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SUMMARY

In this thesis an investigation of the fundamental
relationships between Lie groups and multivariate statistics
is presented. Examples are shown where group and Lie theory
have been successfully applied to various problems in multi-
variate statistics, by utilizing the intrinsic symmetry of
multivariate normal theory which can be described and analysed
by group theory. On a more profound level, the part Lie groups
play in the theory of non-central multivariate distributions
is studied, in the hope that a new view of this topic will
enable a wider audience to appreciate the substance of this
difficult branch of statistics.

The first part of this work outlines the elementary
theory of Lie groups and algebras, with emphasis on applying
results directly to the groups of interest statistically, in
an attempt to make this theory more accessible to statisticians.
Some of these results are used to derive a new test concerning
equality of eigenvalues and eigenvectors for two sample Wishart
matrices, and to analyse other problems.

Next the manifold structures of the positive definite
symmetric matrices and the Grassman manifold are studied,
deriving their natural distance measures, and proving that
the metric on the positive definite symmetric matrices obeys
the triangle inequality. This requires an interesting lemma
concerning‘bounds on the latent roots of the product of two

such matrices.



Then the connection between the zonal polynomials of
multivariate distribution theory, and the theory of symmetric
spaces 1is explored. This is a non-trivial exercise, since it
involves the complete representation and decomposition theory
of semi-simple Lie groups and algebras. The symmetric space
theory is currently only available in the literature in
highly abstract and remote form (see for example the papers
of Harish-Chandra). In an attempt to make this brilliant
work more understandable, some down-to-earth examples, which
are useful in statistics, are worked out in relative detail,
so that some idea of the structures involved can be quickly
appreciated.

These results are used to study some interesting new
Koornwinder polynomials, to see where they overlap with the
James' polynomials. Finally the generalized Hermite poly-
nomials are found, and some possible directions for further
research indicated.

An appendix contains a multi-purpose program that
calculates the coefficients for the zonal polynomials,
using a method derived by A.T. James which utilizes a basic
symmetric space property of the polynomials. It is described

in the chapter on symmetric spaces.
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CHAPTER 1

PRELIMINARIES

1.1 Introduction

This thesis embodies the results of a study undertaken
into the possible uses of Lie group theory and related topics
in multivariate statistics. That such a study was ever begun
is not surprising for the essential structure of multivariate
normal theory involves the two Lie groups, the general linear
group, G&(m,R), (as usual, R denotes the real numbers,

C the complex) and the orthogonal group, O(m,R). Further,
the crucial space of positive definite real symmetric matrices,
M(m,R), can be realized as the coset space, G&(m,R)/0O(m,R),
which inherits from its Lie group roots a symmetric space
structure. It was thought that a very detailed study of
these groups and coset spaces would help to develop a clear
and natural understanding of the concepts and framework of
multivariate statistics. A great deal is known about Lie
groups, their algebras, and symmetric spaces, and one would
imagine that contained in this large body of knowledge would
be much information of wvalue to statisticians, both theoret-
ical and applied.

There are a-few problems attached to such a study. For
one thing, the literature on the subject is often presented
in an inaccessible fashion, being geared generally for post-
graduate students or academics in pure and applied mathematics.
Another, in many ways more serious problem arises for the
statistician. In other applications of Lie theory, such as

nuclear physics and classical special function theory, one
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uses rather more difficult groups than we require, but of
particular (and low!) dimensions. In multivariate statistics
we use relatively elementary groups, but for the most part of
unspecified dimension, being more interested in general
structures than particular results.

These difficulties aside, a study of groups and Lie
theory gives one real insight into multivariate normal
statistics. It is the author's intention to firmly imbed
multivariate statistics in Lie group theory, using as much
geometry and intuition as possible. It is hoped that this
new perspective on the subject may prove to be of some value

in providing new approaches to different problems.



1.2 Outline

Apart from a short motivated section, the first part of
this work follows in general the outline of a typical element-
ary text on Lie groups and algebras. Since much work must be
covered, this is.necessarily sketchy, with many references.
It was thought that the reader would gain more from an under-
standing of the significance of theorems, and an ability to
manipulate the various structure, than from rigorous proofs,
which would in any case have made this far too long. Partic-
ular attention is paid to showing how any results apély.to
the groups in which we are interested. There are also
occasional forays into statistical applications of various
theorems and techniques. It is hoped that this approach will
remove much of the tedium, besides clarifying immediately the
central ideas.

The second part covers the more advanced topic of symm-
etric spaces, again with proofs mainly referenced, so that
more time can be spent on the significance of the results.
Similarly, much time is spent on applying results direqtly to
the space of positive definite matrices, and to another coset
space, the Grassman manifold, which occurs in statistical
settings. This treatment is based to a large extent on the
classic Differential Geometry and Symmetric Spaces! by
S. Helgason. Although other statistical applications are
explored, the main purpose of this section is to expose the
underlying basis from which the non-central distribution
theory of multivariate statistics has been derived. One
hopes to provide an alternative approach to the basically
algebraic path taken by Professor James and colleagues, and
to provide a suitable framework for the study of a subject

which appears, to someone without the necessary advanced
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mathematical background, to have been pulled out of a hat.
Notation is a non-trivial problem here, as anyone who
has consulted the literature would agree. (Where did I see
Lie theory ruefully called 'the study of invariance under
change of notation'?) Any generally accepted conventions
are used, with Helgason the arbiter, unless he is being

inordinately unwieldy or idiosyncratic.



1.3 Groups and Coset Spaces

The multivariate normal density possesses many useful
properties of invariance with respect to G&£(m,R) and
O(m,R), and these groups are well known to any student
of multivariate statistics. It is of fundamental import-
ance that if x 1is an m-vector of observations from a
multivariate normal population, with mean vector Uy
variance covariance matrix I, positive definite real
symmetric, written

X ~ MVN (p, I) , x € rR"
then gx ~ MVN (g, gg’) V g € G2 (m,R).
That is, linear combinations of normal variates are again
normal, an important property of the multivariate normal
density. This invariance also holds under a more general
group, the non-homogeneous affine group,
X > gx + b ~MWN (gu + b, gtg’) ¥V g € G&(m,R)
VbeR"
which simply adds a mean shift. Moreover, if
X ~ MVN (o, I)
where I is the m-by-m identity matrix, o the o-vector,
then
hx ~ MVN (o, I) v h € O0(m,R)
since hh'’ = h'h = I for every h € O(m,R). Thus any
rotation or orthogonal transformation of a standard normal
variate is again a standard normal variate. The density is
completely invariant under orthogonal transformations.

These are basic tools of multivariate theory, as is the

ability to rotate to canonical form. That is, if

X ~ MVN (u, I)



then by the Principal Axis Theorem, there exists an

h € O(m,R) such that

)\1 )\2. 0]

y® hx ~ MVN (hpy, A) where A = (o ai,

) diagonal.
m

Thus y 1is a vector of independent univariate normal

~

variates, y;, with variances Aij. The A; are the
eigenvalues or latent roots of I, and the rows of h are
the eigenvectors or principal axes.

The multivariate normal density even enjoys a charact-
erization as the only density whose standardized variates
are invariate under O(m,R), (and with finite cumulants).
(e.g. Kendall and Stuart (1958) Vol. 2, 3rd ed. p. 365).

These properties are studied in depth in elementary
courses in multivariate statistics. However the one-~to-one
relationship between the coset space G&(m,R)/0O(m,R) and
the space of positive definite symmetric matrices, M(m,R),
of which I is a member is not often pointed out. By the
Principal Axis Theorem, we know that each p € M(m,R) can
be expanded as:

p = h¢h’" , h € O(m,R), & diagonal
h'ph = & = 2£7(8%) "

“p = (ha7) (%)’ = gg’ .

But this g is not unique since if p gg’, then
p = (gh)(gh)’ for any h € O(m,R) or
p = (g0(m,R)) (gO(m,R)}".
The representation of M(m,R) as G&{(m,R)/O(m,R) 1is

one-to~one, since if

P=9g1g1’' = g29;," for different g;,9: € G&(m,R)



=1

then g2 g1 = g2 (g1 ")
=g (gr)" = (g1’ g2)’
but (g2} 1) ' = gr! o

((gz? g) ™M) =g:' o

g:' g1 € O(m,R)

-1
g2 g1

!

h for some h € O(m,R)
g1 = g2 h
g2 = g1 h'
gr and g, must be in the same coset g; O(m,R)
M(m,R) = G&(m,R)/O(m,R).

Several tricks in multivariate statistics come from this
relationship. For example, any p €M(m,R) can be decomposea
as p = tt’ for t upper triangular, since
p= (g 0(mR)) (g O(mR))" for some g, and any g € G&(m,R)
decomposes to gi:h for g; upper triangular, h € O(m,R).

As useful as these group structures are for the statist-
ician, it is perhaps salutory for us to remember that they do
not exist merely for our edification and enjoyment. They are
important members of the so-called 'Classical Groups', which
have been well studied in the past, but which have beeﬁ by no
means exhausted as sources of new and exciting mathematics.
We require several basic definitions and notions, most of
which will be well-known, but which are included here for
completeness,

A group, G, is a collection of objects possessed of a
rule of composition,*® (usually omitted), such that:

(i) 91 * g2 € G whenever g;, g2 € G

(ii) 3 e € G s.t. e*g =gre VYV g € G

(e 1is called the identity element of @)
(iii) vgeg, 3 glec s.t. gegl=gleg=e

(¢! is called the inverse of g) )



We define G&(m,R) as the set of non-singular real
linear transformations of an m-dimensional vector space.
Then G2 (m,R) can be represented as the set of m-by-m
matrices with real entries, and non-zero determinant (which
implies invertability), and these form a group under ordinary

1 o
matrix multiplication with identity I = ( s ). That is
o "

GL(m,R) = {g | g = (9i3) 9ij € R, det g # o} .

i,j=1,...m

We define O(m,R) as the set of orthogonal transform-
ations of an m-dimensional vector space, or alternatively
as the set of transformations leaving the quadratic form
x'x invariant, which gives:

O(m,R) = {h € G&(m,R) | h'h = I} .
This forms a group since, for any h:, h, € O(m,R),

(hihy)"(hihz) = h '"hy’ hih, =1

h:h, € O(m,R) whenever h;, h, € O(m,R).

O(m,R) obviously has inverses, and the same identity, I, as
G%(m,R). The orthogonal group is sometimes called the rotation
group, since any transformation of x 1leaving x’'x invariant
must be a simple rotation of x about the origin. Since
h'h=1I VhE€O(mMR, we have det h =+ 1. Thus O(m,R),
splits into two disjoint parts, the positive and negative
rotations, which have positive and negative determinants
respectively. That half with positive determinant is called
the special orthogonal group, SO(m,R), and becomes important
later on because it is the connected component of the identity.
Obviously O(m,R) is a subgroup of G&(m,R), as is 80(m,R).
Another important subgroup of G&(m,R) is the special linear
group, S&(m,R), with

S¢(m,R) = {g € G&(m,R) | det g = 1}.



Then SO(m,R) is also a subgroup of S2(m,R).

The complex extensions of these groups also come in
useful. As in other branches of mathematics, the complex
field, being of characteristic zero, adds considerable
richness to certain results, particularly when finding
roots of equations. It is often convenient to expand to
the complex field to solve a problem, and then worry about
bringing the result back to the reals. The complex general
linear group is naturally enough

G& (m,C) = {g = (Qij) l gj_j € C, det g # o}

i} i,9=1;...m
and the complex orthogonal group is
O(m,Cc) = {h € G&m,C) | h'h = I} ,
S%(m,C) and SO(m,C) are completely analogous. Another
important group is the unitary group, U(m), where

4

U(m) = {u |Q'u = wu’ = I}
and u is the complex conjugate of wu. In many ways it is
the more natural extension of O(m,R). We can define it as
the set of transformations leaving the hermitian form X'x
invariant, and we have an isomorphism between the positive
definite hermitian matrices M(m,C) = {p | p’ = p} and the
coset space G&(m,C)/U(m). In the same way that g’g 1is
positive defiﬁite symmetric for any g € G&(m,R), we have
g’g positive definite hermitian for any g € G&(m,C).
Occasionally one takes the view that these groups are
gquite abstract, defined purely as transformations, and
possessing mere representations or realizations as matrix
groups. This is sometimes useful, but often quite confusing.
For example, O(m,R) is sometimes defined as those transform-
ations leaving an arbitrary duadratic form (e.g. x'A X,

for A € M(m,R)) invariant. This changes our familiar
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realization of O(m,R) drastically. We will avoid such
abstractions.

The idea of a transitive transformation group may help
in visualizing these groups. A group, G, is said to act
transitively on a space X if each g € G is a one-to-one
mapping on X (e.g. V X € X, g*x € X, and is well-defined),
and if for any two points x:, x: € X there always exists
a g € G which will carry x; into x; = g*x1. Thus X
can be covered or generated by applying G to any one point
of X. X is said to be homogeneous with respect to G. If
we pick any point x, € X, then the subgroup, Go, of G
which leaves xo, fixed is called the isotropy group at xo,
or sometimes the stationary subgroup. Then X can be put
in one-to-one correspondence with the coset space G/Go,
since for any x € X there exists a g € G such that
g*Xe = X. But any member 0f g Gy is another such map,
so for each X € X we can associate the particular coset
g Go. The path traced out by x under transformations of
Go 1is called the orbit of x.

The orthogonal group has been defined as rotations of
vectors about their origin. 1In 3-dimensions, if we_take a
vector, say of unit length for convenience, and apply
O(3,R) to it, it will trace out the sphere, S2. 1If we
then choose some point, say the 'north pole', x0o = (1,0,0)
as origin, then the rotations leaving xo fixed are

obviously the rotations about the axis through x¢, or

1 o)
b:..sa.. . . .
(o: o(le)>. So we have 0O(3,R) acting transitively on

S? which can be represented as the homogeneous space

O(3,R)/0(2,R). Since S? is also homogeneous with respect
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to SO(3,R), we get §% = SO(3,R)/SO(2,R). The orbit of a
point is a latitude line. Obviously this generalizes to
arbitrary dimension, with sm~! = O(m,R)/O(m-1,R) as the

m

hypersphere centred at o, of unit radius, in R . We

can also consider O(m,R) as acting transitively in the

space of straight lines through ¢ in R™, projective

space P!, by identifying the two points on an axis with
each line. This concept generalizes in two ways. Consider

™ (m > p), which

the space of p-dimensional subspaces in R
is also homogeneous with respect to O(m,R). But this time
both rotations within a subspace and rotations in its orthog-
onal complement will leave it invariant, so that isotropy
group is O(m-p,R) x O(p,R). This space is known as the
Grassman manifold Gp,m-p = O(m,R)/(O(m-p,R) x O(p,R)). The
other is the space of p-forms, the sets of p orthonormal
vectors in R", called the Stieffel manifold V(p,m). The
only transformations of O(m,R) leaving p orthonormal
vectors fixed are those in the complement of the space spanned
by the p vectors. So V(p,m) = O0(m,R)/O(m-p,R).

We know G&%{(m,R) acts transitively on M(m,R) under
congruence transformation

g: S+g5S8Sg’ g € G(m,R), S € M(m,R).

(In other words, the composition rule, =+, is a congruence
transformation, g*S = g S g’.) For, taking any

Si1, S2 € M(m,R) we can express each as S: = gi1qg:1’', S2 = g292 "

1 transforms S

for some g;,9. € GZ(m,R), and then gzgl_
into S; under congruence transformation. Also, the
isotropy group at I in M(m,R) is obviously O(m,R),

giving of course M(m,R) = G&(m,R)/O(m,R).
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1.4 A simple application

Sometimes just an appreciation of the group symmetries
involved in a problem is enough to make the essential points
stand out. For example, consider a crystal which is randomly
orientated in space. One wishes to determine the probability
density for the smallest angle this crystal must be turned to
set it upright, or onto one of its faces. Such a problem
might arise where crystals were being manufactured or found
in different orientations, and one wished to determine whether
their orientations were in fact random, or were perhaps subject
to other forces.

First, for simplicity, take the crystal to be the unit
cube, and randomly orientated in space, centred at o¢. So
the orthogonal group is involved somewhere, since the cube
is subject to orientation changing relations. But O(3,R) we
know acts transitively on spheres. What is really meant by
a random orientation of a cube is that a sphere inside the
cube is randomly rotated. Visualize the cube (upright) as
containing 82, with the centre of each face tangent to
the sphere. If we pick a point on S? as origin, and then
rotate S? randomly, this point will then be uniformly
distributed on S?. Once this is realized, the rest becomes
simple. For obviously, the distance from our roving point
to the nearest tangent point will give us the shortest angle
the crystal must then be turned to make it upright.

It is a short step from picturing the boxed in sphere
to projecting the edges of the cube onto the sphere, along
the planes through the respective edges and o. This gives
us a curiously marked sphere divided into six equally shaped

and sized regions, by segments of great circles.
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il

Each portion can be further divided neatly into 4 egual pieces
by planes through the tangent point axes, and from various
symmetries we need only consider the point as random on one

of these. Taking the first quadrant, for example, and

looking at the top section, the point has a f%-chance of

being on this piece, and if it does land there, then the

shortest angle to a tangent face occurs along the path to

(0,0,1).
Tz plq:ne X~2¢c0 in(’-e.rSec'tinj x".g.ya.‘.lza'
-, 4
yr ’
s
z
-~
plane X<¥ =0 ]ntersed:n'nj xteytz)
X

The probability that that angle is between 0 and 6 is then
the surface area traced out by 0 < 9* < 6. This is obviously
guite regular till © reaches w/4, and then the rate
decreases rapidly because of new edges. The mid-point of

e 1 1 1 .
the first quadrant is (/§r /3 /?) which makes an angle of



2
3

sin” ! (

the three closest tangent faces,

14,

: - 1 o .
) or cot™! (/f) (approximately 54°44') with

and is the maximum angle

through which the cube might have to turn.

To calculate the density function, use the following

spherical co-ordinate system (r

curve -2 =0 G.Y\Dl
Xpy2422 5

set to one for convenience).

With this co-ordinate system, the infinitesimal area piece

is just sin 6 d 6 4 ¢,
area of the sphere, (4m) .
0< 6< m/4 1is just
ag [V
HJ
¢$=0
and over the range %
ag ("
i |

¢ = Cos_l(Cot 0)

since the curve described by

Cot 6 Cos ¢,

Sin 6 d 86 d ¢ = (3 Sin 6*77

X=2Z

giving ¢ = Ccos ™}

and the aréa shaded is 1 the total

48

So the density function for

Sin 6 d 8 d ¢ =3 Sin 6 d 6

< 6 < cot™! (f%) is just

12 cos™'(cot 8) a

0, x2+y2+z2%= 1 becomes

(Cot 6) along the one edge.

A graph of this function shows its behaviour clearly.

<D
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{ (o)

£(8) = 3 5in(s)

' Ny $(6)=35im(8)~ 12 Cos™ (Cot(N/

k] (] L}

g ’ : 0] A/ ~.95%
Co‘t'. ( I/J';‘)

e ) vadiawsg

Generalizing to other crystal shapes presents no
conceptual problem, once the above is understood, since we
will still have the basic spherical structure. The edges
of an arbitrary crystal may, when projected onto s?, give
several different types of pieces. Each type will require a
separate surface integral, and one will have to keep track
of how many there are of each kind, but the basic idea
remains the same. A similar technique was used, I believe,
in Handscomb (1958) to solve a related problem concerning two

randomly 'disorientated' cubes.
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1.5 Lie groups and algebras

The most important properties of these matrix groups
stem from their very rich topologies. As opposed to the
ordinary concept of a group as a set of points which can
be perhaps permuted, and which possess the discrete topol-
ogy of artificial open and closed sets, the matrix groups
are quite continuous, in fact analytic. It makes sense to
discuss limits and neighbourhoods. One can construct
sequences of group members which can approach arbitrarily
close to another member, and ask perfectly valid gquestions
concerning concepts such as closed-ness, open-ness, bounded-
ness, compactness, and measurability.

For one thing, the group operations are analytic. If

gi, g2 belong to a matrix group G, then (g1, g2) > gi+g,"},

from G x G » G, is an analytic map. (This neatly combines
the properties (gi1, 92) » g1*g2 and g: -~ g: ! into one.)
For another, a matrix group is an analytic manifold. Rigor-

ous definitions of a manifold can be found in any differential
geometry text (e.g. Helgason (1962),p.4). This is essentially the
notion that if one can break the object up into small enough
pieces such that each bit appears to be Euclidean or 'flat',
then the object is a manifold. One can piece together a
manifold from open subsets, and if u, say, is one of

these pieces, then a.homeomorphic map, ¢, exists mapping

u onto an open subset of Rm, for some fixed (throughout
the manifold) m. Thus associated with each 'piece' is a
co-ordinate system in R™, usually denoted by

(X1, X244 --. Xm). The smoothness of the overlap between
competing co-ordinate systems gives the type of manifold.

In an analytic manifold, if w, and wu, are intersecting

open sets, and ¢:, ¢. their respective homeomorphic maps,
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then ¢;°+¢. ! must be an analytic map from ¢, (ui N uz)
to ¢1(w N uy), which are open subsets of R™.

Taking G&(m,R) then, any g € G&(m,R) is an m x m

matrix with real entries. If this matrix is strung out,

m2

row- or column-wise, it turns into a vector in R , giving
the homeomorphism between G2 (m,R) and an open (since

2
det (g) # 0) set in R™ . Similarly G&(m,C) is an

2
R?2™ . We can then induce

analytic manifold of dimension
manifold structures on their various subgroups. Taking
account of the added relationships among the matrix entries,
this gives O(m,R) of dimension *m(m-1), S&{(m,R) of
dimension m?-1, U(m) of dimension m?, and so on (see
e.g. Miller (1972), p.171).

It is this combination of group and topological struct-
ures which gives us the rich and rewarding subject of Lie
groups - named after Sophus Lie who first studied them

around the turn of the century. A Lie group is a group

which is also an analytic manifold, and whose group oper-

ations are analytic. Thus our matrix groups are Lie groups,
since matrix multiplication is obviously analytic. (Actually
every Lie group is homeomorphic to a matrix group!) One can

consider a Lie group as either a group with a smooth topology
and group operations compatible with this topology, or as a
nice manifold richly endowed with a compatible group structure.
Whichever way, it is a most powerful concept, with far-reaching
consequences. For example, it is a remarkable fact that if we
have all the requirements for a Lie group, except merely
continuous group operations, then this is sufficient to

force them to be analytic. This was a long-standing conject-
ure of Hilbert's (the V problem), which was only proved

comparatively recently (see Montgomery-Zippin, 1955). Even
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an isomorphism between two Lie groups, which is at least
continuous, must necessarily be analytic. If their topol-
ogies coincide then they are identical. Also, any analytic
subgroup (A subgroup and submanifold) of a Lie group must
always be another Lie group, even if it is not closed, or
even a subspace.

The special nature of Lie groups can be further apprec-
iated by considering a Lie group near its identity, e.
Restricting to such a region is no real bother, because we
are dealing with an analytic group. A transformation from
e to any other member carries the whole topology with it.
Quoting Cohn (1957), 'No point is more important than any
other point'. Whatever the group looks like near e is
what it looks like anywhere else, and one can shift about
as one pleases. For this reason one normally studies only
the behaviour of a Lie group near its origin.

This brings us to that curious entity, the Lie algebra.
It is essentially the tangent space to the manifold at e.
But because a Lie group is more than just an ordinary
manifold, this tangent space possesses many exceptional
properties, not least of which is its well-defined multi-
plication, the Lie product. The Lie algebra of a group
contains almost all the information required to identify
and construct the'group, and is also a vector space, so is
in many ways easier to handle than the original group. Often
Lie algebras are defined and studied independently of Lie
groups, and only later is the tangent space at e of a Lie
group shown to possess the required properties of this
algebra. But we shall begin with tangent spaces, so first

we need to know what they are.
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The most usual approach to tangent spaces comes from a
consideration of the space of real analytic functions, cv (M),

on a manifold, M, and the set of differentiable curves on

M, parametrized by x;(t), i l,...,m. Take any curve,

y(t), on M such that vy(o) = p, p € M. Then for ¢-y(t)={x; (%)},
dxj =t
dt |t = o

and the derivative of any function along vY(t) at t = o
will be:

Q£ (x(t))

b i of
at ZoA

t = o i=1 a>{i p

The operator igl Aia/axi is defined to be a tangent vector
at p. The above is by no means rigorous. Care must be
taken to keep straight when one is working on M or R",
and numerous ¢'s and ¢~ !'s are required for exactness.

The 9/9xi's are accepted shorthand for the map

d(f-¢” 1)

£ BXi

o .

Oone then shows that the set of tangent vectors of
differentiable curves through p form a vector space, Mp,
with basis {98/%x;, i = 1,...,m}. Each tangent vector is
an operator on c¥ (M), taking an analytic function defined
on M into R. Every p € M has a tangent space. A vector
field is a collection of tangent vectors, one from each

tangent space on M, picked so that each collection is a

derivation on C"(M). That is, X is a vector field if:
X(af+Bg) = aXf + BXg o, B € R
X(fg) = (Xf)g + £(Xg) £, g € ¢ (M).

Note that for f € c¥(M), Xf € c¥(M) also, for Xf is

defined as (Xf) (p) = X|p-f.
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The set of vector fields is denoted by ©D!(M). Conversely,
one could define vector fields as derivations on CW(M), and
then produce tangent spaces by restricting ?D!'(M) to indivig-
uval points in M. This whole process is sometimes called
fibring, in modern literature. Vector fields were originally
known as infinitesimal transformations.

Where one has vector spaces, one expects to find duals,
and the dual of a tangent space is called the co-tangent space

M;, with a basis naturally defined by dx;, i =1,...,m,

0

such that dxj Froe 6; (Kronecher Delta), and for any
5 :

f e cYM), daf is a map from x € Mp into x(f) € R, so
df is a vector in M;. The differential l-forms are coll-
ections of co-tangent vectors, where now if w is a l-form,

and X a vector field, w X is a function on CW(M), where

wX| = w|

o XIP. These are denoted by D; (M).

P

The notation of super~ and sub-scripts is quite standard,
having roots in the o0ld differential geometry concepts of
contra~ and co-variant transformations and tensors. It is
cross-products of the D! (M)'s which build up the tensor
fields. One of these, the exterior differential forms, are
important statistically. These are the set of alternate
multilinear maps of D! (M)x...xD'(M) into R, for any
number of crosses. Adding a multiplication to these, (the
'wedge' product), we can produce a maximal form which can be
used as a volume measure on various groups and coset spaces of
use in statistics (see James (1954)).

Returning to Lie groups, one might hope that the composition
allowed on such manifolds would give an added richness to
tangent spaces. If v:(t) and vy:(t) are curves through

e (at t =o0), then vy:(t)e*y2(t) 1is another curve through
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e, with tangent vector X; + X for X; the tangent at e
of y;(t). But we get much more than this. If X, and X
are tangent vectors at M,, corresponding to yi(t), vy (t)
as before, then XiX:- X2X forms another tangent, denoted
[X:,X2], the commutation or Lie product, which corresponds
to the curve v, (VE)y: (VE)v: (vE) "ly, (VE) . Alternatively,
one can show a one-to-one relationship between Mg and the
set of left-invariant vector fields (those vector fields
invariant under dL, where Ly: g » pg for g, p € G).

If X € Mg then there is only one left-invariant vector
field X with X, = X. If X,, X, are two left-invariant
vector fields, then [ﬁl, ﬁzl is another, with [§1,§2]|e=[xl,x:§
Over a small enough region, we can express X; and X, as

) s _ M 309
1 S and X» = iEl n Ax 3

for &%, n' analytic functions. Then

~ m ; :oS 2
i,3=1 i 3j X BxX

and the second term spoils X1 Xa being another vector field.
However X;X, - X2 X gets rid of this annoying factor. On
M,, obviously I[X,X] = 0, and one can verify the Jacobi
identity [X,[Y,2]] + [YJZ,X]] + [z,[xX,Y]] = 0 for-all
X,Y,2 € M.

It does not really matter whether one considers a Lie
algebra as the left-invariant vector fields, or as the tangent
space at e o0of G, although the latter view is handier for
our purposes.

Any vector space over a field, possessed of a bilinear
product rule, [,], such that [X,X] = 0, and the Jacobi
identity, is called a Lie algebra. Often Lie algebras are
defined in vacuo, and only later is the important connection

with Lie groups brought out. This approach seems to obscure
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the fundamental and remarkable relationships between Lie
groups and their algebras, which can just be touched on here.
But first we need the exponential map, exp.
A Lie algebra is related to its group via the exponential map,
which maps a neighbourhood of o in the algebra, denoted as
G, onto a neighbourhood of e in G, in a one-to-one fashion.
This process hinges on the so-called l-parameter subgroups of
a Lie group, which are curves vy(t) (y(o)=e), such that
Y(t1)yY(t2) = y(t:1+t2). This gives an isomorphism between the
real line and such curves through e in G. It is part of
Lie theory to prove that such curves not only exist, but cover
a neighbourhood of e, and that every X € ¢ 1is a tangent
vector to one l-parameter subgroup through e. From the
definition of l-parameter subgroups one can show that

exp : X » vy is the regular exponential map

X t=1
exp (X) = ? 5} x™. Basically, one shows that exp t X obeys
n=o .
é% (exp t X) = (exp t X)X giving the solution of the

differential equation as exp t X = I + tX + 3t2X% + ...
(for proof see Helgason (1962), p. 101).
It is a simple matter to prove that for any m-by-m matrix

X, the series exp(X) 1is always well-defined and convergent.

Some other useful properties are exp(A+B) = exp A * exp B 1iff
AB = BA, exp ((s+t)A) = exp(sA + tA), det(exp A) = exp(trace A)
for det = determinant, and exp(X') = (exp X)' for X' the

transpose of X.

With exp we can now explicitly calculate the Lie algebras
of our various groups and subgroups. By definition,
GL(m,R) = {y|det y # 0}, so if x is a member of the Lie

algebra of G&(m,R), denoted by £G&(m,R), then exp x € G&(m,R
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So:
det (exp x) = det (I + x + % x? + ...) * O,

But this is true for any x at all. Therefore £G&(m,R)
is composed of every mxm matrix, invertible or otherwise.
(This is just a generalization of the mapping x > e* of
the whole real line into the positive reals.) Similarly,
any mxm complex matrix is a member of the Lie algebra,
LGL (m,C) of G&L&{(m,C).

If x € £5%(m,R), the Lie algebra of the special linear

group, then det(exp (x)) = 1. But det(exp(x)) = exp(trace x),
and exp(trace x) = 1 implies trace x = 0. So:
£S% (m,R) = {x € £GL(m,R) |trace x = 0}.

The orthogonal group has a more interesting algebra, for

if x € £0(m,R), then

(exp x) (exp x)' =1
(exp x)' = (exp x)~! = exp(-x)
exp(x') = exp(-x)
x! = -x
x + x" =0 .

So x 1is skew-symmetric. We can easily verify this result
for £0(2,R). By the above, all elements of the form

(t_t) € £0(2,R) for t € R. Then:

-ty _ o -t -t2 o 1 o t?
exp(t ) =1+ (t o) + %( N _tz) + ?.(_ta N ) + areve
o (1-%t%+ et L. -t + 4t ..
t-4 t3+... 1-%t2+ L td. ..
Cos t - Sin t
" \sin t Cos t/ ,

Similarly £0(m,C) is composed of complex skew-symmetric

matrices, and £LU(m) of skew-hermitian matrices

(i.e. x + X' = o for x complex conjugate of x).
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The relationship between a group and its algebra is
almost all one could wish for. I say 'its' algebra because
every Lie group has an algebra, every Lie algebra a group,
and there is only the one algebra associated with each group,
and connected via exp. In fact, if two groups have the same
algebra, then they are at least locally isomorphic. For
example, the space of real numbers, R, 1is a group under
addition, and R/Z or R mod the integers Z, is another
additive group, but both are identical near e, and so have
the same Lie algebra, even though R/Z is a wrapping of R.
Also, £O(m,R) is identical to £SO(m,R), since SO(m,R)
is actually just the connected component of e in O(2,R),
so near e the two groups are indistinguishable. This
property of Lie groups is often useful in showing local
isomorphisms between seemingly unrelated Lie groups.
Another remarkable and important property is the

relationship between Lie subgroups and subalgebras. B is
a subalgebra of ¢ if V by ,b2 € B, [b1,b2] € B. Correspond-
ing to normal subgroup theory, if B 1is an ideal so
[b,9] € BVY g€ G, then (G/B is another subalgebra, and
G =B ® G/B. If an algebra contains a subalgebra, then there
is a Lie subgroup of the large group which corresponds to the
subalgebra under exp. Also, any subgroup, B, of G will
generate a Lie algebra B which will be a subalgebra of &G.
It is by no means oﬁvious that this should happen, but the
fact that it does helps to emphasize the special position of
Lie group theory in ordinary group theory. As we wouid now
expect, if B is an ideal, then exp B is a normal subgroup,

exp B/G another group and G = Gi x G2 = exXp B x exp B/G.
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The above facts and results from Lie theory can be found
in any text on Lie groups, such as Chevalley (1946), Pontrjagin
(1958) or Cohn (1957) - a particularly fine little monograph.

The vector product of two Lie groups corresponds to the
vector addition of their algebras. Thus if one could classify
all Lie algebras, one could then essentially classify (up to
local isomorphisms) all Lie groups (and vice-versa of course).
E. Cartan set himself this task, and did succeed in classifying
the special set of semi-simple groups this way, by decomposing
their algebras into essential building blocks, the simple
algebras (those with no proper ideals). We shall study this_
work later, since it is closely connected with symmetric space
theory.

To recap then, we see that each group, G, possessed of
a reasonable amount of topology, will have associated with it
a flat vector space which possesses a rather curious composition
rule, the Lie product, which is closely related to conjugation
on the group (g »+ gi1gg;!). The addition rule corresponds, to
a first approximation, with multiplication on the group, and
the Jacobi identity is just a reformation of the associative
law on the group.

Some of this structure will now be used in separating

various components in some likelihood ratio tests.
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CHAPTER 2

STATISTICAL APPLICATION

2.1 General

One can put a handle on the positive definite symmetric
matrices by giving them a geometric representation, which is
often of great help in understanding their structure. To each
positive definite symmetric matrix, Z, m-x-m, one associates

the ellipsoid defined by the equation x'Ix = 1, where

~

[

' = (X1, X2y «o. , Xq) € R™. The lengths of the principal
axes of the ellipsoid are the inverse square roots of the
eigenvalues of £, and their directions give the eigenvectors.

: \
In two dimensions this becomes quite simple. For I = (Ol © },

(o] C2
%3
A i

Ve,

say, then

o
O

(031
(Xl r X2)(o %,

For X arbitrary,

%1

where £:, % are the eigenvalues of I, and Y4 (xlj and
2

2
V22 <§é> are the eigenvectors of ZI. In two dimensions then,

Vo1 =i /l, %P Cos 6 Sin 0 '
. Y% xi V%, x2) ~ \-Sin © Cos 6 € 1025 R)
for some 6, the angle the ellipsoid is rotated from standard
form. Diagonal matrices give ellipses in standard form, but

matrices with non-zero covariances are rotated about the origin.

We can partition M(m,R) into families where within each family
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the matrices all have the same eigenvalues or latent roots.

In two dimensions then, if a family contained

NS

it also contains all possible rotations of the ellipse about

the origin.
Conversely, M(m,R) could be partitioned into families
where the members have the same eigenvectors or principal axes.

A family of this type would then be all dilations and shrinkages;

-

plus any other ellipse with the major and minor axes in the same

directions.

A visualization of all possible ellipsoids in m-dimensions,
centred at the origin, will then to a limited degree give one a
mental image of M(m,R).

Unfortunately the 2-dimensional picture is not always
adequate. For example, O0O(2,R) is a commutative (abelian)
group. Rotating Z.x2 by 6:, then 8, gives the same result
as rotating by 62, then 60:; (namely a rotation by the angle
61+ 6., which can be easily verified). In higher dimensions
this does not happen, since O(m,R) 1is not commutative for
m > 2,

Still, this simple picture of M(m,R) 1is often quite
useful in multivariate hypothesis testing, and in dealing with
M(m,R) 1in general, since it often clarifies both gquestions and
answers, besides pinpointing essential difficulties in certain
problems. One of these concerns the behaviour of I if it has

two or more equal roots. It is easy to forget that this has
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grave bearing on the principal axes, unless one has a very

o O

firm picture of M(@m,R). For, if I = (o o

D)
./

which is of course a circle, with principal axes in every

), then x'I x =1

gives

direction. Using sampling statistics then, the closer two roots
become the less information one has about the position of their
respective eigenvectors. A zero root will mean that the ellip-
soid takes up a smaller dimension, with the missing direction
completely unknown.

One important question in multivariate analysis deals with
deciding on equality of population variance-covariance matrices
for different samples. Sometimes, especially in morphological
work, it becomes important to compare not only whole variance-
covariance matrices, but also various components of them. For
example, in recent years [Blackith énd Reyment, (1971)] it has
beccme accepted practice to label eigenvectors of a sample
variance-covariance matrix, when derived from biological measure-
ment data, as various growth factors, such as size or shape.

It is not the statistician's job to criticize the biologist's
reasons for such labelling, but perhaps it is our job to point
out the mathematical difficulties inherent in eigenvector/value
techniques, so that such methods can be used with necessary care
and caution.

Since the first eigenvector generally turns out to have
positive entries, it has been labelled the size factor. This
does seem reasonable in animal or plant data, since there is

no a priori reason why the largest eigenvalue should be produced

by a positive eigenvector, and it could be argued that it then
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must be measuring some large overall characteristic, most
probably size. Of course this also occurs if the correlation
terms are positive. One is, though, presuming that a size
factor, if it exists, will necessarily have the largest var-
iance of all. This may in fact be justifiable. However it
does seem important to keep these assumptions in view.

There is also a certain arbitrariness about the choice
of the diagonalizing matrix. For S a sample variance-
covariance matrix, S = HLH', H € O(m,R), L diagonal, elements
21 ,+..%m; %i = %541, then H has been chosen to give this
ordering of the roots &£;. Permuting the roots amounts to
permuting the columns of H. Group theoretically, one can

permute the elements of 1L by matrices of the form

ll (0]
_ .o-1
k = o 1 o.
..... . .
1]
which form a subgroup K of O(m,R). (Note this is a discrete

subgroup of O(m,R), with no smooth topology - it is not a Lie

subgroup.) That is kILk’ permutes the elements of L, V k € K.
Since S = HLH'’ = Hk'kIk’kH’ = (Hk’)kLk’ (Hk’)’ we see that Hk'
also diagonalizes S. This is immaterial of course, since the

same eigenvector remains related to the same latent root, but it
is nice to be aware of what one is actually doing. Geometrically,
if one imagines an hyperellipsoid in m-space, then this amounts
to deciding to which standard form we wish to rotate. That is,
which root goes with which axis. Choosing this by size, as is
normally done, we then see that there may be different ways of
rotating to this standard form. If HLH' = S, then for M

diagonal, with * 1 along the diagonal, we have



30,
H(MIM)H' = S = (HM)L(HM)'. Thus M may reverse the signs
of each entry in an eigenvector. Obviously if h’Sh = A,
then (~h)’S(-h) = A too. When H is calculated by a
computer program, it has always had some arbitrary rule used
to decide on the sign. Usually (and the one we use here) this

is to set the iith elements positive, putting H close to TI.
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2.2 Eigenvalue-eigenvector tests of equality

In multivariate statistics, likelihood ratios tend to
test several hypotheses at once, all embodied in the original
null hypothesis, and discrepancies in any one of which can
cause rejection of the whole. If the null hypothesis is
rejected, one might wish to see just which factors are 'to
blame', if this is at all possible. By utilizing the Lie
group structure of O(m,R), it was found possible to part-
ition the likelihood ratio for testing equality of two popul-
ation Wishart matrices into separate tests for equality of
eigenvalues and eigenvectors. Such tests are of real value
in morphological research in particular, where much work
deals with comparisons of sexes or species.

Suppose we have S: and S: being two observations
from the Wishart populations W(n,m,Z;) and W(n,m,Z:)
respectively, with the same dimensions, m, and degrees
of freedom, n. One wishes to test the null hypothesis, Ho:
1 = Z,. This is equivalent to testing that both the eigen-
values and eigenvectors are identical. The ellipsoidal
representation of the positive definite symmetric matrices,
M(m,R), is invaluable in understanding just how two covar-
iance matrices can differ. They may have the same orient-
ations or eigenvectors, but different latent roots or

principle axes, i.e.

A7) | «
¥ / i

or have the same latent roots, but different axes,




N
- - B

or be quite different in both respects. Another perhaps

interesting possibility is that the eigenvalues be in the
same proportion, with one matrix being just a dilation of

the other, and with equal eigenvectors,

i.e. -
%, /<77
This then implies a simple scalar difference, ;i = kI,. One

imagines this would be of interest in morphological work since
it would seem to imply only a size difference in growth patterns.
Even a simple scalar difference between the roots, without equal
orientations, might have a physical interpretation in some
problems.

One should appreciate why such questions pose real diffi-
culty in multivariate work. For although we can draw a precise
ellipsoid for an actual sample, the true population ellipsoid
is simply somewhere around the sample, and we have no way of
even drawing in percentile boundaries. One can imagine situa-
tions where likely population ellipsoids for both samples might
have the same roots, but different eigenvectors, yet at the
same time another pair of likely candidates might have eqgqual
eigenvectors but different roots, and where overall we reject
Ho: Z1 = Z2. One hopes this does not happen too often, since

we have as yet no way of testing for this. The marginal
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density for the eigenvalues involves a hypergeometric function
of matrix argument [James (1964)] which makes even calculating
the maximum likelihood estimates (m.l.e.) for the population
roots to all intents and purposes impossible, much less calcul-
ating joint m.l.e.'s.

The following test deals with this dilemma by compromise.
We test both sub-hypotheses at once as best we can, by essent=-
ially looking at deviations of both factors from the m.l.e. for
L, given Z; = Z2 = L. This must be a rather crude test, no
doubt, but it is at least a starting point, and is obviously
better than the other known tests for approximately edqual sample
sizes, as we shall see later. If we start with S ~ W(n,m,I,)
and S; ~ W{(n,m,%,), then the m.l.e. for ZI; is Sy and for
o 1s Ss. But under He: I; = I, = ¥, the m.l.e. of I is
(Si + S2)/2, and the likelihood ratio criterion, A, for

testing Hoe 1is:

1
(det Sl)li (det S;) *\"
A= Det (&_‘l‘ Sz)
2
(see e.g. Anderson (1958)).
We also know that S = HiluHy’ and S, = HoL.H,' for

H; € O0(m,R) the eigenvectors, and L; diagonal, the latent
roots of §S;. By putting the roots in decreasing order of
magnitude, and requiring the diagonal elements of H; to be
positive, we determine the H; and L; uniquely. By this
choice, the H; then have determinent 1. Using this fact,

and the identity Det(A)-+Det(B) = Det(AB), we can derive a

new expression for A¥n,



34.

1
An = (det H; L, Hy ’)li (det H, L, H» ’)li
det (H,L,u.’ ; H2L2H2’)

(det In)? (det In)*

Z [ = - i
det (H:') det (HlLlHl ; H, Lo Ha ) det H»
__ (det L;)”* (det I)” (2)
det (Ll(ﬂl’nz) ; (H, "H, ) Lg) )

We know that under the null hypothesis at least, Hi is
approximately equal to H,, so that H; "H, will be near
the identity, 1I,. But once in the neighbourhood of Iy,
we can start to apply Lie algebra approximations to group
members, via the exponential map. In this case, there exists
an X such that

Hy'H, = exp (X) = I + X + %X* + ... .

But the Lie algebra of 0O(m,R) is the space of skew-symmetric

matrices, so

i 3
1 .= O P Xij ..
X = ‘ .
] ._}.{ij-'- (@] .
with zeros along the diagonal, and X335 T “Xji -
For small Xj then,
1-% §. i
= X sioes  Kgd .
gy et 1]
. *
Hi "Ho= exp (X) =~ . 7 = H
. © o,
. —Xij ..1—%2Xjk--.

* for H;'H, in (2).

We are going to substitute H
The trouble with this approximation is that the further
H; 'H, is from I, the worse the approximation may become,

and this has nothing to do with the sample size n. However,
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over fairly broad regions of 0O(m,R) this approximation should

be reasonably good. In actual practice, when the x are

ij
estimated, we can check the accuracy by seeing what effect
this change has on A. Appreciable changes would of course

make one more cautious of drawing definite conclusions.

Also, put

Making these substitutions in (2), one obtains

T 3,
A% N i=l(kipi)
()™ det (LiHY + H L)

(3)

The denominator term, when expanded out, dropping all terms

in the x;.'s of degree greater than two, becomes:

ij

det (I.H* + H'IL,) =~

m (ki+pj m-2 2 mKntPp
zmz(lpl)+z 2 oxi3” (kikg) (pgmpy) T (502
121\ 2 p<g7i3 TR T .
n#i
n#3j

This can be seen by noting that the dominant diagonal terms

m
are (k;+py) (1 - % kglxikz), and the off-diagonal terms are

Xij(ki + pj) (i.e. the skew-opposite term is —xij(kj + pi))
so there are no terms of degree 1 left, the only degree 2

m
terms from the diagonal are of the form -~ Xij2 T (ky, + p,)
n=71

and the squared off-diagonal terms are

xijz( i (kp + pn))(ki + p5) (ky + py). The third degree
oy

terms are almost non-existent, even if more terms are included.

None arise from the diagonal, since X® has zeros along the

diagonal. Off diagonal terms in X® add only higher degree

terms in the determinant. The x;4xx, terms in the off-

diagonal, which we also omitted, only add terms of degrees 4
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Or more to the determinant. However, some cubic terms do arise,

with terms

xiljlxi2jzxi3j3((ki1+pj1)(ki2+pjz)(ki3+pj3) - (pi1+kj1)(pi2+kj2)(pi3+kj3))

which tend to cancel each other under He at least.

If we let

L1 4+d: 21 ~d;
L2 +d, L2 -ds
L1 = . Lz =

2ptdy 2n—dn

as a way of representing differences between the roots, then

(3) becomes
m 2 244
. T (&;° = d;%)
AK a i=1
. 2 R, —_T i
H 21+;4'i§inj (kl kj) (pl pJ) 2:1 ° e .21m

missing Zi' zj ®

m
Dividing through by I 25 gives:
i=1

>
=108
2

+ L .2 (ki-kj) (pi-pj)
1 4 ijlj ) ﬂj

Using the asymptotic results =2 log A =~ Xim(m+1)’

then for small d;., Xigoe

m 2
(44 2 (k3 -k3) (p1-24))
-2 log A ~ -n % lo (1—(_L) ) + 2n lo (l+; L X34 s 0N =1
J im1 09 L3 = fiey 13 2i 3 )

+\ 2 RS TR T e
Y %ln(dl) + ¢ B Xij (ki ky) (pi P;) . Xz
i

i= Ty i< 283 24 Lm(m+1)

Asymptotically then, we can use
m as\2
) n<—l) v x2 (4)
i=1 M "

as a test for equality of the latent roots, and

2 (ki-k4) (pi-p1)
285 85

L.onx;4

2
i<y X Em(m-1) (5)

as a test for equality of the eigenvectors.
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This decomposition can be justified as follows.

Asymptotically, under the hypothesis that the roots are

identical, we have:

k; ~ N(xi, 2A%/n),

pP; ~ N(Ai, 2ki2/n)

(see e.g. James (1966), p. 222).
Estimaging A; as (k; + p;j)/2 = %;, gives asymptotically,
].Lgﬁ. = di 3 N(o’ Q,lz/n)
nd-2 2
or —Eiy & Xi-
Similarly, if the eigenvectors of I, and I, are the same,
say the columns of H, then
(.. ¢ ) /. \
2
...l~%Z¥ij...yik... : ©
H H' =~ T , HoH' = “'l'%ﬁ?ij"'zik"‘
“Yik : ;
\ : - .) —?lk 4 - .
\
Ay Al Oj 05

where Yij & N(

°r Alki=k3) (X1-%3)

) o

for A; the roots of I, o; the roots of
James (1969)). Also, (H:H')(H;H'")’ = H;H,'
(. \
-5} .. -l_%gxij. . .+Xik e e
; _(Yi
"Xik :
\ : )\ :
So under Ho, Y5 and Ziy
o 2(%12%4) )
X s N{ o
ij * ( " n(pj-py) (ki-ky)

(o,

)

n(pi-py) (03-05)

L2 (see e.qg.

/.

are identically distributed, and our

is a very neat amalgam of the two variance estimates, giving

asymptotically,

5 X392 (Pi-Py) (ki=k3) /2385 & X2 .
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The eigenvector terms are interesting, in that they
show quite clearly the effect of close sample roots, which
cause our information to be reduced drastically, till at
worst we lose all ability to make any inferences about resp-
ective eigenvectors. This is precisely what one would expect
to happen, since equal eigenvalues mean that the respective
eigenvectors are any unit vectors within a certain subspace

of dimension greater than one.
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2.3 Comparisons

It is instructive to compare this test with other
eigenvector tests. To the author's knowledge, the only
other test for eigenvectors in the literature is the one
developed by Anderson (1963), which tests the hypothesis that
the population matrix for a particular sample has a fixed and
given vector as an eigenvector. This is essentially a one-
sample test which is often used in two-sample cases, treating
the eigenvectors of the sample with largest degrees of freedom
as fixed (see e.g. Blackith and Reyment (1971)). Another test
has been developed by A.T. James, for testing that sets of
population eigenvectors fill a certain fixed subspace in R™,
which for one eigenvector amounts to the same thing. This is
outlined below, with his permission. This test again rests on
the assumption that one is testing for a known vector (i.e.
n. = «), For this reason they are both inappropriate in equal
sample or approximately equal sample size situations.

We can express Anderson's test in our notation, quite

simply. For, let S ~ W(n;,m,%;), where 8, = HiKH,’ for
K diagonal, entries k;,...,k,; along the diagonal, and
Hi € O(m,R). We wish to test whether a given vector h is
the ith eigenvector of E:;. Then Anderson's test is:
A= GR'STB f USRS 2) e X,
It is easily verifiable that if S; = H:KH,', then
sy = H;K 'H ‘. So:
A =n (k;h'H K 'Hih + ]-{-l- h'HiKH; 'h - 2).
Let i =1, m= 3, in order to clgrify the following calcul-

ations. Then,
n A . "~
h'H = (vl—filf -R.5 s X1z, X1 )

and Hi'h = (h'H,)’. We are simply picking up the first row
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of H,'H,, if h were the first column of H,. For arbitrary

th

i,m, we would get the i row of H, "H;. So,

/1 LA ~
kL, © © 1-%122 - %52
1
A A2 l
A= k. (l"l"Xlzz—Xla X12,X13) o) Ez o} Xi2
1
(@) O e
\ ks X13
(ki o o V1=R15-%13"
1 /——A—A—
+ %, ( l-X122—X132,X12,X13) o k2 o X1 -2

\O O ks X13

A 2 A 9 kl (o kl A~ 2
ni (l"Xlz -X13° + >y X122 + T, X3
2 3

A A k £ k o) P
+ 1-%X122-R13% + 2% X12? + 7= a2 —2>

ki ki
N - 2 ~ . 2
= n; Xi® W(ii iz) + ni Xis® -(_"—"**—*—ii ]}:) X3 .

For any 1,m then, this obviously turns out as
m
%

- ki-kq) 2
SRTEI
j=1 i *j B

JFi

Note that these ﬁij are one row of H,'H;, whereas the

A

Xi4 in my test are averages of skew-members, Ris — R

H, "H; . Since in equal sample size situations one is just as
interested in the behaviour of the second set of eigenvectors
with respect to arbitrary ones of the first, as in the other
way round, this test is obviously inappropriate in such cases.

My test would be:

L 2 (ki-kj) (pi-p3) 2
.Z N Xij i 25 m—1
j=1
F#i

Professor A.T. James has developed an exact test for
population eigenvectors generating a prescribed subspace.

Again, S: ~ W(n;,m,Z), and let Hm . be composed of g

xq
orthonormal column vectors spanning the prescribed subspace.

Choose H; (m-x-(m-qg)) such that [H§H2] € O(m,R). Then:

[HiH, ]’ S, [HiH,] = [??.f.??.] .



41.

But under Ho,

. . ZU:O
[HiH, ]’ T [HiH, ] = R
which puts us squarely into the classical sample canonical
correlation situation for the null case (Zi2 = 0). That is,
the eigenvalues, WigeooWyr of Det(Si S»' S1; -wSu) = 0

are distributed as:

g q
Tq(%ni) ™ % (m-2g-1) o (i -m-1)
Iq(i(ni-mtq)) Tg (5 (m-q)) iﬂl i (1-w;) igj@v

i“Wj) A Ay
(For m = 1 this is simply the density of the sample multiple
correlation coefficient R2.)

It is well-known that if the w; are distributed as
such, then the terms £; = w;/(l1-wj), where the £f; are

the roots of Det(Sn Sz_zl Sau - f(Su ;Slz S';zl S21)) =0 are

distributed as:
f . ;5 (m_q_l)
Ti+fi)%(n+q)

1 2
m*% Tg(s(ni+q)) N

I (£4-£- daf;
Fq (s (mmrq)) TqOam) Tg(5d) i By (Bmfy) A dhs

which is the multivariate analysis of variance case,
Det(W - £; B) = O (see e.g. Anderson (1958)).

For g = 1 this then becomes the density of £ = R2/(1-R?)
and from Anderson (1958) p. 89 we have

R® (n+l-m) _
1-R- (m-1) m-1 ,n+1-m °

We have further that the roots of
Det((@’SH H'S™'H-I)- AI) = O

are the same as the roots of

Det (Si2 Ssz’ Sar = £(S; -S12 S»! Su )) =0 (5a)
since [HiH, 1'S[HiH, ] = [??.2.??.] .
Sa1 . Sa

S H'SH = Sn .



) 5 _ gll = g1
AlSO, let [[HEHz]’ S[HEHz]] l = [...:....] .
SZ]. . SZZ
_F - -
So s = B0 s (wim]
Hy |
| - 11
FFHI b
o D -1 H
= Hz' S [H:Hz]
L‘ - 11
= H's"'H ,

But (SM)"! = S - Sz Szm' Su .
So (5a) can be written

Det(Sn —(sM)" ! - £(s!')!) =0

Det (Su S - Ig -fIg) = O

Det ((H'SHH'S™'H - Ig) - fIg) =0 .
So the eigenvalues of (H'SHH'S 'H - I4) can be used to test
the hypothesis that the eigenvectors of I span a subspace
with basis H, using the same criteria used in testing the
general linear hypothesis in MANOVA (see e.g. Anderson (1958),
p. 221-223).

For gq.= 1, the root of Det(h’Shh’S™'h -1 - £f) =0

is of course just h’Shh’S"'h - 1 and so

(n+1-m)

r ra” 1l .
(b SEE =3 E 1 (m~1) m-1 ,n+1 -m

7

an exact statistic for testing if h is an eigenvector of I.
We can compare this test with Anderson's by expressing

this criterion in our notation. As before, let Si ~ W(ni,m IZ:)

with S; = HiKH;’, K diagonal, entries k;, H orthogonal.

17
Then S;! = HiK !'H;’. Again choose m = 3 for simplicity,
giving:

h’Sihh’Si'h = h'HiKH: 'Bh/H.K'Hi 'h
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2
_ I k, 1-X12"-X13
B 1/1";§122"§{132 K12 §13 A
r r kz X112 X

ks X13

/ A 2 a2
[ s T AR 7 A 3 A ~ l"'Xl2 —X13
X ( l—X12 =X137 ;, Xi12, X13)

it

X12

Zi-

A=

X13
3

1l

(kl (1-R122=-%13%) + k2 X%+ ks §132) X

l A A A A
X <El (1—X122,—X132) + %2 X122 + % X132> ”

3
“ h'Sihh’'Si'h - 1 =

. 2 . 2
i]]: k]:z_)_ X122 + H-——*‘———(]]:i k:::h) X13®

_ (k1 -}_idz A~y (ki-ks) 2 w0 v (ki-kj) 2\ & a2
ki ka X ki ks Xi© i<j kikj iz Kus e
So for small §ij the quartic terms are negligible and

((k;—kz)z A g

(ki-k3)? »~ 2
5 X12° + ——————— X

%K, 13 ) r112_—2 4+ F(2,n;-2)
when Anderson's test is

(ki-k2)? 2 »

(ki-k3)? 5 » 2
K, K, Xi2 + ng —————-

ni X e o4 .
X K, 13 X2

This obviously generalizes to arbitrary m. But recall
that James' criterion tests for h being any eigenvector of
¥:, and not a particular one, as in Anderson's test. The
fourth degree terms are only insignificant for small ﬁij,
that is, when h is near the ith eigenvector. If it were
actually closer to another one, the criterion could be
expressed more like Anderson's test for the other eigenvector.
In our example, the vector (/I:§;7:§;T) %12 , %13 ) would have
small X1, X13, Aif h were near the first eigenvector, but
if h were actually near the second, say, we could then
express the same vector as (Ra, V1-Xa’-X2s2X) for small
R21, X23. Following through the above calculations would then

give:
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(ki =k2)? 4

2, (ka-ks)* 4 »
e Xa® +

5 P X233 + terms of fourth
EIRht degree

h'Sihh'ST'h - 1 =

which is exactly the value of the previous expansion, but looks
much more like Anderson's test for h being the second eigen-
vector. Of course the particular situation of any problem
would decide which test was the more appropriate.

Both tests are designed essentially for one-sample
problems, and quite fail us in two-sample, equal sample size
situations. But what about the unequal, but still comparable
sample size case? The likelihood ratio test for Ho: I = X2,

where S NW(]’h;Zl), Sy ~ W(n2 ,Zz) is:

_ Det S; ™ pet §, ™

- ni Sy + n:82 \%(ni+n2)
Det( N F . )

Again, let Sy = H;LiH;', S» = HLp;H,', and

_ (ki o - [(P1, © _ hiki+ napj
L; = (o '°‘km) ; Lo = (o "Pm). Also, let 4&;= TR 7

+

where before, £; = ki Ei, for ni1 = na.

1

¥

Expanding as before, with (HiH2') = H* gives

Ki.km) ™™ (D1 ...pm) ™

)17(1’11 +1i2

(
ni N2 . . -
(2,1 22 ...,Q,m—igj '(—I‘i—‘;‘mz (kl"kj) (Pi pj) Lieeofmt...

missing %3 ,%5

(1 5 ni n 2 (ki-k3) (Pi-pj)

% (ni +n2)
i25 m+m)2 *ij Li%5 )

Let

_ _ n2 (pi-ki)

Geometrically, stretching ki, %;, py on R', d; is the

length from k; to 2;.

ni k; +n: pi
ni +n;

ki Q.i =
d. = n: (pi—ki) e
1 n; +n-
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Then, p; = 23 + %& di e
n
So ]_q_j___ linl B;L 1“51'12 _ Qll—dl 151’].1 Qli+h_2— dl l'21'12
d [ 24 Qi Qi

-2 log A ~ 1 nl(n‘+EL) %, 5 mm oo (kizk;) (pi-py)
=1

i 2n, [ j<§ mitny T 2i%5
2 :
= X%m(m+1) 0
Note, the n (n5;n2) %% terms are symmetric with 4%, where
2 1
*
ki +d; +djf = pi, Or p; - L3 = di.
m o d;? n _ o (ki=ki) (Pi-P3)
When n:;=n.=n, we get E n T2 + igj 5 Xij 2i%s
as before, with #&; = ki;El g dy = EL%EL .
Now, let n, =+ o,
m 2 R P T
This gives  1» = d12 + I ng xq=? Lki-ky) (pi-pj)

12 %327 i<y 1] Lik5
2
¥ Xym (m+1)
where now £&; = p;, d; = P; — k; -

As a check, let us take the limit of A as n +» «.

We have:
1
, = Det S, "™ pet §; ™
Det(nlslz nzﬁl)%(n1+n2)
L

(Det S1S;1)
Det(nl S S;l + n, I)!é(nl +ns; )

n; + na

on dividing through by (Det Sz)%(nl+n2).

et m=n; +n,, so X becomes:



(Det (S, 8; 1)) 2™

=1 Lm
Det <[n1(81;2 ~1) 4 o1) )

since (Det A)" = Det (A™)

- 1
(Det (S; S, 1)) ™
Det (elinl (S Sz—l—I))

then lim A =
m>oo

Det (S;s;1) 7™
etr(%n1(51S{1-I»

-1,\ 501
(Det (S1S;1) etr(I—Sls2 )) '}

This should be the likelihood ratio test for Z: = Xo

specified, which from Anderson (1958), p. 264 is:

hmn _ 1 : -1
Ay = (_I%) det(n151201);§n1 & Lty n1S1%Zo

- : ~1 -
elimnl ;itr ni Sl ZO det (Sl ZG 1 ) lznl

Lni e%nltr (I-S1 %0 1)

det (S:Zo!l)

I

=1
(det S zol etr(I-S1Zo ))%nl

which is exactly A (n;=») with I, = S;, as required.
' . 1
Now, decomposing A (n;=«) S, ! = Hz(?._.l ) H,', and 8; =
Pm

ki ] mn ks
N . r . — —l
Hl( 'km) H; as before. So det(S5:15:2") iEl(pi)

and tr(S:1S;!) = tr(H;:LiH "'H, Ly 'H, ') = tr(Ls (Hy "H2 )Lz ' (H "Ha) ")
since tr AB = tr BA.

. - * _. *
tr(Ln (Hy "H2 )Lz ' (H:1 'Hy ) ') =~ tr(L,H I, g )

k'\ i | *I+I L :
and A(n;=«) = (H(——L/ etr(—L1H L, "H )) ni )

Pi

* *
Expanding out tr(InH L:'H ') gives:

P e [ s . .2 (ki-kj) (Pi-pj)
tr(Ls4H L, ‘H ) igl N + i(jxlj pipj
m : kj z 2 (kji-ki) (pi-pj)y\*%n:
ki m-I=d - % .xi4 = —-=
50 1 i <i£1<Pi) I PiPj
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= 1-ki e .2 AXizk3) (pi-pi) \am
ki Pj 1] PiP5
s . {— e 1 . e it j
1=1\pi 1i<3
But:
1-Ki pi-kj
Kt o Ba = Kim g ¥pg
P; Pi
a ai
1

which gives:

A m 2
_ : nid;i° | g o2 (ki-ki) (Pi-p)
2 logmé°° S 124 2P12 + 145 N1 Xj Piby

which are the separate limits of -2 log A as found
‘previously.
These are asymptotically correct, since if S: is

actually an observation from the population S» (i.e. n,=w),

then
ki N(Pir zﬁfz) - %i; + xf
and
fay = N(O' (kzl—}%?))i?gi-pj)) - 2 r(lkfa:]z?;) BLPI) ;5% a xt |

However, the results for the eigenvector test depend on the

eigenvalues for both sample matrices. Our is the skew-

53
Xiq¥-x91% . .th .
average |—tl_=~Ji_) of the inner product of the i""' eigen-

2
vector of S; with the jth eigenvector of S:, and the jth
eigenvector of S; with the i th eigenvector of S;. The
one-sample tests involve only one sample S:, and an

arbitrary unit vector, h, without regard to the possible

population h may have come from, and ignoring this inform-
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ation if it is present. I think the one-sample tests are
more appropriate when n;>>n:, and one can reject the
hypothesis that the roots are equal. But if the population
roots are equal, then my test is probably better, since it
weights favourably the sample roots about which we know most.
My test would also be better for comparable sample sizes,
regardless of the eigenvalue behaviour, since it weights
evenly the variation from both samples.

Suppose one now wishes to test that discrepancies
between the roots take the form of a simple scalar differ-
ence. That is, Iy = KI, for some unidentified scalar K,
where T; 1is the diagonal matrix of eigenvalues of Ij;.
This would mean that in the representation of Z: and Z»
as hyperellipsoids, namely x’'Z,x = 1 and x"t.x = 1,
these two objects would be similar in the geometric sense,
although perhaps with different orientations. The same
orientation or eigenvectors would then mean I: = Ki:.

A further decomposition of the latent roots statistics
yields such a test. Form new variables, y;, from the old,
dij/%;, via:

d;/%; = aj, v, *+ ai, vy, t...+ ajp ¥n (6)

where A = (aj4) 1is orthogonal. Then
n, (™ +1ns Q._j;z =
1 1 2n2 Qiz i

m + .2
Any A will give a new partitioning of I nILEL—ELL 9;2_
i=1 2n; Qi

n =
- 8

i

ni (n +n, ) = 2 2 2
1 1 2 . . o
) (7 asn?) vit s

1= 1
But requiring am = an = ... = ap, = ——= makes yi1 a

ym

measure of scalar differences in the root structures, with

the other vyj;'s recording other (orthogonal) deviations.
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For, if
ﬁ = .'_Q'_J:..,._.._.d_..:l.:..____ = K ’ \4 i P
s

then d; _ _1-K .
R, — V l o

i 1+Bix
n»

m jul
. 2 2 2
Asymptotically then, i§2 n(.gl(aji) ) Yi©® ~ X,
if the only difference between the roots is a scalar size

one, and:

+ R
n; (n; +n; ) 2 2 if

n; (ni+n,) m
1 2
Ty P X (aji)2Y12 = 70, Yi© o~ Xz

21, j=1

K =1.

Solvi _1 (% (4 .
olving (6), yi1 = = A giving

n; (n; +n;) N ail? _ .2
2n, m (lE ) X

and

nl(nl+n2) Zﬂz_nl(nl+n2) d_i_ZN 2
2n, L 2n, m 2 Xp—-1  »

1 1

I suggest this test be used cautiously, and only where
the latent roots of both samples are well spread out, unless
the sample sizes be very large, for the asymptotic densities

used here take no account of linkage factors between roots

(see James (1966).
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2.4 Data Analysis

Jolicoeur and Mosimann (1960) measured three variables
on 24 male and 24 female species of Chrysemys Picta Marginata.

The resulting variance-covariance estimates were:

[451.39  271.17 168.70]
S: = * 171.73 103.29 (female)
* * 66.65 |
[ 138.77 79.15 37.38]
S: = * 50.04 21.65 (male)
* 11.26 |
with n = 23, m = 3.
Testing Ho: Zi = L., the likelihood ratio test is:
- (det s, det sz%)“ - (.5699)2 )

det (Sl ;Sz)

2

Using the asymptotic ¥ test, we obtain

-2 log A = 25.8 & %2

so Ho can be rejected at the 0.1% level. However, it was

thought that this result was perhaps caused basically by
unequal root structures, and in an attempt to test this,

the previous decomposition was found.

We have:
[680.41 o o [195.28 o© o
Si1= H o 6.502 o Hi’| S:= H; o 3.686 o} Hy '
| o© (o} -2.857 | © o 1.103
(ks o o [pr o o
= H;| 0 kn o Hy ' = H,| O p2 © H, '
| O o ) | O (o] Ps
with
.8126 ~-.5454 -.2053 .8401 ~.4876 -.2376
Hi = .4955 .8321 -.2493 H, = | .4919 .8695 -.0449
.3068 .1009 .9464 .2285 -.0792 .9703
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and
.9966 .01033 .08227
Hy 'H, = -.02587 .9814 «1901
-.07878 -.1916 .9783 .

The matrix X, such that exp (X) =~ H;'H, was estimated
by simply taking skew-averages of the 1ij,ji elements of
H; 'H, to get estimates of the 1ij element of X.

(e.g. x12 = (.01033 + .02587)/2 = .01810). This gives

o} .01810 .08053
X = -.01810 o .19081
-.08053 -.19081 o .

This was checked against the matrix log expansion:

log H; 'H, = (Hl’Hz—I)—%(Hl'H;—I)2+%(H1'H2—I)3—k(H,’Hz—I)‘*+...
where less than 1% difference was recorded between corresponding
terms of X and 1log H; 'H;, using the first four terms of the
expansion. So the extra work involved in evaluating log H; "H:

seems unnecessarye.

Substituting
.9966 .01810 .08053
H* = |-.0181 .9814 .19081
-.08053 -.19081 .9783

for H;'H, in the likelihood ratio causes negligible change
to M. Even less change 'is caused by neglecting Xi5 terms
of degree greater than two in the determinant expansion of

det((Sl+Sz)/2). For, the latent root values give:

L, = 437.85 d: = 242.55

2 5.094 d, 1.408

23

1.980 ds = .877
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and with these terms we can follow the approximations.

First:

det ((S1+52) /2))

= det ((Li:Hi'Ho+H, "Holo) /2) = 5,561 A = (.5699)%
Then: det ((Li H*+H*L, ) /2) = 5,574 A% = (.5686)%

L2
Finally: %1% %+ I 23 (ki-ky) (p3=py) 2s

i<,
s#i73 = 5,577 A**= (.5683)%

The major sources of error are then the crude log

approximations,
n
B A a;?\? a2

2 s -n
. xii® fki-k4) (Pi-P3j) n
and 2 log (l + iéj 3 110 N 5

s, L2 (Ki-k9) (pi-pj3)
i<3¥i3 7323

However, since these results are asymptotically correct, it
suggests perhaps that some of this 'error' is in fact a
correction for the -2 log A approximation itself, although

I have not yet attempted to prove this. It might also be
possible to find correction factors for the log approximations.

Testing for equality of roots, using (4) we obtain

L, = 23(.3069 + .0764 + .1962) = 13.33 + %2, which can

be rejected at the 0.5% level. Then using (5) to test for

equality of the eigenvectors gives:

s 0o .2 ((ki-k4) (Pi-p4)) _
i<g 2 7D 2385

= 23 (.01897 + .98416 + .03399)
= 11.9 =« x2 .
Even this can be rejected at the 1% level, so we must reject

the idea that the eigenvectors are the same. There seem to be
minor but significant differences between them, which turn up

as loss of orthogonality between the first and third eigen-

vectors of the two matrices.
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A simple preliminary calculation would have indicated
what was happening, for the latent root part of this
decomposition is just the numerator of A%, divided by iglzi,
and the eigenvector part is just the denominator divided by

the same, both parts being then 1, 1if Si = S:.

In this example:

Det 8111 Det Szli
T, 0, = 7177
and Det §L—%—§L
0 0, = 1.2593 .

Both deviate from one by comparable amounts, so both contrib-
ute roughly the same amount to the rejection of He. This
seems in itself to give a rather quick, though crude, look
at what is happening.

At this point we thought perhaps the root differences
could be accounted for by a scalar size factor, and devised

the previously mentioned test. In this case the matrix

1L 1 1]
V3 /6 V2
A = 1 l__l
B V3 V6 V2
1 2
V3 /6 o |
: . 2 di; \* . .
will orthogonally repartition I n<wi) into ,I.n v.?
i=1 %5 i=1 1
m
where %% = jzl ajjy vy, and y:, ys measure deviations from

a simple scalar size factor between the two sets of roots, and
yi1 measures how much that scalar size factor differs from unitv.
Solving the equations d;/%; = I ajj Yj gives

z %%. Then:
1

<
|
T

3 .\ 2
n y? =§-(_l£l %1—) = 12.43 & 2

1
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which can be rejected at the .5% level, and

ny; + ny? = 13.33 - 12.43 = .90 ~ x2

N2
(found by subtraction nz(%%) -ny? )
1

which is quite acceptable. Thus we have good support for our
hypothesis that the differences between the roots of S, and
S: can be accounted for by a non-unity scalar size factor.

To see what effect this result had on the eigenvector
test, we used the asymptotic density for the latent roots to
find asymptotic maximum likelihood estimates for A:, Aa, s
under Ho: Zy =¥, A ¥,, and 3, =X, K A¥,'. From Jémes
(1969), the asymptotic likelihood function for the roots
under Ho 1is:

L

const. x I ai%ne_%nikiai i (ki-kj)_%(aj—di)_%ﬂ(ai/K)%n-
1 i<j

B O

g HEPi0i/K T(pi-py) (ay-0;) /K
Ln(lk: .::1 Losqs %m(g-z-_l—n)

const. x I af e~ nlgkioity 7Pidy I (aj-aj)K

i<j

x a function of kj's, p;'s

where the k.

i's are roots of S:, pij's are roots of Sz, and

a3 = 1/X;. Taking derivatives of the log likelihood:

. L !E:l?
g% (log L) =% EB%EL + M3 ~im =0

n
) 1 1 -
aai (log £) = a; - %(ki+pi/K) + H jﬁi l/(uj‘ai) = 0.
2 i<j

Taking the limit as n + o gives two relations
K =12 psoa;/m , A; = 5(kj+p;i/K)
1

by which the maximum likelihood estimates can be calculated

recursively. Numerical evaluation gave:



55.

K = 2.51634 3 = 232.839
N = 3.135
R = 1.1192 .

Substituting in the test for the eigenvectors, using Xi

for ky., K Xi for p; gave:

n o, (R;i-%5)%4R

Y 5 Xy =
2 7t %585 (1+R) 2

= 23(,0193 + 1.21 + .0385) = 14.579

v X3
which can be rejected at the 0.5% level. This even further
strengthens the previous result that the eigenvectors are
different for the two samples.

The following is another asymptotic test for the eigen-
values of the two populations, Z;, Z., being proportional,
which serves as a check on our previous analysis. As before,
let S; have latent roots ki, kz, ki, and S have roots
P1, P2, P3. Then asymptotically, under Hoe: ki = K pj, for
K some constant, we have

ki & N(KAj,2(KA;)2/n), py + N(Xx;,2X;%/n)

ki1 P [ K\ Al
or X = k, P2 o N M = KAz A2 ’ sy ® I,
| ks P L KAz A3
(201 2/n o o
K2 o
for &, = , T, = o 2x2%/n o
o 1
) o 2x:%/n|

But M'M is of rank 1, since the two column vectors are
proportional, so fill a one-dimensional subspace, and if

X ~ N(M, T ® Z;) then 357 x'Irlxzy® = (377 X577 (377 XI77)
has latent roots whose distribution is derived from the non-
central Wishart. Testing for the second latent root being
zero then tests our original hypothesis that the roots are

proportional. Using the asymptotic m.l.e.'s for A, A2, A3,



and K which were found above, gives

f=% grgrh 5% o (35.16 33.84)

33.84 35.16

with latent roots 69.003 and 1.314. But these are
asymptotically x2 on 4 and 2 degrees of freedom
respectively, which makes the first root extremely
significant (>.001% level) (i.e. K # 1), and the
second is at the 50% level, which makes He duite

acceptable.

56.



57.

2.5 A Test for Complexity

Such decompositions into recognizable components are
unfortunately not universal, as the following example
demonstrates. This example is probably more interesting
for the inter-related group and symmetric space structures
that arise, and as a concrete example of the injection
process for complex and real spaces.

Consider a set of observations from a quadravariate

normal population, so for each vector of observations we

have:
X1 M,
. ~ MVN Mz ;L4 x4
X3 Ms;
Xa Mg .

Now suppose one thought that these observations had actually
come from a bivariate complex normal population, and one

wished to test this hypothesis. That is:

Hy ¢ (20| = [Xtix ) ogyen (|M TR
Zia X3 +i'X3 A M, +iM4

with ¥ Hermitian. Such situations could occur with
electronic experiments and with time-series.

=k

Remember that ¥ Hermitian means I~ = £*, thus it

can easily be seen that
a* c*-ig*
¥ =
c*+id* -~ b* , a*, b*, ¢*, a* € R ,
Now, to see what restrictions this places on I (or how
to inject the 2x2 Hermitian matrices into the 4x4 real
symmetric ones) we note that if $* is invariant under some

transformation, say G*, of C., then I must be invariant

under the equivalent transformation in Rs. With this in
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mind, let us inspect G* = (; 2). Thus
% | 21 % M1 +iya *_ k=&
~ ! G
o [1] - wen (o) e
S0
iy =%z | 1P: U2 io a c~id ~i o
[ixa—x4] SVES ([iu3-p4]' (o i) <c+id b ) ( o —i))
~ BVCHN iU =2 a c-id
igs~pa |7 \c+id b .
Thus =* is invariant under the action of G¥*. But from the

action of G* on a vector in C,, we see that the equivalent
transformation, G, on Rs will be
o -1. o}
G= [l .0......
o -1
0 1l o
since
X1 i €]
X %
G 2 =z 1
X3 —Xa
Xa I Ha
which corresponds to
x| X1 +ixs | _ | iX1-Xa
X3 +ixa iXs ~Xa
So we must have I GrLG’. But it is simple to verify that,
for
O3t Oi12 OC13 O
5 = C12 OC22 023 Oaa
O13 O23 033 O34
C14 O24 O34 QCaa
this requires ou = Oz, Os3 = Oas, Oz = 03¢ = O, O13 = Oz, and
O1a = —023, or
a o ¢ d
o a-d c¢
I = c-d b o .
d ¢ o b
Also, let vy’ (vi,Y2,¥Y3,v4) Dbe an observed vector,

for the means.

Then under

Ho
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Y12 ViV Y1¥3s ViVa [ a c d
Y1 Y2 Yi’z V2V3s Y2Ya o] a -d c
E(X ¥’) . YiVs Y2Y3 vZ  y3ya - c¢ -d b o =L .
YiYs Y2Ya Y3Va Y4 d ¢ o b
But for 2’ = (yi+iy., ys+iys), then also under Ho,
YlZ"'Y’-'2 V1Y3+yzya
: : a* c*-ig*
E(Z Z') = E ~ i(y1ya-y2ys) | _ [
T Y13 +yaye c*+id* b*

+ i(yiya-Y2V3) Y32 +y3

So, a* = 2a, b* = 2b, c* = 2c¢, d* = 2d. Since we started
with 4 parameters in M(2,C) the space of 2 x2 Hermitian
matrices, and we now have only 4 parameters for M(4,R) left,
thus we have found all the restrictions required for the

injection process from M(2,C)~> M(4,R) which is:

a e} Cc d
5 a c-id N o a -d o]
c+id b c -4 b o
d c o b
T * > "y

There are obviously no restrictions required on the
means under Hpo, so the whole problem reduces to testing
for I taking the above form.

One can easily derive, in the usual way, the likelihood

ratio test for Ho, as

__lsl%n

ls*l%n
where S is the ordinary estimate for I, for unfixed

alternative, say

S11 S12 Si13 Sia
Si2 S22 Sa23 S2a
Si3 Sa3 S33 Saa

Sia Saaq S3ag Saa

|



S11+S22

2

o

S13+S2

SixtSas S 14~ S23
2 2

S11+S22 S23-S14 Si13+S24
2 2 2

S23—S14 S33tSag

o

2

S14—S23

2 2

S13+S24 S33tSas

2

) N 2 )

Q> O =
!
> s O
1
O oY o

Qn
[
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Q>

o o

o>
e

Since the test for a bivariate normal sample actually

being a complex sample is just the regular sphericity test

(i.e.

to expect

sphericity tests, for [

the 'complexity' of the intercorrelations.

equal variances,

-2 log A

X1
X2

zero correlation),

expected
A+¢, o) G+es  d+es
€2 a—Ez -d+€¢ 8‘65
det " A A
c+es =—d+ee bt+es €4
}\2/!1 _ a+€5 6—85 €4 b-¢c3
a o c d
A N ~
o a-d c
det e A
c -d b o
= A
d & o b
for some constants kj, where e€1,
for the first two variables, €;,

two, and

€s ,

did not happen.

€¢

the intercorrelations.

it seemed

for the 4-D case to split into

] and [XB], and a test
._X4

That is,

€2

natural

two

for

we

would test sphericity

sphericity for the next

Unfortunately this

The structure seems much more complicated.

However, since S* € M(4,R) we have S* = HLH' for
H € 0(4,R). In fact, it turns out that
21 0 v -w -X -y
L& L %, and H = ‘; _; 3; —’:;
0 L2 Y X =W v
with H a member of the cuaternian group, no less.

if H'S*H

=L,

then

L diagonal,

Also,
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e 2a 2c-12d\ gx - 221
2c+i2d 2b 2%

v+iw —-x+iy

for H* = ( N .
X+iy v-iw

), € U(2). Alternatively we can view

this as an injection of U(2) = O(4,R) in the obvious way.

Then:
2
AN = det S/det S*
_ det H'SH’
det L
21 +68: ) S5 Se

OS2 L1 =84 Ss -8 )

= det | s 8e Ratss 8y |/ Rte)
Se -85 Ss  Ra2-G83

~ 1- f?(af+53)— i%xs§+af)— IT%;(63+63) )
2

So for small §j,

2n

L

n . n
-2 log A w E;(<Sf+a§-)+ E-2-(<332+<sf)+ - —(82+82) » x?
1 2 172

There is not much use in justifying the various component
distributions unless one could also attach labels to the
components, and ask reasonable questions concerning deviations
from complexity, and so far I have been unable to name these

S

i's. However I thought the structures which arise in this

problem were interesting enough on their own to warrant their

inclusion.
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CHAPTER 3

DISTANCE MEASURES ON MANIFOLDS -~ PROPERTIES AND APPLICATIONS

3.1 Introduction

In this chapter we shall investigate more closely the

manifold structures of M(m,R) and G, This involves

m,p°*
an understanding of what is meant by the distance between
two points for non-Euclidean but Riemannian spaces. The
concept of distance is generalized via a metric form

(ds)? = i%j g4 dxidxy for g = (gij) a positive definite
symmetric matrix, the Riemann structure, and dxi local
coordinates. For Euclidean spaces g 1s just the identity.
A curve joining two points is called geodesic if it is
locally the path of shortest length between the points.

That is, along short enough segments of the curve, each
segment is of minimum length. A geodesic curve may fail

to be the shortest route globally however. For example, as
a sphere, segments of the great circles are geodesic curves,
but a geodesic jecining two points could be the long way
around, instead of the short way. For arbitrary Riemannian
manifolds, calculating geodesic curves and distances can get
complicated, but symmetric spaces prove rather easier to
handle, since so much of their structure derives from their
underlying group structures.

Classically, a symmetric space, S, is a Riemann
manifold whose curvature tensor is invariant under parallel
translation (i.e. along a geodesic path) ~ a very differential
geometric statement which essentially generalizes the concept
of a sphere (of constant curvature). Cartan (1927) proved

that this condition was exactly equivalent to S being a

factor space S = K x G/H, for G a semi-simple Lie group,
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H an isotropy subgroup of G with respect to S5, and K
a motion group of Euclidean space. The concept of semi-
simplicity, though important, is not required here, and
will be covered later. Suffice to say that a simple Lie
algebra is non-abelian (non-commutative), with no proper
ideals, that any semi-simple Lie algebra is composed of
simple ones, and that a Lie group is (semi-)simple if its
Lie algebra is (semi-)simple. It is curious that such an
essentially manifold condition could be so closely related
to such strong group concepts. Cartan (1914) had already
catalogued the simple Lie groups, so it was then immediately
possible to effectively list the irreducible symmetric
spaces. We shall study this theory more fully in the next
chapter on zonal polynomials, since it is an integral part
of the theory of these 'special functions'.

Both M(m,R) = G¢(m,R)/O(m,R), and Gp,p =

O(m+p,R)/0(m,R) x O(p,R) are symmetric spaces, for
G&(m,R) = R x S&(m,R) and O(m,R) = Z®> x SO(m,R), and both
S%(m,R) and SO(m,R) are semi-simple. ©Note that any symm-
etric space S can also be written as S = G/H for G a
transitive transformation group and Lie group of S, and
H an isotropy subgroup of G which leaves some element
p € S fixed. Using this notation, any reasonable measure
put on S must be invariant under G, so that if the
distance between pi, p: € S is D(p:1,p2), then D(p:,p2)
= D(g*p2,9°p2) V g € G. Also, on a symmetric space, S,
the geodesics through any p € S are of the form exp (tX) *p
for X a member of the Lie algebra of G (see e.g. Helgason
(1962) p. 173). These two conditions are just about all we

need to find geodesic curves and distances on M(m,R) and

m,p*
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3.2 The Positive Definite Symmetric Matrices.

Consider ©p:i,p2 as two elements of M(m,R). We wish
to find a geodesic curve, say Yy (t), Jjoining pi1 to p
with 0< t< 1 and y(o) = pi,y(l) = p.. But from the
group invariance property, if y(t) is a geodesic joining
pi to p2, then gey(t) = g y(t)g’ must be a geodesic curve
joining g pi1g’ to g p.g’, for every g € G&(m,R). But
we can always choose g such that g pig’ = I, 9 p2g’' = L,
for L diagonal, elements £;,% ,...:,%, along the diagonal.
For we know p; = H;LuH;', p: = H;IL.H,' for H; € O(m,R),
L; diagonal, and if Hs € O(m,R). diagonalizes II%Hdiquzﬁh’L[%,
then g = Hst%Hl will be such a transformation matrix. So we
have shifted the problem to finding a geodesic curve from I to
L, where L is now diagonal. But:

(exp t(log L%ﬂ- I = (exp t log L/2) I(exp t log L/2)’

exp t log L
= @*
is a curve joining I to L, which by our second condition
must be a geodesic. So y(t) = g (@ (g™’ is a geodesic
curve joining p: to p2. Even nicer, the distance along
y(t) from I to L is simply the length of the straight
line, t 1log L, from O to 1log L in the Lie algebra of

G2 (m,R}, which is

/(log 2:)2 + (log %2)2 + ... + (log )% ,
since L is diagonal. But this is precisely D(pi1,p2).
(Note that the #; are the latent roots of pip: ! or
pz_li Plp;%.)l We can verify this by using the metric form

(ds)? = trace(S 'ds s !ds) developed by Maass (1955), which

is invariant under S - g S g’, g € G&(m,R). For S diagonal,

elements sj; along diagonal, this becomes (ds)? = Z(Sii dsii) -

So along the curve (L)t, the metric tensor g is diagonal,
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2t
9,1 = 1/%4 and
D(I, L) = - /35 gy S () Fat
4 ¥ ij glj dt JJ
I
l ———
= ‘[ vZ(log i) %dt = vI(log %;)°?
1 1 .

3.3 The triangle inequality on M{m,R)

The distance measure, D, 1in M{(m,R) is a local metric,
but is it global? It is obvious that D(Z;,Z.) = O,
vV 1,2, € M(m,R), and that D(Z:,2Z2) = O implies I, = Z:.
But does D obey the triangle inequality globally? In other
words, is a geodesic curve through two points on M(m,R)
unigue? The answer is yes. We shall prove this explicitly
for m = 2, and outline the proof for higher dimensions.
The proof requires an interesting lemma concerning bounds on
the roots of £;°I;!, given the roots of %, and ZI:.

Theorem: The distance measure D on M(2,R) obeys the

triangle inequality.
Proof: Let Z;, 2, 3 be any 3 points on M(2,R). Then
there exists a g€ GL(2,R) such that

gz, g' =1

g I g’=L=(§1 ‘;2), 21> %

g Zs g’ = %, arbitrary

where D(Z:1, Z) = D(I, I)
D(Z;, L3) = D(I, L)
D(Z2, Zs) = D(Z, L),

from the group invariance of D.
. -1 .
For, if %, = H;L.H:', let g1 = 1n Hy . Then g)Z291 ! = H, LH.,

for some H, € O(2,R), L diagonal, and g = H.g: will be such

a transformation. Intuitively, we have transformed:
Z1
9
Eal 022 ———)
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Let m, m be the latent roots of I, mi ® m2. So, D(Z,I) =
((log mi)? + (log mz)z)li. Also, D(I,L) = ((log *1)2 + (log %2)2;
and D(I,L) = D(IL !,I) = D(L—%ZL_%,I) = D(L 'Z,I). We need the

following lemma.

Lemma: If ¥ € M(m,R) has roots mi, ma, my = m;, and
I = (ﬁl 22), 21 = %2, then the largest possible root of
L% is mi /%, at which time the smallest root, m:/%:

. . m:, ©
also occurs, and I 1is in standard form (02 m ).
1

Proof: Identify I with the ellipse xI 'x’ =1, (so that
Y is identified with an ellipse where principal axes are
ymi, vm:). Rotating this ellipse through 2w then fills

an anullus, radii vm;, vme,

e.g.

2 C/// , HIH',vHEO(2,R):

_1 _1
Under the transformation £ - L~ ‘%L °, the anullus becomes

deformed as

e.g. xIZ x' =1 - x(L%Z—lL%)x’ = 1
where the outer circle, radius vm: becomes the ellipse

X %2 /mi x' = 1, the inner one, radius vm: becomes
\ L1 )

R -

-1 .
X - x’ = 1. Thus every ellipse, L ‘IL is
2

\ L)

inside the deformed annullus. It is thus obvious that the
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—% my
T, !

at which time the second root is %i, which is also the
1

B
very largest possible root for any L °‘IL is then

smallest possible root, for Det(L"%ZL'%) = mm /21 %, a

constant. Also these values only occur when I is in

_ (my o _ (o =1\{m o o 1
standard form I = (o m1> = (l o)(o m:)(—l o>' Q.E.D.
. -1
So any pair of roots of L 12ZL ’ will take the form
M ang & for 1< a< ™/Z%  wo first show that the
al» 21 ! m2;2rl-

triangle inequality holds for the extreme root values, then
that D(Z,L) 1s a maximum at these values.

-1 .
Suppose the roots of L ‘IL % are %&, M so

L1
5 =<m2 0).
(@] m;

2

TN
lw)}
N
N
F
§ o]
N
=
S’
e

N
1
(=]
=
l...
S 0

(log mi -~ log %2)2 + (log m;- log 2;)?
= (log mi)*+ (log m; )2+ (log £:1)>+ (log £2)?
- 2(log mi log %2 + log m; log i) .
m; O 21 © 2
meo (o((& 7)1) + o(n(" 2.)))

= (log m; )2 + (log m)* + (log %£1)®> + (log %2)*

+ 2 /((Tog m)? + (log m)? ) ((log 21)* + (log %))
But (log m)2(log £:)2 + (log m:)2?(log %:)2 = 2 log m- log m-

1og %;- log %, (simply the well-known inequality x’+y?

> 2xy).
Adding (log mi)2(log £:)2? + (log m:)2(log %2:)? to both sides
of this inequality, and taking square roots, gives

+(((log m )2+ (log 1) 2) ((log f)2+(10g 2)2))® > +(log m log f2+log m1og %),

. . m2 O /Q/] O 2
So by inspection, <D<<o m1>’I> i D(I'<o zz))
2
M, O 2/1



q m: 21 o = ma 21 m—l
giving D - ;1] + DI, o L, Z D m ) 8, = D| L2, L
) m»

So for extreme values, the inequality holds.

m _ m; _
Let T, X1 T, Xz .
. L =% . X1 .
Then any pair of roots of L “ZIL will be o ax with

1< a< X1/X2.

4

2
((log gL) + (log axz)a

=((log x1)2+(log x:)2+2(log a)?-2 log aﬂpgDQFLXJX2)j

And: D(X,L)

But, since 1< a< x;/x:, we have

o< log a<s< log x; - log X%
0< (log a)?2 € log a (log x1 - log Xa)
o< 2(log a)?2 < 2 log a (log xi1 - log x2) .

So 2(log a)? - 2 log a (log x1 - log %) < O
ks
2 2} _ m o \ (% o))
D(Z,L) < <(109 x1) "+ (log X”) "D(<o ml)’\o 2:)/

D(X,L) < D(Z,I) + D(I,L)
D(Z2,Z3) < D(Z2,Z1) +D(Zy,Z3)
for any 3 arbitrary points on M(2,R).

Thus the triangle inequality holds an all of M(2,R) with
metric D, and any two points on M(2,R) can be joined by a
unique curve whose distance is a global minimum.

Generalizing this proof becomes an exercise in combin-
atorics. Let I = M(p,R) have roots ml)...,mp with
m; > mj4,, and let L be diagonal, with diagonal elements
214.ver%pi %3 > Li4; . Then the largest possible root of
L—%ZL—% is ml/zp, again found by deforming the sphere,
radius vmi, traced out by all possible rotations of

% T % = 1. 1In this case, I has part standard form



69.
Repeating the process, conditioning on this root, gives the

next largest root as mz/zp_l; and I as

The next largest root, conditional on these two, is then
ma/ﬁp_z. But this remains true, even if we only require

Y to have form

o) o
® : -
. O o
o] O . %
<e:0 - 5
05560 b
*
where Za2 need only have roots m, m:. In other words,

the product of the two top roots need only remain constant
in this subspace, (i.e. ml/aRp and am; /%y., for

1< a< §L§%R ) for the next largest root to take extreme
mz P 1

value m;/8p-,.

Eventually we get the extreme values of all the roots
as m /Lp, mz/zp_l;..., mP/Ql; where each root is as large
as possible, given the product of the roots above it. For
these roots one can easily.show that triangle inequality
holds. But any other root system can be reached by progress-
ive dilation-shrinkages of the form gL, x,a used in the 2-
dimensional case, because of our conditioning requirements.
For, consider the extreme roots strung on a line, and the
positions to which we wish to shift also marked. Choose any
new position. Then by shrinking the closest larger extreme
root, dilating the closest smaller one, till the new value

is reached by one of them, which we then fix permanently
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(reduce dimension by 1), the unfixed root is then at the
largest value it can take, given the fixed root, and the ones
above it. It cannot get bigger, without moving a larger
extreme root down, or get smaller except by moving a
smaller extreme root up. But the smaller roots are also
still at extreme values since they are only conditional on
the product of all the roots above each of them, which has
not changed. Obviously we can repeat this procedure as
many times as necessary. But progressive changes of the
form %l, Xi+1 a, 1< a< x3/xi4+1 can be shown to keep the

D(Z,L) < D<<mp--.m ) <£1'-,2 >). So the triangle inequality .
L p

holds for general dimension p.
Notice that having L diagonal in the lemma is no real

restriction. For, let I, %2 € M(p,R), with roots

(21 400.,%p),(m,...,mp) as usual. Then the roots of

$7% 5, £r? = HLT'H'S,HL™PH’ are the same as the roots of

L "H'S,HL™?, where I, = HLH’, H € O(p,R), and H'Z:H has
the same roots as ¥:. So the lemma holds for arbitrary .,
Z2, with known roots. This lemma appears to be in some sense

a generalization of the Poincaré separation theorem (Bellman
(1960), p. 117) which deals with bounds on the roots of one
matrix, as the dimension increases. It may prove useful for
finding bounds in multivariate work, where functions of

H'L;HIz2; %1 ,%22 € M(m,R), H € O(m,R) often occur.
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3.4 Statistical Uses

This structure on M(m,R) can be used to test various
hypotheses concerning Wishart matrices. For example, suppose
S is a sample Wishart matrix, S ~ W(n,m,X), and one wishes
to make inferences about X. From James (1973) (where there
is another derivation of the distance measure), if

L1 82,000, 8 are the latent roots of S& !, then

m

m
d*> = % n 'Zl (log 2i)2

i=
is asymptotically distributed as x2 on L4m(m+l) degrees of
freedom. So d? can be used to test for membership of S in
various possible populations. The distance metric could also
be used to investigate relationships among sets of variance-
covariance matrices, perhaps as a spatial aid in such fields
as discriminant analysis or cluster analysis. Sometimes this
metric aids in understanding seemingly peculiar results in
multivariate work. For example, we had originally used the
Jolicoeur-Mosimann data to numerically try out a test for the
existence of a simple scalar diffefence between two population
ishart matrices. That is, for Si ~ W(n,,m,Z:) and
S2 ~ W(n.,m,Z2), we wished to test that 7»:1 = KX for
undefined K. Under such a null hypothesis, the derivatives
of the likelihood function yield two transcendental equaticns:
%, = i (no S; + ni Si/K)

n; +n»

1

K I—ntr(sliz—l).

1l

Evaluating these iteratively gave estimates
162.67 95.62 53.55
£, =] * 60.51 32.17 K = 2.41938

N N 19.40



72.

But the original data was:
451.39 271.17 168.70 138.75 79.15 37.38

* 50.04 21.65

Sy = ] 171.73 103.29| , S2

* & 66.65 e * * 11.26
and our estimates of I, 1is uniformly 'larger' than S,
while our estimate of K is smaller than we would expect,

since the individual scalar differences are all greater than

3. Also ﬁ fz is 'smaller' than S:. These results do not
appear so strange when we use the natural metric. For, if
T2 = KI;, then S:8;! & KI. Let Xi,...Xp be the latent
roots of S:S:'. Then the value of K for which
D(S,S: !, XKI) = D((X" -Xm),KI> is a minimum is just at
K ="% ... %y =n EL;I:EH‘. For,

Pt ...Pn

i=1 K
giving:
log Xi...%X, = log (K™)
. m — ki ...kp
K VX1 eoeXpy _—pl---pm .

For the Jolicoeur-Mosimann data, this is 2.5156, which is much
closer to the m.l.e. of K than the value of ~ 3 which
our intuitive Euclidean minds had expected.

Once again, as in the previous analyses, the smaller
roots play as important a role in any calculations as the
largest one, which emphasizes the importance of removing

random noise variables before doing tests such as these.
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3.5 The Grassman Manifold

The Grassman manifold is fundamentally different from
the space of positive definite symmetric matrices, being
compact. So we cannot expect a global metric, obeying a
triangle inequality. But with some care, the geodesic
curves and distances on Gp,p can still be useful. Gp,p
was constructed as the coset space O(mtp,R)/O(m,R) xO(p,R)
where each point x 1is a hyperplane, represented as

[H H2]{O(m :R) 'éig.ﬁf] where H; 1is any set of m

orthogonal column vectors spanning x, and H: similarly

spans the orthogonal compliment of x. Again we make use

of canonical forms. If =xi1, X € Gp,p then
X1 > [Hu-éHu ] {QKE‘RI':'ézg'éj]
. r
Xy <> [Hliész] [QgglRI.:.ékg.RS]
. r -

But D(x:1,%X:) must be invariant under orthogonal trans-
formations, so

D(x1,%X2) = D([Hu,Hul" *» x1, [Hi, Halex2 )

- OfmR).I...0. .. | f@.(mB)..:...o...}
= D (I[ O, : O(p,R)]' [His, Hasl | O‘ OpIR) |
Now,
I [C.).(IPZB) 0]
O O(le)
is invariant under any transformation of the form
[Hx ] € [QszBz. 0]
H, ! (@) O(p,R)
SO o \
O(m,R) . 0. : m,R).:... 9...])
D( [ o : O(p R)]r [Hiz, Haal [ & * 0(p,R)

- O(mRlI...Q. O(m(R):...0... Q(m,R): OD
"D([ o ' o(p, R)] ( o IO(O,R)][HB’H”]‘- o iTOlpIR)
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and one can always find members of O(m,R) x O(p,R) which

will turn [Hys, Has] to canonical form. That is (assuming

ms< p):
Cos 6: Sin 6 ]
-Sin 6; Cos 0,
Cos 0, Sin 6»
-8in 0, Cos 02
X = B

Cos 6y Sin 0py
~-S8in 0, Cos 6y

_ 1,

Cos 643 Sin 04

with block diagonal entries (—Sin 8y Cos 03

) or 1 along the

diagonal, zeros elsewhere. But from Roy (1947), these ©6j
are simply the critical angles between the two planes, Xxi
and X:. One curve joining I to x 1is obviously defined
by

Cos t9; Sin t0;

-Sin t61 Cos t61
Cos tH, Sin t0:
-Sin t6, Cos tH.

Cos tem Sin 't'em
~-Sin t6, Cos tbp
-1

with zeros everywhere else.

But this is just

(O 61 \

-0, O

exp t

\ o/,

which means that path is geodesic.
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So the geodesic joining x1 to x2 can be found by trans-
forming back again. As before, one can verify that the arc
length from x; to x» 1is again the absolute length of the

line from ¢ to

\
"61 (@] 0
o 0np
-0, ©
0 o
\ o /

in the Lie algebra of Of{m+p,R) which is just

Vo7 + 67 +...+ 62 = D(x1, X2).

Notice that although x: and x» were both m-dimensional
hyperplanes in Rm+P, m< p, that this restriction is actually
unnecessary. For different dimension planes, there are only as
many critical angles as the smaller of the two planes. For
this reason it is often just as easy to work out generalized
results on the Grassmann manifolds. This point is important

later on, when we study generalized functions on symmetric

spaces.
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3.6 Applications

Several statistical tests suggested themselves, based on
the critical angles. For from Hotelling (1936), the sample

canonical correlations, Cos? 6,, Cos? 6;,...,Cos?

Ons between
two sets of observed vectors, X; and X;, are simply the
squares of the cosines of the critical angles between the planes
spanned by X and X». A test for independence of the two
sets is then a test that the population canonical correlations
are zero, or that the population critical angles are w/2. As
correlations, we have the (admittedly) asymptotic result for
the canonical correlations, cos? 8ji,
Cos? 0; » N(Cos? ¥, (1 - Cos? y;)?/n)
where the Cos? y; are the population canonical correlations.
As functions of the canonical correlations then:
0; &~ N(Vi, tan? y¥i/4n).
As a test for given y; being the population critical
angles, one could then use:
4n 3 (6; - ¥i)?/tan® 85 & Xi-
1
Given two sets of sample canonical correlations, Cos? B3,
Cos? Pi, oOne might wish to test whether they in fact came
from identical populations, in which case:

2 n 3z (0, - p;)2/tan? ((8; + p3)/2) + Xn

yields such a test.
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CHAPTER 4

4.1 Introduction

Most people who have studied the theory of multivariate
distributions, within the last fifteen years, are at least
aware of the existence of the generalized hypergeometric
functions of matrix argument,

oFq (@) evr(@p)s (i) ... (bg)s X) . X € M(MR)
which occur in the non-central parts of the non-null den-
sities derived from the multivariate normal. [see e.g.
James (1961), (1964)]. However, few statisticians have
any real understanding of what these functions are all
about, and a great deal of mystery appears to surround
those illusive creatures, the zonal polynomials, Cp(X),
which generate the F functions,

P g

. . s (a1)...(ap)
qu (eee; oo X) = kio E (b1)..-(bq) Cp(X). (7)

The aim of this chapter is to provide a firm background

for these functions, by placing them in their natural symm-
etric space context. Hopefully this will give the reader
an intuitive grasp of what a zonal polynomial is, what it
can do, and why. This approach has as far as I know, been
rather neglected in the statistical literature, and it is
precisely this side which provides a perspective on the
subject.

It seems only fair to mention that this topic is
difficult. It involves much high-powered mathematics which
in such a short essay can only be dealt with superficially.
But I hope that this outline, the result of several years
study of the subject, will provide enough landmarks and

sign-posts to make the same task easier for others.
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If one point has become clear in the previous work, I
hope it is the idea that the various matrix groups and spaces
encountered in statistics have a most definite structure and
shape attached to them, by which their behaviour is controlled.
Their statistical importance is only incidental to their
existence. With this in mind, we turn to more advanced Lie
group and symmetric space theory.

One view of symmetric spaces is that of a simple extension
part Euclidean space, where one relaxes the requirement of
'flatness' according to certain rules. The resulting symmetry
of these spaces has meant that such topics as integration
theory, fourier analysis and differential operators can be
rewardingly studied on them. Basically one can study global
functions on symmetric spaces using the same techniques as in
FEuclidean functional analysis. It is clear that such things
as compactness versus non-compactness will play a vital role
in this theory, since this is analogous to the problems
encounteredlin function theory on making a simple change
from R! to 8!, the simplest symmetric space,

s! ~ 80(2,R)/SO(1,R) = SO(2,R) (except Rl itself!).

Fundamentally, there are certain unique functions
attached to every symmetric space, S = G/H, the zonal
spherical functions. These are the only functions, £(g),
on G which are invariant under transformations
f(g) - f(high.), V hi, h € H, and with the added property
that

[ £@ing) an = £(g1) + £la).

H
From the first property we see that these two-sided invariant
(under H) functions on G can be considered as one-sided

invariant functions on S, by associating cosets gH with
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m € S. The second property allows integrétion of bi-invariant
functions over H if they can be expressed in terms of these
zonal spherical functions. The theory of fourier analysis
for such bi-invariant has been much developed in recent years
[e.g. Harish-Chandra (1958) I and II, Helgason (1962)].
A.T. James' zonal polynomials are the zonal spherical functions
of M(m,R), the space of positive definite symmetric matrices.
Much of their value in multivariate analysis derives from
their defining properties. Both their existence and form
require deep results from the theory of group representations
on semi-simple Lie groups, and this is what we are going to
investigate. General reference texts are listed and des-
cribed at the end of section 4.3.

The special functions of mathematical physics, which
are also known as the higher transcendental functions, have
been around for a long time, as we can see from their names
-~ Bessel, Laguerre, Jacobi, Legendre, etc. These analytic
functions of one variable possess such amazing and varied
properties that many mathematicians made them their lives'
work. They obey characteristic differential equations,
addition, product, duplicating and generating formulae, and
appear time and time again as solutions to physical problems
[e.g. see Erdelyi et al. (1953) v.1,2,3]. Cartan (1929)
first noticed a connection between special functions and
Lie group theory, and since that time this intimate relation-
ship has been much studied, especially since it proved funda-
mental to the theory of quantum physics (see e.g. Boerner
(1963)). It was found that most of the special functions
were related to particular Lie transformation groups via
group representation theory. They turn up as matrix

elements in certain group representations, and most prop-
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erties arise as a result of the group behaviour. Much work
has been done lately in £illing in gaps in the representation
theory, so that all properties of the special functions could
be derived from the Lie group approach, and I believe this
work has been substantially completed [see e.g. Miller (1968),
Vilenkin (1968), Talman (1968)].

Unfortunately, many of these derivations appear to have
been worked out only with the aid of the solutions. Rigorous
theoretical results do not appear practical enough, and
practical examples do not appear logical enough. It is quite
pleasant then to find that the statisticians have got in ahead
of the applied mathematicians, and used these techniques to
derive completely new, and as yet little understood functions,
which are matrix generalizations of the well-known univariate
special functions.

The concept of a group representation is fundamental.

Let G be an arbitrary group (finite or otherwise), V an
arbitrary vector space of dimension n (possibly «), and

G (n,V) the group of linear invertible transformations on

V. Then, for g € G, a transformation T: g - T(g) € G&(n,V)
is called a group representation if it takes the group oper-

ations with it. That is,

T(gi°g2) = T(g1) » T(g2)
T(g") = (T (@)}
(= T(e) = I, for e identity of G, I the identity of
G n,V)).
Notice that T(G) by no means has to f£fill G&(n,V), Just

be a subgroup of it. It is difficult to appreciate the
importance of this structure at first glance, but consider
the following questions. Suppose we choose a basis for V,

so the T(g)'s take matrix form. Will there be subspaces
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of V invariant under all T(g)'s? That is, cana V; € V
exist, such that

T(g)v € Vi Y v € Vi, g € G ?

If V; 1is such a subspace, is vil also invariant? Can
we repeat this process till no further decompositions exist?
Is so, will any two such complete decompositions be necess-
arily equivalent? Naturally, if the answers were always no,
our representation structure would not be very interesting,
but much time and space in textbooks (see e.g. Boerner (1963)
and Miller (1972)) is spent in proving when and how these
questions are answered affirmatively. Essentially, any
vector space with an invariant inner product will decompose
into mutually orthogonal subspaces, each invariant under T,
and this decomposition can be continued till the smallest

blocks are reached (the irreducible spaces). If V = _51 Vi
1=

each V; irreducible variant, then we can construct T;(g)"'s

b
such that T(g) = & T;(g). Further, if Vi, i =1,...,m
i=1
is a basis for V;, and wy, j = 1l,...,m is another, (or
a basis for Vi, say) and
Wi Vi
. = B 9 ;, B € G&(m,V;) (or Aut(Vi,Vk))
W L Vm
then under V4 Wy, Ti(g) -> B_lTi(g)B = T (g) and the two
representations are said to be equivalent. So one can further

collect the Ti(g)'s. into equivalence classes, and by judicious
choice of basis have

[® T, (g) 0
Y]

® T, (g)
T(g) = m )

R 3 @ '
0 miTl(g).

where each T, (g) is irreducible, and inequivalent to Ty (g),
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i # j, and repeated mjtimes in the representation of G
in V. One of the beautiful results of representation theory
is that any two complete decompositions of G in V will be
identical up to equivalence.

The study of group representations is basically to
study all possible representations of G in every possible
vector space, to find out when one has equivalent represent-
ations, and to be able to label or categorize the irreducible
inequivalent ones in some way. Quite a formidable task, one
might say. That any of this is possible is due to the fact
that it is the group itself which determines what irreducible
representations are allowable. Any particular vector space;
V, 1is only picking up what ones it can from the set of all
possible representations. On the other hand, if one knew,
for example, how many finite-dimensional irreducible repre-
sentations there were, and had turned up that number of
explicit inequivalent representations in some space, then one
would know that it was the complete finite-dimensional set.

For a Lie group, G, one can extend the notion of a
group representation, T, to a representation, T, of its
Lie algebra, G, with the product rule replaced by

T([gl)gz]) = T(g1)*T(g2) - T(g2)°T(g1) .

YV gi,92 € G,

This proves a fruitful extension, connecting T and T by
the exponential map, even though in general one lacks a
complete one-to-one relationship between the irreducible
group and algebra representations (from G being only

locally defined for a given G).
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4.2 Root space decompositions of semi-simple Lie groups.

The representation theory of semi~simple Lie groups and
their blood-relations (G&(m,R), O(m,R)) becomes particularly
clear-cut and illuminating owing to the very considerable
structure of their algebras, which allows all finite dimen-
sional representations to be found. It is this structure
which we are going to investigate, in gory detail. The
literature on this, the root space decomposition theory of
semi-simple Lie algebras, is invariably done in such generality
as to be incomprehensible, losing all intuition and form. We
hope to avoid this by explicitly dissecting £SO(m,R), the
Lie algebra of the special orthogonal group, and to a lesser
degree, the Lie algebra of the special linear group, £S%(m,R).

If one can compare this process to a dissection, then
the Killing form, K, takes the place of a scalpel. K is
a symmetric bilinear form on a Lie algebra, ¢, defined as
K(X,Y) = trace (adjoint X . adjoint Y), where (adjoint X)-+7Z
= [X,2] = X2 - ZX, for X, Y, Z € G. One considers adjoint
X ¢ adjoint Y as a linear transformation on ¢, and K
becomes an inner product (possibly degenerate: K(X,Y) = O
VXEGHAY=0).

A Lie algebra is called semi-simple if it has no solvable
ideals. An ideal is the algebra generalization of a normal
subgroup, where a subalgebra, X, of G 1is an ideal if
[g,h] € X Vg € ¢, h €. With this definition, the factor
space G/ becomes a subalgebra, in the same way that G/H
is a subgroup for H a normal subgroup of G. Solvability
means that the derived series,

e, 01, [ el e 1], ...
goes to zero sooner or later, for I a Lie (sub-) algebra.

Since the last ideal before 0O must be abelian (i.e.
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[#1 ,ha] = OV ki ,ha €3 =¥ is abelian) we have semi-
simplicity being equivalent to (¢ containing no abelian
ideals at all.

The special nature of semi-simple Lie algebras becomes
more apparent when it can be shown that this restriction is
equivalent to the Killing form being non-degenerate, thus
making it an important tool for semi-simple algebras.

Roughly, one shows that if ¢ 1s not semi~-simple, then it
contains at least one ideal, the abelian one defined above,
on which K is degenerate. For, if A 1is an abelian ideal,
then for a,, a: € A, adjoint ai¢g = [ai,9] € AV g € G, so
adjoint az°[ai,g] = O and K(ai,a2) = O V ai,az € A.
Alternatively, if K 1is degenerate, then the space

A =1{g; € G|RK(g;,9) = OV g € G} can be shown to be solvable
(see e.g. Samelson (1969) §1, sections 6-10). Notice that the
restriction of the Killing form to an ideal is the same as the
Killing form of the restriction, although this is not true for
arbitrary subalgebras, since the ideal structure drags every-
thing into itself the first go. A Lie group is called semi-
simple if its Lie algebra is semi-simple.

Our strengthened inner product can now be used to show
that any semi-simple algebra is the direct sum of simple ones
(those with no non-trivial ideals at all). This is accomp-
lished by factoring out ideals which by definition are not
solvable, using the Killing form to find orthogonal complements.
For, if G: is any ideal in G, then &1+ ={X € G|K(X,Y)
=0VYEG)} and from the non-degeneracy of X, G N Gl = 0,
so G =G ® Gi}. Repeating this process finally gives a

direct sum decomposition of (¢ 1in terms of simple algebras.
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It is a quite remarkable fact that there are essentially
only 9 simple Lie algebras, each corresponding to a precise
connected tree graph. It then follows that the semi-simple
algebras (and thus their respective groups) correspond to
combinations of these trees. From a particular graph (the
Dynkin diagram), one can recover (up to a local isomorphism)
the particular semi-simple group associated with it.

The first step in deriving these diagrams is to extend
to the complex field. Each semi-simple real lie algebra is
a real form of a semi-simple complex one and each semi~simple
complex algebra is the complexification of a real one. In
practice this is quite easy. If G 1is real, then the
complexification ¢ is only 6% ={X + iY|X,Y € G}. Thus
a basis for ¢ is also a basis for 6%, where one now allows
multiplication by complex numbers. In essence, one deals with
the complexified algebra exactly as if it were real, except
that one can now found eigenvalues to certain determinental
equations which occur in the root space decompositions of
the algebras, which is what this whole theory is called.

A conmplex semi~simple Lie algebra may have several different
real forms, however (though only one compact one). Much of
the detailed exposition of Lie groups and symmetric spaces
involves switching back and forth, real to complex, compact
to non-cempact, proving results in whichever demain is
easiest, then carrying them back to others if possible.

Of the nine simple complex Lie groups, 4 are 'natural',
the rest egisting on theoretical grounds, but not appearing
in any natural historic manner. The natural ones are
SL(n+1,C), n = 1; SO(2n+l,C2, n= 2; Sp(n,C), n= 3,
the symplectic group; and S0(2n,C), n = 4. SL(n+l,C) is the

complexification of SU(n+l), the rest including the rare ones
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are complexifications of themselves with C replaced by R.

The maximal abelian subalgebras of a semi-simple Lie
algebra, called the Cartan subalgebras (after the father of
this subject, Cartan (1894), (1914)), are the key to the
whole dissection - the backbone, one might say. This fact
is hard to appreciate ex loco. It is even more difficult to
understand when treated most generally as a maximal solvable
subalgebra, or even worse, as the subalgebra generated by the
zero root eigenvectors of the adjoint representation of a
vaguely defined 'regular' element of (¢ (see e.g. Samelson
(1969), p.36). (A semi-simple Lie algebra has no solvable
ideals, but that does not stop it having solvable subalgebras.;
The different approaches are consistent, for a maximal solvable
subalgebra does turn out abelian, and is spanned by eigen-
vectors, h, belonging to zero roots of the adjoint repre-
sentation, adjoint g+*h = [g,h] = 0O for g regular. Also,
every maximal abelian subalgebra is isomorphic to every other
one, so the same decomposition will occur, regardless of choics.
(For proofs, see Samelson (1969) or Helgason (1962)). But in
each case there is one particular abelian subalgebra which
is of obvious importance. One supposes it is the existence
of these subalgebras which provided Cartan with the right
clues.

The diagonal matrices with determinent one, which form
an abelian group, are an important subgroup of S%(n,C).
Its corresponding algebra, the space of diagonal matrices
with trace zero (e.g. det(exp L) = I = exp tr L = I =
tr L = 0 for L € £S8%(n,C)) is a cartan subalgebra of

£82(n,C). The canonical form for a member of SO(n,C) is
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Cos 01 Sin 6
-Sin 6: Cos ©:

Cos 62 Sin 02
- Sin 62 Cos 02

where the bottom right-hand 1 is present only for n odd.
These elements form a maximal abelian subgroup of SO(n,R),

with the corresponding algebra:

o] 014
-01 o

again with the bottom zero present only for n odd. The
complexification of these elements form a Cartan subalgebra
of £SO0(n,C). I have not seen this to my mind natural Cartan
subalgebra used in the literature. Those curious redefinitions
of SO(n,R) mentioned in chapter 1 are invariably substituted
héfe, to give a diagonal Cartan subalgebra, which may simplify
the arithmetic, but wreaks havoc with one's familiar view of
SO(n,R). We stick to the above subalgebra, which gives a
very clear decbmposition, at the expense of just slightly
more difficult mechanics.

The following is a brief outline of the decomposition
process. Let G be a semi-simple Lie algebra over C, and
' a Cartan subalgebra, also sometimes called a trunk of G.
Then the solutions Aj, gi of

[ho, g1 = A(ho)g

for g € G, he a non-extraordinary (regular) member of T,

and )\ a linear function defined on T, describe the algebra
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completely. Fach A is the same function over all of T
(i.e. [h,g) = A(h)g V h €T 1if it is true for some 1) .
For any g € T', A(ho) = O, a zero root, and the rank of
both I' and ¢ is defined to be the number of zero roots.
The eigenvectors of ke corresponding to non-zero roots

form a basis for the rest of (¢ not taken care of by the

% vectors in T which generate itself. If o 1is a root
of adjoint ko, then so is -oa, and there are precisely
% linearly independent non-zero roots. If T,, I'gy are
eigenvectors for the roots o, B, then A [Ty PB]

is the eigenspace for o + B if o + B 1is a root too,
otherwise [FG,FB] = 0. The whole structure then resolves
into looking for the ladders, the roots of the form o + t B,
for t a string of integers. For each non-zero root, o,

one can find a vector X in T defined by

a
K(Xgrho) = Xy(ho),

and the Dynkin diagram is deduced from the angles between

the X,.

None of the above makes very much sense without a few
explicit examples. Instead of proving these results in
general, we demonstrate they certainly hold for SO(n,C).
SO(4,C) 1is a good place to begin, since it is non-trivial,
and a knowledge of this decomposition helps tremendously with
decomposing all the rest, even the odd dimensional ones.

The Lie algebra, £S0(4,C), is the set of skew-

symmetric matrices with arbitrary complex entries, and from

above, the Cartan subalgebra is composed of elements of the

form
o 6. o
o1 0 Bmes Da ]l 8,, 0, € C,
(@] (0] -0,
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So choose ho = [0 -86; o o
01 O O
o o o =0,
o o 8, o , where it remains essen-

tially variable, so that we will show explicitly that the
roots are the same functions for every element of T. A
non-regular element would have some linear restriction among
the parameters, such as 6, = 0., or 65 = O. Choosing an

arbitrary element g € ¢ gives

O =ga1 =gz —gu
gz21 O =032 —J42
gs1 dJds O —Jas
gs1 ga2 Jas O

Then one can easily calculate

adjoint ho g = (hog - gho)

= o (o) 02 gart0i1 gs2 =02 gar+01 gaz
(o} (o} 02 ga2—01 g3 =02 g32+01 gas
-02941-01 g3 =02 gat0i1 ga o o
02931~91 ga2 02 932t01 gar o o *

So the effect of adjoint hoe, considered as a linear trans-
formation on ¢ is:

[0 o o o o

o [ g |

oo -0 -0 o o gs1

o 02 o o -6, o ga1

adjoint ho = ° 8: o o =6, o for g strung out, g = g
o o 6p 62 o o Jaz

oo o o o o | | a3

Solving det (adjoint hoe = AIlsxs) = 0 gives roots:
)\ = O, O, i(61+62),i(61—62),- i(61+62),— i(el';e2)

and eigenvectors:

such that [ho,e1] = 1(6:462)e:

P PO O
o)
|
l.—l
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o 0 i -1
(o) (o) 1
e = -i +1 o such that [he,e2] = i(06:1-62)e2
L_l -1 (o] 4
[ o i =1
(o) o =1 ~i
e = -3 1 - such that [ho,es] = -1(6:402)e;
L 1 i o |
[ 1
- i
and es = i -1 o such that [ho,es] = -1(01-0;)es
| 1 -i o o |

Any member of T is an eigenvector of the zero roots, and since

there are two, the rank of ¢ 1is 2. And there are also only
and exactly two linearly independent non-zero roots. For the
general case, the next step is to choose & (rank) linearly
independent roots under some order imposed on the parameters,

so as to get the £ smallest positive roots (the fundamental

system) under the ordering. In any particular case the order-
ing is obvious - here choose 6; > 6, > O, so the two
smallest positive roots are A = i(6:+6;) and A2 = 1i(0;-6:)

- but expressing this concept for arbitrary algebras is messy.

So we see that there are two ladders: (=x1,0,21) and
(—Az,O,Xz),. but the two systems are disconnected, for
[e;,e2] = [er,ea] = [ez,es] = [es,ea] = 0, s0 e and es

from one part, e:, es the other, with

o -4i o o o 4i o o}
4i o o o -4i o o} o
[e1,es] = o o o -4il = hi, [ez2,eq] 5 & s -
o o 4i o o O 4i o

The root vectors, X;, are those elements of T satisfying

K(Xj ,ho) = A5 (ho) which in this case are:
o 1i/4 o o} o 1i/4 o o
-i/4 o o o) -i/4 o o o}
X4 = o o o i/4 and Xy, = o o o "i/4

o) o -i/4 o o o 1i/4 o)
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Then the Cartan integers, ajjr are defined as

as . = 2K (X3, X4)
at K(X5, Xj)
Here A = (aij) = (g g) >

The Dynkin diagram is graph of the fundamental system, a

vertex, i, for each fundamental root, A two vertices,

i
i, j Jjoined by ajj*aji edges. These ajj are a prescrip-
tion for the ladders or strings, as will be made clearer

later. For now, the Dynkin diagram of S0(4,C) is obviously

. -

}\1 >\2

Each component of S0(4,C), (e1 ,e3 ,hy) and (ez2 ,eq ,hs)
corresponding to the strings (=21 ,0,A1) and (=12 ,0,Az)
is a rank one simple algebra, the same as £S2(2,C), as one
can easily verify - choose Cartan subalgebra (2‘ 81)'
So S0(4,C) 1is not simple, but can be decomposed into the
direct sum of two simple rank 1 algebras, each isomorphic to
£8%(2,C).

£50(6,C) has a slightly more interesting structure.

Let he = [o -6 1

(o] -03
s o | , analogously. Then

[ © © " Skew elements . Skew elements
2 o o O
-6 -0 -8, g42+61g31: (o] (o]
[ho ,g] = o y . Skew elements
02931-01 90 O293tBigm. I =S R
-03 9’61"919'52 -03 get01 gs1 —03ge3—02 gsa -03 geat 62 gss O
039s51~01962 03 gs2+01ge1- 03 gsi—02gsa 03 gsatO2 ges o)
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which is just forming repeats of £S0(4,C), for all pairs of
parameters in he. So by inspection almost, the roots of
adjoint he are

0,0,0, i(6:1+02), 1(6,463), i(6:+63)
1(01-62), 1(62-63), 1i(6,-63)
~1(0:+62), -i(6,+03), -1i(06,+63)
-i(61-062), =1(62-63), -i(6;:-65) .
So there are 15 roots of g with respect to ho, 3 zero roots,
and many dependent ones. Again choosing the ordering
81 > 6, > 063 > 0 gives the three smallest linearly independent
positive roots A; = i(0:1-62), X2 = 1(02-03), As= i(B.+63),
which one can easily verify will generate all the rest. The
fundamental system also has the property that every other
positive root is an integral linear combination of these, for
non-negative integers. (X, and A, for S0(4,C) obey this
degeneratively.)

Solving for the fundamental root vectors gives:

o i/4 o o o o] [0 o0 o o o o |
-i/4 o o o o o o o o o o o
o) o o -i/4 o o o o o i/4 o o
X = o o +i/4 o o ol * Tls o -i/4 o o o |
o) o o) o] o o o o o o) o =i/4
| o o o o o O] O © o} o 1i/4 o |
[0 o o o o o ]
o o o o} o} o
o o o i/4 o o)
X =15 o -i/4 o o o
o o o o o i/4
o o© o} o -i/4 o |

With K(X1 ,ho) = i(el';ez), K(Xz ,ho) = i(ez"ea), K(X3 ,ho) = i(62+€3?

(a;5) =} _4 2 o
-1 o 2
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and Dynkin diagram

o . P

A2 A1 s :

One can show this is the same diagram as for £S2(4,C), so
S0(6,C) is locally isomorphic to S2(4,C), although there
are much easier ways of showing this. The strings or ladders

can be read off from ( ) as follows. For Ai, A§, aij,

aij
then the jtP string of i is

A

1

A

l—>\ >\i—2>\j,..., )\i—aij )\j

K
(see e.g. Samelson (1969), p.42). So the strings of £S0(6,C)
are (A1, A1+X2), (A1, A1+23) and (-A;,0,A;), i =1,...,3.
The class pattern for £80(2n,C) starts to appear with
£S0(8,C). Choosing hoe as usual, with 4 parameters, the
adjoint representation again copies £S0(4,C) for every

combination of pairs, giving roots

O i(0:1462) i(62+863) i(63+64) i(0:14+64) i(61+63) 1(62+86a)
o i(01-62) 1i(92-63) i(63-64) i(01-64) 1(61-03) 1i(02-64)
O —=1(01462) =1i(62+63) =1i(8:+04) =i (01+64) —-1(01+63) —1i(62+864)
0 =1i(061-62) -i(02-03) =-1i(03-=04) =-1i(0:-0a) -1 (0:-63) —-1i(02-64)

of which Al = i(61-¥92), A = i(ez'-es), Az = i(93—64),'

Ae = i(062+84) form a fundamental root system, with
2 -1 0 (@]
-1 2 -1 -1
(ajj) = o -1 2 0

0 -1 0 2
and Dynkin diagram
As
A1 A2
Aa .

For higher degree n, one keeps getting %n(n-1) copies of

£80(4,C), with the n fundamental roots
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Ao o= 1(0:1-02),A2 = 1(62-63),...,An-y = i(e

i(0,_,=68n) sAn = i(Bp—, +0p)

and Dynkin diagram:

" A

>\1 Xz )\; An\
A .

n

The odd dimensional algebras, £S0(2n+1,C), are in some
ways more interesting, possessing some 'double' bonds. The
extra row and column of zeros in the Cartan subalgebra makes
a deal of difference.

For £80(5,C), take hoe as

-6, o o) o)
8: o o) o]
ho = o -0, O
o +02 o o
I o o o o]
and g as usual.
Then:
i o o +0, gartB1 ga2 02 gst+01ga 91@15:-{
o o] +602 gaz—01ga —0291—-019a ~01 gs1
adjoint ho g = -082 g41*elg'32 =02 gat01ga O (© 02 gss
4082 ga1—01ga2 +02 32+01 a (o) o] =03 gs3l
-019s2 +01 gs1 ~-02 gsa 02 gs3 O _,l

Adjoint hoe has representation:

[ o o o o o o o o o [ g21 ]
o) o -0, -6, o O o] (o) (o] o gs1
o B8, o o =-0; o o o o o Jdai
o 0, © o -6, o0 o (o) o] o gs2
o) o] 01 8, o o o] o o (o] ga2
adjoint he = e} o o o o o o} o o o |for g = | 9as
‘10 o] o o) O o o -6 o o] gsi
() 0 o) (o) o o 6, o©O o o gs2
o o} o} o] o o o] o} o =02 ds3
o o o o o o o o 8. o | | gsa |
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This is just a repeat of £S0(4,C) plus two extra pieces,
which we can solve by inspection. The roots are:
0,0, 1i(6:1+462), i(6,-62), i6:, 16
-1(01+62),-1(8:-62), =-i6., -1i6.
The Cartan subalgebra, and thus £S0(5,C), is of rank 2 (same
as £50(4,C), but with fundamental root system
A1 = i(0,~62), A2 = i62 .

The fundamental root vectors are then

[ o i/6 o o o] [0 o0 o o o]
-1/6 o o o o) o o o o} o
X = o} o o -i/6 of| and X = |0 O o i/6 o
o o 1i/6 o o o o -i/6 o o)

| o o o o o | o o o o o

and

2 -1
(@i5) = -2 2] -

So X: and X: are joined by 2 edges, with Dynkin diagram

A i A2 :

1

-

But the ladders are unsymmetric. There is a

(A ,As + A2 ,X1 + 2X2), Dbut no string of length 3 for Ai.,
only (X2, X2+X1). So an arrow is attached, pointing to A,
to show which one can be added twice. It is not difficult

to see what will happen for higher degree odd-dimensional

£80(2n+1,C) algebras. These will be the replications of

£80(4,C), the same as for £80(2n,C), plus n extra sets

of roots, the simple iiej's, and a fundamental system
i(€14é2), i(62-63),... 1(0,.-6,), 1By

with 16, connected to 1i(86,.,-8,) doubly, giving the

diagram
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The root space decomposition for <£52(n,C) follows quite
analogously. Choose ho, diagonal, entries 6;... 9, where

n
_ziei = 0 (one linear constraint). Then it is easy to show
l=

that the roots of (adjoint he) are 6;-63 V i, j (includ-
ing the n-1 zero roots, - <£S%(n,C) is of rank n-1),

and each 6;-6; has eigenvector the matrix e;s with

i™vj 3

entries 1 in the ijth position, zeros elsewhere. Ordering

8 > 6, > ... > 0, gives a fundamental basis 6;-02., 02-03,...,
On-, =6n, with
2 -1
-1 2-1 09
B -1 2
(aij) = ..
2 -1
g 5 B
and Dynkin diagram
o - G - - -
A A2 As Y :

The only major class we have left out is that for the
symplectic algebras. On top of these four big classes, there
are five fixed-rank exceptional algebras. From certain con-
straints on the Cartan integers, it is possible to tediously
prove that only the diagrams corresponding to these algebras
can exist, so that these 9 classes are the complete set of
simple complex Lie algebras (see e.g. Varadarajan (1974),

chapter 4 or Samelson (1969), chapter 2).
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4.3 Zonal Polynomials

The representation theory of a complex semi-simple Lie
algebra is related to its root space decomposition in a
particularly elegant way. One can associate with each type
of root structure a vector space (mutually orthogonal pieces
for each simple component) where each root is considered a
vector, and the fundamental system generates the vector
diagram. The set of linear transformations which leave the
whole diagram fixed (in one sense, all reversals of ‘ladders')
is the Weyl group, W, and it can be shown that any irreduc-
ible representation of the algebra is invariant under W.

Thus one can parametrize the irreducible representations
within the subspace, V/W. On top of this, the finite
dimensional irreducible representations are parametrized by
certain integral linear combinations of the roots in that
subspace, which form a lattice. These results follow from

a study of the weights of a representation: 1if T is a
representation, then )\ 1is a weight, and x a weight vector
if 7T(h)x = A(h)x v h € Cartan subalgebra. Each primitive
string (-0,0,0) in the root space decomposition, with vectors
(e _y+Xgqr€q) suitably normalized, gives an isomorphism with
£S2(2,C) whose representation theory is well-known. From
the commutator relations of a basis (e_g,Xq,€q) ©of £52(2,C),
it is not difficult to show that if x 1is a weight vector

for A(H), then T(e,yl)x is a weight vector for A(H) * «(H),
and it is known that all weights of T(X) are integral for

T an irreducible representation of £S%(2,C). By moving up
and down these representation ladders (which must end for
finite dimensional representations) it was found possible to
label each irreducible finite dimensional representation by

its highest weight in V/W, and since these will be in a
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lattice, there are a countable number of them. A reasonably
clear and concise account of these calculations can be found
in Samelson (1969), chapter 3.

The imbedding process mentioned previously, and Weyl's
famous 'Unitary Trick' can now be used to connect the
representation theocory of complex groups to that of compact
real groups. Each complex semi~simple Lie group, G°, has
several real forms (i.e. groups G such that c¢ = {G+iG}),
but only one of these is compact = or any two compact real
forms are conjugate (see e.g. Helgason (1962), chapter 3, or
Varadarajan (1974), chapter 4). Weyl's Unitary Trick amounts
to showing that if a function on G° is zero on G compact,
then it is zero everywhere. This gives the mechanism to
carry over representations on the complex group to represent-
ations on the real compact group. That is, if T is an
irreducible finite dimensional representation of G°, then
the restriction T of T° to G is again an irreducible
finite dimensional representation'of G, and the relation-
ship between the TS's and T's in 1-1. But it can be
shown in other ways that every representation, finite or
otherwise, of a compact grcocup decomposes into the countable
sum of finite dimensional irreducible representations (see
e.g. Talman (1968), chapter 7). So the complete set of
finite dimensional irreducible algebra representations ¢
define the set of finite-dimensional irreducible group

€ (1-1 for the connected component of

representations T
the identity, with modifications for other locally isomorphic
groups) which in turn define the finite dimensional irreduc-

ible representations T of G, for G compact. Then
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relationships between the various real forms allow this set
to be carried over to all the real forms. Herman Weyl then,
in a brilliant tour-de-force, used these root structures to
calculate explicit formulae in terms of the roots for both
the dimension and character of each and every finite dimensional
irreducible representation, for all the classical groups (see
Weyl (1925), (1926 a and b)). The character ¥ of a represent-
ation is just the trace of the representation, important for
being constant on each equivalence class. That is trace
(AT (g)A™ ') = trace (T(g)) for any linear transformation A.

One might ask what this has to do with zonal polynomials.
Remember that every symmetric space takes the form K x G/H,
for G semi-simple over R, H a maximal compact subgroup of
G, and K a transformation group of Euclidean space. It can
be shown (see Helgason (1962), chapter 5-8) that G/H decom-
poses into compact and non-compact components, with each
component further decomposing into irreducible parts G;/Hj
for G; simple. There is also a remarkable duality between
the compact and non-compact spaces, each compact space being
the dual of a non-compact space (see e.g. Helgason (1962),
chapter 5). Consequently one need only catalogue all G;/H;
for G;'s compact, and all possible Hj's, to have a complete
list of the symmetric space building blocks. But getting back
to zonal polynomials, the class of zonal spherical functions,
including the zonal polynomials, arise in the following fashion.
Suppose T, is an irreducible representation of G, in some
space V,, and V, contains a vector v which is invariant
under T, (h) for every h € H, the maximal compact subgroup
of G, so:

Ty(h)v = v VvV heE€EH.
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Then, choosing v as the first basis element of VA'

o
o}
o

Ty (h) = * (arbitrary) YV h €H

Q s

we have for arbitrary g € G

[tu(g) * ... *
*

Ty (g) =

* 00
*

*

L. o

where the first row is invariant under left transformation
[Tx(hg)), the first column is invariant under right trans-
formation, T, (gh), and tu(g) = tu(high:) V h: ,h, € H.
Such an animal is called a zonal spherical function. Notice
we purposely allowed infinite dimensional representations
here. It is probably worthwhile repeating this fact - that
each tu(g) can be considered as a function on M, invariant
with respect to H, because of its double invariance. The
main job now is to work out just which representations of G
possess such an invariant vector (the representations of
class 1). This is non-trivial.

Applying these results to G&(m,R), from the work of
Weyl (1939) it turns out that there is one finite dimensional
irreducible representation of G&(m,R) for every set of
integers (ki ,k2,.../ky), ki = kg, i= 3. But the only
representations with a spherical function (with respect to
O(m,R)) are those with label 2k = (2k:i,2kz,...,2ky), k= O.
This was shown explicitly in James (1961), by considering
the representations of G2 (m,R) in the space of homogeneous
polynomials in the elements of some g€ G2 (m,R). Each

spherical function on G&(m.R) then becomes a polynomial
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of degree 2k = I 2kj. Further, from the invariance of .T

each tu2h(g) under left and right translation by O(m),
we have
tuzk(g) = tuzk(hl ghy) = tuzk(L)

for h;,h, € O(m,R), L diagonal.
This can be seen easily from the isomorphism M(m,R) =
G% (m,R)/0(m,R) and the Principal Axis Theorem which show
that every g € G&(m,R) can be expressed as h; 'Lh,’ for
some h; ,h, € O(m,R), L diagonal,

i.e. VYVmé€ M(m,R), m=hy’'L?h;, , L diagonal
= h; "LL’h,

= h; 'TLh, 'h, L'hy V¥ h: € O0(m,R)

(hi "Lhz ") (hy 'Lhy )’

=gg’ , g € G&(m,R) .
This is a particular form of the general result that G = HAH
for H maximally compact in G, A a Cartan subgroup (whose
algebra is a Cartan subalgebra of G).

Considering these zonal spherical functions as functions

r

on M(m,R) then gives a polynomial in Y = gg’, a function

of the latent roots y; = %;%, for L = b

3 A
But more importantly, it was shown that each zonal polynomial

takes the form

Cp(Y) = Ck‘(ylk1 yzk2 — ymkm + symmetric terms)

2

+ Zk Cp (yxrl Vg .o ymrm + symmetric terms)

ps
for some constants cp, where symmetric terms means all
permutations of the k;'s, and a partition p = (¥1,... Tp)

of degree k still, is said to be less than k = (ki,...,kp)

if for the first r; different from k;, r; < kj.
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I have ignored any problems of normalization. Obviously
if tu(gg’) 1is a zonal spherical function, so is any multiple
of it (if v is an invariant vector, so is av, a scalar).

A.G. Constantine chose to normalize these things so that

(tr YR = 2 Cp(¥) .
If we normalize tuh(Y) to be 1 at Y = I, then
Ce¥) _ L By) (= Ci(Y) in the literat
¢, (D = tn ) (= Cp(Y) in the literature.)

Another normalization, Zp(Y), chosen by A.T. James (1961)
to give integer coefficients in the polynomial expansions, is
related to Cp(Y) via N

Cp(¥) = [x[,py (1) 2° K1/ (2K)1] 2, (¥)
where X[2k](l) is the dimension of the representation [2k]
of the symmetric group on 2k elements (see James (1964)) .
The symmetric groups are closely related to the representation
theory of G&(m,R), as can be seen from Weyl (1939), Boerner
(1963) or Miller (1972).

The significance of having a semi-explicit form for these
spherical functions cannot be over~emphasized. Most of the
abstract theory is only concerned with proving existence of
these functions. The non-statistical experts in this field
do not know or care what forms these functions actually take,
and are for the most part unaware of both of their uses and
of their concrete existence in multivariate distribution theory.

The above zénal polynomials are only the finite dimensional
ones, although they are all the ones of this class. There are
spherical functions attached to the infinite dimensional
representations of G&(m,R), but we as yet have no idea

what they will be like.
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Harish-Chandra (1953 I) (1954 ITI and IITI) (1958 I and II)
has derived general integral formulae for the zonal spherical
functions (see Helgason (1962), chapter 10) in terms of the
restricted root structures (see §4.5) for symmetric spaces.
These include the spherical functions of the infinite-dimen-
sional representations, when the integer restrictions of the
finite dimensional representations are relaxed. Bhanu Murti
(1960) calculates the general integral formula for S&(m,R)/
SO(m,R), which may sooner or later provide a method of
deriving explicit expressions for them, although this has not
yet been possible.

Here we collect a few facts about zonal polynomials.
For one thing, there is only the one invariant vector in
each irreducible subspace, giving the relationship

Ck (gg’)

k
2 _
J trace T° (gh)dh = EETTT—_- ,

O(m,R)
h € O(m,R) ,

The fundamental property for spherical functions ¢ of G,

J ¢p(grhg2jdh = ¢(g1) ¢(g2) , h €H

N (see Helgason (1962), chapter 10)

translates into

C, (Y1) Cp(Y2)
J = R- R h € 0(m,R),

Cp(Y h Y h')dh CH(T) ’
O(m,R)

for the spherical functions considered on M(m,R).

Another basic property of zonal spherical functions in general
is that they are eigenfunctions of every differential operator,
D, on M = G/K, which is invariant under G (Helgason (1962),
chapter 10). This fact is what finally provided a useable
method of calculating the coefficients ¢, - this and knowing

the general form of these functions! For there is one important
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operator, the Laplace-Beltrami operator, A, which always
exists, and which is reasonably easy to calculate. From

Helgason (1962) p. 387,

m

L, 9s

e T |det g|* if1 °i

(? g7t |aet g|* ay) (8)

for g = g;5 the Riemann structure on N, (gij)_l = (g34)
It has become important in the abstract theory of symmetric
spaces to have an explicit form for the Laplace-Beltrami
operator on each space, especially for the restriction of

A to Cartan subgroups, the radial part of the operator.
This can be calculated quite simply from some deep results
of Harish-Chandra (1958) on root space decompositions. We
shall study this later. Actually the radial part, A’, on
M(m,R) was calculated in James (1968) from (8), by factoring
out that part of the operator which dealt with the latent
roots (the Cartan subgroup of diagonal matrices). So each

Ck(y'-., ) is an eigenfunction of A’
Ym

i.e. Af Ck(y"-.ym> = Ap Ck(yl-._y )
m

for Ap the eigenvalue of A’, vy; the latent roots §f Y.
Explicit calculations in James (1968) yielded recurrence

formulae by which the constant terms, Cp s in the expansion

of Cp(Y) in terms of the M, = yi ' y2 '~ ... ymrm + symm-

etric terms, the monomial symmetric functions, could be eval-

uated (apart from a scale factor). The necessary calculations

for the ¢, are messy for hand computation, but do lend them-

selves quite well to computer evaluation, being basically sets

of nested loops. I have developed such a program which is

printed in full in the appendix, together with user instructions.

This program, together with a discussion of possible used for

the coefficients and polynomials (aside from the aesthetic
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pleasure of just being able to write them down) is to appear
in Applied Statistics, JRSS, series C (see McLaren (1976)).
It calculates the coefficients for the zonal polynomials,
Zp(Y), where the first coefficient, c¢p, that fixes the
normalization, is evaluated from James (1968), 5.14, a
combination of the dimension formula x,4, (1) from James
(1964), 19, and other relations found in James (1964), §9.

This normalization causes the last coefficient ¢k
corresponding to the partition (1,1,...,1) (k times) to
be k!, which serves as a handy check on the output.

Since the program can be easily extended to double
precision, much higher degree coefficients can be calculated
than had been possible previously (up to order 20 or 21,
instead of 12 or 13). Certain intrinsic difficulties became
apparent when these higher degree coefficients started to

appear. There is a coefficient c

, for each p < k using

the previously mentioned ordering, and for a high degree *k
there can be hundreds of these coefficients. Also the final
coefficient, being k!, is a very large number, (the first
coefficient is of the order 10 x k!) even using double
precision, and the highest orders calculable are around

k = 20, depending on the machine. These are important
considerations if one were considering the task of actually
evaluating a hypergeometric function. For the hypergeometric
functions according to their definition (7) are power sums

of the Cp(Y)'s.

Historically, these generalized hypergeometric functions
were first introduced by Carl Herz (1955), via integral
(Laplace) transforms. Hypergeometric functions of matrix
(positive definite symmetric) argument can be defined via

their integral transforms in the same way that the uni-
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variate special functions can be defined (see Erdelyi et al
(1953)). However such definitions do not give explicit
formulae for these functions, but merely show their theoretical
existence, and give properties of them. At the same time their
power sums of zonal polynomials were appearing in multivariate
non-null densities (see e.g. James (1960), (1961)). A real
breakthrough in the whole theory was achieved when
A.G. Constantine (1963) showed that these power sums of zonal
polynomials were in fact the same hypergeometric functions
defined by Herz, by proving they had the same transforms.

At one go then, one had these functions fitting into the
general scheme of special functions, and a concrete form for
these functions. The two-matrix functions

pFq (al;...ap; bl;...bq; S, T)

_ 5 5 (@i)p...(@plp Cp(8) Cp(T) for g,7 € M(m,R)
k=o k (bi)p...(bg)p Cp (I k!
which arise from
J Cp(8 h T h’)dh = Ce(S) Ck(T)
O (m,R) Cp(I,)

in certain densities, were quite unexpected however. No one-
dimensional analogue seems to exist. Even the so-called
Appell functions (Erdelyi et al (1953) Vol. 1, chapter 5)

see to be more closely related to the 2-by-2 matrix functions
considered as functions of their 2 latent roots.

I hope that this section has given some idea of the scope
and complexity of the whole subject of zonal polynomials in
multivariate statistics. An admittedly rather personal guide to
the mathematical literature may be of some value. For the stat-
istical theory, of course, we have the series of papers by A.T.
James, in particular the 1961, 1964 and 1968 papers, and the
Constantine (1963) paper. A comprehensive survey of the stat-

istical uses of zonal polynomials can be found in Subrahmaniam
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(1974), which also contains an excellent statistical bibli-
ography.

The mathematical literature is more of a problem. Un-
fortunately the early landmark papers and texts on semi-
simple groups and representation theory are either untrans-
lated (e.g. Cartan (1914), (1929), and Weyl (1925), (1926 a
and b)) or unreadable (see Weyl (1939)). This theory is
quite adequately covered in the recent text by Varadarajan
(1974), from basic Lie theory up to the Weyl character
formulae for representations of compact groups, although® so
much time is spent on elementary results of Lie groups that
he does not get to the representation theory till the last
chapter. For the actual root space decompositions of semi-
simple algebras over C, and their representation theory,

I recommend highly the remarkably clear and concise paper-
back by Samelson (196%). If one has, by any chance, access
to the Princeton mimeographed notes of Weyl (1935), these
are much easier going than the fambus book, the Classical
Groups, Weyl (1939), where he attempts to do without the
analytic methods, and becomes as a result extremely dry and
difficult.

Miller (1972) suffers to a certain extent from this too,
although it does give a nice description of the representation
relationships between the symmetric groups and G&(m,R), and
goes through the representation theory of all the classical
groups, showing corrections for O(m,R) from SO(m,R), and
tricky things of this sort. One interesting book for the
dabbler is by Hermann (1966), entitled 'Lie Groups for
Physicists' which gives a very pragmatic and low level inter-

pretation of Lie theory in general.
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The modern classic for the theory of ordinary special
functions, from the group representation point of view, is
the encyclopaedic work of Vilenkin (1968). The first chapter
of this book also contains a surprisingly clear and short
account of much of the structure and general mechanics of
this subject, which beautifully motivates the study of
spherical functions. Two other texts, Miller (1968) and
Talman (1968) I find too tediously orientated towards
applied physics.

The deeper results of representation theory, dealing
with the existence and form of spherical functions and
generalized fourier analysis, rests squarely with Harish-
Chandra. Unfortunately his original papers are quite
impossible (see e.g; Harish-Chandra (1953) (1954 II and III),
(1958)). TILuckily several authors have made valiant attempts
to understand and explain his work to the lower classes -
notably Helgason (1962) chapter 10, (1973); Gangolli
(1972); and Varadarajan (1973). The Helgason (1973)
paper is particularly valuable for it having clear statements

of many results, and for its excellent guide to the literature.
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4.4 Spherical Functions on the Grassmann Manifold

Since it had been found possible to construct the zonal
spherical functions (of finite dimension) for M(m,R), it
is natural to wonder what the situation is for the other
symmetric space of interest statistically, the Grassmann

manifold, G This question was attacked and solved

bP.gd-p°*
in James and Constantine (1974). Not only were the spherical
functions found, as generalizations of the Gegenbaur polynom-
ials, but a new class of generalized Jacobi polynomials were
also found, the ‘'intertwining functions'.

These derivations are well set out in James and Constant-

ine (1974). We have G = O(g,R)/0(p,R) x O(g-p,R) the

b.g9-p
unorientated Grassmann manifold, which can be obtained from
the orientated spacé of planes, SO(g,R)/SO(p,R) x SO(g-p,R)
by identifying elements of opposite orientations. The spher-
ical functions on Gp,g-p, since they must be constant on
the double cosets,

o(p,R) x O(g-p,R)-H-O(p,R) x O(g-p,R) , H € O(qg,R)
thus turn out to be functions of the critical angles. Gy g-p
is a compact space, so in contrast to the non-compact space,
M(m,R), the spherical functions on Gp,q-p PoOsSsess orthogonal
properties with respect to the group invariant measure on the
space. James and Constantine (1974) derived the generalized
Gegenbaur polynomials as a complete set of polynomials in
the squares of the cosines of the critical angles, 01 ,..-¢6p,

p < q/2, orthogonal with respect to

(I Yi)-% (m (1‘Yin%q—2p—n I (yi-yj) » Yi = Cos? 63,
-1 1 i<j

the measure derived from the measure on Gp,q—P (see James

(1954)). These collapse to the ordinary Gegenbaur polynomials

for p =1 (Erdelyi et al (1953)).
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It was actually just as simple to find the extensions
of these functions, the generalized Jacobi polynomials, which
are constants on the double cosets
O(m,R) x O(g~m,R)+H-O(p,R) x O(g-p,R),
so functions of the critical angles 6:,02,...,0nh, (m< p),
which are orthogonal with respect to

E(p-m-1) )%(q-p"m—l)
1

Iy (1-y; I (yi-yy) -

i<j
This is of course related to the ease of finding invariants
between two hyperplanes of different dimension, m and p,
in g-space, as mentioned earlier. For m = 1 these beéome
the ordinary Jacobi polynomials.
The generalized Laguerre polynomials 1F: (-k,a,X) which
had been discovered earlier (see Constantine (1966)) possessed

expansions in zonal polynomials

s [k
P (=k,a,x) =3 1) (0) Co(X)

o<k (a) 4

k
o

where CX(X) = C,(X)/Cy(T), ( ) is defined via CJ(Ip+X) =

m
'oék <g> Cg(X), and (a)g = iEl (a—%(i—l))si for

o= ($:S2... Sp), and the usual ordering of partitions. These
functions were orthogohal with respect to the measure

etr (-X)det X%(p—m_l), which is a limiting case of the Jacobi
polynomial measure (g + ). This suggested a similar form

for the Jacobi polynomials, Pp (X) (for roots of X the

cos? 8;), and James and Constantine proved

s (k
p,(x) = 3, (D (0) ©r,s ctx,

(a) 4

with the help of the Laplace-Beltrami operator on qu—m to
find recurrence formulae for the (C)p,o. The confluence of
Pp(X) » 1F1 (-k,a;X) follows a completely analogous result

for the ordinary polynomials.
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The unexpected result in this work, as I see it, is
the very fact that these functions do turn out to be express-
ible in terms of the zonal polynomials of M(m,R), even
though the two spaces have little in common besides their
symmetry. This suggests to me that perhaps the Cp,(Y)'s
may prove of great value in general symmetric space theory
as the fundamental building blocks of all the spherical

functions.
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4.5 Symmetric Space Root decompositions

The root space decomposition theory of the semi-simple
Lie groups can be carried over to the symmetric spaces to a
gquite remarkable degree - even down to the Dynkin diagrams.
I have not been able to find any explicit calculations in the
literature of the type which follow, although the results can
certainly be checked in Loos (1969), Araki (1962), or Satake
(1960). These all derive the graphs by considering the
involutive automorphisms of a simple algebra, G - those
transformations, o, which leave a maximally compact sub-
algebra # fixed, with o? = I, a theoretically more
elegant and general method. But I find this approach
confusing in its generality, and much harder to comprehend,
especially when a simple explicit example can give a start-
lingly clear picture of what is really going on.

These decomposition results follow from the way in which
each space decomposes into fundamental blocks. The only place
that I know of where the decomposition theory of symmetric
spaces can be found is Helgason (1962), chapter 4-8, where
it is done with complete rigour, as far as he goes. A brief
survey of the contents of this landmark of a book will provide
us with the results we need. Chapters 1 and 2 cover the basic
facts of differential geometry and elementary Lie theory, but
with such rigour and detail, in such a short space, as to be
quite impossible if one is not already familiar with the
concepts involved. Chapter 3 proves the compact real form
imbedding theorems, and shows the important Cartan decom-
position of any semi-simple algebra G into G =H ® M for
¥ the subalgebra corresponding to a maximally compact sub-

group of G, M the orthogonal complement of ¥ with
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respect to the Killing form. Chapter 4 and 5 then prove that
every symmetric space, M, decomposes as

M=M, x Mo x M_

where M, 1is a flat euclidean space, M; = G /H; for G, a
compact semi-simple Lie group over R, H, maximally compact
in G+, and M_ = G./H. for G_ a non-compact semi-simple
Lie group over R, H_. maximally compact in G.. These
results follow from the Cartan decomposition theorems. The
important duality between the compact and non-compact spaces is
also investigated. Chapters 6 and 7 discuss both types, and
chapter 8 covers the Hermitian spaces, which are important in
complex analysis. But hidden in chapter 8, §5, are the crucial
theorems on the decomposition of each (non-)compact space into
irreducible componeﬁts, M; = Gi/H;, for Gi a (non-)compact
simple Lie group over R, H; maximally compact in Gj. So
all the irreducible components are calculable from the various
real forms of the 9 simple algebras over C, and their maxim-
ally compact subalgebras. Chapter 9 lists these spaces, but
omits any mention of Dynkin diagrams or any detailed calcul-
ations, to make room for chapter 10, a discussion of modern
trends in symmetric space theory, basically the work on
spherical functions and fourier analysis by Harish-Chandra.

Each complex simple algebra has only one real compact
form, and several non-compact ones. But each non-compact
real form has only one maximally compact subalgebra (Helgason
(1962), chapter 6), whereas each compact form may have several
different maximally compact subalgebras (Helgason (1962),
chapter 7). Luckily the two sets match up under the duality.

Schematically:
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G 2 0, ¥y «os Hp [maximally compact
’///////;?(compact) ' ' \subalgebras
¢e My =G/H; ... M =G/H
(simple ™~ NI*'¢'G JH{ Mr=G,/Hy
over C) “M%h““ﬁnﬁhﬂ k=t L c« HpTOm/ Hm
i
21 G, +++ Gm Jnon-compact real
forms

where M* is the dual of M.

So one need only deal with the compact real forms, and
find all maximally compact subalgebras (subgroup) for each
one. The root space decomposition for a symmetric space G/H
takes place over a Cartan subalgebra, T, of ¢ =1 & ¥,
where T 1is as much as possible inside ¥, and only hangs
over into ¥ minimally. One finds the roots of ¢ with
respect to I as for the simple algebras, then restricts
these to M to get'the root structure of M (eventually let
the parameters in ¥ go to zero). The number of parameters
one can squeeze into M is the rank of M.

We shall now explicitly derive the Dynkin diagrams for
the orientated Grassmann family of compact symmetric spaces,
the

S0 (a,R)/sO(p,R) x S0(g-p,R).
Several different cases arrive. For example, g can be even
or odd, corresponding to two different complex simple algebras,
and every partition of g into two integers gives a symmetric
space, so there are several symmetric spaces associated with
each SO(q,R).

Choosing S0O(5,R) for example, the compact real form of
S0(5,C), then there are two symmetric spaces associated with
it,

SO(5,R)
SO(2,R) x SO(3,R

SO (5,R) _ 80(5,R)

and  557T.R) xS0(4,R) _ SO(4,R) °
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Here is a small snag. In the previous decomposition of
£80(5,C), we used the Cartan subalgebra
([0 -0 o |

8 o o)
6p o o o} o
r = o o -6 o| , 6 €C
o o 06, o o
\lo o o o o]

which is completely inside the algebra of S0(2,C) x S0(3,C)

namely :
([o -6 |
8: o )
H = o =0, -03 n Gy & €
o 6. o -04
\L 6. 64 O |] :

So I hunted around for another Cartan subalgebra (max-
imally abelian in @) which was as much as possible outside

H, and turned up

[ [0 o o -6; o ] \
o o} o =02
' = y = o) o) o , 03 € C s
61 o o o
\ lo 62 o o o | /

which one can easily verify is abelian and maximal, since it
is the same rank as an old Cartan subalgebra. This is com-
pletely outside # - in these cases M is said to be
maximal, the same rank as the associated simple algebra.
Furthermore, the adjoint representation [y,g] turned out
to be exactly the same form as for the regular decomposition
£80(5,C), except for permuted rows and columns, SO the
roots of [y,g] = A(y)g turn out the same, namely:

o, o, i(6.+62), 1i(6:1-62), i0,, i0,

~i(6:1+62), ‘i(61‘492‘), -i6,, -i6, .
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Choosing the fundamental system of positive roots as before

gives the Dynkin diagram for SO(5,R)/SO(2,R) x SO(3,R) as

<>
i(61-062) 16,

the same as for SO(5,C), with no multiple roots. This is
exactly what one would expect for a maximal rank space.
[Note, it is a matter of individual preference whether one
chooses to point the arrow from the lower root (the one that
is added on) to the higher, or vice-versa. Samelson (1972)
uses the above notation, Araki (1962) and Loos (1969) prefer
the other way.]

The situation changes for SO(5,R)/SO(4,R). Here the

complexified Cartan subalgebra is again

K o o -6 o |
o o o -02
r = Y = o o o o r 64 € C
01 (e} (o) (o}
L O 6. o o |
but
[ [0 . o o o o |
o :
H o -
complexified ho= o : £50(4,C)
\ o = )

and 0, overlaps into 7. The unrestricted roots are of
course just as they are above, but when restricted to

/ [0 - % * * x 1\

\ ! 1

the non-zero roots (6.=0) are just:
ie] , ie] , iel r

_iel r —iel ’ _iel r
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or just the two roots +if; repeated 3 times, with Dynkin

diagram,

Zexro

+30;

¥z

s

ify

A less trivial example is SO(7,R). £S0(7,C) has non-

roots ii(@liez), ii(ez ies), ii(elie3)r i'iel , iiezr

for
( ’- o -6, 1 A
© ~02 _
o o : %
T = vy = g, + s Q [e) , ei € ¢ X
1 .
P :
\ ] SR ) /
o .
= : £80(6,C) gives roots +if®, repeated 5 times,

@SQ!?,C)z --------- gives roots (63=0),%*i(06,+6,),
: £50(5,0) 36y, +i0,

with +i(8,%6,) of multiplicity 1,

and +£i6; and +i6; of multiplicizv

~

gives the same roots as £S0(7,C)

£80(3,C) - . .......
= . £S0(4,0)

since it is maximal, multiplicities
1.

By inspecting their respective fundamental root systems, we get

Dynkin diagrams:

roots

so(7,R)/S0(6,R) .

SO(7,R)/SO(2,R) x SO(5,R) <
S0(7,R) /SO(3,R) x 50 (4,R) —T> :

For the general case, q odd, one gets the two kinds of

ti(eiiej) with multiplcities 1, and the #if; with

multiplicities Z(E%L - P) + 1 for SO(q,R)/SO(p,R) x SO(g-p,R),

P < g~p. These results can be checked in Araki (1962), p.32,

where his & is the rank of 80(g,C), & = (g-1)/2.
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We can do the same things with the even dimensional

spaces - those derived from
example. Then £SO0(8,C)
[ [ -0,
...62
T = Y = b
0, i
8, :
03
\ _ 04

and unrestricted non-zero roots,

S0 (2q,R) .

$1(0,%05), 1 < .

Take S8O(8,R) for

is of rank 4, with Cartan subalgebra

So the

various symmetric spaces have restricted roots corresponding

to their respective H's

[ o
P
. Lso(7,C)
[£50(2,C):, ... ......
1o = £80(6,C)
£80(3,C) . ... ...
I = : £S0(5,C)
£SO(4,Cy ... ...
He = £50(4,C)
and Dynkin diagrams
SO (8,R}/SO(7,R)
SO(8,R)/SO(2,R) x SO(6,R)
SO(8,R)/SO’3,R) x SO(5,R)
SO(8,R)/SO(4,R) x SO(4,R)

;, roots

r

r

r

as follows:

+if,, repeated 2(4-1l) times

roots *1i(6;+6,), multiplic-

ities 1 and *i0; ,*1i6.,

multiplicities 4

roots +i(6;+6,),1(0:1%03),
i(0;%06;3), multiplicities 1 an
+i0; ,+10, ,+i6s3, multiplic-

ities 2

roots the same as for
£50(8,C), multiplicities 1,

maximal rank

>
DR <o e~

—
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In general, we see that SO(g,R)/SO(p) x SO(g-p,R), p < gq/2,
has (restricted) roots ii(eiiej) with multiplicities 1, and
ifi's with multiplicities 2(kg-~p), for q even.

The rules for arbitrary simple G then afe to find all
the usual roots of ¢, and restrict them to the space ¥,
where ¢ = M ® ¥, and the Cartan subalgebra is maximal in
M. Then take these restricted root forms and look up their
diagram which must correspond to one of the 9 simple diagrams.
Strangely, only the 4 diagrams of the 4 classical familities
ever turn up as Dynkin diagrams for the symmetric spaces
derived from the classical simple groups. The odd exceptional
space has the same diagram as a classical space however (see

Araki (1962), p.33, type E III and E IV).

We may as well look at S%2(m,R)/SO(m,R), the semi~simple
part of G&(m,R)/O(m,R). S2(m,R) 1is non-compact, so there is
only the one maximally compact subgroup, SO (m,R), and the

Cartan subalgebra of diagonal matrices is completely outside
£S0(m,R) anyway, so S%(m,R)/SO(m,R) 1is of maximal rank, and
has Dynkin diagram

. . e e = oY
P &

m

with roots (8;-65) i < j of multiplicities 1, and izl ; = O.

These two families do not exhibit the double root forms,
2\j, for Ay a root, which can occur with some of the other
spaces due to liﬁear restrictions imposed on the root forms
under the restriction to M. These can be kept track of when
they occur since each irreducible space only has at most two
types of roots (i.e. the ii(eiiej) and i6;'s for SO(g,R))

and only one type ever exhibits the double forms (Araki (1962)).
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4.6 Koornwinder Polynomials

The main reason (besides curiosity) for going so deeply
into the structure of symmetric spaces, was to try and undexr-
stand the work of Tom H. Koornwinder (1974, I, II, III and IV),
and (1975). He has undertaken a comprehensive study of orthog-
onal polynomials in two variables. Many of his polynomials aré
quite simple extensions of univariate orthogonal polynomials,
but two types have interpretations as spherical functions on
compact symmetric spaces of rank two, and to understand this
one needs to be able to follow the decomposition theory for
symmetric spaces.

Koornwinder (1975) §3.3 defined the polynomials of type
6 as polynomials in wu,v, orthogonal with respect to the
weight function |

(1-ut+v) "’ (l+u+v)B (u?-4v) Y.
A change of parameters, u = cos 2s + cos 2t, v = cos 28 cos 2t,

gives functions in s,t, orthogonal with respect to

2041 2RB+1

(9) & = (sin s sin t) (Cos s Cos t) (sin(s+t)sin(s—t))z\'(~H

He then claims that D' = (877 (dpe+dgg) )6 =8 *((Beetdgs) 87
is the radial part of the Laplace-Beltrami operator for symmetric
spaces of rank 2 with Dynkin diagram

o

and root system A;,2X:1,X: with multiplicities m(X:) = 2a-28,
m(2\;) = 28+1, and m(X,) = 2y+l. The orthogonal polynomials,
being eigenfunctions of Dt are then the spherical functions
on such a space. This appeared, to say the least, rather
miraculous, but by following up the references, Harish-Chandra
(1958), Helgason (1972) and Araki (1962), and by working out

the ideas of symmetric space decompositions, I finally managed

to elucidate what powers were being called on.
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According to the lists, .in Araki (1962), as we demon-

strated earlier, the symmetric space SO0(g,R)/S0(2,R) x SO(g-2,R)

S

has Dynkin diagram

and multiplicities:

Il

g odd : m(*i(0:%6,)) = 1, m(xi6,)

m(2Ax;) = O.
q even : m(*i(0:%6,)) = 1, m(+i6;) = m(+iB,) = 2 (%-- 2) = g-4
m(2A;) = O.
So the orthogonal polynomials of Koornwinder, type 6, for
o= (g-5)/2, B =-%, vy = 0 should be the same as our Gegenbaur
polynomials, which from James and Constantine (1974) are poly-

nomials in yi, y» orthogonal with respect to

(Yle)—%((l-Yl)(1~Yz))%(q—5) (yi-y2) .
Actually the difference in looks is just a parameter change,
which can be found from a deeply hidden result of Harish-
Chandra's. For, in his 1958 paper, he derives (§7), a formula
for the radial part of the Laplace-Beltrami operator

6= 8" 1 gl omy - eny

1,3

for Hj a basis for the restriction of a Cartan subalgebra to
M, and the Riemann metric giy = K(Hi,Hj) - the Killing form

again. Most importantly, 6 is just 1 (eA(H)—efA(H))

, for
AEp*

*  the set of positive restrictions, A, of the roots to ¥

p
including multiplicities (Harish-Chandra (1958) §5). But A’
is just the D’ defined by Koornwinder (see Helgason (1972)
p. 415), and we can easily calculate § for SO(qg,R)/SO(2,R)
x 80(g-2,R). That is, the positive restricted roots are

i(6,+62), i(9, ';'62), if; , i0,

with multiplicities 1,1,g-4,9-4 respectively. So

m(+xif,) = 2(3:—1- - 2)+l = g-4
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5 = [ei(61—02)_e—i(61—62))(ei(91+92)_e*i(91+92)).

_(ei81 —iel)q—u ( ie;_e—iez)q—u

-e e
= k sin(0;-6,) sin(6,+6,) (sin 8; sin 8,)%7"

which, ignoring constant terms which do not matter, is the same

as (9), for o= (g-5)/2, B =-%, y =0, and s = 6., t = 02.

But these 0; are just the critical angles of James and

Constantine (1974), whose Gegenbaur polynomials are poly-

nomials in vy:, V2, which are the squares of the cosines

of the critical angles. So, as a check, substituting

yi = cos? s, y» = cos? t in
(sin s sin t)97" sin(s+t) sin(s-t) dsdt
. L(q-v) : ' = -
gives ((l—yl)(l—yz)) (YI—YZ)(YIYZ(l“YI)(l"y2)) dy: dya

= (1) () =y )T (yi-ya) Ay dye
as required, again ignoring constant terms.

Having recognized in this case that the Koornwinder var-
iables, s and t, are just the critical angles, we can now
interpret all the type 6 polynomials, orthogonal with respect

to

20+1 28+l( )2Y+l

§ (sin s sin t) (Cos s Cos t) sin(s+t)sin(s-t)

Il

for o = %(g-p-3), B = %(p-3), Y =0
as James and Constantine type Jacobi polynomials, which are

orthogonal with respect to

(7170 P73 (1y1) (1-v2)) 297273 (31 2y
under the correspondence y: = Cos? s, y» = Cos? t. These are
polynomials in y:, y2 constant on the cosets (0(2,R) x 0(g-2,R)
and O(p,R) xO0(g-p,R), a subset of the total number of Jacobi
polynomials. The variable change shifts us from functions on
SO(g,R) to functions on O(qg,R), where we now identify as

one the opposite orientations of a hyper-plane.
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Other values of o, B, Y also have symmetric space
interpretations. Using the identity sin 2x = 2 Cos x Sin x,
we can re-write & as

?B¥1 (gin(s+t)sin)s-t))?°

§ = (sin s sin t) 2% 2B (sin 2s sin 2t)
which corresponds more closely with symmetric space roots as the
measure for a symmetric space whose positive restricted roots
are 1is, it, 2is, 2it, i(s+t), i(s—-t) with multiplicities

m(is) = m(it) = 20-28, m(2is) = m(2it) = 28+1, m(i(s+t))=m(i(s-t)

= 2y+l. But the Dynkin diagram for fundamental roots

<o

as we saw earlier. So, to find all symmetric space interpret-

it, i(s~t) 1is

ations one need only work out all possible multiplicities for
this diagram, or, even easier, look them up in a table such as
Araki (1962), pp-.32, 33. Koornwinder (1975) does just this,
and lists the spaces including the null space a =8 =y = =%,
and the simple group SO(5,R) (see §5). Each simple group, G,
can be considered as a symmetric space in its own right, acting
on G x G, with the same roots as G considered as a semi-
simple group, but with multiplicities 2 for each root (see
Helgason (1962), chapter 4, and Loos (1969) p. 83). For some
reason he leaves out the ﬁ;;g:p spaces, which by relabell-
ing the roots can be considered as a <i3i? space (this only

happens for rank two spaces; —<& # —> ),

These are:

SU(4)/SU(2) x sSU(2) m(i;) =2, m(x;) =1
SP(2)/U(2) - m(A;) = m(A) =1

SP(4)/SP(2) x SP(2) m(x;) = 4, m(};) = 3
S0(8) /U (4) : m(iA,) = 4, m(x) =1

of which none lave double roots.
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Koornwinder's type 7 polynomials (Koornwinder (1972)§4.5)
also have symmetric space interpretation. These are defined
as polynomials in 2 = x + iy and Z = x - iy, orthogonal
with respect to the weight function.

8§ = [-(x2+y2+9)2 + 8(x%-3xy?) + 108]°

ei(s+t//§)+ ei(—s+t//§)

which under the transformation 2 = +

elet//g become functions in s,t orthogonal with respect

to

+ . ) . +
V' osin(s s+%/36) %Y (sin % s-%/3t) 2%T?

(sin s)*® .
These functions are claimed to be spherical functibns
on compact symmetric spaces of rank 2, with Dynkin diagram
——— r and multiplicities 2041 for each root. But
we know that S2(3,R)/SO(3,R) has Dynkin diagram #—— ,
with positive roots 6,-06,, 6,-083, 6,-083, mnultiplicities 1,

where the Cartan subalgebra is the set of diagonal matrices

0, o o
O O 83

which, since trace X = O V X € £S%(3,R) means 0,+0,+6; = O.
But this is a non-compact space. To find the dual of a space
G/H, one simply takes the Cartan decomposition of G =¥ + M
and transforms to ¥ + iM, which then corresponds to the
Cartan decomposition of the dual of G/H (see Helgason (1962)
p. 199), and for G  non-compact, the dual is compact, and
vice-versa. For S%(3,R), the decomposition is just

£S82(3,R) = £LSO(3,R) + symmetric matrices, trace zero
which transforms to

L£S0(3,R) + i(symmetric matrices, trace zero).
If X is such an element, then X + X’ = O. But this is
just the rule for the Lie algebra of 8U(3), giving the

compact dual of S&(3,R)/SO(3,R) as SU(3)/SO(3,R).
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The Cartan subalgebra transforms to diagonal matrices, elements
i6,, i6,, i0s, with roots 1i6:-i6,, 182-10s, 18, -i63, multi-
plicities 1, and the same Dynkin diagram. So, for o = 0O,
the type 7 polynomials should be spherical on SU(3,R)/S0(3,R),
which is the semi-simple part of the symmetric space
U(3,R)/0(3,R), the compact dual of G&(3,R)/0O(3,R) = M(3,R).
Complete lists of the irreducible spaces and their duals can
be found in Helgason (1962) pp. 346, 354.

Using the Harish-Chandra formula again, the measure on
SU(3,R)/S0O(3,R) 1is just

§ = (ei(el =62) =1 (0102 )) (ei(ez =03) 1 (02 —93)) (ei(el -03 )_e_i(el._e.% ))

= const. x sin(6;-62) sin(0,~03) sin(6;-63)

= const. x sin(6;-62) sin(6;+26,) sin(26:+02).
Ignoring constant terms, this corresponds with & for
0; = %(s-t/v3), 6, = t/¥3, and o = O. Obviously any symmetric
space with these roots, multiplicities 2a+l will correspond
with & for these 6;, which justifies Koornwinder's claim.

~2161,,-2102,-2i083 (7 paye not

7Z becomes simply 2Z = e
figured out why such unwieldy parameters were used instead

of the more natural 6;'s.)
1

-——

He further states that polynomials in 2 =17 ?* &,

- _2 : )
7 = % £, multiplied by ¢f1*¥2*K2/% can pe identified with

the zonal polynomials Cp(X), roots X1, X2, X3, for

£ = X14+X:+%X3, N = XaXe+X2 X3+ XaX1, [ = X1X2X3. To see that this
is in fact correct, let vyi, y2, ys be the diagonal entries in
in a member of the Cartan subgroup (of diagonal matrices) of

G2 (3,R). Then the Yj/(Y1Y2Y3)%'S can be considered as the
entries in the members of the Cartan subgroup of S2(3,R),

(Det = 1) corresponding to the e%its. If we identify the

Ay = Yj/(YleYa)—%’r with the e*®31s  in the Cartan subgroup

of SU(3) then the polynomials in the eZlej's become
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polynomials in the Ajz's. These yj's are the latent roots

of elements in G&(3,R), which correspond to yjyj' = yj2 = X5,
the latent roots of gg’ = meM(3,R). In SU(3), the elements

_1 _2
t ¢ and r ¥ n become

ke
ATY o= KX dHs 2402 002 =02 402 +1/02 A2

(X1 X2%3) 3

2
% o= X1x2+x2X3'|2-X1X3 = )\12 )\22 + )\22 )\32 + )\12 )\32
(x1X2%x3) 7
= A2 A2+ 1/AE + 1/A%
. 10+ -1 -5
which for Ay = e "J means ¢ 3 & = ¢ ¥ n as required. But

considering XAy as yj/(y1y2y3)%' gives spherical functions
on . S2(3,R)/SO(3,R), and multiplying by the determinent factor
gives the Cp(X)'s, ignoring problems of normalization.
Without making this identification, one would get the spherical
functions on U(3)/0(3,R), as studied by Hua (1963).

As before, one can interpret functions corresponding to
other values of o as spherical functions on symmetric spaces,
by looking up all s—— symmetric spaces (with multiplicities
20+41) .

It is perhaps worthwhile noting that explicit forms for
the type 6 and 7 Koornwinder polynomials only exist for certain
parameter values, in some cases as simple products of uni-
variate polynomials, or in others because of their interpret-
ation in terms of James'style polynomials.

These Koornwinder polynomials are a lovely example of the
power of deeper symmetric space results. Similar techniques
could easily be used to define higher dimension orthogonal
polynomials for all the symmetric spaces from their root
structures. Perhaps some combination of James/Koornwinder

results will provide new general explicit functions.
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4.7 Generalized Hermite Polynomials

Once the generalized special functions have been fitted
into the overall scheme of special function theory, it becomes
much easier to spot any gaps. For example, as mentioned earlier,
the generalized Laguerre plynomials are a limiting case of the
generalized Jacobi polynomials, which follows a well-known
analogous result for the univariate polynomials. That is,
from James and Constantine (1974), the Py (X), £for XeM(m,R)
are polynomials orthogonal with respect to the measure

w(X) = det Xa—%(m+1) det (I_X)c—a—%(m+1)

(a = %p, ¢ = %q).

(rransforming to the latent roots, Xx;, of X adds the
igj (x3-x3) factors.) Letting X = c ' X, then
- -1 -
1in ™ w(c™'z) = etr (-z) det z77* (™)
which provides the measure for the :F: (-k,a,Z). This is an

obvious generalization of the univariate case, m = 1, for

a-1

w(x) = x (1-x

)c—a—l and

-Z a-—1

“lzy = e A ,

. a
%iQ (c)® w(c
the measure for the Laguerre polynomials (see Erdelyi et al
(1953) Vol. II, p. 164).

But it is also well-known that in the univariate case the

8 2
Hermite polynomials, which are orthogonal with respect to e 2y

are the limiting case of the Laguerre polynomials, taking the
limit of e 2 227! for z=a + Yay as a = ». So what will
be the generalized Hermite polynomials? Taking the analogous
limit for 2 = al + vYa Y gives the measure e_%Yz, with
respect to which the generalized Hermite polynomials Hep (Y)
will be orthogonal. Taking progressive limits of the Laplace-
Beltrami operator on Gm'q_m gives the differential equations

obeyed by the generalized Laguerre, and then the Hermite poly-

nomials, and provides a method of constructing the Hep (Y)
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polynomials in terms of the zonal polynomials.
From James and Constantine (1974), the Pp(X) are
eigenfunctions of the Laplace~Beltrami operator, which gives
the differential equation

{D* + (c-m+l) E - 8% - (a-kmtk) e - (pptke)} Pp(X) = O

where
X2
D* = T x;°? 332 + I A 83
i X i3 (x3-x%5) X
i#3j
* 32 X3 3
8 n x4 X2 i, ] (Xi—Xj) 0X;
- d _ ]
B o=2xi gror €5 b gy
and the roots of X are Xi, X2,..; X, and p, =1 (ki (ky-1))
1
with k = (ki, k2 ,...,ky), a non-increasing partition of k

into m parts. (These xji's are just the canonical correl-

c” ! 2z in the

ations, the Cos? 05.) Substituting X

operator gives:

N\ 2 2 zi\?2
{Z(¥<Eg 3 o+ I Ci\ ( c ) o 8
i c 0Z 4 i, 3 c) ZiT25 9Z3
+ (c-m+l) T = « ¢ 33
i 2i
zZi ) 32 CZi 9

- 7 ° o e =7 °

ACHR N F TPl T F) A ET

a
- (a-%mtk) N T (ph+Ck)}
( 32 2" 9 0

= ¢ 7 Z'2 + T + (C—m+l) L Zj

Ui 9z 0 50y (25723) 92y i

3 Zj 3
C § 23 BZi c i%j (zi—Zj) 8Zi
9

- Ltk - .

c (a-sm+%) E 323 (Ok+ck)} A

. S L 2 2
Taking lim - o= F 2 g7t L 1gioag) G
+ (a-¥mtl) I =o- - I 2y gt K
i 3Zi azi

§* + (a~km+%) € - E + k = A*
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But from the confluence Ph(c—lz) > 1P (-k,a,Z) we

must have

(6% + (a-%mt%) € - E + k) +F1 (-k,a,Z) = O.

Now substituting

(a+va yi)
i (ya)?

z al + va Y in A* gives

82
oy ?

+.Z_ (a + Yay;) , 1 3
i3 (/a yi-va yy)  vYa i

1 (a+/_ vi) 9
+ ~1 3 — - 1 S
(a-%m+%) Z (/g) Y3 Z 3Yi k
Y gﬁ_ Yl
-3 (1+ -_-) )
i Ya/ 3y i,j (Yi~ v3) 3YJ.
(%m~%)) d d
+ |Va - z - (Va + yi) ==+ k
( =) Doy -1 VR Y gy]
Yy 2 (l + )
=3 (1 + —i) RIS ; 7;
il a/ 9y;i? i,] (vi- Byl
L (m-1) ) p)
— - T v + k .
Ya i Byi i ok Y3
92 1 3 d
Takin lim A = 3% + I - X : + k
7 oa P8yie g,y (ae¥y) i it Ry
= A**
But (e8*-8%*e¢) = % 8% _ + T 1. 9 .
i 9y;? i,3 (¥3-v4) 9y3
Let 6%* = (e6%-8%¢)
Then
A Y = §** - E + &

and from the confluence ,F: (-k,a,al+Va Y) - HeéY) we must

have

For m=1

If, instea

limit as

(6%*-

r

82

E

+ k) HeéY) =0 .

this becomes

3y7 ~

d,

a

>

y

d

-—a?"'k-

one had put Z = aI + v2a Y and then taken the

[e e}

r

the operator becomes %6**—E + k, and we

get another normalization of the He(Y)'s, now orthogonal with

respect to

e

~-Y

2
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Consider the action of §** on CE(Y).

6**CE(Y) (e6*-6%¢) cz(Y)

But eC’:(Y) = E (il) Czi(Y)

and G*CZ(Y) = I (ki+%s(m-i)-1) (Ei) Czi(Y).
1

(see James and Constantine (1974)).

Then

A** = 6** - B + k

th

where hi = (kl,...,ki—l,...km), the i part reduced by 1 .

S0, * kK (k; *
§**cy () (ki-l+%(m—i)]\h1>(achi (Y) )

™

= 3 (fél> s* Czi (Y)

I
™

;-
(ki—l+%(m-i)]<ii) : (Zig<:;ij(Y)

. - _ i
(£ 5 o on-n(E) e

« 35 (g -(150)(E)E) oo

ij

1
-

= I% a 54 Crij(Y)
13 11 “RJ
(1) .th - i
where kj means the J element of k™,

_ . * K % _ k *
For m =1, this becomes ¢ Ck(y) = 2(k—2) Ck_z(y). If

we now define Hek(Y) e CZ(Y) + I Dby C;(Y) where k - £ = 2n
A

for some n, and A< k, then for Heh(Y) to obey

(§**- E + k) He, (Y) = O, the b, must obey the recurrence

relation:

ij
For m = 1, this gives:
1

by = = 1wy Prez 3
)
= = 2\ g b

(k-2%)



which is precisely the recurrence formula
of the ordinary Hermite polynomials,

H(y) = kz[kQZ] (-1 () 7"

€k m=o0  2%n1 (k-2m)!

where k - & = 2(m+1l).

N 2

Also, (§§T -y 5y = k) Hek(y) = 0 which

for m= 1.

Thus our Heh(Y) defined above, with the
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for the coefficients

is A*¥He, (y) = O

recurrence relation

(10), can be considered as the multivariate analogue of the

Hermite polynomials Hek(y).

The following are the generalized Hermite polynomials, up to

order 4.

He, (X) = 1

He, (X) = C{f(X)

He, (X) = CJ(X)-1
He (X) = CH(X)+}

He, (X) = Ci (X)-3 CJ(X)
He, (X) = Cii(X) =% Cf(X)
(X) = cfu (X)+3 CF(X)

i

He, (X) = C&f (X)-6 CF(X)+3
He, (X) = CH (X) -+ CF(X)-% Cli(X)~%
He,, (X) = CH (X)-% Cf (X)+5 CH(X)+
He,, (X) = CJ, (X)+§ CF (X)-% Ch(X) %
(X) = CX (X)+3 CH(X)++

H
€1
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4.8 Some further possibilities

At this stage it appears likely that the deeper theory
of Lie groups and symmetric spaces may prove useful in several
different areas of multivariate theory. The works of Harish-
Chandra (1957),(1958) on generalized fourier analysis of bi-
invariant functions on symmetric spaces opens up the possib-
ility of a theory of generalized characteristic functions.
Instead of finding transforms using eite over R, one
could find transforms with respect to the spherical functions
of arbitrary symmetric spaces. The Plancheral formulae relat-
ing the transforms to their inverse transforms are beginning
to be calculated (see Bhanu-Murti (1960)).

Also, several of the characteristic differential equations
obeyed by the jFy k...,...,X) and aFp (eeej...:X%X,Y)
functions have been found for small a,b values (Muirhead
(1970) , Constantine and Muirhead (1972), Fujikoshi (1974)).

It is becoming clear that a basis for each equation, fixed

a,b 1is in terms of commutators (Lie products) of the operators
for the equations for lower a,b values. At this point there
is not much use in carrying out the tedious and messy calcul-
ations to verify the equations for higher functions, but it

may be possible to use the Lie algebra properties that are
emerging to find a general formula for arbitrary a,b, such

as exists for the univariate functions (Erdelyi et al (1953),

Vol. I, p. 184).
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APPENDIX

Coefficients of the Zonal Polynomials

The zonal polynomials, Cp(Y) for Y € M(m,R), and
k= (Kiyeoorkm), E k; = k, being symmetric homogeneous
polynomials in the y,;'s, can be expressed as linear
combinations of some basis set of symmetric functions in the
yi's. Subroutine POLLY calculates the coefficients C,

required to write the renormalized zonal polynomials Zh(Y),

where

vy = [ 2k .

e = [xXpopy @] T 2 ()
as Zp(Y) = I c)My

ASh
_ 21 L2 2 .

for My, = v Y2 cee Y ™ + symmetric terms, and the sum
is taken over all partitions X = (Li1,...,%n) < k, where

A< k means that the first £,

; different from k; has

%; < ki (the standard lexicographical ordering). This
normalization is chosen because the c¢,'s are integers,
which facilitates the programming.

This routine follows entirely the method developed in

James (1968), and wherever possible the same notation is used.

Zonal polynomials of low order can be checked against the

values given in the above paper. The final coefficient
¢y, A = (1,1,...,1) is always k! which also serves as a
check. POLLY reguires an auxiliary subroutine DOWN which,

for a given k,m, and partition £k, calculates the next
lowest allowable partition. This subroutine could be used
to generate partitions from the driver routine, so that
complete tables of coefficients for a set k and m could
be produced at one run. It is envisaged that the computed

coefficients would be stored on magnetic tape, or perhaps
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punched on data cards, if m is small, to be used as required.
This seems necessary because of the appreciable time involved
in calculating high degree coefficients. The large numbers of

such coefficients also preclude hand calculations from printed

tables.

Language: ANST

Structure

Standard Fortran.

SUBROUTINE POLLY (K,M,KAPPA,N,PART,KOEF, IFAULT)

Formal Parameters

K Integer input:

M Integer input:

KAPPA Integer array (14) input:

N Integer output:

PART Integer array (101) output:

KOEF Integer array (101) output:

degree of partition, k
maximum number of non-zero
parts to partition; the rank
of matrix Y in C,(Y).

partition k = (ki ,kz2,...,ky)

m
where KAPPA{(i)=k; and I ki=k
i=1

number of allowed partitions
between input k and lowest

one.

each allowed partition stored
as an integer without zeros,

numbered 1 to N from highest

partition to lowest, for use

as a label (e.g. 3,1,1,0,0)
stored as 311.)

the coefficient corresponding

to the monomial symmetric

function MPART(i) (e.g.
Cpagrp(i) - KOEF(i), i=1,...,N)
IFAULT Integer output: see 'Failure Indications' below.
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Failure Indications

IFAULT

1l
O

indicates no errors found in input values
= 1 indicates K exceeds 13

= 2 indicates M < O

M

= 3 indicates KAPPA (i) # K

l.'.!
= 4 indicates KAPPA is not in non-increasing order.

(e.g. KAPPA(i) < KAPPA(i+l) for some i.)

Auxiliary Algorithm
SUBROUTINE DOWN (K,M,KAPPA,L,IFLAG)
Formal Parameters
K Integer input: same as above
M Integer ' input: same as above

KAPPA Integer array
(14) input: same as above

output: next allowable partition below

the input KAPPA

L Integer output: non-zero length of the returned
partition.
IFLAG Integer output: takes value 1 from O if there

is no lower acceptable partition.

Double Precision
The zonal polynomial coefficients, by construction, are

integers, but they are also of the order K! Thus the maximum
value of K 1is limited by the word length of the machine, which
must be capable of storing K! and somewhat larger numbers as
integers. This program is limited to, and dimensioned for,

K< 13, the maximum size for a CDC 6400 machine. The labell-
ing mechanism starts to give out around the same value, since

the lowest partition (1,1,...,1) is stored as 111...1, K times.
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This bound is of little practical importance, since the poss-
ibility of taking a power sum beyond K = 12 or 13, or of
wanting to, is remote - there are simply too many partitions,
(i.e. 627 for K = 20). However, the higher degree coefficients
may be of use to the theoretical worker, and this routine has
been successfully adapted to double precision, with coefficients
up to order K = 21 evaluated. The necessary alterations are
extensive though. The variables A,B,C,IDUM,KI, KJ,KOEF,PI,PN,
PART, R,RI,RN,RHO,S,XI,XL must be changed to double precision,
plus all the constant values used in any statements involving

these variables. DOWN requires no changes.

Restrictions
The arrays PART, KOEF, RHO are dimensioned for full sets
of coefficients up to K = 13. (There are 101 partitions of 13
into 13 or fewer parts.) These variables must be dimensioned
to at least the number of partitions of the user's maximum K
into M or fewer parts. If one is working with small matrices,
and thus small values of M, the savings in time and space can

be considerable. For example, in order to include the K = 13

101x102
2

coefficients are required. But for a matrix of rank M = 3,

only 21;22 of the coefficients are needed, since there are

terms in a power sum for a matrix of rank M = 13,

only 21 partitions of 13 into 3 or fewer parts. Whole Ck(Y)'s
are unnecessary when Fk is of length greater than M, and
also individual terms in required Cj(Y)'s, when their
corresponding M, term would be zero for A of greater

length than M. For the case M = 3, PART, KOEF, and RHO

would only need to be dimensioned to 21.
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SUBROUTINE POLLY{(KsMoKAPPA9NIPARTIKOEF s IFAULT)

CALCULATES COEFFICIENTS OF ZONAL POLYNOMIALS
USING THE METFOD OF Ae T. JAMES IN
- CALCULATION OF COEFFICIENTS OF ZONAL POLYNOMIALS
BY MEANS OF THE LAPLACE - BELTRAMI OPERATOR =
ANNALS OF MATHEMATICAL STATISTICS 1968.

DIMENSION KAPPA(14) sKAPPB(14) ¢KAPPC(14)
INTEGER PART(101) «KOEF (101)sRHO(101)¢PsP1sPNsR19RN

CHECK OF INITIAL VALUES AND KAPPA EXTENDED WITH ZEROS

IFAULT = 0
IF(KeGES14)IFAULT = 1
IF(MoLELQ)IFAULT = 2
IF(IFAULT «NEoO)RETURN
I = MINO(MsK)

DO 1 JU =161
KAPPB(J) = KAPPA(J) -
I =14+
1T = K + 1
00 2 J = 1y
KAPPB(J) =
N =1

Il
0

CALCULATES LABELs PART(1)s FOR THE FIRST COEFFICIENT

Pl =0

P =20
NTOT = 0
DO 4 1 = 1s K

11 =1 + 1
IF(KAPPB(I) LT .KAPPB(II))GO TO 5
IF(KAPPB(1).EQe0)GO TO 6

Pl = P1#10 +KAPPRB(I)

NTOT = NTOT + KAPPB(I)

P =P « 1

CONTINUE

GO TO 6

IFAULT = 4

RETURN

IF(NTOT.EQ.,K)GO TO 7

IFAULT = 3

RETURN

PART (1) Pl

CALCULATES FIRST COEFFICIENT FOR POLYNOMIAL

Kl 1
J=20
DO 10 L
Do 10 I
LP =L + 1

le P
1y L
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10

15

20

30

50

66

XL = FLOAT(L)
XI = FLOAT(D)
A = FLOAT(KAPPB(I))
R = FLOAT(KAPPB(L))
C = FLOAT(KAPPB(LP))
R = ( XL = XI + 1.0)%05 ¢ A
S =R -8
R=R~C
IF(R.EQ.S) GO TO 10
R';R_lo
LL = INT(R#2.0)
Kl = K1 % LL
J=Jd + 1
GO TO 8
CONTINUE
J =z K =J
KOEF (1) = Kl#zg##
CALCULATES VALUE OF RHO FOR KAPPA

R1 = 0
DO 15 1 = 15 K
R1 = Rl + KAPPB(I)#(KAFPB(I) ~ I
RHO(1) = R1

FINDS AND LABELS ThHE LOWER ORDER PARTITIONS
CALL DOWN(KeMsKAPPByPsIFIL AG)

IF(IFLAGL.EQ.Y)RETURN

N =N+1

PN = 0

DO 30 I = 1¢ P

FN = PN#10 ¢ KAPPB(I)

PART (N) = PN

RN = 0

DO 50 I = 1y K

RN = RN + KAPPB(I)#(KAFPB(I) - I)
RHO(N) = RN

CALCULATES VALUES CF THE LOWER ORDER COEFFICIENTS

KOEF (N) = 0
DO 100 I = 2P
ITT =1 -1

MA = KAPPBI(I)

DO 100 IT = 1s MA
DO 100 U = 1y ITT

KS = K + 1

DO 66 JJ = 1ls¢ KS
KAPPC(JJ) = KAPPRB(JJ)
KAPPC (J) KAPPC(J) + 11
KAPPC(I) KAPPC(I) = 11

138.
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69
712

80

81
85

90

91
100

139,

KI = KAPPC(I)
KJ = KAPPC(J)
ML = J

IF(ML.EQs1) GO TO 69

MM = ML = 1

IF (KAPPC (ML) .LE<KAPPC(MM)) GO TO 69
KK = KAPPC(ML)

KAPPC (ML) KAPPC (MM)

KAPPC (MM) KK

ML = ML =1

GO TO 68

ML = 1

MM = ML + 1

IF (KAPPC (ML) «GE.KAPPC(MM)) GO TO 80
KK = KAPPC(ML)

KAPPC (ML) = KAPPC(MM)
KAPPC (MM) = KK

ML = ML ¢+ 1

G0 TO 72

IDUM = 0

DO 81 JJ = 1y K

IF(KAPPC(JJ) +EQeD) GO TO 85

IDUM = IDUM # 10 + KAPPC(JJ)

CONTINUE

DO 90 JJ = 19 N

IF (IDUM.EQ,PART (JJ)) GO TO 91

CONTINUE

GO TO 100

KOEF (N) = KOEF(N) + (Ky = KI) # KOEF (JJ)
CONTINUE

IF (KOEF (N) 4EQ.0) GG TO 20

KOEF (N) = KOEF(N) / (RRO(1) = RHO(N))
GO TO 20

END



OOOO0

10
11

SUBROUTINE DOWN(KsMsKAFPAsLsIFLAG)

CALCULATES NEXT LOWEST PARTITION

IF NO ALLOWABLE LOWER PARTITION»

DIMENSION KAPPA(14)
IFLAG=0

1 =M+ 1

DO 1 J = Iy 14

KAPPA(J) = 0
IF(KAPPA(1)+GT«1)GO TO 3
IFLAG = 1

RETURN

DO 4 L = 2y 14
IF(KAPPA(L) «EQe0)GO TO 5
IF(KAPPA (L) .EQe1)GO TO 6
CONTINUE

I =1L -1
KAPPA(I)
KAPPA (L)
GO TQC 11

KAPPA(I) = 1
1

I1=L-1

KK = KAPPA(I) = 1
KAPPA(I) = KK

J =K

DO 7 JJ = 1ol

J = J = KAPPA(JI)
IF(J.LELKK) GO TO 9
KAPPA (L) = KK

J = J = KK
L. =L + 1
GO 70 8

KAPPA(L) = J

I =L + 1

DO 10 J = Is K
KAPPA(J) = 0
IF(L.GTMIGO TO 2
RETURN

END

IFLAG

SET 7O 1

140.
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