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SUMMARY

This thesis consists of two parts, linked by the use of

coÍunon mathenatical techniques and the consicleration of sinilar

physical phenomena. Part I examines the response of cavities to

external exciting oscillations, in both two and three dinensions'

The cavities are assurned to possess openings whose dinensions are

snall in conparison to the size of the cavity itself' This

assunption enables the technique of natched "rr*paoatc 
expansions

to be enployed. For a portion of the analysis the further

assunptionthatthewavelengthoftheexcitingoscillationis

smallisused.Thisenablesacarefulinspectiontobemadeof

the Helmholtz resonance of the cavity'

The theory developed is compared to numerical conputations '

made using a bounclaly integral equation technique, and work, both

analyticandexperimental,byotherresearchersinthisfield.

Several interesting results of the theory are discussed' such as

the symnetïy property which enables the nunber of cavities treatable

bythisanalysistobeextendedandthedifferenceinresponse

curve for cavities of th,e same volume'

The second part of the thesis examines the scattering of

hraves by slender bodies which are either transpalent to the i-ncident

radiationolopaquetoit.Thespecificapplicationofthework

istoanoceanographicsituationbutsimpleextensionsnaybe

made to include acoustic, electromagnetic and elastic problems.

The work of Mei and Tuck (1980), which employed the parabolic

approxinationtostudyscatteringby(mostly)transparentbodies'

is analyzed critically using matched asymptotic expansions and

numerical comparisons; these using boundary integral equation

(iv)



nethods. The existence of a special class of I'barely subnerged

islands" is verífied but it is shown that the theory is not useful

when energy is trapped over the feature, producing resonance.

Part II also exa¡nines, both nu¡nerically and analytically,

the scattering of waves by slender oPaque bodies, oT 'rislandsf'.

l,fatched asFnptotic expansion analysis reveals that the parabolic

approxination, which essentially says that the. anplitude of the

wave varies more rapidly in one direction than another, is

useful over a range of incident wavelengths but not unifornly.

(v)
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PART I

CAVITY RESONATORS
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CHAPTER 1

REVIEW OF CAVITY RESONATOR THEORY

Cavity resonators, both two and three dinensional, have a

number of important applications, ranging from the design of

rnusical instruments to the operation of nan-made and natural

harbours. The mathernatics of the physical processes involved has

thus received considerable attention since the pioneering work of

Helmholtz (f860) and Rayleigh (1870, 1896) Iast century. However,

white a degree of progress has been achieved, especially in the

two dinensional harbour problem, the theory of cavity resonance is

far from complete. The first part of this thesis will look at a

branch of this field, namely the linear theory of externally excited

resonators with small openings, and attempt to place it on a firm

basis by use of the technique of natched asymptotic expansions.

1.1 Previous Work

The theory of cavity resonators has in recent years split into

two separate fields: the study of harbour resonance, a basically

hydrodynamically-oriented discipline, often working within a two

dimensional framework; and acoustic-cavity theory. This di-vision,

while obscuring to some extent the similarities between the two

classes of problem, has sone advantages and will be used in this

discussion.

The aim of nuch of the work in the theory of nearly-closed

cavity resonators is to describe the response curve of a given

cavity to an external excitation. This response contains peaks

at frequencies cl.ose to the natural resonant frequencies of the
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fully closed cavity; that is, at wavelengths comparable to, or

smaller than, the dinensions of the cavity. In addition, there is

a single low-frequency peak, unrelated to any non-trivial natural

frequency of the cavity, and corresponding to a wavelength in excess

of the dimensions of the cavity. When subject to this mode, the

cavity is said to be responding as a "Helmholtz Tesonatorrr. It is

this aspect of the response which has caused most discussion and

will be examined in detail in Chapters 3 and 4.

The physical nature of this mode, first realised by Helnholtz

and Rayleigh in their three dimensional studies mentioned above,

may be most easity thought of in the acousti-c problen, where it

corresponds to a uniforn compression of the air ìn the enti,re cavity.

Thus, it is quite di-fferent from a natural frequency mode, in which

density variations across the cavity play a prominent role. A common

portrayal of the Helmholtz mode is in terms of a "spring and massil

system, see for instance Rayteigh (1896), Kinsler and Frey (1962)

and AlsteT (1972), where the mass on the spring Tepresents the mass

of the fluid in the aperture, and the spring represents the interior

of the cavity. This simple model leads to a relatively acculate

leading-order prediction of the Helmholtz resonant wavenumber for

three dimensional resonators, namely

tA,
/N

Yz

k
H (.00, +cl, ) V

(1.1)

A* being the area of the aperture, lx its length, V the volume

of the cavity and o" the 'tend correctiontr.
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The factor OE, introduced by Rayleigh to extend his work

to resonators with narrow walls near the opening, was recognized

by him as varying in value with cavity shape. This property, an

important part of his theory, has not always been appreciated in

subsequent work, with 0" usually assuning a value which is only

a definite nultiple, 8w/3r, of the aperture radius o rather

than a more complicated expression. It has now.been shown that

this is a gross sirnplification, ê.g. Ingard (r953a), Hirschwehr

(rs74).

while Rayleighrs formula (1.I) is useful, it can be inaccurate

by about 109o, and for some cavities this eI.I.oI. is much greater. In

particular, the parameter d" is often hard to cornpute, especially

for cavities with finite wal1 curvature near the aperture' The

formula is also only formally correct for cavities with large

interior-to-opening dimension ratios and long incident wavelengths '

Thus, a good deal of effort has gone into further examination

of the phenonenon of cavity resonance. Much of the early work was

experimental or aimed at improving Rayleigh's estimates. A

bibliography of pre-1950 papers can be found in chaptet 7 of Zwikker

and Kosten (i949), which also gives a summary of the standing of the

subject at that time. since then, non-linear aspects of the problem

and the study of particular shapes of cavities has become important '

The experimental and nathenatical investì-gation j.nto various

cavity shapes has been fairly successful. Panton and Mi1ler (1975a)

calculated the frequencies for both the Helnholtz and natural modes

in circular cylinders by the use of improved entrance corrections;

that is, by effectively modifying oE' Ingard (1953b) examined

spherical cavities both experimentally and by theoretical means'
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He was principally concerned with the effect of changing the

velocity distribution across the opening, and seeing how this

altered the accuracy of the theoretical results. The response

of the complex cavities of various nn¡sica1 instrurnents was

investigated by Jansson (Lg77), with emphasis on particular shapes

and the vibration of the casing. cu¡nmings'(1975) developed a one

dinensional nodel of the acoustics of a slender wine bottle valid

for all frequencies. Another paPer, by Tan and Block (1978), in

a related field dealt with low subsonic grazing flow past a two

dimensional rectangular cavity. Recently, the design of antomobile

passenger compartments was reviewed by Nefske, Wolf and Howell (1982),

with emphasis on finite element prediction of modes of acoustic

vibration for both rigid and elastic walls'

The non-Iinear investigations of resonator response have

involved both studies of damping, and the role of jets or turbulent

boundary layers in the generation of resonance. Zinn (1970) used

viscosity to gíve a theoretical model of the damping of the motion

in a two dimensional cavity as well as considering the damping from

jets forned at the ends of the orifice. covert (1970) used vortex

sheets to determine the velocity required in a shearing flow to

induce cavity oscillations, finding that the induced vibrations

corïesponded to the natural vibrational modes. In 1973, Tang and

sl-rignano presented a tttheory of a genetalizeð Helnholtz resonator"

using non-linear one dimensional gas dynamics equations. They gave

both a first and a second order theory. Panton and Miller (1975b)

experimentally tested the effect of a turbulent boundary layer on

the resonance properties of cavities, finding that the resonant

frequencies shifted and had targer amplitudes in the presence of
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the boundary layer. Elder (1978) examined the Helnholtz resonance'

both experimentally and theoretically, in a cavity subject to

turbulent shear gtazíng flow, in which the mouth of the resonator

was considered to be snall conpared to the wavelength of the external

field. Nelson, Halliwel1 and Doak (1981) also examined resonator

dynamics experinentally, looking at aperture characteristics, such

as velocity and Reynoldrs stresses, in particular'

A prominent worker in the field of non-linear investigations

of Helnholtz resonators is M.S. Howe. In a series of papers he

has considerably advanced the state of knowledge in this field' In

1975, in an article dealing with the theory of aerodynanic sound,

he applied matching techniques, which are sinilar to some of the

methods used in the present chapters 3 and 4, to gtazing flow in

the vicinity of a lateral opening in a f1ute. Then, in 1976, he

developed a three dimensional theory for the excitation of a

Helmholtz resonator by external disturbances located close to the

mouth of the resonator. This paper also considered the response

due to a shear layer of turbulent eddies near the aperture. Still

considering grazing flow problems, in 1979(a) he presented an

essentially two dimensional analytic examinati-on of flow past a

circular cavity set in a wall. In 198r (a) he tooked at the dynami-cs

of the flue organ pipe, postulating that it is driven by jets found

near the lateral oPenings.

This researcher has also been proninent in the associated

field of study which examines flow through apertures. For a

discussion of the literature on this topic see Appendix IB'

other workers have attempted a general linear theory. For

example, Alster (L972) derived an improved formula for resonant
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frequencies in axially syrunetric Hetmholtz resonators using ideas

developed fron the sirnple spring-mass concept mentioned earlier.

Another investigator was Tuck (1975), who applied basic matched

asymptotic expansion theory to the prediction of the Helnholtz

frequency, via use of an aperture parameter s, similar in nature

to the 'rconductivity'r parameter c of RayIeigh. This parameter

wilL play a Iarge role in the later work of tþis thesis'

As noted earlier, the problem of harbour t"ro.t"r,ce is a

special case of general resonator theory, which has been vigorously

pursued by workers in oceanography and hydrodynamics since the

beginning of the century (see e.g. Honda, Terada, Isitani (1908)).

Both numerical and analytic approaches to this problem have been

used; for several early studies see Lee (1971).

The numerical attacks have employed techniques such as finite

elements, boundary íntegral equation (b.i.e.) methods and hybrids

of these. Hwang and Tuck (1970) used a b.i.e. method to examine the

oscillations in harbours of atbittaty shape and constant depth, as

did Lee (1969, 1971). These studies are used as a basis for the

numerical method in Chapter 2. An example of a finite element

approach is that of Chen and Mei (1976). They exarnined resonance

in man-made harbours detached from the coast. Shaw and Falby (i978)

developed a hybrid method for variable depth harbours, employing

finite elements in the harbour and b.i.e. techniques outside'

Rahman (1981) also looked at a variable depth harbour. By considering

a number of zones to have different constant depths, he was able to

determine the free surface movement by enploying a combination of

matching at the junctions and a b.i.e. method.

Mattioli has used b.i.e. methods of conventional design (see

Chapte'r 2) and some of his orvn genesis, (1978a), (1981), in studying
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resonance in harbours. He has exanined the oscillations in

rectangular harbours with various bottom profiles (1978b), constant

depth harbours of arbitrary shape (1979) and such harbours with

external coasts being of complex, rather than the conventional

linear, design (1980). Ir{ost of l,fattiolirs work is an attenPt to

sínplify the integrals involved in b.i.e. nethods by renoving the

frequency component from the kernels.

Another prolific worker in the field of iar¡our resonance is

J.W. Mi1es, who often uses variational approaches to a problem to

obtain analytic results. In 1971 he performed an equivalent-circuit

analysis of harbour resonance for both the Helmholtz mode and the

natural modes. He examined circular, rectangular and semi-circular

harbours in particular. Then, in 1974, he publíshed a review

article on harbour seiching in general. In collaboration with

y.K. Lee (1975), he used variational principles to study the Helmholtz

resonance of harbours of variable depth. This study considered the

effects of entry separation and bottom friction, and used a paralneter

Ì4, related to the parameter b of Chapter 3, in calculations.

Recently, in 1981(a), Miles has used Hamiltonian mechanics to

investigate non-linear behaviour of Helnrholtz resonance in harbours

and coupled basins.

A problem similar to harbour resonance is the seiching of

basins separated from the open sea by a submerged barrier. Both

Tuck (1980) and Miles (1981b) have investigated this class of

prob lem.

It is also worth mentioning that some work on cavity resonators

in an electromagnetic context has been done ' The paper of Hanilton

and Kerdemelidis (1982) gives references to work on tlansmissi-on
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through slits while Harrington (1982) discusses cavity resonance'

Thislattelpaperisinterestinginitsownright,astheeffect

of an isolated body inside the cavity on the response to an external

excitation is examined. This analysis leads to the conclusion

that such a body increases the response at resonance '

r.2 Problem Formulation

Inrnanyfieldsofapplicationtheproblembreaksdowninto

the solution of the same set of equations, providing I'Je assume

linearity. These equations will first be presented and then several

physical problems witl be discussed to demonstrate the truth of the

above statement.

Anexternalexcitingoscillationwillbeassumedtoproduce

a time-harmonic potential , "-t 
* 

O (*. ) , i=L ,2 or j=I,2,3 depending

on the dimensionality of the problem. This time dependence will be

neglected in what follows. Our governing equation is then

y20(xi) +k2o(x.) -0, (r'2)

where the wavenumber k is a fixed positive constant, in a region

R bounded by a surface or curve f across which there is no flow;

that is,

9È=o on r (1.5)
An

R includes both the external region and the cavity'

To obtain the radiation condition at infinity, assume that at

a great distance from the cavity the external oscillation is 0-(x, )

sothat,as t=/*? *-,
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o(*¡)*0-(x,) *"t*'.O¡t-tn-r)|2), (1.4)

where n is the di¡nension of the problen. This is Sonnerfeldrs

radiation condition.

We now turn to some physical problens to demonstrate ho$,

(I.2) comes about. Firstly, consider the irrotational flow of an

incompressible f1uid, with velocity potential Õ(x,y,z,t), under a

free surface in the presence of a gravitational acceleration g.

Then the governing equation is

but if we let

then (1.5)

component,

v2Õ = o,

0(x,y)Z(z)e-i wt0(x,y,z,t)
1(d

may be transforrned to (L.2) with respect to the 0

with k being the solution of

I

(1.s)

(1.6)

û) gk. tanh(kh) (1.7)

h, the depth of the fluid, being assumed constant. The z-component

of (f.6) is given bY

-4. g cosh(k(h+2))
z(z) =k, (1.8)

where \ is the amplitude of the incident wave and z=0 is the

undisturbed free surface. For more details see Stoker (1957;

pp. 110,414).

As a second example consider the irrotational flow of a

eornpressibLe fluid wíth velocity potent ial Õ (x, y ,z ,t) ' That is ,

2
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we are now looking at an acoustic problem. From Lamb (L932; 55 285,

287, 289) the governing equation is found to be the wave equation

¡2^

fti= c2v2e, (L9)

c being the speed of sound in the fluid. So, if the time harnonic

component of (f.S) is removed, Helmholtzfs equation is derived with

-(¡t,-

c
(1.10)

The final application to be considered is to the theory of

electromagnetism. If the propagation of monochromatic electromagnetic

waves through a non-conducting homogeneous medj.um is exanined, then

the governing equation i-s found to be

(r.11)

where E is the electric fj-eld strength, e is the permittivity

and U is the permeability of the mediun. Upon invoking the time

harmonic property of E, equation (I.2) is derived with

k = o(eu) Yr (1.r2)

For further details see Lorraj-n and Corson (1970; 9510.10, II.2,

11.3).

Vze¡x ,y,z,t) = e/ v t+#*Ð
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CHAPTER 2

THE BOUNDARY INTEGRAL EQUATION METHOD

In Chapter 3, as throughout Part II, considerable use will

be nade of numerical solutíons to varíous problems by means of

boundary inEegral equation techniques. As the basic mathenatics

of each problem is similar, this chapÈer deals., in depth, with

the method employed in Chapter 3. In the use of subsequent

numerical methods, only Ehe different framer¿ork will be examined.

It should also be noted Ehat the numerical formulation, in

parEicular the matching procedure at the cavity entrance' ol^Ies

much to J.-J. Lee (1969), (1971).

2.L Greenrs Function Solution

For the purpose of the numerical formulation, consider a

caviEy set in a plane wall, as ín Figure 2.1. The boundary f

be decomposed into

l=f +f
c

= (1"-Io )

can

(2.r)

E

+(r+f)' c o'

where f" is the caviEy wall, fa the exterior curve ancl fo is

an artificial boundary across Ehe opening. l^Ie let f"-fo be taken

as the y-axis and assume that a plane wave is normally'incident on

the wall from the left, that is,

0.'I

1 ¡ t,x
2-

(2.2)
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Figure 2.1: Schematic of cavity considered by nunerical method.
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Note Èhat the assumpt.ion of normal incidence is not necessary but

only used for convenience.

The potenrial flo¡¿ in this problem is subject to (1.2)-(1.1)

and may Èherefore be gíven a Greenrs integral representation in

both the interior (cavity) and exterior regions. If the analytic

closedcurvef"*fo=fI'thenthepotentialinsidethiscurve'

0I, may be written, by use of a version of Greents theorem

(2.3)

(1.2) and the propertíes of the Greenrs function' as

c#-,#rl1l"tøv'o-ov2ß)dxdv = 
fc

d9"

0r( I
Jr,

àG(x';x. ) ð0, (x')
[ô, (x')j',- - c(f';Ii )-*-ldL(x'), x, € {n, -r, }, (2.4)

where G(:';5 ) is the appropriate Green's function,

outward normal derivative with respect to It and \

enclosed by rr . As, from (1.3), the norr¡al derívaÈive of 0r

vanishes on fc, Q.4) may be simplified. I^le still need to f ind

ãô, /an on fo, and Eo do this the flow will be matched wiEh the

exterior solution across the aperture'

However, as (2.4) is not valid on f, it must be modified,

by a lirniting process outlined in Lee (f969), to enable the boundary

potential on fr to be found. The potential ma then be represented

X.
-l

)

â/ôn is an

is the region

AS

ô, (x, ) -a 0 (xt
n

the integral taking its Cauchy Princípal Value'

The Green's function for this problem is a multiple of the

zetot:.',- order Hankel function of the first kind (see, for instance,

ae(:';l ) â0, (I')
- c(ï';:i )-Ëf a.Q,(5'), ï, € r, , (2'5)

f
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Shaw (1979)), that is, using the notation of Abramowitz artd Stegun

(t972),

G(x';x, ) -ärd" (k',) , (2.6)

where

1r (2.7)

To find ðQ, /ðn on lo, as noted above, the exterior

solution must be found. Now in Rs, the regígn external to the

cavity, where

x. -xl
-l

Ôr=Ó-*0, '

O" being the cavity radiation correction and where, for

0- = cos- kx,

the boundary condition

(2.s)

vc f'E
(2.10)

Y€ -fo

There is an integral equation,

on f"-fo, the contribution

(2.8)

(2.2),

a0
0

-aô.I

t"

l-n
E

ân

applies, assuming continuity of flux

analogous to (2.5), satisfied bY 0E

from the semi-circle at infinity being zero (see Appendix IA), but

as this boundary is the y-axis, ðr'/àn, and thus âG/ðn, is zero

Therefore, using (2.10),

ô, (0,r, )

Assurning continuity of potentiat across fo, (2.f1) gives

expression for Ór in the mouth of the resonator'

,il ,orl" (ur,r"tll'' ur, (2.11)

an
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2.2 Discretization

Having expressed the problem in integral form, we can nohl

discretize (2.5) and (2.1r), noting that use of (1.3) sinplifies

the second term of (2.5). In discretizing, 0r and âSr/ðn are

considered to be constant on a given segment and representable by

the value at the segmentts midpoint. In the opening, where these

assumptions night be thought to be severe, it Will be seen in

Chapters 5 and 4 that Ö is approximately constant in the aperture

and while ð0/àn is singutat ^t the edges, the singutarity is weak

and does not produce difficulties. So, dividing fr into N

segments with the first p across fo, Q-5) and (2.11) may be

rewritten as

aH(ot 
) [tt')

o, (x, )

with x.
-l

ô, (x, )

Nt
= 

,1,6, 
(! )i¡r.

J

1

2 ân
dl, (xr)

N (2.r2a)
4.C,.

J

A 1,.
t

is the midpoint of the ith segment

equations may be rewritten in matrix forrn, that is,

âor (v, )

ân
I
l

9

I
\( t) (kr,)dy, i=l,.

1+

(0,y,) for i(p, and

r
1

p

I !# t l (kr')dy' i=I,...,p. Q'Lzb)

Note that x.
-l

These two

Yl = AY, BY,
(2.13)

where

Vro = e + BoVz
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t Y = 0r(T,), i=1,.'.,N

aó_

= Ti (I, )' i=lr...,p

a{t) tt r';
Al rJ

Bl
rJ

e

B lJ

If we write

where

9".
J

Yr], , i=l ,...,P
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t

i,j=l ,lBl, 
¡p

1
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p

6, j , j-=1,...,pi j=1,.. .,N,

KYv (2.rs)

(2.16)

(2.r7)

ôi¡ being the Kronecker delta, then eliminating Y2 from (2.13)

and rearranging gives

Y1 (A-r-BB ^K) tBB
p 9

I being the n-xl.l identity matrix. Thus, assuming the coefficients

of A and B are known, (2.I7) gives a means of evaluati-ng the

potential at N points on the cavity boundary f0 '

2.3 Evaluation of Matrix Coefficients

The coefficients of the matrices A and B may be evaluated

by a conbination of numerical and analytic techniques. If the
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kernels of each integral are split into their singular and non-

singular components, then the singular parts may be integrated

exactly, as in Hwang and Tuck (1970). The renaining non-singular

terms are then nunerically integrated.

So, consider tt(ot) ¡tt';, which may be split up to give

t"lt' (kr') =-l 1n¡t,¡ + M(k,r,), (2.18)

l"l(k,r') being the non-singular conponent. The general coefficient

of A then becomes

Al t- 
ãM(!rr') . iyr"(r,).nld.{,(x')t +

i,i=1,...,N. (2.I9)rJ
41,.

t

If we let the segment have the parametric representation

1,(t) = E(r): + n(t)¿ , (2.20)

then, recalling the defj-nition of T t fuom (2.7) , the singular

part of (2.19) may be written as

r _ 1[tt*, (x, -6(t))n'(t) - (v, -n(t))E'(t)
r¡ - -rl, dt , (2.21)

j

because f, = (x. ,yi ) and I = (n'(t), -6'(t)). Making the change

of variable

where

y = (y, -nG))/ (*, -E(t)), (2 .22)

dY=dt (2 .23)
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(2.2L) becones

j+r

0

"'..*(--É)] i*i t

(2.24)

(2.2s)

(2 .2s)

where

that

1=J,

(X¡ ,Y¡ ) is the coordinate of the jth grid-point. Note

u-to = [(xj*r-x, ) - 1(Yi*r-Yj )]/LL¡

z¡ = (Xj -x¡ ) * i(Yj -y¡ )

(x**r,Y,o*r) = (Xr,Yr)' (2'26)

The non-singular component of (2.19) may be integrated by Simpson's

three point rule, with Bessel functions being evaluated by use of

polynomial approximations in Abramowitz and Stegun (L972) modified

to elininate the singular terms.

Turning now to the general component of B, use of (2.18)

gives

IB], 
¡

tfin¡t'1 - M(k,r') ldy' i=l,...,N; j=1,...,p. Q.27)
L9.

The non-singular part of (2.27) nay be integrated using Simpson's

rule, as for the coefficients of A, but the singular component

requires different treatment, using complex variables. Thus, fron

Hwang and Tuck (1970),

r (2.28)

I

2 = 'rl 
ourn 

(rr ) dyr = an{rolr""'r,nzdze-i d}

t

where

(2 .30)
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and

22 = (x¡*r-xi ) * i(Yr*r-ri ) (2.31)

Simplifying (2.28) gives

rz = \Re{u-t ol"r(lnaz-l) - zt(Inzr-f) ] (2.32)

Having now formulated the nethod of solution we see that storage

space is a significant problem. This is due to our having to

invert two complex matrices, one a small pxp matrix the other a

large NxN matrix, which exhibit no properties, such as syrunetry

or bandedness, allowing simple inversion. To partially solve this

handicap only cavities symmetric about the x-axis were exanined,

so that the number of segments in which 0r is explicitly evaluated

is halved. This imposition of symmetry does however give rise to

more complicated matrix coefficients, as two terms, with sign

exchanges, different radii, etc., are now required for each coefficient.

2.4 Off-Boundary Potential

Equation (2.I7) evaluates 0r on f, but it may also be of

interest to be able to calculate 0r at some arbitrary point of

{nr-f,}. It will be recalled that (2.4) is designed for just such

a purpose and so r¡ie may discretize this equation in the same manner

as (2.5) to give the matrix equation

-I-2 (AYr -B (Yrp -") ) ,B
p

(2 .33)

where I i-s the vector of the interior Q values at n selected

points and the barred matrices have coefficients which contain
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integrals of regular, rather than C.P.V-, interpretation. So,

once the potential on f, is known, the potential at any point

in \ nay be found by simple matrix multiplications -
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CHAPTER 3

TI'IO-DIME NSIONAL RESONATORS WITFI SMALL OPENINGS

This chapter develops a theory for the acoustic response of

a two-dinensional nearly-closed cavity to an excitation through a

smal1 opening, using the nethod of matched asymptotic expansions '

The Helmholtz node of vibration will be exanined in sone detail

and the numerical model outlined in Chapter 2 witl be employed to

test the usefulness of the theorY.

Much of the rnaterial in this chapter has appeared in Bigg

and Tuck (1982).

5.1 Introducti-on

A general class of small-opening problems will first be

studied. For these, the complete response curve of the cavity

will be computed, as a theory is obtained which is asymptotically

valid for small opening size, compared to both wavelength and

cavity size, but which does not yet assume that the wavelength is

far in excess of the dimensions of the cavity. This theory is

therefore, in principle, capable of predicting all resonances in

the response, namely the Helmholtz mode and al1 of the peaks

corresponding to natural frequencies of the ful1y-closed cavity.

The results depend on t\^/o length parametels s and b, the

former associated with the geonetry of the opening, and the latter

with the geometry of the cavity. The opening parameter s is

i-ndependent of frequency and was introduced in its present form
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by Tuck (f975), although Rayleigh (1870) had used a related

quantity. In this chapter the use of s will be extended to

cavities in which the interior and exterior walls, in the neighbour-

hood of the opening, are non-planar; specifically, to al1ow the

opening to be at the apex of a wedge-like region of general angle.

Computation of s is relatively straightforward, and examples are

given for various opening geometries.

on the other hand, for general cavit.ies, the computation of

the cavity shape paraneter b, which is dependent on frequency,

is not at all straightforward. However, exact results for b are

obtainable for circular-sectol cavities and are used to compute

the response of this particular type of cavity as a functj-on of

frequency. These computations are cornpared to those obtained by

direct numerical solution of the problem, using the theory of

Chapter 2.

Restricting our attention to the Helmholtz mode, it is found

not to be necessaty to know the cavity parameter b at all

frequencies, but only its zelo-frequency 1imit. The problem of

determining this limit can be reduced to that of solving a Poisson

equation in the closed cavity; a much simpler computational problen.

The resulting value of the natural logarithm of b is related to

a parameter M introduced by Miles and Lee (1975), and further

examples of its computation are presented.

Once b is known for a cavity, the response of tl're cavity

to excitation at frequencies in the neighbourhood of the Helmholtz

mode can be computed to a consistent order of approximatj.on. This

response will be discussed for several types of cavity and the
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important features of Helmholtz resonance noted.

3.2 Flow Throush Small Openings

The matching procedures discussed in Tuck (1975) will be

adapted to the present problem. The general scheme of the process

is as follows:

The flow in the vicinity of the opening is discussed, using

the assumption that ks is snall, in terms of an incornpressible

rnotion. Then the disturbance in the exterior region, far from

the cavity aperture, is considered and the small r expansion of

this field is matched with the exterior far field of the opening

flow. The appeaïance of the orifice to the observer far into the

cavity is then examined, and the small r expansion of this

motion is matched wj.th the far field interior expansion of the

flow in the aperture.

The opening geometry which may be considered by our theory

is quite general, as sketched in Fì-gure 3.1. This opening is a

transition between an asymptotically converging wedge of angle 0-

on the 1eft, and a corresponding diverging wedge of angle 0* on

the right. The Length scale of the aperture is some measure of its

linear size, and the requirement of smallness of the opening is

that s be smal1 compared to al1 other significant length scales,

notably the wavelength 2tr/k and the linear size of the cavity.

Although s could be taken initially as any typical length

dimension of the aperture, such as the minimum width w' we will

determine a special measure s, that uniquely characterizes this

opening geometry, as seen in its own far fieLd.



2S

v

-ro
X

t

E

Figure 3.1: Sketch of boundary geometry.
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since ks is srnall the flow in the opening is approximately

incompressible, and thus we have to solve Laplacers equation for

a flow through the opening. The behaviour at infinity is that

corresponding to a source-sink pair. Without loss of generality,

we may normalize the net flux through the opening, seeking,

therefore, ascaledpotential Ô satisfYing, as r*-,

$+t1n(r)/0*+C+, x?0. (3. 1)

The constants C+

the effective size

between C and

do not necessarily take the same value, and

s is defined in terms of the change in value

C*, that is, (3.1) is written as

ln(r/s)/0*t 0 as x+loo (3.2)0+

So, for any appropriate opening geometry, Vtõ = 0 must be

solved, subject to âð/ðn = O on the apelture boundaries and (3.2)

at infinity. In the process of solving the problem, s will be

determined uniquely. Examples of the calculation of s are given

in Tuck (1975) and Appendix IB, which includes discussion of other

approaches to this problem, but it can be usefully stated here

that s varies only slightly for fixed apelture width and is 0(w)

in nagnitude.

The opening potential 0 is now used in the full acoustic

probtem. In the exterior region there is an incident wave field

ô-(x,/) which, in the absence of the aperture, takes the value

ó-(0,0) at the cavitY entrance.

In the limit as ks + 0, the disturbance due to the cavity

vanishes and ô * 0-. The residual effect of the cavity, as seen
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by an exterior observer, must be that of an acoustic source. That

is, if m is the apparent strength of that source, we set in

x < 0, r ) S ,

(3.3)

and seek m by matching with the flow in the cavity, via the

opening region. Note that m is the flux of-lhe source through

an arbitraty ønpLete spher,¿ about the origin, while the actual

flux in x < 0 is 0 n/4r , âS the outflow is restricted by the

exterior wedge-like bounð'arY -

In order to peTform the matching of the exterior and opening

solutions, let kr + 0 in (3.3), to obtain

0 = Ó-(o,o) - åt"t1 * ?!tnC|Ír.tll * 0(nk2r2ln(kr)), (3 .4)

where 1n.¡ = 0.577... is Eulerrs constant. The expression (5.4)

must match with a boundary condition, as x/s + --, for a through-

opening flow, and for that purpose (3.4) can be rewritten as

0*00 + (3.s)

where the constant Oo is given bY

o = o_ - åt*trt' (kt),

1
m

2Tt

oo =r-I \
)

m-
=-l¿11 "( 2Yks

I
+tm (3.6)

o_(0,0) being normalized. to unity. Therefore, using (3.2), the

solution for the incompressible flow through the opening is

0m
0(x,v) = Oo 2r 0 (x,y) ,

f, Ueing the canonical potential defined above

(3.7)
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Having solved for this opening flow, h'e may now Ploceed all

the way into the cavity, by letting x/s + -, that is, again

using (3.2),

ô*00 X
-->+æ.
S

(3. 8)

To complete the solution, we now match with an interior solution

by observing that, if the opening size s is 5mall conpared to a

typical dimension ß of the cavity, the opening will appear to

the cavity as a sink of strength 0_m/0* ; that is, (3.8) will

provide a singularity condition as t/9 - O. The potential in

the cavity can therefore be written as

0 (3. s)

0m/\

^Ç 
"(:)

as

-0m
(x,y)0A

+
c

where ó" satisfies (L.2), and (f.3) on the liniting (closed as

s * 0) boundary of the cavity, except that 0. behaves like a

source of unit strength at the point on that boundary corresponding

to the vanishing opening. That is, as r + 0 we require

-> lnr+e

The constant e is uniquely determined by these conditi-ons

and we define a parameter b by choosing e to satisfy

0
1

ñ

2t¡
lnb,

(3. 1o)

(3.11)

c

' = :Tto"
- fi rnrJ I

where A is the atea of the cavity. The parameter b measures

the si ze of the cavity as seen in the neighbourhood of its

opening; it has the dimensions of a tength, and may be expected

to be comparable in value to the linear dimensions of the cavity,
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that is, b = OCfl = O(B). For the rest of this section it will

be assumed that Ô., and hence b, can be determined for any

given cavity.

To conclude our solution, consider the cavity potential as

r + 0, namely,

s->

which matches with (3.8), the far field opening potential, if

#,j''(;) .fr] (3 . L2)

(3.15)

m

(3.14)

lnb -

Upon use of (3.6) the required formula for the source strength

is obtained, namely,

0o * 2ffr's =
0-n

Ztr0
+

e-m
2t¡k2A.

2Tm '
l_

ln (iyks)-0
1zÃ

\
)

+
e_
0

+ "(:I +
T1
2

The small gap resonator theory is now complete. In summary,

the exterior potential is given by (3.5), the opening potential by

(3.7), the interior potential by (5.9) and the apparent source

strength n by (3.14) . As constituents of these equations v/e

neecl the canonical potentials þ in the opening and 0" in the

cavity. Associated with 0 is a single effective size parameter

s, with dimensions typical of the opening. Associated with 0"

is a single parameter b, with dinensions typical of the cavity.

Since fl satisfies Laplacets equation, s is frequency-independertt

but, as O" satisfies Helmholtzts equation, b will be frequency-

dependent. It is also as a result of the governing equations for

õ and O" that õ, and hence s, is easier to compute than 0..

This fact has a significant bearing on the development of further
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theory.

It is worth reiterating at this point that the only approximation

made thus far is that the effective size s of the orifice is small

compared to all other length scales. It has not yet been assumed that

the cavity size ß is small compared to the wavelength. Consequently,

the error in expressions like (3.14) is at most a factor of order

I + 0(ks,s/ß).

3.3 Large Circular-sector Cavities

Determining the canonical potential 0" (x,/), which satisfies

(1.2), (1.5) and (3.10), is a difficult problem and exact analytic

solutions are few. One case in which a solution may be found is

that for a cavity consisting of a sector of a circle, with the

opening at the apex. That is, if (r,0) are polar coordinates

centred at the location of the aperture, the boundary consists of

a circular arc r=a and radial lines e = tlO*, the cavity having

area n = LrO*^'. In particular, if 0* = n the cavity is seni-

circular, with the opening at the centre of the diameter.

It is easily shown that all the necessary conditions on ô"

are satisfied if

I
H*iJe(kr)),0 (Yo (kr) (3.1s)

4

and the parameter b is given by

(3.16)

this being seen from the small argument expansions of the Bessel

functions in Abramowitz and Stegun (I972). The source strength

m can now be evaluated using (3.14). Assuming 0 = 'rT, that is,

2 . r Y1(ka)
-k27 ' 2 J;IFã)-

1_
ln (iykb)
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that the outer wall is planar, the potential on the cavity wall

Î=a 15

-m0= 2ka0*J1 (ka)

_?_
-_t- nka'

+ Jr (ka) {+ 'rr, . þ r"rlrirrt }l -' .Y ¡ (ka) (3.17)

An illusrrarive ptot of l0l against ka is given in Figure 3.2,

for the case of a semi-circular cavity with sfa = 0.05.

Peaks in the response curve occur whenevef the quantity in the

square brackets of (3.L7) is small. since ks is small, that is
l-

-fn(iyks) is large, this quantity is usually dorninated by ì.ts

second term, and hence peaks occur when Jr(ka) - 0. This merely

says that when the opening is small, the cavity behaves almost as

if it were closed, as the condition Jr (ka) - 0 precisely determines

those natural eigenmodes of the closed cavity without 0-dependence'

This cavity can also support modes with Q-dependence, but these

possess a node at r=0 and hence are not excited through a

vanishingly small opening there.

However, the term in the square brackets of (3.17) can also

become small when ka is snal1, as the leading term Yr(ka) then

becomes large and may cancel the second tern. This occurs during

the Helmholtz mode of resonance, the first and highest peak in

Figure 3.2. This node will be discussed in detail in the following

section, where a theory appticabte to more general cavities is to

be presented. For the present, the expansion of the ?'exactrr cavity

potential O" for ka + 0 will be noted, namely

0
I

iwT
I12 3,_ 

- 
+ _t2az 4)fitr"(u

2r
4

)
c

rn rål '^

+

Ir + d(k+aq) t (3. r8)
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Figure 3.2: Response of seni-circular cavity of radius a and opening of effective

size s=0.05a, computed by asymptotic theory for snall s/a anð evaluated

on the curved boundarY.
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which implies, from (3.I0) and (3.11), that

3

b/a=e" * 0(k2a2) . (3. re)

The corresponding formula for the source strength m follows

directly frorn (3.14), and the snall-ka expansion of the response

on the cavity wall r=a can then be written

I + 0¡khaq)
.. _1 l-- 2k'^[;;1n(iyks) #' 1*4J * 0(kqau)

(3.20)ån'"'+

0
I +

3
EE-

+
ril5

n
+

Equation (3.20) rnay also be obtained by a careful di-rect

small-ka expansion of (5.L7). In perforning this expansion the
'I-

quantity -tn(iyts) must be assumed to be a very large quantity,

indeed at least as large as (k^) '' . This is necessary if we are

to be able to discuss the Helnholtz resonance mode, in which

substantial cancetlation must occur between the Ieading order terms

in the denominator of (3.20). The advantage of the particular forn

adopted for (3.20) (as the ratio between two separate expansions

with respect to ka), is that the error tetms quoted as O(kqaq)

for both numerator and denoninator are erroIs resulting onLy ftom

expansions of þ", and are completely independent of the opening

parameter s.

The accuracy of (3.I7) may be checked by comparison with

computations nade for a semi-circular cavity, using the numerical

method of chapter 2. For that pulpose, the cavity wall was divided

into a maximum of 80 segments. That is, at most 30 segments were

needed in each half of the symmetric cavity boundary f. , and 10

on each half of the artificial boundary fo across the opening.

About S-figure accuracy was always achi-evab1e, even close to the
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resonance peaks, with this discretization, since Q varies only

slowly around the boundary, except at the junction between f" and

fo. Segment distribution was generally uniform, but with a certain

amount of accumulation near that junction. As found by Lee (f969)'

the number of segments across the oPening had little effect on the

computations.

The numeri_cal results for s/a < 0.02 are in agTeement to

2 or 3 significant figures with the asymptotic'results from (3.I7) ,

for all treated k. Even for considerably larger s the approximation

of the Helmholtz and radially synrnetric natural modes by (3.17) is

very good. However, as the cavity mouth j,ncreases in width, the

Q-dependent modes, mentioned above, begin to appear. In Figure 3.3

the velocity potential at (a,0) is shown for sfa = 0.05, to

illustrate this phenomenon. The two plots are in excellent agreement

everywhere, except in the vicinity of ka = 5.05. The sharp spike

in the numerical results near this point is the resonance of a

0-dependent rnode with two nodal lines g = ttt/4, inteTsecting at

right angles at r=0.

Having confirmed the good agreement of (3.17) with an independent

nunerical solution to the problem, we now consider the effect of the

opening size s on the response cuIves. In Figure 5.4 the first

th/o resonance peaks for a semi-circle are shown, computed from (3 -L7) '

for several s values. As expected from this equation and (3.20),

a reduction in the size s of the opening shifts the Hetmholtz mode

peak to a smaller wavenumber k, and increases the peak amplitude

dramatically. It is also to be noted that, as s is reduced, the

position of the first natural eigenmode frequency also changes, its

bandwidth decreases and its maximum anplitude increases.
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Figure 3.3: Comparison of numerical and asyrnptotic results for semi-circular

cavity at sfa = 0.05.

N umericol

Asy m ptot ic

3

l0l

2

1

(,¡
(,l

l- 5
10 2

ko
3



36.

10

s /o - 0.001

I

tol

s/o -0.01
6

s/o = Q.05

0123t.
ko

Figure 3.4: Variation in response of semi-circular cavity with

opening size s.
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The quantitative nature of these changes, however, differs

from the alterations to the Hetmholtz peak. lfhile the Helmholtz

node exhibits the 'rharbout paradoxrr of Mites and l',funk (1961),

namely, that narrowing the aperture increases kHA;/aH , where

A*, is the peak value of the Helmholtz resonance and a" is the

ratio of the Helmholtz frequency to the half-power bandwidth of

the resonance curve, the natural modes do notl It fact, as shown

by Garrett (1970) and Miles (1971), the quantiiy k,,An2lq is

invariant for the natural modes, nÞ I-

The effect of the variation of the interior cavity angle 0*

is also of interest. This is depicted in Figure 3.5 for 0* = 90o.

As 0* is decreased, the rnagnitude of the response increases. This

indicates that the enelgy entering the cavity is not decreasing as

quickly as the cavity area, wl'rich is consistent with the expression

for m given in (3.f4). Figure 3.5 atso shows the position of the

Tesonance altering slightly, as is consistent with (3-17)-

3.4 The Helmholtz Mode

Although the determination of the cavity potential Ó" i-s

formidable in general, in discussing the Helnholtz mode only the

small-ka expansion of o" is of interest, as typified by (3.18)

for the circular-sector cavity. Using (3.18) as a guide, consider

a power series in kzg' of the form

ô"=óo+0r+þz+ (s.2r)

where 0o = ¿(k-'g-'), þ, = 0(1), Ôz = O(kz1z) and so on. The

leading term Ôo is expected to be constant throughout the cavity,

both by analogy with (3.18) and by physical arguments, since this
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corresponds to uniforn compression over the whole cavity, the

only possibte fom of notion in the low frequency linit k + 0.

If the series (3.2I) is substituted into the Helnholtz equation

(I.2), there results a sequence of Poisson equations for 0r,02,"''

that is

v'4r=-k200, G.22)

V'þr= -ktqr, ' (3.23)

and so on. similarly, the wall boundary condition (1.3) implies

that

â02
ân

ÍÍ., o'*1dxdv - fr, þø = -k2ooA

0
ãôr
ân

onf (3 .24)

An important set of integral relations folIow if we integrate

botlr sides of. (3.22) and (3.23) over the cavity, Rr , with boundary

fr . Thus, from (3.22),

(3.2s)

is the net flux of 0r produced by the constant forcing term on

the right. However, as âÔl/ðn = 0 on the cavity wal1 f., the

only contribution to the line integral in (3.25) comes from the flow

through the aperture fo, which ttas sfrrunk to a point. The opening

is represented now by a source of unit apparent strength in a sector

of angle 0*, wl'rich therefore produces a net, outgoing, flux of

-0*/2r. That is,

e

r2óoA = * G.26)

or, isolating the leading term of (3.2I)'
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0o (3.27)

Since the term 0r in (3.21) atready accounts for the unit-

source character of 0" , further terms Ö2,0g,. -. in the series

do not produce any net flux through the opening. Hence, for

example,

V2Qzdxdy = Ôrdxdy = 0. (3 .28)
R

I
r R

I

The resulting integral condition,

Ördxdy = 0 (s.2s)
R
I

is a normalization for the potential 0r that ultimately deter¡nines

the zero frequency timit bo of the cavity parameter. In the next

section solutions to (3.22) are presented, but if we assume for now

that b = 0(ß) is a known quantity to leading ordet, with relative

error 0(k"3'), we can give expressions for 0 in the cavity and

aperture.

The potential in the cavity interior is, from (3.9),

0mr-tã;l * ôr * 0(t2ß2) I
I

Í
JJ þø=-u"ÍÍ

lt'
JJ

U

211}78
(3.30)

where m is given by (5. f4). In the neighbourhood of the opening,

where (3.30) is singuJ.ar, we use (3.7) to give us the aperture

potenti al

ö=r-'(ä -+L"Clvr.'l .|#(x,y)) (3.31)

Borh equarion (3.30) and (3.31) predict only second order

spatial effects on the response. However the constant terms in

these equations are not equal and using the expression for m (3.L4)'

+
0
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replacing b by its zero frequency limit bo, it nay be shown

that

ó

I"o"ll"*-r-4utr,þ*0(12ß2) (s.s2)
'cavlty +

This ratio is significantly less than unity, since -In(b/s) is

large, so the potential in the aperture is less than that in the

cavity.

The order of the erTor in these results is of interest as the

Helnholtz node is of practical inportance. Such a resonance

corresponds to large nagnitudes for k2R/m in (3.14). Since

the imaginary part of this quantity is small and provides damping,

such a resonance will occur for wavenunbers k close to the value

at which the real part of the quantity will vanish, that is, where

k2A=(+t"r|*,1 .+t",þ) (3.33)

Although (3.35)

wavenumber k,

k is given by

is a transcendental equation for the resonant

it is clear that the order of rnagnitude of this

(3.s4)

Hence, i-n this range of wavenumbers, the ertror in the present results

is a factor of the order of r . O{(rtCqu, l) '}

An approach giving results similar to this theory is that of

Miles and Lee (1975). Using variational methods, they define a

paraneter tr\, found from solution of a Poisson equation, which

incorporates the parameters s and bo. In fact, it appears that

re = o{(r",þ)-.}

M = lrnrÞg)."Í 's- (3. 3s)
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Thus, both the cavity and aperture geonetry are involved in the

specification of the parameter M. Miles and Lee have some

difficulty in defining and conputing M, in the general case,

and construct a lower bound which seems to approximate their

paraneter adequately. The treatment we have discussed in the

preceding sections, howevet, differentiates between the opening and

cavity geometry, and thus indicates separately.the relative irnportance

of these quantities in the final solution-

3.5 Deternination of the Second Order Potential

The second order potential in the cavity may be found by

solving the Poisson equation, fuon (3.22) and (3.27) '

+0

V,Ô, 2rA

onf
c

as r -+ 0,

(3.361

(3.37)

(3.38)

1n \' subject to (3.24), that is

and

ãör = n
ân

from (3. l0) and (3.11) ,

0' * lrnr"(fi'I

where r=0 defines the vanishingly small opening on the wal1 of

the cavity. The systen of equations (3.36) - (3.38) possesses a

solution for any value of the constant bo, but the value of bs

is rendered unique by the normalization condition (3.29) '

Sotving this system is still a non-trivial task but separation

of variables, conformal mapping techniques and inverse methods

enable a number of cavity geometries to be studi.ed, examples of
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which we consider below. However, there is a symmetry property

which enables more cavity geometries to be treated, especially if

the aperture is in a plane wall. These symmetry considerations

apply to the parameter bs. Suppose the cavity \ under

consideration possesses symnetry about the x-axis, with the

opening, whose geometry is irunaterial for the computation of 0r

and bo, located at the origin. If we now pl-ace a rigid wall along

this x-axis, and consider only one of the i¿enticaf chambers
+

\

created by this action, this half-chamber has the same shape parameter

bo as the original fu11 cavity. This is because:

(i) The ratio 0+/^ in (3.36) is unchanged, the new opening

lying in the corner of angle Tr/2,

(ii) the potential 0r for R, will satisfy all required

conditions for Rr. , and

(iii) the nornalization integral (5.29) over { is just

half that over Rr , and therefore also vanishes.

Now suppose that r{e create a third cavity ry, whose axis of

symrnetry is the y-axis, by reflecting Rr- with respect to that

axis. Now, by the same arguments, \* has the same value of bs

+
as does Rl', and therefore the same value of bo as does the

original cavity Rr . Figure 4.4 illustrates this property in action

for three-dinensional cavities; see also Bigg (1982a) '

The first, ancl sinplest, cavity to be considered is the circular-

sector cavity of radius a, already discussed in 93.3. It can be

quickly seen that an appropriate solution of the Poisson system

(3.36) - (3.58) is

a
'p r = int"ctoJ (3.3e)
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and if the integral in (3.29) is evaluated, as in Appendix IC,

it is found that

bo=""-Ì, (3.40)

as in (3.19). The expression (3.39) also agrees with the 0(1)

term in the expansion (3.18) of 0. in powers of ka.

If the cavity wa1l is the cornpLete citcL: t = 2a cos 0,

then 0* = t and a solution to (5.36)-(3.38)'can be derived as

for the circular-sector cavity to give

2r 2ar cos 0
ór Snaz

(3.41)

which satisfies (3.29) if, from Appendix IC,

bo = ae
1

s (3.42)

This circular cavity can be used to illustrate dependence of

the response on position in the cavity. Figure 3.ó shows l0l at

s/¿ = 0.05, computed from (3.31), using (3.4I) to give 0r, for

two positions within the cavity. The graph shows the, essentially,

spatially invariant nature of the response for non-resonant exciting

frequencies, but also the significant variation in the magnitude,

if not the frequency, of the Helmholtz peak. The response in the

aperture is shown on this figure as well, using (3.31) with 0

taken to be zero, indicating, as predicted by (3.32), a significantly

reduced response at all frequencies. The uniform response within

the cavity is to be expected, due to the physical nature of the

Helmholtz resonance being a uniforn compression of the fluid within

the resonator. Some second order variation, evident close to the

resonant frequency in the response curves, is due to the geonetry

#'crî,
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Figure 3.6: Helmholtz response of a complete circular
cavity of radius a at sfa = 0.05, for
various positions within the cavity.

5 BC

l0l

l-

3

2

Open in g A

Centre -B

Reor - C
1

0 0.5
ko

1.0



46.

of the cavity, but does not conceal this basic uniformity.

A rectangular cavity of length L and breadth 2h, the

opening being located at the centre (x,y) = (0,0) of one of the

sides of breadth 2h, may also be examined. An appropriate

solution to the problem can be constructed in the forn

0r

for suitable real coefficients a n=0r1r2r..., as shown in

Appendix IC. The expression (3.43) satisfies (3.58) if

= fnrr,l' ri'i,' (zEn) +sin2 C*un) ] # . 
uL*, Ï0., 

.orn (En ) cos (ff) (5.43)

n

i 2Lh_ .2h -ân = 
-n 

rtì(nUo) (5.44)

(3 .4 s)

n=O

As demonstrated in Appendix IC, the boundary condition on x=L

yields forrnrlae for dn, n=I,2 as coefficients in a Fourier-

cosine series. The renaining coefficient ã0, and hence bo, is

determined by the normalization integral (3.29) to give

zhL
7n

tanrr (þ

sinrr(S) , Ï.', ,, 
(cosh cþ l -' n Þ r

a=
-L2 2hL-
- 3 * -i-Lî¿ n 0

where
f .i !
nl j<n

n-J n+Jn-J+

)
n

T.
J

[1*(-t)n*i]

+1)!! + +

n(j,j-n=29"(3.46)

n<l j -n=29"+I ,

and

(2n+t) ! ! (2n+1) (2n-1)...3.1 (3.47)
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(3.48)

The final expression for bo, (3.44), is thus a double surn,

which, fortunately, converges rapidly.

These results for the rectangular cavity can be used to

illustrate the dependence of the HelnhoItz resonator on cavity

shape, via the aspect ratio 6 = 2h/L, holding the area A = 2hL

fixed. Figure 5.7 shows lO, I plotted against kA'¿ for various
4

ô, at s/A" = 0.025. Note that 0r, the spatial variation of

the potential has been neglected, as Figure 5.6 showed its second

order effect. The most striking feature in Figure 3.7 is the

variation, with ô, of both the position and magnitude of the

Helmholtz resonance peak. As all the plots are for cavities of the

same area, it is clear that the classical view, of resonance

characteristics, being independent of the cavity aTea, as stated

by Tuck (1975) in connection with three dimensional cavities, is

not tenable. This conclusion also follows for Helmholtz resonance

in three dimensional resonators, as will be shown in Chapter 4.

However, it shoutd be appreciated that significant alteration to

the resonance properties occurs only once the cavity is somewhat

elongated - for rectangular resonators which are approximately

square, the classical interpretation is a useful one. This fact

generalizes to the principle that, for resonators of the same alea,

which do not possess a doninate axis of distortion, the tlelmholtz

resonance characteristics are virtually identical.

The symmetry property described at the beginning of this

section is useful when studying the response of rectangular cavities

f
n

0

I

I

n-j

n-j

n-j

= 29"

= 49"+I

= 41"-I
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and leads to some interesting consequences. Thus a cavity with

aspect-ïatio 6 has the same response cuTve, neglecting second

order differences, as the resonator with an aspect-ratio of 4/4.

Note that this implies that a square, with its opening in the

niddle of a side, has the sane response characteristics as a

rectangle of aspect ratio ô=4, with its opening in the middle of

the long side.

To end this section a discussion of inverse nethods is

presented. To denpnstrate how these work, a particular class of

problems will be examined.

Consider the generalization of equation (3.41)

ór=#"CtoJ-*.t, (3-4e)

where Q is any solution of Laplacers equation vanishing at r=0-

For a given O, we can construct inverse solutions of our problem,

satisfying (3.36)-(3.38) and (3.29), the cavityrs boundary curve

r = r(0) being deternined by solving the ordinary differential

equation

i- T2þ.-(r,o)
9f = , t' (s.so)
d0 - 0, u 

(r,0) '

which follows from (3.37). For example, if

Tl{xr
2 cos 20

I1þ=- (3.sl)

for some constant À, it is found in Appendix IC that (3'50) gives

e

r2sin20 = 2a'Àtan-10 tan erd0lI
J

À (3. s2)
0

Figure 3.8 shows the constant area cavity shapes, and corresponding
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Figure 3.8: A class of inversely-deterrnined cavity shapes with

known cavity parameter b.
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values of bo, for various À. Note that if À = æ the potential,

antl cavity boundary, for a semi-circle of unit radius is given.

Use of the synuretry property discussed above gives additional

cavity geometries.

3.6 Surunary

In this chapter we have obtained asymptotic expansions for

the response of two dimensional cavities of arbitrary shape with

snall openings, also of arbitrary shape. The effect of the boundary

geonetry is introduced via two independent Iength parameters, one

related to the opening and the other to the cavity.

The opening parameter s is well known to be an important

influence on the response of the cavity, and was, i-n effect, used

by Rayleigh in his analysis of the Helmholtz resonator. However,

it is conventional to assume that, at least for the Helmholtz mode,

the shape of the cavity is not important, only its net area influencing

the response. The present lesults, being expressed in terms of a

uniquely-defined cavity shape par¿rmeter b, are capable of testing

this assumption.

In fact, if, for cavities of constant area and constant opening

parameter s, the geometry, and hence b, is allorved to vaIy, the

variation in response, while usually small, may be significant,

especially for exciting frequencies neaT Tesonance. For example,

quite large variati.ons are obtained by varying the aspect-ratio of

a ïectangular cavity from unity through values as high as 16, as

shown in Fi- gure 3 . 7 .

In addition, it was seen how the response varies from point

to point within the cavity, whereas the classical analysis for a
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Helmholtz resonator predicts a uniform response. Again, the

variation is not, in general, large, but near resonance, and in

the vicinity of the aperture at all frequencies k = o(ß-l), the

difference in response is significant.

A synmretry property, which connects the response characteristics

of cavities of related geometry, has also been described. This is

a useful tool for extending the range of caviiies to which this

theory may be usefully applied.
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CHAPTER 4

THE T}IREE DIMENSIONAL CAVITY RESONATOR

This chapter, the material of which has appeared in Bigg

(f982a), (f982b), extends the theory of Chapter 3 to three

dimensional cavity resonators with small openings. The extension

to three dimensions is not trivial due to the presence of an extra,

unexpected tern in the asymptotic expansions, brought about by

aperture curvature considerations.

4.I Introduction

The structure of this chapter is much like that of the

previous chapter. That is, we first present a theory which is

asyrnptotically valid for small openings, compared to both wavelength

and cavity dirnensi-ons, and then examine in detail the long wave

Iimit of this presentation. It is found ttrat ttrere are five

parameters of importance, compared to the two ernployed in the two

dimensional theory. Of these five, two, s and b ate analogous

to the parameters of Chapter 3. However, the necessity to consider

the curvature of the cavity walls in the vicinity of the opening

introduces three further parameters: \+, which is an indicator

of the local curvature near the aPerture, and Sl and 
^, 

which

aïe intloduced to the problem through the extra term in the asymptotic

expansions that is a result of curvature. Various examples of the

computation of these parameters will be given.

The effect of the curvature of the aperture geometly, not of

significance to the order of approximation in the previous chapter,

will be cliscussed. The variation of response within the cavity is
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also examined and the symmetry property will be used further.

The phenomenon of cavities of equal volume having differing

responses is shown to occur in three dinensions as well as two.

The theoretical results presented here are also compared

with classical predictions and experimental results to check the

validity of the approach.

4.2 Flow Through Small Holes

As in chapter 3, matched asyrnptotic expansion techniques will

be used to solve the problem of flow through small holes. The

procedure for forming these expansions is as explained in the

first paragraph of 55.2.

The geonetry of the aperture will be assumed to be locally

axisymmetric, as in Figure 4.1, unless it lies in a plane (or

conical) wa|l. No such assumption is necessary if the orifice

is in such a wall. As r"/w + -, r" being the cylindrical

radíus, we lequire the surfaces shown in Figure 4.1 to approach

cones of solid angle 0+, for z à 0, oI, alternatively, paraboloids

of revolution such that

2 !d*2, z ? o- (4.1)r
c

The characteristi c síze of the opening is given by two

paraneters, s and Q, of which s is the more important. The

condition determining srnallness of the aperture is that s and

A be small compared to all other length scales, notably the wave-

length of the incident wave and the linear dimension ß = vl of

the cavity, V being the volume of the lesonator. The parameters

s and ç¿ will be chosen to characteríze uniquely the opening

geometry, as seen in its far field, as in Chapter 3.
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Figure 4.1: Geonetry of cavity nouth axisymnetric about

z-exls.

2w 01
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If ks is snall, k being the wavelength of the exciting

wave, the flow in the gap is approxinately incornpressible, and

we must therefore solve Laplacefs equation in this region. The

behaviour at plus (ninus) infinity cofresPonds to a sink (source)

combined, if the aperture is not in a plane or conical wall, with

a semi-infinite tine sink (source) aligned along the negative

(positive) z-axis*. So, normalizing the potelrtial, we have, in

the vicinity of the oPening,

where

and, from Appendix ID,

çxz +y2 *221%1¡=

(4 .2)

(4 .3)

(4.4)^(
I

cÍ,+
+

The constants C+, not necessarily being the same, will be used

to define s and n, that is, we write (a.2) as

ö ; êff cl - ll - Y*1n(#)l * o, z -> 4æ ' (4's)
+

Thus, for any appropriate aperture geometry, Y'6 = 0 nust be

solved, subject to ð0/ân = 0 on the opening boundaries and

(4.5) at infinity. In the process of solving the problem, s and

ç¿ will be uniquely determined. Note that if curvature is absent

from the local geometrY then Y* = 0.

* Appendix ID examines the seni-infinite line source'
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This problem is, however, rather difficult to solve, mostly

because of the three dimensionality and the consequent lack of

conformal mapping techniques. Thus only a few geometries can be

fu1ly examined. Tuck (1975) details sone of these and several

others are discussed in Appendix IB. However, as is the case for

its two dinensional counterpart, s varies only slightly for fixed

aperture area, while f¿ is of the same orderas s.

We consíder nohr the exterior region in which there is an

incident wave field 0-(x,I,z) taking, in the absence of the

aperture, the value Ô*(0,0,0) at the cavity entrance. In the

limit as ks + 0, the disturbance due to the cavity vanishes and

0 t 0_. The residual effect of the cavity, as seen in its own far

field, must be that of an acoustic soulce, if, as will be assumed

from now on, the exterior boundary asymptotes to a cone of solid

angle 0-, so that Y- = 0. Note that if 0 = 2r the outer

boundary is a plane wall. Letting m be the apparent strength of

that source, we set in z < 0, r )) s,

*"t 
*t

ô = 0- - -TTrr (4'6)

and seek m by matching with the flow in the cavity, via the

aperture. It is important to realize, before proceeding, that m

is the flux of the source through an arbitrary compLete sphere about

the origin while the actual flux in z < 0 is 0 m/4n, as the

outflow is restricted by the exterior conical boundary.

To perform the matching through the aperture, let kr -+ 0

in (4.6) to obtain

Ô = 0-(o,o,o) 4frtr*;.r.r) * 0(mk2r), (4 .7)



which nay be written as

ô*00 m-
-I
4t'

z
- -> -cor

$ Ueing the canonical Potential

Proceeding into the cavitY,

0-00
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(4 .8)

(4.11)

I
)

I
S

,s

where

Oo = | frcl.it1 (4 .e)

O-(0,0,0) being normalized to unity. The strength m, it should

be noted, has the dinensions of a length.

The solution for incompressible flow through the aperture is

therefore, using (4 .5) ,

Ê

þ(x,y,z) =Oo.#-þ(x,y,t), (4.10)

+ I l, - Y*1n{r13n )1,

defined earlier.

let zf s '> +* to give

7_ -> +æ.
S

This expansion is natched with an interior solution by noting that,

if s (< ß, S being the linear dimension of the cavity, the

opening will appear to the cavity as an acousti.c point sink of

strength 0-m/0*, coupled with an acoustic semi-infinite line sink

of magnitude my*0_/0*. That is, (4.11) provides a singularity

conditionast/B*0.Thepotentialinthecavitycantherefore

be written as

o = lô"(x,Y,z)
(4.12)

where ö" satisfies (I.2) ,

the cavity, excePt that as

and (1.3) on the limiting boundary of

r-+0
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0
1

ñ l-t*t.t(r+z)) *A (4.13)

The constant A in (4.13), is uniquely determined by these conditions

and two parameters, 
^ 

and b, will be defined by

l im[Q"
r(

4tr'
-1-0* I

= ñ(17V + 'b - y*lnÂ) (4.14)

(.>

A-
¡ -X)

These parameters, b and 
^., 

have the dimensíons of a length and

ane fyequeney dependønt since 0" satisfies the Ilelmholtz equation.

They are also of the order of ß. It is worth noting at this point

that b is the three dimensional counterpart of the parameter b

of Chapter 3.

Now, using (a.LÐ in (4.f3), the liniting condition for

becomes

1.+-l 4r'
I
þ) - Y*ln(#) - þr , r -+ 0, (4.1s)

so, matching (4.lf) with (4.12) as r + 0 to find nì, the relation

I - t*t.t (r+ z) l

0"

-1(;
c0

oo ui¡F,l - Y*rnCI)
+

is obtained, which gives m, upon use of (4.9)' as

ô

TTI)
0-m .

=__l 4r0 \
+

]-"1n4+
b

e_
k2v

(4 . 16)

(4 .17)4¡m-t = fur rl - ål
o- v.In(i)lI lr

I ..+-+]-K
5

The small gap theory, the results of which are encapsulated

in equations (4.6), (4.10), (4.12) and (4.I7), is now complete,

subject to determination of Q and Ö" . In the solution for Ó

the two parameter s and CI will be defined. These are associated

with the opening and have values of the order of the aperture

dimensions. They are also frequenea independent since s is a
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solution of Laplacers equation. Note that if the aperture is in

a plane, or conical, wall then 0 can be neglected. The solution

for O" defines the two paraneters b and 
^, 

which are

associated with the cavity and consequently possess properties

which reflect this. It is of interest to record that ¡, is

neglected in the same instances in which f¿ is disregarded. This

is due to the vanishing of Y+ when the oriflce is set in a plane,

or conical, wall.

4 -S Conical Cavities

As with the two dimensional theory, the problem of finding

O" for a given cavity is a difficult one. However, the three

dimensional analogue of the circular arc cavity, namely a conical

sector of a sphere with its opening at the apex, is one of the few

types of cavities for which an exact solution can be found. Tl'rus

we shall examine the response of this resonator in some detail.

If we define a spherical coordinate system (r,Ü,v) centred

at the cavity opening, then the surface of our resonator is the

cone generated by rotating the arc v = arcos(I-0*/2r) (see

Appendix IB) about the z-axís, plus the cap t=a. Note that because

of the conical bounclary near the aperture, Y*=0 for these cavities

and that if 0* = 2r the cavity is a semisphere'

The conditions (I.2), (1.3) and (4.13) are satisfied if

o" =oftxo(kr) iffii jo(kr)), (4'18)

where jo,jr are spherical Bessel functions of the first kind and

yo,yt are spherical Bessel functions of the second kind' To
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the timit of (4.18) is taken as kr + 0 and related to

that is,

firid b,

(4.ls),

1

4ntr -
(4 .1s)

using the expansions for yo,io in Abrarxcwitz and stegun (1972'

Chapter l0). For this geometrY

(4.20)

SO

V le "t5+

I (4.2r)

(4.22)

b

Observe that b contains terms representing both the si'ngular

nature of the solution , yt (ka), and the non-singular natural

modes , it (ka).

using (4.I2) and (4.L7), the potential along the boundary

t=a is

. (e-l0*)my _ 4rkazjr(ka)

$ttr' (ka) +¡ r (ka) tl, ct.þ *ikÌl-r .

An illustrative plot of lOl,=" against ka is given in Figure

4.2 for the semispherical resonator with 0* = 0- = 2'it, s=0 ' 1

and a=l. As with the two dimensj.onal problem, resonance occurs

when the quantity in the square brackets of (4.22) is small, which,

because s is snall, usually occurs when the second term vanishes.

These peaks in the response are close to the zeroes of j r (x),

the natural frequencies of the conical sector geometry, j r (x)

being introduced to the solution via the cavity shape palameter b '
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Figure 4.2: Response curve for unit radius

sernisphere with s = 0.1 (first
peak has a maxi¡num value of 33) .

61

lol

1 .l*

1.2

0.8

0.6

A.l.

0.2

1.0

tr0
kq

10 15



l0l

32

28

2L

20

16

1?

.15=0
Figure 4.3: Response curves for unit

radius senisPhere and s=.1, -2,.3

5=0.2

o\
(r¡

s =0.3
I

l-

0 0.2 0. /.
ko

0.6 0.8 1.0



64

The first and most proninent peak is, of course, the

Helmholtz resonance and it is due to the two terms of @.22)

almost cancelling each other, which occul.s only for small ka.

This node of resonance will be treated in more detail in the next

section.

The effect of changing s/a is quite considerable, as shown

in Figure 4.3. Decreasing s/a pushes all resonant peaks to lower

frequency and increases their magnitude. fn¿ee¿, for s/a 5 0.05

this increase in amplitude for the Helmholtz mode is very large -

up to I0,000 times the amplitude of the incoming disturbance. Viscous

and non-linear effects rnust play a considerable damping role in this

resonance. As with the two dinensional example, the natural

vibrational modes, not shown in Figure 4.3, change in a quantitatively

different manner; the "Harbour paradoxrt, discussed in 93.5, does not

appLy to these modes.

It is worth comparing, at this point, the two dimensional

ïesponse, as shown in Figutes 3.2,3.4 and 5.5, with the above

results. The major differences a1.e in the nagnitudes and the

bandwidths of the resonant peaks, r.espectively snal ler and wider

in the two dimensional as opposed to the three dimensional resonator.

It is also of interest that the response between resonance peaks is

much greater in the 2-D case than in the 3-D, where there is

practically no response.

4.4 The Helmholtz Mode

To enable the Helmholtz mode to be discussed in some detail,

use will be made of the fact that resonance occur.s for srnall kvl

to simplify the investigation.
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The problem in the interior of the cavity consists of

solving (1.2) subject to âþ"/ân = 0 on the limiting cavity walls,

with condition (4.15) holding as r -> 0. we may expano Ó" in the

series

0 =ôo+0r+02 (4.2s)+
c

where 0o
^ -r -l 1

= 0((k2v)-'), Or = 0(v-3) , öz = 0(k:v3), etc., remembering

that O. has dimensions of inverse length. Note that the leading

term 0o is expected to be a constant, from physical arguments,

as in the two dimensional theorY.

Substituting (4.23) into Helmholtzt s equation (L-2) gives

rise to a sequence of Poisson equations

v'ö t -k too 
, (4.24)

(4.2s)

(4.26)

Y'þ.- = -kt0t,

etc., with accompanying boundary conditions

â0r = â02 
=ðn ðn

=Q

If (4.24) and (4.25) are integrated over the interior of the

cavity some useful results follow.

Firstly, integrating (4.24) it is found that

r'f
JJ, þr = -k20oV (4.27)

s being the interior surface of the cavity plus the plane of

the aperture. Using (4.26), the surface integral ín (4.27) is

reduced to an integral over the cavity opening only. This

represents the net flux transported through the aperture. If the

opening is now Tepresented as a point sink of unit apparent strength

lÍÍ"o",uu =
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combined with a seni-infinite line sink of nagnitude Y+, as in

g4.2, this flux is 0*/4r. The serni-infinite line sink does not

contribute to the flux as it is exterior to the cavity. Thus,

the leading term in (4.23) is the constant

ôo= (4 . 28)

Integrating (4.25) over V gives

(4.2s)

But àöz/ðn = o everywhere on s, as þz makes no contribution

to the net flux through the opening, so (4.29) gives the normalization

condition analogous to (3.29), namely,

(4 .30)

This condition is used to determine the parameters b and 
^, 

in

conjunction with (4. f5) .

Leaving the solution of the problem for 0r to the next

section, we assume that 0r is known and give expressions for 0

in the cavity and aPerture.

using (4.I2), the velocity potential in the interior of tire

cavity is

0l- ,9*-., + ór (x ,y,z) * o¡t2v+¡), (4.31)t=T;\ mq +erLi /'

llÍ"0.*zd. = ÍÍ,þ'= -n'ÍÍl"ordv

ÍÍj,*1dV = o

where m is given bY (4 -L7) .

where (4.31) becomes singular,

In the vicinity of the aPerture,

(4. I0) gives

m,
-t
4n'0=1- I

S
+ik-0 õ(x,y,r)) (4 .32)
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Note that in both (4.3f) and (4.32) m has an error 0(k2Ð, âs

only the leading terms in the small-k expansion of b and /l are

found through (4.30). Thus the overall error in both equations is

o ltqva/ 
31 

.

As with the two dirnensional equivalents of (4.3f) and (4.32),

namely (5.50) and (3.31), spatial variations of second order only

are predicted for the velocity potential in Uátf, tn" aperture and

the interior of the cavity. Thus the leading order constant is

generally more inportant. However, the constant terns of (a.3f)

and (4.32) are not the same, their ratj.o being

k2v. -l-o-L t¡
+

f/0. e-\
ì\E;-+0 /

(4.35)

(4.34)

I *¡ - yrrnrqnJl

where bo and Âo are the zero frequency limits of the parameters

b and 
^ 

respectively. The ratio, as for two dimensional

cavities, is less than unity for non-zero k, as s-I is larger

than the other terms in the square brackets of (4.33). Therefore

the response in the opening is less than that in the cavity.

The effect of aperture curvature, not of importance in two

dimensional resonator theory, is of interest as the classical end-

correction does not take it into account. As Rayleigh (1896) states,

the end-correction is dependent on the cavity shape, not just the

aperture width as connonly accepted. If aperture curvature is

considered, however, the leading order approximation to the Helnholtz

wavenumber becones, from consideration of (4.I7),

k
IT

,ln'
vl

assuming f) = 0(s) .a Â0, which reduces to the classical expression
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(4 .3s)

if 0_ = 0* = 2î (see Bigg (1982a)). Thus apertuTe curvature has

no effect on the teading order estimate of the Helmholtz wavenumber

It is possible to derive an explicit expression for this

nodal wavenumber by considering the mean potential in the cavity,

m0o (0_=0*=2r), and differentiating its magnitude with respect

to k, so that

(4 .36)

where

n" = (iI

k" = ( +* f{-u*r\)Y')k

2

* y.r'(*) (4.37)t-
S

and

n
I2tt=- V

(4 . 38)

Note that the classical resutt is contained within (4.36) for

large r. From (4.36) it can be seen that the effects of bo, fì

and Lo are smaller than those of s and non-uniform, that is,

for some cavi-ties they act to increase the Helnholtz frequency in

comparison with the classical frequency, while for others we see

the opposite tendency. Examples of this are given in the next

section.

4.5 Determination of First Order Potential

To complete the solution, 0r must be found. This quantity

satisfies

V'O t
0+
4rY

in the limiting cavitY, subject to

(4 .3s)
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dn

on S except at the opening where

i¡ - Lo"t"(n.ro ),

,
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(4 .40)

(4 .42)

(4.43)

0r r+0. (4.41)

The normalization condition (4.50) is used to uniquely define bo

and Ao, the cavity potential being given fin4lLy by (4.51).

As with two dimensional resonator theory, solving this systen

is still a difficult task but solutions may be found by various

methods, somé of which are presented here. The synunetry property,

so useful in the analysis of 55.5, is stil1 applicable and is even

more valuable, as three dimensionality has removed complex analysis

from our repertoire of solution techniques. The role of cavity

symmetïy is iltustrated in Figure 4.4.

We will begin our discussion of the solution of the system

of equations (4.39) -(4.4L) by considering the conical sector

geometry of 54.3. Due to the conical nature of the cavity walls

near the opening the parameter Y*=0, so the potential satisfying

the necessary conditions is

.l-1

4r
+

2T I

5a
j--

I
ör =-¡-- 8na3 4rr 4Tbs '

where, from Appendix IE,

bo

upon substitution of (4.42) into (4.3r) to give the interior

potential, it can be seen that this potential is identical with the

small-ka expansion of the exact potential of 54.5.
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(4j
Exarnple of symnetry property. (1) original cavity;
(2) waLl ptaced on synmetry plane; (3) aperture nnved

to edge of long wall; (4) new cavity ( (3) reflected

in ABCD).

Figure 4.4
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This resonator will be used to demonstrate the variation of

{ within the cavity. In Figure 4.5 the potential along three

constant radius arcs in the cavity is shown. It is clearly seen

that the magnitude of the response at the mouth of the resonatol

is considerably smaller than that in the interior, as predicted

by (4.53) . The other inportant feature is the spatial invariance

of lOl within the cavity, except at resonance where a 5-I0e"

difference in magnitude is found. Note that the resonance occurs

at the same frequency throughout the cavity. It is also interesting

to compare Figure 4.5 with Figure 3.6, the corresponding dì-agram

for two dimensional resonatoïs, as we see that three dimensional

Tesonance is more uniform over the cavity than is two dimensional

lesonance

Another cavity to be exanined is the finite length circular

cylinder of radius a and length L, whose orifice is in the

centre of a circular face. It is shown in Appendix IE that a

potential satisfyine (a.39) - (4.41) is

z
æ

I
n

2

a Jo(
n . ) cos Cþl a c, (4 .44)0"r -

a0r 4-rÃ

where on is the nth root of Jo (x) and T: = x2*y2 ' The

Bessel coefficients, âr,, are given by

_ [o,,sincþl]-ItJr(q) - I * qr,[o,= aJleo-JlT 1% -2- 2aJo Æ4H'z
,) n=r ,2,3,Jr (t) (4.4s)a

unl ess

L=+9, L=L,2,s,... (4.46)

when the appropriate ân vanishes, and, using the normalization

condition (4.50) , the constant C is given by
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Figure 4.5: lOl across unit radius senispherical cavity,n
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(4.47)

(4 .48)

(4 .4s)

Using

wal1,

by

(4.4L), noting that Y*=0 as the aperture is in a plane

it is found that the cavity shape Parameter bo is given

-lbo' -4n( | a" * C).
æ

n= I

The parameter Ao is, of course, zero as Y*=0.

Panton and MiIler (1975a) considered this geometry and in

Table 4.1 the resonant frequencies for several circular cylinders

are shown, as computed by both their theory and the present work.

It should be noted that Panton and Miller's formula, an adaptation

of the classical result with irnproved entrance corrections,

nameJ.y

Yz

k
H

I
ð t

where c is the speed of sound, Ao the orifice area and Ll

the effective length of the aperture, requires that no dimension

of the cavity be greater than a sixteenth of a wavelength À.

The classical result (1.1) has a similar constraint but it is not

a necessary condition in the present theory. In fact, this

analysis has the single proviso that s << ß; ß being a

characteristic dimension of the cavity.

The two starred rows in Table 4.1 show the results for

cylinders of the same volume, with the second of the two having

a length slightly greater than ),/L6. The present work encountels
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Conparison with Panton and Millerfs (1975b) fornula

for circular cylinders.

S
+

(m)
Radius

(m)
Length

(tn)
Resonant Wavenumber

Present Work Panton & I{iller Classical

.05

.05*

.05*

.05

.10

.10

.10

.22r

.105

.L22

.L64

.308

.064

. r07

.2r9

.107
-..r0 

5

.151

. 315

.089

.103

.224

.Llz

.TI2

.158

.316

.091

.105

I
1

4

2

I
3

I

I
)

I
I
1

2

3

*These two have the same volume.
*Opening is a clrcular hole of radj-us W = Ts/ 2 with no neck

TABLE 4.2: Hetmholtz frequency for spherical cavities.

W

(cm)

Radius

(cm)

Wa1 I
Thickness

(cm)

Resonant FrequencY (Hz)
Classical Eq. (a0) Ingard's Experiment*

Theory*

.8

r.02s
r .55

I .86

1.91
1' .01 57

.0157

.157

.L57

1

I
I
1

I

9

9

9

9

9

0

0

0

0

.75

LI6.2
r32.6
r64 .8

180 .6

r83.6

703.3

161.5

510.7

L29.2

tL7 .6

135 .0

170 .3

188.4

r92.0

703.7

161.4

516 .0

r29.4

LL7

r34

168

185 .5

189

L20

155

168

190

r95

2

)

5

*Taken from Table I, (1953b).

*Last 4 rows theoretical onlY, S given by (18.23) .
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no difficulties with this length and should be accurate. The

results therefore demonstrate the inportant property, already

noted in two dinensional resonator theory, that cavities of the

same volume, but different geonetry, have different response curves

This conclusion has been tested for other volumes not shown here'

It rnay also be noted that while Panton and Mitlerrs formula

givesresonantfrequenciesconsistentlylessthantheclassical

formula, indicating a standard correction factor, the present

theory has no such characteristic, Helmholtz frequency predictions

beingbothaboveandbelowthoseoftheclassicalresult.

To illustrate the use of the curvature parameters in the

first order theory, we will now examine a cavity which has neither

plane nor conical walls near the aperture but a curved surface'

Suchacavityisthesphereofradiusa.Theresultsforthis

type of resonatoT will be compared to the experimental and theoretical

results of Ingard (1953b).

ItiSshowninAppendixlEthatapotentialsatisfyingthe

necessary conditions for spherical geometry is, if r is measured

from the aPerture,

or = # Å^. frrc'2-2a21 #"(^â, (4'so)

with

Ao (4.s1)

and

b,r =+. Ø.s2)

In Tabl e 4.2 the HeLmholtz frequencies for various spherical

cavities, as computed by (4.35), (4'36) and Ingard (1953b)' are

presented. The aperture parameter s' used in (4'35) and (4'36) '

a
.)
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vras taken to be the approximation (18.25) as the walls of the

experimental spheres were of non-zero thickness. The parameter

f¿ was, however, assumed to be unaltered, that is (18.47) was still

used. It should be noted that the detailed calculations for this

chapter are for resonators set in a plane outer wall, while the

experiments were conducted with isolated spheres. The present

theory may, however, be adapted for this cavíly $rith only slight

second order changes. Another relevant point i, tt" size of the

openings, which were relatively large in the experiment, so the

above theory may approach its linit of validity for the spheres

of larger aperture.

Having stated the above facts, we see from Table 4.2 that

even for moderate s/3 values agreement between the present theory

and experiment is very good. The results are generally better than

the theoretical predictions of Ingard, which were derived explicitly

for spherical geometry. Considering all the tabulated results, it

is seen that the classical prediction is accurate to within a few

percent for snalL s/3 ratios but nay be more than 10eo in error

for larget s/ß ratios. It is in this region, when considering

such symnetrical bodies, that the second order terms in (4.36)

become important. Of course it should be remembered that, as was

seen in the examination of cylindrical cavities' some cavity shapes

are subject to significant changes in their Helmholtz resonance

frequency, in comparison with another cavity of the same volume,

due to the effects of cavity and aperture geometTy. Therefore the

second order parameters are useful to employ if known.

Another paper with which results may be compared is the seni-

empirical article of Alster (1972). This paper obtains a formula
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for the Helnrholtz frequency using extensions of the spring-like

arguments used to derive the classical fornula, as in Kinsler a¡rd

Frey (L962, p. 186f.). This fornula nay be adapted to many different

cavities; however, the results given by Alster are consistently

60-70% higher than those obtained by the present theory or by

Panton and Mitler. If the end-correction used by Alster is adjusted

to the classical value of 8u/3tt, ûJ being the aperture radius,

the resonant frequencies are then comparable. Alsterrs formula

has the same type of restriction as Panton and Millerrs, also it

should be noted that Alsterrs experimental data apparently agreed

with his formula.

The final cavity shape to be mentioned is the rectangular

prism, shown in Figure IE.1. The solution of the system (a'39)-

(4.4I) uses the ideas of Tuck (1975, 56) and is derived in Appendix

IE. Here the potential will be merely stated:

, 1 xz î -/nnx\- -/nrz\- ---(nnvÆn'\ör = Tll * r6Er * 
"]o 

"" 
tot\-ã--l'ot\ h ltotn(---zn-7

+

æ

1_o
16nd^

(
\

x
2d'

(4.s3)

(4 .s4)

(4 . ss)

\
)

+
(z
\zñ

1-
-----------Jn
16nh'

\
)

Note that Y*=0,

where

0 (x, R) I {tfø-xl2*R')k [(1,+x) 
2*n21h - ?u]+

n 0

9,= t

the coefficients ^n being given in Appendix IE-

as the orifice is in a plane wall, and that

-tbo'=-4î)an

Other methods may be used to solve for 0r than those

demonstrated above. The inverse approach used in 53.5 is one,
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which, however, is not as successful in three dimensions as in

tr.{o. This is because non-linear differential equations occur and

the cavities resulting frorn solutions to these equations usually

have asymptoting, rather than closed, surfaces.

4,6 Conclusion

The three dimensional resonator theory presented in this

chapter agrees with most of the conclusions of. the two dimensional

theory of ðhapter 3. However, if the walls of the cavity near the

orifice possess finite curvature, that is, if the aperture is not

in a plane or conical wal1, then the theory requires significant

modification. In two dimensional theory, curvature near r=0

caused no peculiar problems but in three dimensions an extra singuLar

term must be introduced to the asymptotic expansions. This singular

term describes the potential due to a semi-infinite line source and

appears to be virtually unknown in previous literature. ltJhile the

3-D theory for cavities whose aperture is set in a plane or conical

wall is easily carried over from the 2-D theory, cavities possessing

aperture curvature require two extra parameters to describe the

second order effects on ïesonance. However, to leading order,

aperture curvature has no effect on the classical formula for the

Helmholtz frequency.

Another difference between 2-D a¡rd 5-D theory is the higher

amplitude of resonance in the 3-D resonator, coupled with the lower

off-resonance amplitude. A greater unifornity of potential within

the cavity at resonance was also encountered in the 3-D cavity.

That is, the variation of peak Helmholtz Tesponse about the cavity

was a smaller percentage of the maximum response in 5-D resonators

as compared to 2-D cavities.
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As a final remark it is worth observing that the restriction

on the use of this theory, nanely that the aperture parameter s

be small in comparison with a dimension of the cavity, is of a

different nature to the classical restriction. Cavities not

suitable for classical analysis nay therefore be studied theoretically

using the present approach, which generally gives better results

than the classical theory in any case. It is-also worth noting that

even for relatively Latge s the Helnholtz ,noåe is well described

by the above theory, although the higher k responses may be

altered by the apPearance of non-symmetric modes of oscillation,

as was seen in chaPter 3.
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PART II

SCATTERING BY SLENDER BODIES
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CHAPTER 5

REVIEW OF BODY DIFFRACTION THEORY

The problem of fonvard diffraction by bodies in a honogeneous

mediun has received a great deal of attention, due to the nurnber

of fields of application. These fields include shallow-water

wave theory, acoustics, anti-plane elastodynanics and electro-

¡nagnetism in various ggises such as optics and radiation theory'

This second part of the present thesis will concentrate on the

shallow-water wave pïoblems; however all the work could be easily

applied to other areas. In particulaT, we shall examine diffraction

by thin bodies which are either transparent to the incident grazing

waves (Chapter 6) or opaque (Chapter 7). The parabolic approximation,

first introduced by Leontovich and. Fock (1946), will be used as the

principal tool of any analysis, building on the work of Mei and

Tuck (1980). Matched asynptotic expansion theory will also play a

pivotal role in the analYsis.

5.1 Previous ltlork

As has already been noted, the problem of diffraction by bodies,

especially bodies in an oceanographical context, has received much

attention since at least the last centuly. However, the advent of

computers to the TesouTces available to researchers has led to a

proliferation of mateïial in the last twenty years. A representative

cross-section of the work done will thus be given, rathet than an

exhaustive surveY.

Lamb gives a survey of the early work in this field in

Chapter 10, and the latter half of Chapter 9, of hi-s "Hydrodynamicstl

(Lg32). some papers from our field of interest are those of
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Proudman (19f4), who examined the exact solution for a plane wave

incident on a circutar island and approximations for waves incident

on elliptic islands, Lamb (1906), who solved the problen of

diffraction by a parabolic island, and Watson (f9f9), who considered

the diffraction of electric waves by the earth. This latter Paper

is of interest because of its connection with Kellerrs theory of

geometrical di ffraction

In the post-world war II research done before the widespread

use of computers, analytic and experimental techniques dominated the

field. Arthur (1946) used ray diagrans to discuss the bending of

waves, passing over depths whose contours were of analytic form,

around islands of circular symmetry. He later, (I951), discussed

the various mechanisns causing alterations to wave patterns near

islands including reflection, refraction, diffraction, current

interaction and wave variability. Pocinki (1950) used confornal

mappíng to study refraction and Isaacs, Williams and Eckart (1951)

examined total reflection of surface waves in their passage from

shallow to deep water. Eckart (f952) also developed an integro-

differential equation for gravity waves in shallow water which he

tested on known solutions. Laird (f955) conducted an experimental

study of waves incident on a cylindrical island'

Following a few years of little attention to island scattering,

the mid 1960's saw the beginning of a revival of interest which has

continued to the present day. In 1965 Barakat used the theory of

Mathieu functions at low frequency to study diffraction by elliptic

cylinders. Then, in 1965, Chambers introduced rotation to the

problem and discussed free modes of vibration over sills and around

islands. Carrier (1966) included non-linear terms in his examination
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of long vJave propagation near coasts.

The beginning of numerical studies may also be traced to this

period, with Richmondrs (1965) use of a boundary integral nethod

to consider scattering by dielectric cylinders of arbitrary cross-

section and Moinoirs (1967) use of Bessel function expansions of

long waves incident on circular islands.

In 1967 a landmark paper by Longuet-Higgi¡s examined the

reception of waves on circular sills and the waïe energy modes

trapped by free and forced waves. This article, which sparked off

a considerable amount of research, also discussed various forns of

contours around the sill and the effects on the trapped wave modes

from asymmetry, rotation and viscosity. This was followed in 1969

by another paper concentlating on the effects of rotation, and, in

Ig7O, by an article demonstrating that the inertial oscillations

are resolvable into two waves travelling in opposite directions

around the island. This latter paper also showed the presence of

a strong direct current mass transpoït velocity. Longuet-Higgins'

papers were extended by sumnerfield (1969 , 1972), showing that all

modes for cylindrically symmetric depth contours leaked energy to

the surrounding ocean.

Another paper from 1967 which led to a number of articles in

the field of scattering by bodies is that of Handelsman and Keller'

While this paper developed a source distribution theory for axially

symmetric potentiaL flow about a three dimensional object, it was

fotlowed by a series of articles by Geer (1968, L974, L975, L978,

1980) in which the ideas of Handelsman and Keller were applied to

many problems including the scattering of waves by slender bodies

of revolution. However, the use of this technique for two dimensional
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scattering problems is nuch more complicated and has not yet been

done.

FoIlowing the first Longuet-Higgins paper a number of similar

problens u/ere exa¡nined. Shen, Meyer and Keller (1968) discussed

the spectra of waves in channels as well as around islands, while

Rhines (1969) continued the examination of the effects of rotation

on oscillatory motion about islands and siIls;.where botton topography

was either discontinuous or analytic. Miles and Gilbert (1968)

discussed the theory of scattering by circular islands which could

be floating docks, that is, where the body does not necessarily

touch the sea floor. Lautenbacher (1970) considered a nurnerical

solution to the integral equation describing long wave reception

for circular or elliptical symrnetry.

Another numerical approach to the problem of scattering by

oceanographic features is that of Berkhoff (L972) who used finite

element techniques on circular islands and parabolic shoals. Shaw

(I974) used finite difference techniques to examine the scattering

by a circular island surrounded by a region of varying depth.

Another finite difference approach is that of Vastano and Reid (1967)

who also examined circular island scattering. They were principally

interested in the response to tsunamis.

Articles from related fields during the early seventies include

Chen and Meirs (1973) discussion of wave forces on an elliptic

platform, using Mathieu functions, and the beginnings of slender

ship theory. Faltinsen (1972) examined the first order theory

applicable to restrained ships in head-sea waves while Maruo and

Sasaki (1975) extended this to second order.

Since the mid seventies a great deal has been done on the

scattering problem. We will first examine the work which is mostly
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analytical and then discuss the purely numerical articles.

Christia¡rsen (1974) examined diffraction around arbitrary

shaped islands using Greents functions. This work was followed up,

in 1976, by an investigation involving ray methods. The latter

research focussed on islands with a parabolic topography with or

without discontinuities. S¡nith and Sprinks (1975) used the

geonetrical optics mild slope approxirnation to give an equation

which is an asymptotic approximation to the behaviour of waves.

The model was tested using topography similar to that in Lautenbacher

(re70).

In 1976 Jonsson, Skovgaard and Brink-Kjaer discussed diffraction

and refraction as separate phenomena and conpared the two theories

for a circular island surrounded by a parabolic shoal. Provis (1976)

conducted an experimental study of island diffraction which showed

that Keller's geometrical optics theory (see later) is not complete

enough to describe the phenornena observed. Roseau (1976) examined

the scattering caused by a wedge in a rotating ocean. Note that

his analysis is not valid for a wedge in a non-rotating ocean.

In a continuation of the work done by Longuet-Higgins and

Summerfield, Losano and Meyer (1976) showed that some trapped waves

demonstrate exponentially small leakage properties, which means

that these modes are highly resonant. They gave examples of edge

waves of large radial wavenumber, which had this characteristic

using a circular island geometry. As an extension, Meyer and

Painter (1979) allowed absorption at the shore instead of the perfect

reflection condition used in the first paper. While some elements

of the response changed because of this boundary condition it was

found that the peak amplitude remained high. Meyer (1979) has

also wrítten a review article on the theory of wave refraction
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which, using a geometrical optics approach, covered simple ray

theory, resonant wave trapping and extensions for caustics. This

latter topic was also examined by Shen and Keller (1975). In

another paper (1980) Meyer has studied reflection coefficients

fron the reflection of waves incident on a continuous sloping

botton.

fn 1977 Pite introduced danping into a discussion of waves

diffracted over a circular si11. Dotsenko and 
'Chertesov 

(1979)

have looked at an asymptotic solution for diffraction over snal1

irregularities. In the same year, Kriegsmann (1979) used geometrical

optics on a topography described by a quartic equation - this was

unsuccessful to some degree because of the prediction of infinite

amplitude at the shore. Non-tinear wave diffraction has been examined

by Hunt and Baddour (f981), using asymptotic expansions, while

lr4cihring (1982) has considered extremely slender body theory.

A worker prominent in the fietd of slender body diffraction

in recent years is Mei. Originally interested in elastic scattering

(1979), he has since used the parabolic approximation to solve

diffraction problems in a fluid mechanics context. In collaboration

with Tuck (1980), scattering by thin bodies r{as investigated leading

to the conclusion that strong lesonances occul over sills. With

Yue (1980), Stokes waves h/ere considered as incident waves rather

than simple tine-harmonic surface waves, while Flaren and Mei (1981)

look at diffraction by a slender raft. Alt of these papers use

the parabolic approximation, which will be discussed in the next

sect ion .

Throughout the discussion above the theory of geometrical

optics has been cited. This theory, mainly used in electromagnetic
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problems, is useful in the applications of interest here but will

not be discussed. For an account of the theory see Keller (1962)

who summarizes the nethod, as formulated up to then. while

further refinement is always occulring, the basic ideas of

Kellerrs theory are presented in the article'

we turn now to the latest numerical approaches to scattering

by bodies. An important work in this area is the paPer by Houston

(1978, see also Houston, carver and Markle (1977)) in which a hybrid

finite element technique is applied to tsunami reception by the

Hawaiian Islands. Triangular elenents are distributed around the

islands in a circular mesh and analytic expressions are used outside

this region leading to very fast computations. As agreement between

numerical prediction and observed wave heights is good this method

is promísing. Another method, using finite differences' is that

of Bernard and Vastano (L977) -

Two papers have used the parabolíc approximation in forming

numerical solutions. Radder (1979) uses finite differences on a

circular shoal, after applying the approxination to the mild slope

equation, while candel (1979) uses a similar numerical scheme in

an acoustic Problen.

AnotherapproachisthatofBerhault(1980),whouSeSan

integro-variational method which he compares to boundary integral

and finite element methods ' Each method is seen to have advantages

under different circumstances.

The field of tsunami research, occasionally mentioned above,

is of some interest to scattering problems. Many of the techniques

used are found in both fields and a knowledge of work in this area

is an advantage in considering diffraction by islands ' As a
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discussion of this field is beyond the scope of the present thesis

the reviews by Hammack (1972), Chen (1976) and Bigg (1979) ale

noted for the readerrs reference.

To conclude thís section an interesting application of

scatteling theory wilt be considered, namely, the navigational

techniques used by Pacific Islanders based on the observing of

wave patterns formed by particular islands acting as scatterers'

These techniques !{ere observed as early as the last century by the

German sea captain Winkler (1899) who discussed the meaning of sea

charts, produced by the Marshall Islanders, with the navigators

who used them. The effects of scattering of waves driven by the

prevailing winds are seen in these charts and were useful for intra-

archipelago sailing, though inter-archipelago navigation mostly

relied on other techniques such as star fixes. Krieger (1943)

found other island groups in Micronesia and Melanesia used similar

charts while Arthur (I95f) noted the use Maori navigators made of

the technique. An interesting account of the modern day revival

of the various navigational features of pre-European Pacific

exploration can be found in Lewis (1978). This book convincingly

shows that these methods are practical and details their zones of

uSe. The wave pattern recognition technique, of immediate interest

in the present context, is shown to be a meso-scale rather than a

macro-scale navigational aid.

5.2 Problem Formulation

only the shallow-water wave problem will be formulated here.

As the basic equations are sinilar to those of Part I the application

of the theory to other fields may easily be seen by referring to

sL .2.
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We consider the irrotational tine-harmonic motion of an

inconpressible fluid bounded by a free surface, whose undisturbed

level is z=0, and horizontal seabeds at z=-ht in the region

R1 and z=Jnz in the region Rz, as shown in Figure 5.1. The

surface connecting the two seabed levels is a vertical cylinder.

An incident plane surface wave of wavenumber kr and unit anplitude

is assumed to be travelling along the x-axis'from the left.

As the flow is sinple harmonic in time, the problem may be

described in terms of a potential 0(x,y), after removal of the

z and time elements as in 51.2. The equations describing the

motion are now Helnholtz equations of the form

v2ó. (x,y)
I

t<f O, (x, r) = Q j=r ,2 , (s.1)

where n, is the wavenumber, and 0j

Rj , with the incident wave denoted by

ôo (x,Y) = ei 
kr

In R1 there is also a scattered wave 0r

radiation condition; that is,

is the potential, for region

(s.2)

which obeys Somnerfeld's

0, (s. 3)

R2. The flow field

the contour

+

lim [ (krr) a

ãI
v, ikr)0rl

k f -'@

r being the radial distance from an origin in

is subject to continuity conditions across C,

separating Rr and Rz, namelY,

and

0o + õr = 0r(x,y) = Qz(x,y) on C (s .4)
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e#¿ = (þì"*'(o't' on c, (s.s)

the derivatives in (5.5) being normal derivatives -

Because this thesis is considering shallow-water waves,

that is, waves whose wavelength is long in comparison with the

depth, then, using Lanb (L932;9228,229), from equation (L.7) it

can be shown that

k 2 (s .6)rhz
hk;

Note that if Rz is a solid body protruding above the sea surface

then k2=-.

Having formulated the problem in terms of a potential we

will now introduce the parabolic approximation. This essentially

says that the amplitude varies slowly in the longitudinal direction

as compared to the transverse direction. This disparity of scale

leads to a parabolic partial differentiat equation in which the

longitudinal coordinate becomes time-like. Much use has been

nade of this technique in fields such as underwater acoustics,

etc., see for instance McDaniel (f975), Corones (1975), Tappert

(1977), Brock, Buchal and Spofford (1977), McCoy (L977) and

Kriegsmann and Larsen (1978), as well as in scattering problems,

exanples of which have already been noted.

If we let

0. (x,y) R(j) (*,y)"t nt*, 
i=r,2, (s.7)

then (5.f) becomes

2ikr + * V2A(r) 0 in Rr, (5 .8a)
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+ Yz¡( 
z) 

= Q in Rz (5.8b)

In addition to (5.4) and (5.5) we assune that

A(t)+l as lyl** Vx>0. (s .e)

It will also be assuned that C is synnetric about the x-axis

and that it is defined by

y = teb(x) (5.r0)

If Rz is closed then e is the width-length ratio of the body

and then, for sirnplicitY, we let

b(0)=b(1)=Q. (s.r1)

If R2 is not closed we still let b(0) = Q.



93.

CHAPTER 6

ACRITICAL ANALYSIS OF THE PARABOLIC APPROXIMATION

FOR SCATTERING BY SLENDER TRANSPARENT BODIES

The parabolic approxi¡nation theory for scattering by long

thin bodies, developed by Mei and Tuck (1980), is analysed

critically by both a formal matched asrmptotió.expansion and

a numerical scheme based on the boundary integral equation method

of chapter 2. The exístence of a special range of parameters' for

which the theory is formally valid, is verified, and the use of

the parabotic approximation for paraneters outside this range is

examined. It witl be seen that caution must be used in thus

enploying the parabolic approximation, with breakdown occurring

once resonance, or a steep longitudinal gradient in amplitude,

appears.

6.1 Formal As totic Theory

As was seen in 95.2, different governing equations are found

in Rr and Rz. The approach to solving the problem here will be

to consider sepaïate asfmptotic expansions in e, in R1 and Rz,

and then match them across C. In this theory we will consider Rz

to be a finite closed region, implying that (5. 11) is true, and the

derivative of the body function b(x) (see (5.10)) will be taken

as finite at x=0 and x=1.

If , in the outer region Rr, we let x = 0(1) Ðd, for

some positive exponents u,,3,1,

y=YoeY '
kr=Ke-o , (6.r)

A( 
t) (*,y) = Al (x,y0)+Al(x,Y0)eß+43(x,Y0 ).'B*...,
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where

A(t) (o,y) = I + o(rÊ)

then (5.8a) gives the leading order outer equation

K2H

K2 (H-r)

-K2

29+6 = 2,

c[=I,

ô>0

ô=0
ô<0

(6.2)

(6.4)

(6 .7 a)

(6.7b)

(6 .7c)

2í + (6. 3)

provided

g,=2\ 
'

that is, if Y = O(ti/')

Now, examining the inner region R2,

constants ô', U,

i
Y=Ye,
ht/hz = He-ô ,

R( 
t) (*,y) = A'r (x,y' 1+ni, ¡x,t' ¡ eu*d3 (*,y' ) e2rr. . . ,

x being of order unity, then the leading order inner equation frorn

(s.8b) is

+ ËA'1 = g, (6 .6)

where

-Ë
dx $#=o '

íf, for some positive

(6 .s)

k2=

The three separate cases in (6.7) cotfrespond to scattering by

(a) prominent sills, (b) s¡nall sil1s or shallow canyons, and

(c) deep canyons, respectively. It is of use to note that (6.7)

inplies a(1 forall ô.

To remove the sihgle degree of freedon ô in the exponents

for first order sill scattering, ß and U not appearing in the
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leading order equations, and to investigate the canyon further,

the matching conditions (5.4) and (5.5) need to be invoked. To

do this, (6.3) and (6.6) nust be solved in the appropriate regions.

In Rr, due to the redefining of variables in (6'1), the

inner region Rz appeals as a line of unit length on the x-axis.

The solution of (6.3), with this boundaty, is

R! {x,vo) =l- r
Jo

= $t*'o*

dEv (E) exp (i KYo' / z{*-E))T (6.8)

(6 .e)

where

where a(x)

0nC

v(x)

A(x) = |

) 0 < x ( 1,

because the problem is analogous to heat conduction in a semi-

infinite rod with tine-varying flux at the end Y0=0' For details

of the derivation see Appendix IIA; note that the x-coordinate is

time-1ike in this interpretation. For matching purposes the snall

Y0 limit of (6.8) is required, that is, from Appendix IIA,

R![x,vo) * A(x) + v(x) lYo | + 0(Y02), Y0 * 0 (6. r0)

where

d6v(E) (x-E) -|A (6. r1)

In Rz, equation (6.6) has the solution

, (*,Y' ) = a(x)cos(ky' ;, (6.12)

r
Jo

i
A

is, as yet, unknown.

the stretched y-coordinates have the values

r_g
yo = !e 'u (*)

t' = rb(x) ,

(6.13)
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so the continuity of potential condition (5.4) implies that

A(x)=a(x)cos(Rb(x)), (6.14)

to leading order. The flux continuity condition (5.5) nay be

rewritten as

-ô[-
L

cl
l)

aA( (x,y)^ z

âYu
- eb' (x)

aA(t)
iKe-oA( 

t) (*,y) + I

J

(
\

(x,y)
He âx

-l à,t( 
2) 

¡x,y1 - eb , t)(l (i Ke-oA( 
t' (*, y') +

ðA(') (x,y) , (6. 15)
AY¡ ðx

where y is given by (5.10). Using the expansions (6'fc), (6'5c)'

(6.10) and (6.13) the leading order term of (6'15) is

FIV(x) = -ka(x)sin(kb(x)), (6. 16)

provided

a + 26 = 2. (6.17)

Assuming (6.17) is obeyed, (6.14) and (ó.16) can be combined to

give an integral equation for V(x), narnely,

A(x)=-hC*lcot([b(x)), (6'18)
k

A(x) being given in terms of v(x) by (6.11). This is an Abel

singular integral equation and may be solved by trapezoidal

techniques outlined in 96.3.

Flaving obtained a leading order solution, (6' 18) in

conjunction with (6.10) and (6.L2), it renains to be seen what

effect the condition (6.17) has on the region of validity of the

theory, in terms of the parameters hr/hz and k1 ' Firstly'

for proninent sills (6.7a) also needs to be obeyed. combining

(6.7a) and (6.L7) we find that o = g = ?, which verifies the

ç
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inportance of the I'special class of tbarely-submergedr islands'r

discussed in Mei and Tuck (1980; 54). A cursory glance at the

remaining conditions (b) and (c) of (6.7), relating to canyons,

shows their incompatíbility with (6.17). Hence the parabolic

approximation theory is not forrnaLLy uaLíd for eøtyons and it

appears that it should only be used for barely-submerged si11

geometries with the Parameters
2

kr =þ=0(e') (6.19)
' ltz

In practise the region of validity is larger than that

described by (6.19). The reasons for this, as well as sone

explanation for the restricted validity, will be given in 56.3

from comparison with the results of the numerical model to be

outlined in the next section.

6.2 Numerical Methods

This section will set out the solution of the singular integral

equation (6.18) by numerical means, as in Mei and Tuck (1980), and

also the scheme for direct solution of the scattering problem by

a boundary integral technique. As the details of this latter

approach have been given in chapter 2, here the problem will merely

be set up.

we firsrly consider the solution of (6.18). The technique

use<l is described in depth in Weiss (1972), see also Tuck (1978).

A summary onty of the method will be given.

The interval over which we integrate, (0,x) in this case'

is divided into N segments of uniform size Ax. In each segnent

our unknown function v(E) is assumed to vary linearly with E.
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from Weiss (1972; 54), the following lower triangular system

V at the end of each interval, Vn, n=1,...,N, is found:

Then,

for

where

V

n -l
t-r*ufr"ur.u, i: 

vj \-j 1/t!.ot(kb" )-uwol

1+i-T Ftxn''R

(6.20)

(6 . 21)

n

u t

V = V(nAx), x = nAx, b = b(nAx) and
n

j=I,2,...,t-l (6.22)

2n
,, l.l=lr2r3r...rN

For the starting value Vo we let V(x) decay as x approaches

zero so as to balance the cotangent in (6.18), that is,

lim V(x)cot(kb(x)) (6.23)
x -X)

This results in

Vo = 0, (6.24)

which means that (6.20) may be rewritten as

n-l Lr

V,. = [-1+p. 
=1,u, 

*^_, 1/licot(frb.)-uwo] n=l,...,N. (6.25)
t

Note that if V(x) is three times differentiable and V"'(x) is

bounded then, fron weiss (L972; theoren 4.1), this method is

convergent of order two.

The technique outlined above has been thoroughly tested by

Weiss and Mei and Tuck (1980) so (6.25) will be used without further

4W =-j5

wo=1

[ (j*t)t'' -zjtt2 *(j-r)t/']

2|,-''' -(n-r)'''),I.l
n

k
H
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co¡nment, other than to note that the term -UWo in the denominator

acts as a damping term and stops infinite anplitude at resonance

points.

We now turn to the boundary integral equation solution to

(5.1). This technique expresses the potential in the two regions

Rr and Rz bY the integral equations

õr (*) ö r (x')
ãGr (x' ; x)

ân
I
)

à0r (x')\
cr (I';l)-¡" jo¿(I') I . {n'-c} (6.26a)(

\
ðG2(xr;x)

Qz (x) 0z (x')
ân

ð02(x')r
cz (r' ; l)--¡, Ir (I') x € {Rz-C},(0.20A)t

J

(
\c

where â/ðn is the outward normal derivative and Gr,Gz are the

Greents functions

Gr (x' ; x) äntr" (krr')

I (6.27)
Gz (x' ; x)

4
Ys (k2r')

the notation being as in chaPter 2.

For the potential on C the limiting process lndicated in

chapter 2 is used, multiplying the integrals in (6.26) by two,

and altering then to their Cauchy principal-value form, denoted I
l'

The contínuity conditions (5.a) and (5.5) are then used to find

ô at any point on C.

To do this in practice the integrals must be discretized into

N segments, as in equation (2.I2), by considering Q and its

derivative to be constant on a given segment and representable

by their values at the segmentrs midpoint. Then, by writing the

discretized integral equations as two matrix equations and using

the continuity conditions, the potential may be rewritten as
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(6 .28)Yr - [E (A-r) B(F-r)l-tf,

where I is the NxN identity matrix,

lvrli = 0r (5 ),

lB

[A]¡ - =

lElj _

IF]j,,,

ki
ñr

iI
2It
if
2Jt

Íoo.to 
(krri ) dc (I') ,

Hlt ) (t, r.' ) d.o (x') ,t-

t ) (k, r.') df, [x') ,t-u-*4

lmm
j=1 N; m=l,...,N (6.29)tt

fl -(F-I)g + ik Erç .

The two vectors g, L" are given bY

I eJ, - ^ikt*j

j=r,...,N, (6.30)

[t" ]¡ In*ì, IcJ, ,

where I¡ = (x, ,y, ) is the nidpoint of the jth segment and t*

is the vector of the x-components of the nornal at each segmentrs

midpoint, and

r,'= lx.-x'1. (6.51)
t '-l

For this method to work the matrix [E(A-I)-B(F-I)] must be

non-singul ar.

To evaluate the integrals in (6.29) the numerical and analytic

techniques outlined in 52.3 ate used.

It is also required that the value of the potential be known

at locations other than on C and to do this we discretize (6.26).

This discretízation is simpler as, knowing 0 on C, only one

of the expressions in (6.26) needs to be used for a given region;
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also the integrals are easier to conpute; see 52-4-

This numerical method, used only for contours symnetric

about the x-axis thus reducing the size of the natrices in (6.28)

by half, was tested on circular sills and canyons of various

radii, because of the existence, for this geornetry, of analytic

solutions in terms of series of Bessel functions (see Appendix

IIB and Longuet-Higgins (f967)). The agreeme4t' with 10-15 segments

per outer (k¡) wavelength, both inside the cìrcle, where the

amplitude is very oscillatory as in Figure 6.1, and on the boundary,

was excellent. That is, no detectable difference between the

nurnerical and series plots could be observed, except for some ninor

divergence on some of the internal amplitude peaks. This, of course,

only applies for kl f 30, âs for shorter waves a large number of

segments were needed and storage problems arose.

From the preceding discussion it is clear that the model is

reliable and wilt be of use in examining the validity of the

parabol ic apProximation.

6.3 Compari son of Numerical Results and Parabolic Approximation

Theory

since Mei and Tuck (1980) examined the centreline amplitude

of the velocity potential, that will be our basis of comparison.

We also enploy their example of a patabolic arc contour for C,

y=teb(x) =+2ex(1-x) (6.32)

Note that this biconvex airfoil is not analytic at x=0,1, so

the numerical method will not be as accurate at the ends as

elsewhere. However, the errors involved are only small and loca1



105.

as the numerical approximation essentially nodels a slightly

different end-shape. This is verifiable by exanining elliptic

boundaríes. It should also be noted that some 20 segments per

wavelength were needed for 3-figure nunerical convergence' due

to the slenderness of C.

I,lie first examine biconvex silts. An interesting result of

the parabolic approximation theory is that resonance occurs over

the sill if, fron (6.18),

ffi*nn2
K n=0,1 ,2, . . (6 . 33)

Now, as K2 = 0(l) by assumption, the formal theory implies

that only the early stages of resonance can be described. This

seems togical in view of the neglect of terms like AA( 
t) 

7ð*,

since at resonance Steep longitudinal, as well as transverse,

gradients in A(') are expected. Thus, cu1ves such as those for

kr = 10,15 in Mei and Tuck (1980; Fig. 3) will not be accurate*-

This is borne out by the numerical results shown in Figures 6 -2-

6.4. The first of these shows that for k,h satisfying (6.19),

when no resonance is observed, the parabolic approximation is

accurate. Resonance, hohlever, is not well described, although,

as is evident from Figure 6.3, the position, if not the magnitude,

of the first resonance peak is predicted fairly well. In fact

the early stages of the bifurcation of this peak are also locationally

predicted. For more complex resonance' as in Figure 6'4, even

*It should be noted that the legend of Mei
appears to be incorrect- The sill should
hz/ht=g ' 1 .

and Tuck (1980;
have parameters

Fig. 5)
e=0 . l,
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Figure 6.2: Comparison of the parabolic approximation (-1 and the

b.i.m. results for a parabolic sill with

Parameters g = 0.1, k1 = 5, hr/hz = 9'
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locational accuracy is lost however.

Turning our attention to canyons, it will be remenbered

that the theory of 56.1 predicted that the parabolic approximation

is never valid. The veracity of this conclusion is confirrned in

Figures 6.5 and 6.6. Once agaín a major reason why the parabolic

approximation does not work well is that it predicts significant
¡ 2) gradients near the leading edge, while notlongitudinal A'-' gradients ne

including these teflns in the theory. A1so, the assumption that

lO I = 0(1) at x=0 is not valid, especially with increasing

canyon depth, as shown in Figure 6.6. The scattering cross-section

for this case, Figure 6.7, reveals that the incident wave suffered

significant side scattering as well as forward scattering, with

the peak scatter occurring at an angle of 25o from the positive

x-axis. This result is contrary to the parabolic approximation

which assunes that scattering is predominantly fotuaz'd directed.

In Appendix IIC will be found a discussion of how the scattering

cross-section is obtained from the boundary integral equation

solution.

Figure 6.8 surunarizes the conclusions concerning the I'region

of validity" of the parabolic approxination. This figure shows

the paraneter range (enclosed by a solid line) in which the

parabolic approximation theory predicts an absolute error smaller

than tulOeo of the total amplitude along the centreline of the submarine

feature. Note that this is somewhat deceptive, as the area close

to the H-axis has a reLatiue error in the predicted disturbance

much greater than 109o. However, because the amplitude is almost

uniformly unity in the cases represented by this region, this
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Figure 6.5: Cornparison of the parabolic approxirnation (-) and 
:r

the b.i.rn. results (-' ) for a parabolic canyon with

Parame ters Ê=0.1, kr=20, h¡/h2=9.5
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difference is not noticeable on any but a greatly magnified plot.

This figure, compiled fron 45 paraneter conbinations with

e in the range [0.05, 0.2), is only for a biconvex contour,

but sinilar plots would be found for other boundaries. It indicates

that the region defined by (6.19), whose approxinate boundary is

dashed, is the heart of the range of validity. In addition, the'

figure indicates that so long as resonance or steep gradients do

not occur, the theory is useful. Thus, the spike along H = 0.2

replesents features where hr - hz and the resultant disturbance

is snall. sinilarly, the graph asymptotes to the H axis as

kr + 0, for in this limit both the island and infinitely deep

canyon problens have no disturbance. The other feature of this

figure is the (striped) region which shows where lesonance begins

for sil1 scatterers. In this region, as shown above, the position,

but not the magnitude, of resonance is well predicted.

It is also interesting to note that this figure suggests

that scattering by islands does not obey the parabolic approximation,

except in the degenerate case of k1 - 0, this problern being

described by the graph as H + æ. As will be shown in chapter 7,

this suggestion ís not correct for a range of non-trivial k1.
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CHAPTER 7

THE PARABOLIC APPROXIMATION FOR SCATTERING BY

SLENDER OPAQUE BODIES

The parabolic approxination theory developed in the last

chapter is here applied to the near-field of scattering by islands

It is shown that for a certain parametel lange the theory compares

well with numerical results computed using 
"r, 

-"a"ptation 
of the

b.i.e. method of 96.2. The theory is extended to second order.

In addition to the situation when b'(0) is finite the effect of

letting this derivative be infinite will be examined.

7 .I Leading Order Theory

The near-field of the island described by (5.10) will be

considered to consist of two regions, an inner space very close

to the boundary of the obstruction and an outer region. The

solution to (5.8a) will be examined in the two regions and

matched across the undeternined boundary separating them. It

will be assumed that

k=Ke -g (7. r)

Note that in this theory the derivative of the body function b (x)

will be taken as finite at x=0 and x=1, the ends of the

finite island.

If, in the outer region, we let x = O(1) and, for sone

positive exponents Y,ô

y=yoeY Ocy<1

Ao = 1 + r6R! [*,yo) * e'ôR!(x,yo) + 
U'2)

then (5.8a) gives the leading order equation

0 < u < 2.t



2iK âA1
-ãx

a2Ao
tYTt 0+

r14.

(7 .3)

(7 .4)

(7 .s)

36+ 0(e ), (7 .6)

(7 .7)

2íK +

Thus, from Appendix IIA, the outer solution is

if

d = 2y, c ) ô,

and the second order equation

aA9
ôx #åå=o

ao = r _ (1+i)
' 2lt¡K

2

I f,ô dlVe. ([) e'
,fx-q

o2KY I z(x-E)

tFt
r
Jo

which has the limit as Yo + 0 of

Ao=l+
2

I .uô{ao{*) + Yovu(x)) +

l,= t

where

e

3,\(e -)

A (x)=-
9"

In the inner region, let

Y=t'e
A' = r + rßR', [*,v' 7 * e2gir(*,t' ) + .

so that the leading order equation to (5.8a) is

(1+i) r dEv¿(E)-2W )o-7*7'

a+ß<2,

9,=l ,2. (7 .8)

(7 .s)

(7. r0)

(7.11)

ild, if

the second order equation is



-0 (7 .12)

Equations (7.10) and (7.12) give the solutions

A', = ar (x)Y' + a2 (x)

(7.r5)
A'z = a¡(x)t' * a,*(x) ,

the fi.rnctions a. (x) to be specified later. 
-

To perform the natching sone of the a. (x) in (7.13) need to

be determined fron the boundary condition

AA

ãi = to'(x) (ikA+\ ) Y=eb(x), (7 'r4)

so, substituting (7.9) into (7.L4)'

l ri.'^r r- xrx)) = Q (7.f5)
âY-r \^'v\/

is obtained as the boundary condition compatible with (7.10) and,

if
2$ + s = 2, (7.L6)

the second order boundary condition becomes

aA',
ñ- (x,b(x)) = iKb'(x) (7 .17)

â'd,
ãrz

rl5

(7.18)

t'l * o(e'ß). (7.le)

Equations (7.15) and (7 .I7) imply that

ar(x) = Q

as (x) = iKb'(x) ,

so the inner expansion may be written

A' = 1 + rß"r¡*1 * t'B(a+(x) + iKb'(x)

We now turn to the matching of the inner and outer solutions.

Comparing (7.7) and (7.19), noting that ß = ô, it is seen that



az (x)

aq (x)

vr (x)

= ár (x)

= Az(x)

= iKb'(x).

116

(7 .20)

Therefore to leading order the inner solution is

A =l Ç .'-", 'l*o 9_+ , o (e2-t) (7 .zL)

and the outer solution is

o2

r
Jo

iKY I z(x-E)
Ao=1 i-l t -s,l 2 d€b' (E) e * 0 (e2-s) , (7 .22)/x-E

if , frorn (7.1) , (7 .4) and (7.L6) ,

2 (o,<2 (7 .23)
3

7.2 Second Order TheorY

Fron cornparison of (7.2f) with numerical results it was

decided to extend this theory to second order to seek a better

agreement between the two techniques. These conparisons wilI be

shown in a later section. In the present discussion the second

order theory wilI be presented, to be discussed with reference to

the first order solutions and the numerical method ín the later

sect ion .

There are two ways of approaching this second order theory,

leading to solutions valid in different parameter ranges. Firstly,

let a 2 2ß, then the third order outer equation is

E
K

It

2iK (7 .24)

so that, using Appendix IIA, the inner expansion of the outer

solution is now

aAg a'RB _ ^Tx'ãfl-z - v,



A0 = r + eß(¿r(x) * et-d'y'vr(*) - iK41¡x¡e2-'t'' r...)

* e,ß(Áz(x) * et-d'vr(*)t' + ...) * r'ß(/¡(x) +...) +.... (7.25)

Simílarly, the third order inner equation is

(7 .26)#l= -2iK*

dE[b' A F +2Ai G)b (

LL7 .

(7 .27)

(7 .30)

(7.51)

* o(e3-tol'),

,

which has the solution

ds = as(x) + a5(x)Y. - iK4i (x)vf

From (7.14) the third order boundary condition is

(7 .28)

which implies that

as (x) = iK[b' (x).4r (x) * Ui(x)b (x) ] (7 .2s)

Therefore, comparing the inner expansion ((7.19) * (7.27)) with

(7.25) it is found that, in addition to (7.20) '

As a result of this matching our second order inner solution

1S

A '= I -
i-1 t-al 2K-e'fi

r
Jo

+Ê '-"{r*'[x)Y¡ U+ú["

while the second order outer solution is

x-



Ao=1- -l t-al 2

-çÎt
r
Jo

i-1 2 -s, d

o2iKY I z( x-E)
e

x-

At +ui(Ðb
x-

118.

(7.s2)

+ 0(e3-3el 
2 

)

(7 .34)

(7.36)

e
T1

r
Jo

if

I ( a < 2. (7. 55)

On the other hand, if o = ß (or s'=2/3) then the second

order outer equation is

2iK *L +
ð'þå.

-=-
aY0 2

a'nl
Txz-

instead of (7.5). To solve (7.34) a particular integral Pz(x,Yo)

is needed in addition to the conplementary function (IIA.f3).

using the principle of ninimum singularity the Taylor series

P2(x,Yo) = cz(x)Y3 + ca(x)Y! + (7. 5s)

was assumed to represent the sna1l Y

Upon substituting (7.35) into (7.34)

cz(x) = - !/1(*)

cr(x) = - |qf*l

o limit of P2(x,Yo).

it is found that

and that c. (x), j ) 3, can be written in terms of lower order
t

The third order outer equation is now

âAi-Ã-dX
(7.37)2iK +

for snall Yo, of

c

a'no.-
-ãxz-a'nl

ãY¡Z

which we will assume has the solution,

n! ¡x,vo) =.4s(x) + Ps(x,Yo) + a(Yo). (7.38)
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The inner expansion of the outer solution is thus

A0 = r * .ß(¿r (x)*er -ctl 2vt(x)t' -ire"-oo.r(*)yt'+...)

* r'ß(Áz (x)*rt-d'vr(*)l -.'-ocþic*l+ilØ[ (x))t' t *- . .)

* e3ß(,4r(x)+Ps(x,0)*...) * a(euß) ,

and if the inner region is described by (7.10), (7.12) and (7.26)

then matching (7.39) with the solutions to thes.e equations gives

us that (7.31) and (7.32) are once again the solutions in the

inner and outer regions respectively.

As an example of the results obtained by this theory consider

the biconvex island (6.32) which has an inner solution' upon

evaluating the elementary integrals in (7.31), of

3-3o,1 2

(7 . 3s)

(7 .40)A' 1-
x.

-tl2) + 0(e )+ 4ik Cr*i'(å

if t' = b(x).

7.3 Theory for d.=2

To date we have been concerned with s, < 2 in (7.1). However,

when d,=2 sone progress can be made. When this is true the first

order inner equation is

2iK aAi-ã* =0 (7 .41)

if we do not begin our expansion with unity but with

The corresponding boundary condition, fron (7'14), is

n'o (x,t' )

$ rl<,b(x)) = iKb'(x)A'o (x,b(x))

This problem is not easily solved analytically but

istand coast is given bY

Y=¿/x

(7 :42)

if the

(7 .43)



then a similarity solution nay be found, namely,

ike
=l r

)et

¿(¿,.) "i 
nrz lz U,

", 
*r'l , dr)(4ei ke2l s

r20.

(7 .44)
+ ike

2

This solution was found by Mei and Tuck (1980) but their equation

(2.I3) is incorrect.

It is of interest to note that (7 .44) i, it " eæaet solution to

irrotational tine-harmonic flow past a parabola, not just an

approximation. That is (7.44) is the solution to (5.8a) with the

boundary condition âQ/ân = O on the curve given by (7.43). This

solution was fou¡d by Lamb (1906) and is reproduced by Jones (1964;

p. 468). Note that A is constant on the boundary curve.

7.4 Local Expansion Near Curved Leading Edge

The theory of 57.1 and 57.2 breaks down locally where there is

a curved end because b'(x) becomes infinite in these regions. In

this section a local expansion near a curved leading edge will be

employed to overcome this problen. Note that the trailing edge

cannot be so treated, as singularities of at least logarithnic

severíty still occur there. The removal of this singularity is a

problem as yet unsolved.

For the purpose of demonstration the elliptic island

y = te,/ffi) e.4s)

will be examined. However the theory is easily applied to other

island shapes with a curved leading edge.

In an inner region near x=0 let



x=X 9,

Y ={

e"

t rt+rl z

t2r

(7 .46)

Ac = r*rYnf (xl,yl) *."1tl6o,yl) +

so that (7.45) rnay be expanded as

y = er 
*"t'rÆG - **'

tAe' xL2
4 ) (7 .47)

Substituting these expansions into (5.8a) we obtain the leading

order equation

a'nf -ffi= o, (7.48)

if

0<u<2,0<a<2, (7.49)

and, if

'( + a, < 2, (7.50)

our second order equation is of the sane form as (7 .48). Making

the further assunptions

d+2y=2,c¡>a (7.51)

an inhomogeneous third order equation is obtained, namely,

atnå - ",u àÃ!
ãfF- - zirffi (7's2)

Solving these sinple order equations gives the expansion

A9 = 1 *eY ¡dr ¡xl¡ +d2 (xs) vl) *e'Y (d, (xl) *dn (xl) v¿)

*e tY (du (xr1 *d5 (xl) yr- irdi (xl) yL2 -¿Kd,; (xs) yL') ,o(eu Y) (7 . s s)

for the inner anplitude.

o
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The boundary condition (7.14) nay be expanded in terms of

(7.46) aú (7.47) to give the first three order boundary equations:

$ c*',r*') = Q

.rqfi{*0,/*u¡ =*ffi

$ c*u,r*,, = . #i (xr,,/xr)

(7 .s4)

The last of these is valid only if the condition f < a holds,

as well as (7.4g)-(7.51). These boundary equations, when applied

to the solutions of the appropriate order equations, give us that

d, (x¿) - o

du (x¿) = íK/Q/IL) (7 . ss)

d.(xs) = 2iKdi rx\Æ. t*åiÍï"

The outer reg on is treated as in 57.1 so that the inner

expansion of the outer solution becomes

A0 = I *er Ar¡xø;*e2Y¡you, (*o) *Az(xL)) *e 3Y (¿ g (xl)

+vz(xl)vl-ircqi (xr) YL')*. .. . (7's6)

Note that, from (7.2) 6 = Y and, from the definition of

\ (x), (IIA.3), (x) = ¿-ol'V. (*U). If (7.53) is matched with

(7.56) the following equalities are found:

d' (Xl) = '4't (X[)

v, (Xl) = ¡/Q/xL)

¿, (xl) = Az(xL) (7 's7)

¿u(x¿) = ¿s(x[)

vz (x ) = 2iY'Ai (x¿) 
'F 

. iK 4{l\
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The leading edge inner solution is thus specified to second order

as

ike 2

2

9,

r, (7. s8)A =l wE

for the island whose boundary is given by (7.45). Away fron the

leading edge (7.3L) is valid and the two solutions are natched at

the point where they possess the sane value. Our outer solution

is (7.32) for all x in the intermediate fíeld of the island,

however.

7.5 Boundarv Integral Equation Method

As in chapter 6, only the formulation of the b.i.e. technique

will be specified here as the details were set out in Chapter 2.

The scattered wave potentíal in the ocean around the island

is gíven by (6.26a) and on the coastline C itself

0r (x)

using the notation of Chapter 2 and 56.2, as there is a Neumann

boundary condirion on c. If (7.59) is discretised as in (2.L2)

then it may be rewritten as the matrix equation

Yr= (A- I) z (7 .60)

where I is the NxN identity matrix, Y1 and A are given in

(6.29) and

z = BYo, (7.6I)

B also being given in (6.2g) while

[Yo]¡ - -ikn*. "t**j 
(7.62)

tt;t' 
'Æ't rä

Y * 0çk3l 
2 ¿t¡
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Note that (A-I) nust be non-singular for (7.60) to be useful.

The integrals in (7.60) are evaluated using the analytic

and numerical techniques outlined in 52.3.

As only islands symmetric about the x-axis may have the

theory of this chapter apptied to them,the size of the matrices in

(7.60) could be reduced by half, which saved much storage space

and c.p. time. The numerical method was teste! on circular islands,

as analytic solutions in terms of Bessel function series are available

for this geometry (see Appendix IIB). The agreement between the two

solutions on the coast of the island was excellent when 20 segnents

per wavelength were employed; so good in fact that the two could

not be distinguished apart. The figure of 20 segments per wavelength

was chosen because that is what will be generally used in the

comparisons between the asymptotic and numerical rnethods in the

next section.

7.6 Comp arison of Nunerical Results and Parabolic Approxination

Theory

For the purpose of examining the theory of 557.1, 7.2 t'he

biconvex island whose boundary is given by (6 .32) wiLl be used.

As was noted in 56.3, the numerical method will not be as accurate

near x=0,1 due to the non-analyticity of the boundary curve at

these points. However, the errors involved are only smal1.

Equation (7.40) gives A' on the coast to second order so

the modulus of this expression will be compared to locll I along

C. Three different (k,e) pairs are examined in Figures 7.1-7.3.

In each, the numerical results are compared with the first and

second order asymptotic theories. The teading order theory
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approxinates the numerical curve fairly well in all cases, if the

smaller anplitude waves in the numerical plots are snoothed. The

second order was evaluated to attempt to model these waves but this

did not occut. However, as ke gets larger these waves become

s¡naller and the second order solution should give a good estimate

of the amplitude. Examples only up to k=40 are given because

of the large c.p. time required for larger k. but the trend in

the figures illustrates how the second order ,årrraron will be useful

in the upper part of the region of validity (7.33).

The waves superinposed on the mean amplitude in the numerical

results have a wavelength very close to r/k, that is, half the

wavelength of the incident plane wave. Their pÎesence is as yet

unexplained, but note that they are not always inportant; for exanple,

an airfoil oriented so that its blunt end faces the oncoming flow

does not produce such waves except of almost undetectable amplitude.

Islands with curved leading edges will now be examined. As

57.4 took as its example an elliptic island (7.45) this will also

be used here. Choosing a body whose trailing edge is also curved

will demonstrate how the theory breaks down in the vicinity of an

infinite slope rear.

In Figures 7.4-7.6 the numerical model is conpared to the

first and second order solutions of the asynptotic theory for

elliptic islands of various ke. Note that the expression used

for the latter curves away from the leading edge is

)o-z*to å"Í"
E(/E) e-2Ð+r(/Ð C-1ot

/ (L-Ð 6 (x-6)

(7 .63)

A=l (i-1) k
'rel2E(/x)-K (/x) I +ikÊ 2 

[
\
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found from (7.31) with E(x), K(x) being complete Elliptic

integrals as defined by Gradshteyn and Ryzhik (1980). The integral

in (7.63) was evaluated nurnerically by quadrature fornula 25.4.39 in

Abranowitz and Stegun (1972).

As for the finite end-slope islands considered above, when

ke is relatively snal1 the first and second order asymptotic

solutions differ little, as shown in Figute 7.4., and give an

average of the numerical results, which exhibit a wave-like structure'

Near the leading edge the effect of the theory of 57.4 is to smoothly

guide the solution to its zero limit, at least for the first order

solution. Note that the second order solution does not quite do

this, but flattens the amplitude out for a small distance behind

x=0. As the rear is approached, however, the asymptotic theory

becomes singular. This does not become apparent, for this ke value,

until very close to x=l.

If Figure 7.5 is next considered, where kE is now double its

value in Figure 7.4, a similar picture is seen, except that the

flattening of the second order solution extends to around x=0-075,

instead of being confined to a very naT1'ow region, and the second

order solution appears more singular near the trailing edge. The

overall inpression of this figure is that the second order solution

gives a slightly inproved view of the mean amplitude to that of the

first order solution for x < 0.75, while it diverges more for

x > 0.9. Note also that, as for finite end-slope islands, the

amptitude of the perturbation to the mean numerical result is

decreased as ke is increased, albeit slow1y'

This is true in Figure 7.6 aIso, where ke is doubled once

nþre. Most of the features noted of Figure 7.5 appear in this figure,



135.

such as the ftattening of the second order solution near the

leading "dge, 
and the unsatisfactory nature of the second order

solution as x + 1.

As indicated in t7.58), the first order leading edge solution

is just the zero linit of the inner solution found using the

techniques of 57.1. This is true for all island shapes. The

second order leading edge solution acts as an -anrplitude stabilizer

whose influence spreads as ke increases, due to the blunt end

looking more like a parabolic island as the wavelength of the

incident wave decreases.

To sum up, comparing numerical experinents with the asymptotic

theory shows that the theory is useful in the range expected (7 '23)

but does not, in general, fully describe the numerical results. A

wave perturbation is superimposed on the coastal anplitude of nany

islands, which is not predicted even by higher order theory, and

difficulty is encountered at infinite slope trailing edges' However

the trend of the amplitude (or a pelturbation-wavelength spacial

average) is given by the present theory, which would not, in any

case, be expected to predict small-amplitude short-wavelength

x-disturbances because of the assumption of sma1l longitudinal

gradients in the amplitude of 
"t 

** built into the theory. Note

that the perturbation seems to be due to a reflection of the incoming

waves frorn the trailing end of the island- Such a mechanism would

explain the larger amplitude of the super-imposed wave neaT x=l

and the problems with convelgence neal. this point. Reflection was

also the Teason why the parabolic approximation broke down in

chapter 6; however it has not, as yet, been able to be incorporated

into the theorY.
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APPENDIX IA

Contribution to Exterior Potential from Circle at Infinity

As in the uses of boundary integral techniques in Part II

the outer curve at infinity is a conrplete circle rather than a

seni-circle, the following proof is for that case but the proof

also holds for any arc of the circle at infinity.

Theorem: The contribution to the exterior scattered potential,

0. , from the circle at infinity, C, is.zero <à Sonmerfeldfs

radiation condition holds .

Proof:

+ lin
kr -¡o {Í,",'*

f"c.þ-0"þar=o

- o. N9; 
n"ot) = o

zlil

--]*{Í, rrrr%c{G')"[þ - ¡0, ]]-rn'r"0,{cn'l.l# - tn.]}uu} = o

I
I*-,tï[ cr<rl 

%c{ G'). [þ - ' ¡0, ]]- rn't'0, { rn't "l- ðr
I
I

ðG - ikc =Q

but 0. t C and 0. and G obey the same boundary conditions so

-l:l{(k").|þ- ¡0,]} = o,

which is Sommerfeldts radiation condition



136 ,

APPENDIX IB

Flow Throush Holes

l. Introduction

The problem of incompressible flow through an aPerture,

satisfying certain conditions at infinity, is a difficult one in

general, especialty in three dimensions, but a number of geonetries

rnay be treated. Two dimensional theory ís, of, course, nuch simpler

as conformal naPPing maY be used

Researchers have been working on this problem for both

conpressible and incompressible flows since the last century and

Rayleighrs pioneering work (1897). Some success was gained, as

nay be found from consulting Lanb (1932), and in recent years many

approaches, generally restricted in airn, have been tried. For

example, Tuck (1971), (1975) examined asyrnptotically the transmission

of water waves through smal1 apertures, while Memos (1980) discussed

the flor.I through the opening between two walls inclined at an angle

to each other. Ffowcs Williams (L972) looked at turbulent flow

through a screen of circular apertules,, while Leppington and

Levine (1973) extended this to elliptical apertures, in which the

aperture dimension was mrch smaller than the spacing between the

holes, which, in turn, was nuch smaller than the wavelength of the

incident wave. De Snedt (198fa) has examined low frequency

scattering through an apeTture in a rigid screen' both numericalJ'y

and analytically, in terms of pressure fields - he has also studied

annular orifices (f981b) . Sanchez-Hubert and Sanchez-Palencia

(1982) have studied non-linear and viscous fluid flow through

holes and the perneability of perforated walls. Some authors,

such as Ingard (1953a) and Hirschwehr (1974), have adopted a

classical approach and studied the Rayleigh end-correction'
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M.S. Howe, who has been active in resonator theory, has

also been promínent in the field of flow through aPertures. He

has looked at unsteady high Reynolds nunber flow through circular

apertures (1979b) and at gtazíng flow through circular holes

(1980a) and perforated screens (r980b). unsteady flow has also

been studied (I981b), (1981c) .

The nethod presented here, following that of Tuck (1975),

is still restricted in ain but is nore coÍlprehensive than npst

analytic results. The principat purpose is to find the parameters

which play important roles in the cavity lesonance theory presented

in Chapters 3 and 4. Much of this work can also be found in Bigg

and Tuck [r9S2) and Bigg (1982a).

2. Two Dinensional Theo

It/e need to solve

v'õ=o (rB. r)

subj ect to

P=o
dn

(r8.2)

on the aperture boundaries and (3.2), or

õ * 'êI rn(f) (rB.3),

as x -+ +æ. Most examples of solutions up to now, and discussed

in Tuck (1975), have had 0* = 0 = T, that is, they correspond

to openings in a plane watl. In particular, if the opening is a

sharp-edged slit of width w, in a plane wall of zero thickness,

then

5-
w

4
( r 8.4)
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Infact,thederivation,usingellipticcoordinates'ofthis

result in Tuck (1975) generalizes im¡nediately to that for an

opening consisting of a pair of hyperbolas, as sketched in Figure

IB.la, which has 0* = 0- < Tr*' Now s is exactly equal to one

quarter of the distance between t]ne foci of the hyperbolae, that

is, if w is the actual width at the throat,

( rB. s)

( rB. 7)

A plot of s/w

line.

against 0
+

is shown in Figure IB.2 as the solid

Another case in which the cavity aperture Peraneter s can

be determined, at least semi-analytically is that in which the

boundaries are straight-edged wedges as in Figure IB'3a. These

two wedges, of angles ofi and ßn, have their vertices at D

andHrespectively.Withoutlossofgeneralitl,Wgnayfixthe

location of H as the origin in the complex z - x+tY plane, and

also fix as vertical the left edge of the wedge with corner at H'

The angles 0- and 0* are as in 53'2, and of necessity

U
+

+0 +ctlT+$r=2r ( rB.6)

In what follows it will be convenient to set

0 =yr

The solution to (I8.1) is found by a schwartz-christoffel

mapping to the upper half n2 O of the 1 = l+in plane' namely

*For an idea of the proof see the discussion of the 3D analogy'
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| ! ,:-

cbo

Figure IB.1: Special oPenings: (a) hyperbolic, (b) syrunetric

wedge, (c) wedge with O-=tr'
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dz
dÇ

= -iei ßn ,-Y-t (6+t)t -o(6-u)t -ß (rB. 8)

for some paraneter U as in Figure IB.Sb. The corner points D

and H are napped to the points 6 = -1,U respectively. The

overall length scale in this problem is arbitrarily determined

by the fact that the constant multiplier in (I8.8) has unit

nagnitude.

The integral of (I8.8), for 6 = f+iO ân¿ 6 < U, satisfying

z(U) - 0, is

. -t-ß rE
z = - tu,, "(E-Y-u-Y)*il't-Y-r¡(t+r)t-o(u-.)t-ß-ut-ß1u.. (r8.9)Y Ju

Our main interest is in the location of the corner point D, which

can be written as

z(-L) - iut-ß[u-tt(c,ß,u) - 
"-tYn 

F(ß,o,1/u)], (I8.10)

where

F ¡a, ß, u)
-ct r-ß (rB.rr)(r -t) -1ldt.

There is no difficulty in nunerically evaluating F in

(IB.1l), and hence the coordinates of the point D. The method

used here is to make the prelininary change of variable t = rll(t-\),

wirich eliminates the algebraic singularity at t=0, and then use

the mid-point rule. In the particular case U=I, o=ß, the function

F reduces to a Beta-function, namely

F(cr,cr,l) = + B(r - !2, I-o). (IB.l2)

This special case yields an opening with symmetly about a line

through the midpoint of HD.

The flow problem is solved in the E-plane by placing a

source at the origin. That is, the complex potential is given by

I

| .-t-' [ (1+pt)r
)o

1

Y



for sone constant K. Now, as 6 + 0,

l={+il!

=1,,t6+K,

ul -Ê 6-Y + constant

r43.

(rB. r3)

(r8.14)

(rB. rs)

( rB. r6)

(rB.r7)

(r8.18)

(rB.1s)

K yi elds

1z+--
Y

so that

Similarly, as e ', -

õ- utr'"(#)

If+-
õ

This agrees with (I8.3) if

+K..

1 lns=K+

z-r-

I

0+l n
Ç + constant

so that

f->
e

which agrees with (I8.3) if

I - 1 /n\--rns=K-A-Inïa-J

subrracri". ";-(rB.t6) "".,tr.;;.:" 
eriminate

the required forrnrla for s, namely

s = nu( 
t-ß) uglt o_u ,

where

+

(r8.20)
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(rB.2r)V=

The problem is thus solved in an inverse manner by prescribing

ct,ß,y and U. Results are wanted for s/w, where w = lr(-t) l,
the distance between the corners H and D. Note that the length

scale for the separate quantities s and w is arbitrarily set,

by the choice of the rnapping (I8.8), but this-choice does not

matter for their ratio

Results for U=1, o=ß, plotted against 0* are shown in

Figure I8.2. The dashed curve is for the opening of Figure IB.lb,

which has a plane of symnetry along both the x- and y-axes, that

is, 0* = 0_ , and the dashed chain-dotted curve is for 0_ = T,

that is, for an opening in a plane wall, as in Figure IB.lc. We

recall that the solid curve corresponds to Figure IB.la.

These results indicate that the effective size s of the

opening is ineneased by decreasing the wall angles e+ from r.

This is most easily explained in terns of the hyperbolic opening,

for which the controlling parameter is the interfocal distance,

which exceeds the actual throat width. The increase is not rapid,

but by the time the angle 0* reaches 90o, a 100-150% increase

in s is predicted. 0n the other hand, as shown in Tuck (1975),

wal1 thickness tends to deerease tl'e opening parameter, providing

0 and 0 renain at 1800.+-

3. Three Dinensional Theory

In three dirnensions our governing equation is stilt (I8.1),

subject to (I8.2) on the aperture boundaries, but now, as z + !@,

$ must satisfy



(T.8.22)

A few solutions for plane walls, where Y* = Y- = 0 and

0* = 0_ = 2TÍ, are available at plesent, mostly in Tuck (1975).

For example, a circular opening of radius a in a plane wall has

õ*,qt(l l) ,.'"(%-)]

2a
fi
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( rB. 23)

( rB. 24)

Similarly, an elliptic hole with a seni-¡ninor a:<is of length d

and a semi-major axis of length a has

r/2S

zlûn ,ltTT K(L-d2 / a2)

where K is a conplete elliptic integral. Another geometry for

which an asymptotic solution exists is a cylindrical tube of

length 9, and radius a, shown in Figure IB.4b. Rayleigh (1896;

p. 18f) derives

2

5- M; a<<1, (rB.2s)

Several other aperture geometries may be exarnined successfutty

and the rest of this section wilt be devoted to this investigation.

One of these geometries is that of Figure IB.4a, which

consists of a pair of hyperbolas in the xz-plane rotated about

the z-axis with 0- = 0*. An angle v in the xz-plane will be

associated with this bodY, with

A+ = Ztt(L-cos v) (r8.26)

Using oblate spheroidal coordinates, where

z = a cos ct tan ô

x=asinctsecô,

a

(r8.27)
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the opening surface is given by c = constant. To satisfy (I8.2)

let

=ôõ = dã (IB'28)
+

r
c

<a
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( rB. 2e)

(r8.30)

(r8.31)

2ra æ

Thenas r*-,

which inplies s

and is given by

o *,(i - i),r"r,¡ -3+ 0(r ) t

2a/r. However, 2a is the interfocal distance

where w is the width of the opening, thus, using (18.26),

w
S

d-
I^¡

7siäT'

/3YL - 
-4T

Figure IB.5 depicts the variation of s/w with 0* for

(18.31). The main feature to note is the slow change of s/w with

0*, which indicates that the shape of the opening does not have a

great effect on s. This conclusion is supported by (18.24), as

shown in Tuck (1975; Figure 3).

we will now examine an orifice with curvature. consider the

axistsmmetric opening geometry of Figure 18.6 which as z * -,

approaches a paraboloid of revolution. The potential in z ) 0,

for unit flow through the hole, can be treated by assuning that

I

r >a.
âór
ã71 z=O

= F(r" )
f(r")

( r8. 32)



149.

- 
-+z
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0= (r8.33)

If f(r" ) = 0, the problern is flow through a circular hole

in a plane wall, which has the solution, upon evaluating (I8.33),

2a

lr"-"Jo 
(pr" l¿pÍorcclJo (pE) EdE, z 2 0.

Then, using Larnb (L932; 5102, ee. 4),

150.

z>0

z=0,T"<a (18.34)

z=0, T. s ît

( rB. 3s)

(r8.37)

arcst
L + (a+r" ) +(a-r" )

0= 2¡a 0

where 0 is scaled to zero in the aperture. Integrals 6.752.1

and 6.695.6 of Gradshteyn and Ryzhik (f980) can be used to obtain

IT

2
I

"""oru.(r-)
ÍT

2

(r8.54) .

ff f(r") /0 then

ô=ô *ö,
p

where 0e is the potential in (18.34) and 0e is the potential

due to the flow "through" the walls r" > w. If the interior

surface is given by z = Z (r" ), then along z=0, â1lowing for

unit flux,

aô aó.
àz ðz

r-7
2"

39o
ðt

(r8.36)(r
c

z=O

However, from (18.34),

2rr ,Æ
I

t r >a-
c'

c

so, in the right-half plane

c



0_ *aJ;"-'z Jo (rc ¡unf,re Jo (p6)d6, z 2 0. (rB.38)

15I.

(r8.40)

We are interested in alL Z(t") which approach the paraboloid

of revolution
2 (rB. 3e)r = clz
c

asr * -, so consider
c

I
1-=o[z=Z( r )

2
)

2a
cc

Substituting (I8.40) into (I8.58) and evaluating the second

integral, using Gradshteyn and Ryzhik (1980, 6.554.3), we find

that

(r8.41)

This integral is divergent, but we may add a constant to (18.41),

as it is a potential, in such a way to cancel out the divergent

element that is, integrating (18.41) by parts

0E = * ;;i,[tn 
p("-o"Jo(pt")cos pa]i + ln.c +

[-rnp"-o' (rJo(p"" )cospa+rcJr (pr" )cospa+alo (pr" )sinpa)dp]
)L

(f8.42)

where the ln 1, conponent cancels the divergent tenn in (IB.4f).

The integral remaining in (18.42) cannot be evaluated, but as we

are only interested in the difference between 0e as r + 0, and

T * @, we may let r^ = Q in (18.42) and find that

0^ = frtt" * rn(a2 +zz) I , r
c

= 0, (r8.43)

where E" is Euler's constant, Gradshteyn and Ryzhik (1980; 4.44I)

being used in integrating (I8.42). Therefore, normaLizing 0rl"=o

to 0,

0E #"f "-0" 
Jo (p'" )e#fop
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Equation (Í8.22) indicates that

Q_+e

I
ñ (

Çl = Zae

1n ) as z+@.

L52.

( r8.44 )

(rB.4e)

as z+ú (rB.4s)

along the z-axis, as Y+

that

= cr-l for (I8.39), so (I8.34) implies

2a
5--

1t
(r8.46)

the resulr (I8.23) without the added potential Ô., while (IB.44)

implies that

Çt = 2a. (18.47)

Thus the s parameter is seen to be associated with plane walls,

while the ç¿ parameter describes the effect of curvature.

other z(r") than (18.40) may be studied by this method,

for exarnple, if

'-#(l l) å'"(?)l

z = Z(r") = ][t" -") t (r8.48)

it can be shown that s is given by (18.46) once more, while now

-Ttl 2

!

I

I

I

I



APPENDIX IC

Deterrnination of b for Special Cavities

1 Circular-sector CavitY

The normalization condition

n2

153.

(rc. r)

(rc.5)

(rc.4)

(rc.s)

ÍÍ.,trdxdv = s

must be applied to (3.39) in order to compute-the shape parameter

b. If the sector, enclosed by the arcs 0 = +0*, is of radius a'

then (IC.1) maY be rewritten as

rlnbdr = rlnr - (fc.2)

which, using standard integrals, gives (3'40) '

2. Circular cavitY

For rhis case (IC.r) mrst be applied to (3.41). The circle

being of radius a and defined by T = 2a cos 0, (IC.l) may be

rewritten as

r/2 l',t /2
cos2ede = [2cos'e çtn (2acos0) it +

l"
Jo

r(
Jo\ *)o'

2lnb f.oruelae

and, using Gradshteyn and Ryzhik (1980; 4'387 '9), nanely,

f'

J

I
J 00

This can be reduced to

lnb =
n\

T-6f?r{rllr'' *s'elr,(coso) ¿s + Trrn2u - î .

(/z, 2î (2n-I) il
i ln(cosx)cos xdx = - -Tnl-Jo ä{'

(-1) rÌ---t-l
2î

I
9F

for û=1, equation (3-42) appears.

+



3. Rectan lar cavitY

Equation (3.43) may be rewritten as

where Re{ Ì denotes the real part of the quantity in the

This nust satisfYbrackets.

ôr

â0r
ðy

and the linit condition

0l +
2tt

I

in\ the boundary conditions

ð9t = o
dx

on x = OrL

=Q on y=!h

= fi au{,,1,'"n(qÐ))} # . #"!,a,,coshff'.oJfr ,

r54

(rc.7)

(rc.8)

(rc. s)

( rc .6)

Vt0 t
I-4il

1

"(;)
as r+0

The Laplacians of the first and last terms of (IC.6) a1.e

zero so (IC.7) is easily satisfied. The logarithnic term of

(IC.6) is the conplex potential for a source placed halfway between

two imperneable plates at y=+h, as shown in Lanb (1932; Articre

64, point 4), so that it will obviously satisfy the boundary

conditions on x=0, y=1h and the singularity condition at (0'0)'

The second term also manifestly obeys these conditions, as it

vanishes as r + 0. The last term of (IC.6) obeys the three

boundary conditions and, when taken in conjunction with the

logarithmic term, the condition (IC.9) clearly leads to (3.44).

However, the boundary condition âQr/ãx = 0 on x=L stilt

needs to be demonstrated and in the process values for an, n=I 12, '



will be derived. Now, as

h

L

- cos

T_
]f

- 1S1
Tty
h

S1
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(rc. r0)

(rc. rr)

ff

cotn(frcr.trl) = lTy
h

s

cos

ð0r (L,y) /ðx = 0 rnaY be written as

æ
nL
ï-ltco

IJî
-nny - LhJ,
5- - -----.ì rn rf L It Tty

hn=l cos -coT_

where

(rc.12)

If the denominat6r of the right-hand side of (IC.fl) is converted

into a geometric cosine series, that is,

A = na sinhlgl, \ .n n \n/

(rc.l3)
cosh h

then, using the orthogonality of the cosine functions, (IC.13) may

be written as

,,Ï, 
o""o,ff = f;{, - ."'n(+)uÏ,

ur

t'
OS

îy
T-

A,, = - 4t^*(ÐÅ(.""(*))-'Í:.",'rcosnrdr, n 2 L (ic.14)

upon use of Gradshteyn and Ryzhik (1980; 3.63I.L7) to evaluate the

integral in (IC.14) , the coefficients â- , û=1 ,2, . . ' , are defined

as in (3.45).

To find ã0t and hence b through (3.44), the normalization

condition (IC.I) is used, that is,

(rc.1s)



rs6.

The last term in (IC.15), denoted I, is integrated by parts,

and using the identity â/âx = -i(A/Ay) we obtain

'lT

2h
(x+ih)s

h = *,{tj_, r^('r"n(#(L+iy) )þr.tl, ,.t"I frc*-*'l
I
I , (IC.16)

s1

which, upon expanding the hyperbolic functions in the second integral,

becomes

c[=co >l

Integrating by parts, (IC-19) becomes

rf rL2

-=
2Ltj^ 2

l2

(rc.17)

(rc.18)

(rc. rs)

(rc.20)

dr (rc.2r)

nI
{'Í_,'"(""n(å(L+iy))Þ'} +2t-}r.

- ff.e

The real part of the integrand in (IC.17) is given by

ße
i, r"n(* c L +i y) )) = ;' "(,' "n' (*n)"",' (ïn)..",n' (+)" "' (#))

= 
1rr^("o,n'(*n)-."' "(ät)),

so, making the change of variable 'ç = Tryf 2h, (Ic.I7) becomes

nI
ffi

I 2 xsin2x
I +acos 2x

ttL2_T + * l"' 'n'o'-tos2'r)dt ', _.Í11 z

l.
I

fn
Jo

!{2n1no-
?T l.

where

2+

,^(P^)

'rsin2t
ozãosT

but, using Gradshteyn and Ryzhik (f980; 3.812'2), namely

r
Jo

(IC.21) becomes

dx = rln(r#), a>-l ,a10, (IC.22)



cosh
TL
ñ + sinh

t57 .

(rc.23)

(fc.24)

(rc.2s)

( rc. 26)

NL

using the exponential identities for the hyperbolic functions (IC'25)

becomes

rI
ffi

ttL2
) + 2hll )

-a

50, from (IC. l5) ,

r = L3h +rn2,

L2 zLhao=-7+-::ln2

4 Inverse Method

For the second order Potential

I
0r 2r 1

t' r2cos2o
4ra2 4raztr

lrn\s \
)

we need to solve the dífferential equation (3.50), or

(fc.27)

Mulriplying both sides of (IC.27) by the integrating factor tan

gives the exact differential equation

dr
ã6 (^' "(r 

. t*t^ 
))

Ào

it tanÀodo = o (Ic.28)À ("(
2 \
)an 0sin20dr +

Thus,usingtheprocedureforsolvingexactd.e.'SaSsetoutin

Kreyszig (1979, 51.5), we obtain (5'52) ' To evaluate b for a

particular À the expression (IC.26) nust be integrated over the

cavity either analytically or numerically'
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APPENDIX ID

Seni-infinite Line Sources

1. Properties

consider an inviscid fluid rnving irrotationally in three

dimensions which has a line of tmit strength sources extending along

the negative z-axís from the origin to z = -.L. The velocity

potential at a point P(x,y,z) in this fluid is

0

I
0(P) = - G

I'

J

de +C, (rD.1)

(rD. 2)

(rD.3)

( rD.4)

-L -221+7

where

r= (*'*y , *".)%

and c is any constant. we shall give c the special value

c=1Ln29.,
4.ß

Equation (ID.1) can be rewritten as

0lP) = 4n
ln(r+z) + ln 29"

z+9"+ 9" +rz +2zL
1 I

L I]

If we now take the limit of (ID.4) as g' -> -, keeping r (( ['

the potential reduces to

0(P) =
I
G ln (r+ z) (rD.s)

for the resulting semi-infinite line source. This result is

interesting as it gives a logarithmic solution to Laplacers

equation in three dinensional potentiat theory. Even though the
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potential is known, see Whittaker and Watson (1958; 518.30), it

does not seem to have been used extensively.

This axisymnetric potential has a corresponding Stokets

stream function of

1

'4t= oL(t+z), (rD.6)

with strearn surfaces given bY

L6n2þ2+8rþz=x2*y2. (rD.7)

Note that these stream surfaces are paraboloids of revolution, as

are the equipotential surfaces given by

snO ^ '+Tóe - -ze 'z=x2+y2. (ID.8)

However, tID.5) ís not a separable solution of Laplacers equation in

paraboloidal coordinates .

2. Potential due to a source on a curved surface

The logarithmic potential (ID.5) is useful in describing the

near field of a soulce located on a curved surface which is

locally axisymnetric.

consider a region R, bounded by a surface S on which a

poínt source is located at the origin 0. The Neumann boundary

condit ion

VQ.n = 0 (ID'g)

is satisfied on S, except at 0.

In the region Ro c R in the vicinity of 0 we assume that

S is locally axisymnetric about a z-axís drawn through 0 nornal



to S

denoted

the positive z-axis being in Ro. This part of S,

So, nay be approxinated by the paraboloid of revolution

*'*y'=dz, q,)0, (rD. 10)

so, on So, the normal is in the direction

n (2x,2y,-a) (rD. 1r)

we now let the potential in Ro have the axisyrunetric

expans]-on

160

(rD.12)

(rD.13)

( rD. 14)

O = - #, ¡rln(r+z)

2z-

-t

- T*zt

+ 0(r)

where f, which has dimensions of inverse length, is yet to be

deterrnined. To obtain u, the boundary condition (ID.9) is

invoked on So, using (ID.11), to give

z

but T2 = az+zt ott Ss and as z '> 0 so

u(1 4æ t

u->
1

TlTo.

Thus, in So,

lI
Q = qli.

I--+r I r,,¡r*r1] . oCtl (rD. rs)

This result shows that a source on a locally axisymmetric

curved surface has properties combining those of an isolated point

soulce extending from o along the axis of symmetry into the

body.
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APPENDIX IE

Parameter Detennination for Special 3D Cavities

1. Conical Sector

The potential for this geometry is given by (4.42), that

1S

The normalization condition (4.30), that is

.r'119r = ¡6t * 
4tTr - T6;

f ,"r,l,(*. l) ""n@rpdrdrrr 
=

o*"'
5Do

(rE. 1)

(rE. 2)

(rE.3)

(rE. s)

fff"*,uu = o 
'

is used to find bo. so, substituting (IE.1) into (fE.z) gives

or, simplifying,

b
6n

0ar
+

a
10 "2\. z)(t - cosv)

(
\

2

0

(rE.4)

2. Circular Cy lindrical Prism

The geometry of this cavity is shown in Figure IE.la. l\¡e

need to satisfy (4.39) or

v'ôr = *

9
5a

using (I8.26) .

in the cavity, subject to (4-40) on the boundaries and

r, * u+(l #) ( rE.6)



(o)

2

(b) (c)

zz

+- L 

---+

L

vvv

x

0

Xx

Figure IE.1: Cavities considered in 54.5; (a) circular cylinder,

(b) sphere, (c) rectangular Prisn. o\
$J

I
o
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as r + 0. It is easily seen that (4.44) satisfies all our criteria

except Ð0r/âz = O on z=L, thus this condition will be employed

to find .n and C.

Forcing this boundary condition on (4.44) means that

I \;o I
2na

æ

n=l

aL

where

A =ûasi
n

4n(t2*L27312

n=l ,2, . .

l,=0 ,l ,2,

(rE. 7)

(rE.8)

( rE. e)

(rE. r0)

and i-nt egrating

9.=1,2,... (IE.11)

nn '(+')
Note that if, for some n,

- 9"nat--
cl

n

I
a J ag" 'Í

we let that particular .r,=0.

Using the orthogonality identitY

Íi,",,(? ,"Þ,(? "")0,"

(I8.7) is sinplified, by nultiplying by 1"Jo

from 0 to a with respect to r", to give

r'fn

.0=n

f't,li tiruut

/"¿ -\
\"',

s,L

a

åÍ,'"',(?'"Ar. = )u'"
aLr
z)o

r
c 0

o'" 
],

rJ
c

I (r 2 *L2 312
c )

Ncw, using Abramowítz and Stegun (1972; eq. 11.3.20), the first

term in (IE.11) becomes aJ t@'g) /at and the second term, upon

integration by parts, gives



.À
aLl
T)o

a". 
Jo

c u"" 
]c

.lo (cr¿) J1_r[- 2L- w a
L

r
Jo

0¿_r
ac
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(rE.12)

in (IE.l2) we

dr + -a
(t2+¡2731 

2

However, naking the change of variable

find that (IE.fl) becomes

clr
Y,c---
a

lou
Jo

L

2a
+

1I(c¿

Ç = - #1,#,tf ,f,#dr"dz. r""i,* j,

I r (clr) ctI 9,

aJL
A 2

9.=L ,2 (IE . 13)

9.
ct

L

as .1, (clr) - 0, and so (4.45) follows fron (IE.8) . The integral

in (IE.13) is evaluated using simpsonrs rule, as no simple

expression could be found for it.

To find c the normalization condition (IE.2) is used, that

is, fron (4.44)

z
I )

r Jo
I
I(+) 0."Í, cos /o"'\\"i dz

(rE. 14)

Now using Abramowitz and Stegun (1972; eq. Ir.3.20) again and

evaluating the cosine integral, the last term of (IE'14) simplifies

to

æa
2na3 |

n.

-SLc['
(rE.1s)

n=l n

The other integral may be studied through the change of variable

ú = T:+22 so that

, cx, Lr

"l ' iJr(c¿ )
\a/ n
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if , f,h ðt"dz = 
tu l¡',u' 

J, "-" t dr
c

c

1rl"
2 J,Jo

I
2

c, -)dz (rE. r6)

If the change of variable z = asinhr is now made in (IE.16) we

find that

Thus substitution of (IE.15) and (IE.17) back into (IE.14) gives

the expression (4 -47) for C '

3. Spherical Cavities

A spherical cavity of radius a' with its aperture at the

origin, will be considered. The orientation of the positive z-

axis is into the cavity through the orifice' perpendicular to the

liniting boundary at 0. It will be shown, using Legendre

polynomial expansions for 0r in the resonator' that (4'50) is

the potential inside the cavitY'

Consider the coordinate system in Figure IE'lb' We must

satisfY

v'ô, = #F (rE.18)

["
Jo

* . *r^'.,t"n(t;)*!.o,t (arcsinh(:),, (IE' 17)

1n RI
such that

âór
=Q, (rE. re)

ðo

except as r + 0, where

O=a



. I lLot*+n\;- #) #"(*)

r+0
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(rE.20)

(rE.2r)

(r8.22)

(rE. 23)

(r8.24)

(r8.26)

(r8.27)

(rE.28)

Let

then (IE.18) - (IE.20) becone

. 3o2cos 2tf

X=91- 16fia3-

v'x=0,

AX = _ so.or,túl
ðo 8Ta" l^'ó=A

tþf0,

and

respectively. To satisfy (IF'.22) let

'-u{} i)-#'"(#) -#,

æ

I n P (cosrf)
n

n= I

L-4rr +
" on P (cosrl)

I
^u8/z\ta' (1-cosrf) ''

t I (rE.2s)
n=O

n

where P are Legendre polynomials. Then (I8.23) implies that
n

co
Scos 2rJ.,

Sraz

where

A
n-l

=na a
n

n=L1213r...,
n

The orthogonality relation for Legendre polynomials, namely

I

\.i".,
I
J

Pn (X)Pu(X)dX =

)-r

9"ln

.[=n-t

may be invoked by multiplying (IE.26) by PO (costf ) sin{ and
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integrating fron 0 to T with respect to Ú, naking the change

of variable X = cosÙ, to give

Sraz(nA
n

*tzl-' -3 x2P,, [x)dx * t'

J

n ) 1. (IE.29)

( rE. 30)

,Æ¡ çn*\) , a5

Therefore, (IE.29)

I
J

I8w
P" (X)

"T:r
dX

-I -1

From Gradshteyn and Ryzhik (1980 ; 7 .222.L) the first integral in

(18.29) vanishes for n > 2; for the renaining cases it is easily

shown that

0 n=l
x2P (x)dx =

-I n=2.

The second integral in (IE.29) takes the value

shown by Gradshteyn and Ryzhik (f980; 7 '225 '3)

t
) 4

ß

becomes

a
n

t

1

^ n+l
STna

-1
1ñtr

n=l ,314r...

n=2

(rE.31)

To find âo the normalization condition (IE.2) will be

employed. This condition, using (IE.2r) and (f8.25), becomes

^f"fj{ff{ 
* s2sinúnT, """r,, 

(cosrl) . # cos2rpsin,¡]uou,l, = o, GE'32)

the three terms of which we will denote Il, I'z

respectively. It is easily shown that

,, = # Í: ."r 
r,tri4,a,¡ = fi

but Ir and Iz are more conPlicated'

and Is

(rE.33)
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Using the change of variable X = cosü, Iz nay be written

n.t 3
a

I

nn

as

but

so

æ

Iz=2n I
n=O

-l

IW

I
)

P,, (X) dX =
2 ¡-O',

(rE.34)

(rE.3s)

( rE. 36)

( rE. 37)

( rE. 38)

(rE.3e)

(rE.4o)

(rE.41 )

a I
)n+5

P (x ) dX

-l

0 n)l

Now r and o are related by the expression

r = (o2 +az -2aocosrj.,)% ,

so I 1 maY be written as

r¡ =rf,*-Í,ffi*¡,
where

o2 *a2
d=-6 2ao

If we let 6 = g-cosQ: (IE-58) may be sinplified to

11 =

which, upon substituting (I8.39) into (IE.40), reduces to

It =
a2
2

So, referring back to (IE.52), we find that

33ao=-E¡ñ

f , o'''l(e*t)%-çg-t'¡%fao '

(r8.42)



Therefore, invoking (I8.21) and (f8.25),

- tPzG) dt, lt I

169

(r8.47)

<1 ( rE .48)

0r
ocostf
snã-z_ 

-

(r8.4 5)

This expression can be simplified, as the summation is connected to

the Legendre polynornial generating function, that is, if

(rE.44)

and

z = coslJj (rE.4s)

then
æ

(rE.46)

I sg2cos 2ì,¡--- 4nr 16nr'
33

-+
80na

o
a

t

n
3

æ

I
n

nt
n

Ir
J¿ ¡z)t"dtI

n=3

(z)P P
n

However, from Gradshteyn and Ryzhik (1980; 8'921),

I (z) (L-2tz+tz) Itl <1-Y2ttP
n

n--0

SO (IE.46) becomes

I P (,)+ =l'rt*.#æ

n=3

z I
In t

"ï'0"(,)+ 
= -{r,

which, upon use of Gradshteyn and Ryzhik (f980 , 2'266), gives

* t, o 2(z) +Ln lz - zrt *zñ)\, l.l < l. (IE.4e)

substituting (IE.49) into (IE.43) and changing the coordinates

to a wholly aperture-centred system gives (4.50). Note, however,

that this solution is only valid for o < a and on o = a we need

another expression. Equation (IE.43) is stitl valid on this sphere,

so a usabre sorution is obtained for o = a if i p, (cosrl,)/n
n= 3

can be evaluated. In fact, Gradshteyn and Ryzhik (1980; 8'926.r)



gives us that

P (costl.r)n = -ln(sinn
!r) - tn(r+sin$) - cosrf -'rr"(cosrl)

r70.

(rE. s0)

( rE. s1)

(rE.s2)

(rE.s5)

and a similar row

Thus, to satisfY

we let 0r be

æ

T

so, on o = tt where t = a@, the potential is

n=3

0r 80na
33

eþct"¡ ¡rt.,!l ¡r*rin!) I +P2 (cosrf) )

O=a

This, of course, gives a singularity at ü=0' the aperture

location.

4. Rectangul ar Prísm

The geornetry of this cavity is shown in Figure IE'lc' We

nust satisfY

V,O,

in \, subject to (4.40) on the boundaries, except at 0 where

(IE.6) must be true. Using the ideas of Tuck (f975; 56) we know

that the potential of a line of sinks spaced at intervals of 2d

along the x-axis is

1 li
os = 4¡;*G 

L-_L,

I 21.*6ppr-T¿lI
/6-nd1'+y +zz'

z-axís gives us

except a0r/ar 
I

This potential gives us our two walls

of sinks along the

all our eonditions,

given by (4.53).

Toforcethelastboundaryconditiontoholdwewillchoose

appropriate ?n, n=0,1 ,2,." ' The procedure for doing this is

x-+d

z - +h.

= 0,
Y=L



171.

similar to that of the last section; that is, (4.53) is partially

differential with respect to y and evaluated at Y=L. Then

the orthogonality of the cosine functions is invoked to find

â,,, û=l ,2,..., with a0 evaluated by application of the

nornalization condition (I8.2). The detaits of this process will

not be presented however, as the final expressions involve conplicated

integrals which m¡st be evaluated numericalLy.and were not investigated.
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APPENDIX IIA

The So lution of Equation (6.3)

1 Solution of Outer tion

Due to the stretching of the outer y-coordinate inplicit

in (6.1), the interior region Rz appears to an observer in the

outer region R1 as a line of unit length along the x-axis '

The problen to be solved nay therefore be thought of as:

2

* ol(*,Yo) 1x ay02
Rl[x,vo) = o in Rz,d (rrA.1)

(rrA.2)
subj ect to

and

(0,Y0 )
0 IA

= V(x) (rrA.3)

This system is a ,,heat|' equation for a semi-infinite rod with

ntime,,_varying flux at y0=0. To highlight this equivalence, in

the following analYsis we 1et

x=t

yo = [ (IIA.4)

V-

If
(rrA.s)

.-l- ^l(x,o)

ix

q,=&A: (x,r)

then (IIA.1) becomes

ã{, .. à2ú
'-'-:' = K --+-ât '- àxz

(rrA.6)



with the conditions (IIA.2) and (IIA' 3) nol{

rJr(0,t) = V(t)

qr (X,0) = Q

dgv (6)

G-E)'t'

t73.

(rrA.7)

(rrA.8)

(rrA.1o)

(rrA.11)

Fron carslaw (Lgzl; 923) the solution to (IIA.6) and (IIA.7) is

-2
e d6

X

which, by the change of variable E = t - X2/(4Ke\, nay be

written

qr(x,t) = h f
,,2

v(t - fui
2/Kt

ú(x,r) = hj' ucel".n(- uufirj'(t-E) 
-tt2 ð'E . (rIA's)

As (IIA.5) has the solution

Al (x,t) = r - jî,, ,t)dÇ ,

then, substituting (IIA.9) into (IIA'10), we obtain

A1(x,t) - I zñT
r
Jo

I f-
J*

.p(dÇ.ce \
)

The second integral in (IIA.11) may be evaluated through the change

of variable u = Ç2/l4K(t-Ðl to give

n! ¡x,t1 = l. 1,ry8",.n(-*Ër,) (rrA.12)

Thus,upon leverting to our original variables, the solution

to (IIA.1) is



(rrA.r3)

which is equation (6.8)

2. Expansion of Equation (6.8) for Small Yo

As we are interested, for matching purposes, in the linit of

(IIA.lS) as Rz is approached,the snall Y0 expansion of this

equation is required. so, taking a Taylot ,"tr", expansion of

(rrA. r3) ,

R![x,vo) = Al(x,0) . arplv'l . ås[år-)-yo2 * o(Yo'). (rIA.14)

However,

R! {x,v') = I ti# [ +,.P exp(iKY''(lz(*-E)])

nl(x,o) = A(x) = | - tpj, +g

atnl (iÍ.,0) - - 2KiA, (x)--TYu'l- - - ¿¡\

L74.

(rrA.1s)

the first derivative at Y0=0 is given by (IIA'3) and, using

(rrA.1) ,

(rrA.16)

so (IIA.14) naY be written as

R! [x,v0) = A(x) + v(x) lY0 | - iKA'(x)Y02 + 0(Y03) (rrA.17)
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APPENDIX IIB

Solutions for Circular Topography

I. Circular Sitls and CanYons

Consider a plane wave incident on a circular subnerged

feature of uniform depth h2 and radius a in an ocean of

depth hl. A vertical cylinder connects the two regions, as in

55.2. The incident wave has a velocity potential given by

equation (5.2) and the governing equations in the two regions

are Helmholtz equations, as shown by (5.f). Sonnerfeld's

radiation condition (5.3) holds at infinity, and at C, the

boundary between the outer region R1 and the inner region R2,

there are two boundary conditions, namely, continuíty of potential

(5.4) and continuity of flux (5.5).

As soLutions to this problern we will try

æ

0r(x,y) = ei 
k r* * | u"H lt' co 1r) cosno in Rr (IIB. la)

and

n=O

æ

ôz(x,y) I
L c J (kzr) cosnO i.n Rz, (IIB.lb)

n
n=0

where bn ,cn , n=0, l, . . . are to be determined, r,0 are polar

coordi-nates centred at the centre of the circle and t",t:t'

are the usual Bessel functions of order n (see Abramowitz and

Stegun (1972; Chapter 9)). To use the continuity conditions we

must be able to write 
"i 

k lx in terms of a series of Bessel

functions; using Gradshteyn and Ryzhik (1980, Eg. 8.511.4) this

may be done to give

ik rx =.¡s(k1r) * 21, J
æ

e
n=l

1
n

(k r r) cosn0 (rrB.2)



If the potential continuity condition (5.4) is invoked

then we find that

J0 (kra)+uo{l) ¡t r"¡* ¡ þ"H:t) G, a)+21"J. (kra))cosno

t76.

I ."J,, (kza) cosn0 (rrB.5)

æ

n=l

n=O

and invoking the flux continuity condition (5.5) gives

co

t, t 
{.1¿ (k, a) + |

n= I

bs

c
n

b

I ."Jj (kza)cosn0 (IIB.4)

[2i" J, (kr a) +b" Hl 
t ) (k, a) ] cosno+boHlt' ' (kr a) ]

-k -1
2

æ

n=O

By equating coefficients of cosno, [=0 ,I ,2, . - . , on both sides

of (IIB.3) and (IIB.4) a series of equations is forned. Manipulating

the two equations for fl=O leads to expressions for b¡ and c0,

namely,

H(ot) Gra)Jr (kra) -Jo (k r t) tlrt ) (t r t) (IIB.5a)C¡

þr tr<za)H(ot 
) (tta) -Jo (kza)H(tt ) (tt 

")

coJo (kza) -Jo (kra)

r) 
r (kr a) kra(kra)

(rrB.sb)

n=I ,2, . . (I I B.6a)

Hlt) (t rr)

whíte consideration of the equations for general non-zero n leads

to

t

¡{" (r,t'I
Jn (k2a)t{t' ' (kra)-

k2 ,i (tzr)4t) (k,")
a) I

J

5t ,'(kza)-2i" J'(kra)
K2 n n t - ' n

4,, ,(kra)n
rt=L 12, . (r rB.6b)
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Thus.we have a series expression for the potential both

inside and outsíde the circular region. Computations involving

these series will be discussed in 5IIB.3.

2. Circular Islands

The problem of scattering by a circular island of radius a

is sirnilar to that described in the preceding.,section, with he=0.

This means that we only have to find the potential in the outer

region Rr, with the boundary condition, from (5.5), of

(rrB.7)

In Rr let

æ

0r (x,y) iklx d #') (k,r) cosnO , (IIB.8)
n

n=O

where d
n

n=OrI,2,... are to be deternined. Because ei k 1x

can be represented by Bessel functions, as shown by (IIB.2), the

condition (IIB.7) may be invoked to give

â0r
âr

(a,o) - o

+ I n

t

æ

klJi (kra) * ,0,,,=1, i"J'¡kra)cosnO + k1

Upon equating coefficients of cosnO,

is found that

d6 - -Jr (kra) /H\') (kra)

d
-21" lJn_, (kra) # J" (kra) l

#')

æ

I d H(t) ' (kra)cosnO = 0. (IIB.9)
n=O

n=0,1 r 2 , in (IIB.9) it

(IIB.10a)

(r r B. rob)

nn

n=L 12 t
rl l] rr' "t

n
kra (kr a)

n

so the potential Ôr is representable as a series.
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3. Cornputation

To use the series (IIB.1) and (IIB.8) it is necessary to be

able to evaluate .I" (x) and Y,, (x) of arbitrary integer order

and then sun the terms in each series until each additional

tern contributes less than some snall quantity, typically of the

order of kla x 1O-8 The Bessel functions for n=0,1 nay be

easily found by use of the polynomial approxinations in Abramowitz

and stegun (1972; 59.4), however, while the higher order functions

may be computed from recurrence relations such as in A. & S. (1972;

99.I.27) there are values of the argument for which this technique

is nnstable. Thus, the procedure set out in A. & S. (L972; 59.12,

Exanple 1) is enployed when n > x. This procedure essentially

uses the recurrence relation in the direction of decreasing n,

when it is sLable. Of course, in this method enough Bessel functions

were evaluated for convergence to occur before the highest order

function used was needed.

For all kla examined convergence was rapid, generally

requiring less than 40 terms, however for kta larger than about

70 the method would become very expensive.



APPENDIX IIC

The Scattering Cross-section

From Sonnerfeldrs radiation condition (5.3) ,

then the scatterd wave will be of the forn

õr (r'0) n' e(0)"'* " /'% ,

as 1+æ

L79.

(rrc.1)

(rrc.2)

where B(e) is known as the scattering cross-Section of the

scatterer. This function essentially shows the directions in which

most of the scattered wave radiates.

To find B(e) fron equation (6.26a) a discretization procedure

similar to that described in 56.2 ís used, with the additional

assumption that as rr is very large then over a segment Hlt) 1t,t'¡

and aH(ot) ¡trrt)/ân are virtually constant and representabte by

their large argument asynptotic forms (see Abramowitz and Stegun

(L972; eq. 9.2.3)). The radius r' is also approximated by

rl * (r2 -2xÇ-2yn)k

'l-t
x[ ynl
7-;-], + o cit

where the segnent midpoint is (x,y), the point approaching infinity

is (E,n) and

x2 +y2 =o(L) (rrc.3)2r

Using these approximations, and assuming that 0r (x,y) on C

already known from numerical computation, an approximation to

may be found.

1S

B (e)
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