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SUMMARY

This thesis contains work on time-dependent blocking probability in both the M/M/N

and the M(t)/M(t)/N loss systems, which have wide application in teletraffic studies.

Research commenced in March, 1983 and was completed in October, 1985.

Fir:'; the M/M/N loss system is considered. A new exact method to determine time-

dependent or transient blocking probability for this system is outlined. However

for large N this exact method is unsuitable due to computational difficulties and

approximation methods are introduced for this case. All these approximations use

the Erlang Loss Function, but with its argument, the offered traffic, being replaced

with some other time-dependent functions. Comparison of these approximations with

simuiaùion and exact results, where available, is made.

Then the problem of blocking in the more general M(t)/M(t)/N loss system is consid-

ered. Firstly, this nonstationary system is approximated by a succession of M/M/N

systems over time. Then the methods previously developed for the M/M/N loss

system are applied to these systems to yield approximations to the time-dependent

blocking probabiliry of the M(r)/M(t)/N system. Initially the simple M(t)/M(t)/l

loss system is treated followed by the more complicated M(t)/M(t)/N system.

Finally a study is made of the expectation and the variance of traffic overflowing

from a loss system experiencing nonstationary arrival streams. Approximate meth-

ods are outlined for estimating these two moments and they are found to be adequate

for practical purposes. Their application in a modified Equivalent Random Method,

which is important in dimensioning problems, is also given together with an illustra-

tion.
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CHAPÎER I

INTRODUCTION

l.l Preamble

In the stucly of teletraffic, there are still a lot of unsolved problems, many of them

with considerable practical importance. This is despite the large amount of research

in ùhis area. One basic problem in teletraffic is the problem of network ditnensioning,

that is to plovide the optimal number of trunks in a network to carty a specifred

amount of traffic. This problem necessitates the study of the blocking probability of

the trunks. This is the probability that all trunks are occupied for a specified number

of trunks and given arrival and service processes. We'll assume that a trunk can only

carry one call at a time and that rejected calls are lost. The blocking probability is

important because it is used in the alloc.ation of trunks to satisfy specifiecl network

grades-of-service.

It has been widely accepted that the arrival process is a Poisson process and the

holding time follorvs the negative exponential distribution. For the case of the homo-

geneous Poisson process, a lot of research has been done. A very well-known formula

for this particular process is the Brlang Loss Function,

Ery(ø) : +-l!L
l"k ¡tct
lc=0

where .fÍ is the number of trunks, and ø is the offered traffic, which will be discussed

later. Ewþ) is the probability that all JV trunks in a steady state system are occu-

piecl, assuming that the calls arrive accc-¡rding to a Poisson process with a constant
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parameter and that full-availability holds. The formula is valid for arbitrary service

time distribution (Syski [24]). It has been used for dimensioning purposes but due

to the assumption of the steady state, it does not give accurate results. This is sim-

ply because real-life traffic is time-dependent (Myskja [17,18,19]), Martikainen [ll],

Martikainen and Lehtinen [10, 12].

Therefore research has to be done in developing methods to compute time- dependent

blockìng probability due to the time-varying nature of traffic. Pioneering work in

this area has been done by Patm [21]. He considers the problem of blocking with

time-varying offered load for finite trunk groups. Khintchine [9] considers the same

problem for infinite trunk groups. Palm [Zf] proposes his 'slow variations'model

in which he assumes that iÎ ø(ú), the offered traffic, varies slowly with time, then

its time-dependency could be ignored. Instead a(ú) could be replaced by a random

variable with an incomplete gamma function distribution (Jagerman [8]). However,

this assumption is not valid becaotu S can be very high at times.

A substantial advance in this area of research is made by Jagerman [8]. He obtains

integral equations for the time-dependent blocking probability resulting from non-

stationary arrival streams. Unfortunately, these integral equations are very difficult

to solve. Jagerman also derives some very useful formulae to approximate the block-

ing probability. However these approximations are only for transient blocking in the

M/M/N loss system, with constant mean service time.

This thesis represents work done on the problem of transient blocking for the M/M/N

loss system and time-dependent blocking for the M(t)/M(t)/N loss system. Both

these systems model calls arriving to a group of /Y trunks. The motivation for
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studying the transient blocking probability of the M/M/N loss system lies in its

application to approximate time-dependent blocking probability of the M(t)/M(t)/N

loss system as will be shown.

Chapters II and III contain original work dealing with the transient blocking probabil-

ity for the M/M/N loss system. In this system we consider the case when a sudden,

instantaneous surge of traffic held at a constant intensity is offered to an initially

empty group of trf trunks. We are interested in the transient blocking probability of

the system. An exact, analytical method and an approximation method are given

to find this probability. The exact method (Chapter II) is, however, not suitable for

large trf due to computational difficulties, whereas the approximate method (Chapter

III) can be used for any .lÍ, regardless of its magnitude. A paper based on Chapter

II has been presented at a conference (Yunus [28]).

Methocls developecl in Chapters II and III are then extencled to the more realistic

problem of blocking in the M(t)/M(t)/N loss system. Chapter IV discusses the

use of a succession of the M/M/N loss system to approximate the M(t)/M(t)/N

loss system. This is done by approximating both the arrival and service rates in

the M(t)/M(t)/N loss system with step functions, that is we discretize them. This

technique is not original, but the idea of approximating the M(t)/M(t)/N loss system

with the M/M/N loss systen using it is certainly novel.

We then apply the above technique to the simple M(t)/M(t)/l loss system in Chapter

V and approximate its tìme-dependent blocking probability. This work has been

published (Yunus [27]). In Chapter VI the more complicated M(t)/l\'f(t)/N loss

system is considered. A numerical procedure, based on the above discretization, is
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outlined. This procedure is feasible only for small and medium N because for large

Àr the errors are too big. This research has been accepted for publication, see [3].

In Chapter VII a few approximate methods for large JV are given and discussed. One

of thern is a new method whereas the others are modifications of other approxima-

tions. The advantage of this new approximation lies in its simplicity and it uses very

little computer time, which is important when dealing with large systems. These

methods are compared with numerical results.

Chapter VIII discusses time-dependent lost traffic and variance of traffic overflowing

from a loss system experiencing a nonstationary arrival stream. These moments

are crucial in dimensioning problems. Their application in such problems will be

illustrated

Therefore the thesis begins with a consideration of the M/M/N loss system and then

goes on to the more general M(t)/l\4(t)/N loss system. Finally it treats the two

time-dependent moments of the overflow stream for use in dimensioning problems

involving time-dependent streams.

1.2 Nonstationary Arrival Proeess

We are interested in traffic coming from a nonstationary stream, in particular the

nonhomogeneous Poisson process. As mentioned in the previous section, this process

models real-life telecommunications traffic satisfactorily. Myskja [l7,l8,lg] made an

extensive study on the process. We have

(I'*"'À(u)d,)k(t, t+ at
(1.2.1)nn(t,t+At) -erp

4
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where k -- 0, 1,2,..., as the probability that k calls arrive in the time interval [t, ú*Aú]

when the arrival rate is )(t). This process is similar to the normal homogeneous

Poisson process, except that its parameter, À(ú), varies with time (Khintchinu [9],

Gnedenko and Kovalenko [6]). This implies that the probability of fr calls arriving in

the time interval of length Aú depends not only on At, but also on the initial instant,

t, of this time interval.

Let us define the functions

r{t,t+At) -Dpxß,t+At)
æ

lc=l

-1-po(t,t+At)
æ

r2(t,t+ Aú) - D pr(t,t+ At)
Ic=2

- I - po(t,t+ Aú) - pt(t,¿+ Aú)

The first equation deflnes the probability that at least one calì arrives in [t, ú*Aú] and

the seconcl defines the probability that at least two calls arrive in the same interval

Now one of the assumptions of the nonhomogeneous Poisson process is orderliness,

which implies that

(1.2.2)

(1.2.3)

Another assumption is that, for any t ) 0,

,. TL(¿,t+A¿)trm-#_)(ú)Aú+0 A,
(1.2.4)

provided that À(ú), the instantaneous value of the parameter, exists.

It can also be shown that the instantaneous intensity of an orderly stream without

after-effec.ts is the instantaneous value of the parameter, À(t) (Khintchine [9])
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1.3 Nonstationary Serr¡ice Proeess

The service process in teletraffic network is modelled by the negative exponential

distribution. In the nonstationary case, the distribution is

p(t<r3t*Aú) -t-enp
+A¿

p,(u)du (1.3.r)

lvhere r is the holding time, and ¡l(t) is the time-dependent service rate, lt{easure-

ments show that the distribution of the holding times tends to be time-varying and

hence the above distribution is used to model the real-life holding time distribution.

1.4 The Time-Dependent Offered Traffic

The concept of offered traffic is very important in teletraffic theory It is defined as

the number of incoming calls during the average holding time. In the steady state

case it is simply

)o: -
l.L

where ø is the offeled traffic, I is the constant arrival rate and ¡r is the constant

service rate.

For the nonstationary case, the expression is more complicated, namely

(1.4.1)

À(¿ - u)H"(u)du (1.4.2)

where a(t) is the instantaneous offered traffic at time t, and ¡1"(t) is the complemen-

tary service time distribution (Berry [2], Syski [2a]). Hence for the transient case,

that is in the M/M/N loss system, the transient offered traffic is

oft\ - Io

oØ:^lo
t

(1.4.3)

6
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One is tempted to simply use this time-dependent offered traffic, ø(ú), in the Erlang

Loss Function to obtain the transient or time-dependent blocking probability. This

will be discussed in Chapter VI. It gives good approximations in some cases and the

contrary in the other c,ases

1.5 The M(t)/M(t)/N Loss System

In queueing theory, we can model a group of N trunks with stationary Poisson arrivals

ancl stationary negative exponential service times, assuming full-availability, as the

M/M/N loss system. Calls that arrive when all trunks are full are rejected and lost,

whence the term 'loss system'. For the nonstationary case, that is when both arrivals

and service times are time-dependent, we have the M(t)/M(t)/N loss system.

Analogous to the M/M/N loss system, the birth-and-death equations, a set of

clifference-differential equations, for the M(t)/M(t)/N loss system are

Ø*Ð - -r(ú)po (ú, N) + t $)pt(¿, N)

dp¡ ú, N)
- À(ú)p¡-r (t, ¡r) - (À(t) + i¡t(t)) pi (t, N) + (i + r) t (t)p;+, (ú, ff)

dt

dpw (t,N) _ ,

T - ÀU)pw-r (¿, /v) - Np(t)px (ú, /Y)

(1.5.1)

where pi(t, N) is the probability that i out of JV trunks are busy. The blocking

probability is denoted by p¡.t(t,lY), the probability that all ./V trunks are busy.

]V

Dor|r",tr) - t

l<i<¡[-l

Equations (1.5.1) together with

lc=O

I

(1.5.2)



describe the M(t)/M(t)/N loss system totally and a way of finding the blocking prob-

ability is by solving them. They can be expressed as a matrix differential equation,

namely

- .{(ú)g(t, N) (1.5.3)

where

0

2¡t

-\ - Ztt

A_

-À
À

0

:

0
0
0

þ
-À - ¡t'

0

0

î

0

0
0

0
0

0)

ô
0

0

0
0
0

-À-(N-z)t,
ì
0

(JV - t)p
-À-(il-t)pI

0
N ¡'t

-N ¡t
(1.5.4)

where À - À(ú) and ¡.4 - p'(t)

Solving equations (1.5.1) is similar to solving the matrix differential equation (1.5.3).

Unfortunately, at the moment there is no analytical method to solve our particular

matrix differential equation although rnethods are available for other special forms of

á(t) (Wu [26]). Therefore we shall have to resort to numerical methods or approxi-

mations.
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CHAPTER II

DXACT TRANSIDNT BLOCKING PROBABILITY FOR THE

M/M/N LOSS SYSTDM

2.1 Introduction

In applied queueing theory it is very important that we consider cases when the

system has not yet achieved (or may nevel achieve) the steady state. This could be

clue to the resumptions of service (start-ups) due to breaks, such as a breakdown. It

could also be due to nonstationary, or time-dependent arrival traffic'

When traffic arrives at a system which has not achieved the steady state, stochas-

tic models based on the assumption of transience have to be used to find blocking

probability, queue length, delay probability, etc. Application of moclels which assume

the steady state gives incorrect results. The steady state can be achieved only when

traffic is stationary, that is constant over time. If traffic is nonstationary' for exam'

ple the M(t)/M(t)/N loss system, then thò steady state is never achieved because

of the nature of the arriving traffic. However we can have the transient state with

stationary traffic, i.e. before the system reaches the steady state. This arises when

the arrival stream begins abruptly, like a step function, at time r, say, and stays at

a constant intensity thereafter. The time taken for the system to achieve the steady

state after r will depend on a number of factors' as shall be shown later.

This chapter considers the M/M/N loss system, i.e. with no waiting space, which

has wicle application in teletraffic engineering. Only Riordan [23] has given an exact
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method to find the transient blocking probability for the above system. However,

his method uses Laplace transforms which are difficult to invert in the case of all

trunks not being free ìnitiaìly. Surprisingly enough, bearing in mind the importance

of the transient blocking probability, nobody, to the best of our knowledge, has given

a method which is better than Riordan's and which is applicable for any .initial state.

The procedure outlined evaluates exact blocking probability for this system for any

initial state.

2.2 ïÏansient Blocking Probability

We consider the M/M/N loss system with the following arrival rate

À(ú) -
0
0

T[e set of difference-differential equations associated with this systeur (after normal-

izing the mean service time to make it unity) is

dpo 
v:N) - -)po (r, N) + Pl (¿, /V)
dt

dp; (t' N) - tn;-1 (t, tr) - () + i) p; (t,N) + (i + r) pi+r (ú, tr[)
dt -ttyt-L \" r -/r¡\-t-',t,\ fúT¡\-r--, 

(2.2.1)

!t+Ð - Àprv-r (ú, iv) - Np* (r, ¡r)

where pi (ú, ff) is the transient probatrility that i out of lV servers are busy and I is

the constant arrival rate. The transient blocking probability is given by prv (ú'ff)'

However to obtain this probability the above set of equations (2.2.1\ must be solved

and this is a very difficult exercise.

Equations (2.2.1) can be written as a matrix differential equation, that is

dp (t, N)
d- - AP (t' iv)

0,
),

t
t
s

l<i</v-l

10

(2.2.2)



where

p (ú, rV) : (po (t, ¡f) pr (ú, trf) Pw (t,il) )t

0
rt

-^-2
A_ (2.2.3)

/v-1
-À-(JV-l)

)

Matrix equation (2.2,2) can be solved to obtain

p (ú, N) - ,o'p_(o, il) (2.2.4)

where p (0, N) is the probability distribution vector at t : 0. The required blocking

probability is the last element in the vector p(¿, N). The problem lies in the evaluation

o1 eAt. Many procedures are available (see Moler and van Loan [16]) and the choice

of which procedure to adopt depends on À and N.

The tridiagona. matrix A can be shown to have (tV + 1) real, nonpositive distinct

eigenvalues with one of them being zero (Bellman [l]). The method to be outlined

is basecl on the fact ibhat every element of the matrix eÁú is a linear comt¡ination

of the exponentials of these eigenvalues, multiplied by the factor ú, the time (Reid

[22]). In fact Riordan's expression for the transient blocking probability is expressed

as a linear combination of these exponentials. Therefore we would expect P (t, fl)

to consist of two parts: one part consisting of the coefficient vector to e0'¿ which

corresponds to the steady state solution, and the other part consisting of the linear

combination of the exponentials of the other negative eigenvalues and time, which

corresponds to the transient part of the solution.

) I

-À-1
À

i

0

0

0

0

0
0

:

-À-(iv-2)
À

0

0

0

0

0
0
0

ò

JV

N

0

0
0

)
0

ó

0
0

ll



We therefore have, writing p - p (Ú' JV)

p - þ-+ (s, e"t + t2erzt + "'+ lx"'*t)

where rr, 12, ...,rN are the distinct, negative eigenvalues of .4, and ö is

þ-þ(t À * * #)'
N rkp-L-D,;

k=0

(2.2.6)

Note that the last element in ö is the well-known Brlang Loss Function, the steady

state blocking probability. The steady state exists when ry in Q.2.2) is zero, i.e.

Ap - 0, and we have p = þ- as the corresponding solution. This is easily shown by

verifying that

Ap - Ah.:9. P.2.7)

The eigenvalues could be found for specific N and I by using computer packages.

Our next task is to fincl the coefficient vectors, g¡. We now differentiate (2.2.5) with

respect to time repeatedly to obtain

p(t,N) -þ.+ete"t *e2e"t +"'+ gN"'*t

dp (t, N)
-=:-# : clfLe'rt * c2r2e'"t + "'+ 9.yfyelNt

dt
dzP (t, N\

dt2 =

d*-tp(t,iV) _ q, riv-l e"t + crrl -t e'"t +' . . * grv rfl-l t"t
dtN -r

And we also have

- Ap (ú, /Y)

(2.2.5)

ry=ory-A,p_(ú,rv)

dN -r (ú, /Y)
- AN-rp (¿, N)

dtM -t

t2

(2.2.e)



Therefore at t : 0 and combining (2.2.8) and (2.2.9), we have

þ.+ q I o2 * "' * srv - P (o'lY)

c111 * gzrz *"' * grv rw = AP(0,N)

9rr? t e2r', +''' * gr r?v : A2P (o, N)

srtiy-t * o2r{-r +'" + srtil-t - AN-Lp (0, N)

In matrix form the above set of equations (2.2.1o) can be written as

Vc.- d

where
I

12 fryv-
I

ry

I

(2.2.t0)

(2.2.11)

(2.2.12\
,N -lr{v tfl-t

AN-tp (0, il))T

= (dr dz dr )'
Now Y is a well-known matrix, the Vandermonde matrix. Our particular V, made

up of the distinct eigenvalues of .,{, is invertible and therefore

ç.- wd (2.2.13)

where W =V-r.

Writing

e = (¿îtt eîzt e'*t )T

p(¿,ff) -þ.+{e

-ä*drwre

we have

l3
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The above equation is the exact expression for the transient blocking probability

vector for any initial condition of a system with constant arrival rate and negative

exponential service time of mean one. The initial condition is contained in the vector

p (0, N). But for large À and N matrix I/ becomes almost singular and thus cannot

be inverted accurately by the computer. However there exists an analytical method

to find the inverse of the Vandermonde matrix (Csaki [a]), but this method becomes

cumbersome when JY is large, regardless of the magnitude of À.

11 w;¡ is the element of !V, then

L; (r;lwtr 
D; (r¡)

(2.2.r5\

(2.2.16)

(2.2.t7)

(2.2.18)

where

Therefore

L¡(r;)=v!-i + D k^rf-i
ry-1

m=X

-w

D; (r¡) - II 0¡ - r,-)
T=*i

and ,trr. are the coefficients of the poìynomial

x(r) : rN + frr-rtN-r + "' * frr r * Ico

- (r - rr)(r - rr) ... (, - r^\

Using { - d,TWî, we have

JV

s=l
\t',(rn)d, /c : l, 2,..., N

JV

p_(t,N) -bt-Ðn*"'^'
lc= I

-b*å;"f ," (r¡)d',e"^t

-þ+å(åffin')u"
t4

(2.2.re)



from which the transient blocking probability, p¡,¡(t,.1[), can be obtained

2"3 The M/M/z Loss SYstem

As an illustration let us consider the M/M/Z loss system. Our polynomial (2.2.17)

ls now
x(r) : 12 + r(-r1 - 12) * r1r2

Therefore we have

Hence, using (2.2.19), we obtain

+ A'p(o,z)

t l,r--rt-tz

kz: ftrz

Lr(rt) :"t *kt:-rz

hþr):rz*kt:-rt

Lr(rt)-Lz(rz)-l

Dtþt)=rt-rz

Dz(rz) -- 12 - tr

(2.3.1)

p_(t,z)-b*(g(o,z) -¿) - ', 
"rú - 

fL 
,rzt

ft-fz rz-ft(

(2.3.2)

(2.3.3)

t 
""* 

I 
"'"'ft-rZ rZ-?'t

-þ+".(h(¿(0,z) -Ð- #?)
+ e,"t ( _ ,t (p(0,2) _ å) + 

/z(o' z))
\ r2-rt'- rz-\/

where p(0,2) is the initial probability vector.

Our transient blocking probability is then

pzþ,2)- Ðz(À) + e',t (;=r,þ,2)- Er())) - ^nQ'Ð -?yz(o'z))

l5
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where Ez(\ is the Erlang Loss Function

Equation (2.8.4) gives the exact expression for the transient blocking probability of

the M/M/2 loss system. Note the symmetry in r¡ and 12.

2.4 Discussion

The above analytical procedure enables us to evaluate exact transient blocking prob-

ability for the M/M/N loss system. However for a system with JV trunks, there will

be .lÍ2 of the polynomials .ú¡(4), and the eigenvalues of a square matrix of dimension

(/V + l) would have to be calculated. Therefore for a large systetn a computer must

be utilized to find the various coefficient vectors, g¡. Once this difficulty is overcome,

the procedure can be used in loss systems involving homogeneous Poisson arrivals

and a negative exponential service time with constant mean.
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CITAPTER III

APPROXIMATION OF THE TRANSIENT BLOCKING

PRoBABTLTTY FOR lHE M/M/N LOSS SYSTEM

3.1 Introduction

As discussed in the previous chapter, determination of the exact transient blocking

probability for the M/M/N loss system, with large .M, is still a very difficult under-

taking. This measure is important in the technique to be outlined later, which will

use it to approximate the time-clependent blocking probability of the M(t)/M(t)/N

loss system. Because of this difficulty in obtaining the exact transient blocking prob-

ability for large -lÍ we look for an approximation method which would yield results

good enough for practical purposes. This method must be easy to use and quick for

large N,

Utilization of the Erlang Loss I'unction is one way of achieving this. We can obtain

goocl approximations of the trarrsient blocking probability by using a modified offered

traffic in the function. We can then calculate this approximation, for large jV, by

using the rec.urrence relation of the Brlang Loss Func.tion. In Section 3.5 other

approximations are also discussed.

3.2 The Erlang Loss Íhnction

In teletraffic theory, this function is probably the most well-known. A great amount

of literature has been written on it, see for example, Syski [24], Jagerman [7], Farmer
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and l{aufman [5], and Mejzler [la]. It is fundamental to the study of telephone

trunking problems. A. K. Erlang uses E¡v(ø),

a lv!lv
E¡¡ (ø) - N

(3.2.1)

l"k ¡*t
lc=0

where a is the offered traffic and .lÍ is the number of trunks, to express the probability

that a call, which is a member of a homogeneous Poisson stream with parameter o,

arriving at a group of /V telephone trunks will be rejected and lost. The offered

traffic, ø, is defined as

Àø- -p

and thus in the case when the mean service time, |, is normalized, ø: À

I
Ewþ)

l+-
0,

e 'd,r

(3.2.2)

(3.2.3)

For the case when N is continuous, one of the numerous expressions for this function

IS

ff

)

Its well-known and very useful recurrence relation is

aE¡¡ (a)
Erv+r(o) - F + I + rfiGt (3.2.4)

D6(a) - 1

Another point to note is that the Erlang Loss Function is independent of the service

time distribution, that is, it is valid for arbitrary service time distribution.

However this function is derived on the assumption of the whole system being in the

steady state. The problem we are interested in is, on the other hand, transient or

time-dependent and hence (3.2.1) is not valid in these cases. Therefore it seems that
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to make use of the Brlang Loss Function in our transient problem, we shall have to

i¡troduce a time-dependent rnodified offered traffic, a(t), say. !\'e hope that a(ú) will

vary according to time in such a manner that E¡v("(¿)) will yield results which will

approximate the true transient blocking probability.

3.3 Modiffed Offered lbaffic fo¡ the Erlang Loss hrnction

The derivation of a(t) is fairly straightforward. Let us consider, for the moment,

the first difference-differential equation in the set of the birth-and-death equations

(2.2.1) for the M/M/N loss system' that is

dPo(t"v) 
- -Àpo(ú, N) r ttpt(ú, il) (3.3.1)

dt

The rationale behind this choice will be discussed later. Now, we begin by assuming

that there exists a function, d(t), such that

po(t,trü) = d:ltlt
pr(ú,/[) :dh
pz(t,N):#ffi

pN(t,trÍ) :#ffi -En(o(¿))

(3.3.2)

where

sry(a(t)) - t
il

k=0

("(¿))ß

kl

N

Ðor1,il) = t

Note also that

lc=0
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The above equations (3.3.2) are analogous to the steady state probabilities, except

that the offered traffic is now a time-dependent function, yet to be determined.

Then, using (3.S.1) and (3.3.2), we have

_dSr(a) a __ ) *da Sf (") Srv(o)

srv (a
(3.3.3)

(3.3.4)

-a-(-À+pa) ,Slv-r (a)

since 4Sd = 5¡y-1(a)

Now

,sr(a)
5r-r (a) N-1

ak
D kl

ilLsû"L tcl
k=O

S"*L tel
lc=0

lc=0

ff ak aN
e! - iv!t

lc=0

a, I
I - p"(¿, N)

- -tt 1,,

I

I

| - Ew ("(¿))
I

I - pr (¿, JV)

from our assumption in (a.a.Z).

Thus, using (3.3.4) in (3.a.3), we have, letting te be our initial time,

\- p"a

Ios(À - ,r)l:,r"

20
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À - ¡ta(t)- (À - pa(úo)) ,rp (-t, lr'";;j1r,*¡0,
(-, Ir'"ft60"))

ts))enp

1,, ))

(3.3.5)

Equation (3.3.5) gives the expression for c(t) l-¡ased on the first birih-and-death equa-

tion. However, the problem with (3.3.5) is that the very measure we are interested

in, p¡y (¿, N), appears in the integlal. Since we require ør ("(ú)) : Pr (t, N), this fact

seems to be a setback, but there is a way to get around it, as will be shown in the

next section.

* o(ú¿ 1",, (-r lr'" jq,¡u¡h,

Now, we come to the rationale behincl the use of the first birth-and-death equation.

Why not the second, the third, or the last? It is easy to show that, usìng the above

approach, based on the h'o(k = 2,3r..., ¡f) birth-and-death equation, we get

. Ì(fr- l) - (À+ (å -I)t)o+ pa2
ù - (3.3.6)

/c-l-a(l -pry(ú,ff))

which is not an easy differential equation to solve. For the last birth-and-death

equation, the (^V + 1)t", the corresponding differential equation to solve is

a=ffi (3'3'7)

The above equation is solvable, but the resulting expression contains c(t) implicitly

which is also not easy to solve.

1 )-
| - p¡,(r, N)

So that leaves us with the first birth-and-death equation, and that is the equation

which we have utilized.
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3.4 Approximation of the Transient Blocking Probability Using the

Modified Offered Tlaffic

We are considering the system as described in Section 2.2. Let us assume that traffic

is held at a constant intensity of À for t ) to. We also normalize the mean service

time,], to one, and let o(ú¡) - o¡ for t:to.Due to this normalization, time is now
'lL'

measured in units of the mean service time.

We are interested in the transient blocking probability of the system before it reaches

the steady state. However, to use the above approximation, we have to divide the

time [t6,ú] into n intervals, each of length At. The smaller At is, the better our

approximation becomes. To approximate the probability at time ú, we first use

(3.3.5) on (ús,úo*Aú1, subject to a(ú6). This is to find a(úo +At). Then we work

on (ú6 + Aú, úo * 2Aúl to find o(úo + 2At), subject to o(t6 + At). \ile proceed in the

same manner until we reach the final interval, (úo * (n - l)At, to * nAúl or (ú - At, tl,

which would depend on a(ú6 + (n - 1)A¿).

On each interval we replace p¡¡(11,.örf) in (3..3.5), since it is unknown, with P, an

estimate of pr (ú,lV) at ú. Ilence (3.3.5) becomes

(3.4.1)

where ,t : 1,2,...rtu.

Using this initial estimate, F, wê calculate a and use .Ð¡y (a) to obtain a better p.

This new p will then be used in (3.4.1) and the whole procedure is repeated until

p converges. When this occurs we take p- as an approximation to pry(t,lV). We

22
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therefore have an iterative procedure for each interval and this procedure converges

very rapidly even when we use Elv (À) as our initial estimate to the very first interval.

Our algorithrn is therefore

Step 0

Step 1

Step 2

Step 3

Step 4

Set convergence criterion, €, say.

Set po¡¿ - Ery()).

Set oo¡¿ - a(t¡).

Divide [ú¡, t] into n intervals, each of length At.

Set lc = 1.

a(úo+(k-l)At) :o,otit.

on (ú6 + (fr - l)Aú, to * ftAtl, calculate

c'new: À(l - exp(-#)) * aoøexp(-#)

Calculate

Fncw = Ew (ao".)

ll lFo", - Faal ( e then go to Step 3'

PoId: Pnew

Go to Step 2.

If & = rz then go to Step 4.

dold = dneu.

lc=lc+1.

Go to Step l.

pn(t,il) * Fn"r.

STOP.
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3.5 Other Approximations

There are two other approximations worth noting. They are due to Syski [24], Eerry

[2], and Jagerman [8]. The first is obtained by using the so-called time-dependent

offered traffic (Syski [24], Berry [Z]), as discussed in Section 1.4. In this case we have

pw(t, ff) - ^E¡y 
(a(ú)) (3.5.1)

where

1,,

Since in the M/M/N loss system À is time-independent and Il(ú) - I - e-t,letting

p = l, we have

o(ú) - À(ú - r)H" (r)dr

e *d,r

- À(l - t-') (3.5.3)

We are again considering the system as described in Section 2.2. There is no iterative

procedure involved apart from, calculating E¡¡(a(t)), using its recurrence relation.

Equation (3.5.3) is a simple airproximation and the approximations based on it will

be discussed later.

The other approximation is due to Jagerman [8J. It is of the form

oft) - x 
fo'

(3.5.2)

(3.5.4)p¡,¡(t,ff) t øru(À) I - e-($+t¡t )(
/v

where À : o, since we normalize the service rate to one.

Another way of deriving approximation (3.5.4), which is much simpler, is to consider

the system in Figure 3.5.1 where we have the M/M/N loss system.
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Let us suppose that there is a kind of distributor that distributes the aniving calls

evenly so that the intensity of the traffic to each trunk is f . Now the exact transient

blocking probability for an MlMll loss system with arrival intensity of $ is

ir(t, 1) : 
"' (+) (r - e-(È+r)t¡ (3.5.5)

Eq¡ation (3.5.5) is obtained from solving the two birth-ancl-cleath equations for the

system exactly. The tilde is used to denote that the arrival intensity is not ) but

} Our assumption is that the probability of all N trunlcs beíng busy at tíme t is

propo,rtional to the probability that euery índiuidual trunk, each with arriual intensity

ol #, is busy at the same time. Thts we have the approximation

pw(t,N) * c (p, (t, t))N (3.5.6)

where c is a scaling constant to be determined. We then let ú -+ oo , that is to let

the system reach the steady state, and (3.5.6) becomes

E,¡()) *, (", (+))" (3.5.7)

since the Erlang Loss Function is the steady state blocking probability. This implies

that

(3.5.8)

Inserting (3.5.8) in (3.5.6) gives

P¡¡þ,n) - cffi (þt(t,¡r))'

_E¡¡'^' (ffi)'
- E¡v(À)(l - e-(È+t)t¡rv (3.5.e)
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which is equation (3.5.4)

3.O Comparison of Approximations

In this section we present tables of comparison of the above three approximations

with simulation and numerical results, where available. They are Tables 3.6.1,3.6.2

and 3.6.3. The numerical results are obtained using a numerical procedure to be

outlined in Section 6.2. However the proc.eclure is applicable for small Àr, that is for

/Y < 20. Hence for larger N, no numerical results will be shown.

In the tables, Approximation I is obtained by using (3.5.3), Approximation 2 by

(3.5.4) and Approxirnation 3 by (3.4.1). Por Approximation 3, At¡ - 9.91.

The simulation results are obtained from eight batches of runs, with each batch

consisting of 10000 runs. The confidence limit is set at 0.1.

3.T Discussion

The new approximation prc,cedure, APP3, based on (3.4.1) compares favourably with

the other approximations. flowever it seems that Jagerman's approximation, APP2,

gives the trest results. Therefore in the case of the M/M/N loss system, there does

not appear to be much advantage in using (3.4.1) for approximations. In fact it

is a bit slolver than the others because of the use of the small time intervals. As

expected, the smaller Aú¡ is, the slorver it becomes. But rvhen \\re colne to the case of

the M(t)/M(t)/N loss system, this approximation is much better than the others, as

will be shown in Chapter VI. Furthermore, it is easier to use than the approximation

based on (3.5.2)
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SIMULATIONAPPs ERRORAPP2 ERRORTtl\,fÐ EXACT APPT BRROR

(0.000r,0.0003)

(o.oo69,o.oo76)

(o.oroz,o.ozto)
(0.0275,0.0290)

(0.0342,0.0364)

(0.0365,0.0381)

(0.0408,0.0418)

(o.os0e,o.ossz)

(o.o4o9,o.o4a2)

(0.0431,0.0452)

0.0001

0.0045

0.0167

0.02s5

0.0359

0.0397

0.0416

0.0424

0.0428

0.0430

-0.0001

-0.0002

0.00r4

0.0029

0.0030

0.0024

0.0017

0.0011

0.0007

0.0004

0.000r

0.0038

0-0r28

0-0?24

0.0298

0.0349

0.0381

0.040r

0.04r3

0.0421

-0.0001

-0.0009

-0.0025

-0.0032

-0.003r

-0.0024

-0.00r8

-0.00r2

-0.0008

-0.0005

0.000 r
0.0038

0.0L27

0.022r

0.0295

0.0345

0.0378

0.0398

0.0411

0.0419

-0.0001

-0.0009

-0.0026

-0.0035

-0.0034

-0.0028

-0.0021

-0.0015

-0.0010

-0.0007

0.5

1.0

r.5
2.0

2.5

3.0

3.5

4.0

4.5

5.0

0.0002

0.0047

0.0153

0.0256

0.0329

0.0373

0.0399

0.0413

0.042t
0.0426

Table 3.6.1 : À - 6.0, JY : 10, E o(6-0) - 0.0431

ÀPP3 ERROR SIMULATIONAPP2 ERRORTIT4E EXACT APPT ERROR

(o.oro r,o.or 13)

(o.o96g,o.os9 6)

(0.1552,0.1587)

(0.1881,0.1930)

(0.2019,0.2069)

(0.2098,0.2136)

(0.2095,0.2128)

(0.2087,0.2117)

(0.2096,0.2130)

(0.209 r,0.2r24 )

0.0048

0.0553

0.1174

0.1600

0.r849

0.1986

0.2061

0.2101

0.2t22
0.2133

-0.00r7

-0.0225

-0.0354

-0.0303

-0.0206

-0.0126

-0.0073

-0.0041

-0.0023

-0-00r3

0,0022

0.0501

0.1288

0.1784

0.2006

0.2093

0.21?6

0.2r39

0.2143

0.2145

-0.0043

-0.0277

-0.0240

-0.0119

-0.0049

-0.00r9

-0.0008

-0.0003

-0.0002

-0.0001

0.0065

0.0778

0.1528

0.1903

0.2055

Q.2rr2
0.2131

0.2t42
0.2145

0.2146

0.0048

0.0535

0.1 11 3

0.1514

0.1764

0.19 15

0.2006

0.2061

0.2095

0.2115

-0.0017

-0.0243

-0.0415

-0.0389

-0.0291

- 0.0107

-0.0 r28
-0.0081

-0.0050

-0.0031

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

5.0

Table 3.6.2 : À:10.0, ff = 10, Ero(10-0) =0.2146.

SIN{ULATIONAPP3APPl APP2TIME

(0.0016,0.0023)

(0.2799,0.2857)

(0.3852,0.3 94,i)

(0.3910,0.3981)

(0.3s 13,0.3914 )
(0.3855,0.394 0)

(0.3870,0.39ût})

(0.3s69,0.3935)

(0.3E19,0.3959 )

(0.3870,0.39 62)

0.0005

0.11E7

0.263E

0.335{

0.3677

0.38r9

0.3662

0.3909

0.39?l

0.3926

0.0000

0.0083

0.14 l 4

0.2961

0.3616

0.3E51

0.39 09

0.3925

0.3929

0.3e30

0.0006

0.11 I r
0.23S7

0.3065

0.3430

0.3635

0.3755

0.3E25

0.3E67

0.3E92

0.5

r.0
r.5
2.0
OE

3.0

3.5
.1.0

4.5

5.0

Table 3.6.3 : À - 80.0, N - 50, Eso(80.0) = 0.3931
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because (3.5.2) involves an integral. All these approximations will be applied to the

time-dependent loss system and compared.
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CHAPTDR IV

AppRoxrMATroN oF THE M(r)/M(r)/N LOSS SYSTDM

BY TrrD M/M/N LOSS SYSTEM

4.1 Introcluction

In the previous chapters, the M/M/N loss system was considered. Exact and ap-

proximation methods to evaluate its blocking probability in the transient state are

outlined. However, as mentioned in Chapter I, the M(t)/M(t)/N loss system is more

relevant and accurate in dealing with real-life problems of teletraffic. This is because

the arrival and service processes are not time-independent, but are time-dependent.

Therefore it is worth considering the question of whether the M(t)/M(t)/N loss sys-

tem can be approximated by the M/M/N loss system, so that methods and ideas

developed for the M/M/N loss system can be extended to this time-dependent sys-

tem. We would like to know if the methods for computing exact or approximate

blocking probability in the M/M/N loss system can be used for the same purpose in

the corresponding time-dependent system, the M(t)/M(t)/N loss system.

4.2 Why Approximate?

To solve the N{(t)/N{(t)/N loss system, we have to solve its associated birth-and-death

equations, namely (1.5.1), which consist of (ff* l) coupled diferential equations with

time-dependent coefficients. We can express these equations as a matrix differential
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equations, that is
dP-(t' N) 

- A$)p(t, N)
dt

p(0, il) : !b

rvhere p(¿, N) and á(ú) are as given in equations (1.5.a).

(4.2.1)

Unfortunately, there is still no general procedure to solve (4.2.1) with this particular

coefficient matrix, that is ,,{,(ú). Matrix differential equations with certain special

forms of the coefficient matrix can, however, be solved (Wu [20]).

In the previous chapters, it has been shown that good approximations of the transient

blocking probability of the M/M/N loss system can be made using simple procedures.

An exact method to compute it is also given, but it is not suitable for large N.

Since the M(t)/M(t)/N loss system is very difficult to solve, especially when iV is

large, it would be very useful if we can approximate the M(t)/M(t)/N loss system

by the M/M/N loss system. It is also worth noting that Jagerman [8] considerecl

the M(t)/M/N loss system and obtained an integral eqruatlon involving the time-

dependent irlocking probability, as will be discussed in the next chapter.

4.3 Approxïmating the M(t)/M(t)/N Losg System

The only difference between the M(t)/M(t)/N and the M/M/N loss systems is the

time-dependency of both the arrival and service processes. In fact the M/M/N loss

system is a special case of the M(t)/M(t)/N loss system. Therefore it is logical that

we work on the arrival and service rate functions in order to derive any approximation

method. This can be accomplished by approximating both the arrival and service

rate functions by a series of step-functions. Miwa [15] suggested this approach for the
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time-varying arrival rate function. It is the simplest way of approximating functions,

continuous or discrete, but its application in the approximation of the M(t)/M(t)/N

loss system by the M/M/N loss system has never been considered before.

In Figure 4.3.1, the continuous function, /(ú), is approximated by a series of step-

functions, with each step-function corresponding to a tirne-interval of length Aú. In

the case of arrival and service rates with known continuous functions, it is easy to

approximate them with the step-functions. The smaller At is, the more accurate our

approxima¡ions shoulcl be.

However, for the case when /(ú) consists of discrete points, as would be obtained from

real-life monitoring of the arrival and service processes, the problem of approximation

is more irtvolved (see Figure 4.3.2). In this ca,se, we have two alternatives.

For the first alternative, we start off by assuming that there exists an underlying

continuous function that results in these discrete points. We can reproduce this

function by drawing a curve of best fit. However, we need to collect enough data

to justify the curve. Then we just approximate this curve with step-functions as

describecl before (see Figure 4.3.3). In this case we can take At to be small as we

please.

For the other alternative, we simply approximate the discrete points with step-

functions directly as shown in Figure 4.3.4. This procedure is very straightforward

but the choice of Aú has to be made with caution. If it is too small, then we will not

have enough data in such a small interval, and our approximation will not be justified

(lac.k of statistics). On the other hand, if At is too big, then our approximation is

too rough and becomes less accurate because the steady state could be achieved.
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This will defeat our purpose of trying to find the time-dependent probability as

accurately as possible. Therefore what we require is the optimal Aú. Studies by

Martikainen [11] shows that the optimal Aú seems to be in the vicinity of one quarter-

hour (15 minutes), that is with t av 5 when we normalize the mean service rate and

let the lnea,n holding (service) time be about three minutes.

Once we have discretized our functions, .I(ú) and p(t), into step-functions, we are deal-

ing with a succession of the M/M/N loss systems in place of the M(t)/M(t)/N loss sys-

tem. This is to say that the M(t)/M(t)/N loss system is now being approximated by

a succession of M/M/N loss systems in the intervals (0, AÚ], (^t,2^¿1, (2Lt,3Aú1,....

In each of these intervals of length At, an M/MiN loss system would be operating,

and we can use methods developed earlier for this system to approximate the time-

dependent blocking probability, subject to certain initial conditions which are due

to the system in the preceding interval. This will be illustrated in the succeeding

chapters.

4.4 Discugsion

The subject of approximating the M(t)/M(t)/N loss system with the M/M/N loss

system was discussed in the previous section. This concept is critical in the develop-

ment of the succeeding chapters. It may sound very simple, but the results obtained

using it are very encouraging, as will be shown. It can be applied for any type of

arrival and service rate functions, discrete and continuous. In the next two chap-

ters we will treat the simple M(t)/M(t)/l loss system followed by the more general

M(t)/M(t)/N loss system. The above idea will be applied in both cases.
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CHAPTER V

IIME.DEPENDENT BLOCKING PROBABILIÎY FOR

THE M(r)/M(r)/r toss SYSTEM

5.1 Introduction

As mentioned before, both the arrival and service processes of teletraffic systems are

found to be nonstationary or time-dependent. This is evident from direct monitoring

of real-life situations (Martikainen and Lehtinen [12]). Nevertheless, at present, mod-

els developed for traffic with constant arrival rates and based on constant holding

time are used even when both the traffic and the holding time vary with time. As ex-

pected, the results are highly unsatisfactory when both of these quantities are highly

time-dependent. Thelefore it is desirable that a urodel be developed that will en-

able us to preclict the time-clepenclent blocking probability with the assumption that

both the arrival and service rates are time-clependent or nonstationary. However, as

discussed before, this is not easy due to the difficulty in solving a set of coupled first

order ordinary differential equations rvith time-dependent coefficient functions.

5.2 Jagermants Integral Equation

This problem of determining the blocking probability at time t., Pw (ú, tr), has been

consiclered by Jagerman [8]. He derives an integral equation for p,¡y(t,/Y) which

involves the tirne-dependent offered traffic function, ø(ú). It is of the form

pw(t,trÍ) : þn(t,*l- I"
36
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where

þN(t,oo) = lÞ*-Á0, N)exp(-(N - i)t) $! etp(s - t)ø(s)ds)i

il
JV

l=O

K¡,t(t,r) : a(n)exp(-lv(ú -'))¿Í,ll , ç I,' exp(s- ø)ø(s)as)

¿lJL,(.) is the Laguerre polynomial and is defined by

tfi) 1-n¡ -
m* k
m-jåi(

The above equation (5.2.1) is not suitable for practical applications in real-life sit-

uations because of several factors. Firstly, it has a rather complicated form which

could make numerical computation difficult. This is especially so when /V is big and

in real-life c.ases .l[ could be as high as a few hundrecl. Secondly, it is restric.tecl to

continuous, integrable arrival rate functions, which is not necessarily so in real-life

situations. Finally, it assumes the service rate to be constant, which further restricts

its application. Despite these shortcomings, the integral equation still represents a

major step in the study of time-dependent blocking in teletraffic systems. Several

useful results are obtained from it, including the approximation method described in

Section 3.5 (Jagerman [8])

The procedure which lollows uses the approach cleveloped in the previous chapter

for the case of the M(t)/M(t)/l loss system. It will involve solving matrix differen-

tial equations with time-dependent coefficient matrices. This, in turn, will involve

computation of matrix exponentials
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5.3 Method Formulation

For the M(t)/M(t)/l loss system, the associated birth-and-death equations are

dn$,r) - À(ú)po (ú, l) - ¡r(t)p¡(t, t)dt

with the usual notations. In matrix form the equations (5.3.1) is

fuP- -À(ú)po(ú, l) + ¡r(t)p1(t,r)

do(t.l\
d,t

p-(t,r) - (p6(ú, 1) p,(t, 1))r

where

A(t) -

ú € (0, trl
t e (tr,t2l
t € (ú2,ú31

elsewhere

ú € (0, ú11

t e (fi,t21
t e (t2,hl
elsewhere

(5.3.1)

(5.3.2)

À(¿)

)(ú)
rr(ú) \
p(Ð )

Bquation (5.3.2) must be solved to obtain the required probability, but as discussed

before, this is presently not possible due to the form of .á(ú).

Let us now assume that calls are time-dependent and arrive to this one-trunk system

according to the arrival pattern in Figure 5.3.1, which consists of three step-functìons

of constant iraffic. It is described by

À(ú) - (5.3.3)

Let us assume that the service rate is also time-dependent and obeys the service

pattern shown in Figure 5.3.2. It is described by

lr,
\2,
Às,
0,

llt ¡

þz¡
Pet
0,

p(t) :
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À(r)

Àr

I2

Àr

p(t)

0 tr t2 tr

Figure 5.9.1 : A sample amiaal rate.

0

tt

ltz

t¡ tz ,s

Fígure 5.9.2 : A sample seru;ce rate
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These patterns are chosen for simplicity. If the À's and the p's are different for the

same time-interval, we can partition the time-interval and redefine À(ú) and ¡l(t).

This is easily ck-¡ne.

Now consider the first interval (0,ú11. In this interval, the arrival rate is À1 and

the corresponding service rate is ¡r1, that is they are both constants. The blocking

probability at t € (0,ttl can be found by solving

dp(t,t)
d; 

' A1p(t,t) (5.3.5)

where

¿(ú, l) : (ro(t, r) pr (ú, l))r

A,=(-ll þt
- ltt

oo
¡tc

/c=0

The coefficient matrix to equation (5.3.2) is now a constant matrix, and thus (5.3.2)

can be solved, which gives

¿(ú' l) : exP(,4rú)¿(0, l) (5.3.6)

The exponential of a matrix .¡{ is defined by

exp(.{) - Ð /c!

Its properties are described in numerous texts on matrix analysis, see for example,

Bellman [1]. Several methods exist to evaluate exp(.Á), both exact and numerical

(Moler and Van Loan [16], Bellman [1]).

Therefore at t -- ú1 the solution is

¿(úr , 1) - exp(,{rtt )p(0, 1)
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where

p(tr , 1) : (po (úr , 1) p, (ú, , 1))r

anrl p(0, l) is the initial probability vector to the first step-function of traffic. It could

be set as required as it represents the probability distribution at ú : 0.

For the second step-function of traffic in the interval (ttrtrl, equation (5.3.2) becomes

d'p(t,L) _ / -/r r\dt - ^zy\o, rr (5.8.8)

wtiere

- 
^2 

ltz
)

Az: Àz - ltz

We then have at t: tz,

p(tz,l) - exp(Áz (tz - tt))E(út, 1) (5.3.e)

where p(úr,1), which was obtained earlier, is now the initial probability vector to this

second step-function of traffic.

Likewise, for t € (úr,úsl, we have at t: úa,

p_Us,l) - exp(áa (ts - tz))p_(t2,7) (5.3.10)

where p(tz,I) is now the corresponding initial probability vector.

From equations (5.3.7), (5.3.9) and (5.3.10), we have

p(tr,l) - exp(árAt1))p(0, l)

p(tz, l) : exP(¡{z At2))p(ú1' 1)

p(ts,l) : exp(/sAt3))p(t2, t)

where Ltr - t* - tr-trk = 1r2,3, and to = 0.

(5.s.11)
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Thus we can evaluate the blocking probabiìity at any time-point by choosing the

appropriate Atr. For example, still referring to Figures 5.3.1 and 5.3.2 with Aú¡ - l,

to find the blocking probability at t = 2.7, say, we would have

p(2.7,1) - exp(O.2 As\ exp(.42) exp(á3)¿(0, 1) (5.3.12)

We can easily generalize the above formulation to the case when the arrival and

service rates consist of m step-functions, each of duration one, and Atr - l. Then

we have

dn(m.l\
- A^p(m,l)

d¿

+ p(m,l) - exp(á^)p(m - l, 1)

: exp(,4m)exp(á-- t)?(^ - 2,1)

m-t

k=0
ff exp(,{ ^-u)

The above expressions are equivalent to starting off from an initial state and keeping

À and p constant fol the applopriate intelval. In fact they give the general solution

for p(ú, l) with constant À and p in each interval. In each interval a clifferent M/M/N

loss system is operating and the blocking experienced by any one of them influences

the succeeding system through the initíal probabtlity aecto'r in the succeedíng interual.

The only problem left is to evaluate the matrix exponentials. Unfortunately, we find

¡n-l m-t

f[ exp(,,{,n-t"\ # exp D n^-*

p(0,1) (5.3.13)

that

k=0

42
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since the matrices á¡ do not commute (Bellman [l]). However, the above expres-

sion, (5.3.13), can be evaluatecl by a computer quickly and efficiently. The matrix

exponentials can be evaluated in closed form by using, for example, the Lagrange

Interpolation Method to express exp(á¡At¡) as a matrix. Other methods to achieve

this are described by Moler and Van Loan [16] and Bellman Il].

Working on A¡, where

A*: -)¡
À*

lttc

ltt"

we have

A¡, - Is -0

=às1 :Q

sz: -\tc - Itlc

where ,[ is the identity matrix, ancl s1 and s2 are the eigenvalues of r{¡.

Using the abovementioned method, we have

(5.3.15)

where

rr=exp(-Aúk(Àk+pr))

The above method can be extencled to higher orcler matrices which correspond to

multiple-trunk systems, although the algebra would become tedious. For these cases

other methods could be more feasible. In the next chapter we treat these multiple-

trunk systems, that is the M(t)/M(t)/N loss systems. Nevertheless, once we obtain a

matrix like in (5.3.15), the computation of the blocking probability is straightforward

exp(.a¡Aú-) : 
^-|; 

( #* * À¡ø¡
À¡(1 - ø¡)

ttr(l - rr)
Àn * prnr

43



5.4 Application to a Particular Discrete Tlaffic Pattern

Let us again consider the the birth-and-death equations for the MlMll loss system

because they are relevant to our work. They are

¿po\l'L) - -)po(ú, l) + ttpt(t,r)dt (5.4.1)
dPt )po(t,l) - pp1(ú, t)

dt

Now we rescale the time-axis by introducing a new variable

t: Itt (5.4.2)

Then (5.4.1) will be transformed into

dpo(r, l)
dr

dp1þ,1)

- -apo(r, l) * pt(r,l)
(5.4.3)

dr
apo(r,1) - p1 (r, 1)

by clivicling them with p ancl letting a, now the offered traffic, be ¿ = ). Therefore,

inste¿ri of solving (5.4.1), we can solve (5.4.3) which has a simpler form, that is,

instead of considering the arrival and service rates defined by (5.3.3) and (5.3.a)

respectively, we just consider the offered traffic rates defined by

a(r) -

att r€(0,fl]
ctr2t r € (1rr2l
ctrs¡ r €. (r2rrsl
0, elsewhere

(5.4.4\

where at = *, k : 1,2,3. This simple transformation only changes the time-axis.

Supposing that | - 3 minutes. Then r = 2is the same as t : 6 minutes. Therefore

we have to be careful when we refer to the time. Otherwise, the system is not altered.

We now work with the offered traffic rate instead of the arrival and service rates.

As an illustration of the technique discussed in the previous section, consider the

offered traffic pattern as shown in Figure 5.4.1. Here we have discrete offered traffic

t I
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Fígure 5.1,.2 : Blocking probability for traffic as in Fígure 5.J.1.
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rates and the time interval is taken to be unity, that is, Lr¡ = I for å : 1r2r..., for

simplicity. The height of the step-function in every interval is actually the ratio of the

constant arrival rate to the constant service rate in the same interval. We have to be

careful with the time as the time-axis has now been rescaled as described above. Its

actual length in minutes would depend on the individual mean service times, if they

are measured in minutes, in each interval according to the transformation (5.4.2).

The procedure was implemented on a VAX lll78} computer and we obtained the

blocking probability function as illustrated in Figure Ú.4.2. At r = 0 we let

p(0,1) - (t 0)t

that is, the single trunk was initially free. Of course, we can set p(0,1) as may be

required.

As can be seen from the graph, the blocking probability tends to follow the offered

traffic as expected. As the offered traffic ends abruptly at r : 26 the blocking

probability 'lingers on' and decays to zero due to the presence of calls still in service

after that time.

5.5 Dxtension to a Continuous Traffic Pattern

The next logical step would be to adapt the procedure to the case when both the

arrival anrì service rates are continuous functions of time. The associated birth-and-

death equations are (5.3.1), Using a transfortnation similar to (5.4.2), that is,

T
lo' 

u@)a,
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equations (5.3.1) are transformed to

IT

dr
dPo ) : -p(r)po(r,1) * pt(r,l)

dnþ,t) _
dr

(5.5.2)

p(r)po(", 1) - pr (", l)

rvhere p(r): ffi, .rrnrning p is never zero. Again we will have to be careful with

the time as it has been transformed according to (5.5.1), and would depend on p.

We now discretize the continuous function, p(t), by step-functions as described in

Chapter IV, and then apply the procedure oulined in Section 5.3. As an example,

and for simplicity, let us assume that

p(r) - r (5.5.3)

as shown in Figure 5.5.1. The results are set out in Table 5.5.1 for Ar¡ taking the

values 0.1,0.01,0.001,0.0001 respectively, with the single trunk being free at r =0.

As a comparison we also compute the exact blocking probability for the above func-

tion (5.5.3), using
dp¡(r,l\ : p(r)po(", l) - pr (r, 1)

d,r (5.5.4)

From (5.5.4) we obtain

The integrating factor to (5.5.5) is

ltf - pþ)(r - pr(r, 1)) - pt(r,t)

*+ + þþ)+ 1)p, (r,r) - p(r)

Po(¡,|)_ | - Pr (r, l)

(5.5.5)

""0 (/' (p(,) + Ðd,)
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and hence

pt(u,r)exp (1," øøl+ r)dø)

* pt(r,r) : 
"xp (- Ir' bþ) +r)ar) x

(1"' nø:s*o (/"t pþ) +tlr')

'o: 
Io' 

p(u)exp (1," toøl + t)ar) au

(5.5.6)

du * p1(0, l)
)

The exact blocking probability for p(r) _ Í can be obtained by using the function in

equation (5.5.6). We compare this exact probability rvith the probability obtained

using the discrete procedure in Table 5.5.1. As expected the discrete method gives a

good approximation to the continuous offered traffic function. By choosing a smaller

time interval we are able to obtain a better approximation. For the case when

At¡. - 0.0001, there are 50000 x 22 multiplications, and even in this case the error

propagated is minimal. We must also remember that this is for the one trunk system.

5.6 Discussion

The discrete method outlined above has been applied to one discrete and one contin-

uous offered traffic case. Only results obtained for the continuous case for one trunk

could be verified as an exact expression for its blocking probability exists.

The main weakness of this method lies in the evaluation of the matrix exponentials.

This can be done rather easily and exactly for very small systems. However, for

larger systerns which are encounterecl in real-life, nurnerical methods have to be

used to evaluate thern. For the above example the error does not seem to be too

serious. This is aided by the fact that the expression for the matrix exponentials is

exact. A numerical method would have to be developed to compute these matrix
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exponentials which would exploit the properties of our special, tridiagon

matrix, .r{¡, in the case of large systems. In the next chapter, when we

the M(t)/M(t)/N loss system, a numerical method will be given which computes the

matrix exponentials numerically using the so-called implicit QL algorithm.
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CHÁ,PTER VI

A NUMERICAL METHOD TO DVALUAÎD

TIME.DEPDNDENT BLOCKING PROBABILITY FOR

THE M(r)/M(r)/N Loss SYSTEM

6.1 Introduction

In this chapter we present a numerical proceclure to evaluate the blocking probability

for the M(t)/M(t)/N loss system. This loss system is descibed by a set of birth-and-

death equations, namel¡' (1.5.1). There is no method yet to solve them exactly, and

so we have to resort to numerical and approximate methods.

On rescaling the time axis by using the transformation

î
1",

¡t(n)dn

we can replace (1.s.1) by

dps (r, N) , ,

=t;= : - p(r)po (", il) * p1 (r, .N)

4"+P : p¡)p¡-t(", N) - (p(r) + i) p;(", /y) + (i + t)pi+, (r, N)

dpw (r,¡f) _ p(r)pw-t (r, N) - Np* (t, N)
dr

À(r)
pGÍ In matrix form, (6.1.1) is

dp(r, N\
dr - A(r)p(r, N)

(6.1.1)

t<i<N-1

where p(r) :
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where

A-

I
-p - |

p

:

0
0
0

0

2

-p-2

p (r, iV) : (po (", il) pr (r, tr) p¡r (r,^t) )t

-p 0

0
0

ò

IY

,

0

0

0

(¡r
p

0

0
0

0

p

0

0
0
0

ò
0

0

-p lY-r
-p-(/v-r)

p -¡Í

(6.1.3)

-/Y

where p - p(r).

The approximate method described in Chapters IV and V is applied to (6.1.2) and

we obtain the blocking probability vector as a function of matrix exponentials as in

(5.3.13). Our next task is to evaluate these matrix exponentials to find the block-

ing probability. The numerical scheme to accomplish this is called the implicit QL

algorithm (Martin and V/ilkinson It3]).

6.2 The Nurnerical Procedure

We now discretize p(r) sucìr that

p* - p(k\,r)

Then define the matrix

-Pt" 1

Pt+ -Px - I
oP*

.ó
00
00

0

2

-Pr-2

a

0

0

-Pn-(il-2)
Pn
0

lv-l
-pt"-(iV-l)

Ptc

0

0
0

0

0
0

:

0

0

0

ó

IY

Ar:
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Let us denote the matrix á¡ from equation (6.2.1) by just .¡{. For this type of matrix

there is a fast, stable method for c¿lculating exp(.4Ar), which gives accurate results,

This methocl applies the implic.it QL algorithm clesc.ribed by Martin ancl Wilkinson

[13]. It is an algorithm for determining the exponential of a symmetric, tridiagonal

matrix. Thus, if we can find a diagonal matrix D, and a symmetric, tridiagonal

matrix ,S, such that

A: D_LSD (6.2.2)

then

exp(.4) : D-r exp(,S)D (6.2.3)

where exp(^9) can be calculated using the implicit QL algorithm.

Matrices D and ,9 are obtained by solving the system DA - SD. Let

D_

0
0
0

drv+r

.9tt

8tz
0

stz
8zz

sz3

0

8za

sgg

0
2dz

-(p + 2)d"

0
0

0

,","
sN,N+l

slv,À¡+ I
SIV+ T,N+ I

0
0

0
,S-

0

0

0
0

0

0

Then

- Pdt
Pdz

d,t

-(p + t)¿,
Pds

0

0
0

0
0
0

0
0

0

a

0

0
0

-(p+/Y-l)dN
Pdw+t

/Ydrv

-JVdiv+r

DA_
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and

SD _

We also have

0
dsszs
dssss

8tz
stz I

- P sLz

* srz : l/p

dr srvrv

drv sN,/v+ r

dr+rsr,r+r
drv+rs¡v+r,.v+r

drsrr
dtsn

0

dzsn
dzszz
dzszs

0
0
0

0
0
0

0
0

0
0

0
0

If one solution for this system is found, then possible solutions are available by

multiplying D by a constant, c, say, and dividing 
^9 

by c2. We shall take d1 to be

one. Since
(-p-i+1)d;=ddsdd i<N

- N d¡t +t : dN+rs¡v+t,N+1

then
-p-i-l-s;; i</Y

-N - sJv+l,N+r

and all diagonal elements of 5 can be found. Also

dt: dzsn

dtsn: Pdz

which implies that

d,z
I srz

p

2dz - dzsze

Pde: dzsze

dr: I
\/P

1

7p
szg

) d,s:
sza

s2s : t/Zt/p

p

_ \/z
p

d,s
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and so on, until we obtain

D_

I
0

0

0
ll-l
,/P
0

0

0
0

J2l
('/p)'

0
0

0

JNI
(,/ p)*

0

0
0

0 0

-p '/ttJpt/tlr/p -p - |
o ,/zlr/p

0

t/ztr/ P
-p-2

0
0
0s-

0

0

0

0

0

0
-p-(N+t)

'/Nlt/ 
p '/Nl'/ 

p
_N

The ;'esults obtained using the implicit QL algorithm are to machine accuracy, and so

the method for finding exp(,AAr) will also be very accurate. Writing p* - g(kAr, JV),

lve have

P*+r: exP(-Á¡a1 tr)?t,

: Dl] rexp(,S¡a 1 Ar) D¡.. 1 D* 1 exp(.9¡ L,r) D ¡,...

D, I exp(,S1\r)D¡po

where Ar, Dn and ^9¡ are matrices A, D and 
^9 

but with p being replaced by p¡, the

height of the step-function approximating p(r) in the appropriate time-interval.

Due to the high accuracy with which we can compute the exponential of the matrix

á, the errors involved in calculating the state probabilities for the nonstationary

process are mainly due to the discretization of the function p(r)

We can get an lower and upper bound for the computed blocking probability by using

the minimum and maximum values of pþ) during every tìme interval, (r, r * Ar], as

in Figure 6.2.1. The calculatecl value ol pu (", /V), the blocking probability, will be at

a minimum when the minimum value of pþ) is used in the procedure to calculate the

(6.2.4)
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new probability distribution vector during each interval, and will be at a maximum

when the maximum value oI p(r) is used.

Le\ A¡,,no" be the matrix .,{(r) when p(r) is a maximum on the interval ((k -

1)Ar, /cAr] and Ah,^in be the matrix ,4,(r) when p(r) is a minimum on the same

interval. Let the initial probability vector b" pu,^o, : p*,min - p(0, /Y). Then

writing for /c 2 l,

p. - exp(/t, *orLr)pt"_t,ntorL*,ma¡ .,,.,.w- ,!_lc_ltmor 
(6.2.5)

P-4,mi n - exP ( ¡{r, 
',=r¡o 

Lr) P r - t,min

where (p_o,rnor)**1 is the (¡f + 1)úä element of the vector p:+,*o", we have bL,^o":

(pr,^or)*+1 and bt,^;n: (Pr,rn;o)rv+r as the two approximations to the exact block-

ing probability, ö1, at time Ar. This exact probability at time Ar would lie between

the two approximations, that is

bt,^in ( ó1 ( bt,r,.o,

If pþ) is constant then bL,rnin : b!,*o, and the approximations so calculated are

correct to machine accuracy. In general, if z - kAr, then

blr,rno, = (Pp,^or)N+t

(6.2.6)

bt ,rno,: (P¡r,^or)N+t

and

bh,^in ( D¡ ( bk,r',.,,

By taking smaller time intervals, we can force these upper and lower bounds for

the blocking probability to be closer to one another. For some cases the upper and
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P^

1 r*Ãt 1

Figure 6.2.1 : Upper a¡td louer bounds ctÍ p(r) in (r,r* Arl

Pmo
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lower bounds for the probability are very far apart, indicating the possibility of an

inaccurate result. This can happen iÎ p(r),, the number of trunks, il, or the time

inten'al Ar, is too large.

6.3 Nurnerical Examplea

A computer program incorporating the above ideas was developed and several of-

fered traffic patterns were tested with a system consisting of 10 trunks. The time

interval used in all the examples was 0.1, that is Lr:0.1. The numerical results at

specific time r were plotted with graphs of exact blocking probability for the same

offered traffic and number of trunks, as given by Jagerman [8]. The graphs and the

corresponding offered traffic functions are

Figure 6.3.1 pþ) - Z

Figure 6.3.2 p(r) :5 * 2sin(0.05nr)

Figure 6.3.3 p(r):5+2sin(0.],rr)

Figure 6.3.4 p(r) :5 * 2sin(0.5nr)

The atrove functions represent functions with rapid and slow oscillations. The contin-

uous lines are the exact blocking probability and the crosses represent the probability

obtained using the atrove procedure. The crosses are actually the mean of the upper

and lower bounds of the probability. However the upper and lower bound points for

these examples are so close together that on the graphs they cannot be distinguished

from one another and the exact results. Table 6.3.1 is a table of these upper and

lower bounds for p(r) - l0(1 - t-(r-r)) with different Au's.

As can be seen from the above graphs, the numerical method gives very good results.
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TIME Â¡ = 0.01 A¡=0.001

0.1

0.2

0.3

0.4

0.5

0.6

L.B. U.B L.B. U.B

Table 6.3.1

Blocking probabílity lor p(r) - l0(t - t-(r-t)¡,Ar = 0.01'0.001
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6.4 Error and Time Analyses

We now discuss the error and time analyses of the above procedure. First of all we

have to define the matrix and vector norms that we are going to use in the analyses.

For a matrix .4 and a vector ø, their norms are defined as

Iv+1

ll¿ll = rsËT+r I loril 
(6.4.r)

ll¡¿ll - ,.pT*,l"l

Then it can be verified that (Bellman [l])

lláBll < llállllBll

ll/qll < llrlllløll (6.4.21

llD"'ll =Ð,'n,,,

oo oo

i=l i=l

0

Let

)_QI": P4,r,..,r- P4,r,,in

Then, for any definition of matrix norm, we have

llp**rll - ll4,*r, ma, P-++r,,n¿nll

- ll exp(/ rno,Lr)pt \m(Lt exp(A*¡o\,r)p_r,^roll

- f l exp(.4r,,i,"Lr * EL,r)p ojma.t exp(á-¡rrAr)p_¡,rn¡oll (6.4.3)

wlrere A^o, : Ab+t,^ott Amin : Ak+t,^;¿ alrd E : A^o, - A^io, so that matlix

.Ð has the following {orm

-e
0
0

-e

00
00
00

€0
e0

e

t
0

0
0
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where E: p¡no¡ - pnin (see Figure 6.2.1).

If we assume that llA*""Arll ( I for all r, then

lldt+'ll : A^;oL,r * EAr)í
-Ë ?4,',.inil P4,^o,

d=0

(A^;oL,r)í
ilË

d=o

?+,^ío

6.4.

6.4.

ô.4.

ô.4

,4.1

I+(A^¡oAr* EL,r).W

A?r-t*

?t ,rno,

+l
I

I + A^¡nL,r *
2!

< 
f l exp(.4 *;n Lr) (Ln,*o" - p4,^;)ll

+EL,rl.(

A^;nL,r * EA,r (A,n;o\,r * EL,r)k

llr*,,^,,11 (6.4.4)

k!

+.

Now

llØ,^r,Ll * Elr)n+t - efilnr**t ll _ llilil-lt k+r
A^¡nL,r A\r*L,rk
&+l kl

(A^;nL,r * EL,r\k Alro\rh
k! fr!

(A,n;o\r * EL,r\hEL,rI-' /c+ 1

il

)

kl

(A^¡oL,r * EL,r k
s k!

(A*¡nLr * EAr)ß Ahin\îk

+
I
H

(6.4.5)

64

kl kl ,4.1



Now, using (6.4.1), we have

llA^;"ll=2P+2N -r

llEll - 2e

where p: pk+t,mín.

Therefore (6.4.11) can be written as

lld¡,+r ll < ,(rr+rrv-r)arlld¡.ll+ þ-2)(2(2p+2N -r)(Ze\,r2\+qe2 L,r2)+(a-e\(àe\,r)

(6.4.t2)

As an example, let JY - 10, P=7,, Ar:0.001 and e - 0.01. Inequality (6.+.tZ) is

now

ll4"*,ll < r.ossolld"ll + (2.6583 x 10-5) (6.4.13)

Therefore, as can be seen from (6.4.3), the error propagated from one time interval

to another is quite small.

The accuracy of the results obtained is dependent on four things. As the time step,

Ar, decreases, the errors also decrease, and in most cases the difference between

the maximum offered traffic and the minimum offered traffic over this time interval,

e, will also decrease. It is by shortening the time interval used that more accurate

results can tre obtained, although this leads to a longer running time.

As the value of the offered traffic at time r, pþ), or the number of trunks in the

system, I[, increases, the error will also increase. I1 (p+ I[)Ar becomes too large,

the error may increase very rapidly until results obtained are useless. The difference

between the lower and the upper bounds obtained is a true indication of the errors

involved. These actual errors are nearly always much less than the errors obtained
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JV Ar CPU sec

10

l0
10

0.1

0.01

0.001

9.2

85.0

820.0

constant N, varying Ar

5

10

20

40

0.1

0.1

0.1

0.1

2.3

9.0

42.0

272.0

varying N, constant Ar

Table 6./r,1 : p(r) = to(t - r-(r-t)¡.
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using the above analysis which nevertheless indicates in what way error bounds will

change as the various parameters involved either increase or decrease

The number of operations required to calculate the blocking probability depends

on two factors. The first of these is the time interval, Ar, or the number of times

the process described above must be repeated. If Ar is halved then the CPU time

required to find the probability vector at a given time will double.

The operations required to find exp(.4Ar)p are of the order N2, that is as the num-

ber of trunks, ^f[, involved increases, the CPU time needed will also increase, as a

quadratic function of I[. If ]Y is doubled, the CPU time will increase by a factor of

4. If N is trebled, the CPU time will increase by a factor of 9, and so on.

The table in Table 6.4.1 shows the CPU time needed to calculate, to a given accuracy,

some results using different values of Ar and N. The test offered traffic function was

p(r) :10(1 - ,-(r+t)¡.

6.õ DiscussÍon

This numerical method is efficient as long as p, N and Ar are not too large. All three

quatities are interrelated in the error analysis as shown by (6.a.12). The choice of Ar

would depend on the offered traffic function, p(r) (the steeper its slope, the smaller

Ar should be), and the restrictions on p and /Y will vary accordingly. However, in

real-life, traffic may be greater than a few hundred erlangs in parts of the network,

and thus, in this case, the method becomes very inefficient. However, in systems with

offered traffic below 20 trunks, this method works effectively.
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CHAPTER VII

APPROXIMATD METHODS TO DVALUATE

TIME.DDPENDDNT BLOCKING PROBABILITY FOR

THD M(r)/M(r)/N Loss SYSTEM

7.1 Introduction

In Chapter VI we presented a numerical procedure for evaluating the time-depenclent

blocking probability for the M(t)/M(t)/N loss system, but this procedure is quite

inefficient when N is larger than about 20. This is because of the computation errors

involved ancl the computation time is also very long as discussed in Section 6,4.

Therefore for large N we will have to use approximate methods developed for the

transient M/M/N loss system, as described in Chapter III.

These approximate methods can be easily extended to the M(t)/M(t)/N loss system

by using the discretization technique which is outlined in Chapter IV, and applied

in Chapter V. We simply use step-functions to approximate the offered traffic func-

tion. We then apply the approximate methods given in Chapter III on each of these

step-functions to approximate the transient blocking probability in each subinterval.

This transient probability is then used to approximate the time-dependent blocking

probability. All these approximations utilize the Erlang Loss Function, as mentioned

in Chapter III. We shall look at four approxiurate methods.

The frrst method is the most well-known and has been widely used because of its

simplicity. In this case the blocking probability is approximated by Ew(pþ)). The
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second approximate method is an approximation using the time-dependent offered

traffic, which was discussed in Section 1.4. The third method is based on Jagertnan's

approximation for the transient blocking probability for the M/M/N loss system. We

modify it for application in the M(t)/M(t)/N loss systems. The last method is based

on the modifled offered traffic which we derived for the transient M/M/N loss system

as given in Section 3.3.

All the above approximate methods for the M(t)/M(t)/N loss system will be outlined

in separate sections and their performance will be compared in Section 7.6.

7.2 TL.e Ex(p(r)) Approximation

This is the easiest approximation to use, since we just evaluate the function p(r) at

time r ancì use this value in the Erlang Loss Function to approximate the blocking

probability at time r. However, due to the asssumption of the system being in the

steady state while deriving the Brlang Loss Function, this function (the Brlang Loss

Function) 'sees' the function p(r) differently.

Suppose that p(r) is the function shown in Figure 7.2.1, and wewant to approximate

the blocking probability at time 11, say. Note that i (r1) is positive. When we

use.Diy(p("t)) to make the approximation, the Erlang Loss Function'sees'p(r) as

shown in Figure 7.2.2, which is a different function to Figure 7.2.1. The steady

state assumption in its derivation means that as far as the Erlang Loss Function is

concerned , p(r) starts at r - -oo at a constant intensity of p(r1) up to î : rt. What

happens alter this instant is irrelevant to the Erlang Loss Function. Hence we expect

the approximated probability to be higher than the true probability because the real

traffic intensity prior to 1 is much lower than what the Erlang Loss Function 'sees'.
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On the other hand, if we wish to approximate the blocking probability at I = rz¡

where þ(r2) is negative, as shown in Figure 7.2.1, the opposite effect will take place.

Lt 12, En(p(rz)) 'sees' p(r) as a function shown in Figure 7.2.3. Here the real traffic

could cause a higher blocking than the lower steady traffic 'seen' by the Erlang Loss

Function prior to 12. This coulcl result in an underestimation of the true blocking

probability at 12.

Combining the effects illustrated in Figures 7.2.2 and 7.2.3, approximations using

Ex(p(r)) will be shifted to the left of the true blocking probability as sketched in

Figure 7.3.4. The degree of the shift depends on i(r). Therefore the steeper the

slope o'f. p(r) is, the more inaccurate our approximation becomes.

In fact the abovementioned shift has been reported by users of this approximation

but no explanation has been given' (see for example, Ohsawa, et. al. [20], Miwa

[15]). It should only be usecl when the slope is very small or when congestion is high,

because in this case the steady state is almost achieved in very short time-intervals.

In Section 7.6 we com.pìare its performance with the other approximations and the

numerical method discusse,l in the previous chapter

7.3 Time-Dependent Offered Traffic

For this approximation, we shall use expression (1.4.2) which is

o.4: l"
t
)(t - u)H" (u)du * ø6If" (t) (7.3.1)

where ø(t) is the offered traffic at time t, H"(t) is the complementary service time

distribution and a6 is the 'initial' offered traffic (Jagerman [8]). This approximation
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is then

p¡,¡(t,N) o Eiy(ø(t)) (7.3.1)

(7.4.1)

with ø(t) as defined above.

In the case of constant offered traffic and normalized mean service tirne, we have

a(r) - )(l - e-')+aoê-' (7.3.2)

Note that we are using the transformed time-axis as described in Chapter V and that

øs is the initial offered traffic.

We rvill use (7.3.2) in our example in Section 7.6

7.4 Jagermants Approximation

To be able to use Jagerman's approxlmation (3.5.4) in our case, we shall have to

obtain (3.5.4) which will take into account any initial condition. To derive such an

equation, we will have to use equation (3.5.5) with any initial condition, namely

where pr(ro,l) is the'initial' blocking protrability due to previous time-interval.

Now we insert (7.4.1) in (3.5.9) to obtain

ir(", 1) - ør(!ì(r - e-(ft+t)") + ñt(ro,1)e-(fr+r)"

p ¡,t þ,rr) o, jîl'.). 
" 

G,tþ,/Y))"
(ø, (#))-

- Ew(o)(r - e-(:ft+r)'. 
ãËrU¿-(rfr+r)r)IV

(7.4.2)

Expression (7.4.2) is now used to approximate the blocking probability with the initial

probability, ñt(ro, 1), obtained by applying (7.4.1) in the previous time-interval.
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7.5 Modified Offered Traffi.c

We now consicler the approximation obtained by using the modified offered traffic

function which was derived in Section 3.4 fol the case of the transient M/M/N loss

system. For the M(t)/M(t)/N loss system, the expression (S.4.t) can be used directly,

as the initial condition is taken care of in the algorithm.

7.6 Comparison of Approximate Methods

All the above approximate methods are tested with three sinuisodal functions of pe-

riod 20, 10 and 5. They represent functions with varying degree of time-fluctuations

The functions are:

(a) ø(r) - 10 * 5sin,(0.lrr)

(b) a(r) - 1o * ssin (o.2err)

(c\ ø(r) - l0 * ssin(o.4rr)

Function (a) has perìod 20 which means that its value can increase by 5 in 5'units

of time. This is a slowly fluctuating function. Function (b) on the other hand

can increase its value by 5 in 2.5 units of time. This can represent a moclerately

fluctuating function. Function (c) is a highly fluctuating function since its value can

increase by 5 in just 1.25 units of time

For simplicity we let ! - 1 and hence we will use the above functions directly in the

approximations.
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TIME EXACT APPT ERROR APP2 ERROR APPs ERROR APP4 ERROR

1.0

2.0

3.0

4.0

5.0

6.0

7.0

8.0

9.0

10.0

0.5805

0.646 r
0.6724

0.6877

0.6932

0.6896

0.6766

0.6535

0.6193

0.5726

0.6r37

0.6501

0.6746

0.6887

0.6932

0.6887

0.6746

0.6501

0.6137

0.5640

0.3320

0.00{0

0.0022

0.00r0

0.0000

-0.0009

-0.0020

-0.0034

-0.0056

-0.0086

0.4r83

0.5765

0.6732

0.6679

0.6836

0.6885

0.6841

0.6702

0.6461

0.6106

-0.t622

-0.0696

-0.0352

-0.0198

-0.0096

-0.00I1

0.0075

0.0r67

0.0268

0.0380

0.4666

0.6r85

0.6568

0.6794

0.69r4

0.6941

0.6879

0.6725

0.6472

0.6r02

-0.r 139

-0.0276

-0.0r56

-0.0083

-0.00r8

0.0045

0.0113

0.0r90

0.0279

0.0376

0.4895

0.6303

0.6666

0.6847

0.6923

0.6907

0.6789

0.6593

0.6282

0.5856

-0.0910

-0.0158

-0.0058

-0.0030

-0.0009

0.0011

0.0023

0.0058

0.0089

0.0130

Table 7.6.1 : a(r) - 10 -{- Ssiz(0.1zrr), JV : 5.

Table 7.6.2 : a(r) - t0 * Ssin(0.tnr), JV : l0

Table 7.6.9 : o(r) - 10 * Ssiz(O.tzrr), /V = 20.

TIME EXACT ÄPPT ERROR A,PP2 ERROR APP3 ERROR APP4 ERROR

1.0

2.0

3.0

4.0

5.0

6.0

7.0

8.0

9.0

r0.0

0.t142
0.3075

0.3698

0.3987

0.4097

0.4049

0.3846

0.3489

0.2s87

0.2368

0.2830

0.3389

0.3788

0.4025

0.4r03

0.4025

0.3788

0.3389

0.2830

0.2r46

0.1688

0.03r4

0.0090

0.0038

0.0006

-0.0021

-0.0058

-0.0100

-0.0157

-^ îr9,

0.0745

0.2309

0.3r85

0.3678

0.4023

0.4023

0.3947

0.3714

0.3325

0.2784

-0.0397

-0.0766

-0.0513

-0.0309

-0.0074

-0.0026

0.010r

0.0225

0.0338

0.0416

0.0598

0.2406

0.3248

0.372r

0.4015

0.4r55

0.{140

0.3961

0.3596

0.3026

-0.0544

-0.0669

-0.0450

-0.0266

-0.0082

0.0r06

0.0294

0.0472

0.0609

0.0658

0.0777

0.2505

0.3401

0.3843

0.4042

0.4062

0.3924

0.3633

0.3194

0.2626

-0.0365

-0.0570

-0.0297

-0.0144

-0.0055

0.0013

0.0078

0.0144

0.0207

0.0258

TIME EXACT APPl ERROR APP2 ERROR APP3 ERROR APP4 ERROR

1.0

2.0

3.0

4.0

5.0

6.0

7.0

8.0

9.0

10.0

0.0000

0.0032

0.0rs3
0.0304

0.0407

0.0425

0.0362

0.0249

0.0 r 33

0.0052

0.0071

0.0175

0.0307

0.0415

0.0456

0.04r5

0.0307

0.0175

0.0071

0.00 1 I

0.0071

0.0143

0,0154

0.0111

0.004I

-0.0010

- 0.00s5

-0.0071

- 0.0063

-0.0033

0.0000

0.0026

0.0r28

0.0264

0.0373

0.04 l4
0.0376

0.0278

0.0 r 59

0.0065

0.0000

-0.0006

-0.0025

-0.0040

- 0.003i1

-0.001I

0.001.1

0.00:9

0.00!6

0.00 13

0.0000

0.0035

0.0148

0.02s5

0.0401

0.0454

0.04?2

0.0310

0.0 r 69

0.0062

0.0000

-0.0004

-0.0005

-0.0019

- 0.0006

0.0029

0.0060

0.006 r
0.0036

0.00 l0

0.0000

0.0026

0.0r29

0.0266

0.0376

0.0416

0.0376

0.0!76
0.0158

0.0065

0.0000

-0.0006

-0.0024

-0.0038

-0.0031

-0.0009

0.0 014

0.0027

0.0025

0.0013
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TIN{E EXACT APPT ERROR APP2 ERROR APP3 ERROR APP4 ERROR

1.0

2.0

3.0

4.0

5.0

6.0

7.0

8.0

9.0

10.0

0.6220

0.6863

0.6901

0.6563

0.5798

0.4605

0.3385

0.2982

0.3878

0.5393

0.6501

0.6887

0.6867

0.6501

0.5640

0.4283

0.3044

0.3044

0.4283

0.5640

0.0281

0.0024
-0.0014

-0.0062

-0.0158

-0.0322

-0.0341

0.0062

0.0405

0.0247

0.4493

0.6170

0.6677

0.6692

0.6318

0.5530

0.44t2
0.3530

0.3649

0.4656

-0.t727

-0.0693

-0-0n4
0.0129

0.0520

0.0925

0.1027

0.0548

-0.0229

-0.0737

0.4966

0.6634

0.6957

0.690r

0.6497

0.5590

0.4093

0-2981

0.3237

0.4548

-0.r254

-0.0229

0.0056

0.0338

0.0699

0.0985

0.0708

-0.0001

-0.0641

-0.0845

0.5298

0.6739

0.6906

0.6657

0.6015

0.4969

0.3770

0.3120

0.3630

0.4995

-0.0922

-0.0124

0.0005

0.0094

0.0217

0.0364

0.0385

0.0r38

-0.0248

-0.0398

Table 7.6.J : øþ) - t0 * Ssin(O.2nrl,Jv = 5.

Table 7.6.5 : ø(r) - l0 * Ssiz(0.2rr),JY : 10.

Table 7.6.6 : a(r) - l0 * Ssiz(O.Ztrr),ff = 20.

TIME EXACT APPT ERROR ,A,PP2 BRROR APP3 BRROR APP4 ERROR

1.0

2.0

3.0

4.0

5.0

6.0

7.0

8.0

9.0

10.0

0.1546

0.3819

0.4054

0.3561

0.2528

0. r 303

0.0505

0.0275

0.0462

0.1416

0,33E9

0.4025

0.4025

0.3389

0.2 r 46

0.0812

0.0233

0.0233

0.0812

0.2146

0.1843

0.0206

-0.0029

-0.0t72
-0.0382

-0.0491

-0.0272

-0.0042

0.0350

0.0730

0.0966

0.2879

0.3674

0.3699

0.3103

0.2009

0.0905

0.0400

0.0452

0.r099

-0.0580

-0.09{0

-0.0380

0.0138

0.0575

0.0706

0.0400

0.0125

-0.00r0

-0.0317

0.0706

0.3002

0.4076

0.4878

0.3900

0.2320

0.0734

0.0262

0.0322

0.0858

-0.0840

-0.0817

0.0022

0.r317

0.r372

0.r017

0.0229

-0.0013

-0.0140

-0.05s8

0.1021

0.3171

0.3904

0.3729

0.2934

0.1 766

0.0763

0.0353

0.0434

0.1129

-0.0525

-0.0648

-0.0150

0.0r68

0.0406

0.0463

0.0258

0.0078

-0.0028

-0.0287

TIME EXACT APPI ERROR APP? ERROR APP3 ERROR APP4 ERROR

1.0

2.0

3.0

4.0

5.0

6.0

7.0

8.0

9.0

l 0.0

0.00033

0.01220

0.00194

0.00003

0.00008

0.00638

0.02099

0.00242

0.00003

0.00009

0.01750

0.0{1{7
0.04147

0.0 r 750

0.00 r 67

0.00003

0.00000

0.00000

0.00003

0.00 l 87

0.017r 7

0.02927

0.03953

0.01747

0.00r 79

-0.00635

-0.02099

-0.00242

0.00000

0.00178

0.00006

0.00773

0.02630

0.0272t
0.0r123

0.00138

0.00005

0.00000

0.00000

0.0001 r

-0.00027

-0.00490

0.02436

0.027r8

0.011 l5
-0.00500

-0.02094

-0.00242

-0.00003

0.00002

0.00006

0.00911

0.03543

0.04046

0.014 06

0.00097

0.00002

0.00000

0.00000

0.00010

-0.00027

-0.00309

0.03349

0.04043

0.0r398

-0.00541

-0.0?097

-0.00242

-0.00003

0.0000 1

0.00006

0.00775

0.02658

0.02732

0.01 r15
0.00137

0.00005

0.00000

0.00000

0.000 r0

-0.00027

-0.00.{45

0.02464

0.02729

0.01107

-0.0050 I
-0.02094

-0.00242

-0.00003

0.00001
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TIN{E ÐXACT APPT ERROR APP? ERROR APPS ERROR .A,PP4 ERROR

r.0
2.0

3.0

4.0

5.0

6.0

7.0

8.0

9.0

10.0

0.6716

0.66r0

0.4835

0.3r40

0.5070

0.6825

0.66r2
0.4836

0.3140

0.5077

0.6887

0.6501

0.4283

0.3044

0.5640

0.6887

0.6501

0.4283

0.3044

0.3640

0.0I71
-0.0109

-0.0552

-0.0096

0.0570

0.0062

-0.0111

-0.0553

-0.0096

-0.1437

0.4938

0.6287

0.5800

0.4402

0.,153,1

0.5993

0.6540

0.5925

0.4482

0.4558

-0.r778

-0.0323

0.0965

0.t262
-0.0536

-0.0832

-0.0073

0.1089

0.t342
-0.0519

0.5517

0.7I r0
0.6715

0.3609

0.3721

0.6226

0.7r27

0.6723

0.3622

0.3709

-0.1 199

0.0500

0.r880

0.0496

-0.1349

-0.0599

0.0515

0.1887

0.0482

-0.1368

0.5863

0.6690

0.5386

0.3612

0.4565

0.6548

0.674n

0.5399

0-3616

0.45il

-0.0853

0.0080

0.0551

0.0472

-0.0505

-0.0277

0.0111

0.0563

0.0476

-0.0523

Table 7.6.7 : a(r) - I0 * 5sr.n(O.4rr),iV : 5.

Table 7.6.8 : ø(r) - l0 * Ssin(0.4zrr),'.f[ = l0

Table 7.6.9 : a(r) - 10 * Ssin(O.4rr),lf = 20

TIMÐ EXACT APPI BRROR APP2 BRROR APP3 ERROR APP4 ERROR

1.0

2.0

3.0

4.0

5.0

6.0

7.0

8.0

9.0

r0.0

0.2266

0.3598

0.1621

0.0432

0.1089

0.3590

0.3651

0.1625

0.0433

0.1089

0.,1025

0.3389

0.08r2

0.0233

0.214 6

0.4025

0.3389

0.08r2

0.0233

0.2t46

0.1759

-0.0209

- 0.0809

-0.0199

0. r 057

0.0435

-0.0262

-0.0813

-0.0200

0.1057

0.1356

0.3054

0.2354

0.0897

0.0998

0.2625

0.3451

0.2527

0.0958

0.1018

-0.0910

-0.0544

0.0733

0.0465

-0.0091

-0.0965

-0.0200

0.0902

0.0525

-0.0071

0.0963

0.4346

0.4365

0.0604

0.0486

0.2166

0.4 636

0.4432

0.06 12

0.0183

-0.1303

0.0748

0.2744

0.0u2
-0.0603

-0.1404

0.0985

0.2807

0.0u9
-0.0606

0.r462

0.33r9

0.?244

0.0753

0.0959

o.2844

0.3642

0.2333

0.0774

0.0960

-0.0804

-0.0279

0.0623

0.0321

-0.0130

-0.0746

-0.0009

0.0708

0.0341

-0.0129

TIME EXACT APPl ERROR APP2 ERROR APP3 ERROR APP4 ERROR

1.0

2.0

3.0

4.0

5.0

6.0

7.0

8.0

9.0

10.0

0.00033

0.0r220

0.00 r94
0.00003

0.00008

0.00638

0.02099

0.00242

0.00003

0.00009

0.04147

0.01750

0.00003

0.00000

0.001E7

0.04147

0.0 I 750

0.00003

0.00000

0.00 rE7

0.041 14

0.00530

-0.00 r 91

-0.00003

0.00 r 79

0.03509

-0.00319

-0.00239

- 0.00 003

0.00178

0.00025

0.01038

0.00290

0.00005

0.00007

0.00488

0.01918

0.00407

0.00006

0.0000E

-0.00008

-0.00182

0.00096

0.00002

-0.00001

-0.00 i50
-0.0018r

0.00165

0.00003

- 0.00001

0.0001 7

0.02292

0.0050{

0.0000!

0.00003

0.00352

0.03655

0.0056ó

0.00003

0.00003

-0.00016

0.0r072

0.00310

-0.0000r

-0.00005

-0.00286

0.0r556

0.00343

- 0.00001

-0.00006

0.00025

0.01043

0.00291

0.00005

0.00007

0.00485

0.01934

0.00409

0.00006

0.00006

-0.00008

-0.00177

0.00097

0.00002

-0.00001

-0.00153

-0.00 I 65

0.00r67

0.00003

-0.00001
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We also calculate the numerical blocking probability for the above traffic pattern

using the method given in the previous chapter. Three cases are considered with

N taking the values 5, l0 and 20 respectively. Tables 7.6,1,7.6.4 and 7.6.7 are for

N: 5, Tables 7.6.2,7.6.5 and 7.6.8 are for N - 10, and Tables 7.6.3, 7'6.6 and 7'6.9

are for lY - 20.

In the tables, the method in Section 7.2 is denoted by APPI, Section 7.3 by APP2'

Section 7.4 by APPS and Section 7.5 by APP4. The exact results are obtained

numerically using the method given in the previous chapter with Aú - 0.001 and the

mean of the lower and the upper bounds are taken'

From the tables we can make the following deductions:

(a) When traffic fluctuation is expected to be low to high with the congestion

expected to be high, APP1 gives the best approximation. This is because

when congestion is high the steady state is alurost achieved in a very shot't

tirne-interval, although of course the steeper the slope of the traffic function

is, the woÌse it becomes. APP4 gives a slightly worse approximation.

(b) When traffic fluctuation is expected to be low to high while the congestion

is expected to be low to moderate, APP4 gives the best approximation.

Therefore ovetall performance of APP4 is very encouraging and its use is recotn-

mended in approximating time-dependent blocking probability, although when con-

gestion is expected to be high to very high APPI will suffice
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CORRECTION

.Ihe formula (7 .7.2) is not for discrete offered traffic' as indicated in the text'
but for piecewise linear offered traffic (Ref. L2). As a consequence, the
comparison of Tab1e 7.7.I on page 8I is incorrect' This is because the offered
traffic in the example is a discrete step function, for which APP4 is derived'
not a continuou", p-i.".rise linear frmction, for which Èhe formula Q'7'2) was

derived.



7.7 Martikainents Approxímation

Another approximate methocl worth rnentioning is clue to Martikainen [ll] His pro-

cedure is quite complicated but it can handle any continuous arrival or service rate

functions, without the need to discretize them as in the case of other approximations.

The only restriction is that the arrival rate cannot be zero because this will cause a

singularity to occur.

The time-depenclent blocking probability is given by

pw (t,ff) 
^¡ 

exp(d(ú)) (r(t)\* Ew þ$)) (7.7.1)

where

I"
t

ç )p(s)ds) 
p@)d,u+p(o)z(o) .*p(-/ rt,fa,))exp

Note that we aÌe using the ueal tiure axis, t, since no rescaling has been done. If the

system has been in the steady state until t:0, then z(0) : 1 and d(0) - 0.

For the case when the offered traffic is discrete, the approximation is

¡t
d(t) - J"${"){r(u) - l) - (1 - Exþ("))þ("))du +d(o)

(7.7.2)

where ø¡ is the offered traffic in interval i, I is the length of each interval in units of

average mean holding time, and

o¡ æ ! ø¡'(
lc= I

ah - c4c-t
2
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Fi.gure 7.7.1 : Disxete oflered trafic uith T = 5.

Table 7.7.1: a(r) as in Figure 7.7.1, N = 15

25

t5
t3

I

TIÀ,IE EXACT N,ÍART ERROR APPI ERROR APP4 ERROR

5.0

10.0

15.5

20.0

25.5

30.0

35.5

40.0

45.5

50.0

1.5198E-4

0.1807

3.66818-2

0.2752

0.3342

0.4311

0.1 t 79

0.1623

0.2467

1.77278-5

1.50408-5

0.1555

5.s9958-2

0.3354

0.3630

0.ß527

0. r31 8

0.r771
0.2515

1.9714E-3

- 0.0001

-0.0252

0.0193

0.0602

0.0288

0.2216

0.0 r39
-0.0052

0.0018

0.0020

r.5726E-4

0.1803

3.6497E,-2

0.274t
0.3300

0.4437

0.1159

0.1803

0.2440

1.5039E-5

0.0000

-0.0004

-0.0002

-0.001l

-0.0042

0.0126

- 0.0020

-0.0020

-0.0027

0.0000

1.4696E-4

0.1793

3.69768-2

0.2738

0.3300

0.4437

0.rl67
0.1802

0.2439

1.86368-5

0.0000

-0.0014

0.0003

-0.0014

-0.0 042

0.0126

-0.00 12

-0.0021

-0.0028

0.00 00
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The rìerivation of (7.7.2) assumes constant mean holding time and the term ó¡ is

negligible if Elv (.) < 0.1. Otherwise it should be taken into account. This expression

is derived solely for practical appplications since (7.7.1) is not so useful in these

applications. It is recommenrled that î be at least 5 units of mean selvice time.

It cannot be applied to step-functìons like the previous approximations. For the

application ol (7.7.2) the mean traffic over each subinterval of duration l is taken,

ancl the congestion clue to the fr¿ä subinterval is approximated using the mean traffic

ìn this subinterval and also in the previous subintervals. For this reason we use a

difierent ¿rrival pattern to test (7.7.2\ as in Figure7.7.1. Here we have discrete traffic

consisting of the mean traffic in each subinterval of duration 5 units of mean service

time. The results obtained using (7.7.2) are compared with results obtained using

.Ð¡¡(ø(t)) and the modified offered loacl, c, which approximate blocking at the end

of each time-interval. The results are set out in Table 7.7.1.

As can be seen approximations obtained using (7.7.2) are not as good as the other

trvo approximations.

7.8 Discussion

This chapter discusses several approximate methods to evaluate the time-dependent

blocking probability for the M(t)/M(t)/N loss system. Five of them are given and

their performances are compared with numerical results. We find that overall the

approximation using the modified offered traffic function, APP4, is the best, unless

congestion is high, when the direct use of the offered traffic function in the Erlang

Loss Function, APPI, gives the best approximation. Of course when the offered

traffic function is very highly fluctuative this approximation might be surpassed by
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APP4 in performance. Therefore it is recommended that APP4 be used at all times,

even when APPI might give a better result, because the advantage that APPI has

in this is too small.
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CHAPTER VIII

TIME.DDPENDENT EXPDCTED LOST TRAFFIC

AND VARIANCE OF TRAFFIC OVDRFLOWING FROM

THE M(r)/M(r)/N Loss SYSTEM

8.1 Introduction

The previous chapters discussed time-dependent blocking in teletraffic systems expe-

riencing nonstationary arrivals and service times. Approximate methods to evaluate

the time-dependent blocking probability are given together with a numerical proce-

dure. We now proceed to another important problem in teletraffic: blocking on a

secondary group of trunks with traffic overflowing from a primary group of trunks

which are offered time-dependent arrival streams.

Consider a group of JV trunks which are offered traffic of intensity ø(r), where r is

the transformed time. Traffic overflowing from this so-called primary group is then

offered to a secondary group with an infinite number of trunks (see Figure 8.1.1).

We are interested in the time-dependent expected lost trafffic and the time-dependent

variance of this overflow traffic. The expected lost traffic is the expected overflow

traffic. A major assumption is that this is the same as the carried traffic on the

infinite secondary group. It is also assumed that the variance of the lost traffic is the

same as the variance of the carried traffic on the secondary group.

These moments are vital as we shall see later

84



a(r) >

prxt'tlaty group secondary group

Figure 8.1.1 : A systen't with N prímary f runÀ's and ínfinite oaerflow trunks.
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The theory for the case when the arrival stream to the primary group is of constant

intensity, that is when the system is in steady-state, has been well-developed (see, for

example, Wilkinson [25]) which is applied to the Equivalent Random Method (ERM).

Since real-life traffic is not assumed to be in steady-state all the time, application of

the ERM is not always valid. In the heart of the ERM are the expectation and the

variance of the overflow traffic. ERM uses these two rvroments to find the equiaalent

graup and the equiualent traffic which in turned are used to find the expectation and

the varizince of traffic lost from the secondary or overflow group.

Hence to develop a time-dependent scheme analogous to the ERM we need to know

the time-dependent expected lost traffic and variance of the overflow traffic

8.2 Time-Dependent Expected Lost lbaffic

In the stationary case the expected lost traffic, or the mean lost traffic, is

Ellost traf f icl : aUw (a) (8.2.1)

where ø is the offered traffic. The analogous expression for the time-dependent case

Ellost traf f ic at time r] - ø(r)pr (r) (s.2.2)

Validity of the above expression (8.2.2) is supported by simulation, as will be shown.

We let the service time be constant and normalize it for simplicity,

We are interested in the practical application of any method developed. We there-

fore test (8.2.2) with a simulation on two traffic patterns that would resemble real-life

traffic. Since real-life traffic is discrete and could be represented as step-Íunctions of
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Figure 8.9.9 : Stream 2.
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TIME MEAN LOST CALLS/RUN ARRIVAL X BLOCKING APPROX

5.0

rd.o

r5.0

20.0

25.0

(o.oooo,o.oo0o)

(2.7939,2.9681)

(1r.26r4,r r.5036)

(2.t4r4,2.2438)
(0.3371,0.4466)

(o.oor r,o.oozo)

(2.î,327,2.7692)

(r r.oozo,r r.azar)
(2.0187,2.149r)

(0.3376,0.3766)

0.0007

2.6894

I l.09l l
2.0786

0.3690

Table 8.2.7 : Simulalion results wíth traflic as in Figure 8.2.1, JV : 15. Confidence

limit is 0.1.

Table 8.2.2 : Símulation results with trafic as in Figure 8.2.2, JV = lõ. Confidence
lí¡nit is 0.1.

TIME N{EAN LOST CALLS/RUN ARRIVAL x BLOCKING APPROX

5.0

10.0

15.0

20.0

25.0

(3.2682,3.4531)

(0.2ss4,0.36s3)

(8.3549,8.5938)

(3.2977,3.4323)

(0.0329,0.0521)

(3.3r25,3.4366)

(0.3614,0.3910)

(8.34r3,8.5299)

(3.2543,3.3306)

(0.0720,0.0E76)

3.3778

0.3705

8.3509

3.4055

0.0757
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duration Ar, we choose the arrival patterns in Figures 8.2.1 and 8.2.2 f.or our srm-

ulation. We also let lY - 15. Furthermore in real-life measurement, A¡ is expected

to be of the order of the mean hoìding time, preferably at least 5 (Martikainen [ll])

In fact in our simulation we have Ar - 5.

The simulation calculates the blocking probability at specific time r's. It also counts

the number of calls generated that are actually lost due to blocking at those times,

rvhich represents the left-hand side of (8.2.2). We also multiply the calculated block-

ing probability with the arrival rate at that particular time, and this quantity repre-

sents the right-hand side of (8.2.2). The two above quantities are set out in Tables

8.2.1 and 8.2.2 together with the approximated lost traffic obtained using the modi-

fied offered traffic scheme as outlined in Chapter VII. The simulations were done in

eight batches of 10000 runs each with a confldence limit of 0.1.

As can be seen they agree quite well, which gives support to the validity of expression

(8.2.2)

8.3 Time-Dependent Variance

In the steady-state case the derivation of the variance is a very lengthy exercise

(Wilkinson [25]). In the time-dependent case there is as yet no method to derive

the corresponding time-dependent variance. This is because of the existence of the

derivatives of the probabilities which makes analysis very difficult. However we can

get around this problem and use a very well-known formula, which is used to compute

the steady-state variance of the overflow stream, if our arrival pattern consists of step-

functions, with reasonably large time-interval, such as in Figures 8.2.1 and 8.2.2. This
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arrival pattern simulates real-life arrivals and so we not need worry ourselves with

deriving variance for a continuous arrival pattern which is not only almost impossible

but could also be of little use. Instead we are interested in the approximation of the

transient aariance which will occur on each subinterval. Fortunately an estimate of

this variance can be obtained by using the well-known formula

u:ln

where ,¿r is the variance, ræ is the expected lost traffic and JV is the number of trunks

in the primary group

In the transient case (8.3.1) cannot be used directly to approximate the variance at

time r. This is because division by zero can occur, that is when m i N + I - o = 0

We have, for r € [t],oo) , ne lrl,aD¡¡(a)J. Since a- N - 1e l.J,aB¡¡(ø)l ispossible

for ø ) N, we can have a singularity.

We now come to the problem of approximating the variance of the traffic overflowing

from the primary group of trunks with offered traffic such as in Figures 8.2.1 and

8.2.2. These arrival patterns represent real-life traffic patterns and this simplifies our

problem greatly. In both figures Lr : 5 which is quite low in real-life application

However as will be shown, even using such a low value our approximation scheme

performs rather well. We would expect it to perform much better if Ar is increased,

as a state close to steady-state could be achieved

For each subinterval, we note the amival rate, ,\. If À I N then we simply use (8.3.1)

because at the end of this subinterval (of length 5, in our example) the system would

be very close to steady-state. This is because traffic is heavy and thus steady-state
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is quickly achieved. On the other hand if À < lY we say traffic is light and we expect

steady-state to be achieved at a slower rate. In this case use (8.3.1) but with the

modified offered traffic, a, computed at the end of the subinterval, instead of ).

Also in this case the effect from the previous subinterval is expected to be significant

because of its slowness in achieving steacly-state.

Letting dk : a(,tAr) be the modified offered traffic at time Ar (using (3.4.1)),

tnk: m(k\,r) be the lost traffic at time Ar, and ur : u(k\r) be the variance at

time Ar, we have as an algorithm:

Step 0 Construct step-functions with Ar ) 5 units of mean service time

(assuming that it is stationary and normalized for simplicity)

Set,b-l

Set u6 :6.

Step I For step-function å, note )¡, the corresponding arrival rate

IfÀ¡.<Nthen

mk -- À¡.8¡y (o¡)

| - m** 
"ttfrr-*)

* ur-r e-a' .

If )e > iV then

trt¡, -- Àe,ÐN (Àk)

mkUk (

Àak mk l-^r+ N*m¡*1-(

If all step-functions are completed then go to Step 2

k-k+t.

Go to Step I

Step 2 STOP
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The term uk- te-a'is heuristically derived and it seems that it does give a good

correction due to the variance of the previous subinterval which is quite significant

when traffic is not heavy.

As mentioned, the above scheme was used on the test arrival pattern in Figures 8.2.1

and 8.2.2 and the approximations thus obtained are compared with simulation results

(Tables 8.3.1 and S.3.2). The simulations were done in eight batches of 10000 runs

each with a conficlence limit of 0.1.

We fied that this approximate method performs satisfactorily

8.4 Application to the Equivalent Random Method

In this section rve attempt to approximate the expectation and variance of the traffic

lost from the overflorv link with nonstationary traffic being offered to the primary

group of trunks. The nonstationary traffic in question is assumed to be in the form

of Figures 8.2.1 and 8.2.2, which resemble real-life traffic patterns and the system we

are consi,rering is as in Figure 8.4.1. We have two primary groups, routes I and 2,

and traffic overflowing from these two routes is offered to the overflow group, route

3. Traffic in Figure 8.2.1 is offered to route l, and traffic in Figure 8.2.2 is offered

to route 2. In the stationary case, the mean and the variance are obtainable via the

Erlang Loss Function and the variance formula (8.3.1), However in the nonstationary

case there is as yet no method available for the same purpose

Using data from the previous sections, we construct Table 8.4.1. The expectation

and variance are obtained using the approximate methods outlined before. Stream

I denotes the traffic in Figure 8.2.1 and stream 2 denotes the traffic in Figure 8.2.2.
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TINIE SIMULATION APPROX

5.0

10.0

15.0

20.0

25.0

(0.0005,0.0010)

(6.3505,6.3813)

(1 9.2826,r9.984r)

(4.945r,5-2234)

(0.7652,0.7e38)

0.0011

6.3402

20.6t27

4.9570

0.8090

Table 8.3.1 : Varîance ol ouerflow traffi,c with traffic as in Figure 8.2.7. Confidence

Iimit is 0.1.

TI\,IE SIMUTATION APPROX

5.0

10.0

15.0

20.0

2õ.0

(7.9027,8.0476)

(0.s591,0.892r)
(16.5294,16.8100)

(7.8602,8.03r5)

(o.rszz,o.rozt)

7.8332

0.8284

16.6309

7.8332

0.1854

Table 8.3.2 : Variance ol oaerflow traffic with trafic as in Figure 8.2.2. Confidence

limit is 0.1.
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route I

\\\\\\
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I

l¡
\

roule 2

\

route I

Fígure 8.1.1 : A síntple alternate routing networlc.
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TIME STREr{,M r STRBAM 2 OVBRFLOW

5.0

10.0

15.0

20.0

25.0

exp. lost
variance

exp. lost

variance

exp. lost
variance

exp. lost

variance

exp. lost

varia,nce

0.0007

0.00u
2.6894

6.3402

11.0911

20.6r25

2.0786

4.9570

0.3690

0.8090

3.3778

7.S33?

0.3705

0.828{

8.3509

r6.6309

3.4055

7.8332

0.0757

0.1854

3.3785

7.8343

3.0599

7.1686

19.4420

37.2434

5.4841

12.7902

0.4447

0.9944

Table 8.1.1 : The two mornents ol the ouerflow stream; 'erp' stand,s lor 'expected'.

TIN{Ð À¿q Ncq

5.0

10.0

15.0

20.0

25.0

I 7.0092

16.6059

42.5053

22.ttt4
9.2867

16.25r7

r6.3177

21.r5t2
18.8712

13.3671

Table 8.1.2 : The equiualent ofrered traffic and nuntber ol trunks
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The expectation and variance of the overflow traffic are then added up, with the

assurnption that the two streatns are indepedent, to obtain the total expectation and

variance of the overflow stream.

To obtain the .ff"o(r), the equivalent number of trunks, and )ro(r), the equivalent

offered traffic, we use Rapp's formula and the inverted variance formula. We use

them for this approximation because the variance formula was initially used in ap-

pro>limaiing the overflow variance. Rapp's formula and the inverted variance formula

are, resl)ecrbively,

À,q=a+B!(#-t)

N"q=+#+-m-l (8.4.1)

where m is the expected lost traffic, and u is its variance.

Equations (8.4.1) were used to obtain Table 8.4.2. This means that the system where

streams I and 2 are offered to the primary group of l5 trunks is equivalent to the

system where the traffic offered and the number of trunks are as shown in Table 8.4.2.

As expected both the traffic and the number of trunks in the equivalent group are

time-dependent. These quantities can then be used to dimension the overflow link

at specific times to maintain the specified grade-of-service.

Finally, as an illustration, we simulate the system with 15 trunks in the primary

groups, and just 5 trunks in the overflow group. The traffic offered to the first

primary group is stream 1 and the traffic offered to the second primary group is

stream 2 as in Figure 8.4.2. The simulated expectation and variance of traffic lost

from the overflow link are then compared to the results obtained when applying the
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at(¡)
l5

az(¡)
15

Fígure 8.1.2 : The systern considered in the simalatíon.

rn(r) u(r)

o.c(¡) I +

Figure 8.J.9 : The systern ,equíualent' to lhe abotte systent.

5

N"o(¡)+ S
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TIME EXPECTATION VARIANCE

5.0

r0.0

r5.0

20.0

25.0

(0.s8s7,0.e225)

(0.7845,0.8040)

(r4.64 03,r{.7320)

(2.4014,2.46r5)

(0.0454,0.05r8)

(2.4383,2.5896)

(2.12s2,2.ar82)

(32.5772,33.5738)

(6.427r,6.84t4\
(0.0727,0.0898)

Table 5.1.3 : Simulation results ol the two moments of ouerflow traffic, as in Fígure

8.1.2. Confidence leuel is 0.1.

TIMB EXPECTATION VARIANCE

5.0

10.0

15.0

20.0

25.0

1.0742

0.7680

14.6336

2.76t4

0.0286

2.6790

2.2484

34.2636

6-7t23

0.0515

Table 8.4.4 : Approxintations ol the two ntomenls of ouerflou traffic in the equiualent

system, as in Figure g.l.S.
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approximation method to the equivalent system as in Figure 8.4.3. The data are set

out in Tables 8.4.3 and 8.4.4. As can be seen from the table the approximations are

quite consistent with the simulated values.

8.6 Discussion

This chapter discusses approximate methods for the expectation and variance of

traffic overflowing from a primary group of trunks. These two approximations are

then utilized in another approximate method for the equivalent offered traffic and

number of trunks. These two quantities are important in dimensioning the overflow

group to maintain the specified grade-of-service. The above approximations are quite

rough but probably the only ones available so far.

Actually, in the problem of satisfying the grade-of-service in an alternate routing

network with time-dependent arrival streams, we have at least two choices. Either

dimension the primary groups dynamically or just dimension the common overflow

group dynamically. The decision on which strategy to adopt will depend on other

factors which still need to be researched.
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CHÂPTER fK

CONCLUSIONS AND FURTHER INVESTIGATIONS

This work outlines research on the problem of time-dependent blocking in teletraffic

systems. It is heavily-oriented towards practical applications and hence is not math-

ematically very rigorous. However, before dealing directly with this problem, the

somewhat simpler problem of transient blocking in similar systems is investigated.

An exact procedure for evaluating the transient blocking probability in the M/M/N

loss system is given. It is envisaged that this procedure would be helpful not just

in teletraffic theory, but also in other areas of research where loss queueing systems

are modelled. It is the only analytic method, apart from Riordan's method [23], to

flnd the blocking probability in the M/M/N loss system. Furthermore it is easier to

use than Riordan's method because it doesn't involve Laplace transforms. It is also

better in the sense that it can take into account any initial condition (blocking).

The same technique could also be extended to delay queueing systems, which are

gaining more importance nowadays. The use of matrix analysis to solve birth-and-

death equations is not new, but with new developments in this area, its role could

be urore important. The problem of finding exp(,4(ú)) exactly where .Á(ú) is a time-

dependent square matrix is a very hard one. However success in this problem will

greatly aid in solving queueing systems which will result in more accurate solutions.

Other areas, such as control theory, will also benefit'

Approximate methods are useful when exact methods are not available, or if the

ones available are not suitable for practical purposes. This could be due to their
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excessive computer time and/or space requirements. Approximate methods on the

other hand are easy to use and quick. Several approximate methods for evaluating

transient blocking probability in loss systems are given and shown to be feasible for

practical applications. These methods are then exter.lded to the real-life problem of

loss systems with time-dependent arrival and service tirnes. A simple discretization

method is applied to the arrival and service rate functions in order to use the methods

developed for the stationary systems on the nonstationary systems. Approximations

of the blocking probability using these approximate methods are very encouraging.

They are quite feasible for practical application.

Using the above approximate methods, approximations for the tirne-dependent ex-

pectation and variance of traffic overflowing frorn primary groups can be obtained.

These approximations are quite rough but they are still adequate for practical appli-

cations. Furthermore they are the only ones available so far. It is hoped that these

approximations can be improved in future research. Using these moments of the over-

flow traffic, links can be dynamically dimensioned so as to satisfy the grade-of-service

for specific time-dependent arrivals.
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This is the Fortran code of the program used to compute time-dependent blocking probabil-

ity ¡umerically as described in Chapier V. The algoriihm used is the implicib QL algorithm

(Martin and Wilkinson [1:l).

1 000

40

PROGRAM QL
PARAMETER NN:101
DTMENSTON D(NN),8(NN),2(NN,NN),X(NN),Y (NN),XMIN (100)

IZ=NN
PRINT*,'input no. of circuits'

READ*,N
PRINT*,'no. of time steps per sec.t

READT,NDEL
DELT:1.0/FLOAT(NDEL)
PRINTt,'How long do you want the program to run for?'

READ*,TLÐN
PRINT*,'How often do you want results printed out?'

READ*,TRES

NPRINTS:TLEN/TRES
NITER:NDEL*TRES
PRINT*,'Do you want the results printed onto FOR00I.DAT?'

PRINT*,'Print 1 if you do'

READ*,PR
PRINT*
PRINT*,'no. of circuits ="NCCT
PRINT*,'time steps per. sec. =',NDEL
PRINT*,'delta t, size of each time step -', DELT

PRINT*,'Results printed out every',TRES,'seconds'

PRINT*
PRINT*,' time min. cong. max. cong.'

rF (PR.EQ.r) rHEN
wRITE(1,*)
WRITE(1,*),'no. of circuits =',NCCT
WRITE(I,*),'ti*. steps per. sec. -',NDEL
WRITE(1,*),'d.lta t, size of each time step -', DELT

WRITE(1,*),'Results plilted out every',TRBS,'seconds'

wRITE(1,*)
WRITE(1,*),' tÌme min. cong. max. cong.'

ENDIF
N:NCCT*1
DO 120 NMAX:1,2
ERR:0.0
T:-DELT/2.0
DO 40 I:2,N

X(I)=s.6
x(1)=1.0
DO 1IO NIT=I,NPRINTS

106



5

DO 100 NNN=l,NITER
T:T+DELT
XLAMI=XLAMBDA(T+DELT/2.0)
XLAM2:XLAMB DA(T.DELT/2.0)
rF (NMAX.EQ.z) THEN

XLAM=AMAX I (XLAMl,XLAM2)
ELSE

XLAM:AMIN I (XLAM 1,XLAM2)

ENDIF
DO 5I=1,N-1
D(I):-¡¡¡M-(I-1.0)

E(I+t):sqRT(I*XLAM)
DO 7 I:l,N
DO 6 J:l,N

Z(I,.t):6.6
Z (I,I) = 1.0

D(N):-(N-l.o)

EQRT2S is an IMSL subroutine used to find the

eigenvalues and (optionaìly) the eigenvectors

oî a symmetric tridiagonal matrix usìng the

the QL algorithm.

CALL EQRT2S (D,E,N, Z,IZ,IER)

IF (IER.NÐ.0) PRINT*,'ERROR'
PROD=1.0
DO 21 I:2,N
P RoD = P RoD * 

S QRT ( FLoAT ( I- 1 ) )
x(r) =x(r) *pRoD/( (sQRr(XLAM)) **(r- l))
DO 22I:l,N
Y(r)=o.o
DO 22 J=l,N

Y (ir) :Y (r) + z (i,i) *x ( J)

DO 23I=l,N
Y (r) :Y (r) *EXP (D(r) *DELT)

DO 24I=l,N
X(I)=0.0
DO 24 J=l,N

x(r)=x(r)+z(i,j)tY(J)
pBgþ=1.0
DO 25I=2,N
P ROD :P ROD *SQRT (F LOAT (I- 1) )

x(r) :x(r) * (sQRr (XLAM) ) 
** (r- I ) /P RoD

CONTINUE
rF (NMAX.EQ.I) XMIN(NIT)=X(N)
IF (NMAX.EQ.2) PRINT*,T,XMIN(NIT),X(N)
IF (NMAX.EQ.2.AND.PR.EQ.1) WRITE(1,*),T,XMIN(NIT),X(N)
CONTINUE

6

a

;
C

C

c
C

C

oo

ôo

Ðt

24

25

100

r10
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120

FUNCTION XLAMBDA(T)
XLAMBDA=T
RETURN
END

a
C

C

C

C

PRINT*
PRINT*,'Do you want to contiuue with thìs present function?'

PRINT*,'Type 1 if you do.'

READ*,ANS
rF (ANS.EQ.1) GOTO looo

STOP

END

The following function is the arrival rate function. In this

case the arrival rate is l(r) : ú. This function can be

alterecl as required.
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This is the Fortran code of the program used to simulate

blocking as used in the bext.

*

t
t
*

*

*

*

1000

999

7778

PROGRAM SIN,IULATION

PARAMETER (NLINKS= l2,NARSTR= l2,MEVS=3000,

NCHS=3,NLPCH=2)
coMMoN/scHED/EVTIME(MEVS)TIEVTYPE (MEVS),ITOP

coMMoN/RAND/ISEED
coMMoN/ROUTES/IR(NARSTR,N CH S,NLP CH)

coMMoN/ccTS/N (NLTNKS),NU (NLINKS)

coMMoN/FLOW/F,NN
DiM;ÐNSTON AR(NARSTR),IOFF (NARSTR),LOST(NARSTR),ISD (s),

TLARR(NARSTR),STM (NARSTR),TOTLOST(NARSTR),

NARR(NARSTR,NCHS),PARR(NARSTR,N CHS),
p Lo sT(NARSTR),TOTVAR(NARSTR),VAR(NLINK S),

VARSUM(NLINKS),XLMEAN (NLINKS),

BTrME( 10),PBLOCK( 10),NAV ( 10),NLO ( 10),

VART(10),VARTSQ(10)

DATA ISD/89 13,7347,9825,5569,6571,9 123,8765,700 1/
DATA B T IMB /2.5,5. 0, 7.5, 1 0. 0, 12.5, 15. 0, 1 7 .5,20.0,22.3,25,0 |
READ*,IARSTR
READ*,LINKS
PRINT*,'NARSTR"IARSTR,'LINKS"LINKS
DO 1000 I=I,LINKS
READt,N(I)
VARSUM(I):o.o
PRINT*,N(I)
DO 999 I=l,IARSTR
REÄD*,NI
DO 999 J=I,NI
NARR(r,J):o
PARR(I,J):0.0
READI,NIJ
DO 999 K=1,NIJ
READx,IR(I,J,K)
PRINT*,I, J,K,IR(I, J,K )

CONTINUE
DO 9999 NTIMES:1,1
DO 7778I=l,IARSTR
TOTLOST(I)=o.o
TOTVAR(I)=0.0
DO 7778 J:l,NCHS
NARR(r,J):o
PARR(I,J):o.o
DO 1010I=I,IARSTR
READt,Al,A2,A3,A4,A5,A6,A7,A8,A9,A 10
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10 10

978

20 10

2020

113

PRINT*,41,A,2,43,44,A'5,A'6,A'7,A.8,A'9,A.10

READT,NRUNS

P RINT*,'NRtlN S =',NRI-l NS

PSUM=0.0
CSUl\{=0.0

Dó 97S II=1,10
VART(II)=0.0
VAIìTSQ(II)=o.o
NAV(II):o
NLO(II):o
PBLoCK(II)=0.0
NRUN=0
NRUi\C=0
.lsnED=ISD(r)
DO 2000 NRUNl=I,NRUNS
DO Z00l NRUNZ=1,S0

NRUN:NRUN+1
PTIME:0.0
PTOT=0.0
CTiME=0.0
PCON=0.0
ISEED=RAN ( JSEED)* 1000n

ITOP=0
DO 2010I=I,LINKS
VAR(I):o.s
xLL{EAN(I):o.o
NU(I):o
TII\{ENOW=0.0
TIMELAST=0.0
NOl:l
DO 2020I:1,IARSTR
TIME=P OISSARR(TIMENOW,AT )

CALL ADDEVENT(TIlvIE,I)
STM(I)=s.t1
roFF(I)=o
LOST(I):o
CONTINUE
IF (TIMENoW.GE.0.0.AND.TIMENOW.LT.2.5) A:A I
IF (TIMENoW.GE.2.5.AND.TIMENoW.LT.5.0) A=42
IF (TIMENOW.GE.5.0.AND.TIMENOW.LT.7.5) A:,A'3
IF (TIMENoW.GE.7.s.AND.TIMENow.LT.10.) A=,{4
IF (TIMENoW.GE.10..AND.TIMENoW.LT.l2.5) A:45
IF (TIMENoW.GE.12.s.AND.TIMENow.LT.15.0) A=46
IF (TIMENOw.GE.r5..AND.TIMENOw.LT.r7.5) À=AZ
IF (TIMENOW.GE.17.5.AND.TIMENOW.LT.20.0) A:48
IF (TIMENoW.GE.20..AND.TIMENoW.LT.22.5) A=Ae
IF (TIMENOW.GE.22.5.AND.TIMENOW.LE.25.0) A:A.10
CALL NEXTEVENT(TIMENOW,ITYP E)
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133

<'l21)

30

50

55

*

DO 133 NF:1,10
rF (TTMEN OW.cr.BTrME(NF).AND.TIMELAST.LT.BTIME (NF)) THEN

rF(NU ( 1).Ea.N(l)) PBLocK(NF):PBLocK(NF)+1.0
VART(NF) =vARr (NF ) +N u (2)

VARTSQ (NF ) =VARTSQ (NF ) +NU (2)**2
rF(NF.EQ.1) NRUNC:NRUNC+1

ENDIF
CONTINUE

rF (rTYPE.GT.ee) GOTO 50

DQ 233 NF=1,10

rF (TTMENOW.GT.BTIME(NF)-0.01.4ND.

TIÀ,TENOW.tT.BTIME (NF) +0.0 1) THEN

NAV(NF)=NAV(NF)+1
rF(NU(t).Ea.N(r)) Nr,o(NF)=Nto(NF)+ I

ENDIF

COI'iTINUE
TitvlELAST=TIMENOW
TLARR(ITYPE)=f1YB¡9ry
IoFF (ITYPE) =IoFF (ITYPE)+ I
IF (IoFF(ITYPE).8Q.1) STM(ITYPB)=TIMENoW
TIMÐ:P OISSARR(TIMÐNOW,A)

CALL ADDBVENT(TIME,ITYPE)
CALL WHATCHAIN (ITYP E,I)

rF (r.NE.o) G}TO 22

LoST(ITYPB):LoST(ITYPE) + 1

GOTO 100

J=0

NARR(ITYPE,I) :¡¡RR(ITYPE,I) + T

J=J*l
LINIi(:IR(ITYPE,I,J)
rF(LiNK.EQ.0) GOTO 30

NUiLINK):NU(LINK)+1
rF (i.LT.NLP CH)CìOTO 25

TIME:P OISSÀRR(TIMEN OW, 1.0)

ITYPE:ITYPE+100*I
CALL ADDEVENT(TIME,ITYPE)
CìOTO lt)i)

TIMELAST=TIMENOW
X:FLOAT(ITYPE)/IOO.O
I=INT(X)
ITYPE:ITYPE-I*100
J:0

J=J+1
LINK=IR(ITYPE,I,J)
rF (LrNK.EQ.o) GOTO 1oo

NU(LINK):NU(LINK)-l
rF (J.LT.NLPCH) GOTO 55

CONTINI-IE

tt
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200 I
2000

9999

rF (TTMENOW.LT.BTIME(10)+0.1) GOTO 113

CONTINUE

CONTINUE
CONTINUE
TEMP:FLOAT(NRUN)
PRINT+,'NO. OF RUNS"NRUN,NRUNC

DO 9998 II=1,10
PB:PBLoCK(II)/TEMP
XNA:FLOAT( NAV (II) ) 

*50.0/TEMP

XNL:FLoAT(Nto (II))*50.0/TEMP
CHECI(=PB*XNA
PRINT*
PRINTt,'AT TIMÐ',BTIME(II),'PBLOÇl( =',PB
PRINT*,'AND ARRIV., LOST =',XNA,XNL
PRINT*,'CHECK LOST"CHECK
VT:VART(II)/TEMP
vTSQ:v6s1's Q (II) /TEMP
PRII{T*,'E(X), E(X**2)"VT,VTSQ
VTSQ=(VTSQ-VT**2)
NN:N(l)
PRINT*,'SIMULATBD VÀRIANCE IS 

"VTSQCONTINUE
STOP

END

SUBROUTINE WHATCHAIN (ITYPE,I)
PARAMETER (NARSTR: 12,NCHS=3,NLP CH=2,NLINI(S= 12)

coMMoN/ROUTES/IR(NARSTR,NCHS,NLP CH)

coMMoN/ccrs/N (NLTNKS),NU (NLrNr(s )

I:0
r-Ì " 1l-l-1- tr

rF(rR(rrYPE,r,l).EQ.o) GOTO 30
r-^

J:J*l
IF(J.GT.NLPCH) RETURN
LINK:IR(ITYPE,I,J)
rF(LrNK.EQ.o) RETURN
rF(NU (LrNK).LT.N (LrNK)) Goro 20

rF(I.LT.NCHS.AND.J.NE.2) GOTO 10

r-^t-v

RETURN
END

FUN CTrON P OISSARR(TTMENOW,A)
coMMoN/RAND/TSEED
R=RAN(ISEED)
P oISSARR=TIMENoW-ALoc ( 1.0-R) /A
RETURN
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END

suBRorrTrNE ADDEVENT(TIME,ITYPE)
PARAMETER (MEVS=3000)

coMMoN/scHED/EVTIME(MEVS),IÐVTYPE (MEVS),ITOP
f-rr

J=J+1
rF((rrME.cE.EVTrME(J)),AND.(J.LE.IroP))Goro 10

rF(J.EQ.TTOP+r) GOTO 30

DO 20 I=J,ITOP
K=ITOP+J-I
EV TIME (K + I ) =nv'¡¡"u,n,

IEVTYP E (K + r ) =¡6Y.¡YPE (K )
EVTIME(J):TIME
IEVTYPE(J)=ITYPE
JTOP:ITOP+I
RETURN
ENÐ

SUtsROUTINE NEXTEVENT(TIME,ITYPE)
PARAMETER (MEVS=3000)

coMMoN/scHED/EVTIME(MEVS),IEVTYPE(MEVS),ITOP
TIME:EVTIME(1)
I'I'YPE:IEVTYPE(1)
DO 10 I=2,ITOP
EVTIME (I- 1) :EVTIME (I)

IEVTYPE(I. 1):IEVTYP E(I)
ITOP:ITOP-1
RETURN
END

FUNCTTON EN(NN,A)
EN:1.0
DO 20 I:I,NN

EN:A*EN/(I+A*EN)
RETURN
END
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;
C

C

C

C

This is the Fortran code of the program used to approximate

time-dependent blockìng probability numerically as described

in Secbion 7.5, using the modified offered traffic, o(ú).

PROGR.A,M MODIFIEDERLAN G

The ofered traffic function is the following

function statement.

XL (T ) = 1s. a5. 0 * sIN ( 0. 4r4.0 *ATAN ( 1.0 ) 
*T)

. EPS=1.08-6

. WRITE(6,*),'N'

. R]EAD*,N

. wRITE(6,t),'DELT'

. RBADX,DELT

. WRITE(6,*) ,'TIMB INTERVAL FOR PRINTING'

. READ*,DT

. WRITE(6,*) ,'FINAL TIMÐ'

. READ*,TF

. ND:INT(DT/DÐLT)

. WRITE(6,*),'INPUT INITIAL TRAFFIC'

. REAÐ*,A(]

. KK=INT(TF/DELT)

. KL=rNT(KK/FLOAT(ND))

. DO 55I:I,KL

. DO 56 K=ND*(I-l)+I,ND*I

.9 T=K*DELT

. X:XL(T-DELT/2.0)

. P:EN(T,N)
r_1¡ J-l

.10 A=Xt(r.o-pxP(DELT/(P-1.0)))+A.0*EXP(DELr/(P-1.0))

. PR=EN(A,N)

. DIFF=ABS(P.PR)

. rF (DTFF.LE.EPS) GOTO 5l

. P=PR

. J:J+l

. GOTO 10

.51 A0:A

.56 CONTINUE

. PRINT*,'AT TIME 
"T,'BLOCKING 

PROB. IS"PR,

. * 'MODIFIED TRAFFIC IS"A

. PRINTI,'EXPECTED LOST IS"PR*X

.55 CONTINUE

.99 STOP

. END
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60

FUNCTTON EN(A,N)
X=1
DO 60 I:l,N

x:e*X/(I+A*X)
CONTINUE
EN:X
RETURN
END
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