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SUM}4ARY

A reguLan couering system is a collection of

arithmetic progressions such that every integer belongs

to at least one arithmetic progression in the collection,

and no proper subcollection has this property.

An eæaet couering system is a regular covering

system with the property that every integer belongs to

exactly one of the arithmetic progressions.

The thesis contains three principal results.

I. Let P be the lowest common multiple of the coillmon

differences of the arithmetic progressions in a regular

covering system and suppose P has prime factorisation

cit

i:1

Then the number of arithmetic progressions in the

collection is at least

P TI

t
Ii=I

a . (p. -1)l- -l_ +l

A similar result has been proved by Korec t4l

apptied to exact covering systems. In both cases the

results are the best possible.

2. An

difference

exact covering system in which each

M times is called

common

an ECS (M) .occurs aÈ most



(iv)

I prove the following result. If pt . P2 . Pt are

the distinct prime divisors of the lowest common multiple

of the common differences of the arithmetic progressions

in an ECS (M) then

t-1
M t

Burshtein ttl showed that a similar inequality

applied in the case of a special type of exact covering

system called a naturally exact covering system. Our

result has several consequences. For instance it follows

that in any ECS (M) we have pI < M and that there exists

a number B (M) such that any ECS (M) contains an arithmetic

progression with common difference less than B (M) .

TJ p* / (p,-L)
IIl_=I

p

3. The

conjecture

last part of this thesis concerns the following

due to R..8. Crittenden and C.L. Vanden Eynden t3l .

Let S be the union of n arithmetic progressions,

each with common difference not less than k where k -< n-

It is conjectured that if S contaj-ns the closed interval

[1,k ,n-k+]l then s contains alr integers.

Cfittenden and Vanden Eynden l,2l proved the

conjecture in the (equivalent cases corresponding to k - t

and k : 2. I prove the conjecture in the case k - 3 and

show that if a counterexample exists for a given k then

a counÈerexample exists for that k with the following

properties:

(a) Each coInmon difference in the counterexample is

product of primes < keitheraprimeÞk ora



(b)

(c)
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(v)

If p is a prime, p Þ k, then the number of

arithmetic progressions with conmon difference p

is Iess than Log p/Log 2.

The cardinality of the collection is less than an

explicit function of k, that function being

asymptoticalty equal to 3k (I +L/Iog 2) as k -> æ
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CHAPTER I

TNTRODUCTION

If S is a set of integers and A is a collection

of arithmetic progressions with the property that every

integer in s belongs to at least one of the arithmetic

progressions in A \^7e say that A covers S ' If the set

S is the set of integers we say that A is a couering

system.

The id'ea of covering systems was introduced by

Erdös t7l in 1950. He used such a system to answer a

question posed by Romanoff: are there infinitely many odd

integers not of the form 2k + p where p is a prime?

The .answer was Yes.

A coverrng

classes

system maY be

.i (mod mr),

regarded as a collection of

I<i<k with

the propertY that everY
congruence

*r(^2(
integer n

. * *k, which has

satisfies

¡ f .i (mod mr)

for at least one value of i. Erdös used covering systems

in which t'he *i'= are distinct ' We will call such systems

incongruent cotse?ing systems, a name coined by Porubsky I19]'

(nrdös simply called them covering systems) '
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There are a number of unsolved problems connected

with incongruent covering systems (see, for instance, Guy

t11l), the best known being:

I Are there incongruent covering systems with *l-

arbitrarily large?

TI Are there incongruent covering systems with all the

odd?m. rs
l_

These questions have attracted considerable interest

but littl-e in the way of general results. We will make a

few remarks about question II in Chapter 4, but for most of

this thesis we will be concerned with problems about other

types of covering systems.

There are several different types of covering systems

and a Iarge literature associated with them. In his useful

monograph on the subject, Porubsky t19l cites over 100

articles. Some authors have used complex analysi-s in

investigating covering systems, though most of the

Iiterature uses elementary combinatorial ideas. In this

thesis we rely entirely on combinatorics.

We will consider three questions about types of

covering systems. The questions themselves are not closely

related, but the techniques used in attacking them are

si:nilar. In particular, in definition 2.7 we introduce a

tool which we call reducing a collection of arithmetic

progressions. This will be used in many of the proofs -

It involves taking a collection of arithmetic progressions

which intersect a given arithmetic progression and
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transforming it into a ne\¡/ collection. The way in which

the new collection is related to the integers is implied

by the way the original cottection was related to the given

arithmetic progression. For instance, if the original

collection covers the given arithmetic progression then the

new collection will cover the integers.

Before describing the questions in which we are

interested we introduce some notational devices.

Notatíon L. L

The terms congruence cLass and arithmetic pz'ogï'ession

are used interchangeably in the literature and we will retain

this admirable flexibility. We will however always use the

term moduLus rather than common difference of an arithmetic

progression. Flenceforth we will write AP for arithmetic

progression.

Collections of APr's will be denoted by script capitals:

^, .ß, C etc. For a given collection A we write P(A) for

the lowest common multiple of the moduli of the AP's occurring

in A, Z(A) for the union of the AP's in A and lAl for the

number of AP's in A. We write <ard) for the AP consisting

of integers congruent to a mod.ulo d.

We say A is a reguLan couet'ing system if z(A) =2, whexeZ

is the set of integers, and, if no subcoltection of A has

this property. The name regular covering comes from Znant'

irredundant couering is also used in the literature with

the same meaning.



4

We say A is an eæq.ct couering system if A is a regular

covering and no integer belongs to more than one of the

APrs in A. Dis joint couez,ing is an alternative name in

the literáture.

The following special functions will be used in

Chapters 3 and 7. If a positive integer n has prime

factorisation

n u.n= I lP; r'
¿l-=1

then

f (n) cr, (er-l)

g (n)

t
I

i=I

t
I I t". -1) (P. -r )

I¿.l-I
+1 )

Our first main result will be the following.

Coz,oLLaru 3. 5 If A is a'regular covering then

lAl > f[P(A)) + l.

This result, which was conjectured by Znam 126l in

1975, was preceded by several weaker conjectures and their

proofs d.ating back to a conjecture made by Mycielski and

Sierpinski t16l in 1966. A detailed background is given

in Chapter 3, together with the proof and some extensions.

In Chapter 3 we will also prove

Iheoz,em 3.9. If A is a collection of APrs that does not

cover the integers and P Ís the minimum modulus for which
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there exists an AP <arP> such that

Z(A\ fi <a,P) = 0,

then

lAl > e(P) '

The second main result is an extension of work by

Burshtein 1.21 , t 3l .

Theorem 4.1-2 If A is an exact covering system in which

each modulus appears at most M ti:nes and PI .P2.... .Pt

are the distinct prime divisors of P(A) then

r-1
MTJ

i=1

The theorem has several interesting consequences.

These appear in Chapter 4.

The last three chapters deal with the following

conjecture made by Crittenden and Vanden Eynden tSl.

Coniecture 5.7

modulus at least

z(A) r [1,

If A is a collection of AP's, each with

k, and

nrn-k+I,

then

z (A) z

The cases k=l and k=2 (which are equivalent

^n-k+1srnce R¿ rs tne same for k=I and k=2) \^¡ere proven

by crittenden ancl vanden Eynden t41 in 1970. In Chapter 7

we prove the conjecture in the case k=3. We also obtain,
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IN

the

is

for

of

chapters 5 and 7 some strong necessary conditions for

conjecture to be false. The most important of these

that if the conjecture fails for some k then it fails

that k and a value of n less than an explicit function

k, this function being asymptotically equal to

3 (I + L/Log 2)k

as k + -.

This means that the conjecture could be proven for

arbitrary k by checking that it holds for that k and all

Iow values of n. This checking is carried out in chapter 7

for the case k=3. In Chapter 7 we will also make another

conjecture akin to conjecture 5.1 and show that it can be

analysed in a similar r,rlay -

Chapter2ofthethesiscontainsanumberof

technical lemmas used in later chapters. Most of these

have little intrinsic interest and the reader may prefer

to move straight into chapter 3 and return to chapter 2

only to inspect its parts as they are cited'

Notation L.2

lower case, will

Script capitals

lAl

Letters in ordinary typeface' upper

represent integers unless otherwise

will represent sets or collections of

or

stated.

APrs,

the cardinality of the set or collection A'

<êrd) the AP {n n a (mod d) ).

frg the functions defined in notation l'I'

the highest coilImon factor of the integers m

and n.

(m' n)
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.Q,cm{m, n}

mln

m.ln

Ix]

l"l
IogO x

p (A)

0 (x)

u (n)

v (n)

7.

the bLock of consecutive integers m, m+I¡ ...¡ rl.

the least common multiple of the integers m

and n.

m divides n.

m does not divide n.

the greatest integer not greater than the real

number x.

the least integer not less than the real number

logarithm to the base k of x-

the lowest common multiple of the moduli of the

AP's in the collection A.

prime numbers, often used with subscripts'

pq divides 11' but po*l does not divide n'

the union of the AP's in the collection A'

the integers

the ring of integers 0r1, ..., n-I (moduto n) '

Euler's constant,; 0 .5772J-566. . .

I rogp
p<x

the Möbius function

the number of d.istinct prime divisors of n'

X

PrQ

p0ll n

z (A)

z
zn

Y

n (x) the number of primes less than or equal to

Tl product, emPtY Products equal 1 '

x.
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0

B.

sum, empty sums equal 0.

empty set.

Theorems, lemmas, corollaries et cetera will be

Iabelted m.n where m is the chapter in which the

theorem occurs and n is an integer which begins at I

in each chapter and is incrementecl by I with each theorem,

lemma et cetera. Thus lemma 2.3 immediately precedes

theorem 2.4.

Displays are tabelled (m) where m is an integer

which begins at, (1) in each chapter and is incremented by I

for each display.
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C}IAPTER 2

TECHNICAL RESULTS ABOUT ARITHMETTC PROGRESSIONS

In this chapter we prove some basic results about

AP's and collections of AP's. They will be used to prove

the more involved results of later chapters. Not aII are

original to this work but proofs of all of them will be

given for the sake of completeness.

The first three deal with properties of intersecting

AP's and are fairly easy consequences of the Chinese

Remainder Theorem, indeed part (a) of theorem 2.1 is just

a restatement of that theorem. Here and. elsewhere we say

two or more APrs intersect if their cotnmon intersection is

non empty. We use notation L.2.

Iheoz,em 2.L

(a) <ArD> and (ârd) intersect if and only if

A (mod (d,D) ) ..

(b) If <A,D> and <ard> do intersecÈ then

<4, D> n <a, d> =

for some a*.

If d divides D

<4, D> and (â, d)

<ArD> c <ard> if

a = A (mod d).

(â*, l,cm{Drd}>

(c)

a

then either <ArD> c <ard> or

are disjoint.

and only if d divides D and(d)
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(e) If (êrd) intersects both <41'DI> and <Az,D2>

then

A
2

<ArD> and <ârd)

exists an integer

intersect if and onlY if there

n such that

n=a(modd)

n = A (mod D). (1)

By the Chinese Remainder theorem this is possible

if and only if

a = A (mod(d,D)).

Again by the Chinese Remainder theorem (Hua, [12]),

if the congruences (1) are satisfied then they are

satisfied by exactly one residue class modulo

.l,cm{d,,D}. rf this residue class is a* (mod .r,cm{d,D})

then we see that the intersection of the APrs is

(â*, 1,cm{d, D} > .

Suppose that d divides D and' <ârd> intersects

<ArD>. Then it follows from (b) that the intersection

of these two APts is an AP of the fOrm (â*rD) and

so must coincide with <ArD>- Hence <ArD> is a

subset of <ârd).

If (ArD> is a subset of <ârd) then the inter-

section of these two APts is <ArD> and hence, by

(b), we have þ = .q,cm{drD} and so d divides D'

I (mod (d, DI ,D)) .A

Pno of

(a)

(b)

(c)

(d)
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Bv (a)

A [mod (d,D))

and (d,D) - d since d divides D.

In the other direction d divides D and

a=A(modd)

imply

a = A fmod(d,D)).

Therefore the APrs intersect by part (a) and

then by part (c)

<ArD> Ç <ard.>.

(e) By (a) we have

(mod (d,Dr) )

and

2
(mod (d,D2 ) )

which imply the result.

Most of the results here appear in texts on elementary

number theory, see e.g. Shockley L22l theorem 6 of Chapter 3.

The next result aPpears in Leveque tl5l theorem 3.16, though

proved there in a different waY.

Theorem 2.2 Let A = {..irdit : i = l' ---, t} be a

collection of AP's. (a) The collection has a nonempty

intersection if and only if each pair of AP's in A has.

(b) The intersection is then an AP with mod'ulus

l,cm{d'd2, ..., da}.

a

a =AI

Aa
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Pz,oof :

(a) In one direction the result is immediate' In the

other direction we use induction on t. The result clearly

hold.s when L =2. V'Ie assume it holds for t = t0 and will

show it holds for t = t0 + I'

BY Part (b) of theorem 2'1 we have

(â*, .Q,cm{d, ,d2},<atrdt> n <a,dr>

where

a* = .I (mod dr)

a*=
^2

(mod d

= â^

Now for i = 3r...rt' + t we have

(mod (d' di ) )

(mod (d' di) )

)2

ti=tI

and similarly

.i = a* (mod (d2, di) ) -

These imply

ái = a* (mod l,cm{ (d',di) , (dz,di) }) ,

that is

.i = a* (mod (dr, .r,cm{ dI, d2 } ) ) '

Itfollows,bytheorem2.Ipart(a),thattheAP|s
(Er* , ,Q,cm{ dI, d2 } > and <a' dr> have a non empty intersection

so that. we have the tO APrs

(ê*, .Q,cm{dI,d2}>, 
-..3rd3t, t.to+Irdto+I>

intersecting in pairs and sor by the induction hypothesis,

the cotlection has a non empty intersection'



(b) This part is also proved by induction on t. By

theorem 2.1, part (b) <at,dr> Ã tu.,d2' has modulus

Thenl,cmt dI , d2 Ì

I3.

(2)

{ <a1,

has modulus

so that

f,cm{.Q,cm{dI,d2},d3} = !,cm{dI,d2,d3}

dlrn<aTdr>\ncaydr>

d, Ì
È

and. so on

tr

i' d.>

has modulus lcm{dy d1

t
n<a

i=I I

Lemma 2.2 is used to prove the next Èheorem'

Lemma 2.3 Let A = {<a., rd1> : i = Ir -..rt} be a
a

collection of AP's and P a common multiple of

dlrd2r...¡dt. Then the number of residue classes modulo P

that are covered bY A is at least

I.LlnIntrlt { iI(i/-j(t
+

tI
I<i<j<k<t l

L
I

where square brackets denote lowest cofllmon multiple.

This bound is best possible and therefore positive'

Proof : vÍe write N(iI ,!2, - -.ri=) for the number of

residue classes modulo P covered, by the .intersection of

<ai, di> , . . - ,<a . d. >. By inclusion-exclusion the number of

residue classes covered bY A is

I N(i) I u(i,j) +
r<i<j<r1<i<t

(3)



lVe note that if d

residue classes modulo P

is

we set

14.

divides P then the number of

covered by an AP with moclulus d

(4)

l-

P TT e(i ' 
ik)

P
d

Now for each pair i,i satisfYing

1<i<j<t

lif ... rdit n ..jrUjt + þ,

e(i,j)
0 otherwise.

By lemma 2.2 \^Ie see that

<a. ,d. > n
f t' aI

0<a d >+0
as

I
l.

e(ij 
' 
ix)

,

if and. only if

1

where the product runs over all pairs of distinct elements

of {i1,...,i"}. Using this observation and (3) above we

see that the number of residue classes modul0 P covered

by A equals

P
ilII i +i (s)

ir' íz' l-

where the product is over all pairs iirik from iI, i2, i¡
J

and each e equals 0 or 1. we claim that, this expression is

minimised when each É equals 1 -
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To show this we consider the sum of all those terms

in (5) which contain a factor e(1,21 . This is

P e (1,2) I
ldl'd2l{ 2<i<r ldl'd2'dil

I
J

e (1, i-) e (2, i) +I

= -{N(t,z) IN(I,2,i) +...] (6)

The expression in the brackets is the number of

residue classes modulo P which are covered by the inter-

sectíon of <arrdr> and <a,dr> and are not covered by

any other AP in A. This is clearly non-negative and so

the expression in (6) in non-positive. Thus changing the

value of e(L,2) from 0 to I can only decrease the value

of expression (5). The same argument applies to any E(irj)

so (5) attains its minimum as a function of the e(i'j)'s

when each e(i,j) is set equal to 1. In this case (5)

reduces to (2) as required.

FinaIIy we note that it is possible to have each

pair of AP's in A intersecting, for instance when all the

a.'s are equal. fn this case (5) coincides with (2) and
l-

so (2) is best possible.
tr

In this work we will be concerned wíth the conditions

under which a collection of AP's covers the integers. A

technique that we will use extensively is to concentrate on

how a collection covers a single AP (or part of it) and Èo

deduce properties of the whole collection. The remaining

results of this chapter are tools that will be used in

employing this technique.
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In the next theorem we use Èhe notation z(A) and

P(A) which is explained in notation 1.1-

Iheorem 2.4 If A is a collection of AP's such that

z (A)

z (A)

2 <A' D>

+z

(a)

(b)

Py,oo f

for some AP <ArD>, then

A contains an AP <ârd) with (d'D) > I'

this AP intersects <ArD>.

(a) We prove this part by contradiction- If it were

not true then we would have

(n,e(A)) = 1.

By assumption there is some integer *0 which does

not belong to any AP in A. Ctearly this will also

be so for any integer congruent to *O modulo P(A).

Now choose, as \^7e may by the chinese Remainder Theorem,

an integer x satisfYing

x = *o (mod P(A)l

x = A (mod D).

Then x does not belong Èo Z(^) but does belong

to <ArD>, contradicting the assumption that A covers

<ArD).

If we removed from A all those APrs which dO not

intersect A, forming a ne$¡ collection A*, saY,

then the premises of the theorem would still hold

(b)
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with A* replacing A. Therefore by part (a) , A*

contains an AP <â,d) with (drD) > I which

intersects <A,D>. This AP belongs to A and the

theorem follows. tr

In applications we will use the following corollaries

to this theorem.

Coy'oLLaru Z .5 If A is a collection of AP's such that

7, (A)

z (A)

some AP

AP <ard)

r <4, p>

+z
<Arp> where p is a prime, then A contains

such that
for

an

(a)

(b)

pld

(â, d) c <4, p>

Proof: Part (a) follows

2.4 on setting D = P. BY

intersects <Arp> so that

from (c ) of theorem 2.I.
tr

A result similar to the next corollary \^7as proved. by

BiLl-ick and Edgar iIl using a rather esoteric method which

involved representing an AP as a vector whose entries were

the residue classes to which the members of the AP belonged

modulo the prime divisors of the modulus.

In theorem 3.I of the next chapter we will extend

corollary 2.6 considerably, and use the extension to prove

the main result of that chapter. The present simpler result

is more convenient for applications in Chapter 5 '

immediately from (a) of theorem

(b) of that theorem <â,d)

(b) of the corollarY follows



Cov,oLLaï,.A 2.6 If A = tt"irdit : i = Ir...rtÌ

regular covering system (see notatíon 1-l) ' and p

prime d.ividing P (A ) then the set

{"i : Pl ar}

contains a complete resid.ue system modulo p

t_8.

ISA

l-s a

with

BY (d)

<a.,d.>r' l

Pz,oo f

for any

there exists an AP

and.

a nehT

<A' P>

Since p divides P (A) 
'

say, in which p d'ivides

A satisfying

A + ar (mod p)
J

A contains some AP,

d. . We must show that
J

dkt in A with p divid.ing df

d.> from A to form
)

does not intersect

"k'

.k = A (mod p).

Fix such an A and remove '.j,
collection A*. Since <a, rdr>

(by (a) of theorem 2.1) we have

Z(/.'x ) I <ArP>

z(A*) + Z

By corollary 2.7 A* contains an AP <anrdO>

p dividing d:. and <aO, dn> included in <A' P> '

of theorem 2.L Èhis implies

-k=A(modp)

as required.
tr

we wiII now introduce a method which we wiII call

red.ueing a collection of AP I s. To get an idea of the method
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consider the pair of AP's <0rI0> and <5,10>. These

cover the AP <0,5), SinCe <0,10> consists of the even

elements of <0r5> and <5r10> of the odd elements. In

some sense <0rI0> and <5rI0) are analogous to <0,2>

and. <Lr2> which are' in some sense, simpler than the

original pair of AP I s. lte wiII now formalise and generalise

this idea. we define a method for transforming a collection

of Ap's which intersect a given AP, say <ArD>, into another

collection which covers a subset of the integers which is

analogous to the subset of <A,D> covered by the original

collection.

Definition 2.7 Suppose we have a collection of APrs

A a Ir...rsr...rtÌ

AP (A,D), and supPose that <ArD>

for i = lr...rs, and not for i
where s < t

intersects

greater than s.

We set

ô I
(D, di)

for i 1, . .., s. Now form anc¡ther collection

r* I Ir...rsÌ

{."i, di t

<a.,d.>
l-' l-

{<aT,d*>- l-- l-

and an

where

d./6.r'L
and,

ai o/ô i = (ai - e) /ô i (mod

We calt 4* the :r¿ ductíon of

<a*rdt> l-lne reductíon of <ai'di>

dt
a

(7)

dr)
l_'

A uia <4, D> and

uia <4, D> .

(8)



Remark 2. B Note that ô . divides a. - A bY (a) of
l_ l-

theorem 2.!, and that O,/ði and di are relatively prime

so aI is uniquely def ined rnodulo di -
a

RemaTk 2.9 If D divid'es d.i , (8) simplif ies to

a. - A
I
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Suppose <â*rd*> is the reduction of <ârd)

Then if n is any integer

(mod, di) .

The next theorem and its corollary give the useful

properties of the reduction technique. we will use it

extensively in the following chapters-

D
aT

l_

Theorem 2.1-0

via <4, D>.

A*nD€<ard>

if and only if

Pt,oo f :

By (a)

have

Now,

(+

(+

n € <a*, d* ).

We set

g = (d,D) .

of theorem 2.I and the def inition of reduction \^/e

A = a (mod 6)

a*D/ô = (a - A) /ô (mod d) .

A*nD€<ârd>

nD=a-A (modd)

nDlô = a*D/6 (mod d/ô )
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(+ n = a* (mod d/ô)

(Ð n € <a*rd.*>.
tr

De fi nition 2. Ll If A is a collection of APrs,

z(A) > <A,D)

and no proper subcollection of A has this property' wê

say that A is a minimaL coueríng of <A,D>'

IfAissuchthateachelementof<A,D>belongs

to exactly one AP in A vte say that A is an eæact coueríng

of <4, D) .

CoroLLaz'u 2.72 If A'ç is the reduction of a collection

A via <4, D) then

(a) A covers the integers if and only if A* covers

(b)

(c)

<Ar D>'

A is a minimal covering of <A,D> if and only if

A* is a regular covering sYstem'

A is an exact covering of <ArD> íf and only if

A* is an exact covering system'

(d)

Pt,oof : Immediate from theorem 2'LO'

In Chapter 5 we will be concerned with APrs having

modulus bounded below. A disadvantage of the reduction

construction is that, in general, the modulus of an AP

decreases when the AP is reduced. The final bit of t'his

z (^)

only

includes

if z (A*)

<A+iD:

includes

i = O, .. . rn-IÌ if and

{or...rn-l}.

tr
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chapter introduces another method of transforming one

collection of APrs into another. This transformation has

some properties which are simitar to those of the reduction

technique, but it does not change the moduli of the APrs.

Vüe call this transformation Tp, where p is a prime

number.

D.efinition 2.1-3

an AP in which P

transformation T

(.", podt )

Let p be anY Prime and let <ârP

does not divide d- We define the

by

= <b, Pod>

p

ct-o> be

(e)

Tp

where

b=a (mod p0)

(mod d) .pb=a

A of AP's.

p p

Iheorem 2.74., (a)

collection of APrs.

T (A) = {r (<ard>) : <ârd) € A]

similarl_y we define a transformation on a collection

Let p

Then

be any prime and let A be a

z (^)

if and only if

(b)

T

z

z(rn(A)) --Z

Further, A is an exact covering if and only if

is an exact covering-
p

(A)
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Proof : (a) Let

p(A) = pcrP

where p does not divide P. Let m be any integer, and

find another integer n such that

n =- m (mod p0)

pn = m (mod P). (10)

We will show that

if n belongs to

m belongs to an AP .arpÉd> if and only
0ú_tn'., ild> , where P does not divide d '

m € <arp0d>

(+ m r a (mod po) ,

mia (modd)

(+ rÌ = a (mod po) ,

Pn=a (modd)

n € Tn (<a, pod> .

Since (10) describes a 1-I and onto mapping from

Z,<L) to Zeø) it follows that each integer belongs to

some AP in A if and. only if each integer belongs to an AP

in r (A).
p

(b) It, further follows that each integer belongs to

exactly one AP in A j-f and only if each integer belongs

to exactly one AP in Tp(A). Thus A is an exact covering

if and only if T (A) is.p tr
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Iheorem 2.15 If <a, p0d> is an AP, p|d and

od,r if and only if00 > 0C s- 0, then mp € <ârP

o-1€T
P

mp 1<a,p0d>) .

Py,oof: Let

T (<a,p0d>) = <brp0d>.
p

rhen by (9),

(mod d)

if and only if

0-1mp -Þ (mod d) .

AIso by (9) and the hYPothesis 0 > 0'

mp (moa p0 )

if and only if

0-Imp -þ (mod p
q

The theorem then follows.

0_=amp
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CHAPTER 3

REGULAR COVERING SYSTEMS

In this chapter we will obtain lower bounds for the

number of APts in a regular covering system, these bounds

being in term of numbers such as P(A), (see notation 1.1)

which can be associated with the system. Since any exact

covering system is also regular these results will also

apply to exact covering systems. Before describing our

result,s we will review their historical background.

Recall that in Chapter 1 we defined the following

function. Let n be a positive integer with prime

factorisation

t
TIi=l

0in: Pi

we then define

f (n) (p _1).
l_

We note that f (n) is completely ad'ditive.

In L966 Mycielski and Sierpinski

A is an exact covering system'that if

A, then

c)l,
l_

t
I

i=I

t 161 conjectured

<ârd> belongs to

lAl > (r)
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This was proved by Znam l24l in l-966- Three years

l-ater l25l he proved the stronger result that if A covers

the integers, (ard) belongs to A and is disjoint from

the other AP's in A then (I) still holds. In L975 126l

he strengthened the result stil-I further. He defined. an

AP in A as essentiaL if

z(A) =Z
z (A/<a, d) ) +2,

and showed that <ard> need only be essential in A for

(1) to hold.

In another paper l24l he made the following conjecture.

If A is an exact covering system then

lAl > f (P(A)) + t. Q)

This was proven by Korec tl3l in L974. In 1975 Znam 126l

conjectured that. A need only be regular, not necessarily

exact, for (2) to hold..

Our main result in this chapter, theorem 3-4, is the

following. Tf A is a regular covering system, D is a

proper d.ivisor of P (A ), then

l{<a,d> € A : a/o}l > r(etnl/o) + 1-

Znam's second conjecture is proved in corollary 3.5

of this theorem, and an extension of Znamrs result about

essential AP's is proved in corollary 3.6.

Another important theorem of this chapter is theorem

3.1 betow. It extends the results of Billick and Edgar



mentioned in the last chapter and provides us with two

corollaries. The first of these is used in the proof of

theorem 3.4 and the second will be used in chapter 5.

The final result of the chapter gives a lower bound

on the cardinality of a collection of AP's that does not

cover t,he 5-ntegers. The bound is in terms of the least

number P such that there exists an AP <ârP> which is

disjoint from the AP's in the collection. The result wiII

be used in Chapter 7.

Iheorem 3 . L Suppose A ís regular, <ârd) € A and

is the híghest power of a prime p which divides d

(i) for 1(k(o A hasasubcollection Ak

where
(k)

A = {<a ,d' 1<i<p-IÌk a

such that for each i satisfyíng 1 < i ( p-1'

ok la Ík)¡rl_

a (mod pk-1

a
(k)

-a
l_

= i (mod p).
l<- Ip

,d
(k) are pairwise disjoint''
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Then,

pc,,

(k)
i

(ii) The o (p-1) APrs <a

and each is disjoint from

_ (k)
cl ,I )

(k)
i I

<a, d> '

(i) We prove the result for an arbitrary value

Let c be a minimal subcollection of A such that c

k-1<ârp > and let Ct be the reduction of C viacovers
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k-1<âr P >, as in definition 2.7 so that, by (b) of corollary

2.I2t C* is a regular covering system. Now <â,d) is a

subset of ..rpk It so the regularity of A implies that
<ârd) belongs to C. By remark 2.g .0,d/pk-I, belongs

to C*. Since p divides a,Zpk-l corollary 2.6 implies

that Crr contains a further p-l APrs ..T,dT)¡...1

'"Ë-r' uå-r' such that {0,af,...,"å_r} is a complete

d* is divisible
l_

residue system modulo p and that each

bv p.

<at,dT>r' l-

For each

is the

i, ret ..ju),ujo'> be the AP of which

reduction. Then by definition 2-7,

d
(k)
I

(pk-I (k)
'di

p divides di this implies that p

(k) (k) k-r
d intersects (ârp >so

I

= a (mod. pk-1

theorem

and by remark 2.9

a
(k)

aT
l_

L
k-l_p

Since

modulo p we can,

*

dfk)
l_

d
a

Since

Now <a

2 .L.

k clr-vr_aes

by (a) of
if

_ (k)
q.

I )

a
(mod p)

aT
l_

runs through a reduced. residue system

by appropriate ordering' ensure that,

= i (mod p)
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(ii)

.. Ík)
I

that

We prove this part by contradiction. Suppose

,uln', intersects ."15'),ujT')t where kr >k so

kp divides (a ,d ) . Then by (a) of theorem 2.1(k)
i

(k')
it

(k)
i -a

(k')
i'

k
a (mod p

"ÍT',) - a

k-rp
(mod p)

and so

(k)
l_ -aa

k-1p

The left hand side here is congruent to i and the

right to 0 if k' exceeds k and to i' if kr equals

k. The first alternative is impossible since i belongs

to the reduced residue system modulo P, and the second

implies that the two AP's are identical-

simirarry'.Ík),ulo'> intersecting <ê,d) wourd

imply

a
(k)

a (moa pk)
L

and thus

a
(k)

-a
l_

= 0 (mod p)K- Ip

This is a contradiction since the left is congruent

to i modulo p

Cov,oLLaru 3.2 Vtith A as in the theorem, let n and ß

be integers satisfyíng

O(n(po

0(ß(cr

tr
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and

B <b=, p0 >

By the theorem, A contains the (p-1¡ 1q-B+I) + I

n
U

s=1

0where the numbers are distinct modulo p Then

ßl{<a,ô> € A :p f O, <a,ô> l'l B 0]I >

b
s

(k) (k)
i,d >fork ßr...,0 l- I,...rP-l(¿

l_

and

(â, d> .

Each

suppose both

<b , oot and
5

^ (k)
cl ,

I
(mod p )

of these has modulus divisible by pß. Now

..lo' ,ulo'> and ."jT') ,ulf') ' intersect

that k' > k. Then by (e) of theorem 2-I

(k')
ir

k
a f

which leads to a contradiction as in part (ii) of the theorem.

similarry no ..lo',ulo'> wirl intersect (a,po), which

contains <ârd). Thus at most n of our AP's will

intersect APrs in B leaving at least (s-ß+1) (p-1) + I - n

non-intersecting AP rs. 
o

CoroLLar 3.3 If A is a collection of AP's and P is

for some i and. j,a prime such that

z (A) É .jPo-I,P0)

then A contains an AP <â, d> with pc' I d and

z(A) t .ipo-I,p0>

a
. a-I cr.l_p (moo p )



Proof: We first form a collection of AP's

fi = {.rrpo> : I < r, ( po, z(A) ë <n,Pc'>}.

We then have

.ipo ,po> Ê ß,

3r.

(3)

and

z(A uB) :2.

Now let c be a regular subcollection of A uB. It

is clear that .jpo-Irpo) belongs to C, so by theorem 3'I

C contains an AP <ârd> with

p0 ld

a = jpo-I (mod po-l)

. cl-Ia lp_ l_ i (mod P¡cl-Ip

The two congruences are equivalent to

I

above <ârd> does not belong to B,

and we are done.

(mod pcr) .

BY (3)

belongs to A

so it

tr

Theorem 3.4 If A is a regular covering system, D is a

positive integer which divides P (A) and D does not equal

P (A) , then

l{<a,d> € A d,xDjl>-1+f(P(A)/D),

. ct-
r-pa

where P(A) and f are defined in notation I'1'



32-

ptoof : Vle prove the theorem by induction on v (P(A) ) '

the number of distinct prime d'ivisors of P(A) '

If v (P (A) ) equals I then

p D=p ß o <ß ( a0
P(A)

where p is a Prime- We then have

l{<a,d.> € A a/pßl I | {<a,d> € A nß+tldll.

By corollary 3.2 this is not less than

( (ß+r) + r) tp-rl +I f (%)
Pt

cl
+1

o¿

This shows that the theorem holds when v (P) equals 1'

Tocontinuetheinductionsupposethatthetheorem

hold,s for v(P) not exceeding n' Let A be regular and

Iet p(A) be pop, where p is a prime not d.ivid.ing P

and v (P) equals rI' so that v(p(A) ) = n + I' we will

write the AP's in A in the form <arpYd> where p does

not divide d. Vüe must find a lower bound for

l{.r,pYd> € A r pYa¿eßo}l

where p does not divide D'

We now íntroduce some notation' For each residue

class s modulo pc' let A= be a minimal subcollection

of A that covers ."rpot. It is clear that such a

subcollection exisÈs- Vte then set



.Q,cm{d : <a,pYd> € As Ì

D,Ro

R .Q,cm {R P

P=

D
S

D
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(4)

(s)

]
S s- 1t s

(n Ps-1 t S

We remark that:

for s = Ir ... rP

Pr

o is empty if
S

CLaim: If

P

QS 1<a,pYd> € A= d/fDs], for s :1,...,PG'

S 0P

S

Rpo

R
S

R"S-I

sPD s
(6)

(7)

(B)

o {..rpYdt € A= : dlR=, d,fR=-l}.

It is clear from the last remark and' from the

definition of R= that the coltections Qs are pairwise

disjoint.

does not equal Pst

I a=l

D
S

)+r
S

D(
S

Pt,oof of CLaim: Sínce is a minimal covering of

<srpo> we may reduce it to get a regular covering Any

AP <arpod> in Á" will be reduced, as in definition 2'7'

to an AP of the form <â*,d)- since o=ln= and u(P=) is

at most n, it follows from the induction hypothesis that

if D" does not equal Ps'

A=

Á1.Þ
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lo"l=l{<a*,d>€n! Ì

>tz {(þJ + 1'

we now obtain a lower bound for the cardinality of

the set {..,pYd, € A , pYa/pßo}. lle note that

pYd/pßD + Pß+llpY ¿lp

{..,pYdt € A" : dfo=} = Qs,

so the required cardinality is at least

t t-'3, o=) U {.",pYd, € A , pß*llpYl I

+ l{..,PYdt € Á\ü- A= ' Pß*IlPYll'
s=I

a/p s

or

and
p
U A = A.

s=1 S

Therefore the card'inality equals

p

l(u {.a,pYd>€A=:d/D}l u {<a,pYdt € A , pß*rlpYll.
s=l

Each collection in the first union contains a subcollection

0,

0

p0

I los
s=1

P+DSS

(e)

P+DSS

By (4) to (8) and the additivitY of f'



I
s=l

P+DSS

lo=l > i
S:I

P+D
SS

S:I
P+Ds

T

i
s=I

P+D
S

35.

1. (r0)

we

pcr

'(i) +
popo

I

popop0
Pr
-t¡)I = t(It

R\
S\

F;;/ +

P+D
SS

+ I
s=1

P +D
S 5

s=1
P+DSS

(
\

S

S

We now consider the second term in (9) ' We put

s:I

<srP0)B
p
U
s=I

P+D
S S

and note that if the intersection of <arpYd> and <s'Po

is empty then .arpYd,t does not belong to Q=' so the

second term in (9) is at least

l{..,pYd> € A : <a,pYd> n þ = Q, nß+tlpYll'

By corollarY 3.2 this is at least
PCT

(c, - (ß+1) +r) (p-r) +r 
=!i 

t = t(Ë) +1- i r. (11)

onaddingtherighthandsidesof(10)and.(I1)

obtain the required lower bound" That is'

It.a,pYd, € A , pYa/pßo1l

Pr
-tD,I

(
pcr

i
s=1

P+D
SS

r + r(+)
pp

I 1=t(#)+T
pcr

s=l
>f +

P
S

+D
Þ

+ I.
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Thus the theorem holds when the least common

multiple of the moduli has n * I distinct prime factors

and the theorem is proven by induction. tr

The first corollary to this theorem proves Znamrs

L975 conjecture 1261.

CoroLLaz.U .3. 5 If A is a regular covering system

lAl >

Ptoof: If P(A) does not equal I we obtain the result

immediately on setting D equal to I in the theorem. If

p(A) equals 1 then A must be {<O,I>} and the result still

hold.s. tr

RecaII that an AP <aord

covers the integers but A\ <ao'

corollary extends theorem I of

is essential in A if A

> does not. The next
o

d

ff <a ,d >o' o

o

t2sl.

is essential in A, thenC oroLLar o.o

l{<a,d> € A (d,do)> rll > f (do) + r.

Let A* be a regular subcollection of

is clear that <aordo> belongs to 4* and so do

P(A*). By the theorem we then have

l{<a,d> € A : (d,do)t I}l

A. II

divides

>f(do) +1.
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Theorem 3.7 The bounds in corollaries 3.5 and 3.6 are

best possible.

PÎoof: We show that for any positive integer n there

exists a regular covering A with

P(A) = lr

and

lAl = f (n) + 1.

This will establish that corollary 3-5 is best

possible. Furthermore we will construct such a collection

which includes <o,n>, and so with .tddot set equal to

(0rn> we obtain equality in corollary 3-6.

If n equals I we set A : {<0,I>} which is

satj-sfactory. For n greater than 1, suppose n has prime

factorisaLion

t
n = Tlpiot .

l_=I

Then let

A

t
U
i=I j=l k=I

$Ie claim that A

note that

covers the integers. To see this

cx.I
U

o. -1
U{ .tol -1 oitÌ U <0rD).

.o,pì-rt-..0,pi,

¡

p. -1
U <kp

k=1

j-1 oJt

Sot

I f
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cx, D,-1
l-UU

j=1 k=I

c)¿.
a

U <0,P
j=l

>\<0rp l.kpji ,

p. -1
U

k=I
li

= 21 <0rnltt

p1' j-1
l_ :-

We then have,

p

o,<0, r_>pi

= Z\ <orn>.

So that A covers the integers. It is clear that

lAl equals f(n) + I as reguired.

It remains to show that if any AP is omitted from A

the resulting collection wiII not cover the integers. If

<orn> is omitted then 0 will not be covered. If we omit

.On1-t, pi> for some choice for i, j and k then it is

easy to check that no term in the intersection

I p
a

C[:J>

is covered. This complet'es the proof -

The last theorem of this chapter concerns collections

of AP's which do not cover the integers. we use the

following function which was introduced in chapter t.

<orp.0i>)z\
t
U
i=I

. o¿.t'r-
UU
i=1 j=l

t
n
i=1

.kpl , )=

Z

<kp
j-r
i

j t
> n 40, Tl

i=1
i+j

Pi



Nota,tion 3. B If P has prime factorisation

t
P=flp..oi

I
l-=I

then

39.

(r2)

s (P)

{{ß,k}

LI ; L¡'
a

+r) .

t
I- (("i -1) (p. -1)

l-=l-

Theorem 3.,9 If A is a collection of AP's such that

z(A) +z

and P is the least integer for which there exists an AP

(ârP> such that

z(A\ fì <a,P> = 0

then

l,AI > ge).

Proo-f : The theorem clearly holds when

then (ârP> = <orI>, g(P) = 0- suPPose

loss of generality we can assume a = 0.

prime factorisation as in d.isplay (12).

and for convenience Put

A = 0 since

A+0. vlithout

Let P have

Now fix some Pi

lf = D,
' 'l_

the set

For each of the g(po) ordered pairs {ß,k} in

ß €iI,0-ll, k€tI,P-11] u {o-1,0}}

we have, by the minimalitY of P'

z(A) n (<0,e/po> n .kPo-I, p ß >) + 0

(13)



since the intersection of the two AP's is an AP with

rnodulus l-ess than P. Thus for each ordered pair {ß,k}

A contains an AP, Sây .A,pYD> with p,|D, such that

<A,pYD> n (<o,P/po> (\.Lpß-I,pßt) + O

40-

(14 )

By (a) of theorem 2.1 we Èhen have

A (mod (pYo, p/p") 
J

and

ß-1 (mod (pYD, pß ) ) .p

That is,

A = o (*od (D, p/po ) ) (15 )

and

A=Lpß-I (mod{eY,nß)). (16)

But we know <0,P> is disjoint from Z(A) so we

must, have

<ArpYD> n <o'P> = O-

Part (a) of theorem 2.L then implies

A + o (*od (pYo, P) ) .

since <0, (pYorP) > is the intersection of .0, (pYrpo) >

and <0, (o,P/paÞ tfris implies that one of the following ho1ds.

A+ o (moa(pY,pcr)) (17)

A+ o (mod(D,P/p")).

By comparison with (15) we see Èhat the first of

these must be true and by comparing (16) and (I7) I^re see

that ^y Þ ß. Thus <ArpYD> has the form

0

kA



<.Q,(D ,P/pd) ,D> lì <tnß-1 + mpß,PY>

4r-

(r8)

for

for

see

some .Q, and m, and with y Þ ß. We get such an AP

each pair {ß,k} altowed by (13) and it is not hard to

that they are disjoint, (each is a subset of .Lpß-I,pßr).

Thus we have g(po) AP's in A satisfying (I8) for

each prime in the set {n1,n, ' . - -,pt} - This gives a total

of g(P) AP's. Our final step is to show that APrs of the

form in (IB) but correspond.ing to different values of p

are distinct.

Suppose not. Then there

say, which by (14) satisfies

is an AP in A, <ATPYD>

<A,pYD>n<orP/po>+O

for some prime P, and for some prime pj distinct from

p satisfies

<A,pYD>n<o,P/pjoit *O

But

<ore/po> n <o,e/P.0it = <orP)

so by theorem 2.2 <ArpYD> intersects <O,P>, contrary

to the assumptions of the theorem. This shows that APrs

associated with different primes pi are distinct. APrs

corresponding to the same prime pi are disjoint (and

therefore distinct) by the remarks following display (fe¡ '

Thus A contains at least g(P) AP's and we are done.
tr
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CHAPTER 4

EXACT COVERING SYSTEMS

In notation 1.1 we defined an exact covering system

(henceforth an ECS) as a coltection of APrs which covers

the integers and. whose members are pairwise disjoint. The

greater structure of an ECS compared. with a regular covering

system makes this type of covering system easier to

investigate. We begin this chapter with two o1d results

about such systems.

Theorem 4 .1, If A is an ECS where

i = 1,...rtÌ

then
1

Proof .: Each AP <ai'di> covers exactly p (A) /di

residue classes modulo P(A). Since these APrs are pairwise

disjoint the total number of residue classes modulo P(A)

included in z(A) is

t
.I- P (A) /di.
l-=I

Since Z(A) : Z this sum must equal P(A) which gives the

required result. 
o

A = {..rrdi,

t
a.

t_

t
I

i=1

This theorem will be used in the proof of corollary 4.16.
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Our main

which we define

results in this chapter concern ECS (M) 's

as follows.

Defínition 4.2

most M times is

An ECS in which each modulus occurs at

called an ECS (M)

Our second theorem is due to Davenport, Mirsky,

Newman and Rado tI Il

Theorem 4.3 The only ECS(1) is {<0,1>}.

Proof: Suppose A is an ECS (1) where

A {..i,dir : i 1r...rt]

and

0<d
1

<d 2<

ft is not hard to see that if

with absolute val-ue l-ess than 1 then

must satisfy the identity

I/ (L-z) ,ui/ (1-zdi¡.

z is a complex number

the a,'s and d.'srl_

(r)

dr.

t
Ii=1

rhLet z be a primitive d,-o root of unity, and

Iet z approach zo. If da does not equal L, so that ,o

does not equal 1, the absolute value of the right hand sid'e

of (t) approaches infinity while the left hand side remains

bounded. This contradiction implies that dt = I, and so

we must have A = {<0r1>}.
tr

Several authors (see tll and t19l) have commented

that no proof of this result is known that does not use
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complex numbers. one aim of this chapter is to remedy

this deficiency. More generally \,ùe will be concerned with

characterising ECS (M) 's for arbitrary M'

For a given M \de may ask questions analogous to

those asked by Erdös about regular covering systems with

distinct moduli. ThaÈ is, vre ask

I For a given M, do there exist Ecs (M) 's with all

moduti arbitrarilY large?

II For a given M, do there exist Ecs (M) 's with all

modulirelativetyprimetoSomegivensetofprimes?

we wíll ans\^¡er the first of these questions in the

negative (see corollary 4.16) . As a partial answer to the

second question we give a condition that must be satisfied

by the set of primes dividing the moduli of an ECS (M) .

This_ condition is given in theorem 4.I2 which we state nohT'

Iheorem 4 .1-2

are the d.istinct

is an ECS (M)

divisors of

and.l:.(P.<-r -¿

P (A) , then

ffA

prime

pr

t-1
p+ < M Tl ei,/ (nt-r) .

L : 
-1 

4
I_.L

This extends work done by Burshtein ( t2l ' t3l ) on a

speciat type of ECS called a naturally exact covering system'

The idea of such a collection was invented by Znam 127) who

d.efined them in terms of rooted trees ' We use here an

alternative definition due to Korec tlal '
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system (henceforth an NECS)

sequence of collections AO'A

A0 = {<0,1>}, At = A

I'.. -,Al such that

and for i - I,...rt there is a prime Pi and an AP

inA such that
l_

A i+I = {Ai\{..i,d.>}} u {<ai + jdrnr>: j = 1,...'P}"

De f i,nition 4 .4 An ECS A

Informally Ai*t

one of the AP's in Ái

is a naturallY exact coverlng

if there exists a finite

is formed from Ai bY Partitioning

into pi APrs of equal modulus.

<a. ,d, )I. I

EnampLe 4.5 If we set

ta, , dt, P1) = {o ,L ,2 }

and

{a,d,p2} = {0r2,3}

we get

A0 = t<0,I>]

AI = {<0 ,2>, <I ,2 >}'

A2 = {<0,6> r<2r6>t<4r6>rz-Lr2>}

AO, Af and A2 ate NECSrs.

Not aII ECS's are NECS'S as the following example,

due to Porubsky [18]rshows.

EsampLe 4.6 The collection

{ <0, 6 > t <4, 6 >, (1, I 0>, <3, r 0>, <'7, r 0>, <9 rLo>, <5, 15 >

<2 r30>, <8, 3O>, <L4, 30>, <15r30> r<25r30> r<26r30>]
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is an ECS which is not an NEcs. To see that it is not an

NECS note that i-t contains no subcollection of AP's with

equal moduli whose union is an AP.

The main result proved by Burshtein is the following

(theorem 2.7 of t3l ) .

Theorem 4.7

occurs at roost

distinct prime

Lemma 4. B

reduction (see

some integer

divisible by

If A is an NECS

M times and p1 <

divisors of P (A )

in which each modulus

P2<
then

Pt are the

t
IrI

Note that in our theorem 4.L2 the product is over

values of i from I to t-1 rather than I to t. This

means theorem 4.L2 is slightly stronger than theorem 4.7

even when we restrict our attention to I'{ECS's. For instance,

theoretn 4.L2 shows there is no ECS(2) whose moduli are

divisible only by the primes 2 and 5. Burshtein's theorem

does not forbid such collections.

we will now prove two lemmas which wilt be used in

the proof of theorem 4.L2. We then prove that theorem and

derive some corollaries. In the final part of the chapter

we make some comparisOns between our results and one of the

questions asked by Erdös which were mentíoned in Chapter I '

pt< Tl p-' / (P,-L)
!I.l_=I

rf A is an ECS (M) , potte (A) and Ax is the

definition 2.7) of A via .a,Po I> for

a, then A* is an ECS in which each modulus

p occurs at most M times -
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Pnoo f :

2.I2, with

<b* , Pd* >

A. Then by

pd*

We know 4*
cl- I<ârP > l-n

in A* is

definition 2

= d,/ (po, d) .

(ê, d)

cover

d

ECS by part (c)

role of <ArD>.

reduction of an

of corollary

Now suppose

<brd> in

is an

the

the AP

7

Since d cannot be d,ivisible by a higher power of

we havep than

pd* = d/pcr-1

Since there are at most M AP's in A with modulus d

4* with modulus Pd* -there are at most M in
u

For the next lemma we need the following definition.

q,
p

Definition 4.9 Let S be a colleition of APrs- We

is mq.æimaL in S if S covers (ârd>

any AP <ârA> where 
^ 

is a ProPer

say

butthat an AP

S does not

divisor of

Remark 4 . L0

d Ad' where

It follows that if S covers (ârd> then

(ârd') is maximal in S.

Suppose S is a collection of APrs, each

D.

It follows easily from theorem 2.I (a)

intersects an AP <ArD>, then so does

having modulus

(a) If <â,d> is covered by S then so is <a, (drD) > '

(b) If <a,d) is maximal in S then d divides D'

Lemma 4. L7

Proo f : (a)

if <a, (drD) >

that

<â, d> .
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Hence if <a, (drD) > intersects an AP <A,D> not belonging

to S, then so does <â,d>. Thus if <4, (d'D)> is not

covered by S, then neither is <ard>'

(b) If (â,d) is maximal- then by part (a)

d - (D,d),

so D divides d as required'
tr

We are now ready to prove our main theorem' We

recall from notation L-2 that empty products equal 1'

Theorem 4.12 If A is an ECS (M) PI<P2 <ptand

P (A) thenare the distinct prime divisors of

t-1
P*<MTI' i=r

1).tl_
Þ. -T'l-

(2)

Proof:Theproofisbycontradiction'supposethatA

is an ECS(M) that does not satisfy Q) and thaL naolle14¡.

Let (âorpaod> belong to A and let 4* be the

reduction of A via .âo,nT-tr. It follows from definition

2.7 and. lemma 4.8 that pallll4x¡ and each modulus that

appears in Áî and is divisible by pt occurs at most M

times in A*.

{<ard> 4* t Pt,ld}

{<ard> 4* t Ptld}

P(ß).

From the remarks above we see that

We now set

B

c

D

¡tt = B UC, C +0, P¡rfD
(3)



49.

and each modulus appearing in C occurs at most M times.

We note that by theorem 2.L (c) each residue class mod D is

either covered. by an AP in B and So covered by B or else

is disjoint from all APrs in B. Let

S = {<ArD>: <ArD> is disjoint from ß}

and note that this is nonempty since C is nonempty and A"

is exact.

By remark 4.10 if <ard> is any AP covered by S

then

d = 
^d' 

(4)

where (êrd') is maximal- in S, and by part (b) 'of lemma 4.f I

d,, D (s)

We now fet

{dl'd2'...'drr}

by the set of d.istinct moduli of maximal AP's covered by S

D is clearly nonemPty.

At this point we outline the ideas of the proof. we

will use the set D to obtain a lower bound on the number of

residue classes modulo PtD that are covered by S. These

must be covered by AP's in C, and. such AP's have moduli

satisfying (4) and (5) and other cond.ítions stated in the

first paragraph of this proof. Vüe will introduce a number P

which is a large multiple of D and use these conditions to

obtain an upper bound on the number of residue classes modulo

ptD that are covered by C, this bound also being given in

terms of the set D. Each residue class modulo D is the

0
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disjoint union of ptP/D residue classes modul-o PtP so

the two bounds may be compared. Our contradiction witl be

obtained when we show that the lower bound exceeds the

upper bound.

we now obtain our lower bound.. By the definition of

0 there exists a collection of APrs

{<airdit : i - 1r.-.,n}

whose union is covered by S. By applying lemma 2.3 to this

collection we obtain

lsl > D ir
L l-<i(n

I1<i<j<n
f,I

d.
l_

It follows that the number of residue classes mod

ptD not covered bY B is at least

1
il

l_
n.o { I1(i(n I(i< j(n .,d,]a' )

I + (6)
Id

and these must be covered by APrs in C.

we now turn our attention to these AP's, recalling

that each has modulus divísib1e by pt but not by Ptt

and each is covered by S. By (4) above, the definition of

C and our observation (3) thaÈ pt does not divide D (so

that pt does not divide any di) each AP in C has the

form

<a , padrA >

where the prime factors of 
^ 

come from the set

{p1,1, ,... rPt-f } and d
l_

belongs to D

(7)



We now define

5I.

(B)

N

P

where N is chosen sufficiently large so that

DIP,

<a,prdrÀ>€C+d'¡lP,

and P satisfies inequalitY

residue classes modulo PtP

having this form is

(10) below. The number of

that are covered bY one AP

P
Ad

a

The moduli of the AP's occurring in c have the form

o.d.Â where d, divides P and d'., belongs to D'rt-i" --j- l-

Each suchmodulus appears in at most M of the AP's in C,

and the number of residue classes modulo PtP covered by

such an AP is given by (8). To obtain an upper bound on

the number of such residue classes covered by C we may

suppose that each allowable modulus appears M times. we

therefore sum the expression (8) over all allowable moduli,

then multiply the total by M. In doing this we use

inclusion-exclusion, summing over the indices i and

noting that an allowable modulus may be divisible by more

than one element of O.

If there were one AP having modulus PtdiÀ for each

i and A such that di^ divid.es P then the number of

residue classes modulo PtP covered would be



I l{ctasses covered by AP's with modulus divisible by
l(i(n

I
I(i<j(n ld.,d.lf. l
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(e)

(r0 )

(1r)

d.]
I

i
1(i<j(n

l{ with modulus divisible bY ta. ,arlÌ I

+

1
A

P
d

P i
tlp/ [di,dj ]

*.I I
i 

^lPld.

Here and in the rest of this chapter sguare brackets

denote lowest colnmon multiple. On multiplying this

expression by M we obtain the required upper bound. That

is, the number of residue classes modulo PtP covered by C

is at most

MP{ I + 
^rn}u,

I
AIP/[di'dj]

tr

^L

I
*.

I
IIoi' )

d l

we now make our final requirement on the size of N

By hypothesis, inequality (2) is not satisfied so

pt

for some ô > O. Now d.ef ine a positive number e by

I I +
l_

Ld ,,d.1r-. l
I

Ld
l_

¡ ) i' l I I

where the sum in the denominator is over all subsets of D

wit.h even cardinality, and the numerator is positive by

Iemma 2.3.

t-I D.MII#
l_=I 'l-

Id{t
I

1ô
" 2M

+Ild

t
I

{i
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_11I +- + 
-z* 

..-Pr Pr
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_1I I 

- 

l_
p,"

L-Ialptlar, .l.,u,,t
t(
Ã* 

l.

t-I
=Tf

pi

i=1 Pi-t

The left hand side is approaching Èhe limit from

below so we may choose N sufficiently large so that

t-r
TT

D.'l-
Þ. -ï

I I
A

<TT

1
Ã

pi
p. -1

(r2)

(13)

i;l

t-l

It, foll-ows that

tlp/[dr,...,dr]

^ 
lpl tdi ...rd

e<

e<
l

pi
o. -1

I

TI I <IT
io I

."{ T

t_I

for any subset {Urr. ,Uir, ...,Ur"} of D. with N so

chosen and using the d,efinitions of 6 and e (equations

(fO¡ and. (If¡ ¡ , wê see that the expression in (9) is less

than

*{'#m*ï} ',rh, lhrþ ,] + ]

p.
=MPîT 

a=
p. -r-l- {' {

I
il.

1
+lvlP E T +I

'd¡'d¡'d¿

L
I+

=(r.-ô)"{ tù-tù I. ..-) * åô "{ '+ _T

I
d

<p
I

-T + )

+



This is an upper bound on the number of residue

classes modulo ptP that can be covered by AP's in C-

Expression (6) gave a lower bound on the number of resid'ue

classes modulo ptD that had to be covered by AP's in C-

Since each residue class modulo PtD corresponds to P/D

residue classes modulo ptP the number of residue classes

mod ptP that must be covered by C is at least

54.

(r4 )

1
ã.l-Ën.o {

II 1 +lãFr
Comparing (f3) and (1+¡ we see that the

residue classes mod PtP that can be covered

than the number that need to be covered- Thus

possible to form an ECS (M) not satisfying (2)

done.

number of

C is l-essby

ir
and

is not

\,ve are

We no\tr use theorem 4.L2 to obtain some results about

ECS(M)'s. For the most part similar results for naturally

exact covering systems \^Iere obtained by Burshtein ( t3l ) who

derived his results from his theorem 2.7 which is analogous

to our theorem 4.L2.

CorolLany 4. L3

mod.ulus of any AP

greatest prime p*

The greatest prl-me Pt

in an ECS (M) is at most

satisfying

dividing the

equal to the

*H.fr 2P*,

where the product is over primes less than p*
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Proof Immediate from theorem 4.L2.
tr

Remank 4.14 It is easily checked that

'l-T
p<p*

is strictly decreasing for p* > 3, so p* in the corollary

is well defined. vlhen p* = 2 the expression equal t + and

when p* - 3 it equals 3/5, so it is always less than t.

!{e now give an alternative proof of theorem 4.3.

CoroLLaru 4.L5 (- Theorem 4.3) The only ECS(]) is

{<0,1>}.

p
p-1

1

F

Pt,oof : If there did exist an ECS(1) with

would have a set of primes P1 < ... <

t-I

This would imply

P(A) + I

such that

we

P+<
L¡ I=I

I<

which is impossible by remark 4.14.

The next corollary answers question I at the

beginning of the chapter.

lTl
Pt P'Pt

p
p-1

CoroLLay 4.76

a number B (M)

is less than

u

For each positive integer M there exists

such that in any ECS (M) the least modulus

B (r{) .
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Pz,oof: Let p*

4.13, and let

be as in the statement of corollarY

D {r o ]I

be the set of integers al-l of whose prime factors are at

most p*. Then

M M +
ô l-

MTI
p(p *

p
p-1

II
-Il-

ï-T
p<p

(r*!*'p*
t

PT

and this is finite.

such that k is the

There therefore exists an integer k

l-east integer for which

M

Now suppose an ECS(M) existed with each modulus Þ ôk.

Since each such modulus must belong to 0 and. each occurs

in at most M AP's in the ECS (M) , the sum of the reciprocals

of these moduli is less than

oo

\'
L

.: _r -I -¡r

I--ô.I
I

i=k

I
- 

( I.ô.
f

I the sum of

The statement

ô

(ls)

the reciprocals

of the

M

But according to theorem 4.

equals I which contradicts (15).

corollary follows a setting B (M) k'

For the next corollary r,üe need two more definitions.



Definitíon 4.L7 Vte say that ECS(M) 's are dísioint if
Seq

in the 1

57.

ueñtP
containing aII their moduli each modulus occurs

M times.

t-T
p<p (M)

at most

Definition 4.1B The maximal number of disjoint EcS(M)'s

is denoted D (M) .

CoroLLaru 4 . 1-g Let M be at least 2 and let p (M)

be the least prime for which

M < p(M). (16 )

Then

Proof : Suppose we have D(M) disjoint ECS(M)'s and that

the moduli occurring in these eCS (M) 's are ô1, ô2, . . . r 6¿.

By theorem 4.1 we have

lf
p-1

1
t
Ii=I

I
6

t
T

i=1

ôi = D(M)

and, as in the proof of corollary 4.16 we must have

<M
J-

An easy rearrangement of

here is less than p (M)

shows that the right hand side

Thus

(16 )

1.

D(M) < p(M) I

Since D(It) is an integer this implies our result.
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prime divj-sors of

P <Mt

rf pr<
the rnoduli

p2 < .-. <

occurring in

58.

are the distinct

an ECS (tvi) then
t

The result

rnocÍulo p

pyoof: we suppose p1 > M and derive a contradiction.

First suppose ! = I ana Plo is the highest power

of p1 that divides any modulus in the Ecs (M) . Then for

each positive i not exceeding oü there are at most M

resid.ue cl-asses mod nrt , and each of these covers cr- L
P,

residue classes modulo plo. Thus, since M < Pl-, the

total number of residue classes modulo PIo that are covered

is at most

is best possible

is an ECS (p) for

since the set of residue classes

any prime p.

cl-I a-2
P1

O¿y (pr ++ P1 f

which is impossible for an exact covering system. Thus the

case t=1 cannotoccur.

!üe may therefore assume t is greater than 1 ' We

will show that

r-1 o. -l (17 )T-ï
i=1

for any E > 2, and any set of Primes

M<P1 pt



We use induction on t. vlhen | = 2 iL is easy to check

that (17) holds by using the inequalities Pr > M +l'

pz Þ pr +1.

Nor,.r assume (17) holds when t = t0' We show it

also hold.s for t = to * 1- We have

Pto +1

te
T-ï
i=1

o. -1tr

"f
ts+1 P-L0

to-l
TI
i=1

to-1
T_T
i=I

59.

o. -l
P1

D.

pr I
U

P
2p !L0

(pto + (n.o -1)

;' l{r

by the induction hYPothesis - Thus

by ind.uction whenever P1 exceeds

gives

t-1

p
2 te

holds for all t

Rearranging (17)

pt

(r7)

M.

0

M T-T
i=1 'Pt

which contradicts theorem 4.LZ when P1rP2r "'rP¡ are the

prime divisors of the mod.uli of an ECS (M) . This establishes

the inequality in the corollarY. 
o

We now rephrase this result using the following

definition.

nitíon 4.21- For a given Prime P let

e (p) = mintM:3 an ECS (M) in which no modulus

is divisible by a prime less than pÌ '

De fi
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CoroLLaru 4 .20' For all P

e(p) - p.

To compare this result with problems about general

covering systems we make the following definitions.

Definition 4.22 An RcS (M) is a covering sYstem, not

in which each modulus occurs at most Mnecessarily exact,

times.

Defíníti'on 4.23 For a given príme p let

r(p) = min{M:= an RCS(M) in which no modulus is

divisible bY a Prime less than PÌ '

It has been conjectured by Erdös [B] that r (p)

equals I for all p. In t7l he showed that r(2) = 1 but

little progress has been made towards settling the conjecture

for higher values of p. It may therefore be prud'ent to set

oneself the more modest aim of finding a strong upper boru"ld

on r (p) as a function of p. We end this chapter with a

rather crude bound.

Theorem 4.24 For aII p

r(p) ( p -1.

Pt,oof : We construct an RCS(p-1) in which p is the

smallest prime factor of any modulus. Let q be the

least prime exceeding p. By Bertrand's postulate we have

s (p-1) Þ q. (18 )
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vüe claim the following collection of AP's is the

required nCS (p-1) .

<1rp>, <2rp), ...r<P-IrP>

<PrP2>, .2PrP2',.--r<

<0rg>, <I rg.>, ... r<P-2 r9>

<p-1rg>fl.0rP>, <PrQ>0<0rP>, .. - rt2p-3 r9>fl<0rP>

.2p-2rg>fl .0 ,p2r, <2p-Irg>[ì<0rP2> , . . . t '3p-4 r9>î'0, P2>'

To see this note that the fj-rst two rows cover all integers

not congruent to 0 modulo p2 and that AP I s in the last

three rows together cover all AP's of the form <ir9>fì<0,p2'

\^Iith i going from 0 to 3p-4 . By (IB ) i therefore

runs through a complete residue system modulo 9, and so

the system covers the integers. Tt is then clearly an

ncs (p-t) .
tr
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CHAPTER 5

THE CRITTENDEN ÄND VANDEN EYNDEN CONJECTURE :

CHARACTERISATION OF A COUNTER EXAMPLE

Formostoftheremainderofthisthesiswewill

consider the following conjecture, due to R.B. Crittenden

and, C.L. Vanden Eynden i5l. In the final part of Chapter 7

we will introduce and examine a ne\i¡ conjecture which is

akin to this one.

ConiectuY:e 5 . J. Let n and' k be positive integers with

n AP 's, each havj-ngn ) k. If A is a collection of

modulus at least k and such that

z(A) r Ir,k2t-k+1]

then

7'(A) = z '

Thisconjectureisequivalentinthecases]ç=1

and k - 2 sínce for either value we have

k2n-k+I 2n

The following observation has been made by Crittenden

and Vanden Eynden t5l.

Theov,em 5.2 The conjecture does not hold if k2

is replaced bY a small-er integer '

n-k+I
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Pro of Let

A = {<irk> i = l,...rk-rÌ u {<z i-lkr2ik, : i = 1,...rn-k+l).

It is easily seen that

z (A) I l1-,kz
n-k*l I]

and

z(A) + Z.

The history of the conjecture begins with the following

conjecture by Stein t23l-

Coniectuz'e 5.3 If A is a cotlection of n Pairwise

disjoint APrs with distinct moduli, none of which is <0,1),

then there is at least one integer 4lr t ( m ( 2n, which

does not belong to Z(A).

In this conjecture it is not necessary to state that

z(A) + /

since equality here would mean \^/e had a non-trivial ECS(1)'

This is imPossible bY theorem 4.3.

Erdös t9l showed that this conjecture would hold if

2n was replaced with n2n. He then made a stronger

conjecture corresponding to the k = I (or 2) case of

conjecture 5.I. This was proven by criÈtenden and vanden

Eynden in 1970 t4l. We state it as a theorem'

Iheonem 5.4 If A is a collecti-on of n AP I s such that

z(A) r [1,2n]
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then

z(A) = Z.

An announcement of a proof was also made by

J. Selfridge l,2i-l at a meeting of the American Mathematical

society, though apparently his proof was never published.

Erdös, in a private communication, suggested to

crittenden and vanden Eynden that they consider collections

of AP's having modulus at least 3 which covered an initial

interval of the integers without covering them all.

Crittenden and Vanden Eynden replaced 3 with an arbitary

positive integer k and made conjecture 5. I. This first

appeared in the American Mathematical Monthly t5l and has

since been published by Guy tlll and Porubsky tI9l '

Remaz,k 5. 5

[1, k2n-k+r]

conjecture 5

replaced by

It is easy to see that the intervals

and ll-,2nl appearing in the statements of

. I and theorem 5.4 respectively could be

any intervals of the form

lb+r, b+k2n-k+11 and [b+r, b+zn]

the truth of either statement-respectively, without altering

This observation allows us to

IN

holds for

following

this thesis \^Ie

all- values oÏ

contributions

simplify some of our Proofs.

wilt not prove that conjecture 5.1

n and k but instead make the

to such a proof.

(a) Conjecture 5.1 holds for k - 3 and all

If the conjecture fails for some k then

for that k and for some n less than

nÞ3

(b) it fails
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3 ( 0(k) /Log 2 +k) 2t¡ (k) + 18 logrk Itoerkl + t 3 l:osr3-+ ) [losrkl+

where O(k) and r(k) have their usual meanings (see

notation 1.1).

These results will not be proven until crrapter 7. In

this chapter we obtain a nu¡nber of properties which a minimal-

counterexample (defined bel-ow) to the conjecture must possess'

These will give us a sufficiently precise characterisation

of such a counterexample to apply a sieve technique. The

sieve itself is the subject of the next chapter, and is

applied in Orapter 7. Like most sieve results this one only

gives the required bound when Some parameter, in our case n'

is sufficiently 1arge. Thus to prove the conjecture for some

value of k it is necessary to check the low values of n one

by one. We do this for k - 3 in Chapter 7.

We now define a minimal counterexample'

DefinitLon 5.6

a mínimaL countereæamPLe

APrs, each with modulus

z(A) r [1,k2n-k+1

given positive integer k we

for this k as a collection

at least k, and such that

l

For a define

Áof n

and

z(^) + Z

and further such that (a) n is the least integer for which

such an A exists and (b) in any other collection of n

AP's having these properties the sum of the moduli of the

APrs is at least equal to the sum of lhe moduli of the APrs

in A.



In obtaining necessary conditions for A to be a

minimal counterexample we will often use proof by contra-

diction, showing that if A did not possess the specified

property then it would be possible to construct another

counterexample with lower cardinality, or with the same

cardinality and the size of one or more of the moduli

decreased. In the proofs it will sometimes be conveníent

to assume that O is not covered by A. We now show that

this can be done without loss of generality.

66.

counterexample

a minimal counter-

O and which has

Theorem 5.7 If there exists a minimal

for a given value of k then there exists

exampJ-e for that k which d.oes not cover

the same cardinality and the same moduli.

proof: Let Ax be a minimal counterexample. Since

Z(A^) does not equal Z we know there exists an integer,

*o sây, which does not belong to any AP in A*. This will

also be so for any x satisfYing

[mod P(A*)).x=x o

Thus

belong to

let

t_
f\

there

z(A*).

are non-positive integers which do not

Let y be the greatest of these- Now

tca-yrd>:<ard>€Ax]

z(A) r [I,k2

and we have

z(A) þ. {0}.

n-k+I l

tr
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our first necessary condition for a minimal counter-

example is the following:

Theoyem 5.8 If A is a minimal counterexample then

lAl > k.

Pnoof: We must show the conjecture holds when n = k'

Suppose we have a collection

{= i = Ir... rkÌ

with

d >k for i = 1r...rk
l_

z (A) r [1,2k] .

Each of the integers L,2, -. - rk must be includ'ed in

a different member of A (otherwise the AP would have conrmon

difference less than k) so A has the form

d = {<ird.> : i = Ir...rk}.

The integer k +I must be covered by one of these.

The only one that can do this is <lrdl> so we have

dI = k. By considering k + 2 we then find dZ = þ and

so on so that

d. = lç for i = 1r... rk.
t-

But now we have z(A) = Z as predicted' by the

conjecture.

{<ai,dit
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The rest of this chapter wiII be concerned with

constraínts on the moduli of the AP's in a minimal counter-

example. Our first is given in the following theorem.

Theorem 5.9 IfA is a minimal counterexample which

<arbc> belongs to A with b ) k,anddoes not cover 0,

c ) I, then

(a) z(A) =/<o,b>,
(b) a = 0 (mod b),

(c) <arbc> c <0rb).

Pz,o o f Vürite

A=A*u{<arbc>}.

Now <ârb) r <arbc>, so

z(A- U {<a,b>})= z(Al

Ð lr,k2t-k*11 .

This means Lhat A' U {<arb>} is a counterexample

to the conjecture, contradicting the minimality of A,

unless

z(A* U {<arb>}) =2, (r)

so \^re conclude that this is so.

therefore A*, do not cover 0t

(arb). That. is,

a = 0 (mod b).

We assumed that A, and

so 0 must belong to
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This is part (b) of the theorem.

follows from (1)o and part (c) from part

Part (a) then

(d) of theorem 2.L.

Using this we prove

CoroLLaru 5. L0 Suppose

that does not cover 0, and

A is a minimal counterexamPle

(ârd> is an element of A.

(a) rf zal d and 2d > k then

d = 2d.

(b) If p is an odd Prime, P

d : pofr.

Pz,oof: (a)

greater than 1.

in the role of

a = 0 (mod zs).

q-1
Since we also have 2 do

Suppose d - 20d^ where d^ is odd and-o o

Then by part (b) of theorem 5 -9 , with 2d

b and d in the role of c, l{e have
o

ll d and pcr>k then

> k hle use part (b)

b to give

o¿+I

(2)

again with ,o-tuo in the role of

cr -I(mod 2 d.

Together (2) and (3) ímPIY

(mod 20d

which implies A covers 0, a contrad'iction -

(b) suppose d = po*Ido where

odd prime which does not divide d

(3)

>1 and p Ísan

We again apply Part (b)

a=0

a=0

o

o

d

o

o
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of theorem 5.9

and second with

al1

If

API

enable us

>k and

to forbid

d >l

counterexample and p

have

Note that theorem 5.9 does

s with modulus pod with

is a prime or prime power

IfA

for all

cr *ltwice, first with p in the role of b

in that role, obtaining

(mod pu*l
',qd

a=0

â=U

)

(mod

This leads to a contradiction as in part (a).

podo)

not
0,p o

do
with

<k

we cannot obtain a contradiction by arguing as in corollary

5.10 .

The next five results do improve on corollary 5. I0

in the special case of primes which are at least k-

- o-1ct l)
o^

Theoz.em 5 , 1-1 is a minimal

a prime, then integers b we

z(A) ¿Z'\<b,p>.

Proof: Suppose otherwise so that A U {<b'P>} covers

the integers and any regular subcovering of it. must contain

<brp>. By corollary 2.6 A therefore contains at least

p - I Aprs whose moduli are divisible by p and which are

disjoint from <b,p>.

lrJe now reduce the collection

{<ard> € A: <ard) fl <brP> + 0}



via
4*

<brp>, âs in d.efinition 211 , to obtain a collection

with

lA*l (n-p+1.

Nol^¡ A being a counterexample implies

z (A) Þ [I,k2n-k+1] n <b,P>

{u + ip : i = 0,..., [k2n-k+'/n] r] -

Here we have assumed, âs we may, that I < b ( p' By

part (d) of.corollary 2.L2 we, then have

z (A*) :r [0, [k2n-n*t/n] - 1l .

AIso, since

z(A) =/\<b,p>,

z(A) +z

we have

z(A) á <b,p>.

By part (a) of corollary 2.L2 we therefore have

z(A*) + Z.

By remark 5.5 with þ = -L, theorem 5.4 and equation (5)

\4re therefore have

Irzt-k*l,zpl < 2n-P+l

which leads to

7r.

(4)

(s)
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p Log2 p < k Log2 k

This is impossible since the function

x 1og2 x

increases with x for x > 2 and we have

pÞkÞ2

This contradiction proves the theorem.

CoroLLaz,y 5. 72 Suppose A isaminimal

at least k and <arPd>and p isaprime

then d I

counterexample

belongs to A,

Pt,oof: Suppose that d + 1. We may then form another

minimal- counterexample 4x as in theorem 5.7 which does not

cover 0 and whose elements have the same moduli as the

corresponding elements of A. Then by part (a) of theorem

5.9 we have

z(A*) = Z\ <o,P>

which contradicts theorem 5.I1. tr

This corollary gives the first important constraint

on the moduli appearing in a minimal counterexample. We

have shown that each such modulus is either a prime at least

k or a product of primes less than k. The corollary to

the next theorem will provide a further consÈraint on the

APIs with prime modulus.



Lemma 5. 73 Any AP <ard> is equal to the union of

lfZal AP's each having modulus at least k-

Proof: It is easilY seen that

73.

(6)

I
la,d) € A, (drdo) >1

. = "o 
(mod(d,do))

Proof: We set

A I

A 2

A

and

lkldl
U

i-=I
<a + id,l'krldld>

{<a,d>€A: (d'do) (mod (d,do) ) )> 1,

(i = 1,2t3).

<â, d)

and that

lx/ala > r.

Theorem 5.L4 If A is a minimal counterexample and'

is an AP such that do' 2 and

z (A) å ..ordot

then

¡.r ta,do) I + Log, do > l{<a,d> € A : (d,do)>l} 
|

<a ,d >o'o

{<ard> € A : (d.,do) ) 1, a + (mod (d,do) ) ]

3 t<a,d> € A: 1d,do) = l],

a=ao

ao

<a ,d >o'o

lAil _N
l_

2
NoAPin A will intersect so
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n-k+1
I f ,dor n [1rk2 l

If we assume, âs r^te may, that

then this means

z(A U = {.o + ido: i:0,... t(k2

z(A U <a
o

A:)

I(a <doo

oAs)

Ai

n-k+1
-a )/d ÌI o

We now reduce Af and Ag via <aordo> to Ai and

respectively so that, by part (d) of corollary 2.L2,

z (A*t u A*, ) = to, [(k2 n-k*1 a )/d llo'' o

r [0, [k2
n-k+1/dol 11.

From this we see that

z [{<a+r,d> <a,d> € 4x , A*3]l'r1, [k2n-k+r7ao] l. (7)I

By theorem 2.10 and our assumption that Z(A) does not

include <a ,d > the collection in (7) does not cover theo' o

integers. It thus has some of the properties of a counter-

example to conjecture 5.1. However the reduction of an AP

<â, d) via ...rdot has modulus

d/ (d, do)

and j-n the case of those APrs in A*r, this may be }ess than

k. To overcome this difficulty we use lemma 5.13 to replace

each AP that appears in the collection in (7) and originaLed'

in A" wit.h
J.
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lrt¿,ao),2a1

AP's each having modulus at least k.

collection with

{<a*Ird>: <ard> € A*¡}

We combine this

B say. Z(ß) is then identical

(7) , each modulus aPPearing in it

lr ta ,d.o) /dl + N,

to form a new collection

to the teft hand side of

is at least k and

tBl I<êrd) € ÁI

N, say. (B)

By (7) and the remarks following it we also have

z(ß) r II, [k2
n-k+l

/d.o)1 ,

z(B) + Z.

Now the sum appearing in (8) is the sum that appeared

in (6). If it is at least NI * N2 we have already

established inequality (6) since the right hand side of

that inequality is NI * N2. we therefore assume it to be

less t.han N +N so thatI 2

lrt . Nr * N2 * N3 = n.

since A is a minimal counterexample we therefore

/dJ < k2

have

lk2
n-k+1 N-K+I
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This Ieads to

N>n loq^ do

On substituting

d.efinitions of Ar_ and,

ínequality.

CoroLLaru 5 . J.5

p is a prj-me at

having modulus

and n and.

we obtain the

recalling the

required

for N

If A is a minimal counterexamPle

least k then the number of AP's in

p is less than 1og2 P.

Az

and

A

Py,o o f : By corol lary 5 .I2 the only AP I s

modulus divisible by p have modulus equal

therefore choose a residue class modulo P,

which Íntersects no AP in A with modulus

in A having

to p. We can

<a ,Þ) sâY¡

divisible by p.

Vüe now use <âorP> in the role of .tordot in

theorem 5.14. By the preceding remark we see that the sum

that appears in the statement of that theorem is empty. We

then have

1og2 p > l{(â,d) € A: (d,P) 1]l

l{<a,d> € A: d pll-

We have shown that if p is a prime at least k

then the gnly moduli divisible by p which can occur in a

minimal counterexample must equal p and' that the number

of Ap's with modulus p is less than l-og2 P. The final

results of this chapter concern those moduli which are

divisibte by primes less than k-
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Iheov|em 5.J.6 If A is a minimal counterexample which

does not cover O, p is a prime less than k and Á

includes a subcollection

{ <ipo-I cru -rp*) : i = lr...rP-I)

then

I rog k/tos p1 .

Prroo f :

power of

have

where

A

A

oú=

Notice that with ß - Irog k/los p1 the least
ßp which is not less than k is P r so we must

aÞ lrog k/Ios pl.

Suppose we have strict. inequality in (9) and write

,{=A UA UA
l_ 2 3

(e)

T
{<a,d>€A,po*l¡a}

2 {<ard> € A: n0 la}

A
3

{<a,d> € A: po¿ /.d}.

Now by hypothesis,

lAzl Þ p - r

and by our supposition

pcr-1
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coroltary 5.I0 and theorem 5.9 then imply that any

AP <ard.> in A2 has the form

. cr-l cr-<l-P ,P >

and that

cr-lz(A) = l\<0,p

Since A does not cover 0 no member of A2 has the form

<orP0> so

z(Az) c <orpo-r>\ <o,po).

Similarly \^¡e have

z(AI ) c <0rpot.

These last three inclusions imPIY

z(A U <0rPg-rr) = I3

WenowusethetransformationT.introducedint)

definition 2.13. By theo::em 2.L4 the above display gives

A )u =Zz(Tp 3

Since <0'P

equivalent to

ç¡-l is not changed bY Tp this is

t(rn(43)) =Z\ <o,P s{ -1

*n(.0,p0-rt) )

( r0)

WenowturnourattentiontothecollectionAl.If
(ard) is an elêment of this then by its definit'ion and
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corollary 5.9 (b) both a and d are divisible by p. Ile

form another collection

A*,- {<a/p,d/p> : <a,d.> € AI}

and note that each modulus appearing in A*, is at least
o¿p* which is at l-east k.

Since we have shown that Z(AZ) is disjoint from

<0rp0> we have

z(Ar, A¡) = <0,p0> î [1,k2n-k+1]

= tipo : i = 1, ..., [k2n-k*I/po]

A
T

IN

A
3

pT

It ís easy to check that ipo belongs to an Ap in

if and only if ipcr-l belongs to the corresponding AP

A*r_. Also, by theorem 2.L5 ipo belongs to an AP in

if and only if ipcx-l belongs to the equivalent AP in

(43) , Thus

z(,4*t , rp(43)) = {ipo-l : i = 1,-..,[k2t-k*t/no]]

r (A^)) é. {o}.pr

since by (10) the collection A*l u rp(43) covers

aII integers which are not divisible by po-I, the least

integer noL covered by the colÌection is at least

z (A* UI

tk2
n-k*I o[ q,-l cr-1

/p p +p

n-k*1>k2 /p

l

n-k+l /pl -

po-I +pa-1
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z(A*t, ,ntnr)) r [1, [k2t-o*t/n]l

z(A*t, tp(43)) +/

lA*. u T (4")l ( n - p r 1,' r p J'

and each AP in the collection has modulus at least k.

Since A was assumed minimal we must have

tLzt-k+I/pl . orn-P-k+2

which leads to

zP<2p

which is impossible for p 2 2. This contradiction proves

our theorem.
tr

Cov,oLLat'u 5.1-7 Suppose that A is a minimal counter-

example that does not cover 0.

We therefore have

The highest power of 2 d'ivid,ing P(A)

,Iros, tcl.
(a) is at most

(b) If p is an odd prime less than k then the highest

power of P dividing P (A) is at most nI 
roøn t< I +

p?oof: (a) Let 2d be the highest power of 2 dividing

P(A). Then A contains an AP of the form <a,zod>' If

2o-l is less than k we are done, and if 2o-lis at least k

we have, by theorem 5.9 and corollary 5'I0

2<a, 20d> <2cl-I où
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By theorem 5.16 we then have o = lfog k/Log 2]

required.

as

cr*1(b) Vüe prove this by contradiction.

is the highest power of p dividing

Suppose that p

P (A) and that

0 t lrog k/los pl. (1I)

Then A contains an AP of the form <arpod>. By theorem

5.9 we have

z(A) >z\ <0,P0>.

ïn particular z(A) covers .ipo l,po, for i - L,... rP-l.

Since z(A) does not cover .O,Pq> we may apply corollary

3.3 and find that A contains p I APrs of the form
o¿-."i,p"dit with

aj = ipo-l lmoa p0) for i = 1,...rp-I.
l_

By theorem 5.IO each di equals L, so these APrs are

precisely

{.ipo-Irpo, , i = 1r...rp-l}.

But now theorem 5.16 says that

contradicting (1I).

equals lfog k/Log pl,CX
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CHAPTER 6

A SIEVE FOR THE CRTTTE NDEN AND VANDEN EYNDEN CONJECTURE

In the last chapter we obtained. some conditions

which a minimal counterexample to conjecture 5.1 must

possess. our aim is to show that a collection of n APrs

satisfying these conditions cannot cover the first orn-k+I

positive integers. In this chapter we witl be concerned'

with AP I s having prime modulus 7- k, and wiII derive an

upper bound on the length of an interval that can be

covered by n such AP's. In the next chapter we will

apply this result to the conjecture. we begin with some

notation.

Notation 6 .1- Throughout this chapter A wiII be a

collection of AP's, each having prime modulus, and k a

positive integer >

c(p) = l{<a,d> € A : d = P}1.

The collection A wilt satisfy the following conditions'

lll = Dr (1)

c(p) =0 if P<k, Q)

c(p) <

ourfirsttheoreminthischaptergivesSomelower

bounds on the number of positive integers < N which do
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not belong to z(^). It is essentially the same as

Lemma 2 of Crittenden and Vanden Eynden t4l.

Theorem 6.2 Let A be a collection of n APrs each

having prime modulus. Let py,p2,... rPt be the moduli

occurring in A and for each i in the interval [1't]

let

c

be the number of APrs in A

have i

(a)

with modulus p.. Then we
'l-

l_
pc

l_

If s is an integer such that l- ( s ( t and N

is a positive integer then

l{m:1(mçNr mÉz(A)}l

(b) l{*:l(m(N, mf z(A)}l

>N-c +l
l-

(c) l{*:1(m(N, mÉ z(A)}l

t s-l
(I + .l .i)ll1t+cr) .

l-=s l-=l-

t s-I
> N(1 .i cr/vi) -ll(r -cr,/nr)

f-=s L=r

> N - rlr"r(ltî] *') * "L"2tqä] * rl,'r("r[uË]

\
)

\
pI,([

\
) i,",(hîl "1 ttrhl *')

\
)

NI
L

+c
2 PzPi

I
I

+I



Pv,oof z We sha1l use Ir to denote a sum in which at

most one of the subscripts is >

subscripts are covered. We note that with this notation

for any *Lr*2r...rxt

x.Ls

84.

(5)

1 + I'x. + Xrx.x. +
l- l-l

ns ni1 l_
NS n

+ Xrx. x.rI L2

lr,Nl I

(r+ (4)

For i = Lr2r...rt \^Ie let Si be the union of

those AP's in A which have modulus pi. It follows from

the Chinese Remainder Theorem that each set of PirPi r- - -Píu

consecutive integers contains exactly c. c. ..-c.l-1 L2 t.0

elements of S ns NS and hence that
l-I L2 is

t s-I
.I *i) ll(1 + xr).
l-=s f-=I

ITJ.j=r ,l

ls Io2

L9.

I
N

where E satisfies

0<E<1.

It follows that

9.

+ Eflc.
I'

]=I J

n Ir,N] |ls.' l-t NS n NSiz Ig

L

+ Er lJ". +.
J=I ]

9,,

JJ"j=I l-I j
_N /p

j
(6)



\^rhere E I satisfies

by XA

-1 <Er<1.

We denote the characteristic function of a set A

. With this notation

s-1t

85.

(7)

XZ\z (^) l-Ttl -xc ) Tl(t -X" )

i=s "i i=I "i

Using identity (4) with -X

obtain

in the role of *i we

c.c.rl
PiP j

t s-1
.l X..) ll(r -xs.)
i=s "i i=I -i

S I

xz\z (A) >
l-

I'
i,)s s

Using the fact that for any sets A and B

XA NB xeXe

XS X+X
II l

we obtain

It*:1(m(N, ml Z(A)]l

t
Ixa\z (n) (*)

m= I

+

. Using equation (6) \47e see that the right hand side

of (7) is greater than

)n- I Iti ntr,NlI
l-

I

I ls* ns.t nlt,wl
Lt)

tr": )r :(.arJ'
++ "i)

c,I
I' (*a\ Ì).tl

N
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We now collect those terms involving N and those

not involving N and apply identity (4) to each collection

of terms and obtain part (a) of the theorem.

To obtain part (b) we set s = 2. Using (7) and

inequality (5) we obtain

l{* : I ( m ( N, m É z(A)}l

N- + c.)
l_

and the right hand side simplifies to the right hand side

of part (b) .

Part (c) is obtained in the same way as part (b)

after setting s = 3.
tr

Parts (b) and (c) of this theorem will be used in

Chapter 7. Vüe use part (a) to derive a corollary, but

first we must introduce some notation.

Notation 6 .3 For any collection A of AP's we set

M(A) = max{N z z([) = [t,uJ].

If z(A) does not include I we set M(A) 0

Coz,oLLaru 6 .4 Let A be a collection of APrs satisfying

the conditions of notation 6.1'

P(A) such that

and p a prime dividing

I "(p)/p > o.
o Þp- 'o

t
+ 

. I^ "r.i[N/prpi],r=¿

t
I (". IN/p. ]

II
l_= l-

o

1-



(This will hold for sufficiently large p

number of non-zero c (p) 's is finite. )

1+
p
I

p
c (p)

o

Then

87.

(B)

since the

M (A) o

1- I c (p) /p P'Po
p p

o

Pz,oof : By the definition of M(A) we have

l{* : 1 ( m ( M(Á), m ft z(A)}l = 0.

Thus \de may use part (a) of the theorem with 0 replacing

the left hand side of the inequality and M(A) replacing

N on the right and po in the role of ps. An easy

rearrangement then gives (8).
tr

The rest of this chapter is devoted to getting upper

bounds for M(A). This requires getting an upper bound for

the right hand side of (8) which is independent of the

values of the variables c (p) . To do this we need some

more notation.

Notatíon 6.5 We set:

p

p

x

A (x)

is an odd prime,

is the prime preceding P,

is a positive real number,

-l-r PI lrr-fp<x '
,

W(P) = P' LLog, P' I ,

v (x,p) I+x '-x^-4 r-x/p



and r(krn) is the least prime r such that

88.

tr

r 1+ lrog, p1 Þn.I
k(pcr

We notice that the left hand side here increases

with r and so the function is well defined.

We now obtain some bounds for these functions.

Lemma 6.6 For p Þ 7 we have

Proof For such p,

Ilogzp']

and so

W(p) (p' 2(p 4.

Also, for p' >

log2p' . p'/2

and so

w(p) > p'/2 > 2.

Theoz,em 6.7 For fixed P )- 7 the functj-on y(xrp),

defined in notation 6.5, is strictly decreasing as a

function of x in the interval [1rp-2].

Proof: We write

f (x) = V(x,P) .
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tr

(e)

Then f (x) >

logarithmic differentiation we have

since the minimum of (I+x) (p-x)

one of the end points. For p Þ 7

Iog 2

on ll,p-2I occurs at

\^re have

p+1
(I+x) (p-x)

log 2,

1og 2

and since f (x) > 0 it follows that f ' (x) <

f (x) is strictly decreasing on [1,p-2] .

CoroLLaru 6. B If m is an Ínteger satisfYing

0 ( m ( llogrp1

then

v (m,p) < p,/ (p-I)

Pz,o of We have

I < [1o9, p1

for all primes and

[1o9, p1

=I
=2
< p -2

P=2or3
P=5
p > 5.

if

if

if

I
We have

V ( 0,p) , V(1,p) = p/ (p-1), V(2,5) = 5/4.
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So (9) holds for P = 2,3'5.

6 . 7 which says that v (m' p)

the interval [1,p-2] when

all primes.

If p2 7 we use theorem

attains its maximum value in

m = 1. Thus (9) holds for

CoroLLaru 6 .9

decreasing for

Proof: It is easilY checked that

A(7)v(vü(7),7) < A(5)V(w(s),s)

using W (5 ) = 2, W ( 7) = 3. V'Ie therefore assume

and let p+ be the prime immediately succeeding

lemma 6.6 and the definition of 'ri{ we then have

1<W(p) +r<W(p+).p+ 2.

Applying theorem 6.7 we then have

J-.L
v (w (p' ) , p')

< v (Tv (p) +t, p+)

< v (w (p) +1, p)

The function a(p)V(vt(P),P) is strictly

p Þ 5.

pà7

p. Using

L( ., I \/,\' - ffiG)-/\
I v(w(p),p) .1+ p- v{ p +

Using the bounds on W(p) in lemma 6-6 this is at

most

å(' . I+1
3

\
) #) v(w (p) ,p)

=3(Ë-)"(w(p),p)
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' + v(w(p),p),

for p Þ 7. Since

I

A(p') ¡ft o tnl

tI¡is establishes the corollary. tr

Lemma 6 .1-0 If m is an integer, m )- 2t \^7e have

e(m) <21ogm.

Proof: By direct calculation we find the inequality

holds for ¡ ( 18. For higher values we use the following

known result (Rosser and. Schoenf eld 1201, theorem 8,

corollary 1),

l-T "h 
. .Y ros m(I +

P<Î '
-2

)(tog m)

This holds for all real m exceed,ing 1. If m Þ 19 then

the righÈ hand side is less than

L.1s (r + (Iog tgl-2)1os m

<21ogm. tr

Lemma 6.71 Vfith r = r(k,n) as defined in notation

6.5, and with r' = r'(krn) being ttre prime preceding

r(krn) wehavefor k>3 and nÞI0:

(a) r (k, n) > 2n/5 ,

(b) r'(k,n) > n/3,

(c) r(k,n) <



Pyoof: (a) It is sufficient to show that this holds

for k = 3. To do this we show that if

r ( 2n/5

the inequali-ty defining r ( 3, n) ,

I
3(p<r

r -I + [1o9, p1 Þ n

does not hold.

V'Ie note that

92.

(r0 )

I
3<P<r

lro9, p1 I rogzp - I,
P<r

[1o9, p1 < r + (L.0L7 /IoS 2) r

where 0 (r) has its usual meaning (see notation 1.1) .

Now Rosser and Schoenfield [20), theorem 9 states that

for x>1

0(x) < I.0L624x.

Applying this we find that for r 4 2n/5

r 1+ T
3(p<r

<n

contradicting (10).

(b) This may be checked for values of 9 < m < 57. Tf

n 2 57 we have r(3,n) >

for p' >

p' > 5p/6-
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Applying this and part (a) of the lemma gives the

resul-t.

(c) Let s (n) be the least prime satisfying

s(n) I Þ n.

Clearly s(n) Þ r(k,n) for all k so it is

sufficient to show

s (n) ( 2n,

and this follows from Bertrandts postulate. o

We now use the last few resul-ts to prove our main

theorem of this chapter.

Theorem 6 .1-2 If A is a coll-ection of AP's satisfying

the conditions of notation 6.1 for some k > 3 and n 2 10

and po is the least prime such that

po< I "(P),ÞPo

then

(a) ¡,1(A) v (w (po) ,po) 2n.

(b) Further, if r = r(k'n) then

Proof: It follows from the fact that tc (p) >

from inequality (3) that Po Þ 7. We set

A (r)
ÃtÐM(A) v (w (r) ,r) 2\

I c(e)[=
PÞPo

(r1)



which implies X < po. We then have
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(rz¡

(ra ¡

P'Po

Using this and

which is just.ified by

c(p) /p > I - x/po > o.

I

(II) in corollary 6.4 (the use of
(121¡ we obtain

I I
pÞp

o

From (II) \^re have

n-X ll 2-c (n)
2

M(A)< 1+X "-* lJ
PtPo

2 ,-c (e) r + c(p)
I c (p),/p1 x/po

Vte see by equation (2) that the product j-s not

affected by factors corresponding to primes less than k-

Applying corollary 6.8 to each of the other factors and

using notation 6.5 we obt.aj-n

M(A) < 2nk' v(x,po). (13)

We now obtain some bounds on X

The first comes from the definitions of

D I > X.'o

in terrns of po

xandp -o

By t.heNext, let

definitions of

på be the prime Preceding Po.

x and po and by inequalitY (3),

c (p)Dt <
--VP I

<x+
o

ttos, niJ



Using notation 6.5, this and inequality (14) give

w(po) ( X ( p r.

Since X is an integer we have, by theorem 6.7 ,

V(xrpo) =< max{v(w(po),po), y(no-l,po) }

Using lemma 6.6, theorem 6.7 , the definition of

V(xrp) and the fact that Po Þ 7 we obtain

v (w (Po) ,po) V (po-4 ,po)

95.

(r5 )

(16 )

(r7)

V(po-I,po) V(po-I,Po)

2
Þ-3'o_D > r.

Thus the maximum in (16) is v(W(no) 'no) and so by

(r3),

M (A)
A (Po)

ÃTFI_ V(w(po) ,po) 2n.

This is part (a) of the theorem. We note that

x = n - I c(pl
p.po

Þn T [Ios, P1 .
k(pcp

Combining t.his with inequality (I4) we obtain

iD I+
k(p<p' 'o

I rog, p1 Þ n.
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So that, using notation 6.5,

Po Þ r (k,n) '

Using this inequality and corollary 6.9 in (f Z¡ v7e

obtain part (b) of the theorem. tr

This theorem will be used in some applications in

the next chapter. For others rltte use the following weaker

but. more convenient bound, on M(A).

CoroLLaxu 6.1-3 For A satisfying the conditions of

and n Þ 10 we havenotation 6.I and k> 4

t t"n 2 n3 ,2n/31z-(k) .

With T = T (krn) and r' being the pri-me

preced.ing r, we have, using part (b) of the theorem and

the definitions of V and. w (see notation 6.5)

A(r) (1 + r' llogZr' I )
T 2-T' + llogrr'1 +n

A(k) (r r' + LLogZr' I )

A (r) (r' ) 2r
A(k) ¡og2 r

-rr+n2

using the estimates of lemma 6.10 and 6.11 we obtain

the required inequality. 
tr
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CHAPTM. 7

FINAI RESTILTS ON THE CRITTENDEN AND VANDEN EYNDEN

CONJECTURE AND DISCUSSION OF A NEW CONJECTURE

Having developed a sieve for the problem we no\^r

return to our investigation of the Crittenden and Vanden

Eynden conjecture, conjecture 5.I. This chapter is divided

into three sections. In the first we prove the conjecture

in the case k - 3 and. in the second we give upper bounds

on the cardinality of minimal counterexamples for values

of k greater than 3 j' The last section concerns a ne\,r

conjecture which is analogous to conjecture 5.1. Vrie show

that this conjecture can be investigated using the methods

of Chapter 5.

Section I : The case k 3 of the coniecture

We prove the k - 3 case of the conjecture via a

series of lemmas. The first enables uS to use the results

of Chapter 6 by showing that if A is a minimal counter-

example then Á satisfies the conditions of notation 6.1

with k - 3. That is,

A contains only APrs with prime moduli and each

prime p is the modulus of c(p) AP's in the collection,
(r)
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= Dr (2)

Let A be a minimal counterexample for k - 3'

satisfies conditions (1) to (4) .

c(2) = 0, (3 )

(4)

The later lemmas show that no minimal counterexample

exists with card.inality in certain intervals, the union of

these intervals being the positive integers greater than 2'

Lemma 7 . L

Then A

A

Proof:WeshowthatallmodulioccurringinA
odd.. Suppose not and let

AL: {<ard> € A: d is a Po\der of 2}

: {<a,d> € A : d. is a Prime Þ 3}.

are

G

By corollary 5 .I2 Ar, u AG = A' Now let' 2a' be the

Ieast power of 2 such that there exists an AP <a,24> with

z(AL) n <a,24> = O.

Since A" is assumed, nonempty we must have o' )' I

we may apply theorem 5.I4 with 1d,2Ú> in the role of <a

The first sum in the inequality is empty and so \À7e have

and

o'dot

ü,

l Ar,l < = c[.

We now apply theorem 3.9 to A" and obtain

0l Ar,l >



.The contradiction implies that A" is emptyr so

that A = AG, and by corollary 5.15 A" satisfies

conditions (I) to (4).

Lemma 7.2 rfÁ

99.

tr

which does not cover

is a minimal counterexample for þ = 3

0 then

A = n ( 15.

Since A is a counterexample we have, using

notation 6.3

n- 2
)

If n were greater than 9 we could apply theorem

6.L2, and obtain

(s)

v(8 ,13)

A(13)

= 3/2.

Here A, V, hl and r = r(3rn) are defined in notation

6.5. By corollary 6.9 the expression on the left is

decreasing with x for r Þ 5, and by referring to the

definition of r(krn) we see t'hat r is non-decreasing

with n. Now for n = 16 we have

r(3,16) = 13

w (13) I

-a(LL7 /s) 2 v

Q7\ 2-4 .

So that



-L2A(r3)v(w(13),13) (eoo9 /5) 2 < 3/2

r00.

(7)

which contradicts (5) . Thus n < l-6 and we are done.

Lemma 7.3 Let A be a minimal counterexample for

k - 3 which does not cover 0. Then I A I does not belong

to the interval [10r15].

Pt,oof : Suppose A is a minimal counterexample for lç = 3

c(p). (6)

o

If po > 13 we obtaín a contradiction as in lemma 7 -2

using part (a) of theorem 6.L2. AIso, ês in that theorem

we have

Po Þ r (3,n)

=11

which does not cover 0,

that

for n in the interval [10'15].

Po = 1I and aPPIY corollarY 6 -4 -

I
p>p

o

c (p)

and let po be the l-east prime such

Ð>I
-!pàp

Thus we may assume

Letting

this gives, since c(2) = 0 bY (3)'

M (A) I+Xa tl 11 X
I + c(p)rcmT_T

2<p<11

We call the product on the right hand side

z(c(3) ,c (5) ,c (7)) . For a given value of
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n - X = c(3) + c(5) + c(7)

there are a finite number of values that z can take.

The maximum of these values for each permissibl-e vaLue of

n X is given in Table I -

" - - t""t-* "t ,,.,,

o z(o,o'o) = I
I Z(t'0'0) = 3

2 7'(rrr,o) = r5/2
3 7' (1r1rr) = 35/2

4 7,(r,2,L\ = 35

5 Z(L,2,2) = 63

Table I Maxima of the function Z defined ín
lemma 7 .3

n x Upper bound' for M(A) 3]rt-2)

l-o 5 693 768

tI 6 970.2 1'536

12 7 L,386 3,072

13 ro 2,LL7 .5 6 ,L44

L4 rO 4,235 L2,288

15 r0 7 ,623 24,576

Table II

By (6) and the fact that

c(3) + c(5) + c(7) < 5

Upper bounds for M(A) obtained from
part (a) of theorem 6 -I2

we see that for each n in our interval
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n - 5 < X < 10.

For each n we use table I to find the value of x

in the range above which maximises the right hand side of

(7'). Hence we find upper bounds for ¡4(A) . These are

given in table II together with the relevant vafues of X

and z(zn-2). rn each case vte see that

M(A) < 3(2n-2

contrary to our assumption that A is a counterexample.

which does not cover 0

interval 16,91 .

D

be a minimal counterexample for k = 3

. Then I A I does not belong to the

Pz,oo We set

n-2

Lemma 7.4 Let A

.l = c(3), c2 = c(5), !¡J = 3(2

For "2 + 2 we use part (c) of theorem 6 '2' With

c- and c^ fixed it is not hard to check that the right
J-¿

hand side of the inequality in that part is minimised when

I c(p)/P
p>5

is maximised, (this is not so when "2 = 2',) . This occurs

when c(7) takes the maximum value allowed by (4), and

similarly for higher primes until we have

nrc (p)
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Table IïI gives the lower bounds for

l{*:1(m( 3(2n-2), m É z(A)Ìl

corresponding to the 4 possible assignments of values to

the ordered pair {cr,cr}. In each case the lower bound

is posit.ive, contradicting the assumption that A is a

counterexample.

{cr,cr} {o,o} {o,r} {1,0} {1,1}n

6

7

B

9

I5
25

37

56

1t
2T

36

55

9

16

28

46

4

10

22

44

Table IfI

suppose then that "2 = 2, that is A contains

two AP's with modulus 5. By hypothesis A does not cover 0

so neither of these is <0r5>. We now reduce A via

<0r5> to form a ne\¡I collection 4* of n -2 AP|s' By

part (d) of corollarY 2.12 we have

z (A*) = [r, [3 (zn-z) /5]1 ,

and we see that A* contains only AP's with prime moduli

not equal to 2 or 5, and with at most [Iogrp1 AP's having

modulus p. Vüe now apply part (b) of theorem 6.2 setting

"2 = 0. We note that the right hand side of the inequality

there is minimised when

Lo\,rer bounds for l{mr1(m( 3(zn-2), m É z(A)}l
obtained from part (c) of theorem 6-2-
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I c(p)/p
p>5

is maximised

obtain fower

and, as in the earlier part of the proof ' \^7e

bounds for

l{* : I ( m ( l3(2 n-2)/s), m Ê z(A*))1.

For n = 617,8 and

I respectively. That is,

and 9, contradicting the

example to conjecture 5. t

9 these bounds are 0

they are positive for

assumption that A is a counter-

Iì= 6

is not

of

these are satisfied together with

2 + ca- 5 so for some index j > 3

, 2, I and

= 71 8n

The only case teft to check corresponds to

and "2 = 2. If either of the foltowing equations

satisfied we obtain a positive bound using part (b)

theorem 6.2 as above.

c I
1

"3 = c(7) =

Thus we assume

2. Then "I + c

2

t2

we have

and

j

c.I

I

0 for i ) 3, i + j.

we now use part (c) of theorem 6.2 to obtain

l{^ t I ( m < 3(2 6-2), m p z(A)]l
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> 4 148/pl VB/3pl + 2îag/spl 2lag/Ispl+

+= t lL9/pl la9 / 3p) .

This clearly increases with p and when p = 1I it

equals 1. This contradicts the assumption that A is in

a counterexample to conjecture 5.1, and we are done.
tr

Lemma 7 .5 Let A be a minimal counterexample for

k - 3 which does not cover 0. Then I A I does not belong

to the interval [3,5].

Proof: The case lAl = 3 follows from theorem 5.8.

For other values we use part (b) of theorem 6.2 with

3pn-2) in the rol-e of N and "1 = c(3), "2 = c(5)

As in l-emma 7 .4 we obtain l-ower bounds for

l{* : I ( m ( 3(2 n-2 m É z(A))l

corresponding to the two possible values of cl. These

bounds are given in Table IV.

tr=o "r=1n

4

5

2

3

-1
1

Table IV

These are strictly positive except in the case

n = 4, c(3) = 1. Therefore if a minimal counterexample

Lower bounds for
obtained from part

{m : I ( m ( 3Qn'2)
(b) of theorem 6 .2.

m Ê z(A)]l
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exists for n less than 6 it must satisfy these conditions.

To settle this fina] case we must show that if A is a

collection of 4 AP's which satisfies conditions (1) to (4)

and which contains exactly one AP with modul-us 3, say

(â¡ 3) r then

z (^) á. [1,12 ] .

Suppose this is not so. We note that

<ar3> + <0r3>,

(otherwise A would cover 0),

<0r3> to obtain a collection

by part (d) of corollary 2.L2,

so we may reduce A via

A* of 3 AP's such that,

z(A*) = [0,3].

But each AP in At has modulus at least 5 and so can

include at most one integer in this interval-. Thus z(A*)

does not include [Ir4]. This contradiction proves the

lemma. 
o

Combining these four lemmas we prove the k - 3

case of conjecture 5.1.

Iheorem 7.6 If A isa collection of n APrs where

least 3, andn Þ 3, each with modulus at

n-2z(Al f, []-,3(2 )l

then 7, (^, = Z
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Proof: The four preceding lemmas show that there is

no minimal counterexample to the conjecture which covers

0. Hence by theorem 5.7 there is no minimal counter-

example to conjecture 5.I for k = 3, and this is our

theorem.

Section 2 The cases k > 3 of the coniecture

In this section we give an upper bound for the

cardinality of a minimal counterexample that does not

cover 0 for arbitary val-ues of k > 4. This means that

the conjecture 5. t could be verified for such vafues of

k by checking that the conjecture holds for the low

values of n, using tnethods similar to those used in the

Iast section. Vüe need to introduce some more notation.

Notation 7.7

does noù cover

lies in one of

A L

Let

lA"l DL' lAcl

Let A be a minimal counterexamPle

0, then by corollary 5.L2 each AP in

the following collections.

{<ard> € A : d is a product of Primes

A^=\: {<a,d> € A : d is a prime > k}.

that

A

kÌ

: D^.
(J

Let P be the l_east modulus such that there exists

an AP <ArP> with

<A,P> rì Z(AL) = 0.



Remav,k 7.8 It is easY to see' using lemma 2.I part (a),

P is a product of

l_08.

(B)

(e)

that P divides

primes less than

with

have,

p (Ar,) , that is,

k.

Remark 7.9 We have two inequalities involving P

g being the function defined in notation 3 .8 \47e

by theorem 3.9,

nLÞ g(p),

and by theorem 5.L4 with <A,P)

when P + L, and by noting that

have

tL ( Iog,P-

Lemma 7 .1-0 If P and

g is as in notation 3. B,

in the role of <ao,do)

tL=0whenP=L,we

We will need the following lemma.

A" are as in notation 7.7,

k Þ 4,

(a) Losr P s (P) >

(b) 1o92 P g(p) <0(k)/Los2- n(k)

3 losrP 2s(p) <llos2rl + (¡ los23 -4) flosrkl +(c)

30 (k) /Log 2 - 2n (k) 1.

Py,oo Part (a) is an immediate consequence of

inequatities (8) and (9). For parts (b) and (c) \tre suppose

P has prime factorisation

Pi
t

TIi=I
P

0i



Then,

prr-mes

ü. = 1.
l_

IogrP g (P ) i1092 pi

* Pi 2)-

The term in the inner brackets is ( 0 for all

Þ. so the expression is maximised when each

Thus by remark 7 .8,

+

I
3<p<k

(s logzp - 2)

tI ("

l_09 .

+

I_L-

t

,_1,("t('oe,P' 
- Pi +1)

IogrP g (P) (1o9, p 1)
k

as required. This proves part (b) of the Iemma.

For part (c) we obtain

3 1og, P 2g (P)

This time the term in the inner pair of brackets is

negative for pi > 3. If pi equals 2 or 3 we apply

corollary 5.L7. This leads to

3 1og, P 2S @)

(r *floe3kl) (3 losr3 - 4)

\'
,
L

p<

t
| [o. (3 logrp. 2p, + 2\

r --L -l-
a=I

2+

f losrkl + (s tos23 -4) lrosrtl +30(k) /tq 2 - 2r(k\ - I,

as required.
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Wenowproveourtheorem.Thisisourmainresult

on the Crittenden and Vanden Eynden conjecture'

Tl',ecrPm 7.1-L

vüe must have

If A is a minimal counterexamPle to

k > 4, then n is less than

2r(k) + .2L Logrk + ilogrkl

+ (3 Losr3 - a)flosrkl 4-

conjecture 5.1 for some

3 (o (k) /Log 2 +k)

proof: By theorem 5.7 we may assume, withOut lOss of

generality, that A does not cover o. we use notation 7.7.

Since

z(AL) o <A,P> 0

n-k+l
z(A ) = <ArP> n [1'k2 l

G

Reducing A" via <A,P> we obtain, by ideas similar to

those in part (d) of corollary 2.I2, a collection Á*"

which satisfies conditions (f) to (4) and' such that

z (Að) contains ¡Lzn-k+1711 consecutive integers. As in

the proof of theorem 5.7 we may form ãnother col-Iection

Aå*, sây, which also satisfies conditions (1) to (4) and

for which, using notation 6-3'

M(Aå*) > [¡2n-k+1 /P] .

We use this to obtain an upper bound for tG in

terms of k and P. We first assume *G Þ I0'



From corollarY 6.13 we then have

I ,on , n& ,2ne/3 7x(k)
n-k+I

1r1.

(r0)

( 1r)

>k2 /P I.

Noting that

¡ì= nG * tL'

and rearranging we obtain

I ton , "å ,-nç/3 > kA(k) 2-k+r+n"-ros2P - A(k) 2-nG -

We claim that this imPlies

rc. 3(k I tL * IogrP + 7 Logrk). (rz¡

ToshowthisSupposethatthisinequalitydoesnot

hotd. Then, fox k )- 4 and using inequality (9) \^¡e see

that n"2 24. For such rc the teft hand side of (11)

is decreasing, so it is sufficient to consider the value

of the left hand side of (l-1) when

.c = 3(k I - tL * LogzP + 7 logrk)'

V,Ie find, using inequality (8), part (b) of l-emma 7 'L0

and this value of tG that'

å ton , nt" ,-n6/3

( 12 log 2(k-1+O (k) /Log 2 -n (k ) +7 ::og2r)3 r-7 ,-k+r+na-1o92 P.

k

Now

12 log 2(k-I+o(k)rzlog 2'n(k) + 7logrk) 3 -8
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is decreasing with k'

and so

and when þ = 4 it equals 0.69016

T ,on, .å ,-nç/3 . or-k+1+n¡-rog2P

and is certainly less than the right hand sid.e of (I1).

This establishes inequality (L2) in the case n" Þ 10'

If tc . 10 it is easy to see that inequaliÈy (L2)

st.ill holds using our assumption that k > 4 and inequality

(e).

We now obtain our bound on n.

Using (10), (8) and (I2) we have

n < 3(k -1-tL *logrP + 7 logrk) * tL

Applying part (c) of lemma 7-10 gives the inequality

of the theorem

Remark 7 .1-2 Using t.he well known fact that 0 (k) n, kr

is'as k -> æ r r,rte see that as k + * our bound on n

asymptotically equal to

3(t/Iog 2 + I)k (7.32808 ...)k.



Section 3 : A new Conjecture

We have mentioned

questions asked by Erdös

with distinct moduli.

the following two

covering systems

several times

about regular

l_t_3.

(13 )

(14 )

(15 )

I Do such covering systems exist with all moduli

arbitarily large?

II Do such covering systems exist with a1I mod.uli

relatively prime to the first n primes?

Conjecture 5.1 is akin to question I in that it

concerns collections of APrs havíng moduli at least k.

In this section we make and investigate a conjecture which

is similarly akin to question II. We first introduce a

function N(p,n).

Definition 7. L3 Let n be an integer, p a prime and

*r, 0(r(p-2,

then

n
N (p, n) (r+t)p o.

We note that then

n
N (p, n+l) (r+2 ) p o

which holds even when r = p-2.

n = n (p-1)
o

We can now make our new conjecture.



Conjecture 7 .1-4 If

of n APrs such that

less than p and

z (A) r [l,ll (p, n) ]

then

p is a prime, 
^ 

a collection

P(A) is not divisible by any prime

r14.

z (A)

If this conjecture is true then it. is best possible

in the sense of the following theorem.

lheorem 7 . L5 Conjecture 7.L4 would be false if N(p,n)

\dere replaced with a smaller integer.

Proof: It is sufficient to present a collection

that satisfies

lnl = n

z(^) f, [1,N(p,n) I]

z(At + ZZ

and such that no modulus occurring in A is divisible by

a prime less than p. It is not hard to see that the

following is such a collection. Using the notation of

equation (13),

A = {.ipj-r,pjr, i : 1,... r p-1, j = 1,...,to}

Z.

n
ou {<ip p

n*1o
, > : i = Ir...rr].

Here the second bracketed collection is empty if r = 0.

tr
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Definition 7.L6 A col-lection A that contradicts

conjecture 7.I4 is called a minimal counterexample to

conjecture 7.I4 for some prime p if lAl is minimal

over the set of all such counterexamples, and if the sum

of the moduli occurring in A is minimal over aII counter-

examples with this cardinality.

Theorem 7.17 Tf

7.L4 exists for

a minimal counterexample to conjecture

value of p then a minimal counter-

does not cover 0.example exists

some

which

Pt,o o f Similar to that of theorem 5.7

Theorem 7 . L8 If A is a counterexample to conjecture

7.I4 then lAl >p

tr

CIearIy A contains only AP's with modulus ) p.

were less than p we would then have

I

contradicting

The case lAl

theorem 5.8.

the assumption that

= p may be excluded

a counterexample.

the method of

Ais
using

In the rest of this section we wil-I show

minimal counterexample to this conjecture which

cover 0 must satisfy a set of constraints which

to those obtained for conjecture 5.1- in Chapter

begin with the following l-emma.

that

does

are

5.

E

a

not

simil-ar

We
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conjecture 7.14

least p then

z (A) þz\ <b,9>

If Á is a minimal counterexample to

for some prime p and q is a prime at

t_16.

(r6)

(r7 )

for any residue class b modulo q

Proof: The proof is analogous to that of theorem 5.1I.

As in that proof, if (16) did not hold we could form a

collection A* with

z(^*, = [r,[å N(p,",]],

lA*l ( n q + I

n-m=n (p-1) * t, 0 ( r ( p-2.

and such that P(Ax) is not divisible by an1' prime less

than p. To obtain a contrad.iction we must show that 4*

is a counterexample to conjecture 7.L4. To do this it is

sufficient to show

N (p, n) /A > N (p, n-q+I)

This is slightly more complicated than the

corresponding step in the proof of theorem 5.I1 because of

the awkward nature of the function N. We show that the

function mN(prn-m*I) is decreasing for fixed n and

increasing values of m for m Þ p. Let

o

Using equation (15) we have



L

I

I

i

mN (p,n-m+I)
n

m (r+2) p o

m (r+2 )

6+ÐFil (m+I)N(p,n - (m+1) +I)

for values of m Þ p. Thus the function d'ecreases as

required. Since we have assumed q > p we therefore have

qN (p, n-q+l) ( pN (p, n-p+I) . (I8 )

I'E, is easy to check that

pN (p, n-p*I) : t¡ (p, n) .

Combining this observation with (fe¡ gives inequality (17)

and we are done

Theorem 7.20 If A is a minimal counterexample to

conjecture 7.L4 then each modulus occurring in A is a

prime.

1I7.

Suppose A is a minimal counterexample for some

A = 4* u {<arqd>}

where q is a prime at least p. Vüe will show that

A* u {<arq>}

is also a counterexample to the conjecture which would

contradict the minimality of A unless d = 1. Clearly

z(^* U {<a,q>}) zz(A),
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and

lÁ* u {<a,q>}l tAl-

It is therefore sufficient to show that our new collectíon

does not cover the j-ntegers. By l-emma 7 .Lg

z(A) áA<arg>.

Hence,

z(A* u <arq>) +Z

as required.

Our final result, analogous to corollary 5.15' gives

an upper bound on the number of APts occurring in a minimal

counterexample to conjecture 7.L4 which have modulus q.

Lemma 7.27 Let A be a minimal counterexample to

conjecture 7 .I4,

and let

for some prime p, which does not cover 0

l{<a,d> € A : d = q}l = c(9)

then

qN (p,n-c (q) ) > N (p,n) .

We reduce A via <0rg> to obtain a collection

A*. As in the proof of theorem 5.12 we find

lA*l ( n - c(q)

z (A*) r II, [N(p,n) /q]l

and no AP in ¡* is divisible by a prime less than p-

Since Á is minimal we therefore have



1l-9.

lN (p, n) /ql < N (p, n-c (q) )

which implies the required inequality. tr

Iheorem 7 .22 With the notation of lemma 7.2I

c (q) < min{q - I, lrog q/Log pl lp-r) }.

Since A is minimal we may assume that all

APfs with modulus q are distinct. Therefore, if

c(q) Þ q-I we would have

z (A) -_Z\ <ê,9)

for some residue class. a modulo q. This contradicts

lemma 7 .L9.

On the other hand, if

c(q) >

we would have

N(P,n -c (q) ) ( p-lrog q'/rog Pf N(p,n)

-'t( q -N(prn)

which contradicts lemma 7.2I. These two contradictions

prove the theorem. s

The result in this theorem is the best possible for

some values of prg and n' but not for all. logether

theorems 7.2O and 7.22 give a fairly sharp characterisation

of a minimal counterexample to conjecture 7.L4. It should

be possible to construct a sieve as in Chapter 6 and



r20.

thereby

minimal

in the

obtain an upper bound on the cardinality of a

counterexample as

early part of this

\^/as done for conjecture 5.1

chapter.
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