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SUMMARY The aim of this thesis is to give a detailed description of
the nonprojective indecomposable modules in a block with cyclic
defect group.

Let G be a finite group and k an algebraically closed field of
finite characteristic p. Let B be a kG-block which has a cyclic
defect group of order q = pd with d = 1.

In 1941, Brauer [ 1 ] showed that when d = 1 the decomposition
matrix of B is determined by a certain positive integer e which
divides p - 1, and a tree with e edges. 1In 1966, Dade [ 2 ]
extended Brauer's results to the case d > 1, using character theory.
Peacock, using purely modular techniques, has investigated the
indecomposables in such a block. In [ 9 ], he describes the complete
submodule lattice of the projective indecomposables, and in [ 10]
he introduces a system of coordinates to describe the nonprojective
indecomposables up to isomorphism.

The main theorem of [10 ] gives, among other results, the
following information about a nonprojective indecomposable module
W in B which can be obtained from its coordinate:

(1) jts composition length 2(W)

(ii)  its "head", W/o(W)

(iii) its "foot", (W)

(iv) a complete list of the composition factors of W.

This thesis firstly uses Peacock's coordinate system and
results to describe all the quotient modules and submodules of W
up to isomorphism. This involves generalisation of several of
Peacock's theorems as well as techniques connected with the Brauer
tree of B.

Peacock found that for a projective indecomposable, no two

distinct quotients are isomorphic, but this is not necessarily so



in the nonprojective case. I will use terminology associated
with the Brauer tree of B 1in which to express a criterion for
determining which non-projective indecomposables have more than
one quotient of the same isomorphism type. It will be seen that
it is still possible to give quite a detailed description of the

submodule lattice in this case.
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CHAPTER 1: QUOTIENT MODULES

Throughout the thesis, G will be a finite group and k an
algebraically closed field of finite characteristic p. All
modules will be finitely generated right kG-modules.

Let B be a kG-block with cyclic defect group D of order

= pd. Let Dd_1 be the unique subgroup of D of order p,

Nal
|

H = Ng(Dy_,) and € = Ca(Dy_ ).
G

Let B be the unique kH-block of defect group D with B™ = B,

and let b be any kC-block of defect group D with bG = B. EC

will denote the stabiliser in H of b; e = e(G,B) = |EC : C|
and e divides p - 1.([ 2 1)

Suppose Dd-1 = <u>, For each h ¢ H define an integer z(h),

z(h).

which is unique mod p, so that h™luh = u Also, if 1, denotes

the identity element in k, set w(h) = z(h)lk, which defines the

"natural" linear representation m of H over k. For each i e z Tet ni

i

be a kH-module affording the linear representation m and set

si =S ® ni where S is a fixed simple kH-module in B.

Then Peacock in [ 9 ] shows that S, ... S _, is a full set

of simple modules in B, with S ~ Si for each i ¢ Z. The

ite
projective indecomposable modules are denoted To’ . Te_1 so that

the unique composition series of each Ti has the shape:

T, . LS SRR i*ge1, 0
;
Note that Si+q—1 ¥ S; since g - 1 =0 mod e, and that T, = T,

for each i e Z.
The quotient modules of the Ti are labelled Tia’ i=0,1, ... e-1,
a =1, ... g, where the unique composition series of each Tia has the

shape -



The Tia form a full set of indecomposable kH-modules.

The above situation is described by saying that B is
special (q,e) - uniserial with respect to Dd-l'

We will make considerable use of a simple case of the Green
correspondence f, in which fW is a projective-free kH-module in
B if and only if W is a projective-free kG-module in B. This
correspondence will be discussed in more detail in Chapter 6.

If U is any module, &(u) will denote its Frattini submodule
and £(u) its socle, or foot.

It has been proved by Green [ 5 ] and by Peacock [ 9 ] that
B contains (up to isomorphism) exactly e simple kG-modules, which

can be labelled V , ... Ve-1 so that for all 0 < j < e - 1,

fV,/0(FV;) = S5

and that there exists a permutation § of I={0,1, ... e

1} so
that for all1 0 < j<e -1,

Z(fv‘]) = 56—1 (J).

il
[e2]
!
—
—
[
~—
+
—

Let p be another permutation on I defined by p(J)
(mod e).

Following Peacock [ 10], we make the
Definition:
(a) Form=1,a= (a;, ... am) and b = (b, ... bm) will denote

m-vectors over Z.



(b) A coordinate is a triple ¢ = (isa,b) = (i;al,bl; ees 5 @b )

for any i ¢ I, a, b.

(c) For a fixed coordinate ¢ = (isa,b), define
'il-_-'l
-b ay+l
t+ t .
Ty, = 8 Lo (1t) , 1l stsm
m

and set the length of c, 4(c) =m + Z (a, + bt)'
(d) AkG-module U is said to be n—headedt;% its head U/o(U)
is a direct sum of n simple kG-modules, and n-footed if its
foot z(u) is a direct sum of n simple kG-modules.
The main theorem of [10] gives the following description
of the non-projective indecomposable modules (NPIM's) in a block

B with cyclic defect group:

THEOREM 1.1 There exist positive integers r(i), s(i) where

0<ise-1sothat if we set 6 =0 G where
G, = {c= (isagsbys vue 3 am,bm) :0<sic<ce-1
0 <ay < r(it)‘-z * S

for all 1 <t < m}
then
(a) There is a 1 - 1 correspondence between G and a full set I of
NPIM's in B. (We will write W~ c ifW e T andceG correspond. )
b) |I] = |6] = (q - 1)e and hence B contains (up to isomorphism)
exactly ge indecomposable kG-modules.
(c) The composition length of W, &(w) = &(c).
(d) W/o(W) 2 V. & ...@e V. .

11 'Im

(€) If W# (i50,0) = (W) = Vibyry @ Vbo(g y @ o Vabm(im) ® vpam(im)



except that the first summand is omitted if b; = 0 and the last

summand is omitted if a, = 0. If W~ (i;0,0), = (W)

(f) The head and foot of W are multiplicity-free,

= V..
i

Also, if W

is m-headed and m'-footed, thenm+ 1 >m' 2 m - 1 and

m,m' < q/2.

(g) Set a% = r(it) - - 2, b% = s(it) -b

-8

t1

for all

1 <t <m and define a new coordinate Qc as follows:
m

¢ a +1
(e 7 (ip)sam.05ay . sbps ..o 5 a1,bj30,b1)
if CHES r(im) -2, by <s(i1) -2
b +§
m m 3 t . . ) 1. i
(6 1(1m);am_1’bm’ T 1] al,bz,o,bl)
ot ifa = r(1m) - 1,b; < s(i;) - 2
ac=4 (o 7 (i )sap,0sa 1,bls ... 5 aj + 1,by)

i)sa' ,b's ... 3 aj + 1,bj)

m m

L (150,0) if ¢ = (i5r(i) - 1,s(i) - 1).

if a, < r(im) - 2,b; =

ifa =r(i) - 1,b;

!
(%2}
—
—ts
—
~—
}
—

=s(i;) - 1,m=>2

Then @C ¢ G and if aW is the module defined later in this

chapter,

W~ Qc.

(h) Let 0, ¢ I be such that 0, ~ (1't;at,bt -

t t
for all 1 <t <m. Then if

denotes an indecomposable extension of 0t ® Ot

1+

t1)

+1

EG]_

by V

b 3
5 t+1(1t+1)s



Y Fe

W can be described by a graph

0, 0, 0 0 "

—— e S 4 B E O

(i) A complete set of composition factors of W has the form

Jrsoy . . i _ .
{Vp (1t) t0<jsa, lsts m} U {V63(1 :1<jz<b

t) B
1 <tsm} :
It will sometimes be convenient to draw attention to the
heads Vil’ o & Vim of W and write its coordinate as
(115 o ip3a1sbys nn s am,bm).
Lemma 1.2 If W is an indecomposable kG-module, then
(i) Any proper quotient-module of W is non-projective.
(ii) Any proper submodule of W is non-projective.
Proof: Let 0 - A > WU~ 0 be a short exact sequence of kG-modules. %
If U were projective then W would split, contradicting its indecomposability.
If A were projective, then, being a kG-module, it would also be

injective, and again W would split. 0

Corollary 1.3 1f W is an indecomposable kG-module then

(i) Any proper quotient-module of W is projective-free.
(ii) Any proper submodule of W is projective free.
Proof: If a quotient-module U had a projective summand U, then U
would also be isomorphic to a quotient-module of w.‘ If a submodule
A of W had a projective summand A;, then A; would also be isomorphic
to a submodule of W. 0

It follows that any proper quotient-module or submodule of a
module in B can be described up to isomorphism using the coordinates
of Theorem 1.1. If a module is decomposable, then its summands are

unique up to isomorphism and rearrangement, by the Krul1-Schmidt theorem.



Thus any module which is a quotient-module or submodule of the
NPIM W can be described up to isomorphism by a "direct sum of
coordinates."

IfUzx Upe ...e U with each U, nonprojective indecomposable
and Ui ~ Cis We write U~ ¢y, @ ... ® Sy and this sum is uniquely
determined to within rearrangement of the summands.

The first aim of this thesis will be to give a complete list
of the coordinates of all quotient-modules of a NPIM, i.e. to
identify all the isomorphism classes into which such modules fall.

If U and V are modules, U o V will denote any extension of
U by V, so that there exists an exact sequence 0 -~V - U o V - U = 0.

In all that follows, unless otherwise stated, W will be a
NPIM with coordinate c(W) = (isa;,bys ... 3 am,bm).

The following theorem and corollary of Peacock are vital.

THEOREM 1.4 let U=U; e ... @ Un e B be projective-free, with

each Uv being indecomposable. Then for each j, 0 < j <e - 1:

(a) IfU=1U; ~ (isa;sbys ouv 3 am,bm) e G, there exists (up to
isomorphism) at most one nonprojective indecomposable extension

U o Vj. There is anbfifension of type (i;a;, by + 15 ... 3 am,bm)

if and only if j = ¢ (i7) and (i; a;, by + 15 ... am,bm) e G»

and an extension of type (isa;, bys ... 3 a, + 1,bm) if and only

if j = pam+l('im) and (1321, by3 ... 5 a + 1,b ) € G . These
are the only extensions.
(b) IfU=U;® U, with U ~ (i,a;,bys «.. 3 am,bm) e G, and

Uy ~ (h3cy,dys ove s Ck’dk) e G, there exists (up to isomorphism)

at most one nonprojective indecomposable extension U o Vj. There

is an extension of type (hscy,dys ... 3 ck,dk;al,bl & IR L B am,bm)
if and only if j = 6 (11) = 0 (hk) and

(hscisdis ... 3 cpsdys @by + 15 oo 5 ap.b.) e Gyys and an



extension of type (isa;,bys ... 3a_,b scy,d; + 15 ... 5 Cp»
ype ( e S P Ci»dy + 1 ¢y »dy)

if and only if j =06  (h;) =p " (i) and

(i5a1.by3 v 5 @pubpscydy + 15 oo s ck,dk) e G+ These

are the only extensions.
(c) If n > 3 there are no indecomposable extensions.
Proof: See Theorem 5.7 of [ 10]. O

COROLLARY 1.5

(a) If Uy ~ (isapsby =15 ... 3 am,bm), where by > 0, then there

exists an extension of the form U; o Vsbl(il) = W.

(b) If U, ~ (isa1.bys «ov s an - 1,bm), where a > 0, then there
a
exists an extension of the form U, oVp m(1'm) ~ W,
(c) If Uyy ~ (isa15D15 «vv 3 at—1’bt—1) and Ut2 ~ (1t;at,bt - 1; wan 5 am,bm),

where m = 2 and 2 < t < m, then there exists an extension of the

form (U,, ® U

t1 v

= W
bty 4 5
é

(i)

ta) °
Proof: This is Lemma 7.1(a) of [10]. O
A projective presentation of a module W is a short exact sequence
0->A-+W >W->0with W projective. Such a sequence is called
a minimal projective presentation of W if W' is minimal among all
projective presentations of W. A minimal projective presentation
exists for all kG-modules W, and we write oW for the corresponding
"kernel". Hence, any minimal projective presentation of W yields
an exact sequence 0 » oW -+ W' > W » 0. oW is unique up to isomorphism
by Schanuel's lemma [7 ], and is the module referred to in 1.1(g)
of this thesis.
The coordinates of NPIM's will be ordered as follows:
C; < Cp, means: For any modules U; ~ ¢y and Uy ~ ¢p,
U; is isomorphic to a quotient-module of U, i.e.

there exists a submodule A of U, such that U,

ne

U,/A.

Equivalently, c; < c, means that there exists an extension of



the form U; o A =~ Uy, for some module A.

This order can be extended in the obvious way to the coordinates
of all projective-free modules, since these are just the formal sums
of coordinates of NPIM's.

It is easy to see that < is a partial order on the isomorphism
classes of projective-free modules.

We will sometimes write c(U;) < c(Uy), which is self-explanatory,
or even just U; < Uy, bearing in mind that this will mean only that U,
has a quotient-module Zsomorphic to U;.

The previous corollary tells us that
(a) (i; a1sby = 13 «vv 3 apub ) < (W) if by > 0
(b) (isap,bys ... 5 @y - 1,bm) < c(W) if a >0
(c) (isapsbys ovv s at—l’bt—l) o (igsasby - 15 von s a sb.) < c(W)

ifm=22and 2 <t<sm,

and we also deduce from (c) that

(isa;sbys «vv 3 at-1’bt-1) < c(W)
and (it;at,bt -1; ... am,bm) < ¢(W) under the same conditions.

Lemma 1.6 If U ~ (1k;ak,p;ak+1,bk+1; — q,bj)

IA

b

IA

where 0 < p -1+

k

3j

j<m

k1

IA

0 <q
1 <k

1A

then U < W.

Proof: By repeated applications of Corollary 1.5,

IA

(ik;ak,p; R aj,bj)

(isaysbys «vv 3 ak-l’bk—l) ® (1k;ak,bk- 1+
le; ) ; aj,bj)
(omitting the first summand if k = 1)

(i3a15b13 <o 5 agsby)

(1) 38 P38 413Dy 4q5 <ov 3 Gsby)

IA

IA

IN

A

(i3a15D15 -.. 5 aj5by) @ (14325010540 ~ 15

. am,bm)
(omitting the second summand if j = m)
< cl{W). a



m

Lemma 1.7 Let W be any module. If W Uy >0 and W £ Uy + 0

are two epimorphisms such that ker m; *+ ker mp = W then there
exists an epimorphism W > Uy © U, » 0.

Proof: Consider the map m : W > Uy @ U, where n(w) = (m1(w), mp(w)).
Since ker my + ker m, = W we have mi(ker mp) = Uy and wy(ker ;) = U,.
Hence, given u; e U; and u, e U, we can choose w; ¢ ker m; and

wy e ker my such that u; = my(wp) and up = my(w;) and so

(ugsup) = n(a@g + wy). d

Corollary 1.8 Let W be a NPIM. If U; < W and U, < W have no isomorphic

summands in their heads, then Uy ® U, < W.

Proof: If W il Uy >0 and W :2 U, > 0 and ker m, + ker mp # W then

there exists a maximal submodule M of W such that ker =; + ker mp C M C W
and 0 M > W & Vj -+ 0 is short exact for some j € I. Define 6; : U} » Vj
so that 6;m; = 6. This is well defined, since if for u ¢ U;,

u=my(w) = m(w'), then & - o' e ker m1 € M and so 8(w) = 68(w'). 8

'ﬂ'l . . . . . . .
W Uy +0 is an epimorphism since ¢ is. Similarly,
e\/ & we get V; as an epimorphic image of U,, which
v ée contradicts the nypothesis. 0O
|
0

Thus we have established:
Lemma 1.9 There are quotient-modules of W with each of the

following coordinates:

n
g ) (i; sa; P 335 4pobs 3ees 3 Q sb
o H ) 1° +12 ] ’
PR IR S (A J, u ku)

boTu
. <b. -1+6_.
where 0 < pu < bJ 1 613
H U
0 < Qﬁ < aku
and 1 = J; <k < Jp £kp < <j <k =m
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Proof: This follows immediately from Corollary 1.8, Lemma 1.6 and
(f) of Theorem 1.1. 0

Unfortunately, it is not clear that coordinates other than
these may not also describe quotient-modules of W.

The problem arises since, although we have in Theorem 1.4 a
complete description of the indecomposable extensions of a
projective-free module, we cannot be sure about the form of the
decomposable extensions.

Equivalently, corollary 1.5 gives us the coordinate of each
quotient-module of the NPIM W of length 2(W) - 1, since the
existence of only one module of any type Vj in the foot of W makes
W/Vj completely well-defined. In calculating quotient-module
types of shorter length we may run into trouble, as in the following
example, if we have to deal with modules having more than one
simple submodule of the same isomorphism type.

Bxample If W~ (4;0,0;2,2;0,2) in a block with q = 23, e= 11,

§ =(110)(2 35)(6 89) and p = (0 1)(2 6 10)(4 5)(7 8) (see
Example 1 in the Appendix) then the quotient-modules of Tlength 8
are of types (4;0,0) ® (2;2,1;0,2) and (4;0,0;2,2) © (3;0,1) by
Corollary 1.5. The first type has feet of types V,, V3 and V, with
no multiplicity, and hence we can find some quotient-modules of
length 7, namely (2:2,1;0,2), (4;0,0) ¢ (2;2,0;0,2) and (4;0,0)

® (2;2,1) ® (3;0,1). However, each of the summands of a module of
type (4;0,0;2,2) ® (3:;0,1) has a foot of type V5. With regard to
forming a quotient by a module of type Vg5, there are two obvious
possibilities in (4:;0,0) ® (2;2,1) ® (3;0,1) and (4:;0,0;2,2) e (3;0,0),
but can we be sure that there are no other possibilities, such as
(4;0,030,1) ® (2;2,1)? More theory must be developed before we can

answer this.
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Another question to be considered is the number of quotient

modules of W of each isomorphism type. The quotients of length

2(W) - 1 are the unique quotients of their isomorphism type, by

(f) of 1.1, but this is clearly not necessarily so for shorter
quotients.
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CHAPTER 2: THE BRAUER TREE

THEOREM 2.1 (Dade, see [ 2 1) B contains exactly e + (H_é_l)
ordinary simple characters, which fall into two classes:
e "non-exceptional" characters X1 (0 <i<e-1) and 9—i§¥L
"exceptional" characters XA (» 6§ A, anindexset containing g—éQL
elements).

The XA are all equal on p-regular elements, and we set

X = ) Xy Xg s called the exceptional character. Moreover,
Aeh

if 2, is the modular character of wi, a projective indecomposable
(0 <i<e- 1), then there exists a unique pair of distinct elements
j(1), i(2) € {0,1, ... e - 1, e} for each i e I, such that
2, = X;(l) + X;(z)' (X° denotes X restricted to the p-regular
elements.)

Hence we can construct a graph with e edges labelled 0,1, ... e -1
and representing the wi, and e + 1 vertices, representing the Xi'
This graph is actually a tree, (see [ 2 ]), and it is called the
Brauer tree. The vertex of the Brauer tree corresponding to Xe is

called the exceptional vertex, and is denoted E.

Definition (a) For each i e I, let r = r(i), s = s(i) be the
smallest positive integers satisfying
1 i
o(fV /) =2 g, 2(fV. i sy) - sq <0
j=o P (1) j=o J (1)

(These are the numbers referred to in Theorem 1.1.)
(1) : J e N}

) 1§ e Ny

(b) For each i ¢ I, define P(i)

and a(1)
It can be shown that each vertex in the Brauer tree can be
uniquely labelled by a set P(i) or A(i) so that the edge j meets the
vertex P(i) if and only if j e P(i), and the edge j meets the vertex a(i)

if and only if j e a(i). Hence each vertex may be
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labelled either P or A, and each edge joins a P-vertex to a
A-vertexX.

Denote by |P(i)| the order of the vertex P(i) and by |a(i)]
the order of the vertex a(i).

Then, it has been proved by Peacock [ 11, main theorem]

that

alP(i)] if P(i) = E

|P(i)| otherwise

a [a(1)] if (i) = E

|a(i)| otherwise

where a = g—é—l is an integer.
It follows that pr(i)(i) = i and 65(1)(1) =i for any i e I.

For examples of Brauer trees, see the Appendix.
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CHAPTER 3. SUBMODULES

Since every quotient-module of W has heads in common with W,
the coordinates introduced by Peacock and used in the previous
chapter are particularly well-suited to describing the quotient-
modules of W. However, they are not at all convenient when one
wishes to describe its submodules, and since what submodules of
W have in common with W is feet, we will introduce a second
coordinate system which makes it easier to picture W "from the
bottom up" rather than "from the top down".

Peacock's coordinates will be called projective coordinates and those in
the new system will be called injective coordinates. Every nonprojective module
can be described up to isomorphism either by its projective or its injective co-
ordinate, and given-either coordinate we can calculate the other.

Clearly, it would have been possible to work entirely in
one coordinate system, but as explained above, there are some
situations in which one system is more natural than the other,
and hence more efficient.

Definition If a NPIM W has projective coordinate

(i;a;.,by3 ... 3 a_,b_ ) then its injective coordinate will be
1501 m?*°m

coa
my . }
(o "(i)sa, = 1,05a;  bos ... 5 a1,bp30,by) if a #0, by #0
b
m 3 L . - . 4 F3
(6 "(i )53, sbys -++ 5 a1,bp30,by) if a = 0.by # 0
8, i
(o (1m);am = l,O;am_l,bm; ce. 3 @y t+ 1,by) if a. # 0,b; =0
b
My . . _
(6 (1m);am_1,bm; ... 3 a; +1,by) if a. =by =0m>1
(i150,0) if a; = by =0, m=1

.

b..)

Where necessary to prevent confusion,W ~ (isaj;,bys ... 3 CHRLL proj

will indicate that the module W is being described by its projective

coordinate, and W ~ (h;cy,dys ... cn,d ) that W is being described

n’inj
by its injective coordinate.

_ Do,
ot ="



1b.

The following results are easy to check:
THEOREM 3.1 (a) The set of all injective coordinates of NPIM's
in a block is the same as the set G of all projective

coordinates of these modules.

If W~d= (h;cy,dys ... 3 Cn’dn)inj’ then
n
(b) a(W) =n+ } (c;*dy)
i=1
(¢) s(W) =V, e ,,.eV where h; =h
hy ‘h
n d -C,.-1
h,, =& % ' (h,)
t+1 P t

(d) If W # (i;0,0),

W/o(W) ~ V. - dy i - :
= 6§ (hl) & V6 dz(hz) e ,,, 9V dn & Vp Cn

8
(h,) (h,)

except that the first summand is omitted if d; = 0 and

the last summand is omitted if , = 0.

If W~ (130,0), W/o(W) = V,.
(e) A complete set of composition factors of W has the form

{Vp-j(ht): 0<J = Ct’l <ts<n}rv {Vé—j(ht) 1<j< dt’ 1<t
(f) If W~ (i5a;5by5 ... am’bm)proj

then oW ~ (isaj,bis .. 3 am’bm)inj

where a% = r(it) - Ay - 2+ 84*

and bt = s(it) - bt - 84y

In (f) we see an illustration of the simplification that comes
through using injective coordinates to describe submodules of modules

with known feet.

A

* Note that this is slightly different from the a; defined in 1.1(q).
t



16.

We wish to prove a result dual to Theorem 1.4. First it is
necessary to consider the contragredient module of a given
module.

Let M be a kG-module. The contragredient module M* of M is
the kG-module in which the underlying vector space is the dual
space Homk(M,k) of M, and with the module operation given by
m(yg) = m(g ly) = (mg" 1)y for allme M, g e G, y ¢ M, and
extended to all kG by linearity.

M » M* is a contravariant exact functor on the category
of kG-modules, whence 0 -V - W -~ U »~ 0 is a short exact sequence
of kG-modules if and only if 0 » U* > W* > V* » 0 is a short exact
sequence of kG-modules.

The following results are well-known, and will not be proved
here.

Lerma 3.2 If U is a kG-module, then
(a

) (Ux)* = U
(b) U is irreducible if and only if U* is irreducible.
)

(@]

U is indecomposable if and only if U* is indecomposable.

d) (Up e Uy)* =~ Uy* e Uy*

(e) =2(U) = 2(U*)
(f) z(u*) = (U/e(U))*

Define the relation r on the set of all nonprojective in-
decomposable kG-modules by writing U r V if and only if there
exist nonprojective indecomposable kG-modules U = U;,U,, ... Um =Y
(for some m > 1) such that for each i = 1, ... m - 1 the modules
Ui and U1.+1 have at least one irreducible constituent in common.
Then clearly r is an equivalence relation, and it is well-known
(e.g. [12])that the equivalence classes correspond to the blocks

of kG-modules.
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_Lemma 3.3 If V is an irreducible constituent of U, then V*
is an irreducible constituent of U*.
Proof: 1f V is an irreducible constituent of U, there exists
a quotient of U, say U', and a short exact sequence
0-+V-+U"->U"Y/V >0, whence a short exact sequence
0 > (U'/V)* > (U')* -~ V* >0, IfV is irreducible, then V* is
irreducible, by Lemma 3.2, and so V* is an irreducible constituent
of (U')*. Since U' is a quotient of U, (U')* is a submodule of
U*, and so V* is an irreducible constituent of U*.
It is now clear that if U r V in B, then U* r V* in B*,
and so the set Bx = {U* : U e B} is also a block, and with the
same number e of non-isomorphic irreducibles as B. B and B*
will have the same defect group D, since an indecomposable U is
D-projective if and only if its dual U* is D-projective.
Denote a full set of irreducibles in B* by Vé, . Vé_l.
For each i ¢ I, Vi* = V& for some j which we will now determine.
Define SO' = SO* where S0 is the kH-module defined in

Chapter 1, and for each i ¢ Z, let S.' =S @l

;
Now S.* (SO @ )*

-
*

SO @

=S.
-1

For each i ¢ I, fVi* = (fVi)* is a uniserial module with

head S*a'l(i)’ or S'_ , and foot S.*, or S'_,

§-1(4) T

It follows that Vi* = V' Y ), and if we denote by §' the
§™(1
permutation in B* corresponding to & in B, it also follows that

It is easy to prove that &' is a permutation on I with the
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same number of n-cycles as § for n =1,2,3, ... . In fact, for
any n, i is in an n-cyle of &' if and only if e - i is in an n-cycle
of §-1, and hence of §. Also, if p'(j) = (&8')"1(j) + 1 (mod e),
then p' is a permutation on I with the same number of n-cycles as
p, since i + 1(mod e) is in an n-cycle of p' if and only if e - i
is in an n-cycle of p. It follows that the Brauer trees of B
and B* have the same shape. [See Chapter 2].

The integers r(i) and s(i) are defined in Chapter 2. Since
gfvi = Rfvi*, it follows that r(i) in B is equal to r(- & 1(i))
in B* and that s(i) in B is equal to s( - § 1(i)) in B*, so
that if the exceptional vertex for B is P(i) or a(i) then the
exceptional vertex for B* is P(- § 1(i)) or a(- & 1(i))
respectively.

Given the permutation & for ablock B and the numbers r(i)
and s(i) for each i ¢ I, we can assign a coordinate to a NPIM W
if we know its heads and feet up to isomorphism, and its length.
Example  Suppose e = 11, 6 = (1 10)(2 3 5)(6 8 9), whence
o= (01)(2 6 10)(4 5)(7 8) and suppose r(2) = 6, (See Example 1
in the Appendix). Suppose W has head V0 e Vo, foot V; e V,
and Tength 4. &%(0) = 0¥ (10) has no solution, but §%(10) = oY(0) = 1

if x = 1,3,5, ... andy = 1,3,5, ... . Thus i; = 0 with a; = 0,2,4, ...
and i, = 10 with by, = 1,3,5, ... . However, r(0) = 2 whence
a; = 0, and s(10)= 2 whence b, = 1. Also, s(0) = 1 whence b; = 0.
We have accounted for the three factors Vil’ V1.2 and Vabz(iz) = Vy.
The fourth factor must be Vpa2(1 ) T V,, whence a, = 1 and so
2

W~ (O’IO;O’O;I’I)proj'

If the head and foot were as given above, but 2(W) = 7, then

similar reasoning would show that W ~ (0’10;0’0;4’1)proj'
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Now, if W ~ (isay,by5 «.. 3 am,b ) then W* has feet

m’'proj’

V$ s e V? , and heads V¥ V*ab . V¥

" 1(5y), izl T i),
m

v¥ a (omitting the first and/or last terms if b; = 0 and/or

a, = 0), by 1.1 and 3.2. Also, &(W*) = 2(W) and W* itself is a
NPIM by 3.2. It follows that its injective coordinate is

Al 1Y i . * -
(8'(- 1)sa1,bys ..o 3 apuby).  (Note that VI = Vg 4y ) By

Theorem 1.4, given j ¢ I, there is, up to isomorphism, a unique
NPI extension U* o Vg with coordinate (s8'(- i)say, by + 15 ... 3

i . . 5
am’bm)proj’ provided that this is a NPI coordinate for B* and

provided

s' (- 3) = (61D e (- 1)
'bl-l
i.e. j=2¢s (i)

There is a short exact sequence 0 - V; » U* o V§ -+ U* > 0
if and only if there is a short exact sequence
0+U~> (Ux o VF )* »—Vj ~ 0 i.e. an extension of the form Vj o U.
Thus there is (up to isomorphism) a unique NPI extension Vj o U with
injective coordinate (isa;,b; + 15 ... 3 am,bm) provided this is
a NPI coordinate for B and provided j = G'bl'l(i). This proves the
first part of the following theorem, and the remaining parts also
follow directly from Theorem 1.4 in a similar way.
THEOREM 3.4 Let U=U;  ® ... ® Un e B be projective-free with
each UV being indecomposable. Then for each j, 0 < Jj <e - 1:

(a) If U=1U; ~(isay,bys «.. 5 @b there exists (up to

m’ m)inj,

jsomorphism) at most one NPI extension Vj o U. There is an

extension of type (isaj;,by + 15 ... 5 a ,b ) if and only

m> m’'inj
by-1

ifj=2¢ (i1) and (isa;,by + 15 ... 3 am,bm) e G»

an extension of type (iza;.bys ... 5 a + 1,b if and
_a _.1

only if j = o m (im) and (isa;,b1; ... ;3 ap + liby) e Gy

m)inj
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COROLLARY 3.5 Let W ~ (isa;,bys ... 5 a ,b )

20.

These are the only extensions.

If U=U; e U, with U ~ (i3a3,by5 +.. 5 a_,sb_) and

m>~m’inJ

Up ~ (hscysdys oun s ck,dk) there exists (up to isomorphism)

inj?
at most one NPI extension Vj o U. There is an extension

. if and

of type (hscy,dys ... 3 Cads @by + 15 5 an,b )inJ

m’>-m
only if § = G_bl-kil) = p_ck'l(hk) and (h;cy.dys ...
Cradis asbit 13 vou s am,bm) e G 4> and an extension of
type (i3a1,b1s ... 5 apbpscisdy + 15 on s cpudy )y if
and only if § = 6791- (hy) = 0™ (i ) and (i3a1.D15 ...
asbpicisdy + 15 L. ck,dk) e Gy, These are the only
extensions.

If n > 3 there are no indecomposable extensions.

(a)

(b)

m>~m’inj.
If Uy ~ (isa;.b7 - 15 ... 5 am’bm)inj’ where by > 0, then there
exists an extension of the form Vd'bl(il) o Up =~ W.

If Uy ~ (1;a1,b1; cee oA - l’bm)inj, where a, > 0, then there
exists an extension of the form Vp'am(im) o Uy =~ W,

If Uy, ~ (Fsa15 bys.n 5 ap_Lsb and Uy, ~ (igsa.be - 15 ...

wherem > 2 and 2 <t <n

t-1)1nj

am’bm)inj

then there exists an extension of the form

Voube(s,) ° (g, © Vgo) 2 V-

It is clear that these dual results can be developed in exactly

the same way as those for quotient-modules, and we obtain a corresponding

result:

Lerma 3.6 If W~ (i3a;,by3 «.. 5 @ ,b )

m*Pm’inj? then there are sub-

modules of W with each of the following coordinates:

Db : 5G5 b, )
ju Py aju+1’ bjﬁl’ £ ku inj

@
ne--1>

(i1 .
p=1 0 9yt @

A
A

where 0 p

b: -1+ 6;.
u J Ju

H
0 < Q. < aHM
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and 1 < j; < kg < Jy s kg < ... < jl < kz < m.

In this case, also, we cannot yet be sure that there are

no submodules of other types.
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CHAPTER 4:  NPIM'S AND THE BRAUER TREE

In this chapter we begin some structural analysis of the
NPIM W described by the coordinate (1;a1, b1; i am,bm).
(A11 coordinates will be projective unless otherwise stated.)

It is already known that

W/o(w)

1l
=7
®
<Z
]
®
<<

1.1 12 ce e im
and

e Vb

S 2(12) e -

z(W) = Vsbl(il) - @ dem(im) ® Vpam(im)

(where the first summand is omitted if b; = 0 and the last summand
is omitted if a, = 0)
so we know the heads and feet of W up to ismorphism.

We will call iy, ... i the head sequence of W. The list
of integers i, ... im will be called a head sequence for the block
B if there exists a NPIM W ¢ B with this head sequence.

It follows from Lemma 1.9 that if iy, i, ... 1m is a head

sequence for B, then so is 1t’ i 1u forany 1 <t <u=<m.

f410 00

Conversely, if iy, i, ... i_and i_, i

S S g1 0!

t

for B, it is easy to see that so is i1, 12, ... 15, i

are head sequences
sy’ Ty
Consequently, we can construct all possible head sequences for B
once we know all the 2-term head sequences. By the dual results of
Chapter 3, a foot sequence for B is also a head sequence for B

and vice versa.

The relationship between consecutive heads it and 1t+1 is given

bt+1(. a,+1

by § i )

t+l) = (1t), so that P(it) N A (1t+1) #¢. Wewill
examine this situation more closely.
If two elements i, j of I with i # j are such that

P(i) n A (j) # ¢, the only possible Brauer tree configurations
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are
1 J
(i) A i i i
1 J
(i) i 5 ;i 5
i j
(iid) i i i

In case (i), és(j) = o' (i) for some integers r,s such that
l<r<vr(i)and 1 <s <s(j), whence the coordinate (i;r - 1,0;0,s)
describes a NPIM with i,j as its head sequence.

In case (ii), §°(j) = o' (i) = j for some integer r such that
1 <r<r(i), and the coordinate (isr - 1,0;0,]a(J)|) describes a
NPIM with head sequence i,j provided A(j) = E. If a(j) # E, there
is no NPIM with i,j as a head sequence, since s must be an integral
multiple of |a(j)| and cannot satisfy 1 <s < s(j) if a = Tf%fgr = 1.

A similar argument shows that in case (iii), i,J is a head
sequence if and only if P(i) = E.

Thus we see that a head sequence is represented in the Brauer
tree by a succession of "hops" and at most one "step". The hops will
always be in the P-direction. If there is a step, it will be in the
A-direction if there is an exceptional P-vertex, and in the P-direction
if there is an exceptional A-vertex.

Conversely, any list of edges which complies with these rules

will be a head sequence for the block described by the tree.
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Examples
1. P
2
0 1 3
A p A p
4
Elp

This tree corresponds to a block with maximal head sequences

0,2
0,3
0.4,1
0.4,2
0,4,3

o .1 5 2 4 3 ¢
2. A P A p A p A=

Here there is one maximal head sequence 0,5,4,3,2,1.

Any head sequence has the form

or

in which one or two of the three branches may be degenerate. A

subset of I determines a head sequence only if it is of this form,
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and it is clear that the head sequence is then uniquely determined.

b

For each k =1, ... m~ 1, ik and § k+1(' share a P-vertex,

1k+1)

and so
§1,602(9,)219,63(i5), +uu 6

is a chain of edges in the Brauer tree, each consecutive pair having

a vertex in common. The remaining composition factors of W are

a
k(1k), k=1, ... m which for each k share their

o(i)s «vv 0
k b

-1
P-vertex with i, and s(i.), ... 6 k (i)> k = 1, ... m, which

for each k share their A-vertex with 1k' Hence, the coordinate

of W gives rise to a connected subtree of the Brauer tree.

In general, a NPIM gives rise to a subtree which is either

(i) a simple path "with bristles"

o T

or (ii) a configuration such as

with the features
(a) P(i,) = E |

b
or a(i,) = E f

for some 1 <k <m
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(b) at least one pair of heads has a common vertex.

(ii) can be thought of as a 3-armed graph of the form

"with bristles", where the end-point of one of the
three arms is E, and every edge in this
"exceptional arm" is a head (or, dually, a foot).
The following results are obvious, by consideration of the
above diagrams:
Lemma 4.1
No two heads of a NPIM share an exceptional vertex. 0
Lemma 4.2

If two heads share a vertex, then there is a member of

the head sequence with an exceptional vertex. 0
Lemma 4.3
No more than two heads share any vertex. O

We also obtain the more detailed results:
Lemma 4.4

If P(ik) N A (12) # ¢ for two members 1k and 12 of a head
sequence, with k < g, then either

(1) 2=k +1

or (2) there exists n, with k < n < 2, such that P(in) = E or

A(in) = E.
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Prooft:

The possible configurations are

(1)
(4 Lo
A P TN P
(ii)
2N P O
I A A S

p ¢
It is clear that (i) can only occur if ¢ = k + 1, or if

there is an exceptional branch including P(ik) or A(ig). If

2 # k + 1 then in (ii), A(iz) # E but there must be an exceptional

vertex somewhere to the right. . Also in (iii), if 2 # k + 1, then

P(ik) # E, but again there must be an exceptional vertex somewhere

to the right. O

corollary 4.5: 1f (2) is the case, then either

P(i,.,) = P(i) # E
or A(ik+1) = A(iz) 7 E. 0
Lemma 4.6: If P(ik) N A (1Q) # ¢ for two members ik and 12 of a
head sequence with k > &, then

(1) k =2+ 1, with P(iz) =Eor A(ik) =E
or (2) there exists n, with & <n < k, such that P(in) = E

or A(in) = E.
In either case, P(ik) N A(ig) = {i } or P(ik) N A(iz) = {12}.

Proof: The possible configurations are

(i bk
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i i
(i) - < &

and the conclusions are obvious.

Note that if P(ik) N A(ig) = {ik}, then P(ii) = E if and only
if k = 2 + 1, and that if P(ik) N A(iz) = {i,}, then A(ik) =E
if and only if k = 2 + 1. Q3

Corollary 4.7: If P(ik) N A(il) N {ik}, k > 2, then

P(ik_l) N A(iz) = {i.}. 0

We have seen that any NPIM coordinate determines a connected
subtree of a Brauer tree by its composition factors. It is clear
that there may be repeated composition factors. For example, in
the block with e = 6, § = (15)(24), p = (0 1)(25)(34), 4(3) =E
and a = 2, (see Example 2 in the Appendix) (4;0,0;0,1;1,1) is the
coordinate of a NPIM in which the factor 3 occurs as the head 1,
and also as 6(i,). Again, in the block with e = 11, & = (1 10)(6 7 8 9),
o=1(01)(23456 10), P(9) =E and a = 2, (see Example 3 in the
Appendix) (0;0,0;4,1;0,155,3) is the coordinate of a NPIM in which
the factor 2 occurs as p(i,) and again as p2(i,). In the same NPIM,
the factor 9 occurs as i; and also as 83(i,). It is desirable to
investigate the circumstances in which these repetitions occur.
Lemma 4.8

Suppose 1k and i, are members of a head sequence, k # %, and

2

suppose pr(ik) = §%(3. ) with 0 < r < ay and 0 < s <b_. Then

Jl) L

either

(1) k>gandr =0ors =0 with P(ik) # Eand a(iy) # E

or (2) 2=k+ 1 and P(ik) =Eands = b,
or (3) 2>k+ 1 and P(12-1) = P(ik) # Eands = b,.
3 +1
Furthermore, i, = o (i)
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Proof':

(1) If k > &, then by Lemma 4.6, P(ik) N A(ik) is either
{1k} or {iz}‘ E is neither P(ik) nor A(iz) and so the equations
pr(ik) = 1k and 65(12) = ig have respectively r = 0 and s = 0 as
their only solutions.

Note that the possible Brauer tree configurations are:

I [e P ‘:k AN

(1) A D

Im

L
P K+l

Here, pr(ik) =65(i ) = 12 and s = 0.

Here pr(ik) = 6S(il) = 1k‘and sor = 0.
b

Also, in this case, 65(12) =6 2(12) and so s = bz’

A i{-, P A 1y P

(iii) \';’5
e

Here pr(ik) = §°(

The configuration

i 1k+1 ) 1;2, 1k

does not lead to a solution, since pr(ik) = 65(1 ) =1

whence r = ak+1_



30.

(2) 1f 2=k + 1, then p (i) = as(ik,,l)-
. L e Dy,
Now P(i,) N A(ip4,) = o (i)} = {6 (1k+1)}'
ak+1 =
5 (1)) = o (i, ) for some 0 < r < a only when P(i,) = E .

Since a(i, ) # E, s =b,, =by.

Possible configurations are

Tk

p E

Tk 1k+1

O Tl

and (ii)h

(3)

has an exceptional vertex, and either P(i

If ¢ > k + 1 then there exists n with k < n < 2 such that 1n

)

2-1

(Lemma 4.4 & Corollary 4.5). If the former,
b

9. ey .y _ . S/s _ .
{s (12)} = P(1k) N A(12) = {6 (12)} and so s = b2 since
A(il) 7 E.
If the latter,
a1 ,
{p (1k)} = P(ik) N A(iz) = {p (1k)} but this is impossible
for any 0 < r < a since P(ik) # E.
The possibilities are
i i i
. % k -1
(1) -5 A p A
-~ E
Here pr(1k) r = 0.
A
(i)
(1
In both these cases, 12_1 = p (ik). (N

P(1,) or Al ) = a(i
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Having proved this result, we see that if repeated composition
factors occur, they can only be within the set

b
+ .

. B ak+1
1k)’6 1k+1)

P'(ik) = {1k,p(1k), ce. P = p (1k)} (where the
last element is omitted if k = m) for some k, or in the union of
more than one of such sets for different values of k, or within

the set A'(ik) = {1k,6(1k), - 6bk(1k)} for some k, or in the
union of more than one of such sets for different values of k.

Clearly, repeated values within one of these sets can only
occur if, respectively, P(ik) =E or A(ik) = E. There can be up to
a occurrences of a given factor in the set, since
0<a s a|P(1k)l -2+ 5y if P(ik) = E
and 1 - 6 <b < afa(i )] - 1if a(iy) = E.

If P(ik) = £, then P'(ik) N P'(i,) = ¢ for any other head, 1y,
using Lemma 4.1, and so there can be no more occurrences of the
given factor. A similar argument applies if A(ik) = E.

If P(ik) # E, then any factor in the set P'(ik) occurs once
only in the set. 1k may or may not share its P-vertex with another
head. If P(ik) = P(il), then a given factor in P'(ik) may also
occur up to once in the set P'(ig), but by Lemmas 4.3 and 4.8 the
factor does not occur again among the composition factors of W.

If P(1k) is not the P-vertex of any other head, the only element
of P'(ik) which can possibly be repeated is ik jtself, and that
only if 1k shares its A-vertex with another head. Again, if
A(ik) # E, no factor in A'(ik) occurs more than twice, once in

5'(1,) and possibly once in 8'(i,) where i, is such that a(1 ) = aliy).

2
These observations concerning repeated composition factors

are summarised in the following statement.
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Lemma 4.9
In the set of composition factors of W ~ (i;al, bl; e om am,bm) b
the maximum number which are isomorphic to Vj, jel, is
a if P(j) = Eor a(j) = E

2 if P(i, ) = E for some 1 <k <m, and P(ik) # P(3)

k)
or if A(ik) = E for some 1 < k <m, and A(ik) # a(3)

1 if no head of W has an exceptional vertex. 0

The next result will be needed in Chapter 8:

Lemma 4.10
(1) if s"(4,) = 6°(i,), with 0 <r sb,, 0 S5 <b, and k < g,
b
then § JL(il) = .
If, in addition, r <s, then r = 0 and s = bz'
(i) If pr(ik) = ps(iz), with 0 <rsa, 0<ss<aandk <2, |
b _ Ey
then § k+1(1‘k+1) = 1'2 and r < s.
Proof:
i i i i i
(1) k"l 2 k + E k“] p A k —yE

The above diagrams show the only possible configurations,
b, = )
and it is clear that in both cases § 2(12) = 1k' Also, &° r(il) = 1
if r < s, and since A(ik) # E, being shared by two heads, it must

be the case that s -~ r = bz’ whence s = b, and r = 0.

%
i i i i i i i
. + + +
(1) k .2 k+1 .k . % ktl S E
P — ~
£ A
To+1

The diagrams show the only possible configurations, and it is
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b

clear that in both cases § k+l(1'k+1) = 11. Also, if r 2 s, then

r‘—5(1'k) = 12, which would imply, since P(ik) #E, that r - s =3 + 1.

)

But 0 < r < a and so this is impossible. 0O
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Eem—

CHAPTER 5: LEVELS A

In this chapter, the coordinate of the quotient-module
W/z(W) is obtained, and hence that of its dual, the Frattini
submodule &(W). This is followed by the deduction of a formula
for o"(W)/a™ 1 (W) for n = 1,2, ... and the introduction of the
related concept of the "level" of a composition factor. f

Suppose W has n feet Vkl,sz, eV Then w/Vk1 has a

k .
n
submodute(V, + V. )/V, which is isomorphic to V, , and

ky, Tk kg ko

W/Vk{(sz + Vklyvkl z Wﬂykz + ng. Clearly this argument may

be extended inductively to show that

W/z(W) = WﬂNkn F R VOFWY

n

where sz Vv

I

, ...,V ~V . It is obvious that the order in
ko kn N kn
which the n feet are arranged does not affect this argument.

However, it is possible that problems will be encountered
when we actually attempt to calculate the coordinate of W/z(W),

as in the following example. Let W ~ (4;0,0; 2,2;1,1) from the

block with q =23, a = 2, P(2) =E, p = (0 1)(2 6 10)(4 5)

(7 8) and 6 = (1 10)(2 3 5)(6 89). (See Example No. 1 of

Appendix). The feet of W are Vg, V, and V,. As above,

W/z(W) ~ W/Vs/Vi/V5 and by Coroll 1.5, W/Vs ~ (4;0,0) @ (252,151,1).
It can be seen that each summand of W/Vs has a submodule isomorphic
to Vy, and so W/Vs has an infinite number of such submodules.*
There is no prbcedure available to us for calculating a coordinate

for W/Vs/V, under these circumstances. Again, W/Z(W) & W/Vy/Vi/Vs

and W/V, ~ (4;0,0;2,2) @ (551,0) whence W/V,/Vi ~ (4;,0,052,2) @ (5;0,0),

* If g(V) and (V) are two submodulesof M which are isomorphic to V,
then for any t e k, (o + ty) (V) is another submodule of M isomorphic
to V.
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but each of these summands has a foot isomorphic to Vs.
Finally, W/V,/VL/Vs is calculable, and so we find
W/z(W) ~ (4;0,0) @ (2;2,1) e (5;0,0).

The result which follows demonstrates that there always
will exist an order le, s an in which the n feet of W can
be arranged so that a coordinate for W/le/vjé/ - /th and
hence W/z(W), can be calculated.

The integer j will often be used to represent either the
simple module Vj or an isomorphic copy of it, where this is
not likely to cause confusion.
Lemma 5.1: Suppose W is a NPIM with n feet. Then there exists
an order ji, ... jn in which these feet may be arranged so that
W/ iy, Wit/dos «o. W/ 3r/da/ - /jn are all well-defined up to
isomorphism, and such that each has no two of its feet isomorphic.
Proof: We know (from the dual of remarks in Chapter 4) that the
subtree representing the feet of a NPIM W consists in the most
complex case of a linear connected segment with E at one end,

together with disconnected single edges along two other branches, as

illustrated.

:

or
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Let j, be any foot of W such that a(j;) # a(j) and P(j;) # P(3)
for any other foot j of W, i.e. a disconnected foot (assuming W
has one). Then W/j; is well-defined up to isomorphism. By Coroll. 1.5
W/j; may have new feet in P(j;) or A(j;) as well as the remaining
original feet of W. However, by the disconnectedness of j,, none
of these feet of W/j, are isomorphic. If the rest of the dis-
connected feet of W are labelled j,, ... jk then, by the same
reasoning, W' = W/ji/J>/ ... /jk is well-defined up to iso and has
no two feet isomorphic.

Now let the remaining feet be labelled jk+1’ npp. jn in such a
way that ji and j1+1 share a vertex fori =k +1, ... n -1, and
such that the "free" vertex of jn is E.

We will consider the case where A(jk+1) # a(J) for any other
foot j of W, and P(jk+1) = P(jk+2). The other case, in which

P(jk+1) is a "free' vertex and A(jk+1) = A(jk+2), can be treated similarly.
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W'/jk+1 has possible new feet in A(jk+1) and P(jk+1). The
foot in A(jk+1) is not isomorphic to any other foot of W since
A(jk+1) # a(j) for any other foot j of W. If W'/j ., has a new
foot in P(jk+1) it is only isomorphic to another foot of W if
it is of type jk+2' However it is clear from the diagram that
jk+2 is also a head of W. By Lemma 4.9 no factor can occur 3
times as a composition factor of W (unless it has an exceptional
vertex, which we can assume is not the case here.) Therefore W'/jk+1
must have a summand of type (jk+2;0,0) so that jk+2 can be
simultaneously a foot and a head. On the other hand, such a summand
cannot appear in a quotient of W unless the foot jk+3 has been
factored out. By our construction this is not the case. Thus,
W'/jk+1 has no two feet isomorphic.

W'/jk+1/jk+2 has possible new feet 1in P(jk+2) and A(jk+2),
namely p—l(jk+2) and 5'1(jk+2). We will assume that a(j,,,) # E.
and the argument that a new foot in A(jk+2) cannot be isomorphic
to jk+3 is similar to the argument in the above paragraph. If a
new foot of w'/jk+1/jk+2 of type p'l(jk+2) were jsomorphic to an
existing foot of W'/j 4, in P(jk+2), this could only be p—l(jk+1),
but if p—l(jk+2) = p_l(jk+1) then Jyy, = jk+1’ a contradiction.

Continuing in this way, the result is proved. g

Corollary 5.2: Let W~ (isa;,b1s ... 3 am,bm).
(i) Ifby #0anda #0,

W/Z(W) ~ (isa1.by - 1) @ (ip3a2,bp - 1)@ ..ok a3 b -1) e

(ii) If by = 0 and I # 0,

W/z(W) ~ ('i;al,o)€B (12;32,132 -1l)e ...0 (i
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(iii) If b, # 0 and a, = 0,

W/z(W) ~ (isa,b) = 1) @ (i,5a,,b, - e ...e (i

272 m-133m-1° Pm-1

(1,30,b, - 1)
(iv) If b; =0 and a, = 0, with m = 2,
W/Z(W) ~ (i3a1,0) ® (ig3a.bp - 1) @ @ (i 58 (sb. - 1)@
(i,305b, - 1)
(v) If W~ (i50,0), W/z(W) =0
Proof: Lemma 5.1 tells us that we may calculate quotients according
to Coroll 1.5. There are many separate cases according to the
position of k between 0 and n, whether it 1is A(jk+1) or P(jk+1) that
is "free", whether it is A(jn) or P(jn) that is E, whether b, is
zero or not, and whether a is zero or not. Nevertheless, all the
calculations are straightforward. O
The following example is the one mentioned in the introduction

to this chapter.
W~ (4;0,0;2,2;1,1) in the block with a = 2 and Brauer tree

The feet of W are indicated by the heavy 1line, and we see that
k=0,j1=4,j2=5,j3=2.
Rewriting the result of Coroll 5.2,

W/Z(W) i ('il;al,b]_' 1) ® (12;az,b2 - 1)® e ® ('im;am - 1,bm - 1)
(

except that (i) if by = 0, the first summand 1is jy3a7,0)

(i1) if a_ = 0, the Tast summand is (i 50,b, - 1)

(iii) if W ~ (i50,0) then W/z(W) =0
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i Welira, )i,
Dually,, we get the (injective) coordinate of &(W):

o (6°2(i2); aysb, - 1)
® (dbl(il); 0,b, - 1)
except that (i) the first summand is omitted if a =0
(ii) the last summand is omitted if b; = 0
(iii) if W ~ (i:;0,0) then o(W) =

Converted to projective coordinates, this becomes

o(h) ~ (W) o T c5() e ().

where b(W (s(i)s -1)ifb, 21

0 otherwise

¢;(W) {( p(15)3a5 = 1,030,b5,, = 1) if a5 > 0byy, > 1
L

(8(i54,)30,b 54, -1) if a5 =0

.) -,0) .if aj>0, bj+1=1

(o1

d(W) (p(im);a - 1,0) if a, > 0

0 if a, = 0

Using the fact that, for any two modules A and B,

o(Ae B) ~ o(A) ® &(B),

He

we get forn > 1

"(W) ~ b (W) o X Cp,5 (W) e d (W)

where b (W) = |(s"(i);0,b; - n) if by = n

0 otherwise
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if a. > n,bj+1, >n

J

1

Nes Vom ] )
(p (1j)’aj n90’09bj+1 n)
n . _ . ‘
~ (¢ (1j+1),0’bj+1 n) if aj < n and bj+ =n
c, j(W) =4
’ (o (i,
J J

("(i )sa_ -
dn(w) - m’ > m
0if am <n

It follows that for n =2 1

" (W)
o

(
ve"(i,) if by
Nj: y =
Vp (1j) if aj

or a.
J

Ny
{ V8§ (1j+1)

or

N, .
L Vo (i) if a.

Definition

| 0if aj + 1 <n and bj+1< n

n,0) if a_ = n

\2

\%

+

if aj

a.

J

>

<

n

m

n,bj+1 zn

n
If V, is a summand of ELlliL_ , N =

k

¢n+1(w)

);a: + 1 - n,0) if a; +1=2nand b,, <n

Jt1

unless aj =n -1 and bj+1 =n

0,1,2, ...

then W will be said to have the factor Vk at level n.

We now prove the following important result.

Lemma 5.3

isomorphic.

n+1

No two summands of &"(W)/d

(W), n =

0,1,2, ... are

n+1(w) is the direct sum of the following simple modules:
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Proof':
The summands could include any or all of o"(i1), 0" (i), ...
o"(i)56"(11) 56" (42)s ..n (i ). For k # g,

it is clear that o"(i,) # 0" (i,) and &"(i,) # 6"(i ).

Suppose pn(ik) = 6”(12), and apply Lemma 4.8. If k > &, then
n = 0, whence ik = 12, a contradiction. If 2 = k + 1, then

n==>b. . Ifo"i ) is a summand of @n(W)/©n+1(W)

k+1 k

with n = bk+1’ it must be the case that ak +1=25b

But then it is impossible for Gn(ik+1) to also be a summand,

k+1°

by the formula.

If e>k + 1, then n = b2 and so, for 5b$(i to be a summand

Q)

n+1(W), it must be the case that a,_, + 1 <n. Also,

of ¢n(W)/¢

for pn(ik) to be a summand, we must have n < a, + 1.
a _+1 b

p &7 (ig.,) = ¢ 2(1’2) = Dn(ik), and so the subset
a
{1k,p(ik), weis I k(ik)] of composition factors of W contains
a,+1
o"'” a2-1 1(1k) = 12_1- But 1£_1 = p i (1k) by Lemma 4.8

and P(ik) # E, so this would contradict the fact that

0<a < |P(1k)[ - 2 for this value of k. d
Note that @”(W) = 0 when n = max {a. + 2 - Gmi’b' + 11,
1<i,j<m ! J

this is the Loewy-length of the NPIM,
The following result relates the factors and levels of a
quotient-module of W to those of W; it will be used in Chapter 8.

Lemma 5.4: If A and B are any two modules with A < B, then

oM (a) /" (A) < &"(B)/e"TH(B)  forn = 0,1,2, ...

Proof: We prove the result first for n

0. Suppose A = B/C.
Then &(A) = (&(B) + C)/C, and so A/e(A)

[1F4

B/(e(B) + C) < B/o(B).
For any n, o"(A) = (o"(B) + C)/C ~ &"(B)/(e"(B) n C), so that

a"(A) < o"(B). Applying the result already proved,
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+ .
o"(A) /" A) < o"(B) /0™ (B). O
We now continue with the search for other possible types

of quotient modules of W.
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CHAPTER 6: THEOREMS ON EXTENSIONS

This chapter contains theorems which generalise Peacock's
theory of extensions of the form U o Vj to extensions of the form
U o X, where X is a uniserial module with the property that fX is either
"Tong" or "short". f is the Green correspondence referred to in Chapter 1
and defined as follows.
If D is any p-subgroup of G, and H any subgroup of G which

contains NG(D), define the sets of subgroups of H

X=mnpd:geQH}, . =H N DI : ge GHI.
THEOREM 6.1 (a) Let U be a D-projective kG-module. Then
there exists a Y -projective-free kH-module fU, and a ¥ - =
projective kH-module Uo’ such that

u

H;fUG? U0

(where UH is U restricted to a kH-module).
(b) Let L be a D-projective kH-module. Then there exists an
¥-projective-free kG-module gL, and an X-projective kG-module

LO, such that

G

L® ~gle L

(where LGl is L induced to a kG-module).
Proof: See [5,4.1]. U
Note that fU and gL are determined up to isomorphism,
by the Krull-Schmidt theorem.
(G,B) i‘g(H,B) is called the Green correspondence.
In our particular case, with D the cyclic defect group of
B,and H =N

D we have X < {1}, and the next result:

G( d-1)’
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I‘F U e 'B’ and L€ Br
THEOREM 6.2 (a) fU is a projective-free kH-module in B with

Urlz fU @ (projectives in B) e (modules ¢ B)
(b) gL is a projective-free kG-module in B with
L = gL e (projectives £=B)
(c) flaU) = a(fu), g(aL) = a(gL)
(d) If U,L are projective-free, f(gL) = L, g(fu) = U.
(e) If U,L are nonprojective indecomposable, so are fU, glL.
Proof: [9, 2.8]. 0

A kH-module M will be called Zong if 2(M) > q - e, and
short if 2(M) < e.

It is known {[9, 3.6]) that for any j ¢ I,ij is either long
or short. In the following theorem, a result of Peacock
concerning ij is generalised to a result concerning any fX
which is either long or short.

An extension will be called monie if it is NPI or of
the form NPI e (projectives).

THEOREM 6.3 Let T ¢ B be projective-free and X ¢ B be such

that fX is long or short. Then, if T = Til’alé .. @ Tin’an

where each summand is indecomposable, and if fX = Tj,zfX, there

exists (up to isomorphism) at most one monic extension T o fX.

If n =1, there is
(a) an extension T3, ofXtar-q ° T, if and only if
i, 23+ 2fX - 1and ay +2fX > q.

(b) an extension T, if and only if j = iy + oy

1,0712FX
and a; + 2fX < q.

If n =2, there is

(c) an extension Tiz’ ap +ap + 2afX-qge T1.1 if and only

ifjz=idy +oay, ip 23+ 2fX=-1, ap + 2FfX < g and

a; + ¢fX =2 q.
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(d) an extension Til’al ® T1.2 if and only if j = i, + ay
and a, + 2fX = q.

(e) an extension Ti e T. if and only if

1sa1taptefX-q i,
jo= i tay, i,2j + 2fX - 1,07 +2fX < g and oy + 2fX 2 q.
(f) an extension T1.2’0L2 ® T1.1 if and only if j = i; + oy and
ap + ofX = q.
There are no other monic extensions.
(A11 congruences are mod e.)
Proof: The proof of [10, 3.7] applies, with Vj replaced by X,
since the only property of Vj that is used is the "longness"
or “shortness" of ij. O
From this theorem we wish to deduce the description of NPI
extensions of the form U o X where U is nonprojective, X is
uniserial and fX is long or short. The following lemmas are
necessary to the argument.
Lemma 6.4: Let U be any nonprojective module and X a NPIM
in IB. Then
(a) If U o X is any extension, there exists an extension fU o X
with
f(U o X) @ (projectives) = fll o fX.
(b) If fu o fX is any extension, there exists an extension
U o X with
g(fu o fX) e (projectives) = U o X,
Proof: See [10, 4.1]. The argument mentioned also works with
Vj replaced by X. O
Lemma 6.5: 1f S and T are kH-modules, then
(a) g(SeT) =gSe gT

(b)Y If T is projective, gT = 0.
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Proof: (a) (S e T)G =~g(Se T) e (projectives), but

G . <G G G G

(SeT) S7e T  and S © T~ =gS o gT ® (projectives).

Now gL is projective-free for any L, therefore g(S e T) = gS e gT.

(b) If T is projective, TG

is also projective [3, Lemma 5],
therefore gT = 0. 0
We recall the following definitions from [10, Section 5]:

Definition: (a) For all a,b e Z with a,b >0

a b
.(a,b) = LfV s + ) 2fV s,.y - b
with the convention that
(a,0) = §
v.(a,0) = ) afV . |
1 j:o pJ(1)

(b) For any m-vectors a, b with a,, b, 20 for all 1<t <m,

Yi(i’ E) = Y

1t(at,b ).

ne~-13

t=1
Recalling the definition of the integers r(i), s(i) in

Chapter 2, we have

Lemma 6.6: (a) r(i), s(i) are the smallest positive integers

such that yi(r(i), 0) =2 q, yi(O,s(i)) < 0.

(b) yi(r(i) -1,0)=qg-1and ¢ (0,s(i) - 1) =1

Proof: (a) is obvious. For (b), see [10, 5.1(c)]. O
Also in [10, Section 5], the 1 - 1 correspondence W < fW

is described in terms of coordinates:

if W~ (isa;,bys -vv 3 3 sb

m) then fW = Tébl(i) : and vice versa.

> v5(as b)
Thus, given the coordinate of W, it is easy to find fW up to
isomorphism, but given i € I and o such that 1 < a < g, it is
not a simple matter to find the coordinate of g(Tia).

We also see that for W~ (ijay;,bys ... 3 a_,b ),

( m’>~m
vi(a, b) = 2fW and 0 < v;(a, b) <q. However, given m-vectors
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a, band i e Isuch that 0 <y, (&, b) <q it is not
necessarily true that (isa;,bys ... » am,bm) is the coordinate
of a NPIM,

Lemma 6.7

Suppose (isa;,bys ... 3 am,bm) e G.

Then (i) If a > 0 then v{(ay, ... » 8, * a), b<q

if and only if (i; aj,bys ... 5 2, + a,b ) e G.

(1) If b >0 then vs(a, (by + b, ... b)) >0

if and only if (i; a;, by + b; ...;am,bm) e G.

Proof:

(1) 'Y]'((alﬁ see am + a)s _b_) = Y-i((ala s 0)9 E) + Yp(im)(am +a-1, 0)
> Yp(im)(am +a-1,0)
since (ija;.bys ... 3 O,bm) e G.
Since (isays bys ... 3 am,bm) e G, (i3aps by ... 5 a a,bm) e G
if and only if a_ +a < r(ig) - 1.
If a+a> r(im)- 1
fe.a +a-12 r(im) -1
then iy )(am +a~-1,0) 2 q - 1 using Lemma 6.6 and the

m
definition of r(im)

and so y{(a, ... » a;*ta),b)>qg-1

Thus, if y#(al, . ,:am +a), b) <q,thena +a < r(im) - 1 and so

(isa3,by5 -0 3 a + a,bm) e G.

The converse is obvious.

(11) 'Yi(_a_s(bl + bs see 3 bm)) = Y1(9_s(0, LICI bm)) + YG('i)(O,bl +b - 1) -q

)(O,bl +b - 1) since (i3;a1,03 ... ; a_,b ) e G.

< Ye(d m*°m

If b, + b > s(iy) - 1
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then Yo (i )(O,bl +b -1) <1 using lemma 6.6 and the definition
1
of s(i,) and so Yj(é)(bl +b, ... bm)) < 1.

Thus, if yi(g3(b1 + b, ... bm)) > 0, then by + b <s(iy) - 1 and so

(i;a;,by + by ..t s am,bm) e G.

The converse is again obvious. 0
Lemma 6.8

If by > 0 then y,(a, b) < ¢fV

Proof:

8014y

Lemma 6.9
Suppose U ~ (i3ay,s(iy) - 15 ... 3 am,bm) e G.
Let X ~ (h;a,0) with a > 0 and pa(h) = i; and ofU + 2fX > g .

Then monic fU o fX exists, and

(a) If a; +a-=r(iy) -1
then g(fU o fX) ~ (i5385.b03 oo 3 am,bm)
(b) Ifa; +a=r(i)
then g(fU o fX) ~ (h; a; + a - r(i1),0532,b0;5 «.. 5 a..b)
(c) a; +a <r(i;) -1 1is impossible.
Proof: Under the given conditions,
fu o fX ~ Th;QfU+2fX-q ®Té-1(11)’ by Theorem 6.3
and g(fU o fX) = o(Ty psinppig ® T5-1(1)
= 9(Ty, 2fU+2fX-q by Lemma 6.5
(a) f(ipsazsbss ou. 3 am,bm) = T5b2(12)su
where a = 2f(i5389,b03 «.. 3 am,bm) = ofU - of(isay,s(iy) - 1).

Now, if a; + a = r(iy) - 1,
_ . al-Y‘('i]_)‘*'l. a1+1 b
h=p2(i) = o (i) =» (iy) = & 2(i,)



.F(k.,q,q‘ae-',o) is not defined.

This s net correct | Since
Instead,
ara-rii)
er(riara-rid o) = 2 L+ V(,s(.,)
\L-O G-l ata
= 2 L5 V(,_'\(h) + ) .e.g:v{)muj ("~ Z £f V/,J(;,)
) ° j=0 JEa,+a-rli)+|

18X+ H(p““(h‘;-, a-1,0) = (g-1)
So (b= LFU + X -gq,.
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Also, ef(isa;,s(i;) - 1)

Ef(i;r(il) - a - 1,S(i1) . 1)

2f(i30,s(iy) - 1) + 2f(p(i)sr(i) - a - 2,0)
=1+ lpr(i) + vapz(i) + ... 7

szpr(i) -a- 1(1)

]

1+ [zfvp(i) + ...t zfvpr(i)(i)] -[zfvpr(i) - 204) +

zfvpr(i) mat gyttt szpr(i)(i)]

1+ of(p(i)sr(i) - 1,0) - [2FV -agy) * MV ari(qy *oeee ¥

lfvp-a+a(i)]

1+ (q-1) - [ofV, + zfvp(h) + ... 4 zfvpa(h)]

q - 2fx
Thus, o = 2fU + 2fX - g

and 50 f(iz5a0,b2 ... 5 &b )= Th, 2fU+efX-q

f(hsa; + a - r(i),03ap,b3 ... 3 @ ,b ) =T

m>-m hsB

ef(h; a; +a - r(i)Mdsaz,bps «on 3 am,bm)

gfU - af(isay,s(iy) - 1) + 2f(hsay + a - r(i),0).

where B

Now, ¢f(i3ay,s(i;) - 1) = 2f(1;0,5(1) = [+ ofV 5y + .. ¥ lfvpal(i)
=1 + gfvV + + ... t ofV n
21 (h) %1% (h)

zf(paﬂ(h);a1 - 1,0)[ Note that a; 2 1,

it
—
+

since a; + a = r(i)

[-and r(h) = r(i)
pFlhsay + a + 1,0) - 2f (212 (0)5r(3) -1,0)

i

Also, of(hsa, + a - r(i),0)

sf(h;a; + a+ 1,0) - (g - 1)

s0g= ofU - 1 - af(p2 (h)sa, - 1,0) + af(h3a; + a + 1,0) - (q - 1)

2fU + ¢f(h;a,0) - g

ofU + 2fX - g

" f(h;31 + a - r(i),O;azbz; cee 3 am,bm) = Th,QfU+le-q
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and s0 9(Ty ofy+qfxoq) ~ (hsay + a - r(i),05az,bp5 oo 5 a 5D )

pf(i5ay,5(1) - 13ap,bp3 «ov 5 as,b ) + ef(hsa,0)

(c) ofU + ofX

of (15 ap,s(i) - 1) + ofVp 4 zfvp(h) + ...

2fV 4+ af(izsaz,bp5 ool s am’bm)
o (h)

IA

Y;(1;Y‘(1),S(1‘) = 1) - fV a +1(1) + Q/f(iz;az,bz; - ',am,b

)
p 1 "
since a; +a < r(i) -1

q - ofV + of(ip3a9,b,5 .. 3 @ _,b ),
sz(iz) 2 m* = m
Now b, > 0,so by Lemma 6.8

2f(issas bys «. 3 a ,b ) < afV
mem 5b2(12)

whence 2fU + 2fX < q, a contradiction. 0
Having established these auxiliary results, it is possible

to prove the following consequence of Theorem 6.3.

THEOREM 6.10: Let U = Uye ... ® Un e B be projective-free, with

each Uv being indecomposable. Then, for uniserial X with
fX either long or short, there exists (up to jsomorphism) at

most one NPI extension U o X,

(a) If X ~ (h;a,0) and U = Uy ~ (isay,bys ... 3 am,bm), there
is an extension of type (isaj,bys ... 3 a_ +a + 1,bm) if
and only if h = pam+l(1m) and (1; a;, by ... 3 ap+at 1,bm)s G,
and an extension of type (h;a - 1,03a;,b; + 15 ... ;am,bm)
if and only if p%(h) = esblﬂ(il) and (ha - 1,03a7.by + 15 ... 3
am,bm)e G.
If X ~ (h;0,b) and U = U; ~ (i3ay3.by5 ... 3 am,bm), there is an
extension of type (ija;,by; + b+ 13 ... 5 a.,b ) if and
only if h = s°171(i,) and (i3a,,b; + b * 15 ... 5 a,b ) e 6

and an extension of type (ija;,by; ... 3 a b 30,b) if and
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am+1 b
only if o (1m) = 6 (h) and (isai,bys o0 5 am,bm;O,b) e G.
(b) If X ~ (h;a,0) and U = U, ® U, with U; ~ (i5a5,b15 ... am,bm)
e 6 and U, ~ (kjcy,dy; «.. 5 cd ) e G, there is an
extension of type (isa;.bys ... 3 a, * a,bm; cy,dy + 13 ...
a_+1 d +4

1

cn,dn) if and only if h = p m (1m) and pa(h) =4 (k) and

(i331,b13 o0 5 @+ a,bpicindy + 15 ... cn,dn) e G, and
an extension of type (k;ci.dys ... 3 ¢+ a,d ja;,by + 15 ... 3
n n
c.t1 ' b.+1

a ,b ) if and only if h=p " (k) andp®(h) =6 (i) and

m>-m

(kscysdys v 3 cp + asdisarby + 15 e s am,bm) e G.

If X ~ (h;0,b) and U = U; @ U, as above, there is an extension

of type (isai,bys ... 5 a ,bsci,dp +b+ 15 ... 5 cod )

m’'m n
if and only if h = ¢ (ky) and o m (1m) = 6d1+b+1(k1) and
(i;a7,bys ... 3 am,bm;cl,dl +b+1; ... cn,dn) e G, and
an extension of type (k;ci,d;3 ... 3 ¢ ,d sa;,by + b+ 13 ... 5 a b))
by+l c+” " b+ +b+ il
if and only if h = § (i1) and ¢ n (kn) = §017PT1 (i) and
(kscysdis «o. 3 Cpadisar,by + b+ 15 onn s am,bm) e G.

(c) There are no other NPI extensions.

Proof: (a) Consider first the case in which X ~ (h;a,0) with
a # 0. Suppose a NPI extension U o X exists. Then, by Lemma
6.4, monic fU o fX exists, and by Theorem 6.3, this will
have one of two forms.

If it is T then h = dbl(il) + ¢fU and

sD1 (4 ) afusefX, N

2fu + 2fX < g, and so by [10, 5.2 (a)l, h = 0%m 1(im). Also,
Hi(isapsbys oo 3 an +a+ L,b) = 2fU + ¢fX, and so,by Lemma 6.7,
(isa1.by5 vuv 3 a_ ta+t i, bm) e G.

If the extension fU o X is Ty, ofysofx-q ° ;bl(il) then
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P1(i,) = h + 2fX - 1and 2fU + ¢fX > q. By [10, 5.1(a)l,
+ . + s
o3 1(h), and so 6P1(iy) = o™ H(h) - 1= 67 (),

whence pa(h) = 6b1+1(11).

h + 2fX

(h;a - 1,03a;,b; + 15 ... 3 am,bm) e G if and only if
b, < s(i;) - 2. Certainly by < s(i) - 1, so the only case to
be considered is that in which by = s(i;) - 1, and this is the
subject of Lemma 6.9. If a; +a = r(i,) - 1, then
g(fu o fX) ~ (ip320,by3 «un 3 am,bm), and so by Lemma 6.4,
(igsag,5bys <ot 3 am,bm) o (projectives)~ U o X. Clearly the
second summand is non-trivial, which contradicts the indecomposability
of Uo X. Ifa;+azxr(i]), then g(fu o fX) ~ (hsa; + a - r(i;),
03a5,b03 ..t 3 am,bm),and simitlarly (hsa; + a - r(iy),05 agsbys «vn s

am,b ) @ (projectives) ~U o X, which Teads to the same contradiction.

m
Conversely, suppose h = pam+1(1m) and (isa;.bys ..
a, +ta+ 1,bm) e G. Then h = abl(il) + 9fU and 2fU + 2fX < g,
whence the extension fU o fX exists and is T b .
§ 1(11),2fX+afU
Then, by Lemma 6.4, there exists an extension U o X

with g(fu o fX) e (proj) = U o X.

But f(i sa;.bys «.v 3 a, * 2 + l,bm)

I

[ R
Gbl(il) LfX+efU

R

fu o X

w g(fu o X)) ~ (i5a7,by5 .ot 3 a, ta+ 1,bm)

2(is apsbys wee 5 3 At 1,bm) o (proj) ~ U« X.
But the first summand has precisely the right number of

composition factors to be U o X

U o X ~ (i5a35by3 v 33, 2% 1,b,)-

In the other case, suppose pa(h) = ab1+1(11) and

(hsa - 1,0;a3,by + 15 ... 5 a ,b ) e G.
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Then sP1(i,) = h + 2fX - 1 and af(hsa - 1,05a5,by + 15 ..v 3 apuby) > 0

. gf(h;a,0) + af(isa;.bys ...5 am,bm) -q>0

~oofx + 2fU > q.

So the extension fU o fX exists and is Ty ,eyx49fy-q @ stl(il)

f(h;a - 1,03a3,by + 15 ... am;bm) = Tpsgfx+efU-q

Lg(Th,zfX + ofU - q) ~ (hsa - 1,0;a;,by + 15 ... 5 a.,b ).

m’
Now g(fu o fx) @ (proj) = U o X

~g(T, e T )e (proj) = U o X
h*efxtefl-q * bu; g

~(h;a - 1,03a;,by + 15 ... 3 am,bm) o (proj) ~ U o X using Lemma
6.5. But,as above, the first summand has the right number of
composition factors to be U o X

).

This completes (a) in the case where X ~ (h;a,0).

» U o X~ (hsa - 1,05a;,by + 15 ... 5 agsby

Now let X ~ (h;0,b) with b # 0. Suppose NPI U o X exists. Then
monic fU o fX exists and will have one of two forms.

If it is T b

§ 1(14), ofU+efX

then s2(h) = 6P1(4,) + afU
b( a . +1

h) =" (ip)

It is then clear that (ija;.bys ... 3 am,bm;O,b) e G.

If U0 FX =T s T,
§2(h),efUtafr-q & (i)
then 6°1(i;) = 6°(h) + 2fX - 1
i, 6P1(iy) = p(h) - 1
= & l(h)

ko= s21I(d))
Also, &fU +2fX > g
i.e. ef(iza,bys «on 3 am,bm) + ¢f(h;0,b) > q
L &i(isag.by ¥ b+ 15 L. am,bm) +q>q

o % (i3 ap,by + b+ 15 L. 5 abo) >0

.
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and so by Lemma 6.7 (1";a1,b1 +b+1; ... am,bm) e G.
Conversely, suppose h = 5bl+1(11) and (i; a;,by + b+ 15 .. 3

asb)e G Then sP(iy) = sP(h) + 2fX - 1 and 2fU + 2fX > g

so the extension fU o fX exists and is Téb(h)’ﬁfX+2fU—q ®

T As before, there exists by Lemma 6.4 an extension

5b1(11)'
Uo X with g(fU o fX) @ (proj) =U o X.
Now f(iza;,by + b+ 15 ... 3 am,bm) =T

bytb+1, .
8 (i7),2fU+sfX-q
and 2170151y = P (h)

v (fja3,by t b+ 15 oL am,bm) e (proj) ~U o X

But the first summand has the right number of composition

factors,solU o X ~ (izay,by + b+ 15 ... 5 a,b ).
2 m>=m
In the other case, suppose Gb(h) =M (1m) and
(3310015 ... 3 ,b30,0) ¢ G. Then 6°(h) = sP1(i,) + 1fU and

Lfx + ofU = of(isa;.bys oo 3 am,bm;O,b) < q

so the extension fU o fX exists and is T b
8 1

(4 L FU+eFX.
Again there exists U o X with g(fU ° fY)

1)
e (proj) =U o X.

Now f(isa;.bis ... 3 am’bnfo’b) =T 4 and so

§ 1(i;) ,afU+afX
it follows as before that

Uo X ~ (isa75b1s +vv 3 am,bm;O,b).

(b) Now suppose X ~ (h;a,0) and U = Uy e U, with

Up ~ (isa15b13 «.. 5 @b ) e G

m
and Uy ~ (kscysdps oo0 3 cn,dn) e G.
Suppose NPT U o X exists.

Then monic fU o fX exists, and is one of four things.

(1) If itdis T 4 Ty s (%)
§ N (ki ) ,ofU rafU+efX-q & 1(i;)

then h = Gdl(kl) + ¢fUs, dbl(il) =h+fx -1,

2fU, + &fX < q and 2fU; + 2fX 2 q.

c t1
It follows that h = o " (k ) and sL12(4,) = 02(h).

2fUy + 2fX = §lkscpsdys oo 5 ¢ v a s 1,d.)

-~

:‘?".



Expansion ot avaument
By Lemma .9, -there 5 no NPI extension
Now , considcrinﬂ +he short @xaect sSequence 03X —> UeX —» UBU, 0,
we can write UsX = A, +A, | wheve AU S0 and A3 Up»0 ave exacth
By +the exactness of +he short <xact sSequence, XS A, and X SAL,
»ond i fact X= A NA,. We have A, 2UeX and A, % U=X.
were  split Hrienn UeX = (U.GDX)+A1 = Un@hz, COH""‘adicﬁnS the

U,oX.

I€ u,°X
indecomposability of UeX.
So U,eX is non-split, and it folows From Lemma 6:4(a) +hat £y o fx
is also non-split.
extension of Theovewm 6.3¢a), and by

won ~ trivial

then FUefX is the monic
Lemma 6.4 (&, Since U, oX cannot be NPT | it wmust have o

projective Summand.
U,ex & UsXx |
UeX Is mot NPT |

Ue X must also have a non-trivial projective

Since
o contradiction.

Summand | whence
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and so if 2fU, + 2fX < q, c, tas r(kn) - 2, by Lemma 6.7.

If also by <s(i;) - 1 we have kscy,dys «.. ¢, *t a.d sar.by + 15
; am,bn) e G. If afU, + 2fX = q, then fU o fX =

L] o T .
P1(i1),efU;  s%(ky) 6P1(1,),2fU;

; am,bm), which is too short to be U o X. Since

But g(T ) ~ (isa1,bys

g(fu o fx) ® (proj) =U o X, this contradicts the indecomposability
of U o X,

If 2fU; + ofx = g, then the expression (*) reduces to

T o T and g(T
Gdl(kl),lfUZ Gbl(il) 6d1(k1),2fU2

cn,dn) giving a similar contradiction.

) ~ (k;CL,dl; cee 3

The remaining case is that in which 2fU; + 2fX > q and
b; = s(iy;) - 1. In this case there exists a monic extension

fU, o« fX of the form T and Lemma 6.9

& T
2 + - .
h? o fX 2fU1 q 6b1(11)
leads to contradictions as in part (a) of this theorem.

(1) If fU o fx=T, ° T,
§ (i) ,afU+afUs,+afX-q s 1(ky)

then h = 6P1(i,) + afU;, 6%1(kq) = h + 2fX- 1,
2fU; + X < g and 2fU, + 2FX 2 q.

a +1
It follows that h = p m (1m) and p%(h) = 6d1+1(k1).

The proof is exactly the same as in (i) with symbols interchanged.
(7i1) If fUofx=T

e T

6b1(11),£fU1 6d1(k1)

then since g(T )~ (isay5by5 ... 5 @ b )
6P1(i,),efU, .
we get a contradiction to the indecomposability of U o X

as above.

(iv) If fU o fX=T o T , the argument is

sdi(k)efU,  sP1(4))

similar.
c +1
Conversely, suppose h = p n (kn) and pa(h) = 6b1+1(11)

and (kic,,dys ... s c, * a,dn;al,b1 +1; ... am,bm) e Ea

i.e. ¢, tas r(kn) - 2 and b, < s(i,) - 2.
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Then h = s%(kq) + 2fU, and s®1(i;) = h + 2fX - 1
and 2fU, + ofX < q and 2fU; + ofX = 2f(isa;,bys oot 3 am,bm) +
2f(h;a,0) = af(hsa - 1,05ay,b; + 13a5,bp5 <.t 3 am,bm) + q
> Q.
So monic fU o fX exists, and is T d

Now there exists U o X such that

g(fu o fX) @ (proj) =U o X.
But f(kicy.dys «.. 5 ¢ + asd say, by + 15 ... 3 am,bm)
§ 1 (ky)»2fUytafU,+afX-q
so g(fU o fX) ~ (kscy,dys o0 3 e, * a,dn;al,bl +1; ... 3 am’bm)

and this has the right composition length to be U ¢ X,

therefore U o X is NPI,
am+1 a d{+1
If we suppose h = p (1m) and p“(h) = s ! “(k) and

(isa15b15 «.. 3 an tabscisdy + 15 o0 s c,,»d ) ¢ G, then

m n

the proof is just as above, with symbols interchanged.

Now suppose X ~ (h;0,b) and U = U;eU, as above.

Suppose NPI U o X exists. Then monic fU o fX exists, and is one
of four things. Two of these can be eliminated as in the previous

case. If fUu o fX =T d o T b
o) 1(k1)92fU1+2fU2+ZfX-q 8 1(11)

then &®(h) = 691(kq) + 2fU,, 601(i;) = 6(h) + ofX - 1,

2fU, + 2fX < q and ¢fU; + X 2 q.
c +1

It follows that s171(i;) = hand o ™ (k.) = 62™P1¥1(4)).

n

Now if 2fU; + ¢fX > g, then
Y (i5a1,by + b+ 15 ... 5 aubp) = af(isarbis oo 5 apby)
+ 2f(h;0,b) - g > 0

Therefore by Lemma 6.7, by + b + 1 <s(i ) - 1,

and so in this case, (ks;ci,dy; ... 5 ¢ »d 5215by + D4 1; ...

Tsbi¢;
6 l(kl),ZfU1+Q,fU2+,Q,fX-q_@ ) )((D.

e Vo



57.

If ofU; + 2fX = q then fU o fX reduces to T d o T b
' 6 Hky),2fU,  671(dy)

is f(ks;cy1,dys ... 3 ¢ ,d ) and so we get a

but T n*4n

591 (ky) »2FU,
contradiction as before.

The other possibility for fU o fX is treated similarly.
antl +b+
Conversely, suppose h = 6d1+1(k1) and p " (im) = Gdl b+1 (k1)
and d1+ b+ 1< S(kl) - 1.

by

Then & b(

h) = 691(ky) + 2fU, and abl(il) = P(h) + ofX - 1.
Also afU, + 2fX = af(ksci,dys «o. 3 Cn’dn) + 2f(h;0,b)
= of(ks;cy,dy + b+ 15 ool cn,dn) +q>q

since d; + b + 1 <s(ky) -1

and &fU; + ofX = gf(isa;,bys ... 3 am,bm) + 2f(h;0,b)

2f(isai,bys ... 3 am,bm;O,b) <q
~ monic fU o fX exists and is

Th * T4
8 1(i1),2fU+afU,+afX-q s 1(ky).

But f(isa;,bys ... 3 pebpiCiady * b+ 15 Ll s Cn’dn) =T

sP1(4;)
efU; + 2flU, + 2fX - g
and so U o X ~ (i3 ,by5 «o0 5 apuboscysdy b+ 15 00 cn,dn)
as before.

The other case is treated similarly.

(c) IfU=U;e U, e Uz and U o X is a NPI extension, then

there exists fU o fX with

f(U o X) ® (proj) = fU o fX.
But since U o X is NPI then f(U o X) is also NPI and so
fU o fX is monic. This contradicts Theorem 6.3. [

Thus, Peacock's theory of NPI extensions by simple modules
has been generalised to a theory of NPI extensions by uniserial
modules X which are such that fX is either long or short.

It will now be proved that certain uniserial modules are

either long or short, in preparation for applying this theory.
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Lemma 6.11: (a) (i) If P(j) # E then f(j;n,0) is either long
or short, for any n such that (j:n,0) ¢ G.
(ii) If P(j) = E and n<|p(J)| or n = r(3) - [P(3)],
then £(j;n,0) is short or long respectively, if (j;n,0) e G.
(b) (i) If a(j) # E, then f(J;0,n) is either Tong or short, for
any n such that (j;0,n) ¢ G.
(ii) If a(j) = E, and n <|a(3)] or n =.s(3) - [a(J)], then
£(j:0,n) is long or short respectively, if (j;0,n) e G.
Proof: We may assume that the Brauer tree contains an
exceptional vertex, since otherwise e = q - 1, and if W is any
NPIM, fW is both long and short.
(a) For any i e I, the set {fvi,fvp(i), . prr(i) - 1(1)}
contains at most one long module [11, 5.1], and in fact
by [11, 5.2], P(i) # E if and only if prv(i) is Tong for
some 0< v <r(i) - 1.
Now 2f(jsn,0) = zfvj + zfvp(j) + ... zfvpn(j).
(i) If P(J) # E, and the one long element is included in this
sum, then the sum itself is long. If the one long element,

say fV Koo is not included, then since

e (J)
r(j)-1 .
) o fV g < q (by definition of r(j)), we have
V=0 e (3)
)
LfV + ofV < q. But fV >q - e,
vio  0°(3) o (3) ok (3)

whence } &fV = <e, i.e. f(j;n,0) is short.
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If P(j ) = E, then all the elements of {ij,fV

fv r(j)—l(j)} are short. Now

p(I)*

P
r(j)-1 [P(3)]-1
) !LfV\) = a lva <q
v=0 p (J) V=0 o (J)
[P(3)]-1
whence } ofv < g/a
v=0 p\J
_ |P(3)|-1
and so ) ofV  <e, since g - 1 = ae.
v=0 o (J)

This proves that f(j;n,0) is short if n < [P(j)] - 1.

(3)-1 |
Also, ) 2V =
var(§)- P3| o°(3) v

(3)]-1

It 0~1"0
)
—1’
-

Y
0 p

r(j)-1
) ofV < q and so
V=0 o (J3)
E r%i)-l
LfV + LtV = q
v=o  p"(J)  v=n 0V (3)
n r(j)-1
i.e. ) ofv >q- ) ofv. - for any n.
v=o  0°(J) v=n p (J

r(j)-1 r(j)-1
then ) ofv o< 2fV <
i U - o)

N >q - e, as required.

n
and so ) 2fV
o o (J)

is proved in a similar fashion. 0



60.

CHAPTER 7: DETERMINATION OF TYPES OF QUOTIENTS

The search for the quotient types of NPIM W ~ (isa1,b1s ... am,bm)
is now resumed.
Lemma 7.1: If U < W then every simple head of U is a simple head of W.
Proof: If U has a simple head isomorphic to V, then there is a
(maximal) submodule M of U such that U/M = V. If U =W/A then

M = N/A for some submodule N of W. Then V = U/M = W/N. U

R

Thus, in searching for other possible coordinates for quotients
of W, we have only to consider those whose heads are contained
among the heads of W. 1In particular, l-headed quotients must be
of the form (1k;a,b) where 1 < k < m. However, it will be shown
that W has no quotient of this type if either a or b is "too
large", and that indeed there are no other 1l-headed quotient
coordinates except those found in Chapter 1.
We will use the extension theorems of the previous chapter
as well as the levels defined in Chapter 5.
The proof that there are no many-headed quotient types other
than those found in Chapter 1 will follow as a consequence of
the results on l-headed quotient types.
The following result will be useful:
Lemma 7.2: If W has a foot Vj, U < W and U has no foot of type Vj,
then U < N/Vj.
_Proof: If U= W/A, suppose A has no foot Vj' Then A N Vj =0
and (A + Vj)/A = Vj, whence W/A has a submodule isomorphic to Vj, a contrad -
jction. Therefore A has a foot Vj’ and W/A = (N/Vj)/(A/Vﬁ,and so U < W/Vj. 0
If W~ (i3a,by3 o0 5 @by ) has a foot Vs, then either

a
k(1'k) = j for some 1 <k <m, orop m(1'm) = j, and so W has a

b
S

foot Vj at level n, where

n = max + 1, b)) if &

(
aké$
(

k
i) =

a, if p
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Lemma 7.3: If U = W/A where W is a NPIM, and if U has a factor

J at the same level as a foot Vj of W, then A has »no foot of
type Vj.

Proof: If W has a foot Vj at level n, then W/Vj exists and
has no factor j at level n, by Lemmas 5.3 and 5.4.

Now suppose A has a foot of type Vj. It will be the
unique foot of A of this type, since A is a submodule of the
NPIM W, and so A/Vj is well-defined and (W/Vj)/(A/Vj) = U, so
that U < W/Vj. But U has a factor j at level n and W/Vj does
not, a contradiction to Lemma 5.4. O

Proposttion 7.4:

Suppose W ~ (i3a1,b13 ... 3 a,b ). Then
(a) (i 30.b,) < W forl<ks<m
(b) (iy30,by + 1) <HU
(c) (i 32, +1,0) €W for 1<k =<m
Proof:
(a) Suppose k # m, and (1k;0,bk) < W.
Then, by Coroll. 1.8

(i3ansbus oo gy By ) @ (13058 @ (g ys8h5By4y -

< W

and so this sum is W/A for some submodule A of W.

Suppose that

U~ (5a7.b13 vee 3 ak-l,bk-l) e (i,:0,b ) @ (ik+1;ak+1,bk+1 -

where 1 < k <m
= W/A.
It is clear that the composition factors of A are
o(i)s o201 )s wvn 0 K (1)

and we wish to determine the coordinate of A. We will show that

1, ...
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a, +1
0 i (i, ) must be a foot of A, and, that it is the only foot,

whence A ~ (p(ik);ak,O)
It is clear that any foot of W which is not a foot of U
must be a foot of A.

The feet of W are

b a
(6P1(31)7, 6%2(i5)5 wov 6 M), [p (3]
and the feet of U are
b ay_ b b, ,-1
(P10 vee 8 KTHEL_)s [o ST 8 M) 18 KT ()0
b a
6 "(1g)s [o ()]

where the square brackets [ ] mean that the term is omitted
if the exponent bl,am etc. is zero.
b
It can be seen that & k+1(1'k+1) is the only foot of W which

does not appear in the 1ist of feet of U, unless of course CI #0

b a
and 6 KN, =0 STHE, )
Py+1,, _ b41=1
or b, #1lands (T 41) =8 é1k+1). o
If neither of these is the case then § k+1(1‘k+1) = p i (i) is a
foot of A.
bk+1 A1

If I # 0 and s (1k+1) = p (ik_l) then P(ik) = P(ik_l)

and so A(ik) = E ;:

Lk—l P L'k A= ,€

k+i

From the diagram it is clearly impossible for W to have any
a,+1
foot in P(ik) except p (1k) or i,, but i, ¢ {p(ik) ve. P

since P(ik) # E.
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Thus in this case we must have A ~ (p(ik);ak,o).

b b ,.-1
k+1,. k+1 : .
If 6 = (i) =6 (g4,) then a(i ) = E and either
t ( {
(1) k+2 o ke . k+i .
P A P A=K
Ah  (, P (e A
o £
(2)
A
Ck+z
P
3, +1
In case (1), W has as feet in P(ik) 0 (1k) and 1k but again
a
. . k,.
1k 4: {p(1k)s ces P (1k)}

here also we have A ~ (p(ik);ak,o)

a+1
In case (2), W has as feet in P(ik) o (1k) and p
a,. ;1
possible that p K+1 (1k+1) = pn(ik) for some n = 1, .e. @y, whence A might
a, t1
possibly have this pn(ik) as its only foot. It is not clear that o k (ik)

a
k+1 . o
(1k+1) and it 1s

is a foot bf A since even though a foot of W, it is also a foot of U.

But if pn(ik) were the only foot of A for some n =1, ... a,
n-a
then A would have coordinate (p k(1'k);ak,0) and so it would have
ik as a composition factor. But this is a contradiction, since if
a, +1
k

i, e {p(ip)s «vv 0 (iy)} then P(i,) = E. So we see that even
k © Ptk k k

if o kt} (1k+1) js a foot of A, it is not the only foot, and
ak+1

p (ik) is the other.
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It remains to show that there can in fact be no other foot

+1
A

but p (ik) in A.

Since the feet of A are contained among the feet of W, and
no more than two feet of W can share the same P-vertex, the only
possibilities for the coordinate of A are

(1) (e(i})sa,,0)
or (i1) (e(i)sn - 1,0) @ (p

; : Akt . n,.
(i) has the single foot p (Tk) and (ii) has two feet, p (1k)

a,+1
and p (ik). If pn(ik) is a foot of A, it must also be a

n+1(ik);ak - n,0) for some n =1, ...

foot of W.

Suppose pn(ik) = GbQ(in) for some 2 = 1, ... m. Then this is
also a composition factor of U on the same level as in W, unless
2 = k, since the level of sbk(ik) in U could be different from that
of 5bk(ik) inWif By is "large".
If 2 # k, Lemma 7.3 provides a contradiction. If & = k, P(ik)

b
P(i,_,) and a(i,) = E and on(ik) =6 k('ik) = i,. However, since

P(ik) # g, this means n = 0, which is not in the range of possible
a

values of n. If pn(ik) = p m(1'm), then again this is a composition
factor of U on the same level as in W, and Lemma 7.3 provides a
contradiction.

So (i) is the only possibility, and A ~ (p(ik);ak,o).

If P(ik) # E then fA is either Tong or short, and we can apply
Theorem 6.10. Because W/A has 3 summands, there is no extension
(W/A) o A=W, a contradiction.

If k

il

m and (im;O,bm) < W, then similarly we have

(isay,bys «ov 3 am-l’bm—l) ® (1m;0,bm) < W

and the left hand side is W/A where A ~ (p(i_);a

m m - 1,0). If

P(im) # E, then fA is Tong or short.
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Again we apply the theorem, and see that for an extension to

a +1
. . m-1 .
W to exist we must have o(i ) = o (1,.,)> whence

P(i.) = P(i

contradiction.

m-1)’ and this could only occur if P(im) =E, a

If P(ik) = E for any 1 < k < m, notice that there is a

largest number n such that

W'~ (isa1.b15 +ov 5 3 + n[P(3p )]s bys wun s apb ) € G

m
and for this n, by Lemma 6.11, f(p(ik);ak + n|P(ik)|,0) is long.

Hence (1k;0,bk) < W', by the above argument.
b
Now, since (1k;0,bk) has the single foot 6 k(ik),
b
(1,30:b,) < W/s K7

;
that A(ik) # E.

b
But W/s

k+1) if (1k;0,bk) < W, by Lemma 7.2, noting

k+1,.
(

a_,b ) < W

m’> m

and so (1k;0,bk) < W', a contradiction.

If P(im) = E, then (1m;0,bm) < W' ~ (isa;,by3 ... 3 a_ + n|P(i

m

but if (i 30,b ) < W then (i 30,b ) < W', since W < W'. This proves

(a).

(b) It will now be proved that (i;3;0,b; + 1) < W.
Suppose U ~ (4,;0,b; + 1) < W and
so (i,30,by + 1) @ (i,3ap,bp - 15 ... ) = W/A for some A.
Then A has a; composition factors fromthe set {p(i1), . 0

1,.
the remaining one of which is equal to o1t (i1).

P('il) N A('il) = {i;}

21*1(41) 3, giving P(i;) = E

-~

and so iy ¢ {p(iy)s ... 0

b1+1(

and ¢ 11) =-il

The two possible cases are illustrated in the diagrams

Tp) ~ (Fsa1sb1s oo 5 aysby) @ (i sa by, - 1 e

RIS
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-
i
o {im
P
~N

In (1), since a(i;) has non-trivial intersections only with P(i;)
and a(i;) itself, we must have
(i1:0,b; + 1) < (iy15a3.by)

but since A(i;) # E, none of the factors

6b1(11), ... 8(i;) is equal to 6b1+1(11)

and so (i1;0,by + 1) < (i;;a1,0)

but this is clearly impossible.
In (2), a(i;) can have non-trivial intersections with
P(i1)> a(i1)s P(i2) and a(i,)
so we have
(1130,by + 1) < (iy331.by132@2,b).

However, the foot of the left-hand side is i; and i) ¢ P(i2),
therefore (i730,b; + 1) < (iy3a1,b130,bs).
Also a(i;) # E and so, as in the last case, (i1;0,b; + 1) < (i13231,030,b3).
Even though the right-hand side has the same foot i, as the left-hand
side, it is its only foot, and so (i130,b; + 1) < (i1;2;,0)e (i,30,b, - 1)
since any submodule of a module of type (i;3a;,030,b,) must also have

the single foot 1i;.
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Since a(i,) # E, i; is not a factor of the second summand,

and so again we have
(i150,by + 1) < (iy5a2;,0), a contradiction.

(c) will not be proved in detail. The method is similar to
that used to prove (a) and (b).

Thus it has been established that there are no 1l-headed
quotient types of W other than those included in the Lemma
1.9. a

It will now be established that there are no other many-
headed quotient types, and use will be made of the fact that we
know all 1-headed types.
Lemma 7.5

If 11,155 oo 1k and il,ik are both head sequences, k # 2,
then P(i;) # E, A(ik) # E, and either

(a) a(iz) = a(dy)
or (b) P(iy) =P(i )

Proof.
The only possible configurations are

A L‘ P A Lta P
(a)
.ﬁ E
bk
=
A Q

and (b)

o Ee—

oo

& * -
R N g e

B
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Corollary 7.6 For any k=2,

If (1331015 o0 5 ayuby) and (4, §p5c0,discy,dy) are

NPIM's then either

(a) c¢; = a; and a(i,) = A(ik)
or (b) d, = bk and P(i;) = P(ik_l)
Proof'.
A(iy) = A(ik) ¢>pa1+1(11) = pc1+1(11)ac>a1 = ¢y since P(i;) # E

b
P(i1) = P(i, o6 “(1,) = 692(i,) =d, = by since a(i,) # E. T

Proposition 7.7: 1t is impossible to have (11,1wc,0;0,d) < (isa;,bys ...

LRI am,bm) unless k = 2, ¢ = a; and d = b,.

Proof: Let U~ (11,1k;c,0;0,d) and W~ (isa;,bys «.. 3 am,b ).

m
Suppose k # 2.

We shall suppose that a(i,) = A(ik) i.e. ¢ = a;. The case
in which P(i,) = P(ik_l) and d = bk may be treated in a similar
manner.

by

Suppose d > bk‘ If U< W then U < W/s (1k) by Lemma 7.2,
since U has only the one foot 6d(ik) and, since A(ik) t E,

bk(.

For the same reason

U< (3a1sb15 wov 5 ay by ) e (Tsasby = 1) @ (3,053, by, -

since A(1k+1) # A(ik). We g]so see that ad(ik) does not occur at all
in the set {ik,d(ik), .. 8 k(1'k)} and so U < (isay,bys <o 3
1,010 ® (133600 @ (g 134 gy = 15 o)

Note that this procedure would not be valid if any of the factors
6(1k), 62(1k), - dbk_l(ik) were equal to sz(iz). But it can be
seen (e.g. from the diagram on p.67) that 5b2(12) = Gd(ik) and so
this is never the case.

Finally, since a(i,) 0 P(i,) = €i,} and 6%(i,) # 1,

U< (isagsbys vve 3 ak-l,bk-l) ® (1k+1;ak+1,bk+1 = 15 wen e

1k). Thus U < (i3a;.by13 +o0 3 ak—l,bk-l) ® (1'k;ak,bk - 1; saa

1;..

y
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ThereCore A~ (iz 30,bs). However i s not a composition foctor
of U‘ becavse | (£ it were | it would have +o appear in Hhe list
ik SO 5, 80 () . Wowever | i = s (i), dab, and Al = Bla) %E
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with C~({++0,bs) mvust be » A ond hence =quals A. Then U g

>

oleco-wposoble, o contradiction.
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But this contradicts the result of Lemma 7.1, since the right-

hand side has no factor 1k at level 0, whereas U has.
b
For the case in which d = bk, since & k(ik) = i, (see

b
diagram on p. t7 ), but also § k(ik

see that i, = sz(iz), an impossibility since a(i,) # E.

) = s9(i,) = 6°2(1,), we

Finally, if d < bk, there are two factors isomorphic to
Vsd(ik) in W, namely the foot GQKiz) at level max(a; + 1,b,) and
the factor 6d(ik) at level d.

Now if U < W then U < (i;3a;,0;0,b,) @ (1k;0,d), using
Lemma 7.2, since this coordinate may be obtained by factoring
W by factors which are not feet of U. This sum has two feet,
both of the same isomorphism type.

Suppose U = ((i;3a7,030,b5) @ (1k;0,d))/A. It is clear
that the composition factors of A are i,,8(is), ... dbz(iz)
and that its only foot is 6°2(i,).  (Since a(i,) # E, both
feet of the direct sum do not appear in this 1ist.) Therefore
A ~ (i,30,b,)s but, by the dual of Prop. 7.4, this cannot be

a submodule.

We have now proved that k = 2, and it remains to prove

(i) = 6b2(12), so it is clear that d = b,
if a(i,) # E.

If a(i,) = E, then (i1,i53a;,030,d) < (i3a1,050,b5), by
repeated applications of Lemma 7.2. However, in this simple case
we do know all the quotient types of the right-hand side, and the
only 1-footed types are (i;n,0) with 0 < n < a; and (i,;0,k)
with 0 < k < b, -1, unless of course d = b,.

The case in which P(i;) = P(ik_l) and d = b, may be treated

in a similar manner. 0
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Corollary 7.8: If (11,1k;c1,d1;c2,d2) < (isaysbqs «uv s CHRLIERRE

then k = 2, ¢; = a;, dy <bj,cp<a,,d, = b,.
Proof: If (11,1k;c1,d1;c2,d2) < W then (11,1k;c1,0;0,d2)< W
and so k =2, ¢; = a; and d, = b, by Prop 7.7.
j.e. (i1sipsay,dy3Cosby) < W
It follows that (i;0,d;) < W, whence d; <b,, and that

(i53¢5,0) < W, whence c, < ap by Prop 7.4, O

Corollary 7.9: If (1j,1k;cj,dj;ck,dk) < W, then k = j + 1,

<

d =b

cj = aj, dj < bj + Gjl’ ¢ < s dp K
Proof: If ij, 1k and ij, ces ik are both head sequences, then
we have either
or
S 5

It is clear from these diagrams and Lemma 7.2 that if
('ij,'lk',Cj,dJ-;Ck,dk) < W then (1j31k;stdj;Cksdk) < (1ja1j+1a v

1'k-1,1k;a\]"b\j -1+ S, > ak’bk) and so, by Coroll. 7.8,

J-, LRI

Corollary 7.10:

The only quotient coordinates of W are those given in Lemma 1.9.

Proof:

Suppose (kysk,s ... ki 3¢y,dys ... 5 Co,d ) < (i, ... 1m;al,b1; i is

n
Then, by Lemma 7.1, {ky, k,, ... kn}Sjil, A |

n-n

mt:
Suppose k; = iv, for some v with 1 <v<m.

Then, since (k;,k,3¢;,d;3¢C,,d,) < W,

s a

m’bm

).



71.

ko = 1 ci =a ,dy <b -+
2 °~1 2l v v

vt »Cpr £ a , sdy =D

1

Then, if v + 1 <m, (kp,k3sCy,dp = 15C3,d3) < (i3, ... i 3a1,b15 ...

m

and so, k3 = iv+2, and we gain the additional information that

Cpr = @ as well as c3 < a

vti vt2’

Continuing in this way, we find the result proved. O

Note that the dual result is that there are no submodule
coordinates other than those already found in Chapter 3.

We are now able to give more precise details about the
nature of U/j, where U is a quotient-module, not necessarily
indecomposable, of the NPIM W, and U has two feet of type Vj.
Lemma 7.11: The coordinate of a quotient-module U < W is
determined if the isomorphism types of its irreducible
constituents and the levels at which they occur are known, i.e.
if @n(U)/@n+1(U) is known up to isomorphism for n = 0,1,2, ...
Proof: By Lemma 5.4, the heads of U are a subset of the heads
of W. Using the notation of Lemma 1.9, ijl will be the first
head in the head sequence of W which is also a head of U. p,
will be the highest integer such that 6p1(1j1) occurs at level

b, +1

p; in U. If ¢ It (1j1+1) does not occur at level max ( + 1,

a\].i
bj1+1 ) then k; = j;. Otherwise, k; will be the first integer

b
k > jy such that & < (i

, k+l) does not occur at level max (ak & W
K

b,,+) but & ik) does occur at level max(ak_1 + 1,bk). If

k+1
such an integer does not exist, k; = m. Then q; will be the
highest integer such that pql(ikl) occurs at level g; in U, and
the first summand of the coordinate of U has been determined.
Subsequent summands are determined in a similar fashion, ijébeing

the first head after 1k1 in the head sequence of W which is also a

head of U.

s a ,b )
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This- procedure produces a coordinate for a quotient which
has the right constituents at the right levels; it is obvious
that no other quotient coordinate would have this property. 0

It follows from Lemma 5.4 that if U < W has two feet of
type j, one at level n; and the other at level n,, then U/j
has a factor of type j at either level n; or level n, and so
U/j has just two possible coordinates, which can be calculated

by the procedure in the proof of Lemma 7.11.
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CHAPTER 8: THE NUMBER OF QUOTIENT-MODULES WITH A GIVEN COORDINATE

We will, at this point, introduce a new way of representing
the jsomorphism types of nonprojective modules.
Consider the set of triples

S¢ = {(1u,p,o)| p=1, ... m 0 <p< a,Pe Z }

U {(iv,o,q)| v=1, ...mo0=<q<b ,qeZ}.

It is clear that, given the coordinate ¢ of a NPIM, an associated
set SC is uniquely determined, and contains 2{(c) elements.

Conversely, suppose we are given a set of triples of integers
in (I x N x {0}) U (I x {0} x N). If the first entries of the
triples are plotted on the Brauer tree of the block, it can be
seen, as discussed in Chapter 4, whether or not they form a

head sequence. If they do, there is a unique way in which they

can be labelled i;, ... im. The integers a;, ... ag and
bys ... b, can then be identified, and if it is verified that
0<a = r(ik) -2 + g and 1 -6 < bk < s(ik) - 1 and
b a, +ti

k+1,. _ 7k . _ . .
8 ( k+1) = (1k) for each k =1, ... m, and if (1u,p,0)
and (1v,0,q) are present for each u =1, ... my 0 <= p < a
0<qgc< bv, then the set determines the coordinate
c = (i3a1.b13 «vv 3 am,bm) of a NPIM. Thus there is a 1-1

correspondence between NPIM coordinates and such sets of
triples, c © SC.

We can extend this to a correspondence between isomorphism
types of all nonprojective modules and formal sums of such sets.
However, the only nonprojective modules that will concern us are
those that are quotients of NPIM's, and so, with reference to
Lemma 1.9, the corresponding formal sum of sets could be

replaced by their (disjoint) union, and the 1-1 correspondence
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preserved,

The notation Sw will often be used for the set SC where r'
W~ c.

To each point in the set Sw we associate an integer

called its type: (i,p,0) has type oP(i) and (i,0,q) has
type dq(i).

If a NPIM W hasa foot Vj, then Coroll. 1.5 gives us the
coordinate of U such that N/Vj =U. We see that S, C Sw’

and that the set difference

(+) Sy = Sy = [ (i1,0,by) if U~ (d3a1.b; = 15 ...5a.,b)
(1k,0,bk) if U~ (isa1.by3 +v. 3 ak-l,bk-l) ®
(ik;ak’bk -1; ... am,bm)
L (1m,am,0) if U~ (isa;sbys vvn an - l,bm)

IR

Thus, if the coordinate of U is known, we can write W= U o P,
where p ¢ Sw and p has type j, and, by the remarks at the end
of Chapter 7, U in turn can be expressed as an extension in a

similar fashion. Finally, we will have an ordered expression for

W in terms of the points of Sw: W~py opyo ... o pz(w).

Definition: A build for W is an expression W ~ p; o py o ... o pﬁ(w)
where P; € Sw and there is a sequence of quotient-modules

Wy < Wp < ... < wg(w) = W such that Swi = {p1s ... P3l 1= 1,2, .o 2(w)

It is clear that there are usually many possible builds for
any coordinate.
Example  In the block with g = 23, a =2, p = (0 1)(2 6 10)(4 5)(7 8)
and P(2) = E (Example No. 1 in the Appendix), W ~ (2;2,2;0,2) has,
among others, the two different builds

(2,0,0) o (2,1,0) o (2,2,0) = (3,0,0) o (3,0,1) = (3,0,2) ° (2,0,1) o
(2,0,2) and (3,0,0) o (2,0,0) » (3,0,1) o (2,0,1) o (2,1,0) o (2,2,0) o
(3,0,2) = (2,0,2).
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An arbitrary 1ist of the points of Sw may not constitute a
build for W. For example, p; © ... ° pz(w) can only be a build
if pz(w) has type j where W has a foot Vj’ and if p; has type i
where i is in the head sequence of W. In fact, it is easy to
see that pz(w) can only be one of the points listed in (+),
and p; can only be one of the elements of {(1k,0,0) ;1 < k < m}.
Thus there are certain points in SW which can be called "feet"
and other points which can be called "heads". We will
describe a partial order on the points of SW in which the heads
are maximal and the feet are minimal.

To any point p ¢ Sw there corresponds one and only one
1-footed quotient coordinate with p as the unique foot. If
p = (1k,a,0) for some 0 < a < a,, the corresponding quotient
type is Up ~ (1k;a,0). If p= (1k,0,b) for some 1 < b < bk -1+ 8112

then Up ~ (1k;0,b). If p= (i, ,0,b

1k9 for k > 1, then

)
Up ~ (1k_1;ak_1,0;0,bk).

We will say that p> q if and only if Up < Uq. This is
clearly a partial order on the points of SW; heads are maximal
since for any 1 < k < m, (1k;0,0) has no non-trivial quotients,
and feet are minimal since no 1-footed quotient of W has either
(i30,b7), (im;am,O) or (1k_1;ak_1,0;0,bk) as a proper quotient
type.

Lemma 8.1: If U < W, any build of U can be extended to a build of

W.
Proof: Since U < W, there must be a sequence of points p;, ... Py
such that, for each i =1, ... n, Sw - {P1s ... pi} corresponds

to a quotient of W, and Sw - {p1s ... pn} = SU. Then

W=U-o Pp ® ++- © P1: This gives a build of W for any build of

u. 0O
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Note that it is implicit in the construction of a build K

¥

that a build which includes U in its sequence of quotient- ‘
modules, when restricted to the points of SU, is a build of ’ﬁ

U. That is, if p» q in U, and U < W, then p > g in W.
Lemma 8.2: The following order relationships hold among b
the points of SW: )
(1) (150,0) > (1,,1,0) > ... > (i},3,,0)
(i1) (1,0,0) 7 (i,,0,1)> ... >(i,,0,b})

for k =1, ... m

(111) (152,500 7 (i, 4;50:b,,) for k=1, ...m = 1.

Proof: For any k = 1, ... m, (1k;0,0) < (1k;1,0) < .. < (1k;ak,0) < W,

ice. (1,0,0) > (1,51,0) > ... ¥ (i,53,,0), proving (i). To

prove (ii) similarly, note that

(130,0) < (1,50,1) < ... < (130,b, = 1) < (i) _;3a,_;,0:0,b,) %_
if k > 1, and (1,30,0) < (i;0,1) < ... <(i1;0,by). Also,

(1k;ak,0) < (1k;ak,0;0,bk+1) if k < m, proving (iii). 0

The next lemma shows that no other order relationships
exist among the points of SW except those listed in Lemma 8.2.
Lenma 8.3: The following pairs of elements are non-comparable
in the partial order on the points of SW:

(1) (i »r,0) and (ig,r',0) if k # 2.

(i) (ik,O,s) and (i2,0,s') if k # 2.

(1i1) (1k,r,0) and (i2,0,5) unless ¢ =k + 1lands =b

k+1
0.

ork=gandr=0ors
Proof: We compare the 1-footed quotient-types corresponding
to the points in each case. In (i), the coordinates are
(1k;r,0) and (i%;r',0) and if k # 2, neither (1k;r,0) < (i%5r',0)
nor (ig;r',0) < (1k;r,0). In (ii), the coordinate corresponding

to (1,,0,s) is (i,30,s) if s < b, + 8., and (i, 33, ,,050,b,)
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ifk>1ands =b, and similarly for (12,0,5‘). Again, in
no case is one a quotient of the other.

(iii1) If s % bg, then (ik;r,o) is a quotient of (12;0,5) if
and only if k = ¢ and r = 0. (12;0,5) is a quotient of

(1k;r,0) if and only if k =gand s = 0. If s =b_, then

23

(1k;r,0) is a quotient of (i _;a 1,0;0,b2) if and only if

=172~

k =2 - 1. d
Having established all the order relationships existing

among the points of Sw’ we can represent Sw by a diagram:
(‘.‘ ) o)
(Ll|, O)')

((m,0,0)

o) (C,_)0,0D

(C;)O>bb (il)o,b;) (Cm,o,bg>

The peaks represent maximal points, or heads, the troughs
represent minimal points, or feet, and the line segments represent
chains in the partial order.

Definition

If a subset S of Sw is such that

geSandp>q=peS
then S will be called an upper set in Sw‘
Lemma 8.4:

If U < W, then SU is an upper set in Sw. Conversely, any
upper set of SW determines a quotient up to jsomorphism.
Proof:

Suppose U < W and W= Ue Pnt, °"'°p2(w) with SU = {p1s .- pn}'
Suppose p > P; for some i =1, ... n,

Then Up < Upi but Upi < U and so Up < U whence p ¢ SU.
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Conversely, let S be an upper set in SW, say S = {q;, ... qm}
where the list q1, ... a9, gives the points in non-increasing
order. If the points in the complement W - S are also arranged,

as q

ML e ql(w) in non-increasing order,

then gy eqoe ... oqp o Qpu ... © ql(w) is a build for W, and

SO Gy °Qp° ... °Qy is a build for a certain quotient coordinate of

W. g
Example

In the block with e = 11, ¢ = (1 10)(2 3 5)(6 8 9), P(2) =E
and a = 2, (Example No. 1 of the Appendix) the NPIM W ~ (2;2,2;1,1)

has diagram

(2,0,0) (5')0307

(2,0,1)

(2,0,2) .
(5,0,1) (5,1,6)
{(2,0,0),(2,1,0),(2,2,0),(5,0,1),(5,0,0)} is an upper set,
corresponding to the coordinate (2;2,0;0,1), and (2,0,1)(2,0,0),
(2,1,0),(2,2,0),(5,0,0)} is an upper set, corresponding to the
coordinate (2;2,1) @ (5;0,0).
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It has been established that there is a 1-1 correspondence
between isomorphism types of quotient-modules of W and upper
sets of SW. Dually, a 1-1 relationship also exists between
jsomorphism types of submodules of W and Tower sets of SW, which
are defined in the obvious way.

Lemma 8.5: The complement of an upper set in SW is a lower set,
and vice versa.

Proof: Suppose S is an upper set in Sw and suppose p € W - S.
Suppose p > q and suppose that g € S. But since p > g, then

p e S also, which is false, whence g e W - S and W - S is a
lTower set. The converse is proved similarly. O

Thus we are led to a natural 1-1 correspondence between
isomorphism types of quotient-modules and isomorphism types of
submodules, and it is tempting to conclude that the coordinate
of W/A is the coordinate corresponding to that upper set which
is the complement of the lower set determined by A, and vice
versa. This would mean that A = B if and only if W/A = W/B
for submodules A,B of W. In this section, it will be proved
that this is indeed the case.

If ¢ and ¢' are coordinates, we will use the notation ¢' C ¢
to mean that if A ~c and B ~ ¢' then B is isomorphic to a
submodule of A. This is dual to the partial order already
defined for isomorphism types of quotient modules in Chapter 1.

It is clear, using the submodule analogue of Coroll. 1.5,
that it is possible to construct a "composition series up to
isomorphism" for a NPIM W. For example, if W ~ (10,1;2,1;0,1)
in the block with e = 11, a = 2, P(2) = E and
o=(0 1)(2 6 10)(4 5)(7 8) then 0 C (1050,0) < (1;0,1) ¢
(6,1;0,030,1) € (2,1;1,050,1) € (1;0,0) e (2,1;1,050,1) < (10,1;2,1;0,1)

is such a series.
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i.e. W has a submodule of type (1;0,0) @ (2,1;1,0;0,1) which

in turn has a submodule of type (2,1;1,030,1) and so on. Now
that we have determined the coordinates of all possible sub-
module types for W, it is possible to find all such "composition
series up to isomorphism". Any composition series for W in

the usual sense of the term will be of one of these isomorphism
types.

From a composition series up to isomorphism of W, we
obtain an ascending build for W, naming the points with their
triples as points of Sw. e.g. the above series gives the
ascending build
(1,0,1) = (1,0,0) ° (10,2,0) ° (10,1,0)° (10,0,1) ° (10,0,0),
and it is clear that the ascending build is equivalent to the
composition series of jsomorphism types. If SA is the Tower
set corresponding to the submodule A of W, it is possible to
construct all ascending builds in which all of the points of
SA occur before any other points of SW. These correspond to

composition series types which contain the coordinate of A

as a term.

For any modu?e W, if 0C ACA, C ...C A = A C An+1C ... C
is a composition series for W, then 0 C An+1/A C ... CW/Ais a
composition series for W/A. Conversely, if 0 C Ay C Ay C ... C An = A
js a composition series for A, and 0 C An+1/A C ... CMWA s

a composition series for W/A, then 0 € A; € ... C An c An+f:"' CW
is a composition series for W.

Thus, we obtain all composition series types for the guotient
W/A of NPIM W by truncating all those series types for W which
contain c(A) as a term. Equivalently, we obtain all ascending
builds of W/A, and it can be seen that the points involved are

those in the upper set SW - SA and have the order inherited from
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W. Therefore, this set corresponds to W/A. This proves:
Theorem 8.6: If W is a NPIM with submodules A and B, then
W/A = W/B if and only if A = B. O

Let W be a NPIM, and Let U < W. Given j € I, there may
or may not exist a quotient of W of the form U o Vj' If such
a quotient exists, it may not be unique, even up to isomorphism.
Example

In a block withe =5, 6 = (12 3 4),P(4) =E and a = 2,
(Example No. 4 of the Appendix) there is a NPIM W ~ (4;0,2;1,3).
If U~ (4;0,1) ® (1;1,0) there are two non-isomorphic types of
extensions of the form U ¢ V,, namely (4;0,2) @ (1;1,0) and
(4;0,1) @ (1;1,1) which are also quotients of W.

It is possible to distinguish isomorphism types of such
extensions by specifying which point of type J in SW is being
added to SU to produce the extension.

In the above examplie, (4;0,2) e (1;1,0) = U - (4,0,2) and
(4;0,1) @ (151,1) = U » (1,0,1).

Given a quotient U of a NPIM W, denote by E(U,W) the set of
points of SW - SU which are such that adding one of these points
to the upper set SU gives another upper set in SW. If there is
no point in E(U,W) of type j then there is no extension U o Vj
which is also a quotient of W. If there is exactly one point in
E(U,W) of type J then U o Vj is determined up to isomorphism by
its uniquely determined upper set. If there is more than one
point in E(U,W) of type j then U o Vj is ambiguous notation and
different extensions of this form will be denoted [U o Vj]l’

[U-oV , etc. In fact, it will be proved that there are never

J’]z
more than two such isomorphism types of extension.
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Lemma_8.7:
If p7 g in S, then for any U < W
with p e E(UsW), q & E(UW).
Proof:

If q ¢ E(U,W) then S, . is an upper set. But p ¥ q

q
and so p e S 9’ whence p e Sy since, py7 4. But: this 1is
impossible, since p e E(U,W). 0
It is clear that E(U,W) is the set of "next elements"
in SW with respect to the upper set SU’ together with any
heads of Sw which are not heads of SU.
We define predecessors of points in SW as follows:
(1k,a,0) where a # 0 has one predecessor, namely (1k,a - 1,0)
(1k,0,b) where 0 < b = bk -1+ Sk has one predecessor, namely (ik,O,b -
(ik,O,bk) where k # 1, has two predecessors, namely (1'k,0,bk - 1) and
(1k—1’ak—1’0)
If p e E(U,W) then all its predecessors are in S,
Lemma 8.8: If j e I is such that P(j) = E or a(J) = E, and
if for some U < W, E(U,W) contains a point p of type j, then p
is the only point in E(U,W) of type J.
Proof: Suppose first that P(j) = E and (1k,r,0) e E(U,W) has type

j. Then j cannot also be the type of (i ,r',0) unless k = 2,

%
by Lemma 4.1. If k = 2 and r # r', then either (1k,r,0) 7’(1l,r',0)

or vice versa, by Lemma 8.2, and so (12,r',0) $ E(U,W) by Lemma 8.7. If
(12,0,5) were of type j, then ¢ =k + 1 and s = b2 by Lemma 4.8, whence

(1k,r,o):>'(11,o,s) by Lemma 8.2, and again (1£,0,s) ¢ E(U,W).

Now suppose (1k,0,s) e E(U,W) has type j, with P(j) = E
still. If (12,r,0) also has type j, then by Lemma 4.8, k = 2 + 1
and s= by, but then (1£,r,o)>>(ik,0,s) and so (ig,r,o) ¢ E(U,W).

If (ig,o,s') has type j, then the Brauer tree configuration is
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which is impossible unless k = 2, and if ‘

._fk 4 J E  this is the case then s = s' also, since '}
A P )
‘-2 A(1k) # E. (
\
If a(j) = E, the proof is very similar. 0

We now impose a second partial order on the points of Sw.
The level of a point p is defined as follows:
(ik,a,O) has level a

(ik,O,b) where b < bk -1+ has level b

ki’
(1k,0,bk) where k # 1, has level max(ak_1 + 1,bk)

(This 1is consistent with the previous definitions of factors of

type j at given levels and of feet at given levels). A point at

level m will be said to be higher than a point at level n if

m<n. f

If p¥» q in the first partial order, then p is clearly
higher than q, but the converse is not true, so that this new
partial order is stronger than the old one. Both orders have
their uses. As has been seen, the first order can be used to
describe builds of W and its quotients. The new order will be
used to differentiate between isomorphism types of quotients
which are of the form U o Vj for some U < W and j € I. We may
refer to this new order on Sw as the Zevel order.

A build of a quotient of W which does not violate the level
order will be called a Zevel build. 1i.e. py © Py © ... © Py(w)
is a level build if and only if i < j implies that P; is higher

than pj, or on the same level.
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Example
In the block with e = 11, ¢ = (1 10)(6 7 8 9), P(9) =

M

and a = 2, (Example No. 3 of the Appendix), the NPIM
W~ (0;0,0;4,1;0,1;0,3;1,1) has quotient
U~ (0;0,0;4,1) ® (151,0) for which
(0,0,0) o (10,0,0) » (1,0,0) o (10,1,0) » (10,0,1)~ (1,1,0) o (10,2,0) °
(10,3,0)- (10,4,0)
is a level build, but
(0,0,0) » (10,0,0)  (10,1,0) o (10,2,0)  (10,3,0) ° (10,4,0) o
(10,0,1) » (1,0,0) - (1,1,0)
is not a Tlevel build.
0f course, every quotient-module does possess at least one
level build.
Lemma 8.9: Any two points of Sw of type j are at different
Tevels.
Proof: This follows from Lemma 5.3. D

Corollary 8.10:

E(W/@n(w),w) has at most one point of type j for any j ¢ I. [
Lemma_ 8.11:

If U <W, and if in E(U,W) there is more than one point
of type j, then there are exactly two such points.
Proof:

By Lemma 4.9, if there were more than two, then P(j) = E or
A(3) = E. But then, by Lemma 8.8, only one of these points is
in E(U,W). U

It was proved in Lemma 8.9 that if E(U,W) contains two
points of type j, then one is at a higher level than the other.
If p,q € E(U,W), both being of type j, then we will say that
U o p is a higher extension than U ° q if p is on a higher level

than q. By Lemma 8.11 there are never more than two such non-
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isomorphic extensions, and we will denote the higher by [U o VJ.]1

and the lower by [U °Vj]z'

Henceforth, a quotient U of a NPIM W will be called "good"

if U is the unique quotient module of its isomorphism type, i.e.

if the coordinate of U describes exactly one module. When this
happens, the coordinate of U may also be called "good". By
Theorem 8.6, good quotients correspond to good submodules.

In Lemma 8.11 it was shown that, even if U is good, if
there is more than one point in E(U,W) of type j, then an
extension of the form U o Vj may have one of two coordinates,
and it is not yet clear whether either of these is good.

It will now be shown that exactly one of these two
coordinates is good.

Lemma 8.12: If p,q are any two points in E(U,W) then
p e E(U =q, W).

Proof: It is necessary to show that S is an upper set.

Ue gep

This is true since SUo and S are upper sets, and S

q Uop Yopog

S U

Uoqop”
Lemma 8.13: 1f E(U,W) contains two points of type j, then for
any extension of form U o Vj, E(U ° vj,w) contains exactly one
point of type J.

Proof: Let the two points of type Jj in E(U,W) be p; and p,.
Without loss of generality, consider E(U o p;,W). We see from
Lemma 8.12 that E(U o p;,.W) contains a point of type Jj, namely
p,. Suppose it also contains another point g of type Jj, making
at least three such points in S . Then P(§) = Eora(j) =E

by Lemma 4.9, and so, by Lemma 8.8 there is no U which is such

that E(U,W) contains two points of j. 0
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Thus, even though U o Vj is not well-defined up to jsomorphism
if there is more than one point in E(U,W) of type j, U o Vj ° Vj
does have a uniquely determined coordinate type.

Lemma 8.14: 1f E(U,W) contains two points p; and p, of type j,

not both U o p; and U o p, can be good.

Proof: Consider U o py o p,. If N is a module of type U o p; ° py,
then N has at least two irreducible submodules of type Vj’ say

o(Vj) and w(Vj), where o and ¢ are isomorphisms.

Suppose N/o(Vj) ~ U o p; and N/w(Vj) ~ U o p, and suppose
that U o p; is good. But for any t e k, (o + tw)(Vj) is
also a submodule of N isomorphic to Vj. Denote N/(o + tw)(Vj)
by Mt'
Since Mt’ with t # 0, cannot be of type U o py, which is
good, it must be of the other isomorphism type U o p,. It follows
that U o p, is not good. 0
Lemnma_8.15: Suppose U < W, and that U has the property:

(L) Whenever p € SU and q € Sw - SU are of the same

type, then g is at a lower Tlevel than p.

Then U is good.
Proof: The proof is by induction on the number of points in SU.

If SU has one point, it must be at level 0, the highest
level, and it is good by Theorem 1.1.

Suppose the hypothesis is true for upper sets with n points.
Let SU be an upper set with n + 1 points, and such that U has the
property (L).

It will first be shown that if we extract from SU any point
on its lowest level, the remaining set of n points still has this
property.

Suppose S, has its lowest points at level k, and let Py be

U
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a point of SU at this level. If there is a point p e Sy - {pk}
which has the same type as a point q in SW - (Sy - {pk}) then
either q ¢ Sw - SU or q = p- If q ¢ Sw - Sy then g is at
lower level than p because Sy has the property in question. If
q = P> then q is at lower level than p by the fact that k is
the lowest possible level for points of Sy, and no two points
with the same type can be at the same level. (Lemma 8.9).
Therefore, SU - {pk} has the required property, and by the
inductive assumption, this upper set of n elements is good.

It is clear that p e E(Sy - {py}s W) and that
(SU - {Pk}) ° Py = Sue

If there is no other point in E(Sy - {pk}, W) with the
same type as Py then SU is good.

Suppose that there is another point q e E(Sy - {p 3> W)
with the same type as Py Now q must be at a lower level than
Py by the hypothesis concerning S;. ¢, since it is in
E(Sy - {pk},W) has Tevel k + 1.

If P = (1j,k,0) for some j, and g = (ih,k + 1,0) for
some h, then j # h, since both Py and q are in E(Sy - {pk}, W).
Then, either k = 0, when S| is certainly good (being the direct
sum of heads of W), or (ij,k - 1,0) has the same type as
q' = (1h,k,0) e Sy

If Py = (ij,O,s) and q = (1h,0,t), then again, j # h.
Either s = 0, when S, is good, as above, or (ij,o,s - 1)

U

has the same type as q' = (1h,0,t -1) ¢ SU‘

If pk = ('lJ,k,O) and q = (.ihao,s)s then J # h and J # h -1,

and, by Lemma 4.8, either k =0 or s = bh. If kK = 0, SU is good,

and if s = by, (1jsk - 1,0) has the same type as q' = (1h-1’

ah_l,O) e Sy
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If Py = (1j,0,s) and q = (1h,k + 1,0), then j # h and
j#h+ 1, and, by Lemma 4.8, either s = 0 or s = bj' If s =0,
Sy is good, and if s = bj’ then (1j_1,aj_1,0) has the same
type as q' = (ih,k,O) e S|-

In all the above possible cases, q' is a point in SU’

and the only other point of the same type is also in SU.

Thus, Sy - {q'} is such that there is no point in E(S - {q'},W)

of the same type as g' except q' itself, whence S (SU - {q'Neq"
is good. O
Lemma 8.16: (converse of 8.15)

If U is good, then it has the property (L).

Again the proof is by induction on the number n of points
in Sy.

If n=1, and 5; = {p}, then p is at level 0, and so any
other point of SW with the same type is at a lower level.

Now suppose that any good quotient whose upper set has n
points has the required property.

Let S have n + 1 points, where U is good. Suppose p € SU
and q ¢ SU both have type j. If p > g, then p is at a higher
Jevel than q. It is impossible to have q >pandq¢ Sy since
Sy is an upper set in SW.

It remains to consider the case in which p and q are non-
comparable in the first order. In this case, P(Jj) # E and a(3) # E
and p and q are the only two points in Sw of type J.

Suppose q is at a higher level than p, and consider first
the case in which p is a foot of Sy. Then U/p is good, since U
is good and p is the unique foot of its type. U/p has n points,
and thus, by the inductive hypothesis, has the required property.

If q € E (U/p,W), then (5 - {p}) ° q has the required property,
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and is therefore good, by Lemma 8.15. But p  E (U/p,W) also,
and so E(U/p,W) has two points of the same type, and both
extensions are good. This contradicts Lemma 8.14, and so
q ¢ E(U/p,W). If g is not a foot of W, then its predecessor
has the same type as a predecessor of p, but is at a higher
level. This is obvious if p is not a foot of W, and follows
from Lemma 4.10 if p is a foot of W. If q is a foot of W, then
p is not, and the single predecessor of p has the same type as
one of the predecessors of g, and the latter is at the higher
level, since g is at a higher level than p. In any case, the
predecessor of p, at the Tower level, is a foot of U/p,
whereas the predecessor of g, at the higher level, is not, and
this contradicts the known property of U/p.

Now consider the case where p is not a foot of U. U
will have a foot p' with type oM(3) or ém(j) for some m > 1.
If a point of this type occurs again in Sw, then it is only once,
since P(j) # E and a(j) # E. If this point exists, call it q'.
We will show that q' ¢ SU. p and q' are not comparable in
the first order, since if q'> p then g' > p' and if p> q'
then either p is a head or q' and p' are comparable. But p is
not a head, being at a lower level than q, and p', q' are not
comparable since they have the same type and are in P(j) or a(j),
neither of which is exceptional. We know that p and q are not
comparable, and if also g,q' were not comparable, there would
be three points p,g.q', all with types in either P(j) or a(j),
and pairwise non-comparable. This would imply the existence of
three heads of W in P(j) or a(Jj) respectively, a contradiction to
Lemma 4.3 . Thus g and q' must be comparable in the first order,
q' and g determine a unique chain in the first partial order on

S,> S do p' and p. If p',q' have type o™(3) (resp. s™(3)), then
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all the points in both chains are in P(j) (resp. a(j)). If g > as
then the chain containing p and p' also contains a second point
p" of type o™(3) (resp a™(3)) at a higher level than p, but,

since P(j) and a(j) are not exceptional, this is impossible.

Thus q » q' and so q'¢ Sy It follows that U has a unique
foot p' of this type, whence U/p' is good, and so has the required
property. But U/p' contains the point p at a lower level than
q e Sw - SU/p" a contradiction.

The conclusion is that g must after all have been at a
lower level than p, and so S, has the required property. 0

Corollary 8.17:

If U is a good quotient of a NPIM W, and there is a point of
type j in E(U,W), then there is an extension of form U e Vj which
is good. If there is more than one point of type j in E(U,W)
then [U o Vj]lis good.
Proof:

If U is good, then it has the property that ifpe Uandqié¢ U
have the same type, then p is at a higher level than q (Lemma 8.16).
If there is only one point p in E(U,W) of type j, then U o Vj is
determined up to isomorphism and SU . Vj still has this property.
This is because, if there were another point q in W - U of type Aty

it could not be a head of W (all heads of W which are not heads of

U are in E(U,W)), and so it has 1 or 2 predecessors. If p and q
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each have one predecessor, then they both are of the same type,
and that of q is not in SU. But then, since SU is an upper set,
the predecessoryp, which <s in SU, is at a higher level than the
predecessor of g, and it immediately follows that p is at a
higher level than q. If p or g has two predecessors, the
argument is more complicated, and uses Lemma 4.10. Suppose q
has two predecessors, and suppose the one predecessor of p is
(ik,r,O). Suppose the predecessor (1£,s,0) of q is of the same
type. It may or may not behin u. If (12,5,0) ¢ U, then r <s
since U is good, whence p, at level r + 1, is at a higher Tevel
than q, whose level is 2 s + 1. If (12,5,0) e U, then if k < 2,
r <s by Lemma 4.10 and this again proves that p is at a higher

level than q. If & < k, then & * (i = 4, indicating that

2+1)
the point q is of the same type as (1k,0,0) a contradiction.
The case in which p‘has two predecessors and q one is treated
similarly.

Finally, if there is more than one point in E(U,W) of type
j, then there are exactly two such points. Of [U o VJ.]1 and
[U o Vj]z’ only the former has the property that if p e SU . Vj
and q ¢ SU o Vj are of the same type, than p is at a higher

level than g, and so [U o VJ.]1 is good. O

Lemma 8.18

If Uis good, and E(U,W) contains two points of type j, then
U o Vj ° Vj is good.
Proof:

[U o VJ.]1 is good, and by Lemma 8.13,E([U o Vj]1’w) contains
a unique point of type Jj, and so [U o Vj]1° Vj is good. But
Uo Vj ° Vj is determined up to isomorphism, and so U o Vj ° Vj is

good. O
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Lemma 8.19
If U is good, and E(U,W) contains two points of type j,

then [U o V.] 1is not good.
J 2

Proof:

[U o Vj]2 does not have property (L). 0
SUMMARY If W has repeated composition factors, then either
(1) any pair of points of Sw with the same type is ordered
according to the first partial order on Sw.
or (2) there exists a pair of points which is not comparable
under this order.

In the first case, W is such that every one of its
quotients (and submodules) is good.

In the second case, there will be quotients and submodules
which are not good. Suppose the pairs of points of Sw with the
same type which are not comparable in the first order are
(P1> 91)s (P25 G2)5 (P35Q3), ... where p; is higher than q; in
the level order, i = 1,2, ... Then, if the set Su is such that
whenever q; is present for some i, P; is also present, U will
be good, and otherwise, not good.

It is clear that case (2) only occurs if there is a head of
W with an exceptional vertex, and in fact, only if W has two heads
which share a vertex in the Brauer tree.

We can illustrate the structure of a NPIM W by a Tattice
diagram in which the points represent the coordinates of the
quotients (equivalently, submodules) of W, and the connecting
line segments represent simple modules. This is what Peacock
did for projective indecomposables in [9], though of course the
points in his diagrams represent actual modules, whereas in the
nonprojective case this will only be so for "good" quotients.

In practice, it will usually be impossible to actually draw
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the lattice for a NPIM because of the number of dimensions
required. Some of the simpler examples are illustrated below.

Points marked e represent quotients which are not good.
A11 other points represent good quotients.

Example 1:
W~ (4;0,2,0,3) in the block with e =5, § = (1 2 3 4) and

P(4) = E (see Appendix, No. 4)

(4;0,0) is good, and if U ~ (4;0,0), E(U,W)

consists of the two points p = (1,0,0) and

q = (4,0,1) which both have type 1, which are not comparable i
first order, but such that p is of level 0 and q of level 1.
is good and U o q is not good..

Uopogq=Uoqeop~ (4:0,1)® (1;0,0) and this is good.

n the
Then U o p
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Example 2
W~ (2;2,2,;0,1) in the block with e = 11, § = (1 10)(2 3 5)(6 8 9)

and P(2) = E (See Appendix, No. 1)

0
As
4 10
;//\V// 2,
— —
5 3

g 5

A 1o 2 W

Example 3

W~ (10;2,031,1) in the same block.

Note that in this example,
all quotients are good,
even though the heads
share a A-vertex.
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APPENDIX : Examples

This appendix list some example of blocks with cyclic
defect group.

If G is a Mathieu group, in which a Sylow p-subgroup of
G has order p, then the principal p-block of kG has cyclic
defect group of order p. The Brauer trees of all such blocks
are given by James in [6] and further analysed by Peacock in [8].
If we denote the single element of A(}) by 0 ¢ I (where 1
corresponds to the 1-dimensional trivial €G -character), we can
calculate the permutation & on the elements of I from a "walk
around the Brauer tree", as described by Green in [5]. Peacock
in [8] also calculates the Brauer trees corresponding to the
principal p-blocks of the symmetric groups Sp and the alternating
groups Ap.
1. M,3, the principal 23-block

P
3
A P A
5 4
2
=° { L _Ie £
P A [\
6 8 P 7 A
A - -
9
P
p =23
q =23 § = (1 10)(2 3 5)(6 8 9)
e =11 p=(0 1)(2 6 10)(4 5)(7 8)
a =2
P(2) = E
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2. A3, the principal 13-block

e ! 5 2 &
IN P A P A 3
p =13

q = 13 5= (1 5)(2 4)

S P o= (0 1)(2 5)(3 4)
A(3)=E

3. My, the principal 23-block

D‘zm

A
P o o ’ .
P A
p =23
q =23
e =11
a =2 s§=(1 10)(6 7 8 9)
P(9) = E =

(0 1)(2 3 4 5 6 10)

o
il

4. M;;, the principal 11-block

PI
2
(o) ] 3
s - —:P
A A
4
p =11 !
e= 5
a= 2
P(4) = E s§= (1 2 3 4)

©
"
—
o
—t
~

-

. * B
T e ® S5 gy .



& DO T

oo DO0T
—_

N

9/.

Moy, the principal 11-block

S !

A P

7 3

A P
11
11 - ‘
10 8§ =(1 9)(6 8)
1

(0 1)(2 3 4 5 6 9)(7 8)

©
[}

Ms5, Mo3, the principal 11-block

A

2
‘ o I 4 e
A P A N

3

A

11
11
5
2 § = (1 4)

1rm

(0 1)(2 3 4)

©
]
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