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fhe resoerohr dlaaortbcd. Ln tlrL¡ thc¡Í,s, wer oerrl.ed, out

at tho Departnent of fl¡thcnatl.oal Pþal.oa, Un!.værlty of

Ailclel.ü¡ soutb .*ustralt c¡ dlurt,ng tho ycar c 19 59 to 196r, undlcr

. tonuonwcrlth Fontgmð.ueto ¡tçsril. lbo werk re¡¡ Èu¡rÇr'vlroê

by Pno f e esor Il. S. Orslar

fhe autbor wishoe to tba¡rk Prof,çs¡or H.g. orcrn for Eoãy

otlnuratl,n6 d![aousslo¿r ê8d cuggertf.one a¡dt uaf3ilin6 e¡ô

uailrr¡tsnlxtng ouoouresc¡eat tbroughout tho progrsrr cf tbr
work.

Shc euthor eoknowlcdlger rlth sú,nocrc grattüudLc dll¡ou¡-
¡lon¡ wLth Dr¡ Roy f,eipnfk of ilLohclron L¡boratorlea¡ chf,ãr

Lrtsr Calffornia ead. ¡I1 u¡¡Þorc of, thc Dcpartnent of [atheo¡-
ti.E¡l PhyaLo¡ at thc Unlvcralty of .å,dlclaf.iLo¡

îho oooperetian end heilp of, tbe oonputcr gtaf,f of |ts$Oîg

Chlnr Loks Ca1tfornl¿ andl tho Conputlng Centre of thc Uni.veraLty

oC Àllolat d,c Ls gratcfully as&nowlcdlgedl.

fhc author 1¡ gratcf,ul, to thc UBFÛTST Clrlne Lake¡

carlforaLe for thr opportunLtJr to us€ tbel.r rDx 7og oonputcr

to oorry out ôoBG of the nunerloal osloul,atlonc of tbl.s therLl,
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guuHA[r

A oontl.nul,ty equatl.on te f ouneL f or the Setbo-SaLpetcr

ravefunettou. Tbû.s allows a probabtllty êcaalty to bo Élcflnodl¡

The Brcen-DlÊÍaa fornal,l¡n for tha ¡oXutlon of, the Bethc-

Srl.pctcr cguotLon f.n the lad.dler aBproxf.nation wtth paoudloaoalar

tntcreatlon !.s cxtenöcdl to l,noludtc any gcncral lntcrq,otloD.

fbe Green-Bl.ewas goLutton tc tlcrivcdl by a dll.fferent nethoû.

fhctr fornallam Ls cxtcnd.oð to rnonentu¡ aBs.oer thç oorrcøpondtJ,ng

solutl.ons Ln uonentun rpaoË ar€ dlovclopedL to the polnt, whcrc

a oonvtoolng totrroopondLenee bctwecn nonentun endl ooordllnstc

rFaoc selutl,ons oen Þe çstebllahcd..

lbi"p ahcrs tlret the ayabolf.o operator acloulus urcdl by El,swea

61vr¡ resuLts thet oen be tlcrtvcrl :ln ¡¡qnentus Ëpôoc.

An attonpt ts nadlc to obtaln nunerloal soLutLons to thc

tlcutcron problon and nuoloon-nuoLaon gsattErl,ng problrn urLng

the B-8 equation ln lsdldler enð Ínstenteaaoua lntcraotl,on

cpproxlnatl, on.

fbe oal.oulq,ted dl,çuteron quaclrupole monont andl. the opl.n ol.nglot

S-3tato protoa-pnoton aqatterlng phascahLfta èrG found to bc

ln guelf,tetivc egrêGnenÈ wlth cxperLaent. I{o attenpt l¡ nadlo

to oonperc the othar oaloulatcd. soattcrl,n6 data wlth crpertnent.

fhe Lndle¡rendenoe of the epln trlplet phasoahlfto at hleh

oncrgl,co ¡hows that the dlerl,vatlon of the pheaeehlf,ta fron thr

ooupledL equati.ons nay be ovçraluplLfl,ed.



!ùL¡ thcrf,r ¿oatrLin¡ ¡ri trùæÅrtr çhtel br¡ trr¡
rlorptrå f or tbr rrrrt of ny rthæ èrgmr or åfplao* t*
ray ü*trrrdty rnN. tbet¡ te thr brlù sf ry *alrlrt¡r ræt

brf*rf ¡ tbr tÞr¡ùl test¿Ànt te ettrrLr& prtrlnurl+f peËl{,*br{'

o¡ ;rittrn by raother ptrtc¡¡r rrarpt çhrn iùu¡ r¡frrrËcr fl
rrùt ùa thr tr¡t ef, thr tb¡l!,r"

,l



trFrR0DUCÍr0n

.â.a cquatrl.on êc¡orlbl.ag ths rcl.ativtctto tro'botily probLol

FoE p$opoaedl þ Ecthc eail salp.tcr6) n. 1rÐ1. lhc tale tqt¡e-

tl,on ç¡o Lotcr dlerLvod, fi.rlû thtorstloelþ by GcX.l-[aan euÅ

Lorl7). trn thr Lengua6c uacdl, by Bethc aadl sel¡ltttr thl equo-

tton teka¡ ühe f olJoulnË fs.l;

t (1,¡*) r - I IIil ðrrút.êrrrr. ß..(!r 5) r*o(lrr 6) (o.t)

r E (gr 6¡ 7t 6) ç(7, 8),

Thc nusloon BreÞa6atoru K, setleiff

(¿v* - ßc) r."(1, 5) - 6i (3, ,1,

Ttrta ¡ì.Iowa the intcgrol equatL on (O.t ) to bc çonvertcit lnto

r¡ lntrgredll,ff,ercntt¡l cquetl on

(itr- t.)(rvÙ- .a) t(3r b) û (o.e)

r i [[o,r-æ, [ (¡ ¡ Lt 5s 6) r(5r 6) .tl . t

|!hc alapJ.est cppro¡ci.natLoa to thc interaotLon funotlon

6(1, ,¡l 5t 6) Ls tho !o oallrû ËX¿ADEBB ÂPPR0IXUAII 0fx. lhc

relatlvlrtlo l¿eltlor rpproxl,netlon i.no3.uûe¡ ¡IX. retilU¿tblo

proocss.r rl.tb ono vlrtuel oeoon 1n thc d.r at any gltca tL¡1.

$btr luolud!.rc virturl Balr Broctuctloa têr!¡l ia rhloh tbc ncao¡

lf,nr¡ ¿Lo aot oros¡. Ftr erampl,,c tora¡ dtuc to ilLagratla of, the

typ¡ (") crc i.noludl,¡dl" 1n tho rslstl.n!,Etto l¡dtdlor epp¡'o¡¡lnetlo¡
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whi.Ie thoqs of typ¡ (U) ero notr

llhc l¡rlûer apf¡ro¡Lae'b!.on gXvea

Ë * o(rr e) ô'(tr D, ô'(,r, 6)

Wr.th tbo hrlp of thtr, the puro ôt,f,f,ors¡ttcJ'. B-S equctlou

oc¡ b¡ ilcrlvrô

(lvt - "")(tvl - rb) c(5, t*) - I e(lr b) ç(5t è) (o.l)

trhcrl, w!.th tbe quentua propagator G'(5r ¿r) 'proBertl,onel oaly

to ({ - {)' aaü. Dfr f; dlenotLns t}rc vertar pantc of tho

portloul,er latcraotlon ucoü,

ø4J, 4) - r[ r[ *'(5, l+)

Thc ¡uff,l¡Ee e aað þ oan bo rlroppodl lf, F6 eôopt thc aor.

oonvonlont Þl-rplnor notatlon. In thl¡ not¡tlon ¡Il oparatæe

oonoerntrg thc partl,olr r operct. oD t fron tbc lrft¡ wl¡tle

thoao oonoerncdl rÉth tàË gar.tisle Þ opcratc on t fros tb.

rt6bt t I l,trclf l¡ ¡ 4 r { nstrlx. thu¡ for ohargr !.adlo¡rra-

dhnt pocuttoaoel¡r¡ Beson thoory tho E-8 cquetLon t¿ke¡ th¡
f,ollorlnt îørr ln bl-¡p!.noç notetlon.

(Br- t) r (¡o' 
') 

r f (x) YttY' ' (0.&)

thc eigonvaluc¡ +5 Enû -f û nho ehargc olnglrt o'¡l t¡{plct
Etet. ere forncJ.ty !.noorporateil Lu f,(-). fht¡ forn of B-g

equetf.oil rre! ¡olvedl. oorarleatly by erota aa¡l Bf,¡r¡¡l) *il, lt
fora¡ the b¡al.¡ of thc rork solrXeð out ln thj.e thogLr. A
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ãoto dl,oaorlbln6 four-vcqtor notati oat cnpl.oyc{. th¡roughout

the thcol.a l¡ inol.udlcü, at thc cnå, of thic lrrtrodluotlou.
Thr ua¡fuLnoc¡ of, thc E*S cquetion hat Þ¡on ilanoastretot

by thc ¿oourotc oaroulattous of tb .nc¡F8lr lcr¡el¡ of þltrogm
by Salpct"ol8) 

"rd' 
poal,troalun by [gnp!.nr raü. K1rl,rr19].

taqy coh¡tf'or¡¡ to thr relatl,vl,¡tlo two boity probtcr h¡ve

bc¡a propoacd, by varlouE euthorl, but dluc to thr oonptcxLty of
thr Íntcrest!.on &crn¡} thay harr bcen posel,blc oaly by a{lopt-
fng norc or Lcs¡ geyert approrLnttloas. rn uost orsoc thec¡
rpprorlnatL on¡ hevr beo¿ non-relatl,vf,otlo.

tr wl.If nor noatton br!.cfly the eaeun¡ltlono aü{ th¡
oouolueions of lono d the¡e ¡uthoÌt¡

eotDslEr![Ð), EDnARDgal) anü crNr22) çcrc thc fr,rot to

ettaPt e ooverlAst ¡oluttoa of thc oovarLant tro Èo(y c{uo-
tf.on.fbrryr odLcptcð tho oovarlant leùôer approrlne,tlon¡ nogleotcô
tbe nres of thr rlrtual ncson ana!, equetod, thc tsÈ¡r Gnor6y d
th¡ qrstcn to zoro ln thc baryoent¡Lo frmc û referenot.

rn thl¡ unreorlstLo eogü th¡ E-s oquatlou efnpl.lf,Loc to
i otra-ùlusn¡l,onal i.ntcgral oqurtton rld.ah Goldl.otr!,a colvcû,

exaotly. tho ¡ol,utlon 1s r¡ænet!,sEblt for a oontLnuout roDgt
of valuer of tho oouplLng Eongtsgt tr aÞovo e oort¿l,n orttloal
y¡luc. (}old¡td.n trl,edl, ts obteln a unlqur oouprla6 oon¡toat
by !.atrodluoln6 hleh nonontua sut-off,, but thts ¡olut!.oa we¡

the reuult of e nettrenettoeL Ërror ca potntcil out Ly eor"o2}).
Whon thc trroor ûêE cJ.ltcf.natlrl no ¡olutlon of th. bouaä, ¡tate
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probl¡B reealnedl,.

wl0Kah) nrglect¡ thc opi-n of thc partLeLea and, tbo É¿EÊ

of the vl.rtual boroa ¿ndl euployc the ]¡ dldlcr a¡lBeoxtuctl,ô¡.

For Bartf.olos of egual Eôst Ln noqoatuq þpaoe thc non-acp3rablo

E-S eguatton (wtth g I O) f" f,ounel to rod.uo. to o oec-d:Lnem-

slonel Lntcgrel equatlon or al,tsrnatoly to a osr-d,lnenei.onal

elgrnvolur pnoÞlen of thr Stur¡-ûloür1ll.. typrr
gUSKOsffiz5 ) oontl.nucd, tho orguoeat¡ of Wlohç fle f ou¡dl

that th¡ atnpltflcû B-8 aqurlùon posesres a Lergr nuubcr of

aaooèl.ou¿ ¡slutl.ons ln ¡ildtltton to thr solutLon¡ rl¡tsb hevr

thc erpcotcô aon-relattvlstl,o Ll,nf.t.
gEÁ,afa6) noa" furthcr ¡turtlrr on the grotlcn of thc obov¡

tro ¡uthorc cnil founi!,, th¡t !.n cililLtlon to thc u¡uaL ¡ton-

rclativl,¡ùlo gurntul nunbcrl n, L, [¡ o¡e roqulroo r irol¡tlvo

t1¡c quentun nunÞcr ,kr¿

emEfâ?) ,.r"" noterl thet wLohf t oquatS.on iloes havr

arperrble ¡oluti.on¡ oontrary to wtok,a oonJeoture. oroe!
obtrlncil the rcparable lolutd.or¡a whlch ¡r. ain¡rler enð aoro

earlly dtctcrni"ncd, thrn tho¡c sf ÏÍtok cutlcorky onrl Boerf,r

f,Brrzg) eaoptad, tbc !.*r29)- DanooffÞ) netboê to oalou-
l¿te tho eaorry lcvela of ¿ cyetcn of tss Þounrl, nuolcon¡. Be

found, th¡t thc 8onercltlcdl fean-Daaooff, nothodl gÊçoa rorul,t¡
rguival.cat to tho¡o obt¡1ucê frc¡n ths B-8 equatÉ.on çLth l¡ûùor
approxlnatl oB.

Lcty lntroduoss I rGpuIEl"rc eoro as an ooptrl,oel pere.netcr
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tato hls thcory. A rcpulgrve Goró of, thi¡ type wôr al¡o
foundt n6o€68ê¡ïr on purely GÍpcrrncnt¿l grounds by Jectroril).

II"EIfte) fouoO rndl oorreoteet ðoBe inoonaLltenol,or Ln

Irovyro wo¡k. Ilc ncgleotcdl nuoJ.con rcooll, but not pclr orgs-

tlo¡r fle reBoriLuocdl. Lcvyra regul.t Ln thc acoonil. ordtsr lntcr-
aot'Lon, but La thc f,ourth-orrlrr intan¡otlon hr obtalnrô ¡
resul,t w[,leh largcly dt.eotroyl r.evyrr gua,rotltatlvo agrecncut

çl,th etpcrlarnt. Eld.nt¡ orit!.olsa haa boon oonf,lraail by

!¡:uok¡cr a¡ri, wat""o55), tfenloy end. Rudlersenn'tl) ¿¡¡û. othcr¡¡
trâ.ffÀoItcHX55) cslves thc B-8 equotton for tbo bounil rtatr

of trs fcrnl,on¡ Lntcraotl.ng through lEalrr üeroDr tn the Lortdþr

epptt:cinatton. Et¡ nrthod[ rsgutres thr nrglcot ú ao¡t of

thc nr¡o lco n reooll.
OREEIÍ anit DIsWÁS't ) d,erl.vc¿ e oovor!,ant colutlon, re tal.n!.n6

only the relat!.vtstto l.¡dtd.cr spp¡Þxfnat!,on. Pal,r oreat!.on anil

nuolconle reoolL werc ¡ooounteû for e:raotly.

[hoy genorcl!,øc thg upua]. non-ref.¡tlvlst!.o boundtery

sondllti.on f,or bound ctateg to rnol,uiL¡ tho rel¡tLv¡ tlao
vcri¿bl"¡. Thefr generellzcdl boundlary oonðltlcn ÊcFs, that thr
wevt funotlou ¡ntl ltr a¡laoc-tl,uc ôcrívatl.Vee ahoulit bo f,tnlt¡
andl sontinuou¡ cvcryrhcre wlthln lts Éto¡aln of cLcf,lntt!.o¡¡.

thcy dl.ceortbc t gcncral nethodt for obtalntng natr{.r aolutton¡
for tugt¡ntenoouã aaô dletcyct Latereotfona, venlchlng ed,

tron-Yaniahlng csaon Bass andl for vsnlahtng ¡ad. ¡¡on-yanlahlng
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tot al ern rgy ø1 tû¡s ry ata .
DXgwAgA) ohorn the ø¡!'steate of colutlon¡ to tho 6fgrn-

valua proÞIcl for Don-yatrLchlng tot¡l GlrËrgy ¡nê hc ehowr tbct

In thc i,nota¡t¡ncout approrlnatlon the nuolcer potcnt!,aI hec

e repulrlvr ooro. IILs eov¡rle,at aolutloalr obt¡f noil wlthouù

thc ln¡tentenoour lnteraotlon r¡lproxinat!.o4, roqutrc I Dat

quontuu auaÞer for thslr olescf f,f oatton' thtg relatt.v!.att,o

quantun aunber dloeg not apprar ln thc aoß-roLatlvlctLo tolu-
ti on r.

th¡ so¡.utlon sf tha tro fernLoa lnteraotLon throu6h a

so¡L¡r eçtoa f!.rlil Ln tha leðd.er Brral Lnstent¡noou! i.ntoraotlon

rpprortaetf oril l.¡ woürcil out Ln rtetall by !L"w."Z).
Th. worts dLøro¡"LÞcdl 1n thta tbeElg la largcly ¡ dllrtot

crtr¡rsi.oa of thc nork of Elasa¡. To natsc thl¡ thotLg cçIf-
oontal.ncô, the rclevanÈ work ú Bl.¡sat ls daEs¡{.beÉL l,a Appcncltr

I.

fn alL the¡c work¡ thrrc La no olear eaËrer to thr three

soct lu:rportaat gueatl.ena r¿lsodl by thc rslettvlrtlo two-bodlðr

Broblcrl
(¿) tra there s¡ry Justlf,lcetlon ln thc Lail<ter apprort-

nctlonl

¡ft) hos oa¡r ¡ probabfJ.!.ty clenafty be founeê froa thc

B-S anplftud.e, re th¿t there e¡lsts e probablßty eurrent

uhlsb togethor wlth thc probabiltty doclþ ¡etf.afLe¡ 3
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ooatlnuJ.ty equetLon, andl how ghouldl erpeotetlo¡ valuos br
forucð rrtth the holp of suoh a probabiLl.ty dlcnalty?

(U*) what tr th¡ ¡rhyotool tntcrpretatå.on of thc
rcl¡tlvc tLss ooorðfneto?

She work ln ttrls the¡Ls urer the f,orn¡,l.f.an of Breca sni!.

Bl¡wctl) ,u onrror thr ft¡et two gueotf.onso T,t ûoo¡ not
attenpt to angwor thc t,i.rdl gueetton ancl svoid.s tt by the uac

of thc I'nstenteneouË lntoreotlsn ap1:rorlnetlon. tet ur ð.1aouEa

theso qusstú. one ln t¡rat
(t) lberc 1¡ no hope of d.eallng rlth any but rpcol.el

ersaaca of, F'aynnaa ê:La6raus. rbo atrcngtlr of tho nuolaor
Lntcreotton 1g suob thot one ssnnot Juat!.f,y thc negloot of
¡¡bf.trarlly hleà ort!.cr oontr{þutf ona to thc nuoroer foroo
potcatLel exospt at eLtsteao¡s ooaparablc to tho ilc Erogl"lc wav.

length of, tho ne¡on rnd. lergor.
shere i¡r tn partÍoulern no JustLf!.oatåon for takf,ng

asoount of ôlegrau¡ ¡rlth tus oroôsetl aeson U,nes rlthoqt al.co

LnOJ.udlng 3t ls ... sroBsodl ncson llnet. Thc simple lad,tOr
rpprorlnetl'on !ra¡ thcref,oro bcon ectoptsd. o¡ r oonBrornlac aaü.

althougb lt 1s ðtffleult to Jurtlfy theoretf oally tta v¿l.titlty
¿t obo¡t Lnternuolconto e!.f etaaoe I, tt lc of great lntcrect to
ftndL out whcthêr tts preclJ.ctions agrec wtth phyaLcal reality.

rt ls to Bore ertent Justf,frcd by thc pr€Ecnoc of a alngu-
larity fu tbs potentl.al¡ whioh osuges ft to beoonc atron6ly
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rcpulriyr êt short d,løtanooc. Thia effeot l.¡ l.ntcrprctr{ rt
o ro¡lulaivo corr ln tho nuolooa potentlel. !h¡ oorc l,¡ r
dllreet oonacqueoa o1 the equatdonE enü i!.ose not hevr to bc

poatulaü¡t, a¡ Ln tho rorlc'of, r.eqy endl Jastro?, It or¡¡ be aanÄ

thEt thr re¡rurst,v¡ oore ia r panlfegtatlon of the p¡lr oreo-

tlon ¡f,feetr beoau¡o lt êppears Gr€n ln thr ln¡tanteneou¡
ilnt¡raotlon eppro¡fn¡tloar llhc feot that the ¡¡otcatla]' Þcooner

otnongry repulsívc 1n the reglon çh¡nc thr hlgbor æilor
oontrLbutlonË bcoont cf,f,eotf,vc 1a ¿ f,ortunatc oírouastan€r wht&
Bqy &v¿ oonc noenfn8 to the simplc Leil.ilor rBprÞrlnatlon.

lßs ancwcr thl¡ gueet{on¡ the Orc¡a-Bl.owas equratl.ona hcyc

bcen ¡olvodl, nunorloatLy sqdt the colut!.onr worr epplledl to tha

åoutoron problcr

nuoleon-nuolcon ao¿tt ørlB
thc equettone t"nply o repulsLvc cor6 ln the nuoLcon potentlô1.
IlaLng the blnttfng 6ncr6y sf the rreuteron aa tho oary !.nBut,

th¡ oorc rad.trrlr ¡ndt th¡ erynBtotto D to s gtat¡ :ratto of thr
ilcuteron anplltudlo¡ werG o¡L,ouletcil,.

lhc dlcut?roa raT. funotLonc obtd.ncdl tn thla way ahon

oE unu¡ually largo proportl.sn of D-ctatr (rbout w%'r, but tlrc
D-stat¡ aapltùudl¡'ha¡ r rcrgc poak oroge to td¡¡ ooroe å

oaLoulotlon of the cler¡tcrou quodlrupo].e nouent glvoo ¡ v¿l¡¡r
whtoh f,c of, ùhe tse orðcr of ¡asnttuilt ra thr erpcrf.nontalþ
ob ¡ervcll veluo.
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Bcseuac of thc ooaplorl.ty of the problen¡ the acthodl, of

obtelnlng thc nunorl.o¡I solutlon¡ f s rathor Grudl.. Bonr

op*ctorc 3re rsprêoe ntodl by oxpsad. one Ln torpo of laverso

porlrË of thc nuolcon nao¡ [ endt tcrne of o(I*t) ere negleotot

Ln ooaparleíon r¡1th terua of O(t )¡ Xn edtdtLt!.oa, the nou-

reLatlvlstLo rcglon eDprorl,notlon of ¡¡ell lo¡çota åe ned.c to
keoB thc o3,6ebra 1n aanagcbJ.c pro¡rortf.otrðr

fheee epprorlnetû ong latrodluoo ¡t loect Zfi arrw frsu
thc stertr Éo that only qtrarltotxvc agrecnont rtth expørlncü

oan bc c¡rp€ otcdl,.

Horcvcr th¡ feot that queJ.f.ùctLvo agrccurat i.¡ aohl,rvrê

both ls dctern!-nf.ng the ilcutoron qurtlnupol¡ noucat anû rsr
.D.rgy prots¡-pretoD eoetterl,ng, ia ln ttself lrportant,

rt choçs th¿t st' lagat qual!.tat!.vc1y tho nLnprc rer!.dr,or

rpprorlnatl on srrd the lnstantsnêouË lntcraotfon approrf.natl. o¡
aqy bc truEterl eE far ag the nuol,eer eorô gt

0.79 x ïO-ltöu f,ol the Laoto¡rlo opln alnglot a¡rit 0.J5 x lO-'lon
for thc fcotopto sBtn tr{.¡rlctr

Both valueo of tbc oore reilLuø are wELl. r!,th!,¡ tbr
phenoncnologloel rcgLon of nucl.ear f oroe whlre naq¡r plon

exohango anil ¡raLr creatÍoa ig pooslble.

îhe quaL!.tetlvo agreenent n¡lth exprrf.ucat of tho ôa¡teron
quêErupoLo noneat entl low 6n6rfir eoettetång ¡rhaar ¡H.fta shota

that thc applloetl.on of e boundtery oond.itlo¿ at the oorr fa
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thc ¡lhanooenologloal, reglon d,oeo rotual),y ¡ttok out thc

phygleal. ¡olutLon¡ fron the oontl.nuuu of ¡11 eolutlon¿ of

thc Beth¡ Se1peter equetl on.

(fl) Thc ne!.n di,f,f,loutty la obteialng e E-B probablllty

dl.aclty ls thct tt !E not at oI1 obvtoua bow to oon¡truot I
B-8 sonJugat¡ çhloh wouldt sat[afy tho ¡anc cquatlon ea tbc

l-S an¡¡I!,tuÄr. Extoslons of tho Df"ras oonJugctc dto not ro r&

booauso thr lnteraotl,oa f unotloD 1c Bur€ lmagl'naryr

ÀIloook rail. Hoot,oot4) üsousð s nethoù of ¡¡or¡clilatl'on

of thc Bctho-Ealpoter auplttudh. Tbry dlo not oonaLilr¡' tb¡
poaaLblltty d f!.nôlng tha fu:terneilÍetc boaon iln th¡ 41trt.

e"r."lã) poiated" out thct a oorrtot nornellgaùlon ûeul'ü

¡rllga soer probabll!,ty to the atatc rlth ont lclon prltteat

¡nal, ilerl.vcril a ûlffercnt nsrnalftrtlonr wblob lneludl,cr tba
ilbo¡on fn ths ¡1r4.

The Alloook noroclísatLoa Ls net praot:loable I'n the o aa6

of, two nuolcon Loun¿ aùatc beoeu¡¡ lt leeks the êof,lnltton oî ø

auf tablr oonJugetr sndl. lt doea not suggaot ery rqy !.n rÌ¡Lch

a eonJugeto souldl be clerf.volt.'

Thc usthodl of Éreaa ts al.so not praotlo¡ble ln thl¡ oa8.

beoouao of thE var-y oouplloatcdl forn of thc 5-pcrtloll
ampJ.ltudho

Xù ls posõibIc however to dterlve arr exprêEal.on Eht4

settsfLss a continulty e $¡atlon ¿udl rhlsb epproaehec t]to
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utual Sohrüitlngcr probaÞtl!,ty dtensû,ty 1n reg!.onl of largc E¡

Thl a srBf ctsi,on

p-*rr(grx+x.ú)

1¡ takon to be th. t-E prob*blll.ty dlenatQr. Âù Lergc velu€l

d r¡ tbc nuotear Botentlal V .+ O¡ Bo that ú * t o¡å

I o fr çr¡'

fn v!,ew of tbl¡ the expeotatfon value¡ of opcretor! taùr

Þc forncdl by lntor¡roalng tho oporator bctçccn thc t auð I !'s

tJrr oxlrcs¡l on fo! thc d,euctty.

(fff ) unðcr thl¡ qucstLos lt aay be aaldl¡ that td.tùrout

naklng thc f,n¡ta¡t¿naour Lntcraotton eppr.o¡LnatLon ona f,lnilr

tb¡t olong wlth phystoally noanlngful ¡olutÍonl tl¡crr rlâ
nea$¡ aolutiona of th¡ Ë-9 eguat5.en whlù h¿vc no spParoÈt

phyaløa.tr noeaing. lo s¿tlsfaoèory o¡{.terlon haa bocn f,olrrdl

for tho eLf.nf.naùton ctr thesrr Tlre trnEtantrneou¡ Lntcraotl.oa

epproxlnatlon .xoLudt.eo ùh¡ unpl\ysto¡L sol.ut1Ònt rt thout af,feot-

1n6 thc othera too nuoh. lhsao oonolusloÞt woro nadle by Wleh

end oo-rorkora fron thc etrrily of thc E-8 cquatf,on for ao¿J'rr

Bartlole e, but lndllqatd.ona ert that tha B-8 eçaü'o¡ wl'th epln

het gl"utlar cherasterl.ctl,ea, elthoÌ¡6h i.t t8 Eorc r!.nguler.

Irooklng onQc egaln at thl sroLc nuolcar two bo{y probLsr

tt oa¡e bo sccu o poEterlorl, thEt tho nogleot of nuolcoa
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tcoof I LE not du¡tlfLcdl. ft ùhroçs as¡y vol oolty tlrpendlcnt

tçroa whloh aro EqÈ aog1l6l.Þl.c cvon et thc l.oçc¡t cncr6tcr¡

þcoar¡¡e ln entcrlng rn ettraotlvo potenttal thr auoleoaa Ëay

rptcil up sndl ett¡ln acerly rel¡tLrlat!,o æouenta rvcn lf thr

lnElttont ¡¡ooøtun ls ¡nello fhu¡ at th¡ sor. Vr¡ ltlf r ro

th¿t tbe nuoløon ocnt¿f.nþ har rcl¿tl.vlgtl,o cnrrsf r

fh!.¡ ghor¡ thr nccê for ¡ uore oarüful cxanlnetion of
th. effects ¿nê trcotneut of vcloo:lty dlcpendlent potentfrlo.
IIp to noç only rpln-orblt typc ¡roteutlalc¡ Lnvo}çl.ng thr
rcloolty througþ tht ¡ngiular uonc¡rtun t€rrs havc bccn oonlldlcrct.
fhc hand.llng of cguctf. onc rtth rore gcneral vcloolty-clepoadlcnt

potcntLal'¡ rrÍ,4çt ncw problcua çhl,oh hevo ¡ot bccn cll¡ou¡¡oC,

prcvloualy.

fn pertLoular the d.eternl.natf on of tbe phoae shff,t¡
w[th Euob potontfa].s wa¡ a dttffloult audt cntl.Ècly arr proÞLon,

whf.oh fn the euil oouldl r¡ot be aolvell wttbout knorlng tho

phyc[ ool ol,gnlf,loênoc of the B-S aøBli.tudlor

Soet eutlrorl &sauÈ€ e harcl oore¡ whLob cLlers thou to

aetsc tho wavc funotÍon vanlsb at tho ooro. fho natntrc of tbc

Btcw¿t atngularl.ty [s dlff ercnt. At tbo oore the aoLutf,on a¡y

bc e:rpanû.atl ar of ê sr¡E of c regular BoÍ.r ¡erf,ca rnÄ ê powGr

acrle s rri. th f rectl snal lnclLo€8 ¡ The gencrarf. ¡edl boundl.ary

oouelltLsn requl.rea tho pliyaLoal eorutt oue to be fLni.tc anð

d,lff,erentlablor Bo thet th¡ fraotlonal powcr serlo¡ nugt bo

o¡cruilrd, f,ron the phyeùor1 oolutloa. slnoo tho reuatnla6
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rsgnltl: powor lerlca oontein¡ only one Erbltrsry ooastautr

tt oatrnot Þe uaclc to vanl"gh 8t ll¡e €Orc wlthout nak!'ng tlrr

w¿va funetlon van.fdr cvcrywhos!r

tshcref,orc tn thf.c !D rk a aoft soro !.s aaauloð,o Thl tar'

f,unotlon l,s êIlorc{ to t&¡ c *[r¡i.to valul ¡t thr Goltlr Thl'a

v.Iu€ lt l,ntorgnctedl ¡¡ a E.saurt of thc penotrablllty of t br

ooFfr lfo attGnpt i.a nrdtt to dlorlvr thc so],utlonr lnstdl'r th¡

Gotrc, beoeuca at Bueh oaltr, dtletanoo¡ thc equatloar ar. DOlt

lt¡tly yrry Lnaocuretl ¡ndl, thc ¡rredll,otlonp noulil ao¡B bc vcry

rel.Iab1c.

In phenoncnologloal {lerl.vatÍ on¡, of tbe nuol'ear potentlal

it ts poeslÞlc to Lnoh¡d.o up to c iLotea edLJustrblc paranotcra

ntrtoh oon Þc ucc¿ to flt thr orPorl.¡clta. fhl¡ tlhcory ou thc

othcr hanil has only onc Parluetcr¡ ao that tlctolleü {1uürtL-

t¿ttvc agrocnont wLth exporlacnt scnnot bs orpeotetl, to bo É'a

gooil. tsho ôgrê.ËtEt ta acverth¡las¡ qulte SoodL gt¡rlltett vol'y.

Although thcre e.rG re¿¡ona to bellovc thet thc ohargl

lntlepond.cnot hypotbc¡l.g !ûaùr nocdl extçn¡iog to acoount f,or

atrong lntcraotton¡ l¡rrolvLng kaona Bnð hypaFon!¡ I't ls ahovn

thet wfthf.n ttrla theory the oher"gs fncl.opeud.Cntð hyPotheaLc

ølvea tbc best qualftatlve g.grêca6t¡t wlth efptrlnËnt l.n th¡

oaco of proton-¡rrotoþ goEùteriag.

It ia now 10 ysert slnoe tb¡ B-S equctla¡ sê! proposcdlt

but re otlLL do noù know thc predlotLons for n-tr aoa,tterlu6

6ycn Ln ladtdler ¡pprolLaatlon. Shoreforc lt ls of greet I'ntcr-
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est to knoqc tIf,ut the solutione loo& l,lke even 1f thoy arg

almpllfiecl fron the phyet oal stand.point.
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¡80!B 0H FOTIB-YEGS0I m0tAr[ 0n.

A Érlnucry of oesvlntLon¡ trtô nøtetloar l.¿ glt¿¡ brrle

lfbol¡ rpply th¡ropgh th¡ follorínt r¡otLon¡ ualr¡c thr

oontrerlr Lr expllottþ rtatlt.

Iürtur¡1 IIaltr

t r 6 ¡ I La tctcn throughouto

Yooton

-t

-lÈ-

In gcnoral spe6e¡ tro typc¡ of vootort rrlstl
g0fffBAVÀRf¡.HlFr rrbXoh *lfl be dl¡notctl, Þy 6]rc¡! cuporrerlpt¡

("g. efl) 60v.ilRIÀN3¡ rhtoh strl bc dÈraotâ¿ by &r¡ck rubaorL¡rt¡

(ue. c ).
F

Fhsaeyor ¡ Qreok tnd,elr te usc¡l¡ dtbcr ô! ßubËerlPt eî

lupÊrsor!.ptn tt n!11 be escuns<l tø tal e thr val uaa t r I I I 14 ¡

Euol,iitr¡n thro¡-vostor¡ sú.Lx bc rtonotodt by ¡ ë!.Ë¡lêt
ba¡r und.rr thc lettsr (¡6. gi r (., y, r)).

Ëatrl.

À v¡otor rrrøolrtcs cn ordloredl act of, nuabrrc rltb av.!y
polat otr ¡ üproor thc oorrcrpond,aloc tr ono'roÞtr bet oth¡tr-

rl,rc crÞttruryo

rhe sat¡te of ¿ aDêor La {lÖf,fnrü cs tho fuaotlon thi.oh

tatroùuoo¡ thc notl,on of phycl,oal tl!.¡t¡¡oe tn thc rpootr
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Arou¡ê oeoh ¡lof.at d Ëtts,oo-tl'la thrrc orlct¡ r actrl.o

3 suoh thet for ¡s tto polntc ;lth ¿nrII ooordtlnrtr
¡4;

4lffercnor¡ ô#4f thr phfai.orl dtLsttaot Þctc¡la tho¡¡ l.¡ 6ltol
by

trr I t*, ü# ¿d
fn relEtùvLctl,s fonr-cpaol thr nctrtø ûs tÌrc tatl fctr rll

potntr C*r. Brrro trFt CË) : - I 11 ¡¡s¡trrrrt
r¡+lt.f,Fl.tt{

r 0 Lî */t,

Ehe øet¡áo trqy bo u¡cô to ral¡o or lortr ù ¡ufflr¡

{n tQFz
,r

dT
f¡

rS
PJ

Suan¡tf. on Co¡vs¡rt!, ol

A ar¡fftr repeatcû Ln ths locer aadl uppcr poattl on dlsaotcl

tunu¡tLOn O"cf Ltg ¡llrg8r

Bhtc opcretLon L¡ atr¡o oallcdl t]re aoo]ar pro¿uot øî tro
tootorr¡ rt an cxtcn¡Loa of th¡ threc ùlne¡slonat ooaco¡lt.

¡ . ù ¿ rFÞ r arb + atL + rtb + rrÞgftra

rttù thc bclp of th¡ ûrtlto tbLa tr¡y b¡ wrlttcB ¡t

.'¡b-tL-lb+lb
l r !* tt l¡.

lhr Lcngth of a four vcotor 1o dÌ,eflaril ¡s lt¡ ¡o¡lar protuot

rt th !,t¡s1f

È¡trttþ
l¡?F

d¿t
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ti#- 
"*r{ 

#
Ë - (rt )r* (¡û )ü* (¡t )r* (rr ¡r

0hcreolcr of Tcotor¡ û¡et

thrr

fb¡ apler*tint soorcl:Ln¿tr veeËsr |a t ¡kca lt ooatrov¡rlant

¡fr (rt, rlr fr, rf)

' (r, Ít t¡ t)

n,,' t? - (þ ¡t, tt. $, )
1g ¡ ggléE|ug&t, vootorr With tho hrlp of the netrl'ê Çt b¿v¡

u**(-k,.i?,-þr$F)
!-t¡ t

!-
C¡

Ifllr t
)aa

,

-+ onGr6y

.r noreatu¡

fn qurntun u¡oh¡nlor t B?

t(tr', 8i" t? )a

hrnor thr oorr.Êpsat,rae¡ brüçr¡a oonoatua ryrgr ôaù ooo¡'iltn¡tr

rprct nqy Þr rrprossoå rr
EFtlVIl

rhrrr ¡r{ f.l th¡ €Brrg¡r-neurntun four-?cotof¡

Îf rra uac thr Dtrrao satrtr veoto, yolt the eor¡rl,qat
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forl¡ tbc foLlorl,¡g sorl¡r proüuÊùE rorult

f ' S r ,*f
. LI"?Ë

t (, Lt¡
I

+y
tlI

fo*

Lt¡$r r, t:r'v.

-1,

)¡l

¡

I

YtPr

t

n(' v I k Çï I? E?.t.þ)ra

r'þ t' ti,

¡

t

$ä'P.

f

y'lrtr#
p.!rpFg¡

'Pr k,
ú'P ün

+ +

Ís
f

If r¡ uac tho DXrro nrtr|.r f |,¡¡ oontrav¡rür¡t folal

{v' li' vf $* ry h,t ,"t+)+ +

o

gtror y . p r p, y elther yfl or y . lry br Esrt throu¡tr-
¡tl

out ¡ a¿larl¡tlon aa loa6 at all, ¡o¡lrr proônetr tavol,vtu¡

tbr Elr¡o letriloe¡ ¿r¡ takoa oenslrtontl.]r
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8EgÍr0n I!rt¡!Ë#-ËÐB

TEE e-8 POB.MALXSN WTTH ÊENERAI ÛOUPTIT{ø.

Tha Grcon-E!.rraÉ sËthodl of solvln6 thc Bcthc-selpetcr
cquatl.on !.n thc lad.ilor approrfaaü.on wtth preudlosoalar

oouBllng lr ðeaodÞarl in .Append,!.r f.

OEc of tho ossentlar. ctopr f.n thd.r ¡olutlon ig to asru¡e
è apeol.al f,oro qf th¡ D-s anpri.tuaG û, ao thot tho foqrlù-
oriler E-8 cguatton oån bc neplaoadt by two ooupledl ¡ooon¿ ordhr
eguotL on!¡

AJ,l EolutLons of the ¡ooond, ord.cr Ggua$,otrÊ coryr thr
fourth ordl.cr rquatloa, but tho oonvsrre ls aot truc. rt Lr
tbcrcforr d grcat l¿tereat to set whotbcr tho tro soooar[ ordlrr
oquettono oa^n ilçEerl.ÞG phyEú.ool, roalltyr lbe gualltatåvc
egroouent of thc rcsulte ú geoü.on¡ 6 oRdl 7 r¿th erpcrl.¡ent
shows that thLa la Lnûccdl ¡o ¡

rt la el¡o of Lntere¡t for furthcr eppltoatloar of thl.s
thcoryr to foo drethcr th. ßreo¡-Elgwar f,orn¡l!,¡! oan Þr
c¡tonðctl ùo EorG gørora,l ooupllngo, the,a thc ¡laoudÈoso¡lar
oouBLtng oonsl.ðcrqdl. fho aogt general oouplf,ng rouldl be o
I'fncar sonbinctlou of, ooaler¡ pr6udloooarar, veotof r pËsud.s-

rootor ana te¡¡eon ooupr!.nga. Thc B-g equaH.on woulû thon bo
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(1,- r)r(n.- n) * f, (r)r * f.(¡htwt* f,r(r)vsryr

. f.(.)rry'rytyt * îr(x)vnroryuyr

Vrstor oouBllag for urnB1s ¡roulit t,¡car{Þ¡ 9or:ltroalrrlr
rhllr ¡ G.aorú €onblaatl.on ef Éoa*srüo rr(r) routrcl, hcvr to
Da soa¡tôlrrdL to t¡h¡ rooounÈ of orsegod, notoÃ ll.n¡e ta thr
ar¡t btghrrp ap¡lnor!.n¡tl.on ta tho lrûdlrr ap¡lrorluetl,on.

Fb¡ gracrel oqueti oa l,¡ gui,t¡ eon¡rlloatetrlut tþ tc¡'¡¡
on ùbr RH8 arr lnrle¡rcaril,æt fn thr ücgto thet tbo grntrel
cquatLoa ean bc buLlt uD by eltðl.ng to6othrr tbc rf,foot of
croh ooupl'1ng l,s tr¡¡a. lhrrcforr ln thj.¡ ¡rEtion crqh tvpr
sú cou¡lJ,Llg 1l .ooa¡d,d,rr¡t acBerctctr,y .så tor¡¡ or? r¡y
6rarrdlty r¡n bl l¡tãþlciL ¡a Llar¡F coablnotton¡ o¡? tbrtc.

lhr rrstçr ooupll,ng !¡ çorrcdl Eut Ln ilotrlr. rhr otbor
orrË! f ollov th¡ sge octhsil.
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Vootor Flc]"ù

Thc Ecttro-salpoter cquetl.oA lD bf.optnor notatlon anil

Iadtdtcr eppro¡ùsatLon for tso partl,slcs oouplci[ by a tcotor

fl,cilf, nay bo rrrlttæ al
(8.- t) t (pr- n) ' r(r) Yltvr (t't)

Ëore dotd.l about thc notct:l.on¡ sen be fouaå f,n ÀpBcnô{r

I. To ret¡J,n thr usofulnøea of the ldlentitlec (ef .9)r rc put

t ó (!.. u)o + ¡(pr+ [) + 0

Ø, lr ¿Ot l t lt' ïr rO

orfl+fì

aa
eÍ

ll

Cr8+Oa3
n øl+ot

It

+0 I l e ,r 0rlrl'+ crtrl'+ grtry'
a la

n Or0f v'. I

lb¡ I¡.I{.S. etr the equatLon (l.t) 1r Polr l.dllatloal to

th¡ f lr¡t tern of (¡{.t). fb? applLeatf.oa of, thc lôcr¡titler
(*t.9) to thf s tcra alloçg thc dterlratf.on d a prl'r of

cgulvalcnt oouBlcdl eguatLona lrrerpcoü,vr of whct tcrn¡ ¡pFoer

on tbe R.!1.8.

fhcraforc lt t¡ poosl.Þtc Ln prLnolpl.r to aplLt thr fourtb

orilcr D-S cguatLoa lnto a pal,r of oou¡llodl scoon¿ srdler cquatllone

for all typee of ilerlvativo ooupX'l,ngo.

nhe ø{ortvatl on of tto erptt ott e qr ati ono w!' 11 dtepondl on

aI
a

a

t
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rbtthrp wo 6¡E rcrt qr¡t thc y-¡¡tEl,ac¡ tn thc tor¡ oß tht
BrBr$.

W'bo¡ thc tit¡nti.tlc¡ (lt"l) ôr. appltodt ts thr Ë.H.8¡ Et

8rt
Ir.E.E, a (Pt- E - Xl)o(¡.- I)

+ (P, Ë)(lrr+ P.t'8Ir)r

- 2i Þ'? (lr. - *I. )

* t (tro . ctr)(r.- r)
+ t (Dr f )(¡.0 + Ë¡. )

r, (pt- D - Ir )C

to â,rtornlnr Fü8 ro r¡¡oÀ

banoc

tiLrd ' ÊtrDr- 8rr* #

Yrh." t)¡?#' ¿r¡r- (år- f) ,*#
thru SHð beoon¡.

f (:rlr,.ws* f,(¡) (eetr r 2p-o) + f(rlyogf
Ç (gr- n) f(¡) yru,

' Yr*!Fr(")(¡.- r)

+ t [tft), r¡ey¡'J

f,roa (t.¿) en¿ (1.5) 
"" roG thåt thr B-8 cqurtlon !.r ¡atllcf,[odt

(1.¿)

(r.t)

tf
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(pt- ü- Ir)ç + l(nrt + tpr) ' - f(¡) yrw,

- (pf- E- ft)ô - 2l n.V(Ire - op.) .
r f(r)yrOyr + af(r) (trpr* S.r)*

(r.+)

'o''*]
a

Uhr oqurtlonr (t.4) os¡rtLtutr tb¡ r.qutrrdl peLr of

oquivalcat ¡roo¡il orrllr cquotl"oar¡ but thc Or¡l¡-Dl,¡r¡r
a¡thoù of obt¡l.nlag r Êolutloa rltrtr ¡pply onty lf cc orn

t*pr€Bl y *yF aril, y 0l la torn¡ of thr r ¿d, O. lht¡ o¿¡tt ìt
b¡ dl,onc ln th¡ f oll.cri,ag Eff,r

ft ir orl{lent fron 6encral proprrtlcr of tbr D!,r¡o

natr:l,oe¡ tbat

'u": 
I

Yrt'f t ' flY'

yuv\V'f*o forl{t 1t.l}

Íov\yqy'l,[n tr\vlv' \ / n I p

Yrt'vF Ë ' 4ïs

rnô ro ¡Los ha"a

t.c p¡y.

tr' (t*r-tyt. r.t"'yt) på rtt'
?.. f, ("nr*ty,* 

".r-ty.)ti*, + ¡lrtpr_,

tr' (*.r-tyr* r.o'tyt )p!+r* (å*r )rtpr*n

uelng tho mLotf onr 1l15) {t qea þr rGrE luacdt!.atcly that
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ytrd r * 3ü*+ s, (t,.C)

?*Ht\
t¿ ühr ca¡t of opporttr prrl,S tbær I rS I ær rrplrrtt
bf *ff .üd ftË, tLr rqn*tf om tf tg) æ lon3tr hal{, åtd!
tt rrr tr lær ltlti arriþ thrt tbr rl9rþDr{rtr lqartte¡l
tE thlr ûrrr rtl¡t

çüfy# r lsrfü -,zeztr (r.t)

r*ty?t' * * ttnTË

tû {¡}r rr¡rrrsor* (t"å} s (t.?} çr rrbctåtrùrt l¡tr
&t rqrrtio*r {l'[]r t&* rql*iûol* t.* br ¡olrrt Þy thr
rrü¡*t år¡*rilbrt g! ÅS$r,#r 1r



8o¡l¡r Fl,elt

lfbc cgnatloa to bc ¡olrelL L¡

(Br lb(n.- r) ' f(xlr
nf, Fl lrrËlt

l

2s-

(r.a)

I c (Br* f,)r + *(r.* [) + c

[", v'J * o 
[c, r'] . o

LHB ¡ (Br- u) f (¡)c . o¡f (r) (X.- u) - r [-Ir, .lLJ
+ f(r)c + åttf(r)¡

boael tbc oou¡rlrt scoond, ordcr rqnrtr,ono cqur.vrrrnt to thr
Ee.f¡bt*srlpctæ oqurtl,on f,or tco partl,olol oenplot Þy ¡ ¡ol.1¡r
f,tr¡,ü ort

(pt- D- x')o+ t(pri * oDr) a r(s)o (t.p)

-(pt- [ - Ir )ü - at¡r.V(p.,* - o¡. ] .

, r(r)o + Lrr(¡)n - ,þr, ,]

Pçouitoûf otor F¿rI d,.

Fho oquetlou to þe aotvodL lr
(tr- r)ç(¡.- I) . f(¡) t¡yttrttl (l.ro)

cgft a üt ¡ått¡Et

t r (8,* [)e + ,þ.+ E) + o

t¡ y¡ r0
[c, r'] ' o



2€

ß[8 r f (¡) [' s(qÐr+ ¡.e) - y¡rcyl]

+ (¡r- il) f (r) yrryl

+ Y*n7tt(-) (8*- r)

- tt' 'rry: + str rreYf, r(¡)

hcas¡ the osu¡lhè lroo¡ð, orüór rqurü.onr rqul,vrleut to tÞr
B¡tbr's¡rprt¡r rqurt!.oa for tm partl,olor, eou¡rr.eil by r
prarôoçcototr ft,eldl rrr

(Df. ù - ¡r)¡* å(ærô + â¡.) e f(¡) yt.Ðt (r.rt)

'r (p'- e -f,I )0 - Pl.p.ç(p,.* - o¡n) o

: - f(r)rrayß- ar(r)çutr* !ne )

tt, vÀ"r| + 8r r(r) IrsrÒ

to6athcr ri"th tbo rel¡t!.onr

)r¡lÜoytyl* - gflr+ afl (t ¡te)

Tlrttyttlt * &o.

r¡ytrlf7tyL. zûf?t* eeryr ({.rr}
lrrtottyrlr' + [o yr

çbtoh caa b¡ obt¡tno*t frou tbc gorrr.pon&lng relatloa¡ for
tbr veotor f!.clil l.f onc of tb. yr ta taban througb thr o ral,
C ¡nt n¡rtr to canecl tbc ottr€t oäto



i

N 
tlrË ¡at$tt r 4*üo¡ß4*

trp*rm*El rtTr¡grrt *e* ¡ot DtrTæ r{ üiç Juoçrrtr fift rril¡ti

.ftæl tr#rrû**t*

#*t'r4dthÉ¡T*
üt*l . 

-r*t¡*dl*
rt r ît1&

d,tt¿

[f '"-] {tr 
-t*J ç*}¡ r tr *'*¡rqr -n*}
a¡'lÐålor tq ct Er¡ g.*a8r nGS

rËtFd.-r;F.#

?ËtI lüürå

/u
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DERTYÂtsIOW OF â EETñE SAIPEÍEÊ, PN,O BABTI,TIT DElqSIfT

Hcrc o opoofal furu of thc lethc-Salpctcr anplLtuôo l,¡

¡ttuncû. Thla fora of tho aoLutùortr úôr it¡¡.Lvccl Èy Êrccn ¿nû

t1¡reo La lg ljT'l ) z)' a. brtcf dlcrorrptloa of the ncthoô Þy

whl,oh thoy dle¡'lvcdl thl¡ aolutloa 1g 6,l.vcn ln Appcnrll,z lr
Íhe ¿olution ls va.Il,d. for al]' value s of thc roletlvc tl,ûc co-

ordLfnatr ctocpt t g 0. Bbc valtdllty of the golutf.on et t r 0

putr reatrl.stlve ooadlltions o¡¡ the B-8 enptrttud,e f r Ehc¡r

ooati!.f.tt, oDt ¿r0 t

(f)toontlnuousrttrO

(u) [r' tt r']I:l . zr v(r) y'yyt

Thcae oeadll,tÀona crc oq¡lvalent, but di.f,f,erant to thc wqy ln
whloh Blsça,ez) *sur6a the valtðlÈy of the solutl,oa at t r Oe

fhc oonôl,tloas tnply oertatn reletf.ons þct¡reea thr r
dl.openiltnt oo eff f.of.ent f,unotl.ono¡ theae reletlons are ðcrlv¡il
etprloltry for both tho spln slngrct end. the apf.n trtplet 6êsor

Thoy are fouldt to be tðentloel, to the eorretpohdLtng relstloa¡
dcrlvet, by Bi,""r¡2). Ehf.¡ proÍcr tbo cgutvalêEoc of th¡ trrs

wey! of, tnsurl,ng thc valfðtty of, the solìrtion et t c Oo

The ¡tvantages of our osnd.LtionË erc thct¡
(l) tbey eLlor thr f,lnsl Sohrðdllngrr-typ. cquatLonc üo

Þc dloé!.uoed. Ln a ruoh clmplcr wey aað
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(¿l) they ¡urbl.o ur to *erlv¡ ¡ oontLnulty oqurt!.oE f,on

thr D-6 rnplltnrä,o.

fh¡ Lott¡r l,¡ of rpcof,ol !,u¡lorteaet¡ ar tt ¡upBller the

Itry to tbr phyaf srtr ùnËrr¡rr¡trtlon of, thr tbrorSr, by yftlè.
ln3 upliott rüprreri,onl fsr thr partÍolc itür¿ty radt parÈlúI.
ourr¡¡tr Wl,theuÈ tbc¡r oD. soul.â ¡cÍæ Þr !sr. thrt tha

Drtùr*sclprtcr en¡llttrtr hrt brra qorr¡stly nororltrrl¡ lnt
roulil Þo r¡arÞI'r to oonputt upoatrtton valut¡ ef phyoloel

oDrüvrÞlo¡. ft r11l br ¡roLntrû out th¡t tho r¡tho¡l of aorn-

¿ll¡rtlo¡ propotcû. ty ÂIrecsE anl, Boot¡n l¡ snratlrfaotoryl
ln lt¡ epplloetl,on te thr Ecthr-Salpctrr cEEetton, beoaur¡ lt
d.orr aot y!,o!.ô ¡n acoc¡rtablo oontf.uufty tqurt!.oa, fa f,aot thr
phy¡ûscl, lntrrprrtcttoa of trbr Brthr-srrprt¡r r¡ptth¡êr srr
Eet br rrgarllrt ¡¡ ¡cttlcdl, rt tht tt ¡r ef, wrtil,acr a f¡ct rhtsb
lolt¡ r¡rroirl r!.Entfto¡¡oe te ùhr rc¡uLt¡ of thtr oootloa.
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lrryeontrlo Ftrnr of RrfcroÈeç

rs¡tc¿ü. of, rofcrrL¡g tro pi!¡.ttorc¡ to ¡a srbl.tr¡rr orlglao
le that partloltr h¿vc oeondllnatr vcotær d, 1a.r¡raotlvrly¡
baryootrdc eoçrdlL nat¡l na¡r br Latrodlnocilr

2 #¡ f + ¡ffa
ef.¡ß-#¡ta

¡rt rlro

+19rr (r.l)
0.r,. D¡- k"r Da- tI*

uborc tåc totrl one6y lor@tu¡ of thr BarüLsl,¡ ,r, Ls rrl,ttra
l¡ ¿oaæter oprol¡ ùut tbr rrletlvr .Bm$r-Eoa&ts! !.u oeof-
åta¡tc !p¡,ec l?".

ff tb¡ ùrryocntråo f,rur d rgf,crrncc i¡ râ,o¡ltct, tb
vrotor¡ t&c r rpto!,ally ll.aplc f,err

Pr* (o, or Êr B)

br
F

tr** P"* rrt D

kr' tsrt o)(rr
I

îht r-¡Íl,r uay Èr ouù¡ntriL t,a rly arblt¡lrr¡r tlr cotlonl
to t¡î tt l¡ drs¡er oraag th {l!,rcotl.on å, the vsctor
etu¡lll,flos r?r¡¡ fu¡rth rr

t*. (0, o' krr o).

fn tlrtu*l llrooasrör 6oaq r¡le$,vc 3aGrgyr¿oncntun of
rrooll wtl,l b¡ Lntrsdluccd,¡ h¡¡oe g*tueË Þr alloctt te hrrr
all four ooupoacntr, n*urly



E'

t7

¡ I

Dr

brrc f r tytrt't ff) r thrr rrttat
8f ¡ t_+ t^ læotu thr gtoy*ieal t,*tlr
* | t k r&trc 8l 1r tb tetd r¡rrr¡y of tbr lyrtrn.

f r (*tt *r, lt) Uuotrr tLö rrlrtüvt scerül,a¡tc tthrat wst¡úr¡

1

I

)

)

t' + tg't

{

lr
t

o(***

'{n*t t rr.g
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A Ert af fntrotuotloa te Âstg!Ðtl,onr raû llettüto¡¡.
lb¡ loE equrt!,on tn tha Èi-rp!.nor notctioa¡ rtth tbt

Latc¡re.otlo¡ rrrL¡r t.rütartni ty th¡ LÅDDBB Appn0f,rxlFron,

nry br ;rfttø tr t ,

(Br- r) ü, (Ë!- I) * r(r) yrt1'y' (¿rl )

fbr IllETAsBAlvBoUg IS$ERÂC?Iotr AppnOXfFA?IOg gl.vco tb¡
!.nttrrettea fuactl,oa r aln¡lle f,or¡

f (¡) û ai v(r)

lbc lntrrrotLoa funotlon L¡ rta¡lltf,lcil furthcr ff tbc bery-
oratrt¡ fraao of rcfrrono¡ l¡ odto¡rËodlr ?hrE p r (9, o¡ or E)

Ì¡o¡sl

S.t
f(r) r ?t v(r) t(r)

Thr notet!.on La or¡rlrin¡t La ilrt¡ùt fa tgpcaôk lr so h¡ro
oal't c ÞrXof ûune¿¡Tr t¡ eLvrn.

V(r) !.g a Yuhrn¡ potottcX,

I r t + t l¡ th. pbysâorl tl¡rft
t r t - t 1¡ tho nel¡tlve tlrort
r r l¡l {r thc relrtlro r¡rlf,rl soordllnctr

E r 6.- E

r." (u " r tT ) r'. rr,.g



P - -1t

Esl tT
âr

rt ra¡ ahown by BÍ,cwerz) nn*n *n" cEratlon l¡ aelvedl Dy

, ! (p,+ u) (n * 1r') + (, - t¡') 1[r* r) + ö (z.z)

rt ¡ro f or el,l velue¡ of t clocpt t ¡ 0

¡ + tc, | .r(nltf + Bt)(" * ¡ osnt) + n (z.l)
¡ - ro, * .r(rl tf * ßt)(., - b, rgnt) - n (2.4)

e r .rsltf (p * q ssat)

( :.l8ltl qu + v rsnr ) v,

?hr r!,orLvat!.o¡r of, tha cxprccll,orr uccdt Þy Elgrrc2) nn

qul'tr al'nplc ¡nô Lt !.o dl,cgorfbcit rn Appodl¡ lo lor thc
purpo¡Gt of thl¡ ccotLon Lt 1¡ ruff!,of.cnt to Eteto thr fo¡n of
tbe c¡ Þ, ¡, r bt ¡! Êr¡ .ll,n¡at¡r

Ror tbo 8Pr$ SrtreEEr rc h¡tr la EÂrrr¡r nortatloa

('

l¡FV¡Uf
It

t= ) t' - tt'g

33

(z.i)ã ¡ F¡ * n.l, + LÊ ,t ,+ XD;pf
ðñ r rb r 1É.?.+ o.tn+ nJcrr

Ë . trrr - url." UT.rt.* D

t+lDt
!

J+ tp ütr

n" oj*rtrt,
-
J*."rll

I ) p ,e t p ".' or' l.'t I t t
u ¡re funotlona of, r oaly. fhorot¡rrcô varx¡blc¡r ¿trot
latroûuo¡i!, h¡rc 

"p Ë - rr its. thry Tú,ll bo uccful lator Ln

e strblLahlng thc {ttmtity brtrcon thc equcùt onl dlorlvcü ia
thL¡ ceotlon rnd[ the oorrcðpondtrng oaGr obtsLnclt by BL¡ça¡Z).

thc fuaotion¡ o., þr, ptE,d
I
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Thc rÈovr ralatû.oa¡ atr. rü'apträ to th¡ SPIN fRfPLE!

oerr Þy nultl¡rlytng crob ¡ rppoar!.ag ts thcn by yt froa th¡
rl.gbto

for r!.lpl!,e1,ty of rlgrbrtl,o ldttBuletúoaf E. a*y wrLtr

f rf t+r?+3? +
ac I I al

(a. tr)

D - L ? + D ü + b ü + L-taalrtltt

thll by oorprrl.roË rLtb tbr llrtr¡ rqnot!,oar¡ gf ron i.a Appættr

7r
¡'¡ ¡ t - I t - f I - Jat r r at I t t
D'rlt-Dç-Diaa I r I

thr rfl ¡nd. bfr rrr dlcfln¡å. !.a torqt of thr tf¡ ¡sð, Ér¡r þosr
Íûct ¡rr fur¡otlonr Ð1 r oaly. For oranplr r"o E.?-l r8A to

oB¡ Ehr pt¡ rnê glt tn ß rrr ûrtrrntnrå by thr rqurtá,on

tt[r', n] - t rsat [r', tr] *l þ.r, n]

rttt

-b tr ¡,

e88 rgnt O r + a
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lsrsa Contel.nlng c dlo Eot &ppcef, ln g for i / O
rsltl

1o ¡lrore thc ebota atetqnont wo hayc to show that tcr¡¡
aoatal.nLng c¡B(tsltl) vaal,ch f ron 7 rhcn t I O, Thc¡ tbr
c:p(¿Sltl ) r¿11 appeer tn t ouly through ¿ tora of thc f,or¡
(t crp(r.sltl ) ô(t) rh¡rc 6 ! G(r, t) l,¡ ÉoE. f,uastLon of r enit tr

Fron rqurttoar (lt. 19 t 19t 20) tn Àppend!.lx l¡ tlrc follor-
in6 cguett o¡r Éqy bç oonltn¡otccl for f / O

(tl*tr-8r)ú*o
( rl * ut- Er)o* ! 2rE tt * t E [r*, tJ - *r [f, I
( s " rr- Er)n-, - z!ß ${- * å * [r', ü] . *r ff, r]
;hcro h ¡ o + i¡' ¡¡rå, fl c r - l¡l'+-
Fhc operetorr I ad 1d!.o nqt rlcpendl u¡lon t¡ ho¡oe thc pcrt of

t vbt& oonte!.na crp(tsltl ) 1o an lntlcpe¡¡dleat solutlo¡r ðf tàr
B-S cquatlon' llherefore thc port¡ of O. nhloh ûepend, utrtot

¡¡p(feltl ) qu¡t aetlef,y thr abovo eguatÍonr f.nd,epeuèently.

Dtorogeriltnt tho parta ôepeadl:Lng on c¡¡r(tEltl) tt nay br
¡.eD fro¡ (2.5) e¡¡¿ (e.b) uret Q* r - lì-r O

gl'
tÉ'lsssnÈOfori-/O

f|S,-$to forr¡lo

$f .ts¡snt þtsrt/o
U¡ü.nS thcae rolatü.ons qrd, cv¡tuetlng thc oonnut¡tor¡ ta thr
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ß* let Ê* r¡rrtio¡rl *bt*t1 b*t& ftl tht fúl rll*tt¡l

* rf, [ru]q(¡*t * fi.] ¡¡rt
Étr rrp(tsltl) trpatmt plrt d r fË t C s ¿r

t.(lrnrlt*ç
. f, {urr', hr.-

b.*ül+*
l.tlfrst+f

Ðtt¡,Ü-rl.t*ur[g

tmçl $ tnr)-* fu.t- lrt ! # æ*t r tü-r f$ .n"1 . ' I
¡d tht ¡*rt d f rhtrt lr¡rr*ùr rn rr¡{lüItf } ru¡**r¡ fbr
tJår



Wr ora nor at¡te tho forn of, t rh!.oh fs v¡lf,d for 1/ O

ç '[(". rtf )r'. t s.9 . r].1(rltl+8t)(. * ù ¡sut) (2.6\

+,r(lltl- Et)(r,-0, r6nt, [f - r!¡)r.-rr.g" "] * E ô(r)

It thlc l,c to bc v¡1,1d. soLutlon f,or t r 0 olro, tro conûl"tl,oa¡

h¡vc to bo obcyc{t by ü

(i) p uuat bo oont!,nuouo at t ¡ 0

(rl) [r. Et r.]t;::.' ar v(r) y,rv.

37

tho Gontlnufty E uetlon.

Íhc oonùtnulty oonitl.tlon et t r 0 cld,,nl,nateo both ô(t) rnil

ognt f,ron the rcqulrcô ¡olut!.olo Eht oguetlon (a.l ) rttl
atLll ooatof.¡ a g(t) on tbc LEg beo¿uae thc ogat pert d 3r

Ðt
wfll slyc . eô(t) tern t" ålS . thorcforc, to onsurc tb¡
velldl!,ty of tbc l-S equatloa at t ¡ Orwr hevc to put

z (eocffå.ol.enr of asnr no tt ) ' ar v(r) y)çy,

whi.ob ls r ¡Xleht¡.y dllff,crent crpreooton of oonûltion (!.i)

rbsvc. Eron oondlltLo¡ (f ) tro thLn6r ney be eledluooüs

s) ü auat bc FIHIEE for t r O¡ honoc

et (ytb + ù, yr) + G r o

b) ¡ nuot bo O0NTII{U0US for t û Or bqrac

- ?yr¡ + (lt.I + ü)t + f"ry.- br(-ig.f + E) ¡ 0 (2.7')

ualag ¡) ln (2.6) "¡ got



r - [- I ¡enr t'+ L E.g * r] .r(lltl + 8t)(. * ¡ r6nr]

+ .r(ll-tl - Et)1.r- b, ¡rar, [o 
r6nt ,l- *-.g - -]

sg

(e.a)

rt t r I tho rborl r¡proad,oa rtr¡rltftsr to

t | (l f't + X) r - fylt + t, (-t 2,.! + I) - ?Þryf

tt - ooat!,auouc part

+ I a6nt t((r t.I + E) r - lyru))

+ E(- tyrr + (t g.i * r)t)
+ ?(r'(-t ü.8 + I) - !È,yf )

- S(Err/- L, (- f g.! + I))

t

Sàor oonrllltlon (ft¡ aùovr Xcsit,r to thc .agtt{on

r*[tt. r(!(y¡r + ¡,y.) - (r ¿r! + r)b - Þ,(. l. gr!])1v..
)

" v(r) yrfyr (a.t)
thl¡ rguetlou nry Èc rlaplfflorl Þy l.atroilueíng Bçs opçretor¡

r!8y'(S.-Db)

D ' yt(l X,.! " x)

DfrI¡-Ar1[r
th¡ h¡rui,tr¡a oonJugrtr of D f¡ d,caotoü, by Dr

Dù¡ (r g.t + r) ï{
thrr rooorillag to (Z.T) rc hevr

* ¡s 2(B¡'- brn)y'
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rttb the¡c o¡lcrrtort Í€ Bry crl,to

l((f t.9 + n) r. *ytÞ) * $f (Do-lb) * tytÞyar r i}Drr

T(¡t(- t t.i + f) - FÞ'l) 't I D'

t . il !-t(Drr + *Et) (2.f 0)

r,nÄ tbr oquatf.on (e.9) "ry br crlttta ln thr f o!:'r

!r - I þr rv(r) y'y'çy't* (arfi)
the hers{teon onJusrtrr ú (a.lo) aqt (z,ll) err

Itrtt"(rrD+¡xr) (e.ta)

[r. + 1 t? tù r v(r) t'Vrsrrüy" la.rl)
trts!,ng th¡ tr¡or of l! x (a.f t ) - (a.tt) r t r. hevr

n'(r. t*. t?'r ). r rr (r. (rr) .' (w.)r) : o (e.rh)

fhlr cguctLoo ri,ll bc i,aterprctrü. ¡r tho rçlatlon oú

oontùnulty frr tbr Be8 arpl{tuôr

t$.ûtv!ro
rb¡rrp-*rr(ttt+r.*) (a.f5)

ûrv Å * f nr (r't+ - 3+'* . $i'r - f, Ë+ )
+ t tr (;t(re) - (rrr) r) (e.tg)

fb. proof thot thr RE8 of (2,t6) fr r perfcct {l.tvcr6cnoo l¡
El.rrn ia ABptndí¡ fI.'

If, the g¡aattty ¡ aotuerLy r.¡rpc¡ent¡ thr B-S probabl,llüy
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tnrtü lt rhcul,å rrâ,¡rrr tr s¡' trt for tço *c!-letrprot[{
¡rtr&llrrr {trt ttl.¡ tl ll lfil bilt tc t.rñ fber (g.tt),

t r a¡s.-tafrnrctts¡ gr*t oLm f r S rlt T * g qt (A"tf )
3ûlüfrlrhrn¡rtrsrüï.

fhtr ¡rcÞn}4lig aplttnür ûüt tr Eornrtrlrrû l,n tùr
ccÊttttemf rry ÞF &r eerüilttee¡ tärt ¡¡ *r tþrrr*l!.!år
ü.oad æfr¡r ¡lrra ÞÍ t r g ¡r úoul{ hr?r

?
lt{¡rlrI
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fha A11ooE& Eooton HornaLlcat!.on of B-S Íavc FunotloDô¡

A illf,f orqot Lf.ne Gf epproseh to thc nornall¡ation

¡rrobl,co of thr B-S ¡reve fusstLon tra,r tnveotÍsstcil by ALloook

¡nð å,Lloosh a¡dl ltootool4),

u)

ß"o.ui5) d,c"¿t.dL e generel tbeory otr ¡oraallgctlon ¿nd,

lntcr¡rretctloa of Scynnaa aapll,trlctot frou çhl,oh thr AILooob-

Eooton nc{rl¡ oil uey bc ðrrl.veå aa & aBoolel o&!oo

â,llcook d.ertvcg e goaeroL oovarLent G¡pr.¡el,oa fsr th¡
cotlrr prod.uot d two bountL at¿tca f,ron gencrel ooa¡f.c[arrttoat

of, tranalattonal cnal Lorqt¡ tnvarlanoc. thl¡ ¡oalcr ¡lrodluot

L¡ ftnally erprêsscù fn terac of, tht l-S n¡ye funotl.on cadl, !.tg

oo nJugot o.

'!hl.¡ 1g f.nEufftoi.ent for preotloal apBlLoatL,onl, Þco¡ur¡

lt lg aot of all ebvloua what to take f,or thc oonJugeto D-S

we?e fuuetfon. tha AIIoook sethotl offera no leedl o¡r auggcctl,oa

ol to how tht oonJugate oorlil bc rclatet to thc D-8 enplltudi,r.

the aatlsfaotory oxpresslon fo¡r thc aoaJugate ¡nust Þc euoh

that lt 1¡ poaniblc to dlorlro a oontf,nt¡!,þ cquetú.on frou thr
l-8 cguatl,on entl tho ooaJugate B-S cquatl,on Ln E ainplc raf,r
A sontlnuity oqeçtlon la nooeosary f or s protrtcr ld.cattfLe¡id.ot
of tht pertÍsr.e probabl,rtty dl.end.ty cnå probaÞiltty ourroat

dlea alt¡r.

Aa ertoual.on of tbc DlrEa oonJugatc f I unar¡ltcblo f,or tht
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!'8 equrtloa Ln thl Lnøtentrncoue *nt¡!.*otlo¡ ap¡lrorlnatl,o¡
b¡seusr of ¡ l¡urr Lneg!.aary r.ntrrrotLon funotlo¡. rf wl
ðof!.¡r

| * y'ttf
thr rquetlo¡ astLrf!.rÀ by f È¡

(¡.' r)r(t.- [) ' r(¡) yrtyt

¡sll thr oonJugrtr cquräon ur!,ag tht çxtaaü.at Bireo oonJut¡tr
t,c

(8.- n) t (ro: r) r - f (t) ytryt

Ebrr¡ !.r no olrplc ray La rhl,cb tc oonatnEt r ptrfrot tü,vor-

Srnot f¡on tbr ¡Þote two rguetl"onr, to that on¡ hsl to reily c!
th¡ artholl etr thr ¡trrvLoua prrr6rrph to ooa¡trn¡ot r ooattaul.ty
eEuetlos ¡til Étb nt ra .rpncac:l.oo þt thr proDeb[üþ ôoaalty
rnÈ, ¡rrøbabtllly ourrst ô,cnd,t¡r r
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AI/TERifÀtsE DEBXVÂtI Otr 08 fHÞ êBEEü - BISWå$ tqUAf fOüS

Thc rectd.otl.oat e¡r t at t r O r¡rc Lntroôuoodl tn tbr
provloua ceotlon to uskc thr solutlos vel!,d, f,or cll naluea of
t. l,¡ ¡ ¡c¡ult ef thoae oondLj.tlonr t ha¡ te oatlafy cquetLonr

(¿,7) andl (e.15) at t r 0. 8y cquatf,ng ooefflol,eat¡ of th¡
tnd.cpendle¡rt spherleal harnonl.os ln tbcrc oquatd.oE!¡ r ¡rt of

rclat!. o¡¡s ls obtaineit betrecþ the er s andl b ¡ gr

lhla sct ney bc solvqù for any of tht crs ßr¡A bra by

ollnlnetl.ag tho oth¡r¡. tha probabtttW dtanalty, ilefJ,n¡it le
th¡ prcvlous acotlon ¡ndl ox¡rlùel,tty d.orlreiù ln thc nortl drowr

that for thr eBtn alngJ,et, .. tekeE tho role ßtr a Schrüillngcr

wÀv. funct:loa rhcn thc portl,arer ars not LntcreotLng. Thr

cpfn trtplot probøbllLþ tlenalty aey bs exBre¿aod. s¡
e.3: t^t-r+ 0-t: t-?-t for two partlclco guffiolently f¡rIt tt ¡t rt

Ant!.otpatlng th¡ reaulta of tbe nort rcotüon, tho alngJ.ot

cqurtlons wl,ll bc ¡olveù før e.and. thc trd¡llct rguetú,on¡ fo'r

e pclr of oouplodl eguattoa¡ !.n e.anil, lr.

fh¡ aErattona ro obtef.ncd[ src lôe¡rt!.oel to thr oortrøÉ-

ponding otrcr dlorlrrdl by Blswa¡2) lrrlog r dtLf,f,ereut rnd!. ¡rush

Bor. oouplLoatoll nathorl. lhis pro"co that tbr èwo reyr of

eaeurl.n6 vallrl,ll,y of tho golutLoa for el,l veluer of t (fut

eport Eo thet thofr lntcrsotloa 1s neglLgt,ble.
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¡lertieul¡t t r O) ¿Fo equf.valent.

lhs resuLtlng ¡ct of, eguattone lo vell,dl for both rclatl'v-

l¡tl,o enð noa-reletlVl¡tl.o øter51e r, rl'thi,n th¡ llnlt¡ of thr

lnctaatancouð lntOraotf os approxlnetl on ¡nû lrildtrr êPP¡toIl'-

a¡ùLono rhc oBcretorr frr (It- Oî nî)t rhrcb eppoar¡ arË

atr!.otly 1¡to6ral opcratc;'r¡ but la ûon-rËlattvtgtlo epprorl-

uatlou eqi ûaa cubstltute thc dttffcrcntl,¿X opcretorË

lrr X - å[-rOlOi and, tho equatLona ¡re rcdluoet to Sohrüôlngerrl

typcr rt ahouldt Þc polntrd, out¡ hovcver; that evcu lf a

EohrËdl,lnger oquation LE obtol,ne{|, by thte uathoô¡ onc 1s not

yct catitl¡il to Ldlrørtffy tho çevc enplttuilr wl.tb thc Eohrldü.ngor

Fetr-fr¡r¡otlonl bcoaur¡ th¡ poteatlal t.n theao Lr velool'ty

dl,rpcadlont. fhr cquetloas havc Èo bo tran¡foroetl to nornal fsru

by cllnln¡tlo¡ of the vaJ"oolty dþpcnd,eøt t¡rue fron thc

potcntlal.

At cufftaLently large r¡ rhcrc only tbc flret ¡rowor of

V(r) Ls ølgnlfleÊntr tha trancfornoô equotloao nay be appro1-

f.netcd by atnpto Eohrtill.nger equatltnt wlth Tukere potæt1¡I'e

fhc navo funstLotr oppno¡rlnptes to tho Sohrðillngcr probabtl-

lty cnplLtuib.

Ehug [n the reglon ¡vhere ? la !.nrL6n1f!.oent ¡nû 1n thc

reston whcno only T ls ai,gnlfloèntr Vr nü6ll.gLb1e, $chr0tltngea

thcory holeLa alaotly entl. tho B-8 anpLltudlo l"s equLvalent to lt.
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In ühc rogloa of anall ?1 tho B-8 fqnal'trq bes to Èc tppl,leð,

8p!.n Stnglet Equetú. onrr

Ilrf.ag tho oo¡tlnutty oondlttLor¡¡ (Zrt7 ) ". nqy rrltc (a.e¡

1¡ thr f orn

fr {[- &.' t(Jni-ra.+ (l+r) nî*."r]t.rt* ü ..f.

+ ¡.(zJ+r )-t (Et*n..- (l*r ) uT*rr, )r.v.

(¡.1 )

+ t(2J+t )-r(oj a"+ J )aDt , tI Y.

r . a[n".] ,t'- t"årt.- (Tc.+ i(zJ"t )-t uf*rb. ] ,.r. (r.z)

- (ter+ r(aJ+r)-toj u.) rrt._]

llho rguctlon (z.tt )r g¡tlsfiei!. by r aail x üry bc wrLtten ar

rt - Er . Y(t'l y'ytvyryt (¡.¡)
Eeosu¡t ùhc tr¿ee of, eay I¡rf, rV'va¡rl,rhea for ell ¡r a¡it ?t
thr tr¡ end. thc t7'rl rppcer!.ng ln t oat r nu¡t bo rcgerdtrrtr

ao tndte¡rdLcadlcut. îfl¡on (:.t ) aadl (r.Z) erc Eubrtl.tutcit into
(t.t)r the ooef,ftoLent¡ of thc tr¡ endt çy'r¡ nu¡t vanf.Eh

lnilrpoadlcntly ¿nil th¡ f orlorl,ng noo t¡{.vLel, rcletloa¡ Ero

çbtel.ncdl

(r + v) (-Tb.- i(Joi_nr.. (¡+r) ol*1,)) - ßTr.* o (¡.+)

L(23+{)-t (n - v)oT*r(..- (J+t )e, ) rg (-t"r- t( ZL+i)-nol*rb.)' o

(¡. ¡)



(l$.Í) (,

( þ þ.f)

(o¡'l)

(6't)

I ,¿ +'grÅ)(,!ur * r) .
o

,Þ, rA Id
I

¡-
.t"Î¡ag -tt (Á, -9,¡

SrB oa ruo ¡trrnDc sseq* Eo¡J prltulu¡1r l¡t 
-a

(at.ç) o.t" ÊüE - ((t1t*fc (l+q) *tg lnglï -'$l& -)(t *F¡)

¡-( l+fz)t * tt:'-8r*

¡-( l*9a)T - 
"1"9t*

o .tgg +'r,qå. -f¡)
rr wl*Aru rq 4ru (S .- t.f ) ruo¡1raõe fl{r¡ orcSutqe

arcq* qxTs .t ro¡uoq¡tq T¡oT¡eqdc îII.IIJJTB uodn +ooJ¡e

*Hr¡eJ:JNï? '93q *oî.r¡odo rorldrl lq+ psr ? -r! úrix| asÉro.q

,Ã'^ Dr¡r tô Jo gr¡eror¡J.oo eq+ ET *t*F¡ l'*

It )&(Â+¿)

Ia
tll f üO a

JI

tf

t

I

I

¡e
-Ä0
¡e
-Ä3

I
tl0 Eu¡

t'l to i$uero!¡Jeoo flIr ur tt'f¡, T 
t n

.4. .. I ¡
,A I pue â Jo sluoloTJ¡ooo .q+ uT ¡'I i . ¡,

(B'l)

trtr¡

3.TqlT¡rå ¡.8 .UTJ'P afl
t

ort¡i
EAT+¡tO.r

trT^ÊfI-E6u ttle 1r8 tr (Lt.z) ruoElTpEoo .f1¡uel1noo rql ûesJt

(¿'6)
if

O-qs+r(¿-¿)

(9'Í) o - (tqlo 1r+Fa)l -'rt -)E - ('"9 +'r¡!c(a - ¿)r-(l+la)!

2t
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Thl¡ L¡ I'n eraot ègroGnrnt art tb thc e guet!.on ðorr.vcd by

üt¡tar¿) ro¡r ttrc op!.n atnglct o8Érr

fhc slgnLfLo&noo of a.nalr not bc cl.tnootry oÞvious hcre,
bst lt çLll bc ehorn La tbo ncrt seoti.on that l..l tr th¡
n¡Ln part of the apln ala6lct probab!.t.1ty ilcnolty.

For tntoreott oa¡ wlth LntcraotLon cnergl.c¡ sf .f ncson

üôðs unt.t or I-s¡¡ f . o(ll) a¡rt ¿ - o(r) hensr th¡ oaly tcrn¡
of ordler tlr 1a thc c¡tprosolon fe the epla rlnglct probebtÌiþ
rlrarl,ty (l+.t) er. thorc lnvolvLa5 8.rndl t¡.

!hl"a abowr thet on¡ nlght cxpcet tho optn stn6rct prgb-

ebLltty ilcorlty r to bc d,ötrrnl,nod, actnry by .n arlð b.. lhl
roaaf"niag t¡rur strl ¡rrodluoc a eooo¿ð ordl,çr cffcet olly.

Furthefnore lf th¡ro f¡ ho. lntoraotlon botrrc¡n thr
prrtlolor ¡s for cranBre of rergo reperetl.on¡ thon v ¡¡ 0 Endl

f,ro¡ (l.ll V c Ër thc pr.obebfli.ty tlcnsLty l,n thf¡ oeao rcdtucc¡

to

9rfr1l9
În ¡d.dtltt on to thLr, cquatton (rr7) ahore that !n tbt¡

eêsa a r - Þ aðaL thorcfor¡a,
þ !¡ EIrgr (¡r ¿ ) f t+ snaIJ,En tornalao

Qvz
Thlc lnd.l.oetse th¿ù la the llntt ar v(r) -r 0, 6coonce

equ!'valent to a Sohr6dltnter rsrs funotlon for e free parttale.
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Epln Tr!.plet Equetlórrto

fhr uethodl uscdl !.n tb¡ prrvLoua paregrrph epplLoa oqurtrly

woIl to thc ¡olutlon of the cpla trdplct equatLont¡ Th¡ oaly

il,l.ff,çro¡or l¡ thet th. oguatloar åro oeüt¡fLcil rltb dllff,orot
funotlone rhtoh ar. rpproprLetc to thc rpt.n trLplot gtator

Thc f,lnrl ¡et of, üqfuetJ.o¡¡ err ¡olvoû fer .. an¿l ¡r, whLeh ar!
thc olgnf.floent f,unotLona for thE rpln tr{.pbt ¡trtco

o ,{ i,s}r- ol(nltl + Et)(" * b ¡ent)

o - rorr "t(rltl 
- Et)q"r- Þ, ¡Ent)

wbcrc tn BLõüatr not¡ti.on

i . rl a lÊ.tryt. o,ürÏt* u; Brfryr* t;*rcrfry' (¡.t5)

Û r rb r c.r.yt+ g.rrrt* tDl F¡tryt+ roj*,Êrtrrt

to eLapL!"fy the not¡tloa ¡rc lntroôuoo aow rarlableo ùeflnet,

by
t¡¡tyt+lt. I

b ¡ b t yt+ b g yt+ Þ t yt+ b ] y'co r I t¡ ,r-
thæ tt aay bo fcra froa tho cst of equat!.onr (nt.tÉ) t¡¡t

8r¡ o ¡ t.yt+ r I yl+ r t yt+ ¡ t ytra I r lr tt

br¡ * Èrlrlf+ þftryr+ brf.yr+ brtrf

Ího ooat!.nulty oonildtl.Ðnt (a.7) givr tts uon-tr!.rlel re1rt!.on¡

Eo.r l(Di_rn.- Dl*.br) (l,rz)

( l. tl.)

lV]+¡t7t+I rt l)ta tt
(r.rg)

ÞrO
o
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ßndlfortrOr.h¡Yt

ça

+

T¡

t[[. rbn- t(Joj-rr.* tf+r) nï*."rJr.rtvt + rr. rry' (l.ta¡

[*.* r(¿J+t)" uî*r(".- (r.t) .r)]rrr.rt+ f,rr?ntt

* [*r+ r(zÍ+t ]-t uj(..

r[[t... t(raî-*Èr* (r*r ) uî

)]rrrtrt* r.rrrrt]

* [- *.r- i(zJ+r )-tuîr, (Þ.- (J*r )r. )]rrrtvt- trÞrt.yt

* [- n.r- 1(eJ+r)-tu!(t.- Jb, )Jrrr.rt- *lrrrrt]

tbe oquctl,ol (a.f t) eay br rrltt¡¡ tf

rt r EË . v(r) ynyt,tPftr*

th¡ abovt crlpmsrl,oaE fot t ¡ut t nry Þo ¡ubstitutet lato thlü
rqecttoa. Ehcn thc co¡ffJ.olo¿t¡ of ceoh gyl ant Vy¡yt rr.
rqurtcd, to reror tbc felLorl,ng ¡ot of aon-trAvl¡I rrlatloa¡ 1r

oÈt¡Lncl[.

(n - v) r-+ Bb r o (5.2o)
tt

(r - v) r.+ EÞrr 0
(t + v) rr+ Ebrr o

(r * v)(rtr+ ¿(¿J+l )-toj(.n* Jr, )) +

+Jr I

*rbr]rnrtyt- [b, t rt' (¡,tp)

+ E (Ber+ r(zJ+t)-roj(t.* gb
I ))¡o



.5o

(r . t)(et.+ f (at+l )-lÐJ*, (.. (J*r )rn ))

+ r(tr.+ l(aJ+r)-'tT*.(ar- (t*t)t. )) r 0

(E - r)(-rl - t(åEJ_re.* (J+l) nl.rrr))t-

t(trrr+ r(Juj_*r.+ (t"r)nT*.br)) : o

.û'r la tbr rLngtrrt s¡¡e tbrac rgetùos! Éoy tr ri-çrLttoa
La tær¡ of tbt feurlrÀi væleÞl¡e eaê gn.a

(rå* v) îr" slr. o (r.zt)
(n¡-*- V)ã.+ El*r o

(tr*n- v)ir+ *Ë, e

(*J.,+ v)(r¡*ri.* t(¿J+t )"oT (ã.- (¿*r ) ;f ) )

+ E(r¡*rãr- i(aJ+.r )-tuT(t*t ) i, ) . o

ftt.r+ r)(nr"rlr* 1(¿t+l )-'aj*, G.* JË, ) )

+ r(rr*nãr+ l(aJ+r)"J ir) r o

L(E¿ * v)(uj i.* (J.r)nT.ni,

+ e(rrãn+ r(;oj ir+ (¡.r)Dl*.îr)) ,, o

t irr l(oI Ç

J
-

ë
b nT*,1, )I

Sblr ¡ct of, rqnrtl,ont aay br colvod. for ã 3n
I

thr follo;1,n6 tro equrtloar ro¡ult.
td,r ¡¡ü
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['t!*.(n!.r- v] + Êt? - frJ*r(?¡*n- v¡J¡ F)r
ü (eJ+r r.'[dl ni'(r!- v) (Dï ir- nï*,î, )

¡-. (Í¡-, - n)J î. -
¡)t

rl fJ- v)(oi ã.-

( l. aa¡

(1.¿r)

+('D
J+r

[- t!-n(nr-,- v) + Brv - Y!

. (et*tr-n[- (J*r) tï '(

0v
-tr ($it* (l"r )ã, )](r + vljr) - tå ti')

oÍ*,

+ {ol{r + vsjr) . tl ffi tJ ãr. (J*r);r)j

lhlac equatlons arr td[ætloal te thr equetLoaa rtcrl,ytå, by

Bl¡w¡l for ùho c¡lLn tr{,plct octrr

f¿ tbo spto trlplct prcbebJ,Ltty (A.A) rh!,ch ls dlcrf.vrdt ln
thc urrt peregrrph¡ tbe post clgntf,toant funotlon¡ or. *, ¡æû

è.t If thc potentf¡l vanlghta, Þ,ç -e and, b.+ ar eaê thcr¡-t^.ttt
for¡ ac r(r) .+ o thc funotton ôr wlrl bch¡vr x.tko thr
ôohrtitl¡gor rava funotiou for thl L r J - { rnguler noaeatu¡
¡ùEtl ¡d ¡ dlL Þch¡vc }tke tbs Sohrüd,1ng.r s¡v. f,unot!,oa forI
thr I r J + I ¡aeulntr so¡entun steto.

r;')
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ErPÌ¡IGIS EXPEESSIOng P0B TfB B-8 PROBAEfTXBY DENgfTI

Hrrr thc gGnrral erp¡easLon f,or the B-S probobtllty
dtsnalty p t ì& fr(*t! + ¡og) f.e Gsprrssed, l.n tcraa d thr
r-dlcpcnihut e ro eail br¡ togethrr nlth thc appropr!.atr oph*-
1o¿l barnoalo¡,

fhta la dlone for bsth the oLnglet aadt trlpLct equattorlro

Thc r¡rLn rLnglet prrbabtltty 1¡ abor¡ ts iloBcndl only ou

th. lphcrlcrl b¡rnô¡rio ü, ¿¡ê thc rpi.n trl,plct probabtlf.ty on

tb¡ f4,û¿,¡p¡phcrlo¡l harnonLot ç ¡¡il t . (rnr I t¡ru d.tb
It

L c J tloes not eppcêr ln tha trlplet rilenalg, Þeoanar lt b¡r
opporlto Bsrf.ty to ,, aat ?.r eadl pulty la sonlcrrcd. la etroag

lutor¡otLoa¡. )

EpLn Stnglot Probabtllty Dorcr"t

Gf tho f our sphcrl,ocl hernqrioa eppearlng ln thl¡ forË-
*l!.et¡ ç la rn clgcnfuuotlon of thc spln alnglet stattn vtrLtc

o

tbc sthsr thra¡ oonatltuto a cplìn trlpXct.
lh¡ oquatLoaa (2,5") rry be çrltt¡r¡ ¡!

& ¡ .rt.* .rtr. toÏ*,artn. toj nrt, (+.t)

b r b.t.+ b*tn* aoï*ot,

I

Ç

t+lD:Btr at tt
Ã v¡ith similar B I s.

3
thrE ".. r-rot i. ¿nê *"o r-l

D
J+r



!b¡ tencral f o¡'n of o DLr¡o uatrål Er lhl d¡ !'¡ ¡n üi6on-

fr¡netl,on of, ü aaË, ürla

ü r Srtr* t.tr* *uT*rlr?.* tD; Irtt

rh¡re thc [f r ¿rr t¡rbltrery mû¡ür functlon¡ d tr¡ ff vr

ilrffna nff v¡rlrblc¡
I-- JËr. (J+f )f,

thrn groprrttrcr of, trrsû t, {ll ¡ouaatdl ts âppend'r I etvo thl
relotl,og

* . l"t.* rrf ,. t I,.! (I-tr+ l*?r)7*

Apglytng tÞlr r¡¡ult to thr equetúonc (4.t) *r 8öt

I r ..t.* "ntr* I I,.! 
(1.t.+ *.t,)y'

b r b.t.+ b.üo* I Í.9 (!-1.+ i*tr)t'

a- . Ju.* (l+l ) u,

A. ¡ A - å aqt ¡tnll¡r clprrasion¡ for thr El¡.+rt
Tf!,tb thc holp of thc sontl¡ul.tf ooad[ltloat (4.?] rnil thË

oonnut¡tloa rclrtlonr of tht ttr çlth 1.9 rl Dry trltr

I r 2 (- fÞ.7'+ it.[ "r* 
A A-y'+ ,.. )f .

tf¡ 2 (* FtI Yt- lr,'!, ol * ôA: ?' + ilrf )t,

frE-l.9tt

î3

(+.a¡
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\u a z [re.rt. lîL.f A-- t¿.g oo- *.] t r- âsi.g o*r, ì

rr.¡ tltr: y'+ lt¿.g a: + *y.gul - ro: 
]r..2fts¿,! ål r,

¡ihcro an estor!.r d.æotca horrni.toan oonJugatc atð, thc oBrratof r
¿'! end, a ¡ot on th¡ år¡ a¡ rcll ¿a thc epherl,sal he¡rnonl.os.

Tho B-s probabtlfty ôoaaf.ty for tho apin ¡l,ngrct at¿t¡
nov talces tha f,ora

( - (Tcrrb + *1n", )+ (rer¿e-+ Te.ôA!)-f,. (t1".* br"l) )r..
-(ry,'3 (A!rr))(r.I *or.) - (rI.I A-rr)(¡.g *. ,.) (ru.e¡

- (x'9 t3 t.)(I,'g ".r.) - (¿.!, 
"lr.)(U,.g r.r.)J

Cîs

whcrc orosrtcrnÉ ll.ko t.t, hevc bcen onlttsù bcoauoo thcy ilo

not oont¡{,bute to th¡ trao..

To 8tt th¡ probablS.Lty enpltrtudtc w€ h¡vc to lntegratc ovcr
th¡ wtroLe of ths relatLço ooorcrlnEtc str,Ðoe, hcnoo a terr l.lkc

(v'Vbl f .)(f 
.?art.) ts equtveleut to the ter¡

(af.¡-¡ a^t^s (atr¡ e^t^to¡r Þ.(a"-). Thcrof,ore it !.¡ porrl"btoo I t a a' t-t a a-

to ;rttc ûorn a a!.npler cxpraeslon for thc pnobabllûty dtenatty,

rbish la cquinalont to (L.e) when thc èeaaf.ty ia lntegreteil

ovor thc rbolo of tho rcletùvo ooordtl"nate Ëpêooo lhLs crprr!-
rLon Lc
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Prs (rrr rb + Tbtla )+(rar¿t + îa AAr)ca 00 t- o-
(t.¡)

a
-f,f(bra+ba.)eaaa n(aar¿ + aA a.)-(aura + ôb ".)}o-t.3ol)
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s tn 1r{ ct Probeblll. Dcn sl

Eh¡ oquatÍonl (,.t9) rnt (5.tt) nay bo wrdütca [n t¡b¡

.l.r'yt+ Srrrlrrr+ 4n] r,v'vs+ zf,rrtrrf. Ertrytyt* arrftrrf

t . ?rtry'yt- 2uDrtrlr+ ?rt.yfyl- 2xD.tfy¡+ îrt rr'r'- 2rÈrúryt

rb¡rr *8., rr.+ r(rD;_rù.* {f*r)ut*.br)

*Ë.' - r".+ r(f+r ) (e¡*t )-tDT.rb,

*ür. - 1.r- *!(aJ+r)'nD;

tn.. - t(JDj-¡eo+ (¡*r)Dl*r.r)

*n." ?b.+ i(at+l )"01", (..- (J*t )., )

tnr. rÞr+ r(eJ+r )-tnj(r.* J., )

Fron (¡f tt) our eo,& I ¡c thtt t, f,¡ hcrnitc*u ant f ,, l r, l,
¡rr ¡atlhenn!.tcen bcsru¡ a y' l¡ he rultoa¡r rbll¡ yr , y' , y,
.rt rntL-bcrnl.toe¡¡ Íhcrcf,ore the hrrnû.tc¡n oenJugrter of

t ¡nE r nr,¡r bc wrlttca ¡t
tr' - 4.f ,yt7r - 2fr l, ,r' - 4.t ,V'f' - Zürltrtt - Efrrl'yr - ZI,tl, ,r'
rrr - n't ry'v)+ zlÈftrtt- tlrü ry'7!+ zlliþrf .V.- alf rV'V)+ trtltr

Thc¡c ôr¡ oorbl.noð, to f,or¡ thr lpLa tr{ptct dLærlty ft¡notlon

t
I



pr t!'[ lrE
a

(n6r+)o

î/

)tr'II

t rr))r rtl.f

1 . Èî er)t.!. (trr.+ .lt.)i.t. (ürar+ "Prltr'

(aPr*)f .' (rrË + [fa )r r-c tt ll I rtr

+ (:alãr- olt.- Elnr- *f?r* +af(lc*r+

+ bxü ((Lr

thæc fro¡ (*lrl) re oea êcr!.rr tb¿t

tr*lbrt+t I rt t

t
(¡r'r)

PJ lrt
a

I
t

,rt. Ê (r - trt r*t)rrrr

,no' .' JtFî.r- (t - rrtt'n)a¡1,

tnt' - (J"t)tÞt"r- (t - rrftr{)rEl,r

lrÍrr - ü(J+f) Fg-nt¡*n- (r - ¡rtr-t) F

6rocs-tc¡:o of thr ty¡lr (f t1¡og ssúr f V') ano not ln-
¿¿p

sLuilod, La (trr¡t) booanrc th6tr trsoe vsnldrar.

Slnso total s¡rln andl pq,rl.ty Brc sonserrycü ln nuolcat

i.ntçrrotlonr, 1t çhouldl be possi.ble te cl.S.rninatr thr tn rd
f fron thr c:cprcs¡lon for the cpln trlplct probabllity

I
rilcn ttty )

lht¡ o€,8 br d.one by rrprearLng l. rnè trla torar of f.
ôEü t-. For ùhr gurpolc of, aor¡alllrtLon¡ tha oroa¡-tarnat-

tnf, ¡fc of, no ¡lenåflsaaðü booau¡a tn Lr orthogonrl, to lr.
Thtgc oro6o-torÐi or. onitted. ln thr fotrLorlng ürp¡ic¡¡lonl
for 1 enl, g La tcrnr of t rßt t oat¡t

t -, P$*.



t.- POr'

f ,o (r,y + r"y. )r¡ rtv.

t l.t ¿ytr,.p¡_r- (-,7 + r.Ïr) F!_r

r ir. (J+l)ytr PJ*r" (trr + rryr)r!*,

rhrrc tht Pt¡ dlcnotr Ûogædtno polynopl¡t¡ Fåo FJ ( Fr )
fsll,osLag Bro¡,Grtlr¡ of Lcgçaô,ar potynoatal¡ ç111 Þr uorftllr

(aJ*t)r nr- JP¡-r+ (J*r)rr*,

(zJr,l )Pr. t!*r* 
"!_.

(eJ+r)r n3 ¡ (t+t)n3-r* Jti*,
(¿J*l )(t-rr )r3 ü¡ J(J+t )(P¡-r- 

"J*, 
)

nrl,n6 thç¡o relatl, oal lt ury bc rhor¡ thrt

(r.* tr)r- - (a¡.t)tti
Fol sborcuratleacil rcc¡oaa ùhl.a nqy b¡ rrgerd,ld. er cquJ.vel'eat

to
f r* - (eg.r)-t(t-r+ t_r) (u.g)

It'

Io orpresË t f,a ternr of t rnt t forn thc cxprcaol,oatrtt
(e!+t )r (i-rü )rr;r. tr (J+r )t (pÎ -r- 2 tJ-rtJ*, * 

"1., ) 
(r*.e ¡

(er*r ).n¡rrr. (J.r)rr.r!]," J!¡rpiln* zt(i+i¡rrn!_n",¡*n (+.7)

¡ubtrrot (b.7) fron (l.e¡

(eJ*l)rrlrrr- (Jrr )rpi3,* Jtpli,+ 2J(¿+r) rl_,pl*,

î8

thr



î7

rrt (ufl þ (*.¡)

(¡¡+tF(q-¡rll¡r * * (J*r).(Jrtt-r+ (d*rrlr¡Xrl -

- å¡t (å*r ).{*n* {t-rr }.r$;n } * e¡(¡+l Xt*rr }r}-rFÍ..-

* tlr($+t)fD¡rn tt*,

rtrÀn ttrr tre¡¡trrnr mr grtl,rotlt thfr [¡ rqutf¡Lr*ù þ
,r'" tz$*r)-t((l*t lt?nr* Jt+rt ) 

'tu¡¡)

trbnr *t hrrc rbeur¡ tÈrt th¡ rpia tÉptrrt plobrÞÅLlt¡r

d.uÉÞ {r¡rrutr c¡l¡r *" tr rnl fn' f&l prr}rÉll$ å,crlt¡r
rtll Ùr rl¡r{ tx r lrt;r rroù!.ot +o aorn¡Iûlr tt¡ åeuttrel
rtYú fu¡ltlcao
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sEcßIofl 5

sorurI0r IH rouENrvH FPÂ6þi

Sbc Btrwat Eåthodl of, rolutf.on¡ <lesorLbodl fn á,p¡rendfx f,
nakc¡ crtiacl,vo usG d operator el'gobre. Shc Latogrel

opcratorl 5 BBü î o,rc feaeltry r¡gê,rdl6t, as algebref.o syÐbollr

ThEr &rs allorrcdl ts ¡pprar ss ergugrot¡ of funotloa¡ (¡ueh

es tbê rqugr€ root, Grpoa€ntlal). Ehc neealng aadl yeli.d1ty

of ¡uclr funotlonp f s noù et all oÞllou¡" .â.t notr-rel.atlvl.sti.o

energlce I ney be eppro¡fpetcdl, by êa infinf,.te gerl,ol Ln

suootorlvely hlghcr ædl.er illff ora¡tf.aI operetora¡ but S he¡

no ç¡ll bchavcdl non-r6f.atl,vt¡tt e appnorl.netLoa at oll.

fhc ftnd equatÈqnc alo h¡vc a unLque lntcr¡rrcüatLonr 8!

glvea La SeotLon )r but Èhetn dLcrl.vatlon oculcl bc bettor

Justlf,loil by r forsailsn whlô rvoldls the ueo of f,unotLoa¡ of

opcrltor a,

$ueh ¡ f,oraell,sn Ia f,ot¡ntl by workl,,ng f n aoueatu¡ eps,oto

fn aousntua spaoe S e¡dt !! arô sln¡rla algcÞralo f,uaotion¡ of

tho relatlve noqentun. Íhc itlff €rsatl¡I cquetiona of Blsw¡c

broora lntogral cquatLons¡ but otherrri.sr e çery glulÌEr uethodl

of goluttoa nay ùe appLlodl.

fhe goncrel bounêary oo ndlLtf.on, aencly thet th¡ Betht-

SaLpoter anpll.tuile t.g ffnlts andl dlf,ff,ercntleÞl,e cyerywhcrl
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wlthtn i,t¡ r¿gfon of deff.nttlon, appllea gutte naturally la
aonentun agleôc,

rtg appllcetlon to tbo Blgrea corutloa Ls gulto a strafn
oa tho laeglnotíon bowÊyor, beoau¡c of the f onnal, operrtort
$ Eael 8r

trn thlo acotlon the eguetfone (At. 18, i9 ¡ aO) us
tre¡rfcrn¿t, tø nooentua spêo€r Íbe rcsurtlng Lntcgral equr-

ùLoas ¡rr aolved" by ¡ ncth oit closejly anelogoue to thet of
Àppenctlx Ir

lfhc tron¡forn¡tl,ona to t]¡e nonerrtun epBoo i.ayolrc oontolu-
tisn fntc6relar çhloh f.nt¡odlrroc Lcgæcr.rc f,unetr.ons of thc
seoonal klndl trnto the sxprcs¡Loal. Thc rrguumtr of thcsr arc

fairly oouprLoated, funot!.oa¡ of, qr ThÍe oonprLoetc¡ thc

al6cbra d tbc problco¡ aqû th¡ ¡olut!.oa l.ç oaly êeveJ.o¡rril up

to tho polntr rb€n r roasonabra oorrooponelouoe oan bc estab-

ltshed' rl.th thc aolutLons of the dl.fforential equetlora¡ fbia
1¡ ôonc for both, thc opln o!,nglet aael apl¡ trtplet equationÊ¡

Thc re¡uLts of thic seotlo! Day bc regardt,e¡l os affordltn6
0, Juetlf,leatioa of tho oporatlonor prooed.uroc whr.oh worG uecð

by Blaçaa andl havr becn f,reely edtoptecl ln the other Scotloas.
without cuoh Jurt!.f,loatlon lt woulè bc opoa to rtouÞt rhoùhor,
for exanplcr the equattonr obtalnerr. orceïhorc correctly
Lntorpret Feynnanf a d,ovLee wbreh acid.c a s¡¡alr lnegfnary part
to ths n6toa a¡il nuol€oh EêaEGo¡ Howcvcrr lt wtIl bc t€en thet
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tbr aaaf.pulatlon¡ d th¡ s- enrl. r- ope retw r whloh roro

¡rcrfcnuoê La seoùloa¡ z arG oqulvalcat to tho¡e rhtrù ore

ooanonly oerrtedl out ín thc monentua reprosentat!,o¡¡.
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loaætur S¡laoc

fbr tr¡n¡f æ¡o¿tlo¡ rhioh oonneet¡ oonff6ur¡ü.on üpaü.

ürtth nono¡rtuo o¡reor Lr thr Fourlor lrrarfsnn. lhore l.r trg

gcncrrl agrlouoat¡ çhrr.o to wrLto tbr tr?r f,¿stetrË Enð l,n

thlr mrk tä¡ fotrx.orLag f cæor vttl b¡ urrt f or r(B)¡ thr
Fourl,rr tr¡n¡fom of f(¡)

r(p) ú # ftt"l "1Pt 
û*

ttt
f (¡) G fttr ¡ r-tP¡ ê¡,J¡

Eopyotrutl,oa tntcgr*rr wlr.l ooËlrr au*ftolontþ f,rcgucntly ts
&

rlrer¡t thc Lnt¡od!.usttoe of ¡ ryabol êonotrng oo¡voh¡r..loå.!l
Drfûar

¡O1

f, o j 3 I s (l) t(r . ì) dq
Jr

tbaa thr Folrrtcr tran¡fonn ø? r prodtuot of tso funetionr f¡
thc oourolutÍon of the!,r Fourf cr trangforu¡¡

# /rt.) c(t) .ttt èr r :r ¡ e

Fourrm tr¡u¡for¡ of ô(t) tn tbl¡ nsùaü.on r,¡ (ar)-tr Tbo

.ÍpËis¡l,oa

r(t) r f,t (ar)-t(5.* ¡n )-, (¡.r )
ls t¡Ern ¡¡ thr tou¡{.or tran¡foþ of, th¡ !.ntrr¡øtlo¡ funotlon
f (r) of oc,nfl6ur¡tL oa rpeoc. By dr.re of oonputrtiøa
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s(r) . /jn* fi* I
tl 

,nr, u6 ,o u# 2.e ¡'tr r o (t )
t

rèe I I
I t

r t,(2r)-r4c (Ë.+ p. )-'
hrect I ¡ lrg fc ths rol¡tlon brtræ¡ the rrbltræitry lntro'
@ort oon¡tant rof ¡lroBortl,oarlÍ,ty t ¡ad ç . -,.{2..I r tËrt

Equrtloar la loncatur Spacr

Al,l funotl,on¡ rppcu!.ng ln thlr acotLoa erc tho tourtor
tr¿nafornr sf the o@rrotponrillug eonf,igtrr¡t:lsn üraoG funsùf,otr¡

îba traasf,orns of o¡ {t t ø e¡d, ü trll1 be dlgnotrô by thc tl¡.
ryntol,e ¡r th¡ oonflgurrtion rp¡Ga fuaoä.onlo lhL¡ rtll nd
lntpûuor tay rnbLgutty bcceuao sn'ly thc ¡ail rcrult of thr
nollutun tp¡or saloul,etloa¡ ç!.11 bt oooperrô to roaultr
ê,æl,vcË, la oth¡r sootLo!ã¡

fn thc brryo¡ntr{o frell, p.* Er I.0 r¡ú, tf tb rcLrtlvc
no¡¡ntun lr dootrdl bf tCu+ 1 thr cqurt{onr (.t.t8, 19, 20)

tra

0rt+ F I 0' ü - Zl$gac

Qt + g t Ç ü y.q F ¡ fl*- fl-r (y. q F)

Qer - F ¡ q r âtre.*'. .*B[y., f] * * fr.u, 
-l

( l.r¡
( ¡.1)

( ¡.+)

rhcrr D r. **fr q,lr Q r [r+ {f- Er, O*o r + !Er, fl_* o - l¡,
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E¡plLol.t Dsternålretlon of e. D1¡tpndopoc.

Thc íatere,otLsn trangforo r(q) la J,netcpenðent d g., üo

tbe,t the ooavolutf.oa LntegraL y.q 8. Q. ilo¡rondla et no¡t

Lineerly on q . fhl,s prro¡lorÈy of the eonyoluti-on lntrgral Bâf
a

br uscdl to cstabLL¡h tbo erpli.ett B. dlc¡rendleuor of tbc Öu,

lhc RHs of equetf.on (t.r) o"" oaLy br e llnoer funotLon otr e.

or a eonetant, hoaoo çF Eaür b¡ ¡ssuned. to havc thr foæu

l*(s) e.+ Br(3)

rlthout thr aphorloal har¡aonloE wc hav¡ thc follo¡rtng nel¿tfoas
rf

I

a
Ql* E

l¡ tF

It
bfr)

a
d¡6(p ü a( 

", *.* ) ( ¡.t)

whcrs tbo ¡ (q) aait b (q) arr fuaotlona oî q oaly.
þl

Coavolutton Lg r, oonnutatf.vc opcratlot¡ 1l g 3 t r f.

lhla tnplles thet e and ¡r &rc elso at noot llaecr funof,l.on¡

ofq.
I

For thr reËa r€&sona ar Ln Âp¡lentl!.r I, ". Eay þe te.ken

to b¡ l.n o?ga functLon of g. Ln the epl.n sl.nglet easo aail

o wlth o üvü! funçtl.on¡ ù1 q ln the apl.n trLplet geeor
tta

Slnec Q 1o ân Gvea fuaotLon of g"r ü, wlII bc ôn odlil funstfon

of, q. Lf b..r O¡ rarl" rveRrl,f, I c 0¡ ßhts argunolt rpplte¡atty
¿l¡o to o ¡aË er arû wc havt crpre Eaetl tltc E ûrpcntlrnor of

¡t tt -.
the funotlcns cxplloitly çIthout introd.uoing Ðore oo¡ffi.olent

f,unot!.on¡ th¡n thcre ars cquatfont.
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fhr Ev¡Luettsa of €ooçolutùoËrr

Å ¡rt of oguattoaa f,or tbc eorff,Lolæt funotlonr .*,
n, lto. nr¡r Þc 4crlvoê by cgurtlng tbr co¡fflo!.rat t oî c¡th
rphrilorl hmnoaf.l tø lire orpurtrþ. fo aro thls tb¡
çrrf.s¡l eonvsl,ut:lon l¡tcgrala bavr to br ¡vrlurtcil. Fron

ïrht,tr ùÉ{ wator¡')

I . 
3(?a 

+ r) Qr(r) rn(t)

r(¡ * g') r lrtat)"[(g - Er )r . 
".J

hcno¡ tf Ut. qf + q{n* ¡rt, 2T * âq{f } Gos t/,i lEErf -.¡.gt

¡¡ô l - j[ 6* É'r tbr inta¡lretl,or t¡rea¡forn ¡ay Þc rr¡rrocact

t-t

nÈ rrr Fnd!,uotor Lcgmilrr polynonlcl of, th. f,tr ¡t tstot

Quûenotcr lir6endlro pol"ynouLrtr of übc feoondl *1at.

rl

rl,tb tht horp of thc tntrgn*el. of, ttro ¡iti!.l.tloa tb¡or¡l f,oü

rphorloal haraonl,s¡

r(g - q:) r i,r(e*)-t*(qE, )-f I 
(an + t) Qo(r) u.(oorr).

F r o't o.?.. t n,gr* å n.tr* å "r*,
tl. (¡.6)shorr c.r tÀ(ar)r å /*n, Q!e, , Ir .

crr tL( 2ç). t /n*, eå E. ,1",
a

llq



a7

f,oraeaüc.
l,

rnü rlullrr orprus¡1on¡ wfth Q aEü, (lt+l J-r
$i.ntLerþ

Fr0rûåpt+tp)"tpr+tÊ,cr I I tt tt

wbrrr prr tt(a")' å 
|lon' QJ{, et, 

fø,r 
4{n

Ê,* tr(er)' å /*u, 
q, q, a{"i ð1.

rnå, rlul,lu orIn oc¡lon¡ witb q ¿nd. e for ÉJ+t J'r I
iäêÉ.

t
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I n 81ne1ot E uat!.oa¡ r

Evtrytht ng rc f,lr rppltc r cqud.Iy reX.l to rpla etngl,rt

cr trt¡llct tf rr lucgtnt th¡ üo to oontrln Na rrtrt yr tn thr
o¡rt of lpl.a tr{,plet. lkr raana¡ltLou tbrt ,. {t ¡¡¡ .tra
funotl.oa of, gnus&ca r. ul t, odldl f,usotLonr of t. rail rppl'Lcr

oaly te o¡r!,n atnglct aol,ution¡.

erfl'al Ø' , d'l 6 o ) t I lrottatt

fhu¡r rt fn AppradÊr fr
FfÊü funstf,oar oî E

¡r. ODI| f u¡o tL on¡ of fl

,

u'¡ d,
tt 0 , IIOt

tI a

thl¡glnerIrlrI¡OrnÈbl]rf c O tn (5.5) .¡C ¡l¡o rtnor
llt¡ ð
t

¡¡t
,I

9r(It tr. oilÄ f,uaottoEr of q
a

thrlr f;*. Ya¡L¡Ìr:r

thr oqurtl. onr ( Þ. a ) an{t

.rDrcErloar f,or thr 
"u

trt t r (Qt- 4ßtq.t )-'

Èr4.tr,tpcOrttt
(9.¿) Bry Þo u¡cd[ ts obt¡tn orpl!.ol.t

¡ail o' ù¡ torn¡ ôf thr a p Ilrt¿¡¡fl ¡aê Þ
{

{pr. sù - q(JÞ + (å*r)¡ )arlt
thcao*il(*p,+tecra

rrl!(r-É) Eg
a

) (¡. z)
o

I fl
o.r u(*Bpr- Þ.- (¡+r ) (eJ*r )-r e, t) {1.

err s(-Ep.- br- l(at+l)-f..t) e.
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er r - lgq-r (Br + Qa )neataa
o1* - f tWq-t(å.ntq r¡ - QrÉ )| -a I l-

Er' - ¿ IHQ-,
I ' É.9t- 4Dgrt(b.* (¡+r )(af+l )-t.r")]

øon _ ¿ iNQ-r
t - F ,Qr- TBg¡t (br* J ( eJ+t )-' ., e)J

wlthout X,oes l,n goncreLlty tt nay bc assuacdl that "rr Ér¡¡ O.

rhlo rorunpt!.on r€Ëo7o¡ seooad anô alxth eguatton fron the

abovr act mql Lnpll.er rn. nl¡ O, ft àleo lupltea trrr 0r

rt aey bc uscf,ul et thta otage to revrcw the al.u of thfs
selsuratl,oa. lfhc oln !.o ùo dlerlve a roletLon or È sct of
rel.etLong betrcen tho cra Bftl pr¡ whLob ¿re lnd.e¡leadLcnt of g.

a¡ù aro equivalent to th¡ dl.l.ffsronttal, cguatlona ilcrLvedl tn
Appenrtir I.

fn ordlsr te dls thl.r, e. uuat be et!"slnatedl. frou ürr
cguatlonór The sst (5.7) cv.r s andl o, tn terÁs of, thc 8;

br cr¡ ancl prs whtoh el.o not êepentt on g.. fho g. dlcpcncl,cnoe

of thc or¡ te oxprf.olt oad thcy nry bc lntegratc<l nlth reapeot

to q-to AÊro orplf,oLt oxpr€ptLqrs fæ thc qrr *nd. Brll acI
funotton¡ of q onþ.

Thc Fêynueo eeounptton, that saEo hcç e saell J.ueglnrry

¡rart Lp nsoccscry to eralu¡tc thesc Lntegrall, but no cl.ubfou¡

boundtg¡1r oond.ltlonr, os f.n the oace of iU"ff arentl¡1 oquatloDf ¡
arc rcgulroil ts obt¡ln tho coluü.on¡ The equl.vrlenoc of thr
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tto typrr of ¡oliutû.oa Juattflea thc u¡r of thc Þound,ary

eond.ltl ot,

i llr fo[eqtng LttegreLl af¡ urof,ul Ln tho cllnlnrtl"on
lìfi'¿¡ tn¡ rguetù onr

Æot- 
l'Etg.')-t ¿{.' i[*l g-r 8-r

Æaot- 
.stq.*)-t as". rt r-r

Æ-t 
itd.r t{ s-r

8f. Ir+ E8- Br

B¡r, Ir+ Ec

.û.Iao ¡,au¡b¡r of ncr functlo¡¡ Êri ctcftneô to hrep tht
rlgtbrr ¡r el,nph Bt Iro¡rLblo¡ üraclf

Pt n_F+ bE-r
ttl

F.F+bE-rttt

Ev¡luattou of E lntcgra!,,¡ f.n (5.6) et rcr
I

n.' - t([ce)-t.[aa'*' eá

F.n - *(¿re)"/au'd'Q,f -r

F 

",' 
r(lrrq)"./nU' t' Af*,I,rr-t 8'l - Ol n-']

g-l tpt +clo)
rl,8

)

8-t: F'
a

(l'a¡

-aDEI -lI
I (¡.p)

(s.l o)

tbr rquetl.onl, ðcrl,vcdl by oqqot!.ng tht Gecfflel,cntl of thr
rphrrloel hrruoalor !.n (5.t) to lcro aoparatcS.y¡ ôp.



7/

, pl. r(Lrq¡)" (rt*, )*t/ee, q, ti (-tqr+ î, Q¡*, )

n Fr" L(bres)-t (et"r )-'/cr, e, Ëi(-eer+ o, Qr*,

pt (zß)-'*E s [ltrr* F ) + (r*l)(rr. o: )] .

¡ - f, (rrre)-r;tðq, q, [*r[*l ( e¡)"rE

+ EE',- g',(tr'+ (t.r )p'lJI I t)

- !¿rq .J-n- (t.r) lro ul*,]

(5.rt )

) ( 5.t e)

(¡'tt)

¡rbr¡r tàr f,ollortag ¡lç t¡rl¡bro¡ hev¡ b¡ca iaùredberðt

4* tp' E-"* tat
l.r ù.8-1 E-f- Él t-'

t

I I

9ÒtI

r-f
I

€-r ù !-r E'r - F' 8-lttt

-I

Fr¡ Ê' E-f

¿

p

rt
I

t
I

tt
p,r *F'(æ 8r ¡-tot

thr eguett,oar (¡.a) 9r {O) rey be orpr.rr¡il" Ln t¡rer d t¡br

¿t t
¡r¡r vulablo¡ F.rt Ê1, Pl .rt Ë1, E,



7z

*Pi* Ël r . I(&rl)"/aE, r, 0rË! (¡. r+)

Ef ö s)- Ë.8 ¡ - t(4rq)-t 
Inu't'g5-nË.

P: (! - s) - El. - I(4rq)-t/o., Q, Qr"nË,

Alro cguatlon (¡.tt) ray br atnpU,ftcd, Þy ürpr.sdn6 r.t
fq taa[Ë of, thr ¿bovc varl,¡Þhr.

rn'* r(lr; + (J*r )prt n ( ,.tgl
¡ - l(+rq) -t 

[ru' o, or[nËi-Tr;- s, (!p,+ (lrr )oi )l| ,)
?hc ørt (5.f+) toectlror çlth llrtg) ¡Ed (5.1t t lZ) f,oru¡

r sct of r1" iad,spcnd,cat cgurtt oaa fn thr ¡l¡ uaknoçËa
Fi, Pi, F'r, E', ër, lr. sh. Ë.rat Ërnetr br ali¡l,a¡tot crrtty
anil f'f rr êcflao onc furthrr vrr!.rÞlr ¡ r JÉi+(t+{)p; tùr rct
ef .End$ou¡ i¡ rodþerÂ to thr¡r lqurtl.onr.

tpi" Ëit + r(b¡rq)-. 
[uu, {, 

QJ l,r (S.lo)

Ba(Ir+ qt )t r (8rE. ) 
-t/ar, 

{, QJ (p.. Ett - e, }f i
É'.üt+ qrt ! r - l(lre)"/At'{rQ'(rgl - B)f - çrn)

fhl'c ¡ct r,r rquf,lrrlrat to th¡ åif,fc*antrd equrtr.onr
oÞtalned' by tho q¡r of fsrual er.r,ffcrcnttar opcratora. BÈr
rqulrdrnec ncy Þr no¡t raatly acen by tÌrr fotlorlrg eotrrGrÒ
pondhnorr
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DIFFEBE¡{TrAr EQUATI0T{S

bÊ.
I

)t
b.aa

I

qn...

a

-r(boq)/¿q '{'Q, . . . . r . . . . . . . ¡ . Ò . V

a|aaaataaaa.aaea.öo

.aaaaaa(aaaaa.

aaaaa.Ò.Õaaaaaaaaa

a

rnj i.+ (¡+r )oT.,ã"

a

¡e

It+ EË- Blt Sl. . . r . . r . . . . . r . r . . gr

I¡+ gt* ¡l

thea tho flrrt oquation of the gct (5.19) cquival cs to
cquatl.ou (t.9) ttrc ¡eoonð to a @onbin¡tÅon of (,.t0) ed (l.lt)
¿ud, thr thtrd. Lg egu!.veJ.eat to (r.,l|).

lhe argurcnù of the r,cgend,rc polyaont¡la of th¡ aeoont

ktnil r o t (qt* g.t* ¡.¡r)(qg')-r ls r¿thrr ¡rknardl to hanrrro anil

b¡oause of thl¡ tho Ínteerèl cquatL ona (5.t6) sesn roro t[1f -
ftoult to sorvc then tha equLvrlent get of dtl,ffcrentLal
cquatLor!¡ thus bo r,dlvanùage ¡o to tho sinpllotty of tbc

EolutLon he¡ beon gslnetL by the anarya!.s of thlc ceotlon, anrl

for thls reeeoa all thc epplLoetloas oonotdlcreil havc bccn

wor¡'kcdl out by oolvLag thc d.Lffere¡¡tLel oquatLona rathcr th¡n
tho lntegraL oneü obtalnedt abo.

The n¿1,¡ ei¡¡ of thte aectLoa, howcver, wag to ahor.that
tho r¿ther fornal trcatnent of thc ayuborLe operatora s and. E

t.n obtefning tlre dtff erantIal øquetl,onr 1s rLgorouø!.y oorraot
aail nethcnatloal.l.y pernl.sslble . Fhta has bern ahown by tù¡
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equtvarenoc of the ert (5.t6) to ths equatlono (r.9 + 12).



7ç

fhr Spl,E ?rlplot Equetl,oar

lo dlcgor't,þr th¡ r¡rl.n trl¡rl,ct stett oreh rphorf,oal hsrnoals

fuactlon f,r nu,Ltlpl,lrü. Þy yt raù 1t, L¡ r¡lun¡ð th¡t
o'{'

n., "lr ,i, "'r, ), erc ODD f,uaetlo¡¡ of n]"1, or, or, lrt írrü,
ü ¡rr EVEF funotlon¡ of q .', -a

th¡¡t {l,Lff,eræs¡¡ 1111 of oourcr 3'r¡d, to I ðtffctronù l¡t
of rquett,oar ef fer thr lpl,n liagl,où¡ but the clo llrå' nethoih

of thl¡ s¡otlon srr l,ðcntloal to tho¡e sf tbø ¡rrlvlour ontr

Equrtlou (9.¡)¡ n*nrly th¡t

ö(qrq).(rE-+D)Q-nF a lta $

¡t!.11 rppll,er, Þut ln thl¡ otsa a.. ".. trr brr 0 anå ¡l¡o el'ne¡

3 t,
I

gt rrc sðê fuaotf.oar of {. t trö brvt
a I

T,,(¡
I

atprpnBtO
lrlt

rà rr¡
o' tqaaÉrr rr(er)r t /o*.u, 

q,

cr' lL( 2ç')t å /o*,*, 
qr

,LT

,{

(g.t7)

êgI
at

{l{, Qr-r e, er,,[e.te.

ile, 0¡+r q' a1fo, êe.

l¡t!¡(er-n*r{rn}"
Th¡ foltorlng trprt!¡lc'n¡ ar¡ êeriv¡dt fron rquatlolr (¡.a)
¿ait (l.l)

e.* u(2')' å /
err il(rrt. } /
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orF(Þ-EÉ)qtala

r,. tiQ-tr(Qtp - trBs^rL
t-aa )I

o"r W(fle.e t .rs. EJI,

r'r FQ'l8lrq.(*l,Q + . u"t.' e(Þ.- Dr))

r .. r [*n e - EL + qD (eJ+t)-tJr L- r- r - o- )
(,t 4¡gq Q-tu [å* e - Et + qt (et+q )"J

! -. L I =l I )

e L )t
l+

d - ul*" Q - EL + qÈ (eJ.l )-tlrLttr)

¡rr ZtBq tQ-r [*" Q - Eù_+ qt (a!+r )-t It -. L-t t r J

IrtÉ'¡P-D!-taao
8lr Xr+ t¡- !l

?': Ir+ qr

Ëhc foltowLng lato6rrtrl êr. uarful tn thc Lntrgrrt!,on

¡sè thr cf rr
a

'l g-t

/jt e( Er - lrEr o.t ) 
-r - rr l-f

/:-.Q-'- ilc s't

¡r-

/ i*. q.t (Ql- {,gf *.t )-tr - *lr $-'
Jr a .



/ iu. *n'Q-' ( 8f - n*r sr ] ) t t*" (l-J s'r )-f

) g-'

77

(5.te)

+

ú

Evrluetl oa of th¡ î. latogr¡ll ln tbc ¡rt (l.lV) g¿vc¡

*.- - r([rq)-tlag, E,

nr' - r(&rq)-trf.*, t,
,r' - r(hre)"¡las' o, o

É,+ b.!-f. I(brqr-t/n

n-t[n. - .r* q,, (þ.

s-ll

. ¡(t¡rq)-t/aq, O, 7lF

+ [(¡rtq)-t 
In^' 

e, n-tf

¡-rs-rf "r* ( eD. (aJ+'t )-t * Eb.

,*rr-tfor. (qù.(2J+t )'r- Er,
r

q' E' eJ[n.*-tB-t+ !l*-t]

lÈìt'a, rlI

)

Anothu f our . rguatl onr nry br ooriveil by rquetleg to
trFo tbr ooeff,!.ol,ont of ragh rphcrleal hrrnon!,s lq tbo
rqurtton (515)r îbc crproealonl obtai.noil err rath¡r lragtþ
la thl¡ orr.¡

r
b.- r(ltq)"/å*l *; B-rQrbr.

,B g-1
o

I (J+t )(or*

J(Ê.+ (qt.(eJ+t )-t - Eb.Ê-r(eQ¡-¡-t, Qr)

(eb.(eJ*l )-t- Ebr) s-t(qQ¡*r- e'eJ)]

.r. - ¡([re)-'Iunrq, (s-r ) ["r- .r* e(t - bì , rt] e¡

Þ.- r(&rd-t/agr q, QJ-r Þ.r-t,

q, qrE*rO¡*r[o.Br!-l- (qb.(eJ+l ) - EL. )(r-n-, r(brq).'/¿ I rf
)
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+ r([rq)-t/oo' q' (zr+t l-'[o.u-' r-t* Él !-t

( t*t ) 1-r (r, -+ l+ e(0. - b, ) s.) (Eq )t J-rl q'Q
t

b.- L(&rq)" /o*r ar QJ**rro-' rtt
. t(+rq)-n

+ ü(4re)-r dlt'q' (eJ*t )-'

J !-Ït.- .,*

thc rf n6lrt
rçeü. oaa lr

/n*, 
e,E-f or*r[t"urr-' - (eb ( zr+t )-t - Eþ- ) (n*t - g-t ),

I t a
L !-i g-r+ É

Eb

ü

I
I

r-t

¡)t-0 e(¡ I l J
g-t ) (qa q'Qô )

å¡ for
to krcp the

ltt ot
I

8't

tl û +I

oqurtlona

aLapt e ¡t
8-t(qb.(sJ+l )". E¡¡ )

B-t(ou.(al+l )-r ì

g'¡ ( qÞ (eå*t ) Eb

t+r

nrr r¡rt rÞtr¡r ¡rc latrodlusoü

pooaLÞlrr

ra+t
)

)

)

I

Eb, r
I

Bt, ¡
t

Bb, *t
c'rt
ql*

l

Itn
e

dl¿

(e¡+t )

B-¡(qù (e¡+t )
I

g'r ( Eb

rÞ

-

- sù

t

I

t

EÞ

f

{(b g*l
a t

atl -l
I

p'
a

lLarl

t )

1r
Wlth thoro

f'l

br¡ lb, brr lb,Ittt

¡r¡Þ¡tttutåon¡ th¡ rquattonr (5,.18) ra¡f (f.tg)
nly bo atapl,i,f,lril t'o glvr
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Ice ¡ - q(þr- È:) (5.e0)

to: ' r(olr + r(Lrt)"/ae, î, Q¡- ,r"r)

to: * l(e't + l([rq)-t 
Ir", u,Q¡*noi]

etlp'a - r(*rr)-t/ct, t, [Sc' 
(eQ¡-, - {, Q, )+( J*t )e! ( EQJ*, - {, on )]

- sgb'r x(zr+t )" e[- t(¡*¡rq)-r/aa' q' (Jnl ( sg¡-¡ - e' Q, )
' ( 

+(t+l)a!(eQr*r-e,e¡))]

+ tr(brq)-tlu., r,[e¡**(ut*: + ts¡,r)

+ ß( aå+r )'n (Én - ( J+r )te, ) ( tQr-q, Q¡_ri

- t¡(âJ+l )"re(rnte)"/cq, e, erÉr"

-BBÈ'¿ r(¿l+r )-ts [* *,nore)-'/eq, s, (Ja, (eQ¡-r - qrQJ)

+ (¡*t) s, (eQ¡**- q,Q,))J

+ tt (rrre)*t/at, rr[e5-, (Erer+ ùn¡, n)

+ E( 2l+1)-t (P;* llnî ) ( eer. t, e¡-n )]

- rE(aJ*,t ) r*s(urq)-r/aq, r, Qrf'

Íbo ogrrrlpondlcne¡ ls aot ¡o obvLouø ln thl¡ o¡s., nat nly
booause the Lnte6ror oqultlone dlo not prsgrrv. thc ordl¡r of,

o¡rrratorr whloh i.s rlgnlftoant la tbc eo.ae of, tl¡ç ilt,ffrrontlrt
o qllatùono r

fhe cqtd,v¿lcaec ury be r.ra sost cacLly bo edtepttng thr



îo

trol^lrrtE; ü0 rËttpùnil,a lllr

&ft t¡SËgt DTF EB!!mEr,Ê t@å{I0tfr

ftr trÜ-ff; tf | . * t r Ç . r ,r r r r ù r . Ðl

fÛ+ tilr Et c ù . r . . r ö ü t ù¡ + t I * r * 1[Ú

ó t 0 f.útfr-lttltlttstrI
Ç . *r#

.*ll Itt
'{t(tlr' tt9¡*r). . t I ' ' r r I

/**

/--

fr
å-*ft

¡r

. I r Ì o a ¡ Õ .t l {L ., r ç a t * + t

ft r Ì a, ¡ r Ì .r a o t r ..." t a ù å ç t t ! ¡ .
I

3

lt*
ú
*

pt
a

-t.t

a,
*

Ð

t

t+ tt. rto.a t t tr a ar ¡ aa Ot

I tar attolaaa t lloa o .t a. a

r¡-lE t

a . r f, r . o r r r t r a . . . . . ? r I ú . -åi

lucao la a l aa ÓQ. a .a Ù¡ .¡l a.aÔ
I,,

*'
I t

thrl tÞr rrt (9"S) rr rçElyrlm! to thc ret (t"¡o - S)
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sncrrox 6
ff
ffi

DEItfEßO!$ PnOEI¡EI

In thic ¡eotLoa ths aquat!,ont'il¡rl'vet for thc ohrrSo

rf.nglrt rpln trdplot atat¡)tr..eppl,Lct to tho <loutcron ¡lroblor

thc bf.ntlng enorg¡r o1 ôautcron ls Eub¡tltutsdl fsr thç

tot¿I energy pf tho oyatoar

The aeln tpp:roxlmstionc u¡odl ert

(f) the o¡nl.sdon of aLt terns of ord.or { oorparatl to ternl

of, Ordi.or" Hto wherc I Lg the auolcoil Bôso ln Dcgon n¡tt un!.tc.

(1i) ln esttnetl,ng tbc orûcr of magnLtud.e 6, the var:lou¡

tcrmc ln the eçratton* thc eac¡gyJof tlre Bartiqles te casunrû

to bs snall Êoaparo¡iL to thel r ilassr so that tbe relatl'vc

mor¡eartuu oen bc taken tÊ be on6 ord.cr of nagnítutlt ¡uellr¡
thra the nuoleoß tlaoto

îbe reeulting cquctiono Erc wrlttEu Ln nor¡el forno

Th¡or ep¡lrorln¿tl to Sohrüðing€r oqr¡etions ¿t lorgcr r lnil

thc stgn of V(r) oan be dtetcrnl"aeù1 boeæuac thc s gtat¡

potcutlal, Lc knowt to be ettreotlv¡.

fbc cquotlou aÌ¡or tho prrlsonoo of t af.ngulori'ty rt t t a

whorc thc potenttal ohrnger a16n ildaoo¡¡tl-nuoucly, thlE tr

Lntcrp:retcit at a ropulsl.vc oorG ln thc regf.oa l"l <

The bouadlary oonilf.tloa, whloh rtquiroo that thr I ¿aê D



fz

state *arr fuustLour nuot br flaltc asd oonttngout ¡t thü

oo!t; lr uard. to d,crfrr ¡ td,outoroa Êora reiLLg¡r raû tÞ¡

oortÇt¡rolll,n¡ eayngtof,tc þ to I ttrtr mtlo.

Bhr¡ lË.th thc btnðlng rncrntr ¿r thc oaly cxtorsrl lnpet
peranotrr rr oas ð¡rlr¡ tho $ ucdl Ð-¡trtt r¡rt fuaotf.o¡¡ fo?

tbr ilcutrrour

rh.¿r forl t¡ uau¡¡rI¡ ràe D-¡t¡tc fuaot!.os br¡ r largr
pcs& noarer to thc sero thaa tbo 8-ttatc ¡rcokr Bb¡ D-rtrt¡
É f t ratnar IÊ,rtG (rÞsut ¡r0S).

üovcrthtl¡¡r thr¡c trrre f,u¡stlonr glçt e il,cutc¡ea quttçry-

pole nonut ef, 1178 x l0-rronr rlrlob Lc qul,tr els¡t to tLt
ö:tpcrl,ar¡Ërl çdur.
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Ord,rr of trgnttudlt E¡ttsrtlen
1

frr tho fol].arfng rar]¡ th¡ Eèroa Ëè!r 1¡ trkc¡ r¡ untt

ln ailillttoa to thc a¡turel unttl t ¡ e r I rt tbc ùcalnnLng.

fhnaprl¡Ir-1.

Ehc trLptrot cqurtlonl lroB

[- t3*,(nt*r- l) + rrv - o,J*r(,J*r' v)]îr'

-ãTi¡- [, gX rjt(rr: v) (Di Ë.- oT",î,)

.(l* n;' 3l' ni*.(r + rrir) H ) (rË,* (t+t)Ë,)]

[- 8l-.(rr-,- v) + Etv - *J-r(rr-r- u)Jî. ¡

] A'i|f ¡- (l+r ) å* nlt (rJ- v) (oî î. - tl*.îr)

. (# nl' tl - o!(r + vrlr) tl )tl;,. {r*r)ã,)].

$l.nsc 2E g tbe tot¡L ênorgõr of the ayatcn¡ 2ß o Zfr, + { whorl ß

l¡ the neg*tlvc bt,ndllng cnGrry or thr klactl'o tnsrgy of thc

ayotcs for ¡uglton-auolcon ¡crttcrLng.

åatuo!.ug r - O(t)r wü obt¡.ta It- Et' O(n)

hcaoc ,Jt' rn- ti. + t(t+r)t"- ur,o o(u)

*J'r(t - ãtt (tå-- J(l+tr"-')) ' ô(x)

olo¡c to tbo oorr Y.o(il)¡ Èy eoatrn¡rtloo $1n, - J(J+r)t-t* o(r)
Iar6ost t¡rr f,n thc eorc rogllon 1n þotb cqurtü.onr L¡



VE y o O(Ut). ?eraE of, O(t ) end anallcr &r. negleeteil.

f+

ê to thc l.argeat torn ¡t lrrgc dllattnoeor srÎ t O(xt)'

¡rotinatl.cn ÍaVolVeE onisgf.o¡ of ter¡c of nrgnl.tuûe

of tbe Lrrgcøt tarn Ln tho aquatlon. V(r) sat!.sf:[cs

rË Eguatlon av s ¡rrvr honoç Yt* prv - t o'. rf, Ln

n to tbe abovo oLcpllfloatlonE ùho vanlrbler

t. ' tãr* (J+r )Ër' J*.+ (J+t )re ,

J+r
Con¡rerc

tho spF

Lrplaoc

¡ûd.1tl o

-d3-3-3813-ra-ttt t

erc lntrodluoct, thc followl,ng aquationr oan be

(t - twt)(ar+ ?r-te*- l(J+t) r-te-) - (ür' gt-

- w' (t + zw)rf+ ¡,,tw(t .+ tr).-- ltz t
r

(r - *wt)(.1- (Jr* t +2)r-rr.*+ 2J(J+t)r-rr-) -
r rraf + (r + av)v'"-t"*-

dlcrfvcð.

vr)r-' (6.1 )

il)Ut 3-- 2¡-1ffi'a*

(Ut - 8r - Yt )..t

ilrrtrt rr

îhc p wlll not ôppêar cxpllof.tly l.n thc follonlng work¡ beoousc

çc hav¡ taken &¡ 3lr thcn I wtLl be êlnenslonl¡¡l e¡dl ell

rnonønta wtII bç {n u¡¡lts of po¡ dtLst&noes aro i.n unLtE of

(t¡(ps )-t ) .

Changc of, VsrLeblo

Ftrat put ã*' 0 (t).-k"
Nrì-ktl
a-t 1(frt

Thlø subetltutlon g1veg equctLons 1n 9(r) ¿nil r(r).

Put r a s/t - (5 henoc åË " - D/* ¡nd. 0(r)' { o(t)

r(r) 't r(t)
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fhc equltLonr !ôy now bc pnt lnto thc forl

ö ' td + $rc + tt (6.¿)

ii.Qi"Er+8e
çbor.r ¡ ôot d.ouotct dl[f,fcrc¡tlrtlo¡ wl.th rerprot to tr !o
atnpllfy tbr net¡tlon lrt f r, ?t-f trhrE Sr. TrI-r
p ¡ - âEpt-f- (f - ågr)-t¡, pt-. (6ar)

![ r 2b9t-t- ]¡prt-t* (¡'+ J + !)(f - q?)-tptt'r

ô (r - tr¡)-tp.ù-t[r.t-f - vrt-r(f * ih¡-f ) + Frp-r- kt?rçr+

t.*

(J+l)(l - tt)-t Þtt-f

+ (t + ar)rr (p - gt)--l

(! r - 2ls¡rt-'- W, (î + At)(l - *F.)-rp¡-r

t r 2lcpt-t- htptt-¿+ J(¡+f )(p - qt)-rprt-t

+ (r - *ü.)-trrn'n[rat-r- Ft-r+ (l + 1[r)wt-i+

+ r'(t + ag)(p-'- rt-f ) - (a + u) w, (p - ut)-t]
B r o f (D - gt)-'Ert-r- ¿ççr(1 - twr)-t(D - qt)-rÞrt-¡

l
n'rei
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.û.DAPrIofi 0t rHE înrPLEr EQLAIIon$ 1r0 DEI¡fERofi.

llcrç tho generaL eguetLoaa of thc provloua ¡øotl,oü ar.
oppllcô to the dleutcron ¡lroblou¡ by ta&in6 J ¡ | endl, X t å 8.

E. of dloutcforlr

îhc crplloft fom sf thc Tukewc poùentL¿l V(r) la eet-

rblldrcd[, þut tte al.gn 1o not ðetermlnc(l,

Tho eguetl,onr 016 But lnto norael forn Èy a tranrforna-

tf.oa, whloh elLnl,natc¡ thc velooLùy ilepoadcat tern¡. fhc

reeu¡.tln6 equatl,oa¡ talc thc forn of, Sohrüdtlngcr cquetlonc ct
lar6r r. Fro¡ tbeec the a!.gn of V(r) ls uncnbtfuoucly d.ctor-

nlnod.

thc oguatl one aro solvcð tn the negloa of lergc r¡ whor¡

V(r) uay Þc acgÌeotoil. thesa ¡oluti.or¡q arG uaedl to stert tho

nunerÍoal intcgratloa proooe!r

Charaotcrl.gtle PFûparti,ec of, Deut¡roa.

Tha tdal. cpln of dlauteron la'1 , Eo thc trd.Blct cquatlonl

w{l"L epBly wlth J - l. .{.¡ ¡horn Later¡ the øpln trl.plct prob-

cblllty nqy bc sxpressoal ln terra of *, ,J-, "od t, ,r*, oot".

Hcr¡ec thr groun{l stete of dl.eutoron i.a c nlxturc d S a¡dl D

at¿te¡.

tho bLudHng cncrg¡i', of dleutsron lo 2.226 úet

oquetloac kt= Ir- Elt
¡ It- (I - å¡.9)t . r(n.r)

I
?)

a fn tho
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Uslng rncson Då,8Ë t¡ni.t¡i nlth b ¡ o r ¡ r { çe get k r O.3tg2.

Theoo ari tho only ex¡rcrtnantel ohareetcrl¡tl.oa uacdl¡ to

ectapt the equetlcno to d.eutorou, togethar cl.th ths raaucptloa

thet, cinoc ê,autoron Lg predlonlaaatly 1n S-statcr tba S-statc

cgulvalcut Sohr6d.lpgcr potentlaJ, nuct be attraotiycr Ac .ehosn

in tho nert pora6reph, thtt rrltl untrquely f,f,x tho forn of thr
pot cntl, atr.

f hc f ¡t errotf, on Fot c¡¡ tl, al.

Tho LntorEotlon potentLeL f(r) I¡ agsuaed, to Ëe of, TukEva

typr V(r) a ol-t/r. the forn of, thc ooastant o l,s d,eÈernl.acil

ùy tho followln6 arguD€at¡¡

Eoth oquattons havc a rin6ul*rf.ty et I - tWrr O. Àt

thla polnt thc oqulvaXent SohrtdJ.nËG? potentf aX, ohangcr alga

illsoontinuoully. If p ll a le thc solut!.oa of t - tft(r) ¡ 0r

¿ f,oroo whloh la attraetå-vc for a ' a bsoonos rcpuLsLve Ia th¡
rcgion r < ôr Fhcref,ore t?,ía oonðltfoa ts rai.dl to {Leflac the

re¡rulslve ooro oî ùho nuelea¡r foro€ aRd r r a Lc gallod thc
noor€ rad,f t¡¡i.

1 - Swt (r) c 0 1¡ aolvedt by r ! B¡ if w(r) t, f8.gt-(r-e)r
hcnoo o ¡ ü I {Z e Gâ. ThE rJ.6n of ü f.s determlrredt by tho

oquLvel ent Sohrlût ngÊr poteur t5. al.

Ifsrn¡l Forn of Deuteron Esuatt. 0r¡6r

Thc cquatl,ona (6.f ) aay ba put Lnto norsel f er by



t8

lubatltutdag
f+z

I

r(r) . ã*(r - *{z v (t + tfa w)

kz -kl
c(") o ã_(r - trr) (r - fi{2 v)+ (r * üfe w) r

't (l - *rt)-t(*r - gp-l{rr (1 + r) r (ft. Et- Vt)

- [r-r] (r - årl)-r(ü(il, )t(r , it - eft))

+ ho r-"(t - ilrnn)-t* bt r o

l

¡(l - jlxrr )-l , ([r- Es* Vt) + (w,)f * (* " r)r + u't (l - s)t,

* il o(w, )ü(t - *trt)*r- ?br'!+ 2þfW, rr'l

+ abr-l (l - *wt ) + ctr o

for ¡ufftotætly lergr rr rô that Vr rsarl oonparcü to I
the equett.oes rcd,uo€ Èo thr 8ob,rËilt.ugor tïBr cguatloar

t

l.+(nx*vr"t$)t'fr
a'+ (ur + r"- t &)

rbrrs E r * +:;ifl rl[ü. w . $.

t'Q,r b*0

2,

;.o+ f* a,ir o*O

Eh¡ I aual Þ ¡ü¿tc aora¿l forut rrc fouaif by ¡ubrtltutttg

)BrÈ+2q
9D.b-o

tnte thr sbovr oquatil. oal



t7

sr+ (nr + vt- +.+ Í) e + frn #. o G,5)

E'+ (ur + vt. $.* $) o - $.4 " fs r o.

If D 1¡ nrglcstril l¡ the ftr¡t rquotlop of, (6.!), ttlåraotty
cqufvalont to equatlon 75 on pp. 86 of Br'pn¡¡!) vrl.ttr O'ß'

acgl¡ steil.

At dllctanoc¡ whorr lr uay bc nogle ctrdl¡ thr E reçl
potc¿tlet l"t &Esr¡Eei!. to be sttraotl,Yl. thcu lf tho o.',ayüBto-

tá.o D to S ¡tetc retlo ls ¡aaLl or negatlyt.- *t$ *lI bc thr

{tonineti a3 potenttsr. trrn, ro * , - "3;-(r-8)tr

Aryuptotåo Solutlor!r

Ât largc r¡ wh¡rr V(r) nry bc negl¡otsil the rguetlonr
(6.t) (6.e) t¿kc thr alnplo fsru

- It
Sr *t ã-- *t ã"' o

Ë"' e(r).-ko¡ ã-. r(r) 
"-Er

- grr Ë-* $. ã+- Er ã-* o

/
at

rÞ

E
ð'¡

l+
+

8uÞ ¡tùtut r

0+ ls
Çr 8'2r.6'r0Ct'

l.f- 2!r 7+ 0-2k¡'¡¡O

*.

eud Se 0rE¡T



Qo

to grt th¡ dspLa cguat:Lonr

8t- 2L8' r 0

ÐQ-
6ir D-ãkDf rO

A ¡ltrtlaulrr aol¡rtlon 1â I r coaüt

Dr

Sinoc thc dl,out.Foa üi?ü funotlqne ¡r. not $ororllrt¿
oaly tbr ratl,o aail not thc na6ni.tr.ldt ¡ of, thr tro rrbltrorgr

conctant¡ t¡ Lupontestr [onol t¡kr

8¡f

*f+rr (*. Ir\
T)

¡r
-,

t3*;+

D¡

¡t tbå rtarttng tsluor for thr nunsrtoal inte6ratl,oa. thr
ooòrt¡¡t'ü f,atroðuo¡dl h¡rc f,¡ throc t!.asr thr ssùus1 oð¡rnp-

totl.o D to I ¡tat¡ r¡ù1ol

toundtoq¡ oondtttLsng rt tho oors rl11 br uoc4, to ilrtrrnlar
rh¡ü v¡l,uor of rûr rndt thc oqr. rslliuc i.i gtrc plrya!,eelly

roooptrblo oelutt oslr

)
k+-+
!
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SOI,ITXON AT TEE CORE

Eero tho dleutcroa eqnatf ona ar€ sotrvetl by gcrf.es 6rpan-

sl,on¡ Ln tho 0016 rcgl.on. lhc ooeffl.oient f,unotlon¡ a¡r¡

expandl.edl ln powrrs of (t"- t)' lcro¡ of orilcr (tr- t)'

ond aoal.lor erc aegloetoô' fn ordlar to 5ct f,our líncarly

tndlepeai[æt EoLutLohs¡ thc colutf.oas ôrc a8auüodl, to eon¡lct

d e rogular power corlea, e Bowtr ¡ortc¡ nultlplletl by

(t - t) to a f,raottroa¿l pow.r, enå r poroa ¡lrlc¡ utlltfpllrt
o

by 1e3 (t.- t). ft ls ahoçn ln il.ctâ,lX, that this aasunptlon

yicldle o conglstont set øt eolutLoaa.

a¡).
al

Deflnltlon of roorG reglonio

w - - {z "*-t r-(r-a)
rhsrc ¡ la thc oo¡ic radl,iu¡ ilcflncô ¡9 the valuc of, r for

whleh 1 *'ilwrr O. rhe varl.able Dcrt of W lt r-lG-s, herce

r¡dllur sf, oonvcrgencG abor¡t r I e, ls Br

The tcor. reglont ta dlcflned. ee the rc6íonr nibtro

lt-"1 <<

l.a th¡ val,uc of t, eorrocpond[lng to r¡ðr

'1 - lfwû' f2 (r-r)n:- t (r-a)r(*;t - {z tt) + ."
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Dcutoron Equotlonc t,n thE Corc Rcgfoar

The eon¡rutor potrv¡¡ thr cquatL ona
ac a

ð*P9+8tÐ+3,7
(i)"Êi+Br +s{t

rhorr P, î1 E, Q¡ t, I *rt funotl.srs of t, giveu Þy (6rZe)

(r - $pl)'r L¡ rtlnguLar st the ooro¡ benor ln ttrr oo¡r. rogf.on

tba cguaùl,eaa erc wrLttça ¡¡

(f - åwr) ä' prô + îr8 + ft,rr
(l - jlwf) i. Q,i + Urr + sre

whcrç Prs (t * åvt) p ltor

t.lr th¡ yaluc of thc rer!.ablo t glraa by ¡ t P/t.- q nhl,eh

eorrotl'er¡di,c to thc r¡Iu¡ frr¡ Erpand,N.ng Ln Bowcrr of, (l - t).a
rnil nrglcotlng scsonê radl hi.6hcr ordLon tcruo tbo cquetLon¡ Esy

br rrl,ttsn Ln the forr ¡tetedt be]'or.

Dor!.vat{oa of Regul¡r $olutLoa¡

tshr dl,autcron equctf.on! årcl
(t.- t)ö ' (t.- t)Ri + (tr- tlre + ttn- t) Rt¡

(È.- t);''. (t.- t)eí + {t.. t)s1 * (!.- t)se¡

fhr eoof,f,l,,olcnt funattoal Fn f,4., Qr U, I arr funotf.oa¡ of

t ond, uay Þc erpendteô !.a potrGa! û (t * t).t
FsP(t't)-n+P+"ooüt
8rT(t-t)-t*l+...

tlt
B ¡ 8 (t-- t)-t+ Br+ "'

¡l

Q¡q(t-t)+Q++....ol I

1 'o:(lr- *J.rï,¡
s a s (t - t) IIr I

laa



'9s

Ia tbft rp¡r¡no*t¡¡rtlos oaly thr fl¡nct tço tcru. 8r. oonlliler-

Ëtr arglcoting t¡rrç la (t.- t)l c¡û hLghür poncror

th¡ .o1Éttont ¡rt ¡gcupodl to b¡ of th¡ f or¡r

s r (rr- ort 
*Ïn 

(t.- r)\r

r r (t.- t)Y i (tr* t)a6roo:tl

Conrfdlcrl,ng croh ttrn La tura, thc lsçrct oooff,f.oi.cato lppoar-

Lng ln thr O cquatLoa oFc p - 1.9 - l¡ Ê¡ Y + |
å.s th¡ f oquetLÐB &ro Y - 1¡ Y - 1r Yt P

çhorc lt h¡r bcra tel¡ru Lnto oon¡1,d.¡ratl.on that Rrr Or but

ü
s rfa not egueX to ECttor

a
Er

a
At

a
a)

I
rt,

ItP

lbr rcgulrr ¡elutloa ney bo obtataoil by aøauulng th¡t

I ; !. Sboa tà¡ lnÂto!,¡l oqurtdoae 3r. glvcn by tho oo¡ffL-

el,rnt of (t - ¡'¡Ê-r an{l (t - tr)|-r rerpcotlvoly.'a a

É(p-t) . - ÊF¡

r(y-l) ' - YQr

8bo¡r or¡ rolvcô by F t I or I * P.

yüOorl '> Q.

rt thi oor. wr heYa

P r [-rr - $A, o - O.7e7t0678
I

q.-{}fa+ Zt1.2gt6ll22
I

Slner P,¡Í g r tbc v¡Iuc. Ð'r V , O ns¡t Þo ohorcn to Èroa
oon¡f,atqrt ttth ùtqr tnlütal' esruaptl,on of Ê : l. Thaar rra

(6.4)
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thc rógrrlar solutiong

Osb+
ë

b (t - r)lo

1=O+ r)

+

+

aaa

aaa

o
o(tÇ

to

rrtth two arbltrery coefficLents b anrl o .
ù6
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!h¡ re¡¡a{,Êta6 fndlrpoaåcrt Solutlon¡

Arsu¡c thaù tbc otbcr peLt of f.ndtr¡roail,cat ¡otrutLonr tr
gl,vrabyÊry+2,

rnlt tbrt I r (t-- t)É i lrr(t.- t)Ë
ü !ûö

î r (t.- t)Í i oo(t.- t)Dfro

rbcro lo. Iro" Do, log (t.- t)

6 3 r (to* t)É-r[arr* (p*r)rr(].- r)+(É*e)1.(rr- r)r+ ici

+l +E (t-t)+l (t-t)r+... 1ta rt . rr-. )

e . (t.- .)O-t[Oþ-l )8.*(É*r )!1, (t.- t)*(p*¿) (B*l )1. (t.- r)ra.,

+ (aP-r ) + lepr¡)trn(a.- t\+(ap+5)t..(t.- t).+ ...]

(s. g)

(6.6 )

(6i71I3o +6u ûl¡ Êrt

t
fl

Ioc (t - t)
Ò

+ (ey-t )c + (ey+t )s + (zv+gle
OI tl

I n - (t.- t)y-t[ra.* (y+l)or(*r- t)+(t.e)e.(lr- ù)t* ...

+ Gtr* t., (tr' t) + t.. (n.- t)t+ '".]

? r {tn- t)r-t[r(y-l )0.+ (y*r )ysr(t.. r)+(y+a)(y"t )0. (t.- g)r¡...

t lt .t.
I

In thL¡ ol.G F-1:f+7, henor r trrro¡Der LndlLolql tquet[ou c¡lptl
ontr,y for th¡ f-fqu¡tloär
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îok{ag the oosfftoi6¡rt ú (t^- t}y't rc grt ln ûctri¡"¡'a

y(y-l )o..+ tog (t.- t)y(y-l )G.r* (zV-l)G..'

r - C (yo + yG rog(t-- t) + o-l-al-oaa )
!l

ff thl¡ rcLrtton sl¡ould. holrit f,or ¡lL valuer of t çtt¡hla

tbc ooro rcgLoan thc oooffleícnt of thr IOg ttra nnrt reni¡h

acprretcly.
(Y(Y-t, * yQr )o".' o

Thl¡ ls ro lf, V n O oq Y ll t - Qr or 6..r O

tsdtr y r ! : Q.. Wo. åf-fgÈå$JÊEg beoru¡c lt¡ eoaf,f,leLent

tenlchê¡ ¡aè thr ¡quettoa roðusca to

yG sO
la

roG . 0¡ bloeulr V / O,
at

$lnll¿nly by takLn6 ùho apBroprlate oooffloleatl

0 ¡O
ll

o t (U - e Y)(Y+1)-totr l I lf
C c0
ll

q ì* t((ü * Q (y+{))o + u o Xy+z)"' !l' -". -r"
Grn* *4. (ar + g)" E..

s ' *((s . A (y+a))o + t. o. -+ 8-l- - )(t+t)-'
tt o l-' ll I tl l.f

¡¡ô ¡luil.er erpreed,oa¡ feæ the othor eosfflolents.

Fhc ooofflol.ent¡ of thö powüró ú (t.* t) fn the 0

rqurtfon ney bc c$rotrü la o d.olLer FÂfr For (p-t) tl 6rtl

fll-'t)tn. (æ-t )t..* tnþa.. D., ) - Rr€.* o (0.4)

agaln thc oorfflotent øF ùhr "lsg tcran ¡houldl vanL¡h lnôoBoar
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üruËly, te tbet rt hevl ¡!,thor p r O of É I I - 
". 

æ 1... O

rr rol,utL oao of thc rgnlË, oa

l:OÊ(P-¡)t.r* P.É ta

D r O luplfee | ¡ Or a¡dl hraot tbc dtlre¡rprrreno. of, oa¡ d
ta"aa

tbc ¡rblùruy oon¡tEnt¡o |fe þc ooad.otæt lrlth our SaitLrL

trrueptLoã üa su¡t ohoorc p r I - 
"r, 

ÞrÊeul" 
".- 

Qat - t.

fhæ tho oocfflot,ent û b la the rguat!.oa (ø.a¡ raalrhrl¡
ta

.o Þr, raü thc oquaä.o¡ Dcoo¡or

I ' B lzÊ-t)-ter. I tl

fn thl¡ nat ¡11 thr blgb.r ûortrfloÌæts ntü br å¡r{v¡ê.

1ilbo ¡olutloa et thr oor. h¡¡ tbo f ær

I r (r¡gul¡r ¡¡Euor ecricr) + (f,reotlonrl Brlr) + Io3(ù.- t)
(fr¡ott oarl p.l. )

t * (rrgul,rr po¡rrr arrl.rr) + (fraotf.on¡I prlr) + rog(t.- t)
(frEottonel p.¡. )
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THE DETTTER,ON CORE B},DTU8 ANþ WATE FUWgflIOIfg.

În epttc cf ¡J.L tho stn¡rtl,f,yÍn6 approË.arti.ona¡ th.
cquat!.ona (6.a) Ê?c stlll too eouplf.oeted, to haçc eny bopr

for an raal,ytá.saL colutlon,

Ehey o'en bc íntegratcd, nunorloally howeter anil ¡ dlcË.

orlption of the progtr¡ene u¡edl catl a ll,sù af thl Fortren

Lnatnrot!,on¡ ÀrÊ glvcn Ln Appcadll,r !¡

A rslutlon tay be f orndl for &¡Êy ooablnatlon of ôorc

radllus andl aayaptotlo Ð to S Etatc retlo. å bounû.ary oond.Í.-

tlon f,s nccilcû to ootabLlah ên cf,genvalue probl.ær

In tt¡r Laat paragrapb sc ðorl,vedl the gcneral solutl.o¡ ln
tho oorc rcgl.oa. It oontdna a rcgulor ¡)orcr ¡¡rÂel e¡dl ¡
freotlonal pow.F ¡crie¡ arå,tb loterlthnf.o tcrsg ln ttt

ths follor!.ng boundary eoadll.tL oa l,t apptrÍ,cô to ært out

th¡ phyol,oal ¡olutLonr fron thc unphyoloal, on tf

tllhc B-B enpXttud.c cnå, tts êerlvatiçÊü nuat ba flnLte
an t[ oo ntlnuoue et t hc ootr t o r

Suoh ¡ ¡ttu¡ti,oa ¿rl,sec oaly whaq the ooluùIo¡ et thr

oore Acce not oont¡Ln any freotd,onal power qeriet ooüponont.

fhcrcfort tho probtr,on !.a to flndl the oonbi.natloa of ür;

a.trð 'år çhloh gi.yc rogul.ar poerr serles at tha oort¡

fle put thls queotLon to the oonputer ta tùa follorâag rôyt



??

(l) rolc lntttal oore redl.:lu¡ "* lr eesungd,.

(ft) tha eEratlona ¿rc lntcgreteê lnto thr oorc f,or tço

dll"ffcræt values of, aoya¡rtotf.E D to S retlo ôrO. ¿nd, thc

rtrulttag tro loluti,oar lnterpoLateil to ôotcralnc th¡ a¡rprorl,-

nat¡ valuc { of ili whloh roulil have el.lnLnatcll thr f,¡'ao-t
tl.o¡al powc" scrte¡ tor¡ fro¡ thr t cEnettou (n¡¡aly on¡ thet
glvoa o ' o)

O'

(fU) ttrs Ëa¡o llncer LatcrBolstt oa Lc uEeð to dlrtcrnlnr
b for thlg ooeÞíaatl.oa (¡ s¡rdt d, ),it I t

Íhls proocdure lE ooatlneoô untll õoEG r.rr dlr, 6lvor a

auall veluç for bott t.ad b"a.

lhc¡ r, aadl it rrc uaeð ¡¡ iaput a¡{l cqurtloar or.Jr¡
intcgratct onof Eorro lbc re¡uJ.tlng Esva funat{ont tn. t¿bu-

latetL. ÍhL¡ oolouleÈl,on cotr eË a oheck o¿ ùhc taterpoletLon

Bro oeêurl.

.â- flov ohert ¿nil e l.fat of tho Fortreu Ln¡truotloas u¡ell

on tbe IEf 7O9 euil 7O9O oonputcrr rl"II be S.no1udLedl l.n

Appsr¡illr l¡

A ploù of thc S-atcto eail D-atat¡ t-8 aplltuilc¡ for
d!.crtoroa nulttpllcil by thc raCtlal dl.stenor irt Ls €l.ren ln
Flg. 6.1,

Thcy uere obtelned, wl.th s oore radl1up an¿ oaynptotlo

D to S atatc r¡tio oc¡oblnatÍoa

¿¡0.5Sxl.116x{o-ft€o
ü r 0.08f
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tretorc¡ting f,crtulo¡ of tb!.¡ Eslutl.oar
(r) Tbr D-atat* roptttndtc b¡e o u¡-luun valn¡ otrorer

to thc oora thrn tho aorr.¡pondl.{ag g-rtatl naÍlpu¡¡. tt f,s

&rngæ anü b!,ggrr thaa the corrrlpoaillng s-rtatr uaxlnuqr
(rl) thr rrre u¡ctrr ¡¡ah curvr tr ef, dppro.lnetrly ùàr

rrtrl u¿8nlteårr Þut thr ¡stu¡l D to g ¡teto proÞablllf rrt!,o
aurt Èr or,louLat¡å frcl thr norrcllrtng tratogrrlr d tht
Brobcblllþ ûmol,ty¡ r¡thor th¿¡ thr B-S anpl!,tulttr

(ru) v"¡r clo¡r to thc oor., th¡ ¡orut|.on i.a grrl.tr rG-
¡åttvr to oh¡¡gor la thr tro partnotcrrr è gil åc glrr,¡

rxplclar thr uLni.asn ta thr s-stato ruptt,tuû.e eudt thr etrrp
ûc¡oæt d thr D-¡tot¡¿ wt,tb ürrer! of lætcgratlo¡ r¡å ¡ppnor-
l¡rtåo¡rr ln tb¡ orLgf,ar} forusr¡tt,o¡ of tbr au¡crLo¡l preblcn
ao f,urthrr Eoourðèy ls re¡lly ntrreatcü.

Tho Ë-8 rrr. funotf on¡ slltr bc nornarl¡¡t ¡¡il rucd. to
o¡leul¡tr'thr dtcut.ren quadl,ru¡rolr noneat.
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Soruoliãatlon of, tbå Deutcroa TÍaçc FunstLong.

Sho oppro¡Lnatlo¡r u¡cdl, thrøughout thit sslculatlon
(aaatI nonætua, noglcot O(f ) oofr O(ft)) üqf Þc uaoil to

elupLtfy tho ppln tr{,plot probebtllty tlea*tty Cfrræ Èy

equatl,on (+.4 ).

Iro¡u¡o of thr stall v¡lur d tho d.¡utcroa biailfng

Gnorgy we Eay ¡lto åaruEr

BaX
Sh¡ tcrn wlth trf, uay be onl,tt¡il bco¡u¡c thr fr*ð l,

ar. orthogonal mdl hcno¡ thr ororlter¡ d,o¡¡ not sont¡F1but.

to tb'r nEruelf ¡rtLoa !.utc6ra1,

Erlng tl¡osc approxlaatlo¡¡o wc grt tho fol.lowlng cr¡rrerrton

, * - tlr(r-w) tr (r! ..tr.i
trt' - Jt4-.' (t - ootro)Filr

trt* - (J*t )t{*r- (l - eosrô)til,

rhorroo¡0rrrt-t
henor Tr t rr li t I eüð Tr t.. lr t.I t t 't

Tbc lntcgræil of the nsrnall¡atlon lat;6na,l f.r plottcit
ln Flgr 6.2 ast gl.vco tbc f olLowLag reaul,t

þ
ilY¡)ZUrxlr.llr.

Bhc Deutoro¡¡ Quad.ruBolc Honoatr

¡. e f l)
, tt

Thc gucêrupolo aonmt, o¿loul,atcit by tho ¡cthoû glvcn by



P \
Þ (,
.,

Þ v
s

s
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grrnrül

ttr rLr¡çrrt yúrl ¡*ço ty Ðrrtrll ,, gl f¡
t *'l{?? r tt€f r st

snr ratrlr fr rgåstry trrmr !&r¡ &tl¡ trt ftr sr¡rftnlftr
r*y lr {rr tt ttir rcrttir*g d thr r*rutt & ü,r$t rsssüf
*¡ rrd,r¡üoe cf tÞ¡ ¡r.r r*ürr tbr owçr ¡# ü&r tntr*rr*C, d
t"hr ¡nrtm¡retr roü:t gl 6r roær&*rr$. os llrttÍrúr
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sEclr0[ 7ffi

sPxN sxtretBB 8tAlTÉRril4r

Thr .ptn atngrrt rgurü.on (r.rt) rl .r.oü çrth!.s thr
tr¡d.d'¡r rgprorf'neiú. oa aaê tbr instrntea¡our lnttrootf oa e¡rp¡ror-

Lu¡tL on¡

lho lqurttou [¡ l!.nrsr¡ but tbc so¡f,f!,oLent funoùloa¡ ¡rl
too lavolvlt to rlloç.trho üe¡r!.vrt1o¡ of .a ¡,Drlytloal, ¡olutl.oa.
8or aoa'rcl¡tl,rù¡tlo ¡rortl,ole carr5li.t te o¡¡¡ Latroduoe thc
r¡rprorlustLoat

s-1. n-l
r r u(r * tu-' ( tir- J($+r) "-.))

Fortueatrly thr oBcrctæ s rppoerr only at s!, beoau¡r tt ho¡
ao lLnplr uBraclon ¡t Bon-rGlatá,vtlf,io tacrgf.oa¡ thnt re
fur"tbcr rpproxlnct!on ta RGo6ssary. lbo cquatâon i¡ alnpl"fflodl,
furthcr Èy nc6lcotrng artr tep'. of O(r-t) ¿Bd[ aorrlor¡ oonprrod,
to thr l.argelt trr oû O(fr). fhr olapllft rð cquat!.on ghor¡ tÈr
¡¡rcËcao. €f r alngul$lty ln tbo nuotr¡on potentlcl çbcrt tho
potruattr.l ohengol rlga dH.¡soatrnuou;ly, .ål fo¡r drcutÇron, thr
soro roûl.u¡ fr gtvrn by thc.¡olutioa of

V(r)r, ¿¡l
¡ndl' thcrrforr,,for thc l¡otppto spin alagletrwl u!ú tb¡ d,cutrron
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soDr rcdltu¡

c r O'54p

whrro p tc¡¡otc¡ G syatcn ú unlta in wbtohn fi, o andl tho n¡¡¡
of thc fteldl nooon afó takcn oquol to untty.

Ees¡u¡c thc lso-¡pLn rtngrot rlgcnvaluc r.g +j $hr¡.¡ tho

I'go-¡pln trlpl.ct clgeavaruc tc -l r the Tr¡&¡wa potsrtl çl hrr
to br redtuoodl. by -* rr tbe equatton lg eppltcdt to thr teotgflo
rpl,n tr!,plet ar fol. proto¡*proton soattorin6. [hI¡ fg rlon¡ by

dlcf,lnlng r aor ootri rrillua for thc tpo-toplo apLa triptret Þy

tbe rol¡tion
a¡rrrsleß

I
uulng thc abovc êcutoron, lro-epl,n atnglct oor. r¿rH.ur aa r¡
thfo la rolvcil Èy

trr O.242p.

BogLdlee th¡ oorc red,lupr tho onr-y othcr Lnput Barcnetor
rhioh relates th¡ equet{ona to e partlcur¿r p\yaLoer sLturtlo¡
La e veluc of th¡ tot¡L qr.rgy of the ayaten of pertLoler unilçr
oonclalor¡t!. on.

fbc gærrrl botrnðary ooaôftl,on nenely th¿t tho B-S

anpll'tudl'c and a1l ttt d.erLvetl.ves should. be finits ¡ndl oontln-
uout cvcrywhcrö ln 1ts tloual"n of dtefini.tl"on f,r appL!.e{l at tho
oorcr to dlrtcrnine tho ¡usleon-nuolËoa phase ghLft¡.

The phaoe ¡Ìrtfta aro orloulatolr f or Doth trotoplo apln
rtetoc andl thc flr¡t throe engular noneatun ¡totca ovlr a rengo
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of onerglo¡ f,ron Zlcor to aÞout 160 Xcy.

IlnJ.lkc tht uaual heril:oorc hypothoats, rtth tbc wô?c

f,unotLon oqual. to tçro at tbr oorG, tl¡o flnlto Rot¡-le¡lo valuo

of tbc l-$ anBlttudlc rt thc oore l.¡ ea eEccatl.al ool¡scgucno.

of the aaelytf,o oharaoter d tho aolutlon et thc ooro Eurfeoe'

It' ls ¡sguncrl that rlthln thc ooro, the atrong repulsf.on wlII
rapLdlly ctanp tho r¡va eopll.tuelo to negllglblc proportlonË¡

lbc ¡oLutl,on Lr expandtodl, Ln porer serles tn thr oorc

rogf.onr ft oonsi¡to of thc rutl of e reguler pow€r rcrlog rtth

Qnc erbltrary oonat¡nt &ndl i serler in freotlonel powers of th¡
radll¡I vorleblc, lnvolvlng tbc ¡eoondl erbftrary oonotrnt.

To Eatl, e fy tba eÞ ovone nt leucdl bou niLcry oonilit lon, th c

frcstf,onal power ¡erlal hes to be slfmtnateit. lfha e].l.ainatlon

cl'etcrnlne¡ thc phaao shlft andl lcoveo only tho rcgular power

aerLes e¡ tho ¡olutf.on l.n the oore rcgl.on, Onc erùftrery
s onst an t rcntL as . It wt 11 b e rlet Ernl nedl by t hc nor nsLl. s¡tl. on

o oncll tL oa.

fhc requi.renent thet tbc ¡olutlon L¡ to vaalsl¡ at thr
Gor.r soul.cl. regulre thet thls rcnal"nl.ug arbLtrery ooastent 1E

tero. ?hle rould irapty that tho solutl.,:n [B loro cvorywhero.

ThoroforE thr rcoft sotret L¡ ea essenttal oonnâqucaoÇ of

thc Bl,awas equatJ.onsr ft ray be lnterprotoð a¡ Ë Eoasuro of tbr
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Btrütrsb!.llty of ttre oo16. Iiûo attopt, howcvor, has bcen

nailo to dlctcrníne the bchavl.our of th¡ aolutlc¡n lncàde thc

oore , alnoc trt L¡ ocrtaialy cn¿tlr etrd the çaliðtty of, thc

epprox{n¡tÅ one uaed. beooneE antf,rcly queotfoucD¡.c In thc

aod,6lrÞou¡rhooû of thr orl.gln.

8lnpl,lftoatL oa of tbc Eguatloa

wlth o.t trc¡ thc equetLoa (¡.tl) nay b¡ wrl.tten Ln thr for¡

(str - VfV)a t VE-r(vtu + V'(nr-r* a')) - V'r'+ Vt[-'v,d!-l (Z.t)

for lnall cnetrgy E'f L¡ spprcrl,uatcil, by X-l . CLoso to thc oorG

Y ¡ O(r) snd, r r O(l), ro 1f wo negloot O(I-r) Eatt snallor
tcrnr oon¡reredl to largeat tern vrr O(lt) thc f ollow!.ng cquatlon

roqultr ¡

(r

rhc ¡ubatltuti.on ¡ s t(t).ik" 1s qaalo to

, tw., (Ë. - ¿q*1À) n.- (r.- si- (r * ttr-')vr)c.,

r S'(nl- nro-t )

renova thr wr'vt fom

0.2)

o

fron thc sol.utlçn at lergc r.
by ü¡

trho foLlovf.n6 equetLon l,¡ aetl,rf,lod[

(t - i[ilt)(r'+ zf.tlr- htt - J(J+r)t-tt) + k.t + (r + åt-t)v.t,
r lf' (t'. fkf ) - frt f-t t (l.f )

the Àaynptoti.e Solutr.on

For J.ergr f, Y.r O¡ andl, wr r¡ry takc eolutLoa¡ of (l.l)



wlth Y ¡ O es laLtlal v*lues I'n the lntegratlorr of

equatL oa'

tt + ZLb.çr- J(J*t)"-rt, O

for ,l ' O (s-atotc toatterl'ng) t r ooaEtaat solve¡

tLon¡ ¡o lrc Eay tabe t ! I as rtartf ng Íalue.

forJú1 (P-otatr¡o¡ttcrlng) t rh+ltr-l ¡olro¡

fæ J r ?, (D-stetc ¡oettorlng) ü . *þt- r'l+ I'Er-t

'o'/

thç

(?.4)

tbr êEu¡-

( z.l*)

Eorver (Z.g)

0h¡ngt of Verl¿blo

For oonvcai,e aoo f.n the nunertoal tntegretlon a notr varl,eblc

!,c tLoflncdl, by P ¡ pt-t- {r thc oonrtantl p aÉ g Dsy t¡kc

ctlfforst valuca ¿ndl thus Íc satr very thr lnterve.la of r rrhloh

sortoeponù ùo Oqual Lntorvrls of tr l,lao t lnoreescs eo Ì

dltore*oeo, so wlth rpproprLato p En(l Qr the lntegretlon Eây

start ¡t t ç { aqû t ta inoreegsü unttl thc ogrc LE rcaohot.

rn thla ohaptor tbe velue¡ F ü 5o, q r o'2 tro uscd'¡ put

r(r) . e(t) ¡að É a t@ thca

RÉ"+Fú'+Qd'o (2.¡)

çhcre a ttot dlonotor dt srtvatilr¡ wLth reopoot to t and,

Bc (r -$wl¡¡tu'r

P r (r - $wt)(- atttp'r) + F't P-t

Q r (r - åwr)(z1xp-f- krt-t---t(¡+r)t(B-qt)-t)* hrt-l
rr 

1p- Et)-t)*(1 * ilr-t)vrt1l'(P-t* ttt - t
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thLr to thc eEratlon rbl.oh Lc solvedt by Èhe ooaputor,

Eolut{on ¡t thr Çort

At thc oort 
" 

r $ ray be r*¡rradl,oil. ls th¡ fo trIotlng rry

f - i$wtr úa(t.- t)sr (- åË ) -
a

- *(r,- t)r(w,'(åt )'* *' (tr )'+ 
ïs, åis )," 

¡,,

rhrnr ¡ll thr dlorlv¡tl,vrr .rð ¡v¡lurtod, et thr oorc rndl, t. Ls

thr vrlu¡ of t rhtob oorraepoadla to tho 6orc r¡Èlr¡a r c ¡lil- qr

Tbr cquttl"on s¿ttrflet by I nry bc rrLttou rf

l"o PPf' + eQt fi,6)
FF c - wr(l - tF.)-.pt-t* glpkt-.

ttp"QQ o, - Pl&¡l-f+ .l(t*t) t (p-gtT-t+ Lüt'r

- (r - *Er )"(t-'(rr+(t " tr-t )yt. ((p-e.t)'*- !,kt'rp" )r, )

al¡o çc rGy crpcad, FP cnå QQ ln the oorc rogloa

PF r (t.- t)-lPP.+ PPr+ !¡"

Ea . (t.- t)-tQQ.+ Qlr+ ..r

rguctl on (7.6) siçc¡ PP n-fi{2n-o¡Z0710678
o6

I
lErO

lrtSr(t.-t)P (t.- t)st,

th¡ lorcat poror of, (t.- t) ta (7.6) l¿ C-l . flrtt gf.vr¡ thr
1aiilLel¡l oquotl on

p(p - f) r - Épp. (Z.Z)
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*c rl{&*r Í r å æ I * t * il.* I*Ë?10ó?l

*ctËtÀ*âtst¡ (t-- t)f, ffvl tbr FüûE *ntt r¡këel

b** t{Q.- Ét!*}(p++}*üfor* t}**}. {ç''g}

t*t¡r t * o rr att r lrtsl*r Pctlr trryfrl rùtû &rtrtrç
rrylt*etr rl{ otr rrlttrrr¡¡ *arûfl¡lmt t-I
t.hfut Ê r I - Í1, rr obtrt* r ry rrrl,¡r lùtÞ fr,rrttmrf
e¡ft¡E¡rntü uð raoth¡t rrbltrrrg *äefffcl.¡*t tmatrt 1.r,"

t¡tb L r¡{ Ü rrY }r tor¡trc.trl
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DcrLvetton of Pb¡¡e Shlft¡ fron th¡ Bolutlon at thr 0or¡.

Tb¡ B-8 rnplltuùo a¡rð lt ¡ der!,vat!,vca shouldl be f 1nít¡
aÞdl Atfforcntlrblr at ¡11 pof.nt¡ outgi,dtc the oorrr

TÌ¡1¡ i,¡ thc bound,ery oond.ftlon at thc oor. (r * a)r

çhLcb rar uasû Ln tbs ð.cuteron problea, to ohoorr ê ¡u!,tlblr
pel,r of, túue¡ f,or thc rcpul.rtv. oorr d tlrc nr¡oloaË foroa

¡lotcnt!.rt anil thc acyflpiotlo Ð to $ statc ratlo, rppropr!.ctc

to ôrutcro¡.

Th¡ sent bountlary oonôLtLon¡ nanaly thet thr D-B anpJ,L-

tudLr onrl, rll Ltc rlorLvatlvø¡ ¡hould. be flnl,tr eað ooatlnuoue

at thr oor., f s appl!,eil to tho ¡{,nglrt goatterlug problGr¡, to
glvc ¡ raluc for thc phrar ohl.ft isvolvcd¡, Ln thc ecattering

BnOOê8lr

ft wae al¡orE Ln the prorLoua peragraph thEt, ln the oorl
region, tho B-S an¡rlttuih Esg bc alrproxlnatct by the su¡ of r
rc6ular aadl an l"rrcgul¡r powor Earte¡.

thr bouadtary oosdll.tlon nlLL Þe satl,cflcd!,¡ ff, a soLutloa

oan Þc foundl rbl.oh dlocr r^ot oontaLn ¡ fraotlon¡l powor arrLar.

In prootfor two arbltrery ¡o1utl.on¡ arr qikil¡t ln ruoh

. wry eB to cllnlnat¡ tho fraotlon¿l pox€r sertc ¡r

Equatl"on (7.2) has,rosl oocff loLenta¡ heaor lf c. lc ¡
¡olutto¡ttr go i.a dlo



Bupporc t,(r) lolte¡ tbr ; equrtú.oo f7.5)r th¡E

.l,kri;
t ü

trI

I

ef¡¡ úl 
"-tkr| 'l

¡tr. ooluttoal of (T.a). Hcaol raoth¡r ¡olr¡tLo¡ of tho t
cqurtlo¡ 1¡

-2!.hr

t rd ,ibnú ¡urt br oolpllt sonJu6atrrrrl

Irî
thr tre rolutL,sa¡ of th.c t rEurtfoa f.a thc oort 116l,or trt

* ¡þ+ts(t-t)+¡r.+ftn +k (t-t)rr..)
r r ,r t ct tt a

ü' [.E + 8,,(t - t)+ ." + ÈÉ(E + E (t - t) + ...)J .-alÈrr L . I I - o. rr . )
|'krroturl.Iy c

t t*tr't (r + e (t ' t)+ rl (t - t)r+ rrr) +IaIaat

* o.. (t.- t)É(l * 
"r, 

(*o- t) +. oo )

.tE"fr ã.(t + o.(t.- t) + o.(a.- t)r + ...) +

* ãr.(t.- t)É(* onr(t.- t) + ...)

the fn¡stloar,L poç.r ¡¡rLc¡ fr clLnf.natcè by thc oonÈln¡tlo¡
¡t

] - 9,".. - ú, "a,
thLr oonbl"n¡tü.on of, f . aail l. Éhoul'dl hoLdl for r.11 pe

For lorgc valro¡ of r 1n thr S rtttc

,rt I aat t.+ t-21kr

Bh, eonbl,nrtlon roqulrail by tho boundlary oonilf,t,f on ¡t thr off.
t"l
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t | 8rr* a.ra*o**

lf c* ¡llrt r ü ü¡åt ür ürüF ffil,tt f¡r t&r rrçtrlrrt ¡of¡tfcn*ot

rrr lÍr rfr {rr + Í}
rt thr olrr t + t r'Ê rd;

c.r tt(im¡tËrry grrt ú o.E..l

tb*¡fw. tbr phue Ê¿ft Onr t¡ thr i,stromtlr* tr I sl tt
rrü lr lolpetrt ¡Þor

æ*tt

?hr rqylptattf rolutl,or¡ cf thr hl,¡hrr ra¡nlrrr ¡qratr*
rtrtr¡ d,ll br

rnr ltc rl¡ ttr. + f + fl nu I ¡trrr
Ër* ltû S,¡ (xr + r + t) f¡ç S ¡trllr

tlüIt
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Coloulatú.on of tho 3t.n6let Phaac thlftr

Thc rquatil,on (7.r) ray bc trritten aa trro si¡lultenoout

ff.ngt ord.er equatfoa¡

l''ol
RÊ'+PË+QS-0

Fhçco are fnto6retedl by thc Raongc+Kutta lrroOedt¡rre anå.

tht vsruca et tho la¡t two polnto bcfore reaohín8 thc €orc era

rcoorcleil. lhe colutl.on at thr €or¡ i"¡ orpltoltly
t-r b-+ b (t^- t)+ u (t - t)t+... (t - tJ'7071uI o I a ¡ c -a b (t - t)+..)tt .

Xt wa¡ ¡t¡or¡ ln il.crtvLng e quctf,on (2.8¡, thet bo. å¡ orbltrar¡r
andl all bff sre DroportloRal to !.t.

In one of thc puovlou¡ peragrapho tt raa ehosn th¡t thr
retl ôndl. lureluery pcrt; of b.. iløter¡¡fnc tho phacr rhlft.

fo eeLoulat" bn. frou the velucc of { anô I of the Inst
tro polnts bcfo¡re recehiag thc eorc, Tø truneete tbr aorlcÞ by

aegl,ect!-ng terna oontal,nfng (t - t)2'707 .n¿ hrgber powcr!.
a

Tbo oo nputor elfnf.nEtcl Þ., Þr, t. frot

t-ú b-+ b (t - t) + ù (t - t)r + L (t -,t)1.7o7I I r c a a at'a

+
aa

*nil tabulstc¡ thc rocl andl lnagLnary p¡rt of D

oncr6y Yaluc s.

f,or a r¡¡gr of
oa

the apin alngl.ct phcec ehlf,ts obtalnerl.¡ aro tabulateil, La

labrc 7.1 fo¡r both lrotopl,o opl,n ctatea oycr ¡ râ.nto û onorgleo

and. . angular æonelr t&.
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À Tøat oú thc Ghorgo fnrlcpondlet¡o. Ilypothcst¡

thc 4ppsarenoc of thc tootoplo cpln ulgonvel.uer ln thc

¡eatterlng oquatLone doEorvçe e furùhor rorü. of, cxplenat!.o¡¡

Ehc son¡ of thc auoleer forcc potentl,rl' L¡ glvca by tho E.ro

of t .' iltrl lrroopcoùi-v¡ øf tho Lsotoplo aBia ¡tatc.

Thc cl6ocrvaluce of tbe lsotopl.o lpln slnght andl t¡{.pl'rt

etatee are t] anê-t rcopeotlvdly¡ In thc d.evelopnenù of tbr

theory tbaso wore eh¡orbodl. Ln the l¡rtoueotlon f unotlont

r(¡) r zl v(r) ô(t).
Thc tleuteron oore r¿d[|'u¡ we¡ sbtaf ncdl by aolrJ'ng

Vl û ?]l)

ghc ïuk¡ç¡ pototial V(r) r eolFF¡r-t ooatrin¡ the tootop!.o

aptn cigenveJ.ue f'n thc oonstêat o¡ the ebove cguatlon dll,otatc¡

a spaolêl forn f,or o i.a tÇrta pf thc tora ¡1"¿t!,Lur !r

r(r) E' {2 ¡ 
"-'(F-s) "-tr

lfho eoro rotf.us 01 dleuteron should apply to any lsotopLo

opl,n af nglet ayatcm, To obtaln thc Gors ratliua reLcvaat to

thc laotop!.o apf,a tr{.plct cysteur E6 have to nuttipty f (¡)

by -*.

îhe oore LE stlll dlofincdl by Tl= ¡¡r, henoo th¡ oørt

rsil1u¡ of thc åuoto¡ll.o apl,n trlBlct, ., r nelc?ênt ts BrotoÞ-

¡rroton sosttorlng la 61vco by the aguatLon

¡ l#¡,.r , if acr¡¡
I
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For ¡n f,rotopLo sptn alnglet oorc Nt o.5h Eecoa ûê!t
un!.tar tbl.a glvcr an lsotopLo ep!.n tTf.Blet ooro at Or84 Berotr

nêta ualt¡r

Thc ]ctt¡r f¡ thc oore reillu¡ uçeð to oouputt thö lro-
rptn trl¡rlrt roatterlng phaec shLfta trn t¿blr 7.rt

ff tho ohrrgr !,ndl.cpcndl.taor hypotholl.a roulil not bc v¿lLdl,

i'¡ tbc oorr rog!,on¡ anothcr retto¡ .ry f or t roulll glvr ¡
sct of, proton-¡rroton phrao-shLfta ¡rhfoh ¡¡nc ln bcttor agrecnert
wtth erporiacat thea tho¡a obt¡lnodl, for th¡ l¡o-cpLu trlplct.

lh¡ roatterlng oquatiôE vrs rolvcdl ¡rfth two ritLf,f,rrrnt

rrtl,o¡ (0.25 ¡nê 0.I) aadt tbetr sorrorpoldlLnt ooro rail"ll
(O.192 audl 0.555 aG¡on û¡!a unltû trGapcotll.Iy),

ths ¡rssuLttng phesc ¡t¡iftr &rr taburetodt ta îablo (7.¿).
xt f¡ appcrcnt that tht l¡o-trl.px.ct veluc¡ alvo Þert agrøcaoat
rttb orpcrLnent¡I vslucsn ths othcr two aots rrt both too Enell
in gcncrcro Ehts l; to br t¿ken &s ¡ sonfLrnstion of, the sh.rga
tnil.cprn ilcno. hypotJr osl, ¡.
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Bbc For¡d. Forq ef tbc glnght Equrtloaro

If, e r f,(r) f(r) 1¡ ¡ub¡tLtutcô Lnto (7.2.7, tho fol,Iortrq¡

cqurtl o¡ rcrult¡
(r + tur)(f-róf + ef?r? + a)f + 116 +

+ (r + tr'r)v'E r f,t (f'fw + vùË

rhlrr thc vcloolty of tht parti,ol,c l,ø èenetr{t Þy vr fhe

vclool,ty rlependlrnt toror ¿rr ¡I!.q!,natot Èy thr auÞot!.tutíon

g(t - fiwr)f-f vf r r'rw (l.g)
vhÍsh rlLu!.n¡tcp tertsr !.nvolvl.ug lË ¡nil wc gct tb¡ aæcrl
fo¡ra of thr aLu6lot toottorlu6 cqultil.oa.

I (t - ftrt)a + rt+ (l +åu-r)vf +
L

* *¡.r " *(i - ttr.¡*rr*rywy (w - t)l ¿ " o
)

Àt ¡uff,lo!,rntly J.arge 11 tb.c powora d V fro¡ Vr uptar&t nry

Þr nr6lootcri anû eo git

(a+kt*tr.u-îy)¿'g (z.to)

whlch tr thr cguf,v¡lrnt 8ahrüil,trngrr equrtlon út,th I Tullrr
potentt rl.

!b. funotlon ef vrLoeity f (v)¡ rhLob coavrrtl c to nort¡I,

foru Lc teuað, Èy rolvl.ng l7r9) a¡¿ !¡

þtz år2f ' r(r + tfe w)+ (r - *fe r) ¿D

If V te t¡kon to b¡ nogctlvor 8o that tþc d,cutoroa potoatletr
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Ls attreet!.vr¡ tbó cqulvalcnù SohrtilIn6cr potantl¿l ln thr

rpln otngJ"où oeao çt 1,L bc rcPul!t'"6 fot leotopl.c apLn

sínglot enl etùrcotltr f,o¡r thç Lao-lpf,n tr{.pLet nyatcn.

lhc R.rletl,on botrrra k aadl thc Snergy of SoctterLngr

In thr Þ¿ryscatrilo fra¡o 6f, rlflrcnðcr ;hl'ob wc hrvc

råoBtrdl throughout ttrlr tolk
E - * (totcl æcr6y of, thc e. of nr sylton)

for two nuol¡o¡ø of, cgual uase l¡

B¡[+*tot¡l K.EoogfE¡
Bt* xr+ u(K.E. Gr of u.) f,{r.tr er of, u,)t+

K.E. ae of De ,r f K,8. of lab. f,rcnc notl-oa

for aaoll energfc¡ th¡ Fguera øf tho K'8. Day þC ncglootedl

anil 
kcr t[(8.Ë. 6r of n.)

k r (* u t.s, xaÞ. ctr¡")*
Ia tha nuuoerio¿1 saloulationE the eguetlonr erÊ cvalr¡atcð lt

equol stcpc oô e logarithølo soeler nanel,y

k_ r Eiû 1nt )"
a.

vh¡rr 3l ead[ B2 erG sultablo oonsta,ntr. If rc dÌonote thr nc¡o¡l

Foese unlt by F t thoa

f Ìtcv r o.007tlolr.66ts

A sonv¡nl.ent fornula for dll.root oonparlsûn 1c glvcn by

58.9 ur(tn ¿r) c E (ro btcvr lab. f,rasr).
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EEøTTOT ð
-ffiËll-_

õFTIT TN PI¡ET ÉOÅTTEN,IilE

lhr rpl.a trtpltü cquatLout (6.1) h¡v¡ alrcr6,y Þrca d.nplLfLcl
er prrt of, thr ¡ocÈtoa o¡ tbt d.rutcroa proÞlar

,¡1,¡ fer thr spla etngXrt cquetú ou, vr td¡c thr Ë,ct¡tcron

oorc raùLur
I c O'llrf

f,sr thc Laetopllo a¡lLn rLnglct r¡À the oorrctFond.l'n6ly rctus¡û

.r* O'?$2y

for tbr lrotlpÅo trtpltt ooatterlagr

Fb¡n J r O, th¡ J r | ¡teta üe¡¡ not o¡d¡t¡ Ebrrr l¡
otty cËe rquatloa ln thlr olsr ¡nil evorythlng thet ç¡¡ ¡ri.t
¡Þout tbc rp!,a li,nglrt ¡oatterLng eppl,l,cr to thl,¡ equltloa.

8Èr tP- pbtor-rhf.ft 1¡ oolaul.atcdt frol th. rogulrr¡cnt ot
I

thc gcaerrl bcuadtuy eonê!,tÍon¡ thrt thc t-B anplltuih ¡houlil
br flndto rüA êontlnuous ovel¡rrùreo rttl¡ln 1tr üonrln of
il,¡f,1n"|.tåoa.

lhta ts db no ovor ¡ rrn6t of auergl.aa auù for toth
tootepfo a¡lin ¡tetr¡r

ffå¡a J > l, thorr Lr the odldlsê itlfftoulty of u!.¡oð apl,n

ptet¡¡. It I¡ apparcat fron thr eouple ü oquetl.oa¡, tbrt thr
æbttrr engulrr non¡ntun t 1¡ nçt r sonEtast øf tho noùton.
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sbc natÍo of tho LnooaLng andt out6oLag anptf,Èudlcc of thr J - l
¿ndl J + I states wl.u not i.a gcneral bc tho fôEo. Thcre !,¡ ûo

untqno phrscrhtft tn thl ¡ oasc , bcoeu¡c thc ¡rhc¡c¡htft¡ depond,

upon thr rclatl.ve oo¡u)êgltion of, thr lnEoufng bcan.

Ehorc &T€¡ hoçovcr, two raùÍo¡ of thc inooning D andl E

auplltudl'ol wLtoh or3 uaob¡ngoil, by the Lntereot!.onr nlhcoc two
ptatcs &ro oarladl. th¡ c16æ¡tato¡ of tho soctterLn6 natrü by

tlett c¡i!. Bredl.rt.toli) endt thry octL the oorrorpoadltng phasr

¡h!.ftl cú.gonphaseshl,ft¡. They ghon that the ¡oetter!.ng prooost
nay br cb¿raote¡rl¡et by thrce qucntl.tLer 8", 6o anil c. îho fÍr¡t
tro ôrG thc ol5ea¡rhaceshlfte andl s La rel¡trt to thr B1ett aadl

Eredenharn ul¡lag ¡laranctrr f Þy

dstcng
It Ef 11 Þo ahorn tn thtt scþtlon hoç th¡ ef.genphare ahl.fto

eEd' thc nLxlag parlnctcl cs¡r be d.etornlnedl fron the apln trtplct
oquatL ont alreefur esteblLsh ed..

Ar for the epln r!.n6Lat roatterf n6 analyof a, tho totel
oncrg"¡r of thc cyctcn la ùhe only other inpnt par&,Eeter bcsl,¿!,c

tbc osr s railLus.
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8br !¡ll,n-$rlplot Socttorlng Egurttorrlr

Th¡ cpl,n trLplrt cgurtioB! rcrc øtnplifl.oil i¿ Bootl.oa 6

¡¡A +.bs foll'orX.ag c:Brrrr!,ont ü.ra obt¡tariL. i

(t - *rr)(.1- (tt" t ¿ z)r-rr*+ e!(J+l)t-tr-)-(rf- Br- ¡)r+ (s.r)

r tr, ef+ ( r+tw)r, tr'{ lr- *Fn r+

(l - tç¡)(r] + 2!-tl"- J(r+l)r-tr-i-(t.- !r- vl)r-*

't,(l o ztr)l1 + w(l + tw)¿-- $ta * w)rrr-- Er-rffir.*

Fr nrlsc thr followLn¡ ¡uÈctltutl, onr

klr Er- ll

a"r tJko, t-re (t)011r

r-r frlhr* ù-rt(tl.*r
t r ¡;t-l- g

If tlro ogurtl oaa ero put lnto th¡ fsrr
ooaê¡F9+lflt+Ir (e.a)
ô¿ af¡Q7+tr+84

th¡a tt uqy be rç¡r freu the oct of, rsl.ati,o¡¡ (6ree), thrt
p r 2t&¡¡t'r- (r - i[tt)-rw'pl-' (e.e¡)

í,I r - AiÈpt-t* ht9tt-t+ (J.* J + e)(p r qt)"prt-¿

+(r - tt')-lDüt-lf - n.t*t. yrt-t(l * ih-t)+ lrr*r
L

+ ¿ht-twr+ (f + ?f)wr (p - f,t)-.J
)
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t r - !*(å+tltn * rtl*rtftq
{ r + âü}¡rtq* qlq + il}(t - *f l-npt*
8 * - ltlpt'r+ *t't]Í + J(ð+*){E * tt}*'r.*d

+ (l * t#)*rf.t't* trüt'r+ (t " trlrt*r ç-vtl-' i

+ it (t*mXy"* tO-t+ t&Ë )*t¡çf lrn (toq*l'l

I r r üÍrrtl*rfto* tr[, {{ * lE* }*t (rtù}.*lt.t,
l
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Ibr Alynptotlo EEU¡tlo¡¡.

Åt lcr6o dl ¡tcnc¡l fuo¡ tbc øotr , thr lr¡k¡wr Botmttrcl
V(r) blgonr¡ acgl,l.gl,bl,o, tshrncfosr S ¡art ftr i!,ælvatLvot ntrlr

bo u6ltotr{, ln thc rguctloar (S.l) gtv{ag tbr f,otLortag

rrynptotlo ogutt!,on¡

ri - (lt+ !+8)r-'r"+ at(t+l)r-te*+ Err*r o (S.t)

¡l - !(J+l )r-tl_+ gr'rl*+ brr_c o

lhr¡¡ rqucùl.oal ncy br trearforn¡i!. Lnto Hc¡kr¡,1¡ rqurùi.oar by

tba tr¡n¡foru¿ttoa¡

E ¡ (lj*t )-t (..* (¡.1 )e-) (e.|l)

D * (at+r)*t(.*- J¿-)

s-Ér
D r tta.

rh¡¡ tb¡ro ôF3 ¡ub¡tl.tutçð lnto (8.I)r r. tat th¡ f,oltroring pr[f
øf rqurtl. oE!t

.e n*.re(lr-¡r-t(r-t)r)rro (g.&)

å, * *a. + (bf - ""(r"t ))a . o

Bbo¡r arr HanÈllr¡ cqe,rtl,oarr Fhçy ¡rr eorvrù by ¡ l,Lrcar
oo¡¡bL¡.rtlsa d E¡ukrl f,unottou¡ of, tb¡ frr¡t rnt r¡oonê hlat
(n( n ) *n¿ ¡(r )rca¡rrottvsry )

r * ..r(;k (xr) + l.*(i! (rr) (e.g)

t¡tI
i

til* (tr) + D.ttil* (ur)



AIl oetff!.o16¡ûtr tn tho rgr¡rt:loar (8.4) ¡r. rcrl, oo: th¡t
tÌ¡c oonpl'er oontugrtr sf sÉJr roluûlon t¡ ¡l¡o l aoX.utLoa¡

8!.asc g(t) fc tho eonplor ooaJugatr or a(t ) r. bare s,r i- ¡aùal

/2 3

(ô.6)

Drfla

¡ iarl tr

úot

¡ whrre ¡ btr dlonotc¡ ooupXrr ooaJugetç.

Explioit .fproe¡i.ona oû flr¡rkctr Fuaetloar togcÈhrr rd.ùh

tb¡lr propætlcc æt 1!.ttril ln l[ognul eait gbrrhottLtg"otO),

tcrc oaly tb. flr¡t f¡ç Haakrtr fenotl.ous of thc ftrr¡t hlnll rlll
bo lL¡trûr

"( 
1) 1n ) - {z qoo)4 ,L'rf

uf,){') r - -*.'¡2 (tr)-t .ln

r(n)1r) t {2 (rr)-å'¡- l3-r- i)o¿f
¡I

t(,)qa) n {z (rr)4( ,r'n + r(r -$r-.))rltI
lbc rtyn¡ltot!.e ¡olutùcaó ¡raquLrcd, to atort of,f tho auncrtorl

i,ntegretto¡ of tho g ¡¡il r cqu,rtloar le¡r Èr oonrtn¡ëtrü. fro¡ tht

r(
D

I )n, fa (ro)+rf , ).to

¡rIt

thæ l, trr tbc poþnotlrl prrt of Ë" ¡uå th¡ roqe!'rcdl funotLoa¡

ot-fr .. t rÍ ,)-l + ð (J+r) r
I

(' )
J*l

(
t ')*Ê

-l - I :
o

-ifI
t

ær 6lvoa þy

rt (')
J*l
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ù¡ ¿bsorbadl fn tbo arbltrerlr oûû.rlrn son¡tr,atl
Botl¡ arbftrary eoaotanto u. eail il, uay be oûnpl.¡r

r¡¡ fz(¡¡t)
I ¡nå il .

aI
ßo tbet thetr resl. ¿¡¡d, lncelnery putr Erç ,.nû.¡ren0r6t arbltrrrgr
êonlton t ¡.



/2{

Uunori.orl 8ol.r¡tlone of S¡rLn lriplct Bo¡ttar1a6

lwo oa,sêt uuct bc oong!.ð¡red, hGFG¡ beecu¡¡ fol' J r 0 oD\Y

oaG ¡tate l.¡ ¡roallbl'c. TtrJ,r cpcolal oerc wl1I bc ilLroueacl, i¡
thc usxt pàragrcph, horo ra wllL oonç!.dt.er a¡r!.n tr{.plot aoet-

terlng for J ' lr 2, úen thr oou¡rLoil cguattona (S.5) ÉtI

¡rrodluor alrLng of, the tro ot¡tr¡ oonocrneêr

Thla atríng of, thc aaguLu nouoatuu ¡tster prcvoatr t
unlqur ilrflnltloa of tbo soattcrlng phaac ohlftar beo¿u¡c tha

pbarr ahift¡ üopooü, u¡ron the ¡retlo of thc two statcc ln thl
laooning bcèn.

Aooorilin6 to E1ctt end, ELe di*t.".{l ) anö, Dxett ¡nû Wçl'¡-
1r)lkopf , tbtro ar€ Ju¡t tso reùlos Eù e¡ûy glvcn.aertñr wh{oh

err aot ohan6rt by tho l,nt¡raetlon. fhosc aro eaLl¡dl cl6oa-

*teta¡ sf the ayaten. ff, the f.noontng bcen io ln sn clgenotatc

oaly thc phart of, tha ooa¡tltucat anguler nonentun sù¡ter FtIl
oh tagr.

ABort fron tbo urtf.guê¡l€sr ellffloulty, thr ileto¡rnl-netl.on

of thc pbooa ¡htft¡ ls eoscntlelly thc lelt ¡r for tho tpln
slnglet ooatterlng.

Ifc ct¡rt wlth roûo erbl,trar¡r pheae, anil l,ntcgreto tho

tquatf.oaa up to tbe ooro of thq nuolear fopoo. B¡ocuaa of rc¡l
eoef,flo!.cat¡ Ln tho orlgtnal. eEuctLona thcy &tro al¡o rolvct by

tho eonpl,rr oon$ugote of, tht¡ aolutl,on,
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lhcref,ore tÌ¡e solutlon of the orf.6J.ne,l oquatloas anË. ltq
eonple* oc nJugate arc two lnðep endlcst oolut:Lcnt of th soc GQtllr

tLoner A lí.ncar ooebinat,ton of the tro soLutloas i¡ neåc to

oatf.af,y tlrc bounûor.y oondtltlon¿ et th coro. tsb1¡ dlof!.ao¡ I
phe oo ¡btft f o¡r e¡ob of tho tro e¡$rlar nonestul. ¡teto¡. Fe

gct tbc cs.go4phagt¡h1ft¡ oE. çouldL flrct barc to f,!.ndlr v1¡at

ratlO,of, D to S stat¡ eayuptottO ¡oLutl.ono le unaff,eoted. by

thc lntceaottoa aù caoh perti,oular cno:p6rr

Ehan aseordtLag to Elatt Ed, Bieðe¡¡hertll) ,, onÇ æ thc

rlgørrEtlo¡ le Dtn/Bl.n e c, thcn lrc ês,a ðcf,tnr akLng p¡rtuctcr

êbv
g¡tonl

81¡or thc r¡tiù of Lngolng ooponsutc Gquele th¡ ratLo of tl¡r
outgol,ag oonperr.nta¡ thc two phecce elotqrmlnoü by c ¡houlil, br

equoJ. o¡d r'lL} be dlonotedt by ôu. Ia a sLqll,¿r wey thc other

rügcnatete dl.etornlncil Dy É gfvca the phaca rh{f,t ôOe [ho ratåo É

ls obùel.art f,roa a by thr reletioa
p a - 6ot.l

the folloçl,ng stratc6¡y !.¡ enployod. to oþtol,a tho ruocrloù
¡olutloncf Wa ßslune

t¡rË

ê*d,Ë
f:t (ur)

Il| t*'r
a

I

andl n¡k¡ twa rì¡nÊ oa thç oouputar çlth
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(¿ ) tr' l, d'.r o

(rr¡ t.'o, dl.- I
fn thlo w'ay re obtaia ¿11 four Ln{lependt.ent ooLutton¡ of tb¡
ÈFo Eeoonô orôer dtlffer€ntlrl cquatl,onc.

By tha EEse nsthodl aa for apln cLngJ.ot ¡catterf.a6 ln
9ootlon 7¡ e¿oh of, thr solutlo¡¡ rrouldl gtvc a patrr of phero

¡lrl.f,ts for thc two anguler Bonôûtun ¡totcs {nvolvedl¡ Þut tb,esr

wouLô aot br ol.ganphrse¡hf,fts.

S:lasr a¡ùy llacar oonblnatton of (f ) a¡A (U) ls also r
aolutl,olr ÍG havo to flndl th¡ E 1a (f) + E (gf)r wlúoh nrkrr
lt ùr eLgen¡tator lFhenl usln6 thla saaê sonbLnst!.on sf tha two

solutloRa¡ tbc c-rÍgstsolutlon nly bo oonstruotcd, et thr ooror

lho ¡olutLon af thc opin trJ.piet equøtionc at the eorr
wo¡ <l,e¡or!,bld[ fe dlet¡!.l Ln oonnestton ritb thc dcuteron problu
Ln $ootion 6r îhc reÐo anelyoto applle¡ hcr¡ erocBt thrt ooac

of thr Eocfffotcnt f unotLonc a¡o ilLffcreut. llowovcr P ed e

ero the sa4o !.n thj.a oaEc, ês uay be oeen by ôoBperf,ng (8.28)

rLth(ø.Za)r Sboref,ore the LndJ.oial aquatl.ona ere tht EêËc, borr

end tho ileut€ren analysl,o l¡rplf ea. îo aü.uplLfy tht olLnl,n¿tloa¡

tha tcrn oontel,ntng log (!.. n) Í,s acglcotodl¡ bcoeu¡c lt¡ cf,fost

rlll bc suel.J. oonporedl ùo thc othe r teru¡r OthcnuLoo ef,!.nÀnrtloa

proocdlurc lc f.dcrtLoaL wLth thet o,f tho tleutcron problcur
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Dctsrntnatloa of, ú

Tb¡ stnrcturo of the solutlon Ln thc oors rcglon le
çf ultar to that otr thc dleutcron dl.f EouÊsedl ln d.etaf.l in ScotLon

6, Tbl¡ !,¡ evl.i!,ent fron thc siulLarlty of the equctloae (6.2)

a¡d. (A.a)' rn partfoular, tbc F andt e o1 (8.ar) arc Lôenttoal

to the P andl e of (6.2¡), ao thet th¡ lndttol.¡I. equatlona ero

thc sane andl. orly thc roouraloa rclaù!.oa¡ wf.ll oonteln dlff crmt
paranet€f;t. Thu¡ rs hayc

I s b + Þ (t - t)+'.. + (t - t)B(botla +b (t-t)+ ) (s.?)tal +la tt a

+ tos (tr- t)(t.- t)p(bi.* o1r(t.- t)+...)

t E o.* o, (t.- t)+ ..'+ (tr- t)l(o..+ ur, (t.- t) + .'.) +

+ Ios (t.- t) (t.- t)P("1.* ol 
. 
(t.- t)* ,.. )

fbc tcrna nultlptj'ed by Log(t.- t) ¡rf,ll bo sre,ll ln Bsnoral anû

Eey be nogleetedl. Sron (6.¡ù) vÍÉ ûeduoc

F - 7.76710678

I z -.OoZ9?ß9rZz

îhe oonButer supplfol both¡ the reel ad. tnaglnsrìf pertc sf

e, ô, t ¿uit I et two BoLnte olosc¡t to thc oorc. lhl¡ ollorr
four oocffl"otrentq :[n the trunoatoil Ëcr:[eÉ. For O r¡ ¡olyr for
b enübtr a

øo b + Þ (t - t) +b (t - t)¡+ t (t - t)Pr I a ¡ r to-f

l"a the aet of cqluatLon¡ obtatncd, froa

Donoto the polnt noarcet to the oorc ea Fthr ¡rolnt yi rltb
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O st y. T(7), ô ôt y. t(9)¡ (tr- t) rt y r y

ELnflcrly dtraotr thc a¡¡t polat furthcr or¡t ¡! üthr Boiat rr
rith

C et r.l(7), å ¡t ¡ ' I(9)r (t.- t) ct !ß: r

thm f,ou.r rgatl,oar rry bo û,crlrcå

r(?)rb.+Þr+t¡t*tr./ (E.E)

r(g) , - (Þr* 2b.r + Ébn ,i-'I
r(z) ar br+ lrr + tr"t" t..y'
r(g) , -(D,+ Ê¡.y + pbröy'-r )

thr oorf,f,l,otonta b.r b., t. n¡y Èr elial,natrd, to 61vr

t-,r (z(r(7¡ * t(l)) + ('-y)(X(¡) + r(e))Yots
OI

r$rrr
ons r z(!- f ) - É(.-y)(rf"* /-t )

rail D, D r ù lqy br cll,aLnrtcil to glve
I I ft

D-: r(f) + ¡ x(g) + $(r-y)'r rr(r(9) - x(g))
I -- -

+ t^-((p-r)tp- fu*(r-y)-t (f-'- /-t)),at

lso¡uro sf, th¡ ¡a¡IL val'er ú It rs tn¡aort¡ thr î rorlc¡ Ln

r û,l.ffcrrat wqgr. fa thl¡ o¡tr tçc tcrnr of ç¡oh rcd,r¡ ¡rt
trlccn glvtng tbr cguetlonr

x(8) r ,.. otr + rY(o..* nrr*) (S.t)

r(8) t 
".* ",I . yt(o..* orrÍ)
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f,(to) * - (o,* yo.rty-r + (y+r ) *7c,, )

r(ro) r - (ün. ?o..r"'l * (r+r )/or, )

rhrrl r(8) t¡ valur d r ¡t rthr ¡roi,lt rr¡ r(ro) rr ürr r¡Lcr
t ; ¡t thc polut tr r¡û cluitcrþ r(s), r(to) ¡ro tbr valur¡ of
f o Fb¡a cotrvot fbr o.. th¡¡c rquttt onr 6l.w

o !(C0.-ø F)/(6 6-ûIt I I I f -- 
' 

a

rlth th¡ eocfflo!,eat¡
c r r(lo) - r(tO )I

e.r r(B) - r(B) + (¡-y) r(lo)

6rr - y(::I-t- yY" )

€_c rl. yI- y(¡-y)¡l-r
a

Br' - (y+f )(rY- yT)

0-. ¡Y+l_ 
"l+t_ 

(r-y)(1'+t )r7a

hca¡l by clLni'nrtf,ng ortrtrrl¡ fLr¡t rnil thtril oguatlon i¿ (g.a]
rr 6rt

e-r f(S) + ¡I(rO) + (y-t)¡Yo + yry+r6a -¡l '- lt
Bbc rc¡l ¡nè Ln¡glarry partr of e}r tÈc¡c rqrrrtlont n¡gr Þr
o¿l oul¡ttd, e¡Baratcly.
lurglne4r pcrtr of b..
(r) r¡À (u).

ûc o¡n la faet osleulrtr both r¡r1 ¡ndl

e)at

!!
tt

(
Ilse)trt

t
0t

I
B

t ¡nll, oaa¡O tl , f,or reob of, thr ¡oXstt,oac
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ft í¡ opp¡rant fron the €rprcs¡lo¡l (g.Z), tbet rpart
fro¡ oonmon oultipltoative f,aotors, tho vatue a Þ, aadl, o.
d,ctcrsin¡ th¡ aoruttou et thr oorø for tb¡ o+, c- equatLon

¡c wolL es for tbr 8, î cqnatfonro

rhc o(J-t ) ctatr partr, horr rooocly tcruçt Ë$-statc partrr
rllr bc d.¡aoteil by t, ct tbo oorr euil thr "(J+t) atato pcrtr
loorcly refcrrcdl to as tho üD-stetc partrr vir], bc dtcattcil by o,
at tbr oorc. Botb a, endl dl. ncy be oongtnuotct f,run t. r¡Â ".
Þy thc tr¡n¡foruatt oa (8.lr¡). Tho othcr tuo f.n(l,ependtcat ooRr-

tc¡t¡ | ¿pdtr dIaa eo
W$rr

t¡y be oon¡tmoteð. f¡on t agto ln¡¡tnll¡r
aaot

[q oÞtrl.n thc rcguler oo],utlon, rhr.ob obcyr th¡ bouaêary

oonilf.tlcno st tbc oott¡ thc crgunenta d tåc epLn rùnglct goattcr-
i.ng thcory ury ùe eppl.lcä,. rhrsr lrirr not b¡ ro¡rroûuoot borr,
ar tlsy ¡vcrc d.taouaçcil, ta deta!.l tn Scotlon 7. Tbc regulotr aolu-
tLon et thc oore f"¡ dvCn by

]t, Err., - t.ri, r 2L fu,(tri..)

f¿ r Er.or- ûrrã.r 2f rat {a.ã0.)

!h1¡ eppltea to Èoth aoturtona (l) anit (fr¡o Solurton (f ) i¡
asga¡rtott eally ô pu¡o (t-t) staùc, rhf.lt aotutl"oa (if ) I¡ ¡ pur.
(J+t ) ¡tatr.

sclthcr ¡olutl.on vlrr glvc etganphasch!,ft¡, beoauac the
lnteraotL on ohsngoc the ratfo of thc two states, but at s¡ell
¡oEttcrl.ng cnrrglcr the nLrlng 1o aucl"l antt colutlona (l) aaô çff)
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till apprÐxl,Ertely g{vr tb¡ J*,1 süÈ J+l rl6oaphrroû rrr¡,cot-
trvcly t

ta o¡rdtu to ffnt tba aigca¡rhacs¡hlft¡r rr h¡vl to
oonstruot ¡ roluü,o¡

(ur),(r)+€(rl)
úth f êrtwnlnedl by tbr ooadl,l,tloa¡ tbat rt tbc ooro ¿d
rryn¡rtotlooLþ thr rrtlo of, thü D to s ro¡lf,tuitrer lr tbr rrnr o

thl¡ l¡ rqu!.r¡tr rat to thc rcqutrucat So"È/Bt¡ , DoqtrlÞtr..

Ebr eryu¡ltotlo ¡ol,ut!,ou¡ rta

(r) [rrl , I r.. (r) I

lr¡l ¿ o

(Lr) lr.l r o

lr¡l r Itn.(ull
benoc for ùhr ¡otuü.on (ffl)

lrrl 3 ltr.(r)t
b*l " Elr.ö(u)l

rt thc oorr ætuti,on (Uf ) lr gf,rca by

Itr.'*''rr el(r¡(r.(r) ã..(¡)) + t !u(r.(u) i.r(it))
.n&nrû . er(rn(ê. (rlf..(t) ) + € rr(a.(lr) Ir, (rr))

€ t¡ dl,ot¿r¡olnrð by the oonitf,tLoa that thr r¡tle of tbr D to E

ruBlLtudl.o ¡nurt Þq the rrüê ¡È thr eor. rnô, rryeptottocltry.
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Tl¿..(¿t)l . rn(r (r)) " E re(¿ (u)I (lr¡¡
lr..(r) I r"(r.(r)i..(r)) + € rr(r.(tt)i..(u))

Eblr qurûrttlo rqurtforr te ë ary Þr çrftton rt

¡€r+tE+oa0

(1)&
(8,lo )

whort ¡ r l*..(rt)l rr(r.(rr) ¡ ¡u))ta

,(u)l rr(rr(t)¡..(r) - lrrr(r)lrr(lrf (rt))
. (r) l¡n(¿ (r)ã (i) )al.ta

Ëh¡ tro ¡olutLoar for E dloul,ü sorr.lpoa{t te th¡

ctgortater of thc ¡sctttrlng ¡E¡trL¡ !,u thr t.nta of tl,rtt
¡¡ral tlcihahafa. lbc oonnrottoa brtrcla Ë reÀ thr forn¡Il¡¡
of DI¡tt a¡il Etaltonhera !,r glrcn Þy thefr-efatloa

a . glq. (u) l

fro.(r)l
Onot E l¡ kno¡rn e. o aa Gonstmot tbr oorfflol,cntl

r^(ßr).r (¿)ûtsr (tr¡ar ra ü.

ð (rrr)rir (i)+Eü (ü)
la ol ft

få¡ rtgæpht¡erhtft¡ follow Ln thc urucl rgrr naarly¡ übat

arynpotle¡tIy ælutl.on (Uf ) tr
. (ur)'¡r-f6,
tl

ð, (ur) . ü ¡ -l8a
tt

t ' fa,

ôr-l
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lEr.4Ñr- tr: 2L a r!.¡ (kr + 0t)
L&¡'.'*' ?Ë,* et ü rl. n (tr + 6t)

Thon th¡ro l¡ r p¡fr of tf.gcnphaacthlft¡ f,c r¡oh yal"uc of €r

6tvaa by

Ér ' år- tlr
For sn¡Il lstr¡r¡otlont¡ ona vrltrr of t úoul,dl bc ocatrl, thc

othrr largr. ff E roally dlcrorlÈ¡r rE d.gGtrttt¡ tn thr lcnra
eî Blctt eat l{rdùcnhcrrr, tho ¡a¿llor vt}qf aî c ¡boul.4 61rr
tb¡ ['cil. goaphrcr¡hlft

ll-r'fl*.' ûn

raû thr tr¡rgo valur d I {ûI¡. gtvr tbr p-¡¿gcnphrrcr}rf,ft.

-!*lþ¡fia,,r¡/i1 
d-'* fY'* 8''

fhr @mpbrE¡¡h1ft¡ ¡rr tobut¡trd, ln tobte ¡ (t.t ) eqå (8.s)
for tbr Lro.üoBto rp{,n oü.Bglct ¿ndl. t¡'t pbt rcr¡rcofi.cdty. lotb
trÞIrl lt¡t tbc cô¡ræBhacrrh!.ftr f sr Jrl MtQ ortr r, ridtl
rÈa6a ctr lnlrgf.t r.
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Spln Trlplct Boattert ng for J¡0

For eesh varue of J eroept Jao we obtcln I pðlr of
cquatl oar oouprlng thc Etetes of orbrtal anguJ,rr nonartuu

J-l r¡où J+'l r lÍhcn Jao thls is not poaeLbr. e gs thr J-l ¡tat¡
dlor¡ aot ex!,st. If wc repreaont tho purc angular uoucntun

stetcs by S and, D, thon ln tcrua of a* andl o_

s s (eJ*t )-t (¡*+ (J+r )e-)

Ð ¡¡ (eJ*l )-t (a+- J"-)

lf J*o¡ thr s ha¡ no phyels*r neen!.ng rart thc D s "+ roprerent¡
a P'¡tat¡. lhts l¡ e.l¡o ree¡ f ron equatt oac (e.t )r rf rrr

pnt $ro tato the f!,rEt egretLoa üro tcrn Í.n ¡_ v¡¡¡ishos anil.

wr heço an e$lotlon tlt c*. oaly.

(t * frwr ( ol- zr-t e*) - (ur - Er - yr ).*. w, {+( l+2u)lr r-r a*- ì[ç..*

Íhk Ð¡y bo wråttcn fn ûhc for¡
ö , På + îo (B.B)

snd. lt u¡¡r be scen f¡ron (e.ae) thst
p ¡ ?lkpt-r- (r - årr)-twrpt-. (g.gr)

T s - plkpt-r+ ktprt-f+ z(p-gt)-tu.tr'r

+ (f - ttt)-tp.*.'[- hrt-f - vtt-r(,¡ + ilg't)+ wrp-,

+ fkt-r w, + ( t +eW)w, (p-qt )-t J
)

Ar fn thc spln alagrot Eorutr,on, the oonputer eorvçr
the cquatl,on enil, pr!-nta out thc soluü.on at the leat two polntl
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Þrforf thr oor¡ l¡ ronebrt.

thr ¡olutloa ùa th¡ 6ora-Frgl.on çtlt, rgô1a oo¡rrrt ef

c wgular rnô r 3r*otfon¡I poa.! eortct¡ fhr bsusrlanf

oosdllti'oa l¡ ¡*tl.¡ft¡dt !,f thc fr¡ottoa¡l poror ¡¡rf,rr ir
¡1lai,a¡t¡d,¡

Eb¡ oolfflot¡ut f,c,netlos p t¡ (s.8a) tc idtcntl,o¡l rrtth
tb¡ P ln (8.er)r thrrsf,err üäc rrponæt of thr f,r.rrt torg et
thr frrotton¡.l trloÍ.r tcrlcl l,¡

Ê * 'l.7O7tO6?G

å¡ for ¡ptq ti.ag¡,¡t ro¡ttord,ag b. ury Èc ootprctrd. ¡aê

thr rrgul'at ¡oLutl,otr oonlrutct fron !t. Àryrn¡ltotlaot,þ tbm
ul hrvc

I r Ên, b aúa (fr + È¡l)

th¡rc b:È.''tðP
tf

tt. phrrr rl¡l.ft t, lt. 6F - r/g

Thc v¡!,ucb of tho tP, Fh*roahtf,t fry {ll,ffrre¡¡t va,Lurr oû

thr ohergo Í.nd,c¡rcnôasûa ¡nrauctor e?ar ¡ rlih rcr€ü of cncrEr
1¡ stvan Ln t¡bt¡ (8.r).
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APPÉNDTI T,

fHE ORBEN DTSWAS S OÍJUTTON

Hcrt th¡ csscntlel ¡lof.nt¡ of tho erc.n-Blower colution'j*) l)

of Ecthc-SalBctcr equatLoo6) rlll bc gl.vcar Bhcet ors lnolu-
dl.¡ð to aakc thl¡ thcsl¡ ¡elfçoateincê.

ßh¡ üADDER APPA.OXIMATIOII f.s useû te torslnetc tha

lntcreetlon ¡erlc¡. Thc INBÎANÎANEOIIS fNfEÊACîf0N APPB0X-

IUATION l,¡ usccl to gf.vc th¡ lnteraotlràn funotlon ¿ sl,n¡llo forn.

Thc Bcthc-S¡lpctcr oBcretor ooauutcc wLth tho ùotel

engullr tsolontul J. Bhc of,gcnfunatloas of J arê êrprcctol o¡

lincar oo¡biartlons of elganfunotLoac of orbitaL angular

noscntur L rnd. apín S. Ia thc beryoontr{,o fraac of rrf,rronor,
tha oocffioi.cnt¡ of tbcsc lÍncer oorbin¡tloag era funotlon¡ of

tho roletLvc tiuc t ¡nil relatlvo rodLLal ooordlln¡tc !o

The G-ß solutloa oonaista of, aosunlng tho nest 6cncrel
lLncar oonbinctLon of dlegcncrato cigcnf,unotion¡ of, I êDå uslnß

thr B-S equatloa to clorivc relEtlons bctrcca thc oocffLoicnt

funotlons of thcao.

So d.o thl.e tho B-S equrtlon l.ç red.uocd. to o set of ooupl.cè

saeondl srêer êl,ff creatL¿l cquctl oo".

Parlty oonsBryetlon fapltes two lndlc¡rrodlent sat,a of

oqurtlona. Both sêtc are solvccl by thc ËaÃG ncthod,, hcnot oÉly

onc la glvcn in dtctall,. fhc oooffdei.out funotlon¡ srtLsfy
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roeôa¿ crd,fr llEerr ¡ltffcrcntl.¡l tquotlour Ln tb¡ Yrrl.¡b¡'.t

t .åü tr Thc¡r lro obtrlaot by .qnrtt¡¡t oo.ffLot.¡tl ot

orthegenrl aagul,r.r f,uaøt:Loa¡f htDs. thry ooattln no y-¡rtrlorr
cr ragul¡r v¡rtrþIot.

!!b¡ t-ilcDreûonca ef thc¡o cqurtl,on¡ t¡ v.ltr rtr¡rlr. th¡y

rrr tatoSrrtot for t / O r¡d. th¡ rrrultln3 funotlolr atrtrl,¡

Blrç¡¡ thca rllniattr¡ ti by oontl,asr.tfel .oresl tbr

cin6ulrrity ¡t t r Oc thc rrn¡lnt,ng ¡ct ø1 rqurtlo¡¡ !'n oao

v¡rl¡Þtr. r crs thra br funth¡r allp.Il,f,l,rl to gl.vr oll oquattea

tn th¡ oroo ef epta rl,ngtct rnÅ ttl oouplrü rqurtl,oar f,æ r¡tl

trtr¡l rt.
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ELgcnfuaotLona of thc B-B Opcretor

tho Brthr-Selpotcr cquatlon ln thc b1-gplaor lot¡tioa

uey bo wrltten t!
(t,- r) t (t.- *) - f(¡¡) y' t yt'o Sl .f )

whcrc

lrt D raYlt

trt l.uFP

*,", tr* erc thc Gnergy-Eonentua f,gur-vtotqrE of, thc nuoleon¡

aadl Ë la the nuelçoÊ D&str f(¡) ia tha rl.ntcraotloa funotlonl.

Ar oB Grtcnslon of thc theorle a of Sohr0dllngar anrl Df reot

thtc equetlon oonslets of & Bothc-$alpetcr opcretor opcrrtÍag

on thc E-8 erplltuil,c funotLon f ¡

Êt . o (nt.e)
go sslvc tbl,c equetlon¡ Íe havc to flnê cLgcnf,unotLon¡ of

P oorrêapondl.ng to thc elgenva.Luc !croo

Thc tot*l rngular noneatur !få . J(J+l ) oonautc¡ çlth Ê

5.n thc brrXreontr{.o f,renc of rcferçaoar Ecoeu¡o eolnutLng

o¡lcretor¡ hevc ô oonnoa aet of cf.ganfunotJ.ont¡ thc cLgcnf,unot-

l"on¡ of gt rtll al.¡o bs solutlon f,uaotionr of (¿t.e) rnd' J

wlL1 bc r oonatant of, netlon.

Lct orblt¿I enguler qonentul bo ltr r,(l + f )
spla engul&r no¡Gatun bc 9rr S(s + t).

lfhcn thc totrl angulrr nouentul is gl.vea by

J¡&+S---
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! rnå å alo not ooprratcly eounutr rlth p, þut osn rrltl

Etr(!+g)¡.¿+aå.9*g'
Tho rolatl,on ohort, thrt ff, ça fLnt thr ¡fnult¡neout

olgcnfuaot!.oa¡ of åt, gt od å.å, thry arc rl¡e tl6cnfunoti.osr

eû {t. Xf,.f 1¡ ff¡¡ôl Ec oea d.o thl¡ fo¡ ¡ll rl'L¡rtl co¡ÞLnr-

tloa¡ of, & rnå, 8¡ ùeeh oonblnrtLon glvlng ra ol6eaf,unotLon sf J.

A L,lnc¡r oolblnrtLoa of ell €,r6onrrrtc clgoafunetfoa¡ øt

thc sr¡c J 1r th¡ ao¡t gcnerrX. wry of rrLtlng d.orn ¡ roLutLel

of (¡'¡.e). fh¡ oerff,lolrpt f,u¡otloas nqy not soutr!,a rngulr
v¡ri.rblo¡ 0 ¡¡ú | brorurc thc orpresel.on 1¡ l.incrr in tlgoafuno-

tl.oat of, grr rc thcy nry ¡t ¡o¡t br funot!.o¿¡ of, thc r¡¡!.1¡l

ooort{llnetc ¡¡l tiloo Fsr tro neel.oar, r!"th lpln $ crob, th¡rc
¡r¡ f ouf pc¡¡LÞi.Iltltr
rla3Lotr r¡rùat opporf,tr S r O

lrI
(¡r.l)

trlplctr r¡rlaa parclJ.cX, S ¡r I

trL-l

9rf ¡!I |trl vP
, a

t¡ú

JÉL+l

?ro frrJ+r' (J+t)ytpJ+r+ (r.yf+ =.ll¡r"F!*r

g r. Çr r!= (",yt + rryr ¡n-tr3ytl'

gr' gfrJ-rE Jy¡PJ-r- (rrtt+ x.y'¡r'-tn!-,

rhcr¡ FJ*r. tJ*, ( t, ) 
rrc Logenilrr polyaonlrlr enl, ' dlcne t ol
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il,crlv¡tfy. Eith rrepoot to qor C . fr. thcso tí .rt
gtaultr.aaour olgcafunotlona of, år. ê', &.9, h¡¡er r J.Lnear

aonÞln¡tlon of, thc¡e çtll glvc a celutlon cf (.¿t.a).

Dt¡rar2) r).
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Ferlty

-- îh¡ D-Íl tquetlon ln tht Þaryoratrde fr¡nl of rofrr¡aor L¡

(¡yt* lv¡ryr- ¡) | (uya- xv¡ryr- ¡) . f (¡) yttyf
Boflcoti,oa of thc r¡Irtl,vr rpsoü ooorrlL¡¡ttrr 6!,rel

(,t. rfu )y"- t!.r - r) r(-¡or) (tt - ùti )y'* t3.r - r).
r f(-a) Y' l(-Er I) Yr

tho operrtLea rl¡Lsh lo¡vca tbc 8-8 o¡lcrrüer uaobragtt tr

t'(¡r I) ü Pt (¡, X) . yrç (- ¡, I) y'

Bco¡urc thr E-B lntr¡r¡stl,oa oonacrr.r prrf,ty, tho cv6 rgl sü't

prrtrty ¡tetog lc¡lrrttc rnd. ury br ooa¡l,d.¡rrt 1nür¡rradlcntl.ye

8!.nor V'y'V'n -1;f o yJ tr¡ r grcudlo-åorl¡r ¡¡dt lyt brr op¡oll.tr
prr!,ty to f.

fho prrf.ty o¡lcrrtor oouautc¡ rlth raguler ao¡ontun¡ honol

for ovÒry t rhleh ¡slves tho B-8 equotlos fyt f.l rl¡o l ¡olu-
tLoAo Tht eorcewenalt' /" 'il- ,rr^o(eon - a-.A,,^^o("*o- e-e.¿e -



7 a

lhr A¡¡ur¡ê, SoLutfo¡

Fer n¡thcrrtl,oel oosvlnlrne¡ in rotcn vorh ¡ r,a o¡¡u¡cÉ
to h¡v¡ thr flr:

f r (Dr* E) s + r (lr+ r) + C (lt.[)

on"tr 
[r, 

yt] r or þ, yt] r o

A¡ rlrcrð¡r dllcouorcd., tbc no¡t 6encrrr fsrn sf both o

rnd,01g r lLno¡r oo¡bl.netfon of rl1 four dlc6cnrr¡to clg;cn-

f,unetl.oa¡ of, r prrtl.euler .f .

Eaorust of, prrlty soârcrv¿tloa tro lndl,o¡len{1,æt poeclÞf.11-

tLcr rrl¡t¡
(t) r¡rLn ctnglot strtr (al"""rt) ,r. BZ)

/{3

(lr . g)

( el.6 )

I*ptiet+0too r r I + ,t tot
o . ont ,l'* o.t,yt+ o.t.y'+ ertry'

(f!.) rp!.a trtplct et¡tr

groly;+otyt
o a I t-

yr+ ð vt+stta tt t

0 ¡ e.t.y'yt* cnt.r'yl+ O.t.y.rt+ c rt rr'y.
rboro th¡ o ¡¡it C rr¡ funotLon¡ of t ¡nd, r onl,y.$p

So oouploto tlrr Ansrta, tuo Boro funEtloq¡ çtll br
Lntrodluo¡dl hcrr¡ lhry rrc tntrodLuo¡d. foç a¡th¡urtto¡.Ì ooav.ã-

læea. r,ad. theûr cxrot dlo¡rca4cnor on I rnt C ç[l1 br glvon ret¡r.
For rp!.n otnglctr

{'s ut|- + lt, + ort + Erttr I I tr tt
Ç t ûrÇrY'+ Ért rY'* #nlrY'+ {rtrv'



8. /vl
Spla trl¡lrtl

orl r'fra yt* ,lt ,y'+ u'f .yt+ oftrrt

I r lnr.ltYt+ Ért ,r'o'+ *trrylyf + f rtr?'yr .



/./s-

Rtdluetton of, tbr E-8 Equetf,on ts ¡ Bct øt 6ou¡aLcå EquetlonÊr

If thc ecuuncd, fora of thc solutton (Et.b) fr sub¡tltutcl,
futo thc B-S cquatton (Qf .f ¡, the f,ollowlng equetf r>n la

obtef ncd.

(t.t- tt)o(pn- r) + (tr r)o(t.r- Ít) + (t,- s)o(pr- r) ..

. r(r) 
[,*r+ 

r)c + *(-tr+ x) - t] (rt.e)

Two u¡oful l,dtcntitLce aro gl.ven f.ar)

(r -

nancly

I
r)C(¡r- tt) ' å(lr- I)(tn0 +

+ iþ(¡rg + o¡r)(¡

eP") *

-[) _

(al .l )

(t,t. F.n 2Ur )CI

(t,t- rr)r(lr- r) (r - t)o(p r_ rr ) 3+ t t

+ I

I

+

llslng thesr on (¿l .g) w6 get

'å(r I 2ut )f (I.- r)Þ¡t

*(r. - E) (D, t* 2rr )c - t(prt- p.r )(f , - 0¡r )Pl-
a

å(p - 2ttt ¡s(Er- [) +

,t )(P.r ' o¡r ) +- å(p

rhcrc, on

on rdr but

.'. f (¡)

r(¡)

P.t
P

t

l+

I

*(r,- F) (!rt* tnt - ?ur )o (lt.to)

*(nr- u)(!rö + ot, ) *

2H')0 r

E)ø l
t

RHS sf thc cbovc equatlont D

on f (r).

I

* t(D.o )t+ 6p (¡

tho

not

-u)-*(Bt*Þ!?lr
- r(=)[ - ftr,L

f ft l(¡ u) - e,

I
end, ¡ eot ønly

t

ú

Ê

(p - u) r(¡) r(gf )(n - I)ul o+
I I

* 
þtu ¡ -u) l r(r) t(Dr- I) - ro(gr)

e



¡tr.tt hrvr

lr- ! + fg

lrtt-!g
(y#r )" (t't + v t + vrD I )t'

ö

(y'v ) (yÊr ), p

/v6

(tl .rt )

I tY+
Iatp a

rl

slrLtrrly (yFv gr
![rn a

t. t. (rtsl** lrÉvr, )t.

rc tbrt

irt* !rt- ¿(rr- fl )

ItlG
P

a (vþtr),- (rls*)r+ r[(rFrr)(ytv, ) +

l" ) (ztv, )!n t' !.t.

at- trt' lat- !rtt loDut t'

¡t
Ë;r

t

¡r
$ir

I

gl
E-f

I

v

!.9.' !r1r- !.?n- tnur]

-

l
!.t. (rpl")r- (yþr trt- t[ (v\r) (y?v, ) + (y'v, ) (rFr, )]

2r[(yå, + (vv )(ynr )I tt

¡ u'[

' 41 prv
l¿

s [l p.E

$r¡þstitutlng ¡11 thf,¡ tnto (¿t,tO) rc E.t
(tt- ll - It+ f(x)¡o(tr- tr) + (*r- n)(fr- fl- tt+ f(r))e

- 2l t'x(trt ' Dnr) + *(rr- tr)(t,t + 01.) *

+*(¡re + ötr)(lr- x),- (lt- E- rr- r(r))c ' 1 feftl, oJ

thl¡ 1¡ ¡ thtrrt orihr dltffererrtf,¡r cquetfor. Tho oporatoro



Ì
/v7

a

(tr* f) ¡ (1.- f) r¿fü¡ty thr trrü t.lrr fpor ùbr !.rfù
r¡l tb ä.Sbt ror¡rrrtLçúf* br¡¡r tyrry ¡ol*ü!,ot cf thr
¡rtr cf ¡t¡sal ¡rtrr rqrrtåour

[l- t'+ d' r(t]J. ' *(tr. *u¡"] (Al.tl]

[U- tr+ il+ r(:]]r r Etr Ë.t(trr - rl) + I [gt, r] (lr.l!]

la rbrlrsstrt r ¡cl'utlea of, (at'll) r*t rr b¡rc rorlnccd tbr
thlrt ¡rtlr r{ertlsr to ¡ ¡rtr rf sen¡tr¡û ¡rcø¡i crftt l{trr
flr¡r"



t/l
A lorc üonv¡¡¡lcat Neù¡tfol

I¡trrðus¡ nrç funotion¡ r' rEê | raå epcrotor I trflnoè
r¡ f,ollow¡

8lt Xr- !t- A

r0f
Lrç'

+9t+f {t . 2 U.lø

[åï. " B'- rt")]. s - 2 E !,o' . *[r, r]., *r [r, r] (et.t6)

[$|'+ sr. t]n'[Ë. + Er+ t]t -.[*. + a'* r](r,"'- "'t,)
r I ftrrl, "J- [tr), ,,J

' [*tl(e * Ào' ) - (, - lr'Xgo)] (¿t.t7)

I s e - !. (Df - *'lr)

thrn t(!,c + or,) ' *[r, *] " å Li
hoao¡ (¿t.rz) bcoo¡¡a

To ¡el,vt (tt.l4), (¿t.16)¡ (nt.f7)r thc Ans¡t¡ (ll.þ), (.tf.5)

rry be utcl fo r tbo apln oln6lct êtðoc (!o¡ th¡ ¡Pla trrl.plct

ssrÇ oaa follor¡ ra oxeotly rn¡logut proocrilurf uelng Anr¡t¡

(u.4)r (*r'6).

Ual.nß tbo now funotlonr¡ thc f,ollerring cqulvaX.lat ¡ct of

oqurtlona l¡ ebtdnct.

a ü + t(ef t'il')

(m.r+)

(lr.r F)

[tT' + e '+ r]e'' 2D'9 (rl.tÊ)



//7

[tå' + s!+ r]o . - e¿'g ,'* å [r, t]. * r [r, r]

[Eå' 
+ sn+ r]l . r[fr(, + 1ø') - (, - te') (Xt)]

(Er.r9)

(¡r.eo)

fhlg ¡ot û cqurtlou¡ la trk¡n ¡a tho ¡t¡rtlng ¡loLat fol

orpl!"elt rol.utloa¡.



/S-o

XrnLful¡t{oa gf y-¡a1tr1sao.

îb¡ oquetLo¡s cf tht prevlouc prrrtrsph rf,LL now bü

erprtso¡¿ f,n r forr¡ wbrrc tho y-nrt¡doe¡ rp¡rrtr oaX.y in
l, er t¡,y'r ßo èc thto ùhr aoslu prciluotl ¡bdt oornut¡tor¡
ør, thr RES ef (lt.l8, ig t æ, b¡vo to Þc evalurtoû. fho

f,ollorl'n6 rcrrtlont¡ d,rr!.rrdl, f ron thc reourreo¡ol rel¡tf.ou¡
fcr Legead,r¡ ¡roJ.ynoal,¡lu rlll Þc uc¡f,ul.

t'Ë err * t.I,'¡, * *d\r" t") tvt (.tt.aî)

t'I t ,' |,X'E ' EhT (Jlr- (J+l )r. )ty'

Ë,'r tr, '(Jt.- vr)rv' lrr,'E r - (!rn + t r)y'

L'ð tr' -((Jnt)tr* g, )rF' trI.S, r - ((¡"t)rr- f , )ry.

qf.g f .' - f.L.gr r ãhT (-Jr + (J+t)¡.¡tr

ri.g tr. t.!.gr - ãffi ((¡*t)orr* lrvr)7'

rg'i tr' (J-t )(Jtr- t, )Ir

ng'f, 9rr - (J.a) ( (¡*l ) r.* r, )l'

rrz'3r r (J-'l)(Jr.* tr)y'

r,L'3r r - (J*e)( (l*t )t.- | ,y'
Eosff,lolat¡ ef th¡ t

th¡ foLl,orLng ro}¡tt oR!¡ " 
rr etr l ry'tr lry bc cquetoå, glvl¡G



o.
ETI

a.
ãlr "q+tl 

- ßt+ u.+ r]o,, zn ffir-1I

¡nê tbrcc sLuLl¡r equotlona f ot o'

6r
EãI åår" . t(*Ët) - Et+ rrr+ î

r+

t2ß

Hcnoc fæ thc oocff,lqf,Eata of I
o¡lcretor rcJ'etl on

/s-/

e

et\èr)

eail t thsrc cxlats thc
I

(¡r.a6)

(*r.z?)

(et , zg)

gt o'
!t

lo
).

I-- rt

t
a

1-- rt
/ ÅtZ
\rt.- åg') - r(J+i )

* 2Lt (ror ) + r å*(Jo,+ (J*t hi )

¡nl tb¡¡ca alnl.l¡r rquet{,onr fof þ ít í tt
gr
ãTr

or
ãT. r+ tq#l - Er+ Mt- r]

9-El + "ó.* 
rJ/l!.

\r l+I

url throe stnl,l¡r egatf,on¡ foo ,, ", ,r.

ttr {SÐ tcrn lg lntrodluoc4 by opercting with tb

In*-r-te(""'h). ãrt6
¿r
ãlr ]tr' - 'l(l+r )r,

rugular partn of the Lr¡lleoc o¡lcrttor on thc ophcrl'orl hßr-

nonlo I r I ro 0thcr a¡rherf,orl hgr¡nonlos protluoc ¿lff crsrtg t rd
feotora gdvcn by the 6onerel reletlon

o

ô'$$i."-r(¡lt)
SlltIEr rclrtLono holô for l" "*tlo A vcrJr oenvcalcnÉ

not¡tlon ts lntroduocô, 1n thc ncrt prragrr¡lh¡ to kccp tbr
aX.gcbre es oiaplc ¿s poaalblc.



Ðf.f,f ero¡tlrI 0¡rerat orE.

Dcf!.ac thr epcrrter r

thra f,or r].I vllucr of J
'i'(!t-*)

-
J+rr

/s-L

(tl,e9)

(¡l.ro)

(tr.rr)

(¿t .5e )

oî*.uî.r, ol uj . tå - rfÅ¡il

oi r(n;n;), f(ni_.uJ_. )nt

nT. I
-loJ-ËD.$ot"

(ll. It)l-a,ËÞJ

If trr rr(oer C) i¡ ¡ aphætorl. hrrnon:|,c, tbo ûrplror cpcreton

¡rtl,cfl,c ¡ thr oporrtcr rqurtû on

uT'

çhrorvrr lt cprretca on funoüi.on¡ of tbc typr ¡(rr t) tr(ooa 0).

Ebl¡ re¡ult holit¡ f,or rtrl, v¡luc¡ of t. In thc d,¡utoroa f,orn¡I-

lr¡ thrr¡ dltffrrogt a¡lhorloatr hrrnopLo¡ rplcer, çhfoh sor¡ttt-

porl to J-l ¡ $ r å+t wlth j*l o ltto LcpJ.ror opcrltor wltl

Dre Auao air.ffcroat å-feoto¡r rr It operetlr en d,lff¡r'ç¡ù rphcrl-

erl h¡rro¿lol. l{æoo 1t eects ¡pPl'oprlrtc ts dlefùno

tJt'rr- oj oJ

si , rr- ur- aj o! (tr.,+)

lr ¡E ¡¡¡tcna!.oa to tbc ¡rrcvf ouely ihfL nrü.

8tc üt- S'- A

In thlE nstet!.os cquotlon (¡t.a7) nry br wrlttcn ot

[Ë'+ sr']r+.' ,, t{ (r,å) + . Èf (to'* (l*r) nl)



/ç3

rhll¡ th¡ 0 cquotl,oa oontllna S a tbc f rqurti on tl*,.
I J-t' t



/çy'

IntegrctJ.on over Rclatlvr fl,ac CoorcU.n¡to

In thc in¡tent¿ncous Lntcr¡otl-on eppro¡J,netlon

T[hcrc V(r) ia ¡ Ïutsoçe potentlal, irð
Èeryoætrd.o fra¡s sf rcfcr€not. It íc obvf.or¡a f roa tho ge¡Ecrrl

GÍ!¡r€ssLon fer f(¡)¡ that tt la relctlvl,ctlo¡Ily lnv¡rlent.
(et,zll

e(r) G er. v(r) r(Ë 
)

u(H ) " s(t) ln th.

B¡Ecusc of thc 6(t), f(¡) g O fs¡r rL} vrlues of n / O ¡ad.
t)"

tcke¡ ùlrll oln¡rIo f,ora for t / I

[åi. + sr']ro.' o

rbLeh Ls ceLvad, by the forn¡I erpr€aal.oa

tÉ.' .{'sJ lt I u, (r) + 
"-r$J 

I tlsr(r}

Tha nuoloon B¡ot ney be oonc!.dtcreil to hevc r, E¡¡II poofti.ve

lnrginary p¡rt. Thcn beth f ¡nil S wLltr hrva a gn¡Ll posl,tLrc

l.nogf.nrry pcrt, rnct tho bound!.ery oondLftloa É.'0 al t o g ö

w111. oreluêc fron thc eolutlon terns ltbc oxp(- lsf tf )un(r)

oail or¡r(- 1? f t | ) an (r) .

thlc boundlrry oonilltlon r€cns concwbrt ertlffolal hcrot

bco¡u¡o wc kno¡r vtlry Ltttlc lbeut tho forqrl operetora S ¡adl I

ln oonff.guretloa EpaoGr fn ¡¡onømttü Ëp¡oo horveter¡ tbcy ero

stnpLc funotl.one of the reletLvo noaentua. tha oorreüpondlfng

bonudlrry oond.ltions spply quttc ns.'bur¡ILy wlth eoEE€quGûocl

f.clcntl,orl to thosr of equotlons obtrin¡ð ¡Þovc. Thc oonpu!.aon

of oonf,LgurctLon ¡nrl noncntuu spaoc cguatloaa wilLl be rttonptel



!,n r l¡t¡r ttot!.onr

Uring thl¡ bouad,rr"¡r oentf.tton tho ¡eluff.sn flr t ,l O

/çç

(tr . 15)

(¡r.16)

(er.)9)

booont¡
of ,- fr8 ltlrr. (*)

,,1r. 
"f 

s I tf o, (") ¡rE (t)

rfr. Dj .lsf tf " (o)

,.fro oi*r.rsltf ar(r)

?0rr .lrftl¡n.oo" üt - É.ala Et rgnt)

ro'¡ .trltl(".rtn Eù * Ênagat ecr Et) - r(2s)-t .lsf tl.rseot

- o; ol (aes)'i.rsf tl 
[.r 

u asnt + (¡+r) or"sat]

rr,' .!'îltl(crocr nt ¡cat - Êrrtn st)

trs'r .rrltl (c, aln ßt ógat * Êroe ¡ Et) - t (es)-t .tgltf ".t
¡rD ü o! .rnf tl (c oor Et agnt - þ 

"ala 
st)

rof r n! .irltl(or¡l¡ Et t€Ft + É ooa Et)

- D; (ass)" 
"lsltl[r.su + #+ "r]

,rr. oi"r.lTltl1n *. Bt ogat - Frda Et)

üt'r nî*, .r! I t I ( n, ¡!.a Et caut + É¡orr st )

- ui*. (au¡ór.l8l tlIlsor. 
Uht ".]

(ll.)7)

(¿r.ta)



/çe

Eher. e It I
p&Êc tIItI

È p sr. funotlon¡ €f r ealy.t



,t/

thG t-Ferlty of th¡ Solutl.on Funetlon¡.

fbr ¿bovc funotlons ¿rô wrltten eõ rvGa or srtdl f,unotl.on¡

of t. It la epparcst f,ron thc sct of oqurtlonc thrt tho
r¡-prrf.tyË of ùI ", ut st É, 1s uaLquely d.ctørslnoil tf ¡Dy

sne of, thcE lE known tc bo oili!. or evcar

Tbeeo colutl.ons rpply f;ør t / O, se ¡1I ô-funotlon¡
v¡nLgb ln thelr tlorlvrtlvc¡ endl thc oqurtlona ôo not dlrternL¡o

vhother cuy prti.oulsr f,unet!.oa f.s cvca or oùt wÅth rcapeot tc
t.

fhf.s aolutlon Lc stlppogeê to iteso¡4he the spi.n slngLet

ateto. Hcao¡ oú.thcr o or o' nuct Þc lD rvan funotf.oa of, t, Bc.oa
th¡t thr ictngl-et ¡rcrtr of tbr E.S. an¡rlitutLe dloec not v¡ntsh
f,or t ¡r 0. rt w111 bc sheçn that ta tbr beryoentrdo fr¡gl ai
referc¡roo øt vrnLshaE fron thc B.S. el¡rIltuilr.

a

I c 1!r* [)o + ,(te+ u) + f(tro'- o'!r) + )

1(l.e ,r!r ) ¡ l.t(yto, - oryf ) - Ë. (gør+ or1)

nultl.pll.eg t c P yt thc torls on RHg v¡nf.sh ¡ail
o J

r(Þ, *, J r-
lhercforc ö Ls telcen to be a¡¡

a

singlet eolutfon.

sl noc út
a

'û.!, ) ' o

svea funotlon of, t for t"trc a¡lla



ts8

Thc -9gta Tnl¡llat ÊoLutlenar

lr ¡rrrrl"oully urntLoao!,¡ Ân¡¡tt (Âr.S)(Åt.6) glvcc th¡ lpla
tr{¡trrt celutLona. fbc ncthet u¡¡ù l¡ tbe anlc at for thr
ataglot ¡olutlon raü f,t Ítll aet b¡ glræ hlr.. lho trf.pht
¡oh¡tion¡ ¡ro¡
nr.. .rr tt | (n."an, sc¡ Et - F ,¡!.a Et ) (tt .fo)

!c'r ntrf tl(..r5at rtn Et + É.ocr rt) - Å(ar)-r.ntf nlo,

nrnr .rrltl(n,so¡ Et . F r¡l,n Et ¡gnt)

to'r .lrltf (rr"ro Et + prreat oer Et) + i(es¡-r.lEf tlur ngat

+ u; uî(¿ue)'!ssEt .tsltl (o.- or)

rr r D! frrltl(c orr at - Êr¡t,n Et Fgot)

Éùr'r Dî rrrf tlln."rr Et + É.oor Et aslrt)

+ nJ(ens)-t c&¡t ,lsltlltno.* (eJ*r )-to, )

rrr' oj*,.rrf tlt"ruo¡ Et - Êra{a st ¡ent)

rs,r ujr."rrf tl("r¡tn Bt * gror! Et oe¿t)

+ oir,(¿es)*tneot ,18ltl1lr, * (eJ*r)-ru.)



,7

¡,PPEHDTI T1

!b¡ t*8 Froþob!.l,lty 0urylat c

Îe dl¡t¡ruls. å, Èbô t"lght-h¡nê rü.tr of, (e.t6) r"¡t br

atprclroü rr e prrfoot illvargrnol. lhL¡ ocn b¡ àor¡ i.u thr

foltorir5 tr{fr Eplttttng tbr .rpr€g¡Lo¡ lntc thror prrtr rr
haYr r

,f. t l,* Å.* å,

i!,trv nl,r t 8r(9r(!t) - (trr)f )

ûr.vt'firr('!t-Eitf)
rtv frr * r¡"(3ärr - $Í")

ff tr ¡slr¡ao rþprortuetcly ! r tr - (el)-t¿n tbrn

ûty J.' - t(a:)"rn¡çt(¿r) - (¡r.)r)I

ee th¡t o¡¡ ttpa¡¡Loa

itr,v J-' - l(zr)-f rr(rr(Ir) - (gr.)r)
I

Atre lf wc qub¡tLtut¡ fron (z.tO) ¡ad. (e.r¿), r. g.t

û1v IF¿l

Å.'Ål + ¿'

* n" ((r-'rrD) 
3,E

I n' ((E-'Þn.) tä

-rt

-re

(n-'" tå )
(r-iltv .[t a ,t*')



/6o

Exprad.lag li-i. [-n (l + (arn¡-t a + ..¡r ), ead. nr6rcottn6 t¡r¡¡
Lnvorllng tbo oubo of, i, v r-t cnü hr.6her¡ whi sh lr oonlt,¡tcnt
wltb thr aonr¡lrtitl,¡tlo rppri:rtnatlon¡ nod!,r throrrghout tld.r
work, rr 6rt

êr" ¿l r (8r.¡-' rr((¿rr) t' Et - ,'r.(^ 3f )
+ 1(rrr)-'rr(('.v.r.t) tä " *f.r* $ä ))

honor

Eo thr?

fl . - ls (grt )-teo((grr)y.r - xiyr(fr)) . $(rlr)-ter(rry.gr)

8ln{lrrly
alt ¿: , (sr. )-'r"¡r.(arr) * - *. (u El ) ,.1

+ r(¿,r)-.rr(y.r.grr) tf " ,{ If ,.*.Í ))

¿: r - i.8(8[n )-t rr(y'(!r.)r - r¡(i¡ )y. ) * s(+u)-t rnqr.¿r ìr )

ff wo ¡rut tf . - frr

, åF'r fn¡r

thca År. l, racl ¡l¡o E r I, heooc to r þooè ep¡rrorLnrtlo¡

l' - # tt(r*(tr) - (gr.)r)

- r(br)-'rr ((Bß.)[r., -]{r., *.]tUrl)

* t rr1[", r.t] r )



t6t

APPENDTI II

FONIRATI GODE FÖn SlfE NIr¡[sRIgAr S0LUTI0¡t8

Artogcthrr f,our rcprratc prograrnBÉ! raro wr{.ttcn¡ oB.

f,er thc elganraluo pnobl.cü endl thrco for tbr gocttorfng. w.

sfrl flrct ctr¡erLDc thç GoE!¡oÁ f,caturo¡ of the¡c progrBEBG!

¡nd thcn ôLcou¡a caoh o¡ô ln turnc .[ llst of, Fortr¡a
Lnstruotiön! f o! Ell four progrc!Ênsr andt thel,r ¡ubtoutlacs !.¡
lnoluihil, at thr onð of, thtc rppcnd.t¡.

trron tbe poiat of, vl.cw of nuucrl,oal,, antlyal.e rc heyl
earentially tho s¡nr probLo Lu r,Ll four orÊcl - naacÌf to
¡olv¡ cLthor onc or e ooupleil prtr d llaear ¿looail ord,cr

rl.Lffcrcntlat cguatd.onr 1n vErLrble oocffLolent¡. A typioel
cguetlon u¿y bc crrpraaacil ¡¡

Q'

8sFÐ+QO+Br

fr'Si+îr+EO
or Jult tho f,l,rat equatlon wi.th r, r o in the oeso of opin
rl.ngl ct .

rha intcgrctl,on Lo pcrforneü by r, fourth-orèÊr Bun6r-
Kutt¡ ¡otboð for fl.lat-orðcr rtlf,fcrantiôl cquatJ.ona d.oEordbed!.

by cntl.tgl6). lo dl.o thLEreaoh ¡eoond, orir.cr oquatlon fa
dlroonpo¡eil Lnto tro oou¡llcil flr¡t ord.or equatLona by ü,cf,tntng

t acw varl.¡bLc equar to thr rlorl.v¡tlvc of tbc slil ons.
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ÙT

rPl+QÐ+Br
a
?rl
alEBt+!z+E{t

Tho cqnrtlona oan bo sorvrdt anrlyt!,ôarly for Lcr6¡ value¡
of r. tho¡e aaynptoti,o rolutl,oal crè u¡odl ¡o ctartlng yrlr¡ç¡
ln tht Bungt-Eutt¡ 1atcgratlotr.

fhc ¡or.utlon funotùoal arr oxxroctrd. tg vrry Eor€ rapüdlly
ln rcgl.onr oLo¡or to thr eorG th¡n thc rcglonr frrthtr out. fn
çt¡l ú thxn, endt to hovr tho ve¡rl,aÞlr ef lntcgratlo¡r taoreor:lag
fron rte¡l to atrp¡ r¡thcr trh¡¡ i!,rorceaf.ng, rc o¡&r th¡ f,ollotl,a6
tra¡sfornatl on to Èhe rerf,oþX,r la lntogratloa t

ttYtftr-E
nrh¡rc the atc¡r ¡l¡r tn öff,crcnt regl,ona rel¡tLvo to thc Eora
o{¡¡r Þr ed,Jueteil by a gr¡ltoble oholoo of p anit er .0.otuetly !.¡
all Ga,gGl wt ohos¡

P r n e c o.2
aail lntegrat¡dl ovcr rtrpa of unlt t¡ or ha.lf unLt t tn thr oar.
otr tho o!.gonvelur pnobla.

Doutoron Probtr,c¡

Thl.¡ ta the cr,6oyrluo probleu, rhctre re herr to f,laè rhtoh
p¡lr ef valucs for thc oorc redllus a aadl asynptot1o D to g ¡tate
ratLo dl, glvrs a aolution rlth the rlght behevLour at thr e*lr

a
€
a

]
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!h¡ anrlyalo of thc aolutLon l,n thc ooro re6lon {lcüçrnlaor
tso oooff,fslcnt¡ ¡rhloh havc Èo bc ollnlnatcê fron tho aooeptrblc
solutlon. fhs¡6 aFo th¡ erbÍtrary oonata¡tr of thc fr¡otlonel
powar 6ætËc part of raoh f,unotú_on.

tb¡ Brooedluro u¡aö lr tho f,oLlorr{ng. wo esrunr ronü

r¡luc of thc 6o10 red,lur anå aolvo the oouplcdl cqurtlon¡ for
tro ûlfforont valuct of dl. Intarpoletlng lLnocrly ws ffað whot

v¡lw of dl roulê elLnl.nctc onø of, the oonetant¡ anil thG[ Þy

ar¡oth¡r lntor¡lolatl.on te fl,nil th¡ value of thc otbrr oonrt¡nt
rhlsb oorraopondl¡ to tbls partlourar pa:lr of ¡ cad!. û. lbr
oouputor Lg Ésilc to Loot f,or ¡ ehangr of rl,gn in thLa v¡lulq
E¡oh tiuc e ¡o¡o L¡ f,ound. thc ooøputor ¡rlokr up thc lart aon

torÞ valu¡ ancl atert¡ egai.n otren6Ln6 r 1a ærllor stl¡llo rht
flnel valuo ls tcstcdl by tntegratlng onoc Eoûro lrtth thc flnel
pelr of ¡ ond. ê sð r fnput.

îhc ilør¡toroa Fava ft¡nstton at iattogret rel,uoo of, t 1¡
prLntcll f,ron thts Lntcgreùlono

Soatto¡:tag Problq r

trhoa tbo caynptotlo oi.aueoi.dlal wavç ls renovcdl fron thr
equatl,ona by Ê, eultablg cubatltutl,ou, aryuptotl.o solutlone oea

bc obtalncû rnalytlooLJ.y.

Thc Gnrrry of, the ayrtcn andl, theoon rEdll.ul approprf.ato to
tb¡ lrotopl,o r¡rln ¡tatr Bre uredl a¡ lnput.
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gltb the aoyuptotfo solut!.ons Ês atorttng velurp th¡
cguatlona rra l"ntograted. f.nto the oorô aadl thc valuøg of, thr
funotlong aadl tbol,r fLrct dlerivotivea tabulatert at the la¡t
tro poLntg beforc thc ôotroo

Fros thcEc valu¡a th¡ oocff,ioLent¡ thr progrËß dtodluoc¡

thc valuog of tbe flrtt ooofflol.Eat of üre fr¡otton¡l porrr
lertc¡.

shese oooffl.sLents are tabul.atcû f,or eaoh .a.rgy, tcotopl,o
aBtn rtatc a¡Å anguLrr nonemtu¡ stateo

?ro progr¿Enec rürc ¡rrftten for ths apla trtprct, bcolulc
thc J " 0 oase 6lves oni oquatr.on¡ Juat like thc claglrt eåÄ

It çcr olm¡lLer to w¡rl.tc aaothor progreü than to inorudtl
provtsLoar for tt¡Ls a¡lcof,el ôeB. l¡ thc rathor oonpJ.f,oatcil, opl,n
trlplet J * l, 2 plggrßar

SevcrEl ruaa nlth varlous l,ntervEls of, lntcgretlon atrowoê

thet the lntegretl,on prooeth¡re Ls ¡tabLe a¡d, aoouretc to at leect
thrcc f,lgurcr. trt wa¡ alao for¡ndL thot lrora oonclateat rcEult¡
ar6 posoLble when oao stort¡ at about t r g¡ rsthcr than t ¡ 1

beosuEe tho flrst ateps 116 rathrr rergc on tbc r-so¡lc and!,

tonr vory ouarl tern¡ tcad. to prodluoc Lnatabtll.tte cr
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