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SUMMARY

This thesis is principally concerned with sorution
techniques for rarge scale nonlinear programming problems

having structured linear constraints and the feature that they
probably could not be soLved by second order methods.

A cl-ass of probrems having a simple structure is first
considered- simpre expressions for the gradient projection
method's search direction and first order estimates of the
Lagrange multipliers, in terms of operators, that have been

found for this problem by Berry¿ êrê stated. A Lemma is
given which arlows these operators to be used in an efficient
versj-on of the gradlent projectlon method, sultable for solving
the strucÈured problem with additional general linear constraints.
Several- other methods for the structured problem and the struct-
ured problem with additional l-inear constraints, that have been

or coul-d be used are also discussed.

A class of problems having two separate structures is then
considered. A projection method which could be interpreted
as a gradient projecti-on or red.uced-gradient type method is
developed by usj-ng col-umn transformations. The Lemma used

for extending the singre structured problem to one including
additionar l-inear constraints is again used for the double

structured problem to produce an efficient solution technique.
The performance of the gradient projection method is

evaluated. several changes are made to the original method



(ii)

and the incorporatj-on of acceleration techniques is considered.

The projection methods are then tested on several problems

including a design problem for the Adelaide metropolj-tan

telephone network.
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CHAPTER I

II'JTRODUCTION

The aim of this thesis is to examine techniques for
solving large scale nonlinear programming problems having a

particular structure with an emphasis on problems that cannot

be solved by second order methods.

Most practical large scale linearly constrained. non-

Iinear programming probfems have some particul-ar feature

allowing their solution by some method. The most common

feature is when the matrices of constraint normals for such

problems contain a large proportion of zero elements. These

matrices will also often have a certain structure which can

be used to devise special solution methods. In fact large

scale problems with many linear constraints with neither of
these features are likely to be difficult to solve simply

because of the limitations imposed by computer storage.

Problems can also have objective functÍons that are predomin-

antly linear with nonl-inearity in only relatively few variables.

Second order solution techniques for such problems have been

discussed by cill and Murray [19, Chapter 4] and Murtagh and

Saunders t3f¡ . These problems will have the property that
there will usually be a large number of constraints actj-ve

at each iteration. In general the feasibility of the use of

second order methods can be identified. It is in part related
to the vari-able s, which is defined as the number of variables
minus the total number of linearly independent active constraints.
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rt can be seen that if s is arways smatr (that is, ress than

about 200) then second order methods can probably be used.

For predominantry rinear objective functions the val-ue of s

at any iteration will usually be small. However, when s

can be expected to be large (at least 500, say) the only

recourse is to use a robust variant of a first order method.

Another special class of problems, discussed by GiIl and

Murray, occurs when both the matrix of constraint normals and

the Hessian have special structure.
The present study was prompted by an approach by Berry

t4l in which Rosen's gradient projection method was success-

fully adapted to solve a telephone network design problem

which was a nonlinear program with 3423 variables, 1141 linear
equality constraints and a highly nonlinear objective function
(ttrat is, a large proportion or al-l- the variables occur non-

linearly). The success of this apptication of the gradient

projection method can be partly attributed to the speci-al

structure of the linear constraints. The constraints have a

structure which is known as Gene¡alized Upper Bounding in
linear progranìming. This structure was used by Berry to
produce a modified version of the gradient projection method

in which no matrix muÌtiplications were necessary, thus

resulting in large benefits Ín computer storage, computer

time, numerical accuracy and ease of implementation. The

important feature of this version of the gradient projectj-on

method is that the search direction and estimates of the

Lagrange multipliers can be easiÌy calcul-ated by using simple

explicit operators. This j-s important because it subsequently

allows the solution of problems having additional general
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linear constraints by a modifj-cation of the gradient projection

method, with the amount of computer storage needed dependent

only on the number of additional constraints.

Problems with Generalized Upper Bounding structure for

which the objective function is predominantly linear, or

having the property that s is generally small, can be

solved by several second order methods. These methods and

the reduced-gradient method can also be extended to solve

problems having additional linear constraints.

The Generalized Upper Bounding structure is only one of

the possible structures that a large scale problem could have.

This class of problems can be generalized to a class of problems

referred to here as transportation-tgpe problems. This is

because the immediate generalÍzation of problems with General--

ized Upper Bounding structure, have a structure similar to

linear transportation problems. The transportation-type

problems have the feature of having two separate structures.

For such problems it cannot always be expected that operators

of the same form as those obtained for the Generalized Upper

Bounding structured problem can be obtained. Instead

efficient operators can be found that are based on column

transformation methods. An important feature of these

operators is that no explicit matrix methods, such as calcul-

ating and storing inverses or factorizations are needed. Such

a method clearly offers advantages in computer storage and

Íncreased numerical stability over any matrix method. It

can also be seen that this class of operators can be inter-

preted as either gradient projection or reduced-gradient type

operators. Ho$¡ever, the interpretation of these operators as
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gradient projection type operators allows an extension to
problems having additionar generar linear constraints.

As the methods developed for structured probrems with or
without other generar rinear constraints are mainly based

on the gradient projectj-on method it is important to consider

the failings of the method. The main problems with the

method can be identified and certain remedi-es effected. To

test the actuar potentiar of methods based on gradient projec-
tion methods it is arso important to test their performance

with a rear rarge scare problem. This can be done by consid-

ering the telephone network design problem of Berry and various

modificatj-ons of the problem.
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CHAPTER 2

A SINGLE SÎRUCTURED PROBLEM

2.I THE PROBLEM

prob I en

problem:

notational convenience

will be here defined as

min f (x)

s. t.

x lx

the

the

k k

llkl
t,... rxe(l) r "' rxl r " ",xO

6ene¡ al ized Uppet Bounding

nonlinear programming

(2.L|

k 1,...,k (2.2\

For

0(k
Ij =r

bx

k
o (2.3)

kb ; 0, k 1,...,k,

where f is continuously differentiable in the feasilcle region
k

with gradient g(î) = Vf (x) and for later use n = 
n=I, 

Ot*l .

The occurrence of constraints such as (2.2), together

with other more general lj-near constraints, in a linear
programming problem woul-d enabl-e the use of a specialized

linear programming technique known as Gene¡alized Upper

Bounding t3l. The basis of this technj-que is centred on the

structure of the constraints (2.2). For this reason the

problem (2.I') , (2.21 and (2.3) has been given the above name

as it effectively implies the structure of the constraints.

Problems of the form (Z.l) , (Z.Z'l and (2.31 can occur in
particular practical applications. For example the program
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can be interpreted as the mathematical formulatj-on of a problem

in the economic design of alternatj-ve routing telephone networks.

The components *l of the point x wilr represent chain frowst-
on a multiple origin-destination (OO¡ network. For each

distinct OD pair k there exist 0 (k) routes (chains)

available to carry telephone traffic. The equality constraints
ensure that the total traffic carried on these routes is a

specified quantity bk . A feasible set of chaj-n flows on

the network defines a chain flow pattern I, with a correspond-

ing cost f (x) . The problem is to determine a chain flow
pattern I* with minimum cost f (x*) .

Such telephone network design problens give rise to large
programs with typically 5,000 10,000 variables. The non-

linear function f , which represents the cost of junctions

required to give specified OD performances, is a differ-
entiable function.

Solutions to the problem (2.L), (2.2) and (2.3), where

f(x) is linear can be given by inspection. rf f(x) = .t*
(say), then

(2.4)

where for k I ,R j (k) satisfies

ci ( k) min {
r<j<0 (k)

This is commonly known as the al.I-ot-nothing allocation principle.

Just as this special- structure provides an immediate

solution for linear f, it can be expected that simpler versions

x*l
J {:

if j = j(k)

otherwise

k.c.j
J
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of standard nonlinear prograruning methods can be constructed

for nonlinear f . Five solution techniques and the

feasibility of thej-r application to the Generalized Upper

Bounding problem will be discussed. These will include a

linear approximation technique, two first order methods and

two second order methods. Their suitability will be evaluated

in terms of computer storage and the amount of computation

required per iteration.

2.2 THE CONDITTONAL GRADIENT METHOD

The conditional gradient nethod is a method used by

Klessig l27l in an algorithm for solving nonlinear multi-
commodi-ty flow problems. The method stated by Klessig is a

variation of the Frank and Wolfe method for quadratlc prog-

ramming

The

follows:

Iet CI

t171.

conditional gradient method

given a feasible point Io,
denote the feasible region.

(i) Find any sol-ution * to

r'g(T, - , )

(iii) Compute the smallest integer k,

f(î,-, * ß*tp) f(ï,-,)

can be described as

select o,,ß € (0,I) and

Thenfor i-I,2,...

the l-inear program

(2.5',)

such that

oß\

ml_n

Set
I

(ii) If p g (x
-i - r

) 0 then stop as x
-i - I

is the

optimal solution.

x€CItS

P=i-x. _1

T

I

x k
IÞ P

(iv) set x
èt

+

tpg.
è -l

< 0.
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It should be noticed that the linear program in step (i)

of the conditional gradient method may also be viewed as

minimizing the linear approximatj-on to f at the point Ii. ,

for small values of À , i.e.

T
mt_n

s. t.

An all-or-nothÍng solution similar to (2.4) can be easily

found to the linear program (2.5'). Hence the question of

computer storage is irrelevant for the condj-tional gradient

method. Similarly the amount of computation per iteration is

negligible except perhaps that required in the line-searcå

ptocedute of step (iii) . In a practical problem it seems to

often be the case that a major part of the effort is involved

in performing such line-searches. Hence the convergence of

the method for large problems becomes an important consideration

as this will determine the number of line searches needed and

1n turn the suitability of the approach. Thus it seems

preferable to use a first or second order method, with the

promise of better convergence, as long as the additional-

storage and computation then needed does not make the implement-

ation of such a method impracticabl-e.

2.3 THE PROJECT

In a study by Berry t4l a mathematical program of the

form (2.L1 , (2.2) and (2.3) r^ras used for dimensioning the

Adelaide metropolitan telephone network. This problem had

1141 constraints of the form (2.21, 3423 variables and a

f(1:-,) + À g(rt (x-x. - )
- -l - I

¡€ç¿

D
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highly nonlinear objective function. A method for solving

this problem was devised by adapting Rosen's method t36l to

take into account the special structure of the constraints.

An elementary ,iescription of Rosen's gradient projection

method can be given as foll-ows:

Given a feasible point Xe , then for i = I,2,...
(i) Ca1culate p = - PN 9¡-, (2.6)

where

P
N

N is the matrix v¡hose ro$¡s are the normals of the

currently active constraints and 9l - , = 9(1: - I ).

(ii) rf (iv¡.

(iii) set I¡ ft-, + 0*P'

t 
[NNt ] -t N,

P=9'goto

where

and

0 = m].n

mLn
s€(0,cm¡

f(T,.r*op)

)

f(1:_r*cr*p)
x

k
x.

I
k

I

À = N'g

k
max

pj 4 0, j r,"',0(k);
p

(iv)

lç = I,...,R

Go to (i).

Calculate the first order estimates of the Lagrange

multipliers

(2.7)
¡- l

J-

N' =
T -ttNN- I - N.

where
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Derete the constraint corresponding to the most

negative Lagrange multiplier estimate and go

(i). If the estimates are all non-negative

the solution is optimal.

to

then

ït can be

of the program

or

ll pll 2

ml-n

s-t- 
P Po

N^-

-all oll - =:2

seen that the direction p is simpry the soluti_on

ml-n

s.t (2.8)

T
Pg
NP=9

pg

I

I

alternatively, it can be obtained by solving

T

(2.e|

The solution of such a program is just the orthogonal projection
of the gradient g onto the intersection of active constraint
hyperpranes. The problem of sorving the first program is also
equivalent to finding the minimum distance (in terms of the
Eucridean norm) from some point to the intersection of given

hyperplanes.

Because the matrix N has such a specj_al structure for
the GeneralÍzed upper Bounding problem, Berry t5l was able to
circumvent the necessity of using matrices to calcurate p*

and N+ . Instead these matrices were described as operators.
This can be done as follows: for an arbitrary vector w € Rn ,

lp* r'1î = 6: {'î Ã/p(k) ) 
t(f,' 

nä*ä } (2.10)
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where

k o if x:: o
t

I otherwise
ô

and
0( k)

k
p (k) Io e.[=r

The elements of

numerically equal to

kcorresponding to x =0are

0 kkk (2.rr)w (r/p (k) ) ô twt

and the elements of +Nw corresponding to are

kk (2.12)( l/p (k) ) ô twQ

Thus the gradj-ent projection method is also a viable

technique for soJ-ving the Generalized Upper Bounding problem

as far as storage is concerned. This j-s because the search

direction (2.6) and the multiplier estimates (2.7) can be

easily calculated from (2.10), (2.1I) and (2.I2). This

contrasts dramatj-caIIy with a straightforward application of

the gradient projection method which, for the telephone network

design problem, needs the matrix [l¡Nt ] -t which in this case

will be of si-ze ftXITtr where m Þ 1141-

A later study by Bruyn t91 !{as conducted on the long-

term planning of a telephone junction network. The mathe-

matical programming problem in this case was broken into a

series of smaller subproblems, each of the same size and type

as those studied by Berry. The modified gradient projection

of Berry was here further modified in that these subproblems

I

N'w

( k

I
e

o(*) k _ k)x=þ
j ='I 

j

(þ )k

II
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had non-differentiable objective

$¡ere used when the gradients did

functions and subgradients

not exist.

2.4 THE REVISED GOLDFARB'S METHOD

The variable metric method of Davidon tlIl $¡as extended

by Goldfarb l22l and combined with Rosen's gradient projection

method in an effort to use second order information in solving

linearly constrained nonlinear programs. This resulted in a

conjugate-gradient type algorithm.

This was essentially accomplished by using the operator

H* in place of P" in (2.6), where H* is a symmetric,

positive definite approximation to the operator

-l T -l ( 2.13)NG N NGc-t Nt I^ _l

P*=Ç'

where G is the Hessian of

conj ugate-gradients arises

H is undated.
N

The direction p =

of the program

The reference to

in which the operator

f.atI
from the way

where f(x) is approximated by the

In this case g(f) = Gx + g. The

sufficient condition for a minima,

leads to p = -Ê*9. Alternatively

scalar multiple of the solution to

g can be seen to be the solution

min fo + +

s. t. Nx

form fe + a
T + trxT Gx

use of the necessary

for some

and

P
N

TTax Lzx Gx

=9

x

0- ttgg

p can be seen to be a

the program
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s. t. Np 9 (2.r[',)

to finding the minimum distance, from a

intersection of certain given hyperplanes,
metric G. Alternatively p can be

1Gp

T
ml-n Pg

T

P

This is equivalent

given point to the

in the sense of the

obtained by solving

T
ml_n

s. t. (2.rs)

where LLr = G-l and it should be noted that Ê* = pr"
Buckley tr0l suggested an alternative implementation of

Goldfarb's method. rn the revised versi.on a nonsÍngurar
linear transformation E , to a new coordinate system
is used, such that

E -1

D is any sxn matrix

equal to n minus the

ff M=NE, then

matrix

2

2

Pg
p-

il pll

p

I,

PL
N

T

xT=E

till
such that E

total number

N[ = [rn., 0].

has rank n and s is
of active constraints.

In this case, any

K
N

0
0 fl,-1

where K* is a posj_tive definite symmetric

the requirements of Goldfarb's algorithm.
be obtained as

sxs matrix, meets

The matrix nN can
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ft,0 D1DH*

The sxs matrix K* is now updated instead of the nxn

matrix H.

The revised algorithm given by Buckley can be briefly

described as follows:

Given a feasible point

positive definite matrix

(i) Calculate

where

p K*

Io , the matrix E(nxn) and the

ñnn (sxs), then for i = L,2,...

f (y)

vP

vçI o=Vay -y

and ô GR'

v

Set

where

+ ct*D
l--

v

(ii) If P" 0, then go to (iv).

Set

(iii)

D=Eþ

x=x
-i -i

f (Tr., * o*p) min
oC(0,o lmax

Revise KN, E as necessary.

Go to (i) .

Calculate the first order Lagrange multiplier

estimates À!v=9"
Delete the constraint corresponding to the most

negative estimate, revise ft* and go to (i).

If all the estimates are non-negative the sol-ution

is optimal.

f x
-i

+ 0P)'

(iv)
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One defect of the original Goldfarb's method was that

even if the constraints were well-conditioned, the manner in

which the Hessian information was incorporated in the search

direction is such that the search directions are contaminated

and often prove to be infeasible. With the Revised Goldfarb's

method it can be seen from the above algorithm that this

contamination cannot occur.

In Buckley's method the matrix E(nxn) j-s stored and

updated during the progress of the algorithm. For a large

problem (e.9. n > 3000) storing and performing operations

with an nxn matrix is clearly out of the question. However

it can be not,iced that for the General-ized Upper Bounding

problem, E does not need to be stored. By the virtue of

column permutations, the matrix N can be writ,ten as

N
r Nrz

00t
In this case, if E is the matrix

r -Nrs

00
OI

then

t
I

M NE
0

which is of the required form.

This means that only the matrix

Hence this method could be applied to
Upper Bounding problems as long as s

ñ,o (sxs) is required.

large scale Generalized

is no larger than about

E

-N rz

I

0

0

I :l
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200. For s significantly larger than 2OO, the method would

become impracticable. This has been seen to be the case with

the telephone network design problem, where it has been noticed

that near the opti-mal sotution the value of s is in the

region of 500 to 600.

2.5 THE REDUCED-GRADIENT METHOD

Harris I24l has also constructed an efficient solution

procedure based on the reduced-gradient method 1,4L, 42, J-2l.

This modified reduced-gradient method was used in investigations

of different concepts of optimality for telephone network

design problems of the Same nature as those studied by Berry.

The formulation of the constraints necessary for the

application of the reduced-gradient method is

Ax (2.L6)

(2.r7)

At the start of an iteration it is assumed that there is a

feasible solution ï which is partitioned into basjc and

nonbas j c varj-ables (respectively) as foll-ows:

L;" ]
The matrix [ = [As A"] witl be assumed to have been transformed,

by the premultiplication of o;t , to tr Ã.1 where ÃN - A; AN'

Hence the basic variables can be written in terms of the non-

basic variables, i.e.

Þ

9x)-

x
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x An b+T.¡

where A;

Differentiation of f Yields
þb

ðf (>¡¡ 
r

df (x) = Ë 
dT" d5*

ðf (x) T

ðT" Ao,

Hence if r is a vector given bY

T
ðf (x) r

5"t
d

ar (x) r
r= [s't ÃN

itcanbeSeenthat:isadescentdirection.However:
is not necessarily a feasible direction. A feasible descent

direction can be constructed as follows:

O if r. <0 and x
t

r. otherwise
J

=0
IP*] 

¡

ðT" âIn

min
r < l, < 0(k)

and

Ps=-ANPr'¡

The modified algorithm of Harris can be descrj-bed as

follows:

Given a feasible point xo , then for i = I'2""

(i) For lç=1,---,R select j(k) suôhthat

a

*¡ ( *)

k

{fr}f
k

a

The variable x

the variables

variables.

will be a basic variable and

9" I j (f) will be nonbasic
i ( k)

k*L'
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(ii) Define the vector

For e. I j(k)

0 if *L -o

p as follows:

kp0

âf <0
âx

k

L

âf
( 2. r8)

(2.20)

k
â *,Q,

and

k (2.re)P¡ ( *l

(iii) If p 0, stop, ês solution is optimal.

( iv) Set

where

r(r

+ o*p

+ o*p) min f( x.èt I
+ 0P)'

o€(0,o lmax

This atgorithm follows from the fact that for the General-

ized Upper Bounding problem, N and pt can be written,

after col-umn permutations and deleting certain active non-

negativity constraint normals, as

-k) po
i ( k) tuLt

Tr = I¡-t

t.l

t
r Ntz

0

and

respectively.

The algorithm then sets

This ensures that p is

decrease.

pg = 9, pz from (2.18) and pr = -Nrzpz.

both a feasible direction and a directi-on

T
3P

T
2

0

P
T
IP I
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Alternatively, if the matrix Z is defined as

o-
¿r

Nrz

I

0

then the direction p can be wrj_tten as

(2.2L)

This can be compared with the direction obtained with the

gradient projection method (with N as in (2.2O), which can

be rewritten as

(2.22)

It can also be noticed that the reduced-gradient search

direction p can be obtained by solving the program

mr-n P

s.t. p (2.231

ZZ, gp-

g

pz

T

_a
lloll-

-Z

1

The simple nature of expressions (2.18) and (2.t9) means

that the modified reduced-gradient method of Harris, rike the

modified gradient projection method of Berry has the advantage

of negligible computer storage and a simpte implementation.

Al-so, the search directions produced by these two methods are

similar j-n nature as comparison of (2.9) and (2.23) shows that
the only difference is in the way the general solution to
NP = 9 is written. Thus there should be no general dominance

in performance by either method.
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2.6 THE MURTAGH-SAUNDERS METHOD

A second order technique for large-scale constrained

problems, related to the reduced-gradient method has recently

been proposed by Murtagh and Saunders t3f¡. This method is

based on the reduced-gradient method and the related variable-

reduction method of McCormick Í29, 301 together with a quasJ--

Newton approach.

The mathematical program in this instance is reformulated

AS

man

s. t. Aä

where A is (mxn) .

cill and Murray t19l have considered a class of algorithms

in which the search direction along the surface of active

constraints is characterj-zed by being in the column space of

a matrix Z which is orthogonal to the matrix N, i.e. NZ - 0.

Using this characterization of the active constraints, the

quadratic program resulting from a second order Taylor expansion

off,

ml_n 'u p' "p 
* gtP

s.t

can be written as the unconstrained problem

(2.24)

f (x)

þ

.1,(x(u

Np=o

u'z'GZv +
Tmin tz

V
g Zv

If

of

the matrix ZrG Z is positive definite, then the solution

the quadratic program is
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P* = Zv*

where v* is the solution of

(zr c;zlv* = z'g

This can be contrasted with the revised Goldfarb's method's

direction p = P6 9 = PN 9*, where 9* is the solution of

the unconstrained problem

min
u

The direction p* can also be obtained by solving the

r,,rurPncP*Y * g"Po,g (2.25)

(2.261

(2.271

program

mLn

s. t.

or alternatively by solving

mrn

s.t.

T

Pg
p=zp
-T 

.¡
p' (Z'GZ)P = I

T
Pg
p-zLp
il Fil; I

where LLr = (zr ez)-r

For the Generalized Upper Bounding problem, it has been

found that such a matrix Z for N in the form of Q.20)

j-s given by

¿r [ :'l
The method proposed by Murtagh and saunders uses the

following quasi-Newton algorithm:
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Given a feasible point xs , for i = L,2,...
(i) Compute the reduced-gradient' g^ = ,'gr. ,.
(ii¡ Form some approximation to the reduced Hessian

tJ
A

g zr Gz.

(iii) Obtain an approximate solution to the system

zr Gz
T
9,. '

by solving

(iv) Compute the search directlon P = ZPn

(v) Set + a*p

where

where Nrl is

is mx (n-m-s) .

a matrix

Nrz

GrPo= 9¡

x=x
-l -t. t

f(ï,_, * o*p) = min ,f(T,., + oP).' ç¡€(0,o,n"rJ

For a general matrix A, the matrix of active constraint

normals can be written in the form

[-r.frr Nrz *,r-l
[rJ= I I

[-o o r -]

mxm and nonsingular, Nlz iç mxs and Nrs

The method of Murtagh and Saunders then uses

I 
-.-[Nrr] t

I

0

n_
¿J-
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The implementation

decomposition of

where R is upper

suggested by the authors is to use an LU

Nrr and the factorizatj-on Go
TRR,

Tz Gz.

triangular,, for the approximation to

Thus for moderately sized problems, the method of Murtagh

and Saunders can be used for the Generalized Upper Bounding

problem. This is because Nrr will- be the identity matrix.

As for the revised Goldfarb's method, if s is large (e.9.500)

the method is impracticable.

2.7 A COMPARISON OF THE METHODS

Hence, for the Generalized Upper Bounding problem, the

best method to use will depend mainly on the expected maximum

value of s . If s can be expected to Lre small to moderate

(i.e. l-ess than about 200) then a second order method shoul-d

be used if possible. Otherwise the only alternative is to

use one of, the conditional gradient method, the gradient

projection method or the reduced-gradient method.

It is interesting to compare the search directions

prod.uced for the five methods. An elementary comparison can

be made by using the following problem:

mLn

s.t
f (xr ,xz,xs)
xr+xz+x3 = b

X1,X2,X3 > O.

Let

Let

that

the current solution be [0, i z ,i.s)Tx

the gradient at T

õt = min {-gr,-gr,gt}

where X2 , x3 )

Also assume

0

g = tõr,gr,-grf'be
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(a) The conditional- gradienÈ method:

pi = lb, -ì2, -i,I .

AIso pîg = iz (õ t - gr) + xs (õr

-T=2Cpà

For this particular example s =

in (b), (d) and (e) are equi-valent.
produced will_ generally be different.

I

- se)-

0

0

I
-I

õ c(gz-ss) l G

I and the directions
For sÞ2 thedirections

(b) The gradient projection method:

Pi = 'to,'4,ss-gz) , lr(dr-gs) l
Also plg = - ,¿bz-gs)' .

(c) The reduced-gradient method:
Tpã = t- (õr-õ z+st-gs) , (õ r-g"), (sr-õs) l

Also

g

The revised Goldfarb's method:

T- 2Pz9=- g 2 (qr -õ¡ ) 3

01
N- f,=

00
1-1-r

I

(d)

(e)

1

0

I

0
!t=

(9z-szl , rt(õr-gg)1 K

T

0

t

0

t-

Pi = [o,R

= 2*. D
-¿

The Murtagh-Saunders method:

o_A-

z3G g[0,
T

Ps 0
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It can also be noted that with the gradient projection

method, the Lagrange multiplier estimate for x¡ is

õ, 'r(â, 
+ õr) ' o-

Hence constraint x1 = Q can be dropped from the active set.

The gradient projection method then produces the steepest

descent direction

p
2

It can then be seen that

1_1_
ã(gr*gr-2grl, ã(gr+gr-2gr) Ir- |tA ,-dr+s,-d.) ,

p: g = - |r kr-s"l' + {o,-or)' +

T

l-s r-s ¡' )
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CHAPTER 3

THE AUGMENTED GENERALIZED UPPER BOUNDTNG PROBLEM

3.1 THE PROBLEM

The mathematical program now under consideration is:

min f (x) (3.r)

k)

I
=1

kx.
J

s.t.

0(

k

I
=l
k

I
=l

o
bk

k
Y ij

_1 1lxl ,...¿xø

k 1, ...,k

"i(c.,

( 3.2)

l_ r, ...,7, ( 3.3)
k

x

bk>o
(1)""'

1,...,kk

with f. having the same properties as in Section 2.I. It

will also be assumed that R >>

active constraints of type (3.3) will be less than or equal

to about 2O0.

ft was shown in Section 2.I that problems of the form (3.1),

(3.2) and (3.4) can be interpreted as multicommodity minimum

cost network flow problems. Thus the inclusion of constraints

of the form (3.3) can be interpreted as including link capacity

constraints on the problem.

The presence of the constraints (3.3) in the case wheh

f is linear, makes the probl-em of solving the resulting

l-inear program a nontrivial exercise. However the Generalj-zed

Upper Bounding technique t3l of linear programming does provide
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a method taking maximum advantage of the structure of the

constraints (3.2') . rt can then be similarly expected that
specialized techniques can be developed when f is nonlj-near.

3.2 POSSTBLE SOLUTION TECHNIOUES

In Chapter 2, f ive solution methods r^rere discussed f or

the Generalized Upper Bounding problem. As problem (3.1)

(3.4) is a further extension of problem (2.f) (2.3) in
that additional constraints are included, it seems likely
that suitable methods can be found by apptying or modifying

the techniques discussed in Chapter 2. To be viable for
J-arge scale problems, such techniques would need to be able to
produce a reasonable feasible descent direction without

excessive computation or storage. This also includes the

necessity to ensure that such techniques will not break down

through reasons of numerical instability.
The introduction of constraints (3.3) significantly

changes the suitability of the conditional gradj-ent method.

The solution of the linear programmj-ng problem in step (i)

of the algorithm of Section 2.2 is no longer a trivial

exercise, particularly for moderately large values of 1,

The linear program could be solved by using the Generalized

Upper Bounding technique of linear programmi-ng, but if the

linear program is large (e.g. n = 3400, R = 1100, î = 2OOr,

the effort needed to find the optimal solution becomes

unreasonable particularly if many such l-inear programming

subproblems need to be solved.
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Klessig 1,211 used the conditional gradient method to
sol-ve a general class of minimum cost multicommodity flow

problems. In this case the lj-near program generated at each

iteration is a linear minimum cost multicommodity flow problem.

Klessig also showed that when the network had several special

features, substantj-al computational simplifications can

result. In these cases, network techniques such as a

shortest path algorithm can be used. Hence in certain

isolated cases the conditional gradient method does offer the

promise of a good solution technique. However for the general

problem, the prospect of solving a different large linear

program at each iteration 1s not very desirable.

In Sections 2.4, 2.5 and 2.6 the methods described l^/ere

based on using one of the matrices Z or E . For the

augmented Generalized Upper Bounding problem, the matrix N,

after column permutations, can be written as

I Nrz

Nzz

0

Nrs

Nzg

0

-Nts

-N za

I

0

Nr+

N z,*

ï

-N rr

-N zq

0

I

Nzr

0

a nonsingular matrj-x.

N

where Nzz is

Suitable

can be given

matrices E and

as follows:

Z have been found and these

(a) E=E

0

I

0

I

0

0

00
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where

Err

E

t

l
and

Nzz Nzz Nzr N tz

(b) A

The matrix Ñr, is similar to the matrix used in the

Generalj-zed Upper Boundj-ng technique of linear progranìming.

Hence Ñr, could be either maintained j-n product form or as

an LU decomposition. The former is well described by

Zoutendijk 1.43, Section 6.51 and efficient techniques for

rank one modifications to an LU decomposition are described

by Murtagh and Saunders t31l and Bartels and Golub l'21 -

In both the Murtagh-Saunders and revised Goldfarb methods,

s = n - (R + î' + n') where n' is the number of active

type (3.4) constraints and T' is the number of active

constraints of type (3.3). For the revised Goldfarb's

method, Ñr, will be î' x î' . For the reduced-gradient

method and the Murtagh-saunders method the matrix Ñr, wítl

be T" x 1, . However, the matri-x

lil;: l-Ert

ï

0

I N rzl

*r"-l

can be rewritten as

Nzr
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T

Nzr Nzz

0

Where Ñzz is T' x T' . Hence only the LU decomposition

of an T,' x T' matrix is needed. Thus both the Murtagh-

Saunders and revised Goldfarb's method require the same amount

of storage. However, for large scale problems (for example

s = 600, n' = 2OO, n = 3300, R = 1100) neither method would

be satisfactory. This leaves only the reduced-gradient

method or some ner^r version of the gradient projection method.

3.3 THE GRÄDIENT PROJECÎION METHOD

The search dj-rection P used in the gradient projection

method is determined by the operator P* . The problem is

to find the best way to calculate Pr* . Obviously for large
f

n (for example tì = 3OOO), storing either P* or N' would

require prohibitive amounts of storage. In the original

version of Rosen's method, the matrix ltll¡t]-t is stored and

updated whenever a row is added to or deleted from N¡ - For

a problem such as the telephone network design problem studied

by Berry, NNr wilt be mxm , where m ) I14t. In some

cases m could be as large as about 3000. Any attempt to

use the origi-nal method which stores the mxm matrix [NNt ] -t ,

which will also in general be much denser that NNr, is cleariy

unsatisfactory.

It was seen in section 2.3 that for the Generalized

Upper Bounding problem, PN could be written as an explicit

operator. For the augmented Generalized Upper Bounding

0Nrz

0

0

I
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problem this can in generar no longer be done. However it
b¡as found that the orthogonal projection matrix p* does

have the property that it can be computed in two stages. This
result follows from the well known representation of the pseudo-

inverse of a partitioned matrix [e.g. 7].
Lemma 3.I suppose rrJ = [il;] has furr row rank. rf

nr, and P* are the projectj-on matrices corresponding to Nr

and N respectively and if

T=NP v = T-rN p
2 Nt 2t Nl

then

T and gf = I-NTV
2

N
2

(i)

(ii¡
w=D-t¡

I
Pr*

+

(3.s)

(3.6)wNf

N' = V

NTNtN*Nt

N*NtN* = N*

NrN+lutN+J 
t

NfNrT
l

T
N

I

Proof For a real matrix N , the following four matrix
equations are used to define the fuII row rank pseudoinverse

(generalized inverse) N*:

(a)

(b)

(c)

(d) IN
+

Substitution of the right hand side of (3.6) into (a), (b), (c)

and (d) strows that the four conditions are satisfied.
Then,

P*=r-NrN*

=r-NtN+w-Nrv122

= t¡i[ - NrN*wtl

Nt
wP
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and P
Nl

The above Lemma expresses the relationship between P*

l_n

were known.

relationship

terms of how P* would be calculated if n*,

It is also interesting to notice that this
can be written as follows:

P l¡rtN p Nrl-lN PNl 2 - 2 Nr 2' 2 Nr
PD='N

) (N, P*, ) 
t 

l -t (N, P.,

N1

tr

(3.7)

(N, P* )tt(r,l P ) lP¡r2 Nr I

which is the product of the orthogonal projection matrices

for the mutually orthogonal matrices *, 
"*, 

and N,

This means that if N, contains the normals of the,

always active, constraints (3.2) and the active constraints

from (3.4), then the operator expressions of (2.I0), (2.11)

and (Z.tZ) can be used to full advantage. Hence with the

rol^rs of N^ containing the active normals of the constraints
2

(3.3), expressions for P"y and 
"*g 

can be obtained, with

the only requirement being that of maintaining a stable

representation of the matrix IN^ P-. l¡l1-t- 2 Nl 2'

The dimension of the matrix tN2PNr NTI wiII be î' x Í'

which can be significantly smaller than NNr . A method

simitar to that used in Rosen's algorithm, whereby tN^P^, nll-t2 Nr 2'
is stored and updated when a row is added to or deleted from

N could be used. When a row is added to or deleted from

N, the operations required will be similar to those described

Rosen' s method. Hor^¡ever, when N, changes , and hence n*,

task of updating [NrP*, *ll-t is not very straightforward.

Instead of using Rosen's scheme of updating the inverse

a matrix it was decided to represent N, P*, NI by its

l_n

the

of
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Choies/<g deconposi t j on LDLr , where L is a unÍt diagonal

Iower triangular matrix and D is a diagonal matrix. This

has an i-mmediate advantage of needing almost half as much

storage as that required for tN-P-. xll-t . Another- 2 Nt 2'

attractive feature of using a Cholesky decompositj-on is that
the factorization LDLT can be updated, economically and

generally in a stable way, when either of the matrices N,

and N, are changed.

3.3.I A new row added to Nr

ff the new N matrix is

T

N

g

N
PqqD

'N
1

qotP

t/r' n*, g
= 

= Nrn*r 9

N i1

and n.n, the corresponding projection matrix, then from (3.7) ,

replacing N- by qt,2-

so that

T T (3.8)LDL + ozz

where

and o=

The new Cholesky factors f,Df,r can then be calculated using

some techni-que for the modification of the factorization after
a rank one change. Such techniques will be discussed in
Section 3.4.

T

=D^N,D-
'N,

N2 PN- NT
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3.3.2 A row deleted from N,

When the last row of a matrix N is to be deleted, it
has been establ-ished by Fletcher tI3l that the pseudoinverse

of the resulting matrix Ñ is rerated to the pseudoinverse of
Nbv

N
+ +_N N

_N

= NtN*

T
f

T
W 1^/

0

where y is the last row of

It then follows that

[ñt

N+
T

'[ä.],, 
[il. ]

P-=PNN

=P*+
I

N+TIv

T

T
1^IW

TN N ww

and hence

T
l^rlrl

.r- .3-
T

Thus , if the Î,th row in N is deleted, it follows that
T

ry
T

where

and gl is the Î,th column of the identity matrix.

this means that

T T= LDL + ozz

I^I W

P-
N

NP-NT2N2
I

z=Nv
- 2'-

I vv

9t

where

and o = t/y'y.

(3.e)
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Again the new Cholesky factors LDIT of N, can be

calcul-ated using a suitable technique from those discussed

in Section 3.4.

3.3.3 A new row added to Nz

The updating procedure associated wj.th adding a new

row to N_ is precisely that of expanding the Cholesky
2

factorization. Hence, the method can also be used to produce

the initial ChoJ-esky factorization or "re-invert" the factor-

izati-on after a certain number of iterations.

If N, P* Ni has the Cholesky decomposition LDLT and
t-t

the new row to be added to N, is denoted by \- , then

2 v

---TLDL-, where

t_
!-

and

n¡ *T
I

T
NP

N
IIi' ]

l f-N

Lt

TPN2N2 *, P*, I 
-l

v'e* I -J

Irn*, *l

will have the Cholesky decomposition

l- r,

L,'
0

I

DO
þ=

0ô

and where y

and

ô2 = ll p
N

(3.10)

This method is the simplest updating procedure and follows

from the method described by GilI, Golub et a.l [I8, p.532].

is the solution of

LDv=NP

2

2

v

vvtt

N
I

T
Dy

I
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The simplicity of the method arises because onry one trans-
formation of a vector by the projection matrix p* j-s used.

I
This updating method will only be satisfactory if the

matrix LDL- is well-conditioned. problems with ill-
conditioning will occur if the active constraints are almost

Ìinearly dependent. In this case the quantity ô2 will
theoretically be smaIl. The method will in fact fail if
the quantity defining 5z is either zero or negative. If
the active constraints are actually linear]_y dependent, the

nehr row does not need to be included in the matrix N, as

the resurting search direction will automaticalry lie in the

associated hyperplane. Thus, if the quantity 62 is small,

zero or negative, the row could be omitted from N, with the

hope that the method will move away from the current point to
a point where the conditionj-ng improves. However, such a

scheme could lead to an infeasibl-e direction, in which case

the row not added to N, would be forcefully added if the

algorithm b/ere to continue.

It can be seen that ô2 should be the quant.ity ll pNtll 
;

Hence an alternative, although more computationally expensive,

method for computing ô2 is the foJ-Iowing:

So1ve

Compute

Set ô

N

2
ll vll ( 3. 11)

This method has the advantage that the quantity defining 5z

in (3.l]) can never be negative, but it will nevertheless be

unsatisfactory if 6z is small. If the eR factorization

Tw = Y.L

YY=P*
I

T
(

2

2

)1^I
2
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of

then the

NP2N were calculated by using the Gram-Schmidt method

following factorization would be produced:

v,

N

where
T

The above updating procedure is then equivalent to performing

the next step of the Gram-Schmidt method except that the

matrix Ql is not avairable, but is instead represented by

o P
N

N LDaP

nl tr-' )'o-*

0

2
I

o a rI I

I

The Gram-Schmidt method however is well known to be numerically
unreliable and as the above method has the added disadvantage

of not having Qr, then the method cannot be expected to be

satj-sfactory if 6z is small.

It is a generally held opj-nion [e.g. I8, Section 5] that
the best method of computing the orthogonal (or L0) factor-

u^ization of NrP* , NrPn Q = [f,O" 0], is to store 0 and use
11

Given's matrices or Householder transformations for updating

the factorizati-on when either a row is added to or deleted from

NrP*- . In this case, the projection matrix p* and the
I

pseudoinverse of N, P" are easily calculated as folLows:
I

T
ON

PP
N

+
IN, Plq ]

I

2

(L-t ) o-%e

2

and

T

I

o

where

IQ, Qrl
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rf the LQ factorization were used, schemes similar to those

described in Sections 3.3.1 and 3.3.2 together with the

description of methods for a rank one update of the factor-
ization in GilI and Murray I 20, Section 4) could be used

when N, changes. For changes in N, the methods described

by GilI and Murray 1,2O, Section 5l could be used. However

the orthogonal matrix O j-s an nxn matrix and thus for
Iarge scale problems, the use of such a method, although

numerically stable, would be unreasonable in terms of
computer storage.

At this stage, one alternative is to assume that in most

practical applications the matrices LDLr wilI be well-
conditioned and to use either of the two above methods for
updating L and D. However, research in the related area

of least-squares sol-utions has made one other possibility

available. This is the method of ite¡ative refinenent which

has arisen from studies in refining least-squares solutions.
The method can be easÍIy extended to include the refinement

of y and 6z

Given the matrices

R P
Y2TDL,

NT
2

R R

06

and the vector

D,'Y

TRR=NP

p

2 N

such that
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the problem is to find p and 6 such that

lN
T

2

This problem is then simply the problem of updating the QR

factorization of N, P* where 0 is orthogonal and R i-s
I

upper triangular. The difficulty here, ês before, is that

A is not available. This situation has been outlined by a

discussion given by G1II, Golub et al [f8, p.532], but no

satisfactory algorithm is given. The problem has not yet

been adequately treated in the literature, although there are

two promising methods avail-able.

The problem of updating R is intJ-mately connected with

the least-squares problem

ltP
N

-l - 
I IR R = I Nzl
I -rl
Lr_l

minll P
x N

Pr.,xN
T

2
t 2

+-
which has the solution I = (N, Pn ) '1 . rn order to obtain

I
a sufficiently accurate solutlon I for this least-squares

problem it is often necessary to use the method of iterative

refinement. A complete description of the least-squares

problem, the use of the QR factorization and iterative

refinement can be found in Stewart [39, Chapter 5]

A method that does not use 0 follows from a suggestion

by Kahan in the paper by Golub and Vüilkinson Í231 in 1966.

This can be stated as follows:

T p

x

R

R

0

0

= NrP* i
I

= Po

(i) So1ve
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(ii) For i 0,1,2,...

Compute 5.

cr. =:r

solve *tgp, =

R9*, =

Comoute r¡- --í+1

x
-i+1

Exit if ll g. ll,

Compute

sufficiently small.

_P
N

1

T(1 NrI' ) ( 3.12)

(3.13)

( 3. r4)

(3.rs)

Nr2-

9r

6p.
-- I

=p.-_t

=x,
-t

is

+ ôp.
-- t

+ ôx.
-l

(iii) Set ô ll il
2

The quantity I¡ in (3.f2) should be calculated using

double precision and should be saved as a double precision

vector. The quantity 9l in (3.13) can then be calculated

using double precision accumulation (single precision N,

times double precj-sion l, ) .

Another method that does not use 0 has been recently

given by Björck t6l in his algorithm 2' . This is similar to

the above method but slightly more complicated. Björck's

algorithm can be described with a change of notation and a

stight extension to obtain p and ô2 as follows:

(i) Solve R

Rxo

Set ro P ( *l"o) '

(ii) For i 0 I

r

T =NP n2N:

\N

r.
-tYN

f

r
I
P

N
I

2

0p

0P

2

=

=

P Nrx )2-i'

9t

RT

Rô

N
2

ôp. =
ryl

NP f
ÈlN

s.ryt
Solve

x.
I 9p,

+
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Compute r fI
P¡

x.
-l

r.
-1

P*
I

ôp.
-- I

6x.
-1

*T 9*,

=D++l ii

=x++l -i

+1 r +ôr
Exit if ll S, ll, is suf f iciently smaIl.

(ij-i) Set ô il
2

The quantity !, measures the failure of the current fit

P* *i* and the residuals 1 to go together and the
I

quantity 9r reflects the failure of the residuals 1 to be

orthogonal to the roürs of N, P* . For this reason it is
I

essential that f, and gr be accurately computed. As a

result the computations (3.14) and (3.fS) should be done using

r

ll gell , is negligible,

so that the extra work involved will not be substantial. In

fact it is common practice to use only single precision arith-

metic for the first iteration. This will allow further

economy in the likely event that ll goll , does prove to be

smaII.

double precision accumulation.

In both methods it could also be that

3.3.4 A row deleted from N"

Consider the case in which the .e,th

deleted. For convenience let L and

as follows:

00

row of N is to be
2

D be partitioned

L

Lr

L2

L3

10

Lr L5
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and

D¡

þ=

D2

where L1 and D1 are ([-f ) x (1,-1) , L', c Rl' t ,L3 is

(r-1,) x(Í,-1), Lh e R'' 9 and L5 and D5 are (r-1,) x(r-[).

rf 0 is the orthogonal permutation matrix

I Q- r

õ 0

d

0

0

0

I

then

so that

T_T
OLDL. O.

QL=

00

L5 La

0 10

L1 0 0

L3 Lr+ Ls

L2 10

2

-TL sD2L; dL,*

I

L1

Lg

L2

D1

0

0

0

L5 La o

01

D2

d

0

L1

Ir3

L2

L¡

L3

Lz

rT

Li

LT

Li

0

0

T
2L

0

I01

00 Dr 0 0
T
¡

I 0

L

0 It-Q

LTLT

1,

01 T
ltdL d 00

0

I

u¡here

f,s -Dz [i -,L5 D2 Li + d L,- LI ( 3.16)
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The modified factors can again be computed by using a suj-tabre

rank one updating method.

It then follows that the Cholesky decomposition of
-T ---TN, P. N; is LDL- , where

1

L

D

L1 0

L3 5

D1

0

L

and

0

õt 2

3.4 RANK ONE MODIFICATION OF A CHOLESKY DECOMPOSTTTON

The success of using the method outlined in Section 3.3

depends heavily on the ability to be able to calcul-ate the

Cholesky decomposition of a symmetric positive definite matrix

after a rank one change, in a numerical-ly stable manner.

The probrem of achieving this has been extensively discussed

in the literature Il-4, 18, 20, 2I).
Let T be a symmetric positive definite matrix such

that T = LDLT. Let T = T + orr' and i = f,Df,r . The

probJ-em then is to find an efficì""a and numerically stable

way to calculate f,Df,r given LDLT and the quantities o

and 
= 

. It can be noted that if o > 0, as is the case in
(3.9) and (3.1-6), then T must be positive definite. However,

if o < 0, as is the case in (3.8), then there is a positive
scalar n such that for o < -n , T is not posi_tive

definite. As this situation can only occur when a new rolr

is added to N, a simpJ-e test could be used to ensure that
such a situation does not occur. Atl this test wourd need
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to do is to test for -TIâ¡here q is the new

row added to Nr, this is because the new matrix Nrpñ Ni
Iwill be positive definite unless the new matrix ñ does not

have furl row rank. Hence it can be assumed that if o < 0

then theoreticarty r wirl be positive definite.
Fletcher and powell t14l considered possible updating

procedures and performed error analyses on such methods.

As a result they developed a composi_te procedure which used

what they considered to be the best methods for overcoming
problems that could occur for the respective cases o > o and

o < 0- The conPosite t-nethod was the resulting recommended

method. This can be described as follows:
Terminate if o = 0: Let tr = o-r and ,('l = z

Then

(i) if o > O go to 1v),
(ii) if v is not available, solve Lv = z,

9Pr*9

(rii)
(iv)

compute

if any

!Ln+1

!_
L-i

where c

r >0
i +l

- e/o

t i +1

is

t, *, /Li '

(v) repeat for i
(i )
i

, recompute the t, from

vl/ar, t = n,h-l,...,1
the relative machine precision,

= 1,...,n the following sequence

v.
1

if o >0 then t,*r=tt +vf/d|
0

d. =fl.cr.ltl

terminate

ßi = (v

,(1+t> z

cx, > 4 then Li/Li +r and

,/d

T,. = 9..
-l -t

ß+Lv

if l=

i) /tr *r,
(i )_ - vi

l),

1,,
Yi=
(i )T,=

(3.r7)
(i+1)

if

z else +ßi z
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The two main possible areas of trouble in modifying a

Chotesky factorization have been recognised in the literature

ÍL4,201. The first is the case when î is almost singular

as can happen when o < 0. This can lead to rounding errors

and possible negative elements on the diagonals of D . If

this occurs the situation is recognised in step (iv) of the

composite t-method. It can be easily verified that ã, '

j - 1,...,n will then be guaranteed to be positive irrespective

of any rounding errors made in the computation. This also

guarantees that i wilt be positive definite. The second

possible area of trouble can occur when o > 0 . In this

case, if the "simpler" method were used (i.e. remove the test

"if or. ) dtt and just use (3.f 7) ) then there wiII be a potential
t

error related to the fact that a bound on the error i.n the ith

column of L involves the term -a. /dt which could be arbit-

rarÍIy large. ciII and Murray indicate [20,p.6I] that the

term A. /dt appears only in a bound on the error and analyses

only indicate potential instability in the simpler method.

The authors also point out that they had not encountered an

example with matrices T and Í having condition numbers

Iess than 2r for which this bound is achieved, where 2-t

is the relative machine precision of floating point arithmetic.

This means that future analysis of the simpler method, which

requires one less multiplication in the updating of an element

of L, may show that it could be as stable as the composite

t-method.
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CHAPÎER 4

THE DOUBLE STRUCTURED PROBLEM

The methods considered in chapter 3 are based on the

assumption that the constraints (3.3) have no particular

structure. In the case where the additional constrai-nts do

have a given structure it seems desirable to use Some other

method for calculating feasible descent directions. This

problem was approached by considering a class of problems

which could be described as transportation type ptoblems.

4.I THE TRANSPORTATTON TYPE PROBLEM

These problems can be formulated as follows:

min f (x) (4. r)

(4.21

(4.3)I

bkx

k
x.

t

k k 1,...,k

-
'f

s. t.

brhere for k 1,...,k

i
i€A

I
keß

>d j

k
x.

,
Þ 0, j 1 J k I , R, (4.4)

L

Ack- {1,..., j}

'Jand for j

ß. c {1,...,R}
J_
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The class of problems is given this name because if

A* = {t,---,J} for k - 1,--.,R '

ß, = {r,---,R} for j - r,---,j .

J = R and the inequalities of (4.3) are replaced by equalitíes,

then the constraints are those of a transportation problem.

It can al-so be noted that if

Ak = {I,...,0(k) } for lç = 1,...,R

and

where j -
Chapter 2.

IfN

the active

(mxn) can,

ß. = 0 for j - 1,...,j
t

max 0 (k) , then the class of problems is that of
1<k<T

is the matrix whose rows contain the normals of

constraints from (4.2), (4.3) and (4-4) then N

after suitabl-e column permutations, bê written as

where

lrl =

Nrr

Nrr

0

A1

(4. s)

llq
(4.7)

A-
k

B;

S¡

E}1...

sk

S¡

0B

sr

tkEk

I
k

A
k

ol
(4.6)

0
k

IT

I

I I I 0 0 0
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and the matrix tln I î* J with fuII column rank, contains

distinct columns of the identity matrix to . This can

always be done as any column not corresponding to an active

non-negativity constraint can contain at most two non-zeto

elements. As a result there are four possible forms such

a column can have. These are represented in (4.6) and (4-7) -

The transportation type problems will be approached with

the idea of using column transformations. To do this it j-s

convenient to defj-ne two types of column transformations.

The first is called a tgpe A ttansfornation. this is an

elementary column transformation which by post multiplication

transforms one of the first R rows of N into a vector :;
which is some row of the identity *.tìi* I For example

if the row of N in question is

to 0 I I I 0 0 0l

then such a type A transformation matrix is

I

The resulting

The other

row vector wi-ll be T
e
-5

transformation is called a

I

1

I
I

type B

except

ttansfotnation.

that it

For example

This is similar to

transforms one of

a type A transformation

0

0

t

0

1

-1

I
0

-1

the ror^rs R+1, . . . , k+q of N
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if the row of N is

tr 0 010 010 01

the.n such a type B transformation is

I
I

The resulting row vector in this case is

t

I
I

I

Tô
-4

For this

example the pivot colunn witl be column 4-

The idea behind the approach is to use pivot columns that

have only one non-zero element. The motivation is to transform

N into a matrix M such that the rows of M contain distinct

rows of the identity matrix I_ i.e. there exists a permutation

matrix S such that

Nr = tr ol s (4.8)

Lemma 4.L Tf N has futl row rank, then it can be

transformed by a sequence of type A and type B transformations

to a matrix M of the form (4-8).

Proof (i) It can be seen from (4.6) and (4'71 that

there can exist a k such that Ek I 0. If this is the

case then Ek type B transformations can be performed.

After these transformations, the resulti-ng N matrix can be

changed by row and column permutations to a matrix with the

same form as (4.5).

-1 00

t
I

I -r00
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(ii) rf Ek = o for k - 1,...,k then there
must be some k such that âu I O, otherwise by (4-6) and

(4.7), N would not have ful_l row rank. Hence a type A

transformation can be performed, using for example, the

column of N corresponding to the sk+I th column of An

The resulting N matrix can then be changed via row and

column permutations to a matrix with the same form as (4.5).
(iij-) If å* = O, k - 1,...,k either q = 0,

or there must be some k such that €k I O, otherwise by

(4.6) and (+.11, N witl not have fuIl row rank. Hence if
q, I 0, a type B transformation can be performed.

Thus by (i) , (ii¡ and (ij-i) it can be seen that there

is arways a suitable candidate col-umn for either a type A

or type B transformation, except in the instance when q = O

and êk = O, k - 1,...,R in which case the transformation
is complete.

Àn algorithm can be constructed which forlows from the

proof of this Lemma. The following algorithm with ¡! = {1,...,n}
wirl generate index sets which can be used to calculate the

vectors Er¡r and ttg for an arbitrary vector y, where E

is the nonsingular matrix such that NE = M.

For reasons of notational convenience the term alternative
index will be i-ntroduced. The term arternative index is
used in the sense that, for example, ït = txl ,xl ,*1 ,...)
can also be written as

convenience the sets Ak

defined as follows:

If j € Ar, then s

index of "lJ

[*r,*r,x.,...J Also

and I will be used.

for notational

They are

e Ar , where s is the al-ternative
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If kcB,,then t€8,, where t j_sthealternatj_ve
JJ

index of "1.t

Aloorithm 4-1

Given the set IV, let
indices of the active type

fiJo contain the alternative
(4.4) constraints.

Set f\Í = 
^/\N

0

nN
o

J ß ) n^l
o

j* = q

k*-k.

(a) rf j* = Q and k* = O then stop.

Set lr=J, nK,

IfJ .\1.1l = 0 then go to (b) .

Choose some sI +1
€ Jr\1r

K Ã*)
ï

(* Y,

ï
(, Y'o

Ifs i +1

J

ñ

i +1

i +l

. then setll +t

= J,\(8,,*, 
^

= ñ,\{",*r},

EE

)
^/

t

Go to (a) .

(b) rf K,\1, =

Choose some

rf t, eA+l

K

ñ

J

i +l

0 then go to (c).

t.
I +l e K \1t t'

then set

(Ã. nñ.)
Ki+t ¡

kt +l
Ki

\

¡+l = ñr\{tr*r}

=1I +l -t'

k*=k* t.
Go to (a) .
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(c) The set of active

thus by (4.6) and

be dropped.

Choose some r €

Let rc 8^
J

constraints is linearly dependent,

(4.7) a constraint of type (4.3) can

T

Set

j* = j* I
Go to (a) .

The sets Ñ. , K
I

interpretation,
(i) Ñ. contains

I

J =J .\(B^ nN.)
rlt

I
J, and I, can be given the following

set of indices of possible pivot columns.

set of indices of pivot columns that

type A transformations.

set of indices of pivot columns that

type B transformations.

set of indices of pivot columns that

both type A and B transformations.

(ii) K.
I

(iii)

(iv)

contains

could be used

J. contains
t

could be used

I. contains
I

could be used

the

the

for

the

for

the

for

In step (a) of the algorithm, the set J, \ 1, , which is the set

of indices of the pivot columns that could only be used for
type B transformatlons, is examined. If this set is non-

empty, then some element ", *, is chosen. The indices

corresponding to the transformed row are then del-eted from

J. and s. . - is removed from li/. . Step (b) of the algorithmi i +t - i

is similar. In step (c), one of the untransformed constraints

of type (4.9) are deleted and the corresponding indices removed

from J
i

The sequence of transformations can then be summarized

as follows:



tsS¡SgSZtrCOLUMN

Jt+JsjzTYPE B

kskrTYPE A
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TABLE 1

This means that

a product of

numbers s

numbers ji

sets B. and
,

columns are involved i-n the transformation.
The class of problems can be simply extended to include

related problems. For example,

(i) inequality constraints in (4.2)

(ii) equality or less than or equal to inequality
constraints in (4.3)

AS

The

The

(iii )

An example

nonlinear

the transformation matrix E can be written
elementary matri-ces E - ErEzE3EaE5

and t, indicate the pivot columns used.

and k, are the indices of the associated

Ã* respectively, rnrhose elements indicate which

"1 could be replaced by .i"i where .i I o.

of such a problem is the assortnent problem with

c: (x: )It

m

I
k=1

ntico f32l z

m

dbyPe
m

I c.(*
-1
k
-k)x=ui
=l
m

costs reporte
¡n+ I

I
I

, k lr...rlll

mLn

s.t

+

k
b

J

I
k

x.
t
k

x.
J

k=j
J r, . . . ,Íl
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4.2 A NUMERICAL EXAI.4PLE

Let the matrix N be as follows:

N 1r1
(s

000

'.t¡=l-3eÃr*kr

Kl = {l-,3,8}, Ñ, =

j* = 4, k*

111

0010

6)

r)

2')

3)

4')

(*)

0t0 0

I

0

0

I
0

0

0

0

I

000r0

ñ

Ar

Ã,

B1

ß,

= {I,2, . . . ,13}, No = {2,4,5,6,'l ,I2} , Ñ0 = {1,3 ,g,9 ,Io,II,13}
= {\,2,3,4}, Az = {1,2,3,4}, A3 = {r,2,3,4,s}
= {I,2,3,4}, 

^2 
= {5,6,7,g}, Ã3 = {9,lo,II,l2,L3}

= {I,2,3}, B2 = {L,2,3} , ßs = {L,2,3¡, g,* = {L,2,3}
= {1,5,9}, 8, = {2,6,10}, ß3 = {3,7,rr}, ßq = {4,8,L2}

Ko = {1,3,8,9,I0,11,13}, Jo = {1,3,8,9,10,11}
j* = 4, k* = 3.

(i) ls = {1,3,8,9,r0,11} Jo\ 1o O, Ko\ 1o {r3}

(4.e)

{I,3,8,9,10,1I}, Jt = {1,3,8,9,I0,11}

1

0

0

0

0I
I

I
I

1

1

1

I

I

1111 r5-
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(li¡ 1_rl

Let

Jz =
.i* 

-J_

{r,3,9}, J1\I1 :

s2 = 9 C Bt

{ 3, g, lo, lr}, Ñ z

3, k* - 2.

{9,ro,rr}
J2 I

= {1,3,8,10,11}, Kz = {l-,3,8}

(iii) I 2 =

Let
7_r3

i*J_

{3,8}, Jz\Iz

53 = tO e ßz

{3,g,rr}, Ks

2, k* = 2.

1iv)

(v) 'f_r4

Let

K5 =
l* 

-J-

{3,9},
11 e Bt

{g}, K¡

l, k* =

J3\ J, = {II}
* jt* = 3

= {r,3,8},
2.

Â1,, {1,3,8}

l

I

{8}, Ja\1a = 0, K,r\1'r - {1,3}
t5=1e41 .'.k5=1

{8}, Ñs = {3,81, Js = {8}

I, k* = 1.

(vi) l5

r=
J5

j*

{8}, J5\I' =

I ç B* + î
0, Ks = {8}

0, k* = 1.

O, Ks\ Is 0

4

{8}(vii) ls = 0, Ju\1u = 0, Ks\Is

..r-68eAz*ke=2

K5 = O, Ñ6 = {3}, J6 = O

j* = 0, k* = 0 .'. stop.



56.

The sequence of pivots for this problem are those shown

in (4.9) as (1), (2) ,..., (6) . The row (*) vras identified as

being linearly dependent on the other rov/s and was subsequently

deleted. Thus the matrix E , such that NE = M, where

!t = tgo ,...,?.Q lt, L, distinct , {Lr,...,L^} = 
^/\ 

ñó and ñ
-t -Lm I

is the matrix (4.9) with the seventh row deleted, has been

essentially identified. The matrj-x E can be written as a
product of elementary matrices that are either type A or type

B transformations. This means that expressions such as Ehr,

"ty, 
E-ly and (e-l)rg, for an arbitrary vector y , can be

."i",rr.t]u *ran an" oni" j-nformation needed being thar held

in a list of the form as given in Table 4.1. For the above

example E1 would be

I¡+

It

Er
I

I
I I 11

4.3 A MODIFIED GRADTENT PROJECTION ALGORITHM

In Section 2.3, a simplified statement of Rosen's gradient

projection algorithm was given. the algorithm uses the matrix

N whose ro$¡s contain the normals of the currently active
constraints, where the constraints can be assumed. to be written
AS

1

b>/

for some A and b.

Ax
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However there is no obvious

feasible region should have been

not by

would be an

the x-space

a priori reason

described by Ax

why the

and

Hence, there

form

>b

AEI

where the variables y are given by

In this new "y-space", the matrix whose rows contain the

normals of the active constraints wiII be

M NE

The corresponding orthogonal projection matrix P* will be

MM
T _f

I 'tl

þ

I = E-rï

T
MP=I-

M

This matrix could be used in the y-space to determine a direction

of search

PooV" f (I)

Since y E I x it. can be easily shown that

v f (y)
ryy

er vt (x)

Thus the direction

EP er vt (x)

as valid feasibl-e descent direction in

M

equally

as the usual direction P,*Vf (x) .

exists a class of projection operators of the
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QM EP

nonsingular and M NE, that have the following

T
E

M

=D=Þ- I\4 'w

is a necessary and sufficient

where E is
properties:

(i) QM

(ii)
NT =0

Vf (x)QM is a direction of decrease of f.-

(a)

(b)

(c)

(d)

There are severaL

E - I. fn this
E is orthogonal.

condition for Qon

T

forms that E can have:special

case QM

This

P
N

E E = G where G is the Hessian (or positive definite
approximation to the Hessian). Then

QM = G-' - G-l wr [tlc-l tlt ] -t NG-l

which is Goldfarb's variable metric projection operator.
E is such that M has some special property. For

example E could be such that M has Generalized Upper

Bounding structure. In this case pn can be calculated

as in Section 2.3 and Qr, = EPÙ-E
T

Case (d) only will be considered, as the motivation behind

using the transformation E is to transform the original
problem of carculating a search direction into a new probrem

with significantly reduced computational complexity.

For transportation type problems it has been shown in
Section 4.I that there exists an E such that M(= NE) has

the property MMr = I . In this case, the operation of p,

on an arbitrary vector w can be described by

tjifyr>0

0 otherwise
wIp

Ivf
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Alternatively,

lP l
irif jeN

otherwise
w

M

where i- is the number of iterations required to compretet

the application of Algorithm 4.1.

The main feature of using the operator eM for transport-
ation type problems is that the matrix E, which is nxn, does

not have to be stored but can be fully described as a sequence

of operators. The only storage needed is that for several

lists. Thus there is no rear limitation on the size of the

program. For example, problems with both j and R of the

order of 1000, could be tackl-ed whereas such problems would

otherwise be intractable.
Although the projection operator QM can be used in the

x-space. there is no equivalent expression in the x-space for
the Lagrange multiplier estimates. This is easily remedied

by using the fact that in the y-space, the multiplier estj-mate

corresponding to the active constraint yj = 0 is just

IV v(f
v

This has an added advantage in that the multiptier estimates

are independent, which in turn means that as many constraints
can be simply dropped as required, without the usual comput-

ational expense involved when the estimates are interdependent.

Methods using column transformations have been described

by Buckley [I0] and are also related to the approach of Murtagh

and Saunders t3Il and the reduced-gradient method. The

matrix Z used in these latter two methods (see Sections 2.5
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and 2.6)

This can

Let [f[ =

,-r,...,9,

as follows:

g¿ It and M where

and

the reduced-

method could

gradient

Bounding

method or

can be easily constructed if M and E are known.

be done
Tt:r, t:¿ e l

9"I
are distinct,

{1,...,n}.

m+1

,L are
n

{Lr,...,Ln

9" m*l'

Then if

NZ -TNEM.

distinct

' , then
nt n

Z_EM]

-TMM. 0

It can also be noted that for the reduced gradient operator

ZZ
T

zzT -T- T
EM ME

EP
T

E
M

Thus the operator

gradient operator.

be interpreted as a

projection method.

problem, if s(200
the Murtagh-Saunders

QM is essentially the same as

In fact the reduced-gradient

"transformed steepest descent"

As for the Generalized Upper

(say) , the revised Goldfarb's

method could be used.
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Problems of the type discussed in Chapter

have additj-onal linear inequality constraints.

problems, Lemma 3.1 can be used to construct a

gradient projection method paralleling that of

4 can also

For such

version of the

Chapter 3.

5.I THE AUGMENTED PROBLEM

This class of problems can be stated as:

min f (x)
k k 1,...,k

j€An

j r,...,jd.
J

k
I bx

x

I

I

k

II

( 5.1)

(s.2)

(s.3)

(s.4)

(s.6)

i
keB

k

Ik

k
IJY x Þ q, i I,...,îk

j

"l > o, j - r,...,0(k); k = 1,...,R (5.5)
J

ProbLems of this nature will probably not have the

structure necessary to use an algorithm such as algorithm

4.1. However, thls can be partly offset by using the active

constraints of (5.2), (5.3) and (5.5), represented by the

matrix Nl , and algorithm 4.L to produce a matrix E.

From Lemma 3.1, the projection matrix in y-space is

PMlP
M

n*, (*, E) 
r 

[ (N, E) n", (*, s) t ]'-t(N, 
"¡ 

pmr

n", " N] tN, o", *l I -'N EP2MtP
M1
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where Ml = NlE, f{ =
normals of the active

QM can be written as

and the

constraints of

N2 contain the

Thus the operator

( s.7)

that there

N r (mxn) ,

[il;]" rows of
(s.4).

Qo,

QM

Lemma 5.1 If by some

exists a nonsingular matrix

means it is known

E such that for

T

rEEP

M
1

O QMnl I -t r'r,nl tn, o,
II

This means that an expression for the search directi'on can

be obtained by using (3.5) with p* and p* replaced by
I

QM and QM respectivery. Again the Lagrange multipJ-ier
I

estimates must be inspected in the y_space.

For each Nl , there wil] be different matrices E and

M¡ - This will necessltate the comprete recalcuration of eM

after each change in Nl unless a relationship can be

estabLished for successive transformations E and matrices
M¡ - This is quite straightforward when the matrix E is
stored but raises several complications when E is represented
implicitly as in Chapter 4.

A partiar answer to the questlon of this relationship
can be given by the foflowing Lemma.

TM¡ NIE Ie l
9"

eL

T
E forall jeÑ

m

and

T

9¡

N {9"-,...,L }lm

where

e.
-J

{1,...,n}\ l,l
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then the application of Algorithm 4.1_ with this 
^/ 

will

produce a matrix E* such that

NrE* le T
e

-u I -u m

where

{u, , . . . , trr} l\/

and

The matrix

column permutations

Nr r
0

TE*=e vj e Ñ

al-so be written (after row and

form)

T
e.
-J

Proof Let

distinct vectors

rhen [tl ]

T
e.
-t

N

N

N

be the matrix whose rows contain the

, j eÑ

a nonsingular matrix.l_s

] ".,,
in the

This matrj-x is of the required

Algorithm 4.1-. As Algorithm 4

be calculated for a matrix N

resul-t fo1Iows.

5.2 UPDATES

As Ín

factorization of a

of factorizing N,

is now maintained.

rows j suchthat j€ÂJ

ror¡Is j suchthat j€Ñ

form for the application of

I guarantees that E can

the

Nrz
I

Nt e

0 )

00r

having full row rank

Sectj-on 3. 3, j-t was decided to use a

symmetric positive definite matrix.
TP* N;, the Cholesky decomposition of

I
It can be readily noticed that if

Cholesky

fnstead
T

*, Q\ *,

a roul
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1s added to or dereted from N2 then the updating of LDLr

is exactry the same as in sections 3.3.3 and 3.3.4 except

that Pr* is repÌaced by
I

5.2.I Addinq a new row to Nr

consider the case when a nehr constraint becomes active
and has the effect of augmenting N¡ to lnt I

l-"'l
Then

QM
I

f,= t
M¡

llt"

and

where

:i" = :l for j € Ñ - {I,...,n}\N

j-) and M,
^J 

= {j e Ite.
-t1 I m

Such a matrix E can be obtained by using Algorithm 4.1, as

this algorithm onry uses the pivot columns whose indices are

in fV

If the row vector ,rt E is a linear combinati-on of
TTêôvr , . . . , v.

-Jl -J.,

is linearly dependent on the transformed constraints and hence

on the untransformed constraints. In this case the constraint
does not have to be included in the active set. rf this is
not the case, then there exists some j e Ñ such that the

jth element of ,rtE is nonzero, i.e. ,rtE". I O

without ro"l of generarity, tet "rrln ]'r, .r"*"nt be j . - .
l-¡4, -l J m+ I -

Then the matrt* 
L"r" _l 

together with the row vectors associated

(which can be easily checked) then the ner^¡ constraint
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with the index set Ñ\ {j-*, } will be a linearly independent

system of rank n . Hence it will also be true of the matrÍx

[it] together with the row vectors assocj-ated with Ñ\ {jm+r }.

Let F be the matrix

I -t
J T

F-

rn-j m+l

=I+Te
J m+ I

e.
-1Jm+ I

NT E)
T

m+

where

It then follows that

T = I/nr E e.
-l Jm+ I

t
N1

l t
M1

EF= F=M* t
l"E

Tn

EF

and

where

Let

and

Te.
-J

T

9¡

M* = [e.I -- l

NT

for j e ñ\ {jn,*r }

-Te. I

Jm+ I

N* = ll u {jn,*r} = {jr,...,j,,,*r}
[* = ñ t {j^*r}

[; ]

,," E



66.

Lem¡na 5.2

4.I, given Ñ*,

matrix.

Proof It

such that

and

If E* i-s the matrix

then E* = EFS where

constructed by Algorithm

S is a permutation

is known that EF is a nonsingular matrix

le
T

EFM*=N*IT

:i"t=gT

j e
Jm+ II

By

E*

where

and

forall j€[*

Lemma 5.I, Algorithm 4.1, with liJ* wiII produce a matrix

such that

NIE* leu um+l

T
e

I

{urr...ru-*r} N*

foraII j€[*T T
e.
-te E*

Now the system formed by Ni and Lhe row vectors associated

with [* witl be linearty independent and of rank n

This means that the transformation matrix is unique.

Hence E* = EFS, where S is a permutation matrix'

Lemma 5.3 Let n", be the projection matrix determined

the projection matrix determined by ÂJ*by N and

Then

beP-
M1

Qú, E*T
T+ o zYzYz

T+ orYrYr
1

E*Pfr 0Ml
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where

nT
O1 L/n QM

0

n

Ee

QM
1

It Q*
I

62

and

Proof By Lemma 5.2,

j € 
^/*

m+1

Thus,

D-'lt

It can also be seen that

and

e.-J m+1

a; E*P-
M

E*T

I

n

r/nr

n
MT

1¡{

ST
I
FTET

r rrn el l.
¡ pl Jmt 1

turnel l
- ÈtJm.f I

nrn eI I
- -t Jm* I

TP" [r
I

T
F

0D_
'l¡

m+1n JEe

IQMl{z

m+1

I

j

I

II
EFSPfr FT ET

e jm+ 
r

lr

T

EFP
M

As

I

e. e.
-1 -1Jm+ I Jm* I

D-- ltt

T
F

P
M

I
D-'lt

I

T 0.lr

D-
^ lr,t

I

Hence
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Therefore,

where

could be

M1 (i.e.

T

P (I/n QM

TT Tn e.
- -1Jm+ I

rP"Er

a' l)9,9i

FP-
Ivl

n
J

eF D
' ttl

I
P

M
I

E
I+mI

+

By a process similar to completing the square,

T

T2 (l' a,, l)gi :i
1 Jm+1 Jm+1

T r^^T)YtYt (L/nTFP- F
M

9l-., )

n
M

II I

T ErnPt

ErnP"2

w

1^¡

I

(n A*n l).r.gi
I Jm+ I

and

I

Hence the resuLt follows.

It is interesting to note that sr_nce

ô
M

EPEe Q*,
I

e
Jm+ rJ nr+ I

fr can also be written as

m+l

Jm+ r
e j

r¡r* I

the new row added to the matrix

used with Lemma 3.1 to calculate

J

w I nn/t (lto,=Q' ItQ" g

It can also be noted that the adding of a new row to N1

could have been accomplished in a different manner. Firstly

the projection operator

ô" E*P *T
M

E
I

calculated. Then

could,be

the new operator

T
eô"ô,,

T
QMl I

II
M

e
Ij

m+1
le j

m+1
o e jm+ 

r J m+l
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Lemma 5.4

I
o; ôon

-Te. le.
t -Jln* r -Jm+ r

ô" I -1 gl-., ôr, 'je0M

stFr ET

1 Im+ (s.8)

i

1

I

I

I

Proof

- E*P"

= EFSP
M

= Etr'P

It can be noticed that since i € N-m+ I

It can also be seen that

Thus

and hence

"ï e=eT
-1 -1Jnrt I Jmt I

_T!'e, = T.e,
-Jrrr+ I -Jm+ t

E*T
I

:Tã

m+ Jm+ t

-1

ô*,

1

FTET
M

I

jô*1

ô*

1 1

Ie
T

j,n* I
e. 'l

-l Jm+ I
= L/r2

] E*T

1

Hence the right hand side of (S.e) is

"* 
lpu e j

Tê
-'l1 Jm+ I m+l

=E*PilE*
I

T

Hobrever, the use of an approach whereby QM Ís calculated
I

and then OM j-s not as efficient as the method given as it
I

would be more computationally expensive.
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TTIf the Cholesky decomposition

avai-lab1e, then

5.2.2 Deletinq a row from Nr

Suppose the row to be deleted is

and let it be denoted by ,rt.
T= e^ + + e

_y" I
of construction

9" of N r¡¡as
¡l

for some I'

N 1S

rohl of

. By the

of the columns

transformation

QMLDL
2

N

Tozz2-2-2+

of
2

I

_--T
LDL.

LDL

where z and

the cholesky factors can then be updated in two stages by

methods such as those described j-n Section 3.4. Some caution,

however, is needed in doing this as o,1 > 0 and Õ2 < 0 - To

ensure the positive definiteness of the factorization, it is

necessary to calculate the Cholesky factors for LDLr + o t?t?rt

first. This is because the LDLT factors of an inaefiniie

matrix may not exist at af1, and if they do it is possible for

the elements of the lower tri-angular matrix L to be large

enough to cause significant rounding error during the modif-

ication process.

It can also be noted that in the event that n = :ì , then
'm+ I

IDtr = LDLr ,r' ,

where

2 j-+r

,a; *l= [¡J

=Nw2-2

TT+ozz
1 -t -l

=Nw2-l 2
z

Nz Ee

the INi ,th-m

Now n

nature

9"
T

9"

T
r" I

o

of algorithm 4.L, one

used as a pivot in the
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producino eT
-J

by algorithm
m

4 1

Hence if

then

M, and E had been produced

J e {Lt,..,[r]ul

T
Hence

T
n

The

1n e.- -J-
In retracing the

is transformed to

elementary matrix

steps of algorithm 4.1

"Ï and i enters
- I "m-m

doing this j-s

.T. (e.
J m -J,r'

, êt some

the Índex

stage

set fi,

Tt
E

T

ô
neT

j

+r n )

I+ e

j_

(eT
-'tJm

n )
nl

Thus it can be seen that

T
e E=ê + n

I

Twhich is N contracted after the row n Ís removed,

that

N*E e
J

T

j J

T(:1.,
tìlm

so that

are

i.e

the

T_e-. E e.
-'l -rJnl Jm

At this stage j_ enters f\, and hence no further operations

performed on column j,,, for the remainder of the algorithm,
. the j'th element of the row vector "1 E would remain-m _j_
same for the remainder of the algorithm. Hence

E I
m

je
Te.

-Jm

Now NI,

is such

e

Tô
1I I m. I

ñ
"1s-J

Furthermore, T

j

J

for j€
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where ñ

Hence the

vector e

{jr, - -,j-} and as PreviouslY
system Ni , the ror¡rs formed by

is linearly independent.

noted (e

Ñ and

j E)gr =
m Jm

T

the row

I.

T

j
Let

where

and

Proof As

J
E)

m

E).

T T
QM + O¡ta/1tal 1 * Õ2W21tI 2

I
E*P- E*T =M

1

Or L/\, o2 L/y

w YE:
J

QM

e j e j EPú E

e. (eI
-J-'-J-

=gi for jeñ*=ñu

e.-J-

+Pon

I
P-}I I

J
e

gi EP" 
"'g.,tm I -rn

1

Ee
m

e.-J-

e
J

Ttr.=I+
T

I+ e (e

j

T

j
T

mm
j

Then

Ie j
I

e j-. r'
1

and

{i }.-m

Let E* be the matrix constructed by Algorithm 4.I with
N* = 

^J\ 
{j^i . Then analogously to Lemma 5.2, E* = EFS for

some permutation matrix S

TN*EFI

EFe
T

t

a;
I

I

YI2 = Q" g

QM
-TY = I + e., _J_

Im

j

y-1+eT' -J

TT

mIm m
e,
-J

Te. e.
-J --J -

T_e. !;e.-J- -J- I and

Qo,

it. follows that

nl
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Now,

E*P- E*r
M

I
EFSP- st Ft Et

EFP

M
I
F" Et

M
1

Asj e N it follows that

Hence it can be seen that

It can also be seen that

Hence

Thus,

FP-
M

where 21 - çryr and

A simplification

J

T
j e. e.

-J --J -

0P" 9i
I Jmm

M I
PP"

I

P,',
1

Ere. 
"1-J --J -

-P M
P

M
I

P FT Ere. .1
-J 

^-J -

n,n Etg. I tv
I Jm

"t:j_, tn", Et:j*l

n = e,
- èAJm

M I

T T

e. "1 EP
-J 

^-J -
. e,J--J-

E*
T T

2

ee F

P-
NI

P
M

+e
J

eFT
T

mm1
j Ere, 

"T-J nr-J.

FT M +Y:

Et". ]t-J-
P

M
e.-J-

I

+ (r/v) tv g j

(r/y) [Pu

by completing the square.

As before the Cholesky decomposj-tion of N2 E*Pfr

can be calculated from

T
+ o t7t7 AzZzZz

D
M

m1

N

---T TLDL = LDL
T
1*

22 = Nzwz

can be noted when

T
LDL +zz

z =[r]Ee
2 jwhere

LDL
T

tn

T

in which case
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CHAPTER 6

PERFORMÀNCE OF THE GRADIENT PROJE ON METHOD

The gradient projection method of Rosen is essentiarly
no more than just the method of steepest descent in various

subspaces. Thus an analysis of the prospective performance

of the gradient projectlon method can be made by examining

the weaknesses and possible remedies for these weaknesses with
the steepest descent method.

6.1 THE METHOD OF STEEPEST DESCENT

The concept of steepest descent was first introduced by

Cauchy in 1847 as a means for obtaining the simultaneous

solution of equations. the main idea supporting steepest

descent is that a minimum is sought by always moving in the

direction in E' yierding the greatest rate of decrease of
f(x) . It can be easily verified that the direction is just

- g(T)-

Unfortunately this very simple method has several serious

shortcomi-ngs. These essentially resurt in slow convergence

due to the deterioration of the method in a global sense, even

though the individual iterations are rocally optimat. Another

feature of the method is that very short steps may be produced,

accompanied by sharp changes in the gradient g(T). This

"zi-gzagging" effect usually results in slow convergence and

low corrrputational efficiency despite the slnall amount of
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computation per iteration. Furthermore, the steepest descent

method depends on the scaling of the varj-abl-es. For example,

the program

min looxf + *Z

s. t. X¡ Þ0,x2>0

is significantly harder to solve than the program

mt_n x +

< î{x, )

2
I x 2

max n¡i n

2

s.t. x¡ Þ 0,x2 > O

which is obtained by a change of variables. This is because

the contours of the first objective function form a deep and

narrohl valley along the x2 coordinate axis, while the contours

of the second objective function are concentric circles.

f t has also been shown by Kowalik and Osborne 1.28,

Chapter 3l that the method is basically unstable with respect

to small perturbatj-ons. Such perturbations may result from

rounding errors or inaccuracy in determining optimal- step

Iengths. It has been seen that in the extreme case these

perturbations may cause the descent directions to be orthogonal

to the directions calcul-ated if no errors had been involved.

The rate of convergence of the steepest descent method

when applied to a quadratic form î (") can be estimated

126 ,p.II7I by

u u

)f (x.
-1 .

(6. r)
I u +u'max mtn

where

values

U_ - and U ,_ are the largest
nltx lltt n

of the quadratic form and both U

and smallest eigen-

nlax
and u ..'mún are
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positive. Akaike tll has demonstrated that approximate

equality holds in (6.I). The resulting implication is that

the steepest descent method can have extremely poor convergence,

particularly when U_"* >>

occur if the matrix in the quadratic form î (x) is i11-

conditioned, which is again related to scaling of variables.

This has the general implication that the method of steepest

descent is highly scale dependent. Expression (6.1) can

also be used to estimate the final rate of convergence of the

method when I is a general nonlinear function. Thus similar

problems can be expected with the terminal convergence of a

constrained nonlinear function when the gradient projection

method is used.

6.2 A STEEPESÎ DESCENT TYPE GRADIENT PRO.IECTION METHOD

The dlrection of search used in

method was stated in (Z.e) to be the

the gradient projection

solution of the program

ml_n

s. t.

Zwart in L97O Í441 suggested using the steepest descent

direction for a linearly constrained problem, which is the

solution to the program

ml_n

T

P9
NP=9
ll pll2 = I

9g
T

0Ng>
ll pll2--2

tS

l_
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This is the direction minimj-zi-ng the rate of change of f
T(ttrat is, p'g) whj-le not violating the currently active

constrai.ra" I
In a theorem, Zwart characterized this steepest descent

direction as the direction P = Pñ 9' where N contai-ns

some subset of the rows of N, and the following two conditions

are satisfied:

(i)

(ii)
Ptr>o

I

Ñ'g Þ 0.

for I
t .rowof N butnotof Ñ

It is not generally obvious which subset

gives this matrix Ñ . However an iterative

be constructed to obtain the direction p

of rows of N

procedure can

(i) Let and

Choose =minÀ
i

If , delete the '(,th row from N and go to (i) -

stop and use the search direction P(ii) otherwise,

It can be seen from Section 3.2.2 that if the Î,th constraint

is deleted from N, then
T

l^IW

Þ--N

where y (u+ It then follows that

|= P= P*gI

N'g

Àr,

Àr, < o

T

1^I 1^I

/w)\'zt

T=P*+

ô:r,)

T-Tg p=gp-

gp

T
IrI

T

Hence, every constraint

produce a better search

deleted from N in this way

terms of giving

should

a betterdirection in
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search direction in terms of gJ-ving a better rate of change

of f . However the rate of change of f is not always a

good criterion for choosing a search direction. Figure I

provides an illustration of a simple example of this. Another

factor against dropping a constraint unnecessarily is the

phenomenon of zigzagging or janning. This occurs when a

constraint leaves and re-enters the active set several times

j-n a relatively smatl number of iterations. Àn illustration

of this j-s given in Figure 2.

An attempt to take advantage of the ability to obtain

a better search direction by dropping constraints whilst

simultaneously protecting against the occurrence of zígzagging

was made with the followj-ng rrprr strategy:

(i) +=Ng'P IPLet ¡
Choose

N

À and let

rf À¿<-
and go to (i).

(ii) otherwise, stop and use

ÀU = min
T

the corresponding constraint.

be the normal of

delete the l,th row of N

the search direction P

Tlt

The parameter p is a scalar and can be set to appropriate

values.

6.3 ACCELERATION OF THE GRADIENT PROJECTION METHOD

Forsythe and t"totzkin t16l conjectured in I95I that the

search directions generated j-n the steepest descent method are

ultimately asymptotic to just two directions. This means

that the method essentially operates in a two-dimensj-onal
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q.

t(þ +c.P"l

F0

r(þ+*lr )

FrcuRE I Graphs of f(I + op) for two

different search directions

P, and 8..



Fo

Contours of f
Ft

x
^,

0

x 2

F2

F
3

x 3
x

1
H

@o

FIGURE 2 Zig zagging

H



81.

subspace.

by Stiefel

Irl .

This

t40l

feature has been referred to as the ,'cage"

The conjecture was later proved by Akaike

several schemes based on an idea of Forsythe and Motzkin

have been proposed to accelerate the steepest descent method.

They found that the sorution of sets of linear equations by

steepest descent could be accererated if the direction

p = Ir - Ir-2, k> 2 (6.2')

is used at certain times. The Forsythe-Motzkin conjecture

stated that the steepest descent method converges to the

minimum in such a bray that the successive points ïr eventuarry

arternate between two lines. The directions given in (6.2)

may colncide with one of these rines. Thus it seems reason-

able to search along these directions. The use of the

direction g as in (6.2) will be here referred to as partan-

acceleration.

An example of the possible effectiveness of partan-

acceleratj-on is given in Figures 3 and 4, which give two-

and three-dimensional il-rustrations of the phenomenon of
henstitching. This corresponds to the way in which the

steepest descent method usually descends a varley. rnstead

of moving straight down the val]ey or along the walrs of the

valley, the method tends to "bounce" from one wall of the

valley to the other as it descends. The main point of the

use of Partan-acceleration is that it enabl-es straight and

narrou/ varleys to be swiftly traversed. This is because

points Ir and X5, (for example) define a line whj-ch pararlers
the valley. Hence, by searching along this paralle1 line
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descent method descends a

valley in the 2-D subspace

S.

Contours of f

\ \

x

x

X1

{z

\

FIGURE 3 2-D representation

of how the steepest

F6

Fs

F1

F3

c¡
N

Fe
F1

F2



t

P,
P3 Ps

FTGURE 4 3-D representation of how the steepest descent

method descends a valley in the 2-D subspace S

@(,
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the method effectivery follows the varrey. when the valleys
are curved, Partan-accereration is not as efficient but
is certainly much better than just using steepest descent.

The name Partan (para1le1 tangents) is derived from a

geometrical observatj-on. For exampfe, in Figure 3, the

tangents at Tz and Xq are parallel and the line x2 x3

is perpendicular to both of these tangents.

The method of continued-partan is a generalization of
the Forsythe-Motzkin idea proposed by shah et ar t3zl in 1964.

The method alternates between steepest descent directions and

directions similar to those in (6.21 . The method can be

stated as follows:

Pl

g(xo)

9t

(xzPz xo)

þ = 3,5,
D.-k

(r* x
-k-

k 4,6,

Shah et al found that for most problems they considered,

the performance of continued-partan was better than other
Partan methods they considered. They also proved that the

optimum of f(x) 1s attained after at most (2n-I) optimal

line searches if f (x) is a quadratic with a werr defined

minimum.

P 0

o:k 7

I3)

type

that

X1

Pi-erre tf+1 in l-969 showed that continued-partan is a

of conjugate-gradient method. Sorenson t38l also showed

if a quadratic function is minimized then the vectors

ï0, X3 - X1 , ... ,xzg__t - xzg,_3 are mutually conjugate,
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but the vectors generated by continued-partan are not, and

the gradient vectors go,gr, ... ,gzg.,_r are orthogonal.
vthen the gradient projection method remains in the same

subspace for severar iterations, the problem is essentiarry
just an unconstrained probrem in a given subspace. rt can

therefore be expected that the convergence problems associated
with the steepest descent method wil-l also appry to the optim-
ization in vari-ous subspaces. rt can arso be seen that the
acceleration techniques of Partan-acceleration and continued-
Partan can be used when the optimization procedure remains in
a given subspace for several- iterations. rn this case

is simply replaced by p* g (ï)
when f (x) is a quadratic function it was demonstrated

by Sorenson that continued-Partan is considerably less efficient
than the conjugate-gradient method. It was seen that continued-
Partan goes through the same sequence of points as the conjugate-
gradient method as welr as through an equar number of other
points. Thus the continued-partan method requires twice as

many iterations as are necessary for a quadratic function.
Thls observation suggests that a conjugate-gradi-ent

method could be used. The most sui_table of the conjugate-
gradient methods (in terms of computer storage) are methods

such as that of Fletcher and Reeves tr5l. This method was

extended by Goldfarb l22l to be incorporated with the gradient
projection method. such methods can be described as folrows:

g (T)

(i)

(ii¡
p 9o

For k 0,I,...,rr-l define

0

x=x
-k+l -k

D='-k+1

+ 0* Pr

P
N ßko:k+t + lf,

^-k
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There are various ways ín whj-ch the scalar ßk can be defined.

For example,

( a) Fletcher-Reeves ' ßk = ll e* 9n * , lll /ll e,. g* il;

(b) Polak-Ribiere t35l ' ßk = 9T*, P* (9**, g* ),/ll e* g*ll:

(c) perry t33l ' ßk = gi*rP*(9**, 9* or P*)

/pT
9*)k

(9n*,

These acceleration devices, along with the possibility of

multiple constraint. deletion by using the parameter I , offer

the promise of a much improved gradient projection method.

However to substantj-at,e this, Such techniques need to be

evaluated by actual computation, particularly with a large

scale practical problem.
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CHAPTER 7

NUMERICAL RESULTS

Computer programs b¡ere written to assess the viabitity

of using methods based on the gradient projection method, the

effectiveness of the acceleration techniques discussed in

Chapter 6 and the importance of scaling when column trans-

formation methods are used.

The first computer program that was written will be

referred to as AGUBM as it is a program for solving augmented

Generalized Upper Bounding problems. The method used is

based on the results presented in Section 3.3. Also, another

computer program, TTM, for transportation-type problems, $ras

written. This program is based on the results of Chapter 4.

Both AGUBM and TTM are based on Rosen's gradient projection

method with the following modifications:
(i) The parameter g , as described in Chapter 6 is used

together with the provision for multiple constraint deletion.
(ii) The tolerance on the line-search accuracy is refined

periodically as the infinite norm of the search direction

tends towards zeÊo. Partan-accelerated, continued-Partan,

conjugate-gradient (rletcher-Reeves) and "ordinary" versions

of both AGUBM and TTM $¡ere written.

The evaluation of acceleration techniques for the

gradient projection method was firstly made by using two small

test problems and then with a class of problems based on
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Berry's telephone network design problem. Numericar resul_ts

in terms of the number of i-terations and time taken wilr be

given- However, the varues of the time taken are an upper

bound on the actual tj-me taken as varj-ous pieces of inform-
ation were printed out at each iteration and rater used in
the assessment of the performance of the algorithms.

7.I TEST PROBLEM I

The following small test problem was used to test the

computer proçlrams AGUBM and TTM and as a means for evaluating
the effectiveness of the acceleration techniques.

min f (x) (x (x
2 (x-(x ,,
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The starting point used was

[5,0,0, 3, 0,6,0,I,0,0, 5, 4,41
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l¡ith an objective function value of -2226.

The optimal solution was

14,o, 4,0,o,0, 0,7,I,6,L,0, 5]

with a corresponding objective function value of -8404. It

can also be noted that at this point the set of active constraints

is linearly dependent.

The maj-n feature highlighted by this problem is illustrated

by the iteration counts in Tables 2 and 3. With the ordj-nary

TTM and g = 0.5 the program obtained the function value of

-8392.0I at iteration 7. The solution procedure then continued

slowly in the same subspace until iteration L062, where three

constraints were dropped. The remaining three iterations were

then spent in refining the solution until the optimality

conditions h¡ere satisfied. The application of the ordinary

AGUBM produced similar results.

An explanation of this particularly slow convergence

can be given as follows: the problem remained in the same

subspace from iteration 7 to 1062, and in this subspace the

movement of the successive point" I, h/as down a narrow

valley. Instead of moving directly downward in a direction

parallel to the floor of the valley, the movement was such

that successive poi-nts Il "bounced" from one waII of the

valley to the other, while gradually creeping downwards.

Evidence for substantiating this explanation was provided

by using the Partan-accelerated versions of AGUBM and TTM.

It was noticed that the algorithm started to move as before

until the stage where a Partan step was made. The resulting

new point I bras then very close to the minimum and only
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r5.056
.341
.302

1009

18

15

ORDTNARY

PARTAN

CONJUGATE

0.6

15.168
.346
.328

r009
l8
l5

ORDINARY

PARTAN

CONJUGATE

0.5

TIME (CP SECS. )ITERATIONSMETHODp

TABLE 2 AGUBM: Results with acceleration devices
and different values of p for
test problem 1.

TABLE 3 TTM: Results with acceleration devices
and dÍfferent values of p for
test problem 1.

I5 . 121

.409

.250

1070

24

L2

ORDINARY

PARTAN

CONJUGATE

0.6

]-5.202
.3r8
.264

106 5

I7
I2

ORDINARY

PARTAN

CONJUGATE

0.5

TIME (CP SECS. )TÎERATIONSMETHODp
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another three iterations were needed to refine x to satisfy
the optimality conditions.

From Tabl-es 2 and 3 it can be seen that there is little
difference between the performance of the computer programs

AGUBM and TTM, except that TTM appears sJ-ightly better than

AGUBM. This suggests that in this case, the change of scale

produced by using a column transformation has no adverse

effect on the convergence. It can also be noted that for

both AGUBM and TTM, the two different values of p used

resulted in similar performance.

7.2 TEST PROBLEM 2

The second test problem used in assessing

techniques for the gradient projection methods

llleapon 4ss j gnnent Probf em:

k
20

the acceleration

is the following

', (*
5 x.

)k
a.

I
\
)min f (x)

subject to
I l
=1

( I

1,...r5

1,6,10 ,L4,L5,l-6,20

20
-k)x=
L¿
=1 t

5I **>uj
-1

bkk

di
Jk

k_x. > 0 j = 1,---,20i k = 1,...,5
J

where the constants "1, b*, d. and u. are given in Table 4.
JJJ

This problem first appeared, with the additional require-

ment that *l are integer, in the book by Bracken and McCormick
J

t81 on nonlinear programming applications. It has also appeared

in Himmel-blau Í251, probtem 23 and in Murtagh and Saunders llt¡,
problem 4. Às in the latter, the continuous problem was consÍd-

ered. The optj-mal solutj-on vector, for which f (x) - -1735.569580
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and the initial starting point, with f(x) = -649.94, are

given in Table 5.

This relatively small, but no rt.rivial problem can f irstly
be used as a means for comparison of AGUBM and ÎTM. From

Tables 6 and 7 it can be seen that AGUBM is more successful.

This can be directly related to the dependence upon scaling

of the gradient projection method as can be seen by comparing

the results for the ordinary versions of AGUBM and TTM.

However, it can be seen that the adverse scaling produced by

using TTM can be partly remedied by using the acceLeration

devices. This suggests that the deficiency of scale depend-

ence inherent in the gradient projectÍon method is not as

pronounced when the acceleration devices are used. This can

be expected since both Partan-acceleration and the use of

conjugate-gradient dj-rections j-ntroduce some second-order

i-nformation into the search direction and second-order methods

are generally scale independent.

The weapon assignment problem can also be used as a

means of evaluating the acceleration devices used. The effect

of parameter p is illustrated in Tab1e 8. Here it can be

seen that there is roughly an "optimal" value of p which

minimizes the number of iterations required. For AGUBM it

appears to be in the interval- (.4,.6) and for TTM it appears

to be in (.5,.7). The function of the p parameter is in

determining which constraints should be dropped and which

should remain active. This optimality is related to the

following observations:
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TABLE5 Starting point I and optimal solution Î (rounded to 2 d.p.) for test problem 2.
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TABLE 6 AGUBM:

TABLE 7

Results hrith acceferat,ion devices
and different values of p for
t.est problem 2.

TTM: Results with acceleration devices
and different vafues of p for
test problem 2.
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(* terminated at f 1735.50)
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TABLE I TTM: Comparison of different values of
p for test problem 2.
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(i) Dropping a constraint with a large negative Lagrange

multiplier estimate should lead to a better search direction and

hence lead to better convergence.

(if) Dropping a constraint too soon will often lead to the

phenomenon of zj-gzaggj-nE (or jamming). In this case, iter-

ations are wasted j-n moving on and off the surface of some

constraint and in some cases a significant reduction in the rate

of convergence can occur.

The program TTM was in fact run with small values of g (for

example, p = 0.I). The general effect noticed was that a

large number of constraj-nts were dropped. In the subsequent

Íterations, most of these constraints were returned, one at a

time, to the active set.

The p value used in the programs AGUBM and TTM, is a

fixed scalar. It seems plausible that if p were a variable,

then the convergence coufd be further improved. The difficulty

in determining what value p should have at any iteration is

in fact the difficulty j-n knowing the best time to delete a

constraj-nt from the active set. This problem has still yet

to be resolved in the literature.

The incorporation of the technique of Partan-acceleration

can be Seen, by reference to Tables 6 and 7, to give consider-

able improvement over the ordinary versions of AGUBM and TTM.

The explanation for this arises from observations made from

the computer output, that the problem seemed to have numerous

narrow valleys. The ordinary methods generally took a

considerable number of steps to pass down these valleys while

the accelerated-Partan versions soon recognized the phenomenon

and moved quickly downwards.
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This sta.lling phenomenon occurring when narrou/ valleys
are descended was in fact more pronounced in an earl-ier
version of the AGUBM in which no p parameter test was used

except for the original gradient projection method's test
for dropping a constraint. with this particul-ar computer

program the problem often became ',stuck,' at values of f such

as -1400 and -1500, which are a considerable distance from

the minimum.

In an attempt to remedy this the program b¡as modified by

using the following constraint deletion strategy:
(f) Initially set positive tolerances .o and e^

These will be changed to new values (tt¡at is, e is reset
to .n/*r, eÀ is reset to ,^/^,
when ll pll_ < rn .

p

and for example Iû1 = rrì2 = 10)

(ii) rf Àt < -
active set. For rn ( = r^) havi_ng initial values of lO-s,

l-O-2 and tO-t the values of f for which the program broke

down, because of stalling, tüere -1400, -1435 and -1650 respect-
ively. The best results hrere obtained for Eo = .5 and .75

wlth e = .5 giving slightly better convergence. However,p

the strategy involving the use of the parameter p proved to
be clearly superior to thj-s strategy.

As significant success was found in using the technique

of Partan-acceleration it was decided to test the continued-

Partan method. The results of such a trial are reported in
Table 7. rt was generalry noticed that continued-partan was

not signifj-cantl-y better than partan-acceleration. As a
resurt it was decided, arong wj.th the consequent necessity

of extra computation and computer storage, that its use r^ras

not warranted-
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The final acceleration technique used was that of conjugate-

gradient directions. As can be seen from TabLes 6,7 and I it
is a generally superior acceleration technique. The advantages

are that second-order information can be easily incorporated

into the search directions as soon as the optimization procedure

remains in the same subspace for several iterations. This is
in contrast to the Partan-acceleration method where it is
necessary to wait for four or five iterations in the same

subspace before a fairly reliable direction parallel to the

valley walls can be obtained. It was noticed that if the

accelerated-Partan dlrection was used too early then the

search direction was not much better than that produced by the

gradient projection method. This also means that the conjugate-

gradient method has an advantage in early computations where

optimizations in any one subspace seldom take more than three

or four iterations.

Both Partan-acceleration and the use of conjugate-gradients

produced superior convergence in the tail end of the optimizations.
The ordinary methods brere observed to be very slow near the

optimal solution and the use of both Partan-acceleration and

conjugate-gradients gave much improved convergence but with

neither method being clearly dominant in terms of better search

directions.

7 .3 THE TELEPHONE NET$IORK DESTGN PROBLEM

form:

The class of problems considered by Berry were of the
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m]-n f (x) (7.r)

s.t k r, ... rk (7 .2)

I
k0<b t

The physical problem is one of assigning junctions
(circuits) to links of an alternative routing telephone network

in such a hray that the total junction cost f (x) j-s minimized

whiLst ensuring that a specified fraction of the offered
telephone traffic is carried between each paj_r of the origin
and destinatíon exchanges (OO pair). For each OD pair k

there are a number of routes, O (k) , avairabre to carry the
oD traffic. The network is completely generar in that the

routing patterns and number of circuits can differ for each

OD pair. The variable *1 (a chain flow) is the mean traffic
t

(in erlangs) carried on the jth chain (route) between OD pair
k . The total traffic offered to the kth OD pair is tk ,

hence the specified oD traffic congestion is equar to l-bk /{ .

A complete description of Berry's mathematical moder relating
the chain flow pattern î to the number of junctions on each

Iink as well as a description of. f (x) , Vf (x) and the constants
_k _ kb and t is given in t4l

There are two types of links which should be distinguished.
The links carrying traffic directly between OD pairs are cal-Ied

dj¡ect links while the links connecting oD pairs via tandem

exchanges carry traffic which overflows from the direct Iinks
and are called overflow .links. rn some cases the traffic
offered to an oD pair is too smalr to justify the provision of

o(Fk) k k)x=þ
j ='r t

*1 >o
J

j
k

r,...,0(k); k

k = 1,...,k
,...,R (7.3)

(7 .4)
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a direct link. When this occurs, the direct link is still

permitted to exist but is considered to have zeto junctions.

It should also be noted that the chain having chain flow "i
is the kth direct link.

For the problem discussed by Berry [4], in which his

mathematical model was applied to the Adelaide metropolitan

telephone network, R = 1141, O(k) = 3 for k - l,---,R and

the number of overflow links was 2L2. This particular problem

was first used as a basis for "tuning" the modifÍed AGUBM and

evaluating the usefuLness of the acceleration devices. Once

the "best" modified AGUBM had been decided upon the addition

of overflow Iink capacity constraj-nts was considered. Such

additional constraints can be used in protecting weak or

important parts of the network or can be used to force the flow

on certain tinks to be zero if the number of junctions on that

Iink is expected to be too sma]l to warrant their inclusion.

Alternativety such capacity constraints could be used in

periodic updating of the telephone network in the cases where

the number of junctions on a particular set of links should

remain the same or not be decreased.

7.3.1 The Uncapacitated Problem

Three main starting points were used with the uncapacitated

problem (7.I) (7.q) .

(i) Start,ing point 1.

(.6, .25, .13) tk if OD pair k has
a direct link
otherwise.

. k k k.(xr,xr,xr) I
t (0,.6,.38)t k
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(ii) Starting point 2

. k k k.(xr,xr,x, )
I
l.

(iii) Starting point 3

if OD pair k has
a direct Iink
otherwise.

if OD pai-r k has
a direct link
otherwise.

( xl' ,": )
kx
2

k

(.98,0,0)t k

(o,o,.gB)tk

( .98, O, O) tk

(0, .98, o) tk

Í
l.

One of the first observations made was that an interior

point such as starting point I is a bad choice of starting

point. This is because a significant amount of time is spent

in making small steps to the nearest non-active constraint

hyperplane. A general characteristic of the gradient projection

method is that at any j-teration, usually no more than one

constraint wiII become active. For this problem it has been

seen that near the opti-mal solution, about 1600 (of a total of

3423) non-negativity constraints are active. This means that

with such a starting point as starting point I, at least 1600

iterations would need to be taken. This is clearly unsatis-

factory as a function evaluation requires about I second and

the calculation of the gradj-ent vector takes about 3 seconds.

Limited computat.ional experiments were conducted with the

strategy of placing a non-negativity constraint in the active

set if "1 
< e , where s > O is some tolerance. This means

I

that if some variable "l has a value .1 , then after the
j,

gradient projection step, it wilt have the same value. Such

strategies did give a reasonable acceleration of convergence

but were still found to be unsatisfactory.
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Start.ing points 2 and 3 however have the feature of having

as many non-negativity constraints initially active as possible.

The use of parameter p allows multiple constraint deletion

during any iteratj-on. This means that iterations should not

be wasted as with starting point 1 nor with optimizing in

subspaces that have good indications of not being the required

subspace containing the optimal solution.
The objective function f (5) for the telephone network

design problem has the feature of being fl-at near the optimal

solution and relatively steep in the region of starting points

2 and 3. This means that in early iterations a line-search

is not necessary as full steps are made to the nearest non-

active constraint i-n the direction of the search. This

provides significant savings in time as a line-search for

such a function is very expensive. However, after a certain

number of iterations this feature of the function begins to

disappear occasionally. The one-dimensional- search strategy

then could be:

Make a full step if the function value decreases, other-

wise use a Line-search procedure.

Unfortunately, whilst saving time, such a strategy leads to

the phenomenon of zígzagging. An example of this is given

in Figure 5, where Io ,11 tx2 t Tr, Tu and X5 are the points

obtained by using such a strategy. The points Ií,I! and

ii are those that woul-d have been obtained with line-searches

from To,5z and xr+ respectively. It can al-so be noted

that the optJ-mal solution in this subspace, I* , Iies on the

hyperplane Ê and if Ê had not been dropped at point xr '
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then the next point after X1 would have been x* if a

line-search had been used.

It was noticed that in early iterations with starting
points 2 and 3, the values of llpllo" were monotonically

decreasing. After a certain number of iterations (200 for
starting point 2 and 380 for starting point 3) the values of

ll pll- began to oscillate. At the same time j-t was found that
taking a full step was not always giving a decrease in the

objective function value and the phenomenon of zj-gzaggíng vras

frequently occurring. As a result the strategy of taking a

full step (if possible) untj-l the values of llpll_ stop

decreasing and then us5-ng some lj-ne-search procedure whose

accuracy increases as ll pll- decreases, was used. The

strategy resulted in a significant improvement j-n convergence.

It was also noticed that for starting points 2 and 3, that a

full step could always be taken until the value of ll pll- stopped

decreasing.

Several values of p in the interval [.1,1.5] urere

used for starting points 2 and 3 but it was found that p = 1.0

was much better. The effect of dropping too many or too few

constraints caused similar results of poor initial convergence.

The choice of starting point also affects the number of

iterations required to obtain a good approxJ-mate optimal

solutÍon. This can be seen from Tables 9,10, lt and 12,

where starting point 3 requires more iterations than startlng
point 2. However, both starting points lead to good approx-

imate solutions in a reasonable number of iterations (especially

sj-nce there are 3423 variabl-es). Starting point 2 was run

for a total of 1100 iterations giving an objective function
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I7 ,398. I7g
8, 558.995
4 ,30 3.889
2,26L.L22
2, L45.563
2,077 .340
2,O44 .882
1,855 .787
I, 84 5.499
l, 830 .982

I7,
r27 ,
r40,

20,
12,

5,
34,

2,
2,

282 .7 63
909.O25
I77 .586
7 40 .540
369.185
BBI .241
929.8r5
174 .55r
786.889
307.593

3, 600, 993.503
3,583,700 .740
3,455,797.715
3, 3I5 ,614.I29
3, 294, 873.589
3, 282,504 .404
3,276,623.163
3,24L,693.348
3,239 ,7r8 .797
3,236, g3r. g0g
3,236 ,624.315

0
I
2
3
4
5
6
7
I
9
IO

ll pll--æAf (x)f (x)ITERATION

TABLE 9

TABLE IO

Iterates from the optimization of the telephone
network design problem with starting point 2,
p = I.0 and conjugate-gradient acceleration.

Iterates from the optimization of the telephone
network design problem with starting point 3,

p - 1.0 and conjugate-gradient acceleration.

r7 ,39r.8I2
8,574.377
4, 305.163
3,935 ,567
3,915.358
3,775.340
3,663.533
3 ,54r .308
3,44r.440
3,431 .847

37,
150,
15,

953.290
798.940
487.572
866.975
049 .000
979.116
066.507
030.882
592.7 25
413.505

6,
4,
6,
6,

6,

3,676,484.987
3,638,531 .697
3,487,732.757
3,472,245.185
3,47L,378.2r0
3,465,329.2IO
3,460, 350 .Og4
3,454,283.587
3,448,252.705
3,447,659.980
3,44I,246.475

0
t
2
3
4
5
6
7
8
9
10

ll pll--æAf (x)f (x)ITERATION
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L,7 4L.510
1, 078 .435

2,723,690.986
2,722,612.55r

650
800

I, 19 2.560
8s1.708
'7 25 .286
398.448
267.2L8
262.337
183.94I
L43.077
1I2.053
91.0I2

5 30, 64 6 .569
119, 973.264
56,692.I92
5I,068.692
28,885.740
14 ,832.390
18,232.022
I0,999 .862
9,440.765

ro ,704.038
5,374.963
3,037 .279
2,35 7.500
1,995.2L7
2, O09.388
I,867 .293
2, r49 .40L

858.251
1, r86.04r

600 .198
736.677
539.3I5
588.530
225.547
549 - 863

3, 600, 993.503
3, 070, 336 .934
2,950,363.670
2,893,67L.479
2,842.602.786
2,8L3, ?L7 .O46
2,798, 884 .656
2,'780, 65 2.634
2,769,652.772
2,760 ,2I2. 007
2,749,507.969
2,744,133.006
2,74r,095 .727
2,738,'738 .227
2,736 ,7 43.010
2,734 ,733.622
2,732,966 .329
2,73O,7L6 .g2g
2,729,858 .677
2,728,672.636
2,728,072.439
2,727,335.76L
2,726,796.446
2,726,207.916
2,725,995 .369
2,725.432-496

0
20
40
60
80

100
r20
r40
160
180
200
220
240
260
280
300
320
340
360
380
400
420
440
460
480
500

pll
æ

Af (x)f (x)ITERATION

TABLE 11 fterates from the optimizatj-on of the telephone
network design problem with starting point 2,
p - 1.0 and conjugate-gradient acceleration.
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4 ,980.884
2,273.839

2,727,543.639
2,7 25 , 269. 800

650
800

2, I75.840
r, 785 .963
r ,354. 8 37
I, I23.290

928.230
796.098
725.O58
47 6 .436
379 .435
304 .180
270.954
249.920
237.899
169.843
133.328
l-LL .7 32

91 .919
86.072
68 .482

378, 080.866
75,669 .I42
89, 990 .743
75,662.932
69 ,990 .22L
50, 709 .239
33 ,22r.667
28,286.672
22,399 .329
20 , 3I8.715
10,954 .285
L6 , 9 38.304
13, 339.155
10, 581 .706

9 ,790 .829
6, 492.032
9 ,665.544
3, 554 .946
5 ,326.470
4,373.325
I ,7 49 .647
2, L95.243
1,750.780
I,653.553
L.265-tI9

3,676,484.987
3,298,404.L2r
3, 222,734 .g7g
3,L32,744.236
3,057,09I.304
2,987,09I.083
2,936,381 .844
2,903,160 .r77
2,87 4 ,873.505
2,852,474.I76
2,832, r55 .46L
2,82I,20I.l-76
2,804,262.972
2 ,790 ,923 .717
2,780,342.0r1
2,770, 551 .L82
2 ,7 64, 059 . 150
2,754, 393..606
2,750, 838.660
2 ,'145 , 512 .LgO
2,74r, r38.865
2,739,389.2I8
2,737, lg3 .975
2,735 , 443.195
2 ,7 33 ,7 89 .642
2 .7 32 . 524 -523

0
20
40
60
80

r00
r20
140
160
180
200
220
240
260
280
300
320
340
360
380
400
420
440
460
480
500

pll
æAf (x)f (x)ÏTERATION

TABLE 12 Iterates from the optimization of the telephone
network design problem with starting point 3,
g = 1.0 and conjugate-gradient acceleration.



109.

value of 2,72I,7IL.679 and a lower bound of 2,720, 390.301

which is a difference of 1,321 .378 or .OS%. This lower

bound estimating the objective function value was calculated
by a method described by Faure and Huard IL2, appendixl.

7.3.2 The Inclusion of Capacitv constraints

The link capacity constraints

ö

I

L-

Ik

(k

I
=t

) k
Yi¡ x

,
(ck i = L,...,L (7.s)

were al-so added to the mathematical program (7.I) (7.4) .

capacitj-es were praced on the first 50 of the 2L2 overfrow

links. The values of ", are gJ-ven in Table L3. Three

strarting poJ-nts were used for this problem. The first two

are starting points 2 and 3 of Sectj_on '7 .3.I, which happen to
be feasible for the problem (7.1) (7.5). The third point
used will be referred to as starting point 4 and was obtained

by using the point obtained after 500 iterations with starting
point 2 (that is f = 2,725,432.496) and a pj_ecewise linear
programming method that produces a feasible point given an

j-nfeasible point. The method used is described by cirl and

Murray [19, Chapter 2] and can be described as follows:

mLn î (x) I (-]* - b. )
-J - ,

s.t arx)b
-j -j

jeJ_ (x)
j É .r_ (x)

where ¡_ (x) is the set of indices of constraints vj-olated

at T This method quickly produced a feasible point in 45

iterations with 30 link capacity constraints initially violated.
The objective function varue of the resulting point (starting
point 4) was 2,787,003.I24.
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.4393
52.465L
sI.39s2
98.8784
64.826r
90.2869
9.5002

32.O802
13.0866
57.3250

61.1608
59.423L
40.733I
72.L752
59.1613
35.9268
32.080r
32.7527
L6.9527
24.5796

47 .7 482
54.0577
8.3869
I .4932

L4 .7 295

65 .7516
3.2526

25.3879
8.0288

L4.LL82

35.9052
43.1306
97.44L4
23.2275
56. r759
78.0830
t4.4256
60.L992
r3.8562
29 .67 68

13.7169
57.2737
76.7687
53.6073
35.0659
66.8728
32.3960
9.3923

.477 0

5.8982

TABLE 13 Values of cr for i = 1,...,50

(the values are ordered horizontally

across the page).
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As for the uncapacitated problem it can be seen from

Tabl-es L4 and 15 that starting point 2 produces better
convergence. rt can be seen from Tables l-4,15 and 16 that
starting point 4 resurted in the best convergence. This is
to be partly expected as starting point 4 is derived from a

good approximation to the optimal solution for the uncapacitated

problem. This suggests that if various sets of capacity

constraints were to be added to the uncapacitated problem, a

good approximation to the optimal solution for the uncapacítated

problem could be stored and used to generate reasonable starting
points for the capacitated problems.

With the three starting points considered, the number of
active link capacity constraints at the respective points

finally obtained brere between 30 and 32. other problems with
slightly different ., values were run and in one case the

number of active link capacity constraints reached 45. In

all these cases, rro numerical instability was noticed, even

though large numbers of non-negativity constraints entered or

Ieft the set of actlve constraints during the running of the

computer progrctm. As a result the merits of iterative refine-
ment discussed in Section 3.3.3 have not been investigated in
regard to large-scale nonlinear programming problems.

Another problem involving link capacity constraints
considered was one in which the flows on overflow links 45, 66,

85, 105, L42, 167, 198, 205 and 2Ll were required to be zero.

The reason for setting these flows to zero was that the

expected number of junctions on these links were expected to

be too small to warrant their inclusj-on. This was approached

by setting c, for these ninelinks to .001 to avoj-d potential
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940.967
306.252

2,73L,044.r39
2,730 ,737.887

650
800

1, l9 2.560
851 .708
733.663
424.89r
297 .302
242 .47 4
191 .618
r48.554
I20.645

97 .334

530, 64 6 .569
119, 973.264

55, 071_ .655
33,175.647
29 ,922.163
L6 , 332 .47 I
22, 402.565
L2,302.997
8,601 .755
9,388 .26L
7 ,992 .078
3,754.014
2,372.258
1,637 .485

992.001
L,094.616
L,r45.255

57 6 .r2r
387 .237
r88.990
250.3r2
r49.286
206.424
240 .499
L94 .467

3, 600, 993.503
3,070,336.934
2,950,363.67O
2,895 ,292.0r5
2,852, LL6. 368
2,822, 194.205
2 , 805, 861 .7 27
2,783, 459 .l-62
2,77r, 156.165
2,7 62,554.4r0
2,753, r66.L49
2,745,174.071
2,74L,420.057
2,739,047.799
2,737 ,4L0.314
2,736,4r8.313
2,735 ,323.697
2,'134,r78.442
2,733 ,602.321
2,733,2r5.084
2,733,026.094
2,732,775.782
2 ,'132 , 626 . 49 6
2,732,420.072
2,732,L79.573
2.73r.985.r06

0
20
40
60
80

100
]-20
140
160
180
200
220
240
260
280
300
320
340
360
380
400
420
440
460
480
500

Pll 6Af (x)f (x)TTERATION

TABLE 14 Iterates from the optimization of the telephone
network desj-gn problem with 50 link capacity
constraints, starting point 2, p = 1.0 and

conjugate-gradient acceleration.
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2,'754.511
983.834

2,732,917.652
2 ,73L, 933 . 818

650
800

2 , r75. 840
L,785.963
1,354.837
L , L23 .290

935.017
804 .609
728.563
48r.973
382.830
310.932
270.968
249.'137
237 .798
r75.1r9
r42.984
Lr9 .432
93.994
85.268
63.920

378, 080 .866
75,669 .r42
89 ,990 .7 43
75,662.932
56,775.073
55 ,7 68. 004
38,977.022
28,300.092
23, 086.879
r8,643.250
L4,66r.353
r8, 0 24 .203
r3, 337 .552

g ,479 .220
8, 317 .069
7 ,236.583
9,r40.223
5, r63 .732
5, 700 .88r
2,76r.786
2,336.389

780.968
L,422.375

811.395
685.092

3,676,484.987
3,298, 404 .L2r
3,222,734 .979
3,L32,744.236
3, 057, 08I . 304
3,000,306 .23r
2,944,538.227
2,905, 561- .2O5
2,877,26L.113
2,854,L74.234
2,835, 530 .984
2,820,869.63I
2, 802 ,845 .428
2,789,5O7.876
2 ,780 , O28. 656
2 ,77L ,7Lr .587
2,764,4',75.004
2,755,334.781
2 ,750 , L'7L. 049
2,744,4'1O.168
2,7 4r, 708 .382
2,739,37L.993
2,738,59r .025
2,73'7,168.650
2,736 ,357 .255
2,735,672.r63

0
20
40
60
80

r00
r20
140
160
180
200
220
240
260
280
300
320
340
360
380
400
420
440
460
480
500

ll pll--æAf (x)f (x)ITERATION

TABLE 15 Iterates from the optimization of the telephone

network design problem with 50 Iink capacity
constraints, starting point 3, p = 1.0 and

conj ugate-gradient acceleration -
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391 .970
L42 .425

66 - 060

2 ,730 ,7 25 .87 6
2,730,583.451
2,730,5l-'.1.39r

450
600
750

897 .235
393.803
200.5t2
80.479
69.024

26,5r0.837
10,605 .446

7,39O.340
5,153.787
2,374.508
L,682.L26

613.665
628.697
2r5.'.l35
201.899
r04.754

69.9L9
161 .666

89.532
82.367

2,787,003 .L24
2 ,7 60 , 492 .287
2,749,886.841
2,7 42 , 496. 501
2,737 ,342.7L4
2,734 ,968 .206
2,733 ,286.080
2,732,672.4I5
2,732,043.7r8
2 ,73L , 82'7 . g8 3
2 ,73r , 626. 084
2,73L,52L.330
2,73r, 45I.411
2,73r ,289 .7 45
2,73r, 20O .2r3
2.73r.rr7 -846

0
20
40
60
80

100
L20
140
160
r80
200
220
240
260
280
300

Pll-Af (x)f (x)ITERATION

TABLE ].6 Iterates from the optimization of the telephone
network design problem with 50 link capacity
constraints, starting point 4, p - 1.0 and

conj ugate-gradient acceleration.
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problems with linear dependence. In this case the starting
point was derived from the point obtained after 650 iterations
with the uncapacitated problem and starting poj-nt 2 (where

f = 2,'723,690.986) . The feasible point method requi-red 16

iterations to produce a feasible point (called starti-ng point
5) with objective function value 2,'125, 161 .777. lrlithin 80

iterations (see Table t7) a point with a function value

comparable to the original uncapacitated starting point was

obtained with the added feature of zeco flow and hence zero

number of junct,ions on these nine overflow links.
A general feature noted with both the uncapacitated and

capacitated problem was that the terminal convergence was very

sIow. It has been noticed that generally, the only significant
changes in objective function value occurred in the iterations
when a conjugate-gradient search direction $ras used. It has

also been noticed that in early iterations the use of a

conj ugate-gradient

becoming active.
direction usually resulted Ín a new constraint
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577.392
327 .626

2,'122 ,826. 869

2 ,7 22 , 499 .243
200

300

t,105 .475
LO2.046
225.305
139.369
185.32I

2,725, 161 .777
2,7 24 ,056 .302
2,723,954.256
2,"723,728.951
2,723,589 .582
2,723,404 .26L

0

20

40

60

80

100

Af (x)f (x)ITERATION

TABLE 17 Iterates from the optimization of the
telephone network design problem with
9 link capacity constraints, starting
poínt 5,9 = I.0 and conjugate-gradient
acceleration.
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CHAPTER 8

DISCUSSTON

In this thesis several techniques for solving Ìarge scale

structured nonlinear progranming problems have been discussed.

These methods are mainly based on the gradient projection
method. The technj-ques for the structured problems can

also be extended for the solution of problems havlng additional
general li-near constraints. This is achieved by the use of
Lemma 3.1 and the ability to update the operators n*, and e*,

when the matrix Nl changes. Thus any similar operator can

be used as long as suitable expressions for updating them after
a change in N1 can be obtained. For example O*, can be

interpreted as the reduced-gradj-ent operator ZZr and (5.?) can

be restated as

QM zzr Nrr :N2zzr *T I -t N2zzr
T

zz

which is simply (g.Z) with P* replaced by
I

It is anticipated that the use of column

methods can be relatively simply extended to

structured problems. An example of such a

as follows:

T
zz

transformati-on

other classes of

problem is given
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ml_n

s.t

f (x)

Ij€A¡ t

T
k€ß. .rJ

Iicc- jk

*1. > blrJ I

*1. > d:rt t

k
x.t, Þ t,n

k*i¡ >

The projection methods considered have been seen to have

the important feature that they use explicit projection operators

or operators that can be described by several index sets. Às

a resul-t the projection methods have favourable storage properties

and an added advantage of increased numerical stability over

other possible matrix methods.

The numerical results demonstrate that suitable variations

of the gradient projection method can be successfully used to

solve large scale structured problems and acceleration techniques

such as the use of conjugate-gradients do produce a good accel-

eration of convergence. Research into other possible areas

of Ímproving the gradient projection method could lead to even

better solution techniques for Iarge scale problems that are

too large to be solved by any second-order method.
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