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(1)

SUMMARY

This thesis considers tidal propagation in a rectangular
resonator-channel system, with specific reference to the Gulf of
Carpentaria, situated to the North of Australia.

The linearized form of the two-dimensional depth-averaged
equations of continuity and momentum conservation is used. An
analytic solution is found by dividing the area into regions of
constant depth. In this manner, a solution is found for the case
of a single connecting channel and then for the extended case of two
connecting channels, associated with either neglecting or including
the effect of tidal flux from Torres Strait into the Gulf.

Results from the analytic model are used to provide tidal
inputs for two numerical models, both of which use explicit finite-
difference approximations. The first numerical model is linear and
is developed to account for realistic boundary and bathymetry variatioms,
with the emphasis on obtaining a model with small computer time and
memory requirements. Since, in shallower coastal areas, the non-
linear terms in the continuity and momentum equations become more
important, the second numerical model developed includes these terms
to determine their effect on the resonator as a whole. The two models
show favourable agreement, thus verifying the usefulness of the linear

model.



(ii)

SIGNED STATEMENT

I hereby declare that this thesis contains no material which has
been accepted for the award of any other degree or diploma in any
University and, to the best of my knowledge, it contains no material
previously published by any other person, except where due reference is

made in the text of the thesis.

M.M. RIENECKER.



(iii)

ACKNOWLEDGEMENTS

I would like to thank my supervisor, Dr. B.J. Noye, for his
advice and guidance in completing this thesis.

Many thanks are also due to Dr. Michael Teubner for his help
and encouragement throughout, to Mrs. Angela McKay for her excellent,
accurate typing, to Mr. G. de Vries for preparing the diagrams and
to Mr. Phil Leppard for his advice on computing.

The work associated with this thesis was carried out from
February 1975 to November 1978, during which time I was financed by

a Commonwealth Postgraduate Research Award.

M.M. Rienecker.



CHAPTER 1

INTRODUCTION

The Gulf of Carpentaria, located in the North-Eastern part of
Australia, is an area of difficult access by either land or water and
hence remains relatively uncharted and unstudied. However, over the
past few years, there has been an increase in the number of research
programs in the area as its potential for the lucrative mining and
fishing industries has been recognized. Limited sectors, such as at
Weipa, Port McArthur, Groote Eylandt and Gove Peninsular, have been
surveyed as port facilities were required by mining companies. The
C.S.I.R.0. has reported on the hydrology of the region (Rochford (1966),
Newell (1973)) and has made a preliminary study of the circulation in the
Gulf (Cresswell (1971)). Further work by this organization is currently
under way. The Gulf was also chosen by Teleki et al (1973), as the test
site for assessing the usefulness of satellite imagery to the mapping of
hydrological parameters in areas of difficult access.

Tides and wind are the only two mechanisms which generate the
currents in the area. For several months of the year it is the influence
of the strong, steady trade winds which drive the circulation. However,
overall, the circulation and mixing of waters in the Gulf are governed
by the clockwise motion of tides and by density gradients resulting from
the stratification of the water masses. Stratification is partly induced
by differential evaporation rates between the Northern and Southern halves
of the bay (Teleki et al (1973)). According to Newell (1973), "the annual

evaporation/precipitation budget of the Gulf forms a very small part of



the total water exchange but is of great importance in influencing water
movement. "

One example of the effect, in the Gulf, of winds and precipitation/
evaporation is the striking feature of the annual cycle of about .7m in
the tides, the lowest tides being recorded at the end of the dry season
and the highest during the wet season. It is during the wet season, which
occurs in the summer months, that the activity of cyclones sometimes has
a disastrous effect, causing large surges. Some description of this is
given by Easton (1970) who outlines the general tidal features of the
Gulf.

Realistic and accurate modelling of the water movement in the Gulf
of Carpentaria is obviously an intricate affair, it being necessary to
incorporate the effects of tide, wind, stratification, precipitation/
evaporation and pressure surges, not to mention river run-off and sediment
transport. However, whereas the effects of the other mechanisms diminish
at certain times of the year, tidal forcing is always present; and it 1is
only the response of the Gulf to tidal forcing which is investigated in
this thesis. Once the tidal response is understood, it is easier to
study the coupling of the tide with other effccts.

The tides are caused by the movement of the sun and the moon and
their changing gravitational pull on the water of the earth; however, in
coastal areas, such as gulfs and estuaries, away from the deep oceans,
astronomical tidal forcing can usually be neglected compared to the direct
forcing from the motion of adjacent waters. From the results of Hamblin
(1976) for different size basins, the maximum amplitude of the response of
the Gulf of Carpentaria to direct astronomical forcing could be expected
to be only about 3 cm, a very small contribution to the response as a whole.

In this thesis, tidal propagation in Gulf systems is investigated

by finding the response of the system to tidal forcing on an open boundary.



One of the main problems in ascertaining the accuracy or limitations of

any model of an area is that reliable input data across the open boundary
is rarely available, especially if the boundary is wide. Data is usually
available from coastal areas, but this may be disturbed by local effects
and is not always representative for the open sea. Values may be inter-
polated between coastal areas, but this does not normally take into account
the distribution of depth (see Hansen (1962)). A more accurate input may
be obtained from the results of an analytic model which produces the input
from the solution to the model equations. This still does not account for
the true distribution of depth, but avoids the need to interpolate over
wide areas.

Analytic models have their limitations in that they provide solutions
only for simplified situations; however, they can be very useful in providing
an insight into the important features of a model area. As well as providing
the tidal forcing data along an open boundary for numerical models, they
may also act as a guideline to the accuracy or validity of these more
complicated models.

With this in mind, two analytic models of the tidal propagation in
the Gulf of Carpentaria are developed. They a.e essentially extensions
of Taylor's (1920a) problem of the reflection of a Kelvin wave by an end
barrier in a semi-infinite channel.

Williams (1972) modelled the Gulf as a rectangular resonator on a
semi-infinite channel. His first model neglects the effect of the Coriolis
force; his second considers the frequency of rotation of the earth to be
small compared to the frequency of the tidal motion.

The models in this thesis are extensions of his work, incorporating,
amongst other things, the dissipation of energy by bottom friction. Although

the Coriolis parameter is taken to be a constant, no assumption is made as



to its value relative to the forcing frequency and, hence, this model
is applicable to more general situations.

The solutions are found for the linearized form of the two-
dimensional depth-integrated equations of continuity and momentum
conservation. When it is impossible to find a solution which satisfies
a boundary condition exactly, a Galerkin technique is used to find an
approximate solution.

The first model, in keeping with Williams (1972), considers no
flux through Torres Strait, while the second allows for the presence of
tidal forcing through this Strait by incorporating a second semi-infinite
channel in the model. Torres Strait is a shallow region with an intricate
array of islands, reefs and atolls. It is not considered that the tides
in this area have been modelled accurately; only the effect of motion
through the Strait on the tides in the Gulf is of interest.

The results from the second model are used as input for a linear
numerical model which accounts for more complicated boundaries and bottom
topography. This numerical model is a frequency-response scheme, based
on the EVP method described by Roache (1972), rather than a time-stepping
model, and has the asset of requiring very little computer time and storage.
Its results also compare very well with a more complicated non-linear
numerical scheme which is developed to determine the effects of the non-
linear terms on the tidal motion in the Gulf and to assess the usefulness
of the more simple linear model. Both numerical models use a finite-
difference approximation to the two-dimensional depth-integrated form of
the equations of continuity and momentum conservation which govern fluid

motion.



2.1

CHAPTER 2

THE PROBLEM: A RECTANGULAR RESONATOR ON A
SEMI-INFINITE CHANNEL

The Tidal Equations

The general two-dimensional depth-averaged equations governing

fluid motion have been derived by such authors as Dronkers (1964) and

Nihoul

(1975).

These equations, as given by Nihoul, may be written

in vector form as

where q = (U,V)

and
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is the depth-averaged horizontal velocity,
depth at mean-sea-level,
surface elevation above mean-sea-level,
time coordinate,
Coriolis parameter,
unit vector in the vertical direction,

acceleration due to gravity,

is a bottom friction parameter,

'

0
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are orthogonal Cartesian coordinates, positively increasing
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to the East and North respectively,

£ represents the contribution from other factors such as external

~

forces, atmospheric pressure gradients, wind stress effects and

turbulence and shear effects.

2.1.1a

2.1.1b



In this study of the response of some systems to tidal forcing
on an open boundary, the effects of the term § are neglected. The
equations 2.1.1 can be further simplified to yield linear equations
which have the advantage of superposition of solutionms. The assumptions
(and a discussion of their validity) implicit in such an approximation
may be found, for example, in Hendershott and Munk (1970) and Noye and

Tronson (1978).

The linearized shallow water wave equations may then be written

2 D pyy - - 22

g;(hU) + a—y—(hV) v 2.1.2a
oaU  r _ _ _oZ
3t + E‘U fvs= & 5« 2.1.2b
aV . r _ _ 9oz
a—t' + EV +fU = g ay 2.1.2c

in which the Coriolis parameter is considered to be constant and the
friction parameter, r, is some linear approximation to 7ylgl . A discussion
of this linearization of the quadratic friction term is given in Appendix 1

along with different forms which may be used to model Yy .

2.2 Frequency Response Analysis

Equations 2.1.2 are used to model the tidal propagation in a chanmel-
resonator system, as shown in Figure 2.1, where the motion is produced in
) —twt . .
response to an input Re{Zy(x,y)e }, of period T = 2m/w, travelling
along the channel in the positive x-direction. The equations are solved
. . —wt .
subject to the input Coe and the real parts of the solutions for

Z, U and V will give the elevation and velocity fields at any instant

in time. (i = V/~1).
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Figure 2.1 A rectangular resonator on a semi-infinite channel.
The area is divided into three regions with a

depth-step at the common boundaries of each region.



Since the equations are linear, it follows that

—wt
Z(x,y,t) = tlx,yde
U(x,y,t) = u(x,y)e_mt
Vix,y,t) = v(x,y)eﬂu”
so that the explicit time dependence in 2.1.2 may be removed. The

equations governing the spatial variation of the fluid motion are

therefore

(-iw+tr/h)u ~ fv = - g e 2.2.1a
. - oz
(-iwtr/h)v + fu = - g 3y 2.2.1b
Ji(hu) + Ji(hv) = iwg 2.2.1c
9x dy
subject to the boundary conditions

u(0,y) =0, -d<y<hb 2.2.2a
u(-a,y) =0, -d<y<0 2.2.2b
v(x,~d) =0, -a<x<0 2.2.2¢
v(x,b) =0, x<0 2.2.2d
v(x,0) =0, x< -a 2.2.2e

and a radiation condition that the input wave does not excite other waves

travelling in the same direction.

2.3 Reformulation of the Equations for an Analytic Model

The equations 2.2.1 can be solved analytically if it is assumed
that the depth is a constant; the equations being formulated in terms of
Z(x,y) only and the solution found by a separation of variables technique.

Manipulation of equations 2.2.la and b yields the relations



u(x,y) = - g{(-iwtr/n)? + fz}—l{(-iw+r/h)%% + f %%} 2.3.1a
vix,y) = - g{(-iw+r/h)? + F2Y (- f % + (-iw+r/h)g—§} 2.3.1b

and substitution of these expressions into 2.2.lc yields the differential

equation governing [ :-

iw {(-iwtr/n)2+f 2}

Vi + gh (-iw+r/h) c=0 el
Defining
¢ = r/hw 2.3.3a
6 =f/w 2.3.3b
X* # %ﬁ‘ {(1'&?1;;62} ; 2.3.3¢
these equations may be rewritten as
u(x,y) = - %{(1+i¢)2-92}—1{i(1+i¢)% -8 %} 2.3.4a
vix,y) = - E{(1+i9)?-07)7" (0 L i(1+i¢)§§} 2.3.4b
Vig + x*t =0 2.3.5

and solved subject to the conditioms 2.2.2.
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CHAPTER 3

THE ANALYTIC SOLUTION

3.1 The Method of Solution and the Boundary Conditions

To find the solution to equations 2.3.4 and 2.3.5 in the area
depicted in Figure 2.1, the system is divided into three constant depth
regions as shown - the channel, the junction and the resonator. The
equations are solved (as far as possible) in each separate region and
then the elevations and volume transports are matched at the common
boundaries of adjacent regions.

Thus, the solutions are required to the equations

(V2 + Xf)gj =0, j=1,2,3
subject to the conditions

(1) va(x,0) = vi(x,b) =0, x< -a
(ii) va(x,b) =0, -a<x<0
(iii) uy(0,y) =0, 0<y<b
(iv) vi(x,-d) =0, -a<x<0
(v) u(0,y) = ui(-a,y) =0, -d<y<0
(vi) £1(x,0) = ,(x,0), -a<x<0
(vii) hyvi(x,0) = hyvy(x,0), -a<x<0

(viii) z2(-a,y) = g3(-a,y), 0 <y<b

(ix) hsyus(-a,y) = hjus(-a,y), 0<y<b
and (x) a radiation condition in the channel region.

(In the above, j = 1 refers to the resonator, j = 2 to the junction
and j = 3 to the channel, and each of the ui(x,y), vj(x,y) may be

found from the appropriate forms of 2.3.4.)
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The condition at the cormer (-a,0) 1is given as v3(-a,0)
= u;(-a,0) = 0, while the restrictions vy(-a,0) = h;v;(-a,0)/h, and
uz(-a,0) = h3au3(-a,0)/h; do not necessarily drive these latter velocities
to zero and hence could provide a shear effect. Whereas it is recognised
that this may be erroneous, the exact condition on the velocity at such
corners is not known and the use of the above condition is not considered
to be too detrimental to the solution as a whole.

The inclusion of the Coriolis force (6 # 0) prohibits the finding
of an exact solution to this system. Even for the simpler problem of a
constant depth channel with a barrier at one end (Taylor (1920a), Defant
(1961)) one has to resort to an approximate method to find a solution which
satisfies the zero normal velocity condition at the closed end of the
channel. Here, for those boundary or matching conditions which cannot be
satisfied exactly, a Galerkin method, which is an approximation technique,

is used. This technique is discussed in Appendix 2.

3.2 Solution for the Channel Region

In the channel region, the equation which governs the surface

elevation 1is

Vg, + Xit, = 0, 3.2.1
where
X; = g“:a {(12?;;2;92} ; 3.2.2
subject to
vi(x,0) = va(x,b) = 0, for x < -a 3.2.3

and the radiation condition.
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The general solution, found by separation of variables, is

0
i k( )x+K5y

€3(x;y) = Co(x’y) + Aoe—l ’

o &)
-k, x Ly 0 (b . finy
+ Qzl Ay e {cos il (1%ids) ky on SR 3.2.4

where Co(x,y) is the input described in Section 2.2 and

2 2
w 1
Ky = 66— —7rb7—~ /2N
’ {gha (1+1¢3)} 3.2
%
(o) _ Jw? N
ks = {gha (1+1¢3)I 3.2.6a
1%
L
K = {xi— (JL'IT/b)Z} e g 3.2.6b
i L . .. . . .
with Re{kg )} > 0 so that the radiation condition 1is satisfied. It

; ] L . . .

immediately follows that Im{kg )} > 0 so that the waves with coefficient

Ag» which travel back up the channel, have a finite amplitude as x > -.
The input wave must also satisfy 3.2.1 and 3.2.3, so that

0
ik§ )x-'Ksy

Lo(x,y) = age

N 3:0 1k§’“x Ly _ 0 k(Q)L . Any 3.9.7
WL op e cos—p +io) X2 n sin— %p . 3.2.
Each component in 3.2.7 decays exponentially as x increases. If the

rate of decay of the zeroth mode is less than that of the higher modes
and the channel is sufficiently long, the contribution to Co(x,y) from
the higher modes (& > 0) can be neglected relative to the contribution
from the wave corresponding to £ = 0. Hence, the input wave is approx-
imated as

V]
ik( )x-Ksy

CO(X,y) =e °* 3.2.8



and the surface elevation in the channel region may be written

ik(o)x-Ky —ik(o)x+Ky
L,(x,y) =e °° A e s

o L

+ le AY e_ikg )x{cos&%X + TE:%EET kgg)ll sin&lr-Xl 3.2.9
The coefficient «; is omitted in 3.2.8 and 3.2.9 since the system is
linear and 0oy serves only as a scaling factor. Relative amplitudes
and phases at different locations may be obtained by using 3.2.8 as
input, and the actual amplitude or phase at any location may be found
if the results are scaled according to some reference point.

Using the relations 2.3.4, the velocities are found to be

- [ (0) ikgo)x-K (0) —ik(o)x+K3y

usz(x,y) = m - k3 "e 274 Agk; " e :

(D) 2
AQ e—l k3 X{k(ag) COS&EX +e L _Ui__ Sinm}]. 3.2.10

Q=1 R gh3 b
. e L () 2
TS | T -ik, "x b2 Fa . my
vilx,y) o1+ i03) le Aje il Ks Y\ g sin— : 3.2.11
3.3 Solution for the Resonator Region

To determine the surface elevation in the resonator, the equation
2 2, -
vVeg, + Xxjt, = 0, 3.3.1

where

2 _ w? {(1+i¢,)%-0%}

X7 g (1+idy) 3 3.3.2

must be solved, subject to the conditions
ui(-a,y) = u1(0,y) =0, ~d<y<0 3.3.3
vi(x,-d) =0, -a<x<0. 3.3.4
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The separation of variables technique is used once again to obtain

a solution which satisfies 3.3.3, resulting in the expression
Ql(x,y) = Bo{cosh Ki1x cos poly+d) + i sinh Ki1x sin po(y+d)}

o Lmx i0 a . AT .
+ g +d + —_— —_— +d
le Bg{cos S oS Py (y ) (Tr i) Im P2 sin=_= sin pQ(y )}

+ Co{cosh Ki1x sin po(y+d) - i sinh K;x cos po(y+d)}

- % ) ; . R
=1

3.3.5
2 Y
_efw? 1 1
where Kl @{ghl (1+i¢1)f 3.3.6
w? K
P, © {gﬁ? (1+1¢1)} 3.3.7a
2 T 2% +
= {a- (@)Y, vt

The condition 3.3.4, which cannot be satisfied exactly, is treated, using

the Galerkin process, in Section 3.5.

The velocities may be found from 2.3.4 and are

m
u1(X;Y) U)(1+1¢1 z o { (8> }{BQ cOSs PQ(Y+d)
+ C  sin (y+d) sin—'Q-'IE 3.3.8
2 Po Y a e

vi(x,y) = —& |- Bypodsinh Kyx cos po(y+d) + i cosh Kix sin py(y+d)
w( 1+1¢1)

I
W~ g

2 il
W a N le . 2, X .

B {O0— — n— +d) + os— n +d
L 2{ ghl 2 s1 a cos pg(y ) 1 p2 cos S1 pQ(y )}

+ Copo{' sinh K;x sin pg(y+d) + i cosh K;x cos po(y+d)}
- § C eifi HC I Amx sin p (y+d) - i p cosJ—LIE cos p,(y+d)
- 2 h, 4w a L L a 2 ’

3.3.9
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3.4 Solution for the Junction Region

The surface elevation in the junction must satisfy the equation

2 2 —
VoL, X328, = 0, 3.4.1
where

2 _ w? {(1+i¢,)?-6%}
X = oy ey 3.4.2

and the conditions

va(x,b) 0, -a<x<20 3.4.3

uz(0,y) =0, O0<y<b ; 3.4.4

The solution to 3.4.1, which also satisfies 3.4.3, may be written as

z,(x,y) = J B(A)eﬁkx{Ke sinh s(y-b) + s(1l+id;)cosh s(y-b)}dX ,
— 3.4.5

where A2 - g% = X; 3.4.6
and B(A) 1is an unknown complex function of X .

Only a discrete set of A-values satisfies the matching condition

(vii) given in Section 3.1,
hivi(x,0) = hyva(x,0), -a < x < 0. 3.4.7
From 3.4.5 it is found that

9 . . P
0 —Za%(x,o) + 1<1+1¢2)—§y£(x,o>

—-Ax

=i J B(Ne {22062 - s2(1+i¢;)?2} sinh sb dA 3.4.8

=00

so that 3.4.7 may be written as



i l B(A)e M {xze

—00

. Q[- Bopo{Sinh Kix

16

z - sz(l+i¢2)2} sinh sb dA

cos ppd + 1 cosh K;x sin pod}

= 2
~ w® a . ATx . . Lmx|
le BQ{G EET on oS pgd sin —— + i p, sin de cos _;_I

+ Copo{- sinh

Ki1x sin pod + i cosh Kix cos pod}

= 2
W a = . Lmx . Lmx
QEI CQ{G ah AT sin pyd sin o i p, cos pyd cos —;—}] 5 3.4.9
in which
g = h1 {(1+i¢,)*-6%}
ha (1+idy)
Hence

2m
—-a —00
_ Q 0 iAx
= ?'ﬂ-' e go CO
—a
(<]

where

To evaluate

the definition of

R 0 o}
ij g I B(we 4 {pzez - s2(1+i¢2)2}sinh sb du dx

sh K1X + fo sinh K1X
oo}

g cos — + ) £ sin _——Id §
n=1

He

po[— B, sin p,d + C, cos pod]

po[B0 cos p,d + G sin pod]

. . +
ip [-B sinpd+ C cos pnd], n€ 2

|

|
=
=

) +
, cos pd+ C sin pnd], n€ 2.

the left-hand-side of the equality sign in 3.4.10,

vs(x,0) 1is extended to the infinite domain by

0 , X< -a
vy (x,0) = {Vz(x,O), -a<x<0
0 , x>0

3.4.10

3.4.11
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The definition for x < -a 1is essentially an analytic continuation
into region 3. The extension for x > 0 is quite arbitrary, but, as
long as the results are not used outside the original domain of definition
of va(x,y), this device causes no loss in generality.

Thus, equation 3.4.10 reduces to
B(A) i{A26% - s%(1+i¢,)?}sinh sb

_ %% {Xf%%i[— ix + e ™ [i) cosh K;a + K; sinh Kja}l
1

fo

ik . :
XEIEE[KI - e ""® {i) sinh K;a + K; cosh K,al}l
1

+

iA n =iAa
g ——— [1 - (-1)e 1
. n Az_(na'ﬂ')-

1
Il t~1 8

n

£ ;;Efﬁﬁgf-[l - (-t ]} 3.4.12
1 —(—
a

+
| ~1 8

n

The expression for PB(A) which is obtained from 3.4.12 may be substituted
into 3.4.5 to yield the new expression for r,(x,y) which now satisfies
3.4.7, the condition which ensures the continuity of volume flux from
region 1 to region 2:-

C2(x,y) = %%[- J g AX b0 ;*1§1f°} d(A)dA
1

-0

e M(x*2) 1o [\ cosh Kya — iK; sinh K;a]

§ T

- fo[X sinh K;a - iK; cosh Kla]}%é%%idk
1

o {rg +iZf }
J A B 8 R () dA

1 )\2--(2-71)2
a

« LT
{kgn +l-—5"f“ }

o [ oo

1 kz-(Eﬂ)z
= A

@(A)dl] \ 3.4.13
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where

_ A8 sinh s(y-b)+s(1+i$,)cosh s(y-b)
2(A) {k282-52(1+i¢2)2}sinh sb ' 3.4.14

The details of the contour integration used to evaluate these integrals

are given in Appendix 3, the result being

ik(o)x-K(y.b) ﬁlJo)x+K(yeb)
t (x,y) =E_ e ? : + G e ? :
2 0 0
'k(Q) Ly 0 b (%) Ly
1X, x . I —— e 7
+ 221 EQ e [cos b (1+i¢2) o <2 sin b ]

(D
Pk, x[cos &%Z + 6 _ b kgg)sin &%Z]

[¢ o]
* 2=21 G © (1+i¢,) &m

iBK,

- __19K1 _ ginhk ; _
Do[cosh K x cosh so(y b) + PNGTERYY sinhX x sinh so(y b)]

-+

Rx ib Lw . fmx .
Dg[cos B cosh sQ(y b) (T 165) asg sin = sinh sQ(y b)]

+
I~ 8

£=1

. i 16K, . )
+ F0[51nh K, x cosh so(y b) + So(i*ios) cosh K x sinh so(y b)]

- . Amx if Lm Ux .
+ zl Fg[s1n - cosh sQ(y b) + (T+i¢7) asg cos — sinh sQ(y b)] ,

2
3.4.15
with
(n,,F,) = 12 5y (1+igg) (g,-f,) 3.4.16a
[02k2+s2(1+id,) *]sinh 5D
iQ (1+idy)s, .
(Dg ,Fy) = (gg,fp), LE & , 3.4.16b

NG . :
[(—g— - s;(1+1¢2)2]51nh sz

where
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1]
——
==

|5
~~—7,

i

>
NN
—
hS
=

m

o
+

Se

2
K = {i (1+i¢2)j

gho
%
(O _|. 2 o\ +
& =P -(F) ) v
2 Ya
=l 1
Kz -e{ghz (1+i¢2)} , 3.4.17

and the £ and g are as defined in 3.4.11.

The velocities, which are obtained using the relations 2.3.4, are

() i k8% xe K, (yeb)

uz(x,y) = w—(_liﬁ_) {" Eok2z
0)

o (
+ Gy k(20) g x+K,(y=b)

© (%) 2
L
+ z E’2 eikz x[-k(z) cos-g—gz+6%—wﬁ;sing%z]
=i
© (D 2
+Qz GQelk’ x[k()cos&gx+6%gi—2- n;-)—gl]
=1

+ Do[iKI sinh K;x cosh so(y-b) + EG_ ohs cosh K;x sinh so(y-b)]
o ghz

o0 2
" z Dg[_ 5 n sin 2mx cosh Sg(y—b) + b w cos £l S sinh sg(y—b)]
L a a ) gho a
) o w? . !
+ FoliK; cosh K;x cosh sg(y-b) + Bc B sinh K;x sinh so(y-b)
0

+ ) FQ[i Lo cos L3 cosh sg(y-b) T L sinh sQ(y—b)]} 3.4.18
e a a ) ghs a
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¢ 1[0} _ (am\2), ;. Amx
+ Qg Fy g; [(kz ) - (7;) ]51n —;5 sinh sQ(y—b)}

3.4.19

Williams (1972) has omitted the wave forms associated with the
coefficients F, . Since their presence is not due to the inclusion
of friction, nor to the absence of any condition on 6 (Williams assumes
that O may be considered small enough to neglect, when convenient,
terms of order 62), their omission appears to be inconsistent with his

earlier analysis using 6 = 0.

3.5 The Remaining Matching Conditions and the Galerkin Technique

Not all the conditions listed in Section 3.1 have been satisfied

by the expressions found for Ci,C2 and C3 which still involve, as yet,

unknown complex coefficients. The conditions which remain to be satisfied
are
(1) continuity of elevation at x = -a, 0 <y = b

that is, gs(-a,y) = Li(-a,y), 0 <y<b 3.5.1
(2) continuity of volume flux at x = -a, 0 <y <b

that is, houy(-a,y) = haus(-a,y), 0 <y <b 3.5.2
(3) continuity of elevation at y =0, -a < X< 0

that is, £;(x,0) = z,(x,0), ~a < x < 0 3.5.3
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(4) zero normal velocity at the boundary x = 0

that is, u,(0,y) =0, 0 <y <D 3.5.4
(5) zero normal velocity at the boundary y = -d

that is, v;(x,-d) =0, -a < x < 0. 3.5.5

Since the expressions for the elevations (3.2.9, 3.3.5, 3.4.15)
and velocities (3.2.10, 3.2.11, 3.3.8, 3.3.9, 3.4.18, 3.4.19) involve
infinite sums, no explicit expression or value can be found for each
coefficient, and it is obvious that no finite combination of terms will
satisfy the above conditions exactly. Hence, some approximation technique
must be used. Techniques widely used in such circumstances belong to the
Method of Weighted Residuals (Finlayson, 1972), from which class, the
most commonly used are probably Collocation and the Galerkin method.

These, with particular emphasis on the latter, are discussed in Appendix 2.
The Galerkin technique is used here.

Each of the series in the expressions for elevations or velocities
is truncated after 4 = N; and, for each of the five conditions above,
(N+1) weighting functions are used.  The resulting equations, together
with the appropriate 2(N+1) equations from 3.4.16, yield a system of
7(N+1) simultaneous linear equations in the 7(N+1) unknown coefficients
Ay, Bg, Cos Dps By Fyy Gy £=0,1,..0,N.

The five conditions are now treated in turn.
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(1) Continuity of elevation at x = -a, 0 < y < b.

Substitution of 3.2.9 and 3.4.15 into equation 3.5.1 yields

© [
—ikgo)a-Kz(y-b) —ik( )a Ly . Any
Eg e + Z EQ e 2 cos = - BQ sin —
=1
. (0) o @3]
+ Gp e ¥ stK,(y-b) z Gy eik2 a[cos &%Z + BQ sin &%Z]
=1
+ Do[cosh K,a cosh sq(y-b) - ?Tf%%%%g; sinh Kj;a sinh so(y—b)]
+ Fo[- sinh Kja cosh sg(y-b) + zif%%hygg cosh Kja sinh so(y—b)]
2

160 &

v
L TT+igy) as, (D Sioh s (y=b)

+

00 Q o 0]
¥ Dy (-1)" cosh so (y=b) + ) F
=1 R=1

(0) (o)

B e—ik3 a- K,y = Aoei k3 at+K,y
st ik(Q)a Ly . Amy
+ Z A.,2 e °? cos — + pp sin — ] s 3.5.6
L=1
where

_ 0 b €'3) +
B = oo T Ko LE B 3.5.7a
0 b (B et | 3.5.7b

Pp = (T#idg) m <3 °

The Galerkin equations are produced using

b b
J wm r,(~a,y)dy = ] wm Za(—a,y)dy, m=0,1,...,N, 3.5.8

0 0

where the wm are chosen to be

w = eK’y
()

w = cos LULL A p sin oty , m>0 3.5.9
m b m b

and the Ez(-a,y), zs(-a,y) are the truncated-series forms of the
expressions for Ez(—a,y), Ca(-a,y) given in 3.5.6 (this notational

convention is carried throughout without further explanation).
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The resulting equations are

(0) (o)
1 -k, a[eKsb_eK’b]_'_ ] Jx, a[ngb_e—bi]

0 KKy K3+Ka
%)
k L
e il LR B3 A
Ke+(==)
3 b
)
ik 2
T Nt o k- FfD 01
K°+(=2)
3 b
+ Dy L [cosh Kja T . ——Jégﬂ——" sinh Kyja T ]
K2-g2 10 (1+ida)so 2
3 0

1 o E i6K
+ Fy [ sinh Kya T+ ?T:IEZ%;: cosh Kia Ty ]

g
1 i6 g (-1)
+ L D) —=— T * L ¥y {T3igy) asy .2 2 2o
K,—s 2 Ki-s
2 3 7%
(o) (0)
- -ik, "a 1 ik, "afl 2K;b_
b e + Ay Eﬁ; e [e 1]
€3]
ik L
+ YA 5 " S SR | Amit-1y* M1 , 3.5.10
Q 2, 4T e b
K2+(52)
3 b
) ) ) 4k kb
(Note that, if hg = h;, the term with coefficient Eo 18 E¢b e ? )
where

K, b .
TlQ = Ks(e »" - cosh sz) - sp sinh spb , 2 =0,1,...,N

T

. K_b
e = K sinh s,b - sQ(e 3" - cosh st), L =0,1,...,N,

and
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—ik(o)a 1 m K b m
Bg et ' ——— |Ke v Fhfler - (D
K2+(5) "
P b
., (0) .
o Go el k_‘ a 11T - [_ Ky + 0 Eblf_][e K’b _ (_l)m]
K2+ (55) "
2 b
(m) )
b -ik, ‘al., _ ] . ik, 'a o A
" [1 N A [meQm - B!ZImSZ]
., (m) ¢
}2 ik, a -‘ ’ ik, a fa) o)
tEnDE [1 e Bt G e [meQm * B;zlmyz]
1 [ i6K, .
+ Do w2 cosh K;a Tzo + T+i6,)50 sinh Kja T4o ]
s<+ (=) =
0 " b
1 . 16K
- Fy ——-—2 p sinh Kja Tao + ————(1+i¢2)80 cosh K a T4o ]
sc+(—) L
0 " b
L pp, DL o g i0 m (-1*
g 5, mm2z 3% 2 (1+i¢y) as 5 ,mm, 2 af
sQ+(“b—) L sQ+(—B-)

_ —ik§°’a 1 Ka + il | PRI -K,b
=e '**———)2 3t P B e

K§+(mT;"
+ A e S F;l—)—“)? [Kg - o m?"][(-l)m P - 1]
+ A % eikgm)a[hp:l] + ) Ay e k(32)“[pmf,2m+ prmQ],m =1,...,N 3.5.11
where
T32 = s sinh sgb + p_ I—‘;—:-T- (cosh b - -1)™, 2 =0,1,...,N
T4IZ = sQ(cosh sz - (-1 + P gb[ sinh sz, £ =0,1,...,N

N
z means Z
L=1

N

m f-m
and IQm =1 = m [(-1) "1] ’ '3 # m . 3.5.12
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0
- Ep k(z

Using the expressions 3.2.10 and 3.4.18,
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(2) Continuity of volume flux at x = -a, 0<ys<

b.

as
(o) .. (0)
) e—lk’ 8- K, (y-b) Co k(20) e‘k’ atK,(y-b)
§)
-ik, €5 QI’ITX _ Q,TTX
e ) [C b ) s1in b
€3

€3] Ly . Amy
k [cos b + vQ sin b

equation 3.5.2 may be

2
+ Do[— iK; sinh Kja cosh so(y-b) + 8 W osh K;a sinh so(y-b)]
so gh2
0 w> _. .
+ FoliK; cosh Kja cosh so(y-b) ~ — —— sinh K;a sinh sg(y-b)
so gh2
[¢ o] 6 [ o]
+ ) Dy 3~ ghz (- 1) sinh sQ(y—b) + 2 Fo i — T (- 1) cosh sQ(y—b)
=1 ¢ Q=
( )
Chy (igg) [ _ (0 ik e K,y +Ak<o> 8 Ky
ho (1+i¢3) )
s ik(g) '¢)) Ly Ly
3 a .
+ 221 AQ e k3 {cos b +lp sin —¢ ]} 3 3.5.13
where
2
w 6 b +
= — €
Vo ohs k(Q) T L€ 2 3.5.14a
2
w8 b pegt 3.5.14b
He T ghs (D A 2
3
The Galerkin equations, resulting from
b b
J w h; uz(-a,y)dy = [ w hy u3(-a,y)dy 3.5.15
0 0
with We = ngy
Ww = cos UL A sin oy m=1 N
m %% b m b 3.5.16

are
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()
Eo k(20) e lkz ? L [

K.b K, b
e ? He’]

K3-Ks
(0)
(0) ik, 'a 1 K,b _ ~K/b
+ Gy kz ~ e o+, [e e ]
() )
- Z E, e Ty kgg) SN N Ky + v L (—1)’Z e -1
! K2+ (402 o
3 b .
)
ik, "a (%) 1 _ 21l 18 kb _ ]
+ z Gy e k3 T [Kg Vg b][( 1) e 1
Ko+(== .
3 b
1 . . 0 w?
+ Dy 2 [ iK; sinh K;a T10 + B 5, cosh K;a TEO?
370
2
+ Fy L i Ky cosh Kya T - b w sinh K;ja T
KZ_SZ 10 Sp ghz 20
3 70
R 'l
2 (- i
sp ghz K2-g2 2 a g2 .2 18
3 R 3 ¢
hy (1+i¢,) (0) Sk, (0) l ik(o)a 2k b
—3 5 - kg b e 3 + A k -—— e 3 [- 3 _ 1
h, (1+ids) 003 2K e 1
3
(D)
+ Z A, ¥ ® kgg) — Ky - | L (-l)Q eS® -1
2 2 2w, 2 ? b :
Ko+(==)
b
3.5.17
(0) -ikEO)a+Kab

(Note that if hj3 = k3, the term with coefficient E, 1is - pky " e
0

where

K, b

TlQ = Ka(e *" - cosh sz) - s, sinh spb, £ =0,1,...,N
T, = i b - s, (e°® - cosh syb), % =0,1 N
20 = K3 sinh ) sq (e cosh syb), slyeans

and, defining

T, = 8 sinh spb + W %g(cosh sgb - -1y,

moo.
T;Q = sQ(cosh sz - D™ + W %; sinh sz,
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(0) —ik(o)a 1 miw K b m
ey P [ty
K2+(ﬂ) m b
2 b
. (0) -
v oy KLY &k —im; [_ K, + U mT;rr][e Kb _ (_l)m]
2, (M m
K2+(b)
. (m) (m)
_ b -ik a . (m) _ b ik a _(m)
Em 2 N ’ kz 1 \)mum * Gm E € ' kz [l * \)f“um]
¢'3)
T -ik a (8) = _ &
z EQ N ’ L) [umlflm \)QImQ:l
)
’ ik L o A
1 0 [y ]
1 ] . 6 w?
- D —_—
0 SZ+(EE)Z [1K1 sinh K;a Tm) + 55 2hy cosh K,a T;o]
o b
1 . 6 w? .
+ Fp —— |iK h K + = =
0 52+(%?)2 [1 1 cos 18 T;o ' sinh K;a T«)]
0
- 5' i w? (-1)’2 + z F lﬁ ("'1);2
= 7R s, gh, 2. M2 a9 2 a o, mi2 38
2 SQ+(1;) SE+(j;)
= hy (1+igy) [ (o) e"ik(so)a 1 Ron 5 Loufl| PRSI
h, (1+i¢3) 3 K2+(M)2 ) um b €
3 b
.. (0)
+ A, k(30) o k, "a 1 — |k; - u mf (_1)111 eKsb -1
K2+ (Z0) m b
3 b

. (m)
+ A Doiks e kgm)[l + pz]
2 m

+Z’Ae“‘(=2)“k(’“ I, o+l m=1,...,N. 3.5.18
Q 3 U uQm,Q s g o0 e glN, e J

m Qm

(3) Continuity of Elevation at y =0, —a < x < 0.

If expressions 3.3.5 and 3.4.15 are to be consistent with equation

3.5.3, the coefficients must satisfy the equation
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By cos pod[cosh Kix + Yo sinh le]

Cop 1 cos pod[sinh Kyx + Yy cosh le]

tp~1 8

By cos pgd[cos &gz + Y sin &Ei]

+

£=1 a

v % e %
+ 2 C, sin p,d|cos UL 5 sin X

LR L a tan‘p,d a

£=1 L

(o) o G ))
Eoelk’ x+K, b 2 z EQ elk’ b
Q=1
-ik(o)x-x,b —ik(Q)x

«©
+ Gy e ? + z Gy e 2
2=1

+ Dy cosh sob[cosh Kix + Ny sinh le]

+ Fp cosh sob[sinh Kix + 1y cosh le]

(o0
+ z D2 cosh sgb[cos &EE + nQ sin &EE]
=1 i

[e o]
. Rmx 2mx
+ z F, cosh s b[51n — -1, cos ———]
Rey 2 L a 9 a

Yo = 1 tan pgd
— if a +
Yo = ?T:T$T7 o Pe tan pyd, LE€EEZ

-ifK

No = (110,05, tanh sgb

=10 __ 2T
e T TT+i9,) as,

If the weighting functions are chosen to be

Wy = cosh Kix + Ng sinh K;x

mx mwx _
m=1,...

W =cos — + 1n_ sin — ,
m a m a

tanh sz, L€ Z+

3.5.19

3.5.20

3.5.21

3.5.22
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then the Galerkin equations, found from

o 0
J w Z,(x,0)dx = J w Z,(x,0)dx, m = 0,1,...,N,

-a -a
are

By EE%ELQQ [(1 - yoNg)2K;a + (1 + ygng)sinh 2K;a
1

+ (yo+ny)(1 - cosh 2K1a)]

. d .
= Cp 1 ES%EEQ_ [(Yo-no)2K1a + (yo*no)sinh 2K,a

+ (1+Y0n0)(1 - cosh 2K1a)]

_ 1 -y A -y AT
+ ] By cos pyd Py [(Kl Yo T M0)Tgg * (YoKy =, a)Tsfl]
1 a
+ ) G, sin p,d e iRy jLﬂ) Teg
2 " g AT\2 1 ¥ Yanzp,d " a
KZ2+(==) L
1 " a
1 &7
O e e D T, .|
= Ey eK’b“—?gyl‘——; [(noKl - 1k20))T + (K - 1k20%o )T ]
( ) 24K
+ Go e-bi (o 1 [(nOKI + ik(ZO) )T30 + (Kl + ik(ZO) nO)TM]
(kz )) +K1
(2
+ z EQ 72—)—1—_‘ [(T]oKl - lkz ))T Q + (K]_ = lk( )no)T ]
(kz )2+Ki
1 ) 1 ()
+1 Go — o . [(noK1 + 1k2 )T + (K + iky NO)T4Q]

(k(zg) )2+K";

+

D, cozz sgb [(l—nﬁ)ZKIa-+(1+n§)sinh 2K, a + 2n0(1 - cosh 2 Kla)]
1

+ Fy COZ; s gb [Zno sinh 2K,a + (1+n§)(1 - cosh 2K1a)]
1
cosh s,b
+ YD [(Kl - oy T + (noKa ~ 1 T)Tea]

2
! x24T
a
cosh s, b

g &n &
-3 Fy T m? [(no e ﬂgKl)TSQ + ( e & nQnoK1)ng] ;
K1+(:;)

3.5.23
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where
-ik(g)
Tlfl =1 -e 2 cosh K;a
€3
i k
TzQ =e * ? sinh K;a
(D
K
T32 =1-¢e * " cosh K;a
€3]
i k
T, = e 2 ® ginh K;a, & =0,1,...,N
L
TsIZ = (-1) sinh K)a
Q
and Te!l =1-(-1) cosh Kja, £ =1,...,N;
and
cos pgd mT - mT
. cos d mf mT
s K2+(£1I)2 [(KIYO N a)TSm + 6 Yol a)T5'“]
1 a
i ’
* Bm 2 S pmd[l + Ymnm] + z BQ cos pﬂd{nmlﬁm + YQ Imfl]

+

+

+

Y. N

m m

Y
. ) o N
5 sin pmd{l tanzpmd] + ) C, sin Pszd[”mlszm tan?p,d Im!l]
cosh sgb _ mfr - mn
Dy ———2> | (K1 = non_ 2 T sm (King = n_ a )Tem

mm - mr ]
a)TSm + (Kl ngnm a)T

6 m

’ -
z F’2 cosh sﬂb[ImQ nQnmIQm ]
0. (0)

-ik
K. b 1 mT .. (0) m 2 2
Eo e z[n——lkz ]E—(—l)e. ]
0) \2 ,mT a
) -1 "

(%)
1 [ m7 .. () m —-ik, a
) E n — - ik, ][1—(—1) e 2 ]
2 2
adhyt-anyt L oe

(0)
-K, b 1 mm .. (0) m ik a
Gop e ? p 2[%—+1k2 ][1_(—1) ¢ ]
(0) y*_mm a
(k3 ) (a)

1 o7 ('3 m ik(g)a
ZG . n — + iky 1 - (-1) e , m=1,...,N 3.5.24
2, (%) mE 2 | m a
(ky ") -(—a)
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where
a 2

Lem
Im2=;ﬁ:m§'[(—1) -11 , 2 # m.

(4) Zero Normal Velocity at the Boundary x =0, 0 < y < b.

Expression 3.4.18, substituted into equation 3.5.4, yields

2 (o]

. 6 w .
:Z D 2 i sinh sQ(y—b) + szo Foap cosh sQ(y-b)

'

b

- -b =
- Ep k(zo) eK’(y - z ESZ k(zg)[cosﬂzﬂ\) sin’IL—z

+G0 kz G

(0) K (y-b)
e’ + _z 2

k(zQ) [cos _9{1 + v

with Vp as defined in 3.5.14a and

Of.0=i.K1
+
%=i“—:,zez

Application of 3.5.26 to

b
} w t~12(0,y)dy=0, m=0,1,...,N
0
with w = eK’(y-b)
0
w = cos B 4y sinm,m=1,
m b m b

yields the Galerkin equations, which are

-K,b . Kb
z D!Z 2% ghz K = [SQ {1-e cosh sz} Kze sinh
S

N -
+ z Fg o Zisz [SQ e®? sinh sz -Kz2{1 - e K, b cosh
2 °R
0 _2K2b Q
+ Bk b - G k()zél-e ]-ZEng’—l
KZ &5
, @) 1 [ _ &ﬂ][ “K,b ’Z] -
+ YV G K —— 5 |K Vi e (-1)
. R R2 2 2 ¢
] K2+ (%)“) b

4

b
sz}]

[Kz + \)Q

Lw

._][e

b

3.5.25

3.5.27

_K:b _ (_1)2]

3.5.28
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and
N
0 w? 1 [ m mr .
- ) D, — s(coshsb—(-—l))+\)—-s1nhsb]
=0 Q SQ ghz 8:+(m_ﬂ_)2 '} ¢ m b f
b
X 1 mT m
+ Z Fp O 57 [s‘2 sinh sgb + V_ o) (cosh sz - (-1) )]
2=0 5, * (=)
2 b
(0) 1 wr]f k,o om] _ _ b .o(m[, 4
- A CRR o CHRl RS S IR
2 b
(0) 1 o, mr|[ kv om b . (m) 2
- Go k2 W[Kz \)mb e (1)]+Gm2k2 [1+\)m]
K2+(T -k

+

r (Q) A _ A ’ ~ A _
1" By ka [\)mlgm \)QImQ]+Z Gy k2 [vm12m+ \)QImQ] 0,

3.5.29
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(5) Zero Normal Velocity at the Boundary, y = -d, -a < x < 0.

Use of 3.3.9 in the equation 3.5.5 gives the relationship

- Bopo sinh Ki;x + i Copo cosh K;x

w? a . mx Lmx

- le By 0 EET-IE sin == + le Cp ipy cos —— = 0.

The Galerkin equations are produced from the integration
0
J w vi({x,-d)dx = 0, m=0,1,...,N,
—-a

where the weighting functions are chosen to be

Wy = cosh K;x

W =cos —, m=1, ,N
m a
The resulting equations are
2 'l
- By ﬂ%% [1 - cosh 2K1a] . z BQ 6 ;;1 e iﬂ = [(—1) cosh K;a - 1]
K1+(:;)
ipekK,y i
+ iCy 29 |sinh 2Ki1a + 2K a| + ¢, ————— (~1) sinh K;ja = 0;
L Y k2e (2’
1 a

2
_RQEL_ —1)y™ h K _1_'B e_(_*)__a_]:
By Y {( 1) cosh Kja ) 0 © o7 T g
1 a
+ CO-JHUﬂsLT (-1)" sinh K;a + C_ 1ip 2. 0, m=1,...,N,
2, MT m m 2
K2+ (=)
1 " a
where 1 is as defined in 3.5.25.

3.5.30

3.5.31

3.5.32

3.5.33
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(6) Continuity of Volume Flux at y =0, -a < x < 0.

For completion, the equations 3.4.16, which ensure that the condition

hivi(x,0) = hava(x,0), -a<x<20

is satisfied exactly, are presented again here:

Q PnSu(l+i¢2)

Dy = [82K§+(1+i¢2)zs§]sinhsob [By sin pgd = Cg cos ppd] 3.5.34
94 pQSQ(1+i¢2)
D, = - [B, sin pyd - C, cos pyd]
2 2 ] . 2 >
[(&Eg) -(1+i¢,)2%s2]sinhs,b . ‘ .
a L 2
L=1,...,N 3.5.35
- Q ipgso(l+igy) .
Fo [67K7+(1+i¢,) ?s2]siths b [By cos pod + Co sin pod]  3.5.36
@ 1i0s (1+1¢2) 2
Fo = & W_ 2 g cos ppd + C, sin pydl
3 2 s
a e g
£=1,...,N 3.5.37
where
g - h1 [(+igy)?- 6%]
h, (1+1i¢,)
The linear simultaneous equations described above may be solved
for the unknowns Ay, By, Gy, Dy, Eg, Fo» Gy (2 =0,1,...,N) by

inverting the (7N+7)x(7N+7) complex matrix whose elements are defined
by the equations derived in this section.  The convergence of the method
is tested by checking that the residuals of each equation become smaller

as N is increased, as shown in Chapter 6.
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CHAPTER 4

AN EXTENSION TO THE MODEL: AN ADJOINING CHANNEL

4.1 The Equations

The model in the previous chapter can be extended to include the
presence of tidal forcing in a second semi-infinite channel, adjoining
the junction region and occupying the area x 2 0, w, <y < w,. Williams
(1972) (and, subsequently, Buchwald and Williams (1975)) has considered
the case w, = 0, w, = b in his earlier analysis which neglected Coriolis
as well as frictionm. Here, the two semi-infinite channels, not necessarily
the same width, could be as depicted in Figure 4.la, if w, < b, or in
Figure 4.1b, if w, > b, with both cases allowing for 0 < w, < b. The
analysis which follows is carried out for the situation in Figure &4.la,
but that for the case of Figure 4.1b does not differ substantially from
the presentation below.

The area is now divided into four regions with a depth discontinuity

at the junction of two adjacent regions, indicated by broken lines in the

figure. Once again, the solution is sought to the equations

vzcj + xfaj =0, §j=1,2,3,4 4.1.1

where

» {(1+i¢, )2-6%}
2 _ W i
% gh (1+i% )

i

The solution must satisfy a radiation condition in each of the

semi-infinite channels, as well as the following bcundary conditions:



(a)

(b)
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Figure 4.1

two connecting channels.

is shown in (a), while

Region 1

The rectangular resonator-channel system, with

The case of w3 < b

w3 2 b 1is depicted in (b).
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u1(0,y) =

|
(=
~~
|
[
<
N’
]
o
|
[a N
N
~
A
O

vo(x,b) = 0, ~a<x<0
v3(x,0) = va(x,b) = 0, x< -a

0

|
<
=
~
"
]
w
~r
n
(=)
"
A%

vy (x,wz) =

vi(x,~-d)

!
(e

)
[
A
»
N
o

and matching conditions

t2(-a,y) t3(-a,y), O0<y<bd

hyus(~a,y) = hauz(-a,y), 0 <y<b
0, wy3<ys<b

hous(0,y) =thyuu(0,y), wy <y < w3

0, O0<y<w

£,(0,y) 24,(0,y), wy <y < w3

Cl(xgo)

L2(x,0), -a<x<0

hivi(x,0) = hyva(%,0), -a < x<0.

The uj(x,y) and v, (x,y) may be found from the relations 2.3.4.

4.2 The Solutions

The expressions for Cj(x,y), uj(x,y), vj(x,y), j =1,2,3, are
exactly the same as those containing the unknown coefficients, found in
Chapter 3. The solution in region 4 is found analogously to za(x,y)
in Section 3.2, so that

A —ikfo)x+K4y ikﬁo)x
Ek(x:y) =0e i

+

ik(Q)x[ L 8 w1 ()
R

~ . R
4 ) - - ————— ——— — —
1 A e cos wl(y W) (1vis) om ky = sin Wl(y wz)] ,

I~18

4.2.1
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where
2 Ya
w 11
= N— 77— VAN
X {ghq (1+1idy) ) 4.2.2
¥
(0) w? . 1
= d—— (1+
k4 {ghh (1 l¢g|)J
4.2.3
2%
@) 2 m 1 +
= - | = , €
“ {X“ (Wl) [ L
and
W, =W, — W, 4.2.4
The velocities may be written as
- = (0) —ikso)x+K4y ~ (0) ikgo)xaKay
uy(x,y) = 6?11%6:7 8 ky e - Ag ky, e
. § A ikEQ)x S A owy + g YL w? L AT ) 1
oL A12 e L cos = YWy % gha sin = y-w2 f’
4.2.5
and
. o L (2) 2
| - Aok Tx walee (AW AT
vy (x,y) MEEEETH) le AQ e e - sin w1(y w2 ). 4.2.6
As was the case in Chapter 3, some of the conditions listed in
Section 4.1 still remain to be satisfied. These are

(1) z,(-a,y) = z3(-a,y), 0< y<b
(ii) hyu,(-a,y) = hyuz(-a,y), 0< y< b
(iii) g,(x,0) = g,(x,0), —a< x< 0

(iv) vi(x,-d) =0, —a< x<0

(v) hyv;(x,0) = hyva(x,0), —a< x<0
(vi) £5(0,y) = £,(0,y), w2 < ¥y < W3

0, W3<y<b

(vii)  hauy(0,y) = {h,u,(0,y), wy <y < w3

10, O<y<w;

4.2.7

4.2.8
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As before, a Galerkin technique is used to find an approximate
solution to satisfy these equations. The algebraic equations resulting
from application of the Galerkin process to (i) - (v) are those found in
the previous chapter, namely, 3.5.10 and .11, 3.5.17 and .18, 3.5.23 and .24,
3.5.32 and .33 and 3.5.34, .35, .36, .37. Conditions (vi) and (vii) are

now considered.

Condition (vi). Continuity of Elevation at x = 0, wp <€ y < w3.

Substitution of the expressions 3.4.15 and 4.2.1 into equation

4.2.7 yields

QEO DQ cosh SQ(}"‘b) + z FQ ;Q-m

sinh SQ(Y‘b)
L=0

K b s
+Ey e ,(y-)+ z

1 EQ[cos &%X - BQ sin 0 ]

where
_ 0 b ()
By = TTvig) on 2
g ez 4.2.10
_ 0 wy (2)
& = (T+idy) m Kb
and 0Oy is as defined by 3.5.27.
The weighting functions which are chosen for the evaluation of
s = Wy -
wm CZ(O,y)dy = J Wm Ch(o’y)dY: m = 0,1:--',N
w2 w2
are
w = eK’y
0
W = cos oy . B sin oy ,m=1, ,N
m b m b
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The Galerkin equation for

= 0 produced from this integration is

1

N i N OY 5
D KaT - s, T ] + F ;
g 2 K2mg? [ 2h0 228 ng L SQ (1+1,
2 "R
v Ep Wy Kab ¢ 1 e—bi[e2K2w3 ~ eszWz]
2K,

i J znl
+ T E -—[K2+B
! K2+ (T)2 1 I

e {5 ah

+ ) G — i [1K2 -

P | (K, +K)w, (K +K)w,
S ehe [ 5
A 1 (K,-K)w, _ (K-K)w,
+ Ay K,—Ka [e e

K w
2 2
e ]

Kw

~ 1 5 L "o

i % I<2+(—M)2 [Kz t Wl]]:( 1RE
2 Wl

(Note that if h,

where
_ Kw3 <. K, w
TlQ = e * ?cosh th3 e ? 2cosh th2
L
K w K w
- 23 o - 22 o1
T22 e sinh th3 e sinh th2
_ Kw, Lwy K, w, Amwg
T32 e os — e cos —
'8
- JKw, . ATwg K,w Lmwy
T;Q e sin — e sin =%
and t, =w -b, j=2,3

+ {2/" - BQ KZ}T4Q

= h,, the term with coefficient A, 1is

) Kz_sz[K2 Toe~ SQTIQ]

2

Agwy),

4.2.11
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The Galerkin equations for m = 1,...,N are

pl 1 mT. mT

) Dy 2, (T2 [ TTDIQ * 8T T B o TD3Q+ B SQTD4Q]
=0 SE"'(?)

P T E ol g L mmp o _pmm oo )0
P PN N %0 'pag b 'Dak m b D2% B.SeToie (1+id,)
=0 SQ"’(_b')
+ E, K2 —;z- [— {K, + B I-n—ﬂ}{e_K’w3 cos W3 _ KW g B2
K2+(50) e b :
2 b
M = -sz - MA - ~K Vg mTw 1
+ {b B Ky He *sin —p e ? ’sin ——zb }J
b . 2mmw . 2mTwW
-p21L - — 2 R = Kodu L7
; Em[{l 82 hCorymwy) + 7o-(1+82) (sin 223 - gin 20T }]
s 7 E, 2L 18 - mB B IT, , - {m - 28,8 IT_ o + {mB + RBIT
g m R2-m2 2 m” E1% t 2 "m"- E2% m 2" E3R

v 28, + mé, }Twz]

+ Gy e S ——r B [{Kz - B ﬂ}{eK’w’ cos T3 _ JKaW: oo B2,
K2+(Ellr_) m b b b
2 b
+ {I_an. + B KZ}{esza sin mmws _ esza sin IHM}
b m b b
v ¢ [ (1482 5w mwy) + —{1-B2Hsin M3 _ gin 202y
m m? 2203 "2 Lmr m b b
_ b 2mmwg _ 2mmw 5
B 2mm (%% T b cos 7y }]
w70 e 2t T e mg, B 3T, - (m o+ 28,8 M, o + {mB_ - £8,)T
£ 7 22-m2 2 m” E1% 2 "m-~ E2% m 2 - "E3R

+ {48, - mby }Tmsz]
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A K K
= Q ——~—-l—2 [{Kq - B II—ﬂl}{e ™5 cos T3 _ % Macgg mwz}
K2+(m_1T) m b b b
b b
mT K,w, . mlwg K,w, . mmwy
+ — 4 3 - 4 2
{b + Bqu}{e sin =4 e sin — }]
A 1 mT -K, w mmw -K, w mmw
- —1}{ 4 3 3 _ 4 2 oinwa
+ Ay LG [ {K, + B b}“e cos — cos — }
I b
m _ “Kyw, .o omMwy _ -Kw mmv gy |
+ {b Bqu}{e sin — e *sin — }J
e 1 |ymm o Lm . mTwg mmwo
+ 1 Ty 2 &, 2 [{b B.Ee Wl}{( 1" sin — — )
w1
- {g A, B 91[}{(_1)2 cos T3 _ ps TTW2,
2w, Pm b b b
A _ m7w gy . mMmMwWa _
+ AL%wl[{l BmEL}cos Tt {Bm EL} sin —0 ] , m= 1,...,N, 4.2.12
where
. 5 mTw 3 0 m'lTWZ
D18 cosh s,zt3 sin 5 cosh S t2 sin 5
T = ginh s,t_ cos OTW3 _ sinh s, t cos 2
D2 ¥ £ "3 b £ 2 b
= ma. mTTWZ
D38 cosh SQta cos — cosh s!zt2 cos —p
ng = ginh Spt, sin M:-i sinh set, sin mﬂgﬂz , £ =0,1, ,N
= gin U cos B3 _ 5in 220 cos T¥2
E18 b b b b
_ . mMwg 21w g . MWy Lwy
pag = Sim = cos T - sin =% cos T
_ LW g miwg _ Lmwg m7w 2
pag = €08 T cos —¢ cos === cos —
Toaq = sin 2'1?3 sin mﬂ.;)wi sin M.:z sin mn;nz , =1, ,N;
. m _ L
L 1is such that — = — 4.2.13
b wi
N
and )'’ denotes )
2=1
LEL
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Condition (vii). Continuity of Volume Flux at x = 0, wy; < y < w3.

Using 3.4.18 and 4.2.5 in equation 4.2.8 gives

2 o0

N 6 w
) Dy — —— sinh sy (y-b) + ) F, o, cosh s,(y-b)
250 2 S gha L 0o g 1 L

o0

= . [

- Ey k§°) e K, (1-0) o z Ep kg )[cos 27y = Vv, sin &%1]
=1

00
+ Gy k§°’ eKé(y'b) + z G kgg) cos Ay + v, sin A
2= L b L b

0, 0<y<wz and w3y <y< b

_ ) _hy (Q+igy) [ 5 (0) Ky %o (0) Ky
{ o (1+1¢'+) a ky e + Ay ky e

[o0]

W2 €y < W3,

with Vp as defined in 3.5.1l4a

Op as defined in 3.5.27
w? w 1 +

and K, =egh_4ﬁk_(uw , LE 2

With the weighting functions

K,(y-b
W = e ,(y=1b)
mTT . T
w_ = cos —BX + Vv sin —EX , m=1,...,N,

the Galerkin equations, which are produced from

b W,
J W houz(0,y)dy = J w hyuy (0,y)dy, m = 0,1,...,N,
0 w,

2

are

~ L '3 .
+ QZ A kﬁ )[cos ;%(y—wZ) - Kk sin %?(y-wz)]} ,
=1

4.2.14

4.2.15
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N 2
-K_ b .
fp, &4 i [52{1 - e7" cosh s,b}- Kpe *" simh sz}]

N
1 -K.b . ~-K, b
+ Z FQ O EE:;E [SQ e ? sinh sz - Kz{l - e ? cosh sz}]

=0
e B K00 - T, 1D —L [, v v, Al - D"
L 9 A2 £ b
Ré+(5=)
2 b
(o) 1 -2K,b g3 1 e |l -k, b '
Cend? -] 1o ) e [ - v e - ]
2K, K2+ (20 s

_hy (1+ig,) Kb {_ 8 1 1 [e(K4+K2)w3 _ e(K4+Kz)w’]

T hy; (1+igy,) Ko+Ky

A ey 1 [e(K,-K.‘)ws _ e(Kz‘K4)W;]

-Kw Kw

A~ (0 1 L L 23 2 2

? K2+(£Tr) le. :
1

2

(Note that if h, = h, , the term with coefficient A, is Agwi);

and
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! 0w 1
— Sy . . m m_—'n' .
) % 3 ghy o ,mm 2 [SQ{COSh sgb = (1)} + Yo b sinh sz}
Q::O Q SQ+(_)
b
By % S amz | Se SER % . plcosh s
=0 sg+ ()
b
B 10— L [Kz . _HLbTI][ebi _ (_l)m] vE B [1 ) Vz]
K2+ (50 o m 2 m
2 b

b kY — Kk, - v B{le™" - (D] - ¢ bdmly + 2
2 Lm m b m 2 m
Kt )

Q A A Q A~ ~
- 1'Ey ¥ )[\)mIQm - "szlmsz] -1 e ) [\)mIQm * \’szlmsz]

_hy (I+igy) [ ki, mT, o K, w, ™ K, w,
ny (1%igy) a ——-——'—Q'K2+(m—ﬂ) Ky - v = He cos ——3-b e cos
4 " b

mm K . mMTW K .
+ {—g + \)mKu}{e +Ys gin B 3 - g™ gin 5 ]

- Ay k(q_O) S 5 {{Kh + v EI;TI}{e“K“W3 cos ——amﬂ: - e ™™ cos mﬂ;\lz }

mm -K . mTwW -K .
+ {VmK" - —b—}{e «Vs gin —2 - e +Y2 gin miw2 }]

a (L) _ mwW 2 . MTW
+ A ky, 2w1[{1 \)mKL} cos —p= + {\)m + KL} sin ——-2-]

~ ¢ 1 L . .

+ ZHAQ &, . R e [{M -V K ‘%—1:}{(—1) sin BW3 _ gjn BTV23
(—b)‘-(—)

Wy

- {v r_nb_jr + K %1:}{(_1)2 cos B3 _ cos mﬂwz}] } 3

where L 1is as defined in 4.2.13

A

and ISZ is as defined in 3.5.12.
m

4.2.17
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4.3 Determination of a

The equations in the previous section contain the factor 8 which
represents the amplitude and phase of the input wave in region 4 relative
to the input in regiom 3. Since, in collecting data, one cannot
distinguish between input and output waves, the value of 8 cannot be
specified but must be included as an unknown and determined as a solution
to the system as a whole. This can be achieved if data is available
in the two regions.

The elevations at two positions (X3,Y3) and (Xy,Yy), in regions

3 and 4 respectively, are related by the equation
—-i®
z3(X3,Y3) =6 e Ty (Xy,Yy)

where 8§ and ¢ may be determined from measured tidal data. Using
expressions 3.2.9 and 4.2.1, this equation may be replaced by the

approximation

.. (0) =
ik, X.=- K. Y ik X.+K, Y
e 3 3 3 "3

L ()
+ z K’Z el k, "X, [COS f,]—TIT (Yq‘Wz) = EQ sin % (Yu‘Wz)] } 4.3.1
This equation, with the 8(N+1) equatiomns 3.5.10, .11; 3.5.17,
.18; 3.5.23, .24; 3.5.32, .33; 3.5.34 - .37; 4.2.11,.12; 4.2.16, .17
are solved for the 8N+9 unknowns &, Ay, By, Cp, Do, By, Fp, Gp KQ,
£ =0,1,...,N, by using a complex matrix inversion routine. The

results are presented in Chapter 6.
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CHAPTER 5

TWO NUMERICAL MODELS

Analytic models have a number of important attributes which make
their development worthwhile. Although they simplify the features of
the region of study to enmable a solution to be found, they can throw
a great deal of light on the important factors governing the fluid motion
in the region. They also provide a guideline against which to compare
numerical models. These latter must be developed for more realistic
quantitative analyses, since, except in cases where perturbation techniques
may be applicable, analytic solutions can only be found for systems which
are aptly described by linear equations and have simple geometrical
boundaries and depth profiles.

The restriction of linearization is not as serious as the other
two; many models, including those of Platzman (1958) and Heaps (1969)
have used the linear equations to good effect. Sometimes, as, for
example, for residual circulation studies (see Nihoul and Ronday (1976))
or for areas which are quite shallow so that the surface elevation is
comparable with the mean depth (see Flather and Heaps (1975)), the
inclusion of the non-linear terms in a numerical model is essential.
However, if the water is deep enough to justify the omission of these
terms, and yet, to gain a realistic view of the behaviour of the system,
complicated boundaries and depth contours need to be taken into account,

a linear numerical model can be quite useful.
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5.1 A Linear Finite-Difference Numerical Model

. . —iwt . .
Assuming the time dependence factor e ' , the linear equations

governing tidal motion are those given by 2.2.1, that is,

) d
(-iw+r/h)u ~ fv=-¢g 55 5.1.1a
x
. _ or
(-iw +r/h)v + fu=-¢g By 5.1.1b
L lhu) + (hv) = iwg . 5.1.1c
ox dy T
The numerical model uses finite-difference approximations to
these equatioms. To determine the appropriate finite-difference forms,

a two-dimensional rectangular grid is superimposed on the region of study,
the boundaries thus being approximated by horizontal and vertical straight
line segments. The grid points lie at the intersection of the lines
drawn parallel to the x- and y-axes; the grid spacing in the x-direction
is Ax and that in the y-direction is Ay.

The grid is composed of elements; within each element are a -,
a u- and a v-point arranged in a staggered fashion, as shown in Figure
5.1. This configuration has been used by many authors, including
' Platzman (1958), Leendertse (1967) and Ronday (1976), because of the
simple form the coastal boundary conditions take. If 7 1is evaluated
at a grid-point with coordinates (x,y), u is evaluated at (x-0x,y)
and v at (x,y-Ay); the depth, h, is specified at the position (x,y).
Each element is identified by an ordered pair, (&£,j), with 1< & <m

and 1< j<n, & increasing in the positive x-direction, j 1increasing

in the positive y-direction. The corresponding values of C, u, v, h are
denoted by CQ,j’ U i Ve, and hQ,j' Figure 5.1 shows the (£,j)th
element and surrounding grid-points. Each element is further labelled

according to which one of 12 classes it belongs. These classes identify



A\ vV
Q-1,j+1 g,j+t

CQ-l,j l Yo, CQ.j- l Y0ar,
| | Ay
' |
|
A A :
VQ‘lpJ I inj
|
I T T |
X » X ) o
cQ-l,j-l uQ,j-t CQ,j—l uQ+|,j-1

-« A X ——>

Figure 5.1  The (%,3)th element and surrounding grid-points.
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the manner of allocation of values to Z, u and v and are set out in
Table 5.1. From this table it can be seen that the coastal boundaries
are always approximated in such a manner as to ensure that, if a land
boundary is parallel to the y-direction, it passes through a u-point,
and, if parallel to the x-direction, it passes through a v-point.

As far as is practicable, centred finite-difference approximations
to 5.1.1 are used. Consider, for example, equation 5.1.la which may

be written

{-iw + r(x—Ax,y)h_l(x—Ax,y)}u(x—Ax,y) - fv(x-Ax,y)

= -g %ﬁ (x=0x,y) : 5.1.2

Now, using Taylor series expansions

) Ax)? 37
z(x,y) = o(x-Bx,y) + Ox ﬁé(x—Ax,y) + ( ;) sgg(x—Ax,y) + 0(Ax?)
and
— 9L
t(x-20x,y) = ¢(x-Ax,y) - Ax T (x-Nx,y)
AZBZ
+ £—§l— 5;% (x-DNx,y) + 0(Ax?),
so that

(x,y) - t(x-2Ax,y) = 2Ax %% (x-0x,y) + 0(Ax?),

that is, if the (%,j)th element is being considered,

9% (x- =1 - 2
5 (hy) = gn (G T Gy, ) ¥ 0LAD).

In the same manner, the best approximation to v(x-8x,y) is

2 2
5 5 P Ve e T VR et Y VR 50 0xT, Ay,
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but, to avoid the inversiomn of a large 3mn X 3mn complex matrix, an

explicit system is developed, so that the approximation used is
- = X 2
v(x-Ax,y) Z(VQ-I,j + VQ=1,j+1) + 0(Ax,Ay%).

Hence, 5.1.2 may be written as

-1 ~1 = &
{-iw+r b g FIC/T Vi ien)
e, 2,
= - & -
2hx o, T G, ) 0k Ay, aete
where ruﬁ ~ is the friction parameter value at the grid point associated
)i

with u i (this parameter is discussed in Section 5.4) and

{%(hQi +hy ) A EL
h. = s ’

In the same manner, the finite-difference approximations to

equations 5.1.1b and c are found to be

iy 1 5
SR S N I R A

£, R, ’
=_8 - 2
ZAY (CQ,] ;Q,j-i} + O(AY,AX) 5.1.3b
and E%— {h Yoy i h up )+ E%—{h Vo ey vy -}
X Yo,y ) J Up. s J y Vg’j+1 s 3 VQ’j )
= iw g j+ 0(Ax?,Ay?), 5.1.3¢
where
; .
{2(h2,i the ) 3t
hv =
Qs] hQ,l’ ] = 1

These equations are rearranged to give, in explfcit form, the
equations for the evaluation of wup 00 Ve and g i at all interior
, ’ 1]

points:-
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2, i h;;,j {hu2=1,j uQ'l’j . E;(hv'§2-1,j +1VQ'1'j+1 i hvia1,j VQHI’j)

+ 21iwhx CQ_I’]} 5.1.4a
%0, ; Coe1,y ng {(-iw + r Q,jhuQ,] )uQ,]

- %f(vg_l’j + VQ=1,5+1)} 5.1.4b
vg; =~ lHiw+ rvg,jh;;’j }—1{%f(ug,j t iy )

+3hy Gy T .0t 5.1.4¢

The first equation is obtained by rearranging 5.1.3c after replacing
2 by 2-1, the second by rearranging 5.1.3a and the third by rearrangement
of 5.1.3b. These equations are explicit since, on calculation of any of
the unknowns on the left-hand side, all the quantities on the right-hand
side are known provided that the sweep through the grid follows increasing
values of & and, for each £ , increasing values of j . The equations
5.1.4 must also be evaluated in the order given above.

The appropriate forms of these equations for non-interior points

are given in Table 5.1.

5.2 The EVP Method

The solution, using the equations 5.1.4, is found by the EVP
method described by Roache (1972, p.124).  From Table 5.1, it can be
seen that, for elements labelled 3 and 7, the value of Up is calculated
according to equation 5.1.4a; the desired result of such a calculation is,
naturally, zero, since the associated grid-point lies on a land boundary.
Also, for elements labelled 11 and 12, Co ; is calculated according to

5.1.4b, the desired result being some known input value along an open
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1. u, =0 1= = u as in 5.1.4
2[ . €, // 2, s 1n a
. . - X
j; QQ provisionally assigned ,//f::; CQ not calculated
- /A; i l_{lﬁ y
VQ =0 Vv =0
, £, i
2. u 8. u
Q . B .
> x ’Jlas in 5.1.4 ;:/Q’/ A not calculated
J . P /
A 2 P AR
A . Y
v’2 =0 VQ =0
s ) » )
<
3. |j;:/ g as in 5.1.4a 9. (Western open boundary)
> %" , l
:;//// o j | up provisionally
A ! not calculated ) R L assigned
o vy I
2 % Zo is given
’,
|
vy . as in 5.1.4c
Ji
4, ug | 10. §Western open boundary)
/// | ..
B R
/::>/ - %0, ; not calculated > f e, prov1§1on311y
,//5// A assigne
= SRS o
Q -
/’////// s d = Zg ; is given
Vo =0
5. ///l up T 0 11 (Eastern open boundary)
et .. : |
::Er x Co provisionally assigned > X Y
» | 3
i::‘ \7) as in 5.l.4c A QQ as in 5.1.4
~ ’ I ’
!
M
6. up 12. (Eastern open boundary)
iy |
i Tp .| as in 5.1.4 : up
s > f ’J} as in 5.1.4
M — %2, ;
Vo T
TABLE 5.1: The classes of elements for the linear numerical model and

g, u

indicates a solid

their associated methods of allocation of values to

and v . _—~>~~~ indicates land,

boundary and - - - an open boundary, while » depicts a

u-point, x a g-point and A a v-point.
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boundary at the Eastern extremity of the region of interest. Hence,

it is necessary that those values (called starting-values) designated

as "provisionally assigned", namely, QQ’j in elements labelled 1 and

5 and Yo ; in elements labelled 9 and 10, should be such that a sweep
through the grid produces the correct end-values for elements labelled

3, 7,11 or 12 on calculation of 5.1.4. The correct starting values

are determined by finding the end-values produced by specific provisional
starting-values.

For a consistent scheme with a unique solution the number of
starting values, say K, is the same as the number of end-values. The
two sets of values are numbered in increasing order as they are encountered
in the scheme. For any set of starting—values {Sa’ a=1,...,K}, the
sweep through the grid produces a corresponding set of end-values,

{€ ,a=1,...,K}. Since the equations 5.1.4 are linear, there is a

a

simple linear relation between the s and the Gu, namely

€ = + €
STAS TS
3 T
where s = (Sl""’sx)
T
€ = (€
S B (€000 E)
- is the end-vector produced by s = 0.

A is a KXK complex matrix whose columns are generated by
starting-vectors of the form sy = (6k2) where GkQ is the Kronecker

delta. Thus, if %Q = AEQ + Gb, then a, = %Q - Go, where ag is the

~ ol

2th columm of A.

Once these quantities have been determined, the correct starting-

vector, s%, is determined by

-1 o~
g% = A (E - eo)

~ ~

%
where € is the desired end-vector. Hence, (K+1) sweeps through the
grid produce the correct starting-values which are then used in a final

run to determine the values of ¢, u and v throughout the whole system.
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5.3 Stability, Consistency and Comnvergence

The concepts of stability, consistency and convergence are discussed
in all books which deal with the numerical analysis of finite-difference
methods. Roache (1972, p.7 and p.50) gives an informative discussion
of these features yet keeps them in their proper perspective with regard
to an analysis of a finite-difference approximation (FDA) to a set of
partial differential equations (PDE).

Consistency is simply the requirement that, as Ax, Ay » 0, the
truncation errors (as evident in equations 5.1.3) must approach zero,
so that the FDA approaches the PDE.

As Ax, Ay - 0, the discrete solution must approach the continuum
solution, that is, the solution to the FDA must converge to the solution
of the PDE. This is usually hard to prove as the FDA is used solely
because the solution to the PDE is not known. Linear initial-value
problems may use Lax's Equivalence Theorem to relate consistency and
stability to convergence. However, no analogous theorem exists for
schemes such as the EVP method, which have no explicit time dependence
and so cannot be classed as initial-value problems, nor for non-linear
schemes. However, the FDA can be used to solve a similar, but more
simple, problem for which there is an analytic solution, and a comparison
between the two can be used as a guideline as to the likely convergence
of the FDA in more general problems. Probably the best test of convergence
of the FDA is a comparison with field data, if adequate information is
available.

An FDA is stable if the difference between its theoretical solution
and its actual numerical solution remains bounded. This difference arises

because of round-off errors.
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5.3.1 Stability

To determine the usefulness of the finite-difference model set
up in Section 5.1, the error amplification properties of the scheme
need to be analyzed. This examination can be carried out by means of a
discrete perturbation analysis (Roache (1972), Noye (1978))which, although
lacking the methodical formulation of the commonly used von Neumann
stability analysis, has the advantage of providing a round-off error
bound, rather than just the reassuring information that (for a time-
stepping scheme) repeated progressions through the grid will not increase
the error without bound.

In the analysis which follows, it is assumed that both the depth,
h, and the friction parameter, r, are constant. The simplified finite-

difference equations are

uQ,J - 1'.lQ-l,j - 0('{‘752.1,j7|-1 B VQ_I’j} + 632;;2_1’1. 5.3.1a
= = - L |
CQ,I CQ-I,j 61{6 ufl,j zf(V_l’ + VQ-l,j+1)} 5.3.1b
= - g Mk ~1 -
Vg’j B {2f(u,Q,j + uQ,j-l) + 62 (E,Q,] CQ,j-l)} 5.3.1c
where
a = Ax/Ay
BR=-iw+ r/h
8§, = 2Mx/g
82 = 2Ay/g
63 . Ziwa/h.
I1f the magnitude of any error in %o ) is |AC’2 jl , then, from 5.3.lc,
it can be seen that
- - -1 <71
|AVQ,jI - |AVQ,j+1| - IB 62 ACQ’J‘
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and so, from 5.3.1a,
|AuQ+1,j| < 20|78, A CQ,j|+ |85 A Cg,jl

Finally, using these error bounds and 5.3.1b, the upper estimate of the

error in CQ+1 ; is
?

1A | < {1+ 208,63" + 6,[858] + [181]6:52" 3|8 ¢y |

C!Z+1,j

or

8 gy, , 1< {1+ Jo] ieg?) Y+ 20

Li? 2 2 %
4+ —
o (Ax)2 [1+¢2]17}|A CQ,,.I g 5.3.2
where the notation of the analytic model is used, namely,

5 =f/w

¢ = r/wh

The expression 5.3.2 indicates that the scheme is unstable from
the point of view that an error introduced at any point is increased
at each stage of the progression through the grid. However, the largest
error occurs at the end-boundary in the x-direction (% = m), and the
error at any interior point is smaller than this end-error. Hence, by
limiting m , the number of grid-steps in the x-direction, the round-off
error at % =m (and so for % < m) can be kept within a desirable
range.

However, 5.3.2 also shows that the error is smaller for smaller
values of Ax and O so that some compromise must be made between having
a small value for Ax and a small number of grid-steps in the x-direction.
Smaller values of o can be achieved with larger values of Ay, but

this must increase the truncation error (as evident by 5.1.3) and, once
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again, some compromise must be made between having small round-off error
propagation characteristics and having an acceptable truncation error.

If an acceptable value of Ax results in a grid which does not
cover the region of interest, double precision can be used so that a
useful number of significant figures can be retained at the end boundary
of a larger grid; however, this increases the computer memory and time
required for calculations and so limits the usefulness of the model.
Nevertheless, it has been found that, for regions which are not too
extensive, the amplification of round-off errors does not limit the use
of equations 5.1.4 in describing tidal propagation.

The results of the application of these equations to the Gulf of

Carpentaria, Australia, are given in Chapter 6. The model values used
are
Ax = 13 km
u:l
3
h>5m

|6| < .5 (using a latitude of 12%°S),

so that the error amplification, given by
| & ST | < 1.53]|A Lo s |,

is not too restrictive, and the maximum error in the end-condition, using

m= 25, is ~ 10 5, which is acceptably small.

5.3.2 Consistency

The Taylor expansion approach used to obtain the finite-difference
equations may be reversed for an amalysis of the scheme's consistency.
Thus, for example, each variable in equation 5.1.4a may be expanded about

the point (x,y), corresponding to the position where Zo. 4 i is calculated,

to yield
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g% (hu) + g% (hv) = iwg - (Ax)z[% u

v 9%h 5h 3%y 2 3°h _ h 3’
CURGEEREE 2 =k NS = A8 & 7 RLC T

Hence, it can be seen that, as Ax , Ay >~ 0, 5.1.4a approaches equation
5.1.1c. Similar results are obtained when the process is applied to the
other two equations, indicating that the FDA given by 5.1.4 is indeed

consistent with the PDE 5.1.1.

5.3.3 Convergence

The convergence of the system is tested by using the equations
5.1.4 to find the solution for the exact situation as is modelled amalytically
in Chapter 3. The results, indicating satisfactory convergence, are

presented in Chapter 6.

5.4 The Frictilon Parameter

The form chosen for the friction parameter is that given as Al.5

in Appendix 1, that is

£ v

=8
=537 ¢ "m?

with C, the Cheézy coefficient and v_~ some estimate of the maximum

magnitude of the velocities. Using a value of .030 for Manning's n,
« L0185 5 5.4.1
hl,"3 m

The value of v has been modelled in two ways:-

(1) Vo is constant over the whole region and is chosen as an
estimate of the mean value of the maximum magnitude of the velocities as
given by the analytic model for the dominant component (if it exists)

and (ii) v varies with the grid point according to



60

Input from analytic model gives
open boundary values and, if
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of r ,r
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— Has iteration

converged?
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a file to be used if T # TD

-«

-——

Print Results of

G, u, v

FIGURE 5.2: Flow chart for the linear numerical model,
indicating iterative calculation of the
friction parameter. T, is the dominant

tidal period.
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= 173
v = {(ux )2+ (v¥ )?}
mup . 2, '
s
e Ya
v = {(u* )% + (v )}, 5.4.2
mvp [ L,
where
vE o= h{vk o+ v¥ + v + oy il
L, e, Q,i+t £-1,j+1 -1,
ux = R{ur o+ u¥ + ux + u¥ )
Q,i L,i 2+1, ] R+1,j-1 g,i-1

the *'s indicating that the values used are those obtained as a previous

EVP solution. The values V , V are thus found by iteration
Mg, s ™V,

as shown in Figure 5.2. If a dominant tidal component exists, the

iteration of the friction parameter is carried out only for this

component. The values are then stored on a file to be used for any

other component in accord with Al.6.

Hence, in general

r bW =y .00744 h " v
U2, 7, Y, ™R,
r bl = .00744 b v
Ve,i V2,3 Ve, i ™,
where V sV are either constant or as given by 5.4.2, and
mu, mvp
1 , if the component is a dominant tidal component
w={
1.5 , if the component is not dominant.
5.5 A Non-linear Model

A non-linear model has been developed to provide a comparison
with the linear model. The relevant equations of motion and continuity

are those given as 2.1.1 in Chapter 2, omitting all the external influences
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accumulated in the term § . These equations, written in component

~

form with the notation of Chapter 2 are

3 3

3 -
e (h+zZ) + o [(h+Z)U] + 3y [(h+Z)V] =0 5.5.1a
_g—‘tj+u%+v%%—fv=—%———%s—u(vz+v2)% 5.5.1b
(h+2)
WV, Vo, Y I A S T LI At
at Uax + Vay + fU gg; (h+Z)Ms v(us+ve)" 5.5.1lc

where the form Al.3, as discussed in Appendix 1, has been chosen for Y,

that is
Y = )\/(h+z)1/3 ,

with A a constant, associated with a constant value of Manning's n.

The grid is composed of elements, exactly as described in Section
5.1. An explicit, forward-time, centred-space finite-difference approx-
imation to the equatioms 5.5.1 is used, following along much the same
lines as that used by Flather (1972). The approximations are found in
the same manne. s chat given for equatiom 5.1.2 in Section 5.1. The
notation is the same as used in that section with the addition of a
superscript to designate the time level at which different quantities

(

are used in the calculations. Thus Zgn: denotes Z evaluated in
the (%,j)th element at time t = aAt, At being the time increment.

The approximations to equations 5.5.1 may be written

(n+1) _ (m) _ At (- (n)  _ (M ()
%, Z0,i ~ 2hx {(h+z derys Qer,s ~ B2 gy Ty
_ At (n)y 7 (n)  _ () ¥ ()
oy {(h+z )Q’”1 VQ_j+l (h+Z )2,,- VQ,j 5.5.2a



U(n+l) _ (m _ At (n) () -yt
Qsj Qs] 4AX Q’J Q+luj Q‘lyj
At =y [ () () (n) _(m)
4y VQ,j{ R, j+1 Q,j»l} At RuQ jUQ,j
=n) _ At (n+1) _ _(n+1)
+ At fVQ,j " g{ZQ,j ZQ,l,j
(n+1) _ (m) _ At =(n+1) [(m)  _ (m) ]
Ve, Yo,5 T ax 0, {me,j Vo1, |
. At _(n) | (n) _ () _ (n) _(n)
AAy Vgaj{ Qsj+1 VQsj"l} At RVQ VQ’J
2]
_ =n+1) _ At (n+1) _ _(n+1)
At fUp 2Ay g{zﬂ,i %,5-1f
where
(n) (n) (n)
=k
(h+Z )Q'j 2{11,2,j +Zp o *hy ZQ_I’j}
e =
(n) - 3 (n) (n)
(h+Z""" g, s 2{h2,j Yoy thy T ZQ,i-l}
=n) _ (n) (n) (n) (n)
UQ,j - %{Uﬂ,j * U!Z+1,j Re1,5-1 © UQ,j-l}
(n) _ (n) (n) (n) (n)
VQ.J %{Vﬂ,j ¥ VQ,iH 1,541 ¢ Vﬁ-l,i}
—— N X Y,
R™ = af@mez™), 1P ™)z + (7)Y
UQ ] 291 Q’J Q']
T e U - 1
R™ = ez, 37 @™z e ("2
Vo j 2,5 2 o3
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5.5.2b

5.5.2¢c

5.5.3a

5.5.3b

Modified forms of these equations are required if the element is

adjacent to a boundary.

The classes of elements are the same as those

for the linear model and are given, with the appropriate finite difference

forms associated with them, in Appendix 4.
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5.6 Consistency, Convergence and Stability

The analysis of the comsistency of the non-linear FDA is carried
out in the same manner as for the linear scheme. By expanding each
variable in the equations 5.5.2 as a Taylor series about the position and
time at which the first quantity on the right-hand-side of each equation
is evaluated, it can be shown that the FDA differs from the PDE, 5.5.1,
only by a truncation error of 0(Ax? ,Ay? ,AxAy,At ).  As Dx, Ay, At > 0,
it can be seen that the FDA approaches the PDE and so is consistent.

For the area in which the models were applied, it was considered
unlikely that the non-linear advection terms would greatly influence the
elevation of any fundamental frequency (though they would probably have
a greater effect on the velocities and on any harmonics, as shown by,
for example, Flather (1972), and Flather and Heaps (1975)). The friction
parameter in the linear model was an adapted form of the frictional term
in the non-linear model. Hence, the convergence of the non-linear FDA
has been determined by a comparison of the results of the linear and
non-linear models as shown in the next chapter.

The likely stability of a non-linear system is assessed by an

investigation of the appropriate linearized problem:

(n+1) _ _(n) hAt _ ) hAt (n) _ (m)
ZQ,j - ZQ i { 2+1 Ug,j} 2A {v i+ Vz,j} 5.6.1a
n+1) _ (n) _ n) _ At (n+1) _ _(n+1)
U§2,i h UQ,; RAt U;,j 2Ax g{ZE,j Z -1, }
At (n) n) n) (n)
fll'{V(Q,l i V(Q’j*'l * sz'lsj"'l Q' } 5l6.1b
n+1) _ n) _ n) _ At (n+1) _ (n+1)
Vﬁ,j V;,j RAt Vé,j 2Ay {Z Q ,-1}
-5 (n+1) (n+1) | (n+1) (n+1)
f U,2 5 + U2+1,, USZ+1,j-1 UQ,;-l} 3 5.6.1c

with R and h constants.
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Using a von Neumann analysis (see, for example, Roache (1972)),

the Fourier components of the solution for each Z, U, V may be written

(n) (n) ( —-i ky Ax n e—i kyAy

, i2¢4Q
(ZQ ) ,UQ ) ’VQn;) =(An ,Bn e ,C i2( kxAx+j kyAy)

e 5.6.2

n n n . . . .
where A ,B ,C are the amplitude functions at time t = nAt, kx is the
wave number in the x-direction, for any component, ky the wave number

in the y-direction and i = /-1.

Defining ex =k Ax
Gy = ky Ay
_ bt

a =5 sin ex

O
I

f At cos 6 cos O ,
x y

and using 5.6.2, the equations 5.6.1 may be rewritten as

A" = A" - jhg B - ing C"
B! = (1-€)B" - iga A"t + 5"
Cn+l = (l—e)Cn _ giB An+1 B 6 B1'|+1

which can be rearranged into the form,

An+ An
n+1 n
B = G B 5
n+1 ” n
C C

where
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1 -iha -ihB
-igo 1-€-gho? -ghof+6
G =
{igas {-ghoB {1-€-ghR?
~-igB} ~-§(1-€-gha?)}  + ghoBs-62})

The characteristic equation of this matrix is

-2 +a A +a)+a, =0, Slabls 3
where
a; = 3 - 26 - 8% - gh(a?+B%) + ghoBS
ay = - 3 +4€ - €2 + §2 + (1-€)gh(a®+B?)
- ghaBd
as = (1"6)2
For a strongly stable scheme, |l| <1 for all Gx,Gy . For

the case of f = 0, 5.6.3 may be factorized as
(1-€-2){A? + A[-2+4€+gh(a®+8H)] + (1-6)} = 0,
so that the eigenvalues are

A =1-€

{n? - (1-)}*

>
]

=)
+

where

-1 S _8gh (2,02
D =1-5 -5 (a+8%).
From these values, it is found that |A| < 1 if

€ < 2

€ ., 8h (2,02
and 7 + A (a®+B%) <1
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RAE , gh (ppy2f L 1
and 2 + A (At) {(Ax)z + (Ay)z} < 1.

(This second condition may be slightly over-restrictive depending on

whether or not (6x = +7/2, ey = +7/2) satisfies the condition

2
[% + 523 (a2+sz)] > gh(aZ+g?). )

This is a subcase of the conditions determined by Flather (1972).
An explicit expression for the eigenvalues, A, cannot be found when
R#0,f # 0 but an analysis is possible using the Routh-Hurwitz
criteria set out in Appendix B in Leendertse's (1967) paper. The analysis
is given in detail by Flather and the resulting conditions which ensure

stability are

(R +|f DAt < 2
and 5.6.4

At gh 2y 1 1
o (R+ )+ 55 (At) {(ijz + (Ay)z} <1.
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CHAPTER 6

APPLICATIONS TO THE GULF OF CARPENTARIA

6.1 The Gulf of Carpentaria

The models developed in the previous chapters have been applied
to the Gulf of Carpentaria and the adjacent waters. This Gulf is located
in the North-Eastern part of Australia, between latitudes 10°S and 17°S
and longitudes 135°E and 142°E. It has a roughly rectangular geometry,
a surface area of about 193,000 km? and a relatively smooth bathymetry.
It is a shallow area, the greatest depths being about 70 m, the nearest
deeper water occurring either East of Torres Strait or in the Timor
Trench. Figure 6.1 shows the overall geography of the area and the

depth contours in metres (after Rochford (1966)).

6.1.1 Tidal Measurements

The amplitudes and phases of the four main tidal components at
various places are given in the Australian National Tide Tables, 1978.
These components are

Solar Diurnal (K;) with period 23.9 hours

Lunar Diurnal (0;) with period 25.8 hours

Solar Semi-diurnal (S;) with period 12.0 hours
and Lunar Semi-diurnal (M;) with period 12.4 hours.
However, all measurements are taken either very close to the mainland or
on islands. The value of such measurements in providing a comparison
for tidal models is questionable, since the data is collected"in the midst
of the very coastal features most likely to exert anomalous effects on the

phase and amplitude of the tide" (Hendershott and Munk (1970)).
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FIGURE 6.1: The Gulf of Carpentaria and adjacent waters.
The depth contours are shown in metres (after

Rochford (1966)).
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6.1.2 Tidal Studies

An outline of the tidal features of the Gulf is given by Easton
(1970), though his co-range lines are not very informative. He states
that "the presence of a central amphidromic point is suggested by the
diurnal amd semi-diurnal components; further nodal points occur probably
near Karumba and Groote Eylandt."  Cresswell's (1971) study supports
the suggestion that 'the diurnal wave travels clockwise around the
perimeter of the Gulf, pivoting on some as-yet—unknown amphidromic point
within the Gulf."

Williams (1972) has studied the response of the Gulf to tidal
forcing by means of two analytic models, one without the effect of the
Coriolis force (also published in Buchwald and Williams (1975)) and the
other including rotation. Both of these studies neglected the effect
of dissipation of energy by bottom friction and the presence of tidal
forcing through Torres Strait.

Calculations by Miller (1966) indicate that approximately 10% of
the total lunar tidal flux out of the deep oceans enters the Arafura sea
and is dissipated in the vicinity of the Gulf of Carpentaria, so that
the inclusion of some energy dissipation mechanism would appear to be
almost mandatory. According to Teleki et al (1973), "the bottom friction
should be of considerable amplitude for the entrainment of the fine grain
size sediments found in the Southern part of the basin."  Bottom friction
is the mechanism chosen to model dissipation of energy in this thesis.

Torres Strait, complicated by its array of islands, shoals and
atolls, is very shallow in comparison with the Gulf and, for this reason,
Williams (1972) considers the Strait as a land barrier. However, during
certain periods of the year, there is substantial water movement through
the Strait into the Gulf (see Newell (1973)) and so its effect on the tides

in the Gulf is considered in the model developed in Chapter 4.
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Williams (1972) includes a depth discontinuity between the junction
and the resonator but uses a constant depth of 91.5 m in the channel
(region 3) and junction. From Figure 6.1, it can be seen that a better
approximation would be a depth discontinuity between the channel and the
junction.

Figure 6.2 shows the rectangular resonator-chanmnel system which
has been used in this analytic study of the tidal propagation in the Gulf
of Carpentaria. The dashed lines indicate the common boundaries of the
regions into which the area has been divided and also the discontinuity

in depths as modelled in Chapters 3 and 4.

6.2 The Analytic Model of Chapter 3

The values of the various constants used in Chapter 3 are

a = 468 km
b = 390 km
d = 468 km
h; =5 m
h; = 60 m
hy = 91.5m

f=-3.1x10 % ! (corresponding to latitude 12%°S).

The friction parameter used is that given as Al.5 in Appendix 1,

that 1is

8 g
3m g2 Y

Tr =

Using n = .030, this may be written as

r = .00744 h P v, 5=1,2,3, 6.2.1
] j "5
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where the value of Vm is found, by trial and error from the M; tide,
J
to be

v = .35ms ', j=1,2,3. 6.2.2
m,

—.

With these parameter values, the assumption that the input wave
may be approximated by the form 3.2.8 which neglects all modes other than
the Kelvin wave, must be justified.

Consider any component

-B x+iy x
CQ(x,y) =0y e L 2 Y(y)

where Y(y) 1is a sinusoidal function of Y,

O is a constant,

2 _ . .
k3 =Yy + 16,2 with BQ >0, by > 0.

All such components decay exponentially as x becomes less megative.

To neglect the components with £ > 1, it is required that

Cz(-a,y) L and §£(-3,Y)

——— | << 1 and |[—| <<

T, L,y) ¢ Can| 50 6.2.3
where (L-a) 1is the effective length of the input chamnel (L > a). Now,

BQ(a-L) <0 and if |BQ(a-L)] >> 1, then 6.2.3 follows. Since, for the

above parameter values, it is found that
Bo << By < Bz < .iuy

it is sufficient that L-a >> 1/B; for it to be possible to neglect the
Poincaré waves. In fact , 1/B; = 151 km for the M; tide (this being
the dominant tide in the area) and the effective length of the input channel

is greater than 500 km. Hence, it may be considered that the form 3.2.8,
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that 1is

i k(o)x- K,y
Eo(xay) = e ’ y

is a good approximation to the tidal input for the Gulf of Carpentaria.
It would not be expected, though, that the results present an accurate
picture of tidal propagation farther up-channel, away from the channel/
junction boundary.

The tide at Jensen Bay (see Figure 6.2) is used as the reference

point for the scaling of the response as described in Section 3.2.

6.2.1 Convergence of the Galerkin Method

Using the above parameter values and the M; tide, the convergence
of the Galerkin method is tested by checking that the residuals of each
of the conditions in Section 3.5 become smaller as the value of N is

increased (see Appendix 2).

(1) The errors in Condition 3.5.1, Zy(-a,y) = C3(-a,y), 0 <y<b
are presented in Tables 6.la and 6.1b. The percentage error is calculated
according to the ratio A/|Z,|, when A = ||z3]| - lz2l ], or A/Arg(z;) when
A = |Arg(Ts) - Arg(r,)| . The errors in both the amplitude and the phase
can be seen to become acceptably small as N is increased. The largest
errors occur at the two ends, y =0 and y = b, though the error at y =b
is less than 1% for N = 6. The larger error at (-a,0) could be accounted
for by the erroneous nature of the condition on the velocities at this

corner (see Section 3.1).

(2) The convergence for the condition 3.5.2, hyup(-a,y) = hzus(-a,y),
0 < y< b, is much faster than for the previous condition, as can be seen
by Table 6.2. The percentage error is calculated according to the ratio
A/lhzuzl, where A = |h3|u3| = h2|u2||; a zero is entered in the table if

A < .005 and the percentage error is less than .05%.
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y/b N =2 N =4 N =6 N =8
A % A % A % A %
0 075 | 11.47 | .056 | 8.75 || .046 | 7.20 || .040 | 6.20
1/10 || .003 47 .o16 | 2.17| .o16 | 2.16 || .009 | 1.28
2/10 || .024 | 3.17 || .0o11 | 1.44 | .005 | .71 | .006 .85
3/10 || .023 | 2.93 | .o08 | 1.03 | .003 | .38 | .005 .61
4/10 || .008 | 1.01 || .007 .94 || .o06 | .69 | .003 | .41
5/10 | .008 94 || .oo4 | .52 | .003 | .33 .o002 [ .23
6/10 || .015 | 1.88 | .006 .80 || .002 | .23 0 0
7/10 | .013 | 1.56 || .002 21 | .o004 | .46 0 0
8/10 | .003 .35 || .007 .75 || .0o02 | .18 | .o01 | .21
9/10 | .009 | 1.04 | .001 03 || .002 | .28 | .002 | .28
1 019 | 2.08| .009 | 1.00 | .005 | .62 .00&4 | .4&

TABLE 6.la: The error in the amplitude in condition 3.5.1,
g, (-a,y) = Ea(—a,y), 0 < y < b, using the Galerkin
technique, for increasing values of N.

A=zl - gl |
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y/b N =2 N N N
A % A % A % A %

0 .028 .37 .015 .20 .01 .13 || .007 .09
1/10 .005 .06 0 0 0 0 0 0
2/10 .007 .09 .004 .06 0 0 0 0
3/10 .008 .11 0 0 0 0 0 0
4/10 .004 .06 0 0 0 0 0 0
5/10 0 0 0 0 0 0 0 0
6/10 0 0 0 0 0 0 0 0
7/10 0 0 0 0 0 0 0 0
8/10 .004 .05 0 0 0 0 0 0
9/10 0 0 0 0 0 0 0 0

1 .013 .17 .010 .12 .008 | .09 || .006 .07
TABLE 6.1b: The error in the phases in conditiom 3.5.1,

CZ(—a,y) = Ca(—a,y), 0 < y<b, using the

Galerkin technique, for increasing values

of N.

A = |Arg(z,) - Arg(z,)|
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y/b N =2 N =24 N =6 N =8
A % A % A % A
0 0 0 0 0 0 0 0
1/10 | .006 0 0 0 0 0 0
2/10 | .005 0 0 0 0 0 0
3/10 || .014 .09 0 0 0 0 0
4/10 || .010 .08 0 0 0 0 0
5/10 |f .005 0 0 0 0 0 0
6/10 | .021 .16 .008 .05 0 0 0
7/10 || .024 W17 0 0 0 0 0
8/10 || .006 0 0 0 0 0 0
9/10 || .023 .14 0 0 0 0 0
1 .044 .27 .02 .13 .01 .09 .01

TABLE 6.2: The error in the amplitudes of condition 3.5.2,
h,u,(-a,y) = hou,(-a,y), 0 <y < b, using the
Galerkin technique, for increasing values of N.

b= lnyu,| - [hgu,f |
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*1
a N =2 N=4 N =6 N =28
A % A Z A % A %
0 .029 3.78 .010 1.37 || .006 .73 || .003 A
1/12 .023 3.12 .004 .55 | .001 .11 .002 .31
2/12 .006 .83 .008 1.24 || .006 .87 .001 .15
3/12 .016 2.75 .010 1.82 || .003 .43 .004 .61
4/12 .033 6.92 .001 .20 | .005 1.15 .004 .78
5/12 .035 | 10.36 .013 3.59| .005| 1.38 .001 24
6/12 .020 9.99 .009 4.06| .006 | 2.46 .004 | 1.58
7/12 .006 9.17 .007 12.65 | .007 | 10.48 .005 8.84
8/12 .044 | 56.77 .020 | 16.95] .003 | 3.01 || .004 | 4.54
9/12 .060 | 28.75 0 0 .004 | 5.50 .001 .58
10/12| .043 | 12.27 .032 8.74 | .003 .70 011 | 2.74
11/12| .028 5.59 .020 4.19| .027 | 5.50 || .022 | 4.28
1 .163 | 24.96 .104 | 16.05( .080 {12.33 .066 | 10.21
TABLE 6.3a: The error in the amplitude in conditiom 3.5.3,

El(x,O) = £,(x,0), —-a< x<0, using the

Galerkin technique, for increasing values of N.

A=

| 1g,l = 1z, 1|
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1 N =2 N N=6 N
A % A % A % A %

0 .021 1.03 .005 .24 .002 .10 .001 .05
1/12 .010 .51 0 0 .001 .07 .001 .05
2/12 .004 .18 .005 .24 0 0 .001 .06
3/12 .018 .92 .002 .10 .004 .18 0 0
4/12 .029 1.44 || .008 .40 .002 .08 .008 .13
5/12 .019 1.35 .017 .86 .007 .37 .004 .19
6/12 .008 .39 .008 40 .002 .11 .002 .11
7/12 .383 | 16.16 .219 .60 .161 [ 6.06 || .092 .60
8/12 .004 .05 .084 .13 .035 .47 .006 .08
9/12 .010 .14 || .027 34 | .004 .05 .009 .11
10/12f .019 .25 .013 .17 .013 .16 .006 .07
11/12}f .031 |, .41 .010 .13 0 0 .004 .05
1 .009 .13 .005 .07 .004 .05 0 0

TABLE 6.3b: The error in the phases in conditiom 3.5.3,

Cl(x,O) = Cz(x,O), -a < x < 0, using the

Galerkin technique, for increasing values of N.

A= |Arg(Cz) - Arg(C1)|




y/b 0 1/10 2/10 3/10 4/10 5/10 6/10 7/10 8/10 9/10 1
N =2].0038 .0023 .0006 .0033 .0041 .0021 .0020 .0059 .0061 .0012 .0189
N =4| .0012 .0001 .0012 .0005 .0012 .0009 .0014 .0015 .0021 .0029 .0106
N = 6| .0006 .0003 .0003 .0006 .0003 .0005 .0009 .0005 .0009 .0025 .0073
N = 8| .0003 .0003 .0002 .0001 .0001 .0003 .0005 .0007 .0009 .0014 .0056
TABLE 6.4: Values of |u2(0,y)| , calculated using the Galerkin techmnique, for
increasing values of N.
x/a 0 1/12 2/12 3/12 4/12 5/12 6/12 7/12 8/12 9/12 10/12 11/12 1
N = 21| .0014 .0013 .0006 .0007 .0018 .0021 .0013 .0005 .0025 .0037 .0027 .0017 .0101
N = 4| .0004 .0003 .0003 .0006 0 .0007 .0005 .0005 .0011 0 .0018 .0011 .0057
N = 6| .0002 0 .0003 .0001 .0003 .0002 .0003 .0004 .0002 .0007 .0001 .0013 .0039
N = 8| .0001 0 .0001 .0002 .0002 0 .0002 .0003 .0002 .0001 .0005 .0010 .0030
TABLE 6.5: Values of Ivl(x,-d)l , calculated using the Galerkin technique, for

increasing values of N.

08
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(3) Tables 6.3a and b indicate the error in condition 3.5.3,
£1(x,0) = £,(x,0), ~a < x < 0. The residuals of this condition are
also seen to decrease as N is increased, however, a comparison with
Table 6.1 shows that the convergence is slower than for condition 3.5.1.
Except near x = -a, there is error only in the 3rd decimal place when
N = 8, but the percentage error is still high; this is because of the
small amplitude region associated with the amphidromic point as seem in
Figure 6.5, which shows the co—amplitude and co-phase lines for the M,

tide. Once again, the largest error in the amplitude occurs at (-a,0).

(4) Table 6.4 shows the error in condition 3.5.4, uy(0,y) =0,

0 <y<b. Satisfactory convergence is obtained as N is increased.

(5) The error in condition 3.5.5, vi(x,-d) =0, -a<x<0,
is shown in Table 6.5. This also shows satisfactory convergence as the

value of N 1is increased.

The condition h;vi(x,0) = hyvy(x,0) is satisfied exactly in

Section 3.4 and the error was correspondingly found to be zero.

6.2.2 Convergence Using the Collocation Method

Since the mathematical manipulationusing the Collocation method
is less work than for the Galerkin technique, the same situation was
programmed, using this simpler method, to compare the rates of convergence.
The results for conditions 3.5.1 and 3.5.3 are shown in Tables 6.6 and
6.7 respectively. Whereas the errors do decrease as N 1is increased,
the rate of comvergence is slower than for the Galerkin technique. The
zero entries in these tables correspond to chosen Collocation points.

The figures in brackets in Table 6.7 for N = 2 are calculated
according to the ratio A/lg,| instead of A |z,| since the latter

ratio gave an error of greater than 100%, distorting the indication of

accuracy.
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y/b N =2 N N N
A % A % A % A 7%
0 0 0 0 0 0 0 0 0
1/10 || .084 | 11.0 .076 .98 || .050 .67 || .022 .01
2/10 || .104 | 12.83 || .032 .09 || .019 .56 || .021 .81
3/10 || .082 9.87 || .023 .98 || .013 .71 | .0l4 .79
4/10 || .040 4.85 || .028 .53 || .016 .93 || .006 .79
5/10 0 0 0 0 0 0 0 0
6/10 || .025 3.04 || .016 .92 || .009 .08 | .004 b2
7/10 || .031 3.74 | .008 .89 || .004 .49 || .004 .51
8/10 || .023 2.73 || .006 .66 | .003 .36 || .003 .37
9/10 || .010 1.17 || .007 .78 || .004 .43 || .002 .17
1 0 0 0 0 0 0 0 0

TABLE 6.6: Errors in the amplitudes in condition 3.5.1,
CZ(-a,y) = Ca(-a,y), 0 <y<b, as calculated
using Collocation, for increasing values of N.

p= | dg,l - gl ]
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x/a N =2 N =4 N =6 N =38
A A A % A % A %
B
0 0 0 0 0 0 0 0 0
1/12 .007 .96 .004 .51 || .002 .30 | .o01 .16
2/12 .026 3.82 .008 0 0 0 .003 .38
3/12 .047 7.98 0 0 .008 1.26 0 0
4/12 .056 12.02 .018 3.63 0 0 .006 1.18
5/12 .042 12.63 .024 6.48 || .014 4.06 | .008 2.13
6/12 0 0 0 0 0 0 0 0
7/12 .026 41.63 026 | 57.30 || .017 | 27.14 .010 | 19.44
8/12 .143 | 200.48 .052 | 35.90 0 0 .018 | 16.98
(66.51)
9/12 .201 | 101.24 0 0 .043 | 15.08 0 0
(50.0)
10/12 .213 63.32 .090 | 24.34 0 0 .034 8.28
11/12 .152 30.93 .128 | 26.74 || .093 | 19.16 .056 | 11.36
1 0 0 0 0 0 0 0 0

TABLE 6.7: Errors in the amplitude in condition 3.5.3,
Cl(x,O) = Ez(x,O), -a < x € 0, using the
Collocation method, for increasing values of N.

A= g, |- lg,l |
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The comparison of Table 6.1 with 6.6 and Table 6.3 with 6.7 justify

the use of the more complicated Galerkin technique.

6.2.3 The Frequency Response of the Gulf

Williams (1972), using a Gulf width of a = 480 km, found the
resonant periods of the Gulf to be 7.86 hrs, 10.35 hrs and 16.0 hrs. His
frequency-response curve is based on the amplitude at Karumba and is shown
in Figure 6.3. It displays a broad maximum over the periods 15.5 hrs
to 17.0 hrs rather than a resonance peak. On the basis of this figure,
he uses a period of 11.8 hrs for the semi-diurnal tide rather than 12.4 hrs.

Since bottom friction will tend to damp out oscillations, and in
order to find a Gulf width which produces a response which agrees with
the observed resonance oscillations of 10.6 hrs and 16.0 hrs (Melville and

Buchwald (1976)), the frequency response curves were determined for several

different Gulf widths. These curves represent the amplitude at Karumba
in response to a unit amplitude at Jemsen Bay. The results for a = 468 km,
520 km and 546 km are presented in Figure 6.4. Each curve shows a marked

resonance near 8.5 hrs, the peak values being

22.2 m at 8.3 hrs for a = 468 km
26.3 m at 8.5 hrs for a = 520 km
24.6 m at 8.6 hrs for a = 546 km.

Melville and Buchwald (1976) indicate that there is some evidence
of resonance activity at a period of about 8.0 hrs. Using Figure 6.4,
the width of the Gulf was chosen as 468 km since this gives the best
agreement with observed resonant frequencies as well as a low amplitude
for the period of 12.4 hrs.

The co-amplitude and co-phase lines are shown for the My tide in

Figure 6.5 and for the K, tide in Figure 6.6.
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FIGURE 6.3: The frequency response at Karumba according to

Williams (1972), with a = 480 km.
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FIGURE 6.5:

The co-amplitude and co-phase lines for the M, tide

according to the analytic model of Chapter 3. The

amplitude, , is shown in centimetres and the

phase, ——--- , in hours.
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FIGURE 6.6: The co-amplitude and co-phase lines for the K, tide

according to the analytic model of Chapter 3.
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6.3 The Analytic Model of Chapter 4

As well as the constants specified in the previous section,

the values

wy = 156 km
wo = 234 km
hy = 10 m

v = .70 ms !

y
were chosen for the model which considers the effect of tidal forcing
from Torres Strait. In the manner described previously, the effective
length of the input channel is required to be greater than 57 km. If
the channel is extended out to the islands and reefs on the Eastern
side of Torres Strait, the channel length may be considered as greater
than 100 km, so that, once again, the Kelvin wave is a reasonable
approximation to the input wave in this channel.

The method described in Chapter 4 is applied to the region
depicted in Figure 6.2, so that the second connecting channel occupies
the region wz < y < b.

The reference point chosen for evaluation of condition 4.3.1

is Wednesday Island.

6.3.1 Convergence using the Galerkin Technique

The residuals of the condition (i) to (v) in Section 4.2 showed,
as would be expected, the same convergence as those in Section 6.2.1 and
80 the results are not presented here.

The errors in condition 4.2.7, £,(0,y) = £,(0,y), wz < y < b are
shown in Table 6.8. The residuals of this condition appear to be smaller
towards the centre of the channel for N = 4 than for N = 6; this is

due to the manner of choosing points for presentation in the table
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y/b N N =4 N =6
A % A % A %
6/10 .007 .63 .006 .52 .003 .29
7/10 .005 43 0 0 .001 .12
8/10 .004 .35 .001 .05 .003 .14
9/10 .007 .59 .001 .08 .003 .24
1 .023 1.99 .008 .68 .006 .51
TABLE 6.8: The errors in the amplitudes in Condition 4.2.7,
CZ(O,y) = Ch(O,y), w, < y < b, using the Galerkin
technique, for increasing values of N. A = I ]Czl - |Cu| I.
y/b N N N =6
A % A % A %
6/10 3.011 57.90 2.600 49.57 2.784 51.74
7/10 1.962 36.81 .061 1.17 .243 4.76
8/10 .649 12.09 426 8.0 .287 5.39
9/10 .762 14.13 .273 4.85 455 7.99
1 1.929 34.12 .335 6.09 .624 11.5
TABLE 6.9: The errors in the Condition 4.2.8, h,u,(0,y) = h,u,(0,y),

wz < y < b, using the Galerkin technique, for increasing

values of N.

A = lhzlu2| _lhqluuH *
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y/b N =2 N =4 N=6

0 .0059 .0053 .0043
1/10 .0046 .0001 .0021
2/10 .0021 .0058 .0025
3/10 .0033 .0004 .0051
4/10 .0102 .0088 .0039
5/10 .0211 .0044 .0024

TABLE 6.10: The values of |u2(0,y)|, 0<y<w,,
using the Galerkin technique, for

increasing values of N .
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(spacing of 39 km across the channel, the same as in the previous tables).
In fact, the error is comparable for N =4 and N = 6, the convergence
being very slow. However, the error at the channel walls is smaller
as N increases, so that the overall error may be considered to decrease
with increasing N .
The convergence for part of condition 4.2.8, that is, hyu,;(0,y)

= hyuy(0,y), w2 < y < b, is slow, as shown in Table 6.9, though the
error is less than 10% away from the sides of the channel for N > 4.
Once again, the higher errors for N = 6 are a little misleading as the
overall error is similar to that for N = 4. The large error at y = wy
is probably caused by the condition on the velocities at this corner
which is similar to the condition at the cormer (-a,0). The errors at
this junction, wz < y < b, are generally higher than for the other matching
conditions. This is possibly due to the large relative change in depth ,
being 827% at this boundary but only 347 at the boundary between region 2
and region 3. However, the other part of condition 4.2.8, uz(0,y) = 0,
0 < y < w2, shows satisfactory convergence as N 1is increased as indicated
by Table 6.10. The percentage figures in Tables 6.8, 6.9 are
calculated with reference to the values in Region 2.

The case of N = 8 for these conditions is not shown as it re-

quires over 200K words of Central Memory on the computer.

6.3.2 Convergence using the Collocation Method.

Because of the slow convergence of condition 4.2.8 using the
Galerkin technique, it was decided to try Collocation for comparison, as,
intuitatively,better results may be expected from the latter method for
this, virtually, two-in-ome condition. However, as for the results in
Section 6.2, the errors were larger and the convergence slower when

Collocation was used.
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FIGURE 6.7: The co-amplitude and co-phase lines for the M, tide

according to the analytic model of Chapter 4.
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FIGURE 6.8: The co—amplitude and co-phase lines for the K; tide

according to the analytic model of Chapter 4.
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The co-amplitude and co-phase lines for the M, and K tides,

for the model of Chapter 4, are shown in Figures 6.7 and 6.8 respectively.

6.4 The Linear Numerical Model

The boundary configuration of the numerical model is a closer
approximation to the coastline than that for the analytic model. This
can be seen in Figure 6.11. This figure shows the coastal boundary
approximation used for the numerical models and also the position of
the open boundaries at which the tidal inputs are specified. With
reference to Table 5.1, the element labels associated with this config-
uration are shown in Figure 6.9. The depths, assigned at {-points,are
shown in Figure 6.10. Ax 1is taken to be 13 km and Ay to be 39 km.

The boundary approximation shown in Figure 6.11 was found to
be the one which gave the closest results to the observed tidal phenomena.
The seemingly poor approximation on the Western side of the Gulf is
consistent with Teleki et al's (1973) observation that '"most of Limmen
Bight, between Groote Eylandt and the Edward Pellew Group, is a shallow
area where the bays and river mouths remain choked with sediment most
of the year. This is a low energy coast." An idea of the islands,
shoals and sand or mud banks in the area may be obtained from Aus
Chart 410. The area to the South-East, near Karumba, is modelled as
being wider and shallower than it is in reality. This is to try to
account for the dissipation in the M; tide. There is a long sand-
bank in this area, shown on Aus Chart 410.

The input along the open boundary for the numerical model is
obtained from the analytic model, there being no data available across
the input channel. It could be possible to determine input values

from co-tidal and co-range charts as given by Easton (1970), but such
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data would be interpolations on diagrams which are themselves obtained
by interpolation and extrapolation, and hence the input is not likely
to be very accurate.

The convergence of the model is tested by modelling the exact
system described in Chapter 3 and comparing the outputs for the M,
tide with that obtained from the analytic model. The appropriate form
of the friction parameter, 5.4.1, uses . & .35 ms 1. The results
for the amplitudes are given in Table 6.11 and for the phases in Table
6.12.

The largest discrepancies occur at the corner x = -a, where the
analytic model incurred the largest errors in the matching conditions,
and in regions affected by the amphidromic points (compare with Figure
6.5), particularly in the bottom right-hand cornmer of each table. Away
from these regions, the results are in good agreement, the maximum error
in the amplitudes being about 3% and for the phases about 5% if the phase
is larger than 2 hours. Sometimes the percentage error is larger than
this for phases smaller than 2 hours, but the maximum absolute error is
comparable to that for the larger phases, being about 18 minutes.

Hence, accepting the fact that amphidromic points are singular
regions in which any linear depth-integrated model is likely to be
inaccurate (see Nihoul (1977)), the otherwise favourable agreement of
the numerical model with the analytic model indicates that the solution
provided by the linear numerical model is likely to be convergent to the
true solution for the situation of a more complicated boundary and bottom
topography.

The results, incorporating the input from Torres Strait, are
shown in Figure 6.11 for the M, tide and in Figure 6.12 for the K,
tide. The results for the linear numerical model which uses the

iterated form of the friction parameter, as givem by 5.4.2, are shown in
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10

The element labels for the linear numerical model associated

FIGURE 6.9:

with the boundary configuration in Figure 6.11.
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FICURE 6.10: The depths in m, specified at Z-points,for the numerical model with

configuration shown in Figure 6.11. The *'s show land, and the

depths correspond to the bathymetry shown in Figure 6.1.
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.991 .975 .910 .756 .537 .326 .297 .497 .735 .940 1.083 1.150
117 .965 . 943 .870 .703 467 .211 .179 437 .692 .903 1.050 1.122
.965 . 946 .877 717 .489 .252 .211 440 .685 .891 1.036 1.106
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.940 .917 . 845 .683 .455 .204 .138 .383 .624 .822 .962 1.031
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%* * .297 .237 .133 .017 144 .281 .396 482 .525
585 %* * * .323 .278 .196 .092 .053 .157 .254 .324 .359
%* * * .311 .266 .185 .083 .051 .158 .255 .326 .363

663 % * * .376 .336 .267 .177 .081 .052 .122 .180 .209
* * * .368 .328 .258 .167 .067 .038 121 .184 .218

741 * * * 432 .394 .330 .248 .156 .069 .027 .071 .095
3 * * 427 .388 .324 .240 .148 .060 .031 .083 .113
819 * * * 467 .430 .367 .288 .200 .114 041 .011 .034
* * * .463 426 .363 .284 .198 .118 .062 .060 .075

66
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TABLE 6.12: Comparison of the phases (in hrs), for the M2 tide, given by
the analytic model in Chapter 3 and the linear numerical model.
For each (x,y) value, the analytic result is given above the
numerical result, the * indicating land.
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FIGURE 6.11:

The co-amplitude and co-phase lines for the M, tide
according to the linear numerical model which uses the
non-iterated form of the friction parameter. The open
boundaries are indicated, with a ¥ representing the

position of a  grid point.
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FIGURE 6.12: The co-amplitude and co-phase lines for the K; tide
according to the linear numerical model which uses

the non-iterated form of the friction parameter.
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FIGURE 6.13: The co-amplitude and co-phase lines for the M, tide
according to the linear numerical model which uses

the iterated form of the friction parameter.



104

10
1
17 /
[ /
I
| /
| / 40
'l /
\ /
/
|‘ / 30
S\ |‘ / -
-~
\ / 20 -7
L’ N \ / -
N 1 // PR
~ ”~
AN \\ ; 10 // \
~
~ \,///’ {
L \/ -
O, -~ "~ —~—=—=o
//’ /\\\\ \h\\\
/' Sse ~_16

20
21

-

/”

" — ‘.-.’

-
~
-
7~
”~

FIGURE 6.14:

The co—amplitude and co-phase lines for the K; tide

according to the linear numerical model which uses

the iterated form of the friction parameter.
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Figures 6.13 and 6.14. For the Mj; tide, which has the dominant velocity
component in the region studied, the friction parameter converged at each
velocity grid-point after 11 iteratioms. For both linear models, the
maximum error in the end-condition, after the EVP solution had been deter-

mined, was 2 X 10 5

6.5 The Non-linear Numerical Model

The labels in Figure 6.9 and the depth array in Figure 6.10
are also used for the non-linear model.

The value of X , in the friction parameter form of 5.5.3, is
taken to be .00878, corresponding to a value of .030 for Manning's n.
The time increment which satisfies the stability condition 5.6.4 is taken
to be 120 secs for the M, tide and 239 secs for the K; tide, the
number of time-steps per tidal cycle being roughly the same in both
cases. As for the linear model, the input data was obtained from the

analytic results. The model took 13 tidal cycles to iteratively converge,

that is, if p is the number of steps per tidal cycle,

~v+p) _ VW) = . 5 o= . 6.5.
|z9“’j ZSZ,,jl < .001, £ =1,...,m; j = 1,...,103

when v/p = 13. The output during the 14th tidal cycle is stored on a
random-access file, using the Random Mass Storage package on the computer,
and later Fourier—analyzed to obtain the fundamental frequency (and
harmonics, if desired) using the efficient program detailed in Ralston
and Wilf (1960).

At first it was thought that the long model time required for
iteration convergence may be due to the method of modelling the advection
terms, but removal of these terms from the equations had no effect on

the time for convergence. This is reassuring from the point of view that

1
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the advection terms should not have a very large effect on the results
(see Flather and Heaps (1975)).

The iteration convergence time seems to be dependent more on
the type of area being modelled than on the manner in which the PDE is
approximated by the FDA. The model of Morecambe Bay developed by
Flather and Heaps (1975) takes 11 tidal cycles to iteratively converge
in the manner of 6.5.1.

The long model-time for convergence in this study is probably
due to ftwo factors:-

(1) the large model region

and (ii) the input wave has to sweep around the cormer into the
resonator region and, because of this, the transient motion associated
with the wave and its reflection may take a while to die away.

The truncation convergence, that is, the property of convergence
discussed in Sections 5.3.3 and 5.6, is investigated by comparing the
results for the M, tide with the results obtained from the linear
numerical model which used the iterated friction parameter. The
agreement between the two, shown by a comparison of Figure 6.13 with
6.15, is excellent. The only discrepancy is in the South-Eastern
corner where depths are only 5 m and the advection terms are likely to
be of more importance than elsewhere in the Gulf. Such a comparison
shows not only the convergence of the non-linear model, but also the
value of the simple linear model.

The result for the K; tide is shown in Figure 6.16. This
shows favourable agreement with Figure 6.14, any differences arising from
the fact that the linear model accounts for interaction with the M,
component, through the manner in which friction parameter is modelled,

while the non-linear model does not.
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FIGURE 6.15: The co-amplitude and co-phase lines for the M, tide

according to the non-linear numerical model.
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FIGURE 6.16: The co—amplitude and co-phase lines for the K; tide

according to the non-linear numerical model.
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MODEL TIME CENTRAL MEMORY
(secs) (K words)

LINEAR ANALYTIC

Torres Strait closed 53 100.2

Torres Strait open 72 140
LINEAR NUMERICAL

simple friction 6.4 60

iterated friction 21.8 60
NON~LINEAR NUMERICAL

basic program - 14 cycles 1024.1 54

Fourier analysis 5.4 60

TABLE 6.13: Details of the requirements of each model

on the CDC Cyber 173 Computer.
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6.6 The Programs

The programs for all the models described were written in Fortran
IV and run on the CDC Cyber 173 computer at the University of Adelaide.
The results for the analytic models were obtained using N = 6. Table
6.13 indicates the time required (in secs) to run each program and the

length of Central Memory needed(in Kilowords).

6.7 The Response of the Gulf to Tidal Forcing

The tidal response predicted by the models is now discussed in

more detail.

6.7.1 The Semi-diurnal Response

The semi-diurnal response of the system is investigated with
reference to the M; tide which has a period of 12.4 hours.

The response predicted by the analytic model of Chapter 3 is
shown in Figure 6.5. It features three amphidromic points, one in the
junction which is clockwise and two in the resonator, the one near
Karumba in the South-East being clockwise, the other anti-clockwise. This
agrees fairly well with the results of Williams (1972) with the difference
that the features that he suggests should appear in his results (namely,
that the amphidromic point in the junction should be nearer to the
resonator than to the boundary y = b, and the existence of the amphi-
dromic point near Karumba) in fact do appear in Figure 6.5.

Figure 6.7 shows the M, tidal response when flow through Torres

Strait is allowed. This flow forces the three amphidromic points to
contract to one, near Karumba. Apart from this, the response is similar
to that of Figure 6.5. This result is analogous to the effect of allowing

flow through the Straits of Dover in a North Sea model (see Nihoul and
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Ronday (1976)) where the overall response is similar when the Strait is
opened or closed but the position of the amphidromic point is changed
when the Strait is opened. The phase distribution varies accordingly.

Figures 6.11, 6.13 and 6.15 show the response as predicted by
the numerical models which more accurately approximate the boundaries
and the depth contours. The three amphidromic points reappear. That
the first analytic model agrees so well in this respect with the numerical
models is deemed to be completely fortuitous. It may be personal inter-
pretation by interpolation since the region inside the .2m contour contains
a very narrow region of amplitudes less than .lm in both analytic models.
The three amphidromes which appear in the numerical model (and thus the
features suggested by Williams (1972))are likely to be due to the bottom
topography which causes this region of small amplitudes to bend away from
the deeper water to the North-East of the resonator. The linear model
which uses the simple friction parameter agrees well with the other
numerical models. It, in fact, gives a more accurate response at Karumba,
predicting an amplitude of .18m, while the other two models predict an
amplitude of .4m (the measured value is .17m).

All models predict the peak amplitude of the Gulf to be at the
point (0,0) as well as high amplitudes in the South-West of the Gulf.

The amplitudes and phases for selected positions,as given in
the Australian National Tide Tables for 1978, are shown in Table 6.14.
Keeping in mind that these observations are made at sites which may be
subject to local influences not capable of resolution in the model (one
grid element represents a surface area of 2028 km?), the following
observations may be made:

(1) The movement of the tide around the perimeter of the resonator
agrees with observation in that the tide at Weipa lags behind that at
Karumba and the tide in the Northern region around Caledon Bay lags behind

that at Port McArthur in the South.



112

LOCATION M, Ky
PHASE AMPLITUDE PHASE AMPLITUDE
(hrs) (m)
JENSEN BAY 7.5 .91 5.0 .32
MELVILLE BAY 8.3 .80 5.8 .26
CALEDON BAY 9.0 .50 2.7 .2
PORT LANGDON 9.2 .26 23.2 .15
PORT McARTHUR 1.6 .41 23.6 41
KARUMBA 6.2 .17 22.0 .91
WEIPA 5.1 .36 14.4 46
WEDNESDAY IS. 1.3 .40 14.1 .56

TABLE 6.14: The amplitudes and phases for the M; and
K; tides at selected sites, as given in the

Australian National Tide Tables, 1978.
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(2) The amplitude response at Weipa is too high in all models.
This site is located near a relatively steep bottom slope and a better
representation of the bathymetry in this area may improve the results.
The amplitude along the perimeter in the Southern half of the Gulf is
generally in good agreement with data in the analytic results but too
high in the numerical results. This is surprising, as a closer approx-—
jmation to the boundaries and bottom topography should give more accurate
results.

Using the input from an analytic model with a different Gulf
width produced no significant change in the response of the numerical
models. Increasing the value of the friction parameter will decrease
the amplitudes in the South of the Gulf, but this has a detrimental
effect on the amplitude of the diurnal tide and is hardly justifiable on
the results of the analytic model. It is probable that the input provided
by the analytic model is still not accurate enough. This could be improved
if the reference point for the scaling of the response could be chosen away
from the mainland or islands. However, no data is available at such sites
and so this could not be tested. The reference points were changed to
other mainland sites but Jensen Bay and Wednesday Island gave the best

results.

6.7.2 The Diurnal Response

The response of the system of Chapter 3 for the K; tide is
shown in Figure 6.6. There is a single amphidromic point about which the
rotation is clockwise, in keeping with observations. With the opening
of Torres Strait, the location of the amphidrome moves South from just
outside the resonator to just inside. This is shown in Figure 6.8. The
bathymetry introduced in the numerical model moves the amphidromic point

further South-East. This is in agreement with William's (1972) suggestion
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that the amphidrome lies 240 km in a direction East-South-East of the
position, towards the centre of the channel-junction boundary, predicted
by his model. As the amphidrome moves further into the resonator, the
phases in the Western and Southern parts of the Gulf change accordingly,
providing better agreement with observed values.

Comparison with Table 6.14 shows that the amplitude at Weipa,
Karumba and Port McArthur is too small while the agreement in phase is
quite good. The phase and amplitudes at Port Langdon and positions
north of this agree quite well with observatioms.

The results of the Sz tide were similar to those of the M
tide, and the 0; tide similar to the K; tide; hence the results are
not presented here.

Since no data is yet available away from the mainland or islands,
there is no conclusive evidence as to the quantitative accuracy of the
models in the interior of the Gulf. However, there is good agreement
amongst the models, giving an indication as to the main features of the
response of the Gulf to tidal forcing. The discrepancies with regard to
specific observed tidal phenomena may possibly be due to lack of detail in
coastal boundaries and in the bottom topography near the coast. As mentioned
in Chapter 1, the water motion in the Gulf is influenced by a variety of
factors and it may be necessary to incorporate some of these, for example,
a horizontal density gradient from South to North, or the effect of winds,
to more accurately predict the tidal motion in the Gulf.

The results of the models in this thesis could be used in more
localized studies with a grid refinement such as used by Ramming (1976),
giving a better approximation to coastal boundaries and bathymetry.  Thus,
if a model of the Gulf included more detail of Limmen Bight, a more accurate
study of this area could be obtained by using a finer grid and inputs from

some outer boundary to the East of Groote Eylandt, the interaction between
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the coarse and fine grids being accounted for in the manner described

by Ramming. The fine grid model would, of necessity, be a non-linear
model because of the importance of the advection terms in shallow coastal
areas.

Whereas it is possible, by including features and refinements as
described above, to improve the models in this thesis, it is considered
that one of the factors limiting the accuracy of the numerical models may
still be the input along the open boundary. If the reference locations
of the analytic model could be more ideally chosen, a more accurate input

for the numerical models could be obtained.
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CHAPTER 7

CONCLUSION

Two analytic models to determine the tidal propagation in a
resonator-channel system have been developed in this thesis. They are
based on the two-dimensional depth—-integrated equations of continuity and
momentum conservation which govern fluid flow. The models have been
applied to the Gulf of Carpentaria, Australia. The second model accounts
for flow through Torres Strait and shows the influence of this Strait on
the position of amphidromic points and the subsequent effect on the phase
distribution in the Gulf. There is little change in the amplitude
response of the Gulf with the inclusion of this second channel.

As well as giving a good indication of the gemeral features of
the tidal response of the Gulf, these models are useful in providing a
comparison for the two numerical models which are developed to approx-
imate the boundaries and bottom topography more accurately. The second
analytic model also provides the input along the open boundaries for the
numerical models since there is inadequate measured data available.

The two numerical models use finite-difference approximations to
the two-dimensional equations, the first being linear and the second,
non-linear. The results of the linear model agree very well with those
of the non-linear model, indicating the usefulness of linear schemes
which model the friction parameter judiciously. They also indicate, as
would be expected, that the advection terms are not important in the

interior of the Gulf.
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Table 6.13 supports the usefulness of the linear model, which,
as well as providing good results, has a much smaller running time
on the computer than the non-linear model. It, thus, would be an ideal
model to provide inputs for more localized studies utilizing a finer
grid resolution. These localized studies would use the non-linear
numerical model to give better quantitative agreement with the data

available near the mainland.
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APPENDIX 1.

The Representation of Bottom Friction

Integration of the general three-dimensional equations over depth
introduces the surface and bottom stresses (see, for example, Dronkers
(1964) ;Nihoul (1975)). The generally accepted formula used for the

latter is (see Groen and Groves (1962), Nihoul (1977))

T, = = DI, + voll gllg

where T and T~ are the bottom and surface stresses, respectively,

~

m and y are empirical constants and q is the horizontal velocity

~

at some reference height above the bottom (henceforth termed the "bottom

velocity") or the depth-averaged velocity and p is the density of

the fluid. This formula includes a stress exerted on the bottom

even at times when q = 0. However, in tidal models where the ef-

~

fects of wind are neglected, Ts is taken to be zero.

(a) The Non-linear Representation, kllqllq .
Since, in two-dimensional models, the value of the bottom velocity

is not known, non-linear equations use the form
F (= 1, /pH) = Kidqllq Al.1

where H is FPF wate; depth and k has dimensions mfl in mks units.
As a first estimation, k may be given a constant v;lﬁe, equi-
valent to considering a region of constant depth. Thus
k = v/h
where h is the depth of undisturbed water and y is dimensionless.

Taylor's (1920b) study of dissipation in the Irish Sea used Yy = .002.



119

Grace (1936, 1937).

attempted to determine appropriate values for Yy by using measurements of
tidal elevations along the coasts of the Bristol and English Channels.

HBe found values of Y ranging from .0014 to .0041 (average value of

.0026) for various sections of the Bristol Channel, and from .0024 to

.021 (average value of .0093) for various sections of the English Channel.
The larger values for the English Channel were associated with large apparent
phase differences between the current and the frictional stress and, according
to Bowden and Fairbairn (1952), are 'probably less significant than the
Bristol Channel results.' Bowden and Fairbairn give a value of <y = .0018
when using the mean current in a water depth of about 19m in their invest-
igation off Anglesey, whereas, in a later paper (1956), they find an average
value for Y of .0024 when using the current at a specified height above

the bottom, the depths ranging from 12m to 22m.

Numerical models often use (see, for example, Flather (1976))
k = y/H

with H = h + Z , the total depth of water. Values for 7Yy which are

commonly used lie in the range
.0024 < y < .0030

(see Dronkers (1964), Nihoul and Ronday (1976)).

A perhaps more realistic formula considers the roughness of the
bottom material. It is a combination of the de Chézy and the Manning
formulae (see Dronkers (1964, p.156)) which were originally developed for

the study of channel flows:

k=6§— Al.2

fas)
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where
1.003 R % -1
= " ————m s

- n
R 1is the hydraulic radius (usually approximated by H for a
shallow sea)
n 1is Manning's roughness coefficient which varies with position

according to the roughness of the bottom

material.

Wang and Connor (1975) give .025 < n < .040 and their subsequent
calculations of the bottom friction parameter for different depths

(1 <h < 100m) and different types of bottom material yield values of k
in the range .0013 - .0095. Harleman and Lee (1969) use values of n
as low as .020.

Using R = H, Al.2 can be written
k= AHD AL.3

where A depends on n.

In channel or river flow studies where the region of interest may
be divided into a series of one-dimensional sections, the value of n may
be varied in each section until the results obtained agree with observations.
This is the approach of Harleman and Lee (1969). However, such systematic
variation of n, in the case of a two-dimensional shallow sea model, is
not always feasible and A 1is usually given a constant value. Al.3
is used by Teubner (1976),who considers a value of A corresponding to
n = .030, and Prandle (1978),who uses n = .025.

Leendertse (1967) says that when the bottom roughness has a
considerable influence on water movement ''the parameter C has to be
found in an iterative manner by comparing results with actual field

measurements.'"  He obtains

C = 19.4 &n[0.9H]
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experimentally from computations of his Haringvliet model. However,
as previously stated, such experimental evaluation of C 1is not always
feasible, especially when there is a paucity of field data available.
Some, more sophisticated, models return to the definition which
employs the bottom velocity. Using vertical velocity profiles adjusted
to observations, the reference velocity can be expressed in terms of the
depth-averaged velocity. Thus ,Nihoul and Ronday (1976) quote Ronday

(1976) as using

(1.23+%n 9—';135)2
where ©o 1is a constant and z, 1is a roughness length. This can be

obtained from a velocity profile of the type due to von Karman (see
Dronkers (1964, p.156)). Dronkers gives zo = .03d, where d 1is a
scale for the height of the irregularities of the bottom.

The non-linearity of the friction term kHSHS provides one
mechanism for the interaction between different tidal constitutents and
for the generation of harmonics. This effect of the quadratic law has
been studied by, amongst others, Dronkers (1961) for the case of a two-
dimensional mono-periodic tide, and by Le Provost (1976) for the case of a
multi-periodic tide. Le Provost's investigation of the components of
the friction in the English Channel lead him to conclude that "for a
first approximation, the M, component could be studied alone upon a
given area, but that to study a secondary wave, S3z,Nz,Kp, it is necessary
to consider their propagation together with the M» component....; a
simulation taking together M2 and Sz or M2,52 and N, gave a

"  His analysis depends on

better representation of the component M2
the presence of a dominant tidal component. However, such a dominant

component may not always exist, and, in such a case, a complete picture of
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the tidal motion can probably only be obtained by considering the whole
tide, a Fourier analysis of the results providing the components if these
are required. The main deterrent against such studies is not only the
lack of adequate data along open boundaries, but also, if such information
did exist, the data over about 15 or 29 days would be needed as input for

a model (see Defant (1961, p.304)). This is necessary to account for

the effects of such factors as the semi-monthly inequality and the contrast
between the spring and the neap tides. Then, not only would the model

have to be run long enough to converge numerically, but it would also

have to be run for a further period to provide the necessary output. Time
and cost obviously preclude such a study. One of the advantages of a
linear representation of the frictional force (in linear equations of
motion) is that the complete tide may be estimated from the superposition

of the solutions for the individual constitutents.

(b) The Linear Representation of Kklqliq

Many models tave linearized the quadratic bottom friction law for

the sake of simplicity, taking

q . Al.4

y This linear representation is

In MKS units, r has dimensions ms
essential for analytic methods of solution which do not rely on perturb-
ation or iterative techniques. The second expression of Al.4 is
sometimes used in linear numerical models which still retain explicit time
dependence,

Most studies take r to be a constant, for example, Heaps (1969)
uses r = .0024 ms ! while Flather (1972) uses a value of .0014. Real-

istically, the value of r will not be comstant, but will vary with

position.
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. . T ;
The linear expression h 9 can be related to the quadratic law

%ﬂq"q . The Lorentz approximation for r , in the one-dimensional case,

is found by equating the dissipation over a tidal cycle given by each

of the expressions (see Proudman (1953)). Thus, it is found
_ 8
r =3 YU
where q = U cos wt.

Harleman and Lee (1969) use

_ 8
r_BTTEgz-umnx
where C 1is the Chézy coefficient which can vary with position and u is
an over-all estimate of the maximum velocity. Dronkers (1964, p.191) gives
the two-dimensional version of this,
-8 &
T 3T C2 v Al.5

where v is the mean value of the maximum magnitudes of the velocities,
if it may be assumed that Vv does not vary greatly. If C is given

a constant value, Al.5 may be used as an estimate of r in an analytic
analysis of a tidal region.

Dronkers (1961), produces a linearized form of the quadratic
friction term for the two-dimensional case of a mono-periodic tide and
shows that, not only the magnitude of the velocity, but also the relative
phases of the two velocity components should be taken into account.

Using

U cos(wt+a)

c
1]

V cos{(wt+R)

<
]

he finds, on neglecting the harmonics which arise from the quadratic law
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a(u2+v®)” = hu + m o
Jt
Ya
v(u?+v®)” = A& - m i s
ot
where A and m are quite complicated functions of U,V,a and B. This

form is only useful in idealized studies when (for example, if only Kelvin
waves are considered) exact values for A and m may be found. However,
use of this linear form is usually precluded by the fact that foreknowledge
of U,V,0 and B are required and these are, in fact, unknowns of fhe
system.

Prandle (1978) uses a non-linear tidal model in conjunction with
a linear model for secondary effects (such as those of wind) and-so is
able to relate, at each grid-point, the linear friction coefficient K(= %)
of the dominant constituent (say M;) to the non-linear law. He finds
K at a u-velocity grid point by minimizing € with respect to K, wher®

T 2, 2y 2
’ +
2 ( Coulu“+v©) K ) ie

443
B H

where T 1is the period of the M; tidal constituent,
and Co is a frictional coefficient corresponding to n = .025.
An analogous expression is used at a v-velocity grid—-point.

However, for obvious reasons, this approach cannot be adepted in
linear tidal models and the best approximation to the friction coefficient
is probably given by Al.5.

The effect of a dominant tidal constituent on other components
is easily accounted for with a linear friction representation. Jeffreys
(1976) shows that, for two tidal velocity constituents Ujcos w;t and
Uscos wot, with Uz/Uy < %, the frictional component with frequency W
is

2 T
U; cos w1t = == U; cos w1 t,

F. = h

8
1 3w

o=
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while the component at frequency w; 1is

ra

Fo = o

U,Us cos wot = Uy cos waot.

SRR
=<

Hence, if r; 1is a frictional coefficient for a dominant tidal constituent,

the appropriate linear friction factor for any other constituent is

r., = 1.5r 2 Al.6

Garrett (1972) states that this result is readily extended to the
two-dimensional case when ''tidal ellipses (are) of the same eccentricity
for all constituents being considered."  This interaction of constituents

is not so easily taken into account with a non-linear friction law.

() Comparison between the two representations

Although, according to Nihoul and Ronday (1976), "it is now
commonly admitted that a quadratic law must be used", Durance (1975)
justifies his use of the linear law thus: '"Although there is evidence to
suggest that the bottom friction does depend quadratically on the velocity
near the bottom, there is no direct relationship betweem the near-bottom
velocity and the mass tramsport, and in some situations they can be in
opposite directions. In addition, the bottom friction coefficient is
likely to depend on position because of both the general bathymetry and the
variation in bottom roughness.'"  The investigation of velocity profiles
by Johns (1976) and Nihoul (1977) would seem to substantiate that, about
the time of tidelreversal, the validity of the quadratic law is questionable;
however, Nihoul shows that the discrepancy does not affect the results
significantly.

Flather (1972) compares the results of a linear scheme to the
results of a non-linear scheme applied to the computation of the M; tide

in a rectangular sea 65m deep. He finds large differences in the M2
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amplitudes obtained by the two models, but says that this is ""probably

due largely to the choice of friction parameters" (he uses r = .00l4 and
y = .0025). Noye and Tronson (1978) show that with a judicious choice
(through trial and error) of the value of the linear parameter, good
agreement can be obtained between the results produced by the two models.

Apart from simplicity and the possibility of superposition of
solutions, the linear friction coefficient has the advantage of being
more easily able to include the effect (shown by Jeffreys (1976) and
Le Provost (1976)) of a dominant tidal constituent on the other constituents.
However, if the non-linear effects in shallow water are of special interest,
it seems more important, in some cases, to include a non-linear friction
law than to include the non-linear advection terms (see, for example,
Flather and Heaps (1975)).

In some cases, as in Leendertse's (1967) Haringvliet study
(where the maximum depth is 13m), the bottom roughness influences the water
movements to a considerable extent and it would be expected that a quadratic
law would be essential. Even for the non-linear representation, careful
estimates of the friction parameter are necessary and usually have to be
found in an iterative manner, comparing computed results with actual
field measurements.

No matter which form is chosen for the representation of the
bottom frictional force, no matter how complicated the analysis used to
obtain it, there is always some.empirical factor associated with it; and
it seems that the justification for any choice of parameterization lies

solely in the accuracy of the results obtained by the model.
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APPENDIX 2.

The Galerkin and Collocation Methods

The exact solution to a differential equation and its boundary
conditions cannot always be found and an approximate solution must be
sought, either by analytical methods or by numerical methods. An
analytical approximation may be obtained by the Method of Weighted
Residuals (see Finlayson (1972)). The two techniques discussed here, the
Collocation and the Galerkin methods, belong to this class.

The classic approach of these two methods is to find an infinite
series of, for example, trigonometric functions which satisfy at least
some of the boundary conditions exactly, and to proceed to solve for a
finite number of unknown coefficients in the series by approximately
satisfying the differential equation and any remaining boundary conditions.
The Galerkin technique used in this manner is described in detail by
Fletcher (1978).

However, if it is possible to find a solution to the differential
equation, Shuleshko (196la, 1961b) has shown that better results are obtained
if the approximation method is applied to the boundary condition rather than
to the differential equation. This is the technique used here.

Consider the Helmholtz equation
(VZ+x*)z = 0 A2.1
with its boundary conditions
PIP[C(X,y)] = ¢p(x,y) along s s P = 1,...,P

where Mp are linear differential operators and 5, is the pth portion

of the boundary. The solution to the differential equation may be written as
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o(x,y) = ) ) a. Cjn(x,y)

i=1 n=0
where a ., are unknown coefficients and each term, an , in the series
satisfies A2.1 exactly. It is also required that
P [e5)
Ng[jgl nzo a Cjn] - ¢p = 0 along s,5 P = 1,...,P. A2.2

For some boundary conditions it may be possible to find a simple
relation between the a . such that A2.2 is satisfied exactly; but, if
not, an approximate solution may be found by truncating the infinite

series; 1in which case

Mb[E(X,y)] - ¢p(x,y) rp(x,y), along s,» P = 1,...,P

where

Y
1]
I~

and r is the residual, or the error in the pth boundary condition.
It is expected that the residual be small in some measure and that the
effect of obtaining a new solution with N increased should cause a
reduction in r in some average sense along 5, - When r = 0, for
all p, the exact solution has been found.

The method proceeds to solve for the a . by imposing an ortho-

gonality condition on the rp(x,y),

J rp(x,y)ugp(x,y)ds =0, n=20,...,N for P =1,...,P A2.3

S
P

where ds is a line increment along 5, and u;p is some chosen weighting

function. If, as N ~ w’{“;p} is a complete set, then rp =0 and E
is the exact solution. If
w;p = 6(x - XY T ynp)
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where &(x,y) 1is the Dirac delta function and (an’ynp) (n=20,...,N)
are points along s, use of A2.3 is called the Collocation Method. If
u;p = N%[an], j € {1,...,p} for n =0,...,N,

then use of A2.3 is called the Galerkin technique.

Application of A2.3 results in a set of linear simultaneous
equations which may be solved for the a .

The advantage of Collocation is its simplicity; mno integration
or mathematical manipulation is required to set up the simultaneous
equations. However, the accuracy of the solution depends on the position
of the Collocation points (see Shuleshko (1961a)). Chapter 6 shows that
the overall accuracy and convergence using the Galerkin method is better
than that obtained by Collocation. Since the mathematical manipulation
for the Galerkin method need to be dome only once, even if physical constants
are varied, it is the CGalerkin method which has been adopted for the analytical

approximations in Chapters 3 and 4.
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APPENDIX 3.

Evaluation of the Integral Form for [,(x,y)

In Chapter 3, Cz(x,y) is expressed in integral form by 3.4.13,

that 1is,
caeny) = [ [ e Derikifol 404y
2 B 2m | A2+K2
= 1
pCO (A
- +
+ e (x a){go[l cosh Kja - iK; sirh Kja]
. . @
- f,[X sinh Kya - iK; cosh Kla]}iéié% dA
T
© o {}\g +1 nr £}
) J ™M ——2—1 a()dA
= A
n=1 - A ( a)
oo o0 {}\g +1 n_ﬂ.f }
£ 7 D" I S T tb()\)dk] A3.1
n=1 y2 = (Boy
s &
with
s = A8 sinh s(y-b) + s(l+i¢y) cosh s(y-b)
(A202= s2(1+i¢,)?%} sinh sb 3
-a<x<0
and g2 = A% - ¥?
2
This may be written as
E(x)=—g-{—l + 1 +0§(—1 + I )} A3.2
2(X,y 27 ~Uo Lo . Un Ln” "’ :
where IUn(n > 0) is an integral associated with e__”\x and is evaluated

using a contour closed in the upper half-plane; and T _ (n=0) is an

. . . i A(x+a) : .
integral associated with e and is evaluated using a contour

closed in the lower half-plane.
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For I, ILO, the poles of the integrand are given by

A=t ik, (s = i(R? + Xi)% = sg) A3.3a
¥ 2 Y
(0) w? . W 1

= + = +|— = —_— e — =

A s k2 —[gh2(1+1¢2)] ,(S e{ghz (1+i¢)2)] Kz) A3.3b
2%

_ 9 _ 2 (4w _ s Am

A=t ky = i[xz (1;> ] , (s =1 7;), L >0 A3.3c

where the appropriate value of s is defined as shown and the branch
. 2
chosen for A3.3b,c is such that Im(ki )) >0, 2= 0.

The poles associated with I I (n>1) are given by

Un > "Ln
- (e ()] o)
A=
2
)\=tk(2Q),IL>0,

Noting that Im(iKl) < 0, A3.2 may be written as a sum of residues

)
]

N 2
s 2ﬂi{Res(—iK1) + Res(k$”)) + Y Res (kY ))}
=1

]

- Tt -k, x [go—£¢] [-16K1 sinh so(y=b) + sg(l+i¢p) cosh so(y-b)]
™° 2[62K2 + s2(1+i¢)2] sinh sob

“ik(o)x+K(y-b) i
+8 e ° : + ) S8, e
oo Q=

()
-ik, x LTy 0 b (O . Luy]
[COS b * (1+id,) om kz sin Ty

—
]

- Zﬂi{Res(iKI) + Res(k'") + 7 Res (- D)}
2 s, 2

- omi ele[go+fQ][i6K1 sinh so(y-b) + sg(1l+i¢,) cosh sg(y-b)]
i 2[621(% + S§(1+i¢z)2]sinh sob

(0) oo L (D)
ik x- K, (y=b) = ik, ~x Ly _ §) b (%) . Any
tE e + Qzl g © [cos o iy I k, " sin =
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i = Zﬂi{Res(kéo)) + z Res(k§Q)) + %Resézﬁ> + %Res! - o7\l
Un Q=1 a \ B /I
no
oy (%) (%)
=ik, " x gy 6 b . Lmy
+ le GnQ e [Fos b + (1+id,) n k2 sin =
-1 Egg sin E£§ sinh sn(y—b) + sn(1+i¢2)cos E£§ cosh s (y-b)]
n
T B, 2[(an6/a)? - s2(1+i¢2)*Isinh s b
ﬁgﬁ cos Egé sinh sn(y—b) - isn(1+i¢2)sin E%§ cosh s (y—b)]l
. ~ » _ n
+if) 2 [(am0/a)? - s> (1+ip,)*] sinh s b ]
n n
I, =~ 2Wi{Res(—k§0)) ) Res(—kgg)) + %Res(- %g) + %Res (%g)}
R=1
. (0) »
I Zni{eno elk, x< K,(y="b)
. @3]
ik, x Ly _ 0 b (v . Any
+ Qzl G;Q e [cos s TT:EEZS'QW k2 sin —p
[-i E%g sin EEE sinh sn(y—b) + sn(1+i¢2) cos Il%ﬁcosh s (y-b)]
n
te, 2 [(anB/a)? - s2 (1+idy )2 ] sinh s b
n n
[ r—ilg-cos MX ginh s (y-b) - i s (1+ids) sin O™ cosh s (y-b)]
+ if a d n n a n
th 2[(an6/a)? - s2(1+i¢,)?] sinh s b ;

where enQ’GnQ (n>0, &> 0) are linear combinations of the g  and £,
their actual form being immaterial.

Thus, using A3.2 |
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() © ()
e >gk2 SRS B > QTR XK (3o b)
no =0 no

© , ® (D)
ik, " x Ly ) b (5 . Lmy
' QE,(..ZO e"’z>e [°°S b (rigp r 2 Sy

o o) . (Q)
+ z / z <Sn9>e—'k2 x[cos &EX-+ ———9———-%L ng) sin &%X]
Q=l\n=0 i

b (1+i¢2)

[i6K, sinh Kjx sinh so(y-b) + so(1+i¢y)cosh Kyx cosh sg(y-b)]
[62K% + s§(1+i¢2)2] sinh sgb

+ 89

[i6K,; cosh Kyx sinh sg(y-b) + so(1+i¢,)sinh K;x cosh so(y-b)]

+ f - ;
0 [62KZ + s2(1+i¢2)?] sinh sgb
- _., o6 . nmx . . } nmx
) z . [-1 — sin —/— sinh sn(y b) + sn(1+1¢2) cos —= cosh sn(y—b)]
Lot [(nmB/a)2 - s§(1+i¢2)2]sinh s b
nmo nmx . . . . NTX
. ; ; [ 2 ©°% sinh sn(y-b) -1 sn(1+1¢2)31n == cosh sn(y—b)]

i [(am6/a)? - sj(1+i¢2)2]sinh s b

where it has been assumed that the order of summation of the series
associated with enQ’GnQ may be interchanged.

This expression may be rewritten as

Pl (o)
5o (x,y) = Eg dky x=K(y-0) 4 g 7 k, ~x+K,(y-b)

= @)
ik,  x LTy 0 b (%) _. Amy
+ Qz E2 € [cos b (T+ig,) 2 ky ' sin =
=1
LT N amy B b (o) gy
Qz 4 b (1+igy) m 2 b
=1
+ D, [cosh K,x cosh s (y-b) + ;;?%%%$;7 sinh K;x sinh so(y—b)]

igkK

il 1 -
s (i+16) cosh Kyx sinh sg(y b)]

+ Fo[sinh K,x cosh s,(y-b) +

if Lm

. fmx .
m ;S—Q s1n ‘—a" sinh SQ (y-b)]

D, [cos S cosh sg(y-b) -

4
I~ 8

-

(1+i¢,) asy

+
I 18

b

A3.4

Fy [sin ATX . o6h sQ(y—b) L 18 Am &25 sinh sQ(y—b)] ., A3.5
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with
_ Q1 so(l._tid)z) 3
(Do, Fo) = [6?K§+s§(1+i¢2):’]sinh sob (go,fo)
(Dg»Fg) = = [(Tn6/a)? - s§(1+if,)2]sinh sb E8° 8"
(0) w? ”
= ¢—— (1+1 )}
ka {ghz P
(Q) T 2 %
= 2 s c
e {2 (b)} g e gt
Sg = {Kz + Xz}

2 Y2
= &'I - 21 c N
o ) xy e

2 Yz
Ko = e{w i l

ghr (1+ig2)]
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The Classes of Elements for the Non-Linear Model and their Associated
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Finite-Difference Equations

~ (n+1) ) )
1 /’| ZQ as in equation 5.5.2a
;f;— x :
e g+t (n+1) _
e A— 2,j £,
e
2. Zén;l) as in equation 5.5.2a
(n+1) _ (n) _ At (n) (n) (n) _ At m
= UQ,j - UQ,j 4Ax {UQ+I j Q=1,j} ZAy Q;
(n) (n) =(n) At (n+1) _
- + v -
Tz o R 0 b T Vo T zae B
(n+1) =
Ve, g
.
3 J:;Z,, ZE?:I), ;?:1) not calculated
% £ g
A 2, -
// !
P 1
b, % k- Z;nzl), ;n: ), ;n:l) not calculated
,;:::/:t: s 5
//
5 Z;njl) as in equation 5.5.2a
Pt (n+1) -
Ql Y, ; 0
o> % (n+1) _ (n) _ Dt (n+1) (m) _(n)
Z| Vooi o = Ve Taax Vo5 Ween,i V)
~ At (n){ (n) )y g
T 4hy Q i+l R, -1 Vo £,j
=n+1) At (n+1) (n+1)
bef U £, ] 2Ay gz ZQ,J=1}
(n+1) (n+1) (n+1) . .
6 > X 0. Y, 0 Ve, as in equations 5.5.2
A
|7 -
7. ’::5/:; Z;nfl) not calculated
l—-l—/-— (’J+1) (n+1)
n n
UQ.j = VYo =0

{u

(n)

,i+1

(n+1)
-1,

}

(“)}
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8. //(/ Z;n;l) s U;n:l) not calculated
WA A '

DLy
)i
9. | (Western open boundary)
! +1 —i 1)a
I ;n. = Re{Z, e ho (et ‘} where 2. gives the
» in, ? in,
> ’,‘ amplitude and phase of the
f elevation at y = jAy along
| the open boundary.
U;n:l) not calculated
(n+1) _ () _ Bt Sar1) (0 (n)
VQ,j - VQ,j 20% 9 i b 2+1,J }
_ o be m) p(m) () _ (n) (n)
4AyV§ZJ{ L,i+1 VQ,j=1} AthQjVQ,i
_ (n+1) (n+1) (n+])
At f U sz glz Q . l}
= n+1) - (n+1) (n+1)
UQ j {U2+1 ,+ R+1,j-1
10. I (Western open Boundary)
I
] A
! én,ﬂ) = Re{Z. e () &y . as for element 9
> % ) in, > Tin,
l :
——A— U(nﬂ) not calculated
~7 7 / 2,1
V(n+l) =0
L,
|
12. | (Eastern open Boundary)
|
x —i A
> ) ;nfl) = Re{Z2! elw(nﬂ) t} z! as for 2. in
A . in, ’ in, in,
VIOl elements 9 and 10
(n+1) _ (n) _ At (n) o (m) ()
UQ,J’ UQ.J’ 2hx U8, {UQ i Ve, ]}
I N C R C S R (n) ()
20y Ve, U, Ve T AR R Ty
=(n) (n+l) (n+1)
o f R - g slz gl
V(n+1) = 0

L,
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11. | (Eastern open Boundary)
) +1 , i +1) At
| ;n. - Re{Z’ e foCnrn) },z! as in element 12
»> " » ] in 1nj
]
(n+1) _ (n) _ At _(n) o (n) _ (n)
A. Yoy T Y% T 25 UQ.J{U 9=1.J}
]
_ At () o (m) )y (n) (n)
iy V2,5 0,5 Up y.a) ~ At Rog jUsz
n) At (n+l) (n+l)
+ -—
e f Vo'l < ooaw 8% 2 !
(n+1) _ (n) _ At =(n+1) (n) (n)
Ve, s Ve.i " mx Yoy W iVey,;!
_ At ey ) g _ (n) _(n)
ady 5 Ve Yy T AR T
- At f -—IT(nH)_ At {Z(n+1) Z(n+1)}

2, 2Ayg ' R,5-1

n+l) _ }’{U(M-l) §n+1)}
j=1

<
|

s J L,

» indicates a U-velocity grid-point
A indicates a V-velocity grid-point
an elevation grid-point

////// land

— an open boundary.
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