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ABSTRACT

This thesis examines the multi-imaging aspect of the gravitational lens effect

of both galaxies and black holes. Galaxies are modeled by spheroids, the density

of which is assumed to have spheroidal symmetry i.e., the density is constant on

the surface as well as all the other spheroidal shells that make up the spheroid. If

such a spheroid is projected onto a plane then the resultant solid ellipse's density

has elliptical symmetry.

It is shown that the equation z - zo-4DGc-21* (zs) which relates the position

of an image zs with the position of the source z, must satisfy certain symmetry

properties. In particular,

2 : zo - 4DGc-2 I. (ro) + -z : -zs - 4DGc-21" (-"o).

The solution for .I(zs) presented by Bourassa and Kantowski (1975) violates

this property, as tHjlr /(zo) - I(-zo), Thus a corrected I(as) is computed. This

contains a proof of the fact that if the projected density has elliptical symmetry,

then there is no contribution to the bending angle due to mass lying outside the

ellipse formed by the impact parameter. The new .I(z¡) is used to present diagrams

which show how many images of a single source will result as a function of the

position of the source with respect to the galaxy.

Similar diagrams are presented for the case where it is the Kerr black hole

that behaves as a gravitational lens. Unlike other massive objects,,black holes have

r : constant orbits for null geodesics. This implies that a single source of light

will have infinitely many images at the observer. These consist of the direct rays

and rays which orbit the black hole once, twice, etc. We concern ourselves with

the direct rays as these are the ones which are least deviated, hence least deformed

and most intense, and thrrefore, are the ones which are most likely to be observed.

Approximate solutions to the equations of motion for direct null geodesics in

the Kerr metric are derived. These are correct up to and including second order

terms in mf rrn;n and øf rrr¡,n, rvhere m is the l{err mass, ø is the Kerr spin and

r-¡o the distance of closest approach, and are sufficient for most astronomical

purposes. Second order terms are included as spin comes in only at this order and

our primary interest is the effect of spin on inage rnultiplicity. It is found that the

derived expressions can be combined with numerical integration to give excellent

results for rays rvhich have relatively large deviations.



PART I

Spheroidal Gravitational Lenses



$1 Introduction

$1.1 Spherical Gravitational Lenses

The "gravitational lens effect" is the effect of massive objects upon the paths

of rays of light. The word lens is used as this effect is comparable to that of a

glass optical lens, something which is familiar from classical optics.

-------È.---

Figure 1.1 Optical rnodel of a point-rråaa lens. At the top, is an ordinary positive

, lens where the closer the light passes to the centre, the less it is bent. I.n, a pointlmass

gravitational lens the light does the opposite: the closer it passes to the centre the more

it is bent. At the bottom, is an optical analogue of a gravitational lens.

There are many aspects of the gravitational lens effect that have been of

interest to scientists since Einstein proposed his theory of General Relativity back

in 1916. The first aspect of this effect studied was the deviation of a ray of

light due to a spherically symmetric massive body. Questions regarding size of

deviation, shape and intensification of the image were carefully studied. Other

topics of interest such as multi-imaging and time delays between images were also

investigated. It is the multi-imaging aspect of the gravitational lens effect that is

of most interest to us.

Gravitational lens effects of spherical deflectors have been thoroughly investi-

gatecì by Einstein (t9Se), Zrvicky (1937), Tikhov (1937), Liebes (1964) and Refsdal

(196aa). Many applìcations have been tnade to objects seen around galaxies by
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Zwicky (1957), Metzner (1963), Klimov (1963), Refsdal (r964b, 1966), Noonan

(1971) and Barnothy and Barnothy (1972).

As early as 1937 Zwicky suggested that some galaxies at different distances

might appear to overlap in the sky. He concluded: "The gravitational flelds of

a number of foreground nebulae may therefore be expected to deflect the light

coming to us from certain background nebulae. The observations of such gravi-

tational lens effects promises to furnish us with the simplest and most accurate

determination of nebular masses."

Einstein recognized the possibility that the image of a distant star could be

split by the gravitational field of an intervening one, but he concluded that "there

is no great chance of observing this phenomenon." However he did not know of

the existance of quasars, which were discovered 25 years later.

This prediction held for a long time and was only broken on March 29th of

lg?g, when Dennis Walsh of the Jodrell Bank radio-astronomy observatory, Robert

F. Carswell of the University of Cambridge and Ray J. Weymann of the University

of Arizona observed what turned out to be the first recognized observation of multi-

imaging due to a gravitational lens. In fact the quasar twins, 0957+561 A and

B, æ they have been officially desigaated, had been observed and photographed

back in the 1950's with the 1.2 metre Schmidt telescope on Palomar Mountain.

.From the photograph in fig.1.2 it is clear that the blurred image is that due to two

objects, however, no investigation of these objects was done for more than twenty

years.

On the above-mentioned date, Walsh, Carswell and Weymann obtained spec-

tra indicating that each of the two images, which are 5.7 seconds of arc apart, are

the image of a quasar. For each of the twins they measured a red shilt of 1.405

and found extraordinary similarity between their spectra.

There are 1500 knorvn quasars, which are uniformly distributed in the sky.

On average, one quasar is found every 30 square degrees. Therefore, it was a great

surprise to find trvo quasars so close together.

The spectra of quasars are characterised by broad lines emitted by atoms that

have been stripped of at least one electron by the intense radiation field to which

they are subjected. Many such emìssion lines are possible, and each quasar has
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its unique collection of them. Not only do the twins have the same set of emission

lines, but the strength of any particular line in one spectrum is the same as that

of the corresponding line in the other, see fìg.1.3. Moreover, the discoverers found

all the lines had the same red shift, within experimental error'

Figrrre 1.2 First photograph of the quaaara. The fused image of the twins appears

in this negative print of a photograph made in the early 1950's with the l.2-metre schmidt

telescope on Palomar Mountain. The image is fused because of the motion of the earth's

atmosphere. If the telescope had been above the atmosphere, iü could have resolved

objects 60 times closer together than the twins. The photograph indicates the difficulty

of examining the space between the twins with optical instruments.

Like many other quasars, the twins also have in their spectra sharp absorption

Iines that probably are caused by cool gas lying between the quasar and our

galaxy. The red shift of these absorption lines usually differs from that of the

broad emission lines, and in some quasars the absorption lines show more than

one red shift, indicating that the radiation has passed through a corresponding

number of clouds.

Walsh, Carslvell and Weymann found that the absorption lines in the spec-

trum of quasar A have the same recl shift, inclicating that the racliation passes

through only one intervening cloud. The red shift of the absorption lines cliffers

from that of t-he emission lines by only 0.6 of a percent, suggesting that the in-
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tervening cloud is close to the quasar itself. Furthermore, the absorption lines in

the spectrum of quasar B have the same red shift as the absorption lines in the

spectrum of quasar A, to rvithin experimental uncertainty; see fig.1.4.
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Figure 1.3 IIDS acans of 0957f 56f Ä. and B The data is smoothed ove¡ 10.Â. and

the spectral resolution is 16Ä. Nature 27gr 3L May 1979

Thus there was seemingly overlvhelming evidence in favour of the gravitational

.lens hypothesis. Nevertheless, other possible explanations for the rernarkable simi-

larity of the spectra had to be considered, as the subject was still regarded to be of

a speculative nature. In fact, Frederic H. Chaffee, Jr., who later joined the \\/alsh

group, said "...the subject of gravitational lenses has had the odor of rvitchcraft

for the notoriously conservative astronomical community."

It is well known that there are binary stars that travel in orbit around each

other. Could the twins simply be the first example of a binary quasar? Clearll'

they are physically related, and il they are a binary quasar, the similarities in their

spectra could arise naturally frorn the fact that the twins originated and evolved

in the same cosmic env.ironment. This explanation seems to be rather ad hoc, and

yet it divided the astronomical community Putting aside the ad hoc aspect of the

binary explanation, the evidence against it rests chiefly on the interpretation of the
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absorption lines, particularly on the similarity of the red shifts of the absorption

lines.

W¡wlen8ür I Âr

Figure 1.4 Mcrodensitometer tracings of portions of the 0957+561 A and B. The solid

lines mark the position of absorption features in the two quasars and the dashed lines

mark the adopted centres of the CIV emission line.

Suppose the cloud around the twins resulted from the violent ejection of mat-

ter from one of them, say quasar A, at some time in the past. Figtre 1.5 shows the

current geometrical relations between the quasars and the cloud, which is shown

as an expanding spherical shell with an expansion velocity u. The component

of u toward us, where the line of sight to quasar A intersects it, is equal to the

difference between the velocity represented by the red shift of the emission lines

of quasar A and the velocity represented by the red shift of the absorption lines

of quasar A. Red shifts yield velocities along the line of sight only, thus we expect

the cloud velocìty measured towards B to be somewhat less than u, see fig.1.5

Since we know the anguìar separation as well as the red shift, the separation

of the quasars can be calculated to be 200,000 light-years, nearly,three times the

diameter of a typical galaxy. Now, experimental error in the difference betrveen

the absorption line red shifts was shown to be no more than 150 km/s, quite good,

considering that the cloud is receding at 210,000 km/s. Thus the minimum radius

of the cloud, necessary to cause the maximum possible difference in the red shifts,

can be calculated to be 575,000 light-years.

This distance, combined with the measured strength of the absorption lines,

makes it possible to calculate that the minimum mass of the shell is 1012 times the
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mass of the sun. The energy required to eject such a massive shell is equivalent

to 1028 suns expelled in one violent explosion. As this is physically unlikely,

immediate doubt is cast upon the binary quasar hypothesis.

TO EARTH

575 000
LIGHT.YEARS

BAK+l
200,(m

LIGHT YEARS

Figure 1.5 Binary quasar h¡>othesis. This clai"'s that the twins are not dual images

of a single quasar, but are actually two quasars. The aûows indicate the expanding cloud.

This hypothesis was made further untenable by subsequent observations.

Three weeks after the initial discovery, Walsh, Carswell and Weynmann joined

Marc Davis of the llarvard College Observatory, Nathaniel P. Carleton and Chaf-

fee at the then new multiple-mirror telescope (MMT) of the Smithsonian Astro-

physical Observatory and the University of Arizona. The measured spectra were

of such high quality that they concluded that the absorption line velocities did not

differ by more than 15 km/s.

The only way to hold on to the binary quasar hypothesis now, was to suggest

that instead of the gas cloud being an enormous sphere, that it was small and

;1r
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ejected in the directibn of our galaxy only. As well, any rotational motion of the

quasars would have to be perpendicular to the line of sight. Thus as the binary

quasar hypothesis required too many coincidences to hold, the gravitational lens

hypothesis was favoured at that stage.

But the real "proof" of the gravitational lens hypothesis would be to observe

the lens itself i.e., the intervening massive object. This was no simple task, as can

be seen from the closeness of the two images in the photograph in fig.1.2.

David H. Roberts, Perry E. Greenfield and Bernard F. Burke of the Mas-

sachusetts Institute of Technology obtained data on the twins using the Very

Large Array radio telescope. This data made it possible to achieve a resolution of

0.8 arc seconds, 7.5 times better than the resolution of the optical photograph.

The radio picture revealed two radio images of equal brightness, to the north-

east of the northern quasar image, and no radio emission from between the twins,

see frg.1.6. From the position of the two radio blobs, the astronomers inferred that

both were due to the northern image. However, the gravitational lens hypothesis

expected to have similar radio emission associated with the southern image of the

quasar. This, together with no radio emission from the area in between the quasar

images led the M.I.T. workers to conclude that the images were due to a binary

quasar system. The astronomical community was divided into two factions: one

consisted of the optical astronomers who supported the gravitational lens hypoth-

esis, since any conventìonal explanation leads to unphysical energies, and the other

consisting of the radio astronomers who favoured the conventional binary quasar

hypothesis, and avoided the large energies by having the quasars eject only a small

cloudlet directly toward our galaxy, and have the plane of rotation perpendicular

to the line of sight. The radio astronomers cited the absence of a second image of

the northeast radio blobs as sufficient evidence to rule out the gravitational lens

hypothesis. Clearly there was a need for further observations.

On November 15 of 1979 the Hale group consisting of Peter Young, James E.

Gunn, Jerome I{ristian, J. Beverìey Oke and James A. Westphal took a two hour

CCD (charge-coupled device) exposure of the trvins with a five metre telescope.

Subsequent analysis of the exposure showed that the southern image was elongated

to the north bv one arc second and that the northern image had the circular shape
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characteristic of a single object.

On November 28 of the same year Alan N. Stockton of the University of

Hawaii at Manoa, took a series of one minute photographic exposures with a 2.2

metre telescope atop the 4,200 metre peak of Mauna Kea on the island of Hawaii.

His photographs turned up a small patch ol luzz to the north of the south image.

The Hale astronomers were quick to recognize that their elongated image and

Stockton's fuzz were the same object. They realized that this fuzz was in fact

the galaxy they were looking for. The image of the galaxy is almost coincident

with the southern quasar image, and so the spectrum of the southern image is

undoubtedly contaminated by the light of the much fainter galaxy. À close study

of the results revealed a spectrum of the galaxy superimposed on the spectrum of

the southern image. The Hale observers concluded that the galaxy has a red shift

of 0.4, indicating that it lies about halfway between the quasar and our galaxy.

The news was very exciting, but nagging questions remained. The proponents

of the gravitational lens hypothesis had thought that for the lens to create dual

images of almost equal brightness it would have to be almost exactly on the line

of sight to the quasar. Moreover, it should appear to be halfway between the

twin images. If the galaxy really is a gravitational lens, why is it so close to the

southern image? And where are the dual images of the northeast radio blobs?

The ansrver to these questions was simply to point out that the assumption

that the gravitational lens is a spherically symmetric point mass is incorrect. And

instead one has to use the theory of extended gravitational lenses which have quite

different properties to the spherical ones and are more likely to model the realistic

gravitational lenses.

Using extended mass models of the gravitational lens the Hale group con-

cluded that the reason for no dual imaging of the radio blobs is that their origin is

too far out of line of the deflecting galaxy. They also concluded that the southern

image consists of two images which are too close to be resolved and hence appears

just as bright as the northern image, see fig.1.6.

It is these observations that are of interest to the author. Namely, since there

are regions lvhere multiplicity of images occur, it is interesting to frnd the shape

and the extent of these regions. Also, since the geometry of the deflector effects the
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number of images, we wish to know just how it does so, and how many images one

may obtain from a realistic model of a galaxy which behaves like a gravitational

lens.

NORTHERN IMAGE
oF FTAOTO 8LO8S

NORTHERN
ouÂs^R .

IMAGE

I
I
I
I

I
,

I

I

RAOrO 8LO8S

OUASAR ,J

D€FLEcrNc GALAxY {i

SOUTHEFIN 
'OUASAFT

tMAcEs o

Figure 1.6 The Final Picture. The solid liues show the apparent positiou of the radio

wave sources. The broken lines show the actual position of the radio sources and and

the position of the quasar itself. The galaxy is sufficiently close to the line of sight of the

quasar to create three images of it, but not sufñciently close to the source of the radio

lvaves to create more than one image of them. l'he two southern images are too close

to be resolved, but their brightness adds up to give a sïmilar brightness to that of the

northem image.

Since the discovery of the first gravitational lens, another five have been ob-

served. Ttre last of these differed from the others in that the intervening galaxy

is very much closer to the Earth. Infact, unlike the other examples tvhere the

existance of adjacent quasar images led to the search for the intervening galaxy, it

rvas the galaxy which was first observed. It rvas only a routine examination of the

spectrum of the galaxy that revealed a singìe quasar image directly in line with
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the centre of the galaxy, see fig.1.7.

Figure 1.7 Nearest Gravitational Lens. The image has been processed so that the

outer faint parts of the galaxy form the large white oval, and the intermediate region has

been deliberately inverted to show the position of the quasar with respect to the galaxy.

The galaxy has a red shift of 0.039, indicating that it is about 300 million

light years away, while the quasar has a red shift oî. 1.7, which implies that it is

12 x lOs light years away.

' The surprising aspect of this gravitational lens is that only one image is ob-

served, which led to the suggestion that this was due to the unique position of the

quasar with respect to the lens. However, in an earlier publication, resulting from

the first part of this thesis, we showed multiplicity of images is greatest when the

source and the lens are aligned. Thus, in this case there must be more than one

image, probably three or five. The reason that these are not observed is that they

are too close together. This is due to the fact that the ratio of distances: observer

to lens, and observer to source is 1:40, whereas for maximal effect the ratio should

be 1:1.

Having obtained observational data of gravitational lens effects, astronomers

began to make detailed mathematical models to explain the data. The discovery

of the first gravitational lens was very exciting to the astronomical community, as

for years they had knorvn that such a discovery would lead to great insights into

the workings of the universe.

In 1964, Sjur Refsdal showed that by observing time delays between images
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of a single source, one can attempt to calculate the Hubble constant I[¡. This

calculation was valid for sources with small red shifts and thus was not valid for

quasars. Thus, in 1965 he included the higher order terms necessary for larger

redshifts and found that these depended on the choice of the cosmological theory

that one adopted. This led him to consider the possibility of testing cosmolog-

ical theories from the gravitational lens effect. But there are more fundamental

problems that this effect helps to solve.

Quasars in general have been a puzzle since their discovery 25 years ago.

Their redshifts are in excess of any other known object. As well, despite being

much smaller than a galaxy they generate 100 times tnore radiation than the

brightest galaxy known. This created doubt in the astronormers' minds as to

whether the redshifts of the quasars were indeed cosmological. Perhaps, it was

thought, quasars are much closer than their redshifts indicate. The observation of

the quasar twins and the intervening galaxy implies that the redshifts are indeed

cosmological. Since we know the distance of the galaxy, the separation between

the images, and that the galaxy is a typical galaxy i.e., we can rnake an estimate

of its mass, we can independantly estimate the distance of the quasar itself. This

proves to be consistent with the cosmological interpretation of redshifts for quasars.

Having assumed that the redshifts are cosmological, we can make more accurate

estimates of the intervening mass.

Thus, mathematical modeìling of gravitational lenses became of prime interest

once more
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$f.2 Spheroidal Gravitational Lenses

The foundations behind gravitational lens models for galaxies have been laid

down by the complex formalism of Bourassa, Kantowski and Norton (1973) and

Bourassa and Kantowski (1975). In this formalism galaxies are modelled by

spheroids, the density of which is assumed to have spheroidal symmetry. For

greater generality it is assumed that the gravitational lens may be transparent.

Using the notation of Bourassa and Kantowski (1975) suppose that the source

is a distance D" from the observer and that the deflecting galaxy is somewhere

in between the source and the observer, a distance of D¿ away from the observer

and a distance of D¿" away from the source, see fig.1.8.

v
lmoge

xo

Dd tû
So u rce

-z¿ Ì

Pho\on
Observe r (onsporenl Moss

x

d
Dd,

DS

Figure 1.8 Pararnetere of apheroidal gravitational lengee. The mass is assumed

to be an oblate spheroid, wbose axis forms an angle 7 with the line joining the observer

and the origin of the z y plane. The plane is thought of as a complex plaae with

z: u *ry. The bending angle c is assumed to be small. The ray intersects the plane

at, z¡ : øo * ¡yo.

Consider the plane through the centre of the spheroid and perpendicular to

the line connecting the centre of the spheroid and the observer as a complex plane.

The point where the ray of ìight cuts this plane we call the impact parameter and

rvrite it as 16 * iyo - 26. The position of the source is projected onto this plane

as is the spheroid, see fig.1.9.

D Jt/[\
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Y

z:r,+ty zs-ro*¡go

ø^cos p

B= CO N STANT

Figure 1.9 Projected epheroid. On projection, the spheroid becomes a solid

ellipse. If the eccenüricity of the spheroid is e , then the eccentricity of the solid ellipse is

esinl -sinB, which defines p. T}.e length ¿- is the semi-major axis of the spheroid,

and hence of the solid ellipse. The impact parameter is 26, and the resultant projected

positiou of the source is z.

The gravitational field is assumed to be very weak and so we use Einstein's

linearised theory for the bending of a ray of light about a point mass. Assuming

that the extension of the spheroid is negligible when compared with D¿ and D¿,

the bending angle for each zs càn be calculated using the solid ellipse formed by

the projected spheroid. This ellipse is taken to consist of many point masses, the

contribution of each to.the bending angle is summed to give the total bending

angle.

Einstein's linearised theory states that the bending angle for a ray of light

about a point mass is

4GM

B = Bo

X

or in vector form

d ttc'r

4GM í
-- 

"\;'

4GMr 4GM
C2ff* C2f* '

d,

Xot Y"T\<

and in complex form

13
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So finally, the bending angle for a ray of light passing through as is

(1.2)

ë

where the integration is carried out over all of the points or of the solid ellipse á.

By construction of fig.1.8 and fig.1.9, we can see that

4G
d. - ---; - -frPo¡'I

(r.3)

where D = D¿"D¿|D".

Suppose we model the galaxy which is acting as a gravitational lens by an

oblate spheroid of eccentricity e, semi-major axis o- , and whose axis forms an

angle 'y with the line joining the centre of the spheroid with the observer. The

following calculations will work for a prolate spheroid if ¿ is replaced by re. The

solid ellipse which results from projecting the spheroid onto the plane mentioned

above, then has eccentricity e sin'y and semi-major axis c-. For convenience

define an angle þ bV sinB - esin'y. If the spheroid's density has spheroidal

symmetry then the solid ellipse's density has elliptical symmetry. By spheroidally

symmetric density we mean that the density is constant on each of the concentric

spheroidal shells that make up the solid spheroid. By elliptically symmetric density

we mean that the density is constant on each of the concentric ellipses which make

up the solid ellipse. In fact iÎ p(a) is the spheroid's density and ø(B) is the solid

ellipse's density, then the two are related via

z: zo - ffrø"1,

o(B):,!##l:^ é!#*, (1.4)

where ø is the semi-major axis of a spheroidal shell with 0 1 a 1 ø,,., and B is

the semi-major axis of an ellipse inside the solid ellipse with 0 a B S ø-,. Due

to the inherent symmetries in flg.1.9, it is clear that 1I zs is reflected in the real

axis then so should the resultant z, similarly for the imaginary axis. Stating this

t4



more precisely we have

r + ;y : ro f dvo - aue r(øo + iyo)

=+ -E - iy : -xo - íyo -oO!r"(-ro - ryo)

+ r-i!- ro-iyo-nD9;*(to -ryo)

:+ -r * iy : -ro* ,yo - fff(-øo + ¡yo).

min(c-,86) o@)B dB
I(zs) -zrcosF lo þ3 - B2 sinz þ)tl''

(r.5)

The expression for f(ze) derived by Bourassa and Kantowski (1975) is

where Bo is defined by 
"o' * yo2 cos-2 þ : Bo2 .

Clearly since l(zs) - I(-"o) the symmetry principle is violated, as from the

first two lines we deduce that z - zs.

In the next chapter we derive the correct expression for -I(as) which is

o^,Bo\ o(B)B dB

(1.6)

(r.7)I(zs) - sign(ze)2rcosB
(r'" - B2 sin2 þ)tl''

where Be is clefined as above, and where we clefine sign(zs) - lpofzo. The

derivation contains the proof of the fact that the mass outside of the solid ellipse

with semi-major axis Be does not contribute to the bending angle.
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$2 Derivation of /(zs)

Equation (1.2) defined /(a6) to be

Iþù_ [
JE

d,M(w)

zO-þ)
(2. 1)

where the region of integration, d, is the surface of the ellipse of surface density

o(B) , semi-major axis a- and eccentricity e sin I = sin B. Therefore,

(2.2)

wherewelet zo:r,o*iyo and u):t*iy. Let ø:Bcos0 and !:Bcospsind,
then

I("o\ - cosB 
lo"^ 

ouolÐu I, ffi. (2.8)

Consider the latter integral of (2.3)

To evaluate (2.a) we make the substitution t - tan(î12) and employ complex

integration theory. Equation (2.4) becomes

I,
2r

2

The integrand has two poles at

d0

zo-Bcosd-iBcospsind'

d0

zo-Bcosd-iBcosBsin0

(2.4)

(2.5)

(2.6), _ iBcosP * i(""o - B2 sin2 þ)'lz-- zo*B

Write úa as u+ f iua, and taking the standard semi-circle contour in the upper

half of the plane rve have

l"
2*

l6



2¡c

- þ3 - 82 sin2 B¡t¡z

2r
- 

þ3 - 82 sinz B¡r¡z

ifu¡)0andu-(0

ifu-)0andu¡(0

if u..u- > 0. (2.7)-0

The case where u+:0 or u- - 0 will be handled later.

In order to prove that the mass outside the ellipse of semi-major axis Bs does

not contribute to the bending angle, we need to prove that u..u- ) 0 for B ) Bo.

Now,

u+ f lu.r- =
illcos þ +; ,3 - B2 sin2 B

Ll2

zoIB

-dBcos þ - i("å" - 82 sinz þltlz*u+-tu+ z$+B

12iu¡ - zoiB
iBcosB+i(2fr _ B2 sin2 þ)tlz

Similarly

So we have

4u1u-:

ñ. rBcos þ -;@3 - B2 sinz B¡rlz iBcos þ - i("6' - 82 sinz þ)'l'¿trÙ-: 
""+B 

-r- z[+B

I BcosÞ + 1zg - 82sinz B¡r/z BcosB + þô" - 82 sin2B¡t/21

\ ,t+g - 
'Uu ,

( Bcosþ - ("3 - B2 sin2 þ)tl' Bcos þ - ("6'- B2 sin2 P)'l'\
\ ".-rB z'o+B IX

_ B2cos2 þ - (z2o- B2sin2 þ) _B2cos2 þ-(zô2 _ B2sin2 þ)- 
1"6 * 

",,,
17



(Bcos þ + ("ö,' - B2 sin2 P)tl')(B cosB - þ8 - B2 sin2 B¡t/z¡

lzo + Bl2

(Bcos p +("3 - B2sinz P)'l')@cosB - þ6, - B2 sin2 p)tl')
lzo + Bl2

82 cos2 p - - 82 sin2 p)

+

+

("o + B)2

þi,+B)'(B'-zfi)+zl zo -t Bl2 (82 cos2 p - 1"3 - 82 sin2 Bl)

lzo + Bla

(rô, + 2z[B + B')(B' - zÐ + 2lro + Bl'(8" cosz B - lr3 - B2 sinz Bl)

l'o + Bla

-zlzsl4 + 2 z8+zo

lzo + Bl4
B2_ + 284)

On replacing z6 by 
"o 

* iyo where convenient, we have

zl"o + Blnu+u- - -þ'o + v"ò' + ZBrs(B' - ("3 + y3) + B4)

* l"o + Bl'(8" cos2 B - 1"", - B2 sinz Pl¡

: B3 (2ro + B) - ("'o + sï(r? + yf; + zBxl+

+ ((ro + B)' + v2ò(82 cos2 þ - 1"3 - B2 sin2 Bl)

18



- 283 ("0 + B) - (t'o + y3 - B')(rZ + yã + 2Brs)

- (("0 + B)" + v3)(82 sin2 Ê + lz! - Bz sinz pl)

= 283("0 + Ð - þ3 + y3 - B')(r3+ yo + ZBrs)

-((ro +B)'+v3\@"sin2 p+ ((rA -y3-B2sin2 p)" +a"ïyï)'/').

Using the relation B2o - "f;+V|cos-2p 
we substitute for go2, then above becomes

- 283("0 + B) - (sin2 þrZ + cosz BBf; - B')

x (sin2 þ"'o + cos2 pB! *2Brs)

- (("0 + B)'+ cos2 B@3 - "3))
x(B's\f B+ (("3 -cos2 B@3-r3)-.a2sin2 P)'+4r2ocos2 B@'"-r"ò)tl').

Norv define È and c by the relations to : Bek and Bo : cB. Therefore,

-l < k < l, 0 ( c < oo, and wenow wish to prove that uau- ) 0 for 0 ( c < l.

So now,

2lro + B_tr+r- 
= Z(kc+ l) _ ("rp _ r)(", p * zkc)

B4

- ((kr + l)' * c2 cos2 P(r - k'))

x (sin2 þ + ((ztczc' - "'p- sin2 p)' + 4k2ca crts2 B(t - k'))tl'),

where p: | - sin2 P0 - k2),

: Z(lcc + 1) - ("'p - r)("'p + Zkc)

- (zkc+ I - c21sin2 p(r -k',) - 1))

19



x(sin2 B + (Q*zc' - r'p- sin2 Ð' + 4k2ca(l - sin2 p)(t - k'))'l')

:Z(kc+ 1) - ("'p -r)(""p+zkc) - sin2 þ("'p+2kc+l)

-(r"p tzkc+ r)((z/c2c' - ,'p - sin2 P\' + 4k2ca(t - sin2 p)(l - k'\)'l'

: Z(kc+ l) - "" 
p("' p + zkc) + 

"'p 
* Zkc- sin2 þ(t" p * 2kc + l)

-("'p*Zkc+t)((zk2c'- r'p- sin2 B\'+ +k2c4(l- sin2 P)(l - k'))'l'

- 2(c2p IZkc + 1) - (r'p + sin2 B)þ2p i 2kc + l)

-("'p*Zkc+ 1)((2fr'? ,' - r'p- sin2 P)' + 4k2ca(t - sinz P)(l - k'))'l'

:(c2pt-zkc+l)

-(+kaca + "np'* 
sina

(r-,to'þ- "'p

B - 4k2 cap - 4k2 c2 sin2 B * 2c2psin2 p * 4kz ca

(l - sin2 p - k'*sin2 po'))'/')

(r-.t." þ-"'p:("2p*2kc+l)

-(+kaca +"op'*sina B- 4k2cap- 4h2czsin2 B r-zczpsin2 B+4k2ca(p-k\)tl')

= ("2 p r Zkc+ rl (z - sin2 þ - ,"p

zo*B

-((r'p* sin2 p)' - 4k2c2 sin2 B¡tlz

(2.8)
, 4u+!-

B4

Since -1 < fr < I ancl 0 ( sin2 P <1, it follows that

ocp-l-sin2p(t-fr') <l

20



and that

"2p+Zkc*1 - (/cc + 1)2 + c2(t- sin2 p)l -k',) > 0.

Thus, by equation (2.S)

u+u- ) 0 ++ 2-sin2 þ -"'p-(("'p*sin2 P)'-4k2c2sin2B)tl'uo. (2.9)

In order to prove our hypothesis, t+u- ) 0 for 0 S c ( l, we use the

follorving method. We find a function å.(c) which satisfies the following inequality

h(") 32 -sinz þ - r'p- ((t'p*sinz P)' - 4k2c2"io'B)'1", (2.10)

and then we show that lz(c) ) 0 for 0 ( c ( l, thus proving our hypothesis.

To find å,(c) we replace the irrational part of (2.10) by a rational function,

i.e. Let

h(c) -2 - sin2 þ - "'p - g(c),

where g(c) is some rational function. As the right hand side of (2.10) is zero for

c : l, we must have that r¿(l) - 0, rvhich implies that g(1) _ f - lc2sin2B. Fur-

thermore, in order that (2.10) be satisfied, g(c) must obey the following inequality

0 < ((rtp * sin2 p)' - 4k2c2 sin2 p)tl' . g("\ (2.11)

Let

Claim: 9(c) satisfies (2.11).

Proof:

s(c) : sin2 B + c2(t- sin2 p(k2 + t)).

("'p + sin2 B)2 - 4lc2 c2 sin2 B - g2 (")

: ("2p *sin2 p)' - 4k2c2 sin2 B - (sin2 P +c2 (1 - sin2 Pft2 +tD)2

2l



- "np' 
f sina F + zc2psinz B - 4k2c2 sin2 B - sinap

- r4(l - ft2 sin2 B - sin2 p)" - zc2 sinz p(r - k2 sin2 B - sin2 pl

- cnp' * 2c2 psin2 B - 4k2 c2 sin2 p - ,o(p - 2k2 sinz B)2

- 2c2 sin2 B(p - zkz sin2 B)

- "np' - 4k2c2 sin2B(t - sin2 þ) - "op' 
* 4capk2 s\n2 B - 4caka sinap

: -4lc2c2 sin2 B(t - sin2 B) - +c4k2 sinz þ(p - kz sinz B)

= -4c2k2 sin2 p(t - sin2 p)(t + r') < o.

Thus,

g'(t) > ("'p + s\nz B)2 - 4k2c2 sin2 B,

and therefore

g(c) ì ((r'p+sinz B)2 -4k2c2"io'p)tl'. QED

Wenow shorv that t(.) >0 for 0(c( l, whichprovesourhypothesis.

å(c) - z-sin2 þ - "'p- sin2 þ - "'(l - sin2 Pft2 + \)

- (1 - sin2 B)p - "',) - c2p + c2k2 sin2 B

- (t - sin2 B)(2 - "',) - ,',(r - sin2 p(r - /r',)) + c2k2 sin2 B

:2(1 - "')(t -sin2 B)

>0 for 0( c1l,as 0(sin2B< l. (2.r2)

Thus, by equations (2.12), (2.10) and (2.9) we have that u.,-u- ) 0 for 0 S c < I
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As c was defined by Bo : cB, this implies that

uau-)0 for BlBo. QED

This, with the assistance of equation (2.7), proves that the mass outside the

solid ellipse of semi-major axis .86 does not contribute to the bending angle of

a ray of light with the impact parameter z¡, where Bs and zs ãle related via

"f;+v|cos-2þ=F,3.
We have considered the case B ) Bo, norv for the case B - Bo. Putting

B: Bo in equation (2.6) we find that

, _ iP,o cos B +.i(zl - B3 sin2 P¡tlz¿+- zol Bo

substituting for Bo2 and z!,

_ i&o cosB t i("3 - y8 + i2xoye - sin2 þ("3 + yfr cos-2 BDt l'
zo* Bo '

assuming that (zo2)r 12 - zo and not -zs,

iBs cos B L i(as cos B * rye cos- 1 
B)

zo*Bo

(i&s cosB I i(øs cosB * iy6 cos-r þ))(ro + B - ry6)
(ro+Bo)'+y3

- cosB
yo(Bo* ro T (ro + B¡) cos-2 B) + i((Boa ro)(Bo + 

"o) 
t @3 - r'ò)

(ro+ Bo)"+vB

So for ("|)tl' : zot

r ,, ogo(ro + Bo) tan2 P - izBo(Bo * øo)t+:-ct)slt 
þo+Bor+yB

, . -, oBo - ro l ("0 + B¡) cos-2 Pt- : Yo totP 
(ro + Bor + y3

(2.13)

(2.r4)
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11 (22)tlz - -zs then t1 and l- simply interchange.

Weseethatinthecase B: Bo, either u- =Im(t-) =O or u¡ =Im(t+) :0.
Thus there is a real singularity in the case B - Bo. Since this singularity is of

the first order i.e., it is of the form (ú - r*)-t , no problems arise, as the principle

value of JA & - 0. The reason that the real singularity arises is that in the

case B - B¡ we integrate through the point zs. For B 1 Bo this can't happen

and therefore we infer that ux, t 0, V B € [0,80). As the integral is neither

divergent nor zero for B - Bo we shall evaluate it for completeness. However, we

leave this till later for reasons which shall become apparent.

Thus, having shown that f(zs) - 0 for B ) Bo, equation (2.3) becomes

2¡ d0

zo- Bcos0 - iBcosp siná'

where now B ranges from 0 to 86, if De I &^, rather than to arn as before.

Using the result of (2.7) we have

min(ø-,Bq) o@)B d.B ifu.')0andu-(0I
I(zs) - 2rcosB I

Jo þ3 - 82 sin2 þ)'lz

min(e-,.e6) o@)B dB ifu-)0andua(0.- -2r ,o" P 
Io þ3 - B2 sin2 þ)tl'

The contribution to the total bending angle due to the ellipse of semi-major

axis B and thickness dB is

I(zs) -ro"g lo^'n(a-'8e) 
ano@)a f,

^ o(BlB dBÈ2ncosFffi,

where the sign is determined by u1 and u-. As the impact parameter z6 lies

on or outside the ellipse, this contribution is non-zero for B e (0, Bol. Given a

fixed a6, we expect this contribution to be a continuous function of B. So as this

contribution is neveÍ zero, the sign must be independent of B. Thus, we can select
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the appropriate sign by evaluating u.r- and u- in the limit I goes to 0. Now, by

equation (2.6)

limta-ua*iua-t
Il+O - Zg

so

2g

I iI (z!)tlz - -zot

whilst

iþllttz

lim u- - -lB+0
fi þfi)tt2 - Zg

iI (2]frlz -- -zo.

Therefore we can write

min(a-,Be) o@)B dB
I(zs) -sign(26)2r "o"þ Io þ3 - 82 sin2 þ)tlz'

where we defined sign(zs) by

sign(ze) -
þ3)'t',

Zg

Equation (2.15) satisfies the symmetry requirements of $1.2.

Now, for completeness, we evaluate equation (2.5) for B - Bç

2

r.86 cos B + i(2fr - Bfr sin2 þ)t l'
zoI Bo

25
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(2.15)

[* dt __,
J -* (", + Bo)t2 - izBo cos Bt * zo - Bo - -

where

t+:



with ú- being real if ("fi)tl': zo and ú.' being real if ("|\tl' - -2¡- The

reason we left this calculation till this point is that we needed the above continuity

argument to lead to the definition of the function sign(ze) which occurs naturally

here. Thus, t- is real if sig!(zs) - I and t.. is real if sig:r(zs) - -1. Now,

2 f* dt

t -- þo + Bo)(ú - ú-)(t - ú+)

2:
(zo * Bo)

(ro+Bo)(t--t+) r_ t -t+
for sign(zs) - I

f*dtltt\
J-- 1t- a¡\r -r- - *u)

dtÐ

- (ro a Bo)(ú- - ú+) L for sign(ze) - -t.
2 dt

t t

Now, (zo + Ao )(t- - t+ ) = -zi(2fi - Bs2 sin2 þ)t 1", and since the imaginary part of

the pole in either case is always positive, see equation (2.t8) , /å dÐ -Ztci.
Thus

fæ dt 2rÃt
' 

J -* ("o + ao)(ú - ú-)(ú - ú+) - þ3 - Bïsinz B¡r¡z
sign(zs) - I

-2r sign(26) _ -l- þ3 - B|sin2 B¡r¡z

sign(26)2zr
- þ3 - B|sin2 P¡t¡z'

which is cosistent with equation (2.15).

The only difference betrveen the new /(zq) defined by equation (2.15) and

that of Bourassa and Kantorvski is that of a minus sìgn whenever sign(zo\ : -l.
Whilst l(as) of Bourassa and Kantowski has zs appear as zfr oniy, their sub-

sequent evaìuations of /(as) for the various density models have .I(a¡) # I(-"o).

Thus, in the next chapter we evaluate our own expressions for .I(46) for the various

densities, directly from equation (2.15).
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$3 Numerical Investigation

g3.l Evaluations of Iþs)

Recall that it was the misconception that the gravitational effect would lead to two

images of equal brightness only if the deflector is between the images, and that any

radio emissions associated with the source should be effected in the same way, that

caused the radio astronomers to reject the gravitational lens hypothesis. Later, it

was shown that the gravitational lens effect may cause many more images than

was previously thought, and that the number of images depends on the angular

separation of the source and the deflector. As a result, the intensity of images was

no longer as simple to predict as was previously thought.

It is the realisation that multiplicity of images depends on the angular sepa-

ration of the source and the deflecting mass that attracted our interest. How does

this aspect of the gravitational lens effect manifest itself for the various models of

the deflecting mass? What do the regions, where a source has many images look

like? These and associated questions we answer in this chapter.

In the prevìous chapters we found that for an oblate spheroid of eccentricity

e, orientation angle 1, semi-major axis o- and density p(a), the projected source

position z anà the projected image position zs a,re related via

z=zo-ffr{"ù, (3.1)

and

rvhere min(o-,Be) o@)B dB
(3.2)I("o)- sisn(zo) zr cot I I o þ3 - B2 sin2 þ)tl"

o(B) -2(1 
- ez)rlz ["^ , !(o)?!o ,.. (3.3)u\u'- cosP J" (o'-82)tl2'

The function sign(26) is defined as sign(26) - {fi¡"o and B is defined by

sinp - esin'y.

The c.hoice of the density function p(ø) has been the subject of a great deal of

study: Perek (1962), King (1966), Schmidt (1965). Many rnorlels of star clusters
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are available, however it is not our intention to choose one over another, but

instead, compare them with each other. We do this as we are interested in the

gravitational lens effect of any massive object that can be suitably modelled by an

oblate spheroid, not only a galaxy. The models for densities that we will choose

are the Schmidt model where p(o) x o-r, the truncated King model, favoured

by most to be the most suitable model for a galaxy, and the simple model where

p(ø) : po,, ã constant. We evaluate expressions for ø(B) and .I(ae) for the above

models in order of simplicity. In subsequent expressions we assume that Bo 1 a¡n,

thus if Bo à ø- then all occurences of Bs should be replaced by ø-.

For the constant densitY model

3M
P"(ø)= 4"(l_¿yq arnø

-0 d) &¡n

(3.4)

(3.5)

Therefore, using equation (3.3)

I"(zo):*#ol

B

3M
ø2r" - 82.

2r cos Ba3rn

To find l"(rr), the .I(26) function for the constant density model, we need to

consider two possible cases. The general case when 0 < sin P < l, and the case

when sinB - 0. The latter corresponds to the projected mass being a solid circle

i.e., the spheroid is either a sphere, or that it is observed along its axis in rvhich

case it appears to be a sphere.

Suppose that sin þ :0, substituting equation (3.5) into (3.2) rve have that

B
B a2* - B2 dB

o

0
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zoø3^

M
("?^ - B\*

Ds

o

M
Z¡

l- (3.6a)

B6

For sinB l0 define K - sign(z¡\3M1a3,", then

Bo

I"(zo) - K I
B\/ø2," - BF dB

Let n - B2 , then this becomes
z2o - sin2 BB2

d,ø

zl - sin2 pn

a2^-t

s\n2 Br2 -("r^sin2 B+zl)r+al,zzo

K 2n - 2ø2^ - a2r - +ø2^+ sln

4s\n B

K
u

o

I2

:îio.

* ("',-

i

2sin B
12_ a2r" +

-2.o

sin2 B

K

"'- ("", . #) t+ #m

x* "'^'3
sin2 B

a2^ - sln

",-(oI.#) ,+m

]"

E

I dx

K
- 2"W B4_

Bo

0

+
4sin B

- ('r* #-ø) B2 + ffi + zB2 - ø2,. #t) ]
xln 2 B4

29
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þ'^ - a3)
z!

B3
sin2 p

orfi
sinB(

(3.6ö)

+
ø2, +&-zB3-z ("?^-BA) (#? - tã)

2

("--#)

It is interesting to note that the term 1/Vo arises once again from the limit

B -+ 0. This is consistent with equation (3.2), as it's integrand has es appearing

as ao2 only.

In the Schmidt model

ø1ø^p,(ø): (:)

("r ('" (a) . ;) .Ï,"r" (r+

-0 a) am

(3.7)

(3.8)

o"(B)---#*"1 da

vtP -Ez

BdB

B2l--=-
o,tn

B

l+

For sinB:0, substituting o,(B) into equation (3.2), we find that

arn

E

,lÇÐ)

82

4

r"(?(r+2M)Zggn
Bç

I"(zs) - Go
SI Ia2r

0

M
I

zoa2rn

30

fu""



M (" ('" (;r) .;) +*'('* (dBB 1- t_ D'
E'ñ

tB2I - --ã-
o'm

+

Bo

I
o

zoa?rn

M o,m

Bozoøzrn

z! - sin2 BBz

d
zfi, - sin2 BB2dB

Bs

For sin P *O, define K - sign(zs)zMløz^, and then we have

Bltn + 
"?.

BdB

(3.eø)

tB2I--=- o'ñ

I,(zo) - 7ç

B¡

I
_K

sin2 B

_K
sin2 B

r"(+(r+

orrù

B
dB ln

atn

B
h(

Bo

-K--4-[ou
sin" p J

0

fdrJ;

o

Bo

I
o

1+
B2l- 
"o,;n

zfi - sin2 BB2
0

B¡

I
dBB z! - sin2 pBz

l+ tBz
' ø2^

d

dB

(-x('-#)-*

o

for convenience denote the first term by K,

B6

I dBB zf; - sinz BB2

l+ I B24

I

-K+-+sin" p B2
o

Bzl - sin2 BB2

dB z2o-s\n2BBz

B2
ø2^

tB2I - 
--';-
ø'm

l-P:
G?^

ø2^ l+(

Bo

-K-#vl
o

let x : 82,
1-

z! - sin2 Br

(t - *) G3 - sin2 Bn)

B
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#* - ("^-+ sin2 Þ) " 
+ 13

zf; dx

Now, the latter integral

dn

dx

'48-nz - (#+ sin2 Þ) , + 
"3

Let t - 1/z then it becomes

.+l

+i
'4,P-rz - (** sin2 Þ) , + 

"'o

arnK ,: ------------ lIì.
Zsin P

2sin p sinz pBz
(

cl,tn a2^ ø?^ )l ,"

#"+a2^-288- 2 (fu - us) þ'^- n8)
arnK '- 

-ln
2s\n B (.,"- #)'

",e,?P ¡, - (#* sin2 Þ) " + ,3

dt

Consider the former integral, which is

,At'- (#,*rio'É) ,*"#
t

I

h(

h(

dt

+2z2ot- *-.'uu) ]

t
K\/4
2sin2 B

þ'ot - sin2 B)
It_-

a;n

(*-.io'r) (å å) .'4 * sin2B,1[*
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Putting these results together, we have that

r"("o\--#F'(?('. B21- ,
o''/n

zf; - sín2 BB2 ffi]*,"(#)
Bs

0

#+o2, -zB8-2 (# - "s) 
þl^- s3)

('-- #)'
-2.O

4 .'4-*-sin+ ln 2 ,l"s

o'rn

B,

-sin2t) (ui - à)

r r\_lr
B3 o?") I

2 p

(3.eb)

l+ I
B3

a2r
z! - sin2 pB| +

srgn Zg M #+o',.-zB3-z (e - u'") þ"^- a3)

+ ln
arnsin B (,*- #)'

'4-*-."'p)(fr ""'u) (

Po

Finally, for the truncated King model

p*(o) : t

('* Ë)

_Q

o<î. - n

ft>n

(3.10)

where
M

Po: qn6rlæ'

l+n2+n) n
and where

ô-ln(

qD
ùr)

l*n2



The parameter r" refers to the core radius, whilst ¿ determines the cut-off radius

of the galaxy i.e., ø^: retr. Therefore, using equations (3.3) and (3-10)

oh(B):#ñl
ltr c

B

oda

('* É) ø2-82
let, x: a2,
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2r cos B6r" l*n2 (r! + B2)

Using equations (3.2) and (3.11), we now find -I¡(z¡). For sinB - 0 we have

that
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o
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For sin P * o, define K - sign( zs)M I 6, then
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We first evaluate -I1.
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where

C=fc (1 + n2)

Thus, combining 11 and 12 we have that

('r*#)

4n'+#-zafi-zIr,{"o):ã,¡###''
(,?n,-BÐ(#-rs)

(""- #)
sign(26)M (3.r2ö)

26 sin B '7+

C+ (ue - e) @'" -,?n") ,?n'- 
"-Lr^u 

-zr?
xln

,?+ 3rn p

where C is defined as above.

Recall that the above expressions are valid for Bs 1 &*. If Bo ) arn then all

occurences of Bs should be replaced by ø*, with a¡n : r'z in the latter model'

These are the external solutions i.e., the rays of light pass outside the spheroid.

The above expressions are considerably simplified in this event'
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$3.2 Numerical Tech''iquee

Having founcl all of the necessary mathematical expressions we proceed as follows.

Recall that z and zs are the projections of the source position and the image

position onto the complex plane, which was defined in fig.1.8 and fig.1.9. By

equation (3.1), our functions are of the form z - Í(zo), and so it is the impact

parameter \.e., zs, that is the free variable. We think of zs as a position of an

image of the source. Thus, we evaluat'e z : Í(ro) for ae in the vicinity of the

deflecting mass, and investigate the results.

We consider the complex plane as a fine grid. Each point of the grid is a

complex number zs i.e., an impact parameter. The point zo =O*i0 corresponds

to the ray that goes through the centre of the solid ellipse, which was formed by

projecting the spheroid onto the plane. This ray is not deflected, and therefore

z:O*i0 - t(0+i0). We evaluate the function z: lþo\ for all points of the

grid which are not "too far away" from the central point 0+i0. A point z¡ would

be ,.too far away" iÎ z - lþo\ N zs i.e. the ray suffers little or no deviation. In

particular, the following diagrams were generated with lasl S 20 units of length'

This quantity is determined by the extension and the size of the gravitational lens.

Our aim is to produce diagrams which show the distribution of the rnultiplic-

ity of images of a source, as a function of the position of the source. Also, we are

interestecl in the positions of the images, their distorsions, amplifications, orienta'

tions, and other related properties. The above mentioned grid is formed by two

Fortran "DO" loops. Both range from -2Oto 20, rvith the increments being 0'01.

Thus there are a total of 16 million possible images, zs. Some of these, those in

the ,,corners", are disqualified as they have lzsl ) 20 units. This leaves about r/4

of the original images i.e., slightly over 12.5 million. The function z - /(zs) is

evaluated for each of these points, and the results stored in the following manner.

The projectecl source z is assumed to be a circle of radius 0.25 units, whose

centre lies on the intersection of integral or half-integral lines of the grid. Thus

the centre of a source may be 1*1i, or l*0'5i, or 0'5-0.5i, etc. Supposing that

8.26-2.OJi - /(7.38 -5.22i) to three significant figures, then a source at position

3.5-Zi ha.s an irnage at 7.38- 5.22i. However, if say 3.26 -2.23i - lF .38-5'53x) ,
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then this result is ignored, as there is no source consistent with the above definition

which contains the point 3.26 - 2.23;, see fig.3.1 below.

- r.5

-2.0

OR

3.0 3.5 4.0

Figure 3.1 Possible sources. Note that whiìst the complex number 3.26- 2'03r lies

inside a source cettred at 3.5 - 2r, the point 3.26 - 2.23; does not. Indeed it does not

lie inside any of the sou¡ces.

Sinc,e the grid is so fine, many adjacent values of zs will be mapped onto

the same z. These yield the shape of the image. Since intensity is given by the

ratio of the area of the image to the area of the source, Etherington (1933), the'

relative intensity of the image can be immediately found. These adjacent points

are rounded off in the same way as were the sources, and the results are stored in

the following way.

We are to present diagrams which show the multiplicity of images as a function

of the position of the projected source with respect to the deflecting mass. As the

projected source always lies between the impact parameter and the centre of the

mass, the dimensions of the region of interest do not need to be as large as those

of the impact parameters. In particular, most sources which have more than one

image in our examples have their real and imaginary parts between -10 and 10.

So there are 4! possible sources along both the vertical and the horizontal axes.

Most of the information is held in the 4lx4l x 100 arr¿y of complex numbers

callecl IMAGE. Thus, the first two inclices of IMAGE c.orrespond to the position

of the source, and the third inclex corresponds to the number of the image that

wasmappecl on to the souÌce. Forexample, IMAGD(1,2,3) is the third image th-at
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was mapped onto the source at -10-9.5i. The actual mapping of z onto K and L

of IMAGE(K,L,M) is K-INT(REAL(z ) *2)+2r and L:INT(AIMAG (z) *2)+2r.

Now, if the third index of the above array is M, it does not mean that the

source, corresponding to K and L, has M images, where images is used in the

astronomical sense. If, astronomically speaking, a source has only one magnified

image, then M may be a 100 or more. All this array tells us is which values

26 were mapped onto the source z, it does not differentiate between images in

the astronomical sense. This is the purpose of another 41 x 4l x l0 array of

complex numbers called IMAGEI. This array determines where one image ends

and another begins. This is simple to do when the real images are far apart in the

sky, but becomes difficult when the images are close together e.g., when two images

coalesce to form one. Thus, we define IMAGE(K,L,M) to be a new image if M:1,

or |f, IIMAGE(K,L,M) - IMAGE(K,L,ff)l > 0.75 V /V e [r, M - rl' The

results are stored in IMAGEI(K,L,M), where M is now the pointer to the Mth

image, the value of which is the arithmetic average of all the points that make

up the image. This array contains all the information regarding the multiplicity

of images as a function of the position of the source. As, for example, if the

image pointer IMAGECTI(K,L) of IMAGBI(K,L,IMAGBCTI(K,L)) is 5, then

the source whose position is mapped onto K and L has 5 images.

This formalism is very convenient, as it is very easy to make thorough investi-

gations of the gravitational lens effect due to a known spheroid after just one run

of the program. The program allows the user to interactively examine the number

of images any source has, as well as their positions, orientations and intensities.

In the follolving sectìon we investigate the gravitational lens effect of

spheroidal deflectors for the three models discussed in section 1 of this chapter.
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$3.3 Nurnerical Regults

For our first example of a gravitational lens, we choose a typical E7 elliptical

galaxy (Page 1962). We take its mass to be 5 x 1011 Me, axis ratio l-e2 to

be a/t0, and its semi-major axis to be 8 kpc, see fig.3.3. For the King model we

take r" to be 2 kpc, and hence n is 4. We assume that the source and the galaxy

are situated such that D - 500 Mp", and that the galaxy is seen edge on i.e.,

1 - r12.

Figure 3.2. Multiplicity of irnagee as a function of the poeition of the eource,

for a typical E7 elliptical galaxy modelled by the Schmidt density distribution. The

above coordinate plane is a complex plane, with each entry corresponding to the centre

of a source whose radius is 0.25 unìts of length. The units of length are determined by

the spheroid, and hence are kilo-parsecs. The origin corresponds to the centre of the

projected spheroid, whose orientation can be seen in frg.3.3. A clearer presentation of

this diagram is Êg.3.4.
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For the Schmidt model, we get the above table of multiplicity of images as a,

function of the position of the source. Firstly we note that the results reflect the

symrnetry of the projected spheroid, see fig.3.3'
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Figure B.B. The solid ellipae formed by projecting the epheroid. This table may

be superimposed on that of fig.3.2. The ellipse was generated by finding which imFact

parameters zo have Bs 1 ø^. I-n this case of a typical E7 elliptical galaxy, ø- : 8 kpc,

as c^n be seen above. As we assumed that the spheroid is seen edge on i.e., 'l : T12t the

axis ratio of approximately 3/10 is evident. For zo outside the ellipse i.e., for Bo) arn¡

the considerably simpler sextemal' solution is used to fi-nd the source position z. The

oexternal' solution corresponds to setting Bo : a^ in the evaluations of' I(zo) '

By Burke (1981), rve know that a transparent lens may only have sources

produce an odd number of images. Thus, it is at frrst surprising to find a thin

elliptic region of sources rvhich have tlvo images, and small regions of sources which

have four irnages, This hon'ever, is not a contradiction, as it is in these regions
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that two images coalesce to form one. As we had to choose some finite resolution,

the sáme resolution as that of the sources, two images were interpreted as one in

these regions. As these regions are not very important, as well as for clarity of

presentation, we represent them by blanks. Thus, fig.3-2 becomes
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Figure 8.4. Ä clearer presentation of fig.3.2. This is just a reproduction of ñ9.3.2,

but with the even numbers blanked out for clarity. It is in the blank regions where two

images coalesce to form one.

So far we have only talked of the multiplicity of images, but not their positions

nor their shapes. Sources near the eclges of the above diagrams have images outside

the dimensions of the above diagrams as the projected position of the source is

ahvays between the image and the centre of the lens. Recall that the source

positions z of fr,g.3.4 were generated by 
"o 

< 20. However, as these projected

sources are far from the- centre of the lens, their images are not as interesting as
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those due to z being near the origin. We first examine the direct results for the

source which happens to be nearly perfectly aligned with the centre of the lens and

the observer. By direct results we mean, that we present all impact parameters

zq that were mapped onto the specified source, see fig.3.5 below.
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Figure 3.5. Irnpact parametere for z : 0*0.5r. The stars are the impact parameters

zo which aremapped onto z - 0+0.5r by equation (S.f), forthe constant density model.

Apart from showing the positions and the orientations of the images, this diagram also

shows their approximate ampliflcations. The dots show the projected spheroid.

We can see from the diagraln above that there are incleecl five real images

associated with the source z -O +0.5i. The bottom image has the largest cross

sectional area and therefore has the greatest magnification. The resolution of the

output does not allow for exact results of magnification, horvever, once the position

of the image is hnolvn, it is trir.ial to increase the resolution in ihat region to obtain

greater cletail if necessary.
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Recall once again our motivation for producing the diagrams such as fig.3.4.

It was the fact, that the radio blobs associated with the double quasar did not

have a second image, that led the radio astronomers to reject the gravitational

lens hypothesis. However, there is an angular separation in the position of the

quasar and its associated radio sources. We see from fig.3.4 that depending on

the orientation of the galaxy, a srnall angular separation between two sources,

may change the multiplicity of images from five to one. The size of the angular

separation required to produce a reduction in the number of images depends on

the model of the galaxy, see corresponding results for the King and the constant

density models.

+-----------
-10 -9 -8 -7 -6 -6 -4 -3 -2 -1 0 I 2 3 4 6 6 7 I I 10

Figure 3.6. Multiplicitiee of irnages as a function of the position of the source for

the constant density model.
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know the position of every image for each source of flg.3.4, we can study tLe path

that images take as the projected source moves along any path across the table.

Thus, we are able to perform a dynamic study of the variation of images due to

a real source passing near the line of sight of the lensing mass. This we do at a

later stage.

At this stage we can compare fig.3.4, results for the Schmidt model, with

fig.3.6, results for the constant density model, and fig.3.7, due to the King model.
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tr'igure B.Z Multiplicitiea of irnages as a function of the position of the source for the

King density model.

In general, the results are similar. However, there are notable differences. We

see that the size of the region rvhere a source generates five images is largest for

the constant density model, and smallest for the l{ing density rnodel. Horvever,

the size of the region in which a source generates three images is largest in the
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King model and least in the constant density model. The latter observation also

applies to the situation where 1 is zero i.e., when the spheroid appers spherical,

see figures 3.8, 3.10 and 3.11.

Now, as by changing the density model we do not change the symmetry of

the lens, the results are similar i.e., changing the model merely alters the shape of

the corresponding regions of image multiplicities. Thus, the choice of the density

function determines the size of the corresponding regions of image multiplicities.
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tr'igure 3.E Multiplicitiea of irnagee as a function of the position of the source for the

Schmidt density model with 1 being zero. Note that the central source i.e., the one that

is perfectly aligned with the centre of the spheroid and the observer, has two images.

This is due to the fact that as the sou¡ce comes into such perfect alignment, two of its

three images coalesce to form a ring, see fig.3.9.

If the impact parameters are outside the solid ellipse lormecl by projecting

the spheroid, then the external solutions are used, thìs gives sìmilar results for
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all three models. This is because as the ray is external to the lens, it is less

sensitive to the mass distribution. It is when the impact parameters fall inside

the solid ellipse that the internal solutions are used, which are more sensitive to

the mass distribution. This is most evident as one traces the images for each

model for a particular source path. When a source is near the boundary of the

above diagrams, not surprisingly, the image it generates is the same in all models.

In general, the "external" solutions give very similar results in all three models,

whilst the "internal" solutions are critically dependant on the mass distribution.
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Figure 3.9 Prcjected spheroid and the ring irnage. Note that the spheroid is either

a sphere or is seen along its axis. The ring image is due to the projected source being

at 0 * Of , thus, it is perfectly aligned with the centre of the spheroid and the observe¡.

A projected source at O *0i, by symmetry, always has an image at 0 * 0i. The ring

\Mas generated by the constaut density model, however, the other models give a similar

result.
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Now we compare the results fory - 0. This means that the spheroid is seen

along its axis of symmetry. We saw in our equations that I : 0 is equivalent to

e - O. Thus a spheroid of arbitrary eccentricity seen along its axis generates the

same results as a spheroid which is a sphere, with all other parameters being equal.

This is due to the assumption we made at the start, namely that the extension

of the spheroid is negligible when compared to the total distance travelled by the

ray.

We left all parameters the same as for the spheroidal mass, except that we

halved ø- for ease of presentation. For the Ifing model lve halved r" to become

I kpc hence, n is unaltered. The resultant projected spheroid can be seen above

in fig.3.9.

Figure 3.1O Muttiplicities of irnagee as a fu¡ction of the position of the source for

the constant density model with 1 being zero.
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We see that image m,rltiplicities are extremely similar for the Schmidt density

model and the constant density model, figures 3.8 and 3.9. The Kìng density

model, however, differs from the other two considerably, frg..3.11.
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Figure 3.11 Multiplicities of irnages as a function of the position of the source for

the King density model with 1 being øero. The corners are blank as the number of

images a source generates there is two.

In the King model the circular region inside which a source generates three

images has a radius of one and a half times the radius of the corresponding regions

in the other models. We wonder at the cause of this and consider if the value of

r" has an effect on the size of the three image region. Thus, lve set rc : 2, and

hence n:2 also,as a¡n:4:nrc.
We see from fig.3.12 that the value of r" pla¡'s a role in cletermining the size

of the three image region.
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The best comparison between models is to trace the images of a source, as its

projection folìorvs a path across the projected spheroid. We do so in figures 3.13 to

3.18, where we compare the King model with the Schmidt model for the original

obìate spheroid.
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Figure 3.12 Multiplicities of irnagee as a fi¡-nction of the position of the source fo¡

the King density model with 1 being zero, but with n: rc:2. The size of -the three

image region is reduced by the larger value of r".

We suppose that the projected source takes the path parallel to the real axis,

rvith IM(z)-0.5. At large distances from the projected spheroid the two models

generate the same single image. This image is external i.e., it lies outside the

projected spheroid, and it stays external as the source rnoves across the projected

spheroid. Thus, there is always at least one image in one model which has a

corresponding image in another model. The odd image theorem states that a
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transparent gravitational lens causes an odd number of images of a single source.

Therefore, new images are created in pairs and we may also compare the cor-

responding pairs of images in the two models. We move the projected source

from large negative RE(z) to RE (r) - 0, and take snapshots of the images when

z - -4*O.5i, z - -l+0.5i and z - 0*0.5¿. The positions of images for positive

RE(z) are mirror images of those for negative RE(z).
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Figrrre 3.13 lrnpact pararnetere for z: -4+0.5i, using the King density model.

We see from fig.3.4, image multiplicities for the Schmidt model, that as the

projected source moves along IM (z) - 0.5 from left to right, the last position

rvhere it generates only one image is z - -4.5 + 0.5i. Similarly, in the King

moclel, flg.3.7, the last source position that generates only one irnage along this

path is z: -8.5 +0,5i. Ilou,ever, tlie external images of the tlvo models differ,

up to the displayed resolution, for the first time when z reac.hes -4.5 + 0.5i.
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Our first snapshot is at z = -4 + 0.5i, fig.3.13 for the King model and

frg.3.14 for the Schmidt model. We see that the external images are very similar in

position, shape and amplification, with the most noticeable difference being that

the Schmidt image is a little higher. According to fig.3.4, the projected source

z = -4+ 0.5i, generates two images. This is not a contradiction to the odd image

theorem as we can see from fig.3.14. The internal image is really two images that

are so close together, that they cannot be resolved using our resolution of half a

kiloparsec.
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Figure 3.14 Irnpact pararnetere for z: -4+0.õr, using the Schmidt density model.

We see that the internal images differ markedly for the two moclels. The King

model was able to generate internal images, when the projected source was four

kiloparsecs further away.

As the projected soìlrce moves closer to the centre, the internal images tnove
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further apart, and the external image moves in a clockwise direction. Our next

snapshot is at z - -1 + 0.53, fig.3.15 for the King model and fig.3.16 for the

Schmidt model. We see that a new pair of images has come into existence. This

pair has large surface area, hence large magnification, yet a mere half a kiloparsec

earlier it did not exist. This is an indication of large instability i.e., a small distance

travelled by the source has a large effect on this pair of images. The other pair of

images seems very stable at these values of z, and the original, external image is

fairly stable for all values of z.
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Figure 3.15 lrnpact pararneters for z-- -1 +0.51, using the King density model.

Once again we see that the images in the newly created pair of images are

so close together, that they appear to be a single image. It is interesting to note

that as the projected source moves towards the centre, it is the King moclel lvhich

is the first to generate three images of the source, rvhilst it is the Schrnidt model
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which is the first to gener.ate five images of the source. Comparing corresponding

images we see that the original, external images are similar in position, shape

and ampliflcation. Their mean position varies by less than one kiloparsec. The

amplifications are roughly nine and seven for the top external images of the King

and Schmidt models respectively, where the amplification is the ratio of image

area to source area, which can be estimated by the number of points that make

up the image.
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Figure 3.16 Irnpact pararneters for z: -l +0.51, using the Schmidt density model.

Note that this procedure becomes less reliable iî there are ferv points that make

up the image, horvever, once the general position is knorvn, it is trivial to increase

the resolution oI that particular region to enable more cletailed stud¡,. The cross

sectional area of the source is equivalent to one unit.

The last snapshot rve take is at z - 0 * 0.5i. The results are in figures 3.17
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and 3.I8 due to the King and Schmidt models respectively. These may also be

compared with fig.3.5 which is a snapshot of the images when z = O * 0.5¡ for

the constant density model. The first thing to note is the remarkable similarity in

the corresponding positions of all five images in each model. The main difterence

appears to be in the amplifications of the two external images. These have greatest

amplification in the King model where they have about twice the magnification of

the comesponding images in the other two models.
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Figure 3.17 Irnpact pararneter¡ f.or z:0 + 0.5i, using the King density model

It is difficuìt to make wide-spread generalizations from the results that we

have obtained in this section. Bssentially, we have only worked rvith one spheroid,

rvhose properties we have examined in detail. We have found that the choice of

density model does not drastically alter the spheroid's behaviour as a gravitational

lens. In particular, the positions of the brightest, external images hardly vary for

56



the three models. However, depending on the value oI r", the King morlel has a

larger region where projected sources generate more than one image. Throughout,

every diagram has had the same symmetry as the spheroid that generated them,

namely, they all are symmetric about the real and the imaginary axis. This is why

we did not choose a path for the source to be on either axis, as then redundant

information would be displaYed.
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Figure 3.18 Irnpact pararnetere for z:0+0.5¡, using the Schmidt density model.

There is one nìore feature of the equations we derived that lve lvould like to

discuss. We found the position of the source as a function of the impact parame-

ter by summing ihe contributions due to the individual masses that made up the

gravitational lens. So far we have assumed that these masses constituted an arbi-

trary but single spheroid. However, it is equally valìd to think of the gravitational

lens as being best represented as a combination of spheroids, lvith each spheroid

z
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having its own density distribution. As an example, tve may model a spiral galaxy

by trvo concentric spheroids: the frrst of large eccentricity and large radius, and

the second ol zero eccentricity i.e., spherical, and of the small core radius. We

give the results of such an attempt in figures 3.19 and 3.20. In order that we rnay

compare these results with those found earlier, we keep the total mass the same

i.e., 5 x 10ltMo. We distribute the mass equally between the trvo spheroids,

choose the axis ratio to be 1/10 for the I kpc radius spheroid, and take the radius

of the sphere to be 1.5 kpc.

Figure 3.19 Multiplicity of images as a function of the position of the eource,

for a galary modelled by two concentric spheroids, each having a constant density dis-

tributìon. The projected spheroid appears in frg.3.20.

We see that ttre region rvhere the projected source has three images has in-

creased dramatically, yet the five image region has not changed significantìy. A
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more interesting comparison betrveen this model and the others is to compare the

images due to a particular source. Thus, in fig 3.20 we present the images of the

projected source z:O + 0.51, as well as the projected spheroid itself.
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Figure 3.2O The projected spheroid, which generaùed fr9.3.19. The stars are impact

parameters f.or z:0 +0.5i. The central spheroid is a sphere with a radius of 1.5 kpc.

The oblate spheroid has an axis ratio of 1/10 and a scmi-major axis of 8 kpc. Both

spheroids have the same mass of 2.6 x 1011M9.

Remarkably, the positions of the irnages are again very similar, with the main

difference being the large magnification of the lower external image.

A summary of this the first part of the thesis is contained in the enclosed

reprint of the same name.

So far rve have considered only galaxies as gravitational lenses. In the next

part of this thesis lve consider what effect a black hole would have on the images

of a single source, should it be interposed between the source and the observer.
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PART II

Kerr Black Hole as a Gravitational Lens



$4 Introduction

$4.1 Geodesics in the Kerr Space-Time

In the first part of this thesis we considered curvature in space by introducing

to the empty space many small masses in a regular pattern each of which had

a spherically symmetric gravitational field. Furthermore, since the deviations of

rays of light about these masses were small, we used the linearised approximation

for the bending angles, and so we were able to find the total bending angle by

summing the contributions of the individual masses. We found that the newly

created symmetries had an effect on the multiplicity of images of a single source.

In this, the second part of the thesis, rather than use many spherically sym-

metric small masses, we start with a single large mass with an axially symmetric

gravitational field, in particular, a Kerr black hole. We are interested in the same

questions as before regarding the multiplicities of images of single sources, the

shapes of the regions where multiplicity occurs, as well as intensifications and the

orientations of the images.

A star whose mass is much greater than that of the sun cannot remain in

equilibrium once its thermonuclear energy sources have been exhausted, and must

undergo gravitational collapse. According to present theories, gravitational col-

lapse can result in only one of three final states Harrison et. al. (t00S): a white

dwarf Landau (1934), Chandrasekhar (1935), a neutron star Oppenheimer and

Volkoff (1939), Börner (1973), or a black hole. During the early stages of the

collapse, the star might eject matter in such a way that each resulting compo-

nent would have a sufficiently small mass to remain stable as a white dwarf or a

neutron star. If this does not happen then further collapse is inevitable. tlnder

fairly general conditions Pajerski and Newman (1972), it seems that black holes

will form. If this occurs, then rigorous theorems Penrose (1965), Hawking and

Penrose (1970), imply the existence of a space-time singularity and the existence

of an absolute event horizon Penrose (1968), (1969), Hawking (L972).

As stars possess a considerable arnount of angular momentum, it is the Kerr

family of metrics, Kerr (1963), that are used to desribe the end state of the gravi-

tational collapse. Ir{otivation for studying the Kerr fields comes from astrophysical

60



arguments concerning the evolution of cores of galaxies. Lynden-Bell (1969) and

Lynden-Bell and Rees (1971) argued that one might expect to find black holes

with masses in the range 107 - lOe solar masses commonly occuring in.the centres

of galaxies. Bardeen (1970) has pointed out that accretion onto these black holes

from the orbiting matter in the galactic disk would produce a Kerr black hole,

with angular momentum parameter only slightly less than the mass, after a finite

amount of material had be accreted.

Unfortunately the existence of event horizons makes it impossible to observe

the black holes directly, and so the only way to "observe" a black hole is by

its effect upon its environment. Thus, it is necessary to know the equations of

motion of particles in the vicinity of a Kerr black hole. Carter (1968) found the

equations of motion for all geodesics, time-like, null and space-like. It had been

known that if the angular momentum parameter ø exceeded the mass m then a

naked singularity would result, Carter also showed that there could be causality

violations, in the form of closed time-like loops. Thus \ile assume that ø is less

than m, but by Bardeen, is close to m. A black hole with a : m is known

as an extreme l{err black hole. The realistic geodesics, time-like and null can

be divided into three groups: those which are captured by the black hole, those

which are bound in orbit about the black hole, and those which escape to infinity.

The observation of the two latter categories probably give us the best hope of

detecting black holes. As a result, a great deal of work has been done in this area.

General particle motion has been discussed by Wilkins (1972), Krivenko, Pyrogas

and Zhuk (1976), de Felice and Calvani (1972), Stewart and Walker (1973). The

optical appeârance of a star orbiting an exterme Ken black hole is discussed by

Cunningham and Bardeen (1973) in an article of the same name. Null geodesics

have been studied by Stewart and Walker, de Felice and Calvani, Helliwell and

Mallinckrodt (1975), Godfrey (1970), Bardeen (1973).

Due to the complexity of the metric, the resultant equations of motion are

also complicated. Thus, many people restricted their study to specific, simplified

cases. Many writers work mainly with the extreme Kerr black hole where o,: m)

others restrict the¡nselves to studying tnotion in the equatorial plane only. This was

done b¡ Boyer and Price (1965) as a means of interpreting the Ken metric, and by
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Boyer and Lindquist (1967) during their analytical extension of the metric. Others

restricted themselves to a study of circular geodesics, with a view to compare them

with those in the Schwarzschild metric. This was done by Ruffini and Wheeler

(1970), Bardeen, Press and Teukotsky (1972), Bardeen (1974).

In the first part of this thesis, we developed interest in null geodesics that

suffer small deviations due to an intervening massive body on their way to the

observer. In this, the second part, we maintain that interest, but replace a galaxy

as the intervening object by a Kerr black hole. It is evident that the complexity

of the equations of motion, which can be expressed as elliptic integrals, caused a

great deal of difficulty in the study of the geodesics in the Kerr metric. Ilowever,

it occured to us that as in the Schwarzschild metric, where we used only the first

order approximation to the bending angle, we may be able to extract most of

the information required, when considering small deviations, from the lower order

terms of the Kerr's equations of motion.

The essential difference between Schwarzschild and Kerr is that the latter

contains spin, which destroys spherical symmetry. We saw earlier the shape of the

region where a source has multiple images for the spherically symmetric case, now,

amongst other things, \rye are interested in how the introduction of spin distorts

this region.

In the Schwarzschild case whenever the first order term, mlr^;n, wffi small,

the resultant deviation was small. In the Kerr case this is still true, except that

another factor plays an important role in determining the size of the deviation.

Whether the ray takes a retrograde or a prograde path determines the size of the

deviation for a particular ratio of m/rr,,¡,-. We will see later how this manifests

itself in the aproximate solutions to the equations of motion, which we will derive.

It turns out that the effect of spin comes in only at the second order level i.e., the

Kerr black hole is a Schwarzschild black hole to frrst order. This means that in

order to see the effect of spin, the second order terms must give sufficiently large

copections to the first order terms. This implies that the deflection may not be

too small.

Thus, the aim of this part of the thesis is to find approximations to the equa-

tions of motion of null geodesics in the Ken metric that work well for rays whose

62



paths have been significantly effected by the spin of the'black hole. The author

believes that the approximations derived contain all the information necessary for

most, if not all, astrophysical calculations, and are considerably simpler and easier

to use than the original, exact equations.
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$4.2 The Dquations of Motion

As stated earlier, Carter derived the equations of motion in the Kerr space-

time using the Kerr-Newmann form of the metric. These equations have been

transformed to Boyer-Lindquist coordinates for simplicity by a number of people,

including Bardeen (1973) and Wilkins (IOZZ). For completeness of this work and

to correct the vaìue of a constant of the motion given by Bardeen (t9Za), we derive

the equations of motion for null geodesics about a rotating black hole directly from

Boyer-Lindquìst coordinates.

The form of the Kerr metrics in the Boyer-Lindquist coordinates is given by:

where

p2:12+a2cosz0

and

d,r2 + prd,o, .#þd,t - (r' + o")dô)' - if"- ¿sin2 0 dö)2, ø.1)d,r'- t

iÐ'*4(h)'. &)"

+ (#)' $z)-#(ä) (ä)

(4.1.1)

(4.1.2)L,=12 -2mria2.

In contravariant form, equation (a.t) may be expressed most conveniently as

(ä)

The form of the Hamilton-Jacobi equation excluding electro-rnagnetic inter-

action is

as l --_
ðr )g', 

S,; S,i (4.8)

2

where ^9 is the Jacobi action, r is the affine parameter and .9,¡ means ôSf ôr;,
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where n; = r;(r). Setting (rr,r"rr3r¡'4): (r,0r{,t) we see from (4.2) that

gtt:*
p'

o. Ig": 
p,

g"o
2mar
p2L

_ ø2 L.sin2 o - (r2 + ø2)2

p2L

If there is a separable solution, then in terms of the already known constants

of the motion, energy ,E and angular momentum about the symmetry axis Õ, the

Jacobi action must be of the form

S - -Et + øö + So(0) +,S,(r), (4.4)

where Se(O) ancl ,Sr(r) are, respectively, func.tions of 0 ancl r only. Substituting

(a.a) into (4.3) gives

gon

o:4(*) ++(#)'. L-a2sin2d
p2 A,sinz 0

+ffiøø * a2 Lsin2 0__Jr2 + a2)2 *.

Therefore, rearranging this equation to have functions of d on the left hand side,

and functions of r on the right hand side, we have
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#)'*å +azÊsin2o

- K.

Note that K > O as the equation involving á is positive. Thus we write

' . E(r2 + o2)2 4morDÞ o2Q2

=a-a-a

?:\Æ@t

--a(*)

dS,
dr A

where the functions O(0) and .B(r) are defined by

O(r) - q*o2 cos2d -\2cot20,

and where
o

^--E

B(')

(4.5)

(4.6)

(4.7)

(4.e)

(4.10)

(4.11)

.B(r) - rlr(r2 + o') )- 2a2ml - 4ømr\ - (r' - 2mr)À2 - A?, (4.8)

and n-#-\2-ø2
Rewriting equations (a.5) and (a.6) in integral form

e

ISo-

and

dr.

Í
s"- I

Tlrus S - -Et +Od + S0(0) +S,'(r) where ,56 and .9, are defined by equations

(4.10) and (4.11) respectivelY.
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Using the fact that derivatives of the Hamiltou-Jacobi action ,9 with respect

to the constants of the motion are themselves constant, ðSf ð.8 gives

12+a2 * Zømr(a - \
0î

t-

ôSlôø gives

and ôSlðQ gives

Iffi*' ø't2)I ++a[B(r)]r

r0ö:lffio'*lffiae, (4.13)

(4.14)

0

+tÆ(r)11/2 -
These are the equations of motion of null geodesics in the Kerr metric.

I dr
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$5 Solving the equations of motion

$5.1 Solutiou for 0 in the case m: c:0

In this section we set up the equations for the case where m : c = 0 and solve

for d.

By chapter 4 the equations of motion for a ray of light about a rotating black

hole in the Boyer-Lindquist coordinates (r,0, /, t) are:

0Ì

I dr
+[^R(r)]1/2 - (5.r )

o,*1ffi* (5.2)

o,*lffiot, (b.B)

0

and
0

t-

where

.B(r) - rfr(rz +a2)*2a2ml-4amrÀ-(r'-2mr)À2 - Lq, (5.4)

e(d) - n * ø2 cos2 0 - À2 cotz 0 (5.5)

and

L=12 -2mr*a2. (5.6)

The constants m and ø are the mass and spin parameters of the Kerr metric

with m - lml > lol, À and ? are constants of the motion, see $4.2, which will be

discussed later. The integrals are along the path of motion.

Suppose a ray of light originates at the source with coordinates (r",0r,ör,tr),
passes by the black hole and arrives at the observer's coordinates (ro, 0oróorto).

Along this path r cordinate ranges from r" to r,,r;n, to ro, while theta ranges

from d, l.o îrn¡n or |rno, through to 0o. These are the relevant integral paths,

see fig.5.1. The minimum value of. r ., rr',;n, is the largest of the real roots of .E(r) ,

whilst d*¡r, and îrno, are the solutions of O(d) - 0.
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Figure 5.1 The polar coordinates (r,0,ö) are defined by the a:ris of rotation. TbLe a-p

plane is perpendicular üo the line passing through (0,0) - the posiüion of the black hole,

aud the obseryer. Point (a¡, É;) is the observed position of an image of the source, whilst

(o,rþ,) is the projected position of the source onto the c-B pláne along the line through

the source and the observer. It can be shown that j'--o(a¡,É¡) = (cr,É").

The unlikely event where 0 -- 0(r\ does not have an extremum will be dis-

cussed later. The sign of [,R(r)ll/2 is positive if we are integrating in the direction

of increasing values of r, and negative if otherwise. Similarly the sign of [e(d)]r/'?

is taken to be positive if integrating in the direction of increasing values of d and

negative otherwise.

To get an understanding of what À and ? are, it proves to be most instructive

to firstly solve the above equations of motion in the case where m and therefore ø

are both zero, and then relate À and 4 to the position of an inage of the source.

These equations turn out to be useful since they are the solutions of tangents to

the rays of light evaluated at the observer.

For m : a:0 equation (5.1) becomes

î e

II d0dr

12
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and (5.2) becomes

Using equation (5.7)

ó= I 12 r - 
À2+t,

'r2
q-^2cot20

0

I
ì

ldr

sin2 o

À

Àcot2 0d,0
+

d,0

q-^2 0
d:À

0

I (5.8)

In order to find the integral paths we need to know i,"¡o and 0^;o or 0rnor. To get

r'.iÍ we set .B--o (r^;n) - 0. Since rrr'¡n is the largest of the real roots of R(r),

forthe m=0 case,ro.¿,-: À'+q. Similarly îrn¡o o1 0^o, are determined by

setting Ø":o(0^¡n¡^nr) - 0. Thus,

,/f ncotî^¡n¡^or: * or cosî^;o¡rno, = t

^2 
+n' (5.e)

where the positive sign corresponds to cos d¡¿;o and the negative sign corresponds

to cos 0*or.The way to find whether 0 reaches 0^o" oÍ 0^;n along the path will

be discussed later.

Immediately from the results for r-¿o and cos |ninlno, we can get an idea

of what À and ? are. Suppose we are positioned in such a way that the ray of

light, whose path is a straight line as the mass is zero, is perpendicular to the

a - B plane of fig.5.1. Suppose further that the axis of rotation and the B axis

arecoincident, thus 0oærfT. Then both r-¡o and îrn;o¡mac occurin the a-p
plane, with the resultant natural interpretation of I and ?, see fig.5.2. From the

diagram we see that the position of the image of the source, (o¡rþ;), is directly

related to À and ?. In particular, we have À2 : a? and 4 - þ?, with the sign of

equation (5.9) determining lvhether the d extremum is |rn¿n ot 0^o,. Of the two

assumptions, the former, namely that the ray path is perpendicular to the a - B

plane, rvill be nearly always satisfred. This is due to the definition of the plane as
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well as the fact that r" and ro are large, and that we are only interested in sources

whose rays are signifrcantly influenced by the black hole, thus implying that the

(o¡rþ¡) are near the black hole. The latter assumption, namely that do æ rf2,

will rarely be satisfied. Thus, we expect to be able to express À2 and q as al and

É¡2 respectively, with both relations modified by some trigonometric functions of

do. The exact relations rve find later. Horvever for the moment it is useful to think

of À as the horizontal component of the position of an image, and of y'fi' as the

vertical component of an image.

p
(a;,þ:l

m¡tt À2+?

d

cos0-¡,n =
n

À'+ rl

p
n

cos 0-or = - \" +rt

0^o"
a

)2+?

(a;, þ:l

Figure 5.2 Interpretation of À and 4. Assuming that the ray's path is perpendicular

to the plane and that the axis of rotation and the P .t it are coincident, then the minimun

value of r along the ray's path occurs in the a-p plane of ûg.5.1, as does the extremum

of d. The two diagraurs correspond to the two signs of equation (5.9). We see that by

construction À2 : al and n - p?.

Having found rp;¿ â,rd îmiolrno, we are in a position to solve the equations

of motion for the m:0 case. F,quation (5.7) becomes

¡.

I d,r
lo

I dr
+

12 1 - ^'t4 12 I - À'f4
\F+,,6+,,

0 ^o,

I
0,

0^o

I
0

d0

n-^2cot20

d0

for the 0" - 0^o" - to path, and

7l

o

t

4-À2co 0



0,:T
4-À2cot 0

0o

I d,0
(5.10)

0 ^in

I

sin p dB

1-coszp

\, +q
r

0^ín

for the 0, - înin + á" path

Consider

I dr
Let cos p - + + -sinB dp - -Æa,

12 I - 
rtftt

I
: 

-: 
afCCOS

,/¡, + rt

So the left hand side of (5.10) is

I ,/P +,1 * arccos
\N (5.11)

rs ro
arccos

À,+q

I

Now consider

d0

q-^2cotz0
Let cosd: ¡{; coso =+ -sind de - -lÇhsinadc

¡ -n-" ., I sin a da

4 sin 0-^2cosz0

sin a do{#, I ?(l - rftcos2 ") - n#p cos2 a

,f-#.,1
sin a da

n I - cos2 a)

À"+n

-COSí

q )
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So with the aid of (5.9) the right hand side of (5.t0) becomes

( 2n - arccos

arccos

\' + rt 
cosá,

tì - arccos
\, +q 

cosdo
q

)) , 
(5.r8)

for the 0" - îrnor - do Path, and

2r
T arccos

T.aeT.do

À2 + n coso,
q

* arccos
À'+ n cosoo

tì(

Lor 0" + 0^ín -r do path. Combining the two paths we write

\, + q 
cosd,

q
T arccos

À' + q 
cosdo

q)"+q 0

I 2r

I

where 2n and the negative signs correspond to the 0, --+ îrno, --+ áo path, whilst

0 and the positive signs correspond to the 0" + 0^in + 0" path. Note that we

assumed that 4 ) 0, for if 4 - 0 then 0(r) -¡¡2 V r, is the trivial solution.

In equating (5.13) with (5.11) it turns out to be more convenient to use c,

and co than arccos ( f .o=d,) and arccos( ,[#r"soo) respectively' So

we have

("...o,ry*arccosry)

À, +n

2r
=+ T û" T ûo : ârccoS

0

I
)À" +rt 0 À, +q

I
arccos

(5.14)

),+q
Consider

f elo
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As both r, and ro are assumed to be very much greater than r-¡o - \FTn,

À, +n

\2 +q
âg--

7eîo
,-+) ('-+)

le lo

(

\'+q . À2+rl . ),,"+rtæ ,* -r+-TT- zr1

- -l l-
tñG,+r"')

)'( î.

^J 
COSn COS

2

\, +n(

: cos rI \2 +q
r"*16

lr|n o )

Therefore,

arccos
^t 

arccos cos (r * À, +q

-Í- À2 +q
rr*'ro

îeto

Note tìlat the * sign becomes a minus sign. This is due to the definition of arccos

Thus, equation (5.14) bec.omes

2¡r
Ta"Tq.oNr- '.c*îo

f elo0
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=+ *r+üc+uoâ9- \2 +q

+ -tc*cr*oonrt \2 +q (5.15)

Defining O - -rffi¡ r#, we have

caavIt-doT6

cos ûr 
^J - cos ao cos 6 t sin ô sin oo.

Using the definition of c, namely d = arccos ( lr*n cos 0t, )

cos 0, 
^, - cos 0o cos 6 t sin 6 h - cos2 r.o. (5.16)

Note that in the limit as r, or ro tend to infinity we have 6 - 0, thus by equation

(5.16), cos0r_ -cos0o, which implies that d, *0o: r as expected'

/Ð



$5.2 Solution for / in the caEe m:4:0

Having solved ftor 0" we now solve lor þ". Equation (5.8) states that

0

ö=ôo-C,:) I d0

stn n-^2cot202

As before let cos d -

Öo-ë"=

{fu ,o" o =+ - sin d ae = - 1[T^ansin 
a da, then

)
Àr+n

r - ---I-' x2+q

t-;hcoto)-1 arctan (

:ficotc)

. When 0 : Lrno, i.e., cos Lrno, : -rf ---^ur, d. : 1ç. Whereas lvhen 0 : 0^;o i.e.,

cos á-¡r, - FI, , a : O. Therefore for the 0, + 0^o, --+ do path

arctan
À

.\
(

ö"-ó" - îr - arctan ( #cot o,) - arctan (
I
l)l #"oto")),

h"oto,))

whilst for thé 0, ---+ 0^¡o --+ do path

)
lll ( -r*arctan( #cot o') * arctan (

Combining the trvo expressions,

/r)



öo-ö,: n * arctan ( #cot o,) t arctan (
lÀl

)

In order to combine the two arctans we would like that cot c, cot co ( I since then

#'oto,))'

I
I

À2 (cot a, * cot ao)

X1r(t-åcotc,cotco)

+6 - cot ûo
? Cúù ttt * :--.---;-.l*ôcota"

öo ö r t arctant

otherwise one has to add or subtract r depending on other conditions. Fortunately

we can show that cot a, cot co ( 1, although this proves to be ra.ther involved.

Recall equation (5.15), which when slightly rearranged is

t6 æ'tç - d,â - ü.o

:-(a, -|+oo-!r),

where 6 - - \2 + q#,which implies that ô < o and lôl < l.

Taking tan of both sides, and with tan 6 n¡ á

*6a:-tan(o" -f,+""-T)

tan(a" - f )+tan(c"-f,)
1- tan(c, - f)tan(a" - i)

cot a, * cot ao

I - cot d" cot ao

(5.17)

+ô - cot co

1t6coto"

lt

Therefore,

cot c" cotao æ cot ao



Suppose the ray of light takes the path 0, --+ îrno' -f 0o, then a, ranges

o¡ + r( --+ do. Since 6 æ r - e' - oo and ô < 0 it follows that c, e [l6l,n]

and ao € flól,n], where to get the minimum value of one angle we maximised the

other. Similarlyforthe 0"+|nin+ do path, -ôn¡ Í-dc -co fromwhichit

follows that a, e [0, n - lól] and c, e [0, r - lóll.

Thus, for the 0, ---+ 0^o, -+ do path we wish to show that

V a e fló1, rl

Since 1- lólcota ) 0, 1- lôlcoto p 0 for a - ló1, we need only consider the

case when -cota(lól +cota) ) 0, otherwise the result is ( 0. Now,

- cot û(lól + cot a) > 0

+ cot a(lól * cot a) < 0

=+ cota(0 and 16l+cota)0

=) lcotal < 16l.

Therefore, in this case

ô-cota -lôl -cotacotal -. ocota 
: cotd;ffi* < t

.o,oflffi-lcot"rSffi

< lcot "l(lál - lcot al)

<62

<1.

Similarly, for the 0 e + îmin ---+ 0o path

-6-coto lál -coto.otorloäiã :cotûffi < t V a e [0,'r- 16l],

since I + lólcoto 2 0 and cota(l6l - cota) ) 0 imply $'e need to consider the
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case cotc > 0 and 16l- cota > 0 only, which impies lôl > lcotal. This

16l - lcot al

Thus,

=)

ó" ó

lól - cot a.otof,¡fJù - lcotal I + 16llcot c
< I from above.

À'+q (t - l#cotc,cotao)
À2 (cot a, * cot ao)À

zr t arctan ('- l)l

Defining ¡z - fu + I - k2 - * and using (5.17) we have

cot o" * cot a, cot a" f cot ao

1 - å cota"coto,o - I - (t - fz¡ cot a, cotao

#:*tr * cot ao

r-(r -kz)coto'off;fffä

+6(l + cot2 o,o)

1 :t ô cot ao - (1 - k2) cot ao(*ô - cot ao)

+6 | * cotz ao

r+(l-k2) ao L 6k2 cot ao

where we used the fact that 16l is small. So

Ö"-Ö"É
À

lÀl

)
l)l
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Recall that

Therefore,

cosd =,tcosa +

I I cot2 ao k2

1+ (1 - k2)cotz ao (k, - cos2 a")(r + (l - È') ffi7¡')

: csc2 0o.

And finally we have

laôcot |ocscî

where

^ cos2 0
cotz u= ffi!, a, where r = 1[#,

#\, - cos2 oo , (5.r8)

and where the negative sign colresponds to the 0, -+ 0^o, + 0o path, whilst the

positive sign corresponds to the 0, - |min + do path. It is at first surprising

to see a term of the form À/lÀl as this does not have a limit as À goes to zero.

However this merely corresponds to the equivalence of -n and n. In the limii as

16 or ro Bo to infinity Ôo- Ö"_ n as expected.

Note that for the case where the observer lies in the equatorial plane of the

black hole i.e.,0o: r/2, both equations (5.16) and (5.t8) simplify considerably to

glve

6-- À, +q

þo-ó,*"ft*uq À
cos d, nv * sin 6 and

À, +rt À, +q

Since the effect of spin is most evident lor 0o: ¡clL we will tend to concern

ourselves mostly with this case.

(5.1e)
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Thus, we have found the position of the source given the position of the

observerfor the case m: (r:0. All that is left is to solve equation (5.3) i.e., to

find t for m : a:0. This happens to be trivial and so we will not derive it here,

but rather leave it until it proves to be useful in the derivation of t for m * 0.
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$5.3 Relating À and 7 to the position of the image

Recall that in section 5.1 we tried to give an approximate interpretation of the

meaning of the two constants of the motion À and 4. We found that they are

directly related to the position of an image of the source. In particular, under

special conditions the relations are extremely simple, namely \2 : a? and 4 : þ? .

In this section we derive the exact relationships between ) and 7, and the position

of an image (o¡, þ;) .

Having found d, and dr, we need to relate them to the projected position

of the source. Positions of sources and their images are projected onto the a - p
plane, which is defined in flg.5.1. For convenience we reproduce it here.

æcis of rotation

\ïghtol

('"roo,Ö")
source

Figure õ.3 Reproduction of ñg. 6.1. Thepolar coordinates (rr0,þ) are defined by the

axis of rotation. The a-B plane is perpendicular to the line co.'necting the observer

and (0,0) - the position of the black. Ëole. Point (a;, þ¡) is the observed position of

an image of the source, whilst (arrþ,) is the projected position of the source onto the

c-B plane along the line joining the source and the observer. It can be shown that

j'å (",, 9;) : (o,, þ,).

The point (a",þr) is the projection of t'he source at (r, ,0r,Ôr) onto the plane

along the line connecting the source with the observer at (ro,0o,Öo). The point

(o¡,þ;) is the position of an ima,ge of the soìrrce which is found by calculating the

('or oo, óo)
observer

(o¡,É¡)

(or, þ,)

þ
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intersection of the tangent to the ray at the observer with the plane. We first find

(or,þ,) and then ( o¡,þ¡).

The a - p plane defined above can be written in rectilinear coordinates as

a : y and B : z sin do, where the rectilinear are defined in the usual way by

the axis of rotation i.e., the z a-xis. So to find ( a",þ") we simply find the equa-

tion of the line connecting the points (r, cos /, sin 9, , r, sin {" sin 0",r" cosd, ) and

(rocos,/osin 0o,rosin/osindo,rocosdo) æ a function of ø, and then set r:0 to

get the intersection of the line with the plane ø = 0. Without any loss of generality

we choose óo: O. Thus we have

r, ro sin /, sin 0 
" 

sinîoda=!,-o=r@

þ'
sin do - P¿=o -

(rr,gr,"r): (rrr-;#Urr* ai, Wn + ff41

Therefore, usìng rt : r cos / sin 0,

d,í
lt : -----: ^ rcos/sind ¡ a;,

ro sln uo

(5.20)

and

(5.21)

Now, we have found that ) and 7 can be related to the observed posi-

tion of an image of the source. Suppose the observer is at the coordinates

(rosinîor}rrocosáo) i.e., as before we set Ó" : 0. Define di and B¡ by

making the tangent to the ray of light at the observer pass through the point

(0,o;, B¡lsinlo) i.e., intersect the a-B plane at (a;,P¡). As the iangent passes

through (ro sin îor}rrocos do) as well as (0, a;, þ¿lsin do) its equation may be writ-

ten
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dy¿ddt'r 3 --tcosdsind - rsin/4!sin0 * rcosdcosdA),dr ro sin 0o 
\-

- - ug-"ioe.(sináo 
* rocos /,'il')'

(qrw, zt) : (r cos þ sin 0 rrsin / sin d, rsin d),

where all quantities are functions of time. Therefore,

# :sin / sin 0 + r cos S$sind * rsin / cosli)

=+

+ dYt

dr ó
0

óo
0o

f=1o

Now consider the ray of light. Its spatial coordinates are

=+ ö:óo = roSosinîo'
dYt

dr 0:0 6?:fo

Equating the two y derivatives evaluated at the observer's position we have

ro$osinl" - -#,;(sin do + rocosloì)o)

. rlsin2 oo$o

sin do * rocos00o
(5.22)

Now we find É¡. For the tangent,

ro cos 0o sin 0" - þ;
rosin2 0o

dzt ro cos áo sin 0" - þ;

cosdsin ," * h,Z¿

=+

=+

(cos/sind - rsinþþsind * rcos/ cos00),
dr rosin2 0o

dzt ro cos do sin 0o - A

ro sln aoþ:Òo
0:0 6
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Whilst for the raY of light

cos do - rosin0o0

4: rcosî

dzt:=-cosá-rsin0d
ar

dzt

d, = cos 0o - fosinîoîo.

+

:+
þ:þo
0=0o
1=t o

Equating the two z derivatives evaluated at the observer's position we have

rocosdosin 0o- A'

" -'ffi(sind" * rocosÉoPo)

=) þ; = rocosdo sin do * ," rtrr,r"1r""*i"t!;;;."t",

__ rlsinÎo1o
sin 0o I rocos0oilo'

ro cos 0osin0o sindo *rocos0oào + ro sin2 do(ro sin 0oáo - cos0o

sin do I rocosîoîo

(5.23)

Norv 0 and p are determined by equations (5.1) and (5.2) respectively. Since ro

is assumed to be sufficiently large that at this ro the space is flat i.e., rn - 0,

to get approximate expressions for go and Öo we use equations (5.7) and (5.8)

respectively. Thus,

0o
d0

'/6@J
r| I - À'f?

î;
+AJ

dr 0=eo

where the upper sign corresponds to the 0, ---+ 0no, - 0o path, whilst the lower

sign corresponds to the 0r - |¡nin + do path, and O(d) is defined by equation

(5.5). Also,

sin2 á

..Æ(dI. dó aó aódî
Q:-d,r: ar+ ao dro
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+ ÔoN
Àcsc2 0o

r! I - r'f?
ì;

Substituting 0o and /o back into equation (5.22) and (5.23) we find that

rlsin2 0o
r! r - 

l2+n
' ,2"

qiæ-
sin áo T ro cos do

-)

e 0o

rf, t-\2+n
r/

sin do r-f*+cos0o
(5.24)

(5.25)

and

Írf;sin0o
e 0o

rI r - 
r2+n

'a?.
þ;æ e eo

sin0o +rocos0o
rf, '-ÉÈrta?

l sino"1p(0)

sin 0o l- + +cosdo

Since a; and B¡ arc the coordinates of an image i.e., they are astronomically

determined, we need to invert equations (5.24) and (5.25) to express À and 7 as

functions of a¡ and B¡. Dividing (5.25) by (5.2a) we get

(5.26)

Use this equation to substitute for O(d") in equation (5.2a) to find that

-la¡
I - òPr

E!o+
ai
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À
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Expanding {6@J in (5.26) and squaring, we have

B?

azt
AJ

7 sin2 oo - À2 cos2 oo

^2

=) tt N rZ - ¡z - 
À2(ro - þ¡cotÉo)2

a! sin2 0o

:ryt-sin2 t"-W-cos2oo

P - 4a? sin2 ooA - P7 + a2, + (r" - þ;cotîo)z'

=+ 
^ 

o Àþ;cotoo 
- a¡ sin oo

ro

-todi sin 0o

+

with equation (5.24),

=+ l¡¿ + + ro - þ;cot0o
(5.27)

(5.28)

Substituting this back into (5.26) and rearranging for 7

+ ,/rt æ
T.ro 0n

+ * (ro - B¡cot0o)2

I

I

where the a is the sign of 0". 11 it is negative at ro then 0 must be decreasing

which implies that the ray followed the 0, + îrno, --+ do path, and if positive then

the ray must have followed the 0, ---+ îmin ---+ áo path.

Note that in the above derivations for ) and 7 the e¿ sign means : exclud-

ing first and higher order terrns in mr!;ofr! i.e., these equations are exact for

m:a-O.
Thus, as ro --+ oo tc.r 0o - rl2, l: -o; a,nd lq - +É¡. So a source with

constants of the motion À and 4 has an image seen at (-\,+tfi). Since ,fi i"
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positive, lq - çB¡ tells us that the sign of B¡ determines which path the ray of

tight takes. If þ¡ is negative then lve must choose the upper negative sign which

corresponds to the 0, + 0rno, -+ áo path. On the other hand if p; is positive then

we must choose the lower positive sign which corresponds to the 0e + îmìn - 0o

path. This makes good physical sense, for it meaus that if the image is seen below

the equatorial plane then d must have reached 0^or, whilst if the image is seen

above the equatorial plane then d must have reached 0^io.
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$5.4 Solution for 0

Now we solve the equations of motion (5.1) and (5.2) without assuming m or o to

be zero. However, we do assume that the ratio mfr^;. is small. As 0 < lol < -,
alr^;o is small also. In subsequent calculations approximations are made which

exclude third and higher orders in these ratios. The reason that we keep the second

order terms is that the spin parameter comes in only at this order i.e., the ratio

a/rr',¡o appear as a2 f r2r ;r, only. We have seen already that ?tní,- : Àr+q

for m - 0. Now that we suppose that mf r^;o is small, it is reasonable to write

|.¡nìn : À2+nÍ+O( ffi) + ...). This we show later, but for now, it is

useful to use the fact that mf r^;,. is of the same order as mf À'+q, and that

o' lr'^;n is of the same order as a2 f (\2 + ?) .

In order to evaluate the right hand side of equation (5.1) we need to determine

0-;o and 0^o,. These angles come from the solution of O(d) - O. So setting

equation (5.5) to zero we have

0 : r? + ø2 cos2 eninlmor - .\2 cot2 ïnínlmaat

let ú- : cos îmiof ,nor,

t2t2

- rl + o't'^- tr
?(1 + a2t2., l-t,.\-^"t?"

1- t",,

+ o : ø2tln+ ()t * n - o')t", - n

Therefore

_ -(^" * q - a2) +((À' + q - a2)2 i 4a2q)tlz
2a2

t"rn
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-1+

-lt 1+

(
tl2

2o'q 2onq'

(À'+ ,t - o')' ()' + ,t - o')o )

as t! > 0, take the positive root,

,¡|À'+q-o')(,, 2o2 ø2q \: 
1lr¡¡ \'-Àr+r?-(x*¡)

**r*,('.#-#ff- ,.,)
(,-,a2(À2*q)_ o"t \
\'' (^r+ù, (^,+q),)

q

À2 *tt

n

À2 +q

Thus, we have that

I

cos o,"¡o¡,n", * *ffi(t . ¡ffi) (5.2e)

where the positive sign corresponds to cos |¡v;n and the negative siga corresponds

to cos 0^o".

Next we evaluate the right hand side of (5.1). As stated earlier, if the ray

takes a path that reaches 0,'.o,, then

0 0^o

Id0 d0 d0

lo(d)11/2

otherwise

+[o1a;¡t7z -
0,
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0,

I
0min

0,

0o

I d.0

0^in

Consider

Let

Therefore,

io(4TÞ -
0^o

I de
0^ot
fd0
J Jn ¡ a2 cos2 0 - À2 cot2 0\tlz'

0

cos d.

sin a da.

(5.30)

(5.31)

coso:\ffi(r.#h)

cos2o"tr(
)

cos2 c

and,

For notational convenience define

F,quation (5.30) becomes

sin o da

sing(7 * ø2 cosz 0 - \2 col2 0)t12

sin a da
2 0 _ 

^z 
cosz 0)rl2

kl
d.

ü,,
(7 sin2 0 + ø2 cosz á sin
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t

ü..

7Í

-h I
d,.

I

NK I
ã,.

f

NK I
&,

1T

-k I
d..

I

-k I
ü¡

sin a do

(Z(t - cos2 0) + a2 cos2 00 - cos2 r) - À2 cos2 0)tl2

sin a da

(rl - (ì' + n - ø2) cosz 0 - a2cosaá)r l2

sin a dc

('r - (À' + r? - a2)fu(t+ diip-) cos2 a - é{ù, cosa a)'l'

sin a da

þt-qcos2o -fficos2c +#h- ##cos4a)r/2

sin a da

(7 sin2 a + fiffi cos2 a(l - cos2 a))tlz

da

b + ffffi cos2 a)tlz

Now, this can be immediately integrated, however, the result mixes sin a with a

which proves to be inconvenient to work with. So we rearrange the equation

further.

,t
k

----=
t/q r + T#iy cos2 aI da

d.

)1",

1+ )('- )

-k ' a2nr+ ¡ç¡fficotaarctan

,/rt

k
'-'-=
t/rt

lr ø24r ¡ 2(\2 *q)2

#+frX; * arctan(( | + #h) cot o,)I

k--:
,/n

I

Now,
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a2\2 o2n \a ' 

- 

---------:-rr ¡ zø2 + q)2 +(À2 + q)2 )(

I
À, +rt

À *q-a2
1

Thus,

0,

Similarly,

0,

I

d0

[e(r)]'

d0

lo(a)l' 2

^z+q-ø20 ^in

So we will write

d0 I

^z+q-a2

(; -arctan((l . #+tr¡.ota,))

AJ
I

0

(

X

I
X zr*arctan tF*#læ) cot o,)*arctan(( t*ffi) cot ao) (5.32)

where the plus sign corresponds to d, to 0^o, path, lvhilst the minus sign corre-

sponds to the 0" to |nr¡o Path
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Having evaluated the right hand side of equation (5.1) we now evaluate the

left hand side. Firstly we evaluate to.i,-.We find it by solving .R(r) :0, where

R(r) was defined in equation (5.4). Now ^R(r) is a quartic in r with r-¡o being

the largest of the real roots. We find r,,.j,n by guessing its form, and then proving

that .B(r) ) 0 for r ) r^¡n, thus showing that it is the largest real root. Rewriting

(5.a) in a more convenient form

^B(r) - tn - (À' -tq - o')r2 +zmr((À-o)'*rù - o'rt,

definingsbyr:s
we have

\2 + q, setting .B(r) - 0, and dividing through by (À'+?)2

0:s4-

Guess s to have the form

Therefore

saæcl*4c3, C2

2ø\ a2 \r- 
^\tt+ ^\n)

s2+
ø2q-x-' (5.33)(s

m m2 a2 ø2n am).
s - cr + c2lp 

* r+ 
cz ¡4 tt 

r ct ¡4 tl + cs 
¡z ¡ ¡ + co 

02 + tt)sll'

s2 É c2, làct C2
m

mm2mø2q

ærr 
+ ce 

xz + tt 
+ c+ ¡4 tt 

* cs 
1¡z *¡z'

am). \ m2
+ co 

Rz + o)Ðr ) * 
dc"tcfip n

m2 m a2n+cs¡4tt+c+¡\n+cs1¡4¡
Àr+n
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Substituting back into (5.33) we frnd that

o2

)+2 *q

orrl- (À, + z)r'
2m

+

^2+n

Equating the coefficients we have

orvc!-c! + cr:il.

Choose cr : I since we want the largest root.

m
Oav(4c2-Zcz+2)

\Ñ
+

m20æ(4ca+6-2cs-l-2) +cs\r+q

ø2 Ic+: -ltOæ(4ca-2c¿+l\ =+\r+4

cz = -l¡

3

2

o s (4c5 - 2cs - ll =o'4 =t 
1¡z +flz

os(4c6 -2co-41 
o^\=,-

t 1\' ¡ r¡"¡'

+ 1cs: i¡
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Thus, we have found that

,--=- / m 3m2 a,2 ø2nt\2_!_-11_ J----------------i-ttrrtttñv^ -"\' \Fn z(À2+ql z(À2+n)'2(lz+q)2

(5.34)

as we suggested earlier. It is easily seen that rr,,;n is the largest of the real roots

since B(r) can now be written as

.B(r) - (, -r,n¡o)((r*r-;o)(r'* r?,.¡nt-ø2 - 
^2 

-q) +zm((a - ))'+?)),

which is greater than zero for r greater than ttnin.

Something rather unexpected happens for the extreme Kerr black hole in the

case where the ray stays in the equatorial plane. Substituting ø: m and 4 : O

into equation (5.3a) we find that for À = lll , rmìn ¡v .l - m,. In lact rrn;n : À- m

as it is easily verified that under these conditions ¿(À - m) :0 ' This is surprising

as, in the simpler Schrvarzschild case no such simple solution exists.

Now we are in a position to evaluate the left hand side of (5.1), which is

ì.

I I
ro

dr dr
+

[Æ(')l'
o

t m¡n

oo
dr Iln(')l' a

la(r)lL lz
r.

In most astronomical calculations one would expect that r, and ro are very

much greater than r-;o and so in the following calculations we only carry terms

up to and including second order terms in rrn¡nf r, and rr,.;nfro. Recall also that

rr,,¡n is of the same order as À2 + rt, which proves to be more convenient to use

than r,rr¡r. in the following calculations. Thus,

ï
, mtñ

æ

I

dr

d,r11
W)Vî -'- "

(5.35)

l'min
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Consider

R(r) - tn - (À' * tt - o2)r' + zmr((.\ - o)' + q) - o'n

Letr=l/u,then

E(") - å r- (Àt *q-o2)rt2 +2m¿3((À -o\2 +?) - o2rtua

1

"^
-(À' *n-o'\(u" -u?^,,)*2m(u3 -"1,,"")((l -o)2 +rl)

- o'rì(un - u4^rr)

lvhere ltr¡no,a : | / rrnin,

(

(

- j{u' - u?n,,) - o'rl(u' * u'^rr) r a2 - À' - rt

+ 2m((À - o)' + rt)

u2rno,

u4
()'+q-a\(t-"') 1+

a2quz^or(l + 12)

^2+q-ø2

- 2mltrrno"

where we defined r by u: ttr¡nort. Define /(ø) and g(") by

(x)
(x)and g(r) - -Z
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thensince r-l/t =+ dr - -l/u2du,

2 I da

^z+q-ø2
((l - ø2)(1 * azuz^o"l(") + mu,no,g(r)\t 12,

fmin 0

1

2

æ

æ

1

I2 dn I

\2*tt- d,2 L-x2 2
o

2 I

I azu?rror¡þ\ mu^org(n)
I
2

3
+ m2u2rnorg2 (x)

8 )

2

I

$-#Tõøzu2,n,,,(r+'")
^2+q-a

2
o

* trttlrro,

dr

(X ti)o
-m'
2

+

Í:Ã,
I

I
o

II
o

I
3

2
1td

(;,t - a2u?,'o,(r +

x2 +x+l (4##)u?^o,r*l

Now,

Therefore,

L-12 2t

1

I 1f

,( I

2

o

I

I
o

12dø

,/t -7(t + s)

ndn

,/1:@11 + ,)2

't(_ô .ì,
A

I

I

I
0

I 1

I
o

I
0

I

I
o

dr n2 +r+l
I_T' ø*1 -) and (4##) '5o4

43I
0

So

Ð

2

lmín ^z+q-a2
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@.1-  mtt,no'F * +!r^'u?^r"(T- åt)

,,(r-ffi1 .
^z+q-o'

I

^z+q-a2

À, +rt
(l+ ,Fn

m

4m

Àr+?

I

AJ ("

I
(

)

+

Thus, with the assistance of equation (5.35) we have that

, 3ø2n l5m2 \
T (r - 4Fiæ + qt¡r + A)À2+q-a2

4m
+

À, +rt

Bquating equations (5.32) and (5.a6) rve have

8mø\\ll| __ 
-_-(À'+ ù"1') rc ro

(5.36)

, 3a2n l5m2 \

"(r- 4æiæ+ q$'+rt))

4mïmaÀ\ll
_L-' vqz ¡, (l'+ q)"1' ) rs ro

- I (r- so'n \-u4z*r-*z\^ a1o2+n)2f

* (" * arctan((l . #æ) cota,) * arctan( 0. #+æ¡.oto"))
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Therefore,

taking the tangent of both sides,

(t+ o2
)(cot a, * cot ao)

1 - (1 + #+fy) cot o, cot co

a¿ f arctan((l + #*) cot a,) * arctan(( | + #h) cot a,),

1

lc

a2q cot c, * cot ao

2(^2 + q\2 | - cot a, cot co

)2+n (t" + to)

îo?.c

nr* 1+x)( 1(

since the left hand side is of frrst order then so it ##ift,

a, +-cotû'. 
*cot-co 

- ttan(r - u, - do),
I - cot a" cot do

taking the arctangent of both sides,

15r m2Â-_--J-v- + (À2+rl) '

1l

o;vlt-d.r-aoI

where r is added iÎ ¡r - ü¿ - do < -Tl2 and subtracted if 1î - ds - ao > rfT

Defining ó by

-tf

4m

Àr+n

L6x?r-ds-""*{_:

from above we have

r00



/.

This equation is very similar to the one we had for m : 0 case. Then ô was

negative which implied that r - d.s - oo was always in the range l-"lZ,nl2l.
Now however 6 may be positive, negative or zero, the only restriction being that

16l < 1. At first it may seem surprising that ó may be zero, as then do - nlz +
0" - rl2. This however does not mean that no deviation took place, but rather

corresponds to the freak case where the ray of light starts at the source which is

in the cquatorial plane of the black hole, then leaves this plane to reach d7¡¡¿ oÌ

|rno, i.e., goes above or below the plane respectively, and finally arrives back at

the equatorial plane at the observer's coordinates.

The above equation essentially defines û¡ ð a function of ao. We expeci

this function to be a continuous function of. ao, so it is surprising to find that r
may suddenly be added or subtracted. This needs further investigation.

Recall that in the case ó < 0 we proved that cot c, cot üo 1 62. This means

that either a, e [0,olzland ao elrl2,r] (orviceversa), orboth a, and ao lieon

the same'side of rf2.In the former case it is clear thzt -r12 1r-oe-o,o < r12

so no discontinuities can arise. In the latter case 0 ( cot c, cot do 1 ó2 thus

implying that either both c, and co are just greater than r f 2 or both are just

less than rf Z. Ineither case -rf21n-üc-do < r12 so again no discontinuities

can arise. Now for the ô ) 0 case.

Without loss of generality we assume that the ray took the á, - îrno, --. 0o

path, so a ranges o, ---+ rÍ ---+ eo. So we have 6 - 16l al tan(r - a, - üo).

Now, as along this path a reaches n, the maximum value that ao can take is

also n. Consider what happens to &, as we increase ao from say tr - 2ó through

to n. Nowfor eo:r-26 wehave 6 xtan(26-a") + aræ6. For

do: rr - 6 lve have 6 s tan(6 - or) + c, n:0. Whilst for co: zr we have

á az tan(-ar) =+ dc N r - 6. Clearly there is a discontinuity occuring here.

However this is unphysical, and therefore some explanation is required.

Recall that as the ray of light travels 16 --) rtnin + ro, we assurned that

we have only two possible paths namely the d, -'+ îrnoo -- 0o path and the

0" -+ 0*;n --+ d, path, as opposed to say d" ---+ 0o i.e., 0^o, or d-;r, not attained,

or the case lvhere 0r ---+ 0^o, - |min + 0o, etc. The correct path is determined

by the value of the integral on the left hand side of (5.1). The above discontinuity

l0l



occurs when instead of the assumed 0r - 0^or - 0o path, the real path is

0, --+ 0^o, + g,,"io - 0o.So what happens is that having evaluated the left hand

side of (5.1) to get K, we have

0^o

I

0,

I d0
K +

0^o

I
t

d0 d0K_ +
lø1e¡r¡z'

0,

where ao .-r-ó. As c.o---+ r i.e., 0o- 0,nor, the integralof [e(d)l-t 12 lrom 0o

to 0^o, gets smaller and smaller which implies that 9, also gets smaller until it

reaches g^in, and then it starts getting bigger again. It is at this point that the

above equation becomes

0o

+ cos 0" N -cosd, cosó * sin6

0 
^ot

d0 I d0
+

lo(d)l'
ô

[e(a¡¡tiz'

0^o

I
z

0 
^in

0 ^in
0o

This new contribution is exactly r to the equation ô ã tan(r - üs - ao) i'e',

forthecasewherê oo ) T-6 wehave 6 a: tan(2ç-d¿ -oo)' Sonowas

do --+ ¡-26 --+ r-6 -+ r¡ dc + 6 -t 0 ---r 6 respectively. Thus no discontinuities

arise.

The argument for the d, + |¡nin + 0" path is similar. Since it would be

fairly rare for do to be extremely close to ïrno" or d*;¡¡ we shall ignore this case

and simply assume that oo € [ 16l , " - ló I ].

Thus, for ao €[lô1,r.- 16l]

d,sâ9f(-doT6 (5.37)

=* cos de N - cos co cos 6 + sin ao sin 6

r02

i- - cos2 0o, (5.38)



where

À2 +q (5.3e)

and as before the plus sign corresponds to the path that reaches 0-o" and the

minus sign corresponds to the path that reaches ïrn¿o. Note that other than for

the defrnition of ó, this result is identical to that for the m : 0 case.

15r m2 4m 8mø\e-- r-"- 4 (Àr+z) 'vmi (*¡ùslz
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$5.5 Solution for {

Having evaluated d, we are now in a position to evaluate {r. Equation (5'2) can

be rewritten as

ó:ó"-Ö,: (5.40)

Consider the first integral of (5.a0). As in the evaluation of t @fu, let u - llr
and define ø by u:ü¡no¡Í

0

î.

I
I'md¡

lo

I
l'min

dr
a(Zmr - ø\
a[n(r)]1/'?

ï
, tn¡ n

2a

1

^2+q-ø2

(2mr - aÀ)dr

(r' - Zmr I o') ((1 - æ2)(1 + *r@+ fi;iln))'t2
X I

0

divide through by r', substitute t:rr,,¡,,/r and drop third and higher order terms,

I

I
o

--r="("#-.*)
/2mo ra2 \l#-it)

4ma r \a2
(5.41)N 

^\q- 
2Q'zTtù37t'

Now consider the second integral of (5.40). As in the evaluation of I @ffifi
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wemake the substitution cosd: Iccosa, where k - \f #þ+15-{6")' Then

0

=k^ I

where 6' - fifiy,

d,a

(t - tz cos2 a) q + é, rcos2 c

ã.

I¡cÀ
----:
t/,t (r - k' cos2 a)(r + ,€^,+ñzcos2 a)

k) f -/ k2 e2 \
= 

'çì@iq 
J o"(,trr,-ñ + 7*¿6;)

du

k) k2

Jr:F arctan( l-k2cota)

arctan( l*e2coto)
)1"

k2

{1-P (r * arctan( | - k2 cot ar)

* arctan( I - k2 cot a,))

. #(n * arctan(r/r +.t cot a,)

+ r..tro(lG7cot a,))

Now consider (1 -k2\cota"cotao and (1 +r')cotc"cotco' We want both of

these to be less than one because then we can combine the corresponding arctans

to get

0

r05



(rrarcta^(\h-k"ffill
oe'

+ (rrarcta^({r+effill,nTê

To prove this we recall the results of $5'2' Namely that

L6 æ rr - a, - do with lól < I =+ cotc, * T*älä,

and that therefore

cotcr"cotcro < 62 <t V o" e [161," - lól]'

Since by equation (5.39)

^ l1tc m26-- 4 (À'+,7) +
\r+n ( rc

1

À2t-k2 - 
^\tt

and

it is clear that indeed (1 - k2)cotc, cot do 11 and (1 + €2) cotc, cotao ( 1'

Ilence the above expression holds. Also in the same section we shorved that

This is of order 6 and so the arctans can be rernoved. Also, since e2 is of seconcl

order already only the e2r term of the second line of the above expression gives a
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significant contribution. Thus, we have

kÀ ¡ztft ¡ê ¡ e2 t-k20

I il, dte(d)lt/2 
n " {f ú -Fft" + ez)'/tR

È) k2 6(1 + cot2 ao)

^d0

+

Now,

frÀ ¡z{1¡ P * ,z'/1 -F
'/rt

t_kz(k2+e2\ ,ÃTA

,/rt (k'+ e2) (t + (l - k2)coP üo)

^,ñ('.*ç¡ 1'
(r

(Ic2(t + €'
\ + e2\E- k2)(t - É?ltr -

k2 r-fr
)

À ô(1+ cot2 ao)
+ t/F+ rt 1 + (l - k2) cot2 ao

(k"-e2+e2 t-k2)
k2

(5.42)

\, +n
lÀl

e2

w

)('- 
(

) )

À

l)l ( I
))

À

lÀl

So

0

öo - ö " - 
^:!!-\,ì 

- " @#* "ft (t . Ð4þ)

And therefore, adding equations (5.a1) and (5.42) we have
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) 4mo: olÀl + 
Àt + ? 

+

I 6(l + cot2 oo)
+ \Fn 1 + (l - k2\cotz co

À ó( I + cot2 co)

À2 *q 1+ (l - k2)cot2 ao

(

Recall that

Therefore

cos0: ¡tcosa + ^ cos2 0
cot' ü, : ¡:_;orz g.

| * cotz ao

@-
kz

(k, - cosz 0o) (t + 1t - k2) cos2 0^ \
k2 -cos2 0o I

: csc2 0o.

I 4ma
ó"-ó, av r^+^, *n+

So finally,

where by equation (S.ao)

1+6 cot îocscî ;- - cos2 oo , (5.43)

\2+n

ancl rvhere the negative sign corresponds to the 0" - 0^o, --+ 0o path, whilst the

positive sign corresponds to the 0" --+ |rn¡o -' áo path'

l5r m2 4m 9maÀ
c-__:_-u 4 iFla) - \F*, (^2 + ù3t2
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$5.6 Solution for ú

In this section we solve equation (5.3) with the aim of deriving an expression for

the time delay in the arrivals of two images from the same source. Thus we think

of ú as ú(l, tl) and are interested in Aú = t(Àz,nz) - ú(Àr, Zr).

Equation (5.3) states that

I 0

t- I [t'( 12 +a2)+2amr(a-À)l
+A[.8(r)]1/2

Or* I
a2 cos2 0

rle(0)11/2
d0,

where

and

Firstly we solve the 0 integral part of ú.

Using the results of $5.4 we have that

ß(r) - rlr(r2 + o')*2ø2ml- 4omr\- (f -2mr)À2 - At?,

e(á) - q I a2 cos2 0 - À2cot20

L,-f -2mr+ø2.

0

do*kiI a2 cos2 0t-
I +[o(o)]1/2 q + é#cos2 d

o2 cos2 0
da,

where a is defrned by cos 0 - kcos c, and k - #(t+

cos2 c

I + #jã cos2 o

nø2* ffi(sinacosa*o)]',

For d, - |rno, --a 0o path a ranges or + 'Í -+ do; so thts ts

: , .4o',=r^(2, -do),: 
Z1l, ¡ ¡7;\Z1t - sln û' cos c' - d's - sllì oo cos ûo -

- 
k3oz Ï- Jrl
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and for the 0" + îr,.io --+ áo path a ranges Qa + Q --+ oor thus it is

Now in $5.4 we found that a, and øo are related via c, N lt - do7 6. However,

since the above integral is already of second order this reduces simply to c, æ

rr - do and in particular, sin a" ¡¡ sin oo and cos d, 
^J - cos ao. Thus, the final

result turns out to be independent of the path, and so

4ø2: 
z(^r;ñ(sin 

o' cos û' * a' + sin co cos ao * oo)

nd2
0

It

Í,

I
lmin

(5.44)
2 (^2 + q)3lz'

Now we evaluate the r integral part of ú. Suppose we are integrating from

rr,,;n to rr. Then we have

r

I 12 12 +ø2)*Zamr(a-À d,r:
+A[.R(r)]1/2

l.

I
fmin

As in the solution of the left hand side of equation (5.t) we firstly make the

substitution r¿ _ 1/r and then we let u - ütnoat, thus we have x,: rrniolr and

SO

V'Q' -f o') * Zatnr @-))l
dr

A[^B(r)]1 o

1

t' 12 + a2) *Zamr(a - À)ldø

(r, - Zmr * o2)((1 - r')(t + a2uz, ",lþ) * mu,no,g(r))L

I

I
rmin

îa

ll0

2,



where Í(x) =
q( 1*r2) and g(r) - -z

^z+q-62

Dividing through by tn, the above integral becomes

I

^z+n-02

l+o"u')*Zamug c - À)ldz

u2 (I - 2mu * o"u2)((t - x2)(t + o2 u?;", I þ) * mu^o, g (x,))L

(x)

I
tnin

It

i2.
'ÌZ¡l/¡

À21-n- a,2

I
t( | ¡ a2u2n orr2) * Zamu3rnorr3(ø - ))ldr

I
!ÃiL

ta

12 (L - Zmu,n orï + a2 uzrnorr') ((1 - z2)(1 + a2 u?^o, | (r) + rnu rnorg (r)\t l'

o
' rTttíL dz

À2+4-e2 t2 l-12
(, *,' !' - r""
\ r'r,.;n

om\
F:' 1f¿3fa

\ /, _ f(r) o" _g(n) ^ *ys'(rl
/ \^ 2 ,'.,r* 2 rrnio ' 8

m2
t

. ]TLIIL

1

I
(

t mi¡
îa

X
m1¡2r_txÁ 4m2 - a2

t2
'tfllflt"¡ni¡.

I
Iøi^

ra

lþ) a2

)

1

('.*) (
ml+2n-

|'tnin

4m2 - a2

t2' tTrll¿

o,2

d,x, /. z o2 _)n3ll*z' , -pr2{l -ø2 \ r'r,.;o

amÀ
a

' l¡ltfl

m¡2r- { rÁ
tmin

2

?2
't¡ttfl dx

À, +r7 12 l-rz
¡mi¡

m 3o2 (rl m2"' +:+ ';- _ rs(x)
f tnin ó r'rr¡;o

amÀ
__L

'tlialll

zr!_+rry_(r+ r\#

12'tîtn

g(r)
2

I l-2r3

m
lmin

2aÀI __

'¡nin ).;(X

À,rn,using equation (5.34), expand rr.,inl
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I

N , ffttta

N t ¡ftttl

æ , f7ttfl

I
r mi¡

fa

I
m 3m2 ø2

r^¡o+-m Zf^;o 21r*
a2n 2ømÀ

-l- 
------:- 

J- 

-

' zrlrn' tLr,,

-2r3YI*2, 
* (

r"r,,¡,- rmdn \
ml_-

f tnín

m

f tnin

(

12l+-1*ø
m1__

ltnin

mt+2r-
l'tnin( X

).i(
)

Iæ , mtfL ,zu[ -]I¡i-rt.
fa

l-2r3 am),
?3' tTtlll

m
12r-!r'

2ø2 n4 \t+r+r- Íl ,y)
m2 a2

-I"r 
rn 

t z'Irn

3r2m2
I _--' 2 (1 + r), ,?-;*

dx (

2r2 m2 3 14 rn2 \
_l__l_ _!' (l + x) rL¡n' 2 (l * r)' rI¡^/

dx

12 l-x2

I

m12
-l_ 

-

' ,r,.ro (l + r)

m
| +2r-

l.tnin

2aÀI _-LO

' tÍLttl

l|tni¡

f tni¡¿

1

I
rmin

fa

I
¡ni¡

fa

(r-2,.#.*L.u(# #)

1

l-Zn3 amÀ

tr;
m42r- ] r'

2aÀ 3m
I - -"

frnio ?'¡ni¡

In order to solve this integral we need the following results.

I JT _æ xdnI l-¡2

l- 12
-ln )

r

tt2

(
2+2

l-a2,



I - arcsin(r),
l-s
|+r'

I dr
(1 + ø)2 l-nz

2*r l-z
l*z

Therefore,

¡.

I
t.min

+

and therefore,

lr2(r2 + ø2 * Zamr(a - À

a[B(r)]r
dr

(;-arcsin(T)) (
1,5m2 ø2n

2r^in

e 
-o, 6 , ffllll

r" * rmin

*m (5.45), 2m r,¡nin
I_- l,min rs )

So flnally with the assistance of equation (5.44), and adding the integral from r-;r,

to ro we have

t æ r" * r. - + (:* *) -Y * zm^(æ)'##

- / 2m rr'.;n(l+zm\t-r^*- , \;
(5.46)

Aú - t(\z,r1z) - ú(Àr, tr)
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"ry(*. ;) .'"^(+- ä) *4mrn (i) - ry(å - +)

*4m2 (5.47)

where r1 is rr7¡¡¿ for the ray of light with constants of the motion )1 and 41,

whilst 12 \s r^;n for the ray with À2 and ?z as its constants of the motion.

(å - å) . m(¡z -',,(;. å)

114



$5.7 Quality of the approximations

In this section we discuss the quality of the approximations made in the previous

chapters and indicate how the derived expressions can be combined with numerical

integration to give excellent results for relatively high deflections.

Flom past experience with Schwarzschild trlack holes we know that the devi-

ation of a ray of light is small whenever the ratio m/rr,,;n is small. In the Kerr

case this is still true, however a new factor plays an important part in the size

of the deviation. A particular ratio m/r,,,¡n determines the deviation up to two

possibitities which in turn are determined by the sign of l. This is most evident

in the equatorial plane as the effect of spin is most apparent there, so we will

restrict this discussion to the equatorial plane. Another advantage of this is that

the deflection is simply l" - Öl i.e., 0 is not involved.

A positive ) corresponds to a ray travelling with the spin, a prograde orbit,

and lvhich is therefore not as greatly deviated as the ray with negative À which

corresponds to a ray travelling against the spin, a retrograde orbit. As a result

we find that the accuracy of our approximations of the previous section depends

on the sign of À. This is easily seen when substituting the approximate value for

r-;,, into Æ(t). We find that r?(r-;o) is much closer to 0 for positive À than

for negative À, for any given ratio of ^l \F + rt. Similarly, any of the integrals

approximated above which have terms proportional to À are more accurate for

positive À than for negative À. Fortunately the integrals involving 0 have À

appear as 12 only, and furthermore, have higher order terms of integral powers of

o' l(^" + q) . Thus, the approximations of integrals which involve d remain good

for relatively high ratios of ^l{À\ n and are independant of the sign of À.

There is another more significant source of error lvhich comes in the evaluation

of ô. The value 6 was obtained by equatin g I Fftrø and / ffiø We found

that

, 3a2n l5m2

'r(r- Tx¡¡ + nt,lr*¿)
I

À2+q-a2

ll5

+
8maÀ\llt ____

(À'+ ù"1' / rs ro



and

I

ö"-Ö'N

d0 I

-æ

lo(a¡¡t7z -
^z+q-a2

I

* (" * arctan( ç, * ffi) coto,) t arctan(( t + #rty) cotao)

# - cos2 oo

lffi-Ðar+nft+

When these equations are equated the "large" r/ \' + q - o2 terms cancel on

both sides leaving us with a small ô. Recall that ô rvas set to be equal to the

sum of the arctans. Since the absolute error of the former equation involving r is

of third order and is particularly large for negative À the relative error in ó can

easily become unacceptable. If this occurs then this integral should be evaluated

numerically, something which can be done quickly using Gauss-Jacobi quadratures

and even more quickly using the method of Elhay and Kautsky (198a), where

succesive approximations use nodes already used in previous approximations. Thus

the new 6 is the numerical integral minus the term proportional to r of the latter

equation involving 0. Then the equation

cosd" 
^J - cosdo cos6 f sin 6

may still be used to give remarkably good resuìts.

In the evaluation o1 ó, the integral containing r may give poor results for

negative ). In this case evaluate it numerically as above, add the result to equation

(5.43), and replace the 4mal(À2 *4) term by \a2À/(À2 +qflz. Thus, we have

Í a2À

2 (^2 + n)312

À6 csc2 0o

À,+rt
+

ll6

la6cot0ocscîo h - cc:s2 oo



$6 Numerieal Investigation

Recall that the motivation behind the work in this the second part of the thesis,

is to produce diagrams which show the multiplicity of images as a function of the

position of the source for black holes. Firstly we have to demonstrate that this

indeed makes sense.

Black holes can have null geodesics which have circular orbits. This means

that a single source will generate infinitely many images at the observer should

a black hole exist anywhere in the universe. These images are due to rays which

arrive at the position of the observer directly, and those which frrst orbit the black

hole any countable nurnber of tirnes. Clearly, not all of these images are observed.

Thus, it becomes necessary to talk not of images in the mathematical sense, but

of images in the observable sense. We differentiate between images on the grounds

that some have a greater probability of being observed than others. A criterion for

an image to be an observable image must be established. This is almost arbitrary,

as our only information is that the more orbits a ray has about the black hole

before reaching the observer the less likely it is of being obsen'ed, Cunningham

and Bardeen (tSZa). The criterion we adopt, without loss of much generality, is

that in order for an image to be an observable image, we only consider rays with

direct paths i.e., those which do not orbit the black hole, but arrive directly at

the position of the observer suffering a relatively small deviation. Furthermore,

we stipulate that the source is in the background of the black hole as seen by the

observer. The latter condition is imposed as the former would allow rays which

suffer deviations near 180 degrees.

The equations rve derived in chapter 5 are applicable to these rays i.e., the

direct rays due to a source in the background of the black hole as seen by the

observer.

Under these conditions the Schwarzschild black hole should give similar results

for the multiplicity of images as a function of the position of the source, as did the

spherìcal gravitational lens models in part one of the thesis. The major difference

is that unlike the earlier models, black holes are not transparent. Thus, for the

Schlvarzschild black hole we expect to see at most two images, rvith lhe table of

rr7



image multiplicities to have spherical symmetry. This is fairly clear. What is more

interesting is to find the effect of introducing spin to the black hole. Would we

get more than two images, and what would be the effect on the symmetry of the

table of image multiplicities, are immediate questions that arrise.

The numerical techniques used in anslvering these questions are identical to

those used in the first part of this thesis. The a- B plane of fig.5.1 is considered

as a complex plane with a; - a¡ * iB¡ being a projectcd image position which is

mapped onto a projected source position ze: dt * iþr. The mapping is done by

firstly finding À and t? corresponding to a particular a¡ and B¡ by equations (0. t)

and (6.2), evaìuating the equations of motion (6.3) and (6.a) to find 0" and {,,
and finally flnding c, and þ, by equations (6.6) and (6.7)

We assume that our black hole is an extrerne Kerr black hole i.e., l"l -- ^.
Without any loss of generality rve choose ø: m ancl ,fo - 0. The choice of 0o

is not arbitrary. For simplicity and maximal effect of spin we take 0o -- nfT'

Equations (5.27), (5.28), (5.38), (5.43), (5.39), (5.20) and (5.2t) now become,

respectively

Àec

,/a æ

(6.r)

(6.2)
p

I + +rZ

cos á, nc f sin 6

Àt+? (t, + to)

lof o

(6.3)

(6.4)

(6.5)

(6.6)

À 4m2
-ö"x "l^l * ^\rt+

)ô
À2 +n

^ l5r m2r 
- 

-- 

-Lq (À2 +q) 
I

4m

À2rn
8m2 À

(À, + t)3lz -

r.ro sin 0"sinQ,u' - ,o - r, cos {, sin d,

and

ll8



(6.7)

We next need to choose r¿, 1o and m.

As stated earlier we are mainly interested in the effect of spin. Since spin

appears only at second order we require relatively large deflections. However, we

project the position of the source and the image onto the same plane. So that the

sources and their images lvill not be too far apart we choose a relatively small value

for ro. We also take r, : to ¡ as the deflection is maximal if the deflecting object

is between the source and the observer. The following diagrams were generated

by clroosin g m: a: L and ro : îd : 14-

Having chosen all the necessary parameters we proceed as stated above. The

calculation of mappin g z¡ to a, is done for every point of the grid which is not

"too far away" from the central point (0,0). In particular, the following diagrams

were generated with ll(rc¡,þ¡)ll < 10'

Points (o;,þ¡) in the neighbourhood of (0,0) correspond to rays rvhich suffer

"large" deflections. These calculations were done using the numerical integration

technique described in $5.7. In the diagrams we defined a ray to have a "large"

deflection if either ll(o;,Éi) - (o,,p")ll ) 8, or if the angle á does not vary

as d, ---+ ¡¡ninlmo, - 0o. The latter condition'assigns "large" deflections to

rays which orbit the black hole or are captured by the black hole. Fig.6.1 shows

the regions in which the rays suffer "large" deviations for both the Kerr and

Schwarzschild black holes. The Kerr region is comparable with the region due to

the black hole being illuminated by an extended light source whose angular size is

larger than that of the black hole, Bardeen(1973)-

Fig.6.2 shows the distribution of the number of images as a function of the

position of the source. For contrast we compare the results for the Kerr black hole

with those for a Schwarzschild black hole. We see that introducing spin does not

increase the multiplicity of images, but merely extends the region where a source

generates two images, to the right.

Recall that a point (o; , þ¡) is considered to be an observable image' of a source

if the ray did not suffer a "large" deflection. This definition of an image is borne

out by Fig.G.B, where the image corresponding to rays with "large" deflections is

119



quite small, and therefore is less likely to be observed

Kerr

Schwarzschild

Bardeen

p

5

-5

I
I

\

-5
Figure 6.1 Regions in which (orr/t) correspond üo sou¡ces whose rays sufer'large"

deviations. Bardeen's region is calculated by setting R(t) : R(t) = O.

Kerr

Schwarzschild

p

5

d,
5

d
7

\

-5

Figrrre 6.2 Sources within these regions have two images, those not within these regions

have only one.
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Figure 6.i Images of a source near the boundary of the Kerr region of fig.6.2. Note that

the image on the left, which corresponds to rays with small deviations, is amplified. On

the other hand, the image on the right hand side, which corresponds to rays with large

deviations, is diminished, and therefore is less likely to be observed

A summary of this the second part of the thesis is contained in the enclosed

preprint of the same name. It is to be published in The Physical Review Dl5

(1e86).
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