(k»]+v(k) (v.2)
Statistical parameters
T
EHOOW ()] = Q)8 (v.3)
See Table IV (V.4)
Elv(k)v(j)] = R(k.)cskj
One stage prediction algorithm
X(k|k-1) = &(k,k-1)X(k-1) (V.5)
_}_\7_(0) = L V.5
p:6y (V.5a)
Prior error variance algorithm
Vo (k1) = Ok, k~1) T, (k= 1) @ (I, k-1)+Q (k) (V.6)
¥,(0) = ¥ v.6a
% X4 (V.6a)
Filtering algorithm
X(k) = X(k|k-1)+G(k)v(k) V.7
V~
she —X 3,
where ) G (k) A = s o§ IT (filter gain) (v.8)
= (r/T) ., ¥
V() = z(k)-h[X(k|k-1)] (innovation process) (v.9)
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Error variance algorithm

3 H,H
- - 1) S - T - :
ngk) yi(k]k )= ;_ M(k)yi(k|k DL, Ljyx(k[k 1) (V.10)
= il a8 - =
where
L ) il 0 0 0
L, | = 1 0 (v.11)
I, 0 0 0 i
y O0[X(k[k-1)]
H = = ~ ~ A . N
il aﬁl(klk—l) /2Pt[x3(k|k—l)cosQ(klk~l)—x4(k|k—l)31nﬂ(k k-1)1] (V.12a)

ahgg(k|k-1)]

A - N
H, = = /2P _sinf(k|k-1)
: 08, (k| k-1) t (V.12b)
A M[X(k|k-1)] PN
H3 = = = /Eftcosﬂ(k[k—l) ; (V.12¢)
Bxh(k k-1)
g(klk—l) Lo ¢ 4x (k|k-1) (V.13)
' c kg 1 s :
M) & m tn_sin20(k |k-1)4m _cos2Q(k k-1) | (V. 14)
m = 4P o, 2 (k1) xS (| km1)) Ve (e lmD)4Vo (k| k-1)4Vs (k| k-1) (V.14a)
0 T t-73 4 Xl X3 X4
+2 (Vs = (klk—l)x3(k|k—l)—vi 5 (k|k—l)x4(k|k—l))}
174 173
- . 1)n _ 1) 15 3 (V.14D)
m_ = 2P { x3(k|k 1)x4(k|k 1)v§1(k|k l)+x3(k|k l)Vi1§3(k|k 1)
—x, (k|k-1)V~ ~ (k|k=1)+V. ~ (k|k-1)}
& *1%4 3% '
~ 2 ~ 2
m, = P {(x, (k[k=1)-x, (klk—l))vil(klk—l)—V§3(k|k—l)+V§4(k|k-l) (V.14c)

+2(x4(k|k«l)vil§3(k|k—1)+x3(k|k—l)V§li4(k|k—l))}
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-

Compute predicted estimate

STEP ONE

X(k|k-1)

Eq. (V.5)

STEP THWO

Compute prior error variance

Ve (kk-1)
Eq. (V.6)

STEP THREE
Compute error variance
¥X(k)

Eq. (Vv.10)

k =k + 1

STEP FOUR
Compute gain
G(k)

Eq. (V.8)

STEP FIVE
Update estimate
X(k)

Eq. (V.7)

Flowchart of EKF algorithm (Table V.)

Fig. 5.1:
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conditions required for these equations are given in terms of the
mean and variance of the distribution assumed normal of the initial

state X(0)

X(0) = u, 4 EX(0)]

%9
~ - A T
Y3(0) = Yy = ELK(O)X(0)]

In applying Equations I1.6 and II.9 to derive the corresponding
Equations V.10 and V.7 for the error variance algorithm and the
filtering algorithm respectively, it is observed that the Jacobian

matrix

ah[x(k|k-1)1
2 (k |k-1)

H(k) &

(5hiX(k|k-1)1)
axl(klk-l)

ah[i(klk-l)]
axz(klk—l)

ah[i(klk-l)]
8x3(k|k-1)

shIx (k[k-1)1
L 3X4(klk-1) J
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where the observation function h[X(k|k-1)] is a function of

xl(klk-l), x3(k|k-1), x4(k|k-1) only so

shiX(k|k-1)]

——p———————————=—2

sz(k]k—l)
and thus
3
T
H(k) = = H,L.
where R
A ah[X(k|k-1)1
H1 (S J— (Eq. V.l12a)
ax; (k[k-1)
, shiX(k[k-1)]
Hy & — (Eq. V.12b)
3x3(k k=1)
A ah [X(K|k-1)]
H3 - ~ (Eq- V.].ZC)
3x4(k|k-1)
and
Ly 1 0 0 0
LI ¢ o o 1 o0 (Eq. V.11)
Ly o 0 0 1

Using these shorthand notations and after some tedious but

straightforward calculations, the term
M(k) & KOV (k k=1)HT (k) +R(K) (Eq. 1I.8)

is shown to be

M(k) = mo+mssin2§(k|k-1)+mcc052§(k|k-1) (Eq. V.14)



where

a(klk-1) & w_t,+x, (k|k-1) (Eq. V.13)

and mys Mg and m. are given by Equations V.l4a, V.14b and V.1l4c
respectively.

Similarly, the filter gain

ne>

T oy p-1
G(k) l-xv(k)ﬂ_ (k)R™ " (k) (Eq. I1.10)

is shown to be

G(k) .g H.L. (Eq. V.8)
where R(k) has been intentionally substituted by
R(k) = r/T
. to indicate the discrete nature of the receiver.
Figure 5.2 is a block diagram of the receiver structure as

depicted by the above algorithms.

5.1.2 Baseband Model

In order to facilitate the simulation of the receiver, further
simplifications are required to derive a "baseband" model. To
i1lustrate the meaning of the term "baseband" and the procedure to

obtain it, consider the filtering algorithm

KK [k-1)46(k)v(K) (Eq. V.7)

[>< >

(k)

il

ok k-1)X(k-1)+6(k)v(k) (5.1)
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z(k) v(k) —— - I
- « )l G (k) Unit y-
_;;%::::) Delay [ q>(k,k-1)J
i -
!i(k)
x3(k|k-1)
Variance <
Processor =
N Xq(k]k-1)
hIX(k|k-1)]
i cosﬁ(k]k-l)
Function [ Phase -
Generator [§ . Modulator xl(k|k—1)
sinQ(k |k-1)

Fiqure 5.2: EKF Receiver Structure.




85

which can be implemented as a digital filter excited by the innova-
tion process (see Figure 5.2).

A

v(k) & 2(K)-hX(K|k-1)]

which is equivalent to a random forcing term normally approximated
as white gaussian noise.

The desired estimate X(k) is expected to have a low-pass
(baseband) spectrum and the filtering operation, implicit in Equa-
tion 5.1 will tend to filter out any high frequency component
associated with the carrier frequency as implied in the error
variance Equation V.10. This can be done explicitly by

(i) Determine the baseband form of the error variance equation

3 H.H,
~ _ oy~ i = T, y~ :
y_z(‘(k) = lhxu(klk-l)- 1_ §=1 W(?} y_i(k|k-1)g1.gjyl(k|k-1) (Eq. V.10)

by noting that the term

T i=1,2,3 (5.2)
ij  Mk) 2 j=1,2,3 ’
can be put in a general form
. ~ I-“ ~ _
n0+nss1n29(k,k_1,+nsc0529(k|k 1) (5.2a)

F.. = = =
i .
J m0+mss1n29(k]k-1)+mcc0529(k|k—1)

where the coefficients in the numerator are evaluated readily
from the expressions for Hi's (Eqs. V.12(a), V.12(b) and
v.12(c).)
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A1l of these coefficients are time-varying and assumed to
vary very slowly compared with the double carrier frequency
term to be considered as constants when expanding Fij into

a Fourier series with the d.c. component given by

T./2
p/

where Tp is the period of the continuous function Fij(t)
obtained from Fij by Tetting tk to be a continuous time
variable (t).

The evaluation of the integral (5.3) is given in Appendix A
and the results are given by Equation VI.4 (see Table VI).

One difficulty occurs here in ascertaining that
2 2 2
m, - mg - mg > 0 (5.4)

and this was later checked and confirmed by simulation.

(i1) Consider the correction term

a(K)v(k) = G(K){z(k)-h[X(k|k-1)T}
= 6(K)z(K)-G(K)h[X(k|k-1)1 (5.5)
where
k),
A T
G(k) = W El H'iL'i (Eq. VI.6)
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with V. (k) being the solution of the baseband error variance

equat1on VI.3 and with H 's given by

H Ra(kk-1) cos@(k|k-1)-x, (k [k-1)sin2(k [k-1)
L Rk L (Eq. VI.7)
H2 = ¢2Pt sinQ(k|k-1) (See also
. Egs. V.12)
Hy cosi(k |k-1)

As z(t) contains carrier frequency term so the product

G(k)z(k) will contribute a baseband term.

The second product g(k)bjgjk

«-1)] is expanded and by re-

taining only the baseband term we get

Ve (k) ;
)

{GURONIX (k=D copand = (ﬁ“‘Y t(x (k|k-1)L) +y (k|k-1)Lg

The resulting baseband filtering algorithm is then given by

Equation VI.5.
Table VI is a summary of the baseband form of the discrete
EKF filtering algorithms for FM communication system with Rayleigh

fading and Figure 5.3 is the corresponding flowchart.

5.1.3. Baseband receiver structures

Figure 5.4 is a block diagram of the baseband receiver struc-
ture resulted from the algorithms of Table VI. On the diagram,
the thick line indicate vector quantities whereas the thinner line
is used to indicate scalar quantities. The receiver can be rec-
ognised as a feedback system similar in form to those of the well-
known phase-locked Toop (Gupta, 1975) except for the time-varying
gain G(k) given in terms of the solution of the variance processor

driven by the estimates of the channel fading processes.
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EAELE.YE‘

BASEBAND TORM OF THE DISCRETE EKF FILTERING ALGORITHMS FOR FM COMMUNICATION

SYSTEM WITH RAYLEIGH FADING

One stage prediction algorithm

X(k|k-1) = &(k,k-1)X(k~1) (VI.1)
X(0) = By (VI.1la)
_0
Prior error variance algorithm
Vg (kk-1) = & (K, k-1) ¥y (k=1) 8" (ke k=1)+0 (k) (V1.2)
V. (0) = ¥, (VI.2a)
x0T K
Frror variance algorithm
3
T
Vg (k) = Xx(k[k—l)—. z_:* Dijy_x(klk—-l)_l_,i _gjyi(klk—l) (V1.3)
i = 1,:]_1 ad) i3
where _
[ ;2 e x e (k|k=1) |
xy (k| k=14, (k[ k-1) ~x, (k|k-1) %4 (k| k-1)
- N 0
_p x, (k|k-1) 1
[Dij] tA A4
- 1
{ x3(k|k 1) 0 |
r A A A ~ 1
—2x3(klk—l)x4(k|k—l) x3(k|k—1) | -x4(k|k—1)
my, (1-mpA) %, (k| k=1) 0 1
P 3
o2, 2 2
s ¢ { —x4(k|k-1) 1 0
f ~ 2 ~ 2 ~ ~
xg (k|k-1)-x%, (k| k-1) x4(k|k—l) x4 (k[ k-1)
+ P, x,, (k| k-1) -1 0
-+m ~
= x4 (k| k-1) 0 1
A A 1 (VI1.4)
2 2 2
mo “ms ‘-ﬂlc
Li‘s, Wy, Mg and m, are as defined in Table
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Filtering algorithm

sl N P "N N
X(k) = gjklk—l)fg(k)z(k)—(;%fiyi(k)[x3(k|k—l)LQT+X4(k|k—l)L3T ] (VI.5)

where Xi(k)
G(k) =

G B

and Hi's are as defined in Table V.

n, Xy (k]k-1) cosQ(k|k-1) = (k] k~-1)sinQ(k|k-1)
H, = V2P, sinf(k|k-1)
H3 cosQ(klk—l)

Q(klk—l) = wctk+x1(k|k—l)

(VI.6)

(VI.7)

(VI.8)
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STEP ONE

~ Compute predicted estimate
X(0) = =
uf ) H%O X1k|5;1)

Eq. (VI.1)

STEP TWO

Compute prior error variance
y&(klk-l)
Eq. (VI.2)

VS(_(O) - _V_X 7

R

STEP THREE

Compute error variance K=k + 1

5 (k)

~

Eq. (VI.3)

h

STEP FOUR
Compute gain
6(k)

Eq. (VI.6)

h'd

STEP FIVE
Update estimate
X(K)

Eq. (VI.5)

Figure5.3. Flow chart for baseband EKF algorithm (Table VI).
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V ~
9 Variance | x3(klk-1)
—————>31 Processor |>
x4(k|k—1)
X (K)o
= Unit
+ i -
Delay o(k,k-1)
X(k[k-1)
Pt
v/T x3(k|k—1)
V2Pt / ‘ <
/T . x4(k|k-1)
/ ~ -
_E2x3(k|k—1) :

T/\
+Lo%, (k|k-1)
£3%4
. s 1 . Phase
' /-sinﬂ{k!k-l) Modulator < (
X4 (k]k-1)
1

-
———" cos(k [k-1)

Baseband EKF Receivers

Figure 5.4.
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5.1.4. Performance

Computer simulation is used to study the performance of the
receivers. The procedure and the parameter set used have been

described in Chapter 4 and the results are summarised below.

Figures 5.5(a) and 5.5(b): Inverse Error Variance for various

values of the bandwidth expansion ratio (B).

Each graph consists of two sets of curves showing the predicted
inverse error variances and the simulated inverse error variances
against the signal to noise ratio in the message bandwidth (A) as
defined in Equation 4.16. As already discussed in Chapter 4, the
predicted error variances are obtained as the steady-state value

of the error variance equations

1im Vo (k) for phase
kseo X1

1im Vo (k) for message
koo X2

and the simulated error variances are calculated as

N '
I [xl(k)—xl(k)]2 for phase
k=1

N 2
z [x,(k)-x (k)]2 for message
- 2 2
k=1
where N is total number of simulation points determined in Chapter
4.
Also plotted on the same graph are the simulated results of
Polk (1973) for no fading using the EKF algorithm and uniform

sampling with B = 25.
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50
— — — Predicted

Simulated

No fading

[Polkl 7~

INVERSE PHASE ERROR VARIANCE

.01
10, 25, 50

3Q 35
SIGNAL-TO-NOISE RATIO A (dB)

25

Fig. 5.5(a):

40

45

Inverse phase error variance (EKF, uniform, B varying)
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5 - L a” ~ 1
= 7 - -
[a' / - ’/, ,’,
<>f / ///’ /’,I ,,/’
o / /,// // ,’,f’
8 / ,/’ /,’ ’/’
5 / /// o -
-~
) |50 ).k/ - o
g /’/ / - //
97 i /l ’// /’,/
g ] ’,// ’,,f/
L 25 el L7
%] =T 5,
o 77
] -
= 1} -
— 19,/
L~
- 5 -
vy = .01
g = 10, 25, -50
. 1 1 | 1 -l
20 25 30 35 40 45

) SIGNAL-TO-NOISE RATIO A (dB)
Fig. 5.5(b): Inverse Message Error Variance (EKF, uniform, g varying)
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The results exhibits the features characteristic of an FM
system, namely,
(i) Threshold behaviour: following Polk (1973 ), threshold is

said to occur when the phase error variance exceeds

Vy (k)
1 threshold

and it can be seen (Figure 5.5(a)) that threshold occurs at

= .25 (5.6)

approximately 11dB higher than the no fading case (for g = 25).

(ii) Bandwidth versus signal-to-noise ratio tradeoff: By increas-
ing B and therefore increasing the bandwidth required for
transmission, the error variance of the phase also increases
as expected but the message error variance (Figure 5.5(b))
decreases and results in better output signal-to-noise ratio
at the expense of higher threshold.

Another observation is the agreement between the predicted
and the simulated values of the error variances which seems to be
very good around threshold region and becomes very bad below
threshold. This is due to the approximate nature inherent in the
derivation of the algorithm which renders it valid only for low

noise conditions.

Figures 5.6(a) and 5.6(b): Inverse Error Variance for various

values of the "fading rate".

The "fading rate" fr defined as

=l:' =
fr . Y (for o = 1)
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50
_ Predicted

Simulated

No fading
[ Polk]

INVERSE PHASE ERROR VARIANCE

- L 5
20 25 30 35 40 45
SIGNAL-TO-NOISE RATIO A (dB)
Fig; 5.6(a): Inverse Phase Error Variance (EKF, Uniform, vy varying)
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50
Predicted

__Simulated

INVERSE MESSAGE ERROR VARIANCE

25
.001, .01, .1

< ™

'1 1 I i i
20 25 30 35 40 45
SIGNAL-TO-NOISE RATIO A (dB)

Fig. 5.6(b): Inverse Message Error Variance (EKF, Uniform, y varying)
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js varied to study the effect of "slow" or "fast" fading by which
the rates of variation of the fading components bl(t) and bZ(t)
is compared to the rate of variation of the message. As can be
seen, the performance of the receiver improvesboth in terms of
threshold and of signal-to-noise ratio when y decreases from

v = 0.01 (slow fading) to y = .001 (very slow fading). On
the other hand, with y = .1, the receiver seems to be operating

below threshold all the times.

5.1.5. Comparison with Dharamsi results

Dharamsi and Gupta (1975a) considered an identical problem of
discrete-time demodulation of analog FM signals transmitted over
Rayleigh fading channels using the EKF algorithm and uniform
sampling as was done in this section. They also consider Rician
channels by allowing one of the fading processes to have a non-
zero mean equal to the specular component of the Rician channel.
Furthermore, they also considered other estimation algorithms and
the performance results are presented in another paper (Dharamsi
and Gupta, 1975b). Their results for the EKF algorithm are com-
pared with those obtained in this section. Figure 5.7 shows the
results for the inverse message error variance with 8 = 25 and
y = .01 (the quantity vy used here corresponds to o in Dharamsi and
Gupta paper) which seems to agree well with respect to the simulated
error variance but differ significantly for the predicted error
variance. This is despite the fact that the algorithms have been
checked to be identical and in fact, some of the notations used in
this thesis have been borrowed from their work and made as identical
as possible. For the case when y = .1, their results indicated
that the performance is better than those for the case wheny = .01
which is exactly the opposite of those obtained and presented in

Figure 5.6(a) and 5.6(b).
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5.2 Quasi-stationary analysis:slow fading

In the early stage of this work, due to the Timited access
to the computer for running long sihu1ation programs, effort was
made in simplifying the receiver structures and therefore reduc-
ing the execution time. This was done for slowly varying channels
(y< .01) by using a "quasi-stationary" analysis proposed by Van
Trees (1971, p. 253) which requires the following assumptions to
be made concerning the channel variations and consequent effects
on the estimation algorithms:

(i) The channel measurement error is small.

(ii) The cross-coupling term may be neglected.

(iii) A quasi-stationary solution to the variance equation is
valid.

5.2.1 Quasi-stationary receivers

The error variance matrix is now assumed to be approximated by

(V. (k) V. . (k) 0O 0 )
X1 At
Vxlxz(k) Vs,(k) 0 0
L (k) = (5.7)
X 0 0 vi3(k) 0
0 0 0 V. (k)
X
| 4

and the baseband EKF algorithms in Table VI are modified to result
in a simpler set of algorithms shown in Table VII.  The correspond-
ing flowchart is shown in Figure 5.8.

A block diagram of the receiver structure to be called the
quasi;stationary receiver is shown in Figure 5.9(a) where the
output from the function generator block is given by

Hy = Xq(k|k-1)cos(k [k-1)-x, (k|k-1) sina(k|k-1)  (See Eq. VII.8)
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TABLE VII. - N
- Gt

QUASI-STATIONARY BASEBAND FORM OF THE DISCRETE EKF FILTERING ALGORITHMS

%
g f
1
2\

FOR FM SYSTEM WITH SLOW RAYLEIGH FADING

Error variance algorithm

For phase and message

Vil(k) = Vil(klk—l)[l—Dlvil(klk—l)] (1a)
Viliz(k) = Vglﬁz(k|k—l)[1—D1Vil(k|k—l)] (1b)
Viz(k) = Viz(klk-l) - Dlviliz(klk—l) (1c)

For channel estimation

Ve (k|k-1) = v (k|k~1) [1-D Vs (k|k-1)] (2a)
3 3 3
V§4(k|k—l) = V§4(klk—l)[1—D3V§4(k|k—l)] (2b)

Filtering algorithm

Phase and message

xl(k) xl(k|k—l) Hl Vil(k)
~ = 2 + (r/T) z(k) (3)
x, (k)| |x,(kk-1) 75,5,
Cﬁannel estimator
;B(R) x3(k|k-l) Pt x3(k|k—}) V§3(k) ; ' Hz V§3(k)
A “ G | * &/D G
x,, (K) xa(klk—l) xa(klk—l) Vs (k) Hy V= (k)

4 4
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Definitions

(A ~ ( PN A~ 1
D xz(k|k—l) + xz(k[k—l) -2x. (k|k-1)x, (k|k-1)
1 3 4 3 4
mS(l—mOA)
D2 = &pt 1 +—————2 5 Pt 0
ms +- mc
D3 k 1 ‘ 0 J
) (5
~2 ~2 )
X (kl k-1) =x (kl k-1)
3 4
mC(l—mo&)
-+ P -1
2 i m2 t
s c

- — e e e — — — i ———— — —— s i B Ty S e S i e et s e e T i | e s e

m = (%)+Ptﬁ(xg(k[k—l)+xZ(k|k—l)}V§1(klk—l)+V§3(k|k—1)+Vi4(k[k—ln )
m = 2Pt{—x3(k|k—l)§4(k]k—1)Vil(k|k—l)} r(6)
m =P H;Z(klk-l)—;z(klk—l)}v~ (k|k-1)-V. (k|k-1)+V. (k|k-1))
c tv 3 4 Xy X4 x4 J
1
A=
2 2 (7
m - m_ -=-mnm
4 f A A A A 1
le x3(kIk—l)cosQ(kIk—l)—x4(k[k-l)sinQ(klk—l)
H,| = /2Pt sinﬁ(k|k—1) (8)
H3J ; cosﬁ(k|k-1) ;

ﬁ(k[k-l) = w.t, + ;1(k[k—1) (9)

k
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STEP ONE
Compute predicted estimate

X(k|k-1)
Eq. (VI.1)

Figure 5.8: Flow chart of Quasi - stationary EKF Receivers (Table VII).

STEP TWO

Compute prior error variance

¥ (K[k-1)
Eq. (VI.2)

STEP THREE
Compute error variance
Eqs. VII.1(a) - VII.1(c)
Eqs. VII.2(a) - VII.2(c)

k=k+1

STEP FOUR
Compute terms
Hl’ HZ’ H3
Eq. (VII.8)

STEP FIVE
Update estimate
Eq. (VII.3)
Eq. (VII.4)

(See also Table VI).
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and the quantities Vg (k), Vi % (k), sz(k), Vi4(k) are solutions

of the error variance1a1gor1t;m21n Table VII.
From the diagram, the receiver is seen to consist of two parts:

the upper part is to estimate the phase and message, while the lower

part is to estimate the channel processes. To facilitate dis-

cussion, the upper part will be called the message estimator (as

the message estimate is the desired one in a practical solution)

and the lower part will be termed the channel estimator. Each

estimator is recognised as a feedback structure similar to those

of a phase-locked Tloop and consists of various multiplexers, gains,

loop filters and is driven by the same incoming observed signal

z(k) plus a feedback path from the phase modulator common to both.

By redrawing Figure 5.9(a) in another form (Figure 5.9(b)), the

receiver can be readily recognised as an adaptive version of the

digital phase-locked loops (Gupta, 1975).

The basic operation can be recognised as the maximal-ratio
combining of the in-phase and quadrature components of the carrier
signal: the outputs from the voltage controlled oscillators (vco)
of the phase-locked loops are used to cross-correlate with the in-
put signal to produce a measure of the in-phase and quadrature com-
ponents of the fading process (characterising the Rayleigh fading
channel) and the output from the channel estimator is used to up-
date the variance processor for the message process, trying to keep
the carrier level constant so as to allow for normal demodulation

of an FM signal.

5.2.2. Performance

The parameter set is the same as in Section 5.1.4 and the

simulation results are discussed below.
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Figure 5.9(a): Quasi-stationary Receivers For Slow Fading Channels
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Figure 5.9(b):

Quasi-stationary EKF Receiver.

>



107

Figure 5.10(b): Curves B show the simulated inverse error variances

(with B = 25, vy = .01) for the quasi-stationary receiver using EKF
algorithms and when compared with the results (curves A) for the
baseband EKF receivers (from Figures 5.5(a) and 5.5(b)), it can be
seen that the quasi-stationary receivers do not perform as well.
This is rather disappointing at first. However, when considering

the results for g = 25 and v = .001 (very slow fading) shown in

Figure 5.11(a) and 5.11(b): It can be seen that the performances

of the quasi-stationary receivers (curves B) are almost the same
as those obtained for the baseband receivers (from Figures 5.6(a)
and 5.6(b)). The assumptions regarding the validity of a quasi-
stationary analysis discussed at the beginning of this section are

thus valid for very slow fading channels only.
Curves C on Figures 5.10(a) through 5.11(b) are for the per-
formance of the MAP receivers to be discussed in the following

section.

5.3 Discrete MAP Receijvers

5.3.1. Algorithm

The discrete MAP algorithm in Chapter 3 (Table III) is applied
to the FM communication system in Table IV. The resulting algor-
ithms are similar to those obtained in Table V for the EKF algor-
jthm except for the error variance equation which requires some
further discussion.

In Table III, the error variance equation takes two alternative
forms. The first form (Eq. II11.6) is commonly found in the litera-

ture (e.g. Sage and Melsa, 1971,Table 9.3-1, p. 452) and requires
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Fig. 5.11(a): Receiver performance (phase) for very slow fading

channels using quasi-stationary analysis.
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Fig. 5.11(b): Receiver performance (message) for very slow fading

channels using quasi-stationary analysis.
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the factorisation of the Hessian matrix (of dimension 4 x 4)

oh! (X (k|Kk-1)]

MIX(k|k-1) k] = —=2 - R7(K) v(k) (5.8)
- aX(k|k-1) aX(k k-1)
r b
M1 M2 M3
= LT m m m L
- 12 22 23 = (Eq. VIII.2)

with mij's given by Egs. VIII.2(a) through VIII.2(f).
The (2, 2) minor of M{X(k|k-1),k] is calculated to be

|M

]

22|

~2v2(k)

and Mjgjk|k-1),k] is not positive definite and cannot be factorised
as J(K)R"1(k)J(k) (Eq. I11.6(a)) (Bellman, 1960.)

The alternative form (Eq. III.7) is used and is summarised in
Table VIII. The flowchart for the MAP algorithm is shown in Figure
5.12.



113
TABLE VIII.

DISCRETE MAP FILTERING ALGORITHM FOR FM COMMUNTICATION SYSTIEM WITH RAYLEIGH

FADING (UNIFORM SAMPLING)

Error variance algorithm

o = |+ ¥y (| =DM (e e-1) K] = Y k[ D) 0
where
™1 ™2 ™3
ME(-D) k) =L | my,  my,  myy | L (2)
™13 ™3 33
/2P ~ ~ ~ ~
my = /T) z (k) [x3(k|k—l)sinﬂ(klk—l)+x4(k|k—l)cosﬂ(klk—l)]
2B,
e /T) (k]k 1) X, (klk—l)] cos 29(k|k—l)
\
—2x3(k|k—l)x4(k|k—l)sin 20 (k| k-1) (2a)
2p N
_ -t . 2
m,y, = (Ermyein A0k[kD) (2b)
2Py 22
m33 = (}_E)COS Q(klk"l) (ZC)
/2P
m, = ( /T) z (k) cosQ(k|k—l)
* D [x3(k|k—l)sin 252(k|1:—1)+x4(k|k—1) cos 20(k|k-1)1 (2d)
/21>
myg = (x /T) z(k)31nQ(k|k—l)
2Pt ~ ~ ~ ~
+ G/ [x3(k|k—l)cos29(k|k-l)—xa(klk—l)sin 20(k|k-1)1 (2e)
2P, N A
myy = z;7ij-sinQ(klk—l)cosQ(klk—l) (2f)
. A
Qk|k-1) = w tk+xl(k|k-1) (3)
1 0 0 0
L=|0 0 1 0 (4)




X(0) = 1
Xg
VX(O) = !Ko

Figure 5.12.
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N

STEP ONE

Compute Eredicted estimate
X(k|k-1)
Eq. (V.5)

4

STEP TWO

Compute prior error variance
Vi (k|k-1)
Eq. (V.6)

4

STEP THREE
Compute error variance
V5 (k)

Eq. (V.10)

k=k+1

v

STEP FOUR
Compute gain
G(k)

Eq. (V.8)

b

STEP FIVE
Update estimate
(k)

Eq. (VIII.1)

Flow chart for MAP algorithm (Table VIII;

see also Table V)
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5.3.2. Receiver Performance

Attempts to derive the baseband form for the MAP algorithm
as was done for the EKF was not successful due to the complexity
of the matrix Mjgﬁklk-l),k]. To overcome this problem, two solu-
tions are prbposed:

(1) Employ quadrature sampling techniques to derive a

set of algorithms that lend themselves to direct simu-
lation as will be done in Chapter 6.
(ii)  To make further assumptions allowing some simplifications
of the MAP error variance algorithm and require
(a) high SNR to uncouple the observation z(k) from
the equations for mij's, and
(b) very slow fading and use the quasi-stationary
form of the error variance matrix as given in
Equation 5.7.

The actual amount of computation required is found to be com-
parable to the time required for the baseband EKF receivers.

The performance is shown in Figure 5.10(a) through 5.11(b)
(Curve C) and is seen to be better than the EKF baseband and quasi-
receivers at high SNR but is worse than the baseband EKF receivers
at Tow SNR. Also noted is the seemingly better performance of the
quasi-MAP receivers when compared with the quasi-EKF receivers at
low SNR but this is not meaningful as these receivers are designed

to operate at high SNR only.

5.4 Summary

The results shown in this chapter have demonstrated the feasibility
of applying modern estimation to derive receiver structures which
are "quasi-optimum" and dependent on the validity of various assump-

tions regarding the signal-to-noise ratio (relative to the additive
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noise) and the rate of fading. For very slowly fluctuating channels,
it has been shown that a quasi-stationary approach has allowed the
receivers to be simplified and recognised as an adaptive version
of the digital phase-locked loops. When the fading is relatively
slow (say Yy = .01) the performance of the receiver is still far
below that achieved in a nonfading situation and other techniques
will be employed in the later chapters to improve the performance.
The theoretical performance of these receivers cannot be
calculated analytically except in the case of very slow fading and
Van Trees (1971) gave an approximate performance bound for the
inverse message error variance of the unrealisable continuous MAP
demodulator that he derived. This is used to compare with the
results obtained in Figure 5.11(b) (B = 25, v = .001) and is shown
in Figure 5.13. Note that the signal-to-noise ratio is defined
as the "effective" SNR in the message bandwidth as given in Equation

4.17.
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6.  RECEIVERS USING QUADRATURE SAMPLING

It was mentioned in Section 2.3 that the use of quadrature
sampling techniques has resulted in better performance for FM
demodulators with no fading. This chapter will investigate the
performance of receivers using quadrature sampling for Rayleigh
fading channels. In Section 6.1, the receiver structures using
the EKF algorithm will be derived and their performances are
studied using computer simulation. Section 6.2 will apply the MAP
algorithm to obtain quadrature receivers whose performance are
found to be better than those using the EKF algorithms and are
chosen for studying the effect of varying the bandwidth expansion
ratio and the fading rate. Section 6.3 will consider the effects
of varying the sampling rate for the quadrature receivers as well
as for those dbtained in the previous chapter. The performance of
receivers in a Rayleigh fading environment is compared with the
non-fading case in the last section and the need for more complex

receivers is also discussed.

6.1 Discrete EKF receivers using quadrature sampling

As was done in Section 5.1, the general discrete EKF algorithm
(Table II) is applied to the example in Table IV  using quadrature
sampling to obtain the set of algorithms summarised in Table IX,
and the corresponding flowchart is shown in Figure 6.1.

In deriving the filtering algorithm (Equation IX.7) and the
error variance algorithm (Equation IX.10), the following shorthand

notations have been defined



119

TABLE IX.

DLSCRETE EKF FILTERING ALGORITHM FOR FM COMMUNICATION SYSTEM WITH RAYLEIGH

FADING (SINGLE CHANNEL, QUADRATURE SAMPLING)

System model:  X(k) = &(k,k-1)X(k-1)+W (k)

1 ¢ _ Y [ N \
x, (K) W 1 B 0 0} [x (D w (1)
x, () | |0 e T 0 0| |x,G-1) . w, (k) .
x5 (1) 0 0 e 0| |xy0e-D) 7, ()
._'YT _
L xa(k)J \O 0 0 e tx4(k l)J k W4(k)J
Observation model (auadrature sampling): 2(k) = h[X(k)]+V(k)
2. (K) x (&)  x, (&) [sin x, (k) v. (k)
1 3 4 1 1
V /2Pt ] . + Ca (2)
zz(k) wxa(k) x3(k) cos xl( ) xz(c)
Statistical parameters
BIHCOY (3)]= QC08, , ©)
‘ See Table 1IV.
BIYCOY (D] = (DS, (%)
One stage prediction algorithm
i(klkél) = g(k,k—l)ﬁ(k—l) (5)
X(0) = 1 (5a)
%
Prior error variance algorithm
Ei(klk—l) = @(k,k—l)jl_g(k-l)®T(k,k—l)+9_(k) (6)
V. (0) = ¥ (6a)
2 7,

Filtering algorithm

)

(k| k-1) 5 ()L D)

(7)
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' Error variance algorithn

¥y (0 = yz(klk—l)—ig(klk—l)_IiT{ﬂT(k)M_—l(k)}_.{_(k) L e 1) (10)
Definitions
1 0 0 0
L é 0 0 1 0 (1)
0 0 0 1
f e} N 1
x3(k|k-l)ZCZ(k)~x4(k|k—l)ZCl(k)
; /2p A
D) = 7y Zoq () =V2P %, (k[k-1) (12)
ZCz(k)—/—Z?;xa(klk—l)
el e :‘\""_—"___'__""“" ———_1 ___________________________
x, (k|k-1) il 0
ok) = /T’Z—P: sin xl(k[k—l)
—x3(k|k—l) o -1 J
A 1
x3(k|k—l) 0 1
+ /ﬁ; cos ;l(klk—l) (13)
—x, (k| k-1) 1o
T,..T
M(k) = H(k) {LVoL " Hi™ (k)+R(k) (14)
Zg (O] 4 2,® z,, (k) R }A;l(k|k—1)
- ~ 15
ZCZ(k) —zz(k) zl(k) cos xl(k|k-l) (15)
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L

STEP ONE

Compute Eredicted estimate
B T X(k|k-1)
Eq. (IX.5)

X(0)

1t
N3

STEP TWO
Compute prior error variance
=0 y%(klk—l)
Eq. (IX.6)

1
=

l

VX(O) =

\

STEP THREE

Compute error variance k= k+ 1
Vi (k)

Eq. (IX.10)

\
‘STEP FOUR
Compute term
D(k)

Eq. (IX.12)

y

STEP FIVE
Update estimate
X(K)

Eq. (IX.7)

Figure 6.1 Flow chart for EKF algorithm using quadrature sampling
(Table IX.)
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1 0 0 0
L8 o 0o 1 o (Eq. IX.11)
0 0 0 1

. & noL (6.1)
aX (k |k-1)
p(k) & KR (K (K) (6.2)
ZCl(k) A Zl(k) zz(k) sin xl(klk-l) Ea. LI}

Zep(K) i “2,(k)  z(k)| |cos x, (k| k-1)

Figure 6.2 is a block diagram of the receiver as depicted
by the algorithms in Table IX.

Using the parameter set chosen in Chapter 4, the receiver
performance is shown in Figures 6.3(a) and 6.3(b) for 8 = 25 and
vy = .01. When compared with the results for scalar sampling, the
improvement is in the order of 1dB at high signal-to-noise ratio.
The below threshold behaviour does not seem to be conclusive from
the results obtained although the threshold is marginally lower
for the quadrature receivers. For no fading case, Tam and Moore
(1975) obtained results that indicated overall better performance
by the use of quadrature sampling.

The total computational effort using quadrature sampling is
comparable to the scalar sampling due to the Tower sampling fre-

quency required.
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Figure 6.2: EKF Receiver Using Quadrature Sampling.
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Fig. 6.3(b): Receiver performance (message)
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6.2 Discrete MAP Receivers Using Quadrature Sampling

Using quadrature sampling, the MAP algorithm for the FM
communication model in Section 4.1 is obtained and is different
from the EKF algorithm of Table IX in the error variance algorithm.
Equations (1) and (10) in Table X show two alternative forms of
the error variance algorithms that can be used. The first equation

1

U5 (k) = @+Mi(k|k-1)M[X(k|k-1),k] )7 W (Kkk-1) (6.3)

was used in Chapter 5 but found to be unstable when used in this
immediate study.

The alternative form

Ylk) = Wk k-1)-V3 (K[ k- DMEX (k [k-1) k]

.(I+1i(k|k—1)ﬂ[g_(k|k—1),k]) V5 (k]k-1) (6.4)

is used instead and was found to be more stable. This can be

understood by considering, for simplicity, the evaluation of

-1
(1+ab)”! a (%+b) (6.5a)

a-ab(1+ab)la (6.5b)

Assuming a = 1 and b = .001
Then (% +b)"1 = 0.9901.
Assuming however a .05% numerical error involved in evaluating

the inverse (l + b)_1 , the calculated results could then be (say)
a

.999 + .0005 = .9995
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TABLE X

DISCRETE MAP FILTERING ALGORITHMS FOR FM COMMUNICATION SYSTEM WITH RAYLEIGH

FADING (SINGLE CHANNEL, QUADRATURE SAMPLING)

Error variance algorithm

o -1
Vo (k) = _1_4-_Yz(k|k—l)}1[g(_(k|k—l),k] gz(k|k—1)

or alternatively,

K-L)MIX (k| k-1) k]

yz(k) = yg(lqk—l)—gz(k

. 1+1X(k|k—1)gg[§(k|k—1),1-:] —l_\LX(klk-l)

where

r ”~n
x3(k] k-1)Z,, (k)

|
{

Jop o 1 T4c2 cl

I IR SR ol Nt b A O S SIS L
|
P T 0
I r—
Z Cl(k) : 0 ; /2P

(1a)

(2)

Definitions

See Table IX for definitions of L, ch(k) and ZCZ(k)'
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STEP ONE

Compute predicted estimate
X(k|k-1)
Eq. (IX.5)

|>< >
~
(]
N
I}
S

STEP TWO
Compute prior error variance
%0 vy (klk-1)
Eq. (IX.6)

l

Vy(0) =

4

STEP THREE

Compute error variance

vy (k) ke kit €

Eq. (X.1) i

STEP FOUR

Compute term
D(k)

Eq. (IX.12)

STEP FIVE
Update estimate
X(K)

Eq. (IX.7)

Figure 6.4 Flow chart for MAP algorithm using quadrature sampling
(Table X.  See also Table IX).
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If the alternative form (Equation 6.5(b)) is used instead, then
the calculated result is

1 - 0.001(.9995) = .599
which is closer to the actual result. Figure 6.4 shows the flow-
chart of the MAP algorithm and Figure 6.5 is a block diagram of
the receiver. The MAP quadrature receiver is seen to be different
from the EKF quadrature receiver in the additional coupling terms
driving the error variance processor.

The performance of the MAP receiver for g = 25 and y = .01 is
shown in Figure 6.3(a) and 6.3(b) presented previously. The over-
all performance is in the order of 1-2 dB when compared with the
EKF receivers. The extra complexity involved in the solution of
the error variance algorithm is to be taken into account. As the
main purpose of this investigation is to determine how much the
performance of receivers for fading channels can be improved, the
MAP algorithm will be preferred to the EKF algorithm for further
investigations.

When varying the bandwidth expansion ratio é (with v = .01)
the performance of the MAP quadrature receivers is shown in Figures
6.6(a) and 6.6(b). Also shown on the same graph are the results
for no fading obtained by Polk (1973) and McBride (1973). The
expected improvement is even more pronounced when compared with
similar results obtained in Chapter 5.

Effects of the fading rate are also studied and are shown in
Figure 6.7(a) and 6.7(b) for B = 25. These results confirm the
conclusions already discussed in Chapter 5, namely the very poor
performance for "fast" fading (v = .1) and the very much better

performance for very stow fading (y = .001).
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6.3 Effects of Sampling Rate

By varying the sampling rates and adjust the sample sizes
accordingly to maintain the same confidence in the simulation
results, the effects of varying sampling rate are shown in Figure
6.8 for all three types of receivers. The inverse simulated
message error variances (for A = 30dB) are plotted against the
sampling frequency normalised with respect to the sampling fre-
quency chosen in Chapter 4. The effect of under-sampling is very dis-
tinct and results in rapid increase in the message error variance.

Over-sampling, however, does not improve the performance.

6.4 Comparison of Results

Figure 6.9 summarises the results for Rayleigh fading channels
when compared with those obtained for no fading (for g = 25,
Y = .01). The difference is in the order of 5-7dBs in terms of
output signal-to-noise ratio. This is accounted for by the deep
fade problem made more severe by the assumption of slow fading.
If the Rayleigh fading envelope goes down below a certain threshold
level, it is likely to remain below threshold for a longer period.
Two solutions are proposed to attempt to improve the overall per-
formance of the receivers:

(i) Fixed-lag Smoothing (Chapter 7); and

(ii) Diversity Systems (Chapter 8).
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7. RECEIVERS USING FIXED-LAG SMOOTHING

It is well known that by allowing a fixed amount of lags in
the receivers, significant improvement is achieved. For the non-
fading case, Tam and Moore (1973) employ uniform sampling and
present good results for high SNR. They further extended it (Tam
and Moore, 1975) to employ quadrature sampling and found that the
improvement in high noise situations (low SNR) is not as good as
could be expected from the results for the Tinear cases (Moore and
Hetrakul, 1973; Prasad and Mahalanabis, 1975). For the fading
case, Prasad and Mahalanabis, (1974) obtained some simulation
results for the PM case which also show some improvements at high
SNR. This chapter will consider the use of fixed-lag smoothing
for the FM communication model used in this investigation. The
fixed-Tag smoothing algorithm is formulated in Section 7.1 and the
performance of the fixed-lag receivers will be discussed in Section

7.2.

7.1 Fixed-lag smoothing algorithms

Data smoothing is a more difficult subject to deal with due
to the instability problem associated with the delay implicit in
any smoothing scheme. Meditch (1973, see also Kailath, 1975)
gives a very good survey of the subject. The algorithms used in
this chapter are drawn, however, from two complementary papers,
one by Moore (1973) for linear system and the other by Moore and
Tam (1973) for non-linear systems. The development of these
algorithms are outlined below.

Consider the discrete system and observation models

Z(k) = h[X(k)1+V(k) (7.2)
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By allowing a fixed amount of L lags with each lag corresponds

to one sampling interval and define

A
X, (k) & X(keL) (7.3)

as the state delayed by L Tlags.
The minimum variance filtered estimates X(k|k) and the fixed-

lag smoothed estimates X(k-L|k) are defined as

ELX(k) |25 (7.4)

|><>
Ll
~
~
g
1l

EX(k-L) 257

><
—
ol
—
—
~—
il

Ex, (k)12

(k|K) (7.5)

I_|_><>

In other words, the optimal fixed-lag smoothed estimate of
the state Xﬂk-le) is simply the optimal filtered estimate of the
state delayed by the fixed-lag XL(klk). This means that by an
appropriate augmentation of the system model to include the states
XL(k), filtering algorithms as those in Chapter 3 can be applied
to the aﬁgmented model to achieve an optimal filter which has as

its output XL(k).
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The augmented state vector is defined as

Xo(k) )
X, (k)
. where
” A ] .
X; (k) X (k) = Xg(k-1), i=1,2, ..., L (7.6)
2 and L is the number of Tags.
AW

The system state equation for the augmented state vector is now -

given by

'50(k)‘ blk,k-1) ¢ ... ¢ 9] 'go(k-m (W(k))

X, (k) o [¥;(k-1) ¢

X; (k)= I of |X(k-1)p+ 1o | (7.7)
X, (k) o (X (k-1) 3

\ J \ J L J \ )

and the observation model is now given by

Z(k) = h{X,(k))+v(k) (7.8)
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where lo(k),Q(k,k-l),ﬂ(k),g(k),hﬂﬁo(k)), and V(k) correspond to
the filtering case (i.e. no lag, see Equations 7.1 and 7.2 above),
and for the FM communication model in Section 4.1 with quadrature
sampling they are given in Table IV.

Define the error covariance matrix as

ryoo(k) Vgq(K) Vo, (k) Yo (k) )
VoK) ¥,k ¥y (k) ¥y ()
Vig(k) V., (k) V.. (k) v (k)
Y, (k) v, (k) v, 5 (k) v, (k) |
where
¥,500 4 e (x5 (00 (7.9)

is the error covariance matrix between the system vectors associated
with various amount of lags and note that

T

the algorithms of Chapter 3 can be applied to obtain the MAP

algorithms as shown in Table XI, from where it can be seen that

Equations (3a)
Equations (4a) correspond to the filtering case

Equations (5a)
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TABLE XI.

WITH RAYLEIGH FADING

System model:

3

f R * r " N ' f' - 3
X, (0 @ (k,k-1) AR B ENCE 109
R == =
X, () : 9| X (k=D ]
I .
1
- l Ll .
. |
|
= |
X | = I TN B P PR e I} (1)
I
1 - - -
L] I L] .
. I
|
1
XL(k) ¢ XL(k“l) o]
I
\ / v N J
Observation model
Z(k) = g(X(k))+v(k)
= h(X,(k))+¥ (k) (2)
where
Xo(k),@(k,k-l),ﬂﬁk),gfk),hﬁgo(k)), and V(k) correspond to the
filtering case (see Table IV.)
L is the number of lags: Ki(k) é X(k-1), i=1,2, , L
I snd ¢ are the identity and null matrices respectively.
One-stage prediction algorithm
X (klk-1) = 0(k,k-1)X, (k-1) (3a)
X, (k[k-1) = X, . (k-1), i=1,2, ..., L (3b)
Prior error variance algorithm
T
yoo(k|k—1) = ok, k-1 ¥, (k-1)@" (k,k~1)+Q(k) (4a)
Vg (k|k-1) = Ok, k-1)¥, 5, (k-1) (4b)
1= l’ 25 » L
v, (kK1) = Y141 (4c)
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Error variance algorithm

_ e 1-1
Vog(k) = [TV Cefk-15M0] 7 Voo (kfk-1)
-1
E Te— - = = .
V:o(k|‘ 1) V:o(klk l)M:[I+V:O(k|k DM, V:o(klk 1) (5a)
—_— —l - ’—
Vo, (k) = [I+Vi0(k|k—1)M:] V:i(klk 1)
-1
= V:i(klk—l)mv:o(klk—l)M:[I+V okl k-1M 1™ ¥, (k[ k~1) (5b)
_ o T _ -1 _
V.. (k) = V.i(k|k—l) Vo Mo[T+Y O(klk DM, T X i(klk 1) (5¢)

i=1,2, «.., L

Filtering algorithm

ii(k) = gi(klk—l)+yi0(k)LTQ(k), i=0,1,2, ..., L (6)
Definitions
(X (k|k-1)Z . (k) ! . ]
AV L A3 U N C S B S ¢S
o Gy B |+ klezg @ | | Lo
S i s [~ == = =~ i e
b._ZCZ(k) : /2Pt | 0
2B e s st & w = e 5
ZCl(k) : 0 :V2Pt
\ J
ch(k) A z, (k) 2 (k) sin xl(klk—l) -

Z .. (k) —zz(k) zl(k) cos ;l(klk—l)
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Equation (3b) gives the fixed-lag estimate for various amount
of lags up to L.
Equation (4b) and (5c) are only required to calculate the steady-
state error variance of the fixed-lag smoothed estimate.
It is appropriate to comment at this point that when using

the EKF algorithm, the corresponding equation giving yﬁi(k) is
Vi (k) = Vo4 (k-1) i=1, 2, g L

which implies that no improvement is expected by using fixed-Tag
smoothing. This is not surprising as the error variance equation
in the EKF algorithm is not coupled to the innovation process and
consequently is not expected to allow new data to improve past
(and consequently fixed-lag) estimates.

‘Figure 7.1 is a flowchart of the algorithms in Table XI and
Figure 7.2 is a block diagram of the MAP fixed-lag receivers.

The receiver is seen to be made up of the same basic struc-
ture as the MAP quadrature receiver in Chapter 6 plus additional
smoothing stages to give fixed-lag estimates for various amount
of lags. Up to 4 lags are allowed due to the increased complexity

and computations required.

7.2 Performance

The performance of the fixed-lag receivers are shown in Figures
7.3(a) and 7.3(b) and prove to be rather disappointing. The rather
marginal improvement definitely does not warrant the extra complexity
of the receivers. This is due to the deep fade problem already dis-
cussed in Chapter 6 and would require the use of diversity

technique as will be done in the next chapter.



STEP ONE
2(0) - Compute Eredicted estimate
- X(k|k-1)
Eqs. (XI.3)

\

STEP TWO
Compute prior variance
=0 y%(k]k-l)

Eqs. (XT.4)

VX(O) =

|

STEP THREE
Compute error variance
Mg(k)

Eqs. (XI.5)

k=k+1

y

STEP FOUR
Compute term
D(k)

Eq. (IX.12)

y

STEP FIVE
Update estimate
X(k)

Egs. (XT.6)

Figure 7.1 . Flowchart of MAP Fixed-lag Smoothing Algorithm (Table XT).
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8. DIVERSITY RECEIVERS

To combat deep fades and to improve the overall performance
of receivers in a fading environment, diversity techniques are
investigated in this chapter using the framework of optimum
design based on estimation theory as was done in the previous
chapters for a single channel situation. Section 8.1 introduces
the use of diversity techniques and Section 8.2 will formulate
the two common techniques, frequency and space diversity, as an
estimation model. Section 8.3 developes the resulting MAP algor-
ithms. The receiver performance is to be investigated in Section

8.4.

8.1 Diversity Reception

Various types of diversity reception are used widely on point-
to-point HF systems, on transhorizon microwaves (troposcatter
channel), and to an increasing extent on radio Tinks(Freeman, 1975).

Diversity reception is based on the fact that radio signals
arriving at a point of receptionover "separate" paths may have
non-correlated signal Tevels. More simply, at one instant of time
a signal on one path may be in a condition of fade while the
identical signal on another path may not.

The separation may be in

(i)  frequency, and

(ii) space, and
result in the two most common forms of diversity.

A frequency diversity system utilizes the phenomenon that
the period of fading differs for carrier frequencies separated by
2-5%. Such a system normally employs two transmitters and two

receivers, with each pair tuned to a different frequency (usually
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2-3% separation since the frequency band allocations are Timited).
If the fading period at one frequency extends for a period of
time, the same signal on the other frequency will be received at
a higher level, with the resultant improvement in propagation
reliability.

In a space diversity system, if two or more antennas are
spaced many wavelengths apart (in the vertical plane), it has
been observed that multipath fading will not occur simultaneously
at both antennas. Sufficient output is almost always available
from one of the antennas to provide useful signal to the receiver
diversity system. The use of the two antennas at different heights
provides a means of compensating, to a certain degree, for change
in electrical path differences between direct and reflected rays
by favouring the stronger signal in the diversity combiner.

A diversity combiner combines signals from two or more diversity
paths (also called branches or channels). Most of the existing com-
biners in use are broken down into two major categories.

(i) Predetection;

(ii) Post-detection
depending on where in the receiver the combining takes place. They
are further divided into three types:

(i) Selection combiner.

(i1) Equal gain combiner.

(iii) Maximal ratio combiner.

The selection combiner uses one receiver at a time. The out-
put signal-to-noise ratio is equal to the input signal-to-noise
ratio from the receiver selected for use at the time.

The equal gain combiner simply adds the diversity receiver

outputs and the output signal-to-noise ratio of the combiner is
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m
|
(SNR)y = =% IS, (8.1)
mo_  i=1
n
where
Si is the input signal level in the jth branch
2 . . :
o, 1s the receijver noise
m is the order of diversity i.e. the number of
independent diversity paths.
The maximal ratio combiner uses a relative gain change
between the output signal in use. For example, assume
that the stronger signal has unity output and the weaker signal
has an output proportional to gain G; it then can be shown that
(Brennan, 1958)
S :
G = <& (8.2)
2
such that the signal gain is adjusted to be proportional to the
ratio of the input signals. The output signal-to-noise ratio is
then given by
s (S, ¢
(SNR)0 == * |z (8.3)
0% “n

The efficiency of diversity depends on the correlation of
fading of the diversity baths (Schwartz etal, 1966). In the
following section, when modelling the diversity systems using
state-variable approach, the correlation is assumed negligible

to allow the assumption of independent diversity paths.
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8.2 State-Variable Modelling of Diversity Systems

8.2.1 Frequency FM Diversity Systems

Consider an m-branch, frequency diversity system as shown
th

in Figure 8.1(a). The signal transmitted over the i™ branch is
Si(t) = 1/2P1.s1'n(w1.t+df J a(t)dr) (8.4)
0

where
Pi's is the average transmitter power in 1§h branch and 1is
normally assumed to be the same for every branch.
df is the frequency deviation assumed to be the same in
every branch.
Each branch (or path) is assumed to exhibit Rayleigh fading

and the output from each branch can be written as

z.(t) = /m)—i[b‘i(t)sin(wiue(t))

+b;(t)cos(wi(t)+6(t))]+vi(t), P=1,2, ...,

where

t
a(t) 4 df J a(t)dr (8.6)

and b1 (t) and b; (t), to be called fading processes, are statis-

tically independent gaussian processes each having zero mean and

variance P}, also. Normally assumed to be the same for each branch.
In addition, the carrier frequencies are assumed to be separated

enough so that the fading on each branch are statistically inde-

pendent.
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Figure 8.1 FM DIVERSITY SYSTEMS
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The additive noise is normally assumed to be gaussian and
have a spectrum broad enough to be considered as white noise.

For simplicity, the message process and the fading processes
of each branch are modelled as first-order Markov process having

first-order Butterworth spectrum as was done in Section 4.1.

a(t) = ~aa(t)+/2oP_ u_(t) ' (8.7)

B}(t) - -yibl(t)#’, 2Y1P:_. ugl(t) (8.8)
i=1, m

bJ(t) = -v;b) (£)+”2v,Py u;l)z(t) (8.9)

where the meanings of a, Pa’ Yo P} are the same as those given
in Section 4.1.

Defiﬁe the augmented state vector X(t) of dimension (2m+2) as

[(o(t)) <« phase
a(t) < message
1
by(t) :
% lst branch
by(t)
bl(t)
X(t) 4 % ith branch (8.10)
by(t)
m
b, (t)
% mth branch
()
L J
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The state equation for X(t) is then given by

X(t) = F X(t) + G U(t) (8.11)
where F is an (2m+2) x (2m+2) matrix.
( \
0 df 0 0 0 0
0 -0 0 0 0 0
0 0 "Y1 0 0 0
0 0 0 v, - 0 0
F= (8.12)
0 0 0 0 =i 0
0 0 0 0 0 Y
| )
G is a (2m+2) x (2m*+1) matrix
(0 0 0 0 0
20LPa 0 0 0 0
0 v 1 0 0 0
ZYIPf
0 0 /2 P1 o 0 0
G = Y1°f (8.13)
0 0 0 '2ymP$ 0
Y m
0 0 0 0 zYmpf J

and U(t) is a (2m+1l) column vector

T
u(t) = | ug(t) ugl(t) uéz(t) C. ugl(t) UEZ (t) ] (8.14)
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The discrete system model corresponding to the analog model
given by Equation 8.11 is shown in Equation (1) of Table XII.

The variance of W (k) is defined as

( 3
Q Qp 0 0 o 0
Qp Qp 0 0 o 0
0 0 Qy O 0 0
0 0 0 Q . 0 0

Q(k) = 44 (8.15)

0o 0o o0 0 Q, O

o 0o o0 0 0 Q_ |

and the non-zero elements are given in Equations 3(a) through 3(d)
in Table XII.

Using quadrature sampling, the received signal in each branch

is given by
Zil(k) x21+1(k) x2i+2(k) sin xl(k) Vil(k)

= /2Pi + i=1,2,...,0
2;2(k) o142(K) Xoqu(K)| - feos xy(K) | vip(k) (8.16)

where the sampled noise

. (K
V. (k) & i1{k) (8.17)

- Vi0(k)
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are gaussian white sequences having zero mean and variance

"5 0

E[Mi(k)ﬂ(j)] T g (8.18)
0 ———
1

with rs being the two-sided spectral height of the continuous
additive gaussian noise in each branch.

The formulation of the frequency FM diversity system as a
discrete state-variable model is thus complete and is summarised

in Equation (1) through (4) in Table XII.

8.2.2. Space FM Diversity System

In the space diversity system, a single FM modulated carrier
is transmitted over the Rayleigh fading channel and at the receiver,
there are m antennas separated by several wavelengths in the vertical
plane and the reflected rays from the multipath fading medium re-
ceived by the various antennas are assumed to exhibit Rayleigh
fading independently. Assuming 1dent1ca1 fading statistics and
equal average received power, the signal received by each antenna

can be written as

z.(t) = /2P

; t b‘i(t)sin(wcue(t))

i - ,
+b,(t)cos (w t+6(t))] + vi(t), 1=1.2,....m (8.19

This is of the same form as the signal received in a frequency
diversity system (Equation 8.5) and the formulation of an augmented
state-variable model for the space diversity can be done in exactly

the same way as was done in the previous section. Equations (1)
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TABLE XIT.

DISCRETE MAP FILTERING ALGORITHM FOR TM DIVERSITY SYSTEMS

System model X(k) = o(k,k-1)X(k-1)+W(k)
[ x0 ) (1 Ba-TH! o 0o l... 0 0 [ =G ][ vy ]
. -aT ! ! :
%k} [ fO e 4 O 0 ...} 0 0 JiE Gl Hf (k)
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| = |
%, (k) 0 o 4 0 e 0 %, (k-1) w, (k)
4 s wes i e s e e e ey e - - = .‘.. ______ 4 - 4
I 1 |
- . . ' . . | ] ] . . -
. . . | . 1 . I . . . .
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m is the number of diversity branches
Observation model  Z(k) = h[X(k)]+V(k)
( 3 ¢ 3
hl(k) !1(k) < branch 1
hﬂ(k) XQ(k) <« branch 2
Z(k) = . + . (2)
hi(k) gi(k) <« branch i
hm(k) gm(k) <« branch m
\ J \ J
For each branch
zil(k) X21+1(k) x21+2(k) sin xl(k) v 1(k)
= JEE; , 1 =1,2, ...,
- : (2a)
ziz(k) XZi—l-él\) X2i+l(k) cos xl(k) . Viz(k)

where Pi is the average transmitted power in each branch.
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§tatistical parameters

T
E[WRW (3] = Q(k)ﬁkj (3)
the non-zero elements of Q(k) are
3 2 -aT ~20T
Q11 = PaB (20T-3+4e - ) (3a)
_ _ __—OT.2
_ __~20T
Q22 = Pa(l e ) (3¢)
and other diagonal elements
- wopl q_a72YyT
Qipy = Qg = Fp Gre 71D, 1=1,2, .0ym (34)
r,
By, (0vi (D] =R 0s, . =| T °|s i=1,2...,m (4)
s D kj ro| ki’ e
0 T
where T, is the two=~sided spectral height of the continuous additive
gaussian noise of each branch.
One stage prediction algorithm
X(k|k-1) = &(k,k-1)X(k-1) (5)
X(0) = 1y (5)
.—-0
Prior error variance algorithm
X'X(k|k-l) = 0(k, k1) Y (-1) @ (k, k= 1) +Q(k) (6)
Vo, (k) = V. (6a)
20 7%,
Filtering algorithm
X(k) = X(k|k-1)+Vg (k) D(K) (7)
where .
(D)) %) 4 K[k 20 (K) =3y (e[ k1) 2y (1)
m /ZPl (8a)
DG Dok) = 2 Ty 0
i=1" 1 L 2x1
L] 2 i ~ b
; o Zog (R)=V2P x, . (k|k-1)
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Error variance alegorithm

Vo) = | THE (| k-DMIXR (K] 1) kT | g e-1) (10)
where T~
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through (4) in Table XII can thus represent either a frequency

diversity system or a space diversity system.

8.3 MAP Algorithms for FM Diversity Systems

The MAP filtering algorithm in Table III is applied to the
discrete FM diversity model as formulated in the preceding section
and the resulting algorithms are shown in Equations (5) through
(12) in Table XII. The derivation is tedious but straightforward

and uses the following definitions

5 O X(k[k-1)]

D(k) (k) (k) (8.20)

X(k[k-1)

T e
oh [L(k[k-l),k] )
MIX(k|k-1) k) & ——=2 ™1

- x (k) v(k)
aX(k|k-1) | ax(k|k-1)

-3D(k)

aX (k|k-1)

(8.21)

The flowchart for the algorithms is shown in Figure 8.2 and

a block diagram of the receiver is shown in Figure 8.3.

8.4 Performance

The performance of the diversity receivers is shown in
Figure 8.4(a) and 8.4(b) (with 8 = 25 and vy = 0.1); for diversity
a system of order 2 and order 4. On the same graph are plotted
the results for single channel MAP quadrature receivers from
Figures 6.3(a) and 6.3(b) and also the simulated results for no
fading obtained by Polk (1973, using scalar sampling) and McBride

(1973, using quadrature sampling). It can be seen that the use of
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N

STEP ONE

A Compute predicted estimate
X(0) = u 2 Pure &
= Xy X(k|k-1)

Eq. (XIT.5)

&

L’

STEP TWO
Compute prior variance
=0 !y(k|k-1)

Eq. (XII.6)

l

VX(O) =

STEP THREE
Compute error variance
V5 (k)

Eq. (XIT.10)

k=k+1

STEP FOUR
Compute term
D(K)

Eq. (XIT.8)

b

STEP FIVE
Update estimate
X(k)

Eq. (X11.7)

Figure 8.2 . Flowchart of MAP Algorithm For Diversity Systems (Table XI1)
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Figure 8.3: FM Diversity Receiver.
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diversity has improved the performance considerably in terms of
threshold performance as well as output signal~to-noise ratio.

In fact, the performance of the 4-branches diversity receiver is
almost as good as those obtained by Polk (1974). The complexity
of the receiver becomes rather formidable in terms of execution
time while simulating them on the computer so higher order diver-
sity systems are not investigated.

Figure 8.5 shows the performance of the diversity receivers
in a "fast" fading situation (y = .1) the solid Tines are the
simulated inverse message error variance for the quadrature MAP
receivers for the single channel case (m = 1, from Figure 6.7(b)),
and for the two-branch (m = 2) and four-branch cases. Curve A is
the single channel performance of the quadrature MAP receiver for
sTow fading (y = .01) whereas curve B shows the performance of
the baseband EKF receiver (Figure 5.6(b)). It can be seen that
when the fading is fast, the use of diversity technique improves
the performance even more significantly but the performance achieved
by a four-branch diversity system is still worse than that of a single
channel under slower fading condition. The fast-fading problem is
thus not solved by the use of diversity techniques. Fortunately,
the assumption of slow fading has been found to agree well with
many practical channels (Schwartz, 1966) where the most difficult
problem js that of deep fade and the use of diversity technique is
the best way of combatting this problem when transmitting analog

information.
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9.  CONCLUSIONS

This thesis has been concerned with the problem of demodulating
an analog FM signal transmitted over a Rayleigh fading channel. The
approach taken has been to formulate the FM communication model as
an estimation model and applied the nonlinear estimation algorithms
to derive the receiver structures. No prior knowledge of the
receiver structures was assumed.

In Chapter 2, an analog model was set up for the FM
communication system using the state-variable formulation. The
message, assumed to be sample function from a gaussian random
process, is generated by a linear message model and was used to
frequency-modulate a carrier signal before being transmitted over a
fading channel. The fading was assumed to be slow and frequency
nonselective and could be considered as multiplicative noise having
a Rayleigh envelope distribution and a uniform phase distribution.
The fading signal was thus represented as a sum of an in-phase and
a quadrature component, each amplitude modulated by a gaussian low-
pass process (called fading processes) generated by a Tinear model
in the same way as was done for the message. An augmented state
vector having for its components the message, the phase and the
fading processes was formulated and allowed the output of the
fading channel to be expressed as a nonlinear function of the
system state vector. The fading signal was further contaminated
by additive white gaussian noise and the received signal was
sampled by two possible methods using either scalar sampling or
quadrature sampling.

In order to apply results from discrete estimation theory, the
analog model was also converted to an equivalent discrete model and

was combined with the discrete observation model (as a result of
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sampling) to form a complete estimation model as was presented in
Table I (pp. 24-25).

Chapter 3 was an outline of the deviations of the extended
Kalman filter algorithm and the maximum a postertor filtering
algorithms to be applied to the estimation model already formulated
in Chapter 2. These algorithms are the results of recent developments
in nonlinear estimation theory and were summarized in Table II
(pp. 40-41) and Table III (pp. 44-45). The validity of these
algorithms, when applied to the FM communication system considered
in this thesis, depended on the "instantaneous" signal-to-noise
ratios which divided the operations of the receivers into an above
and a below threshold regions. Furthermore, these algorithsm are
only approximate and the receivers are therefore termed as being
"quasi-optimum".

Chapter 4 considered the use of computer simulations in this
study. Computer simulations were required as there are no analytical
techniques that could be used to analyse the performance of the
receivers to be proposed. For simplicity, an example of the FM
communication system having an 4-dimensional state vector was
derived and summarised in Table IV (pp. 53-54). This could be
extended to higher order systems at the expense of longer computation
time when simulated on the computer.

The theoretical considerations on various aspects of computer
simulations were very important in ascertaining the validity of the
results. It was found that to achieve a 5% accuracy with 98%
confidence, the minimum required number of statistically independent
simulation points was to be 4000 (Equation 4.36, p. 67) and this was
used as a basis for determining the number of runs and the number of

simulation points per run for the simulation program. The organization
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of each simulation program was based on the following informations:

(i) The parameter set chosen in Section 4.3.2 (pp. 71-76).

(ii) The flowchart of the General Simulation Program
(Figure 4.3, p. 68).

(iii) The flowchart associated with a particular algorithm and
given immediately after the table showing the algorithm.

AT1 the results obtained and plotted were interpreted as being
correct to within 5% with a 98% degree of confidence. This is to be
borne in mind when interpreting results represented by curves very
close to each other.

The main development of the thesis was started in Chapter 5
when the algorithms derived in Chapter 3 were applied to the example
of the FM communication model in Chapter 4 to obtain receiver structures
under various situations. The receivers obtained were of a discrete
type and would lend themselves to be implemented by the use of special
purpose fast digital hardware consisting of an A/D converter, a
digital demodulator and a D/A converter. The problem of on-line
implementation using digital computers was not investigated but is
quite conceivable with the coming of the new computer generations
(Bucy et al., 1976).

The results obtained in Chapter 5 using scalar sampling strongly
supports the feasibility of the approach taken in this thesis, namely,
the application of estimation theory to rigorously derive the quasi-
optimum receivers for analog FM signals transmitted over Rayleigh
fading channel.

.The results obtained in Chapter 5 also revealed that the
performance of the receivers using scalar sampling for relatively
slow fading (y = .01) were still far below that achieved in a non-
fading situation and require further improvement. For very slow

fading channels however, the receivers can be simplified into
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an adaptive version of the digital phase-locked loops. This is
very satisfying as it could be intuitively conceived based on the
development of the digital phase-locked Toop as an optimum FM
deniodulator (See Section 1.2, pp. 1-5).

Chapter 6 was the parallel development of receivers using
quadrature sampling. It turned out that the use of quadrature
sampling allowed the receiver structures to be readily simulated
without having to derive a baseband model as was done in Chapter 5.
The receivers using quadrature sampling also showed better performance
(see Figure 6.9, p. 137). The reason is not clear but the same
observation was also made in the nonfading case. The improvement
was not, however, sufficient to be comparable to the results obtained
by the nonfading case. This was explained as being caused by the
deep fade problems when the envelope of the received signal falls
below a certain threshold level and is likely to remain there for
a while due to the slow fading assumption. Two solutions were
proposed. Fixed-lag smoothers were considered in Chapter 7, but
the marginal improvement, however, did not warrant the extra
complexity. This is in contrast to the results obtained for no
fading case. Diversity techniques were employed in Chapter 8 and
offered the best performance at the cost of extra complexity. This
is indeed the case as has been found in many practical diversity
systems already in operation and the results obtained were to
rigorously demonstrate it.

Further research is needed, however, to study fhe actual
mechanism of signal operation taking place in the rather complex
receiver structure proposed in the thesis.

As a conclusion, the main results obtained in this thesis

are related to the following areas:



(1)

(v)
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Derivation of the discrete receivers for demodulating an
analog FM signal transmitted over Rayleigh fading channels
using both scalar (Chapter 5) and quadrature (Chapter 6)
sampling techniques and employing the EKF and MAP algorithms.
Simplification of the receiver into an adaptive phase-
Tocked loop for very slow fading channels (Chapter 5).
ITTustration of the better performance of the MAP algorithm
over the EKF algorithm for the communication problem
considered in this thesis (Chapter 6).

Showing that the use of fixed-lag smoothing does not improve
the performance of the receivers to warrant the increased
complexity (Chapter 7).

Derivation of optimum diversity receiver structure based

on estimation theory and demonstrate its superiority (Chapter 8).
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APPENDIX A

DC COMPONENT OF A GENERAL RATIONAL FUMCTION OF SINE AND COSINE

To derive the baseband model of the estimation algorithms in Chapter

5, we need to evaluate the d.c. component of the function

_ A+ B cosx + Csinx
f(x) = a + b cosx + csinx
which is periodic having a period of 2r and can be represented by an

exponential Fourier Series

jnx
Cne

=C0

f(x) =
n

N8

where Cn’ the general Fourier Series coefficient, is given by

1L (" -jnx
Ch = 5= I f(x)e dx
=T

In particular, the d.c. component CO is given by the following definite

integral

1 (" 1 (" A+ B cosx + C sinx
Co = [ fx) dx f a + b cosx + c sinx O
-

From tables of integrals (Gradshteyn, 1965, p.149)

A+ B cosx + C sinx _Bc-20Ch :
Ja T b eosx F ¢ sinx 0¥ =37 In (a * b cosx + ¢ sinx)

b™ + ¢
Bb + Cc Bb + Cc dx
+——x+<A-f—a>f :
b2 + C2 b2 " C2 a + b cosx + ¢ sinx
where

f(a - b) tan %-+ ¢

dx _ 2
Ja ¥hcosx ¥ csinx 5 ——p—p arctan
a =-b

S22 2

if a2 - b2 - c2 > 0 which is the case for the problem considered in

Chapter 5.
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Consequently

0 2m |.,2 ) 2 2 «’"’_—2
..b'

c. =Ll (Bb+Cc (2,”)+[A_Bb+Cca] 2(2k + 1) =
h™ + ¢ b™ + ¢

(2k + 1) A, Bb + Cc [1 o _(2k+1) a J k=0, +1
2

- ? 2
/;2 - b2 - c2 b= + ¢ “ﬁz - b2 - C

To determine a suitable value for k, consider

m

Tin C, = ?%' f A+B cozx + Cosinx 4 =_§
b0 _
c>0 K

and this would agree with CO if we choose k =

Therefore

1l

=
>

+

=
[ ko

+
Camn
—
!

ol

>

S

>
[y

where A

s s s
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APPENDIX B.

SIMPLIFICATION OF THE ERROR COVARIANCE EQUATION FOR THE MAP RECEIVER

USING UNIFORM SAMPLING

In Chapter 5, Table VIII, the error covariance algorithm for
the discrete MAP receiver for FM communication system with Rayleigh
fading employing uniform sampling is given. Due to its complexity,
the baseband model could not be derived and direct computation is
formidable without making two further assumptions (i) low noise and

(i1) very slow fading, to allow further simplification as follows:

B.1. Simplification of products involving z(k) (Equations 2a, 2d, 2e)

First, let define

a(k) & w t, (k) AkIk-1) & ot + x;(k]k-1)

k
and consider the product

z(k)x3 k k- 1)sing Q(k|k-1)
/?F;( (k)sina(k)+x, (k) cos(k)+v (k) )x 3(klk 1) s1n9(k|k 1)
= /?5; x3(k 3(k|k—1 s1nQ(k)s1nQ k|k-1)
+x4(k x5(k|k- 1)cosQ(k)s1nQ(k|k 1)

+v(k)

Using the trigonometr1c identities

sinasinB = Lcos(o-B)-%cos(o+B)

cosasing = Lsin{atB)-4%sin(a-B)
and define

6y & x(k)- ;](k

k-1)

Under the assumption of slow fading and consequently availability

of very good estimates of the channel fading components
x3(k[k=1) ~ x4(K)
x4(k|k—1) ~ x4(k)

coupled with the assumption of high SMR
x](klk-l) ~ X (k)
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We then have for the first two terms of (B. 1)
?x3(l)x3(k]k 1)(cose (k)-coz L27(k|k 1)-6 1 (k)] 1))

+H5x (k)x (k|k- 1)(s1n[29(k|k 1)-6,(k)1- -sing (kﬂ

~ 2
3 (k
_+%x3(k|k—1 x4(k|k-1)sin29(k|k;1)

k-1)11- cosZQ(ka M1

Furthermore, using similar arguments to that of Snyder (1969, p. 55),
the random term of (B.1)
v(k)x4(k|k-1)sin0(K| k-1)
can be neglected under high channel SNR conditions and therefore
k)x 3(k[k-1) s1nQ(k]k 1) :

- 3 (k[ k-1)-x,2

X3 (K
Other products ipvolving z(k) can be simplified in a similar way
L\k)x4(k|k 1)coso(k|k-1)

/2Pt s
2 74

~1)cos20(k| k-1)+x4 (k[ k=1)x, (k| k=1)sin2a(k [k-1) ] (B.2!

Cad

14,2k k-])coszﬁ(klk-1)+§3(k|k-1)§4(k|k-])sin2§(k|k-1)] (8.3
2(k) cosQ(k |k-1)

V2P
= —50x, (k| k- 1)+x4(k|k 1) cos2(k| k-1)+x 5(K[k-1)sin2a(k | k-1)] (B.4}

z(k)s1n9(k|k-1

VZP
5 [x3(k]k 1)-x3(k|k 1)c0529 (k|k- 1)+x4(k|k 1)s1n29(k[k 1)1 (B.5}

B.2. Evaluation of the inverse matrix

B ok k-1)MEX (k[ k-1) k1) ] (8.6}

By partitioning the square matrices Vy (k|k 1)
and M[X(k|k 1),k1 as below

( - ~ K=
- p, & V?1(klk L VX1X2(k|P K (B.7z
P ¢ Vo o (k|k=1) Vg (k|k-1) ‘
5 . X-IXZ x2
yg}klk-1) = vhere ) )
) EQ EQ 4 %3 (B.75
4

\ J



177

M =[m11 O]
17, 0
M M m m
Mix(k k-1),k1 = :ﬂ%__*__;@?_ where M, =[ 12 1ﬂ = M;l
Moy 1 Hop 0 i
y =22 23
—22 m m
23 ™33
where the elements of M are defined in Table VIII.
Now Tet
A -1 5 Ay By
A =B 7 = IV (k[k-1)MIX(k[k-1) k] =| "2 - L -
- By 1 By
[1+vg (K[k-1)myq 0
where LI A
Viliz(klk“l)mll 1
.
' ke 0l \
i i 1+Vg (k|k 1)m22 Ve (k k._l)m23
Byp = T+PM,, = 3 i
V% (k|k-1)m23 1+V~)'z (klk‘l)m33
! 4 J
[y kb, Ve (k|k-1)m, 5
i = g, Ly S 1(|kl) 1” )
' v, - (k|k-1)m Vo o (k|k-1)m
\ XIXZ 12 X%y 13J
) v, (k|k-1)m 0
Bor = BMlyy = | %3 e
V)~(4(k|k—1)m13 0
B, ! B
Then B = A_—l = :11_{_ 4
Bor 1 B
sl =1 S R |
A ptBnByaBoaforfly | AirhioBa,
= "'"'"'":1'"'_'”""'"_""'_""”'__'
Boolo1M1 | Bo2
vith
1 . ) 1 0
A1 7 TR (K K- TDm
X | 11| Vg ¢ (k]k-1)my, 14V, (k|k-1)m
1%2 1
-1 = KA

B A -A
—22 T22 21711712

{B.3a)

(B.8b)

(B.8c)

(B.9a)

(B.9b)

(B.9¢c)

(B.9d)

(B.10)

11((B.10

( B.10b)
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APPENDIX C

SAMPLE VARIANCE OF MEAN SQUARE ERRORS

In Section 4.2.4, in determining the mimimum sample size,

the statistic gi computed as

Y

SRR - xf(k) (C.1)

was shown to be asymtotically normal with the mean value and
variance to be determined as follows:

The mean value of Ei is

n
=
—
m

Elg;]

1l
m
——
bt
- N\
——~
~
S’
)

4 (c.2)

where Hy is the true mean square value which is not available.
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The second moment of gf is

) L Nerr , MNesr
Nope  |KE1 5=1
eff
L Nerr 4 MeprNerr,
=——E I X(k)+z % (k) x;(J)
Noer [ko1 k=l 3=l
k#J
_ A 2 200052, s
T2 |Nert E[Xi(k)] + Mepp = Nege) E[Xi(k)xi(J))]
eff

and since Xi(k) is assumed to be gaussian so (Papoulis, 1965,

p. 147)
E[x?(k)} = %)

and it has also been assumed that the samples of size Neff as

given by Equation (4.31b) are statistically independent so

E[x?(k) xf (j)) E[xf(k)) E[Xf(j)]

_ 2

Ho
Therefore

2) 1 2 9 2
E[Ei] - [3Neff My * (Nepr = Nepr) 1 ]
eff
Nege ¥ 2 5
N Ho (C.3)
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The variance of g? is thus

2.lert 2 o
Nerr 72 72
2 2
- - (c.4)
Neff -

The probability density function of gi is thus

2
(.) = : (B85 = 1y)7/ 542 (C.5)
P i /Z—TFoze 1 g

and it is well known (Carlson, 1975, Table D) that
P(Iai - u2]<ro) =1 - 2Q(r) (C.6)

where

2

a(r) & L re'* /2 g
2r Jr

is called "the area under the gaussian tail" and is also called

the "error probability" function.

From Equation C.2

- 2
S
eff
by letting
2
s=rv/g—
Nefs
Equation C.6 becomes ;
eff
P(|£1. - p2|<su2) =1 - ZQ[S/ 5 } (C.7)
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