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SUMMARY

The theory of q-functional equations has been
extensively studied using analytic and transform methods.
Ih this thesis, an algebraic approach to this theory 1is
outlined by developing an operational calculus for a space
of functions defined on a g-sequence analogous to that
established by Mikusinski for the continuous variable case.

The basic integral first given by Jackson is used to
define the basic convolution which is regarded as the
function multiplication in the given space. This space
can be extended to a field of basilc operators and the
structure of the field is examined. Some classes of
infinite operator series and infinite operator products
are studied and the concept of an operator function is
introduced.

The results established in this theory are applied to
the solution of certain q-difference equations, basig

integral equations and partial g-difference equations.

(1)
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CHAPTER 1
INTRODUCTION

The object of this thesis 1s to develop a basic
operational calculus for functlons defined on a q-sequence
which can be applied to the solution of g-functional
equations. In this chapter, we will give a brief survey
of the research work already done in the fleld of q-
functional equations as well as a review of the development
of operational calculus and a summary of results obtained

in the thesis.

1. Operational Calculus

By the middle of the 19th century, operational methods
had been introduced into analysis by several mathematiclans
including Leibniz [75], Lagrange [73], Boole [29],

Riemann [87], and others who had shown the analogues between
certaln algebraic laws and the differential and integral
operators. An outline of these results has been given in
Davis [43]. However, the development of operational
calculus and its systematic use in solving physical and
technical problems is due to the work of Heaviside [62]

who applied 1t extensively to problems in electromagnetic
theory. Heavisilde established an operational ealculus as

a method for solving differentlal equatioﬁs whevre the
operation of differentlation was replaced by the algebrailc
operation of multiplication. He defined the formal differ-
entiation operator p = - and handled it 11ké a multy-

dt
plication factor, in accordance with

pf(t) = & £(t) = £7(8).
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He also applied his methods to partial differential equa-
tions. However in certain cases, the resulting operators
were transcendental functions of p and a correct intere
pretation of these operators was difficult to develop or
even Justify.

In order to provide Heaviside's methods with a
rigorous basis, numerous mathematiclans among them
Bromwich {30], Carson [39], Wiener [96] and Van der Pol
[95] studied operational calculus as an application of the
theory of certain functional transforms, in particular the

Laplace transform of the form

L{e(t)) = [ e~ Pte(t)dt.
. .

The relationship between operational calculus and the

Laplace transform was given by
plie(t)} = L{£“(¢t)} + £(0).

Pérés [83] noted that these methods were far apart
from the original concept of Heaviside in that p was not
an operator but a variable and that the functional trans-
forms introduced unnecessary restrictions into operational
calculus.

The development of functional analysis and in
particular the theory of linear operators led to an
increasing use of operational methods in analysis. In 1947,
Mikusinski [79] provided an exact operator approach to
Heaviside's operational calculus based on the theory of
algebraic rings. He considered a ring of functions of a
real variable in which function multiplication was defined

by the convolution



t
(£g) (t) = [ £(t-7)g(t)dr
[

and extended this ring to a field of operators whose
elements were represented by the ratios %. The opera-
tional calculus developed by Mikusinskl had a wider range
of application than that based on functional transforms
since no limitations were placed on the behaviour of f(t)
as t + », The elements of Mikusinskl's operator fleld
could also be regarded as generallized functions (see
Erdélyi [47]1). 1In his book [80], Mikusinskl presents a
detalled study of the new theory of operational calculus as
contained in his original papers. The structure of the
operator field is conslidered, convergence of sequences of
operators defined and certain classes of seriles pf opera-
tors are studied. He also defines operator functions and
their derivatives and integrals and gilves many appllcations
of the theory he developed.

A whole series of papers has appeared ever since,
related to Mikusinski's theory of operational calculus and
a survey of these 18 given in Ditkin and Prudnikov [46].
The definition of the convolution in the work of Berg [22]

is given by

o) e) = & [ ree-ngnar
o
which differs from that given by Mikusinski in that there
18 no need to distinguish between constants and constant
functilons.
A unified treatment of operational methods as applied

to varlous problems such as the solution of .differential

and difference equations with constant coefflcients, Euler's
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equations, Bernouilli's equation and some classes of non-
linear equations has been given by Bellert [21] and
Bittner [26]. By defining an endomorphism T on a linear
space and generating a ring of polynomlal operators in T,
the field of rational operators is obtained from the
extension of this ring, its general properties studied and
varticular cases of the operator T considered.

Operational calculus can be based on the generalized
functions of Schwartz [88] (see Malakhovskaya [76]).

Also Krabbe [70] develops an operational calculus for
Schwartz's distributions of left bounded support. In a
paper by Fenyd [U9], a relation is established between
Mikusinski operators and the distributions given by
Korevaar [69].

A method based on the ideas concerning the finite part
of divergent integrals was used by Butzer [31] and
Boehme [28] for including nonintegrable functions in
Mikusinski's operational calculus which was defined only
for functions which are locally integrable everywhere.

The application of operational calculus to discrete
analysis has been given by Ditkln and Prudnikov [45] by
considering step functions and a special operational
calculus has been developed by Berg [22] for functlons
defined on the set of integers.

Ditkin and Prudnikov [li5] also developed an

operational calculus for Bessel's operator L3 t d and

dt dt
Meller [78] has considered an operational calculus for
several operators related to this operator. A nonlinear
operational calculus has recently been outlined by Berg

[23], [24].



2. The Theory of g-Functional Equations

The theory of q-functions constitutes an important
branch of the theory of finite differences and gq-functions
usually occur as the solutlons of q-functional equations of

the type

F(t’ ¢(t)’ ¢(Qt)) = 0

where t may either vary continuously or on a sequence of
the form '{qnto}. The parameter q can be either a real
or complex number and it can always be assumed, without loss
of generality, that |q| < 1. If |q| > 1, we can always

write q = % and study a given problem for |p| < 1.

The general functional equation

f
° at+B
jZlAj(t) Flt, ?5;3] = B(t)

can be reduced by means of a linear fractional transforma-

tion to either the ordinary difference equation

n
L cy(t) g(t+n-3) = a(t) (1.2.1)
3=1

or the gq-difference equation

jtzllaj(t) £(q™ ) = b(t) (1.2.2)

at+f
according as the substitution t =+ YEFS has one or two
double points (see Carmichael [38]). Furthermore equation

(1.2.1) can be reduced to equation (1.2.2) by the trans-

log t
formation t =+ Tog q °

The first results connected with the theory of
q-functions were obtained by Euler [48] in 1748. He
studied the algebraic infinite product



- o0 —1

T—] (1 - aq™)

n=0

and deduced that

= n n
L =(3n-1) +(3n+1)
r1 (1-q™) = ] (-1)"(q? + q? ).

n=]1 n=o

In 1866, Gauss [51] also established certain interesting
results 1n g-serlies, for example
@ Z(n+l)

[—] ((1-¢%™) 7 (1-¢®*" 1)) = § q :
n=1

n=o

The earllest example of a g-functional equation
appears to have been given by Laplace [74] in his treatise
on probability theory. In 1815, Babbage [20] studied the
qualitative properties of the equation f(t) = £(qt). The
solution of this equation is a g-periodic function which
plays the role of an arbitrary constant in g-functional
equations. The properties of these g-periodic functions
were studied by Pincherle [8U4].

In 1878, Heine [63] studled the basic hypergeometric
series defined by

(1-a*) (1-¢")
2¢1(QQB;Y;t) =1 + (1_q) (1_qY) t +

(1-¢*) (1-a**1) (1-¢%) (1-a®*Y) ..
* i, v
(1-q) (1-q2)(1-q7)(1-q"*")

(1.2.3)
which satlsfles the g-difference equation

(q¥-q**B*t) £(q%t) - (q¥+q-(q%+aP)at)r(qt)

+ q(1-t)f(t) = o.



Series of the type (1.2.3) are now term "Helne
Series".
Goursat [52] in 1903 examined the solution of the

equation

£(qt) - £(t) = b(t)

in connection with a problem in partial differential
equations. He called his method of solution g-finite
integration.

The theory of g-functions was extenslvely developed
by Jackson from 1909 -~ 1950. He studied many g-analogues
of elementary functions, power serles and summation
theorems for Heine series. A complete bibliography of
Jackson's work is given in Chaundy [42].

In 1910, Jackson [65] introduced the concept of a
g-integral or basic integral as the inverse operator of

the g~-difference operator whlch was defined as

o, f£(t) = f(tzl:qi;t(:qt), la| + 1 (1.2.4)

The g-integration operator was denoted by

t
G;If(t) = 11__q Sf(t) d(q,t). (1.2.5)
[+)

However it was only in 1949 that q-integration was studied
extensively. Hahn [53] and Jackson [64] examined the
fundamental properties of the inverse operation e;lr(t)
showing that under certain conditions, as q + 1, the
g-integral. tends to the Rlemann integral.

In fact the definite q-integrals are defined by



t

i=1

S o, £(t) dla,t) = £(t) - £(0)
(o]
(1.2.6)
S e, £(®) aa,t) = £(8) - £(=)
=
where
b b a
2% 3
Correspondingly the basic lntegrals can also be
defined by
t (- -]
1 h h|
————— f =
=5 E;; (1) d(g,t) =t jzoq f(qlt) ‘\\
(1.2.7)
2 S o atan =t § e &
t

[¢]

j-—(n

The convergence of any baslic integral is determined from
the convergence of the corresponding g-sum.
Jackson also established the formula for g-integration
by parts
(0,£(£))g(t) dlq,t)=(1-q)f(t)g(t)- flqt) (0, g(t))d(q,t).
(1.2.8)

Using the above definitions, Hahn [53] evaluated

a number of interesting results, for example

- (1-¢*") _(1-a),

1 k-1
72— G 5 l-at),_jda.b) = (1.2.9)
=4 % 3=t (1-a9),, (1-ah),




He also defined q-analogues of the classical Laplace

transform by the functional transformation
1

8
1
Ls TV = 155 EES E (sqt) £(t) d(q,t) (1.2.10)

o

1
ol £(6) = 722 EE; e (-st) £(t) dla,t) (1.2.11)
o]
and studied some of thelr properties. In particular, he

defined the gq-convolution as

t
£(t) * g(t) = T%E SE; £(1) glt-qt] d(q,T) (1.2.12)
[»]

where the function

glt-qr] = } aj(t-qr)j

j--w
when g(t) = ] a td.

Furthermore, he gave the gq~convolution theorem

qLB f£(t) qu g(t) = qu'{f(t) * g(t)} (1.2.13)

which 1s valid for the transformation qu only.

In 1960, Abdi [2] made a systematic study of the
properties of these g-Laplace transforms. The g-analogue
of Cauchy's multiple integral formula was obtained by
Al-Salam [16] in 1966 and certain fractional g-integrals
have been studied by Al-Salam [17] and Agarwal [15].

Apart from these results in q-integration, the
q-difference equations have been studled extensively both

in the form given in (1.2.2) and in the form
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7 ay(t) e{de(t) = v(e).
3=1

A bibliography of the malnwork is given in Adams [7] and
more recently in Kuezma ([71].

In 1909-1911, Jackson [66], [67] studied the solution
of some particular g-difference equations of the hypergeo-
metric type and later in 1940 obtalned some general results
for such equations [68].

A power serles solution for the general g-difference
equatlon was first obtained by Carmichael [36] in 1912.

The generalised Riemann problem for linear q-difference
equations was formulated and solved by Birkhoff [25] in
1913. The linear g-difference equations for particular
types of coefficients were studied by Mason [77] and later,
in 1929, by Adams [9] and in 1933, Tritjinsky [91] made a
systematic study of the analytic properties of the solutions
of such equations. A general theory for a certain class of
nonlinear g-difference equations was studied by Tritjinsky
[92] in 1938.

In 1958, Hahn [56] considered certain g-difference
equations satisfied by functions of the hypergeometric
type. This type of q-difference equation was also studied
by N. Agarwal [13] 1n 1960 to obtaln certain basilc hyper-
geometrlic transformations. Other recent important
contributions have been made by Hahn [54], [57], Upadhyay
[93], Tauber [90], Miller [82] and Abdi [5]. The last
author studled a g-difference equation with g-periodic
coefficients.

However, other g-functional equations have not

attracted as much attention. The solutions of certain
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types of partial g-difference equations were studied by
Acams [6], [8], [11], [12] and he also considered a
particular g-integro-difference equation [10]. More
recently, Abdi applied the g-Laplace transform to the
solution of g-difference equations [3], partial g-differ-
ence equatlons [2] and certalin types of baslc integral
equations [1].

The application of g-function theory to number
theory has been examined by many authors 1ncluding Euler
{481, Starcher [89], and more recently Carlitz [32],
Agarwal [14] and Andrews [19] among others. There has
also been a growth in the study of g-polynomials and results
in this area include those gilven by Bahn [59], Carlitz ([33],

[3Y], Al-Salam [18], Chak [40] and Chak and Agarwal [417.

3. A Conjecture of Carmichael

The starting point of the thesis 1s an address given
in 1921 by Carmichael [35] to the American Mathematical
Society. In this address he noted that a study qf systems
of algebraic¢ equations may be used as a guide in determining
the properties of various types of functional equatlons
which are themselves derived from the algebrailc systems by
limiting processes. In particular, he discussed certailn
oscillation, comparison and expansion theorems for the
algebraic systems which could convenlently be applied to
the functional equatlons.

For instance, the second order equation
£7Ut) + ¢(8)f(t) = 0 (1.3.1)

may be realised in infinitely many ways as the limiting

form of an algebraic system. However, it is convenient



to use the approximating equation

%2[f$+26) - 2£(£+8) + £(t)) + ¢(t+8)L(t+8) = 0

which reduces to (1.3.1) as 6 - 0 when f,¢ satisfy

suitable conditions. This equation becomes
£(t) + (82¢(t+8) - 2)F(t+8) + £(t+28) = 0.

Therefore 1f t successively takes the values to+k6 for
k =0,1,...,n-2 1in some interval (to’tl)’ a system of

n-1 algebralc equations of the form

£t +k8) + bkf(to + (k+1)8) + f(t0 + (k+2)68) = 0

k = 0,1,.--,1’1"2

is obtalned for determining the n+l unknowns f(t +ké),
k = 0,1,...,n. Hence the properties of the solution on
(to,tx) of (1.3.1) can be derived heurlstically from the
propertles of the solution of this algebralc system.

Carmichael conjectured that, in a similar way, this
method may be applied to the theory of difference and
gq~difference equations, both ordinary and partial, and the
theory of partial differential equatilons. Furthermore, by
passing from any of these cases, by another limiting process
of Volterra, to such limiting forms as his linear 1ntegro-
differential equations and integro-g-difference equations
or to various linear systems combining the properties of
these types of functional equations, any one of these can
be regarded directly as the limiting case of an algebralc
system under some appropriate limiting process.

But, the development of the theory of g-functional
equations has mainly been based on analytic methods.

Carmichael's paper seems to be the only reference to using



13.

an algebralc approach in thils theory. In attempting to
develop a systematic study of g-functional equations based
on Carmichael's ideas, it was found that instead of
approximating the q-functional equations by a system of
algebralc equations and deriving their properties heuristi-
cally in a 1limiting process, the properties of the gq-func-
tional equation could be determined directly from an
equivalent algebraic equation by developing an operational

calculus using methods simlilar to Mikusinski's.

L, Summary of Results

The following is a summary of the results established
in the thesis.

We consider a space of functions F defined on a
sequence of points '{qnto;n nonnegative integer} where to
is any finite nonzero real number. In general, the theory
of g-functions has always been studied for functions of a
continuous variable. Thils has meant that the solutions
of g-functional equations are unique up to a g-periodic
function. However, in our context, the gq-periodic functions
are mere constants.

Function multiplication in the space of functions F
1s given by a modification of Hahn's definition of basic

convolution

t
(re)(e) = o, (S flt-arlg(r) d(a,))
o

which 1s analogous to that used by Berg [22] in the con-
tinuous case. The algebraic properties of F are studied
and it is shown that F can be extended to a field D whose

elements are basic operators. Two important operators in
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? are related to the g-difference operator and the hasic
integral operator.

‘Mikusinski [80] and Boehme [27] studied the structure
of the operator field for the continuous case. A similar
approach is used here for examining the structure of the
field D of basic operators. Convergence of sequences of
operators 1s defined in P and from its properties, 1t is
established that P is the partially ordered union of certain
Banach spaces. However, as ? 1s not topological, 1t 1s
not a Banach space.

Convergence of series of operators 1s studied and
éxistence of infinite products of operators is also
examined.

The concept of an operator function is introduced as
the class of operators which are dependent on a parameter.
The g-difference and basic integral of operator functlons
are defined analogous to the concepts given by Jackson [64].
Using these definitions, the properties of the solution of
a particular gq-difference operator equation are studied.

The results established in this basic operational
calculus are then applied to the solution of certain
q-difference equations, basic integral equations, integro-

q-difference equations and partial q-difference equations.
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CHAPTER 2
THE FUNCTION SPACE F AND OPERATOR FIELD.D

In this chapter, we consider a space F of functions
deflned on a g-segquence where funption multipiication is
glven by the baslic convolution. &he field D of opefators e
is obtained as an extension of F énd some of 1ts

properties are examined.

1. Notation
Before proceeding to the definition of the function -
space, we will give the notation to be used in this thesis.
The base q is any real number such that 0 < q < 1
and q will be kept fixed throughout the thesis.
For any real number a, define

[a] = k&a

iq " | (2.1.1)

For any positive integer n and any real number ¢,
define

1

(1+6) = (1+6)(14qt).... (1+a™ 'e), (144) = 1. (2.1.2)

Define s ,
(14t), = 1im (1+t) = [ a+q®e). (2.1.3)
n-+o

n=0
As 0 ¢ q ¢ 1, it is easy to see that this product
converges.
The definition of (1+t)n can be extended from any
nonnegative 1nteger n to an arbiltrary real number o by
(1+t),,

(1+t)a = g (2.1.4)
(1+q7¢),

k

provided that t#-q ® " when k 1s a nonnegative integer.
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Further, we define the binomial power as

(y#6)y = y¥(1 + ) (2.1.5)
a

o

for any real numbers t,y,o such that y > 0 and t#q~ -ky when

k 1s a nonnegative integer. Clearly, for any real numbers o,B,
v
(1+t)a(1+q t)B (1+t)a+8 (2.1.6)
provided all the binomial powers exist.

From (2.1.4), we obtain for any positive integer n

1 _ q%n(n+l)t-n

(1-t) _ = - -
TR (14q7Re) (1+q7 )L L. L (14q7 M) (1+qt'1)n

(2.1.7)

whenever t 1s a real number such that t#-q, -q2, ...,;qn.

The "q-factorial"” is given by

(1-q)
[n]! = [n][n-11....([1] = a— (2.1.8)
(1-q)
and the g-binomial coefficient by
Eﬂ " e - (1—(§~Q)?1* ) 2
' : vV y-m gy
where n,m are non-negative integers.
By (2.1.2),
n - o] -
[s]-[e]-=
The g-analogue of the gamma function is defilned as
(1-a),
I' (a+l) = U— (2.1.10)
1 (1~-q)

where o 1s any real number but not a negative integer.

From (2.1.8), it follows that



Fq(n+1) = [n]!

and (2.1.1) yields 1lim [n] = n.
q+1

Therefore

1lim T (n+l) = n! (2.1.11)
¢*1 1

Define for any nonnegative lnteger n and any real number o

[ o ] = [a][o-1]....[a-n+l]) [ o ] -1

n Y 0

(2.1.12)

™o g-analogues of the exponential functlons are

defined as

e 1 -7 .

= + - \
eq(t) (T=(T-a)%), whenever ¢ %:a for any rionnegative
integer n

t3 N

=J§° 7T for It] < 155 (2.1.13)

B (8) = (1 - (1-a)t),

w A
=7 (-1)3 90D T%TT' (2.1.14)
i=o )

Hence,from (2.1.11)

1im e (t) = 1im Eq(-t) = et,

q->1 q+1
The basic hypergeometric function 1s defined as

m¢n(al 825000 sam; bl:bz,' B "bn5t)

‘i’ (l-al)k(l-az)k----(1-am)k tk ‘ for |t|< 1
Wio TTB) (T02) ... (T-b ), (1-a)y

(2.1.15)

where the parameters ays bj are real for 1=1,....,m,
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J=1,..,n and m,n are positive integers such that
m<n+l. If one of the parameters ay 1s of the form

q~" where N 1s a negative integer, then (2.1.15)

is valid for nonnegative integers m,n and m¢ﬁ reduces

to a polynomial.

The k-confluent series 1s given by

n~k In- 1(a1:aza----,an_k5 bl,bz,-...,bn_lgt)
2 T e graggmn (e (man)ye e (e )y g
j=o (*-b15 (l-bz) .(1--bn_1)j (1Hq)j

where n,k are nonnegative integers and O < k £ n and

the parameters ai,bj are real where 1=1,....,n-k,

J=1’- . .-’n—lc

For the discussion of these functions see Hahn [53].

2. The Function Space F

Let to be a fixed, arbitrary, nonzero, real number.
As stated previously, q 1s a fixed real number such that
0 < g < 1. The set A: is defined as

(o]

At = {qkto : k a nonnegative integer} (2.2.1)
o

Suppose f 1is a mapplng on A: into the field C of
)

complex numbers such that

£(¢) = [ at", a_€C (2.2.2)
n=o0 =

where the series expansion is absolutely convergent for all

t in A: .Now, any point t 1n A: can be expressed as
o (o]



N

q to for some nonnegative integer N. Therefore, we

represent 1lim f(tho) by 1lim f(t). The set of all

N t=+o

such mappings f will be denoted by F.

For any arbiltrary point T in A: , we define the

0
linear transformation CT on F as:

f(t) = § a (T-t)

n=o0

S

(2.2.3)

where f€F. Using the standard square bracket notation

(Hahn [53]), we also write

. £(t) = £[T-t].

Now, from an identity due to Euler [48],

n
(T-t)_ = kzo [ E ] JE (k- gk gk

and hence, f can be expressed in the form

S

o n k
g f(e) = [ a T | [ ; ] q%k(k'l)(%gj 5
n=o k=o

In the sequel, we need the followlng lemma.

Lemma 2.2.1

(2.2.4)

(2.2.5)

For any nonnegative lntegers n,k. such that C € k € n,

(1) 1 < [ E ] < EI%Q;E S 0 <q< 1.
(1-q), (1-q) .

k
(11) (1~q)" < (3-a,,

Proof: If k=0, then [ 2 ] = 1, for all integers

<1l, 0<q< 1.

nd. For k>o, it follows from the definition and (2.1.6)
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that

[ n ] - (1-q), - (1-9" "1y,
X (1-2), (1-a) 4 (1-q), ’

But, as 0 < q < 1, for any n3k and for any integer ]

such that 1 ¢ J € k,

1-q & 1-qd < 1-g®7FHI*L <1,
Hence, (1_qn-k+1) g
L=, ¢ -af

We now show that F 1s closed under the transformation
CT-

Theorem 2.2.1

The set of functions {z.f: feF, TEA: } is a suk-
)
set of F.

Proof: Let f£(t) = ] a t".

Then, from (2.2.5),
© n k
ch(t) = 3 anTn ) [ ﬁ ] q%k(k-l)(%§ﬂ .
n=o k=0

Now, for all nonnegative integers n (vide (2.2.4)),

n k(k-1 k t
kzo [ ﬁ ] g ¢ )|%| = (1+ lTl)n' (2.2.6)

Hence, combining (2.2.6) with (2.1.14), we have
n k
: k(k-1),%t 7
1 ][ 2] D < m (O IF).
n+ k=o k T q T
So, it follows that

oo

n k
ENILIL S [2] g

n=o0

1s convergent and interchange of orders of summatlon 1s

valid. Thus, we can write
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00 (o] k
ch(t) = 7 [ ) anTn [ ﬁ }q%k(k-l)]c_%) "

k=o n=k

Furthermore, as the double serles on the right converges

absolutely, _feF for all TEA: i
0

In the sequel, we willl often write the function f
in the form

f = <f(t)>

where f(%t) denotes the function value at the point ¢t.
For two arbitrary functions f,g 1in F, the operations

of addition and scalar multiplication are defined in F as

f+g = <(f+g)(t)> = <f(t) + g(t)> (2.2.7)

af <(af)(t)>

<af(t)> for any a€l (2.2.8)

Clearly, F is closed under addition and scalar multiplication.

Function multiplication is defined in F, using the

basic integral of Jackson, as

t
fg = <(fg)(t)> = <etEESf%r)g[t—r]d(q,T)>
[o]

=<et(<1-q>tj§°qjf(qjt)g[t-qj“tl>> :
(2.2.9)
Then fg 1s called the basic convolution product, or )
simply the basic convolution, of f and g.
We can also write fg = <f(t)><g(t)>.
The closure of F under basic convolution is established

in the following theorem.

Theorem 2.2.2

If f,g are in F, then fg 1is also a function in F.

Proof: Let f,g be functions in F given by
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(2.2.10)

g(t) = ] b t"
m=0

Then, from (2.2.9), we obtaln

(£g)(t) = o, ((1-a)t § a¥ I a ad®® ] b (1-a3"H) ™

j=o0 n=¢ m=o0

= 0,((1-)t § I ap ™™ [ o M a-gdth

n=o0 m=0 j=o ™
(2.2.11)

where interchange in the orders of summation is Justifiead
since all the series involved are absolutely convergent
(Fort [501).

Using a result due toc Helne [63], on simplification,

we obtain

Ja+D) (g 3+ly o § giGer) (1-a™hy
jzoq (1-q77 ) jzoq "TT:ET;J (1-a)

(1-q) (1-q),

- (2.2.12)
- (1nq)u+m+l
Therefore, (2.2.11) becomes
@ ® (1-q)_(1-q)
+m n m
(fg)(t) = 0 ((1-)t § [ ab t"
t n=0 m=o0 no (1-q)n+m+1
@ » (1-q)_(1-q)
= 11 ap t™-"h 5 —"
n=0 m=0 n+m+1
Hence, it follows that, for all t in AL
)
(£g)(t) = ] A_t" (2.2.13)

n=o
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where
n = -
i (1-a)___(1-a)
An B Z a'n--mbm (1-q9)
m=0 n
0
But, Z A t® 1s absolutely convergent since it has been
n=o

obtained by rearranging absolutely convergent series.
Therefore, fg€F.

It is important to distinguish function multiplication
(fg) (t) from the function-value multiplication f(t)g(t)
since these, in general, do not coincide. If we consider
the functions f,g as given in (2.2.10), then the

function-value multiplication 1is

£(t)gl(t) P ath]opth

n=o0 m=0

where n

Therefore, on comparing the coefficients An,Bn
in the respective series expansions of (fg)(t), f(t)g(t)
we find that function multiplication and function-~value
multiplication are equlvalent only if at least one of the
functions is a constant or 1f,

1im (fg)(t) = 1im (£(t)eg(t)). (2.2.14)
t-0 t*0

3. Algebralc Properties of F.

In this sectlion we examline the propertles of F.
The algebraic properties of the basic convolution are

given in the following.



Theorem 2.3.1.

If f,g,h € F, then

(1) the basic convolution is commutative: fg = gf
(11) the basic convolution is associative: (fg)h=f(gh)

(111) the baslc convolution 1s distributive: (f+g)h=rh+gh.

Proof:

Since f,g,h are represented by asbolutely con-
vergent generalized power series, 1t 1is sufficlent to
prove this theorem for the general power functions. There-~
fore, we take:

£(E) = t%, g(t) = t®, n(t) = t&
where n,m,k' are nonnegatlve integers.

Property (1)

From (2.2.13), we obtailn

(1-q) (1~a)
(1-q)n+m

n-+m

fg = CEME™ (t )

(t™t™ = gr,

which establishes commutativity.

Property (ii)

We consider

(1-q)_(1-a)
n+n n m )<tk )

(t (1-q)

(fg)h

n+m

n+n+k (l-q)n(l—q)m (1~q)n+m(l_Q)k y

(t :
(1-q) n+m (1-q) n+mt+k

_(€1+m+k (1—Q)n(1—Q)m(1"Q)k

(l_Q)n+m+k
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e (1-0)_(1-a)

k n
Yt
(1"q)m+k

(t

(gh)f.
Hence from property (i), 1t follows that
(fg)h = f(gh).

Property (iii)

For distributivity,

(f+g)h = (tP+t® (£5)
(e (1m), g (1-@),(1-a),
= (¢t (1_) + ¢ (—l_\ )
4k Utk
= fh + gh.

Now, from (2.2.7), (2.2.8), 1t can be shown that the
operations of addition and scalar multiplication in F
also satisfy the properties of commutativity, assoclia-
tivity and distributivity and hence F 1s a vector space.
Furthermore, from Theorem 2.3.1, it follows that F 1s a
commutative ring with respect to addition and basic con-
volution. The zero element of F is the function <0>
and the multiplicative identity is the function u = <1>.

We now show that F has no nonzero divisors of zero.

Theorem 2.3.2.

If fg = <0> and g % <0>, then f = <0>,

Proof
Consider the functions f,g defined in (2.2.10).

If fg = <0>, then, from (2.2.13), it follows that

(o]
JAtY =0 for all tEA] .
=0 (o]
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Therefore, for every nonnegative integer n,

n (1-q)_(1-q)
A= Ja__b 3 =% = 0.
n - L %n-mm (I-Q)n

Since g * <0>, suppose bm 1s the first nonzero
coefficlient of g. Therefore, if we assume f # <0>,
there exists some integer k where k>m such that I,
is the first nonzero coefficlent of f. Hence, as

= s 3 =
A = a b = 0,
k jzo k-3 ] (1-q7k

it follows that

(1-q), _ (1-q)
ak—mbm (l—ql;‘k .

= 0.

(1~q), _ (1-q)
(1-q),

m

But,

does not vanish for 0 < g < 1,

hence elther ak_m = (0 or bm = 0. This leads to a

contradiction and so f = <0>.

Thus, F is a commutative ring with no nonzero

divisions of zero; therefore it 1s an integral domailn.

. The Field D of Basic Operators

Since the space F 1s an integral domain, it can be
extended to a field P such that each element we€D is

the unique solution of an equation of the form
gw = f where f,g€F, g ¥ <0>.

The element w in D will be called a basic operator,
or simply an operator. It denotes an element of the

form g where f,gE€F. The zero element of P is the



27.

operator 5%3 and the unit element 1s the operator %
where f€F, £ # <0>,
The operations of addition, scalar multiplicatlon

and operator multiplication are defined in ? by

£f,F_f£fG+ gF
g G gG
£ _af
e " &
f F_fF
g" G gG
f P
for g @ €, a€eC.

It is easily seen that the operator field 0 i1s an algebra.
Since u, uf€F, there exists an operator w&D

such that uw = uf. PFurthermore, as uf = f 1in F, it

follows that w = f satisfies the equation uw = uf.

Thus f can be regarded as the operator %; in 7.

Therefore f -+ %? defines an isomorphism of the space F

on to the set of all operators %? in D. This set is
the subdomain DF of P. The following theorem gives the

conditions for an operator in D to be in the subdomaln DF‘

Theorem 2.4.1.

Let f,g be nonzero functions in F such that

n n
a t, g(t) = 7§ b_t
o] n=o

f(t) =

n

o~ 8

for tEA: and let aj be the first nonzero coefficient
o}

in the expansion of f.

If the operator w = % 1s isomorphic to a function

in F then b, =0 for k¥ =0,1,....,3-1.
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Proof

Let w be isomorphic to the function

w(t) = cntn for tEA: .
n=o 0

Since w satisfles the equation fw = g, 1t follows
from (2.2.13) that,
(1-q) . (1-q),

o0 n o0
yt* Y a.c = J bt
n=o0 k=o les 0=k (1—q)n =

Hence, for all nonnegative integers n, we obtain

n (1-q) _, (1-a),
kzoakcn—k (1=a)_ = by

But, as a is the first nonzero coefficlent of £,

]
a, = 0 for kx = 0,1,....,J-1
and therefore, it is to be inferred that

bk e 0 fOI' k = 0,1,‘...,3'"1.

Corollary 2.4.1.

If f,g are two functions in F such that

1lim g(t) # 0, 1im f(t) =0
t-+0 t-+0

then the operator w = % is not isomorphic to a function
in F.
Proof:

This follows immedliately from the above theorem

since a

o 0 but bo ¥ 0.

In particular, 1f g = u 1n this corollary, then
Corollary 2.4.2.

Functions f in F, such that 1im f(t) = 0, have
t-+0
no multiplicative inverse in F.
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Even though the operator %% in P and the function

f 1n F are conceptually different they behave in the same
manner under algebralc operations and are identified by the
isomorphism. Therefore, in the sequel, both will be
denoted by the same symbol f.

Similarly, we can define an 1somorphism from the
field of complex numbers C onto a subset of D by a ~+ %%.
The set of all operators %% forms a subdomain DC of
D and we will denote %% and a by the same symbol a
since they are identified under the lsomorphlsm.

In particular, the number 0, the function <0>
and the operator ﬁ%i can be identified under the above
isomorphisms and all three will be denoted by the symbel

0.

5. The operator s

In this section, we will show that the g-dlfference
operator et is an element of D and study some of its
properties.

First of all, we consider the function I€F defined

by

+

I(t) = ¢ for all tEAt (2.5.1)

0
and we will find an expression for the baslc convolutlon
powers of TI.

The basic convolution of I with any function

feF 1s given by

If

t
(o, S (t-qr)f (1) d(qa,T)?
o

<jX Jecade) ((t-a31e) - (at-ad*le))
=0
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oo

= ¢ § gdr(adty(1-)t) .
j=o

Therefore, t

If = ¢ S £(r) dala,t) ). (2.5.2)
o]

Hence the basic convolution of I with f leads to the
basic integration of f. In particular, from (2.2.9), 1t

follows that

t
I(fg) = <S f(t)glt-at] d(a,t) ). (2.5.3)
[0}
Now, substituting f=I 1in (2.5.2), we obtain
t
t2
12 = | td(a,t) ¥ = w557+ -
5 [2]!

From the analogue of Cauchy's formula for repeated

basic integration due to Al-Salam [16]:

t tn“'l t!
< EE’ EE’ f(r) d( ) d(a,t )d(ag,t )
) e ® b T Q, t/...0LA,T 4 Qs%h-1
o < o
t\ (t“‘Q'on_l
E= 55 _TH:TTT— f(t) d(q, 1),
o
it follows that
t .t;.! (_E
e - ¢ S S foate,ala, 6 = ¢ D (man)f(n)al,T) ).
(8] (o] o]
Therefore, in the general case, since
t tn-l t
Inf = ( S S PP S f(T)d(q,T)...d(Qstn_z)d(Q.stn_l) )
(o] (o] o
t
C  (t-q1)__
= D =l £(1) dl,T)) (2.5.4)
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and I"f = I(I*!f), 1t follows, from (2.5.3), that

n e

" = (TﬁfT)' (2.5.5)

Hence I can be regarded as the operator associlated
with the haslc integral of n-~th order.
Now, as I™ belongs to the field #, I © 1s also

an element of P for each positive integer k. Ve denote

s =1 = %. (2.5.6)

The properties of the operator s are given in the
following theorem and these are easily proved from the

definition.

Lemma 2.5.1

s” = u (2.5.7)
s = I"" for all integers n (2.5.8)
sPs™ = s™™ for all integers n,m (2.5.9)
s™B =( T%;T Y for all nonnegative intepers n (2.5.10)

Now, from (2.5.5),

tn
1im I"(t) = 1lim = 0 for any positive linteger n.
t+0 gan (A1

Therefore, Corollary 2.4.2 implies that the operator st
1s not isomorphic to a function in F for any positive
integer n. The following theorem brings out the

connection between s and the g-difference operator Gt.

Theorem 2.5.1

If f€F, then

st = oé“)f N ST I S L I (2.5.11)

,n~1 ,n- 2 0,0
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where °f = 1im O(k)
o,k

0, (£(t) k = 0,1,...,n-1.
t-+0

Proof

Conslder If = (SE;f(T) d(q,1)?
o]

Since ethF, then we obtain

I(0,f) = <EES 0.£(1) d(a,t) ) = (£(£)-£(0)

Hence, it follows that

f-f
o

S = ___._——"-9- =
tf T st sf0

b

i.e. sf - th + sfo o (2.5.12)

L

Hence (2.5.11) is valid for n=1 and we prove by induct-
ion that it is valid for all n.

Assume that (2.5.11) holds for n-1 so that

s lr = 0" Dp 4 ¢ s + f s+, ..+f 5oL
t o,n-2 o,n-3 0.0
Then, it follows that
n-1 _ (n) 2 n-1
st (0 f) = O f £ 8t T 8T REINPE

But, from (2.5.12),
snml(etf) = g™f - gBf
and so

sPf = ng)f 8 s +...+ £ s + s

,n-1

Hence the result follows for all positive integers n.

Corollary 2.5.1

If £ 1is a function in F such that

11m eik)f(t) =0 for k=0,1,...,n=1
t+0
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then
s°r = o{™,
Before stating Corollary 2.5.2,we introduce the concept
of an s-polynomial. We define an s-polynomial of degree n,
by
-1

aosn;+alsn ... tau, where aiEC, o€1<gn

and a_%o.
(]

Now, suppose Pn(t) is a polynomial in F such that

. tn
Pn(t) = ao + a;t+ .... ¢+ an —[-Iﬁ!
Then, 1t is easily seen from (2.5.10) that
s"P =a s" + alsn'1 + .... +au
n o n

and hence, as snPnED, s-polynomials also are elements of 7.

Corollary 2.5.2

No s-polyncmial is isomorphic to a function in F.
Proof
Suppose there i1s some function f€F, such that
f=a +a;8s+ .... +a_ .8 + a_s™ where a_-% O.
[s] Dl n n
(2.5.13)
If n=1, then s = %l(f - aou) and so s€F which is a

contradiction. Also, for n > 1, 1f we apply the operator

1""1  on both sides of (2.5.13), then
n-1,. _ n-1 n-2
I f = aoI + a)I + ieas * a _qu + a s,
so that
_ 1 n-1 n-1 n-2
8 = 'a (I f - aOI - alI - e v ees = an_lu).
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Hence, we obtain agaln that s€F, a contradiction and

the result follows.
It 1s interesting to note that if f 1s a functlion

in F which does not satisfy the conditlons of Corollary
2.5.1, then s"f and ei“)f differ by an s-polynomial

of degree n-1.

6. Characterisations of Certain Operators in D

In this section, we will find the isomorphlc repres-
entations of certain functions in F as operators in 0.

Suppose p 1s a complex number such that

el < ((1--q)1:o)'1 and consider the function

® ntn +
f(t) = e _(pt) = L > for t €A, .
1 n=o0 n]! o

Now as, eteq(pt) = p eq(pt), it follows from (2.5.12)
that
cp e (pt) = s e Pth - s¢e (0) )
and
(s-p) <eq(pt) )= s(1l).
Therefore, we obtaln

S—__a'—' (eq(pt) Y. (2.6.1)

Furthermore, if we take g(t) = eq(pqt) in
(2.5.3), then

t

I¢e (pt) ) (e _(pat) ) = ¢ S e_[pt-patle (pat)d(qr) ) .
q q ~ q q

Hence, from (2.5.8),

5-p 5-qp = { S eq[pt-QQT]eq(pq‘[)d(q’T) ).



t
={ e (pt) ES d(q,Tt)?
q o

s . e (pt)
since - - °
eqlpt-patl = 5 toaTy

Therefore, if we define the operator (s--'p)tl by

(s-p), = [1 (s-a”p) = (s-p)(s-ap) ...(s-q ~p) (2.6.2)
j=o

for any p€C and any positive integer n, we obtain

S

m =(t eq(pt) )

Hence we can prove by induction that for any positive

integer n,

-1
S £
= ( T R ) - -
-7, Tnoil? eq(Dt) . (2.6.3)
If we assume (2.6.3) is valid for n-l, then
S =g~ A . S
(s-0) s-p  (s-ap)__;

t
( SS L ( )
- eq[pt-pqu =277 eq(pqr)d a,T)

t
S o
( eq(ot) D Tn-27! d(q,T)?

tn—l
and so (2.6.3) is valid for all integers n > 1.

Now the functions sinq(pt), cosq(pt) are given by

sin_(pt) = 3y(e,(1pt) - e (-1pt))

cos (pt) = Fleg(1pt) + e (~1pt)).

Therefore from (2.6.1), we can show that



= { si )
s = v nq(pt)

—-z-:p-z' = ( COSq(pt) ).

L)
O
.

(2.6.4)

(2.6.5)

We can now conslder the function corresponding to

S
the operator -(—S_—DF' > where

t
s -1 B8 S

W = g -sTp- -s—;—p = ( S eq[pt"qu] eq(DT) d(q,T) )

[»)

n (1-

P

o+l

q_

(1—Q)t)oo )

<eq(Pt)(1-Q)t la
n=o

q

n

(1-pqR(1l-q)t)

n=0

Therefore, since |p(l-g)t| <1 for t € A: R
0

I g -7 elttd-a)”
o 1-pq2(l-q)t l-qnT?

and (2.6.6) becomes

0

p(1-q)0t"

5] =
TEZETT = eq(pt)(l—q)t nzo (l_qn+l)

(1"'(-1)11

(2.6.6)

(Hahn{[551)

= ( t t 1-g)t & ).
eq(Pt) ngo’—i:afjﬁ(o( q)t)

Hence, from (2.1.15),

TGoopy2 = ¢ t e lpt)  (a,a3a%50(1-a)t) )

Similarly, the operator ngayy can be represented as

follows:

= ( SES eq[ot-pqtleq(or)z¢1(q,q;q’;p(l—q)r)d(q,T) )

(o]
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i 2n
= ((1-q)t t q ¢t ®1(q,q:a2:pq"(1-q)t) )
(1-a)t e (o )nzo Tpari=gE 2P1(e.asatsea (1-a)t)

= ((1-0)t2 e _(pt) § (p(1-0)t)™ ¥ a*(®*2) 161(a,q502;0q" (1-a)t) .
1 n=o0 k=0

Thus, from the known relation due to Hahn [55]

that m+1$’)m(a1,.-..,am,c;bl,.-..,b d;t)

m-1°

.

- (l—C)w s n [ c] ) n
il_djmnzoc -ﬁ———qTth m¢m_1 (al,'..’ams'bl..."bm-l'\"q t),

we obtain
+2 +
I:—%;g— 202(a,a,a%%502,0% 50 (1-0)8) =
+q
| S k(n+2)
] ¢ "% 61(q,a392;5pa™(1-q)t)
k=0

and so,

S =

S0

)n+1

@ (1l-q
Ce (pt)t? J 95 (p(1-0)t)™s62(a,a,6% %1a2,a" 1o (1-)t ) .

n=o0 n+2
In the general case, the procedure for finding the operator

[

?———7; becomes inecreasingly involved and it 1s con-
s-p :

Jectured to be of the form

(e (pt)t?"] § (1-a)y 4y (1= 4,42
1 klskZ,--skn_2=0 (l—q)k1+2 (lnq)k1+kz+3
(1-q) -
kitkot. ..k _,+n-2
(1-q)
k1+k2+. . .+kn__2+n-l
k k +k +ou-+k o + -1
- o _1(a,q,q 2L g TR n-27071,

K143 Ki4ka+. . .+ky_otn.
sa2,q M, Ll ,q TR n-2"":5(1-q)t)
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kit+kot...+k

« (p(1-q)t) n-2 )

where |p(l-q)t] < 1 for t € A: .
0

In view of the involved form of the function in F
S

(s-p)"

consider here only those operators of the form

which 1is isomorphic to the operator , we will

B(s
C(s

where B(s) 1is a s-polynomial with constant coefficlents

and C(s) = (s—pl)kl(s—pz)kz--.(s—pn)k .
n

Let

~ sB(s)
o

n
where we put p°=0, k°=1 so that we can apply formula
(2.6.3) more readily. A(s) can be decomposed into

partial fractions as follows

wes] b i e
A(s) = 2 + Y(s)
sm=o j=o (S_pm)k -3

where Vy(s) = 0 1if the degree of C(s) 1is greater than
that of B(s). However, if this 1s not the case, y(s)
is a polynomial of the operator s and from Corollary
2.4.2, 1t follows that 1t has no isomorphic representation

in F. Therefore only those rational operators of the

S)

W
~

form where the degree of C(s) is greater than

4

that of B(s) can be represented as functions in F.

Thus, for our purpose, we take VY(s) = 0. From

(2.6.3), it follows that
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A(s) =« % ? °n t*a73 1 e (p ) ). (2.6.7)
n=0 j=o0 km—j-l ' e n

As an 1llustration, consider the operator

32
(s=-p)(s-1)2

for p ¥ A ¥# 0

which can be written in the form

p s _ p s__ _gX 8
(p-N)z2 s-p  (p=A)2 s-A p=gqA (8=A),

Henhce the function f in F isomorphic to the operator

2
Ts—p)?s—l)z 1s given by

=

f(t) = TE%XTE (peq(pt) - (p+ql(p+l)t)eq(lt)).
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CHAPTER 3
THE STRUCTURE OF THE OPERATOR FIELD D

In this chapter, we study the structure of the
operator fleld ?P. First of all, we show that F is a
Banach space and discuss the propertles of convergent
sequences In F. The definition of convergence in F is
then extended to the operator field DP and we show that D
can be regarded'as the unilon of a partially ordered set of
some Banach spaces. However, D itself 1s not .a Banach
space since the convergence deflned in ¥ 1s not topo-

logical.

1. Convergence of Sequences in F

We deflne a norm on the space F in such a way that
convergence of a sequence {fn} in F with respect to the
norm implies uniform convergence of '{fn} in the
classical sense.

Let f Dbe a function in F such that
- n
(%) ) a t" .

We define the associated function f in F as

@

F(t) = I lat®|  for t €A . (3.1.1)
n=0 (o}

Suppose that Hfl 1s the nonnegative real number

glven by

ifh = sup F(t). (3.1.2)

+
tEAt
(o]

Then it is easily shown that H§.1 satisfies the



properties:
(1) 0fd = 0 4if and only if f=0 (3.1.3)
(11) lafl = |a] If0 for a€C (3.1.4)
(111) If+gh < Ifh + Igh (3.1.5)
where f,geF. Hence Hfl 1is a norm of the function
f in F.

Theorem 3.1.1

If f,g are any functions in F then
iegh < HER dgh, (3.1.6)
Proof

Let f,g be the functions in F

£(t) = ) ant“

n=o

g(t) = ] bmtm.

m=0

Then, from (2.2.13), 1t follows that

Ifgl = sup ) |An||tn|
n=o
tGAt
(o)
where ( )
n 1-q) (1-q
. n-=m m
lAnl - 'mzoan—mbm (1-a) l
) % a -m||bmi (1-a) _n(1-9), .
m=o . n

However, from Lemma 2.2.1, we obtain

n
al e 3 lagallvgle

m=o
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Therefore,

o« n
Ifgl < sup I Ie™ ) lag_gllegl

+ n=o m=0
tEAt
o
[+ o] [«2)
n m
= sup I la_t?| I Ip t7]
teA+ n=o0 m=0
to

and so,

hrgl < NEl Dgh.

It 1s easlly shown (see Dieudonné [U4L]) that every
Cauchy sequence in F converges with respect to the norm
.l  to a function of F. Therefore the space F is complete
and consequently 1s a Banach space.

Furthermore, if a sequence 1s convergent with respect

to the norm I.l, we say it is convergent in F.

Theorem 3.1.2

Suppose the sequence '{fn} of functions in F is
convergent in F. Then, the sequences {fn} and {tTfp}

+
for a fixed TEA: , are uniformly convergent on At
) )

Proof
Let |.| denote the norm of uniform convergence for
F. Clearly, as |f| = sup, |£(t)|, then for all f€F,

teA
o

|£] « tfk,
Hence, convergence of a sequence with respect to 1.1

implies convergence with respect to |.|. We now show

that, when TeAt >
0
t0

Ilt;,rfl| < (1 + .T_) el (3.1.7)

0

for all f€F. We consider an arbitrary feF and let



Now, from (2.

Lo (t)

Then,

H;Tfﬂ

Hence,

HCTfﬂ

I
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n
~1
®
=}
3
o

k
E] q!sk(k 1) (_T‘g_)

S aln tk(k-1)| =ty "
k=0 szaT[k]q J(T)

oo
sup, 1

k=0
tGAt

LU L[] e

<]

n t
AENIELE R ol

n=o

[}
~1

k
el

n=k

-] 5 to
] laglinl™( v %)

n=o

¢ o+ 152) T gegtim

ano

¢ t
S |T2|]mnfn.

Thus, (3.1.7) holds and further, for all f€F,

1+ |t°| el
le fl < [ -T_—]oo .

Therefore, for a fixed T, convergence of a sequence

{f_} with respect to 1.4, implies that {r, f} converges

with respect to |.}.

It can be seen that, even though the sequence {fn}

is uniformly convergent on A: s {fn} is not convergent

[o]



4y,

in F unless {chn} is uniformly convergent for all

+

TEA_ .
o

Convergence is preserved under basic convolution as

shown in the following theorem.

Theorem 3.1.3

If {fn},'{gn} are sequences in F which are con-
vergent in F to the functions f,g respectively, then the

sequence {fngn} is convergent in F to the function fg.

Proof
Since f,g€F, there exist two positlve real numbers

M,M” such that
el < M, fgh < M .
Now consider an arbitrary e>0 and let 6,87 > 0 be

real numbers such that

- €
M”° < 5

(8§4M)8~ < (3.1.8)

£
2 -
Then, as {fn},'{gn} are convergent in F, there is a
positive integer N(6,67) such that, for n> N(§,87),
nfn-fﬂ <8, lg -gl < 8”7, (3.1.9)
Now, from (3.1.5) and (3.1.6),
angn - fgl < angn ~ fngﬂ + If g - fglh
¢ If_lig -gl + Ighls £l

¢ (If_-£1 + ¥E0)ig —gl + ghif ~fl.

Therefore, for n>N(6§,867), from (3.1.8) and (3.1.9),
ﬂfngn - fgh < (S+M)8” + 8M” < €
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and the result follows.
As an example, we consider the convergence in F

of the sequence {(1~t)n} where

n
(1-t) = kz [ E:lq*k(k"l)(-t)k for teA] .
=0 (o]

From (3.1.6),

P(1-%)_ - (1-t) 1 € B(1-t) 00 (1-q"¢) =~ 1F.
Now as,

m k
(1-¢™) -1 = kil['ﬁ‘]qkk(k’l)(—q“t)

then
m k
1(1-g™)_ - 11 = sup [ [ ]qk o) gng) ]
cept k=1
t
0
n
= (1+q [t 1), - 1.
Also,
H(1-t) I = (1 + [t D)
and so,

0(1-t) o, - (1-t) ¢ (1+|t°|)n((1+qn|to|)m - 1).(3.1.10)

Let €>0 be arblitrary and take

-

Choose n sufficiently large so that, when n>n”,

(1+}t_|)
0 oo
(115,10, > —pze>—

Then,

(1+]t Do

< 1+ €”°
E1+|to”n
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i.e. (1+q“|t0|)°° <1+ ¢°
so that, for all integers m30,
n P
(a+q" e ) <1 + €.
By (3.1.10), for n>n” and mx0, it follows that

1(1-t) . - (1-t) I < (l+|t0])ne’ < (1+|to|)we‘ = e,

Thus {(l—t)n} is a Cauchy sequence. Furthermore, as
(1-t)_, is the limit of pointwlse convergence of
'{(1-t)n}, 1t is also the 1limit of uniform convergence.

Hence {(l—t)n} converges in F to (1-t)_.

2. Operational Convergence

The definition of convergence in F may be extended

to the operator field D.

Definition 3.2.1.

A sequence {rn} of operators in 0 is sald to be
operationally convergent if there exists a function
f€F, £¥+0 such that {frn} becomes a convergent sequence
of functions in F.

If the sequence of functlons {frn} in F converges
to the function L, then 1t follows that the sequence of
operators {rn} converges operationally to some operator

r such that
o r = f—lL.

The operator r 1s called the limit of the operator

sequence '{rn}.
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3. Nature of the Operator Field D

In thils section, we show that the operator field D
is the union of a partially ordered set of Banach spaces,
each of which is isomorphilc to the function space F.
However, D itself is not a Banach space. The analogous
problem of specifying the structure of the fileld of
operators in the contlnuous case has been consldered by
Mikusinski [80] and Boehme PR7].

For every function f€F, £+*0, we define the set

Bf of operators in D by

B, = {p; p€D, fpEF}.

Therefore, 1f p 1s any operator 1n Bf, there is some

function g in F such that
= &g
P i

In particular, since u 1is the unit element of F, the
set Bu colncides with vF, which is the subdomain of D
isomorphic to the function space F. Furthermore, Bu is

a subset of Bf for all f€F.

Now the mapping p =+ fp of .Bf orto F 1is an
isomorphism. Hence we define the norm of any operator p

in Bf as
npnf = irpl

where ﬂ-ﬂf has the same properties as I.l, the norm
in F which are given in section 3.1. In additlon, if a
sequence of functions {gn} is convergent in F to tre

function g and there 1s a sequence of operators '{rﬁ}
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in B, such that fr_ =g then the sequence '{rn}

is operationally convergent to an operator r in B

f’
where fr = g. Therefore, Bf is complete and so is
Banach space.

The set of operators Bf, however, 1ls not necess-

arily closed under operator multiplication. For 1nstance,

2

consider the operators s°,s which are elements of the

set B

., where I? 1is a function ). From
1 211

(2.5.8), we obtain I?s? = u, I?’s = I = <t>, but

125% = s and as a result, s? 1is not an operator in

BIz.

Let P be the family of sets '{Bf;

This famlly has a partial ordering < defined by:

fef, f+0} 1in 7.

Bg £ Bf if and only if Bg c Bf for any Bg,BfGP.

The following theorem gives a condition when Bg c Bf.

Theorem 3.3.1

Suppose f,g€F. Then Bg c Bf if and only if there

is some nonzero function h€F such that f = gh.
Proof

If B, C By, then el €B andso glferF.
Therefore, there exists some funetlon h€F such that
g'lf =h, i.e. f = gh. Conversely, if f = gh and
r 1is an arbitrary element in Bg, then rg€F and so

rgh€F., Hence, as rf€F, then re€B, and Bg C Bg.

It 1s a result of this theorem, that there is a
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partial ordering on F\ {0} defined by:
g«f if and only if f = gh for some h€F.

The operator field D is then the union of all Banach
spaces Bf for fE€F
i.e. D = v Bf.

feF

£+0
However,D itself is not a Banach space, since no unique
norm can be defined on ? such that convergence of any
sequence of operators wilth respect to this norm 1s
equivalent to operational convergence. This problem

will be discussed in the next sectilon.

b, The Closure of the Operator Field D

In this section, we show that operational convergence
is not topological and therefore, P is not a Banach space.
The problem of imposing a topological structure on the
field of Mikusinskil operators was studied by Urbanik [94]
and we use a similar approach in considering the analogous
problem for the operator field D.

First of all, we introduce concepts of sequential

convergence and sequential closure.

Definition 3.4.1

Tf X is any set, then a sequential convergence ¢C
on X 1is a relation between sequences {rn} of
elements in X and elements r 1n X, denoted by

r =+ r, such that
n c

(1) if r_ =r for all n, then r =+ T
n n c
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(11) 1if r =+, r and {rmn} is a subsequence of

{r } then r + .
n mn ¢

Definition 3.4.2

Sequential closure of a subset Y € X with respect

to a sequential convergence ¢ 1s defined as the set

¥ = . €
Y {r: r €Y, r = r}.

It is possible to define a topology for any set by
considering a closure operation on its subsets (see
Kuratowski [72]). Therefore,if we take the closure
operation as sequential closure and the following

properties are satisfied by any subsets Y,Z 1n X:

(1) Y#Z =Y + 2
(11i) for any finlte or empty set Y, Y=Y
(111) ¥ =7

then X 1s a topological space 1in the sense of Kuratowski.
Since it is easily shown that the sequentlal convergence

¢ satisfies properties (1), {(i1l), we say a sequential

k<l

convergence ¢ 1s topological if for every YCX, 7 =
Hence,1in the operator field D, we can show that

operational convergence 1s a sequential convergence.

However D is not a topological space as establlshed by

the followlng theorem.

Theorem 3.4.1

Operational convergence is not topological.

Proof

To show this, it is sufficient to construct a set

G of operators in D such that G # G.



Let G be the set of operators of the form

r =
nm

Bis
+
:SIU)

mn = 1,2,.... .

Suppose {En} 1s a sequence in G whilch converges

operationally to 0. Then

= o s
En = % + for all n,

where {kn}, {jn} are sequences of positive integers.

If {k,} 1is bounded, there exists a constant k and

Cfae : u , sk A
a subsequence {j;} of {j,} such that ¢ + 3: is

operationally convergent to 0. Then {j;} is bounded,

because otherwise there would exist a subsequence {j:}

which diverges and thils would imply that % = (0, Hence

there exists a constant j such that

k

~ie

However, this implies sk = 0, contradicting (2.5.8).

We can, therefore, assume that {kn} is unbounded.

Now, since ’{En} is operationally convergent, there
is a function f in F such that, for all positive integers
n, fEnEF and hence sk“fGF. But, by (2.5.11), this

impliles

2 e
fo,k s+ f 8?2 + ,,.o +f_ 8 F
n o,kn-2

for all n. Therefore, since f .1¥0 for some
> n

integer n, thls contradlcts Corollary 2.5.2 and so

{En} is not operationally convergent to 0. Hence, it

follows that O is not an operator in G and G * G.
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Since operational convergence is not topologlcal,
there is no norm on D such that the sequences 1n ¥ which
are operationally convergent, are also convergent with

respect to a norm. Hence D 1s not a Banach space.



CHAPTER 4

INFINITE OPERATOR SERIES AND INFINITE OPERATOR PRODUCTS

In this chapter, we consider the convergence of
infinite operator series whilch enables us to obtain the
representation of any function in F as an operator in 7.
Furthermore, we establish convergence of infinite basic
convolution products in F under certain restrictions.
Consequently, convergence of infinite operator products

in D can be defined.

1. Infinite series of operators

Let {rn} be a sequence of operators in and

k
conslder the sequence {Wk} where w, = ) r_ . From
n=o
Definition 3.2.1, it follows that the sequence {w,} is

i
operationally convergent to the 1limit w 1if there exists

a function f€F such that '{fwk} becomes a sequence of
functions in F which is convergent in F to the function

L. Hence, it follows that

oo
and so w= ) r_.

Definition 4.1.1

[+

The infinite operator series ) T in P is said
n=o0

to be operationally convergent if the sequence of partial

k
sums { § r .} 1is operationally convergent.
n=o

In other words, the infinite operator series



n=o0
function f€F such that r € Bf for n=0,1,....

[+ ]
and the series ) fr_ 1s convergent in F.
n=0

Now the criterion for the convergence in F of the

o
series Z frn "{s that for any € > 0 there 1s a positlve
n=o

integer N(e) such that
n-+m

(Y fr.! <e for =n > N(e), m=1,2,..
k=n+1

Hence, it follows that the infinlte operator series

o0

Z ry. is operationally convergent if there exists an
k=0
f€F such that r, € Bf for all k, and, for all € >0

n+m
() r e <e for n> N(e), m=1,2,....
k=n+1

In particular, we conslder the infinite operator
0

. n
series Z c,v where c, € ¢, and w 1is an operator
n=o

in such that w° = u and, for each nonnegative intcger
n, fw® € F for some f€F. The operational convergence

of this series can be deduced from the absolute convergence
o0
of the series ) cnﬂwnllf as shown in the following
n=o

theoremn.

Theorem 4.1.1

Suppose w 1is an operator in P such that there exists

an fef with w" € B, for all n > 1. Define W’

Then the operator series ) c W

U.

no1s operationally
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(o]
convergent provided the series Z cnllwnlif is absolutely
n=o
convergent.

Proof

Since w" € B, for all integers n 3 0, it follows

k+m o k+m a
that I Y cw Hf ") |cn|“w Hf from the properties
n=k+1 " n=k+1

of the norm in Bf. Hence the result is easily obtained

from this inequality.

2. Infinite Basic Convolution Products in F.

In this section, we define infinilte basic convolution
products and study thelr convergence in F. The approach
is similar to that given by Pringsheim [85]1 for the
classical case.

Suppose '{fk} is a sequence of nonzero functions in

n
F and let [ |f, denote the basic convolution product
k=1

of the first n terms of {f Then, we define the

o]

infinite basic convolution product fk by
k=1

s

b n
18 = Lim (][]
k=1 n+o k=]
(-]
The infinite basic convolution product [ [f, 1s said
k=1
n
to be convergent if the sequence {r—]fk} converges to
k=1

a nonzero element in F. Otherwise, it is said to be

n
divergent. 1In particular, 1f the sequence '{r_]fk} tends
k=1

to zero, the infinite basic convolution product [ |f,
k=1

is sald to diverge to 2zero.

Before showing that convergence of the infinite



00
basic convolutlion product r—]fk is dependent on the con-
k=1
vergence of the seriles ) "fk-u", we establish the follow-
k=1

ing lemma.

Lemma 4.2.1

Suppose '{fk} is a sequence of functions 1n F such

that, for some real n, 0 < n <1,

n
sup ( [ ff,-ul) < n.

n. k=1
Then,

n 1 n
Proof

The proof is by induction.
For n =1, this 1s obvious since n > 1. For
n>1, let {g} be a sequence in F such that, for all

positive integers Kk,
By = fk - u.
Thus

n n
I £:1fk_u I =1 i:l (utg,) - u |.

Now, suppose that (4.2.1) is vallid for n = m-1. Then,

m m-1
i m(wgk) - uf = | ((u+g)) 1!;1 (utg,)) - uj

m-1
| (Cute ) £_1 (utg,) - u) + g
=1
and, from (3.1.5) and (3.1.6), it follows that

m m-1
“i_l(u+gk) - u“ £ (1 + “gm")(ui—l(u+gk) - u“] + “gm“
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n

1 m-1
(1 + “gm')((i?n—) kzlﬂgkﬂ) + Ilgmﬂ

1 m-1 1 m
(=) kzlugku + 1g I (1+(7=5) kzl g, t).

Therefore, as sup ( Z “Sk“) < n,
n k=1

m 1 li:l
1 (utg,) - uf s (=) g 0.
Hk=1 : b= Ly e

Hence, for all positive integers n,

I, -
l " kil £ ull .

IH'Wf iy €

We now state:

Theorem 4.2.1

If Z if, -ul converges and 1im [_1f £+ 0, then
k=1 n+o k=1

0
the infinite basic convolution product r—]fk is also
k=1

convergent.
Proof
Conslder
n+m
“_1 f—lfkﬂ = H(f—lfk)[(mf ) - u]ﬂ
k=1 k=n+l
n-+n

< ([—Hf 1) “( r‘i £,) - uf (4.2.2)

as follows from (3.1.6).

Now

rjﬂf I < rj(ﬂf —ul + ful)
k=1

and so from the inequality between arithmetic and
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geometric means (see Hardy-Littlewood-Polya [61];

' ¢ 1 )®
. ¢ (= (he, —ull + 1)
LU
=(1+ 1 E 1e ~ul)®
N k=1

A

i
exp ( ) e, ~ul).
k=1

o0
However, as ) ka—uﬂ is convergent, there is a
k=1

positive number vy such that

n
sup ( ) If —ul) < v,
n k=1 k

n
and so, r_]“fk“ < exp (v).
k=1

Furthermore, suppose € is an arbitrary positive number,
and, without loss of generality, we assume € < 1. Then
there exists a positive integer N such that

[« ]

) ka-uﬂ < e(1-€) exp(-v).
k=N+1

Hence, from Lemma 4.2.1, for n >N andm = 1,2,....

f.-ul < — ° If, -ut < e exp(-v).
k=n+1 © | < 1= k=n+l K

Therefcre, as (4.2.2) becomes

n+m n
I r“]fk-r']fku <eg for n>N, m=1,2,....,
k=1 k=1

[+ <]

[]f, converges.
k=1

It follows from the above theorem, that the infinite



0
basic convolution product r—](u+qk-1w) is convergent
k=1

for all w€F. We write

r"](u+qk—1w) = (utw)_.
k=1

3. Infinite Operator Products in D

Let {rk} be a sequence of operators in D and

n
consider the sequence {w_} where w_ = [ |r . The
n n k=1 k

sequence of operators {wn} is operationally convergent
if there exists a nonzero function f€F, such that {fwn}
is a sequence of functions in F convergent to a limit

function I where L = fw. Hence, 1t follows that

o0

-4}
w=[]r, and we call []r, the infinite operator
k=1 k=1

product of the sequence {rk}. Furthermore, the infinite
operator product 1s said to be operationally convergent
when the sequence '{wn} converges to a nonzero operator;
otherwise it 1s said to be dilvergent.

In other words, from Section 3.3, the infinite operator
o0
produict [_er is operationally convergent if, for some
k=1
n
nonzero f€F, the sequence {[ |r,} 1s in B, and for
k=1

any ¢ > 0 there 1s a positive integer N(e) such that

n-+m n
| £_lrk - £_1rknf < g forn>N(g), m=1,2,....

(4.3.1)

n
and furthermore, 1lim [ ]r, # 0.
k=1

n->o

Now as seen earlier, the space Bf 1s not always

closed under operator multiplicatlion 1.e. if r;,r2 are
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in Bf, then rirs 18 not necessarily an element of Bf.
Hence Bfn 1s not always a subset of Bf for all non-
negatlive integers n. The following theorem gives a
necessary and sufficilent condition for Bfn to be a

subset of Bf.

Theorem 4.3.1

Let {r,} be a sequence of operators in B, for

some function f in F. Then the sequence

n

{ My b

k=1

is also in Bf 1f and only if there exist two sequences of

functions {h 1}, {gk} in F, such that

k
€x L n-1
ry T T e =1 'hy (4.3.2)
k=1
Proof
Since {rk} is a sequence of operators in Bf,
there exlsts a sequence of functions {gk} in F such
Sx
that r T F o Therefore
N
n n g
Moz =18 = kel =
k=1 k=1 f £

Hence, 1if hn is a function in F such that

it follows that
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n
and so the operator [ | r, 1s in B.
k=1

n
Conversely, if the operator [ | r, 1s in B, then
k=1

there exists a function in F, say hn, such that

£ [ r,= h,. (4.3.3)

However, r, is also 1n Bf and as a result, there

is a sequence of functions {gk} in F such that

g
r, = ?5. Therefore, from (4.3.3),

n
n , l:l gk
£ ] 8= =>F =n
k=1 T " n

and the theorem 1s establlshed.
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CHAPTER 5
OPERATOR FUNCTIONS AND q-DIFFERENCE OPERATOR EQUATIONS

In this chapter, we consider operator functions whilch
depend on some parameter. If the parameter varles on some
g-sequence, then the g-difference and basic integral of
these operator functions can be defined analogous to the
q-difference and basic integral of ordinary functions as
studied by Hahn [55], Jackson [64] and others. We also
discuss a specilal gq-difference operator equation, define
the basic exponential operator functions and investigate
the solution of the n-th order g-difference operator

equation.

1. Operator Punctions

Let @ be a éet of real numbers. A mapping E of
R into the operator field D is defined such that for
each x€Q there is a corresponding operator E(x) in D.
E willl be called an operator function.

In particular, E may map the set Q into the
subdomain DF’ which 1s the set of operators in P iso-
morphic to the function space F. In this case, each
operator E(x) is isomorphic to a function f of two

variables such that, for all x€Q, f(x,t) 1s defined in

+

F for t€A_,
%

1.e. £(x) = <£(x,t)>. (5.1.1)

HSWever, not every operator function f belongs to
DF. For instance, if we consider the operator function

~

f, where

F£(x) = (u - sx)n for Xx€Q
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and n a positive integer, then (u - sx)n is an
s-polynomial. Therefore, according fo Corollary 2.5.2, it
follows that (u - sx)n is not isomorphic to a function
in F.

On the other hand, 1f the operator function ; is
defined as

f(x) = I* for x€Q

- _ £* + 1
then f(x) =« W) for tehto, to < i—q’
XEN.
When f(x) 1s an operator in DF, the operator

function f can be regarded as a family of functions in

F generated by the parameter x.

2. The q-difference of an Operator Function

For any nonzero real number Xys the sequence Ax

o
1s given by
A, ={d®x. ;3 k integer}

x, qos .

Ax is the union of the disjoint subsets
(o]
+ _- .k
A, = {q x, 3 k nonnegative integer}
0

A =='{quo ;s k negative integer}.

Furthermore, we will denote by ng’N any contiguous subset
0
of A such that
X
o)
¥ = {q"x_ ; M< k<N, k an integerl.
(o]
Therefore,
0,% _ - s | = A —=00 400 ,
.Qit’ Ax, ’ Qx.. ’ Ax 2 Qit ¥ Ax '
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The g-difference of any operator functlon f at a

point x 1in nz’“ is defined as
o

f(x) - f(qx)
(1-q)x

exf(x) =
(5.2.2)

e§k>§(x) - ggeik'l) F(x)) for k=1,2...

In addition, when' f 1s an operator function such that
f(X) = <f(x,t)>,

the q-difference of f at a point x in Qﬁ'“ is given
(o]
by

0 f(x) = (EaB) = Llab) ) = (g rx,t) (5.2.3)

where fo(x,t) denotes the g~-partial difference of the
funetion f(x,t) with respect to the varlable x.

For example, in the case of the operator function
= 2=
?(X) S—x <eq(xt)>a

we have f(x,t) = eq(xt).
Now
s _ _8

N . S-X  s-qQX s
Oxf (%) Tox - e

Furthermore,

0 r(x,t) = ¢ e (xt)

and from (2.6.2), we obtain

g

AT = <t eq(xt)> .

Hence, 1t follows that

exf(x) = <§_f(x,t)> .
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M,N-1

]
xo

function f 1is called a constant operator function.

It exf(x) =0 for all x € Q the operator

3. Basic Integration of an Operator Functlon

The baslc integral of an operator function E
involves three different operators depending on the space

Qx on which f 1s defined.
o A
If £ 1s defined on A: , then a basic integral
A (o]
of f 1is defined by the operator

n=0

X
EE; f(y) d(a,y) = (1-q)x ] a"f (q™x)
(o}

o0 ~
whenever the series of operators ) a"f(q"x) 1is
‘ n=o

operationally convergent for each x 1n A; . Therefore,
o

a necessary condition for the existence of this basic

integral of f 1is that there is a nonzero function geF

such that

gf(x) = <h(x,t)> for all x € A:
(o]

where h(x,t) € F. Furthermore,

X X
SE; f(y)ala,y) = g ! (SES h(y,t)d(a,y)?
(] [o]

=gl ¢ (1-9)x § q®n(a®x,t) ) (5.3.1)

n=o0
00

where the series ] q"h(q™x,t) 1s convergent in F for
n=o

each x € A: .
(]

Similarly, if the operator function f is defined on
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- ~
Ax , the basic integral of f 1is
[+]

n=1

S fmatay) = G-ox § a™ fa™)
X

=gl ( (1-a)x § a7 h(a™™x,t)

n=1
(5.3.2)

for x € A; , provided there 1s a function geF such i
(o]
that

E(x) = g'l (h(x,t)?

(-]
and the series ) q "h(q "x,t) is convergent in F for
n=1

each x € A; .
[o]

Therefore, for an operator function f defined on
Ax , 1f both the basic integrals of f given in (5.3.1),
[+ ~

(5.3.2) exist, then the basic integral f on A 1s
(o]

[+ ] [ x
S raey = S twaan + G ey
0 X (o]

= (1-)x § q"f(q®x)

n-—oo

=gl ((1-9)x I q"n(q"x,t)) (5.3.3)

1) == =00

where g€F and f(x) = g”l(h(x,t)) for x € Ax .
(o]

b
From (5.3.1), (5.3.2), the basic integral EE;f(y)d(q,y)
a
is defined as follows:

(1) 4if a € A: , b € A; for real a_, b
o o

0? then
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b A
S £(y)d(a,y)
a

b a
S f(y)dla,y) - £(y)d(a,y)
S S

and (i1) 1if a € A; , b €A for real a,, b, then
[o] o

b (-4 L]
S twaww = G fwaey - S fmaey.
a a b

The properties of the baslc integrals of an operator
function are given in the following lemma, without proof,
since the proofs are stralghtforward and analogous to those

of the ordinary case (see Jackson [64]).

Lemma H.3.1_

If f 1is an operator function in 0, then

*o

b b
(1) S £(y)dla,y) = S £(y)d(a,y) + S £(y)d(a,y)
a X
[o}

a

+ -
whenever a € Ax s, bE Ax for some real X .
(o] o

b Ab
11 G fopa@y = xS £(y)d(a,y)
a Aa

+ =
a’beAb
o o

for any real nonzero A, where either a € A

or a € Aao, b Gl\bo for real a,, b

oo

(111) EE; ey§(y)d(q,y) - f(x) - (=) for x € A7
X

(]

o

X
SE; ey%(y)d(q,y) - #(x) - £(0) for x € AL .
[

l, A g-Difference Operator Equation

In this section, we study one of the simplest types
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of q~difference equations in D involving an unknown
operator function f and establish certain properties of
its solution.

Consider the operator q-difference equation
fo(x) - wf(x) =0 (5.4.1)

where w® 1s a given operator in D independent of x,

From (5.2.2),

AL f(x) = £(gx)

and so, (5.4.1) can be written as
fax) - (u - w(l-q)x)f(x) = O. (5.4.2)

If there exists an operator function f defined on

the set Qﬁ’N which satisfies the operator equation (5.4.1)
o A
for all x € @°" then we call f a solution of (5.4.1)
glts N 2
on x -«

(o]

The operator equation (5.4.1) always has a trivial
solution §=0; if;any other solution exists, it is called
a nontrivial solution.

In the following theorem, we show that the operator

equation (5.4.1) always has a nontrivial solution on A_ .
(o]

Theorem 5.4.1

For any operator w in D, there exists a nontrivial

solutlion on Ax of the operator equation
o

ex§<x) - wf(x) = 0. (5.4.1)

Proof
We put (5.4.1) into the form (5.4.2) and consider

the following two cases:
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(1) Suppose u - w(l-q)x # 0 for all x € A, -
(o]
Let Vv be an arbitrary operator in P such that

f(x*) = v at some point x” € A, . Then, from (5.4.2),
(o]

£(ax”) = (u - 0(1-q)x") £(x")

and hence, by finite induction, we can show that for any

nonnegative integer n,

£(q"x”) = Iii (u - w(l—q)qu’)g(x‘) = (u - w(1-q)x7) _v.
(5.4.3)
Similarly, as R
£(a7'x") = (ufi?izq)q“‘x’J
it follows that, for any positive 1nteger n,
o) = — £(x”) ) T
r—](u-w(l-q)q—n+kx‘) (u-w(l-ql)q "x )n

k=1

Hence, if v * 0, this gives a nontrivial solution on Ax .
o

(11) Suppose u - w(l-q)x” = 0 for some Xx"€ Ax .
o]

Then f(x) = 0, when x = qu‘ for any positive integer

k. Therefore, 1f v* 1is an arbltrary operator in D such

that f(x") = v° at some point x" of the form qklx'

N

for k3 a negative integer, then, f can be calculated

elsewhere on Ax as in (1). Hence, if v7# 0, f 1is
o
a nontrivial solution on Ax » and 1s given by
o

0 for -k;g&m

f(qun) = (u~w(l~Q)x“]mv’ for 0Osm<~k,

v1

(u-w(l-q)qu"]_m for m<0.
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We now state:

Theorem 5.4.2

Suppose ® 1is an operator in P such that
u - w(l-q)quo $# 0 for any integer k. Then, every

nontrivial solution f of (5.4.1) has no zeros on Ax .
o}

Proof
This follows immediately by considering case (i) in
the proof of Theorem 5.4.1.

The uniqueness of a nontrivial solution 1s given

below.

Theorem 5.4.3

Suppose x~ 1s a point in Ax and v,w are given
(o]
operators in D such that v#0 and u - w(l—q)qu‘ ¥ 0
for any negative integer k. Then, there 1is a unique

operator function % satisfying
exf(x) - mf(x) =0

and the condition

Proof
If u - m(l—q)qu' = 0 for some negative integer Kk,
then 1t follows from (5.4.3) that

~ + ~
F(a**%x) = (u - w(1-a)x"a®) Fla"x") = 0

whenever n 1is a positive integer. Hence, for n = -k,
f(x°) = 0, which 1s a contradiction.
Now, let f,, f2 Dbe two solutions of the operator

equation (5.4.1) and let £.(x%) = £2(x7)

v. Then,

.(x7) = £1(x7) = (£2-£1)(x7)

0.
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Hence, it 1s easlly shown by induction, that for any

integer n,
(f2-£1)(q"x") = 0.

Therefore, fa(x) = £,(x) for all x € Ax

5. The Basic Exponential Operator Function.

Suppose w 1is a function in F such that
u - w(l—q)quo + 0 for any integer k. The basic exponen-

tial operator function is defined as the solution on AX

of the operator equation

Oxf(x) - wf(x) =0 '
~ (5.5.1)
which satisfies 1im f(x) = u. -
x-*+0

It is denoted by éq(wx).

It follows from Theorems 5.4.2, 5.4.3, that if the
basic exponential function éq(wx) exists for the given
function w in F, it is uniquely defined and has no zeros

on A
X
o

We can show, for certain functions w § F, that

n

_ u
8 (%) = G(T-qywx), "

Theorem 5.5.1

Suppose ® 1is a function in F such that
u - w(l—q)quo ¥# 0 for any integer k. Then, the basic

exponentlial function éq(wx) is given by

" u
= e
eq(wx) (CETGE)EI for all x Axo

Proof

Suppose x 1is a point in Ax . Then, if f 1is an
[o]
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operator function satisfying (5.5.1), it follows from
(5.4.2) that

f(qx) « (u - w(l-g)x)f(x).

Hence, it 1s easy to see that

n n"l k ~
f(q"x) = £_1 (u - w(l-q)q x) f(x).
=0

~

Now, since f satisfies (5.5.1), 1lim f(x) = u,

x>0
which gilves
A n-1 ~
1im £(q™) = 1im [ ] (u - w(l-a)ddx)f(x) =u (5.5.2)
n--c 1=>00 j=0

Also, the requirements of Theorem 4.2.,1 are satisfied and

SO
o

n-1
1im [] (u -0(l-a)d® = M (v - ©(1-q)qdx)

n+o j=g j=o

(u - w(l-q)x)_.

Therefore, as o #* ((1-—q)x]"1 for any x in A, we
[e]
obtain from (5.5.2) that

P . u

~

Thus, as f satisfies (5.5.1), we obtain

u
CETIEE I for x € Ax

éq(wx) =

o

which gives the result.

Furthermore, for some class of functions w in F,
the basic exponential operator function can be represented
by an infinite operator serles as shown in the following

theorem.
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Theorem 5.5.2
1
f 0wl
T w is any function in F such that w (TT:ETTEL] )
© nn
w +
then 6 (wx) = § X% for x € A" .
q n=o [n] ! xo
Proof
Now, as
ik ‘X
) —ETT— bl ™ < J
n=o0 [n]: n=o0 (1“q)n | %o |

and the series on the right is absolutely convergent for

all x € A: , 1t follows from Theorem 4.1.1 that the

o

©® nn
series ) %—?— is norm convergent in F.
n=o L !
PN oo nn
_ X 0 +
Suppose f(x) = } TaIT for x € A_ .
n=0 (o]
Then, frem (5.2.1),
' o p~1 n o n n
o f(x) = %———9* =W X
N ) nzl n-1]: nzo [n]:
i.e. exf(x) = wf(x).
Furthermore, 1im f(x) = u and so f satisfies (5.5.1).

x>0
1

Thus, for w€EF where lwh <
Zl-qS]xol

A b xnwn +
&, (wx) = nzo [l for x € Axo
As an illustration, we consider éq(g). Now for

t
+ + 0 3
X€A , tE€ At where |§: |< aT-q) °

xo (o]
Xy - v x"s"" _ v x%t"
A ngo e ) nzo DHOE
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as follows from (2.5.10). But,

b n.n
I RTRIT 7 ol (20-0)(xt)?)

n=o0
where qjo is the g-analogue of a Bessel function as

given in Hahn [53]. Hence,

éq(g) = (qjo[Z(l-q)(—xt)%) ) 4

We also define another basic exponential function

Eq(wx) for w€F as

E (0x) = 0 : . (5.5.4)

This operator function, 1f it exists, satisfies the
g-difference operator equation
Oxf(x) + wf(x) =0

where 1im f{(x) = u.
x-+0

Furthermore, using the square bracket notatlion of

Chapter 2, we can define

éq(wlx)Eq(wzx) = éq[wlx-wzx] for w,,ws € F

_ (u-(1-q)wex), (5.5.5)

(u~(1-q)w1x)

whenever the exponential operator functions éq(mlx),

Eq(wzx) exlst.

6. A General Homogeneous g-Difference Operator Equation

In this section, we consider the solution of the
n-th order g-difference operator equation

rne§“)§(x) tro o, oi“'1)§(x)+....+r°§(x) =0 (5.6.1)
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on the set Qg’N ='{qjx°; j integer, M < J € N}, where
o]

the coefficients r

x are operators in 0 independent of

x and r_ % 0.
n

We seek solutions of the operator equation (5.6.1)
in the form

N k
f(x) = éq(wx) where w€F, w * TT%ETE for any

integer k, and as a result, obtain the equatlon

n n-1 A _
(rnw tro_ e + ... + ro)eq(wx) = 0.

k
Th fo é h if ¥ f
erefore, as eq(wx) as no zeros w IT%ETEQ or

any integer k, it follows that

n n-1 _
rw o +ro + ...+ = 0. (5.6.2)

In the sequel, r w" + r w1 &+ ... +r 1s denoted
n n-1 o

by the operator P(w) and all the solutions of the
operator equation P(w) = 0 will be called annihilators
of P(w).

If there are n operators, not necessarily distinct,

Wigeoesos W satisfying the characteristic equation

n
(5.6.2), then the solutions of the g-difference operator
equation (5.6.1) are glven by the basic exponential operafor
functions éq(wlx),....,éq(wnx), provided that these
operator functions exist. Therefore, we need to consider
three different types of q-difference operator equatilons.

If w k=1,...,n are the annililators of P(w), then we

k’
call the g-difference operator equation (5.6.1):

(1) completely soluble, when all the exponential

operator functions éq(wkx) exist.
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(11) partilally soluble, when only some of the

exponential operator functions éq(wkx) exlst.

(111) insoluble, when none of the exponentlal operator

functions éq(wkx) exists.

Therefore, if the exponentlal operator functions
éq(wkx) exist for k =1,....,m where 0 <m€n and
the w, are distinct, the general solution of equation

(5.6.1) is

~ m
f(x) = } ckéq(wkx) for c, € D,

k=0

In the following theorem we establish unlqueness of

the solution of the operator equation (5.6.1).

Theorem 5.6.1

Suppose Voo vl,...., v,y are given operators in
P and x; 1is some point 1n Qﬁ’N. Let O(k)f(xl) denote
~ o
lim G(k)f(x) for k = 0,1,....,n-1. Then, there exists a

X+X1

unique operator function f on Qz’N satisfylng the
o]
operator equation

(n)2 (n-1)3 A _
r @, f(x) + r 1% £(x) +....+ r f(x) =0 (5.6.1)
and the condltions

~ A -1
f(x;y) = Vs Oxf(xl) = vh....,ein )f(x1)= V1o

provided
-3 -k
nz [k“‘.j] J.__j_k. ress ¥ O
k=0 J 1 ((1-9)x) 3

for at least one integer J where 0 € J € n-1.

Proof

From Hahn [53],
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O(k)g(x) =

~1 -
gD X [€] c-rtasten ®o1-Digla)

((1-)x)* gm0 LJ
and so,
n = n -3k (k-1) k
1 r e(k)f(x) = r, I [k (—l)jqk(k_j)(k-j—1)°
K=o © X kzo k ((l—q)x)k jzo J}
o g(qjx)
o n=j q—k(k+$(k+j-1)

k+3 ] _qy3 k(k=1)3 j.
j=o0 k=o Tt ((1_q)x)k+j [ 3 ]( 1)-q £(q x)

n =31 (3-1) n-3 ~kj
; a-——-—fum[ oy ] ]
=0 ((1-q)x)] kzo J ] ((1-q)x)* K*

Therefore, if there 1s at least one integer J with
0 < j € n-1 such that

n-j ~kj
) [ ktJ ] 44— r + 0,

k=0 d ((1—q)x)k k3
the operator equation (5.6.1) has a nontrivial solution.
Now, the operator equation (5.6.1) can be written as
a system of n first order g-difference equations (see

Hahn [59]),

fo(x) = £1(x)
Oxfl(x) = fa(x) ' (5.6.3)
~ —I‘o "~ I'IA Pn_ln
0,f _,(x) = 5 £(x) - (X)) - s - 5 £_q(x)
n n n
with initial conditilons
f(xl) = Vg fl(xl) =V osecens fn_l(xl) =Vo_1

Thus, if the column vectors, 'F(x), exF(x), v are denoted
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r ~ *1
by ~ o_f(x)
£(x) x Vo
5 N TP - . v=...
FIK)“_‘;} ' . . GxF(x) ~ Vo1 ’
rhql(x) ) B bexfn—l(x)_
«nd the nxn matrix A by
(0 S 0
0 0 = = = = = 0
A = - —_ - - - - e -
Lo Py _ Tham
r r T
N n n n |
the system of equations (5.6.3) becomes
@xF(x) = AF(x)
where (5.6.4)
F(x;) = v for x, € Qﬁ’N
o]
) _ l A N
Now, as exF(x) = =% (F(x) - F(qx)), (5.6.14)
can be written in the form
F(qx) = (I - (1-q)xA)F(x). (5.6.5)

Further, suppose there exist two solutions F;, F2

of (5.6.1) such that Fa(xy) = Fz(x1)
(5.6.5),

v. Then, from

Fa(ax))

F;i(qx1) = (I - (1-q)Ax;)F(x)

and hence, by induction, for any nonnegative integer m,

~ m R ~
Fil(a®x1) = [1 (T - (1-)a® ¥ 1ax,)v = Fa(q™x1).
k=1

Similarly, as

ﬁl(q-lxl) = (I - (1—Q)Axl)—lﬁ(xl) = ﬁgq—lxl)
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we obtaln that, for any nonnegative integer m,

~ m ~
Fi(a ™) = [1(T - (2-a)q ™ Fax, ) tv= Fu(a™™xy).
k=1

N o)

Hence, F, = F; on Qz’N which establishes unigueness
of the solution-set of the system of operator equations
(5.6.3). Hence, as (5.6.3) 1s equivalent to the operator

equation (5.6.1), the solution of (5.6.1) is also unique.
Now, if quo for J=0,1,...., u-1, W, € D are
annihilators of P(w), then P(w) generates the set
Iy = {quog 0 £ J g p-1, w, € 7}

and this set 1s called a set of basically related
operators.
Without introducing any new notation, we denote the

q-difference of the operator P(w) by

P(w) -  P(w)
(1~-q)w

GwP(w) =

(n) - (n-1) N
0, P(w) =0 (0, P(w)) for n = 1,2,...,n

whenever P(w) 1s defined for w in the set:
€D, 0« k<m, m nonnegative integer}.
The following lemma, which can easily be proved, gives

the condition for the annihilators of P(w) to be

basically related.

Lemma 5.6.1

A necessary and sufficient condition for Zu to be a

set of basically related annihilators P(w) is that

= {ad . K~
Zu,k {q w3 0 €3 € u-k 1}
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is a set of basically related annihilators of
Gik)P(w) for k = 0,1,....,u-1.

Using this lemma, we show that 1f quo is an

annihilator of P(w) then xjeq(w x) 1s a solution of

k
(5.6.1) for J = 0,1,...,u-1.

Theorem 5.6.2

If w is an element of Zu such that W, € F and

k
w ¥ ?I%ETf; for any integer k, then the operator

funetions

£(x) = xjéq(mox) j = 0,1,00.,u-1
satisfy the g-difference operator equation (5.6.1).

Proof

Consider

m
O}((m) (?g,jé‘q(wox)) = I [ IE ]qR‘(R"m)e:({l)éq(wox)@}({m-z)q“xj

L=0

- T m ] (- m) kA (31t 2j j-m-2
lgg_j[ % (w x) [j—m+l !

On simplification, thils yields
(m) ¢ da . % [ J (]! R(i+m-3) A4m=3 2
o (x eq(wox)] = eq(wox) Lol [t =] w, x”,

Therefore,

X r O(m)[xj“ (w,x)) =

m=o

Z r & (w x) % [ % ]Tﬁéil%T_ (q2m0)2+m-sz

m=o =0

% L4+m-
- (w X)zio[ ] m=§ Zrm Tﬁ£ileT (q wo) : j'(5°6'9)
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n
Now, P(w) = ]} rmwm and so
m=o0

(3-2) - L m]! o m-j+L
Om P(w) m=§-2’1"m -[—m—Ej-:-l}.g—]':w &

But, from Lemma 5.6.1, it follows that, as W, € Zu, then

egj-z)P(m) =0 for w€ Zu,j-k

and % = 0,1,...,J.

mus 0037 Mp(qe) = 0 for 2 =0,1,...,

and J

0,1,"',1‘1_1'

Hence, (5.6.9) becomes

n
mzormef{“‘) (xjéq(wox)) 8, (wyx) gzo [i]xzeij—z)P(qzwo)

=0 for J = 0,1,...,u-1

and the theorem is established.
Therefore, if the characteristic polynomial P(w)

is of the form

P(w) (w-w;)ul ......(w-wm)u

m

where uyp +....+ u

. n and the g-difference operator

equation is completely soluble, then the solution set is

given by

A A uk-ll\ -
eq(wkx), xeq(wkx),...ﬂz eq(wkx) for k 1,...,m.

In the following theorem, we show that these operator
functions are linearly independent in D. The operator

functions fl,...,fn are said to be linearly

independent in D if

A A
c:fy + ...+ cmfm = 0 where cCji,....,C, € X
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only when ¢; = .... = ¢ = 0.

Theorem 5.6.3

The operator functions

3

X éq(mkx) J = 0,1,...,u-1, k=1l,....,Mm

u1+ no|+u =n

are linearly independent in D.

Proof

Suppose these functlons are linearly dependent.
Then there exist polynomlals ﬁl,....,ﬁm in ? not all

identically zero, such that

ﬁl(x)éq(wlx) + ﬁz(x)éq(mzx)+....+ ﬁm(x)éq(mmx) = 0
(5.6.10)

and the degree of ﬁk(x) is v, € uk-l for k=1,...,m.

k
We assume ﬁ1 $+ 0 and divide (5.6.10) by éq(wlx).

Then, from (5.5.5), we obtain

+ é . +|-'a+ é . =
ﬁl(x) ﬁz(x)eq[wzx wlx] ﬁm(x)eq[wmx wlx] 0
which leads to

m
Z Oév‘)ﬁk(x)éq[mkx—wlx] = 0. (5.6.11)

k=2

From the g-analogue of Leibniz's formula, this becomes'

Vi
m v j(j"'V ) (j) (\’l"j) 3 j _
kZZ jzo[ Jl]q Yo 7B, (x)0 éq[q w, x-qlw x] = 0.
(5.6.12)
Now,

(Vi-1)4 i k| = b ] A k| Vi
Ox 1 eq[q wkx-q wlx] = (q°w, -q wl) € [a Wy X=q

k vi=3 q w1¥]
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(u-w, x)
J(vi-3) kK"'y g _
gt (mk-wl V1'J'u—w1x = eq[wkx wlx]
and so (5.6.12) yields

Vi

T (u-w x)j ()
kzz jZo [ J J(w 0 vi-3 e xT‘ q [ X-0 X190, B (x) =0

m
u 200
or TG:GTET;: kzz éq[wkx—wlx]ﬁk(x) =0
Vi
where ﬁ;(x) = jZo [ ;1](wk—wl)vl_j(u—w e(j)ﬁ (x)

and ﬁ;(x) has degree Vv Now, at least one of the

k.
polynomials ﬁ;(x), kK =2,...,m 1is not identically zero,

fpr otherwise, ﬁl 0 which 1s contrary to the assump-
tion. Therefore, at least one of the polynomials
ﬁ;(x), k=2,...,m 1is not identically zero, By repeating

this argument, we finally obtain

v(x)eq[wmx-wm_lx] =0

for some polynomial € # 0. However, eq[wmx-wm_lx]

never vanishes as follows from Theorem 5.5.1. This leads
to a contradiction and the theorem is established. Hence,
the general solution of the g-difference operator equction

(5.6.1), when it is completely soluble, 1s

U, -1
A m k M. N
£x) = § 1 e xJ8 (v, x) for x € a (5.6.12)
k=1 j§=1 I e X4
where ckj are operators in P independent of x.

If the operator equation (5.6.1) 1is insoluble, 1l.e.

none of the operator functions éq(wkx) exists, where w,

~y

are annihilators of P(w), then the only solution in ¥

is the trivial solution f(x) = 0 for x € Qi’N
o
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In case (5.6.1) is partly soluble, the solution can
be obtalned from the solution (5.6.12) by a sultable
cholce of operators ckj.

Finally, we note that 1f the characteristic poly-
nomial P(w) has multiple zeros, the solution of (5.6.1)
can be found but in view of the remarks 1in section 2.6, the
procedure involved 1is falrly complicated.

In the classical case, Carmichael [38] has considered
the so called "repeated solutions" of g-difference equations

but has not taken into aceount the actual multiplicity of

the zeros of the characteristic polynomial.

7. A General Nonhomogeneous g-difference Operator Equation

The general solution of the nonhomogeneous g-difference

operator equation

(n)’/\ ~ _
rnex f(x) +....+ rof(x) = g(x) (5.7.1)
M, N

for x € Qx s Where rk are operators in P independent

(o}

of x, rn*o, and g(x) 1is a given operator function in

D, 1s
£(x) = £1(x) + £2(x)

where El(x) is the general solution of the homogeneous
operator equation (5.6.1) and ;Z(X) is a particular
solution of (5.7.1).

A particular solution may or may not exist if
(5.6.1) 1s either insoluble or partially soluble. An
example of one method for finding the particular solution
of a completely soluble g-difference operator equation is
given in Theorem 5.7.1. It 1s analogous to a method used

by Mikusinski [81] in the contilnuous case. Before stating
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.

the theorem, we define an operator function in ? of two
variables. Let h be a mapping of the set

{(x,y);x € Qﬁ’N, y € Ay } into D where each element in
(o] (o]

the set has a unique image in P, then h 1s an operator

functlon of two variables.

Theorem 5.7.1

Let h be an operator function of two variables.
Suppose there exists an operator function of two variables

A

g such that

(i) for each y € Ay , B(x,y) 1is a solution of
o]

the gq-difference operator equation
r o(™Mex) + +r £(x) = h(x,y) (5.7.2)
nox s 8w o ,y D e
and

e}

(ii1) the series ) qj@(x,qjy), ) qjﬁ(X,qu)

j=_oo j:—oo

are operationally convergent.
Then o
f) = S eyatay)  xe db¥
(o]
o]
is a particular solution of the g-difference operator

equation

o]

Pne,(gn);"(X) oot I‘oiA‘(X) = S h(x,y)ala,y).  (5.7.3)

(o)

Proof
Since g(x,y) is a solution of (5.7.2) for all

y € Ay s 1t follows that, for any integer
o

rnein)g(x,qjy) +o.oo+ r Rx,qly) = hx.a¥9).

Therefore,
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)) qj(rnein)g(x,qjy)+...+ro§(x,qjy)) =] qjﬂ(X,QJY)

j--w j-—m

or

rnei“)( I ddax,ady))+ o (] ola(x,ay))

j-_-@ j:..oo

o

= § odn(x,qdy).

jﬂ—m
) oo A
Hence, since the series ) qjg(x,qjy), Z qjh(x,qu)
j--.oo j=-oo
are operationally convergnet the result follows from
(5.3.3).

As an illustration, consider the operator equation

~ ~ '%k(k-l)
02 p(x) + s2f(x) = s%x for x € goN,
X 1-q k-1 x
- o
k poslitive 1integer.
(5.7.4)
-}k (k-1)
Now X 9, EES &, (yx)y a(q,y).
(o]
Furthermore, the operator equation
Oiz)f(x) + s2f(x) = széq(yx)y (5.7.5)

has the solution

E(x,y) = y*! —3i—r & (xy) for y €A
s8°+y" “q Yo

since y 1s not a zero of the characteristic polynomial
P(w) = w? + 82,

Therefore, the solution of (5.7.4) is glven by

~ 2 o
£(x) = EE; ST V" te (yx)ala,y)
(o]
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00

= <SES cosq(yt) yk_léq(yx)d(q,Y)>

(o}

1-k_-1
(14q” "x )

k k+l 2 =2 =2k
< T k (1-a), _; 261(a5,a" 3a3-t7°x "¢ 7P
k
+ M,N M+k
for t € Qto, x € on s to<q X

since the series involved are absolutely convergent.
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CHAPTER 6
THE APPLICATION OF BASIC OPERATIONAL CALCULUS

TO CERTAIN g-FUNCTIONAL EQUATIONS

In this chapter, we apply the results established
in the previous chapters to the solution of g-difference
equations, basic integral equations and integro-g-difference
equations. Some of the results given here have been

obtained earlier using q-Laplace transform.

1. g-Difference Equations with Constant Coefficients.

Given the n-th order g-difference equation

(n) G@-1) -
anet £(t) + an_let f(t)+....+ aof(t) g(t)
(6.1.1)
where ay
we need to determine a functilon feF satisfying this

€C, a *0 and g 1is 2 given function in F,

equation and the 1initial conditions

(k)
1im © f(t) = ¢f k = 0,1, ,n-1 (6.1.2)

£+0 t o,k
From (2.5.11),

(k) k kel k-3
oM (L)) = sHE(E) > - L s £ 3
j=o ’
for k = 0,1,...,n. (6.1.3)

Hence, on substituting (6.1.3) into (6.1.1), we obtaln

C(s)f = B(s) + g

= k
where C(s) = ] a,s
k=0
n k-1 k-1
B(s) = } a, 1 s £, 3 (6.1.4)
= =0 ’
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As a result,

_ B(s)
£ = C(s) & C%si
where B(s) 1s of degree at most n-1 and C(s) 1s of

degree n. Now, if C(s) 1is of the form

(S_pl)kl(s-DZ)kz LR (S-pm)km

we can find a function f,€F, which is isomorphlc to the
operator g%%%, where f; represents the solution of
the homogeneous equation assoclated with (6.1.1). Hence,

from (2.6.6), (2.6.7), we obtaln

£1(8) = ] RT_ mg T oy L (6.1
= : e (p . t) . . 1.
' m=o0 j=o [k,-d-1]! ¢ m

Furthermore, if the operator §%§7 is lsomorphic
to a function G in F, then a particular solution of

(6.1.1) 1s

t
fa(t) = EES g(t)G[t-qt] d(q,T).
0

As an example of this method, we consider the

initial value problem

egz)f(t) + (1+q)AO£1)f(t) + are(t) = e (v2t?)

ror tert , |Al, Iv] < (1-q)"H e |7t
(o]

where 1im f(t) = 0, 1lim f£(t) = 1. (6.1.6)
t-+0 t-+0

The equivalent algebraic equation is
s2f + (1l+q)Asf + gA%f - s(l+q)A ~ s? = <eq(v2t2) )

which gives

s(1l+q)r + s? + (eq(vztz) )
(s+A)s

f =
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since s2+(1+g)As + qA? = (s+X),.

Hence, from (2.6.2), we obtain

t
£(t) = (1+q)t eq(—lt) + SE; Teq(—AT)eq[vztz-qutfﬂ(q,T).

(o]
Now

t
EESTeq(—AT)eq[vztz—qurz]d(q,T)

0

(1-q)t2e (v2t2?) } a*Fe (-q*at)
q k=0 a

® o (1_+x(1-q)t)k
(1—q)t2eq(—lt)kzoq (I=v*(1-q)t%)

2k+1

as follows from (2.1.4).
Therefore the solution of (6.1.6) is

] ) % (1+A(1-q)t),
£(t) = (1+q)teq(-kt)+(l-Q)t eq(‘lt)kzoq (I-v*(1-9)t%)

2k+1

Suppose, instead of initlal conditions, certain boundary
conditions are specified. Then the parameters fo,j
given in (6.1.4) are determined from an algebraic system
of equations resulting from these boundary conditlons.
As a simple i1llustration, conslder the g-difference
equation

Giz)f(t) +A2e(t) = g(t) for geF, t €Ay,
[0}

] < -7t s, 17t
with the boundary conditlons

1im £(t) = 0, 1lim f(t) = O.
t+0 >t (6.1.7)
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‘ince <e§2)f(t)> = s?f - sfo this equation becomes

(s + A2)F =sf  +g

sf
s that £ =gt gt

Therefore, from (2.6.4), we obtain
£ t
f(t) = —;’\’-—1- sinq(kt) + -}\— S g[t—qt]sinq(k‘r)d(q,T).

(o]

Now, from the boundary condition, 1lim f(t) = 0,
t+t
o]

t
f o
- -]:— S =
> sinq(hto) + 3 g[to—qr]sinq(kr)d(q,r) = 0

(o]

which gives

t
1

(o]
fé,x = ETH;TTE:T SES g[tonqr]sinq(lT)d(q,T)
(o]
Hence the solution of (6.1.7) is
t
£(t) = = S sin (At)glt-qtld(q,T)
(o]

>

si?g(xt) o
- eI OS g(t, -ar]sin (AT)d(q,T)

2. Basic Integral Equations

We consider the basic integral equatlons of

convolution type of the form

t
S glt-qt] w(t) dla,T) = £(t) (6.2.1)
[e]
t
w(t) + S g[t-qt] w(t) d(gF) = £(t) | (6.2.2)
(o}
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for t € A: , where f,g are piven functions in F and
w 1s the fgnction in F to be determined. Equation
(6.2.1) 1s called a basilc integral equation of the first
kind and equation (6.2.2) is a baslc integral equation of
the second kind; the functlion g is the kernel of these
equations.

From (2.5.3), equations (6.2,1), (6.2.2) can be

represented in D as

Igw = £ (6.2.3)
(6.2.4)

(]
'—b

w + Igw

respectlvely.
The solution of (6.2.3) 1is given by

B
Ig

W=
and from Theorem 2.4.1 it follows that, although Ww
exists as an operator 1n P, it 1s not always isomorphic to
a function in F.

For instance, we consider the basic integral

equation
t
2, (ot) =S sin_[Ae-Aqr]w()d(a,T)
o
for t € A: ., lels A < (1—q)_1 |tO|—1
(o]

Then, from (2.6.1), (2.6.4), this equation is represented

in D as

Therefore, the solution w is the operator

_ s(s®+A%) _ o2, s(p®+A?)
= 5—p = s“+pst+ S—p
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Now, since s?+ps 1s not isomorphic to a function in F,

as given in corollary 2.5.2, and also, = <eq(pt)>,

_5_
s-p
i1t follows that w 1s not isomorphic to a function in F.

However, the basic integral equation

t
EES cosq[pt—qu]w(T)d(q,r) = teq(ktz)

(o}

ror ¢ € A, Al < -0 7He 172 le] < -7 Ie, 1T
o

has a solution in F. We can wrlte this equation as

<t e (At2)> = —%iz—rw
q s“+p ?

so that
32+p2 2 2 -1 2
w = i <teq(xt )> = (s+p®s )<teq(xt )>.

Now from (2.5.12),

s < te (A62)> = <0_ te (At2)> + s<lim te (At?)
q t "7q t»o ¢

=<eq(xt2)(1 + Ag2t2(1+q)-2%2g3t"*(1-q)) )

Therefore, the solution w 1s given by

t
w(t) = (1+Aq2(1+q)t2-l2q3(1—q)t“)eq(kt2) + EE; Teq(ktz)d(Q,r).
(o]

Now, the solution of the baslc integral equation of

the second kind (6.2.4) is

W = uilg = f - ﬁ%%g £, (6.2.5)

Analogous to the contlnuous case (see Berg [22]),

the operator is called the resolvent of the

g, = £ __
R ut+lg

basic integral equation (6.2.2). From Theorem 4,1.1,
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the operator gg can be expressed as an infinite series

of functions in F, such that

g, = 1 (-1 = - ] (-1)PIME" (6.2.7)

n=o n=1

provided IIgl < 1. The terms of the infinite series are

called the iterated kernels and if we write

gn - (_1)nIn lgn,
these kernels are determined recursively from

gl = -8, gn+1 = "Iggn'

Thus, if H#Igh < 1, gy can always be represented
by a function in F and the solution of equation (6.2.4)

is glven by

t
we) = £(6) - G gplt-ardf(n) alq, D).
o

Consider the basic integral equation

t

w(t) - o S e Lot-parlu(t) dla,) = £(t)

(o]

+ 1
for tEAto, |D| <zl—_a—)—1__:.

Here,

= <-— s —PS
g = <-pe (pt)> sop °
and so the resolvent is given by

= &__
8r utlg s-2p

i.e. gR(t) = —peq(2pt).

Therefore, the solution of (6.2.8) 1s
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t

w(t) = 2£(8) + p EES e [20t~2apT](1)d(q,T)
(o]
t
= 2f(t) + p e (20t) S E (200)f(1)d(g,T),
2 (6.2.9)
. e (2pt)
since eq[2pt - 2gpT] = eq 5apT
If we take

f(t) = eq(Eq(At)) for XA € C,

+

t 3
o]

1Al < |ol(1-a)log(1-q)"!, t € A

then, 1t can be shown that
1E_(06)1 < exp(]A]t,) < (1-9)~! for t e Al
o

and hence f is a funetion in F.

Thus, from (6.2.9)
t

w(t) = 2eq(Eq(7\t))+peq(2pt) S Eq(2qp'r)eq(Eq(M))d(q,T).
o

Now,

t
S E (2apt)e (E_(A1))d(a,T)
(o]

+

g n n+1 n
(1—q)tn§o q Eq(zq pt)eq(Eq(xq t))
> . e (Eq(kqnt))
(1-a)Eg(208) ) a7 (2z5(T-)E)

n=o0

as follows from (2.1.4). Hence, we obtain

(t) = 2e (E_(At)) + (1-q) E b eQ(EQ(Aqnt))
w(t) = 2e (E t + (1-qg)pt a = s

q q n=o (1—20(1 Q)t)n+1
3. Integro-qg-difference Equations

The integro-qg-difference equation
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t
2,0 u(t) +....+ a Oult)+a w(t) + S elt-arlw(n)ala, 0)=£(t)
° (6.3.1)

where f,g are gilven functilons 1n F, ay € C and the

solution w satisfies the conditlons

(k)
1lim © w(t) = w
£+0 t o,k

has the basic integral equations (6.2.1), (6.2.2) and the
q-difference equation (6.1.1) as particular types.
From (6.1.4), (6.2.3), equation (6.3.1) can be

represented in D as

B(s)w - C(s) + Igw = T

n n n k-1 K-
where B(s) = ] a s, C(s) = I a, s T w,
k=0 k=1 © j=o 0

and as a result the solution w in F is determined by

C(s) + ¢
B(s) + Ig °
As an example, we consider the integro-g-difference
equation
t
() + (L+a) w(t) - (1+q)q A2 EES w[t-qr]sinq(q%lr)d(q,T)
(o]
= t
ep(p )
- - +
where |A], |p| < (1-q) . Itol l te Ay

such that w0 ) = 0.

s

This equation 1s represented in by

1
5,210 %AW _ S
sw + (1+g)Aw - (1+q)g” A g%;ajr S~p



97.

(1+q)qr3y_ s
i.e. w(s + (1+g)r - STFN? )= >

and so we obtain

s s2+g)?  _ s(s?+gr?)
s—p ° s(s+X), s(s-p)(s+Ar),”

w=

According to section 2.6, w can be decomposed into

partial fractions to give

A(1+4q) s, AQ+q) s, p’+dr® s
p(pF\)2 stx ~ p + ax (s+))2 p(p+h)z s-p

1
w=-=+%
p

Therefore, from (2.6.3)

_ p*+qga? A(1+q) 1
w(t) = E2diy—e (0t) + SroRyy eq(-Ae) (L+pleta)t) - 5 .

, Partial g-Difference Equations with Constant

Coeffilcients.

The results obtained for n-th order q-difference
operator equations in Sectilons 5.6, 5.7 can be applied to

the study of partial gq-difference equations of the type

m n k j
kZ (T ap 48 8 f(x:)) = g(x,t) (6.4.1)
=0 j=o0

for t € A: s, X € Qﬁ’N, where g 1s a given function in
o o

F such that each coefficient in its seriles expansion is
dependent on the parameter x and f 1s to be determined.
It follows that f,g are 1somorphic to operator functions
in D,

i.e. f(x) = <f(x,t)>, g(x) = <g(x,t)>, for x € QE’N .
o

Now, from (2.5.15),
K k-1

<sdsk £(x,t)> = s* <8 £x,t)> - 2Zosk"%a,{fz,o(x»
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L

where fz o(x) = lim &{ f(x,t).
’ t 0

Therefore, if we write

T k

rj = ) 8y 18 fpr 3 = 0,1,...,n

k=0 ?
and
A A n m k-1 A
Sy =g+ 1§ 1 &% oW 0

j=o k=1 f=o0 k,37x %,0

L
kzoam-k+2,j

A m"'l m-R‘ n
g(x) + .1 s Y
=0

~(3) 3
L j o Ve, (), (6.4.2)

the partial g-difference equatilon (6.4.1) is represented

in D by the g-difference operator equation
r 0M3(x) #...4 v £(x) = g (x) (6.4.3)
0% SR B . A,

Equatlons (6.4.1), (6.4.3) are equivalent 1f the

class of functions f(x,t) glven in (6.4.1) are defined

for all t € A: , x€ 92*“.

(o] o

Hence, in order to represent

(6.4.1) as the operator equation (6.4.3) 1t is sufficient
to know the functions fz 0(x) which determine the

behaviour of f(x,t) on the set Qﬁ’N.
[0}

Now, from Theorem 5.6.1, the solution of the g-
difference operator equation (6.4.3) is unique provided
there is at least one integer with 0 € J € n-1 such

that

n"j , "k‘j
k™ +] 7 Ee ¥ 0.
21 [ fdoe e

Therefore, it follows that if,

n_j k‘-l-J —k’j m K
} ] 9 > ) a, . s % 0
Ko L J ((1-)x)k  kme & *E
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for some integers j, 0 £ jJ € n-1, then the initial

condltions
5oy 17
jzo k’z“oam-k-.-l’jex fg’o(X) - hzso(x) L= 091, ’m"l
(6.4.14)
h | _ M, N
lim 8y f(x,t) = vj(t) for x; € Q_ 420,1,...,n
X+X, o

(6.4.5)

determine the solution of the partial g-difference
equation (6.4.1) uniquely.

The homogeneous partial g-difference equation
corresponding to (6.4.1) can be classifiled with respect to
the varlable x in the same way as the assoclated homo-
geneous operator equation. The followlng examples

1llustrate this resulst.
(1) Consider the partial g~difference equation

A A
+ +
8.6 £(x,t) + %— f(x,£) =0 t €A7, x €A

o] o

where A 1s a real number, satisfying the initlal condi-

tlons

1im §_ f(t,x) = e (px) for |p| < (l—q)_llx |_1.
t+0 * q

1im f£(t,x)
x-+0

il 5

Now &_6, f(x,t) = s Oxf(x) - s eq(px) and hence the

equivalent operator g-difference equation 1s
~ A
s 0,f(x) + 3= f£(x) = s e (px).

Since the annihilator of the polynomial P(w) for this

A -1
équation 1is :gﬂé—e the solution of the homogeneous equatlion
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is X

El(x) = ¢ éq(— %— s-lx),

and from the initial conditlon we obtaln
~ A -1
fi(x) = eq(- %— s "X).

A particular solution of the operator equation 1is

Therefore, since s € F, we obtain from Theorem 5.5.2

that
A o n n_An
eq[ %— s x] nzo TaT ® H_%H,

o £ n_An

5 A U I Dk x™q
“q|” 1 x @it Tnlf .28 >

n=o 2

< q-jo(/q)\xt) >.

Hence, the solution of the partial g-difference

equation 1s

A —
f(x,t) = % eq(px) eq[- %at] + qu (Vqrxt)

for t € A: , X € AI where 1lq">‘(1-q)|1:‘_)|<|p|<(1—q)-1|x°|'-wl

(o] (o]
(i1) Consider the partial g-difference equation

2

2
526

2 _
2 p(x,8) - A6, 8y £(x,t) - 8.8, £(x,8)+(A+l)e (x) = 0

for x € A: , t € A: and |)\|<(1—C1)_1|130|_1
(o] (o]
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wlth the initial conditions
2 2 2
fol,o(x) - A4fo,0(x) - foo,o(x) = eq(x) 6xfo,0(x) =0

and

1lim f(x,t) = ¢t lim o_f(x,t) = t+t2,
x-+0 x-+0

This equation 1s equilvalent tb the 6perator equation
(s2 - As) @{Pr(x) - 50, £(x) = (s-(A+1))&_(x).

Now the the annihilators of the polynomial P(w) for

this equation are O, ey and since E%T = <% eq(kt)>,

it follows from Theorem 5.5.1 that the basic exponentlal

function & [—E—] exists.
q(s—~A
Therefore, the solutlion of the homogeneous equatlion is

N

A X
fi(x) = ¢ + c2 eq[E:X] for c¢;,c» € D.

Furthermore, the particular solution is

E - (s—(h+1))éq(x) Bris oa
BT (82-Ag)-8 T8 q RS

Hence, we obtaln

A _ A X 1
f(X) =¢; + ¢ eq [S-_)\] + S éq(X)

and adapting the constants c¢i,c2 to the initilal conditions,

thls yields

P = B e [y - w o+ Re
-2 - 2o
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Thus, from Theorem 5.5.2,

t
£(x,t) = S;; (1-At)h[x,t-qr]d(q, ) +(1-A)+t e (x)

(o]
o (e (At))"x™
where h(x,t) = 9 = t et , X € 2t
k=0 A7 [n]! to *o
for |t | < (- ]aD7h, x| < |x|((1_q)ueq(xt)u)‘1.

This method 1s especially useful when the highest
order partial q-difference in equation (6.4.1) 1s with

respect to ¢t.

5. Concluding Remarks

In this thesis, an algebralc approach to the solution
of certain g-functional equations has been outllned by
developing a basic operational calculus for the
g-difference operator Ot. We studied the space F of

functions, gilven by power series and defined on the set

+

t b
[o]

properties of D were studied and the results applied to the

A and embedded F in a field P of basic operators. The
study of some g-functional equations.

It would be interesting to develop a general basic
operational calculus analogous to that outlined by
Berg [23], [24] which includes the operational calculus
given here as a special case. In so doing, a method would
be obtained for the solution of q-difference equations with
variable coefficlents and certain other g-functional
equations. Furthermore, using this approach, it may be
possible to define algebraically g-analogues of distributlons

and generalized functions.
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Alternatively, the basic operational calculus could be
extended by considering the space of functions defined on

the set At with function multiplication given by double
o]

convolution

) 6) = S e(nert-ariata, 0.

o

Finally, a basic operational calculus could be

developed for functions defined on a g-lattice

{(quo, qnyo); m,n integers (xo,yo) € R2%}

which could lead to the dlscrete operational calculus in

the plane.
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APPENDIX

INDEX OF SYMBOLS
In the folldwihg, a 1ist is given of the symbols and

notation frequently used in this thesis.

PAGE PAGE
Bf b7 fo,k 32
c 18 I 29
D 26 u 25
DF 27 a 15
F , 188 " 31

¢] 7
2oty ok 79| °
At 18| o ,0(®) 64

o X X
T 6
xo’ xo’ X, 3 EE; 8
N |

dio 63 5.6, 64
eq(t),Eq(t) 17| &, 19
84(ux) L ] 4o
ﬁq(wx) 74 n . ﬂf 7
f 18 (1+t)a 15
T yo | (1+t), 15
2 (1+t) 15
f 62 2

I (a+l) 16
fg 21 q

[n]! 16
< 26| o«

[m] 16
£[T-t] 19

s :

<f(t)> 21| Ts-p), 35
P(w) 75| (utw), 59
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