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SUMMARY

This thesis consists of two parts, linked by the use of
common mathematical techniques and the consideration of similar
physical phenomena. Part I examines the response of cavities to
external exciting oscillations, in both two and three dimensions.
The cavities are assumed to possess openings whose dimensions are
small in comparison to the size of the cavity itself. This
assumption enables the technique of matched asyﬁptotic expansions
to be employed. For a portion of the analysis the further
assumption that the wavelength of the exciting oscillation is
small is used. This enables a careful inspection to be made of
the Helmholtz resonance of the cavity.

The theory developed is compared to numerical computations,
made using a boundary integral equation technique, and work, both
analytic and experimental, by other researchers in this field.
Several interesting results of the theory are discussed, such as
the symmetry property which enables the number of cavities treatable
by this analysis to be extended and the difference in response
curve for cavities of the same volume.

The second part of the thesis examines the scattering of
waves by slender bodies which are either transparent to the incident
radiation or opaque to it. The specific application of the work
is to an oceanographic situation but simple extensions may be
made to include acoustic, electromagnetic and elastic problems.
The work of Mei and Tuck (1980), which employed the parabolic
approximation to study scattering by (mostly) transparent bodies,
is analyzed critically using matched asymptotic expansions and

numerical comparisons; these using boundary integral equation

(iv)



methods. The existence of a special class of '"barely submerged
jslands" is verified but it is shown that the theory is not useful
when energy is trapped over the feature, producing resonance.

Part II also examines, both numerically and analytically,
the scattering of waves by slender opaque bodies, or "islands'.
Matched asymptotic expansion analysis reveals that the parabolic
approximation, which essentially says that the amplitude of the
wave varies more rapidly in one direction than another, is

useful over a range of incident wavelengths but not uniformly.
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PART I

CAVITY RESONATORS
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CHAPTER 1

REVIEW OF CAVITY RESONATOR THEORY

Cavity resonators, both two and three dimensional, have a
number of important applications, ranging from the design of
musical instruments to the operation of man-made and natural
harbours. The mathematics of the physical processes involved has
thus received considerable attention since the.pioneering work of
Helmholtz (1860) and Rayleigh (1870, 1896) last century. However,
while a degree of progress has been achieved, especially in the
two dimensional harbour problem, the theory of cavity resonance is
far from complete. The first part of this thesis will look at a
branch of this field, namely the linear theory of externally excited
resonators with small openings, and attempt to place it on a firm

basis by use of the technique of matched asymptotic expansions.

1.1 Previous Work

The theory of cavity resonators has in recent years split into
two separate fields: the study of harbour resonance, a basically
hydrodynamically-oriented discipline, often working within a two
dimensional framework; and acoustic-cavity theory. This division,
while obscuring to some extent the similarities between the two
classes of problem, has some advantages and will be used in this
discussion.

The aim of much of the work in the theory of nearly-closed
cavity resonators 1s to describe the response curve of a given
cavity to an external excitation. This response contains peaks

at frequencies close to the natural resonant frequencies of the



fully closed cavity; that is, at wavelengths comparable to, or
smaller than, the dimensions of the cavity. In addition, there is
a single low-frequency peak, unrelated to any non-trivial natural
frequency of the cavity, and corresponding to a wavelength in excess
of the dimensions of the cavity. When subject to this mode, the
cavity is said to be responding as a "Helmholtz resonator". It is
this aspect of the response which has caused most discussion and
will be examined in detail in Chapters 3 and 4.

The physical nature of this mode, first realised by Helmholtz
and Rayleigh in their three dimensional studies mentioned above,
may be most easily thought of in the acoustic problem, where it
corresponds to a uniform compression of the air in the entire cavity.
Thus, it is quite different from a natural frequency mode, in which
density variations across the cavity play a prominent role. A common
portrayal of the Helmholtz mode is in terms of a "spring and mass"
system, see for instance Rayleigh (1896), Kinsler and Frey (1962)
and Alster (1972), where the mass on the spring represents the mass
of the fluid in the aperture, and the spring represents the interior
of the cavity. This simple model leads to a relatively accurate
leading-order prediction of the Helmholtz resonant wavenumber for

three dimensional resonators, namely

N

(AW
ky & \(QN+aE)V} ’ (1.1)

AN being the area of the aperture, RN its length, V the volume

of the cavity and o the "end correction'.



The factor O s introduced by Rayleigh to extend his work
to resonators with narrow walls near the opening, was recognized
by him as varying in value with cavity shape. This property, an
important part of his theory, has not always been appreciated in
subsequent work, with O usually assuming a value which is only
a definite multiple, B8w/3m, of the aperture radius w rather
than a more complicated expression. It has now been shown that
this is a gross simplification, e.g. Ingard (1953a), Hirschwehr
(1974).

While Rayleigh's formula (1.1) is useful, it can be inaccurate
by about 10%, and for some cavities this error is much greater. In
particular, the parameter o is often hard to compute, especially
for cavities with finite wall curvature near the aperture. The
formula is also only formally correct for cavities with large
interior-to-opening dimension ratios and long incident wavelengths.

Thus, a good deal of effort has gone into further examination
of the phenomenon of cavity resonance. Much of the early work was
experimental or aimed at improving Rayleigh's estimates. A
bibliography of pre-1950 papers can be found in Chapter 7 of Zwikker
and Kosten (1949), which also gives a summary of the standing of the
subject at that time. Since then, non-linear aspects of the problem
and the study of particular shapes of cavities has become important.

The experimental and mathematical investigation into various
cavity shapes has been fairly successful. Panton and Miller (1975a)
calculated the frequencies for both the Helmholtz and natural modes
in circular cylinders by the use of improved entrance corrections;
that is, by effectively modifying o._. Ingard (1953b) examined

spherical cavities both experimentally and by theoretical means.



He was principally concerned with the effect of changing the
velocity distribution across the opening, and seeing how this
altered the accuracy of the theoretical results. The response

of the complex cavities of various musical instruments was
investigated by Jansson (1977), with emphasis on particular shapes
and the vibration of the casing. Cummings -(1973) developed a one
dimensional model of the acoustics of a slender wine bot;le valid
for all frequencies. Another paper, by Tam and Block (1978}, in

a related field dealt with low subsonic grazing flow past a two
dimensional rectangular cavity. Recently, the design of automobile
passenger compartments was reviewed by Nefske, Wolf and Howell (1982),
with emphasis on finite element prediction of modes of acoustic
vibration for both rigid and elastic walls.

The non-linear investigations of resonator response have
involved both studies of damping, and the role of jets or turbulent
boundary layers in the generation of resonance. Zinn (1970) used
viscosity to give a theoretical model of the damping of the motion
in a two dimensional cavity as well as considering the damping from
jets formed at the ends of the orifice. Covert (1970) used vortex
sheets to determine the velocity required in a shearing flow to
induce cavity oscillations, finding that the induced vibrations
corresponded to the natural vibrational modes. In 1973, Tang and
Sirignano presented a "theory of a generalized Helmholtz resonator"
using non-linear one dimensional gas dynamics equations. They gave
both a first and a second order theory. Panton and Miller (1975b)
experimentally tested the effect of a turbulent boundary layer on
the resonance properties of cavities, finding that the resonant

frequencies shifted and had larger amplitudes in the presence of



the boundary layer. Elder (1978) examined the Helmholtz resonance,
both experimentally and theoretically, in a cavity subject to
turbulent shear grazing flow, in which the mouth of the resonator
was considered to be small compared to the wavelength of the external
field. Nelson, Halliwell and Doak (1981) also examined resonator
dynamics experimentally, looking at aperture characteristics, such

as velocity and Reynold's stresses, in particular.

A prominent worker in the field of non-linear investigations
of Helmholtz resonators is M.S. Howe. In a series of papers he
has considerably advanced the state of knowledge in this field. In
1975, in an article dealing with the theory of aerodynamic sound,
he applied matching techniques, which are similar to some of the
methods used in the present Chapters 3 and 4, to grazing flow in
the vicinity of a lateral opening in a flute. Then, in 1976, he
developed a three dimensional theory for the excitation of a
Helmholtz resonator by external disturbances located close to the
mouth of the resonator. This paper also considered the response
due to a shear layer of turbulent eddies near the aperture. Still
considering grazing flow problems, in 1979(a) he presented an
essentially two dimensional analytic examination of flow past a
circular cavity set in a wall. In 1981 (a) he looked at the dynamics
of the flue organ pipe, postulating that it is driven by jets found
near the lateral openings.

This researcher has also been prominent in the associated
field of study which examines flow through apertures. For a
discussion of the literature on this topic see Appendix IB.

Other workers have attempted a general linear theory. For

example, Alster (1972) derived an improved formula for resonant



frequencies in axially symmetric Helmholtz resonators using ideas
developed from the simple spring-mass concept mentioned earlier.
Another investigator was Tuck (1975), who applied basic matched
asymptotic expansion theory to the prediction of the Helmholtz
frequency, via use of an aperture parameter s, similar in nature
to the "conductivity' parameter c of Rayleigh. This parameter
will play a large role in the later work of this thesis.

As noted earlier, the problem of harbour éesonance is a
special case of general resonator theory, which has been vigorously
pursued by workers in oceanography and hydrodynamics since the
beginning of the century (see e.g. Honda, Terada, Isitani (1908)).
Both numerical and analytic approaches to this problem have been
used; for several early studies see Lee (1971).

The numerical attacks have employed techniques such as finite
elements, boundary integral equation (b.i.e.) methods and hybrids
of these. Hwang and Tuck (1970) used a b.i.e. method to examine the
oscillations in harbours of arbitrary shape and constant depth, as
did Lee (1969, 1971). These studies are used as a basis for the
numerical method in Chapter 2. An example of a finite element
approach is that of Chen and Mei (1976). They examined resonance
in man-made harbours detached from the coast. Shaw and Falby (1978)
developed a hybrid method for variable depth harbours, employing
finite elements in the harbour and b.i.e. techmiques outside.

Rahman (1981) also looked at a variable depth harbour. By considering
a number of zones to have different constant depths, he was able to
determine the free surface movement by employing a combination of
matching at the junctions and a b.i.e. method.

Mattioli has used b.i.e. methods of conventional design (see

Chapter 2) and some of his own genesis, (1978a), (1981), in studying



resonance in harbours. He has examined the oscillations in
rectangular harbours with various bottom profiles (1978b), constant
depth harbours of arbitrary shape (1979) and such harbours with
external coasts being of complex, rather than the conventional
linear, design (1980). Most of Mattioli's work is an attempt to
simplify the integrals involved in b.i.e. methods by removing the
frequency component from the kernels.

Another prolific worker in the field of Hérbour resonance 1is
J.W. Miles, who often uses variational approaches to a problem to
obtain analytic results. In 1971 he performed an equivalent-circuit
analysis of harbour resonance for both the Helmholtz mode and the
natural modes. He examined circular, rectangular and semi-circular
harbours in particular. Then, in 1974, he published a review
article on harbour seiching in general. In collaboration with
Y.K. Lee (1975), he used variational principles to study the Helmholtz
resonance of harbours of variable depth. This study considered the
effects of entry separation and bottom friction, and used a parameter
M, related to the parameter b of Chapter 3, in calculations.
Recently, in 1981(a), Miles has used Hamiltonian mechanics to
investigate non-linear behaviour of Helmholtz resonance in harbours
and coupled basins.

A problem similar to harbour resonance is the seiching of
basins separated from the open sea by a submerged barrier. Both
Tuck (1980) and Miles (1981b) have investigated this class of
problem.

It is also worth mentioning that some work on cavity resonators
in an electromagnetic context has been done. The paper of Hamilton

and Kerdemelidis (1982) gives references to work on transmission



through slits while Harrington (1982) discusses cavity resonance.
This latter paper is interesting in its own right, as the effect

of an isolated body inside the cavity on the response to an external
excitation is examined. This analysis leads to the conclusion

that such a body increases the response at resonance.

1.2 Problem Formulation

In many fields of application the problem-breaks down into
the solution of the same set of equations, providing we assume
linearity. These equations will first be presented and then several
physical problems will be discussed to demonstrate the truth of the
above statement.

An external exciting oscillation will be assumed to produce
a time-harmonic potential, e—th¢(xj), j=1,2 or j=1,2,3 depending
on the dimensionality of the problem. This time dependence will be

neglected in what follows. Our governing equation is then
VA (x ) + kP(x) = 0, (1.2)

where the wavenumber k 1is a fixed positive constant, in a region
R bounded by a surface or curve [ across which there is no flow;

that is,

3% _ o

A on I (1.3)

R includes both the external region and the cavity.
To obtain the radiation condition at infinity, assume that at
a great distance from the cavity the external oscillation is ¢m(xj)

so that, as 1 = /xf > o,
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b)Y > 9, (x) + e oy, (1.4)

where n is the dimension of the problem. This is Sommerfeld's
radiation condition.

We now turn to some physical problems to demonstrate how
(1.2) comes about. Firstly, consider the irrotational flow of an
incompressible fluid, with velocity potential d(x,y,z,t), under a

free surface in the presence of a gravitational acceleration g.

Then the governing equation is
V%% = 0, (1.5)
but if we let
B(x,y,2,8) = - 7= 00V (1.6)

then (1.5) may be transformed to (1.2) with respect to the ¢

component, with k being the solution of
w? = gk . tanh(kh) , (1.7)

h, the depth of the fluid, being assumed constant. The z-component
of (1.6) is given by

—Aig cosh(k(h+z))

2 (@)= cosh(kh) ’

(1.8)

where A is the amplitude of the incident wave and z=0 is the
undisturbed free surface. For more details see Stoker (1957;
pp. 110, 414).

As a second example consider the irrotational flow of a

compregsible fluid with velocity potential &(x,y,z,t). That is,
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we are now looking at an acoustic problem. From Lamb (1932; 8§ 285,
287, 289) the governing equation is found to be the wave equation

2
%F% = 2720 | (1.9)

¢ being the speed of sound in the fluid. So, if the time harmonic

component of (1.8) is removed, Helmholtz's equation is derived with

W
s (1.10)

The final application to be considered is to the theory of
electromagnetism. If the propagation of monochromatic electromagnetic
waves through a non-conducting homogeneous medium is examined, then
the governing equation is found to be

3%E(x,y,z,t)

VIE(x,y,2,t) = &/u Sy :

(1.11)

where E 1is the electric field strength, € 1is the permittivity
and Uy is the permeability of the medium. Upon invoking the time

harmonic property of E, equation (1.2) is derived with

kK = wew” . (1.12)

For further details see Lorrain and Corson (1970; §§10.10, 11.Z,

11.3).
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CHAPTER 2

THE BOUNDARY INTEGRAL EQUATION METHOD

In Chapter 3, as throughout Part II, considerable use will
be made of numerical solutions to various problems by means of
boundary integral equation techniques. As the basic mathematics
of each problem is similar, this chapter deals_, in depth, with
the method employed in Chapter 3. In the use of subsequent
numerical methods, only the different framework will be examined.
Tt should also be noted that the numerical formulation, in
particular the matching procedure at the cavity entrance, owes

much to J.-J. Lee (1969), (1971).

2.1 Green's Function Solution

For the purpose of the numerical formulation, consider a
cavity set in a plane wall, as in Figure 2.1. The boundary [ can

be decomposed into

—
H

FE + FC

(FE—FO) + (FC+F0) (2.1)

where FC is the cavity wall, FE the exterior curve and FO is
an artificial boundary across the opening. We let FE-FO be taken
as the y-axis and assume that a plane wave is normally incident on

the wall from the left, that is,

0] =%eik‘x ; (2.2)

1
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Schematic of cavity considered by numerical method.

Figure 2.1:
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Note that the assumption of normal incidence is not necessary but
only used for convenience.

The potential flow in this problem is subject to (1.2)-(1.4)
and may therefore be given a Green's integral representation in

both the interior (cavity) and exterior regions. If the analytic

closed curve Fc + Fo = FI, then the potential inside this curve,
¢l, may be written, by use of a version of G;een's theorem
H (BV24-AV?B) dxdy = § % - oar (2.3)
S (¢

(1.2) and the properties of the Green's function, as

( 9G(x"x. ) o, (x')
¢I(§i) - JF [¢1(§') gn - G(ftfi)_—T;f__]dl(f')’ g < {RI_FI}’ (2.4)
I
where G(xﬁxi) is the appropriate Green's function, 9/on is an

outward normal derivative with respect to x' and RI is the region

enclosed by FI. As, from (1.3), the normal derivative of ¢I

vanishes on T (2.4) may be simplified. We still need to find

c’
8¢I/8n on T, and to do this the flow will be matched with the
exterior solution across the aperture,

However, as (2.4) is not valid on FI it must be modified,
by a limiting process outlined in Lee (1969), to enable the boundary
potential on FI to be found. The potential may then be represented

as

3G (x";x ) 3, (x")

b 50 - 2fr1 [0, ()= = Sl g 19D, 1 ST, (23

the integral taking its Cauchy Principal Value.
The Green's function for this problem is a multiple of the

zeroth order Hankel function of the first kind (see, for instance,
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Shaw (1979)), that is, using the notation of Abramowitz and Stegun

(1972),

Glx'sx,) = -gH," (kr"), (2.6)
where

rto= |x x| . (2.7)

To find 8¢I/8n on T,, as noted above, the exterior
solution must be found. Now in RE, the region external to the

cavity, where

¢, = 0, * 6 (2.8)
¢ being the cavity radiation correction and where, for (2.2),
¢_ = cos kx, (2.9)
the boundary condition
= (S
8¢E ) y FE
3_1'1 = _3¢I (210)
— e -
on Y To

applies, assuming continuity of flux. There is an integral equation,
analogous to (2.5), satisfied by $E on FE—FO, the contribution
from the semi-circle at infinity being zero (see Appendix IA), but

as this boundary is the y-axis, 9r'/dn, and thus 3G/9n, 1s zero.

Therefore, using (2.10),

Y %, (v")
05 (0,5,) = 1 = 3fp Hy" (e ——ay" (2.11)

Assuming continuity of potential across To, (2.11) gives an

expression for ¢[ in the mouth of the resonator.
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2.2 Discretization

Having expressed the problem in integral form, we can now
discretize (2.5) and (2.11), noting that use of (1.3) simplifies
the second term of (2.5). In discretizing, ¢I and 8¢I/8n are
considered to be constant on a given segment and representable by
the value at the segment's midpoint. In the opening, where these
assumptions might be thought to be severe, it/ﬁill be seen in
Chapters 3 and 4 that ¢ 1is approximately constant in the aperture
and while 3¢/3n 1is singular at the edges, the singularity is weak
and does not produce difficulties. So, dividing I into N

segments with the first p across Ty, (2.5) and (2.11) may be

rewritten as

(1)

N . 9H, "’ (kr")
6 (x) = ) ¢ (x )r B d2(x")
R ]ARj 2 on iy
p 99 (y.) .
- 1 _IB_n_ﬁ{ o Gedyt i1, N, (20122)
j=1 a2,
with X, (O,yi) for i< p, and
p 99 (y. ) .
o (x) =1+ ] _LZEL/J; -3 Gy i=1,...,p. (2.12b)
~ § =1 AL,
]

Note that x is the midpoint of the 1ith segment .

These two equations may be rewritten in matrix form, that is,

Y, =AY, - BY,

(2.13)

Wlp = e + BpWZ

where
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[Wl] = ¢1(§i), i=1,...,N
ad>1 .
[‘Pz]i = 7;;-(§i), i=1l,...,p
[ LAY (k)
[A]l] “]' - 7‘-—-—*—T—“‘d2(§'), i,j=1,...,N
A%
i,(1) . .
[B].. = - =H 7 (kr')dy', i=1,...,N; 3=1,...,p (2.14)
iij 270
AR,
i .
[(¥,,1. =¥}, » i=l,...,p
[e]i = 1; i=l,...,p
[Bplij = [B]lj 2 1,J=1,--—:P'
If we write
Wlp = KY, (2.15)
where
[K]ij = Sij, i=1l,...,p; j=1,...,N, (2.16)
§.. being the Kronecker delta, then eliminating ¥, from (2.13)

1)

and rearranging gives

1

Y, = (A-I-BB;IK)- BB;‘e, (2.17)

I being the NxN identity matrix. Thus, assuming the coefficients
of A and B are known, (2.17) gives a means of evaluating the

potential at N points on the cavity boundary T .

2.3 Evaluation of Matrix Coeﬁficients

The coefficients of the matrices A and B may be evaluated

by a combination of numerical and analytic techniques. 1f the
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kernels of each integral are split into their singular and non-
singular components, then the singular parts may be integrated
exactly, as in Hwang and Tuck (1970). The remaining non-singular
terms are then numerically integrated.

So, consider Hgl)(kr'), which may be split up to give

K" ket ='% In(r') + M(k,r'), (2.18)

-

i
2

M(k,r') Dbeing the non-singular component. The general coefficient

of A then becomes

[A],; = {AQ [-§M£%ﬁ£il-+ %Yln(r').g]dﬁ(f') i,3=1,...,N.  (2.19)

i
If we let the segment have the parametric representation
2(t) = E()i + n(t)j , (2.20)

then, recalling the definition of r' from (2.7), the singular

part of (2.19) may be written as

Ll er (R -EEIN() - (v, -n(E))E" (¢)
f dt , (2.21)
t

s (x -&())2 * (y, -n(0)?

j
because X = (xi,yi) and n = (n'(t),-£'(t)). Making the change

of variable

Yy = Oy, -n(t))/ (x, (1)), (2.22)

where

[E'(t)(yi-ﬂ(t))-ﬂ'(t)(xi-E(t))]
dY B dtl_ (Xi —E(t))z J 5 (2.23)
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{(2.21) becomes

Y ETR
I, = ol e dy (2.24)

i <Y1 yi—Yj y
;[ (E_TEL__J - arctan(xi_x.>] i#j,

i j+1 j
- (2.25)

0 i=j,
where (Xj,Yj) is the coordinate of the jth grid-point. Note

that

Xyoy o Ygey) = XY (2.26)

The non-singular component of (2.19) may be integrated by Simpson's
three point rule, with Bessel functions being evaluated by use of
polynomial approximations in Abramowitz and Stegun (1972) modified
to eliminate the singular terms.

Turning now to the general component of B, use of (2.18)

gives

[B] = f in(r') - Mk,r")]dy i=1,...,N; j=1,...,p. (2.27)
‘g Ag. T
i

The non-singular part of (2.27) may be integrated using Simpson's
rule, as for the coefficients of A, but the singular component
requires different treatment, using complex variables. Thus, from

Hwang and Tuck (1970),

1 1 [32 e
I, = & In(r')dy' = Re{—J lnzdze '} (2.28)
i A,Q,j N 21
where
—-ia .
e = [, -% ) - 10, Y T/8Y, e

2, = (Xj—xi) + i(Yj—yi) (2.30)
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and

3, = (Xj+l—xi) + i(Yj+l—yi) . (2.31)
Simplifying (2.28) gives
I, = %Re{e_ia[zz(lnzz—l) - z:(lnz;-1)} . (2.32)

Having now formulated the method of solution we see that storage
space is a significant problem. This is due to our having to

invert two complex matrices, one a small pxp matrix the other a
large NxN matrix, which exhibit no properties, such as symmetry
or bandedness, allowing simple inversion. To partially solve this
handicap only cavities symmetric about the x-axis were examined,

so that the number of segments in which ¢, is explicitly evaluated
is halved. This imposition of symmetry does however give rise to
more complicated matrix coefficients, as two terms, with sign

exchanges, different radii, etc., are now required for each coefficient.

2.4 Off-Boundary Potential

Equation (2.17) evaluates ¢I on FI but it may also be of
interest to be able to calculate ¢I at some arbitrary point of
{R -T,}. It will be recalled that (2.4) is designed for just such
a purpose and so we may discretize this equation in the same manner

as (2.5) to give the matrix equation

- 1 - = -1
== Q(AWI-BBP (Wlp—e)), (2.33)

where Z 1is the vector of the interior ¢ values at n selected

points and the barred matrices have coefficients which contain
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integrals of regular, rather than C.P.V., interpretation. So,
once the potential on FI is known, the potential at any point

in R may be found by simple matrix multiplications.
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CHAPTER 3

TWO-DIMENSIONAL RESONATORS WITH SMALL OPENINGS

This chapter develops a theory for the acoustic response of
a two-dimensional nearly-closed cavity to an excitation through a
small opening, using the method of matched asymptotic expansions.
The Helmholtz mode of vibration will be examined in some detail
and the numerical model outlined in Chapter 2 will be employed to
test the usefulness of the theory.

Much of the material in this chapter has appeared in Bigg

and Tuck (1982).

3.1 Introduction

A general class of small-opening problems will first be
studied. For these, the complete response curve of the cavity
will be computed, as a theory is obtained which is asymptotically
valid for small opening size, compared to both wavelength and
cavity size, but which does not yet assume that the wavelength 1is
far in excess of the dimensions of the cavity. This theory is
therefore, in principle, capable of predicting all resonances in
the response, namely the Helmholtz mode and all of the peaks
corresponding to natural frequencies of the fully-closed cavity.

The results depend on two length parameters s and b, the
former associated with the geometry of the opening, and the latter
with the geometry of the cavity. The opening parameter s is

independent of frequency and was introduced in its present form
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by Tuck (1975), although Rayleigh (1870) had used a related
quantity. In this chapter the use of s will be extended to
cavities in which the interior and exterior walls, in the neighbour-
hood of the opening, are non-planar; specifically, to allow the
opening to be at the apex of a wedge-like region of general angle.
Computation of s 1is relatively straightforward, and examples are
given for various opening geometries. 3

On the other hand, for general cavities, the computation of
the cavity shape parameter b, which is dependent on frequency,
is not at all straightforward. However, exact results for b are
obtainable for circular-sector cavities and are used to compute
the response of this particular type of cavity as a function of
frequency. These computations are compared to those obtained by
direct numerical solution of the problem, using the theory of
Chapter 2.

Restricting our attention to the Helmholtz mode, it is found
not to be necessary to know the cavity parameter b at all
frequencies, but only its zero-frequency limit. The problem of
determining this limit can be reduced to that of solving a Poisson
equation in the closed cavity; a much simpler computational problem.
The resulting value of the natural logarithm of b is related to
a parameter M introduced by Miles and Lee (1975), and further
examples of its computation are presented.

Once b 1is known for a cavity, the response of the cavity
to excitation at frequencies in the neighbourhood of the Helmholtz
mode can be computed to a consistent order of approximation. This

response will be discussed for several types of cavity and the
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important features of Helmholtz resonance noted.

3.2 Flow Through Small Openings

The matching procedures discussed in Tuck (1975) will be
adapted to the present problem. The general scheme of the process
is as follows:

The flow in the vicinity of the opening is discussed, using
the assumption that ks is small, in terms of.an incompressible
motion. Then the disturbance in the exterior region, far from
the cavity aperture, is considered and the small r expansion of
this field is matched with the exterior far field of the opening
flow. The appearance of the orifice to the observer far into the
cavity is then examined, and the small r expansion of this
motion is matched with the far field interior expansion of the
flow in the aperture.

The opening geometry which may be considered by our theory
is quite general, as sketched in Figure 3.1. This opening is a
transition between an asymptotically converging wedge of angle ©O_
on the left, and a corresponding diverging wedge of angle 6+ on
the right. The length scale of the aperture is some measure of its
linear size, and the requirement of smallness of the opening is
that s be small compared to all other significant length scales,
notably the wavelength 2m/k and the linear size of the cavity.
Although s could be taken initially as any typical length
dimension of the aperture, such as the minimum width w, we will
determine a special measure s, that uniquely characterizes this

opening geometry, as seen in its own far field.



Figure 3.1:

Sketch of boundary geometry.
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Since ks 1is small the flow in the opening is approximately
incompressible, and thus we have to solve Laplace's equation for
a flow through the opening. The behaviour at infinity is that
corresponding to a source-sink pair. Without loss of generality,
we may normalize the net flux through the opening, seeking,

therefore, a scaled potential ¢ satisfying, as 1T > > ,

§ > *ln(r)/8, + C x=0. (3.1)

+2

The constants C_ do not necessarily take the same value, and

the effective size s is defined in terms of the change in value

between C_ and C+, that is, (3.1) is written as
$ ¥ In(r/s)/6, ~ 0 as x > ¥ . (3.2)

So, for any appropriate opening geometry, V%6 = 0 must be
solved, subject to 933/3n = 0 on the aperture boundaries and (3.2)
at infinity. In the process of solving the problem, s will be
determined uniquely. Examples of the calculation of s are given
in Tuck (1973) and Appendix IB, which includes discussion of other
approaches to this problem, but it can be usefully stated here
that s varies only slightly for fixed aperture width and is 0(w)
in magnitude.

The opening potential ¢ is now used in the full acoustic
problem. In the exterior region there is an incident wave field
¢w(x,y) which, in the absence of the aperture, takes the value
¢m(0,0) at the cavity entrance.

In the limit as ks - 0, the disturbance due to the cavity

vanishes and ¢ - ¢w. The residual effect of the cavity, as seen
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by an exterior observer, must be that of an acoustic source. That
is, if m 1is the apparent strength of that source, we set in

x <0, r>»s,

6 = o, - zimy" (ko) (3.3)

(o]

and seek m by matching with the flow in the cavity, via the
opening region. Note that m is the flux of the source through
an arbitrary complete sphere about the origin, while the actual
flux in x < 0 is 0O m/4m , as the outflow is restricted by the
exterior wedge-like boundary.

In order to perform the matching of the exterior and opening

solutions, let kr - 0 in (3.3), to obtain

6 = 6_(0,0) - %im[l + %111(%&1@)] + 0(mk?r21n(kr)), (3.4)

where 1Iny = 0.577... is Euler's constant. The expression (3.4)
must match with a boundary condition, as x/s > -, for a through-

opening flow, and for that purpose (3.4) can be rewritten as

(

Jlln\£> as x/s > -» , (3.5)

2m

o~ "+
where the constant ¢° is given by

6% = 1 - ;lim ¥ %1n<%?ks), (3.6)

¢m(0,0) being normalized to unity. Therefore, using (3.2), the

solution for the incompressible flow through the opening is

@ m
$(x,y) = ¢° - 5 d(x,¥), (3.7)

¢ being the canonical potential defined above.
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Having solved for this opening flow, we may now proceed all
the way into the cavity, by letting X/s - «, that is, again

using (3.2),

e_m

T\ X

o - ¢0 _ 2ﬁ6+ 1n<§/ as = > +o (3.8)

To complete the solution, we now match with an interior solution
by observing that, if the opening size s is small compared to a
typical dimension B of the cavity, the opening will appear to
the cavity as a sink of strength G_m/e+ ;  that is, (3.8) will
provide a singularity condition as r/8 - 0. The potential in

the cavity can therefore be written as

-6 m

6 = —5— 9, (x,y) , (3.9)

+

where ¢c satisfies (1.2), and (1.3) on the limiting (closed as

s -~ 0) boundary of the cavity, except that ¢c behaves like a
source of unit strength at the point on that boundary corresponding
to the vanishing opening. That is, as r + 0 we require

5 > zl_n inr + ¢ . (3.10)

The constant € is uniquely determined by these conditions

and we define a parameter b by choosing € to satisfy

9
. 1 + 1
E = 11m[d>c - Z_TI'- 1nr] = m - E ].nb, (3.11)

r >0

where A 1is the area of the cavity. The parameter b measures
the size of the cavity as seen in the neighbourhood of its
opening; it has the dimensions of a length, and may be expected

to be comparable in value to the linear dimensions of the cavity,
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that is, b = O(A%) = 0(B). For the rest of this section it will

be assumed that ¢c, and hence b, can be determined for any
given cavity.

To conclude our solution, consider the cavity potential as
r - 0, namely,

04
kZA

-6 m
o > 2né+[1“<g> + } ; (3.12)

which matches with (3.8), the far field openiné potential, if

$° + Eglghns = ~9:31nb B

- 718 " ZwkeA (3.13)
+ +

Upon use of (3.6) the required formula for the source strength m

is obtained, namely,

-1 o =9 1= 8- (b}, T
2mm = %ZA 11’1(2Yk5) + e+ ln\gj i 7 (3.14)

The small gap resonator theory is now complete. In summary,
the exterior potential is given by (3.3), the opening potential by
(3.7), the interior potential by (3.9) and the apparent source
strength m by (3.14). As constituents of these equations we
need the canonical potentials ¢ in the opening and ¢c in the
cavity. Associated with ¢ 1is a single effective size parameter
s, with dimensions typical of the opening. Associated with ¢c
is a single parameter b, with dimensions typical of the cavity.
Since ¢ satisfies Laplace's equation, s 1is frequency-independent
but, as ¢c satisfies Helmholtz's equation, b will be frequency-
dependent. It is also as a result of the governing equations for
$ and ¢C that ¢, and hence s, 1is easier to compute than ¢c.

This fact has a significant bearing on the development of further
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theory.

It is worth reiterating at this point that the only approximation
made thus far is that the effective size s of the orifice is small
compared to all other length scales. It has not yet been assumed that
the cavity size B 1is small compared to the wavelength. Consequently,
the error in expressions like (3.14) is at most a factor of order

1 + 0(ks,s/B).

3.3 Large Circular-sector Cavities

Determining the canonical potential ¢c(x,y), which satisfies
(1.2), (1.3) and (3.10), 1is a difficult problem and exact analytic
solutions are few. One case in which a solution may be found is
that for a cavity consisting of a sector of a circle, with the
opening at the apex. That is, if (r,e) are polar coordinates
centred at the location of the aperture, the boundary consists of

a circular arc r=a and radial lines 8 = r%e the cavity having

+?
area A = %6+az. In particular, if 6+ = m the cavity is semi-
circular, with the opening at the centre of the diameter.

It is easily shown that all the necessary conditions on ¢c

are satisfied if

0, ® %(Yo(kr) - %;—%Jo(kr)), (3.15)

and the parameter b 1s given by

1- 2 T Yy (k

this being seen from the small argument expansions of the Bessel
functions in Abramowitz and Stegun (1972). The source strength

m can now be evaluated using (3.14). Assuming 6 = m, that is,



31.

that the outer wall is planar, the potential on the cavity wall

r=a 1is

_ -m
® = 7ka8 3, (ka)
i8 0, ] i
U %(1 + q;aln(%yks)}] t (3.17)

- #ﬁ%{Yl(ka) + Jy (ka) (—

An illustrative plot of l¢| against ka is given in Figure 3.2,
for the case of a semi-circular cavity with s/a = 0.05.

Peaks in the response curve occur whenevé;'the quantity in the
square brackets of (3.17) is small. Since ks 1is small, that is
—ln(%?ks) is large, this quantity is usually dominated by its
second term, and hence peaks occur when J;(ka) =0. This merely
says that when the opening is small, the cavity behaves almost as
if it were closed, as the condition J;(ka) =0 precisely determines
those natural eigenmodes of the closed cavity without 8-dependence.
This cavity can also support modes with 6-dependence, but these
possess a node at r=0 and hence are not excited through a
vanishingly small opening there.

However, the term in the square brackets of (3.17) can also
become small when ka 1is small, as the leading term Y;(ka) then
becomes large and may cancel the second term. This occurs during
the Helmholtz mode of resonance, the first and highest peak in
Figure 3.2. This mode will be discussed in detail in the following
section, where a theory applicable to more general cavities is to
be presented. For the present, the expansion of the "exact' cavity

potential ¢ for ka - 0 will be noted, namely

r? N
X

]

PN

1 T 1
b, = gzt 511n3) - 3

k%2a? r? T 1 r? 1 bk
- _EE_{E?-ln(a) - 157 g] + 0(k*a") , (3.18)
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Figure 3.2: Response of semi-circular cavity of radius a and opening of effective

"¢

size s=0.05a, computed by asymptotic theory for small s/a and evaluated

on the curved boundary.
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which implies, from (3.10) and (3.11), that
_3
b/a = e * + 0(k%*a?). (3.19)

The corresponding formula for the source strength m follows
directly from (3.14), and the small-ka expansion of the response
on the cavity wall r=a can then be written
1 + gk?a® + O(k*a")
b = : -(3.20)
2 -1 1- 1 a 3 1 [P
1 - 2k A[fEln(iYks) + 76:1“(g) -5t 5] + 0(k*a™")

+

Equation (3.20) may also be obtained by a careful direct
small-ka expansion of (3.17). In performing this expansion the
quantity —ln(éiks) must be assumed to be a very large quantity,
indeed at least as large as (ka)“z. This is necessary if we are
to be able to discuss the Helmholtz resonance mode, in which
substantial cancellation must occur between the leading order terms
in the denominator of (3.20). The advantage of the particular form
adopted for (3.20) (as the ratio between two separate expansions
with respect to ka), 1is that the error terms quoted as 0(k*a")
for both numerator and denominator are errors resulting only from
expansions of ¢ , and are completely independent of the opening
parameter s.

The accuracy of (3.17) may be checked by comparison with
computations made for a semi-circular cavity, using the numerical
method of chapter 2. For that purpose, the cavity wall was divided
into a maximum of 80 segments. That is, at most 30 segments were
needed in each half of the symmetric cavity boundary T _, and 10
on each half of the artificial boundary T, across the opening.

About 3-figure accuracy was always achievable, even close to the
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resonance peaks, with this discretization, since ¢ varies only
slowly around the boundary, except at the junction between Fc and
Ty. Segment distribution was generally uniform, but with a certain
amount of accumulation near that junction. As found by Lee (1969),
the number of segments across the opening had little effect on the
computations.

The numerical results for s/a < 0.02 are in agreement to
2 or 3 significant figures with the asymptotié'results from (3.17),
for all treated k. Even for considerably larger s the approximation
of the Helmholtz and radially symmetric natural modes by (3.17) is
very good. However, as the cavity mouth increases in width, the
6-dependent modes, mentioned above, begin to appear. In Figure 3.3
the velocity potential at (a,0) is shown for s/a = 0.05, to
illustrate this phenomenon. The two plots are in excellent agreement
everywhere, except in the vicinity of ka = 3.05. The sharp spike
in the numerical results near this point is the resonance of a
6-dependent mode with two nodal lines 8 = fm/4, intersecting at
right angles at 7r=0.

Having confirmed the good agreement of (3.17) with an independent
numerical solution to the problem, we now consider the effect of the
opening size s on the response curves. In Figure 3.4 the first
two resonance peaks for a semi-circle are shown, computed from (3.17),
for several s values. As expected from this equation and (3.20),

a reduction in the size s of the opening shifts the Helmholtz mode
peak to a smaller wavenumber k, and increases the peak amplitude
dramatically. It is also to be noted that, as s 1is reduced, the
position of the first natural eigenmode frequency also changes, its

bandwidth decreases and its maximum amplitude increases.
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Figure 3.3: Comparison of numerical and asymptotic results for semi-circular

cavity at

s/a = 0.05.
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Figure 3.4: Variation in response of semi-circular cavity with

opening size s.
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’qbl Figure 3.5: Response of 90° circular sector cavity, cf. curve in

Figure 3.4 for s/a = .00l.
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The quantitative nature of these changes, however, differs
from the alterations to the Helmholtz peak. While the Helmholtz
mode exhibits the "harbour paradox' of Miles and Munk (1961),
namely, that narrowing the aperture increases kHA;/QH , where
A, is the peak value of the Helmholtz resonance and Q, is the
ratio of the Helmholtz frequency to the half-power bandwidth of
the resonance curve, the natural modes do not. In fact, as shown
by Garrett (1970) and Miles (1971), the quantity k A*/Q is
invariant for the natural modes, n = 1.

The effect of the variation of the interior cavity angle 6+
is also of interest. This is depicted in Figure 3.5 for 6 = 90°.
As 0 is decreased, the magnitude of the response increases. This
indicates that the energy entering the cavity is not decreasing as
quickly as the cavity area, which is consistent with the expression

for m given in (3.14). Figure 3.5 also shows the position of the

resonance altering slightly, as is consistent with (3.17).

3.4 The Helmholtz Mode

Although the determination of the cavity potential ¢c is
formidable in general, in discussing the Helmholtz mode only the
small-ka expansion of ¢c is of interest, as typified by (3.18)
for the circular-sector cavity. Using (3.18) as a guide, consider

a power series in k?B? of the form
be = do + ¢ + b2 + .. (3.21)

where ¢ = 0(k™*B™%), ¢1 = 0(1), ¢2 = 0(k®8?) and so on. The
leading term ¢, 1is expected to be constant throughout the cavity,

both by analogy with (3.18) and by physical arguments, since this
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corresponds to uniform compression over the whole cavity, the
only possible form of motion in the low frequency limit k = 0.

If the series (3.21) is substituted into the Helmholtz equation
(1.2), there results a sequence of Poisson equations for ¢1,%2,...,

that is

<
N
-
-
I

-k%¢g , (3.22)

1}

V%, = -k%¢; , : (3.23)

and so on. Similarly, the wall boundary condition (1.3) implies

that
on T . (3.24)

An important set of integral relations follow if we integrate
both sides of (3.22) and (3.23) over the cavity, Rl, with boundary

FI. Thus, from (3.22),

}j V2¢,dxdy = § %%fdz = -k2¢hoA (3.25)
R, I,
is the net flux of ¢; produced by the constant forcing term on
the right. However, as 091/3n = 0 on the cavity wall Fc, the
only contribution to the line integral in (3.25) comes from the flow
through the aperture T, which has shr;nk to a point. The opening
is represented now by a source of unit apparent strength in a sector
of angle 6, which therefore produces a net, outgoing, flux of

-8+/2W. That 1is,

8

2 - _x
K*hoA = 5= (3.26)

or, isolating the leading term of (3.21),
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0,
do = >RZE (3.27)
Since the term ¢; in (3.21) already accounts for the unit-
source character of ¢c, further terms ¢2,%3,... 1in the series
do not produce any net flux through the opening. Hence, for
example,

([ o2 - § 30210 _ _ o[ -
JJR V< ¢2dxdy ; T;sz k JJR ¢1dxd¥ 0. (3.28)

I I 1

The resulting integral condition,

I ¢1dxdy = 0, (3.29)
Jq

I

is a normalization for the potential ¢, that ultimately determines
the zero frequency limit by of the cavity parameter. In the next
section solutions to (3.22) are presented, but if we assume for now
that b = O(R) 1is a known quantity to leading order, with relative
error 0(k%?B%), we can give expressions for ¢ in the cavity and
aperture.

The potential in the cavity interior is, from (3.9),

o = - e'm(—z—e* ¢ oy + 0(k28Y) | (3.30)
6, 2rk%A ! | :

where m 1is given by (3.14). In the neighbourhood of the opening,
where (3.30) is singular, we use (3.7) to give us the aperture

potential

6 =1 - m(h - HnGiks) + 3H06,y) (3.31)

Both equation (3.30) and (3.31) predict only second order
spatial effects on the response. However the constant terms in

these equations are not equal and using the expression for m (3.14),
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replacing b by its zero frequency limit b, it may be shown

that
¢o ening k2A, by 272
PSRNS = 1 - S In() ¢ 0(KEBY) (3.32)
cavity +

This ratio is significantly less than unity, since -1ln(b/s) is
large, so the potential in the aperture is less than that in the
cavity.

The order of the error in these results i; of interest as the
Helmholtz mode is of practical importance. Such a resonance
corresponds to large magnitudes for k*A/m in (3.14). Since
the imaginary part of this quantity is small and provides damping,

such a resonance will occur for wavenumbers k close to the value

at which the real part of the quantity will vanish, that is, where

-1
20 = (- Lig(ls 15k
k“A = \" e-ln(zyks) + e+ln(s )} ) (3.33)
Although (3.33) is a transcendental equation for the resonant
wavenumber k, it is clear that the order of magnitude of this

k is given by

%
K@ = o{(ln(l';—"> } . (3.34)

Hence, in this range of wavenumbers, the error in the present results
-2
: bo, ) |
is a factor of the order of 1 + Oj/ln el
| WD) g
An approach giving results similar to this theory is that of
Miles and Lee (1975). Using variational methods, they define a

parameter M, found from solution of a Poisson equation, which

incorporates the parameters s and bo. In fact, it appears that

M=

1 bo
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Thus, both the cavity and aperture geometry are involved in the
specification of the parameter M Miles and Lee have some
difficulty in defining and computing M, in the general case,

and construct a lower bound which seems to approximate their

parameter adequately. The treatment we have discussed in the
preceding sections, however, differentiates between the opening and
cavity geometry, and thus indicates separately the relative importance

of these quantities in the final solution.

3.5 Determination of the Second Order Potential

The second order potential in the cavity may be found by

solving the Poisson equation, from (3.22) and (3.27),

Vi1 = - ;—1 , (3.36)
in RI, subject to (3.24), that is
¥L-0 on T, (3.37)
and, from (3.10) and (3.11),
1 > L1r1(1) as r >0, (3.38)
21 “bo

where r1=0 defines the vanishingly small opening on the wall of
the cavity. The system of equations (3.36) - (3.38) possesses a
solution for any value of the constant bg, but the value of by
is rendered unique by the normalization condition (3.29).

Solving this system is still a non-trivial task but separation
of variables, conformal mapping techniques and inverse methods

enable a number of cavity geometries to be studied, examples of
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which we consider below. However, there is a symmetry property
which enables more cavity geometries to be treated, especially if
the aperture is in a plane wall. These symmetry considerations
apply to the parameter bg. Suppose the cavity R under
consideration possesses symmetry about the x-axis, with the
opening, whose geometry is immaterial for the computation of ¢,
and by, located at the origin. If we now place a rigid wall along
this x-axis, and consider only one of the ideétical chambers Rf
created by this action, this half-chamber has the same shape parameter
be as the original full cavity. This is because:

(i) The ratio 6+/A in (3.36) is unchanged, the new opening
lying in the corner of angle /2,

(ii) the potential ¢, for R will satisfy all required
conditions for R: , and

(iii) the normalization integral (3.29) over R: is just
half that over R, and therefore also vanishes.
Now suppose that we create a third cavity Ry, whose axis of
symmetry is the y-axis, by reflecting R: with respect to that
axis. Now, by the same arguments, R; has the same value of by
as does R:, and therefore the same value of by as does the
original cavity R - Figure 4.4 illustrates this property in action
for three-dimensional cavities; see also Bigg (1982a).

The first, and simplest, cavity to be considered is the circular-
sector cavity of radius a, already discussed in 83.3. It can be
quickly seen that an appropriate solution of the Poisson system

(3.36)-(3.38) is

b1 = fgln(gzﬂ ~ Al ® (3.39)
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and if the integral in (3.29) is evaluated, as in Appendix IC,

it is found that

£l

bO = ae ) (3.40)

as in (3.19). The expression (3.39) also agrees with the 0(1)
term in the expansion (3.18) of ¢c in powers of ka.

If the cavity wall is the complete circle r = 2a cos 6,
then e+ =1 and a solution to (3.36)-(3.38) can be derived as

for the circular-sector cavity to give

_ 1 T r? - 2ar cos 0
d, = 7Fln(539 - SmaZ s (3.41)

which satisfies (3.29) if, from Appendix IC,
1
by = ae® . (3.42)

This circular cavity can be used to illustrate dependence of
the response on position in the cavity. Figure 3.6 shows |¢| at
s/a = 0.05, computed from (3.31), using (3.41) to give ¢, for
two positions within the cavity. The graph shows the, essentially,
spatially invariant nature of the response for non-resonant exciting
frequencies, but also the significant variation in the magnitude,
if not the frequency, of the Helmholtz peak. The response in the
aperture is shown on this figure as well, using (3.31) with ¢
taken to be zero, indicating, as predicted by (3.32), a significantly
reduced response at all frequencies. The uniform response within
the cavity is to be expected, due to the physical nature of the
Helmholtz resonance being a uniform compression of the fluid within
the resonator. Some second order variation, evident close to the

resonant frequency in the response curves, is due to the geometry
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Figure 3.6: Helmholtz response of a complete circular
cavity of radius a at s/a = 0.05, for

6 — various positions within the cavity.
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of the cavity, but does not conceal this basic uniformity.

A rectangular cavity of length L and breadth 2h, the
opening being located at the centre (x,y) = (0,0) of one of the
sides of breadth 2h, may also be examined. An appropriate

solution to the problem can be constructed in the form

[o=]
1 f . .2 X .2, Ty, | x? 1 nmx nmy
¢1 = 5-lnjsinh (57) +sin (EEJJ - g a_cosh(==)cos (-

e n

(3.43)

for suitable real coefficients a, n=0,1,2,..., as shown in

Appendix IC. The expression (3.43) satisfies (3.38) if

iy 2Lh,_, 2h
nz‘oa“ = —T?—ln(TfTo-) . (344)

As demonstrated in Appendix IC, the boundary condition on x=L
yields formulae for a, n=1,2,..., as coefficients in a Fourier-
cosine series. The remaining coefficient ao, and hence by, 1is

determined by the normalization integral (3.29) to give

L
tanh (=) o
2hL h mL,, -1
PN L
51nh(—E—J j=o0
a = (3.45)
2
\-L , 2hL 5 n=o,
3
where
ﬂu SR o
(M-3) (n-3+2) ... (n+)) g
+j T ] .
T, = [+ ] 3+ ) n < j, j-n=28% (3.46)
j!

(22+1) 11 (2n+22+1) 1! n < j, j-n=24+1,

(2n+1)!! = (2n+1)(2n-1)...3.1 (3.47)

and
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0 n-j = 2%
ﬁﬁ - 1 n-j = 44+1 (3.48)
-1 n-j = 4¢-1

The final expression for by, (3.44), 1is thus a double sum,
which, fortunately, converges rapidly.

These results for the rectangular cavity can be used to
illustrate the dependence of the Helmholtz reéonator on cavity
shape, via the aspect ratio & = 2h/L, holding the area A = ZhL
fixed. Figure 3.7 shows |¢0| plotted against kA% for various
§, at s/Al/z = 0.025. Note that ¢,, the spatial variation of
the potential has been neglected, as Figure 3.6 showed its second
order effect. The most striking feature in Figure 3.7 is the
variation, with &, of both the position and magnitude of the
Helmholtz resonance peak. As all the plots are for cavities of the
same area, it is clear that the classical view, of resonance
characteristics, being independent of the cavity area, as stated
by Tuck (1975) in connection with three dimensional cavities, is
not tenable. This conclusion also follows for Helmholtz resonance
in three dimensional resonators, as will be shown in Chapter 4.
However, it should be appreciated that significant alteration to
the resonance properties occurs only once the cavity is somewhat
elongated - for rectangular resonators which are approximately
square, the classical interpretation is a useful one. This fact
generalizes to the principle that, for resonators of the same area,
which do not possess a dominate axis of distortion, the Helmholtz
resonance characteristics are virtually identical.

The symmetry property described at the beginning of this

section is useful when studying the response of rectangular cavities
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Figure 3.7: Helmholtz response of rectangular cavities of constant
. %
I ¢° , area A, at constant opening size s/A° = 0.025, for

various aspect ratios & = 2h/L.
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and leads to some interesting consequences. Thus a cavity with
aspect-ratio § has the same response curve, neglecting second
order differences, as the resonator with an aspect-ratio of 4/6.
Note that this implies that a square, with its opening in the
middle of a side, has the same response characteristics as a
rectangle of aspect ratio &=4, with its opening in the middle of
the long side. -

To end this section a discussion of inverse methods is
presented. To demonstrate how these work, a particular class of

problems will be examined.

Consider the generalization of equation (3.41)

1 r r?
Pl YR 7Y

¢, = + 9, (3.49)

where @ 1is any solution of Laplace's equation vanishing at r=0.
For a given &, we can construct inverse solutions of our problem,
satisfying (3.36)-(3.38) and (3.29), the cavity's boundary curve

r = r(8) being determined by solving the ordinary differential
equation

, To, (r,®)
R N GO R =

o

which follows from (3.37). For example, if

- 1 2
¢ = - ml‘ cos29 (351)

for some constant A, it is found in Appendix IC that (3.50) gives

2 2 -\ [8 p\
r°s5in20 = 2a“Atan OJ tan " 6'de’' . (3.52)
0

Figure 3.8 shows the constant area cavity shapes, and corresponding
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values of by, for various A. Note that if X = « the potential,
and cavity boundary, for a semi-circle of unit radius is given.
Use of the symmetry property discussed above gives additional

cavity geometries.

3.6 Summary

In this chapter we have obtained asymptotic expansions for
the response of two dimensional cavities of afbitrary shape with
small openings, also of arbitrary shape. The effect of the boundary
geometry is introduced via two independent length parameters, one
related to the opening and the other to the cavity.

The opening parameter s is well known to be an important
influence on the response of the cavity, and was, in effect, used
by Rayleigh in his analysis of the Helmholtz resonator. However,
it is conventional to assume that, at least for the Helmholtz mode,
the shape of the cavity is not important, only its net area influencing
the response. The present results, being expressed in terms of a
uniquely-defined cavity shape parameter b, are capable of testing
this assumption.

In fact, if, for cavities of constant area and constant opening
parameter s, the geometry, and hence b, is allowed to vary, the
variation in response, while usually small, may be significant,
especially for exciting frequencies near resonance. For example,
quite large variations are obtained by varying the aspect-ratio of
a rectangular cavity from unity through values as high as 16, as
shown in Figure 3.7.

In addition, it was seen how the response varies from point

to point within the cavity, whereas the classical analysis for a
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Helmholtz resonator predicts a uniform response. Again, the
variation is not, in general, large, but near resonance, and in
the vicinity of the aperture at all frequencies k = 0(6-1), the
difference in response is significant.

A symmetry property, which connects the response characteristics
of cavities of related geometry, has also been described. This is
a useful tool for extending the range of caviéies to which this

theory may be usefully applied.
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CHAPTER 4

THE THREE DIMENSIONAL CAVITY RESONATOR

This chapter, the material of which has appeared in Bigg
(1982a), (1982b), extends the theory of Chapter 3 to three
dimensional cavity resonators with small openings. The extension
to three dimensions is not trivial due to the/presence of an extra,

unexpected term in the asymptotic expansions, brought about by

aperture curvature considerations.

4.1 Introduction

The structure of this chapter is much like that of the
previous chapter. That is, we first present a theory which is
asymptotically valid for small openings, compared to both wavelength
and cavity dimensions, and then examine in detail the long wave
limit of this presentation. It is found th;t there are five
parameters of importance, compared to the two employed in the two
dimensional theory. Of these five, two, s and b are analogous
to the parameters of Chapter 3. However, the necessity to consider
the curvature of the cavity walls in the vicinity of the opening
introduces three further parameters: Yo which is an indicator
of the local curvature near the aperture, and Q and A, which
are introduced to the problem through the extra term in the asymptotic
expansions that is a result of curvature. Various examples of the
computation of these parameters will be given.

The effect of the curvature of the aperture geometry, not of

significance to the order of approximation in the previous chapter,

will be discussed. The variation of response within the cavity is
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also examined and the symmetry property will be used further.
The phenomenon of cavities of equal volume having differing
responses is shown to occur in three dimensions as well as two.
The theoretical results presented here are also compared
with classical predictions and experimental results to check the

validity of the approach.

4.2 Flow Through Small Holes

As in Chapter 3, matched asymptotic expansion techniques will
be used to solve the problem of flow through small holes. The
procedure for forming these expansions is as explained in the
first paragraph of §3.2.

The geometry of the aperture will be assumed to be locally
axisymmetric, as in Figure 4.1, unless it lies in a plane (or
conical) wall. No such assumption is necessary if the orifice
is in such a wall. As rc/w >, T being the cylindrical
radius, we require the surfaces shown in Figure 4.1 to approach

cones of solid angle © for z 20, or, alternatively, paraboloids

+’

of revolution such that

2 - o+
r’ = *o,z, z

N
o

(4.1)

The characteristic size of the opening is given by two
parameters, s and £, of which s is the more important. The
condition determining smallness of the aperture is that s and

Q be small compared to all other length scales, notably the wave-

[TE

length of the incident wave and the linear dimension £ = V" of
the cavity, V being the volume of the resonator. The parameters
s and 8 will be chosen to characterize uniquely the opening

geometry, as seen in its far field, as in Chapter 3.



Figure 4.1:

Geometry of cavity mouth axisymmetric about

z-axis.

55.
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If ks is small, k being the wavelength of the exciting
wave, the flow in the gap is approximately incompressible, and
we must therefore solve Laplace's equation in this region. The
behaviour at plus (minus) infinity corresponds to a sink (source)
combined, if the aperture is not in a plane or conical wall, with
a semi-infinite line sink (source) aligned along the negative
(positive) z-axis*. So, normalizing the potéhtial, we have, in

the vicinity of the opening,

- 1 - Y4
d > = 5,7 + 6;-1n(rtz) + Ct’ z 20, (4.2)
where
r = (X2ay2ez2)” (4.3)
and, from Appendix ID,
1
Y, = &; 4.4)

The constants C_, not necessarily being the same, will be used

to define s and §, that is, we write (4.2) as

57 G - D -vanED1b0, 2o (4.5)
Thus, for any appropriate aperture geometry, V2§ = 0 must be
solved, subject to 93¢/3n = 0 on the opening boundaries and
(4.5) at infinity. In the process of solving the problem, s and
Q will be uniquely determined. Note that if curvature is absent

from the local geometry then vy, _ = 0.

* Appendix ID examines the semi-infinite line source.
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This problem is, however, rather difficult to solve, mostly
because of the three dimensionality and the consequent lack of
conformal mapping techniques. Thus only a few geometries can be
fully examined. Tuck (1975) details some of these and several
others are discussed in Appendix IB. However, as is the case for
its two dimensional counterpart, s varies only slightly for fixed
aperture area, while Q 1is of the same order as s.

We consider now the exterior region in which there is an
incident wave field ¢_(x,y,z) taking, in the absence of the
aperture, the value ¢w(0,0,0) at the cavity entrance. In the

limit as ks -~ 0, the disturbance due to the cavity vanishes and
¢ >~ ¢_. The residual effect of the cavity, as seen in its own far
field, must be that of an acoustic source, if, as will be assumed
from now on, the exterior boundary asymptotes to a cone of solid
angle 6 , so that y_ = 0. Note that if 6 = 2r the outer
boundary is a plane wall. Letting m be the apparent strength of
that source, we set in z < 0, r >> s,

ikr

¢=¢_me

@ 4mr

(4.6)

and seek m by matching with the flow in the cavity, via the
aperture. It is important to realize, before proceeding, that m
is the flux of the source through an arbitrary complete sphere about
the origin while the actual flux in z <0 1is e_m/4ﬁ, as the
outflow is restricted by the exterior conical boundary.

To perform the matching through the aperture, let kr > 0

in (4.6) to obtain

¢ = ¢_(0,0,0) - ZT“T‘—r(hikr) + 0(mk?r), 4.7)
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which may be written as

> o (4.8)

where

80 = 1 - (i+ik) (4.9)

¢m(0,0,0) being normalized to unity. The strength m, it should
be noted, has the dimensions of a length.
The solution for incompressible flow through the aperture is

therefore, using (4.5),

0 G_m Y
¢(X,)’;Z) = ¢ + -4_'”— ¢(X;)’,Z) ’ (4-10)
$ being the canonical potential defined earlier.
Proceeding into the cavity, let z/s > +o to give

I L R B L 1C D (4.11)
+

S +

This expansion is matched with an interior solution by noting that,
if s << B, B being the linear dimension of the cavity, the
opening will appear to the cavity as an acoustic point sink of
strength 6_m/6+, coupled with an acoustic semi-infinite line sink
of magnitude mY+9_/8+. That is, (4.11) provides a singularity
condition as Tt/R + 0. The potential in the cavity can therefore
be written as

90 5 (x,y,2) (4.12)

+

¢=

where ¢c satisfies (1.2), and (1.3) on the limiting boundary of

the cavity, except that as r > 0
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b - ;?(% - ¥,In(x+z)) + A . (4.13)

The constant A in (4.13), is uniquely determined by these conditions

and two parameters, A and b, will be defined by

L. 1.1 _-1,.98, 1
A= 31?[¢c = Zﬁ{f - Y+1n(r+z)] = ZF(EIV'+ = Y+1“A) . (4.14)

These parameters, b and A, have the dimensions of a length and
are frequency dependent since ¢ satisfies the Helmholtz equation.
They are also of the order of B. It is worth noting at this point
that b 1is the three dimensional counterpart of the parameter b
of Chapter 3.

Now, using (4.14) in (4.13), the limiting condition for

¢C becomes

1,,1 1 0
0~ a5l G - g) - YINCE) - gl T 0, G5

so, matching (4.11) with (4.12) as r > 0 to find m, the relation

S] 1 O_m .1 9
R RRALREE- < ERAURE-RRC
+ +

is obtained, which gives m, wupon use of (4.9), as

-1 6_. .1 1 Q 1 . 6_
41m = E[(g - 5) . 'Y+1n(1-\)] + g + ik - m . (417)

The small gap theory, the results of which are encapsulated
in equations (4.6), (4.10}, (4.12) and (4.17), is now complete,
subject to determination of ¢ and ¢c. In the solution for ¢
the two parameter s and @ will be defined. These are associated
with the opening and have values of the order of the aperture

dimensions. They are also frequency independent since ¢ 1is a
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solution of Laplace's equation. Note that if the aperture is in

a plane, or conical, wall then Q@ can be neglected. The solution
for ¢c defines the two parameters b and A, which are
associated with the cavity and consequently possess properties
which reflect this. It is of interest to record that A is
neglected in the same instances in which Q is disregarded. This
is due to the vanishing of vy when the orifige is set in a plane,

or conical, wall.

4.3 Conical Cavities

As with the two dimensional theory, the problem of finding
¢c for a given cavity is a difficult one. However, the three
dimensional analogue of the circular arc cavity, namely a conical
sector of a sphere with its opening at the apex, is one of the few
types of cavities for which an exact solution can be found. Thus
we shall examine the response of this resonator in some detail.

If we define a spherical coordinate system (r,y,v) centred
at the cavity opening, then the surface of our resonator is the
cone generated by rotating the arc v = arcos(l-e+/2ﬂ) (see
Appendix IB) about the z-axis, plus the cap r=a. Note that because
of the conical boundary near the aperture, Y+=0 for these cavities
and that if 6 = 2w the cavity is a semisphere.

The conditions (1.2), (1.3) and (4.13) are satisfied if

. ok yi(ka)
b, = gx(ro (k1) - Sy Jo (o)), (4.18)

where jo,ji1 are spherical Bessel functions of the first kind and

Yo,Y1 are spherical Bessel functions of the second kind. To
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find b, the limit of (4.18) is taken as kr + 0 and related to

(4.15), that is,

1 B+ 1 1 1 {y1(ka)b k’r _

Aot~ ankeV C amb _ Amr | 4m\ji(ka) 2

O(k3r2)>, (4.19)

using the expansions for yo,jo in Abramowitz and Stegun (1972,

Chapter 10). For this geometry

6. a’, (4.20)
so

-1 -3 yi1(ka)

b= gmT - i1 (ka)

(4.21)

Observe that b contains terms representing both the singular
nature of the solution, yi(ka), and the non-singular natural
modes, ji1(ka).

Using (4.12) and (4.17), the potential along the boundary

_ (6./84)m
d = Tnkaz}, (ka)

i

Eéz{kyl(ka)+j1(ka){é(l+%fa+ik}]‘l. (4.22)

An illustrative plot of |¢|r=a against ka 1is given in Figure
4.2 for the semispherical resonator with 6 = & =2m, s=0.1

and a=1. As with the two dimensional problem, resonance occurs
when the quantity in the square brackets of (4.22) is small, which,
because s 1is sma}l, usually occurs when the second term vanishes.
These peaks in the response are close to the zeroes of j1(x),

the natural frequencies of the conical sector geometry, j1(x)

being introduced to the solution via the cavity shape parameter b.
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Figure 4.2: Response curve for unit radius
semisphere with s = 0.1 (first

2.0 __[ peak has a maximum value of 33).
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The first and most prominent peak is, of course, the
Helmholtz resonance and it is due to the two terms of (4.22)
almost cancelling each other, which occurs only for small Kka.

This mode of resonance will be treated in more detail in the next
section.

The effect of changing s/a is quite considerable, as shown
in Figure 4.3. Decreasing s/a pushes all resonant peaks to lower
frequency and increases their magnitude. Indeéd, for s/a < 0.05
this increase in amplitude for the Helmholtz mode is very large -
up to 10,000 times the amplitude of the incoming disturbance. Viscous
and non-linear effects must play a considerable damping role in this
resonance. As with the two dimensional example, the natural
vibrational modes, not shown in Figure 4.3, change in a quantitatively
different manner; the ''Harbour paradox', discussed in §3.3, does not
apply to these modes.

It is worth comparing, at this point, the two dimensional
response, as shown in Figures 3.2, 3.4 and 3.5, with the above
results. The major differences are in the magnitudes and the
bandwidths of the resonant peaks, respectively smaller and wider
in the two dimensional as opposed to the three dimensional resonator.
It is also of interest that the response between resonance peaks is
much greater in the 2-D case than in the 3-D, where there is

practically no response.

4.4 The Helmholtz Mode

To enable the Helmholtz mode to be discussed in some detail,
1
use will be made of the fact that resonance occurs for small kv’

to simplify the investigation.
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The problem in the interior of the cavity consists of
solving (1.2) subject to 8¢c/8n = 0 on the limiting cavity walls,
with condition (4.15) holding as r - 0. We may expand ¢c in the

series

b = do + 1 + P2 + ..., (4.23)

c

where ¢g = 0((k2V)_1), ¢, = O(V-%), do = O(R?V%), etc., remembering
that ¢c has dimensions of inverse length. N;te that the leading
term ¢o 1is expected to be a constant, from physical arguments,
as in the two dimensional theory.

Substituting (4.23) into Helmholtz's equation (1.2) gives

rise to a sequence of Poisson equations

V20, = -k%¢o, (4.24)

-k%b,, (4.25)

V02
etc., with accompanying boundary conditions

991 _ 9%z _ _
Dl 22 =0 (4.26)

If (4.24) and (4.25) are integrated over the interior of the
cavity some useful results follow.

Firstly, integrating (4.24) it is found that
([ o2 ([ 3% 2
Ve¢dV = ——ds = -k“¢oV , 4.27
JJJV b1 J]s on do ( )

S being the interior surface of the cavity plus the plane of
the aperture. Using (4.26), the surface integral in (4.27) 1is
reduced to an integral over the cavity opening only. This
represents the net flux transported through the aperture. If the

opening is now represented as a point sink of unit apparent strength
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combined with a semi-infinite line sink of magnitude Yy, as in
§4.2, this flux is 6+/4ﬂ. The semi-infinite line sink does not
contribute to the flux as it is exterior to the cavity. Thus,

the leading term in (4.23) is the constant

-9
%0 = g7y - (4.28)

Integrating (4.25) over V gives

E}}VVZ¢2dv = }}sgﬁfds - _kZEva¢ldv ) (4.29)

But 9d4,/9n = 0 everywhere on S, as ¢, makes no contribution
to the net flux through the opening, so (4.29) gives the normalization

condition analogous to (3.29), namely,
([
dv = 0 . 4.30
JJJV¢1 ( )

This condition is used to determine the parameters b and A, in
conjunction with (4.15).

Leaving the solution of the problem for ¢; to the next
section, we assume that ¢; is known and give expressions for ¢
in the cavity and aperture.

Using (4.12), the velocity potential in the interior of the

cavity 1is
_ G_mf 6+ 2 % \
¢ = _e:_\- ATk 2V + Cbl(X,Y,Z) + O(k \ )}’ (431)

where m is given by (4.17). In the vicinity of the aperture,

where (4.31) becomes singular, (4.10) gives

6 =1 - P(i+ik-8 3(x,y,2)) . (4.32)
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Note that in both (4.31) and (4.32) m has an error 0(k%V), as

only the leading terms in the small-k expansion of b and A are
found through (4.30). Thus the overall error in both equations is
oV 3y,

As with the two dimensional equivalents of (4.31) and (4.32),
namely (3.30) and (3.31), spatial variations of second order only
are predicted for the velocity potential in béth the aperture and
the interior of the cavity. Thus the leading order constant is
generally more important. However, the constant terms of (4.31)

and (4.32) are not the same, their ratio being

b ons 2
opening _ , _kV. 1 1, S

: 1- 3G - 50 - v, InGdl . (4.33)
cavity +

where bg and Ao are the zero frequency limits of the parameters
b and A respectively. The ratio, as for two dimensional
cavities, is less than unity for non-zero k, as s7' s larger
than the other terms in the square brackets of (4.33). Therefore
the response in the opening is less than that in the cavity.

The effect of aperture curvature, not of importance in two
dimensional resonator theory, is of interest as the classical end-
correction does not take it into account. As Rayleigh (1896) states,
the end-correction is dependent on the cavity shape, not just the
aperture width as commonly accepted. If aperture curvature is
considered, however, the leading order approximation to the Helmholtz

wavenumber becomes, from consideration of (4.17),

_ {8+ 8. s\
= \i\e++e-> VI » (4.34)

.~

assuming @ = 0(s) << Ay, which reduces to the classical expression
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n
= (73 (4.35)

if 6_ = 6+ = 2m (see Bigg (1982a)). Thus aperture curvature has

no effect on the leading order estimate of the Helmholtz wavenumber.
It is possible to derive an explicit expression for this

modal wavenumber by considering the mean potential in the cavity,

md o (9_=6+=2n), and differentiating its magnitude with respect

-

to k, so that -

ko= 02w LSt 4.36

y = (5 (i) , (4.36)
where

2 1 Q

T= g - T Y+1n(K; (4.37)

and
127
n=- - (4.38)

Note that the classical result is contained within (4.36) for
large T. From (4.36) it can be seen that the effects of by, 0
and Ap are smaller than those of s and non-uniform, that is,
for some cavities they act to increase the Helmholtz frequency in
comparison with the classical frequency, while for others we see
the opposite tendency. Examples of this are given in the next

section.

4.5 Determination of First Order Potential

To complete the solution, ¢; must be found. This quantity
satisfies

04
4V

V2p, = (4.39)

in the limiting cavity, subject to
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obr _
Tl 0 (4.40)
on S, except at the opening where

1.1 1 Y +
61> =G - p2) - @inCg),  r 0. (4.41)

The normalization condition (4.30) is used to uniquely define by
and Ao, the cavity potential being given finally by (4.31).

As with two dimensional resonator theory, solving this system
is still a difficult task but solutions may be found by various
methods, some of which are presented here. The symmetry property,
so useful in the analysis of §3.5, is still applicable and is even
more valuable, as three dimensionality has removed complex analysis
from our repertoire of solution techniques. The role of cavity
symmetry is illustrated in Figure 4.4,

We will begin our discussion of the solution of the system
of equations (4.39)-(4.41) by considering the conical sector
geometry of §4.3. Due to the conical nature of the cavity walls
near the opening the parameter Y+=0, so the potential satisfying

the necessary conditions is

r? 1 1

%1 = gmaT * Tnr T Twb, (4.42)
where, from Appendix IE,
b =§§a_ _ (4.43)

Upon substitution of (4.42) into (4.31) to give the interior
potential, it can be seen that this potential is identical with the

small-ka expansion of the exact potential of §4.3.
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(3)
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Figure 4.4:

Example of symmetry property. (1) original cavity;
(2) wall placed on symmetry plane; (3) aperture moved

to edge of long wall; (4) new cavity ((3) reflected
in ABCD).
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This resonator will be used to demonstrate the variation of
¢ within the cavity. In Figure 4.5 the potential along three
constant radius arcs in the cavity is shown. It is clearly seen
that the magnitude of the response at the mouth of the resonator
is considerably smaller than that in the interior, as predicted
by (4.33). The other important feature is the spatial invariance
of |¢l within the cavity, except at resonance where a 5-10%
difference in magnitude is found. Note that the resonance occurs
at the same frequency throughout the cavity. It is also interesting
to compare Figure 4.5 with Figure 3.6, the corresponding diagram
for two dimensional resonators, as we see that three dimensional
resonance is more uniform over the cavity than is two dimensional
resonance.

Another cavity to be examined is the finite length circular
cylinder of radius a and length L, whose orifice is in the
centre of a circular face. It is shown in Appendix IE that a

potential satisfying (4.39) - (4.41) is

2 o0
z 1 0.
¢ Ja Jo(Pr Jeos(z) 4+ C,  (4.44)

o1 = grarp t T2 7
41 rz+;‘£2 n=1

c

where o is the nth root of Jo(x) and rf = xZ+y?, The

Bessel coefficients, a , are given by

[ansin(%gL)]_ile(aml‘ 1 (
& T an(ah)n 1 a T2 2aj0 /gg:f%giia' f 52,3, 20043

(4.45)

unless

L = , 2=1,2,3,... (4.46)

when the appropriate a vanishes, and, using the normalization

condition (4.30), the constant C is given by
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LZ  a? . L L . L
C = 0" & ¢ jr{arcs1nh(a) + acosh(arcs1nh(a))]

3T 4 sinf®LMil)]
+ 2Ta nzl an51n\ a /ﬁ*{ : (447)

Using (4.41), noting that y+=0 as the aperture is in a plane

wall, it is found that the cavity shape parameter b, 1is given

by
= -4an( )y a +C). (4.48)

The parameter Ao is, of course, zero as Y =0.

Panton and Miller (1975a) considered this geometry and in
Table 4.1 the resonant frequencies for several circular cylinders
are shown, as computed by both their theory and the present work.
It should be noted that Panton and Miller's formula, an adaptation
of the classical result with improved entrance corrections,

namely

k23
1 Aog
Ky = E(W} ; (4.49)

where c 1is the speed of sound, Ay the orifice area and &'
the effective length of the aperture, requires that no dimension
of the cavity be greater than a sixteenth of a wavelength A.
The classical result (1.1) has a similar constraint but it is not
a necessary condition in the present theory. 1In fact, this
analysis has the single proviso that s << g; B being a
characteristic dimension of the cavity.

The two starred rows in Table 4.1 show the results for
cylinders of the same volume, with the second of the two having

a length slightly greater than A/16. The present work encounters
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TABLE 4.1: Comparison with Panton and Miller's (1975b) formula
for circular cylinders.

s Radius Length Resonant Wavenumber
(m) (m) (m) Present Work Panton § Miller Classical
.05 1 1 .221 .219 .224
.05% 2 | .105 .107 L112
.05* 1 4 .122 105 112
.05 1 2 .164 .151 .158
.10 1 1 .308 .315 .316
.10 2 3 .064 .089 .091
.10 3 1 .107 .103 .105

*These two have the same volume.

+Opening is a circular hole of radius W =

ms/2 with no neck.

TABLE 4.2: Helmholtz frequency for spherical cavities.
W Radius Wall Resonant Frequency (Hz)
Thickness Classical Eq.(40) Ingard's Experiment*

(cm) (cm) (cm) Theory*

.8 9 .1 116.2 117.6 117 120
1.025 9. .1 132.6 135.0 134 135
1.55 9. .1 164.8 170.3 168 168
1.86 95 .1 180.6 188.4 185.5 190
1.91 9. .1 183.6 192.0 189 195

* 0157 .75 0 703.3  703.7

0157 2. 0. 161.5 161.4

.157 2 0 510.7 516.0

.157 5. 0 129.2 129.4

*Taken from Table I, (1953b).
*Last 4 rows theoretical only, s given by (IB.23).
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no difficulties with this length and should be accurate. The
results therefore demonstrate the important property, already

noted in two dimensional resonator theory, that cavities of the
same volume, but different geometry, have different response curves.
This conclusion has been tested for other volumes not shown here.

It may also be noted that while Panton and Miller's formula
gives resonant frequencies consistently less than the classical
formula, indicating a standard correction factor, the present
theory has no such characteristic, Helmholtz frequency predictions
being both above and below those of the classical result.

To illustrate the use of the curvature parameters in the
first order theory, we will now examine a cavity which has neither
plane nor conical walls near the aperture but a curved surface.

Such a cavity is the sphere of radius a. The results for this
type of resonator will be compared to the experimental and theoretical
results of Ingard (1953b).

It is shown in Appendix IE that a potential satisfying the
necessary conditions for spherical geometry is, if r is measured

from the aperture,

oL 7 i 2 1 . (r+z)
%1 = Z7r T Z0ma Teras(r -232) - 3ﬂaln\a/2} , (4.50)
with
ho =3 (4.51)
and
bo = 22 . (4.52)

In Table 4.2 the Helmholtz frequencies for various spherical
cavities, as computed by (4.35), (4.36) and Ingard (1953b), are

presented. The aperture parameter S, used in (4.35) and (4.36),
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was taken to be the approximation (IB.25) as the walls of the
experimental spheres were of non-zero thickness. The parameter
Q was, however, assumed to be unaltered, that is (IB.47) was still
used. It should be noted that the detailed calculations for this
chapter are for resonators set in a plane outer wall, while the
experiments were conducted with isolated spheres. The present
theory may, however, be adapted for this cavity with only slight
second order changes. Another relevant point ;s the size of the
openings, which were relatively large in the experiment, so the
above theory may approach its limit of validity for the spheres
of larger aperture,.

Having stated the above facts, we see from Table 4.2 that
even for moderate S/B values agreement between the present theory
and experiment is very good. The results are generally better than
the theoretical predictions of Ingard, which were derived explicitly
for spherical geometry. Considering all the tabulated results, it
is seen that the classical prediction is accurate to within a few
percent for small s/B ratios but may be more than 10% in error
for larger s/B ratios. It is in this region, when considering
such symmetrical bodies, that the second order terms in (4.36)
become important. Of course it should be remembered that, as was
seen in the examination of cylindrical cavities, some cavity shapes
are subject to significant changes in their Helmholtz resonance
frequency, in comparison with another cavity of the same volume,
due to the effects of cavity and aperture geometry. Therefore the
second order parameters are useful to employ if known.

Another paper with which results may be compared is the semi-

empirical article of Alster (1972). This paper obtains a formula
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for the Helmholtz frequency using extensions of the spring-like
arguments used to derive the classical formula, as in Kinsler and
Frey (1962, p. 186f.). This formula may be adapted to many different
cavities; however, the results given by Alster are consistently
60-70% higher than those obtained by the present theory or by
Panton and Miller. If the end-correction used by Alster is adjusted
to the classical value of 8w/3m, w being the aperture radius,
the resonant frequencies are then comparable. Alster's formula
has the same type of restriction as Panton and Miller's, also it
should be noted that Alster's experimental data apparently agreed
with his formula.

The final cavity shape to be mentioned is the rectangular
prism, shown in Figure IE.1. The solution of the system (4.39)-
(4.41) uses the ideas of Tuck (1973, §6) and is derived in Appendix

IE. Here the potential will be merely stated:

1 @/x y2+z?) 1 [z x4y E\
* 16nd \?&3 2d / + 16Wh®\iﬁ“ _“EE__V , (4.53)
where
®(X,R) = 2 {[(JL-X)2+R2]% + [(SZ,+X)2+R2]I/2 - %} , (4.54)
=1

the coefficients a_ being given in Appendix IE. Note that Y+=0,

as the orifice is in a plane wall, and that
1 o]
by = -4m ) a . (4.55)
n=0

Other methods may be used to solve for ¢; than those

demonstrated above. The inverse approach used in §3.5 is one,
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which, however, is not as successful in three dimensions as in
two. This is because non-linear differential equations occur and
the cavities resulting from solutions to these equations usually

have asymptoting, rather than closed, surfaces.

4,6 Conclusion

The three dimensional resonator theory presented in this
chapter agrees with most of the conclusions oﬁ the two dimensional
theory of chapter 3. However, if the walls of the cavity near the
orifice possess finite curvature, that is, if the aperture is not
in a plane or conical wall, then the theory requires significant
modification. In two dimensional theory, curvature near r=0
caused no peculiar problems but in three dimensions an extra singular
term must be introduced to the asymptotic expansions. This singular
term describes the potential due to a semi-infinite line source and
appears to be virtually unknown in previous literature. While the
3-D theory for cavities whose aperture is set in a plane or conical
wall is easily carried over from the 2-D theory, cavities possessing
aperture éurvature require two extra parameters to describe the
second order effects on resonance. However, to leading order,
aperture curvature has no effect on the classical formula for the
Helmholtz frequency.

Another difference between 2-D and 3-D theory is the higher
amplitude of resonance in the 3-D resonator, coupled with the lower
off-resonance amplitude. A greater uniformity of potential within
the cavity at resonance was also encountered in the 3-D cavity.

That is, the variation of peak Helmholtz response about the cavity
was a smaller percentage of the maximum response in 3-D resonators

as compared to 2-D cavities.



79.

As a final remark it is worth observing that the restriction
on the use of this theory, namely that the aperture parameter s
be small in comparison with a dimension of the cavity, is of a
different nature to the classical restriction. Cavities not
suitable for classical analysis may therefore be studied theoretically
using the present approach, which generally gives better results
than the classical theory in any case. It is also worth noting that
even for relatively large s the Helmholtz mo&e is well described
by the above theory, although the higher k responses may be
altered by the appearance of non-symmetric modes of oscillation,

as was seen in chapter 3.



PART I1

SCATTERING BY SLENDER BODIES

80.
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CHAPTER 5

REVIEW OF BODY DIFFRACTION THEORY

The problem of forward diffraction by bodies in a homogeneous
medium has received a great deal of attention, due to the number
of fields of application. These fields include shallow-water
wave theory, acoustics, anti-plane elastodynamics and electro-
magnetism in various guises such as optics and radiation theory.
This second part of the present thesis will concentrate on the
shallow-water wave problems; however all the work could be easily
applied to other areas. In particular, we shall examine diffraction
by thin bodies which are either transparent to the incident grazing
waves (Chapter 6) or opaque (Chapter 7). The parabolic approximation,
first introduced by Leontovich and Fock (1946), will be used as the
principal tool of any analysis, building on the work of Mei and
Tuck (1980). Matched asymptotic expansion theory will also play a

pivotal role in the analysis.

5.1 Previous Work

As has already been noted, the problem of diffraction by bodies,
especially bodies in an oceanographical context, has received much
attention since at least the last century. However, the advent of
computers to the resources available to researchers has led to a
proliferation of material in the last twenty years. A representative
cross-section of the work done will thus be given, rather than an
exhaustive survey.

Lamb gives a survey of the early work in this field in
Chapter 10, and the latter half of Chapter 9, of his '"Hydrodynamics"

(1932). Some papers from our field of interest are those of
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Proudman (1914), who examined the exact solution for a plane wave
incident on a circular islénd and approximations for waves incident
on elliptic islands, Lamb (1906), who solved the problem of
diffraction by a parabolic island, and Watson (1919), who considered
the diffraction of electric waves by the earth. This latter paper
is of interest because of its connection with Keller's theory of
geometrical diffraction. )

In the post-World War II research done before the widespread
use of computers, analytic and experimental techniques dominated the
field. Arthur (1946) used ray diagrams to discuss the bending of
waves, passing over depths whose contours were of analytic form,
around islands of circular symmetry. He later, (1951), discussed
the various mechanisms causing alterations to wave patterns near
islands including reflection, refraction, diffraction, current
interaction and wave variability. Pocinki (1950) used conformal
mapping to study refraction and Isaacs, Williams and Eckart (1951)
examined total reflection of surface waves in their passage from
shallow to deep water. Eckart (1952) also developed an integro-
differential equation for gravity waves in shallow water which he
tested on known solutions. Laird (1955) conducted an experimental
study of waves incident on a cylindrical island.

Following a few years of little attention to island scattering,
the mid 1960's saw the beginning of a revival of interest which has
continued to the present day. In 1963 Barakat used the theory of
Mathieu functions at low frequency to study diffraction by elliptic
cylinders. Then, in 1965, Chambers introduced rotation to the

problem and discussed free modes of vibration over sills and around

islands. Carrier (1966) included non-linear terms in his examination
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of long wave propagation near coasts.

The beginning of numerical studies may also be traced to this
period, with Richmond's (1965) use of a boundary integral method
to consider scattering by dielectric cylinders of arbitrary cross-
section and Moimoi's (1967) use of Bessel function expansions of
long waves incident on circular islands.

In 1967 a landmark paper by Longuet-Higgins examined the
reception of waves on circular sills and the wa}e energy modes
trapped by free and forced waves. This article, which sparked off
a considerable amount of research, also discussed various forms of
contours around the sill and the effects on the trapped wave modes
from asymmetry, rotation and viscosity. This was followed in 1969
by another paper concentrating on the effects of rotation, and, in
1970, by an article demonstrating that the inertial oscillations
are resolvable into two waves travelling in opposite directions
around the island. This latter paper also showed the presence of
a strong direct current mass transport velocity. Longuet-Higgins'
papers were extended by Summerfield (1969, 1972), showing that all
modes for cylindrically symmetric depth contours leaked energy to
the surrounding ocean.

Another paper from 1967 which led to a number of articles in
the field of scattering by bodies is that of Handelsman and Keller.
While this paper developed a source distribution theory for axially
symmetric potential flow about a three dimensional object, it was
followed by a series of articles by Geer (1968, 1974, 1975, 1978,
1980) in which the ideas of Handelsman and Keller were applied to
many problems including the scattering of waves by slender bodies

of revolution. However, the use of this technique for two dimensional
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scattering problems is much more complicated and has not yet been
done.

Following the first Longuet-Higgins paper a number of similar
problems were examined. Shen, Meyer and Keller (1968) discussed
the spectra of waves in channels as well as around islands, while
Rhines (1969) continued the examination of the effects of rotation
on oscillatory motion about islands and sills;_where bottom topography
was either discontinuous or analytic. Miles and Gilbert (1968)
discussed the theory of scattering by circular islands which could
be floating docks, that is, where the body does not necessarily
touch the sea floor. Lautenbacher (1970) considered a numerical
solution to the integral equation describing long wave reception
for circular or elliptical symmetry.

Another numerical approach to the problem of scattering by
oceanographic features is that of Berkhoff (1972) who used finite
element techniques on circular islands and parabolic shoals. Shaw
(1974) used finite difference techniques to examine the scattering
by a circular island surrounded by a region of varying depth.
Another finite difference approach is that of Vastano and Reid (1967)
who also examined circular island scattering. They were principally
interested in the response to tsunamis.

Articles from related fields during the early seventies include
Chen and Mei's (1973) discussion of wave forces on an elliptic
platform, using Mathieu functions, and the beginnings of slender
ship theory. Faltinsen (1972) examined the first order theory
applicable to restrained ships in head-sea waves while Maruo and
Sasaki (1975) extended this to second order.

Since the mid seventies a great deal has been done on the

scattering problem. We will first examine the work which is mostly
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analytical and then discuss the purely numerical articles.

Christiansen (1974) examined diffraction around arbitrary
shaped islands using Green's functions. This work was followed up,
in 1976, by an investigation involving ray methods. The latter
research focussed on islands with a parabolic topography with or
without discontinuities. Smith and Sprinks (1975) used the
geometrical optics mild slope approximation to give an equation
which is an asymptotic approximation to the beﬁaviour of waves.

The model was tested using topography similar to that in Lautenbacher
(1970).

In 1976 Jonsson, Skovgaard and Brink-Kjaer discussed diffraction
and refraction as separate phenomena and compared the two theories
for a circular island surrounded by a parabolic shoal. Provis (1976)
conducted an experimental study of island diffraction which showed
that Keller's geometrical optics theory (see later) is not complete
enough to describe the phenomena observed. Roseau (1976) examined
the scattering caused by a wedge in a rotating ocean. Note that
his analysis is not valid for a wedge in a non-rotating ocean.

In a continuation of the work done by Longuet-Higgins and
Summerfield, Losano and Meyer (1976) showed that some trapped waves
demonstrate exponentially small leakage properties, which means
that these modes are highly resonant. They gave examples of edge
waves of large radial wavenumber, which had this characteristic
using a circular island geometry. As an extension, Meyer and
Painter (1979) allowed absorption at the shore instead of the perfect
reflection condition used in the first paper. While some elements
of the response changed because of this boundary condition it was
found that the peak amplitude remained high. Meyer (1979) has

also written a review article on the theory of wave refraction
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which, using a geometrical optics approach, covered simple ray
theory, resonant wave trapping and extensions for caustics. This
latter topic was also examined by Shen and Keller (1975). In
another paper (1980) Meyer has studied reflection coefficients
from the reflection of waves incident on a continuous sloping
bottom.

In 1977 Pite introduced damping into a discussion of waves
diffracted over a circular sill. Dotsenko and bherkesov (1979)
have looked at an asymptotic solution for diffraction over small
irregularities. In the same year, Kriegsmann (1979) used geometrical
optics on a topography described by a quartic equation - this was
unsuccessful to some degree because of the prediction of infinite
amplitude at the shore. Non-linear wave diffraction has been examined
by Hunt and Baddour (1981), using asymptotic expansions, while
Mohring (1982) has considered extremely slender body theory.

A worker prominent in the field of slender body diffraction
in recent years is Mei. Originally interested in elastic scattering
(1979), he has since used the parabolic approximation to solve
diffraction problems in a fluid mechanics context. In collaboration
with Tuck (1980), scattering by thin bodies was investigated leading
to the conclusion that strong resonances occur over sills. With
Yue (1980), Stokes waves were considered as incident waves rather
than simple time-harmonic surface waves, while Haren and Mei (1981)
look at diffraction by a slender raft. All of these papers use
the parabolic approximation, which will be discussed in the next
section.

Throughout the discussion above the theory of geometrical

optics has been cited. This theory, mainly used in electromagnetic
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problems, is useful in the applications of interest here but will
not be discussed. For an account of the theory see Keller (1962)
who summarizes the method, as formulated up to then. While
further refinement is always occurring, the basic ideas of
Keller's theory are presented in the article.

We turn now to the latest numerical approaches to scattering
by bodies. An important work in this area is the paper by Houston
(1978, see also Houston, Carver and Markle (19;7)) in which a hybrid
finite element technique is applied to tsﬁnami reception by the
Hawaiian Islands. Triangular elements are distributed around the
islands in a circular mesh and analytic expressions are used outside
this region leading to very fast computations. As agreement between
numerical prediction and observed wave heights is good this method
is promising. Another method, using finite differences, is that
of Bernard and Vastano (1977).

Two papers have used the parabolic approximation in forming
numerical solutions. Radder (1979) uses finite differences on a
circular shoal, after applying the approximation to the mild slope
equation, while Candel (1979) uses a similar numerical scheme in
an acoustic problem.

Another approach is that of Berhault (1980), who uses an
integro-variational method which he compares to boundary integral
and finite element methods. Each method is seen to have advantages
under different circumstances.

The field of tsunami research, occasionally mentioned above,
is of some interest to scattering problems. Many of the techniques
used are found in both fields and a knowledge of work in this area

is an advantage in considering diffraction by islands. As a
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discussion of this field is beyond the scope of the present thesis
the reviews by Hammack (1972), Chen (1976) and Bigg (1979) are
noted for the reader's reference.

To conclude this section an interesting application of
scattering theory will be considered, namely, the navigational
techniques used by Pacific Islanders based on the observing of
wave patterns formed by particular islands acting as scatterers.
These techniques were observed as early as the.last century by the
German sea captain Winkler (1899) who discussed the meaning of sea
charts, produced by the Marshall Islanders, with the navigators
who used them. The effects of scattering of waves driven by the
prevailing winds are seen in these charts and were useful for intra-
archipelago sailing, though inter-archipelago navigation mostly
relied on other techniques such as star fixes. Krieger (1943)
found other island groups in Micronesia and Melanesia used similar
charts while Arthur (1951) noted the use Maori navigators made of
the technique. An interesting account of the modern day revival
of the various navigational features of pre-European Pacific
exploration can be found in Lewis (1978). This book convincingly
shows that these methods are practical and details their zones of
use. The wave pattern recognition technique, of immediate interest
in the present context, is shown to be a meso-scale rather than a

macro-scale navigational aid.

5.2 Problem Formulation

Only the shallow-water wave problem will be formulated here.
As the basic equations are similar to those of Part I the application
of the theory to other fields may easily be seen by referring to

§1.2.
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We consider the irrotational time-harmonic motion of an
incompressible fluid bounded by a free surface, whose undisturbed
level is z=0, and horizontal seabeds at z=-h; in the region
R, and z=-h, in the region Rz, as shown in Figure 5.1. The
surface connecting the two seabed levels is a vertical cylinder.

An incident plane surface wave of wavenumber k; and unit amplitude
is assumed to be travelling along the x-axis*from the left.

As the flow is simple harmonic in time, the problem may be
described in terms of a potential ¢(x,y), after removal of the
z and time elements as in §1.2. The equations describing the

motion are now Helmholtz equations of the form

V2o (x,y) + kP (x,y) = 0 j=1,2, (5.1)

where kj is the wavenumber, and ¢j is the potential, for region

% , with the incident wave denoted by

iklx

bo(x,y) = e (5.2)

In R; there is also a scattered wave ¢1 which obeys Sommerfeld's

radiation condition; that is,

lim [(klr)%(g%" ik1)$1] = 0, (5.3)
k romo
1

r being the radial distance from an origin in R;. The flow field
is subject to continuity conditions across C, the contour

separating R; and Rz, mnamely,

bo + $1 = $1(x,y) = 9a2(x,y) on C (5.4)

and



Figure 5.1:

90.

Problem formulation.
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31 (x,y) _ (kihzégzizizl_ on . (5.5)

on k2 an

the derivatives in (5.5) being normal derivatives.

Because this thesis is considering shallow-water waves,
that is, waves whose wavelength is long in comparison with the
depth, then, using Lamb (1932; §228, 229), from equation (1.7) it

can be shown that
2 _ 2 h ;
k2 = ki h, (5.6)

Note that if R, 1is a solid body protruding above the sea surface
then k; = « .

Having formulated the problem in terms of a potential we
will now introduce the parabolic approximation. This essentially
says that the amplitude varies slowly in the longitudinal direction
as compared to the transverse direction. This disparity of scale
leads to a parabolic partial differential equation in which the
longitudinal coordinate becomes time-like. Much use has been
made of this technique in fields such as underwater acoustics,
etc., see for instance McDaniel (1975), Corones (1975), Tappert
(1977), Brock, Buchal and Spofford (1977), McCoy (1977) and
Kriegsmann and Larsen (1978), as well as in scattering problems,

examples of which have already been noted.

If we let
6, 0oy) = A e U, de1,2, (5.7)
then (5.1) becomes
(1)
2ik; A+ v -0 in Ry, (5.8a)

9Xx
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an

ox

(2)

(k2-k2) 24?4+ 2ik, +928? =0 in R, .  (5.8b)

In addition to (5.4) and (5.5) we assume that

AV >1 as  |y| >~ vx > o0, (5.9)

It will also be assumed that C 1is symmetric about the x-axis
and that it is defined by
y = *eb(x) . - (5.10)
If R, 1is closed then € 1is the width-length ratio of the body
and then, for simplicity, we let
b(0) = b(1) = 0. (5.11)

If R, is not closed we still let b(0) = 0.
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CHAPTER 6

A CRITICAL ANALYSIS OF THE PARABOLIC APPROXIMATION

FOR SCATTERING BY SLENDER TRANSPARENT BODIES

The parabolic approximation theory for scattering by long
thin bodies, developed by Mei and Tuck (1980), is analysed
critically by both a formal matched asymptotiéﬁexpansion and
a numerical scheme based on the boundary integral equation method
of chapter 2. The existence of a special range of parameters, for
which the theory is formally valid, is verified, and the use of
the parabolic approximation for parameters outside this range is
examined. It will be seen that caution must be used in thus
employing the parabolic approximation, with breakdown occurring
once resonance, or a steep longitudinal gradient in amplitude,

appears.

6.1 Formal Asymptotic Theory

As was seen in §5.2, different governing equations are found
in R; and R,. The approach to solving the problem here will be
to consider separate asymptotic expansions in €, in R; and Ry,
and then match them across C. In this theory we will consider R:
to be a finite closed region, implying that (5.11) is true, and the
derivative of the body function b(x) (see (5.10)) will be taken
as finite at x=0 and x=1.

If, in the outer region R;, we let x = 0(1) and, for

some positive exponents a,B,Y,

ki1 = Ke s (6.1)

A (x,y) = A% (x, YO AT (x, Y0) P Al (x,Y0) 2P
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where

AP0,y =1+ 06D (6.2)

then (5.8a) gives the leading order outer equation

0 0
. OA 52A
ZIK?S% + ﬁYF% =0, (6.3)
provided

o =2y , (6.4)

that is, if y = 0(ki).

Now, examining the inner region Ry, if, for some positive
constants &,u,
y=Ye,

hy/hy = He'6 , (6.5)

A (x,y) = ALY )+, (x, Y ) eteas (x, Y e,

x being of order unity, then the leading order inner equation from

(5.8b) is
ﬁ%%g; + kA = 0, (6.6)
where
K2?H 2048 = 2, &§>0 (6.7a)
k? = 4 K®(H-1) a=1, § =0 (6.7b)
-k? a=1 , § <0 . (6.7¢)

The three separate cases in (6.7) correspond to scattering by
(a) prominent sills, (b) small sills or shallow canyons, and
(c) deep canyons, respectively. It is of use to note that (6.7)
implies o <1 for all §.

To remove the single degree of freedom & in the exponents

for first order sill scattering, B and p not appearing in the
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leading order equations, and to investigate the canyon further,
the matching conditions (5.4) and (5.5) need to be invoked. To
do this, (6.3) and (6.6) must be solved in the appropriate regions.
In Ry, due to the redefining of variables in (6.1), the
inner region R, appears as a line of unit length on the x-axis.

The solution of (6.3), with this boundary, is

141 [F dEV(E)exp(iKY®?/2(x-E))

A(x,Y") = 1 - 7 |, TR . (6.8)
where
dA
V(x) = W%,-(x,o+) 0<x<1, (6.9)

because the problem is analogous to heat conduction in a semi-

infinite rod with time-varying flux at the end Y%=0. For details
of the derivation see Appendix IIA; note that the x-coordinate is
time-like in this interpretation. For matching purposes the small

Y’ 1imit of (6.8) is required, that is, from Appendix TIA,

A (x,Y%) > A(X) + V(x) Y] + 0(Y°®, Y° >0 (6.10)
where
1+i [ %
Ax) =1 - 57 | dgv(g) (x-&) =~ . (6.11)
0

In R, equation (6.6) has the solution
i i -
AL (x,Y ) = a(x)cos(kY ), (6.12)

where a(x) 1is, as yet, unknown.
On C the stretched y-coordinates have the values

o
Yo = t¢ ‘b(x)
A (6.13)
Y = tb(x) ,
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so the continuity of potential condition (5.4) implies that

A(x) = a(x)cos(kb(x)) , (6.14)

to leading order. The flux continuity condition (5.5) may be

rewritten as

a
(1) — (1) ,
HE-GII'BA aY(X,y)s 2 €b'(x)(iKs-aA“) Betl] B dA aix,)’))}
(2) (2)
- BA s - - = aA ]
- ¢t -——-§Y§5—¥l . eb'(x)(lKe AT (x,y) + --7§§£15l> , (6.15)

where y is given by (5.10). Using the expansions (6.1c), (6.5c),

(6.10) and (6.13) the leading order term of (6.15) is

HV(x) = -ka(x)sin(kb(x)), (6.16)

provided

o+ 28 = 2. (6.17)

Assuming (6.17) is obeyed, (6.14) and (6.16) can be combined to

give an integral equation for V(x), namely,
A) = - NV(x)cot (kb(x)) , (6.18)
k

A(x) being given in terms of V(x) by (6.11). This is an Abel
singular integral equation and may be solved by trapezoidal
fechniques outlined in §6.3.

Having obtained a leading order solution, (6.18) in
conjunction with (6.10) and (6.12), it remains to be seen what
effect the condition (6.17) has on the region of validity of the
theory, in terms of the parameters h;/h, and k;. Firstly,
for prominent sills (6.7a) also needs to be obeyed. Combining

(6.7a) and (6.17) we find that a = B = %, which verifies the
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importance of the 'special class of 'barely-submerged' islands"
discussed in Mei and Tuck (1980; 8§4). A cursory glance at the
remaining conditions (b) and (c) of (6.7), relating to canyons,
shows their incompatibility with (6.17). Hence the parabolic
approximation theory is not formally valid for canyons and it
appears that it should only be used for barely-submerged sill

P

geometries with the parameters

2

L_0e’) . (6.19)

j=n

ky =

4
N

In practise the region of validity is larger than that
described by (6.19). The reasons for this, as well as some
explanation for the restricted validity, will be given in 86.3
from comparison with the results of the numerical model to be

outlined in the next section.

6.2 Numerical Methods

This section will set out the solution of the singular integral
equation (6.18) by numerical means, as in Mei and Tuck (1980), and
also the scheme for direct solution of the scattering problem by
a boundary integral technique. As the details of this latter
approach have been given in chapter 2, here the problem will merely
be set up.

We firstly consider the solution of (6.18). The technique
used is described in depth in Weiss (1972), see also Tuck (1978).

A summary only of the method will be given.

The interval over which we integrate, (0,x) in this case,

is divided into N segments of uniform size Ax. In each segment

our unknown function V(&) 1is assumed to vary linearly with £.
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Then, from Weiss (1972; §4), the following lower triangular system

for V at the end of each interval, V;, n=1,...,N, is found:

-1

n
- H —
Vo= [_1+uw;vo+uj§lv3w;_j]/[icot(kbn)-uwo] (6.20)
where
_1+1i /Ax
W=y (6.21)

V; = V(nAx), x = nAx, bn = b(nAx) and -

4
w0_33
W= %[(j+1)3/2-2j3/2+(j-1)3/2] j=1,2,...,n-1 (6.22)

% Zn%-é[nalz-(n—l)alz], n=1,2,3,...,N,

s =

For the starting value Vo we let V(x) decay as x approaches

zero so as to balance the cotangent in (6.18), that is,

lim V(x)cot (kb(x)) = - g . (6.23)
x>0
This results in
Vo = 0, (6.24)
which means that (6.20) may be rewritten as
n-—1 H ~
Vo= [-1+u § V.W _1/[-cot(kb )-uW,] n=1,...,N. (6.25)
n =1 j n—j l_( n

Note that if V(x) 1is three times differentiable and V"'(x) 1is
bounded then, from Weiss (1972; theorem 4.1), this method is
convergent of order two.

The technique outlined above has been thoroughly tested by

Weiss and Mei and Tuck (1980) so (6.25) will be used without further
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comment, other than to note that the term -uW, in the denominator
acts as a damping term and stops infinite amplitude at resonance
points.

We now turn to the boundary integral equation solution to
(5.1). This technique expresses the potential in the two regions

R, and R, by the integral equations

) [ (- 3G (x';x) 3(51(1(')\

¢1(§) g -Jc‘¢1(§')"*—j§r——”‘- Gl(f';f)__Tﬁf_—]al(f') X € {R,-C} (6.26a)
[/ 9G2 (x';x) ' 3¢2(§')\

$2(x) = Jc\¢z(§ e & Ga (x ;§)T/d2(§ ) x€ {R,-C}, (6.26b)

where 9/9n 1is the outward normal derivative and G;,G2 are the

Green's functions

- " ki)

Gy (x';x)

(6.27)

Ga(x'5x) = Yo (kor')

the notation being as in chapter 2.

For the potential on C the limiting process indicated in
chapter 2 is used, multiplying the integrals in (6.26) by two,
-and altering them to their Cauchy principal-value form, denoted {.
The continuity conditions (5.4) and (5.5) are then used to find
¢ at any point on C.

To do this in practice the integrals must be discretized into
N segments, as in equation (2.12), by considering ¢ and its
derivative to be constant on a given segment and representable
by their values at the segment's midpoint. Then, by writing the
discretized integral equations as two matrix equations and using

the continuity conditions, the potential may be rewritten as
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¥, = -[E(A-I) - B(F-1)]7'f, (6.28)

where I 1is the NxN identity matrix,

[¥1], = 61(x),
(Al = %}Azm g%'H%l)(klr;)dl(f'),
(8], = ;{M Ho') (ar/)de(x"),

j=1,...0N; m=1,...,N (6.29)
[E], - = ?][AleO (kzrj')dg’()j') >

jm A% on

k
o 2 YokerHatx"),
[£], = -(F-Dg + ik En, .

The two vectors g, n, are given by

ikIXj

(el = ¢ :
j=1,...,N, (6.30)
[n, 1, = I[n] [e],,

a-j

where X, = (xj,yi) is the midpoint of the jth segment and n
is the vector of the x-components of the normal at each segment's
midpoint, and

| — —-x!
r, |§j x'|. (6.31)

For this method to work the matrix [E(A-I)-B(F-I)] must be
non-singular.

To evaluate the integrals in (6.29) the numerical and analytic
techniques outlined in §2.3 are used.

It is also required that the value of the potential be known
at locations other than on C and to do this we discretize (6.26).
This discretization is simpler as, knowing ¢ on C, only one

of the expressions in (6.26) needs to be used for a given region;
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Figure 6.1: l¢| on centreline of circle of radius 0.325, k, = 20,
k, = 60 (N=76).
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also the integrals are easier to compute; see §2.4.

This numerical method, used only for contours symmetric
about the x-axis thus reducing the size of the matrices in (6.28)
by half, was tested on circular sills and canyons of various
radii, because of the existence, for this geometry, of analytic
solutions in terms of series of Bessel functions (see Appendix
IIB and Longuet-Higgins (1967)). The agreement, with 10-15 segments
per outer (k;) wavelength, both inside the circle, where the
amplitude is very oscillatory as in Figure 6.1, and on the boundary,
was excellent. That is, no detectable difference between the
numerical and series plots could be observed, except for some minor
divergence on some of the internal amplitude peaks. This, of course,
only applies for k; < 30, as for shorter waves a large number of
segments were needed and storage problems arose.

From the preceding discussion it is clear that the model is

reliable and will be of use in examining the validity of the

parabolic approximation.

6.3 Comparison of Numerical Results and Parabolic Approximation

Theory
Since Mei and Tuck (1980) examined the centreline amplitude
of the velocity potential, that will be our basis of comparison.

We also employ their example of a parabolic arc contour for C,

y = teb(x) = t2ex(l-x). (6.32)

Note that this biconvex airfoil is not analytic at x=0,1, so
the numerical method will not be as accurate at the ends as

elsewhere. However, the errors involved are only small and local
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as the numerical approximation essentially models a slightly
di fferent end-shape. This is verifiable by examining elliptic
boundaries. It should also be noted that some 20 segments per
wavelength were needed for 3-figure numerical convergence, due
to the slenderness of C.

We first examine biconvex sills. An interesting result of
the parabolic approximation theory is that resonance occurs over

the sill if, from (6.18), )

™

2 _
K = oo *

nm n=0,1,2,... . (6.33)

Now, as K? = 0(1) by assumption, the formal theory implies
that only the early stages of resonance can be described. This
seems logical in view of the neglect of terms like aA(2)/8x,
since at resonance steep longitudinal, as well as transverse,

2
gradients in A( y

are expected. Thus, curves such as those for
k; = 10,15 in Mei and Tuck (1980; Fig. 3) will not be accurate*.
This is borne out by the numerical results shown in Figures 6.2-
6.4. The first of these shows that for k,h satisfying (6.19),
when no resonance is observed, the parabolic approximation is
accurate. Resonance, however, is not well described, although,

as is evident from Figure 6.3, the position, if not the magnitude,
of the first resonance peak is predicted fairly well. In fact

the early stages of the bifurcation of this peak are also locationally

predicted. For more complex resonance, as in Figure 6.4, even

*It should be noted that the legend of Mei and Tuck (1980; Fig. 3)
appears to be incorrect. The sill should have parameters e=0.1,
ha/h;=0.1.
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Figure 6.3:

Same comparison as Figure 6.2 with new parameters
€ =0.1, k, =10, hi/h; = 9.
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Figure 6.4:
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¢

Same comparison as Figure 6.2 with new parameters
€ = 0.1, k; = 15, hi/hz = 9.
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locational accuracy is lost however.

Turning our attention to canyons, it will be remembered
that the theory of §6.1 predicted that the parabolic approximation
is never valid. The veracity of this conclusion is confirmed in
Figures 6.5 and 6.6. Once again a major reason why the parabolic
approximation does not work well is that it predicts significant

2)

longitudinal A( gradients near the leading edge, while not

including these terms in the theory. Also, tﬁe assumption that
|¢| = 0(1) at x=0 is not valid, especially with increasing
canyon depth, as shown in Figure 6.6. The scattering cross-section
for this case, Figure 6.7, reveals that the incident wave suffered
significant side scattering as well as forward scattering, with
the peak scatter occurring at an angle of 25° from the positive
x-axis. This result is contrary to the parabolic approximation
which assumes that scattering is predominantly forward directed.
In Appendix IIC will be found a discussion of how the scattering
cross-section is obtained from the boundary integral equation
solution.

Figure 6.8 summarizes the conclusions concerning the "region
of validity" of the parabolic approximation. This figure shows
the parameter range (enclosed by a solid line) in which the
parabolic approximation theory predicts an absolute error smaller
than ~10% of the total amplitude along the centreline of the submarine
feature. Note that this is somewhat deceptive, as the area close
to the H-axis has a relative error in the predicted disturbance
much greater than 10%. However, because the amplitude is almost

uniformly unity in the cases represented by this region, this
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Comparison of the parabolic approximation (—) and

the b.i.m. results (———) for a parabolic canyon with
parameters €=0.1, k;=20, hi/h2=0.5.
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Same comparison as Figure 6.5 with new parameters

e=0.1, k1=20, hi1/h2=0.025.
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Figure 6.7: Scattering cross-section for parabolic

canyon with €=0.1, k=20, kp=7 .
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Figure 6.8: Region of validity of parabolic approximation in

terms of H = h1€2/3/h2 and K = k1€2/3. See text

for explanation.
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difference is not noticeable on any but a greatly magnified plot.
This figure, compiled from 43 parameter combinations with
€ in the range [0.05, 0.2], is only for a biconvex contour,
but similar plots would be found for other boundaries. It indicates
that the region defined by (6.19), whose approximate boundary is
dashed, is the heart of the range of validity. In addition, the-
figure indicates that so long as resonance or steep gradients do
not occur, the theory is useful. Thus, the spike along H=0.2
represents features where h; = h, and the resultant disturbance
is small. Similarly, the graph asymptotes to the H axis as
k; -~ 0, for in this limit both the island and infinitely deep
canyon problems have no disturbance. The other feature of this
figure is the (striped) region which shows where resonance begins
for sill scatterers. In this region, as shown above, the position,
but not the magnitude, of resonance is well predicted.
It is also interesting to note that this figure suggests
that scattering by islands does not obey the parabolic approximation,
except in the degenerate case of k; = 0, this problem being
described by the graph as H > «. As will be shown in chapter 7,

this suggestion is not correct for a range of non-trivial Kk;j.
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CHAPTER 7

THE PARABOLIC APPROXIMATION FOR SCATTERING BY

SLENDER OPAQUE BODIES

The parabolic approximation theory developed in the last
chapter is here applied to the near-field of scattering by islands.
It is shown that for a certain parameter range the theory compares
well with numerical results computed using an édaptation of the
b.i.e. method of §6.2. The theory is extended to second order.

In addition to the situation when b'(0) is finite the effect of

letting this derivative be infinite will be examined.

7.1 Leading Order Theory

The near-field of the island described by (5.10) will be
considered to consist of two regions, an inner space very close
to the boundary of the obstruction and an outer region. The
solution to (5.8a) will be examined in the two regions and
matched across the undetermined boundary separating them. It

will be assumed that

k=K , 0<ac<?2, (7.1)

Note that in this theory the derivative of the body function b(x)
will be taken as finite at x=0 and x=1, the ends of the
finite island.

If, in the outer region, we let x = 0(1) and, for some

positive exponents Y,9
y = Y%Y 0 <y<1
(7.2)
A =1 + eéA?(x,YO) + EZGAg(x,YO) + ...

then (5.8a) gives the leading order equation



., 9AY . 92A0
2iK 75;-+ Wiz T 0,
if

a =2y, a>S§,

and the second order equation

Thus, from Appendix IIA, the outer solution is

i KY02/ 2(x-£)
VX-¢

(1+i) § A8[ dEVy (B)e

0 — -
AT =1 2V/mK

=1 0
which has the limit as Y® > 0 of

2
A =1+ le 826642(x) £ YOV () + 3%y |

where

_ o Qei) [T dEVy(E) i
4,09 = - Srw | e L2

In the inner region, let
Ye

1+ EBAZ(X,Yi) + EZBA;(X,Yi) + .,

<
n

>
n

so that the leading order equation to (5.8a) is

and, if

o+ B<2,

the second order equation is

3
+ 0(e

(7.

(7.

(7

%,

(7

(7

(7.

(7.

(7.
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W 0 . (7.12)
Equations (7.10) and (7.12) give the solutions

i

A= e (0Y + ar(x)

, . (7.13)
Ay = a3 ()Y + au(x) ,

the functions ai(x) to be specified later.
To perform the matching some of the ai(x) in (7.13) need to

be determined from the boundary condition

B = eb () (ikAv)  y=eb(x), (7.14)

so, substituting (7.9) into (7.14),

A, B
ng-(x,b(x)) =0 (7.15)
is obtained as the boundary condition compatible with (7.10) and,
if

28 +a =2, (7.16)

the second order boundary condition becomes

5y (X.b(x)) = 1Kb'(x) . (7.17)

Equations (7.15) and (7.17) imply that

a;(x) =0
(7.18)
az;(x) = ikb'(x) ,

so the inner expansion may be written

A o1+ efa,00 + eBlano ¢ ikbr Y ) 0ie’® . (7.19)

We now turn to the matching of the inner and outer solutions.

Comparing (7.7) and (7.19), noting that B =68, it is seen that
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az(x) = 4:(x)
ay (x) = 42(x) (7.20)
Vi (x) = iKb'(x).

Therefore to leading order the inner solution is

and the outer solution is

i KYOZ/ 2(x-§&)

i-1) Tfsl—a/zfx déb' (&) e
2 ™ ] VX-¢

(]

At =1 - L v 0(EXY, (7.22)

if, from (7.1), (7.4) and (7.16),

AN

< o< 2. (7.23)

7.2 Second Order Theory

From comparison of (7.21) with numerical results it was
decided to extend this theory to second order to seek a better
agreement between the two techniques. These comparisons will be
shown in a later section. In the present discussion the second
order theory will be presented, to be discussed with reference to
the first order solutions and the numerical method in the later
section.

There are two ways of approaching this second order theory,
leading to solutions valid in different parameter ranges. Firstly,

let o = 28, then the third order outer equation is

. oAY . 3%Al
2iK 75§-+ 5?7%-= 0, (7.24)

so that, using Appendix ITIA, the inner expansion of the outer

solution is now



A =1+ efU) ¢ e YN (0 - ik e T

e B, s €YY ¢ ) e Pl - L

Similarly, the third order inner equation is

azAi3 B i
avz - A

which has the solution
Ay = ag(x) + as(x)Y, - iK4l (Y] .
From (7.14) the third order boundary condition is

A,

252 (b)) = iK' (A (D))

which implies that

as(x) = iK[b' (x)41(x) + 24} (x)b(x)]

Therefore, comparing the inner expansion ((7.19) + (7.27)) with

(7.25) it is found that, in addition to (7.20),

V2 (x) = iK[b' (x)4,(x) + 24} (x)b(x)]

A3(x) = as(x)

117.

Jo+ oL,

(7.26)

(7.27)

(7.28)

(7.29)

(7.30)

(7.25)

As a result of this matching our second order inner solution

is

. (i-1) /K _t-a/2 [*dEb' (&)
A—l-—T—/;iZ JOW

. s"“{ixbv(x)yi- (i;l)/_gfxdg[b’(5)41(€)+2A{(E)b(5)]} .

: VX-£

while the second order outer solution is

(7.31)

0%,
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: 02
AO' =1 - MEI—G/Z[xd€b|(E)el KY /2(X_E)

2 T Jy VX-%
(7.32)
_ (i;l),/§'€2—a{: da[b'(am41§2jgm1(£)bf£}] NPTEELEN
if
1<q < 2. (7.33)

On the other hand, if o = B (or 0=2/3) then the second
order outer equation is

3Ay , 3%A2 _ _ 3%A)

2iK =25+ 5707 < - 52

(7.34)

instead of (7.5). To solve (7.34) a particular integral P,(x,Y%)
is needed in addition to the complementary function (IIA.13).

Using the principle of minimum singularity the Taylor series

Po(x,Y%) = ca(X)Y2 + ca(X)Y] + ... (7.35)

was assumed to represent the small Y? 1limit of Pz(x,Yo).

Upon substituting (7.35) into (7.34) it is found that

ca(x) = - SAV(X)
(7.36)

¢y(x) = - V300

and that cj(x), j > 3, can be written in terms of lower order cj.

The third order outer equation is now

o 9AY  32a 52A5
24K 5 * 5y0z T T oxe (7.37)

which we will assume has the solution, for small Y’, of

A (x,Y%) = A3(x) + Ps(x,Y") + 0(Y"). (7.38)
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The inner expansion of the outer solution is thus

AO

1+ B, )+ Y 2V (Y -ike M ()Y T4l L)

2B, () +e' Y VoY € TR GAY (0 KA )Y Tl )

+

538(,43(x)+P3(x,0)+...) + 0(6“8) ,

+

and if the inner region is described by (7.10), (7.12) and (7.26)

then matching (7.39) with the solutions to these equations gives

us that (7.31) and (7.32) are once again the solutions in the

inner and outer regions respectively.

(7.39)

As an example of the results obtained by this theory consider

the biconvex island (6.32) which has an inner solution, upon

evaluating the elementary integrals in (7.31), of

N 3302

1 - 2e/ lf"—x(i-u(l - %’i) + 4ik(€x)2(§ I SR ),

X
12
if Y =b(x).

7.3 Theory for a=2.

(7.40)

To date we have been concerned with o < 2 in (7.1). However,

when a=2 some progress can be made. When this is true the first

order inner equation is

oA . 9%Ay _
2iK KX—' + W = 2 (741)

if we do not begin our expansion with unity but with No(x,Yi).

The corresponding boundary condition, from (7.14), is

Ay

S (x,b() = iKb' (x)Ab (x,b (X)) . (7.42)

This problem is not easily solved analytically but if the
island coast is given by

y = evx (7.43)
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then a similarity solution may be found, namely,

® kT2 2
iksjne' T2

. 2 ) 2
(e K E ike[ & 241y
el 2

(7.44)

This solution was found by Mei and Tuck (1980) but their equation
(2.13) is incorrect. .
It is of interest to note that (7.44) is ;he exact solution to
irrotational time-harmonic flow past a parabola, not just an
approximation. That is (7.44) is the solution to (5.8a) with the
boundary condition 9¢/on = O on the curve given by (7.43). This

solution was found by Lamb (1906) and is reproduced by Jones (1964;

p.- 468). Note that A 1is constant on the boundary curve.

7.4 Local Expansion Near Curved Leading Edge

The theory of §7.1 and §7.2 breaks down locally where there is
a curved end because b'(x) becomes infinite in these regions. In
this section a local expansion near a curved leading edge will be
employed to overcome this problem. Note that the trailing edge
cannot be so treated, as singularities of at least logarithmic
severity still occur there. The removal of this singularity is a
problem as yet unsolved.

For the purpose of demonstration the elliptic island
y = te/x(1-x) (7.45)

will be examined. However the theory is easily applied to other
island shapes with a curved leading edge.

In an inner region near x=0 let
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X = Xg‘ea
- Yl€l+a/2 (7.46)
At - 1+€YAf(X2,Yl)+€22Af(xl,Yl)+...
so that (7.45) may be expanded as
a 2
y =2 Axta - %Z-x“ - e? 51— - ) . (7.47)

Substituting these expansions into (5.8a) we obtain the leading

order equation

2.8
3%A
EYI% =0, (7.48)
if
0<a<2, 0<acx<22, (7.49)
and, if
Y +a< 2, (7.50)

our second order equation is of the same form as (7.48). Making

the further assumptions
o+ 2y =2, a>a (7.51)

an inhomogeneous third order equation is obtained, namely,

2 [}
32A .. 9A
EYT% = - 2iK 52% . (7.52)

Solving these simple order equations gives the expansion
AY = 1eeY (@ () +d (X YH 962 (45 (D) +de XYY
+e?Y (45 (X1 +de (N Y -ikdr (XD Y2 2ka s oY) w0 (€"Y) (7.53)

for the inner amplitude.
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The boundary condition (7.14) may be expanded in terms of

(7.46) and (7.47) to give the first three order boundary equations:

8A1

-—I-(x A% =0
Eﬁ%.(x /X ) = + §%§I (7.54)

B—Af‘g ot vty = % o, vty

The last of these is valid only if the condition Y < a holds,
as well as (7.49)-(7.51). These boundary equations, when applied

to the solutions of the appropriate order equations, give us that

d,xM =0
4 M) = ix/evx® (7.55)
ds (Y = 2ikd] A + 159§£§—l

The outer region is treated as in §7.1 so that the inner

expansion of the outer solution becomes

A = 1ee¥a, (XMredYrtv M w2 (X)) ve Y s (Y
RINE O GIT 78T0 0 i FINN ¢ -1
Note that, from (7.2) &8 =y and, from the definition of

Vo), (IIA3), Y (x) = e*/?v (). If (7.53) is matched with

(7.56) the following equalities are found:

doxhy =4, 0h

vixh = ike

dsxh = 4, (7.57)
ds My = 4.6

v.oxY = 21KA{(XZ)¢§E'+ iK4 (X7)
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The leading edge inner solution is thus specified to second order

as

i A
L (i-1) _ike? om Y 3/2 3
A" =1 - ——z——-ane 5 [é - 7§1] + 0k €) (7.58)

for the island whose boundary is given by (7.45). Away from the
leading edge (7.31) is valid and the two solutions are matched at
the point where they possess the same value. Our outer solution
is (7.32) for all x in the intermediate field of the island,

however.

7.5 Boundary Integral Equation Method

As in Chapter 6, only the formulation of the b.i.e. technique
will be specified here as the details were set out in Chapter 2.
The scattered wave potential in the ocean around the island

is given by (6.26a) and on the coastline C itself

ikx' (1)

(1) ?
3HQ r(lkr } + iknx,,e HO (kr')]dﬂ,(x'), (7.59)

- B i[ - '

¢1(§) = 2]'C [(bl()‘f ) 3
using the notation of Chapter 2 and §6.2, as there is a Neumann
boundary condition on C. If (7.59) is discretised as in (2.12)

then it may be rewritten as the matrix equation

y, = (A-1)7'2 (7.60)

where 1 is the NxN identity matrix, ¥; and A are given in
(6.29) and

Z = BY , (7.61)
B also being given in (6.29) while

[¥o], = -ikn e ¥Xi (7.62)
j
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Note that (A-I) must be non-singular for (7.60) to be useful .

The integrals in (7.60) are evaluated using the analytic
and numerical techniques outlined in §2.3.

As only islands symmetric about the x-axis may have the
theory of this chapter applied to them, the size of the matrices in
(7.60) could be reduced by half, which saved much storage space
and c.p. time. The numerical method was tested on circular islands,
as analytic solutions in terms of Bessel function series are available
for this geometry (see Appendix IIB). The agreement between the two
solutions on the coast of the island was excellent when 20 segments
per wavelength were employed; so good in fact that the two could
not be distinguished apart. The figure of 20 segments per wavelength
was chosen because that is what will be generally used in the
comparisons between the asymptotic and numerical methods in the

next section.

7.6 Comparison of Numerical Results and Parabolic Approximation

Theory

For the purpose of examining the theory of §§7.1, 7.2 the
biconvex island whose boundary is given by (6.32) will be used.
As was noted in §6.3, the numerical method will not be as accurate
near x=0,1 due to the non-analyticity of the boundary curve at
these points. However, the errors involved are only small.

Equation (7.40) gives Ai on the coast to second order so
the modulus of this expression will be compared to |¢(§)| along
C. Three different (k,e) pairs are examined in Figures 7.1-7.3.
In each, the numerical results are compared with the first and

second order asymptotic theories. The leading order theory
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~ .
o ® To) -~ o o @© O ~ o~
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- . M A = - o o o o
Figure 7.1: Biconvex island, k=10, €=0.075. — — coastal amplitude
from b.i.e. method (N=41); —— coastal amplitude from

1st order par. approx. (2nd order indistinguishable

from lst).
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Biconvex island, k=20, €=0.075. Same legend as

Figure 7.1 with — — coastal amplitude from
2nd order par. approx. (N=76).
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approximates the numerical curve fairly well in all cases, if the
smaller amplitude waves in the numerical plots are smoothed. The
second order was evaluated to attempt to model these waves but this
did not occur. However, as k& gets larger these waves become
smaller and the second order solution should give a good estimate
of the amplitude. Examples only up to k=40 are given because

of the large c.p. time required for larger k_ but the trend in

the figures illustrates how the second order sélution will be useful
in the upper part of the region of validity (7.33).

The waves superimposed on the mean amplitude in the numerical
results have a wavelength very close to m/k, that is, half the
wavelength of the incident plane wave. Their presence is as yet
unexplained, but note that they are not always important; for example,
an airfoil oriented so that its blunt end faces the oncoming flow
does not produce such waves except of almost undetectable amplitude.

Islands with curved leading edges will now be examined. As
§7.4 took as its example an elliptic island (7.45) this will also
be used here. Choosing a body whose trailing edge is also curved
will demonstrate how the theory breaks down in the vicinity of an
infinite slope rear.

In Figures 7.4-7.6 the numerical model is compared to the
first and second order solutions of the asymptotic theory for
elliptic islands of various ke. Note that the expression used

for the latter curves away from the leading edge is

., . G F ike2 (L Lf
A=l -2 T-re[ZE(/x)-l((/x)]+1k€2[2(1-2X)Y —7T_TJ0{ VIO Ex-E)

(7.63)

F
=11

Ec/a)(1-2£)+K(/£)(a-§)} )
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Figure 7.4: Elliptic island, k=10, € = 0.1.
legend. (N=76)

0.94 |~
0.90

See Figure 7.2 for

0.86



Figure 7.5:

_
w
-
—

1.08 —

-

Elliptic island,
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Figure 7.6:

e

Elliptic island,
for legend (N=76).

k=40, €=0.1.

See Figure 7.2
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found from (7.31) with E(x), K(x) being complete Elliptic
integrals as defined by Gradshteyn and Ryzhik (1980). The integral
in (7.63) was evaluated numerically by quadrature formula 25.4.39 in
Abramowitz and Stegun (1972).

As for the finite end-slope islands considered above, when
ke is relatively small the first and second order asymptotic
solutions differ little, as shown in Figure 7.4, and give an
average of the numerical results, which exhibit a wave-like structure.
Near the leading edge the effect of the theory of §7.4 is to smoothly
guide the solution to its zero limit, at least for the first order
solution. Note that the second order solution does not quite do
this, but flattens the amplitude out for a small distance behind
x=0. As the rear is approached, however, the asymptotic theory
becomes singular. This does not become apparent, for this ke value,
until very close to x=1.

If Figure 7.5 is next considered, where ke is now double its
value in Figure 7.4, a similar picture is seen, except that the
flattening of the second order solution extends to around x=0.075,
instead of being confined to a very narrow region, and the second
order solution appears more singular near the trailing edge. The
overall impression of this figure is that the second order solution
gives a slightly improved view of the mean amplitude to that of the
first order solution for x < 0.75, while it diverges more for
x > 0.9. Note also that, as for finite end-slope islands, the
amplitude of the perturbation to the mean numerical result is
decreased as ke 1is increased, albeit slowly.

This is true in Figure 7.6 also, where ke 1is doubled once

more. Most of the features noted of Figure 7.5 appear in this figure,
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such as the flattening of the second order solution near the
leading edge, and the unsatisfactory nature of the second order
solution as x > 1.

As indicated in (7.58), the first order leading edge solution
is just the zero limit of the inner solution found using the
techniques of §7.1. This is true for all island shapes. The
second order leading edge solution acts as an amplitude stabilizer
whose influence spreads as ke increases, due.to the blunt end
looking more like a parabolic island as the wavelength of the
incident wave decreases.

To sum up, comparing numerical experiments with the asymptotic
theory shows that the theory is useful in the range expected (7.23)
but does not, in general, fully describe the numerical results. A
wave perturbation is superimposed on the coastal amplitude of many
islands, which is not predicted even by higher order theory, and
difficulty is encountered at infinite slope trailing edges. However
the trend of the amplitude (or a perturbation-wavelength spacial
average) is given by the present theory, which would not, in any
case, be expected to predict small-amplitude short-wavelength
x-disturbances because of the assumption of small longitudinal
gradients in the amplitude of ¢ '~ built into the theory. Note
that the perturbation seems to be due to a reflection of the incoming
waves from the trailing end of the island. Such a mechanism would
explain the larger amplitude of the super-imposed wave near x=1
and the problems with convergence near this point. Reflection was
also the reason why the parabolic approximation broke down in
Chapter 6; however it has not, as yet, been able to be incorporated

into the theory.
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APPENDIX IA

Contribution to Exterior Potential from Circle at Infinity

As in the uses of boundary integral techniques in Part II
the outer curve at infinity is a complete circle rather than a
semi-circle, the following proof is for that case but the proof

also holds for any arc of the circle at infinity.

Theorem: The contribution to the exterior scattered potential,

-

¢s, from the circle at infinity, C, is-.zero <+ Sommerfeld's

radiation condition holds.

3¢s 3G -
on ¢s gﬁ)dl =0

Proof: § (G
C

o 1i JIPT o 3 3G il
lim IJO (GTr—'- ¢s E:)krdej =0

kr >

%[ 9G

2T
e tinf [ o ef oy {3 - ik, [} (ks { k|32 -

ke ool 0 L ar

ikG}}dG} =0

o Lin (kr)'/‘c{(kr)"‘{%c’% - ike, ]} (kr)y’%{(kr)%{%g - ikc]}} -0

kr oo
but <& £ G and ¢s and G obey the same boundary conditions so

o 1im L[ _ ke |1 -
e L I | S

kr >

which is Sommerfeld's radiation condition.
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APPENDIX IB

Flow Through Holes

1. Introduction

The problem of incompressible flow through an aperture,
satisfying certain conditions at infinity, is a difficult one in
general, especially in three dimensions, but a number of geometries
may be treated. Two dimensional theory is, of,course, much simpler
as conformal mapping may be used.

Researchers have been working on this problem for both
compressible and incompressible flows since the last century and
Rayleigh's pioneering work (1897). Some success was gained, as
may be found from consulting Lamb (1932), and in recent years many
approaches, generally restricted in aim, have been tried. For
example, Tuck (1971), (1975) examined asymptotically the transmission
of water waves through small apertures, while Memos (1980) discussed
the flow through the opening between two walls inclined at an angle
to each other. Ffowcs Williams (1972) looked at turbulent flow
through a screen of circular apertures,, while Leppington and
Levine (1973) extended this to elliptical apertures, in which the
aperture dimension was much smaller than the spacing between the
holes, which, in turn, was much smaller than the wavelength of the
incident wave. De Smedt (1981a) has examined low frequency
scattering through an aperture in a rigid screen, both numerically
and analytically, in terms of pressure fields - he has also studied
annular orifices (1981b). Sanchez-Hubert and Sanchez-Palencia
(1982) have studied non-linear and viscous fluid flow through
holes and the permeability of perforated walls. Some authors,
such as Ingard (1953a) and Hirschwehr (1974), have adopted a

classical approach and studied the Rayleigh end-correction.
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M.S. Howe, who has been active in resonator theory, has
also been prominent in the field of flow through apertures. He
has looked at unsteady high Reynolds number flow through circular
apertures (1979b) and at grazing flow through circular holes
(1980a) and perforated screens (1980b). Unsteady flow has also
been studied (1981b), (1981c).

The method presented here, following that of Tuck (1975),
is still restricted in aim but is more comprehénsive than most
analytic results. The principal purpose is to find the parameters
which play important roles in the cavity resonance theory presented

in Chapters 3 and 4. Much of this work can also be found in Bigg

and Tuck (1982) and Bigg (1982a).

2. Two Dimensional Theory

We need to solve

V%% = 0 (1B.1)
subject to
36 _
et 0 (1IB.2)

on the aperture boundaries and (3.2), or

5 > igl: G , (IB.3)

as x - *®. Most examples of solutions up to now, and discussed
in Tuck (1975), have had 6+ =6 =m, that is, they correspond
to openings in a plane wall. In particular, if the opening is a

sharp-edged slit of width w, in a plane wall of zero thickness,

then

(IB.4)

) =
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In fact, the derivation, using elliptic coordinates, of this
result in Tuck (1975) generalizes immediately to that for an
opening consisting of a pair of hyperbolas, as sketched in Figure
1B.la, which has 6+ =0 < m*. Now s 1is exactly equal to one

quarter of the distance between the foci of the hyperbolae, that

is, if w 1is the actual width at the throat,

W

s = m (IB.5)

A plot of s/w against O is shown in Figure IB.2 as the solid
line,

Another case in which the cavity aperture parameter s can
be determined, at least semi-analytically is that in which the
boundaries are straight-edged wedges as in Figure IB.3a. These
two wedges, of angles am and Bm, have their vertices at D
and H respectively. Without loss of generality, we may fix the
location of H as the origin in the complex z = x+iy plane, and
also fix as vertical the left edge of the wedge with corner at H.

The angles © and 6+ are as in §3.2, and of necessity
6, * B +om+ Bm = 2m . (IB.6)
In what follows it will be convenient to set

8 = ym . (IB.7)

The solution to (IB.1) is found by a Schwartz-Christoffel

mapping to the upper half n=>0 of the ¢ = £+in plane, namely

*For an idea of the proof see the discussion of the 3D analogy.
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Figure IB.1: Special openings: (a) hyperbolic, (b) symmetric
wedge, (c) wedge with 6_=m.



140,

1.4
1.2 —
1.0 —
0.8
0.6
0.2

0.4

Figure IB.2: Effective size of openings of Figure IB.1l.
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Figure IB.3: Conformal mapping of wedge-like openings.



142,

R S GVl (BN B (18.8)

for some parameter u as in Figure IB.3b. The corner points D
and H are mapped to the points ¢ = -1,u respectively. The
overall length scale in this problem is arbitrarily determined
by the fact that the constant multiplier in (IB.8) has unit
magnitude.

The integral of (IB.8), for ¢ = £+i0 and § < u, satisfying
z(u) = 0, 1is

T Ty vy g [y 1-a 1-8_1-8
Z=-T(€ -u )+1Jt [(t+1) “(u-t) "-p "]dt. (IB.9)
u
Our main interest is in the location of the corner point D, which

can be written as

2(-1) = i PR, 8,0 - e YT E(B,a,1/0)], (IB.10)

where 1

B} jt'Y“[(1+pt)"“(1_t)"8-1]dt. (IB.11)
0

F(a,B,u) =

<=

There is no difficulty in numerically evaluating F in
(IB.11), and hence the coordinates of the point D. The method
used here is to make the preliminary change of variable t = Tl/(l—Y{
which eliminates the algebraic singularity at t=0, and then use

the mid-point rule. In the particular case u=1, a=B, the function

F reduces to a Beta-function, namely

Fla,o,1) = l§9-3(1 - 1, 1-0). (1B.12)

This special case yields an opening with symmetry about a line
through the midpoint of HD.
The flow problem is solved in the C-plane by placing a

source at the origin. That is, the complex potential is given by
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==

Inz +x, (IB.13)
for some constant k. Now, as ¢ =+ O,

- %ul_BC_Y + constant (IB.14)

A d

so that

-Y2z
. ) r K. (1B.15)

1-8
1 _ 1 u
Et—ln s =K +g 1n< ) ; (IB.16)

Similarly, as G + @

ieiswn B4/ T
z > - z*'"" + constant (IB.17)
+
so that
0 z
E - el— 1n(—~—ii—ﬁ> ‘K, (IB.18)
+ -irme

which agrees with (IB.3) if

1 _ 1 . (7

- e— In s = K - 5 ln\e—-) . (IB.lg)
+ +

Subtraction of (IB.16) and (IB.19) to eliminate Kk yields

the required formula for s, namely

G nu(‘“s’”e““e'“, , (IB.20)

+ -

where
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04

Vv = W . (IB.21)

The problem is thus solved in an inverse manner by prescribing
o,B,y and u. Results are wanted for s/w, where w = |z(—1)|,
the distance between the corners H and D. Note that the length
scale for the separate quantities s and w 1is arbitrarily set,
by the choice of the mapping (IB.8), but this/choice does not
matter for their ratio. ]

Results for u=1, o=B, plotted against 8+ are shown in
Figure IB.2. The dashed curve is for the opening of Figure IB.1lb,
which has a plane of symmetry along both the x- and y-axes, that
is, 9+ =08 , and the dashed chain-dotted curve is for 6 =m,
that is, for an opening in a plane wall, as in Figure IB.lc. We
recall that the solid curve corresponds to Figure IB.la.

These results indicate that the effective size s of the

opening is increased by decreasing the wall angles 6, from .

This is most easily explained in terms of the hyperbolic opening,
for which the controlling parameter is the interfocal distance,
which exceeds the actuallthroat width. The increase is not rapid,
but by the time the angle 6+ reaches 900, a 100-150% increase
in s is predicted. On the other hand, as shown in Tuck (1975),
wall thickness tends to decrease the opening parameter, providing

6+ and 6_ remain at 1800.

3. Three Dimensional Theory

In three dimensions our governing equation is still (IB.1),
subject to (IB.2) on the aperture boundaries, but now, as 2z - o,

¢ must satisfy
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A RECIE

A few solutions for plane walls, where y =7vy_ =0 and

8, = 6_ = 2m, are available at present, mostly in Tuck (1975).

For example, a circular opening of radius a in a plane wall has
s = — . (IB.23)

Similarly, an elliptic hole with a semi-minor axis of length d

and a semi-major axis of length a has

s _ m/2
2/dar  V/dJa K(1-d?/a?)

(1IB.24)

where K is a complete elliptic integral. Another geometry for
which an asymptotic solution exists is a cylindrical tube of
length £ and radius a, shown in Figure IB.4b. Rayleigh (1896;

p- 181) derives

s = , a << £ . (1IB.25)

Several other aperture geometries may be examined successfully
and the rest of this section will be devoted to this investigation.
One of these geometries is that of Figure IB.4a, which
consists of a pair of hyperbolas in the xz-plane rotated about
the z-axis with 6_=6_. An angle v in the xz-plane will be

associated with this body, with
B8, = 2m(l-cos v) . (IB.26)

Using oblate spheroidal coordinates, where

z = a cos a tan §
(IB.27)
X = a sin o sec §,
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Figure IB.4: Special apertures, axisymmetric about z-axis.
(a) rotated hyperbolas, 6_=8+; (b) channel,
6 =6 =2m .
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the opening surface is given by o = constant. To satisfy (IB.2)

let

¢ = 5 . (IB.28)

Then as r > «,

s - t(g - g)sgn(z) + 07, (IB.29)

which implies s = 2a/m. However, 2a is the interfocal distance
and is given by

w
* = ZTsinv GIB50)

where w is the width of the opening, thus, using (IB.26),

s = s . (IB.31)

e m . /ﬁ - %%

Figure IB.5 depicts the variation of s/w with 6 for
(IB.31). The main feature to note is the slow change of s/w with
6, which indicates that the shape of the opening does not have a
great effect on s. This conclusion is supported by (IB.24), as
shown in Tuck (1975; Figure 3).

We will now examine an orifice with curvature. Consider the
axisymmetric opening geometry of Figure IB.6 which as z > <,
approaches a paraboloid of revolution. The potential in z > 0,

for unit flow through the hole, can be treated by assuming that

_ % = F(r) = (1B.32)
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Figure IB.6: Opening geometry for limiting paraboloid.



Then, using Lamb (1932; §102, eq. 4),
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¢ = r:e’”Jo(prc)dpr:F(c)Jo(pc)adc, z = 0. (IB.33)

If f(rc) =0, the problem is flow through a circular hole

in a plane wall, which has the solution, upon evaluating (IB.33),

l'\‘)lﬂ

arcsin( ?a ) -
) Vz%+(a+r, ) 2+/2%+(a-1,) °
¢ =52 -4 0
2ma

(re

arcos ec\T} -

|

z >0
z=0, r < a
Cc

z=0, r, > a,

where ¢ 1is scaled to zero in the aperture. Integrals 6.752.1

and 6.693.6 of Gradshteyn and Ryzhik (1980) can be used to obtain

(IB.34).

If f(r;) #0 then

6 =6+ 0,

(IB.35)

where ¢p is the potential in (IB.34) and ¢€ is the potential

due to the flow ''through" the walls r > w. If the interior

surface is given by 2z = Z(rc), then along z=0,

unit flux,

However, from (IB.34),

—B_QQ. = — r > a,
or,

z=0 2'rrrc\/rc§-az

so, in the right-half plane

allowing for

(IB.36)

(IB.37)

(IB.34)
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Z'(Q)

YC%-a?

1 -pz
o, = Zﬁfoe P* 3o (x, p)dp a Jo (p2)dz, z > 0. (IB.38)

We are interested in all Z(rc) which approach the paraboloid
of revolution

r? = az (IB.39)

as r > ®, SO consider

Z n= Z(rc) é(r:«az) . . (IB.40)

Substituting (IB.40) into (IB.38) and evaluating the second
integral, using Gradshteyn and Ryzhik (1980, 6.554.3), we find

that

o = ar e"zJo(prc)59§PEdp ; (IB.41)

e 2ma)o

This integral is divergent, but we may add a constant to (IB.41),
as it is a potential, in such a way to cancel out the divergent

element that is, integrating (IB.41) by parts

- 1 -pz .
¢, = 5— lim {[1n p(e " Jo(pr, )cos pa], + 1n & +

li
o
] lnpe_pz(zJo(prc)cospa+ch1(prc)cospa+aJo(prc)sinpa)dp} , (1B.42)
L

where the 1n £ component cancels the divergent term in (IB.41).
The integral remaining in (IB.42) cannot be evaluated, but as we
are only interested in the difference between ¢€ as r >0, and
r >+ o, we may let I = 0 in (IB.42) and find that

|
¢, = 5glE + 1n(a%+z%)1, r =0, (IB.43)

where Ec is Euler's constant, Gradshteyn and Ryzhik (1980; 4.441)

being used in integrating (IB.42). Therefore, normalizing ¢E| 0

zZ=

to O,
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¢ > =— In(=) as z + @ ., (IB.44)

Equation (IB.22) indicates that

1{/1 1 1 2
¢ - EE{(% - g) - 3 ln(?%)} as z > @ (IB.45)
along the z-axis, as vy, = o~} for (IB.39), so (IB.34) implies
that
2a
s = > (IB.46)

the result (IB.23) without the added potential ¢€, while (IB.44)

implies that

Q= 2a. (1B.47)

Thus the s parameter is seen to be associated with plane walls,
while the § parameter describes the effect of curvature.
Other Z(rc) than (IB.40) may be studied by this method,

it can be shown that s is given by (IB.46) once more, while now

w2

Q = 2ae” (IB.49)

c e ey
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APPENDIX IC

Determination of b for Special Cavities

1. Circular-sector Cavity

The normalization condition

[f ¢1dxdy = 0 (IC.1)
JJRI

must be applied to (3.39) in order to compute the shape parameter
b. If the sector, enclosed by the arcs 0 = i6+, is of radius a,
then (IC.1) may be rewritten as

[ _ 0/ r’

Jorlnbdr = Jo\rlnr - iag]dr (1C.2)

which, using standard integrals, gives (3.40).

2. Circular cavity

For this case (IC.1) must be applied to (3.41). The circle
being of radius a and defined by r = 2a cos 8, (IC.1) may be

rewritten as

['rr/i ['TT/Z 1 1
21an cos?6dg = J [2c0529(1n(2ac058) = 2) + gcos“e]de. (IC.3)
0 0
This can be reduced to
2
2 (" ™ T, o)
1nb = ﬁlzjo cos“6ln(cosB)do + 21n2a = v + T6[ (1C.4)

and, using Gradshteyn and Ryzhik (1980; 4.387.9), namely,

rTl'/Z

Jo ln(cosx)cosznxdx = - S

-1
(2n-1)11 g{an . 2 (- 1) 1 (1C.5)

for n=1, equation (3.42) appears.
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3. Rectangular cavity

Equation (3.43) may be rewritten as

+ B T
b, = g;-ﬂe{ (suxh(ﬂ(X 1Y)>>} g;L + 4i Z a coshngx cosﬂ%l , (IC.6)

n=0

where ®e{ } denotes the real part of the quantity in the

brackets. This must satisfy

& .
V6, = - 75T (1C.7)

in RI, the boundary conditions

. 0 on x = 0,L
ax
(1IC.8)
.—8¢1 = = +
3y 0 on y =+th
and the limit condition
01 —>—1n<g> as Tt - 0. (IC.9)

The Laplacians of the first and last terms of (IC.6) are
zero so (IC.7) is easily satisfied. The logarithmic term of
(IC.6) is the complex potential for a source placed halfway between
two impermeable plates at y=th, as shown in Lamb (193Z; Article
64, point 4), so that it will obviously satisfy the boundary
conditions on x=0, y=th and the singularity condition at (0,0).
The second term also manifestly obeys these conditions, as it
vanishes as r > 0. The last term of (IC.6) obeys the three
boundary conditions and, when taken in conjunction with the
logarithmic term, the condition (IC.9) clearly leads to (3.44).

However, the boundary condition 3¢./9x = 0 on x=L still

needs to be demonstrated and in the process values for a, n=1,2,...
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will be derived. Now, as

\ 51nh(}1> 151n( Y\
COth\Zh(L+ly)} ( Al (_X s (1C.10)
cosh \ ) COS\h
31 (L,y)/ox = may be written as
.o (7L
® sinh{—; -
J A cosTY = thfy ¥ (I1C.11)
=ty © h 7?1 cosh\}lj - cos(%?)j
where
A = nansinh(n;r—L> . (1C.12)

If the denominator of the right-hand side of (IC.11) is converted

into a geometric cosine series, that is,

(IC.13)

then, using the orthogonality of the cosine functions, (I1IC.13) may
be written as
—l[ﬂ )
J cos Tcosntdrt, n=1. (IC.14)
Upon use of Gradshteyn and Ryzhik (1980; 3.631.17) to evaluate the
integral in (IC.14), the coefficients a, n=1,2,..., are defined
as in (3.45).
To find ag, and hence b through (3.44), the normalization

condition (IC.1) is used, that is,

3 h (L .
0 = - hg + 2aphL + Zﬁh Re{f f ln/sinh<E£%%%Xl>>dxdy1 . (IC.15)

S P J
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The last term in (IC.15), denoted I, is integrated by parts,

and using the identity 3/9x = -i(3/3y) we obtain

(m
_ {Jl. - +1[ . n[51nh\§ﬁ{x+1h)} A
. - J—h \ \ h b y)}}dy : lenh(zh(x 1h))] b e

which, upon expanding the hyperbolic functions in the second integral,

becomes
%%ﬁ - Re{LEihln<51nh(——{L+1y)))dy} - f%f;. (1C.17)
The real part of the integrand in (IC.17) is given by
ﬁe{sinh<§%(L+iy)>} = %1n<sinh2(2h>co (-%) coshz(Tr)51 2(2 ))
- lin (coshz(gﬁ> co 52(3%)) (IC.18)

so, making the change of variable T = my/2h, (IC.17) becomes

1 a2 nL ("7
= - ——— 4 —— 1n(a?-cos?t)dT , (IC.19)
2Lh 2 [/~
where
a = cosh(%%) >1 . (IC.20)

Integrating by parts, (IC.19) becomes

/2 -
71 _  wL? _ hLf ™* 1sin2t |
T TR ] @eesT T e

but, using Gradshteyn and Ryzhik (1980; 3.812.2), namely

J, T+acos?x “Ta o\ 2 )

/2 )
[ xsin2x . _ T n{l+ T+a) a>-1,at¢o, (IC.22)

(IC.21) becomes
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L L

2 coshz— + sinh =
S LU 2hL1n( L :H) . (1C.23)

Using the exponential identities for the hyperbolic functions (IC.23)

becomes
I=1%h - 4L;h2 in 2, (1C. 24)
so, from (IC.15), y
ag = - Ei-+ 2Lh ;5 2. (1IC.25)
3 ™
4. Inverse Method

For the second order potential

1 {r\ _ r? r%cos28

v =3y ln\Bj T 4maZ ~  4ma?) (GR620)
we need to solve the differential equation (3.50), or
dr _ A (.2 2of cos28Y)
3 S wine \® T\ YT ) G 24

Multiplying both sides of (IC.27) by the integrating factor tanxe

gives the exact differential equation

: tan’8sin26dr + (r2(1 " °°ize> a a2> tan’6ds = 0 .  (IC.28)

Thus, using the procedure for solving exact d.e.'s as set out in
Kreyszig (1979, §1.5), we obtain (3.52). To evaluate b for a
particulaf A the expression (IC.26) must be integrated over the

cavity either analytically or numerically.
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APPENDIX ID

Semi-infinite Line Sources

1. Properties

Consider an inviscid fluid moving irrotationally in three
dimensions which has a line of unit strength sources extending along
the negative z-axis from the origin to z = -%. The velocity

potential at a point P(x,y,z) in this fluid is

0
dg

_p /T2-2zC+712

o(P) = - 41—“][ +C, (ID.1)

where
_ e, il B
T = (X“+y“+2°) (1ID.2)
and C is any constant. We shall give C the special value

C=-—1n 28 . (ID. 3)

1
4

Equation (ID.1) can be rewritten as

1] 24 1
¢(P) = z— j1n(r+z) + In ——— (ID.4)
i 240 +/ 0% +r %4228 ]

If we now take the limit of (ID.4) as & = =, keeping T << &,

the potential reduces to
¢(P) = L in(r+z) (ID.5)
4m )

for the resulting semi-infinite line source. This result is
interesting as it gives a logarithmic solution to Laplace's

equation in three dimensional potential theory. Even though the

r
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potential is known, see Whittaker and Watson (1958; §18.30), it
does not seem to have been used extensively.
This axisymmetric potential has a corresponding Stoke's

stream function of
Y= %CNZ) 5 (ID.6)
with stream surfaces given by
16m2y? + 8mpz = xZ+y? . (ID.7)

Note that these stream surfaces are paraboloids of revolution, as

are the equipotential surfaces given by

eaTre - 2e““¢z = x2+y2 . (ID.8)

However, (ID.5) is not a separable solution of Laplace's equation in

paraboloidal coordinates.

28 Potential due to a source on a curved surface

The logarithmic potential (ID.5) is useful in describing the
near field of a source located on a curved surface which is
locally axisymmetric.

Consider a region R, bounded by a surface S on which a
point source is located at the origin O. The Neumann boundary

condition

1<
©

.n =20 (ID.9)

is satisfied on S, except at O.
In the region Ry € R in the vicinity of O we assume that

S is locally axisymmetric about a z-axis drawn through O normal
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to S, the positive z-axis being in Ro. This part of S,

denoted So, may be approximated by the paraboloid of revolution

x2+y2 = 0z, a > 0, (ID.10)

so, on Sy, the normal is in the direction
n = (2x,2y,-0) . (ID.11)

We now let the potential in Rg have the axisymmetric

expansion

¢=-41

i uln(r+z) + 0(1) , (ID.12)

where y, which has dimensions of inverse length, is yet to be
determined. To obtain yu, the boundary condition (ID.9) is

invoked on Sy, using (ID.11), to give

u(l - %) = = (ID.13)
but r2 = az+z? on Sy and as z + 0 so
S8 L . (ID.14)
4o
Thus, in Sy,
¢ = Zlv"[ e 1n(r+z)] » 0(1) . (ID.15)

This result shows that a source on a locally axisymmetric
curved surface has properties combining those of an isolated point
source extending from O along the axis of symmetry into the

body.
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APPENDIX IE

Parameter Determination for Special 3D Cavities

1. Conical Sector

The potential for this geometry is given by (4.42), that

is
ia = 811;:3 T TR (IE.
The normalization condition (4.30), that is
”J[ $,dV = 0, (IE.

v

is used to find bo. So, substituting (IE.1) into (IE.2) gives

0 a®

1 . +
Jo JoJo(233 f) r?singdedrdy = 5o (IE.

or, simplifying,

-1 _ 6w {a®  a%\
bO = qa—g- (1 - COSV)\I—(T + T
9
- _5-8._ ’ (IE
using (IB.26).
2. Circular Cylindrical Prism

The geometry of this cavity is shown in Figure IE.la. We

need to satisfy (4.39) or

29 - L
Vo = >V (1IE.
in the cavity, subject to (4.40) on the boundaries and
11 1)
¢1"mf-5/ (IE.

1)

2)

3)

4)

5)

6)



(a) (b) (c)
z 2 z
/- -— | —
0—
N T |
L 1
h!
,"""Os‘ ll
y | oy y
y df 0/ /
/
/
/
3 /
% |/
Figure IE.1: Cavities considered in §4.5; (a) circular cylinder,

(b) sphere, (c) rectangular prism.

291
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as r > 0. It is easily seen that (4.44) satisfies all our criteria

except 9¢;/9z = 0 on z=L, thus this condition will be employed

to find a and C.

Forcing this boundary condition on (4.44) means that

v (EE. \ 21 aL
21 Ado (%) " 7ma an(e2en)’? (IE.7)

where
A = anansin(%" L) . n=l1,2,... . (IE.8)
Note that if, for some n,
L= tme 2=0,1,2,... (IE.9)

we let that particular ah—O.

Using the orthogonality identity

50 L#n
= (IE.10)

c

j:cho<%?-rc>Jo(%§-rc)dr

2
l a 2 . _
_E_Jl(az) f2=n,

ol
(IE.7) is simplified, by multiplying by cho(?ﬂv rc> and integrating

T, to give
Op )
L DY Y R L CANERL ] 2=1,2,... . (IE.11)

A = T T - —
L aszl (GZ]TT aJo c U\a c} c ZJO(rc2+L2)3/2 c

from 0 to a with respect to

Now, using Abramowitz and Stegun (1972; eq. 11.3.20), the first

term in (IE.11) becomes aJ;(ag)/ag and the second term, upon

integration by parts, gives
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(% ) (2. )
aT Jo == J, (0g) a —=
L{"e"0\a'e) 4 _'5[ i _aan—r“ld 1. (IE.12)

However, making the change of variable T = a in (IE.12) we

find that (IE.11) becomes

o
y 1 [J‘(al) 1 %L (" gy (1) dr B
Ay = aJZ(a )T | o 5 ¥ oa | , 2=1,2,..., (IE.13)
e o ()

as Ju(az) = 0, and so (4.45) follows from (IE.8). The integral
in (IE.13) is evaluated using Simpson's rule, as no simple
expression could be found for it.

To find C the normalization condition (IE.2) is used, that

is, from (4.44)

[ c +2m 5 a [ (TnTe) T [LCOSKEEE) Z]
J “;;:;_'drcdz 2 nzl nJocho\ -, d eJo \a ) d I

(IE.14)

Now using Abramowitz and Stegun (1972; eq. 11.3.20) again and
evaluating the cosine integral, the last term of (IE.14) simplifies

to

an /OLn L\
az' Sin\ N / J1(0Ln) . (IE.].S)

The other integral may be studied through the change of variable

u = r2+z? so that
C
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L T L
1 [——c—drcdz= 1 [dz rﬂ u du dr

£
—
=}

L ,
[ (/z§+aE - z) dz . (IE.16)

[T
o
o

If the change of variable 2z = asinht is now made in (IE.16) we

find that

L T 2 .
[ > drcdz = - %r-+ %;{arcsinh(§>+5cosh(arcsinh(é))].(IE.17)

Thus substitution of (IE.15) and (IE.17) back into (IE.14) gives

the expression (4.47) for C.

3. Spherical Cavities

A spherical cavity of radius a, with its aperture at the
origin, will be considered. The orientation of the positive z-
axis is into the cavity through the orifice, perpendicular to the
limiting boundary at 0. It will be shown, using Legendre
polynomial expansions for $; in the resonator, that (4.50) is
the potential inside the cavity.

Consider the coordinate system in Figure IE.1b. We must

satisfy

V3, = SogT (IE.18)
in RI, such that
991
—é—a— oea =0 9 (IE.lg)

except as r > 0, where
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11 1) 1, (rez)
P17 e\ T h) B ) (1E.20)
Let
2 2
X = ¢ - LSV (IE.21)

Vi =0 , : (IE.22)
2
% - - cos b v , U0, (IE. 23)
o=a

and

11 1\ 1, (rez) 3
X*7n\:  Bo) 8ra M\h) Tema’ 0 (IE.24)

respectively. To satisfy (IE.22) let

8

1
T Anr

X + a“o“ P (cosy) , (IE.25)

Il ~1

n=0

where P are Legendre polynomials. Then (IE.23) implies that

®© 2
I AP (cosy) - L == - 3;?;} , (IE.26)
n=1 8v2ra’ (1-cosy)
where
A = nad' a ,  n=1,2,3,... . (IE.27)
The orthogonality relation for Legendre polynomials, namely
[l 0 an
P (X)P (X)dX = (IE.28)
J-l n 2 L(n+%)-1 2=n ,

may be invoked by multiplying (IE.26) by Pl(cosw)sinw and
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integrating from 0 to m with respect to Y, making the change

of variable X = cosy, to give

P I
xzpn (X)dXx + TvI | VEY dX, n=>1, (IE.29)
-1

From Gradshteyn and Ryzhik (1980; 7.222.1) the first integral in
(IE.29) vanishes for n > 2; for the remaining cases it is easily

shown that

=
It
—

=]
1l

-1

1 0
[ X?P (X)dX = 4 (1E.30)
J " - 2.

The second integral in (IE.29) takes the value /57(n+%), as
shown by Gradshteyn and Ryzhik (1980; 7.225.3). Therefore, (IE.29)

becomes

1n+l n=1,3,4,...
a = B2 (IE.31)
-1
16ma? =2

To find ao the normalization condition (IE.2) will be

employed. This condition, using (IE.21) and (IE.25), becomes

m 2 .- = N
2.”[- P[O__SI_mP_ + o’zsinlp 2 anOnPn (COS\!)) + 1:650

— _
J, ), T L S coszw51andodw = 0, (IE.32)

the three terms of which we will denote I;, I, and I3

respectively. It is easily shown that

I, = Eii fﬂ cos?yPsinydy = Ei (IE.33)
* 7740 o - 20 :

but I, and I, are more complicated.
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Using the change of variable X = cosy, I, may be written

as
(o] an+3 rl
I, = 2w ) 8, w3 | P (X)dX , (1E.34)
n=0 -1
but
{-1 0 1’1>1
] P;(X)dx = (IE.35)
-1 2 n=207,
SO
4ﬂaoa3
Ip = == . (IE. 36)

Now r and o are related by the expression
T = (02+a2-2a0cosll))/z s (IE.37)

so I; may be written as

21 r o2 fn siny
Lo=3 ), 775 9 ), Veeosy ¥ (1E.38)
where
2 2
_0~+a
g = > - (IE. 39)

If we let ¢ = g-cosy, (IE.38) may be simplified to
I, = - ) 03/2[(g+1)%-(g-1)%]d0 (IE.40)
1 m]o ] .

which, upon substituting (IE.39) into (IE.40), reduces to
Ty = S (IE.41)

So, referring back to (IE.32), we find that

33

ag = %078 (IE.42)
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Therefore, invoking (IE.21) and (IE.25),

6y = 1, 302cos?y _ 33 gcosy 2P, (cosy) , L g (gYupn(cosw)
oA 16m1° 80ma = 8ma‘ 16ma’ gra “\a/ n

(IE.43)

This expression can be simplified, as the summation is connected to

the Legendre polynomial generating function, that is, if

o
t = 3 (IE.44)
and
z = cosy (IE.45)
then
[1 § P (2)t"dt = § b ()i (IE.46)
J E n - - n n ) ’
n=3 n=3
However, from Gradshteyn and Ryzhik (1980; 8.921),
= %
I tP (2) = (1-2tz+t®) ™",  Jt] <1, (IE.47)
n=0

so (IE.46) becomes

? P (z)Ei-— r i i z - tP (7)1dt lt] <1 (IE.48)
L et J|tVT-2tz+t 2 " t “n AN [ ’ '
which, upon use of Gradshteyn and Ryzhik (1980; 2.266), gives

N t" [ t? il

y P (2)5 = -ytz + 7?pz(z)+1n(2-2zt+2/1-2tz+t2)f, lt] < 1. (IE.49)
n=3 =

Substituting (IE.49) into (IE.43) and changing the coordinates
to a wholly aperture-centred system gives (4.50). Note, however,
that this solution is only valid for ¢ <a and on 0 = a. we need
another expression. Equation (IE.43) is still valid on this sphere,
so a usable solution is obtained for o = a if 2 Pn(cosw)/n

n=3

can be evaluated. In fact, Gradshteyn and Ryzhik (1980; 8.926.1)
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gives us that

z -ﬂ—TT_——'= -1In(sinf) - 1n(1+sin¥) - cosy - %Pz(cosw) , (IE.50)

so, on ¢ = a, where r = a 2-2cosy, the potential is

_ 3cos Y 1 33

¢ _— = “{oma = dma/2-2cosy  80ma

(IE.51)
This, of course, gives a singularity at ©=0, the aperture

location.

4. Rectangular Prism

The geometry of this cavity 1is shown in Figure IE.lc. We

must satisfy

V201 = graL (IE.52)

in RI’ subject to (4.40) on the boundaries, except at 0 where
(IE.6) must be true. Using the ideas of Tuck (1975; §6) we know
that the potential of a line of sinks spaced at intervals of 2d

along the x-axis is

6 1,1 E | 1 . 1
s  4mr 4T V(x-2d) Z+yZ+zZ ~ V(x+2d) Try?+z®
=1

2]
- g3j - (IE53)

This potential gives us our two walls x = *#d and a similar row

of sinks along the =z-axis gives us 2z = +h. Thus, to satisfy

all our conditions, except 3¢1/3y 0, we let ¢; be

y=L
given by (4.53).
To force the last boundary condition to hold we will choose

appropriate a_, n=0,1,2,... . The procedure for doing this is

- §%E(ln[(sin]‘g)(1+sing)]+P2(C°5¢))-
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similar to that of the last section; that is, (4.53) is partially
differential with respect to y and evaluated at y=L. Then

the orthogonality of the cosine functions is invoked to find

a n=1,2,..., with ao evaluated by application of the
normalization condition (IE.2). The details of this process will

not be presented however, as the final expressions involve complicated

integrals which must be evaluated numerically and were not investigated.
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APPENDIX IIA

The Solution of Equation (6.3).

1. Solution of Outer Equation

Due to the stretching of the outer y-coordinate implicit
in (6.1), the interior region R, appears to an observer in the
outer region R; as a line of unit length along the x-axis.

The problem to be solved may therefore be thought of as:

3 i 93?

0 0 s 0 0 = g
a—X Al(X,Y ) - -Z—K BYO_ZAI (X,Y ) 0 in R2, (IIA.].)
subject to
A‘;(o,Y“) =1 (IIA.2)
and
d
s—Y—G-Ag(x,O) = V(x) . (IIA.3)

This system is a "heat" equation for a semi-infinite rod with
"time"-varying flux at Y%=0. To highlight this equivalence, in

the following analysis we let

x =t
Y? = X (IIA.4)
i
K=
If
9 ,0
b= 55 A (X, (IIA.5)

then (IIA.l) becomes

Al 52
-3% =X 5)—(% A (11A.6)
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with the conditions (IIA.2) and (ITA.3) now

p(0,t) = V(t) }
. (IIA.7)

¥ (X,0)

0

From Carslaw (1921; §23) the solution to (IIA.6) and (IIA.7) is

2 2
VX, ) = 72; wax V(t - Zi—cf) e % dz (11A.8)

2VKt

which, by the change of variable E =t - X2/ (4kz?), may be
written

i 2
VX, = 55%2-} vca)exp(- ) e e L an
0

As (IIA.5) has the solution

loo)

A (X,t) = 1 - j v(z,t)de , (11A.10)
X

then, substituting (IIA.S9) into (IIA.10), we obtain

0 _ 1 ¢ devee) [ (B
AI(X,t) =1 - WJO ?t-_—g)?;‘? < dC.CeXp\— 4},{(1:_.5)/ (IIA.ll)

The second integral in (IIA.11) may be evaluated through the change

of variable u = g?/[4K(t-E)] to give

T agv X2
Ad(x,t) =1 _/’:Jfo 7‘5?_%-)- exp (- m} . (IIA.12)

Thus, upon reverting to our original variables, the solution

to (ITIA.1) is
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A(x,Y%) = 1 - %ﬁl J[ %X%)- exp(iKY'? ([2(x-E)]) , (IIA.13)

0

which is equation (6.8)

2. Expansion of Equation (6.8) for Small Y°

As we are interested, for matching purposes, in the limit of
(IIA.13) as R, is approached, the small Y? expansion of this
equation is required. So, taking a Taylor series expansion of

(I1A.13),

0
1 82A1(x,0) y02

A0 0 0 3A1 (x,0) 0
1 (6,Y7) = Ap(x,0) + ———gyv———|Y |+ 5 T ay0Z

+ 0(Y"®). (11A.14)

However,

AY(x,0) = A(x) =1 - %;%z). J[o %Xf—%)r ; (IIA.15)

the first derivative at Y°=0 is given by (IIA.3) and, using

(I1A.1),

2,0
L%{%&l = - 2KiA'(x) , (ITA.16)

so (IIA.14) may be written as

AY(x,Y%) = A(X) + V(x) Y] - iKAT(OY°? + oY°®) . (IIA.17)
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APPENDIX IIB

Solutions for Circular Topography

1. Circular Sills and Canyons

Consider a plane wave incident on a circular submerged
feature of uniform depth hz and radius a 1in an ocean of
depth h;. A vertical cylinder connects the two regions, as in
§5.2. The incident wave has a velocity potential given by
equation (5.2) and the governing equations in the two regions
are Helmholtz equations, as shown by (5.1). Sommerfeld's
radiation condition (5.3) holds at infinity, and at C, the
boundary between the outer region R; and the inner region Ry,
there are two boundary conditions, namely, continuity of potential

(5.4) and continuity of flux (5.5).

As solutions to this problem we will try

d1(x,y) = eiklx + 2 bJ{il)(klr)cosne in R; (IIB.1a)
n=0
and
ba(x,y) = ) ¢, J_(kzr)cosnd in Rz, (IIB.1b)
n=0
where bn,cn, n=0,1,... are to be determined, 1,8 are polar

s . 1
coordinates centred at the centre of the circle and J Jﬁ .
n

are the usual Bessel functions of order n (see Abramowitz and
Stegun (1972; Chapter 9)). To use the continuity conditions we
must be able to write e K1 in terms of a series of Bessel
functions; using Gradshteyn and Ryzhik (1980, Eq. 8.511.4) this
may be done to give

¢ ¥ < Jo(kir) + 2 ] i"J (kir)cosnd . (11B.2)

n=1
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If the potential continuity condition (5.4) is invoked

then we find that

1) S (1) .
3, (k,a) +b Hy') (k) + _zl(bnnh (k,a)+2i"J_(k;a))cosnd

n=

= ] ¢ J_(kza)cosnd , (I1B.3)
n=0

and invoking the flux continuity condition (5;5) gives

o]
-1 .n (1) (1)
k] {J(k,a)+ ) [21 J'(kya)+b H ° (kja)]cosnd+boHy '(k,a)}

n=1

= k;' | c J'(k,a)cosnd . (IIB.4)
0

n=

By equating coefficients of cosnf, n=0,1,2,..., on both sides
of (IIB.3) and (IIB.4) a series of equations is formed. Manipulating
the two equations for n=0 leads to expressions for bg and co,

namely,

cq = Hy" (k12)31 (kia) -Jo (kaa)Hi" (kya) , (I1B.S5a)

k 1
E%Jltkza)ﬁg )(k1a)-Jo(k2a)H&l)(kla)

_ coJdg(kza)-Jo(kia)
by & . , (I11B.5b)
Ho ° (kia)

while consideration of the equations for general non-zero n leads

to

[V TG (e s s ) ],

(1)

.., (IIB.6a)
L5, (kaa) P 1 (kya)- 1‘2—;4,: k2 (ka) ]

e

le J'(kpa)-2i"J" (k;a)

2 nn n

bn = 0 n=1,2,... . (IIB.6b)
H" ' (kia)

n

g
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Thus we have a series expression for the potential both
inside and outside the circular region. Computations involving

these series will be discussed in 8IIB.3.

2. Circular Islands

The problem of scattering by a circular island of radius a
is similar to that described in the preceding section, with h.=0.
This means that we only have to find the potential in the outer

region R;, with the boundary condition, from (5.5), of

31 _
Ap (3,0) = 0 . (I1B.7)
In R; let
dr(x,y) = e 51 4 ) dhkil)(k,r)cosne , (I1B.8)
n=0
where dn, n=0,1,2,... are to be determined. Because e kix

can be represented by Bessel functions, as shown by (IIB.2), the

condition (IIB.7) may be invoked to give

[e0] [s]
kiJy(kia) + 2k, § i"J0 (kya)cosn8 + ky | d K"t (kia)cosng = 0. (I1B.9)
n=1 n=0
Upon equating coefficients of cosn®, n=0,1,2,... 1in (IIB.9) it
is found that
(1)
do = -J(kia)/H}"’ (kia) , (I1B.10a)
21" I (Kia) - ——J (kia)]
d = l)““ . k‘al)“ n=1,2,... , (IIB.10b)
" HY (k1a) - &= B (kya)
n—1 kia "n

so the potential ¢ 1s representable as a series.
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3. Computation

To use the series (IIB.1) and (IIB.8) it is necessary to be
able to evaluate Jn(x) and Y;(x) of arbitrary integer order
and then sum the terms in each series until each additional
term contributes less than some small quantity, typically of the
order of kj;a X 10°° . The Bessel functions for n=0,1 may be
easily found by use of the polynomial approximations in Abramowitz
and Stegun (1972; §9.4), however, while the higher order functions
may be computed from recurrence relations such as in A. & S. (1972;
§9.1.27) there are values of the argument for which this technique
is unstable. Thus, the procedure set out in A. & S. (1972; 8§9.12,
Example 1) is employed when n > x. This procedure essentially
uses the recurrence relation in the direction of decreasing n,
when it Zg stable. Of course, in this method enough Bessel functions
were evaluated for convergence to occur before the highest order
function used was needed.

For all k;a examined convergence was rapid, generally
requiring less than 40 terms, however for kia larger than about

70 the method would become very expensive.
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APPENDIX IIC

The Scattering Cross-section

From Sommerfeld's radiation condition (5.3), as r =+

then the scattered wave will be of the form

b1 (r,8) ™ B(8)e “ 17 /r" (IIC.1)

where B(8) is known as the scattering cross;Section of the
scatterer. This function essentially shows the directions in which
most of the scattered wave radiates.

To find B(8) from equation (6.26a) a discretization procedure
similar to that described in §6.2 is used, with the additional
assumption that as r' 1is very large then over a segment H%l)(klr')
and BH%I)(klr')/an are virtually constant and representable by
their large argument asymptotic forms (see Abramowitz and Stegun

(1972; eq. 9.2.3)). The radius r' 1is also approximated by
2 Y
r' v (r°-2xg-2yn)

< r{l oLl %Q} coldy (11C.2)

where the segment midpoint is (x,y), the point approaching infinity
is (&,n) and

r2 =x% +y2 =0Q) . (1IC.3)
Using these approximations, and assuming that ¢;(x,y) on C is

already known from numerical computation, an approximation to B(9)

may be found.
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