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SUMMARY The aim of this thesis is to gìve a detailed description of

the nonproject'ive i ndecomposable modul es i n a bl ock wi th cycl'ic

defect group.

' Let G be a finite group and k an algebraicaìly closed field of

f"ini te characteri st'i c p. Let ts be a kG-bl ock whi ch has a cycl i c

defect group of order q = pd with d > 1.

In 1941, Brauer t 1 I showed that when d = 1 the decompos'ition

matrix of ts 'is determined by a certain pos'it'ive integer e which

divides p - 1, and a tree with e edges. In 1966, Dade I 2 )

extended Brauer's results to the case d > 1, using character theory.

Peacock, using purely modular techniques, has investigated the

indecomposables in such a block. In t 9 l, he describes the compìete

submodule lattice of the proiective 'indecomposables, and 'in t 10 l

he introduces a system of coordinates to describe the nonprojective

'i ndecomposabl es up to i somorph'ism.

The main theorem of t10 I gives, among other results, the

follow'ing'information about a nonprojective'indecomposable module

W in ts which can be obtained from its coordinate:

(i ) Íts composition jength r(l^l)

(ii) its "head", w/o(hl)

(iii) its "foot", r(t,l)

('iv) a complete list of the composition factors of W.

This thesjs firstly uses Peacock's coordìnate system and

results to describe all the quotient modules and submodules of l,J

up to isomorph'ism. This involves generalisation of several of

Peacock's theorems as well as techniques connected with the Brauer

tree of B.

Peacock found that for a projectìve indecomposable, no two

distinct quotients are isomorphic, but th'is is not necessarily so



in the nonprojective case. I will use terminology associated

with the Brauer tree of ts in which to express a criterlon for

determining which non-proiective indecomposabìes have more than

one quotient of the same'isomorphism type. It will be seen that

it is still possible to gìve qu'ite a detailed description of the

submodule lattice in this case.
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CHAPTER i: QUOTIENT MODULES

Throughout the thesis, G will be a finìte group and k an

algebraicaliy closed field of finite characterìstìc p. All

modules will be finitely generated right kG-modules.

Let ts be a kG-block with cycl'ic defect group D of order

q = pd. Let DO-, be the unique subgroup of D of order p,

H = Nn(D¿_r) and C = Cc(D¿_r).

Let B be the unique kH-block of defect group D with BG = lB,

and let b be any kC-b1ock of defect group D with bG = ts. EC

will denote the stabiliser in H of b; e = e(G,B) = IEC 'Cl
andedividesp-1.(t2l)

Suppose Od_, =.ur, For each h e H define an"integer z(h),

which is unique mod p, so that h-Iuh = uz(h). Also, if 1O denotes

the identity element'in k, set n(h) = z(h)10, wh'ich defines the

"natural" linean representatjon n of H over k. For each i e z let n

be a kH-module affording the linear representation ri and set

Si = S & r'where S is a fixed s'imple kH-module in B.

Then Peacock 'in [ 9 ] shows that So, ... S._, is a full set

of simple modules in B, with Silg = Si for each i ¿ 7. The

projective 'indecomposable modules are denoted To, ... Te_, so that

the unique composition series of each T.' has the shape:

S

'l

Sl Si+t 'i+q- r
T

Note that Sì*q_, = Si s'ince q - 1 = 0 mod e, and that Tr+e = Ti

foreach i eZ.

The quotient modules of the T., are labelled Tro, i = 0,1, ... ê - 1,

c = 1, ... q, where the un'ique composition series of each Tro has the

shape :

0
1
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S S S

T
i*a- t

0
icr

The Tro form a full set of indecomposable kH-modules.

The above sìtuation is described by saying that B is

speeLaL (q,e) - uniser"LaL uíth respeet to DO-r,

lrle will make considerable use of a simp'le case of the Green

correspondence f, in which fW js a proiectiVe-free kH-module ìn

B if and only if l^l is a proiective-free kG-module in ts. This

correspondence will be d'iscussed in more detail in Chapter 6.

If u js any module, o(u) will denote its Frattini submodule

and r(u) its socle, or foot.

It has been proved by Green t 5 I and by Peacock t 9 I that

ts contai ns ( up to i somorphi sm) exactly e s'impl e kG-modul es , wh'i ch

can be labelled Vo, ... V.-r to that for all 0 < i < e - 1,

rvj/o(fvj) -e-J

and that there exists a permutatìon ô of I={0,1, e - li so

thatforall0<j<e-1,

i i+t

x (fv )=s ô-1 (i)'J

Let p be another permutation on I defined by p(i) = o-l(i) + t

(mod e).

Follow'ing Peacock I fO], we make the

Definition:

(a) For m > 1, â = (ar, ... ur) and b = (br' ... br) wil'l denote

m-vectors over Z.
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I
,I

rìþ-(b) A coordinate is a triple c = (ì;q,b) = ('i ;ar,b1 ;

for any i e I, d, b.

(c) For a fixed coordinate c = ('i ;q,b), def ine

at 'bt)

lI = l

.:^
't+r = Ò

(it),1stsm
-b t+ at+ r

'l
I
t

I
II p

m

and set the Length of c, r,(c) = m *,1 (ut + ba) .

t=1
(d) A kG-module U is said to be n-headed if its head U/a(U)

is a direct sum of n simple kG-modules, and n-footed'if its

foot r(u) is a direct sum of n simple kG-modules.

The ma.in theorem of t 10 I gives the folìowing description

of the non-projective indecomposable modules (NPIM's) in a block

ts wi th cyc'l 'i c defect group:

THElREM I.I There exist positive ìntegers r(i), s('i) where

0 < i < e - I so that if we set G =r9, G* where

G, = {c = (i;â1,b1; ... ; ar,b.) : 0 <'i < e - 1

0saasr(ia)-2+ôür

1-6tr<bt<õ(it)-1
for all 1 < t < mÌ

b)

There is a 1- 1copespondence between G and a full set / of

NPIM's'in ts. (l^lewill writeW-c ìf IlJ e 1 and c eGcoryespond.)

lfl = lcl = (q - 1)e and hence ts contains (up to isomorphism)

exact'ly qe i ndecomposabl e kG-modul es .

The composìtion length of tJ, s(w) = l(c).

I

I

H

p
I

I

then

(a)

(c)

(d)

(e)

l^l/o(t^l) = Vi, ... * Vjm

If t"l / (i;0,0) t (l"J) = vobr(i r) ' uuo,(iz) * vubr(jr) ' vpam(i,n)
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Qc=

except that the fjrst summand is omitted'if br = 0 and the last

summand is omìtted if a* = 0. If t,rl - (i;0,0), r (hl) = Vi.

(f) The head and foot of hl are multip'licity-free. Also, if I^l

is m-headed and m'-foofed, then m * 1 > m' > m - I and

nl,m' < q/2.

(g) Set ai = r(i¿) - at - 2,bl = s(i¡) - bt - or, for all

1 < t < m and define a new coordinate f¿c as follows:
a+1

(p t (im);afi,0;ar- r,bfi; ; ai,bi;o,bï )

if a* < r('ir) - 2, br < s(ir) - 2

b+o
(o* mt(i*);ar-r,br; ;ai,bi;o,bi)

(ou'*'(,r);afi,0;ur-,,r1,'î . ,t.î'- rl;r; 
< s(ir) - 2

- 'if a, < r(ir) - Z,br = s(ir) - 1

b
(o t(ir);ar_r,o,i,t ; ai + 1,0å)

if a, = r(ir) - 1,bt = s(ir) - 1,m > 2

(i;0,0) if c = (j;r(i) - 1,s(i) - 1).

Then nC e G and if nW is the module defined later in this

chapter,

nW - nc.

(h) Let 0a e I be such that 0t - (ir;aa,b, - 1 + ôtr), Gt

foralll<tcm. Thenif

0 0t

denotes an'indecomposable extension of 0t t 0t*, by V 
O

I

¡
U t+r (i t+l t



c

,t

È
l^l can be described by a graph

0r 02 0m-I 0

('i) A complete set of compos'ition factors of W has the form

tvpi ( i ,) : 0 s i < at, 1 < t < m] u {Vojqir) :1<jsb'

1<t<m]

It w'ill sometimes be convenient to draw attention to the

heads V. r ... Vi of l,l and write its coordinate aslI 
m

(ir, ir;a1,b1i ; ar,b*).

Lerwna I.2 If W is an indecomposable kG-module, then

(i) Any proper quotient-module of W is non-proiective.

(ii) Any proper submodule of W 'is non-proiectjve.

Proof: Let 0 +A +l'l *U +0 be a short exact sequence of kG-modules'

If U were projective then W would sp'lit, contradl'cting its indecomposab'ility

If A were project'ive, then, being a kG-module, it would also be

i n jecti ve , and agai n W woul d sp] i t. I
Cov,oLlaru I.3 if l,J is an inde composable kG-module then

(i) Any proper quotient-module of W 'is projective-free.

(ii) Any proper submodule of W is projective free.

Proof: If a quotient-module U had a proiect,ive surm_and U1, then U1

would also be isomorphic to a quotient-module of hl. If a submodule

A of hl had a proiective summand 41, then A1 would also be isomorphic

to a submodule of W. !
It follows that any proper quotient-module or submodule of a

module in ts can be described up to isomorphìsm us'ing the coordinates

of Theorem 1.1. If a module is decomposable, then its summands are

un1que up to 'isomorphism and rearrangement, by the Krull-Schmidt theorem.

m

I

I

I

i

,l

I
t,

I

I

I

*

F
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Thus any module wh'ich'is a quotìent-module or submodule of the

NPIM t,J can be described up to'isomorphism by a "djrect sum of

coordi nates. "

If U : Ur t ... @ UO with each U.t nonprojective indecomposab'le

and U.t - .j, we write U - ct e ... o cO and this sum 'is uniquely

determined to within rearrangement of the summands.

The first aim of this thesis will be to give a complete list
of the coordinates of all quotient-modules of a NPIM, i.e. to

'i denti fy al I the 'isomorphi sm cl asses i nto whi ch such modul es fal I .

If U and V are modules, U " V will denote any extension of

U by V, so that there exists an exact sequence 0 -+ V + U o V -+ U + 0.

In all that follows, unless othen¡rjse stated, W will be a

NPIM with coordinate c(W) = (i;ar,br; ; ar,b*).

The fol I owi ng theorem and corol ì ary of Peacock are vi tal .

THEOREM L.4 Let U = Ul e ... e Un e ts be projective-free, with

U- being'indecomposabìe. Then for each j,0 s j < e - 1:

If U = Ur - ('i ;a1,b1i ; ar,br) . Gm, there exists (up to

isomorphism) at most one nonproiective indecomposable extension

U . Vj. There 'is an extens'ion of type ("i ;ar, br + l; ; a*,br)

if and only 'if j = uot*t(r r) and (i; ar, br + 1; ; ar,br) e Gr,

and an extension of type (i;ar, brt ; âm * 1,b*) jf and only

if ¡ = out*t1ìr) and (ì;a1, b1i ; am + 1,ur) . er. These

are the only extensions.

If U = Ur * Uz with Ur - (i,a1,b1i ; ar,bn,) e G, and

Uz - (h;cr,drt ; c¡,d¡) e G¡, there exists (up to isomorphism)

at most one nonproiecti ve i ndecomposab'le extens'i on U " V, . There

is an extension of type (h;cr,dr; ; ck,dO;ar,br + 1; ; ar,br)

.if and onìy if i = oot*t(rr) = oto*t(ho) ano

(h;cr,dr; ; ck,dO; arrbl + l; ; ar,br) e Gm+k, and an

each

(a)

(b)



extension of type (i;a1,b1i
dr+t

if and onlY 'if i = ¿i (hr) = p

(i;a1,b1i ; a*,b*;c1dr + 1;

are the only extensions.

iôm
â**

,br;c1,dl + 1;
I

and

co'd¡)

(jr)

; cO,d¡) r Gm+k. These

(c) If n > 3 there are no ìndecomposable extensions.

Pyppl: See Theorem 5.7 of t 101. !
COROLLARY T.5

(a) If Ut - (j;a1,b1 - 1i ; ar,br), where b1 > 0, then there

exists an extens'ion of the form U1 ' Vðbi(i 
1) ? l,rl"

(b) If U2 - (i;â1,b1; ... ; ôm l,bm), where u,n t 0, then there

exists an extension of the form U2 .Vp t{ir) : w.

(c) If u1r - (i;â1,b1; ... ; at-r,bt-r) and utr - (i,;ayb, - 1;

where m > 2 and 2 < t < m, then there exists an extension of the

at'bt) '

form (utr @ ut2) " vubt(ra) 
= 

*.

Ptoofi This'isLemma7.1(a) of t10 1. ¡
A projeetive presentation of a module þJ is a short exact sequence

0 + A + W' + l^l + 0 with W' projective. Such a sequence is called

a mininaL projeetiue pz,esentation Of l,rl if W' is minimal among a1l

project'ive presentations of W. A minimal project'ive presentation

exists for all kG-modules t,rl, and we write slW for the corresponding

"kernel". Hence, âhY mjnimal proiective presentation of W yields

an exact Sequence 0 -+ nW + tlJ' + W -' 0. phl js unique up to isomorphìsm

by Schanuel's lemma l7 l, and'is the module referred to in 1.1(g)

of this thesis.

The coordinates of NPIM's will be ordered as follows:

ct < C2 means: For any modulêS U1 - c1 and U2 - c2,

U1 is 'isomorphic to a quotient-module of U2 i.e.

there exists a submodule A of U2 such that U¡:- U2/A.

Equiva'lently, cr < c2 means that there exists an extension of
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the form U1 " A; U2, for some module A.

This order can be extended in the obvious way to the coordinates

of al'l projective-free modules, sìnce these are iust the formal sums

of coord'inates of NPIM's.

It is easy to see that < is a partìal order on the isomorphìsm

classes of proiective-free modules.

We will sometimes write c(U1) . c(Uz), which is seìf-explanatory'

or even just Ur. Uz, bearing'in mind that this will mean only that U2

has a quotient-modul e isomorphic to Uy.

The prev'ious corollary tells us that

(a) (i; ai,b1 - 1; ; am,bm) . c(t'J) if b1 > 0

(b) (i;a1,b1; ;ôm 1,br) .c(lrJ) if ar>0

(c) (i;ai,b1; ;at-l,bt-r) e(ir;aa,bt 1; ;ar,b*) 'c(t^l)

if m > 2 and 2 < t < m,

and we also deduce from (c) that

(i;a1,b1; ; at-r,bt-r) ' c(t,l)

and (ìr;ar,ba - 1; ; ar,b*) . c(hl) under the same conditjons.

Lermna I .6 If U - ('i¡.;aO,ptâk+r,b¡+r; ... ; q'bj)

where0<p=bk-1+ôkr
0<gsa,
1<k<j<m

then U < W.

Pv,oof : By repeated app'li cat j ons of Corol'lary 1 .5 ,

('io;ao,ptâk+r,b¡+r; ... ; q,bj) < (io;ao,Pi ; aj'bj)

= ('it;ak,bk - 1+ ôkrt ; a¡,b¡)
< (i;d1,b1; ... ; ak-r,bk-r) * (ìO;aO,bO- 1 +

okrt i uj'bj)
(omitting the first summand if k = 1)

< (i;ä1,b1i
< ('i ;â1,b11

; a'b¡)
; ar,b¡) * (i¡+r",a¡+t'

!.. ; arrb*)
(omitting tf.r. second summand ìf i = m)

. clÌ^J). ¡

b¡1, - 1;
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Lermna !.7 Let w be any module. If r^, 1 ur * 0 and t,l 
n*'lJ, 

u o

are two epimorphisms such that ker n1 + ker n2 = þJ then there

exists an epimorphism W -+ Ur @ Uz + 0.

Py,oof: Consider the map r : tJ + Ur t Uz where n(tr) = (nr(o) , nz(r)).

Since ker n1 + ker rz = W we have n1(ker n2) = U1 and n2(ker n:.) = Uz.

Hence, given u1 e U1 and u2 e U2 !{e can choose ur1 e ker n1 afld

o2 e ker n2 SUCh that ur = rr (r¡z) and u2 = n2(ar1) and so

,(u1,u2) = n(Or + tz). ¡

CoyoLLary !.8 Let W be a NPIM. If Ur. þ',| and U2 < W have no isomorph'ic

summands in their heads, then Ur o Uz . W.

TT 1 1Tô

%pp,f: If t,J+'Ur *0 andl^l *'lJ2+0 and kernl + kernz lhl then

there exists a maximal submodule M of w such that ker rt * ker n2 9 M c w

and0+M+W9Vr+0 is shortexactforsomej eI. Defirê 01: U1+V,

so that 01rr1 = 0. Th'is is well defined, since if for u e U1,

u = n1(ur) = rt(r'), then t¡ - r¡' e ker n1 c M and so o(r,r) = o(r'). 01

is an ep'inrorphìsm since o is. Similarly,

we get V, as an epìmorphic image of U2, which

contradi cts the hypothes'is . I

t^l

0

1T

-> Ut*o

\
V.

J

I
0

v
01

Thus we have established:

Lewna I.9 There are quot'ient-modules of W with each of the

I lowi coordi nates:

o ;q

ng
n

I
u=I

fo

u'bku)tttu uru'orturu*,.'oju*r t "'
where0<pu=Oru-t*orru

0<Qr<ak
u

and I < ir < kr. iz 3k2< . in = kn =*.
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Ptoof: This follows immediately from Corollary 1.8, Lemma 1.6 and

(f) of Theorem 1.1. !
Unfortunately, it is not clear that coordinates other than

these may not also describe quotient-modules of W.

The prob'lem arises since, although we have in Theorem 1.4 a

compìete description of the indecomposable extensions of a

projective-free module, we cannot be sure about the form of the

decomposable extensions.

Equiva'lently, corollary 1.5 gives us the coordinate of each

quotient-module of the NPIM t^l of ìength ¿(I^l) - 1, since the

existence of only one module of any tVpe V, in the foot of W makes

hl/V.' completely well-defined. In calculat'ing quotient-module
J

types of shorter length rÂ,e may run into trouble, as in the fo'lìowing

examp'le, if we have to deal with modules having more than one

s'impì e submodule of the same i somorphi sm type.

EæønpLe If l^l- (4;0"0;2,2;0,2) in a blockwith q =?,3, e= 11,

g = (1 10)(2 3 s)(6 I e) and p = (0 1)(2 6 10)(4 5)(7 8) (see

Exampìe 1 in the Appendix) then the quotient-modules of length 8

are of types (4;0,0) * (2;2,1;0,2) and (4;0,0;2,2) e (3;0,1) by

Corolìary 1.5. The first type has feet of types Va, V3 and V2 with

no multiplicity, and hence we can find some quotìent,=modules of

length 7, namely (2;2,1;0,2), (4;0,0) e (2;2,0;0,?) and (4;0,0)

e (2;2,I) * (¡;o,t). However, each of the summands of a module of

type (4;0,0;2,2) e (3;0,1) has a foot of type V5. With regard to

forming a quotient by a module of type V5, there are two obvious

possibilities in (4;0,0) ø (2;2,1) e (:;O,t) and (4;0,0)2,2) e (3;0,0),

but can we be sure that there are no other possibilities, such as

(4;0,0;0,1) @ (Z;z,t)z More theory must be developed before we can

answer thi s.



lr.

Another quest'ion to be considered 'is the number of quotient

modules of W of each isomorphism type. The quotients of length

s(I,.J) - 1are the unique quot'ients of their isomorph'ism type, by

(f) of 1.1, but thjs is clearly not necessariìy so for shorter

q uoti ents .
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CHAPTER 2: THE BRAUER TREE

THEOREM 2.I (Dade, see t 2 l) ts contajns exactly e +

ord'inary s'imple characters, which fall into two classes:

e"non-exceptional" characters X, (0 < i < e - 1) and "#
"exceptional" characters X^ (l ô 

^, 
an indexset containinS Lf

el ements ) .

The X^ are alì equal on p-regular elements, and we set

XLi X. is called the exceptional character. Moreover,

if o., js the modular character of W' a projective 'indecomposab'le

(0 s i < e - 1), then there exists a unique pair of distinct elements

i(1), i(2) e {0,1, e - 1, e} for each i e I, such that

oi = Xi(r¡ * Xilr). (X" denotes X restricted to the p-regular

el ements . )

Hence we can construct a graph with e edges labelled 0,1, e - 1

and representing the W., , and e + 1 vertices, representing the X.t .

This graph is actually a tree, (see I 2l), and ìt'is called the

Brauez,tree. The vertex of the Brauer tree corresponding to X. ìs

called the eæceptionaL üerteæ, and is denoted [.
Defirrttiory þ) For each i e I, let r = r('i), s = s('i) be the

smallest positive'integers satìsfy'ing

r
I

J=o
r(fvoj111) >

(These are the numbers referred to in Theorem 1.1.)

(b) For each i e I, define P(i¡ = 1pj(i) : j e IN)

and ¡(i) = toi(i) : i e I'.)

It can be shown that each vertex in the Brauer tree can be

uniqueiy labelled by a set P(i) or ¡(i) so that the edge i meets the

vertex P(i) if and only'if j e P('i), and the edge i meets the vertex ¡(i)

if and only 'if i e ¡(i). Hence each vertex may be

I

Xo= i- ÀeL

I

s

.i r(f\luj(i)) - sq < 0

J=o
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labelled either P or ^, 
and each edge joins a P-vertex to a

^-vertex.
Denote by lP(i)l tfre order of the vertex P(i) and by l¡(i)l

the order of the vertex A(i).

Then, it has been proved by Peacock [ 11, main theorem]

that

r(i )

s(i )

alP(l)l

lP(i)l

if P(i) = E

othen¡li se

whereu=+ isaninteger.

It follows that pt(i)(i) = i

For examples of Brauer trees,

a l¡(l )l if ^(i 
)

l¡(i)l othen,rise

E

and os(i)(i) = i for any i e I

see the Appendix.
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CHAPTER 3. SUBMODULES

S'ince every quot'ient-module of [,J has heads in common with W,

the coordinates introduced by Peacock and used in the prev'ious

chapter are particularly well-suited to describ'ing the quotient-

modules of l^.l. However, they are not at all convenient when one

wishes to describe its submodules, and since what submodules of

W have in common with W is feet, we will introduce a second

coordinate system which makes it easier to picture W "from the

bottom up" rather than "from the top down".

Peacock's coordinates will be called projectíue eoov,&Lnat¿s and those in

the new system wì'll be called i.njectiue coordinates. Every nonprojective module

can be described up to'isomorphism eìther by its projective or its jnjective co-

ordinate, and given either coordinate we can calculate the other.

C'lear1y, it would have been possible to work entirely in

one coordinate system, but as explained above, there are some

situations in which one system is more natural than the other,

and hence more efficient.

Definition If a NPIM hl has projective coordinate

(i ;a1 ,bri ; a*,br) then its injective coordinate will be
a

(p *(ir);a, - 1,0iâr-r,bri I ô1¡b2i0,b1) if a, I 0, br I o

b
(o *('ir);ar-r,b*; ... i ô1rb2;0,br) if a, = 0,br I 0

a
(p t(i*);a, - 1,0iâm-r,bri. ; âr + 1,bz) 'if a, l0,bL = 0

b
(o t(ir);ar-r,bmi ; ôr + l,br) if a, = bt = 0,m > 1

(i;0,0) if a1 = br = 0, m = 1

Where necessary to prevent confusion,t^l - (i;â1,b1; ... ; a*,b¡)proj

will indicate that the module I^l is being described by its projective

coordinate, and W - (h;c1,d1; ... ; cn,dn)inj that W is being described

¡
t

,r..t

È"

by i ts i n j ect'i ve coordi nate .
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The following results are easy to check:

THEOREM 3

in a block is the same as the set G of all proiective

coordinates of these modules.

If I.l - d = (h;cr,dri ; cn,dn)in¡, then

1 (a) The set of all iniective coordinates of NPIM's

(b) l(l^l) =¡+ (ci + d.¡ )

n

I
'l=1

(c) x(hl) = Vh, eI where hr = h

ht*' = o

d1a1 -c¿-th
n

(ht

(d) If w,f (i;0,0),

except that the first summand is omitted if dr = 0 and

the last summand 'is omitted if cn = 0.

If l,l - (i;0,0), vl/ o(W) = Vi.

(e) A comp'lete set of composition factors of þJ has the form

then nW - ('i;al,bi; nj

where ai = r(ia) - at - 2 + 6tm*

and bi = s(ir) - bt - 6t,

In (f) we see an illustrat'ion of the s'implificat'ion that comes

through using injective coordinates to describe submodules of modules

wìth known feet.

p

',/o(uu): 
vo - ot(r,r) * vo-dr(hr) * ... o vu-dn(hn) vo-cn1hn)

ive-i(ha)' 0 < i . .t,1 < t < nÌ u tvo-j1rra) : 1 < i = dt' 1 < t < n].

(f) If W- (i;a1,b1; ; âm,br)p"o¡

b').m'lôm

* Note that this is sl'ightly different from the ai defìned'in 1.1(g).
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We wish to prove a result dual to Theorem 1.4. First it is

necessary to consider the contragredient module of a given

modul e.

Let M be a kG-module. The contragredient module M* of M is

the kG-module in which the underlying vector space is the dual

space HomO(M,k) of M, and with the module operation given by

m(,i,g) = m(g-ig) = (mg-I)r¡ for all m e M, g e G, ú e M*, and

extended to all kG by lìnearity.

M . M* 'is a contravariant exact f'unctor on the category

of kG-modules, whence 0 -+ V + W * U -+ 0 is a short exact sequence

of kG-modules if and only if 0 -+ U* + W* + V* + 0 is a short exact

sequence of kG-modules.

The foljow'ing results are well-known, and will not be proved

here.

Lentna 3,2 If U is a kG-module, then

(a) (U*)* I U

(b) U is irreducible if and only if U* is irreducible.

(c) U 'is indecomposable if and onìy if U* is indecomposable.

(d) (Ur r Uz)* = Ur* * Uz*

(e) ø(U) = r(U*)

(f) x(u*) - (u/o(u))*

Define the relation r on the set of all nonprojective'in-

decomposable kG-modules by writìng U r V'if and only'if there

exist nonprojective indecomposable kG-modules U = U1,U2, U, = V

(for some m > 1) such that for each j = 1, ... m - I the modules

Uj and Ur+, have at least one irreducible constituent'in common.

Then clearly r is an equivaìence relation, and it is well-known

(e.g. t fZ l) that the equiva'lence classes correspond to the blocks

of kG-modules.
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Lenma 3.3 If V ìs an irreducible const'ituent of U, then V*

ì s an 'irreduc"ible consti tuent of U*.

Ptoof; If V is an irreducible constituent of U, there ex'ists

a quot'ient of U, say U', and a short exact sequence

0 -+ V * U' * U'/V + 0, whence a short exact sequence

0 * (u'lv¡* * (u')* * v* * 0. If \/ is 'irreduc'ible, then v* is

'irreducìble, by Lemma 3.2, and so V* is an irreduc'ible constituent

of (U')*. Since U, is a quotient of U, (U')* is a submodule of

U*, and so V* is an irreduc'ible constituent of U*.

It is now clear that if U r V ìn ts, then U* r V* ìn IB*,

and so the set IB* = {[J* : U e ts] is also a block, and with the

same number e of non-isomorphic irreducibles as ts. ts and ts*

wjll have the same defect group D, since an'indecomposable U'is

D-projectìve if and only if its dual U* is D-proiective.

Denote a full set of irreducibles'in ts* by Vo, ... V.-r.

ForeachieI,V"i*=Vjforsomejwhichwewillnowdetermjne.

Def ine So' = So* where So 'is the kH-module defined in

Chapter 1, and for each i e Z, let S., ' = So' m ni.

Now S.,* = (So O nil*

= so* @ n-j

-S
l

For each i e I, fVi* = (fv.i)* 'is a uniserial module with

head s*u-r(i ), or s'-6-r(i 
), 

und foot St*, ol^ S'-j .

It follows that V.,* - V:6_r(i), und'if we denote by ô' the

permutatìon in IB* correspond'ing to ô in ts, it also follows that

ô'(i) = - g t(- i).

It is easy to prove that 6'is a permutation on i with the
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same number of n-cycles as ô for n = 1,2,3, In fact, for

any n, i 'is in an n-cyle of 6' if and only if e -'i is jn an n-cycìe

of o-1, and hence of o. Also, if p'(i) = (ô')-I(i) + t (mod e),

then p''is a permutatìon on i w'ith the same number of n-cyc'les as

p, Sjnce i + l(mod e) is in an n-cycle of p'if and only ìf e -'i
is in an n-cycle of p. It follows that the Brauer trees of ts

and ts* have the same shape. [See Chapter 2].

The integers r('i) and s(i) are defined in Chapter 2. S'ince

!,fvi = r,fv.i*, it follows that r(i) 'in ts 'is equal to r(- 6-I(i))

in ts* and that s(i) in ts is equaì to s( - ô-l(i)) in IB*, so

that if the exceptional vertex for ts is P('i) or ¡(i) then the

exceptiona'l vertex for ts* is P(- 6-1(i ) ) or 
^(- 

ô-1(i ) )

respecti veìy.

Given the permutation ô forablock ts and the numbers r(i)

and s(i) for each i e I, we can assign a coord'inate to a NPIM t^J

if we know its heads and feet up to ìsomorphism, and its length.

EæørrpLe Suppose e = 11, ô = (1 10)(2 3 5)(6 8 9), whence

p = (O t)(2 610)(q S)(7 8) and suppose r(2) = 6. (See Examp'le 1

in the Appendìx). Suppose W has head Vo @ Vro, foot Vr t Vz

and length 4. ox(o) = oY(10) has no solut'ion, but 6x(10) = pv(o) = t

if x = 1,3,5, ... andy = 1,3,5, Thus ir = 0with al = 0,2,4,

and iz = L0 with b2 = 1,3,5, However, r(0) = 2 whence

âr = 0, and s(10)= 2 whence b2 = 1. Also, s(0) = 1 whence b1 = 0.

We have accounted for the three factors Vi,,, Vì. and Vubr(.ir) = Vt.

The fourth factor must be Vour(.ir) = Y2, whence âz = 1 and so

hl - (0,10;0,0;1,1)proj.

If the head and foot were as given above, but g(W) = 7, then

s i mi I ar reasoni ng woul d show that t^J - (0 , 10 ;0 ,0 ;4, 1)proj .



Now, if t^l - (i;a1,b1; ; ar,br)proj, then W* has feet

*
'i VI

1
, and heads UlO,V t
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o'(- j) = (o')bI4lô,(- i)
-br-1

(i)

VI'o bm(ì*),
m ('lt)'

(omìtting the first and/or last terms if bt = 0 and/orâmV;
1

m

am = 0), by 1.1 and 3.2. Also, !.(tl") = l(l^l) and W* itself is a

NPIM by 3.2. It follows that its iniective coordinate is

(o'(- i );a1,b1i ; a*,b*). (Note that Vf = V6,(- i ).) By

Theorem 1.4, given i r I, there is, up to isomorphism' a unìque

NPI extensìon U* " V] w'ith coordinate (o'(- i);ar, br + 1;

ar,b*)proj, provided that this 'is a NPI coordinate for lB* and

prov'ided

i.e. j = ô

There is a short exact sequence 0 + Vj * U*'VT + U* + 0

if and onìy if there is a short exact sequence

0 + U + (g* . UT )* + V. + 0 i.e. an extension of the form Vt o [J-

Thus there is (up to isomorph'ism) a unique NPI extens'ion V,'U with

iniective coordinate (i;ai,br + 1; ... ; a*,br) provided thìs'is

a NPI coord'inate for ts and prov'ided j = 6-bt-t(i )' This proves the

first part of the following theorem, and the remainihg parts also

follow directly from Theorem 1.4 'in a s'imìlar way.

THEOREM 3 4 Let U = Ur o ... @ Un e ts be projective-free with

each Uu being indecomposable. Then for each i,0 s i < e - 1:

(a) If U = Ur - ('i ;a1,b1i i ar,br)in¡, there ex'ists (up to

'isomorphism) at most one NPI extension V, o [J.

extension of type (ì;a1,br + 1; ... I ur,b,n)inj

if ¡ = o-br-t(i r) and (i;a1,br + 1; ... i âm,bn,) r Gr,

an extens'ion of type (i;a1,b1i ; âm * l,bm)inj if and

. -âm- t
only if i = p "' (ir) and (i;ar,br; ; ôm * l,bm) . Gm.

There is an

i f and only
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These are the only extens'ions.

(b) If u = ur * uz with ur - (i;a1,b1; ; ar,br)inj und

Uz - (h;c1,d1i ; ck,df)inj, there exìsts (up to isomorphism)

at most one NPI extens'ion V, o [J. There 'is an extens'ion

of type (h;c1,d1; ; cO,dO; â1,b1 + l; i ur,brn) inj if and

only if j = o-br-\ir) = p-ck-t(hr) and (h;c1,d1i ;

cO,dOi â1,br+ 1; ; am,bm) t G*rk, and an extension of

type (i;ar,bri ; ar,br;c1,d1 + 1; ; ck,dt )inj if
and only if j = o-dr-t(¡'r) = p-âm-t(i*) and (i;a1,b1i ;

ar,b*;c1,d1 + l; ; c.,d¡) . Gm+k. These are the only

extens'ions.

(c) If n > 3 there are no indecomposable extensions.

C1R)LLARY 3.5 Let W - (i;a1,b1l i a,n,br)in¡.

(a) If Ur - (i;a1,b1 - 1i ; ar,br)ìnj, whe¡ê brt 0, then there

exists an extension of the form Vo-br1ìr) " Ur ã W.

(b) If U2 - (ì;%.,br; ... ; âm l,bm)inj, where a, > 0, then there

exists an extension of the form Vo-1n{ir) " Uz : W.

(c) If Utr - (i;a1, b1i... I ut_r,bt-r).inj und Ut, - (it;a'ba - 1; ;

a*,br)in¡ where m >- 2 and 2 < t < n

then there exists an extension of the form

vs-bt(rt) " (utr * utr) : ld'

It is clear that these dual results can be developed in exactly

the same way as those for quotient-modules, and we obtain a corresponding

resul t:

Lermna 3.6 If t^l - (i;a1,b1; ; ar,b*)inj, the¡ there are sub-

modules of W with each of the following coordinates:

n

ul' 
(iju'o ;q bujui pui ujunr,

whereOcpu=nru-t*orju

0sq/ =urn

bjürt u k )

u inj
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and 1 <ir <kr.iz <k2< .iu=ku=*.
In this case, also, u/e cannot yet be sure that there are

no submodules of other types.

i
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CHAPTER 4: NPIM'S AND THE BRAUER TRTE

In this chapter we beg'in sonle structural anaìysis of the

NPIM I^l described by the coordinate (i;at, brt ...; a*,br).

(All coord'inates will be project'ive unless othen¡t'ise stated.)

It ìs already known that

tjlo(w) =Vir * u,, o ... o v

and

r(ld) = v6br(i1 )' vubr(iz ) 
* "' @ vobt(it)' vpam(im)

(where the first summand is om'itted if b1 = 0 and the last summand

is omitted if a, = 0)

so we know the heads and feet of t^l up to ismorph'ism.

trJe will call ìÌ, i* the head sequenee of lvl. The l"ist

of integers i1, ..¡ i, wi'|l be called a head sequenee for the bLoek

ts if there exists a NPIM I^l e ts with this head sequence.

It follows from Lemma 1.9 that if jt, i2, i, 'is a head

sequence for ts, then so is jt, it*r, i, for any 1 < t < u < m.

Conversely, if il, i2, i. and 'ir, is+r, i, are head sequences

for ts, it 'is easy to see that so is i1, i2, is, is+r, it.
Consequently, we can construct all poss'ible head sequences for ts

once we know all the Z-term head sequences. By the dual results of

Chapter 3, a foot sequence for ts is also a head sequence for ts

and vice versa.

1m

exami ne th'i s s i tuati on more cl ose ìy .

If two elements j, j of I with i f j are such that

P(i) n ¡ (i) I O, the only poss'ible Brauer tree configurations

The relatjcnship between consecutive heads ì, and ìt*, is g'iven
b-, a,*l

by ô t*t(it*r) = p r (ia), so that P(it) n ¡ (jr*r) I þ. we will
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.t

it

Ìf'

are

(i )

¡
t'
I
{
d,
ti

,I

i
t,

I

I

'

'l

ApAp

(ii) _. 1.J._.
Ap^p

(rrr) _.i i.--.
pAp

In case (j), ôs(i) = ot(i) for some integers r's such that

1< r. r('i ) and 1< s . s(j), whence the coordinate (i;r - 1,0;0,s)

describes a NPIM with i,i as 'its head sequence.

In case ("ij), ôs(i) = ot(i) = i for some'integer r such that

I < r . r(ì ), and the coordìnate ('i ;r - 1,0;0'l¡(i)l) ¿escribes a

NPIM w'ith head sequence i,i prov'ided ¡(i) = E. If ¡(i) I E, there

'is no NPIM w'ith i,j as a head sequence, since s must be an integral

multiple of ln(i)l and cannot satisfy I < s . s(i)'if a = ffi = t.

A simiìar argument shows that'in case (iii), i,i is a head

sequence if and only Íf P(i ) = E'.

Thus we see that a head sequence ìs represented in the Brauer

tree by a Sucçession Of "hOpS" and at mOstone"Step". The hOpS will

aìways be in the P-direction. if there is a step, it will be in the

¡-direction if there is an except'ional P-vertex, anå'in the P-direction

ìf there is an exceptional ¡-vertex.

ConverselV, ârtY list of edges which complies with these rules

will be a head sequence for the block descrjbed by the tree.

h

Ë



?4

pA

310

E

p

2

A

4

p

p

Thìs tree corresponds to a block with maximal head sequences

0r2

0,3

0r4'1

014rz

0,4,3

5 ?
E

01
a--apA p

4_ 3
pA2

?

Here there is one maximal head sequence 0,5,4,3,2,1.

Any head sequence has the form

À
E

P A

Á ?

A
or

P

A

P

'in which one or two of the three branches may be degenerate' A

subset of I determines a head sequence only if it is of th'is form'

E

v
A P

P
.v.
Þ

P

À

?

I

)
a
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the head

't
tÌ

and 'it is clear that

For each k = l, ... m

SO

sequence is then uniquely determined;
b,

and o r"1{io*r) share a P-vertex,1
k

I

f
{
'i

,l

1

I

I

and

b b öbm(im) ,i*i1rô 2(iz),i2,6 3(i s),

'is a chain of edges in the Brauer tree, each consecutive pa'ir hav"ing

a vertex in comrnon. The remaining composition factors of hl are
a,

o(ir), ... o *(ik),

P- vertex wi th 'i 
O 
, a

for each k share th

of hl g'ives rise to

In general, a

(i) a s'imple

e.g

(i i ) a confi gurati on such as

k = 1' ... m, wh'ich for each k share the'ir
b,,-r

nd ô(i¡), ô ^ (it), k = 1, ... m, whìch

eìr A-vertex with 'ik. Hence, the coordinate

a connected subtree of the Brauer tree.

NPIM g'ives rise to a subtree which is either

path "with bristles"

t.

Å.

F

or

E

w'ith the
(a)

or

features

tb

E

E

I

I
P(ik)
r(i¡)

forsomel<k<m
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(b) at least one pair of heads has a conrnon vertex.

(ii) can be thought of as a 3-armed graph of the form

"with bristles", where the end-point of one of the

three arms is E, and every edge in this

"except'iona'l arm" is a head (or, dually, a foot) .

The folìowing results are obvious, by considenation of the

above di agrams :

Lentna 4.I

No two heads of a NPIM share an exceptional vertex. ¡

Lenvna 4.2

If two heads share a vertex, then there is a member of

the head sequence with an except'ionaì vertex. I
Lenrna 4.3

No more than two heads share any vertex.

We also obtain the more detailed results:

Lenrna 4.4

If P('iO) n 6 (il) I O for two members 'iO and tu of a head

sequence, with k < g, then e'ither

(1) s = k + I

or (2) there exists n, w'ith k < n < s, such that P(in) = E or

I (in) = E.

ó



'¿t

Pt,oof :

The possible configurat'ions are

(i )

t¡
ò

(ii)

t* .¿

P

(iii) i¿at¡P
P

PA P

A A

^
It is clear that (i ) can only occur if .e, = k + l, or if

there is an exceptional branch 'including P(i¡) or a('iu). If

s I k + I then in ('ii), l(ju) I E but there must be an exceptional

vertex somewhere to the right. Also in (i'iÍ), if L f k + l, then

P(ik) I E, but again there must be an exceptjonal vertex somewhere

to the right. I
Coro LLayu 4.5: If (2) is the case, then either

p(ir_r)=P(io)lE

or o(ik*r; = a('in) f l. !
Lentna 4.6: If P(ik) n A (i t) f 4 for two members 'iO and ju of a

head sequence with k > g, then

(1) k =.0 + l, with P(iu) = e or l(ìo) = E

or (2) there exists n, w'ith.s, < n < k, such that P(in) = E

or A(.in) = g.

In e'ither case, P(iO) n n(iu) = {iO} or P(ik) n n(iu) = {ì*}'

Pvoof: The possible confìgurations are

l 'i
k9"

P
(i ) A
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k,
1

(ii )

and the conclusions are obvious.

Note that if P(iO) n n(iu) = {ik}, then P(i¿) = E if and only

if k = .e, + 1, and that if P('io) n n(i u) = {i s}, then l('io) = 
E

if andonly'if k=ø+1. E

coz,oLLasru 4.7: If P('ik) n n(ìu) = iik], k t [, then

P(ir_r) n l(ì u) = {i.s,}. !

IlJe have seen that any NPIM coordinate determines a connected

subtree of a Brauer tree by its composition factors. It is clear

that there may be repeated composition factors. For example, in

the block with e = 6, o = (1 5)(2 4), p = (0 1)(2 5)(3 4), ¡(3) = E

and a = 2, (see Example 2 in the Append"ix) (4;0,0;0,1;1,1) ìs the

coordinate of a NPIM in which the factor 3 occurs as the head ì2

and also as o(iz). Agaìn, in the block with e = 11, o = (l 10)(6 7 I 9),

p = (0 1)(2 3 4 5 6 10), P(01 = E and a = 2, (see Example 3 jn the

Append'ix) (0;0,0;4,1;0,1;5,3) is the coordinate of a NPIM in which

the factor 2 occurs as p(iz) and again as p2('i,*). In the same NPIM,

the factor 9 occurs as i3 and also as 63('i+). It is desirable to

investigate the circumstances 'in which these repetitions occur.

Lenrna 4.8

Suppose iO and ì, are members of a head sequence, k f [, and

suppose ot('ir) = os(iu) with 0 < r. ôk and 0 = t. bo,. Then

ei ther

(1)

or (2)

or (3)

k > .q, and r = 0 or s = 0 wìth P(io) I E and n(i¿) I E

.s, = k + I and P(if) = E and s = bt

I > k + I and P(iu_r) = P(ik) I E and S = bø.

Furthermore, i u-, = ouo*t (i r).



Proofz

(1) If k > l, then bY

{iO} or {is}. I is neither

ot('it) = io and os{iu) = iu

their only solutions.

Note that the Possible

atzP
(i )

P
tk+r
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Lemma 4.6, P(ik) n A(ir) is either

P(ik) nor l('iu) and so the equations

have respectively r = 0 and s = 0 as

Brauer tree configurations are:

t¡a
-->

A

Here, pt(it) = ôs(js) = 'iu and s = o.

1

(ii)
^

A L¿-t 'P Ai¿?
(iii)

¿k

Here pr(ik) = 6s(il) = io and so r = o.

The confi gurati on

't i

Here pt(ir) = os(io,) = ìo and;o r = o.

Also, in this case, os{in) = o &(in) and so t = b[.

+E

+E

l 'l 'l
k+ k

A

+E
a' +l

does not lead to a solution, since ot(ir) = ôs(iu) = iu = o * (ik),

whence r = ak+t.



(2) If s = k + 1, then ot(it) = gt(it*,).
Now p('io) n n(i¡+r) = {ouk*t(ik)} = {uok*t{ro*r)t.

ouo*t(ik) = ot(it) for some 0 < r < ao onlv when P(ik) = E .

Since A(ik+r) I E, S = b¡+r = bt.

Possible confi gurations are

30

E

1
k+

1
k

P

1 E
kand (ii)

(i)

A P A

(3) If n >k+ l then thereexists nwith k <n <.c,such thatin

has an exceptional vertex, and either p(is-r) = P(io) or ¡(ir*r) = n('iu)

(Lemma 1.4 e Corollary ¿.5). If the former,
bn

{ô r(iu)} = P(ik) n ¡(iu) = {os(is)} and so t = bu since

n(i u) I !.
If the latter,

a, *l
{p-k 

-(.ir)} 
= p(.iO) n l(iu) = {pr(i¡)} but this is impossìb'le

for any 0 < r < ao since P(ìO) f E.

The poss j bi I i ti es are

1 1 1
9"-

P ö

+E

A
dr P À

-E
À

t{

P
ak+1

p

9" k

Here pr(ik) = ìo and P(ik) I [, so r = o.

(ii )

In both these cases' i.Q,_, (ir.).
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Hav'ing proved this result, we see that'if repeated compos'itìon

factors occur, they can onìy be within the set
a'|' 

,ôbk*t('ik*r) = ouo*t(it)) (where theP'(ik) = {io,o(i¡), o *('ik),

last element is omitted'if k = m) for some k, or in the union of

more than one of such sets for different vajues of k, or w'ithin
b,

the set ¡'(ik) = {ik,ô(ik), ô K('i¡)} tor some k, orin the

un'ion of more than one of such sets for different values of k.

Clearly, repeated values w'ithin one of these sets can only

occur if, respect'ively, P(ik) = E or o(it) = f. There can be up to

a occurrences of a given factor in the set, since

0 = uk < alP(ik)l - 2 + ôkr'if P('ik) = g

and I - ôb, < bk < ala(ì¡)l - 1 jr n(io) = E.

If P(ik) = [, then p'(ik) n p'('is) = q for any other head, ir,

using Lemma 4.1, and so there can be no more occurrences of the

gìven factor. A simiìar argument appìies it a('iO) = E.

If P(ik) I E, then any factorin the set P'(it) occurs once

only in the set. iO may on may not share its P-vertex with another

head. If P(ik) = P(i r) , then a given factor in P'(io) mav a'lso

occur up to once jn the set P'(in), but by Lemmæ4.3 and 4.8 the

factor does not occur again among the composition factors of W.

If P('ik) is not the P-vertex of any other head, the only element

of P'(iO) which can poss'ib1y be repeated is 'iO jtself ' and that

only if iO shares its A-vertex with another head. Agaìn, jf

l(ìO) I E, no factor ìn a'(iO) occurs more than twice, once in

a'(ik) and possibìy once in A'('iu) where 'i 
u 

'is such that n(i¡) = n(i u) .

These observations concerning repeated composition factors

are summarised in the folIowing statement.
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t^-

Lermna 4.9

In the set of composit'ion factors of l,J - ('i ;a,, br; ; a*,br)

the maximum number which are isomorphic to V' i e I, is

a ifP(i)=For¡(i)=E
2 if P(ik) = E for some 1< k < m, and P('ik) I P(i)

or if n(i¡) = E for some 1< k < m, and n('iO) I ¡(i)

1 if no head of tJ has an exceptional vertex. ¡

The next result will be needed in Chapter 8:

Leruna 4.I0

(i ) if ôr(ik) = os(ir), with 0 <r *bk,0 <s <bu and k.0,
bi

theno'(i¿)=ik.
If, in addition, r < s, then r = 0 and s = bg.

If pr(ik) = ot(iu), w'ith 0 < . = uk, 0 < s s ôr, and k < s,

then 6bk+t(ik*r) = iu and r < s.

Pnoof

i

(ii)

(i )

1
't 1 ik-r kk9, k- P

E
-> .->

E
P A

1
9"

The above d'iagrams show the only poss'ibl e confi gurat'ions ,

and it is clear that in both cases uo*{',u) = ik. A'lso, ot-t{iu) = ik

'if r < s, and since a(iO) I E, being shared by two heads, it must

be the case that s - r = b.¿, whence t = b[ and r = 0.

1 i1

(ii¡.iø+r
1n

k k+t k L k+t
E

->
P --t P

A

1,+ 1

E

1

The diagrams show the only possible confjgurations, and it is
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clear that in both cases ubk*t('i¡+r) = ir,. Also,'ifr>s,then

ut-t(ik) ='iu, whìch would imp1y, sjnce P(ik) f E, that r - s = ak * 1.

But0<r<a , and so this is intPossible . ¡
k
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CHAPTE R 5¡ LEVELS

.t
I
I

J¡

Þ

In th'is chapter, the coordinate of the quotient-module

l,Ul(hl) 'is obtained, and hence that of its dual , the Frattini

submodule o(W). Thjs is followed by the deduction of a formula

for on(l^l)/on+I(l^l) for n = I,2, .. . and the introduction of the

related concept of the "level" of a composition factor.

Suppose f.J has n feet Vkr,Vkr, ... UOn. Then hllVO, has a

submodule(Vkz + Vt)/Vt, wh1ch is isomorphic to VOr, and

W/Vk/(Vrz uO'YUO, : W/U¡, * VfJ. Clearly this argument mav

be extended inductively to show that

l'l/r(hl) : w/(vr
/u [2/ lu kn

+ ... + v Iã l^J/Vkr' k1n

where Vt, = Vkr, ...,Vin - UOn. It is obvious that the orderin

which the n feet are arranged does not affect this argument.

However, .it .is poss'ible that probì ens uiLL be encountered

when we actually attempt to calculate the coordjnate of W/r(W)'

as in the following example. Let W - (+;0,0;2,2;1,1) from the

block wìth q = 23, a = 2, P(2) = E, p = (0 1)(2 6 10)(4 5)

(7 8) and o = (1 10)(2 3 5)(0 A g). (See Exampìe No. 1 of

Append'ix). The feet of l¡J are V5, V4 and V,. As above,

|{/r(W) :_ WlUs/Uir/Uà and by Coroll 1.5, l¡llVs - (4;0,0) o (2;2,1;1'1).

It can be seen that each summand of W/V5 has a submodule ìsomorph'ic

to Vr*, and so W/V5 has an infinite number of such submodules.*

There is no procedure available to us for calculating a coord'inate

for til/Vs/Vl, under these circumstances. Aga'in, W/l(lll) e wlU2/Ui/UL

and !,J/Vz - (4;0 ,0;2,2) * (5;1,0) whence Vl/Uz/Uir - (a;,0,0;2,2) ø (5;0'o)'

1,,

{t

* If o(V) and rl(V) are two submodulesof M which are isomorphic to V,

then fôr" any i r f, (o + t{) (V) is another submodule of M isomorphìc
to V.
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but each of these summands has a foot'isomorphic to V5.

Final ly, Vl/Y+/UL/Ui 'is calculable, and so we f ind

t,.l/r(ri) - (4;0,0) e (2;2,r) * (5;0'0).

The result wh'ich follows demonstrates that there always

will exist an order V jr' V . ì n whi ch the n feet of I^l can
Jn

be arranged so that coordinate for w/ui¡/u¡L/ -.. ,U¡; and

hence l,J/r(hl), can be calculated.

The ì nteger i wi I I often be used to represent ei ther the

simple module v, or an ìsomorphic copy of it, where this'is

not likely to cause confusion.

Lennna S.Lz Suppose W is a NPIM with n feet. Then there exists

an order ir, jn in which these feet may be arranged so that

w/j r, w/ itl iz, . . . w/ itl iz/ /jn are al I wel I -defi ned up to

isomorphism, and such that each has no two of its feet isomorphìc.

ptppf: We know (from the dual of remarks r'n Chapter 4) that the

subtree representing the feet of a NPIM lll consists in the most

comp'lex case of a l'inear connected segment wjth E at one end,

together with disconnected sing]e edges along two other branches, as

i I I ustrated.

P

A
A

P

r
A À

P
AP A

or >Ery

A,

?

?
E,/7

P

A

P

ô
P
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Let ii be any foot of W such that ¡(ir) I ¡(i) and P(ir) I p(i)

for any other foot j of w, i.e. a disconnected foot (assuming w

has one). Then W/i1 is we'll-defined up to isomorphism. By Coroì1. 1.5

w/jr may have new feet in P(ir) or ¡(ir) as well as the remainìng

orìginal feet of W. However, by the disconnectedness of ir' none

of these feet of w/j1 are isomorphìc. If the nest of the dÍs-

connected feet of w are labelled j2, ... jo then, by the same

reasonihg, W' = tll/it/iz/ /ik is well-defined up to 'iso and has

no two feet isomorPhic.

Now let the rema'inìng feet be labelled jO*r, jn in such a

way that j., and ii+1 share a vertex fori = k * 1, n - 1, and

such that the "free" vertex of jn it E.

We wi I I cons'ider the case where A(it+1¡ I n(j ) for any other

foot i of t^j, and P(j¡+r) = P(j¡+z). The other case' 'in which

P(j¡+r) is a "free" vertex and l(j¡*r) = A(ik+2), can be treated s'im'ilar'ly.

P

J¡ A

P

Jz A

PAP Jn
jt.. j**, E

Jk+r

^
P

A
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t^l'/ik+, has possible new feet in ¡(if+r) and P(j¡*r). The

foot'in l(j¡+r) is not isomorphìc to any other foot of W since

n(j¡+r) I ¡(i) for any other foot i of tll. If t^l'/j¡+r has a new

foot in P(il+i) it js only isomorphic to another foot of W if

it is of type j¡+2. However it'is clear from the diagram that

ik*, is also a head of W. By Lemma 4.9 no factor can occur 3

times as a compos'ition factor of W (unless it has an exceptional

vertex, which we can assume is not the case here. ) Therefore Ì,i'/ik+r

must have a sumnrand of type (j¡+z;0,0) so that j¡a, can be

simultaneous'ly a foot and a head. 0n the other hand, such a sununand

cannot appear in a quotient of l^J unless the foot i¡a, has been

factored out. By our construct'ion this'is not the case. Thus,

tJ'/ik+r has no two feet isomorphic.

W'/ik*r/ik+2 has poss'ible new feet in P(it+z) and ¡(j¡ar),

name'ly o-t(j¡*r) and o-i(j¡*r). we will assume that ¡(j¡+z) f I'
and the argument that a new foot'in ¡(j¡*r) cannot be isomorphic

to ik+¡ is s'im'ilar to the argument in the above paragraph. If a

new foot of l,J'/jV¡r/jk*, of type p-l(j¡+2) were ìsomorphìc to an

existjng foot of hl'/j¡+r ìn P(j¡*r), this could only be p-1(j¡+1)'

but'if p-1(j¡+z) = p-1(j¡+r) then ik*r. = ik*r, a contradjction.

Contìnuing jn this way, the result ìs proved. I

CoroLLata 5.2: Let W - (j;ar,br; ; a,n,b*) .

(i) Ifbr l0andarl0,
|{/r(w) - ('i ;a1,b1 - 1) * (i2;a2,bz - 1)t...*{in.,-}tur_r,bm_r - 1) t

(ìr;ar-1,bm-1)

(ij) If bt = 0 and a* I 0,

t,l/t(t,l) - (i;ar,0)* (i2ia2,b2 - 1) e ...e (in-rlôm-r,bm- r- 1) *

(ìr;a,n-1,bm-1)
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(iii) If bt I 0 and âm = 0,

hJlr(t.l) - (i;ât,br - 1) t (ir;ar,b, - 1) * ... @ (jr-riâm-r, bm-r- 1) t
( i,n;0 , bm - 1)

('iv) If br = 0 and â* = 0, with n > 2,

t^l/r (hl) - (i ; ar ,0) ' (i z )ð,2,b2 - 1) * .. o (i*_riâr_r,b*_r- 1) *

(ir;0,b, - 1)

(v) If t,J - ('i ;0,0), t¡l/r(hJ) - 0

proof: Lemma 5.1 tells us that we may calculate quot'ients according

to Coroll 1.5. There are many separate cases according to the

position of k between 0 and n, whether it'is ¡(it+r) or P(jO*r) that

is "free", whether ìt is A(in) or P(jn) that is E, whether bt is

zero or not, and whether a, is zero or not. Nevertheless, all the

calculations are straightfon¡rard. !

The following exampìe is the one mentioned in the introduction

to this chapter.

bJ - (4;0,0;2,2;1,1) in the block with a = 2 and Brauer tree

P A'

P

3
A

E

P

lo

P

o
A

s+
À

z

6
î? 7 A

P

The feet of hJ are indicated by the heavy line, and we see that

k=0,iI=4,i2=5,i3=2.
Rewriting the result of Coroll 5-2,

tl/¡(W) - (i1ia1,br- 1) t (iz)dz,bz - 1)*...e(i*;a* - 1,bm - 1)

except that (i) if b1 = 0, the first summand js (ir;ar'0)

(ii) if an, = 0, the last summand is (ì*;O,bm 1)

('iii ) if !.l - (i;0,0) then Ì¡Jl¡(hJ) = o

A
I
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iÇ W^(r ig,Þ);nj ,
Dually,nwe get the (iniective) coordinate of o(t'J):

o(t,l)
ôm

(p (i

â1,b2

0,b r

1) if b, = 1(o ('i ) ;o,b r -
0 othen¡'ise

(o(ir);a, -
(o(i j+r);o'b
(o(i j);a'o)

ô* (o
bm

1,0) (i ôt- I m
1)bt

(

o

e

(E

o

) mm

bz
ô (iz); 1)

lobr(tr); 1)

except that (i) the first sunrnand is omitted'if a, =

(i'i) the last surrnand is omitted if b1 =

(iii) if W - (i;0,0) then o(l^J) = 0.

Converted to projective coordinates, this becomes

0

0

o(t.J) - b (t^l) Ij=r
cj ( l,,l ) o d(hl).o

Im-

where b(W)

c ( l,,l )
J

d(l^I)

e

1,0;0 ,

_1j+t ¿

if a,

bj*t

) if a

1) if a > Orb >1
J j+r

=Q

b 1

j
t j+t0

Using the fact that, for any two modules A and'B'

(p(ir);am - 1,0) if a, > 0

0 if a, = 0

o(B),o(AeB) :o(A)

wegetforn>1

on(w) - bn(t^t) cn,j (hl) * dn(l,l)

(on(i );0,b1 - n) if br

m- I

o

(l^J)

I
J=1

=f

t

where b
n

0 othen¡¡i se

>n
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(pn(lj)tuj - rì,0;0,b¡*r - n) ìf a, = n,oj*r, ) rì

(ôn('lj+r);0,bj*, - n) if a, < n and oj*, = n
cn ,j (hl) =

dn (t^l ) =

(pn(jj

0 if a

0 ìf a,

);a, + 1 - n,o) if at + 1 > n and b¡+1

j*1<nandOj*r.n

(pn(ir) ;a, - n,o) if a,n > n

<n

<n

It follows that for n > L

'is the direct sum of the following simple modules:

vonlir) if b1 > n

ven(ir) if a, 2 n,b¡*r> rì

or aj + .1 > n,b¡*, = n

von(i¡11) if a, ' n,b¡+r , ñ

or aj . n,b¡+r > n

for j = 1,."m - 1

or j = 1, ... m - 1

unless uj = n - 1 and b¡*r = n

vpn(im) if a, > n

Defínition

If vk is a summand of ffi, , r = 0,L,2, ...

then W will be said to hanse thp faeton YOat LeoeL n.

þJe now prove the fol'lowi ng imp.ortant resul t.

Letnna 5.3

No two summands of on(w)/on+l'.(w) , n = 0,!,2, ... are

i somorphi c.
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tuoof :

The surrnands could ìnclude any or a'l'l of pn(il), on('ir),

on('i,n) ,ôn(ir),ôn(iz), on{ir). Ëor kf p.,

ìt is clear that pn(jk) I on(iu) and un(jr) I on(iu).

Suppose on(it) = on(iu), and apply Lemma 4.8. If k > [, then

n=0,whence iO= ìu, acontradjctjon. Ifg= k+ 1, then

n = b¡+1. If pn(ik) is a summand of on(Ì^l)/tn*t(w)

with n = OO*r, 'it must be the case that uk * 1 > b¡+r.

But then it is imposs'ible for on('ik*r) to also be a sunrnand,

by the formula;

If .c,> k + 1, then n = bt and so, for ôbl(iu) to be a sunrnand

of on(l{)/on+t(w), it must be the case that us-, * 1 < n. Also,

ust have n < ak + 1.

), and so the subset

s i t'ion factors of lll contaì ns

pn- ul,-r-t(ik) = ir,-r. But ir-, = ouk*t1io) by Lenma 4.g

and P('ik) I E, to th'is would contradict the fact that

0 = uk < iP(ik)l - 2 for thjs value of k. ¡
Note thaton(hl) =0when n= 

,ïî¡=rrur 
+2- ôri,bj+ 1Ì;

thjs is the Loewy-length of the NPIM.

The follow'ing result relates the factors and levels of a

quotìent-module of W to those of W; jt will be used in Chapter 8.

Lernna 5.4; If A and B are any two modules with A < B, then

on(A)/on*t(R) . on(g)/on+1(g) for n = 0,L,2,

Proof: l^le prove the result first for n = 0. Suppose A = B/C.

Then o(A) = (o(B) + c)/C, and so A/o(A): e¡(o(B) + c) < B/o(B).

For any n, on(A) = (on(e) + c)/c È,on(g)/(on(B) n c), so that

on(A) . on(B). App'lying the result a'lready proved,
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on(A) /qn+t(A). on(g)/on*t(e). !
lde now continue with the search for other possible types

of quot'ient modules of W.
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l?''CHAPTER 6: THEOREMS ON EXTENSIONS

This chapter contains theorems which generaljse Peacock's

theory of extensions of the form U " Vj to extensjons of the form

U. X, where X is a unjserial module with the property that fX is ejther

"ìong" or "short". f is the Green correspondence referred to in Chapter 1

and defi ned as fol I ows.

If D is any p-subgroup of G, and H any subgroup of G wh"ich

contains Nn(D), define the sets of subgroups of H

x = {D n gs : g e G\H}, y' =ft1 n þ9 : g e G\H}.

THEOREM 6.7 (a) Let U be a D-projectjve kG-module. Then

there exìsts a V -projectìve-free kH-module fU, and a V -

proiect'ive kH-mociuì e Uo, such that

Ut:fUeUo

(where U* is U restrjcted to a kH-module).

(b) Let L be a D-projective kH-module. Then there exjsts an

x-projective-free kG-modulê gL, and an x-projective kG-module

Ln, such that

LG:gLeLo

(where LG 'is L 'induced to a kG-nodule).

Pz,oof : See [5,4. 1] . I
Note that fU and gL are determined up to isomorphism,

by the Krull-Schmidt theorem.
f

(G,B) Ì (H,B) 'is called the Green corresponãenee.
ò

In our particular case, with D the cycfic defect group of

i¡

t
{,

I
rl

I
1

I

I

B, and H = NG(D¿_'), we have x < tli, and the next result:
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THEOREM 6.2
ü uêlB, d^d LeB'

(a) fU is a projective-free kH-module jn B with

UH = fU e (project'ives in B) e (moduìes I B)

(b) gL is a projectjve-free kG-module in ts with

LG = gL @ (projectjves ËB)
(c) r(nu) = a(fU), g(rìL) = n(gL)

(d) If U,L are proiect'ive-free, f(gL) = L, g(fU) = U.

(e) If U,L are nonprojective ìndecomposable, so are fU, gL.

Proofz [1,2.8]. I
A kH-module M will be called Long if l(M) > q - e, and

shot,t ìf ¿(M) < e.

It is known ([9, 3.6]) that for any i e I,fV, is either

or short. In the following theorem, a result of Peacock

concerninS fV, is generalised to a result concern'ing any fX

which is either long or short.

An extension will be called monie if it is NPI or of

the form NPI e (projectives).

I ong

THE)REM6.3 LetTeBbe projective-free and X e B be such

that fX 'is long or short. Then, 'if T = T.i ,.,ort ... @ Tin,on

where each sunrnand is ìndecomposable, and if fX = Tj,gfX, there

exists (up to isomorphism) at most one monic extension T. fX.

If n = 1, there is

(a) an extens'ion Tr, sfX+or_q 
* t.,, tf and only if

ir = j + r,fX - l and 1r +ffX > q.

(b) an extensÍon Trr,or+..fX if and only ìf i = ì 1 + cr1

andcrl+!,fX<q.

If n = 2, there is

(c) an extensìon T., 2, o2 * ot + tfx - q t Tj, if and onìy

ìf i = iz * u2,'ir = i + SfX - 1, o2 + .e,fx < q and

ot+lfX>q.
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(d) an extension T.,1,qt e tr, if and on'ly if j = i2 + s,

and o2 + lfX = 9'

(e) an extension T.,l,cxr+o2+sfx_q * t.,, tf and only if

i = ir *crl, jz=i + .e,fx - 1,ol +ffX < q and oz + [fX > q'

(f) an extension T., 
2,a2@ 

Tiy if and only if i = 
'i r + o1 ând

qr+[fX=q.
There are no other mon'ic extens'ions.

(A'l'l congruences are mod e. )

WLt The proof of [10, 3.7] applies, with Vj replaced by X'

since the onìy property of V, that is used'is the "longness"

or "shortness" of fVr. I
From thìs theorem we wish to deduce the description of NPI

extensions of the form U. X where U'is nonproject'ive, X is

un'iserial and fX is Iong or short. The folIowing lenmas are

necessary to the argument.

Iernna 6. 4: Let U be any nonproiective module and X a NPIM

'in ts. Then

(a) If U " X is any extension, there exists an extensio¡ ¡[ " fX

wi th

f(U' X) n (proiectìves) = ftl' fX-

(b) If fU. fX'is any extens'ion, there exists an extension

UoXwith

g(fu . fX) e (Projectives) = U' X.

prooU: See [10, 4.1]. The argument mentioned also works wjth

V* rep'ìaced by X. I
J

Lentna 6.5: If S and T are kH-modules, then

(a) g(SeT)=9SegT

(b) If T is proiective, gT = 0.

;
il

tr'

*,,,

F



46

M: (a) (S e r)G = g(S e t) e (proiectives), but

(s e r)G = SG * TG and SG * TG = gS o gT @ (projectives).

Now gL ìs projective-free for any L, therefore g(S e T) = gS @ gT.

(b) If T is projective, TG is also project'ive [3, Lemma 5],

therefore gT = 0. !
We recalI the follow'ing definjtìohs from 110'Section 5l:

Definition (a) For al1 a,b e V with a,b > 0

vi (a,b) = + fV oi (i )
-bq

w'lth the convention that

Ìi (a,o) =

(b) Foranym-vectors ô, bwithaa, bt=0forall 1<t<m,
m

yr(a, b) = I tt
' t=l 't(at'bt)'

Recalling the definition of the integers r(i), s('i) jn

Chapter 2, we have

Lernma 6.6: (a) r('i), s(i) are the smalìest positive 'integers

such that vi(r(i), 0) > q, yj(0,s(i)) < 0.

(b) v1(r(i) - 1, 0) = q - 1 and y, (O,s(i) - 1) = I

Pz.oof: (a) js obvious. For (b), see [10, 5.1(c)]. D

Also 'in [10, Section 5], the 1 - 1 correspondence I,J * fl,rl

is described in terms of coordinates:

if t^l - (i;a1,b1i ; ar,br) then fW = toot(i), ri(a, b)und 
vice versa.,

Thus, g'iven the coordinate of W,'it'is easy to fjnd fbl up to

isomorph'ism, but given i e I and cr such that 1 s q < 9, it 'is

not a simple matter to fìnd the coordinate of g(Tio).

We also see that for I^l - (i;a1,b1i ; an,,br),

y;(â, b) = gfl^l and 0 < y*(a, b). q. However, given m-vectors
t-t-

a

,loutuui 1, ¡

b

[ø
j=i

a

,loutuo, I, I
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ô, b and i Ê I such that 0. t.i (a, b) < q lt'is not

necessariìy true that ('i;a1,b1i , ar,b*) is the coord'inate

of a NPIM.

Iertna 6.7

Suppose (i;a1,b1i i ôm,br) e G.

Then (i) If a > 0 then vi((ar, ... , u* * a), b). q

if and only if (i; ô1,b1; ... ; âm * a,br) e G.

(ii) If b > 0 then vi(a, (br * b, b*)) r 0

if and onlY if (i; â1, br + b; ...; ar,br) e G.

4pp.fz

(j) vi((ar, ..., u, * a), b) = vi((ar,, 0I E) * yo(ir)(am + a - 1, 0)

tto(ir)(am+a-1,0)

since ('i;a1,b1; ; 0,b,n) e G.

S'ince ('i;ar, bri ; ar,br) e G, ('i;ap bri ; ôm t a,br) e G

if and on'ly 'if u,n * a s r('ir) - 1.

Ifar+a>r(ìr)-1

i.e. un,, * u - 1 > r(ìr) - 1

then vo a- + a - 1,0) > q - 1 usìng Lenrna 6.6 and the
m

definitÌon of r(ir)

and so v{(ar, ... , u, * a), b) > q - 1

Thus, if .¡r((a1, , am+a), b) <q,then ur*u <r(ì*) - landso

(ì;a1,b1; ; âm * a,b*) e G.

The converse is obvious.

('ii) vi(a,(br+b, ,br))=r.i (a,(0,... br))+yo(i)(O,br+b- 1) -q

. ye(i¡(O,Ut + b - 1) since (i;ar,0; ; ar,b*) e G.

If br + b > s(ir) - 1

(tn)(
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then yu(ir)(0,b, + b - 1) < 1us'ing lemma 6.6 and the definìt'ion

of s(ir) and so yi (a,(br * b, bm)) < 1.

Thus, -f y.i(a,(ur + b' ..r bm)) > 0, then br + b < s(jr) - 1 and so

(ì;ar,bt + b; ; ar,br) e G'

The converse 'is agai n obvi ous. !
I'etrvna 6.8

If br > 0 then v1(a, b) < .Q,fvobr(i)

4pd:
If bt >0, yi(a, b) = îfVôbl(i) + yi(q, (br - 1,

< øfVob since (i; â1, br - 1;t(i)

Lernna 6.9

SupposeU-('i ;al,s('ir) -1; ;a*,br) e G.

Let X * (h;a,O) with a > 0 and ou(f') = i1 âhd sfU + sfx > q '

Then monic fU " fX exists, and

(a) If ar * a = r(ir) - 1

then g(fU " f X) - (i 2;a2,b2; ; ar,b*)

(b) If a1 + a > r(ir)

then g(fU " tX) - (h; âL + a - r(ir),0; az,bz; I âm,

(c) âr + a . r(ir) - 1 is imPoss'ible.

WgI Under the gi ven condì t'ions ,

fu . fx - Th.,.c,fu+&fx_o *tu_r(.i 
r), by Theorem 6.3

and g(fU . tt, 

= 

9(Th,rfU+¿fX-q * Tô-1(i 
) 

)

g (Tn 
, øfu+sfx-q) by L.*ra 6. 5

(a) f(i2;a2,b2; ; ar,b*) = tu5r(.iz),o

where a = f,f (12ia2,bzi ; ar,b*) = ¿fU - !.f ('i;ar,s(i r) - 1) .

Now,ifal*a=r(ir)-1,
h = p-u(i r) = our-r(i 

t)*t1i 
r) = out*t(.,r) = oor(tr)

h)) -q

j ôm,br) e G. I

b*)



I h¡s is nol

Inslcoo¡¡

e{(hio',+ô-rlù),o) =

¿çt..zeI , slncz f(hiq'+a+l'o) is nol dcftned

4¡t4-rfi)

j=o

j=o

{,{ Vpi¿r.,¡

q.

z {{ Vril¡1 L {f V¡o*r*j {r.) j= 4,+a -r(¡)+t
L (.4vpi¡n¡At-l

j=o
+

a't-q

lI-- ,/

l,\

= ¿{x

{{U +

-^ I Q*lz.- ^ t -\+{]|(l) th)',ur-t,al

t+x - X.So
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Also, sf(i;a1,s(i1) 1) ' 1,s(ir) - 1)

1) + ¿t(p('i );r(j )

lfvoz(j) *... +

- t(r)

pr(j) - u(i) *

l

+ ¿fV

q

or(i)1i)
.+sf\/

p

I - [sf\/

r(i)(i)

+

+ l,fV

2,0)

out(i)

= tf(ì;r('i1) - a

= sf(j;0,s(j r)
=1+ufVo(i)*

rfVor(i) - a

a

1 + lufvo(i)

¿fV r(i) - a
p

+

+ 1 +(i )

= 1* tf(p('i);r(i) - 1,0) - [¿fV

s¡Vr-a+a 
(.i )

= 1 * (q - 1) -¡lrVn * lfvo(h) +

=q-lfx

p-a('i) sfVr_a+r (i )
+

a* 
' 
b*)

+

a(h) l
p

Thus, cr

and so

whence

(b) f(h;ar + a -

where ß

soß=tfU

= .q,fU

= ¡fU

.'. f(h;ar

= gfU + .s,fx

f (i 2; d2,bzi

1 sf (p

Th 
,.c,f u+.s,f x-q

Th'ß

a
m

, b*)=

9(Tn,sfu+r.fx-9) - ( i fid2'b2; at'b,o)

r(i),0;a2,b2; ... i âm,br) =

= ¿f(h; â1 + a - r(i)Ð;a2,b2\

= .q,fU - sf(i;a1,s(ì1) - 1) + tf(h;ôr + a r(i ) ,0) .

+ + .e, fVNow, tf (i;a's('i1)

Also, lf(h;a, +a

1) = ¿f(i;0,s('i) 1) + r.tv p(ì)

1+ sfV-, +
po" (h )

r.f (pa+ t (r') ; u I

+ tfV
out*u(h)

Note that ât > 1,

sjnce âr * a > r('i)

and r(h) = r(j )

1,0

1,0)

1,0)

tf(parn2(i );r(i ) -1,0)

(q 1)

tf(h;ôr*a+1,0)

=1+

r(i),0) rf(h;at +

lf(h; a, +

- 1,0) +

a

a

at 'bt)

+

+

a+I

+ sf(h;a,0)

+sfX-9

(h);ar

q

+a r('i),0;a2b2; Th 
, rfu+.c,f X-q

(q 1)
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and so 9(Th,tfU+.s,fX-q) - (h;at + a - r(i ),0; ð'2,b2; .. ' ; ar,br)

(c) rru + u" 
= ïi],':;,:il, ',i'.';;,; ; ;j:;,'î'.. ::'1"'o'

øfV u t"f (irià21b2; ... ; ar,br)
p (h)

< yi(i;r(j),s(i) - 1) - rtuou,*r(i) * lf(ìr\à2,b2; ... ;a*,br)

= q _ stv,bzliz)

Now b2 > 0, so by Lenrna 6.8

t"f (i ,; a2 b 2;

sjnceât+a.r(i)-1
+ !,f(i2id2,b2i ; ar,br).

; ar,b*). ufvubr(ir)

whence l,fu + ¿f X < q, a contrad'ict'ion. !

Having established these auxiliary results, it is possìble

to prove the following consequence of Theorem 6.3.

THEOREM 6.10: Let U = UÌ* ... * Un e B be project'ive-free, w'ith

each U, being indecomposable. Then, for unjserial X with

fX ejther long or short, there exists (up to isomorph'ism) at

most one NPI extension U ' X.

(a) If X - (h;a,0) and U = Ur - ('i;ai,b1; ; a*,b*) , there

is an extensjon of type (i;a1,b1i ; u* * a + 1,brn) if

and only if h = ou'*t(rr) and (1;, â1, b1i ; âm + a + l,br)e G'

and an extension of ttP;,|ît. - 1,0;a1,b1 + 1; ;ar,br)

if and only if po(h) = o (ir) and (h;a - 1,0;a1,b1 + 1' ;

ar,br) e G.

If X - (h;0,b) and U = Ut - (ì;a,,b1; ; ar,br) , there is an

extension of type ('i ;a1,br i b + 1; ... ; ar,br) if and

only if h = ubr+11i1) and (i;a1,br + b + 1; ; ar,bn,) e G,

and an extension of type (ì;ar,b1; ; a*,br;O,b) if and
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f:l

a +1 L

on,l'y if p * 
-(i*) 

= ôD(h) and (ì;a1,b1; I âm'br;0'b) e G'

(b) IfX-(h;a,0) andU=Ur* U2 with Ul- (ì;a1,b1i ; am,bm)

e G and Uz - (k;c1,d1; ... ; cn,dn) e G' there 'is an

extens'ion of type (i;a1,brtu.i., ; ôm * u,l*t .t,oå.*T t; ... ;

cn,dn) 'if and only'if h = o t 
-(ir) 

and pd(h) = o' (k) and

(i;a1,b1i ; âm * a,b*;c1,di + l; ; cn,dn) e G, and

an extension of type (k;cr,lri.,... ; cn + a,dn;ut;b1r* 1; ;

a,n,bn) if and on'ly if h = p ñ'(kn) and pa(h) = o' (ir) and

(k;c1,d1i ;cn+a,dn;â1,b1 +l; iâm,b*) e G'

If X - (h;O,b) and U = Ur @ U2 as above, there is an extension

of type (ì;a1,b1i ..åriram,bm;.r,dl +,b + 1; ; cn,dn)

'if and only if h = ô (kr) und oot''(t*) = 6d1+b+t(rr) and

('i;a1,b1; i dm,br;cr,d1 t b + 1; ... i cn,dn) . G, and

an extens'ion of type (k;c1,d1; i .cn,dnlâ1,b1 
+ b + 1; ;

if and onry 'if h = uot*t(r r) and pcn+I(kn) = ub'+b+t (ir) and

(k;ci,cl1; ; cn,dn;ar,bt * b + 1 ; ... ; ar,b*) e G.

(c) There are no other NPI extensjons.

W: (a) Consider first the case ìn which X - (h;a,0) with

a I 0. Suppose a NPI extensjon U. X exists. Then, by Lemma

6.4, mon'ic fU " fX exi sts, and by Theorem 6. 3, thi s wi I I

have one of two forms.

If it 'is T
ôbr(ir)sfu+.s,fx, 'nrn 

h = obl('i r) + sfu and

rfu + rfX < Q, and'rö'uy [10, 5.2 (a)], h = pam+t(i*). Also,

¿1(i;a1,b1i ; âm + a + l,br) = sfU +.c,fx, and so,by Lernma 6.7'

(i;a1,b1; ; âm + a + 1, br) e G.

If the extension fU . fX is T¡,rfu+rfx-q. IOr(i.), 
th.n

âm b), m'
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obrli1) = h + tfX - l and !,fU +.e,fx > q. By t10, 5.1(a)l'

h + sfx = pu*t(r,), and so ubt(ir) = ou*t(h) - 1 = s-t(ou(h)),

whence ou(n) = ôb1*t(ir).

(h;a - 1,0;a1,b1 + 1; ; a*,b*) e G if and only if

b, < s('i1) - 2. Certa'in]y br < s(j r) - 1, so the only case to

be considered is that'in which b1 = s(ìr) - 1, and this is the

subiect of Lemma 6.9. If a1 + a = r(jr) - 1, then

g(fu " fx) - (i2;a2,b7i ; a*,br), and so by Lemma 6'4'

(i2;a2,b2; ; ôm,b*) * (projectives)- U " X' Clearly the

second sunmand js non-trivial, which contradicts the indecomposabìì'ity

ofu " X. Ifal+a>r(ir), then g(fu'fx) - (h;ar +a-r(jr)'

0;a2,b2; ... i âm,b*), and similar]y (h;ar + a - r('i t)'0; ã2'b2; "' ;

ar,br) e (projectives) - U o X, which leads to the same contradiction'

conversely, suppose h = out*t(i*) and (i;a1,b1i ;

u, * u + l,b,n) ¿ G. Then h = 6bl(ir) + sfu and .s,fu + lfX < 9,

whence the extension fU " fX ex'ists and tt tuor(ii),lfX+lfU

Then, by Lemma 6.4,there exists an extension U " X

wìth g(fu . fX) e (Proi) = U' X.

But f(i ;a1,b1i ; ôm * a + 1,or) = tuor(.i 
,¡'tfX+.l,fu

= fU o f X

.: g(fU . f X) - (i;ô1,b1; ... ; âm * a + 1,bm)

.:(i; â1,b1; ... ; ôm + a + L,or) * (proi) - U " X'

But the fjrst summand has precìseìy the right number of

compositìon factors to be U " X

.'. U o X - ('i ;ar,bri ; âm * a + 1,br)'

In the other case, suppose ou(rt) = 6bt+t(ir) and

i

I

(h;a - 1,0;ar,b1 + 1; ; a*,br) e G
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Then ob1(ir) =h+.c,fX- landsf(h;a- 1,0;ar,br + 1; I âm,b*) '0
.'. [f(h;a,0) + st(i;a1,b1i ...; ar,br) - q > 0

.'. sfX + lfU > Q.

So the extension fU . fX exists and ìs Tn,.e,fx+l.fu-q * tubt(ì 
r).

f(h;a - 1,0;a1,b1 + 1i ; ar,br) = Th,ufx*lfU-q

.'.g(Tn,.q,fx+sfU-q) - (h;a- 1,0;a1,br+1; ; a*,b*)'

Now g(fu " fx) e (Proi) = U' X

:.g(Th,.c.fx+sfu-o * rubr(irie (proi) = u o x

.'.(h;a - 1,0;a1,b1 + 1i ; ar,br) e (proj) - U o X using Lemma

6.5. But, as above, the first summand has the right number of

composìtion factons to be U ' X

.'. [J o X - (h;a - 1,0;a1,br + 1; ; ar,b*) '

This completes (a) in the case where X - (h;a'0)'

NowletX-(h;0,b)withbl0. SupposeNPI U " Xexists. Then

monic fU " f X ex'ists and will have one of two forms'

If it tt tuot(ir),.e,fu+!,fx

then

i.e.

IffUofX=T

b

ob(r') = ôbr(ir) + ¿tu
âm*1

ub(n) p (i'm

It is then clear that (i;a1,b1; ; ar,b*;0,b) . G

b

= o-r(h)

h = ôbr*t(j r)

@

(h)+rfx-1

T

ôb (h ) ,.r,fu+.r,f x-q ôb 1('i 
1)

then o 1(jr) 
= 6

ì.e. ubr1i1) = p(h) - 1

Also, .c,fU +lfx > q

1.e
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and so by Lemma 6.7 (i;ar,b, * b + 1; ... ; a*,br) e G.

conversely, suppose h = ubr+11ì r) and (i; ar,br * b + 1; ...

ar,br) e G. Then o\ìr) = ob(fr) + sfX - 1and.s,fu + !,fX > q

so the extension fU. fX exists and tt tub(h¡,[fX+tfU-q *

. As before,there exists by Lemma 6.4 an extensìon

th g(fU " fX) e (proi) = U " X.

;
,{

tf^

I

"bô

T

U

r(ì r)
X w'i

I

t
{
i

.l

I
t,

I

I

i

o

Now f('i ;a1,br + b + 1; ; a*,br) =tuor+b+r(ir),sfU+!,fX_q

and ub t+b+r (i r ) = ob (r' )

.'. (i;ô1,b1 + b + 1; I âm,b*) * (proj) - U " X

But the first summand has the right number of composition

factors,s.oU o X - (i;ar,br * b + 1; ... ; ar,br) '

In the other case, suppose ob(r') = out*t(,*) and

(ì;a1,b1; ; ar,br;0,b) e G. Then ôb(h) = obl(ir) + lfu and

r,fX + sfU = !,f (i;â1,b1; ... i âm,bm;0,b) t q

so the extens'i on f U " fX ex'i s ts and t t tu o, 
(

Again there exists U ' X with g(fu " fX

'i ., ) ,.e,f U+r.f X.

)'*(proj)=UoX.

Now f ('i ;a1 ,b1 ; ... ; a*,bm;0,b) = tobr 
(i, ) ,.c,fU+sfX 

and so

'it follows as before that

U " X - (i;ô1 ,b1 ; ... I ôr,bm;0,b).

(tr) Now suppose X - (h;a,0) and U = Ur e Ur- with

U1 - (j;ô1,b1; ... I âm,br) e G

and tJ2 - (k;c1 ,d1 ; ... i cn,dn) e G'

SupposeNPIU"Xexists.

Then mon'ic fU " f X exists, and is one of four th'ings'

(i) If itìsTr- - eT, (")
udt (k, ),tfUr+tfUz+tfX-q ôDr(ir)

then h = ôd1(tcr) + tftJ2, obl(ii) = h + rfx - 1,

e.ftJ2 + ¿fX < O uld*ltrr + l,fX > q.

It follows that h = o"n''(t n) and obt*t(i r) = pa(h).

LflJ2 +.e,fX = I¡(k;c1,d1; ; cn + a + 1,dn)

I



Ex toh F4g +

ßy lr-øma b.9, *herc. ;S no NPI ¿xtension U,oX.

Now, ¿ohs¡dering *hc 6hort exoct seluenc*- O-e X ---¡ L).X --¡ Ur@ U¿ --'r O ,

wc .o.'-t wrìÞe U,i = A, +4. , whe,^re A, - U, - O ¿tnd A' -l U. -+ O qYC ?XAci.

By the exqctness oÇ *hc sLorf <åac+ SLflvo-vtc(- , XgAt qnd t çAe,

¡ and ìn {ac* X= A,ôAz. We inave A't-v'"y anel A¿ È U"À'

Iç U,oX wcre spl;+ , 1{^en UoX = (UOX)*Aa = IJ,@A¿ ) con+¡adìctìn3 tlre

indeconposabili{y oF UoX"
So U,'X is non - s¡l it , and ¡t $oflovs 4ro-. Le,'.^e 6.t+(a\ llaat f U " f¡

is also non -Split.
ïlren fU,"+X iS tlre ¡a6aìc ¿xfension of -fle-oret" 6'3(a) , and by

Le¡¡na G.4 (6>., .Slncc U, oX cAnno+ be NPf ) ;l rrç'5+ havz ot. vt oA ^ feivial

?rojc-c+iv¿ Sr¡¡r raand -

Slr.ce U,o\ C UoX, l).X -ust also havc q ¡oa-'lrìvìal pto¡zc*iVe
5un.a and , wh ence- V.X is tot NPT ) a ¿ ontr¡ad ìclio n '
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and so if t"ftJ2 + øfX < g, .n * u < r(kn) - Z, by Lemma 6.7.

If also b1 . s(i r) - 1 we have (k;cr,dr; ; cn * a,dn;ô1,b1 * l;

; arn,bJ e G. If xftJ2 + øfX = 9, then fU o fX =

T,. eTj . Butg(T^ )-(i;ar,bri
ôDl(ir),.c,ful 001(t<r) ôD1(i1),.r.fu1

i âm,br), which is too short to be U " X. Since

g(fu . fX) e (proj) = U . X, th'is contradicts the ìndecomposability

of U . X.

If sfur 4 ,0f X = q, then the express'ion (*) reduces to

T , e T. and g(T, ) - (k;cr,drt ;'oor(kr) 
,øfuz ôbi(i r) ô01(kr), e"ftJ2

cn , dn ) g'i vi ng a s'imi I ar contradi ctì on.

The remajnìng case is that in which .l,fUt + sfx > q and

b1 = s(i1) - 1. In this case there ex'ists a monìc extension

fur "fX of the form Th,ufx*ufur_q * tuor(rr) and Lemma 6.9

leads to contrad'ictio s as in part (a) of this theorem.

(ii) If fU"fX=Tx eTn: 'ubI(i 
r) ,rfu,+¿¡¡z+r.fX-q 6d1(k1)

then h = ôb1(ir) + tfU1, odr(tr) = h + !,f X - 1,

sfur + fX < q and e"f), + efx > q.

It follows that n = ou'*t(tr) and pa(r')= odr*t(kr).

The proof is exactly the same as 'in (i ) w'ith symbols interchanged.

(iii) IffU.fX=Tx el
ô"1(i1),øfU1

then sìnce g(tub, 
(,

6dr(kr)
('i ;a1,b1; ; ar,br)

indecomposabjlity of U . X

)-
),rfut
on to the

I
'iwe get a contrad'ict

as above.

('iv) If fU " fX=T
ô

s'imi I ar.

d
eJ

t (t<, ),s,tu, ô

, the argument is
b1(ir 

)

conversely, suppose h = otn*t 1kn) and pu(r') = ubr*l1i,)

and (k;cr,dr; ; cn * andn;ar,b, + 1;

i.e. .n * u = r(kn)'2 and b, < s(ir) '?.
ar,br) , G
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Then h = ôqkr) + .r,fu, and ubt(ir) = h + tf X - 1

and .t,fU2 + .s,fX < q and lfUr + lfX = lf(i;a1,b1i ; ar,b,n) +

tf (h;a,0) = [f (h;a - 1,0;ar,bt * !;az,bz; ... ; ar,br) + I

> q.

So monic fu " f x ex'ists' and it tuor(kr) 
,rfur+ø¡gr+sfX-g.6 

T5b'lt').

Now there exists U . X such that

g(fu'fX)e(proi)=U"X.
But f(k;c1,d1i ; cn t a,dn;ô1, br + 1; ... ; ar,b*)

:l
ôo I (k, ) ,.r,fu r+rfuz+¿f x-q

so g(fU " fX) - (k;c1,d1; ... ; cn * a,dn;â1,b1 + 1; I âm,

and this has the right composition length to be U " X,

I
Ii

¿

í
tr

b
m

out*t(ìr) and ou(t ) = 6dr+t1k¡ and

(ì;a1,b1; ; âm + a,br;c1,d1 + l; ; cn,dn) e G, then

the proof is iust as above, with symbols interchanged.

Now suppose X - (h;O,b) and U = Ur*Uz as above.

Suppose NPI U . X exists. Then monjc fU "fX exists, and 'is one

of four th'ings. Two of these can be elimjnated as in the previous

case. IffU"fX=T, orA -'udt(Lr),øfur+!.fuz+.e.fX-q'obr(ii)

then ob(rr) =odt(kr) + p.fl)2, obt(ir) = ôb(h) + stx - t,
p"flJ, + .e,fx < q and lfUl +.fX > q.

It foilows that obr*t(i r) = h and otn*t1kn) = ub+b'*t(j r).

Now ìf !,fUr + .cfX > q, then

f¡ (i ;â1,b1 + b + 1; ; ar,br) = lf (i ;a1,b1i ; ar,b*)

+ ¿f(h;0,b) - q '0

thereforeU.XisNPI.

If we suppose h =

Therefore by Lemma 6.7, br + b + 1 < s(ì )

and so in this case, (k;c1,d1; ...

1,

; cn,dniâ1,br + b + 1; ) . G.
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If !,fUi + tfx = q then fU " f X reduces to T

but T ¡ is f(k;cr,dr;
ô'1(k1),tfU,

contradiction as before.

ôdr(k r),tftJ, r(i r)
el

b
ô

; cn,dn) and so we get a

The other possibility for fU . fX is treated s'imilarly"

conversely, suppose h = odr*t(kr) und out*t{'ir) = 6d1+b*r (rr)

anddl+b+1<s(kr)-1.
Then ob(n) = odI(t r) + p.fl)z and obr(i r) = ôb(h) + ¿tx - t.

Also øfU2 + ¿fX = øf(k;c1,d1i i cn,dn) * lf(h;0,b)

={,f(k;cr,d1 +b+1; tcn,dn) *q>q
sincedr+b+1<s(kr)-1

and ¿rur + ¿rx 

I ï1,;.1::,; ::: , ;,1;],1,i'l',''"
.'. mon'ic fU " fX exists and is

el
ub t ( i, ),.r,fu r+¿fuz+sfx-q udt(rr).

But f('i ;al,brt ; âm,br;c1,dt * b + 1; ... ; cn,dn, = tOO,

.tfUt+î,fUr+sfx-q
and so U . X - (i;ô1,b1; ... ; ar,bricl ,d1 + b + 1; i cn,

(jr)

as before.

The other case is treated similarly.

(c) If u = ut * uz @ u¡ and u. x'is a NPI extension, then

there exists fU . fX with

f(U.X)*(proj)=fU"fX.
But since U " X is NPI then f(U. X) is also NPI and so

fU " fX ìs monic. Th'is contradicts Theorem 6.3. f
Thus, Peacock's theory of NPI extensions by simp'le modules

has been generalised to a theory of NPI extensions by uniserial

modules X wh'ich are such that fX is e'ither long or short.

It will now be proved that certain uniserjal modules are

either ìong or short, in preparation for appìyjng this theory.

T

dn)
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Lenrna 6.11: (a) (i) If P(j) I E then f(i;n,0) is either long

or short, for any n such that (i;n,0) t G.

('i'i) If P(i) = 
-E 

and n. ln(j)¡ or n > r(j) - lP(i)l'
then f(j;n,0) is short or long respectively, if (j;n,0) e G '

(b) (i) If n(j) I E, then f(j;0,n) is either long or short, for

any n such that (i;0,n) e G.

(ii ) If ¡(j) = E, and n .la(j)l or n > s(i) - l¡(i)1, then

f(i;0,n) is long or short respectively, if (i;0,n) e G'

Pz,oof: We may assume that the Brauer tree conta'ins an

exceptional vertex, since othen¡rise e = q - 1, and if lll is any

NPIM, fW is both Iong and. short.

(a) For any'i e I, the set {fVi,fVo(i), fVor(i) - 111¡}

contains at most one long module [11, 5.1], and'in fact

by [11, 5.2), P('i) I E if and onlv 'if fVou(i ) is long for

some 0< v <r(i) - 1.

Now tf(i;n,0) = lfV, * lfvo + ... +.e,fv
)J n (i)p

(j ) If P(j) I E, and the one long element is included in thjs

sum, then the sum itself is long. If the one long element,

saY fV 
O

p
, i s not 'i ncl uded, then s i nce

!,fV < q (by def i ni t'i on of r(i ) ) , we have

,loutuou(j) 
utuoo(r) < q' t" utuoo(r)

(i)
r(i)-r
I

v=0 ou(i)

n

whence
n

i
v=

sfV

> I - ê'

< êr 'i .e. f(i;n,0) is short.
o )p J



(ìi) rf P(i )

fv,r(j)-1
(i)'{ fvi , fvP-trLt

(i ) ]

It
L

v=

øfV >
pu(i )
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then all the elements of

are short. Now

=a
P

I
(i)l-1r(i)-r

I
v=o

(i)l-1
whence !,fV

and so
P

I
(i ) l-1

rfV

This proves that f(i;n,0)

r(i )- r
Al so. I ¿fV' ulr(i)- lP(i) I pu

but, by Lemma 6.6, r(j) 'is

ou(i)

sfV <qandso

n

I ¿fV +
v j v=n

sfV

9/a

< e, slnce q 1=ae

is short lP(i)l i

rfV q

u=O

pu(i )v=O

ou(i )

p J

P

I

ov=

if n <

(i)l-1

o
tfY <e

p

for any n

<g

v (i)(i)

(

I
r i)-r
v=o

1.e

the largest integer such that

r i)-r
q

p'(i )

(

I
v=o p

n

I
r i)-r(

IsfV >q !.fV
pu(i)v=o v=rì o'(i )

If we take n > r(j) lP(i) I,

then !,fV
pu(i)

r(i )- r
I
n

r(i)-r
=l

r(i)- P(i)
r,fV

jp

and so rfV >q e, as required.
n

I
o p (J /

(b) is proved in a sim'ilar fashion. !
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CHAPTER 7 : DETERM INATION OF TYPES OF QUOTIENTS

The search for the quotìent types of NPIM hl - (i;ai,bt; ; ar,br)

'is now resumed.

Lenrna 7.!: If U < W then every sìmpìe head of U is a simple head of W.

?tpp,f: If U has a s'imple head ìsomorphic to V, then there is a

(maximal ) submodule M of u such that u/M = v. If u = l,j/A then

M = N/A for some submodule N of W. Then V = U/M = W/N. !

Thus, in searchìng for^ other possible coordinates for quotients

of W, we have only to consider those whose heads are contained

amcng the heads of t^J. In particular, l-headed quot'ients must be

of the form (iO;a,b) where 1< k < m. However, ìt w'ill be shown

that W has no quotient of thìs type jf either a or b is "too

large", and that indeed there are no other l-headed quotient

coordinates except those found ìn Chapter 1.

We will use the extens'ion theorems of the previous chapter

as well as the levels defìned in Chapter 5.

The proof that there are no many-headed quotient types other

than those found'in Chapter 1 will follow as a consequence of

the results on l-headed quotìent types.

The following result will be useful:

Lenrna 7.2: If ld has a foot V¡, U < llJ and U has no foot of tVPe Vr'

then U . W/Vj.

Proof: If U = W/4, suppose A has no foot Vr. Then A n Vj = 0

and (A + Vr)/n = V' whence I^l/A has a submodule isomorphic to Vr, a contrad -

iction. Therefore A has a foot V' and W/A = (t,rl/Vj)/(A/Vj)' and so U < hllvi

If W - (ì;a 
'b 

1; ; a*,br) has a foot V' then e'ither
b,. â*,. \ .

ô K('ik) = i for some 1 < k < m, or o "'(i*) = i, and so w has a

foot V, at level n, where

n

b1 if 6b1('ir) = i
max (uk=r * 1, bk) if ô

a, if oot(tr) = i

oo(,0
)=j,2<k<m
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Lenrna 7.3: If U = ld/A where [^l is a NPIM, and if U has a factor

j at the same level as a foot V, of W, then A has no foot of

tVpe Vr.

Py,oof: If W has a foot V, at level n, then W/V, ex'ists and

has no factor j at level n, by Lemmas 5.3 and 5.4.

Now suppose A has a foot of type Vr. It will be the

un'ique foot of A of this type, since A'is a submodule of the

NPIM l^1, and so A/Vj is well-defined and ([.J/Vj)/(A/U j) = U, so

that U . W/Vj. But U has a factor i at level n and W/V, does

not, a contradiction to Lemma 5.4. !
tuoposition 7.4:

Suppose t^l - ('i;a1,b1i ; âm

(a) (iO;o,bO) { W for 1 < k < m

(b) (i 1;o,br * 1) <t¡

Suppose that

U - ('i ;a1,b1;

b ).
m'

Then

(c) (iO;aO + 1,0) <¡¡ for 1 < k < m

Proof:

(a) Suppose k I m, and (ìO;0,b¡) < l,l.

Then, by Corol I . 1.8

(ì1;a1,b1i I uk_r,bk_r) * (ìo;0,bk) * (i¡11;a¡+r,bk+r 1; ; ar,br) '

<I'l

and so this sum is l^j/A for some submodule A of W.

i ak-r,b¡-r) n (io;0,bk) t (i¡+r;ak+r,bk*, - 1;

wherel<kcm

= W/4.

It 'is clear that the compos'ition factors of A are
âr,* J

o(it), o'(ìk), p ^ (ir.)

and we wish to determine the coordinate of A. We will show that

a*'bt)
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a, +1
p K (ìO) must be a foot of A, and, that it'is the only foot,

whence A - (o(ìr)iak,0)

It is clear that any foot of W which is not a foot of U

must be a foot of A.

The feet of l,J are

[ôbr(ir)], ob,(ir),

and the feet of U are

,oat1 i,) l
b

o t{ir) ,

[6br(ir)], ooo-t(it-r), [ouk-11i0-r)J, ooo{,0 k+
.I

(ik+r)1,

of appear in the list of feet of U, unless of course aO-, I 0

b t
[ô

where the square brackets [ ] mean that the term is omitted

if the exponent b1,dn.' etc., is zero.
D, . _

It can be seen that o K*t(i¡n1) is the only foot of l'J which

a

to 
mli,n)J

uo*{ .,r) ,

a, +I
o * (ir) is a

does n

b

and ô
k*t1io*r) 

=

a,

P 
*-t(ir-

bk*1, 
.(l¡+r

I
b +or bk*, I 1 and o

I f ne'i ther of these i s the case then ô

t
k)=o ( to*t)'

k+I, .(lk+r
b

foot of A.

If aO_, I 0 and o

and so n(i¡) = F :

bk+t(,0*r) 
= ouo-t(it-r) then p(it) = p(ik-r)

A i.-, P d¡ A,= F.

A

'k*r

P

From the diagram 
å:.lt 

cìearìy ìmpossible for t ao nuu:,.unt

foot 'in P(i¡) except p K '('ir) or ì0, but i¡ 4 {o(i¡) o Klio)}

since P(ik) I g.



Thus
b

If6
in this
k+l,.(tk*r

);a ,o).

63.

case we must have A -
¡ = ubk*t-t1i¡*r) then

(p (i

^(j

k

k+I

k

)=E and ei ther

t k+¿ l,¡ tk*r
(1)

(2)

In case

P

A

a compos'i ti on
a

A

ùk P d*n, A

A

as feet in P(i
k

uk* I

L k+z

P

and tk but agai n

P

^-- 
F

E,

or

a, +I
o * (ìr)has(i), lnf

io 4 {o(ir),
uklio)t

In case (2), hl has as feet

p

here also we have A - (p('iO);a0,0)

+1

(i¡*1)

on(ir)

k

as its

ough

only

But

then

of A,

a
and p

n = 1,

It is

it is

('i 
r.

fon some

only foot.

a foot of W,

foot of A for

+1
(i¡+r) and it'isk+r

a
possìble that o k*t

possìbly have thìs

¡ ri ¡ aO, whence A m'ight

not crear that out*tfio)

also a foot of U.

'in P(i¡) p

= onlio)

is a foot bf A since even th

But if pn( iv) uere the

then A woul d have coordi nate

factor.
+l

(ik)Ì

k*r) is a foot

the other.

(on-uk(ik);ak,o)

somen=1, âk,

and so 'it would have

iO as

ik t
a

if p

ak+ 1

P

this is a contradict'ion, s'ince if

{p (rr),
.+1
' (i

p P(ik) E . So we see that even

the only foot, andk+

I

(ìr) ]S

i t 'is not
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It remaìns to show that there can in fact be no other foot
ak+ I (ir) in A.

Since the feet of A are contained among the feet of W, and

no more than two feet of W can share the same P-vertex, the on'ly

poss i bi I 'i t'ies for the coord"i nate of A are

(i) (p(ir);ao,o)

or (ii) (p(i¡);n - 1,0) e (on*t(io);ao - h,0) for some n = 1,

and ('ii) has two feet, on(jl)

t of A, it must also be a

foot of W.

Suppose un('ir) = obt(is) for some s = 1, ... m. Then this js

also a composition factor of U on the same level as in W, unless

in U could be different from that
I

uk

If v t' k, Lemma 7.3 provìdes a contradict'ion. If .q, = k, P(i

However, sì nce

)=k

P(ik-r) and n(i¡) = E and on(it) = obk(to) = jk.

P('ik) f E, this means n = 0, wh'ich js not in the range of possìbìe

values of n. If pn(ik) = outl',r), then again thjs is a composition

factor of U on the same level as in T,J, and Lemma 7.3 provides a

contrad'i cti on.

So (i ) is the only poss'ibility, and A - (o(if )iak,0).

If P(ik) I ! then fA is either'long or short, and we can apply

Theorem 6.10. Because l^l/A has 3 summands, there is no extension

(hJlA) o A=l¡.l, a contradiction.

If k = m and ('ir;0,bn,) < 1,,1, then similar'ly we have

(i;a1,b1; I âr_r,br_r) r (ir;0,b*) < l^l

and the left hand side is W/A where A - (o(ir)tâm - 1,0). If
P(im) I g, then fA js 'long or short.



(-orr¿c*Ìo n

l'o
^lr\ pp, y¡ ytg I h?of em
W exis#5.

6.to otSain, Ue see *f^of no <xltensioa
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P(ì r) n ¡('ir) = {i 1}

I
t

rìþ-

Again we appìy the theorem, and see that for an extension to

W to exist we must have o(ir) = p m t (ir-r), whence

P(im) = P('ir_,.), and thr's could only occur "if P(im) = E, â

contradi cti on .

If P('ik) = E for any 1< k < m, notice that there'is a

'largest number n such that

t{' - (j;a1,b1i r uk * nlP(ì¡)1, UO; ... ; a*,b*) ¿ G

and for this n, by Lenma 6.11, f(o(ir)iak * nlP(i¡)l,o) is long.

Hence (io;O,bk) o hl', bv the above argument 
bk,. 

\
Now, since (iO;0,b¡) has the single foot 0 ''('i¡),

b

('io;0,b¡) . hJ/ô 'k*t{i|(*r) if (ik',0,bk) . l,l, by Lemm a 7.?, notìng

that 
^(ìk) I E.

But W/o k+I(i¡+r) - ('i ;ar,br;

and so (i,.;0,b¡) . W', a contradiction.

If P(im) = !, then (i*;0,br) { tJ' - (i;a1,bt; ... ; äm * n lP(im) l,bm)

but it (im;O,b*) < lll then (i*;0,br) . hl', since tll < Ìll'. Thìs proves

(a).

(b) It will now be proved that (i1l0,br + 1) < l^J.

Suppose U - (iri0,br + 1) < Ì^l and

so (ì 1;0,b1 + 1) e (12;a2,bz - 1; ) = W/R for some A.

Then A has a1 composition factors from the set {p(i r) ' out*t(i r) },

the remai n'ing one of whi ch 'is equal to ob t*t (i r ) .

II

t
t

.l

t
I

,!
I
I

ll

I

t,

tr I

and so i1 e {o(ir), pôr+i(ir)}, giving P(ir) = f

and obt*t("ir) = il

The two poss'ibl e cases are i I I ustrated i n the d'i agrams
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(1)

(2)

In (1), since ¡('ir) has non-trivial intersections only with P(ir)

and ¡(i r) itself, we must have

(irt0,b + 1) . (iria1,b1)

but since A(it) I E, none of the factors

obt(ir), o(jr) is equaì to obt*t('i ,)

and so (i1;0,bi + 1) . (ir;ar,0)

but th'is is clear'ly imPossible.

In (2), ¡(i r) can have non-trivial intersections with

P('ir), a(i r), P(iz) and n(ì2)

so we have

(ì1;0,br + 1) . (irlô1¡b1ia2,b2).

However, the foot of the left-hand side is i1 and ir + P(i2),

therefore (i1;0,br + 1). (iriâ1,b1i0,b2).

Also ¡(ir) I E and so, as in the last case, (iri0,br + 1) . (jriâ1,0;0,b2).

Even though the right-hand side has the same foot i1 aS the left-hand

side, it is its only foot, and so (i1;0,br + 1) ' (irlâ1,0)* ('i2i0,b2 - 1)

since any submodule of a module of type ('i1;a1r0i0,b2) must also have

the single foot i1.

PA

Ê

PA

It L2

EL¡zt

P
^

?AP

t
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Since ¡(iz) I !, ii is not a factor of the second summand,

and so again we have

(i1;0,br + 1). (iriar,0), a contradiction.

(c) will not be proved in detail. The method is sìmilar to

that used to prove (a) and (b).

Thus it has been established that there are no l-headed

quotient types of W other than those included in the Lemma

1.e. 0

It will now be established that there are no other manA-

headed quotient types, and use will be made of the fact that we

know al I l-headed types.

Lerwna 7 .5

If i 1,'i2, iO and i 1,'i¡ are both head sequences , k f 2,

then P(ir) I !, ¡(ik) I E, and either

(a) ¡(iz) = n(ì¡)

or (b) P(i r ) = P(i ¡_, )

Proof:
The only poss'ible configurations are

ArtP A;zP
(a)

+E

A L

rk

P

Pi.-,a,¿.p
...+ã

æ

i
L

h
IP

and (b)

À

.1

,l
tr

I
i

t'{
ri

¡
i
1'

)Ì

I

I'I

.?

I

I

lh
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Coz'oLLaz'y 7 ,6 For a.^y k --2,

If (i lô1,b1i

NPIM's then e'ither

; ak,bO) and (ì r, iO;c1,d1',c2,d2) are

¡(iz) = A(i¡) =toat*t(ir) = pc1+t(ir)-oâr = c1 since P(ìr) I E

P('ir) = P(io-¡*'obk(,'t) = ôd2(ik) odz = bk since a(io) I [. I

Proposition 7.7: It is impossible to have (ir,'iO;c,0;0,d) . (i;ô1,b1; ...

uk,bk; ... a*,br) unless k = 2, c = ât and d = b2.

Ptppl: Let U - (j r,i¡ic,0;0,d) and W - ('i ;a1,b1; ; am,bm).

Suppose k f 2.

[.le shall suppose that l(ìr) = n(ì¡) i.e. c = ôr. The case

in which P(ìr) = P('ik-r) and d = bO ma, be treated in a s'im'ilar

manner.

this is never the case.

b,
Suppose d t bk. If U < l,l then U. W/o *(if) by Lemma 7.2,

since U has only the one foot ud{il) and, since ¡(jO) I E ,
,b,

6d(ir) lo *(ir). Thus u< (ì;a1,b1; i ak-r,bk-r)* (io;ao,bo- 1;

For the same reason

u < (i;a1,b1; ; ak-r,bk-r) * (io;ao,bk - 1) e ('i¡+ria¡+r, b¡+r - t;.".)

since ¡(ik+r) I ¿('if.). *. 
llso 

see tnat od(iO) does not occur at all
'in the set {ìo,o(io), ô K(i¡)} ana so u < (i;a1,b1; ;

uk_r,bL_r) * (ik;a0,0) * (it *r;uk*r,bk*, - 1; )

Note that this procedure would not be valid if any of the factors
b, -l

o('i¡), oz(ìo), ô"k'(it) were equal to obz('iz). But jt can be

seen (e.g. from the diagram on p.6t) that ôb2(i2) = 6d1io) and so

cr = â1 and ¡(jz) = n(i¡)

dz = bk and P(ir) = P(ik-r)

Finally, since ¡(iO) n P(jk) = {ik} and 6d{it) I ir,

)

1( i r.*, ; 
uk*, ,bk*,



ion 9S a I ¡ra t
Ther-(bre A - (d¿ i o, bÐ. Aowever , í.¿ is not a. conposifion *acfor

oS U , becdLrse, íç ¡+ wet.e I it would ha{< fo a,PPe¡;]v in lL¿ list

i*., T(t¡)r...,Edl¿¡.). lloì",¿ver, ,'. = $br(¿i ., d<br and Aldr) = A¿r'.) +€, ,

So r't^is is i",r¡ossible. ilu s lhe subae¿¡elg C of (d,¡ o',o; o,bÐ @ ( tu; o,d)
wìth C- (t-io,b) ¡'u5f be i. A , ^^d h¿ncc cqvals A. tl"en U r's

de"o-posable, ô conlvadìc-*ton.



<-
lf

69

But this contradicts the result of Lemma 7.1, since the rìght-

hand side has no factor iO at level 0, whereas U has.

For the case ìn whi.n O;,b0, since 6 *(if) = i2(see

diagram on p. L't ), but also o k(io) = od('ir) = ôb2(1r), we

see that i, = 6bz(iz), an 'impossib'ility sr'nce A (:ù I l.
Finally, 'if d < bk, there are two factors isomorphic to

uoo(ro) tn *.1 namelv the foot okiz) at level max(a1 + 1,b2) and

the factor ô'(iO) at level d.

Now if U < t^l then U . ('i1ia1,0;0,b2) e ('iO;0,d), using

Lemma 7.2, since this coordinate may be obtained by factoring

W by factors which are not feet of U. This sum has two feet,

both of the same isomorphism tYPe.

Suppose U = ((ì 1;ar,0;0,b2) * (ìO;0,d))/R. It is clear

that the composition factors of A are i2,o('i2), obz(iz)

and that its only foot is ôb2(i2). (Since ¡(iz) I E, both

feet of the direct sum do not appear in th'is list.) Therefore

A - ('i2i0,br), but, by the dual of Prop. 7.4, this cannot be

a submodule.

We have now proved that k = 2, and it remains to prove

that d = b2.

od(iz) = pur+I(i r) = 6b2('iz), so ít is clear that d = bz

if ¡(iz) I E.

If A(i2) = E, then (ir,i2iâ1,0;0,d) . (i;a1,0i0,br), bV

repeated applications of Lemma 7.2. However, in this simple case

we do know all the quotìent types of the rìght-hand side, and the

on'ly l-footed types are (i;n,0) with 0 < n < a, and (iz;0'k)

with 0 < k < bz - 1, unless of course d = bz.

The case in which P(ii) = P(ik-t) and d = bO maY be treated

in a similar manner. I
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CorolLaru 7.82 If (i1,i¡;c1,d1ic2,d2) . ('i ;a1,b1i ; ak,bk;

then k = 2, c1 = â1: dt <bL,c2<ã2,d2 = bz.

ProqL: If (j1,i¡;c1,d1ic2,d2) . W then (ì1,i¡lcr,0;0,d2). i,l

and so k = 2, c1 = ô1 ôrìd dz = bz by Prop 7.7.

'i .e. (ir,i2iâ1,d1ic2,b2) < ['l.

It follows that (i;0,dr) < W, whence dt s bt, and that

(jz;c2,0) < W, whencê c2 < az by Prop 7.4" ¡

coroLLara 7.9: If (t'j,ik;cj,dr;cO,d¡) < l^l, then k = i + 1,

.j = uj, dj. bj * ojr,.k. uk, dk = bk.

Pr,oof: If i., i,. and i., i,, are both head sequences, then
JKJK

we have ei ther

À

/

P
t k-t

E tj.,
or

P

t¡

Atj*r
Llr-l

L (k
APAP APAP

It is clear from these diagrams and Lemma 7,2 that tf
('ij,ik;cj,dr;co,d¡) < I,J then (ìj,ìk;cj,dr;co,do) . {'ij,i¡+r' ...

ik_r,ik;uj,bj - 1 + ô¡ j; ; aO,bO) and so, by Coroll. 7.8,

k = j + 1, .j = uj, Oj = Oj - 1 * 6rj, tk' aO and dk = bk' ¡
Cov,oLLavu 7. 10:

The only quotient coordinates of l,J are those given jn Lemma 1.9.

Proof:

Suppose (k'k2, ... kn;c'dr; r cn,dn) . (i 1, 'ir;a'br;

Then, by Lemma 7.1, {k' k* kn}. {'i 1, i*}.
Suppose k, = iu, for some v with 1 <v< l¡.

Then, since (k'kz;c'd L;c2,dz) . W,

; ar,br) .
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kz = iv+l,cl = âr,dt . b, n 6u, ,cz 3 âv*l,dz = bu+t 
.

Then, ifv+1.m, (kz,k3\c2tdz-llc3,d3). (ir, ir;a1,b1; ; a

and so, k 3 = i v+2, and we gai n .the addi t'ional i nformat'ion that

c2 - au1, as well as ca s ôu+2.

Conti nuì ng 'i n th'is way, we f i nd the resul t proved " n

Note that the dual result is that there are no submodule

coordinates other than those already found in Chapter 3.

We are now able to g'ive more precise details about the

nature of U/j, where U is a quotient-module, not necessapily

indecomposable, of the NPIM l^l, and U has two feet of tVpe Vr.

Lenrna 7.II: The coord'inate of a quotient-module U < W 'is

determjned jf the isomorph'ism types of ìts irreducible

constituents and the levels at which they occur are known, i.e.

'if on(u)/on+l(u) is known up to ìsomorph'ism for n = 0,r,2,

Pl9el: By Lemma 5.4, the heads of U are a subset of the heads

of t^l. Using the notation of Lemma 1.9, ir, wiì'l be the first

head in the head sequence of W wh'ich is also a head of U. Pr

will be the highest ìnteger such that oPt(i r.) occurs at level
b. +t Jr

pf in U. If ô Jl (ijr*r) does not occur at level max (uj, * 1,

k1 wilì be the first integer

of occur at level max (aO + 1,

e'l max(uk_, * 1,bk). If

such an integer does not ex'ist, kt = fl. Then q1 will be the

hìghest'integer such that o9t(ikr) occurs at level qr'in U, and

the first summand of the coordinate of U has been determ'ined.

Subsequent summands are determined 'in a sjmilar fashion, irrbeinS

the first head after i

head of U.

,n'br)

kr in the head sequence of W wh'ich is also a
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This procedure produces a coordinate for a quotient which

has the right constituents at the right levels; it'is obvious

that no other quotient coordinate would have this property. t
It fo'llows from Lemma 5.4 that if U < l,l has two feet of

type i, one at level n1 and the other at'level fi2, then U/i

has a factor of type j at either level rì1 oF level n2 and so

U/j has just two possible coordinates, which can be calculated

by the procedure in the proof of Lemma 7.I1.
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CHAPTER B: THE NUMBER OF QUOT IENT-MODULES l^lITH A GiVEN COORDINATE

l^le wìll, at this point, introduce a new way of representing

the isomorphism types of nonproiective modules.

Consider the set of triples

S. = {(iu,p,o) I u = 1, ... fi, 0l p < au, p eZ-}

U {(iv,o,q)l v = 1, ... fi, o < q < br, I eZ}.

It js clear that, given the coordinate c of a NPIM, an associated

set S. is uniqueìy determined, and conta'ins [(c) elements.

Conversely, suppose we are g'iven a set of triples of integers

'in (l x N x {0}) U (I x {0} x N). If the first entries of the

tniples are plotted on the Brauer tree of the block, jt can be

seen, as discussed ìn Chapter 4, whether or not they form a

head sequence. If they do, there is a un'ique way in which they

can be labelled ì 1, im. The integers a1, a, and

bt, b, can then be ident'ified, and if ìt is verjfjed that

0 . uk < r(i¡) - 2 + ô0,n and 1 - 6kr. bO < s(ì¡) - 1 and

b,., , a,-*l
ô Ktt(i¡+r) = p * -(il) for each k = 1, ... m, and if (iu,p,0)

and (ìu,O,g) are present for each u = 1' ... fi,0 I p I âu'

0 < q. bu, then the set determines the coordinate

c = ('i ;a1,b1; ; ar,br) of a NPIM. Thus there js a 1-1

correspondence between NPIM coord'inates and such sets of

triples, c * S..

We can extend this to a correspondence between isomorphism

types of al'l nonprojectìve modules and formal sums of such sets.

However, the only nonproiective modules that wìll concern us are

those that are quotients of NPIM's, and so, w'ith reference to

Lemma 1.9, the correspond'i ng f orma'l sum of sets coul d be

repìaced by theìr (dìsioìnt) un'ion, and the 1-1 correspondence
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preserved.

The notat'ion S* wiìl often be used for the set S. where

W - c.

To each point in the set S* we associate an'integer

called its type: (i,p,0) has type op(i ) and (i,0,9) has

type o9(i ).

If a NPIM hJ hasa foot V,

coordinate of U such that W/V

and that the set difference

j = U. We see that SU c Sw,

(+)

I

t-

I

I

e -C =WU

, then Coroll. 1.5 gives us the

(ir,o,br) if U - (i;a1,br - 1; ...;a*,br)

(ìk,0,bk) if U - (i;ar,br; ; ak_r,bk_r) t

1(iktuk,bk at 
' 
bt)

(ì*,ar,0) if U - (i;a1,b1; I ôm - 1,bm)

Thus, 'if the coordinate of U is known, we can wnite [,l = U " P,

where p. Sw and p has type j, and, by the remarks at the end

of Chapter 7, U in turn can be expressed as an extension'in a

similar fashion. Finally, we will have an ordered expression for

W in terms of the po'ints of S": W - pi " p2 " . pt(w).

Definition: A buíLdforW is anexpressionW-pr "P2o " Pt(w)

where p., e S* and there ìs a sequence of quot'ient-modules

Wr. Wz. . Wu(") =hl such thats*_ = {pr, ... pi}, i = 1,2, ¿(w)

It is clear that there are usual]y many possible bu'ilds for

any coordinate.

EæønpLe Intheblockwithq=2j,a=2,e=(0 1)(2 6 10)(4 5)(7 8)

and P(Z) = E (Example No. 1 in the Appendix), l^l * (2;2,2;0,2) has,

among others, the two different builds

(2,0,0) . (2,1,0) . (z,z,o) " (3,0,0) " (3,0,1) " (3,0,2) " (2,0,1) o

(2,0,2) and (3,0,0) . (2,0,0) . (3,0,1) . (2,0,1) " (2,1,0) . (2,2,0) "

(3,0,2) " (2,0,2).

I
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An arb'itrary list of the poìnts of S* may not const'itute a

build for W. For example, Pr o ... " Ps(w) can only be a bujld

if ps(w) has type j where W has a foot V' and'if pr has type i

where i 'is ìn the head sequence of t,l. In fact''it'is easy to

see that pr(*) can only be one of the poi nts l'isted i n (t) '
and p1 can only be one of the elements of {(i¡,0,0) : 1 < k s m}.

Thus there are certajn points in S* which can be called "feet"

and other po'ints which can be called "heads". l,Je will

describe a partial order on the poìnts of S*'in which the heads

are max'imal and the feet are mìnimal .

To any point P. Sw there corresponds one and only one

l-footed quotìent coordinate with p as the unique foot. If
p = (ik,u,O) for some 0 < a < ak, the corresponding quotient

typeir Up- (iO;a,0). Ifp= (ik,O,b) forsome 1<b.bk- 1+6kr'

then Uu - (it;0,b). If p = (ik,0,bk) for k > 1, then

,o - (to_rruk_r,0;0,b¡).

We will say that p Þ q jf and only if Up < Uq. Thjs js

c'learly a partìa1 order on the points of S*; heads are maximal

since for any 1 < k < m, (iO;0,0) has no non-trivial quotients,

and feet are mt'nimal since no l-footed quotient of W has ejther

(i;0,br), (ìr;a*,0) or (ik-rruk-r,0;0,b0) as a proper quotìent

type.

Lenrna 8.!: If U < llJ, any buìld of U can be extended to a bu'ild of

t,l.

44t Sìnce U < lll, there must be a sequence of points p1, pn

such that, for each 'i = 1, n, Sw - {Pr ' .. . Pi } corresponds

to a quotient of tJ, and S* - {pr, ... Pn} = Sr. Then

l,i=U o pn o o pl. This gives abuildof W foranybuildof

U. ¡
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Note that it'is impìicit in the constnuction of a build

that a build whìch includes U in its sequence of quotient-

modules, when restricted to the points of S' is a build of

U. That js, if pÞ q in U, and U < l,J, then pÞq'in t{.

Lenrna 8.2: The fol I owi ng order relationships hold among

the points of S*:

(i) (ik,o,o) >(ìr,1,0) >... Þ(irao,o)
(ji ) (ìr,o,o) > ('ir,o,1)> Þ(ir,o,bk)

('iii)(ìk,ak,0) > (i¡+r,0,b¡+1) for k = 1,

Pz.oof : For any k = 1, ... m, (iO;0,0) . ('if ;1,0) < ...

i.e. (ir,0,0) > (ir,1,0) > Þ (ìf ,a¡,0), prov'ing (j). To

prove (ii) similarly, note that

(iO;0,0) . (it;0,1) <...
if k > 1, and (i r;0,0) . (i r;0,1) < ...
(io;a0,0) . ('it;a0,0;0,b¡*r) if k < m, provìng (i'ii). ¡

The next lemma shows that no other order relationsh'ips

exist among the po"ints of S" except those ljsted jn Lemma 8.2.

Lenrna 8.3: The f ol I owi n g pairs of elements are non-comparab'le

jn the partìaì order on the poìnts of S*,

(i) (io,r,0) and (i.l,,r',9) if k I s.

('ii ) ('ik,0,s) and ('iø,0,s') if k f t .

(ìii) (ik,.,0) and (ì.Q,,0,s) unless s = k + l and s = b¡+1

or k = g and r = 0 or s = 0.

Pz.oof: We compare the 1-footed quotient-types corresponding

to the poìnts 'in each case. In (i), the coordinates are

(iO;r,0) and (is;r',0) and if k I .Q,, neìther (ìO;r,0) . (i.t;r',0)

nor (ìg;r',0) . (i ;r,0). In (ìi ), the coordinate correspond'ing
k

i
iþ-

I

t
d,ti
r

ì
!l

¿

I

I

I

for k = 1, m

m1

t'
å;

Ë

to (io,0,s) 'is (io;0,s) if s < bk * ôik, and (ik_rruk_r,0;0,b¡)



if k > 1 and r = bk, and similarly for (io,0,S'). Again, in

no case 'is one a quotient of the other.

(i'i'i) If s * bu, then (ìO;r,0) 'is a quotient of ('iu;0,s) if
and only if k =.q, and r = 0. (1t;0,s) is a quotient of

(iO;r,O) if and only if k = sand s = 0. If s = bu, then

(ìO;r,0) is a quot'ient of (iu_riâ¿_r,0;0,bu) Íf and only if
k=.q,-l. E

Hav'ing established all the order relationships existing

among the points of S*, we can represent S" by a diagram:

i,, o, o) ([.,o,o)

(i,, orù
(i,,r,o)

d¿rorl

( t^, oro)
(

(t'r,ût o)
r¡rarro)

(i,,o,b) (i^,o, bl (i-, o, å-)

The peaks represent maximal po'ints, or heads, the troughs

represent minimal poìnts, or feet, and the l'ine segments represent

chai ns i n the Parti a'l order.

Definition

If a subset S of S" is such that

qesandpÞq=peS
then S will be called an upper set in S*.

Lemna 8.4:

If U < hJ, then S, is an upper set'in S*. Conversely, ârly

upper set of S* determines a quot'ient up to isonorph'ism.

Pt oof:

Suppose U < t^l and t'J = U o Pn+r o..."Pt(w¡ w'ith St = {P1,

Suppose p Þ pi for some ì = 1, ... n.

Then UO. rO., Ora rO., < U and so UO < U whence P e S¡.

(

Pn)



Conversely, let S be an upper set in S*, say S = {qr' ...9¡}

where the I i st q 1, 9, 9ì ves the poi nts i n non-'increas'ing

order. If the pojnts in the comp'lement W - S are also arranged,

âS gm+r g¿(w) in non-increas'ing order,

then qrogz o... og¡1 o g¡+1 "... . 9t(w¡ 'is a build for t"l, and

so qr o gz o... o Qm 
'is a build for a certa'in quotìent coordinate of

ht. E

EæønpLe

Intheblockwithe=11,ô=(1 10)(2 3 5)(6 I 9),P(2)=E

and a = 2, (Example No. 1 of the Appendìx) the NPIM l,ll - (2;2,2;I,I)

has di agram

(2, o, o) (f ,o,o)

(zrt ro)
(2, o, D

(zrz,o)

(2, o, z)

78.

(s ,o, t) (s,tro)

{(2,0,0),( 2,!,0),(2,2,0),(5,0,1)'(5,0,0) }'is an upper set'

corresponding to the coordinate (2;2,0;0,1), and {(2,0,1)(2,0,0),

(2,1,0),(2,2,0),(5,0,0)l is an upper set, correspondìng to the

coordinate (2;2,1) e (5;0,0).
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It has been establ'ished that there is a 1-1 correspondence

between isomorph'ism types of quotient-modules of w and upper

sets of sw. Dually, a 1-1 relationsh'ip a'lso exists between

isomorphism types of submodules of W and lower sets of S*' which

are defined ìn the obvious waY.

Lenrna 8.5: The comp'lement of an upper set'in S* is a lower set,

and vice versa.

Plppl: Suppose S is an upper set'in S* and suppose p e W - S'

Suppose pÞq and suppose that q e S. But since pÞq, then

p e S also, which is false, whence q e l^l - S and W - S'is a

lower set. The converse is proved similarly. I
Thus we are led to a natural 1-1 correspondence between

ìsomorphism types of quotìent-modules and isomorph'ism types of

submodules, and'it'is tempting to conclude that the coordinate

of W/A'is the coordinate correspondìng to that upper set whjch

is the complement of the lower set determ'ined by A' and v'ice

versa. This would mean that A = B if and only if hJlA = w/B

for submodules A,B of l^1. In th'is section, it w'ill be proved

that this is indeed the case.

If c and c' are coordinates, we wjll use the notat'ion c'.c c

to mean that ìf A - c and B - c' then B is isomorphìc to a

submodule of A. This ìs dual to the partìaì order already

defined for ìsomorphism types of quotìent modules 'in Chapter 1.

It is clear, usìng the submodule analogue of Coroll ' 1'5,

that'it is poss'ible to construct a "composition series up to

isomorphism" for a NPIM tll. For examp'le, if t^l - (10,1;2,1,0,1)

in the block with e = 11, a = 2, P(2) = E and

p = (0 1)(2 6 10)(4 5)(7 B) then 0 c (10;0,0) c (1;0,1) c

(6,1;0,0;0,1) c (2,r;1,0;0,1) c (1;0,0) e (2'l;1,0;0'1) c (10,1;2,1;0,1)

ìs such a series.
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+yp< j is p, r- o^a fLe o,,ly poíat ìn Sa oF +YP" Sbkîk) i5 (rç,o,b),
û-nd Þ > (i¡,orbl).

ff l¿vcl P^ 7 lzvel 1, , tâ<-n si-ilarly, if Se = Sr, - TVÍ, QVQry lìs]
Êr A has j b¿forc 5ö*(¿r) , whi ch is not tie case .

Th,¡s 5V¡ = 5r, -Sn , oS telv;lQ-d.

,-ilÀ ç vb nod¿les A aad B,
a,is

on ìY

NP, 
^r

is'Ìl"cn AlB ¡C V" w/8.
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i.e.Whasasubmodu'leoftype(1;0,0)*(2'I;1'0;0'1)whjch

in turn has a submodule of type (2,I;1'0;0'1) and so on' Now

that we have determined the coordinates of al1 poss'ible sub-

module types for l¿J, it is possjble to find all such "compos'itìon

ser.ies up to i somorphì sm" . Any composì ti on Seri es for I/J 'in

the usual sense of the term w'ill be of one of these ìsomorphìsm

types.

Fromacomposìt'ionseriesuptoisomorphismofhl'we

obtai n an aßcending buiLd for W, naming the po.ints wjth the.ir

trip'ìes as points of S*. e'g' the above series gives the

ascendi ng bui'ld

(1,0,1) " (1,0,0) " (10 ,2,0) ' (10,1,0) " (10',O',1) " (10'0'0)'

and.it is clear that the ascending build is equìvalent to the

compositìon series of isomorphìsm types' If SO 'is the lower

setcorrespondìngtothesubmoduleAofl,J,.itispossìbleto

construct ar r ascend-ing bui I ds i n whi ch ar I of the po"ints of

SO occur before any other points of S*' These correspond to

composit.ionser.iestypeswhichconta.inthecoordinateofA

as a term.

ForanymoduleW,'if 0cArcAz c "'c An=A cAn+rc""c

is a compos'ition series for W, then 0 c An+t/A c "' c l.'l/A is a

composition series for bJ/A. conversely, 'if 0 c Ar c A2 c ... c An = A

ìs a compositìon series for A, and 0 c An+r/A c c I^UA'is

a composìt'ion series for bl/A, then 0c AI c "' c Ant An*rt"' c hl

i s a comPosi ti on seri es for ìd '

Thus,weobtainallcompos.itjonserìestypesforthequotient

I^l/A of NPiM l^J by truncatìng aìl those series types for w which

contai n c(A) as a term. Equi va]ently, we obtai n al1 ascendi ng

builds of ì/J/A, and it can be seen that the poìnts involved are

those.intheuppersetS*-Soandhavetheorderjnheritedfrom

W
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t^1. Therefore, th'is set corresponds to t'J/A. This proves:

Theoy,en 8.6: If l^J is a NPIM w'ith submodules A and B, then

W/A = hl/B if and only ìf A = B. ¡
Let w be a NPIM' and Let u < hJ' Given j e I' there may

or may not ex'ist a quotjent of W of the form U'Vj. If such

a quotient exists, ìt may not be unjque, even up to isomorpht'sm.

EæønpLe

In a block wjth e = 5, ô = (I 2 34),P(4) = E and à = 2"

(Example No" 4 of the Appendix) there is a NPIM l^l - (4;0,2;1,3).

If U - (4;0,1) * (1;1,0) there are two non-isomorphic types of

extensions of the form U " Vz, namely (4;0,2) * (1;1,0) and

(4;0,t) * (1;1,i) whìch are also quotients of l^.l.

It is possible to distinguish'isomorphìsm types of such

extensions by spec"ifying whjch point of type j ìn S* ìs being

added to SU to produce the extension.

In the above examp'ìe, (4;0,2) * (1;1,0) = u " (4,0,2) and

(4;0,1) * (1;1,1) = u " (1,0,1).

Given a quotient U of a NPIM l,J, denote by E(U,hl) the set of

points of s* - s, whìch are such that add'ing one of these poìnts

to the upper set SU gives another upper set in S*. If there is

no point in E(u,l^,) of type i then there is no extensjon u'v,

wh'ich is also a quot'ient of W. If there'is exactly one po'int'in

E(U,I,J) of type i then U. Vj'is determìned up to'isomorphism by

jts unìque'ly determ'ined upper set. If there is more than one

point ìn E(U,Ì,J) of type i then U " Vj js ambiguous notation and

different extensions of this form will be denoted [U ' Vj]t'

[u " vjlr, etc. In fact, it wìll be proved that there are never

more than two such isomorph'ism types of extension.
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Lenrna 8.7:

If p ) q in S*, then for anY U < hJ

with p e E(U,W), 9 + E(U,tat).

Prqof

If q e E(U,hl) then S U"Q is an upper set. ButpÞq
But this isand so P e Su " g, whence P e Su since, P'rl 9'

imposs'ible, since p e E(U,i,l). n

It is clear that E(U,t,rl) is the set of "next elements"

in S* w'ith respect to the upper set SU, together with any

heads of S* which are not heads of SU.

|{e defj ne predeeessors of poì nts i n S* as fol I ows:

('io,a,0) where a l0 has one predecessor, namely (jk,a - 1'0)

('it,0,b) where 0 < b . bk 1 * 6k¡ has one predecessor, namely (jt,0,b - 1,

(if ,0,bO) where k I 1, has two predecessors, namely ('ik,0,bk - 1) and

(jr-r'ao-r'o)

If p e E(U,hl) then all its predecessors are jn Su.

Lenrna 8.8: If i e I is such that P(i) = E or A(i) = E, and

if for some U < W, E(U,|'l) contains a point p of type i, then p

is the onLy point in E(U,i¡l) of tYPe i.
PToo:L: Suppose fìrst that P(i) = E and ('iO,r,0) e E(U,t'J) has type

j. Then i cannot also be the type of (jt,r',0) unless k = .t,

by Lemma 4.1. If k = .c. and Y f Y' , then eìther (iO,r,0) > (iu,r',0)

or vìce versa, by Lemma 8"2, and so (iu,l ',0) + E(U,lnl) by Lemma B'7 ' If

(i U,0,s) were of type i, then .q, = k * 1 and t = bt by Lemma 4,8, whence

(ì.,r,o) ) (i1,o,s) by Lemma 8.2, and agai¡ (ìø,0,s) + E(u'l,'l)'

Now suppose (ik,0,s) e E(U,w) has type j, w'ith P(i) = E

stjll. If ('iu,r,0) also has type i, then by Lemma 4.8, k = ø * 1

and ,= bk, but then (j¿,",o) )(i¡,o,S) and so (ìu,r,0) + E(U,lrJ).

If (iu,O,s') has type i, then the Brauer tree confjguration is
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l¡ AJ E

tI

which is ìmpossible unless k =.Q,, and if
th'is i s the case then s = s ' al so, si nce

^(i k) f E.
P

If A(j) = E, the proof is very s'imi lar. !
We now impose a second partial order on the po'ints of S*.

fhe LeueL of a poín¿ p is defined as follows:

('ik,u,0) has level a

(ik,O,b) where b = bk - 1 + 6Or, has level b

(ik,0,bo) where k I 1, has level max(ao-, + 1,b¡)

(This is consistent with the previous definitions of factors of

type j at given levels and of feet at g'iven levels). A poìnt at

level m will be said to be higher than a point at level n if
m < n.

If p Þ q 'in the first partial order, then p 'is clear'ly

higher than q, but the converse'is not true, so that this new

part'ia1 orderis stronger than the old one. Both orders have

the'ir uses. As has been seen, the first order can be used to

describe builds of W and'its quotients. The new order will be

used to differentiate between isomorph'ism types of quotients

which are of the form U . Vj for some U < l^l and j e I. We may

refer to th'is new order on S" as the LeueL oz'der.

A build of a quot'ient of l^l which does not v'iolate the level

order will be called a LeueL buiLd. 'i .e. Pr " P2 " " Pl(w)

is a level build if and only if i < i impl'ies that Pt is hìgher

than p; r ot" on the same level .
J

i

I

I

I

I
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EæøWLe

Intheblockwithe=11,ô=(1 10)(6 7 8 9),P(9)=E

and a = 2, (Example No. 3 of the Appendix), the NPIM

!{ - (o;o,o;4,L;0,1;0,3;1,1) has quotient

U - (0;0,0;4,1) e (1;1,0) for whl'ch

(0,0,0) . (10,0,0) . (1,0,0) . (10,1,0) . (10,0,1) o (1,1,0) " (10,2,0) o

(10,3,0)" (10,4,0)

is a level build, but

(0,0,0) . (10,0,0) . (10,1,0) . (10,2,0) . (10,3,0) " (10,4,0) o

(10,0,1) " (1,0,0) . (1,1,0)

is not a level build.

0f course, every quot'ient-module does possess at least one

level build.

Lentna 8.9: AnY two Points of S* of type j are at dj fferent

levels.

Pt,oo:L: Thi s fol I ows f rom Lemma 5 . 3.

Coro LLatnt 8.10:

E(W/on(W),W) has at most one po'int of type j for any i e I. ¡

Lernna B. 11 :

If U < W, and'if in E(U,l^l) there is more than one poìnt

of type j, then there are exactly two such poìnts.

Aoof:

By Lemma 4.9, if there were more than two, then P(j) = E or

A(i) = !. But then, by Lemma 8.8, only one of these points'is

in E(U,I,J). !
It was proved in Lemma 8.9 that if E(U,hl) contains two

points of type j, then one is at a higher level than the other.

If p,q e E(U,W), both being of type i, then we will say that

U . p is a highey eætensíon than U 'q if p 'iS on a higher level

than q. By Lemma 8.11 there are never more than two such non-
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Ísomorphic extensions, and we will denote the higher by [U " Vj]I

and the lower by [U " Vj]2.

Henceforth, a quot'ient U of a NPIM t'J will be cal'led "good"

if U is the unìque quotient module of ìts isomorph'ism type' i.e

if the coordinate of U describes exactly one module. hlhen th'is

happens, the coordinate of U may also be called "good". By

Theorem 8.6, good quotients correspond to good submodules.

In Lemma 8.11 it was shown that, even if U is good, if

there is more than one po'int in E(U't.l) of type i, then an

extension of the form U. V, maY have one of two coordinates'

and 'it is not yet clear whether either of these is good.

It w'i I I now be shown that exactly one of these two

coordìnates is good.

Lemna 8.12: If p,q are any two points in E(U'W) then

p e E(U "q, W).

tuoo:L: It is necessary to show that Sg" q.p'is an upper set'

Th'is'is true since Sr"O and tr.O ut. upper sets, and SUopoq

su.q"p' I
Lennta 8.13: If E(U,|IJ) contains two points of type i, then for

any extensìon of form U " Vj, E(U. Vj'IlJ) conta'ins exactly one

point of type i.
Proo:L: Let the two points of type j in t(U,W) be p1 and p2'

ldi thout I oss of general'ity, cons'ider E(U " p1,W). We see f rom

Lemma 8.12 that E(U " pr,tÁl) contains a point of type i, namely

pz. Suppose it also contains another point q of type i, makìng

at least three such points'in S*. Then P(i) = E or A(i) = E

by Lemma 4.9, and so, by Lemma 8.8 there is no u which is such

that E(U,l,l) contains two poìnts of i. E

.t

t

tþ-

I
l'

{

{
'I

I
I

I

i

J
hìl

tr
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Thus, even though U " V, is not well-defined up to isomorphism

if there is more than one poìnt in E(U,l^l) of type i, U " Vj " Vj

does have a unjquely determined coordinate type.

Lemna 8.14: If E(U,!.l) contajns two points p 1 and pz of type i,
not both U " p1 and U " pz can be good.

Py,oof: Consider U " pr " P2, If N is a module of type U'Pl o P2,

then N has at least two irreducible submodules of type V' say

o(V¡ ) and rp(Vj ) , where o and V are 'isomorph'isms .

Suppose N/o(Vr) - U o p1 ôhd t't¡,1(Vj) - U " p2 âhd suppose

that U . pr is good. But for any t e k, (o + t,¡)(V,) is

also a submodule of N 'isomorphic to Vr. Denote N/(o + tV)(Vj)

uy Mt.

Since M,, with t I 0, cannot be of type U o Pt, which is

good, it must be of the other isomorphism type U . Pz. It follows

that U . pz js not good. I
Lenma 8. 15 : Suppose U < tll, and that U has the property:

(

(L) .{ wfrenever p e SU and g . Sw - S, are of the same

I aro", then q 'is at a ]ower level than p.

Then U is good.

\pqf: The proof is by inductjon on the number of points'in SU.

If SU has one poìnt, it must be at level 0, the highest

level, and ìt is good by Theorem 1.1.

Suppose the hypothesis is true for upper sets with n po'ints.

Let SU be an upper set with n + 1 poìnts, and such that U has the

property (L).

It will first be shown that jf we extract from SU anY point

on jts lowest level, the remaining set of n points still has this

property.

Suppose S, has its lowest poìnts at level k, and let pO be
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a point of SU at this level . If there is a po'int p e S¡ - {RO}

which has the same type as a poìnt q in S* - (SU - {pk}) then

either Q e Sw - SU or I = Pk. If g t Sw - S¡ then q ìs at

lower level than p because Sg has the property'in questìon. If

g = pk, then q'is at lower level than p by the fact that k ìs

the lowest possible level for po'ints of S¡1, and no two points

with the same type can be at the same level. (Lemma 8'9)'

Therefore, SU - {P¡} has the required property, and by the

inductjve assumption, this upper set of n elements is good.

It is clear that pO e E(Sg - {Pt}' l,l) and that

(Su-{no})oPk=SU.

If there is no other point ìn E(S¡ - {RO} t,J) with the

same type as Pk, then Sg ìs good.

Suppose that there is another po'int q e E(SU - {RO}, W)

with the same type as pk. Now q must be at a lower level than

p¡, bV the hypothes'is concern j ng SU. Q, si nce i t i s i n

f(SU - {Pk}'t,l) has level k + 1.

If pk = (ìj,k,0) for some i, and q = (ih,k + 1,0) for

some h, then i I h, since both pO and q are 'in E(SU - {pk}' t,J)'

Then, e'ither k = 0, when S¡ is certainly good (being the direct

sum of heads of I,J), or (ij,k - 1'0) has the same type as

q' = (ih,k,0) r su.

If pk = (ij,0,s) and q = (ih,0,t), then agaìn' i I h.

Either s = 0, when Sr'is good, as above, or ('ir,0,s - 1)

has the same type as q'= (ih,0,t - 1). SU.

if pk = (ij,k,O) and q = (ih,0,s), then i I n and i f h - 1,

and, by Lemma 4.8, eitherk=0 ort =bh. Ifk=0, SU js good'

and if s = bn, (jj,k - 1,0) has the same type as q'= (jh-r,

uh-r,0) . SU.
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If pk = (jj,0,s) and q = (ih,k + 1,0), then i I h and

i lh+ 1, and, by Lemma4.8, eithers =0 ort = bj. Ifs =0,

SU is good, and if s = b' then (tj-r,aj-i,0) has the same

type as q' = (ih,k,0) r SU.

In all the above poss'ible cases, q' is a poìnt in 5g'

and the only other poìnt of the same type'is also in Sr.

Thus, SU - {q'} is such that there 'is no po'int in E(S - {q'},W)

of the same type as q' except q' 'itself , whence Sg = (SU - {q'})" q'

is good. !
Lenrna B.16 (converse of 8.15)

If U is good, then 'it has the property (l-).

Proof .:

Agaìn the proof is by inductjon on the number n of points

'in S¡ .

If n = 1, and Sg = {p}, then p ìs at level 0, and so any

other po'int of S* w'ith the same type ìs at a lower level.

Now suppose that any good quotient whose upper set has n

points has the required ProPertY.

Let Sg have n + 1 points, where U is good. Suppose p e Sg

and q { SU both have type i. If p Þ 9, then p is at a highr:r

level than q. It ìs 'impossible to have q Þ p and q 4 SU, since

S¡ 'is an upper set ìn S*.

It remaìns to consider the case'in which q and q are non-

comparable in the first order. In this case, P(i) I ! and ¡(i) I E

and p and q are the on'ly two points 'in S* of type i.
suppose q is at a h'igher level than p, and consider first

the case.in which p is a foot of sg. Then u/p is good, since u

is good and p is the unique foot of ìts type. u/p has n pojnts,

and thus, by the induct'ive hypothesìs, has the required property.

If q e E (U/p,W), then (Sg - {p}) " q has the requ'ired property'
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ancl is therefore good, by Lemma 8.15. But P e E (U/p,W) aìso,

and so E(U/p,hl) has two points of the same type, and both

extensìons are good. Thìs contrad'icts Lemma 8.14, and so

q + E(U/p,Ì^l). If q 'is not a foot of l¡1, then 'its predecessor

has the same type as a predecessor of p, but is at a h'igher

level. This is obvious if p is not a foot of W, and follows

from Lemma 4.10 if p is a foot of lrJ. If q is a foot of t,J, then

p'is not, and the single predecessor of p has the same type as

one of the predecessors of q, and the latter is at the higher

level , since q'is at a higher level than p. In any case, the

predecessor of p¡ ât the lower level, is a foot of U/p,

whereas the predecessor of q, at the higher level,'is not, and

this contradicts the known property of U/P.

Now cons'ider the case where p is not a foot of U. U

w'ill have a foot p' with typ. pt(i) or ôm(i) for some m > i.

If a point of this type occurs again ìn S*, then it is only once,

since P(i) I E and n(i) I E. If this point exists, call it q'.

We wìll show that q' 4 Su. p and q' are not comparable 'in

the first order, since if q'Þ p then q'Þ p' and if pÞ q'

then e'ither p is a head or q' and p' are comparabìe. But p is

not a head, being at a lower level than q, and P', Q'are not

comparable s'ince they have the same type and are in P(i) or 
^(i),

neither of whìch 'is exceptional . l,Je know that p and q are not

comparabìe, and if also g,Q' were not comparable, there would

be three points p,Q,g', all with types in either P(j) or ¡(i)'
and pai rwise non-comparabl e. Thi s woul d imply the exìstence of

three heads of lrJ in P(i) or n(i) respectiveìy, a contradiction to

Lemma 4.3 Thus q and q'must be comparabìe'in the first order.

q' and q determine a unique chain in the fìrst partiaì order on

s*, as do p'and p. If p',9'have type ot(i) (resp. ôm(i)), then
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all the po'ints jn both chains are in P(i) (resp. 
^(i)). 

If q'Þ q,

then the chain containing p and p'also contains a second point

p" of type pm(i) (resp ôm(i)) at a higher level than p, but,

since P(j) and ¡(i) are not except'ional, this is impossible.

SU T,
P

þ

av

?

Thus q I q' and so q'4 SU. It follows that U has a unique

foot p'of th'is type, whence U/p'is good, and so has the requ'ired

property. But u/p' contains the po'int p at a lower level than

g e Sw - SU7O,' a contradiction.

The conclusion is that q must after all have been at a

lower level than p, and so S, has the requ'ired property' I

CogoLLava g,I7 z

If u is a good quot'ient of a NPIM l/J, and there is a po'int of

type j in E(u,lil), then there is an extensìon of form u " vt which

ìs good. If there is more than one point of type i in E(u,tJ)

then [U . Vjl, is sood.

Uppf:

If u is good, then it has the property that if p e u and q { u

have the same type, then p is at a higher level than q (Lemma 8'16)'

If there is only one po'int p in E(U,W) of type i, then U o V, is

determ'ined up to isomorphism and S,, ,, still has thìs property'
u o uj

This is because, 'if there were another point q in t^l - U of type i '

it could not be a head of tJ (all heads of bl which are not heads of

U are in E(U,hl)), and so it has ! or 2 predecessors. If p and q
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each have one predecessor, then they both are of the same type,

and that of q is not in Sr. But then, since SU'is an upper set,
o+

the predecessor¡P, which is ìn S' is at a higher level than the

predecessor of q, and it immediately follows that p is at a

hìgher level than q. If p or q has two predecessors, the

argument is more comp'licated, and uses Lemma 4.10. Suppose q

has two predecessors, and suppose the one predecessor of p ìs

(iO,r,0). Suppose the predecessor (in,t,0) of q 'is of the same

type" It may or may not be in U. If (iu,s,0) + U, then r < s

s'ince U is good, whence P, at level r + 1,'is at a higher level

than q, whose level is > s + 1. If (is,s,0) e U, then if k < r,,

r < s by Lemma 4.10 and this aga'il,::.t.t that p is at a hisher

level than q. If g < k, then 6 '''(is+r) = i¡' indícating that

the po'int q ì s of the same type as (i 
k '0,0) a contradi cti on.

The case in which p has two predecessors and q one is treated

simi I ar'ly.

Finally,'if there'is more than one point in E(U'hl) of type

i, then there are exactìy two such points. 0f [U'VjJ, and

[U. VjJr, only the former has the property that if p e tr. U,

and q { SU. V. are of the same type, than p is at a higher
J

level than q, and so [U . Vj1, is good. I

Lentna B.I8

If U ìs good, and E(U,t^l) contains two points of type i' then

U"V V ìs good.
J J

[U. Vj]l is good, and by Lemma 8.13rE([U'Vj]t'l,J) contains

V i s good. Buta unique poìnt of type i, and so [U. V
J J

o

1

U " Vj " Vj is determìned up to isomorphism, and so U " Vr'Vr'is

Igood.
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Lenrna 8.I9

If U ìs good, and E(U,hJ) contains two points of type i'
then [U . V.] 'is not good.

J2

Pt oof:

tU " Vrl does not have property (L). E
J2

SUMMARY If W has repeated composit'ion factors, then either

(1) any pair of poìnts of S" with the same type is ordered

according to the first partìal order on Suu.

or (2) there exists a pair of po'ints which is not comparable

under this order.

In the first case, W'is such that every one of its
quotients (and submodules) is good.

In the second case, there will be quot'ients and submodules

which are not good. Suppose the paìrs of poìnts of S* with the

same type which are not comparable in the first order are

(pr, qr), (pz, qz), (ps,9s), " ' where p., js h'igher than q't in

the level order, i = I,2, ... Then, if the set Su is such that

whenever q., is present for some i, Pi is also present' U w'ill

be good, and otherwise, not good.

It is clear that case (2) only occurs if there js a head of

W with an exceptional vertex, and jn fact, only ìf W has two heads

which share a vertex 'in the Brauer tree.

l,Je can illustrate the structure of a NPIM W by a lattice

diagram in which the points represent the coord'inates of the

quotients (equ'ivalently, submodules) of W, and the connecting

'l'ine segments represent simple modules. This is what Peacock

did for projective 'indecomposables in [9], though of course the

po'ints in h'is d'iagrams represent actual modules, whereas in the

nonprojective case this will only be so for "good" quotients.

In practice, it will usual]y be impossible to actually draw
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the latt'ice for a NPIM because of the number of dimensions

requìred. Some of the simpler examples are 'illustrated below

Points marked o represent quotients which are not good.

All other points represent good quotients.

EæønpLe L:

I{- (4;0,2,0,3)'in theblockwithe = 5, $ = (1 2 3 4) and

P(4) = ! (see Appendix, No. 4)

o

l+

(r i o,o)
(r.;oro)

(r;o,t)

(ç¡ orr)
(l;o,z)

L

(r* i o, Z)

(n;o,r)@ (r;o,o)

(4;0,0) i s
consi sts of
q = (4,0,1)
fi rst order
i s good and

(a ¡o,r)@(t ',", r)

(a;o,z)O( t¡qa)

whi ch both have type
, but such that p 'is o
U . g is not good..

(+;oroio,t)

(a;or,io,3)

t^/

E (U,!,l )
0) and
which are not comparabìe 'in the
evel 0 and q of 1evel 1. Then U . P

l+

good, and if U - (4;0,-the 
two points p = (1

o),
,0,
1,
fl

U . p o q = U " g o p - (4;0,1) * (1;0,0) and this'is good.
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EæønpLe 2

t^l-(2;2,2,i0,1)intheblockwithe=11,ô=(1 10)(2 3 5)(6 I 9)

and P(2) = E (See Appendìx, No. 1)

G lo

z

3

5

lo 2-w

Eæø¡rpLe 3

I,J - (10;2,0;1,1) 'in the same block.

o
lo

o
L

lo
G

z

I
i

t

I

o

5
L

3

5

I

5

G

Note that in this examPle,
aìl quotients are good,
even though the heads
share a 

^-vertex.

o
t^/

lo

(.
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APPENDIX : Examples

Thi s appendi x l'ist some exampì e of bl ocks wi th cycì i c

defect group.

If G is a Mathieu group, in which a Sylow p-subgroup of

G has order p, then the principal p-block of kG has cyclic

defect group of order p. The Brauer trees of all such blocks

are given by James in t6l and further analysed by Peacock in t8l.

If we denote the single element of ¡(1) by 0 e I (where 1

corresponds to the 1-djmensional trivial 0G -character), we can

calculate the permutation ô on the elements of I from a "walk

around the Brauer tree", as described by Green ìn t5l. Peacock

in t8l also calculates the Brauer trees corresponding to the

principa'l p-blocks of the symmetrjc groups SO and the alternat'ing

groups AO.

1. Mz 3, the pri nc'ipa1 23-bl ock

?

5

lo

EPTA
A

I

10)(2 3 s)(6
r)(2 6 10) (4

3

A?A
+

2

Io

PA
E

G

?A

P

p=
q=
e=
a=
P(2)

23
23
11
2

g = (l
p=(o

=f

89
5)(7 8)



9b.

2. A13, the pri nci pa'l 13-bl ock

o I 5 L + ^E5.t

AA P P A P A

p
q

e
a
A

=13
= 1.3 (1

(o

5)(2
1) (2

4)

s) (3 4)=$
=l

(3) = |

ô

p

3. þ122, the princìpal 23-block

A

A

lo
A

10)(6 7 8 e)

1)(2 3 4 5 6 10)

A A

A ?
7

IPPA

l

o l I

E

P

p=
q=
g=
ct-
P(e)

23
23
11

P

ô

p
E

= (1
=(0

4. Mrr, the princiPal 11-block

P A

11
11

P

3o

E

2

P

(1 2 3 4)

(0 1)

,i
I

.l

f

P
A

p=
q=
e=
cl-
P (4)

5
2
=f ô

p

,t
I
I

JI

Àt

I
i

t't

rl

ri

i
1,

!

I

I'I

¡{

h
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5. M2a, the princ'ipa'l 11-block

P

7

11
11
10

1

Á
o 2

ÁA

8

APA

4o

APA

3 A
?

A

p=
q=
e=
cl-

6. 1422, ù12s, the pri nci pal 11-bl ock

= (1 e)(6 8)

= (0 1)(2 3 4 5 6 e)(7 8)

A

= (1 4)

= (0 t)(z 3 4)

ô

p

E

3

P

A

ô

P
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