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SI'MUART

ftrc üheory of q-funotlonal equaflons has besn

extensfvely studled uslng analytlo and transfonn nethods.

Xn thls thesisr ån algebra!.c appnoach to thls theory ls
outltned b¡r developLng en openatlonal ealeulug for a space

o,f" .functilons defhed on a q-sequence analogous to .'that

estebllshed by l{llnrslnek!. fo¡r ühe sontlnuous varlabJle case.

The baslc lntegral flrEt glven by Jackson ls used to

deflne the basic convolutlon whlch ls regarded as the

fi¡nctlon nultlpllcaüLon ln the glven space. Thls spacc

can be extended ta a fleld of basfc operaüon¡ and ühe

structrrre of the fleld lc eranlned' Somê clas¡es of,

.lnflnlte openator serles and lnflnlte openaton proüuCts

are studled and the concept of an opêretor funatLo"n ú's

lntroduced.

The resulüg establlshed ln this theory are applled üo

the sol,uüf.on of certaln q-differenee equatlons, baElg

lntcgral cquatlons and partlal q-dlffercncc equatlonË:.

(1)
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CHAPTER 1

INTRODUCTION

The obJeet of thls thesls ls to develop a baslc

openatlonal ealcUlus for functlons defined on a q-sequence

whlch can be applled to the soluflon of q-functlonal

equatlons. In thls Chapter¡ wê wll} glve a brlef survey

of the roeseanch wonk already done ln the fleLd of q-

functLonal equatlons as well as a revlew of the development

of, openatlonal calcuLUs and a Summary of results obtalned

ln the thesls.

1, Openatlonal Ca1cu1us

By the nlddle of the 19th century, operatlonal methods

had been lntroduced lnto analysls by sevenal mathematlclang

lncLudlng Lelbnlz Í751, Lagrange [73¡ ' Boole Í291,

Rlemann t8?J, and othens who had shown the analogues befween

certaln algebralc laws and the dlfferenttal and lntegral

operators. An outttne of these results h¿s becn glven ln

Davls 1lt3l. Howeven, the developnent of operatlonal

caLculuE and 1ts systematlc use ln solvlng phyelcal and

technlcal proble¡ns ls due to the rork of Heavlelde a62l

who applled lt extenslvely to problens ln electromagnetlc

theory. Heavlslde establlshed an operattonel oalcuLus as

a method for solvlng dl-fferentlal equetlong vfhere the

operattron of dlfferentlatlon îras reÞlaced by the algebralc

operatlon of mu}tlpllcatlon. He deflned thc fornal dlffer-

entlatlon operaüor p = å and handled lt l1ke a Ì¡r¡lþt-

plleatlon facton, ln accordance wlth

pf(r)=#f(t)*f'(t).
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He alro ¡ppllcd bl¡ ncthods üo pertl¡l dlffc¡lrnül¡l G{u,t-

tlons. HowcvEr ln ccrtafn carGt, thc necultlng opcr¿üorc

rère trangccnûental fi¡notlons of p end a conrcct lnt¿r-
prctatlon of thege open¡tong ras dlffleult üo develop ot:

Çven Justlfy.
In orde¡r to provlde lleavlgfdc's nethods wlth a

nlgonous baal¡, numgrouc natheuaùlclans alûong then

Brmrleh [30¡, Cangon [39], tfienen f961 and van der Pol

t951 studfcd opcratlonal oalculug et ¿n appllcatlon of the

thcor.y of curtaln functlonal tnancforms, fn parülcular the

I¿place tt'ansfo:m of thc forn

t(f(r)l -
o

lltre rclatlonghlp bcürs¿n opcnatlonal calsulus end thc

Iaplacc trànsforn was glven by

pt{r(t)} . L{.e'(r)} + f(o).

Pérès t83] noted that these n¡eühod¡ rcrc frr aÞart

f¡ron the orlglnal concept of Heavlgide ln that p was not

an opêrator but a varlabLe and that thc functlonal trang-

folns Lntnoôuccd r¡nnecessary restnletlons lnto operaülona1

caloulus o '-

lllre ôevclopent of funcülonal analysls and 1n

partlcular thc theony of llnear opêretorc led to an

lncreaslng usc of opcnatlonal mcthods tn analyslg' In 194?,

Hlkusln¡kl ngl provldcd an exact openator epproach to

Hcavlsldett operatlonal oalculus based on ühc üheory of

alBebralc rlng,s. HG conclôsred e rlng of functlons of a

neal v¿rlablc ln rh!.ah functlon nultlpllcetlon ïac deflned

by ühe convolutlon

f'"-ntr(r)æ.
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(rs) (t) r Jtrtr-")s(r)ar
o

and extended thls rlng to a fleld of operators whose

elements were repnesented by the ratlos å. The opera-

tlonaL calculus developed by Mlkuelnskl had a wi.der range

of apptlcatlon than that based on functlonal transforms

slnce no llmltatlons were pLaced on the behavlour of f(t)

a8 t + o. lthe elenents of Mlkuslnskl r s openator fleltl

could also be regarded as generallzed functlons (see

Erdélyl t471) . In hls book [80J , Mlkr¡slnskl presents a

detalled study of the new theory of operatlonal calculus as

contalned ln hia onlglnal papers. T'he structure of the

opgrator fleld ts consldened, convergence of sequences of

operetors deflned and centaln classee of senles of opera-

tors ere sdudled. He also deflnes operaton functlons and

thelr derlvatlves and lntegrals and glves many appllcatlons

of the theony he develoPed.

A whole serLes of papers has appeared ever slnce,

related to MlkuElnsklfs theory of operatlonal calculus and

a sunvey of these le glven !n Dltkln and P¡rudnlkov [46J'

îhe deflnlülon of the convolutlon 1n the work of Berg Í,221

ls glven by

(re)(t) - * ftttt-")g(t)at
o

whlsh dlffcrs from thaü glven by Mlkuslnskl ln thaü there

ls no need to dlstlngulsh between constants and constant

functlong.

A unlfled treatnent of operatlonal methods aB applled

to varlous problems such as the solutlon of.dtfferentlal

and dffference equatlons wlth constant coefflctents, Eulerrs
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equâtlons, Bcrnouflllts equatlon and some claeses of non-

ILnear equatlons has been glven by Bellert t21l and

Blttner Í261, By deflnlng an endomorphlsnr T on a llnear

Epace and, genenatlng a rlng of pol,ynomla} openators ln Tt

the fleLd of ratlonal operatons 1s obtalned fnom the

ex,tenslon of thls rlng, lts general propertles studled anô

partlcular cases of the operator T oonsldened.

Openatlonal calculus can be based on the generallzcd

functlons of Schwa?tz t88] (see Malakhovskaya [76] ).

Also Krabbe t?O¡ deveJ-ops an operatlonal ealculus fon

Schwartzrs dlstrlbutlons of left bounded Eupport. In a

paper by Fenyö t49], a relatlon ls establlshcd between

Mlkusinskl operatore and the d{strlbútlons glven by

Korevaar t691.

À method based on the ldeas concennlng the flnlte parü

of dlvergent lntegrals was used by Butzer t31l and

Boehme t28l for lncludlng nonlntegrabLe functlons ln

Mlkuslnsklre operatlonal calculus whlch was deflned onLy

for functlons whlch are l-ocal}y lntegrabl-e everywhere.

The appllcatlon of operatlonal ealculus to dlscretc

analysls has been glven by Dltkln and Prudnlkov t45l by

eonslderlng step functlons and a speclal operatlonal

äalculus has been developeó by Berg 1,221 for funetlons

deflned on the set of lntegers.

Ditkln and Prudnlkov t45] also developed an

openatlonal caleulus for Besselts operaton -I t ãt and

Meller t78l has consldered an operatlonaL caLeulus for

several operators related to thts operAtor. A nonllnear

operatlonal calculus has necently been outllned by Beng

Í231, [24].
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2. of t onaL uatlons

The theony of q-functlons constltutes an lmportant

bnanch of the theory of flnlte dlfferences and q-functlons

usually occur as the solutlons of q-funetlonal- equatlons of
the type

F(r, 0(ü), g(qr)) = 0

where t may elther vary eontlnuously or on a sequence of
the form '{gnto}. Tt¡e parameten q can be elther a real
or compl-ex number and 1t can always be assumed, wlthout loss
of generallty¡ that lql <

wnlte q = I and study a glven problem for lpl <' p ----e

The general functlonal equatlon

= B(t)

can be reduced by means of a l-lnear fractlonal tnansforma-

tlon to elther the ordlnary dlfference equatlon

(1.2.1)

on the q-dlffenence equatlon

aJ (t ) rqqn-J., = b (t ) (r.2.2)
I

lror,', '[', î#tJ

accondlng as the substltutlon t * ffi has one or two

doubre polnts (see carrnlchaet t381 ¡. Funthermone equatlon
(L.2.L) can be redueed to equatlon (L.Z.Z) by the trans-
rormatlon t**4i-rog q

The flrst results connected wlth the theory of
q-functlons were obtalned. by Euler t48] 1n j.248. He

studled the algebralc lnflnlte product

J

n
I c.(t) s(t+n-J) = d(r)

J'l J

n

IJ
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o -1

fT (r - "qo)
û-0

and deduced that

n (r-q') - i (-1)otnå(3n-1' * nåt'o*t').
n¡l nro

In L866, Gauss t5f1 also establlshed certaln lnterestlng
results ln q-serles, fon exarnple

n 2n ) / (1-q2u- I )) -( (r-q

The earllest example of a q-functlonal equatlon

appearõ to have been given by Laplace tZttl ln hls treatlse
on probablllty theory. In 1815, Babbage [20] studled the

qualltatlve propertles of the equatlon f(t) - f(qt). Ttre

solutlon of thls equatlon 1s a q-perlodlc funetlon whleh

plays the roLe of an arbltrary constant 1n q-functlonal

equatlons. The propertles of these q-perlodlc functlons

Y¡ere etudled by Pincherle [84].
In 1878, Helne 163l studled the baslc hypergeometrlc

Eerles deffned by

(r-qa) (r-qß)
z0r (a' B¡Y;t) * l" + (r-q) (1-qY) t,+

@

i |t"+r )¿q .
on!

+
(l-qo) (l-qd+r) (l-qß) (l-qB+1 )

(1-q) (1-q' ) (r-qY) (r-qY+t )
t2 + . . . .

(1.2.3)
whleh satlsfles the q-dlfference equatlon

(qY-qo+B+lt) r(qtr) - (qY+q-(qo*qß)qr)r(qr)

+ q(1-t)f(t) - 0.
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Serles of the type (1.2-3) are now terrn rrHelne

Seriesrr.

Gounsat Í.521 1n 1903 examlned the solutlon of the

equatlon

r(qt) - f(t) = b(t)

Ln conneetlon wlth a problem ln partlal diffenenttal

equatlons. He called hls method of solutlon q-flnlte

lntegratlon.

The theony of q-fu.ctlons was extenslvely developed

by Jaekson from 1909 1950. He süudled many q-analogueg

of elementary functlons, power serles and summatlon

theorems for Helne serles. A conplete blbllognaphy of

Jacksonrs work ls glven ln Chaundy [42J.

In 191-0, Jaekson t651 Lntroduced the eoneept of a

q-lntegral or baslc lntegral as the lnyerse operäto1' öf

the q-dlfference ope:rator whlch was deflned as

o. r(r) = {!à#, lql + 1 (1.2.4)

The q-lntegratlon operator was denoted by

t
ellrtt) = +.q $rttl d(q,t). (1.2.5)

o

However lt was only ln 1949 that q-lntegnatlon was studied

extenslvely. Hahn t53l and Jackson t64] examlned the

fundamentaL propertles of the lnverse operatlon O;lf(t)

showlng that under eertaln condltlons, as q + 1, the

q-lntegral. tends to the Rlenann lntegral.

In faet, the deflnlte q-Íntegrals are deflned by



I

t

S
o

oô

b

S
e

ï-q'
L f(t) a(q't) = f, qJr(qJt)

0 t
(1.2.6)

(L.2.7¡

(1.2.9)

where

-
a

S
o

b

eJ
o

Corneepondlngly the baslc lntegraJ-s can also be

deflned by

t

S
o

S f(r) d(q,r) = t q-Jr(q-Jt)
I

S
o

1-q' f (t) d(q,t ) =

1
1-q

oo

T
-J

q,

t

o

æ

T
J

i nJr(qJ).
J r-o

1

the convergence of any baslc lntegral ls determlned fron

the convergence of the correspondlng q-sum.

Jackson also establlshed the formula for q-lntegration

by parts

(otf(t))e(t) o(q,t)=(l-q)f(t)s(t)- r(qt)(0ts(t))d(q,t).
(1.2.8)

Uslng the above deflnltlons, Hahn t53] evaluated

a number of lnterestlng results, for example

( r-qk+l ) -( t-q¡-1

S
o )- (1-q

rk-1(r-qr) J-rd(q,t) =
( 1-q ).'
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He also deflned q-analoguea of the classlcal Laplace

transform by the functlonal transforrnatlon
I
a

Fõ' S E (sqt) f(t) d(q,t)q
1

qL" f (t) t (1.2.10)

Lqs f(t) = en(-st) f(t) ct(q,t) (1. 2. 11 )
o

and studled some of thelr propentles. In pantlcular, he

deffned the q-eonvolutlon as

t
t_

Fq'f (t) r e(t) G S f(r) glt-qrl d(q,t) (1.2.12)

whene the functlon

B[t-qt] = CL (t-qr )
J J

when s(t) = a t J
J

Funthermone, he gave the q-convolutlon theorem

qL" f(t) nL" s(t) a qts {f(t) * s(t)} (1.2.13)

whLch ls valld fon the transformatlon only.

In L960, Abdl t2] made a systematlc study of the

propertles of these q-Lap1ace transforms. The q-analogue

of Cauchyrs mu1tlple lntegral formula was obtalned by

AI-SaIa¡n t16l ln 1966 and certaln fractlonal q-lntegrals

have been studled by Al-SaIam t17] and Agarwal t15].
Apart from these results ln q-lntegratlon, the

q-dlfference equatlons have been studled extenslvely both

ln the form glven Ln (1,2,2) and ln the form

o

-@

æ

I
IJ

i
¡-OJ

Lqa



10.

A bibllography of themalnwork 1s glven 1n Adams t7l and

nrore recenüly ln Kuczma l,|Ll.
In 1909-L91L, Jackson [66], Í671 studled the solutlon

of sorne partlcular q-dlfference equatlons of the hypengeo-

metrlc type and later 1n 1940 obüained. some general results
for sueh equatlons [68].

A power serles solutlon for the general q-dlfference

equatlon was flrst obtained by Canmlchael tSel 1n J-91.Z.

Ttre generallsed Rlemann problem for llnear q-dlfference

equatlons was formulated and solved by Blrkhoff l?jl ln
1913. The llnear q-dlfferenee equatlons fon particular
types of coefflclents vrere studled by Mason Í771 and later,
1n t929, by Adams t91 and 1n L933, TrltJlnsky t9f¡ made a

systematlc study of the analytle propentles of the solutlons

of such equatlons. A general theory for a certaln class of
nonllnear q-dlfference equatlons wes studled by TrltJlnsky

L9z7 ln 1938.

In 1958, Hahn t56¡ consldered certaln q-dlfference

equatlons satlsfled by functlons of the hypergeometrlc

type. Thls type of q-dlfference equatlon was also studled

by N. Agarwal [13] ln 1960 to obtaln certaln baslc hyper-

geometrlc transformatlons. Other recent lmportant

contrlbutLons have been made by Hahn [54], [57], Upadhyay

[93] ' Tauber [901, Ml11er t82] and Abdl [5] . The last
author studled a q-dlfference equatlon wlth q-perlodlc

coefflclents.
However, other q-functlonal equatlons have not

attracted as much attentlon. The solutlons of certaln

lirtr(tl 
e[llr(t) = b(t).
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types of partlal q-dlffenence equatlons Ïrere studled by

Aoems [6], [8J, [11] ' [12] and he also consldered' a

parttcrrlâ¡ q-lntegro-dlfference equatlon [10]. More

recently, Abdl apptled the q-Laplace transform to the

solutlon of q-dlfference equatlons [3] ' partlal q-dlffer*

ence equatlons [2] and certaln types of baslc lntegral

equatlons [1].
, The appllcatlon of q-functlon theory to number

theory has been examlned by many authors lnclud1ng Euler

[l{8], starcher [89J, and more recently carltt'z [32],

Agarwal t14l and Andreïfs tr-91 among others. There has

also been a growth ln the study of q-polynomlals and results

ln thls area lnclude those glven by Hahn [59] ' carrrtz [33] '
[3Ü1,A1-Salam[18],Chakt40]andChakandAganwalt4l].

3. A Con.Jecture of Carmlchael

The startlng polnt of the thesls 1s an address glven

ln 1921 by Carmlchael t351 to the Amerlcan tvlathematlcal

soclety. In thls address he noted thet a study of systems

of algebralê equatlons may be used as a gulde ln d'eterml-nlng

thepnopertlesofvarloustypesoffunctlonalequatlons
whlch are themselves derlved from the algebralc systems by

1lrnlt1ng processes. In partlcular, hê dlscussed certaln

osclllatlon,comparlsonandexpanslontheoremsforthe

algebralcsystemswhlchcouldconvenlentlybeapplledto
the functlonal equatlons'

For lnstance, the second order equatlon

f"(t) + 0(t)f(t) = o (1.3.1)

may be reallsed 1n lnfln1tely many wa,ys as the l1m1tlng

form of an algebralc sYstem' Howeverr 1t ls convenlent
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to use the approxlmatlng equatlon

fr(ro*aol - 2f(t+ô) + f(t)) + o(t+o)f(t+ô) = o

whleh reduces to (1.3.1) as ô + 0 when f,ö satlsfy
suítable condltlons, Thls equatlon becomes

r(t) + (o'o(t+o¡ - z)r{t+o) + r(t+zo¡ = 0.

Ttrerefore 1f t successlvely takes the values to+kô for

]4 = 0r1, .,. etr-Z fn some lnterval (tort¡), a system of

n-1 algebralc equatlons of the form

f(to+kô) + bkf(to + (k+1)ô) + f(to + (k+2)6) = o

]4 = 0r1r,..ent-Z

1s obtalned for determlnlng the n+l unknowns f(to+k6),

14 = 0r1r... ¡n. Hence the propertles of the solutlon on

(to,tr) of (1.3.1) can be derlved heurlstlcalIy fron the

propertles of the solutlon of thls algebralc system.

Carmlchael conJectured that, trr a s1mllar way' thls

method may be applled to the theory of dlfference and

q-dlffenence equatlons, both ordlnary and partlal, and the

theory of partlal dlfferentlal equatlons. Furthermore, by

passlng from any of these cases, by another llmltlng proeess

of Volter?a, to such llmltlng forms as hls llnear lntegro-

dlfferentlal equatlons and lntegro-q-dlfference equatlons

or to varlous llnear systems comblnlng the propertles of

these types of funetlonal equatlons, any one of these can

be regarded dlrectly as the llmltlng case of an algebralc

system under some approprlate 1lm1tlng process.

But, the development of the theory of q-functlonal

equatlons has malnly been based on analytlc methods.

Carmlchaelts paper seems to be the only reference to uslng
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an algebralc approach 1n this theory. ïn attemptlng to

develop a systematlc study of q-functlonal equatlons based

on Carmlchaelts ldeas, 1t was found that lnstead of
approxlmatlng the q-functlonal equatlons by a system of

algebralc equatlons and derlvlng thelr propertles heurlstl-
calIy 1n a Ilmltlng process, the propertles of the q-func-

tlonal equatlon eould be determlned dlrectly from an

equlvalent algebnalc equatlon by developlng an operatLonal

calculus uslng methods s1mlIar to M1kus1nsklrs.

4. Surnmary of Results

The followlng ls a sì¡mhary of the results establlshed

1n the thesls.

l¡Ie consider a space of fi¡nctlons F deflned on a

sequence of polnts '{qoto;n nonnegatlve lnteger} where to
ls any f1n1te nonzero neal number. In general, the theory

of q-functlons has always been studled for functlons of a

contlnuous varlable. Thls has meant that the solutlons

of q-functlonal equatlons are unlque up to a q-perlodic

functlon. However, 1n our context, the q-perlodic functlons

are mere constants,

Functlon multlpllcatl-on ln the space of funetlons F

ls glven by a modlflcatlon of Hahnrs deflnltlon of baslc

convolutlon
t

(rs) (t) = o. ( S rlt-qtle(r) d(q,r))
o

whlch ls analogous to that used by Berg l22l 1n the eon-

tlnuous case. The algebralc propertles of F are studled

and 1t ls shown that F can be extended to a fle1d ? whose

elements are basle operators. Two lmportant operators 1n
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0 a¡e rclatcd to the q-dlfferencê openator anô the baslc

lntegral oponaüon.

Ullcutlnskl t80l and Boehme Í271 studied thc strucüu¡re

of the opcrator fleld for the contlnuous case. A slnllar
approaeh ls used here for exanlnlng the st¡ructr¡re of the

ffeld ? of baslc operatorÉ. Convengence of sequenoel of

operators 1¡ deflned ln ? and from lÈs propertles' lt ls

establlsheô that O ta the partlally ondereû ü¡nlon of eertaln

Banaeh specss. However, as ? fs not topoloSlcelr 1t ls
not a Banach gpace.

Convcngcncc of scrles of operatora 1s Etudled and

dxlatcncè of lnflnltc products of operators ls also

examlned.

lfhe concept of en operetor funcülon ls lntroduoed as

thc cl¿ss of opcrators which are dependent on e paranetcr.

ftre q-dlffcncnce and baele lntegnal of operaton functLons

are dsffnêd analogous to the eoncepte glven by Jackson [64J.

Uslng thege deflnltlong, ühe pnopertles of the soluülon of

¿ pa¡rülcular q-ttlfference opcrAtor equatlon arc studled.

Tt¡e reculte establlshed ln thls baElo ope¡etlone}

calculus anc ühan applled to ühc solutlon of ccntaln

q-dlfferênoc cquatlonsr baslc lntegral equatlona, lntegro-

g-dlffenèncc equatlone and partlal q-dlff;encnec cquatlons.
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CHAPf,ER 2

TTIE FT'NCTION SPACE F AND OPERATOR FIELD",
-r'r!

In thts chapterr !r€ conslder a space F of functlons

deflned, on a q-Bequence rhene functlon nuJ,tlpllcatlon ls i

glven by the basle convolutlon. Ttre fleld O oî operators 
':;'

ls obtalned as an extenslon of F äa "ote of lts
propentles are examlned.

L. Notatlon

Before pnoceedlng to the deflnltlon of the functlon

spacer wê w111 glve the notatlon to be used 1n this thesls.

lllre base q 1s any real number such ühat 0 <

and q wlll be kept flxed throughout the thesls.

Fon any real number e, deflne

-c
tat - +:å .

(r+t)- = I1m (r+t)o -
ll')o

Fon any posltlve lntegen

deflne

Deflne

( 2.1.1)

n and any real numben tt

(l+t)o - -(r+t) (r+qt). ... (1+qo-lt), (L+t)o = L. (2.t.2)

æ

fl{t*n"r). ( 2.1. 3)
il-0

As 0 < q < 1, 1t ls easy to see that thls product

convergeS.

The deflnltlon of (t+t)o can be extended fnom any

nonnegatlve lnteger n to an arbltnary reaL number o. by

(r+t) t
(l+t)-

( 2.1.4 )
( 1+q\)-c

provlded that t*-q-c-k when k ls a nonnegatlve lnüegen.



Further¡ wê deflne the blnom1al poürer as

(2 . L.5)

for any real numbers tryrc such that y >

k ls a nonnegatlve lnteger. Clearly, for any real numbers orß,

(L+t)o(t+cot) 
ß - (r+t)*+ß (2 ,1, 6)

provlded all the b1nom1al por¡¡ers ex1st.

From (2.1.4), vûe obtain for any posltive lntegen n

(y+r)o=yo(1 *$)o

L6.

(2.1.7)

Ln(n+t)t-o
( r+qt- ) fi

whenever t 1s a real number sueh that t+-q , -e2, .. r r-et.

The rrq-factorlal-tr 1s glven by
(l-q)

[n] ! = [n] [n-lJ.... [1] = :_l.rt.- (1-q)o

and the q-blnomla1 coefficlent by

(2.1.8)

(2.1.9)[n] !

ln-ml ! [m] !

where nrm are non-negatlve fntegers.

By (2.r.2) ,

The q-analogue of the gamma functlon 1s deflned as

r-(a+l) - 
(r-q)o 

(2.r-.10)q ' 
( l_q)a

where a ls any real number but not a negatlve lnteger.
From (2.1.8), lt follows that

t:l= t:l=1.



r (n+L) = [n]:q

and ( 2 . 1. l- ) ylelds llm [n] = n.
fl-+1

Therefore

(n+1) = n!

17"

( 2. 1.11)

.L

(z.t.tz)

(2.1.13)

(2.1.1.4)

for ltl. L

l1m I
q+1 q

Deflne for any nonnegatlve lnteger n and any real- nrunber' o

for ltl

[:]trl
Two q-analogues of the exponentlal functlons are

def'fned as

whenever t*Ë for any nonnegatlve

J-nteger n

1
L-q=i

J=o

=l
J-o

rJ-irT!-

En(t)=(r-(l-q)t)-

J ¡áJ (J-l)(-1) q

Heneerfrom (2.1.11)

rJ
TJT|

toli 
"o 

ttl LlmE(-t)="t.
q+1 q-

I k 2 k

The basle hypergeometrlc functlon 1s deflned as

,0rr(a rtã2t.... ram; br nbzr...Þo;t)

(r-ar )n(1-az )k. . . . (l-ar)n k

=i t
n k TT-qf,

(2.1.15)

are real for 1=1r. . . ' ¡Ille,

ac,k

where the parameters à!, OJ
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J=lr. . ¡fi and ffrh are posltlve lntegers such that

m I n+1. If one of the parameters âi 1s of the form

q-N where N ls a negatlve lnteger, then (2.1-15)

ls valid fon nonnegatlve lntegers ilrrl and ,0u reduces

to a polynomlal.

The k-confluent serles ls glven bY

n-kOo-1(ar, â.2t.. . . rân-ki br rb 2r. . .. rbrr-1;t)

öo

T
=oJ

(_1) kr qLkr (i _ 1, ffi:+l#-$l
where trrk are nonnegatlve lntegers and 0 <

af ,bJ are real where 1=1, . . . . 'll-k,the parameters

J=10....rn-l-.

For the dlscussion of these functlons see Hahn t531.

2. The Functlon Space F

Let to be a ftxed, arbitrary, nonzero, real number'

As stated prevlously, q ls a flxed real number such that

O<q<L. Theset ltl 1s deflned as
o

complex numbers such that

^

+ k a nonnegatlve lnteger) ( 2.2,1)t o

Suppose f 1s a maPPlng on lnto the fleld C of

f(t) E ,a €e (z.z.z)
n

where the serles expanslon ls absolutely convergent for all

{qkt
o

nTo

ctt
n ,ll)atgrl

llEO

+ 1n À.
o

t 1nÂ t o
.Now, any polnt t can be expressed as



N.OE'o for some nonnegatlve 1nüeger N. Thereforet Íre

represent llm f(qNt

19.

(2.2.3)

(2.?.4)

(?.2.5)

) by rrrn f (t).
t-)o

The set of al-l
o

N-ro

sueh mapplngs f wlLl, be denoted by F.

For any arbltrary polnt T 1n , wê deflne the

Ilnear transformatlon e on F as:I

@

^lo

Erf(t)= I "o(t-t)r,rl=o

where f€F. Uslng the standard square bnaeket notatlon

(Ilahn t53l ), wê al-so wrlte

ri f(r) = f [T-t].

Now, from an ldentlty d.ue to Euler [48] '

tk(k-t)rn-k(_r)k
ni, tl] q(r-t) =' 'n

and hence, Etf can be expressed 1n the form

rrr(t) =,,io"o*' ni, t n ] qkk(k-t) (i* )

In the sequel¡ we need the followlng lernma.

Lemma 2.2.L

For any nonnegatlve lntegers rlrk, suph that O ( k ( tl,

(1) L < trl o < q < L.

(11) (1-q)k .
( r-q) o( 1-o) k

cl n

Proof: ff k=o, then s 1, for all lntegenst:l
n>o. For k)o¡ 1t foLlows from the deflnltlon and (2.L.6)
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that
( r-q)

1f:qlk(1-e) o_r.

But, as 0 <

suchthatl<J<k,

l-q ( r-qj <

Hence,
( t-qt-k+r )

ttl= n
n-k*1 rtr-q - /r

¡1_o)r

)

VJe now show that F ls closed under the transformatlon

Theorem 2.2.I
T

( I-q k

Ç

set of F.

Proof: Let f(t) =

Then, from (2.2.5),

The set of funetlons {frr: f€F, T€^l } ls a su-c-
o

æ

6

I a tn.þrl
nEo

rn 
_i"[ I ] qkk

k
qrf(t) =

Now, for all nonnegatlve lntegers n (v1de (2,2.4))'

Iaefl
fl-o

)
-tT(tc- t) 

I

n
T qtrl Lk (k- 1) tfilo = (r * lål ),. . (2.2.6)

k=o

Hence, comblnlng (2.2.6) wlth (2.f.14), we have

n
l1m I
¡¡*o þ16 t I I qtk(k-" t&to . Eo(-rr-ql ttl).

So, 1t fol-lows that

"i, 
laol lrto nl" t n ] qtk(k-t) lFln

1s convergent and lnterchange of orders of summatlon ls

va}1d. Thus, wê ean wrlte
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rlf( r )

If f,B

Proof: Let

I
þ=

k

t I ] q"k(k- 1) 

J

TN

(-

[ "1u""o

¡I\T )
kt

FurtÌ¡ermore, as the rlorrble serles On the rlght COnVefgeS

absolutely, trTfeF for all Onl

In the sequel, wê r,¡111 often wrlte the functlon f

ln the form

f = <f(t)>

where f(t) denotes the functlon value at the polnt t.

For two arbltrary funetlons frg 1n F, the operatlons

of addltlon and scalar multlplication are deflned ln F as

f+g = <(f+g) (t)> = <f (t) + e(t)> (2.2.7¡

âf = <(af)(t)> = <af(t)> for any aeC (2"2.8)

Clearly, F 1s closed under additlon and scalar muItipI1catlon.

tr'unetlon multlpllcatlon 1s deflned ln F, üsfng the

basfc lntegral of Jackson, as

fs = <(fe)(r)> = .4.{f(t)slt-rld(e,r)>
?

tl )> .

(2 .2 .9)

Then fg 1s catled the baslc convolutlon product, oP

slmply the baslc convolutlon, of f and g.

lrle ean also wrlte fg = <f(t)><g(t)>.

The closure of F under baslc convolutlon 1s established

1n the following theorem.

eorem 2 2.

o

=<o-( (1-q)r I qjr(qjt)elt-qj*r
t j=o

are ln F, then fg ls also a functlon 1n F.

f,B be functlons ln F glven bY
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(2.2.L0)
f(r) to

e( t)

Then, from (2.2.9), we obtaln

(re) (r) = or((l-q)rrlon, i "onJot" i ur(r-uj+l)rtt)
qt

¡,Éo ü=o

J (n+1)
( 1-q J+1 )

(2.2.rt)

where lnterehange 1n the orders of surnmatlon ls JustlfteO

slnce al-I the serles lnvolved are absol-utely convergent

(Fort t5o1 ¡.
Uslng a result due to Hetne [63], on slmpllflcatlon'

we obtaln

mIqnfm( (rt0
c¡ oo

)t I I "obrtrlao m=o
-q

i nt 
(n+r)

J=o

)
roJ

(x,

I nJ 
(n+t ) I 1_qJ+r ¡

( 1-qn*1
)1 (1-q)

m (l-q) m
oj j

Therefore, Q.2.]-L) becomes

(2.2.t2)

æ

(fe)(t) = or((r-q)t I
llBo

i . . n*m (l-q)o(r-q¡r \

,lo"oor" -IT-9) 
"+r+r 

l

i i a-¡-t"*'(l-qo*n+1,bþnm
fL3.o m=o

Hence, 1t follows that, for all t 1n 
^
+

o

A¡t
o

=i
flr

(fe)(t) tn

t

( 2.2.13)
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where
tr

T
m-

But, I Arrto ls absolutely convergent slnce 1t has been
tl=o

A=
tì.

abn-m Er
o

(r-q)o_r(l-q)
-q n

obtalned by rearranglng absolutely convergent serles'

Thenefore, fgcF.

It 1s lmportant to dlstlngulsh functlon multlplic'ation

(fe) (t) from the frrnctlon-value rnu1t1pIlcat1on f (t)g(t)

slnee these, 1n general, do not colnclde. If we consld-er

the functlons f,8 as glven 1n (2.2.10)' then the

functlon-value multipllcatlon f s

f(t)s(t)

where

Therefore, on comparlng the coeffl-clents Arr,Bt

1n the respectlve serles expanslons of (fe) (t) ' f(t)g(t)

we flnd that functlon mu1tlpllcatlon and functlon-value

mu1t1pl1catlon are equlvalent only lf at least one of the

funetlons 1s a constant or fft

(z.z.:-u)

@

tnlutn
om=

an
o

=I
fl=

(D

= Iatnsfl
flEO

n=I
m=

Bn m
b

-m
an

o

Ì1m (fe) (t)
t+0

I1m (r(t)e(r)) .
t+0

3. A1 e ralc ertles fF

In thls sectlon we examlne the propertles of F.

The algebralc propertles of the baslc convolutlon are

glven ln the foIlowlng.
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Theorem 2.3.L.

If frgrh e F, then

(1) the basic convolutlon 1s commutatlve: fg = gf

(11) the baslc convolutlon ls aesoclatlve: (fÉ)h=f(gh)

(111) tfre basle convotutlon 1s dlstrlbutlve: (f+g)h=fh*gh.

Proof:

Slnde frBrh are represented by asbolutely eon-

vergent generallzed power serles, 1t ls sufflclent to

prove thls theorem for the general powel4 functlons. There-

fore, nre take :

f(t) = to, g(t) = tt, h(t) = tk

where nrmrk are nonnegatlve lntegers.

Property (1)

From (2.2.13), $¡e obtaln

rs = ( tn) ( tn) = 1 ¡'*'$flî-1P,

= (tn)(tn) = Bf,

whlch establishes commutatlvlty.

Property (11)

l,le conslder

(fs)h = ( t ,r+m(1-q).r(l-q),
( I-q ) n*m

= (t rÍ*¡n*k (r-q)o(1-q), (1-q)o+r11-o)r

)(rk )

o

( }-q ntm -q)

(l-q)o(r-q¡r(l-e)n
_ , ._n*m*k

q n*m*k
)

n*m*k
)
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- ,+n+k 
(lj)'lt-n)n 

)(t'l=(t :fqf ,

(eh) f .

Hence from property (1) 
' 1t follows that

(re)n = r(eh).

Property (111)

For dLstrlbutlvLty,

(f+e)h = (tn+t5ttk I

= (t -q n*k

=fh*gh.

Now, from (2.2.7), (Z.Z.B), tt can be shown that the

operatlons of addltlon and sealar multlpllcatlon 1n l-

also satlsfy the propertles of commutatlvlt'y, assocla-

tlvlty and dlstrlbutlvlty and hence f 1s a vector space.

Furthermore, from Theorem 2.3.I, lt follows that F 1s a

commutatlve rlng wlth respect to addltlon and baslc con-

volutlon. The zero element of F 1s the functlon <0>

and the multlpllcatlve ldentlty 1s the functlon u = <l->.

trle now show that F has no nonzero dlvlsors of zeto.

Theorem 2.3.2.

If fg = <0> and g * <0>r then f = <0>.

Proof

conslder the functlons îr8 deflned ln (2.2.10).

If fg = <0), then, from (2.2.L3), it follor¡rs that

+

rr+t<(1-q)r,(l-q)n r *m*k 
(l-q)o,(l-q)r 

)+ r -TI-Ðn+k

o

00

Irttrþn
rl= o

0 for all t€^
Ë
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Therefore, for every nonnegatlve 1-nteger n,

abn-m m

(l-q)r(r-q)r,_,
A=n

n

i
mÉo

0-q fl

Slnce g * <0)r suppose bo, 1s the flrst nonzero

coefflclent of g. Therefore, lf we assume f + <0)r

there exlsts some lnteger k where k>m such that âk-*

ls the flrst nonzero coefflclent of f. Hence, âs

( r-q) (r-q)k-J J 0,Ar
k

= 
rlo"n-'oJ (1-o)r

lt follows that

b
(l-q)o-o,ç1-o)n

= 0.ak-mm ( l-q) k

But,
(1-q)n-r(l-q)

does not vanlsh for 0 < q 4 1r
-q k

hence either âk_* = 0 or 0. Thls leads to a

contradlctlon and so f = <0>.

Thus, F ls a commutatlve rÍng wlth no nonzero

d,lv1slons of ze?o; therefore 1t 1s an lntepçra] domaln.

4. The Fle1d 0 of Baslc Operators

Slnce the space F ls an lntegral domaln, 1t can be

extended to a fleld 3 such that each element weo ls

the unlque solutlon of an equatlon of the form

gw = f where frg€F, B * <0>.

The element ïr In o w111 be ca]led a baslc operator,

or s1mply an operator. It denotes an element of the
fform + where frgeF. The zeto element of O ls the
B

b=
m
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operator <0>
T- and the unit element 1s the operator

s(t)

f
1

where f€ F, f + <O>.

The operatlons of add1tlon, scalar multlpllcatlon

and operator multlplication are deflned 1n 0 by

fG+gF
gG

for {, $ e o, acc.g'u
It ls easlIy seen that the operator fíeld 3 1s an algebra.

Slnce u, uf€F, there exlsts an operator weí)

such that uw = uf. Furthermore, as uf = f ln F, 1t

follows that w = f satlsfles the equatlon uür = uf.

Thus f ean be regarded as the operator + In O.u

Therefore f * S d.eflnes an lsomorphism of the space F
u

on to the set of all operator" S ln O. Thls set 1s
u

the subdomaln OF of O. The followlng theorem glves the

eondltlons for an operator ln ? to be ln the subdomaln OF.

Theorem 2.4 .L

Let frg be nonzero functlons 1n F such that

fF
-+-=gG

fafã-=-gg

fF
sd

fF
s'G

f(t) = i
r1- O

d

I¡tnþIT
11= o

.nE,a n

+for teÂt^ and let "J be the flrst nonzero coefflelent
o

ln the expanslon of f.
If the operator " = Ë ls lsomorphlc to a functlon

1n F then bt = 0 for lç = 0r1, J-1.



28.

Proof

Let w be lsomorphlc to the functl-on

w(t) = for te^+
t

Slnce w satlsfles the equatlon fw = B, 1t follows

from (2.2.13) that,
(1-q)o_r(1-q)t

o

æ

Ictn
llr o

æ

I ¡ tn.sn
n=o

1l

I
þ=

It"
n=o o

n-k - -(1-q)n

Hence, for all nonnegatlve lntegers n, we obtaln

akc

Ît
I âkc,,-k

k=o

ltm s(t) * 0,
t+0

=þ n

But, as a 1s the flrst nonzero coefficlent of f,
J

âk = 0 for k = 0r1r....rJ-1

and therefore, 1t ls to be lnferred that

bk = 0 for k = 0r1r....rJ-1.

Corollary 2.4 .1.

If frg are two functlons ln F such that

Ilmf(t)=0
t+0

then the openator

ln F.

Proof:

Functlons f 1n F, such that

no nultlpllcatlve lnverse ln F.

cf
.9.fw= 1s not lsomorphlc to a functlon

1lrn f (t) = 0, have
t+0

Thls follows lnmedlately from the above theorem

slnce âo = 0 but bo + 0.

fn partlcular, lf g = u ln thl-s corollary, then

Corollary 2.\ .2.
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Even though the oPerator uf
u Ln O and the funetlon

f ln F are conceptually dlfferent they behave 1n the same

manner under algebralc operatlons and are ldentlfied by the

lsomorphlsm. Therefore, ln the sequel, both w111 be

denoted by the same sYmbol f.
S1mllar1y, we can deflne an lsomorphlsm from the

fleld of complex numbers C onto a subset of O by a * gs'
u

The set of all operators

2 and we w111 denote +
slnce they are ldentlfled under the lsomorphlsm.

In partlcular, the number 0r the functlon <0>

and the operator + can be ldentlfied under the above

lsomorphLsms and all three w111 be denoted by the synlrcl

0.

5. The operator s

In thls sectlon, we will show that the q-dlfferenee

operator Or 1s an element of ? and study some of lts

propertles.

Flrst of aI! we conslder the functlon IeF deflned

by
+ (2.5.1)I(t) = t for all t€^ t

and we w111 flnd an expresslon for the baslc convolutlon

povrers of I.
The baslc convolutlon of I wlth any functlon

feF is glven by
t

If = (0 (t-qr)f(r) d(q,t) )

+ forms a subdomaln OC

and a by the same sYmbo1

of

a

o

S
o

t

@

T
J

=(
o
qir(qJr) ( (t-nJ+rt, (qt-qj+1t) ) )



30.

Therefore,

If=( f(r) d(q,t) ). (2.5.2)

Hence the ba.slc convolutlon of I wlth f treads to the

baslc lntegratlon of f. Tn partlcular, from (2.2.9), 1t

follotnrs that
t

Ï oJr(qit)(1-.q)t) ).
J=o

æ(

t

S
o

r(fe) = ( S f(t)s[t-qtJ a(q,t) ); (2.5 .3)
o

Now, substltutlng f=I 1n (2.5.2), vle obtaln
t

¡2=( S
o

r d(q,t) ) = ( t2

From the analogue of Cauchyrs formula for repeated

baslc lntegratlon due to A1 'Salam []-6J:

n-l

S f( r) d(q, r) . . .d(q, to-z)d(q,trr-1)

)
rãTT

t

o

t
C

o

t¡

S
o

t

S
o

( t*qù n-l

lt follows that

[n-]-l !
f ( t) d(q, t),

f (t)d(q,t)d(e,tr )) = ( S (t-qt)f(t)d(e,r) ).

Therefore, 1n the general case, slnce
tn-l

rzf = (

rnf=(

t

S
o

t

S
o

t
L.J

o

tr

o

S

t

o

t1

S f(t)d(q,t) . . .d(q,tr,-2)d(cl,tn-l) )

o

( t-qr)rr- t=( n-

o

r( t) d(q, t) ) (2.5.4)



and rnf = t(ro-1r), lt follovrs, from (2.5.3), that
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(?.5.5)In=( )

Flence Tn can be regarded as the operator assoclated

rr¡1th the baslc lntegral of n-th order.

lrlow, as In belongs to the fi-eld O, I-1'" 1s âlso

an element of fl for eaeh posltlve lnteger k. lle denote

(2,5.6)

The propertles of the operator s are glven 1n the

followlng: theorem and these are eas1Iy proved from the

deflnlt 1on.

Lemma 2. .5 . L

o (?.5.7 )

(2.5.8)
S =u
st = I-n for all lntegers n

+m for all lntegers h,il (2.5.9)

) for all nonnegatlve lnteÊers n (2.5.10).,nt
S =1

Now, from (2.5.5),

--1 u*Ts

nmSS
n

s

tnl1m rn(t) = l1m
t-rO t')0 TñTT

= 0 for any posltlve lnteger n.

Therefore, Corollary 2.4.2 1mpl1es that the operator

ls not lsornorphlc to a functlon 1n F for any posltlve

lnteger n. The follov'rlnE theorem brlngs out the

conneetlon between s and the q-dlfference operator t

n
s

ç)

Theorem ?.5.1

Tf feF, then

sof = o[")r + fo,o-rs + fo,r*2"' +...+ to,oro ( 2.5.11)



Proof

Hencg lt follo'¡s that

f-f
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f(t) k = 0,1r...¡h-J-,

sf--sforo

Q.5.L2)
ono

n=l and $Ie Prove bY lnduct-

n.

(k)
\^rhere f t

t

oro
I

ork l1m 0
t+0

Conslder If = (5r(t) d(q"t))
o

Slnce 0 f€F," then ure obtaln

r (orf ) S
o

0 r(t) <1(q.,r) ) = (f(t) f(0) )

t

o a-

t

1.e. rf -. Otf + sf

Hence (2.5.11) ls va11d for

lon that lt 1s valld for all
Assume that (2.5.11) holds for n-1

sa-1f = tÍ"-1)r * fo,rr-2s + fo,o..3rt*.,.+f

Then, it follows that

"t-1(o.f) = tÍ")f + fo,n-,I

But, from (2.5.12) 
'

"o-'1(orf) = stf -' *tto,o

and so

sof = tÍ")t * ro,o,. ls +...+ fo, rst-1 +

orn-2 orl

(k)

so that

n-l
So.o

n-ls*f s2+...+f S

utf .oro

Hence the result foll-ows for all posltlve lntegers

ollar:v 2.5.1

If f 1s a functlon ln F sueh that

11m O

t+0

Cor

t f(t) = 0 for þ = or1r...¡rt-1

n.
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then

s¡rf = tÍ"'t.

Before statlng Corollary 2.5.2rwe lntroduce the eoncept

of an s-polynomial. We deflne an s-polynomlal of degreê Dr

by

"oro.+arso-l 
+ ..... + anu, where ar€C, o ( 1 < n

and a *o.
o

Now, suppose Pn(t) ls a polynomlal 1n F such that

Pn(t)=âo*â1t+ +""#n

Then, 1t ls easlly seen fnom 12.5.L0) that

soP
fl

aa. * â1S
n-1 +âu

n+ ,...
n o

and hence, as soPoe?, s-polynomlars arso are elements of 0'

Corollary 2.5.2

No s-polyncmlal ls lsomorpblc to a functlon 1n F.

Proof

Suppose there ls some functlon f€F, such that

f=a n-l
n-1 + where a '-+ 0+a s no

nasn
(2.5.13)

ff n=1, then s = l (f - a^u) and so seF whlch ls aâr- o

contradlctlon. AIso, for n ) 1, lf we apply the openator

It- 1 on both sld.es of (2.5.13 ) , then

n-1 n-1 n-2I f=aI o
* ê¡I + * to-ru + ârr"'

so that

- ao-ru)s = å (ro-1r - "oro-1 - "1fn-2n
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Hencer wê obtaln agaln that s€F, a corltradlctlon and

the result follows.

It ls lnterestlng to note that 1f f ls a functlon

ln F whleh does not satlsfy the eondltlons of Corollary

2,5.L, then sof and tÍ")t dlffer by an s-poLynomlal

of degree n-1.

6, Characterlsat lons of Certaln Operators ln ?

In thls sectlon, we w111 flnd the leomorphle repres-

entâtlone of certaln functlons 1n F as operators ln 3.

Suppose p 1s a complex number sueh that

lpl <

f(t)=e pt ) for te 
^

+
È

=9e ( pt ) , 1t follows from (2 -5 .12)
q

('p e (pt)) = s( e (pt)) s( e q
(0) )

q q

( =ï
tlBO

n,npE
ïnTr

t

S
o

q
o

Now as,

that

0."0 ( pt )

and

(s-p) ten(ot) )= s(1 ).

Thenefore, we obtaln

å = teo(ot) )'

Funthermore, 1f we take g(t) = eo(oot) ln

(2.5.3) , then

(2.6.1)

I ( en(ot) ) (e (pqt) I = ( eo Iot-o+t] eq( pqt )d(qt ) I
q

Hence, from (2.5.8),

-1 s s es s-p s-qp =( S q I pt-pqt I e q
(pqr)o(q,t) )



slnce

=( e q

n-1
n (s-q
J=o

e

t
(pt) S d(q,r) )

o

e_(pr)
nlot-oetl = fu- ¡

35.

(2.0.¡l

(pqr)d(q,r) )

Therefore, lf we deflne the operator (s-p)tr by

(s-p)r, =
Jp) = (s-Þ)(s-qp) ...("-qo-rp) ç2.6.2)

for any pcC and any posltlve lnteger nr we obtaln

Henee we can prove by lndi¡ctlon that for any posl.t'ive

lnteger n,

q

(pt) ).

= (t e

e

(pt) )

q

If we assume (2.6.3) 1s val1d for h-1, then

-l s

=( e

s-p (s-qp n-l
s

a

)

t
S

o

n-2

n 
lor-oott f;-¡- "e

=( e (pt)
t

S
o

d(q' r) )
q

-fr- I
= ( eo(or)#rlT )

and so (2.6.3¡ 1s valld for all lntegers n > 1'

Now the functlons slnn(pt)r cosq(pt) are glven by

slno(ot) = fuCeo(lot) - eo(-lot))

cosq(pt) = ,(eo(lot) + eq(-1Pt) )'

Therefore from (2.6.L)' we can show that
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slnq(pt) ) (2.6 .4)

(2.6.5'¡cos (pt) ).
q

l{e can now conslder ühe functlon correspgndlng to

the operatot , where

Êrs
---Í
s-'P s- p

-1
t

S
o

l p(r-q)t l <

e^(pt) (l-q)t IT n¡o

I
n-o

Eg e lpt-pqtl e (pt) a(q,r) )q q

qû

= ("o(pr)(1-q)roion" # t

= (e-(pt)(r-q¡¡ Iq lla o l-pqD(I-q)t )o

Therefone, slnce

ntn(1:g)t
I-qnrr

( 2. 6.6)

(Hahnt551 )
o
i

ar

=(

e( t e

=I
n-o

(pt)

and (2.6.6) becomes

P(1-q)ntn
(t-qn+r, )

Hence, from (2.1.15),

(o (r-q) t )n ) .
n

can be represented as

q

=( te (pt) (q,q;q2;p(1-q)t) )
q

Slm1larly, the operaton

follows:

s-l s'
s-p

t

S
o

=( e
q I pt-pqt J e q

(pt)z0r (q,9i92 ¡p(1-q)r)d(enr) )
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= ( (l-q)t eo(ot) I
nEo

2¡.q lt zor(q,eie2;pqn(l'q)t) )
FpArCI=ÐT

q' 
t)" i ok(n+2) r0r(q,q;qz;pqo(1-q)t) .= ( (1-q)t2 eo(ot) I (o(r-q¡

n'o k-o

n+lþn(ar r. . . . ,âmrcib t r r . . . ,br-r rd;t)

,0r-r (ar'... raribr r r r r rbr-1íqnt),

i no(n+2) zor (ere!qz; pq'(1-q)t)
k=o

( o ( r-q) t )o g 0z ( q, q, qtt2' q', qo*3' p ( 1*q) t ) ) .

-e (l-q)or*, (l-q

o0 o-, (e, Q, qkt*2r. . . , qkr*kz*' ' ' *k¡-2*n- 1 '

ig2 rekt*3r. . . rqkt*kz*' ' '*kn-2*o; p(1-q)t)

Thus, from the known relatlon due to Hahn t55l

that

(1 -q)
ålfI

c
1

n

n

we obtaln

1_ goz (qrerqt*2 iet reo*3 ; o ( 1-q)t ¡' =
1+qn*2

and so,

t eo(pt)t'z i
' llso

ç1_o)n+
-q n*2

In the general case, the procedure for flndlng the operator

, t, becomes lnereaslngly lnvolved and lt ls con-
( s-p )n

Jectuned to be of the form

(e (pt)t ikrrkzr..¡kn_2
n-1 (l-q) kr*l (1-q)r +k +2

q

( r-q)

kr*kz*3

k¡*k2*...kn_r*.n-2
( 1-q) k¡*k2*...*krr_2*n-1
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(p(1-q)t)kr*kz*' "*ko-z )

+
where lo(1-o)t l < t

In vlew of the lnvolved form of the functfon ln F

whlch ls lsomorphlc to the operaton qs-o)t'
we w11,1

conslder here only those operators of the form

o

where B(s)

and c(s) =

B(s)
eril

ts a s-po1ynomlal wlth constant coefflclents

(s-pr )¡, (s-Pz)t.. . . (s-on)k- .
-n

Let

A(s) sB S

s-0r kr s-p kn
(2 .6 .6)s- k

o n

whereweputgo=0rko=lsothatwecanappryformula
(2.6.3) more readlly. a(s) can be deeomposed lnto

partlal fractlons as follows

A(s) = s I
aDrl

( s- Þn , nr-,
+ rþ(s)

n kn
I
-1

m=o J-o

where V(s) = 0 1f the degree of e(s) 1s greater than

that of e(s). However, 1f thls ls not the case' ü(s)

ls a polynomlal of the operator s and from corollary

2.4.2, It follows that lt has no lsomorphlc representatlon

1n F. Therefore only those ratlonal operators of the

form åi:+ where the d.egree of c(s) ls greater than

that of B(s) can be represented as functlons 1n F'

Thus, for our purpose' we take ü(s) = 0. From

(2.6.3)r 1t follows that



?o

T
J'o

n
A(s) =( I

m=0

an- 1

ft--J=IT.t tkú-J-l e (p t) ). (?.G.7)q't¡

p

rdÐ; Ifpãl';
otr sl

F=q'[ Is'Ð;

k -l
m

ls glven by

As an lllustratlon, conslder the operator

2

s-p s- 2
forp*À+0

whlch can be wrltten ln the fonm

S
Eãs-p

Hehce the functlon f ln F lsomorphlc to tlre operator

s

f(t) B GãT q
(pe ( pt) ( p+qr (p+r)t)e1 (rr) ).q

I

-)
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cHAPTER 3

THE STRUCTURE OF THE OPERATOR ¡'TELD 12

Tn thls chapter, w€ study the strueture of the

operator field ?. Flrst of allr wê show that F ls a

Banach space and discuss the propertles of eonvergent

sequenees ln F. The deflnltlon of eonvergence ln F 1s

then extended to the operator fle1d 0 and we show that D

ean be regarded. as the unlon of a partially ordered set of
some Banach spaces. However, O ltse1f ls not ,a Banaeh

space slnce the eon¡rergence deflned in D 1s not topo-

1oglcal.

1. Convergenee of Sequences 1n f
i¡Ie deflne a norm on the spaee F 1n such a way that

convergence of a sequenee {fn} 1n F wlth respect to the

norm 1mplles unlform eonvergence of {fn} 1n the

class1cal sense.

Let f be a functlon 1n F such that

We deflne the assoclated functlon T 1n F as

r(t) = l.otol ror t =^l (3.1.1)

@

f(r) = I
n=o

i
n-o

atnn

o

Suppose that

glven by

AfÍ =

[f ll ls the nonnegatlve real number

sup

tc^
î(r).

+
t

o

Then 1t 1s easlly shown that [.n satlsfles the

(3.1.2)



propertles:

(1) [f[ = 0 1f, and onlY 1f f=0 (3'1'3)

(11) [af[ = l.l [f[ for a€C (3']"4)

(111) [f+g[ <

where f,g€F. Hence Nf[ Ls a norm of the functlon

f 1nF

41"

(3.1.6)

Proof

Let f'B

are anY funcülons ln F then

llfg[ <

be the functlons 1n F

f(t) =

lAol = I

æ

I atn!ll
a-o

qt

I u tn.þm
mEO

s(t) =

Then, from (2.2.13), lt follows that'

llfg[ =
+

where
( 1-q) o-, ( 1-q)ü

sup

t€^
ir

nto
AfI llt"l

t
o

n
T
-om "o-tbt (1-q)n

nII
( 1-q) o-r( t-e)n

DEO

lAol (

afr-m

n
I lto-'

l lb,l

However, from Lemma 2'2'lt we obtaln

I lb,l .

mto

n



Therefore,

Ilz.

(3.1.7)

I fgl It" Isup
t€^

l lb,l
n
I luo-,

mEoo
I

na

'io'b't'
to

+

sup
t€^

t

i la,,
+ lt-o
t

o

o

and so,

llfg[ I Iff Igil.

It ls easlly shown (see Dleudonné t44l ) that every

cauchy sequence ln F converges wlth respeet to the norm

ll .ll to a functlon of F. Therefore the space F 1s cOmplete

and consequently ls a Banach space.

Furthermore, lf a sequence 1s convergent wlth respect

to the norm il . [ , we say lt 1s convergent 1n F '

Theorem 3.1.2

Suppose the sequence {fo} of functlons 1n F is

convergent 1n F. Then, the sequences {ro} and {Çrro
+

for a flxed Tc^: ' are unlformly convergent on /\;
to--o

]

Proof

Let l.l
Clear1y, âs

denote the norm of unlform convergence for

Þ

tF lfl up
eJ\

lf(t) l, then for all flêF,
+
t

o

lrl <

Hence, convergence of a Sequer-lee wlth respect to tl .ll

1mpl1es convergence wlth respect to l'l' We now show

that, when Te^t ,
o t
Ierrll < (1- + f-

o ) llf ll

o

for all fel. Ïrle eonslder an arbitrary feF and let
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f(t) =

n

6

I a tn.þ'jl
n=o

Now frÖm (2.2.5),t

e T
f(r) =

[ çrffl = "up*
r€^ t

I

qrák 
( k- t, (*) 

o

(+)

hln
I

k=o
TN

*[ il] qLk(--'l

-!"[ il ]n*n(k-1)
æ=I

IIE

î la,,llrl"(r - þn=o n

ia
nao

='i
k=o

k
an

Then,

Hence,

la'lIrl"

t
Toin.or"l nlq"k(k-1) 

I 
I-i.I

o
F--i"l "Ïn'',,llt"t[ 

il lntn(k-11 I

t
o

E_

k

o

kt

k

o

[ çrrn
t

o

@

T
lÊ

o

ættT

t
o

T-

L+ la,,l lr I "

1+ flfll .

o llf ll .
æ

æ

Thus, (3.t.7 ) notOs and further, for all feF,

t
lrrr¡ 1-+ F-

Therefore, for a flxed T, convergence of a sequence

{fn} wlth respect to [ . il , 1mpI1es that {trrf} converges

wlth respect to l. l.

It can be seen that' even though the sequence {fn}

ls unlformly eonvergent on ,fi ,
o

{f } ts not convergent
It



ln F unless {trrfrr} 1s unlformly convergent for alI

44.

(3.1.9)

(3.1.8)

Convergence 1s preserved under basic convolutlon aS

shown 1n the followlng theorem.

Theorem 3.1.3

If {frr}, {grr} are sequenees in F whlch are eon-

vergent ln F to the functlons frg respectlvely, then the

seouence {f e } rs eonvergent ln F to the functlon fg'
n-n

.Proof

slnce f rgeF, there exlst two positlve real numbers

1€/t+t
o

MrM' such that

llf ll ( M, fl gll

Now conslder an arbltrary e>0

real numbers such that

<M

and let ôrô- >

(ô+M)ô' . i.
Then, âs {fn}r'{go} are convergent 1n F,

posltlve j-nteger N( ô, ô') such that, for

nfn-f[ a ör Igo-gll < ô-.

Now, from (3.1.5) and (3.1.6)'

llfngn - fgf, <

Therefore, for n>N(ôrô'), from (3.1.8) and (3'1'9),
Í fogr, - fgfi <

e
2

there 1s a

n> N(ôrô'),
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and the resul-ü f,ollows.

As an example, we conslder the convergence ln F

of the sequence {(l-t)n} where

(r-tr,, = 
olo [ il ]nko(k-1) (-t)n ror te/rf^.

o

From 13.t.6),

t (r-t)o+, - (L-t)nü 4 I (r-t)ott tt 11-qor)n - 1[.

Notr as,

kt(t-r) (-qtt)o(l-qnt)n - i. = *Ïrl i ]n
then

ll ( r-qnt ), - 1[

AIso,

and sor

r (1-r)

= (l+qnltol), - 1.

= sup

te^+
t

il (1-r)

[-i, t il lntn(k-r) ln"t In]

o

n*o n
ñ<

Let e>0 þe arbltrary and take

(r+lto I toC t1+qoltol ), - 1). (3.1.10)

e

= (1 + ltol)on

e

Choose !-!' sufflcf ently large so that, when n)rl',

(r+ltol),,' tt;l:t''-

Then,
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1.e (l+qnltol)-<1+ e'

so that, for all lntegers m)0,

(L+qoltol),<1+e'.

By (3.1.10)r for n)n' and r)0, lt follows that

[(1-t)r,+, - (l-t)nll < (t+ltol)rre' < (1+ltol)-e- = e.

Thus {(l-t)n} ls a Cauchy sequence. Furthermore, âs

(L-t)_ 1s the l1m1t of pointwlse convergence of

{(l-t)n}, lt ls also the l1mlt of unlform convergence.

Hence {(L-t)n} converges ln F to (1-t)-'

2. Operatlonal Converqence

The deflnltlon of convergence j'n F may be extended

to the oPerator fleld 0.

Defln ltlon 3.2.L.

A sequence {rr,} of operators in ? l-s sald to be

operatlonally convergent lf there exlsts a functlon

f€F, f+O such that {fro} becomes a eonvergent sequence

of functlons 1n F.

If the sequence of functlons {fro} 1n F eonverges

tothefunctlonL,thenltfollowsthattheSequenceof
operators {rrr} converges operatlonally to some operator

r such that

lr=ff

or r = r-11.

The oPerator

sequence {rrr}.

r ls caIled the 1.1m1t of the operator
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3 Nature of the Operator Fleld ?

rn thls sectlonr w€ show that bhe operator fleld 3

ls the unlon of a part1ally ordered set of Banaeh spacesr

each of whlch 1s lsononphlc to the functlon space F.

However, O ltself 1s not a Banach spaee. The analogous

problem of speclfylng the structurre of the f1eld of

operators ln the contlnuous Case has been consldered by

Mlkuslnskl t80l and Boehme P7l.

For every functlon feF, f+0, we deflne the set

Br of operators 1n 0 bY

Bf ='{p; p€r, fPeF}.

Therefore, 1f p ls any operator ln ßf, there ls some

functlon g ln F sueh that

p=F

In particuLar, slnce u ls the unlt element of F, the

set ßr, colncldes wlth 0F' which 1s the subdomaln of o

lsomorphle to the functlon space F. Furthermone, Bu is

a subset of ßr for all feF.

Now the rnapplng P + fp of 'BE onbo F ls an

lsomorphlsm. Hence we deflne the norm of any operator p

ln Bf as

IpIr = llfPll

where [.[f has the same propertles as [.[, the norm

1n F whleh are given 1n sectlon 3.1. In addltlon, lf a

sequence of functlons t*o) 1s convergent ln F to t¡e

funetlon g and there 1s a sequence of operators {r.}
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I

B

ln Bf such that fro = 8or then the sequence 
'{ro}

ls operatlonally convengent to an operator r 1n Bt,

where fr = g. Ttrerefore, Bt 1s eomplete and so 1s

Banach space.

The set of operator. 8r, however, ls not necess-

arlly closed under operator multlpll-catlon. For lnstance'

conslder the operators s2rS whleh are eLements of the

set ßrzt where 1z ls a funetlon tft '' 
From

(2.5.8), vte obtaln 12sz = ur I2s = I = <t>t but

2sS '= s and as a result, 53 fs not an operator 1n

T-2'

Let P be the famlly of sets '{Br; f€F, f+0} In O'

Thlp famlly has a partial orderlng < deflned by:

Bt lf and onlY lf

The foLlowlng theorem glves a condltlon when B, g

The orem 3.3.1

Suppose l rgeF. Then B, 9 B, lf and only Lf there

ls some nonzero functlon h€F such that f = gh'

Proof

If B, I 8¡, then g-1 e B and so g-lf e F'

Therefore, there exlsts some frrnctlon heF such that

g-lf = hr 1.e. f = gh. Conversely, lf f = gh and

r ls an arbltrary element 1n ßg, then rgeF and so

rgh€F. Hence, âs rfeF, then r€Bf and ß, t ßr'

Itlsanesultofthlstheorem,thattherelsa

B B c ß- for anY
c- Ig

8g, BfÇP.

ß_.t
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partlal orderlng on F \ {0} deflned by:

gcf 1f and onlY lf f = gh for some heF'

The operator fle1d 0 is then the unlon of all Banaeh

spaces ß¡ for feF

1.e. O = U B-t
îeF
f+0

However, ? 1tself ls not a Banach space, slnce no unlque

norm can be defined on 0 sueh that convergence of any

sequence of operators l^rlth respect to thls norm 1s

equlvalent to operatlonal convergence ' Thls problem

w111 be discussed 1n the next sectlon'

4. Ttre Closure o f the Oper ator Field ?

In thls sectlonr wê show that operatlonal convergence

ls not topologlcal and therefore, D ls not a Banach space.

The problem of lmposlng a topologlcal structure on the

f1eld of Mlkuslnskl operators \^Ias studled by Urbanik t94l

and we use a slm1Iar approach 1n considerlng the analogous

problem for the operator f1e1d 3'

Flrst of all, wê lntroduce concepts of sequentlal

convergence and sequentlal closure'

Defln ltlon 3.4.1

IfXlsanyset,thenasequentlalconvergenee
on X ls a relatlon between sequences {ro} of

elements 1n X and elements r 1n X' denoted by

r P, such that

c

->r
TI

+
c

(1) lf *r, = t for all n' then Pr, c
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(1r) 1f

{r}n

r-'? andnc
then r +mnc

{r--} ts a subsequence of
mn

Deflnltlon 3.4.2

Sequentlal closure of â subset Y c X with respeet

to a sequential convergence c 1s deflned as the set

f = {n: r € Y. ? -} r}.-n-nc

It ls posslble to deflne a topology for any set by

conslderlng a closure operatlon on 1ts subsets (see

Kunatowskl l7Z1¡. Thereforerlf we take the closure

operatlon as sequentlal closure and the followlng

propertles are satlsfled by any subsets Y'Z 1n X:

(1) W-T+2,
(11) for any fln1te or empty set Y, Y=Y

(111) Y = f

then X 1s a topologlcal space 1n the sense of Kuratowslti.

Slnce 1t ls easily shown that the sequentlal convergence

c satlsfles propertles (1), (fr¡, we say a sequentlal

convergence c ls topologlcal lf for every YcX, Í = f.
Hencerln the operator f1e1d 0, we can show that

operatlonal convergence ls a sequentlal convergence.

However O 1s not a topologlcal space as estal¡Ilshed by

the fo11ow1ng theorem.

Theorem 3.4.1

Operatlonal convergence is not topological.

Proof

To show thls, 1t 1s sufflclent to construet a set

G of operators In O such that õ + e.
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Let G be the set of operators of the form

r ß¡h = !r2r. ...

kn
+ s for all n,

Jn

mUS
mnnm

Suppose {tn} ls a sequence 1n G whlch converges

operatlonallY to 0. Then

u
kn

9n

where {ir

rf {kn}
n

k
= 0.

k
s*f s2 + +f ù neF

ork -2 oro

for all n. therefore, slnce fo,krr-1+0 for some

lnteger n, thls contradlcts Corollary 2'5'2 and so

{En} is not operatlonally convergent to 0. Hence, it

follows that 0 ls not an operator 1n 6 and A + õ'

), {Jo} are sequences of posÍ-tlve lntegers"

1s bounded, there exlsts a constant k and

a subsequence {i;} of '{Jo} such that ä-* is

operationally eonvergent to O. Then {i;} ls bounded,

because otherwlse there would exlst a subsequence {il}

whlch diverges and thls would 1mp1y that I = O. Hence

there exlsts a constant J such that

Su+
k j-

However, thls 1mp11es ,k = 0, contradictlng (2 ' 5 ' B) '

tfe can, therefore, assume that {tco} 1s unbounded.

Now, slnce {En} 1s operatlonally convergent, there

1s a funetlon f ln F such that, for all posltlve lntegers

n, fEn€F and hence ,knfeF. But" bv Q.5.11), thls

lmpI1es

Àro-k -1-fi
n
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glnce opcratlonal convergence ls not topologlcal,

ùhena ls no norn on 0 Euch.ttrat ühc sequênces tn O whlch

ara opcraülonally oonvengent, are also convergent wltrt

respcct to a nortn. Hence D ls not a Banach space.
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CHAPTER 4

TNFTNITE OPERATOR SERÏES AND T INTTE OPERATOR PRODUCTS

In thls ehapter, wê conslder the convergence of

1nf1nlte operator serles whlch enables us to obtafn the

representatlon of any functlon ln F as an operator ln Ð.

Furthermore, we establlsh convergence of 1nflnlte baslc

convolutlon products ln F under certaln restrletlons.

Consequently, convergenee of lnflnlte operator products

In O can be deflned.

1. Infinlte serles of operators

Let {r ] ¡e a sequence of operators 1n and
n

conslder the sequence {wn} where wk From

Deflnltlon 3.2.I, lt follows that the sequence {wr} is

operatlonally convergent to the l1mlt ït lf there exists

a funetlon fcF sueh t]nal. {fwn} becomes a sequence of

functlons ln F whlch 1s convergent ln F to the functlon

L. Hence, 1t follows that

l=fw= fr

and so w=

Deflnltlon 4.1.1

The 1nflnlte operator serles In 0 1s sald

to be operatlonally convengent lf the sequenee of partlal

is operatlonally convergent.

k
Ir-11

ll- o

I
llEo

n

ct

Irsll
ll =o

æ

Irþn
n=o

k
{ I *r,}
nEo

sums

In other words, the lnflnl-te operator serles



æ

ïr!rl
fl=o
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is operationally convergenü lf there exists a

functlon f€F such that "r, 
a for n = 0r1r....

and the series i
fl- o

fr ls eonvergent 1n F.
n

Now the crlterlon for the convergence 1n F of the

serles fr 1s that for any Ê > 0 there 1s a posltlve
n

ßf

i
n30

integer N(e)

n{tr
ll Ifr
k-n*1

such that

ll <eforn>N(e), m = Ir2r..
k

Hence, 1t follows that the lnflnlte operator serles

1s operatl-onally convergent 1f there exlsts an

f€F such that r e for a1I k, and, for all e > 0
k

i
tç= "ko

ßt

ll

n*m
I *ril* < e for n > N(e), m = 1r2r..."

k=n*l Ñ !

In partlcular, wê conslder the lnflnlte operatoÏ'

where c and w 1s an oPerator,

ln such that v¡o = u and, fon each nonnegatlve lntcger

n, fwn G F for some feF. The operatlonal convergence

of thls serles can be deduced from the absolute convergence

series

of the senles

theorem.

Theorem 4.1.1

as shown in the foIlowlng

Cen
æ
cIl) cvlsll

tlao

i
EO

c
n

I¡I
n f

n

en

ls an operator ln 0 such that there exlsts

wo e ßt for all n > 1. Deflne *o = u.

Suppose w

fcF wlth
cf,
nfì)cwþn

n=o
Then the operator serles 1s operatlonallY



f
æ

Icllþ1ì
nao

n
VT
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I ls absolutelYconvergent Provlded the serles

convergent.

Proof

that ll I
n=k*1

Slnce oút e B for all lntegers n >f
k*n k+m

T
n-k*1

lco l["'t," 
*o[-nx ( from the propertles

of the norm 1n Bf. Hence the result ls easlly obtained

from this lnequa11tY.

2. Infinlte Baslc Convo lut1on Products 1n F.

In thls sectlon, wê deflne lnflnlte baslc convolutlon

products and study thelr convergence 1n F. The approach

ls s1ml1ar to that glven by Prlngshelm t851 fon the

c1asslcal case.

Suppose '{fk} ls a sequenee of nonzeno functlons in

n
F and 1et [lr

k=l
of the flrst n

denote the baslc convolutlon product

terms of tf ). Then, wê deflne the
k

lnfln1te baslc convolutlon product ñf" bv
lc= I

k

co

d, 11

t--1
k-l

(1m
+Ð

n
k=1

fk=1
n

f )k

The lnflnlte baslc convolutfon product Iitu ls said
n

to be convergent 1f the sequence {f-]f,-} converges to
r.=i K

a nonzero element 1n F, Otherwlse, 1t ls sald to þe

n

divergent. Tn partlcular, 1f the sequence tflfnt tends

to z,e?o, t,,e lnflnlte baslc convolutlon produet -ñ tnk=1

1s sald to dlverge to zerQ.

Before showlng that convergence of the 1nf1n1te



ó

)4,

(4.2.1)

baslc convolutlon Product lf k 1s dependent on the con-
k=1

vergence of the serles llf O-ull ¡ wê establlsh the f ollow-

1ng lemma.

Lemma \.2,I
Suppose {fk} ls a sequence of funetj-ons 1n F such

that, for some real l¡ 0 < n <

n
sup ( I ll r,,-u ll ) <

n k=l

Then,

i
k=1

I

nn
k=1

ft -t il

n
I llf.,.-ull .

k=l Ñ

Proof

Ttre proof 1s bY lnductlon.

For n = 1r thls ls obvious slnce n > 1' For

n>
posltlve lntegers k,

8k=fk-t'

Thus

-u -u
k=1

Now, suppose that ( 4 . 2.1) 1s valld f or n = m-1' Then.,

r [1' l-l ( u+gr) I

nn

k I

I

m

J_1 ru+gn) - u[
krI

ur- I
= [({,r*gr) ]_.l

Ic= 1

m-1
= [ ((u+so,) f-1

k=1

(u+sr) ) il-u

(u+Br) u) * e*ll

and, from (3.1.5) and (3.1.6), it follows that

m n-1

llI=l(u+sr) il
- ull) + llg*ll-u (r + re,r ) tll Ll 

(u+er)
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ilern) + ügrfi
n-1
I

1
T=ñ

n

m

t'Ie novù state:

Theorem 4.2.1
@

nl, 
o ro-ur

) n*nu + rgnlr (r+(frt

k=1

1_

i'-n

converges and

ut- I
I

kol

n
I

k=1

m-1
I rerr).=(

Therefore, as sup (

k-l

il[=l (u+gn¡ - u[

ilf=lrr'-'[ <

m

I I e,.I
k=l À

n
I n r,--utt .

k=l N

)

Hence, for all Posltlve lntegers n'

)

If
fi

Ilm [-lr
n+æ k-l k + 0,

6

then

ls alsothe lnflnlte baslc convolutlon product

convergent.

Proof

Conslder

,[J'n

n*m
f-lrI k
k=1 I=lr-t = ¡fÈrn)[

n

n
ñ tnf,.-u[
k=1

n*m I(ñrn) - "lIk-trl'l ¿

n*n
[(*jJ,tn) - u[

+ lluî )

( (nrr,,il)
k=l 

r!
(4 .2.2)

as follows from ( 3. r-.6 ) .

Now n
f-lrr il

k=1
k

àhO sò frôin 'tfte inèquaflty'between arfthmetlc and
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geometrlc means ( see Hardy-Llttlewood-PolYà

f

Hence, from Lemma 4.2.L, for n > N and m = J-t?r.."

llfo-ull < Ê exp(-T).r

t 611,,

nn -ft(* 
nl,ilrr.fl

(t- + 1
'n

¡-ull + r))"

-ull )n
I

([f

n
I

lç=

k-l

fl k

< exp llfn-ull ) .

However, âs - Ik=1

posltlve number

ls eonvergent, there ls a

I

n(I
þ=

llfn-ull

n
(-I-llfn-ull ) < Y,

[<E I

y such that

SUDn-

n
and so, l_l[fkll <

k=1

Furthermore, suppose e 1s an arbltrary posltlve number,

and, wlthout loss of generallty, I^Ie assume s ( 1. Then

there exists a posltlve lnteger N such that

llfn-ull < e(1-e) exp(-V).
I

n*m

I
N+þ-

n*mn
=n+

k-ull k=n*1

Therefcre, as (4.2.2) becomes

nfm fT

I
11- I

Ik

,l=ltn 
- 

I=1tn[

converges.
co

I=ltn
It follows from the above theorem, that the lnflnlte



basic convolution Product

for alt w€F. I¡le write

lt= 1
å t,r*qn-lw) 1s convergent

59.

, and for

such that

æ

[l (u+ok-1*¡ = (u+w)-.

Let {ro} be a sequence of operators 1n 0 and
n

conslder the sequence {wo} where wr, = f-l"u' The
k=l Ã

sequence of operators {wrr} 1s operatlonal}y convergent

1f there exlsts a nonzero functlon f€F, such that {fwrr}

is a sequence of functlons 1n F convergent to A llm1t

functton L where l, = fw. Hence, lt follows that

f1"o and we call I=ltn 
the lnflnite ooerator

k=1

3. Inf te Operato r Products ln ?

w=

k

n*rn

oo

Broduct of the sequenee {rn} . I'urthermore, the l-nf inite

Operator product 1s said to be operatlonally convergent

when the sequence {wo} eonverges to a nonzero operator;

otherwlse 1t 1s sald to be dlvergent '

In other words, from Sectlon 3.3, the lnfln1te operator

product å t
k=1

nonzero feF,

ts operatlonally convergent lfr for some

the sequence t fitnÌ ls 1n 8

any ê > 0 there ls a posltlve lnteger W(e)

I ñ
k=1

r

n

and furthermore, llm -l "f. 
+ 0 .

f1+Ó k= I

Now as seen earller, the space

closed under operator multlpllcatlon

k

nn
k=1

r m = 1r2r....
k f

(4.3.1)

ß, 1s not ali,'la.;'s

1.e. 1f rlrrz ã're
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1n ßr, then rt?z 1s not necessarf-1y an el-ement oî ßt

Hence Bfo 1s not always a subset of ß¡ for all non-

negatlvelntegersn.Thefollowlngtheoremglvesa

necessary and sufflclent condltlon for Bfo to be a

subset of Bf.

Theorem 4. g. r
be a sequence of oPerators 1n Bt

f ln F. Then the sequence

forLet '{nn}

some functlon

ls also ln ß,

functlons {rro

n
{ Fl"

k=1

1f and only 1f there exlst two sequene'es of

, {gt} ln F, such that

k ]

]

c,Þk
tk=t'

n
Bk = tt-tnon (4.3.2)

k=1

Slnce {rn} ls a sequence of operators 1n Bf'

there exlsts a sequenee of functlons {So} 1n F such

that rk
(tok
r- Therefore

Proof

n r n
k=1

Hence, lf

n

sk = ,l=1 
*o

ffn

1s a functlon ln F sueh that

n-1 =h
f It

nn

k k=1

hn

hnt-

ciÞk

1

n
r-1

1þ=

n
r-l 'k

1t follows that

tç=



and so the operator .ù "k ls ln ßf.
k-l

Conversely, 1f the operator È rk ls 1n B

k=l
there exlsts a functlon ln F, say ho, sueh that

6t.

thenft

ûr11 Pk=

f

and the theorem ls establlshed.

However, rk ls al-so 1n Bf

ls a sequence of functlons t8n)

"n = þ. Therefore, from (4.3.3),

nk-l

and as a result, there

ln F such that

hn

h.n (4.3.3)

n gk

F-
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CHAPTER 5

OPERATOR FUNCTIONS AND o-DIFFERENCE OPERATOR EQUATIONS

In thls ehaptenr wê conslder operator functlong whlch

depend on some parameter. If the pararneten vanleS on some

q-sequence, then the q-dlfference and baslc lntegral of

these operator functlons can be deflned analogous to the

q-dlffenence and baslc lntegnal of ondlnary functlons as

süudled by Hahn [55], Jackson t64] and others. lÙe also

dlscuss a speclal q-dlffenence operator equatlonr deflne

the baslc exponentlal operator functlonE and lnvestlgate

the solutlon of the n-th onder q-dlfference operator

eguatlon.

1. Operatqr Funcl*gns

Let o be a set of real numbens. A rnapplng â of

Í¡ lnto the openator fleld 0 ls deflned such that fon

each x€fl thene 1g a correspondlng operator ît*l ln 0.

f wlII be called an operaton functlon.

In partleular, î may nap the set o lnto the

subdomaln OF, whlch ls the set of openators Ln O lso-

morphlc to the functlon space F. In thls case, each
,\

openator f(x) Ís lsomorphlc to a funstlon f of two

vanlaþIes such that, for all x€fì¡ f (xrt) ls deflned !n

F for t€/Il

t.e. f(x) a <f(xrt)>.

Howevenr 4ot every operaton functlon î

(5.1.1)

For fnstance, lf we eonslder the operaton functlon

where

t
o

belongs to

oF a

,f

,f(x)=(u-sx) n
for xe0
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anû n a posltlve lntegen, then (u - tr)n 1g an

s-polynonlal. Therefore, accondfng to Corollany 2.5.2, lt
foIlors that (u - "*)a ls not lsomorphlc to a functlon
ln F.

On the other hand, lf the openaton functlon

deflned as

îc*l E rx for x€O

tE

f 1s

then f(x) = ( ) for t€/I ro.+,
x€0.

r (x+l)
+
t ,

q o

l,lhen it*l l-s an operaton ln OF, the operaton

functlon can be regarded as a famlly of functlons ln
F generated by the panameten x.

2. The q-dlfference of an Openator FunctLon

f

Fon any nonzero neal number xo, the sequence À*

ls glven by

n*o-tqk*o ¡ k lntegerl.

'? k=tqx o; k nonnegatlvelntegenÌ

o

1s the unlon of the dlsJolnt subsetsItx
o

o

o

Furthermore, we w111 denote by

of l\x such that
o

II+x

^x ='{qk* ; k negatlve lnteger).
o

nl;" any eonülguous subset

$tr'N =' {okx .xoo MtkrN, k anlnteger].

Thenefone,

o
/\; ,

o

-óro
itbft.ot- = /\ . f¡-ær-lro *o- oÈ o Ç
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Tt¡e q-dtfference of any operetor functlon

polnt x ln nÏ'u 1s deflned as
o

f ata

o*f(x) =

we have

Now

0 r(x)x

Furthermoret

(5.2.2)

rÍo)r<x) = E(o(k-1) itill for k=1¡2...

^In adclltlon, when f ls an operator functlon such that

the q-dlfference of

by

O*f(x) = (

f(x) - <f(x,t)>,

î at a polnt x ln OM'N ls gLven

f x tf ) = ( ô*f (x rt)) (5.2.3 )

x
o

where 6*f(xrt) denotes the q-parülal dlfference of the

functlon f (xrt) wl.th respeet to the vanlable x'

For examÞle, 1n the case of the operator functlon

f(x)=3fu=<eo(xt)>,

-q x

s

3(xrt) = en(xt).

s
s

Tffi-fa'

I0*f(xrt)=f,en(xt)

and from (2.6.2), we obtaln

=<te (xt)>
q

Henoe, 1t follows that

0*f(x) -.ô*f(x,t),>.
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rf erî{*) - o for all " . nloo-t, thc operator

functl-on f 1s call-ed a constant openator functlon.

ox

3. Baslc fnt tlon of an Operator Functlon

The baslc lntegral of an operator functton â

lnvoLves three dlfferent openators dependlng on the space

on whlch â 1s deflned.
o^J

ff f 1s deflned on 
^l 

, then a baslc lntegrelx
^oof f 1s deflned bY the oPerator

f (v) d(q,y) - (r-q)x i n"î(q'x)
t¡ao

Ef(x) = <h(xrt)> for all ¡ €

where h(xrt) e F. I'urthenmoret

S f (y)d(q,y) = g S n,y,t)d(q,y) )-1

x

S
o

6^

whenever the serles of operators I qor(qox) Ls
llEo

operatlonally convergent for eaeh x 1n /I: . Therefore,*o

a neeessary condltlon for the exlstence of thls baslc

lntegraL of î ls that there ls a nonzero functlon geF

such that

A+x
o

x

o

:(

o

(

= g-l ( (r-q)x ¡ qnn(cnx,t) ) (5.3.1)
n=o

6

where the serles ¡ qDh(Ao*rt) ls convergent ln F for
nro

each ¡ç € /i+x o

fS1ml1arly, lf the operator functlon ts deflned on



r1-
tß ,

ar

the baslc lntegral of f 1s

q-" â(q-o*)

=g-1( q-n h(q-t*rt)

pnovlded there ls a frrnctlon geF

ât*t=sr(tr(x,t))

66,

)

(5.3.2)

such

o

S
@

tß
I

îtvl¿(q,y) - (l-q)x i
ll=

1

(l-q)x i
f¡=

xo

x

@

o

-1 ( (l-q)x I qnh(qnxrt) )
û'-o

Ifor
that

6

n-1
each x €

^-x

Therefore, for an operator functlon f deflned on

/I . lf both the basle lntegrals of â glven 1n (5.3.1)r
xo^

(5.3,2) exlst, then the basl-c tntegral f on It-- 1s*o

and the serles I q-ott(q-oxrt) Ls convergent 1n F fon

S f(y)d(q,y) = S r(v)d(q,y) + S f (y)d(q,y)

o

É (1-q)x i q"î(qnx)

=g

+ J.
b€À;

o

$ îtvla(q,y)

(5.3 .3 )

I-@n

where g€F and ât*l = g-1( h(x,t)) for xe/\ x

From (5.3.1), ç5.J.2) t the baslc lntegraL

ls deflned as follows¡

o

b

e

at
o

o(1) lf a€Â
o

for real aot b t then



S f(v)d(q,y) =

b

S
o

S r(v)a(q,v) -

a

S
o

S f(y)a(q,v).

b

S
a

o

b

æ

4

b

a

îtvta(q,y) = r(v)d(q,y) - f (y)d(q,y)

L;

x
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,b€tto
o

/r-x

and (11) 1f " = ^I ' be for real âo, bo, then
o o

The propertles of the basl-c lntegrals of an operator

functlon are glven ln the followlng lemma, wlthout prooft

slnee the proofs are stnalghtforward and analogous to those

of the ordlnary case (see Jackson t64l )'

Lemma 4.3.1

rff

aeÂ],b

(111)

e for real

ls an operator functlon ln ?, then

(1)

o

+
whenever a e /l b€^- for some real xor-

x xo

lb
( 11)

S
^l^f(y)d(q,y) = 5

S âcrv)¿(q,y) = * S
Àa

r(y)d(q,y)

for any real nonzero Ir where elther " 
t 

^l

f(v)d(q,y) +

b

S r(y)d(q,y)
x

o

a

b

a

,
o

b

a

o

oT\; ào' bor

4. A

o

e
(^
)
x

:<

S
o

o

for x€

Orf(t)d(q,y) = f(x) îCol fon x€l\

o

+
xo

fferen era uat

In thls sectlonr wê study one of the slmplest types



of q-difference equations tn'D lnvolvlng an unknown

operator functlon î and estabtlsh certaln propertles of

lts sol-utlon.

Conslder the operator q-dlfference equatlon

68.

(5.4.1)

q5.4.1)

x

where o 1s a glven operaton 7n 0 lndependent of x.

From (5.2.2),

0 f(x) =
x

( l-q)xx

and so, 15.4.1) can be wnltten as

^^r(qx) - (u - r¡(l-q)x)f (x) = 0. $.4.2)

If there exlsts an operator functlon f deflned on

the set nf'N whleh satlsfles the operator equatlon (5.4't)
x

'N then we earl î a solutlon of (5.4.1)
o

o

The operator equatlon (5.4.1) always has a tr1vlal
tttl

solutlon f=0; 1f'any other solutlon exlsts, lt 1s called

a nontrlvlal solutlon.

In the .followlng theorem, we show that the openator

eguatlon 15.4.1) always has a nontrlvlal solutÍon on Â*
o

Theorem 5.4.1

tr'or any operator 0t Ln O, there exlsts a nontrlvlal

solutlon on n*o of the operator equatlon

o f (x) rrrf (x) = 0

(f )) qxf(

o
¡¡€ OMxfor all

on nI'*.

O*f (x) - urf (x) = 0.

Proof

Irle put (5.4.1) lnto the form 15.4.2) and conslder

the followlng two cases:
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(1) Suppose u-ûr(l-q)x+0 foral-l xeÂ*
Let v be an arbltrary operator tn O such that

f(x') = v at some polnt x' € Â* . Then' from (5.4.2),
o

î(qx') = (u - ro(l-q)x')î(x')

and hence, by finlte lnductlon, we can show that for any

nonnegatlve lnteger n,

n-1
t-t
k-o

(u - r,r(l-q)qk*'¡î{*') (u - o(L-q)*'Jot.

o

î (nt*')

(5.4.3)

îtq-1*')

lt follows that, for any posltlve lnteger nt

S1m1lar1y, as

â(q-"*-) f (x') v

ñ tu-c,l(l-q)q-t*')r,
k=l

Hence, lf v * 0, thls glves a nontrlvlal solutlon on /I*

(11) Suppose u - r¡(l-q)x' = 0 for some x'e n*o.

Then ît*l = o, when * = qkx' fo? any posltlve lnteger

k. Therefore, lf v' 1s an arbltrary operator Ln O sueh

that â1*tt) = v' at some polnt xt' of the form qkt*'

for kr a negatlve lnteger, then, î can be calculated

elsewhere on 
^

as 1n (1). Hence, 1f v'* 0' î ls
o

a nontrlvlal solutlon on l\ and ls glven by

for -k1< m

(rr-r(r-q)¡r")rr' for o<m<-k¡

vl

lt
(,r-r ( l-q ) q-o*k* ')

o

x

,x
o

0

î(qt*")

(*-r(l-q)qt*") -, fo" m<0.
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tüe now state:

Theonem 5.4.2

Suppose o ls an operator 7n O such that

u - o(l-q)qkxo + 0 for any lnteger k' Then' every

nontnlvÍa1 solutlon î of (5.4,1) has no zenos on Â*

Proof

Thts follows lmmedlatelÍ by conslderlng case (f) 1n

the proof of llheorem 5. 4.1.

The unlqueness of a nontrlvlal solutlon 1s glven

be1ow.

Theorem 5.4.3

Suppose x' 1s a polnt ln n*o and' Vrl¡) are glven

operators Ln O such that v*0 and' u - t¡(l-q)qkx' + 0

for any negatlve lnteger k' Then, there 1S a unlque

operator functlon i satlsfylng

o

o*f (x) - rr¡f (x) = 0

and the condltlon

f (x') = v.

Proof

If ü - û)(l-q)qk*' = O for some negatlve lnteger tr('

then 1t follows from (5.4.3) that

â(qk*o*') = (u - r0(l-q)*'qk)rri(qk*') = o

whenever n is a posltlve lnteger. Hence, fOr 11 = -w,

i(x') = 0, whlch ls a contradlctlon'

Now, let îr, i, be two solutlons of the operator
¿t^

equatlon (5.4.1) and let f r (x') = f z (x') = v' Then'

1z(x') f r (x') (fz-fr)(x') = 0.
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Hence, lt ls easl1-y shown by lnductlon, that for any

lnteger n,

(î.-âr)(qox') = o.

Therefore, f2(x) = fr(x) for all ¡ c À*
o

5. The Basle Exponentlal Operator Functl-on.

Suppose o ls a functlon 1n F such that

u - o(l-q)qk*o + 0 for any lnteger k. The basle exponen-

tlal operator functlon 1s deflned as the solutlon on A*
o

of the operator equatlon

o*f(x) - t¡f(x) =0 (5.5.1)
whlch satlsfles rrm î(x) = u.

x+0

Tþ 1s denoted by ên(urx).

It follows from Theorems 5.4.2, 5.4.3, that lf the

baslc exponentlal funetlon ên(rrrx) exlsts for the glven

functlon trr ln F, lt ls unlquely deflned and has no zeros

on^
o

Tle can show, for certaln functlons o'9 F, that

e (ox) =
u

q u- q üJX
crt

Theorem 5.5.1

\

Ï

x

Suppose o ls a functlon ln F sueh that

u - o(l-q)qk*o + 0 for any lnteger k. Then, the baslc

exponentlal functlon ênrt*) fs glven by

e (urx ) =q
u

(u-t¡l( l-q )x )- for all x€Âx
o

^x
o

Proof

Suppose x 1s a Polnt ln
^Then, lf f ls a.n



.t ,1
ì L.

operator ñrnctlon satlsfylng (5.5.L), 1t follorus from

(5.4.2) that

f(qx) - (u - o(l-q)x)r(x).

Hence, 1t ls easy to see that

n-l
f(qnx) = f-] (u - u,(1-q)qk*) ?t*1.

k-o

^Now, slnce f satisfles (5' 5' 1), rrm â(x) = u¡
x+0

whlch glves

trm â(qo*) = rrm fi (u o(l-q)qj*) ît*l = u (5.5.2)
n.>6 ¡¡+æ J=q

Also, the requlrements of Theorem 4.2,1 are satlsfled and

SO
n-1

llm [l
¡+o Jæs

6

= (u o(1-q)*) -.
Therefore, as or * ((r-q)*) -1 fot "r,y x ln Â*

obtaln from (5.5.2) that

(,, -r(r-q)qid n (u - ür(l-q)qj*)
J=o

for xc^

,W€
o

f(x) =
u

u-ü¡ -q x ct x

Thus, î satlsfles (5.5.1), we obtalnas

e (ox) =
u for x€/\ xq u-û) -q x

o

whlch glves the result.
Furthermore, for some class of functlons o 1n F,

the baslc exponentlal operator functlon can be represented

by an lnflnlte operator serles as shown 1n the follovring

theorem.

o

qt
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¡

Theorem 5.5.2

ff o 1s any functlon ln F such that I u¡[ ( )

then

Proof

ê (ulx) =q

n

xtot
Tã]T

ür¡[n <

for x€^

n

for x€

nnX ,J)

TnTi

o
i

na

+
x

o

Now, as

i
nt o

x
ïnf.r i

n-o
:xì

T%tJ

and the serles on the rlght 1s absolutely convergent for
)-all x€^' x t 1t follows from Theorem 4.L.1 that the

o

serles I
tlÉo

1s norm convergent 1n F..

Ï"TTI
tl-O

=(¡)I
Il=o

I
n-1

n nx (¡)Suppose f(x) =

Then, from (5.2.1),

o*f (x )

/I+x
o

Furthermore, rrm â(x) = u and so f satlsfles (5.5.1).
x-r0

Thus, for r¡€F where I t¡[ 1

'TrqI%l
xt(¡o

offi

1.e

+tel\ where, t

n-nxs

0*f (x) = t¡f (x).

for" x€^êo (urx) = i
' tlt

o
T

n=
=I

üLo
eq(ä)

+
x

o

As an 1llustratlon, we conslder êq(å).

t+
x

o
x

Il,NXE
[n] I [n] !

oo o
ne^

=(

t

)

Now for
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as follows from (2.5.10). But,

6

I
IIE

qJ o(2( l-q ) ( -xt )%)

vfhere _J _ ls the q-analogue of a Bessel functlon asq-o
glven 1n Hahn t531. Hence,

)êq (ä) , 
nJo 

(z (r-q) (-xt )t)

E

tle also deflne another baslc exponentlal functlon

ltrtx ) f or r¡€F as

Ên{r*) =

q

(5.5.4)

(5.5.5)

Thls oper"ator functlon, 1f it exlsts, satlsfles the

q-dlfference operator equatlon

0*f(x) + urf(x) 0

where rrm î(x) = u.
x+0

Funthermore, uslng the square braeket notatlon of

Chapter 2, we ean deflne

q(rr*)Ên(r,r2x) = ê [o¡x-ur2x] for trl¡ rtrt2 € Fq

(u-(l-q)rr*)-
(u-(l-q)rr*)-

q
(orx),

ê

whenever the exponentlal operator functlons ê

En (urzx ) exlst .

6. A General Homogeneou,s q-Dlfference Operator Equatlon

In thls sectlon, wê conslder the solutlon of the

n-th order q-dlfference openator equatlon

1)oÍ"-uooÍ")it*l * 
"r,-1

r(x)+....+rof(x) = 0 (5.6.1)



on the set
o

the coefflclents

x and n

t¡

nT'* ='1qjxo; J lnteger, M ( J ( N], where

't5.

for

(5 .6 .2)

r are operators Ln O lndependent of
k

r + 0"

tüe seek solutlons of the operator equatlon (5.6-1)

1n the form

^_kîC*l = ên(trx) whene o€F, ûr + fr+ffi for any

lnteger k, and as a result, obtain the equatlon

(rrro * *o-lto-l * .... * 
"o)ên(rrrx) = o.

Therefore, as ên(urx) fias no zeros lf t¡r +

any lnteger k, 1t follows that

k
(l-q)xo

n-1+ r .uJ
fT- I

n
û)? + ....+ r 0.

o

In the sequel, "rro * "o-1rt-1 * 
* "o ls denoted

by the operator P(t¡) and all the solutlons of the

operator equatlon p(o) = 0 w111 be calIed annlhllators

of P(r¡).

If there are n operators, not necessarlly dlstinct,
(dt ¡... . r6n satlsfylng the chanacterlstle equatlon

$.6.2), then the solutlons of the q-dlfference operator

equatlon ç5.6.1) a?e glven by the baslc exponentlal operator"

funetlons ên(orx) r. . . . rêq(to*), provided that these

operator functlons ex1st. Therefore¡ Wê need to conslder

three dlfferent types of q-dlfference operator equatlons.

If .k, k=1r...,n a?e the annlLllators of P(o), then we

call the q-dlfference operator equatlon (5.6.1):

(1) completely soIuble, when all the exponentlal

operator functlons ên(tlnx) exlst.
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(11) partlally soluble' when only some of the

exponentlal operator functlon" ên(otx) exlst'

(111) 1nsolub1e, when none of the exponentlal operator

functlons exists.

Therefore, 1f the exponentlal operator functlons

ên(ulnx) exlst for ]4 = 1r.... rm where 0 ( m < n and

therkaredlstlnctrthegeneralsolutlonofequatlon
15.6.1) is

ên(onx)

m

I
ft=

f(x) = utox ) f or

In the followlng theorem we establlsh unlqueness of

the solutlon of the operator equatlon (5'6'1)'

Theorem 5.6.1
are glven oPerators 1n

N. Let o(k) i(*r ) denote

rrm o 
(k)

x+x r

unlque operator functlon OM'N satlsfylng the

cuêo (
o "k 

€ 3'

Suppose vo, v, r. . .. r

? and xr 1s some Polnt 1n

provlded

f (x) for t4 = 0r1r. . . .,h-1. Then, there exj-sts a

on x

vn-1

f¿M'x o

f

operator equatlon 
o

rorf;)ît*l * po-roÍ"-1)î(*) +. -..* "oî{*) = 0 (5'6'1)

and the condLtlons

î(*, ) = vo, o*î{x, ) = vr¡ ... . ,uÍ"-1)r(xr )= vn-I,

"t' rj{
-kJq r +0

ol¡= ((r-q)*)k k+J

for at teast one lnteger J where 0 < J <

Proof

From Hahn [53J,



o(k)ît*l = -t k(? iv ¿\^/' 
(tr-q)x)k J:o

and ot

lTl
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(-t) Jnrr (t<- J ) (k-J -1 ) ; (qJ * )

. î(qj*)

a
T

þe o

k
I

J=o Ii],-t)rqL(k-r 
) (k-r-r)'

oo.lo)îc*l =

lJk+
J;!: t

Thus, lf the column vectors.'F(x), O*F(x), v

n
Ir

k-o

k+

n-J
Ir

k=o

n
I

J-o

-k(k+Ð(k+J - 1)

k+J (tr_ql*) J ] ,-r)JqLk(k-1)i1qJx)t
k+J'

J

G-ql*) k k+J
-kJn

I
J=o

q

Therefore, 1f there ls at least one lnteger J wlth

ó(J(n-l- suchthat

n-J
I t lJ

-kJq

"t*J 
* ot

oþ= J (tr-q)*) k

the operator equatlon (5.6.1) has a nontrlvlal solutlon'

Now, the operator equatlon ç5.6.r) can be wrltten as

a system of n flrst order q-dlfference equatlons (see

Hahn [59] ),
^^o*f(x) = fr(x)

(5.6.3)
0 fr(x) = fz(x)x

wlth 1n1tlaI condltlons

^ -f ^ f-^
.*1o_r(x) = d r(x) - *ot' (*) .oaa n-l (x)

are denoted



by

nttl =

f (*.)
o*f (x )

ZB.

15.6.4)

q5.6.5)

I
o

ft

v=

(5.6.4)

n-l
?n

O*F(x) =
.:

o*frr-t (x ),(x)

0

0

r.{d the nxn matrlx A by

A

-r -r_t
t n

o

o

the system of equatlons (5.6.3) becomes

1

0

0

0

r

O*F(x) = AF(x)

where

F(xr) = v for x1 C OM' 
N

can be wrltten ln the form

Now, as o*Ê{x) = Cr-+)* (Êc*) - F(qx)),

x
o

Furthe

of (5.6.4)

$.6.5),

Slmllar1y, as

Fr (q

Fi(qxr) = (r (1-q)Axr)r(xr ) = Fz(qxr )

and henee, by lnductlon, for any nonnegatlve lnteger mt

r, suppose there exlst two solutlons Fr, F2

^^suèh that Fz(xr) = Fz(xr) = v. Then, from

k=1
'$,lqtx, ) nD

-1 xr ) = rdq -1xr)
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we obtaln that, for any nonnegatlve lnteger m,

û, (q-'*r) - å tt (1-q)q-t+kAxr)-lv- Êr(q-t*, ).k-l

Hence, i, = Ê, on nT'* whlch establlshes unlqueness

of the solutlon-set of the system of operaton equatlons

(5.6.3). Hence, âs (5.6.3¡ 1s equlvalent to the operator

equatlon (5.6.f¡, the solutlon of (5.6.1) is also unlque.

Now, 1f qjro for J=Or1r...., U-1, ro a O are

annlhllators of P(o), then P(r¡) genenates the set

Zy = {qjro; o <

and thls set 1s ealled a set of baslcally related
operators.

hllthout lntroduclng any new notatlon¡ w€ denote the

q-dlfference of the operator P(to) by

OrP(trr) =
P l¡)

tj")P(r) = o, (o["-1)p(,¡)) for n = Lr2r...rfl

whenever P(r¡) 1s deflned for o ln the set:

m nonnegatlve lntege::) .

The followlng Iemma, whlch can easlly be proved, glves

the condltlon for the annihllators of p(o) to be

basically related.

Lemma 5.6.I

(¡P

üJq

A necessary and sufflcient condltlon for
set of bas1cally related annlhllators P(ar)

Zu,n={qJro; o<

Z tobea
u

ls that
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1s a set of baslcally related annlhllators of

uÍn)P(r¡) for 14 = 0,1,.... '¡r-1.

Uslng thls lemma, wê show that lf

annlhllator of P(t¡) then *J"o(rrrnx)

(5.6.1) for J = 0r1r...ru-1.

{q'oo ls an

ls a solutlon of

Theorem 5.6,2

If r¡ ls an element of Z such that û) €F and
o o

k
üt+ q for any lnteger k, then the oPerator(1-q)xo

functlons

ît*l = *Jê 0)x ) j = 0r1r...¡U-1

u

o

(
oq

satlsfy the q-dtfference operator equatlon (5.6'1)'

Proof

Conslder

D

I
ED9.

rj') (*Jên(ro*))

,l', | î I n' 
(t"oþ ( r) 

ên ( t'rox ) tÍ'-r) qe J*irl') (I'uo(urox))

-, [ î ]notr-n)'lêo(,ox

q('o*,r!.I f ]*0,=!-u*, (qf,,o,ß+n-J ' (5'6'e)

) ïit*þnr*r-n-c'
0n slmpllflcatlon, thls Ylelds

Therefore,

= êo(r,,ox, ot" I I ]rr+t+.*0(''+n-r),3*'-:*
r,

_Ï^*rr 
(') (xJ ên ( urox ) )

m¡o

,lo",un 
(oox, 

,!, I I ]t*+¡+ (qr'o, r'+n-J*c

=e



Now, P ( to)
o

(J-c)
o P(t¡) iÉ

ul

n¡lD) IâUItm

_i_"rtÍ') lxJ êo (t^rox) )
mrO i

ên(urox), xêo(otx), . . .t(xk-tun,rtx)

m-
and so

q

n-J +[,

81.

p(qlro)

n
ïr

r=í-c t

But, from Lemma 5.6.I, lt follows that, âs ,o = Zu, then

(J-ß)

Thus O
u)

Hence, (5.6.9) becomes

0 P(r¡)= 0 for q¡€Z
ü)

(j-r.)
and 9' = 0r1r...tJ.

P(qlt^ro) = O for f = 0r1r...rJ

and J = 0r1r...rp-l.

u, J-¿

=e (ro*) f II]." (J-e)
üJ

l,=O

0 for J = 0r1r...rU-1

and the theorem 1s establlshed.

Therefore, 1f the charaeterlstlc polynomial P(r¡)

1s of the form

P(o) = (tr-olr) ( o-rrrr ) u'ml¡r

whereür+....*U'=nandtheq-dlfferenceoperator
equatlon ls completely so1ub1e, then the solutlon set is

glven by

for !4 = 1r... ril.

In the followlng theorem, we show that these operator

functlons are llnear1y lndependent In D. fhe operator
^^functlons fr r. .. rfn are sald to be l1near1y

lndependent tn O 1f

orf t + "...* "rfa = 0 where Clr....r"r - 
1



only when c¡ = ... ¡ = c, = 0.

Theorem 5.6.3

The operator functlons

*Jêo(r,rox) J = or1r...¡u 1, k=1r....¡lll

u +u =n'm

O^U¿.

=0
(5.6.10)

k

1
+

are l1nearlY lndePendent In D.

Pnoof

Supposethesefunctlonsarellnearlydependent.

Then there exlst polynomlals Êr r''''rÞr ln ? not all

ldentleallY zeto, such that

Ê,(x)ên(orx) * Êr(x)êo(tr*)+. ..'+ Êr(*)êq(r'rrx)

and the d.egree of

l,Ie assume 0 I

Now,

Ê¡(x) 1s uk ( ut -1 for

+ O and dlvlde (5.6.10) by

k=1¡. . . ,tTl .

ê (ur x).q- r

c

(5.6.11.)

= 0.

$.6.r2)

Then, from (5.5.5), we obtaln

Ê, (x) + Ê.(x)ênIurrx-orxl +' ' "* 0r(x)êo[urrx-trrrxl

whlch leads to

jrti" t ) on ( x ) êq Iurnx-ur, xl

T "i I I'lqi(j-vr)o(J)0n(x)rlur-J)6nIqi'r*-qJ',*]
ko2 J=gl 

u ct

= 0.

From the q-analogue of Lelbnlzt s formul-a, thls beeomes

(vr-J)
x

Jtq0 e q û) kx-qjrr*l = (nJrn-njt, )ur-J êq[qJtt*-quttr*,
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(u*rrrox ) ,
= ,J 

(vr-J ) lon-o, ) vr-J (tr-ulr*)u,

and so (5.6.r2) y1elds

êo Iurnx-o, xl

[ ;'] 
('k-t,)u,-J 

,êcItn*-',*]o(J)Ên(x)

I ;'] (rr-r, )u,-J (u-,nx):.ÍJ)0n{*)

2J
m

T
[3-

Ut

I
EO

0

or u
(u-u) x)

I V1

Vr

where û[(*) = T

m

nl, ênlr'rnx-t'rrxlÊí(x) = o

J=o

has d.egree vk. Now, at least one of theand ôif xl
polynomlals É';{*),

fgr otherwlse, Þ,

t1on. Therefore,

Êi(x), |¡ = 2e,,. ern

thls argument¡ w€ flna11y obtaln

û(x)ênIt^rrx-on_tx] = 0

for some polynomlal 0 + 0. However, €q[ulrx-rrrr-rxl

never vanlshes as follows from Theorem 5.5.f . Thls leads

to a contradlctlon and the theorem ls establlshed.. Hence,

the general solutlon of the q-dlfference operator equa+,ion

15.6.L), when 1t ls completely soluble, 1s

14 = 2r... rm 1s not ldenticallY zeto'

= 0 whlch 1s contrary to the assurìp-

at least one of the polYnomlals

1s not 1dentlcally ze?o. By repeatl-ng

ut- I
xJ for x€f(x) = ck

where "tJ are operators ln ? lndependent of x.

If the operator equatlon (5.6.1) ls lnsoIuble, 1.e

none of the operator functlons ên(urnx) êxists, where ,k

are annlhflators of P(o), then the only solutlon ln ?

ls the tnlvlal solutlon iC*l = o for ¡ € oI'*'
:f

o

m

I
k=1 J

T
J=1

ê (r¡. x)qK oM,N $.6.:-'2)x
o
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In case (5.6.1) 1s partly soluble, the solutlon can

be obtalned from the solutlon (5.6.f2) by a sultable

cholce of operators "tJ.
Flnally¡ vüê note that lf the characterlstlc poly-

nom1a1 P(o) has mu1tlple zeros, the solutlon of (5.6.1)

can be found but 1n vlew of the remarks ln sectlon 2.6, the

procedune lnvolved ls falrly compllcated.

In the classlcal case, Carmlehael t381 has consldered

the so called 'rrepeated solutlonstt of q-dlfference equatlons

but has not taken lnto account the actual multlpllelty of

the zeros of the eharacterlstlc po1ynom1al.

7. A General Nonhomogeneous q-dlfference Operator Equatlon

The general solutlon of the nonhomogeneous q-dlfference

operator equatlon

"oof;)ît*l *....* roîç*) = ê(x) (r.T.r)
M'N

for x c 0* , where "k are operators ín O lndependent
o

of x, ro*0, and B(x) ls a glven operator functlon 1n

0, ls

âc*l = î, (x) + i, (*)
^where f (x) 1s the general solutlon of the homogeneous

l^

operator equatlon (5.6.1) and fr(x) ts a partlcular

solutlon of (5.7.1-).

A partleulan solutlon may or may not exlst 1f
(5.6.1) 1s elther lnsoluble or partlally soluble. An

example of one method for flndlng the partlcular solutlon

of a completely soluble q-difference operaton equatlon 1s

glven ln Theorem 5.7.t. It ls analogous to a method used

by Mlkuslnskl [81] ln the contlnuous case. Before statlng



the theorem, we deflne an operator functlon In D of two

varlables. Let ; be a mapplng of the set

{(xry);x e tÏ. , Í € nro, lnto ? where each element 1n

ÊR

+r f(x) = h(xry) G.T .2)o
+

and

(11) the serfes

are operatlonally convergent.

Then

the set has a unlque lmage ln ?, then

functlon of two varlables.
h ls an operator

Theorem 5.7 .L

Let h be an operator funetion of two varlabl_es.

Suppose there exlsts an operaüor functlon of two variables
g such that

(1) for each y € 
^-- 

, .Ê(x,y) ls a solutlon of-yo
the q-dlfference operator equatlon

"orl")ir*l

jI qJê(x,qjv),
J =--

æ

I -oo

qji(*,qjv)

oM,Nx
r(x) S ê(x,v)d(q,y) x €

o

o o

ls a partlcuLar solutlon of the q-dlfferenee operator

equatlon

"r,rÍo)ît*l +....* *oi{*) = S f,(*,v)d(e,v). ( 5.7.3)
o

Proof

Slnce ê(x,y¡ ls a solutlon of (5.7.2) for all
t e 

^lo, 
lt follows that, for any lnteger i

"rrtÍ")B(x,qJy) +....+ roê(*,qJy) = â(*,qj'i).

Therefone,



-æ
i

Jr
i

--æJ

-o

cft

Ir

ó

6

T
JJ

ên(vx)yk-1¿(q,v) .

oJ {*oo(t)É(*,qJy)*. . . +"oê(*,qJy) ) nJÂtx,qJy)

86.

(5.7.4)

(5.7 .5)

or
(n)
xo ( i qJÊ(x,qJv))+.. -*"o(

¡-6

qJê(x,qJv))

qJûtx,qJy).
ó
T
g

j

J

J
n

o

Hence, slnce the serles qJs(x,qJv), qJût x, qJ y )
q,

I o

are operatlonall-y convergnet the result follows from

(5.3.3).

As an lllustratlon, conslder the operator equatlon

-lãk(k- 1)
oM'for x€q k-l o

k posltlve lnteger.

.Ít)îC*l+"tâ(*)=s2x N

x

Now x
-lrk(k- 1)

q k-t
-k S

o

Furthermorer the operator equatlon

tlt)ît*t + r'i(*) = "'ênlvx)v
has the solutlon

k-1 s2f(x,y) v s3Ð" ên(xv) for YeAy
o

slnce y ls not a zero of the characterlstlc polynomlal

P(rrl) = (¡)2 + s2.

Therefore, the solutlon of (5.7.q) ls glven by

S 
"+ 

vk-lên(vx)a(q,v)
@

f(x) =

o



cosS
o

(yt) yk-1ê (yx)d(q,y)>
q q

87.

t{+

( 1+q 1-lc*- 1 
¡ n (l-q)n-, z0 r (qk,qk*l ;qi-t?"-2 q-'o)t

kx
o

( l+x ) k

for t€CI -x€oM'N
o

+
t t t<o

o
o

slnce the serles lnvolved are absolutely convergent.
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CHAPTER 6

THE APPLIC ATTON OF BASIC O PERATTONAL CALCULUS

TO CERTAIN ct- TONAL ESUAT]ONS

In thls chapter, we apply the results establlshed

1n the prevlous chapters to the solutlon of q-dlfference

equatlons, baslc lntegral equatlons and lntegro-q-dlfference

equatlons. some of the results glven here have been

obtalned earller uslng q-Lap1ace transform'

1. q-Dlffer ence Equatlons wlth Constant Coefflclents.

Glven the n-th ordèr q-dlfference equatlon

"o.[")r(r) * .o-to|-t) ¡(t)+....+ aor(t) = s(t)
(6.r..1)

where "k 
a C, ar. * 0 and g 1s a glven functlon 1n F '

we need to determlne a functlon feF satlsfylng thls

equatlon and the lnltlal condltlons

(k)
t

From (2.5. 11) ,

f(t) = f1m
+Q

I
þ

0 ork

f (t) ) = "kt 
r(t) ) sk-J r

k = 0r1r...rh-l . (6.1.2)

1

(o (k)
t J=o

o, J

for |4 = 0r1r.,.rn. (6.1.3)

Henee, oh substltutlng (6.1.3) lnto (6'1'1), we obtaln

C(s)f=B(s)+g

c(s)

k-
I

k
sak

o

û=I
þ=

iil"-t".,r
fI

= 
olr"n

(6.1.4)

where

s(s )



As a resuLt,
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e p t ) ( 6.t.5)

f=ffi + g
c(s)

whene B(s) ls of degree at most n-l and C(s) 1s of

degree n. Now, lf C(s) 1s of the form

(s-pr)¡r("-Pr)r, (s-or)o,

we can flnd a functlon freF, whlch 1s lsomorphlc to the

operator Ë{*, where f 1 represents thê solutlon of

the homogeneous equatlon assoclated wlth (6.1.1). Hence,

from (2 .6 .6) , (2 .6 .7 ) , we obtaln

q

n
f1(t) = I

m=

k -1m k -'i-1m-I
o J-o

t (
m

Furthermore t

to a functlon G

(6.1.1) 1s

fz(t) = e(t)Glt-qtl d(q,r).

+ lrl, lrltt

rrm f(t)
t+0

1f the operator õfo; ls lsomorPhlc

ln t, then a partlcular solutlon of

Ë

S
o

As an example of thls method, wê conslder the

lnltlai value problem

rÍ')f(r) + (1+q)lo[1)r(t) + qÀ'r(t) = eo(v2t2)

(r-q)-tlrol-tfor tc/I
o

where l1m f(t) = 0,
t+0

1.

The equlvalent algebraic equatlon 1s

s2f + (r+q¡trsf + qÀ2f - s(l-+q)r s2 -,"0

(6.1.6)

whlch glves

s(l+q)I + s2 + (eo

t
1v2t2 ) )

(vtt2 ) )
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slnce

Hence,

f (r) = (i_+q)r e (-rt ) +
q

s2+(1+q)Às r qÀ2 = (s+tr)..

from (2.6.2), we obtaln

Now

ren(-Àt )eo [vtt"-q'o'r?(e, r ) .
t

S
o

= (r-q)r."0(vrt. ) 
nion'n"o

no{o2k*tv2t2 )

I
-o

f(r)

ten(-Àt )en [v' t" -qv'r2 ] d( q, t )
t

S
o

1-qklt )

æ

I q'n
k=o Tc

as follows from (2.t.4).

Therefore the solutlon of (6'1'6) 1s

(r+r (r-q)t) r(l-q)t2en(-Àt) v -q 2k+1

2k
(1+À(l-q)t)r

q '(I-q)t') zk+t( l-v

suppose, lnstead of ln1tlaI condltlons, certaln boundary

condltlons are speelfled. Then the parameters forJ

glven ln (6.1.4) are determlned from an algebralc system

of equatlons resultlng from these boundary condltlons.

As a s1npIe lllustratlon, conslder the q-dlfference

equatlon

r["r(r) + À2r(t) =g(t) for g€Frte^:,
o

lll . (1-q)-1 Irol-t

wlth the boundarY condltlons

tlm f(r)
t+0

I1m f (t)
t+t

o

0, 0. (6.1.7)



lnce

so that

Therefore,

.oÍ')r(t)'=szf-sf thls equatlon becomes

9r.

(6.2.1)

0rl

(st+À2)f=sf +g
0rl

sfr="-+f|+FrFJz

from (2.6.4), we obtaln

f t

o

f(t) = # slno(Àt) - * g [t-qt] sln (lr)d(q,t).
q

Now, from the boundary condltlon, llm f(t) = 0,
t+t

o

tf
-i* slnn(It S gIto-orlslnn(Àt)d(q,t) = 0

o

o) . i
o

whlch glves

f

Hence the solutlon of (6.L.7) ls

f(t) =

2. Basle Integral Equatlons

órl slnn(Àto)
1 g [to-or I slnn ( Àt )d(q, t )

t
o

S
o

t

* S slnn(Àt)s[t-qt]d(q,t)
ot

sln (^t ) )

ffrì{l-^T g[t.-atlslno(Àt)d(q't)

tle conslder the baslc lntegral equatlons of

eonvolutlon type of the form

t
(̂-,, gIt-qt] w(t) o(qrt) = f(t)
-)o

t
w(t) + S elt-qtl w(t) d(q,r) = r(t)

o

(6.2.2)
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+

for t = f,i , where frB are gJ'ven functlons fn F and
o

v¡ 1s the functlon 1n F to be determlned' Equatlon

(6.2.1)lsealledabaslclntegralequatlonoftheflrst

klnd'andequatlon(6.2.2)lsabaslclntegralequatlonof

the second klnd; the functlon g ls the kernel of these

equations.

From (2.5.3), equatlons (6'2t1)' (6'2'2) can be

represented 1n ? as

Igw=f
w*Tgw=f

respeetlveIY.

The solutlon of (6'2'3) ls given bY

"=å Ig

(6.2.3)

(6.2.4)

and from Theorem 2.\.1 1t follows that, although w

exlsts as an operator 1n ?, lt 1s not always lsomorphlc tO

a functlon 1n F.

For lnstance, wê conslder the baslc lntegral

equat 1on
t

q
(pt)

o

Then, from (2.6.1),

tn?as
S

s-p

Therefore, the solutlon

s(s2+À2)

s1n [Àt-Iqt]v¡(t)d(q't)q

+ (1-q) -1for t€^ tt

(2.6.4), thls equatlon ls represented

â

lpl, lll

w.

vr ls the oPerator

It ol 
-'

o

sffirI

w= s-0 = s2+f¡s+
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Now, slnce s2+ps ls not lsomorphle to a funcblon 1n F,

as glven ln corollary 2.5.2, and also, å6 = '.n(9t)>,
1t follows that Ìv ls not lsomorphlc to a functlon 1n F.

I{owever, the baslc lntegral equatlon

t

S
o

cos lpt-pqrlw(t)d(q,r) = teq

+
t,

o

(Àr2)
q

lrl (1-q)-llrol-2,lpl ( l-q)

Is2<te (Àt2)> = #f

-1 l.ol-t

(6 .2.5)

forteÂ

has a solutlon ln F. t'Ie can wrlte thlS equatlon as

ït,

so that

w=

w(t) =

q

<te (Àt2)> = (s+p'"-1)<te (trr2)>.
q q

Now from (2.5.L2) ,

s ( teo(trr2)> = .0. ten(Àt2)> * ".¿1ä 
teo(lt2)

=(e (rt2)(1 + Àq'tt(1+q)-).2q3t"(l-q)) )
q

Therefore, the solutlon w 1s glven by

t
(1+lq2 (r+q)t2-À',qt (1-q)th )eq(rt2) + s

"=;ftu =r-ftr

teo(Àt2)¿(q,"ì,
o

Now, the solutlon of the baslc lntegral equatlon of

the second kind (6.2.4) 1s

Analogous to the contlnuous ease (see Berg 1,221)'

the operator gR = üf,u 1s caÌle<l the resolvent of the

baslc lntegral equatlon (6.2.2). From Theorem 4.1.1,
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the operaton gR can be expressed as an l-nflnlte serles

of functlons ln F, such that

gR I (-1¡ntnun+l (-t)ott-1go
I

I
IIEn

oo

o

g = <-pe (pt)>
q

8¡
g

u+ïg

1. e. sR(t )

+for f eÂ lplt

-ps
s-p

(6.2.7)

provlded I Igll <

called the lterated kernels and i-f we wrlte

go = (-t)nln-tgo,

these kernels are determlned recurslvely from

gl = -8, 8n+l = -IBBn'

. Thus, 1f I fgll <

by a functlon 1n F and the solutl-on of equatlon (6.2.4)

1s glven bY

t

S
o

Consid.er the baslc lntegral equatlon

w(t) p S e lpt-pqrlw(t) d(q,t) = f(t)
q

clë¡R lt-qtlf(r) ¿(q,t).

t

o

,
o

Here,

t

and so the resolvent 1s glven bY

-ps
s-2 p

= -pe (zpt).
q

Therefore, the solutlon of (6.2.8) ls
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since eq [2pt 2qpr] =

If we take

f(t) = "n(Eq(Àt)) for À e C,

lrl I p I (r-q)tog(r-q)

then, Lt can be shown that

ilEq(Àt)[ < exp(lllto) <

and hence f ls a functlon ln F.

Thus, from (6.2.9)
t

w(t)=2f(t)+p

=2f(t)+pe q
(2pr")

q

Now,

t

S Eo(2oot)eo(En(Àr) )a(q,t )

o

Eq(zpr)f(t)0(q,r),
(6.2.9)

-1

for te^ +
t

1¡qnt))

t

S
o

ÍZpt-ZqptJf(r)d(e,t)e q

Ë

S
o

eo(2ot)
ãJriø')-

J-

,t.^;,

(l-q)t_Ï^ qooq( 2qo*1 ot )eo(Eq (rqnt ) )
n=o

o

o

w(t ) = zen (Eo( Àt ) )+pe (zpt) S En(2oot)eo(En(rt¡¡d(q,r).
o

= (1-q)t'q (zpt)rrîooo ffi ,

as follows from (2.1.4). Hence, wê obtaln

(Þ (Be
w(t) = 2en(Eq(Àt)) + (1-q)otolout

Integro-q-dlfference Equatlons3.

The lntegro-q-dlfference equatlon

p -q n*1
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a0n [")*Ct) +....+ a.oE(t)+aow(t) + S e [t-qt]w(t )d ( q,t )=f (t )

(6.3.1)

êL e C and the

t

o

where frB

solutlon w

are glven functlons 1n F,

satlsfles the eondltlons
k

(k)
t w(t) = "o,kI1m 0

t+0

has the baslc lntegral equatlons (6.2.1)' (6.2.2) and the

q-dlfference equatÍon (6.1.1) as partulcular types.

From (6.1.4), (6.2.3), equatlon (6'3'1) can be

represented In O as

B(s)w-c(s)+Igw=f

where B(s) c(s) =

and as a result the solutlon vl ln F ls determlned' bY

l
i

I

:

k-1
I s*-Jw

.u ocK
J=o

n

nl r"n
flFn

.L âot 'k=o

As an example, ïre conslder the lntegro-q-dlfference

equat" on 
t

Qr(tt + (l+q)À w(t) (l+q)qLr' S wlt-qrl slno(qLr")d(q,t)
o

Itol-1, t e 
^l

e (pt)
p

-1(1-q)

such that uI 0.

Thls equatlon 1s rePresented 1n bY

where lrl' lpl
o

0r1

Sshr+(l+q)Iw-(1+q)q
t4

S- p



1. e.

and so we obtaln

'("+(l+q)r-$*åìS-¡=

97.

(6.4.1)

s
s-p

Sw=llþ s2+oÀ2
s(s+1,)z

Accordlng to sectlon 2.6, w can be deeomposed lnto

partlal fractlons to glve

l,(1+o)..+
p(p+À)z

s
ffi

Therefore, from (2.6.3\

p2+qÀ2
p('pT[');w(t) = e (pt)

q

4. Partlal q -Dlffenence Equatlons wlth Constant

Coefflclent s .

The results obtained for n-th order q-dlfference

operator equatlons 1n Sectlons 5.6, 5.7 can be applled to

the study of partlal q-dlfferenee equatlons of the type

m

I
k=o

, 
,1"'o,Jôl 

ô1 r(x,t)) = g(xrt )

for te^1, x€nÏ'*, where g lsaglvenfunctlonln
oo

F such that each eoefflclent 1n lts serles expanslon is

dependent on the parameter x and f 1s to be determlned.

It follows that frg are lsomorphlc to operator functlons

tn O,

1.e. îC*l = <f(x,t)>, â(*) = <B(x,t)>r for x e nT'"
o

Now, from (2.5. 15 ) ,
1k-

Is
9,=o

.olol f(x,t)> = "o 
.6i f(x,t)> k-&.olfs,s(x)>



where

Therefone, 1f we wrlte

J

and

1m ôl f(x,t).

fpr J = 0r1r. .. rn

(r)î
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(x), (6.4.2)

0
=1

t
fu.o(x)

k-1
I

l,-O

o
I

k=l

Pk
- ¿ "J,ktk=o

r

m.'l
+ [ st-'

.0,=O

n
I

J-o

k-[
S ak 0 (x)

'J x &ro

o(J)î9.'J x Lro

Br (x¡ = g(x) +

(6.4.1) as the oPerator equatlon

to know the functlons fn,o(*)

behavlour of f(xrt) on the set

k+CL
m

9.

I
k=o

n
I

J=o
s(x )

the partlal q-dlfference equatlon (6. 4. 1)' ls represented

In 0 by the q-dlfference operator equatlon

"r,.j")îc*l 
+...* "oi{*) = â, c*l

Equatlons (6.4.1), (6.4.3) are equlvalent lf the

class of funetlons f(xrt) glven ln (6'4'1) are deflned

for all t. 
^T

, x € nÏ'*. Hence, lri order to represent
o

(6.4.3)

o

( 6. 4. 3) 1t ls sufflclent

whlch determlne the

oM'N.x
o

Now, from Theorem 5.6'I, the solutlon of the q-

dlfference operator equatlon (6.4.3) ls unlque provlded

there ls ai least one lnteger J wlth o < J < n-l such

that

"i'
k'=o

lk'+J
t

n:J
)

k'=o

t
lK'+Jj

r -k'7

Jrrrffin' 'k'+J
+0

Therefore, 1t follows that 1f'

q -k'J
J

tk'+J 
, k"

m

T
k¡d( (l-q)x) k

k +0



for some lntegers J,

condltlons

1lm
x+x t

0<

n
I

J=o nlot'-o*r, J'lJ 
)în, 

o {*) = ht, q(x) fu = 0r1r...rm-l
(6.4.4)
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(6.4.5)

ô1 f(x¡t) = vr(t)

ô f (t, x) (px) for lpl

for x¡ € CIM'N Jt0r1r...rñx

determJ.ne the solutlon of the partlal q-dlfference

equatlon (6.4.1) unlquely.

The homogeneous partlal q-dlfference equatlon

correspondlng to (6.4.1) can be elasslfled wlth respect to

the varlable ,( 1n the Same utay as the assoclated homo-

geneous operator equatlon. The foll-owlng examples

lllustrate thls result.

(f) Conslder the partial q-dlfferenee equatlon

À 
örô* f(x,t) * l- î(*,t) = o t = nT, x G 

^Ï'o to

o

(l-q)-1 l* l-1

where I
tlons

11m
t+0

ls a real number, satlsfylng the ln1t1al condl-

x =e

+

q

f (x) s e (px).

llm f(trx¡ = 1.
x+0

Now ô*ô. f(xrt) = s O*f(x) s eo(ox) and henee the

equlvalent operator q-dlfference equatlon 1s

T
ofrs O*f(x) q

Slnce the annlhllator of the polynornlal P(to) for thls
À -1

êQuatlon Ls 3t'- the solutlon of the homogeneÖus ëEuâtLön
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1s

and from the lnftla]. condltlon we obtaln

îr(*) = c ên(- + "-1*),

i, (*) = êo(- t' "-t*1.

A partleular solutlon of the operator equatlon 1s

S

Therefore, since

that

S e (Px) -
sp+

À

r-
q

-1
S

fz(x) =
L
p

êo( ox) .
À

o
4p

( -r- ) 
n tn xtqlo -iñi.r- Tñrr ;t"'i

l¡EO

+s

s-l € F, vÍe obtaln from Theorem 5'5'2

e q

Thus, from Hahn [53] '

À
or-

T
o
Í-

,.J = "i.f#
q

IItrI

r(x,t)=åeo(ox)eq

x

=<

Hence, the solutlon of the partlal q-dlfference

equatlon 1s

for

I
fõ' + nJo C¡ilxtl

t=^T,xeI\+ 4q-r(1-q) lto l. I p l.(l-q)-t l *ol -twhere
o o

(11) Consl-der the partlal q-dlfference equatlon

oSoi ¡(x,t) Àôrô3 r(x,t) ô.ô* f(x,t)+(r+l-)eo(x) = 0

for *.^T,t.nT
o o

and I r l.(1-q)-t ¡to l-1
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wlth the ln1t1al condlblons

and

Ilmf(xrt) =t
x+0

u
S:T

*1ä 
t"t(x,t) = t+t2 '

olrr, o (x¡ rolro, o (x) -- 6*f o, o (x) = eo(x) olro, o (x) = o

Thls equatlon ls equlvalent to the operator equatlon

Now the the annlhllators of the polynomial P(to) for

thls equatlon are 0, and slnce

1t follows from Theorem 5.5.1 that the baslc exponentlal

å ='* "o(Àt)>,

functlon ê
x exlsts.q

Therefone, the solutlon of the homogeneous equatlon ls
t Sã

f1(x) = c1 + ez ê q s-À
x for crrcz € O.

Furthermore, the partlcular solutlon ls

î, (x) =

Hencer wê obtaln

f (x) = c¡ + Qz ê

(x).

] - ä ên(x).

U^= -esq

* f, eoc'l
q

and adaptlng the constants crrcz to the 1nlt1al condltions'

thls ylelds

îr*l =þ(s-r,)(êqt*j -u) +$entx)

[*-
À

E-2
x

J[,,I s-[" -u
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Thus, from Ttreorem 5.5.2,

f(x,t) = 5 (1--Àr )h tx,t-qrl d(q,r)+(1-Àt )+t e (x)
t

o
q

+
x

o

+=i
k=o

(e (lt))nxn
where n(x rt )

for Iro I

q t€^ , xc/lt

q

Àn [n] I o

((r-q) lÀl )-1, l*ol lllttl-q)re -1(Àr)il )

Thls method ls especlally useful when the hlghest

order partlal q-dlfference 1n equatlon (6.4.1) ls wlth

respect to t.

5. Coneluding Remarks

In thls theslsr ân algebralc approach to the solutlon

of certaln q-functlonal equatlons has been outllned by

developlng a basle openatlonal caleulus for the

q-dlfference operator 0r. Vte studted the space F of

functlons, glven by power serles and deflned on the set

^Ï , and embedded F ln a f1e1d 3 of baslc operators. The
o

propertles oî 0 were studled and the results applled to the

study of some q-functlonal equatlons.

It would be lnterestlng to develop a general baslc

operatlonal calculus analogous to that outllned by

Berg Í237, [24] whlch lncludes the operatlonal calculus

glven here as a speclal case. In so doing, a method would

be obtalned for the solution of q-dlfferenee equatlons wlth

varlable coefflclents and certaln other q-functlonal

equatlons. Furthermore, uslng thls approach, 1t may be

posslble to deflne algebralcally q-analogues of dlstrlbutlons

and generallzed functlons.
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Alternatlvely, the baslc operatlonal caLeulus could þe

extended by consldenlng the space of funetlons deflned on

the set À. wlth functlon mu1tlpllcatlon glven by double
o

convolutlon

(fe)(t) = S f (r)glt-qrld(q,t).

F1nal1y, a baslc operatlonal calculus eould be

developed for functlons deflned on a q-latt1ce

{ (qtxo, govo ) ; ilrfi lntegers (xo, vo ) € R2 }

whlch could lead to the dlscrete openatlonal calculue ln
the pl-ane.

o
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APPENDTX

rNDÉ)t öt' StfMBol,s

In the folldwlng, Ër ilst le glven of the symbols and

notatlon frequently used ln thls thesls.
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