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GENERAL INTRODUCTION.

1. The scope of the thesis.

The material in this thesis falls into three parts which
are linked by their use of ideas from the geometry of numbers
and their emphasis on 3-dimensional lattices.

The first part of the thesis is in the first five chapters
and concerns problems on subdivision of lattice cones related
to a lattice point problem of Schinzel. (A lattice cone is a
cone with vertex at the origin and edges determiﬁed by lattice
points.) After establishing the necessary preliminary geomet-
rical and arithmetical results in Chapters 1 and 2, I will
introduce the subdivision problems at the beginning of Chapter
3. These problems will be considered for lattice cones in n
dimensions, 2 dimensions and 3 dimensions in Chapters 3, 4 and
5, respectively. Applications of the 2-dimensional results to
another problem of Schinzel and of the 3-dimensional results
to lattice octahedra will also be given.

The second part of this thesis concerns work arising from
a problem of Mahler on the gquadratic analogue of the classical
Farey sequences, and my results are presented in Chapter 6.

To prove one of the results there (Theorem 6C.3) another
application is made of one of the main results on 3-dimensional
lattices in Chapter 5.

The third part of this thesis concerns an index problem
of Cassels. Our investigations leads to bounds on the index
of the sublattice of a 3-dimensional lattice generated by
points with minimal |x;| + |xz| + |xs| in each octant. The

results comprise Chapter 7.



2. Preliminaries and notation. In this thesis, references

are given b& a number in square brackets, and refer to the
bibliography at the end of the thesis. The numbering on
displayed formulae, equations, and so on begins afresh with
each section of a chapter. 1In each section of a chapter the
theorems, corollaries, lemmas and propositions, and notes
where the numbering includes the section number, will be
numbered in one sequence. For example, in section §7D of
Chapter 7, Lemma 7D.2 is followed by Theorem 7D.3, and in
section §3A of Chapter 3, Note 3A.1 is followed by Lemma 3A.2,
In each section of a chapter, definitions, where numbered,
will be numbered in a separate sequence to that of the theor-
ems, and sO on.

Throughout this thesis, Z will denote the set of all
integers. Some notation of a geometrical or topological
nature such as 1in A, relint A is given in §1A. The notation
2(a,,...,a,) for a lattice with basis a,,...,8p is:as mentioned
in §3B. Most of the definitions and notation needed for Chapters
3 to 5 appear in §3A or §3B which introduce the problem of sub-

division of cones.



CHAPTER 1

GEOMETRICAL PRELIMINARIES

This chapter is on geometrical preliminaries. In 81A
we discuss background material on convex sets and pointed
polyhedral cones. In §1B we introduce a major tool for
our later study of subdivision of lattice cones, namely,
barycentric subdivision. 1In §1C we discuss an Euler-type

combinatorial result which has applications to Chapter 5.

§1A. Convex sets and cones.

In this section we will discuss the background material
on convex sets and pointed polyhedral cones which is assumed
in the rest of this chapter, and in Chapters 3 to 5. We
will give some lemmas for later use.

As far as possible, we will, in this thesis, use for
this material, the vocabulary and definitions of Griinbaum
I 51, Chapter 2 and Sections 3.1, 3.2. Thus we will assume
the definition and basic properties given there for the
following:

Convex set, polyhedral set, polytope, face, facet,
vertex, edge, extreme point, pointed cone with apex a
(and hence with vertex a).

We will say that a hyperplane H in R4 cuts a set
A in RY if each of the open half-spaces determined by
H contains a point of A. (Grinbaum [51, §2.2.)

We will also use the following notation of Griinbaum

[ 5], where A is a subset of d-dimensional real space r%:



lin A : the linear subspace spanned by A,

aff A : the affine subspace spanned by A,

dim A . the dimension of aff A, that is, one
less than the maximum number of affinely
independent points of A,

cone A : the cone with apex b generated by A,

b

conv A : the convex hull of A,

relint A : the relative interior of A (relative
to aff 1),

relbd A : the relative boundary of A (relative

to aff A).

We will say that two sets A, B in RY are non-

overlapping if their relative interiors are disjoint, that

is if

relint A N relint B =@ .
We will also say that a collection S of sets in rY is
noneoveriapping, or that S has non-overlapping members,

if each pair of distinct sets in S are non-overlapping.

Lemma 1A.l1. Let A, B be convex sets in Rd such

that A and B are non-overlapping, and aff A ¢ aff B.
Then
AN relint B=4g .
Proof. Suppose to the contrary that A N relint B#{,
and let x € A N relint B. Since x € relint B, there is
an open set N of RY  such that

x € N n aff B ¢ relint B.



Since A is convex, and x € N N A, there is a point vy
in N N relint A (and in fact A, NN A and NN relint A

all have the same dimension). Hence y € N N aff A

-~

c N N aff B € relint B. Thus y € relint A N relint B,

~

so A and B overlap, a contradiction.

Lemma 1A.2. Let A, B be distinct convex sets in R

such that ANB is a face of each of A and B. Then
A, B are non-overlapping.
Proof. Suppose to the contrary that there is a point
X in relint A N relint B. Let F = A 0 B. Then
X €EF N relint B. Since F 1is a face of B, it follows

that F = B. Similarly, F =24, so A =B, a contradiction.

The pointed cones that we will be concerned with are

pointed cones with apex 0, and by a pointed polyhedral

cone we will mean a polyhedral set which is a pointed cone
with apex 0. Let C be a pointed polyhedral cone in Rd.
Then for some mxd matrix A of rank 4,

c = {x]|ax <0} .
Also, if C has r edges and a;,...,3, are non-zero
points on distinct edges, then

Cc

{Aia1 +...+ Aap|r; 20V i}

cone_ (@,,---+2,)

-~

and dim C < r.

Definition 1A.1. A pointed polyhedral cone C for

which dim C is equal to the number of edges of C will

be called a simplicial cone.

We comment that if P is an n-dimensional polytope

in R% and b ¢ aff P, then C = coney (p) is an (n+l)-



dimensional pointed polyhedral cone, and every pointed
polyhedral cone in RY is of this form. Apart from the
empty face of C, there is a oﬁe—one correspondence
between the faces F of P and the faces coneblF) of
C. The cone C 1is a simplicial cone if and on1; if P
is a simplex.

We complete this section by stating two lemmas which
will be used in the next section. If P < Rd, we will
write cone_ (a,P) to mean cone, ({al up).

~

Lemma 1A.3. If P is an n-dimensional pointed poly-

hedral cone with apex b in r?, and a is a point in
RY such that a € aff P, then conep (g,P) is an (n+l)-
dimensional pointed polyhedral cone with apex b, and the
faces of cone, (a,P) are the coney (a,F), where F is
a face of P, together with the faces of P.

The lemma is easily proved.

Lemma 1A.4. (Grunbaum [5 ], Theorem 2.6.1). If P

is a polyhedral set, then a face of a face of P is again

a face of P.

§1B. Barycentric subdivision of cones.

In this section we will introduce the main geometric
tool to be used in Chapter 3 for subdivision of lattice
cones, namely barycentric subdivision. Since it turns out
that this method leads to complexes of cones, we consider
subdivision of complexes of cones into complexes of sub-

cones.



Definition. A finite collection C of polyhedral

sets in R is a complex (in Rd) if any two members of
C meet in a face of each of them.

Somefimes "compléx" is defined with the additional
requirement that any face of a member is again a member.
(See, for example, Grimnbaum [ 5], §3.2.) The next lemma,
(which is also needed later in this section) shows that
the difference is not essential.

Definition. If C is a complex, a face of C . is a

face of a member of C.

Lemma 1B.1. Let C be a complex in R%. Then any

two faces of C meet in a face of each of them.

Proof. Let C,,C.€C, and let F;,F2 be faces of
C.,C. respectively.. By symmetry, it is sufficient to prove
that F; NF, is a face of F,. By Lemma 1lA.4 it is suffic-
ient to prove that

(i) F1NF, 1is a face of Fi10C2, and

(ii) Py NC:, 1is a face of Fi.

To prove (i), we may suppose that F2 = C2NH, where H

is a hyperplane which does not cut C2, and hence does

not cut F; NCz2. Thus F; NF; = (F1NC2)NH is a face of
FiNCz2. To prove (ii), Fi1NCz2 = (F,NC1)NCz2 = F1 N (C1 NC2)
=F;n{(CiNK), where K 1is RY or is a hyperplane which
does not cut C; and hence does not cut Fi. Thus

F1NC, = F1NK is a face of F; as required.

Definition 1B.1. Let € be a complex of polyhedral

sets in RY. Then a collection D of polyhedral sets is

a subdivision of € if




(a) uC = uD,

(b) each member of C is a union of members of U,

(¢) D 1is a complex.

The next theorem introduces barycentric subdivision,
which is an important way of constructing subdivisions.
We will formulate the idea for pointed polyhedral cones
with apex 0, for this is what we will need in our later
investigation of lattice cones. (An analogous theory on
"triangulation of polytopes" may be inferred from the
correspondence between polytopes and cones that was
mentioned in §1A.)

Notation. If S is a collection of sets in Rd, and
a € Rd, then coneg (a,S) denotes the set of all
cone_ (a,A) with A in S.

Q

Theorem 1B.2. (On barycentric subdivision.) Let S

be a complex of pointed polyhedral cones in R with apex
0, and let a €US, a#0. Let S(a) be the collection
of cones obtained from S by replacing each cone C in
S containing a by all the cones cone, (a,F), where F
is a facet of C not containing a. (Notice that if
a€C, then a¢F « a¢aff F.) Then S(a) is a subdivision
of S into pointed polyhedral cones with apex 0; and if
S consists of n-dimensional cones, so does S(a).

Proof. We need only prove that S(a) is a subdivision
of S, as the rest follows from Lemma 1lA.3. For C in S
such that a€C, let us write

Fo=1{F|F 1is a facet of C such that a¢F},

and write

S; = UFe, S, ={ceS|atct.

U
C



Then
S(a) = S2 U conej (a,S1) -

We are required to prove (a), (b), (c) in Definition 1B.i
with S for €, and S(a) for D. It is obvious that
U S(a) < S. Hence (a) will follow from (b).

Proof of (b) : Let C € S. If a ¢ C, then
c € S(a), so suppose that a € C. It suffices to prove
that
(1) C = U cone, (a,Fe) -
We need only prove that the left hand side is included in
the right hand side, as the reverse inclusion is trivial.

Firstly, we prove that the ray o a in C belongs
to the right hand side of (1). Since ¢ a 1is contained
in each cone of the union, we need only prove that Fo # g.
If C = oa, then o € Fc, so Fo#@. On the other hand,
if C # oa, then the facets of C do not all pass through

oa, as is an extreme point of C. Hence some facet

e

does not contain a, and again Fo # #.

Secondly, suppose that y€C, Y §oa. Then C#Qa
and, as we have just seen, the facets of C do not all
pass through oa, and hence do not all contain the triangle
oay. Rotate a ray from oa through oy till it meets a
facet F of C not containing oay. Then FE€F,, and
XEEconeQ (a,F). This completes the proof of (1), and of
(b) .

Proof of (c) : Let D,;,D; €S(a). We must prove that
(2) D, nND, is a face bf each of D; and D».

If D,,D, do not contain a, then D,;,D, €8, so (2)

follows from the fact that S is a complex. Thus we may



p o N8

suppose that for some 1 =1 or 2, a€D;, and
(3){ Dj = coneg (2,F;) = C; €8S,
F; € Fo,r 2 ¢ F;, a €Cj.

Without loss of generality suppose that (3) holds with
i = 1. There are two cases to considers::

(i) a ¢ D2, in which case D2 = C €8S, or

(ii) a € D2, in which case (3) also holds for i = 2.

To prove (2) in case (i), it is sufficient, by Lemma
1A.3, to prove that |
(4) cone, (a,F1) N Cz =F; 0 Cz,
for by Lemma 1B.1, F) 01 C: is a face of each of F: and
C,. To prove (2) in case (ii), it is sufficient by Lemma
1A.3, to prove that
(5) coneg (a,F1) N cone, (a,F2) = coneg (g,F1f1F2),
for by Lemma 1B.l, Fi 0 F:2 is a face of each of F; and
Fio.

Now to prove (4) in case (i), it is clearly sufficient
to prove that if x2 € C,, then
(6) x2 € relint coney, (a,%1)
for any x1 € F;. So suppose X2 € &, x1 € Fi. We will
prove (6) by contradiction. Suppose (6) is false. Then
x2 € Cy N Cz2, and any hyperplane which contains X2 but
does not cut C; must contain coneg, (a,x1) and hence a.
But C; N C, is a face of Ci since S is a complex.
Hence Ci; N C2 contains coneg (a,x1) and hence a,
contradicting the fact that a ¢ C2. This completes the

proof of (4). !

Now to prove (5) in case (ii), we note that

cone, (3,F3) = %igﬁi cone, (a,xi) (i=1,2).
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Hence the left hand side of (5) is equal to the union of
intersections

coneq (a,x1) N coneg (a,x2)
where x, € F,, X2 € F,. Thus it is sufficient to prove
that (6) holds for xi1 € Fi1, x2 € ¥,, and we do this by
contradiction. Suppose (6) is false. Then, as in case
(i), Ci N C, contains cone, (a,x:1). Hence
coneg (a,x1) < C2, contradicting the assumption that the
point X2 in relint coneg (a,x1) 1lies on a facet F;
of C, such that a § aff F,. This completes the proof

of (5), and the proof of the theorem.

Definition 1B.2. The complex S(a) in Theorem 1B.2

is said to be obtained from S by barycentric subdivision

with division point a.

Barycentric subdivision of a simplicial cone. We will

describe this case in terms of generators. Let
C = cone, (a1,+++r8n)
be an n-dimensional simplicial cone (Definition 1A.1) with
non-zero points a;,...,3, on distinct edges, and let
a=Xx\a; + ... + Anan € C, a# o.
Let
I ='{il )‘i>0}'
and define
Cj = coneg (@,ser285-1s8/834177-r2n)
for i € I. It is easily seen that barycentric subdivision
of C with division point a gives

c(a) = {c; | i € 1,
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and that if

b=ywa, + ...+ uya, € C, b # o,
then
QGClﬁ%i-=m1n%l.
i jex I

Definition. A complex of pointed polyhedral cones is

simplicial if all its members are simplicial.

Theorem 1B.3. (Simplicial subdivision.) Let S be a

complex of n-dimensional pointed polyhedral cones in Rd
with apex o. Then

(i) S is simplicial if and only if S(a) = § when-
ever a 1is a division point on an edge of S.

(ii) Some finite sequence of successive barycentric
subdivisions yields a subdivision T of S into n-dimen-
sional simplicial cones such that the edges of T are
just the edges of S.

Proof. (i) It is clearly sufficient to prove the
result in the case when 8 consists of a single cone, say
S = {C}. The necessity of the condition is obvious. We
will prove sufficiency by mathematical induction. The
result is trivially true when n=1 or 2. Suppose that
the result is true when n=k>2, and let n=k+1l. We
assume that C(a) = C whenever a is a non-zero point on
an edge of C, and we are required to prove that C is
simplicial. Suppose not. Then C has more than k+1
edges. Choosing any a as above, we deduce from C(a)=C
that there is a facet D of C such that §'£ aff D and
C = cone_, (a,D). Then 'D is %k dimensional with more
than k edges, and so is not simplicial. By induction

hypothesis, there is a non-zero point b on an edge of D
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such that- D(h) has at least two members D;,D;. Thus
C(b) has at least two members cone, (a,D1) . cone, (g,Dz),
contradicting the fact that C(b) = C.

(ii) Beginning with the complex S, make repeated
use of barycentric subdivision, where the division point
is on an edge of the complex. The set of edges remains
unchanged. By (i), the number of members of the complex
increases at each step unless a simplicial complex is
reached. This eventually happens because the number of
simplexes whose edges are edges of S is finite.

The theory of subdivision cannot be simplified by
choosing only division points in the relative interiors
of cones. For example, if P is a 3-dimensional sqguare
pyramid in R* such that o ¢ aff P, then coney, (P)
cannot be subdivided into simplicial cones by repeated
barycentric subdivision using only division points in the

relative interiors of cones.

§1C. A combinatorial result.

We present here a combinatorial result which essentially
belongs to topology. We will need it in Chapter 5.

Lemma 1C.l1. Let S be a complex of 3-dimensional

simplicial cones in R® such that US is simply connected.
Then

2E; + E, = N + 2,
where E; is the number of edges of S in the relative
interior of US, E, is the number of edges on the relative
boundary of US, and N is the number of members of S.

Proof. The result is easily proved by induction on



N. It is of course equivalent to the well-known result
that the number of primitive triangles in a primitive
triangulation of a simple polygon is

2V; + Vyp - 2,
where V;, Vp, are the number of vertices in the interior
and boundary respectively of the polygon. (See, for

example, Gaskell, Klamkin and Watson [ 41].)

14.



15.

CHAPTER 2

AUXILIARY RESULTS ON RESIDUES

In this chapter we will obtain results on residue sets
which are needed later (for the proofs of Proposition 3E.1l
and Lemma 5B.1). The main result is Proposition 2.6 below.

Let m be a fixed positive integer greater than 1,
and for any integer x let X denote the .least non-negative
residue of x modulo m, so that

0 <X <m, x £ X (mod m).

Definition 2.1. For x in 2 such that 1<x<m-1,

let pyx be the function with domain 2 such that for r
in 2,
pelr) = (1 if rx = (x-Dx +x -m
{0 if rx = (z-D)x + x .

We note that for r in 2
(1) rx - (r-1)x = x-mpy(¥),
and the following properties of pyx are thus immediate.

Lemma 2.1. For x and r in 2 and 1l<x<m-1
we have:

(1) pyu(x) = pyu(x);

1l & rx<x, and

(11) py(x)
=0 & rx Z X;

(iii)

nme

px (r) = X;

r=1

(iv) pilx) =0 if r # 0;
(V) 0y (0)

(vi) p, (1) = 0;

I
=

(vii) px(2) 1 o x =

(Sl}=]
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In view of (i), (v), (vi), we now consider the
restriction p,|S of p, to the subset S of 2 given
by
(2) s =1{2,3,...,m=-1} .

Lemma 2.2. Let S be as in (2), and let py be as
in Definition 2.1.

(i) p1]S8 = 0 (the zero function on S).

(ii) pp-,|S = 1 (the constant function 1 on S) .

(iii) If (a,m) =1, 1l<a<m-1, then
(p,]8) + (pp-alsS) =1 (=pg-,18) -
(iv) For 1l<x<m-1,

I pe(r) = x-1.
YESs

(v) Suppose ai,az,...,3k,b are integers such that

l1<aj<m-1 (i=1,...,k), 1l<b<m-1, and

(pa,|8) PplS-

k
I a; =b+k-1.

(vi) Suppose a;,a,...r,a are integers such that

1<a;<m-1 (i = 1,...,k), and

e ko

a; > (k-1)m - (k-2).

1

1=1

Then for some r in S,
paﬁr) = L. = pak(r) =1,
that is,
Ta; < @1, .- 5 Xag < ag.
(Part (vi) is. needed later in §3E.)
Proof. Parts (1), (ii) are immediate from the defin-
itions, (iv) is immediate from Lemma 2.1(iii), (v), (vi).

Part (v) is immediate from (iv).
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(iii) 'Since Ta + ©(m-a) = 0 (mod m), ra + r(m-a)
equals 0 if both summands are 0, and equals m other-
wise. If (a,m) =1, the latter is the case for all r
in S, and the result follows from Lemma 2.1(ii).

3 < . — k . - .
(vi) r(_:'g[pal(r)+...+pak(r)) = i£1 aj k by (iv)

\2

(k-1) (m-2) by hypothesis,

(k-l) # SI
so for some r 1in S,
pal(r) % el ih pak(r) = kg
Thus p, (r) = ... = pa (r) =1, and by Lemma 2.1(ii),

ra, <aj,;...,ray <ag. This completes the proof of Lemma 2.2.

Let [y]+ denote the least integer greater than or
ecual to y, that is,
+ +
[yl -1<y< [yl.

Lemma 2.3 (i) For all x (such that 1€<x¥x<m-1),

the tth smallest positive value of r for which pg(r) =1

is

(1i) [(t+1)m]+ = [9_@]+ ¥ [‘E]+ - e

X
where € = 0 or 1.
Proof. (i) This is immediate from the definition of o, .
(ii) This is just a special case of the general result
that for any real numbers Yy, 2,
[y+z)* = [y17 + (217 - e,

where € =0 or 1.

Clearly the behaviour of pxls, where S 1is as in

(2), can be formulated in terms of the set
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n
I

{r|re€s, px(xr) =1}

{r|res, rx<x} (1<x<m-1),
of which px|S is the indicator. The following lemma is
most easily formulated in this way, and is the essence of

the proof of Proposition 2.6(ii).

Lermma 2.4. Let b,c be integers such that i1<b<m-1,

1<c<m-1l, Suppose that S, € S., Sp # S., and

nl* ™ L Bk

[5] = [E] . Then [E] = 2 (that is, pc(2) =1, or
c?%n )

Proof. The condition S, ¢ S, means that py(x) < pe (1)
for all positive r. Since Sy # Scr there is some r = Xy
in S such that pp(re) =0, pclre) =1, and pb(r) =pc(r)
for r in S with r<ryg. If ry 1is the (tg+1)-th
smallest integer in S for which pclro) = 1, then by

Lemma 2.3(1),

and

where n >0, and by assumption, to=1. Applying Lemma

2.3(ii) with t = t¢, and x = b,c, we get

f(to+1)m1 _ [tom]” [m1 _
= 5 J “ L] Tlel T
r(to+1>m1+ _ [tem]t | [m]"
L 1<) * lel €2 v
where €;,€2 = 0 or 17 Hence n =€, - €1 =1 (and
€, =1, €1 = 0) and 1r; =ry + 1. Since pp(r;) =1 (by
+
Lemma 2.3(i)), pc(rl) =1, and so ||:(£9—fi—}m‘] =r, =ry + 1.

But by Lemma 2.3(ii) with t = t, + 1, x = ¢,
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= +
r; = Yo + E] - €3,
m]|* :
where €3 = 0 or 1. Hence EJ =1 + €3, which must be

equal to 2 since m>c.

We shall need one further lemma for our main proposition.
Lemma 2.5. Let S be as in (2), and let él,...,ak
be integers such that 1 < a; < m-1 for i=1,...,k.

Then the statement

k
(3) T (p, |8) =1 (= pp_118)

(that is, 1 (= pm_l(r)) for r=2,...,m1)

©
o]
—
a
~
Il

is equivalent to

k
, L
i=1

(4) ra; = m+ r(k-2) for r=1,2,...,m-1.

Proof. From equation (1) (following Definition 2.1)

we obtain the identity

ey k k
- i = 2 P - z .
(r-1)aj sl aj m .z pai(r)

ilaskay

(5)

raj - L

i=1 i=1

Suppose that (3) holds. Then Lemma 2.2(v) gives

Il =’

(6) a;: =m+k -2,

i=1
which is (4) with r = 1. Condition (4) follows for all
r by induction using (5).

Conversely, suppose that (4) holds. Then (3) follows
from (5) on applying (4) with «r replaced by r, r-1 and

1 (2<rsm-1).

The following is the main result of this chapter.
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Proposition 2.6. Let S be as in (2), and let

a,,..--s3x Dbe integers such that

1<a; <...<a<mnmn-1,

and
k e
(4) i§1 raj = m + r(k-2) for r=1,2,...,m1.
(i) Then
(ag,m) =1 for i=1,...,k.
(ii) Also,
l=a, = ... =38, < ap_1 S a8
ax-1 + ax = m,
and a;_.j; = ayx only if m = 2.
Proof. (i) Suppose that for (=k,
(7) (ah,m) =6 > 1.

Let 6’ = m/8. For integral x, let <x> be given by

<x> x (mod §), 0 € <x>< §~-1,
while, as before, x is given by

X = x (mod m), 0<x<m-1.
Let s be an integer such that 1< s< §-1. From (7),

(8) sday = 0.

Also, as is easily checked,

(9) <sx> = s8’x/8" .
From (4) with r = s§’ , we obtain on using (8), dividing

by 6’ , and using (9), that

k-1
(10) JI, <sag> = 8§ + s(k-2) for 1l<s<{§-1.

Let us see if this condition is of the same form as (4).
We may of course replace each a; in (10) by <aj>, and

0< <a;j>=< §-1 for i=1,...,k-1.
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Also, <ap> = 0 by (7). Now if 1< i< k, and <aj> = 0,
then 6&|a;, m|8’a; , so pa,(8§") = 1. Thus, if there were
more than one value of i with 1< i< k for which

<a;> = 0, then

: 5
=N, pai( ) > 1.

By Lemma 2.5 (the (4) = (3) part), this contradicts (4).
Thus

1< <a;>< 6-1 for i=1,...,k-1.
Thus, (10) is a similar condition to (4), but with § in
plabe of m, k-1 in place of k, and k-2 instead of
the corresponding k-3 on the right hand side. By the
corresponding argument to that of the proof in Lemma 2.5
that (4) = (3) = (6), we obtain

<a,;> + ... + <ayg_ ;> =8 + (k-3),
which now contradicts (10) when s=1. This contradiction
shows that (i) is true for-i=k .

(ii) By Lemma 2.5, we have
k A
(3) 151 (paiIS) =] = pm_lls.

If a,_, =1, then for i<k-1, a; =1, so PajlS = 0,

s0 |S = py-118, and ay =m-1 (by Lemma 2.1(iii),

Pag

for example), and the result follows. Now suppose that

ay.; > 1. Then pak_lls # 0, and pakIS # pm_l|S. From
(3) and the assumption that a, < ... < ax, we see that
+ +
Ll R 6 B > m
(ll) [ak] ,_m—l] 2, ax 7 °
L=k, . .
Since (ax,m) =1 by (i)&rLLemma 2.2(iii) gives

pak|S + pm_akIS = 1.
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Hence (3) gives

i£1 (Oails) = Dm—akls-
Now suppose, if possible, that a ,...,ag_, are not all
equal to 1. Then pa,_;|S # Pm-a|S, and from Lemma 2.4
with b = ap_; and ¢ =m-ag , it follows that ap_; ,
m=-ap > m/2, SO ap < m/2. From (11), ax = m/2. As
(ax,m) = 1, it follows that m = 2. This is a contra-
diction, as (ii) (and (i)) are trivially true for m = 2.
Thus a yeeerdy _, are all equal to 1, so (3) becomes

Pay_118 + Papls = 1.

Hence, by Lemma 2.2(v),

and since (ax,m) =1, ax-1 # ax unless m = 2. This

completes the proof of (ii). ) 5
Finally , (> For 1% sk-i follows immediafe Iy From (L) For ¢ = R and i),
Note 1. 1In Chapter 5, we will be using Proposition

2.6 in the case when k=3. If we were to prove the result

in this case only, the only part of the proof which simpli-

fies is the proof of (i) : If k=3, and (az,m) =46 > 1,

then &' =

o8

§'a; + §"a, = m+ §’ > m

(m-6")a; + (m-6")az =m + (m-6§") > m,
contradicting the fact that the sum of the left hand sides
is less than or egqual to 2m.

Note 2. Proposition 2.6 says that the only decompo-
sitions of pm_lIS into the sum of two or more p,|S are
of the form /

pm_lIS = paIS + pm_a|S +0+ 0+ ...

where (a,m) = 1. Since condition (3) is equivalent to



k-1

iZ, Payl® = Pm-ay | S

provided (ayp,m) = 1, it follows that for ajy such that
(ag,m) =1 and ag #m-1, paclS has only the trivial

decompositions

‘pakls = pak|S +0+0+ ...

It is an obvious question whether there is a non-trivial

decomposition
(12) Pa I8 + .. ¥ Pay_ 1S = Pay |8
when (ag,m) = § > 1. For this it is clearly necessary

that at most one of the (a;,m), i< k-1, exceeds 1.
In fact we can prove by methods similar to those used in
the proof of Proposition 2.6(i), that for any such decomp-

osition (12), aj =.h106 for some i, # k, aj = hjié + 1

0

for i # io,k, and ap = (h,+...+hg-31)6.

23.
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CHAPTER 3

SUBDIVISION OF n-DIMENSICONAL LATTICE CONES

In §3A I will introduce the subdivision problem for
lattice cones, and outline the material covered in the rest
of Chapter 3, and in Chapters 4, and 5. I will begin
with some necessary definitions, show how a main result of
Chapter 1 may be applied to lattice cones, and then dis-
cuss a problem of Schinzel, which can be solved by subdiv-
ision of lattice cones.

§3A Introduction to subdivision.

§3A.1. Preliminary definitions and results.

We will assume the geometrical preliminaries of
Chapter 1 concerning complexes of polyhedral sets in Rd,
particularly the results concerning subdivision of complexes
of pointed polvhedral cones. We will also use basic results
concerning indices of sublattices of point lattices in Rd,
which will be stated in §3B.

An s-dimensional (point) lattice in RY is defined to
be the set of all linear combinations with integer coeffic-
jents, of s linearly independent points in Rd. A point
a is said to be a primitive point of the lattice L if
ra €L if and only if r €7Z.

Let L be a fixed lattice in rY.

Definition. 2n (n-dimensional) L-cone in R is an

(n-dimensional) pointed polyhedral cone C (with apex 0)
in Rd, such that each edge of C contains a non-zero
point (and hence a unicgue primitive point) of L.

The simplest type of L-cone is now defined, and then

a special case.
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Definition. A simplicial L-cone is a simplicial cone

which is also an L-cone.

Definition. A basic L-cone is an n-dimensional

sihplicial L-cone C in Ré such that the set of prim-
itive points on the n edges of C are a basis for the
n-dimensional lattice L’ = LN 1lin C.

Thus, C is a basic L-cone if and only if C 1is a
basic L’-cone. Also, the faces of a simplicial (or basic)
L-cone are clearly simplicial (or basic) L-cones.

We notice that if we perform barycentric subdivision
on an L-cone, using points of L as division points, the
resulting subcones will be L-cones.

Note 3A.1. Henceforth we will consider only cones
which are L-cones. We will be considering complexes of
n-dimensional L-cones, and the only subdivisions of these
that we will consider are subdivisions into n-dimensional
L-cones.

From Theorem 1B.3 on subdivision of a complex of
cones, we immediately have the following result.

Lemma 3A.2. Let S be a complex of n-dimensional

L-cones in rRY. Then by repeated barycentric subdivision,

we may obtain a subdivision S, into n-dimensional
simplicial L-cones, such that the edges of S are Jjust
the edges of S.

The significance of an n-dimensional simplicial L-cone
C being basic, is explained in the following lemma, which
is an immediate conseqﬁence of the definitions.

Lemma 3A.3. If C is basic, then every point of

LNC is expressible as a linear combination of the n
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primitive points on the edges of C, with non-negative
integral coefficients. (The converse is also true, as will
be seen from Proposition 3B.2(ii) below.)

§3A.2. The subdivision problem, and Schinzel's problem.

Our investigation of subdivision of n-dimensional
L~-cones in RY will solve the following problems, and
provide various bounds associated with them.

The Subdivision Problem: To find a basic subdivision

of a given n-dimensional L-cone, that is, a subdivision

intq n-dimensional basic L-cones. (See Note 3A.1. above.)
Schinzel's Problem: Given an n-dimensional L-cone
C in Rd, to find a finite subset B of LNC such

that every point x in LANC is expressible as a non-
negative integral linear combination of an n-element subset
B, of B.

According to W. Schmidt [12], A. Schinzel considered
the special case of the latter problem, where 4 =n, L
is an n-dimensional sublattice of Zn, and C 1is the
non-negative orthant in Rn, that is, the simplicial cone
generated by the primitive points of L lving on the
positive coordinate axes of R™. Schinzel conjectured
that finite B existed in this case, and Schmidt [12]
proved this conjecture by a (non-constructive) compactness
argument using induction on n.

Tt is clear from Lemma 3A.3 that a solution of the
subdivision problem will yield a solution of Schinzel's
problem, since we may take B to be the set of primitive
lattice points on the edges of the subdivision and By

to be the lattice basis determined by a basic cone of the
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subdivision containing x. Moreover, Lemma 3A.2 reduces
the subdivision problem (and hence Schinzel's problem)
for general L-cones to that for simplicial L-cones. I
obtained a simple constructive solution of Schinzel's
problem by this method, and a preliminary account of this
work is given in Low [ 9 1.

Remark 1. If in Schinzel's problem, By is an (n+l)-
element subset of B, rather than an n-element subset, the
problem becomes trivial. For in the case of simplicial C,
to which the problem is reduced by Lemma 3A.2, if a;;..-r2n
is ‘the set of primitive lattice points on the edges of C,
and X;,.-+1%n are the coset representatives of the sub-

lattice of LNlin C generated by a,,...,2, chosen in

the form

where 0<a;<1 for i =1,...,n, then any x in C is
expressible in the form

xj + Mar + ... F An@ny
where the X5 are non-negative integers.

Remark 2. If ¢ is a non-singular linear transform-
ation on Rd, then the subdivision problem and Schinzel's
problem for the L-cone C are clearly equivalent to the
corresponding problems for the ¢ (L)-cone ¢(C). When C
is a simplicial L-cone, this idea may be applied to put C
in some sort of standard form, for example, that in which
the primitive points of L on the edges of C are the
natural unit vectors e;,...,€,- Although such a standard
form wbuld be convenient in giving examples of L-cones, it
does not help us in solving the subdivision problem, since
subcones of a cone in standard form would not themselves

be in standard form.
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§3A.3. Various definitions.

We shall now introduce some concepts needed to continue
our discussion of Schinzel's problem and the subdivision
problem.

Let € and D be finite collections of n-dimensional

L-cones such that UC = UD. We call ? a decomposition

of C if each cone in C 1is a union of members of 7.
We call D a dissection of C if it is a decomposition
of C into non-overlapping L-cones. (The term non-—

overlapping was defined in §1A.) A subdivision of a

complex C (see Definition 1B.1) is thus a decomposition
of C which is also a complex. By Lemma 1A.2, any sub-

division of C is also a dissection of C.

Now in order to solve Schinzel's problem it is not
necessary to restrict consideration to subdivisions into
basic cones. Decompositions into basic cones would suffice,

with the sets B, B being derived in the same way as

X

-

before. 1In fact, Schmidt used decompositions, and in Low

[ 91, for the sake of simplicity, I stated and proved the
results in terms of dissections (although the word
dissection was not used there), even though the method used,
namely, barycentric subdivision, led naturally to subdiv-
isions. Dissections are easier to handle than subdivisions
because a dissection of C is just the union of dissections
of the members of C, and so to obtain dissections, it
suffices to consider barycentric subdivisions of L-cones,
rather than of complexes of L-cones, even if some division

point used is not in the relative interior of the relevant

cone.
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: and let L = L~}
Definition. Let C Dbe an L-cone A point x in

f,nc is decomposable in LNC (or simply in C) if

there exist xi1, X2 in LNC such that X X1 + X2.

Otherwise, x 1is indecomposable in LnC (or in C).

The notation I(C) .will be used for the set of
indecomposable points of C.
Definition. For a = (ay,a2,...,23) in r?  the

height H(a) of a is defined to be

H(a) = max|a;| .
1

§3A.4. Plan of the rest of Chapter 3 and of Chapters 4 and 5.

In the remainder of Chapter 3 I will consider n-dimen-
sional L-cones for general n. In §3B I will give the
necessary preliminary results on the (outer) index of an
L-cone, and on special L-cones. In §3C I will solve the
subdivision problem and obtain crude bounds which in the

case of Schinzel's problem are bounds for

(i) the number of points in B
(ii) the number of distinct By
(iii) the height of points in B.

In §3D we will study a refinement of the method of 83C,
which would aépear to lead to more economical bounds (and
certainly dces in the case of 2- and 3-dimensional L-~cones,
as we shall see later). 1In §3E we collect together results
on indecomposable points.

Let S be a decomposition of an n-dimensional L-cone
C into basic L-cones, and let B(S) be the set of prim-
itive points on the edges (of the members) of S. Then it
is obvious that B(S) 2 I(C). In Chapters 4 and 5 I will

discuss 2-, and 3-dimensional L-cones, and will find in



each case a subdivision S8 of C into basic L-cones for
which B(S) = I(C). These results will yield sharp bounds
for the numbers in (i), (ii) and (iii) for Schinzel's
problem (in fact the best possible bounds for the case of
subdivisions). I will also discuss there the equivalence
of the concepts of decomposition, dissection and subdiv-

ision under certain conditions.

Note (added August, 1979).

Schinzel's problem is also considered in the
(unpublished) thesis |
R.A. Lee, A quantitative solution of a problem of
Schinzel, Ph.D. thesis, University of Colorado (1970)
(available through University Microfilms, London),
which concentrates mainly on a different aspect of the

problem.
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§3B. Outer index of an L-cone, and special L-cones.

Tn this section, we discuss concepts needed for
tackling the subdivision problem. Again, L will be a
fixed lattice in Rd of dimension less than or equal to
d. We will review the basic results on the index of an
n-dimensional sublattice of an n-dimensional lattice. We
will define the base points of an L-cone, the parallelotope
of a simplicial L-cone, and the index of simplicial and the
(outer) index of general L-cones, and give some results in
terms of these ideas. The section ends with a discussion of
special cones, which are relevant to §3D. All these con-
cepts are needed for our investigation of subdivisions of

L-cones in Chapters 3 to 5.

Notation for lattices. If b,,...,b, are linearly

independent points in Rd, then the n-dimensional lattice
N = {A,b,+...+\pbn|A; €2 Vi} with basis by,...,kp 1is
denoted by N = 2(?1,...,§n).

Index of sublattice. -

Definition 3B.1. If M = %(ai,..-,3an) is a sublattice

of N = 2(b1,...,bp) in RY, then the index (N:M) is the
subgroup index, that is, the number of cosets of M in N.

Proposition 3B.l1. Let M,N be as in Definition 3B.1,

and let the integral matrix A = (X;j3) be given by
a: = _g As;zbs: ij=1,...,n.
Then
(N:M) = |det A| ,

and in the particular case when d = n,

|det(§11-°~r§n)‘
(N:M) =

ldet(éll"'lén)l
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The result is easily seen from Cassels [ 3] I.2.2,
even though Cassels considers only those lattices in Rd

n), and in fact

which are d-dimensional (that is, d
takes the last equation as a definition, and proves the
coset result as a lemma.

In order to state the lemma connecting the index of
a sublattice, and linear combinations, and to facilitate
our study of subdivision of cones, we now introduce
parallelotopes. |

Definition 3B.2. If ai,...,an are linearly inde-

pendent points in Rd, then the parallelotope of

ai,...,an 1is defined as
P =P(ai,.-.,an) = {A1281+...+ qan|0<}; <1Vil}.
Note that P is a half-open parallelotope which does
not include the vertices ai,;..-.;an- The following result
is easy to see.

Proposition 3B.2. Let N,M be n-dimensional lattices

with M a sublattice of N, let ai,...,an be a basis
for M, and let P Dbe the parallelotope of ai,...ran.
Then
(1) NNP is a complete set cf representatives for
the cosets of M 1in N.

(ii) N=Me (N:M) =1 e NNP =4 .

Base points of, and notation for L-cones. If C is

an n-dimensional L-cone in Rd with r edges, then C is
determined by the r primitive points ai,-..,38r of L

on the edges of C.
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Definition 3B.3. The points ai,...,ar are called

a base for C, and to indicate this, we will use the
notation

C =clai,...r8r)-
More generally, the primitive points on the edges of a

collection S of L-cones will be called the base points

of S, and B(S) will denote the set of all these points.

Index of a simplicial L-cone.

Definition 3B.4. If C = c(gl,.,.,gn) is a simplicial

IL-cone, the index of C (in L) is the index (L’ :M), of

the sublattice M = 2(@1,...,§n) in L’ = LN1lin C, and
is denoted by m(C).

Thus, C is a basic L-cone (as defined in §3A.1) if
and only if its index is 1. Notice that dim L’ = dim C=n,
and that the index of C in L 1is equal to its index in
L’. We do not suppose that L' =L, that is dim L=dim C,
as we wish to be able to consider a complex of L-cones C
such that the 1lin C do not all coincide.

Definition 3B.5. If C 1is a simplicial L-cone, then

the parallelotope of C is the parallelotope P(gl,...,gn)

of its base. Denote it by PI(C).

From Proposition 3B.2 we now have the following
result in terms of P(C) (which is equivalent to Lemma
3A.3 together with its converse) .

Lemma 3B.3. If C 1is a simplicial L-cone, then C

is basic if and only if LnpP(c) = ¢ (that is, if and
only if the only points of L in the closure P(C) of

P(C) are the 2" yertices).
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We remark that if C is a simplicial L-cone, and X
is indecomposable in LNC, then x is either a base
point of C, oxr belongs to P(C).

Outer index of a general L-cone. This is a notion

which will be used in expressing bounds in Theorem 3C.2.
(The notion of inner index will be introduced in §3D.)

Definition 3B.6. If C = c(a,,-.-..,2,) 1is an

n-dimensional L-cone, the (outer) index of C (in L) is

m(C) = v(C)/vo(C),
where v(C) is the (n-dimensional) volume of
(1) S(C) = conv(Q,gl,...,gr),
and vy{C) 1is the volume of the simplex generated by O
and any basis of the lattice L’ = LN1lin C.

Clearly, if C is simplicial, then its index (as
defined in Definition 3B.4) is egual to its outer index.
(The index is also equal to the inner index defined later
in §3D.)

Lemma 3B.4.

Let S be a complex of n-dimensional L-cones in Rr%.

Then

(i) By repeated barycentric subdivision, we may
obtain a simplicial subdivision S’ of S
(see Note 3A.l.) such that the base points of
S’ are precisely those of S.

(ii) Any subdivision S: of S (whether simplicial
or not) whose base points all lie in the union
of the S(C) given by (1) for Cé€S satisfies

(2) v m(D) < I m(C)
DES, ceS
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Proof. (i) is just Lemma 3A.2, expressed in terms

of base points. (ii) is clear from volume considerations
for C in S.

It can be shown that by making a subdivision S: of
S whose cones correspond to the facets of the S(C) not
through 0, and then using barycentric subdivision, one
may obtain equality in (2). Another 'facet construction'
is considered later in §3D, where we will minimise, rather
than maximise the left hand side of (2) (thus dbtaining
what will be called a minimal special subdivision of S§).

Special cones.

We now introduce the notion of special cones in terms
of deleted simplexes. Special cones will result from the
construction in §3D, and are needed for Chapters 4 and 5.

Definition 3B.7. If S = conv(aos,...,an) 1is the

simplex with the n+1 affinely independent points

ag,...,a, as vertices, then the deleted simplex is

-~

S*(QOI---IQH) =5 ~ {QOIO--I,a;n}

Definition 3B.8. If C = c(ai,...,an) 1s an L-cone,

then the deleted simplex S*(C) is
S*(C) = S*(0,a1,...,an) = {Z}Xiai €P(C) ~{0}|ZAi<1}.

Definition 3B.9. "'If C = c(ai,...,an) 1is a simplicial

L-cone, then C 1is special if
LnNns*(Cc) = 4,

that is, if

)
It

a = A1§1+...+An§n61;nc, 1 ;, Or

A+...+A5<1 {= for

ome 1.

v
I
0n:WQp 0

Lemma 3B.5. A 2-dimensional L-cone C is special if

and only if it is basic.
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Proof. Let C = c(ai,az) be a 2-dimensional simplic-

ial cone. By Lemma 3B.3, C is basic if and only if
LNP(C) = @. Hence if C is basic, it is obviously
special. Conversely, suppose C is special. To prove
that C is basic, suppose to the contrary, that
LNP(C) # P, so that some
a = \ia: + ra2 €ELNP(C).
Then
a’ = (1-A1)a; + (1-A2)a, € L.
Tf A; + A2<1, then a€LNsS*(C), and if A + X221,
then a’ ELNS*(C). This contradicts the assumption that
C 1is special.
Lemma 3B.5 is Lemma 6, of Chapter III of Cassels [ 317,
and is also (essentially) Theorem 34 of Hardy and Wright
[ 6]1. The result does not hold for n-dimensional cones
with n>2. In Chapter 5 on 3-dimensional L-cones we will
obtain and use a characterisation of special cones.
It is clear that if C 1is a special L-cone, then any

face of C (of dimension at least one) is also special.
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§3C. Basic subdivisions of a complex of L-cones.

In this section, I will again be a fixed lattice in
RY of dimension < d. We will solve the subdivision
problem, and provide £he relevant bounds. Then we will
give applications to points of a sublattice of 2" which
lie in the non-negative orthant, and (Corollary 3C.3) solve
Schinzel's problem, in its original form.

The main theorem of this section, Theorem 3C.2 on
subdivision, is based on the following key lemma on bary-

centric subdivision of a complex of simplicial L-cones.

Lemma 3C.1. Let S be a complex of n-dimensional

simplicial L-cones in R, Let C be any cone in S of
index m(C) >1. Then the following hold.
(i) There is a point a in LNP(C).
(ii) If D is any cone in S containing the point
a (of L.NP(C)), then a€LNP(D), and the
index m(D) > 1.
(iii) In barycentric subdivision of S with division
point a, the (at most n) cones Dj replacing
D all have index less than m(D).
Proof (i) This is immediate from Lemma 3B.3.
(ii) Since S 1is a complex, a belongs to the
common face F = CnD. But F is a simplicial
L-cone, and its base is a subset of the base of
C, and is also a subset of the base of D. Thus
a€P(C)NF = P(F) = P(D) NFcP(D). This shows
that g(iir1P(D), and so by Lemma 3B.3 again,

m(D) > 1.
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(iii) The lattice point a 1is given by
0 #a=>Xa1 + ...+ Apay,
where 0< ;<1 for all i, and ai;...san is
the base of D. 1In barycentric subdivision, each
cone D is replaced by the cones
D; = c(ajso-er@i-1+,8s8i+1r-+++@n), where A; > 0.
The cone D; has index Aim(D) by definition
of the index of a simplicial L-cone (Definition 3B.4.)
and by Proposition 3B.l. Thus D' is replaced
by at most n cones Dj, all of index less than

m(D). This completes the proof of Lemma 3C.1.

If S is a collection of L-cones, let

N(S) #{c|lcest ,

E(S) #{b|b is a base point of S} ,

H(S) = max{H(b) |b is a base point of S} ,
where H(b) is the height of b (see definition in §3A.3),
and let m(C) denote the outer index of an L-cone C
(Definition 3B.6). Notice that these numbers correspond

respectively to (ii), (i), (iii) in §3A.4.
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Theorem 3C.2. (Subdivision Theorem.)

Let S be a complex of n-dimensional L-cones in Rd,
where n>2. Let S; be (as in Lemma 3B.4) a simplicial
subdivision of S such that the base points of S, all
lie in the union of the §S(C) for C in S. Then we
obtain a basic subdivision T of $S; (and so of S) by
the following process:

Perform a sequence of barycentric subdivisions, where
at each step the division point may be chosen to be any
poipt in LnpP(c), where C is any (simplicial) L-cone
of the subdivision reached with index m(C) greater than
1, and stop when all cones of the subdivision reached are
basic.

Then the inequalities below apply, where f(a,b)
denotes the generalised Fibonacci seguence defined by

{ f(a,b)
f(a,b)

1 for b=-a+1l, —-a+ 2, ..., 0,
f(a,b-a) + ... + £(a,b-1) for b=21,

and N(S), E(S), H(S) are defined as above.
For the simplest case where S consists of just one

simplicial L-cone C of index m, we have

(i) N(T) < n™°*
m

(iii) H(T) < H(C) f(n,m-1) .

In the case of arbitrary S, we have, oOn letting

NI = Z nm(C)—l
CcE€S
(i)’ N(T) < N’
. _ i | ,
(i)’ E(T) < E(S) + =y (¥ -N(S))

(iii)’ E(T) < max(H(C)f(n,m(c)-1))
ceS
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3599£, (We note that there is no subdivision problem
for n =1, as all l-dimensional L-cones are basic.) The
key Lemma 3C.1 shows that the processes described above all
terminate with basic L-cones, and - leads 4o | the
bounds in (i), (ii), (iii). Parts (i)’ to (iii)’' follow
easily. The proof of (i)’ uses Lemma 3B.4(ii) and uses
the inequality

m;-1 m;+...+tmg-1

: -1 .
+ ... +n"'s < n (m; =1 Vi,

and n=>2).
The proof of (ii)’ uses the fact that N(S:) =N(S).

Corollary 3C.3. (Solution of the special case of

Schinzel's problem of §3A.2.)
Let L ke an n-dimensional sublattice of z® such that

the index (Zn

: L) = r. Then the non-negative orthant
Y = {x=(x;) €R"|x; >0 Vi)

has a subdivision T into basic L-cones such that
N(T) < nr?7'-1

At

n
E(T) < n + "—

H(T) < rfo(n,x” -1) ,
where fo(a,b) 1is the generalised Fibonacci sequence
f(a,b) modified (diminished) by taking the initial values
to be 0,...,0,1.

Proof. By Cramer's rule, the points re;, where ¢gj

is the ith natural unit vector, belong to L. Thus, et
is an L-cone. Its primitive base points are r,€;,...,Xp€n;
where r;=>1, and ri|lr for i =1,...,n. Also,

M= %(r,e;s..-sfnen) € L & .

The index of EY in 1 1is defined to be the index .(L:M).
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But
(z%:M) = (z":L) (L:M), or
Yi...rn = r(L : M).
Hence (L :M), equal to m say, divides r®" ', The

result now follows by applying the theorem, with £,
replacing £ 4in part (iii) to fit in with the special
circumstances here, when all but one of the coordinates
of each base point of S are zero. (The modiﬁied part
(iii) is seen in the same way as the original.)
Corollary 3C.4. (Generalisation of Schinzel's

problem to non-full lattices in Rd.) Let L be a sub-

lattice of 28  of dimension possibly less than d. Let
E? be the non-negative orthant in rRY, 1let LT = LnEet,
and let dim LT = n. Then there is a finite subset B of
L¥ such that every point x in Lt is expressible as a
non-negative integral linear combination of an n-element
subset of B.

Proof. Let C = (lin L) nEY (which can easily be
shown to equal (lin L) nEY). The result will follow once
we have shown that

+

(i) L =LNC

(ii) C€ 4is an n-dimensional L-cone.

+

Proof of (i) : L L+rﬁlin L+ = (Lr1E+)r11in L+

Ln((lin Y)Y nE™)

=LNC.
Proof of (ii) : The fact that the polyhedral cone C
is pointed with apex 0 follows from the fact that E’
is pointed with apex 0. Since L+g_Cglin ", ¢ is

n-dimensional. There remains to prove that each edge of
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C contains a point of L. Now C is defined by inequal-
ities with rational coefficients. Hence each edge of C
contains‘a point a of Zdrllin L+, and to prove that

it contains a point ra of L (r€3z), it is sufficient
to prove that both 290 1in L¥ and the sublattice

LN1lin IL© are n-dimensional. But Llin LY has a basis

of n points in L+, and L+§L, so dim(L N 1lin L+) =n,
and 7290 1in L+_g_lin L+, SO dim(Zdnlin L_+) < n, and the

result follows.

Note (added August, 1979).

The above corollary can be used to obtain a
refinement of Theorem 2 of the paper \
A. Schinzel, Reducibility of lacunary polynomials. I,

Acta Arith. 16 (1969), 123-159.
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§3D. Minimal special subdivisions, and inner index of

a complex of L-cones.

The bounds obtained in Theorem 3C.2 are quite crude
ones. We shall find sharp bounds in Chapters 4, 5 for
2, 3—dimensional cones. The method will use the results
in the present section, which concern a choice of the S,
in Theorem 3C.2, and involve the facets of the convex
hull of the non-zero lattice points in an L-cone.

It is plausible that to obtain an "economical” sub-
division, that is, one with low bounds, one should start
off the subdivision of S by selecting new base points
from within the sets S(C) (see §3B(1l)) for C in S,
while minimising the sum of the outer indices (see
Definition 3B.6) of the resulting cones. New base points
outside any S(C) are then used only if any non-basic
cones result. In fact, this idea does work in 2 and 3
dimensions, as we will see in the applications of this
section to Chapters 4, 5. The lemma and theorem below
are fairly obvious results in 2, 3 dimensions.

Lemma 3D.1. Let C be an n-dimensional L-cone in

rY (n>2), let I(C) denote (as usual) the set of points

indecomposable in LNC, and let
v(C) = U{F|F is a facet of conv(LNC), and 0 ¢ aff F}.
Then
(i) conv{(L NC) is an n-dimensional convex polyhedral
set and does not contain 0.
(ii) Each facet F of conv(LNnC) such that O € aff F

is an (n-1)-dimensional polytope whose vertices

are points of L.
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(iii) The set V(C) consists precisely of the points
of conv(l.NC) which are visible from 0 (that
is, points x in conv(L N C) such that the
line segment 0x contains no point of conv (L N C)
other than x). Every ray in ¢ from 0 passes
through exactly one point of v(C).

(iv) Let F Dbe a facet of conv(L.nC) such that
0¢aff F. Let n = n(F) be the unique vector
such that
nex =1VxEF, and n-+x=>1 V§€conv(T._.nC).
Then

{x|xelnc, n-x<2}cI(C).

(v) LAvV(C) « I(C).

Proof. Parts (1) - (iii) are easily seen.

(iv) If x€LNnC, but x¢I(C), then x = x1 + X2,
where X, X2 €eLNC, so ne-x ="0n-*3% + r3->52>2 by (iv).
(v) This follows from (iv), since if Xx€ELNVI(C),
then x€L, and x€F for some facet F of conv(LNnC)

with 0 ¢aff F.

In the foilowing theorem, m(D) will again denote
the outer index of an L-cone D (as defined in Definition
3B.6).

Theorem 3D.2. Let S be a complex of n-dimensional

L-cones in rY (n>2). For C in S, 1let Vv(C) be as

defined in Lemma 3D.l. Let
S, = {coneQ (F)|Qéaff F, and F is a facet of
conv(i,nC) for some CES} ,
and let

T= u (Lnv(c)) =Ln U V(C).
ceS ceS
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Then
(i) S, is a subdivision of S.

(ii) There is a special subdivision Si of So
(that is, a subdivision into n-dimensional
special L-cones) such that T is the set of
base points of Si1. (Special L-cones were
defined in Definition 3B.9.)

(iii) For any S; as in (ii), and any subdivision
V of S,

¥ m(D) = & m(D) < I m(D) <
DEV

% m(D)
DES, DES €

DES

Proof. (i) It is easy to see that the conv(L N C)
form a complex, and hence the F do too. Lemma 3D.1(iii)
then implies that any ray of C from 0 passes through

exactly one point of gSV(C). It follows that So¢ is
Cc

a complex. The other details are easily checked. (Use,
for example, Lemma 3DKii).)

(ii) A subdivision S; of the type required is
obtained by simply applying repeated barycentric subdiv-
ision to S, with points of T as division points.

(iii) This follows easily by considering volumes, or
indices, for each C in S, wusing the visibility result
in part (iii) of the lemma for the first inequality.

We note that to economically subdivide a given complex,
we could try forming S: as in the theorem, and then sub-
dividing the resulting special cones into basic cones.
This is what we do in Chapters 4 and 5, although in the
2-dimensional case (that is, Chapter 4), the second step

is trivial.
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Definition 3D.1. A subdivision of the type S:1 in

Theorem 3D.2 of a complex S of n-dimensional L-cones

will be called a minimal special subdivision of S. The

integer

I m(D) = r m(D)
DES DESy

will be called the inner index of 8.

Notation. We denote the inner index of a complex
S of n-dimensional L-cones by

m; (S)

Thus, for simplicial C,
m; (C) = m; ({C}) = m(C),
that is, the inner index coincides with the outer index
(and the ordinary index). It is also clear that

m; (S) = Z my; (D) .
DES

Remark. We have already remarked that the bounds
obtained in Theorem 3C.2 are crude ones. However, to
illustrate the concept of the inner index, we note that
(as is easily seen) the result (i)’ therein may be sharp-
ened to

my (C)-1
N(T) €< n

in the case when S = {C} consists of a single L-cone.
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§3E. Results on Indecomposable points.

In this section we gather together for future refer-
ence some results on_the set I = I(C) of indecomposable
points of an L-cone C.

As already mentioned, the points of this set either
belong to P(C) or are base points of C, and they are
included amongst the base points of any subdivision (or
even decomposition) of C into basic L-cones.

The proof of the next result will use a result from
Chapter 2 on residues (Lemma 2.2(vi) ).

Proposition 3E.1. ©Let C = c(gl,...,gn), n=2, be

a simplicial L-cone in Rd, and let

(1) a = % (ar1a1+...+0pan)

be in LNC, where the oj are non-negative integérs.
Suppose that

(2) a1 +eoet 0n > (n-1)m - (n-2).

Then a is decomposable in LnNC.

Proof. The result is trivial for m = 1l. So

suppose m>2. Since the right hand side of (2) is greater

than or equal to m, a#a; for any i. Hence, if some
oj >m, then a = a; + (a-aj) is a non-trivial decompos-
ition of a, and so a is decomposable. Also, if some
a; = 0, then since the right hand side of (2) is equal to
(n-1) (m-1) + 1, some aj2>m, so by the previous case, a
is again decomposable. Thus, there remains only the case
when 1< o;<m-1 for i=1,...,n. By Lemma 2.2(vi),

there is an integer r such that 2<r<m-1, and

ro; <a; for i =1,...,n, where X denotes the least
non-negative residue of x mod m. Let

l f— — —_— .
b = a(rulql +...+ rojan), and ¢ =a - h. Then
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b, c€LNC, and c#0. Now consider the special case
when the greatest common divisor of a1,...,0n,m 1is 1.
Then b+#0, so a=Dhb+c¢c is a non-trivial decomposition,
showing that a is decomposable. In the general case

when the greatest common divisor is d>1, (2) gives

o1 On oy _n-2- )yl _ o
3 too.t 3 > (n l)d 3 (n 1)d (n-2) ,

and (1) gives

a = ﬁ%& (%% at...+ %% Qn) ’

and indecomposability of a follows from the result in
the special case applied to a with m/d in place of m.
This completes the proof of the proposition.

We know that every point a of LNC is of the form
(1), where m is the index of C. Of particular interest
in Chapters 4, 5 are the cases n = 2,3, which yield the
following corollaries of Proposition 3E.l.

Corollary 3E.2. Let C = c(a;,az2) be a 2-dimensional

L-cone, and let a = >\1§.1 + )\2%2 EI...nC. If A + A2 >1,
then a is decomposable.

Corollary 3E.3. Let C = c(ai,az,a3) be a3-dimensional

L-cone, and let a = Aia1 + A2a2 + Asas€Lnc. If
Ay + A2 + A3>2, then a is decomposable.

Finally, we give a result on indecomposable points of
complexes, which will be used in §5D.

Lemma 3E.4. (i) Let a€LNF, where F is a face

of the L-cone C. Then a is indecomposable in
C if and only if a is indecomposable in F.
(ii) Let 'S be a complex of L-cones in Rd, let

c,DeS, and let aeLncnD. Then a is



indecomposable in C if and only if a is
indecomposable in D.
Proof. (i) Obvious.
(ii) This follows from (i).
Thus, we make the following definition.

Definition 3E.1. If S 1is a complex of L-cones,

then an indecomposable point of S is an indecomposable

point of a member of S. The notation I(S) will be
used for the set of indecomposable points of S.

Note 3E.5. If S is a basic complex, that is, a
complex of basic cones, and B(S) is the set of base
points of S, then B(S) = I(S). For general S,
B(S)cI(S). If T is a subdivision of S, then

I(S)cI(M).

49,
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CHAPTER 4

SUBDIVISION OF 2-DIMENSIONAL LATTICE CONES

Introduction

In this chapter I will consider fairly completely the
subdivision problem for a 2-dimensional L-cone C in rRY.
A subdivision of C into basic (2-dimensional) L-cones

will be called a basic subdivision of C.

After giving some preliminary lemmas in §4A, I will
show, in §4B, that C has a unique basic subdivision T,
whose base points are indecomposable in LNC, and hence
I will derive bounds for Schinzel's problem in this case.
In §4C I will consider other basic subdivisions of C,
and show that any basic subdivision is obtained from the
"minimal® basic subdivision T, by constructing a sequence
of "mediants". In §4D I will relate the notion of sub-
division of 2-dimensional L-cones to Farey sequences,
convergents and best approximations; and in $4E I will

apply the ideas of this chapter to a lemma of Schinzel.

§4A. Preliminary.

Tn this section I will give some preliminary lemmas,
and I will discuss the relation between decompositions,
dissections and subdivisions into arbitrary cones, basic
cones and basic cones with indecomposable base points.
Hence it will appear that there is no real loss of general-
ity in investigating basic subdivisions of a 2-dimensional

L-cone, rather than basic decompositions.
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Any 2-dimensional L-cone is clearly simplicial, that

is of the form

C = c(ai,az),
where a;, ap are the base points of C (see Definition
3B.3).

If C,, C, are two 2-dimensional L-cones lying in
the same plane, then clearly a necessary and sufficient
condition that ¢C,, C, have no relative interior point
in common is that C; NC, is a face of Ci, C: (which
may be an edge, or Q). Hence the concepts of dissection
and subdivision of a 2-dimensional L-cone (see §3A.3) are
identical.

We next consider the relation between dissections and
decompositions, assuming that our subcones are basic. For
this we need the following lemma.

Lemma 4A.1. Let C; = c¢(a:,az2), C2 = c(b,,b2) be

basic 2-dimensional L-cones included in some 2-dimensional
cone C. Then either one of C;, C2 is contained in the
other, or their relative interiors are disjoint.

Proof. Suppose to the contrary that Ci, C2 overlap
(that is, their relative interiors are not disjoint), and
that neither of C;, C» 1is contained in the other. Then
the four edges of C,, C, are distinct, and, without loss
of generality, we may suppose that they are ordered by
angular displacement in the order 0ai, 0bi, 0a,, 0ba2,
where the last three rays are in the same one of the two

open half-planes of 1lin C bounded by the line 0Qa,. Let

b3y

¢@ be the linear trangformatibn from 1lin C to R?> for



which
¢(a1) = e, p(az) = ez,

where ¢,, e; are the unit vectors, and suppose that
¢(by) = ci1, @(b2) = c2,

so that

(1) The points ¢), c2 are in the first and second open

quadrants respectively.

Since C,, C, are basic, the base points of w(Cy),

¢ (C2) generate the same lattice. Hence

(2) Ci, C2 €322, det(ci,c2) = 1.

Now (1), (2) lead to a contradiction, for they imply that

for positive integers e, £., ea2, f.,

c1 = (e1,£1), c2 = (-ez,£2),
e f1
= 1.
—-€2 fz

But the value of the determinant is e:f;, +exf,, which is
at least 2. This contradiction completes the proof of the

lemma.

Note. The condition that C;, C2 are both contained

in some cone C is essential. For example, if ai, a:
were both in the relative interior of C., and
C; = c(—gl,gz), then Cj3, C, would not satisfy the
condition, nor the conclusion of the lemma.

Corollary. Let C Dbe a 2-dimensional L-cone, and
let

C=C, U ... UCy,

where the C; are 2-dimensional basic L-cones, and the

C; are all irredundant, that is,

52.
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Ci S jgicj for i = l,-u"rl

Then the decomposition {C,,...,Cy} of C is a subdivision
of C.

Proof. If

(3) relint C; N relint Cj * g,

then by the lemma, we may suppose that Cj < Cj, hence Cj
is redundant. Thus (3) does not hold for any i,j. So
{Cl,...,Cr} is a dissection, and hence a subdivision of

C, since C 1is 2-dimensional.

The following lemma, which is stated in a form conven-
ient for use in Chapter 5, shows that the irredundancy
condition in the above corollary is automatically satisfied
if the base points of the C; are all indecomposable.

Lermma 4A.2. Let C;, C2 be basic 1- or 2-dimensional

L-cones, and let C be a 2-dimensional L-cone such that
C:, C2 €C,
B(C;), B(C2) < I(C)
(that is, the base points of Ci, C2 are indecomposable in
C). Then C; N C, 1is a face of C,;, C:.
Proof. The result is trivial unless at least one of
C., C. is 2-dimensional, so suppose C2 is 2-dimensional.
The result will follow if we can show that no base point of
C: can lie in relint C:. Suppose, to the contrary, that
a € B(Cy) N relint Ca.
Then

a € I(C) N C2  I(C2),

so a € I(Cz). Since C: is basic, it follows that
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a € B(C2), contradicting the fact that a € relint Cz.

The next lemma is an obvious result on arbitrary
subdivisions of a 2-dimensional L-cone.

Lemma 4A.3. Let C = c(ai,az) be an L-cone, and let

b,s---sb, be r distinct primitive points in C, with
b, = a,, by = a,, ordered according to increasing angular

displacement from Oa: to 0az. Then there is a unique

subdivision T of C (containing r - 1 cones) for

which
B(T) = {b,,-.-sbe},
namely
T={D;,...,Dp, },
where
D, = c(gi,§i+i) for i =1,...,r-1.

We recall that by Lemma 3B.5, a 2-dimensional L-cone

is basic if and only if it is special.

Suppose that C is a 2-dimensional L-cone of index
m(C) = m. Since linear transformations do not affect the
subdivision problem, we may suppose for the purpose of
presenting examples (even though this does not help in the
theory of subdivision), that

C = c(mei,mez), nz? ¢ L € %%,
(L : mz?) = (2?> : L) = m.

We conclude this section by giving a numerical example
of basic subdivisions of a 2-dimensional L-cone.

Example. Let ai = (5,0) = 5¢,, @2 = (0,5) = b5ez2,
C = clai,az2), and let L be the lattice in 2? generated

2

by 52 and the point (1,3). Then the cone C is' the
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non-negative orthant =¥ in R?, and the index of € in

L is m(C) = m = 5.

a2 (5,5)
ds
di
dy
d2
i i A
0 a
The ‘parallelotope P(a;,a2) contains the following non-

zero points of L:

d, = (1,3)
d, = (2,1)
ds = (3,4)
ds = (4,2).

Of these, 'gq = 2d, is not primitive, and ds = d1 + d>
is decomposable in C. One basic subdivision T, of C
is the subdivision (see Lemma 4A.3) for which

B(T,) = {a1,dz2,d1,a2} = I(C).
Another basic subdivision T, of C 1is given by

B(T,) = {§1.§z,éslé1,§z},
and T, is a subdivision of Ty.

(In examples such as this, we can check whether a cone

is basic by using determinants and indices, and we can use

Cor 3E.2 to prove indecomposability.)
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§4B. The minimal basic subdivision of a 2-dimensional

L-cone.

Let C be a 2-dimensional L-cone. If T is a basic
subdivision of €, then B(T) = I(T), and‘ I(T) D I(C).
In this section I will derive and apply the unique basic
subdivision T, for which I(To) = I(C), or equivalently,
for which B(To) = I(C). This unique To will be called

the minimal basic subdivision of C.

Theorem 4B.1. (Minimal basic subdivision.)

' Let C = c(ai,az2) be an L-cone. Then the minimal
special subdivision T, of C (see Definition 3D.1l) is
unique, is basic, and is the unique subdivision satisfying
(1) B(To) = I(To) = I(C) =1L n V(C),
where V(C) is the set of points of conv(LNC) which are
visible from 0.

Proof. By Theorem 3D.2(ii) and Lemmas 3D.1(v) and 3B.5
there is a minimal special, and hence basic, subdivision Ty

of C such that

B(To) L NnNvV(C ¢ 1(C).

Hence

B(To) I(To) =2 I(C).

Thus (1) is proved. The uniqueness of the subdivision

satisfying (1) follows from Lemma 4A.3, and the uniqueness

of the minimal special subdivision of C follows from this.
The above theorem, which does not depend on Cor 3E.2

leads easily to an alternative proof of that corollary.

A technique for calculating Ty,. We now illustrate a

technique for determining I(C) and hence Toe. Given C,

as in the Example of §4A, we will find a sequence of basic
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cones

(2) c(a2,a), cla,b), c(b,ai1)

whose base points belong to I(C). The cones in (2) then
form T,, and the base points a2, a, b, ai comprise
I(C).

The point a 1is uniquely determined by the conditions
that c(az,a) be basic, and a € I(C), for these imply
that

det(az2,a) = det((O,S),g) = -5,

a= (1,3) + k(0,5), k €32,
where k 1is least such that

(1,3) + k(0,5) €C = E".
(The theorem implies that for this k, a is in fact
indecomposable.) Hence k =0, a = (1,3).

Similarly, b is uniquely determined by the conditions

that c(a,b) be basic, and b € I(C). These imply that
b = -a; + ha,
where h € %2 1is least such that -a; + ha € C, and this
gives h =2, b= (2,1).
Proceeding in this way we obtain, at the next step,

the indecomposable point ai.

From the technique just illustrated, it is easy to
see that the minimal basic subdivision To of C contains
all the basic cones whose base points are indecomposable.

A consequence of Theorem 4B.l is the following theorem
on bounds, where N(S), E(S), H(S) are as defined in 83C.

Theorem 4B.2. Let C = c(g;,gz) be an L-cone of

index m. Then there is a basic subdivision 7 of C
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for which

(1) N(T) <m
(ii) E(T) < m+1
(iii) H(T) < H(C).

Proof. Let T be the minimal basic subdivision Tq
of C, so that B(T) = I(C). But
(3) 1(c) ¢ (Lnp(c)) U {ai,az2},
and ILNnP(C) has m-1 elements. Thus
E(T) = # B(T) = # I(C) = m+1,

giving (ii). Hence, by Lemma 4A.3,

N(T) = E(T) -1 = m,
that is, (i) holds. From (3) and Cor 3E.Z,

I(C) < conv(Q,a1,az2),

whence (iii) follows.

The above bounds are best possible for cones C such

that LNP(C) is contained in the line segment aiaz.

§4C. Basic subdivisions of a 2-dimensional L-cone.

In this section I will first show the existence of
basic subdivisions T of the 2-dimensional L-ccne C for
certain prescribed B(T). I will then show that any basic
subdivision of C can be obtained from the minimal basic
subdivigion To by repeated barycentric subdivision, where -
the division points are "mediants”.

Theorem 4C.1. Let S be any bounded convex subset

of a 2-dimensional L-cone C = cf(ai,az) such that
S 2 conv(Q,81,32) .

L,et A be the set of all primitive points of L which



59.

lie in S. Then there is a basic subdivision T of C
such that
B(T) = I(T) = A.

Proof. Since S is bounded, A is finite. TLet T
be the unique subdivision of C (see Lemma 4A.3) such that
B(T) = A. We now show that T 1is special. Suppose to the
contrary that D € T, where the deleted simplex S* (D)
contains a point of L. Then S*(D) contains a primitive
point a of 'I,. Such a point a cannot belong to A,
since its angular displacement about 0 is between those
of the base points of D. But S is convex, sO
s*(D) S, and a € A, a contradiction. Thus T 1is
special, and hence (by Lemma 3B.5) basic, as required.

Any basic subdivision T of a 2-dimensional L-cone
C is a subdivision of the minimal basic subdivision To,
because

B(T) 2 I(C) = B(To)-.
Hence it is trivial that T may be obtained from To by
repeated barycentric subdivision. For more detailed
information on possible choices of division points, we need

the following lemma which we will prove from Lemma 47.1.

Lemma 4C.2. Let C be a 2-dimensional cone, and let

D = c(g}p) and E be basic 2-dimensional L-cones contained
in C. If E;éD, then
a + b ¢ relint E.
Proof. We will prove the contrapositive. Suppose
that

(1) a + b € relint E.

-~
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Consider the basic cones

D1 = cla,a+b), Dz = c(atb,b),
which are obtained from D by barycentric subdivision with
primitive division point a+b. It follows from (1), that
for i=1,2,

relint E N relint D3 # §, E & Dj.

Applying Lemma 4A.l1 to the two basic cones E, D; contained

in C, we see that E 2 D;, for i 1,2. Hence E 2 D.
This completes the proof of the lemma.

. Definition 4C.1. If T is a basic subdivision of the

2-dimensional L-cone C, and D = c(a,b) € T, then the
sum a+b will be called a mediant of T. If U is any
basic subdivision of T obtained from T by repeated

barycentric subdivision with mediants as division points,

we will say that U is obtained from T by constructing

mediants.

Notice that a mediant of T cannot be a base point of
T. Hence the process of constructing mediants enlarges the
set of base points.

Theorem 4C.3. (The mediant construction.) Let T Dbe

a basic subdivision of, and T, the minimal basic subdiv-
ision of the 2-dimensional L-cone C. Then T may be
obtaineé from T, by constructing mediants.

Proof. We have that B(T¢) < B(T), and by Lemma 4A.3,
any set of primitive points in C determines a subdivision
of C. Thus, it suffices to prove that if S is a basic
subdivision of C such that S # T, and

(2) B(S) < B(T),
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then some mediant of S 1lies in T. Since S # T, there
exists D such that

D = c(a,b) € S, D ¢ T.
Now let E be any cone in T. By (2), E D, so by
Lemma 4C.2, a+b ¢ relint E. Thus a+b € B(T), as

required.

§4D. Farey sequences, convergents and best approximations.

Farey sequences, convergents and best approximations
can be considered in terms of cones.

Let us represent each real number 6 by the ray 0(6,1)
in R? emanating from Q and passing through the point
(6,1), and let us represent the point at infinity by the
positive x-axis 0(1,0). Then the set of rays representing
R U {»} sweep out the upper half-plane
(1) H={(x,vy)|x,y€R, y>0 or (y=0, x>0)}

(where the negative x-axis, excluding 0, is not included).

If © is rational, say 6 = r/s, where r,s are
relatively prime, and s>0, then 0 may also be
represented by the unique primitive point (r,s) on the
ray 0(0,1) or 0(r,s), and « may be represented by
the point (1,0) on the positive X-axis.

Let

D = c(a,b),
where a = (a:i,az), b = (b;,b2) are primitive points of
z? 1ying in H, and det(a,b) < 0. Let d = (di,d2) € H.

/

Then

(2)

2
A
Q-nIQa
N |-
N
U‘|O‘
g
3
o))
m
F’
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Also,
(3) d €22 NnDed=2a+ub,
where

A>0, pw=>0, X\,uc€2.

Farey sequences. Let G, be the sequence

1

0
---l—r‘i‘r 'Ir

1 1 n+l
i‘i‘l LECE Y I'l _n_l LI

of reduced fractions of denominator not exceeding n,
arranged in usual real number order, and let Fn Dbe the

subsequence

0 1
’I'r -HI ° ey

1
1
Either sequence may be referred to as the Farey sequence

of order n. Consider also G) which is obtained by
taking reduced fractions of height rather than denominator
not exceeding n. (The height of a fraction in Fp is
equal to its denominator.)

The standard construction of F, begins with F,
and proceeds by construction of mediants (a;+b;) /(az2+bs)
of consecutive fractions until there is no pair of consec-
utive fractions whose mediant has denominator not exceeding
n. (It is not actually necessary to pass through F,,

Fi, ... on the way to F,.)

In terms of cones, the standard construction of F,,
considered as a set of primitive points in H, corresponds
to the construction, by constructing mediants (see Defin-
ition 4C.1l), of the basic subdivision T of the basic
cone c((0,1),(1,1)) for which B(T) = Fn. The validity

of the construction for F, is most easily seen from this

viewpoint, and is obvious from (2) and (3).
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Similarly, G, may be constructed by subdividing the
pbasic cones c((-1,0),(0,1)) and c((0,1),(1,0)), and
the same applies for Gj.

Convergents and best approximations. We will consider

the convergents of the real number © from the cones view-
point. Let A be the set of all basic Z’-cones which lie
in H and contain (6,1) in their relative interiors.
There are two cases to consider.

(a) The case when 6 1is irrational.

We define the convergents of 6 to be the base points

of cones in A. We will order these convergents and show

that, apart from an initial segment, they are the converg-

ents (principal and intermediate) as defined in Lang [ 7 ].
Let C, C' € A. From Lemma 4A.l, one of C, C’' |is

contained in the other, so suppose that

and let

E = c(a,ath), F = c(ath,b)
be the basic cones obtained from C by the mediant con-
struction. Then from Lemma 4A.1 again it follows that
C’' cE or F. Now this E or F belongs to A. Thus
under the ordering >, the immediate successor of C is
whichever of E, F contains- (6,1). Consequently, the
immediate predecessor of C exists, and is whichever of
c(a,b-a), c(a-b,b) 1lies in H. (Notice that exactly one
of a-b, b-a 1lies in H.) Thus the cones in A form a
chain under >. From (3), it follows that there are only
a finite number of basic cones of A 1lying between C

and C’. Thus the cones of A may be indexed by the
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integers, and form a descending sequence
(4) C.2 2C-3 2Cg 2C1 2€C22 ...
[From (3), we also see that the height of the base
points of Cj; tend to infinity as i tends to «. Since
the C; are basic, this implies that
ncy =20¢(6,1).
1

Also, if t < [61, then c((t,1),(1,0)) € A. Hence
y ci = H. ]

We now see that the convergents of 6, defined as
the base points of C in A, form a sequence
(5) Qe € ... <a-1 < a0 < a1 <az = e a3 < L
where < is defined by
(6) a<beb-a€H~ {0}

a_, = (1,0), and ga; is the mediant of C;_,. Let us
fix the indices by choosing

co = c((l81,1),(1,0)]).
Writing a, = ([81,1), ai = (oi,Bji) (i>0),
we see that the aj;/B; for i > 0 are precisely the
convergents to 6, as defined in Lang [ 7 1.

Let D; denote the cone with apex 0 generated by
(6,1) and (-1,0) and let D2 denote the cone with apex
0 generated by (6,1) and (1,0). (These are not 72—
cones.) Define the linear function L by
(7) L(x,y) =y0 - X.

Then for x not lying on the ray 0(6,1),
if

>0 x € D1
(8) L(’—5){<0 if x e D2 .

We define the principal convergents to 8 as the converg-

ents a; for which L(a;), L(a;,,) have opposite signs,
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and we define the intermediate convergents to 6 as the

convergents a; for which L(gi), L(§i+1) have the same
sign. Now if aj 1is any convergent, then from the mediants
method of construction of the sequence (5) of convergents,
there is a unique j for which

(9) cla;,aq) € A, j < i,

and for this Jj, we have

(10) L(a;) L(ay) < 0, a; +aj; = a and

<] i+’
(11) ax € relint c(aj,aj) « k > i+1.
Also, with 1i,j as in (9), and for h =1i,j, define Ep
to be the cone with base ap and whichever of (1,0), (-1,0)
lies on the same side of 0(8,1) as ap. Then (11) is
equivalent to
(12) k < i=ag € Ej UEj,
and we also have
(13) j <k<i=ax € Ej.
From (10) the following is immediate.

Proposition 4D.1. Given the convergent a let 3j

iz

be as in (9). Then a; is a principal convergent if and
only if
lL(g;)]| < IL(gj)I.
Let 6 be an irrational number, and as before let A

be the set of all basic 72-cones which lie in H and

contain (9,1). Define p in Z*NH to be a best approx-

imation to 6 1if

(14) p’ € 2* nH, p'<p = lL(p) | < L") |,
where < is as defined in (6) and L 1is as in (7). This
agrees with the usual definition except for approximations

with denominator 1, and except for the least element (1,0)
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of %Z2NH in the sense of <, which is a best
approximation according to our definition.

Proposition 4D.2. The best approximations to 6 are

just the principal convergents to 6.

Proof. From the mediants construction of the sequence

(5) of convergents it is clear that, apart from the ray
0(6,1), the whole of H is covered by (an infinite number
of) non-overlapping basic z?-cones c(a,b). where a,b are
convergents on the same side of 0(6,1), that is

L(a)L(b) > 0. Let @ be a point of z?NH, 1lying in
c(a,b), and such that d # a,b. By (3),

d = 2a + b

where

A=>0, u=0, X+ qp=2.
But

L(d) = AL(a) + uL(b),
hence
(15) |L(@] > min(|L()],[T@)]) -
Also, '
(16) a<d, b< d.

It follows from (15), (16) that d is not a best approx-
imation. Thus any best approximation is a convergent. It
also follows from (15), (16) that for the convergent p = aj

to be a best approximation, it is sufficient that (14) be

I

satisfied with the restriction that p be a convergent.

~

That is, a; is a best approximation if and only if

(17) k< i = |Lla)| < [Tz -
Let j(<i) be as in (9). Then one of a;, a5 is

in D;, and the other in D:. From the mediants construction
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of the a,, and from (8), the ap in D; have positive
L(a,) which decrease with k, and the a, in D, have
negative L(ax) which increase with k. Hence, in each

of D; and D,, and so in each of E; and Ejy (see (12)),

|L(ay)| decreases with k. Thus
(18) k < i, L(g)Lla;) >0 = [Lia;] < |L(a) |,
(19) k < 3, Lig)Lay) >0 = |L(ap] < |L(a) | -

From (13) it follows that k < j may be replaced by k < i
in (19). From this and (18), we have

(20), k < i = min(|Lla) |, |L@p]) < @]

If a; is a principal convergent, then by Proposition 4D.1,
|L(a;) ]| < |L(aj)|, so (20) yields (17), and & is a best
approximation. On the other hand, if a; is an intermed-
iate convergent, then (17) is false for k=3j, and so a;

1

is not a best approximation.

(b) The case when 8 is rational; minimal basic

subdivisions.

Let 6 = r/s, where (r,s) is a primitive point of

z2 1lying in H. We define the convergents to r/s as for

the irrational case, with the addition of the point (r,s)
itself. The results are similar to those for the irrational
case, but the chain (4) of cones of A terminates with a
smallest cone Cg = c(a,b) such that a + b = (r,s) and
NA =0Cj; = Cg.

We will now state the relation between these converg-
ents and minimal basic subdivisions. (The proof is not
hard, and will be omitted.) For simplicity, let us suppose

that r/s > 0, so that (r,s) lies in the first gquadrant
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c((0,1),(1,0)). Let

F, = c{(0,1),(x,s)), Fa2 = c((xr,s),(1,0))}.
Then for i = 1,2 the convergents of r/s which lie in
are the indecomposable points of F;, and so determine

Fj

the minimal basic subdivision of F;y,

§4F. Note on a lemma of Schinzel.

In this note, we will use Theorem 4B.2(iii) to simplify
the proof of, and at the same time improve a constant in
Lemma 5 of Schinzel [111, a copy of which is given in the
Appendix. We now give the modification to the lemma, and
then the modification to the proof.

Modification to the statement of the lemma:

In the bounds for v u; in (40), and for h(T) in

i
(46), make the replacement
(*) |l((2d2)!)2ll bY u(2d2)!u

Modification to the proof:

Delete the passage beginning with "Let £&; be" 1in
the second sentence of the second paragraph on page 16 and
ending with "v > 0" at the end of the first sentence of
the second paragraph on page 17. Apply the replacement (*)
to the formula in the second last line of the proof. For
the deleted section substitute the following:

"Let & Dbe thé least positive integer such that
(£,0) € M, and let n- - be the least positive integer such
that (0,n) € M. Then
(47) 0 < &,n ; (2a%)1
Iet N be the sublattice (or submodule) of M with basis

(£,0), (0,n). By Theorem 4B.2(iii) of L. Low's thesis, the
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M-cone wiﬁh base points (&,0), (0,n), that is, the non-
negative orthant in R?, has a subdivision into basis
M-cones whose primitive basis points have height not exceed-
ing (2d%)! Since the point (n,m) has components which
are non-negative integers, it must belong to one of the
basic M-cones, say one with base points

(Visu1), (Va,u2) .
'By interchanging the order of these points if necessary, we

may arrange that the matrix

Vi W
M =
Vi M2

satisfies (41). Also, (40) and (42) hold."

Comparison of the two methods.

We took a sublattice of M with diagonal basis (¢£,0),
(0,n) and subdivided without increasing the bounds on the
height of base points. Schinzel took a triangular basis
(£1,n1), (0,-ny) for M. What he did is equivalent to
forming subdivisions of the basic M-cone c((E1,n1);(0,—n2))
by the mediants construction to construct the ray 0(1,0).
This is equivalent to the continued fraction process for
obtaining n;/n2. The components of the convergents are
also bounded by (2d%)!, and this is where the extra

factor of (2d?%)! come in.



APPENDIX TO CHAPTER 4,

TAKEN FROM [11]

On the reducibility of polynomiuls 15

Sinee k; arve integers, [k,—Fk,, k,—k,]¢IN; thus there are integers s, ¢
such that k,—&k, = &8, k,— ko = m s+t
Putting #; = (£,D;+nD:)/D, 2 = n.D; |D, we get for i <1

ki— ko = Zi3+lgt
and by (39)

el <2 10+ D) < 2 (geft < (30,

D] D
N2\ . -1
l;.ils.TET 1Dy | < (5e) .
This completes the proof.

Remark. For a given finite linear set, denote by ¢ the number
of rationally independent distances and by o, the number of rationally
independent distances which appear only once. It follows from the lemma
that if g, < 2, then o < 2. It can easily be found from remark 1 at the end
of paper [2] that if o, = 1 then ¢ = 1. The equality o = o, suggests itself,
but I am unable to prove it.

DEFINITION. For a given integral matrix 4, h(d) will denote the
maximum of absolute values of the elements of A.

LENMA 3. Let I' be any given iniegral matriz 2 X2. For arbitrary pos-
itive integers d, n, m there exists an integral matriz

M= [1’1 /‘1]
V2 M2

salisfying the conditions:

(10) 0 <w<(2d)), Oo<m<(@®Y (¢=1,2),
(41) . |A| >0,
(12) [n,m] = [u,v]M, u, v integers >0,

and with the following property. If
(43) [n, m]I = [s,t]4,

where 8, t are integers, 4 is an integral matrir,

(41) 4] #0 and k(d) < d,
then
{43) . Ur <74 and [s,t] = [», ¢1T,

where T is an integral matriz and

(£0) R(T) < 4d(2@)!Fh(T).

70.
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16 A. Schinzel

Proof. Let S be the set of all integral matrices 4 satisfying (43) and
(44). Integral vectors [x, y] such that for all 4eS and suitable integers
S4, tsy [@, ¥1T = [84,14]14 form a module, say M. By (44) 2a* > |4|
s 0, whence |A4| divides (2d°)!.

It follows that [(2d%)!, 0]« and [0, (2@*)!]eOMN. Let &, be the least
positive integer such that, for some 7, [£;, 7,]1¢9N and let 7, be the least
positive integer such that [0, %,]<9N. Clearly [£,, ] and [0, #,] form
a basis for M and we may assume without loss of generality that 0 < #,
< 7,. Hence '

(47) 0<§ <), 0Ky < <24,
Let

"}}_2=|bl Ib2 e |-*—b-;'

be the expansion of " into a continued fraction, where b, are integers
>1 (1<<p<<r);if 171:2= 0 let » = 0. Put
A ,=—-1, B_,=0; A4,=0, By=1;
Appy =bpdp,—A, 4, By, = bI,Bp—B,,_‘1 (0<p<r).

It follows that the sequences 4,, B, are increasing and for p <7

(48) Apo—l—BpAp—l = 11
(49) O<Ap<771’ 0<Bp<7727
(50) A,[B, < A,|B, = m[n,.

Since m, n are > 0, we have

Let ¢ be the least non-negative integer which can be substitued for »
in the last inequality. Assuming A_,/B_, = —oco we have therefore

(51) s T <

A, Ui m & _ﬁ
B,_, 2 n 7, B,

Let us put

M=|:vl .ul]z[Bq —4, ][51 771]=|:Bq‘51 By —Agn: ]
Vo Mo By y —44.4]10 7 By &1 Beoaym—Aqan
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Inequaliti_es (47), (49) :.md (50) imply (40). By (48)

&L m
N2

Moreover, the vectors [v, 1,1, [%:, #,] form a basis for 2. Since [n, m]<M,
there are integers u, v satisfying (42). We have

L Beam—Aqam —Bm+dgn
[u,v] =[n,m]AU?* = [n, m]| et m—Aq_1m. —Bm+ 4,7_]
SYE —B, 14, B.&,

1
= —ET][Bq_l(nm—me,)—Aq_,rk, Ay —Bg(nn,—mé))].
172 : ) ,

It follows from (51) that « >0, v > 0. In order to prove the
last statement of the lemma suppose that for some integral matrix 4
(43) and ({4) hold. Thus de8S and since [v;, p;]¢?M (¢ = 1, 2) there are
integers o;, 7; such that [»;, u;}I" = [0y, ©:]4 (¢ = 1, 2). Putting

|2} = = &in: > 0.

(52) ' |
Gy Ta
we get
Mr=17T4.
On the other hand, (42) and (43) imply
(53) [, )M = [s,1]4.

Since [4] # 0 by (44), we get (43) from (32) and (53). Finally, by (52),
(10) and (44) : .

R(T) = W(IUTA™") < QAN R(D)R(D) < {28 fR(T).

This completes the proof.

LEdDIs 6. Let f(x) be an irreducible polynomial not dividing ®—x
(6 >1), a, B integers, a > 0 or B > 0. For arbitrary positive integers n, m
such that an-+pm > @ there exists an integral matrix

v
U = [ 1 Fl]
] Vo Ha
salisfying the conditions

(54) 0<» <C(f,qa,p), 0< ;. <C(f, ayp) (1=1,2),

(53) |31] >0,
(6) [, m] = [w, 2]}, u,v integers >0,
(57) av;+-Pui =20 (1 =1,2),

and having the following property:

Acta Arithmetica XL1 ‘ ] :

72.
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CHAPTER 5

SUBDIVISION OF 3-DIMENSIONAL LATTICE CONES

§5A. Introduction.

Let - L. be a lattice in RY. 1In this chapter I will

consider the subdivision problem for 3-dimensional L-cones.
As in Chapter 3, a subdivision into basic L-cones of

dimension 3 (see Note 3A.1) will be called a basic sub-

division, and the terms special subdivision, simplicial

§ubdivision, special complex, etc., will be used similarly.

The argument will hinge on the basic subdivision of
special cones (see Definition 3B.9). I shall characterise
3-dimensional special cones in 8§5B and apply this charact-
erisation to the basic subdivision of special cones in §5C.
Then in §5D I shall obtain the main result of this chapter,
namely, that any complex S of 3-dimensional L-cones has
a basic subdivision T whose base points are indecompos-—
able in S, so that

B(T) = I(T) = I(S).
The results of §5C, §5D will lead to. improvements for the
bounds in Theorem 3C.2, in the 3-dimensional case, and
these will be given explicitly for a complex of special
cones in Theorem 5C.4. A further application of the char-
acterisation of special lattices will be given in 8§5E.

We conclude this section by settling the guestion of
equivalence of basic subdivisions and basic dissections

(see §3A.3.) for the purposes of this chapter.
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Proposition 5A.1. Let D be a 3-dimensional L-cone

in Rd, and suppose that D,, D2 are 3-dimensional basic
L-cones contained in D with base points indecomposable
in D, and with disﬁoint relative interiors. Then the
intersection F = D; ND, is a face of D1, and of D:.
Proof. By Lemma 1lA.l, it follows that no point of
F can belong to relint D) or to relint D2. If
F = {0}, or F is an edge common to Di, D2, then the
result holds. The remaining two possibilities are
(i) F is an edge of one of Di, D2 lying iﬁ a
facet of the other, or
(ii) F = C; NC,, where C;, C» are facets of D,
D, respectively, 1lin Ci: = lin C» (and D,
D, 1lie on opposite sides of F in lin D).
In cases (i), (ii) the result follows easily from
Iemma 42.2 {(concerning cones in two dimensions). For
example, in case (ii), take C = DNlin Ci;. Then
C,, C2cC. Since D,, D2 are basic, so are Ci, C2.
The base points of Ci, C2, being base points of Di, D2
respectively, are indecomposable in D, and therefore in

C, so the conditions of the lemma are satisfied.

The following result is immediate.

Corollary 5A.2. Suppose that 0 is a dissection of

a 3-dimensional L-cone C into basic L-cones whose base
points are indecomposable in C. Then D is a subdivision
of C.

Since we will be éoncerned with basic L-cones D in
an L-cone C such that the base points of D are indecom-
posable in C, there is thus no loss of generality in con-

sidering subdivisions of C, rather than dissections.
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§5B. Characterisation of 3-dimensional special L-cones.

The main result of this section is the characterisation
of 3-dimensional special L-cones (Theorem 5B.2). The proof
uses Proposition 2.6 from Chapter 2. We begin with two
examples.

Example 1. Let a: = (1,0,0), a2 = (0,1,0),

a; = (0,0,1) in R?®, and let L be the lattice in R?

consisting of all points %(a,B,Y), where a,B,Yy in 2

are all even, or all odd. Then C = E+ = c(ai1,a2,a3) is

a special L-cone of index 2. The lattice 1L has basis
ai,az, a = %(ai1taz+tas) = (%,%,%),

and a 1is the only nan—zero point of LNP(C).

Example 2. Let u, v, w be 3 linearly independent
points in R, Let m, b, ¢ be positive integers such
that
(1) m>1, b +c¢c=m, (b,m) = (c,m) = 1.

Let I be the lattice generated by u, ¥, w and the

point

(2) §=Iln (1~1+by+cvg).

That is,

(3) LNP(C) = {rln (ru+ b y+rc Vg)|0<r<m—l},

where =X denotes the least non-negative residue of
x mod m. Then the cone
C = clu,¥,w

is special of index m.

Proof. The index of C is clearly (by Proposition

3B.2) equal to the number of points in Lnp(Cc), that is,
m. For any point in LNP(C), the sum of the coordinates

with respect to basis u,v,w is, by (1),
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(4) + 22 +1  (A<r<m-1)

=1y
H

Hence C 1is special of index m.

It will turn out that all special cones of index
greater than 1 are of this type. We therefore introduce

the following definition.

~

Definition 5B.1. An L-cone C = c(u,v,w) is u-special
if it is basic or if there exist positive integers m, b, ¢
such that (1), (3) hold. The point (2) will be called the

minimal point of C.

Lemma 5B.l1. Let C = c(u,v,w) Dbe an L-cone, and let

~ At

S Dbe the sef of coordinate vectors with respect to

u, v, w of the lattice points in the parallelotope of C,
that is,

(5) s = {(A,u,V) [Au+uv+vw € LANP(C)}.

Let m be an integer greater than 1. Then C is u-,
y- or w-special of index m if and only if for some

~

a, b, ¢ in 2,
s = {% (a,fs,fa|o<r<m-1},

(6) 1<a, b, c<m-1,
ra+m+rc=m+r for r=1,...,m1.
Proof. Suppose that C is u-special of index m.
Then by Definition 5B.1, (1), (3) hold for suitable b,c.
Thus (4), and hence (6) holds with a = 1l. Similarly, (6)
holds if C is vy- or y-special.
Conversely, suppose that (6) holds. Then the index

of C, being the number of elements in 8, is equal to m.
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Also, by Proposition 2.6 with k = 3, we have

that a, b, ¢ are all relatively prime to m, one is
equal to 1, and the other two add up to m. In the case
a=1, (1), (3) follow, and C is u-special. In the
cases b =1, ¢ =1, C 1is y-special or w-special respect-

ively. This completes the proof of the lemma.

We are now in a position to characterise 3-dimensional
special cones.

Theorem 5B.2. Let C = c(u,v,w) be an L-cone. Then

C is special if and only if C is uy-, v- or w-special.
Proof. The proof of Example 2 shows that if C 1is
u-, y- or w-special then it is special. For the converse,
we may suppose that C is special and of index m> 1.
Let S be defined in (5) of Lemma 5B.1. Then S has m
members, all of the form %(a,B,Y), where «,B,Y are non-
negative integers less than m. We must show that (6) holds.
First we give two preliminary results about S.
(i) Suppose % (a,B8,y) is a non-zero element of 8.

Then

m+1l < a+BR+y < 2m-1
(7)

1< a,B, Yy Sm- 1.
These inequalities are easily deduced from the fact that

C is special by considering points such as

(1,1,1) - % (¢,8,v), (0,1,1) - % (a,B,y) as well as

(0,B,Y).

(ii) Suppose that  ai, a2 € S, where 2ai # 22, and

1

for i=1,2, a; = m (u‘i’Bi'Yi)‘ Then o;+B1+7v1 # s +Bat+v2.
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Proof of (ii). Suppose to the contrary that
a, + Br+yY1 = o0z +B2tvyv2. Since a, #a;, We may suppose
without loss of generality, that oa; > 02, B12ZB2, Y1<Yz2.
Let o3 = 01 -0z, B3 =B1—B2, Ys = Yi1—-Yz2+tm, and let
as = % (03,B3,Y3)- Then a3 = gl-gz-k(0,0,l) is a non-
zero point of S, and o3 +B3+tys =m, contradicting the
fact that C is special (the first inequality in (7)).
From (i), (ii) we see that for non-zero elements
% (a,8,y) of S, a+B+y takes all the values
m+1l,...,2m-1. Let % (a,b,c) be the member of S for
which a+b+c = m+1. Then by (7), we obtain (6), as

required.

Corollary 5B.3. Let C = c(g,y,y) be a special L-cone.

Then C 1is u-special if and only if
(8) L+v = 1 for all a = Au+uy+vy in LNP(C).
Proof. If C is u-special, then it ig immediate that
(8) holds. Conversely, suppose that (8) holds, and suppose
that C is y-special. Then for all a = Au+uy+vw  in
Lnp(c), we have X+v =1, and by (), u+v =1, so
A = p. Hence C is also u-special. Similarly if C is
w-special.
The following corollary is useful in calculations with

3-dimensional L-cones (for example, in checking whether a

given complex is special). The denominator g of a non-

zero rational number A = %,(p,q) = 1, will be denoted by
§ (M) . |

Corollary 5B.4. et C = c(u,v,w) Dbe an L-cone and

~

let (A,u,v) denote the coordinate vector of a with



respect to basis u,V,V¥. 1f C 1is u-special, then
(i) p+v € 2 for all a € L
(ii) 6(\) = S(u).= &(v) for all a € i

(iii) The index of C is

m(C) = max & (X)
a€L

(iv) LnP(C) < relint C.

(Hence, by Theorem 5B.2, (ii)-(iv) hold if C

is

special.) Conversely, if (i), (ii) hold, then C is

y-special.

pProof. Let C be u-special. Then (i), (ii),
clearly hold. We now prove that (ii) implies (iv).
a € LNP(C). Then
(9) a = Au+uv+vww , 0 < A,u,v<1l.

If A =0, then &(A) = 1. Hence by (ii), d&(u) =

(iii)

Let

§ (V)

and so py=v=0, so a=2@0, a contradiction. Thus

A>0. Similarly u,v>0. Thus
(10) A,u,v>0,
and this is equivalent to (iv).

To prove the converse part, let (i), (ii) hold.

Let

a € Lnp(C). Then (9), (10) hold. By (i), (9), wu+v

must be 0 or 1. By (10),

p+v =1, A+u+v>1.

Thus C 1is special, and the condition of Corollary 5B.3

is satisfied. It follows that C 1is u-special.

Corollary 5B.5. Let C = cf(u,y,w) Dbe a special

L-cone of index m. Then

(11) 1(c) = (Lnep(c)) U {u,v,v}.

Thus C has m+ 2 indecomposable points, of which

79.

1,
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u,v,w are on the relative boundary of C, and the other
m-1 points, comprising L.npP(Cc), are in the relative
interior of C.

Proof. Clearly that left hand side is contained in .
the right hand side. For the reverse inclusion we need
only show that
(12) LnP(C) c I(C).

We will use Lemma 3D.1 (iv) with F = conv(u,y,W). By

definition of n = Q(F), ne*x = 1 for all x in F.

Hence, if

a= % (ug+By+yg) € LNP(C),
then
n-a = %-(a+B+Y)
< 2 - % < 2 by Theorem 5B.2Z,

and it follows, from the lemma, that a € I(C).\ This com-
pletes the proof of (12), and hence of (11). The last part
of the corollary follows from Corollary 5B.4 (iv) (and

Theorem 5B.2).

[The converse does not quite hold. If (12) holds,
then from Corollaries 3E.2,3 we can show that if
a € Lnp(C), then

1
a == (au+ByY+YW) 4

m< a+B8+vy < 2m-1.
But we cannot show that C 1is special, for, as is easily
shown, the left hand bound cannot be improved to m+1.]
The following corollary of Corollary 5B.5 relating
the number of indecomposable points of a special complex

S of 3-dimensional L-cones to the inner index m; (S) of
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S (defined in Definition 3D.1) will be a useful adjunct to
the theorem (Theorem 5C.4) on bounds obtained later. If S

is a complex of 3-dimensional L-cones, then as in §3C, we

let
N(S) = # {c|c € 8},
E(S) = # {b|b is a base point of S} ,
H(S) = max{H(b)|b is a base point of S},

and if US is 3-dimensional, we also let.
E,(S) = # {b|b is a base point of S on the

relative boundary of US},

and E;(S) = # {b|lb is a base point of S in the
relative interior of US},
so that
E(S) = E;(S) + Ep(S).

Corollary 5B.6. Let S be a special complex of

3-dimensional L-cones. Then, in terms of the above
notation,
(1) # I(S) = m;(S) - N(S) + E(S)
(ii) If S is a subdivision of an L-cone, or US lies
in R? and is simply connected, then
$I(S) =m; (S) + 2 - E; (S).
Proof. (i) By Corollary 5B.5,

$ 1(S) =C€§(m(c)—l) + E(S)

= m; (S) - N(S) + E(S)
(ii) By Lemma 1C.1.
(13) 2E4 (S) + Ep(S) = N(S) + 2.

Hence (ii) follows from (i).



The following two results are useful in dealing with

u-special cones, and are immediate consequences of the
definition.

Proposition 5B.7. If C = c(u,v,w) 1is a u-special

L-cone, then the m+1 indecomposable points of Lnc
not equal to u all lie on the plane through vVv,w and
parallel to ou.

Proposition 5B.8. Let C = c(u,v,¥) be an L-cone.

Then C is u-special if and only %f there is an integer
c:1 such that
(c1,m) =1,

(Lnep(C)) U {y,w}

{bglr =0,1,...,m},

= % (Fe1 u+ (m-r)y+rw).
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§5C. Subdivision of 3-dimensional special L-cones, and

complexes.

The main result in this section (Theorem 5C.3) 1is
that every special 3-dimensional complex S of L-cones
has a unique basic subdivision T whose base points are
indecomposable points of S, so that

B(T) = I(T) = I(S)
(See Definition 3E.l and Note 3E.5. The first equality
holds because T 1is basic.)
+

Example 1. Let C =E = c(gl,gg,gg), and let L

be given by (LnP(C)) U {ez,es} = {bili = 0,...,5},

where
by = 1(0,5,0) = ez
by = £(2,4,1)
b, = (4,3,2)
by = £(1,2,3)
b, = (3,1,4)
bs = %(0,0,5) = e3

(See Proposition 5B.8.)
Then C is e¢;-special of index 5, and the diagram below
represents a basic subdivision T with indecomposable

base points (plane cross-sections being shown).

Subdivision T:
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All the 9 (= 2.5-1) cones have determinant

1/5 = 1/5|det(§1,g2,§3)|, and so are basic. Barycentric
subdivision of C with division point bs produces three
ei-special cones (this could be verified numerically, but
will follow from the theory) and further barycentric sub-
divisions with division points b2,bi,bu results in the
subdivision T as shown.

Lemma 5C.1. Let S be a complex of 3-dimensional

special cones, and let T be the complex obtained from S
by barycentric subdivision with division point t in C,
where C € S. If t = to, the minimal point of C (d5a
U-, V-, or w- special cong ; see Theorem3B.2 and

Definition 5B.1), then T 1is special, and

I(T) I(S).

Proof. Suppose t = to, and (usinglemma58.i with r=i) lef

C(EIYIW)I C b C(

u 0,V W),

N
@]
1l

ut

Cy = c(u,to,w), Cy = cl

(1) ¢ m

H =]

IVIEO)I

~
~ ~

m(C) (= index of CQC),

to =Iln (au + bv + cw) ,

L so a+b+c =m+1.
Then T is obtained from S by replacing C by the

three cones C C C and it is sufficient to show that

v/’

u’ w’
taking D to be any of these three cones, D is special,
and

(2) I(D) =D N 1I(C).

If S*(D) is the deleted simplex of D, and

d =+ +w €L,
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then

k-&ﬁ-kv < 14—% for 4 € LNS*(D), by (1),

Z 1+ € n

®]

for

=
o))

14

+ 0

el
s S 1)
H =

PV Y

Hence LNS*(D) = @, and D is special.

To prove (2), we note that the right hand side is
trivially contained in the left hand side. We will complete
the proof of (2) by a counting argument. By Definition 3B.4
and Proposition 3B.l, the indices of the cones Cg, Cy, CW
are

m(Cg) = a, m(CY) = b, m(Cw) = C.
Let
a’ = #((cynI(C)) ~{to v,w),
and similarly define b’, c’. Now
a-1=#(x(cy) ~{te,v,w})
by Corollary 5B.5, and similar results hold for b-1, c-1.

Thus, by the trivial part of (2), we obtain

(3) a’ < a-1, b'"<b-1, c’'s<c-1.
Thus
(4) m+2 = a+b+c+l >a’+b’+c’+ 4 = #(1(C))

= m+ 2 by Corollary 5B.5.
Hence equality holds throughout (4) and (3), and therefore
(2) holds for D = Cy,Cy,Cy. This completes the proof of

Lemma 5C.1l.

Note. It is easily shown, using Corollary 5B.3 that
if C is u-special, and t = to, then Cy 1is basic and

Cys C, are u-special.

-~
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Note. If t # to, u, ¥, W, then it is easily shown
that T is not special, and it can be shown from the
uniqueness part of Theorem 5C.3 below, that I(T) += I(S).

The following lemma partially states the uniqueness
part of Theorem 5C.3 and will be used to prove it. It is
well illustrated by Example 1 above.

Lemma 5C.2. Let C = c(u,v,w) be a g—special L-cone

of index m, and let

b, = % (rciu+ (m-xr)yv + rw)
for r=0,1,...,m, and (c;,m) =1, as in Proposition
5B.8. Let T Dbe a basic subdivision of C for which
I(T) = I(C). Then the cones in T containing the point
u are precisely the D, = c(g,pr_l,br), r =1,...,m.

Proof. If 0 < s<r < m, then det(y,bhs,by) = (x-s)/m,
as is easily checked, so that ' c(u,bg,b,) has index r-s.
The subdivision T must contain some c(u,bo,br), 1<r<m,
but this r must be 1 for the cone to be basic. Hence T
must contain some c(u,b,,b,) such that det(g,pl,?r)=-+l
and this r must be 2 for the cone to be basic. Proceeding

this way, the result follows.

Theorem 5C.3. Let S be a special complex of 3-dimen-

sional L-cones in Rd. Then S has a unique basic subdiv-
ision T whose base points are the indecomposable points
of S. That is,
B(T) = I(T) = I(S)
(where the first equality holds because T is basic).
The subdivision T may be obtained from S by
repeated barycentric subdivision, where each division

point is the minimal point (see Definition 5B.1) of the
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relevant cone.

Proof. Existence. This follows from Lemma 5C.1, as

the process must terminate (with basic T), because for
any subdivision V obtained in the process, B(V) < I(S),
and each barycentric subdivision enlarges B(V) by one

point.

Uniqueness. It is sufficient to prove the result in

the case when S consists of a single u-special cone

C = c(u,v,w) of index m greater than 1. Suppose that

T is a basic subdivision of C such that I(T) = I(C).
Since C is special, it follows from Corollary 5B.5 that
the facet c(v,w,) . contains no point of I(C) apart from
v,w. Hence for some point a in I(C), we have

c(v,w,a) € T. By Definition 5B.1, since c(yv,w,a) is
basic, we must have a = % (u+by+cw) = be (in the not-
ation of Lemma 5C.2). Thus the cones c(¥,be), c(v,bc)
lie on the relative boundary of a member of T. By Lemma
5C.2, and in the notation of that lemma, Dc € T, so
c(g,gc) also lies on the relative boundary of a member of
T. Thus, none of these three 2-dimensional cones can
contain a point of the relative interior of a member of T
(by Lemma 1A.1, as T is a dissection of C). It
follows that if D € T, then relint D lies in one of

C Cyr Cy (in the notation (1) of Lemma 5C.1l), and so D

ur -y

lies in that cone. Thus T = TulJTYlJTw, where Tg,Ty,Tw
are basic subdivisions of C,,Cy,Cy respectively, and

I(Tg) = I(Cg), and siﬁilarly for Cy,Cy. Since C_,Cy.Cy
have smaller indices than C, the proof of the uniqueness
result can be carried out by induction. Thus the theorem is

proved.
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We now give the consequent’ improvements to Theorxem
3C.2 for the particular 3-dimensional case, as in Theorem
5C.3. The notation N(S), E(S), H(S), and so on, will be
as in §3C, or as in §5B. The proof of the following
theorem will use a combinatorial result (Lemma 1C.1) of
Chapter 1.

Theorem 5C.4. Let S be a special complex of

3-dimensional L-cones in Rd, and let T be the basic

subdivision of S such that B(T) = I(T) = I(S). Then in

the case when S = {C}, and the index of C is m(C) = m,
we have
(i) N(T) = 2m-1
(ii) E(T) = m+ 2
(iii) H(T) < 2H(C), and

+

H(T) H(Cc) if C = E (the non-negative

orthant).

In the general case, we have

(1)’ N(T)

2m; (S) - N (S)

(ii) " E(T)

$#1(S) = my (S) - N(S) + E(S)

(iii) " H(T)

A

2H(S)

Proof. In (ii)’ the first equality is by data, and
the second is Corollary 5B.6 (i) proved earlier from
Corollary 5B.5. Part (ii) is the special case, and is
proved similarly, or deduced from (ii)’. Part (i) follows
from Corollary 5B.5 and Lemma 1C.l.(The lemma gives 8§5B
(13).) Part (i)’ is obtained from result (i) by summation.
Part (iii) follows froﬁ Definition S5B.1l or from §5B (4).

Part (iii)’ follows from part (iii).
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Notice that from Lemma 1C.1, any enlargement of
the set I(T), where T is an arbitrary simplicial
subdivision of the special complex S, increases N(T).
Hence the unique basic subdivision is most economical,
not only from the point of view of number of base points,

but also from the point of view of number of cones.
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§5D Subdivision of 3~dimensional L-cones and complexes.

In this section we obtain results on general 3-dimen-
sional comple#es of IL-cones from the results in 8§5C on
special 3-dimensional complexes, and from the results in
§3D on minimal special subdivisions which were defined in
Definition 3D.1, and exist by Theorem 3D.2.

Theorem 5D.1. Let S be a complex of 3-dimensional

L-cones, and let S; be any minimal special subdivision of
S. Then I(S:1) = I(S).

Proof. The proof is similar to that for Corollary

5B.5. If a = Au+uv+w € I(c) for C =c(u,v,w) in
S, then A+u+v<2, so a € I(S) by Lemma 3D.1 (iv).
Hence 1I(S;) < I(S), and the reverse inclusion is of

course trivial.

Theorem 5D.2. Any complex S of 3-dimensional L-cones

has a basic subdivision T such that I(T) = I(S).

Proof. From Theorem 5D.1 and Theorem 3D.2 there is a

(minimal) special subdivision S:1 of S such that

I(S:) = I(S). Applying the existence part of Theorem 5C.3
to the special complex S: we obtain a basic subdivision
T of S:, and hence of S, such that I(T) = I(S;) = I(S).

This completes the proof of Theorem 5D.2.

(Results on N(T), E(T), H(T) would also follow as

in Theorem 5C.4.)
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§5E. Applications of $§5B.

In this section we will discuss an application of
the characterisation of special cones to the character-
isation of lattice octahedra in R3. Another application
is given later in the proof of Theorem 6C.3.

Let a,,...,a, be linearly independent points in
R", and consider the convex hull
(1) K = conv(*a,,...,*a,).

If L is a lattice in R"™ which contains a,re++18p
but contains no other points of K, then K is called

a lattice octahedron (with respect to lattice L). The

problem of characterising lattice octahedra is the problen
of determining for given K, those lattices L for which
K is a lattice octahedron with respect to L. Mordell
[10] discusses this problem, and gives simple proofs of
known results for n = 3,4.

We will now obtain a simple proof of the result for
n = 3 from our theory of 3-dimensional special cones of
§5B.

Theorem 5E.1. Let K, given by (1), be a lattice

octahedron with respect to L. Then L has basis
ai, a2, &3, Or has basis a1, az, %(ai1+az+as).

Proof. The eight cones c(*ai,*az,*as) are all
special L-cones, and each is thus special with respect to a
base point. Let m be their common index. If m =1,
then a,, a,, as are a basis for L, so suppose m> 1.
Without loss of generality, we may suppose that
c, = c(a;,a,,23) 1is ai1-special. Let the minimal point of

C, be
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(a;thas+kas),

B

(h,k) =1, 1< h, k<sm-1, h+k =m.
Without loss of generélity, suppose that h<k, so that
k2=§ . The cone C, = c(ai,-az2,as) contains the lattice
point % (§1+k(-§2)+k§3), and is special. If Cz is
a;-special, then k+k =m (by the easy part of Corollary
58.3), so h=%k =1, m= 2, the minimal point of C; is
L (a:1+az+as), and a1, az, %(ait+axt+as) are a basis for L.
If, on the other hand, C. is (-a:)-special, or as-special,
then 1+k = m. But then the cone C3; = c(ai,az,-as)
contains the lattice point % (§1+§2+(—§3)], so since Cj
is special, m = 2, and it follows again that ai, a2,
L(a:1+az+a3) are a basis for L. This completes the proof

of the theorem.
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CHAPTER 6

QUADRATIC FAREY SEQUENCES

Introduction.

This chapter concerns the gquadratic analogue of Farey
sequences and the analogous determinant properties. The
work in this chapter provides some applications of some of
the ideas and results of the earlier chapters, and this
work was in fact the source of my initial interest in the
investigation of the cone subdivision problem.

In §6A I shall introduce quadratic Farey sequences,
and then in §6B I shall develop some basic results and
notation and outline the plaﬁ of the remainder of the

chapter.

§6A. The quadratic Farey sequence K.

We recall that in §4D we considered the classical
Farey sequence F, of order n and also the sequence G
which consists of all reduced fractions of height not
exceeding n. We recall that G may be generated from
-1/0, 0/1 and 1/0 by the construction of mediants. From
this construction it is immediate that G; has the foll-
owing property:

Determinant property of G/. 1If r/s, r'/s’ are any

two consecutive members of G5 (x/s<r’/s’), then
rs' - r's = -1.
We shall often identify a polynomial
f (x) =1ax2 + bx + ¢
with the triple

f = (a,b,c),
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and we sﬁall denote its height by
| £] = max (|al,|b|,|c|).
Recall that the height of an algebraic number is defined as
the height of its primitive minimal polynomial.
We now define a quadratic analogue of G, .

Definition. The quadratic Farey sequence K of

n

. [ . .
order n 1is the sequence of allré%adratlc or rational
numbers of height less than or equal to n ‘ordered accord-

ing tdﬂﬁétural order of fhe real numbers,

Let

(1) 6; € K, (i =1,2,3)
be consecutive in K,, and let

(2) f; = (aj,bj,c4) (i =1,2,3)

be the corresponding primitive minimal polynomials, soO
‘that by definition of Ky,
|£i] < n (i =1,2,3).

The f; are of course unique except for sign. Let

al b1 Ca
(3) D = az b2 Co

as bj; cC3 .
We shall refer to D as the determinant of the £; or as
the determinant of the 0j3;. It is natural to ask whether
D has some property analogous to the determinant property
of Gj.

Brown and Mahler [ 2] introduced the above definition
of quadratic Farey sequences, obtained some numerical
information (a table of information for n=5 is given in
[ 2]1), and made some observations and conjectures (without
any proofs). In particular, they conjectured that if

#,,0,,0; are as in (1), and D 1is as defined by (2), (3),
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then
(4) D=0, 1or -1
provided 6, is irrational. We will refer to (4) as the

determinant property, so that the conjecture was that the

determinant property always holds when 6. is irrational.
- However, it was pointed out by A. Hesterman (private

communication) that the result is false for n=7, and

I have verified Hesterman's calculations; The sequence

K, has 1311 members (of which 655 are positive) and the

determinant property for irrational 6. holds everywhere

except for one set of irrationals 8,,02,03 1in the

interval (0,1) (between 1/5 and 1/4) and the related

sets -03,-68,,-0,; 03%,03%,87%; =-67',-63',-63' which lie

respectively.in the intervals (-1,0), (1,«), (-»,1). The

exception involves the 42nd, 43rd and 44th positive members

of K7, for which D = -2 (when the aj; in (2) are chosen

to be positive) :

Approximate
04 value £
91 .2265 (7,-6, 1)
02 .2287 (7, 3,-1)
03 .2319 (7, 7,-2)

Despite this, some results about the determinant D
of three consecutive elements of K, will be obtained in
this chapter. These will include, in particular, a way of
eliminating the most obvious discrepancy when 9: is
rational (see §6F). Before going further, we need some

preliminary results and notation.
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§6B. Preliminary results for K, : elements in (r/s,x"/s').

In this chapter we will be considering three consecutive
members 6,,6,,0; of K, such that 0: 1is irrational, and
as far as the determinant property in K, is concerned, we
will be able to suppose that the 6; all lie in some closed

Farey interval [r/s, r’/s’], that is an interval

[r/s, ¥'/s’'], where r/s, r'/s' are consecutive elements
of GJ. For if 6; 2 n for i =1,2,3, we may consider
the 611, which lie in [0,1/n], and for 6; < -n we may
consider [-1/n,0]. (We may also suppose without loss of

generality, when convenient, that the ©€; are non-negative.)

Lemma 6B.l1. Let r/s, r’/s’ be consecutive elements

of Gj.

(i) The elements of K, in the open interval (r/s, r’/s’)
are all irrational.

(ii) If f is a quadratic polynomial such that |[£f| < n,
and f(6) = 0, where 6 € (r/s, r'/s'), then 0 € Kp s
and f is an integral multiple of the primitive min-
imal polynomial of 0.

Proof. (i) This is immediate from the definitions.

(ii) It is easily checked that any integral linear factor

of a reducible integral polynomial of height not exceeding

n itself has height not exceeding n. Result (ii) easily

follows from this and from (i).

Lemma 6B.2. Let r/s, r'/s’ be consecutive elements

of G, let 6 € K, n (x/s, r'/s’), let £ Dbe the prim-
itive minimal polynomial of 6, and let 6’ be the con-

jugate of 6. Then
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(i) e’ &€ (¢/s, r'/s'), and

(ii) we may "normalise" £ Dby multiplying by +1 so that

either
(1) {f(x) <0 for x in (r/s,®)
f£(x) > 0 for x in (0, r'/s'),

or (1) holds with the inequality symbols interchanged.
Proof. (i) (Notice that Lemma 6B.1(i) implies that
f is quadratic.) Suppose to the contrary that 6,6 1lie
in the same Farey interval (r/s, r'/s'). Then the con-
jugate elements -6', -6 ‘lie in the same Farey interval
(-x’/s’, -r/s), and similarly for pr~!, 8”! and for

-9~1!, -pr~!, Thus we may suppose that

0<r/s < 96,06l <xr'/s'< 1,

s»>1l, s">1, r>0, r' =1,
s+ s’"Z2n+ 1.
Then
E; = 1’ < 1’ < 1 ,
S s ss s+s’~-1 n

contradicting the fact that

16 - gr1 = Yh2=4ac
|a]

ol L

(ii) This is immediate from (i).

Remark. The lemma gives a one-one correspondence
between the © in K, in a given Farey interval, and
their quadratics £. Hence we will sometimes refer to the
order of quadratics £, when we mean the order of their
zeros in (r/s, r'/s’).

If f(x) = ax? + bx + ¢ is a quadratic, it will some-
times be convenient to consider the quadratic form

(2) f£(x,y) = ax? + bxy + cy? = y £(x/y).
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Definition 6B.1. A quadratic £ given by (2) has

form A at r/s (where r,s are relatively prime) if
f(xr,s) = A.
An element 6 in K, has form A if its primitive minimal
polynomial has form *A.
The plan of the remaining sections of this chapter is
as follows. 1In §6C I shall derive some general results
concerning pairs and triples of consecutive elements of

Kno. In §6D I shall specify the elements of K in [0,1/n]

n
_completely and show that the determinant property holds in

this interval. In §6E I shall obtain corresponding results

for [n;l , l]. In §6F I shall show how to obtain the
smallest element of K, in (x/s, r’/s’) for consecutive
elements r/s, r'/s’ of Gj, I will show that it has form
1 at r/s, and using this, I will show how to eliminate the
discrepancy in the determinant when the middle element is
rational. 1In §6G I will give results on the second small-
est element of K, in (x/s, r'/s’'), without going into
all the details of the proof. In §6H I shall investigate
the set S; of elements of K, in (r/s, r’'/s') with

form 1 at r/s, and show that the determinant property

holds on S (that is, for triples of consecutive elements

in Si1).

We remark that we may view many of the problems con-
cerning the elements of K, in terms of lattice points
(a point in 73 corresponds to a polynomial f = (a,b,c))
and lattice cones. Thus we will use a result on 3-dimensional

special cones from Chapter 5 in §6C, and we will use element-
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ary results on 2-dimensional lattice cones in §56H.

§6C: General results for 2 or 3 consecutive members of K.

Two consecutive quadratics.

Theorem 6C.1l. Let 1r/s, r'/s’' be consecutive elements

of G}, and let
f; = (aj,biscyi) (i =1,2)
be the primitive minimal polynomials of two consecutive
elements 6,,06, of K, in [r/s, r'/s’]. Then
(1) L(f1,£2) = 2% 0 lin (£:,£2),
that is, £f,,f, are a basis for the 2-dimensional sub-
lattice of 2? in the plane of £,,f;.
Proof. In the terminology of §3A.1, we must prove
that the 2Z3-cone
C =cl(f;,£f;)

is basic. We may suppose that 6; < 6, and that £;,£f2
are normalised according to §6B(1l), so that

£1(81) = 0, £1(62) >0, [£1] < n,

£2(0,) < 0, £2(62) = 0, |£2] < n.
Suppose that C is not basic. Then by Lemma 3B.5, C is
not special, so there exist Ai,A2 such that

fia = M1f1 + A2f, €2° N C

A1 + A2<1, 0< 2A;<1 for i=1,2.
It follows that

|£a] < n, £3(01) < 0, £3(82) > 0,
so

£3(8) = 0 for some 6 € (6;,62).
By Lemma 6B.1(ii), 6 € K,, contradicting the consecutive-

ness of 6,,6,. Thus C is basic.



Corollary 6C.2. Under the

2 x 2 minors of the matrix

C1
Coa

the
al b1
W) bp_

have no common factor.

Proof. By Lemma 2 of

Chapter I of CasselSs

100.

conditions of Theorem 6C.1,

(31, (1)

is equivalent to the condition on the minors.

Three consecutive quadratics.

Theorem 6C.3. Let r/s, r'/s’ be consecutive elements
of Gé , let 0;,06,,035 (0;<62¢< 63) be three consecutive
members of K, in [x/s, r'/s'], and let

£; = (aj.bi,cjy) (i =1,2,3)
be their primitive minimal polynomials. Let
a, by cif
D = det(f;,f2,£f3) = |a2 b2 c2
as bs c3| .
Then
|ID| < n.

Proof. We may suppose that the £; are normalised

according to §6B(1l) so that

£.(61) = 0, £f1(62) > 0O, £,(03) > O

£2(8,) < 0, £,(02) = 0, £2,(63) > 0

£5(6,) < 0O, £3(02) < 0, f3(03) = 0 .
Suppose that |D| >n. Then the £3 are linearly independ-

ent, and the Z*-cone
C =c(f,,f2,£3)

has index |[D| > 1.
We will show that C
there are numbers A;,Az2,XA3

zero, such that

is special.

in

Suppose not. Then

[0,1) no two of which are
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Ay + A2 + A3 <1

and such that

£y = A1f1 + A2f2 + A3fs € Z°.
It follows that

|£4|<n, £4(61) < 0, £4(63) > 0,
SO

£,(0) = 0 for some 6 € (6:,03).
By Lemma 6B.1(ii), © € K; , and £ is an integral
multiple of the primitive minimal polynomial of ©. Since
f, is not a multiple of f£f,, 06 # 62. This contradicts
the consecutiveness of 6:,02,03. Thus we have proved that
C 1is special.

By Theorem 5B.2, C is £i.1-, £2- or fi3-special.

Hence, by Lemma 5B.1 (taking r=1 in §5B(6)), there exist
positive ui,u2,us such that

fs = u1£1 + u2fo + usfs € z? ,
U1 + g2 + Uz =1 + —— .

Thus
|£5] < n(l + ———) < n+1,

and so |£fs| < n.

As before, this contradicts the consecutiveness of
91,02,03. Thus we have proved that |D| < n.

In the next two sections we will study two rational
Farey intervals within which the determinant D of 3
consecutive elements of K, always satisfies

|Q| < 1.



§6D Elements of K
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in [0/1, 1/n].

The elements of
taking reciprocals of
suppose that 6 1is a

quadratic

Then

We may then deduce the

b

2a

the + sign must hold

K in (0,1/n) may be obtained by

n

elements of K, greater than n, 8O

zero greater than n of the integral

ax? + bx + c (a>0,|£f] < n).
. (P €
2a a .

following results in the order given:
<D

2,

7

b \2 e n
/(zj 'ai = .
c < 0,
a=1, (a>2=0<2 +%/n2+8n <D 4i1<n if n>2

n
2
n

if n=1)

b=-n (b>-n+1=0<2L+ 2 /(n-1)7+in = n),

f = (l, —nl c) 14

n + vn® + 4| c|

2

Hence the possible quadratics £(x) are, in order of

ascending zero greater

(ll -n,
(1, -n,
(ll -n,

than n,
-1)

_2)

-n) .

For each of these quadratics, the positive zero lies

between n and n+1

exclusive. We may now deduce (using

Lemma 6B.1(ii)) that the elements of K, between 0 and



1/n have primitive minimal polynomials, which when arranged
in ascending order, with the reducible polynomials (1,0,0),

(n,-1,0) inserted, give the table:

quadratic determinant
1 0 0

0 1 0

n n -1 -1
n-1 n -1 1

e & e e e 0

2 n -1 s

1 -1 0

n -1 0 -1

0 n -1 R

We also have

2 n =1

1 n -1 =0 .

0 n =1

Thus we have verified that |D| < 1 for any three consec-
utive members of K, in [0/1, 1/n]l, as well as verifying
this determinant property in the slightly modified form of
the above table. The first and last figures in the last
column of the table illustrate a general result proved
later, in §6F, that the least and greatest elements of Ky
in (x/s, r'/s’), £i1,f,, say, when normalised according

to 6B(l), satisfy

fi(r,s) = -1, fo(r’,s") = 1.
§6E Elements of K, in [E%l, %].
| g i (=l 1)
By Lemma 6B.1l(ii) the elements of K, in \"7 l}

correspond to the primitive quadratics

(1) f(x) = ax? + bx + c,
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for which

(2) [£] < n,

(3) {f(n-l,n) ( ) = a(n-1)2 + b(n-1)n + cn® <0,
A = £(1,1) = £(1) =a+b+c> 0.
Taylor's Theorem gives

(4) £ (x) L

f(1) + (x—l)(f’(l) + f"(l))

A+ (x-1) <2a+b+ 3‘5—11a) )

Since

-1 x=-1 n-1
n < 5 <0 for x € <—E_' l) -

it follows from (1), (2) +that the graphs of the £f(x), for

fixed A, do not cross in (E:l, l) :

We now show that when (3) is satisfied too, then A=1,

with at most 2 exceptions where A=2. The determinant

n -(n-1) O
-1 0 =1 .
0 1l -1

Hence an arbitrary integer triple is an integral linear
combination of the rows. The quadratics corresponding to
these rows have, respectively, A =1,0,0. Thus an arbitrary
integer quadratic may be written as

(5) £ = (a,b,c) = A(n,-n+1,0) +a(1,-1,0) +8(0,1,-1),

where o,B are integral, and A = a+b+c. It follows

that

(6) f(n-1,n) = - a(n-1) - Bn.

From (5), (6) it follows that (2), (3) can only hold if

A< 2.



The case A = 2 yields at most two primitive quadratics:
fo = (n-1, 3, -n) (when n= 3)

for which

fo(n-1, n) = -1, %fe(1) =1
and
g = (n, 2, -n) (when n=>3 and is odd)
for which
g(n-1, n) = -n, Lg(l) = 1.

(When n is even, ¢ 1is not primitive.)

n24+3n-2

The case A =1 yields 5 primitive guadratics,

with zeros in (E%l ’ 1). Their order is determined by (4).

For n=1, there is only the guadratic (1,1,-1) and n=1

is already covered by §6D. For n=>2, we have:

a b c o B f(n-1,n)
2a+b =n+1 n-1 -n+3 -1 -1 1l -1
n-2 -n+5 -2 -2 2 -2
1 n~-1 -n+l ~-n+1 n-1 -n+l
2a+b = n+ 2 n -n+2 -1 0 1 -n
n-1 -n+4 -2 -1 2 -n-1
1 n -n -n+1 n -2n+l
2a+b =n+3 n -n+3 -2 0 2 -2n
n-1 -n+5 -3 -1 3 -2n-1
2 n-1 -n -n+2 n -3n+2
2a+b = n+4d n -n+4 -3 0 3 -3n
n-1 -n+6 -4 -1 4 -3n-1

3 n-2 -n -n+3 n -4n+3
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a b c o B f(n-1,n)
2a+b = n+5 . p . . . % i - i "
2a+b = 2n n 0 -n+l 0 n-1 -n(n-1)

n-1 -n -1 n -n(n-1)-1
2a+b = 2n+1 n 1 -n 0 n -n? .

Notice that
a+b+c=1
o+ B =2a+b - (ntl).
The general rule for the ordering is as follows:
Let the quadratics be

: +3n-2
£; = (aj,bj,cy) <l=l,...,N, N = n—‘zln_—) ,

and let the corresponding zeros in (Eii, l) be

8; < By < ... < By.
Then (from (4))

6; < 0 & 2aj

i 3 l+bi<2a-

J+b] or

2a; + b; = 2aj + bj and a; > aj.
Let us insert into this table the quadratics for which

A = 2. These were obtained above, and are:

fo = (ag,bo,cp) = (n-1, 3, -n) (n=3)
fo(0o) = 0, E%l < B¢ <1, and

g= (a’,b’,c’) = (n, 2, -n) (n>3, n odd)
g(¢) = 0, 2ol < ¢ < 1.

Consider the graph of Xfo. Since
L(ag + bo + co) =1,
L(2a, + bg) = n + %, and for

1 (a0 - ai) > - % in (Egs-, 1) :
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it follows from (4) that the graph of Xf, 1lies above fhat
of any f£; (i=1), so that
o < 65 for i=1.
As for %g, we have
L(a’+b’+c’) = 1,
Y(2a’+b’) = n+1,

so the graph of %g lies in (n;l

. l) between the graphs

of two quadratics in the first "block™ of n-1 quadratics

for which 2a+b = n+1l, namely between

N
=
+

Ny

o

II
(S ]fe)

+%) and (g—% 28 %-1/2)

and ¢ lies between the corresponding zeros. Thus ¢ 1lies
strictly between the first and last quadratics in that block.
We are now able to calculate the determinants of 3 con-

secutive quadratic irrationals in (E%l, l). Let us initially
insert the "normalised" quadratics %£f,, %g into the appro-
priate positions. Then the guadratic polynomials fall into
"blocks" according to the value of 2a+b. When n=2,
there are 3 blocks, but when n=>3, there are n +2 blocks,
the extra block being formed by Xfo, for which

2a + b = %(2a¢+be) = n + % .
Suppose that

h; = (Py,9i,73) (i =1,2,3)

are consecutive, and let

P1r di1 I
D = P2 d2 X2

Ps ds Y3 .

!

Since A =p+ g+ r =1 for normalised quadratics,

P1 - P2 q: — gz

D
Pz - P3 d: —ds3

1

.
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(i) If the h; are from the same block, then they differ

by multiples of (-1, 2, -1), so D = 0.

If the hj are not all from the same block, then
two equations must come from the same block, and the other
from an adjoining block, since all blocks have at least two
equations, except for the last block (2a+b = 25-%1) and
the first block (2a+b =n+% if n=>3, and 2a+b =n+1l
if n = 2) which have one equation each.

Suppose that hi:,h, are from one block, and hjs from
the next. Then

(ii) if h; # %g, then

p= |1 2 = -1 (k €2),
k -2k-1
(iii) if h = %g, then
1. -
D = 2 1 = - % (k €2).
k -2k-1

Now suppose that h; is from one block, and h2, hs
are from the next. Then

(iv) if h: # %fo, then

p = |k —2k-1 = i (k€2),
1 -2
(v) if h; = %f,, and hs; # %g, then
- -1
p= |K TKTE -y (k €2),
1 -2

(vi) if h; = %f;, and hi; = %g (this can only happen
if n=3), then

k  -2k-% = (in fact k=1).
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Thus, in all cases, on reverting where necessary from
the normalised forms %fo, Xg to the primitive forms
fo, g, the determinant of 3 consecutive quadratic irrat-

. . n-1
ionals in o

; l) is 0, £ 1.

It may be checked that if we add one or both of
(n, -n+l, 0), (0, n, -n+l) to the beginning of the table,
and if we add one or both of (1, -1, 0), (0, 1, -1) to
the end of the table, then the additional determinants
obtained are all equal to 0, * 1. It follows in particular
that the determinant property holds for K, in the closed

. n-1 1l
interval [—H+ r T] 5

§6F. The smallest element of Kn in (x/s, r'/s’).

Throughout this section we let r/s, r'/s' Dbe consec-
utive elements of G} (xr/s < x'/s').

We will show that the least element of K, in
(r/s, r'/s’) has form 1 at r/s. (See Definition 6B.1.)
Notice that results about the least element of K, in
(r/s, r'/s’) may be converted into results about the
greatest element of Kp in the Farey interval (s'/x’ ,
s/r) by considering the mapping 6 - 6"! (8 €K, . For
example, the result stated above implies that the greatest
element of K,, in a Farey interval (x/s, r'/s’) has form
1 at r'/s' .

Also, results for r/s < 0 may be deduced from results
for r/s > 0 by considering the mapping 6 » -8 (6 €Ky).
Thus we will often be able to assume that r/s =2 0 without
loss of generality. Notice that the case r/s = 0 has

been considered fully in 86D.
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Incidentally, it is an easy matter to show that there
do exist elements of K, in (x/s, r'/s’). For example,
there exists such an element corresponding to one of the
quadratics

(s, -r, 0) £ (0, s’', -r').
This is easily checked using the result
(1) r's - s'r = 1.
We prove the following stronger assertion.

Lemma 6F.1. Let r/s, r'/s’ Dbe consecutive elements

of G . Then there is an element of K, in (xr/s, x'/s’)
having form 1 at r/s.

Proof. When r/s = 0, the quadratic (-n,-n, 1)
determines an element of form 1 at 0 in (0, 1/n).
Thus we may suppose that r/s # 0, and without loss of
generality, r/s > 0. Thus r =1, s = 1.

Since g.c.d. (r,s) =1, the equation
(2) f(r,s) = ar? + brs + cs? =1
has an integral solution
(3) f = f¢ = (ao,bo,co), £ol(r,s) = 1.

(In fact, £ = (s'2, -2r's’ , r'?) 1is a solution by (1).)

As (3) can be written

(4) ao bo Co
-r 0 =1,
0 S -r

it follows that the rows of the matrix are a basis for z3,
and hence the general solution of (2) is

(5) f =f, + a(s, -r, 0) + 8(0, s, -x) (a,BEZ).
Let f = f; be given by (3), (5) and

(6) f = fl = (allbllcl) @ 0 = [-ZO} 14 B = [_Cr_o]
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Then, denoting the fractional part of x by {x}, it

follows from (5), (6) that

(7) a;, = - s{_2°} , c, = r{%}} ;

By using (5), (6) and (3) it is also easily checked that

(8) by = r{_Z°} = s{—c—"} e

r rs

From (7), (8), |£fi| is at most max(r,s). However, a
furhter adjustment may be necessary to the solution (6) of
(2), since f£f,(r’,s’) might not be negative, and by Lemma
6B.1(ii’) this is a necessary and sufficient condition for
f1 to give an element of K, .

From (5), it follows that
(9) f(r’,s’) = fo(r',s’) + oxr' + Bs’ .
Hence from (6), it may be verified, using (1), (3), that

(10) £,(x",s') = - r'{—2°} - s’{%}} P b L

rs

Let r'", s” be the integers determined uniquely by
(11) r'"s -rs”=1, 0<r”"<r, 0s<s'<s.

(The first and third conditions imply the second, as r>0.)

r n
r = |T + k|* keEzZ, k=0
s’ s” s| ,

(and k>0 4if s’ = 0). We have

Then

(4 r
(12) [s ] = k; [E—] =k if r>1, and

(13) k+1 if r = 1.

Since r/s, r'/s' are consecutive in Gj , k may also
be described as the largest non-negative integer such that
(for given r, s, r"”, s', n)

(14) r' =kr +r"” <n, s’ =ks + s <n

both hold.
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In the remainder of the proof, there are three cases

to consider.

Case r=>2, s=>2, In this case, (10) gives

rl 14 rll
£i(r',s’) < - I - 8 4+ 25
s r rs
Since, by (1),
r 4 14
r_=s_+_l'_..>.§._ ’
r S rs s

it follows that

-s! (r S =
£ ',8") < e so
1(x’, ) S T T r

S
S
r

Now define f = f, by (5), substituting £fi, a1, B:1 for

(15) £,(r",s") < —s-s—(

fo, o, B respectively. Then (9) gives

(16) fao(r',s’) = Ff1(x',s’) + oa1xr’ + Bis’ .
Choose
(01,B1) = [(0,0) if kx = 0,1
{[-(k—l),—(k—l)) if k > 2.

Then from (12), (15), (l6), £f2(x’,s’) < 0, and from (7),
(8), (14), |f2| < n. Thus £, is the primitive (all poly-
nomials of form 1 are primitive) minimal polynomial of an
element of K, in (r/s, r'/s’) having form 1 at «r/s.

Case r =1. Here, r"”" =1, s” = s-1. Also,

ag = 1(s). Thus
(17) f1 = (-s+1, 1, 0) = (-s”, ", 0).
From (10), or directly from (17),
fi(x',s’) = kxr' .
Define f» as before, choosing
(01,B1) = (d, -1) if k=0
{(-k, -k) if k = 1.

Then f2 gives an element of K, as required.
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Case s = 1. Here, we proceed as in the previous case

to get

£, = (0, 0, 1) = (-s", s", £"),

f,(x',s’) = s'? = ks’ ,
choosing
(ay,B1) = (-1, 0) if k=0
{(-k, -k) if k = 1.

Then £, gives the required element of K,. This completes

the proof of Lemma 6F.1.

The following corollary is immediate.

Corollary 6F.2. Let r/s, r’/s’ be consecutive

elements of G} . Then there is an element of K, in
(xr/s, ¥'/s’) having form 1 at r’'/s’ .

Minimal quadratics. In order to determine the least

element of K, greater than r/s (for fixed n) we need
to introduce the concept of a minimal gquadratic at r/s.

Let r/s be a non-negative element of G4 (r=0, s>0),
and let A be a positive integer. By (4) above, there is
a solution f=f, in 23 of
(18) f = (a,b,c), f(r,s) =4,
and f satisfies (18) if and only if
(19) f-£f, =a(s,-r,0) + B(0,s,-r) ,
where «a,B € Z. (0Of course (19) is valid for arbitrary r/s
in Gj .) From this, and the fact that A > 0, it is easy
to check that (18) has a solution £ such that
(20) a>-n, |bl <n, Je|<n,
(even with a>0). If we begin with such an £ and subtract
(s, -r, 0) or (0, s, -r) repeatedly, subject to the con-

dition that the f obtained always satisfies (20) then the



114.

process eventually stops, and then at least one of the

following holds:

(21) (1) a < -n+ s, b < -n+ s
(ii) a< -n+ s, c>n-r<r
(iii) b>n-1x, cC >n-r.

Definition 6F.1. Let r/s=>0, r/s € G} , and let

A be a positive integer. Then the polynomial £ satis-
fying (18), (20), and at least one part of (21) will be

called the minimal quadratic of form A (at /s, for

given n), will be denoted by g, , and will be said to
be of type (i), (ii), or (iii) if (21) (1), (ii), or (iii)
holds respectively.

Remarks. Despite its name, a minimal gquadratic is not
assumed to have degree 2. For any g, of type (i) or type
(ii), |9Al < n. lowever, a ga of type (ii) may have
|gA|>-n, that is, a>n, though not for small A. For
example, if r/s # 0,1, then r? + rs + s2 > 7, so if
A< 6, then a< 0, so certainly |ga| < n. The following
lemma is also easily proved from the inequalities in (21).

Lemma 6F.3. Let r/s >0, r/s € Gj , and let

gy = (a‘t) ,p(1),c(1)y be minimal of form 1. Then alt) <o

and c{!) >o0.

We have shown that g, exists for each positive
integer A. Also, g, is unique. This is immediate from
the first part of the following lemma.

Lemma 6F.4. Let r/s >0, x/s € G, , and let A

be a positive integer.
(i) If f 1is any integral polynomial satisfying (18),

(20) , then
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(22) f =g, + a(s, -r, 0) + B(0, s, -r),
where o,B are non-negative integers.
(ii) 1If, in addition, |£| < n, then |[gp| < n.

Proof. (i) is easy to check, and (ii) is immediate

from (i).

Theorem 6F.5. Let r/s, r'/s' be consecutive elements

of G with 0 < r/s < r'/s’ , and let A Dbe a positive
integer. Then
(1) |g1] € n, and g1 has a zero 6: in K;, and
in (x/s, r'/s'),
(ii) g = Agy + a(s, -r, 0) + 8(0, s, -r), where a,B
are non-negative integers,

(iii) if there is an f satisfying the conditions of
Lemma 6F.4, and having a zero 6 in (x/s, r'/s’),
then g, has a zero 05 in (x/s, x'/s’), and

01 < 6p < 8,
with equality only when the quadratics are equal
up to a constant factor.

Proof. Part (i) follows from Lemma 6F.1, and Lemma

6F.4. (Actually, the fact that |g:] < n 1is also easily
seen by a direct argument similar to that in the Remarks
above.)
(ii) follows from the inequalities (21). .
(iii) 84 < 68 follows from Lemma 6F.4 for if «o,B are
not both zero in (21), then the graph of gj
lies below that of f for x > r/s. Similarly,

;1 < 65 follows from (ii).
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The following corollary is immediate:

Corollary 6F.6. Let /s, r'/s’ be consecutive

elements of G4 . Then the least element of K, in

(r/s, r'/s’) has form 1 at ¥/s, and the greatest

element of K, in (r/s, r'/s’') has form 1 at r'/s’' .
This result suggests an easy way of eliminating the

most apparent discrepancy (mentioned in §6A) in the deter-

minant corresponding to 6:,6:,63 when 02 is rational.

We simply eliminate these determinants by inserting an extra

(reducible) quadratic (s, =r, 0) at the rational point

r/s just before (0, s, -r). To say that g has form 1

at r/s is to say that on writing

g1 = (a(l)’b(l)’c(l)),
we have
S -r 0
0 s -r =1 .

all) b(l) c (1)
This is one of the two new determinants created by inserting
(s, -r, 0). 1In the case where 1r/s # 0, if (c',b’,a’) is
the primitive minimal polynomial of form 1 at s/r of the
least element of K, greater than s/r, then (a’,b’,c’)
is the primitive minimal polynomial of form 1 at r/s of
the greatest element of K, less than r/s, and the other

new determinant created is

a’ b’ el i -s 0
s ~-r 0 = 0 r -s = 1.
0 S -r c’ b’ a’
(The case r/s = 0 can be handled separately, the least

positive element of K, being given by (a(?),p(}),c(1)) =



(-n, -n, 1) and the greatest negative element being given
by (a’,b’,c’) = (-n, n, 1).)

The eliminated determinant was

a’ b’ c’!
D = 0 s -r
a(l) b(l) c(l)

Now by Lemma 6F.4 (i),

(23) (a’,b’",c’) = &Hlnb“)p(”]+am,—r,0%+M0,s,—m,
for non-negative integers o,f, not both zero. Hence
D = da. Also, when r/s > 0, it follows from Lemma 6F.3

applied to g;, and to (c’,b’,a’), that all) < 0 and
a’ > 0. Then from (23), D is positive, as was observed
in the numerical data of Brown and Mahler [ 2] in the ref-
erence to Table 2. (Their determinants were actually neg-
ative, as their quadratics had non-negative leading coeffic~

ients.)

§6G. The second smallest element of K, in (x/s, r'/s').

In this section, we will suppose that r/s, r’/s’ are
consecutive elements of G4 with 0 < r/s < r'/s’' ,
although the results may be easily translated into results
for negative r/s. We will let

g (a(i),b(i)'c(i)) (1 =1,2)
denote the primitive quadratics of the smallest and second
smallest elements 6¢!), 8(2) in (r/s, r’/s’). Thus,
Corollary 6F.6 shows that £(1) = g1. I have also invest-
igated the quadratic £(2) by methods which include
further study of the minimal quadratics of §6F. As the

details are lengthy I will not include them here, but
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I shall describe the results and show how they can be used
in connection with the determinant
det((0, s, -r), £(1),£(2))
It will be convenient to express an arbitrary integral
quadratic £ such that
f(r,s) = A >0

in the notation

£ [A,0,B]
= A£Y) 4 a(s, -r, 0) + 8(0, s, -r)
. where by Lemma 6F.4(i), o,B are non-negative integers if
|£] € n. This notation is useful not only in determining,
of two given quadratics, which has the least zero greater
than r/s, but also in applying various techniques of
obtaining from a given quadratic, a quadratic with a lesser
zero in (r/s, r'/s’).

For example, if

£f=1[4,0,B],

where B =0, o = 2, is the primitive minimal polynomial
of an element 6f of K, in (x/s, r'/s’), and [x]*

denotes the least integer not less than x, and

then |h| < n, and h has a zero 6y in (r/s, r'/s'),
such that
g (1) < 0, < 6¢ o
so 0¢ #06(2), ana £ # £02),
Let us write in square bracket notation,
£02) = [a(2) ,o(2) g(2)]
Then it is easily checked that

(1) D = det{(0, s, -r), £(1),£(2)) = o(2) |
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I have proved by detailed considerations, that

(2 ) £(2) = [a,1,01, [4,0,11, I[A,1,1],
[(3,1,21, or 1[3,2,1] ,

and that the case £(2) = [3,2,1] can only occur when
r/s >1 and b'!) + s > n. It follows that the determin-
ant in (/1) satisfies
(3) D =0,1,2, and D =0,1 if O0< r/s < 1.
(Negative determinants can occur if we normalise the quad-
ratics to get non-negative leading coefficients.)

The possibility f£(?) = [3,1,2] is interesting. 2n
example where this holds is when n = 11, r/s = 8/11,
r’/s' = 3/4, when it can be checked by considering minimal
quadratics in the sense of §6F and using the various reduction
techniques alluded to in the present section, that

£(1) = 11,0,0]
f(2)

(_61_819) [

il

=[3,1,2]

(-7,-10,11).
A consequence of this example is that at 11/8 in Ku we
have the two consecutive quadratics preceding 11/8, forming

with 11/8, the determinant,

¥ = =T
9 -8 -6| = =2 (= - 8(2)at 8/11)
0 g -11

Thus the determinant property for three consecutive elements
of K, does not hold in this example where the largest
element is rational (providing another counter-example to

a conjecture of Brown and Mahler), although the determinant
property does hold (at this point) in the modified scheme
(explained after Corollary 6F.5) where we place (8,-11,0)

before (0,8,-11), for then the determinant becomes
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9 -8 -6 =-1 (= -al?) at8/11).
8 -11 0
T have not determined whether the case £02) = [3,2,1]
can actually occur (when «r/s > 1). If it cannot, then it
would follow that the determinant property for three con-
secutive elements
£, g, (s, -r, 0)

in our modified scheme also holds (for arbitrary x/s € G-

§6H. The quadratics of form 1 at r/s.

In this section I will prove the determinant property
for quadratics of form 1. That is, I will prove the
following theorem.

Theorem 6H.1. Let r/s, r'/s' be consecutive elements

of G} . Then the primitive quadratics of elements of K,
in (r/s, r'/s') of form 1 have the property that the
determinant of any 3 consecutive quadratics is 0, * 1.
Proof. Let S be the set of all integral quadratics
f(x) = ax? + bx + ¢
such that
f(r,s) =1, |f}] < n,
and let S, be the subset of S consisting of the quad-
ratics in S satisfying
f(r’,s") < 0.
By Lemmas 6B.1(ii) and 6B.2(i), there is a one-one corres-
pondence between the elements of K, 1in (r/s, r'/s') and
the quadratics in Si1. We will prove the determinant result

about S; by proving a determinant result about S.
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As we found in §6F(19) (which is of course valid for’
arbitrary r/s in Gj), the elements of S may be
written as
(1) f = fy + a(s, -r, 0) + B(0, s, -r), o,B € Z,
where f¢ is a particular quadratic of form 1 at r/s.

For i = 1,2 and elements £f; of S such that

(2) £, = £o + aj(s, -r, 0) + B;(0, s, -r)
we have
(3) £F1(x) - f2(x) = (sx-r)((a1=az)x + (B1-B2)).

Thus the graphs of fi(x), f2(x) cross at r/s, and if
o1 # o2, at =-(8:1-B2)/(ci1-02). Thus the graphs cross in

(r/s, r'/s') if and only if

(4) - H%‘ € (r/S, I"/S’) .

We now show that this is not possible.

Without loss of generality, suppose that r/s=0, s>0.
Since r/s, r'/s' are consecutive in K, , the larger of
r+r’, s+s’ exceeds n. Suppose that (4) holds. Then

|81'-82| >r+r’ , lar - az2| = s+s’ .

' > n,

If r>»s, then r’'>s’, r+r’ >s+s’, so r+r
|81-le > n. By considering the third components of f£i1,£f2 ,
we see that r<1, s =1, r/s =1/1. On the other hand,

if r<s, then r' < s’, r+r’' < s+s’, s+s’ > n,

oy —az| > n, and from the first components of fi,f.,

s<1, so r/s=0/l. Thus (r/s, r'/s’) = (%%) or

(%, E%T)’ But it is readily seen from §6D, 86E respectively
that (4) is false in these cases. (In fact the determinant

problem has been disposed of for these intervals.) Thus we

have shown that (4) does not hold, that is the graphs of the
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quadratics f in S do not cross in (x/s, r'/s'), and
so an ordering on the quadratics in S may be defined as
follows: If £,,£, € S,  then
(5) £, < £2 & £;(x) < £2(x) YV x € (x/s, x'/s’).

Clearly, this ordering on S agrees with the ordering
on S, corresponding to the order of the zeros of the quad-
ratics in S;, and S; is an initial segment of S in the
sense that there is an element £y in S; such that

S, = {fes|f<fy}.

Thus, we need only prove the corresponding determinant
result for S.

It is also clear from (3) that if £,,f, in S are
given by (2), then
(6) f, < £, & o3r + B8 < d2r *+ Ba2s

or {o;r + Bi1s = a2xr + B8
and o; < a2 .

Thus, the ordering < on S 1is a "linear ordering". One
final observation about S which will make our proof work
is that S consists of the points (a,b,c) of the lattice
23 which lie in a 2-dimensional convex set, namely that

given by the inequalities

-n < a = ag + os <n
-n €< b=Dby —ar+8s<n
-n < ¢ = ¢cg - Br <n,
or, in terms of «,B8, the point ¢ = (a,B8) 1lies in the

convex set K in R? given by the inequalities
(-n-ag)/s < o < (n-apg)/s
-n - by £ - ar + Bs < n - by

(-n=-cgo)/r < B < (n-cy)/r .
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Let fi.1,f2,f: be consecutive elements of S given
by (2) with i =1,2,3 and write also
(7) f; = (aj,by,cj) (i =1,2,3).
Then the relevant determinant is
air b1 ca

D = det asz b, C2

as b3 C3

(1 a1 Bi1] ao by Co
= det 1 az B2 S -r 0
[ 1 a3 Bs 0 s -r
[1 o1 B1]
= det 1 az B2
|1 a3 Bs]
[ 02— B2-B1
= det
Las-dz Bs-B2

= det (g2-01, @3=02),
where q; = (a;,B;) for i=1,2,3.
Suppose that |D| > 1. Then by Lemma 3B.5, or by
Theorem 34 of Hardy and Wright [6 ], there is a point
av = (aw,Bs) in 2? 1lying within the triangle with
vertices ai1,%2,03 OYr oOn its boundary, but distinct from
o; for i # 4. Since g € K, it follows from (6) that
the quadratic £, of S, given by
f, = £fo + ay(s, -r, 0) + B4 (0, s, -r),
lies between f1 and f3. But £fs # f£f2, and this contra-

dicts the consecutiveness of f;,f.,fs. Thus |[D| <1, as

required. This completes the proof of Theorem 6H.1.
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CHAPTER 7

AN INDEX PROBLEM OF CASSELS

§7A Introduction.

Throughout this chapter, M will denote a 3-dimensional
lattice, and L a 2-dimensional lattice in R¥}, and the
octants in R?® will be denoted in the obvious way by Biyys
A_4+4+, and so on. For example

Ay = {x]|x1<0, x>0, x3>0}.
Similarly the gquadrants in R?* will be denoted by * A4y,
+ A_g.

Throughout this chapter, we will also let F denote the

convex distance function in R?® given by

(1) F(x) = F(x1,X2,%3) = |x1| + [x2| + [xs
Now let M be a 3-dimensional lattice, and A an octant

in R?. Define a minimal point of M in A with respect to

F as a point u in MNA with minimal F(u).
For simplicity, suppose that M contains no points on

the coordinate planes, and let X be a set of 4 minimal points,

one for each pair of opposite octants + A. Then we have the

following problem, which is the subject of the present chapter.

Index problem: What can be said about the index (M:%(X))

of the sublattice of M generated by X?

This problem was raised by Professor J.W.S. Cassels in
the Arithmetic Seminar in Cambridge in 1974. Professor Cassels
suggested that one ought to be able to show that thé index 1is
at most 6, or perhaps at most 2, or perhaps even always equal
to 1. The existence of a small bound for Fhe index is sugg-

ested by results on the classical successive minima. For
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example, by VIII.4.3 Corollary of Caséels {3], the index of the
associated minimal vectors in R does not exceed n! 1In
fact, for n = 3, Bantegnie [ 1 ] has shown that the index

of these minimal vectors does not exceed 4. (See also Lekker-
kerker [8] p.56.)

For the problem as stated above, the index need in fact
not be 1. In §7B we will give an example where the.index is
2, and to retain the possibility that the index be always
equal to 1, we will introduce one modified 'minimal' lattice
point. We will also discuss briefly the connection with
successive minima.

Then in §7C, I will prove index results for 2-dimensional
lattices in R? or R®. Sections §7D, §7E concern the two
main ideas which we will use to tackle the index problem of

Cassels. Finally, in §7F I will obtain a bound for this index.

§7B. The set of minimal points of a 3-dimensional lattice,

notation, examples.

Let M be a 3-dimensional lattice in R®?. Suppose that
M has no points on the coordinate planes. Then each point u
in M belongs to a uniquely determined octant A(E). Let F
be as in §7A(1).

Let the term minimal point of M in A (or of ﬁf]A)

be as defined in §7A, and let X be a set of minimal points

as in §7A. Suppose that

(1) X ={a, b, ¢, dl,

where

(2) F(a) < F(b) < F(c), and F(b) < F(d).

Since M has no points on the coordinate planes, a,b are
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linearly independent. Let c¢’, d’ be points such that

(

c’ €M N A(¢) ~ lin(a,b) V say,

g’ €M N A(d) ~ lin(a,b)

. W say,
4

F(c’) min {F(u)|u €V},

L\ F(d') min {F(u)|u €W},
and let
X' = {a,b,¢c",d"}.
In this chapter, we shall investigate both indices
(M:2(x)), (M:2(x")).
Since a plane in R® through 0 contains interior points

of at most three octant pairs +* A, it follows that at most

one of ¢ and d 1lies in 1lin(a,b). Hence we may suppose

X' =X & d & lin(a,b) .

We now give an example where Cassels's index [M:R(X))
is 2 but the modified index (M:£(xX’')) is 1.
Example 1.

We note first that if x belongs to the lattice with
basis

(0,1,0), (0,0,1), (1,%,%)

and x is not a linear combination of (0,1,0) and (0,0,1),
then F(x) = 2. We consider a lattice M which is a slight

deformation of the above lattice, namely the lattice M with

basis
u = (-e1, 1, €2),
v = (-€3, ~€4, 1),
w= (1, 5+¢es, 5+¢cq)

where the ¢; are small positive numbers chosen to satisfy
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conditions to be stated. The -ei are to satisfy the approp-
riate linear independence conditions over the rationals, so
that M contains no point on a coordinate plane. The ¢; are
to be small enough so that F(x) > 1% say for all X in
M~ %(u,v). It then follows that one of the minimal points
a, b (see (2)) is u in A_,, , and the other is y in
A__, , and that these are unigque. (All the while wé are assum-
ing that the ¢e; are small enough.)
Now let ¢, d be minimal points of M in A4y and A,_,
respectively. Consider the vector
uxv = (l+ez64, ~€263+ €1, €1€4 + €3),
normal to 1lin(u,v), and consider the lattice point
v-u = (-es+e1, -en -1, 1-€2).
Suppose that
(5) €1 > €3, €2 < 1.
Then
uxv € Aypr , V- U E Byoy

and 1lin(u,y) contains no point of M N A,,; . Hence
b),

¢ € lin(u,v) = lin(a,b)
¢’ =¢.
where ¢’ 1is as in (3).
Let us consider the minimal values of F(x), where X
lies in a coset
X € hw + 2(u,V) (h € 2),
(6) x#* 4, £V, 0
X € Appq U Byy
For h = 0, we have
(7) v -u€Bh,_,, F(y-u =2+ €1 - €3 + €4y = E2y



and
F(x) > 2% for other X with h = 0.
For h =1, we have
(8) we€BA,, , Flw) =2+es + €6 .

We also have

w-u=(L+er, =%+es, H+¢€c-e2)
(9) € Ay v
F(w-u) = 24+€y —€5 + €6 — €2

and

F(x) > 2% for other x with h = 1.

For h = 2, we have

2w-u-v = (2+ €, +€3, 265 +€n, 266 — €2)
which lies in BA;44 on assuming that
(10) 2e¢ > €2
and we have |
(11) F(2w-u-v) = 2 + g1+e3+2es+ eyt (2e6-€2)
and ’

F(§) > 2% for other x with h = 2.

For h = 3, we have F(§) > 3%, and for h < 0,
clearly cannot lie in Ayyy U Ay_y unless F(x) is rather

large, certainly greater than 3L (always assuming that the

€; are small enough).

Thus, in considering the conditions (6), we find that

the minimal point c¢ = ¢’

B

w, 2w-u-vV which satisfy (8), (10) and (11), and which

~ -~

have h = 1,2 respectively. We can ensure that

(12) c =2w-u-

~

<

by choosing the €; so that

F(2w-u-v) < F(w) ,

128.

in A,,, must be one of the points
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that is, to satisfy

(13) g1 +e€3tes+ent+tes > €2 ,

and (13) is certainly compatible with (5) and (10).
Equation (12) implies that

(14) (M: 2(a,b,c)) = 2.

From the above consideration of the conditions (6), we
also conclude that the point 4’ in A,_, (see (3)) is
(15) d' =w-u
calculated in (9), so that with X’ as in (4),

(M: 2(x")) =1,
as .claimed.

We next prove that the minimal point d in A,_4 1is
(16) d=v -u,

(see (7).
Inequalities (10), (13) imply that
€¢ > €1 +€3+ecs+ ey
> gs+€Ey —€3 .
Hence by (7), (9),
F(v-u) < F(w-u) ,
and (16) follows. From this, we see that with X as in (1),

2(%) = 2(a,b,c,d)

so by (14), we have
(M: (X)) = 2,
as we claimed.

Connection with successive minima.

Let a,b,c,d be as in (1), (2). It is clear that the

~

first minimal point a is just a first successive minimal

point of the lattice M with respect to the distance function
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F. (See Cassels [3], p.20l1l.) Further, given a lattice M, it
may well turn out that the successive minimal points are a,b,c
or a, b, d. However, we now give a simple example which
illustrates that the second successive minimal point need not
even lie in 1lin (a,b).
Example 2.

Let M Dbe the lattice in R? with basis

u = (1151162)1
v = (ESIllek)l
w = (es,€6,-1%),

where E+ €y < &, +E+)
0 <ey <§ for all i.

Then u,Vv,w are successive minimal points, and a but

Il
e

lin(a,b) # lin(u,v).
Let M be a 3-dimensional lattice in R?*, let X;,A:
denote the first two successive minima of M with respect to
F, and let a,b denote the first two minimal points as in (1),

(2). Also, let

(17) F(a) = uy, F(b) = uz.
Then
(18) X1 = U1, U2 = A; S Az < 2.

This is trivial, except for the left hand inequality, which will
be proved in 87D.

In the case when the (classical) second successive minimal
point m, of M 1lies in 1lin(a,b) it may be proved that, re-
choosing b if necessary,

(19) b=m, or ’@2 - a

(the proof would use Theorems 7C.1, 7c.3.), and in this case,

(18) obviously follows from (19).
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§7C. Minimal points of a 2-dimensional lattice.

In this section, we let L be a general 2-dimensional
lattice in R? which may have points on the coordinate planes
or axes. We will prove if a,b are the minimal points as
defined below, then

(L - Q(Q'?)) =1,
except in certain cases when L contains points on the co-
ordinate axes, when the index is 2. It will then follow that
the minimal points a,b of §7B (1), (2) are a basis for
M n lin(a,b).
' Let P be an arbitrary plane in R® passing through the
origin. There are three possibilities:

(i) P 1is a coordinate plane,

(ii) P is not a coordinate plane but passes through

a coordinate axis.

(iii) P contains no coordinate axis.
These cases correspond to the cases when the Cartesian equation
for P has two, one or none of its coefficients equal to zero.
Consider the intersections PNA, where A 1is an octant in
R?}. When non-degenerate, PNA is a 2-dimensional cone, which
we will refer to as a coordinate sector in P. In cases (1),
(ii) P has four distinct sectors. (In case (ii), exactly two
of the lines of intersection of P with a coordinate plane
coincide.) In case (iii), P has six distinct sectors, these
being determined by the three distinct lines in which the
coordinate planes intersect P.

Now consider the convex distance function F of §7A (1).
That is,

(1) F(x) = |x1| + |x2] + |x3] .
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We will be using the fact that F is linear in each octant
and hence in each sector in P. We will also use the fact
that the inequality

(2) F(x+y) < F(x) + F(y)

holds whenever no octant contains both x and y, and so
holds for any two points of P which do not lie in a common
sector.

The minimal points a, b of L.

Let L be an arbitrary 2-dimensional lattice in the plane
P in R?}. Choose a in L to satisfy

(3) a € L, F(a) = min F(u).
u€lL

Choose a sector A in P such that a € A, and choose b in

I. such that

(4) b € L ~ (relint A) ~ (- relint A) ~ %(a) = T, say,
(5) F(b) = min F(u).
u€T -

We will refer to a, b as the first and second minimal
points of L with respect to F. (An analogous general defin-
ition could be given for the first two minimal points of an
arbitrary 3-dimensional lattice, though we have omitted this
for the sake of simplicity.) If M is a 3-dimensional lattice
in R?® such that M has no points on the coordinate planes,
if a, b are taken as the first two minimal points as in §7B,
and if L = M 0 lin(a,b), then a, b are minimal points of
L in the above sense, as is easily seen.

Theorem 7C.1. Let L be a 2-dimensional lattice in the

plane P in R3®, and let a, b be minimal points with respect
to F as given by (1), (3), (4), (5) above. Then

(L : 2(a,p)) =1
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except when F(a) = F(b) and L has basis a, % (atb) (in
which case the index is 2). The exceptional case can only
occur when P has just four sectors, one of which contains
a, b on its bounding rays.

Note 1: Thus, in the exceptional case, one of a, b
lies on a coordinate axis, and the other lies on a coordinate
plane.

Note 2: If P = {x|x3;=0} we may identify F with the
corresponding distance function on R?2, and infer the analogous
result for 2-dimensional lattices in RZ.

Proof of Theorem. Let Fj denote the linear function

that F coincides with on A. Replacing b by - b if

necessary we may suppose that the following (strict) inequality

holds
(6) Fa(b) < F(a)
that is, 0, b lie on the same side of the line Fa(x) = F(a)

in P). From (3), we have
(7) F(b) = F(a).

We suppose the required index is not 1. Then by Lemma
3B.5 the triangle (¢ a b contains a point vV of I other
than 0, a, b; any such point is of the form

v = Aa + ub, O < A<1l, 0<u<1l, 0< X+ upusl.
Now since b & - relint A, a € A, we have that v & relint A.
Thus it follows from (3), (4), (6) and the linearity of F,
that v must be in T as defined by (4). If F(a) < F(b),
or a and ‘b are not contained in a common sector of P, or

A+ u <1, then by (2), (7) and the convexity of F we obtain

F(v) < F(b), a contradiction to (5). Hence we must have



(i) F(b) = F(a),
(ii) some sector in P contains both a and b, and
(iii) v is on the line-segment a b.
It follows from (iii) that b - a is not primitive, so
let h be the largest integer such that
(8) a-b=hu (h = 2)

for some u in L. By (3), we have

F(a-b) > hF(a).

But
F(a-b) < F(a) + F(-b)
= 2F(a) by (i).
Hence
(9) F(a+(-b)) = F(a) + F(-b),
and
(10) h = 2.

From (9) (10) we have that

(iv) some sector in P contains both a and - b.

Now conditions (ii), (iv) imply that there are two adjacent
sectors in P which both contain a, and which each contain
one of b, - b. This can only happen when P has only four
sectors, and a, b lie on the bounding rays of one sector.
Moreover, (iii) and (10) show that v = %(atb), and that a, Vv
form a basis for L. Thus if the index is not 1 then the
exceptional case specified in the theorem must occur.

We now have the following immediate corollary.

Theorem 7C.2. Let M be a 3-dimensional lattice in R3

having no non-zero points on the coordinate planes, and let

~

a, b, ¢, d, X be as given in §7B (1), (2), (3), (4). Then
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(i) M N0 lin(a,b) = 2(a,b),
(ii) If 4 ¢ lin(a,b), then 2(X) = %(a,b,c).
The following result can be proved by a proof similar to

that of Theorem 7C.1l, but simpler, and we omit the details.

Theorem 7C.3. Let M be a 3-dimensional lattice in R3

with first two (classical) successive minimal points a, b
with respect to F. Then the index
(Mnlin(a,b) : %(a,b))
is only greater than 1 in the same exceptional cases as in
Theorem 7C.1 with L = lin(a,b).
In Theorem 7C.3, the exceptional cases of course cannot

occur if M has no points on the coordinate planes.

§7D. Distance of lattice planes from the origin.

In this section, we will let M be a 3-dimensional lattice
in R?, and although not absolutely necessary, we will assume,
without exﬁlicit mention, that M has no points on the coord-
inate planes. We will consider a lattice plane not through
the origin, and parallel to 1lin(a,b) where a, b are as in
§7B, and find a lower bound for its distance from 0 with
respect to the distance function F of §7A(1).

Consider a plane P in R?, with equation
(1) YixXi1 + YzX2 + y3xXs = t, |v1] = m?XIYi|°

By the distance Tt of the plane P from Q with respect

to F we will mean the minimum value of F on P. We have
(2) T = F(t/v1,0,0) = |t/v1]| -

This is easily seen from the fact that F 1is non-negative and
linear on each octant A,’ and so achieves a minimum value at

a vertex of one of the polygonal regions P NA.
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The following lemma establishes (18) of §7B.

Lemma 7D.1. Let M be a 3-dimensional lattice in R?,

let a and b be as in 8§7B(1), (2), w1 = F(a), u2 = F(b)
and let A1 (= p1), X2 be the first two successive minima
as in §7B(17), (18). Then
(3) A2 > max(uz-p1,41).

Proof. The only non-trivial part to prove is

(4) A2 2 U2 — Y1 .

Let u be a point of M such that
(5) ‘ F(u) < w2 - u1 .
We must prove that
(6) | u € 2(a) .
Let A be the octant such that a € A,

By definition, we have

(7) F(a) = y1 = min F(y)
vEM

and

(8) v EM, F(v) <uzevE€=+A.

By (5), (8),

u € £ A .
Take g’ = * u so that
(9) u' #0, u €A, F(u') < u2 - m .

Let F, be the linear function which F coincides with on A.
Then

Fp(u') = F(u') > F(a) by (7), since u’ # 0,

Hence

(10) 0 < FA(E"?;) <-FA(E’) .
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Now (5), (7), (8), (10) imply
(11) u’ - a €A, F(u'-a) < F(u") < 2 - 1 -
Thus (9) implies (11). Repeated use of this fact shows that

u’ 1is a positive integral multiple of a. This establishes

(6), and completes the proof of the lemma.

Lemma 7D.2. Let M be a 3-dimensional lattice in R3.

Let u, v be linearly independent points in M, aﬁd let £
be a point of R? such that

F(u) = a, F(v) =8, F(f) = ¢,
az | - ;

f € lin(u,v).

Let k be a number such that
(13) F(x) = k for all x in M ~ lin(uy,v).
Let P be the plane
(14) P=f + lin(u,v).
Suppose that

MNP#P.

(15) e > % (3k-(a+B)).
Proof. Let w be a point in MNP. Replacing w by

w-u W-vV, Or wWwW-u-Y if necessary, and then replacing

u by -u and/or y by - y if necessary, we may suppose
that

w = £+ Ag + uv ,
where

0< A<}k O0<p<ikH.
Applying (13) to the point w, and to the point
2w - u -y = 2f + (2x-1)u + (2u=-l)y ,

and using the convexity of F, we obtain
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f € + Aa + up = k
\ 2e + (1-2\)a + (1-21)B =2 kK,

which immediately gives (15).

Theorem 7D.3. Let M be a 3-dimensional lattice in R?,

and let a, b be minimal points as in Lemma 7D.l. Suppose
(changing scale if necessary) that

(16) F(a) = 1(= m1), F(R) = m(= p2).

Let P be a lattice plane parallel to 1lin(a,b), but not
through 0. Then with notation as in (1), (2) (re-naming
coordinates if necessary to satisfy (1)), the distance from
P to EQ with respect to F satisfies

> m-2 2-m 1]
(17) T max { 5 ' "4 ' &m

Proof. Apply Lemma 7D.2 with
B=§: Y=131 g‘: (t/Yllolo) .

Since (2) states that

T = |t/v1| o
the lemma gives
(18) T > %(3k-(1+m)).
By Lemma 7D.l, condition (13) of Lemma 7D.2 will be satisfied
if k=m-1 or k = 1. Substituting these values of k into
(18) gives the first two inequalities of (17).

The third inequality in (17) is obtained by a simple
application of Minkowski's convex body theorem. The parallel-
epiped determined by a, b, £ contains a fundamental domain
for M. Hence

l.m.7 = F(g)F(Q)F(g)

\%

lal el | £l
Z det M

> 273, (Volume of F(x) <1), by Minkowski

% , as required.
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Note 1. The third inequality in (17), and its proof, are
valid if a,b are arbiirary linearly independent points of M
with

F(a) = 1, F(b) = m.

Note 2. Application of Lemma 7D.2 to the claséical
successive minimal points (instead of the minimal points of
§7B) and corresponding distance T; say, yields
(19) ' < KA, - 4
(from (18) with 1, k, m replaced by t’, X2, A2, respect-
ively). Thus, if the minimal point b happened to be a
second successive minimal point, then (19) would be an
improvement on (17). In the case when k =m =1, (17)
gives

T2%
which is easily seen to be best possible, and similarly, if

A2 =1 (= A1), then (19) gives <1’ > % which is best possible.

§7E. Covering domains.

lLet L be a 2-dimensional lattice in the plane P through

the origin in R®. We shall call a set 0 a covering domain

for L if

(1) p= U D+,
u€L

that is, if L 1is a covering lattice of 7.
In this section, we will find covering domains 0 in
which F is small, where ' F is as in §7A(l), and hence

derive an auxiliary result needed for the index problem.
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Suppose that P has equation

(2) YiX1 + yaX2 + Y3x3 =0,
where
(3) |vi] = max tyil > o.

It follows that if x 1is in P then
(4) Clxal = | (Yoxo *+ vsxs)/val < x| 4 [xs| .
As explained in §7C, P has four or six coordinate sectors.
We will be concerned with the quadrants + A, + B in P,
where |
A= {x|x€P, x220, x3=>0} ,

) {B={>~<|>~<€P, %X,<0, X530} ,
which are non-degenerate since’ vy, # 0.

We observe the following immediate consequence of (2), (3)
and (4).

Lemma 7E.1. If x and y are in P, then

~ ~

X2 =y, and |xs| < |ys| = F(x) < F(y),
x3 =ys and |xz| < |y2| = F(x) < F(y).
We shall use this observation in the proof of the following
lemma.

Lemma 7E.2. Let u, v be linearly independent points of

L such that

u,v € A, v-u € B.
Let
C = {x|x€P, - u;<x,<uz, 0<x3<v3l},
D, =CnaA,
D, =CNB~ {xX|X2<Vvy=~uz, X3>V3—us} .
Then
(1) D, and D, are covering domains for L, and

(ii) for all x in D, or D



141.
F(x) < min{F(u) +F(v), F(u +F(y-u), F(y) +F(y-u)} .

X2=0

B / v r
u
X3 =

/Q

Proof. (i) The parallelogram F with vertices
0, u, ¥, Y-u 1s certainly a covering domain for L, and if
x is any point in F then either x itself or x+u or
X+ u-vy 1isin D; , as illustrated in the diagram. Hence
D1 is a covering domain for L, and the proof for D, 1is
similar.

(ii) Let r, s, t be the points in P such that

Y, =Uz, Y3=Vs3; S2=Vz=-Uz,S3=vVv3; tz2=-uz, ts=vs-—-us.

Then by Lemma 7E.l1 the maximum values of F on 0, and 7,
are attained at ¥ and s or t. The result now follows by
using Lemma 7E.l1 together with the convexity of F. For
exanple,

F(r) < F(u+y) < F(u) + F(V),

F(r) < F(y) + F(r-y) < F(v) + F(u-v).

We have the following immediate corollary.
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Corollary 7E.3. Let L, P, A, B be as in Lemma 7E.2,

and let u, v, v-u be points of L not all lying in * A,
and not all lying in + B. Let § be any point of P. Then
in each quadrant *A, * B there is a point X such that
(6) x €L + G, F(x) < F(u) + F(v) .

We now introduce further notation in the case when there
are six sectors in P as in (2), (3), that is, when y2v3 # O.
We then suppose, by mapping (xi1,x2,%x3) to (x1,X2,-x3) 1if
necessary, that
(7) Y2Ys > 0.
In this case the line x; = 0 in P divides the quadrant B
into two sectors, Bi, B2, say, so that
(8) B =B; UBa2.
For each sector E, let Fy denote the linear function that
coincides with F on E. We then have the following lemma,
which is easily checked using (4).

Lemma 7E.4. Suppose the plane P given by (2) has six

coordinate sectors and (3), (5), (7) and (8) hold. Then
FB1(§) >0 for all x in Bga,

except possibly when x lies on the common boundary of * A
and + B, and a similar result holds with B: and B: inter-
changed.

The lemma is equivalent to the statement that the lines
in P on which Fg,r Fg, vanish must lie in + A, possibly
on its boundary. We now use this lemma together with Corollary
7E.3 to prove the following auxiliary result for our index
problem.

Theorem 7E.5. Let I be a 2-dimensional lattice in the

plane P in R? such that (2), (3) hold. Let a, b, be

~
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minimal points of I as defined in §7C (3), (4) and let
F(a) =1, F(b) = m.
Let A, B be the quadrants in P as defined in (5), and let
§ be any point of P. Then in each of the four quadrants
+ A, £+ B there is a point x such that
X €L+ 8, F(x) <Sm+ 1.

Proof. By Corollary 7E.3, it is sufficient to show that
the minimal points a, b chosen appropriately if not unique,
satisfy the condition that a, b, b-a do not all lie in
* A, or all in % B. We will not use the fact that m = 1,

so that a, b are actually interchangeable in the argument.

Case 1. When a € £+ A, and b € * B or vice versa, the
only way for a, b to lie in the same pair * A or + B is
for a, b to lie on the two bounding rays of one quadrant,
in which case neither of + (b-a) can lie in the same quadrant.

Case 2. When Case 1 does not hold, both a and 9 must
lie in * B but in different sec£or pairs % B;, and we may
suppose that a € By, b € B,. If Fp,(a) = 0, we replace b
by b-ha where h €%, h>0 so that the new b still satis-
fies bE€B;, F(b)=m, but also b-a & B,. If Fg,(a)#0, then
by Lemma 7E.4, FBZ(§)> 0, so FBZ(Q—Q)'<F(§), which would
contradict the minimality of F(b) in B2~ &(a) if we had
b-a€Bz2. Hence b-a € B,. Similarly, we may suppose that
a-b&B, and so b-a & - B).

Now if b-a € B,, then b = (b-a) + a would belong to
B;, so b and hence all three of b, b-a, a would lie on

the common boundary of B; and B,, a contradiction since

b & f(a). Thus b-a & B;. Similarly, a-b & B, so



144.

b-a & - B,. Thus, we have that b-a € £ B, * Bz, so

b-a & B, as required.

§7F. Bounds for the index.

Throughout this section, M is a 3-dimensional lattice
in R? having no non-zero points on the coordinate planes,
and F 1is as in §7A(l). Let
(1) X = {a,b,c,d} , X" = {a,b,c,d"}
be as in §87B (1), (4) with
(2) F(a) = 1, F(b) =m=> 1.

We will use the results of §7D, 7E to obtain bounds for the
indices of the sublattices 2(X) and (X') in M.

Let the plane

(3) P = lin(a,b)

have equation

(4) Yix:i + Y2X2 + Y3xXs = 0,
where
(5) - Yy = Y2 = Y3 = 0.

Condition (5) implies that for all X in P

R (- <
(6) | 1] T F(x)

N

F(x).

Since (5) also implies that (4) of §7E holds, we will be able
to use the results obtained there on the quadrants * A, *B
of P (bounded by the lines x, =0, x3 =0 in P). Using

the notation A etc., for the octants as at the begin-

+++ !
ning of §7A, we note that

(7) pna,, = {0},

which follows from (5). Since M has no point on the coord-

inate planes, we have Y2 # 0. But Y3 may be zero, in which

case we also have P N A_,_ = {0} .
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For £ € R, let P(£) denote the plane
(8) P(g) = (£,0,0) + P,
and recall that by §7D (1), (2),
(9) u € P(g) = F(u > |g].
We define
(10) - T, = min{|&| | &€ # 0, P(§) contains a point
of M}.
Thus, by §7D (1), (2), T, 1is the distance with respect to
F between adjacent lattice planes parallel to P. We recall

that by Theorem 7D.3

> m-2 2-m 1
(11) To max{ 5=+ 2 ' gml °

We shall consider the index of &(a,b,u) in M for
certain vectors u. By Theorem 7C.2 we have
2(a,b) =M NP,
and it therefore follows that, for any u in M and integral

h,.

(12) u € MnNP(hte) « (M:%(a,b,u)) = |h
The following lemma produces special points in MN P(hto) for

suitable h.

Lemma 7F.1. Let M, a,b, P, 1o be as above, satisfying

(2) to (5) and (10), and let hE€ Z.
(1) 1If

> =
(13) hto 5

then each of the octants A,,.,, A,_,, A,__, A,,_ contains a
point w such that

w € M N P(hto),
(14)

F(g) < hte + m + 1.

(ii) If h > 0 the octant A,,, contains a point w such that
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w=yv+ (h1¢,0,0) € M N P(hto),

where

v € ALy, F(v) <m+ 1.

Proof. Let u be any point of M N P(hto), and let

§ = u - (hto,0,0).
By applying Theorem 7E.5 with this ¢, we see that each
gquadrant E (=* A, £B) contains a point v such that

v € E, F(Y)<m+l,

w=1v + (hto,0,0) € M n P(htg).
Since, by (6), each vy has |vi| < %(mt+l), the condition (13)
ensures that each w has w; > 0, and this gives the points
required in (i). In the case of the octant A,,,, (ii) follows
from the above and (7).

We can now give a result on indices.

Lemma 7F.2. Let M, a, b, P, 1o be as above, satisfying

(2) to (5) and (10). Let G be any octant in R?, and let

u be a point of G ~ P with minimal F(x). Then
(1) (M:2(za,bw) <53 T4,
0
and
{(ii) if 6=+2Aa,, ., then
(M:%(a,b,u)) < I_“%l + 1.

Proof. Without loss of generality, we may suppose that G
is one of the octants A,,,, BA,,_, A,__, Ay_4. Apply Lemma 7F.1
with h as the least integer greater than or equal to (m+l)/27To,

so that

m+1
2T0

(15) ' 1< h < + 1,

to obtain a point w in the same octant as u and satisfying
(14), so that w € M ~ P, and

(16) _ F(w) < htg + (m+l).
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Let k be the required index, so that, by (12),
u € MN P(kto),

hence by (9), we have

(17) F(u) > k7o.

Suppose that (i) does not hold. Then

KT o >‘%1+ To + (m+l) > 0,

so by (15), (17),
F(u) > hty + (m+l), u & P.
By (16), this contradicts the minimality of wu. Thus (i) holds.
. The result (ii) is proved similarly, using (ii) of Lemma 7F.1
with h = 1.
We now combine our results to give our final index estimates.

Theorem 7F.3. Let M be a 3-dimensional lattice in R?

having no non-zero points on the coordinate planes. Let X,X’'
be as in (1) above and in §7B (1), (4), and let
m = F(b)/F(a) = 1,

m-2 2-m ;L
2 ' 4 ' é6m

w=max{

(i) FEach of the indices {M:2(X)), (M:%2(X')] is positive and
less than

3 +1
7w Tt

(ii) Let P bg as in (3), (4), (5). 1If neither a nor b
lies in the quadrant

A= {x|x€P, x2>0, x3>0},
then

(:n(x’)) < o1

Corollary 7F.4. For all m, the indices in (i) are at

most 62 and if m=>11 these indices are at most 4. For all
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m, the index in (ii) is at most 41 and if m>8 this index
is at most 3.

Note. The above bounds are rather crude for small m.
It should be possible to drastically improve them by obtaining
an improved version of (17) of Theorem 7D.3, in particular for

the case when m is near 2.

Proof of Theorem 7F.3. The indices (M:%(X)) and

(M:2(X’)) are just the greatest common divisors of (M:2(a,b,c))

with (M:%(a,b,d)) and (M:%(a,b,d’)) respectively. Hence to
to prove (i) it is sufficient to prove that

3 mtl

(18) 0 < (M:2(a,b,w) <5 == +1

holds when u = ¢, and to prove (ii) it is sufficient to prove
that under the assumptions on a, b in (ii), we have

m+1

(19) (M:2(a,b,0)) < + 1

when u is one of ¢, d’. Now if u is any of the points

t ¢, +d" and G 1is the octant containing uy, then u is

the minimal point of G ~ lin(a,b). Assume without loss of
generality that P is as in (ii). Then on applying Lemma
7F.2(i) and using (11), we obtain (18), in particular with u=c.

If neither of a, b 1lies in A, then £ a, * b must lie
in A,,_, A,_, (or vice versa) and one of *¢, +d’ must lie
in A,,,. Taking this point as u in Lemma 7F.2 (ii), and
using (11), we obtain (19). This concludes the proof of the

theorem.
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