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1. The scope of the thesis-

The material in this thesis falls into three parts which

are linked by their use of ideas from the geometry of numbers

and their emphasis on 3-dimensional lattices.

The first part of the thesis is in the first five chapters

and concerns problems on subdivision of lattice cones related

to a lattice point problem of Schinzel. (e lattíce cone is a

cone with vertex at the origin and edges det.ermj-ned by lattice

points. ) After establíshing the necessary preliminary geomet-

rical and arithmetical results in Chapters 1 and 2' I will

introduce the subdivision problems at the beginning of Chapter

3. These problems wilt be considered for lattice cones j-n n

dimensions, 2 dimensions and 3 dimensions in Chapters 3, 4 and

5, respectively. Applications of the 2-dimensional results to

another problem of Schinzet and of the 3-dimensional results

to lattice octahedra will also be given.

The second part of this thesis concerns Ì,rork arisíng from

a problem of Mahter on the quadratic analogue of the classical-

Farey sequences, and my results are presented in Chapter 6.

To prove one of the results there (Theorem 6C.3) another

application is made of one of the main results on 3-dimensiona'l

lattices in Chapter 5.

The third part of this thesis concerns an index problem

of Cassels. Our investigations leads to bounds on the index

of the sublattice of a 3-dimensional lattice generated by

points with minimal l*tl + l*rl + l*rl in each octant. The

results comprise ChaPter 7.
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2. Preliminaries and notation. In this thesis, references

are given by a number in square brackets, and refer to the

bibliography at the end of the thesis. The numbering on

displayed formulae, equations, and so on begj-ns afresh with

each section of a chapter. In each section of a chapter the

theorems, corollaries, Iemmas and propositions, and notes

where the numbering includes the section number, wj-ll be

numbered in one Sequence. For example, in section 57D of

Chapter 7, Lemma 7D.2 is followed by Theorem 7D.3, and in

section 534 of Chapter 3, Note 34.1 is followed by LeÍma 3A.2.

In each section of a chapter, definitions, where numbered,

will be numbered in a seParate sequence to that of the theor-

ems, and so on

Throughout this thesis, z will denote the set of all

integers. Some notation of a geometrical or topological

nature such as lin A, relint A is given in 514. The notation

[(êrr...,g¡) for a latt.ice with basis êrr---rBnr.is.as mentioned

in g3B. Ivlost of the definitions and notation needed for Chapters

3 to 5 appear in 534 or 538 which introduce the problem of sub-

d.ivision of cones.
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CHAPTER 1

GEOMETRICAI PRELIMINARIES

This chapter is on geomet,rical preliminaries. In 5IA

we discuss background material on convex sets and pointed

polyhedral cones. In 5IB we introduce a major tool for

our later study of subdivision of lat.tice cones, namely,

barycent.ric subdivision. In 5IC we discuss an Euler-type

combinatorial result which has applications to Chapter 5.

514. Convex sets and cones.

In this section we will discuss the background material

on convex sets and pointed polyhedral cones which is assumed

in the rest. of this chapter, and in Chapters 3 to 5. h'e

will give some lemmas for later use.

As far as possibler wê wilI, in this thesis' use for

this material, the vocabulary and definitions of Grünbaum

I S ], Chapter 2 and Sections 3.1, 3.2. Thus we will assume

the definition and basic properties given there for the

following:

Convex set, polyhedral set, polytope, face, facet,

vertex, edge, extreme point, pointed cone with apex e

(and hence v¡ith vertex g) .

Vte will say that a hyperplane H in Rd cuts a set

A in Rd if each of the open half-spaces determined by

H contains a point of A. (Grünbaum [ 5 ] ' 92.2.)

We will also use túe following notation of Grünbaum

[ 5 ] , where A is a subset of d-dimensional real space Rd:
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cone A
b

the linear subsPace sPanned bY A,

the affine subsPaoe sPanned' bY A,

ùhe dimension of aff A, that is, one

less than the maximum number of affinely

indepenclent Points of A,

the cone with apex þ generated bY A,

conv A : the convex hull of A,

relint A : the relative interior of A (relative

to aff A),

relbd A : the relative boundary of A (relative

to aff A).

V,ïe will say that two sets A, B in Rd are non-

overlapping if their relative interiors are disjoint, that

is if
relintAfìrelintg=Ø

lrle will also say that a collection S of sets in Rd is

non-overlapping, of that s has non-overlapping meJnbers'

if each pair of distinct sets in s are non-overlapping.

Lemma IA.l. Let A, B be convex sets in Rd such

that A and B are non-overlapping, and aff A c aff B.

Then

AnrelintB=9
proof. suppose to the contrary that A n relint B*Ø,

and let I € A n relint B. since X € relint. B, there is

an'open set N of Rd such that

I€NnTffBcrelintB-

lin A

aff A

dim A
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Since A is convex, and ï € N fì A, there is a point Y

in NnrelintA (andinfact A, NnA and NnrelintA

all have the same dimension). Hence Y € N n aff A

c N n aff B g relint B. Thus x € reLint A fì relint B,

so A and B overlaPracontradiction'

Lemma I4.2. Let A, B be distinct convex s.ets in Rd

such that A n B is a face of each of A and B. Then

A, B are non-over1aPPing-

proof. suppose to the contrary that there is a point'

ð in relint A n relint B- Let F = A fì B' Then

r € F n relint B. since F is a face of B' it follows

that F=B. Similarly, F=Ar so A=B' a contrad'iction'

The pointed cones t.hat we will be concerned with are

pointed cones with aPex q, and bY apo inted polyhedral

cone we wiII mean a polyhedral set which is a pointed cone

with apex g. Let c be a pointed polyhedral cone in Rd

Then for some m x d matrix A of rank d,

c-{xlex<9}
AIso, if C has t edges and ?r r. ..,?r

points on distinct edges, then

e = {Àr3r *...* Àrêrlli > 0

= Coneo (err...rêr) ,

and dimC<r.

are non-zero

vii

Definition I4.1. A pointed polyhedral cone

which dim C is equal to the number of edges of

be called a simp licial cone.

We comment that if

in Rd and þ ç aff P,

C for

c will

P is an n-dimensional PolYtoPe

then C = cone' (P) is an (n+1) -
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dimensioiral pointed polyhedral cone, and every pointed

polyhedral cone in Rd is of this form. Apart from t'he

empty face of c, there is a one-one correspondence'

between the faces F of P and the faces cone' (F) of

C. The cone C is a simplicial cone if and o"fy if P

is a simplex

we comptete this section by stating two lemmas which

will be used in the next section. If P c Rdr wê will

write cone^ (e,e) to mean coneo ({1} u e) .
9

Lenrna 14.3. If P is an n-dimensional pointed poly-

hedral cone with apex þ in Rd, and e is a point in

Rd such that e È af.f P, then conê5 (4,p) is an (n+1) -

dimensional pointed polyhedral cone with apex Þ' and the

faces of coneb (3re) are the coneb (3rF), where F is

a face of P, together with the faces of P.

The lemma is easilY Proved.

Lemma 14.4. (Crünbaum t S l, Theorem 2.6.I) ' If P

is a polyhedral set, then a face of a face of P is again

a face of P.

glB. Barycentric subdivision of cones-

In this section we will introduce the main geometric

tool to be used in Chapter 3 for sgbd'ivision of lattice

cones, namely barycentric subdivision. Since it turns out

that this method lead.s to complexes of cones, w€ consider

sr¡bdivision of complexes of cones into complexes of sub-

cones.
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Definition. A finit.e collection c of polyhedral

sets in R
d is a comprex (in Rd) if any two members of

C meet in a face of each of them.

sometimes "complex" is defined with the additional

requirement that any face of a member is again a member'

(See, for example, Grünbaum [ 5 ], 93.2.) The next lemma'

(which is also needed later in this sectiòn) shows that

the difference is not essential.

Definition. rf C is a comPlex, afaceof C isa

face of a member of C.

Lemma 18.1. Let C be a complex in Rd' Then any

two faces of C meet in a face of each of them'

Proof. Let Ct ,C z € C, and let Fr rFz be faces of

ct,cz respectively. By symmetry, it is sufficient to prove

that F1 fì Fz is a face of Fr. By Lemma 14.4 iÈ is suffic-

ient to prove that
(i) Fr fì Fz is a face of Fr fì Cz, and'

(ii) Fr fl Cz is a face of Fr -

To prove (i), we may supPose that Ez - Q2 llÉ¡ where H

is a hyperplane which does not cut cz, and hence does

not cut Fr fì cz. Thus Fr fì Fz = (r¡ n cz) fl H is a face of

Fr lì cz. To prove (ii), p1 fì cz = (rr 0 91) fì cz - Fr fì (cr fì cz)

= Fr 0 (cr n K), where K is Rd or is a hyperplane which

does not cut Cr and hence does not cut Fr' Thus

Fr fì C2 = îr fì K is a face of Fr as required''

Definition 18.1. Let c be a complex of polyhedral

sets in Rd. Then a collection 0 of polyhedral set's is

a subdivision of C íf'
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(a) UC = UD,

(b) each member of C is a union of members of O,

(c) D isacomplex.

The next theorem introduces barycentric subdivision,

which is an important way of constructing subdivisions.

Vüe will formulate the idea for pointed polyhedratr cones

with apex 9, for this is what we will need in our later

investigation of Iattice cones. (An analogous theory on

"triangulation of polytopes" may be inferred from the

correspondence between polytopes and cones that was

rp.entioned in 514.)

Notation. If S is a collection of sets in Rd, and

e € Rd, then conee (g,S) denotes the set of all

cone^ (a,A) with A in S.
v

Theorem L8.2. (On barycentric subdivision.) Let S

be a complex of pointed polyhedral cones in Rd with apex

Q, and let g € US, 3+9. Let S(g) be the collection

of cones obtained from S by replacing each cone C in

S containing e by all the cones coneo (g,F), where F

is a facet of C not containing e. (Notice that if

e€C, then eÈF o gËaff F.) Then S(g) is a subd.ivision

of S into pointed polyhedral cones with apex Q; and if

S consists of n-dimensional conesr so does S(g).

Proof . we need only prove that s(g) is a subd'ivision

of S, as the rest follows from Lemma 1A-3- For C in S

such that e € C, Iet us write

Fc= {rlr isafacetof c suchthat eÈF},

and write

Sr = uFc, sz = {cesleÈc}.
c
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Then

s (e) = Sz u coneo (3rS r ) '

we are required to prove (a), (b), (c) in Definition IB.1

with s for c, and s (a) for 0. It is obvious that

u S (a) g S. Hence (a) will follow from (b) '

Proof of (b) : Let C € S. Tf e È c, then

c € s (g) , so suppose that g € c. It suffices to prove

that
(1) Q = U coneo (ê,Fc)-

we need only prove that the left. hand sid'e is includ'ed in

the right hand side, âs the reverse inclusion is trivial.

Firstlyr wê prove that the ray 9. 3 in c belongs

to the right. hand. side of (1). since I e is contained

in each cone of the'union, wê need only prove that Fc + Ø'

If C = gg, then 9 € Fc, so Fc + Ø' On the other hand'

ifc+ge,thenthefacetsofcdonotallpassthrough

98, as 9 is an extreme point of C' Hence'some facet

does not contain 1t and again Fc + Ø '

Secondly, suPpose that I€C, Y Ègg' Then C+94

and, as we have just seen, the facets of C do not' all

pass through g3, and hence do not all contain the triangle

g3y. Rotate a ray from 99 through 9y till it meets a

facet F of c not containing 93y' Then F € Fc' and

y € coneo (g,r). This completes the proof of (1) , and of

(b) .

Proof of (c) : Let Dr,Dz e S (e) ' t{e must prove that

(21 D1 fì D2 is a face bt each of Dr and Dz'

If Dr , Dz do not contain a, then Dr 'Dz 
€ S ' so Q)

follows from the fact thaÈ s is a complex. Thus we may
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suppose that for some i = I or 2, e€Dir and

Di = corrêo (g,fi) g Ci € S,

Fi€F"r, eËrit 4 €ci.(3)

Without, loss of generality suppose that (3) holds with

i. = 1. There are two cases to consider:

(i) g ç Dz, in which case Dz = Cz € S' or

(ii)e€Dztinwhichcase(3)alsoholdsfori=2.

To prove Q) in case (i), it is sufficient, by LeÍuna

14.3, to prove that

(4) coneo (e,Fr) n Cz - Fr n Czt

for by Lemma 18.I, Fr lì Cz is a face of each of Fr and

Cz.Toprove(2)incase(ii),itissufficientbyLemma

14.3, to Prove that

(5) conee (¿,Fr) nconee (3,F2) =corlêo (g'r1fìFz)'

forbyLemmalB-1rFrfìFzisafaceofeachofFrand

Fz.

Now to prove (4) in case (i), it is clearly sufficient

to prove that if \z € ô2, then

(6) gz ç relint coneo (e,Ir )

forany {r€Ër. sosuppose 12 €Ö, U €Fr' wewilr

prove (6) by contradiction' Suppose (6) is false' Then

x2 € cr n czt and any hyperplane which contains u2 but

does not cut Cr ust contain coneo (3rxr) and hence e'

But Cr n Cz is a face of Cr since S is a complex'

Hence Cr n Cz contains coneo (erxr) and hence 4t

contradicting the fact that e ç Cz' This completes the

proof of (4) . I

Now to prove (5)

coneo (grFi)

in case (ii), we note that

U.
ri€Fi

)t-T,aoneco (i = I,2) .
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Hence the left hand side of (5) is equal to the union of

intersections
coneo (g,lr') n coneo (grãz) 

'
where Xr € Ér , X2 € Ë2. Thus it is sufficient to Prove

that (6) holds for {r € Ér , \z € þr, and we do this by

contradiction. Suppose (6) is false. Then, âs in case

(i), Cr n Cz contains coneo (e'Xr) - Hence

coneo (g,Ir) c Cz, contradicting the assumption that the

point {z in relint coneo (grxr ) lies on a facet îz

of cz such that e È aff F2. This completes the proof

of (5), and the Proof of the theorem'

Definition L8.2. The complex s(3) in Theorem IB.2

is said to be obtained from S bY

with division Point A-

Barycentr ic subdivision of a simplicial cone- Vle will

describe this case in terms of generators' Let

C = coneo (gt r... rên)

be an n-dimensional simplicial cone (Definition 1A'1) with

non-zero points êr r - - - rên on distinct edges, and let

3= Àr3r + + Ànên € C, 1+ 9.

Let

r={iIli>o},
and define

Ci = conêo (gr r. .. rêi-r rêrBi+r, " "en)
i € I. It. is easily seen that barycentric subdivision

v¡ith division Point 3 gives

c(e) = {ci li € r},

barycentric subdivision

for
ofc
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and that if

þ=lrêr+

b€C.oþry r 
^i

Definition. A complex of pointed polyhedral cones is

simplícia} if all its members are simplicial'

Theorem 18.3. (Simp1icia1 subdivision') Let S be a

complex of n-d,imensional pointed polyhedrat cones in Rd

hrith apex g. Then

, (i) S is simplicial if and only if S (3) = $ when-

ever g is a division point on an edge of S'

(ii) some finite sequence of successive barycentric

subdivisions yield.s a subdivision T of S into n-dimen-

sional simplicial cones such that the edges of T are

just the edges of S.

Proof. (i) It is clearly sufficient to prove the

result. in the case when S consists of a single coner saY

s = {c}. The necessity of the condition is obvious. vle

will prove sufficiency by mathematical induction. The

result is trivially true when n = I or 2. Suppose that

the result is true when n=kÞ2, and let n=k*1- lfe

assume that C(e) - C whenever 3 is a non-zero point on

an edge of C, and we are required to prove that C is

simplicial. suppose not. Then c has more than k + 1

edges. choosing any e as abover wê deduce from c(g) =c

that there is a facet D of C such that 3 ç aff D and

C = coneo (e,o). Then D is k dimensional with more

than k edges, and so is not simplicial. By induction

hypothesis, there is a non-zero point þ on an edge of D

€c,Þnên+ Þ + 9,

then
ml-
j€

b
Àin

I



13.

such that D(þ) has at least two members Dr'Dz' Thus

C (Þ) has at least two members coneo (3,Dr ) , coneo (3,D2) ,

contradict.ing the fact that C(þ) - Q'

(ii¡ Beginning rvith the complex S, make repeated

use of barycentric subdivision, where the division point

is on an edge of the complex. The set of edges remains

unchanged. By (i), the number of members of the complex

increases at each step unless a simplicial complex is

reached. This eventually happens because the number of

simplexes whose edges, are edges of S is finite'

The theory of subdivision cannot be simplified by

choosing only division points in the relative interiors

of cones. For example, if P is a 3-d,imensional sguare

pyramid in R't such that I ç aff P, then coneo (P)

cannot be sr:bdivided into simplicial cones by repeated

barycentric subdivision using only division points in the

relative interiors of cones'

glc. A combinatorial result-

We present here a combinatorial result which essentially

simplicial cones in

We will need it in ChaPter 5'

S be a comPlex of 3-dimensional

R3 such that US is simply connected'

Then

belongs to toPologY.

Lemma LC.I. Let

where E1

interior of

boundary of

Proof.

2Ei + Eu = N * 2,

is the number of edges of S in the relative

US, Eb is the number of edges on the relative

US, and N is the number of members of S'

The result is easily proved by induction on
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N. It is of course equivalent to the well-known result

that the number of primitive triangles in a primitive

triangulation of a si:nple polygon is

2Yi + V¡ 2,

where Vir.V5 are the number of vertices in the interior

and boundary respectively of the polygon. (See, fox

example, Gaskell, Klamkin and $Iatson t 4 1-)
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CHAPTER 2

AUXILTARY RESULTS ON RESIDUES

In this chapter we will obtain results on residue sets

which are needed later (for the proofs of Proposition 3E'1

and Lemma 58.1). The main result is Proposition '2.6 below'

Let m be a fixed positive integer greater than I,

and for any integer x Iet * denote the 'least non-negative

residue of x modulo m, so that

0 < l4 rrlr x I I (mod m).

Definition2.L.ForxinZsuchthatl(x(m-1,

Iet gx be the function v¡ith domain Z such that for r

in Zl

p¡¡(r) = lt if F = -(ffi + x - m

ì_
[O if tx= (r-I)x+x

We note that for r in z

(1) rx - TñIx = x - mP* (r) ,

and the following properties of gx are thus immediate.

Lemrna 2.L. For x and t in z and I(x(m-l

we have:

(i)
(ii)

o* (r) = g* (r) ;

o*(r) = I er ã< x,

=0oElzXì
mx p*(r) - x;

r=l

Pr (r)

px (o)

px (1)

px (2)

=o if il0;

and

(iii)

(iv)

(v)

(vi¡
(vii)
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rn view of (i), (v),

restriction p*l s of Px

by

(21

(vi) , v¡e nor¡/ consider the

to the subset S of Z given

S = {2r3r...rm-l} .

Lemna 2.2. Let S be as in (2), and let 9x be as

in Definition 2.1. , '

(i) Orls = 0 (the zexo function on s)'

(ii) pm-r I s = I (the constant function I on S)'

(iii) rf (a,rn) = 1, 1(a(m-1, then

(prls) + (o*-"ls) = I (=po.-rls)-

1iv) For l(x(m-I,

X P*(r) = x-1.
r€s

(v) Suppose a-ttdzr...rakrb are integers such that

, 1(ai(m-1 (i = 1r--.,k), L<b<m-1, and

(p.. I s) = ool s.

Then
k
E

i=l

(vi) Suppose ãt ra z¡. -. ¡â¡ are integers such that

l(ai(m-1 (i = I,...,k), and

ai > (k-l)m - (k-2) -

k
x

i=t

a1 = b+k-1.

k
x

í=t

Then for some r in St

P.r(r) = = o"*(r)

that is,
I ,

fâr < , fêk < â¡.

(Part (vi) is' needed later in 538')

Proof . Parts (i) , (ii) are in'med'iate from the defin-

itions, (iv) is immediate from Lemma 2.1(iii), (v), (vi)'

Part (v) is immediate fro¡n (iv) .
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' (iii) Since ra + Flm:ãT = o (mod m), ra + fG-af

equals 0 if. both summancls are O, and equals m other-

wise. If (arm) = L, the latter is the case for all r

in S, and. the result follows from Lemma 2:L(ii)'
-k(vi) ,.3(0",,t)+-.-+p"o(r)) = iI, ai -k bv (iv)

> (k-I) (m-2) bY hYPothesis,

= (k_1) # s,

so for some r in St

p", (r) + +p (r) kak

Thus 0. (r) =

iã<ârr...,4-
= O.*(r) = L, and by Lemma 2.L(ii),

< a¡. This completes the proof of Lemma 2'2'

Let tyl+ denote the least integer greater than or

equáI to Y, that is,

tyl* t < y< tyl*.
Lemma 2.3 (i) For all x (such that l( x(m- I),

the tth smallest positive value of r for which px (r) = I

is

+

tm
x

+

tm
x

(ii) (t+1) m
x It].+

+
e

where e=0 or 1.

Proof.(i)Thisisimmediatefrornthedefinitionofpx.
(ii) This is just a special case of the general result

that for any real numbers Y, z'

¡y+zl+=tyl++lrl+ €¡
where e= 0 or 1.

Clearly the behaviour of px I S, where S is as j-n

(2), can be formulated in terms of the set



S* = {rlr € S, P* (r) = 1}

= {rlre S, iÍ< x} (1<x(m- 1),

of rvhich O*l S is the indicator. The following lemma is

most easity formulated. in thj-s r¡7ay' and ís the essence of

the proof of ProPosition 2-6(ii).

Lernma 2.4. Let b,c

1( c( m - I, SupPose that

be integers such that 1< b( m - 1,

Sb c Sc, Sø I Sc, and

18.

+n=I:o+n=frsay
(( m),

(and

= I (by

++
m
5 Then a that is, Pc(2) = I, or

" >P \.¿/

Proof . The condition Sb - S" means that 95(r) < O"(r)

for alt positive t. Since Sb I Sc, there is some r - Io

in S such that pU(ro) = O, p.(ro) = I' and P5(r) = p.(r)

for r in S with r ( ro. If re is the (to + 1) -th

smallest integer in S for which pc(ro) = L, then by

Lemma 2.3(i),

b
for | = 1r...rLo,

and
+ +

!
c

++ tm
c

tm

tryl t,-*Pl
where I > 0,

2.3 (ii) with

whefe eLr€2 = 0

e2=1181=0)

Lemma 2.3(i) ) ,

I. Hence

Since g5

ß
L

r¡ - re + 1"

= L, and so - f I = f9 + I.

and by assumption, to Þ 1. Applying Lemma

t - to, and x = brc, we get

[ (to+!)ml+ = [+]. . lf]. Êr ,

t

L

(to+1) m

or

and

P" (rr)

(rr )

+mEo*2
c

But by Lemma 2.3(ii) with t = to * I, x = cr
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+

I
J

Ír = fO + e ? t

+
where Es = 0 or I. Hence = I + e3r which must be

equal to 2 since m>c-

We shAll need one further lemma for our main proposition'

Lemma 2.5. Let S be as in (21 , and let âr,... 'ak

be integers such that I < .i ( m- I fot i : 1""'k'

Then the statement

B
c

!
c

I (= pn-r I s)ai

k
(that is, i!, P.i (r) = t

is equivalent to

(3)

(4)

(p lsl
k
x

a

k
.ta=I

i4- = m + r(k-Z) for r = L,2, "'rm-l'

(= o^-1 (r) J

(r-I) ai = i ai-m

for r = 2r...rm-l)

0". (r) -

Proof. From equation (I) (following Definition 2'L)

we obtain the identitY

I

k
T

k
.tI= T

kt
i=l

k
t

I

kI
i=t(5) fâ.:Li

(6)

Conversely, suPpose that' (4)

from (5) on aPPIYing (4) with r

I (2<r<m-1).

suppose that (3) holds. Then Lemma 2.2(v) gives

ai=m*k 2 t

which is (4) with r = I. condition (4) follows for all

r by induction using (5) -

holds. Then (3)

replaced bY r,

follows

r-I and

The following is the main result of this chapter.
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Proposition 2.6

al '... ¡ê¡ be Íntegers

l( ar (

and

(4)

(i) Then

(ii) Also,

S be as in (2) , and let

that

ar ( Ir- I,

Let

such

k
T

i= I
rai = m + r(k-2) for r = Lr2r...rm-l -

(ai rm) for i 1r... rk.

I êr = =ak-2(ak-r(a¡r

I

and ak-I =

Proof . (i)

ak-t

ak only

Suppose

+a¡=I[r

if m = 2.

that {or i '= k,'"

(71

Let ô'

while,

Let

(8)

AIso,

(e)

From

bvô
(10)

as

''r

(aUrm) = ô > 1.

m/ô. For integral x,

<x>

before, I is given bY

I=x (modm),

<x> be gíven bY

0<<x>

I < m- 1.

s( ô-1. From (7),

Iet

0<

s be an integer such that I <

s.ôEÇ- = 0.

as is easily checked,

(4 ) with

'rand

<sx> = sô'xr/ôt .

r = s6' r wê obtain on using. (8), dividing

using (9), that

<sai> = ô + s(k-2) for t(s<6-1'k-t
.Ta=l

Let us see if this condition is of the same form as (4) '

hle may of course replace each ai in (10) by <a1>, and

O< <ai>( ô-1 for i =Lr"'rk-l'



AIso, (ê¡) = 0 bY (7) -

then ô1.i, mlô'.i , So

more than one value of i

<a1> = 0, then

2L.

1<i<k, and <ai>=0,

= 1. Thus, if there \47ere

Now if

pai(ô')

with l<i<k forwhich

k
i!, Pai(ô') > I

By Lemma 2.5 (the (4) + (3) part), this contradicts (4) '

Thus

1< <ai>( ô-1 for | = lr"',k-l'

Thus, (10) is a sj:nilar condition to (4), but with ô in

plabe of m, k - I in place of k, and k - 2 instead of

the correspond.ing k - 3 on the right hand side. By the

corresponding argument to that of the proof in Lemma 2'5

that (4) + (3) + (6), we obtain

<ar> + + <ak-r) = ô + (k-3),

which now contradicts (IO) when s = I' This contradiction

shows that (i) ís true fo" i ='Á

(ii¡ BY Lemma 2-5, we have

(3) ,!, (o".ls) = r = Pm-rls'

If ar-l = 1, then for i < k-1, ai = L' so garls = 0'

so p.tls = p*-11S, and a¡: m-1 (by Lemma 2'L(iii)'

forexample)randtheresultfollows'Nowsupposethat
aL-t > l. Then oun-rl s I o, and pakl s I pm-r l s' Frorn

(3) and'the assumPtion that ar <

(,r) [+]. = [*h]. = 2, u,* > l,

since (ar,m) = t by (i¡F'.t-l?*. 2-2(iii) gives

P"*lS+Pr-.LlS=I'
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Hence (3) gives
(o.rls) = Pm-a*ls-

Now suppose , if possible, that €I, r... ¡ê¡- 2 are not all

equal to I. Then gak-rls * Po¡-"rlS, and from Lemma 2'4

with b = ak_l and c = m-âk ' it follows that ak-l ,

rn-ak > m/2r so at ( ßr/2. From (11), a¡ = m/2' As

(at,m) : I, it follows that m = 2. This is a contra-

dictionr âs (ií) (and (i) ) are trivially true for m = 2.

Thus âl r... rak- 2 are all equal to 1, so (3) becomes

o.x-rls + P"rls = 1'

Hence, by Lermna 2.2(v) ,

a,.-t+âk:I

and since (a¡rm) - 1, ak-t I ay unless m = 2' This

completes the proof of (ii) -
Finctlly , <¿; ì.r t { i sn-t î.tlow; inmectiotely Frr,m ¿'¡¡ lor [= þ' ond'tiil

Note'1. In Chapter 5, we will be using Proposition

2.6 in the case when k = 3. If $te were t'o prove the result

in this case only, the only part of the proof which simpli-

fies is the proof of (i) : If k = 3, and (as rm) = ô > I'

then

m; + õ"ãz' = m* ô' >m

(m-ô') > m,(rn-ô') ar + (m-ö ')az = m +

contradicting the fact that the sum of the left hand sides

is less than or equal to 2m-

Note 2. Proposition 2.6 says that the only decompo-

sitions of g*-rls into the sum of two or more p*ls are

of the form t

P*-rls = o.ls + P*-"ls * o + o +

where (a,m) = 1. Since condition (3) is equivalent to

k-r
xi=l

ô' = I
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k-r
E

i=l
p.ils = pm-akl s

it follows Lhat for a¡ such thatprovided (a¡ 
'm)

(a¡.¡m) = I and

decompositions

: 1,

ax I'm - 1, Pa¡l S has onIY the trivial

pakls=o"*ls+o+o+
It is an obvious question whether there is a ,rorr-ativial

decomposition

(L2l Parls + + P.k-rls = P"*ls

when (a¡,m) = ô > 1. For this it is clearly necessary

that at most one of the (ai¡m), i ( k- 1' exceeds 1'

In fact we can prove by methods similar to those used in

the proof of Proposition 2.6(i), that for any such decomp-

osition (L2) , aio =. hioô for some io I k, ai = hiô + I

for í * io ,k, and âk = (h r+. . .+h¡-1) ô '
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CHAPTER 3

SUBDTVISION OF n-DIMENS IONAL LATTICE CONES

In g3A I wíIl introduce the subdivision problen for

Iattice cones, and outline the material covered in the rest

of Chapter 3, and in Chapters 4, and 5' I will begin

with some necessary definitions, show how a main result of

Chapterlmalzþgappliedtolatticecones,andthendis-

cuss a problem of schinzel, which can be solved. by subdiv-

ision of lattice cones.

S 3A f ntrod.uct ion to subdivision.

5 3A.1. Preliminary clef initions and results.

we will assume the geonetrical preliminaries of

Chapter I concerning complexes of polyhedral sets in Rd,

particularllz the results concerning subdivision of complexes

of pointed polyhedral cones. Irie rvill also use basic results

concerning indices of sublattices of point lattices in Rd,

which v¡ill be stated. in 5 38 -

An s-dinnensional (point) lattice in Rd is defined to

be the set of all linear cornbinations rvith integer coeffic-

ients , ef s linearly independent points in Rd ' A point

a is said to be a primitive point of the lattice L if

re € L if and. onl1z if r € Z.

Let L i¡e a f ixed lattice in Rd '
,¡

Definition. ê¡r (n-dimensional) L-cone in R* is an

(n-climensional) pointed polyhed.ral cone C (with apex Q)

in Rd, such that each edge of C contains a non-zero

point (and hence a unique primitive ¡roint) of L'

The simplest type of L-cone is now d.efined, and then

a special case.
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Definition. A simplicial L-cone is a simPlicial cone

which is also an L-cone.

Definition. A basic L-cone is an n-dimensional

simplicial L-cone C in Rd such that' t¡e set of prim-

itive points on the n edges of c are a basis for the

n-dimensional tattice L' = L O lin C'

Thus, c is a basic L-cone if and only if C is a

basic Lr-cone. Also, the faces of a simplicial (or basic)

L-cone are ctearly simplicial (or basic) L-cones.

Inle notj-ce that if we perform barycentric subdivision

onanL-cone,usingpointsofLaSdivisionpoints,the

resulting subcones will be L-cones'

Note 34.1. Henceforth we will consider only cones

which are L-cones. t]e will be considering complexes of

n-dimensional L-cones, and the only subdivisions of these

that we will consider are subd.ivisions into n-d'imensional

L-cones

From Theorem lB.3 on subdivision of a conplex of

cones, wê immediately have the following result''

Lemma3A.2.Letsbeacomplexofn-dimensional

L-cones in Rd. Then by repeated barycentric subdivision,

\ltre may obtain a subdivision S¡ into n-dimensional

simplicial L-cones, such that the edges of Sr are just

the edges of S.

The significance of an n-climensional simplicial L-cone

c being basic, is explained in the follorving lemma, which

is an immed.iate consequence of the d.efinitions.

Lemma3A.3.IfcisbaSicrtheneverypoint'of

L n c is expressible as a linear combination of the n
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primitive points on the edges of ct with non-negative

integral coefficients. (The converse is also true, âs will

be seen from Proposition 38.2(ii) below.)

934.2. The subdivision problem, and. Schinzelrs Problem.

our investigation of subdivision of n-din'.ensional

L-cones in Rd will solve the following problems, and

provide various bounds associated with them'

The Subdivision Problem: To find a basic subdivision

of a given n-dimensional L-cone, that is, a subd.ivision

into n-dimensional basic L-cones- (See Note 3A'1' above')

schinzel's Problern: Given an n-dimensional L-cone

c in Rd, to find a finite subset B of L n c such

that every point ï in L n c is expressible as a non-

negative integral linear combination of an n-element subset

BT of B.

According to I{. schmidt l]2l, A. schinzel considered

the special case of the latter problem, where d = n, L

is an n-dimensional sublattice of Zn, and C is the

non-negative orthant in Rt, that is, the simplicial cone

generated by the primitive points of L lying on the

positive coordinate axes of Rn. Schinzel conjectured

that f inite B existed in this case r' and schmid.t ll2)

proved this conjecture by a (non-constructive) compactness

argument using induction on n-

It is clear from Lemma 34.3 that a solution of the

subdivision problem will yield a solution of Schinzel's

problem, since we may take B to be the set of primitive

lattice points on the edges of the subdivision and Bx

to be the lattice basis determined by a basic cone of the



27.

subdivisioncontaini-ngr.Moreover,Lemma3A.2reduces
the subclivision p::oblem (and hence schinzel's problem)

for general L-cones to that for simplicial L-cones. t

obtained a simple construct.ive solution of schinzel's

problern by this method, and a preliminary account of this

work is given in Low t 9 l -

Remark 1. If in schinzelrs problem, Bä is an (n+1)-

element subset of B, rather than an n-element subset, the

problem becomes trivial. For in the case of simplicial c,

to which the problem is reduced by Lemma 3A.2, Lf 3t,..',9n

is'the set of primitive lattice points on the edges of c,

andll,...,Imarethecosetrepresentativesofthesub-

Iattice of L fì lin C generated by ?r, "',3n chosen in

the form

clrgl + * c¿nên

where 0(cli<1 for i = Ir...rn, then any I in c is

expressible in the form

li+Àr3r+ +l¡Qn,

where the fj are non-negative integers'

Remark2.If0isanon-singularlineartransform-

ation on Rd, then the subd.ivision problem and Schinzelrs

problemfortheL-conecareclearlyequivalenttothe

corresponding problems for the 0 (L) -cone 0 (c) ' When c

is a simplicial L-cone, this idea may be applied to put c

in some sort of standard form, for example, that in which

the primitive points of L on the edges of C are the

natural unit vectors grr...r9n' Although such a standard

form would. be convenient in giving exarnples of L-cones, it

does not help us in solving the subdivision problem, since

subcones of a cone in standard form would not themselves

be in standard form.
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5 3A. 3. Various definitions.

We shall now

our discussion of

problem.

Let c and D be finite collections of n-dimensional

L-cones such that UC = tJD' We call D a decomposition

of c if each cone in c is a union of members of D '

We call D a dissection of c if it is a decomposition

of C into non-overlapping L-cones' (The term non-

overlapping was defined in 51.A,') A subdivision of a

complex c (see Definition IB.1) is thus a decomposition

of c which is also a complex. By Lemma LA.2r ânY sub-

division of C is also a dissection of C '

Now in order to solve Schinzel's problem it is not

necessary to restrict consid.eration to subdivisions into

basic cones. Decompositions into basic cones would suffice'

with the sets B, 
"ï 

being d.erived in the same way as

before. In fact, schmidt used decompositions, and in Low

[9],forthesakeofsímplicity,Istatedandprovedthe
results in'terms of dissections (atthough the word

dissection was not used there), even though the ¡nethod used'

namely, barycentric subdivision, led naturally to subdiv-

isions. Dissections are easier to handle than subdivisions

because a dissection of c is just the union of d'issections

of the members of c, and so to obtain dissections, it

suffices to consider barycentric subCivisions of L-cones,

rather than of complexes of L-cones' even if some clivision

point used is not in the relative interior of the relevant

introduce some concepts needed to continue

Schinzel's problem and the subdivision

cone "
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ondlet L=L-lel. .

Definition. Let C be an L-conã -- a point 4 in

i n c is decomposable in i n C (or simPtY in c) if

there exist 5r, [z in r, n C such t'hat X = ðt * 4z'

Otherwise, I is indecompo sable in i n c (or in c) .

The notation I(c) .rvilI be used for the set of

indecomposable Points of C.

Def inition. I'or 4 - (at ,a z, "' ,ãd) in Rd the

height H(g) of e is defined to be

u (e) = m.*l"i I
t_

534.4. PIan of the rest of Chapter 3 and of Chapters 4 and 5.

In the remainder of Chapter 3 I v¡ill consider n-dimen-

sional L-cones for general n. In g3B I will give the

necessary prelirninary results on the (outer) index of an

L-cone, and on special L-cones. In g3c I will solve the

subdivision problem and obtain crude bounds which in the

case of Schinzel's problem are bounds for

(i) the nurnber of Points in B

(ii) the number of distinct Bï

(iii) the height of Points in B'

In 53D we will study a refiner¡ent of the method of 53c'

which would appear to lead to rnore econornical bound's (and'

certainly dces in the case of 2- and' 3-dimensional L-cones'

as lve shatl see tater). In 538 we collect together results

on indecomPosable Points-

Letsbeadecompositionofann-dimensionalL-cone

c into basic L-cones, and. let B(s) be the set of prirn-

itive points on the edges (of the rnernbers) of s. Then it

is obvious that B(s) = I(c). In Chapters 4 and 5 I wil-I

discuss 2-, and.3-dimensional .L-cones, and v¡i11 find i¡
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each case a subdivision S of C into basic L-cones for

which B(S) = I(C). These results will yield sharp bounds

for the numbers in (i) , (ii) and (iii) for Schinzel's

problem (in fact the best possible bounds for the case of

subd.ivisions). I wíll also discuss there the equivalence

of the concepts of decomposition, dissect.ion and. subdiv-

ision under certain conditions-

Note ( added Ausust, L979).

Schinzel's problem is also considered in the

(unpublished) thesis

R.A. Lee, A quantitative solution of a problem of

schinzel, ph.D. thesis, university of colorado (1970)

(available through University Microfilms, Lond'on),

which concentrates mainly on a different aspect of the

problem.
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938. Outer index of an L-cone, and special L-cones.

In this sectionr wê discuss concepts needed for

tackling the subdivision problem. Again, L will be a

fixed lat.tice in Rd of dimension less than or equal to

d. we wilt review the basic results on the index of an

n-dimensíona1 sublattice of an n-dimensional lattice' 9le

will define the base points of an L-cone, the parallelotope

of a simplicial L-cone, and the index of simplicial and the

(outer) index of general L-cones, and give somè results in

terms of these ideas. The section ends with a discussion of

special cones, which are relevant to g3D. All these con-

cepts are needed for our investigation of subdivisions of

L-cones in ChaPters 3 to 5.

Notation for lattices - lf Þ, , " 'rÞr, are linearly

independent points in Rd, then the n-dimensional lattice

¡ = {Àrþr+...+Àr,þ.,lfi e z V íi v¡ith basis þr,...,Þr, is

denoted by \J = !, (þr ,. - -,þ") .

Index of sublattice.

Definition 38.1. If M = l( êr,---,Çn) is a sublattice

of \J = g (þr , . . . ,Þn) in Rd, then the index (N:M) is the

subgroup index, Èhat is, the number of cosets of M in N'

Proposition 38.1. Let M,N be as in Definition 38.1,

and 1et the integral matrix [ = (Àij) be given by
n

êi = i!, Àijþi , i = 1,"',n'

Then

(N:M) = laet ll t

and in the particular case when d' = rlr

laet(gr,...,8n) I

(N:M)
laet(þr,...,Þr,) I
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The result is easily seen from cassels I 3 I I.2.2,

even though Cassels considers only those lattices in Rd

which are d-dimensional (that is, fl = n), and in fact

takes the last equation as a d.efinition, and proves the

coset result as a lernma.

ïn order to state the lemma connecting the index of

a sublattice, and linear combinations, and. to facilitate

our study of subdivision of cones, wê now introduce

parallelotoPes.

Definition 38.2. If 9r r - -. r?n are linearlY inde-

pendent points in Rd,

3t,...,ên is defined as

p = p(gr,...,gn) = 1Àr3r*...*lnSnlO< fi < lViÌ-

Note that P is a half-open Parallelotope which does

not include the vertices 3t r... r3n' The following result

is easy to see.

Proposition 38.2. Let N,M be n-dirnensional lattices

with M a sublattice of N' Iet $r r. " r?n be a basis

for M, and. let P be the parallelotope of êl,''"Ên'

Then

(i) N n P is a complete set cf representatives for

the cosets of IU in N'

(ii) N=M<+ (N:M) = toÑnP=ø

Base points of, and notation for L-cones. lf C is

an n-dimensional L-cone in Rd urith t edges' then c

determined by the r primitive points êt,' " t*r of L

on the edges of C.

then the parallelotoPe of

l_s
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Defin ition 38.3. The points 3r,'",?t are called

C, and to indicate this, we will use thea base for

notation
C = c (3r r... rêr) '

More generally, the primitive points o

collection S of L-cones will- be call

of S, and B(S) wilt denote the set

n'the edges of a

ed the base Points

of all these Points.

Index of a simp Iicia1 L-cone.

Definition 3B.4. If C = c (ar, "'r$n) is a simPlicial

L-cone, the index of C (in L) is the index (L' :M) ' of

the subtattice pt = 1,(Sr,-..,fn) in L' = Lfì lin c' and

is denoted bY m(C) -

Thus,cisabasicL-cone(asdefineding3A.I)if

and only if its ind.ex is 1. Notice that diro L' = dim c = n,

and that the ind.ex of c in L is equal to its index in

],'. I{e do not suppose that L' = Lt that is dim L=dim C'

as wè wish to be able to consider a complex of L-cones c

such that the lin C do not all coincide'

Definition3B.5.IfcisasimplicialL-cone,then

the parallelotope of C is the parallelotope P (êr, . .' ,$n)

of its base. Denote ii bY P(C) '

From Proposition 38.2 we now have the following

result in terms of P (c) (which is equivalent to Lemma

34.3 together with its converse) '

Lemma 38.3. If c is a simplicial L-cone' then c

is basic if and onry if in p(c) = ø (that is' if and

only if the only points of L in the closure Þ (c) of

P(C) are ihe 2n vertices) '
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vle remark that if c is a sirnplicial L-cone, and r

is indecomposable in i n C, then 5 is either a base

point of Ct or belongs to P(C).

Outer index of a qeneral L-cone- This is a notion

whictr will be used in expressing bounds in Theorem 3C'2'

(The notion of inner index will be introduced in 53D.)

oefinition 38'6' rf c = c (êr " " '4v) is an

n-dimensional L-cone, the (outer) index of c (in L) is

m(c) = v(c) /vo(c),

where v(c) is the (n-dimensional) volume of

(1) S(C) = conv(Q,3l, .. ' ,fr) ,

and. vo (c) is the volume of the simplex generated by I

and any basis of the lattice L' = L fì lin C'

CIearIy, íf c is sirnplicial, then its index (as

defined in Definition 38.4) is equal to its outer index'

(The index is also equal t-o the inner index define<1 later

in g3D.)

Lemma 38.4.

Let s be a complex of n-dimensional L-cones l-n Rd

Then

(i)

(ii)

By repeated barycentric subd'ivision, we may

obtain a simplicial subdivision S' of S

(see Note 34.I.) such that the base points of

S' are preciselY those of S.

Any subdivision sr of s (wheiher simplicial

or not) whose base points all lie in the union

of the S (c) ' given by (1) for C € S satísfies

I m(D) <
D€Sr C€s

(2)



35.

Proof . (i) is just Le¡nma 3A.2, expressed in terms

of base points. (ii) is clear from volume considerations

for C in S.

It can be shown that by making a subdivision Sr of

s whose cones correspond to the facets of the s (c) not

through Q, and. then usj-ng barycentric subdivision, one

may obtain equality in (2). Another Ifacet construction!

is considered later in g3D, where we will minimise, rather

than maximise the left hand side of (2) (thus obtaining

what witl be called a minimal speciaJ- subdivision of s).

Special cones.

we now introduce the notion of special cones in terms

of deleted simplexes. Special cones will resul{: from the

construction in g3D, and are needed for Chapters 4 and' 5.

Definition 38.7. If S = conv(go r... r3n) is the

simplex with the n f I affinely independent points

30,...r3n as vertices, then the deleted simplex is

5* (êo ¡... rgn) = $ æ {go r "'r$n}

Definition 38.8. If C = c(gr,...,ên) is an L-cone,

then the deleted simPlex S* (C) is

s* (c) = s* (Q tet t...,êr) = {xÀiai € P(c) - {9} lrÀi< Ii.

Definition 38.9. If C - c (3r, ...,fn) is a simPlicial

L-cone, then C is special if

Lns*(c) Ø,

that is, if

a

Lemma 38.5.

Àtar+...+Àn3tt€LnC,
lrt.,.+Àñ< I

lct-!*J g=
q' or
3i fo:
some l-.

A 2-dimensional L-cone C is special if

basic.and only if it is
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Proof. Let Q = c(gr,gz) be a 2-dimensional simplic-

ial cone. By Lemma 38.3, C is basic if and. only if

in p(C) = ø. Hence if C is basic, it is obviously

special. Conversely, suppose C is special' To prove

that C is basic, suppose to the contrary, that

i n p (c) * 9, so that some

e = Àr3r + \z2z€inP(c)'
Then

4' = (1-Àr)gr'+ (t-Irl2reí.

If Àr + Àz( I, then e € L n S*(C), and' if À¡ + \zÞL,

then g, € L n s* (c) . This contradicts the assumption thaÈ

C is special.

Lemma 38.5 is Lemma 6, of Chapter IlI of Cassels [ 3 ] '
and is also (essentially) Thecrem 34 of Hardy and Vlright

t O l. The result does not hold for n-dimensional cones

with n > 2. In chapter 5 on 3-dimensional L-cones we wil]

obtain and use a characterisation of special cones.

It is clear that if c is a special L-cone, then any

face of c (of dimension at least one) is also special'
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53C. Basic subdivisions of a comp lex of L-cones.

In this section, L will again be a fixed lattice in

Rd of dimensíon < d. We will solve the subdivision

problem, and provide the relevant bounds. Then we will

give applications to points of a sublattice of Zn which

lie in the non-negative orthant, and (Corollary 3.C.3) solve

Schinzel I s problem, in its original form'

The main theorem of this section, Theorem 3c.2 on

subdivision, is based on the following key lern:na on bary-

centric subdivision of a complex of simplicial L-cones'

Lemma 3C.1. Let s be a complex of n-dimensional

simplicial L-cones in Rd. Let C be any cone in S of

index m(C) > I. Then the following hold'

(i) There is a Point e in i n P (c) '

(ii)IfDisanyconeinscontainingthepoint

g (of inP(c)), then g€inP(D), and t'he

index m(D) >1.

(iii) In barycentric subdivision of s with division

point 4t the (at most n) cones D1 replacing

D all have index less than m(D) '

Proof (i) This is immedíat'e from Lemma 3B'3'

(ii) Since S is a complex, g belongs to the

cofltmon face F = c fì D. But F is a simplicial

L-cone,anditsbaseisasubsetofthebaseof

Ct and' is also a subset of the base of D' Thus

e€P(c)nF=P(F)=P(D)nF9P(D).Thisshows
that g € i n P (D) , and so by Lemma 3B'3 again'

m(D) > t.
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(iii) The lattice Point e is given bY

9*g=Àr3r+ +lr,*r,'

where 0 ( Ài < I for all i, and êr,' '"ên is

thebaseofD.Tnbarycentricsubdivision'each

cone D ís rePlaced bY the cones

Di = c(Ci t... rêi-f rerêi+tr - -. rên) , where Ài t 0'

The cone Di has index trim(D) by definition

of the index of a simpticial L-cone (Definition 3B'4')

ând by Proposition 3B.I' Thus D is replaced'

by at most n cones Di, all of index less than

m(D). This completes the proof of Lemma 3C'1'

If S is a collection of L-cones, let

N (s) = #{clc € s} ,

E(S) = #{þlþ is a base Point' of S} '
H(S) = max{H(þ) lÞ is a base point of S} r

where H (þ) is the height of þ (see d.ef inition in 5 34.3) ,

and let m(C) denote the outer index of an L-cone c

(Definition 38.6). Notice that these numbers correspond

respectively to (ii¡, (i) , (iii) in 534'4'
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Theorem 3C.2. (Subdivision Theorem' )

Let S be a complex of n-climensional L-cones in Rd,

where n22. Let Sr be (as in Lemma 3B'4) a simplicial

subdivision of s such that the base points of sr aII

Iie in the union of the S(C) for C in S' fhen we

obtain a basic subclivision T of Sr (and so of S) by

the following Processs

Perforrn a sequence of barycentric subdivisions, rvhere

at each step the division point may be chosen to be any

point in i n p (C) , where C is any (simplicial) L-cone

of the subclivision reachecl with index m(c) greater than

L, and stop when all cones of the subdivision reached are

basic.

Then the inequalities belorv appIy, where f (a'b)

denotes the generalised Fibonacci sesuence defined' by

f (arb) : I for b = -a * 1, -a * 2, "', 0,

f (a,b) : f (a,b-a) + + f (a,b-I) for bÞ L,

and N(S), E(S) , H(S) are d'ef ined as above'

For the simplest case where s consists c¡f just one

simplicial L-cone C of index m' we have

(i) N (T) < ,r*- t

(ii) E(T) ( n * = E(C) +

(iii) H(T) < H(c) f (n,m-I)

In the case of arbit'rary S, we have, oD letting

N, = I nm(c)-I t
c€s

r{ (T) < N'
!

E(î) <

H (T) ( max [Ir tc) f (n,m (c) -r))
c€s-

(i)'

(ii) ,

(iii) ,
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Proof . (we note that there is no subd.ivision problem

for n = I, as all I-dimensional L-cones are basic.) The

key Lemma 3C.1 shows that the processes described above all

terminate with basic L-cones, and 'leads 4o the

bounds in (i), (ii), (iii). Parts (i)' to (iii)' follow

easily. The proof of (i)' uses Lernma 38.4 (ii) and uses

the inequality

no'r-l + * ,r*t-t <
and nÞ 2) .

The, proof of (ii) ' uses the fact that N (Sr ) > N (S) .

corollarv 3C.3. (Solution of the special case of

Schinzel's problem of S34.2.)

Let L be an n-dimensional sublattice of Zn such that

the index (zn : L) = r. Then the non-negative orthant

E* = {5-(xi) €Rtl*i>ovi}

has a subdivision T into basic L-cones such that

N(T) <
-n- I.

E(T) <

H(T) <

where f o (arl:) is the generalised Fibonacci sequence

f (a,b) modified (diminished) by taking the initial values

to be 0r... r0r1.

Proof. By Cramerrs rule, the points rgi, where 9i

is the ith naturat unit vector, belong to L. Thus, E*

is an L-cone. Its primitive base points are rrgr ' " ' rrrrgrr,

where riÞ L, and til = for i = 1r. - - rn- Also,

M - .c(rrgrr...rrngn) c L c zn

The index of E+ in L is d,efined to be the index (L:M).
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But

(Zn:M) = (Zn:L) (L:M), or

r¡"'f¡ = r(L:M)'

Hence (L : M), equal to m sâY, divides rn-l ' The

result nov¡ follows by applying the theorem, with fo

replacing f in part (iii) to fit in with the special

circumstances here, when all but one of the coordinates

of each base point of S are zero. (The modified part

(iii) is seen in the same \^¡ay as the original')

Corollarv 3C.4. (Generalisation of Schinzel's

problem to non-full lattices in Rd.) Let L be a sub-

Iattice of zd of dimension possibly less than d. Let

E+ be the non-negative orthant in Rd, Iet L+ = L fì E+,

and let dim l,+ = n. Then there is a finite subset B of

L+ such that every point ï in L+ is expressible as a

non-negative integral linear combination of an n-element

subset of B.

Proof. Let c - (lin l*) n e* (which can easirY be

shown to equal (Iin L) n E+). The result will follow once

we have shown that
(i) L*: Lnc

(ii) C is an n-dimensional L-cone'

' Proof of (i) : L+ = L* fì lin L* = (L n E+) fl lin L+

= L fì ( (rin r,+) n B+)

= L fì C.

Proof of (ii) : The fact that the polyhed'ral cone C

is pointed with apex I follows from the fact that E+

is pointed with apex 9- Since L+ccclin L+, C is

n-dimensional. There remains to prove that each edge of
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c contains a point of L" Now c is d.efined by inequal-

ities with rational coefficients. Hence each edge of C

contains a point e .of Zd n lin L+, and to prove that'

it contains a point ra of L (r €- z) , it is sufficient

to prove that both zd n lin l,+ and the sublattice

L fì lin L+ are n-dimensional. But lin l,+ has a basis

of n points in L*, and L+ c L, so din (L fì lin L*) = n,

and zd n lin L+ c rin L+, so din(zdnrin L*) ( n, and the

result foIlows.

Note (added Auqust, L979) .

The above corollary can be used to obtain a

refinement of Theorem 2 of the paper

A. SchinzeL, Reducibility of lacunary polynomials I,

Acra Arith. 16 (1969) , l-23-1.59.
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g 3D. Minimal special subdivisions, and inner index of

a 1ex of L-cones.

The bounds obtained in Theorem 3c.2 are quite crude

ones. I{e shalI find sharp bounds in chapters 4, 5 for

2, 3-d-i-mensional cones. The method will use the results

in the present section, which concern a choice of the Sr

in Theorem 3c.2, and involve the facets of the convex

huII of the non-zero lattice points in an L-cone'

It is plausible that to obtain an "economical" sub-

division, that is, one v¡ith low bounds, one should start

off the subdivision of S by selecting nelv base points

from within the sets S(c) (see g3B(1) ) for c in S,

while minimising the sum of the outer indices (see

Definition 38.6) of'the resulting cones. New base points

outside any s (c) are then used only if any non-basic

cones result. In fact, this idea does work in 2 and 3

dimensions, as \^7e will see in the applications of this

section to Chapters 4, 5. The lemma and theorem below

are fairly obvious results in 2, 3 dimensions.

Lemma 3D.1. Let c be an n-dimensional L-cone in

Rd (n>- 2) , ret r (c) denote (as usuar) the set of points

indecomposable in í n c, and let

V(C) = Lr{FlF is a facet of conv(i n C), and Q { aff F}.

Then

(i) conv(i n C) is an n-dimensional convex polyhedral

set and. does not contain a'

(ii) Each facet F of conv(i n C) such that 0 f aff F

is an (n-1) -dimensional polytope whose vertices

are points of L.
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(iii)Thesetv(c)consistspreciselyofthepoints

of ccnvli n c) which are visible from I (that

is, points ä in conv(i n c) such that the

line segment QX contains no point of conv (i n c)

other than X) - Every ray in c from 9 passes

through exactlY one Point of V(C) '

(iv) LeÈ F be a facet of conv(f' n c) such that

Q Ç aff F. Let I = n(F) be the unique vector

such that

l' I = I vX€F, and l' X>Lvx€conv(inc)'
Then

iXlXeinc, I' I < 2\ 
=r(c) 

.

(v) Lnv(c) =r(c)-
Proof. Parts (i) (iii) are easily seen'

(iv) rf le inc, but ä{r(c), then ä = {r + Tz'

where 5r, xz €í 0 c, so l'ã = l'ãr + n' lzÞ2 by (iv) '

(v)Thisfollowsfrom(iv),sinceifã€Lnv(c)'

then X€L, and X€F for some facet F of' conv(f'nc)

with OÇaff F.

Inthefoilowingtheoremrm(D)willagaindenote

the outer index of an L-cone D (as defined in Definition

38.6).

Theorem 3D-2- Let S be a complex of n-dimensional

L-cones in Ril b> 2) . For c in S, Iet v (c) be as

defined in Lemma 3D.1. Let

Ss = {coneo (F) l0 f aff E, and F is a facet of

conv(f, n c) for some c € S] 
'

T- U

c€s
=Ll'ì UV(C).

c€s

and let
(rnvtcl)



45.

Then

(i) So is a subdivision of S.

(ii) There is a special subd.ivision sr of So

(thatis,asubd'ivisioninton-dimensional

special L-cones) such tha'L I is the set of

base points of S r . (Special L-cones were

defined in Definition 38.9.)

(iii) For any s1 as in (ii), and any subdivisj-ori

V of S,

X m(D) = I m(D) <' oes r D€S o D€U P€S

Proof. (i) rt is easy to see that the conv(í n c)

form a complex, and hence the F do too. Lemma 3D-I(iii)

then implies that any ray of c from 0 passes through

exactly one point of 
.ËSU(") 

- It follows that So is

a complex. The other details are easily checked. (Use,

for example, Lemma 3D(ii) . )

(ii) A sr-rbdivision 51 of the type required is

obtained by simply applying repeated barycentric subdiv-

ision to so with points of T as division points.

(iii) This follows easily by considering volumes, or

indíces, for each c in s, using the visibility result

in part (iii) of the lemma for the first inequality.

V,Ie note that to economically subdivid'e a given complex,

we could try rorming Sr as in the theorem' and then sub-

dividing the resulting special cones into basic cones.

This is what, we do in chapters 4 and 5, although in the

2-d.imensional case (that is, chapter 4), the second step

is trivial.
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Definition 3D.1. A subdivision of t'he t'ype Sr in

Theorem 3D.2 of a complex s Of n-d-imensional L-cones

will be ca1led a minimal special subd.ivision of S - The

integer
x m(D)

o€S r
X m(D)

D€S o

wiII be called the inner index of S'

Notation. We denote the inner index of a complex

S of n-dimensional L-cones bY

mi (S)

Thus, for simPlicial C,

mi(C) = ili({c}) = m(C),

that is, the inner index coincides with the outer index

(and the orclinary index) . Tt is also clear that

m¡ (S) = E mi (D)
' D€S

Remark. v,le have already remarked that the bounds

obtained in Theorem 3c.2 are crude ones. Howe'/er, to

illustrate the concept of the inner index, wê note that

(as is easily seen) the result (i)' therein may be sharp-

ened to
mi (C)-t

N(T) <

in the case when S = {C} consists of a single L-cone'
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538. Results on Indecomposable points.

In this section we gather together far future refer-

ence some results on the set I = I (C) of indecomposable

points of an L-cone C.

As already mentioned, the points of this set either

belong to P(c) or are base points of c' and they are

included amongst the base points of any subdivision (or

even decomposition) of C into basic L-cones'

The proof of the next result will use a result fiom

Chapter 2 on residues (Lemma 2-2(vi) ) "

Propo sition 38.I. Let C = c(err--.rên), nÞ2, be

a simpticial L-cone in Rd, and let
1(1) 3 = å (crr31r...+o,.a¡)

be in L n C, where 'the 01 are non-negative integers.

Suppose that
(21 crr +...+ sn > (n-I)n - (n-2) .

Then e is decomPosable in i n c.

Proof. The result is trivial for m = 1' So

suppose m2 2. Since the right hand side of Q) is greater

than or equal to m' e+ êi for any i. Hence, if some

o1 Þm, then 3 = 3i + (3-3i) is a non-trivial decompos-

ition of lt and so g is decomposable. Also, if some

oi = O, then since the right hand sid'e of Q) is equal to

(n-1) (m-1) + L, some cri Þm, so by the previous case, $

is again decomposable. Thus, there remains only the case

when 1(cr,i(m-l for i = 1r---'n- By Lemma 2'2(ví),

there is an integer r such that 2(r(m-l, and

rai < oi for i = 1r... rn, where I denotes the least

non-negative residue of x mod' m- Let
1_

Þ=å(rcrr11 *...+ñn4¡), and g=ê-Þ. Then
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Þ, c € L n C, and g + 9. Now consider the special case

when the greatest common divisor of Olr... ¡cr¡¡ITl is 1-

Then þ+ q, so g =.Þ + ç is a non-trivial decomposition,

showing that g is decomposable. In the general case

when t.he greatest common d'ivisor is d > 1, (2) gives

þ+...+ lr > (n-1)ä - +'(n-r)$ - (n-2) ,

and (1) gives
r (a, ..* þ u") ,4 = mre. \ A et*'

and indecomposability of g follows from the result in

the special case applied to 3 with m/d in place of m'

This completes the proof of the proposition'

we know that every'point e of L n c is of the form

(1), where m is the index of c. of particular interest

in chapters 4, 5 are the cases Il = 2,3, which yield the

following corollaries of Proposition 3E'1'

corollary 3!..2. Let C - c (gr,êz) be a 2-dimensional

L-cone, and ret C = Àrêr + \zlzeinc' rf Àr + Àz>1'

then e is decomPosable.

Corollary 38.3. Let C - c (gr ty'z tQt) be a 3-climensional-

L-cone, and let e = Àrêr + \z?z + Àsêg g i' n c' rf

Àr + Àz + \s> 2, then g is decomPosable'

Finally, \¡rê give a result on ind.ecomposable points of

complexes, which will be used in g5D.

Lemma 38.4. (i) Let a € i n r, where F is a face

of the L-cone c. Then e is indecomposable in

C if and only if e is indecomposable in F'

Let S be a complex of L-cones in Rd, let

c,D€S, and. let g€inCnD. Then 3 is
(ii)
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indecomposable in C if and' only if e is

indecomPosable in D'

Proof. (i) Obvious.

(ii) This follows frorn (i) '

Thus, wê make the following definition'

Definition 3E.1. If s is a complex of L-cones,

then an indecomposable point of S is an índ'ecomPosable

point of a member of S' The notation I(S) rvill be

used for the set' of indecomposable points of S '

Note 38.5. If S is a basic complex' that is' a

complex of basic cones, and B(S) is the set of base

points of S, then B(S) = I(S) ' For general S'

B(S) gI(S). If T is a subdivision of S' then

I(S) sI(T).
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CHAPTER 4

SUBDIVISTON OF 2 -DIMENSIONAL LATTICE CONES

Introduction

ïn this chapter T will consider fairly completely the

subdivision problem for a 2-dimensional L-cone C in Rd '

A subdivision of C into basic (2-dimensional) L-cones

lvill be ca I1ed a basic subdivision of C.

After giving some preliminary lemmas in g4A' I will

show, in g4B, that c has a unique basic subclivision Ts

whose base points are indecomposable in i n c, and hence

I will derive bounds for schinzel's problem in this case'

In 54C I will consider other basic subdivisions of c,

and show that any basic subd.ivision is obtained frorn the

"minimal" basic subd.ivision T o by constructing a Sequence

of ,'mediants". In 54D I will relate the notion of sub-

division of 2-dimensional L-cones to Farey sequences'

convergents and best approximations; and in 548 I will

apply the ideas of this chapter to a lemma of schinzel.

g4A. PreliminarY.

In this section I will give some preliminary lemmas'

and I will discuss the relation between decompositions'

dissections and, subdivisions into arbitrary cones, basic

cones and basic cones with indecomposable base points'

Hence it will appear that there ís no real loss of general--

ity in investigating basic subdivisions of a 2-dimensional

L-cone, rather than basic decompositions'
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Any 2-climensional L-cone is clearly simplicial, that

is of the form

C = c(3rrgz),

where 3r, lz are the base points of c (see Definition

38.3).

If Cr, Cz are two 2-dimensional L-cones lying in

the same plane, then clearly a necessary and sufficient

condition that cr, cz have no relative interior point

in common is that Cl f'ì Cz is a face of Cr, Cz (which

may be an edge t or g) - Hence the concepts of dissection

and subdivision of a 2-dimensional L-cone (see 534.3) are

iclentical.

we next consider the relation between d'issections and

decompositions, assuming that our subcones are basic. For

this rve need the following lemma'

Lemma4A.1. Let Cr = c(lr,Qzl ,Cz= c(þr,þz) be

basic 2-dimensional L-cones included in some 2-dimensional

cone c. Then either one of cr, cz is contained in the

other t oT their relat.ive interiors are disjoint.

Proof. Suppose to the contrary that Ct ' Cz overlap

(that, is, their relative interiors are not disjoint), and

that neither of cr, cz is contained in the other. Then

the four edges of cr, cz are distinct, and, without loss

of generality, vte may suppose that they are ordered by

angular displacement in the order 99,, 9þt, 9?'' Obz'

where the last three rays are in the same one of the two

open half-planes of lin c bounded by the line 9gt. Let

A be the linear tranFformation from lin C to R2 for
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which

9(3r) = 9r, o(32) = 92,

where gr, Qz are the unit vectors, and suppose that

9(þr) = 9r, to(þz) = 9z'

so that
(1) The points gt, lz are in the first and second open

quadrants resPectivelY.

Since Cr, Cz are basic, the base points of tP(Cr ) '

A(Cz) generate the same lattice. Hence

(2), gr, c2€22, det(çrtÇz) = 1-

Now (1), Q) Iead to a contradiction, for they imply that

êz t fz,

Çz = ('ezrf z),

1

for positive integers êlr ft,

9r = (errf r),

l":::l
But the value of the determinant is etfr + e2f2' which is

at least 2. This contradiction completes the proof of the

lemma.

Note. The condition that cr, cz are both contained

in some cone C is essential- For example, if 3r, Qz

!ìrere both in the relative interior of Cz, and

Ca = c (-3 t t!z), then Cs , Cz would not sat'isfy the

condition, nor the conclusion of the lemma'

Coro1lary. Let C be a 2-dimensional L-cone, ancl

let

where the

C = Cr U U Cu

Ci are 2-dimensional basic L-cones, and the

irredundant, that is,Ci are all
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ci\ cj for i = !1.,.¡T,
j I

{C¡,...,Cr} of c is a subdivision

U
+

Then the decomposition

of C.

Proof. If
(3) relint Ci n relint Cj * fl,

then by t.he lemma, we may suppose that Ci 
= 

Cj, hence Ci

is redund.ant. Thus (3) does not hold for any L,i' So

{Cr r... rCr} is a dissection, and hence a subdiiision of

Ct since C is 2-dimensional.

The following lemma, which is stated in a form conven-

ient for use in Chapter 5, shows that the irredundancy

condition in the above corollary is automatically satisfied

if the base points of the ci are all indecornposable.

Lernma 4A.2. Let Cr, Cz be basic 1- or 2-dimensional

L-cones, and let c be a 2-dimensional L-cone such that

Cr, Cz c Ct

B(Cr), B(Cz) 
= 

I(c)

(that is, the base points of Cr, Cz are indecomposable in

C). Then Cr n C.z is a face of Cr, Cz-

proof. The result is trivial unless ai least one of

cr, cz is 2,dimensional, so suppose cz is 2-dimensional.

The result will follow if we can show that no base poinÈ of

cr can lie in relint cz, suppose, to the contrary, that

e € B(Cr-) n relint Cz.

Then

g € I(c) fl Cz I I(Cz),

so a € Ï(cz). Since. Cz is basic, it follows that
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ê € B(Cz) I contradicting the fact that 3 € relint cz.

The nexL lemma is an obvious result on arbitrary

subdivisions of a 2-dimensional L-cone'

temma 44. 3. Let C = c (gr rgz) be an L-cone, and let

þr,...,þr be r distinct primitive points in :' 
with

þ, = 3r, þr = ?2, ordered according to increasing angular

displacement from get to 9?r. Then there is a unique

subdivision T of C (containing r-l cones) for

which

B(T) = {Þr,-.-,þa},

namely

f - {Drr...rDr-1},

where

Di = c(þi,þi+r) for i = 1, -. -rr-1.

We recall that by Lemma 38.5, a 2-dimensional L-cone

is basic if and only if it is special.

suppose that c is a 2-dimensional L-cone of index

m(C) = m. Since linear transformations do not affect the

subdivision problem, we may supPose for Èhe purpose of

presenting examples (even though this does not help in the

theory of subdivision), that

C - c(mer rlnêz) r mZ2 c' I c 22,

t"r*r'l = (z2zL) =m-

we conclude this section by giving a nrrmerical example

of basic subdivisions of a 2-dimensional L-cone.

Example. Let 3l = (5rO) = 5er, 4z = (015) = 59zr

C - c(gr t)2) t and let L be the lattice in Zz generated

by 5l-2 and the point (1,3). Then the cone c is the
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non-negative orthant

L is m(c) = m = 5'

i¡r Rt , and the index of c in

A2 (5,5 )

êl

The'parallelotoPe P

zero points of L:

contains the following non-

fr = (1,3)

Qz = (2,L)

{a = (3'4)

{r = (4,2).

of these, ë,, = 24, is not primitive, and ês = 4r + d'

is decomposable in c. one basic subdivision T s of c

is the subdivision (see Lemma 4.A.3) for v¡hich

B(To) = {er,ê2,êr,er} = I(c).

Another basic subd.ivision T I of C is given by

B(Tr) = {3r,Èr,ë:r{rrlz},

and TL is a subdivision of To.

(In examples such as thisr wê can check whether a cone

is basic by using determinants and indices' and we can use

Cor 38.2 to prove indecomposability')

E+

a

(gr,3z)

4z

d
I

3

$+
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5 48. The minimal basic subdivis ion of a 2-dimensional

L-cone.

Let c be a 2,dimensional L-cone. If T is a basic

subdivision of c, then B(T) = r(T), and r(T) 
= 

r(c)'

In this section I will derive and apply the unique basic

subdivision To for which I(To) = I(C) , ot equivalently'

for which B(T0) = I(C). This unique . To will be called

rhe minimal basic subdivision of C.

Theorem 48.1. (Minimal basic subdivision.)
' Let C = c(gl rgz) be an L-cone. Then the mini¡na1

special subdivision To of c (see Definition 3D.1) is

unique, is basic, and is the unique subdivision satisfying

(1) B(To) = I(To) = r(c) = L o v(c),

where V(C) is the set of points of conv(i n C) which are

visible from q.

proof . By Theorem 3D. 2 (ii ) and Lerrnas 3o. I (v) and 38. 5

there is a minj-mal special, and hence basic, subdivision To

of C such that

B(To) = L n V(C) = 
r(c).

Hence

s(To) = I(To) r I(c).

Thus (1) is proved. The uniqueness of the subdivision

satisfying (1) follows from Lemma 44.3, and the uniqueness

of the minimal special subdivision of c follows from this-

The above theorem, which does not depend on cor 3E'-2

leads easily to an alternative proof of that corollary'

A technique f.or calculating To. VJe novr illustrate a

technique for Cetermining I(C) and hence To. Given C,

as in the Example of 544, we will find a sequence of basic
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cones

(2\ c(32,g), c(g'þ), c(þ,er)

whose base points belong to I (C) . The cones in (2) then

form To, and the base points 42, lt Þ, $r comprise

r(c).

that

that

The point

c (gz rg)

e is uniquel-y determined by the conditions

be basic, and e € I(C), for these imPlY

der(ez,e) = der({o,s),e) - -5,

, C = (1,3) + k(0,5), k € Z,

where k is least such that

(I,3) + k(0,5) € C = E*'

(The theorem implies that for this k, e is in fact

indecomposable. ) Hence lç = o, g = (1r 3) .

similarly, þ is uniquely determined by the conditions

that. c(e,þ) be basic, and þ e I(c). These imply that

þ = -/z + hgt .

rvhere h € Z is least. such that '42 + he € C, and this

gives þ=2, þ= (2'L).

Proceeding in this !ì/ay we obtain, ât the next step,

the indecomposable Point $r.

From the technique just illustrated, it is easy to

see that the minimal basic subdivision To of C contains

all the basic cones whose base points are indecomposable.

A consequence of Theorem 48.1 is the following theorem

on bounds, where N(s), E(s), H(s) are as defined in 53c.

Theorem 48.2. Let C = c (1r r2z) be an L-cone of

index m. Then there is a basic subdivision T of C
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for which

of
(3)

and

(i) N(T) ( m

(ii) E(T) ( m*1

(iii) H(T) < H(c).
proof. Let T be the minimal basic subdivision Ïo

C, so t,hat B (T) = I (C) . But

r(c) c (ine(c)) u {et,zz},

f,nP(C) has m-1 elements- Thus

E(1') = # B(T) = # I(C) : m*1r

giving (ii). Hence, bY Lemma 4A-3,

N(T) = E(Í) - I = ilìr

that is, (i) holds. From (3) and, Cor 38.2,

I(C) c conv(Q,ertlz)t

whence (f j-i) follows.

The above bounds are best possible for cones c such

that ín p(C) is contained in the line segment grg2.

54C. Basic subd.ivision s of a 2-dimensional L'cone.

In this section I will first show the existence of

basic subdivisions T of the 2-dimensional L-cone C for

certain prescribed B(T). I will then show that any basic

subdivision of C can be obtained from the minimal basic

subdivision To by repeated barycentric subdivision, where

the division points are "mediants".

Theorem4c.l.Letsbeanyboundedconvexsubset

of a 2-dimensional L-cone c - c(ar'az) such that

S = conv (Q re t ,dz) .

-Let A be the set of all primitive points of L which
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lie in S.

such that

Lemma 4C.2.

D = c(grþ) and

in c. If E/D

that
(1)

Then there is a basic subdivision T of C

B(T) = I(T) = A'

Proof. Since S is bounded, A is finite' Let T

be the unique subdivision of c (see Lemma 44.3) such that

B(r) = A. IrIe now show that T is special. suppose to the

contrary that D € T, where the deleted, simplex S* (D)

contains a point of L. Then S* (D) contains a primitive

point e of L. Such a point g cannot belong to A'

since its angular displacement about I is between those

of the base points of D- But S is convex' so

S* (D) c S, and g € A, a contradiction' Thus T is

special, and hence (by Lemma 3B'5) basic, âs required'

Any basic subdivision T of a 2-dimensional L:cone

C is a subdivision of the minimal basic subd'ivision T o '

because

B(T) I I(c) = B(To).

Hence it is trivial that T may be obtained from T o by

repeated barycentric subdivision. For more detailed

information on possible choices of division points, wê need

the following lemma which we will prove from Lemma 4A'1'

Let. C be a 2-dimensional cone, and let

E be basic 2-dimensional L-cones cont'ained

, then

e+þÈrelintE.
Proof . lrfe will prove the contrapositive' Suppose

g+þ€re1intE.
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Consider the basic cones

Dr = c(e,e+þ), Dz = c(g+þrþ),

which are obtained from D by barycentric subdivision with

primitive division point e+ þ. It follows from (I), that

for i = Lr2,

relint E n relint Di * Ø, EÉOi'

Applying Lemma 44.1 to the two basic cones E' Di contained

ín C, v¡e see that E t Di , fot i = lr2' Hence E :¡ D'

This completes the proof of the lemma'

, Definition 4c.L. If T is a basic subdivision of the

2-dimensional L-cone c, and D = c (erþ) € T, then the

sum a * b will be called a mediant of T. If u is any

basic ",riur.rt=ion 
of T obtained from T by repeated

barycentric subdivision with mediants as division points,

we will say that U is obtained from T

mediants.

by constructing

Notice that a mediant of T cannot be a base point' of

T. Hence the process of constructing mediants enlarges the

set of base points.

Theorem 4C.3. (The mediant construction') Let T be

a basic subd.ivision of, and To the minimal basic subdiv-

ision of the 2-dimensional L-cone c. Then T may be

obtained from T o by construct'ing mediants '

Proof . we have that g(To) c B(T) ' and by Lemma 4A'3'

any set of primitive points in c determines a subdivision

of C. Thus, it suffices to prove that if S is a basic

subdivision of c such that S * T, and

(2) B(s) g B(T),
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then some mediant of S lies in

exists D such that

D = c(e,þ) € S,

Now let E be any cone in T.

Lemma 4C.2, 4+þ + relint E.

required.

T. since S + T, there

D ç T.

By (2') , E É- D, so bY

Thus e+þ € B(T), âs

q4D. Farev seguences, conver gents and best approximations.

Farey sequences, convergents and best approximations

can be consid.ered in terms of cones '

Let us represent each real number 0 by the ray q(0,1)

in R2 emanating from 0 and passing through the point

(0,1),andletusrepresentthepointatinfinitybythe

positive x-axis g(1r0). Then the set of rays representing

R U {-} sweep out the upper half-plane

(1) H- {(x,Y)lx,Y€R, Y>o or (Y=0, x>0)}

(where the negative x-axis, excluding g, is not includeo) '

If 0 is rational, sâY A = r/s, where r's are

relatively prime, and s > 0, then 0 may also be

represented, by the unique primitive point (r,s) on the

ray 9(0r1) or Q(r,s), and æ may be represented by

the point (1r0) on the positive x-axis'

Let

D = c(c,þ),

rvhere e = (ar raz), þ : (b1,bz) are primitive points of

zz tying in H, and det(g,þ) <

Then

â1 ¿
d2

g€D-(2',)
dr ¿ b¡õ.: r, €
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Also,

(3)

where

g€z2nDerd=

101-t' r' ñ'

trg + uÞ,

X > 0, Y 2 0,

Farey sequences. Let G

lril € Z.

n be the, sequence

I n*I
1' -F'

of reduced fractions of

arranged in usual real

subsequence

denominator not

number order, and

exceed j-ng

let F;

n,

be the

Ir01
fr f,r

Either sequence may be referred to as the Farey sequence

of order n. Consider also GL which is obtained by

taking reduced fractions of height rather than denominator

not exceeding n. (The height of a fraction in Fn is

equal to its denominator. )

The stanclard construction of Fn begins with F r

and proceeds by construction of mediants (ar+b t) / (ez*bz)

of consecutive fractions until there is no pair of consec-

utive fractions whose mediant has denominator not exceeding

n. (It is not actually necessary to pass through Fz,

Fs, on the waY to Ftr-)

f¡ lerms of cones, the standard construction of Fn,

considered as a set of primitive points in H' corresponds

to the construction, by constructing mediants (see Defin-

ition 4c.1) , of the basic subdivision T of the basic

cone c({0,1),(1,1)) forwhich B(T) = Fn. Thevalid.ity

of the construction for Fn is most easily Seen from this

viewpoint, and is obvious from (2) and (3).
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Similarly, Gn may be constructed by subdividing the

basic cones c((-r,0),(0,1)) and c({0,1),(1,0)), and

the same applies for Gå.

Converg ents and. best approximations. We will consider

the convergents of the real number 0 from the cones view-

point. Let A be the set of all basic Z2-cones which lie

in H and contain (e,1) ilr their relative interiors'

There are two cases Èo consider.

(a) The case when 0 is irrational.

Vile define the convergents of 0 to be the base points

of cones in A. We witl order these convergents and show

that, apart from an initial segment, they ere the converg-

ents (principal and intermediate) as defined in Lang t 7 l -

Let C, C' € A. From Lemma 44.I, one of C, C' is

contained in the otherr so suppose that

C'cC=c(arb)

and Iet

E = c(g,g+þ), F = c(g+þ,Þ)

be the basic cones obtained from C by the mediant con-

struction. Then from Lemma 4A.t again it follows that

C' c E or F. Now this E or F belongs to A- Thus

under the ordering )_t the immediate successor of C is

whichever of E, F contains' (0rl). Consequently, the

ímmediate predecessor of C exists, and is whichever of

c(3,Þ-c), c(3-þ,þ) lies in H. (Uotice that exactly one

of B-þ, þ-g lies in H. ) Thus the cones in A form a

chain under 2. From (3), it follows that there are onl1z

a finite number of basic cones of A lying between c

and C'. Thus the cones of A may be indexed by the
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integers, and form a descending sequence

(4) C-z ZC-¡>Co=C1 =C2=

[rrom (3), vre also see that the height of the base

poinLs of Ci tend to infinity as i tends to Ó' Since

the Ci are basic, this imPlies that

î ci = Q(0'I).
Also , Lf r < [0], then c(tt,1), (r,o)J € A- Hence

Y ci = II. l
wenowseethattheconvergentsof0'definedas

the base poJ.nts of C in 
^, 

f orm a sequence

(5) B--( (a-r(30(êr(az( <êi<

where <

(6) e < Þ o þ-e € H - {9}'

ê-- = (t,O), and êi is the mediant of Ci-r' Let' us

fix the indices bY choosing

co =.((tel,r),(1,0)).
writing go = ( [ 0] ,1) , ei = (qi, ßi) (i > 0) '

!.re see that the ai/$i for í > 0 are precisely the

convergents to 0, as defined in Lang l' 7 l'

LetDrdenotetheconewithapexQgeneratedby
(0,1) and (-I,O) and let Dz denote the cone with apex

9 generated by (O,I) and (1rO) ' (These are not z2-

cones.) Define the linear function L by

(7) l,(x,y) = ye - x-

Then for 4 not lying on the ray 0(e,1)'

(e) 
"(o) {: 3 if i É 3l

We define the prin cl-p aI convergents to 0 as the converg-

ents gi for which L(Ci), L(g1*r) have opposite signs'
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and we define the intermediate converqents to 0 as the

convergents ei for which L(ei) , L(gi*r) have the same

sign. Now if 3i is any convergent, then from the mediants

method of construction of the sequence (5) of convergents,

there is a unique j for which

(9) c(êi,ei) € 
^, 

j < i'

and for this ), rve have

(ro¡ L(gi)L(¿i)<o' êi+3:= êi+r, ancl

(I1) 3r€relintc(gi,ei) r+kÞ i+I'

AIso, with irj as in (9), and for h = i,j, d'efine E¡

to be the cone with base 3f, and whichever of (1,0) , (-1,0)

lies on the same side of q(e,l) as 3n. Then (11) is

equivalent to
(L2) k < i * go € Ei u E),

and we also have

(13) j < k < i + ek € Ei.

From (fO¡ the following is immed'iate'

Propo sition 4D.1. Given the convergent 3i, let j

be as in (9). Then 3i is a principal convergent if and

only if

lr (ar) l <

Let0beanirrationalnumber,andasbeforetetÄ

be the set of all basic Zz-cones which lie in H and

contain (0rI). Define P in i'2n:u to

imation to e if
(r4) p' € zz n Ht p'< P + lltpll ' lr'(p')l'
where <

agrees with the usual definition except for approximations

with denominator I, and except for the least element (1'0)

be a best approx-
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of 2'nu in the sense of <, which is a best

approximation according to our definition'

Propo sition 4D.2. The best approximations to 0 are

just the principal convergents to 0.

Proof. From the mediants construction of the sequence

(5) of convergents it is clear that, apart from bhe ray

0(o,I), the whole of H is covered by (an infinite number

of) non-overlapping basic Z2-cones c (erþ) . where ê'þ are

convergents on the same side of 0(0rI), that is

r, (e) L (þ) > 0. Let ë be a point of 2' n u, lying in

c(g,þ), and such that 0 + 3'þ. BY (3) ,

fl=Àe+uþ
where

)t),- O', y2 0, À+U>2.

But

t(d) = ÀL(a) + ul,(b) r

hence

(1s) lr,tall > min(lt(a)l,lr(þ)l)-
Also,

(16) ?<9, þ<9.
It foÌlows from (I5), (16) that g is not a best approx-

imation. Thus any best approximation is a convergent. It

also follows from (15), (16) that for the convergent P = 3i-

to be a best approximation, it is sufficient that (14) be

sat.isfied with the restriction that 9' be a convergent.

That is, 3i is a best approximation if and only íf

(17) k< í o' lt(gi)l <

Let j (< i ) be as in (9) . Then one of 3i, êi is

in Dr, and the other in Dz. From the med'iants construction
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of the êx, arrd from (8) , the Br in D1 have positive

r, (ê:<) which decrease with k, and' the Êt in Dz have

negative L(êk) which increase with k' Hence' in each

of D1 and Dz' and so in each of Ei and Ej (see (12) ) '

I r, (e¡.) I decreases with k; Thus

(rs) k < i, L(êr)L(er) > Q + llterll < lr'(en)1,

(r9) k <

From (f3) it follows that k <

in (fO¡. From this and (18), we have

(20), k < i =+ min(ll(e;-) l,lL(et) l) ' llter) l'
If ?i is a principal convergent, then by Proposition 4D.L,

¡rtgi) I <

app::oximation. On the other hand', if 3i- is an intermed-

iate convergent, then (17) is false for k=j, and so 3i

is not a best aPProximation.

(b) The case when 0 i s rational; minimal- basic

subdivisions.

Let 0 = r/s, where (r,s) is a primitive point of

22 lying in H. We d.efine the converqents to r/s as for

the irrational case, with the addition of the point (rrs)

itself. The results are similar to those for the irrational

case, but the chain (4) of cones of A terminates with a

smallest cone C¡ = c(e,þ) such that â * b = (r's) and

nA = l"r = Cf .

we will now state the relation bet'ween these converg-

ents and minimal basic subd'ivisions. (The proof is not

hard,, and will be omitted.) for simplicity' Iet us suppose

that r/s > 0, so that (r,s) Iies in the first quadrant
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c((0,1), (1,0)). Let

Fr - c((0,1), (r,s)), Fz - c((r,s), (1,0)).

Then for i = L,2 the convergents of T/s which lie j-n

Fi are the indecomposable points of Fi, and so d'etermine

the minimal basic subdivision of Fi,

g4E. Note on a lemma of Schinzel.

In this noter wê will use Theorem 48.2 (iii) to simplify

the proof of, and at the same time improve a constani in

Lemma 5 of Schinzel [1I], a copy of which is given in the

Appendix. Vte now give the modification to the lemma, and

then the modification to the proof.

Modification to the statement of the lemma:

In the bounds for vi, Ui in (40), and for h(T) in

(46\, make the replacement

(*) ,'( (z¿r) t)' " by " 12d2) ! "

Modification to the Proof:

Delete the passage beginning with "Let Er be" in

the second sentence of the second paragraph on page t6 and

ending with "v Þ o" at the end of the first sentence of

the second paragraph on page ]-7. Apply the replacement (*)

to the formula in the second last line of the proof. For

the deleted sect.ion substitute the following:

"Let E be the least positive integer such that

(Ero) € l,l, and let n' be the leasÈ positíve integer such

that (0,n) € M. Then

(47',) O <

Let N be the sulclattice (or submodule) of M with basis

(ErO) , (0,n) . By Theorem 48.2 (iii) of L. Lov¡rs thesis, the
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M-cone with base points (E,o), (0,r1), that is, the non-

negative orthant in R2, has a subdivision into basis

M-cones whose prinritive basis points have height not exceed-

ing Qð,2) ! since the point (n,m) has components which

are non-negative integers, it must belong to one of the

basic M-cones, SâY one with base points

(vrrur), (vzruz).

By interchanging the order of these points if necessary, we

may arrange that the matrix

v1 ilt
M-

V¡ Vz

(40)satisfies (4I). Also' and (42) hold. "

Comparison of the two methods.

we took a sublattice of M with diagonal basis (E'0),

(0rn) and subdivided without increasing the bounds on the

height of base points. Schinzel took a triangular basis

(Er,nr), (Or-nz) for M. What he did' is equivalent Èo

forming subdivisions of the basic M-cone .(tEr rlr), (0,-nr))

by the mediants construction to construct Èhe ray Q(1,0) '

This is equivalent to the continued fraction process f'or

obtaining nt/nz. The components of the convergents are

also bounded by (2ö,2) l, and this is where the extra

factor of Qdz) ! come in-
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APPEND IX TO CIíAPTER 4

TAKEN FRO}4 tll]

Ot¿ lhc rctlucibílily oJ ¡tolynontiuls 15

Sirree Ã.¡ at'c iDtcgcrs, [À;¡,-kork,-ks].9)l; thus therc are itrtegers s, f,

such tlrat k,,-ko: {rsr k"-ko: r¡rs]-12t.
Putting zr: ([rDi!nrD'i)lD, ),¿: nzD'i'lD, we get for i ( I

ib¡- iko : z¿s i [tt
and bY (39)

I,il <frflríf ++ll;'l < 2(lc)t-'\1('cc)t,

l2,l <#T P|l < (5¿)'-'.

'Ihis completes the Ploof'
Il,emark. Ilol a given fiuite linear set, denote by g the numbel

of rationally incì.cpendent clistances ancl by Qo the number of rationaliy
iltclepend.ent tl.istances rvhich appear onl¡' once. ft follorçs fi'om the lemma
that if Qo ( 2, then qr < 2. It can easil-v be found. from remarli 1 at the cnd.

oi paper [2] that if oo : 1 then Q : 1. The equality g : po suggests itself,
but I aur unablc to prove it.

¡rraximum of absolute values of the eleurents o1 A.
[¡nrnr¡. õ. Let I be any gìæn tnlegral matr'ir 2x2- nor arbítraty Ttos-

ilír;c integet's tl, tt, ttt, there enísts an, integtal ntaffin

ll : f', prl
'u - U, PrJ

satisJyíng trhe concliliotts z

({0) 0 { r¿ < (1za'):)', 0 { p¡ < ({za') t)' (i' :r,2),
(11) lffl > 0,

(-19) ln, ntl : ltt , of)I , u, a 'íntegels ) 0 
'

antl rítl¿ lhe Jollotcíttg properly. IJ

({3) fn,ttt)l : ls,t)Á,
rhere s, t are integers, / is an, itttegral matrix,

({r) Vl + 0 anil h(it) <4,
tl¿en,

(l;) ill I f l anil [s, ü] : lu,, alT,

u'herc I is an integral matrín and

(lo) h(") < {¿((er¿r):)1i¿(r).
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16

(51)

.4.. Schinzol

Proof. L,¡et S be the set of all integral matrices / satisfying (43) antL

(44). Integral vectors lrry) such that for all zleB and suitable integers
s¿t t¿, lr,yll: [s¿,to]Á form a module, say 9)1. By (aa) zd'? >lÁl
7r 0, whencø l[l ctivictes Qd')!.

It follows that [(2rz!)!,0].9Jl and [0,(2d') !].91. Let å, be the least
positive integer such that, for some Tt, l|t, r.,,f ,IJl ancl let 4, be the least
positive integer such that 10,411.9)ì. Clearly [6r, r7,] and. [0,4r] form
a basis lor 9Jì and. we ma,y assume ¡vithout loss of generality that 0 ( 2¡
1rlr. Ïlence

(47',) 0(Ê¡<(2¿?)!, 0(?r(?r<(2A2)1.
Tret

be the cxpansion o¡ lL into a continued. fraction, wherc b, are integers
4z

> 1 (1 (p ( r); tf 4t:0 let r':0. Put

A-t:-L, B-l:0; Ao:0t Bo:L;
Ar*, -- boAr-Ap-rt Bp+t : beBp-Be-l (0 < ? < ?').

It follows that the sequences Ao, Bo are incre¿sing aucl'for p { r

(48) ApBe-r-BeAp-t : L,

(49) 0(.4¡p(?rr OlBo4rlz¡

(50) ÅrlBr 1A,IB, : hlrtz.

Since n't,, Ìù a,îe > 0, we havo

?'lt

1l
It"

ìn fr

1l

lu,

a,t
Bq

BqEr BqTt-Aqqt
Bo-r8,, Boa7r-Aq-trlz

flz 'ù, 4z

Let, q be the least non-negative integer rvhich can be substituetl for r
iir the last inequality. Àssuming A-tlB-r: -oo n'e have thcrefore

A.
B,

Ao_,

Bo_,
*?r4zn4z

Let us put

,:liiil:I -Í: ,]['d ;l : I
Bq
Bo_,
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On, tl¿a rcducibilily of polyttoníals

fneclualities (4?), (aO) autl (50) ituply ({0). Ily (AS)

L7

ltrl : Et ¡tt
orz : å¡?z ) 0'

ìforeorer', the vectors lr, ltr)r lv¿, !t] for¡n a b¿sis for 9Jl. Since [tr , nr.].Ð1,
there. are iutegcrs 2t, o satisfying ({2). \Ire have

fnroJ- [,,, nr.]Lt-r : ;l lttrtttfl"t-t \t--Aq--t\t -Bq'*Ao't'1
Eflz' ' '1, 

-Bq-rfr Bqtr J

: + fB o- ¡ (tr,r¡ ¡ - nt Ç rl - A o- ¡¡ r, -l ot¡2 - B o(n q, -nl f , ) I .E.u.". Y.-

ft follo¡çs frorn (51) that z¿ )- 0, a ) 0. fn order to prove the
l¿rst statelnent of the lemma suppose that for sorne integtal matris zl

({3) arrd (11) hold. Thus z|e S ancl siuce [r'¡, ¡r¡]<9)l (i :1,2) there are

integers ci¡ r. such that l"¡, trtfl : Lott r¡\r' $: 1r 2). Putting

(52)

ve get
IIT : TÁ.

On the othcr hand, (49) ancl (43) imply

(r-r3) ltc, r;j)I f : ls , tf A .

Since [/l * 0 by (tI), we get (r5) from (õ2) and (53). Ïinally, by (õ9),
({0) and ({a)

' h(T) : ttQItzJ-t) < th(J/)n(r)h(¿J) < 4rl((3¿!)!)Tr(.i-).

This completes the proof.
Lnrnn 6. Iet f(r) be an, irreilttcible Ttolynontíal not rlbitling n6-t

(ô>1), a, p íntegcrs, ø) 0 or p)0. Ior arbttrary positi,"e inlegers n, nt'

ench that aniþnr)o there euí,sts an inlegral matri,t

ìI :ln' ¡l
l-n' Ptl

xrlisfying tlrc conditíons

(i{) 0 ( v¡ ( c(/, q, þ), 0 ( tr¡.( c(1, ", þ) (i : r,2),
(.jj) l-¡fl > 0,
(.16) fn, ntf : ltt,, of)[ , u, o integers ] 0,
(;;) u¡l pp¿) 0 (i :1-,2),
anil haúng the follott'ing gtropeúy:
.tca¡ Ár¡thbetica xlt . 2

,:l:r;l
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CHAPTER 5

SUBDIVTSION OF 3 -DIMENSIONAL LATTICE CONES

5 5A. Introduction.

Let L be a lattice in Rd'

consider the subdivision Problem

As in ChaPter 3, a subdivision in

dimension 3 (see Note 3A'I) will

division and the terms specia I subdivision, simplicial

subdivision, spec ia1 complex, etc-, will be used similarly'

Theargumentwillhingeonthebasicsubdivisionof

special cones (see oefinition 38.9). I shall characterise

3_dimensionar speciar cones ín g58 and appry this charact-

erisatíon to the basic subdivision of speciar cones in 95c.

Then in 55D I shall obtain the main result of this chapter'

namely,thatanycomplexsof3-dimensionalL-coneshas

a basic subdivision T whose base points are indecompos-

able in S, so that

B (T)

The results of 55C, g5D will lead toimprovements for the

bounds in Theorem 3c.2, in the 3-dimensional case, and

thesewiltbegivenexplicitlyforacomplexofspecial

cones in Theorem 5C.4. .A further apprication of the char-

acterisation of special lattices wiII be given in 55E'

vle conclude this section by settling the question of

equivalenceofbasicsubdivisionsandbasicdissections
(see S34.3.) for the purposes of this chapter'

In this chaPter I will

for 3-dimensional L-cones'

to basic L-cones of

be call ed a basic sub-
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Propo sition 54.1. Let D be a 3-d'imensional L-cone

in nd, and suppose that Dr r Dz are 3-dirnensional basic

L-cones contained in D with base points indecomposable

in D, and with disjoint relative interiors. Then the

intersection F = Dr fl Dz is a face of Dr, and of Dz.

Proof . By Lemma 14.1, it follorvs that no point of

F can belong to relint Dr or to relint Dz ' Tf

r = {Q}, or F is an edge common to Drr Dz, then the

result holds. The remaining two possibilities

(i) F is an edge of one of Dt r Dz lying in a

facet of the. other' or

(ii) p = Cr fl Cz r where Cr, Cz are facets of Dl '
Dz respectively, Iin Ci = tin Cz (and Dr '

Dz lie on opposite sides of F in lin D) '

In cases (i), (ii) the result follows easíIy from

Lernna 44.2 (concerning cones in two dimensions)' For

example, in case (ii) , take C = D fì lin Cr ' Then

Cr, CzcC. Since Dr, Dz are basic, so are Crr Cz'

The base points of Cr, Cz, being base points of Dr, Dz

respectively, are ind.ecomposable in D' and therefore in

c, so the conditions of the lemma are satisfied.

The following result is immediate.

Corollary 5A.2. SuPPose that O

a 3-dimensional L-cone C into basic

points are indecomposable in C. Then

of C.

since we will be concerned with basic L-cones D in

an L-cone c such that. the. base points of D are indecom-

posable ín c, there is thus no loss of generality in con-

sidering subdivisions of C, rather than dissections.

is a dissection of

L-cones whose base

D is a subdivision
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5 58. Charact-.erisation of 3-dime nsional speci.al L-cones.

The main result of this section is the characterísation

of 3-climensionat special L-cones (Theorem 58.2). The proof

uses proposition 2.6 from Chapter 2. We begin with two

examples.

Example 1. Let Qr = (1rO'O), Qz = (0r110),

Sa = (Ororl) in R3, and let L be the lattice in R3

consisting of all points \(a,ßrY) , where d, ß, ^( in z

are all even t or all odd- Then c = E* = c(ê1,e2re3) is

a special L-cone of inclex 2. The lattice L has basis

lrtlz, 4=4ata¿2*ga) = (4,h,Þ')'

and e is the only torr-r"to point of L n P (C) '

Example 2. Let !r Yr W be 3 linearly independent

pointb in Rd. Let m, b, c be positive integers such

that
(1)

LeT L

point
(2)

That is,
(3)

m>1, b + c = m' (b'm)

be the lattice generated bY 9r

(crm) = I

Yr W and the

C\.i7(g+bv+I
ê=m

LnP(c) {* (rts+16 y + rc s) I o( r(*-t},

where x denotes the least non-negative residue of

x mod m. Then the cone

Q = c(gryr$)

is special of index m.

Proof. The index of C is clearly (by Proposition

38.2) equal to the number of point.s in Ln P(c), that is,

m. For any point in i n p (C) , the sum of the coordinates

with respect to basis g,Y,Y is, bY (t),



76.

+ rc + I (1<r(m-1)(4)
m

> r.
Hence c is sPecial of index m

It witl turn out that all special cones of index

greater than I are of this type. vfe therefore introduce

the following definition.

Definition 58.1. An L-cone Q = c(9,Y ,W) is u-sPecia1

if ít. is basic or if there exist positive integers m, b I c

suchthat(1),(3)hold.Thepoint €)willbecalledthe

minimal point of C.

Lemma 58.1. Let C = c(gryrg) be an L-cone, and 1et

s be the set of coordinate vectors v¡ith respect to

T
m

rF
m

+T
m

U, 1/, l^7

that is,
(s)

Let m

Y- or

a, b, c

of the lattice points in the parallelotope of Cl

s - {(À,Þ,v) lfp*U!*vw € LnP(c)}.

be an integer greater than 1. Then C is B-r

w-special of index m if and' only if for some

in z'

S= (ra,;6,rc)lo<r(m'lI
m{ } ,

(6 ) 1( a, b, c(m-1,

ra+õ+ã= m+r for t= 1r...rfr-l'

Proof.Supposethatcisu-specialofindexm.

Then by Definition 58.I, (1), (3) hold for suitable b,c'

Thus (4) , and hence (6) holds with a = 1' Similarly' (6)

holds if C is Y- or W-special'

Conversely,supposethat(6)holds.Thentheindex

of C' being the number of elements in S' is equal to ñt.
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Also, bY Proposition 2.6 with k - 3, we have

that a, b, c are all relatively prime to m' one is

equal to 1, and the oLher two add up to m' In the case

a = L, (1), (3) follow, and C is u-special' In the

cases þ = I, c = L, C iS V-SpeCiaI Or V¡-special respect-

ively. This completes the proof of the lemma'

We are now in a position to characterise 3-dimensional

special cones.

Theorem 58.2. Let C = c(g,Y,g) be an L-cone. Then

C is special if and only if C is !-r Y- or w-special'

Proof.TheproofofExample2showsthatifcis

}-lY-orw-Specialthenit'isspecial.Fortheconverse'
we .may suppose that C is special and of index m > 1'

Let S be defined in (5) of Lemma 5B'1' Then S has m

members, â1I of the form *,o, B ,\) , where d,3 ,f are non-

negative integers less than m. we must show that (6) holds'

First we give two preliminary results about S'

(i) Suppose * (o,ß,Y) is a non-zero element of S'

Then

fm+ I (
(7) {

L 1<
These inequalitie

C ís special bY

a+ß+y < 2m-L

ar},'( ( m - 1.

s are easily deduced from the fact that

consídering Points such as

(cl, ß ry) as well as(1,lrr)
(4,ß,Y).

(ii )

(o,ß,y), (0,1'1) I
m

T
m

1
m

Suppose that ,4t, 4z € S, where $r * 32, and

(ai, ßl rYi) . Then crr * ßr *Yr + ct'2 + ßz+\z'for i=Ir2, gi
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Proof of (ii). Suppose to the contrarY that

crr 4 ßr *yr = ctz * ßz *\2. since a7 * lzr \^7e may suppose

without loss of generality, tbat crr > Qz , 3t2 92, Yr < Yz'

Let ot3 = or -uzt ßs =ßt- 92, Ys = Yr-Yz*IIlr ancl let

êg = * (c*.rßsrya). Then ê¡ = gt - 4z + (0r0,I) is a non-

zero point of S' and crg * ßg t Y3 = Illr contradicting the

fact that c is special (the first inequality in (7) ) '

From (i), (ii) we see that for non-zerc- elements

(c¿,ß,y) of S, o+ß+Y takes all the values

mf 1r...'2m-1. Let

which a*b+c = m+1-

required.

Corollary 58.3. T,et C = c(gry,y) be a special L-cone'

Then C is u-sPecial if and onIY if

(8) u+v = I for all g = Àu+uy+vw in inp(c)'

proof. If c is g-special, then it is immediate that

(8) ho]ds. Conversely, supPose that (8) holds, and suppose

that C ís y-special. Then for aI1 e = Àg+UY+vW in

ínp(c), we have À+v = L, and by (g)' u+v = L' so

À = u. Hence C is also u-special' Similarly if c is

w-special.

The following corollary is useful in calculations with

3-dimensional L-cones (for example, in checking whether a

given complex is sPecial). The denominator q of a non-

zero rational number 
^ 

= nn, (p'q) = 1' will be denoted' by

ô (À) .

I
m

(a,b,c) be the member of s for

Then by (7) , we obtain (6) ' as

CorollarY 58.4. Let C = c(gryry') be

the cocrdinate vector

an L-cone and

of a withlet (À,urv) denote



79.

respect to basis grY,Y' If C is u-special' then

(i) u+v€z for all e€í
(ii) ô(À) = ô(u).= O(v) for a1I a € f'

(iii) The index of C is

m(C) = mâT 6(f)
3€L

(iv) inP(c) c relint c'

(Hence, bY Theorem 5B'2, (ii)-(iv) hotd if c is

special.) Conversely, if (i), (ii) hold' then c is

u-special.
proof . Let c be lL-special. Then (i) , (ii) ' (iii)

clearly ho1d. We now prove that (ii) ímplies (iv). Let

e € f,nP(c). Then

(9) e = Àg+UY.+vW , 0 ( Àrp,v<1'

If À = 0, then ô(À) = 1. Hence by (ii), ô(U) = ô(v) = 1'

andsoU-v=Orsog=Qracontrad'iction'Thus

À>O. SimilarlY P,v>0' Thus

(10) tr,u,v ) o,

and this is equivalent to (iv) '

To prove the converse part, let (i) ' 
(ii) hold' Let

g € i, n p(c). rhen (9), (10) hord' Bv (i) ' (9) ' u + v

must be 0 or I- BY (10),

lr*V = J-, À+U+V>1'

Thuscisspecial,and,theconditionofCorollary58.3

is satisfied. It follows that c is g-special.

CorollarY 58.5. Let be a special

L-cone of index m. Then

(11) r(c) = (inP(c)) u ig,Y,v\-

Thuschasm+2indecomposablepoints,ofwhich

(g,Y,g)C =c
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grYry are on the relative bound'ary of C' and the other

m - I points, cornprising i n p (c) , are in the relative

interior of C-

Proof.Clearlythatlefthandsideiscontainedin

the right hand side. For the reverse inclusion vIe need

only show that

(12) inp(c) =r(c)-
We will use Lemma 3D.1 (iv) with F = conv(g,Y,W)' By

definitionof n=n(F)rn'x=1 forall x in F'

Hence, if

e = * (og+$v+Yg) € inP(c),

- then
't

l.g=å(o,+ß+y)
1

and it. follorvs, from the lemma, that e € I(C) ' This com-

pletes the proof of (I2), and hence of (1I). The last part

of the corollary follows fro¡n corollary 58.4 (iv) (and

Theorem 58.2) -

lTheconversedoesnotquitehold'If(I2)holds'

then from Corollaries 3E'2r3 Ì^7e can show that if

e € inp(c), then

e=*(sg+ßv+yW),

m( cr+ß+Y< 2m-l'

But we cannot show tha! c is special, for, âs is easily

shown, the teft hand bound cannot be improved' to m+1'l

The following coróltary of corollary 58.5 relating

thenumberofindecomposablepointsofaspecia}complex
s of 3-dímensional L-cones to the inner index mi (S) of



s (defined in Definition 3D.1) will be a useful adjunct to

the theorem (Theorem 5C.4) on bounds obtained later' If S

is a complex of 3-dimensionat L-cones, then as in 53C, we

let
N(s) = # {clc € s},

E(S) : # {þlþ is a base PoinL of Si '
H(S) = max{H(þ) lþ is a base point of S},

and if U S is 3-dimensionalr wê also let .

ro(S) = # {Þlþ is a base point of S on the

relative boundarY of U SÌ,

and ni (S) : # {þlþ is a base point of S in the

relative interior of U S],

so that
E(s) = Ei(S) + Eb(S).

Corollarv 58.6. Let S be a special complex of

3-dimensional L-cones. Then, in terms of the above

notation,
(i) # I(S) = mi(S) - N(S) + E(S)

(ii¡ I-f S is a subdivision of an L-cone, or US

in R3 and is simPIY connected' then

#I(S) =mi(S) + 2 - Ei(S).

Proof. (i) BY CorollarY 58.5'

# r(s) 1.Ë(m(c)-r) 
+ E(s)

= mi(S) - N(S) + E(S)

(ii) BY Lemma IC-1.

(13) 2Ei (S) + E5 (S), = N (S) + 2 '

Hence (ii) follows from (i).

81.

Iies
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The fotlowing two results are useful in dealing with

u-special cones, and are immediate consequences of the

definition.
Propos ition 58.7. If C = c(g,y,g) is a g-sPecial

I¡-coîê, then the m* I indecomposable points of i n C

not equal to g all tie on the plane through Y'W and

parallel to 99.

Proposition 5B . I . Let Q = c (ll, Y, \d) be an L-cone '

Then C is u-special if and only if t'here is an integer

Cr such that
(crrm) = L,

(ínetcl) u {y,g} = {þllt = 0,1,.--,m},
1 .- , \

þ, = ñ trcr g+ (m-r)y+rgJ.
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E5C. Subdivision of 3-dimensional spec ia1 L-cones, and

complexes.

The main result in this section (Theorem 5C'3) is

that every special 3-dimensional complex S of L-cones

has a unique basic subdivision T whose base points are

indecomposable Points of S, so that

B(T) = I(T) = I(S)

(see Definition 38.1 and Note 3E.5. The first equality

holds because T is basic.)

, Example 1. Let C = Et = c(gr tlztgt) , and let L

be siven by (i n e tcl )

where

{þili = 0,...,5},{gz,9a}

0

¡

!
!
Þ

þ

I
I

tr=

å,0,5,0)

lrr,4, r)

å, n, 3 ,z)

å,t,2,3)
å-,t,r,4)
È,0,0,5)

29

2

3

e

(See Proposition 58.8.)

Then c is Ç¡-special of index 5, and the d.iagram below

represents a basic subdivision T with indecomposable

base points (plane cross-sect.ions being shown) .

9r

Subdivision T z

Çz
êe
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AIl the 9 (= 2.5 - 1) cones have determinant

l/5 : I/slð,et(gr ,9 z,o=t) | , and so are basic ' Barycentric

subdj-vision of c with division point þs produces three

Çr-special cones (tfris could be verified numerically, but

wilI follow from the theory) and further barycentric sub-

divisions with division points Þr,Þrrþ+ results in the

subdivision T as shown-

Lemma 5C.I. Let s be a complex of 3-dimensional

special cones, and. let T be the complex obtained from s

by barycentric subdivision with division point ! in C'

where C € S. ff f = !0, the minimal point of C ('osL
k-,'Y-, or g- SPecicl crong,5¿¿ TheorernS&.¿ ond
öefinition 58.1), then T is special, and

Proof.

r(T) = r(S).
Suppose ! = !o , and' (usin,g Le-ma'-ß' t ûl^ ¡'=¡) let

= c (g,!,[) , Co = c (!o ,!,S) ,c

cv

(1)

Then

three cones

taking D

and

(2)

c (9, !o ,!) , cw c (ts,y, !o ) ,

m = m (C) (- index of C) ,
lto - -: (au+bv*cw),

-Ill

so a*b*c = m*1.

T is obtained. from S by replacing C by the

CrJ, Cy, Cg, and it is sufficient to show that

to be any of these three conesr D is special,

I(D) : þ n I(C) -

If S* (D) is the deleted simplex of D'

ê=Àg+uy +vw €L,
and
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then
1Ì+u+v < 1+:
m

for g € LnS*(D), by (t),

for e € f,nC,

g + !o,gryry.
D is special.Hence L n S* (D) = Ø, and

To prove (2), we note that the right hand side is

trivially contained in the left hand side. We will complete

the proof of (2) by a counting argument. By Definition 38.4

and Proposition 3B.1, the indices of the cones cu, cy, cw

are

m(C..r) = at m(Cy) = b, m(Cr)

Let

a, = .# ((cg n r (c) ) - {Ëo ,y,g}) ,

and similarly define b' , c'. Now

a - ] = *(rtc..r) -{!o,y,W})
by coroltary 5B.5, and similar results hold for b - I, c - 1.

Thus, by the trivial part of (2), vre obtaín

(3) a'<

Thus

(4) m+2 = a+b+c+!Þa'+b'+c'* 4)' +(rtcl)

= m*2 by CorollarY 58.5-

Hence equality holds throughout (4) and (3), and therefore

(21 holds for D = cu,cv,cw. This completes the proof of

Lemma 5C.1.

Note. It is easily shown, using corollary 58.3 thaÈ

if C is u-special, and 9 = !0, then Cu is basic and

Cy, Cy are g-sPecial.

> r+2-
m
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Note. If t * lor 9r Yr ur then it is easily sho\^¡n

that T is not special, and it can be shown from the

uniqueness part of Theorem 5C.3 below, that I(T) + I(S).

The following lemma partially states the uniqueness

part of Theorem 5c.3 and will be used to prove it. It is

well illustrated by Example I above.

Lemma 5C.2. Let c - c(g,Y,Y) be a u-sPecial L-cone

of index m, and 1et
1_

þ, = å (rcrg+ (m-r)v*rw)

for' r = 0r1,...'m, and (cr,m) = I, as in Propositi-on

58.8. Let T be a basic subdivision of c for which

I (T) = I (C) . Then the cones in T containing the point

U are precisely the Dr = c(ts,Þr-1rÞr), r = 1r.'.rm'

Proof. If 0 < s<r( m, then det(u,þ=,þt) = (r-sl/m,

as is easily checked, So that' c(ts,þ=,þr) has index r - s'

The subdivision T must contain some c(g,þo 'þr), 1( r( m,

but this r must be I for the cone to be basic. Hence T

must contain some c (grÞ r ,þr) such that det (9,þ, ,þt) = + 1'

and this T must be 2 for the cone to be basic. Proceeding

this wây, the result follows.

Theorem 5c.3. Let s be a special complex of 3-dimen-

sional L-cones in Rd. Then S has a unique basic subdiv-

ision T whose base points are the indecomposable points

of S. That is,

B(T) = r(T) = r(S)

(where the first equality holds because T is basic).

The subdivision T may be obtained from S by

repeated barycentric subdivision, where each division

point is the minimal point (see Definition 58.1) of the
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relevant cone.

Proof. Existence. This follows from Lemma 5C.Ir âS

the process mùst terminate (with basic T), because for

any subdivision U obtained in the process, B(U) = I(S),

and each barycentric subdivision enlarges B(y) by one

pointr \

uniqueness. It is sufficient to prove the result in

the case when s consists of a single u-special cone

C = c(Ury,g) of index m greater than 1' Suppose that

T is a basic subdivision of C such that I (T) = I (C) '

since c is special, it follows from corollary 5B-5 that

the facet c(y,g,). contains no point of r(c) apart from

y,y. Hence for some point 3 in I (C) , we have

c(V,W,g) € T, By Definition 5B-1, since c(y,y',3) is

basic, wê must have 3 = *! (g+bv+cg) = þ" (in the not-

ation of Lemma 5c.2) . Thus the cones c (y,Þ") , c (g'þc)

lie on the relative boundary of a member of T ' By Lemma

5C.2, and in the notation of that lemma, D" € T' so

c(urÞc) also lies on the relative bounclary of a member of

T. Thus, none of these three 2-dimensional cones can

contain a point of the relative interior of a member of T

(by Lemma lA.tr âS T is a dissection of C)' It

follows that if D € T, then relint D ties in one of

Cu,CY,cw(inthenotation(1)ofLemma5C.}),andsoD

lies in that cone. Thus T = ToU Tv U Tw' where Ta'Tu'T\t

are basic subdivisions,of C¡¡rCyrCç respectively' and

r (Iu) = r (cs) , and similarly f'or ty, tg ' Since C*'CY'CY

have smaller indices than c, the proof of the uniqueness

result can be carried out by inducÈion. Thus the theorem is

proved.
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we now give the consequent'improvements to theorem

3C.2 f,or the particular 3-dimensional caser âs in Theorem

5c.3. The notation N(S), E(S), H(S), and so on' will be

as in g3c, or as in 558. The proof of the following

theorem will use a combinatorial result (Lemma 1C.1) of

Chapter 1.

Theorem5c.4.Letsbeaspecialcomplexof

3-dimensional L-cones in Rd, and 1et T be the basic

subdivision of S such that B(T) = I(T) = I(S)' Then in

the case when S = {C}, and the index of C is m(C) = lnr

we have

(i) N(T) = 2m-r

(ii) E(T) =m*2
(iii) H (T) < 2H (c) , and

H (T) = H (C) if C = Et (the non-negative

orthant).

In the general caser wê have

(i)' N(T) = 2mi(S) - N(S)

(ii)' E(T) = #I(S) = mi(S) - N(S) + E(S)

(iii)' H(T) < 2H(S)

Proof. In (ii)' the first equality is by data' and

the second is corollary 58.6(i) proved earlier from

corollary 58.5. Part (ii) is the special case, and is

proved similarly, or deduced from (ii)'. Part (i) follows

from corollary 58.5 and Lemma lc.I.(The lernma gives g5B

(13).)Part(i)'isobtainedfromresult(i)bysummation.
part (iii) foltows from Definition 58.1 or from 558 (4) -

Part (iii)' follows from part (iii) '
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NoticethatfromLemmatc'IrânYenlargementof

thesetl(T),whereTisanarbitrarysimplicial

subdivision of the special complex S, increases N(T)'

Hence the unique basic subdivision is most economícal,

not. only lrom the point of view of number of base points,

but also from the point of view of number of cones.



90.

g5D Subdivísion of 3-dimensi onal L-cones and comPlexes.

In this section we obtain results on general 3-dimen-

sionat complexes of I,-CorlêS f rorn the results in 5 5C on

special 3-dimensional complexes, and from the results in

53D on minimal special subdivisions which were defined in

Definition 3D.1, and exist by Theorem 3D.2.

Theorem 5D.1. Let s be a complex of 3-dimensional

L-cones, and let Sr be any minimat special subdivision of

S. Then I(Sr) = I(S).

Progf. The proof is similar to that for corollary

58.5. If g = Àg+UY+vg € I(C) for C = c(ts'Y,W) in

Sr, then I+u+r<2, so g€I(S) byLemma3D-1 (iv).

Ilence I(Sr) g. I(S), and the reverse inclusion is of

course trivial.

Theorem 5D.2. Any complex S of 3-dimensional L-cones

has a basic subdivision T such that I (T) = I (S) '

Proof. From Theorem 5D.1 and Theorem 3D.2 there is a

(minimal) special sr:bdivision Sr of S such that

I(Sr) = I(S) . Applying the existence part of Theo::em 5C'3

to the special complex Sr $te obtain a basic subdivision

T of Sr, and hence of S, such that l(T) = I(Sr) = I(S)'

This completes the proof of Theorem 5D-2.

(Result.s on N (T) , E (T) , H (T) would also follow as

in Theorem 5C.4.)
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558. ApPlications of 5 58.

In this section we will discuss an application of

the characterisation of special cones to the character-

isation of latt.ice octahedra in R3. Another application

is given later in the proof of Theorem 6c'3'

Let' 3r r - - -,9n be linearly independent points in

Rt, and consider the convex hull

(I) K - conv(Jêr,..-,tên).

If L is a lattice in Rn which contains 3r r "''3n

but contains no other points of K' then K is called

a lattice octahedron (with respect to lattice L) ' The

problem of characterising lattice octahedra is the problem

of determining for given K, Éhose lattices L for which

K is a lattice octahedron with respect to L. Mordell

t lol discusses this problem, and gives simple proofs of

known results for 11 : 3 ,4.

lrle will now obtain a simple proof of the result for

n = 3 from our theory of 3-dimensional special cones of

g 58.

Theorem5E.l.LetK'givenby(1),bealattice

octahedron with respect to L' Then L has basis

?r, tr2, Êg, or has basis ê1, 42, L(gr+e2+93) '

Proof. The eight cones c(!êrrtê2'ta3) are all

special L-cones, and each is thus special with respect to a

base point.. Let m be their coiltmon index' If m = L'

then !r, /2, 3s are a basis for L, so suppose m> 1'

Irfithout loss of generality, we may suppose that

Cr = c(gr,1z,4s') is gl-sPecial. Let the minimal point of

Cr be
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(gr+hgr+kgr),

(hrk) = I, 1 < h, k ( m-1, h+k = rn.

Without loss of generality, suppose that h< k, so that

kri . The cone Cz = c (êr,-9 z t!s) contains the lattice

point. * (e,+L (-er) +kga) , and is special- rf c.z is

a¡-special, then k*k = m (by the easy part of Corollary

58.3), so h = k = 1, m = 2, the minimal point of Cr is

4Qr+42+a3), and êr, ?2, lr(4ta¿2+3a) are a basis for L'

If, on the other hand, Cz is (-gz)-special, or $a-specialr

then 1+ k = m. But then the cone Cs = c(al t/zt-!z)

contains the lattice point -I [er+er+(-3r)) , so since c¡
ru

is specialr R = 2, and it follows again that ?1, 42,

tZ(?ta¿2+gs) are a basis for L. This completes the proof

of the theorem.

I
m
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CHAPTER 6

SEQUENCESQUADRATIC FAREY

Introduction.

This chapter concerns the quadratic analogue of Farey

sequences and the analogous determinant properties- The

work in this chapter provides some applications of some of

the icleas and results of the earlier chapters, and' this

work was in fact the source of my initial interest in the

investigation of the cone subdivision problem'

In 564 I shall introduce quadratic Farey sequences,

and then in 968 I shall develop some basic results and

notation and outline the plan of the remainder of the

chapter

564. The quadratic Far seguence K-.

lve recall that in 54D we considered the cl.assical

Farey sequence Fn of order n and. also the sequence cL

which consists of all reduced fractions of height not

exceeding n. we recall that GÄ may be generated from-

-L/0, 0/L and L/o by the construction of mediants. From

this construction it is immediate that Gå has the foll-

owing property:

Determinant property of G:,. ff î/s, r'/s' are any

two consecutive members of Gi k/s < r'/s') , then

rst rts = -1-

We sha1l often id,entify a polynomial

f (x) = ax't bx r c

with the triple
f (arbrc),
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and we shall denote its height bY

lrl = max(l.l,lul,l"ll.
Recall that the height of an algebraic number is defined as

the height of its primitive minimal polynomial'

We now define a quadratic analogue of Gi'

Definition. The quadratic l'arey sequence Kn of

order n is the sequence of arr"6d"dratic or rationar

numbers of height less than or equal to n ,ordered accord-

ing tosfatural order' oF rhe recll numhers 
'

Le!

(1) oi € Kn (i = L,2,3)

be consecutive j-n Kr' and Iet

fi = (ai,birci) (i = L,2,3)

be the corresponding primitive minimal polynomials,

'Lhat by definition of Kr,,

lril <

The fi are of course unique except for sign' Let

(21

so

(3) þ=
â1

â.2

â3

br
bz

bs

Cr

Cz

C3

we shall refer to D as the determinant of the fi or as

the determinant of the 0i. It is natural to ask whether

D has some property analogous to the determinant property

of Gå.

Bro$¡n and Mahler Í 2) introduced the above definition

of quadratic Farey sequences, obtained some numerical

information (a table of information for n = 5 is given in

I 2)), and made some observations ancl conjectures (without

any proofs). In particular, they conjectured that if

0r,0 ztls are as in (l), and D is as defined by (2), (3)'
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(4) D-0, lor-1

provided 0z is irrational. t^fe will refer to (4) as the

determinant propertyr so that the conjecture was that the

determinant property always holds lvhen 0z is irrational'

, However, it rvas pointed out by A. Hesterman (private

communication) that the result is false for rt='7, and

I have verified Hestermants calculations.. The Sequence

Kz has 13tI members (of which 655 are positive) and the

determinant property for irrational 0z holds everywhere

except for one set of irrationals 01¡02103 in the

interval (0,t) (betrveen I/5 and I/4) and the related

sets -0s, -0zr-0r; 0ãtr }it,0ît; -0It,-8i',-0ãI wh-ì-ch lie

respectively in the intervals (-1r0), (1r-), (--rI)' The

exception involves the 42nð,, 43rd and 4ltrjl positive members

of Kz, for which D = -2 (when the ai in (2) are chosen

to be positive) :

Approximate
value fi

95"

l_n

of

9-L

o r .2265 (7 ,-6, L)

o z .2287 (7 , 3, -1)

0¡ -23L9 (7 , 7 ,-2\

Despite this, some results about the determinant

of three consecutive elements of Kn will be obtained

this chapter. These will include, in particular, a way

eliminating the most obvious discrepancy when 0z is

rational (see 56F). Before going further, wê need some

prelirninary results and notation-

D



lr/s, r'/s'7, where r/s, r'/s'

of Cå. Forif 0iÞn for i=

the OIt, which lie in lO,L/n) ,

consid.er l-L/n,01 . (!{e maY also

generality, when convenient, that

Lermna 68.1. Let r/s, t'/s'

96-

568. PreliminarY results for K. : elements in G/s,r' /s') .

In this chapter rve wj-II be considering three consecutive

members 0 r ,0 z t0 s of Kn such that 0 z is irrational., and

aS far as the determinant property in Kn is concerned, v/e

will be able to suppose that the 0i aII lie in some closed

Farey interval lr/s,1'/s'), that is an interval

are consecutive elements

L ,2 ,3 , hre may consider

and for 0 i ( -n r{e may

suppose without loss of

the 0i are non-neqative- )

be consecutive elements

of GL.

(i) The elemènts of Kn in the open interval (t/s, r'/s')

are aII irrational.
(ii) If f. is a quadratic polynomial such that lfl <

and f (0) = O, where 0 € (r/s, t'/s'1, then 0 € Kn,

and f is an integral multiple of the primitive min-

imal polynomial of 0.

Proof. (i) This is immediate frorn the definitions.

(ii) It is easily checked that any integral linear factor

of a reducible integral polynomial of height not exceeding

n itself has height not exceeding n. Result (ii) easily

follows from this and from (i).

Lemma 68.2. Let r'/s' be consecutive elements

r'/s') , let f be the Prirn-

O, and let e' be the con-

e€Kn

' î/s,
n (r/s,of G 1,, let

itive minimal

jugate of 0.

polynomial of

Then
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(i)

( ii)

(r)

we may

either

o'È G/s, E'/s'), and

"normalise" f. by multiplying by tl so that

f (x) < 0

f (x) > 0

r' _ r_ = 1=
s' s ss'

x (r/s,0)l-n

l_nx (0, t'/s') ,

for
for

or (1) hords with the inequality symbors interch'anged''

Proof.(i)(NoticethatLemma68.l(i)impliesthat

f is quadratic.) suppose to the contrary that 0,0' Ij-e

in the same Farey interval (r/s, t'/s') ' Then the con-

jugate elements -0, , -0 ,lie in the same Farey interval

(-r'/s' , -r/sl, and similarly for e'-1, 0-1 and for

-O-1, -e'-1. Thus we may suPpose that

O < t/s ( 0r0' <

s )'It S'')i= I, I )' 0, r'>

s+s'Þn*'I.

Then

t<l
n

contradicting the fact that

to e'l =qF >

l"l
(ii) This is i¡ru'nediate from (i).

I
n

Remark. The lemma gives a one-one correspondence

between the 0 in Kn in a given Farey interval' and

their quadratics f. Hence we will sometimes refer to the

order of quadratics f, when vte mean the order of their

zeros in G/s, r'/s') 
:

If f(x) = ax2 + bx + c is a quadratic, it wiII some-

times be convenient to consid.er the quadratic form

(2) f (xry) = ax2 t bxy * cY2 = Y2f $/Y) '
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Definition 68.1. A quadratic f given by (2\ has

form À at r/s (where frs are relatively prime) if

f (r,s) = 
^'

An element 0 in Kn has form À if its primitive minimal

polynomial has form 1A-

The plan of the remaining sections of this chapter is

as follov¡s. In g6C I shall derive some general results

concerning pairs and triples of consecutive elements of

Kn. In 5 6D I shall specify the elements of Kn in l},L/nl

completely and show that the determinant property holds in

this interval. In g6E I shall obtain corresponding results

for l"-1 1.l. rn g6F r sharl show how to obtain the
LN J

smallest element of Kn in G/s, t'/s') for consecutive

elements T/s, r'/s' of Gi-r, I will show that it has form

I at r/s, and using this, I will show how to eliminate the

discrepancy in the determinant when the middle element is

rational. In g6G I will give results on the second sma1l-

est element of Kn in (r/s, t'/s'), without going into

all the details of the proof. In 56H I shall investigate

the set Sr of elements of Kn in G/s, T'/s') with

form I at r/s, and show that the determinant property

holds on Sr (that is, for triples of consecutive elements

in Sr).

vrÏe remark that we may view many of the problems con-

cerning the elements of Kn in terms of lattice points

(a point in 23 corresponds to a polynomial f : (a,b'c) )

and lattice cones. Thus we vrill use a result on 3-dimensional

special cones from chapter 5 in g6c, and r'¡e will use element-
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ary results on 2-dimensional lattice cones in 56H.

56C: General results for 2 or 3 consecutive members of K-.

Two consecutive quadratics.

Theorem 6C.l. Let r/s, t'/s' be consecutive eleme¡Ls

of GL, and let

fi = (airbi,ci) (í = L,2)

be the primitive minimal polynomials of two consecutive

elements 0rr0z of Kn in l-r/s, r'/sll- Then

(1) 9'(f t,f z) = Z3 n lin (f t,f z) ,

that is, f t,f2 ârê â basis for the 2-d'imensional sub-

lattice of z3 in the Plane of ft,fz.

Proof. In the terminology of 534-1, we must prove

that the z3-cone

C = c(ft'fz)

is basic. We may suppose that 01 <

are normalised according to g68(1),

fr(0r) = 0' fr(02) ¡ 0r

fz(0r) <

Suppose that C is not basic. Then

not special, so there exist trrrtrz

f g = Àlf r + \zf z € Zs n C

À¡ + Àz ( 1, 0 < tri<I
It follows that

Ital <

so

f¡(0) = 0

68.1(ii), e

0rr0z. Thus

Éor some 0 € (0r'02).

8z and that ft,fz

so that

Irrl <

lr,l <

by Lemma 38.5 | C is

such that

for i I,2.

By Lemma

ness of

€Knt

is

f¡(02) ;' 0,

contradicting the consecutj-ve-

basic.c
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corollary 6C.2. Under the conditions of Theorem 6c.1,

the 2 x 2 minors of the matrix

br
bz

ât
à2

Ct

C2

have no contmon f actor.
proof. By Lemma 2 of chapter I of cassels [ 3 ], (I)

is equivalent to the condition on the minors'

Three consecutive quadratics.

Theorem 6c.3. Let r/s, r'/s' be consecutive elements

of Gi, 1et 0rr0zt}g (0r<02<0s) be three consecutive

members of Kn in lr/s, r'/s'1, and let

fi = (ai'bi,c1) (i = L,2,3)

be their primitive minimal polynomials' Let

D = det(f rrf zrf s) =

â1 bl C1

a2 bz Cz

â3 bg C3

Then

lpl <

Proof.WemaySupposethatthefiarenormalised

according to 568(1) so that

fl(0r) = 0, fr(02) ;' 0, fr(0e) > 0

fz(0r) <

fs(0r) 4 0, fs(02) <

Suppose that lnl > n. Then the fi are linearly independ-

ent, and the Z 3-cone

C = c(ftrfzrfzl

has index lPl > 1.

ble will show that C is special' Suppose not' then

there are numbers Àr,Àz¡\s in [0rl) no two of which are

zero, such that
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Àr + Àz + Àa ( I

and such that
fq = Àrfr + )'zf'z + Àsfe e 23'

It follows that

Itul<n, f,*(0r) 4 0, fq(0g) ¡ 0'

f,r(0) = 0 for some 0 € (0r,0s).

By Lemma 68.1(ii) , O € Kn , and f4 is- an integral

mult.iple of the primitive minimal polynomial of 0. Since

f 4 is not a multiple of f z' e + 02. This contrad'icts

the consecutiveness of 0rr0zt1s' Thus we have proved that

C is special.

By Theorem 58.2, C is Et-, !z- or €s-special'

Hence, by Lenuna 5B.I (taking r = 1 in 958(6) ) , there exist

positive Ir ril ztVs such that

fs = Irfr + .:zfz + Usf¡ € Zs t

Ur + Irz t l.ls = ] + I
Fl-

Thus

lrsl <

and so lrrl <

As before, this contradicts the consecutiveness of

0rr0 zt|s. Thus we have proved that lpl <

In the next two sections we will study t'lvo rational

Farey intervals within rvhich the determinant D of 3

consecutive elements of Kn always satisfies

lql <

,,(t*ù)
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56D EÌements of K^ in lj/L, I/n) .

The elements of Kn in (o,L/n) may be obtained by

taking reciprocals of elements of Kn greater than n, so

suppose that 0 is a zero greater than n of the integral

quadratic

f (x) : ax2 + bx + c (a>O,lf l <

Then

e:* =,/8"F"
VÍe may then deduce the following results in the order given:

2a

the + sign must hold,

E c
a

c 4 0,

b *å

n
z

a = I,

þ = -n (b>-n*I+0(

(aÞ2*o*ä *| ø"t*at ,l* t(n if nÞ2

= 11 if n=1)

(n-r¡ +4n = n),n-1_T .,

I -n, c) I

Q=

(r,

n+ n
2

+4

Hence the possible quadratics f (x) are, in order of

ascending zero greater than n,

(1, -n, -f)
(1, -n¡ -2)

(I, -r't' -n)

For each of these quadratics, the positive zero lies

between n and n* t exclusive. Irle may now deduce (using

Lemma 68.1 (ii) ) that the elements of Kn between 0 and
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L/n have primitive minimal polynomials, which when arranged

in ascending order, with the red.ucible polynomials (I'0r0),

(nr-1r0) inserted, give the table:
quadratic determinant

I
0

n

n-I

2

I
n

0

00
10
n-1
n-1

-1
-1

0

-1

-1
I
0

o

n

n

-1
n

IVe also have

Thus we have verified that lol <

utive members of Kn in tÙ/L, L/nl, âs well as verifying

this determinant property in the slightly modified form of

the above table. The first and last figures in the last

column of the table illustrate a general result proved

Iater, in 56F, that the least and greatest elements of Kn

in (r/s, r'/s'), ftrfz, sâY, when normal-ised according

to 68 (1) , satisfy

fr(rrs) = I, fz3'rSt) = 1.

568 Elements of Kn in n-l I
i-' f

-I
I

n-I
f,--,By Lemma 6B.I(ii) the e.l-ements of Kn in

correspond to the primitive quadratics

(.r) f (x) = ax2 * bx * c,

(
\

\
)I
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for which

(2) lrl ( D,

(3) Jrtn-r,n) = "2r(Ð - a(n-t)2 + b(n-l)n + cnz < 0,

ìl. ¡ = f (1,r) = f (r) = a+brc > o'

Taylor's Theorem gives

(4) r (x) = r (r) + (x-1) (t' ttl . + r" (1) 
)

- A + (x-1) 2a+b+ x-I
Tza

\
)

Since

<0 for x €
n-1-ã-, t

it follows from (1), (2) that the graphs of the f(x), for

fixed a, do not cross in (+' t)

We now show that when (3) is satisfied too' then A = 1'

with at most 2 exceptions where L:2. The determinant

n - (n-I) o

-1 0

1-1
1 =I

Hence an arbitrary i-nteger triple is an integral linear

combination of the rows. The quadratics correspond'ing to

these rov7s have, respectively, A = lr0rO' Thus an arbitrary

integer quadratic may be written as

(s) f
where orß are integral, and 

^ 
= a + b+ c' It follov¡s

that
(6) f(n-1,n) = a(n-1) - ßn.

From (5), (6) it follows that (2) , (3) can only hold if

^ 
< 2.

-1 - x-I
2n2 )

0
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The case A 2 yields at most two primitj-ve quadratics:

= (n-1, 3, -n) (when nÞ3)

fo (n-1, n) = -I, %fo (1) I

Er0

for which

and

with zeros in

I (n, 2, -n) (when nÞ 3 and is odd)

for which

g (n-I '
(When n is even t g

n) = -n, 'rg 
(I)

is not primitive. )

I

The case 
^

1 yields n2+3n-2 primitive qu4dratics,

For n: l, there is onIY the quadratic

is already covered bY 56D- For nÞ 2,

I Their order is determined bY (4).

(1, Ir-1) and n = I

we have:

n-1
nt(

ßgcba f(n-I,n)

-1
-2

-n
-n-l

-2n+I

-2n
-2n-L

-3n+2

-3n
-3n-1

2a*b = n* I

2a+b = nt 2

2a+b = nt 3

n-I
n-2

I

n
n-l

n

n-1

2

n

n-l

-t
-2

-1

0

-I

-1

0

-1

n-I -n*l -ntl n-I -n+I

-nt3
-nf5

-n+.2

-n*4

-n+3
-nt5

-n*4
-n+6

t
2

I

:
n

2

:
n

3

:
n

I n -n -n*1

0

-l
-2

-2
-3

-3
-4

n-l -n -ni2

2a+b = nf 4

3 n-2 -n -n*3 -4 n'{- 3
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-n (n-1)

-n (n-I) -1.

-r,2

2a+b = n*5

2a*b = 2n

2a*'b = 2n+ I

n

n-l

n

fo(00) = 0,

g = (arrb'rc')

9(0) = 0,

-n*1
-n

-n

= (n, 2, -n)

+.0<r.

0

-1

0

n-1

n-1
n

n

0

2

I

Notice that
a*b*c=I

0+ß-2a+b-(n+I).
' The general rule for the ordering is as follorvs:

Let the quadratics be
n2+3n-2

fi = (ai,bi,c1) (t = t¡ -.. ¡N¡ \J = 2 ,

and let the corresponding zeÍos in ,)n( bet

nt

0r < 0z < ... <

Then (from (4) )

Oi.gj{+Zai+ bit2ui +bj or

2a, + b, = 2ui + bj and ai t tj'

Let us insert into this Èable the quadratics for rvhich

[ = 2. These were obtained above, and are:

fs = (aorbo,co) = (n-I, 3, -n) (n>3)

n-1
n 0o 4 Ì, and

Consider the graPh of hfo. Since

L(ao*bo+co) = I,

YQao + bo) = tt t \'t and for
x-l (*ao ai) >
T \2eo qL' 

\

(nÞ3, n odd)

n-l
t,

')

i>
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it follows from (4) that the graph of \fo lies above that

of any fi (i > I) , so that

0.0 ( 0i for i>I-

As for 49, we have

4(a'+b'+c') : I,

\Qa'+b') = n*1, .

so the sraph of hg ries t" (+, 1) between the graphs

of two quadratics in the first "b]ock" of 'n - 1 quadratics

for which 2a+ b = n * Ir namely between

(i. r, o, +. r) and (+- ,, 2, +- r)
and 0 lies between the corresponding zeros. Thus 0 lies

strictly between the first and last quadratics in that block.

Vüe are now able to calculate the determinants of 3 con-

secutive quadratic j-rrationals in (+, t). Let us initiallv

insert Lhe "normalised" quadratics '<f o, 4g into the appro-

priate positions. Then the quadratic polynomials fall into

"blocks" according to the value of 2a + b. vlhen rt = 2,

there are 3 blocks, but when n23, there are n*2 blocks,

the extra block being formed by Lrfo, for which

2a+b=\Qao+bo) =n+1

Suppose that

hi = (Pi,qi,ri) (i: L,2,3)

are consecutive, and Iet

D=
9t
Ç.2

9s

f1
E2

f¡

Since A=pig+r= for normalised quadratics,

Pt
p2

Ps

1

Pl -Pz
Pz-Pe

9r -92
9z - 9a

D
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Ifthehiarenotallfromthesameblockrthen

two equations must come from the same block, and the other

from an adjoining block, since all btocks have at least two

equations, except for the last block (2a+b : Zi+f) and

thefirstblock (2a+b-nfå if nÞ3, and 2a*b= n*l-

if n = 2) which have one equation each.

Suppose that ht rhz are from one block, and hs from

(i) If the hi

by multiples of

the next. Then

(ii) if hr 1L,9, then

þ= lr -z 
I

I r -2k-r I

(iii) if h = LrT, then

þ: ,2 -1
k -2k-L

D- k -2k-L
1-2

(v) if

are frorn the same block, then they differ

(-1, 2, -1), so D = 0-

=-I

=->2

(k € z),

(k € z) .

Now suppose that hr is from one block, and jrlz, hs

are from the next. Then

(iv) if hr I \f o r then

(vi¡ if

if n=3),

hr : t<fo,

D - lt<
lr

hr = Þrfo,

then

and

-2k-\
-2

and

-2k-lz
-1

k
>2

=t (k€z),

hg I Lrq, then

=\ (k € z),

h¡ = 4g (this can onlY haPPen

D= -t4 (in fact k: 1) -
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Thus, in all casesr oït reverting Where necessary from

the normalised forms \fo r \g to the primitive forms

fo, g, the determinant of 3 consecutive quadratic irrat-

' (n-l \
ionars in (-# , r) is o, t l-

Ttmaybecheckedthatifweaddoneorbothof
(n, -nl-I, 0), (0, n, -n+I) to the beginning of the table'

and if we add one or both of (I, -I' 0), (0, I, -1) to

the end of tire table, then the additional determinants

obtained are all equal to O, t 1. It follows in particular

that the determinant property holds for Kn in the closed

interval n-1
n

Ir

g 6F. The smaltest element of Kr'r in (r/s, r'/s') .

Throughout this sectj.on we 1et r/s, r'/s' be consec-

utive elements of Gi (r/s < r'/s').

Vüe wiII show that the least element of Kn in

(r/s, r, /s,) has form 1 at r/s. (See Defínition 68.1.)

Noiice that results about the least element of Kn in

(r/s, r'/s') may be converted into results about the

greatest element of Kn in the Farey interval (s'/t' ,

s/r) by considering the mapping Q + 0-r (e € Kn) ' For

exampte, the result stated above implies that the greatest

element of Kn in a Farelr interval G/s' t'/s') has form

1 at r'/s' .

AIso, results for r/s 4 0 may be deduced from results

for x/s Þ 0 by considering the mapping Q + -0 (0 € Kn) '

Thus we will often be able to assume that r/s >- 0 without

loss of generality. Notice that the case r/s = 0 has

been considered fullY in 56D-
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Tncidentally, it is an easy matter to shovr that there

do exist elements of Kn in (t/s, r'/s'). For example,

there exj-sts such an element corresponding to one of the

quadratics

(s, -r¡ 0) t (0, s', -r').

This is easily checked using the result

( I) r's s'r = I.

Vüe prove the following stronger asserlion.

Lemma 6F.I. Let r/s, r'/s' be COnSeCutiVe elements

of Gi . Then there is an element of K,', in G/s, r'/s')

having form I at 1/s.

Proof. When r/s = O, the quadratic (-n,-n, 1)

determines an element of form I at 0 in (0, I/n).

Thus we may suppose that r/s I O, and without loss of

generality, r/s >0. Thus rÞL, s2 1-

Since g.c.d. (r,s) = I, tire equation

(2) f (rrs) = ar2 + brs + cs2 = I

has an integral solut.ion

(3) f - fo = (aorborco)r fo(rrs) = I.

(rn fact, f - (s'2,'2r's' , t'2) is a solution by (I).)

As (3) can be written
(4) âs bo Co

s-r0
0s-r

= I,

it. follows that Èhe rows of the matrix are a basis for 23,

and hence the general solution of (2) is

(5) f - fo+o(s',-r'0)+ß(0rs'-r) (o'ß€Z)'

Let f - fr be given bY (3) ' (5) and

-âo ,
0c
r(6) f - f r (ar rbr rct ) (+ c[ = e

I
I ß
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Then, denoting the fractional part of

follows from (5), (6) that

2S, by {x}, it

(7)

By using

(8)

êr

(5), (6) and (3)

br

= - ={-t}[s)

[*] = k; t-l

t cl

it is also easilY checked that
Jg-e-1, J- 1
trJ 'rss

From (7) , (B) , I tr I is at most max (r, s) - However, a

furhter adjustment may be necessary to the solution (6) of

(2), since f, (r'rs') might not be negative, and by Lemma

68.1(ii,¡ this is a necessary and sufficient condition for

fr to give an element of Kn

From (5), it follows that

(9) f(r'rs') = fo(r'rs') + s.t' + ßs'

Hence from (6) , i.t may be verified, using (1) , (3) , that

(ro) fr(r',s') = t'{=d, "'{+} * tli'I s ) - LrJ rs

Let t", st' be the integers determined uniquely by

(fI) r"s rs"= 11 0<rt'(r, 0(st'<s-

(The first and third condítions impty the second, âs r> 0.)

Then

+ kez, k20,.[:J
[:::]I: ,

(and k>0 if s"= 0). Wehave

(r2l =þ if r>1, and

ft(13) ;-- =k+1 if r=1.

Since r/s, r'/s' are consecutive in Ci , k may also

be described as the largest non-negative integer such that

(for given r, s, t", s", n)

(I4) t' = kr + t" {îr s' = ks + s" (n

both hold
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In the remainder of the proof, there are three cases

to consider.

Case rÞ2, sÞ2. In this case, (10) gives

f l (r'r s') < srrs
Since, by (1),

t' st I+
,s

,rS

it follows that

. fr(r'rs') <

(15) f ¡ (r' ,s') <

,so

0) .

k-0
k > 1.

as required.

rS s

-St t+
Þ

rt

F I _ r'
rT

st
2

Thus

fr = (-s*I, I, 0) = (-s",

or directly from (17),

fr(r'rs') = kr' .

as before, .choosingt
(or,ßr) = lto, -l-) if

{
I t-t, -k) if

gives an element of Kn

ts

Now define f - fz by (5), substituting f t, clt¡ ßr for

fo, s,, g respectively. Then (9) gives

(16) fzG',s') = fr(r'rs') + crrr' + ßrs'

Choose

(ar,ßr) = l(o,o) if k = 0,Ì
)

t(-tn-tl ,-(k-1)J ir r > 2-

Then from (I2), (15), (16), fz(x',s') 4 0, and from (7),

(8), (14) , Ir, | <

nomials of form I are primitive) minimal polynomial of an

element of Kn in (r/s, r'/s') having form I at r/s-

Case r : 1. Here, r" = L, s" = s - 1- AIso,

êo = 1(s) .

( 17)

From (10),

Define fz

t,r

Then fz
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Case s : 1. Here, wê Proceed as in the previous case

to get

choosing

Then fz

the proof

fr = (0, 0, 1)

f r (r'r s') =

= (-s", s", r")
s'2 = ks' ,

,

(clrrßr)

gives the required element of Kn- This completes

of Lenma 6F.1.

(-1,0) if k=0

(-k, -k) if k > 1.

The following corollary is immediate-

Corollary 68.2. Let r/s, r'/s' be consecutive

elements of Gi . Then there is an element of Kn j-n

(r/s, r'/s') having form I at r'/s' -

Minimal quadratics. In order to determine the least

element of Kn greater than r/s (for fixed n) we need

to introduce the concept of a minimal quadratic at r/s.

Let r/s be a non-negative element of GÄ (rÞ 0, s > 0) ,

and let 
^ 

be a positive integer. By (4) above, there is

a solution f : fr in 23 of

(18) f - (a,b,c), f(r,s)-^,

and f. satisfies (Ia¡ if and onlY if

(I9) f fr - cl(s,-r,O) + ß(O,s,-r) ,

where c,ß € Z. (Of course (19) is valid for arbitrary r/s

in Gi.) From this, and the fact that A ;' 0, it is easy

to check that (18) has a solution f such that

(20) a Þ -n, lbl Í n, l"l <

(even with a > 0) . If we begin with such an f and subtract

(s, -rt o) or (0, s, -r) repeatedly, subject to the con-

dition that the f obtained always satisfies (20) then the
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process eventually stops, and then at least one of the

following holds:

(2Ll (i) a<-n*s, b<

(ii) a<-n+s, c>

(iii) b > n r, c > n r.

Definition 6F.1. Let r/s20, r/s € GL' ' and 1et

^ 
be a positive integer. Then the polynomial f satis-

fying (18), (20) , and at least one part of (2I) wiII be

called the min imal quadratic of form 
^ 

(at r/s, for

given n), will be denoted by 96 , and will be said to

be of rype (i) , (ii) , or (iii) if (2I) (i) , (ii) , or (iii)

holds respectivelY.

Remarks. Despite its name, a minimal quadratic is not

assumed to have degree 2. Fo:: any 9A of type (i) or type

(ii), ls¡l <

lg¡l , .t, that is, a > n, though not for srnall 
^. 

For

example, if r/s I 0,1, then r' + rs + s2 >

A < 6, then a ( O, so certainlY lg¡l <

Iemma is also easily proved from the inequalities in (21) '

Lemma 6F.3. Let t/s 2 0, r/s € Ci , and let

gr = (a(r),b(l),c(r)) be minimal of form 1. Then .(t) . o

and "(t) 
t o.

vüe have shown that g^ exists for each positíve

integer 
^. 

Also, 9A is unique. This is immediate fronl

the first part of the following lemma.

Lemma 6F.4. Let r/s 2 O, r/s € CA , and let 
^

be a positive integer.
(i) If f is any integral polynomial satisfying (18),

(20), then
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(22¡ ¡ = 9A + cr(s, -r, 0) + ß(0, s, -r),
where orß are non-negative integers.

(ii) Lf, in addition, ltl <

Proof. (i) is easy to check, and (ii) is immedíate

from (i).

Theoren 6F.5. Let t/s, r'/s' be consecutíve elements

, and let A be a Positiveof GL

integer.
(i)

with 0 < r/s < r'/s'
Then

(ii) 9¡ = Àg, + cr(s, -Et o) + ß(0, s' -r), where o'ß

are non-negative integers,

(iii) if there is an f satisfying the conditions of

Lemma 6F.4, and having a zeÍo 0 in (r/s, r'/s') ,

then gA has a zero 0¡ in (t/s, r'/s'), and

0r <

with equality only when thê quadratics are equal

uP to a constant factor-

Proof. Part (i) follows from Lemma 6F'1, and Lemma

6F.4. (Actually, the fact that lgt l <

seen by a direct argument sirnilar to that in the Remarks

above. )

(ii) follows from the inequalities (21) -

(iii) 0¡ ( 0 follows from Lemma 68.4 fot if o,ß are

not both zero in (2L), then the graph of 9^

Iies below thaÈ of f for x > r/s. Similarly'

0r <
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The fotlowing corollary is immediate:

Corollary 6F.6. Let r/s, r'/s' be consecutive

elernents of G^ . Then the least element of Kn in

(r/s, r'/s') has form I at 'Y/s, and the greatest

element of Kn in (r/s, r'/s') has form I at r'/s' '

This result suggests an easy way of eliminating the

most apparent discrepancy (mentioned in 564) in the d'eter-

minant corresponding to 0tr0ztAs when 0z is rational'

We simply eliminate these determinants by inserting an extra

(reducible) quadratic (s, ut r 0) at the rational- point

r/s just before (0, s, -r) - To say that 9r has form 1

at r/s is to saY that on writing

gl : (a(r),b(r),"(t)),

we have

0s-r

S

0

a(r)

0 can

s -r
b(r) c(r)

ct bt

-r 0

I

a'

This is one of the two new determinants created by inserting

(s, -T, O) . In the case where t/s I O, if (c' ,b' ,d') is

the primitive minimal polynomial of form 1 at s/r of the

least element of Kn greater than s/r, then (a'rb' ,c')

is the primitive minimal polynomiat of form I at r/s of

the greatest element of Kn less than r/s, and the other

new determinant created is

a b' c' T -s

s-r 0 0 r -s I
0

(The case r/s =

positive element Kn

be handled seParatelY, the least

being given by (a(tl,b(r),c(t)1of
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(-n, -n, 1) and. the greatest' negative element being g"i-ven

blr (atrb',c') = (-n, tl, 1) ")

The eliminated det.erminant was

D_

Nor,u by Lemma 6F.4 (i) '
(27) (a' , b' ,c' ) =

atb'c

0s-.r
a(r) 5(t) c(t)

(a(tl,b(t),c(t))+cx(s, -rt 0)+ß(0, s, -r),

for non-negative integers o,ß, not both zero. Hence

D = CI. Also, when r/s ¡ 0, it fOllOwS from Lemma 6F.3

applied to gtt and to (c',b',ã'), that t(t) < 0 and

a' > 0. Then from (23) , D is posit.ive, as \¡/as observed

in the numeríca1 data of Brown and Mahler I 2 ) in the ref-

erence to Tabl-e 2. (Their determ-i-nant.s were actually neg-

ativer âs their quadratics had non-neglatj-ve leading coeffic-

ients. )

56G. The second smallest element of K- in ft/s, r'/s').

In this sectionr wê will suppose that r/s, r'/s' are

consecutive elements of GÄ with 0 < t/s < rt /s' t

although the results may be easily translated into results

for negative t/s. We will let

f (i) = (a(il,b(i),"(i)1 (i = I,2)

denote the primitive quadr:atics of the smallest and second

smallest elements 0(t), g(z) in k/s, r,/s,). Thus,

Corollary 6F.6 shows that ¡(t) = 9r. I have also invest-

ígated the quadratic ¡(z) by methods which include

further study of the minimal quadratics of 56F. As the

details are lengthy I will not ínclude 'them here, but
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I shall describe the results and show how they can be used

ín connection with the determinant

det((0, s, -r), ¡(t),f(2))

It will be convenient to express an arbitrary integral

quadratic f such that

f(rrs) = 
^ 

> 0

in the notation

f - [Arorß]

= ¡¡(t) * o(s, -r, O) + ß(0, s, -r)

where by Lemma 6F.4(i), orß are non-negative integers if

lf I =< n. This notation is useful not only in determining,

of two given quadratics, which has the least zeto greater

than r/s, but also in applying various techniques of

obtaining from a given quadratic, a quadratic with a lesser

zero in (r/s, T'/s') .

For example, if

f. = [Àrorß] ,

where ß - 0, a 2 2, is the primitive minimal polynomial

of an element 0¡ of Kn in G/s, T'/s'), and [x]+

denotes the least integer not less than x' and

+
þ= I t

then lrrl ( rrr and h has a zero eh in (r/s,

such that
g(t) < oh < ef '

so o¡ I e('), and f I t(zl .

Let us write in square bracket notation,

f(2) = [A(t),¡r(z),g(z)1

Then it is easily checked that

(.1,,) D = det( (0, s, -r) , ¡ (r ) ,t(zl l = o(z)

I
t ,

A

c[ ']
r'/s'),
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I have provëd by detailed considerations, that

(z ) ¡(z) = [A,1,0], [4,0,1], [^,1,1] ,

Í3r!,21 , or l-3,2,IJ ,

and that the case ¡(z) = l3,2,Lf can only occur when

r/s > I ancl 6(t) + s > n. It follov¡s that the determin-

ant in ( tl ) satisf ies

(A') D=0,!,2, and þ:0rI if 0<t/s4I.

(Negative determinants can occur if we normalise the quad-

ratics to get non-negative leading coefficients.)

The possibility ¡(z) = 1,3,I,21 is interesting- An

example where this holds is when ll = 11, t/s : B/LL,

r, /s, = 3/4, when j_t can be checked by considering minimal

quadratics j-n the sense of g6F and using the various reduction

techniques alluded to in the present section, that

¡(t) = [1,0,0] = (-6,-8,9),

f(2) = 1,3,L,2) = (-7r-10r11).

A consequence of thís example is that at fL/$ in Krr we

have the two consecutive quadratics preceding LI/8, forming

with Ll/8, the determinant,

I rr -ro 7l

l, I -rl = -2 (=-ß(2)atl/Lr)
l. I -rrl

Thus the d.eterminant property for three consecutive elements

of Kn does not hold in this example where the largest

element is rational (providing another counter-example to

a conjecture of Brown and Mah1er) r although the determinant

property does hold (at this point) in the mod'ified' scheme

(explained after Corollary 6F.5) where we place (8r-11,0)

before (0r8r-1I), for then the determinant becomes
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11 -r0 -7

98-6
8-IIO

I have not determined whether the case ¡(z) = 13,2,I)

can actually occur (when r/s > '1). If ít cannot, then it

would follow that the determinant property for three con-

secutive elements

f, 9, (s, -r, 0)

in our modified scheme also holds (for arbitrary r/s € Gå)'

56H. The quadrati cs of form I at r/s.

In this section I will prove the determinant property

for quadratics of form 1. That is, I will prove the

following theorem.

Theorem 6H.I. Let r/s, r'/s' be consecutive elements

of GL . Then the primitive quadratics of elements of Kn

inG/s,r'/s')offormlhavethepropertythatthe

determinant of any 3 consecutive quadratics is 0' t I.

Proof. Let s be the set of all integral quadratics

f (x) = ax2 + bx + c

such that
f(r,s) = 1, lfI <

and let sr be the subset of s consisting of the quad-

raLics in S satisfYing

f (r'rs') < 0.

By Lemmas 68.1(ii) and 68.2(i), there ís a one-one corres-

pondence between the elements of Kn in G/s, r'/s') and

the quadratics in sr. we will Prove the determinant result

about sr by proving a determinant result about s.

= -l (- -o(t) at 8/LL).
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As we

arbitrary

written as

(1)

where fo

For i=1
(2)

we

(3)

have

Thus

crr I
(r/s,

(4)

found in

r/s in

96!-(19) (which is of course valj-d fot'

Gír) , the elemenLs of S nnaY be

f - fo {'o(s, -t,0) + ß(0, s, -r), 0rß

is a particular quadratic of form I at

,2 and elements fi of S such that

fi - f o + cri(s, -r, 0) + Bi(0, s, -r)

€ Z'

r/s.

fr(x) fz(x) = (sx-rl[(or-oz)x.| (ßr-ßz)).

the graphs of f r (x) , f z(x) cross at T/s, and if

dzt at -(ßr-92)/@t-c¿z). Thus the graphs cross in

r'/s') if and only if

- ßr-..92 € G/s, r,/s,)0r - C[2

We now show that this is not possible.

lVithout loss of generality, suppose that r/sÞ 0, s > 0

Since r/s, r'/s' are consecutive in Kn , the larger of

t t T' , s + s' exceeds n. Suppose that (4) hold's' Then

ls' - grl >

If rÞs, then Tt)s', rlrt > sfst, so r*r'> n,

I g, - grl > n. By considering the third components of ft,fz

we see that r ( I, s = I, r/s = L/L. On the other hand,

if r< s, then t' <

f ar - cr, | ;' Dr and from the first components of f t,f z,

s ( t, so r/s = o/I. Thus (r/s, r'/s'l = (Î, *) or

,

(l But it is readily seen from g6D, 56E respectively

that (4) is false in these cases. (In fact the determinant

problem has been disposed of for these intervals. ) Thus we

have shown that (4) does not holcl, that is the graphs of the

n\

-t

' n-L)



I22 -

quadratics f in S do not cross in (r/s, t'/s'), and

so an ordering on the quadratics in s may be defined as

follows: If f¡,f.2 e S' then

(5) f¡ < fz +r fr(x) <

clearly, this ordering on s agrees with the ordering

on sr correspondj-ng to the order of the zeros of the quad-

ratics in sr, and sr is an initial segment of s in the

sense that there is an element fN in Sr such that

sr = {teslr<rr}.
Thus, wê need only prove the corresponding determinant

resul-t for S.

It is also clear front (3) that if ft,f, in S are

given by (2), then

(6) fr < fz ê) cl,1r + ßrs < Gzr * ßzs

or forr + ßrs = 0zr .| ßzs
)
I
[and cr¡ 1 dz

Thus, the ordering < on s is a "linear ordering". one

final observation about s which will make our proof work

is that S consists of the points (a,b,c) of the lattice

Zs which lie in a 2-dimensional convex set, namely that

given by the inequaliÈies

{l
(b=bo or*$s(n

orr in terms of orß, the point g = (arß) ties in the

convex set K in R2 given by the inequalities
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Let

(2)

ft rfz,fs be consecutive

\4tith i =Lr2r3 andwrite

fi = (airbirci)

relevant determinant is

elements of S given

also

(i = I,2r3).

âs bo Co

by

(7)

Then the

D det

= det

= det

= det

al

ã.2

âg

I

t
I

I

I

t

bl

bz

bs

c[¡

4,2

0,3

(It

0,2

0g

Cr

Cz

Cg

ßr

Bz

ßg

ßr

3z

ßg

s-r 0

c s-r

C[ z -C[ r

C[s-02

ßz-ßr

Bs-ßz

= det (gz-gr, cr,a-g2) r

where gi = (oi,ßi) for i = L,2,3.

Suppose that lol > I. Then by Lemma 3B.5, or by

Theorem 34 of Hardy and Wright t e l, there is a point

g+ = (o+rß,*) in 22 lying within the triangle with

vertices gl,gztlr or on its boundary, but distinct from

gi for i f 4. since g+ € K, it follows from (6) that

the quadratic f ,. of S, given bY

f,, = f o + cr,*(s, -r, 0) + ßq(0, s, -t),

lies between fr and fs. But f+ I fz, and this contra-

dicts the consecutiveness of fvrf2,fs- Thus lOl <

required. This completes the proof of Theorem 6H'1'
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CHAPTER 7

AN TNDEX PROBLEM OF CASSELS

574 Introduction.

Throughout this chapter, M will denote a 3-dimensional

lattice, and ' L a 2-dimensional lattice in R3, and the

octants in R3 will be denoted in the obvious t.y Èy A+++,

A-++, and so on. For examPle

A-++ = {Xl"r ( O , xzÞ 0, xsÞ 0}'.

Similarly the quadrants in R2 will be denoted by t A++,

t A-+

Throughout this chapterr rúIê will also let F denote the

convex distance function in R3 given by

(1) F(I) = F(xr'x2,x3) = l"tl + l*rl + l*'1.
Now let M be a 3-dimensional lattice, and A an octant

in R3. Define a minimal point of M in A with respect to

F as a point g in ll n e with minimal F (u) -

For simplicj-ty, suppose that Ii4 contains no points on

the coordinate planes, and. let X be a set of 4 minimal points,

one for each pair of opposite octants + A. Then we have the

following problem, which is the subject of the present chapter:'

Index problem: Vfhat can be said about the index (Ut.l, tXl )

of the sublattice of M generated by X?

This probl.em was raised by Professor J.I^i.S. Cassels in

the Arithmetic Seminar in Cambridge in 1974. Professor Cassels

suggested that one ought to be able to show that the index is

at most 6, or perhaps at most 2, or perhaps even always equal

to 1. The existence of a small bound for th" index is sugg-

ested by results on the classical successive minima. For
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example, by VIII.4.3 Corollary of Cassels [3], the index of the

associ.ated minimal vecÈors in Rn does not exceed n! Ïn

fact, for n = 3, Bantegnie t I I has shov¡n that the index

of these minimal vectors does not exceed 4' (see also Lekker-

kerker t8l p.56.)

For the problem as stated above, the index rteed in fact

not be I. In 57B, v¡e will give an example where the. index is

2, and to retain the possibility that the inclex be always

equal to !, we will introduce one modified 'minimal' Iattice

point. lrie will also discuss briefly the connection with

successive minima.

Then in S7C, I will prove index results for 2-dimensional

lattices in R2 or R3. Sections 57D, 578 concern the two

main ideas which rve will use to tackle the index problem of

Cassels, Finally, in 57F I will obt,ain a bound for this index.

g7B. The set of minimal points of a 3-dimensional lattice,

notation, examples.

Let M be a 3-dimensional lattice in R3. Suppose that

¡tl has no points on the coordinate planes. Then each point 9

in M belongs to a uniquely determined octanL A(u). Let F

be as in g7A(1).

Let the term minimal point of lf in A (or of itt n a)

be as defined in g7A, and let X be a set of minimal points

as in 574. Suppose that

(1) x = {e, þ, Çr È},

where

(2') F(g)<F(þ)<F(g), and' F(þ)<F(q)'

Since Ii4 has no points on the coordinate planes, erþ are
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linearly independent. Let {', g' be points such that

g'€M n a(ç) - Iin(e,Þ)
g'€M n A(4) lin(ê,Þ)

ln (g') = min {r.(Ul lu € v},
r (ê') = min {r (gl lB € w},

=! SAY,

sâY r= T^I

(3)

and let

x, = {erþrÇ'rÇ'}.
In this chapterr ldê shatl investigate both indices

(utt(x)), (utt(x'))
Since a plane in R3 through A contains interior points

of at most three ocÈant pairs i A, it follows that at most

one of g and g lies in lin(3,þ). Hence we may suppose

that ç € lin(ê,þ), so that

c x'
(4)

X,=Xëê61in(e,Þ)

we now give an example where Cassels's index (utltxl)

is 2 but the modified index (ut.t {x')) is 1.

Example 1.

We note first that if I belongs to the lattice with

basis

(0r1,0), (o,o,l), (L,Þr,4)

and I is not a linear combination of (0,1,0) and (0,0,1),

then n (X) >

deformation of the above lattice, namely the lattice M with

basis

B = (-el, I, ezl ,

Y = (-es, -tqr 1),

W = (I; \*es, L+ee )

where the ei are small positive numbers chosen to satisfy

c , {e'þ,!,Ç'},
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conditions to be stated. The e1 are to satisfy the approp-

ríate linear independence conditions over the rationals, so

that. Ñl contains no point on a coordinaÈe plane. The ei are

to be small enough so that f'(X) > Llz say for aII X in

fl[ æ l,(gry). It then follows that one of the minimal points

4t þ' (see (2)l is g in A-+* , and the other is Y in

A--+ , and that these are unique. (AlI the whil. *u are assum-

ing that the ei are small enough-)

Now let 9t q be minimal points of M ín A+++ and A+-+

respectively. Consider the vector

normal to lin(urv) ,

(1* eze,+, -ez13 * trr ErÊr+ * es),

and consider the lattice Point

(-eg + sr, -er - 1r I - e2) .

vXu

v-u =

Suppose that
(s)

Then

and lin (9, v)

where ç'
Let

lies in a

(6)

Er > Ê3 t E2 1 1.

gty € A+++

contains no point of ¡i

A+-+ t

î A+++

Y u€,

Hence

ç ç tin(g'y) = Iin (ê'Þ) ,

ç'=9,
is as in (3) .

us consider the minimal values of F (X) , where X

coset

5€
xl

hg + [(g,Y) (h € z),

q,v

T€

t9r+

A+++ u

0, we

ts€A+

A+-+

have

-+,

h

v(7)

For

F (Y-s) 2 + €r Ee + Eq e 2 t
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and

r'(X) > 24 for other ä with þ = 0'

Eor h = 1, w€ have

(8) Y€A+++, r'(g)=2+ es+ E6

We also have

\+ e. - e z)

'e2 ,

and

r'(¡) > 2, for other I with þ = 1'

For þ = 2, we have

2Y-Y (2+et*Êg, 2esle+' 2eo'ez)

which lies in A+++ on assuming that

(IO) 2eo ) Ez,

and we have

(I1)F(2w-g-y):2+Er+et*2es*Eq+(2¿6-e2)

and

F(x) > 24 for other I with þ = 2'

For h )- 3, we have F (x) > 34, and' for h < 0, ä

clearly cannot tie in A+++ Ll A+-+ unless r (*) is rather

large, certainly greater tharr 3\ (alwa}'s assuming that the

€i are small enough) -

Thus, in considering the conditions (6) ' \Àre find that

the minimal point c = ç' in A+++ must be one of the points

!r 2y - g - Y which satisfy (8) , (10) and (I1) ' and which

have þ = Lr2 respecti'vely. We can ensure that

(L2) ç = 2W-g-Y

by choosing the ei so that

F(2g-g-Y) < r'(Y) ,
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that is, to satisfY

(l-3) erte¡.tes*eates > e2,

and (13) is certainly compatible with (5) and (10) -

Equation (12) implies that
(ra¡ (u' L(3,Þ,9)) = 2.

From the above consideration of the conditions (6), \¡te

also conclude that the point ê' in A+-+ (see (3) ) is

(rs) g'-y-g
calculated in (9), so that with x' as in (4) ,

(o,tt .q,(x')) = I ,

as .c1aimed.

We next prove that the minimal point g in A+-+ is

(16)

(see (7) ) .

Inequalities

d:v u,

e6

(10), (13) imply that

) E¡ * e a * 95 * E+

Hence by (7) , (9) 
'

F (v-u) < n (w-u) 
'

and (16) fo1lows. From thisr vle see that with

l,(X) = [(9,þ,9,ë)

= L (2,Þ, ç) ,

so by (I4), we have

(u: r(x)) = 2,

as we claimed.

Connection with successive minima-

X as rn (1),

Let 3,þ,9,9 be as in (1), Q) . It is clear that the

first minimal point e is just a first successive minimal

point of the lattice M with respect to the d.istance function
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M, itF. (see cassels [3], p.201.) Further, given a lattice

may well turn out that, the successive minimal points are

or 2, þ, ê. Hov¡everr wê noÌv give a simple example which

itlustrates tirat the second successive minimal point need not

even lie in tin (9,þ).

Exarnple 2.

Let M be the lattice in R3 with basis

tf = (Irettez),

v = (esrl-r€,*),

V¡/ = (e s, e a ,-L1\ ,

tt'r tz <

0 . ei . ! for all i.

are successive minimal points, and gB'YrY

so

a , cb

' where

Then $r but

Þ=y,
lin (e,Þ) I lin(g,y) .

Let M be a 3-dimensional lattice in R3, let ÀrrÀz

denote the first two successive minima of M with respect to

F, and let ?,þ denote the first tr.to minimal points as in (1),

(21 . Also, let
(17) F(e) = l.rr, F(þ) = :uz.

Then

(I8) Àr=Utt ;rz- Àr(tr2(;gz.

This is trivial, except for the left hand ineguality, rvhich will-

be proved in 57D.

In the case when the (classical) second successive mininal-

it may be proved that, rê-point gz of IvI lies in lin(ê,þ)

choosing Þ if necessary,.

(19) þ=Ðr or gz g

(the proof would use Theorems 7C-I'

(18) obviously follorvs from (19) -

7C.3.1 , and in this case'
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57C. Minimal Po ints of a 2-dimensional lattice-

In this section, lfe let L be a general 2-dirnensional

lattice in R3 which may have points on the coordinate planes

or axes. IrIe will prove if 3rÞ are the minimal points as

defined below, then

(l 3 r(e,þ)) = l,
except in certain cases when L contains points on Lhe co-

ordinate axes, when the index is 2. It wilt then follow that

the minimal poinLs e,þ of g7B (I), (2) are a basis for

M n lin(g,þ) .

Let p be an arbitrary plane in R3 passing through the

origin. There are three possibilities:

(i) P is a coordinate P1ane,

(ii) P is not a coordinate plane but passes through

a coordinate axis.

(iii) P contains no coordinate axis.

These cases correspond to the cases when the Cartesian equation

for p has two, one or none of its coefficients equal to zero-

Consider the intersections P n A, where A is an octant in

R3. When non-degenerate, P n A is a 2-dirnensional cone, which

we will refer to as a coordinate sector ín P. In cases (i),

(ii) p has four distinct sectors. (In case (ii), exactly two

of the lines of intersection of P with a coordinate plane

coincide.) In case (iii), P has six distinct sectors, these

being determined by the three distinct lines in which the

coordinate planes intersect P-

Now consider the convex distance function F of 574 (t) '

That is,
(1) r(x) = l*'l + l*rl + l*'l-
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I{e will be using the fact that F is linear in each octant

and hence in each sector in P. We will also use the fact

thàt the inequalitY
(2\ r(x+y) < r'(x) + F(Y)

holds whenever no octant contains both ä and Yt and so

holds for any two points of P which do not lie in a coÍlmon

sector.

The minimal points a, b of L.

Let L

P in R3.

' (3)

(4)

(s)

Choose a sector A in P such that g € A, and choose Þ in

L such that
æ (- relint A) d l,(3) = T' sâY,

be an arbitrary 2-dimensional lattice in the plane

Choose g in L to satisfY

e € L, F(e) = mi+ F(g).
u€t

b € f, ru (relint A)

F (b) = min f'(u) .- u€r

We will refer to lt Þ as the first and second minimal

points of L with respect to F. (an analogous general defin-

ition could be given for the first two minj-ma1 points of an

arbitrary 3-dimensional lattice, though we have omitted thís

for the sake of simpticity. ) If M is a 3-dimensional lattice

in R3 such that It'I has no poínts on the coordinate planes,

if gr Þ are taken as the first two minimal points as in g7r-,

and if L = M fl lin(a,b), then a, b are minimal Points of

L in the above sense, ês is easily seen.

Theorem 7C.I. Let L be a 2-dimensional lattice in the

plane P in Rt, and let, 1, Þ be minimal points with respect

to F as given by (I), (3), (4) , (5) above. Then

[l : ¿(C,þ)) = I
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except rçhen r'(g) = F (Þ) and L has basis ?t % (3+þ) (in

which case the index is 21. The exceptional case can only

occur when P has just four sectors, one of which contains

l, Þ on its bounding raYS-

Note 1: Thus, in the exceptional case, one of $' þ

lies on a coordinate axis, and the other lies on a coordinate

plane.

Note 2: If p = iXl"3 = OÌ we may identify F wj-th the

corresponding distance function on R', and infer the analogous

result for 2-di-mensional lattices in R2 -

Proof of Theorem" Let FA denote the linear function

that F coincides with on A. Replacing þ by Þ if

necessary we may suppose that the following (strict) inequality

holds

(6) FA(þ) < n(3)

(that is, q, þ lie on the same side of the line FA(l) = F(3)

in P). From (3) ' \^te have

(7') F (þ) > r'(3) .

we suppose the required index is not I. Then by Lemma

38.5 the triangle 9 g þ contains a point Y of Í' other

than g, /t þ; any such point is of the form

Y=rg*ilÞ, 0<À<
Now since þ E relint A, e € A, I4re have that v € relint A'

Thus it follows from (3), (4) , (6) and the linearity of FA

that y must be in T as defined by (4). If r(g) < F(þ) '
or e and þ are not contained in a common sector of P, or

tr + U 4 1, then by (2), (7) and the convexity of F we obtain

r(v) < F(þ) , a contradiction to (5) . Hence we must have
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(i) F(Þ) =F(3),
(ii) some sector in P contains both g and þ, and

(iii) y is on the line-segrment g Þ.

It follows from (iii) that þ e is not primitive, so

Iet h be the largest integer such that

(8) e-þ=hg (n>2)
for some g in L. By (3), we have

F (e_þ) > hF (e) .

But

< F(e) + F(-þ)

= 2F(g) by (i) .

Hence

(e) r(e+(-Þ)) =F(e) +F(-Þ),

and

(I0) þ = 2.

From (9) (10) we have that
(iv) some sector in P contains both 3 and þ.

Now conditions (ii), (iv) imply that there are two adjacent

sectors in P which both contain Vt and which each contain

one of þ, - þ. This can only happen when P has only four

sectors, and gr þ lie on the bounding rays of one sector.

Moreover, (iii) and (10) show that Y = 1(3+þ), and that 4t Y

form a basis for L. Thus if the index is not I then the

exceptional case specified in the theorem must occur.

Vte now have the following immediate corollary.

Theorem 7c.2. Let M be a 3-dimensional lattice in R3

having no non-zero point.s on the coordinate planes' and let

?t þ, gt ê, x be as given in 57B (1), (2), (3), (4). Then

F (a-b)
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(i) M n lin(e,þ) = 1,(e'þ),

(ii) rf q € lin(g,þ), then ß(x) = L(2,Þ,9)'

The following result can be proved by a proof similar to

that of Theorem 7c.1, but simpler, and we omit the details.

Theorem 7C.3. Let M be a 3-dimensional lattice in R3

with first two (classical) successive minimal points /, Þ

with respect to F. Then the index

(r-r n rin(e,þ) : .c (4,þ) )

is only greater than I in the same exceptional cases as in

Theorem 7C.L with f, = Iin(grÞ) .

In Theorem 7C.3, the exceptional cases of course cannot

occur if M has no points on the coordinate planes.

57D. Distance of lattice planes from the origin.

In this sectionr wê will let M be a 3-dimensional lattice

in R', and although not absolutely necessary, we will assume,

without explicit mention, that M has no points on the coord-

inate planes. We will consider a lattice plane not through

the origin, and paralle1 to lin(e,þ) where ?r Þ are as in

g/R, and find a lower bound for its distance from 0 with

respect to the distance function F of g7A(t).

Consider a pl-ane P in Rt, with equation

(r) yrxr + \zxz + Ysxa = Lt lvtl = m+xlvil.
l-

By the distance 'r of the plane P from A with respect

to F we will mean the minimum value of F on P. We have

(2) r - F(E/yt,O,O) = lt/Yrl
This is easily seen from the fact that F is non-negative and

linear on each octant A, and so achieves a minimum value at

a vertex of one of the polygonal regions P n A-



The following lemma establishes (14¡ of 578.

Lemma 7D.1. Let IvI be a 3-dimensional lattice in R3 ,

let e and Þ be as in 578(1), (2), lrr = F(4), lz = F(þ)

and let Àr (= ur), À,2 be the first two successive minima

as in 578(17), (18). Then

(3) )tz Þ max(Uz-Ur¡l.tr).

Proof. The only non-trivial part to prove is

(4) À'z >

Let g be a point of lvl such that

(5) r (g) < rz l.r r

We must prove that
(6) 9 € l(e)

Let A be the octant such that ê € A.

By definitionr I¡/ê have

(7) F(a) = Þr = T¿t 
r(y)

and

(B) Y€M, F(Y) <ÌrzoY€tA

By (5), (8),

ts€tA
so thatu =+¡¡

g' I 9, g' € A' r(9'

À be the linear function whích

136 .

) :< rz þr

F coincides with on A.

Take

(e)

Let F

Then

Hence

(10 )

Fa(ts') = F(g') > F(e)

= Fe(e).

by (7) , since B' I I'

0 ( Fe (g'-e¡ < . rs (g' )
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Now

( 11)

Thus

(5), (7), (8), (10) impl-Y

g' g € A, r(9'-g) < F(B') <

(9) implies (11). Repeated use of this fact shows that

is a positive integral multiple of g. This establishes

and completes the proof of the lemma.

€

Proof. Let w

¿ > \ (¡r-(cr+ß)).

be a point in M n P. RePlacing g bY

g - g - y if necessary' and then replacing

y by - y if necessary' we may supPose

W - Y¡ ot

- g and/or

tu

(6),

Lemma 7D.2. Let M be a 3-dimensional latùice in R3

Let gr y be linearly independent points in M' and let

be a point of R3 such that

r F(g) = crr r(y) = 9, F(€) = e,(r2\ {t ¡ G lin(g,y).

Let k be a number such that
(13) r(¡) >k f.or all x in IvIælin(g,Y).

Let P be the plane

(I4) P = f + Iin(u,v).

Suppose that
MnPlø

Then

(rs)

W - 9r

gbY

that

where

o<À<4, o<p(\
Applying (13) to the point [r and to the point

2W - g - y,= 2f_ + (2À-1)g + (2u-1)y

and using the convexity of F, we obtain

+uyIg\i7=f+
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I
I

e+Àq,+uß>k
2e + (1-2À)o + (L-Z¡t)ß 2 k,

v¡hich irmnediately gives (15) .

Theorem 7D.3. Let M be a 3-dimensional lattice in Rt,

and let /r Þ be minimal points as in Lemma 7D.1. Suppose

(changing scale if necessary) that

(16) F(e) = 1(= llr), r(þ) - m(= Uz).

Let P be a lattice plane parallel to lin(g,þ), but not

through A. Then with notation as in (I), Q) (re-naming

coordinates if necessary to satisfy (1) ), the distance from

P to 0 with resPect to F satisfies

(17 ) 1Þmax m-2 2-m
-T,4,{

rl
6mJ

Proof . Apply Lemma 7D.2 with

u f (L/yr,o,o)

Since (2) states that

r = lt/vtl ,

the J-emma gives

(rs) r Þ \ (¡r-(r+m)).

By Lemma 7D.1, condition (13) of Lemma 7D.2 will be sat'isfied

if k = m- 1 or k = I. Substituting these values of k into

(I8) gives the first two inequalities of (17) .

The third inequality in (17) is obtained by a simple

application of Minkowski's convex body theorem. The paralle1-

epiped determined by *r þ, E contains a fundamental domain

for M. Hence

I.m.r = F(g)r(b)F(f)

Y = þ'a

det M

-3. (Volume of f (t) < 1), by lvlinkowski

, ês requi.red._1-5
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Notê l.

valid if ê,Þ

with

The third inequality in (17), and its proof, are

are arbitrary linearly independent points of M

p _ u (0 +!)r
u€t,

L is a covering lattice of D.

r(g) = 1, F(þ) = m.

NoÈe 2. Application of Lemma 7D.2 to the classical

successive minimal points (instead.of the minimal points of

578) and corresponding distance r' sâY, yields

(I9) 't'<

(from (18) with r, k' m replaced by r' , À.2, \z t respect-

ively). Thus, íf the minimal point þ happened to be a

second successive minimal point, then (I9) would be an

improvement on (17) . In the case when k = Ill = I, (17)

gives

t>\

which is easily seen to be best possible, and similarly, if

lz = 1 (- Àr), then (19) gives r'> 4 which is best possible.

57E. Coverinq domains.

Let L be a 2-dimensional lattice in the plane P through

the origin in

for L if
(1)

that is, if

R3. We sha1l call a set 0 a covering domain

In this sectionr w€ will find covering domains D in

which F is small, where F is as in g7A(1), and hence

derive an auxiliary result needed for the index problem.
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(2',)

where

(3)

Then

(i)

(ii)

mêx I v.' Ia-

Suppose that P has equätion

Yrxr*!2x2*Ysxs=0

lv'l

t

It follows that if ë is in P Lhen

(4) l"tl = l(yr*,+ ysxs)/ytl <

As explained in 57C, P has four or six coordinate sectors.

We will be concerned $¡ith the quadrants Ì A, t B in P,

where

f a = {XlX€p, x2Þ0, xsÞ0} ,(s) i
Ig = {Xlë€e, xz(0, xsÞ0} ,

which are non-degenerate since' yr I 0.

We observe the following immediate consequence of (2), (3)

and (4).

Lemma 7E.1. If x and y are in P ' then

x2 = Yz and l*rl <

x3=ya and l"rl .lyrl + r(ï) <F(I).

We shall use this observation in the proof of the following

lemma.

Lemma 7E .2. Let !r y be linearly independent points of

L such that

grv € A,

Let

f = {xlI€e, - ü2(xz(uz, 0(xs<v3}
Or = C n A,

Oz - ( n B - {¡l*, 1Yz-\Lzt xg)va-us}

> 0.

2 ãIê covering domains for L'

in 0t or Oz

y - g € B-

t

O ¡ and.

for all

D

x

and
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F(l) < min{n(g) +F(Y), F(g) +F(Y-g), F(Y) +p(y-g)}

xz=0

Xe=0

Proof. (i) The paralldlogram F with vertices

Q, gr Y, Y - ts is certainty a covering domain for Lt and if

I is any poi.nt in F then either I itself or I + 9 or

ð + g - V is in Dt , âs illustrated in the diagram. Hence

Dt is a covering domain for L, and the proof for Dz is

similar.
(ii) Let rt s, t be the points in P such that

t2=u2, tr-=tl, 
-", 

= Yz-lJzr s3 =vgi Lz=-t¡z, ts =vg -1f3.

Then by Lemma 7E.1 the maximum values of F on Dt and Dz

are attained at E and : or !. The result now follows by

using Lemma 78.1 together with the convexity of F- For

example,

rv5

!

u

0

r (g+v) <

r (y) + F (I-y) <

following immediate corollarY.

v-u

lfe have the
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Corollary 78.3. Let L, P, A, B be as in Lemma 78.2,

and let gr Yr Y - ts be points of L not all lying in + A,

and not all lying in t B. Let I b" any point of P. Then

in each quad.rant 14, t B there is a point T such that

(6) ë€L+q' F(I)<
[r]e now introduce further notation in the case when there

are six sectors in P as in (2), (3), that is, when "{z\s I 0.

V,Ie then suppose, bY mapping (xr rxzrxs) to (xr rxzr-xs) if

necessary, that
(7) \z\s > 0.

In this case the line xr = 0 in P divides the quadrant B

j-nLo two sectors, B I , Bz t saY, so that

(8) B=Br UBz.

For each sector E, l-et FE denote the linear fuuction that

coincides with F on E. Vte then have the following lemma,

which is easily checked using (4).

Lemma 78.4. Suppose the plane P given by (2) has six

coordinate sectors and (3) ' (5) ' (7) and (B) hold' Then

n", (I) > 0 for all I in Ez,

except possibly when ï lies on the common boundary of t A

and t B, and a similar result holds with Br and Bz inter-

changed.

The lemma is equivalent to the statement that the lines

in P on which F"r, Fg, vanish must lie in t A, possibly

on its boundary. We now use this lemma together with Corollary

7I..3 to prove the follorving auxiliary result for our index

problem.

Theorem 78.5. Let L be a 2-dimensional lattice in the

plane P in R3 such that (2), (3) hold- Let $, þ' be
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minimal points of L as defined in g7C (3), (4) and let

r(g) = l, F(þ) = m-

Let A, B be the quadrants in P as defined in (5), and let

I b. any point of P. Then in each of the four quadrants

t A, t B there is a point I such that

T € L + g, r(T) ( m + 1.

Proof. By Corollary 78.3, it is sufficient to show that

the minimal points lr þ chosen appropriately if not unique,

satisfy the condj-tion that 4, þ, þ - g do not all lie in
t A, or all in 1 B. We will not use the fact that m Þ 1,

so that ?, þ are actually interchangeable in the argument.

Casel. When e€tA, and þ€tB orviceversarthe

only way for gr Þ to lie in the same pair 1 A or + B is

for jt þ to lie on the two bounding rays of one quadrant,

in which case neither of t (þ-e) can lie in the same quadrant.

Case 2. When Case I does not hold, both g and þ must

Iie in t B but in different sector pairs I Bi, and we may

suppose that a € Br, Þ € Bz. If Fer(g) = 0, we replace þ

by þ - hg where h e Z, h)>. 0 so that the neh¡ þ still satis-

fies þ€gr, F(þ) =m, but also Þ-g q Bz. If Fsr(g)10, then

by Lemma 78.4, FB, (g) > 0, so Fs, (þ-e) < F (þ) , which would

contradict the minimality of F (þ) in gz - ,c (g) if v¡e had

þ-e€Bz. Hence þ-g 6 Bz. Similar1y, we may suppose that

g-þ 6 Br, and so þ-g 6 - Br.

Now if þ-g e Br, then b - (þ-g) + e would belong to

Br, so þ and hence all three of þ, þ- gr g would lie on

the common boundary of Bl and Bz, a contradiction since

þ q 0(+). Thus þ-g 6 Br. Similarlyt /-þ 6 sr, so
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þ-g q - B z. Thus¡ wê have that Þ-g 6 t B¡, t Bz, so

b-a 6 B, as required.

g7F. Bounds for the index.

Throughout this section, M is a 3-dimensional lattice

in R3 having no non-zero points on the coordinate planes,

and. F is as in g7A(1). Let

(1) [ = {e-,Þ,Ç,ë} , X' = {e,þ,Ç,4'}

be as in g7B (1), (4) with

(2) r(g) = 1, F(þ) : m )- 1-

- We wiII use the results of 97D, 7E to obtain bounds for the

indices of the sublattices l,(x) and L(x' ) in M-

Let the plane

p = lin(arb)(3)

have equation

(4)

where

(s)

Condition (5)

(6)

]rxr 1- Y2x2 * YsXe = 0t

- yr 2 .(" 2 yt.>- 0.

implies that for all I in P

l*'l * -yify, n(5) <

Since (5) also implies that (4) of 578 holds, we will be able

to use the results obtained there on the quadrants ! A, t B

of P (bounded by the lines x2 = 0, X3 = 0 in P) - Using

the notation A*** , etc., fot the octants as at the begin-

ning of 574, we note that
(7) PflA-**={Q},

which follows from (5). Since M has no point on Èhe coord-

inate planesr wê have "(z I O. But Ys may be zeto, in which

case r^re also have P 0 A-+- = {9}
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For E € R, let P(E) denote the Plane

(S) P(E) = (E'0,0) -F P,

and recaIl that by 57D (1) ' (2),

(9) u € P(E) + F(u) >,? lql .

We define

(10) re : min{l6l I e * O, P(E) contains a point

of MÌ.

Thus, by g7D (1), (2), rs is the distance with respect to

F between adjacent lattice planes parallel to P. We recalI

1l
6mJ

We shall consider the index of 9"(2,þ'g) in M for

certain vectors u. By Theorem 7C.2 we have

9.(e,þ) = ![ n P,

and it therefore follows that, for any u in M and integral

hr.

(12) g€MfìP(hto) € [utø(e,þ,g)) = lhl.
The following lemma produces special points in MnP(hto) for

suitable h.

Lemma 7F.1. Let M, 3'Þ, P, Te be as above, satisfying

hez.and (10), and let

that by Theorem 7D.3

(11) re Þ max m-2 2-m-7, 4 ,

(21 to (5)

(i) Îf
(r3)

then each of the octants

point W such that

hto > mtI_T

A+++, A+-+, A+--, A++- contains a

(r4)
w € M fì P(hto),

F(g) < hto + m + 1.

the octant A+++ contains a point Y such that(ii) rf h> o
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y = y + (h'r0,0,0) € M n P(hto),

r^¡here

Y € A+++, F(Y) ( m * 1-

Proof. Let g be any point of M n P(hro)' and let

g : g - (hro,0rO).

By applying Theorem 78.5 with this g, $/e see that each

quadrant E (= t A, t B) contains a point Y such that

Y € E, r(y) ( m * L,

g = y + (ht¡,0,0) € I{ n P(hto).

Since, by (6), each y has lntI <

ensures that each W has wr >

required in (i). In the case of the octant, A+++, (ii) follows

from the above and (7).

We can now give a result on indices.

Lem¡na 7F'.2. Let M,

(2) to (5) and (I0). Let

g beapointof G-P

[u:.n (e,þ,g))

/r þ, P, Ts be as above,

G be any octant in R3,

with minimal F (x) . Then

satisfying

and let

and
(i)

(ii)

3
2

m*1 + l,

if Ç:tA+++,

(ut.t (e,þ,g) ) <

Tg

then
m*l

- 

+ I.
TO

Proof. Without loss of generality, we may suppose that G

is one of the bctants A+++, A++-, A+--, A+-+. Appty Lemma 7F.L

with h as the least integer greater than or equal to (m+1) /2r0,

so that
(r5) r<h<T+1 +1-- 2to L'

to obtain a point g in the same octant as u and satisfying

(14)rsothat g€M-P, and

(16) F(w) <
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Let k be the required indexr so that, bY (L2) ,

hence by (9),

(17)

Suppose that

g € ¡4 n p(kro),

we have

r(g) Þ k'ro.

(i) does not ho1d. Then

m*l_Tkto > + rs + (n+1) ;' 0,

so by (15) , (L7) ,

r(g)>hTp+(m+t), !6P.
By (16), this contradicts the minimality of g. Thus (i) holds.

The result (ii) is proved similarly,using (ii) of Lemma 7F.1

wi-th þ = I.

Vüe now combine our results to give our final j.ndex estimates.

Theorem 7r.3. Let M be a 3-dimensional lattice in R3

having no non-zero points on the coordinate planes- Let X,X'

be as in (t) above and in 578 (1) ' (4), and let

m = F(þ)/r(g) >

(¡)=max

(i) Each of the indices

less than

1ì
6mJ

(r'n: ø (x') ) is positive and

m-2 2-m_7, _T,

(n:ø{x)),

3
z

m*I +1
TJ

(3), (4) , (5) . If neither a nor b(ii) Let P be as in

lies in the quadrant

A = {¡f X€e, xzÞ0, xsÞ0},

then

[ut r 1¡') ) üJ

Corollary 7F.4. For all m, the indices in (i) are at

For allmost 62 and if m)11 these indices are at most 4.
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m, the index in (ii) is at most 4I and if m) I this j-ndex

is at most 3-

Note. The above bounds are rather crude for small m-

It should be possible to drastically improve them by obtaining

an improved version of (17) of Theorem 7D.3, in particular for

the case when m is near 2.

Proof of Theorem 7F.3. The indices [¡r: ø (x) 
J and

(ut I (x') ) are just the greatest cornmon divisors of [iu:.t (e,Þ,g) )

with (m,l (g,Þ,ê) J and [ut I (a,b,d') ) respectively. Hence to

to prove (i)

(r8)

(1e)

it is sufficient to prove that

o<[u:l(e,þ,g)i.] + +1

holds when y = g, and to prove (ii)

that under the assumptions on a, b

[u: .1, (e, Þ, g) ) . m+1

it j-s suffi.cient to prove

in (ii), IÁ/e have

t+
(J

when g is one of Çr q'. Now if g is any of the points

t g, t g' and G is the octant containi-ng B¡ then g is

the minimal point of G - lin(g,þ). Assume without loss of

generality that P is as in (ii). 'Ihen on applying Lemma

7F'.2(í) and using (11) , \de obtain (18), in particular with

If neither of /t þ lies in A, then t â, t b must lie

in A++-, A+-+ (or vice versa) and one of t ç, 1 d' must lie

in A+++. Taking this point as g in Lemma 7F.2 (ii), and

using (II), we obtain (19) . This concludes the proof of the

theorem.

u:c.
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