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(i)
SUMMARY

This thesis concerns the steady motion of a slender planing craft on a
free surface and the effect this motion has on the shape of the free
surface. The equations governing the flow are linearised under the
assumption that the boat is not only flat, but also slender. That is,
the Tength is much greater than the beam, which, in turn, is much
greater than the draft. The solution of the problem leads to an integral
equation relating the pressure distribution under the hull to the stream
function. From this, an integral expression for the displacement of the
free surface due to the planing motion of the hull is derived. Since an
explicit functional form cannot be found, a numerical technique for
calculating the free-surface elevation is outlined and results are
presented for a low-aspect-ratio wedge. The behaviour of the free
surface in the far field (that is, at distances which are large compared
with the boat length) is investigated, and parametric equations for the

contours of the surface are derived.

The problem is solved again, this time with the effect of gravity
neglected, and expressions for the free-surface elevation are obtained.
As a result, it is found that the shape of the planing hull and the
extent to which it is wetted are related by an integral equation. Thus,
if the shape, defined by the hull slope in the direction of motion and
the section shape, is given, then the extent to which it is wetted must
be determined as part of the solution of the problem. Conversely, if the
waterplane shape is assumed known, then the complete shape cannot be fixed
in advance. In the general case, it is not possible to solve the direct
problem of finding the extent of the wetted region for a given hull
analytically. Instead, the inverse problem of fixing the waterplane
shape and finding the hull shape which produced it must be solved.

However, in the particular case when the hull slope in the direction of



(i1)
motion is laterally uniform, analytic results, which directly relate the

hull slope, section shape and waterplane shape, are obtained.

Two other hull geometries are given particular attention - a hull with

a chine and a hull with an arrowhead-shaped waterplane. In the first
problem, it is shown that a vertical chine may be used to prescribe the
waterplane shape in the same way that a transom stern may be used to fix
the wetted length. The "arrowhead" problem is more complicated than
those previously considered, because the velocity potential aft of the
trailing edge is initially unknown. An integral equation for determining
this function is derived, but no attempt is made to solve it. Under the
assumption that the velocity potential is known, expressions for the
free-surface elevation are found, which indicate once again the close

relationship between hull shape and wetted area.

Lastly, the problem in which the hull 1is laterally asymmetric is
considered. In the first instance, the hull is slightly yawed and in
the second, it is yawed sufficiently for one of the leading edges to
become a trailing edge. As in the "arrowhead" problem, the second case
involves an unknown velocity potential in the region aft of the trailing
edge, which must be found before the free-surface elevation can be
completely determined. In both cases, as in the symmetric problem, it
is shown that, if the wetted area is prescribed, then the hull shape is
necessarily partly determined by the solution and conversely. The 1ift
force, rolling moment and pitching moment are calculated for a slightly-

yawed hull.
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GENERAL INTRODUCTION

As distinct from the displacement hulls of ordinary ships, which are
supported by buoyancy, most of the weight of a planing boat is
supported by the hydrodynamic 1ift force resulting from the upward
reaction of the fluid on the moving body. Planing usually occurs when
the boat concerned is a high-speed craft of comparatively small weight.
The flow is essentially a potential flow and the pressure distribution
on the bottom of the hull may be determined without considering viscous

forces.

The motion of a boat at high speed on a free surface, or planing, has
been investigated both theoretically and experimentally by a large
number of authors. A comprehensive bibliography of experimental papers
published before 1964 may be found in D. Savitsky's (18) paper on
planing hull design. Since that time, much more experimental work has
been done on improving the empirical theory of hull design; for example,

Savitsky and Brown (19), Clement (2) and Millward (13).

The case of two-dimensional planing has been studied extensively, and
only the more important papers will be mentioned. Early theoretical
work, in which the effect of gravity is included, was done by Weinblum
(33) and Sretenskii (22). Weinblum applies the results of Hogner and
Havelock, relating to the wave flow produced by a surface pressure
distribution, to finite planing surfaces. Complicated wave effects are
included, but difficulties arise in the treatment of the spray sheet.
Sretenskii introduces a linearised theory in which he represents the
unknown pressure distribtuion by an infinite series. He finds that the
first term of this series gives a square-root singularity at the

Teading edge.



Lamb (10) indirectly made a contribution to this field of interest. In
§242-4, he considers the two-dimensional flow due to a pressure point

being applied to the surface of a stream. The planing of a body at
arbitrary Froude number, F = U(gL)'%, where U is the speed and L the wetted
length, may be represented by a distribution of pressure points, whose
strength is proportional to the excess pressure on the body at each

point. From the boundary condition of zero normal velocity on the

body, an equation relating the slope of the planing surface to an

integral involving the pressure distribution may be derived. Lamb
considers two simple pressure distributions for which the integral may

be evaluated to give the shape of the planing surface.

Maruo (11), who was more interested in ship wave resistance, uses a
similar approach to that of Sretenskii, when considering the inverse
problem of finding the pressure distribution on the planing surface
when its shape is given. Away from the leading edge and at small
angles of attack, experimental results he produces agree quite well
with the theory. Like Maruo, Squire (21) uses a Fourier series
expansion to investigate the two-dimensional flow past a wedge with a
transom stern set at a small angle of attack. He was, however, one of
the first to note that, in such probiems, the wetted length and height
of the trailing edge are unknown beforehand and, therefore, must be
determined as part of the solution to the problem. He also shows, from
a rough analysis based on trailing wave height, that the free surface
breaks away smoothly from the bottom edge of a transom stern if

U(gh)'l/2 > 1.5, where h is the depth of immersion at zero speed.

Another contribution was made by Cumberbatch (3), who considers only the
high Froude number 1imit of the problem. He expands an integral

equation relating the unknown pressure distribution to the slope of the
planing surface for large F. A solution is obtained by iteration, with

the pressure distribution being derived as a series of inverse powers of



F as far as F'4. Much of the work mentioned above has been reviewed in

more detail by Wehausen and Laitone (32).

Many authors have chosen to neglect the effect of gravity when considering
planing problems. Wagner (29,30) investigates both two- and three-
dimensional planing problems at infinite Froude number and shows that,
in his linearised formulation,
1) the equations governing the flow are identical to those
for the flow past an infinitely thin airfoil,
2) except for the splash, which is assumed to be thin, the
flow generated by the planing surface is identical to
the flow in the lower half-plane of an unbounded fluid,
disturbed by an infinitely thin airfoil of the same
shape as the planing surface,
3) the pressure distribution of the planing surface is the
same as that on the lower side of the corresponding
airfoil and, therefore, the 1ift is half that of the
airfoil,
4) to represent the splash in planing, the pressure should
have square-root singularity at the leading edge.
These results still rank among the most important contributions to the

field of planing.

Green (6,7) makes non-linear, two-dimensional studies of a flat plate
planing at infinite Froude number and provides a means for the complete
determination of the flow in the spray region. But, his solution involves
an undetermined parameter and the free-surface level tends to minus
infinity far behind the plate. Ting and Keller (23) modified this
solution by using matched asymptotic expansions to overcome the
difficulties. Wu (34) uses the method of matched singular perturbation
expansions to calculate the asymptotic solution of a steady two-

dimensional fiow past a body of arbitrary shape for large values of the



Froude number. He derives two expansions, valid in different regions,
which are matched to give a solution which is uniformly valid through-

out the flow field.

Planing in three dimensions, with and without the inclusion of gravity
effects, has not received as much attention as the two-dimensional
problem and, usually, investigations are carried out under further
simplifying assumptions. Tulin (27) considers a slender ship, which he
then assumes is also flat, and linearises Laplace's equation and the
boundary conditions accordingly. Gravity is neglected. However, to
this linearised problem, he adds a spray plume flow at the leading
edges. This effect is of second order in the slenderness and, as it

is the only effect of this order which is included, it provides an
inconsistent solution of the problem, displaying some but not

necessarily all second order effects, but correct to first order.

Ogilvie (17) takes a non-linear approach to the problem. He uses
matched asymptotic expansions to produce a "slender-body" theory valid
for g = 0(e), where € is the "slenderness" parameter and discusses its
application to planing craft. Both the high- and Tow-aspect-ratio
approximations of the problem of a flat planing surface are considered
by Maruo (12). In the low-aspect-ratio case, he derives an integral
equation, valid at moderate-to-high Froude number, which determines the
pressure distribution generating the flow past a slender ship of

vanishing draft.

On the other hand, Shen (20) discusses only the high-aspect-ratio case
using matched asymptotic expansions and with gravity neglected.
Essentially, he solves the problem by dividing the surface into
longitudinal strips of fixed length and applying the two-dimensional
theory, under the assumption that three-dimensional effects are only

significant near the tips. Wang and Rispin (31) have modified the



iteration technique used by Cumberbatch for the two-dimensional planing
problem to derive an asymptotic solution for the pressure distribution
on a moderate-aspect-ratio planing surface at large Froude number.
Their theory agrees quite well with experimental results. The integral
equation, first obtained by Maruo, which determines the pressure
distribution for a low-aspect-ratio flat planing surface is considered
further by Tuck (25), who presents numerical solutions of the equation

for the general case of moderate to high Froude number.

With the exception of Tuck, who draws attention to the fact that a "flat
plate" does not necessarily imply a rectangular section shape, none of
the abovementioned authors are concerned with problems of indeterminacy
of the shape of either the planing hull or the free surface. In fact,
most assume that the complete hull shape, including the shape of the
wetted area, is fixed and given. OQertel (16) shows for a flat ship
that, if the hull shape is prescribed, then the extent to which it is
wetted must be determined as part of the solution, and conversely.

A similar result for a low-aspect-ratio flat ship at infinite Froude
number is given by Casling (1), who derives an integral equation
relating the physical characteristics of the hull and the extent of the
wetted area. One of the aims of this thesis is to derive and investigate

similar relationships for different hull geometries.



1.1

CHAPTER 1 i
THE LOW-ASPECT-RATIO FLAT-SHIP PROBLEM

Introduction

In this chapter, the low-aspect-ratio flat-ship theory of Tuck (25)
will be introduced and extended so that results may be obtained for
the free-surface elevation caused by the motion of the ship.

Firstly, a definition of terms is needed. A flat ship is one for
which the beam is assumed to be much greater than the draft. Such
ships are also often termed planing surfaces. If the assumption is
made that the wetted length is much greater than the beam, then the
ship is said to have a low-aspect-ratio. If both of these assumptions
are made, then the equations governing the flow are considerably

simplified, because the hull is not only slender, but also flat.

The formulation of the problem follows that given by Tuck and his
solution for the stream function is given in Section 1.3. From this,
an integral expression for the free-surface elevation, n(x,s), caused
by the motion of the hull is derived. Because it is not possible to
obtain an explicit expression for n, numerical integration must be
used. The technique employed and the results obtained are discussed

in Section 1.5.

In order to determine the wave pattern produced by a boat when it

is planing, the equation giving the contours of the free surface, at
distances from the ship which are large when compared with its
length, is derived. Figures showing the shape of the contours for

different values of the surface elevation are presented.



1.2 Mathematical Formulation of the Problem

A flat ship of low-aspect-ratio is assumed to be moving with

speed U in the negative s-direction, the origin of the coordinate
system (x,y,s) being fixed to the bow, as shown in Figure 1.1.
Thus, the flow may be assumed to be irrotational, and the velocity

field is given by

(¥ o]
0]
<]
L=

n

v(us + ¢)

o d *+ oy + (U+ o )k
where ¢ is the perturbation velocity potential.

The surface of the ship is given by

y = ni(x,s), (1.2.1)

for |x| < b(s) and s < L, where b(s) is the half-waterplane width
at station s and L is the wetted length of the ship. In this and
the following two chapters, only hulls which are symmetric about
their centreplane (x=0) will be considered. Unless otherwise
stated, it will be assumed that n(x,s) is a strictly monotone-
decreasing function of s and an increasing function of x. The
function defining the waterplane, x = b(s), is assumed to be
strictly monotone-increasing, so that the flow does not separate
from leading edges of the hull upstream of the trailing edge or
transom stern. The function n(x,s) is usually negative, as most of
the hull lies below the equilibrium free surface y=0. Outside the
hull surface, equation (1.2.1) defines the free-surface elevation
caused by the motion of the ship. So ¢ satisfies the full three-

dimensional Laplace equation

Opx * ¢yy T bss

in the region y < n(x,s).



FIGURE 1.1 : The co-ordinate system



The exact hull boundary condition, of no flow normal to the body,
is
g+ V{y-n) =0

or

¢y = (Urdging + oy ny (1.2.2)

which is applied on the hull surface y = n(x,s). Outside the hull
surface, equation (1.2.2) is a kinematic condition on the unknown

free surface.

The dynamic free surface condition, which comes from Bernoulli's

equation, is

By
P

=

|q|? + gn = constant (1.2.3)

As x* + s* > =, |q] > U,

n >0
and p - atmospheric pressure, Patm’
therefore, the constant on the right-hand-side of equation (1.2.3) equals

p
_]_. 2 atm
5 U« + —7;— )
Thus,
p 1
Pyygg+hivels v on=0 (1.2.0)

on y = n(x,s), where P is defined to be the excess of pressure over
atmospheric at the free surface. In addition, a radiation
condition at infinity is required as well as a Kutta-like condition
that ensures that the free surface leaves any sharp trailing edge
smoothly. For example, the pressure should reduce to atmospheric

at any such edge.
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The ship is assumed not only to be flat, but also to be slender

with
D<<B<x< L,

where D is the draft and B the beam of the ship. That is,

introducing small parameters o and €, if
D=0(a)L and B = 0(e)-L,

then
o << €.

Thus, any linearisation with respect to a of the above equations
may be considered to be exact when the small-¢ approximation is
made. The case being considered here is that of moderate-to-high

Froude number, such that

2
v === 0(1)

This means that the conventional length-based Froude number is

large, that is

Maruo (12) and Ogilvie (17) consider similar cases.

The small-draft approximation is made first and, keeping only terms
of Teading order with respect to a, the boundary conditions given in

equations (1.2.2) and (1.2.4) reduce respectively to

[}
o

¢ (1.2.5)

y = UnS on y

and

%-+ Up + gn =0 ony = 0. (1.2.6)



These linearised boundary conditions are applied on y = 0 because,

as o > 0, the hull reduces to its projection on the plane y = 0.

Tuck (25) draws attention to the analogy between flat ship theory
and 1ifting surface theory implied by these equations. He notes
that this means that, in general, it is not possible to satisfy
the Kutta condition at the trailing edge when the subsequent low-
aspect-ratio or small-g¢, approximation is made. That is, the
pressure at the trailing edge of a transom stern as predicted by
the low-aspect-ratio theory, will not generally be equal to
atmospheric. In spite of this, the theory should still prove
useful, as in the case of low-aspect-ratio thin-wing theory, which
also suffers from this deficiency. There is a rapid change in
pressure to atmospheric in a small neighbourhood of the trailing
edge, which is a dynamically-insignificant portion of the total

hull and introduces 1ittle upstream influence.

The small-beam approximation is made next, remembering that equations
(1.2.5) and (1.2.6) may now be considered as exact. Since the ship
is slender, ¢ is the potential for the cross-flow problem in the
(X,y)-plane and satisfies, in the 1imit as € ~ 0, the two-dimensional
Laplace equation

Opx * ¢yy =0

in the region y < 0.

11.



1.3 A Solution of the Problem

Tuck (25) solved the stated probiem as follows. Equations (1.2.5)
and (1.2.6) may be combined to give

U
2 .
g ¢y + U 0 p Pss

which reduces to

"
o

g ¢ *+ U* ogg (1.3.1)

when P = 0, that is, outside the hull surface. When a "pseudo-time"

variable, t = s/U, is defined, equation (1.3.1) may be written
g ¢y + ¢tt = 0.

This equation is identical to the linearised free-surface condition
for unsteady two-dimensional water waves. Thus, any solution of
that problem is a solution of the problem being considered here,
simply replacing t by s/U. It is clear that the most useful
solution is that of a pressure distribution P(x,s) over the free
surface, as the motion of a hull on a free surface will have the
same effect as a moving pressure distribution. The solution, given

by Wehausen and Laitone (32) is

3 b(o)
pUp(x,s) = J do J dg P(&,0) K(x-£,5-0), (1.3.2)
0 -b(c)
where
K(x,s) = %-dek sin kx cos((gk/Uz)%s), (1.3.3)

0

and y(x,s) is the stream function. For brevity, ¥(x,s) 1s written

for ¥(x,0,s) and similarly for ¢, ¥ , etc.

The boundary condition, equation (1.2.5), is written in terms of ¢,

but, using the Cauchy-Riemann equation,

¢y= . ‘\Ux’

12,
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it may be rewritten as

b, = - Ung. (1.3.4)
Thus,
X
¥(x,s) = - U I dg ng (E,5), (1.3.5)
o _

is a known function whenever the null shape n(x,s) is known, and
equation (1.3.2) is an integral equation for determining the unknown
pressure distribution P(x,s). Except in the case of infinite Froude
number, an analytic solution to this integral equation cannot be
found. However, by rewriting equation (1.3.2) in a slightly
different form, Tuck (25) has developed a numerical method of

solution for the loading, Q(x,s), on the hultl.



1.4 The Free-Surface Elevation

As a body moves across a free surface, it produces a pattern of
waves and a significant part of the resistance to its forward

motion is due to the energy expended in sustaining this wave system.
So, it is of interest to determine how the motion of the ship affects
the shape of the free surface. Once the pressure distribution is
known, Y(x,s) may be determined outside the hull surface, from

equation (1.3.2), and an expression for n derived.

The free-surface elevation may be found in either of two ways.

Firstly, from equation (1.3.4),

S
n(x,s) = - %J do y,(x,0),

assuming n(x,0) = 0, since there is no disturbance in front of the

hull, or secondly, from equation (1.2.6)

n(x.s) = - 2(Upg + )

The first alternative will be considered here, although both methods

" yield identical results.

Differentiating equation (1.3.2) with respect to x gives

Ui, (x,5) js i [P de p(e0) K (xErs-)
X,S) = (0] e X=£,5=-0
pUb, o ) -b(0) X
S (b (o)
- [ @ dg Qy(E,0) Ky(x-Eus-0).  (1.4.1)
! /-b(0o)

The function Q(x,s) is defined by

S

Q(x,s) do P(x,0)

J =00

I (1.4.2)
JSo(X)

14,



where so(x) 1s the station at which x = b(s), that is s = sy(x)
is the inverse function of x = b(s), since P = 0 outside the hull
projection on y = 0. Q(x,s) is the loading on a unit width strip

of hull at offset x, extending from the leading edge to station s.

Integrating the right-hand-side of equation (1.4.1) by parts with

respect to o and using equation (1.3.4),

S b(o) |
ng(x,s) = 3&71 do J_b(o)da Q(£,0) K, (x-E,s-0)
b(s)
- J_D(S)da Q(g,s) [K(x-E,s-0)] _¢

X 1 (S b(o)
-2 [ "”_2[ do «[-b(o)dg Q(£,0) K, (x-E,s-0)].

Thus,

1 (s b(o)
n(x,s) = 3 | o f_b(o)da Q(E+0) K, (x-E,5-0) (1.4.3)

Once the loading, Q(x,s), is known, assuming the function defining
the waterplane, x = b(s), is known, it is theoretically possible to
determine the free-surface elevation, n(x,s), everywhere using this
expression. In most cases, Q(x,s) is not known in its functional
form, but as numerical values obtained by numerically inverting an
integral equation at certain gridpoints. It is therefore necessary
to evaluate n numerically, approximating equation (1.4.3) by an
expression involving a double summation. Since Kx(x-g,s-o) is
highly singular and oscillatory near points x = £, numerical
integration of the expression is extremely difficult. The technique

used is discussed in the next section.

It is, however, possible to obtain a more tractable expression for
n(x,s) in the particular case when the Froude number is infinite.
A detailed discussion of this problem is given in Chapter 2. 1In

the most simple case, when ns(x,s) depends only on s (and the Froude

15.



number is infinite), n(x,s) may be obtained in explicit functional

form. This case is discussed in Section 3.2.

11U,



1.5 Numerical Results

In order to determine the effect of the planing motion of the hull
on the free surface, it is necessary to evaluate the integral
expression for n(x,s) given in equation (1.4.3). In this section,
the numerical integration technique is described. The method
adopted is similar to the one used by Tuck (25) when he solved
equation (1.3.2) for the loading, Q(x,s), on the null. In fact,

a subprogram which evaluated the free-surface elevation was added

to Tuck's original program.

Equation (1.4.3) may be written

1 (S b(o)
bos) = gl [ oo [ dE Qo) Kelxrtiseo), (1.5.1)

since Kg(x-a,s-o) = -Kx(x-a,s-o), where it is now assumed that
Q(x,s) is known, although perhaps only in the form of numerical
values on a two-dimensional grid. The ordinary trapezoidal rule

is used on the o-integration. Writing

bJ- = b(jas),

for a given station spacing As, and choosing p and U to be one,

equation (1.5.1) is approximated by

n As b.
n(x,nAs) = I { As/2 } I J dg Q(g,jas) K(x-E,(n-j)as).(1.5.2)
=14f g=n) J-b,

Since the numerical values of Q which were calculated by Tuck are
used, the same assumptions must be made here. That is, Q(&,jAs) is

taken to be constant on each of 2m small intervals (gk_l,gk) and

(-EK,-Ek_l) for k = 1,2,...,m, where

s b ein kT
Ek-l <E< Ek = bj sin om



Writing Q(&,jAs) = ij for £ € (gk_l,gk) and integrating explicitly

with respect to £, equation (1.5.2) becomes

n As m £ = Ek
n(x,nds) = = { As/2 } z Q.K{[K(x-g,(n-j)As)]
) J=1 if J'=n k=1 J £ = Ek_l
£=-£
+ [K(x-€, (n-3)as)] k-1y, (1.5.3)
g = 'Ek

since Q is symmetric about £ = 0.

Equation (1.5.3) is now evaluated at the point x = Xss which is the

midpoint of the ith interval, namely

>
i}

(€54 * £;)/2 for i=2, ..., m
and

- in L
Xy = bj sin oo

giving a set of values, Mis for the surface elevation.

However, whenever the point of elevation, x = X5 1ies on the
surface of the hull, severe difficulties arise because of the
highly singular and oscillatory nature of K(x-E,s-0) near points
£ = x. Even though K 1s never evaluated at exactly such a point,
trouble occurs, because the values of |K| become large whenever
X = Xs is near any end point € = gj. This takes the form of
random oscillations in the values Mni and, unfortunately, the
"smoothing" devices used by Tuck to eliminate a similar problem
are not, on the whole, of use in this situation. The technique
of shifting X; if it gets too close to an end-point removes some
oscillations, but gets nowhere near to solving the problem. Other
techniques were tried, but were less successful and warrant no

discussion. So no results are presented for this case.

10,



When the point of evaluation Ties outside the range of the £-
integration, the numerical integration is a simple matter, as the
integral is no longer singular. Thus, it is possible to find the

shape of the free-surface adjacent to the hull.

The free-surface elevation was calculated for a low-aspect-ratio
wedge planing at F = 2.0. In Figure 1.2, the elevation adjacent
to the hull is plotted for two stations, one near the bow and one
near the stern. Initially, the free surface drops away rapidly
from the side of the hull and then asymptotes slowly to zero. As
expected, there are no waves next to the hull. Figure 1.3 shows
that there are waves behind the boat, but outside the extent of
the trailing edge, x = b(L). Results are plotted for two distances
from the trailing edge - one and four boat lengths. Close to

x = b(L), it is not practical to graph the free surface, because
there is a large number of waves very close together. As the
distance from x = b(L) is increased, these oscillations decrease
in frequency and amplitude, with the elevation tending to zero at

infinity.
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FIGURE 1.2 : Surface elevation adjacent to hull
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FIGURE 1.2 : (continued)
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FIGURE 1.3 : Surface elevation behind boat
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Four boat-lengths from stern
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FIGURE 1.3 : (continued)
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1.6 The Contours of the Free Surface in the Far Field

The task in the present section is to investigate the shape of the
free surface, as seen by an observer in the far field of the ship,
j.e. at distances from the ship which are great when compared with
its length. The character of the wave pattern produced by the ship's
motion may be investigated by plotting the contours of the free
surface on the (x,s)-plane. By taking the 1imit as x and s tend to
infinity in equation (1.4.3), the contours may be found by setting

n = constant and solving for x as a function of s.

when s > L, equation (1.4.3) may be written

-1 rL 3 b(o) i
el BN I £ Q(&,0) K, (x-£,5-0)

n{x,s)

rS rb(L)

1
- = | do de Q(&,L) K (x-€,5-0)
PUT I Tp) X

m(x,s) + na(x,s).

As x and s + o,

1 L b(o) |
m(x,s) + - oz K, (x,5). l do [, 46 21E0)

»> 0,

since Kx(x,s) + 0, as x and s + », and

L b(o)
I do I d¢ Q(&,0)
-b(o) ,

0

is finite.

1 (S b(L)
ne(0,8) » - ghe | do Kas-o) [ ae ateL),

as x and s > ». Now, from the definition of K(x,s) given in

equation (1.3.3),



S

1 (® 1 (3
- —Uz' J do KX(X,S"O') - ’—U'Z' I do

p L ¢] L /

J dk kcoskx-cos(jgk/Uz)%(s-o))

LI

= - o |k keoskx(gk/un) Fsin (gk/U) X(s-L))
0
> —3— 6(wo),
mplg 4

as x and s » =, where

L
G(wo) = [% WJ dg sin(g?-w?)]

0

and

= S(mgz_)%_

X

It should also be noted that

b(L)
w= [ de L)

-b(L)
is the weight of the ship. Thus, in the 1imit as x and s tend to
infinity,
W
L

B G(wo). (1.6.1)

n(X,S) =

This equation may be non-dimensionalised in the following manner.

Let
X1 = X/Xo» S1 = S/So» m = n/neg»

where Xg, So and no are scales on x, s and n, or y, respectively.

Then, equation (1.6.1) may be written

m = O - x;a/z G(wo)
"TpUg;inoXo

where

(Eﬂ'rL) 51X1 .
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Without loss of generality, let

s§ & _
ik - 1.

that 1is,
52
Xp = %Ug" (1.6.2)
and
e ppan—  —
mplg 2, ¥
Hence,
=1
Wo = S1 X3 ° (1.6.3)
and
m = X1 ¥ G(wo). (1.6.4)

Equation (1.6.4) is a non-dimensional expression for the free-
surface elevation in the far field of the ship. The contours may
be determined by setting n, = constant and obtaining parametric

equations for the family of curves x; = X;(s1).
Firstly, when n; = 0, equation (1.6.4) becomes
G(wg) = O,

Writing the roots of this equation as ©1, 22, etc., and using

equation (1.6.3), this implies that
-3 .
Sy X1° = 91, for some 1,

or

where k. = (?%02. That is, the contours corresponding to zero
i
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surface elevation are parabolic.

Suppose, now, that n, is equal to a non-zero constant. Then

equation (1.6.4) may be written

X13/2 n1 = G(wo).
By defining
X2 © X3 7112/3

and (1.6.5)

S1 Thl/s

S2

»
this expression becomes

X23/2 = G(wo),

- % %
since wWg = S3 X1° = S2 X2°7.

Therefore, the parametric equations which define the contours

X2 = Xz (s2) are

[G(Wo )] P

X2
(1.6.6)

Y
S2 = X2° Wp.

By running through a range of values of w, and evaluating x. and
s,, the contours corresponding to ny = * 1 may be determined. It
should be noted that if G(w,) > 0, the values of x, and s, which are
obtained refer to my = + 1, whereas, if G(wo) < 0, the values refer

tom = - 1 (since x, is positive).

If contours corresponding to values of n, other than + 1 and - 1
are required, the scaling laws given in equation (1.6.5) are used

in reverse. That is,
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x1 = xz ni %

and
sy = s ni Y.

A sample of contours corresponding to n; = 0 and ny = * 1 is graphed
on the (X1,5;)-plane in Figure 1.4 and for other values of n; in
Figure 1.5. The pictures show a pattern, consisting of groups of
closed contours separated by the parabolic curves of zero surface
elevation, which represents an almost v-shaped train of diverging
waves. As x = 0 is approached through the track of the ship, the
free surface oscillates increasingly rapidly and with increasing
amplitude. This is a consequence of these diverging waves, whose
wavelengths tend to zero along the track of the bow, regardless

of the Froude number (Ursell, (28)).

It is interesting to observe what happens to the slope of the
contours as X, and s, approach zero in such a way that w, also
approaches zero. From equation (1.6.6),

dxp; _ dxp/dwp
ds, ds, /dwp

2 G' (wo)
3 [6(wo)] % + 42 [6(we)] ™% 6* (wo)

+> o as x and s » 0 as required,
since G{wo) = O(wo) as wo ~ O.

Kelvin (9), in the first detailed mathematical study of ship waves,
showed that, in the far field, all the waves produced by a ship's
mbtion 1ie inside a 1ine which makes an angle of 19926 with x = 0.
Yet, in this case, as wo approaches zero, the contours have infinite

slope at the origin. This apparent contradiction arises because the

problem being discussed in this section is really the inner



FIGURE 1.4 : Free-surface contours for n; =+ 1and n1 = 0
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FIGURE 1.5 : Free-surface contours for n; = % 2
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problem of the general ship wave case.

wavelength
2mU?
A=
g
= O(e_l)-L

which tends to infinity in the 1imit as e tends to zero.

The first transverse wave as

So the

waves represented by the contours discussed previously all lie

within the first transverse wavelength and the wave pattern consists

of only diverging waves.

Clearly, the Froude number will have an effect on the true shape of

contours in the (x,s)-plane. Since

Xo = qLbr

or
Xo o (Soyz.. 1
L - T e

(1.6.7)

Therefore, if xg =L and s, = L, then F = % and the contours plotted

on the (x;,s;)-plane correspond to those which occur in the (x,s)-

plane when the Froude number is }. Equation (1.6.7) may be used to

determine the relative scaling of the axes in the (x1551)-plane for

different values of the Froude number.

X S
Ko - y(S0)2,

and, i1f sy = L, then xo = %4L.

For example, if F = 1, then

A sample of rescaled contours is plotted on the (x,s)-plane in

Figure 1.6. As expected, the contours corresponding to the higher

Froude number are elongated in the s-direction.
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FIGURE 1.6 : Free-surface contours for n; = + 1 when xo = 4L or F
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CHAPTER 2
PLANING AT INFINITE FROUDE NUMBER

Introduction

The integral expression for the free-surface elevation which was
derived in Section 1.4 is not very tractable, and it would be useful
if some approximation or simplification could be made which would
give more insight into the problem. For example, if the effect of
gravity is neglected, the result obtained for the free-surface
elevation may be considered as the first term in an asymptotic
expansion for small g. Thus, it should be possible to draw some

conclusions as to the nature of the flow.

In this chapter, the problem of a low-aspect-ratio flat ship planing
at infinite Froude number is formulated and solved. It is found
that the displacement of the free surface caused by the motion of
the hull depends only on the longitudinal hull slope and the water-
plane shape, and that there is a strict relationship between the
unwetted hull shape and the extent to which it is wetted. These

results were published by Casling (1).

In the last section, two alternate derivations of the expression for
the free-surface elevation are given, to show that the theory

presented here is consistent with previous results.

%,
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2.2 A Solution for the Infinite Froude Number Problem

When the Froude number is infinite, the problem set up in Section 1.2

reduces to one of solving

¢XX

in the region y < 0 subject to the conditions

¢y = Uns or by = - Uns ony=20 (2.2.1)
Pru_ =0 ony=20 (2.2.2)
) i 2.

and the appropriate radiation condition at infinity. It cannot be
assumed that the Kutta condition will be satisfied at the trailing
edge. The problem for ¢ is shown in Figure 2.1. Since the flow is

symmetric about x = 0, only x > 0 will be considered.

Before deriving a solution to this problem, it is necessary to
describe the notation which will be used. The Hilbert transform
(Tricomi (24), p.173) of a function f on the interval (-a,a) is

defined by

a
=1 _dg_
100 =3[ &,
When -a < X < a, this integral is treated as a Cauchy principal-

value integral. For certain functions f, Haf has been tabulated in
volume 2 of "Tables of Integral Transforms" in the Bateman Manuscripts
Project Series (4). The Plemelj relations (e.g. see Muskhelishvili

(15)) for the harmonic conjugates ¢ and Y may be written in terms of

the Hilbert transform as

P(x,s) = - H, ¢(x,s) (2.2.3a)

and

¢(x,s) = H_ w(x,s).



b(s) b(s)

A L
A il B A A= £

¢, =0 ¢y=U’15= given

$ =0 ¥ = given

FIGURE 2.1 : Cross-flow plane
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Since ¢ = 0 for |x| > b(s), equation (2.2.3a) is written

w(x,s) = - Hy(y o(x,s). (2.2.3b)

As ¢ is known for |x| < b(s), from equation (1.3.5), the Plemelj
relations may be used to determine ¢ for |x| < b(s) and hence y

for |x| > b(s). Since
V(xs8) = = Mgy o(x,5),

¢(x,s) = - Hg%s) w(x,s)

(bz(s)-xz)%Hb(S —-wi§3§)—; , for |x| < b(s).(2.2.4)
(p?(s)-x2)*

The 6perator HB%S) is not normally defined uniquely and, to any

such solution (2.2.4), a multiple of (bz(s)—xz)'l/2 must be added

(see Tricomi (24), p.174). But only integrable (inverse square-

root) singularities in the velocity and pressure, and hence a

square-root zero in ¢, are allowed at Teading edges. 30 ¢ may be

expressed uniquely.

The loading on the hull in this case may be determined directly

from ¢, since, from equation (2.2.2) and the definition of Q,

- pU ¢(x,s) (2.2.5)

Q(x,s)

XoS
(s)-x2)%

- pU(bz(s)-xz)%Hb(S) =

It is clear that the pressure no longer satisfies a Kutta-type

condition at the trailing edge, since

Pixot) = [ al0s)] ooy

_Sob(LB' (L) . blxL)
(bz(L)-xz);ﬁ b(L) (bZ(L)-xz);ﬁ

2 2y | 0
0% [ Hoge) hTs Jon

Sis



will not, in general, be equal to zero. However, since P(x,L) =
0(ag), it is assumed that the transition to atmospheric pressure
occurs over a hydrodynamically-insignificant portion of the hull
and has no upstream influence. Hence n(x,s) may be considered

to be continuous across the trailing edge (see Squire (21)).

The stream function ¥ may now be determined for x > b(s), by sub-
stituting the expression given for ¢ in equation (2.2.4) into

equation (2.2.3b).

fl

b(s) b(s)
p(x,s) = - %J ;(d—_% (bz(s)-gz)%-%f dt _ y(t,s)

~b(s) _b(s) &7t (b2(s)-t2)*

i

(x2-b2(s))% Wy —Xas)l (2.2.6)
b(s) (bz(s)_xz)é

Using this expression for ¢, an expression for the displacement of

the free surface caused by the motion of the ship may be obtained.

Since, from equation (2.2.1),

nS(X,S) = - IPX(X:S)/U,

differentiating equation (2.2.6) with respect to x gives

5 Ho(s) ns(x,s)(bz(s)-xz);é, x>b(s). (2.2.7)

ng(x,8) = ————+
(x2-b2(s))

So, for x > b(s),

do___ oy npleo) (02(0)x)%,  (2.2.8)

( S
PGS I (x2-b2(0))

0

(assuming n(x,0)=0). Thus an expression has been derived for the
free-surface elevation outside the hull which involves only the
waterplane shape, defined by x = b(s), and the hull slope ns(x,s)
in the direction of motion. As long as these two functions are
known, it is not even necessary to know the pressure distribution,

or loading, on the free surface to determine its displacement.



To first order in the parameter ao/e, the surface elevation n is
continuous across x = b(s), since the width of the spray plume is

0((a/€)?) (Tulin (27)). Therefore, for |x| < b(s),

So(x) d A
( s = - © H L] bz -x? 2
n(x,5) l o (o) T (020 )
+ JS do n_(x,0) (2.2.9)
o X,0). L.
so(x) no

When s > L, Q(x,s) = Q(x,L), so ¢(x,s), ¥(x,s) and hence ns(x,s) are
independent of s. Thus, assuming n is continuous across the trailing

edge,
n(x,s) = n(x,L) + (s-L) ng(x,L). (2.2.10)

It may be seen from equation (2.2.7) that, in this case, a dis-
continuity occurs in the free surface elevation at x = #b(L). As

x -+ b(L) + (that is, from outside the track of the ship), the
surface elevation is unbounded, since ns(x,L) is unbounded. On the
other hand, as x +~ b(L) - (that is, from inside the track of the
ship), the surface elevation is finite. Similarly for x - -b(L).
This gives rise to the two lines of white water which may be seen
traiting behind a planing boat from its point of maximum beam
(which in the present case necessarily occurs at the trailing edge).
Since the Froude number is infinite in the present model problem,
there is no restoring force to damp out the free surface elevation.
Thus, as s approaches infinity, n(x,s)becomes negatively infinite
for |x| < b(L) and positively infinite for |x] > b(L). In practice,
however, gravity is always important at a sufficiently great
distance from the planing boat (e.g. see Wu (34)), and the free

surface forms contours as discussed in Section 1.6.

Equation (2.2.9) may be rewritten in the form

39.
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S
n(X,S) = I do nc(X,U) + C(X), (2.2.11)
where
_ SO(X) do 1 b(O) ig_
c(x) = ~ l ?lzjgzzggyg . I-b(o)x-g (HO(E,O)
- g (x,0)) (b2(0)-£2)
ot (x50) (2.2.12)
- X X,0). L.
1 (x2-b2(0) )% ©

From equation (2.2.1), the only input to the mathematical problem
is the slope of the hull, that is, ns(x,s) for |x| < b(s), and not
the shape of the hull n(x,s) itself. This expression, given in

equation (2.2.11), clearly shows that

s
J do no(x,o)

0

is not a complete description of the wetted hull shape, as might
reasonably have been expected. The wetted shape of the hull,
given by equation (2.2.11), is determined by the relationship
between the physical properties of the planing hull described by
equation (2.2.12).

If the waterplane shape b(s) and hull slope ns(x,s) are assumed to
be known, then equation (2.2.12) uniquely determines the function
c(x) and hence the underwater hull shape. That is, given the

waterplane and the hull longitudinal slope, the wetted hull is

fully determined.

Unfortunately, this is not the problem of greatest practical
significance. Usually, the shape of the complete hull (both wetted
and non-wetted portions) is assumed known and it is the extent of

the wetted region, i.e. the function b(s), which is to be deter-



mined as part of the solution of the hydrodynamic problem. So,
equation (2.2.12), with c(x) known, is to be considered as an
integnal equation to determine the unknown function b(s). Except
in the most simple cases, the direct mathematical problem of
finding b(s) is a difficult task, as it involves the solution of
an integral equation over a region which is itself unknown. The
only progress possible in the general case comes from adopting a
trial-and-error approach using solutions of the indirect problem,
i.e. the problem in which b(s) is assumed known. By altering the
forms of b(s) and ns(x,s) in equation (2.2.12), an approximation
to the desired form of c(x) may be obtained. In the second
section of the following chapter, a special case in which the

direct problem has an explicit solution will be discussed.

To first order in €, the slenderness parameter, Tulin (27) has

solved a problem identical to that solved here. The above result

for ¢ agrees to O(e) with Tulin's result for the velocity potential,

in the special case (to be treated in more detail in the following

chapter) when ns(x,s) is independent of x.

Tde
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2.3 Alternate Derivations of an Expression for the Free-Surface
Elevation

The derivation of the expression given in equation (2.2.8) for
the free-surface elevation at infinite Froude number is not the
only way of approaching the problem. Identical results may be
obtained from the work of Oertel (16) on flat ships and also from
the expression for n valid for finite Froude number given in

equation (1.4.3) of Section 1.4.

In Section 1.4, it was shown that, for finite Froude number,

1 s b(o)
n(X,S) = - BU'Z'I do I_b(g)dg Q(gso) KX(X'E’S'O)s

0
where K(x,s) is given by equation (1.3.3). By taking the 1imit as
the Froude number tends to infinity of the right-hand side of this
equation, an expression form, equivalent to equation (2.2.8), may be

obtained.
K(x,s) may also be written in the form
K(x,s) = = F'(w),
X
where
W
F'(w) =1+ 2w J dz sin (z%-w?)
0

and

2

w2 = —L5
4U%| x|

When x > b(s), w ~ 0, as F, the Froude number, - <. So F'(w) > 1

and K(x,s) *'?%Z .

Therefore, in the 1imit as the Froude number tends to infinity,

s b(o)
n(x,s) = EplUTI do J_b(o)dg %%5)[ . (2.3.1)



From equation (2.2.5) and an integration by parts with respect to &,

s b(o)
n(x,s) = ﬂ—luf do I_b(o) %% ¢E(£,o)

S
%f do Hy(g) bx(%:0).

0

Using the Plemelj relations for ¢x and ¢y and the inverse Hilbert
transform which gives a square-root singularity in the velocity

(c.f. equation (2.2.4) and following paragraph),

4 3 b(o) dE -1
n(x,s) = l do J-b(o) X% Zgzz;;:g;;g

X Hy gy 10y (6:0)(02(0)-E2)%

s
do L
=-| ———H n_(x,0)(b2(c)-x2)*
l (xe-b2(c))% P(7)

from equation (2.2.1). This expression for n is the same as the

one given in equation (2.2.8).

It is also possible to obtain the same result from the work of
Oertel (16). In his thesis, he discusses the general flat ship
problem and derives an expression for the free-surface elevation
caused by the motion of a flat ship of arbitrary aspect ratio at
finite Froude number. Oertel found that the high Froude number
1imit of this expression for the surface elevation is, in non-

dimensional form, in terms of the variables being used here,

n(x,s) = 4% ” dg do P(£,0) Ls-0)? + (xzizgf + (s-0)
§ o

where W is the hull projection on the plane y = 0. Rewriting this

in dimensional form,



2 213
n(x:8) = e ” d do P(g,0) Llsm0)® + PEL )+ (so0)
W
= 1 S=0 X-E 2 %
= 2107 I dg do P(E,0) Tx=E)Z {(1 + e )2 + sgn (s-0)},
W

where the variables and dummy parameters are now dimensioned.

When the ship is of low aspect ratio, %—= 0(e), and so,

-£)2.%
By expanding (1 + {%:%%7)2 and neglecting terms of 0(e?) and higher,
_ 1 P(&,0)
n(x,s) = ZmoU% L! dg dO'T;:gyt |s-o| {1 + sgn (s-0)}

b(o)

——zl [Sdof dF,P 29/ (s-0)
WQU : -b(O) X=-E :

From the definition of Q, an integration by parts with respect to

o gives
1 (S b(o)
nxs) = T I o I-b(o)CIE e

a

This expression for n is identical to the one given in equation

(2.3.1) and can be shown to be the same as equation (2.2.8).

a4,
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CHAPTER 3
APPLICATIONS

Introduction

In the previous chapter, general integral expressions, which are
valid for any planing hull in the absence of gravity, were derived
for the free-surface elevation. In this chapter, these results

will be applied to particular hull configurations.

The expressions for the surface elevation simplify considerably by
assuming that the hull has a constant section shape, and the
integral equation relating the physical characteristics of the
hull has an analytic solution. It is therefore possible to write
down the shape of the wetted area for a given unwetted hull shape.

This case is considered in the next section.

It is quite common for a hull to have a discontinuity in its slope
in the x-direction, that is, in the plane perpendicular to the flow.
Such a discontinuity is called a chine. The different ways in which
a chine may occur are investigated and integral equations relating
the waterplane shape to the unwetted shape are derived. As in
Chapter 2, these relationships are complicated enough to rule out

the possibility of an analytic solution to the direct problem.

By considering many different simple hull configurations, it was
found that the pressure on the bottom of the hull sometimes dropped
below atmospheric pressure, that is, P(x,s) became negative. This
suggests that if it is possible for the air to penetrate, then the
flow will be ventilated. It will therefore be assumed that the
flow has separated from the hull prior to the trailing edge. This
problem is considered in the last section under the assumption that

the flow does not 're-attach' itself to the hull.
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3.2 A Planing Hull with Constant Section Shape

Most planing hulls have a relatively simple geometry, that is, the
function n(x,s) which defines the shape of the hull has no complic-
ated dependence on x and s. As a consequence of this and in the
hope of obtaining a more tractable expression for the free-surface
elevation, the results of the last chapter will now be applied to
the case when the hull slope in the s-direction is independent of
X, i.e. ns(x,s) = - f(s). This implies that all sections are of
the same shape, one section being obtained from another by a

vertical translation.

When s < L, equations (2.2.11) and (2.2.8) respectively give

s So(x) £(o)
- | do f(o) + x do —ZL ., x < b(s)
l l (x2-b?(0))*
n(x,s) =
+ Jsdo_&; Ho v (b%(0)-x2)% , x > b(s),
) (x2-b2(0)) b(o)
that is
(- Jsdo f(o) + x JSO(X)do ﬁ‘(’—# » X < b(s)
0 0 XC= o
n(x»s) =

- Jsdo f(o) + x IS do ————ixfﬂ——qz, x > b(s).
o b (x2-b2(0))"

b

Using the same notation as in Section 2.2 and writing

c(x) = x ISO(X)do ————figl—j; ; (3.2.1)
A (x2-b2(0) )™

y = ¢(x) is now the equation of the hull cross-section shape. Only
the vertical position of the section relative to the free-surface

is controlled by the station coordinates, and is of an amount

s
- I do f(ao).



When s > L, equation (2.2.10) gives

L
- J do f(o) - (s-L) (L) + c(x),  x < b(L)

Mmﬂ=<-rﬁcﬂd+xf]m_ﬂﬂ_T
(x2-b*(o))™

L= (s-1) f(L) + X{s=b) FL) x > b(L),
(x2-b2(L))*

where c(x) is defined as in equation (3.2.1).

If the waterplane shape b(s) and hull slope -f(s) are known, then
equation (3.2.1) uniquely determines c(x), the hull cross-section
shape. Conversely, if b(s) is the unknown function and c(x) and
f(s) are known, then it is possible, in this case, to determine

b(s) uniquely by inverting equation (3.2.1) as follows.
The substitution
B = b(o)

followed by the transformations

ct
1l
x

=8 and

yield the equation

t
D(t) = [ dr S) (3.2.2)
(t-1)*

where D(t) = c(t%)/t%,
G(t) = F(-r%)/Z'rAi
and

F(B) = f(o)/b' (o).

Equation (3.2.2) is in the form of Abel's integral equation (see

Tricomi (24), p.39) and has the unique solution
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dt (t_,[)gi
or
fls) _2.d . [* c(£)
=24d J dg AL . 3, (3.2.3
b'(s) m dx ) (x2-£2)% )
where x = b(s). Since b'(s) = %%a equation (3.2.3) may be written
2 d x c
£(s) =——{j dg —<(8)
m ds ! (Xz_gz)lé
and so
S X
2 c(&)
do £(o) = -J ag —<l&) (3.2.4)
l ™ : (XZ_EZ)

Expressing the left and right-hand sides as F(s) and G(x) respectively,

equation (3.2.4) may be written more simply as
F(s) = G(x). (3.2.5)

Since F is a known function of s and G is a known function of x, x is
now a known function of s, identifiable as x = b(s), as required.
Thus, the shape of the wetted area may be expressed as a unique
function of the hull shape. However, except in the most simple
cases, only implicit expressions for x may be obtained, and the water-
plane shape may be determined as follows. A graph of G(x) vs. x is
drawn. From equation (3.2.5), this is also a graph of F(s) vs. x.
Since F(s) is a known function of s, the axis may be rescaled to
give a graph of s vs. x, that is, the waterplane shape. An example
of this technique is given in Section 3.3. If F(s) is of the form
ks®, where k and o are constants, then the waterplane shape may be

found in terms of the inverse function

s = sp(x) =

and the graphing technique is not necessary.
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A simple case, when the function x = b(s) may be obtained explicitly,

occurs if
c(x) = cxP,

for some real number P (P > 0). Then equation (3.2.4) immediately

gives

1/P

S
b(s) = K(J do £(a)) (3.2.6)

0

where

K = i)
¢B(%, (P+1)/2)

and B(u,v) is the beta function defined in Gradshteyn and Ryzhik (5).
In particular, in the case of a "flat plate", where ns(x,s) is a
constant, the waterplane has the same shape as the hull cross-section.
For example, a triangular cross-section necessarily implies a
triangular waterplane. This result is consistent with Oertel (16),
who shows that, for a flat ship of finite beam, a triangular water-
plane produces an approximately v-shaped hull, which becomes more
nearly triangular as the aspect ratio decreases. This result has
also been assumed by Savitsky (18). From equation (3.2.6), if P=1
(that is, if the cross-section is triangular), then the waterplane

s
has the same shape function, Jif(o) do, as the input hull.
0

Figure 3.1 shows some results for other cross-section shapes and
hull slopes. It is easily seen from this table that, as the hull
cross-seétion becomes more cusped, so does the shape of the wetted
area and that the rate at which it becomes more cusped relative to

that of the hull cross-section depends directly on the power of s

in ng(x,s).
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When b(s) and c(x) are known, equation (3.2.3) is an expression
determining ns(x,s) uniquely. It is clear, therefore, that there is
a direct relationship between hull cross-section shape, waterplane
shape and hull slope in the s-direction and that, given any two,

the third is predetermined and cannot be arbitrarily fixed.
For the particular case of a low-aspect-ratio wedge, that is
ns(x,s) = -a, |x| < b(s),
and
c(x) = cx,

where o and c are small constants, the above results simplify

considerably. From equation (3.2.6),
b(s) = mas/2c = Bs, say.

When s < L,

- as + axn/28, X < Bs
n(X,S) ={

- os + ox arcsin(Bs/x)/B. X > Bs.

. The shape of the free-surface for s = constant is shown in Figure 3.2.

At x = Bs, n, is infinite, but n(Bs,s) is finite, and n = 0(x'2) as
| x approaches infinity. When x = 2g8s/m, n(x,s) = 0. Thus, the actual
wetted width of the planing hull is n/2 times the wetted width
measured in the absence of the uniform stream, in agreement with

Wagner's (29) result.

When s > L,
- as + axm/28, x < BL
nixss) =) - as + ox arcsin(BL/x)/8
¢ (s=L)ax X > BL.

(x2-g2L2) 2

P2
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FIGURE 3.2 : Free-surface shape for s < L

= X

FIGURE 3.3 : Free-surface shape for s > L

_a(S'gL)m/M".
-0Ss |
|
|
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The shape of the free-surface for s = constant is shown in Figure 3.3.
Note that the free-surface elevation is now theoretically infinite

along x = b(L), as discussed earlier.
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3.3 A Planing Hull with a Chine

A more realistic section shape for a planing hull is probably one
with a chine, that is, a discontinuity in nx(X,S) at some offset,
x = B(s), where B(s) < b(s). For two examples of such a section
shape, see Figures 3.4 and 3.5. The chine may occur along either
a fixed offset, say x = B, or an offset which is a continuous

function of the station s. In the latter case, x = B(s) will be

assumed to be a strictlymonotone-increasing function of s.

The discontinuity may arise in a number of ways. Firstly, there may
be a jump in the lateral slope of the section shape, while n(x,s)

remains continuous (see Figure 3.4). That is,

n (B(s)7,s) # n (B(s)",s), (3.3.1)
but

n(B(s)7,s) = n(B(s)",s), (3.3.2)

for a fixed station s. Secondly, there may be a positive jump of
0{(a) in n(x,s) at x = B(s), but no change in the lateral slope (see

Figure 3.5). That is,

n(B(s)",s) = n(B(s)7,s) +h(s), (3.3.3)
where h(s) > 0 and h(s) = 0(a), and

n (B(s) ,s) = n, (B(s)",s). (3.3.4)

Of course, the combination of the two cases, in which there is a
jump in both n and n, at x = B(s), may also occur. The results will

be derived for this general case.

It should be noted that any chine which produces a non-monotone
waterplane shape, x = b(s), is not permissible, since separation of

the flow will occur from such a shape forward of the trailing edge

54,
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=

N\ B(s) / _—

FIGURE 3.4 : Cross-section of a chine

B(s) ~ = X

FIGURE 3.5 : Cross-section of a chine
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and the problem is considerably altered. Provided nx(x,s) is non-
negative, for x 3 0 and 0 < s < L, difficulties will not arise.
Also, it is clear that the following results may be readily
generalised to the case of a finite number of discontinuities in

nx(XsS)-

As yet, no assumptions have been made concerning the behaviour of
ns(x,s) at x = B(s). However, differentiating both equations

(3.3.2) and (3.3.3) with respect to s gives
n, (B(s)¥,5)B'(5) + n (B(s)",5) = n (B(s)7,8)B' (s) + ng(B(s)7,s) + n'(s)
which implies that

ng(B(s)",s) = ng(B(s)7,s) + B'(s){n, (B(s)",s) - n (B(s)",s)} + h'(s).
(3.3.5)

The second term on the right-hand-side of this equation is non-zero
unless h'(s) = 0 and B'(s) = 0 or equation (3.3.4) holds. This means
that, unless the chine occurs along a fixed offset or the Tateral
slope immediately adjacent to the chine does not change and his) is

constant,ns(x,s) also has a discontinuity along the offset x = B(s).

It is assumed that the chine starts at some station s = S, where
s. 20, and that B(SC) = b(SC) (see Figures 3.6 and 3.7). When
5 &S, that is, before the chine, the hull has no discontinuities
and the results of Section 2.2 apply directly. Therefore, when

0gcs«g Sc, the free-surface elevation is given by

T dO'
( ’S) { 0 ( (0)) h

[ do nylxso) + clx), X < bls)
' (3.3.6)

where c(x) is given by equation (2.2.12). When s > scs the free-

surface elevation is described by the same two equations, but it
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leading edge x=b(s)

~chine line x=B(s)
= S
FIGURE 3.6 : Chine starting at station s = Sc
x »
| leading edge x=b(s)

~chine line x=8B
—== S

FIGURE 3.7 : Chine at fixed offset x = B
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must be remembered that, for a chine at varying offset, n, now has a

discontinuity at x = = B(s) for s > S¢

From equation (3.3.6), it appears that the chine has no effect on
the elevation of the free surface. However, this is not the case.

Writing

s
0 < x € B(s)

fmn(mw+cun , 0%
0 (3.3.7)
n(x,s) _{I

0

s
do g (x,0) + ca2(x) _ B(s) < x < b(s)

so that the presence of the chine is obvious, c1(x) and ca(x) are

given by the same equation as c(x) in equation (3.3.6), namely

so(x) b(o)
e(x) = - | do . 1 Eny(Es0)-ng ()

) xEb2(0))® b(o) X5 ©
« (b2(g)-£2)2 - so(x) do
(b2(0)-£2) X J z;;j;;z;;;g no(x,c), (3.3.8)

0

where c¢(x) = ci(x), when 0 < x < B(s), and c(x) = cz(x), when

B(s) < x < b(s).

The relationship between the hull characteristics, given by equation
(3.3.8), which is part of the solution to the problem, is the same

s the one obtained in Section 2.2 for the case where there is no

chine and so the same techniques may be used for its solution. This
time, the relationship is more complicated due to the implicit
presence of the starting station of the chine, s.. Presumably, in
practical probiems, Se is unknown beforehand. However, since

= B(s) is known, s_ may be determined, once b(s) is known, by

f£inding where the curves x = B(s) and x = b(s) intersect. This may
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be accomplished as follows. Equation (3.3.8) is solved for x = b(s),
with no restriction on s and with the form of c(x) for 0 < s < Sc-

The point s = s., where this curve cuts x = B(s) is then determined

(o

and the form of the function x = b(s) for s > s_ is disregarded.

c
Equation (3.3.8) may now be solved for x = b(s) in the region s > Sc»
with the correct form of c(x). If a particular waterplane shape is

required, that is, if x = b(s) is given, then equation (3.3.8) fixes

the hull geometry for a given chine 1ine, x = B(s).

Equation (3.3.8) also shows how the presence of a chine affects the
free surface. If a chine is introduced, then either ng or b(s) must
change for this equation to be satisfied by the new c(x). So the
effect of the chine on the free surface is felt indirectly through

x = b(s).

If it is assumed, as in Section 3.2, that ns(x,s) = -f(s), the above
results simplify considerably. However, the chine must occur along
a fixed offset and h(s) must be constant in order to make this

assumption. If this is not the case, then

ng(B(s)¥,s) # ng(B(s)7,s),
which is not permitted.

Equation (3.3.8) reduces to

c(x) = x JSO(X)dc (- -

) (x2-b2(0))%
which is identical to equation (3.2.2), except that c(x) = c;(x)
when 0 < x < min(B,b(s)) and c(x) = c,(x) when B < x < b(s), for
s >s.. It was shown in Section 3.2 that this integral equation can
be easily inverted and so, depending on which is unknown, either

b(s) or f(s) can be determined uniquely, given the other two.
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If the section shape, c(x), and the longitudinal hull slope, -f(s),

are known, then the waterplane shape, x = b(s), is given by the

expressions
s X
J do f(o) = 2 J dg —C1(€) when x < B
. A (XZ_EZ)2
and (3.3.9)
S B X
_2 c1(E) 2 cz (&)
do f(o) = —-I dg A + —-J dg , when x > B.
oot =5 o gt [ e
Rewriting these equations as
F(s) = G(x), (3.3.10)

since F(s) and G(x) are known functions of s and x respectively, x
is now a known function of s. That is, the waterplane shape,

x = b(s), has been determined. When it is not possible to obtain

an explicit expression for either x or s (that is, x = b(s) or

s = so(x)), the graphing method described in Section 3.2 may be used
to obtain the shape of the wetted area. The starting station of the

chine is found as part of the solution when using this method.

For example, suppose the hull is defined by

s
n(x,s) = - J do f(o) + c(x)

0

where

(x) ( c1(x)
C\X) =
c2(x)

Y1Xs x <B

yax + B(y1-v2)s x > B,

for small positive constants y, and va, then



c1(B) = c2(B)

but

ci(B) # ci(B).

Equations (3.3.9) and (3.3.10) imply that

S
F(s) = J £(0) do

0

= G(x)

From the second equation, it is clear that, regardless of the form
of f(s), it is impossible to obtain an explicit expression for x.
However, it may be possible to find the inverse function s = sq(x),

depending on f(s). For example, if
f(s) = a,

then
so(x) = G(x)/a.

If this is not the case, a graph of G(x) vs. x is drawn and, since
F(s) = G(x), this is also a graph of F(s) vs. x. Hopefully, the
axis can be rescaled to give a graph of s vs. x, that is, the shape
of the wetted area. Figure 3.8 gives three examples of section

shapes and the corresponding graphs of F(s) vs. x.
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Cross-section shape x vs. F(s)
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FIGURE 3.8 : Determining the waterplane shape for a
given section shape
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The case in which the chine occurs along a varying offset is more

difficult. For example, suppose the hull shape is given by

-as + c1(x), x < B(s)
n(X,S) ={
-(a-y)s + ca(x), B(s) < x < b(s),

where o and y are small constants, the waterplane is triangular with
b(s) = Bs

and the chine starts at the bow and occurs along the line
B(s) = ©s,

for small constants B and 6.

Then, equation (3.3.8) becomes

x/B
c(x) = v j 9 F(x,0) +mx(a-y)/28,
A (x2_820,2)2
where
6o
=1 dg (a2 2_p2y%
o) = 3 [ s (wroten)®,

and uniquely determines the section shape which produced the given
|
waterplane shape. Since

- 2_p2.2V% _ 2 2.
F%X,O) = %% sin"1(e/g) +-Q£—%%£L)—-{sin 1 (gcox_ggo)

. -1 ,B%02+x80
- S1n (%61;1667)},

c1(x) = ca(x) = xizla-y) + ysin™ (e/8) + %((62-02)%-8)}/8-

Therefore, since h(s) = -ys, from equation (3.3.4), the section shape,
which gives the required waterplane shape is similar to the one drawn

in Figure 3.5.



So far, it has been assumed that the hull is wetted above the level
of the chine and that the free-surface elevation is continuous

across x = b(s). However, it is more interesting, from a practical
point of view, to be able to determine for a given hull shape whether
or not the free surface actually rises above the 1ine of the chine.
One way of doing this is to consider a continuous hull without a
chine whose shape below the level of the chine of the original hull
is the same as that of the original hull. For example, if the

original hull is defined by

0

Jsdo ng(X,0) + c1(x), x € B(s)
n(x,s) = {r

S
[ do n (x,0) + c2(x), x » B(s)

then the new hull to be considered is given by

N

5
n(x,s) = J do n,(x,0) + c1(x), x < b(s).
0

From the results of Section 2.2, the function x = b(s), which
describes the shape of the waterplane of this hull, is unique.
Therefore, whether or not the original hull is wetted above the
chine depends on the position of the chine relative to the shape
of the wetted area of the new hull. The problem divides itself

into two cases.

Firstly, if the quantity B(s), which determines the position of the
chine on the original hull, is always greater in value than the
quantity b(s), then, clearly, the free surface will not reach the
chine. That is, if B(s) » b(s) for all s, the original hull would
not have been wetted above the chine (see Figure 3,9) and the water-
plane shape is described by the function x = b(s). In effect, there

is no chine.
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FIGURE 3.10 : Hull wetted above chine
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Secondly, if the curve x = B(s) 1ies inside the wetted region of the
new hull, that is, if B(s) < b(s) for all s, then the original hull
would have been wetted above the chine (see Figure 3.10). In this
case, the waterplane shape is determined using the results derived
earlier in this section. It is, of course, also possible to have a
combination of these two cases, the first case for some s-values,

the second for some others.

There is still one further possibility, which has not, as yet, been
considered - a vertical chine. This is taken to mean that the hull
has vertical sides along the curve x = B(s) and so nx(s,B(s)) is

infinite, and there is no function c,(x). If the vertical chine

occurs along a fixed offset, x = B, starting at station s = Se»
then b(s) = B when S <8 € L, and so b(s) has been fixed for these
stations. When 0 < s < Scs b(s) is to be determined as before. The

equations, which were derived previously, for the free-surface

elevation outside the hull become

S d w 2 2%
ro_ 1 z;zjgf%;;;% Hb(c) nc(x,o)(b (0)=-x%)2, 0 s s < Se
n(X:S) = < - JSC(——Z—t)EZ%;)'Sj/; Hb(O’) nc(x’c)(bz(c)_xzf/z
X"= (o]

0

B 1
- ——I——rj L (82-22) X(n¥(£,5)n*(E,5.))s 50 < 5 € Lo

. ,"(XZ_BZ)/z X=-& c

where
n*(XsS) = st nS(XsS)-
Taking the limit as x —» B+ in this equation, for Sc <S & L,

S
n(xis) » [ © —(—B—z—f(—)—)T [ o) (%0 (62(0)-x)"], g
0 b= (9]

————j —'“—5)— (n*(E.5)-n*(E,5,)).
1r(x2 82)2 B (B 5)2



That is, n(x,s) » «, as x + B+, when S, < s % L and the free-
surface elevation is no longer finite along the side of the hull.

So, the shape of the waterplane past s = Se has been fixed, but

only at the expense of continuity in n(x,s) across x = b(s).

In particular, if ns(x,s) is independent of both x and s, say
ns(x,s) = -a, then
ax(s-sc)

n(x,s) = n(x,s.) - a(s-s.) + Tl

This is identical to the equation obtained for the free-surface
elevation outside the hull for s > L in Section 2.2, with Sc
substituted for L. Thus, the same flow field is obtained if the

portion of the hull for s > Sc is removed.

The above result for a 'fixed-offset' chine suggests that the best
way of obtaining a required waterplane shape is to put a chine along
the curve which describes that shape, in the same way that a transom
stern may be used to fix the wetted length of the hull. This may
mean, however, that the linearised free-surface elevation is no

longer finite along the edges of the hull.

If the vertical chine occurs along the curve x = B(s), starting at
station s = s, then b(s) = B(s) when s. <s L. So the water-
plane shape has been fixed for this range of s, but still must be

determined for 0 € s < S¢

The free-surface elevation outside the hull is given by

r'
s d 2y%
- I m Hy (o) Mg(Xs0)(b2(0)-x2)%, 0 € 5 < 5
( 95) ' Sc do 2 - 2
n(xss) =( ! s () Tt (020K
1 (S do _ b(c) dg ( 2 2\%
-2 —E— = Ng(E:0)(b*(c)-E%)",
L “Lc (x2-b%(0))? J—b(o)’“E o e <s L,

c
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from equation (3.3.6), since b(s) = B(s) when S < s < L. The
question of interest is now "Is the free-surface elevation still
finite along x = b(s)?" The above equation for n(x,s) may be
written

_ S do 2 2y
n(X,S) = = I m Hb(O) T]O,(X,O)(b (0)-X ) , 0€sx<L
Xo= a

0
where b(s) is to be determined for 0 < s < 5. and is fixed for
Sc <S¢ L. It may be shown that the 1imit as x tends to b(s) from
above of this integral is finite for all values of s and so

n(b(s)+,s) is finite and equals n(b(s) ,s).

Thus, by setting S¢ = 0, a particular waterplane shape may be chosen,
provided that the hull is wetted up to the line of the chine, and

the free-surface elevation will be finite along this curve.
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3.4 The Arrowhead Problem

In all the problems considered so far, it was assumed that the
trailing edge of the hull was at station s = L. Hence, the wetted
length, L,along the keel line was fixed and, given any underwater
hull shape, the waterplane shape, described by the function

x = b(s), was the only undetermined hull characteristic. However,

in some cases, this assumption cannot be made.

When ns(x,s) = -f(s), the pressure, P(x,s), is given by

P(x,s) = pU2(F' (s)(b?(s)-x?)% + £(slbls)b' (), (3.4.1)
(bz(S)-Xz 2

from equation (2.2.5). Therefore, along the keel line, x = 0,
P(0,s) = pU2(f'(s)b(s) + f(s)b'(s)). (3.4.2)

For all the hull shapes of this kind considered so far, the right-hand
side of equation (3.4.2) is always positive. But if f'(s) < 0, it is
possible for this expression to vanish at some station s, say s = Sa

forward of s=L and be negative for s > s If it were possible for

a.
the air to penetrate, then ventilation would have taken place. For
the purposes of this section, it will be assumed that the flow has
separated forward of L and that the portion of the hull between

s =5, and s = L is not wetted (c.f. Oertel (16)).

For example, suppose the hull has a parabolic keel profile and

triangular sections, that is,

f(s) = 2a(L-s), s <L

and

c(x)

CX,

where o and ¢ are small, positive constants. Note that s = L is the

point of maximum draft and therefore the assumption of a monotone-



increasing hull form is satisfied. Then,
f'(s) = =20,
which is negative everywhere. From equation (3.2.3),
b(s) = mas(2L-s)/2c
and, from equation (3.4.2),
P(0,s) = mpU2a? (4L%-12Ls+6s2)/2c. (3.4.3)

At s = L, f(s)b'(s) = 0, but f'(s)b(s) < 0. Hence, if equation
(3.4.2) did describe the actual pressure for all stations s along
x = 0, then P(0,L) would be negative. Thus, the flow must have
separated forward of s = L. In fact, from equation (3.4.3),

P(0,s) = 0 when s = S, = L - L/V/3, which is 57.7% forward of L.

From equation (3.4.1), P(x,s) vanishes on the curve s = sa(x),

where
1
= b 3 212 _ 3y2
X 1roc(3sa 125aL + 14SaL 4SaL )3/ 2¢c

and is negative for points (x,s) downstream of this curve. This
suggests that the flow separates from the underside of the hull

along the given curve and that the waterplane has the shape shown

in Figure 3.11L However, it is not the curve s = sa(x) of Figure 3.11
which defines the true trailing edge, since the results of Section
2.2 cannot be assumed to be correct past s = sa(O). To determine
what really happens for s > sa(o), a new problem, shown in Figure 3.12
must be solved. This corresponds for s > sa(O) to a waterplane of
the general form of Figure 3.11, but with a separation curve,

s = sa(x), whose shape is to be detenmined. Since the trailing

edges will generate a wake forward of the stern and there will be

interaction between the hull and the wake, the solution to the new
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s,(0) L

FIGURE 3.11 : A possible waterplane shape for
parabolic keel lines, for x 2 0

~b(s) b(s)

P Ao AL

Pps=0 by =given Gg=0 ¢, =given bs=0

FIGURE 3.12 : The new problem for s > 56(0)
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problem will involve variables, for example, a wake velocity

potential function, which were not required in Section 2.2

It is assumed that the leading edges of the hull are described by
x = % b(s), for 0 < s <L,

and the trailing edges by
x = % a(s), for 0 < s <L,

with a(0) = 0. a(s) and b(s) are both non-negative, monotone-
increasing functions of s, with the necessary condition that

a(s) < b(s) for 0 < s < L. The wake is assumed to start at station
s = 0 and occupies the region |x| < a(s) for 0 < s < L. When s > L,
the wake is contained in the region |x| < b(L). The bow need not
be at s = 0 (that is, it is not necessary for b(0) to equal zero),
as part of a symmetric planing hull (which generates no wake) may
be added for s < 0 (see Figure 3.13). Although the problem has been
solved in an aerodynamic context by Mirels (14), his solution is
somewhat hard to interpret from the point of view taken here.

Therefore, the following alternative derivation is presented.

The mathematical problem to be solved is identical to the one discussed
in Section 2.2, namely, find the velocity potential ¢, given that it
satisfies the two-dimensional Laplace equation in the lower half of

the (x,y)-plane, subject to the conditions
¢y = Ung ony=0 (3.4.4)

and

P =
S+ U =0 ony 0, (3.4.5)

with a radiation condition at infinity. In order to obtain a unique



Leading edge
x=b(s)

FIGURE 3.13 : A general waterplane shape

—

-b(s) -a(s) a(s) b(s)

Trailin _/ed—ge///—;

= oA
. 2 < L yAYVAVA

@Px =0 @y=given @y = P(x) Py =given Dy =
Ayg=0 Ny =given Ayx=0

FIGURE 3.14 : Cross-flow plane
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solution, the Kutta condition must be satisfied at the trailing edges,

x = + a(s). The method of solution will ensure that this is the case.

Since P = 0 in the wake region, equation (3.4.5) becomes

¢ = 0, ony =0, when |x| < a(s).
Therefore,
d(x,8) = &(x), when |x| < a(s),

where @(x) is some unknown function of x, which is to be determined
as part of the solution to the problem. The problem for ¢ is shown

in Figure 3.14.

The Hilbert transform method used in Section 2.2 is not a convenient
technique for solving this problem and an alternative, but similar,

method will be used. The complex function Q(z) is defined by

2(z) = A (%,y58) = 1A (x:¥,5)
= (22-b%(s))%(22-2%()) H(z), (3.4.6)
where z = x + iy and
w(z) = ¢,(x,¥5s) - 16, (x.¥,8)

is the complex velocity at station s. AX and Ay are used, instead
of, say, Qx and Qy, to avoid confusion with ®(x), the unknown wake
velocity potential. An inverse square-root singularity in the
velocity is still permissible at the leading edges, but, in order
to satisfy the Kutta condition at the trailing edges, a square-root
zero is needed. The branches of the square-root function are taken

so that, for example, as y ~ 0_,

4.
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(z-b(s))% » -i(b(s)-x)%, x < b(s)
(z-a(s)) 7% + i(a(s)-x) 7%, x < a(s)
(z+a(s)) ™% » i(-a(s)-x)7%, x < -a(s)
(z+b(s))% + -i(-b(s)-x)%, x < -b(s).

Equation (3.4.6) may therefore be rewritten as

[ (x2-b2(s))%(x2-a2(5)) *(0,-19, ). [x| > b(s)

a(s) < x < b(s)

A, - A, = ;1(bz(s)-xz)%(xz-az(s))-%(¢X'i¢y)s -b(s) < x < -a(s)

(b2(5)-x2)*(a2(5)-x2) "X(4,-10, ). |x] < als).
b

The problem for A is also shown on Figure 3.14.

Q(z) is an analytic function in the lower half of the (x,y)-plane and
tends to zero as |z| + », from the radiation condition. Therefore,

Cauchy's theorem is applicable and so
‘ - 1 (7 de -
A, (x,0_,s) - 1Ay(x,0_,S) == I:o S (A, (£,0_ss) - 1Ay(£,0_,s)),

where the integral is interpreted as a Cauchy principal-value
integral. Ax(x,s) is a known function for all x and s, Therefore,

Ay(x,s) may be determined, since

b(s)
S e
nous) = 1 [Saes),

m

there being no contribution to the integral for |E| > b(s) (see
Figure 3J4). This equation may be rewritten in terms of Oy and ¢y as

a(s)

oy (8) = 2 it o .- () (Cpted=bry
b(s)
j ez €0, (a,s)<b SIEYE, Ix] > b(s),
a(s L pals) 9 . (3.4.7)
¢y (x58) = (b s -i )* {I-a(s) —jL o' (£)(3 s - )2

b(s)
4[ A a%msugg’:ﬁhf“)<x<ﬂﬂ

a(s) b(s) < x < -a(s),
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and

(s)

1 a%(s)-x*k ([° dE 4 ey bE(s)-E2\%
1y 4 o' (£) (BrSd=E)

¢y(x,5) e b( ; =X a(s) XE
b(s
d .b2 S)=- o 1/2
-zfa(s) ez al- ¢y(a,s>(%—21%€ arey) s x| < als).

If ®'(x) were known, then it would be possible to evaluate the forces
and moments acting on the hull and derive expressions for the free-
surface elevation due to the motion of the hull, using these equations
for by and ¢y' That is, the problem would be solved. However, this
is not the case, as ®(x) is unknown and is to be determined as part
of the solution to the problem. The following describes one method

for finding &(x).

Equation (3.4.7) is integrated from x = a(s) to x = b(s), using the

continuity of ¢(x,s) at these points, that is, setting

¢(b(s),s) = 0
and

d(a(s),s) = o(a(s)).

This gives
a(s) ) \
ola(s)) = [ de (e GrtEfE Fules)
b(s) b2(s)-£2 %
) Ia(s) dg ¢, (E,5) (Fzorey)” Faless), (3.4.8)
where
b(s) 2. .2
1 d & 3
FolEss) = 3 Ia(s) xj(g (22(:)5;;)
and

b(s) 2
F1(g,s) = %I Iz@_._.’%z. ('%zz'zz—)'s%);é = Fo(E,s) - Fo(-E.s).
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Fe(E,s), and hence F,(&,s), may be calculated numerically for given

functions a(s) and b(s).

Equation (3.4.8) may be rewritten, using equation (3.4.4), as

b(s) b2(s)-£2.%
uja(s) 4t n(5,s) (KD Fi(g.s) = ofa(s))

= Ja(s) dg @' (&) (f;2 : :’;)% Fo(E,s). (3.4.9)
-a(s)
When the hull characteristics ns(x,s), a(s) and b(s) are known, then
Fo(x,s) and Fy(x,s) are also known and so, equation (3.4.9) is a
Volterra integro-differential equation for determining the unknown
function ®(x). Because Mirels (14) has, in fact, solved the analogous
aerodynamic problem and found the velocity potential describing the
flow in the wake, no further investigation of the above integral
equation will be carried out. It will be assumed, therefore, that

®(x) may be found for a given a(s), b(s) and ns(x,s).

The free-surface elevation may now be determined. From equations

(3.4.4) and (3.4.7), for |x| > b(s),

S a2 a(o) 2(+)o
T [0 Gl [ e o oG g_-;)%.

-a o)

S
“%f“(x 2l ;J —z—%sn(go)(b(“'
0

E<-a“(o

a‘l(o)-¢

So(x) 2 a(o) 2 2
| e G g)ﬂa(o)x—"_‘%@'(z)(b 9L,

So(x) 2 b(o) 1
n(x,s) =4 —%Io do (:2:?, = I —z-g—riﬂ (£.0) (2re)Enys

a(o) Ec-a“(o

S
L+ J do n_(x,0) , (3.4.10)



and for |x| < a(s),

g so(¥) seaziey O e L b2(o)-E2.
rm[ U X -?) g J a(o) ;'éé (E)(a g‘g )
So(X) 2_a2 1 b(O) 2 B 1
- %'J do (i -ﬁ g ys Ja(o)'iégér ¢ no(g,o)(g -g 52)2
0

n(x,s) =4 + Jsa(X) do n_(x,0)

where sa(x) is the station at which x = a(s) and describes the curve
along which the flow separates from the underside of the hull. As
distinct from the case in Section 2.2, the free-surface elevation
depends, not only on the waterplane shape and hull slope, but also on
the wake velocity potential &(x). So, in order to completely
determine the shape of the free-surface, ®(x) must be known. When the

point (x,s) lies on the hull surface, equation (3.4.10)may be written

in the form

n(x,s) = JS do nc(x,o) + ¢c1(x), a(s) < |x| < b(s), (3.4.11)

where
1 So(x) (.Xz_.az(o))lé ra(G) dE .oy (.bzgo)_lgz)l/z
= =7 d T Q(E 1
i "”[ "t ot (a1

so(x) (xz_azgon!é b(o) dg (bz(g)_gz)li
do === 3 ——=2y £ ng(E,0) ===~
J ’ (x2-b%(c))? Ja(o) *°& gt (£%-a*(0))*

]
3o

0

L . ng(x:0). (3.4.12)

|
O ———y

/8.
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Similarly, when (x,s) lies in the wake region,

S
n(x,s) = J do n (x,0) + c1(x) + c2(x,5), |x]| < als),

where
ca(X,s) = —l-IS do-LEiQZLZKil? Ia(O)-fgi o' (&) LEflEl:éflf
Ws (x) (b2(0)-x*)% J-a()*™® (a2(0)-£2)
2 ° (a%(0)-x)% [™(7)_gg (b*()-£2)"
s d 0) —/—————— ¢
" La(x) o et E B (o

S
- J do no(x,O),

s, (x)

and c;(x) is defined in equation (3.4.12).

The above formulae for n(x,s) were derived under the assumption that
the bow is at station s = 0 where the ventilation first commences as
in Figure 3.13 and so n(x,0) = 0. When part of a symmetric non-

ventilated planing hull is added for s < 0, n(x,0) must be added to

each of these equations.

As expected, the solution to the problem involves an integral equation
which relates the planing hull characteristics, namely the waterplane

shape, described by x = a(s) and x = tb(s), and the hull shape,

represented by ns(x,s) and c;{(x). But, in this case, the relationship
is more complicated than those derived previously because of the
presence of ®(x), the velocity potential in the wake, a function which
is itself the solution of an integral equation involving the hull

characteristics.

On inspection of equation (3.4.12), it is clear that the problem has
become very complicated. The only hope for a solution seems to be if

a(s), b(s) and ns(x,s) are all known functions, that is, if the actual
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wetted shape (including the detachment curve x = a(s)) and longitudinal
hull slope are assumed given. Then, once &(x) has been determined,
equation (3.4.12) fixes c;(x). Thus, the full unwetted shape of the
hull, given by equation (3.4.11), cannot be specified a priori and
must be determined for a given waterplane shape. However, this is

not the situation which arises in practice. Usually, n(x,s), as

given in equation (3.4.11), is known and it is the extent to which

it is wetted, that is, a(s) and b(s), which is required. When a(s)
and b(s) are unknown, equations (3.4.9) and (3.4.12) are a pair of
integral equations for determining &(x), a(s) and b(s). However, to
obtain a unique solution for these three unknowns, three equations are
needed. The third condition comes from the behaviour of the flow at

the trailing edge, in the following manner.

This problem is different from the one in which the hull has a transom
stern, because the flow must separate smoothly from the bottom of the
hull along the trailing edge x = ta(s). Continuity of the free-
surface elevation across the trailing edge into the wake region is
incorporated into the equations for n(x,s) and ns(x,s) is continuous
along x = ta(s) from the Kutta condition. However, for smooth flow
detachment to occur, the curvature must remain constant, that is, the
curvature of the free surface immediately after separation must equal

the curvature of the hull at the separation point (see Oertel (16)).

The constant curvature condition may be derived as follows.

The slope of the free-surface is given by

g (X55), a(s) < |x| < b(s)

Ny

nS(X,S) =

Ny

ﬁ uaz(s)-m‘ﬁ{]a‘” de_o'(g) (b*(s)-E?)
)

T b2(s)-x2)2  J-a(s)¥E U (a2(s)-g2

b
. J (s) g £ n2(c.s) ijjél_é_lp} |x| < a(s),

a(s) * (£2-a2(s))*



where ng(x,s) is a known function of x and s. When |x| < a(s), the

above equation may be rewritten in the form

ng(x,s) = ng(x,s) + (b < xz)z {-ng(x,s)

als) ge (o (E) ' (x)) bz(s) g?- 5
+ —J (S)X £ U ( ( )

@gXZH (b S-X)g

a(s)

b(s)
2 ey £ e s)n2 ) EalSRE .

a(s) E<-a“<(s
As x » a(s),

ng(x,s) = nglx,s) + (b <ox X0 (- -ne(a(s),s)

28] _gg (o' (£)-0" (a(s))) (p{s)-E s
‘_a(s)a(s)-g U “(s)-£*

+
N

L

b(S) 2 2y72
(" de £(nd(£,5)-nc (a(s),s) AL
‘a(s) (£2-a2(s) %

+
ENLN

14 2 o' b2(s)- 2 L
¥ xlg(s) {(bzgig 22) SX) Ha(s)(a x )*}
(3.4.13)

and, therefore,

a'(s)a(s) £ -
(a%(s)-x2)2(b2(s)-x?)%

= 0 +
ngg(Xs8) = ngg(x,s)

e \E v L 2 2 ok
_ b'(s)b(s)(a®(s)-x?)" E, + (E s -i )% l

(-bz(S)-,)(z)_a,z . S)= “as
1 -x2.\}% o b2 (s)-x2 &
{Xlg(S) (b s -; ) __i—l Ha(s)(a : i )%}
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where E; is the expression in braces in equation (3.4.13). Thus, in

general, the curvature will be finite, and hence constant, at x = a(s)

only if
a(s) . . 2 2
y(a(s),s) = L f_a(s)a(3§-a (o' (2)-erals))) (BS)E2ys 4 o)
b(s) 2 3
3 ; (b*(s)-&2
v 2 ja(s) 9E ing(2,5)mglas).s)) LLEEEL
(3.4.14)

with the superscript on ng now omitted and where G(s) is the result

obtained when the limit term in the last equation is differentiated.

Equation (3.4.14) is the third equation which, together with
equations (3.4.9)and (3.4.12), makes it possible to obtain unique

solutions for &(x), a(s) and b(s). It seems unlikely that such

solutions could be obtained in practice, even with the aid of numerical

techniques. In fact, it also appears that no solution to the indirect
problem (that is, the problem in which a(s), b(s) and ns(x,s) are
fixed) can be found. This is because the function x = a(s) must
satisfy the constant curvature condition, given in equation (3.4.14)
above, and yet the unknown wake velocity potential o(x) also appears
in that equation. On the assumption that d(x) may be determined from
equation (3.4.9) for given a(s) and b(s), it may be the case that
these three functions do not satisfy the constant curvature condition

given in equation (3.4.14).
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83.
CHAPTER 4
HULLS WITH LATERALLY - ASYMMETRIC WATERPLANES

Introduction

In the preceding chapters, only hulls which are laterally-symmetric
have been discussed. However, in practice, this is not always the
case. For example, when a catamaran is planing with one hull out

of the water, the wetted region of the other hull can no longer be
considered to be symmetric with respect to the direction in which

it is moving. Similarly, when a boat moving at high speed is
turning, until the turn is completed, the waterplane is yawed with
respect to the direction of its motion. A surfboard is another
example of a laterally-asymmetric hull (see Hornung & Killen (8)). It is
interesting to calculate the forces and moments acting on such hulis
in order to determine, in the case of the catamaran, for example,
whether the hull tends to "right" itself (i.e. become laterally-

symmetric) or whether it shows a tendency to turn right over.

Two classes of problems will be considered in the following sections.
Firstly, the case when the boat has two leading edges which are
asymmetric with respect to x = 0 will be discussed. The second case
concerns hulls which are sufficiently yawed for one of the leading
edges to become a trailing edge, thus generating a wake forward of
the sterh of the hull. The presence of the wake leads to an integral
equation for the velocity potential, which is unknown in that region,
and adds considerably to the mathematical difficulty of the problem.
However, Tuck (26) obtained the same integral equation for yawed
slender wings and presented a method for its solution, with an

analytic result possible in particular cases.

For both classes, an expression for the free-surface elevation will

be derived, which leads to a pair of coupled integral equations in



the first case and a single integral equation in the second,
relating section shape, waterplane shape and longitudinal hull

slope in a similar fashion to the one obtained in Section 2.2.
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4.2 A Hull with Two Laterally-Asymmetric Leading Edges

In this section, the case to be discussed is that in which a hull
is yawed, as shown in Figure 4.1, so that the Teading edges are no

longer symmetric about x = 0.

As in Section 2.2, the mathematical problem to be solved is to find

¢ given that

in the region y < 0 subject to the conditions

¢y = Ung ony=20 (4.2.1)
and

Piug. =0 ony=0 (4.2.2)

p s 9 oelo

with the appropriate radiation condition at infinity. The difference

here is that the surface of the ship is given by

y = n(x,s)

for -a(s) < x < b(s) and s < L, where a(s) and b(s) are both non-
negative (i.e. a(s) » 0, b(s) > 0 for 0 < s < L) and strictly mono-
tonic functions of s. That is, the leading edges of the hull are

given by x = -a(s) and x = b(s).

The problem for ¢ is shown in Figure 4.2 and, since the flow is no
Tonger symmetric, the solution will be obtained in terms of ¢X and
¢y and for all values of x. Because of the free surface, there is
no cross flow circulation around the body. As in Section 3.4,

the Hilbert transform method of solution used in Section 2.2 is not

a convenient technigue and the alternative method described in that

section will be used.
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'

x=-a(s)/

FIGURE 4.1 : Waterplane shape for a yawed hull

y
h
-a(s) b(s)
| A i A
<= Z =z
¢x=0 ¢y=Uns=given ¢x=
$,=0 $yx = given $x=0

FIGURE 4.2 : Cross-flow plane
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The complex function

a(z) = (z+a(s))%(z-b(s)) w(z)
= 0, (x,y,8) - 12, (x,y,5), (4.2.3)
where z = x + iy and

w(z) = ¢,(x,y,8) - 16, (x,y,5)

is the complex velocity at station s, is introduced, remembering that
there is an inverse square-root singularity in the fluid velocity at
the leading edges, x = -a(s) and x = b(s). The branches of the

square-root functions are taken so that, for example,

(z-b(s))% + -i(b(s)-x)* as y » 0_, for x < b(s)
and

(z+e=1(s))l‘5 -> -1'(-x-a(s))1/2 as y ~ 0_,for x < -a(s).
Thus, equation (4.2.3) may be rewritten as
" L L A
(x-b(s))*(x+a(s))*(¢,~16 ) x > b(s)

o, - 0, ={ -1(b(s)-)%(x+a(s)) %0 -10,)s  -als) < x < b(s)

_ L Yy .
L - (b(s)-x)%(-x-a(s))*(o,-18 ), x < -a(s).
The problem for @ is also shown on Figure 4.2.

Since 9(z) is an analytic function in the lower half-plane and tends
to zero as |z| + «, from the radiation condition on by and ¢y’

Cauchy's theorem implies that
- _1 [ de -
¢x(x,0_,s) - 1¢y(x,0_,s) == IT; = (@x(g,o_,s) - 1¢y(g,0_,s)),

where the integral is intrepreted as a Cauchy principal-value

integral. In particular,



b(s)
¢y(x,s) = lf Vo de 2 (E,5), (4.2.4)

™ -a(S) xX=-£

since there is no contribution to the integral for £ < -a(s) or
£ > b(s) (see Figure 4.2). Expressing equation (4.2.4) in terms of

the original functions ¢x and ¢y’

b(s)
_ -1 dg 4
?V(X’S) 1r(x+a(s));§(x-b(s));2 J a(s) X°& y . ) (grals)) ¥ (0(s)-6)%,
x > b(s)
b(s) Y L
= -1 dE 9, (g,s)(g+a(s))*(b(s)-5)=,
) ) F (s ) Ja(s) X
-a(s) < x < b(s)
and (4.2.5)
b(s)
_ -1 dE_ ] ]
,§) = — . b
¢y(x ) 1T(-x—a(s));5(b(s)-x);5 J a(s) X°¢ by RIS S

x < -a(s).

Since ¢y(x,s) is now a known function everywhere, the slope of the
free-surface, ns(x,s), is also known, from equation (4.2.1), and the
free-surface elevation,n(x,s), may be described by the following

expressions.
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(1 do blo) 4 2 2
! l (x+a(o))%(x-b(c))% J—a(o)x-g o{8:0) (EFale) ) (b{o)-£)"
x > b(s)
1 so(x) e b(o) 4
m J (x+a(0)) %(x-b(c)) I—a(o)x'g Ng!&:)
L L, S
x (g+a(o))?*(b(o)-£)2 + J do n,(x,0),
So(x)
{ 0 < x < b(s)
n(x,s) = s1(x) b(o)
+,%FI1 ;(10‘ 5 I %—n(E,U)
(-x-a(0))%(b(c)-x)% l-a(c) *"& ©
< (gra(o))5(b(0)-6)* + [ dom(x0),
s1(x) o
-a(s) < x <0
1 s ds b(o).ng
Y J (-x-a(0)) %(b(c)-x)* J ~a(0)*"t "ol&:9)
x (£+a(0))%(b(0)-£)%, x < -a(s).

so(x) is the station at which x = b(s) and si(x) is the station at

which x = -a(s).

As in Section 2.2, when the point (x,s) lies on the hull surface,

the expressions for n(x,s) may be rewritten as

P-JZO no(x,o) + ¢cy(x), 0 < x < b(s)

n(x,s) = { (4.2.6)

Idc no(X,O) + ca(x), -afs) <x <0
L 0
where
- So(X)d n,(x,0)

e -xl ° (x+a(0))!§(X-b(o))lé
1 so(x) do b(o) dE
= l (x+a(o))%(x—b(o))% I_a(c)x_g (n,(€,0) ng(x,c))

x (g+a(0))%(b(0)-£)"



JSO(X) ’ ﬂG(X,U)(b(cj)_a(U)) -
+ 54 N
0 ’ (x'*'a((’))lé(x—b(c));é
and
S],(X) n (X,U)
2 = d o
c2(x) XJ o (_a(c)-)();é(b(c)-x);i
1 s(x) do b(o) dt
+ = dg - ’
" J (-x-a(0)) %(b(o)-x)® J-a(c)""E (ng(£,0)-ng(x,0))
x (g+a(0))%(b(c)-£)"
" JSI(X)"" o)t 2l) (4.2.8)
0 (-x-a(0))?(b(a)-x)*

As expected, from the results of Section 2.2, a relationship between
the physical characteristics of the hull and its wetted shape when
it is moving, has emerged, in which only two variables can be fixed,
the third being determined by this relationship. In this case, it
takes the form of a pair of coupled integral equations, given in
equations (4.2.7) and (4.2.8). If the waterplane shape, described
by x = b(s) and x = -a(s), and the longitudinal hull slope, ns(x,s),
are known, then the complete hull shape, determined by y = ci(x) for
x >0 and y = c2(x) for x < 0, is fixed by these equations. If
n(x,s) is assumed to be completely defined, as in equation (4.2.6),

then the pair of integral equations must be inverted to find the

unknown waterplane shape, that is, to find the functions x = b(s) and"

x = -a(s). There seems to be 1ittle hope for an analytic result in

this case, so numerical methods must be employed.

Since, from equation (4.2.5), ¢x(x,s) may be determined for
-a(s) < x < b(s), expressions may be derived for the forces and
moments acting on the body and, for example, the position of the

centre of pressure may be calculated.
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The 1ift force, Fys on the hull is given by

ro= [ Ib(s) dx P(x,s)
= s X P(x,s
Y . -a(s)
F0 L b(L) L
= d ds P(x, d ds P(x,s).
aq) X Isl(x) s P(x,s) + J X Iso(x) s P(x,s)

Since, from the dynamic boundary condition, P = -pU¢S

outside the hull surface,

Fy = -pl Jb(L) dx o(x,L)
= - X o(x,
Y Y _a(L) )
b(L)
= ol I-a(L dx x ¢X(x,L),

after an integration by parts.

given in equation (4.2.5),

-n
]

. fb(L) 0 Ib(L) )

d -1 |
L) e (L) R (b(L) xR d-a() X°E

x (£+a(L))2(b(L)-£)*

b(L)
_ 50p (L))
ol j_a(L)da 6, (£:L) (£+a(L))%(b(L)-)
a1 Jb(L) dx X
T )_aL) ¥ (xta(L))%(b(L)-x)"
b(L)
= vz [ de n (6,0 (v (L)) *b(L)-6)%,
-a(L) '

since ¢y = UnS and

l_[b(L) dx X _
T J_a(L)*E (x+a(L))%(b(L)-x)®

and ¢ = 0

Substituting for ¢X the expression

6, (E:L)

As expected, the total 1ift depends on only the beam and the slope

in the direction of motion of the hull at the stern.

Similarly, the starboard-up roll moment, Mp, about the s-axis is

given by
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L fb(S)
Mp = [ ds J dx x P(x,s)
-a(s)

b(L)
-pU J dx x ¢(x,L)
-a(L)

b(L)
pU
& [-a(L)dX x2 ¢x(x,L).

Making the substitution for Py in this equation gives

b(L)
M, = - &2 d& ¢ (£,L)(&+a(L B(b(L)-£)%
. j_a(L) 6,(£:L) (£+a(L)%(b(L)-¢)
leb(L) dX x?.
T Joa(L)*E (xka(L))E(b(L)-x)*
U2 b(L) " 1, b(L)-a(L
Sy j dE n_(£,L) (+a(L))%(b(L)-)% (g + DLL-alL)y,
_a(L) S ¢
since
L g g——— OO
T a(L)*® (x+a(L))%(b(L)-x)* £
When the hull is symmetric about its centreplane, x = b{s éa S s

the roll moment may be rewritten

, pblL) (L)-2(1)
Mo = - 85 [ d ng(E.L)(era(L) HoL)-6) 15 - LIl
-a(L)

+ (b(L)-a(L))}

b(L)
- oz {b(LDa(L)) | o ng(E,L) (£+a(L))X(b(L)-E)*
=a ’

- gbngéagL)!hFY,
that is, the centre of pressure is laterally located at the point
corresponding to the midpoint of the trailing edge and not on the
centreplane of the hull. This means that the hull will tend to roll

so that the starboard edge rises.
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In order to find the lTongitudinal location of the centre of
pressure, it is necessary to evaluate the nose-up pitching moment,

MP’ about the x-axis.

IL ds Jb(S) dx s P(x,s)

M. =
P -a(s)
b(L) L b(s)
= - pUL I dx ¢(x,L) + pU I ds f dx ¢(x,s)
~a(L) 0 -a(s)
b(L) L b(s)
= pUL J-a(L)dX X ¢x(x,L) - pU l ds I-a(s)dx X ¢x(x,s),

after an integration by parts. Substituting for ¢x(x,s) gives

b(L) 3 L
Mo = - pUL [ d (L) (54 (L)) 3(b(L)-€)?
-a(L)
L rb(s) 1 L
+ pU% | ds dg nS(E,S)(£+a(S))z(b(S)-E)z-
Jo a..a(s)
L b(s) L 1
i.e. My =L Fy +pU? | ds dx ns(x,s)(x+a(5))2(b(S)-X)2.
2 J-a(s)

The second term in this expression may also be written as

- JL ds FY(s),

0
where FY(s) is the longitudinal 1ift distribution, and is therefore,
by necessity, negative. Therefore, the centre of pressure will be
located forward of the trailing edge, at the point
IL ds Fy(s)
§=L_L____.!-.-.-—-
FY '

It is an easy task to calculate the 1ift force and moments using the

above expressions, as the integrals involved can either be evaluated

analytically or are quite amenable to numerical integration.

For example, if ns(x,s) is a function. of s alone, that is

ng(x,s) = -f(s),



then, for any waterplane shape defined by a(s) and b(s), the 1ift

force is given by

Fy = 7 oU? F(L)(b(L)+a(L))?,

Y

ool

the roll moment by

=5 eu () L) (bu)saL))?

and the pitching moment by

MP N

ol

L
SUZLF(L) (b(L)+a(L))? - j ds (s)(b(s)+a(s))2}.

Therefore, the centre of pressure is located at (x,s) where

- _ b(L)-a(L
A 2

and
s = MP/FY.

As expected, the centre of pressure has its lateral location at the

offset corresponding to the midpoint of the trailing edge, ELLlliﬂzl,

2

Since-gﬂ=%;lﬂ=L is a measure of how far the hull is yawed, the above
expressions seem to indicate that both the 1ift, FY’ and pitching
moment, MP’ are independent of the yaw angle. However, this is not
the case, because there is an indirect effect of yaw on the sum

b(L) + a{L). For a given hull shape, defined by n(x,s), there is

a unique waterplane shape, determined by a(s) and b(s). As the hull
is yawed, its shape with respect to the coordinate axes changes

and therefore, so does the shape of the wetted region. That is, as

the functional form of n(x,s) is altered, a(s) and b(s) both change

so that equations (4.2.7) and (4.2.8) are still satisfied. Therefore,

the sum b(L) + a(L) does depend on the yaw angle and so do the 1ift,

Fy, and pitching moment, MP' This is in contrast to the aerodynamic

9.



case in which FY and MP are independent of the yaw, because
b(L) + a(L) is constant for a given wing. On the other hand, the

roll moment, MR’ depends on the yaw angle, in both cases.

Neither FY nor MR depends on the values of a, b and ng ahead of the
trailing edge. That is, two different hulls will have the same Tift
and rolling moment, if the wetted width of their trailing edges, and
their Tongitudinal hull slopes at the trailing edge, are equal. The
pitching moment, MP’ because of the integral term in the expression

describing it, does depend on the hull shape at all stations.
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4.3 A Fully-yawed Planing Hull

If the hull is further yawed until one of the leading edges becomes
a trailing edge, as shown in Figure 4.3, the problem is changed
considerably. A wake is generated by the trailing edge forward of

the stern and there is interaction between the hull and the wake.
It is assumed that the starboard edge

x = b(s), 0<s <L,
is always a leading edge and that the port edge

x = a(s), 0<s <L,

js always a trailing edge, with a(0) = 0. As in the previous
section, a(s) and b(s) are both non-negative, strictly monotonic
functions of s, but the added condition b(s) > a(s), 0 < s < L, is
needed here. The wake is assumed to begin at s = 0 and occupy the
area between x = 0 and the trailing edge, x = a(s). Past the

stern, it will be contained in the region between x = 0 and x = b(L).
It is not necessary for the bow to be at s = 0 (i.e. b(0) does not
need to be zero), as part of a planing hull which generates no wake

may be added for s < 0. (See Figure 4.3.)

The mathematical problem is almost identical to that defined in the
last section, requiring solution of the two-dimensional Laplace
equation in the Tower half-plane, subject to the given conditions.
The pressure difference, P(x,s), is zero in the wake region, so the

dynamic free-surface condition reduces to
é_ =0, ony =0, when 0 < x < a(s). (4.3.1)
This implies that

d(x,s) = &(x), for 0 < x < a(s),



FIGURE 4.3 :

Leading edge

Wake
-~

Trailing edge
x=a(s)

Waterplane shape for a fully-yawed hull
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where &(x) is an unknown function to be determined as part of the
solution to the problem. It is also necessary, in this case, for

the Kutta condition to be satisfied along the trailing edge, x = a(s),
otherwise a unique solution cannot be obtained. This is "built into"
the solution by having a square-root zero in the fluid velocity at

X = a(s), thus ensuring that the pressure is continuous across the

trailing edge. The problem for ¢ is shown in Figure 4.4,

The method of solution used in Section 4.2 is applicable here, the

complex function appropriate for this problem being

a(z) = (z-b(s))%(z-a(s)) %(z), (4.3.2)
where

Z=x+1iy
and

wW(z) = ¢,(x,y,8) = 19 (x.¥58),

as before, and
2(z) = A, (x,y,s) - 1'Ay(x,y,5)-

An inverse square-root singularity in the fluid velocity is still
acceptable at the leading edge, x = b(s), but, because of the Kutta
condition, this is not the case at the trailing edge. Hence the
square-root zero at x = a(s). The branches of the square-root

functions are taken so that, for example,

(z-b(s))% » -i(b(s)-x)%  asy =+ 0, for x < b(s)
and

(z-a(s))'l‘é -+ 1‘(a(s)-x)'l5 as y + 0_, for x < a(s).

Thus, equation (4.3.2) may be written
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-3

a(s) b(s)
— A A L —X
Py =0 ¢ =P(x) @y=Ung=given H4=0
Bx = §'00)
Ax=0 Ay=given Ax=0

FIGURE 4.4 : Cross-flow plane



(x-b(s))%(x-a(s)) H(o,-i0,), % > b(s)
RN { -1(b(s)-x)%(x-a(s)) H(o,-i¢, ), als) < x < b(s)
(b(S)-X)%(a(S)-X)'%wx-icby), x < a(s).

The problem for A is also shown on Figure 4.4.

Since the conditions for Cauchy's theorem are satisfied,

b(s) '
1 d .
Ay(XsS) = ;’J ;%% AX(E,S),

as shown in Section 4.2, since there is no contribution to Ay for

£<0orE>b(s) (seeFigure 4.4). In terms of the original

functions,

| a(s) _
0, (x:5) = L (AR )%l e Bl ot e)

m ‘X-b(s
b(s)
1, x- B
3 GBEE L,)  BRRPT e o
(s) (4.3.3)
a(s :
b (us) = & alslys [FHde (BT o (e)

0

b(s) 4
- L ggalshys [* "0 (Belh g (6,5), als) < x < bls)

. a(s)*
an
a(s)
o, los) = 1 @EhyE [ xﬂ_% <g§-3:—g>% > (£)

a(s

-%(Es_x%f {81592 o (£25), x < als).

If o(x) were known, then the problem would be solved, because
expressions for the free-surface elevation for all values of x and s
and the loading on the hull (and hence the forces and moments acting
on it) could be derived from the above equations for ¢y and ¢x' But
% is unknown and must somehow be determined before the solution is
complete. The following method for finding ® was used by Tuck (26)

and results in an integral equation which relates 3'(x), the water-

plane shape and the longitudinal hull slope. The expression for Oy

100.



given in equation (4.3.3) is integrated from x = a(s) to x = b(s).

101.

Since the velocity potential must be continuous at these two pqints,_;ff

WA

that is,

d(a(s),s) = o(a(s))
and

¢(b(S),S) =0,

a(s) 1
-a(a(s)) = 1 ae IEYE o' () (1 - @D

b(s) A
- [ e Rlefsy

WRE=1C ¢y (E,5),

which implies that
b(s)

a(s) 1
[ de Gl e e - ja(s)da by o (619),

or, in terms of the hull slope ns(x,s),

a(s) b(s)
[ ae Ly o (e) - j de L8 (g,5). (4.3.4)

o a(s)

This integral equation for determining the unknown wake velocity
potential &(x), given the longitudinal hull slope, ns(x,s), and the
waterplane shape, described by a(s) and b(s), is the same as the one
obtained by Tuck (26) in his note on yawed slender wings. In that
paper, he discusses the mathematical nature of the integral equation
and, in certain special cases, presents an analytic solution. The
problem is, therefore, to all intents and purposes, solved, as it has
been reduced to the task of inverting equation (4.3.4) and there are
numerical techniques available for the solution of such integral

equations (see Tuck (26)).

Since
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the free-surface elevation caused by the motion of the hull may be

written as
r

a(o) )
H <;gg>j S (blek-by o1 ()
0 0

1 (S _ b(o) %
-3 [ oo G fa(o)r%éa%a ol&:0)s x> B(s)

0

so{x) ] a(o) -
& [ o el [T G e
0

0

| solx) b(0) 4 :
[ a0 eilggy j(o)x—,% (RLL)% 0 (2.0)

0

+ f:o(x)dc ng(Xs0), a(s) < x < b(s)

So(X) a(o)
[ e el [T Gl e
1 So(x) _ L b(o)d b(o)-E\%
(x,s) = { - F'J do (%:%{%%) Ia(o)iéé-(zég%g§) ny(&:0)

0

. JSI(X)dG no(x’o) (4.35)

so(x)

1 (S e a(9) 4r  blo)- L,
+Wfsl<x)d° (alg)=x) j e (lgEyE o1 ()

S b(o)
“'ql?fl d°(§g:§) I()XE( O')zn(EG),

0 < x < a(s)
) J do (z g -i) l Yéé (3 g -E)
0

- b(o)
»‘%[d"(gg:i) J dg( =2)% 1 (£,0), x < 0

a(o)*

where s;(x) is that value of s for which x = a(s).

When the point (x,s) lies on the hull surface, equation (4.3.5) may be

rewritten as



S
n(x,s) = I do n_(x,0) + ci1(x), a(s) < x < b(s), (4.3.6)
where

so(x) . a(o) )
b = [ o G [ AR e

salx) b(o)

. %-l do (Xalo)ys [a(05§¥% (L)) (n_(2,0)-n(x,0))
so(x)

<[ o GRtEP o), (4.3.7)

and when (x,s) lies in the wake region,

n(x,s) = fsdo n,(xs0) + ci1(x) + ca(x,s), 0 < x < a(s),
where
s a(c)
calos) =7y [ do GUES* j Se Ble=b o e)

1 s da -X\% b(o) d b _ 1/2
o J51()()(:16 (b g -i) Ia(o)& (E-g o ) {HG(E,G)-nO(x,g)}

S
-L“”m(ggi)n(xw (4.3.8)

and c,(x) is defined in equation (4.3.7).

A1l the above formulae for n(x,s) have been derived under the
assumption that n(x,0) = 0. If this is not the case, for example,
when a non-wake-generating section is added for s < 0, then n(x,0)

must be added to each of these expressions.

Once again, the solution to the problem involves an integral equation,
which relates the characteristics of the planing hull, namely the
waterplane shape, described by a(s) and b(s), and the hull shape,
represented by ns(x,s) and c;(x). But, as in Section 3.4, the

relationship is further complicated by the fact that it depends on

103.



o(x), the velocity potential in the wake, a function which is itself
the solution of an integral equation, involving the characteristics

of the hull.

The easiest course of action available is to fix a(s), b(s) and

ns(x,s) and determine ®(x) from equation (4.3.4). Then c;(x) and

c2(x,s) may be found from equations (4.3.7) and (4.3.8) respectively.

Hence n(x,s) may be determined everywhere. However, this is again
not the real practical situation. Usually, n(x,s), as given in
equation (4.3.6), is known and it is the shape of the wetted region,
that is, a(s) and b(s), which is required. When a(s) and b(s) are
not known, then equations (4.3.4) and (4.3.7) are a pair of coupled
integral equations for finding &(x), a(s) and b(s). However, to

obtain a unique solution for the three unknowns, three equations are

needed. So, another condition involving one or more of the functions

must be found. As in Section 3.4, it comes from the flow behaviour
at the trailing edge. The problem is different from the case of a

slightly-yawed hull, because one leading edge has become a trailing

edge and the flow must now separate smoothly from this edge, x = a(s).

Continuity of both n(x,s) and ns(x,s) across the trailing edge must be

guaranteed, the remaining condition being that the curvature is

constant at separation, as discussed in Section 3.4. This third

equation will be derived in the same way that it was in that section.

The slope of the free surface is given by

ng(X,s), a(s) < x < b(s)

a(s)-¢

a(s) 4
ng(x,s) = %(‘;‘,::’;)%j g el (Hslgy

0

x < a(s),

b(s) 4
s T i(e,s) (Asltyy

a(s)x -als i
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where ng(x,s) is assumed known. When x < a(s), the above equation may

be rewritten as

ng(x,s) = nl(x,s) + )% {-nl(x,s)

b1 [ (o0a)0 ) Bs)etys
m

) X=E U a(s)-&
L 200 (g 20als)b(s))® + bs) Ha(s)) _ (b(s)-x)®
U bTS) = a(s) (a(s)-x)/z
< 1n | x(a(s)-b(s))

] }
2(a(S)b(S))lﬁ(a(S)—X)}é(b(s)-X)’5+2a(s)b(S)-X(a(S)+b(S))|

b(s)
-%ja)g%u@@ﬁ)-@uﬁn(g;fﬁh

As x + a(s),

ng(x:8) = nl(x,s) + (Br4RY% (-2 (a(s),s)

r“hgwwa@%uﬂn(uﬂfﬁ
; ’ (a(s)-£)%

+ 1
m

+ ¢'g$(5)) In |2(a(s)b(s)%:s;_ggzg + a(s))

b(s) 5
L[ g (e,s) - nttats),s)) {BLIED S,

" Ja(s) (a(s)-£) ¥+
(4.3.9)

In general, the curvature will be finite, and hence continuous, at
x = a(s) only if the expression in braces in equation (4.3.9)

vanishes at x = a(s). That is, only if

a(s) , (0 (5)-0" (a(s))) (b(s)-£)"
U (a(s)-£) ¥

%hhhﬂ=%[

M o' (a(s)) In |2(a(s)b(s))% + b(s) + a(s)l
U

b(s)-a(s)
o _ (4.3.10)
=y &g (ng(£.5)-n(a(s),s)) {LLLEL
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omitting the superscript on ng(x,s).

Equations (4.3.4), (4.3.7) and (4.3.10) are three integral equations
for determining the functions &(x), a(s) and b(s) uniquely for a
given hull shape. However, as in Section 3.4, it is clear that, in
practice, such a solution is almost out of the question, even with

the aid of numerical techniques.

The integral expressions involved in the indirect problem are not
quite as complicated as those derived for the arrowhead problem but
it still may not be possible to find a solution in this case. As
in Section 3.4, the reason for this is that, if a(s) and b(s) are
fixed, @'(x) is determined uniquely by equation (4.3.4), but these
three functions together may not satisfy the curvature condition,

equation (4.3.10), as well.

It should be noted that, if the hull has zero or negative curvature
in the direction of motion (that is, if Ngg € 0), the continuous
curvature condition given in equation (4.3.10) does not need to be
satisfied. Thus, the position of the trailing edge, given by

x = a(s), may be fixed in advance. The reason for this is that it
is only when the hull has positive curvature that it is possible
for the pressure on the bottom of the hull to drop below atmospheric
(see Section 3.4). Therefore, when Ngg € 0, the problem is similar
to the one discussed in Section 2.2 and the flow will be continuous

across the trailing edge x = a(s).



CONCLUSION

The results presented in this thesis highlight the indeterminacy of hull
shape in problems which involve the planing motion of a high-speed boat.
In practical situations, it is the direct problem of finding the extent
of the wetted area for a given hull shape which is important. It would
be very useful, therefore, if a technique for solving this case, with

no restrictions on the hull shape, could be found. However, in the
absence of this, progress can be made through the solution of the inverse
problem, in which the wetted area is fixed and the hull shape which

produced it is determined.

It does not seem likely that more analytic results can be obtained, but
it is possible that numerical procedures for solving some of the integral
equations for the function describing the waterplane shape will be
developed in the future. From the point of view of the inverse problem,
more time could be spent devising a method for numerical evaluation of
the integral expression for the free-surface elevation, which was derived

in Chapter 1, in the region under the hull.

Even in the absence of a solution procedure for the direct problem, it is
possible that the inverse problem itself could be used by planing hull
designers. The shape of the waterplane is crucial to the forces and
moments acting on the hull, in particular, the 1ift and the drag. Hence,
the desired waterplane shape should be chosen, and then the appropriate
hull shape determined from it. Care would, however, need to be taken
that this procedure did not lead to undesirable characteristics in the
resulting hull, e.g. to negative hydrodynamic pressure regions as

discussed in Section 3.4.

107.



108.

BIBLIOGRAPHY

(1) CASLING, E.M.
"Planing of a low-aspect-ratio flat ship at infinite Froude number"
J. Engineering Mathematics, Vol1.12, No. 1(1978), pp.43-57.

(2) CLEMENT, E.P.
"A 1ifting surface approach to planing boat design”
International Shipbuilding Progress, Vo1.23 (1976), pp.307-311.

(3) CUMBERBATCH, E.
"Two-dimensional planing at high Froude number"
J. Fluid Mechanics, Vol.4, Part 5 (1958), pp.466-478.

(4) ERDELYI, A. (Editor)
"Tables of integral transformations. Volume 2"
Bateman Manuscript Project. California Institute of Technology,
McGraw-Hi11, New York (1954).

(5) GRADSHTEYN, I.S. and RYZHIK, I.M.
“"Tables of integrals, series and products" 4th ed.,
Academic Press, New York (1965).

(6) GREEN, A.E.
"The gliding of a plate on a stream of finite depth" I, II
Proc. Cambridge Phil.Soc., Vo1.31 (1935), pp.589-603 and
Proc. Cambridge Phil.Soc., Vol1.32 (1936), pp.67-85.

(7) GREEN, A.E.
"Note on the gliding of a plate on a stream"
Proc. Cambridge Phil.Soc., Vo1.32 (1936), pp.248-252.

(8) HORNUNG, H.G. and KILLEN, P.
"A stationary oblique breaking wave for laboratory testing of

surfboards"
J. Fluid Mechanics, Vo1.78, No. 3 (1976), pp.459-480.

(9) KELVIN, LORD (Sir W. THOMSON)
"On the waves produced by a single impulse in water of any
depth, or in a dispersive medium"
Proc. Roy.Soc. London, Ser.A. Vol.42 (1887), pp.80-85.

(10) LAMB, H.
"Hydrodynamics" 6th ed.,
Cambridge and Dover (1932).

(11) MARUO, H.
"Two dimensional theory of the hydroplane"
Proc. First Japan National Congress for Applied Mechanics, 1951

pp.409-415.

(12) MARUO, H.
"High and low-aspect-ratio approximation of planing surfaces"
Schiffstechnik, Bd.14, Heft 72 (1967), pp.57-64.



(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

109.

MILLWARD, A.
"Effect of wedges on the performance characteristics of two
planing hulls"
J.Ship Research, Vo1.20, No.4 (1976), pp.224-232.

MIRELS, H.
"Aerodynamics of slender wings and wing-body combinations
having swept trailing edges"
U.S.A. National Advisory Committee for Aeronautics. Technical
Note 3105, March 1954.

MUSKHELISHVILI, N.I.
"Singular integral equations"
Noordhoff, Groningen, Holland (1953).

OERTEL, R.P.
"The steady motion of a flat ship, with an investigation of
flow near the bow and stern"
Ph.D. thesis, University of Adelaide, 1975.

OGILVIE, T.F.
"Non-1inear high-Froude-number free-surface problems"
J. Engineering Mathematics, Vol.1, No. 3 (1967), pp.215-235.

SAVITSKY, D.
"Hydrodynamic design of planing hulls"
J. Marine Technology, Vol.1, No. 1 (1964), pp.71-95.

SAVITSKY, D. and BROWN, P.W.

"procedures for hydrodynamic evaluation of planing hulls in
smooth and rough water" ‘

J. Marine Technology, Vol.13, No. 4 (1976), pp.381-400.

SHEN, Y.-T.
"Theory of high-aspect-ratio planing surfaces"
Department of Naval Architecture and Marine Engineering,
University of Michigan, Report No. 102 (1970).

SQUIRE, H.B.
"The motion of a simple wedge along the water surface"
Proc. Roy.Soc. London, Ser.A., Vol.243 (1957), pp.48-64.

SRETENSKII, L.N.
"On the motion of a glider on deep water"
Izv. Akad. Nauk SSSR, Otdel.Mat.Estest.Nauk (1933), pp.817-835
(in English).

TING, L. and KELLER, J.B.
"Planing of a flat plate at high Froude number"
The Physics of Fluids, Vo1.17, No. 6 (1974), pp.1080-1086.

TRICOMI, F.G.
"Integral equations"
Interscience, New York (1957).

TUCK, E.O.
"L ow-aspect-ratio flat-ship theory"
J. Hydronautics, Vol.9, No. 1 (1975), pp.3-12.



(26)

(27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)

110.

TUCK, E.O.
"A note on yawed slender wings"
J. Engineering Mathematics, Vol.13, No.l (1979), pp.47-62.

TULIN, M.P.
"The theory of slender surfaces planing at high speeds"
Schiffstechnik, Bd.4, Heft 21 (1957), pp.125-133.

URSELL, F.
"On Kelvin's ship-wave pattern"
J. Fluid Mechanics, Vol. 8, No. 3 (1960), pp.418-431.

WAGNER, H.

"The phenomena of impact and planing on water”

Z.a.M.M. Bd.12, Heft 4 (1932), pp.193-215 also NACA Trans-
lation 1366.

WAGNER, H.
"Planing of watercraft"
Jahrbuch der Schiffbautechnik, Vol.34 (1933), pp.205-227
also NACA TM 1139.

WANG, D.P. and RISPIN, P.
"Three-dimensional planing at high Froude number"
J. Ship Research, Vol.15, No. 3 (1971), pp.221-230.

WEHAUSEN, J.V. and LAITONE, E.V.

"Surface waves"

Handbuch der Physik, Vol1.9, Springer-Verlag, Berlin (1960),
pp.446-778.

WEINBLUM, G.

"Uber die Berechnung des Wellen bildenden Widerstandes von
Schiffen, insbesondere die Hognersche Formel"

Z.a.M.M., Bd. 10, Heft 5 (1930), pp.453-466.

WU, T.Y.
"A singular perturbation theory for non-linear free surface

flow problems"
International Shipbuilding Progress, Vol.14 (1967), pp.88-97.





