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S UMMA RY

Animal movements are beirrg recognised increasingly as

important in population ecology. Whitst this thesis concen-

trates on animal movements as a worthwhile study for its own

sake, it is hoped that the ideas presented are useful to

population ecology.

Consider a population of n animals living in a region

X. Let X¿(t) be the position of the .e,th animal at tj-me t.
The functions Xr ,.. rXn can be thought-of as stochastic
processes and it is the purpose of this thesis to

1. develop useful mod.els for the joint distribution of
Xt ,.. rX' i

2. develop a general theory for the study of a broad class

of models;

3. investigate ways of applying models and testing their

vatidity;

4. demonstrate that the theory developed. is actually useful

in the study of real animal populations.

Consideration is restricted to the situation where

Xr ,.. rX^ are conditionally independent given the environ-

ment. A general theory for rnodels satisfying this property

is developed with the main emphasis on the random measure

Nt , where Nt (G) is the number of animals in the set. G

at time t. The extent to which the distribution of IIt

characterj-ses the distribution of Xr ¡.. ¡Xn is ínvestigated.

Three main classes of random measures arise and it is shown

that each of these classes j-s closed in the weak topology.

Ideas from the theory of rveak convergence ere also found use-

ful in identifying sítuations where approxirnate independence,

conditional on the environment, can be expec*-ed.

l_v



Discrete space models, where X is effectively finite'

provide simple examples of moclels within the framework of

the general theory. The models given are modrfications of

existing Markov process models and aim to incorporate the

following observations of real animal populations.

a. Animals differ from each other in the distribution of

their movement processes.

b. Animals have random fluctuations in time in their rates

of movernent.

c. A randomly varying environrnent induces dependence

between different animals' movements.

To construct analogous models for. continuous spaces '
Markov transition operators are required. It is argued that

the most useful of these are self adjoint and have a count-

able spectral decomposition. Such operators are investigated

with a view to generating flexible classes of operators to

facilitate the fitting of models to real data.

Sometimes lvlarkov processes are too coarse to be useful

models. Thus models for the situation where animals have

piecewise linear paths are developed. The covariance struc-

ture for these models is deterrnined and they are shown to be

asymptotically consistent with Markov process models.

Laboratory studies on the Brine Shrimp Av'temia saLina

illustrate the application of the theory. Existing statist-

ical techniques are used where ever available but for the

test of independence conditional on the environment, it is

necessary to develop a nev¡ procedure. For this purpose a

rank test assuming environmental syrnmetry is given.

v
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This study is

investigation

deve loprnent of'

movements.

models fc'r the scierltificabout the

of animal

Mc¡vement is a characteristic of ani-mal-s. At some stage in

their lives al] animals move about from place to pl-ace. There

are several- aspects of movement. For example one can corrsj-der

the mechanics of rnovemertt ( l-ocomotion) , the gLridance of move-

nrent (animal orlentation and navigation), íne function of

movement, the effect of lnovement and the description of move-

ment. This thesis deal-s almost entirely with the last' aspect'.

To describe movements we consider the path traced by àTi

animal as a functlon of ti-me. we can try to describe the joint

movements of the animals in a popuJ-ation or simpiy concentrate

on the movements of an individual-. Both ways of lockìng at

movements are considered hefe but the latter is incl-u-ded mainly

for its bearing on the former.

By a population I mean a group of animals, getrera.r ly of the

same species but possibly from a special subset sttch as f'emales

or adults. Occasionally we shall come across organisms not

regarded aS an|mal-s, in modern systematics, but whose motllity

suggests their inclusion i-n the discussion. Eramples are some

baeteria, and the amoeboid stage of cel-lular slime mol"ds'

Three basic kinds of. movements can be

the ordinary or ttever¡l daytt movements,

normal activities of living, anci there

ordlnary movements which I shal1 call

recogniseú.

formirrg Part

are two kinds

dispersal and

Tìrer"e are

of the

of extra-

migration.
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Di-spersal is a movement occurring

an individual- which takes it away

lived to another area, this latter

infrequent 1y

from an area

in the life

where it has

of

area being unPredictable.

Migration al-so occurs infrequentl-y in an individual-rs life but

takes it away to another area which is reasonably predictable.

The seasonal movements of the Monarch Butterfly (Johnson, 1969,

p.533) is an example of mi gration. Seasonal movemen.¿s of bj.rds

and fish commonly cal-Ied trmigratj-ons" also come within this

definition. The boundaries of these definitiorls are not

precise and some movements may be difficult to p1ace. Note

also that it is possible for daily movemerlts to be clispersi''re

in the sense that they tend to spread the population more evenly

in space, particularly when the animals do not have ho,-nes, even

though daily movements are regardeo as distinct from dispersal.

Johnson (f969) dj scusses the variation in meaning of the terms

migration and dispersal aS used by different authors as wel-1

as givlng a comparative discussion of different kinds of

movements and his own cl-assiflcation. Southwood (f962) gives

a different classification. The classification chosen here is

that which f believe is most suitable from a mode1l1ng point

of view.

The theory and models in this thesis are developed with ord-

i-nary movements in mind which is the reason why it is ofte¡

assumed that stochastic proceSSeS describing movement can be

obtained by a transfo¡mation of a process which is asymptol-

ical1y stationary, however that is not to say that such model-s

are always applicable to ordinary movements and never applic-

able to extraordinary movements.
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Many parts of the thesis, especially cha-pter 3' are

to all three kinds of movements but the ori entation

best suited to ordinary movements.

applicable
j s probably

The final general restriction on the subject of this thesis is

that it assumes that the poputation of animals under consi der'-

al,lon is invariant in time meanlng no new individuals are

adcretl to the population and none are lost. Thus, we can either

assume that the time interva] of consideration is so short Llnat

few such changes wil-l- take place oI r in a- probabilistic sense ,

condition on such changes not occurring. In practical studj-es

one mâv, when possible, discarcl from considerati.on new indiv-

iduals or individuals which die or disappear, or break up the

period of observation into lntervals within which the populatì-on

does not change. The reason for imposing this restriction is

the belief that movements are sufficiently complicated them-

sel-ves without trying to model changes in population simul--

taneousiy. The l-atter problem i-s probably even more compl-ic-

ated but it is a probl-em to which I hope the study of move-

ments will contribute.

The i.nterest of movements in PoPulatj-on biol-ogy

Ivlost animal-s are unable to satisfy all- the needs of their lives

at the one point in Space So that movements are i-rnportant to

them. People are interested in how animals move and particul-

arl_y how we]l movements enable them to satisfy these needs '

For example, DudzinsÌ<i (f969 ) and, Young (i972) consider the

movements of grazing animals in relation to food and water

and how these are affected by environmental conditions '

Mosimann (1958) and Philip (f957) consider the role of move-
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r,entsin the abilitY of organisms

(t9lt) and lvlurdi-e and Hassel

predator to find its PreY.

to find mates and Palaheimo

(f973) study the abilitY of a

Population ecologists have long been interested in movements

of a dispersive kind. First of all- ihe movement capabilities

of organisms determine their abilities to extend the limits

of their distribution (Krebs 1972) and it is al-most tautolog-

ical to say that movements have an important effect on the

density of organisms within the limits of their distribution.

Andrewartha (IgTO, p.190) beiieves that animals need to oe

constantly dispersing as a normal part of their lives and that

those individuals able to disperse well will be favoured by

natural- sel-ection. Andrewartha discusses the role of move-

ments in population dynamics 1n a changing environment where

organi-sms need to find new places to 11ve. Even though the

present enviro¡ment i-s stil-l- favourabl-e it is advantageous for

some individuals to seek new homes. See al-so Hutchinson (1951).

As an example Andrewartha cites the case of a predaior presslng

heavily on its prey where the rel-ative di-spersive abil-ities

of the predator and prey play a particularly important role.

Movements of one species can have si-gnificant effects on the

densitv, dispersal, and spatial pattern of other organisms.

This is clear in predator prey example ci-ted above and.we

may also acld that ciispersive ability is regarcled as an import-

ant factor in tfetermi-ning the success of an agent of biolog-

ical- control (Kreb s I972, P.373) .
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The movements of vectors of disease are clearly an important

lactor in the spread of disease (Krebs 1,)f 2, p.26, Andrewartha

1970, p.69 ) and Kreb s (1972 pp. 5I9-52O) explains the hvpo-

thesised role of movement behaviour of seed and seedling

eating animals in the spatial pattern of forest trees.

Bven though movements may be of no direct interest to a person

they often enter probl-ems of estimating population size

(Arnason 79T0, Andrewartha, 797O, p.166-f6T) and are pal't-

icularly important if one wishes to estirnate spatially depeud-

ent mor"tality and fecundity (Beverton and Holt, 1957, part III,

Dempster, 7957) .

For the development of models in popuì-atlon biology interest

in movements seems to falt into two categories, needless to

say these categori-es are not completely distinct. First

field environments commonly exhibit spatial variation so that

mortal-ity, fecundì-ty and the fitness of genotypes have come to

be regarded as functions of the position in space. People

develop mod.el-s for the ways spatial vari-ation arlcl movements

interact to determi-ne the characteristics of populations both

as functions of position j-n space and of the population as a

whole . For example, Roughgarden ( 1974 ) stutlies e model in-

corporating spatially varying earrying capacity for which he

sh.ows that the effect of movements is to produce a l-ocal-

averaglng of carrying capacity. In theories, of speciation

movements enter the question of the degree to v¡hich spatial

variation in selective forces can be reflected by spatial

varj-ation in gene frequency (sl-atkin, I9T3). Sk,ellamf s now

cl-assicaf study of the effects of movements (Skel-lam , i- 95I)

considers the combined effect of spatial variation ancl move-
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ments on population density. There are many other studies of

these kinds of which a few are Comins and Bl-att (1975) ' Fleming

(7975) and Roff (t974 a and b).

When spatial variation is disregarded movements remain of

interest in modelting the degree to which subunits of the

population are isolated by distarrce. The studies of Hadel-er

et a1 (1974) and Murray (f975) seek to discover whether move-

ments and population interaction can combine to produce spatial

variation in population density. In population genetics there

has 1or:¿ been interest in the effect of movements on inbreed-

ing and the so-cal-fed effective population slze (Wrignt 1969,

chapter ;.2). A related matter is the correlation between gene

frequencies at different points in space (Irleming and Su, f974).

Richardson (1970) lists other problems in population biol-ogy

where movements are of interest. See also Sanderson (I966) ,

Brown and orians (1970), Southwood (1952) and Johnson (r96t)

Models for animal- movements

In all of the models for movements in the population stuclies

cited above ind.ividual animals move independenbly according

to Markov processes all having the same transition probabil-

ities, or if the model is determini-stic, as is the case with

most, it is the deterministic analogue of some such stoch-

astic model- section 2.1, explains what is meant by a determ-

inistic anal_ogue of a stochastic model-. The Markov processes

underÌying these model-s are either simpl-e random. r¡ra1ks,

dlffusion proeesses mostly with zero drift and constant
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variance or if the

areas the processes

space is dj-vided iirto a finite number of

are homogeneous Markov chains. The majority

of movement models are of these kinds. Arnason (1970) reviews

the ]iterature to that date.

I,rthen the primary interest is movements the rnodels are sometimes

more sophisticated, understandably because one does not have

to cope with other compl-icalions. Stroock (I97\) , Nossal and

i¡leiss ( 1974 ) and Lovel-y and Dahlquist (f975) i ndepenrlentiy

developed sLochastic models for bacterial chemotaris. Irr these

models the path traced by an indiviclua] is finear

and is not a Markov process (chapter 5). Non llarkov models

of a simpler kind, where an an'ìmal moves in a straight line

after a randomly chosen initiaf directj-on, are sometilnes use d

(V'lilson and FindleV, I973 and, Cox and Smith , ]_957)'

In a few models the movements are density dependerrt. For:

discrete space these are Arnason ( 19 7O ) , Rof f (19T 'lia,b ) and

l¡lhittle (7967) and continuous space examples â11:ê ';he de bern-'

inistic modet-s of Kiester and Sl-atkin (f974) and Gurney anci

Nisbet (LgT5). An interesting stochastic model for the

aggregation of amoebae in the formation of cel-lular sfime mo1ds

is developed by Novak and Seelig (1976).

Saunders (f975) considered introducing random environmental

variation into the stochastic compartment model which is

commonly used to d.escribe movements of anlmal-s between d-iscrete

areas (Arnason , I}TO). It is not difficul-t to show by ihe

methods employed in this thesis that Saundersr rnodel is equiv-

alent to conditional independence of the movements bf differ-

ent animafs, given their environment'
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There is one final class of population models involving move-

ments that should be mentioned, namely the Markov branching-

diffusion process models. The movement processes in these

models are general-l-y equivalent to the specification that

animals move independently of each other according to Markov

processes. A review is given in the article by Davis (1970).

The clevelopment of theoretical models in population biology

has vastl-y outpaced the empi-rical testing-of such models. fn

science the testing of models is a fundamental process. If

a model has any meaning at all- we should want to determlne the

validity of jts major assumptions and since movement forms an

important part of so many model-s it is essentj-af to see how

good the movemen'r, components of these modef s rea11y are. Un-

fortunatelV, most movement studles that have been carried out

are incapable of giving a reasonabl-e test of the rnovement

process involved or the experimenter has no movement model

in mind to compare with the data. One of the major diffrcul--

ties is the collection of adeouate data in the field ; htowever,

for some animals, and experimenters with sufficient funds and/

or ingenuity technological innovations may overcome these

probfems (Siniff and Jessen, 1969, Marten, 1972, I9T3 and

Mossing, 1975),

The earl-iest and most common movement models are of the

random wal-k or Brownian mot10n kinds. The best evafuation of

these models comes from studies of Drosophil'a reviewed and

analysed by crumpacker and l¡li.ll-iams (1973). See also l,{right

(1968) for an lnterpretation of the data of Dobszhansky and

Ialright (7947) in terms of random wa1k. An optimistic account

of the early tests of diffusion models is given by Beverton

and Holt (1957) .
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More recently Berg and Brown (f972) conducted a detailed study

of the movements of a bacterium and although they had no model,

their data provided a good basis for model- construction resul-t-

ing in the independent appearance of three different models

(chapter 5).

fn discrete space settings the most compl-ete tests of models

are those given by Bryant (1969) and \¡iierzbowska (1972).

Other workers give evaluations of a less eomplete nature, for

exampl_e Siniff and Jessen (1969), Kitching (I9TI), Jones (1959).

I,rlhy model?

In this thesi-s a model is a mathematical- statement neant i:o

approximateì-y represent ::eal world phenomena. The util-ity of

a mathematical- formulation is that it enables precise aud

complex reasoning otherwise not possible and al-so the language

of mathematics enabl-es models to be useful sulnrneri-es of know-

ledge or bel-ief .

There are different kinds of models depending on the pulrpose '

First of all there are the highly specific modefs which are

developed in rel-ation to specific popul-ations' ,are fairly

compiicated and not very amenabl-e to transferrance to other

situa-tions. Maynard Smith (f9Tl4) referred to such models as

ttsimulationstr . Secondly, there are model-s of an internlecllate

kind which are less complicated and can be '"ransferred tc

different situatlons with a c,hange of parameters but no

drastic modification. They are generally intended to be fitted

to data. Finally, there are theoretical- rnodets which are

not generally intended to bre fit-ted to data.
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Theoretical model-s can be of two kinds. There are model-s which

make very highly specific assumptions so that they completely

describe a system apart from a finite number of parameters

the classical- Lotka-Volterra predator prey model is an ex-

ample and theoretical models which do not specify the

system completely but seek to explore the relatj-onships be-

tween specified postulates. Models of tlie I atter ki-nd are

developed by May (f97Ð. In this thesj-s lve seek models of the

intermediate l<ind and cf the second kind of theoretlcal- model.

There are many uSeS fOr model-s. They may be used aS a means

of anafysing data and al-so suggesting the kinds of data need-

ed for a speclfic purpose. Some mod-el-s mâ¡r nake predicti.ons

of direct practical value or suggest furtlrer lines of research.

Model-s lead to preci-se formulation of vague theoreti.cal- or

even practical- notlons and they enabl-e the testing of tlie

compatibility and consequences of assumptions and the adequacy

of explanations ; in short they are part of theor¡¡ builJing'

I am going to advocate a more mundane use of mcr'1elJ-s as rvel-l-'

A large part of scientifj-c research invol-ves a somewhat random

accumulation of knowl-edge. This is necessary for a foundation

on which to build research that will- ultimately be recogni-serl

aS Useful-. However, A targe amount of research becomes los'"

because the purpose and results are too vague to be convenient-

1y summalised and communicated breyond the ori-gina1 r'eport '

According to Sanderson (t966) animal movement studies are no

exception.



ModeIs are helpful- in overcolning this probl-em because they

enabfe the identifj.cation of specific questions relating to

assumptions and predictions of the model-. Because specifÌc

wel-1 defined questions are asked the identification, summary

and communication of the resufts is facil-itated.

11

the

and

The model-s in this thesis

As has been pointed out most model-s of anirnal- mc.vemenbs inake

assumptions equivalent to assuming that different anima.ls move

independently. Gurney and Nisbet (f975) regarded this as an

untenable hypothesis. However, it must be remembered that

Gurney and Nisbet aYe working with an ecologlcal tlme sca1e,

that is significant changes in population size f;ake pl-ace over

the period of interest to them ; and the space scale is such

that only movements which are dispersive are of concern, es-

pecially di-spersal if it l-earls to the estabfishment of a new

home. i,Jhen competition for space exlsts movements of this kind

a.re ì-ikely to be depenCent. This does not mean that ord:inary

movements wil-l- be dependent, but, of course, they can be (see

K^p'sLtt
l{ãiJÈer anO Slatkin, 1974). Some animals interact very little

or infrequently with other members of the same sÌ)ecies' Thj-s

is likely to be so in sparse populations of solitary organisms

as a consequence of infrequency of meeting. However' one does

not need to postulate infrequency of meeting to expect that

there is not tikely to be significant interaction, but sirnply

that the individuals or the population as a whoie gain nothing

from such behaviour. People are often leci bo beljeve that

animal- movements wil-l- be dependent because they are Very

obviously so in Some common vertebrates such as marnmals and

birds, but for invertebrates dependence is much less obvious.



In most studies of animal movements no

about dependence or independence unless

interesting behaviour is apparent. See

(7966) for some interesti-ng examples of

L2

comment at al-l is made

dependence involving

Jewel1 and Loizos

dependence.

Only occasionally does

behaviour, such as the

lalright (1943).

one find statements

following statement

independent

Dobzhansky and

of

of

Active dispersal- invol-ves movemenls, usually un-
correlated in clirectlon in different individuals
of a given insect species between places where
these individuals are born and where they find foo¡
water and oviposition sites.

It is not entirely cl-ear what kind of moventents Dobzhansky

and lr/right are referrj-ng to but from the purpose of their

investigation and. the kind of data they discuss f am led to

believe that at least for DrosophíLa these are what I have

called ordinary movements.

l¡lilkinson (f952) decided to regard homing behaviour in birds

aS independent because birds corne home singly even when

released in a group.

For a long time there has been considerabl-e interest in
rrrandomness'r of spati-a1 distributions of organisms (Southwood

fgT2). The klnds of dependence expected of animals shculd

be apparent from spatia]- distributions in cases where the

animal-s regard the space as completely homogeneous (chapter 6).

However, the spatial homogeneity condi'r,ion is rareÌy satisfied

and so it is not possi-ble to determine dependeirce from tests

of randomness except in the case where the distribution is
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too regular (overdispersion) v¡hich rìay sr.rggest Lhat the

animals stay away from each other.

This thesis mostly assumes that there is little inie-'raction

between individual-s in the population but it stops short of

assumi-ng complete independence because if animalsr movenents

ctepend on an environment which is randomly varying one expects

movements to be dependent (section 2,4). However, one can

speak of independence conditional- on the énvironment. For

this case I present a vari-ety of mooel-s containj-ng features

which are be]ieved to be usefuf for the study of animal- move-

ments but are not found in any existing model-s. The thesi-s

tries to present a unifying theory for such models and at the

Same time Some progress is made in the problems of practical

appl-ication.

For the case where anima1s interact sipçnificantly the task o-f

developing suitabl-e models seems quite difficult because of the

enormous variety of ways in which individuals might interact.

However, in Some cases it may be possible to reduce dependence

to a kind of conditional independence. Section 3.6 makes solne

progress i-n this direction for large populations where

individuals are not distinguished. Brown G966,) describes the

interactions in a community cf fietd ntice (Apodemus sALuat'Lcus).

The domj-nant mal-e exerts a very great influence on the rest of

the individr-rals in the population. Brown makes littl-e nentlon

of interaction between other indi-vidual-s and so as a first

approximation we might model'the movements of the rest of the

population as conditionally independent glven the movements of

the dominant male.
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This ttresis is lvritten with the hope ihat a reader evaluating

the resufts for personal use wil-f be prepared to adapt and

modify, and where necessary, Lo tirink Iocally i-n time and

space and to fol-l-ow the principle that itr is better to have

a model rn¡ith known deficiencies than no model at all.

Chapter 2 presents a method for model-ling tl-re movements of

animals beiween a finite number of areas taking into accoun-b

differences between individuals, i-n the parameters of their

movement processes, and the effects of random environmental

variation. As is showtr in chapter 3, tl-le ideas presented do

not real-l-y depend on the finiteness of the space; but tþe

finite space setting enables an elementary presentation as v¡el1

aS producing Some useful models which are specific examples

from the broader class of model-s discussed in chapter 3' The

model-s of chapter 2 are likely to be the easiest to apply.

They are less demanding in the kind of observations required

to estimate their parameters and. since almost any desired

degree of parameterisation is avail-abl-e they are particularly

useful- for handling spatially complex situations.

Chapter J develops a theory of anj.nal move:m:rlt nlode ls satisfy'

ing the requirement of independence coilditional on the environ-

ment. It can also be regarded as an investì-gation of the

structure obtai-ned under the postulate of independence con-

ditional on the environrnent. Tn addition tcr extending the

ideas of chapter 2 io gelleral space an investigation of the

j_nterrelationships between different simplificabions of the

general structure i-s made. The purpose is to help clarify

thought so that Ï/e know when different models are rèal-ly the

same, oT are quite clistinct ; and so vre can te]l what kinds
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of observatlons might be used to distingui-sh between models

or to estj-mate their parameters. Results of this nature are

al-so considered in chapter 2 but the approaches in these: two

chapters are meant to be in part complementary in both the

resul-ts proved and the methocls of proof .

Chapter J su-ggests a general- method of constructing model-s

for animal- movements on the basis of Markov processes and so

chapter 4 takes up the challenge of finding suitable Markov

processes, treating this basically as the probfem of find1ng

suitabl-e Markov transition operators in a Hil-bert Space sett:ing.

A discrete spectral representation is the most convenient forrn

j-n whj.ch to obtain an operator for appli.cation to the morfels

in the thesis and also for many other purposes. The discussi-on

is restricted to the self-adioint case which arises for

several different models of movement behaviour.

fn continuous time and space, models based on Markov processes 
,

are necessarily a little crude, for observatiorrs of a qualit-

ative nature reveal- discrepancies. Sometimes animal-st move-

ments are amenable to modelling more closely, for example

when the pa1,hs traced by the animal-s eonsist of connected

straight line segntents. Chapter 5 discusses models of thls

type, whi-ch are referred to as fine detail models, for" the case

of uniform space. Fine detail- models ere also found particular-

ly usefu] for discussi-ng model.s of differences between indiv-

idual- animal-s I movement s .

Chapter 6 shows hc,w the theory of the previou.s chapters j-s

helpful Ín learning about the movements of real animals -
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In this chapter a test for independence of different animals I

movements is developed and applied to experiments using the

Brine shrimp, Artemia saLina. Further experiments examine

the validity of the discrete space models of chapter 2 for

Artemía salína, and also the utility of the ideas in chapter

4 for studying movements in continuous space.
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2. DISCRETE SPACE I'IODELS

It has long been recognised that the spatial environ-

ment of many animal populations contains discontinuities or

is ,'patchy". The ecological significance of this property

has been rliscussed by Andrewartha and Birch (L954) | for

example, and more recently by Levj.n (L97¿') . Levin bel-ieves

that even if the environrnent is initially uniform the activ-

ities of the animals wi]I tend to make it non uniform, that'

is, patchiness should be widespread

Patchiness is sometimes thought of as the existence of

areas far¡ourable to a particular species, in the m-idst of

unf avourable areas r so Lhat the population divides int'o

subpopulaLions existing in favourable areas (e.g. Kitching,

1971). Sometimes patchiness is simply a subdivision of the

spatial environment into areas or patches having different

qualities in terms of their effect on Lhe animal population

(e.9. Doyle, I975').

The main ecological int.erest ín a. patchy environrnent

results from the movements of organisms, at some stage in

their lives, f rom one patch to another , for , ff Lhere \'vere

never such rnovements each patch could be treatecl largely as

an independent system. Dependence woul-rl only appear

through exchanges of non living material'

Models of movements between patches , oT discrete areas '

have been incorporated in many theoretical population

biology investigations. Examples are Gadgil (1971), Roff

(L974a, ]g74b) and chewning (1975), who study growth and

stability of single species populations, Levin (I974) who

investigates competition, and Tallis (Lg66) and Gillespie

(1975) in genetical studj.es. These authors all consider a
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finite number of discrete areas. Bailey (1968) and Adke

(Ig69) have considered birth d.eath and migration on count-:

able discrete spaces, and l(-imura and weiss (L964) harre

undertaken genetical studies for Such spaces. The main

interest in aII of these investigations is the effect of

movements on some other property of the populations. The

movement process itself does not receive much attentiorr

and the movenrent models are generally very simple In

particular movement is often treated deterministicalllz in

the manner of the deterministic models presented in this

chapÈer, oÍ if stochastj-c it is essentially model 2c of

this chapter

For the discrete Space models I discuss, it is assumed

that the region in which the animalsr movements take Place

is partitioned into k disjoint "areas". The areas are

referred tO aS area 1, area 2, etc. NO assumptions are

made about the nature of the areas for the developnrent of

the theory since movement within an area is ignored. FIow-

ever in a given practical situatioir it \^7i11 be imporh-ant

to consider the nature of t,he areas ín conjunction with

the behaviour of the animals in deciding if it is reason-

able to neglect movements within areas. In this regard I

believe the discrete space approach will be rnore approp-

riate when the boundaries of the areas correspond to

genuine discontinuities in the environment which are

perceptible to the animals in such a hlay that the crossing

of a bóundary is an active process. Because of the under-

lying Markov nature of the model.s presented here, the

situations in which the models should be best are when

either an animal co¡IÌês near the bOundary between areas man-l/
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the crossing of the

independent of move-

ments within

In some cases it may be appropriate for the areas to

be disconnected sets. Consider a region made up of many

patches of a few types for rvhich interest centres on move-

ments between d.ifferent types of patch. Furthermore supp-

ose that, to a reasonable approximation, for each given

type of patch Èhe accessibility of all types of patch <loes

not vary from patch to patch. It would seem quite reason-

able in this situation to regard an al:ea as the union of all

patches of a particular type. The areas are thus likely to

be disconnected; see fig. l. The aavantage in defining

the areas in this way is hopefully a more manageable model

retaining the detail of interest.

In a situation where the Markov postulates underlying

the theory I develop are not appropriate, but a second or

higher order Markov postulate is, some of the theory can be

salvaged by altering the definition of the areas. As an

example consider a discrete time second order homogeneous

Ivlarkov process Xn, then the vector process (xn-r rxn)

is a Markov process, so that to apply Markov process theory

one alters questions of the kind "Xr, € area i?" to

questions of the kind "(XnrXn-r) € area i x area j?"-

Hence in this situation {area i, i = Ir...rk} is replaced

by {area i x area i, i = Ir...rk, j = Ir...rk}.

Finally one may wish to use a discrete space model in

a genuinely continuous situatj-on, as an approximation,

particularllz if the space is very complicated. Dj-screte

approximation is the basis of many numerical methods and
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C

Fig. 1. Idealised patchy environment.
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I believe it can be similarly useful in movement

studies. Discrete space approximation is a frequent

practice in modelling biological systems. As an exarnple

consider the Leslie matrix model of population grorvth which

is developed for discrete age classes but is also very use-

fu1 in approximating continuous age situations. fn the

context of fish movement Beverton and HoIt (1957) díscuss

the application of a discreLe space model to a genuinely

continuous situation. They attempt to 
-iustj-fy 

the use of

model ld given here by appeai to the asyrnptotic behaviour

of a diffusion process.

The models in this thesis assume that there are n

animals in the region as a who1e, and n is fj-xed. In

order to speak of the f,th animal the animals are regarcled

as numbered I to n but it is certainly not assumed that

individuals are distinguistrable tc> an observer. A number

of variables are associated with these animals. X¿ (t)

is the number of the area that the Î,th animal occupies at

time t. X(t) = [x, (t) , . . ,xn (t) J ''. wi (t) is the number

of animals in area j at time t. N(t) = (u, (t),..,Nk(t))''

In the stochastic models these variables are random vari-

ables and it will be assumed in any discussion that all

random variables mentioned are defined on a cotnmon probab-

ility space (Q,A,P). Sometimes time is discrete and some-

times continuous. As a notational- convenience we shall

write N for the process {Nttl ,EÞO} or {N(t),t=0,1,..}

etc.

The approach to stochastic nodels in this chapter is

basically naÏve in postulating properties of processes

without worrying too much about existence of sucir process-
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es. Generally ex-i-stence is not difficult to establish or

is a standard result. One construction for a less obvious

case is performed.

The emphasis is on the condi.tional distribution of

N(t) given N(0) , that is the approach is basically pred-

ictive although prediction need not be one's purpose. Tt

is mainly a convenient vehicle by which to discuss the

different models without becoming involved in too many

complications. The process N j-s singled out because it

is probably the most interesting bioi-ogicaIly and oft.en

the easiest to observe, however it may not be the best for

experimentally determining movement behaviour. This is

Lal<en up further in chapter 3.

In cases where N is a homogeneous lt[arkov process the

conditional distribution of N(t) given N(0), together

with a distribution for Lr(0) specifies the entire dis-

tribution of N. For other cases the asymptotic on n

distribution of N is given, but if results are r:equ.trecl

for finite n it is generally not difficult, altl-:or:gh prss-

ibly tedious, to obtain thern.

We need some notation and definiiions.

A Markov matrix P is a k x k non negative matrix

for which PJ : l; I is the vector (l,..rI)'. A rates

matrix O is a k x k real matrix with non negative off

diagonal elements satisfying 0l = 9, (aii) is the matrix

with ijth element aij. diag (p) is the diagonal matrix

satisfying diag(B) I = p. r = diag(J) . gi is the jth

column of I. P' f= t;" Lranspose 01= P and if O is a

matrix

.9=exp{e}= i *
II= 0
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The indicator function of a set A is denoted by fÀ

and is defined by

ro(x)

A multj-nomial random variable Y, with pa::ameters

(mrp), is a multivariate discrete random variable having

probability generating function

x€A
xgA.{l

T

Y

k
T
t

-vi5
I

P (Y=y) (P'g ) 
*

f

m is a positive J.nteger and p is a non negative vector

summing to 1. If m : I the distribution j-s caIled mult-

iple Bernoulli with parameters p.

Tf I is a convolution of multinomials then Y has

probability generating function
T m,
n (P.'s) "'t

i=l -r-

for some r x k matrix P with ror,ys gi. We use the

notation
¿{aF r miM(g,p,g)*E'.II (gi'€) -

l_= I

Let U, y be vector valued random variables then the

variance inatrix VU of g is defined as

E(g-EV)(g-Eg)' = E(g-EV)g' = [r (ui-'Eu1)(uj-Euj))

The covariance matrix of V and V is

c ( 9, !') = E (U- EV) (Y- EV) '

A stochastic process x - {x(t) ,L20} or

{x(t),t=0,1,... } with a finite state space J

calIed a homogeneous Markov chain if for every

t, s Þ 0, p(x(t,+s)=j lx(u),u -<t) = p(s,x(t),j)
fixed function p of three varia.bles.

will be

j€

for some
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Occasionally rve shaIl need the notion of a regular

conditional distribution.

l,€t (0lrBr) and (0r,Bz) be measurable spaces.

A function q : Or,x Bz + [0,1] is called a regular

conditional distribution if e(0,') is a probability

measure on (0,g) for every 0 € 0r and q(',8) is

a measurable function on (Oz,ßz\ for every B € Br.

Other coinmon names for c{ are "transitron measure" and

"random probability measure" .

If r is a probabili{-y measure

by a well known result a probability
(0rx0z,ßtxBz)

is defined by the equation

p(BrxBz) = [ n(0,82)d¡(0)
JBr

on (0r 
'ßr ) then

for Br€Bl ,Rz €ß2.

Let (CI,ArP) be a probability space and Y¡ and

Y z be (01,8¡ ) and (0r ,Bz) valued random varlables,

i.e. Yi I (ßi ) c A, if q is a regular conditional

distribution such that

P(Yz€BzlVr)

measure p on

regular conditional
q(Vr,Bz) :

for atl Bz € Bz then

distribution for Yz

q is ca1led a

given Yr.
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2.I T\¡¡o simp1e deterministic models.

I give here the only deterministic models presented in

the thesis; but they serve to illustrate some of the major

principles of cleterministic modelting of animal movements'

The advantage of a deterministic model is that it is

generally simpler to develop than a stochastic model. on

the other hand there is so much variability apparent in

the majoritlz of movement processes thaL one may wonder

whether de.terministic rnodels can be of much use at all "

Suppose we are observj-ng a large popuJ-ation, perhaps an

invertebrate popu-lation, and we are interested in the

numbers of animals in different alîeas. Provided the dep-

endence between indiviciual animals is not too great it can

be expected that some Iaw of large number:s will ensure

that the proportions of the animals in different areas are

approximately deterministic. The same applies to :Irnrbers

of animals if we consider onl1z relative err..ors '

. Tn the above example a stochastic el-ement plays an

essential role in all-owing different animals to be in diff-

erent areas. The limiting values of the proportions are

really probabilities that randomly chosen animals are in

those areas. It is easy to see that a deterministic model

for these proportions is the means of the proportions in

some stochastic model. conversely every stochastic model

yields a deterministic rnodet by taking the means of the

stochastic proportions. Thus to obtain deterministic

models from the stochastic models in ttr-i-s thesis s-tmpIy

evaluat.e the appropri.ate means. This thesis emphasises

variability ancl the stochastic element is generally essen-

tial to the forrnula'Lion of the model l¡ut that does not mean
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that in the presence of large ,rrrr*"t= of animals it can not

be treated as deterministic.

In continuous space deterministic rnodels, a function

girring the density of animals at each point in the space

takes the place of proportions. Dividing this density by

the total number of animals v¡e obtain a probability density.

Lapidus a.nd Schiller's I975 study of bacte,:i¿rl- chentot¿rxj-s

is a good exarnple of a continuous space determiuistic model.

The density function in their model arì-.es from the prob-

ability density for a diffusion process describing an indi-

vidual animal's ¡novements. This kind of deterministic

movement model is frequently incorporated in population

models involving other processes' for example Skellam's

work (1951) .

In some cases the paths traced by animals' movements

are more important than proportions. This is often the

case for long distance migration of animals where sometimes

the variatíon from the mean path is insignificant comparecl

with the distance travelled and so can be ignored. Deter-

ministic models of long distance migration of fish have

been developed by Seckel (I972) who reports that field

observations showed variation from the mean path could be

neglected,.

Model Id

Suppose that at each time point, L = 0rlr2,"'' a

proporÈion pij of the ani.mals in area 'i move to area j.

Basically this says that the movements are not densitl' dep-

endent, are homogeneous in time and future movements depend

only on current positions. Tf there are mi animals to
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when p = eQ. Model Id is more restrictive since it

requires the animals' behaviour to be continuously homo-

geneous and continuously Markovj-an, the latter meaning

fut.ure values depend only on current values. Both require-

ments will be violated frequently by real animals. In

discrete time it may be possibl-e to avoid' inhomogeneities

by a natural choice of time unit such as days or years- On

the other hand the continuous time model may be approprj-ate

when the interval of observation is too short for inhomog-

eneities to appear. Later, various ways of modifying cont-

inuous time models to take account of inhomogeneities will

be considered.

Both of the deterministic models appear as means of

stochastic models to be presented later. Expressions (1)

and. (3) are the means of N(t) for models 2d and 2c and

(2) and (3) the conditional means of ry(t) given $(s) '

usher and williamson (1970) have incorporated Lhe

discrete time model Id in a birth death and migration model

for animals living in a homogeneous bounded region. Their

test of this model using some data for the flour beetle

TriboLíum confusum gave a reasonable fit when females only

were considered. It is interesting to note that the flour

beettes were living in a genuinely cont'inuous Space so that

Usher and lrÏilliamson's model is realIy. a discrete space

approximation.
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2.2 The basic stochastic models

Model 2d.

Consider just a single aninal, for exampl-e the øth

with movement process X[ = {xg (t) ,t=0 ,I,2r. . . }. Un]-ess

the animal moves very quickly, relative to a unit of time,

the area the animal occupies next wil.I depend on where it j-s

now. Thus the simplest conceivable model for the tnor¡ement

of this animal in a discrete time and space situation is a

homogeneous Markov chain. This means that for eaclt t'

P(x(t)=irlx(t-1)=10 -r,..,X(0)=io ) : prt_rit where

p = (nii) is a matrix of constants, or in worcls the cond-it-

ional probability distribution for the position of animal k

at any time L, given its positions at t'-I, L-2,.. r0,

depends only on its position at t-1.

suppose that all the animals exhibit the same kind of

movement behaviour, that is Xg,, 9" - 1r.. rD are homogeneous

Markov chains with a coîImon transition matrix P. However

te warrt m1 of the animals initially in area i, i = lr.. rk

(ry{Ol=g1 so assume P(Xn(g)=i) = l. occurs for exactly mi

of the Xg. Finally IeÈ X, ,.. rXn be i.ndepenclent stochast-

ic processes. In sunmary we have:

2d

1. The Xg are homogeneous Markov chains ín discrete

time with colnmon transition matrix P-

2. P(xs (0)=i) = t for exactly mi of the xt, i = 1, ",k
3. Xr r.. rX, are indePendent.

Theorem 1.

The

chain.

stochastic process N is
Tf (nii (t)) = Pt then the

a homogeneous Markov

generating function for

the transition probabilities is
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E
v
]I

i= r =i*itt) lr-.r{o)=u,]
k /k \mi

:.1,(i!,Pti 
(t) si)

= fl(g.Pt,E) (s)

Proof

The Xg, 9- = 1r.. rn are independent homogeneous Markov

chains therefore the multivariate process 5 = (Xr ,.. rX.)

is also a homogeneous lfarkov chain. N(t) i a function of

5(t) . specifically, def ining Zs(L) = (zt r(t) , . . ,ze,k(r) ) '

bv z1,jft) = r{:}(xs(t))' then
n

N(t) = L Ztft)
9'= !

Now the lg(L) are independent mult-iple Bernoi-r1li random

variables and if P(xp"(O)=j) = 1, Ztft) has pararneters

(ni, (t),..,p3k(t)) . Hence the distribution of N(t) is a

convolution of k multinomial dj.stributions wj.th para.meters

(*j,pjr(t),..,pj:.(t)), j = 1,.-,k. Note also that the

distribu'bion of N(t) conditíona1 on X(0) depends only

on N(0) (:$).

Because N(t) is a function of 5(t)
p(N(r)=^¡lg{t-D,..,N(0))= rtr(ry(r):!l5tt-rl ,..,Itol)|ry(t-r),..,N(0) l.
From the Markov property for ð the R.I{.S. is

rtl[ry(t)=Ðlðtt-r) ) lN(t-1) ,..,N(0) ]. rhe time homoeeneity

of X gives

p(rylr)=Ðlðtt-Ð=x) = p(ry t1)=Ðl Xtol=x)

= p(rytt)=ÐlNtol=+)

where ð is chosen so that mi = ,i, I{l}(xt).
L- I

This is true for arbitrary S and so it is clear that

P (N (t) =Ð lN (t-1) , . . ,N (0) ) = p (ry tt) =Ð lry tt-rl )

where the R.H.S. depends on t only through N(t-l) .

Thus N is a hornogeneous Markov chain and the transition
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probabilities Z(rytt)=ÐlrytOl=p) coincide with the dist-

ribution of N(t) under the specification 2d2-

This theorem shows that lLhe distribution of N (t) Ì

conditional on N (0) = $, can be represented as a convol-

ution of k multinomials. Each of the multinomials in

the convolution can be identified with the animals init-

ially occupying a particul-ar a¡ea. In the special cases

where mi = nr mj = 0 for ) + i, or P has rank 1

(P = lB' for some vector p) then this convolution of

multinomials reduces to a multinomial. The second casef

P = Jp', means that X[(t), L = 0r1,... is a sequence of

independent random variables. Such a model may be appropri-'

ate if the unit of time is very long "o*p.t.d with the

amount of movement that takes place (Wierzbowska, L972) .

The representation aS a convolution of multinomj-a]s

yields

E N(t) = (P')tÐ (6)

and the variance matrix of N (t) is
ku N (t) = . i, *t (aias (pi (tD-pi (t) pi' (t) ) Q)

l_= I

where !i (t)

Equation

is the ith row of Pt.

(6) is really a special case of

EtN(r)lN(s)l = (P')t-=N(") (B)

for s < t. The mean of this process thus yields determin-

istic model ld.

Mode1 2e.

The continuous time analogue to the last model, 2d,

specifies each Xg as a homogeneous Markov chain in contin-

uous time. In this case



P (xn, (tc+ r )

82

ic+r lxn {t.)=i" ,..,xL(to)=io) Pici"*, (tc+r-t.)

pair of finite sets io ,.. ri.+r and

tr< ¡ tc*¡. Assume li+ p (t) (= (nii (t)))
t-.} 0

for

0<

every

to <

so that Xg is continuous in

matrix O with non negative

ing Ol = Q for which P (t)

the transition rates and O

The complete model is:

2c

=Tt'') lNro)=s]

I

probability and. there is a

off diagonal el-ements satisfY-

= "Qt. The elements of O are

is a rates matrix.

M(+,P(t),g)

1. The X¿ are homog'eneous l4arkov chains in continuous

time with common transition rates 0.

2. P[xø (0)=i) = 1 for exactly mi of the xg,, i = Ir..,k

3. Xr r.. rXn are indePendent.

Theorem 2.

The stochastic process N is a homogeneous Markor¡

chain with transition probability generating function
rkEI ]I
Li=

(e)
I

The proof of theorem 2 is almost identical- to that of

theorem I and so is omitted.

As in the discrete time model 2d, t.he tralrsition prob-

abilities for I are convolutions of multinomials and the

mean, variance ancl conditional mean take the same form- as

in 2d. In particular the mean for this model yields the

detenninistic model Ic.

If this model is sampled in discrete time it reduces

to model 2ð.. However not every discrete time process can

be derived from a continuous time process in th.is way. This

is because an arbitrary Markov matrix, P, is not necessar-



3S

ily representable in the form eQ with A a rates m¿rtrix

for this implies that P is aperiodic (see theorem 6).

We shall say P is imbeddable if it does have the al:ove

form. For k = 2 it is easy to see what imbeddability

entails. A rates matrix has the form

o- -uu
À -À

Settírrg

P (nii) oe- 1
I+u

À+pe

À- Àe

-y-À
-p-À

u-ue
p+Àe

-p-À
-u-À

it is seen that

Prr ) Pzr t Pzz ) Pre. (10)

It is not difficult to show that this is also a sufficient

condition. Condition (10) can be rest.ated as det P > 0

v¡hich Kingman (f963) has shown is necessary for imbeddabi.l-

ity when k > 2. Goodman (1970) has shown that
kI pii > det P is also necessary for imbed<]ability and

i=l

Johansen (1973a, b) gives additional results.

We have seen that there are quite significant con-

straints on an imbeddable transition matrix. This is

particularly important to keep in mind when estimating 0

from discrete time data. Dj-screte time methods naturally

lead to an esùimate Ê of P but it may not be possible to

find a rates matrix ô for which Ê = eÔ. Since the

imbeddability problem has not been solved in a way that is

easy to app1y, it may be difficult to estimate 0 from

discrete time data. On the other hand if a1I one wants is

a model whi,ch gives a reasonable description of the dat'a

there seems to be no good reason not to be content with
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the discrete time model. It may even be more accurate"

It was suggested in section 2.L that the discrete

time models might be applied in cases where strict time

homogeneity required for continuous time models is not

satisfied. Periodic changes are features of the environ-

ment of many animals; the most obvious having a period of

a day or a year. Such changes are often reflected j-n move-

rnent behavi-our. It is tempting to model this s-i-tuation

assuming each animal moves according to a non homogeneous

continuous time Markov chain having transition rates whicll

are periodic functions of time.

Int.uitively, if a non homogeneous continuous tirne

Markov chain has periodic transition rates then sampljng

at appropriate discrete points in time yields a homogeneous

discrete time Markov chain. A proof of this is as fo1lotvs.

Let xt (t) be a Markov chain with transitiorr rnatrj-x

P(s,t) = (nii (s,t)), pii (s,t) = P(xt (t):j lx¿ (s):i) .

Let P satisfy the forward equation

a p(s,t)at'
0(t) = Q(t+l) , L 2

standard, that is

P(s,t)0(t) ( r1)

with

Pis

0, and O

lim P(s,t)t*s

is continuous.

= P(srs) = I.

Assume

For each s 2 0 there is a unique solution to (11) subject

to P(srs) = I and so using Q(t+f ) = Q(t) it is clear

that p(s+l,t+l) = P(s,t) . Iterating this P(s+rrt+r) = P(s't)

for positive integers r. Now by the Chapman-KolmogQrov

equations p(0,r) = P(0,1)P (r,2)..P(r-I,r) = (nto,1))t ancl

P(r,s) = (e{0,1))=-t. Thus sampling at intervals of period

1 gives a homogeneous l"larkov chain.
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By ignoring what happens between sampling points we

have simplified the situation and the price paid is loss

of information about what is happening between these points.

Possibly one is only interested in these discrete points,

for example questions may relate to the distribution of the

animals at nightfall. In other cases the primary i.nterest

may be the variation in behaviour cluring a period. This

ean be hand.led in a discrete time setting by divid.i.ng the

basic period into a finite number of segments. One th.en

has a non-homogeneous discrete time process

P¡ = r(0,å), P2 = n(*,?),..,Pr = n(f,t), and

Pr+i = Pi. This model is still fairly easy to work with

from the point of view of computation and estimation of

parameters.

A non-homogeneous model of particular interest is

0 (t) = qa (t) because a (t) can be given direct biolog.ical

interpretatio¡. 0 is a constant rates matrix and a(t) is

a non-negative function. We iteed not assume O(t) is

periodic. P ( s, t) takes the particularly sit'-pJ"e form

O.f ta (u) du-s (tz¡P(srt) = e

From the equation fr e(s,t¡ = ça(t) it is apparent that

a(t) is a measure of the rate at which the process is going

which presumably depends on the "activity" of the animals.

Thus we might call a (t) the level of activity at time t.

In doing so we are really defining activity for anintals

that satisfy this modet. This definition agrees wj-th the

definition of activityr ëls the mean rate of crossing part-

icul.ar points, used in the experimental studies by Marten
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(1973) and ltlossing (1975) . To see this agreement consider a

homogeneous lularkov chain [ = {X(t) ,L}-0} with rates matrix

a ancl a stationary initial distribution so that X is

also a stationary process. Define N(srtl as the number

of times X changes state in (s,tl, It is not difficutt

to see that EII(srtl < æ and, from the sLationariby of X,

the Lebesgue-Stieltjes nìeasure induced by the interval

function EN(srtl is invariant unrier translation and so is
proportional to Lebesgue measure. Tirus

EN(s,tl = (t-s)EN(0,11.

To prove the result we want we must let Xy have a

statíonary initial distribution, t-he same as Xr rather

than a degenerate distribution as assumed in 2c. A station-

ary initial distribution will be any vector I of probab-

ilities satisfying I'Q : 9. X[ has the same distr-ibution

as {x(ff"(u)du) , li2o} so that

ENn (s,tl = EN(/åa(u)du,/Ëa(u)dul = ¡5"(u)duEN(0,11.

Hence a(t) is proport-ional t.o the expected rat-e of

changing area at time t.

The model A(t) = Qa(t) amounts to a time transform-

ation of a homogeneous process since if Xr is a non

homogeneous Markov chain with transition rates 0(t) then

X¿ has the same distribution as {x[fla(u)du) , LÞ0] where

x is a homogeneous l,farkov chain with transijion rates Q,

provided the initial distributions are equal. Time trans-

formatj-ons of this kind have been very useful in the. study

of the dynamics of insect populations. The function a(t)

is often a function of temperature and A(t) = /fa(u)du is

referred to as "physiologicaf time". Some very wel-I fitting
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models have been producecl. Eixamples are Wilson et a/. (L972),

Gutierrez et aL (]rg74) and Hughes and Gilbert (1968). '

In the movement context it. is evident that many

animals show variation in activity with time. Daily

rhythms of activity have been widely studied. I cite as

an example Hindleyrs (J-975) study of the activity of

Banana Prawns. Sometimes it has been possible to relate
activity to changing environmental variabl-es,. for example

Dobzhansky and Wright (1943) found a relatj-onship between

activity and temperature for DnosophiLa pseudoobseL4.Ta. 
"

They used two different definitions of activj-ty namely the

mean number of flies per trap and the.mean distance trav-
elled by the flies. Although different from the definition

used here they are closely related to it.

The distribution of N derived under mooel 2c has

appeared many times before. However the usual derivation
ignores individual animals (or particles as they are usually

called) and proceeds directly via the differential equaLions

p(ry(t+h)=t¡(t)+gj-eilUttl) = Ni(t)qijh + o(h), í+ j (13)

and

p (ry tt*h) =¡q (t) lN (t) ) = I + x Ni (r) qiih + o(h)

where O is a rates matrix. N is assumed to be a Markov

process

The first discussion of (13) of which I am aware is
Bart1eLt (I949). These equations are generally referred to
as the "stochastic compartment model". In the animal move-

ment cont.ext Arnason (L970) studied (13) for the t.wo area

case and generalised this to the non homogeneous sj.tuation.
He also gives some results for a generalÍsation in different
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direction where (13) is replaced by

r(ry{t+rr)=S(t)+9j-eilry(t)) = f (Ni(t))qijh +o(h), i+j (14)

and

p(Utt+h)=¡(t)lN(t)) = 1 r r(riri(t))qiih + o(h)

The only additionat tractable case proved to be f (x) = ¡2.

Another generalisation of Arnason's involved adding

terms to allow for bírth, death and immigration. In a

similar manner Radcliff and Staff (f970) considered the

addition of death and immigration terms in (13); their

discussion deals with an arbitrary finite numlcer of areas.

Bryant (I969) postulated equation (13) for the plant

to plant movement of aphids and was reasonably successful

in fitting this model to some data of Shiyomi (1967).

The equations (13) do not contain an explicit indep-

endence hypothesis. Since independence plays an important

role in the construction of models in this thesis it is of

interest to see what kinds of dependence are compatible

with the derived distribution for N. A related questicn

is to what extent does the distribution of N determine

the Cistribution of {? The approach here is to construct

modets starting from individual animals and so the distrib-

ution of ð is determined by the models. Whilst this

approach is likely to fail in many instances it enables

generalisations of the basic modets which are not avail-

able using an approach such as starting with equations (13).

To begin to answer these questions note that some forms

of high dependence between the Xg are compatible with the

derived. dist.ribution of N. To obtain an example assume

model 2c for Y - (Yr r.. rY¡) , that is, Yg replaces Xy



in the statement of 2c.

the order statistics of

xr(t) < xz(t) <..<
n

Ni (t)

Let

By "the

is meant

mutation

This is

able".

The

Now def ine (xt (t) , . . ,Xn (t) J

(vt (t) , . . ,Yr, (t) ) so that

. and

r{j}(xs(t)) r{t}(v¿(t)).

symmetry of p

(nr r.. rnk) where

3=Igi' Thus

Wi'

take

mêans that

ni = the

P(Yrr.-,[¡)
number of yi
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AS

depends only

equal to

for: sonÌe

T
n
ç

l,= It" I

Thus the distribution of N is unchanged but Xl'".., Xn

are certainly not ind.ependent. This example is even

biologically conceivable the weaker individuals are

pushed into the poorer areas as in Ne$nanrs 1956 study of

the movements of Cutthroat Trout. However in real life it

seems unlikely that, although xr (t) <

the distribution of ð(t) will be an order statistics

distribution for independent processes.

When ordering of the variables is excluded a different

result is obtained.

Lemma 1

If the random vectors

symmetric distribution and.
n

{gili=f,..,k} then ¡r = .ta=

ution if and only if the Bi are independent and are marg-

inally distributed multiple Bernoulli-

Proof

t_w

i = 1r.. rn have a jointlY

values in the set

has a multinomial dístríb-
I

P(yr r..,!n) = P([i=gi,i=l,.',î) '

Ui, i = 1r..rïl have a symmetric distribution" it

that p(Wn r,..,vnrr) = P(!rr,.. ryn) for every per-

(nr r.. rTn) of (rr.. rn) , for all {yiri=lr.. rn}.

equivalent to saying that Wr, -.,Wn are- "exchange-

onn

gi. But P(Y¡,..,Yn) = P'(xyi)
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function p' . Now (Ini) !/ (nt ! . .n¡ ! ) is the number of

distinct (yr, . . ,yn) wit.h conrmon sum Ð and so

P(S=g) =p'(!) (Ini)\/(nr!..n¡!). However-i-f W ismulti-

nomial it is clear that p'(n) takes tire form pÏt ..piln

for some vector of probabilities (P1 r..,Pk) summing to 1-

since p(gr r..,-.r) : p'(nr r.. rnk) this means W¡ r.. 'W,
are independent and identically distributed as multiple

Bernoulli.

To apply this to the movement situation assume

mi = n for some i and (X, (t) , . .,Xn (t) ) have a

symmetric distribution. The lemma then says that

Xr (t) ,. .,Xn (t) are independent if N has the distribution'

resulting from mod.el 2c, or equivalently equations (13) 
'

further, the joint distribution of Xr (t) , . . ,xn (t) is

determined by the distribution of N. Thjs result is a

long way from independence of the stochastic processes

Xr r..,Xn. A stronger result is available when symmetry

is inposed at the level of the transition probabil.ities.

Theorem 3

]-êt ð be a homogeneous Markov chain which is contin-

uous in probability and satisfies

1. P(x[(t+h)+xø(t) for more than one l) = o(h)

2. The transition probabilities have the property

ti* + I (x¿ (t+rr) =j , ) (t+h) =x, (t) when y+Llxt (t) =i, {(t) =5)
t*o h \ !' r r 

(14)

= FS * o("u (t+h) =j, ) (t+h)--\ (t) when ÉLlxn (t)=i, N(t)=l)

for i + ), whenever Xo (t) =i, x(t) =I, $(t) =1 are simul-

taneously possible, with the limit not depending on ,Q.

3. N is a homogeneous Markov chain with transition prob-

abilities given by (9).
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Then conditional on I(0), the stochastic processes

Xr, .. ,Xn are indePenclent.

Since the theorem assumes 5 is a fromogeneous Markov

chain on a finite state space, and is continuous in probab-

ility, there is a regulär version of the process in which

the sC,mple paths are step functions. For this regular

version no jumps can occur for which the transition rate is

0. Non regular cases are unreasonable for animal moventents

a¡rd so condition 1. ensures I only changes value at times

when N changes value. On the ottt"t hand regular versions

of S only have jumps of the kind N(t) + N(t) + gj gi

and so f. is a necessary and sufficient condition for X

to only change value when N does.

Condition 2. is a symmetry conclition. Basically each

animart s novements are symmetricalll' tlependent on the

others and so the transition ra.te on í:ire L.H.S " of (14)

depends only on the unordered set of values taken by the

xy(t), f * 9". Thus it depends only on xy(t), \ * Ll

through N(t) . Biologicallyr ârr animal does not distinguish

one individual from another.

In Summary theorem 3 says that if a homogeneous Markov

model of the movements of n animals, for which N signals

changes in [, has the transition rates for each animalrs

movements symmetrically dependent on the other animals, then

N is a homogeneous Markov process with transition probabil-

ities given by (9) only if Xr,.. rX. are independent condit-

ional on 5(0) .

Proof of theorem 3.

Fix

Let Atn

Brn

i, j, i + j

= {xs (t+h) = j , Xs. (t) =i

than one 9"j

exactly one 1, i n

more

for A;h



Now

Thus

Btn.q, = {x¿ (t+h) =j,xe. (t) =i1 n Btr¡

Ctr, = {N (t+h) =g (t) +9 j -gi }
Cth > Btn and Ctn B¡¡ c A¡¡ so that
P (CtrrABtr¡) = o (h) by 1.

P(ctr,llttl:X) = P(BtnlSttl:¡) + o(h)

= P(*;=re.n¿lS(t)=;) + o(h)

P(s.hslX(t)=¡) + o(h)

42

x tl-:is

L
*g= i

= ni P (e.r,t lx¿ (t) -i,N (t) =!) + o (h) .

The last equality is condition 2.

I¡te have

*li nlo (c.n | 5 ttt =5) = Di if1 * P [Btn¿ | xs (t) =i,N (t) =t)

= ni gii (3) say.

Since there are only a finite number of ¡rcssì-Jcilities for

means lim I P(ctnlN(tl=l) : ni eii (¡).
h+o h

Using 3. and equations (13) which foll-ow from 3. rt is
clear that, gli (l) = qij. Thus the transition rate

limlP(Bti,¿l5ttl=5) =qii foraII í, j,í+j.
h+o n \

AlI other transition rates, apart from the no change rates,

are 0. Thus under the conditions of the theorem f has

the same transition rates as are deternined by model 2c.

and so Xr r.. rXn are independent conditional on X(0) .

The proof of theorem 3 d.oes not make use of homogeneity

of 5 and it holds with only minor modifications for non-

homogeneous I as well. Note also that under the conditions

of the theorem the dj.stribution of N determines the dis-

tribuLion of 5 given ð(0).
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2.3 Differences between individuals.

The basic stochastic models were const;:ucted on the

basis of the way individual airimals mj-ght behave. One

could obtain an individual animal, observe its movements,

and estimate the matrix P or the matrix O. Suppose this

process is repeated for another animal. Is it likely that

no differences lvill be detected in the transition probabil-

-'i.ties for the two different animals?

Tt is quite evident when observing- many animals that

Èhere are fast individuals and slow individuals and some-

times differences can be more drastic such as differences

in preferences for different areas. However few movement

studies have focused on differences between individuals.

Perhaps this is so because differences between ind.ividuals

are regarded as self-evident and workers have not thought

of trying to measure them. In any case the des:Lgn of rr.tove-

ment experiments is frequently incapable of separating the

stochastic element of each individualrs movement process

from variation between individuals.

There seem to be three main htays of detecting varia-

bility between individuals. First one rnight attempt to set

up independent trials with the same animals each time so

that replicates of each individual's movement process are

obtained. This then gives an estimate of the magnitude

of the stochastic element of an individualfs movement

process which can be separated from variation resulting

from differences between individuals. A second method is

essentially a regression method, specifically show ti-rat an

individualts movements are related to some known character-

istic of the animal such as age or size. Finally one can
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propose a nÌodel for an individual's movement process with

a view to seeing if the observed movements are consistent

with aII individuals having identical values for the para-

meters of their movement processes.

I am not aware of the first- method ever having been

used. Perhaps it is not used because it is difficult to

make an animal perform independently and identically many

tj-mes. The second method has been used by Lefkovitch (1967)

and Saila (1961) . Lefkovitch was able t9 show t.hat move-

ments of his beetle larvae h¡ere related to age but Saila was

not able to detect any size dependence in the movements of

his adult flounder. The third method appears in the l.iter-

ature on dispersal in the vinegar f1y (Dz'osophíLa sppl r

for example Dobzhansky and Wright (1943), and also in Jonesl

(1959) study of Haddock movements. In both cases the

ol¡served movement distributions have longer tails than

predicted f rom a theoretical dif f us j.orr mo,fe1. Iil,fwê\,'er their

experíments were not capable of validating the diffusio^r

model for an individual animal largely because an indivicl-

ualrs movement process was only observed at a few points in

time. Also the doubt remained that a secondary process

produced occasional larger movements for every animal

independently, and this appeared like variability between

ind.ividuals because only short records of rrpvenent-s \{êrê,'avail-

able. Wright (1968) seems to accept this latter hypothesis.

When modelling animat movements the magnitude of any

differences present of course determines whether they should

be taken account of in the model. As noted earlier Bryant

(1969) obtained reasonable =,r.."== in fitting the model 2c

to some aphid data which means that differences present did
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not upset the model. Nevertheless it seems desirable to

f ind r^rays of introducing dif ferences between individuals' '

movement processes iu movement models. One nright think of

these differences as phenotypically dependent or in some

cases dependent on the past history of the animal.

Consider the discrete time model 2d.. A simple way of

introducing variability between individuals would be to

simply assign each animal a unique, rather than a conìmon,

transition matrixr so that animal 9. has transition matrix

P¡.

If one were only ever interested j-n a particular n

individuals, which are distinguishable frorn each oiher, then

it would be appropriate to regard Pr r.. rPr as non random

constants. This is rarely the case since animals do not

last very long. They will either die or change. Also, in

most experimental studies, the n animals at hand will be

only a subset of a larger population of interest. In the

Iatter case one might use a finite sampling approach so that

the ma''rices P,. r.. rP, are regarded as a simple random

sample from a population of size P, salr provided the n

animals are a simple random sample of the total population.

ff n is very small compared with p then Pr r. - 'P, can

be considered approximately independent and identically

distributed (i.i.d.). I sha1l argue that in any case the

model that Prr..rP, are i.i.d. is an appropriate one.

populations c.¡f animals are transient objects so that

information gained from a finite samplj-ng approach may be

only applicable Íor a short time because it is not transfer-

able from one population to another.
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The problem is that the focus is on the individuals rather

than the circumstances leading to the generation of the

present population. A common model in science is to assume

that a given set of circumstances leads to an infinite pop-

ulation from which Pr r.. rPp arise as a random sample. The

random variables Pr r.. rPn are a random sample from

{Pr,..,Pp} and are i.i.d. If this model is accepted then

a given infinite populati.on can be estimated a::'bitrarily

closely if p can be made arbJ-trarily Iarge. I assume here

that the matrix P 9,, f or an.imal L , can be determÍned f or

each 9". The information gained from a population generated

under one set of circumstances is transferable to any popul-

ation generated under the same set of circumstances.

Henceforth I assume Pr,.. rPn to be i.i.d.

Model- 3d.

To cater for differences between animals suppose that

for the .Cth animal there is a Markov matrix P ¡ such that
given Pg,,, Xg is a homogeneous Markov chain in oi;;cr<:l.e

time. Assume that the artificial numbering of the animals

is at random with respect to the values of the P9,, and

that the PL, 9" - 1r..,r are then i.i.d. For the sake of

simplicity, for the present assume ð(0) and {Pgr.[=1,..,n},

are independent. Later a more realistic assumption will be

considered. We have the model:

3d.

1. Conditional on Pr r.. rP, the stochastic processes

Xr r.. rXn are independent homogeneous Markov chains

in discrete time with Xy having transition matrix Pg.
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2. mi of the Xs satisfy P (xs (O ) =i) = 1.
¡

3. Pr r.. rPn are independent and j-dentically d.istributed

and are jointly independent of 5(0)

It will be recognised that the specification

"{P.c ,L=L¡ . . ¡n} is independent of I(0) " is ::edundant in the

presence of 2. since events in the o-algebra generated by

5(0) have probability 0 or 1. However it serves to emphas-

ise the idea behind the mod.el namely that the initial posit-

ions of ttre animals are independent of their transition

matrices from which 3d is obtained conditioning on ð(0).
For this model the generating function for the distrib-

ution of N(t) conditional on Pr, .. ,P, is

l
r x.0(o)=i

(1s)

where Bit' is the ith row of Pt. The generating function

for N(t) is the expected value of (15) and using the

independence and identity 'of distribution of the P L this is

k
l

t_

(9it'=)

k
]I

i=t
k
l

a=
II

l x[ (0) =i
Epi.c,'Z = (Epi!,'")*i

or

M({,,erf,g) (16)

Thus the distribution of N(t) is a convolution of multi-

nomials with a form similar to that in model 2d, the diff-

erence being that Pt is replaced by EPÏ. Another way

of deriving this result is to show that Xr r.. rX, are

independent under model 3d which makes it immediately clear

that I(t) must be a convolution of multinomials

li¡ote that the distribution of N(t), which cån be

thought of as the 5(0) conditional distribution, depeucls

on ð(0) only through N(0) and so it. is the N(0) condit-
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ional distribution of N(t) as well. This will be the

case in all of the models in this chapter.

It is important to realise that under model 3d the

processes Xr r.. rXn and N are not necessarily Markov.

The following theorem shows part of the picture for the X¿.

The notation a.s. (almost surely) is used to denote events

which have probability 1.

Theorem 4.

Suppose that, conditional on Pg,, 
.Xy 

is almost surely

aperiodic and has a]l states communicating. Then Xg is a

Ivlarkov process if and only if P g is almost surely con-

stant.
The proof of this theorem depends on a well known

result which is proved, for example, in Freedman (1971, P74) .

I state it as Theorem 5.

Theorem 5.

Let x - ix(t)rt=orlr...Ì be a homogeneous Markov

chain on the state space {I,2,..,k} with transition matrix

P and invariant probabilities [' = I'P : (nt r.. rTk). Let

all states communicate. If f and g are real valued

Proof of Theorem 4.

functions for which fniS(j) + 0 then
t-r.Ï r[xtsl)/ i g(x{s))"'=; r njr())/L rjs(j) as t + *

S=0 S=0

and

LeÈ Fr be the o-algebra generated by

F the o-algebra generated by .90 
F E-

Vft) = [Xs {t-f ) ,X¿ (L) ) . Note that, condj-tional oir !'1, Z

is a homogeneous Markov chain with transition probabilíties

P(Vrc')=(i' ,il lV(t-r)=(i',i) ,Pr) = pi jôi j', where

pg = (eii). If {ni,i=Ir..,k}' are invariant probabilities

{x¿ ( s) ,s(t}
Define
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are invariantfor Xr given P L then {nip1 i ,í, j=l, . . ,k}
probabilities for Z given P¿.

Now define n11 (t) = i
s=l

t{tr,j)}(2tul)' ni(t)

= I rii (t),
l

- ^ a.S.and so Pij = Pij
Unconditionally Êtl
is F measurabl-e.

pij = Iimsup nii (t) rzni (t) .
t->@

in the PI conditj-ona1 distribution.
t'="'pi j remains Èrue . Note that ôi ¡

Conditional on

Pt,, _Z satisfies theorem 5 with f = t{ t, , j)}, g {(i,j) }= II
j

Now

on the set

setting

P(xr, (t+t)=j lrt) = rIn(xs (r+1)=j lFt,ps) lFt]
= E[pij I rr]

{xs (t-) =i} = A(t,i) , say. On the other hand

pi(t) = P(x¿(t)=ileu)

we have

P(xr(t+t)=j lxr, (t)=i) = [Epi jpi (t))/Epi (t)

and for X¿ to be {Jffi. we must have

ra (t, i) EInii I F.]'="'ra ( t, i ) (Epijpi (t) ) Tepi (t) (17)

Since Ft is an increasing sequence aud Êi: is F

measurable then from a standard result (see Brej-man 1969,

p.93)

rtôiilFtl "*='ôij
which means

rlpiilrtl'+='pij. (18)

Using the aperiodicity of X[ in the P L conditional

distribution pi (t) + ri ) 0 a.s. Now TtL,.. rfin is the P[

conditional limiting distribution for X¿ (t) . .It
fotlows from the dominated convergence theorem that
glpi:pi(t)l + Elpijril' Epi(t) + Eni. Definq
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cij E I pi .3I.r í] /ETr í . Then if ( 17 ) holds

re(r, i) (pij-Etpijpi (t) l/Epittl ) "'-i' o,

re (r, i) (Pij -cii ) ";='0.

With probability one limsup re(t,i) I since this is
t->@

true in almost atl PL conditional distributions of XL.

Thus pij a;:'cij and so X¿ is a l"larkov process only if

Pg is constant a.s.

This result shows also that N is not a Markov process

for the somewhat degenerate case It = 1-. For the case

n > I it will be seen that N j-s no[- a Markov

process for a special model for the distributi.on of P[.

However for the purpose here it is probably better: simply

to realise that N is not necessarily a Markov process

rather than at.t.empt to isolate the unusual situations when

it is Iv1arkov.

We are left with the,difficult problem of finding an

appropriate distribution for the P[.

An obvious cause of variation between different animals'

movement processes is variation in activity between individ-

uals. Consider the s-ì-tuati.on where animal 9" moves in con-

tinuous time according to a non homogeneous Markov chain

with O(t) = Q¿a¿ (t) and aL periodic. Observation

in discrete time yields a non homogeneous I'tarkov chain with

transition matrix

Pr = "QlÀø, A.Q, = l|"u(u)du.

Thus if variation in activity is the cause of variation in

the PL a suitable model is AL, 9" - 1r. . ,rI are i.i-d-

random variables and the Qn are equal to the same non

random rates matrix O. fle have
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PL = "QAl 
(19)

Without reference to any continuous time model one can

derive this representation of PL from the following heur-

istics:

The transition ##åLåo rot an animal is a contirruous

function of some quantity called its activity, Pg = P (A¿) .

The activj-ty of aníma1 L , A9., is a continuous variable.
An animal which is n times as active as another moves

through the different areas at n times the rate of the

other animal. Thus P(nA) = P(A)n and P(A) = p(rrle)t.

If r and s are positive integers

P
r+s

"(;)'(*)"(*)'"(*) 
"n(*)'. =

n

so that for aII rational p and q P (p+q) = p (p) p (q) .

The postulated continuity of P yields P(u+v) = P(u)p(v)

for all u and v. This is Po1ya's functional equation

and from BeIIman (1970 , p.L77) the solution is P(A) = 
"Qo

for some -4!T4-l-[ o. Thus this intrritive interpret-ation of

differences i-n acti-vity leads to the model (19).

When (I9) holds some very pleasant formulae are avail-
able for EPf.

Suppose a is semi-simple that is Q = G 
^ 

G-r where

^ 
is a d.iaqonal matrix (ai-ag(Àr r..,Àr)), note that À1 = 0.

We have

"Qt 
: G eÂt G-'

and so

EPT - c Ele^A'tlc-r (zo)

g"ÂAr t is simpry diag (r, EeÀ2 t'Ar 
, . . , Eelkter )

= diag(r,,p(À2t) t..,Q(Àtt) ) . The function tp .is the moment

generating function of A1 which needs to be evaluated at



óz

comprex arguments \^rith negative real part, because, as will
be seen later, the non zero Ài have negative rear part,
since A¡ is non negative g is always defined for such

varues of its argument. More complicated formulae are avail-
able for non semj--simple matrices via the Jordan canonical
form.

If q(z) is defined for a.ll complex z then we obtain

the formula

t etttEa?
n!EP oo

T
n=0

To see this we follow Bellman (1970,

(2rl

p.166) and define the

This norm has the read-

llgll ll nll , llg+nll ( llpll I llnll ,

It follows bhat each element

= tlluril'matrix norm ll . ll by llgll

ily verifiable properties

lqii I < llgll and ll oQll =

of the matrix

llgnll <

lo I ttgtl .

is dominated by

llelltar

n=0 n!

mt
0

etttal
n

æ
x

ttgtt ntnal
n!

n=o n

n=0

The mean of this is finite and so from the dominated conver-

gence theorem

E
æ\'
L

etttel oo
L

tttEal

=e

which is the stated result.

The distribution of N(t) as t + -.

Untit now I have not made any statement about the behav-

iour of the distribution of N(t) as t + -. In all the

stochastic models so far considered the generating function

for N(t) takes the form
- (rel

M [m,*{*}, g j .

The matrix R(t) = (rii (t)) is a k x lç Markov matrix.

Cl-early if lim n(t) exists, it is a l"larkov matrix ánd- t+-
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M (n, n (t),g) -+ M [n,1imR (t) , g)
t+æ

so that the distribution of N(t) converges a¡rd is a con-

volution of multinomials. By "convergence" I mean all the

probabilities converge and the resulting distribution is

proper. It is worth noting that in all cases

rii (t) = P(xe.(t)=j) , for those t" for which P(xs (0)=l):1,

so that convergence of R(t) amounts to convergence in

distribution of all of the xr,(t) as t + -.

For the model zd't R(L) = Pt. The convergence of

this matrix is very well known and there is no need to dis-

cuss it here. The model 2c has

R(t) : P(t) : 
"Q'

for a rates matrix O. The limiting behaviour of P (t) is

welt known but it is difficult to find discussions of thi-s

case vùricLr shol horv the ti¡nit is oÏ¡tai¡ed from the .Tordan canonical form

for Q , for an arbitrary k x þ rates matrix a. Most dis-

cussions are either more general or less general. The more

general discussions relate directly to the fi-miLing distrib-

ution of a continuous time homogeneous Markov chain where

the representation P (t) = .Qt is not necessarity available

(xg is not contínuous in probability) or the chain has a

possibly countable state space. They do not indicate how to

fínd the lirnit but just its existence and some of its prop-

erties. Examples are Chung (L967, II.I0), Doob (1953'

Chapter 6). Many other treatments assume that Q, althou.gh

símply a k x k rates matrix. takes some special form.

Ledermann (1950) gives the onty full account of which I am

aware.
. I shalt derive the timi.t of P (t) by a method similar

to Lederman's, but which is simpler in the proof that the
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geometrib anC al-gebra.i-c multiplicit.ies of 0, as an eigen-,

value of Q, are the same. This result has particular

application to model 3d \^¡ith Py taking the form

pg = .Qo[ (19)

In this case R(t) = EPr (t) = E"QAtt. Each element of

"QArt belongs to [0,1]. rf "Qt 
* J(Q), for some matrix

-1(Q) , and P(A¿>0) = L, then the dominated convergence

theorem gives

limg"QArt= E rimeQArt = EJ(a) =J(e).
t-t- t->æ

Theorem 6.

be a rates matrix and P(t) = "Qt. rf q is

O then O has the Jordan canonical form

Let O

the rank of

and

Q=G

lim P(t) = G
t->*

o oq

O:B
^- t
(J

lqii-Àll"i I < T

JTL

then

c-r = J(0).

lqitll"i I .

9ij = -qii.

rf. l"il = maxl*il

I qii-À I <

(qii-À) xi = .L.
I =Fr

Tj+i

I oq

o:o

I qit

(On and Iq denote the q x q zero and identity matrices

respectively. )

Proof.

Let I+ I and (Q-ÀI)T = 0 then

9ijxj

and

ç
+j l-

Since gii is non-positive this inequality can not irolcl Êor

any purely imaginary À or any À with positive rea.l. pa:rt.
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Thus an eigenvalue of a is 0 or has negative real part.

Note that 0 is always an eigenvalue since Ol = f. 
i

Write O in Jordan canonical form

Q : GLG-I where,

defining
o

A@B=

L=LrOLe(D ..@Lr. The Li
.^t He&Er;+tå. À is an eigenvalue of O

matrix having ( l, , .(,+1) st element

elsewhere:

0

N
0

Note that Nr - 0 and since N

polynomial in t.

Now

take the form ÀIj +'Nj

and N1 the jxj

B

A

o

1
0

J
I, 9"..- 1r.., j-I, and 0's

1
j I

0

j
j -o ,e)

""rt 
@ e .Lra _ ."a = GP(I)G-'.

The e-l.ements of GP ( t) G- I are bourided ín t since P ( t)

is a Markov matrix and so the elemehts of the elit are

bounded. However if Li = Nj then this can only be so if

j = I as otherwise .Njt is unbounded in t. Thus the

algebraic and. geometric multiplicities of 0 as an eigen-

value of 0 are equal and if g = rank Q then

L=OqOL=OLs+tO OLt

with each of the Li in thj-s representation having the form

ÀIj + Nj where À has negative real part. For su.ch L1

Lit Àt Nite-=eeJ

from which it is clear that

Hence

""t = rn @ 
""=t 

@

eLit ' oj

Njt is simply a

as t + -.

e eltt * rn o or-q
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as t + - or P(t) -+ G(In@¡._s)G-t. 
,

Each of the 0 eigenvalues of 0 corresponds to a

closed class of a Markov chain with rates e, and the
(i, j)t-fr element of J(0) is non zero if and only if j is
a member of a closed class and j is accessibre from i.
State j is accessible from i if either i = j or there
is a seguence ir, i-zr.., i, such that eiirgitíz..giri * O.

This occurs because pii (t) > 0 for any and. a1I t > O if
and only if gij + 0 or i = j. Thus the structure of J (0)

is apparent on inspection of A.

At first sight it appears unlikely that more than one

communicating class will be present in the animal movement

context. However it is quite possible for animars to become

trapped in some places and for some places to be inaccessible
from others and so the fuI1 gene-i--arity of this treatrnent j_s

not superfluous,

The result of Theorem 6 gives the generating function
for the limiting distribution N(t) as

M(s,,J(O),s) e2)
which is true for both model 2c and moder 3d when equation
(I8) holds and P(AI>O) = 1. Note that j-n the most common

case, where there is only one closed class for e, the lim-
iting distribution is simply multinomial.

Model 3d assumes that an animal's transition matrj-x, p!,,

does not depend on its initial position. This assumption can

be justified when (19) holds and the anj_mal can not be dead,

(l{al>O)=1), because then }i{, eQelt does not depend on A¿
t-)æ

and so X¿ (t) and A¿ are independent in the limiting dis-
tribution, t + -. Hence the independence assumption is
reasonable, provideo the system has been in existence suffic-
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iently 1or:g to reach equitibrium before observation begins.

Now that the limiting behaviour has been settled it is

easy to identify a large class of matrices A for which N

can not be a lrfarkov process unless A¿ is almost surely

constant. I shall prove this for a modication of 3d which

makes the proof much easier.

Let O - G^G- I where 
^ 

is diagonal and at least one

element of 
^ 

is a uegative real number À. Now

lim eQt = 1I'. Let r have positive components which means
t+-
the elements of "Qt are all positive í. or t > O. Let

model 3d and equation (19) hold except that 2" of 3d j-s

replaced by

2'. Xr(0),..,Xn(0) are i.i.d. with 'P(xc.(o)=j) : nj.

With this initial distributionrconditional on (Àr,..,4¿) ,

Xr, .. rXn are independent stationary Markov chains " It

follows that I is a stationary process and the conditional

distribution of N(t+h) given ð(h) depends on h only

through 5(h). However this conditional distribution depends

on X(h; only through N(h) which shows that if N is a

l"larkov process it is homogeneous. Now

EtN(t) lrytol I = (fer(t))Utol and the homogeneous Markov

property gives

EIN(r) lN(o) l lry rol t= El..EtEtI(t) lry(r-1) I lN(t-z) l

= (rp, (rl ) tN(o) 
.

Since N(0) can take any value summing to n, with positive

probability, this ineans EP I (t) = (fr r ( 1) ) 
t and it. follovrs;

that ,"Âert = 1Ee^At)t, in particular E"lAtt = (EeÀAt)t.

Thus the moments of .ÀOt are the Same as the moments of the

constant E"ÀAt, which impries "ÀAr 
aås' E"ÀAt ' and Ar is

almost surely constant.



It seems as though one should be able to show that N

can not be Markov for an unmodified 3d by simply condition-
ing on N(0) in the above result. However this method

fails because the conditionar distribution of N(t), given

N(t-I) and N(0) n depends on N(0). Use of the asymptotj-c

stationarity of N(.+rr) r âs h + *, looks more promising.

Con{:inuous Time Models

ó8

such that,

xr,.. rXn

in continuous

distributed

3c1 
"1.

2.

3

A continuous time analogue to model_ 3d is
There are random rates matríces e¡ r.. re¡
conditional on Qr r.. rQ' the processes

are independent homogeneous Markov chains

time with Xx having rates matrix Qr..

Qr r.. rQn are independent and identicalll'
anC are jointly independent of X(0).

m1 of the Xe satisfy P (xe. ( 0 ) :i) = I .

9".

The matrix Qn" can be thought of as a function of the
phenotype of animal

The generating function for N(t) is

M ($, EeQt t, g) (23)

As before I suggest that a useful model may be

Qn = QA.Q, so that P¿ (t) = "QAlt, where Ar, ..,An are i.i.d
The limit lim P¿(t) exists, is non rand.om, and there ist-'æ
some justification for assuming l(0) and er,..,e' to be

independent. The d.istribution of N(t) has the same limit
as its discrete time counterpart.

In continuous time it. is poss.ible to examine the meaning

of the model Qg = QAt a tittte more deeply.

A complete set of invariants for the mapping t Þ .Qt,
under scale changes, t Þ 0t, is
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-qij/ctii , í,i = l,-.,k (for qii + o)

and qii/g.. , i = I, .. ,k, where q. . = Iqii.

For a continuous time Markov chain' with rates Q,

-qij /qii is the probabitity that the next change of state

is to ), given currently in i. If currently in i the

waiting time, T, for the next change of state is exponent-

ial with parameter -qii that is

P(T>u) : eqiiu = eq" (s'ii/s" ')u.

Thus a difference in act-i-vity does not affect the probability

distribution for the next state buL just the waiting time

distributi.on for the next change of state. The waiting time

distributions for one animal are a constant scale change of

the waiting Lime distributions for another.

The model Qg = QA.g is particularly plcasing because

it is capable of i.nterpretation, results in only a small

increase in complexity over the earlier models, and leads to

tractable mathematics. However there are IikeIy to be many

practical situations where it is inadequate and so I shall

consider one final mcdel for this section. This model, 3c2,

anticipates the developments of the next section.

Consider introducing variability in the case where

individuals' movernent processes are nOn homogeneous Markov

chains for which

p(s,r) = exp{Of!"(u)du} = exp{e(a(t)-A(s)}, A(t) =/la(u)du.

The pair (QrA) is replaced by the set { (a¿ ,Ay) , 9" - 1,..,n},

such that conclitional on the (QgrA[) , Xr r. - rXn are inde-

pendent tvlarkov chains with P¡ (s, t) == êXp{Ot (as (t) -As (s) ) }.

Vle shall assumc At is the integral of ãt , the l,th animal's

tevel of activity function, and A¿(t)â+s'- as t + -.
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In order that Q¿ and A[ should be identifiable from

Pg", some restriction must be placed on them. The discussion

of the invariants of "Qt under scale change puggests that a

natural restriction is trace A - a constant, 1 say. hlith ttris

restriction it is conceivable that Ay and Qf av-'e i-irdep-

endent because Qy only contains information about Lhe

animal'-. relative preference for each area and relative amount

cf time spent iir each area, whereas A& depends on something

quite different, namely the rate of movement or level of

activity at each time point.

rn model 3c1, with pg (s,t) = .Qal (t-s) , lim egAl't i=
t->-

a constant and it has been argued previously that when the

system has been in exist.ence a sufficiently long time Xg(t)

and Pg are independent, for fixed t. This is the jusifi-

cation for assuming that the conditional distribution of Pg,

given Xg (0) , does not depend on x¿ (0) . Alternatively

Xg (0) and P¿ can be independent by experimental design.

rn the present context 
ll3 

.n[A'Q't may not be constant. so

that independence of P¿ and X¿ (0) ca-n no+- be just.i-fj.ed

on the grounds of the age of the system. However it s{:iIl

seems sensible to base the conditional distribution of P g

given Xt (0) on the joint limit.ing distribution of Pg and

xg (t) , L * -, for a randomly chosen animal. I argue as

follows :

If the animals

siderations lead to

are i.i.d. Use the

distribution of the

measure on the space

are ni¡ri:ered at random then previous con-

the postulate that (Qg,A¿) , 9. - 1,..,rI

notation 1T for the common marginal

pairs (Qs,A¿) .

(CIr,Ar). 0r

a probability

set of all (e,A)

Tis

is the
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where O - (qij) is a k x k rates matrix and A is an.,
integ;a1 of a non negative Lei:esgue measurabre functj.on.

Al is the o-algebra generated by all the sets

{ (Q,A) €CIr lqi jee},and{ (Q,A) €nr lA(t) €B} where B varies over

the Borel sets in Rl , L > O and i, j = l,.. rk.
We shall assurne that, Ag,(t) t+"'- as t + -, and

J (Qn ) has rank I a. s. so that J (et") t:"'JI*, for a vector

!n, = (Y7g,..,Yk 9,)' . This is equivalent to there being only
one closed class for the Markov chain with rates e¡. Note

that J (Q¡) is a random variable s-ince it equals l+T "Au'
Finalry onry the case Ey)t > 0 wilr be considered since

otherwise the animar leaves area j never to return a.s.
I¡Thatever the joint distribution of X¿ (0) , eg., Ag

lim P (xe. (t) = j let,aø) = y j 1,. Ttrus, applying the dominated
t+@
convergence theorem,

P (xs (t) = j , (Q¿,As) €D) + Ey j ¿rp (e¿,A¿)

for D € Ar. This means

t((os,As) €Dlx¿(t)=j) -) Ey)nro(e¿,ns) /Et1*
which equals Io\ jd¡/Iy jdt¡ = ni (D) say. yi is a function
'on Qr defined by !' = L'Jn /k. The measure ni is a

plausible conditional distribution for (eg,Ag) when

X¿(0) = j. We can now state model 3c2.

3c2.

I There are random rates matrices Qr r. .,eg. and random

functions Ar r. .,Ag, such that conditional on (er rA¿¡ ,

t" = Ir.. rfi the stochastic processes Xr r..,X* are in-
dependent continuous t.ime Markov chains with transition
matrices
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P¿(s,t) = exp{O¿(a¿ (t)-At(s)) }.

2. m1 of the xL satisfy P[x¿(0)=i) = 1.

3. Conditional on l(0), the pairs (0¿,4¿),

9" - 1, . . rn, are independent with (Qg 'A¿) having

5(0) conditional distribution rxs {o) .

Note that under model 3c2 (Qr,,A¿) , 9. - L,.. ,n, are

not identicalty distributed. This apparent conflict ivith

the previous assumption comes about because model 3c2 is

essentially a model which condiLions on X(0). One could

replace postulates 2. and 3. by

2! (xu (0),Qs,A¿) , 9" = 1,..,n, are i.i.d. with distrib-

ution P (x!, (0) =j, (Qs,a¿) e o) = ./pvidn.

Modet 3c2 then comes about by conditioning on I(0).
Form the matrix R(t) by selecting for its jth ror¡I

the jth row of the matrix

f .no,.,un, .

Under model 3c2 the distribution of N(t) is a convolution

of multinomials with generati-ng function

M(ry,R(t),s) Q4)

Since A(t) -> æ a.s. (Trj) it follows that

/eQA(t)dn, * Í!!'drir by the dominated convergence theorem.

Define R(-) as the matrix with jth row I\'dri then

R(-) = lim R(t) and the limiting distribution of N(t) is a
t+-

convolution of multinomials with generating function

,14 (U, n (.") , g) (2,5)

This convol-ution of multinomials only reduces 'to_ a mr:Iti-

nomial when I is constant a.s. (n). To see this note the

obvious result that (25) olfy represents a multinomj-a1 when

R(*) has equal rohls. The latter j-s proved, in any case, in

chapter 3. For R(-) t.o have equal rows
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.f yidni = It idr 1 for all i, j .

Iaultiplying by ,fyicln and summing this yields

ttjdr/fytar = /vidn

since .fy1dn1 = Il it idn/,fyidn and IYi = 1.

Thus ftjar = (/Vidn) 2 implying that Yj is constant

a. s. (n) .

In aII previ.ous limiting distributions for N(t) a

convolution of multinomials, not reducing to a multinomial,

\^tas a consequence of the existence of several closed classes

in the Markov chains used to construct the movement proc-

esses. However (24) is purely a consequence of variation

between individuals.

This model of variation between individuals is helpful

in thinking about the home range concept.

The individuals of many populations of animals are foun,l

to possess what is general.ly referred to as a ho¡,te range.

This means that the individual. animal does not stray far

from a particular place. The precise definition of the home

range varies. Burt (1943) says the home range is "that area

traversed by an individual in its normal actj-vities of food

gathering, mating, and. caring for its youns. Occasional

sallies outside the area, perhaps exploratory in nature,

should not be considered as part of the home range".

Reviews of this concept and methods of measuring parameters

associated with the home range are given by Sanderson (1966\,

Brown and orians (1970) and Wierzbowska (1975).

I believe that a theoretically more satisfactory concept

is a "home distribution". In this discrete space setting

the home distribution, Hg,, of the .q,th anim:.I can be defined
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as the limiting distribution of X[ (t) , t * -, conditional

on Qg. In the case where Ag (t) = agt, for some positive

random variable àL, Markov chain theory shows that an

equivalent clefinition of the home distribution is
-rX

H¿ (D) = lím | | to (x¿ {u) )a" , Qs)
t-)- " J0

for D a subset of {I,2r.. rk}, because the right hand

side converges a.s. to :Èo fjn. Thus the home distribution

is the proportion of time animal .Q, spends in each area.

If (25) is interpreted as a limit in meán square (m.s.) thís

definition is available whenever

tim As(tv) - As(tu) a'-s' @ Q6)
t+oo

for aII v > u ) 0. Basically (26) insists that the animal

does not slow down too quickI1r.

Theorem 7

If (26) holds then
t

0

If p is a polyrromial and

ro(x¿(u))au m+s' 
iäo Yir.I

E

Proof

cr ;' 0, then

Thus defining

0rß
-2aEe p (t)

are real numbers, with

l"-'"t+ißtn{t) l= -+ 0 aS t + -.
-0tK-supt e p(t) < æ we have

for K, cx > 0 depending on

| "-'".*i 
ot 

¡

theorem 6 it is clear that
ll IYl ' -"Q'l't ¡ <

Q¿. Thus for v > u > 0

I 
p (x¿ (u) =j, Xs (v) =j I 0s,AÂ) .\ 1 nP (x*(u) =j I o¿,a¿) l<r è' " [e tv) :-A ( 

") ),

and so definins z(L) = r{j}(xs{tl) = *.*(o,r-lxr(t)-jl), it
follows that ELz(tu) Z (tv) lQp.,Ayl * lj* as t -) -- However

Elz(ru or v) los,a¡l + yj¿ and so c(z(tu),2(tv) lOr,e¿) + 0.

-ot



Let J (t)

Conditional on

ù

A9"

I
E

(o

eõ

z(u)du, then J(t") = /à Z(tu)du.

t), Xx is continuous in ProbabilitY
and this also holds for Z because Z(L) is a continuous

function of x[ (t) . Addit.ionally iz ttl | < I and so

c(z(t) ,z (s) lOl,at) is continuous in (s,t) . rt follows

that 11, z(tu)du exists as an integral in ¡nean square in

the sense of cramér and Leadbetter (L967') ' Furthermore

Elfto z(ru)dulel,Atl = /ð Elz(tu) les,A¿ldu

= /ò p(x!,(ru)=jlet,e¿)a,, an<l

v(/å z(tu)aulQ¿,as) = /à/å c(z(tu) ,z (tv) lO¿,aø)cludv.

Alt integrands above are bounded. and so the clominated con-

vergence theorem yields

EtJ(t) lQr.,Arl + \in, Y(J(t) lQr,Ar) + o

Hence J (t) *'f 'y j t where, because of boundedness of

U (.f (t) lO¿,as) , the m. s. convergence holds both conditional

on Q¡,Ag and not conditional on Qp.,At.

To see that (26) can ¡ot be weakened substantiatly colì-

sider the simple example where A¿(t) = log(t+I) and

0 -1 1t-r I

l

eu(s,t) = ulr + b
'Lt b

and so P¿ (ut,vt) converges to

1-bl
I + bl'

I
4

1 -uv

as t + ær

-uI v

r+ov

u
v+

Thuswhether j=1 or2

P(xr (tu):i,x¿(tv)=jJ = P(xr(tv)=j I xn (tu)=i) p(xott,")=j)

-> I+9v
so that

\

c(z,(tu),2 (tv) ) * à + = k min(u,v) /max(u,v) .



As in the

->

theorem v(tlz (tu) d.u) =Ià.r å C (z (tu) ,z(Lv) )auav

I ¿ I'o min ( u, v) /max ( u, v) tludv > 0 . Hence

z (tu) du = fi Z (tu) du does not

y j r, . since J (t) is bounded,
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converge rn mean/F

\
I
EJ(t) =

sguare

in any

to J(r) þ .(jr \

common sense.

A construction

Model 3c2 was developed on the basis of the probability
space (flr,Ar rT) . However it was not made clear that model

3c2 would always mal<e sense when only the restrictions
n{ (Q,A) lrank J (Q) =1} = I and f y¡dn ;, 0, for each j, are

imposed. The construction bel-ow shows. that no further
restrictj-ons are necessary. This construction also indicates

how to construct processes satisfying the other rnodels in
this chapter, in particular, the models of the next section.
The main interest in such constructions is the demonstration

that there is a non trivial class of processes sati-sfying
the model.

Let Qz be the set of all functions x : [0 r-)*{Ir.. rk}.
Define Á.2 to be the o-algebra generated by the sets

{xenz lx(t) €B} for L > 0 and B c {1,..,k}. Define

P(s,t) = "Q(attl-A(s)).
P(s,t) satisfies the Chapman-Kolmogorov equations

P (r,s) P (s,t) = P (r,t) so that by a well known theorem

(see Breiman 1968, p.321) there is a measure U on (Qz,Az)

such that the process ! = {Y(t) ,L>-0}, defined on (Qz,Az)

by Y(t,x) -- x(t), x € nz,

is a Markov process with transition matrix P(srt) and

initial distribution u [Y (O ) =j) = yi .
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The measure U is a function on the space Qr. In

order to obtain the desired construction it. is necessary t.o

show that U has the properties of a regular conditiona-f

distribution for Y given (Q,A) . To complete thj-s all

that has to be shorvn is that U(E) is an Ar mea.surable

function for every E in A.z.

Now P(srt) and I are certainly Ar measurable and

if E € Az depends on only a fi.nite number of coordinates,

that is r = {xl(x(rr),..,x(tn))ee} for a finire set

trr..rtp, and Bc{1r..,k}p, then u(E) can be expressed

in terms of finite sums of finite products of elements

P(s,t) , t > s >
urable. To prove Ár measurability of U(E) for all
E € Az we use the well known monoLone class theorem which

is stated in chapter 3. Let C be the set of all E € Az

such that U(E) is Ar measurable. We know that the set

of members of Az depending only on a finite number of co-

ordinates is a subset of C, generates Ar, and is closed

under intersection. Clearly if {urr} is a inc::easing

sequence in Ct i En € C¡ and Err Ez € C, E1 <: Ezn=l
implies Ez Er € C. Finally Qz € C which proves

C = A2 as required.
since u has the properties of a regular conditi-onar

distributionn a probability measure r on (0rxftz,Atx|z) is
defined by the equation

T (ErxEz) - 1n U(Ez)dn, Er € Ar, Ez € /+z

C,*aetnsaoofiv I -

The@extensiontheoremenSureSthatthisequation
is sufficient to oefine r on all of A¡ v Az.

Now define X(t) to be the random variable on

(ftrxCIzrAtx(z,r) for which X(trQrArx) = x(t). For simplic-
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ity of notation, a and A denote the mappings

(QrArx) Þ Q and (QrArx) Þ A. By construction, conditional
on (Q,A) , X : {x(t) ,LÞ0} is a Markov chain with transitj_on

matrix P (s, t) and initial distribution t (x {t) =j I O,e) = y j.
Forming the product space ({nt"Str)t.(ArxAr)trrt) we

obtain a space on which processes Xt are defined and l. of
3c2 and 2: are satisfied.

tt (nnr).l¡-(þJ--r

*j <.0<
j

l_

f, miri=Ir.,rk).
=l

The space

satisfies model 3c2.

Finally let t (E)

where F = {xg(0)=i,:;i
l=r

( {nt ,.nr) t, (Ar xAr) t,t)

E € (ArxAz)n

2.4 Environmental and other effects.
Animals movements may be affected by the weather, or

more generalllz the environment, as was discussed in section

2.2 in relation to the modet

P(s,,t) = exp{Of!"(u)du} (r2)

where a was regarded as a fixed function. ft seens satj.s-.

factory to regard a as fixed in the following situatior^s.
1". The function a can be predicted accurately

or 2. The function a can be measured and one is only

interested in estimating past events.

or 3. The animalsr movements are measured together with
environmental variables to determine the depend-

ence of a on the env.ironmental variables. This

is essentially a regiression situation.
It will only be in special circumstances, such as' laboratory
experiments that a, regarded as dependent on environmental

variabl-es, wilt be completel-y predictable; and it may be

difficult to measure a or to measure environmental variables
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on which a might depend. These considerations suggest

that it is desirable to moder a as a random function 
"-r..,

though the problem of assigning a distributic.¡n to a may

be very difficult.

In line with the thinking of section 2.3 a will be

allowed to vary from one individual to another so that it
is represented by a function al for animal 9,. However

the environment is regarded as cornmon to all animals so that
it will af fect their movements -in a dependent manner. Thus

a means of specifying dependence betwee.n tfre ag is required.

So far the kinds of variation that have been considered

are variation between indivj-ouals (section 2.3) and variation
colunon to all individuals (environmental effects). A final
source of variation is within individuals. The animals may

have bursts of activity interspersed with periods of rest or:

Iower activity. In some of the periods of lorver activity
an animal simpiy may be preoccupiecl with 'something

apart from moving. This kind of variation is most likely
not deLerministic and may be specific to the individual.
The movement processes themselves seem to provide within
individual variation since if Ql. and a[ are given (held

fixed) and XL is a l4arkov chain with transition matrix

Ps(s,t) = exp{osf!"r(u)du} then Xs has variatíon which

can only be described as within individual. However the

Markov property ensures that conditional on Xf, (t) the

waiting time fctr the next change of state, after t, is
independent of waiting times for changes of state whj.ch

occur before t. If there are genuine bursts of activity
and periods of low activity, then this independence of wait-

ing times seems extremely unlikely. Thus the Markov process
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X¿ with Qg.,a9. held fixed does not provide sufficiently

general within individual variation. I sha1l seek \^¡ays of

introducing within individual variation through the function

aL. Such within individual variation wíIl be referred to as

"random activity".

A number of studies have focused on variation of the

three kinds considered here. of these I cite three examples

where the results are more def inite . H-indley ' s ( 19 75 ) study

of Banana Prawns has already been mentioned in relation to

environmentally dependent activity. He also found variation

of Lhe nature of random activity and between individual

vari.rtion. Lipton and. Sutherland (1970) were mostly inter-

ested in variation in activity between individuals; but as

well as demonstrating such variation, the activity graphs

in their paper show considerable within individual variation.

FinaIIy, a complex pattern of environmentally dependent and

random activity was found by Marten (1973) in a field study

of a sma1l rodent PenomYseus.

Model 4c.

To incorporate all of the different kinds of variation

in a single model assume that for each individual animal

there is a triple (Q|,ayrs,q,) . Qt is a random rates matrix

for which rank J(Qg) = 1 as in section 2'3.'

ay = {aø(trurv) , L }- O, urv € R'} is a non-negative random

function of three variables which interprets the effect of

the environment and random activity for animal -9- t and

regarded as phenotypically determined S¿ = {Sg(t),t}0} is

a random activity process'which is independent of (Ql,ag) '
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Srr..rSn are i.i.d. The triples (Qy,ax,Sy), 9, - 1r..rrr
are independent and if animals I and L' are initially
in the same area then the distributicns of (Qtraø,S¿) and

(Qu, ,dg! ,S¿' ) are identical. Finally there is an environ-

ment process o = {o(t) ,L20} which is independent of
(Q¡ray,Sy), 9" = 1r..rn.

The model is essentially that, conditional on

(Q¿'a¿ ,Sg,a) t Xy is a Markov chain with transition matrix

Ps (s, t) = exp{Q n Ilay (r, ss (u) , o (u) ) au} .

Some conditions are required to ensure tLrat

exist and be a random variable. RecaII that
probability space is (Q,A,P) and so assume

B 3 x A measurabl-e, where 6P is the Borel

This means that for each B € Bl,

{(t,urvrt,l) Irg(t,u,y,0)€B} € B

Furthermore let both Sg and o be 6t x {
then the composition r¿ (r, Sg (u) , o (u) , r,r) as

The integral
t

at [u,S¿ (u) , o (u) )du
s

is defined as an ordinary Lebesgue integral and is A meas-

urable, that is, it is a random variable. It will also be

assumed that the integral is finite a.s. and -> æ as t + -
Random functions which satisfy the measurability conditions

above are discussed by Blumenthal and Getoor (1968, p.34).

Wíth these preliminaries model 4c can be stated.

4c.

I. There are random triples (Qy,ag,Sg) , !" = 1, . . ,il
and a random process o such that conditional on Õ |

(QyragrSg) , 9' - 1, .. rn, the stochastic processes

the integral will

the underlying

that ag is

srets in RP.

3 x A.

measurable

a function of
(urul) is Bl x { measurable.

An (t) A¿ (s) =
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Xr r.. rXn are independent Markov chains with transition

matrices

P¿ ( s, t) = exp{O¿/!a¡ (o, s¿ (u) , o (u) )du} .

Q¿ is a rates matrix for which J(Qg) = I a.s.

2. m1 of the Xs satisfy P (xt (0 ) =i) = 1.

3. Conditional on X (0 ) the process ancl triples o 
'

(Qr rar rSr) ,.., (Qnrâr'Sn) are mutualllz independent.

Furthermore S ¿ and (Qg , a¿ ) are indepenclent and the

Sg,, 9" - Ir..rrl are i.i.d. The co¡rditional distrib-

ution of (Qs,as) depends only on x[(0).

The model for the distribution of (Qg,ay) is essenL-

iaIly the same as that for (Q¿,4[) in 3c2. If St and cJ

are non random model 4c reduces to r¡odel 3c2.

Define R(t) to be the randont matri-x which has jth row

equal to the jth row of the matrix

Elexp{e¿f3"r (r,s¿ (u), o {u)au} | ol,
for .C such that P(x¿(O):j) = 1. Conditional on Õt N(L)

has generating function

M(g,R(t),:) (28)

so that N(t) is conditionally a coirvolur¿ion of m.rltinomials.

Unconditionally the generating function of N(t) is

rM(ry,R(t),g) Qe)

The dístributíon of N(t) is a mixture of convol-utions of

multinomials. However, since we assume' Af,(t) + æ as

t -+ -, lim R(t) = R(*) does not depend on o and so the
t->@

limiting dist.ribution is simply a convolution of multinom-

ials.

Special cases

Several specialisations of model 4c are of interest.



A" Qg is equal to a constant matrix a

ingly the ag are identically dis;tril:uted.

function of N(t) is

EM(gt, EleQÀ'q' 
(t) 

| ol, g)
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and correspond-

The generating

(30)

and the limiting distribution is a mixture of multinomíals.

B- Ql is as in A. and also o is a non random function.

The generating function is

,t{ (T, R ( t) ,:) ( 31)

which is of the same form as the g"rr"r.Éing function for

N(t) under model 3c2. If one obser:ves realis-

ation; of N(t), N, (t),..,Nm(t), say, using a different

set of animals for each real-isation of the process, then

the models 3c2 and  cB are indistinguishable; but if the

same set of animals is used for each realisation then the

between realisation variability is grcrater under model 4cB

than 3c2. This d.ifference results from the rarrclom ac:ti.-¡ity

processes S[.

C. Qt as in A, as [u, Sr, (u) , o (u) ) = Ss (u) and specify

/l-r-tø(u)du,L= o, I,..., i.i.d., foreach L.

P(x¿(t)=jlxs{t-r),...,X¿(0), s¿(u) ,L>o) = (i, j)trt erement

of .rç{0/l-rsl,(u) du} when xr (t-r) = i. rhus

P(xp"(t)=j lx¿{t-r),..,xs(0)) = (i-,j) trr element of

r *æ{o/l-rs[ (u) du] when xs (t-r) = i, and since

f oç{O/l-r_t¿ (u) du} does not depend on i or L, xr, . . . ,Xn

are i.i.d. homogeneous Markov chains when sampled- in discrete

time. This is model 2d.

D A plausible model for

.¿(r,Ss(u),o(u))

'aL is

= s (u) AtSg (u) o (u) whefe c is
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a f ixed f unct.ion and Àg is a random variable. This is

a multiplicative rnodel. Mod.el Sg (u) as a stationary
.Lprocess Il*g (t-u)dY[(u) where g is a non negative

function satisfying fi g (u) du < æ and Y¿ is a process

with non negative stationary ind.ependent increlnents for which

E (v¿ (1) -Ys (o)) < æ. This is a special case of a rrtodel dis-

cussed by Bartl-ett and Kendall (1951). Let f be a non

negat-ive function and À a complex nurnber with negative

real part, then

E exp{À lf r tu) /l* g (u-v) dYs (v) duÌ

f (u) g (u-v) dudYn (v) Ì

f ( u) g ( u-v) au) avÌ

= E exp{À IL

= expt rl*,1 (r

IE@v

ú
where i{, is the logaritlrm of the moment generating function

of Y[(I) - Ys(0). Thus putting f : o(u)Aso(u) and letting

Qg. = GIA¿GI t , Â¿ diagonal, we ohtain a formula for

Elexp{Q¿as (t) } lAs,Qs¡oJ in terms of rl,.

An alternative to a multiplication model. is an addit.ive

model .u(.,S!,(u),o(u)) = o(u) * A.c, + Ss(u) + o(u) which I

think is probably best regarded as a first order Taylor

approximation to a more complicated form. This repr€jsjents

a substantial simplification since expÀ (o (u) +A¡r-So 1u) +o (u) )

is a product of ind.ependerrt terms "

Ivlodels of these kínds make the evaluation of the moment

formulae given in the next section, a feasible proposition.

Conclusion

We have begun with the simplest models that reasonably

might be proposed for animal movements. These have been

examined for the short-comings that they have and general--

isations have been p:--oposed. within certain bounds. The main
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bounds are the discrete space str:ucture and independence

between individual animals' movenents.

The major concern has been with variation of different

kinds. Three main kinds are recognised.

1. Environmental variation, common to all animals.

2. Between individual variation.

3 . Wi thin i-ndividual variation.

Random substitution of the time parameter proved to be a

useful method for incorporating variation in movement models,

but at the same tirLe-itis recognised an.i there are many other

ways that these three kinds of variation might appear.

The most obvious way of generalising the models

presented here is in the method of incorporating variation,
particularly in relation to environmental variation, for the

environment may well affect different areas differently. To

do this one can return to the model of section 2.2 where the

X¡ are non homogeneous l"larkov chains with transition rates

a function of time. The transi-tion rates can be ¡lade a

function of the environment and i n general stochastic.

Saunders (L975) presented a model of a two compartment

s'¡stem where the transition raLes are functions of countable

[4arkr-¡v chains. He modelled Nl (t) and the transition rates

jointly as functions of a Markov chain with a special struc-

ture and showed that the distribution of Nr (t) is a mix-

ture of binomials when Nr(0) = n and Nz(0) = 0.

The models of this chapter serve a number of purposes.

They il-lustrate how one can approach the modelling of animal

movements. They provide a means of summarising the j-deas one

might have about a given räal sítuation. In these two

respects the díscrete space restriction is more apparent than
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real. Finally

eral which can

they provide models, both specific

be applied to real situations. I

and gen-

mean one

to drawcan collect data,

conclusions.

estimate parameters and attempt

The next and last section of this chapter provides

quantitative results in terms of moments and asymptotic

distributions. The derivations of these results serve as

a reminder of the interrelationships between the models.

2.5 Moments and asymptotic distributions.

Means and variances.

The generating functions for the distrit¡ution of

which can be thought of as conditiona'l distributions

N(t) given N(0) = S, fall into two classes:

1. ø(;) = M(S,P,€),

where P isa kxk lvlarkovmatrixi

N(r),
for

2. s(g)

where P

The first

with parameters

Hence Elli (t) =

EN (r)

The

and

Thus

= EÁ,í (8,Ë, g). ,

is a k x k random Markov matrix.

case represents a convolution of multinomials

(m1 ,P{) = (mi,Pir¡-.tPit), i = 1r..rk.

I mjpij and so

= P'S (rz¡

variances and covariances are

tlNi (r) = r mipi_j (l-pij)

c (ul (t) ,N¿ (t) ) = r mipi jpir,

uN (r) mi (aias (pi ) -eipí)t

For the second class

a mixture of convolutions

EN (t) = Eñ'S

of generating functions . ì_i(t)

of mul-tj-nomi a1s. The meaÌ1 is

(33)

is
thus

(34)



To calculate the variance matrix we use the well known

formula

uN (r) : rv (ry (r) lñ) + ur (ry (r) lñ) .

Substituting

UN(t) = I*ie(aiastþr)-þgi) + EÞ'mm'Þ' EÞ'{r{r'rÞ.
i

17

(35)

Covariances.

In the calculation of the mean and variance of N(t)
it was possible to consider l"larkov and non Markov models

together. However for the calculation of the covariance

of N(s) and N(t), L# s, separateapproachesareneecled.

These separate approaches serve to ie-emphasise the essential

differences between the models,

In the models of section 2.2 N is a Markov process.

Let s < t and define P* as the matrj-x with (i, j)tft

element P(xr (t) =j I x¿ (") =i) . Now

EtN(t) lN(s) I = P*'¡l(s)

c(ryts,,N(,,) 
= ::il;ì";:J;l:i;;1.,, rry(s, 1

= r(ry(s)-EN(=)N(s)'p*

= (uNts))p*

For the di-screte time model 2ð, P* - Pt-= and

c(N(s),g(r) ) = (ur_.r{s))pt-". (36)

The continuous time models of section 2, for which

P(s,t) = .Q(att)-A(t)), have

c(ryis),s(r)) = (vNt"))"4(att)-a(s))
The models of section 3 are norr Markov.

(37)

To derive the

covariance we use the fact that the

z Lft) (rrrl (xu (t) ) , ..,r{rl (xø (t) )) , L = 1,.. ,n are

independent and so
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(38)c(N(s),N(r)) c(Vc"(s) ,Zs (r) )

Consider first the discrete time model 3d with P I : 
"Qoø.

Conditional on Pg-, Zy or equivalently X9,, is a homogeneous

Markov chain with transition matrix Ps . If P (4p" ( O ) =9i)

formula (36) applies with n = mi : 1 and so

c(Zy(s) ,ls ( u)len) ={dias (pi (") )-pi (s) p{ (s) } Pt-=,

pí (") beins the j-th row of P;. AIso El.!n (t) lps I = (pí) tgt

Now

c(Ur(=l ,Vc.n) = Ec[Zrt=l ,!nft)lvy) + c(rtVp"ft) lpc], Elltk) ierl)

= r (¿iag (pi (s) ) - gi (s)pl (sl )ef-" + Ee[':igíPt - (Eel'e1) f eiEef )

But Bi(s)pí(s)ef-" = piéieíp;p;-= = piéieípÏ and so

clZt (s) ,Zr (t) ) = E dias (ei (=l ) nt-" - eel'ereiref

Noting
k
x

i=1
mi9i9í diag ({r) and applying (38) we obtain

c [ry (s) ,N (r) ) i=l
(3e)

The continuous time dnalogue t.o the last model is model

3c1 with Qg = 9a¿ (t) . The derivation of the covariance is

essenti¿-Ily the same and defining .pí (s) as the ith row of

"QAr 
(s) vre have

k
c(ryt"1 ,N(r))=r!¡r-ae[pi(s))ea(a' tt)-Ar (s)) - E.Q'a' (")aiae{g,) 

EeQÀr 
(t)

(40)

Ei to mean

(xr ,Qr ,Ar )

z(xr (t):i)=1.

c (ry (s),N (t) ) = I *rrrdias (91 (s)) eQ' 
( e' tt) -a' {= )) - R' (s) diag (m) R(t),

i=l

For model 3c2, where O is also random, define

expectation with respect to the d.istribution of

when animal I is initially in area i, that is,

( 41)

Bí (=) now being the ith row of e

ith row of n(s) .

QrAr (s)
and Elni (s) the
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The genera model 4c involves another leveI of comptt:-
ation. Let Ei denote expectation rvith respect to the

distribution of (Xr,Qr,Ar,o) . Now (4I) shows that. the

conditi-ona1 covariance

c(Nt"l ,N(r) lo)=.f_*iE1ldias(pi(s))eQ' [a' (t)-Ar t")) lo] - R, (s)dias(r)R(r) ,i=1

where the ith row of R(s) is fltní(s) loJ. Also

Et$(t) loJ = R'(t)n. rhus

c(Nt=l ,N(t))=.I-^ieidi.g(pi(s))ea' [a' {t)-Ar (s))- ,*, (s) {dias(Ð-{s,iR(r)
i=l

.- ER'(s)m'ER(t) . (42)

Asymptot-ic distributions
For aIl- models except 4c N(t) zL(t), where

n

.R,=I

the

then

n->

Zn

oo and

Zn
-k

{Vp.(t.),t> o} are independent. rf x¿(0)"="'X¡,(0)

and ?y, are identically distributed. Thus if
mi/n -> oi, i = 1r..,k, the joint distribution

Iof ñ(N(tt)-EN(tr),..,N(rr)-EN(tr)) is asymprorically

multivariate normal with means 0 and variances and covaï-
iances obtained by substituting oi for mi in thc variance

and covariance formulae for the LI(tr).
In model 4c a normal asymptotic distribution does not

necessarily pertain. Consider n + æ, mi_/n + oi, i - Ir.. rk.
Conditional on o, whose distri-bution does not depend on

IIIII r . . rhk, * N (t) 
a+s'R' (t) g. Thus the joint distribution of

1,
*[ryttr ) , .. ,N(tr) ) converges to the joint distribution of

(n' (tr ) g, . . ,R' (tr) g) . However if we do not condition on ð (O)

2. and 3. of 4c are replaced by

2i (xt {O),Qr râr,Sr),.., (xr,(0),Qn,an,S¡) are i.i.d. Further-
more Sg and (Xg {O ) ,Q*, a[ , S.c,) are independent and the



distribution of (xu (O) ,e[,a!,) takes the form
p(xr(o)=j,(e&,a¿) €D) : f" yldn

where r is a measure on the spa(>e of all (are) such

that a is a non negative ß3 measurable function and O

is a ra.tes matrix with J(O) = ](Vr,..,yk).
For this specificatj.on P(x* (t)=j) = E I / ytñä(r)dr

L-

where Þii(t) = the (i,j) element of
exp{O /rt a (r,su (u) , o (u) )au} . However lviñil (t) = Yj and

a

In a similar manner it.so P(xn(t)=j) = Itidr =ej¡ sây.

can be seen that Xl (t) , . . ,Xn (t)

EN (t) = nq and UN (t) = n (diag (q) -qq') .

are i.i.d
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Thus

is a multi-N (r)
lnomial and ,6(N (t)-nq) is asymptotically multivariate

normal. However the stochastic processes Xr r... rXn are

not necessarily independent. By analogy with earlier
results

c(Zn (s) ,lr (t) lo) = Eldias(yr) egr (ar it)-1\r t=))lol -qq'
where lVí = J(Qr).

c (ry(s) ,Ntt) lo)

Thus

= n{Eldiag(yr)ee'(a' {t)-Ar (")) lol qq' Ì

(43)

C (ryts) ,ry(t) ) is simply the expected value of (43) .

Conditional on o r *tO (tr ) -nq, . . ,N (tr) -nq) is asymptot-

icaIly multj-variate normal with means A and covariance

given by (43) with n = 1. Thus the asymptotic distribution
Tof niry(tr)-nqt¡..tN(ttl-ng) is a mixture of multivariate

normal distributions.
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3. GENERAL SPACE

The purpcse of this chapter is to present the ideas

of chapter 2 in a general seLting and to develop a fra¡ne-

work f or thinking about arrj-mal movement processes.

Independence between individual animals played an

important role in the developmenb. of the discrete space

theory; however it was not always complete indepertd-ence

but irrdepenclence conditional on the envir:onment. .l-t rvas

always assumed that the animals do not directly affect each

other's movements but that dependence iá induced by an

external factor, namely a random environment. This situa-

tion may be thought of as a low degree of interact.ion

between individuals, which I shall call sirnply a low degree

of interaction.

In many situations the environment will be subject to

:Eluctuations affecting movements and unless these contain

no stochastic element they will introduce dependence

between individuat animal's mo\¡ements. If there is a 1ow

degree of i¡rteraction, or independence conditional on the

environment, then there are basical-ly two problems:

1. What are the conditional distributions of irrdivitlual

animal's movements, given the environment?

2. How is the environment varying?

The first question is the more basic since it indicates

the degree of importance of the second. In nost situations

at best incomplet.e answers will be obtained. A Eood.

answer to the first question achieves a great deal because

it really means that the animals' movements are understood.

The consequences of different environmental regimes can

be explored and. estimation of past events from measurement
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of the environment is possible. On the other hand a

complete answer to the second is useless in the absence of

any knowledge of the first.

The fact that these questions may be <iifficult to

answer does not mean there is no point in developing a

general theory, on the contrary, it emphasises the need

for one. One needs to be aware of the possibilities in

varj-ous situations and in particular to isolate conclusj-ons

which follow from weak assumptions. A good general theory

shoul-d then enable one to decide what fínas of information

one needs to collect for a specific purpose.

The general theory given here aims at specifying the

properties expected of a probability space suitable for

describing the movements of animal-s in a population where

the indivj-duals are independent conditional on the environ-

ment. Various simplifications of Lhe general structure

are examined with a view to determining the extent to

which they are distinguishable. The analogous functions

to the N (t) of chapter 2 are d.ef ined and f orrn t.he ma jcr

part of the discussion. It is shown hov¡ mo<lels of the

general form may be constructed from Markov processes. The

chapter concludes with a discussion of a situation in which

the general theory of this chapter applies as an approx-

i:nation.

3.I The general structural model-.

Consider a probability space (n,^,?) on which there

are defined n stochastic processes X.C = {x[(t), t € T],

," - 1r... rn, corresponding to n animals. The set of

times, T , is either {0rI,... } or [0,-) . The random

variable x[ (t) is the position of the Î,th animal at
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t.ime

(X,G)

t and it takes its values in the measurable space

. This means x[(tro) € X , for very o c CI, and

for every G € G, {orlX'(t,t¡) e c} e A . One says Xg(t)

is A/G measurable" The space X is Èhe place where

the animals live and G is an appropriate o-algebra of

subsets of X

The set Xr is the set of all functions from T into

X . Thus for each o , the animals'paths Xg are elements

of Xr. In order to ask questions about Xg more general

than "X^ (t) € G?" , for fixed t , the o-algebra Gr is.)L

needed. This is defj-ned as the smallest o-al-gebra of

subsets of X't containing alt sets of . the form {x e Xt 
l

x(t) e G), t € T, c e G. The sets {xn e c} belong'Lo

A for c€ Gr

AIl animals are different. Let us call those prop-

erties of animals, morphological, physiological and behav-

ioural which characterise the differences between indivi-

duals the "phenotypê". Only those properties of the

phenotype which affect movements are needed here, so that

for modelting purposes, the phenotype could be represented

as a much simpler object. On the other hand occasions

arise when, for the purpose of discussing movements, other

properties of an animal, such as where it establishes its

home, are conveniently included as part of the phenotype.

Suppose there is a space Z consisting of all possible

phenotypes for the animals under consideration. Let Z

be a o'algebra of subsets of Z .

Defined on (Q,A,P) are (z,Z) valued random

varíables z,t...znt which are the phenotypes of the n
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animals. The matrices Q!", 9" - 1r. " . rrr , of discret-e

space model 3c2, were thought of as functíons of the pheno-

typer or possibly an animal's past history. These were

i.i.d. in the setting up of 3c2, but as model 3c2 condit-
ioned on X(0) , the equality of distribution was destroyed

although the indepenclence remained. To al1ow for such

condj.tional models in the present discussi-on assume that
the animal-s are recognised as belonging to r subpopul-

ations wit-h il, individuals in the ith-subpopulation.

For animals belonging to the same subpopulation, the , 
L

are identica-tly dist.ributed. The entire set z, r... t7.n

will be assumed i-ndependent.

Other situat.ions might. arise in which different sub-

populations are recognised for the purpose of assigning

phenotypic distributions, for example some property of the

home distribution may be known or the individuals may tre

of several origins.

A random variable o defined on (CI,A,P) and t.ak-ì-r:g

values in the space (nrS) represents the envj-ronmen'-.

Generally o can be thought of as a ranclom function

o - io(t), t € T] , where o(t) represents the "state of

the environment at time t", but for the purposes of this

sectíon such representation is not needed. It is

assumed that o and (zt , . . ,zrr) are independent.

The animals have a low clegree of interaction so that

any partic:ul.ar animal's movements are not af f ected by the

m.ov'ements c>f the rest of the popul-ation. From a behav-

ioural point of view this statenenL applies conditional on

the phenotypes of the animals involved, that is, it applies
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given any particular set of real animals of the kind under

consideration. The idea is expressed mathematì.ca11y as:

S1. The processes X, ,... rXn are independent conditional

on o ancl zrt...rzrl

Since o and z, t... tzn are not necessarily any of

the commonly encountered kinds of random variables' to

avoid any poss-ible ambiguity, I shall state Sl in more

basic mathematical terms. Let 5* be the o-subalgebra

of A generated by o , that is, 5* is the smallest

o-algebra containing aII sets of the form {o e fllo(trr) e S}

for S € S If C and D are two o-algebras define

C v D as the smallest o-algebra containing both C and

O . Let Zi be the o-algebra gienerated by ,L and

define 7* = 7* v 7* v ... vZ* . Then SI. means
12n

P( {x €
L

c¿Ì ls* v z*)
n
n

L=

n
TT

!.!'t P(X €
0

c.o ls'e 7*)
I

v¡henever Gr r..; rG,, belong to Gr. the equality means

almost Sure equality, herer âS in later relations between

conditional expectations.

In keeping with the idea of lit'tle interaction

between individuals, the movements of any animal should

noL be affected by the phenotypes of the rest of the

animals. This leads to

s2. P (x
9"

€ Glorzrr...,zn)
9"

clo ,z U)
wheneverP(x €

o

Ge G'¡ 9"- 1,...,D

Finally the conditional distribution of

and z n should be expressible as a function
v,

, independent of 9. .

X.Q, given

of ô and

,L
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53. There is a function .n:Gr x E x Z + [0r1] such that

P(xne clo,zu) =n(G;otzg.,) , Ge Gr , L= r,...,rI'

It is assumed that rT is a regular conditional

distribution so that for 6t ,L fixed, 'n is a probab-

ility measure. This is not just a mathe¡natical conven-

ience but very much part of the model since .it is ¡raLu.ral

to admit a probability distribution for Xr 0... rX,, irr

situations where the envi.ronment and phenotypes are

deÈermined. The model described here Ehen comes about by

allowing o and zt r... rzn to vary stochastically so

that the distribution of (X, ,...,X,,) is a mixture of

distributions.

The specifications S1. 3. can be summarised

convenient-ly as

{ GgÌ lÕ rz, t...,zn)
nn

9.=
e

L
SI,. P (

G I

n
-^II

ll"= |X

=.q,I, P (x 
L

As a result of

n(G¿¡o,zU),

sr'. it is

for

clearG €GT
n

C

that

P(

However z

of o and

Et T(c¿ ia tz.q,) lol .A
9,=

fì.
II

L=, {*u cuÌ lo) I

, r .. . rZn

so the R

¿I, E I n(eu ia tzu) l ol

are independent and jointly i.ndependent

H. S. is

€ eulo)

Thus X, , . . . , X' are cond j-tionally independ'ent given o

The independence, conditional on the environment, that was

postulated for indiviclual anirnals of fixed phenotype, is

preserved upon averaging over the possible phenotypes.

Let pi be the distribution of z L, pi (w) = P (z 
U 

e I¡I)

for I^1 c Z , when animal 1, belongs to subpopul.ation i

and define
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rf(c;oo,i) ll(G;oo,z) dp, (z) for os€ Et

then n*(.;o,i) is a regular cond.itional distribution for

Xg given o . This can be summarised as:

Theorem 1, 'r'he stochastic processes X, ,... rxn are

inclependent conditional- on o and the conditional distri-

bution of X¿ is n* ( . ; o, i) when animal 'l' belongs to

sulrpopulation i

The theorem shows that the ctistribution of (X, , " ' rXr,)

agrees with the situation where there are no differences

between the distributions of individual's movement proc-

esses conditional on their phenotyPes r. for animals belong-

ing to the sarne subpopulation. However the distributions

T and 1I* may be quite different in nature, for example,

Theorern 4 of chapter 2 gives a situation where T is

always Markov but Tt* is.not I'larkov. The proof of this

theorem shows that there is a consistent estimator of

n(.; o,zOl based on a single realisat--ion of {X[(t),t € T].

However one would rarely expect to find a reasonable

consistent estimator of T* based on {xU (t) , t € T}

3.2 The number of animals in an area

In many practicat situations the easiest quantities

to observe are the numbers of animals in different places

and if o¡ìe is interested in an effect that the animals'

presence has then these are the natural quantities. This

section looks at the properties of the numbers of animals

in different places in the general setting of the'previous

section.

t'

J
z
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Define

N (c)
t =[r

GIL

X (r) ) for G€G( , (r)
L

N (c) is the number of animals in the set G at timet'

t and is a random variable on (f¿'A,P). On the other

hand if o is fixed N, (.ro) is a measure on (X,G)

Hence N, is a random measure.

In order to talk about the distribution of a random

measure we neecl the measurable space íurU) where U is

the set of alI finite measures on (X,G) and U is the

o-algebra of subsets of U generatecl by aII sets of the

form

{U e Ul¡'r (Gr) € Br, ..,M(ck) € (2)

where G, , .. rGu € G and B, , .. rBr € Bt, with BI being

the Borel sets of the real line Rl.

The well known monotone class theorem is also needed.

It is stated as theorem 2.

Theorem 2. Let F be a set of subsets of some set 0

which is ctosed under finite intersections. Suppose H

is the smallest set containing 0 which satisfies

t. 0 e H

2. Tf ArBeH, ACB then B A€H

3. If {4" } is an increasing sequence of elements of

H then UAr,€H

Then H is the o-algebra generated by F.

A corollary to theorem 2 ís that if F is closed under

finite intersections and X is the o-algebra generated

by F then two probability measures on H , which agree

BnÌ



on F , also agree on H This corollary shows that

any probabitity measure on (u,[t¡ is determined by its

values on the sets (2) since these sets are closed under

finite intersections.

89

,

{r^rln, (.,o) € v} belongs to A

follows that

when V

is 
^lU

set

any set of

measurable.

Because Nt (G) is A measurable the

is

form

Thus

(2)

the

and it N
1

equation

u (v) P(Nt e V) for V € U,,

defines a measure u on (u,u) called the distribution

of N, . Note that the distribution. of N, is deter-

mined by its values on the sets (2), or equival-entIy, it

is determined by the distribution of (Nt (Gl ) , . . . ,Nt (Gk ) )

for every finite set G, , -.. rG* e G ' However if

G, ,... rG* are any k' se.ts belonging to G then there

are disjoint sets Gl,.-.,Gl, eG, k'( @, such that each

Gi U

ci cc
J

G:
J

which means

Iu
G'cGji

)G.
I

N ( (c: )
J

so that the distribution of (Nt (Gl ) , " ' ,Nr (Gk ) ) is

determíned by the distribution of (Nt (G'r ), "',Nt (Gl' ) )'

ThusthedistributionofN.isdeterminedbythe

d.istribution of (Nt (Gr ) r... rNt (Gk) ) for Gr, " "G* e G

G, ñ Gr= Ø , íf i I ) , UG., = X ' Such Gr'""'Go

will be referred to simply as a partition of X



90

The simplest situation for the distribution of N, i

arises when there is only one subpopulation and o is

almost surely constant, that is o is non random, but

if expressed as a function of time it may vary deter-

ministicalJ-y in time. Let G, ,...,Gu be a partition

of X, then in this simplest situatj-on Xr(t) '...,X"(t)
are i.i.d. and. so (Nt (Gr ) ,. :.,N r(Gk ) ) has a multi-

nomial distribution with par:ameters (n,frt (Gl ) , ...,'tÍt (Gk ) ) ,

where n, is the common distribution of X[ (t) . Thus

N. is in a sense a generalisation of a multinomial. It
t

seems appropriate to call this generalisation a contirluous

multinomial

Definition. Let M be a random measure then M is

called a continuous multinomj-al (CM) if for every

partition G, ,...,Gr of X , (M(G, ) ,...,M(Gk ) ) is a

multinomial. M is said to have a CM distribution.

The following theorem shows that every CM distrib-

ution can be expressed as the distribution of a random

measure M* .of the form

M* (G) , G € G, (2)

where y, ,...,y are i.i.d. (X,G) valued random var-
l'n

iabtes. The random measure M* is of the same form as

N and so a CM dístribution is no more general than is
t

needed here for st':clying animal movements.

Theorem 3. Let M be a continuous multinomial. There

is a positive integer n and a probabilit'y measure 'rT

on (X,G) such that M has the same distribution as M*,

I (Y.)
UJ

n

I
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given by Q) , where Yr r. - - 'Yn are i'i'd' with common

distribution fl

proof . Define n = EM(X) Let G, ,...,Gn be a

partition of X, then (M(Gr),...,M(Gk)) has a multi-
k

nomial distribution and so I U(C. ) is almost surely
x j =-r l 

".r. k

constant. Hov¡ever JUtC.) =M(X) sothatn= [U(G.).¡9r--'-j j:t r

Thus the multinomial (M(Gr ) , - -. ,M(Gk ) ) has parameters

(n, EM(Gr)/n,...,EM(Gk),/n). For G € G define

n(c)= EM(c),/n. irlow O<rr(G)<

{e" } is a disjoint sequence in G then the random measure

property of I.1 and the rnonotone convergence theorem show

that
co

= nT( U
j =t

ó in
j I n(G EM (G )

N (c)

æ

E T M(G. )j 5r '

æ

EM( U
j =t

G,) G,)
J 1

and so fi is a probabitity measure on (XrG) ' A set of

n i.i.d. random variables Yr , - . . ,Yr, , with coÍImon

distribution îT , can be defined on the space (X" ,G" rn" );

and if M?k is defined by Q) it follows that

(M(cl ),...,M(Gk)) and (M*(Gl),-..,M*(Gk)) have the same

distribution for every partition Gr ,.. ' rGL of X' Hence

M and M* have the same distribution'

In the case v¡here there are r subpopulations but

o remains almost surely constant then N, can be wri.tten

N.
t

(c), c e GI
j =t

where the 
",, 

are independent continuous multinomials.

Definition A random measure M is a continuous convol-

ution of multinomials (CCI{) if for every partition

Gr,...,G* of x, (M(Gr ), -..'M(Gk)) is a convolution of

multinomials.
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It is quite clear that N, is a CCM, but it is not

obvious that every CCIr{ distribution can be represented as

the distribution of a sum of independent continuous multi-

nomials. The next theorem proves that every CCM distri-

bution does have such a representation and furthermore it

is in a certain sense unique.

Theorem 4. If M is a CCM then there is a unique set of

positive integers frt ,... r\ , and corresponding to these'

r distinct measures, T, t ... rTÍ, on (X',G) , such that

M has the same distribution as i t where M, , . . . ,I{.
j ="r J

are independent continuous mur t.inomials with parameters

(m.rT,)r i = lr...rr

Proof. First we need a lemma.

Lemma l. A convolution of multinomials has a unique, apart

from order, representation aS the convolution of a minimal

number of multinomials. Furthermore this minimal rep-

resentation is the unique representation for which para-

meters (*, ,P, ) r..., (m, ,P, ) of the constituent multi-

nomials, have *, > o and p, I y, for í I j

Proof of lemma 1. The generating function for a convol-

ution of multinomials has the form

ts
ni n >0

This is a polynomial in the several variables sl , . . ' r s* r

over the field of real nunbers and so has a unique, apart

frorn order, representation as the product of suitably

normalised irreducible polynomials. The linear poly-
,nomials g'gi are irreducible and the normalisi-ng condit-

ion I'g. = I ensures the uniqueness of the factors.
-¡j

cI )9r



Thus collecting identical factors a unique minimal repre-

sentation is obtained:

mi where il, > 0 ancl p¡ / g,: ;forí/j

(tr rg, ) are the minimal parameters

H, ,... rH[ resPective1Y, then there

of the (r, ,9, ) such that

il, = hi and P¡.¡ = 
H I" Q," I
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i:l ,.. - rk

refines the

H¿ is maximal

and (nrrgr),...,

G, , .. . ,G* and

unique reordering

sp.
- --l

¡
I f

In the sequel the parameters (*, ,p, ) r..., (m, ,P, ) are

referred to as the minimal parameters.

Now define 11 = EM(X) Let G, ,. . . rGL be a

partition of X , then (14(Gr ),...,M(Gk) ) is a ccnvolution

of multinomials. If the minimal parameters are

(*, ,P, ) ,..., (m, ,P, ) then r ( n and so there is a

maximum possible r. If this maximum is achie'vec1 for a

partition G, ,... rG* then the partiti,on is callecl maxintal.

Suppose partitions Gr r... rG* and Hr ,... rIJg, are

such that

G UH
tj to,

.t
T

then H, ,. .. rÉg, is said to ref ine G, ,... rGn

We need a second lemma.

Lemma 2. Suppose the partition H, ,. .. 'Hg,

maximal partition G, ,... rG* , then H, t... t

and furthermore, if (*, ,p, ) ,..., (m, ,P, )

for

isa

where B¡ = (p¡rr...rPro)r gr = (9,r r.--,9rf.).

this is so the parameters (., ,g, ) r..., (n, ,9, )

be ordered relative to (*r rp, ) ,..., (mr rP, )

l_ Ir...rtrj lr... rk,

(3)

When

are said to

The

cJ



relationship of one set of parameters being ordered.rela-

tive to another set is transitive for minimal parameters

of maximal parLitions.

Proof of Lemma 2. Consider the case where H, ,. .. rEg

has one more set than Gr,r... rGn - For definiteness

assume G, = H,, i < k-I, Hr u H**, = Gu' Since

I',t(Hr) + M(Hu*r) = M(Gu) we have

maximality of

=11 and

K . Furthermore
p

to the (n, ,gi )

g4

the

the lemma

i (s'p. )n'i
i=1 - --l

t
]I

k- 1(I
j =-l =.¡ 

gr.¡ + =*.19,n*Q,u*, ))nt'

t and a unique reordering ofLemma I applies giving r =

the (t, ,9, ) such that n,

P¡ = (9,, 
' "'9i r-r'Qi, *9i, *r )'

The general case is proved by induction as follows

Let Kr r... rKo refine H, ,. ..,H1, and contain just

one more set than Hr r... rHg , where the latter partition

refines Gr r... rG* is mäximaI, and there is a unique

*lÆ#iÅU, 
"t the parameters for H, ,. . . ,H.0 so that (3)

holds. Let Krr...rKo have minimal parameters ([i'!1)r.',

(.[,r rt,r ) Then the maximality of H, , " ' rH.C implies the

there is a different ordering of the

the (m, ,P, ) , then this ordering'

the ([, ,!, ) relative to the (n, '9
a different ordering of the (n. ,qi )

(m. ,p¡ )

except

the orderings of

, and the latter

([, ,!, ) relative to

and the ordering of

) , serve t.o construct

Krr...r

relativethe (¿. ,!i )

relative to the (m, ,P, ) , serve to construct an ordering

of the ([, ,!, ) relative to the (m. ,Pi ) . However if

relative to

This prov'es, which is a contradiction.

for transitivity which is proved in the same way as
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the construction of a unique orCeritrg between the ([i '!i )

and the (*, ,9, ) above.

Let Gr r...,Gu be a fixed maximal partit'ion with

minimal parameters (*, ,p, ) ,..., (m, ,p, ) Define the

probability measure rT. on A(Gl ,...rG*), the o-algebra

generated by Gr r...,G* , by tire relation n, (G¡ , = Pit

Suppose Hr ,. ..,Hg, refines Gr ,... rGn and

parameters (*r rg, ) r..., (in, ,9, ) where the

ordered relative to the (m. ,Pi ) . The TT

exbencled to A(Hr ,...,H* ) by setting n, (Hj )

Relation (3)guarantees that this extension

ability measure= *, is consistent.

Now suppose Kr r... rKo, which ref ines H, , - ..,Hg",

has minimal parameters (*rrlr)r...r(mr,tr) . From

Iermna 2, if both the (*, , g, ) and the (mi , !, ) are ordered

relative to the (m. ,p, ), then the (*, ,!, ) are ordered

relaLive to the (t, ,g, ) Now applying rela-tions (3) to

the (*, ,g, ) and (m, ,t, ) , it follows that the exten-

sions of the n, to A(Kr ,... rKo) and A(Hl ,... 'H.¿) are

consistent. Next if K, ,... rKn and Hr ,. .. rHt, are

arbitrary partitions refining G, ,... rG* then consider-

ation of a partition L, ,... rL, refining both K, , -..,Ko

and Hr ,. .. rlHg, shows that the extensions of n, to

A(K, ,...,K, ) and A(Hr ,... rHl,) are cônsistent because

both are consistent with the extension to A (Lr , - -.,L, ) .

Thus the n, are defined consistently as probability

measures on every finite o-subalgebra of G , which shows

has minimal

(*, ,g, ) are

. can be

= c[..-rJ

of the prob-

they are finitely additive probability measures on G
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To prove they are countably additive aII we need show is

that they are continuous at ø

EM(G), G € G , is a measure, as in the proof of

theorem 3 , and r. (c) < EM(c) ( n. If {C_} is a

decreasing sequence of sets in G with empty intersection

then lim EM(G,") = 0 implying lim n. (G_) = 0, which is
m->oom+@

the required continuity at ø

On the space (X" , G" , tt|t * . . . " tti' ) there

f ,Y' such that

are indep-

m. of the
IIend.ent random variables Y

Y. have distribution nt .
J

Define

M.(G)=[r Y( l, GeG
G

where the summation is over those j for which Y, has

distribution n, . The M, are independent continuous

multinomials and I M, has the same distribution as M.

Finally the unordered set { (mr rT¡), . ., (mr rn, ) }

li. + r. for i + j and m, ;' 0, for which this represen-
rJ-l

tation is possible, is unique. Suppose there were another

set {(mr',rL' ) r..r(mt'rna')} with these properties. Let

Gr r..,Gk be a maximal partition then (M(Gr) ,..,M(Gk) ) has,

as alternative sets of parameters, the (mi, Ti (G1 ) , . . , fri (Gk) )

and the (mi', ni'(G¡) ,.. ¡ rrl'(Gk) ) . Lemma I shows that r = t

and there is a unique reordering of the (mr'rnr') so that

mi = fri' and nr'(Gi) = nr(Gi). Lemma 2 then shows that

this reord.ering impties ti = , i' on any partition refining

Gr r.. rGr. Hence Ti = Ti' , and the two sets

{ (ml , nr) ,.., (mr, nr) } and { (mr' ,Tr' ) ,.., (mr'r lr') } are equal.

Theorems 3 and 4 etiminate the possibility of any

ambiguity concernins continuous multinomials and continuous



convolutions of muttinomials by showing that what they

appear to be, when examined on partitions, is what they are.

In addition theorem 4 shows that, when o is constant a.s. '
then the distribution of Nr determines the distributions

of the x[ (t) , and also , íf these distributions are dis-

tinct, for animals belonging to different subpopulations,

the numbers of animals in the subpopulation are determined.

In particular the distribution of Na determj-nes whether

the X[(t) are i.i.d.

The final possibj-Iity that can arise for the distrib-

ution of Na is a mixture of CCMs. Consider the general

case when o is not necessarily constant a.s. Conditional

on o N. is a -ccM wíth E[N.(X) lo] = n- rf u: is the

conditional distribution for Nr, given ot then the dis-

tribution of N. is Vt defined bY

v.(v) = ruitvl , v € u.

In this case Nt, and its measure Vt, are referred to as

mixtures of continuous convolutions of multinomials or in

short MCCMS.

Generating functionals.

The random measure Na is a counting process in the

sense of Moyalts "general theory of stochastic population

processes" (L962). In Moyal's theory a counting process M

is defined in terms of (x,G) valued random variables

Y, , .. ,Y' as

M (G)

Ð7

the more general case v¡here n is possibly

is not needed here.

rc (Yr )
n
L

9,=L

Moyal considered

random, but that
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The probability generating functional of M is defined

glsl Es(Yr)..s(Yn) Eexp{ I ylog s (x) dM (x) } ,

AS

where

log is

and log

s is a bounded measurable complex function

the principal branch of the logariLhm when

0 ó. Defining
k +.
6 Lr 

-s=¿e¡J.
i 

-1J--I

on (X,G),

s(x) *0

G

for Gl r.. rGk a partition of X, it is clear that g det-

ermines the joint moment generating function of
(utcr) ,..,tut(cr) ) and so determines the distribution of

(ttltC,),..,M(Gr)) for every partition Gr,..,Gk. Hence g

determines the disÈribution of M. On the other hand the

distribution of M determines g because the complex or
oo valued random variable Í log s(x)dM(x) is a U meas-

urable function of l'1. To see this note that f fa(x)dM(x)

is U measurable, G € G, and the measurability of

I log s(x)dM(x) follows, in the usual way, from the linear-

ity and continuity properties of integrals. This also shows

that the generating functional of an arbitrary finite random

measure can be defined without reference to a set of random

variables Yr ,. . ,Yr, , although ITDre. rest¡ictions on S are necessaqz.

Moyal shows that, for counting processes, the generating

functional determines the symmetrised distribution of
(Yr,.. rYr) . This symmetrised distribution is equivalent to

the probabilities P({vr,..,Yn) €c=), for cs a symmetric

set in Gn, that is Gs = {(xr,..¡x¡)l(xi(r),..ixj(¡¡) €Gs}

for every permutation (i tr) ,..,j (n)) of (1,..,n) . Moyal

sets up a probability distribution for the unordered set

{Yr r.. rYn} which is equivalent to the symmetrised. distrib-

I
a
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ution of (Yr r.. rYr) . Furthermore he shows that there is a

1-1 correspondence between M and {Yrr..rYrr}; and the two

classes of sets {¡a(c)=j}, G € G, j = 0,1,..., and

{ (Yr ¡.. ¡Y¡) € G"}, Gs a symmetric member of Gn, generate

the same o-subalgebra in the underlying probability space.

Thus studying M is essentially equivalent to studying the

unordered set {Yr r.. rYr}. Little explicit use is made of

this fact but it is implicit in the proof of lernma 1 of

chapter 2 and hence theorem 7 of this chapter.

To derive the generating functional of Nr let nli

denote the o conditional distribution of x[ (t) , when

animal 1, belongs to subpopulation i. If o is constant

a.s., omit the superscript and if there is only one su.bpopul-

ation omit the subscript i. The generating functional for

N¡ in the single subpopulation and constant o situat-ion is

(ls {x) drr (*) )" i (4)

for o constant and several subpopulations

(ls {xl dnti (*) )*i; (s)

and in general

f ,1, 
(ls {x) dnl, (x) )*iau (o) , (G)

where U is the distribution of o.

Moyal shows how the probability generating functional is

related. to various moments. It is perhaps worth noting the

fairly obvious fact that, it f is a real valued measurable

function, then the mean of f f dNt or equivalently the nean of

t (xu ttl ) is
E I f dNt = í m1 Í f (x)dt¡i(x)

' i=l
where t¡i (G) = I n[, tcl du (o) .

r
IT

i=1

n
x

9.=L
(7)
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Does N+ preserve structure?

Three main classes forn distribution of N¿ have been

presented. An important question is when are these distrib-
utions distinguishable? If two different models give the

same distribution for N¡ then clearly they can not be

distinguished from observations on Nr. On the other hand

if the two models give distinct distributions for N¡ then

observation of N¡ can lead to further knowledge.

Theorem 4 analysed the structure of a CCM and in partic-

ular showed that the single and several subpopulation cases

are not confused, unless of course fiti does not depend on

i.

The next question is can the o constant a.s. case be

distinguished from the other cases? This question is answer-

ed with the help of some lemmas.

Lemma 3.

A non degenerate mixture of multinomials with common n

parameter, n > I, can not be a convolution of multinomials.

Proof

The factorial moment generating function for a convol-

ution of binomials is of the form
n
lt (ost+t¡ . (8)

9.,=L

For the special

and in the case

function is

case of a binomial this becomes (tp+t¡ n

of a mixture of binomials the generating

E (tp+I) n

where E is expectation with respect

ution for p. Equating coefficients

and (9) we obtain

(e)

probability distrib-

polynomials (B)

toa

in the
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n
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i= I
/"\
\z)Enp = r pipi.

i<j

oir\ t-t--
n') n2'lio'o'(

Ir"-t,r!, p?- ziä:p oj]

pi and E
2

Thus
2 I n

(pi-pj)'

(
\

I pi
2

ç
i= I

Up n n-1 pipj
n2 r= Ii<j

I
n n-1

I
nz (n-1)

I

2

I
trz (¡-I)

E .IT (s,pi)
r= I

t
i<j

from which it foliows that gr =..= gn and Vp = 0.

To obtain the lemma we note that the margins of a multi-

nomial, and a convolution of multinomials, are respec'-iveIy

binomial and a convolution of binomials. Furthermore if the

parameters of the multinomíal are (nrpr r.. ¡pk) the ith

margin has parameters (nrpi). Thus if a mixture of multi-

nomials is a convolution of multinomials we obtain Upi = 0,

for each i, so that the mixture must be degenerate.

The factorial moment generating function of a mixture

of convolutions of binomials is
r

E lt (tpi+r) mi, (ro)
i= I

where Pr r.. rPr are random variables, not all degenerate.

From lemma 3 it is clear that (3) can not represent a convol-

ution of binomials for all values of S = (mr r.. rmr)

summing to nÞ 2, for one can put S = ngi to show that

pi is degenerate, i = Ir.. rr. However a more interesting

result is available.

Lemma 4.

Consider probability generating functions
n

( r1)



ro2

and

ñ ("'Pi)*i (n¡
i= t

mi ;, 0, i = L,..,T. Suppose (11) and (tZ¡ are equal for

{t € M¡ U M2 where Mr ll Me = Ø, Mr and Mz consist of r

linearly independent vectors and each element of Mz is a

rational multiple of an element of Mr, then the random

vectors Bi, i = L,.. rÍ are degenerate.

Proof

Denote pij by pi, pij by pi - and put si = t + L,

si = 0, i + j to obtain the factorial momenL generating

functions

(tp¡+t) mi and (tpi+1) *i.

Equating coefficients as in lemma 3 we obtain

EImipi=Imipi

and

E (¡L*i (mi-r) ní*rl j*t*:pip j ) = lå*t (mi-1) pi + ilimimi pip j .

It follows that

U ( Imipl ) r mi(Epf-pi). + U(rmiol)

x mi (Epî-pl) .

Now if (11) and (L2) remain equal when S is replaced by

qT for some rational q + I

U(xqmipi) = I qmi(Epî-pí) = q U(xmipi);

but t/ (Iqmipi) = 9' V (Imipi) . Thus t/ (Imipi) = O. Since

this holds for r linearly independent vectors S¡ pr r.. rpr

must be degenerate.

Theorem 5

r
IT

I-

t
EI:-t- I

Suppose there is just one subpopulation,

onty be a CCM if X¿ (t) is independent of o,

then N¡ can

t = 1r..rn.
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then Nr (c) is

is the mixture

103

a convolution of l¡inom-

of binomials with gen-

If N¿ is a CCM

iaIs. However Nr (G)

erating function

E (sn[ (e) +r-nl (c) )n .

Applying lemma 3 we see that rg(G) is constant a.s.. This

holds for all G € G and so o and X[ (t) are independent.

Theorem 5 says two t.hings. First , íf it is known that

there is only one subpopulation, then it ís in principle

possible to determine environmental depend.ence of the X¿(1-)

from the distribution of N¡. Secondly the case of a single

subpopulation, with Xg (t) depending on o ' can not be

confused with the case of several subpopulations with the

xn (t) independent of o or Õ constant a.s.

In the case of several subpopulations the distribution

of Nr is still capable of revealing environmental depend-

ence of the X¿ (t) provided the numbers in the subpopul-

ations can be varied without altering the nfli or thc dis-

tribution of o. If 1r can be chosen equal to nÇir

i = Lr..,r, nÞ 2, then Theorem 5 applies to show that o

and xg(t) are independent for each 9.. By varying $ in

this way one is effectively isolating subpopulations. If

subpopulations can not be isolated lemma 4 can be uçed to

show the following.

Theorem 6

Suppose "[i and the distribution of o do not depend

on the subpopulation numbers ßrr..,ßr. Let MrrMe be as in

Iemma 4 and rrr. . ¡rr fixed probability measures on (X,G).

If N¡ has the generatirrg trr.r.tional
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for every m€Mr UMzr then Xr(t)r..rxn(t) and o are

independent.

The questions answered by theorems 5 and 6 relate to

comparisons within the structure laid down in section 3.1.

The question of the appropriateness of the structure will

often arise and in this regard the most obvious hypothesis

to test is independence ccnditional on the environment. This

will be easiest to test if the environment is deterministic

for then dependence induced by the environment is not con-

fused with the kinds of dependence one is trying to detect.

Consider only the single subpopulation case.

Theorem 7

Let xr (t) , . . ,Xn(t) be jointly symmetrically distri-b-

uted anC suppose that the measure N¿ is a continuous multi-

nomial, then xl (t) r.. rXn(t) are independent.

Proof

Let Gr r.. rGk be a partition of X. Lemma I of :hapter

2 applies showing that (t", (x[(t)),..,rck(xs(t))), 9" = I,..,n

are i.i.d. multiple Bernoulli random variables. Hence, for

any sets Gr r.. rcn € G, such that for aII i'j either

Gi = Gj or GinGi = Ø, then

p(uö, {"u (r) €cr}) = u!, P(x¿ (t) ecr) ._

It follows readily from this that Xr (t) ,.. rxn(t) are inoe-

pendent.

Note that if the animals are labelled at ra4dom then

Xr (t) ,..,Xn(t) are necessarily symmetrically distributed.

However labeIIing at random prevents the detection of asym-

metric dependence which dj-sappears on symmetrisation. Whether



suctr dependence is likeIy or interesting in

is debatable.

The several subpopulation case provides

10õ

real situations

in the detection of dependence because of the

effects of subpopulation numbers

difficulties
possible

3.3 " Joint distributions in time

The previous section consj-dered the distribul-ion of Nr,

for fixed t € T. This might be considered relating more to

the outcome of the movement processes than the movement

processes themselves. To obtain a real understanding of the

movement processes one vi/ou1d expect to have to look at joint

distributions for different time poínts.

fn some cases Nt is a homogeneous Markov process, for
example the simplest discrete space models, and the distrib-
utions for N¡ derived previously can sometimes be thought

of as conditional distributions for N¡ given Ns.

Together with an initial distribution, this information
provides the distribution of {N.,t € T}. However in general

the situation is more complicated.

If t is a subset of T define Gr to be the smallest

o-subalgebra of GT containing aLt sets of the form

Sometimes

it may be

{x e Xr l" (tl
the animals

possible to

Nt (c)

€GÌ, t€t, G€G.

are tagged individually in which case

observe random variables

rc(x.c,) , c€Gr.
n
x

9.= L

Nr (G) is the number of animals whose paths belong to G.

For fixed T, Nr is a random measure. Furthermore, aII the

theory for N¡ carries over to Nr with obvious rnodifica-

tions. Of particular note is an analogue of theorem 7.
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Theorem I

Let Xr,. . ,Xn be joint.ly synmetrically distributed

and suppose the random measure N1 is a continuous multi-

nomial for aII finite subsets t of T, then the stochastic

processes Xl r.. rXn are independent.

Often it is not possible to distinguish individuals

and Nr can not be observed when 'r is not a singleton.

Thus the joint distributjon of Nr, t€T, meaning the dj-s-

tribution of {Ntrt€T}, must be considered. As noted earlier

the sets {ntev} , v €.u, belong to A. Define ut as the set

of functions rvhich map T into U and Ur aS the smallest

o-algebra generated by the sets of the form

{{ru.,t€t}eur lr"r.ev}, t €'r, v € u.

It follows that {N¿,t€t} is 
^/U' 

measurable and so it is

appropriate to regard the distribution of {Nr,tet} as the

measule

P(iNt,t€rlev¡, v€ flr

Note that (lr is generated by the class of sets of the form

{{u¡,t€t}eur lpr.i (Gi1) €Bi j,j=I,..,ki,i=l t.. ¡p} (13)

where G1i € G, Bi¡ € Bl, tr ,.. ¡tp €'r, and ki, p are arbi-

trary non negative integers. The sets (13) are closed under

finite intersections which means that the distribution of

{N¡,t€t} is determined on the sets (13). Thus the distrib-

ution of {N¡,t€t} i-s determj-ned by the dj-stribution of

lNti (Gi j) , j=lr.. rki,i=l ,..,P] for all Gi¡ € G,

tr, .. ,tn €'r, kirp. However, as with Nt, we need only

consider cases v¡here Girr.. rGiki is a partition of X, for

each i.



When t is finite I T = {tt r.. rtp }, ti < t¡

define the probability generating functional of

AS
p

91[sJ = Eexp{. 
=r, 

,f 1o9 s¡ (x)dNr. (x) }

n
]T i si (xr(tr ))i=r

to7

for ioj,

{n, rt€t}

E f
L

where s

complex

Let

consider

represents a vector (sr r.. rsp ) of bounded

G measurable functions"

Gir r.. rGi rir i : 1r.. rP be partitions of X and

S¡ s¡jrcij
ki
Lj=r ,

where sr j is a complex variable. We obtain

s'ç[sJ E
3í' Nt¿(Gi i )sij

so that gr determines the joint probability generating

function of {Nt r (Gr ¡ ),j=Ir..,k ,i=1 t.. tP} and hence the

joint d.istribution of these random variables. Thus if r

is any subset of T then the distribution of {u, ,t€T} ls

determined by 9v for aII finite subsets v of r.

Define nT, as the conditional distribution of

{x¿(t),t€r} when animal 1, belongs to subpopulation i.

The symbols o and i are ornittecl when they are redundant.

In the single subpopulation and constant o câsê !'"'ê

have

p
]T

k
]I

grlsJ
n

En
[=t

n
l

L=

9
IT si (xr (t¡ ) )

I

E fr =, [xr(ti ))
I i=l

p
I (14)

f = I
s¡ (x¡ ) dn. (¡)

n
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where I represents a vector (xr r.. rxp ) . Clearly gr

determines r.and we have the somewhat surprising result

that the distribution of {Nt,tet} determines the distrib-

ution of {x[ (t) ,t€T ], for finite r. This clearly general-

ises to arbitrary T and so includes T. Thus rve have:

Theorem 9

If there is only one subpopulation and o is constant

a.s. then the distribution of {N.,tet} determines the

distribution of {xt (t) ,t€t}. In partì.cu1ar the distribution

of {Nt,t€T} determines the distribution {xt (t) ,t€T}.

Vühen there are several subpopulations and o is

constant a.s.

s. [s ] - rî- 1l fi s¡ (x¡ ) drti (x) ) ^t (15)
i =1 ' j =l

In general the distribution of {Nt ,t€t} does not determine

the distributions of the {x¿(t),t€t}. Consider the case of

just two subpopulations with one individual in each. Let

Xr(1), Xt(2), Xz(1), Xz(2) Ue mutually independent so that

the cistributions of fxr{r),xr(2)) and [xz(r),xz,2)) are

product measures I TÍ r x lTz and 'lI 3 x llr+ r for example. From

the distribution of {Nt ,tet} it is impossible to clistin-

guish the true set of distributions for the {xs(¡),t€t},

namely {nl*t2tT:J*n,*}, from the set {nr"n4rTr3,rr}.

The d.istribution of {trt, ,t€t} does provide some inform-

ation about the distribution of {xg(t),t€r}, in particular

it. is possible to distinguish between the single and several

subpopulation cases.

Theorem l0

If o is constanÈ a.s. then the generating functional

of {Nt ,tgt} can be expressed in the form
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(r6)

for some probability measure

not depend on i.

Proof

1T if and only if frri does

are closed. underThe sets Gr x. . x Gp belonging to Go ,

intersection, and generate GP . Thus if the

all equal there is a set Gr r x. . x Gp r € Gp

Tti are not

such that the

numbers rti (Gr r x..xGpr ) , i = Ir.. rr, are not all equal.

There are sets Grj x..x Gpj €Go, j = ?r..rg, where q is

some positíve integer, such that Gr.¡ x..x Gp j , j = Ir..,g
forms a partition of XP.

Fix j for the present and define s¡ : Ic¡ j then

equating (15) and (16) we find I
n(Gr¡ x..xGp j ) = {,n, lnt¡ 

(Gr j x..tGn, , ]*t}
which expresses IT as a geometric mean of the other measures.

However the geometric mean. is strictly less than the

arithmetic mean unless the numbers being averaged are all-

equal. Thus
t

t =, =f, *{,=;,ni îTti (Gr¡ "..*Gn, ) }', f, {,!, [rr, (Gr¡ *..*Gr, ) ]-t]
q

=r=Xrn(Gr¡ x..xGp.¡ ) = 1.

The contradiction (1>I) means that the r.r¡ do not depend

on i when (15) and. (f6) are equal.

Vthen environmental dependence is allowed {N, ,t€t} has

generating functional

s'[sJ = Í,it,(Í, i, =, (x¡ )dn[. txl )-'du(o) (r7)

The distribution of {Nr,t€t} is capable of revealing

environmental dependence of the X¿(t) rt€tÌ, i'n the case of

a single subpopulation.



Theorem 11

If there is only one subpopulat.ion and

can only take the form (16) if {Xø(t),t€t}
of o.

Proof

ïn the case of a single subpopulation

nÞ 2 then gr

is independent

110

(r8)gtIs]

Let Gr x..x Gp €GP and si

equal

, f, =' t*, la'î) du(o)JU
Io, then if (16) and (18) are

f{,.: 
(c, *. . *Gn , 

}" 
uu ,o, (tr (C, x. . tGp ) )

n

However applying Jensenrs inequality we obtain

J'i ,Gr '. .*Go )du (o) . 
{J tnf {c, *. . "Gr ) l" au ,",}* =n(Grx..xcp)

(1e)

with strict inequality if n[ {e, ,. . rGn ) is not constant a. s.
with respect to U.

Now let G1¡ x..x Gpj, j = 1r..rg form a partition of
Xp . Substituting in (19) and summing we obtain

I

I < , =Io, {f ,'i(Gr¡ x..'Goi ) l"uuto)}i = r

and since the inequality is strict, lf any trf{Crj x.."Gp¡ )

is not constant a.s.r wê conclude that each nf{Crj x.."Gp¡ )

is constant a.s. For any set G' x..x Gpr e7p there are sets

G1¡ x..x Gp¡ €G' , j - 2,..,q, so that Gr¡ "..î Gpi, j = lr..rg
forms a partition of Xp . Thus n[ {C, r x. . xGe r ) is constant

a.s. for all G1 1x..x Gpr €Gp which means {x¿(t),t€.r} is
independent of o.

V'ihen there are several subpopulations and S can be

varied to take on the values ng¡ , i = Lr..,r, theorem II
applies to determine environmental dependence of the
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{xu (t),t€t} provided the nl, and the distribution of

o do not depend on S.

Tf the environment ís kept constant it is not generally

possible to telI whether {x[ (t¡ ,t€t], 9" = I,..,î are

independent from the distribution of {N, ,t€t} even when

the distribution of (Xr ,..,Xr, ) is symmetric. Theorem 7

does not generalise to cover the {x¿ (t) ,t€'r} and {N, ,t€r}
as the following counter example shows.

Consider the discrete space model 2d. or 2c. Let

Yt ,..,Yn replace X1 ¡.. ¡X¡ in that model and furthermore

suppose P(vt(O)=t) = I for each 9". Now let ZL(L) be

the .0'thorder statistic of (v, (t) ,..,y,, (t) ) and

(itrl,..,j(n)) a random permutation of (1,..,n) which is

independent of the ZL. Define Xg = Z¡(t). {N,,t€'r} has

a generating function of the form (16) and the {X¡(t),t€t}
are symmetrJ-cally distributed; but the {xu (t) , t€r } are

generally highly dependent. Exceptions occur when r = {t}
or r = {0,t} which are both cases of independence.

In some cases restrictions more stringent than synìm-

etry enable the distribution of {ñ ,tet} to indicate in-
dependence of the XL. Theorem 3 of chapter 2 is an example.

3.4 The limits of the distributi-on of Nt

It was pointed out in chapter 2 that if the o con-

ditional distributions of the Xt (t) convergef, as t + -,

then the distribution of N(t), in the notatíon of that

chapter, converges to a mixture of convolutions of multi-

nomials which variously simplifies according to the depend-

ence of these conditional distributions on o and the sub-



populations. However it is certainly possible to obtain con-

vergence to a convolution of multinomials without convergence

of the o conditional distributions of the X¿ (t) . To see

how this occurs consj-der the simple discrete space discrete

time model 2d. Let the transition matrix P have all states

communicating and aII states periodic with period 2. If half

the animals start in one phase and half in the other then a

limiting convolution of multinomíals results with generating

function

'((å,å), IBl] '')
where lpí = lim p2' and \pL = lim P2"*t.

n ->@ -r" - n ->æ

However pr * p, and so the distributions of the X¿ (t) do

not converge.

This example, although somewhat pathological and not

really of much interest in the movement situation, indicates

a need for a more general investigation. The first task is

to show that no distributions outside the class of mixtures

of convolutions of continuous multinomials can appear.

In order to discuss convergence in distribution we need

to use the theory of weak converglence of probability measures

as presented by Billingsley (1968) and Parthasarathy (1967) .

Let D be a complete separable metric space and D the

o-algebra generated by the open sets, that is, D is the

Borel sets. Denote by C (D) the set of aII real valued

bounded continuous functions on D. A sequence of probability

measures {n-} on (D,D) is said to converge weakly to a prob-

abitity measure r if and only if

rL2

fdn-+ fdn (20)



for aII f € C (D) . This convergence is denoted by

Equivalent definitions of Tm + rT are

Iim inf r-(c)) n(c) for all open G c X
m->æ
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Tm4,IT'

and

lim n,,, (G) = fi (G) for all. continuity sets of fi.
m->æ

Continuity sets of TT are defined as follows. Let GeG,

G is the closure of G, Go the interior of G and

ðG = õ - Go is the boundary of G, G is a continuj-ty set

of r if and only if r ( AG) : 0.

A set iI of probability measures on (D,D) is said. to

be tight if for every E > 0 there is a compact subset Ke

of D such that r(Ke) > t e for every n € II. Tightness

is important because it is equivatent io relative compact-

ness so that, if Ii is tight, then every sequence in II

has a subsequence which converges weakly to a probability

measure.

The general structure set down in section 3.1 gives the

distribution of (N, {ct ) ,..,Nt (cr ) ) as a mixture of convol-

utions uf multinomials. Only mixtures of convolutions of
multinomials can appear as limiting distributions.
Theorem 12

A sequence of mixtures of convolutions of multinomials

has a convergent subsequence, in the sense that all the prob-

abilities converge, and the limit is a mixture of convolutions

of multinomials.

Proof

Let D

with row sums

be the space of k x n non negative matrices

1. D can be regarded as a subspace of the

R'u with the Euclidean distance. D is then ametric space
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separable compact space and D consists of those Borel sets

of R'k which are sutisets of D.

The generating function for the mth element of the

sequence of mixtures of convolutions of multinomials is

J,Ë , (pí s) du- (P)

where U- is a probability measure on D. {U-} is tight
because D is compact and so there is a convergent sub-

sequence {U.1"¡}. If the limit j-s U then

(Br':¡dur (*¡ (e) (gi:) du (P) ,

since for fixed g ,I, (9,':) € C(D). For discrete distribuL-
ions, convergence of the generating function is equival-ent

to convergence of aIl of the probabilities and so the

theorem is proved.

Note that in theorem 12 the parameter n, corresponding

to the number of animals, is the same for each of the mix-

tures of convolutions of multinomials in the sequence. This

assumption holds throughout the section, in particular all
members of any set of MCCMs discussed are assumed to have t-he

same parameter n.

Simple corollaries of Theorem 12 show that the structure
of the distribution of Nr (Gl ) ,. .,Nt (Gr ) is preserved in the

límit.

Corollary 1

A sequence of convolutions of multinomials has a con-

vergent subsequence whose limit is a convolution of multi-
nomials.

Proof of Corollary I

+l+I+

Ur (m) is concentrated on a single point
Aproved by Pa-thasarathy (1967, Iemma (a) , p.40)
,t

X¡ (m) . It is
'that since
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Ir (m)=+ U

point x.

Corollary

A sequence of rnultinomials has a convergent subsequence

with a multirromial limit.

These results settle the question of the kinds of limits

avaj-lable for the distribution of Nr when G is a finite

o-algebra. When G is infinite it. is not clear that the

limits given by theorem 12, for different partitions

Gr r..,Gk¡ will be consistent, particularly if an infinite

number of such partitions are considered simultaneously.

Additionally some oddities arise

Consider the case where there is just one animal and X

is R2. Let xr (t) = (t,0) r so that the animal moves off

to the right. Xr (t) does not have a proper limiting distrib-

ution and there is no MCCM, with n = I, to which the

distribution of N¡ converges in any reasonable sense.

However if G1 ¡..¡G¡ is a partition of X then there is a

Gj , and a sequence {t-}, t^ } -, 'such that Xr (t-) € G¡ r

for each m. (¡q. (Gr ),..,Nt," (Gr)) has the same distribution

for every m and so certainly has a limiting distribution.

This distribution is a multinomial with n = 1. Thus there

appear to be quite marked differences i-n the possible limit-

ing behaviour of the distributions of (w, (Ct ) ,. .,Nt (Gr ) )

and Nt .

A separate theory is needed for the discussion of poss-

ible limiting behaviour of the distribution of N¡ . In part-

icular some hlay of defining convergence of the distribution

of a random measure is required. In the theory I presentra

random measure whose distribution is the limit.ing distribution

then

The

2

x, (*) + x and U is concentrated' on the

corollary now follows.



of N¡ has M(X) = n a.s., where Nt (X) = n. This

that the possibility of the escape of any animals is
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means

exclud-

ed. In Some cases it would be quite useful to have Some

animals possibly escape but it is not in line with the rest

of the theory which assumes that a fixed population is

always observable. Jagers(1974) gives a theory of converg-

ence in distribution for random measures where Nt (X) and

M(x) need not be the same, in particular Nt converges i¡l

d.istribution when tì = t and Xr (t) = (t,0) . See al.so

Harris (1968 ,Ig7 -) for a more general an"o.y.

Let X be a complete separable metric space and assume

G is the Borel sets. For example , X could be a ctosed

subset of a Euclidean space, Rn, P = Lr2, or 3, with the

usual metric or X coul¿ be an open set in Rp with the

metric d(x,y) = l*-yl*lr(x)-f(y)1, f(x) = L/j-nf{1"-vllvflx}-

In both cases G consists of the usual Rp Borel

subsets of X (Keltey , 1955, p "207) . The second example

is of interest when the animals can not reach the boundary

of X.

fn this sectíon U and U are given new meanings, but,

as we shall see, the new meanings are hardly any different

from their former meanings.

Let u be the space of all probability measures on

(x,G). From Billingstey (1968) there is a metric p on u

such that weak convergence is conveïgence according to this

metric. Furthermore, with this metric U is complete and

separable. If u is the o-algebra generated by the open

sets of u then the theory of weak convergence of prob-

ability measures applies to probability measures on (U, U) '



Occasionally it is necessary to

topology on U. It is not difficult

given by the sets of the form

Lt7

refer to a base for the

to see that a base is

{r€ul l/fi d.r-Ifli dvi I 1 ei ti=l, . . ,k} QL)

where p is a non negative integer e1¡..¡Eç ) 0,

fr,..rfr € C(X) and v1¡..¡v¡ € U. This base is obtained

from a sub-base given by Billingsley (1968, P-236). The

topology on U is called the weak topology. Jagcrs' theory

uses the "vague,' topology which is defined by specifying

compact support for f1 , ". ,fv in the base (2L) and U is

simply the space of measures which are finite on compact sets.

Jagers also needs X to be locally compact but that is not

required here. The approach of Flarris produces a similar

topology by replacing the compact sets in the definition of

the vague topology by more general sets-

Iìecently Kallenberg (1975 ) has shown how weak con-

vergence in distribution, oD the space of finite measures

with the weak topology, is related to weak convergence in

distribution on thi-c same space with the vague topology.

One approach to our questions here is Lhen to use Kallen-

berg's ideas and well known results for the vague topology.

However I have chosen to make the presentation self con-

tained because the results are not difficult to prove, I

do not need local compactness' and lemma 7 has not appeared

elsewhere because ít is false for arbitrary finite random

measures.

The results we obtain concerning Nt are bri'ef1y

1. If N¡ is a CM, CCM or MCCM then the only available

limiting distributions are respectively C$s, CCMs,

or MCCMs. Thus the finite time structure of the

model is preserved in timiting distributions. This
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does seetn intuitivel-y obvious but it is pleasant to

know that intuiti-on is correct.

2. Relative compactness of the distributions of N1 is

determined by relative compactness of the distributions

of the X[ (t) or alternatively by relative compactness

of the set of measures { ENt } .

3. Weak convergence in distribution for N1 is equivalent.

to the weak convergence of the symmetrised distribution

of (xt (t) ,..,x" (t)) which immediately explains the

discrete space example with which this chapter opened"

Taken together we have a complete characterisation of

the possible limiÈing behavj-our of Nt. under the model of

section 3.1.

For each fixed u), I u, {.,ur) belongs to U and since

n is fixed the theory of weak convergence of probability

measures on (UrU) can be used to study convergence of the

distribution of N1 . First we must show that the distrib-
'l

ution of ä U, , as def ined in 3.2 ,. is a probability measure

on (u, u) .

If g is a bounded non negative G measurable function

define gu to be the mapping ï Þ |gðlt for n € U. Thus

gu is a function on U.
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Lemma 5

If g is a bounded non negative G measurable

function then gu is U measurable.

Proof

If g € C (X) then, using (2L) , gu is continuous and

hence U measurable. Let F c X be closed. Then from a

well known theorem (Billings1ey's theorem L.2) there is a

uniformly bounded sequence {g,,} in C (X) satisfying

Iim g. (x) = rr (x) for all x € X. Applying the dominated
m->@

convergence theorem we have

fim gH (TI) = rH ("1 , for all n € Ur so that IH
m->æ

is U measurable.

The set F , of closed subsets of X, is closed under

finite intersections and G is the o-algebra generated by F

Let H - {ceC I r! is u measurable}. clearly F c. H ¡

X€H,'G,H€H and GcH implies H-G€Hi and if cm is an

increasing sequence in Hr U G^ € H. Thus theorem 2, the

monotone class theorem, applies and H = G

Lemma 6

If U is the o-algebra generated by the sets of the

form

{n€UItr(C, ) €Br , ..,Tt (Gr ) €Br },
Gr,..rG¡ € G¡ Br,..rBç € Bl, then

(22)

where

Proof

U = V.

Lemma 5 shows that VcU.

Any g € C (X) can be approximated uniformly by a sequence

of simple functions {g",}

9- T d-¡ Ic .,
mJ

Gmj €. G.
I

gUU
mThe g are [/ measurable , { gH } uniformly approximates
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and so gu is [/ measurable. It follows that the base (2L)

is a subset of V.

For every point v of an open subset V of U there

is a set Vv of the form (21) with v € Vu c V. Since V is

open ulu Vv = g. Since U j-s separable and Vv is open

there is a countable subcollection {Vv*rltr=I ,2,...} such

that U Vr- = $. Hence every open subset of U belongs to
mvm

U and so UcV. U:V.

Lemma 6 shows the distribution of -| t, r âs d.efined in

section 3.2, is a probability measure on (UrU). Next rve

need a characterisation of t.ightness of sets of probability-

measures on (U, U)

Lemma 7

Let II be a set of probability measures on (U, U) then

I is tight if and only if the set

I={r€Ult(G)=,fn(G)dU(r), for all c€G and some p€II}

is a tight subset of U.

Note that r(G) = rf(n) is a U measurable function of T.

Proof

Assume

IT(K-) >I -fr+

For U€lI

f is tight. Choose Km

for all t € I. Define

compact so that

{nln(K-)< t-*r}.Gm

T (K-) +

Putting

fo-n 
(K-) du (r) f.*'(K.) du (n)

r r-fiu
and so

from which we conclude

(t-*r)u(c-)+ t-u(cn.) >r - *-

ææ
x u(c") < rp=m'.p=-

r (G-l . *,
I
þz

Gp

/ø
(, y-

Hence

Bm = oö-c;
c
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we have

Now B^

for all

Bm r 8n.,,

u(B,") > r for all U€II
@'l

p=m P'

is a tight set since, for

p)m, and Kp is compact.

is compact.
æ1

u(B-) >1- I i, for aII
P=M P

n€B^, T(Kp) t1-1,p'
Thus the closure of

þ € II,

which means II is t,ight.

Assuming IT to be tj-ght choose a 
_compact 

set Be c U

such th.at U(Be) > I - e for aII U € il. Since Be is

compact, it is tight and there is a compact set K6 c X such

that n (Ke) > 1 - e for every r in Bg. Hence if

r(c) = /n(G)dU(n) r so that t € I, then

t (Ke I > I"rn (K.) du (r) > (r-e ) 2, showing that f is

tight.

The final lemma needed is a characterisation of weak

convergence of probability measures on the space (U, tJ) . This

relies on theorem 2.2 of Billingsley (1968) which I relate as

theorem 13.

Theorem 13

Let R be a subclass of U such that

1. R is closed under finite intersections and

2. each open set in U is a finite or countable union

of elements of R. If Þmr U are probability measures

on (U, U) then u," (v) + u (v) for all v € R implies

llm + Þ.

Lemma I

Let M-, m = Lr2r...t and M be random probability

measures on (X,G). rf thä distribution of the (Rr,Bt)

valued random variable gu (M*) converges wea\Iy ,tc the
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distribution of gt (¡l) , for every g € C(X) , then the

distribution of M- converges weakly to the distribution of

M.

Note that weak convergence of probabitit.y measures on

(RurBu), where the metric is the Euclidean distance, is

equivalent to the ordinary notion of convergence in distrib-

utj-on given by convergence of characteristic functions"

The proof of lemma 8 is based on the ideas in Billj-ngs-

ley (1968, p.15).

Proof

gu (M,,.,) converges in d.istribuÈion to gu (M) for every'

g € C (X) . Thus writing g = t1 f1 +..*t¡f¡ ¡ for arÌ:itrary real

tr ,..,tr and ft ,..,fr € C (X) we see that (fY tu-) , -. ,tY (u-l )

converges in distribution to (tl t¡ll ,..,fY. (M) ) . Let rmrr

denote respectively the distributions of (tf {u,,,) ,..,fY (¡4',) )

and (rTtr"l ,..,fY(M)). rf B is a Borer set ín Rk for

which t ( ðB) = 0 , AB is boundary of B, then r- (B) -+ t (B)

as m + oo. Thus, defining V - {n€Ul (fY(r),..,fY(n))es}

and Umr u to be the distributions of Mn and M, then

u," (V) -> u (V) .

Consider the sets W of the form

{n€Ull /ftdr-,ffidvil(err i=I,.-,k} (21)

for fi €C(X) , Ei ) 0, vi €U. Let R dénote the subset of

W consisting of finite insections of sets of the forln

{ n€u ll rran-rfdv | <e }

v€U, f €C(X), e>0, for which

u{n€ulf fran-ffdvl=s1 = o. Q3)

Let B = Brx..xBr, Bi = (.ffi dv¡ -ei , ,ffi dvi *e¡ ),

i = lr..rk, and suppose (23) holds for each (f¡ rv¡ rei ),
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then in the previous notation r(ðBi ) = 0, where

Now ð (cnD) c ACU AD so that{ (xr,.. ¡X¡ ) enu lx¡ €Bi }.
we have r ( AB) : 0. Defining

v= {neul (fÏ tn),..,r1 (n)) en} = {n€ull /r, an-,ffi dvi l.u,,i=l,..,k}
we see that U,,, (V) + U (V) . Hence Un, (V) + U (V) for every

V € R.

If v and f are fixed then the sets

{nevlf ftun-f rav | =e ]'J
are disjoint for varying e. Thus (23) holds for all but

countably many e. It follows that R is a base for the

topology on U and so every open set is a union of elements

of R. However U is separable and so each open set is a

countable union of elements of R. Applying theorem 13 we

see that U- + U.

It is worth noting that there is a converse to lemma I
namely if the distribution of M- converges weakly to the

distribution of M then 'gt (Mn,) converges in distribution

to g(M-), g € C(X) . This holds because, for each real Ll

exp{tgtr € c(u) and so E exp{tgu (M,.) } -> E exp{tgu (}4) }.
From lemma B and its converse it is easy to see that

the generat.ing functional of Nt converges to a generating

functional, pointwise for each s having 1og s € C (X), ilf

and only if the distributio¡r of N1 .orrrr"rnes rveakly.

The generating functional of N, can be wrj-tten

I , t, (/" (x) dn¡ (*) ) 
-t du, Q4l

In (24) Ut is a measure on the space (U, , [f, ) where U.

is the space of probability measures on (X' , G' ) and Ll,

is the Borel sets arisi-ng from the topology of weak convergi-

ence in U, . Ut vanishes outside the set II¡ of product
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probability measures on (X' , G' ) . îr1 , . . ,1r¡ correspond to 
,

the margins of a measure on (X' ,G') so that an element of
II. is expressed î = IIr x..x'¡r .

X' is a complete separable metric space, because X

is, and G' is the Borel sets for this space. It follows
that U, is a complete separable metric space.

We need a little theory concerning weak convergence of
probability measures on product spaces (Bi1lingsley Lg68,

p.2Lr22) . If {n" } is a sequence in U, then rm ,+ ,rT

if and only if ?T-(Gr x..x6. ) + fi(Gr x..xGr ) whenever Gi is
a continuity set of the ith margin, i : L,..,r. The it.h

margin is of course the measure ,r( 
t ) (G) : n{ (xr ,.. rx, ) lx¡ eci .

If lrm = ltrnX..X'nr m then Tm =+ fi if and only if fri - + n(t ),

for each i, and fi = n(t ) *..r.rr('l These results show that
II, is a closed subset of U, and a subset f of U, is
tight only if iTtt' ln€fÌ is tight for each i. AIso if
K1 ¡ . . ¡ K¡ are compact subsets of X, K1 x. . x1ç, is a compact

subset of X' and

that f is tight.
Theorem I4

t.ight for each i

f

L tt(t)(xi). It follows

The distributions of N1 form a tight set if and only

if the measures r¡ (G) = ,fni (C)dUt form a tight set. Further-
more the only possible distributions to which the distribution
of N¡ converges weakly are MCCIvIs.

Proof

From lemma 7 the distributions of Nt , t € T are a tight.
set if and only if (iff)

t| f N, ] is tight. (Ell. means the measur.e ENt (c) ,c€G)
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if f {* 
T 

t", ,f n¡ dp, } is tight
iff {t¡ = Iri dut } is tight for each i
iff {'r = ,f nr X". XlT¡ dUt } is tight
iff {u, } is tight..

The last line implies that there is a subsequence

{Ur ,,'} converging weakly to a probability measure U on

(U, ,U, ) . II: is an open subset of U, so that
0 = lim inf ut,"{[i) > v(iT,"). Thus U vanishes

outside II, .

For positive s € C (X) the generating functional is a

bounded continuous function of Þt so that
I ' , -m, I ¡

'J ,T, (rs{x)dni (*))'t dut - * .J ,T, (/=(x)dni {x))*'a¡,.

The right hand side represents an MCCM. Furthermore writing
s(x) = ""t*), f € c(X) we see that .ffdu,- converges in
distribution to /fdM for every f € C (X) , where lvt is an

¡4CCM. Thus from lemma 8 the theorem ís proved.

. It is easy to see (c.f. corollary 2) that if Nr is a

CCM(CM) then the only limiting dist:ibutions available ere

CCMs (CMs). Thus the finite time structure is preserved in
Iimiting distributions.

The remaining question is when does the distribution
of Nt converge? The answer j-s not surpiising in view of
the relationship between N¡ and the unordered set

{xt (t) , .. ,x, (t) } studiecl by Moyal.

Theorem 15

The distribution of Nt converges weakly if and only

if the symmetrised joint distribution of X¿(t), [ = 1,..,n
converges weakly

(c. f. Kallenberg I L975, exercise 4.4 )



Assume that defined on (CIrArP) there is a rand.om

permutation (i tf ) ,..,j (n)) of (1,..,n), independent of

ð(t) = (xr (t) ¡..¡X¡ (r)). Define ys(t) : xj ( ¿¡ (t). The

distribution of Y (t) is the symmetrisation of ttre distrib-
ution of ð(r) ; Nt (G) = uË, rc (yt (r) ) .

ïf the distribution of I (t) converges weakly thcn

E 
¿ü, = 

(v¿ {t) ) * E ¿t, " 
(Ys) , for some random vector. Y

taking values in (X",Gn ), and s € C(X)_. Thus for al1 pos-

itive s € C(X)

Proof

E

where M(c)

t26

(2s)

[t oe s(x)dwt(*)+ 
E 

".ftoe
s ( x) dM( x)e

= 
uË, 

to (Y¿) ' Hence the distributi-on n N, con-

verges weakly to that of M.

If the distribution of Nt convel:ges weakly, then by

theorem 14, the 1j-miting distribution is a MCCM and. so there
are random variables y1 ,. r ryr, such that M defined by

M(G) = rrç (Y¿) has this limiting distríbuti-on. without ross

of generarity Y1 ¡.. ¡Y¡ can be assumed to have a symmetric

distribution.

If log s € C (X) then E exp{.f tog s (x)dn, (x) }
+ E exp{log s (x) dM(x) } so that

n

E r,I, " 
(vu ttl )

n-}E ]I
L= , s (Y¿)

However any non negative s € C (X) is uniformly approximated,

arbitrarily close1y, by functions, s, satisfying
1og s'ec(x), and so (251 holds for all non negative s€c(X).

Define s = uË, ^u=u 
, s.q, € C(X) , s[ non negative and

Àt

and

a non negative real number, then (25) holds for this

n
I s (x¿)

9.= t
-(!
_L

j uü, 
À, ( .Q.) sj , u¡ (xs)

S



where the sum is over aII functions j : {1r...,n} -+ {Ir..,n}.
n/

Thus E ^lI_ s(vs (t)) is a polynomiat in À1 ,..,À,, which con-9"=t \

verg:es to the polynomial t ut, s (Yt) for non negative

Àr , . . , tr,, and so the coeff icient, ct ¡ of À, .. À,, in
E ¿i, " 

(vs (t) ) converges to the coefficient, c, of Àr . . À,,

nin E ¿!, s(Yg). Since the distributions are symmetric

t27

andc=n!E s.o" (Ys ) .C1 : n! E s¿ (v¿ (t) ) r,ü,!,!,
Hence

uo!,=¿(vr(t))*tuü, ss{Y¿), (26)

for non negative s¿ € C (X) , which trivially extends to
arbitrary s¿ € C (X) . This is sufficient to prove weak con--

vergence of the distribution of (vr {t) ,. .,ys (t) ) to the

distribution of (Yr ,.. rY,, ) . I am not sure where this is
proved but in any case (26') impJ_ies

P((vt (t),..,Y,, (t)) e Gr x.."cn) *p((yr,..,y,,) € Gr x..xGr),

Gg a continuity set for the distribution of yg,, as folrows.
Suppose

j jn

I , r.r( (v ¿) ),e,=JT*, s ¿ (Y¿ )E ¿U. r"o (vr (r) ) r=ï*r sr (vu (t) ) * E e. (27)
for Gg a continuity set for the distribution of yL,

9" = I,..,j and s¿ € C(X), f. - j+I,..,n. Choose s¿ non

negative, 9" = j+1, .. rn and s¡ + 1 = 1. Without 1oss of
generality assume that the R.H.S. of (27) is positive. The

probability measure
i-njn

n, (G) =EE,r"t(Y¿(t))rc(Y¡*r (t))u=Jt.r=¿(yr,ft))/EL\t ro¿[Þ(t))u=ti. ror(ve.(r)),

defined for t sufficiently large, converges weakly to
i 11 / j ¡r

r (c) = Eu{, rc a.ße,) rc (Y.¡ + r ) il s'(Y, ) ,/[
,f, *'i-1.?,''I'o,/ 

¿ 
lj, 

tti¿(t' 
Ì=T, r*c("¿ 

)

Tlrus (27) holds for j + I replacing j . Equarron \¿v t

proves (27) for j = 0 thus (27) holds for j = n, which

means that the distribution of (v, (t) t..tyn (t)) *to the

d.istribution of (Yr ,.. rYr, ) .
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Limits of joint distributi ons

The theory for N1 applies equally well to Nt * .r,

where t + r = {u+tlu€t}, for finite or countable r
because xp is a complete separable metric space with Bore1
sets Go, p- L,2r..r*. Furthermore, since Nr, t€t are
the margins of N., in the case of finite t tightness of
{Nu , u€t+r, t€T} is equivalent to tightness of { EX, .,. r , t€T}
and so some of the theory for Nt * r can be modified to
apply to {Nu,u€t+r}

However when 'r is uncountable, the situation is more

complicated, for restrictions must be praced on the sample
paths of the xp,; but weak convergence for arl finite subsei.s
of r can still be considered.

3.5 Constructio n of models from Markov processes

fn the discrete space. models random substitution of the
time parameter was found to be a convenient wayifintroducing
variability of various kinds in movement processes. There
are obviously many other ways such variabirity courd be

expressed. However this method has the advantage that it
has an interpretation in terms of the behaviour of the
animars, which means it is amenable to experimentar testing.
Also this method. is very simple, and leads to reratively
tractable mathematics .

Following a simirar approach to that in the discrete
space moders, exampres of the probability space (CI,A,p)

will be constructed from homogeneous l"Iarkov processes. The

construction depends very rittre on Markov properties ancl so

also applies to rnany other processes.
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isAssr¡re tLrat the

the Borel sets.

Definition

has a topology for which G

T is [0,-).

space X

The set

A stochastic process {X(tl ,t>0} is homogeneous lr4arkov

process if there is a function p on [0r-¡ x X x G such that

1. p(t'x,.) is a probabilit.y measure on G for fixed

L>0, x€X.

2. p(t, . ,G) is G measurable for fixed L> 0, G €. G.

3. p(t+s,x,G) = tn(t,y,G)p(s,x,dy), x€X,t,sÞ0
4. P(x(t+s)€Glx(u),u(s) = p(t,x{s),1) , L, sÞ0, c€G.

The function p is called the transition measure.

For the later discrete space models, in additíon to

randomisation of time, the matrix 0 was allowed to vary.

The latter variability is of an essentially different nature.

Two homogeneous Markov processes will be said to be of the

same type if the transition measure of one process can be

transformed into the transition measure of the other by a

linear time transformation t '+ cx Et where o is a fixed

positive number. If two processes are of the same type then

they will be said to evolve at different rates if a, * 1.

The only differences between homogeneous Markov processes of

the same type are the rates at which the processes evofve

and the initial distributions. The partitioning of variation

into differences of type and differences in rates, developed

in chapter 2,wiII be extended to the more general case.

One reason for restricting consideration to homogeneous

Markov processes is the simplicity of the defínitions and

interpretations of differences in type and differences in the

rates of evolution of différent processes. Another reason is

that homogeneous l"larkov processes are frequently .suggested as
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models for animal movements.

The result of the construction is easily suÍlmar-

ised. V,Ie simpty write X¡ (t) = y L(at ttl ) where condition-

aI on zL, the .Î,th animal's phenotype, Yg is a homogen-

eous Markov process independent of Ag. Ay has the form

Ag(t) = A(trs[,o,zg) where A is a fixed function, sg,

represents the random activity of section 2.4, and o is

the environment. (Yr ,zr rs1 ) ,.., (Yn ¡z¡ rsn ) are in-

dependent and zx has distribution pi if the Î,th animal

belongs to subpopulation i. In this way we obtain a gen-

eralisation of section 2.4 and a probabilitlz space satis-

fying the general structural model. Unfor'+-unately the

construction which follows is a little tecirnical.

Recall that Z is the space consisting of the pheno-

types of the animals and Z is an appropriate o-aIgebra

for this space. With the.ith subpopulation associate a

probability measure pi giving the distribution of the

phenotypes of animals in the ith subpopulation. We want the

phenotype of the ani¡nal to determine the probability distrib-

ution of a Markov process and in addition it. will be converr-

ient if the Markov processes can be assumed to have right

continuous sample paths. An element x of X' , or equiv-

alently a function x : T + X, is said to be right contin-

uous if lim x(s) = x(t) for every t € T.
s*t

Let X* denote the subset of X"t consisting of right

continuous functions and G* the o-algebra {X*nGleeCr}.

ff , defined on some probability space (f2o,Ao,Po) ,' there is

a homogeneous Markov process Yo = {yo (t) rt>-0} having

Yo (.,r¡) € X* for all to € flo then it is easy to see that Ys

is Ão/G* measurable; and there is a homogeneous Dlarkov

process Y defined on (X*,Gx,r) , T(G) = Po (Yo€G) for G € G*,
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such that Y has the same distribution as ye. Specifícally,
Iet Y be defined on X* by the formula y(t,x) = x(t) ,x € X* "

Y is G*/G' measurable and, for G € Gr, n (y€G) = Tr (GnX*)

= Po (Yo€GftX*) = Po (yo€G) . Thus y¡ and y have the same

distributj-on. Y is a homogeneous Markov process because

Ye is, and of necessity Y has right continuous sample paths.

The construction of the process y shows that there is no

loss of generality in restricting consideration to processes

defined on (X*,G*).

Brumenthal and Getoor (1968 section r l.) show that the

existence of a right continuous version of a Markov process

is a very weak requirement and certainly includes all cases

of interest in the study of animal movements.

Assume that there is defined on the space (z,Z) a

random probability measure ñ={i(e,z), G€G*,2€Z}. For

each fixed z the measure fr (. ,z) is a probability measure

on lX*,G*) such that Y is a homogeneous l4arkov process.

The other part of the definition of a random probability

measure says that fr (C) is Z medsurable for fixed G € G*.

Thus for each phenotype there is a basic Markov process from

which the movement processes of the animals will be con-

structed. For different values of z, fi (. ,z) may represent

Markov processes of different types. However it is desirable

that if i (. ,z) and fr (. ,z') represent lrlarkov processes of

the same type then they are equal because differences in

rates of evolution are represented in another way in the

present construction. In the discrete space model.s the

restriction trace Qy = 1 was a natural way of preventing

variation in rates of evolution which applies independently of

type. Possibly sirnilar methods can be found in other situ-

ations.
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Also defined on (z,zl is a random funct.ion A of three

variables t€T, s€S and o€ E. A(t,sro) wilt be used

for random time substitution in the basic Markov process to
give differences in rates of evolution and t.o interpret the
effects of random activityr .s, and the environmentt a.

To provide the random activity and random environment we need

probability spaces (S, q, 0) and (8,S, U) . It is assumed

that for fixed L, A(t,.,.)is 2*S x7/Br measurable, and

furthermore for fixed s, o and zt A(trsro) is an increas-
ing function of t.

since the construction becomes rather complicated if
many individuals are considerci simultaneously, from this
point r sharl give the construction fo'r just one individual
and indicate at the end how it is modified for many individ-
uals.

For each fixed z € z define r as the probab.ility
measure ñ x Q x U on (X*xSxE,G*xQxS). For G€G*, e€e,
F € S , r (GxQxF) is Z measurable since the set of al-I such

product sets G x Q x F is closed under intersection and

generates G* x QxS. The monotone class theorem (the.rem 2)

applies to show t.hat t(B) is measurable for aII B € G*r2tS.

r has the

and so the

of a regular'conditional distribution

t (B) dpi

properties

equation

P (Bxv) = I
Jv

defines ? as a probability measure on the set A = G*"Qxgx Z

Let f¿ = X* x S x E x z. Define random variables

Ygrsy¡Õrzg on (QrA) by Yt(trXrs,atz) = Y(trx) = x(t),

s¿(x,sra,zl = s, o(x,sro,z) = o, zy(x,sro,z) = z.

CIearIy Yt (t) ,sy ¡a ¡zy are respectively A/G, A/Q-, A/S and

A/ 7 measurable. Furthermore for each fixed o € Ç),

Y!, (' ,r¡) € X*.



i-n Rl. A¿(t) is a non negative random variable on

We can now define Xs (t) : Y[ (as ttl ) . The process

is A/G' measurable.
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To set up the movement process Xg suppose that ü is

a non negative random variable on (Q,ArP) then Y¿ (o,) is
an (X,G) valued random variable on (Q,A,P) . To see this
define cxm = [mcr+l],/m where [a] is the greatest integer

{vt (o,n) €G}=, Þ, {v¿ ( )/n) eercx- = j/n}. *in Y¿ (o-) = y¿ (o)

because Y.t ( . ,ur) € X* for all o € CI. Hence Y¿ (cr) is A/G

measurable. An analogous proof shows that Yg", as a function
on 0 x [O r-) , is A x Bt measurable. Define A[ (t) as the

mapping (x, s ,a,zl è A(tr s,o,z) , where Bt is the Borel sets

(tì,4, P) .

xg

To derive conditional- probabilities for X¿ define

C(z) = { (x,s,o) €X*xSxEl (*,= ,o,z) FC}. If C = B x W,

B€G*xQxS, W€ Z then it follows oirectly from the defin-
ition that t (C( zy)) , which equals t (B) Iw (2fi , is a

version of P(Clzg). The monotone class theorem now applies

to show that r(c{zy)) is a version of Prclzs) for all
C € A. Furthermore the conditional probability measure

t (c ( zs)) , c € A, is regular. Defining

C(srÕ,2) = {xgX*l (xro ¡stz)€C}

ít follows that ñ (c (s¡ r o ,zy) ,zn) is a regular conditional
probability measure given (sg,o,zg") . With this result it.
is clear that, conditional on (s¿,o,zy), Xg is a non

homogeneous Markov process. Let c - {x¿€G} for G€Gr.

For o€8, z€ Z define

tt(G¡o,z) = Í t(ctstarz))ao{s).

Then ?T (G¡o,zg) is a regular cond.itíonal distribution for
Xg given (o,zg) .

For n animalsr ITri in each subpopulation consider a
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nvector (ñrr..rñr,)

such that
ñj (Gtztt..rzn)

of probability measures defined on Z

For fixed (zt ,. . ,zn)

T = ñrx..x ñr," Qtt x U

and P(exV) = I, r(B)dpfr x..x pl"

where V € 2", B € (G*) * 2" " S. Defj-ne, by abuse of notation

at times, cù = (xr , .. rXn ¡S1.'¡ .. rSn ¡ 6 tzt t .. ,znl ,

Y¿(trt¡) = x¿(t), sp,(u-r) = sg, zx(a) = ,tr. cl(o) = ot and A¿(t)

as the mapping o Þ A(trs¿ ,o,zy) . Now define

Q= (X*)"xS'xExzn, A = (G*)"*Q"*Sxzn

Finally x¿ (t) = x!, (a¿ (t) ) .

If the function î is defined as before it is not

difficult to see that

i(G,z¡)r G€.Gr,

e z" d.efine

and (zt ,.. ,zn) e Z"

n

nI, n (Gs¡o 
'zs)

which is Sr' of section 3.1. Thus the constructj.on has

been successful.

3.6 The population is a sample from a large finite population.

In this section P and E are given the subscript n

to indicate the dependence of Èhese quanÈities on the size of

the population.

Suppose there is a very large pcrpulation of animals

whose movements we wish to study. Because of physical lim-

itations we tag a number of these and this nunber, althorrgh

possibly large, is still small comparecl with t-he -total popul-

ation. This is a colrrmon situation, for example in DrosophiLa

dispersal studies (Dobzhansly and Wright, 1943, Crumpacker

and [^Iilli-ams, 1973) and in fish migration studies (Jones,

19s9) .

P(s!, {xsec¿} lo,z1, ..,2n)
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Frequently the data are analysed as though the animals

in the tagged sample have independent nrovements, without
providing any justification for this assumption. Thus an

investigation of the kind of dependence expected between the

individuals in the sample is warranted. rt is alsc¡ interest-
ing to see if the earlier theory of this chapter is of any

use in the present setting. rn particular we will seek an

example of a sit.uation where the animals in the sample are

approximately independent even though they interact with
each other and the rest of the population.

The intuition behind this exampre is that if an individ-
uaI interacts with many other ind-ividuals then some l-aw of
large numbers may be in force making the effect of these

interactions approximately determinj-stic. The indj-vicluals

in the sample then appear to have independent movements.

Suppose that the sample is random, in the usual sense,

as is often regarded highly desirable. If there are m

animals in the sample they har-e movement processes Xr ,.. rX-

which are jointly symmetrj-caIly distributed. Without any

loss of generarity we can think of the movement processes

Xr ,.. rXr,, for the entire population, as symmetrically dis-

tributed. The random measure pn = | *, can be thought of
as an empirical distribution for the x¿. AIso if c€ (Gt)"

P"((xt,..,x")ecllur) = #ltotX¡ r,),..,xj <nl ) = Hn (G)

the stm being over all permutations' j of (Ir.. rn) .

The easiest way to see this is to use the result of Moyal,

mentioned in 3.2, that the o-algebra with eiements

{ txr r . . ,xn ) €G, }, G. being a symmetric element of (Gt )n

equals the o-algebra A (Nr ) qenerated by N1. It is then
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obvious that H" (c) is A (Nr ) measurable and if A € A (Nr )

E,rHn (G) I¡, = EnH,., (G) Ic, (Xl ,.. rXr, ) , G, symmetric,

= # ì E" to (x, ,, ) r..,Xj (,1 ) rc. (x, r, ) r..,X¡ r.l )

=#I B( (xr""'X")€GnG-)

= P"( (xr,..,*n) e cnc,).
= P,({ (Xr ,..,X,') e c} n a) .

The random probability measure Hn is a regular conditional

distribution for Xr ,. . ,Xn given . Nr 9 pn .

We can write

P" ((xt ¡.. ¡x¡ ) e c) = E,,H" (c) (28)

Hewitt and Savage (1955) give the result that any symmetric

probability measure o, can be represented (uniquely) as an

integral
I

oA = I ñ (A) du (n) (29)
fp,,

where Pn is the space of all T = + i rti t rT¡ is a O-Inl
probability measure, fr = # I n,, r) x..xîT¡ 1n) r rvith )

varying over permutations; u is a probabitity measure on

Pn. Note that for fixed values of Xr r. . rXn, Hn belongs

to P,, and (28) and (29) are essentiall the same; the main

difference is that H; is a random measure on the basic

probability space (Q,A,P) whereas ñ is not.

Define Ho, -(Gr x..xGr,.) = H,r (Gr x.. G,.xXrt..'XT) . HewitÈ

and Savage show

lHr,, -(G1 x..xG.) m-1m

]I (ro¡
t" n

Thus for small Xr ,.. rX- are approximately independent'

conditional on p^, with common marginal distribution Pn.

Let X be a complete separable metric space and G as

in section 3.4. In the sequel we shall assume that

s
n t
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f = {0,1,...} in which case Xr is a complete separable

metric space ivith Borel sets Gr. rf T + {0,1,... } then

the theory applies t-o countable subsets of T and also

applies when Xr is replaced by a subset which is a complete

separable metric space.

Let Ur be the space of probability measures on

(X' ,G' ) and Ur the Borel sets generatecl by the topology

of weak convergence on Ur. If U,, j-s the distribution of

Ptt then fr:om (28) and (SO¡

I P" (xr €G9", L=I ,. . , m)
tn
]I

Eng(P" ) t t, {x, ) f n,') (i j t, un)du (n)

= { E. g (n. I (ir, (xj ) -îjr¡ dp" ) }

i tJøt",TJr, dndu,, (,,)- g(Tr)iJr, anau(n)Ì

we ded-uce

^m-1 ( 31)n

This statement is of particular interest for it. indicates

that when m/n is small the joint disÈribution of Xr ,.. rXn,

is close to a mixture of distributions of i.i.d. random var-

iables. The latter is equivalent to the most general kind

of dependence induced by the environment. Thus the theorems

in sections 3.2 and 3.3 relating to the dístincticn between

environmental dependence and independence would appear to be

approxirnately applicable to the situation assumed in this

section.

Now'suppose Un :+ U in (3I) then the distribution of

Xr ,.. rX- converges weakly to 'r defined by

t(c) = f n^(c)du(n) , c€ (Gr)"'.

Moreover, considering the joint distribution of P' and

Xr ,.. rX- on the space (tXtl'xUr (Gt)-xur), v¡e find that

this distribution converges weakly to P defined by

P(cxV) = [ n'(G)du(n), G€ (cr)', V€ U (32)
JV

This result follows from the equation

9"
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are bounded continuol:s functions

defined on the appropriate spaces and we make use of the

fact that Hev¡itt and Savagesl

out essential change to show

proof of (30) extends with-

lJ+ t,dr{n, m '}Jrr dp,, l= + , ror lr, l< r

From (32') we see that, in the limitÍng distribution,'

Xr , . . , X- are i. i . d. conditional on fi. It seems appropriate

to reqard. the randomness of IT as a result of random envir-

onment and interaction betrveen indivicluals. Of particular

interest in the present stud.y are situations wltere Tr is

constant conditional on the environmenti Xr ,.. 'X,', are then

i.i.d. conditional on the envrronment. To study these cases"

l-et us assume that the environment is deterministic, then we

simply look for situations where fi has a degenerate dis-

tribution or equivalently the limiting distribution of Pn

is degenerate. First we note that Xr ,..,X* are asymptot-

ically independent with common distribution 'rI¡ if and only

if p,, converges irr distribution to 116. This is len'ma 9.

Lemma 9.

The joint distribution of Xr ,.. rXn, converges weakly

to nf; if and only if Un + u where u({ne}¡ = 1.

Proof

The rrif rr part of the statemenL is proved. above. For the

"on1y if" part, the hypothesis implies

E,,f(xi)f(x¡) + (Ifð,ro¡z far f €c(xr), í+ j. (33)

Ivloreover the convergence is uniform in (i, j) because of

the symmetry of distribution. Now .f fdp' = * I f (X[) and

*{"!ät(xs)-/rdn,}'J*i-^ (r(x¿)-/rdne) '*,,!*,E, (r(& )-/rano) (rt4 l-/rdiTo)

= þ^ (r t><, ) -.tfdno ) 'z+iln:Ð-E" (f (& ) -,f rdno ) (r tx, ) -/rano )
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Thus using ( 3:; \^/e have

E" (,f fdp'-"f fdno ) 2 + 0 as n -r æ.

since this holds for all f € c(Xr), lemma g yierds Hn +ur

u({no}) = t.
To obtain a situation where Xr ,..,X- are asymptotic-

ally independent postulate that the .[th anima]-'s next move-

ment is dependent on the current and past positions of
itself and the other animals, but in the presence of this
information, its next movement does not depend on the next

movement of the other animals. Furtherliore assume that this
dependence on present and past positions can be expressed

continuously in terms of X.c, (n) ,. . ,X¿ (t) and pÍ') defineci

bv pll"ì = * , !, t. ¡", (0) ,..,x¡ (t)) , t ' beins the present-

This dependence on pÍt ) is slightly more general than

dependence on past and present normalised densities of the

population. If Ut is the space ef probability measures on

(X' ,Gt ) , with the topolojy of weak convergence, the model

can be stated precisely as

I. P" [xg (t+I) €cs ,L=I,..,mlx¿ {s) ,s( L,9,=I,..,n)

= uÏ, P"(xu(t*r) ec¿ lxu (=) ,s( t,pÍ'))

2. For every t there i's a mapping

y('), xt*t* ur*r* Q'> [or1]
such that
p" (x¿ (r+r) €clxs(s),s* ¡,eÍt' ) = rt " ("u(o),. .,xs"(r),pÍt),c)

and the mapping
' 

(xo r..rxt rîr)r+y(t)(*o ¡..¡x1 r1Tr.),(xo,r..rX1 )€Xt*t, tr€U.*,

is a continuous maoping of Xt 
* t 

" U, *, into Ul .

For there to be any hope of asymptotic independence of

the XX we must have asymptotic independence of the X¿ (0)

or equivalently convergence in distribution of pÍo) to a
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constant. we shall impose this condition and then see if 1.
and 2-, which concern the joint behaviour of the animars,
are sufficient to give asymptotic independence of the x¿.

Theorem 15.

Let 1. and 2. hold. If the distribution of pÍo' con-

verges weakly to a constant then the joint distribution of
Xr ,..,X- converges weakly and in their asymptotic distrib-
ution Xr ,.. rX* are i.i.d.
Proof.

Induction on t is used to show that {xg(s),s< t},
9, = Ir.. rr are asymptotically i.i.d. with common distrib-
ution n(t), say.

Lemma t holds with {x¿ (s) ,s( t} replacing Xt,,

9, = 1r.. rn thus the case t = 0 is a direct consequence.

If {xg (s) , s( t}, 9" - 1, . . ,Ít are asymptotically incle-

pendent with common d.isLribution n( 
t ) then l-emma 9 implies

that plt' converges in distribution to ,r( 
t ) and we also

have convergence of the joint distribution of {X[(s),s( t],
9. = 1r..ril and p:t]

If f €C(X) then the mapping n r+ Ifdr, n€U1 , is
continuous. It foltows that the mapping

(xo r..,xt ,îr) È> /f (x)y(') (xo ,. . ¡x¡ rnrdx),
(xor..txt tn) €Xt*t *Ut*, is continuous. Norv if
fr r..rf-.€c(X) t gt t..r9m€ C(Xt*1) then

m
En .rr f t [x¿ {t+r) )gr, (xr (o) , . .,x¿ (r) )

9'= t

= * 
rü, 

gr, (xø (o) , ..,xs (r) )rr¿ {x) y(' ) (x¿ (0) ,. .,x¿ (r) ,pÍ-t' ,a*)

m* 
uI, 

Ígn(n t.. t\,1 (ttu(*)y(." (rb, ..,\.,r(t),d*))dn(t' (rb,..,& )

Defining the probability measure fi( t + I ) on (*' *' ,Gt 
*' ) by
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n(t*r) 1H*c) J"rtt) (*o,..rxt rn(t) rG)dn(t) (xor..rx,)

and using results in the proof of theorem 15 we see that the

joint distribution of {xt (s) ,s< t+1}, !" - 1,. . ,Ít converges

weakly to (nt t * t' ) 
*.

From the definitj-on of îï( t + 1) we see that regular

conditionar probabilities for one time given previous times

exist. Thus by theorem (c) of Ionescu (L949) there is a

probabílity measure r(r) on (XtrGt) -such that
n(t){x€Xrl(x(o),..,x(t))ec} = r,-(t) (c), c€Gt*1, t€T,

that is the n( t ) are finite dimensional distributions for
n(t). It is now clear from Bi1lingsley (1968, p.22, problem

7) that the joint d.istribution of X, ,.. rX- converges

weakry to (n( r) , 'n.

Perhaps the greatest weakness in the conditions I. and

2. ís that the conditional probability does not depend

directly on nbub only indirectly through p:t' . A useful
gerieralisation might replace y( t ) by yÍt' where

yÍt) + ''r(t) in some sense.
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4. FINDING MARKOV PROCESS MODELS

The general discussion of chapter 3 was concerned with
the joint structure of the movement processes for a popul-
ation of animars. The models of that chapter vrere struct-
ural or qualitative as lvere the conclusions derived from
them. To ans\^rer more detailed questions about movements

the movement processes must be specified more precisely.
The purpose of this chapter is to look for ways of gener-
ating suitabre homogeneous lr{arkov proce.sses from which

more detailed models can be buirt using the construction of
section 3.5.

Markov pïocesses are frequentJ-y suggested as models

for animal movements. rf y is a stochastic process in
discrete t.ime giving the movements of an animal we can

speak of Y(1) y(O) , y(2) y(1),... as ,,steps,,. Markov

process moders for animal movements have their origin in
the idea of a random walk where each step is independent

of previous steps. rn non homogeneous space the appr:op-

riate generarisation is that the next step depends on pre-
víous steps only through the current position which means

that the process is Markov. skellam (1923) explains the
origin of Markov process moders from random wark ideas, and

examples are given by wirkinson (L952), saila and shappy

(1963), Siniff and Jessen (1969).

A homogeneous Markov process is about the simplest
process imaginabre for animal movements. Generally a

Markov model ignores random inhomogeneities in time and

differences between individuals. rn the latter respect
it essentially conditions 

"" the phenotype. The theory of
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section 3.5 suggests ways of constructing more g,enerar

types of processes.

since the t.ransition probabilities, together with an

initiar distribution, specify the distribution of a Markov

process it is the transition probabilities or the operator
derÍved from the transition probabilities, with which we

shaIl be concerned. rn the search for Markov t,ransition
probabilities and methods of generating them we keep in
mind that the purpose is to develop models. we are not
looking for "truth" but reasonabre descripti-on. rt is
desirabre to obtain the transition probabirities in a form

which enables them to be

I. interpreted in the biological context,

2. modified in the 1i9ht of further knowledge since this
will almost always be necessary,

3. used for estimation of unknown parameters and testing
the mode1,

4. used for calculating probabilities and means of
functions associated with the movement process, which

are of interest.

This chapter concentrates on criterion 2, because

animal movement can be very complicated especially in a

fierd situation where inhomogeneities in the environment

are important. This is not to say that we shall seek to
take account of every detail but just to maintain suffic-
ient flexibility in modelling to accommodate the more'

important details.

As part of criterion 2 íL is of particular interest

to obtain the transition probabilities in a form which
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facilitates the application of the model constructed in
section 3.5. We are not particularly concerned that we

sometimes obta.i-n transition operators only applicable to
discrete time processes since it is possible to develop a

discrete time version of the model of 3.4ra1though admj.tt-

edly the discrete version will sometimes be clumsy.

4.1 Self adjoint transition operators.

In the application of the discrete.space models it is
useful to have P in the form G 

^ 
G- I which is a spectral

decomposition of P regarded as a linear operator. In a

general space setting, using the notation of 3.5, suppose

that the transition measure p has an invariant measure n ?

that is

p(t,y,G)dr(y) n(c), (1)

which implies

dr (y) f (y)dn (y) . (21

It is prssible to proceed with an arbitrary invariant
measure but since we are assuming that animals do not escape

it is appropriate to impose the restríction that ?T is a

finite measure and we can then assume that T is a prob-

ability measure. The measure fi is an initial distrib-
ution for which the Markov process with these transition
probabilities is stationary and. in many cases rT appears

as a.limit, in somÉ sense, of p(trXr.) as t + -.

Let Í2 (X,G,r) = Í2 (r) denote the real Hitbert space

{f lf is real valued, G measurable and |fzd.t¡<-}, with inner

product <f ,g> = lfgð,n. As is cústomary we regard elements

of l'(tr) as equal if they are equal a.s. (n) . Define

I {lr(x)p(t,y,ax)}



pt f (*) f(y)p(t,x,dy)

From (1)

with iE-) an orthonormal sequence in !, (n) and
('rE*) E- representing the projection operator
f + <frE-> E-. We can assume go = l.

L4ú

(3)

(4)

so that

(6)

J e'ran = j tu.,,

using Jensens inequality (n' r(*) )' < pt f 2 (x)

applying (4) with f2 replacing f we have

f ,n' r) 2dn < ! *an.
Thus Pt is a bounded linear operator on t, (tr) and has

norm r since Pt 1 = r. The fact' that pt is a linear
operator on !'(r) is widely recogni=á, see for example

Foguel (1969) . We shall call an operat,or, derived from

transition probabilities in tnis way, a transition operator.,
with the definition p0 = the identity r it fotlows

from the Chapman-Kolmogorov equation (¡. of section 3.5)

that the family of operators pt, t € T, is a semigroup.

The best known spectral decompositions of semigroups on

12 (r) are avai-rable when pt is self adjoint. Then, from
Goodrich (I972),

-r IP' = | o'¿r(p). (5)
'l'1' ll

where E is a spectral measure in the sense of Halmos (195f)

except that our spaces are real Hilbert spaces. When

f = [0,-) , E is supported by [0,1].
For simplicity we shall consider only the case where

(5) reduces to

Pt 1'rE lì1
a
9m

ø
-t=À0'''

m=O
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If the process is in continuous time then

g^ > O and we can replace p- by "-À-, l* = '1og pm. 
I

There are opportunities for generalisation of the discussion

of t.his chapter beyond the case where (6) holds for one could

consider (5) or the decompositions given by Dunford and

Schwartz (L97]-) or generalisations of the decompositions

of D.c. Kendall (1959 a and b). However the situation (6)

is the only case where I know useful examples..

One might regard equation (6) as revealing how the

operator works, but whet.her this will be biologically inter-
pretable is another matter. It is fairly simple to see the

operation of the model of section 3.5: Assuming that there'
is no variation in the type of process or alternatively con-

ditioning on the type

EIE- (xttl ) lxt0):><] = E-(x) | "-r-'ay(,r)J

where y is the distribution of A(t)rand thesubscript 9"

has been omitted. r.f. the initial distribution is absolutely

continuous with respect to Tt ¡ and f € Jt , then

Elr.a(xttl)lxt0)=xl = î ["-i*"uy(u) <f,E-> E-(x).m=O )

The sum on the right is mean sguare convergent with respect

to Tr and therefore converges in probability with respect

to the initial distribution of X.

If the initial distribution of
Etrs(xttl)lxts)=xl - r f - Àttt u

X is Tt then

dyt, . (u) <f , E^> En' (x)e

where yt, s is the distribution of A(t) - A(s) , and if
A has stationary increments it is not difficult to see

that X is a stationary process. We can use the statistics

1
l,t

M--l
x

t=O
Ej(x(r))E,(x(t+s))
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and

I [* Ej (xttl) g, (x{t+s))at¡a Jo

as unbíassed estimators of .fe-À¡ " dyo, ,. (u) . Chapter 6

discusses other ways in which the representation (6) is
useful in estimation and hypothesis testing.

Most of the clesirable properties of the represent-

ation (6) stem from the functional calculus available
for operators in this form (Dunford and Schv,rartz, l_956).

The model below provides a further demoistration of the

utility of the represe¡rtation (6).

Processes dependent on movements

Suppose an animal performs some activity inhomogen-

eously in space. If we want to know j:he arnount of thj-s

activity that has been performed it is probably a good idea

to look at movements. A1tèrnatively we might be inLerested

in some spatially inhomogeneous effect that the environment

has on Lhe animal. For deflniteness assume we are interest-
ed in the animal's use of a resource.

If U(t) is the arnount of rescurce used by time t
postulate

Á

Ë u(t) = t(xltl) , 0)

f is real varued and G measurabre. The model essentiarly
assumes that the resource does not becom.e more difficur.L to
find locally, because of use, and also the animal does nc¡t

alter its ef forts to obtain more of the resou.rce. 'such a

model míght apply in some situations when the anima.L con-

stantly experiences a relat.ive, but not absolute shortage
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of the resource. However it might also appry when there
is no shortage but the animal is stíIl constantly in need.

The model of section 3.5 is assumed with no variation
in type- Also it i-s assumed that the ani-mar has been

present long enough for the initial distribution to be r
and for A to have stationary increments.

Let f e t2 (Tr), (f ,E_) = ß-. Since the initial dis-
tribution is stationary

. EIr[x(r))lA] = f tun = ßo

Define i = f - ß0. When E> s

c(ñ[x(s)),f(x{t)) la) = r{i(x(s))rti(x(r)) lx(s),aJ la}

ß,i,8- exp{-À. (A(t) -a(s)) }an

= -1, ß,3 exP{-À- (A(t) -A(s) ) } '

If (0t _. is the Laplace transform of A(t)-a(s) we obtain
c(t(x(s)),r(x(r))) = _!, et-, (À-)ßn2,

usins tlre facr rhar Etr(x(r))lAl = Ef (x(r)) a.s.
If A is continuous in probability it follows that en (À,,,,)

is a continuous funci:ion of h. Now le" _, (À,n) | <

since 
-=i, 

uå < oo the dominated convergence theorem. applies
to the sum 

*=ir"n 
(À-) ßå showing that it. is continuous in

h. It now follorvs f (xf tl) is cont.inuous in mean square

and we can define
¡t

u(r) = | t(xtul)au
Jo

where the integral is interpreted as mean square convergent.

We have

E u(t) = t-ßo

@

x
m

=Jr
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and

c(u(s),u(r)) I
J -I, ", ,, -" I (À* ) ß.]'dudvI

) o o

f, I, e,,-'r(À"')dudv
@: rßi

m=1

The assumpt.ion that U(t) is a determinístic function
of X is somewhat unrealistic. To include some randonr

variation we can model the conditional moments of U (t) as
¡tEtu(t)lxl = [ r(x(,r))a,,
Jo

and

c(u(s),u(t)lx) = j. e(x(u))au , s( r¡ where

the integrals are assumed to exist al- least in mean square"

The covariance structure represents the situation where the

rate of resource use is independent at every moment, that is,
conditional on X, U has independent but non stationary
increments. Essentially the variation in use of resource

is local in time and is also local in space if the animal

does not remain in one place for long periods. LeL ß- be

defined in terms of f as before. We obtain

E u(t) = tßo

and

c(u(s),u(t)) = s lg¿n + î l' rs

It is not difficult to extend these results to obtain
means and covariances for a total U(t) = -i"U¿(t) of the

l'= !

resource use of n animals in the same space. Consider

just a single subpopulation with dependence betwee¡r indiv-
iduals only appearing through dependence between- the Aø.

VrIe have

E U(t) = ntßó

and c (u(s) ,u(r) ) = 
ol u, c (ut (s) ,ug, (r) J .
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Now, conditionar on A¿ and A.c, the processes xL and

xg.., are lndependent and so u[ and tL, are conditionally
independent. Thus C (u¿ (s) ,u¿, (t) lAsA[ì = 0 for t, + L, .

Furthermore E I Us (t) lan ,At' f = tß o a. s .

and so from the expression

c (ut (s) ,us,(r) )

= e c (u¿ (s) ,ur,1t) la¿,atì + c (EIII¡ (s) la¿ ,Ay) , Etus(t) la¿,asl)
we conclude C(ug(s),us'(t)) = O. Hence

c(u(s),u(t)) = nc(u¿(s),u¿(t)) .

There are many ways that the situa'Lion can ne maAe more

complicated preserving the kind of results obtained above.
fn the next section we look at ways of oJ¡taining

Markov transition operators in the form (6) from diffusion
processes.

4.2 Mode1s based on diffusion processes.

By a diffusion process I mean a continuous time homo-

geneous Markov process for which the state space X is a

subset of Ro, d - Lr2, or 3, the sample paths are contin-
uous functions, and the transition probabilities satisfy the

backward differentiat equation
¿r.n,.,x,y) =r,r!roi.¡ (")ã-5* ô(t,x,y) * Ìu, txl¡} ô(t,x,y) (B)

where ô(t,x,.) is the density of the transit.ion measure

p(trxr') with respect to Lebesgue measure. The operator
¡2s = , ,!, o¡¡ (x) # - Ì rr¡ (x) #

is calIed the differential generator of the process. We

shall consider S as an operator on the space C2 (X) of
real valued functions which are twice continuously differ-
entiable and satisfy the reflecting barrier condition
.K át L5o N

, 1965 ) n (x) 'I (x) Vf (x) = O, for x belonging to
the boundary of X, n(x) being the normal t.o thå boundary
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ar x and v rhe vecror varued operaror (th, .,"h).
Thus we restrict consideration to processes with reflection
at the boundary described by this condition on the domain

of s. stroock and Varadhan (1971) consider a more general

class of boundary conditions.
Diffusion processes have a strong intuitive appeal fo_r

modell-ing animar movements because they have cont-i-nuous

sample paths and can be obtained as limits of random wa1ks.

The parameters of the process I (x) = (oi ¡ (x) ) and

U(x) = (U, (x),.. rlld (x))' have a very natural interpretatiorr
as local means and variances, Defining

xÊ, *.(t) = x(t) r( _., 
"t 

( lx(t)-xl)
we have u (x) = 

l*rån È t,Xr, * (t) -xlx(o)=xl
and

x (x) = tf* È u (Xr, * (r) lx(o)=*) .
t*o L '

However probl.ems arise in applications because the

differentiar equation (8) is very difficult to sorve in ar1

but the si-mplest cases. Numerfcal-methods are available
(e.9. Ames (1969) ) but those methods which present the

solution simply as arrays of numbers corresponding to
values of ô(trxry), at a finite number of points, are not

really very useful for our purpose because it is difficult
to extract structurar and analytical information from such

solutions. Later we sha1I consider more informative numer-

ical methods.

For a large class of diffusion processes a decompositj-on

of the form (6) is availabte. we use the theory ot f5äf#*
(Lg64, L965) . #ffi" imposes regularity conditions on S

and X which are stated below in a slightly specialised

form
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1. x is a closed boundecl region of Rd with a simpre

boundary ax which has a continuously turning tangent
hyperplane.

2. r (x) and u (x) are analytic functions of X1 ¡.. ¡X¿

at all points x = (xr ,... rxo ) € X.

3. X (x) is positive definite 
"

4. rhe vecror A(x) .= t-r(x)[2u(x)-Ì U, I *; ",; 
(x)]

is irrorarional, rhar is ,| O ,-, = ãf o, ix) .

Ke ( LsoN
As noted by lCi-e+s'en' condj-tion 2. can be' weakened substan-
tially. However rather than search for the weakest con-

ditions under which J#å#.,= resulrs hold we sharl símpty
note that stroock and varadhan (r97L) ,required very much

weaker conditions than 2. in their construction of diffusion
processes with boundary conditions.

condition 4 entairs that there exists a rear valued
function U on X such that VU = A

â(*) = "u 
(x)/ [ "u(*)d*'Jx

Letting n be the probabirity measure having density fi

wíth respect to Lebesgue measure ,then C2 (X) can be thought
of as a subset of f2 Or) and it is also easy to see that
it is dense in t2 (r). Thus S is an operator on ! 2 (r) ,

and., using the conditions above, åfffi* rr." shown that s

is self adjoint. Thus the semi group pt of transition
operators on r'(r) generated by S, and arising from the
sorution of (8), is self adjoint and so saLisfies equation
(5). rn many cases we would also expect the discrete
decomposition (6) to pertain. This is the case for alt
one dimensional processes satisfying the conditions above

¡(elL5g1rr
(lcåe¡'sentL964) and for some general exampres given by
KørL5o ñ¡

¡êefson (1965).
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that {tþbe+ started wi.bh the Kolmogorov forward

operator L which wedifferential equation and derived an

can define as

Lf (x) = n (x) Sf (x)

by r:si¡g the conditj-ons r. to 4. 'above. The resurts ir, ãfffi'"
paper are expressed in terms of L but it seems more

natural to work with the differential generator s.
When the representation (6) is available for pt

KEIL es,.¡
+<-Ëefs.e+ shows that the sequence ß,, = I9g pn and the

sequence En may be characterised as

ßn = sup <Sf ,f> = <Str, ,En)
where the supremum is taken over all .f € C2 (n suctr that
f is orthogonal to Eo ,.. tEn_t and <f ,f> 1=lf l) = 1.

Note that Eo = 1, po = 1, and 8,, € C2(X). tr+äsugg-
ests the use of this characterisat.ion as a numerical method

for estimating the ß,. and En by maximising over finite
dimensionar subspaces rather than the whole space c2 (x) .

This is the basis of the no\¡/ popular Rayleigh-Ritz method

of estimating eigenval_ues and eigenfunctions (e.g. Wein-

burger, 1974).

rn the Rayleigh-Ritz method one chooses a finite number

M, say, of linearly independent functions fr ,.. rfy in an

appropriate subspace of t'(n) and. the eigenvarue-eigen-
function problem

sE=ßE
is replaced by the eigenvalue-eigenvector problem

sryt *' = ß( 
M) 

AMv( 
M)

where

and A¡a

yt ") € R", sM is the M x M matrix (<sf¡ ,f¡ ,)
is the matrix (<f¡ ,f¡ r). Weinberger (1974) shows

Note
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that the estimates ßlnt' satj-sfy ßÍ"' <

discusses the choice of the f¡ and the accuracy of the 
ì

esrimares ßÍtt' and EÍnn' = i rÍT) r, , yÍ"') b"ins the

eigenvector corresponding to the eigenvalue ß:"' .

The numerical procedure. for estimating eigenvalues

and eigenfunctions of linear operators, known as the

finite element method, is the Rayleigh-Ritz method with
a special choice of the functions ft rfr,.. rf¡y1. Strang

and Fi-x (1973) give an introductory account of this method.

The fundamental assumption inr¡oIved in the discussion

above is thaL A is irrotational. Next we consider a

number of examples of models basecl on .posturated animar

behaviour where this assumption ho1ds.

Markovian kineses.

Fraenkel and Gunn (1940) set up a classificat,ion of
animar movement behaviour on the basis of the kind of move-

ment response to environmental stimuli. They define a

kinesis as any undirected nrovement response to a stimulus,

that is, the stimulus simpty causes a change in the rate of
some process associated with movement. Fraenkel and Gunn

recognise two different kinds of response.

1. Orthokineses: the stimulus causes a change in speed

of movement, but not direction.
2. K1inokínesís, tir. stimulus causes a change in the

rate of turning.

We shall mo'dél the stimulus as changing continuously

over the space so that if an animal is at a point x in the

space it receives a stimulus which is a function of that
point. We shall not consid.er the property of accommodation
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sometimes associated with klinokinesis because it is
essentially non-Markovian j-n character unless accomrno-

dation takes place very quickly
For a Markov process in continuous time, speed and

rate of turning are not necessariry defined. as functions
of the sample paths. However this does not particularry
ìîatter since continuous time Markov processes are onry

expected to be valid as asymptotic approximations to other
processes. Tn the ratter processes speed and rate of tu:rn-
ing may have reasonable definitions, see, for example, the
moders of chapter 5. The transition probabirities of the
Markov processes wilr be used. to interpret the idea of kin*
esis. The methods of chapter 5 can be used to construct
distinct models of orthokinesis and klinokinesis.

Suppose X is a subset of Rd (d=I,2, or 3). If
B c X, x € X and H is an orthogonal matrix define
x * H(B-x) to be the set {x+u(y-x) ly e n}. rf an animails
movements are governed by kinesis one expects that

Z (x (t) €x+H (B-x) | x {o) =x)

should not depend very much on H for t small, that is,
when the animal has not had time to move very far, aII
directions are approximately equivalent. This idea is
expressed precisely in the following definition.
Definition

A homogeneous Markov process X

every x in the interior of X and

uous f

is a kinesis if for
every bounded contin-

f (x+H (y-*) ) p t t,x,dy) -f (x)lim
r+o

I
E

does not depend on the orthogonal maÈrix H whenever it

(B)
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exists for some orthogonal H.

If X is a diffusion process then (B) exists for
whenever f € C2 (X) and the value of the limit is then

Sf(x) . For arbitrary H and f e C2 (X) the value of
is

U' (x) H'Vf (x) + HX (x) H, . VV , f (x)

(8)

the matrix valued ope::ator

A"B means .I.a,jb¡j, for
t r J'

A - (ai ¡ ), B = (bi¡ ) . Since the value of (B) does not

depend on H for all f € C2 (n we must have HU (x) and

Hx (x)H' indepenclent of H which can only be true if
u (x) = 0 and I (x) = o2 (x) r. rn this case

ln - .vo2(x)¿r - oz-kf

= - V 1og o, (*).
Thus A is irrotational with U - Iog o, (*) .

Movement in response to a potential

Kiester and Slatkin (L974) describe a deterministic
moder for movement of iguanid lizards in a one dimensionar

habitat . Bhe lizards move in such a way as to max-

imise free time after performing essentiar activities, feed-
ing and interacting with conspecifics. This free time is
space d.ependent. As is our custom we wirr ignore the

interaction or assume that there are sufficient animars

present for the interactions to be essentially deterministic
in the sense of section 3.6 . The basic i-dea of K-iester and

sratkins I model generalises to the case where direction and

rate at which an animar tends to move is determined by the

relative attractiveness of different praces which is des-

cribed. by a potential function h. There is no ,r""¿ to

l{=I

where VV' is
the notation

(#å') and

two matrices



assurîe that maximisation of

a possible mechanism.

A plausible diffusion

in response to a potential

I. U(x) =

If the local variance

2.

l6 ,f

free time is involved but it is

process model for anj-ma1 moving

funcÈion h is

cVh (x)

is not affected by the potential

we have

f (x) = o2I where

,Now A(x) = 2co-2Vtr(x)

a positive constant"

clearly irrota-

o2

which

IS

is

tional.

Rosen (L973) has proposed a diffusion model for chemo-

tactic bacteria which agrees with 1. and 2. In his case

h = l.og s where s is the concentration of the chemotactic

agent.

Passive movement by currents.

Suppose that the animals are carried passively by

water or air currents and their own movements, which are

non directional, are superimposed on the displacement due to

the current and do not d.epend on positíon in space. An

appropriate diffusion model is U(x) = V(x), V being the

velocity of the current and I (x) = o'I, for some constant

o2. For this. model the vector A is irrotational if and

only if the current is irrotational..

4.3 Other methods of generation and modification of self
adjoint transition operatorg.

In this section we look at. other \¡/ays of

Markov transition operators. in the form (6).

are not exhaustive and are intended primarily

generaÈing

The met.hods

to indicate
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the kinds of methods one might emproy. rn many situationg
it will be appropriate to employ a combination of these

methods.

Bivariate distributions and Markov processes.

Markov processes can be obtained from bivariate
distributions and there is a relationship between the

theories of bivariate distribut-i.ons and Markov transi-tion
operators.

Let X be a Borel subset of Ru, d = f-,2, or 3 and

G those elements of ßo , the Borel sets in Ro, which are

subsets of X. With this restriction,. (X,G) is a Borel

space in the sense of Breiman (1968, p.79) and we can use

this fact to infer the existence of regular conditional
distributions. The possibilities for (x,G) include all
measurabre spaces which are 1ike1y to be of inLerest in
the study of animal movement.s. parthasa*n" Ãg67 ) provicles

the necessary theory for a more general presentati-ôn"

If t is a probability measure on (X2,G2) we shall
say that t is a bivariate distribution for the random

variables Yo,Yr : X2 -+ \ defined by

(xo rxr ) = (Vo (*o rxl ) ,Yr (xo r*, ) )

for all (xorxr) € X2. Given r hre can use the theory in
Breiman (1968, pp.77-79) to infer the existence of a

function q: X xG+ [O,t] ivhichis aregularcondj-t.ional
probability measure for Y1 gíven Yo as defined in the

introduction to chapter 2. hle can use q to define Markov

transition probabilities p(t,x,G), t € T - {0,1,...}r âs

follows
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p(0rx,G)

P(trxrG)

= ro (x)

= 
Jn tt-r ,y ,G) 9 (x, dy) .

By well known resul-ts (e.g. Revuz , L974, p.l6) p is a

transition measure of a Markov process with state space

(X,G). The transition operator is given by
I

P = lt tvl q (x,dy)
J

On the other hand let X be a homogeneous Markov

process, f = {0r1r...}, with state space (X,G). The

joint distribution of [x tOl ,X(t) ) on the space (X2 ,Gr)

is a bivariate distribution for (yo,yr ) .

Thus we can obtain bivariate distributions from M:rkov

processes and Markov processes from bj-variate distributions.
îrvo questions arise, first can the theory of bivariate dis-
tributions be used to advantage in the study of Markov proc-

esses and secondly does the relationship between bivariate
distributions and lvlarkov processes provide a usefur method

of constructing l"larkov transition operators? These questíons

motivaLe the present discussion. The relatíonship between

bivariate distributions and rr{arkov processes has long been

recognised for example Sarmanov (1961) who was also interested
in discrete spectral representations.

We need some of the theory of bivariate distributions
as presented by Chesson (L976). Let yo and yr have the

common marginal distribution r and define :lC to be the

real Hilbert space {(f ,g) lt ,ger,z (n)} with inner product

< (f r ,gt) , (f ,,gr), = 4 If r{2 + gr$..dn. The following is a

special case of a theorem given by Chesson.
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Theorem I.

There is a unique family of subspaces Á{o of Jt ,

0< p( I such that
r. p!p, l'lp = Mr, , o ( p' < 1 and Mo ='{o}.

2. rf {(Ef,nf)}t€rp

then {Ef}, erp and

is an orthonormal basis for i4

{nl }, 6t o are orthonormal fam-

p

ílies of functions on the space t2 (r)
3. If (f,g) €Jt and {(Ef,nf)},610 in 2.

p dQ(p),Ef(Yo)g(Yr)
(o ,l I

where Q(p) (IfEldt) (/gElan).T
r €r p

rn the present context we arre only interested in the
case of discrete spectra, that is, {Mp,0( p< l} consists
of countably many distinct subspaces, and generally only
those cases where the orthogonal complement Ml a Mo is
finite dímensionar for p > o. rn this case there is a

sequence of positive rear numbers {p-} and orthonormal
sequencec { E-}, {n-} in r, (r) such that

Ef (Yo )s(Yr, = 
,"=îo 

o',. Jte-u', Jnn''un (9)

from which it follows that
Elg(vr) lvol

æ
I-P^E^(Yo)

m=O 9rìn dî.

Expression

osition of
Theorem 2.

ÞtSÍRtßA.f ta;J
obtained from the bivariatenfor

is self, adjoint alrdhasspectral decomposition of the .form

if and only if the joint dístribution of ys and y¡

symmetric and satisfies (9).

(9) will be referred to as the canonical decomp-

(Yo,Yr ) or their distribution.

The operator P Yo rYr

(6)

is
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Proof

Let P be self adjoint and take the form (6) then

Ef (Y0)g(Yr) = -!oo-,fffn,dn /g6,,,d'n. Clearly (yo,yr) have

a symmetric distribution and also

Ef (yo ) s(yr) = __io I o_ | !rÇ^d.r lg{p^/l p," I E,"}ar

which is of the form (9):

If (YorYr) are symmetrically distributed
<Pf ,9> = <f ,Pg

so that P is self adjoint. If (9) is satisfied also

Prìn, = g-Er' and by slmmetry pE^ = gm¡m implying

nm = P"/| P* | E*' Thus

= -Io P^/ | P^l '' , E-t 8,,'.

The problem we are left with j-s when does the bivar-
iate distribution have the form (9). Lancaster (Lg6g) gives

the condition "g2-boundedness" which says that the Radon-

Nikodym¡ clerivatit/e d.'r/ð,r2 is square summabre relative to
'fi2. This is perhaps the easiest condition to check, but we

sharl come across exampres rvhere (9) is true but -r is not
rp2-bounded.

A criterion implying that a bounded linear operator

has a discrete spectrum, which also converges to 0, is
compactness. we sharr interpret this criterion in terms

of bivariate distributions.

Let J{ be a Hilbert space, real or complex, then one

of the many equivalent definitions of compactness of an

operator A is as follows (Helmberg, 1969, p.fg7).
Definition

A bounded linear operator A is compact if , v¡henever

is a rsequence in lt such that {f*rg} + 0 for aII{r-}
g € ,1t, then <Af,nrAf.> + 0 as m -t æ.
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If A is a positive operator, that is A is sel-f

adjoint and <Af, f> >

and is compact if and onry if A is compact" Thus in the
definition of a compact operator v/e can rep.lace <Af,nrAf-> + Q

by <Af^rf.n) + 0. This holds for general bounded self
adjoint operators ft = !¡a.al ÀdE(À) by consideration of
the positive operator" /t o, u ¡ Àdn (À¡ and - lI u, ot ÀdE (À) .

The ínterpretation of these results for bivariate distrib-
utions is as follows.

Theorem 3

If (Yo rYr) have a symmetric di-stribution then rep-
resentation (9) is available, with gr,, + 0 as m -> ó, if
and only if every sequence {f,,.} in !'(r) satj.sfying
1. .f f,,rgdn + 0 as m -) æ, for every g € !2 (n), also

satisfies

2. Efn,(Yo)fn,(Yl) + 0 as m -+ æ

Proof

The symmetry of the distribution of (yo,yr ) implies

that P is self adjoint and when f. implies 2. p is compact.

Thus P has the representation (6) with pm + 0 as m -+ oo.

On the other hand if (9) holds with p- * 0 then P is
compact and f. implies 2.

we have reduced the probrem of finoing discrete time

Markov transition operators of the form (6) to the problem

of finding symmetric bivariate distributions with discrete
canonical decomposition. The canonicar decomposition. is
known for many bivariate distr-ibutions. Lancaster (r969)

gives examples and an extensive bibliography. More recently
Griffiths (1970) and Tyan and Thomas (1975) have looked at
conditions on the {g,,.} {q_} and ?T for the expansion
(9) to define a bivariate distribution
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The following example of a bivariate distribution which
yields useful I'farkov transition operators is due to Lan-

caster (L969, p.192).

Let Õ denote the normal measure on RI with mean 0

and variance 1. Hm denotes the mth Hermite polynomial
normalised. so that /UfraO = 1. If Zo and Zt are one

dj-mensionar random variables having a bivariate normal

distribution with meatì and variance

p
I

I
lr
Lp

it ís well known that
Ef(zo)get)

Now l-et \ - Rd .

H,',gdO

B = diag (ßr r..,ß¿)

æ
T

m=O
H-fd0

,

|./ ( 11).Ilt

Suppose (Yo,Yr ) are symmetrically
distributed as a 2d dimensional- normal distribution. write

yo = (yorr..ryo¿), y, = (yrrr..ryr¿),
where the Yi ¡ are I dimensional rand.om variabres. There

is an affine transformation T : Rd -> Rd such that
(TYo rTlr ) = (Zot ,.. tzo¡ ,Ztt t.. rZt¿I is a 2d dimensional
normal with mean 0 and variance matrix

ïd

B

B

ïd

T is the transformaLion to the crassicar normar canonical
variables- rt follows that the pairs (zo¡,21¡), j = lr..,d
are independent and (Zo¡ ,Zt¡) has variance matrix

I ßj

ß¡ I
Using the next theorem we shalt show that

@
\. (12)

0m
Ef (TYo ) s (TY, ) 9 r,., {^fd0 ¿ E-gdo a



L64

where {p ,^] is a rearrangement of the cL-secruence

{ß'rt ., ß'oo ; j, =o ,r, . . .¡ i:I, .. rd}
so that I p",l is non increasing. {È* { zr t. . ,z¿) } is thg

corresponding rearrangement of {nr, (zr) ..H¡ o (26)}, and 0u is
the product measure 0x..x0. fn theorem 5, p x rp denotes

the mapping (X,xz) * g(xr)rl(xz) for e : X(t)* R,

tlrrX(")*R.
'Iheorem 5.

Let 
"[ 

t' ,"Í t' ,"[ " ,"Í " be random variabres such

that 
"Ít' 

takes its values in (X(í),G(i)) and has

distribution n(t ), j = 0r1, i : I,2. Furthermore assune

(Y[,t) ,yÍt) ) and (yá') ,yÍ') ) incependent, and (y[') ,yÍ')
have the canonical decomposition

Ef (y[t,)s(yÍ ')) = 
^io 

p

rhen (t"á t ) ,"[') ) , (YÍ ') ,"Í ') ) )

Ef (y[', ,"[') ) s(yÍ ') ,uÍ ', )

= x pÍ') pÍ') (Jtf ') "EÍ 
2 ) dn(l)xl2

f, rtr

m

(i )

has canonical. decomposíti.orr

*nÍ') c1,l')" nQ)

(13)

T
( 2J

f tl' ' rdn(i ' JnÍ' 
)sa,,t' I

'XJ.r"

Proof

X

We use the definition of

Let X = ¡(t)

,PI,' "rþ::' ], ",, c2 ) € qxc2

Ç - G(r' x G(') , T = îr(r) x

It given before theorem 1.

are orthonormal bases for

x( ") ,

Tf

{,p[t']o€ci , {{r:t ) }"€ci are orthonormar bases for Í2 ¡T( 
t ) ),

i = Ir2, then tç[," 'pÍr') ] (c1,c2 ) € qxc, and

12 Ur( 
t ) *n(') I . Furthermore, if (f ,g) €. æ

Ef (Y['),v[" )s(v[ 'l,YÍ ') )

= r(Jrr[,'' "rl])dn(') ,,('t ¡(Jø,r,fi' 'u[i)dn('] '"t" )

rçÍ,t) (v(tl ¡rÍr" (v(zl lv[i') (v(tl )\,1;' (v(') )

x



where the summation

{61"} {nl')} can

Ef(Yo)ø(Vr¡

1G5
is over (c, ,c, ) , (cr' ,cl) e c, , C, . Norv

both be completed to form orthonormal

bases for !2 (Tr( 
t ) ) ,

EEÍ') (yÉ') )EÍ') (y5') )nÍ') (yÍ ') )nÍ')
and if Çi¡ €- Í2 (n(t ) ), i = I,2, j

orthogonal to { EÍt' ) } or {nÍt' ) }

t 
'T' 

6" {v'(t))
This proves the theorem.

The equation (L2') is a

and iL follows that

some l'

direct consequence of theorem 5

i = L,2.

p* f{-dr gEnrdn

pÍ t ) pÍ') ô*,, ôn u ,

and if Çi, j, is

,)' then

(ra¡

(vÍ ') )

= ôrr

for

= 0.

@t
=0m

where 6n, = ã- o T- I , Tt-.. is the distribution of y j ,

j = 0,I. Lancaster justifies (14) by consi-der.ing products of

bivariate normal densities. Our method il-lust.rates the use

of theorem 5 which can be used generally to obtain bivar-
iate distributions for Rd valued random variables, with

known spectral decomposition, from bivariate distributions
on spaces of lower dinrensions.

From (14) v¡e obtain the transition operator

P = i P^(,E-> E- (r5)
m=O

which gives a d dimensional normal Markov process. The

2 dimensional normal distribution has been suggested as a

model for the continuous space analogue of the home distrib-

ution of chapter 2 (t¡lierzlrowska, 1972) . A Markov process

with transi'Eion operator (15) is an intuitirzellz reasonable

model yielding a multinornral home distribution.

Note that if gm is strictly positive we can write
pr Ë i e-À^t (. , E-) ã*

m=0

where À* : - log gm. Pt is the transition operaior for
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a Markov process. This process is a d clime'sional
Ornstein-Uhfelrbeck process .

I{hen dealing with data, sornetimes we may not have a
particular Markov process model in mind but simply the
moder that the observed movements x have the represent-
ation X = Y(A(t)) where y is a homogeneous Markov

process and A is a process with stationary non negative
increments. when the transit-ì-on operator for y has the
discrete representation ( 6 ) with pm = 

"-- 
I- we have shown

that the spectrar decomposition of the bivariate distrib-
ution for X(0) , X(t) is given by

Er(x(o))g(xttl) = _îo et (À^, 
Jrr".un JvE^an

where gt is the Laplace transform of A(t) . If {f } U {r1,,,}

is a complete orthonormal set for !, (n) we can ,think about
estimating the {E-} as finite linear combinations of the

Ttt tí

ttf-Ì. Fromnobserved seguence X(0)rX(I)r..rX(M) we can

form the symme'bric estimates

si i = * , i. ü, (x (t) )új (xtt+rl ) + ú¡ (x (r) )!.,i(xtt+r-l )

of EV, (x(t))új (xtt+rl). From rhe work of Lancasrer (1969,

chapter 6) it is knohnthat 6* is a funct.ion Ç orthogonar to
L,Çt ,. ., Enr-, and satisfying IErdT = I for whích

EE(x(t))E(xtt+rl) is maximar. Thus we can rry to estimate
the E^ by successive maximisation of the quadratic form

tìqtq¡s¡i'
Ttris is done by diagonalising s to obtain s *- H 

^ 
H ' with

H orthogonal and 
^ 

diagonar. The estimate of E_ is
then X h.¡ - ú¡ where H = (hi j). Clear1y a variety of
other estimates based on these ideas are also available.
The application in chapter 6 uses a generalisation
for the case where î is unknown.
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Transformation of the state space

Dynki' (1965, chapter 6) gives a number of methods of
transforming Markov processes. one of these methods,
namely state space transformation, learfs to a simple trans-
formation of the spectral decomposition of the transition
operator when it is available. For our purposes it. is a

useful method for qenerating new operators from ef¿fäåç,
operators. rt would be interesting to see if Dynkin's
other transformations could be u-sed simj_Iarly in some

situations.

let y

y and

IfY

(V,lc¡

Let (X,G) and (V,lt¡ be measurable spaces and

: V '> X be 1-1 and onto. Furthermore assume that
y- t are \t/G and G/fC measurable respectively.

is a homogeneous Markov process with state space

and x is defined bV x(t) =t(vttl), it is c1e¿r_ú rfiat X is
homogeneous Markov

is the transition
(Pt f) (x)

process with state space (X,G') .

measure for y then pt defined
I

= | r(v(xl)q(t,Y-r (x),dy)rx

rfq
by

is the transition operator for X

transition operator e' , for y,

osition

Furthermore if the

has the spectral decomp:

9m ( rrì-) lrrt

on the space tz (r) , 'r then

Pt@t= 
-=ro Pm ( ,E-> E^,

6* (x) = n- (y- t (x) ) , is the spectral decomposition of pt

on the space !2(r), n(c) = r(V-t{el), G € G.

Most spaces (X,G) that are likely to be of interest
in animar movements can be obtained by a transformation y

@
F
L

m=0
o
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of Ro, [0r1]d, (0,1)'l , or perhaps trre un-i-t bal-r in Rd

or íts surface. Thus we can generally find a Markov trans-
ition operator in the form (6) on (X,G) by transformation
of simple processes on other spaces. Furthermore there arc-

very often many bijective bimeasurabre Lransformations
between (X,G) and (V,,lt¡ so that for a given transition
operator Qt a large number of transition operators pt

can be obt.a.ined. However it is generally not possible to
obtain an arl¡j-trary operator pt from a given operator et .

The case of diffus-ion processes in one dimension, say res-
tricted to the closed interval [0,1], ilrustrates th;s
point werl. we use the theory in Bre.iman (1968, chapter 16) "

For a given diffusion process x(t) on [0,1] t]rere is a

conLinuous increasing function u, unique up to a linear
transformation, such that the diffusion process 

"(xttl)
has u(x) = 0. The local variance õ'(u) for the nev¡

process is expressed õ'z (u (x) ) = o2 (x) 
[*" t*l 

] 
' where

02 (x) is the locar variance of x. Thus there is essent-
iarly one diffusion process with zero drift that can be

constructed by contj-nuous monotonic transformation of a

given diffusíon process. Having chosen the locar mean

to be zero 'Ehe shape of the rocal variance function is not
open to choice.

rf one is interested in discrete time movements and

the dependence between times is not too great then fo::
many purposes the most important property of the operator

tP' is the probability measure r since this is the rimit-
ing distribution of X(t) r âs t + -, provided lp_l <1
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for m > 0, and X will often be modelled as a statíonary

process with this rnarginal distribution. To cbtain oper-

ators with a g-irren measure r one can look for 'suitable

transformations y such that r (c) = . (v- t te) ) where r

is as above and Y is some knov¡n process. We can very

often expect to f j.nd such transformations. !-or example let

'rT be absolutely continuous with respect to Lebesgue measure

on Rd . Rosenblatt (Lg52) shor,vs that there is a I 1

bimeasurable traäsfortlati.on such that í (Xttl 1 is unirormry

distributed on the unit hypercube. Using this transformaticn

and its inverse any absolutely continuous TT can be tra.ns-

formed into any other such T. However there is no guaran-

tee that the transformation does not have some undesirable

property.

subordinatj_on of lr{arkov prosesses

Let f = {Y(t),L>0}' be a homogeneous Markov process

and U - {u, ,t>0} a process with non negative stationary

indepenJent increments, Uo = 0, Y. and U are assumed

independent, Y has transition measure q rvith irtvariant

probability measure IT.

Suppose that the o-algebra G is generated

by a topology for which Y is rj-ght continuous then¡ âs

shown in section 3.5, X(t) = Y(U, ) is a random variable.

Furthermore X is a homogeneous Markov process with tran-

sition operator Pt defined by

p' f (x) = J n" r(x) dFt (u) , (16)

Qt being the transition operator for Y and Ft the
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distribution of Ut . This result is proved by Nelson (1958)

but I shall present the intuition behind it.

Recall that in section 3.5 it. is shown that Y can k¡e

considered as a A x Bl measurable furrction on n x [0r-).
#' Thus if Gr,..,G- € G the

f u¡rction r., (x (u, ,o) ) . . r"," (X (u.,,.¡) j is A x Bn' measur-

able in (orur ,..,u-) € A x [Or*)-. It follows

tha.t the conditional distribution of X(tr ) , . .,X(tn')

given U is obtained by substituting Ur, U. 
, _, for ui

in the formula for the distribution of Y(tr ) r..,Y(tn,) .

Thus X is a non homogeneous Markov process with
p(x(r)€Glx{s),u) =q(u,-u,,x(s),c) , E}- s.

Nowfor L> s

P(x(t)€clx(u),u( s) =ElP [xttl€Glx(u),u( s,u) lx(u),u( s]

= Elq[u, -u. ,X(s),c) lx(u),u( s]

Since U has independenL increments {x(u),u( s} and

are independent we have

P(x(t)€clx(u),u< s) =

ur U
s

I
J

q(r,x(s),c) ar,-, (u)

which means X is a homogeneous Markov process with trans-
ition operator (16) . I{.f q(u,x,G) dFt (u) }dn (x) = n (G) and so

Pt is an operator on t'(t¡) .

Nelson actually proves the more general result that

there is a probability space for which the definition

X(t) =.Y(Ut ) makes X a homogeneous Markov process with

transition operator Pt v¡hen the right continuity of Y

is replaced by A x Br measurability of p(t,x,G) in

(trx). The process x is called a subordinated process

X is subordinate to Y.

Although the above discussion is presented for

f = [0,-¡ and the index set T' for U being .[0'-¡ the
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results continue to apply whenever

P(Ut €T) = 1, t € T' (12)

so that subordination can be used t-o obtain continuous time
processes from discrete time processes ancl vice versa. when

f = {0r1r.".} we need not be concerned with continuity
requirements. In the sequel simply assume (17) holds.

The following theorem is stated by Bochner (1949)

theorem 6

aæ

Q'=I
m=

tIf

Proof

Q.

On the

then O

E',' P- 8.,, therefore

< ,E and P (Ut >0 ) I then

dF (ui t

p m m E m
o

t
P

æ

x
m=0 Jolau, f ,rl . ,E^> E''

t /U
JÞ*nttrn t. m

f pådr, (u)

for f e f,2 þt) .

we see that the operator for the subordinated process

has the same eigenfunctions as the original operator but
that the eigenvarues are changed. rn generar subordination
decreases the rate of decrease of the eigenvalues sinôe if
gn ) 0m > 0 and Ut is not degenerate Jensen's inequality
implies

(rp|, ,r os P-/ I oc sn . Epl

whereas {ol )t " 0m/ I o8 Pn= p:. Because of this red.uctiorr

in the rate of decrease the Hilbert-schmidt property may

not be prese::ved in subordination as rve shaIl see in an

example. However compactness is preserved when p(Ut >O) - I
because P-+O aS m+co implies

dominated converg'ence theorem f plt *

pHtu+" o and by the

other ha¡d if f e !2 (r) is
t'f= o implying ptf=0.

orthogonal to {E-}

Thus

<f , E-) 6,.,

æ

T
m=O

P

0.



In the case where p(U,=g¡ t 0 assume, for simpÌicity,
that t'('n) is separabre and {È^i is the seguence, poss-
ibly null, required to complete {q,,} to a basis for t, (tr) .

We have

(fp$t) . ,E^> E + p(u,=g) .,Ë,,,, 8,n.
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The eigenvalues are bounded below by p(Ut =O). Often {E,n}

is a basis for 1,2 (r) , for example when f = [0r-¡ and

{pt ,t> 0} is a strongly eontinuous semi group., in which
case the term invoJ_ving Ë,,, does not appear.

To see the effect that subordination has on sample

paths notice tleat u can be chosen right continuous so tLrat

if Y is right continuous so is x. However the sampre

paths of U have jumps a.s. and so X generally has

jurnps a.s. Thus -subordination creates processes having
jumps in their paths from continuous processes, but as

pointed out by Feller (1970, x.9), the space of suborclin-

ated transition operators is dense in the space of trans-
ition operators, when the condition"of right contl-nuity is
imposed. Thus the fact that sample paths have jumps need

not be of great concern. sometimes these jumps may actuarly
be desirable as models of situations where animal-s have

occasional bursts of high activity or in situations wher:e

the scale of observation makes a rimiting diffusion approx-

imation inadequate, that,is, the local disturbances appear

non normal.

I present the idea of subordination

of modifying a given transition operator.
using subordination, to generate a whole

operators from a sinqle operator and thus

simply as a means

It is possible,

class of transitiorr

to introduce para-

t æ

T
m=0

P
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meters where there hrere none k¡efore

The crass of processes v¡ith non negative stationary
independent incremen.ts is very broad. If T, = {0rI,... }

then u1 is simply the partial sums of a sequence of i.i.d.
non neg'ative random variables. When T'= [0r-), U, can be

characterised as a non negative random variable with an

infinitely divisible distribution. The Lapl.ace transfo:m
of ut r gt (À) = Ee-Àut takes the form

çt (À) = e-t q'( À)

where
- ).x

ü(¡.) 1-e du (x)
I o, -) .x

and U is any o-finite measure satj,sfy-ing

frjt ', *l i ¿u(") < æ'

(Fe11er, 7970, )gIT, 7)

Note that when T - [0r-), then pm ¡ 0, gr,r'= 
"-^- say, and. so

it is the Laplace transform of U1 that we require to
obtain the spectral decompositj-on of Pt .

A process with stationary independent

increments is a homogeneous Markov process and subordin-

ation of a process with stationary independent -ì-ncrements

gives another process with stationary i,ndependent increments.

Thus a more general class of processes is not obtained by

subordination of subordinated processes.

Example

Let Y be the Ornstein- Uhlenbeck process with transj-tj.on

operator
-n Àt

e ( rHr, ) H,

1T = 0, the standard normal distribution. ihis
operator was obtained earlier from the bivariate normal.

¿ø
Q'=t

n=O
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Let

ttren Pt

Ur be a ganma process so that
Ee-rut = (l+),)-bt , b>0 is a parameter,

= i (r+mÀ)-bt (rH^) Hm.
m=O

Pt depend.s on one more parameter than

i (r+mtr) -'ot = - when
m=0

Qt and
.t+¿-

¿D

so that the Hilbert-schmidt property of. Q' does not carry

over to Pt .

In this particular example it is quite easy to

exam.ine the effect of transformation in terms of con,:li.tional

means and variances because H, (x) = x and u, (x) = 2-k (x2-7-'t

EtY(r)lY(o)l = "-À' Y(o)

u(v(t)lY(o)) = I e-?Àt

However

Etx(r) lx(o) I = (Ee-Àut ) x(o) \

u(x(r)lx(o)) = x2(0)Y(e-Àut) + 1 Ee-2Àut

So that the conditional, variance of the new process is a

quadratic function of X(0) . Other conditional tnomentsare

also read.ily available from the spectral decomposition of

the operators.
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5 MODELLING IN FINER DETAIL

If the movement process, X9,, of an animal, is modelled

as a Markov process then

P(xc(t+h)€nlx¿(s),ñt) = P(x¿(t+h) €Blxs(t) ). For this to be

true one has to deny that the direction the animal is trav-

elling, for example, has any influence on its future mo\ze-

ments, given its present posilion. Furthermore, for many

Markov processes, the direction of travel can not be def -ined

and so one can not even inquire about its relationship to

future movements. The Markov property imposes an irregular-

ity on sample paths that ís difficult to imagine being "true"
for any real animals.

Models are never perfect descriptions and it is point-

less expecting them to be. In continuous space, Markov

models for animal movements are generally postulated f::om

sonìe impression of the asymptotic behaviour of the animalsl

movemenLs. For example, it is often imagined that there is

a sufficient degree of randomness associated with each j ncre-

ment , Xg. (t+h) -X.C, (t) , for smal-l h. that

P (xs (t+rr') €e I xt (") <t) depends little on {x¿ (s) , sct} for

h' large. If a Markov model is arrived at in this way the

right to use the mod.e1 to inquire about the behaviour of

Xg (t) over sma1l time intervals is forfeited. Models rvhich

do incorporate information about short periods of time will

be referred to as fine detail models.

In several instances it is desirable to obtain fine

detail models. First one may wish to relate movements to

more basic behaviour of the animal-s Lo gain a better under-

standing and the ability to make sharper preclictio.r=.
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Secondly fine detail modelling can justify mod.els, suclt as

Markov models, âs asymptotic forms of more believable models.

Thirdly one may have observations continuous, or near colrtin-

uous, in time and desire to make full- use of these observ-

ations" In thís context also, because of limitations in the

distance over whi'ch an animal can be followed, it may be

difficult to obtain observations suffj-ciently spaced in time

for other kinds of models to be applicable. Thus one rnust

take observations over short periods of time and use a fine

detail model. Finally I shall use fine deLail models to

explore different ways of incorporating differences between

individual animals' movements.

The movements over short periods of tine, for many

animals, are so complicated as to defy any kind of fine

detail modelling. However some animals'paths are made up

approximately of pieces of curves of a definite kind such

as straight lines or circles " It is with these situations

that we sha1I be concerned.

CroII and B1air (1973) found that nematode larvae prod-

uce tracks consisting of píeces of straight and approximate-

Iy circular arcs. They were interested in whether movements

of this kind have adaptive value for dispersal and so they

buitt a fine detail simulation mod.el to Lest this questiou.

Observations of the movements of the bacLerium

Escherichia coLí by Berg and Brown (1972) showed that its

paths could be approximated by straight l.ine segments. These

observations led to the development of fine detail models by

Stroock (L974) , Lovely and Dahlquist (1974) and Nossal and

Weiss (I974). Stroock was interestecl in developing a

general model which reproduces bacterial chemotaxis and

indicates optimal strategies for movement behaviour of a
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bacterirrm. In another paper Baggett and Stroock (I974)

show that the distribution of Xg,, in one of Stroock's

models, is asymptotically equal to the distribution of a

homogeneous Markov diffusion process. Lovely and Dahlquist

use their rnocìeIs to find means of various quantities used

for detecting and measuring bacterial chemotaxis. The

models of Stroock and Lovely and Dahlquist belong to the

general setting of section 5. l, however the kinds of spec-

ifj-c assumptions made and the results sought are different.
These authors had specific applicat-ions in mind- wherea.s f
have the sinp-le purpose of demonstrating another vray of

moder l-ing animal rnovements.

I shall take the attitude that. fine detail modelling,

is of most use for understanding movements locally in
space and time and that movements over extended perj-ods

are best studied by some asymptotic model. Therefore I
shall assume that the space is homogeneous meaning that the

distribution of Xy is invariant under translation of the

underlying space. However it is not generally assumed that
the distribution is invariant under rotation of the space

animals can have preferred directions.

5.1 Continuous piecewise Iinear paths.

Suppose an animal moves in straight lines a-t constant

speed except at a discrete set of points in Èime when it

changes clirection and speecl. The animal can be thought of

ashaving velocity !o in an interval l0rTr l, !r in atì

interval (T¡rTzJ and so on.

To build a mathematical model for this animalrs move-

ments let Uo rlt r... be a sequence of random vectors in

Rd. The climension of the space, d is L,2 or 3.. Let M



L7A

be a point process on [0r-¡, that is, M is a random

measure for whích M(B) is a non negative integer valr-red

random variable when B is a bounded Borel set in [0r-¡.
Let M(t) = M[O,t), then the velocity of the animal at tirne

t is defined as

v (r)
oo

=tg-
m=9

r{-}(u(t)) (r)

m and the

M may

occurs V

jumps from
(

Thus

times

l-m

have

T:¡ln

does

U'n- r

the animal's velocity is 9- while M(t) =

at which the changes of velocity occur are

sup{tll."I(t) (m-1}, m = L,2,.". . -rn general

nultiple poj-nts so tlrat it is possible for

Tm+ r = = Tm+ r for solne flrr r. When this
not take the values Unrr!-*tt..rprn+r-I but

tO !rn+ r .

Given this velocity process, the position

{ð(tl ,LÞ 0} giving the animalrs position as a

time, is

process,

function of

t

and the intègral

integral. Since

Y (u)du ì

as an ordinary Lebesgue
&nt-õIl_m - L

n->@ II ¡ =

x (r) (2)
o

exists

ã(t) = ,,/ it\:\"/,

or Riemann

a randomit is

variable. In many cases the integral (2) exists in the sense

of mean square (m.s.) convergence which enables moments of

X to be related to moments of Y. Mean square convergence

of the integral follows from mean square continuity of V.

Theorem I.

1. {y t 
'{1

t € [a,b] ne bounded, fo:: all non neg-

a(b

2. P(M{t}= 0) : 1

in mean square,

for each t. Then V is continuous

Let

ative

Proof

For s,t € [a,b] we can assume EIY(s)-Y(t) l'< a
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positive constant K.

We have

R> Ëly(s)-y(r) l'z = rlVts)-V(r) l'z r1nnl ,¡#r,r1r¡l

= E 
,"å,, lg*-IJ,, l 

"{-1 
(utt) )r1^ I (r-r(=) )

= 
-in 

E lg"'-9' l'r{-1 (utt) ) r,", (r'r(s) )

The last step follows from the non negativity of the

sufiìmârrd.s. Since ¡,t{t} = 0 a.s. and M is a random meas-

ure we have lg*-g"ltr{-1(r'rtt))r,^r(u{"1) ui''' o as s'> t.
Thus applying the dominated ccnvergence theorem twice we

have

Elg^-9" l'r1,,,1 (urt))r1" 
1 
(u{")) -> o

and Ely(s)-y(t)i'z + o as s -+ t. (

V is conLinuous in mean square.

There are not likety to be any particular times at which

an animal will change velocity with non zero probabílity,

unless there is an external stimulus at these times. Thus

the assumption P(U{t}=O) : I is quite realistic a.nd is
assumed in the sequel.

Iv1ean square continuity of y implies continuity of EY(t)

and C (Y(s) ,Y(t) ) which implies that the integral (21 is m.s.

convergent (Cramér and Leadbetter, L96'7, Chpt. 5) . Further-

more

E ð(r) E !(u) du (3)
o

and

c(X(s),5(r)) c (V t"l , y (v) ) auav.
s

(4)
0 ù

If the animal under consideratiorr has been moving around

for some time before observation begins it seems appropriate

to assume that M is a stationary point process and
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po rVr,... is a stat,ionary p-r:ocess. PureJ-y as a matter of

convenience assume M and {9,"} are independent. In thi's

situation Y is also stationary.

In the proof of this result it is convenient for l-ater dis-

cussion to extend M and {g,,,} backward in time" From

the stationarity of M and {g-} \^¡e can assume without

loss of genera'l ity that they are defined. as a stationary
point- process on R - (--r*) and as a stationary process

indexed by {0 rtl-,t2, ... }. V is extended to (-*r-) by

the definition

Y(r) {-} -nÌ
Theo::em 2

V is a stationary process.

Proof

Let B_n,..,B' be Borel sets

t-r, ( t-n+r < .. < to = 0< .. ç tn be

P(Y(ti ) €Bi,i=0, . .,tnJ

in Rd and

f P(V^¡ €B¡ ,i=0,.. r1n;M[0rt¡ )=nh ,M[t--¡ ,0)=-m-i ,i=lr. ",n)
the sum is over all integers" m-n( ffi-n+r(..-<mo = O<..<rn"

independence the summand becomes

P ( U*¡ €B¡ , i=0 , . . , tn ) P (M [ 0 , t¡ ) =n\ , M I t-i , 0 ) =-m-¡ , i=I , . . , n)

Stationarity applied to the first factor and the random meas-

ure property to the second give

P(9-¡ -m-n€Br ,i=0r. -,ln) r(itltt-,' rti )=n\ -m-n ri:0 ,!L,.. rtn)
Defining mí = mi - m-n and using the stationarity of M

P(p-¡€B¡ ,i=0,..,tn) Z(fut0,ti -t-n )=inf ,i=0 ,tL,.. rt.)
= P(Y(t¡ -t-r, ) €B¡ ,i=0r.. rtnrM[Orti -t-n )=n\',i=11, " . rtn)

Summing over 0( mlrr*r ( mlr,*, ( .. < m,í we obtain

P(Y(ti -t-,, ) €B¡,i=0,. .,tn) .

æ
\.

m=O
f (utt,o))g , L < 0

fixed real riumbers

where

Using
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That is p(y(ti )€Bi ,i=0 ¡.. ¡!n)=P(ytt, -t-n )€8, ,i=0,...,tnJ .

We are at liberty to choose Bi = Rd for some i and using

this device and appropriate choices of trre ti it is òlear
that

P (y (t, +h) €8, , i=I, . . , n)

does not depend on h for all 81 ¡.. ¡B¡ € B't and all

finite sets tr ,.. rtr, . Thus y is st-ationary.

A more natural assumption than the independence and

stationarity of M and {9",} is perhaps stationarity of y.

It is clearly less restrictive, Stationarity of Y presum-

ably implies a kind of joint sta'bionarity f.or M and {U.,,}

where these two processes are possj-bly. dependent" The þind

of dependence between {gn'} amd M is of particular interest

in bacterial chemotaxis and was one of the questions asked by

Stroock (1975). However in the absence of a chemical attract-
ant or repellant M and 

,{g_} are independ.ent.

The formul-ae berow are calculated on the basis of
independence of M and {9,,,} but only the covariance form_

ula (7) depends on this assumption and it immecliately gener-
al-ises to cases of dependence by substituting
E(pog-'-f !') t{_} (r"rtt-sl ) for p(M(r-s)=m) i 1m¡. srroock
gives one specific example, in homogeneous space, where M

and {u-} are depend.ent. other dependence models could be

developed along similar lines.
Suppose Ego = I and C (go , V.) = i (*) exist. The

stationarity of y implies

EY(t)=E!(0)=Ego u

andfor t> s

c (y(s) ,!(t) ) = c (y(o) ,y(t*s) ) .

(5)



Use the notarj_on I (r-s) for C (yf s) ,y(r) ) .

I'(t-s) = I(s-t). For L> s

I(t-s) = EUoV(t-s)'- uu'

goVir{^} [M(t-s) )

La2

Note that

(6)

Uo is bounded in absolute

ll'
Now each element of the matrix
value by lg, I I 9," I and

ilv. I lg,,lr{*} (M(t-s)) = lytol I lvtt-s) I .

Ftrrther Ely(o) llV(t-s¡ l< (e lV(o) lrEly(r--s) lr')'" = EIV(0)lr. -.
Thus the dominated convergence theorem applies to the sum

(6) and so

t(r-s) = i P[M(r-s)=¡¡) Egogå uu,

or

I (t-s )

for L> s.

(7)

Now f/Y(t) = I (0) exists and so theorem I applies.

From (3) and (4) we conclude

æEX
m=0

[ (v-u) dudv

p*À" ltlns-Àl t II(t) = I
0

vå

ä P (M (t-s) =¡n) I (*)

and

EX (t) =

c(Xts),[(t)) : 
f,

Ut

J,

(B)

(e)

Examples

1. Let {U" } be a d dimensional stationary Markov

normal process with covariance

i(m) = p"x , o ( p < l.
M. is a Poisson process with parameter À

In this case
ø

T

m!

=e -Àlt I ( I -B) T (10)



For s( t

c(X(s),ð(t))

The Y¡ are assumed

which are also i.i.d.

form on 10,2r ) and

ionary Markov process

i.i.d

Under

j-t is easy to see that
with Eg- = 9.

s

0 0

e -Àl v -u I ( I -p) dudv I

and independent of

this model each
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RorRlr.".

is uni-

is a stat-

= f-#--.r I ^-À(1-p)tr.-À(r -p)E-"-tr(1-p)('-')+r).Ì r (rr): tI6;¡¡ * ¡16*;z e +e -e *t')

The means of Y and 5 are given by (5) and (B).

It is interesting to note that the process Y has

identical first and second order moments to a d-dimensional

Ornstein-Uhlenbeck process, however there is a marked diff-

erence in the sample paths. An Ornstein-Uhlenbeck process

can be chosen continuous and nowhere aifterentj.able, but Y.

has many discontinuities and is differentiable al.most every-

where. The process I has the same first and second. order

moments as the integral of an Ornstein-Uhlenbeck process.

General-isations of example 1. are obtained by replaci.ng

p by an appropriate matrix tr and replacing the Poisson

process by a compound Poisson process.

2. Suppose the animal does not orientate relative to any

îixeA direction in the space so that changes in dir-.

ection take place relative to previous directions of
movement. Consider only the case d = 2. Write

9n' = (R-cos Or'rRnrsin 0,,,) .

Let Rs and 0s be independent with 0s having a

uniform distribution on 10,2r) . Vl rYz. .. are the succ-

essive changes in direction so that On, = 0o + \y-,J '

¡n

t
=t

0-

g-
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Define

shows that

tÞ0,

0,. + iß,' = E exp{i,!rv,} = (Eeivtrn',

= ( ERo ) 2 | Ecos06 cosO¡1 EcosOs sinO- I

I EsinOo cosOnr EsinO¡ sinO,'J

= (ERo ) 2 (a¡ ¡ ), say.

= E ei 
( oo+onJ =E 3i otr urç{iiv.¡ } = o

nO\^I

C (90 ,Vn')

Next ð-11-à.22 * i(alz*azr)

since 0o is unifornr. On the other hand

Hence

ä,1 1*â2 z *í(arz-azr ) = Eet(om'oo) - Eexp{iiV, } =crn.+iß^.

C(Uo,U-) : L(ERo)2 c[m ß*I
L - ß,r, o¿m

Consideration of the isomorphism between complex numbers,

0 + iß, and the matrices of the form

I q, ßl
L-s ol

IfMis

CT,1

-91
a again a Poisson process rve have , for

I
Jåi l^

cÍm ßnt
-ß- 0m

( r2)

( 13)

(14 )

._2
2(ERo) I(t) = e

=e

=e

f À-tn'f ot ßtl
*_10 mt L-gt otl

""n{^.[-Ël 3l ]]
I cos Àtct r sin Àtß r

l-sin Àtß I cos ).ta r

-It

-ìt

-Àt

The last step follows from the isomorphism.

For t)s

c[-:ts),ð(t)) I (v-u) dudv
o 0

I
J

I
À( Àz (I+af )

(ri ttl +f r (s) -rr (r-s) +tr (o) )
l.
I ï-z2s +I+af)

I+ ¡z11+aÐz(t, {t) -rz (s)-f z (t-s) +r.2 (o)') ,rz .

f r (u) = "-Àu [12 (1-oi)cos Àcr1u-2X2al sin Ào,ru]

f z (u) = e trt[À'(l-a?) sin rcrrur2À2o1 'cos ].clrul

where

(rs)



and

1B 5

(2)

0 IIJ2 -1 0

For this model EX(t) E!'( r) 0

5 2 Differences between individua.ls and as toticpropert S.

The fine detail models of this chapter enable the com-
parison of severar ways of moderling variation between

individuals and they allow the interpretation of differences
in motrement process from more basic behavioural differences.
of particular interest are situations where the time trans-
formation models of other chapters are. fair approximations.

Recall the two expressions

y(r) : i g,,,r1"'Ì(ru(r)) (1)
nt= O

and
t

5(r) Y(u)du
o

consider just two animals, 1 and 2, and associated stochasL-

ic processes \r,[zr!r r!2, etc. We shall look at var_ious

ways that these two animars' movement processes might differ.
Note that somewhat artificiarly ð(0) :9. rn this chapter

$re are really looking at X(t) I(0) or movement relative
to the initial position. Thus differences between individ-
uarst movement processes arising from differences in the

initial distributions form no part of the discussion.
1. The time transformation model is equivalent to

{4r (ot),t> 0} 1 {1, (t),t 2 o}, for some oÞ 0, where

''L,' means equal in distribution. This model is impried by,

and with suit,able restrictions

{¡nr (clt) , L> O; crpmr ,rr=0 r 1, . . . } g

impl.ies,

{¡1, (t) rtÞ 0;r!^z rrr=0,1,... }
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so that the spacing of the times of change of velocity and'

the magnitude of the velocity are altered by l.roportional
amount.s.

The relationships between the moments are

Eðz (t) = oEðr (t)

and c(4, (s) ,ðz (t) ) = c (Xr (cr.s) ,gr (ut) ) ,

which, for both examples I ancl 2, and. for larqe s anci t,

becomes c (I, (s),!z (r)) -= oc (är (s),ðr (t) )

2. Alter +,he spacing between changes of velocity:

{¡¿r(ctt),t.>o} g {lt, 1t),t>0}. This resurts in

{yr (crt) ,t > o} g {vz (t) ,t> o}. Now

f: !, (cru) du = * Ji' yr (u)du so that

{} or (at) ,." o} s {0.,t) ,t> o}

Elz (t) = Elr (t)

clX, (s) ,äz (t) ) = c (ðt (us) ,ðr (at) ) .

and

Both examples give

c (ä, (s) ,{z (r) )

for large s and t.
Now suppose E!'(t)

c (I' (s) ,I' (t) ) ,

c (y'yr (s) ,!' !r (t) ) = p ( lt-s l)
is strictly monotonic in l=-tl tor every y * 0. Then

if 0>l

I
Iz

.1
'cl

=a and

crt

0

gt

o

t

o

t

o

vX' (o- t¡, {ot) ) I o(lu-vl)auavI
Iz

Vy'\r (t) .

I
I
J

I

t

o

t

o

o(olu-vl)auav

o(lu-vl)au¿v
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Thus t/ðr (t) > v{z (L) , or uïr (r) trðz (t) is a posirive ,

definite matrix. rt is a tenet of animar orientation theory
that an increase in the rate of turn-ing, for non directed
movemenLs, decreases the tendency to drift. An interpret-
ation of this statement is that the vari-ance of the movement

process is decreased. This idea is verified for the case of
monotonic correlation.
3. Multiply the g- by a constant:

{cxU,rrr,m=OrIr. .. } I {Ur,.,z,ff=grI, .. .}-- Thus

{o!r (r),r>o} I {yz(r),r> o}

and {cr5r (r) ,t > 0} g {ïz f r) ,r > 0}. we. have

E Tz (t) = aEðr (t) and C (ð, (s) ,ðz (t)) = o'C(Ir (s),[z (t)).
4. suppose that the only difference in the movements of

the two animals is in. the mean of the verocity process 
"

Put !=EUn,r and

{U-, +(1-s)g,m=0,.1r... } g {!u,, ,fr=Orr,... }

then {ð, (r) +u (r-o) t ,L>ol 1. tðz (L) ,L> o}.

îhus EI2 (t) = aEIr (t)

and c (Ir (s) ,xz (r) ) - c(ä, (s) ,$z (t) ) .

5. Uòw suppose that the differences occur in the covar-

iance of the velocity:

{cr(gn,r -U) ,ñ=0,I,... } g {g-, -!,rì=0,1,... }.
t"(Ir (t)-ur) ,rr=0 ,L,...j 1 {52 (t)-ut,Ír=0,r,...} so that
EI, (r) = Eðr (r) and c(I, (s),Sz (r)) = otc(ðr (s),{z (t)) .

There are many other ways tlie mor¡ement processes can

differ, perhaps more subtl.e ways. The above vrays form some

basi-s for discussion.

Apart from the tj-me transformation method, each method

of specifying clifferences affects either the mean or the

covariance but not both. The time transformation method. is
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equi\¡a1ent to the simultaneous appl.ication of methods 2" ar¡d

3., with the same value of o, and if consideration is
restricted, to first and second moments of ð(t) in exampres

1. and 2. then there is a combination of methods 4. and 5.

which gi-ves approximately the same result as method 1.

There are other coml¡inations of methods L.-4. which give

approximately the same result as methotl. 1. It seerns that
method 1. ís a compromise between the other methods. I¡Ihen

the velocity process has 0 mean methods L.,2.,3. a-nd 5"

give approximately the same result in terms of first and

second moments for examples 1. and 2. In this case method

4. has'no effect

Since part of the reason for the present theory is to
justify the use of model-s specifying less detail which
arj-se as asymptotic forms of the models given here it .is of

interest to see rvhat effect these methods of modelling d"iff-

erences procluces in the asymptotic di.stribution , if it

exists.

The l{iener process -is often argued as a model for

animal movements since ít arises as the limit of rarrdom

walks. By the Wiener process with mean I and variance Io

I mean a process W = {vj(t) ,LÞ 0 } such that W(0) = 9, W

has independent increments and the distribution of

|ü(t) - [(s) is ru[U(t-s),ro lt-sl), or multivariate normal

with mean g(t-s) and variance Xo lt-sl. Thus W is a

normal process. An alte::native description is that I{ ís

a normal process. W(0) :9, Ei^I(t) = Ut and

c(X(s),X(t)) = xo min (s,t).
to have cont:'-nuous sample

in the sense of chapt.e:: 4

The process

paths; iJ is a

W can be chosen

diffusion process



P(Wtt)+x€Bltgtol=5)

property

P[Wtt)€Bl¡rtol=o)

so that future movements occur relative to the current

position

I give an example of a situation in which the Wiener

process arises as a limit in distribution of fine detaj 1

models. The development is based on theory in a paper Ì:y

Ibragimov (L975) which is bríefly outlinecl below.
Let {6''rm=0rtIr... } be a stationary seguence of real

val-ued random variables with finite variance anci. zero mean.

Define

S," = T E-, o3 = t/(Sn,)

Ibragimov gives conditíons under which S-

central limit theorem in terms of a maximal

and is generally regarded as tire
Other diffusion processes behave

Iocal1y.. away from bounda::ies.

wants a diffusion process mode1,

the natural one to choose since

have the translation invariance

where the supremum is taken over all

iance such that Y is 
^ro 

measurable

measurable. We can nohr state theorem

isation of Ibragimov's theorem 2.L.
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most basic clif fusion process.

like the üTiener process

In homogeneous space, if one

then the Vliener process is

its transition probabiiiti"=

satisfies a

correlation

Y,Z wíth finite var-

is M-

p (m) defined as follows.

Let Ä{0 be the o-algebra generated. {E¡ ,j< O} and M*

the o-algebra generated by {6j ,j >m}.

p (m) d l-r sup c (Y, z) / {V (Y) v (z) }Y'

and Z

3 which is a special-



Suppose

I. p(m) -+ 0 as m + æ, '

2. oft/m -> o2 > o as m -> æ t

3. and there is a ô > 0 such that

Theorem 3

rlE¡ l'*u < æ,, then

m-%S- is asymptotically normally distributed witË mean

zexo and variance o'.

This result can be used to obtain a central limit

theorem for ð(t) in the situation where M is stationary
point process independent of the st.ationary process {U-}.

The basic probability space (CI,4,P) can be thought of as

a product space (CIrxflztAtx{z,PtxPz). UsiIrg the notation

CI x B to mean {CIxgleeß} it is assumed M is Arxf,)z(=Ãr)

measurable and {9,"} is fll xA2 ln€âsürab1e. Let

ìt = Jt x {tz and i, - Î,t x f,)z be the o-algebras generated

by I{ restricted to ( -- , t I and I t, -) respectively- simi-larly

fro = Qr x N0 and ñn, = 01 r Nn are generated by {g , j< o}

and {g¡,j>m}
To obtain a central limit resurt we make the following

assumptions

I. e lu¡ l'*o < oo for some ô > O

2. EM(0,11 > 0

3. o(m) = sup{c(z,y)/(vzvy)'"lo.v(z),u(v¡ <-, z

measu.rable, Y is Ñn, measurableÌ + 0 as

4. ß(r) = sup{C(z,y)/(V(z)V (y))v'lO<U(z),V (y) < -,
i' 0 measurable and Y is ¿t measurable] * 0

5. rjm l [' l' r(u-v)dudv = rs > 0.r->@ r Jo Jo

define E- = g' I
J

V(u) du.
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l_s 0

m -> oo.

Z is

as t+-.

,\l

For fixed non

i¡tre want to show E*

{ã-rm=Or11r...} is

zero

satisfies theorem 3.

a stationary process.

nl+ I

m

CIearIy

From condition 5

dg€R



above it follows that o,l,/m * o2 > 0

E I E'" l'* ô < oo we need to show that
able function of (t, o t ,ez) .

The random function V is lef'b continuous. Also if

[x] is the greatest integer not more than x then

(trt¡ t ¡uJz) ,+ v( [tm],/m,or ,t¡2 ) is a Bl x A measuïabie mapping

and, as I-lm Y(ttml,/m) = V(t) , y is ß1xA measurable.
ln->@

Now lg'g,"I < lgllg", l and so Elg'U-l'*o * lglrlg-l'*'< æi

but 9,'-, 1v(t) sothat Elg'y(t)l'*ô<æ. AppryingFubini's
ll f7 - -t

theorem I tl*'V(r) l'* ôdr = E I lg'y(r) l'* ôdr >Elg,l'Vt..lrttl2'r o

Jo Jo'- '- Jo

by Jensenrs inequality. Thus f I Eo l'* ô < oô

The remaining property of the sequence { 6" } needed

tosatisfytheorem3is p(m)+0 as m+æ. Thi.sis
proved by way of a lemma concerning the process Y. Let

Kt be the o-algebra generated by .ty(u) ,u( tÌ and Kr the

o-algebra generated by {y(u) ,u) t}. Define

y (t) = sup{ c (z,y) / (v (z) v (y) )% lo.u (z) ,v (v) <- , z is K0

measurable and Y is Kt measuïable. )

Lemma I
y(t) +0 as t+-

Proof

Let or €Qr be fixed such that M(t,or¡t¡z) >

Considered as a function of u)2, Y, (t¡l ¡o2) is ¡o

measurable when u( 0 and ÂJi measurable when u ) t. Let

ZrY be respectively K0 and Kr measllrabl-e, then Z(ut,')

is l\Jo measurable and Y(t¡rr') is lr/i measurable. On

the other hand, EtzlÃLl and EtYlÃr I are respect.ively

io and i,, measu.rable. We have

c(z,YlÃ') < cr(i) v*(zlÃr)v% (vlÃ')

Y
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To show that
is a BI xA measur-.



on the set iM(t) > i) which means

Ec (z,y lÃ, ) ( E{r{0, "., r _.r , (r',rf tl )+o (i) } v' (21Ãr) v* (y lÃ, )

Define r, i = ï{0,.., i -r I (*tå.,å.) ), then

Er{o,..,r -r }(¡4(tDv* (zlÃr)v% (ylÃr)( Ert , v* (zlÃr)v% (v lÃr) .

Now T, , v* (zlÃ't) is i,3' measurabt-e anct t¡l' (v I Ã, ) is
i,, measurabl-e and so

l--,, v% (zlÃr)v'/' (ylÃr )-Et, , v* (zlÃr)Evv" tvlÃ'l I

bur also lEr,, v*(zl Ã,) -ErtiEV%(zlÃ,)l"gtå-.) t%v(zlÃr)"

Combiníng these results

E\i v'/'GlÃt) v% (vl Ãr ) < (zo ¡5t) +Eï,, )c*v elÃr)Ekt¡(vlÃ' )

which means

EC (z,v | Ã, ) < [o. (it +r(u[å.,3.) <i) +zo (]t) ) e* v Gll,,.) E%u {v | Ã, ) .

On the other hand

c(E(zlÃr), E(YlÃr)) <

and since

vv" zv%y >- Eú v e17,r) Eh u tv lÃ, I and v% e lzlÃrlv% etv | Ã r l

it follo.vs that

c(z,y)< {c,(i)+p(rtå.,3.) .i) * ze(}t) {.ß(r) }v%zv"'y

or y(t) < a(r) + p(¡,r[0,]t) .i) + zO(]t) +ß(r)

To show that y (t) + 0 as t -* -
show that Z(UtO,t) <i) + 0 as t + @¡

because this means lim sup y(t) < o(i)
hence the limit must be 0.

Let Em = {lt(--rm) >0 r1"[lmr-) =0].
E- t E = {¡l(--r*) >0 r lim M[o rm) <-]

Lgz

(17)

lve simply need to

for each fixed i,
for every i and

AS m f co" 'AS mt -æ

Em + ø. However the stationarity of M impries. pE- does

not depend on m. Thus 0 = Pø = PEn, = PE by continuity of
probability measures. This result means that the events
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{m1--,-) >0} and {"'t}* M[0,m)=-] aif fer by a set of prob-

ability 0, \^¡e shail say they are equivalent. Similar

reasoning shorvs that the three events {tU1--,0)>0},

{UIm, -) >0 ] and {t"t 1--, -) >0 } are equivalent. However

EMI0,1) > 0 so that P{}4(--,-) >0} > 0. rf I > P{¡t1-*,-) >0}

then the correlation between I{o } (u(--, O) ) and

I{o } (utm,*)) is I contradicting assumption 3. Thus

P{M(--,-) >0} = t and so M[0,m)"+o'-, f [¡lt0,m)<i) -] O

as m + oo. Hence Z(UtQrt)<i) + 0 as .-t + ær completing

the proof of the lemma.

To see that p (m) + Q as m -> oo simply note tha.t E¡

is K0 measurable for j < 0 and Kt measurabl-e for
j > L. Thus we have shown that {E-} satisfies theorem 3

which means that t-*g'[x(t)-ut) converges in distribu'bion

to Â/(0, a") , the normal distributiorr with mean 0 and var-

iance a2 , as t + - through integer values. To obtain
the result for t + -, continuously, the following argrument

is adapted from Bilt-ingsley (1968, p.I79).
Let ôn, = -gupt t'l mr tn+ , l*-'6n,- t-* g' (I (r) -ur) |

then

-1/.ô"(m" g'(y(u) -u) lau and so

Thus 6n $ 0 as m -) æ showing that the cistribution of
g'(l(t) -ut) has the same 1imit as s¡ _t +r ¡ as t + ær

which j-s the desired result. since cx + Q is arbitrary
this proves theorem 4.

Theorem 4.

n]+
1

I

I

m

u6,, ( * t(J:. 1*'(vtu)-s) u')'

t-*([(t)-gt)) conveïges in disLribution to N(0,r0),
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andthe d dimens i-onal

variance matrix I o

D(f,g)

distribution with mean 0

It ltI I r(u-v)dudv.
Jo Jo

The stated aims were to show that the distribution of

X convergies in some sense, to the distributíon of a Wiener

process. Since both processes have continuous sample paths

the natural kind of convergence to consider is weak corlverg-

ence of probability measures on a space of continuo-urs

functions; for example the space cu [0,1] which is the

set of continuous functions f : [0r1] + Rd with metric D

defined by

l! (r) -g (r) I .

normal

= Iim
t ->æ

sup
t e[ o, 1]

The theory of weak converltence in the space Cl [0r1]

is well developed (e.g. Billingsley, 1968) and a corresponrl-

ing theor:y for cd [0,1] appears to be a trivial extension

of the former theory. Ibragimov's paper, cited previously,

gives results on weak convergence of the distribution of a

continuous interpolation of the process {8",} to a wiener

process, ït appears that corresponding results should be

true for the multivariate process ð. However I sha1l be

content to prove a much weaker result.
By a finite dimensj_onal distribution of a process

Y = {Y(tl ,LÞ0} is meant the joint distribution of

Y(tt ),..,I(t, ) for some finite set {t, ,..,t" }. A sesuence

of processes Y- are said to converg'e in fini,te dimensional

distribution to a process I if the joint distriliution of

I^(t'r ) ,..,I*(t- ) ccnverges weakly to the joint distribution
of I(tt ) ,..,J(t, ) for all finite sets {t, ,..,t-. }. we

shatl show that h-e{I(ht.)-ut} converges j-n firrite dimen-

sional distribution to a wiener process. rn the forlowing
discussion it witl be assumed, without loss of grenerality,
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that U=9.

Let Q = to < tr <. . < t, . From the stationarity of y

it is clear that the distribution of ð(t)-ð(s), t > s. is
the same as the distribution ð(t-s). and so by theorern 4

h-'(ð(ht, ¡ -S(ht, -, ) ) has the asymprotic disrribution
N(O,Io (ti -t, -, )). This d.istribution is the dístribution of
the increment W(t, ¡-W(ti_r) of a l{iener process with mean

Q and variance t0. rf it can be shown that the -increments

h-"(X(ht,¡-ð(ht,-,)), i = I,..,r are independent in their
asymptotic distribution then it follows that {n'kx(ht) ,t> 0}

converges in finite dimensional distribution to O: To

prove this we need lemma 2.

Lemma 2

Let h > O and At €K,r_, nKti-h, i = l-r..rr then

lor,ô,e )

Proof

Let

That is

We have

P(Ai )
I

f

fì A¡
i = j + r

< % (r-t) y (h) .

1

n
i = j +1

I

IT

A€5t, B€Ic, then

lc{ro,ïo) l< y(t-s)vn (rùvY' (ru) .

I z {ane) -P (A) P (B) | < Y (t-s) k
a Ktj and Àj €Ktj-h

Thus

which means

lp(A1 ) . "p (Aj -, ) p( n Aj )-P(Ar ) ..P(q ) P(
f

n
= j +

4)l<l¡Y(h).
i =j

Summing over

Define

j we obtain the desired result.

y(i,h) =h-%i5{rrt, )-I(ht, -r ) i,y*ti ,h):n-%{¡{rrt, -tr*)-ð(htt -r ) }.

has the same distribution as Y(i,h)-Y* (i,h) ,

eln-*x(irv') l2 = :',-t -lJl-v(u)dul2

lat. n. A¡ )
I =J

P(Aj ) P( 4 ) l< ky(h)

-r/- 
tLh '"x (h" )

I'i"tl(u)dul2.= h-t Etl' ln-*

and
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Jensenr s inequality applies giving

ttn-*\1¡*r r' 
: :-,'J^"Ï Ii".iil:,';lj";"'

. = h-%e lyro) I'
we see that n-' 5(hu't) 'ni" 0 and the same is true for

X(i,h)-Y*(i,h). rt follows that the two sets of ¡¡ectors

{yli,h) ,i=l ,.. tr} and {y* (i,h) ,i=I. .. tT} have the same

asyrnptotic distribution. From lemma 2 we conclude

I 
ptg* (i,h) G,,i=r, . .,r) -,i, o{g* {i,h) €8,,L=L,..,T) | < {r-r)v(rr%¡

and so the asymptotic distribution of y*(i,h), i=I, ..,T
is a distribution of r independent random vectors.
We have proved

Theorem 5

The finite dimensional distributions of the process

{h-k [Xttl-Ut) ,t> O] converge to the finite dimensional

distributions of the Wienår nto"ess with mean zero and var-

iance matrix Is.

If theorem 5 is to be used as a basis of a moclel for

animal movements, generally, it will be desirable to obLain

processes with possibly non zero mean. This is obtained b1z

consid.ering the limit in finite dimensional distriÌ:ution of

the process {gt+h-t (Xttl-Ut),t> O}. The limit is a wiener

process with mean U and variance X o . This procedure

maintains the mean and- variance at Lhe same relative order

of magnitude during the lirniting process.

It is not difficult to find processes satj.sfy.ing the

conditions L",2.,3., and 4. and so saiisfying theorem 5.

Example 1 is such a process.

The asymptotic distributj-on for X derived above
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depends only on U and I o for ð" Therefore in comparing

the different methods of specifying differences between

individual animals, cliscusseC earl.ier, r,r/e need only look at

their effect on U and I o to see how they af fect the

asymptot-ic distributions. (gr,Xor) and (Uz,Ioz) refer

to U and Ie for {r and [z respectively. The rel-

ationship between (-grrlor) and (gzrloz) brought about

by the different method.s of specifying differences ar:e

listed below

1. E2 = 0,þtr Laz: cxlor

2. Uz = Hr, Loz =*to,
3. ltz = 0,frr Ioz = cr2Iol

4. !z = Gþrr Loz = Iol

5. !z = !r , Loz- = c2lor

Recall that method t. i-s the time transformati-on methocl.

The first thing to notice.is that if U = I, that is there

is no preferred direction, methods L.,2.,3., and 5. are

equivalent. Method 4. then has no effect. Secondly no

single method has the same effect as the 'time transforma.tion

method, but there are many combinations of methods whicll

have exactly the same effect as time transformation. All

of the methods considereà maintain propo::tionality between

Br and lz and between lol and Loz. More subtle ways of

specifying differences may upset the proportionality. In

modelling movements of real animals the precise method of

specifying differences will depend on the simplicity denrand-

ed, the accuracy required and the k¡ehavj-our of the animals.
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6 APPLI CATION AND I NFTRENCE.

The ultimate test of any theory is its application.

This chapter shows how the theory of previous chapters is

helpful in the investigation of the movenrent behaviour of

the Brine Shrimp Az.temia saLína. In particular this theory

enables useful questions to be posed, âs anticipated in the

introducti.on.

The experiments given should be regarded as examples

of the kinds of experiments that coul.d be done. Generally

there is insuffj-cient repJ-ication for a high degree of con-

fidence in the conclusions but they do indicate that it j-s

possible to do the experiments and they give some plaus-

ibility to the proposed models " Once the apparatus has

been perfected and the necessary techniques mastered,

replication of the experiments ís not a difficult problem.

Wherever possible standard statistical proce<1ures are

adapted for our need. However for the testing of independ-

ence of clifferent animal='*orr"oents I feel that new stat-

istical tests are required. IÍethods of testing indepencl-

ence are the subject of the next section.

6.1 Testing independence.

Ìvlost of the theory in this thesis assumes that the

movement processes X1 ,.. r4, of the n animals in t"he

population are independent condi.tional on the environment.

Thus the logica.l first hypothesi.s to test is this independ-

ence. Ancther reason why this hypothesis should be con-

sidered fírst is the obvj-ous consequences it has with

regard to sampling movements to gain further knowledge.
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Thus it is envisaged that it will be desired to test inde-

pendence, conditional on the environment, in the presence

of very l.j-ttle knovrledge of the stochastic processes

involved" For example j.t is expected that it will not be

possible to assume à priori that the stocirastic process

(Xr ,.. rX') is a homogeneous Markov chain in discrete ti.me.

The presence of such assurnptions may lead to consiclerable

simplifications, for example in a dj-screte space setting,
if we observe {x, (t),..,xr (t) ,t:Q,I,..,\}, for m J.arge,

and it is known that (Xr , " ",X,,) is a homogeneous Markov

chain then there is a simple test of independence due to

Billingsley (1961, p.29) .

Note that we are not concerned here with testing the

stronger assumption that X1 ¡..,X¡ are independent condi-

tional on the environment and the animals' phenotypes. fn

our situation of 1i-t.tle knorvledge, 'testing this assumption

would seem to involve repeated observation of the same

inclivirlual's movementsrwhich can be avoided in a test of
the assumption of independence conditional only on the

environment.

For testing independence we shal-l generally assume

that the environment is non random by experimental design

so that the dependence due to the environment is not con-

fused with dependence caused by interaction between indiv-
iduals. This is likery to be impossible to achieve in the

field; however in some situations randomness of the

environment does not affect the test of independence

that r sharr give. Because of d.ifficulties of sampring,

spatial irregurarities in the environmental, and temporal.
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randomness of the environment f expect 't.haL it will be

difficul-t if not impossible to test independence in most

field situations. Thus I believe that most tests of inde-
pendence will be in laboratory environments which r ta-ke as

including highly modi-fied outdoor environments, .different

from the "field" where the animals nornially l.ive.
Ecologists are frequently and understandably very

cautious about applying results of laboratory experiments

in fierd situations. rt is to be admitted that the presence

or absence of dependence may depend on envíronnental con-

ditions so that laboratory experiments may not be appl_ic-

able to the field but it also seems that independence,

thought of as no si-gnificant interactitn between individuals,
is such a basic behavioural trait that it shoulcl not be too

greatly affected by environmental conditions. An experi-
menter who wisÏres to extraporate from laboratory to fierd
needs to incorporate in laboratory experiments sufficient
features of the field envirorrment to maintain the presence

or absence of dependence. To assess the chances of success

in this respect the experimenter should check that reacliry

obser:vable qualítative features of behaviour, movement or

otherwise, p::esent ín the fiel-d, are preserved -in the lab-
oratory setting. On the other hancl new technologyr âs

mentioned in the introduction, ftây enable some questions of
dependence to be ansi,¡ered in the field setting by the prov-

ision of the lar;ge arnounts of Cata I believe it requires.

Sometimes animals are obviously dependent but we are not

concerned with these situations.
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I shal.l- consider only the case where the animals are

not tagged individually because there is no satisfactory

tagging method. 'l'his is the case in my own experiments and

is perhaps the only situation in wh-ich testing independence

of movemerrts is in an1' way special. In other s j-tuations

standard tests for dependence of stationary tinte series,

or in the absence of staLionarity, tests of de¡rendence

betrveen ranrlom vectors, can possibly be suitably adapte<l

to the movement setting.

For simplicity it wj-I1 be assumed ttt.t ttre::e j-s only

one subpopulation.

In the situation we are consider-i-ng, ät best- we c¿ìn

observe the random measures Nt , t € r where 'r is a sub-

set of a f inite interval. We know from secti-on 3 " 3 that

the joint distribution of Nt , t € t is generalllz insufj:-ic-

ient to determine independence of {xl (¡) ,t€ri r [ - 1,..,D.

Additional hypotheses are needed, for example the hypothe-

ses 1. and 2. of theorem 3, chapter 2, or the situation j¡r secLion 3.6

so that theorem 11 of chapter 3 becornes approximately applic-

able. An alterna'l-ive, possibly more generally useful addit-

ional hypothesis is that the joint distribution of

{x9, (¡) ,t€r}, 9" - L,..,n, is restricted to a class where

independence of Xg (t) , ,0 = I, ..,n, for each t € r impl-ies

independence of {x¿(¡) ,t€t}, 9" - 1,..,rI. Wé shall refer to

this as hypothesis Iq. In the presence of hypoLhesis ì1

theorem 7 of chapter 3 can be used as the basis of a test of

independerìce.

Belief in hypothesis M musL be based on reasonable

biological grounds. eerhafs the most obvious possible out-

come of interaction between individuals 'is under or over
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dispersion which lûeans that the animals tend to be aggregatecl

morl 9r less than expected if ,4f.it),..,x" (t-) a5e 
=indepelc-1_

ent. trrte rnay think of under or over dispersion as resulting

from the animals being attracted to each other or avoiding

each other. Consider a population of free swimmíng aquatic

organisms with lirnited ability to detect each other at a

distance. Pr:ovided the population is not so dense that

they are continually colliding there do not seem to be many

!üays that the anj.mals could interact that would not leacl to

under or over dispersion.

The hypothesis of under or over dispersion has been of
considerable interest to ecologists leading to the use of

the Poisson index of dispersion test for detecting depart.-

ures from a homogeneous Poisson point process for the

spatial tlistribution of the animals (see Southwood, 1977.,

p. 36). However since the environment is invariably spal--

iatly heterogeneous it is rarely clear whether departrires

from a homogeneous Poisson process are due to interaction

between individuals or environmental. heterogeneity.

Whilst the assumption that the only available ways of
j-nteracting result in under or over dispersion, does lead to

hypothes.is M, it. is apparent that some animals interact

in ways that may not result in Xr (t) ,..,X,, (t) being dep-

endent, fox fixed t. For example, ÞletrIs and Buckley (L972)

describe a tendency for individuals of the water snail

Physa to foIlow each others slime trails. Suppose snail 2

follows the slime trail. of snail I such that X2 (t) = Xr (t-1) .

If the process Xr has ergodicity properties resulting in

xr (t) and xr (t-1) being åppro*i*atel-y inclependent then
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Xr (t) and x2 (t) are approximat.ely independent in the

presence of very high dependence between Xr and X2 - This

result depends on snail 2 generally not following too close-

ly behind snail 1. In Physa, tr:ails only remain detectable

to oLher indivicluals for aÌ:out 30 to 45 minutes. Thus if

the unit of time is an hour and the space X, where the

animals are movirg, is so J-arge that Xr (t) and Xl (t-l)

must be relatively close, then if suail 2 does follow snail

I, it must follow close bekrin<l. If the-probability thaL

snail 2 foliows snail I is appreciable th.en xr (t) and

x2 (t) will be dependent. Lf. the total. population is not

too great, and this kind of interaction occurs generally in

the population, then under dispersion will be apparent.

In the sequel we shall assume that hypothesis M is

reasonable and so we concentrate on the joint distribution

of Xr (t) ,..,Xn (t) . trVe assume that Xr (t) ,.. rX,, (t) are

symmetrically distributed or "exchangeable" so that depend-

ence between Xr (t) ,..,X, (L) is determined by the clistrib-

utj-on of Nt .

If the Xg are stationary processes then we have the

additional simplification that the distribution of Xt(t)

is independent of t. However in the present cont-ext we

want to condition on the environment and if the environment

is non consLant as a function of ti.me it does not seem

reasonable to postulate that Xg is conditionally stal-ion-

ary.

If environmental effects can be specif-ied by .time trans-

formation of a process which has a limiting distribution

(c. f. model 4c or appropriate special cases of the model of
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3.5) then it is reasonable to postuJ-ate that the distr:ib-

ution of Xg(t), conditj-onaI on the environrnent, does not

depend on t for t sufficiently large, furtherniore this

conditional distribution does not tlepend on the environmenL

so that environmentally induced dependence does not become

confused with interaction between indíviduals in the dis-

tribution of (x, (t) ,. " ,x^ (t) ) for fixed t.
-vVhen there is no reason to believe that the effect of

the environment can be modelled by tirne transformation

methods s1¡mmetry properties of the environment may suggest

that some properties of the distribution of X[ (t) should

not depend on t or the environment, p::ovided the systern

has been in existence sufficiently long. For: exantple, wê

may be able to partition the space into trvo sets A and B

which are mirror images of each other and. the environmental

conditions for these two sets Lreing mirror images of each

other. We coulC then postulate that

? (xp. (t) €A) = P (xr (t) €B) = \
and furtherrnore the event {x¿ (L) €A} and the environlnenta-L

random variable o are independent. I¡Ie can test the inde-'

pendence hypoLhesis by using the fact that Nt (A) has a

binomial distribut-ì-on with parameters (n,ti¡ rshen

xr (t) r".,Xn (t) are independent. If we are j.nt.erested in

alternatives which lead to under or over dispersion then an

appropriaLe test statistic is

r - { (N, (e) -n/2) '*(^, G)-n/2)'}/ (n/z) .

Under dispersion l-eads to la:i:ge

sion to small values of T ancl

ution of T is Xî. T is the

statistic. There is no Poisson

val-ues of .1), over disper-

the asymptoti-c null distrib-

Poisson index of dispersion

dis'tribution here but
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independent Poisson random variables are jointly condition-

aIly multinomial given their sum. The asymptotic distrib-'

ution of T is seen by interpreting j-t as a goodness of

fit. statistic.

The idea of using the Poisson ind.ex of dispersion test

to test independence, in the presence of enwironnental synnetrlz,

\^ras used by Naylor (1959) in laboratory expe::iments on clis*

persal of the flour beetle Tv,iboLíum confusum. Naylorrs

apparatus was circular with k chambers, Ar ,. . ¡Aç,

k = 48 oï 10, placed around the circumference of a circIe -

BeeLles collected in the chambers and he postulated that a

beetle woul-d have equal chance of collecting in any of the

k chambers. He used the Poisson index of dispersíon stat--

istic

[u, (A ) -n/x)'/ (n/x)

and also a test of circular serial corre]-atíon between the

l{t (Ai ), i = lr.. rk. If we let k + - in Naylor's situati.on

we ot¡tain a radj-ally symmetric environment. Testing .inde-'

pendence in radialty symmetric environ¡nent is the next

topic.

I hope that the deve.lopment of a test of independence

in a radially symmet-ric environment demonstrates that even

when there is very little knowledge of the kind of movement

processes involved it is possible to design an experiment

in which a great c1eal can be postulatecl a-bout the distrib-

ution of the X[(t) making the detection of depenclence a

rnuch simpler task.

k
h-sr-t
,l
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Testinq inclependence in a radial-ly symmetr:ic environment.

Suppose the n animals inhabit a radÍally symmetric

two dj.mensional environment X. For example, a circular

conLainer oT enclosure with environntental conditions ma-in-

tained uniform and non d-irectional-. It is envisagred that

the radially syrnmetric environment wilt generally lce ar'bi-

ficial-ly created ej-ther in the laboratory or as a mcdifi-

cation of a natural- environment. If the results of the

study are needed to I¡e applied in the field the expe:ri.menter

must attempt to include the relevanL features of the field

envilonment wj-thin a radially symntetric structure. In Lhe

field a raclially symmetric environment most often results

from uniformity of the environment. In that situation the

present theor:y is really only appropriate when the animals

chosen for study have the same home range, their they do not

v¡ander too far away from each other and lose the opportunit-y

of interacti.g, and they all recognise the same centre of

the space.

If the animals move all over the space it might be

expected th.at the joint distrj-bution of the animals' posi-

tions approaches Some distribution, after a time, r.vhich is

radially symmetrical. Some results on this question are

proved later. First we need a precise definítion of a

radiall1z symmetri-c distribution. Assume the space X has

a recognisable origin about which it is a radially synrmetric

subset of R2. The appropriate o-algebra is the-Borel sets

of R2 which are contained in X. Denote by T0 the trans-

formation on R2- which consists of rotation through the

angle 0 in the positive direction. I'or



T = (xr ,..,xn ) € (R2)" tet To X denote

If B c R2', TOB = {fo¿lxeni. Note that

transformation of R2 and To' = T-g.

Definition 1.

Suppose equation (1) holds and

symmetric distribution then X(t)

distribution.

Proof

|¿-07

(Texr ,.. ,TOx' ) .

Ts is a bijective

5(0) has a radial.ly

has a radiallv symmetric

If Yr , . . ,Yn are X valued random varial:les then

(Yr ,..,Yr, ) has a radially symnetric distribution if

P((Yr,..,Yn)€B) = P[(Yr,..,Yn)€rsa) for all Beß'n, the

Borel sets in Rt 
n , and for all 0.

For the purposes of testing a stati_stical hypothesis

the real nature of the space is unimportant so long as the

distributions of the anirnals positions are rad-i-a1ly sylrün-

etric about some point. The animals might be thought of

as regarding the space radially symmetrically if

P(ã(r) €B l¡tol ="1 = P[I(r) €r0B l5(0) =rst) (1)

for all x€X', 0, B€ß2". when the animals regard the

space radially symmetrically 5(t) can be made to have a

rad.ially symmetric distribution by giving X(0) a radially

symmetric distribution. This is theorem 1.

Theorem 1.

Let O(B) = p(Xto)€B), then Q(rets) = Q(B).

p (X tr) €reB) : Ir (X(t) errB lð (o) =x) da (5)

: tP (\(t) er-ereB | ¡tol =r-05) ao t5)

= .IP(l ttl €B I S(o ) =r-er) do (x)

= Ip (X(t) es I X to I :x) ae (x)

The last equality results from the invariance of A
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We have P(l(t) ersn) P [ð (tl ee) for all

Theorem I is part.icularly important when the Xø (t)

do not have a radially symmetric lirniting dis tribution but

the animals do regard the space radially symmetrically for

then, in an exper-imental situa.tion, one can give I(0) a

radial.ly symmetric distribution, and if one vrants to test

the independence hypothesis, the X¿ (0) should be made

i.i.d. A particular case where the limiting radially

symmetric di stribut.ion may not apply is when each animal

sets up a home distrj-bution concentrateã on part of the

space. Theorem I m"ay appty. In this situation, the hyp-

othesis of independence of Xl (t) ,.'. rX,, (t) includes

independence of the home distributions, however it is poss-

ible that the home dístributíons are dependent but

Xr (t) r..,X,, (t) are condj-tionally independent given the

home disL::ibutions.

If an animal sets up a home distribution concentrated

on part of the space, after bej-ng experimentally introduced

to the space at t - 0, it must be able to distinguish sorne

parts of the space from others. It may do this by chancJing

part of the space or by learning to recognise part of the

space. This is stj-Il compatible with equation (I) provided

no directions are preferred in estabtishment of the home

distribut-i-on.

When ð(t) ha-s a radially symm.etric distribution,

marginally each Xg (t) has a radially symmetric disirib-

ution on X. The dis'bribution of such random variables has

a useful structural decomposition.

B € B'".
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Theorem 2

Let- the X valued random variable Y have a radially
symmetric distribu'tion. If (R,0) is the polar co-ordin-

ates of Y then R an<l 0 are independent and 0 has

a unj-form distribution on 10,2r) .

Proof

The arrgle 0 has two alternative interpretations
I. as a real number belongl-ng to l0,2tr) , and

2. as a point on the unj.t circle.
Consider the second interpretation. Let A be a Bore1 set

in [0,-) and B be a Borel set on the unit circle. Then

l({n,o) €axe) = P(re (R,o) éAxe) = Z(tn,o-r-0) €AxB)

Keeping A fixed and defining A(e) -' P((R,O) €axn) vùe see

that the measure O is invariant under t-he translation
group on the unit circle. Thus O is a multiple of cir-
cular Lebesgue measure.

z Itn, o) eaxe) = s (A) v13-) /2Tt where u is circurar
Lebesgue measure and S (A) is some set function. Clearly

R and 0 are independent and under interpretation 1. of
O, 0 has a uniform distribution on l0,2tt) .

It is easy to see that any X valued random variable
Y, for which R and 0 are independent and 0 has a

uniform distribution on 10,2r¡ , has a radially symmetric

distribution. This fact can be used to find conditions uncler

which X¿(t) becomes approximateÌy rac1ially syrnmetrically

distributed as t -) c".

Nagaev and lrlukhin (1966) have derived sufficient con-

ditions for a sum of independent angles to have a limiting

uniform distribution. These help guide the intúition irut-
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I think a different kind of result is needed here. The

result I have is very simple; it is based on the follorving

lemma given by Fe1ler (f971, pp. 62-3).

Lemma I

ff f is unimodal probabilíty density on Rl then

l-å-t (x+m)-l1" 
"rrrp 

f (y)

Lemma 2

Let

for fixed

f, (r,0) be a probability density on [0,-) * (--,-) ,
l@t. Def ine .9, (r) = J _-f, (r,0) d0 and

-æf, (r,0) : 
--_I -f, 

(rr 0+m) .

Assume

1. f, (r,0) is unimodal in 0 for fixed t,Lì
2

6

0I sup f, (rr0)dr * 0 as t -+ c";
0

then
r-
Juã, (r,O)d0dr J"g, (r)d0dr + 0 as t + - for: every

Borel set B contained in [0r-) x [0rI].
Proof

Let f, (0lr) = f, (r,0)/g, (r), ñ, tOlr) = i, {t,0)/g, (r),

then condition 2. is equivalent to'

f =Ën fr (o lr)øt (r)dodr -> o.

From lemma I

=Fp f lf, tolr)-11g, (t)ar< fsyn rt (0lr)st (r)dr * o

as t + *. Thus if B is any Borel set in [0,*) , t0r1]
l-,î
J"f, (olr)gt (r) dr j"g, (r)dodr + o

as t -> -.
This result easily generalises to the case where the

number of ¡nodes is bounded, below M say. The required gen-

eralisation of lemma I says I i f (x+m) -Il< M sup f (y) .
rn= -æ Y



211

To apply l-emma 2 lo the movernents of an animãl let
(Ottl ,R(t)) ¡" the pot-ar coordinates of the position of

the animal at time 't. Assume that 0(t) is the projec-

tion on to a circle of a process V (t) on a helix, see

fig. 2. Y(t) represents the signed distance from the

point 0 along the helix and

0(t) = V(t) (2r)

meaning the least non negative amount ttrat V (t) exceeds

an j-ntegral multiple of 2r. Intuitively, V(t) can be

constructed from 0 (t) , when rnotion is continuous by rep-

resenting 0(t) as a point on the boundary of a circle,
breaking the circle at one point and continuing it into a

he1ix, V (t) is meant to represent the animals'

cumulative angular displacement. A rigorous mathematical

construction can be performed when 0 (t) is a function of

bounded variation by considering the siEned measure induced

by the interval function ¡r (s, tJ = 0 (t) 0 (s) .

Let f, (r,ú) be the joint density of (nttl,Y(t)) .

If the animal regards the space radially symmetrically,

moves about a great dea1, aIl over the space, and never

dis't-inguishes any part of the space, then a reasonable

model would seem to be that sup ft ( 0 I r) -+ 0 as t + -
e

expressing the idea that, conditional on R(t), Lhe distrib-

ution of V (t) becomes spread out over an infinite inter-

val of the real line. Under mild condítions

f =Fnft(olr)st(r)dr*o as t+oo
Because the animal does not d.istinguish any parL of the

space, regularly repeated modes are not expected for

f, (elr). Thus a reasonablé model seems to be that f, (r,0)

satj-sfíes lemma 2. The density of (nttl ,O(t)) i=
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Fig. 2. Projection of helical path onto a circle.
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distribution of the
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so from lemma 2 we conclude that the

animal's position becomes arbitrarily

syrnmetric distribution as t + -"

A test of independence

Suppose that ð(t) has a radially symmet-ric distrib-

ution, L is fixed. It is desired to test the hypothesis

that Xr (t) ,..,x" (t) are independent agaì.nst alternatives

v¡hich lead to under or over dispersion of the population.

I have chosen to consider only the case n = 3 l:ecause

it is a case I can handle that al.lows the possibility of

more than two individuals interacting. It is assumed that

there are m replicate populations each with 3 individuals

and that-. if ¡:, (t) is th.e positions of the animals for the

rth replicate then {r (t),..,$,n(t) are i.i.d. Although

the theory applies when X is an arbl-trary radially symm-

etric subset of R', it is probably most appropriate when

X is a bounded circular area with the x¿(t) very roughl-y

uniformly distributed over the area.

The test has an intuitive basis. Cons.ider the triangle

with Xr, (t), Xz, (t), xr, (t) as vertices. rf the animal-s

are under dispersed the area of the triangle should tend to

be small. If the anj-ma1s are over dispersed the area should

tend to be Iarge.

Let Xi, (t) have the polar coordinates (Ri. ,0i. ) .

Since Xi, (t) has a radially symmetric distribution Ri,.

and 0¡. are independent and 0i, has a uniform d.istrib-
ution. However no parameLric form is assumed for the

distribution of &, . Theiefore the approach must be non

parametric. Suppose R¡. has a continuous distribution
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The distribution of the point with polar coordinates
(Vi, ,0i, ) approximates that of a point uniformly distrib-
uted over the interi.or of the unit circle. Furthermore if
(&, ,0i, ) is uniformly distributed over the unit circle,
as we shall see later, V. u'j'lì, as m + æ, írT fixed.
Thus if we regard a uniform distribution as the sLandard,

or ideal situation, it. seems quite reasonat:re to replace
(R¡, ,0¡, ) by (V,, ,Oi, ) . If this standardisation i-s un-

acceptable there may be a permuLation ,approach which

parallels the development given here.

Define .\ to be the area of the triangle with
vertices (vrr r0r, ) , (vzr ro2r), (v¡r ror, ). r suggest that
a reasonable statistic for testing independence is

T cx (Ä., )

funct,ion and Iet L¡ . be the rank

sample {R.c,n ,9,=I,.. r 3rk=lr.. rln}.

2t4

of Ri, in the entire

Define

can

that

m
T

f
m

where c{, is some suitably chosen function. I chose

o(x) = 4x2 on the grounds that, with this choi-ce, I
work out the asymptotic distribution of Tn,. Notice

A, is a symmetric function of the veritices of the

and so it is a function of Nt .

triangl.e

Deri-vation of the asvmptotic distribution of Tn..

r.et X1 , (t), xz. (t), Xe, (t) be i.i.d., for each r.
The distribution or T- does not clepend on the distrib-
ution of the Ri , and so assume that & , has the distrj.b-
ution P(&, <x) = x2 or equivalently (Ri, ,O¡ , ) is uni-
formly distributed over the interior of the unj-t circle.
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The angles 0r, , Or, , O¡. partition the unit cj_rcl.e

j-nto 3 disjoint arcs. Let vi, be the angle sul:tended by

the arc with end points oi , and oi - r, , subscript arith-
metic being modulo 3 representing 0 by 3. rt folrows t-hat

3A, = 41,L. Vrv¡-rrsin V,. 
I'i =t

L

x3

m3
T,n= X- {. Ir=t l =

and hence

,vlrvl-1" sin2V¡, * rrË, V2, V +rr V a2¡ sinv1, sinV¡ *r, ].

Note that {V,. ,i=Ir213,r=1r.. rm} and {v,, ,i=Ir 2,3,T=J-r.. rm}

are independent.
I¡Ie need several lemmas concerning linear rank statist-

ics with random coefficients. These are related to results
on linear rank statistics in Hajek and Sidak (1967) 

"

Lemma 1.

Let ! be a bounded continuous functi-on of three

variables then

f(Y.) f(¡;) mo8' 0 as m+6

Proof

I

..Rr

ß¡

ß3

I
I

I
6

a\

I qr

r/

).'-R,
-x-J

Let irr be fixed. Conditicnal on &. , the propor-
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tionr P-, of R¡ , ¡ r( R¡,

over Ví. < p iff p- (. p
Thus, conditional on Ri, ,

is P(v¡,*&,1&,) = 1 a.
a" s"ang vi, -+-' Rir.

Since f is bounded

E(f (Y. )-f (8, )J' + o as

distribution of V and

so the r:esu1t holds when

Introduce a single

R¡, =&*3(r-l). Define

convergies a. s . to .Q2. .

and V?, > p iff p- >

Vi, a' s" R¡, as m + ær

s. Hence P(Vir-tRi, ) = 1

More-

p.

that

r€an-

an<l continuous it. follows that
m + æ. Furthermore the joint

& does not depend on r, and

r is a function of m.

subscript notatj-on Vt ,

g( k) = ,,(9.-1.) .. (.q,-l<+I)

By the strong law of large numbers

strall see later that c," = ,4 + t(*)

Both C- and cm are bounded by 1

Combining thís result with J-emma I

Lemma 2

vÍ, v,t- ,, 4" 4'

- vi + 3 ( r - r ) r

and

vr'z vf .
(3m¡(')
c* " it'

so that Cm c,r-' " it ' 0

and so cm cm n'is ô 0.

we have lemma 2.

cu'= (3*þ'+, 
P" \'-' cm = 1 x2

4 and we

c,,

g(Yr. ,Y2, ,Vr, )

0.

a function with finite

Iemma 1 then
*: o.

m.s

Lenima 3

Let

varl-ance

e(y, ) be

in
m.

->

0 mean, and f as

i s(y, ) (rtv. )-r(e ))

Proof

{!, ,r=1 ,2,..,fr} is independent of {Y, ,S ,T=Lr..,il}
and rhe y, are i.i.d. Hence Ets(U, ) (f (y. )-f (!; l)ly, ,S I =0

and

-v,
m

and
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utig(Y, ) (r(Y, )-r(& l)lu,[Ç,r=1,.-,m]
= (eg,(y,)) i (r(v,)-r(8"))'

which has expected value

mlsz (! r) EItryr ) -t(Br ) )' .

Lemma 3 now follows from lemma 1.

Lemma 4

then

Let g(y, ) have finite va¡:iance ancl define g = Eg(Y' )

-r/^ m

ML
I

(s {Y' ) -9) (vt', ví- r, -c',+c''-\2, ,*r-'- ,. )
mès

-> 0.

Proof

Sirnil-ar to the proof of lemma 3 with lemma 2 replacing

lemma 1.

Lemrna 4 applies to g(Y" ) = sin2 Vi, to give

-r/, nì ^ _r/, mm-" I v,', V,'_r. sin2v,, -*-" T (R', &'_r, *c--cn')sin2 vi,
-Y2,-- m " (Esin2yi , ) i (v,'z, vf- r. -c',*c,'-ff. &'- r, ) n'i" 0. 

(2)

Lemma 5

Let a(i,j) be syrunetric in i and j, la(i,j) l <

B = {tlrj,k,r.)l í,),k,9" are distinct and. belong to

{1r..r3m}},
Q - { (i,j,k) l i,j,k are distinct and berong to

{1r..r3m}},
D - {(i,j)li+ j;i,j € {r,..,gm}}.
If Ia(i,j):0 then

D

Proof

X a(i,j)a(k,1.)
B D

T
o2 - F

a(i,j)a(k,1.)

3r"(i,j)a(k'¿)

because Ir"(i,j)a(k'.Q,) (3" ti ,i))' 0

L
2 -B

a(i,j-)a(k,[)
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o2Ina(i,j)a(k'1.)
= I a(i,j)a(j,k) +a(i,j)a(k,j) +a(i,j)a(i,k) +a(i,j)a(k,i)

C

+ r a(i, j)a(i,j) +a(i,j)a(j,i) .
D

Using the symmetry of a

4L a(i, j)a(j,k)
c

this is

+ 2L a, (i, j).
D

The result now follows from

2L a2(-i, j)< 2r I = 2(3m) 
(')

DD

Lemma 6

',mm-" r (vl-, vr'- ,, -c**cn.,-Rr', \'- ,, )r =l

Proof
., nÌ

E{m-" I (v.'z v.2 -c +c_-Ri2, Ri,_ r ) } 
2

I r1 l-I1 m

= E(vlrvl_lr-c,,+cnRi2rR,t_rr)' (3)

+ (m-1) E (vr'z, vi-r 1 -c,,+c" -Ri2, &'- r r) (vf rvl- r r-c' *c,, -RÍ, B'- r r,) .

The second term above can be evaluated by first conditioning

on {ñ¡ ri=lr..r3m}, the order statistics of {&,i=lr..r3m},
and using the fact that the Vi, are independent of the

order statistics since they are furnctions of the ranks.

The conditional expectation is
I17
\T3MTÏF - c,,, +cn. - ñi2 ñf 

) 
(.=fr+,," -c,, +Cnr-ñ¡2ñi),m-1

(3m)t q¡

with B as in

Defining

applies and so

mó
-+

(41

+cr,-ñi2 ñ.t2 lernma 5

lemma 5.

a(i,j) = íi/ (3m+1) 2-c,,,

expression (4 ) equals

(:m)(t) (*-t)

0

t
B

4 (m-l) -- ö¡ii å a(i, j)a( j,t) (s)

with an error at most 2 (m-t) / (3m-2),/ ( 3m-3) . The expected

value of (5) equals

4
(3m¡ {+l

e Nivi-cn *c,, -*,'oí ) (v.'zvf -c,, +c--R:Rk2 )
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The expectation is less than E(Vt' rYr'-r r -c,-.l-C;-\', Ri_ ,r)'.
Thus applying lemma 2 we see that expression (2) tends

to 0 as m + oo which proves the lemma.

Applying lemma 5 and the statement (2) we obtain

*-"irt'" v,'- r. sin'yr, -^-* ri,*', &'- r. fc*-cn,) sin'y, , 
n't'' 0.

(6)

I
9mãls*:ff

1
ñ

3

\2 3rn ì) Ì *r j
2

Ri
/3 n¡,

(T

/3 nt(l*'+&'
m

ç
I

{('f'+)"-'l (*)'}

3m

T&-

(*'l q-*) T 0. rhis proves that m%1c,,'-co,)

)'

h +.(-.)
2

Thus Yz

m ( Cr,.-cr., )
r/.

m {(
I

3m

3rn
T
I

nf -\ l.
I

P* 0; but ER,' = 1 and

so by standard. results
2

-'{(
r 3m \* I *'') -\

v.
m

v,
m (C--c,n) -m%

-u nl
*--, 

=x, 
(c--cni) sin2v¡ .

(#J1 .¡-*) P*o

or

converges in dístribution. [Ioreover

-t/- 
m 

^ rl^ fl].

m-" r (cn.,-cn.,) sin2v¡ , = m" (c.,r-crr) m- I r sin2yi ,r=1 I

-r mand m-r î sin2vr, ui" E sin2Y¡ r , wh-ich means
I

Putting all this together we obtain

3
I

+^'-u Esin2\'i1 10. (7)v,
m

3¡n
t

Ill 1

It is shown in the appendix¡ or is obv-ì-ous by syrnmetry, that
E sin2 Vi , does not depend on i.
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In the a¡:pendix to this

E sin V¡, sin Yt+lr:0"

g(Y. ) = sin V¡', sin V¡ a1,

m

Thus

to

sin Y

0) and (S) cornlcine to give

. ä, { zr, -( Esin'Y r r) z2t'1-22t, }

it is shov¡n that

3 applies to

9o

chapter

Iemma

give
-Y, TlML

t
-v,

Vt'rVt+r¡Vi+zr ir sin Vi*t,.
S.-e nì" s.
I Rt',Ri*r,&*z, sin Y,, sin Vi*r, "'i"" 0

3

Define Zr, =,1, Ri, R'- r, sin2 Y, 
"

o_b2r (&3, -}j)

o_L3. rf. & +tr 4 +zr SIN V¡ , sin Yi .,.r, .

3
5'

i =r

3

t
i =1

(B)

(e)

Statements
_ t/-

il "T-

(6) ,

-v,m

-Y2as m + æ. It is clear that m (T,'-constant x m) is
asymptotically normally distributed.
this chapter we have proved

Theorem 3

Using the appendix to

/rg^\-% (*, - å -) is aslzmproricalry disrribured\ 64')
l,/ (0,1) .

It is cf interest'to know how large m needs to be for
this asymptotic distribution to be an adequate approximation.

rn this regard f have performed some simulation experiments

on the University of Adelaide's CDC 6400 compute::. I gen.-

erated values of 1000 independent random variables each

having the null distribution of Tm for m = 60 and

m = I20. The value m = 60 was chosen because it is the

vaÌue of m which I had in my laboratory experiments. with
Artemía saLína. The results of these experiments, in terms

of the first four non central moments of
zn = fuIg/641-v" (T,.-3/B),

are given below where Ê denotes the estimated expected



m

60

L20

ÈzÃ

.29

.09 0

Figures 3 and 4 give the funcLion Õ-tÊ- where Ên, is the

empirical distributiorr function of Z,n from these experi-

ments and o- I is the l,J (0,1) distribution function. rt

is apparent that, for m = 60, the distribution of Zrn is

slightly sl<ewed

Intuition suggest that the skewness was caused by the

convexiLy of o(x) = 4x2. A concave o probably would. in-

crease the rate of convergence to normality. In this regard

it seems like1y that Lemmas 5 and 6 generalise ín a way that

aIlows one to prove asymptotic normality of Tn, for a broad

class of functions cÍ. However the moment calculati-ons nec-

essary for deriving the asymptotic mean and variance of Tm

wiIl be prohibitively difficult in most cases.

I^fith regard to the power of T,,, I have simply a few

heuristics to offer. Just consider alternatives leading to

under dispersion and suppose that the kincl of interaction
present tends to cause a reduction in the Ai by the pro-

portion p so that Tm has asymptotic mean 3/Bmp2 and

variance 19mp'/Aq. Z,n then has asymptot-i-c mean ancl var-

iance -3m% (1-p') /Lgv' and p'*. tr{hen m : 60, for a one

sided Seo test with 95e" powerr wê can have p no more than

.73.

The independence based on Tm essentially

value based on a 1000
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observations.
^^f É¿LLm

o1. tJ

1.04

have.the same o conditional distrib-

of the environment, o, or altern-

Ezm

-.023

-.023

Ë z:,

2

2

7

9

assumes

test of

that the ð,

ution for every value



0-'( F̂bo )
t-qb

qb

-f .qb

o

l9
N

Fig.3. ,



0-'(È,.J
t. lo

- | .qt" o

.qu

t.q

N
t9
9ÞFig.4 .



224

atively o takes the same val-ue at each repli:ate r,

r = 1r.. rîr. When this assumpti-on is viol-ated and the

X, , r = 1r.. rfir are still conditiona-lly radially synmetric-

aIIy distributed, at least under the null hypothesis, it is
possible to base a test of independence on the 0i. since

under the hypothesis of independence conditional on the

environment the 0i r' are i.i.d. uniform on the unit circ1e,

Statistics such as mio V¡. may be appropriate measures of

depend.ence.

6.2 Obser:vations on Antemia : aLina (L. )

The Brine Shrimp, Artemia saLina, is a small crusLacean

of the order Anostraca. Adults measure about 1 cm. in

total length. A concj-se description of Artemía saLina is

given by Lockhead (1950). Individual Artemia swin

continuously, seemingly because this is necessary for

ventilation of the gil1s and feeding. Kuenen (I939) and

more recent workers have observed that they oríentate the

ventral surface towards the light. so that they generally

swim on their backs, and also they exhibit phototaxis which can

be either positive or negative depending on the population.

The direction of phototaxis can depend on environmental

conditions such as temperature.

In South Australia a parthenogenitic population of

Artetnia saLina Lives in the evaporation ponds of the ICI s¿tlt

extraction works at Dry Creek. The individuals are of

course all females. My studies used a laboratory population

establ-ished before June in 1975 from Dry Creek animals.

The experirnents reported here were conducted in L976.
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Individuals in this populatj-on sholed pos j-tive phototaxis.

To improve photography I lcept my aninta.ls in salinities

of 220-250 "loorâs measured on a Hamon S-T bridge, becausc+ at:

such salinities they contain haemoglobin making them bright

red rather than pale and translucent. In the sequel water

with salinities in this range is referrecl to as concentratecl

sea wa'-er. To feed my animals I used a colnmon method of

adding dead yeast to the rvater to encouraqe bacterial growth

on which the Artemia ca.n feed. However to improve photo-

graphy by reducing clouding of the water I did not add yeasL

directly to tanks containing Antemùa, but to a separate

aquarium from which water was transferred daiIy.

My experiments i.nvolved adults and the fifth instar

farvae of Heath's description (L925) . Note that

Andersen (1967) suggests that Heath overlool"ed some of the

very early stages.

Apparatus and Experimental conclitions

All experirnents were done i:l a 20oC constant tetnperature

room. In this room I built the two experimental chambers

A and B shown in figures 5 and 6 respectively.

In chamber A experimental vessels are placed on the

base (b) and a camera is mounted aþove the rectangular

sleeve (s). The walls (w) are constructed of v¡hite card-

boa::d leaving a space, to allow observation, betweerr the

top of the cardboard and the top of the chamber. Th.e top

of the chamber (t) is covered rvith strong translucent

paper leaving a hol-e beneath the sleeve. On each side

of the sleeve (left and right) are mounted a bank of three

40 watt f luorescent tubes , (9'\ , 6 cms. above the top of the

chamber. The sleevé: is opaque and protects the j-nside of
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the chamber and the camera lens frorn direct right. To

obÈain a uniform tight distribution over the base¡ ¿,r 44 cm.

wide strip of alurninium foit (f ) is pJ-acecl tra-nsversery

across the translucent paper (t) and also extra strips of
transrucent paper are placed beneath the fluorescent tubes

([). With this arrangement the actual light íntensity
over the central 70 x 90 cm. portion of the k¡ase is const.ant

at 15 Iux asmeasured with an Eel- Lighi-master photometer.

Chamber B is supportecl by a metal frame (f ) and

consists of upper and lower cyl_inclers (uc and lc) rnountecl

over a glass plat-form (p) . Both cylinders arîe constructecl

of white cardboard lined internarly wit.h flat black pai.nted

paper. The lower cylinder slides up over the outside of
the upper cylinder for access to the pJ-atform (p) " The

top of the upper cylinder is covered with translucent
paper (t) and a bank of 13 75 watt Osram Filtalight incan-
descent light bulbs is mounted 20 cms. above the top of the

upper cylind.er in the arrangement indicated. The entire
undersurface of the top of the frame (u) is covered rvith

aluminium foíI and a hood around the lights is formed by

black painted paper (h). The frame below the glass is
blackened and the space forr.red by the frame enclosed rvith

blacl< painted paper (e) . This arrangement gives a rad.ially
symmetric light distribution over the platform beneath the

cylinders v¡hich is constant at 33 lux inside a circle of
radius 20 crn. f rom the cent-re of the platf orm. The .intensity

drops off outside this circle giving all intensity of 32 lux

at 30 cm.

The camera used is a Pent.ax Spotmatic Motor Drive

which automatically winds on film af{:er the shutter has been
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released. /\ tinie clock to release the shutt,er at fixed
intervals was used in the contj-nuous space experiments

I'ilm was read in the negative form with aid of a

Bucone digítal film reader connected to a card punch. This

instrument has a resolution of .01 riun on 35 mm film
Testing independence

In an aquarium individual Artemia do not appear to
interact at alr except possibry for avoidance of corrision"
To test this hypothesis of no interaction, or independence

conditional on the environment, I designed. two

experiments based on the theory of secti.on 6. r. The f irst.
experiment tested the symmetry of the .envj_ronment whilst
the second experiment tested indepenclence given the slnnrnetry

assumption.

For the first experiment I placed one adult Artemía

in each of twerve white plastic tubs 12.5 cm. in diamet.er

and 3.4 cm. deep filled with 1.9 cm. of concentrated sea

water. The twelve containers were arranged in three ro\'rs

of four in the central 38 x 50 cm.'portion of experimentar

chamber A to form what r hoped would be 12 rad.ialty symmetric

environments with the object of the experiment being to test
this hypothesis.

After an initial wait of 44 hours for the animals to
become accustomed to their homes r photographicalry recorded

their positions at 8.30 a.m. on trventy consecutive days to
give a sample {x..} where *,, is the position of the ith
animal on the jth day. Under the nulI hypothesis. of a

radially symmetric environment we would expect the 
",, 

to
be marginally radially symmetricarJ-y distributed so that the

angles 0.. are unif..rrmly distributed over the circumference- ij
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of a circle- r decided to base the test of slarrmetry

simply on the 0,, because the scale of the space compared

with the magnitude of the oi: makes iL seem extremely

unlikely that there could be environmental asymmetry v,rhich

would not be reflected j-n the distribution of the 0,, . As

a test statistic I used Kuiper's V* defineo by

v" sup (o-F* (0 ) ) -inf (FN (0) -0)

where F* is the sample d-i-stri-I:ution function of tr-re 0,,

Mardj-a (L972) discusses the use of the statistic for detecting
departures from a uniform circular distribution. The value
Yroo= .085 obtained is non significant at the 5Z level_.

This significance revel is used throughout without further
comment.

To perform thís test I assumed that since the contaíners
onry occupied a smarr po::t.ion of the central part of the cham-

ber, arry directional bias would be the salne for all contaj.ners

and also that the 0,, would be i.i.d. under the hypothesis

of radiar symmetry. The second assumption rnight be violated
if Lhe an.imals established aslzmmetricat home distributions
by recognisi-ng minor imperfections in the tubs or marking

them in some way - the amount of movement which occurs in
twenty four hours makes it certain that conditionar on the

ith animal ' s. home distribution O¡,, . . . , 0,, wil_I be i. i. d.

such dependence is of a positive kind which would make the

rejection of the nuII hypothesis more IikeIy which means

that this possibirity is of no concern given the results
obtained.

Having accepted that the twelve plastic tubs provided

radially a symmetric environment, T p¡oceeded to test the
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independence hypothesis. r had an aquarium containing

more than 350 adult Artem'La. Each day for five clays I

removed 36 Aytemia from this aquarirrm at 8.45 a.m. and

placed, ât random, three in each of tire twelve tubs. At

8.30 a.m. the following day their positions were recorded.

by a single photograph.

For this test of independence it is important that

the positions of the animals {x.,}, in the notation cf

section 6.1 "A test of independence", should be i.i.d. when

no interaction exists. To use the same animals each day

would run the risk of the R,, being dependent because

some animals may prefer the centre to the outside of the

container and vice versa. Thus a new set of animals was

selected each day by siphoning them from t-he aquarium whilst

rapidly moving the siphon hose around the aquarium. After

each dayts sample the previous dayts sample was returned

to the aquarium so that if any bias was present in the

sampling method the population did not become depleted of

a particular kind of individual.

In this way I obtained a sample {Xr.,X2,,Xr, }.u:,-

suitable for applyíng the test of independence, given in

is .359section 6.1. The value of the stati-stic Z

which is non significant for an equal tailed

Test of discrete sÌlace models

To test some of the cliscrete space ideas with Artemia

saLina I made a sma1l glass bottomed three chamberecl'

container depicted in figure B anC meant to be a discrete

space envj-ronrnent for larval Artemia saLina in Heath's

fifth instar" I chose such fif bh instai: la::vae about 2 mm.

in length with the aid of a binocular micros.lope. It is

60

test.
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to be ad.miLted that such an environment seems ur:natural

for Artemia saLina whj-ch is generally free swj-mming in lakes

and ponds and this is perhaps the reason why adult Az.ternia

did not appear to like a J-arger version of this appa::atus,

generally becoming slower in their ntovements anci finally

remaining (being "absorbed") in the one area. However it

may not be a completely foreign kind of envirorrrnent for the

larva1 Artemia at Dry Creek which are ofcen found around

the gravel covered embankment surrounding the salt ponds

The spaces between the gravel may add a discrete element

to the environment of tl:re Az,temia

I sought to discover the nature of an indivj.ci.ual

animal's movements conditional on its phenotype and the

environment, or in the notation of Chapter 3, the distri-

bution of X- given o and z^ If we have n anírnafs9"-v"
then, assuming the general model of Chapter 3, X,,...rX'

are J-ndependent but not necessarily identically distributecl

conditional on o and zr r... tz^ This class of joint

conditional distributions is the same as the class of joint

distributionsin the case where o is constant a.s. and

each animal comes from a different subpopulation. Using

this result we see from section 3.3 that the clistribution

of {n. ,t e T} , conditional on o and zt r...,z^, cloest'

not determine the distribution of Xl ,... rX,, given o

and z, r.. tzn , except possibly for special models. Thus

I needed to either tag the animals individually or study

them in isol.ation. Since one can imagine that the animals

may use up some of the oxygen in the water, excrete substances

into the water, or even mechanically stir up the water, the

L
distributions of the X may depend on n , the number of
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animals presenÈ, even though their movements are possibly

conditionally independent given o . Thus it would seem

preferable to study several individuals together in the'one

container, however there did not seem to be a suitable way

of tagging these animals since their cutj-cle is al-most

impermeable to most substances. I studied them in isolation.

A fifth instar larva was placed in the discrete space

apparatus filled v¡ith concentrated sea water ancl placed in

the centre of chamber B at 9 a.m. By lying on my back

underneath the whole structure I could observe the animal

moving about. I had a digital watch with a resolution of

one second and a tape recorder with which to record obser-

vations. At 10 a.m. I began recording the time at which

the animal- changed area and the number of the area to which

it changed until approximately 5C0 changes of area t ot

"transitions", were observed. This was repeated four times

with a different animal each time. The actual number of

transitions and totai tj-me taken. for these four repticates

vrere (511 , Ll), (410,5h), (530,4h 24 min), (509,3h 3 min).

I gave up on the second animal since it did not move for

more than 30 minutes it seemed to be either dying or

moulting.

For the purpose of the analysis. I divided the obser-

vations into two parts, namely the sequences of times

betrveen transitions and the sequence of transitions.
In the following aII statements are conditional on

the phenotypes and the environment

tf for the Î,th animal the area entered at the itlt

transitíon is denoted. Yi g then under the most general

discrete space model (4c) the sequence Yr.[ ,Y2g,,.. is a

homogeneous discrete time l4arkov chain ' Thus
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a test of thj-s Markov hypothesis is appropriate. I

assumed that Yrg , Yzl, ,.. would in any case be a stationary

sequence. Just watching the auimals in this apparatus the

Markov hypothesis looks quite reasonable since when an animal

enters an area it generally circles around inside the area

f.or a variable time before leaving so that the area from

which the animal entered the present area does not affect

the choice of the next area.' However, on occasions the

anj,mal swims in through one opening to an area and passes

straight ouL the opposite opening. On other occasions it

turns around immediately it enters an area and goes back

from whence it came. Asymrnetry between these

latter two behaviours suggests a Markov process of second

order.

Another hypothesis is environmental symmetry since I

went to a good deal of trouble to make the environment

slrmmetric. However, there were seemingly minor imperfections

in my discrete space. A final hypothesis is homogeneity,

that is does the process Yr[ ,Yrg, r.., have the same

distribution for different animals.

Billingsley (1961) develops the necessary theory for

the likelihood ratio tests of these hypotheses and Morgan

(I976) discusses recent practice in the animal behaviour

field. To reduce the number of.test statistics I would

have to look at. and to increase the powerrl included the

four replicates in a joint analysis. The modified 1ike1i-

hood for t.he sample, assuming a Markov chain of order r t

is

I
I 1

I

]I
9.

0

L
l_

p[(io,ír,.- ;i, )ng(io'il " "tt)]



where ng(io ,ii ,. "ri, ) is the number of
Yt¿rYt+rl,r..¡Y1 *rg equal- to ioril ,".,L.
observat.i.on sequence Yr ,C, . . rYm( [) l, and

is the parameter representing

P (Yt +, .c = i, lY, +¡ -1 f, = í, -1 ,..,
Note that Yt g, * Yt*t g" always. VrIe shalI
P to represent the matrix of parameters

f. - L, . . ,4 , ij varying over all possible

likelihood ratio test of the hypot-hesis

P € Qo versus P e f)r, CIo

is based on the statistic

281

subsequences

in the ent.ire

pø (io ,ii , ". ri, )

Y. 1, : io).

use the notation

{pt (io ,ir , .. ,i, ) ,

valuesÌ. The

G fì1

^ 
= sup{Llp € arilsup{i,le € f-¿o}

and asymptoti-caIIy, under appropriate regularity conditions

given by Billingsley and trivially satisfied for aIl cases

of interest here, 2 1og 
^ 

has a X: distribution where c

is the difference in dimension of the trvo sets Q1 and CI0.

Note that an r-Ist order }larkov chain is a special case of an

rth order process so that a test of Markov order r-1 versus

order r is obtained by specifying Qr = {p is arbitrary},

CIo = {plp¿(io,ir ,..,í, ) does not depend on io }. The

hypothesis of spatial symmetry for Markov order r is spec-

ified by

CIo = {plp¿(i0,ir, ".,í,) = p¿(io+t,ir+r,..,i,+r)},

where arithmetic is modulo 3,

eith at rth order is
CIo = {p lp¿ (io ,ir , . .,i, )

and the hypothesis of homogen-

does depend onnot

forstatistics CIoThe valrres of the test
above possibilities for
are tabulated below. I

and f)r, and

not go beyond

f)s

did

versus

for r

1,].

0r for the

L12r..,4

becauser=4
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of doubts concerning the varidity of the x: approximation.

Markov Order X' val-ue degrees of freedom

Test.s of homogeneity

I
2
3
4

106
100 *
115 *
143 :b

Tests of symmetry

9
18
36
72

1
2
3
4

36.
59.
79-
98.

0
B*
0*
2*

I
16
32
64

Markov Order

Ivs2
2vs3
3vs 4

43.1 *
2s .6
54.6

L2
24
48

The results seem fairly conclusive that the animals have

different parameters for their movement processes, do not

regard my discrete space symmetrically and are second order

Markov. fn view of the inhomogeneÍty a decomposition of
these results to give individual performances is of interest.

Animal
Ord 4 d.f.32I

2
3
4

7.93
8.53

10. s8

29.3r *
29.59 *
38.57 *

2.6L
8.s8

20.88

L9.99
22.2L
28.L9

*
*
*

4
I

16

Markov Order

3
6

L2

2
3
4

1vs
2vs
3vs

9.48 *
6.r4
5.43

15.03 *
s.43

10.08

4 .67
6 .11

34.0 *

13.90 *
6.92
7 -L2
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The value of 34.0 in the test of 3 vs 4 is very
strange and suggests to me that either x2 approximation

has broken down or: that the stationarity assumption ís
fa1se.

The second order transition matrix for animar number

4 can be found in appendix 2 " Animal 4 was chosen from a
somewhat arbitrary judgement of ,'typicalness" 

.

.From the qualitative be.hav.iour of the animars it was

possible to predict a first or second order Markov behav-

iour with second order Ma::kov holding if there is a signif.-
icant imbalance between the two behavíours occasíonalry
observed when an animal ent-ers a ne\{ area. To test this
latter idea r reasoned that eliminatiån of transitions to
areas occupied for very smaIl times should result in first
order Markov behaviour" Thus r transofmred the data by

the following process (the subscript .Q, is sometimes

omitted for simplicity of notation).
Let Xr (t) be the position (number of the area)

occupied by animal 9. at real time t (t is in seconds)

and let r¡ be the waiting time for xg to change varue
i_1

after the ith transition so that X¿ ( I T¡) = y¡ and
i

X¿( F T¡ ) = Yi *r and. we regard X¿ as right continuous.

The number t* is a fixed constant. Define
yI =y, ,m*(1) =I

m* (2) = the first i such that Ti _ r > t*
mt ( 2 ) - Iyl = ymr(z) ,

The remainders of these

m* (s) = first

v*-.t.Zrs rmr(s) r

m*''¿1 i
sequences are

i ) m* (s-1)
m. ( s) -rm* \'rs - 1 u
mt ( s -r )

T¡

defined recursively

such that T¡-r > t*

ri.
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This transfornation treats short visits to areas as though

they did not happen - you don't see them if you blink and

essentially treats a short passage from area i to j to k

as an alternatir¡e route from area i to area k. Real ti¡ne

is maintained..

The above transformation was applied for t* = 5,4,312,7.

seconds and the statistics for test-ing Markov order, taking

all animals jointly are tabulated be1ow.

Test of Markov order for transformed data
t*

order
d"fI2345

lvs?
2vs3
3vs4

11. 3
16.s
44.9

8.57
IB. O

37 .0

L2 .I
26.2
35 .4

29.5 *

30.2
51.0

40. 3 *

25.4
51.6

L2

24

4B

The only significant values are for 1 vs 2 for t* : 2

and I and the sudden jump in X2 value suggests that the

second order Marl<ov behaviour is associated with waiting

times less than or equal to 3 seconds.

The remaj.ning analyses are all in relation to the

transformed data with t* = 3. The nunúcers of trans.i.tions

for the four animals in these tr¿rnsformed data are 468,391,

406 and 450 and. the total times taken are the same as for

the untransformed data. -he ÈesÈs ef hemegeneiÈt' a+rÉ1 e--nm

eÈrl' persisÈ'' 
",rire test.ss of homo-qene:ity ancl syrunetry

for this dai:',r, uttd€lr tlre assumpLíon of r'.-r fj,rst-.'-o:rder:
l'4arkov pï"occ).js, gäve the X2 val.ues 59.5 anel 54"2 Ð-{}

9 and B riegr*es of frr:edctn. We see tha* j^nhont+qe-
neity anC asymmetr)¡ persj.s;t.'u

fn the transformed data v¿e have agreement with model

4c when the time between transitions is elirninated. Many

models apart from 4c are consistent with this result, for
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exanìple the semi Markov nrodel (Cane I L959 | suggests applic-

ation of semi Markov models to ani¡nal behaviour) . To gai-n

sonìe idea of the further applicability of 4c I suggest the

following model for the data, which I believe is a close

approximation to 4c amenable to analysis. Conditional on

YI,Yï,... the waiting times Tf,TT,... are a sequence of
independent exponential random variables with

EIri*lYr*l = À(Yr*)f (i)

where f is some function depending on.- the animal and À

is a function of the area occupied the waiting time refers
to leaving this area - and À also depends on the animal.

Note that we are conditioning on random activity as we.II as

the environment and the phenotype. The chief d.eparture from

4c is that f is a function of the number of transitions
that have taken place rather than real 'Lime.

CIearIy not much can be learnt if f is very irregular"
We might expect (hope) the environment to be almost constant

since I designed it that way! However a gradual change can

be expected mainly as an increase in salinitv as the water

evaporates through the day. Simply watching the animals

move about in my discrete space strongly suggests periods

of activity and inactivity but we can not tell what is
imagination and what else is going on that is imperceptible.

I divided the analysis of the waiting times into two

stages. First testing whether the sequences {ti*rYi* =j},
j = Lr?.r3, t" = Lr. 14, that is the sequences of waiting
times for departure from a particular area and for a part-

icular animal, are sequences of i.i.d. random variables.
The null hypothesis in this case is consistent with both a
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stationar-ity semi Markov and the model- proposed here with
f constant.

r chose a test based on the total number of runs above

or below the median (e.g. Gibbons, Ig7I, pp. 51-58). This

test has its main advantage in sirnplicity. rt is arso alreg-
edly sensitive to the kinds of alternatives of interest
here. other tests are more sensitive in particurar situa-
tions. To perform the test r extracted the sequences

{TIi ,rT,,..} , j = r-,2,3,
for each animal, where, for a particular animal- Tr*¡ is the
waiting time to leave state j for the íth tirne the animal
occupies state j. rf M¡ is the median of ri,,TI¡,...
then a run is a subsequence Tf¡ ,Tr**r¡ ,..,Tf*, j of maximal

length such that the erements of the subsequence are either
aI1 above the median or all below. Define ti : total nu.nJcer

of runsin Tf¡,TI¡,.. and L*=Ll*Ll+Lf. Lrnclerthe

nuII hypothesis the LI are independent and Lrç is asymp-

toticalry normally distributeci. with mean and variance t.o l:e
found in Gibbons. The varues of L* f.or the dif ferent
animals, standardised to zero mean and unit variance are

given below

animal I 432

Standardised L* -5.58 -L.73 -6 .59 -6.45

The clear impression is non randomness and in arl cases a

deficiency of runs, that is a tendency to remain on one

side or other of the median for long periods. vle can not

accept a stationary semi Markov moder or the model proposed

here with f constant. The next stage of the investigatj-on
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is to see if the expcnentiar model for the distribution of
the T¡ is appropriate. Of course the transformation
ensures that r.* > 3 which must cause a departure from

exponentiality at the origin. one can argue a case for
sulctraction of 3 from each of the T.* but r have not made

this adjustment.

specify rf (i) equal to t.he number of transitions so

that I and À become identifíable. å,ssuming f changes

slow1y we can use the sample mean, Î(j), of Tl.¡ ,Tî: ,. "

to estimate À(j). The sizes of these samples are more than

100 in all cases. Making the transformation T,** = Ti/îC)
wher, YI = j we obtain a sequence TinrTï*r... such that.
under the model, the Tr** are approximately indepenclent

v¡ith exponential distributions and E[T¡*] = f(i). The

values of ltil obtained are t.abulated below

^(i)Animal
1 2

Area
43

I
2

3

2B "5
36.2
27.7

52.7
33. I
38.0

22.5
16 .4
18.0

26.95
25 .9
L9 .7

We can gain some idea of the function
reasonably smooth, from mov.ing averagies

T,**" AIso, if ul ,U2 ,.. rU, are i.i.d.
exponential then u = V, /"1 Uj has the

P (ucu) = 1 (l--u)'-' .

thus if f j-s reasonably smooth we can

to have the

0< r( s

data.

f , when it j.s

applied to the

and margínalIy

distribution

expect
i+s -l

T** / L T:kìk
f't 1r J =r t

ãbove distribution approximately rvhen

I suggesting yet another transfor.mation of the
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Define T,*** = Ill, /r!, t,** with r = Iäsl.

The sample dist::ibution function for the sequence

{1-(1-T,**)*-t }

rn/as calculated for s : 2r5,I0,20140180 and for each animal.

Under the model the sample distribution should be approxlm-

ately a straight line through the origin for s not too

Iarge. How big s can be for this result to hold depends

on the smoothness of f. The sampre distribution functions
for s = 2,10 and 20 are given in appendix 2. The other
plots are little different except that the frat portion at
the top of graphs for s = 2 are hardly apparent at all
for s > 2. Note that the f l-at portipns near the origin
and also at the top of the graphs for s = 2 are a necess-

ary consequence of the transformation resulting in T.* > 3.

oLherwise the fit to straight lirre through the origin -i-s

remarkabry good. The sample distribution function for the

sequences

{1-exP (-Tr**) }

are arso given in appendix 2. The deviation from an expon-

ential is not as great as I expected. It seems that,the average

of the distributions of the T.** is not too far from

exponential.

If s is reasonably

f̂(i+tLsl ) =

large and for this s

T.* *
J

, s-l
l-

)

S i="i

ís not too biassed arl estimator

expeci under our model that
imately i.i.d. Note that if s

T*ìk* will tend to be negatively
I

of f (i+tLsl) then we

the T**?k will be
t

is small the T* **
I

approx-

and

close todependent for i
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j so that if we calculate the total number of runs L*)k*

for the sequence {1*:t*} a surplus is expected over ttre
number of runs from an i.i.d. sequence of the same length.
For s large a deficit is expected as îril l:ecomes a

poor estimator of f(i). This behaviour is observed but
r do not think that this is necessarily evidence for the
model., for this behaviour might occur in other situations
as werI. simulation studies nright be hej.pfur in this area.
For s = 20, L*** becomes near that expected" The tabre
below gi.ves the observed values standardised to unit mean

and variance.

An-ima1 1 432

Standardised L*tr* -.756 .623 .408 0 .00

The function î for s = 20 is given in apnendix ïr.

r have not been able to find any serious deficiencies
in the moder so far. As well as the si-mulation studies
mentioned above, a final check on the model might be to
compare the empirical distribution of the T¡* with the
average of the distribution function 1 exp{-î(i)x} over
all i. I have not done this.

The analysis of the discrete space experiments given
above show reasonable agreement with the moder 4c when

appropriately transformed, and i:r ar1 aspects investigated.
Part of the model that was not investigated was independence

between the {T,**} or {T¡**} and the {yt*} which seems

to be a difficurt probrem. A rirnitation on the inúesti-
gation was the fact that indivicluars were studíed in isol-
ation. Now that a model- has been obtained for the behaviour
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of an individual there is more scope for investigating the

effect of the environment and the variation in behavi-our

from individual to individual. Theorem 9 of chapter 3

suggests that, if we conditi<¡n on the environment we may

be able to obtain the desired information by studying non

taggecl ind.ividuals in a common envj.ronment.

Continuous space experiments

Av,temia saLína lives in continuous space, in fact in
large open areas. Therefore a natural study of the move-

ments should be in continuous space. In designing an

experiment one meets various physical limitations for
example inside a building one tends to be limited by floor
to ceiling height. Then there are factors such as reso.Lu-

tion of photography, and t.he amount of film the camera can

hotd. Many such limitations can be overcome if one has

sufficient time and/or money. From a consideration of

such factors I chose a circular glass bottomed dish illus-
trated in figure 9. In the sequel this is referred to as

the continuous space. The continuous space was meant to be

a radially symmetric environment in order to simplify the

analysis. The continuous space was filled with concentrated

sea water and. placed in the centre of Chamber B. The camera

v¡as mounted beneath, loaded with more than 250 frames of
black and white 35 mm film.

The object of the investigation was the conditional

distribution of xL gj-ven zg and for the same reasons as

in the discrete space experiments I studied single individ-
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uals in isolation. The basic hypothesis was that the

distribution of X¡ giverr zL conforms to the model in

section 3.5.

The analysis that I present for tl-re data descri-bed below

is far from complete, in particular it does not make fuII

use of available statistical techniques. It is intended

primarily to indicate the kinds of hypotheses that I think

are important and to illustrate a way ín whích the theory

in this tiresis is helpful in studying anirnal movements.

There r'rere four replicates of the experiment with the

following method

A single adult Artemía saLina was placed in the contin-

uous space at 9.00 a.m. ft was hoped that by 4.00 p.m. she

would be accustomed. to this environment and her behaviour

would have stabilised and fo:: a short period, sây less than

30 minutes after that time, ive may be able to assume that

XL is a stationary process. The environment was constant

as far as f could tell. At 4.00 p.m. the camera was start-

ed. It took one photograph every 6 seconds until the fil-rn

ran out. The actual numbers of observations obtained \,rere

266, 237 , 267 and 274. The 237 is a result of camera fail-

ure. The number of observations for the f,th experiment

will be denoted by m(.f,) . Defining m'(¿) = m(1,) 1 the

sequence of observations for the Î,th animal is

xs (O) ,Xø (1) ,. .,Xs.(m' (ø) ) .

An isolaLed Artemia in my continuous space

move in smaIl circles, with a certain amount of

Sometimes the circling is entirely clockwise or

wise, sometimes a mixture of both and sometímes

be spurts of activity where the circling breaks

tends to

error.

anticlock-

there can

down. The
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overall effect seems to be an undirected wandering about.

This suggests that zero drift Brownj-an motion might be a
reasonable underrying moder for applicatíon of the ideas

in section 3.5 and chapter 4. zero drift Brownian motion,

then, will take the place of the process y of section 3.5

The transitiorr density function for zero drift reflectj-ng
Brownian motion in the unit circle satisfies the differ- ,

entíal equation

¿ âr* v rr\ = ,-r( ð'- * â'\ âr+ v.,\ât y\L':,Xt -zv \ãtf -Tq) p\ur*,Xt

with the boundary conditions fr O(t,x,y) = 0 at lf l = l.

where means the derivative with respect to x in theã

ãñ

direction of the normal to the boundary at
The solution to this equation, obtained

alent problem in heat flow, is given in Gray

(L922, pp.9L-94) . Writing this solution in
transition operator pt in the notation of
have

where

fiis

the

J

0pq

Jp

E,'

5"

for an equiv-

and MacRobert

terms of the

chapter 4 we

ptf = i a-l', .fr6,r) En
m=0

the measure r is #*""O"=nue measure (tfre second

the number r), and in terms of polar coordinates

p

sequence { Ë- (r, 0 ) } equals the set

{hunJo (cronr)cos p0; p=0r1,...;q=l ,2,...}
U {hpq Jo (oo" r) sin p0; p=l ,2,...;q=1 ,2,...}

being the Besse1 function of the first kind of or<ler p

is the qth non negative zero of the clerivative of
ho o = l.ro {oo o ) I {à (1-p2 /a"3 q) } is the constant giving

unit norm (Watson , 1966 p.577) . Finally À^ = o2ooo

E- (r, 0) = hp n Jo (tnor) cos p0 or hp o Jp (op q r) sin p0 .when
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Spiegel (f968) tabulates ûpq.

Scatter plots for the positions of the animals are

given in appendix 3. It is immediately apparent that the

animals are not uni-formty distributed over the area. They

keep away from the boundary. For this reason . br"l"
process of zero drift Brownian motion may not be very suit-
able " Later I shall suggest a possibty better process on

which to base the analysis. To achieve a more uniform

spatial distribution T transformed the data replacing

xr (t) = (nn (t) ,or (r) ) v¡irh xl (r) -- (v¿ (t) / (n(l,)+r))', os{t))

= (Rt(t) ,O¿(t)) where V¿(t) is the ranl< of &,(t) in the entire sequence

R¿(0),R¿(1),... . A second feature of the plots is radial
asymmetry. One is led to the suspicion that the space is
not regarded radially symmetri-caIly. Certainly if the

points were i.i.d. in each plot one would come to this
conclusion. However there is a fair degree of dependence

present and so this impression might be \^/rong. It seems

appropriate to try to use a test which is 1ike1y to be

sensitíve to departures most likely to upset the model we

are going to try to impose based on Brownian motion.

Now if the marginal density of Xf (t) , with xl
assumed to be a stationary process, is absolutely contin-
uous with respect to 'Ít I and has a square summable Radon

Nikodyr¡ derivative with respect to 'tr then since the

sequence {8, } is a basis for t'(tr) (Watson, 1966, section

I8.3 proves the required completeness of the Bessel functions)

f 6" (xf (t) ) = 0 for all n Þ I implies that the d.istrib-

ution of Xf(t) is r. Strictly speaking the distribution

of Xi (t) is singular with respect to 'tÍ because Rl (t)
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is discrete. However the distribution of Xl (t) surely

closely approximates a distribution which is absolutely

continuous relative to r with a sguare summable Radon-

Nikodym derivative for which radial symmetry is exactly

equivalent to equality with. n. Thus I suggest as a test

of radial symmetry comparins E* = O+Uf l6-(xf(t)) with

zero for a finite number of the E-. In future we shall

write E- (t) for E,n (xf (t) ) " Four of the functions E-

which seem most suitable for testj-ng radial symmetry are

{, (rr0) = hrrJ, (ct1 ,r)sin A , Ezk,0) = hrrJr (crrrr)cos 0

Ez k,0) - hz r Jz (cr, 1r) sin 20, 6¿ (r,0) - h2 tJz (dztT) cos 20

(the Iabelling of the E- is in increasing order of

magnitude of oo q ) . The sample means for these functions

are tabulated below

functio.n
animal

Fg E 2
r

3
a

4

I
2

3

4

-.189
.289
.201
.001

.043

-.200
-.022
-.L22

.246

-.135
-.069

.180

- .081

-.046
.L22
.003

We need some way of assessing the significance of

observed deviations from 0. F j-rst of all, under

hypothesis we might expect that the vector

'fiTf (Et ,. .,Eq)' = ,Ã(LT E,

sây, is asymptotically multinormal. Hannan (f970) gives a

central limit result in the case of generalised moving

averages and Heycle (L97 4) gives a quite general c.entral

limit result for statiô¡rary processes which includes Hannan's

result. A result more obviously of relevance to our case is

the

the nu1I
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a central linrit 'L.heorem for Markov processes given by

Doob (1953, pp.22I-232) . Zero drift rel-ecting Brovrnian

motion in a circre satisfies Doobrs theorem. However a

more appropriate central iimit result for our use would be

for a process obtained by random time transformation of a

Markov process.

If we assume that ñTTT E is approximatety multi-
normal we are left with the probrem of consistently estim-
ating its variance matrix. The theoretical variance of
ln@ E is

nr'( 1,)

+T
t =l

(=rlo-,)rc (g r0),s(r)) + c(grr),5(o) ) Ìr/g(0) (7)

However substituting the sample estimates of c (i (0) , E (t) )

in this formul-a does not give a consistent estimator. The

observed sample estimates of the c (5 (0) , q (t) ) fructuate
about 0 for t > t0 with most erement-s of the matri-x l_ess

than .1 in absolute vaIue. Assuming that the impres"lort

that the covariancæ are near enough to 0 for t > L0

is correct, then truncation of the sum (7) at l0 gives a

consistent estj-mator îro, say, of a matrix close to
V,ñTTI E and we mighr expecr m(t) E î;.t E ro be an

approximate xÎ random variable. we may be abre to do

much better in the estimation of V ñ@T E by using the
theory in Honnan (1970) particularty using the _idea of
smoothed spectral estimation. However a statement at the
beginning of chapter 5 section 4 of Hannanrs book suggests

that we may not have sufficient observations to just.ify
the use of these methods. In al1)' case I have simply used

X, o and the results are given below. The calculation for
îr, and 1, is included for comparison



253

Animal 1 2 43

m(r) E

m(t) 
F

m(r) 
5

îr-t5

23.0

55 .9

L6 .4

7 .10

7 .49

7. tB

9.90

10.9

8.4s

33.4

94.8

49 .4

ç-r?tl o:

lit 
5

Xî sz point

9 .49

The variation in values between different truncation points
gives some reason for suspici.on but r will not assume that
xl (t) has the measure r as an approximate marginal dis-
tribution in the sequel. Note that the animals appear to
have different home distributions.

The main hypothesis we want to test is whether the
distribution of Xg can be obtained by an independent

random tinre transformation of a Markov process. suppose

the transition operator for this Markov process y, say,

can be expressed in the form
pt f = i "-trnt .f,E*, E* (B)

0

We want to know if X¿ (t) = v(a(t) ) where A is a process

with sti-tionary increments independent of y.

v'le shalI see later that a quaritative examination of
the observed movements in these experiments throws doubt

on the self adjoint nature of the representation (B). ¡

However we can stitr see what the theory we have devetoped

is abre to tell ìfsr in particularr \dê can see if this
doubt is supported by our analysis.

Proceeding under the assumption that X¿(t) = V(a(t))
with Y having transition operator (B) we have

Etf (x(s))gå(xttl) = p,_* (Àn)ô*,.

rpt being the Laplace transform of AG). We shafl wriÈe
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Efi(t) for 8,1[xn (t) ) in rhe sequel . rr should be poss-
ible to approximate E*(tl by a firrit.e linear combjnation
of the 8,,(t) E6,,(t) in a simil-ar manner to the approx_
imation behind the Rayleigh-Ritz method discussed in
chapter 4 - we use a modification of the suggesti-on in
section 4 -3, Bivariate clistributions to take account of the
fact that E, (t) ,E2 (t),-. - is no'E. an orthonormal sequence.
Letting g (t) represent a veótor consisting of a fixed
finite set, d i_n number sây, of the E_(t) _ E€_(t) tve

want to find !1 ¡o¿2 ¡ ... such that, writing. 6å (t) = gí6 (t) ,

we have tl6* (tl = t and g_ is a value of q maximising

c(g'E(o),o'E(1))
over the set of g such rhat C(g g(0), Ef(O)) = O for
n < m. The process is initialised by putting Ei = l.
we have a crassicar canonica.r correration probrem of
multivariate analysis. To estimate the g- we simply
obtain a svmmerric estj-mate of c(g(0),g(r)) from the
formulae 1. {1) = *{î fr) +f (r) '},

mt .Q,)-rîrl =*Th (
x (5 rtl -g) (E (t+r)-E) ,

t =O

where 5 is the sample mean of E(t). If îf Ol is ttre
ordinary sample variance of- E (O) ,g (1) ,... then we seek

the canonical vari-ables for the first and second sets of
size d for random variabres with tile varian.ce matrix

[î (o) : t.(r)lr......:...... 
It^

[î" trl : I (o) j
By sÈandard methods we can find ft = [g, ,.. rg¿ ] -such that
A1(0)A' = r and aî, (I)A, is diagonar. This is the
solution to our problem

To make up E (t) I chose lt ,€z ,lz ,Eq ,Es ,Eo ,Et and
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Etu where Es (rr0) = horJo (uozÍ), Eo (rr0) = ha,J, (%rr)sin 30,

Ez (rr 0) = h¡ r J¡ (o¡ 1r)cos 30, Er ¿ (rr 0) = ho¡ Jo (oo ¡ r) .

This seemed to be the smalrest set which woutd have a
reasonable chance of approximating the first few of the

E,i when our model is correct. The values of A, for
each animal are given in appendix 3.

For the purpose of judging the adequacy of this model

the sample estimates 1* (t) of C [g* (0) , g* (t) ) ,
E*(t) = AE(t), are given in appendix-3 for t - L,2,3.
rn judging the fit it. should be remembered that the accur-
acy should decrease towards the right and towards the

bottom of these matrices. The theoretical- expectation is
a diagonar matrix and they do appear roughly diagonal. r
can suggest. no test of fit but a test may be suggested by

the asymptotic theory for estimated covariances and specl-ra

in Hannan's book. An alternative method of assessing the
model would be to calculate A form the matrix

f 1 (o) ' r, (r)I
1""":""" 1

Lî. (r) : î (o) j

for several values of t. A should be approximately ín-
dependent of t..

Recall that the díagonal elements of î* (t) estimate

Qr (À^) so that if we accept the model proposed we can

start thinking about a model for Ut .

on the other hand we may not accept the nioder proposed.

There are two ways the model can be false. First XL may

not have the representation Xs(t) = y(attl) o. the tran-
sition operator for Y rnay not have a representation of the
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form (B) " Therefor we can not reject the model

xg(t) = v(a(t-)) on the basis of the re ults given above

which assumes that (B) holds.

In appendix 3 there is a p1ot. of Xi with the

positions at successive points in time joined to show the

path fol.lowed. From this plot there appears to be a ten-

dency for moving around the continuous space in a clock-
wise direction. This impression is supported by the plots
for the other animals. A crud.e model for this sort of
behaviour might be ro model y(r) = ¡ñítl ,õ{t)), in polar

coordinates, by the equation ñttl = R(t) , õ (t) = O (t) + t0
where the process (ntt) ,O (t) ) ' is zero drift reflecting
Brownian motion in the circre with initial dístribution r
(see earlier) so that the process is stationary. In this
case defining E-1 (rr0) = opqJp (apqr) sin p0

E-2 (rr0) = 0pqJp (crpqr)cos p0

we have

rE*, (Y (o) ) E-, (v {t) ) = -"-"o'ooo "tr, t0

and 16*r(y(o))E^r (vttl) =.-to'ooo"i' r0

The anti symmetry shows that Y does no have a transition
operator of the form (B). Also, using the notatj-on of
chapter 4, if we model Y as a diffusio process with
x(x) = o'r, o consranr, and u[o,(t))'# o(r) > o for
some closed curve o(t) we see that the vector A can

not be irrotational.

For a test of the representation X¿ (t) = V(e(t) )

which does not assume (8) v¿e may use asymmetric canonical

correlation procedures. Let P = P! be the å step

transition operator or Y; s is a positive integer.
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Let us assume that P is compact, w€ know froin Ringrose

(1971 p.58) tfrat P can be approximated by an operator
of finite rank. The relevant Hilbert space is !2 lnx¡ , ?T)r

being the common marginal. clistribution of y(t) for each

Lt and it is now appropriate to regard t2 1yx) a.s a com-

plex Hilbert space. rt wilr be possibre to approximate p

on the subspace orthogonal to the constant space by the

operator Pd defined by

Po f = 5'e3
where f - 5'u, the components of E are a. finite suk¡set

of the functions Er - EEr (t) , lz. EEz(t) ,. .. and B is
some matrix. Assuming that A is semi simpre we have

[ = G 
^ 

c-I where 
^ 

is diagonal and p: = G 
^'G-1.writing g (t) to be the vector e (x* ttl ) as before we

expect from the model that
Etq(t) lgtol I + c(E^'ett ) )c-rg(0) .

!t7e can estimate G and. E ns 
A( t ) from the equation

c(E^'a(t) )c-l = î-t (olÎ(tl so that a test of the model

can come from a comparison of the estimates of G for
different varues of t or arternativety from the approx-

imation or by comparing

ê-'1-' (ol I ttl ô

to a diagonal matrix when ô is the estimate of G

obtained from 1-r (0)1(1). T have not performed the nec-

essary calculations for this anaJ-ysis.

For the anaryses r have presented above the functions

6* were obtained from a Brownian motion modeI. consi-d.er-

ing the preference of the animals for the centre of the
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continuous space it may have been better to obtain the
sequence {6-} from another diffusion Lype process in
which such a centrar tendency exists, nor example the
process obtained from a d-dimensional ornstein-uhlenbeck
process discussed in section 4.3, Bivariate distr:j_butions.

As has been pointed ou." Markov processes arise as

moders of animal movements from the asymptotj.c behaviour
of random walks and some other processes" An undorl_ying

Markov model f-or Artemia saLína was suggested by its habi.t
of mor¡ing in smaIl circl-es. l\t intervals of six seconds

not much information i-s available about the behaviour.
This was deli-berate because the lrfarl<ov approximatiori would

certainl-y break down if such informatron *"r" avairahrle.
My personal suspicion is that trre ci-rcles were Èoo large
relative to the size of the continuous space for the under-.

lying Markov moder to be a good one. probably the best way

of finding this out is to examine the morzements in finer
detai I .

Conclus i-on

This thesis is about the development of models for
the scientific ínvest.igation of animal movements. one can

try to investigate movements theoretical.ly but at some

stage a calibration of theory with practice must occur.
This chapter is about tl:at calibration process. rn partic-
ular it aims to show horv the theory of previous chapters
is applied ancl is useful in learning abouL animal move-

ments.
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A,temiq. sal'î:na was chosen as a conveni.ent animar_ for
study in the laboratory. Because the study of Az..bent.La

salína is primarily exempiaïy we are not too concerned
that some parts of the study are based on observations
of a few individuals and that experiments are done in
rather artificiar circumstances. r{e are more co'cerned.
that the right k1nds of observatio's arc obtai-ned fò'
the stated purpose. The theory of chapter 3 providecl
guidance j_n this dj-rection.

rn spite of these ïeservations it has been possi ble
to find out a good dear more about the few indivicluars
studied than has come from the majority of animal move-
ment studies" I hope that it wil1 be recognised that
this has been possibre r¡ecause the experiments are des-
igned and analysed in rela.tion to models.

The anar-ysis of the continuous space experiment is
left incomplete but even so our models have enaL¡led the
identification of usefur questions and allowed us to trrink
about \^/ays of testing the rele'ant hypotheses. The

analysis of the discrete space experiments is more com-
plete and provides a reasonable basis for the next stage
in the investigation, that is separating the three diff-
erent kinds of variation discussed in section 2.4. These
are environmentar, between individual and within individ-
ua1.

Above all I hope

ical models are useful

that it will be seen that mathema.b._
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APPENDIX I : FORMULAE FOR CHAPTER 6



Joint distrÍbution of (Y,. ,Yr, ,Y¡. )

To derive the joint distributi.on of (Yr, ,yz, ,vs, )

for the test of independence we use a faxriliar argument

conditioning on 0r, . The subscrípt r is omitt-ed in
sequel. Since 0r,02¡Os i.i.d. uniform, O2 and Oa

un-iformty distributed on l0 ,2r) conditional on O r .

Putting Qz = 0z-0t(2r), Õg = Os-Ot(2¡¡) we see that
arrd 0g are i.i.d. uniform on 1,0,2r¡, conditional on

2aL

the

are

Qz

0r.

ofThis conditionar distribution is the sarne for arl. varues

0r and so it is arso the m-arginal distribution. rt can

now be seen that (Yr ,V z,y ) has the s.ame distribut.ion as

the spacings between uniform order statistics and so from

Feller (I97L, p.75) Y r and Y z have the jo.int clensity
2t/ (2r)2 on the set { (çr,pz) 

| et tezà O,er*ez ( 2r} . Note

that VrrVztYs are exchangeable random variabl_es.

Some mcment formulae

We need the integral formulae
Tl 2

o

1T

, p- Isl-n xdx 2r- " p>0

and

given by

The

0

r (p)

x sinq xdx r2I (q+I)

2o*' (¡ 1¿q+r) )'
q>-1

(1963, pp.I57 and 167) .

Yr is

0< 9( 2r

Ryshik and Gradstein

marginal density of
z t¡-l0

2n'çnî-
I

zrr de
o ,

I (2r-ç¡ sin2 eda
2 T't

o

2 'lî

o

2r2 E sin2y¡

t
J g sin2 pd9



1T

f" a sin2 çda -+- t (tp+n) sin2 çdç

2,8 2

(1)

(2',)

2t¡2 E sin Yr sin Yz = I

o

?T 1t

o o

2'Ír

o

?T IT

o o

z tt-e sin e sin Od0dtp
o

I sin g (I-cos e) dtp

I a sin2 ada + Tt I sin2 adtp

= 2r2f (3) / (23r, ¡z¡) + Tr, /2

2r2 Ë sinu y,

.n2

f a sina pdp

Iíence E sin2 Vr : ,2

f a sína çdp + î I sina çdg

= 2n24r (2of2 (3)J-t + r2ar' (z'<) /at

Hence

=1,'
Esinayr=å

2 .tÍ

o

2Tr

o

211

o

2rf

Hence

=Q

E sin rflr sin Yz = 0

2r2 E sin2 Yr sin Yz sín V

2n-e
o

sl-n

I

J

I

I 0

2 Tt-e
o

f2Tr-Q
Jo

'roI
sin2 p sin 0 sin (2n-0-ç)dOdç

sin 0 sin (0+9¡d0dç

cos ç - cos(rp+20)dOdç= -râI sin2 ç
2Tl

o

2TÍ

0
= ->2 I sin2 tp { (2n-ç¡ cos tp - sin(2n-p¡ 1¿"

Since the integrand is odd about T the va.lue of the integral
is 0.

Hence E sin2 Vr sin Yz sin V3 - 0 (3)



2TÍ 2 Tr-Q
2t¡2 E sin2Yr sin2Vz = I I sin2 o sin2q d.odç

¿63

(4)

(5)

0

,2 T-Q
I tcos (9-o) - cos 1ç'r0) ]'ao¿çJ6

-Ê
.ß
I {.o= cr, - cos ß}2 dodß
Jo

0
1T2

L I 0

Make the substitution o = e_0, g = g+0 to obtain
2Tr ß

I I I {cos 0, - cos B}2 dadßI

a

\

o

2Tl

o

2 ''tl

o

J

I
ß

I 1- sin2o + 1- sin2g - 2 cos o cos ß do<lß
o

f]'u =t," ßdß - kJ J
sin2crdcrdß - r'l'on rrr-ß cos ßd-ß

2'ï

o o

2Tr-ç

ß
T2-\

= tt2 -U¡r2 -A sin2 o¿ dßds
o

2Tf
3_

- -ll4
2 -\ I 0 sin2 ordu

2T 2.n

CT

o

Hence

= lrT2

E sin2Yr sin2Yz = 4

2t¡2 E sin3Yr sinY2 = I sin 3ç
J sin 0d0

I sin3p (I-cosa)dç

2Tf

0

2Tr

o

Since the integrand is odd. about

Hence E sj-n3Yr sin Yz = 0

1T the integral is 0

The above formulae apply to the evaluation of the mean and

variance of Zt, rc sin2Yrr)Zr, + 2Zr, . Note that the

distribution of d. is uniform on (0,1), the 4, are

i.i.d., and are independent of the Yi, .

Reiterating
d-ûlt R2 R2 - sin2vI f l-l r ti r

(R¡, -lá)o-b2¡
I

3
J'

3

x

3

x
i =r

zt, &'r&*r, &*2. sin V¡" sin Y¡1 1.-
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IIence

c(ztilzzr)

Now Ezr, = 3(E&,)2 E sin2Y,,

=3 I

Ezzr=o
Ez., = o

V Zr, = 3t/RrzRr2sin2Y, +

Ë nfnr*sinav, = [à) '* - L/24,

E RrunÍnlsin2Y, sin'Y, = L/48,

6C (RrzRf sin2vz , Rr2Rr2sin2v, )

therefore /Rr'&'-sin2Yt = 7./24 - I/64

f,-o¡e+ + t/r6 + +-à
re/64
3
I

V 2,,

V 2,,

V zt,

therefore c (Rf R22 sin'Y" ,R? R22sin'v, ¡ = I/48 - I/64 .

= 4 9/64

= 3yRl, = \

= 3ERlnlnÍsín2V1 sin'v, + 6ËR13R23R3 si-nY1 sin2Y2 sin\3

= L/T6

= 6c (Rr2 rRr'Rr2sin2vz )

= 6ERiR22sin'Y' - +. å
I
I

: 3E{Rinf nu'"tltY, sinY, + n,4Rr3R3 sin3v, sin Y,

+ nr3nf R33sin2Y1 sinv2 sinvs Ì

c(zt, ,zt, )

=0
C(zzr,zzrl = 0

Thus V(zr, - (Esin2Vr r) zz, +223,)

Atso E(zr, - (Esin2V, t)zz, +22r,)

This completes the proof that
(n t9 / 6 4) -v' ( T,, -å)

is asymptoticatly dj-stributed as N(0,1).
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APPENDIX 2.. DISCRETE SPACE EXPERII,IENTS



zAA

Second order transition probabilities (pi ¡ ¡. )

for animal 4.

k

i=t

l_ 2

]- 3

j
0.403

0.553

0.000

4.768

0.000

0.568

0.000

0 .447

0.67I

0.232

0.794

0.000

0.597

0.000

0"329

0.000

0.206

0 .432
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first order transition probabilities

. for Yf,, t:t = 3 seconds

animal I

animal 2

animal 3

animal 4

0.000

0.582

0.490

0.000

0.600

0.584

0.000

0.500

0.630

0.000

0.46 0

0.7L4

0 .470

0.000

0.510

0.703

0.000

0.416

0.58s

0.000

0.370

0.767

0.000

0.286

0.s30

O.4IB

0.000

0. 300

0.400

0.000

0.41s

0.500

0.000

0.233

0.540

0.000
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on the following pages are given the sample distribution
functions of iI-(1-T¡ **)s-1 Ì for s = Z, I0 and 20

and for each animal 9" - I | . . ,4 .
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Sample distribution functions for {1-exp(-r, **¡ I for

each animal.
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The functions î for each animal.
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APPENDIX 3 : CONTI NUOUS SPACE EXPERIMENTS
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Scatter of the positions of each animal.
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The next eight pages give the matrices A, 1* (t) , 1* (z)

and î*(¡) for each animal.



animal I

298

- :229 .016 .OO7

-. 354 -.555 -209

-.II9 .451 .08r

.327 - .043 .L77

.424 .L24 -.L43

-.042 -.039 607

-. 358 - .O29 -.913

-.643 .662 .268

A .243 -.I04

006 .I48

.47L .793

.566 -.584

-.I94 .236

.037 .L62

005 .r03

-.o75 -.I29

.832

-.036

- .017

- .0r5

-.018

-.o13

- .001

. 016

-.567

.150

. lo5

.2A7

-.253

.365

.o29

.202

- .168

.111

.088

.378

.253

7l4

.496

-.038

-.293

-.o7r

.09I

-.519

-.917

-.260

.220

-.22L

î* (rl .036 .017 015 .O18 .013 .00I 016

.7I4 -.085 -.036 .019 .ot8 .oo2 .o1o

.085 .643 .058 -.051 .O20 .O24 -.O97

.036 -.058 .567 146 .O22 .004 .O27

-.0I9 .051 -.L46 .472 -.O2I -.053 -.080

-.018 -.o20 -.o22 -.O?.I 385 .059 .I74

-.oo2 -.o24 oo4 .053 -.059 .302 -.190

-. oI0 .010 - .o27 . .080 - .L74 . t9o .162



î* (z) .6s4 .063

-.o82 . .530

-.081 . r51

.013 115

-.067 -.088

.035 - .O43

.026 060

-.031 .O32

259

animal I (continued)

.oI4 .00 3 - .o27 .076 - .048

-.026 -.010 -.011 -.040 II5

.o47 -.O42 .O72 - .114 -.052

.265 .20L .083 -.O42 .084

-.222 .138 .- -.003 -.059 .00r

.06I .067 .185 .2L2 . 139

.o44 .O29 -.o24 .020 -. I17

-.116 .II2 - .141 -.036 - .O87

.oo2

-.067

.443

-.o42

.056

.046

.059

.051

înt¡l .560 .O79 -.048 .018 .030 -.016 .ro2 -.o27

-.063 .342 -.060 .O49 .O27 -.068 -.031 .082

-.08r .I77 .357 .015 -.0r5 .035 -.082 .O2I

- .013 .134 - .O52 . 080 .253 -. 01I - .O22 . 185

L2L - .L2L .090 -.133 .O27 o22 -.048 .Ot2

.064 .033 -.0I1 .03I .163 085 .L27 .0s1

-.o19 .O45 015 .L23 .045 .066 -.O22 088

-.070 065 .081 -.073 .O72 - .I2L - .067 -.056



A
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animal 2

. 154 - .228 .O77 .555 - .249 .267 -. ro8 - . 1r8

004 .108 -.I84 -.232 -.008 .599 .2L2 146

389 .723 -.106 .706 -.096 .O32 .065 .Og7

795 .576 -.L29 -.22r -.415 -.115 -.O29 .LL 

.o97 .159 .100 .228 .875 .247 -.337 .110

.184 .000 860 .249 .O84 -.O22 .446 .689

.015 .005 -.338 -.006 .o95 -.2L2 -.612 _.825

- .039 - .016 - .240 - .L25 - . 170 .262 _ .6s6 .6s7

1* (r) .642 -.008 .o47 .036 -.016 .oo5 -.03r -. oso

008 .572 .013 -.o29 o24 -.O45 -.026 -.OL2

-.o47 -.013 .404 -.026 -.0I4 -.O04 -.O29 .OO4

-.036 .O29 .026 .282 -.036 -.06I 005 -.o25

.016 -.O24 .014 .036 .252 .006 .OI7 .034

-.005 .045 .004 .061 -.006 .103 _.055 .O39

. 03I .026 |O29 . 005 -.017 .055 - . o3I .066

.050 .oL2 -.O04 .O25 -.034 -.039 066 .007
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animal 2 (continued)

-.069 .OL7 .088 .077 -.038 -.043 -.113

.422 -.O27 104 -.o42 054 014 -.050

î* e) .482

-.040

-.o22

-.036

-.003

-.o24

.053

.028

.oo2 .199 .070 .1IO .051 .O44 -.036

.081 oo2 .]-LA -.O74 -.109 .O28 139

- .062 - . r33 .O20 .232 .075 -.O72 .r27

086 000 .o79 .055 .023 -.O32 - .063

.151 -.073 .106 189 -.034 .046 -.058

-.006 .L22 .078 -.071 059 .013 -.060

î* ts) :360 -.o73 . rr4 .037 .057 -.oog 060 -.089

'.003 .386 -.O2L -.136 .O32 .Or7 -.011 -.o22

-.007 .003 .050 .051 .L26 .019 .O4o .r4s

.o22 .L27 .050 -.003 -.I54 .O45 .O22 _.001

.o47 .O22 -.I11 .OI3 .O79 060 -.041 .o29

-.002 .010 o29 .114 .103 -.039 .041 .007

-.008 .095 -.033 .063 -.048 .O92 -.017 _.Os7

.030 -.o79 .076 -.060 .OO9 -.011 -.023 _.108
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A

1* (r) .798

.072

.005

-.031

.o42

-.o27

.008

o62

animal 3

.o30 .188 -.229 .623 .078

069 .O23 -.053 -.t52 .O44

-.I2L .987 -.O74 -.]-77 -.L46

-.883 -.117 -.]-74 .229 -.10s

-.r36 I49 .663 .069 .429

.015 .050 .527 . 301 - .744

:.140 -.081 -.350 -.L79 -.067

-.o32 .022 -.222 -.085 -.457

.113

.05r

-.422

-.270

.386

_-.204

.7L9

.562

-.L67 .015

-.342 .608

-. I31 -.136

-.080 -.244

.523 .358

- .242 .071

506 -.444

.670 .333

-.o72

.768

.0r9

-.037

-.054

-.o29

.014

-. 008

-.005 .031 - -o42 .O27 -.008 .062

-.019 .O37 .054 .O29 -.014 .008

.582 -.O42 .IO2 .0I7 .005 .O23

.o42 .477 .008 .O22 .041 o64

-.IO2 -.008 .439 -.053 .O52 -.048

-.017 -.O22 .053 .250 -.051 -.065

-.005 - .o L - .o52 .051 .226 . 011

- .o23 -.064 .048 .065 -.011 .084
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animal 3 (continued)

î*(rl .619 -.Llo -.053 "o'7g -.0g6 -.03s -.064 .106

.099 .572 .019 .01I .O52 .056 .046 .053

- .o25 .065 . 38s .055 .010 - .050 - . 10r - .OL2

-.o23 .005 .o22 .238 .030 .041 .081 -.000

.078 -.098 -.L46 .065 .167 -.L44 .O73 -.1r9

-.036 .017 .O52 -.001 -.050 .070 -.019 -.006

-.0I4 -.004 -.034 -.O52 -.O47 -.016 -.O52 .014

-.084 .030 .005 -.o22 -.004 L24 .063 -.040

î*(s) .so4 -.r93 .org .rre -.068 -.o4s

.L47 .456 .006 004 '.o27 .o20

-.o32 .089 .233 .008 -.057 -.043

-.036 .O77 .068 .067 -.040 .055

.011 o64 131 062 .070 - .Lr2

-.038 -.013 . r08 .O32 -.04r .087

- .008 .0I8 .o82 - .O45 - .019 .O82

034 .093 .030 -.075 -O29 .008

-.104

.073

-.020

.010

-.00I

.oL2

.or2

.006

.045

.07I

-.070

.035

-.070

-.o57

.o22

.068
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animal 4

A . 030 . 188 - .229 ."623 .078 .113 -.167 .015

-.069 .O23 -.053 - -r52 o44 .051 -.342 .608

- .L2I .987 - .O74 - .L77 -.146 - .422 -.13r -.136

-.883 -.1I7 -.L74 .229 -.I05 -.270 030 -.244

- .136 .I49 .663 .069 .429 .386 .523 .358

.015 .050 .527 .301 -.?44 -.204 -.242 -.O7L

-.I40 .08r .035 -.r79 -.067 .7r9 -.506 -.444

-.o32 .O22 -.222 -.085 -.457 .s62 .670 .333

î* trl 798 -.O72 -.005 .031 - .O42 .O27 -.008 .062

.072 .769 - .019 .037 .054 .O29 0r4 .008

.005 .019 .582 -.O42 .IO2 .017 .005 .O23

-.031 - .037 .O42 .477 .008 .O22 .OAL .064

o42 -.054 - .IO2 -.008 .439 -.053 .O52 048

-.o27 -.O29 -.017 -.O22 .053 .250 -.051 -.065

.008 . oI4 - .005 -.041 - .o52 .051 .226 .OtI

-.062 - .008 - .o23 - .064 .048 .065 -.011 .084



animal 4 (continued)

î* (r) .6re -.r7o -.0s3 .o7e 086 -.038 - .064 ro6

306

006

.099 .572 .0I9 .01r .O52 .056 .046 .053

-.023 .005 .o22 .23A .O30 .04r .081 -.000

-.o25 .065 .385 .055 .010 -.050 -.r01 -.oL2

.o28 -.098 - .L46 .065 .t67 - .L44 .O73 - .1I9

-.036 .OL7 .O52 -.00r -.050 .070 -.019

-.0I4 -.004 -.034 -.o52 -.o47 -.016 -.O52 .Or4

-. 084 .030 .o05 -.o22 004 L24 .063 -.040

î*t¡l .so4 -.193 .ors .rle -.068 -,o45 -.ro4 .o4s

.r47 456 006 - .oo4 .o27 .o20 .073 .071

-.o32 .089 .233 .008 -.057 -.043 -.O20 -.070

-.036 .O77 .068 .067 -.040 055 .010 .o35

.011 -.064 -.131 .062 .070 -.l-L2 -.001 -.070

038 -.013 .108 .O32 -.04I .087 .OL2 -.O57

-.008 .018 .o82 045 -.019 .082 .OLz 022

-.034 .093 .030 -.075 .O29 008 .006 .078
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On the following pages the movements for animal number 2

are given. Consecutive positions are joined by straight

Iines. For clarity the movements are given in lots of 50.

The tr in each plot marks the first position and this
matches with the last + of the previous plot. the O

marks the origin.
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APPENDIX 4 THE CANONICAL DECOMPOSITION OF BIVARIATE

DISTRi BUTI ONS.
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ABSTRACT

The ordinary notion of a bivariate distr-ibution has

a natural generalisation. For this generalisation it. is

shown that a bivariate d.istribution can be characterised

by a Hilbert

subspaces of

whilst ,llp

This

canoníca1

space H and a family Mp, 0 <

H. H specifies the marginal

a summary of the dependenceIS
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structure.
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correlation.
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t. f ntrod.uction

The general theory of canonical correlation in bivariate
distributions can be said to have orÍginated with the paper of
Lancaster (1958) although prev-i-ous workers cons.idered the special
case of a finite probability space. An extensive bibliography

can be found -in Lancaster (I969) . Lancaster í¡as chiefly concerned

with finding expansions of the lìadon-Nikodym derivative of a bi-
variate distribution relative to th: prod.uct of its margins.

Flowever ín more general situations than Laniaster considered such

expansions may not exist.
It is the purpose of this paper to generalise the notion of

a l¡ivariate distribution and to obtain d.ecomposit.ions of such

d.i-stributions which are general .analogues of Lancaster's results.
It. will be shown that any bivariate distribution can be

characteriseC in a natural rvay by a Hilbert space H and a family

{Mp,p€[Orl]] of subspaces of H. H depends only on the two

marginal distributions and specifies them completely whilst Mp

summarises the dependence structure of the bivariate distribution.

The main tool in the analysis is the spectral theorem for
self-adjoínt operators on real Hilbert spaces. Most discussions

of spectral theory deal exclusively with complex Hilbert spaces.

However all of the results needed here are easily proved frorn

their complex counterparts.

Hannan (1961) was the first to apply general Hilbert space

operator theory to canonical correlation. The approach given

here is closely related to Hannanrs but the use of the polar

decomposition of a bounded linear operator is deliberately avoid-ed
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because of the asymmetry inherent in that approach; however the
polar decomposition does provide a useful alternative method for
deriving the results g_ì_ven in this paper

By a subspace of a Hirbert space H we will always mean a

subset which is a Hi-Ibert space with the same inner product. rf
M and /v are two subspaces of H, 

^,1 

@ fv is the orthogonar sum

of M and 
^/, 

and M o Â/ is the orthogonal comprement of l\/

in M.

2 The noti-on of a bivari ate distribution
Let F and G be o-fierds of subsets of some set n.

Define F v G as the o-field generated by the set
s = {anslaer,B€G}.

Definition. A probability measure p is a bivariate distribution
for F and G if p is a probabirity measure on F v G.

To see the analogy with Lhe usual concept 1et x and y be

random varj-abIes on some probability space (f¿rAre). The bivar_
iate distribution of x and y is generally thought of as the
measure p' on B, , the Borel sets in R2, defineci by

P'(B) = Q((x,Y) € B), for B € ß2. ïn terms of the definition
above P' is a bivariate distribution for the o-fierds
{Bxpt I aee} and {Rr xg I aeA} where g is the Borel sets in Rr .

More naturally \^/e courd consider the corresponding measure in
the originar space, that ís, p defined as the restriction of
O to the sets {r^r€el (Xf r) ,y(ar)) € B} for B € 82. Clearly
if F and G are the o-subfierds of A generated by x and

Y respectively then P is a bivariate distribution for F and

G. lrle will sometimes refer to a bivariate distribution arising
Ín this \^/ay as a bivariate distribution for x and y.
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The general definition arlows one to consider the joint

distributions of pairs of random variat¡les taking values in
arbitrary measurable spaces, and incrud.es the case where

these random variabres are stochastic processes such as

considerecl by Hannan (Ioc. cit. ) .

Given a bivariate distribution p for the o-fierds F and

G of subsets of f¿, let F and G be the restrictions of p

to F and G respectively. The probability spaces (0,F,F) and

(f¿rGrc) wirl be referred to as the margin spaces. Define H to
be the set of ordered pairs, (f,g), of real varued functions
on 0 such that f is F-measurabre ¡ g is G*mea.surable a.nd

E[f2+92] < æ. H is a real Hilbert space under the inner product
((fr,gr), (fz,gz)) =, F.lftfz*gtgzl

since H is essentiatty the direct sum of the spaces L, @,F,F)
and L'(n,G,G). write ll - L, (n,G,G) + L2 (a,F,F).

Defined in this way H determines the margin spaces but
tells us nothing about the dependence between them. To investi-
gate this dependence note that s is a semi-ring generating
F v G. Thus P is determined on F v G by Elfgl for
(f'g) € H.

Lancaster (Ioc. cít.) was concerned with the space (R2rB',p,)

induced by two random variabres x and y as discussed above.

Let F'(B) = Q(X€B), c'(B) = e(y€B) for B € B, then Lancasteros

result can be stated as follows:
rf P' has a square summabre Radon-Nikodym derivative, p,

with respect to F' x G' then p has the representation

p (x,y) pr,6r, (x) nn (y) (1)

convergent with respect to F' x G',

9.

.,I o

where the series is mean square



{E"} and {nn} are orthonormar sequerìces of rear valued

relative to F' and G' respectively, gn 2 pr*, , 0 ,, 
of

and f, €. {0r1r..r-}.

for all f and g such that E

Note that the requirement
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functions

Q'nt*'

ïn expression (I) the (E¡¡,t¡) are unique up to ; change

of sign uzhen the pn are d.istinct. If , however,

0¡ = gt+t = = pm then uniqueness holds only up to an equiv-

alence. Specif icaIly { (En,nr.,) }¡1¡ can be replaced by any set
,m
{rËn hr,, (6¡, rì¡) }rr1¡ where (hr.,¡) , n, r=k, . . ,m is an orthogonal

mat.rix. Later we shalI find a convenient way to summarise this
uniqueness.

Lancaster referred to tire condition thaÈ p is square

summable relative to F' x G' as "g2-boundedness".

In the general setting p may not even exist but from (I)

we can easily obtain an expression (2) which does not involve p

and so is more suitable for generalisation:
L

Elf (x)s(y)l =.,Io pnrlf (x)En(x)lrtg(v)nn(y)l (2)

t (x) +g' (v) I < "".

o På < oo in (2) imPries the

existence and square summability of p ahd (1) follows from this.
Thus (1) and (2) are equivalent.

To see how a farnily of subspaces summarises the dependence

structure define Mp to be the subspace generated by the set

{ [8,,(x),tn(Y) ) I 0r,(p] where { (En (X),rn (v)) }"lo is any partic-

ular sequence for which (2) (or (1)J ho1ds. Expressj-on (2) is

true when and only when { [Er, (X) ,tn tvl ) ]rrlo is some orthonormal

basis of ¡tulr with (8" (x) , nn (Y) ) € Mp' g Mp, for pn > 9. The

sequence {p"} is determined by the jumps in l,ltp.

Main results.

tr
o

t
n=

3.

Let P be a bivariate distribution for the o-fields



FandG

FandG

Theorem

0<
(i)

(ii¡

of subsets of some set f¿. using trre definitions of H',

given in section 2 we have the foll_owing theorem.

There exists a unique family of subspaces Mp of H,

p ( I, such that
n

p>p' = Mp,, 0 ( p' a Ir and. l,,fo {0}.

rf { [Eg,nt) ]r€rp is an orthonormar basis for l,,tp then

{Et}r€rp and {n[]r€rp are orthonormal families of
functions on the margin spaces (n,FrF) and (CIrGrG)

M
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note

p

(iii)
respectively.

For (f ,g) € H

Elfsl
where Q(p) =

{ (Et,ng) }t€ro as in (ii)

I (0,1 I pdQ (p)

tftstar) (lvnlacl
p

= *È." E¡re?lEtsntl.

Define the linear operator + on H by

= (n[glF], EtflGl). To check the boundedness of A

and

t
r€T

Proof

ê(f,s)
that

E{E[9lFJ]'z + E{Erf lGl}2 < r.Lf2+s2l = 2ltt,9)l'2.
This means lêtr,g) l' < I (t,g) l, so rhar l+l <

and from the fact that ê(1,1) = (1,1) Ìve see that l+l = I.
Finally the symmetry of the expression

<è(fr ¡gr) t (fz,gz)) =, Elfzgr*frgzJ indicates that A is sel-f-
adjoint.

Now (ê(f ,9) , (f ,9)) = E[fg] and it is the spectral decom-

position of ê that v¡iII be used to give the desired decompos-

ition of H.

From the above properties of 4 there is a spectral measure

B on B such that ê = f [_r,r] pdB(p) ancl so
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(3)nIfg] = It_r,, rl pd<B (p) (r ,9) , (f ,9))
consider the self-adjoint isometry ! defi'ed by

L(f ,g) = (f ,-g). Now !êI, = -ð so that
-A = JI-t,r1gdlB(P)I, = I f-r,11od!' (o) where B' (e) = B (-B)

B' (. ) are spectralfor B € ß. Since both Lp(.)L and

measures it follows from the spectral theorem that they are
equal. Hence (3) can be written as

elfgl = I ,o,1lpd <(Btpl LB(pl!) (r,e), (r,s))
and the integral can be interpreted as a Lebesgue-stieltjes
integral with respect to the function of bounded variation

a(p) = <(B(0,p1 !B(0,0J1) (r, s), (f ,e)).
Define Mp =B(0,plH. B(0,p1 canberniritten

,ëro <(r,s), (e!,nlt> (6!,nll = .ë*o\EÍ16tngn3l rg8,nB)

where is a basis for M{ (El,nl) }r€rp p

!B(0,p1 !(r,g) is rhen 
.ër^4nlrE?-gnir (gt,-n!) and
-'p

[Bto,p]-!B(0,p1!) (t,g) = .ë*o 
(utgn?1g3, Etfgtlnt) from which we

conclude a (p) = .ë*oEtf ã[tntvnIt ' rhis .proves (iii) .

Mp clearly has property (i); t.o verify (ii) suppose that
(ft rgt) t (fz tgz ) belong to Mt and are orthogonal, that is
E[fr fz rgrgz ] = 0- (fr ,-gr) is an erement of !M, = B[-]-r0)H
and so is orthogonal to both (ft ,gt ) and (fz ,gz) giving the
additional equations Etfíl - E[9,2] = O, Elfr fz I - E[9, g, ] = 0.
Hence Etfíl = n[gr2] and E[fr fe ] = E[grg, ] = 0 from which (ii)
fol1ows.

To see that Mp is urrique assume M; is another family
with properties (i) and (iii) and ret Bó be the projection on
M;. Def ine gr = I ,o ,t l pdBó and gz = â, LA, !. wirh this
construction (Az (f ,9), (f,9)) = EIfg] - <A(f ,g) , (f ,g)] and since



both operators are self-adjoint they must be equal.

Hence !rl|o = Mo.

The origin of Mp from the spectral decomposition of è
immediately yields a number of interesting properties.
(iv) rf (f ,g) € MB o I/o and e[f2] = I (- Elq2l) then

0 < E[fg] < ß.

(v) H can be decomposed as H - llt o 0 @ 
^{-1 

where, for (f ,g)*0,
E[fg] is positive, zerot or negative according to whether

(f ,g) be.longs to Mt , 0 or M-r respectively. Further-
more 0 is the unigue subspace with the property

E[fg'] = E[f'g] = O for alI (frg) € 0 and (f,,g,) € H.

(vi¡ If (f ,g) € H is written as the sum ,É, (fi,9i) ,

(fr'gr) € Mr UMo, (f",gr) € lÁp, (f¡,ga) € 0, (fc,g+l € M.-r

then nIfs] = rÉr-"tfi9il.
(vii)Theproperties ElfrgrJ > p l(frg,)12 for

0 + (fr,gr ) € Mr o Mp, Elfz'gz I ( p I (fr,gr)l' for
(fz ,gz) € (M,oMp)1, and E[ (fr +fz\ (gr +g, ) ] = E[ frgttftgz)
characteiise !tr, o Mp.

Proof
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rf (f ,g) e Mg o Mo with | (r,g) l, = l, or equivalently
EÍf.2I = n[g2 ] = 1, the monotonic function <E (p) (f ,g) , (f ,g))
hasthevalue I for pÞ ß and 0 for p(o. Hence

o.lpa <P (p) (f , g),(f,9)) ( ß and so by (3) o < E[fq] < ß.

Define lrl-t as lMt and 0 as H o (Mr @M-, ) . Clearly
Elfgl > 0 for 0 + (f,9) € 1,4t, and Elfgl < 0 for
0 + (î,9) € M-r. 0 is the nuII space of å so that if
(f,g) € 0, Elfgl = (è(f ,g),(f ,9)) = 0. Also

<S(f ,g),(f',9')> = 0 for any (f',g') € H yielding

nlfg'J + E[f'g] = 0. Since this is also true for
(f',-g') it follows that n[fg'] = E[f'g] = 0.

(iv)

(v)
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On the other hand if (f,g) has the property
E[fg']=E[f'g] =0 forall (f,,g,) €H thenclearly
ê(f,g)=0 or (f,g)e0.

(vi) The four subspaces Mr 
" 

Mo , Mp, 0 and l,{_t are mutually
orthogonal invariant subspaces of ê.

(vii) Let I be another subspace with these properties. The

equation E[(fr+fz) (gr+gr)] = EIftgr*fzgzJ for
(fr ,gr ) € L, (fz ,gz) € LL, entaits that Elfzgr *f¡ g, I = O

or <4'(ft-,gt) , (f, ,g, )) = 0 and hence that 4(fr ,gr ) € L

for (fr ,gr ) € L- Thus L is an invariant subspace of A

and so

l- - t n(Mro/tlp) O L

Ll = Ll o(M,oÅ{p) o L

Considering the remaining common

Mt 
" 

rt4o it. is clear that !_ - l,lt

n 1M1 oMo ) 
1,

I n(tflo^,ip)a.

properties of L and

o 
'1'{
p'

4. The e2-bounded case

In this section an anaÌogous condition to Lancasterrs
g2-boundecìness is investigated.

we need to relate the bivariate cristribution p, f.or F

and G, to a measure which is in some sense the procluct of F

and G. There are two approaches that could be taken to do this:
A. Attempt to construct a measure F " G, sây, on F v G such

that F and G are independent under F . G, and the restric-
tions of F ' G to F and G are respectivety F and G.

B. Redefine P on F a G, a o-field for which we know a suit-
able product measure exists.

since approach A is more natural and more informative
it wilt be adopted here.. on the other hand approach B is not
devoid of interest and so a brief outline of that approach will
be given at the end of the section.
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hle want to define F . c (AnB) as F(A)G(B) for A € F,

B € G. In order for F G to be well defined we rreed to impose

the condition:

f A fì B = ø implies F(A)G(B) 
= 0 for alt A € F, B € G.

However it has only been possible to prove finite additivity of
F ' G without further restrictions" To prove countable addit-
Ívíty ít seems necessary to requj-re:

II AnB=þ implies A=Ø or þ=ø foraIl A€F, B€G.
Renyi (1970, page 115) gives the following lemma rvhich we prove

here by a simpler method.

Lemma. Let condition rr hold and F . G (ane) = F(A)G(B),

A € F, B € G. F G is countabry additive on s and so has

a unique extension to a probability measure on F v G

Proof. Let r : f2 + e2 be defined by t(t¡) = (o,o). The

inverse image, I-t, maps the semi-ring T - {arelaef,B€G}
onto s. condition rr entails that r- I (c) = ø impries c = Ø

for c € T. Thís fact wirl be used to infer the countable
additivity of F . G on S from that of- F x G on T.

Suppose Anþ= ü AnnBn;A,An€F¡ B, Bn€G¡ and
n=0

the union is disjoint. Frorn condition rr it follows that
ø

,,!o Or * Bn is a disjoint union. Now

Ø = A n B ü An fì B'
n=O

BnxAn
6

U
n=0

-' 
I=I B-A x

æ

= I 'f fì Axtm= 
C

)

B- Ar, 'B.r )n=0
m
U

Using the semi-rj.ng properties of
-æf¡r-' I n ú" Ar,*rBr,*J ,tm=O n=o I

T this can be rvritten
for Arr* r Brr* € T,

U
@

NA(-L
-1

f m=0
f (m) mxBr (*) *)
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is over all functions f : {0, I, . . . } {0,1,...}-+

ty ,*f oo, (m) m) , (*öoBr (*l ro) )
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giving

be referred to as

with respect to

is square summable

Inlhere the union

satisfying f (m)

ø

and so

=UI
f

*!oot (m) m

- I ( ñ^o, (m) mxm=u

æ
n

m=O
Br (*) rn)

x *!oBt (m)m = ø

which means

AxB An r Bn - ø.

It is easy to see that An

AxB An Bn. Finally

@

U
n=0

x

F . G (ANB) F x G (AxB)

æ

U
n=0

æ

U
n=0

@

XF
n=0

tBn-A*B=Ø

= i^r. G(AnnBn)
n=u

x G (ArrxSrr)

Hence F . G is countably additive on S.

Theextensionof F.G to F vG will

F.G.

We now impose a e2-boundedness condition.

III Suppose that P is absolutely continuous

F . G and the Radon-Nikodym derivative, pr

relativeto F.G.

Let {to"}"6, be an orthonormal basis for

{üt}tgr an orthonormal basis for [2 (CI ,G,G) .

L' (n,F ,E) and

{q"ût}6, U€r"t

is an orthonormal set (indeed a basis) for L2 (nrFvG,F.G) .

Condition Irr entails that p € tî @,FvG,F.G) so that

cst = fp,p=Vtd F . G satisf ies X. "3* 
< co.

srt ÞL

Now {x,r},r6u = 12+ {o",0) }"6s u tz\ (0,üt) }.e* is an orthonormar

basis for H.
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csr = Elesú¡J = 2 <+(tp",0), (0,ú¡)) = 2<å(0,Vt), (çs,0))

and <ê(t0t,0), (et',0)) = <å(0,ü=), (0,û")) = 0 so that

I l(ax,rrxr)l' = I X. c!¡= < æ. Hence A is a Hilbert-schmidt
urV' srt
operator (see Dunford & Schwartz, 1963). Thus lhe only element

of the continuous spectrum of å is the point 0. The discrete

spectrum consists of the set {o,r},.,I9 U {-o¡},-,ig, en 2 0 and

pn + 0. Mp is the Hilbert space generated by the eigenvectors

of ê corresponding to positive eigenvalues ( p. FinaIIy, if
9" +1 = dim Mr, 3 (iii) reduces to

L

Elfgl : ,,Ioo'u¡fEnJ EIsnnl

for all (f ,g) € H and { (En, t¡) }rr&s is a basis for M,

such that (Errrnrr) € Mp' o Mp, for pn > p.

To proceed by approach B note that r-1 (F"G) = F v G

and so define P'(c) as p(r-t (c)) for c € F x G. since

F x G = f' v G,, where Ft = {e"nlaeF}, G' = {Q"gleeG},

P' is a bivariate distribution for F' and G' and the

derivation can proceed as a special case of approach A

by passing the lemma since F x G replaces F'G. At the final

stage it is necessary to relate the Ft measurable functions on

ç¿ x fl to the F measurable functions on f¿, etc. to obtain a

decomposition on the original space.

It is interesting to note that the absolute continuity of

P' relative to F x G implies condition I. Further if P' is

absolutely continuous relative to F x G for every bivariate

distribution P, for F and G, then condition II holds.



5. Examples of tp2-unbounded bÍvariate distributions
(i) Mixtures of bivariate normals.

Let Pp be the standardised bivariate normal measure on

(R'rB') with correlation p 2 O, and @ the standard normal

measure on (R,ß) .
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defined by

has the

Let X and

X(xry) = x and

decomposition

Elf (x)s(Y) l

Y be the functions from R2 to

Y(x,y) = y. It is well known that

R

P p

= ,,Ïoo"u IHn (x) f (x) J r IHr, (v) q (v) ]

for (rtxl ,g(y)) e L2 (R,B,o) + L'(R,B,o) = H. Hn is the nth

Hermite polynomial normalised to yield lttfi(x) do(x) = t.
Let O be a probability measure on the Borel sets in [0,1]

then P = lPoaO(p) has the expansion

Elf (x)s(Y) l pnE IHn (x) f (x) ] E IHn (v) g (v) ] (4)

where gn = Jp"aO(p). H is unchanged but l,Áp ís the subspace

spanned by orRo { (n,, (X) ,Hn (Y) ) }. Many probability measures 0

satisfy i^ på = * , that is, P is not rp2 -bounded; but, as is- n=0'
shown above, a useful decomposition of P is stili available.

For a discussion of the g2-bounded case see Sarmanov and Bratoeva

(1967) .

Other examples of tp2-unbounded bivariate distributions having

a discrete canonical decomposition can be foun-d in Eagleson (1964)

and Griffiths (1970) atthough the decompositions are not pointed

out explicitly. Unfortunately such dístributions have frequently

been excluded from discussion, because they are not 92-bounded,

when an expression such as (4) was aII that was required.

(ii¡ A bivariate distribution with continuous canonical decomposition

Hannan (loc. cit.) gives a number of examples of bivariate

æ
T

n=0
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distributions, for pairs of stochastic processes, which have

continuous canonical decompositions. A simple example of a

bivariate distribution on B[ O, l-f2 , the Borel sets in LO,L12 ,

having a continuous canonical decomposition is given here.
Let P be defined by

P(c) = ftgltx,x)e")dg + l'o i-(f"nlo,przd(u'v))dp
for c € 8[0,1]2. P is a bivariate dist.ribution for the random

variables X and y defined in example (i). - The margin spaces

are both equivalent to Lebesgue measure restricted to the Borel
sets ín [O,t].

For Irfx) ,s(y)) e H

Etr(x)e(y) l = l'^or(p)g(p)dp + I'oo(þl'rr(u)du) tiliø(u)du)dp0

Mp is simply the space

Lp = {(f tx),f (y)) € Hll'^f (x)dx = 0 and f (x) :0 for x>g}r'- 0

if p < t, and Mr : Lt = {(rtxl ,f (y))en}. The proof of this
illustrates the application of the characterisation 2 (vii) of
Mr t Mo.

Now ll - ([¡olp) o Lp o tl so rhar (LrêLp)l = Lp o Li.
Lt o Lp is the space i (f (x) ,f (yl)ellr is constant on [o,p]].
Let (e' {x),gr (y)) € Lt o Lp, (r, {x),g. (y)) € Lp,(rr{x),g, (y)) € t*
rt is easy to see that Etfr (x)gz (y) I = Etfz (x)9r (y) I = 0 and,

noting that ga = -f¡ and gr = ft, E[fr (x)ga (y)+fl (x)9r (y) ] = O.

(f rr t*r ) tis, (Y) ) l
3Hence EI = lelfi (x) si (v) J

Elr, (x)sr (y) I = I'our? (u)du + ll"f;l;r, (v)dv) 2du

t lor"2du + ol)tl(u)du + lf".rdr,
provided fr + O and where trl{"} = [0,gJ.

(5)

t
Thus Elfr (x)9r (y) 1 pl orl (u)du = pl [r' (X),er (Y)) l'z
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Elfz (x)gz (v) I = I'outu' (u)du + l]"tfif"rz (v)av) 2au

= ol'^r\(u)dv = p I [f, (x\ ,92 (y) ) | ,
0

Considering (5) and the fact that Blf¡ (x)ge (y)l < O it follows
thar Etf (x)s(y) I < pl [f (x) ,e(x) ) l2 when (rtxl ,g(v)) € (L,olp)1.
This compl-etes the verification that Lt o Lp has the properties
2(vii) of Mt a il.{o for all p in [0,1]. Thus we see that
lrltp = Lp.
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