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SUMMARY

Thls thesls concerns the flow produced by a shlp-llke

body movlng steadily across the surface of a f1uid. The

relevant equatlons are l-lnearized using the assumption that

the body 1s ff flatrt, 1.e. that 1ts length and breadth are

much greater than its draft. This l-eads to an lntegral

equation to determine the pressure distribution under the

hult. Varlous slmplifylng l-imitlng cases of this equation

are dlscussed.

It 1s flrst shown that 1f the wetted area of the body

1s prescribed then the hull- shape 1s necessaril-y partly

determined by the sol-uti-on. Conversely, if the hul-l- shape

1s prescrlbed, the extent to which lt is wetted must be

determined by the solutlon. Thls means that, for a given

hull shape and location, the range of lntegration of the

integral equation is one of the unknowns, a fact which has

recej-vecl insufflcj-ent consideratlon in previous theoretical

work in this subjeet.

In the particular case of bodies of inflnite span in

two-dlmenslonal f1ow, this indeterminacy reduces ta

indetermlnaey (for a given huIl shape and vertical l-ocation)

about the wetted length. The problem can be solved in an

lnverse manner by fixing the wetted Length and allowing the

vertical locatlon of the hull- to be determined by the

solutlon. An efficient numerlcal procedure is outlined for

solving thls problem at arbitrary Froude number, and the

resuLts presented for flat and parabolic surfaces. In the



former case, comparlson wlth prevlous solutlons ls given,

as well as new forms of presentatlon of the resul-ts, which

have rel-evance to the practlcal- problem of planlng boats.

In the case of curved hul1s, some conslderatlon is given to

the problem of flndlng the detachment polnt for non-sharp

tra11lng edges.

For bodies of flnlte span, the llmit as the Froude

number tends to infinlty is treated f1rst, and it is

demonstrated in particular that the assumption of a tri-angular

wetted waterplane implies bhat the body has an approximately

V-shaped hu1l. The case of three-dimensional flolv at flnite

Froude number ls also dealt wlth br1cf1y.

F1na1ly some conslderatlon ls glven to the detall-s of

two-dimenslonal flow at the attachment point present aL the

bow. The exact non-linear free surface condition is used to

derlve a non-11near integral equatlon, which is sol-ved in the

high tr'roude number limlt.
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GEN ERAL I NTRODUCT I ON

There can be few people who are not aware of the fact
that the motlon of a body across the surface of water
produces a v-shaped pattern of waves. swimming water-birds
provi-de an attractlve example of this phenomenon. The first
rnathematical study which explained the detailed character of
these waves, was that by Kelvin [10] , who used a model_ in which
the acti-on of the moving body was replaced by that of a

concentrated pressure point movlng steadlly across the surface.
A slgnlflcant pant of the reslstance to forward motlon of

a shlp 1s due to the energy used up 1n malntalnlng thls system
of gravlty waves whlch accompanles 1t. rt 1s therefore of
practlcal lnterest to investigate how thls resistance depends

on the detailed shape of the hu1l. The first investigatlon
into this problem was that of Michell t141, who, by assuming

the shlp was tf thinrt, was able to obtain an expression for the
wave reslstance in terms of the hul_l shape. rn Michellrs
paper, and those mentioned be1ow, vlscosity, compresslbility
and non-steady effects are ignored, slnce attention is being
dlrected at the shlp so1e1y as a producer of a steady pattern
of gravlty waves. The further assumptlon of thinness is
necessary so that the boundary conditions may be linearized..
There have been many subsequent papers on thin-ship theory,
among the most thorough being those of peters and stoker t19l
and Newman tl7l .

one may linearize the boundary conditions by making

assumptions other than that the ship is thin. Another approach
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1s to assume that the ship istrslenderrr, i.e. that it may be

approxlmated by a l-lne rather than a plane as in thin-ship
theory. Thls slender shlp approach was the subject of theses

by vossers t34¡ and ruck l29l and was expanded further 1n a

paper by Newman and Tuck I1BI .

i¡lhereas lt ls probably true that most shlps are

essentlally "sIender" rather than rrthlnrr, i-t i; nevertheless

the case that many water craft are also rtflatrt. This 1s

particularly true of high speed planing boats. This thesis
wil-I deal with the motion of such bodies, although rather
than dlrectly lnvestigating the connection between hull shape

and wave resistance: we shal-l lnstead be more concerned with
showlng that the hu11 shape ls in fact part of the solution
to the hydrodynamlcal problem, hrhen the wetted. area is
pres crlbed.

chapter one lntroduces the general mathematlcal problem

ancl an lntegral equatlon 1s derlved for the pressure distribu-
tion on the hulI. This integral equation contaj-ns an arbitrary
function, and it is shown that this functlon manifests the

indetermlnacy 1n the hulI shape when the wetted area, which

provides the limits of the integral equatlon, ls prescrlbed.

various slmplifying limiting cases of thls lntegral equatlon

are discussed.

fn Chapter two we give a new treatment of two-dlmenslonal

f'Iow, i.e. flow about bodies of lnfinite span, a toplc whlch

has been consÍdered by many previous authors. Tn thls case

the arbitrary function present in the three-dimensional-

integrar equation reduces to a constant, which, for a given

wetted length, provides as part of the sofution the vertical
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locatlonofthe hulI. An efficlent numericar scheme used to
solve the two-dlmens1onal lntegral equatlon 1s out1lned.
'hledge-shaped hulls are deart wlth ln detall and the results
presented 1n a new form relevant to the motlon of actual
planlng boats. For parabollc (t.e. curved) nulf shapes, we

lnvestlgate the problem of flndlng where the flow detaches

when the body has a non-cut-off trailing edge.

chapter three deals wfth bodies of finite span and a
general numerÍcal scheme for soluti-on of the three-dimensional
lntegral equatlon is glven. Resu]ts are first presented for
the l1mit as the Froude number tends to infinity. rt is shown

that the assumption of a rectangular wetted area gives, as

part of the so1ut1on, that the hulI 1s almost fIat, whereas

lf the wetted area ls trlangular, the hull 1s approxÍmately
v-shaped. The general form of the free surface at infinlte
Froude number is also deduced. rt is then shown that the

numerical solutlon of the probl_em at finite Froude number

essentially reduces to the numerical eval_uation of the
lnflnite lntegral of a srowly decaying oscillatory function.

rn chapter four some consideration is given to the
detalls of two-dimensional flow at the attachment and

separation points present at the bow and stern. The exact

non-linear free surface condition is used to derive a non-

linear integral equation, assuming attachment occurs without
the formation of a jet. For the case where a jet does form,
the problem is formul-ated and solved at infinite Froude

number. Some inferences are then drawn about the nature of
the solution at finite Froude number.
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CHAPTER 1

THE FLAT SH I P PROBLEM

1.1 Introductlon

This chapter wll-1 lntroduce the linearized flat ship
problem and lllustrate some l^rays ln which simplified versions
of it may be derived.

Flat shlp theory is generally regarded to have

orlglnated wlth Hogner t 9 l. The two-dlmensional case has

been studled extenslverv, one of the earlier papers belng
that of Sretenskll Í251, who represented the unknown pressure
dlstrlbutlon by an 1nfln1te serles, the flrst term glvlng a

square root slngularlty at the leading edge a situatlon
well-known in aerodynamic rifting-surface theory (see e.g.
t 2I ). Ma".o I11l also used this approach and provided
experimental results [12] which were in good agreement with
the theory for small- angles of attack, and. ar^ray from the
leading edge, where the theory breaks down because of the
presence of the singularity. careful l0cal_ analysls (c.r.
vrragner t35l ) indlcates that thls slngularity models a spray
sheet .

squire l24l used an approach simirar to that of
sretenskii and Maruo in studying the motion of a simple wedge

through water. However, he was one of the few authors to
indicate that 1n this, and rel-ated probl_ems, the height of
the tra1l1ng edge, and the wetted length are unknowns and

therefore must be determined as part of the solution to the
problem. This polnt is of cpnsiderable lmportance in the
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solutlon technique adopted in this thesis. cumberbatch t 4 1

consldered the two-di-mensional problem at hlgh Froude number

and produced a series for the pressure distribution in terms

of lnverse pohrers of the Froude number F as far as the F-4

term. l,r/ehausen and Laltone t38l provide a more detail_ed
revi-ew of the work mentioned above.

Recently Doctors t 6l used flnlte pressure el-ements ln
the solutlon of the two-dlmens1onal planlng probl_em for both
frat and curved plates. He also consldered the problem of
findlng an optimum planing shape based on the minlmizatlon
of the 11ft-squared-to-drag ratio.

Most studles of linearized three-dimensional planing
have been made uslng further simplifylng assumptions.

Maruo t131 studied the hlgh and 1ow aspect ratio limits, and

observed that the smaller the aspect ratio, the greater the
lmportance of gravlty. Low aspect ratlo planing v,ras treated
1n more detail by Tuck t3f1 . A high speed approximation was

used by l,rlang and Rispin l3Tl , who obtained numericar results
for the pressure distrlbutions on rectangular pÌates.

Peters and Stoker [19] , in a lengthy paper treating both
thin and f l-at ships, deveroped a careful_ f ormulati-on of the
linearized problem and. presented some resufts on conditions
for uniqueness.

A detailed experimental study of prismatic planing
surfaees r^ras carried out by Savitsky tZZt . Some comparison

will be made with h1s results in a later chapter.
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7.2 Formulatlon of the t hree-dimenslonal Droblem

consider first the waves created by a pressure
distrlbutlon moving at constant verocity u. The motion may

be considered to be time-lndependent if we adopt coordinates
(xry,z) moving with the pressure distribution.. lrte assume

that the effect of the pressure di-stribution may be

represented by a dlsturbance potential 0, in whlch case the
fluid velocity q 1s glven by

g = v(-ux+o)

¿ + þ"8-

The klnematic boundary condition on the free surface
z = E(x,y) is

(-u+0*)1 + 0,

+d + eç(x,v) * å g 2 - constant

g.y(z-e) =0 onz= E(x,y)

þz = (-u+p*¡r* + 016r.

(1.2.1)

(r .2 .2)

P+0, E+O and I g l*U,
equals '4rJ2 . So we have

= ,2IJ2 on z = 6(xry).

(1.2.4)

l-.e

rf the i-mposed pressure dlstributlon is given by p(xry), the
dynamlc boundary condi_tion is

on z = 6(xry).
(1.2.¡)

h/e shall- assume that as x2+y2**,

and hence the constant in (L.2.3)

Ë * u, t,e((-U+O*), + þry + þZ)

I¡Ie now assume that p(xry) is rsmal_lrr in some formal_

sense which permits us to adopt the usual procedures of
linearized theory. That is, we ignore any products of
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derivatlves of the dlsturbå.nce quantltles 0 and Ç, and take
the boundary conditlons to apply on the equirlbrlum plane

z = 0. hle shall state the hydrodynamlc problem in fulI,
lncorporatlng the llnearlzed boundary condltlons:

(1) Laplacets equatlon

vro 0 (7.2.5)

holds throughout the fluid below the free
surface.

(fi¡ The two condltions,
(a) linearized klnematic boundary condition

(from e.z.z))

0-=-Uç_ onz= 0,'z -x

and (b) l-lnearized dynamic boundary condition
(from(1.2.4))

å**'-uo x 0 on z = 0,

are comblned to give

P
rcþz + 0** = Ë where K = ff,

(ili) fne radiation condition

l:\-( x' +v " l1 I o'** q 
i* o 2>

(7.2.6)

Q.2.7 )

0

(1.2.8)

Q .2 .9)

ensures th,at no \^raves exist far ahead of the

disturbance. The quantity on the left can

however, be expected to remain bounded as

x+-æ, representing waves behind the pressure

distribut ion .



B(iv¡ The t?bottomrf condition

Lim
z->-@

0

0 0 (exponentialty)

@

(1.2.10)z

in,

ensures that the dlsturbance dles away rapidly
as we go down lnto the fluld.

(v) It ls also assumed that p 1s absolutely
lntegrable.

The solution to the problem (i)-(v) may be found
e.g. hlehausen and Laitone t3B1 .

@ o

(* .. kek' -ik (I dk-- - ---.x-E)co"0.o"(k(y-n)sin')j o-'-k-rs ec'0 v

(bP)
(1.2.11)

where (¡p) indicates that the path of k-integrati_on goes

below the pore at 14 = rcsec2e. Thus, given a pressure

dÍstribution P(xry), we may find 0 from (r.2.11), and hence

the form of the free surface 6(xry) produced by p from
(7.2.7).

Now suppose we have a ship, the projection of whose

wetted area on the (x,y) plane is hr. rt is clear that,
through i-ts motion, the ship wirl produce some pressure

distribution P(x,y) over Id; we assume that atmospheri_c

pressure over the whole free surface is constant and without
loss of generality take it to be zero. Hence if we knew

thl-s P, r^re could use (1.2.11) to obtain the disturbance
potential produced by a shlp moving with constant velocity
Uas

r r/z
dÇd¡P(6rn) d0sec0.
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0

(b

x
Lím
zlO-uc 0

rl2
dEdnP(t,n) d0sec0.

o

.kz
KC -ik(x-t) cos0

-KSCC 0
A

Tr /2

il
I,t

cos (k(y-n) sinO ) .

(r.2.72)

rt must be noted that (r.z.r2) vras derived through a

procedure whlch assumed P(xry) was smal], and it is here

that we must make our baslc suppositlon c1ear. This

supposltion is that we are considering ships of small_ draft
thls 1s the fl-atness assumption which l-eads to the t1tle of
this thesis. A flat ship will produce a sma]l disturbance

P(xry), which gives the formal justlfication for the rinear-
izablon used in the first part of this section.

slnce we are now concerned with a solid bodyr w€ must

enforce the klnematlc boundary condition (r.2.6) over ht,

where the longltudinal- slope Ç* of the free surface is
prescribed as being ldentical- to that of the given hurl
shape of the shlp.

So, applylng this boundary condltion, vìre have

t;
d

z

II dEdnP(E,n) d0sec0.
ïrI

o

æ
k2 -ik(x-E)cos0

k-rcsec 0
e cos(k(y-n)sin0).

o
(bp) (1.2.13)

This equation may be treated as an integral equation for
the pressure over hl lf the l_eft hand side (for (xry)eW) and
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1¡l are glven. However, there ls a degree of non-unlqueness

about the probl-em as may be lLl-ustrated by performlng an

lndeflnlte x-lntegratlon of both sldes of (t.2.13). This

glves

u(ç(x,v)+c(v))

Ç

lt

Pt (Et rît )

Tr/2
dEdnP(t,n) d0sec20.

o

nt n-lt

il
I{

f--. k -ik(x-6)cos0cos(k(y_n)sinO).
Joont --"t"""Eu

(bp)
(1.2.14)

Thls ner^r equation permits a unique solutlon when the left
hand slde 1s g1ven. The arbitrary functlon C(V) 1s

ultlmately determlned from the (Kutta) condltion, that the

pressure must equal atmospherlc pressure (normalized to

ze?o) at the tralling edge. The speclflc lnterpretation

of C(V) will be discussed in sectlon 1.4.

hle now reduce the equati-on to non-dimensionaL form,

assuming a typieal length Z is available. Let us define

new variables and functlons in the following way:

E' = l,
x v

L,xr =Tt yt = kr = kL,

ct(y') =

I^lr = \¡/ scaled with respect to L. (t.Z.tS)

Substltuting into (1.2.14) and immedÍate1y dropping the

dashes, we obtain



r(x,y)+c{y¡ = # II
$I

Rememberlng that the path of k-lntegration goes bel-ow

the pole al k = ysec2O, (f.2.I6) may be wrltten 1n terms of
a Cauehy pr1nc1pal value lntegral and a resldue, glvlng on

s1mp11flcat1on
/z

11.

(7 .2 .16)

d0sec20.

eos (k( x-E ) eos0 ) cos (k(v-n ) slnO )

6(x,y)+c(y) = # II dEdnP(E,nr{f"

dtdnP(E,n)
¡t l2

J " 
dosec2 o'

f ".-¡-tr¡-6"- 
ik (x- t) eo s g 

cos ( k ( y-n ) sin6 )

(bp)

whereY=rcL=

úI

f.
k

ysec'0

T1 l2
*Yn dgsee + esln( y (x-E ) seco ) .

o

cos (y(y-n ) sec2 esrne ¡ ) . (r.2.rT )

All further references to the general integral equation

w111 be to (1.2.16) or (7.2.17) and therefore lmplicltty to
equations written i-n terms of the non-dlmensional quantiti_es

defined 1n (I.2.15).
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1.3 The two-dlmenslonal problem

hle now conslder a slmpler case to that consldered 1n

sectlon 1.2, vIz. that whlch applles when the rrshlp" has

lnflnlte wldth. Thls belng so¡ there w111 be no y variation
in any quantitles under conslderatlon. Thus in (I.2.f6);

E(x,y)*ç(x), c(y)*c, P(E,n)*P(E), and the (E,n)-integration

can be taken from -1 to 1 in the E-direction and from -- to
@ in the n-direction (i.e. we are assuming the body to be of

length 2L in the longitudinaL direction when represented in
the dlmenslonal varlables).

ltllth these changes r we have

1 tt/zr(x)+c=ynl
-1

@

dt dnP(E) d0sec 2 0 .

o

Uslng

@

-oo

e (x) + c dEP(E) dke- Ík (x-E )
k-y

(1.3.1)

(1.3.2)

@

o
(bp)

dncos(knslne) = nô(ksln0)

aro--*r""-1k(x-E) cos0"o" (knsino ) .K-YSeC - U

and performlng the O-lntegration, v¡e obtain

1

-1 J;
Re
2¡

(bp)

This is the lntegral equation for a two-dimensional flat

shipr op planlng surface of infinite aspect ratio.

Sretenskli Í251 performed some further manipulatlons before

attempting to find a solutlon, whereas Maruo [ff] and the

other authors mentioned in section 1.1 deal- wlth equatlons
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which are essentlally equlvalent to ( 1 . 3. 2 ) . Sol_ut j_ons of
thls equatlon w111 be obtained 1n a later sectlon.
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1.4 Slenlflcance of C and C(y)

The arbltrary functton C(y) present in the three-

dlmenslonal problem reduces to the constant C in the two-

dlmenslonal problem. We shal-1 discuss the significance of

thls constant flrst, and then the more general C(V).

Conslder a seml-lnflnlte flat plate at an angle of

attack, wlth lts traillng edge dipped a distance d into

water flowlng at veloclty U (see F1g. 1.4.1). I¡le cou1d,

1n fact, perform thls experlment, and would expect to flnd

that the wetted length Z depended on d. Or, more accuratelV,

we woul-d antlcipate a functlonal relationship of the form

F = f(FL ) (1.4.1)

(1.4.2)

(1.4.3)

d t

where FL
u---

(gL)'

1s the Froude number based on wetted length, and

U
11^d

1s the Froude number based on submergence.

However, 1û the theory outl-lned abover wê fj-x not only
rl

FL (through v) but arso f (through the prescribed e) and

hence Fd. Our input may therefore not be physically

realizable; i.e. it may violate (1.4.1), with Ft+1(F¿).

So the theoretical- solution must contain a degree of freedom

which permit" F¿ or FU to change, and this is manifest j-n

rrCrt. Although we lnput t f fo" a Biven F, (we could consider

this ä r" a'rguess"), üIe get as part of the solution

"E(x) + C'r which furnishes the corre* f;. The hu11 slope

1s still 1*, but our input height of the trailing edge C(-f)
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ls shlfted to ç(-1) + C. \,rle are in effect inverting (1.4.1)

to glve Fu = f-l(F¿); 1.e. the theory determines the depth

of lmmerslon, given the wetted length.

So hre can never get the ansr^rer to exactly the situation
we specify: the sol-ution shifts our ship up or down by an

amount C to ensure the correct vertical position (and, of
course, pressure dfstribution) for our input FL.

The correspondlng experlment 1n the three-dlmensional-

case would be to take a flat plate of flnlte span and lmmerse

1t at various submergences d (see Flg. 1.4.2). l¡Ihereas in
the two-dimensional- case the wetted l-ength Z was determined

by d, now the wetted area hl, or more specifically the contour

f of the leading edge is determined by d.

But 1n the theory leading to the integral equation

(7.2.17) we prescrlbe V,i and so al-so f. For example, we may

take our ship to be a flat plate and our wetted area lr/ to be

a rectangle. From physlcal intultlon or slmple observation

it ls clear that this cannot be consi-stent with an experiment

on a flat plate as described above, slnce the wetted area of
a flat plate at a small angle of attack ls unlikely to be

rectangular.

If we write the integral equation in a symbolic

notation and work by analogy from two dirnensi.ons¡ we have

(x,y) = ç(x,y) + C(v) P(E,n)KdEdn (1.4.4)Ç ilsoln
I^I

6soln(xry) = final- hul1 shape (determined by sol-ution)

6 (x,y)

c(y)

= input hull shape (incorrect)

= unknown (determined by solution)

where
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hl - given wetted area

P(Ern) = unknown pressure distribution over I,r/, satisfy-

lng ParrÍlfnB edge = o

K = kernel of lntegral equatlon.

That 1s, we must assume that 1f F¿ and W are prescribed,

then as 1n two dimensions we cannot exactly prescribe the

hul-l geometry. l¡le are even more strongly restricted than in

two dimensions where we had to leave open only the option of

vertical bodlly movement. Now we must leave open the option

of separate and non-equal- vertical displacement, of each

buttock y = constant. In other words, â[ arbitrary amount

of span-wlse camber must be determirred by the sol-ution, if

1,rl 1s prescribed.

Thus if we try to use a flat plate, we wil-l- lnstead end

up wlth a non-flat body, whose buttocks are still straight

llnes at constant angle of attack, but whose sections are

not f Iat-bott orned .

As in the two-dlmensional case the solution obtained is

an inverse one; i.e. we specify the wetted area 1¡l and obtain

the body. The direct or experimental problem is to specify

the true 6(x,y), (c.f . 6(x,y) + c(v) above) and then

determlne I^l; i.e. determine the leadlng edge contour f as

part of the problem: one would anticipate great difficulty

in solving this direct mathematical problem, involving

solution of an integral equation such as (I.2.IT) over a

region W which is itself unknown! Such integral- equations

do not seem to have been studied V€t, and they present

challenging mathematical problems. Ide shal-l- show later how

some progress may be made on the direct problem by adopting
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the lnversea trlal-and-error approach uslng sol_utlons to

problem.



1.5 Low Froude number I1m1t

If we take the l1m1t F = F¿+0 (y+@) ln ,(L.2.I6)

obtaln

pz-zF
Ï',t l2

tr(x,y) + c(y) dtdnP(E,n) de.
o

'hte

dkkcos ( k(x-E ) cos0 ) cos (x(y-n ) sinO )

(1.5.1)

-tïz p (x, y)

0

(x ry)etrl

(x,v)Éw.
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(1.5.3)

úI
il

æ

o

+ o(F4).

Maklng the change of varlable

k1 kcos0, kz ks1n0

we get

E(x,y) + c (v) F2-7lz dEdnP( E,n) .If
tü

oo

dkr dk2cos(t<r (x-ã) )cos(kz(v-n) ).
o o

The kr and k2 fntegrals may be performed, glvlng

ç (x,y) + c(v) dEdnP(E,n).

rrô(x-E)n6(y-n). (t.5.2)

Hence we may now solve the lntegral equatlon trivially:

F2= --2'n' ff
IT

6(x,y) + c(v)

The sltuatlon is clearer 1f we return to the dlmensioned

varlables, namelY



6(x,y) + c(y)

P(x,y)

P(x,y) =

0

P(x,y) - pe(E(x,Y)+c(v))

19.

(x,v)ev¡

(x,v)Éw,

(x,y)ew

(x,y)Êw. (1.5.4)

(x, y )ew

(x,y)Élnl. (1.5.5)

or

The arbltrary function C(y) 1s determined by the condition

that P = 0 along the trailing edge of the body. For example,

1f the tra11lng edge was a stralght Ilne at x = 0, we would

obtaln

-pg(6(x,y)-ç(x,0))
0

I,rIe could slmp]y wrlte the solution in the symbolic notation

of (1.4.4 ) as

so ln

where 6so1n Is the actual hu1l shape glven by the solutlon.

ülrltten 1n this wâVr we see that we have found that in the

l1mlt as the Froude number tends to zero, the pressure becomes

purely hydrostatic.

There is, however, some ambiguity if the ship has a

vertlcal face at its traiting edge, e.8. a transom stern of

depth h. In this case the physical Pressure is mul-tival-ued

as a functlon of x and y, varying between zero and pgh for

any fixed (xry) which l-ies on the stern. Simil-arly the hull

functlon q(x,y) is multiva]ued on the stern and so incl-usion

of 6(xr0) 1n (1.5.5) cannot serve to accurately define a

- pg6

0

(xry) (x,y)ew

(x,y)Éw. (1.5.6)
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sol-utlon preSSure. Though this dilemma has been presented

in terms of the 1ow Froude number ]im1t, it is of course

rel-evant to flow at any Froude number.

Most authors elther lgnore the above dlfficulty or

resolve 1t 1n an ad hoc manner. For example, Squlre I24l t

when he deals wlth the motlon of a two-dlmenslonal wedge

along a water surface, assumes that, for aL1 Speeds above

zeyo, the water breaks Smoothl-y away from the bottom edge,

and the rear face 1s unwetted. He does, however, consider

the valldity of thls assumptlon in practice, and uses a

rough analysls based on tralling wave height to conclude that

1t 1s true 1f U(ehILrl.5 where U is the velocity of the

vùedge and h the depth of lmmerslon.

Tn rfnon'flattt theory the above probl-ems would not arise

since P would be a function of xrV and z and so be

unalnblguously defined at all points on a transom stern.

l,r/1thln the framework of such a theory it woul-d be of interest

to lnvestlgate whether there exists a definite transltion

from flow which wets the rear face of a transom stern (as

is the case at zero speed) , to a f l-ow which leaves the hull-

smoothly as assumed by Squlre. Should such a transition

point be found (presumably as a function of hu]1 shape and

Froude number), it could be used as a deflnition of passage

from a non-planing to a planing regime.

Some authors have investigated the Specific problem of

the flow at an attachment or separation point, i.e. at an

air/water,/solid interface. However, with regard to ships,

most authors have been i-nterested in studying attachment at

the bow, specifically with regard to prediction of the onset
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of a bow Wave and the resultant wave-breaking resistance

(see e.g. Dagan and Tulin t 51). In an attempt to resofve

both thls problem and that mentloned 1n the prevlous para-

graph, some work was carrled out on the appllcatlon of the

complete non-I1near equatlons to the flow at an attachment

or separatlon polnt. A brfef report on thls work is glven

ln Chapter 4.
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L.6 The hieh Froude number l1mit

The l1m1t F+- does not afford as slmple a result as the

Ilm1t F+0 consldered 1n sectlon I.5, and 1n partlcular, w€

are st1II left wlth an lntegral equatlon to flnd P. Lettlng

F+- (y*O) fn (I.2.77) we obtaln

E(x,y) + C(v)

fr l2

OtdnP(E,n)(I+J)1
27

Id

+ o(F 2
) (1.6.1)

G.6 .2)

where

and

oo

I d0sec20 dkcos (k(x-E ) cos0 ) cos (k( y-n ) s1n0 )
o o

LLm
Y+0

t¡ l2
T-¿- YT dosecb osln(y(x-E ) sec0 ) .

o

cos (y(y-rl) sec2 osino ) .

hle may perform the k-integration in I giving

tr /2
ï d0sec 2 o{ ô ( (x-E ) cos0+(y-n ) sin0 )

o

+ ö( (x-E)coso-(y-n)s1n0) )

,If

7

T
2

[ (x-E )' + (v-n) 2 l t
(v-n) 2

Making the change of varlable | = Ysec20 I^Ie obtain

LLn rT

,.0 7
@

d\1(À-y ) Àsin( (rv) ,4
(x-E) ).

t-_-2

cos((y-n)(r(À-v)) )

J

= 4t¡ (x-E )

Y

o
dÀÀcos( (v-n)r)

t-
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Jr
= - $.=g-)-^ (r.6.3)= ã(-1z '

Comblnlng (r.6.r¡, (t.6.e) and (1.6.3) we get as the result

of our 11m1t1ng process

l(x-t)'+(y-n)'I \ (x-t)t(x,y) + c(v) 1
E dEdnP(E,n) (y-n)2

T{

(1.6.4)

As we should expect, following the work of ltlagner [35] '
we obtaln (except for a factor af Ðr), an x-integrated form

of the downwash lntegral equatlon for a thln wlng (see e.g.

Thwaltes t28l ). That ls, the pressure on the bottom of a

shlp planlng at lnfln1te I'roude number ls half the loadlng

on a thln wlng of equlvalent longitudlnal slope.

l. o.f--&
\/ t lt6

*t ñote ^l&.1
l*-.t- - f.

æ
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CHAPTER 2

Tt,IO.DIMENSIONAL PLAN ING

2.I Introductlon

hlhen studying a general three-dimensional problem in
fluid mechanics, an approach often taken is to reduce the

problem to two dimensions, in the hope that the resulting
equatlons w111 be easier to solve and wil-l on solution give

some lnslght into methods for attacking the full three-

dlmenslonal case. Thls w111 now be done for the three-

dlmenslonal planing problem under conslderatlon.

As can be seen from equatlons (1.2.16) and (f.3.2),

reductlon of the three-dlmenslonal- equatlons to two

dlmenslons has dramatlcally decreased the complexity of the

kernel of the Íntegral equation. In fact, as will be shown

in section 2.2, the two-dimensional kernel- can be expressed

directly in terms of well-known functions, whereas calcula-

tion of the three-dimensidnal kernel lnvolves numerical

lntegration of the inflnlte integral of a hlghly osclLlatory

function - always a difficult operatlon.

However, one should not look on the two-dimensional

approximation in the above light only; it is of use in its

own right. hlhen considering f l-ow about bodies whose beam

to length ratio is large, it is clear from physical

intuition that the fl-ow over most of the hul-l wil-l be

predominantly longitudinal. Variation from this wil-l- be

significant only near and at the spanwise edges. Hence we

would expect to be able to sol-ve the flow probl-em for such



a hlgh aspect ratlo body by dlvldlng it lnto longltudr""att'
strlps of flxed length, and applylng two-dlmens1onal theory

to these strips. Shen t23l adopts essentlally thls approach

ln developlng a theoiry of hlgh aspect ratlo planlng surfaces.

i,rlhl1e we baslca1ly treat the two-dÍmensional problem

as a slmpllfied lead-ln to the much more complex three-
dlmenslonal problem, we shaIl, 1n later sections, mention

how our results could be applicable to the motion of high

aspect ratlo planlng craft.



2.2 Numerlcal scheme

The equatlon we wlsh to solve 1s (1.3.2), which we

repeat, replacing k by À:

26.

(z.z.r)

(2.z.2)

(2 .2 .4)

Re ¡Ln J_t
dEP( t ) dÀ

ê -rÀ (x-E)
o

À-y

n
P

J=l kj k = 1r...ro

æ

# "-il' 
(xn-E) 

.

p srr,( À (xn-E ) )

æ

ç(x) + c =

(bp)

Let us spllt the lnterval [-1r1] into n subintervals

[*j,*J+l], J = 1,.. rh. Suppose that the pressure coefficient
P(x) 1s approximated by a constant tj over thê j-th
sublnterval for i = 1r... rh. rf Ëk glves soine average

value of the hul1 function E(x) over the k-th sub-

lntervalr wê may wrlte (z.z.t) 1n approxlmate form as

6k+C=I

onj

Aj

where A J+1 dE (2 .2 .3¡
j o

(bp )

After performlng Ëhe Ç-1ntegratlon, some algebraic mani-
pulatlon and reduction to a cauchy prlnclpal value lntegral
and resldue termr ïrê obtaln

Re. ['<
=-I 2¡l ,xjk

o

@
1

2ny

f.* sin(r,(xn-E) )

+ rcos(v(xn-t) )

'lIThe flrst lntegral is slmply
ãSen(x*-E). The second lntegral



1s 1s deflned in

Abramowitz and Stegun [ 1 ], p.232, and 1s glven by

1(z) = A1(z)sln(z) si(z)cos(z)

where Cl and sl are the Coslne and Slne lntegral

respectlvely, defined as

sen(*r-E)F(y l*k-E I )r*îirf"'ãË""t ,(r)

Qi(z) = $ "o"(t),

27.

(2.2.5¡

s1n(t ).

k = 1r...rfl, (2.2.ø)

qt

z

and s1(z) =

ek + c = Ii=, tjouj

Akj ht*( v (xn-x .+1 ) )-e( v( xn-x, ) ) )

\ + f (x)

o dtT
z

Useful numerlcal- approxlmations for the f-functlon are glven

1n Apbramowltz and Stegun, p.233.

\,rle shalI now glve the f1nal form of the equatlons whieh

wl11 be used to solve the two-dimenslonal flat ship problem.

They are

where 8(x) x>0

i - f(-x) + 2ncos(x) x<0, (2.2.7)

and P =0. (2 .2 .8)I

Thls last condition (2.2.8) 1s the Kutta condltion at the

traillng edge, namely tlnat the unknown pressure should equal

atmospheric pressure at this edge. Thls 1s a very lmportant

condition, for wlthout it (Z.Z.A) woul-d be a system of n



llnear equatlons ln the nf1 unknowns CrPl ,P 2r.. . ,P,

so not have a unlque soIutlon.

Equatlon (2.2.6) can be wrltten 1n matrlx form as

A AAre Pt c

28.
and

c

(2.2.9¡

+ (Pt = 0)) and

n linear equations

11 I n e I

2
AzzAzt 2¡A

A

P
2 E

r.

+

nn cPA Anl n2 nfI

Slnce Pl=O, the value" Ail, i = 1r...rh are of no signi-

flcance and need not (anA therefore shoul-d not) be calculated.

I¡le can ln fact replace Pt by C and AiI, 1 = 1r... rfl by

-1ts to obtaln

-1 A I2 1

-1 A 22
P Ç22

(2.2.]-0)

A

A

Çc
1

2

n

n

Ann P

whlch ls entlrely equlvalent to {(Z.Z.g)

is now ln the standard form for a set of

-1 A tt¿ 6n

in the n unknowns CrP2r... rPn.

This solution procedure differs from that previously

adopted (e.e. by Taylor Í271, Tuck and Newman [32 1, Tuck

t30l) for such equations, where (2.2.9) is sol-ved as two

separate equations, with rlght hand sides of 6 and 1,
givlng solutlons Pl and P2, The flnal solution for
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I is ft*Cf', with C found from the condition that
P¡ = Pl + CPT = 0. However, wlth the present solution
procedure, some unnecessary calculatlons are el_i¡ninated and

the deslred solutlon for I and c found in one inversion.
one speclflc questlon whlch must be consldered 1s the

cholce of the partltlonlng [*5,*3+tl of the lnterval

[-1,1]. Equar subintervars are convenlent computationally,
but our choice should be examined in the light of the

assumptions involved in deriving (2.2.10). The basic
assumption is that pressure is constant over each sub-

lnterval. lle know from other numerical- and experimental_

results that the pressure tends to be rapldly changlng near

the ends of the body and more slowi-y changing near the

mlddre. Therefore, 1n order to satisfy our assumptlon as

closely as possible, w€ should adopt sublnterval_s whlch are

clustered near the ends. such a set of subintervals can

be simply deflned by taking the endpoint of the j-th sub-

interval- to be *j*t= cos( it/n) .

A computer program was written in FORTRAN to sorve the
problem. The inputs to the program are the number of sub-

lntervals fl, y - F-2 and. the hull- shape Ek, k = 1r... rñ,
where Ek uras taken as the val-ue of the hurl- function

C(x) at the point" *k = cos( (k-þ)n/n), k = 1,...,n.
one output i-s the constant c, which glves the amount by

r,vhich the given hul-I shape must be moved vertically to give

the posltion of the solution hul1 shape. The other outputs

are the pressure coefficients, rift coefficient, moment

coefflclent and centre of pressure coefficient on the

solution hu11, where these quantities have the following



30.
meanlngs:

pressure coefflclent = dlmenslonal pressure/qplJz

= P(x)

11ft coefflclent = P(x)dx
-1

= dimenslonal llft per unlt

span / ,rpï)2 L

1

moment coefflclent = xP(x)dx
-1

= dimenslonal (bow up) moment about

centre of wetteö length Per unlt

span / 4pv2 L2

centre of pressure

coefflclent =
moment coefflclent

ft coe c ent

= locatlon of centre of Pressure

ahead of centre df wetted length ,/

half wetted length.

The results obtalned uslng thls program for particular

cholces of (nrYrE) are glven 1n the followlng sectlons'

1
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2.3 The flat plate

In thls sectl0n we conslder the sltuatlon when

E(x)=gx; 1.e. when the body 1s a flat plate at angle of

attack a. I¡le assume that the water leaves the trailing edge

smoothly. As mentioned before, Squlre t24l considers the

valldlty of this assumption, and $ives an analysis based on

traillng wave height to deduce that the flow will- leave

smoothly so long as the Froude number based on tralling edge

height ls greater than I-5.

Note that throughout thls sectlon the pressure, Ì1ft

and moment coefflclentS are the respectlve quântlt1es

deflned 1n sectlon 2.2, dlvlded by o'.

It was found. that the rapidity of convergence with

respect to n of the numerlcal scheme described ln section

2.2 lncreased with Froude number. For F=l.0 (y=l.0)

the integrated quantlties (11ft. and moment coefficients) were

already withln 5f, of thelr converged values for n=10'

Results presented are for n=50 for which the integrated

quantltles are w|thin 0.2/' of converged values for all

y<25 (F>0.2). Computlng tlme on a CDC6400 for this val-ue

of n was approxlmately 2 seconds for each value of Y.

The pressure coefflclent for varlous val-ues of y ls glven

1n Fig. 2.3.I. Fig. 2.3.2 gj-ves a plot of pressure coeffi-

cient/Iift coefficient so that the area under each curve is

equal, and changes in shape of the pressure distribution with

y are more easily seen. The hydrostatic pressure,/lift dis-

trlbutlon correspondlng to U=O (Y*-) is al-so shown'

Slnce our method has converged, it represents i-n

prlnclple an exact solution of the relevant equation. It

is therefore of lnterest to compare our resuLts with those



of other authors, partlcularly those who use serles or 
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asymptotlc methods. Maruo t11l and Squlre IZ4l both use a

serles to approximate the pressure distributlon: the former

uses six terms and conslders values of y up to 0.5, whereas

the latter retalns only four terms. ft was found that Maruo I s

results for y=0.5 corresponded very closely to our own, but

Squlrers differed by up to 25% (see Flg. 2.3.3), showlng

the accuracy lost ln retalnlng fewer terms. cumberbatch I 4 I

adopts a hlgh Froude number approach and uses a series in
terms of y=p-2. He conslders resul-ts for y up to 0.1. hfe

found that his results for the pressure distribution at
y=0.1 glve va]ues wlthfn 7% of ours, but consistently higher.
Doctors t [ 6 ] use of flnite pressure elements gives con-

verged results identlcal to our own.

As we have stressed, our basic approach is an inverse

one, and 1n thls splrlt r^re glve graphs of the raur

lntegrated output of our program based on a flxed wetted

length. These are graphs of the 11ft, moment and centre

of pressure coefflclents and scaled traillng edge height

as functions of F'roude numberr prêsented ln Figs. 2.3.\
2.5.6. Note that the last-mentioned quantÍty is
h/.Lo,=Q+E(-1), where LL 1s the dimenslonal height of the

traillng edge, C is the constant found as part of the

solution and C(-f) is the input height of the tralting
edge assuming c¡¿=1 and the wetted length equals Z. These

graphs are lnteresting in themselves, but r^re can obtain
results which are more meaningful physically if we perform

some further manipulations wlth our output data. Although

I^Ie actually input to the program the quantity y=gL/ïJz ,

the wetted length 2L is, as pointed out 1n sectÍon 1.3,



33.

essentlally an unknown and should lnstead be found as part

of the sol-ut1on.

To flx ldeasr wê conslder three speclflc sltuatlons
1nvo1vlng flow on a flat plate two lrexperlmentalrr and

onefrpractlcalrr. In F1g. 2.3.T are represented two

posslble ldeallzed experlmental set-ups. In the flrst a

r1g1d1y-held wedge-shaped body 1s subJect to unlform flow,
wlth the helght of the tralI1ng edge flxed. In thls case

we can take o and ,L as glven quantltles. rn the second

experlment we have a flat bottomed body of, fixed welght

and angle of attack whlch 1s constralned so that lt can

only move vertica]Iy without rotatlon. Here q, and L

are given. S1nce, in the second experlment, we could, when

a certaln h ls attalned, clamp the wedge and vary U, it
ls clear that the flrst experlment ls 1n a sense a varlatlon
of the second. Because of thls r^re w111 conslder the second

experllnent f 1rst. '

This situation is in fact the one treated by Squire,

who assumes L, gr g and o, are known and constructs a

non-dimensional speed parameter, V=U( pa/gf)\. However,

we may slmply observe that, at rest, L=r."ggu(ZLO)2 where

2.1-^ is the wetted length at rest. Since L and o, areU

flxed we may adopt tO as a reference length (c.f. L in
raw output ) and deflne the Froude number based on this rength

as F o=rJ/ 
(elìz. ït f ot-t-ows that

v / (eLìV = Ír / (r*<#*>rr, = u(+l) % = z\v .

I'rom the computer output tve get pairs of values of
L/'<pU2s,I- and g.L/ü2. hle flâVr from these pairs, deduce a
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do

in

0'

# = t<z',ttff \,
) ) = f (F )0

Introduclng L, agaln, to scale L, we get

h = fttrtol - nfi r(Fo)

Another output is h/I-a--C+e(-1). If tLO is the traili-ng

edge helght aþ rest, then hO='2LOa and

( c+f ( - 1 ) ) .rz.F2of (Fo ) .

so 1n the foregoing manner we can, from our output,

flnd + and + as functions of Fo. This is essentlalÌyLo no

l'L h L¡c¡

6= N'6- a
L

%

a trlal-and-error aPProach'

not know what the value of

a direct calculation, flnd

s1nce, for our inPut Y r WC

F

L
z

0

0

w111 be, and so cannot,

and L for a chosen F
no

I,rlhat v¡e can do, however, is to run the program for many

values of Y and obtaln a series of values of, FO from

whlch we can obtain a Pl-ot of t and against
0 0

Thls has been done and we present the results in F1g' 2'3'8,

with some comparison points from squlrers results.

F1g. 2.3.g glves a graph of FO against F and this may

be used in conjunction with Fig. 2.3.L to get an idea of

the pressure distributlon for any particular FO '

lrle can novü see what happens when a flat plate planes

at flxed 1lft and anglu of attaeü. F'or speeds iust above

ze7o, the pressure drop at the stern (see Fig. 2.3.2) 1s

I'L

T
rì'0'
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not fu11y compensated by the pressure rise at the bow and

so the body ln1tia1ly lowers in the water. This is shown

1n Flg. 2.3.8 as an initial lncrease in both wetted length

and lmmerslon. However, âs speed rises, the pressure

lncreases and so the plate 1lfts ln the water. The

accompanylng decrease ln wetted length moderates this lifting

effect and as speed gets large both the tralllng edge height

and wetted length tend to zero.

This tendency of the wetted length to zero has inter-

esting lmplications when considering investigations such as

that of Green [ 7 ] , where it ls assumed that F=IJ/ (eL)4*-

wlth L fixed. As r¡re have shown, such a limit is of

doubtful physlcal validity, although lt should stil1 give

results for the pressure distrlbution which are accurate

at hlgh speed. However, the well--known result which

follows from Greenrs analysis that the free surface faIls

away logarithmically to a negatlve infinity 1s a peculiarity

of the formulation of the problem. Alternatively, we can

observe that although the ratio 'rtrailing edge height,/wetted

length'r does tend to a positive inflnity, both the trailing

edge helght and the wetted length separately tend to zero

(c.f . Figs. 2.3.6, 2.3.8).

I¡le now return to the first experi-mentaL case of a

rigidly-fixed wedge. Our experÍmental procedure must

lnvolve starting with the wedge below the surface of the

water and gradually rai-sing it, lettlng the f low settl-e

down for each fixed tL. hle might expect, however, that if

we raise the wedge above the level- of the undisturbed free

surface, i.€. make lL positlve, the flow will remaln
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Slnce the dimenslonal helght LL and the angle of

attack o are flxed, 1t 1s convenient to define a Froude
L

number based on thls height as Fh=U(d"/gllll)t. The change

1n pressure dlstrlbution wlth Fh can be found using Figs.

2.3.9 and 2.3.I. hle have as an output of our program

It/,La=C+Ç(-1), where thls quantity 1s associated with a

known y--gL/U2. From these palrs of values we Inay deduce

a functlonal relatlonshlp

,L6t/( ,,f*.llLl
u2' La ) ) t

1.e Lo,T = f(F

) = f(7/(

I,L

That ls, essentially we have wetted length as a function of

speed, wlth o and lL serving as scaling factors. A

graph of thls relatlonshlp ls given 1n F1g. 2.3.10. Since

the scallng lnvolves dlvlslon by lL, both lndependent and

dependent varlables tend to plus lnfinlty as LL passes

through zero. We can, however, deduce from Fig. 2.3.6 tlnat

where thls occurs L=0.014U2 metres and so the graphs for

l,t<O and lL>O w111 both approach a parabola.

If we took a fixed U and gradually raised the wedge

(increased I'1, startlng with a negative value), we would

ftfollowrr the first curve out to infinlty (h=0) and then

rrreturnrt along the second. However, as anticipated, ule see

that we cannot raise the wedge indefinltely: there is in

fact a minimum for v(a/ellrl)'" when l,L>O, That is, for a

flow to exist wlth the wedge above the free surface r wê

must have u(a/elttl)4r3.75. A1so, wê see that the remainder
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of the curve, shown dashed, is not attalnable lf we adopt

the experlmental procedure outllned above: aS we increase

tL at flxed U, or decrease U at flxed h, we always

follow the curve down to the turnlng point andrlloserrthe

f1ow.

It ls, however, aþtalnabIe lf we use the second

experlmental apparatus. \,rle have lndlcated on Flg. 2 . 3. f O

the approxlmate posltlon correspondlng to maximurn helght

whlch occurs 1n Fig' 2'3'B al Fo=2'4' crearly 1f we were

to Iet the moving wedge reach this posltion, clamp it

(f1x lL) and then vary U, we would be fol-lowlng the

lower curve. In fact we need not wait unt1l the maximum

helght occurs. As shown 1n Fig.2,3.I0 the turning point

occurs at FO=2.0 and so we could clamp the wedge for

any hlgher FO and be on the lower curve.

Conslderlng agaln the flxed wedge r wê see that when

h.O, wetted length lncreases with speed. This is also

true lf we are on the upper part of the h>O curve.

However, if we have mAnoeuvred ourselves onto the lower

part and flxed þ1, we see that wetted length

wlth speed.

decreases

It 1s of interest to consider the relevance of the

present study to real hlgh-speed planing boats. In

practlce üIe know that 1f such a planing boat has a wetted

area of moderate aspect ratlo 1n the resting condition, as

it approaches operatlng speed the wetted length decreases

markedly while the wetted span remalns constant. Hence the

operatlonal wetted area ls of high aspect ratlo - we might

say the boat is "flying on a li-ne'r. As mentloned in the
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Introductlon to thls Chapter, the study of two-dimensional

flow 1s applicable to high aspect ratlo bodles and for

thls reason we w111 conduct a brlef lnvestlgatlon into

practlcal aspects of our results as they would apply to a

flat-bottomed planlng boat.

l,rlhlle we can stllI assume that L 1s constant, wê now

wlsh to treat oü, lL and L aI1 as unknowns and determlne

them as functlons of U. In order to flx a length scale,

we shall presume now that the position of the centre of

gravlty ls a flxed dlstance X ahead of the trailing edge,

and equate thls to the posltlon of the centre of pressure.

One of our raw computer outputs 1s therrcentre of pregsure

coefflclentrf deflned 1n sectlon 2.2 whlch we shall call

CQFP. The dlmenslonal dlstance of the centre of pressure

ahead of the tralllng edge 1s then X=(COFP+I)L. l,rle adopt

a Froude number based on X glven bY

\ \F = F/(COFP+L) = u/ (eX)
x

F1gs. 2,3.9 and 2,3.1 may be used to flnd the change 1n

pressure dlstrlbutlon wlth Fx. The wetted length, scaled

wlth respect to X' 1s

WLX =

ct=

-oõFÞ"fl

c0FP+1
æffiT

2

The I1ft coefflclent 1s L = L/lplJ2aL; hence

1
T

a
2

ilffia



39.

1.e. Ð"99.X2
( )a =

2
L Fí.ì¡ILX. I

tLAnother raw output 1s N,

for a partlcular F x

That 1s, we can find x
2L

, , r^ = k.ryf'.m;ç

hence we can flnd

%pex' )cr and (
Þ299,X )lL ast (

LL

functlons of FX. These are graphed 1n Figs. 2.3.IL, 2.3.t2

and 2.3.I3. A further qüantity of interest is the ratio of

dynamlc l1ft to total l1ft. If we deflne statlc 1lft as

that due to the water dlsplaced below the equ1llbrlum free

sunface leve1r we have

statlc l1ft (St) = >r9gh2/u

= L( (H¡2 h2/f f zeff(l"l I

= L( ( scaled lL)2 / ( scaled CI,) ) .

dynamic lift
total I1ft

L-SLHence L

= 1 - (scaled ll)z/(scaled q).

Thls quantlty 1s graphed 1n F1g, 2.3.14. l,rle stop the graph

when l,¿=0 since our deflnltlon of static lift is of

doubtful slgnlficance when lL>O. From the figune we see

that at first (Iow speed) tfre dynamic lift as defined is

negatlve (a slnkage force), 1.e. the dynamic effects

decrease the l1ft when consldered separately from the

statlc forces. However, as F* nears one, the dynamlc
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Ilft lncreases dramatlcally and rapldly dominates the flow.

lrle w111 nov¡, uslng Figs. 2.3.11 2.3.LU f ollow the

course of a flat-bottomed boat as U goes from zero to

large values. As U lncreases from zero, the tralI1ng

edge of the boat lowers conslderably, the angle of attack

lncreases and the wetted length decreases. As the speed

rlses, the tral11ng edge height passes through a (negative)

mlnlmum Just before the angle of atf,ack reaches a maxlmum.

The helght then rapldly lncreases again, the angle of

attack fa1ls and the wetted length settles down to a constant

value of 4/9 of the wetted length at rest. The angle of

attaek contlnues to decrease whlle the helght reaches a

(posltlve) maxlmum Just above the equlllbr1um frêe surface

leve1 and then very gradually fal1s to ze?o as U gets

very 1arge.

Note that the rapid rj-se in tralling edge height, fa11

in the angle of attack and levelIing off in wetted length

all occur near FX=1. These effects are also mirrored in

Fig. 2.3.I4, where we see, as mentloned before, that near

thls value of F* the dynamic lift rapidly becomes the

relgnlng force 1n the flow: it ls lnteresting to note that

the dynamic and static lifts are equal at Fxo1.0B. It

would seem reasonable to associate all these occurrences

with the onset of rrplaningrr. Thus if we are in a craft

which 1s rrnearlyrr plan1ng, one way to inltlate planing is

to strlve to increase Fx. Thls result is corroborated by

the experlence of yachtsmen, who know that lf planlng seems

lmmlnent, 1t helps if all the crew rush to the back of the

boat: this serves to decrease X and thereby lncrease Fx.
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1¡le now glve two cages ln which values are assigned to

L and X: we approxlmate these for a large speedboat and

a sma1I yacht and calculate quantltles of lnterest.

Flrst take ¡=l¡ggx9. B newtons/metre span ( 1. e.

mass = 400 kg/metre span) and X = å metres. The wetted

length at rest ls B metres, slnce at rest the centre of
.1pressure ls I of the dlstance to the bow. Then we may

produce from our graphs the following table of events of

lnterest.

+0.0060.173.52
T7.I3

(33.28)3.35maximum IL

00.573.u7rl..25
(21.85)2.20It=O

-0.t623.953.655.52
(r0.72)1. 0Bdynarnlc = statlc llft

(planlng beglns?)

-0.2404. 704.004. 86
çe.aa)0.95maxlmum o[

-0.2524.64\.zt4;T 0
(9.13)0.92dynamlc Ilft = 0

-0.2674. r34. B0
4.35

(8.45)0. 85minlmum ,L

-0.2312.755.873. 83
(7.44)0.75maxlmum sinkage

-0.1861. B36.673.22
(6.25)0.63Squlre I s l1mit

h (m)0
(deg)

wetted
lengthFx

I

U

I

m/ sec
(knots)Event
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Secondlyr wê take L=75x9.8 newtons/metre span and

X=1.2 metres. The correspondlng tabl-e ls:

Suppose this yacht is travetl-ing with Fx=O.9

(U=3,9 m/see; 6 knots): we are then ln the transition

region prior to planing. If the crew moves back so that

X decreases from 1.2 metres to 0.6 metres the followlng

changes occur (at fixed speed). F* increases from 0.9 to

I.27 (weIl into the planing region), the wetted length

decreases from I.92 metres to 0.78 metres, the angle of

attack lncreases from 4.2o to 10.50 and the traillng edge

height increases from -0.11 metres to -0.08 metres. Note in

particular that the wetted length decreases to less than

half, thereby decreasing the frictlon drag i-n about the

+0.0030 .771.5811.49
(22.32)3.35maxlmum h

00.52r.567 .54
(14.65)2.2Qh=0

-0.0684. rB1.643.70
0 .re)1. 08dynami-c = static lift

(pl-aning begins? )

-0.1004.351. B03.26
(6.33)0.95maximum 0

-0. 1054.301. g03.16
(6.14)0.92dynamlc lift = 0

-0.1113.842.162.92
ç5 .67 )0. 85mlnimum I'L

-o. og62.583.002.57
(4.ee)0.75maxlmum slnkage

-0 .075r.553. 102
(4

09
06)0.61Squlre I s l1mlt

h(m)c[
(deg¡

wetted
lengthF

X

I

U

I

m/sec
(knots)Event
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same rat1o. This should resul-t ln a substantial i_ncrease

in U, giving a further lncrease in F* and putting the

boat more certalnly 1n the planing regime.
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2.\ The parabola

In thls sectlon we w111 be concerned t^rlth the hul-l- shape

Ç = a(x*a)2, ¡e [-1r1], for various val-ues of a. l¡ihen

considering the flat pIate, not only was it assumed that the
fluid left the trailing edge smoothly,, but âl_so tacitly that
the fluid remained attached to the huII until it t_eft this
traillng edge. However, when considerlng curved hul1 shapes,

the situatlon ls no longer so cIear. For example, if we had

the hull shape wlth a = 0 whlch has lts rowest polnt amid-

shlps (x=0), then 1t seems l1kery that, ât reast at hlgh
speed, the fluld w111 not remaln attached beyond the low

point and may 1n fact detach even before this. The difficul_t
question is to decide where detachment actually occurs on a
smooth hull such as a parabola.

Doctors t 6 I gives graphs of the pressure distribution
for a=1 ln which the trailing edge 1s the lowest po1nt, and

flnds that for Iow values of y regÍ.ons of negati_ve pressure

occur near the traillng edge. our program confirms Doctors t

results and we give graphs of pressure coeffici ent/rrft
coefflcient in F1g. 2.4.1. Note that the fl-ow ls assumed to
remain attached until the lowest point of the parabola 1s

reached. This may not be valid physically and therefore the
occurrence of negatlve pressure must be treatment with some

scept i cism.

rn an attempt to clarify the situation we introduce a

conditlon often cited in separatlon problems involving
cavities (see e.g. Milne-Thomson t151, p.318): we assume a

priorl that smooth separation occurs with constant curvature
1.e. the curvature of the free surface immediately after
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separatlon 1s equal to the curvature of the body at the

separatlon polnt. In order to obtain a formula for the

curvature ure start wlth our baslc two-dlmenslonal lntegral

equatlon (equatlon 2.2.I)), and wrlte thc' kernel ln .1 ncw

form:

c(x) + c

Et'(x)

Rø
2t J'urrrrlf-S.-iÀ(x-6)

(bP)

f 
'uer( 

E) { I-+cos( À(x-E) )+ns1n(v(x-E) ) }
1

2r

I

t,
1

ñ dgP( E) {e(v I x-6 | )-nsrn(y I *-E I )

insln(v(x-E) ) I (2.4.1)

where the g-function is defined 1n Abramowitz and Stegun I f 1

p.232, and has as one of 1ts integral representations

-zte(z) = dt.

Uslng thls form for g lt can easily be shown that

gt'(z)

lnle now differentlate both sides of (2.4.1) to Bêt, for

x<- 1

^L I . 
d6p(E) {T-E+*I, - yze(y(E-x) )+y2znsin(v(E-x) ) }

# |]t# v2(ç1¡)+c)' (2.4 .2)
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Hence, in order to obtain the exact value of the curvature

we need to know the sotutlon pres5ure P and the constant C'

such a solutlon ls avallable 1n closed form only for the case

y = O, when the flrst derlvatlve of (2.4.1) glves a flnlte

Hllbert transform whlch may be lnverted dlrectl-y. If we adopt

the general hu1] shape given by E=o(xfa)2, xel-1r1] with

lts lowest polnt at x = -a, then for Y = 0 the solution

pressure 1s

p(x) = 4o(x*a-l) l+++l% x€[ -1,11 . (2.4.3)
tf-xJ

The second term in (2.4.2) vanlshes for Y = 0, so sub-

stltutlng for P we get

E"(x¡ = 2a+ å<"-r)(-x-Ð-ã. (2-\.4)

The curvature at separatlon 1s glven by taking the limit

aS x approaches -1 from below. Slnce the curvature at

all points on the huII 1s 2a, separation w1ll- occur with

constant curvature lf and only 1f a = 2. Observe also that

for all values of a I 2 separati-on occurs wlth infinite

curvature, the sign of the inflnity depending on the value

of a.

l¡le now follow the behaviour of P and the curvature aS

a passes through the value 2. I¡le flrst write (2.4.3) in

another form:

4+(1+x) 3/2 ]. (2.4.5)P(x) = {(a-2¡1r+x)

uslng both (2.4.5) and (2.4.3) we see that when 0<a<2,

P has a square-root zero at x = -1 and takes negative

values for -1<x<1-a. Also from ( 2.4.4 ) the flow separates
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wlth negatlve lnflnlte curvature: the fluld surface at

separatlon 1s concave downwards, 1. e. lt is trying to "get

awayttor detach from the body, and this solution is unlikely

to be achlevable in practice. However, when ã=2, P has a

three-halves-power zero at x = -1 and 1s positive for x>-1

and the curvature is continuous at separation. I¡/hen ã>2 ,

P again has a square-root zero at x = -1 and is positive

for all x. But the f1ow now separates wlth positive

lnflnite curvature: the fluid surface at separatlon is

concave upwards, 1.€. lt ls trylng to ttget lntorr or remaln

attached to, the body. Thls case 1s acceptable 1n practice

1f the tral11ng edge 1s sharply cub off, as 1n a transom

stern; for example, the flat plate solutlons a1l- have

posltlve lnflnlte curvature at thelr ttailing edges.

Suppose we had used our program to solve thls problem,

taklng various portlons of the parabola as the wetted

length thls 1s the same as taklng varlous values of the

parameter a. As vle rrmovedrt our wetted tength (of constant

magnltude 2) from left to rlght atong the parabola Ç=s,x2

(tfrts 1s the same as taking lncreaslng values of a), we

would find the solutlon had an unacceptable region of

negatlve pressure, ãt flrst over the whole wetted length,

then decreaslng ln size and eventually dlsappearlng. If

we stopped at exactly the point where this region disappears

we would have, on the basis of our present crlterlon, a

physically acceptable solution for smooth detachment from

a non-cut-off stern. If we move further forward, the

solution is acceptable only for transom sterns.

In fact there is an easier way to rrfindrr the solution

for smooth detachment. tr'lrst observe tl¡at for a given
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value of a, the tralIlng edge 1s a-1 units to the right
of the axis of symmetry. ff we take any solution which has

a region of negative pressure less than 2 unlts 1ong, then

the pressure 1s zero at a polnt 2-a unlts ahead of the

tral11ng edge (x=1-a from equatlon (2.4.3)). But thls
point 1s a-I+z-a = 1 unit ahead of the axls of symmetry

whlch 1s exactly where the tralllng edge ls when a=2. So

(at least when y=0) the zero-pressure polnt 1s always a

rrmarkerrr for the correct posltlon of the trailing edge, the

region of negatÍ-ve predsure indicating tlnat, physically,

the flow has already detached.

üiorking by analogy from the y=0 solutlon we assert now

that for all finite y the behaviour of the pressure near

the tralling edge x = -1 w111 be given by

p(x) - cr(1+x)b * cz(1+x)3/2 (2.\.6)

for some constants Cr, Cz. Substltutlng thls into (2.\.2)
glves

,,,(x) - Crffir.

for x near -1. vo, !i^. e,,(x) to be finite we mustx1-.L
requlre C¡ = 0. Note that this coinci-des with the elimina-

tion of the one-half-power term in (2.4.6). Hence, from

our prevlous experience with y=0, we deduce that to get the

correct solution for a given y, we should consÍder a sequence

of solutions obtained by movlng the wetted length along the

parabola, and take that solutlon for whlch the regi_on of

negative pressure (Cr<O) has Just disappeared (Cr=O).

Alternatlvely¡ wê could attempt to preOi-bt the correct
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posltlon of the trailing edge by looking for the point

where the pressure is zero, in a solution with a region of

negative pressure. However, for y*0, we must expect that

thls will not g lve exactly the rlght posltlon for the

tralllng edge as lt dld 1n the case y=0.

Such a |tsearchtr was carrled out for varlous values of

^,( t based on a two-unlts long wetted length of the shape

E=s(xfa)2, xel-1r1], for various a. It was found that

the accuracy of predlction using the Itpoint of zero-

pressurerrtechnique was poor except for very 1ow y and so

in general the traillng edge position was found using a

dlrect search. In Fig. 2,4.2 we give a graph against F

of the position of the traillng edge wlth respect to the

axls of symmetry of e=o,x2, âssumlng a wetted length of 2

and detachment wlth constant curvature from a non-cut-off

stern. It 1s lnterestlng to note that the traj-Iing edge,

whlch would be one unlt behlnd the axis of symmetry at

rest (F=0), reaches a maximum of around 2.6 units ahead at

about F = 2,2 before decreasi-ng to one unit ahead as F+-.

F1g. 2.11.3 gÍves graphs of pressure coeffi cient/Ii-f t

coefflcient for the solutlon huIl for various val-ues of F.

Figs.2.4.t4, 2.11.5 and 2.4"6 glve graphs agalnst F of lift

coefflclent, moment coefflcient, centre of pressure

coefficient and the scaled helght of the lowest point of

the hull. Note that slnce the search procedure invol-ves

a conslderable amount of computer time (about 7O seconds

for each F), only six values of F were considered, viz.

F(v) = 0.7r(2), 1.0(1), 1.4(0.5) , 2.2(O.Z¡, 3.2(0.1),
4.5 (0.05). Therefore, any turnlng points in the graphs

presented must be taken as approximate.
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A further glance at (2.1+.6) and our requirement for

Cr=0 suggests yet another method to flnd the correct tralllng

edge computatlonally. If we assume P varles l1ke (2.4.6)

near the tral11ng edge then we have

P'(x) - L"Ct(1+x)- z(t+x¡ 1

and Cr=O corresponds to ptç-1) = 0. That 1s, 1f we could

enforce computationally the condltlon pt(-l) = 0, then the

solutlon havlng separation with constant curvature would

be avallable 1n one calculation. No attempt was made in

thls study to lnvestlgate how thls condltlon mlght be

app11ed.

Much work remalns to be done on the subJect of curved

hu1ls. Spec1f1caIly, lt was assumed throughout this sectlon

that the curvature of the huI1 was constant for all Y.

However, 1t seems llke1y that in practice the shape of

the huI1 w111 be a functlon of speed. For example, if the

Ilft 1s held constant, but the boat 1s free to trÍ-m, it is

to be expected that the axis of symmetry of the parabola

wl11 not remaln vertlcal under all operatlng condltlons,

thus changlng the effectlve value of the curvature para-

meter 0 of the hu1l.

"*?c



/"

tr1

'.:* _.

CHAPTER 3

THREE-DIMENSIONAL PLANING

3.1 Introduction

In thls chapter we sha1l be concerned with the case

where the length and span of the flat body under consider-

atlon are of the same order. Thls belng sor lt 1s necessary

to treat the f low as truly three-dlmens1onal. I¡le are not

aware of prevlous work 1n whlch thls problem has been

treated ln lts fulI generallty, although varlous 11m1tlng

cases have been consldered, as outllned in sectlon 1.1.

Maruo [ 131 r while presentlng results for the hlgh and

1ow aspect ratlo approxlmations, makes a rather pesslmistic

comment on the general problem; vLz. rrthe kernel of the

lntegral equatlon 1s complicated enough to frustrate any

attempt at solvlng 1trf . Inlhile lt 1s true that the problem

1s formldable, it 1s 1n the flrst place qulte amenable to

brute-force approxlmatlon, although this would lnvolve

excesslve computlng t1me. Howeverr w€ feel that lt should

be posslble to do better than thls, speedlng convergence

of the lntegratlon through the use of special analytical

or computational procedures.

Much space wilL be allotted in this chapter to

conslderatlon of the lnflnlte Froude number limit. Ïn this

11mit, three-dimensional fl"at shlp theory is essentially

equivalent to aerodynamic lifting surface theory. The

equatlon actually used in aerodynamics ls our (f.6.4),
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dlfferentlated once wlth respect t'o the löngltudinal_

co-ordlnate x. Because thls form is used, the arbitrary
functlon C(V) 1s not present and therefore the question

of lts lnterpretatlon does not ar1se. Thls dlfference 1s

baslcally a reflectlon of the lack of any rrfree surfacerr

1n aerodynamlcs. There 1S a large body of literature on

aerodynamlc liftlng surface theory; for example, a well-
known early paper 1s that by Multhopp t 161 who used a

collocation method to sol-ve the integral equatlon. In a

more reeent paper, Wagner t 361 developed an improved scheme

1n whÍch control points were allowed at the leading edge

of the wlng, 1n contrast to previous methods, lnclud.ing

Multhoppts, where thls was not permltted. Hess t I I has

applled a generallzallon of Multhopprs method 1n hls study

of boomerangs and hellcopter rotors.

The kernel of the flat ship lntegral equation in the

l1mit F+- is quite slmple, and results obtai-ned help to
show some general characteristics of the three-dimensj_onal

planlng problem. However, some mentlon should be made of

the implicatlons Ínvolved in treating bodies of finite
aspect ratlo as F+-. ïn practice we know that as a

planlng eraft increases speed, the aspect ratlo of 1ts

wetted area also increases. Hence, 1f the aspect ratio
at high speed is to be of order one, the aspect ratio at

low speed must be small, and it 1s only to planing eraft
satlsfylng this requirement that the resul-ts to be

presented at infinite Froude number are applicable.
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3.2 Numerlcal scheme for a Eeneral kernel

l,rle now derlve a numerlcal scheme for solutlon of the

three-dlmens1ona1 lntegral equatlon, uslng a general

kernel K(x-ErV-t). Speclflc forms for K wlL1 be treated

later. The general equatlon (1.2.16) 1s

Ë(x,y) + c(v) (3.2.1)

I¡le assume the wetted area l^f 1s symmetri-c about the centre-

plane v=0, and that the pressure ls therefore even in v,

1.e. P(xr-v)=P(x,y). This assumptlon is useful in

s1mp11fylng later comPutatlons.

Let I¡l I be the half -waterplane y)0 . Suppose 1^l 
I ls

dlvlded lnto N pleces l¡Ii, k=lr.. rN, oh each of whlch

P ls constant and equal to Pk. P will also be equal to

Pt on UIf,, the lmage of \^li in the centre-pIane. Then

(3.2.1) may be approxlmated bY

f fueunt( E, n )K( x-ã,y-n) .

Il

c.
J

Çj +
N

k=1 oj ntn j=1r.. rN (3.2.2)

j dEdn r( xj-E,vr-n ) (3.2.3)
k

k

)
J

= c(y

i

where

= 6(xand e tY

=ll
rili+w

A

) , (x rV ) Uei-ng some pointj j , j j j

wlthln I^l:.
J

The choice of mesh was made in such a way that the

pieces I^li lay ln longltud1nal strips and the val-ue of yj

was täken to be the same for all pleces 1n a given strip.

Slnce C 1s a functlon of y on1y, lt follows that the

j
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value of C, ls the Same for each plece on a given str'lp'
J

Again considerlng a glven strlp, the value of P corres-

pondlfrg to the piece on the tra1]1ng edge was set to zero,

1n accordance wlth the Kutta condltlon. The fo11ow1ng

generall zatlon can then be made of the sol-ution technlque

thtroduced 1n sectlon 2.2. Supose l^lt is cut into n

strlps each of m pleces, where mxn=N' Then the N

unknowns involved are Cr ¡P 2 t. . tPrrCz rPm+2r' ' ' rCn,

Þ P hle thus make a similar substitutlon as
'(tt-1)n+2" "-nm-
r¡re dld ln the two-dlmerrslonal equatlons, when P¡ I¡Ias

replaced by c. computatlonally, wê need not calculate

the coeff lclents o j (r-I)rnrl, J=1r. . ,N; i=lr'' ,ñi but

may set them to ze?o. To account for the aJ t " we then

place one rr-1rt in each row; in the j-th row it is put in

the (t (j-1)/mln+l)-th posltion, where "[ ]" is the integer-

part functlon.

An example wilt help to lllustrate the above

procedure. Suppose m=3, n=22 then, 1fl matrlx form,

equatlon (3,2.2) 1s

At t

Azt

Asr

Ar* t

As r

Ae t

Atz

Ãzz

Ãsz

A+z

Asz

Ae z

Ars

Azs

Ase

4,, s

As s

As s

At,,

Az+

A a,*

A+,.

As,,

As u

At s

Az s

Ass

A,r s

As s

As s

At s

Aza

Ass

A,* o

Ase

Ao s

P¡

Pz

P3

P+

P5

P5

Çt

Çz

Çs

Ç+

Çs

Ça

UI

Cr

Cr

Cz

c2

c2

+ t

but Pr=P+=0. Hence, following the method given above, the

new system is
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-1

-1

-1

0

0

0

Arz

Lzz

As z

4,, z

Asz

Asz

Ars

Azs

As s

4,, s

As s

Aes

Ar e

Azo

A¡e

4,. e

Aso

Ao s

Cr

Pz

P3

Çz

P5

Pe

Çt

ez

Çg

Ç+

Es

te

Ars o

Èzs o

Aes o

4,. s -1
As¡ -1
Aos -L

a

Vüe now have a standard set of llnear equatlons ln N=6 un-

knowns.

A further consld.eratlon 1s the chglce of mesh' where

we need to declde the spaclng of the lntervals ln two

dlrectlons. The partlcular cholce found best for the

v¡aterplanes treated w111 be glven ln the relevant sectlons.
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3.3 The coe fficlents A for lnfinite Froude number
k

As shown 1n sectlon 1.6, the kernel of the three-

dlmenslonal lntegral equatlon, for F+-, reduces to

(x- 2+ \
K(x-E,y-n) 1

u;
x- .(3.3.1)

y-n

hle sha1l suppose that the wetted area 1¡l has a straight

trall1ng edge of wldth 2 at x=0 and ls of constant or

dècreasing wld.th for increasing x>0. Let x='L(y) r0(y(1,

define the leading edge of the half-wirterplane wt, the

maxlmum wetted length being ¿(0).

l¡Ilth this speclf 1catlon, equatlon ( 3.2. 1) becomes

2

I
)

{
1

0
+

Z(n)

0

Z (-n)

0

0

E(x,y) + C(V) 1
ç' Ì dEdnP(E,n)'

;!

x- 2+ 2 x-
y-n

I,rle now make the substitutlon \'=E/'L(n), and also use

P(x,-y) = P(x,y), glvlng

1 I
6(x,y)+c(Y)

1F dtrdnP(ÀZ(n),n)'
0 0

x-ÀZ )2+ 42 x-ÀZ )
{.0( n ) 'I y-n

h2 x-ì,,L

\ (3.3.2)

x-À,L 2+ + )
+ lÌy+n '(3.3.3)

l,rle have thereby transformed our integral equation into one

over the unlt square, with a kernel given by the expression

in curly brackets, which we denote K¿( À t\'¡L( n) ;xrV) . Thls

transformation is equlvalent to taking a distorted mesh
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over l^lt, as I^Ie 1l]'ustrate in Fig. 3.3.1, using an equal

mesh over the unit square for clarity '

In the solution technlque adopted, the unit square

was spIlt up lnto a mesh wlth coslne lntervals longitudl-

nally ( À) and elther equal or cosine lntervals in the

spanwlse (n) dlrectlon. If the mesh over the unlt square

has nodes glven by À1, 1=0r.. rm; nJ, J=0r " 'n, then the

k-th. gqld square 1s bourrded by À"-1, À", îb-I, nb where

a = k-[ (t-r),/m]m, b = n-[ (k-l)/nJ; and ojn is given bv

- ,À" ,lb
Ajn = h lÀa-r,Jno-ru^unn¿(À'1 

;L(n) ;xj'u:)' (3'3'4)

For a rectangular wetted area, Z(n) = ß for some

constant ß and both lntegrals for Arn mav be evaluated

anaIyt1cally. For a wetted area wlth a leading edge of

constant slope (t.e. a cropped or an uncropped detta),

Z(n) =,s¡tß for some constants o, ß and only the

n-integratlon may be done analytlca1ly, leaving the

À-integration to be done numerlca11y. For other 4(n) both

integratlons must in general be evaluated numerically,

unless further approximations are made. In fact, since

the range of n-integration, InO-1,nb] ' can be made smal1

by taklng targe rì, ¿(n) may be replaced by a constant or

linear functlon over this range. This 1s equivalent to

approximating z(n) i_n a plecewise fashion by a straight

line for each longitudinaL strip. If this is done, one or

both of the integrals may be evaluated analytically.

Note that (3.3.4) contains an inverse-square singularity

wheny..[nu_l,nb].lrlherethlsoccursweadoptaHadamard
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prlncipal val-ue, the strlct meanlng of which is considered

wlth some care in an Appendix to Multhopprs paper con-

tributed by lnl. Mangler, t 161 p.34. However, in practice,

when an analytical prlmitlve exists, thls type of principal

value may be treated 1n the same way as a Cauchy princlpal

value: that ls, we simply evaluate the lntegral 1n the

normai fashlon, uslng the prlmltlve. For example

v+b

# = t(Y-n)-Il v+b
y-a (a,b>0 )

y-a

a*b-ab (3.3.5)

Note that the result is negative, although we are inte-
grating a posltive functlon: such counter-intuitive

results are common when deallng wlth such integrals. Our

results w111 always depend on the analytlc evaluatlon of

the (Hadamard) n-lntegration and so the dj-ff1cu1t1es

lnvolved 1n the numerical evaluatlon of such integrals will

not arlse.
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3.4 RectanEular wetted area

For a rectangular wetted area, the leading edge is

deflned by ¿(V) = ß, O < y ( 1, for some constant ß, glvlng

a body of aspect ratlo 2/9, As mentloned 1n sectlon 3.3'

the Ark may be evaluated analyt1cal1y ln thls case and so

there are no computatlonal dlff1cuIt1es assoclated wlth

thls portlon of the program. The lndeflnlte lntegral requlred

ln the evaluatlon of ( 3. 3.4 ) ls

dudv

u u2 +v2 u+(u2 +v')4+ % vlog

v+(u2+v2 )
4 u2

2v

v

+ ulog +
u

The lnput ç(xry) was taken to be that correspondlng to

a flat plate aL an angle of attack cr' 1.e. 6(x,y) = oxr xcl¡I.

It was found that a mesh wlth coslne spaclng ln bofh

dlrectlons provlded the most rapld convergence. Results

were obtalned for rectangles of aspect ratlos 0.5, 1, 2' 31 4,

5 and 6. In F1g. 3.4.1 the 11ft slope ls compared wlth

results glven by Thwaltes I 2Bl . The centre-llne pressure

coefflcient for aspect ratio equals one (I'fg, 3.11 .2) was

found to be ln close agreement with the lnfinite Froude

number result given by lnlang and R1spln [ 37 I , who approxl-

mated the pressure coefflelent uslng a doubl'e series.

A new result 1s that of the solution hull- shape, glven

in Fig. 3.4.3. This shows that for a rectangular wetted

area, the hu]] must be s]lghtly rrtunnelledrr. Thls ls what

we mlght expect, s1nce, 1f we have a truly flat hull, the
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wetted area woul-d have a sllghtly curved leadlng edge: the

trtunnelllngtt serves to counteract thls effect, glvlng a

stralghtleadlngedge.Notealsothetendencyforthe
scaled helght (frelght,/o' wetted length) of the solutlon body

to lncnóase as the aSpect ratlo lncneases. Thls 1s as antl-

clpated, slnce we know that as F+- 1n two-dlmenslonal

theony,thescaledhelghttendstopluslnflnlty,
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3.5 Inletted areas wlth trlanEular fore-PleceF

For a wetted area whlch 1s an uncropped or a cropped

deltar w€ have ¿(v) = oy+ß, 0(v(1, for some constants

0<0rß. hlhen ß=-o, tlie wetted area 1s strlctly trlangular,

whereas when $>-cl the wetted area 1s of the form of a

rectangle wlth a trlangular fore-piece, whêre the leading

trlangle is of aspect ratio 2/(-cl-) (see Fig. 3.5.1). In

equatlon (3.3.4) for A5¡r I^Ie may nour perform only the

n-lntegratlon ana1ytica]ly, using the followlng lndefinlte

lntegral:

2+ + 4
dn(an+ß) {

( x-¡' ot + 2 x-À c[ +ß
)ytn 2

(ov-(-aytß) ) (av2+Bv+c )\/,

+ (%crB+R(-ayt g ) )n-tro elzt\(Av2+Bv+c ¡b+zav+n I

(al*azB( -syt ß ) ) c-kro el (zck( Av 2 +Bv+ç ¡ ä+ev+z c) /v I

r Àa2v+(À(to) (-aytß)-o(xtÀc¿y-Àß) )1ogIv I

+ (-aytß) (xtroY-Àß)/v

where v = vtfl r

[ = 1+(Ào)2,

B = -lÀ(to)(xtÀsy-Àß)
C = (xtÀgy-Àß)2.and (3.5.1)

The numerical caleulatlon of the À-integratlon is straight-

forward, although care must be taken over the logarithmlc

slngularity which arlses from the first logarithmic term

1n (3.5.1).
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The lnput 6(xry) was agaln taken to be that correspondlng

to a flat plate at an angle of attack u, 1.e. E(xry¡ = ox, x€'t¡l'

Both equal and coslne spanwlse mesh spaclngs were used wlth

coslne longitudlnal spaclng, and 1t ulas found that neither

of these gave conslstently better convergence for the shapes

consldered. Results quoted are fOr equal spanwise spaci-ng

wlth m=n=10 (N=1OO): computing time was ápproximately :-.]-5

seconds for each f.(V), and the results for the shape of

the body were then wlthln I/' of converged values.

Thwaltes t 2Bl glves results for the centre-I1ne

pressure coefflclent on the body glven ¡y {(y) = -y+l/6, a

cropped delta, âs calculated by varlous workers from the

polnt of vlew of aerodynamlc lifting surface theory. In

F1g. 3.5.2 we glve our results for this body, compared with

the two most recent results glven by Thwaites.

A new result obtained through our approach is that of

the shape and location of the hull-, glven a triangular

wetted area. In hls paper on prlsmatlc planlng surfaces,

Savltsky I22l states that for V-shaped hu]Is, the half-

leadlng edge of the wetted area 1s trsllghtly convex, but

slnce the curvature is sma]1, lt is neglectedrr. (p.75),

1.e. for a V-shaped hu]l we get a wetted area which has a

triangular fore-piece. Savitsky then considers the problem

of finding a relationship between the deadrise, angle of

attack and wetted area of deadrise planing surfaces. hle

quote from SavitskYts Paper, Þ.77,
ttlnlagner computed the wave-rise for a two-

dimensional wedge penetratlng a fluid surface
vertlcally, and found the actual wetted width
of the wedge was r/2 tlmes the wetted width
defined by the calm water lntersection with the
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bottom. The motlon of a deadrlse planlng surface
can be represented as a two-dlmenslona1 problem
by consldór1ng the water flow between two vertlcal
pianes normal to the plane of symmetry of the
btantng surface. To an observer located between
these planes, the passage of the prlsmatic Vee
planlng surface w111 appear ldentlca1 to the
ïert1cál lmmerslon of a wedge. Thls belng the
case, tlne n/2 wave-rlse factor computed by lllagner
1s appIlcabler.. .tt

glving

tan(deadrise an 1e 1T

tan ang eo a ack aspect rat1o of trlangu1ar fore-ple ce

(3.5 .2)

Savltsky follows on to say t1¡a19 experlmental evldence

conf lrms the result (l.S .Z) .

If our results for hu11 shape are to be conslstent

wlth this formula, wê should flnd that our sol-utlon hul1

shapes are, at least approxlmately, v-shaped, the angle of

the ,rrVil being dependent only on the aspect ratlo of the

trlangular fore-piece and lndependent of the slze of any

rectangular trtAlltr. Thls hIaS found to be true for rectan-

gular ta1]s up to four tlmes the length of the fore-piece,

these belng the longest ta1ls consldered. We present results

for the hu1l shape correspondlng to varlous trlangular fore-

pleces 1n Flg. 3.5.3. The deadrlse angle predlcted by

(3.5.2) ls shown for the v-shaped huI1 which has the same

minlmum helght at the traTling edge as that computed. Note

that slnce the computed variation from flatness 1n the hull-

1s a functlon of Span only, aI1 spanwise cross-sectlons of

the hul1 are ldentlcal. From Fig. 3.5.3 v¡e observe that

agreement wlth Savitskyrs formula 1s better, the small-er

the aspect rat1o. Thls is to be expected since the argu-

ment lnvolved ln lts derlvation is essentlally a 1ow aspect

ratlo one.
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3.6 The free surface at lnflnlte Froude number

In thls sectlon we lnvestlgate the form of the free

surface produced by a flat shlp of arbltrary wetted area

travelllng at infinlte Froude number. To do thls we use

equation (L.6.2) . In thls equatlon let us deflne S by

s(x,y) = 4n( r(x,v)+c(v) )

dEdnP(6,n) x- 2+ 2 h x- (3.6.1)y-n
I{

and conslder the form of S ln the far fleId, 1.ê. at

polnts (xry) far removed from ü1.

Suppose first that l*lrt lvlt, lEl,lnl; then expanslon

of the kernel of (3.6.1) yields, for x<0

il

Sfu il dEdnP ( E, n ) {- ?+ 
- + - hisher order terms i

IAI

2xf dEdnP(E,n) + r dÇdnnP( t,n) +il 4x il
I^f I{

The flrst lntegral 1s equal to L, the 1lft, whereas the

second 1s zero slnce nP(E,n) i-s odd in n and \,rl ls symmetric

about the E-axis. Hence

stu-n+t (3.6.2)

0n the other hand, for x>0

il dEdnP(t,n){zl - # + h.o.t.}
úI

Sfu



1. e. S "t, + 0 for large x.

Suppose secondly l*l.lvlttlEl,lnl; then (3.6.1) 1s

approxlrnated to flrst order by

L
ñ.
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(3.6.3)

l*l,lvl. (3.6.4)

(3.6.6)

s r I@L +o ror large

In the thlrd case, lylt, l*l

s n. lt dEdnP(t,n, {l}l - # + h.o.t.i
I^I

Itu fif +Q ror large lvl' (3'6'5)

l,rlhen conslderlng the shape of the free surface dlrectly

behlnd and ahead of the body we can no longer expand (y-n)-2

1n power series as has been done 1mp1lc1tly 1n the preceding

analysis. So, fina1Iy, for i*lrt lvl"lnl'lEl, we have, for

x<0

ll aeonffi {-z* + h.o.t.}Sfu
}T

,lt-2X tl aeanffi,
Td

wh1le for x>0

fI + h.ort. )
2

Sfu
I^l

t * *o for large x' (3.6 .T)

Care 1s needed in the lnterpretation of ( 3.6.6 ) : note that

slnce we are considerlng the free surface in the track of

the body, the lntegral multiplying rr-2xtr has an lnverse-

square slngularlty whlch 1s to be treated as a Hadamard



prlncipal value. As shown in ( 3. 3.5 ) , such an iritegral can

be expected to be negatlve for posltive P, and so (3.6.6)

shows that the free surface falls away 11nearly to mlnus

lnflnity ln the track of the body.

Let us now follow a locus of constant helght S=H in
the free surface startlng (see equatlon (3.6.7)) from

*=¡"/(2H) dlrectly ahead of the body. Equatlon (3.6.3) shows

that the locus 1s 1n1tlalIy perpendlcular to the directlon
of motion, while from (3.6:4) we deduce that for yr,¡, the

locus assLüres the form

oo.

(3.6.8)2 2L-
H 

Jttv

that ls, 1t ls parabollc. As we enter the reglon V>)X,

(3.6.5) lndlcates that y = ft whlch 1s conslstent with

(3.6.8). For x<0 we agaln deduce from (3.6.4) that the

form (3.6.8) 1s approprlate, and for -x>>y (3.6.2) shows

that y2ry - ff*, again consistent wlth ( 3. 6 . B ) .

Hence each locus of constant height in the free surface

at inflnite tr'roude number is essentlally a parabola, open in

the downstream directlon, with the body at the focus. The

free surface elevatlon tends to zero like x-1 ahead of the

body and like lVl-1 abeam of the body. However, it fal-ts

continuously and ultlmately linearly to minus infinity in

the lmmediate track of the body, and this may be looked upon

as representing a tralling wave of lnfinlte r,üavelength -
the free surface drops continuously down lnto a bottomless

trough. In contrast, from equation (3.6.2) we deduce that

the free surface rises linearly to plus infinlty downstream,
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when we conslder the height taken along any l_ine paralleI
to the dlrection of motlon, but off the track of the body.
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3.7 The coefflcients A for finlte Froude number

In this section we show how the problem of calculating

the 4.. for flnlte Froude number revolves around the numerical
JK

calculatlon of an lnflnlte 1nte.gra1 of a sIowly decaylng

osclllatory functlon. FrCm equatlons ( 1.2.16 ) and ( 3.2.3)

the coefflclents Arn are glven by

Tt l2
A

where

j
Re
Zr2 I I dEdn

r^ri+r^rt
k

r

dOsec2 0.

0

dÀl
I-Tsec'?E-

0
(bp)

Ide rewrlte thls as

"-iÀ 
(*j E) co"9.o, ( À (vr-n ) sino ) .

(3.7.1)

r2o

ãEñfi dtdn 3(xJ-E,vr-n) (3-7.2)A kj
rdi+r{il

B(x,y) = Rø iy ln''ursec3ocoseco'
Jg

I dÀ
-YSe C e)" -iÀxcos0 sln(trysinO ) .

(bP )

By dolng thls, 1t 1s posslble to dispense with the n- and

t-integrations for a rectangular mesh, since (l.l.Z) can

then be evaluated exactly by finding eight values of the

B-function, one corresponding to each of the four corners

of the two rectangles Wi and Wf,. The numerlcal calculation

of rrBr' ls also less fornldable than would have been the case

1f we had retained the initial kernel. Observe that

B ( x, -y ) = -! ( x, y ) and so v¡e only need consider y>0 .
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Maklng the substltutlon | = ysec2ek

¡n l2
B(xry) =Rei I Aesec0cosec0'

Jo

ïre get

æ
dk

ETËTI ¿1kYxs""o 
"1n 

(kvysec 2 esino )
0

(bp)

Tr /2
d0sec0cosec0F( e )

0

where F(0) = Røi { # n- 
l-kar 1¡ ( kb )

(3.7.3)

0
(bp )

¿- 
1kt"ir. ( kb ) Ì

(bp )

wlth a = yxsecO, b = yyseczeslne.

Evaluatlon of these lntegrals glves

F(e)=G(a-b)-c(a+b)

where c(x) = ÐzE(l"l) + l.toglxl + nsln(x)H(-x).

The g-functlon 1s an aux1Ilary functlon for the Sine and

Cosine integrals and 1s treated 1n detail in Abramowitz

and Stegun [ 1 ] p.232, 233. Note ln particular that g is

a posltive and strictly decreasi-ng functlon of l*1. H 1s

the Heavlslde unlt step function.

Consider now the numerical evaluatlon of (3.7.3),

flrst with reference to the rrgrr and t'logtt terms of G.

hle first lnvestigate the behaviour of F(0) near the upper

Ilmit i. As ,^1, I u-o I and I a+u I get large, but we know

¡OOldk
JoE
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(Abramowltz and Stegun [ 1 ] p.233) that g(z)*z-2 for

large z and so we need only be concerned with the log-

arithmlc term. For et| we have

F(e)secOcosec0 tu Lzs€c01og xcos 0-ys in0
xc os 0+ys in0

= L.sec0log -l-+ '2xcos0
xcos 0+ysln0

"r, l-"sec0. -fcoto

tu

and hence the integrand is bounded at' the upper l-imit.

AIso, for x near zero e( lxl) tu -y-loglxl (v = Euler's

constant = 0.5772.., ) and so LzB( l*l) + %roelxl ls bounded

for x near zero. Thus the lntegrand due 'to the rrgrr

and rrlogrr terms 1s bounded and smoothly varying and so

efflclent numerical evaluatlon of (3.7.3) may be performed

using standard techniques.

The evaluation problem posed by the I'nsin(x)H(-x)t'

term 1s, however, much more difflcult. If we wrlte B"

for the contrlbutlon to B arlsing from this term we have

x
1t

B"(xry) =n
Tr /2

arctan(x/y)
d0sec0cosec0.

sln (yxseco-.¡ysec2 esinO )

for x>0, and
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B (xry)
s

for x>0, and

arctan(-x/y)

0
d0sec0cosec0'

= ,ll d0sec0cosec0'

sln ( yxse c0-yysec 2 0sln0 )

r/2
0

TI

sln (yxse c0*yYsec2 0sinO )

f or x<0. l^lith the substitution t = tanO , these integrals

become

s-(x,y) = n[-, f; sin ((t2+tlkv(x-vt))s. ) *ly

B" ( x,v) = "[+s1n( 
(t2 +r)tv( x-vt ) )

-17
-xly
0

f sin( (t2+1)%v(x+yt) ¡

for x<0. From these forms, the unpleasant nature of the

integrals 1s clear: theY are tnfinlte integrals of slowIY

decayi osclllatory functions , and supply the hard core of

the problem 1n flnlte Froude number flat ship theory.

There is 1n fact a further computati-onal trap in the

method presented here - this is the problem of rrdisappearlng

diglts'r. Recall that the Ojn ave found by summing eight

values of B four with a plus sÍgn and four with a

mlnus sign. It I^Ias found that whlle the values of B were

O(1), the resultlng Ark was in general 0(10-2). This means

that v¡e rrlosetr two of our hard-won significant figures in
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the calculation of Ait from B to get three figure

accuracy ln Ark we need at least five figure accuracy ln

B.

several standard methods were used in an attempt to

evaluate the lntegralt B" and although converglng results

were obtalned, it was always at the cost of considerable

computer time for each B value. If five figure accuracy

v¡as Sought the time required to compute a complete solution

was prohibitive. Some results were obtained using lower

accuracy but their validlty was so doubtful that I/üe shall-

not present them here.

Future work on thls toplc must focus on more

sophlsticated methods of tackllng the evaluatlon of Bs.

Thls may elther be through rotatlon of the path of inte-

gratlon lnto the compl-ex plane to produce a rapidly

decaying integrand, or through numerical techniques

whlch are specifically taiLored to deal with such integrals '

It may also be of value to attempt to remove the problem

of the dlsappearing dlgits through partlal reformulation

at an early stage, e.g. by evaluating ojn in a dlfferent

manner dependlng on whether the J and k mesh rectangles

are adjacent or I^t1deIy separated.



73.

CHAPTER 4

TWO. D I MENSI ONAL BOhI FLOt^l

4.1 Introductlon

Ir¡ recent years it has been recognlsed that an important

contrlbution to the resistance to forward motion of full-form

shlps ls caused by the production of a breaklng wave at the

bow. For example, Baba t3l reported that in towlng-tank

tests with a geosim of a tanker, the wave-breaking resistance

was ßr, of the total resistance, whereas the energy radlated

by the waves was only 6/,, tnese measurements being done for a

Froude number based on draft of !.7.

It 1s to be expected that the inception and strength of

the breaklng wave will depend on the bow shape as well as the

Froude number. In fact, lt has been found that rrbulbous

bowsil, in1tlaI1y designed to reduce the wave resistance, also

serve under some conditlons to reduce wave-breakin

reslstance (see e.g. Taniguchi, Tamura and Baba 126l) ' It

is therefore of interest to attempt a mathematlcal- analysis

of the non-llnear ftow problem lnvolved'

A related topic ls that of the flow at the stern of a

ship. Particular reasons for wishlng to investigate stern

flow were outlined in secti-on 1.5. However, there is a

slgniflcant mathematical dlfference between the two probl-ems

of bow and stern flow. Tf lt is assumed that the ships

concerned are of semi-infintte length, then we need to

consider the boundary condltions at only either upstream or

downstream infinity. For bow flow the condition is slmp1y

that the free surface elevation tends to zero upstream and
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the potentlal tends to that of a free stream. But for stern

f1ow, Wê expect that waves will be present at downstream

lnflnlty, and lt ls dlfflcult to specify a prlorl the form

of these waves, 1n a manner conslstent wlth the assumed non-

llnearlty of the fIow. For thls reason we orlent the follow-

1ng dlscusslon to an anâlysi-s of two-dlmens1ona] bow flow'

Dagan and Tu11n 15] studled thls problem uslng perturbation

expanslons, one for trow Froude number and one for hlgh Froude

number. [¡ie attempted to solve the problem exactly using

numerlcal technlques applled dlrectly to the integral

equatlon 1nvo1ved. However an exact (analytical) solution

was obtalned only for flow at lnflnlte Froude number.
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4.2 Fl-ow wlthout a .i et :

The followlng transformatlon was apparently flrst

lntroduced by Rudzki I21-l and 1s also presented by llehausen

and Laltone t 3BI . If 0 and rf are the veloclty potentlal

and stream functlon rèspectively, wê wrlte, with z = x + iy

f(z)=0+1{,

and ft(z) = w = u - lv.

If 0 ls the angle between the veloclty vector ñ=u*lv and

the posltlve x-axls we nay wrlte

w * udlo

where Q = 0 + lt.

hle conslder 0 as an analytlc functlon of 0 and Ú, i.e.

Q = e(O,V) = Rdo(f))

where we w111 take ü=0 to correspond to the free surface;

1.e. e(0r0) gives the angle of the free surface. The exact

free surface condltlon 1s

gy +r.lwl2 =kV2

i. e. gy + 2U2 û1 = '41J2 .

Dlfferentlatlng wlth respect to 0 glves

,J2 ET T

But we also have

sVo +
0

= 0 on { = 0. ( 4.2.1)
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dz
ãT å u' utt

v4 = fr drstne,

=x *1v
0 0'

or

and so (4.2.2) and (4.2.1) glve

3t

-@

aO = -Kt € s1n0 K¡ =

Rearranglng (4.2. 3) glves

S{ utt) = -3rrs1no

and hence fr = constant 3r r sln0dS.

If we suppose that as 0*- (upstream), t+0 ( l"l*U) then

0fr = 1-3rr I sln0(or0)dcr

1xz=ñf- Xrdß
J __ ß-0

(\ .z.z)

(4.2.E)

(4 .2.5)

(4.2.6)

C
--e-
u3

or

t'le now make use of the PlemelJ relatlons, that lf

Xr and X2 are the real and lmaglnary parts of a functlon

analytlc 1n the ]ower half plane, then, along the real

axls

t(0,0) = åto*(r-3r,/o-rine(cr,o)do). (4.2.4)

and Xr = -*f:_ ä:F

Uslng (4.2.5) for Xr = e(0) = e(0,0); Xz = t(0) = t(0,0)
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e(0) =-

r(0) +f

*fl_w +."-l#l

77.

(\.2.7)

1l.z.ro)

the angle

A naive

the

But more

Suppose we are considering the flow sltuation shown 1n

Fig. 4.2.t, wlth two-dlmenslonal- flow abut'ting a semi--

lnflnite body of finite draft and ttbowrt angle 0Wt0. If

r¡re specify 0=0 at attachment and 0 = 0Ot0 at the corner,

0(0) may be written

0(O) = e(O)H(-O) - 0w(H(0)-H(0-00)). (4.2.8)

Uslng (4.2.8) and (4.2.1+) 1n (\.2.7) we get our baslc

lntegral equatlon for e(0), 0<0:

åto*( 1-3r, I:-"ino 
( ç¡ ) dcr )

(4.2.9)

Thls equatlon may be expressed in another way by taking

the lnverse Hilbert transform:

0

+ 3

p
log( 1-3r r sino(o)acr,)-9ß¡-p)ã@-

l_

-æ

- + arcþan ( -0 o/ þ)'4 .

rt is of lnterest to c Limonsiaer [iö o(0), i.€.
at whlch the fluid attaches to the solld surface.

limitlng process in (4.2.10) gives e(0) = -0on, i.e.
fluld attaches tangentially and flows down the waI].
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care 1s needed 1n treatlng the flrst term. Stralghtforward

l-ocal analysls of attachment wlth a stagnatlon polnt suggests

that, near the stagnatlon po1nt, r(0) - n foel0l for some

constant A. It 1s clear that 1n (4.2.10) only the behaviour

of t(0) near zero w1tl be important as 0f0, and so I^Ie may

wrlte

e(0)
0

-e

0

n2

roelßlrÐ+,b- + o( (-0)

+ o( (-0)

,4

,4

ow

ow

(e>0)

roelßl ,dß
-ß ß-0

\+ 0((-0) o")
Tf

i.e. e(0) = At 0"

Therefore, for consisteûcy, a solution with a horizontal stagna-

tion point such that 0(O)=0 must satisfy r(O) - + roel0l

for 0 to.

Varlous lteratlve techniques were used in an attempt

to solve (4.2.10) but none was found which would converge

satisfactorlly. However, the formulatlon leadlng to

(4.2.10) contains a rather restrlctlve assumptlon, namely

that the only possible stagnation point on the body is al

attachment. This is enforced by prescribing that the whole

free surface i-s given by Ú=0 and also by the specification

(4.2.8) for 0(0). Ide therefore implicltly rule out any

solutlons which may have a stagnatlon point elsewhere, as

would be the case if a bow-climbing jet formed at attach-

ment as shown in Fig. 4.2.2. It wou1d no longer then be
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true that the whole free surface could þe gfrr"., ¡V V=O and

1n addltlon the speclflcatlon (4.2.8) for 0(0) would have to
be changed due to the t8oo change 1n frow dlrectlon at the

lnternal stagnatlon po1nt. An equatlon slmllar to, but

conslderably more compllcated than, (4.2.9), may be

formulated for thls general situatlon, but we shall conslder
only the case Kr=O, 1.e. the gravlty-free problem.
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4.¡ Flow vrlth a.jet

l¡le assume at flrst that hre have a flow as shown 1n

F1g. 4.3.1, wlth the correspondlng f-plane as 1n Fig. 4.3.2.

Let us deflne the ç-pIane by the mapplng

(4.3.1)

In the transformed plane (Fig. 4.3.3) the real (E) axis

corresponds to the free surface (E.O) and the body (E>0).

Applylng the Plemelj formula to the variables 1n the trans-
formed planer w€ have

@
dße(ß)
R-r 't(E) (4.3.2)

But slnce we are considerlng the gravlty-free case¡ wê can

lrunediately say r=0 for E<0 and so (4.3.2) gives

r = þf Ç-ros( q+Eo) ) .

rì _ 1 f* dße(ß)
v - -T 

-

1T J __ 6_q

1l
1T)

-æ

E<0.

As shown in Fig. 4.3.3, we have, for 6>0

e(E) = o 0<E<1
I^I

(4.3.3)

(4.3.4)o" 1<E<E r

0 t>Er'

and hence, substltutÍng lnto ( 4. 3. 3) , ïre obtain

o = * fl_ u¡+ur * þ,o*lfl - e#,oulfl*l
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rnverting the semi-lnfinite Hilbert transform yields the

result

0(E) = + [ 2arctan (-Ð-'4 - arctan(E t/Ge>)\l

+ (-E)-t{Iþ - f,r E,)\ + c}

where c is an arbitrary constant arising from the

inversion. since 0 must be werr--behaved as tfo, the term

ln curly brackets must vanish: hence the sorution for 0

1s

e(E) {{ ,"""tan ( -Ð-U - aretan(E t/ f -Ð )hl . (4.3.5)

Conslder now the angle of the Jet; thls is given by

0(-E = 2ow
IT

)) -4l?arcLan(E arctan (E t /E )0 0

,4

0

slnce E l>1

Hence the angle of the jet is less than the angle of the
bow! This indicates that the jet in fact never leaves the

so1ld surface. The true sltuation is as shown in F1g. 4.3.4,
and the points E and F are coincident, with E0=0.

Alternatively, 1f the bow 1s cut off horizontarry, the jet
is able to pass over the top of the body as shown in Fig.
4.5.5, and a flow with EOIO is possible. Howeverr wê

shal-I from now on assume that the sltuation is that
depicted ln F1g. 4.3.4, and take E0=0.

. + arctan([o) _r4

e
I^I
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hle now consider the behavlour of 0 as E*--, i.e.

upstream. From (4.3.5) we have

o(E) _ frz_EtLl<_EIL + o((_Ð-3/z). (4.3.6)

But, from (4.2.2) and (4.¡.f) we may deduce, that for
sma1I 0

v(t) #û I'(E)(r-t-t)aE,

and so lf the free surface is to tend to a constant Ievel

upstream we must requlre that e(E) go to zero faster than
t-

GE)-t. Hence, from ( 4. 3.6 ) we get E r =4, g1v1ng a f lnaI
sol,utlon for 0(E) of

e(E) = +l2arctan (-Ð-'4 - arctan z(-E)-kl . (4.3.7)

ïIe now restrlct our attentlon to 0" = å (vertical
bow) and uslng (4.3.7) calcul-ate the x- and y-coordinates

of the free surface as

Vo
nU

( -z tog /GE) - /(4-E)x(E) = -/GE) /(4-e) )+x( o )

(4.3.8)
2

and

fn order to find the y-coordfnates of the stagnatlon

polnt and the corner we flrst calculate t(€) fon E>0.

do this vre substltute (4.3.7) lrito (4.3.2) glvlng

v(E)=-99roe + y(-o). (4.3.e)

To

g>0
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?-v_o

nU
and hence V(E) = {r"/E/ (4-Ð + 2arcsln(>z/E)

2arcs 1n(%/(/E+z)) f os

- 4/3 * ä * loe( z+/3)j + y(r)

0<E<4 ( 4. ¡. ro )

where v(1) 1s the y-coordlnate of the stagnatlon polnt,
E=1. To obtain V(1) we match the two solutions (4.3.9)
and (4.3.10) as E approaches zero from below and above

respectlvely. Thls glves

Lin
E+0

- LLm
€+0

?fl$t'zrog16¡ loe(4) - i /l
2

*ä*toe(z+/Z)\+y(1),

from which 1t follows that

v(1) = +û {-+ - f, + loe( z+/Ð} + y(--)

= -0.52 9.o
U

+ y(-æ).

The y-coordlnate of the corner ( E=4 ) fs

v(4) = - ?þ1 n- n- $+\*to c ( z+ ls ) \

- Ht-*þtou (2+/Ð j + v(--)

Vf * y(--).

As t=0 for E<0 and t+0 as t*0, the wldth of the jet will
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tend to go

U'

The flow descrlbed by the solutlon ls sketched ln
Flg. 4. ¡.e . Note 1n partlcular the result y(4) =-{O/rJ+y(--),
whlch lndlcates that the f1u1d comprlsing the Jet ls exactry

that flu1d above the level of the bottom of the sotid body,

1.e. the body 1s rrsklmmlng offtf an amount of fluid exactly
equal to lts dlsplacement.

The solutlon glven above 1s relevant to the general

problem wlth gravlty 1n that 1t can be regarded as a local_

solutlon for bow flow. rn the flow reglon near the bow

attachment polnt, the free surface ls strongly curved and

the f1uld ls subJect to hlgh acceleratlon due to lnertÍaI
effects the effect of gravlty 1s negl1g1b1e. It 1s of
lnterest to ask what happens to the Jet as it rises up

the vertlcal bow and gravltatlonar effects become signl-
flcant. The anshrer 1n practlce is essentlally that lb
Just fa1ls back onto 1tse1f g1v1ng a non-steady turbulent
rrmessrr. However, 1n theory, there seem to be two possl-

b1l1t1es elther the Jet detaches smoothly or it rlses to
a stagnatlon polnt and then falls away from the body.

The flrst poss1blI1ty may be excluded slnce we have

shown tleat it does not occur 1n the gravity-free case,

and so w111 not occur 1f gravity 1s present in either
case there are no forces present whlch will make the

flu1d leave the body ln a sttll-cItmblng Jet. Note that
thls concluslon i-s made for a vertlcal- bow - it may well
be unJustlfled 1f the bow 1s overhanglng and gravlty can

puII the fluid away from the body.

The second posslblI1ty 1s that already illustrated
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1n F1g , 4,2.2. There 1s some evldence that thls sort of

flow may exlst. Thls 1s 1n thre form of an exact solutlon
lntroduced by Rlchardson t 201 and dlscussed 1n more detall-

by Vltousek t 331 . Thls solutlon satlsfles the exact non-

llnear free surface conditlons and was found in an inverse

manner whlch 1s descrlbed ln detal1 in ü/ehausen and Laitone

[ 38] , p.736-738. Fig. \.3.T shows the corresponding flow -
lt is of the nature of a flow which rlses up a vertical

waII to a stagnation polnt and then falls away, attachlng

to another waII tangentlalIy. Note ln partlcular that the

upward cllmblng "Jetrr leaves the walI wlth a stagnatlon

polnt r ês r,{e predlct would happen with a bow f Iow ln whlch

a Jet has formed.

The two types of bow fl-ow we have considered - without

or with a jet - are usually looked upon as those which

would occur at low and hlgh Froude number respectively,
where the Froude number F, is based on draft. The

questlon then arises of how, and at what FT, does the

transltlon from one to the other occur. Dagan and

Tul1n [ 5 ] have consldered this problem and suggest that
transltlon occurs through a steepenlng of the free surface

and the formatlon of a breaklng wave at F, = 1.5. If the

assumption of these two dlstinct bow flow regimes is va1id,

1. e. attachment wlth or without a j et, then it should be

posslble to show that, for a given configuration of the

bow, the two integral equations concerned have solutions

only for a restrlcted range of Fr-thls would be a very

lnteresting result.
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CONCLUS I ON

ït has been demonstrated that 1n fluld mechanlcal_

problems lnvo1vlng the motlon of bodles across the surface

of water, âfl a priorl speclflcatlon of the wetted area

means that the hull shape and locatlon must be treated as

unknown, and found as part of the solutlon to the problem.

Studles where the wetted area, shape and location of the

huI1 are all taken as known may 1n fact produce results which

are unphyslcal, e.g. 1nvo1v1ng negatlve pressures, or mls-

leadlngr ê.8. suggest the body 1s an lnflnlte dlstance above

the undlsturbed free surface. rdeally, further work should

focus on solutlon technlques for the dlrect physlcal problem,

where only the huII shape 1s given, and the wetted a:rea and

verti-cal locatlon are part of the so1ut1on.

However, fa111ng this, the inverse method given in this
thesls is worthy of further expl-oration. rn order to proceed,

numerlcal technlques need to be found which w111 expedite

the calculatlon of the kernel 1n the three-dlmensional finlte
Froude number case.

A further toplc of lnterest 1s that lntroduced in
Chapter 4. It would be of considerable value to ship

deslgners if the rel-atlonship between bow-shape and the

lnceptlon and strength of the bow-wave were clarified.
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