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SUMMARY
n

A positive quadratic form f(x) = I a,.X.x
~ TR ij i
i,Jj=1 _
(aij ) aji) of determinant D and minimum M for integral

1
x 4 0 is seid to be extreme if the ratio y (f) = M/D"
is a (1ocal) maximum for small variations in the coef-
ficients aij’ f is said to be perfect if the coeffic=-
ients aij are completely determined by the min?mum’M
and all representations of M.

All classes of perfect and extreme forms ére now
known for n € 6, and many classes are known for larger
n. In this latter case however, relatively little is-
known about the structure, properties or possidle num-
bers of such forms, and it is with these problems that
this thesis is mainly concerned.

Using a well known algorithm of Voronoi; I have
established the existence of no fewer than 22 inequiv-
alent classes of perfect forms in seven variabies. A
study of these forms has led to some useful theoretical
results, including a simplification of Voronoi's ecrit-
erion for extreme forms in terms of the group of the
form, and theorems relating to the determinant, adjoint
and property of perfection of a 'section' of a form in
terms of the original form. I also give a new method
for constructing perfect and extreme forms which yields
large numbers of new forms very easily. It is of par-
ticular interest to notice that all known and conjectured
ebsolutely extreme forms (and hence lower bounds for yn)
can be derived in this way. A number of other results
are also proved, and several forms in seven and eight

variables are independently classified.




INTRODUCTION

(2

be a positive definite quadratic form with determinant D,

and let M be the minimum of f for integrél x £ 0. Then £

ij = aji)

Let f(z) = f(x1,i2,...,xn) = i g aijxixj

attains-the value M for a finite number of integral

X =* Bk(k = 1,...,5), called its minimal vectors. Cor-

resppnding to the minimal vectors of f, we define the

(associéted) linear forms Xk(y) by

n ' -
' .
(3 =y - R St (k = 1,000,8).  ---(1)

£ is said to be perfect if the s equations

£(n )'= $ZI a
~ i j

uniguely determine the zn(n+1) coefficients 853 of f;

ijmkimkj =M, (kx = 1,...,3)?--f(2)

that is, if the equations

= 0, (k = 1500058),
(bij S bji)’ "'"(3)

_ g(Bk) N 357ki%k;

e 2

b
J

have only the trivial solution bij = 0, Clearly if f is
perfect, we must have s 2 tn(n+1).

f is said to be extreme if for éll infinitesimal
varigations of th: coefficients :

M/Dn is a maximum. If M/Dn is an absolute

aij, yn(f)

meximum over all positive forms in n variables, f is said




(i1)

to be absolutely extreme. We set

Yy = Bex v, (£) = max (H/D;) -==(4)

f
and it is not difficult to show that there is a form for

which ¥ is attained.

It is sometimes more convenient to use

W0 = (B - ()

Corresponding to (L) we now have

én = mgn An(f)'.

The properties of being perfect, extreme, or absolute-
ly extreme are easily seen to be invariant under equivalence
trensformation, or multiplication by a positive constant;
we therefore unite in one class all forms equivalent to (a
multiple of) each other.

The study of the perfect and extreme forms may be
8aid to have originated with the work of Korkine asnd Zolo-
tareff,.although a few results relating to'the subject had
been published previously. In their paper [15] (1873),
using a method of reduction of qqadratic forms, they calcu-
lated an upper bound (dependent on n) for y,e However, the
known extreme forms in 5 variables showed that the limit
they gave was precise only for n = 2,3 and 4. Korkine and
Zolotareff realised that-every extreme form has the property
of perfection; thus in a later paper'[a6] (1877) »p. 252
they write 'Toute forme extrgme a au moins %n(n+1) repré-
sentations de son minimum qui déterminent domplétement cette
forme'. In this paper they define-a nunber of extreme
forms, and in particular determine all the extreme forms for

n €. 5. Their method depends on the properties of the




; (iii)

minimal vectors, and becomes very complicated as n
increases.,

It waes well known that any class of positive defin=-:
ite forms could be represented by a lattice in Euclidean
n-space, and Minkowski [17] (1905) observed that spheres
of diameter VM, centred at all the points of this lat-
tice, constitute a packing of spheres. The problem of
determining the extreme forms could therefore be re-
stated as the problem of finding a packing of spheres,
with centres the points of a lattice which is the best
possible for small variations of the lattice. Minkow-
ski also showed that the extreme forms occur as ‘edge
forms' of a certain region, defined by a system of
linear inequalities, in the %n(n+1) dimensional space of
the coefficients aij“ Although all extreme forms do
occur in this way, the method is of little practical
use, &s even with modern techniques, the solution of
large systems of linear inequalities is at best a haz-
ardous task. } -

" The form f(x) is said to be eutactic if the

ad joint F(y) of f is expressible in the form

s o I o ) .
F=l p My (o > 0, K= 1,.00,8). -<=(5)
Voronoi [20] (1908) succeeded in proving the

important

Theorem: A form is extreme if and only if it is both

perfect and eutactic.

In this paper, Voronoi devised a useful algorithm for -
finding all the perfect forms; an outline of this is

given in Part I, Chapter 2. However, this method too




(iv)

is best suited for small values of n, and Voromoi did not
proceed beyond n = 5 in his analysis of the perfect forms.
The method is of interest in that it leads to & finite
number of regions_Ro,Rq,...,RT in the %n(n+1)-dimensiona1
coefficient space, with the properties (i) any form is
equivalent to a form lying in one of the regions R

(ii) no two forms lying in the interior of different re-
gions are equivalent.

In 1933, Hofreiter [13] attempted to find all the
extreme forms in 6 variables, using a geometrical method,
but his results are incomplete, and one of his forms is
not extreme, Blichfeldt [9] (1935) used a complicated
erithmetical method to avaluate Y¢, Y7 &nd ye, &nd in
1944, Mordell [418] established the inequality

n-4

— e e

n-2

Yo € Ypo4 e | (63

Equality holds in (6) for n = 4 and n = 8, and it appears

likely that the same may be true for n = 12 (see [6,II]).
Given a form f£(x) = f(x1,...,xn), we call the form

g(x,xn+1) = g(x1,...,xn,xh+1) an extension of £, and f a

section of g if
£(x) = &(x,0).

Chaundy [10] (1946) gave a method whereby the absolutely
extreme form in n 4+ 1 variables could be obtained by
extending the ebsolutely extreme n-variaeble form. Although
his results are correct for n € 8, the method can not be
justified, as it is not necessarily true that the absolute-
ly extreme n-variable form is a section of the correspond-

ing form in n + 1 variables, Thus_tﬁe‘12-variab1e form




(v)

J12 proposed by Chaundy is certainly not absolutely
extreme, as is shown in Coxeter and Todd [12] (1953)
where a better form, Ky. is exhibited.

Coxeter [11] (1951) obtained a large number of
classes of extreme forms, which included all known forms
for n €« 8, and a new 6-variasble form. But as Coxeter
remarks, his method, which is essentially geometrical in
nature, only finds extreme forms of a certain type, and
is not intended to be exhaustive. Since Coxeter's re-
sults for n = 6 included the three extreme fofms of
Hofreiter, it was generally thought that the 1list of
extreme senary forms was complete.

However, in 1955, Barmnes [3] and Kneser (1]
ihaggéﬁdently discovered a new extreme form in 6 vari-
ables. This led Barnes to re-examine the whole question
of the extreme senary forms, and using Voronoi's algor-
ithm he established that there are just seven classes of
perfect senary forms, six of which are extreme [51(1957).

In 1959, Barnes and Wall [8] defined some extreme
forms in terms of the elementary Abelian group of order
2%, There occur amongst these forms some with a very
large value of Y but all the new forms found are of -
dimension 27(n>4).

As has been indicated, the known methods for find-
ing all the perfect or extreme forms in n variables have
proved to be prohibitively laborious for large n., For
this reason, Barnes [6] (1959).devised two new methods

of construction (i) the refinement of a known form in

n veriables (ii) the extension of a known form in n - 1
variables. It had been hoped that the method of exten-
sion, a method of the same type as that used by Chaundy,
might lead to a relatively easy determination of all the




(vi)
rerfect classes in n variables.,  Unfortunately, it is
unlikely that this will be so for n 2 7, as in Part II,
Chapter 1, I shall show that the form P¢ can not be obtain-
ed by extending a perfect H-variable form by any method.

For n > 7, most known perfect forms are listed in
Coxeter [11] and Barnes [6,I]. 411 other known forms are
K1z, given in [12); K¢y of [6,IT]; B, of [10]; the
unclassified forms given in [6,II]; and the sequences of
forms of [8]. In Part I of this thesis, I use Voronoi's
algorithm to obtain a large number of inequivalent classes
of perfect forms in 7 variables, In Part II, a number of
these new forms are classified and generalised to n dimen-
sions, thereby considerably extending the list of known
perfect forms for n > 7, and unifying previous work on the
classification of the perfect forms, _

The group of sutomorphs g of f(x) is the set of inte-
gral unimodular transformations T satisfying f(TE) =If(5)}
Clearly if m is a minimal fector of f, then so also is Tm,
and g may be regﬁrded as a permutation group on the mini;
mal vectors. If now G is the group of sutomorphs of F(y),
an element T € G if and only if T™'' ¢ g. Thus G may be
interpreted as a permutation group on the linear forms
kk(z). Barnes [2] (41959) showed that (i) Voronoi's theor-
em (above) can be restated in terms of a subset of the
minimal vectors (ii) the eutactic condition can sometimes
be replaced by a simple condition on the group of auto-
morphs of the form. In Part II, Chapter 2, I obtain a
useful simplification of the general relation (5) in
terms of the group of the forn.

We now find it convenient to give a more general
definition of the section of a form than that given pre-

viously. Suppose the variables of the n-dimensional form
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f(x) are made to satisfy the non-trivial linear relation
2' x = 0. -==(7)

The form f(z) and the condition (7) now define a new
form, g(z) say; g(x) is said to be the section of f(g)

by p' x = O, g(f) is in fact an (n-1)-dimehsiona1 form;

~ N

in practice however, because of symmetry considerations,
it is often more convenient to leave it expressed in n
variables. Much of the work in Part ITI is concerned
with the sections of forms, and in Chapter 4 I obtain a
number of theorems relating the properties of the forms
f(f) and g(z). These theorems are then applied to vari-
ous forms in later chapters, in particular to the forms
Sn(ri,fz,...,rk) (Part II, Chapter 5) which are obtained
as sections of the new forms Rm(r1,r2,g..,rk) (Part 11,
Chapter 3).

We can often simplify our forms in the following

waye. If T is a regular n x n matrix, the points
£ = Tx (x integral)

form a lattice A, We say that £ is the form h with
lattice A if .

£(x) = n(rz) = n(g).

Then the values of f for integral x are precisely the
values of h for £ € A, In this way the form f can

"~

often be written as a simple form h, with variables E
lying on a sublattice A of the integral lattice. ”

In Part II, Chapter 11, I give a new method for
constructing perfect and extreme forms. Basically the

method consists of combining together a number of

\
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perfect (or extreme) forms of lower dimension by means of
a lattice which eliminates all the minimal vectors of each
form. We can obtain in this way an enormous number of
forms (for example the forms Rm in Part II, Chapter 3),
and by combining together forms which are absolutely ex-
treme, we can easily derive forms for which An(f) is very
small (i.e. yn(f) large). For general classes of forms
the notation becomes cumbersome, and it appears that group
terminology similar to that used in [8] will be most suit-
eble. For this.reason, in this chapter I only consider the
derivation of the known absolutely extreme forms, and the
forms for n € 16 which appear likely to be absolutely
extreme. New bounds are given for 443, A{4.

Finally we .note here the basic defihiéﬁons of the forms
given in [6,1]; except where otherwise stated, these will
be the definitions used throughout this thesis.

For convenience we write m = n + 9.

The forms B_, A
m n

n
f(f) = § x;
with lattices
m .
A(Bm) : f x; = 0 (mod 2)
m
A(An) : ? x; = O,
The forms L:, Mz
r n
€)= P GG sk o) e 2o ()

with lattices




e = I —

) (ix)

r
A(Lm) : %xi = 0 (mod 3) N
r m
A(Mn): E‘ixi = 0.
The forms Qm’ Pn
m
2
f(‘JvC) = % Xi
with lattices
n .
2 x. = 0 (mod &)
q 1
Al ) ¢
m :
£ ix, = 0 (mod m)
1 i ;
- I
=L x. = 0
Ly 2
A(P) = |
* M
D ix; = 0 (nod m) -
L 4

t

The forms Bt, A
m n

The forms Bm’ An defined -as above, and subject to
the further condition

X4 = X2 B ,s00e E xn (mOd t).

Numbers in square brackets refer to -the biblio-
graphy at the end, and whenever.results are not

original, the appropriate references will be given.






