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SUMMARY

A regular covering system is a collection of
arithmetic progressions such that every integer belongs
to at least one arithmetic progression in the collection,

and no proper subcollection has this property.

An exact covering system is a regular covering
system with the property that every integer belongs to

exactly one of the arithmetic progressions.

The thesis contains three principal results.

1. Let P Dbe the lowest common multiple of the common
differences of the arithmetic progressions in a regular

covering system and suppose P has prime factorisation
t o
P = | | 157 &

i=1

Then the number of arithmetic progressions in the

collection is at least

ai(pi-l) + 1.

Il o~k

i=1

A similar result has been proved by Korec [4]
applied to exact covering systems. In both cases the

results are the best possible.

2. An exact covering system in which each common

difference occurs at most M times is called an ECS(M).
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I prove the following result. If Py < Py ... < p, are
the distinct prime divisors of the lowest common multiple
of the common differences of the arithmetic progressions

in an ECS(M) then

t-1
M _| l| pi/ (pi—l) = Py
l=

Burshtein [1] showed that a similar inequality
applied in the case of a special type of exact covering
system called a naturally exact covering system. Our
result has several consequences. For instance it follows
that in any ECS(M) we have Py < M and that there exists
a number B(M) such that any ECS(M) contains an arithmetic

progression with common difference less than B(M).

Bl The last part of this thesis concerns the following

conjecture due to R.B. Crittenden and C.L. Vanden Eynden [3].

Let S be the union of n arithmetic progressions,
each with common difference not less than k where k < n.
It is conjectured that if S contains the closed interval

[1,k 2P K+l pen S contains all integers.

Crittenden and Vanden Eynden [2] proved the
conjecture in the (equivalent cases corresponding to k =1
and k = 2. I prove the conjecture in the case k = 3 and
show that if a counterexample exists for a given k then
a counterexample exists for that k with the following

properties:

(a) Each common difference in the counterexample is

either a prime > k or a product of primes < Kk.



(b)

(c)

(v)

If p is a prime, p = k, then the number of
arithmetic progressions with common difference p

is less than log p/log 2.

The cardinality of the collection is less than an
explicit function of k, that function being

asymptotically equal to 3k(l +1/log 2) as k - o,

References

(1]

(2]

[31]

[4]

N. Burshtein, "On natural exactly covering systems
of congruences having moduli occurring at most N
times", Discrete Math. 14(1976), 205-214.

R.B. Crittenden and C.L. Vanden Eynden, "Any n
arithmetic progressions covering the first 20
integers cover all the integers", Proc. Amer. Math.
Soc. 24(1970), 475-481.

R.B. Crittenden and C.L. Vanden Eynden, "The union
of arithmetic progressions with differences not
less than k", Am. Math. Monthly 79(1972), 630.

I. Korec, "On a generalisation of Mycielski's and
Znam's conjectures about coset decomposition of
Abelian Groups", Fund. Math. 85(1974), 41-48.




(vi)

SIGNED STATEMENT

This thesis contains no material which has been

submitted for the award of any other degree or diploma.

To the best of my knowledge this thesis contains
no material previously published by another person,
except where due reference is made in the text of the

thesis.

I consent to this thesis being made available

for photocopying and loan.

James Simpson



(vii)

PUBLICATIONS ARISING FROM

THIS THESIS

"Regular coverings of the integers by arithmetic

progressions", to appear, Acta Arithmetica 45 (1985),

63-70.

"Exact coverings of the integers by arithmetic

rogressions", submitted to the Journal of Discrete
P

Mathematics.




(viii)

ACKNOWLEDGEMENTS

My principal thanks are due to my supervisor,
Jane Pitman, who has been of immense assistance in all
aspects of this work. All the major proofs in this
thesis are the results of corrections and simplifications
suggested by her. My wife Judy has encouraged me in
times of gloom and depression, been patient in times of
bad temper and even endured my overweening conceit when
things have gone well. For this I am very grateful. I
also thank Mrs. Dawn Darwent for her excellent and

meticulous typing.

Finally I wish specifically to exclude from these
acknowledgements my son Tom, whose riotous behaviour and
incontinent disposition-did much to hamper the last

eighteen months of the work.

Jamie Simpson



CHAPTER 1

INTRODUCTION

If S is a set of integers and A 1is a collection
of arithmetic progressions with the property that every
integer in S belongs to at least one of the arithmetic
progressions in A we say that A covers S. If the set
S is the set of integers we say that A is a covering

system.

The idea of covering systems was introduced by
Erdds [7] in 1950. He used such a system to answer a
question posed by Romanoff: are there infinitely many odd
integers not of the form L p where p is a prime?

The answer was yes.

A covering system may be regarded as a collection of

congruence classes a, (mod mi), 1 <i<k with
my < m, < ..

integer n satisfies

.S m which has the property that every

o
1

a; (mod mi)

for at least one value of i. Erdos used covering systems
in which the mi's are distinct. We will call such systems
incongruent covering systems, a nhame coined by Porubsky [191],

(Erdds simply called them covering systems) .



There are a number of unsolved problems connected
with incongruent covering systems (see, for instance, Guy

[111), the best known being:

I Are there incongruent covering systems with my

arbitrarily large?

IT Are there incongruent covering systems with all the

m.'s odd?
i

These guestions have attracted considerable interest
but little in the way of general results. We will make a
few remarks about question II in Chapter 4, but for most of
this thesis we will be concerned with problems about other

types of covering systems.

There are several different types of covering systems
and a large literature associated with them. In his useful
monograph on the subject, Porubsky [19] cites over 100
articles. Some authors have used complex analysis in
investigating covering systems, though most of the
literature uses elementary combinatorial ideas. In this

thesis we rely entirely on combinatorics.

We will consider three questions about types of
covering systems. The questions themselves are not closely
related, but the techniques used in attacking them are
similar. In particular, in definition 2.7 we introduce a
tool which we call reducing a collection of arithmetic
progressions. This will be used in many of the proofs.

It involves taking a collection of arithmetic progressions

which intersect a given arithmetic progression and



transforming it into a new collection. The way in which
the new collection is related to the integers is implied

by the way the original collection was related to the given
arithmetic progression. For instance, if the original
collection covers the given arithmetic progression then the

new collection will cover the integers.

Before describing the questions in which we are

interested we introduce some notational devices.

Notation 1.1

The terms congruence class and arithmetic progression
are used interchangeably in the literature and we will retain
this admirable flexibility. We will however always use the
term modulus rather than common difference of an arithmetic
progression. Henceforth we will write AP for arithmetic

progression.

Collections of AP's will be denoted by script cépitals:
A,.B, C etc. For a given collection A we write P(A) for
the lowest common multiple of the moduli of the AP's occurring
in A, Z(A) for the union of the AP's in A and |A| for the
number of AP's in A. We write <a,d> for the AP consisting

of integers congruent to a modulo d.

We say A is a regular covering system if Z(A) =7, where Z
is the set of integers, and if no subcollection of A has
this property. The name regular covering comes from Znam,
irredundant covering is also used in the literature with

the same meaning.



We say A is an exact covering system if A is a regular
covering and no integer belongs to more than one of the
AP's in A. Disjoint covering is an alternative name in

the literature.

The following special functions will be used in

Chapters 3 and 7. If a positive integer n has prime

factorisation
n o
n = —IT Pi 1
i=1
then
t
f(n) = izl a, (p,-1)
t
g(n) = z ((ai—l)(pi—l) + 1)

Our first main result will be the following.

Corollary 3.6 If A is a-regular covering then

|A] = £(P(A)) + 1.

This result, which was conjectured by Znam [26] in
1975, was preceded by several weaker conjectures and their
proofs dating back to a conjecture made by Mycielski and
Sierpinski [16] in 1966. A detailed background is given

in Chapter 3, together with the proof and some extensions.

In Chapter 3 we will also prove

Theorem 3.9. If A is a collection of AP's that does not

cover the integers and P is the minimum modulus for which



there exists an AP <a,P> such that

Z(A) N <a,P> = ¢,
then

Al = g(P).

The second main result is an extension of work by

Burshtein [2], [3].

Theorem 4,12 If A is an exact covering system in which

each modulus appears at most M times and Py <p2 <... <pt

are the distinct prime divisors of P(A) then

T
-

Pj
Pi -1

g

H
I
o

épt_

The theorem has several interesting consequences.

These appear in Chapter 4.

The last three chapters deal with the following

conjecture made by Crittenden and Vanden Eynden [51.

Conjecture 5.1 If A is a collection of AP's, each with

modulus at least k, and

z(A) o [1, k227K
then

Z(A) =Z

The cases k=1 and k=2 (which are equivalent
since kzn_k+l is the same for k=1 and k=2) were proven

by Crittenden and Vanden Eynden [4] in 1970. 1In Chapter 7

we prove the conjecture in the case k=3. We also obtain,



in Chapters 5 and 7 some strong necessary conditions for

the conjecture to be false. The most important of these

is that if the conjecture fails for some k then it fails
for that k and a value of n less than an explicit function

of Xk, this function being asymptotically equal to
3(1 + 1/1log 2)k
as k = o,

This means that the conjecture could be proven fox
arbitrary k by checking that it holds for that k and all
low values of n. This checking is carried out in Chapter 7
for the case k=3. In Chapter 7 we will also make another
conjecture akin to conjecture 5.1 and show that it can be

analysed in a similar way.

Chapter 2 of the thesis contains a number of
technical lemmas used in later chapters. Most of these
have little intrinsic interest and the reader may prefer
to move straight into Chapter 3 and return to Chapter 2

only to inspect its parts as they are cited.

Notation 1.2 Letters in ordinary typeface, upper or

lower case, will represent integers unless otherwise stated.

Script capitals will represent sets or collections of AP's.

|A| the cardinality of the set or collection A.
<a,d> the 2P {n : n = a (mod d)}.

f,qg the functions defined in notation 1l.1l.

(m,n) the highest common factor of the integers m

and n.



[m,n]

gcm{m,n}

[x]

logk X

P(A)

P,g

p In

Z(A)

0 (x)

y(n)
v(n)

(%)

TT

the block of consecutive integers m, m+l, ..., n.

the least common multiple of the integers m

and n.
m divides n.
m does not divide n.

the greatest integer not greater than the real

number X.
the least integer not less than the real number
logarithm to the base k of x.

the lowest common multiple of the moduli of the

AP's in the collection A.
prime numbers, often used with subscripts.

pq divides n, but pOL+l does not divide n.

the union of the AP's in the collection A.
the integers
the ring of integers 0,1, ..., n-1 (modulo n).

Euler's constant; 0.57721566...

Yy log p
p<X

the Mdbius function
the number of distinct prime divisors of n.
the number of primes less than or equal to X.

product, empty products equal 1.



2 sum, empty sums equal 0.

¢ empty set.

Theorems, lemmas, corollaries et cetera will be
labelled m.n where m is the chapter in which the
theorem occurs and n is an integer which begins at 1
in each chapter and is incremented by 1 with each theorem,
lemma et cetera. Thus lemma 2.3 immediately precedes

theorem 2.4.

Displays are labelled (m) where m is an integer
which begins at (1) in each chapter and is incremented by 1

for each display.



CHAPTER 2

TECHNICAL RESULTS ABOUT ARITHMETIC PROGRESSIONS

In this chapter we prove some basic results about
AP's and collections of AP's. They will be used to prove
the more involved results of later chapters. Not all are
original to this work but proofs of all of them will be

given for the sake of completeness.

The first three deal with properties of intersecting
AP's and are fairly easy consequences of the Chinese
Remainder Theorem, indeed part (a) of theorem 2.1 is just
a restatement of that theorem. Here'and elsewhere we say
two or more AP's intersect if their common intersection is

non empty. We use notation 1.2.

Theorem 2.1

(a) <A,D> and <a,d> intersect if and only if
a = A (mod (4,D)).
(b) If <a,D> and <a,d> do intersect then
<A,D> N <a,d> = <a*, gcm{D,d}>
for some a*.

(c) If d divides D then either <A,D> ¢ <a,d> or

<A,D> and <a,d> are disjoint.
(d) <A,D> ¢ <a,d> if and only if d divides D and

a = A (mod 4).
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(e) If <a,d> intersects both <A1’Dl> and <A2,D2>

then

Al = A2 (mod(d,Dl,Dz)).

Proof:

(a) <A,D> and <a,d> intersect if and only if there
exists an integer n such that

n = a (mod d)

n = A (mod D). (1)
By the Chinese Remainder theorem this is possible
if and only if

a = A (mod(d,D)).

(b) Again by the Chinese Remainder theorem (Hua, [121),
if the congruences (1) are satisfied then they are
satisfied by exactly one residue class modulo
2cm{d,D}. If this residue class is a* (mod 2cm{d,D})
then we see that the intersection of the AP's is

<a*, gcm{d,D}>.

(c) Suppose that d divides D and <a,d> intersects
<A,D>. Then it follows from (b) that the intersection
of these two AP's is an AP of the form <a*,D> and
so must coincide with <A,D>. Hence <A,D> is a
subset of <a,d>.

(4) If <A,D> is a subset of <a,d> then the intex-

section of these two AP's is <A,D> and hence, by

(b), we have D = gcm{d,D} and so d divides D.
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By (a)

Q
"

= A (mod(d,D))
and (d4,D) = d since d divides D.

In the other direction d divides D and

a A (mod d)
imply

a = A (mod(d,D)).
Therefore the AP's intersect by part (a) and

then by part (c)

<A,D> € <a,d>.

(e) By (a) we have
a = A; (mod(d,D;))
and
a =na, (mod (d,D,) )

which imply the result. o

Most of the results here appear in texts on elementary
number theory, see e.g. Shockley [22] theorem 6 of Chapter 3.
The next result appears in Leveque [15] theorem 3.16, though

proved there in a different way.

Theorem 2.2 Let A = {<ai,di> :i=1, ..., t} be a

collection of AP's. (a) The collection has a nonempty
intersection if and only if each pair of AP's in A has.
(b) The intersection is then an AP with modulus

zcm{dl,dz, e dt}.
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Proof:

(a) In one direction the result is immediate. 1In the
other direction we use induction on t. The result clearly

holds when t =2. We assume it holds for t = t and will

0

show it holds for t = t0 + 1.

By part (b) of theorem 2.1 we have

—] *
<al,dl> n <a2,d2> <a¥*, zcm{dl,d2}>
where
%x =
a* = ay (mod dl)
* =
a* = a, {mod d2)

Now for i = 3,...,t0 + 1 we have

)
m
o

l—l

(mod (d,,d,))

ni
j8)]
*

(mod (d,d;))

and similarly

a, = a* (mod(dz;di)].

These imply

o))

1

V]
*

(mod zcm{(dl,di),(dz,di)}),

V)
i

a¥* (mod(di, lcm{dl,dz})].

It follows, by theorem 2.1 part (a), that the AP's
<a¥*, lcm{dl,d2}> and <ai,di> have a non empty intersection

so that we have the t

1
0 AP's

<a¥*, zcm{dl,d2}>, '<a3,d > d

3 ot <ato+l' tD+l>

intersecting in pairs and so, by the induction hypothesis,

the collection has a non empty intersection.
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(b) This part is also proved by induction on t. By

theorem 2.1, part (b) <al’dl> n <a2,d2> has modulus

%cm{dl,dz}. Then

{<a1,dl> n <a2,d2>} N <az,ds>

has modulus zcm{lcm{dl,dz},d3} = lcm{dl,dz,d3} and so on

so that

<a,,d.>
i’ 71

1_
ol

d, l. o

has modulus = lcm{dl,dz, ceer Ay

Lemma 2.2 is used to prove the next theorem.

Lemma 2.3 Let A = {<ai,di> :i=1,...,t} be a

collection of AP's and P a common multiple of
dl’dZ""’dt' Then the number of residue classes modulo P
that are covered by Ais at least

t

1 1 1
P - 1 b )@
81 & <atyee @8] gqiggice (i dyrdd

where square brackets denote lowest common multiple.

This bound is best possible and therefore positive.

Proof: We write N(il’iZ""'is) for the number of
residue classes modulo P covered by the intersection of
<ai’di>""'<aidi>' By inclusion-exclusion the number of
residue classes covered by A is

Y ooON(i) - y N(i,3) + .. (3)
I<i<t 1I<i<y<t
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We note that if d divides P then the number of

residue classes modulo P covered by an AP with modulus d

is
a (@)
Now for each pair i,j satisfying
1<i <3<t

we set

1 if <ai’di> n <aj,dj> 0,

[

E(ilj) = 1

0 otherwise.

By lemma 2.2 we see that

<a, ,d. >N ... N <a, ,d
i, "1, ig

if and only if
T 21,4y = 1,

where the product runs over all pairs of distinct elements
of {il,...,is}. Using this observation and (3) above we
see that the number of residue classes modulo P covered

by A equals

;2 zpa(il,iz) . PTT eliyidy) )
an, CRT €, 9;,7%: ]

where the product is over all pairs ij,ik from il, i2, i

and each € equals 0 or 1. We claim that this expression is

3

minimised when each € equals 1.
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To show this we consider the sum of all those terms

in (5) which contain a factor ¢€(1,2). This is
eI e N e PR T

= -{N(1,2) - IN(1,2,i) + ...}. (6)

The expression in the brackets is the number of
residue classes modulo P which are covered by the inter-
section of <al,dl> and <a2,d2> and are not covered by
any other AP in A. This is clearly non-negative and so
the expression in (6) in non-positive. Thus changing the
value of €(1,2) from 0 to 1 can only decrease the value
of expression (5). The same argument applies to any ¢€(i,3)
so (5) attains its minimum as a function of the €(i,]j)'s
when each €(i,j) is set equal to 1. 1In this case (5)

reduces to (2) as required.

Finally we note that it is possible to have each
pair of AP's in A intersecting, for instance when all the
ai's are equal. 1In this case (5) coincides with (2) and

so (2) is best possible.
o

In this work we will be concerned with the conditions
under which a collection of AP's covers the integers. A
technique that we will use extensively is to concentrate on
how a collection covers a single AP (or part of it) and to
deduce properties of the whole collection. The remaining
results of this chapter are tools that will be used in

employing this technique.
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In the next theorem we use the notation Z(A) and

P(A) which is explained in notation 1l.1l.

Theorem 2.4 If A is a collection of AP's such that

Z(A) 2 <A,D>

z(A) = Z

for some AP <A,D>, then

(a)
(b)

Proof:

(a)

(b)

A contains an AP <a,d> with (4,D) > 1,

this AP intersects <A,D>.

We prove this part by contradiction. If it were

not true then we would have
(D,P(A)) = 1.

By assumption there is some integer X which does
not belong to any AP in A. Clearly this will also
be so for any integer congruent to X modulo P(A).

Now choose, as we may by the Chinese Remainder Theorem,

an integer x satisfying

I

X X

: (mod P (A))

b
i

A (mod D).

Then x does not belong to Z(A) but does belong
to <A,D>, contradicting the assumption that A covers

<A,D>.

If we removed from A all those AP's which do not
intersect A, forming a new collection A%, say,

then the premises of the theorem would still hold



1%

with A* replacing A. Therefore by part (a), A*
contains an AP <a,d> with (d4,D) > 1 which
intersects <A,D>. This AP belongs to A and the

theorem follows.

In applications we will use the following corollaries

to this theorem.

Corollary 2.5 If A is a collection of AP's such that

Z(A) = <A,p>

z(A) = Z

for some AP <A,p> where p is a prime, then A contains

an AP <a,d> such that

(a) pld
(b) <a,d> c <A,p>
Proof: Part (a) follows immediately from (a) of theorem

2.4 on setting D = p. By (b) of that theorem <a,d>
intersects <A,p> so that (b) of the corollary follows

from (c) of theorem 2.1.

A result similar to the next corollary was proved by
Billick and Edgar [1] using a rather esoteric method which
involved representing an AP as a vector whose entries were
the residue classes to which the members of the AP belonged

modulo the prime divisors of the modulus.

In theorem 3.1 of the next chapter we will extend
corollary 2.6 considerably, and use the extension to prove
the main result of that chapter. The present simpler result

is more convenient for applications in Chapter 5.
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Corollary 2.6 If A = {<ai,di> : i=1,...,t} 1is a

regular covering system (see notation 1.1), and p 1is a

prime dividing P(A) then the set

{a, : pld.}
contains a complete residue system modulo p.

Proof: Since p divides P(A), A contains some AP,
<aj,dj> say, in which p divides dj' We must show that

for any A satisfying

A % aj (mod p)

there exists an AP <ak,d > in A with p dividing dk

k
and
ap = A (mod p).
Fix such an A and remove <aj,dj> from A to form
a new collection A*. Since <aj'dj> does not intersect

<A,p> (by (a) of theorem 2.1) we have

Z(A*) 2 <a,p>

Z(A*) ¥ Z
By corollary 2.7 A* contains an AP <ak,dk> with
p dividing dp and <ak,dk> included in <A,p>. By (d)

of theorem 2.1 this implies

ay = A (mod p)

as required.

We will now introduce a method which we will call

reducing a collection of AP's. To get an idea of the method
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consider the pair of AP's <0,10> and <5,10>. These

cover the AP <0,5>, since <0,10> consists of the even
elements of <0,5> and <5,10> of the odd elements. In
some sense <0,10> and <5,10> are analogous to <0,2>

and <1,2> which are, in some sense, simpler than the
original pair of AP's. We will now formalise and generalise
this idea. We define a method for transforming a collection
of AP's which intersect a given AP, say <A,D>, into another
collection which covers a subset of the integers which is

analogous to the subset of <A,D~ covered by the original

collection.
Definition 2.7 Suppose we have a collection of AP's
A = {<ai,di> :i=1,...,8..-,t}

where s < t and an AP <A,D>, and suppose that <A,D>
intersects <ai,di> for i=1,...,8, and not for 1

greater than s.

We set
Gi = (D,di)
for i=1,...,s. Now form another collection
A¥ = {<a;,d;> :i=1,...,8}
where
* =
di di/cSi (7)
and
* = — *
a¥ D/(Si = (ai A)/Gi (mod di) (8)

We call A* the reduction of A via <A,D> and

<a;,d;> the reduction of <ai,di> via <A,D>.
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Remark 2.8 Note that Gi divides a, - A by (a) of

theorem 2.1, and that D/Gi and d; are relatively prime

*

so ay is uniquely defined modulo d;.
Remark 2.9 If D divides di’ (8) simplifies to
a. — A
a¥* = = (mod d¥) .
1 D 1

The next theorem and its corollary give the useful
properties of the reduction technique. We will use it

extensively in the following chapters.

Theorem 2.10 Suppose <a*,d*> is the reduction of <a,d>

via <A,D>. Then if n is any integer
A + nD € <a,d>
if and only if

n € <a¥*,d*>.

Proof: We set

§ = (d,D).

By (a) of theorem 2.1 and the definition of reduction we

have
A= a (mod &)
a*D/§ = (a - A)/S (mod d) .
Now,
A + nD € <a,d>
& nD = a - A (mod 4)
@ nD/§ = a*D/§ (mod d4/é§)



21.

o n = a* (mod &/8)
© n € <a¥*,d*>.

]
Definition 2.11 If A is a collection of AP's,

72 (A) 2 <A,D>

and no proper subcollection of A has this property, we

say that A is a minimal covering of <A,D>.

If A is such that each element of <A,D> belongs
to exactly one AP in A we say that A is an exact covering

of <A,D>.

Corollary 2.12 Tf A* is the reduction of a collection

A wvia <A,D> then

(a) A covers the integers if and only if A* covers
<A,D>.
(b) A is a minimal covering of <A,D> if and only if

A* is a regular covering system.

(c) A is an exact covering of <A,D> if and only if

A* is an exact covering system.

(d) %z(A) includes <A + iD : i = 0,...,n-1} if and

only if Z(A*) includes {0,...,n-1}.

Proof: Immediate from theorem 2.10.

In Chapter 5 we will be concerned with AP's having
modulus bounded below. A disadvantage of the reduction
construction is that, in general, the modulus of an AP

decreases when the AP is reduced. The final bit of this
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chapter introduces another method of transforming one
collection of AP's into another. This transformation has
some properties which are similar to those of the reduction
technique, but it does not change the moduli of the AP's.
We call this transformation Tp, where p 1is a prime

number.

Definition 2.13 Let p be any prime and let <a,pad> be

an AP in which p does not divide d. We define the

transformation Tp by

Tp(<a,pad>) = <b,pad>

where
_ o

b = a (mod p7) (9)

pb = a (mod d) .

Similarly we define a transformation on a collection
A of AP's.

TP(A) = {Tp(<a,d>) : <a,d> € A}
Theorem 2.14 (a) Let p be any prime and let A be a

collection of AP's. Then

Z(A) = Z

if and only if
z{T_(A =
() =Z

(b) Further, A is an exact covering if and only if

Tp(A) is an exact covering.
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Proof: (a) Let

P(A) = p'P

where p does not divide P. Let m be any integer, and

find another integer n such that

nm (mod pa)

m (mod P). (10)

hll

pn
We will show that m belongs to an AP <a,pmd> if and only

if n Dbelongs to Tp<a,ﬁxd>, where p does not divide d.

m € <a,pad>

& m= a (mod pa),
m=a (mod 4)

& n=a (mod pa),
pn = a (mod 4d)

@ n € Tp(<a,pad>.

Since (10) describes a 1-1 and onto mapping from
ZP(A) to Z}?(A) it follows that each integer belongs to
some AP in A if and only if each integer belongs to an AP

in Tp(A).

(b) It further follows that each integer belongs to
exactly one AP in A if and only if each integer belongs
to exactly one AP in TP(A). Thus A is an exact covering

if and only if T _ (A) is.
P o



Theorem 2.16 If <a,pad> is an AP, pjfd and

6 >% >0, then mp° € <a,p%d> if and only if

mpe—l € Tp(<a,pad>).

Proof: Let

Tp(<a,p“d>) = <p,p%d>.
Then by (9),

mp’ = a  (mod 4)
if and only if

mpe—l = b (mod 4).

Also by (9) and the hypothesis 6 > a,
- o
mp = a (mod p™)
if and only if

mpe—l = b (mod p%).

The theorem then follows.

24,
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CHAPTER 3

REGULAR COVERING SYSTEMS

In this chapter we will obtain lower bounds for the
number of AP's in a regular covering system, these bounds
being in term of numbers such as P(A), (see notation 1.1)
which can be associated with the system. Since any exact
covering system is also regular these results will also
apply to exact covering systems. Before describing our

results we will review their historical background.

Recall that in Chapter 1 we defined the following
function. Let n be a positive integer with prime

factorisation

we then define

f(n) = a, (py -1).

Il ~1ct

i=1
We note that £(n) 1is completely additive.

In 1966 Mycielski and Sierpinski [16] conjectured
that if A is an exact covering system, <a,d> belongs to

A, then

|A] > £(d) + 1. (1)
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This was proved by Znam [24] in 1966. Three years
later [25] he proved the stronger result that if A covers
the integers, <a,d> belongs to A and is disjoint from
the other AP's in A then (1) still holds. 1In 1975 [26]
he strengthened the result still further. He defined an

AP in A as essential if

Z(A) =Z
Z(A/<a,d>) *Z,

and showed that <a,d> need only be essential in A for

(1) to hold.
In another paper [24] he made the following conjecture.
If A is an exact covering system then
|A] = £(P(A)) + 1. (2)

This was proven by Korec [13] in 1974. 1In 1975 Znam [26]
conjectured that A need only be regular, not necessarily

exact, for (2) to hold.

Our main result in this chapter, theorem 3.4, is the
following. If A is a regular covering system, D is a

proper divisor of P(A), then
|{<a,d> € A : afp}| = £(P(A)/D) + 1.

Zznam's second conjecture is proved in corollary 3.5
of this theorem, and an extension of Znam's result about

essential AP's is proved in corollary 3.6.

Another important theorem of this chapter is theorem

3.1 below. It extends the results of Billick and Edgar
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mentioned in the last chapter and provides us with two
corollaries. The first of these is used in the proof of

theorem 3.4 and the second will be used in Chapter 5.

The final result of the chapter gives a lower bound
on the cardinality of a collection of AP's that does not
cover the integers. The bound is in terms of the least
number P such that there exists an AP <a,P> which is
disjoint from the AP's in the collection. The result will

be used in Chapter 7.

Theorem 3.1 Suppose A is regular, <a,d> € A and p%

is the highest power of a prime p which divides d. Then,
(1) for 1 <k <a A has a subcollection A,
where

k k .
Ak = {<ai ),di )> : 1 < i< p-1}

such that for each i satisfying 1 < i < p-1,

k. (k)
P Idi
aik) = a (mod pk_l)
alk¥) - a
i .
p
(1ii) The o (p-1l) AP's <a£k),dik)> are pairwise disjoint,

and each is disjoint from <a,d>.

Proof: (i) We prove the result for an arbitrary value
p

of k.

Let C be a minimal subcollection of A such that C

k—l>

covers <a,p and let C* Dbe the reduction of ( via
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<a,p >, as in definition 2.7 so that, by (b) of corollary

2.12, C* is a regular covering system. Now <a,d> 1is a

subset of <a,pk—l> so the regularity of A implies that

<a,d> belongs to (. By remark 2.9 <0,d/pk_l> belongs

to C*¥., sSince p divides d/pk_l corollary 2.6 implies
that C* contains a further p-1 AP's <ai,d§>,...,

< d such that {O,ai,...,a* } is a complete

* *
ap-17%p-1" p-1

residue system modulo p and that each di is divisible

by p.
For each i, let <aik),dik)> be the AP of which
<a§,d§> is the reduction. Then by definition 2.7,
a k)
ax*r = =
k-1 k :
il 5 'di( ))

Since p divides di this implies that pk divides
dik). Now <a£k),d£k)> intersects <a,pk_l> so by (a) of
theorem 2.1.

aék) z a (mod pk_l)
and by remark 2.9

aék) a
* =
a¥ = "_;E:T__ (mod p) .

Since a; runs through a reduced residue system

modulo p we can, by appropriate ordering, ensure that,

a %)
_i_E:I__. = i (mod p) .
P
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(ii) We prove this part by contradiction. Suppose
1 ]
<a§k),dfk)> intersects <a$% ),d$¥ )> where k' =2 k so
i i i i
that pk divides (dik),d£% )). Then by (a) of theorem 2.1
(k) - (k") k
a; ' = ag (mod p™)
and so
)
aik) - a aiﬁ ) a
—f=r— % —%1  (modp) .
P p

The left hand side here is congruent to i and the
right to 0 if k' exceeds k and to i' if k' equals
k. The first alternative is impossible since i belongs
to the reduced residue system modulo p, and the second

implies that the two AP's are identical.

Similarly <a£k),d£k)> intersecting <a,d> would
imply

aik) Z a (mod pk)
and thus

aik) - a

—-——]{—_r =0 (mOd p) .

P

This is a contradiction since the left is congruent
to i modulo p. o
Corollary 3.2 With A as in the theorem, let n and B

be integers satisfying

N

0 n < pu

0 < B <o
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and

=
il
et

<bS,p >

where the numbers bS are distinct modulo pa. Then

|{<a,s> € A :pBIS, <a,6> N B = ¢}| = (a-B+1) (p-1) +1 -n.

Proof: By the theorem, A contains the (p-1) (a-g+1) + 1
AP's

<aﬂk),d$k)> for k=8,...,0 , i=1,...,p-1

il i

and

<a,d>.

Each of these has modulus divisible by pB. Now

T 1

suppose both <a£k),d£k)> and <ai§ ),di% )> intersect

<bs,pu> and that k' > k. Then by (e) of theorem 2.1

agk) = agﬁ')

k
i = ay (mod p) ,

which leads to a contradiction as in part (ii) of the theorem.

Similarly no <a$k),dik)> will intersect <a,pa>, which
contains <a,d>. Thus at most n of our AP's will
intersect AP's in B leaving at least (o-f+1)(p-1) +1 - n

non-intersecting AP's.

Corollary 3.3 If A is a collection of AP's and p 1is

a prime such that for some i and j,
il )
Zz(A) 2 <ip P>
. oa-1 o
Z(A) 2 <jp P>
then A contains an AP <a,d> with p”|d and

azip* !t (moa p*) .
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Proof: We first form a collection of AP's

B = {<n,p®> : 1<n<p* z(A) 2 <n,p*}.

We then have

<ipa—l,p0"> £ B, (3)

and

Z(A UB) =Z7.

Now let C be a regular subcollection of A UB. It

is clear that <jpu—l'pu> belongs to C, so by theorem 3.1

C contains an AP <a,d> with

)

p |d

a = jpa—l (mod p~ )

a - 3p°7*

—éFl—' =1 =7 (mOd p) .

The two congruences are equivalent to

a = ipa—l (mod p”) .

By (3) above <a,d> does not belong to B, so it

belongs to A and we are done.

Theorem 3.4 If A is a regular covering system, D is a

positive integer which divides P(A) and D does not equal

P(A), then
| {<a,d> € A : }p}| =1 + £(p(A)/D),

where P(A) and f are defined in notation 1.l.
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Proof: We prove the theorem by induction on Vv (P(A)),

the number of distinct prime divisors of P(A).
If Vv(P(A)) equals 1 then
p(A) = p%, D=p°, 0<g<u
where p is a prime. We then have
| {<a,d> € A : d*ps}l = |{<a,d> € A : p6+1|d}|.
By corollary 3.2 this is not less than
(0 - (B+1) + 1) (p-1) + 1 = £(E) + 1.
This shows that the theorem holds when v(P) equals 1.

To continue the induction suppose that the theorem
holds for V(P) not exceeding n. Let A be regular and
let P(A) be puP, where p 1is a prime not dividing P
and’ v(P) equals n, so that v(P(A)) = n + 1. We will
write the AP's in A in the form <a,p'd> where p does

not divide d. We must find a lower bound for
|{<a,de> € A : deXpBD}I

where p does not divide D.

We now introduce some notation. For each residue
class s modulo p% let AS be a minimal subcollection
of A that covers <s,pu>. It is clear that such a

subcollection exists. We then set
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2 = fcm{d : <a,de> € A}
s s
R, = D,
RS = Lcm {Rs—l'PS}’
Pg = (Rs—l’Ps)’
0, = {<a,pYa> € Ag = 4fDj}, for s = 1,...,p%.
We remark that:
Ps R o
D_ - R for s =1,...,P 7, (4)
5 s-1
Roa = B (5)

0 is empty if D_ = P (6)

sf

= Y .
0 {<a,p¥d> € A_ : d|R,, 4R ;] (7)

It is clear from the last remark and from the

definition of RS that the collections Q. are pairwise

disjoint.
Claim: If Ds does not equal Ps'
Ps
> =
o 1 > £(52) + 1 (8)
S
Proof of Claim: Since As is a minimal covering of

<s,pa> we may reduce it to get a regular covering A;. Any
ap <a,p”d> in A_ will be reduced, as in definition 2.7,
to an AP of the form <a*,d>. Since DSIPS and v(Ps) is
at most n, it follows from the induction hypothesis that

if D does not equal Py
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IQSI = |{<a*,d> € A; : dfp_1|

(Fs
>f—)+1, o
X Ds

We now obtain a lower bound for the cardinality of

the set {<a,p'd> € A : deXpBD}. We note that

pYafp’p = pP*pY  or  afp
and
o
E 4 -a
s=1 S )

Therefore the cardinality equals

p5+l|pY}

o
p

| ( Lﬂ.{<a,de> € As : dXD}] U {<a,de> € A :
sS=

Each collection in the first union contains a subcollection
Y . -
{<a,p'd> € A_ : afp .} = Qg

so the required cardinality is at least

p
(U o) U {<a,pa> € 4 = o7 p"}

s=1
pa P
> Y logl + [{<a,p'a> € ANU A = PP e . (9)
s=1 s=1
P #D P #D
s s s s

By (4) to (8) and the additivity of £,
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p P PS P
Y ologl >} f(ﬁ') N d
s=1 s=1 s s=1
P _#D P %D P %D
s s
Pt ) Ve 8
= £ ) + 1 = flz) + 1. (10)
s=1 \Rs—l s=1 N =
P %D P _#D
s
We now consider the second term in (9). We put
P a
B = U <s,p >
s=1
P *D
s s

and note that if the intersection of <a,de> and <s,pa>

is empty then <a,de> does not belong to QS, so the

second term in (9) is at least
Y Y . B+l v
|{<a,p¥d> € A : <a,p’@> n B =29, p |pl}|.

By corollary 3.2 this is at least

p% 5 pa
(0 - (B+1) +1) (p-1) +1 - ) 1 =£(F) +1- ] 1. @b
os=1 p s=1
P _#D P _*D
S S S S

Oon adding the right hand sides of (10) and (11) we

obtain the required lower bound. That is,

|{<a,p¥d> € A : p'dfp"D}|

oL [0

p P

P p% p®*P

= fl=] + 1 + £(~) + 1 - 1 = f(=—) + 1.

@+ [ aes@per- 3 o1- )
PS#Ds PS*DS
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Thus the theorem holds when the least common
multiple of the moduli has n +1 distinct prime factors

and the theorem is proven by induction.

The first corollary to this theorem proves Znam's

1975 conjecture [26].

Corollary 3.5 If A is a regular covering system

|A] = £(P(A)) + 1.

Proof: If P(A) does not equal 1 we obtain the result
immediately on setting D equal to 1 in the theorem. If
P(A) equals 1 then A must be {<0,1>} and the result still

holds. O

Recall that an AP <ao,do> is essential in A if A
covers the integers but A\<ao,do> does not. The next

corollary extends theorem 1 of [25].

Corollary 3.6 If <ao,do> is essential in A, then

|{<a,a> € A : (d,do)> 13| = f(do) + 1.

Let A* be a regular subcollection of A. It
is clear that <a_,d_> Dbelongs to A* and so 4, divides

P(A*). By the theorem we then have
|{<a,a> € A : (4,4 )> 1}]
x *
> |{<a,d> € A* : dfP(A*)/d4_}|

P f(do) + 1.
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Theorem 3.7 The bounds in corollaries 3.5 and 3.6 are

best possible.

Proof: We show that for any positive integer n there

exists a regular covering A with

P(A) = n
and

|A] = £(n) + 1.

This will establish that corollary 3.5 is best
possible. Furthermore we will construct such a collection

which includes <0,n>, and so with <a do> set egual to

o

<0,n> we obtain equality in corollary 3.6.

If n equals 1 we set A = {<0,1>} which is
satisfactory. For n greater than 1, suppose n has prime

factorisation

Then let
g @3 Pyl

A = U U U {<kp?_l, p?>} U <0,n>.
i=1l §=1 k=1 - =

We claim that A covers the integers. To see this

note that
pl—l
j-1 3, - j=1 J
;:2 <kpy ", P3” <0,p3 >\<0'Bi>'

So,
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a. p.-1 O
SR j-1 3 ) j-1 ]
U U <kpi : pi> = U <0,p >\<0'pi>
j=1 k=1 3=1
a-
= ZZ\<0,pil>
We then have,
e % Pt £ N
#J U <kpi , pi> = L}{ZZ\<0,%.1>)
i=1 =1 k=1 i=1
t »
Z\ N <0,pi°°l>

!

i=1

Z\N<0,n>.

It is clear that

So that A covers the integers.

|A| equals f£(n) + 1 as required.
It remains to show that if any AP is omitted from A
the resulting collection will not cover the integers. If
<0,n> is omitted then 0 will not be covered. If we omit
<kpi_l, pg> for some choice for i, j and k then it is
easy to check that no term in the intersection
3-1 5 t o
<kp: , P3> N <0, | | p. >
i i : i
i=1
i#*j
o

This completes the proof.

is covered.
The last theorem of this chapter concerns collections
We use the

of AP's which do not cover the integers.
following function which was introduced in Chapter 1,
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Notation 3.8 If P has prime factorisation
t .
P = | p.ti (12)
i=1 *
then
t
g = § (-1 (p; -1) +1].
i=1
Theorem 3.9 If A is a collection of AP's such that
Z(A) = 7

and P is the least integer for which there exists an AP

<a,P> such that

Z(A) N <a,P> = ¢

then
|A] = g(P).
Proof: The theorem clearly holds when A =¢ since

then <a,P> = <0,1>, g(P) = 0. Suppose A * ¢. Without
loss of generality we can assume a = 0. Let P have
prime factorisation as in display (12) . Now fix some pj

and for convenience put

For each of the g(p~) ordered pairs {8,k} in

the set
{{g,k} : B €l1,a-11, k€[1,p-11} U {a-1,0}} (13)

we have, by the minimality of P,

z(A) n (<0,P/pa> n <kpu—l,p8>) £ ¢ ,
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since the intersection of the two AP's is an AP with
modulus less than P. Thus for each ordered pair {B8,k}

A contains an AP, say <A,pYD> with pfD, such that

-1

<A,pYD> n(<0,p/p“> n <kp ,pB>) £ ¢. (14)

By (a) of theorem 2.1 we then have

AZ=O (mod (p'D, P/p*))
and

A S kpB_l (mod(pYD,pB)).
That is,

AZO (mod (D, P/p™) ) (15)
and

A = kpB—l (mod(py,pB)). (16)

But we know <0,P> is disjoint from Zz(A) so we

must have
<A,p'D> n <0,P> = ¢.

Part (a) of theorem 2.1 then implies

A% 0 (mod (p¥D,P)).

Since <0,(pYD,P)> is the intersection of <O,(pY,pu)>

and <0,(D,P/pa>-this implies that one of the following holds.

A+ 0 (mod(pY,pa)] (17)
A%+ 0 (mod(D,P/pu)).
By comparison with (15) we see that the first of

these must be true and by comparing (16) and (17) we see

that vy = B. Thus <A,pYD> has the form
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<%(D,p/p%),D> N xkp®™t 4+ mpP,pYs (18)

for some & and m, and with vy > g. We get such an AP
for each pair {8,k} allowed by (13) and it is not hard to

see that they are disjoint, (each is a subset of <kpB_l,pB>).

Thus we have g(p%) AP's in A satisfying (18) for
each prime in the set {pl,pz,...,pt}. This gives a total
of g(P) AP's. Our final step is to show that AP's of the
form in (18) but corresponding to different values of p

are distinct.
Suppose not. Then there is an AP in A, <A,pYD>
say, which by (14) satisfies

<A,pYD> n <O,P/pu> £ ¢

for some prime p, and for some prime pj distinct from

p satisfies
<A,p'D> N <O,P/pjai> +

But

<0,P/p*> N <O,P/p;%i> = <0,P>

so by theorem 2.2 <A,pYD> intersects <0,P>, contrary
to the assumptions of the theorem. This shows that AP's
associated with different primes p; are distinct. AP's
corresponding to the same prime p; are disjoint (and
therefore distinct) by the remarks following display (18) .

Thus A contains at least g(P) AP's and we are done.
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CHAPTER 4

EXACT COVERING SYSTEMS

In notation 1.1 we defined an exact covering system
(henceforth an ECS) as a collection of AP's which covers
the integers and whose members are pairwise disjoint. The
greater structure of an ECS compared with a regular covering
system makes this type of covering system easier to
investigate. We begin this chapter with two old results

about such systems.

Theorem 4.1 If A is an ECS where

A = {<ai,di> :i=1,...,t}

then £
1
2 d_=l.
i=1 i
Proof: Each AP <ai,di> covers exactly P(A)/di

residue classes modulo P(A). Since these AP's are pairwise
disjoint the total number of residue classes modulo P(A)
included in Z(A) is

- P(A)/4,.
iZl *

Since Z(A) = Z this sum must equal P(A) which gives the

required result.
a

This theorem will be used in the proof of corollary 4.16.
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Our main results in this chapter concern ECS(M)'s

which we define as follows.

Definition 4.2 An ECS in which each modulus occurs at

most M times is called an ECS (M)

Our second theorem is due to Davenport, Mirsky,

Newman and Rado [11]

Theorem 4.3 The only ECS(l) is {<0,1>}.
Proof: Suppose A is an ECS(1l) where

A = {<ai,di> :i=1,...,t}
and

0 < dl < d2 < geu < dt.

It is not hard to see that if 2z 1is a complex number
with absolute value less than 1 then the ai's and di's

must satisfy the identity

221/ (1-2%1) (1)
1

1/(1-z) =

I ~1ct

i

Let z_ be a primitive dtth root of unity, and

let 2z approach Z - If dt does not equal 1, so that Z,
does not equal 1, the absolute value of the right hand side
of (1) approaches infinity while the left hand side remains

bounded. This contradiction implies that dt = 1, and so

we must have A = {<0,1>}.

Several authors (see [1] and [19]) have commented

that no proof of this result is known that does not use



44 .

complex numbers. One aim of this chapter is to remedy
this deficiency. More generally we will be concerned with

characterising ECS(M)'s for arbitrary M.

For a given M we may ask questions analogous to
those asked by Erdd8s about regular covering systems with

distinct moduli. That is, we ask

I For a given M, do there exist ECS(M)'s with all

moduli arbitrarily large?

II For a given M, do there exist ECS(M) 's with all

moduli relatively prime to some given set of primes?

We will answer the first of these questions in the
negative (see corollary 4.16). As a partial answer to the
second question we give a condition that must be satisfied
by the set of primes dividing the moduli of an ECS(M).

This condition is given in theorem 4.12 which we state now.

Theorem 4.128 If A is an ECS(M) and p; < Py < .- < Py

are the distinct prime divisors of P(A), then
t-1
< -
p, <M il=ll p;/(py-1).

This extends work done by Burshtein ([21,13]) on a
special type of ECS called a naturally exact covering system.
The idea of such a collection was invented by Znam [27] who
defined them in terms of rooted trees. We use here an

alternative definition due to Korec [14].
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Definition 4.4 An ECS A is a naturally exact covering

system (henceforth an NECS) if there exists a finite

A such that

sequence of collections AO,Al,..., £

AO = {<0,1>}, At = A

and for i =1,...,t there is a prime P; and an AP

<a.,,d.> in A, such that
i’ i

Ajyg = {Ai\{<airdi>}} U {<a; + ja;p,>: J = 1,...,p}.

Informally Ai+l is formed from Ai by partitioning

one of the AP's in Ai into p; AP's of equal modulus.

Example 4.6 If we set
{al,dl,pl} = {0,1,2}
and
{azrdzlpz} = ‘[0,2,3}
we get
A0 = {<0,1>}
Al = {<0,2>,<1,22>}"
A2 = {<0,6>,<2,6>,<4,6>,<1,2>}
L
AO’ Al and A2 are NECS's.

Not all ECS's are NECS's as the following example,

due to Porubsky [18], shows.

Example 4.6 The collection

{<0,6>,<4,6>,<1,10>,<3,10>,<7,10>,<9,10>,<5,15>

<2,30>,<8,30>,<14,30>,<15,30>,<25,30>,<26,30>}
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is an ECS which is not an NECS. To see that it is not an
NECS note that it contains no subcollection of AP's with

equal moduli whose union is an AP.

The main result proved by Burshtein is the following

(theorem 2.7 of [3]).

Theorem 4.7 If A is an NECS in which each modulus

occurs at most M times and Py < Py < eee < p, are the

distinct prime divisors of P(A) then

t

pt < M ll_ -1 pl/(pl_l)

Note that in our theorem 4.12 the product is over
values of i from 1 to t-1 rather than 1 to t. This
means theorem 4.12 is slightly stronger than theorem 4.7
even when we restrict our attention to NECS's. For instance,
theorem 4.12 shows there is no ECS(2) whose moduli are
divisible only by the primes 2 and 5. Burshtein's theorem

does not forbid such collections.

We will now prove two lemmas which will be used in
the proof of theorem 4.12. We then prove that theorem and
derive some corollaries. In the final part of the chapter
we make some comparisons between our results and one of the

guestions asked by Erdds which were mentioned in Chapter 1.

Lemma 4.8 If A is an Ecs(M), pYIP(A) and A* 1is the
reduction (see definition 2.7) of A via <a,pu_l> for
some integer a, then A* 1is an ECS in which each modulus

divisible by p occurs at most M times.
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Proof: We know A* is an ECS by part (c) of corollary

2.12, with <a,pa_l> in the role of <A,D>. Now suppose

<b*,pd*> in A* 1is the reduction of an AP <b,d> in

A. Then by definition 2.7
% _ o
pd - d/(p ld) .

Since d cannot be divisible by a higher power of

p than pu we have
pd* = d/pu—l.

Since there are at most M AP's in A with modulus d

there are at most M in A* with modulus pd*.

For the next lemma we need the following definition.

Defintition 4.9 Let S be a collection of AP's. We say

that an AP <a,d> is maximal in S if S covers «<a,d> but
S does not cover any AP <a,A> where A is a proper

divisor of d.

Remark 4.10 It follows that if S covers <a,d> then

d = Ad'" where <a,d's is maximal in S.

Lemma 4.11 Suppose S is a collection of AP's, each

having modulus D.

(a) If <a,d> is covered by S then so is <a,(d,D)>.
(b) If <a,d> is maximal in S then d divides D.
Proof: (a) It follows easily from theorem 2.1 (a) that

if <a,(d,D)> intersects an AP <A,D>, then so does <a,d>.
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Hence if <a, (d,D)> intersects an AP <A,D> not belonging
to S, then so does <a,d>. Thus if <a,(d,D)> 1is not

covered by S, then neither is <a,d>.
(b) If <a,d> is maximal then by part (a)
d = (b, d),

so D divides d as required.

We are now ready to prove our main theorem. We

recall from notation 1.2 that empty products equal 1.

Theorem 4.12 If A is an ECS(M) and Py < Py < ee- < Py

are the distinct prime divisors of P(A) then

t-1 Py
p. S M — . (2)
€ i=1 Pyt
Proof: The proof is by contradiction. Suppose that A

is an ECS(M) that does not satisfy (2) and that ptaHP(A).

Let <ao,pt?d> belong to A and let A* Dbe the
reduction of A via <ao,p%—l>. It follows from definition
2.7 and lemma 4.8 that ptHP(A*) and each modulus that
appears in A* and is divisible by p, occurs at most M

times in A¥.

We now set

B = {<a,d> A¥ pt*d}
¢ = {<a,d> A¥ pt|d}
D = P(B).

From the remarks above we see that

A¥ = BuC, C#+¢, PuD (3)
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and each modulus appearing in C occurs at most M times.
We note that by theorem 2.1 (c) each residue class mod D is
either covered by an AP in B and so covered by B or else

is disjoint from all AP's in B. Let
S = {<A,D> : <A,D> 1is disjoint from B}

and note that this is nonempty since (¢ is nonempty and AF

is exact.

By remark 4.10 if <a,d> is any AP covered by S

then

d = pd! (4)

where <a,d'> is maximal in S, and by part (b) of lemma 4.11
d'|Dp. (5)
We now let

D = {dl,dz,...,dn}

by the set of distinct moduli of maximal AP's covered by S.

D 1is clearly nonempty.

At this point we outline the ideas of the proof. We
will use the set D to obtain a lower bound on the number of
residue classes module ptD that are covered by §S. These
must be covered by AP's in (, and such AP's have modulil
satisfying (4) and (5) and other conditions stated in the
first paragraph of this proof. We will introduce a number P
which is a large multiple of D and use these conditions to
obtain an upper bound on the number of residue classes modulo
ptD that are covered by €, this bound also being given in

terms of the set ©D. Each residue class modulo D 1is the
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disjoint union of ptP/D residue classes modulo ptP so
the two bounds may be compared. Our contradiction will be
obtained when we show that the lower bound exceeds the

upper bound.

We now obtain our lower bound. By the definition of

P there exists a collection of AP's

{<ai,di> : i=1,...,n}

whose union is covered by S. By applying lemma 2.3 to this

collection we obtain

il 1
1S >D{ ) i - ...l taa7 }
1<i<n i 1<i<j<n i"9
It follows that the number of residue classes mod
pD not covered by B is at least

1 1
PtD{ ! & - L [@,,d.] +} =

1<i<n i 1<i<j<n

and these must be covered by AP's in C.

We now turn our attention to these AP's, recalling
that each has modulus divisible by p, but not by pgz
and each is covered by S. By (4) above, the definition of
C and our observation (3) that Py does not divide D (so
that p, does not divide any di) each AP in ( has the

form
<a,ptdiA> (7)

where the prime factors of A come from the set

{pl,pz,...,pt_l} and d; belongs to D.
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We now define

v N

t-1
P = TT PiJ
i=1
where N is chosen sufficiently large so that

D|P,

<a,p d;A> € C = diAlP,

and P satisfies inequality (10) below. The number of
residue classes modulo ptP that are covered by one AP
having this form is

Py P P (8)
b.d; A a.h

The moduli of the AP's occurring in ( have the form
ptdiA where di divides P and di belongs to 7.
Fach such modulus appears in at most M of the AP's in ¢,
and the number of residue classes modulo p.P covered by
such an AP is given by (8). To obtain an upper bound on
the number of such residue classes covered by ( we may
suppose that each allowable modulus appears M times. We
therefore sum the expression (8) over all allowable moduli,
then multiply the total by M. 1In doing this we use
inclusion-exclusion, summing over the indices i and
noting that an allowable modulus may be divisible by more

than one element of 1D.

If there were one AP having modulus ptdiA for each
i and A such that diA divides P then the number of

residue classes modulo ptP covered would be
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l{classes covered by AP's with modulus divisible by di}l

with modulus divisible by [di'dj]}l

P
i alp/dg 1<i<j<n ~ i’ A|P/[di,dj]

o>
I

Here and in the rest of this chapter square brackets
denote lowest common multiple. On multiplying this
expression by M we obtain the required upper bound. That
is, the number of residue classes modulo ptP covered by C

is at most

o]

1 1 1 1
w12 3 bopmie 1 Eeolo
i alp/a, " z[di'dj] Alp/ld,,d,] A

We now make our final requirement on the size of N.

By hypothesis, inequality (2) is not satisfied so

t-1 .
M1 odr = p -8 (10)
i=1 Pi

for some 6 > 0. Now define a positive number €& by:

{2% _z—[‘di%—dj]‘+'“}

m
il
N =
=0

(11)
1 1
a7 * + e

where the sum in the denominator is over all subsets of D
with even cardinality, and the numerator is positive by

lemma 2.3.
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ale/lay, ..

N >

.d 1
n

4
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(
Lol 1,
A Py Py

t-1 Pi

Pia

i=1

The left hand side is approaching the limit from

below so we may choose N sufficiently large so that
t-1
o P.
TT-P il - g < Z %— < T D il (12)
il Fi A|P/[dl,...,dn] il
It follows that
T b P
|| L i 1 i
- € < F < T
vy P31 Alp/1d, re..,d, 18 pi=L
i i
1 s
for any subset {4, ,d, ,...,d, } of D. With N so
i, " i, ig
chosen and using the definitions of § and e (equations

(10) and (11)), we see that the expression in (9) is less

than

MP T
p; 1

(pt-S)P{ )

1
{Za“
1

1
d.
i

i) ey
Xy pi—l J Hl’dj] p.-1

Jed

i

1 1 1
Z[d.,d,]'”} R E{Z ALal ''Ta.a,a.a) 7"
175 i3 i"37kR
-z

R,
[, a,]

(13)
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This is an upper bound on the number of residue
classes modulo ptP that can be covered by AP's in C.
Expression (6) gave a lower bound on the number of residue
classes modulo ptD that had to be covered by AP's in C.
Since each residue class modulo ptD corresponds to P/D
residue classes modulo ptP the number of residue classes

mod P P that must be covered by C is at least

P 1 1
) PtD {Z a; - TEETEET + ...} (14)
Comparing (13) and (14) we see that the number of
residue classes mod ptP that can be covered by C is less
than the number that need to be covered. Thus it is not
possible to form an ECS(M) not satisfying (2) and we are

done.
|

We now use theorem 4.12 to obtain some results about
ECS(M)'s. For the most part similar results for naturally
exact covering systems were obtained by Burshtein ([3]) who
derived his results from his theorem 2.7 which is analogous

to our theorem 4.12.

Corollary 4.13 The greatest prime Py dividing the
modulus of any AP in an ECS(M) is at most equal to the

greatest prime p* satisfying

where the product is over primes less than p*¥*.
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Proof: Immediate from theorem 4.12.
]
Remark 4.14 It is easily checked that
1
ET_F* pp%l
p<p

is strictly decreasing for p* = 3, so p* in the corollary

is well defined. When p* = 2 the expression equals % and
when p* = 3 it equals 3/5, so it is always less than 1.

We now give an alternative proof of theorem 4.3.

Corollary 4.15 (= Theorem 4.3) The only ECS(1l) is

{<0,1>}.

Proof: 1If there did exist an ECS(l) with P(A) *# 1 we

would have a set of primes P; < -+ < Py such that

P < — .
=1 Py

This would imply

which is impossible by remark 4.14.

w]
The next corollary answers question I at the
beginning of the chapter.
Corollary 4.16 For each positive integer M there exists

a number B(M) such that in any ECS (M) the least modulus

is less than B(M).
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Proof: Let p* be as in the statement of corollary

4.13, and let

be the set of integers all of whose prime factors are at

most p*. Then

1
+-p—2-+...)

and this is finite. There therefore exists an integer k

such that k is the least integer for which

M
i

I~18

= < 1. (15)
k 71
Now suppose an ECS(M) existed with each modulus = Sk.
Since each such modulus must belong to 0 and each occurs
in at most M AP's in the ECS(M), the sum of the reciprocals

of these moduli is less than

But according to theorem 4.1 the sum of the reciprocals
equals 1 which contradicts (15). The statement of the
corollary follows a setting B(M) = 6k.

For the next corollary we need two more definitions.
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Definition 4.17 We say that ECS(M)'s are disjoint if
sequente
in the a containing all their moduli each modulus occurs

at most M times.

Definition 4.18 The maximal number of disjoint ECS(M)'s

is denoted D(M).

Corollary 4.19 Let M be at least 2 and let p(M)

be the least prime for which

Mo TT P_ < pm). (16)
p<p (1) P7H
Then
D(M) < p(M) - 2.
Proof: Suppose we have D(M) disjoint ECS(M)'s and that
the moduli occurring in these ECS(M)'s are 61,62,...,6t.

By theorem 4.1 we have

= D (M)

I e~1¢t

1
03
and, as in the proof of corollary 4.16 we must have

t
Yy = < M T Lo
=1 Gi p<p (M) p-l

An easy rearrangement of (16) shows that the right hand side

here is less than p(M) = 1. Thus
D(M) < p(M) - 1.

Since D(M) 4is an integer this implies our result.
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Corollary 4.20 If Py < Py < ... < p, are the distinct

prime divisors of the moduli occurring in an ECS (M) then

P, < M.

1

The result is best possible since the set of residue classes

modulo p is an ECS(p) for any prime p.

Proof: We suppose p; > M and derive a contradiction.

First suppose t = 1 and plé is the highest power
of pg that divides any modulus in the ECS(M). Then for
each positive i not exceeding o there are at most M
residue classes mod pli, and each of these covers p‘OL—.L
residue classes modulo plu. Thus, since M < Py the
total number of residue classes modulo plq that are covered

is at most

o
a-1 a-2 F1-1 a
M(pl + Py + ... + 1) < (pl—l) EIf:T <Py

which is impossible for an exact covering system. Thus the

case t =1 cannot occur.

We may therefore assume t is greater than 1. We

will show that

t-1 pi—l
M < p | | (17)
E i=1 Pj

for any t > 2, and any set of primes

M < Pp < +e+ < Py -
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We use induction on t. When t = 2 it is easy to check
that (17) holds by using the inequalities p; = M +1,

pz = pl +l.

Now assume (17) holds when t = tg. We show it

also holds for t = tg + 1. We have

to pi_l P 0- 1 to—l pi_l
= P _— I ]
Pt0+]_ i=1 Pi t0+l ptz: pto q pi
0
(b, +2) (p, -1)  F0TT pi-1
0 -I-—-l- 1
Z 2 pt Py
P 0 i=1
t

by the induction hypothesis. Thus (17) holds for all t

by induction whenever p exceeds M. Rearranging (17)
1

gives
t-1 Py
M | | <
j-1 Py oL e

which contradicts theorem 4.12 when py,Pyr.--/Pg are the
prime divisors of the moduli of an ECS(M). This establishes

the inequality in the corollary.

We now rephrase this result using the following

definition.

Definition 4.21 For a given prime p let

e(p) = min{M:3 an ECS(M) in which no modulus

is divisible by a prime less than pl.
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Corollary 4.20' For all p

e(p) = p.

To compare this result with problems about general

covering systems we make the following definitions.

Definition 4.22 An RCS(M) is a covering system, not

necessarily exact, in which each modulus occurs at most M

times.
Definition 4.23 For a given prime p let
r(p) = min{M:3 an RCS(M) in which no modulus is
divisible by a prime less than p}.
It has been conjectured by Erdds [8] that r (p)
equals 1 for all p. 1In [7] he showed that r(2) =1 but

little progress has been made towards settling the conjecture
for higher values of p. It may therefore be prudent to set
oneself the more modest aim of finding a strong upper bound
on r(p) as a function of p. We end this chapter with a

rather crude bound.

Theorem 4,24 For all p

rip) <p-1.

Proof: We construct an RCS(p-l) in which p is the
smallest prime factor of any modulus. Let ¢ be the

least prime exceeding p. By Bertrand's postulate we have

3(p~1l) = g. (18)
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We claim the following collection of AP's is the

required RCS(p-1).
<1l,p>, <2,p>,. e, <p-1,p>
<p,p?>, <2p,p2>,...,<(p-1)p,p?>
<0,qgq>, <1l,9>,...,<p-2,9>
<p—l,q>n<0,p>,<p,q>ﬂ<0,p>,...,<2p—3,q>n<0,p>
<2p-2,g>N<0,p2>, <2p-1,gq>N<0,p?> , o e.r<3p-4,g>N<0,p?>.

To see this note that the first two rows cover all integers
not congruent to 0 modulo p? and that AP's in the last
three rows together cover all AP's of the form <i,g>N<0,p?>
with i going from 0 to 3p-4. By (18) i therefore

runs through a complete residue system modulo g, and so
the system covers the integers. It is then clearly an

RCS (p-1) .
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CHAPTER 5

THE CRITTENDEN AND VANDEN EYNDEN CONJECTURE :

CHARACTERISATION OF A COUNTER EXAMPLE

For most of the remainder of this thesis we will
consider the following conjecture, due to R.B. Crittenden
and C.L. Vanden Eynden [5]. 1In the final part of Chapter 7
we will introduce and examine a new conjecture which is

akin to this one.

Conjecture 6.1 Let n and k be positive integers with

n>%k. If A is a collection of n AP's, each having

modulus at least k and such that

z(A) o [1,k22 %%
then

Z(A) =Z .

This conjecture is equivalent in the cases k=1
and k = 2 since for either value we have

k2n—k+l _ zn‘

The following observation has been made by Crittenden

and Vanden Eynden [5].

Theorem 5.2 The conjecture does not hold if okt

is replaced by a smaller integer.
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Proof: Let

1

A= {<i,k> : i =1,...,k-1} U {<2"77k,2"k> : i = 1,...,n-k+l}.

It is easily seen that

n-k+1

Z(A) o [1,k2 - 1]

and

Z(A) = Z .

The history of the conjecture begins with the following

conjecture by Stein [23].

Conjecture 5.3 If A is a collection of n pairwise

disjoint AP's with distinct moduli, none of which is <0,1>,

n

then there is at least one integer m, 1l <m< 27, which

does not belong to Z(A).

In this conjecture it is not necessary to state that
Zz(A) * 7

since equality here would mean we had a non-trivial ECS(1l).

This is impossible by theorem 4.3.

Frdds [9] showed that this conjecture would hold if
2™ was replaced with n2®. He then made a stronger
conjecture corresponding to the k =1 (or 2) <case of
conjecture 5.1. This was proven by Crittenden and Vanden

Eynden in 1970 [4]. We state it as a theorem.

Theorem 6.4 If A is a collection of n AP's such that

Z(A) = [1,2"]
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then

72(A) = Z .

An announcenment of a proof was alsc made by
J. Selfridge [21] at a meeting of the American Mathematical

Society, though apparently his proof was never published.

Erdds, in a private communication, suggested to
Crittenden and Vanden Eynden that they consider collections
of AP's having modulus at least 3 which covered an initial
interval of the integers without covering them all.
Crittenden and Vanden Eynden replaced 3 with an arbitary
positive integer k and made conjecture 5.1. This first
appeared in the American Mathematical Monthly [5] and has

since been published by Guy [11] and Porubsky [19].

Remark 6.6 It is easy to see that the intervals

[l,k2n_k+l] and [l,2n] appearing in the statements of

conjecture 5.1 and theorem 5.4 respectively could be

replaced by any intervals of the form

[b+l, b+k2™ ¥y ana  [b+1, b+2"]

respectively, without altering the truth of either statement.
This observation allows us to simplify some of our proofs.

In this thesis we will not prove that conjecture 5.1
holds for all values of n and k but instead make the

following contributions to such a proof.
(a) Conjecture 5.1 holds for k =3 and all n = 3.

(b) If the conjecture fails for some k then it fails

for that k and for some n less than
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3(0(k)/log 2+k) - 27 (k) +18 log,k + [log,k] + (3 log, 3-4)[logk
2 2 2 3

where ©0(k) and w(k) have their usual meanings (see

notation 1.1).

These results will not be proven until Chapter 7. 1In
this chapter we obtain a number of properties which a minimal
counterexample (defined below) to the conjecture must possess.
These will give us a sufficiently precise characterisation
of such a counterexample to apply a sieve technique. The
sieve itself is the subject of the next chapter, and is
applied in Chapter 7. Like most sieve results this one only
gives the required bound when some parameter, in our case n,
is sufficiently large. Thus to prove the conjecture for some
value of k it is necessary to check the low values of n one

by one. We do this for k = 3 in Chapter 7.

We now define a minimal counterexample.

Definition 6.6 For a given positive integer k we define

a minimal counterexample for this k as a collection A of n

AP's, each with modulus at least k, and such that

n-k+1

z(A) =2 [1,k2 ]

and

z(A) = Z

and further such that (a) n is the least integer for which
such an A exists and (b) in any other collection of n
AP's having these properties the sum of the moduli of the
AP's is at least equal to the sum of the moduli of the AP's

in A.
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In obtaining necessary conditions for A to be a
minimal counterexample we will often use proof by contra-
diction, showing that if A did not possess the specified
property then it would be possible to construct another
counterexample with lower cardinality, or with the same
cardinality and the size of one or more of the moduli
decreased. In the proofs it will sometimes be convenient
to assume that O is not covered by A. We now show that

this can be done without loss of generality.

Theorem 6.7 If there exists a minimal counterexample

for a given value of k then there exists a minimal counter-
example for that k which does not cover O and which has

the same cardinality and the same moduli.

Proof: Let A* be a minimal counterexample. Since
7z (A*) does not equal Z we know there exists an integer,
X say, which does not belong to any AP in A*. This will

also be so for any x satisfying

X = X (mod P(A*)).

Thus there are non-positive integers which do not
belong to Z(A*). Let y Dbe the greatest of these. Now

let

A = {<a-y,d> : <a,d> € A¥*}

and we have

n-k+1

z(A) o [1,k2 ]

Z(A) 2 {0}.
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Our first necessary condition for a minimal counter-

example is the following:

Theorem 6.8 If A is a minimal counterexample then
|A] > k.
Proof: We must show the conjecture holds when n = k.

Suppose we have a collection

A= {<ai,di> : i=1,...,k}

with

z(A) = [1,2k].

Each of the integers 1,2,...,k must be included in
a different member of A (otherwise the AP would have common

difference less than k) so A has the form
A= {<i,di> : i=1,...,k}.

The integer k +1 must be covered by one of these.
The only one that can do this is <1,dl> so we have
dl = k. By considering k + 2 we then find d2 = k and

so on so that

di =k for i =1,...,k.

But now we have Z(A) = Z as predicted. by the

conjecture.
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The rest of this chapter will be concerned with
constraints on the moduli of the AP's in a minimal counter-

example. Our first is given in the following theorem.

Theorem 5.9 If A is a minimal counterexample which

does not cover 0, and <a,bc> belongs to A with b = k,

c > 1, then

(a) Z(A) 27\<0,b>,

(b) az=o (mod b),
(c) <a,bec> = <0,b>.
Proof: Write

A = A¥ U {<a,bc>}.
Now <a,b> o <a,bc>, so

Z(A™ U {<a,b>}) 2 Z(A)

= [l,an_k+l].

This means that A* U {<a,b>} 1is a counterexample
to the conjecture, contradicting the minimality of A,

unless

% (A* U {<a,b>}) = Z, (1)

so we conclude that this is so. We assumed that A, and
therefore A¥, do not cover 0, so 0 must belong to

<a,b>. That is,

az=o0 (mod b).
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This is part (b) of the theorem. Part (a) then
follows from (1), and part (c) from part (d) of theorem 2.1.

o

Using this we prove

Corollary 5.10 Suppose A 1is a minimal counterexample

that does not cover 0, and <a,d> is an element of A.

o

(a) 1f 2%d and 2% > k then
a = 2%,

(b) If p 4is an odd prime, pu+lHd and pa = k then
q = p0t+l

Proof: (a) Suppose d4d = 2adO where do is odd and

greater than 1. Then by part (b) of theorem 5.9, with 20

in the role of b and do in the role of ¢, we have

az=o0 (mod 2%). (2)
Since we also have ZG—ldo > k we use part (b)
again with ZOL_ldO in the role of b to give
_ o-1
az0 (mod 2°77d,). (3)

Together (2) and (3) imply
a=0 (mod 2%d))

which implies A covers 0, a contradiction.

(b) Suppose d = pOH'ldo where do >1 and p 1is an

odd prime which does not divide do. We again apply part (b)
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of theorem 5.9 twice, first with pOH'l in the role of b
and second with pud0 in that role, obtaining

a =20 (mod pa+l)

a=zo (mod pad ).
o
This leads to a contradiction as in part (a).

Note that theorem 5.9 does not enable us to forbid
all AP's with modulus pado with pa > k and do > 1.

If do is a prime or prime power with

we cannot obtain a contradiction by arguing as in corollary

5.10.

The next five results do improve on corollary 5.10

in the special case of primes which are at least k.

Theorem 6.11 If A is a minimal counterexample and p

a prime, then for all integers b we have

zZ(A) 2Z\<b,p>.

Proof: Suppose otherwise so that A U {<b,p>} covers
the integers and any regular subcovering of it must contain
<b,p>. By corollary 2.6 A therefore contains at least

p - 1 AP's whose moduli are divisible by p and which are

disjoint from <b,p>.

We now reduce the collection

{<a,d> € A: <a,d> N <b,p> * ¢}
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via <b,p>, as in definition 2.1, to obtain a collection

A*¥ with
|A*] < n - p + 1. (4)

Now A being a counterexample implies

Z(A) 2 [l,kzn'k+l] n <b,p>

n-k+1

={b+ip: i=0,...,[k2 /pl - 1l.

Here we have assumed, as we may, that 1 < b < p. By

part (d) of corollary 2.12 we then have

n-k+1

z(A¥*) =2 [0, [k2 /pl - 1]. (5)

Also, since
z(A) 27\<b,p>,
Z(A) £ 7
we have
Z(A) 2 <b,p>.
By part (a) of corollary 2.12 we therefore have

z2(A*) * Z.

By remark 5.5 with b = -1, theorem 5.4 and equation (5)

we therefore have

[kzn—k+l/p] < 2n—p+l

which leads to
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p - log2 p < k - log2 k.

This is impossible since the function
X = 10g2 X

increases with x for x > 2 and we have
p=k=2,

This contradiction proves the theorem.

Corollary 6.12 Suppose A 1is a minimal counterexample

and p 1is a prime at least %k and <a,pd> Dbelongs to A,

then d = 1.

Proof: Suppose that d #+ 1. We may then form another
minimal counterexample A* as in theorem 5.7 which does not
cover 0 and whose elements have the same moduli as the
corresponding elements of A. Then by part (a) of theorem

5.9 we have
Z(A%*) 2 Z\<0,p>
which contradicts theorem 5.11.

This corollary gives the first important constraint
on the moduli appearing in a minimal counterexample. We
have shown that each such modulus is either a prime at least
k or a product of primes less than k. The corollary to
the next theorem will provide a further constraint on the

AP's with prime modulus.
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Lemma 5.13 Any AP <a,d> is equal to the union of

[k/d] AP's each having modulus at least k.

Proof: It is easily seen that
[k/d]
<a,d> = U <a + id,[k/dla>
i=1
and that
[k/da]a = k. o
Theorem &5.14 If A is a minimal counterexample and

<a_,d_> is an AP such that d_ 2 2 and
o' o o

z(A) 2 <addo>

then
[k(d,d,) |
y —3— + log, 4, > | {<a,d> € A : (d,q;>l}|
<a,d> € A,(d,do) >1
az a (mod(d,d )) (6)
(o] O
Proof: We set
Al = {<a,d> € A : (d,do) > 1, a = a, (mod(d,do))}
A, = {<a,d> € A: (d,do) >1, a# aj (mod(d,do))}
Ay = {<a,d> € A: (d,do) = 1},
and
|A;| = N (1 = 1,2,3).

No AP in A2 will intersect <ao,do> so
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n-k+1
z(Al U A3) =) <ao,do> n [1,k2 1.

If we assume, as we may, that

l1<a <d
o o

then this means

n-k+1

Z(Al U A3) 2'{ao +idj: 1 =0,... [(k2 —ao)/do]}.

We now reduce A and A via <a ,d > to A* and A*
1 3 o' o 1 3
respectively so that, by part (d) of corollary 2.12,

n-k+1

Z(A*l U A*3) o [0, [(k2 - ao)/dO]]

n-k+1

u

[0, [k2 /do] - 1].

From this we see that

n-k+1

z({<a+l,d> : <a,d> € A% U A*})211, [k2 /8 11. (7)

By theorem 2.10 and our assumption that Z(A) does not
include <ao,do> the collection in (7) does not cover the
integers. It thus has some of the properties of a counter-
example to conjecture 5.1. However the reduction of an AP

<a,d> via <adﬁo> has modulus
a/(d,d,)

and in the case of those AP's in A*l this may be less than
k. To overcome this difficulty we use lemma 5.13 to replace
each AP that appears in the collection in (7) and originated

in Al with
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[k(d,do)/d]

AP's each having modulus at least k. We combine this

collection with

{<a+l,d> : <a,d> € A*3}

to form a new collection B say. Z(B) 1is then identical
to the left hand side of (7), each modulus appearing in it

is at least k and

1l

|B| ) [x(a,a)/al + N

<a,d> € Al 3

= N, say. (8)

By (7) and the remarks following it we also have

n-k+1

z(B) = [1,[k2 /8,114

7(B) + Z.

Now the sum appearing in (8) is the sum that appeared
in (6). If it is at least Ny o+ N, we have already
established inequality (6) since the right hand side of
that inequality is N, N,. We therefore assume it to be

less than Nl + N2 so that

|B] < N; + N, + Ny = n.

Since A is a minimal counterexample we therefore
have

n-k+1 N-k+1

[k2 /a1 < k2
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This leads to
N >n - log2 do'

On substituting for N and n and recalling the
definitions of Al and A2 we obtain the required

inequality.

Corollary 5.16 If A is a minimal counterexample and

p is a prime at least k then the number of AP's in A

having modulus p is less than 1092 pP-

Proof: By corollary 5.12 the only AP's in A having
modulus divisible by p have modulus equal to p. We can
therefore choose a residue class modulo p, <ao,p> say,

which intersects no AP in A with modulus divisible by p.

We now use <ao,p> in the role of <ao,do> in
theorem 5.14. By the preceding remark we see that the sum
that appears in the statement of that theorem is empty. We

then have
log2 p > |{<a,d> € A: (d,p) > 1}

= |{<a,d> € A : d = p}|.

We have shown that if p is a prime at least k
then the only moduli divisible by p which can occur in a
minimal counterexample must equal p and that the number
of AP's with modulus p is less than log, Pp. The final
results of this chapter concern those moduli which are

divisible by primes less than k.
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Theorem 6.16 If A is a minimal counterexample which

does not cover 0, p 1is a prime less than k and A

includes a subcollection

{<ipa_l,pu> :i=1,...,p-1}
then
o = [log k/log p].
Proof: Notice that with B8 = [log k/log p] the least
power of p which is not less than k 1is pB, so we must
have
o = [log k/log p]. (9)
Suppose we have strict inequality in (9) and write
A= Al U A2 U A3
where
Ay = {<a,d> € A : pa+l|d}
A, = {<a,d> € A: p” I a}
A3 = {<a,d> € A : p* Jdlt.

Now by hypothesis,
|A2|>p"l
and by our supposition

pu_l = k.
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Corollary 5.10 and theorem 5.9 then imply that any

AP <a,d> in A2 has the form

<ipa_l,pa>

and that

Z(A) 2 Z\ <0,p% 1>,

Since A does not cover 0 no member of A2 has the form

<0,pu> so
z(A,) < <0,pa—l>\ <0,p%>.
Similarly we have
Z(Al) [ <0,pa>_
These last three inclusions imply
Z(A3 U <0,p9‘—l>) 2Z -

We now use the transformation Tp introduced in

definition 2.13. By theorem 2.14 the above display gives
Z2(T_(Ay) U T_(<0,p%715)) 2 Z
p 3 p P = &

since <0,p% 1> is not changed by T, this is

equivalent to

z(Tp(A3)) 27\ <0,p°°'l>_ (10)

We now turn our attention to the collection A I1f

1

<a,d> is an element of this then by its definition and



corollary 5.9(b) both a and d are divisible by p. We

form another collection

A*l = {<a/p,d/p> : <a,d> € Al}

and note that each modulus appearing in A*l is at least

pu which is at least k.

Since we have shown that Z(Az) is disjoint from

o]
<0,p > we have

n-k+1

Z(A] U Ag) 2 <0,p%> n [1,k2 ]

3

o fip® ;4= 1,..., kR2PTEVL R0

1
It is easy to check that ipa belongs to an AP in

Al if and only if ipOL"l belongs to the corresponding AP

in A* . Also, by theorem 2.15 ipa belongs to an AP in
1
o-1

A3 if and only if ip belongs to the equivalent AP in
Tp(A3). Thus
Z(A* U TP(A3)) > {ip* ™t 1 = l,---,[an_k+l/pd]}

z(A*l U Tp(A3)) 2 {0}.

Since by (10) the collection A*l U TP(A3) covers
all integers which are not divisible by pu—l, the least

integer not covered by the collection is at least

(k2P K+L 00l ol
s kel ol o-l
> k2 ¥ .

79.
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We therefore have

Z(A*] U T (Ay)) 2 (1, k2™ % p11

z (A% U Tp(A3)) + 7

|A* U Tp(A3)| <n-p+1,

1

and each AP in the collection has modulus at least k.

Since A was assumed minimal we must have
[kzn—k+l/p] 2 k2n—p—k+2
which leads to

2P < 2p

which is impossible for p = 2. This contradiction proves

our theorem.

o

Corollary 6.17 Suppose that A is a minimal counter-

example that does not cover 0.

(a) The highest power of 2 dividing P(A) is at most
2[1092 k]_

(b) If p is an odd prime less than k then the highest

power of p dividing P(A) is at most p[lOgP k1+ l_

o

Proof: (a) Let 2

P(A). Then A contains an AP of the form <a,2ad>. If

be the highest power of 2 dividing

207l i5 less than k we are done, and if 2%"'is at least k

we have, by theorem 5.9 and corollary 5.10

ca,2%> = <2%7%,2%.
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By theorem 5.16 we then have a = [log k/log 2] as

required.

(b) We prove this by contradiction. Suppose that pOL+1

is the highest power of p dividing P(A) and that
o > [log k/log p]. (11)

Then A contains an AP of the form <a,pad>. By theorem

5.9 we have

z(A) 2 Z\ <0,p>>.

In particular Z(A) covers <ipa_l,pa> for i=1,...,p-1.

Since %Z(A) does not cover <0,pa> we may apply corollary
3.3 and find that A <contains p - 1 AP's of the form
<a.,pud.> with
i i
a-1

a; = ip (mod pa) for i =1,...,p-1.

By theorem 5.10 each di equals 1, so these AP's are

precisely
{<ip®7t,p% : i =1,...,p-1}.

But now theorem 5.16 says that o equals [log k/log Pl

contradicting (11).
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CHAPTER 6

A SIEVE FOR THE CRITTENDEN AND VANDEN EYNDEN CONJECTURE

In the last chapter we obtained some conditions
which a minimal counéerexample to conjecture 5.1 must
possess. Our aim is to show that a collection of n AP's
satisfying these conditions cannot cover the first k2
positive integers. 1In this chapter we will be concerned
with AP's having prime modulus > k, and will derive an
upper bound on the length of an interval that can be
covered by n such AP's. In the next chapter we will

apply this result to the conjecture. We begin with some

notation.

Notation 6.1 Throughout this chapter A will be a

collection of AP's, each having prime modulus, and k a

positive integer > 3. For each prime p we put

c(p) = |{<a,d> € A : d = p}

The collection A will satisfy the following conditions.

|A| = n, (1)
c(p) =0 if p < k, (2)
c(p) < [log, pl otherwise. (3)

Our first theorem in this chapter gives some lower

bounds on the number of positive integers < N which do

n-k+1
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not belong to Z(A). It is essentially the same as

Lemma 2 of Crittenden and Vanden Eynden [4].

Theorem 6.2 Let A be a collection of n AP's each

having prime modulus. Let PyrPyre-- /Py be the moduli

occurring in A and for each i 1in the interval [1,t]

let
c;, = clpy)
be the number of AP's in A with modulus P, - Then we
have:
(a) If s 1is an integer such that 1 < s <t and N
is a positive integer then
[{m : 1 <m <N, mg z2(A)}]
t s-1 t s-1
>N(L - ) ey/py) T 1(1-cy/p) - (4 +__§_ e )] T(l+cy).
i=s i=1 i=s i=1
(b) |fm : 1 < m <N, mg Z(A)}|
([ 5o (X N \
>N—c[—]+1)—2c.[—_]-c[ ]+1
1\ip; 12, 1\lpy 1 lpyp; /
(c) |[{m : 1 < m <N, m¢ Z(A)}|
t t
= N - c {rli] + 1) + c [ 1 c./c [N ]
RN “1%2lpyp,] T i23 LRy )
[N ] ([N ] 1)
+ - C.E + 1
“2 |p,p; ] T "1 2\[pyP,p; J)
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Proof: We shall use ' to denote a sum in which at

most one of the subscripts is = s and all relevant

subscripts are covered. We note that with this notation

for any xl,xz,...,xt
1 +'x., +2'x.x., + ... + L'x, ; simsn X
i i7" i;7i0 ig
t s-1
= (L + ) x) T 10+ x). (4)
i=s i=1

For i=1,2,...,t we let Si be the union of

those AP's in A which have modulus P It follows from

the Chinese Remainder Theorem that each set of p. p. ...p.
i1, i

2
consecutive integers contains exactly c¢. ¢, ...C,
17 1o lJL
elements of S, N S, «.a NS, and hence that
13 1o 1y
|s. ns, n...ns, nI[1,N]|
13 1o lg
2 L i
=T [e, [N/] P, ] + E[ |[c, (5)
. i. \ ig ] i,
j=1 73+ 3J=1 7j =1 73
where E satisfies
0 <E <.
It follows that
|iln i, N --e NS n [1,N1]
L L
=NT Jc, /p; + E' | Jc, (6)
; i /¥i, \ i,
=1 73 73 3=1 73
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where E' satisfies

-1 < E' < 1.

We denote the characteristic function of a set A

by Xa With this notation

t s-1
X7\z(A) = 1:1(1 -xsi) I:I(l -xsi)

t s-1
= (1 - 2 Xg ) T T = Xg E
i=s ¥i i=1 i
Using identity (4) with ~Xg in the role of x; we
i
obtain
1-7 I
Xz > - X + X X =
\z (A) i7S; i) 818y

Using the fact that for any sets A and B

Xane - XaXs
we obtain

[{m : 1 <m <N, m¢g z2(A)}]

t
= (m)
L X7z a)

2N - Z'ISi n[1,N]| + Z'Isi ns.nl1l,Nl| - ... (7)
i i, ] J

Using equation (6) we see that the right hand side

of (7) is greater than

N - Z'(N i +c ) + {'{N Si%) coc.) B
£ AR VL NN i%3/) ¢
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We now collect those terms involving N and those
not involving N and apply identity (4) to each collection

of terms and obtain part (a) of the theorem.

To obtain part (b) we set s = 2. Using (7) and

inequality (5) we obtain

[{fm : 1 <m < N, m £ Z(A)}|

t t
N - ) (ci[N/pi] + ci) + )

c,c: [N/p,p. 1,
i=1 jzp L T

and the right hand side simplifies to the right hand side

of part (b).

Part (c) is obtained in the same way as part (b)

after setting s = 3.

Parts (b) and (c) of this theorem will be used in
Chapter 7. We use part (a) to derive a corollary, but

first we must introduce some notation.

Notation 6.3 For any collection A of AP's we set

M(A) = max{N : Z2(A) = [1,N]}.

If Z(A) does not include 1 we set M(A) = 0.

Corollary 6.4 Let A be a collection of AP's satisfying

the conditions of notation 6.1, and P, @ prime dividing

P(A) such that

1 - 2 c(p)/p > 0.

P 2P,
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(This will hold for sufficiently large Pg since the

number of non-zero c(p)'s 1s finite.) Then
1+ z> c(p)
PP 1+ )
M(A) < = clpr
& Tl =~w7s )
1- 7 c(p)/p Po
P 7P,
Proof: By the definition of M(A) we have
|[{m : 1 < m < M(A), m g z(A)}| = 0.

Thus we may use part (a) of the theorem with 0 replacing
the left hand side of the inequality and M(A) replacing
N on the right and Py in the role of Pg- An easy

rearrangement then gives (8).
=]

The rest of this chapter is devoted to getting upper
bounds for M(A). This requires getting an upper bound for
the right hand side of (8) which is independent of the
values of the variables c(p). To do this we need some

more notation.

Notation 6.5 We set:

p 1is an odd prime,

P is the prime preceding p,

X is a positive real number,

Alx) = P_
Do B
W(p) = p' - [log, p'l,

1+ -X
Vix,p) = T—:x_}/{p— P



and r(k,n) is the least prime r such that

r-21+ [log,p] > n.
k<p<r

We notice that the left hand side here increases

with r and so the function is well defined.

We now obtain some bounds for these functions.
Lemma 6.6 For p = 7 we have
p - 42 W(p) > 2.

Proof: For such p,

[logzp‘] = 2

and so

W(p) <p' - 2<p - 4.
Also, for p' 2 5 we have

log,p' < p'/2
and so

Wip) > p'/2 > 2.

Theorem 6.7 For fixed p = 7 the function V(X,p),

defined in notation 6.5, is strictly decreasing as a

function of x in the interval [1,p-2].

Proof: We write

f(x) = V(x,p).

88.
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,

Then f(x) *» 0 in the interval [1,p=-2] and by

logarithmic differentiation we have

£r(x) _ p+l _

£F(x) (1+x) (p-x) tog 2
i .
3 (p-1) log 2,

since the minimum of (1+4x) (p-x) on [1,p-2] occurs at

one of the end points. For p = 7 we have

_p+tl 2
2(p-l} ES 3 < lOg 2

and since f(x) > 0 it follows that £'(x) < 0. Thus

f(x) is strictly decreasing on [1,p-2].

Corollary 6.8 If m is an integer satisfying

0 <m < [log,pl]

then

V(m,p) < p/(p-1) (9)
Proof: We have

1 < [log,p]

for all primes and

=1 if p=2 or 3

i
()]

[log, Pl =2 if p

We have

v(o,p) = 1, V(l,p) = p/(p-1), v(2,5) = 5/4.
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So (9) holds for p = 2,3,5. If p=> 7 we use theorem
6.7 which says that V(m,p) attains its maximum value in
the interval [1,p-2] when m = 1. Thus (9) holds for

all primes.

Corollary 6.9 The function A(p)V(W(p),p) 1is strictly

decreasing for p = 5.

Proof: It is easily checked that

A(TYVW(T7),7) < A(5)V(W(5),5)

using W(5) = 2, W(7) = 3. We therefore assume p

Vv
~

and let p+ be the prime immediately succeeding p. Using

lemma 6.6 and the definition of W we then have
1<wWp +1<wupH <p - 2.
Applying theorem 6.7 we then have

V(W (p+) .p+)

AN

V(W(p)+1,p")
< V(W(p)+1l,p)

1/ 1Y 1

Using the bounds on W(p) in lemma 6.6 this is at

most

1/, ,1 1
_2_(1 +§)<l + F?) V(W(P) IP)

(g:—g)v(w(p) /P)

W
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<Pl ywp),p),
p
for p 2 7. Since
+ _ _P
A(p) = | A(p)

this establishes the corollary.

Lemma 6.10 If m 4is an integer, m = 2, we have

A(m) < 2 log m.

Proof: By direct calculation we find the inequality
holds for m < 18. For higher values we use the following
known result (Rosser and Schoenf eld [20], theorem 8,
corollary 1),

TT ﬁgT < e¥ log m(1 + (log m)_z)

Pt
This holds for all real m exceeding 1. If m = 19 then

the right hand side is less than

1.79 (1 + (log 19) %)iog m

< 2 log m. O
Lemma 6.11 With r = r(k,n) as defined in notation
6.5, and with r' = r'(k,n) being the prime preceding

r(k,n) we have for k =2 3 and n = 10:.
(a) r(k,n) > 2n/5,
(b) r'(k,n) > n/3,

(c) r(k,n) < 2n.
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Proof: (a) It is sufficient to show that this holds

for k = 3. To do this we show that if
r < 2n/5

the inequality defining r(3,n),

r-1 + )} [log,pl > n (10)
3<p<r

does not hold.

We note that

) [log,pl < | log,p - 1,
3<p<r p<r

< o(r)/log 2 - 1,

where ©O(r) has its usual meaning (see notation 1l.1).

Now Rosser and Schoenfield [20], theorem 9 states that

for x > 1
O(x) < 1.01624x.

Applying this we find that for r < 2n/5

r -1+ ] I[logpl <r + (1.017/log 2)r

3<p<r
< n
contradicting (10).
(b) This may be checked for values of 9 < m < 57. If

n > 57 we have r(3,n) > 31. Nagura [17] has shownthat

for p' = 29

p' > 5p/6.
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Applying this and part (a) of the lemma gives the

result.

(c) Let s(n) be the least prime satisfying
s(n) - 1 = n.

Clearly s(n) = r(k,n) for all k so it is

sufficient to show
s(n) < 2n,
and this follows from Bertrand's postulate.

We now use the last few results to prove our main

theorem of this chapter.

Theorem 6.12 If A 1is a collection of AP's satisfying

the conditions of notation 6.1 for some k > 3 and n > 10

and Py is the least prime such that

po £ z C(P)l

P>Pg
then
, A(p,) B
(a) M(A) < m‘ V(W(PO) yPO)z .
(b) Further, if r = r(k,n) then
A(r) n
M(A) N3 V(W(r),r)2" .
Proof: It follows from the fact that Ic(p) > 10 and

from inequality (3) that Py, = 7. We set

Xx= ] cl(p) (11)
P>P
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which implies X < Py We then have

1- ) cP)/p=>1- X/p, > O. (12)
PZP,

From (1l1) we have

2n—X T—T 2—c(p) - 1.
P<Po

Using this and (11) in corollary 6.4 (the use of

which is justified by (12)) we obtain

1 + X n-X ~—c (p) 1 + c(p)
M(A)< —— 25— 270 7T 2 = .
1 - X/p, p<p, 1 -clp)/p

We see by equation (2) that the product is not
affected by factors corresponding to’primes less than k.
Applying corollary 6.8 to each of the other factors and

using notation 6.5 we obtain

A
M(A) < 28 (o] v(iX,p.). (13)
A (k) "o

We now obtain some bounds on X in terms of Py -

The first comes from the definitions of X and Py
- =
p, - 1= X. (14)

Next, let pé be the prime preceding P+ By the

definitions of X and P, and by inequality (3),

p, < 1 c(p)
PZP,

< X + [logzp6]



V(x,p)

(13),
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Using notation 6.5, this and inequality (14) give
<X<p -
W(po) X Pq 1. (15)

Since X is an integer we have, by theorem 6.7,

V(X,po) < max{V(W(po),po), V(po-l,po)} (16)

Using lemma 6.6, theorem 6.7, the definition of

and the fact that Py = 7 we obtain

V(W(po),po) . V(po-4,po)

=

Vip,-1,p,) Vip,~1.p,)
p -3
= =2 > 1.
Pg

Thus the maximum in (16) is V(W(po),po) and so by

A(po)

n
M(A) < g V(W(R,) /Py 2" (17)

This is part (a) of the theorem. We note that

X=n- Y c(p)
P<PO

> n - Z [logzp].

k<p<pO

Combining this with inequality (14) we obtain

p. -1+ [log,p] > n.

k<p<pO
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So that, using notation 6.5,
Py > r(k,n).

Using this inequality and corollary 6.9 in (17) we

obtain part (b) of the theorem. g

This theorem will be used in some applications in
the next chapter. For others we use the following weaker

but more convenient bound on M(A).

Corollary 6.13 For A satisfying the conditions of

notation 6.1 and k = 4 and n =2 10 we have

-~

M(A) < £ 10g 2 03 222/3

9 /A(k) .

With r = r(k,n) and r' Dbeing the prime
preceding r, we have, using part (b) of the theorem and
the definitions of V and W (see notation 6.5)

A(r) (L + ' - [logzr'])

z—r' +[log2r'] +n
A(k)(r - ' + [logzr'])

M(A) <

A(r) (r")?r ,-r'+n

¢ A(K1og, r

Using the estimates of lemma 6.10 and 6.11 we obtain

the required inequality.
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CHAPTER 7

FINAL RESULTS ON THE CRITTENDEN AND VANDEN EYNDEN

CONJECTURE AND DISCUSSION OF A NEW CONJECTURE

Having developed a sieve for the problem we now
return to our investigation of the Crittenden and Vanden
Eynden conjecture, conjecture 5.1. This chapter is divided
into three sections. In the first we prove the conjecture
in the case k = 3 and in the second we give upper bounds
on the cardinality of minimal counterexamples for values
of k greater than 3. The last section concerns a new
conjecture which is analogous to conjecture 5.1. We show
that this conjecture can be investigated using the methods

of Chapter 5.

Section 1 : The case k = 3 of the conjecture

We prove the k = 3 case of the conjecture via a
series of lemmas. The first enables us to use the results
of Chapter 6 by showing that if A is a minimal counter-
example then A satisfies the conditions of notation 6.1

with k = 3. That is,

A contains only AP's with prime moduli and each
prime p is the modulus of c(p) AP's in the collection,

(1)
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|A] = n, (2)
c(2) =0, (3)
c(p) < [log,pl if p = 3. (4)

The later lemmas show that no minimal counterexample
exists with cardinality in certain intervals, the union of

these intervals being the positive integers greater than 2.

Lemma 7.1 Let A be a minimal counterexample for k = 3.

Then A satisfies conditions (1) to (4).

Proof: We show that all moduli occurring in A are

odd. Suppose not and let

AL = {<a,d> € A : d is a power of 2}
AG = {<a,d> € A : d is a prime > 3}.
By corollary 5.12 A_ u A, = A. Now let 2% be the

L G

least power of 2 such that there exists an AP <a,2%> with

Z(AL) n <a,2% = ¢

Since AL is assumed nonempty we must have a = 1 and

we may apply theorem 5.14 with <a,2Q> in the role of <ao,do>.

The first sum in the inequality is empty and so we have

%
IALI < 10922. = 0.

We now apply theorem 3.9 to AL and obtain

| A > g(2%) = a.

Ll
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The contradiction implies that AL is empty, so
that A = AG’ and by corollary 5.15 AG satisfies
conditions (1) to (4).

Lemma 7.2 If A is a minimal counterexample for k

it
w

which does not cover 0 then
A =n<15.
Since A 1is a counterexample we have, using
notation 6.3

M(A) > 3(2%7%).

If n were greater than 9 we could apply theorem

6.12, and obtain

A(r)V(W(r),r) = 3A(3)/4

= 3/2 . (5)

Here A, V, W and r = r(3,n) are defined in notation
6.5. By corollary 6.9 the expression on the left is
decreasing with r for r > 5, and by referring to the
definition of r(k,n) we see that r 1is non-decreasing

with n. Now for n = 16 we have

r(3,16) = 13

W(l3) = 8

v(8,13) = (117/5)2°°
A(13) = (171274,

So that
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2

A(13)V(W(13),13) = (9009/5)27 12 < 3,2
which contradicts (5). Thus n < 16 and we are done.
o
Lemma 7.3 Let A be a minimal counterexample for

k = 3 which does not cover 0. Then |A| does not belong

to the interval [10,15].

Proof: Suppose A 1is a minimal counterexample for k = 3
which does not cover 0, and let Py be the least prime such

that

Py > Yy c(p). (6)

If Ps > 13 we obtain a contradiction as in lemma 7.2

using part (a) of theorem 6.12. Also, as in that theorem
we have
p. = r(3,n)
= 11

for n in the interval [10,15]. Thus we may assume

Py = 11 and apply corollary 6.4. Letting

X = Y c(p)

=
P>P,

this gives, since «c(2) = 0 by (3),

1 + X 1 + c(p)
11 - X 2¢p<il 1 -c(p)/p

M(A) < 11 . (7)

We call the product on the right hand side

Z(c(3),c(5),c(7)). PFor a given value of
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— .

n -X=c(3) +c(5) + c(7) A

there are a finite number of values that Z can take.
The maximum of these values for each permissible value of

n - X 1is given in Table I.

n - X Maximum of Z(c(3),c(5),c(7))

0 Z(0,0,0) = 1

1 Zz(1L,0,0) = 3

2 z(1,1,0) = 15/2

3 z(1,1,1) = 35/2

4 z(1,2,1) = 35

5 72(1,2,2) = 63

Table I Maxima of the function Z defined in

lemma 7.3

n X Upper bound for M(A) 3(2n—2)
10 5 693 768
11 6 970.2 1,536
12 7 1,386 3,072
13 10 2,117.5 6,144
14 10 4,235 12,288
15 10 7,623 24,576

Table II Upper bounds for M(A) obtained from
part (a) of theorem 6.12

By (6) and the fact that

c(3) + c(5) +c(7) <5

we see that for each n in our interval
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For each n we use table I to find the value of X
in the range above which maximises the right hand side of
(7). Hence we find upper bounds for M(A). These are
given in table II together with the relevant values of X

and 3(2n_2). In each case we see that

M(A) < 3(2%7%)

contrary to our assumption that A 1is a counterexample.

=}
Lemma 7.4 Let A be a minimal counterexample for k = 3
which does not cover 0. Then |A| does not belong to the

interval [6,9].

Proof: We set

c, =c(3), cy =c(5), N= 3(2°7 2y,

For c, + 2 we use part (c) of theorem 6.2. With
cq and c, fixed it is not hard to check that the right
hand side of the inequality in that part is minimised when

) c(p)/p
p>5

is maximised, (this is not so when C, = 2). This occurs
when c(7) takes the maximum value allowed by (4), and

similarly for higher primes until we have

rc(p) = n.
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Table III gives the lower bounds for

fm : 1<m<302"%), nm¢ z(A)}]

corresponding to the 4 possible assignments of values to
the ordered pair {cl,cz}. In each case the lower bound

is positive, contradicting the assumption that A is a

counterexample.
n {cl'CZ} = {o,0} f{o,1} {1,0} {1,1}
6 15 11 9 4
[/ 25 21 16 10
8 37 36 28 22
9 56 55 46 44

Table III Lower bounds for |[{m :1 <m < 3(2n_2), m € Z(A)}]|
obtained from part (c) of theorem 6.2.

Suppose then that c, = 2, that is A contains
two AP's with modulus 5. By hypothesis A does not cover 0
so neither of these is <0,5>. We now reduce A via

<0,5> to form a new collection A* of n-2 AP's. By

part (d) of corollary 2.12 we have
7 (A*) 2 [1,03(2%72) /511,

and we see that A* contains only AP's with prime moduli
not equal to 2 or 5, and with at most [1ogzp] AP's having
modulus p. We now apply part (b) of theorem 6.2 setting
CZ = 0. We note that the right hand side of the inequality

there is minimised when
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Yy c(p)/p
p>5

is maximised and, as in the earlier part of the proof, we

obtain lower bounds for

{m: 1 <m< [32%%)/5], m ¢ 2(A%)}].

For n = 6,7,8 and 9 these bounds are 0, 2, 1 and
1 respectively. That is, they are positive for n = 7, 8
and 9, contradicting the assumption that A 1is a counter-

example to conjecture 5.1.

The only case left to check corresponds to n = 6
and c, = 2. If either of the following equations is not
satisfied we obtain a positive bound using part (b) of

theorem 6.2 as above.

(o] = 1

c c(7) = 2.

3

Thus we assume these are satisfied together with

c, = 2. Then cq1 +c, +cg = 5 so for some index J > 3
we have
c. = 1
J
and
c; = 0 for i > 3, 1 % Jj.

We now use part (c) of theorem 6.2 to obtain

{m: 1<m<32°%), mgz@l
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> 4 - [48/p] + [48/3p] + 2[48/5p) - 2[48/15p]

=4 - [48/p] + [48/3p].

This clearly increases with p and when p = 11 it
equals 1. This contradicts the assumption that A is in

a counterexample to conjecture 5.1, and we are done.

Lemma 7.6 Let A be a minimal counterexample for
k = 3 which does not cover 0. Then |A| does not belong

to the interval [3,5].

Proof: The case |A| = 3 follows from theorem 5.8.

For other values we use part (b) of theorem 6.2 with

3(2n—2) in the role of N and ¢, = c(3), c, = c(5) ...

As in lemma 7.4 we obtain lower bounds for

fm: 1<m<32"2), n¢ 2(A)}]

corresponding to the two possible values of Cq- These
bounds are given in Table IV.
n cy = 0 cy = 1
-1
3 1
Table IV  Lower bounds for |[{m : 1 <m < 3(2"7%), m ¢ z(A)}]

obtained from part (b) of theorem 6.2.

These are strictly positive except in the case

n =4, c(3) = 1. Therefore if a minimal counterexample
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exists for n less than 6 it must satisfy these conditions.
To settle this final case we must show that if A is a
collection of 4 AP's which satisfies conditions (1) to (4)
and which contains exactly one AP with modulus 3, say

<a, 3>, then
zZ(A) 2 [1,12].
Suppose this is not so. We note that
<a,3> % <0,3>,

(otherwise A would cover 0), so we may reduce A via
<0,3> to obtain a collection A* of 3 AP's such that,

by part (d) of corollary 2.12,
z(A*) o [0,3].

But each AP in A* has modulus at least 5 and so can

include at most one integer in this interval. Thus Z (A%)
does not include [1,4]. This contradiction proves the
lemma.

a

Combining these four lemmas we prove the k = 3

case of conjecture 5.1.

Theorem 7.6 If A is a collection of n AP's where

n 2 3, each with modulus at least 3, and

2(A) = [1,3(2"7%)]

then Z(A) =Z .
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Proof: The four preceding lemmas show that there is
no minimal counterexample to the conjecture which covers

0. Hence by theorem 5.7 there is no minimal counter-

example to conjecture 5.1 for k = 3, and this is our
theorem.

o
Section 2 : The cases k > 3 of the conjecture

In this section we give an upper bound for the
cardinality of a minimal counterexample that does not
cover 0 for arbitary values of k = 4. This means that
the conjecture 5.1 could be verified for such values of
k by checking that the conjecture holds for the low
values of n, wusing methods similar to those used in the

last section. We need to introduce some more notation.

Notation 7.7 Let A be a minimal counterexample that

does not cover 0, then by corollary 5.12 each AP in A

lies in one of the following collections.

AL = {<a,d> € A : d is a product of primes < k}
AG = {<a,d> € A : d is a prime > k}.

Let
IAL| = n, |AG| = ng.

Let P be the least modulus such that there exists

an AP <A,P> with

<A,P> N Z(AL) = ¢
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Remark 7.8 It is easy to see, using lemma 2.1 part (a),

that P divides P(AL), that is, P 1is a product of

primes less than k.

Remark 7.9 We have two inequalities involving P.

With g being the function defined in notation 3.8 we

have, by theorem 3.9,
n_ > g(p), (8)

and by theorem 5.14 with <A,P> in the role of <ao,do>
when P # 1, and by noting that n, = 0 when P =1, we
have

<
n, < log, P. (9)

We will need the following lemma.

Lemma 7.10 If P and AL are as in notation 7.7,

g 1is as in notation 3.8, k = 4,

(a) log, P - g(p) = 0
(b) log, P - g(p) < 0(k)/log 2 - w(k)
(c) 3 log,P - 29(P) <[1ogzk] +(3 log,3 -4)[1og3k] +

30(k)/log 2 - 2w(k) - 1.

Proof: Part (a) is an immediate consequence of
inequalities (8) and (9). For parts (b) and (c) we suppose

P has prime factorisation
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Then,

I
I o~k

log2P - g(P) (ailogzpi - (ai—l)(pi—l) - l]

1

(OLJ._(logZP:.L - Py +1) + P; - 2].

1l
I} t~act

i=1

The term in the inner brackets is £ 0 for all
primes p; so the expression is maximised when each

o, = 1. Thus by remark 7.8,

log,P - g(P) < zkﬂo%p - 1)
p<

< 0(k)/log 2 - 7(k),
as required. This proves part (b) of the lemma.
For part (c) we obtain

3 logzP - 2g(P) = '
i

Il o~k

l[ui(3 lngpi - 2pi + 2) + 2pi - 4).

This time the term in the inner pair of brackets is
negative for p; > 3. If P equals 2 or 3 we apply

corollary 5.17. This leads to
3 logzP - 2g(P)

< [logzk](3 log,2 -2) + (1 +[log3k]](3 log,3 - 4) +

2 + ) (3 log,p - 2)
3<p<k

< [1og2k] + (3 log,3 —4)[1og3k] +30 (k) /log 2 - 2m(k) - 1,

as required.
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We now prove our theorem. This is our main result

on the Crittenden and Vanden Eynden conjecture.

Theorem 7. 11 If A is a minimal counterexample to

conjecture 5.1 for some k = 4, then n is less than

3(e(k)/log 2 +k) - 2m(k) + 21 log,k + [log, k]

+ (3 log,3 - 4)[log3k1 - 4,
Proof: By theorem 5.7 we may assume, without loss of
generality, that A does not cover 0. We use notation 7.7.
Since
Z(AL) n <aA,P> = ¢
we must have
Z(Ag) 2 <A,P> 0 (s Jeg L

Reducing AG via <A ,P> we obtain, by ideas similar to
those in part (d) of corollary 2.12, a collection A*G

which satisfies conditions (1) to (4) and such that

2n—k+l

Z(Aé) contains [k /P] consecutive integers. As in

the proof of theorem 5.7 we may form another collection

Aé*, say, which also satisfies conditions (1) to (4) and

for which, using notation 6.3,

M(A%®) > (k28 7ey

We use this to obtain an upper bound for D in

terms of k and P. We first assume > 10.

g
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From corollary 6.13 we then have

] log 2

n-k+1
3 2

n3 227673 0 (x) > k

G /P - 1.

Noting that

n = n. + n (10)
and rearranging we obtain
4 log 2 nd 2™PG/3 5 pp (k)27 KTIOLTI092P | (k) 2706,
(11)
We claim that this implies
ng < 3(k = 1 - n + log,P + 7 logyk). (12)

To show this suppose that this inequality does not
hold. Then, for k > 4 and using inequality (9) we see

that n. > 24, For such n. the left hand side of (11)

is decreasing, so it is sufficient to consider the value

of the left hand side of (11) when

N = 3k -1 - n. + logZP + 7 logzk).

We find, using inequality (8), part (b) of lemma 7.10

and this wvalue of ng that,

4 109 2 n

5 2

G

7 2—k+l+nL—log2P.

<12 log 2(k-140 (k) /log 2-7{k) +7 log, k) K

Now

12 log 2(k-1+0(k)/log 2 - m(k) + 71092k)3k_8
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is decreasing with k, and when k = 4 it equals 0.69016 ...

and so

3 2—nG/3 2 k2—k+l+nL—log2P

4
g lOg 2 nG

and is certainly less than the right hand side of (11).

This establishes inequality (12) in the case n. = 10.

if n. < 10 it is easy to see that inequality (12)
still holds using our assumption that k > 4 and inequality

(9).

We now obtain our bound on n.
Using (10), (8) and (12) we have

n < 3(k -1 -n; +logzP + 7 logzk) + np

< 3k - 3 + 21 log.k + 3 log,P - 2g(P).
9D 2

Applying part (c) of lemma 7.10 gives the inequality

of the theorem. o

Remark 7.12 Using the well known fact that ©0(k) ~ k,
as k » o, we see that as k - « our bound on n is

asymptotically equal to

3(1/1log 2 + 1)k = (7.32808 ...)k.
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Section 3 : A new Conjecture

We have mentioned several times the following two
questions asked by Erdds about regular covering systems

with distinct moduli.

I Do such covering systems exist with all moduli

arbitarily large?

II Do such covering systems exist with all moduli

relatively prime to the first n primes?

Conjecture 5.1 is akin to question I in that it
concerns collections of AP's having moduli at least k.
In this section we make and investigate a conjecture which
is similarly akin to question II. We first introduce a

function N(p,n).

Definition 7.13 Let n be an integer, p a prime and
n = no(p—l) + r, 0 <r < p-2, (13)
then
n
N(p,n) = (r+l)p ©. (14)

We note that then

N(p,n+l) = (r+2)pno (15)

which holds even when r = p-~2,

We can now make our new conjecture.
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Congecture 7.14 If p is a prime, A a collection

of n AP's such that P(A) is not divisible by any prime

less than p and

Z(A) 2 [1,N(p,n)]

then

7 (A) Z .

Il

If this conjecture is true then it is best possible

in the sense of the following theorem.

Theorem 7.16 Conjecture 7.14 would be false if N(p,n)

were replaced with a smaller integer.

Proof: It is sufficient to present a collection

that satisfies

Al = n
Z(A) » [1,N(p,n) - 11
z(A) =+ Z

and such that no modulus occurring in A is divisible by
a prime less than p. It is not hard to see that the
following is such a collection. Using the notation of
equation (13),

A = {<ip]—'l,p:| :i=1,..., p1, 3 =1,...,n}

n +1
o)

n
U {<ip °,p >:1i1i=1,...,r}.

|
o

Here the second bracketed collection is empty if «r
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Definition 7.16 A collection A that contradicts

conjecture 7.14 is called a minimal counterexample to
conjecture 7.14 for some prime p if |A| is minimal

over the set of all such counterexamples, and if the sum

of the moduli occurring in A 1is minimal over all counter-

examples with this cardinality.

Theorem 7.17 If a minimal counterexample to conjecture

7.14 exists for some value of p then a minimal counter-

example exists which does not cover O.

Proof: Similar to that of theorem 5.7. 5
Theorem 7.18 If A is a counterexample to conjecture
7.14 then |A| > p.

Proof: Clearly A contains only AP's with modulus = p.

If |A| were less than p we would then have
M(A) < |A] -1

contradicting the assumption that A is a counterexample.
The case |A| = p may be excluded using the method of

theorem 5.8.

In the rest of this section we will show that a
minimal counterexample to this conjecture which does not
cover 0 must satisfy a set of constraints which are similar
to those obtained for conjecture 5.1 in Chapter 5. We

begin with the following lemma.



1l6.

Lemma 7.19 If A is a minimal counterexample to

conjecture 7.14 for some prime p and g 1is a prime at

least p then
z(A) 27\<b,g> (le6)
for any residue class b modulo g.

Proof: The proof is analogous to that of theorem 5.11.
As in that proof, if (16) did not hold we could form a

collection A* with
|A*| <n-qg+1
7 (A%) o [1,[l N(p,n)]],
= q ]

and such that P(A*) is not divisible by any prime less
than p. To obtain a contradiction we must show that A*
is a counterexample to conjecture 7.14. To do this it is

sufficient to show
N(p,n) /g = N(p,n-g+1) (17)

This is slightly more complicated than the
corresponding step in the proof of theorem 5.11 because of
the awkward nature of the function N. We show that the
function mN(p,n-m+l) is decreasing for fixed n and

increasing values of m for m = p. Let
n-m = no(p—l) + r, 0 <r < p-2.

Using equation (15) we have
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n
mN (p,n-m+1) = m(r+2)p ©

m(r+2)
(m+1) (r+1)

(m+1)N(p,n - (m+l) +1)

Vv

(m+1)N(p,n - (m+1l) +1)

for values of m = p. Thus the function decreases as

required. Since we have assumed g 2= p we therefore have

gN(p,n-g+1l) < pN(p,n-p+l). (18)

It is easy to check that

pN(p,n-p+l) = ©N(p,;n).

Combining this observation with (18) gives inequality (17)

and we are done. g

Theorem 7.20 If A is a minimal counterexample to

conjecture 7.14 then each modulus occurring in A is a

prime.

Proof: Suppose A is a minimal counterexample for some

p and

A = A* U {<a,qgd>}
where g is a prime at least p. We will show that
A¥ U {<a,g>}

is also a counterexample to the conjecture which would

contradict the minimality of A wunless d = 1. Clearly

7z (A*¥ U {<a,g>}) 2 Z(A),
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and

IA* U {<a,q>}| = |A].

It is therefore sufficient to show that our new collection

does not cover the integers. By lemma 7.19

Z(A) 27\ <a,q>.
Hence,
Z2(A* U <a,q>) = Z
as required.
Our final result, analogous to corollary 5.15, gives

an upper bound on the number of AP's occurring in a minimal

counterexample to conjecture 7.14 which have modulus g.

Lemma 7.21 Let A be a minimal counterexample to
conjecture 7.14, for some prime p, which does not cover 0

and let
|{<a,d> € A : 4 = q}| = c(q)

then

gN(p,n-c(q)) > N(p,n).

We reduce A wvia <0,g> to obtain a collection

A*. As in the proof of theorem 5.12 we find
|A¥] < n - c(q)
zZ(A*) =2 [1,[N(p,n)/ql]

and no AP in A¥* is divisible by a prime less than p.

Since A 1is minimal we therefore have
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[N(p,n)/q] < N(p,n-c(q))

which implies the required inequality.

Theorem 7.22 With the notation of lemma 7.21

c(g) < min{g -1, [log g/log p](p-1)1}.

Since A 1is minimal we may assume that all
AP's with modulus g are distinct. Therefore, if

c(g) 2 g-1 we would have
z(A) 2 Z\<a,q>

for some residue class. a modulo g. This contradicts

lemma 7.19.
On the other hand, if
c(q) > [log g/log pl(p-1)
we would have
N(p,n -c(q)) < p 1109 4/109 Pl (g n
< g 'N(p,n)

which contradicts lemma 7.21. These two contradictions

prove the theorem.

The result in this theorem is the best possible for
some values of p,q and n, but not for all. Together
theorems 7.20 and 7.22 give a fairly sharp characterisation
of a minimal counterexample to conjecture 7.14. It should

be possible to construct a sieve as in Chapter 6 and
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thereby obtain an upper bound on the cardinality of a
minimal counterexample as was done for conjecture 5.1

in the early part of this chapter.
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