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SUMMARY

Technigues used for the determination of the deflections of

the vertical and the geoid separation are reviewed. These may be

basically described as astro-geodetic, gravimetric, dynamic and

geometric satefl-ite, and combination methods.

Correlation of free air anomalies with height is investigated

and the results show that the correlation is dependent on the síze

of the area and the variability of the Bouguer anomaly within the

area. Some methods of interpolation of mean gravity anomalies are

reviewed in order to determine a suitable technique for interpo-

lating gravity anomal-ies in local areas where the gravity informa-

tion is reasonabfy dense.

Gravity data is used to determine the free air geoid separ-

ation and the deflections of the vertical at half degree geograph-

ical grid points in the region of South Australia. Iv1ean gravj-ty

anomal-ies from the Rapp 50 equal area and 10 x l-o data sets are

used to evaluate the outer zones in both Stokes' integral and

Vening-Meinesz formufae and the inner zones are evaluated using

mean anomalies derived from observed gravity sÈation data. The

contributions to the free air geoíd solution are evaluated for

each zone, The total contributionshowsa- geoid separation N in-

creasing in a north easterly direction with numerical values

a



ranging from -l-7 metres in south west to *23 metres in the north

east of the State. The north-south component of the deflection

of the vertical f ranges in value from approximately -20" to *4"

with both extreme vaLues being focated in the north west where the

gravity field is rapidly changing. The east-west component of the

defl-ection of the verticaf ¡ changes in value from -12" to *5"

with the maximum rate of change occurring in the northern Flinders

Ranges.

Estimations of the standard deviation of N, E, and rì are

t]-.25 metres, +0i55 and +0'150 respectively. The major contribution

to the standard deviation of N comes from the Outer Zone (V > 20o)

while the major contributions to the standard deviations of f and

rì are derived from the Inner and Innermost Zone" (Û 
" 

l-.5).

The free air geoid sol-ution is compared with resufts obtained

by the use of astro-geodetic techniques, Doppler methods, spherical

harmonic coefficient, and previous gravimetric investigations. In

order to facilitate these comparisons detailed gravímetric surveys

were performed in the irnmediate vicinity of thirteen trigonometric

stations and the free air geoid values of N, 6, and n at each

station are evaluated. The comparisons show no evidence of

position dependent systematic errors-

l- l-
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CTIAPTER 1

INTRODUCTION

The determination of the geoid with respect to some math-

ematical modeL has been and is one of the major aims in the field

of geodesy. This information is needed for the determination of

the figure of the earth's surface. Since most classical measure-

ments made on or near the earthts surface are dependent in some

\^/ay on the gravitl'field, the resuLts are refated to a potential

surface. These results are then usually referenced or reduced to

the geoid which i.s not a símple mathematical model-, and then to

the reference model. This latter step requires a knowledge of the

geoid undul-ation.

1.1- The ConcePt of the Geoid

The potential of gravity,w. at any point on the earth's sur-

face is the sum of the potentiaf of the centrifugal- force due to

the diurnal rotation of the earth and the potential of the gravi-

tational force. The Surfaces defined by W = constant, are known as

geopotential

geopotential

surfaces

surface,

or geops.

thus there

For each val-ue of In7 there is another

are a whole family of geoPs.

earth's density these geoPs will,

1
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tend to have irregular curvature characteristics. The direction

of gravity is normal to a1I equipotential surfaces.

One particular geop is called the geoid. The geoid, with

slight ideafization, is coincident with the mean sea level extended

over the whole of the earth's surface (Heiskanen & Moritz, L96'7,

p. 4e).

The concept of the geoíd was first proposed by Gauss as the

mathematical force of the earth, and it was later termed the geoid

by the geodesist Listinq (Rizos, 1980). When the scientific conìm-

unity talk of the earth's shape it is this geoidal surface that is

being referenced and not the actuaf physical surface of the earth

with its valleys and mountains.

Like all geops, the geoid is not a uniformly symmetrical

figure, but it approximates to an ellipsoid of revol-ution, and it

is with respect to an ellipsoid that the geoid is usually mapped.

The greoid is not a difficult surface (with acceptable tolerances)

to physically locate by sea surface studies and levellj-ng tech-

niques. The difficulty arises when attempting to determine the

rel-ationship between the geoid and the mathematical reference sur-

face, i.e. the geoid-elIipsoi-d separation and the deflections of

the vertical.

2



I.2 The Reference Ell-ipsoid

The ellipsoid of revolution that closely approximates the

earth is one rotated about its minor axis. Its physical size is

usually defined by the lengths of the semi-major and semi-minor

axis or by the semi-major axis and the flattening. An ideal_ refer-

ence ellipsoid is one where the dimensions are selected so that

the geoid separations are minimal. An ellipsoid which gives a

good fit for one region on the earth's surface may not be suitable

for another.

Along with the concept of a geometrical- reference figure it

is al-so possible to consider that this figure is dynamic. That is

to say, the reference ellipsoid is given a mass and an angular

velocity. Thus, the surface of the ellipsoid is an equipotential-

surface and is referred to as the normal potential. Assuming a

rigid earth, the size, shape, and potential characteristics of the

ellipsoid are usually defined by the following factors (Mather,

1e73.b):

(a)

(b)

(c)

(d)

the value of GM where G is the gravitational

constant and M is the mass;

the constant rate of rotation trl of the ellipsoid;

the semi-major axis a of the elJ-ipsoid;

the flattening f of the el-lipsoid or the equivalent

dynamic factor J,.

Other factors are required to define the position of the reference

3



eltipsoid in space. These are usually the location of the zero

meridian, the centre, and the minor axis of the ellipsoid.

With the change of any one of the al¡ove parameters or factors

a different reference system will resuft. The local geoid shape

and lack of intercontinental- ties in the past has led to the adopt-

ion of rnany different reference ellipsoids by various mapping

agencies throughout the wor1d. The Internatíonaf Association of

Geodesy (IAG) meeting in l\loscow in l-971- approved and adopted a

reference ellipsoid known as the Geodetic Reference System 1967

(cRS-67) with the following parameters:

equatorial radius, a = 6378 160 metres

geocentric gravitational constant, GM = 398603 x 109m3s-2

dynamic form factlr, J. = 0.0010827

angular velocity, tl = 7 -292L157467 x 1O-s rad,/sec

From the above, other parameters can be determined. Examples of

these accurate to the nurìJDer of decimal places given, are:

semi-minor axis, b 6356714.5161

flattening, f. - 0.003352 923712 99

reciprocal flattening, f-1 = 298'241167427

using these parameters the normaL gravity Y on the surface of the

ellipsoid at a latitude S, frâY be cal-culated from

Y 978.03185(1 + 0.005278895 sin2Q + 0.000023462 sinqo)

4
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!{ith the ever increasing information, particularly from

satel-lite observations, the "ideaf" world reference system is in

continuing need of redefinition if the system is to reflect the

most recent, best fítting values of the parameters. Against this

is the need for a reference System that can be used as a base or

reference for data measurement over a reasonable time period, with-

out the need to continuously update that information. In Canberra,

the fAG in December 19'79 adopted a new reference system call-ed the

Geodetic Reference System, 1980 (GRS-80). AIl parameÈers referred

to a-l¡ove, \^rere redefined; one major change \'¿as the redefinition

of the semi-major axis as a = 63781.31 metres. The definition of the

other paramters and equations can be found in GRS-80 (1980).

1.3 The Aim

The airn of this study is to determine a free air geoid

solution for South Austral-ia using all availabte gravity informa-

tion and to evaluate the effects of random and systematic errors

on the results obtained. The random errors are determined from a

consideration of the standard deviations or errors of represen-

tation of the individual mean gravity anomalies used in the

solution. The existence of any systematic errors is evaluated by

comparisons with results determined using:

(a)

(b)

(c)

astro-geodetic techniques,

spherical harmonic coefficients,

Doppler derived values,

5



(d) previous gravimetric tlpe sol-utions.

No precise detail-s of computer programs are given in this

thesis, but a1l computations have been carried out on a Cyber 173

computer l-ocated at the Level-s Campus of the South Australian

Institute of Technology. A1I programs other than the acknowledged

use of a program origi-nating from Rizos (1979) for the analysis of

the geoid undulations from spherical harmonj-c coefficients, have

been written by the author. AJ-l computer results have been sampled

and checked by independent methods using either different compuÈer

techniques on the Cyber, or a "desk top" computer or cal-cul-ator

when sÈorage requirements all-owed.

Since this work commenced before the introduction of the

GRS-80 system, the free air geoíd solution is referenced to the

GRS-67 system. This has the added advantage that the Australian

Reference Ellipsoid and the reference ellipsoid defined by GRS-67

have the same val-ue for the semi-major axis and for most practical

purposes the same value for the fl-attening, the value of 7/298.25

being the flattening for the Australian Reference Ellipsoid.

- It is inÈeresting to note that on comparisons made in the

South Australian region, the free air geoid solution reference to

the GRS-67 and GRS-80 give identical- val-ues for the deflection com-

ponent in the east-west directiory which is to be expected from

theoretical consj-derations, almost identical sol-utions for the

deflection component in the north-south direction and differences

in the geoid separation value of approximately 0.1 metres with a

6



smal1 variation in the north-south dírection.

7.4 The Stud ron

South Australia líes between the meridians I29oE and 141oE

and is bounded in the north by the parallel 26o5, and the Southern

Ocean as its southern boundary. The total area of the State is

984377 square kilometres, which is approximately one eighth the

area of the continent of Australia. The land is genera1J-y of low

relief with approximately 50 percent of the total topography having

heights less than 150 metres above mean sea l-evel, and over 80 per-

cent havíng less than 300 metres (S.4, Year Book, 1981).

The inland area is largely covered by featurel-ess plains and

deserts. There are two major regions where the terrain el-evations

readily exceed 300 metres. One of these regions is the Mount

Lofty-Fl-inders Ranges which extends north from the Southern Ocean,

approximately centred on the 13895 E merj-dian, for some 800 kito-

metres. The highest point in these ranges is 1166 metres' which is

low on world standards. The other ranges, comprising the Everard-

Musgrave chain, are situated in the far north west region of the

State. The highest point in these ranges, and the State, is 1440

metres.

South Australia is fu11y covered with 1:250 000 topographic

Íì¿lps, but many of these are not contoured. Larger scale maps with

contours are available for Èhe southern seÈtled areas of the State,

7



but for the majority of the State, detailed terrain height infor-

mation as obtained from topographical maps is not available.

l-.5 Svnopsis of Contents

Chapter 2 discusses the techniques that are used for the

determination of the deflections of the verticaf and the geoid

separation. These may be basically described as astro-geodetic,

gravimetric, dynamic and geometric satel-lite, and combination

methods. An outline of the methods is given along with definition

of the deflections of the vertical ancl the geoid separation. At

the end of the ChapÈer, in section 2.4.4, general comments and

comparisons are made.

Geoid studies in Australia are reviewed in chapter 3. This

incfudes an outline of the considerations and methods used to

select the Austral-ian Geodetic Datum. Methods used by Fischer and

Slutsky (1,961) to determine a preliminary asÈro-geodetic geoid are

described, al-ong with the early attempts of Mather (1968.a), to deter-

mine a gravi-metric sofution of the geoid for south Australia.

This was fater extended to embrace the Australian Mainfand (1969).

In sectíon 3.2, the 1970 free air geoid sofution of Australia,

which is an improved solution on the earlier attempts, ís outlined,

as is the gravimetric geoid solution of Gruskinsky and Sazhina

(1971) in section 3.3. The 1971- geoid was determined using all

available astro-geodetic defl-ections of the vertical in a series

of loop cfosures covering Australia, with the 1970 free air geoid

I



information being used to interpolate the values of the geoid separ-

ation N and the deflections of the vertical 6 and n within the loops'

The techniques employed in this 1971 determination are discussed in

section 3.4, and in section 3.5 the more recenÈ geoid investigations

are reviewed.

The gravity data including both satel-Iite and terrestrial

derived information, availabfe for Èhe computation of a free air

geoid solution in South Australia along with some methods of inter-

polation, are assessed in Chapter 4. In the same Chapter, formulae

for Èhe practical evaluation of Stokes' and Vening Meinesz methods

of determining N, f and rì are given, and the zone locations' com-

partment or bl_ock sizes, and the mean free air anomalies are

defined. Methods of assessing the standard deviations of these mean

free air anomalies are also discussed.

In Chapter 5, the solution of the free air geoid at half

degiree geographical- grid points is given, and estimations of the

standard deviations of N, E and rì are evaluated. The effects of

systematic errors, and errors due to approximation and omissions

in the computational formulae in determining these resufts are

discussed.

The free air geoid solution is compared with results obtained

by the use of astro-geodetic technigues, Doppler methods, spherical

harmonic coefficients, and previous gravimetric investigations in

chapter 6. In order to facílitate these comparisons, detaiLed

gravimetric surveys \^rere performed in the immediate vicinity of

9



thirteen trigonometric stations, and the free air geoid values of

N, { and I at each station are evafuated. These detail-s are also

given in Chapter 6.

In Chapter 7, the resul-ts and conclusions drawn in the pre-

vious Chapters are sunmarised and the future d.eveJ-opments and uses

are briefly discussed.

l-0



CHAPTER 2

TECHNIQUES USED FOR THE DETERMINATION OF DEFLECTION OF

THE VERTICAL AND THE UNDULATTONS OF THE GEOTD

Geoidal undulations and deflections of the vertical may be deter-

mined by a variety of methods. For geodetic purposes these may be

grouped into the foll-owing categories:

Astro-geodetic Methods

Gravitational- Methods

Sateflite Methods

Combined Methods.

Each of these methods are discussed in some detail in the follow-

ing sections.

2.I Astro-geodetic Methods.

Consider two points A and B on the earth's surface separated

by a distance S, as shown in Figure 2.7. The defl-ections of the

vertical at each of these points can be d,etermined if the geodetic

co-ordinates Q and À and the astronomical co-ordínates Õ and Â

along with the orthometric heights are known, The astronomical- co-

ordinates are reduced to the geoid and the deflections of the

vertical are obtained from the fol-lowing relationships.

11



ö*"o -0 (2.1a)

and n (^RED - À) cos Q (2.1b)

where E and rì are the components of the deflections of the vertical

in the meridian and the prime vertical respectively, and the sub-

script RED refers to the astronomical co-ordinates which have been

reduced to the geoid. 6 is positive if the astronomical latitude

is greater than the geodetic fatitude and similarly, the rì com-

ponent is positive when the astronomical longitude is greater.

ormal

NormaI
arth's

B Surface

Vertical- at Bo

E

Vertica
at Ao

Geoid

lipsoid

FTGURE 2.1

To reduce astronomicaf co-ordinates from the earth's

surface to the geoid requires a detailed knowledge of the curvature

N
B

N
A

T2



of the plumb line at that point. Heiskanen and Moritz (1967, p.

193-l-95) show that:

õ.RED 0+ôþ (2.2a)

Â+ôland A*o (2.2b)

where

6À cos S

H is the orthometric height of the astronomical station, and

ðs
ðy

are the horizontal gradients of gravity in the merid-

ian and the prime vertical- directions respectively. Without a

detailed gravity survey around each astronomicaf station it is im-

possible to obtain satisfactory results from these formulae.

In practice it is usuaf Èo substitute the normal gravity 1'

in place of g in the above formula and this results in

ô0 = -0'll-7 H sin 2Q

=0
(2.2c)

ôÀ

where H is in kilometres and the value of ô$ is in seconds of arc.

6À is equal to zero since the normal plumb line curvature is zero

in the prime vertical direction because the reference ellipsoid

60 dh
dg
dx

H

=-[.
)s
0

H
I

=-ltÞ.un
)no"
0

_?s
dx

and

13



is rotationally symmetrical with resPect to the spin axis. The

substitution of these values ôQ and ôÀ in equation (2.7') is an

approximation and in some cases the irregularities of the actual

plumb line curvature may be greater than those computed from the

'normal' part (Ibid, p.197). The corrections are height dependent

and any discrepancies wiLl have a proportionally larger effect in

mountain regions than in l-ow land regions.

Having obtained the astronomical deflections of the vertical

at points A and B the difference in the geoidal- undulation betweeri

these two points can now be evaluated. Consider a point p situated

on the geoid in the normal plane AB at a distance ds from A, then

the change in the geoid separation dN is given by:

dN -e ds (2.3)

where a - 6e cos 0 + nA sin O and is the component of the deflect-

ion of the vertical at A in the azimuth cr of the profile AB. on

integration of equation (2.3) between points A and B in Figrure 2.I

N" (2.4)

If A and B are separated by a relati-vely short distance and the

value of e varies uniformly along the profile AB, the equation

(2.4) may be represented bY

N
A

B

A

c ds

t" f
2

(eo + eB).S-N A

t4

(2.s)



where the subscripÈs A and B refer to stations A and B. This

formula assumes that the secÈion of the geoid between points A

and B can be approximated by the arc of a circfe. In practice

the aim is to have the spacing S between stations as large as

possible in order to reduce the number of time consuming astro-

nomical observations but this depends on the terrain roughness

along the profiJ-e. In moderately leveÌ areas a station distance

of 25 km may be satisfactory but a spacing of 10 km may be un-

acceptable in high mountainous regions (Ibid, p. 2O7). The ass-

umpÈion that e varies uniformly between stations can be assisted

by avoiding the síghting of astronomical- stations where l-ocal-

irregularities may have unwanted effects on the resuJ-ting defl-ect-

ions of the verÈical. These regions may be indicated by rapid

geoJ-ogical changes or non-syrnmetrical topographical effects

(Mather et al, L97I) .

The defl-ections of the verticaf obtained from formul-ae (2.1a)

and (z.l-b) are dependent on the geodetic coordinate at the

stations. These geodetic coordinates may be rel-ated to an earth

centred e1J-ipsoid but this is not usually the case. The geodetic

coordinate systems used by most countries or regions are related

to "local" reference ellipsoids whose parameters were selected

from the available known data at the time to best suit that coun-

try's or region's mapping requirements t e.g. the Australian

Geodetic Datum. Thus the defl-ections of the vertical, excluding

observation and computational procedure errors, obtained by this

method wil-l not generally agree with those obtained by gravimetric

or saÈell-j-te methods. Comparisons can be made if the local
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reference ellipsoid is orientated to an earth centred ellipsoid

or vice versa. This will be discussed in more detail later.

The difference in the geoid separation is referenced to the

geodetic datum that is used to determine the astro-geodetic de-

ffections of the vertical-. !ùhat has been stated, in the previous

paragraph applies to the geoid undul-ation with the additional

probl-em that formula (2.5) only gives the geoid undul-ation differ-

ence. AÈ some point in the geodetic network, usually at the

origin, a value for N is either assumed or compuÈed by an a1Èer-

naÈive method. Having "obtained" thj-s value of N at one station

formul-a (2.5) is used to determine values at other stations along

geodetic traverse lines. This method of obÈaining the value of

N at discrete points along traverse or profile lines is known as

"astro-geodetic levelling" and as the name implies loops can be

mathematically adjusted in a simil-ar manner to levelIing traverses.

The accuracy of this rel-ative astro-geodetic geoid depends

on:

(1) The spacing, Iocation and density of astro-geodeÈic stations

within the country or region. The spacing and location has

been briefty discussed. The distance between stations can

be increased using interpolation techniques such as astro-

gravimetric levelling and other methods which are described

in Heiskanen and Morí|.z (1967, p. 2O2-2O4). The interpolation

errors are reduced proportionally with the increase in

density of astro-geodetic levelÌing loops.
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(2) The accuracy of the astronomical observations. These in turn

depend on the precise determinatj-on of the refraction correct-

ions, the UT1 instant of observation, the precision of the

observed star coordinates and the observation techniques

used. Lachapelle (1978) estimates the accuracy of the astro-

geodetic deflections of the verticaL in Canada to be "around

O'.'8 " in the meridian component and to rançle between 0'i5 to

1i5 in prime vertical component. This range in the latter

value is mostly a function of the epoch of observations,

the otder ones bej-ng less accurate.

(3) Errors in the reduction of astronomical- observations to the

geoid. If the approximation formula (2.2c) is used, errors

could result, particularly in high mountain areas.

(4) Errors in the geodetic network and hence in the resulting

deflections of the vertical-. These errors would generally

have l-ittle effect since the geodetic coordinates are gener-

ally known to at least one order better than the equivalent

astronomical coordinates, but the effect may be detectabl-e

on the peripheries of a large region-

2.2 Gravimetric llethods

At any point the difference between the acÈual potential of

the earth, w, and the normal potential, u, is the disturbing or

anomalous potential T, so that:

L7



Vi = U+T (2.6)

At this stage the potential of the geoid is assumed to be

egual to the normal potential on the reference or base ellipsoid

i.e. Wo = UO. Íhese two surfaces, although of equal potential,

are generally separated in space by a distance N, measured along

the normal to the ellipsoid. This distance is referred to as the

geoidal undulation or geoid-ellipsoid separation.

nt

geoid
W=!V

o

9oN

a

Yo

FIGURE 2.2

In Figure 2.2 t.tre unit vectors in the direction of the

actual gravity and normat gravity are denoted by n and n'

respectively. The magnitude of Èhe vectorial dífference of

reference
ellipsoid
U=U

Aso %-b
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is the gravitY tno*t/V, Ag, where

Ag 9o-Yo (2.7)

(2.8)

(the sma]] difference in direction of n and n' is ignored in this

expression) .

fhe difference in direction beÈween n and n' i-e- between

the normal to the ellipsoid (ca]led the normal) and the normal to

the geoid (call-ed the vertical) is the deflection of the vertical

which is divided into two cornponents' a north-south component, 6,

and an east-west component ¡- The directíon of n and ntare

respectively defined by the astronomical coordinates s and Ä

reduced to the geoid, and the geodetic coordinates Q and À.

fh¡e normal potential on the geoid at point p (Figure 2.2)

would be

YNp

and thus v{
0

U -YN+T

uoN
ðu
a*uo*U

U +T

Hence

p

T=yN

N

0

T

Y
or

I
This is Bruns'fornn¡la (Heiskanen and Moritz, L967, p. 85) which

relates the disturbing potential to the geoid undulation.

J.9



Consider now the gravity anomaly Ag

Ls 9o-Yo

Again, ignoring the slight discrepancy in n and n' and reckoning

the height, h, to be measured along the vertical, this expression

may be rewritten as

As
âr

-I
Dh

_ry
ah

N (2.e)

Thus, on substitution of Bruns forrmrla

N9o-Yp* _ry
ðh

0 (2.70)

Íhis equation is calJed the fundamental equation of physical

geodesy because it relates Ag to the unknown anomalous potential-

T (Heiskanen and Moritz, L967, p. 86). Using the spherical

approximation

2

r

where r is the distance from the earth's centre, equation (2.10)

may be rewritten in the form:

# +ff'*as

1
Y

_ry
ah

2,
r

Er
òtA9

20
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If the masses external to the geoid are removed by computation then

the anamalous potential T is harmonic and satisfies Laplacels

equation.

T 0 (2. L1a)

Thus, assuming Ag is known at every poinÈ on the grid' the solution

of T in eguation (2.1-I) is a third boundary value problem of

potential theory.

Using equation (2.11-) and the upward continuation integral of the

gravity anomaly (Heiskanen and Moritz, 1967, p. 90) Stokes' Fornmla

can be derived in the general form as:

R (2.L2)
4r

o

or R

ATti
(2.I2a)

o

v

2

f-

I J 
o, ,,*, do

f 
j ^, 

,,,, doN

1where S (1,l.,) -6sin +l--5cost!-
1

3 cos tf In (sin u + sin2 r! (2.r3)
2 2

and is cal-Ied Stokes' function-

Y is the mean val-ue of gravity over the earth.

do is an element of surface area on a unit sphere.

Ú is ttre angular distance between ttre point of

computation & the elements of surface area do.
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These formulae of Stokes have been derived with the following

conditions:

(a)

(b)

(c)

(d)

(e)

UO = WO i.e. the potential of the geoid is equal to the

potential of the reference ellipsoid,

the mass enclosed by the reference eJ.Iipsoid is equal- to

that enclosed bY the geoid,

the centre of gravity of the geoid and the ellipsoid

coincide,

no mass is external to the geoid,

the rotational potential of the geoid and the ellipsoid

are equal.

If an arbitrary reference ellipsoid is sel-ected and condi-

tions (a) and (b) are not met but the deviations of the geoid

from ellipsoid are linear, then Stokes Integral may be written as:

N= (2.1,4)

where the first and second term on the right hand side of the

equation atfow for the difference in mass 6M, and the difference

in potential 6w between the geoi.d and the ellipsoid- This

expression is often alternatively expressed as

côM ôw R f l'

iË ï.Ë .|".l 
Åg s(v) do

R

4If-y
N JJ*''*' 

doto* (2.1s)

o

for¡m:Ia is derived usíng spherical approximations and thisStokes'
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results in an error in the value of N of the order of flattening

i.e. approximately (N/300). As will be seen later in this report

the value of the separation does not exceed a numerical value of

25 metres in the South Australian region and hence the expected

maximum error resulting from spherical approximation wouLd not

exceed 0.1 metres.

By differentiating equation (2.1'4) separately with respect

to the distance components in the meridian and prime vertical, and

after substitution, the Vening Meinesz forrmrlae for the deflect-

ions of the vertical are obtained (Heiskanen & I"loritz, \96'7, p.

I1,2) . These may be written in the general form as:

os clE1

nJ

t

II
ds (ìJ.,)

d tir {=
As do (2.1.6)

4Iq IN CX

U

where
ds (!,)
dv

(2.r7)

and is known as Vening Meinesz' function. o, is the azirm:th of the

surface element do from the computational- poinÈ.

The Vening Meinesz forrm¡la (2.]-6) for the deflections of the

vertical is valid for an arbitrary ellipsoid since the term NO in

equation (2.15) disappears after differentiation.

+ 3 sin V ln (sin t$l* "in
u
)

2 )
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The gravity anomaly Ag used in both the Stokes' and Vening

Meinesz For¡rn¡Iae, is defined by equation (2.7) as being the

difference in magnitude between the actual gravity on the geoid

and the corresponding value of the normal gravity on the ellipsoid.

Gravity observat,ions are generally taken on the surface of the

earth and, then the value at the geoid is obtaíned by one of

several- reduction techniques which al-so attempt to comply with the

boundary value condition that no masses exist outside the geoíd.

These reduction technigues are discussed in detail in Heiskanen

and Moritz (1967, Chapter 3).

One particuì-arly favoured reduction technique is the free

air reduction resulting in the free air anomaly. If the inter-

vening effect of the mass between the geoid and the earth's

surface is ignored then the value of gravity at the geoid 9O may

be obtained from:

so H (2.18)

where g is the gravity at the earth's surface, H is Èhe ortho--s

metric height, and the second term on the right hand side of the

equation is the free air reduction. This may be reulritten as:

ðs
ah

g-S

go (2.18a)

and for most practical purposes the anomalous part of the vertical

gradient may be ignored thus in effect substituting the normal

gravity gradient in place of the actual gravity gradient. This

s ,#.H,H
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results in an approximation of equation (2.L8) and on substitution

is given by:

so H-¿r
ah9=

c¡ +F-s (2.le)

where F = 0.3086H mGal and H is measured in metres. This simple

but effective reduction technique is al-so a close approximation

to Helmert's condensation reduction method. fn this method the

intervening mass is condensed on the geoid so that the mass of

the earth is not affected. If the attraction of this condensed

mass equals that of the actual mass above the geoid (which it

nearly does) then the condensation reduction is equal to the free

air reduction.

Any removal- or shifting of masses implied in the reduction

of gravity to the geoid, changes the geopotential and hence the

shape of the geoid. This change j-s known as the "ind,irect effect"

of the gravity reduction. Thus the surface computed by the use

of Stokes' formufa using gravity obtained by reducing surface

gravity to the geoid is not the geoid but another surface referred

to as the co-geoid.

The geoid undulation is then defined by:

N +nc+ôw (2.20)
0

where Nc is the undulation defined by the co-geoid and 6N is Èhe

N
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separatíon between the geoid and co-geoid. The gravity anomalies

used in Stokes' formula shoul-d refer to the co-geoid and hence re-

quires a correction of +0.3086ôN mGal where ôl¡ is in metres.

The indirect effect on the deflections of the vertical is

given by (Heikanen & Moritz , 1967, p. I43) z

¡-Uç
1 ð6N (2.2La)Ra0

and ôn
r âôn

R-."s O Af-
(2.21b)

and as shown depend on the rate of change of 6u in the meridian

and prime vertical respectiveJ-y.

The magnitude of the indirect effects ôU, ôf and ô¡ depend

on the reduction process used, As an example the indirect effect

ôN resulting from the use of a Bouguer reduction is larger than

the vaLue of N, whereas the indirect effect has a magnitude of

only a few metres if the free air reduction technique is used.

The co-geoid derived from the use of free-air anomalies is often

call-ed the free air geoid. The indirect effect and its relation-

ship to the free air geoid with particul-ar reference to the South

Australian region, and the practical solution of both SÈokes' and

Vening Meinesz formulae will- be discussed in later chapÈers.

To overcome the problems of Èhe stokesian solution cf the

boundary vafue problem Molodenskii proposed a different solution

to the problem where the bounding surface is not the geoid but the
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earth's physícal surface (Molodenskii et aI, 1962). The gravity

anomaly is referenced to the earth's surface and thus problems

associated with the reduction of observed gravity to the geoid are

avoided. The geometrical concept of this method and its relation-

ship to the geoid are shown in Figure (2.3).

The ellipsoid height is given by the numerical- sum of the

orÈhometric height and the geoidal undulation, i.e.

h H+N (2.22)

(2.23)

or alternatively it may be represented by the normal- height H* and

the height anomaly 6 i.e.

h = H*+6

where the normal height is the height of the spherop U = UO + Aw

above the ellipsoid and may be determined by geodetic levelling

techniques using analytical expressions that are free of any terms

requiring assumptions on the density of the earth's crust. Aw is

the difference beÈween the geopotential at the surface point P and

the geoid. If the spheropotential at P was the same as the geo-

potentíal at P then H* = h, but this does not generally occur and

hence thé difference between the Èwo heights is known as the height

anomaly.

Ítre telluroid is a "non-potential-" surface obtained by

plotting the normal heights above the etlipsoid and has been
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defined as the locus of points Q where the spheropotential eguals

that of the geopotential W at the surface of the earth (Heiskanen

& Moritz , L967, p. 292). If the potential of the ellipsoid and

the geoid are not equal, i.e. Uo t wo then a more practical

definition ,,is the locus of those points Q which have the same

difference in potential AW in relation to the reference ellipsoid

as the difference in geopotential between the surface point P and

the geoid" (Rizos, 1980).

By equating equations (2.22') and (2.23) and substituting

formufae for the orthometric and normal heights then the geoid

undulation is related to the height anomaly by:

(q-v)
6 + - 'o 

¡¡N= (2.24)
lo

where yo i" the mean normal gravity along the normal betwee¡r the

ellipsoid and the telluroid and g is the mean gravity along the

plumb l-ine between the geoid and the earth's surface. Thus the

geoid undulation may be obtained indirectly from the height

anomaly.

The solution to Mol-odenskii's problem for the height anornaly

and the deflections of the vertical at the surface of the earÈh

have been the subject of much work, ê.9. (Mather, 1973.4),(Heiskanen

& Moritz , 1967, chapter 8), and these solutions can be approxj-mated

Ç L+
Þ

er

ã=*6,fr

l= * tlr'

to:

rì '
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The value of Es is derived from Stokes' formul-ae, equation

(2.I2a) using surface free air anomalies in place of free air

anomalies on the geoid, and the remaining term Çr is referred to

as the non-Stokesian contribution and is much smaller than Ç=

e.g. an approximate value of 6i for l'lt Blanc was reported to be

-0.2 metres (Heiskanen & Moritz, !967, p. 329) while the value of

(4 - N) was 1.8 metres. In a similar way the defl-ections of the

vertical at the snrface of the earth {'and ¡' are composed of

two components. The first components ã" and rìs are obtained

using Vening Meinesz equation (2.16) with surface free air gravity

anomalies and the second components approximaÈe to the terrain

correction effect. These components f1 and lr maY obtain a magni-

Èude of several seconds (Ibid, 1967, p. 329) but Kearsley (1976)

obtained a maximum value of -0'i64 and a root mean value (RI"IS) of

approximately t0i3 for 6r and smalfer values for rìr for seven

stations siÈuated in the north west of New South WaLes ín "rough"

terrain. For a further 5 stations situated in rel-atively flat

topography the effect was negligible. For regions of predomin-

antly flat terrain, such as the South Australian reqion the values

of 6r and ¡1 are, in general-, smal-l-. Mather (l-968.b) shows that the

solution of the free air geoid is a good approximdion for both

the geoid and the telfuroid. In the following chapters detail-s of

the practical solution for the free air geoid using SÈokes' and

Vening Meinesz formulae are given.

2.3 Satellite Methods

Satellite methods used for the determination of geoid
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undulation and the deflections of the vertical may be divided into

two basic categories. These are the dynamic methods where the

solution is obtained from consideration of the earth's poÈential'

and the geometrical methods where the geoid undulations are

deduced from geometrical considerations. The geometrical methods

generally do not lend the'mselves to solution for the deflections

of the vertical.

2.3.7 Dynamic Methods

The geopotenÈial' W of the solid earth may be represented as:

w (2.26)

where Vt" is the gravitational potential of the solid earth

(including the oceans and atmosphere) and !rt* is the

rotational potential' As the gravitational potential is

harmonic in space, equation (2.26) may be rewritten for some

point P with spherical coordinates (0, À, r) as:

!\Ip
(c cosmÀ+s sin mÀ)P

nm
(sin Q¡

nm nm

+vl
R

w^
lJ

"i,
n n

*Io
GM

t p
19 Irp

(2.27)

where GM is the product of the gravitational constant and the

mass of the earth including the atmosphere, a is the radius

of some arbitary sphere to which the spherical harmonic co-

efficients are referred, tr.,^(sin 0) is the fully normalised

Legendre polynomial of degree n and order m, and õ-- ana s-.-nm nm

+
b)2 12

2 cos9

3l_



are futly normalised spherical harmonic coefficients, The

second term on the right hand side is the rotational poten-

tial expressed as a function of the angular velocity o.

The disturbing potential T given by equation (2.6) is the

difference between the geopotential and the normal potential,

and since the rotaÈional potential of the normal gravity

fietd may be defined as equal to that of the geopotential,

T is harmonic in space and for a point P is expressed as:

Tp
c* cos mÀ + S* sin mÀ).

nm nm

P ( sin S¡ (2.28)
nm

where õ* and E* are the differences between the actual
nm

potential coefficients and those inplied by the adopted

reference elJ-ipsoid. If the reference el-lipsoid is an

elJ-ipsoid of revolution then S* is the same S since aLl
nm

equivalent coefficients implied by the reference ellipsoid

are zero.

This disturbing potential- T can be downward continued to

the geoid (Rizos, 1980) and by application of erun'Q

equation (2.8) an expression for N in terms of spherical

harmonics is obtained bY:

ænn
t rê r t!^ \ t Þ^

n=U r m=Up

GM
= rp

æ nn
Np p

GM

pr Y ,,TO
r3rr (õ* cos mÀ + s* sin ml) .nm nm*Eo

P
nm

(sin $)

p
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l,/

)

The values of õ and S may be obtained from an analysisnm nm

of the orbital perturbations of artificial satellites and

in practice the summation is not to degree æ but rather to

n' where n' is the highest degree to which the coefficients

C ana 5 are known. If the mass of the earth includingnm nm

the atmosphere is equal to the mass of the ellipsoid and

the centre of the reference ellipsoid is coincídent with the

geocentric, the firsÈ and second degree harmonics are zero.

Hence, equation (2.29) may be rewritten as

GM *'
lr^1y n=¿p'p

n
Np t3-lr

GM

rYp'p

*Io (c* cos mÀ + s* sin rnÀ) .
nmp

P (sin S¡ (2.30)
nm

Equation (2.30) requires a knowledge of the geoid height H

since r is a geocentric distance and thus, for geoJ-dal
p

solutions requiring sub-¡netre precision, an iterative

sol-ution is required (Rizos, L980). By approximating:

r=aand R
p

where R is the mean radius of the earth, then equation (2-30)

may be rewritten in the form:

nt
P (sin Q¡(c* cos mÀ + s*

nm

n

'Eo
Np R I^

ft=¿
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Formulae for the deflections of the vertical are obtained by

differentiating eguation (2.30) or (2.31-) with respect to

the dístance components in the prime vertical and the

meridian. From equation (2.37) Èhis results in (Lachapelle,

r_e78) :

g (0, À)
nt n
I^ I^ (c* cos mÀ + S* sin nÀ).n=z m=u nm nm

âp (sin $¡ (2.32)nm

and rì(0,À)
nt n

1IT (-c* m sin mÀ + E* m cos mÀ).cos S n=2 m=0 nm nm

P (sin Q¡ (2.33)
nm

Another method to determine Èhe geoid height N is to find a

and r values which satisfy eguation (2.27) for a point P

situated on the geoid. The solution for r is found by

iteration, knowing the geoid potential- and other quantities.

The value of N is then found by differencing r with the

corresponding r value of the reference ellipsoid (Rapp c

Rummel, 1975) and is given bY:

a ,F- (2.34)N
cos ó

where a, the semi major axis, and e the eccentricity, refer

to the reference ellipsoid. This method is the basis of a

combination method discussed later.

a0

r-
-e
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2.3.2 Geonetric Methods

The geoid height N, the ellipsoid height h, and the ortho-

metric height H are related by equation (2.22) vLz

h H+N (2.22)

Thus, if both the ellipsoidal height and the orthometric

height are known the value of N can be obtained directly

from equation (2.22). The orÈhometric height is deduced

from geodetic levelling and the eJ-Iipsoidal height may be

deduced from the geocentric coordinates derived from three

dimensional satelfite positioning fixes.

These satellite positioning fixes may be obtained using

passive or active satel-Iites. In both cases if the geo-

centric coordinates of a station are required a derived

knowledge of the satell-ite's position at the time of obser-

vation is needed. Passive satellite technigues include

Iaser ranging to artificiaL sateLlites and the moon.

Active sateflite techniques include satellite altimetry

and Doppter frequency shift measurements.

For Doppfer measurenrents an active satellite with a trans-

mitter on board transmits a signal at a constant frequency.

The observer receives this signal and using Doppler tech-

niques the range difference can be computed (Torge, l-980,

section 4.4.6). The observations are corrected for system-

atic errors of the Doppler counter, the time system and the

35



effects of refraction. The ionospheric refraction is deter-

mined by comparing the distances obtained from Èwo different

frequencies transmitted from the satellite. lmproved

reduction techniques are available if more than one receiver

is operating within a medium sized region at the same time

and "short arc techniques" are used. Brown (1976) demon-

strates technigues which have an absolute estimated RMS

accuracy in position of 1-2 metres and a relatíve RMS

accuracy of 0.2-O.4 metres using 4 receivers simultaneously.

Íhe method of satel-lite altimetry is based on a satel-Iite-

bourne altimeter which transmits radar pulses in the verticaL

direction to the ocean surface and these are in turn reflec-

ted back to the sateLfite. From the time of propagation of

the signal the height of the satell-ite above the sea surface

is deduced. If the position of the satellite is known the

height of the sea surface above the reference ellipsoid can

be deduced. This sea surface approximates to the geoid, the

difference beinq the stationary sea surface topography which

has a magnitude of l-2 metres (Rizos, 1980) . Hence a map of

geoidal undul-ations can be obtained from saÈellite altimetry

to the order of I-2 metres. It should be noted that the

altimeter does not sense a point of the sea surface but due

to the divergent radar beam the result is a mean value of

an area l-5 km in diameter. Satellite altimetry is only

successfully used over oceans and in this context it wíl]

not be discussed further in this work.
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2.4 Combination Techniques

2.4.7 Satellite Determíned Gravity Anomalies

To evaluate Stokes' and Vening Meinesz fornulae the procedure

is based on system quadratures which are derived from

equations (2.12a) and (2.16) using the mean value theorem,

and may be written as:

N Ao

AsI

(2.3s)

Ao (2.36)rl r-l

ij

cos 0ds (iþ)

dìl

fl

E

n

1..'.:
4;ly

I fl r_lI
\sr_n cx'rl

where Ao-. is the ij surface area element measured in ste-rl
radians and alL other terms have been previously defined with

ij referring to the mean value for the surface area eLement.

In order to evaluate equations (2.72a) and (2.16) a know-

Iedge of gravity is required at alJ- points on the earth's

surface whereas the evaluation of equations (2.35) and

(2.36) reguire a knowledge of aII the mean gravity anomalies

Ag.- for alL surface area el,ements Ao... For ease of compu-"l-l fl
tation these surface area elements may vary in size, increas-

ing in area as the distance from the computational point

increases. This will be discussed further in later chapters.

The earth's gravity field is not completely defined by

surface qravity anomal-ies and hence the complete evaluation

l_ l
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of forrrulae (2.35) and (2.36) is not possible without supple-

mentary data. This data may be obtained by techniques using

either a spherical harmonic model- of the earth or geoíd

undulations obtaíned in practice from satellite altimeter

data (e.9. Rapp, 1971) .

Using a spherical harmonic model of the earth's potential

field (e.S. equation (2.27) ), the gravity anomaly A9n at a

point P with spherical coordinates (0,À,r) using the notation

previously defined is given by (Rizos, 1980):

(C" cos niÀ + S* sin mÀ).
nm nmp p

nm
(sin Q¡ (2.37)

Procedures used for the recovery of gravity anomalies from

altimeter derived undulations, have been reviewed by Rapp

(1977). Brief summaries of the methods are:

Stokes' Equa tion Sol-ution - the essence of this method is that

given sufficient values of N then equation (2.I2a) may be

used to solve for Ag values using a l-east square adjustment

process. There are problems achieving the reguired resul-ts

since an infinite quantity of gravity anomalies are required

to obtain a val-ue of N.

Inverse Stokesr Equation - a direct determination of point

anomalies from geoid undul-ations can be computed from

Âc-p
hr nq i^ r"-,.r tsi' Îr n=¿ r m=u

P
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(rbid, 1-977)

Ao-p do-i*n #i (2.38)
q

The kernel in equation (2.38) is difficuLt to evaluaÈe and

there is difficulty in finding a rel-iable estimate for the

mean anomalies.

Fourier Transform Sofution - another technique for predict-

ing gravity anomalies is by means of a transformation to the

spectral domain using:

¡ôt = ¿9k
m*1

+Ar I
j=o

nj (*o-j * 
"n*r,

(2.3e)

where the notation is the same as that given in (Ibid, 1977) .

Aô- is the reference gravity anomaly with respect to some-k

earth model (e.g. GElvlg), Ât is the data spacing, h, are the

weights, and X is the difference between the altímeter

derived value and the vafue derived from the earth model-.

The detaiLed use of this technique is described in (Sjoberg,

7977). This technique has the advantage in processíng many

arcs sirm:Ltaneously without significant increase in computer

time (Ibid, 1977) .

Least Sguares Collocation - adopting the notation used in

(Ibid, Ig-:.7) the predicted mean anomaly Ag derived from

point altimeter measurements using least squares collocation

may be obtained from:
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Ag c
Th

(c 
nr,

+D) th (2.40)

and the standard deviation mn of the predicted gravity anomaly

is given by:

+D) g (2 .41.)
g

where h is the error of alÈimeter data, 9gt, is the co-

variance matrix between the mean anomaly to be predicted and

the point altimeter derived undulation data, 9frf, is the co-

variance matrix between the measured undulation Uua-, 999

is the variance matrj-x of an anomaly block of the size being

predicted, and D is the error covariance matrix of the alti-

meter observatíons. Using this technique, anomalies can be

predicted with respect to a reference ellipsoid or to a

higher degree surface defined by a set of potential co-

efficients. This method has been used bV Ktpp,(rSzS.ut to

determine I2I44 1o x 1o mean gravity anomal-ies and 3'77 5o

equal area mean gravity anomalies. Some of these vafues are

used fater in the work to define the graviÈy fietd in the

Middle and Outer Zones, in the determination of the free air

geoid undul_ations and the deflections of the verticaÌ in the

South Australian Region-

2.4.2 Combination of potential coeffícients and

terrestriaf anomaly data

A commonly used procedure for determining the geoid u¡dulation

is to combine terrestrial- anomaly data with potential

hqghsg
m

12 cI " trt,
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coefficients and sr:bdivide the free air geoid undulation N

into three components (Rapp and Rummel, 1-975), such that

the sum yields the undulation.

N N1*N2*N3 (2.42)

There are basically two different methods of obtaining these

three components.

In the first method the value of N1 is the geoid undulation

implied from a given set of potential coefficients. The

value of N1 may be obtained using equation (2.30), (2.31)

or (2.34). The N2 component is computed from

R

4ni s (V) do

I
c

Nz (2.43)

o

where Aq is the mean anomaly implied by the potential co-
-S

efficients used in computing N1, Ãgo is the mean free air

anomaJ_y which may be corrected for the effect of the atmos-

phere, o. is a limited cap about the computation poínt and

all other terms have been previously defined. The component

N2 is the contribution from Stokes' integral for a cap size

o after the contribution for this region from N1 obtained
c

from the potential coefficients, has been removed'

The component N3 is given bY:

R

-
4ïr\

c

N3

4I

s(ú) d (2.44)



where (o - o_) represents the remaining global cap not
c

included in o and hence not obtained from N2. If the occ
is chosen correctly the val-ue of N3 can be neglected

(rbid, L975) -

In the second meÈhod the val-ues of the components of the

geoid undulatíons are obtained by spJ-itting Stokes' integral

into two parts, i.e.

!'o 2t
R

I
ü=o

+lf

Tf

I
I stÚ) rrr(cos rf) sin tN dtl;

)
vo

N= Ag s (V) sin tf.t dtP dcx,4ni
LI-T'

2Tt 211

Äg s (rl) sin t! dtJ; do, (2.45)

ü=üo a=o

where the first term on the right hand side is Nz and is the

geoid undulation component obtained directly frorn Stokes'

integral for a cap size of radius tfo. The second term on

the ríght hand side can be rewritten as (Heiskanen & lloritz,

1967, p. 260) z

ðN (2 .46)

where O is Mododenskii's truncation function and is given
-n

AsQn
Ri
z\ n--¿ n

byt

Qn=
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rh
and the value of A9r, is Èhe n degree component of the

gravity anomaly implied by a set of potential coefficients

and is given by:

n n
Ao-n

GM

r2
(n-r) (3)

t *Io (C* cos mÀ + S* sin mÀ).nm nm

+ "!; e,, Ân,, . + "i, *, e,, as,,

P (sin Ô) (2 .48)

Since in practice the summation in equation (2.46) takes

place from n=2 to n=n' and not infinity as previously

explained, the val-ue of 6N may be represented as:

nm

ôu (2.4e)

N1 +N3

where the last term N3 i-s neglected-

The deflection of the vertical may be obtained by a combin-

ation of potential coefficients and terrestrial gravity

anomalies using similar methods as those described above to

obtain the geoid undulatíons. Using the method described

by Sjoberg (7977), the deflections of the vertical may be

considered to consist of three components such that:

E
r +Et+Ez

o

rìo+11 *¡2n
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where the values of Eo and rìo are the deflections of the

vertical component from a set of potential- coefficients and

are obtained from equations (2.32) and (2.33) or from the

more generalised form given in (Ibid I 1977) as:

n+1

o

nt

nl,t3l
nç

m=U
(C* cos mÀ + S* sin mÀ).r nm nm

ðp (sin Q) (2.51.)nm

n
Û

a0

1 l' .u..t*l l-l

=---:= I^(:) I^(-C* m sin mÀ + S* m cos mÀ).cos qì n=¿ I m=u nm nm

(sin S¡ (2.s2)
nm

Íhe vafues of. Ç2 and ¡2 are obtained by applying Vening

Meinesz integral to gravity anomalies that are formed as in

equation (2.43) by su-btracting the contribution Âg" inplied

by the potential coefficients in computing 6z and rìz from

the terrestrial mean free air anomaly, i.e.:

P

Ez

\z

1

JI,"" 
- Ãs") ä" {";".} ." (2.s3)

417

õ^

where 02 represents the zone from tfr to ü2.

The values Er and rìz nny be obtained using eguation (2.53)

but with the integration for the inner most zone defined by

ú = O to rl = rlr. Thus the deflections of the vertical-

regional effects are defined by Eo and lo and the detaiLed

localised variations are obtained from f ;-, l'l 1, Ez and lz.
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Ín equation (2.50a) and (2.50b) no allowance has been made

for terrain corrections and there is no term equivalent to

N3 in the equations since this term is normally neglected

in practice.

2.4.3 Combination meth.ods using CoLlocation Techniques

The covariance function of the disÈurbing potentiaL k(A,B)

following the notation used ín (Lachapelle, 1975) may be

written as:

k (A,B) Cov (To,T")

æ
I^kft=z n

P (cos tf¡ (2.s4)
n

where Cov(To,T") is the covariance of the disturbing poten-

tial between points A and B, kn are the degree variances of

the anomalous potential, \ i" the radius of the Bjerhammar

sphere, and ro and rB are the geocentric radii of points A

and B separated by a spherical distance tf.t.

The covariance between two quantities derived by applying

certain operations on T, can be obtained by applying the

same operations on k(A,B). fhis is referred to as the "law

of propagation of covariances" (Tscherning and Rapp, 1-974).

Thus covariances of, and between T, N, f, ¡ and Ag may be

derived from equation (2.54) . The relevant forrm¡lae are

given in various publications e.g. (Ibid 1974, LachapeJ-le,

1975) .
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fhese covariances can be used to determine the geoid height

and deflections of the vertical by combining heterogeneous

data such as gravíty anomaly data and astrogeodetic defLect-

ions of the vertical (Lachapelle, 1,975). Collocation tech-

níques may aÌso be used to determine a component of the

geoid height i.e. N2 as defined in equation (2.43), or a

component of the deflections of the vertical as defined by

6r and nr in equations (2.50a) and (2.50b). This is given

by (Lachapelle, 1916) z

N2

Ez .-1 *' (or)
-xx -

(2. ss)

rlz

where x'(or) x (o] ) - xl (o,1)

x(or) is the vector containing the measurements (free air

gravity anomalies and/or geocentric astro-greodetic components

of the deflections of the vertical) from the inner zone ol

and referring to the reference ell-ipsoid, and xr (or) is the

corresponding vector deríved from the potential coefficients

using equations (2.57) , (2.52) and (2.57) .

Thus the vector x'(or) contains the measurements referred to

the surface implied by the set of potential coefficients.

g¡l*, %*, 
and 9n* -t" the signal cross-covariance vectors

between N and x'(o1), ã and ä'(or), and rì and x'(o1) respec-

tivel-y. c is the covariance matrix of x'(or) .- -xx

9N*

c-
-Lx
c
- rìx
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2.4.4 CommenÈs on methods used to determine the geoid

height and the deflection of the vertical

Astro-geodetic differences in geoidal height have historic-

ally been determined from the deflections of the vertical

along traverse loops and these loops have been adjusted.

At sone point withín the region a value of N is selected

using methods to obtain a "best fitting" reference ellipsoid

for the regíon or country (see Heiskanen e Moritz, 1-96'l , p.

215), or possibly by using gravimetric or satellite tech-

niques if the reference ellipsoid is required to be earth

centred. The practical problem that arises is that values

of N, 6 and rì are known at discrete points along the traverse

loops. Mather et aI (I97I) in Australia used a gravimetric

solution of the geoid on a half degree geographical grid to

obtain interpolated astro-geodetic values on a half degree

grid. Within each adjusted loop the gravimetric solution

was al-igned to the astro-geodetic known values around the

traverse loop (see Chapter 3 for more detail).

Least squares coffocation techniques can be used to obtain

the astro-geodetic heights from deflections of the verticaf.

In the countries surrounding the North Sea this technique

was used to overcome such problems as l-inear interpolation,

profile selection, and neglection of vertical deflectíon

stations wíth only one observed component (Wenzel, 1979).

The resulting geoid was estimated to have an accuracy of

tO.5 metres relatÍve to the leve1 of that of satellite

doppter derived geoid heights.
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trlhen using orbital satellites to obtain a geopotential modeL
n

of the earth the value of tll in equation (2-2g) becomesr

increasingly less than one as the val-ue of the degree n

increases. Thus there is a lirniting maxirm¡m val-ue of the

degree n' which can be determined. odd numbered Goddard

Earth Models (GEM 1, 3, 5, 7 , 9) are examples of geopotential

models determined from satellite orbital data-

T'he GEM 9 model has been determined to a degree and order of

20. Thus features of the geopotential and hence the geoid

height are smoothed to a wavelength greater than 2 x 103km

(Rizos, 1980). These geopotential model-s are improved by

incorporating additional information such as terrestrial-

gravity data. The even numbered GEM models (GEM 2, 4, 6, 8,

10) are examples of this.

fn Canada values of N, f, and rì were obtained using solutions

of equations (2.31) , (2.32) and (2-33) - Potentíal coeffic-

ients from GEM 8, 9 and 10 and GRIM 2 (a European Geo-

potential modef) were used separately to obtain vafues of N

at 237 stations where Doppler derived values of N were avail-

abl-e (Lachapelle, 1978) . After scaling the NV'IL 9D Doppler

system by -0.4 ppm the results were compared using:

å

I(Ncoeff D
)2

o (AN) (2 -56)
N

n-1

where n is the number of statiot=, N.o.f, is the geopotential

derived value of N, and NO is the scaled Doppler derived
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value of N. Ttre values of o(Ali) for all GEM models ranged

between 12.0 metres for GEM 104 to +2.6 metres for GEI{ 9.

The values from the GRIM 2 model resulted in a o(Ñ[) of

t4.g metres. fhe use of Èhe "GEM type" solutions to derive

the geoid height for reducing distances to the reference

ellipsoid is adequate for national geodetic control surveys

(Ibid, 1978). Solution for f and ¡ using GEM I potential

coefficients when compared to astro-geodetic values after

orientation to the geocentre were found to have an "overall

fit" of 4'134 in 6 and 4'i85 in n which is relatively poor.

This reflects the fact that deflections of the vertícal are

strongly affected by the local gravity field whereas geoid

heights are much less so.

Kearsley 0976) gíves an example where more than half the

Èotal- signal of a component of the deflection of vertical

is obtained from the innermost cap about the computation

poínt.

Because of the insensítivity of geopotential type solutions

to short wave effects, it is conmon to use combination tech-

nigues (as described in Section 2.4.2 or 2.4.3, e.9. Marsh

e Changs , 7976; Rapp, L978a¡ Vincent & Marsy , 1'973). The

two methods described in Section 2.4.2 for the determination

of the value of N by combining potentÍal coefficient data

and terrestrial gravity data yield essentially the same

result but the error analysis of the second method which

uses truncation technigues ís simpler (Rapp & Rumme1 , J'975) .
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Using these techniques the atmospheric correction for the

mass of the atmosphere external to the geoid cannot be

ignored when deternr-ining the value of N since the correction

for a cap size of 20 degrees is of the order of 2 metres

(Ibid , L975). The atmospheric correction has no practical

effect on the deflections of the vertical- (sjo¡ert, 1977) .

The advantage of the use of least squares collocation to

determine the inner zone contribution for N, 6 and I is that

it permits both terrestrial gravity data and astro-geodetic

data to be used. In Canada the root Íìean square difference

between astro-geodetic and predicted components of the

deflections of the vertical using l-east squares collocaÈion

techniques for f1 and lr in eguatiors (2.50a) and (2.50b) was

t1,':26 and !1'.'48 respectively (LachapelIe, 'l'916). fn this

study an inner zone of radius 0.75 degrees r¡/as used wíth an

outer zone of 8 degrees. In a more recent study by Sjoberg

(L977) it was shown that a significant gain in accuracy is

achieved if the outer boundary of the outer zone is increased

to at least 30 degrees and preferably 40 degrees for the

deÈermination of the deflection of the verticaf.

In the same study (Ibid ' 1977) it was shown that the totaL

root mean square error of the deflection of the vertical 0

given by:

0 ,Ñ
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\Àras t2'j2 for an inner zone radius of l degree and an outer

zone boundary of 40 degrees using collocation technigues.

If an intensive determination of the inner zone using Vening

Meinesz forrmrla was used the total root mean square error in

0 was reduced to !I'!32. The collocation method uses more

computer time than the use of Stokes & Vening Meinesz fornn¡-

Iae, and this tirre difference rapidly increases with an in-

crease in data points. For regions where there are several

hundred or more gravity points wiÈhín a radius of one degree

of the computation point (as is the case in the South

Australian Region) the use of Èhe Stokes & Vening Meinsz

for¡m¡lae is preferabl-e.

The use of combination methods was basically initiated

because of the lack of suitable detailed gravity data in

many parts of the world, thus avoiding the problems of inter-

polation in daÈa sparse regions encountered by many research-

ers (e.g. Mather, I968a,1970). However in recent years the

worl_d coverage of mean gravity anomalies has greatly improved

and this has radically altered the situation. Recently a

gravimetric Aeoid of England and Irefand has been produced

by olliver (1979) using Stokes Integral and mean gravity

anomalies obtained from terrestríal observations and

satellite techniques. This method has the advantage that

although the computation tíme may be longer than some com-

bination methods the detailed analysis of random errors is

simpte. This is the method that is employed later in this

work to produce the free air geoid for the South Australian

region.
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Al-timeter data gives the height of the instantaneous sea

surface above a reference surface. This enables the napping

of the geoid at sea with sufficient precision to permit the

mapping of deviations of the actual sea surface from the

geoid, and hence aids in the unification of regional level-

ling datums (Rizos, 1980). Another use of altimeter data

which is of importance to this present study is the determin-

ation of mean gravity anomalies in ocean regions. This has

proved to be a valuable source of gravity data. Using alti-

meÈer data, Rapp (1978a) produced 377 five degree equal area

mean anomal-ies and 1,2744 one degree by one degree (1o x 1o)

geographical bfock mean anomalies. This data is used in

this work to assist in the definition of the gravity field

in the Middle and Outer zones.

Doppler derived values of the geoid height are determined

after reduction of the data, obtained by observations at

the stations which are extended over a period of several

days. For this reason Doppler values are usually available

at relatively few points in a county or region as is the

present case for Australia. Thus Doppler values of the

geoid height are not used in general to determine a detailed

geoid (at present) but rather to orientate an astro-geodetic

derived geoid to an earth centred ellipsoid (e.9. Wenzel,

!979) or to determine the zero order effect in a gravi-

metric or potential solution of the geoid (e.9. Ol-Iiver,

1e80) .
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CHAPTER 3

A REVIEVü OF GEOID STUDTES IN AUSTRALIA

3.1 Geoid Studies Prior to 1970

The first geoid studies in Australia were done in the i,loomera

Region of South Australia (Bomford I 1963) using astro- geodetic

techniques to determine the separation of the Clarke 1858 Spheroid

from the geoid at 60 local stations. The purpose of this study was

to aid in the precise determination of rocket flight paths using

camera techniques.

prior to 1963 most geodetic observations in Austrafia were

referenced to the Clarke 1858 Spheroid with its origin located in

Sydney. After investigations by the Division of National Mapping

a spheroid of equatorÍal radius a, and a flattening f, given by:

a = 6,378,165 metres; f = 1-/298.3

with an origin at lfaurice trigonometrical station in South Austra-

lia was used by National }Xapping for an initial geodetic network

adjustment. The spatial orientation of this ellipsoid with respect

to the earth vras deterrn-ined by obtaining the deflections of the

vertical at L5O Laplace stations spread over the continent, and

appJ-ying these values as corrections to the geodetic coordinates
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at the Maurice Origin (Mather and Fryer, 1970.a). The consequence

of this hras a revision of all geodetic values in the network. A

new origin was then defined in terms of the Grundy trigonometric

station located in the centre of Australia. /

In 1965 the reference ellipsoid was changed to that adopted

by the International Astronornical Union wiÈh parameters

a = 6 13781160 metres; f = !/298.25

and this is called the Australian National- Spheroid (ANS). The

ANS has similar dimensions to the Reference EJ-lipsoid L967 which

was adopted by the Internationaf Association of Geodesl' at the

1967 General Assembly. AfÈer studying the defl-ections of the

vertical- at 215 Laplace stations the Division of National Mapping

decided not to change the coordinates of the existing centrally

located origin, but rather to redefine the origin in terms of the

Johnston Geodetic Station. This origin is now known as the

Johnston Origin and was assigned a zero geoid ellipsoid separation

vafue because of lack of information to the contrary (l'lather and

Fryer, 1970.a). The Australian Geodetic Datum (AGD) is definecl by

the ANS and a seÈ of geodetic coordinates adopted for the

Johnston Origin.

fn 1967 the U.S. Army I'lap Service (Fischer & Slutsky, 1967)

produced an astro-geodetic geoid for Australia referred to the AGD.

About 550 widely distributed astro-geodetic stations were used to

determine the geoid ellipsoid separation and then the results from

each were combined by adjustment. One procedure was to use large
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loops of closely spaced astro-geodetic stations and compute the

geoidal increments AH between stations using an ad,aptation of

eguaticn (2 -5) .

3.1

where f" and ¡" are the defLections of the vertical determined

astronomically and S* and Sn are the distances between the two

stations along a meridian and the mean paralle1 respectively. The

large loops used were selected because they had closures of one

metre or less. The geoidal separations al-ong the paths of these

loops were determined to conform with N = 0 at the Johnston Origin.

The second procedure was to interpolate values of f, and ¡ along

each meridian and parallel respectively at full degrees of longi-

tude and latitude at 30 minute intervals from charts prepared

showing 6 and n isolines at one second intervals. Using these

vafues, geoid profiles along Èhe meridians and parallels were

calculated using the projection method formulae (Fischer &

S1utsky, 7967) and the geoid separation at each one degree

latitude or longitude point. At these one degree poi-nts of inter-

section the values of the separation cal-culated along the meridian

and the parallel-s did not usually agree. These val-ues were then

adjusted to agree taking into account the surround,ing four

adjacent one degree sections, tvro on the meridians and two on the

parallels with the further constraint imposed by the fixed frame-

work of the geoidal loops computed by the first procedure. The

resulting geoidal contour lines have a random character with

higher values in the east and the west than in the centre or the

ÂH + rì".s )p
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north (Fischer & Slutsky , !967). The value of N from this astro-

geodetic computation on the AGD ranges from -5 metres to 18 metres.

The first gravimetric geoidal solution in Austrafia was pre-

pared by Mather (19684) in 1967 for the South Austral-ian Region.

Free air anonalies were used in Stokes & Vening Meinesz forrm:fae

to compute the vafues of N, 6 and l. Two solutions were computed,

one being referenced to the International Spheroid, L930 using

the corresponding International- gravity formulae and the other

solution being referenced to an ellipsoid with gravity forrmrlae

acceptable to the International Astronomical Uníon. This l-atter

reference etJ-ipsoid and parameters was later to be known as the

Geodetic Reference system, 1967 (GRS-67). This gravimetric

solution was a "composite solution" j.n the sense that all gravity

data within 20o of the computation point was based on surface

gravity observations h/hereas for regions beyond this inner zone,

a set of 5" x 50 area mean free air anomalies derived fron

satellite data and surface graviÈy $¡as used in the fornn¡Lae. In

the inner 2Oo zone mean free air anomafies were computed for

various size compartments (see Tabfe 3.1) from observed, inter-

polated and extrapolated gravity val-ues.

This de,termination of the free air geoid \¡¡as extended by

Mather in 1968 for the entire mainfand of Australia using the

same techniques as those used in the South Australian stucy but

with one additionaf outer Data Set thus giving two solutions.

Both outer data sets \¡/ere derived from a coÍbination of sateflite

and surface data but were prepared independently by Kaufa and
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Range of tþ Date Type Compartment Size

ú < 0.o1

0.o1 < u < 1."5

1.o5 < tJ., 5o

50<u 20"

rl > 20o

Surface Gravity

Surface Gravity

Surface Gravity

Surface Gravity

Combined Satellite
and surface data

Individual Readings

0.01 x 0.01

0.05 x 0.05

1ox1o

5ox5o

Table 3.1

Gravity Data and Compartment Sizes for corresponding
ranges of ú.

Rapp using different Èechniques (Mather 1969) and were found to

have a global comparison error of t12.5 mGal-s. The use of each

of these data sets gave similar soluÈions for the free air geoid

of Australia with a systematic difference of approximately 4

metres in the value of N.

Using the Rapp data for the outer zone the val-ue of N ranges

from -14 metres to +80 metres with value generally increasing in

the north east direction. Both components of the deflection of

the vertical had predominantly negative values with a range of

-14" to *2" and -I2" Lo +6" for t and ¡ respectively. These

val-ues for the deffections of the vertical do not include the

contribution from the inner four 0.o1 x 0.o1 blocks about the com-

putation point because these contributions were found to be as

large as l-" under not uncommon circumstances. Mather (1969)

states ". . . the magnitude of the deflection of the vertical can
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be significantly affected by the approximate technique used for the

evaluation of the inner zone ...". It is worth noting that at tht:

time of these studies the existing gravity coverage in South Aus-

tralia r¡¡as poor in comparison with most other regions of the Aus-

tralian Mainland and in fact, for twelve 1o x 10 blocks there was

no observed gravity data availabl-e.

The gravimetric geoid sol-utions tvere compared to the astro-

geodetic sol-ution obtained by Fischer & Slutsky by converting the

AGD to the datum of the free air geoid. The conversion \^tas made by

using three correction parameters to the coordinates at the Johnston

Origin. These were ÄNo to the geoid-spheroid separation, 
^gs 

to the

meridian component, and Ano to Èhe prime vertical component and. they

were derived using a Least square adjustment between the free air

geoid and the astro-geodetic so1uÈion at approximately 700 points.

Several solutions were obtained by using separately the Kaula & Rapp

data and various geographical constraints. The resul-ts obtained for

AEo and Alo were approximately -4'J6 and -4'.'2 respectively. Depend-

ing on the data and the geographical- constraints used the value of

ANs varied from 6.0 metres to 20.4 metres with an average value of

14.9 metres. The range in the correcticn values of ANo was due to

the weakness of the gravity field in the north west of South Aus-

tralia (Mather , 1969). A comparison between the corrected astro-

geodetic vafues of the separation N_ and the values of the separ-

ation N deÈermined using Rapp data for the outer zone, show the
s

value of (l¡ - N ) to have a high value of +10 metres in theag
north west region of South Australia a¡d low values of -16 metres

and -14 metres on the west and north east cost of Australia
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resPectivel-Y.

In a subsequent study (I4ather & Fryer, l-970.a) using the

free air geoid computed with Rapp data representíng the outer

zone, the Fischer-Slutsky astro-geodetic geoid, 506 Laplace

stations and a least square solution, orientation corrections to

AGD \^¡ere again computed. The indicated values for these correct-

ions were:

AEo =

Ano =

ANo =

-4':7

-4':4

14.0 metres

The orientation paraneters were used to represent the astro-

geodetic geoid on the Reference Ellipsoid ' J-967 and this

',Corrected astro-geodetic geoid" was said to be "the best represen-

tation of the geoid at present ..-". (Mather & Fryer, :l-970.b) .

The "corrected" geoid had a minirrum separation value of -26 metres

in the south west and a maxirm¡m vaLue of +68 metres in the north

east of Austra]ia.

3.2 1970 Free Air Geoid

In 1970 Mather recomputed the free air geoid for Austral-ia

using the Rapp data set to represent the outer Zone and a more

comprehensive and consistent data set for the gravity field in

the Australian region. In the comparíson between the 1968 free

air geoid and the Fischer and Slutsky astro-geodetic geoid, after
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transl-ation into a common system the value of A\I:

Al¡

was found to have a root mean square vaLue of t5.3 metres over

the conti-nent about a mean not significantly different from zero.

The values of ÀN were observed to be position dependent. Signif-

icant inconsistancies existed in the gravity anomaly field used

in the near zones and this was thought to be partl-y the cause of

the differences between the two geoid solutions. In the l-968

solution the data sets \¡/ere independent of one another and this

led to discrepancies between different data sets replesenting the

same region in partially surveyed or represented areas. No incon-

sistencies occurred in fully surveyed or totally unsurveyed areas

(Mather, ]-97O).

The 1970 free air geoid solution used the same sub-divisional

units defining the data sets and geographical- bLocks as the 1968

soLution. The field gravity data was enhanced by the addition of

helicopter and marine gravity surveys carried out by the Bureau of

Mineral Resources, Canberra and information from other sources.

CompaÈible mean free air anomalies were computed for 0.o1 x 0.o1,

O.o5 x 0.o5, 1o x 10 and 5o x 5o blocks using consistent common

data based on free air anomafies on a 0.o1 grid and using a tvto

dimensional trigonometric function to interpol-ate missing values'

The area means were used for 5o x 5" bfocks if the total number

of surface qravity values was in excess of l-0O0, but if this was

not the case Rapp data was substituted'

N-Nag
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The resulting 1970 free air geoid on comparison with the

Fischer and Slutsky astro-geodetic determined geoid after trans-

lation to a corrunon system, showed that major inconsistencies had

been eliminated by the technigues briefly described above. The

root mean sguare value of AN l,,/as reduced to +2 .5 metres. Some

systematic differences stifl occurred between the two differently

derived geoids but these existed only over limited geographical

extents and generally on the peripheries with the one exception

being the geoid low over the Officer Basin in South Australia

where ÂN reached a vafue of 7 metres. Although the available

gravity data used in this solution was more comprehensive than

that used in the 1968 sol'ution there was still a paucity of data

in some regions and in south Austrafia there h¡ere ten 1o x 1"

blocks havíng no observation data and these htere siÈuated in the

vicinity of Officer Basin.

As welt as this general solution of the free air geoid of

Australia, Mather selected 38 astro-geodetic stations in the AGD

and by field observaÈions intensified the observed gravity field

in the four O.o1 x 0."1 bl-ocks surrounding these stations. The

values of N, 6, and n computed for these 38 stations along with

the values obtained from the general solution on a one degree geo-

graphical grid across Australia were then compared with the astro-

geodetic determined geoid, and orientation parameters for the AGD

were computed by various combinations of the availabfe resul-ts

(see Mather, 1970 for more detail). The results indicated that

the inner-most zone contribution had marginaL effects on the orien-

tation parameters. The following values for the orientation
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parameters were obtained:

AEo = -4':2 ! O':2

Arì o = -4':5 ! O':2

ÂNo = +7.2 + 0.2 metres

The value of A\ (not to be confused with AN = Nr- 
"O)

includes a zero order term of -2.8 metres resulting from the mean

of the free air anomalies used in the study. This mean for the

whole of the earth surface v¡as +0.4 mGaI and not zero. No allow-

ance has been made for the non-zero order correction for the

separation of the free air geoid (co-geoid) and the geoid estimated

to be an average of about 6.8 metres with Less than one metre

variation over the Australian region (Fryer , l97O). The errors

quoted are based on detectable errors and do not indicate any

systematic effects that may have existed in the l-ow degree harmon-

ics of the earth's gravitational field-

3.3 The Geoidal Studies of Australia by Grushinskv and Sazhina

Grushinsky and Sazhina (1971) produced a gravimetric geoid

for the Australian region using slightly different techniques to

Èhose employed by Mather (1968, 1970)- The basic data for the

Australian region was obtained from the Bureau of Mineral Resources

preliminary gravimetric maps on the scafe of l-:2,5OO,000 and map

sheets on the scale of 1:500,000 and 1:250,000 as were available

in l-966 and this was supplemented with observed gravity data for

the surrounding regions from a ¡rnrltitude of sources (see j¡id, 797I'
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for details) . The contrilcution to the geoíd ellipsoid separation

from the outer zone (tl > 1000 km) was computed using spherical

harmonics of the gravitational field obtained from Smithsonian

AstrophysicalObservatory. Mean values of the free air anomaly

for 1" x 1" blocks were used to represent the inner area

(rþ < l-000 km) . For each of the four 1" x 1o blocks directly

adjoining the computation point Stokes' function was integrated

over the entire block and the resulting mean value used in the

summation form of Stokes' formul-a. ln the band of the twelve

1" x 1o blocks immediately surrounding the four innermost blocks,

the mean value of Stokest function computed to centres of the

four 0.o5 x 0.o5 bfocks within the larger bl-ock was used, and for

the remaining 10 x 1" blocks Stokes' function htas computed to the

geometric centre of each bl-ock.

The geoidal undulations resulting from these studies had a

minimum val-ue of -40 metres in the south west and a maximum of

+70 meÈres in the north east of AusÈralia. When compared to the

1968 free air geoid the systematic differences between the two

solutions ís -2.2 metres and the root mean sguare of these differ-

ences over the entire continent is i5 metres. On graphical com-

parison with the Mather 1970 free air geoid which has a total

separation range'of -24 metres to +64 metres the results are

simiLar for mosÈ of the Australian continent except in the south

west region of Austrafia where the Grushinsky and Sazhina geoid

has a greaÈer slope and the separation reaches a mininn¡m value of

-4Om compared to the val"ue of -24 metres in the 1970 free air

geoid.
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3.4 The Geoid in Australia - 1971

The 1971 Geoid map was based on a combination of gravimetric

and astro-geodetic methods. In effect it was an astro-geodetic

geoid with appropriately corrected gravirnetric values of N being

used to define the areas within the astro-geod,etic levelling loops-

The available astro-geodetic levefling over Australia was

divided into 49 loops with 76 junction poínts and comprised a

total- of 49,407 km ôf levetling. The l-evelling routes were care-

fully selected, taking into account any regions where local- irregu-

larities may have had unwanted effects on the deflections of the

vertical. These regions were indicated by either rapid geological

changes, poor siting of trigonometric stations e.9. on non S)mmet-

ricaL hills, or by a poor locaLised agreement with results from

the 1970 free air geoid. The mean misclosure was 12.0 metres in

the individual loops and their average length was 1656 km. The

vaLue of N at Johnston Origin was held fixed at zero metres and

the 76 junction points and the 49 loops were simultaneously

adjusted resulting in astro-geodetic values of N for 1133 stations

(Mather et al, I97]-).

The gravimetric values of N were transformed to the AGD

using the orientation parameters determined from the comparison

of the Fischer and Slutsky astro-geodetic geoid with the 1970

free air geoid to determine ÀN in the relationship (Mather ' 1969,

p. 27) Ng. Ng+ aN, \^Ihere au is the correction to be applied to

the gravimetric determined value of the geoid separationNn referred
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to the 1967 Reference System, to obtain the equivalent value Ng.

referred to the AGD.

The residuals o* of the difference between the astro-geodetic

value of the separation N. and the corresponding value Ng were

determined at each astro-geodetic station. The residuals Ono ranged

in vaLue from -4 to +4 r€tres, but for approximately 758 of the

Austral-ian continent the absolute value was less than 2 metres.

The larger values of ON occurred mainly in the coastal- regions,

the exceptions being three local areas. The available astro-

geodetic density in these three areas was inadequate and in one

area the gravity field was largely predicted (Mather , 1972). The

gradients of O* along the controlling astro-geodetic loops were

smalL when the station density was high.

The residuals o* at gravimetric stations wh

geodetic

residuals

information existed were interpolated frorn the known

o* using (Mather et al, t97L) z

o
| "t o".
I]-

I w.
,l-

l_

2a
N

The weight coefficients w, vJere determined from

^2\¡¡. = L.
tl

where .0. represented the distance between the ith station on the
L

perimeter of the loop and the gravimetric station at which the

interpolated value of O* was required. Using the gravimetri'c
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determined vafue of the geoid separatiot, *n, the computed correct-

ion AN, and the estimated val-ue of the residual õ*, .tt estimate

of the astro-geodetic value of the geoid separation N. was

obtained at each gravity station frorn the relationship.

N9+aN+ON 3.3

This nethod localised any effect of the residuals and permitted

the gravimetric determined val-ues of N Èo be used to define the

geoid within the perimeters of the loops 
ìF r q s

ù

The result is an astro-geodetic geoid referenced to the AGD

with vafues of N determined from the 1970 free air geoid being

used as interpolation factors within the geodetic levelling ]oops.

The dominant features of this geoid are a low of -4 metres centred

near the Offj-cer Basin in South AusÈralia, geoidal rises associated

with all mountain ranges, and a maximum geoidal high of *l-8 metres

in the south west of Western Austrafia. The 1971 geoid nap pub-

lished in (Mather et aI , I97!) and (Fryer, L97]) shows a geoid low

of -10 metres in the Officer Basin and a high of *12 metres in

V'Iestern Australia. This is due to a linear change in the value of

N of -6 metres caused by adopting N = -6 metres at the Johnston

Origin instead of N = 0-

Charts for both deflections of the vertical- \^Iere produced on

a similar basis to that used for the geoid separation. Using the

orientation parameters the free air derived values \^tere connected

to the AGD and used for interpolation of results within the

qeodetic levelling loops. These converted values of the deflections

N
a

a_

66



of the vertical when compared to the astro-geodetic determined

value at 1084 stations, had a root mean square residuaL of 12"-

Caution must be exercised in the use of these contour maps of the

deflections since the average data point' spacing was 50 km

(Fryer, 1'?TI) and there was an inadequaÈe sampling of gravity in

the innermost zone of many stations (Mather et aI, 1977).

Deflections of the vertical may change rapidly in regions of

relativefy flat topography. In one region of South Austral-ia a

change of 25" occurred within a distance of 90 km.

The val-ues of Ç ranged from -20" to *l-6" with rapid gradients

occurring in a targe region situated in Central- Austral-ia where

the minimum value of -20" occurs, and also in the south east of

the continent where the maximum value of +16" occurs. The value

of ¡ ranges from -16" to *16" with rapid gradients occurring in

several regions, the largest of which are situated near Canberra,

Perth, north of Esperance in !V.4., and the Officer Basin.

A revised seÈ of orientation parameters were computed from

a comparison of the 1971 geoid and the 1970 free air geoid and the

results \^zere:

= -4'i 0

= -4':1,

= +8.3 metres

The value of Al¡ does not incl-ude a zeto order term- The

root mean square of the residuals o* from 1133 station cornparisons

was 11.6 metres as compared to !2.6 metres obtained from the

AE

An

\
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comparison between the

Slutsky astro-geodetic

1971 free air geoid and the Fischer and

fieId.

3.5 More Recent Geoid Inve stiqations on the AusÈralian

Continent

3.5.1Kearsley,:-g76)investigatedgravimetricmethodsof

evafuating the defl-ections of the vertical using 12 stations

in the north west of New south v'Iales. These stations were

selected because the astro-geodetic deflections had been

previously determined at each of these points and they were

situated in a variety of terrain tlæes' Vening Meinesz

formufa was used to compute the deflections and then the

corrections for the terrain effect were evaluated using two

differentmethods.onemethodusedtheMolcdenskiiterrain

correction as modified by Pellinen (1964) and the other

used a modification of Green's fdentity Approach (Kears1ey'

l.976) .

ThecontributionstotheVeningMeineszdeflectionsofthe

vertical of the inner zones, i'e'Ù < 1'5o were evaluated

using a unique computer technique based on Rice Rings and

modified to suit the density of available data. using the

same type of subdivision and a height data bank the two

tlpes of terrain correction were determined' For the outer

regioneffectsi.e.ü>l.5otheresultsfromthel9T0free

air geoid solution were used with additional- effects for
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the merging between the Rice Ring type system and the grid

system used for the 197O free air geoid. No attempt was

made to compute the effects of the terrain corrections for

these outer regions since they only have possible significant

effect near the computation point. The gravity coverage

used in the 1970 free air geoid solution was supplemented

with an additional 200 gravity stations situated in the

immediate vicinity of the 12 stations -

The results including the terrain corrections were compared

to the astro-geodetic values after application of the orien-

parameters (Mather , I9'7O). The mean differences in 6 and n

were +O'iO6 and +]-':47 respectively- The large value of +]-':47

was thought to indicate the existance of systematic errors

in the gravimetric value of ¡ (Clarke, 7978) and was possibly

due to an inadequate knowledqe of the gravity field off the

east coast of Australia. After the removaf of these system-

atic effects the precision of the gravj-metric vafues of the

deflections was tO'j5 as compared to !2" obtained in the 1970

free air geoid solution.

The evaluation of the terrain correction obÈained from the

application of Green's Third ldentity to the Earth's surface

proved quite unstal¡Ie due mainly to the sensitivity of the

expression to errors in the determination of ground slopes.

The Pellinen modified terrain correction effects were

computed at only 7 stations, since the remaining stations

\^¡ere situated in relatively flat topography and the effect
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would have been negligible. The maxirmrm correction was

-0':64 to ã at one station and the nean corrections to 6 and

rì without respect to sign were 0T3 and 0'i15 respectively.

3.5.2 A first order traverse loop was used by Clarke

(1978) to study the effect of incorporating gravimetrically

determined quantities in a three dimensional cartesian

adjustment of geodetic data. This traverse loop consisted

of '78 stations, had a perímeter of 2200 km, and was located

in New South lVales and to a much lesser extent in VicÈoria.

The geoid ellipsoid separatíon at each station was computed

using the same basic zone configuration and compartment size

as Mather (1970) with the innermost zone (ú < 0.'1) being

subdivided into 0.o01 blocks. The deflections of the

vertical- were computed using the computer techniques and the

methods developed by Kearsley (1976) but no terrain correct-

ions were appJ-ied. Íhe gravity data used was the same as

that previously compiled by Mather (l-970) and l-ater used by

Kearsley (1916) but supplemented with additional observed

gravity in the immediate vicinity of each traverse station.

Gravity points were observed at each traverse station and

at each of the four cardinal points at 400, 1600, and 6,400

metres, making a total of 13 observed gravity points within

the innermost zone.

Within the 200,000 square kil-ometer study region there were

47 stations at which astronomical observations were available
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Using orientaÈion parameters determined by Mather (1970)

the astro-geodetic and gravimetric determination vaLues of

N, E and rì were compared. Ttre mean of the residuals of the

dífferences showed non-zero means of -3.69 metres, -0T44,and

1'J07 respectively. These results when considered along

with those of Mather (l-970) and Kearsley (1976) suggested

that systematic errors in the gravimetric determinations of

N, f and rÌ existed in the Australian region. These system-

atic errors were position dependent and may have values as

large as, or even larger than the random errors associated

with the same quantíties (Clarke' 1978).

Ih¡e results of the three dimensional adjustment showed that

the astronomical determined values of position and direcÈion

appeared to have a lower precision than that gener:aIly

accepted, with standard deviation for latitude, longitude

and azimuth of +0'15, +7:2, and +l-I7 respectívely. Gravi-

metric determined val-ues of N, f and n were shown to be at

least as reliabl-e to those determined by classical astro-

geodetic methods if they \^Iere corrected for the systematic

error effects.

In the same study it was demonstrated that the predominant

features of the systematic errors could be model-Ied by com-

puting pseudo corrections to the mean gravity anomalies for

four compartments arbitrarily selected with a symrnetrical

distribution at a distance of approximately 20 degrees from

the Johnston Origin. This investigation was later extended
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by Clarke (1981) to cover the whole of the AGD using a set

of 83 control stations comprising the stations used by

Mather (1970) and those used in the earlier study by Clarke

(l-978). The E and rì residuals between the astro-geodetic

values and the orientated gravimetric val-ues \^Iere used to

compute pseudo-corrections at selected locations suitable

for use over the whole of the Australian continent.
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CHAPTER 4

pRAcrrcAL EVATuATToN oF sroKES'AND VENTNG METNESZ FoRMULAE

4.7 Stokes'and Vening Meinesz Formulae

For the practical evaluatíon of Stokes' integral (2.72a) and

Vening Meinesz formulae (2.16) the surface integrals are replaced

by finite summations resulting in:

N= #n I ''*' AoAs (4.1)

(4.2)

a

OS O¿

rn0

l- J-

E1

rt)'

1F
4117 i {"

l-
and As Ao

I I
l-

where Aq. is the mean gravity anomaly of the surface el-ement Ao,,-a

and s(rf), ana ds(tlj) i are the mean varues of the stokes'and
dü

Vening Meinesz functions for the compartment or surface area AO..

If Ao. is bounded by meridiars and parallels n and m degrees apart
I

respectively, then:

(4.3)

where 0. is the mid latitude of the compartment. It is customary
'L

to compute the values of both Stokes'and Vening Meinesz functions

Ao
'tI2

1go, n m cos Q'
a

73



using the nid geographical coordinates 0, ana À, of the compart-

ment Ao. to represent the mean values of these functions within

the compartment, that is:

s (rl) s (qr)
0 À

ds (rp)
ô. ,À.I

dû

f
(4.4)

(4. s)

I l_

I

This is an approximation and an error is introduced into the com-

putational procedure. Paul and Nagy (1973) suggest for the

evaluation of Stokes' function the introduction of secondary terms

to the right hand side of equation (4.4) and a simil-ar treatment

to equation (4.5) could be used to reduce the error incurred in

using these approximate formulae. The more usual- approach is to

divide the earth's surface into several zones and within these

zones the compartments Ao. are constant or near constant in area.

Both functions are dependant on the value of if and rapidly increase

as the vaLue of þ0 with the reverse ef fects as þ199". fhus,

with carefuf sefection of the zones and the compartment sizes,

equations (4.4) and (4.5) may be used in the practical evaluation

of equations (4.r) and (4.2).

The mean gravity anomaly Âg. selected for use in equations

(4.1-) and (4.2) is the mean free air anomaly for reasons discussed

in Chapter 2.2 and is given bY:

Áq.-l
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Ttris forrn¡la assumes that the gravity anomaly is known at every

point within the compartment Âo.. In pracÈice this is not the

case and the actual determination of Ao. depends on the gravity

data available ín that region.

4.2 Gravity Data Availabfe for Geoidal Determinations in the

South Aus tralian Reqion.

4.2.I B.M.R. Surface Gravitv Data

The majoriÈy of the observed gravity data used in this work

was supplied by the Bureau of Mineral Resources (B.M.R.)

from their gravity data bank. This data bank contains

information on more than 500 1000 gravity stations observed

by B.l'I.R. personnel, their contractors, State Mines Depart-

ments, private exploration companies and academic institut-

ions.

The largest indívidual contribution to this data bank was

made by the B.M.R. and their private contractors using heli-

copter tralsport which gave an average station spacing of

11 km except in South Australia and Tasmania where the

average is 7 km. In South AustraLia this was due to cl-ose

co-operation between S.A. Mines Department and the B.M.R.

The height differences between stations were measured using

microbarometers and these were subsequently tied to the

Australian Height Datum. The resulting gravity station

heights are estímated to have an R.M.S. error of better
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than +5 metres (Dootey and Barlow, 1976) within each survey-

The gravity íntervaLs between stations were measured with

La Costa and Rombetq or !{orden gravity meters and the

estimated precision with respect to the Australian National

Gravity Network (a¡lCtl) as a whole is f0.5 mGal. (Mather et

al, 1976). The rernaining data which was supplied by the

other agencies has been recomputed and adjusted to the same

datum and scale as the B.M.R. observed values. The precision

of the data is at least egual to, if not better than that of

the B.M.R. reconnaissance surveys.

The ANGN originated with 59 Cambridge pendulum stations' one

of which comprised the then National- Gravity Base Station

(NGBS) at Melbourne, which was included in the First Order

World Gravity Net. Betl¡/een the years 7964-1967 a series of

east-west gravity traverses were run across Australia follow-

ing approximately an "isogal" of gravity val-ues to minimise

the observed gravity differences between stations- These

stations were situated at or near aírfields and were approx-

irnately 150-250 km apart thus allowing brief travelling

tímes by chartered aircraft between stations and hence re-

ducing uncertainties in drift in the meter readings at each

station (a minimum of three different gravity meters were

used on each survey). using the results from these "Isogal

surveys,' , 57 of the original 59 pendulum stations that were

re-occupied, and a "mean Australian rnilligal", (Dooley and

Barlow, 7976) the ANGN was redefined using May 1965 Isogal

Values. Atl gravity val-ues in the B.Ivl.R. data bank are
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referenced in scale and datum to the AIJGN and the l{ay 1965

Isogal values.

In 1973 a new datum and scale were selected (Boulanger et

â1, 1973). To cornply with the change brought about by the

International- Union of Geodesy and Geophysics adopting a

new international gravity reference sysÈem in 1971 called the

International Gravíty Standardization Net l-971 (IGSN 71),

the IGSN 71 station at Sydney was adopted as the new

National Gravity Base Station for Australia in place of the

Mefbourne station. The scale change to the "mean Australian

miltigal" \n¡as determined by an accurate gravity survey by

an Australian-Soviet team along the east coast of Australia

using eight Soviet Gag-2 gravity meters (I'tather et al ,

1916). This survey showed the values of IGSN 71 stations,

other than the Sydney station to be in error by 1-5 parts in

1Os. This was confirmed within experimental error tn J974

when Soviet OVM Pendulums were used to resurvey the l-ine.

As a1l Australian gravity data used in this present work is

based on the up to date 1973 d.atum, al-l- B.M.R. gravity

vafues were adjusted by a linear transformation using:

it_glZ = 97961I.86 + 1.0005118 (nr_n.S - 979685.74)

This results in an estimated sÈandard error of less than

0.2 nGal throughout Austral-ia (Dooley and Barlow, 1976).

For each gravity station the following information was
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obtained from the B.M.R. data bank.

(i) the geographical position.

(ii) the observed graviÈy value adjusted and relative

to the May 1965 lsogal system.

(iii) the terrain and station height adjusted to the

Australian Height Datum (AHD).

The geodetic Ìatitude and longitude referred to the

Austratian Geodetic Datum (AGD) is used to locate the

position of each field gravity stations. This geodetic

latitude is not a geocentric latitude but nevertheless j-s

used in the formula to compute the normal gravity. Since

the discrepancy between the two is small, the resultant

effect is not expected to be greater than t5 ì-tGaI (Mather

et al, 1916). The estimated error of 0.1 minutes of

Iatitude (Anfiloff et al, I976) in position location wou]d

resul-t in a larger error than this.

4.2.2 Data Obtained from Fiêld Observations

To facilitate tests for the interpoLation of gravity data

approximately 300 gravity stations were observed in the

Flinders Ranges of South Australia. This area \^/as selected

for the ruggedness of terrain whích, although not large on

world standards, changes from 190 metres to 1000 metres

elevation over a geographical area of approximately å" x åo.

The topographical surface is mountainous with terrain slopes
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varying rapidly in al-l directions and would represent the

rugged extreme in the South Australian Region.

The gravity readings \^Iere made using a V'Iorden gravity meter,

geodesist model- and reduced to the May 1965 Isogal Values.

To do this the gravity survey was done in a serÍes of loops

and tied to two separate Isogal Stations 200 km apart. The

gravity survey had an internal precision of better than

tO.2 mGals and the separate ties to the two Isogal stations

agreed within 0.1 mGal.

The elevations of the stations were obtained by two methods.

More than 25% of the gravity readings were taken on bench

marks (8.M.'s) where the height had been previously estab-

l-ished by third order levelling techniques and tied to the

Australian Height Datum (AHD). The estimated precision of

the elevations are !2.0 metres in the AiÐ system. The

position of other stations were 1ocated on aerial photo-

graphs using stereographic model-s and, later in the labora-

tory, the heights \^¡ere obtained using a Zeiss Stereometro-

graph and diapositives with plotting control supplied by the

South Australian Department of Lands. The heights obtained

this way are estimated to have a precision of !3 metres.

As in each case the geographical position was obtained from

the detailed 1:501000 map sheets covering the area, the

height of the station was al-so interpolated from the 10

metre contours on these maps to act as a check for any gross

blunders.
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In addition to the observation progranme in the Flinders

Ranges, gravity stations were observed in the immediate

vicinity of seLected trigonometric stations where astro-

nomical and/or Doppler data were avaj-lable from the Lands

Department of South Australia or the Division of National

I,lapping of the Department of National Development-

The aim of these surveys was to establish wíth more detail

than the existing data permitted, the gravity field of the

Innermost Zone for detaifed comparisons between gravimetric

and non-gravimetric determination of the geoid. GraviÈy

values were obtained at each trigonometric station and at

eight symmetrically spaced points within the vicinity of

l--3 km of the station. It was not always possible to observe

al-l eight gravity points because of the actual terrain and

vegetation encountered.

These 1ocal gravity surveys were tied to the ANGN using

either local identifiable gravity stations supplied by the

Mines Department of South Australia or fsogal Statíons-

Trigonometric surveying methods were used to obtain the geo-

graphical location and the height of the gravity stations

with the exception of the survey around the trigonometrj-c

station Lock. In this gravity survey both the geographical

and height coordinates, due to weather conditions at the

time, were scaled from a 1:50r000 topographical map and more

details of these surveys, their location and use is given in

Chapter 6.

80



4.2.3 Combined Satellite and Terrestrial 1o x 1o Mean

Gravity Anomalies Set

This data set consists of 50650 mean free air anomalies

referenced to the GRS-67 system. The data is derived from

a combination of terrestrial and satelliÈe data, and

was obÈained from R.H. Rapp of the Ohio State Uníversity

in 1979.

The terrestrial data originated with a d,ata set, known as

the August '76 set, which was primarily based on a revised

version of the United States Defence l'lapping Agency Aerospace

Centre. The set has sr:bsequently been updated using infor-

mation obtained from various sources around the worl-d in-

cluding new data from Australia supplied by R.S. Mather

(Rapp, 1978.b) -

The altimeter gravíty data is derived from the use of the

Geos-3 alÈimeter. Assuming the sea surface to be staÈic and

to coincide with the geoid, then, knowing the height of the

satellite Geos-3, above a reference ellipsoid at any one

point in time and using the altimeter to determ-ine the dis-

tance between satellite and sea surface (assumed to be the

geoid), the geoid ellipsoid separation can be derived. (Ch' 2)

This is a model and in reality, it is not as simple as this,

(Rummel & Rapp, 1977) but using these principles over a time

period, a mean free air gravity anomaly can be computed from

these derived undufations of the geoid-
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The two data sets \^tere merged to form the combined terres-

trial altimeter 1o x 1" mean free air anomaly set. The alti-

meter data was given priority in the ocean areas and only

supplemented to a very limited extent with terrestrial ocean

data, and then combined with terrestrial data from land

areas

The standard deviation of each known 1" x 1o anomal-y is given

and the average of these is ll-5 mGals for the terrestrial- n

and +8 mGals for the aftimeter derived data. lrlhere the

separate data sets overlap a comparison \^/aS made between all

data showing the R.M.S. difference bet\^/een the t'¡o to be 115

mGals. If the comparison was limited to original data with

standard deviations no greater than 10 mGal-s, the resulting

R.M.S. difference is +12 mGats (Rapp, l-978-b).

The result is a data set consisting of the mean free air

anomaly, and its standard deviation and geographical- l-ocation

referenced to the GRS-67 for 50650 1o x 1" geographical

blocks (hereafter referred to as the Rapp 1" data set).

4.2.4 Combíne d Satellitê and Terrestrial 5o Equal

Area Anomalies Set

The information in this data set is derived from the 5060

1o x 1o mean anomalies described in (4.2-3) and is referenced

to the cRS-67 system. This data obtained from Prof' R'H'

Rapp consists of l_654 5" equal area anomalies. The acÈual-
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location of these 5o equal area blocks is the same as that

used by Kaula (1966).

The anomaly values for each 5o equal area compartment were

obtained using least square techniques and the existing

1o x 1o mean anomaLies within that compartment. In the 157

compartments \^¡here no 1" x 1o mean anomaly data existed the

value was predicted from the surrounding ten nearest 5o

equal area values already determined (Rapp, 7977) -

The resulting data set consists of l-654 5o mean area gravity

anomalies giving compJ-ete cover of the earth's surface.

Vùith each mean anomaly in this set the latitude and longitude

values of the boundaries and of the geographic centre, the

spherical area on a unit sphere, and the standard devj-ation

of the anomaly are given.

4.3 Zone Locations and Compartment Sizes

Originally both Stokes' and Vening Meinesz formulae were

evaluated using a system of rings or zones centred around the com-

putation point. Between each two successive rings the compartment

size ÂO. was constant but increased in size, as did the spherical
]-

distance between the rings, as the val-ue of tf increased. The mean

gravity anomalies \^tere usua]J-y interpolated from maps using graph-

icaf methods. Thus, the gravity data obtained could not be used

for a similar computation at even a neighbouring point on the

earthts surface because the circular compartments would not
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corresPond.

since the advent of the electronic computer most solutions

of N, f and ¡ have used some form of grid or "square" system based

on fatitudes and longitudes. This type of method permits the

sirnple storage of gravity data and the relevant position ancl com-

partment description information, and this data bank usually re-

quires no change when the computations are repeated for a neigh-

bouring point. One disadvantage of this method occurs wþen the

computation point is not coincident with a grid point. In this

case the reguired values of N, E and rì are either interpolated

from the neighbouring grid points or the grid may be further sub-

divided to accommodate the location of the point. Kearsley (1-9'76)

used a computer combination of both the rings and grid system to

successfully compute deftections of the vertical- aE t2 trigonometric

stations in north western New South l¡Iales.

since the geoidal solutions of south Australia are computed

at hal-f degree latitude and longitude grid points the grid system

is used. (See Chapter 6 for non-grid points.)

Zone boundaries and compartment Sizes are selected for the

evaluation of Stokes' and Vening Meinesz formulae so that equations

(4.4) and (4.5) respectively are practicatly satisfied' Since the

function S(r!) ana {{p vary differently with respect to Ú, it is
du/

feasible to sel-ect non-corresponding zone boundaries and compartment

sizes for the sol-ution of Stokes' & Vening Meinesz formulae, but

this would greatly increase the daÈa processing reguired. Thus
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zones and compartment sizes are sel-ected for combined solutions so

that both equatíons (4.4) and (4.5) are practicalÌy satisfied. The

zones and cornpartment sizes within the zones selected for this sÈudy

are given in Table 4.1.

ZONE RANGE OF
COMPARTI"IENT SIZE WITHIN

THE ZONE

Outer

I{iddl-e

Near

Inner

Innermost

V > 20" approx

5oapprox<ú<20oapprox

1.5o approx < tf < 5" il

O.2oapprox<ü<1.5o il

ù < 0.2" approx

5o equal area blocks

1o x 1o geographical
blocks

O.5o x 0.5o geographical
blocks

0.1o x 0.1o geographical
blocks

0. l-o x 0. 1,o geographical
bl-ocks and individual

readings

TABLE 4.1

The Outer, l4iddl-e and Near Zone boundaries and compartrnent

sizes are sinr-ilar to those used by other authors studying the geoid

in Austral-ia (Kearsley and Van Gysen , 19'79; Mather , I97O). For

ease of computation the inner boundary of the Outer Zone is hel.d

constant for al-1 cornputation grid points. The geographical- Location

of this inner boundary, shown in Figure 4.L, was sel-ected using two

criteria:

(1) the zone edge is located at a nr-inimum of 20" from any

grid point,

and (2) the bound,ary is identicaf to that of a 50 esual area

block, to which a gravity anomaÌy is allocated.
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The inner boundary of the Middle Zone is a rectangular geo-

graphical block with the boundaries centreC around the grid point

so that V > 5". This results in a boundary size of 10o x 10o,

11o x 11o, or 10o x 11o, depending on the actual location of the

grid point. The outer boundary is coincident with the inner

border of the Outer Zone. The inner boundary of'the Near Zone is

a 3o x 3o geographical block with the computational grid point as

its centre.

During the computation procedures to determine the values N,

6 and lt using equations (4.1) and (4.2) the contributions from the

Iliddle and llear Zones were recomputed for the grid poinL 26o3

and 129o E using val-ues for S(rf) ^"d *P- obtained from the mean

values of the respective functions at l-00 uniformly distributed

points within each comPartment.

The resul-ts when compared Lo val-ues obtained using equations

(4.4) and (4.5) showed no difference in the contríbutions to the

deflections of the vertical and less than 0.08 metres to the geoid

separation.

The outer boundary of the fnnermost zone $/as selected after

testing the effects of the assumptions i-mplied in equations (4.4)

and (4.5) at the grid point 2605 a¡rd l-29o8. This grid

point was used because the surrounding mean gravity anomalies of

the 0.1" x O.1o blocks have rapidly changing values and this repre-

sents an extreme for the region being studied. The contribution

for both the Inner and Innermost zones htere computed by several
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varying methods.

(a) Using equations (4.I), (4.2), (4.4) and (4.5) and the mean

gravity anomalies for each 0-1o x 0-1o bl-ock.

Using equations (4.1) and (4.2) and the mean gravity anomal-

ies for each O.1o x 0.1o, but using Stokes' and Vening

Meinesz functíons obtained fro¡¡ the mean values of the

function at 100 uniformly distributed points within each

0.l-o x 0.l-o bl-ock.

Using method (a) for afl- 0.1" x 0.1o blocks except for the

Innermost zone. The contributions for these conpartments

\^¡ere computed using method (b) .

The processes (a), (b) and (c) hTere repeated but the four

Innermost 0.1" x 0.1" blocks were excluded from the calcu-

lations.

(b)

(c)

(d)

The boundary between the Inner and Inner¡nost Zones \^las

sefected as shown in Tal¡le 4.1 because the discrepancies between

the use of method (a) and (b) for the Inner zone \^tas less than

0.01 metres and 0'103 for the contributions to N and both Ç and l.

On comparison of the results from method (d) where the four Ïnner-

most O.1o x O.10 blocks were excluded, the contributions varied

little ín the val-ue of the contribution to N, but discrepancies of

greater than O'11 occurred in the contribution to the deflections

of the vertical. Furthermore, the large differences of the order

of severaf seconds for the deffections of the vertical between the

resufts obtained using method (d) and the corresponding methods (a),
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(b) and (c), indicated the sensitivity of the deflections of the

vertical- to the contribution from the four Innermost 0.1o x 0.1o

blocks. These results indicate that a more detail-ed survey is

required within this region as suggested by ltather et al- (l-971) to

enabl-e the satisfactory determination of mean gravity anomalies

for smaller geograPhical blocks.

4.4 Gravity Prediction I'lethods

In order to obtain the values of the mean gravíty anomaly

Aq, it is sometimes necessary to extend the exisÈing k¡own gravity.I

field or to estimate a gravity anomaly at a poÍnt. Ì.Íany different

techniques have been used for this purpose but onJ-y three of the

more popular methods will be briefly reviewed.

4.4.1, Usíng Heiqht Correlation

The free air anomaly of a mountain station usually has a

greater numerical value than that of a nearby valley station

and hence there appears to be a correlation between the free

air anomaly and elevation. The correlation is approximately

expressed by:

As a+b.h (4.7)

where Ag is the free air anomaly, a and b are variables' and

h is the elevation.
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Uotila (1960) suggests the a value changes from area to area,

bilt its variability is much less than the free air anomaly,

and b is almost constant and approximates to the constant in

the Bouguer reduction. Thus, the a value approximates the

Boug"uer anomalY.

ft is commonly stated that eguation (4.7) is approximate,

but for a limited area the variables a and b may be regarded

as constants. Using this assumption, equation (4.7) Ís

often used for the following purposes:

Prediction of point val-ues of free air anomalies

(e.g. Moritz, 1963).

Computation of the mean free air anomaly Ag. using

Aq.-l_ a+bh (4.8)

where h is the mean height of the area (e.9.

1960).

Uotila,

For theoretical mathematical derivations (e.9. l"loritz,

1966 and 1968).

The definition of this "l-imited area" is ofÈen not given-

Mather (1975) reports a lack of correlation in excess of

50 km whereas other authors infer correlation exists over

greater areas. In order to verify the area over which

heights and free air-anomafies are correlated some tests

have been made using 1o x 1o, 0.5o x 0.5" and O.25" x 0.25"

geographical blocks and the surface gravity data described

in sections 4.21 and 4.22 (GilliLand' 1'978)
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In general, the test area was subdivided into equi-angular

areas wíth sides of C degrees. The free air anomaly Ag, was

then computed for each gravity station withín the area using:

Aq grgzg - yo + 0.3086 h (4. e)

where

h

Yo

and grszs

is the orthometric height in metres.

is the normal gravity computed using the l-967

Geodetic Reference system GRS-67.

is the observed gravity adjusted to the 1973

Australian datum (Dooley and Barlow, 1976).

Assuming equation (4.7) to be correct over a limited bl-ock

area of Co x Co, the val-ues of a and b were obtained by two

methods:

(i) least sguare adjustment of equation (4.7) having two

unknowns a and b, and n gravity statíons; and

(ii) using the usual val-ue of 0.1119 for the Bouguer reduc-

tion in place of b, and then computing the value of a,

as the mean of n values obtained from equation (4.7) .

If the number of stations n' was less than k (the

¡ninimum per area), or greater than an upper limit

by computer limitations (approximately 103), that

area was deleted from the computation procedure.

of C, k and the totaf number of blocks tested are

allowable

governed

particular

The values

shown in
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co k Number of blocks

1

0.5

o.25

60

30

5

]-37

583

2229

TabLe 4.2.

TABLE 4.2: Bl-ock Size and Distribution

Having obtained the val-ues of a and b from both the above-

mentioned methods, the standard deviation= o^n of an

individual free air anomaly a-bout the l-ine of regression

a * bh, were computed using:

2
U

I(Ag-(a+bh))2
(n-m) (4.1_0)

As

where m has a value of 2 in method (i) and a vaLue of 1 in

method (ii).

The frequency of gravity stations within the geographical

bl-ocks used in this study are shown in Tabl-e 4.3

Area 1" x 1o 095 x 035 O?25 x O?25

Maximum no. of
Gravity Stations

Minimum no. of
Gravity Stations

Average no. of
Gravity Stations

1000

60

300

980

30

75

400

5

18

TABLE 4.3: Frequency of Gravity Stations
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Tab1e 4.4 shows the average value of the standard deviation

Õ ^ about the regression line for each block size and the
ag

frequency distribution of the values obtained for each

individuaÌ block.

FREQUENCY OF OCCURRENCE

259

856

510

288

127

79

41-

24

2t
6

6

5

2

0

1

1

1

0

0

0

0

164

7L6

587

307

r72

97

55

42

23

14

15

16

6

4

6

L

1

1

1

0

0

d Ðeviations & Frequency Distrjlcutions

Block Size 1ox1o 035 x 035 O".25 x O?25

Method (i) (ii) ( I ) ( ii) (i) ( ii)

Average O¿n +l_1. 3

mGaf
!I2 -9
mGal

+7 .9
mGal

+9. 1
mGaL

15. 1

mGal
16.0
mGal

o^ mGal
ag

0- 2

2- 4

4- 6

6- I
8-l-0

IO-12
t2-14
14-L6
16-18
18-20
20-22
22-24
24-26
26-24
28-30
30-32
32-34
34-36
36-38
38-40
40-42

0

3

15

32

26

19

1l-

9

3

.)

4

a

5

z

2

0

1

l_

0

0

0

0

1

I
35

25

L9

10

ö

6

2

5

3

3

3

1

.)

1

I

t_

0

1

4

94

168

l_l-9

70

52

I4
t_9

1t_

I
7

4

4

1

2

1

1

4

0

0

0

3

68

155

106

87

67

22

11

L6

7

6

7

^

6

3

3

2

3

3

1

1

TABLE 4.4: Stãndar
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The use of Method (i)

sÈandard deviation o

improves the val-ue of the average

over that for Method (ii) thus:
As

(L2.92 - t1,.32)

( g.t. - 7.92)

( ø.oz - 5.12)

= 16.2 mGal- for 130 square block.

= t4.5 mGaI for 095 sguare block.

= 13.1 mGal for 0925 square bl-ock.

This effect gives an indication of the val-ídity of the

Boug-uer gradient when compared to the general linear

regression within each parÈicular block-

On the basís of the data studied there is no apparent re-

l-ationship between the number of stations in a given test

block and the standard deviation obtained- In the half

degree area where 23O additional stations were observed,

the values of a, b and o^g computed were virtually the

same as those obtained using only the 58 B¡'IR stations.

From a study of the individual 0925 square blocks the height

variation within the block does not effect the value ot o^n

but the geographical position in rel-ation to the Bouguer

anomaly gradient does. On comparing Èhe location of the

blocks with large standard deviations with the 1:5000.000

Gravíty Map of Australia published by BMR, the great majority

are situated in areas where the Boug,uer Anomaly is rapidly

changing, ê.9. the north-west of South Australia.

There appears to be a tendency for Èhe standard deviation to
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increase as the mean elevation of the block increases but

this is not conclusive as the majority of the 0925 square

blocks have a mean elevation of less than 200 metres. For

the 1958 blocks with a mean elevation fess than 500 metres

the average standard deviation is 14.7 mGal, whereas that

for the 271, b),ocks with a mean el-evatíon greater than 500

metres is 17.5 mGal.

The value of the standard deviation o^n of an individual

gravity anomaly about the line of regression gives a

definite indication of the error obtained if equation (4-1)

is used for prediction of additional free air anomal-ies

within the same area. Hence it would be most useful in an

error analysis of any computed results that have used this

form of prediction to generate basic data. This standard

deviation is also similar to the error of representation

used by some authors (e.9. Mather et al, !976) to indicate

the variation of known and predicted val-ues of the free air

anomaly within an area, but, in this case the variation due

to height has been removed-

From the results it can be seen that two basic factors govern

the magnitude oOn. These are the size of the area and the

consistency of the Bouguer anomal-y within the area- If b

has the approximate value of 0.11L9 then the a-val-ue is in

effect the Bouguer anomaly and it fol-Iows Èhat the smaller

the change in the Bouguer anomaly the larger the area over

which equatJ-on (4.8) will be satisfied for any given oOn.
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For the three block sizes tested, the mean valu" ot o^n

increased with block size from 10.5 mGal to 1l-1.3 mGal- when

compuÈed by l4ethod (i) and 16.0 mGal to +72.9 mGaI when

computed by Method (ii). The difference in mean values of

oOn obtained by each method was approximately one mGal but

shows a definite tendency to increase with the bfock size-

4.4.2 Least Squares Co flocation Technique s for qravi-ty

anomafy inÈerpolation in l-ocal areas

The sinpte use of l-east squares collocation for the interpo-

lation of gravity anomalies ís represented by:

-1
A

9p
cl

l]'n
Agr

Ls,

Ag,

UU I nPp Crrcrz

Cztczz

c
n1

c
1 2

c Ae
nn n

(4. 1l_)

where Ag1 ... ¿9n are the gravity anomaly values at points

7, 2,3 ... n and ASn is the resuftant interpolated value

of the gravity anomaly at point o. The C. ''s, \ohere

i = 1+n and j = 1-)n -rd 
"pi's 

where i = 1+n are covariance

functions.

and C r-l c(s ij

p c(s .)'prI

is the distance between gravity anomaly points iwhere S r-l
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and j and S , is the distance between points p and i. The" pr-

covariance functions C(S) are obtained from the expression

c (s) (4.]-2)
n

where Ag and Ag' are separated by a distance S and n is the

totaf number of combinaÈions of gravity points at a distance

S apart. The use of equation (4.11) infers that the gravity

fiel-d is both isotropic and homogeneous. Thus, the covar-

iance function is dependent on distance and not direction,

ancl is independent of the l-ocation of the field.

The assumption of a homogeneous gravity fieJ-d has been

queried by many authors. Rapp (1964) obtained significantly

different covariance functions for different areas in the

United States of America, and again Tscherning and Rapp

(!974) allude to the variations when describing a method to

obtain the "local" covariance function. Kearsley (1976)

warns of the dangers of using a covariance function deter-

mined for one local area in an adjacent region- Using a

test area in the U.S.A. Kearsley (1977) shows the presence

of an isotropy in the covariance function determined from

gravity data and he refers to other authors (e-9. Vyskocil,

1970), who question the isotropic properties of a local

gravity field.

4 .4 .3 Vteighted l{eans

This nethod of weighted means as applied to gravíty anomaly

n

,Ir{Âsls') .
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prediction at a point' takes a weighted mean of the nearest

observations surrounding the point. The weights are assigned

to the observations inversely proportional to distance .0 of

the known points from the prediction point, raised to some

po\^¡er x. The mathematical model- is given by:

As
n

. I- r^'.]-=l l- I
E (4.13)

Ag

!rl-
w.

I

where E^ is the predicted val-ue of the gravity anomaly, n
ag

is the total- number of known gravity anomalies An, surround-

ing the point and w = * The value of x is usually taken
Åí

as two, i.e. the weight is inversely proportional to the

square of the distance, but other vafues have been used.

Mather, et al (1976), when determíning an Australian gravity

data bank for sea surface topography determinations (AUSGAD

76) used a variation of the form x = 1 for interpolating

one tenth degree grid values from existing values within a

range of 50 km. In this case the weight w, ranged from 5

to 1 as the distance from the point of prediction varied

from 10 km to 50 km.

In a randomly selected area of 1.1 degrees by 2-4 degrees

in the north western region of South Australia the val-ues

of nine unknown 0.1" x 0.1" mean gravity anomalies were

estimated using equation (4.1-3) and w- defined by:

(a) ti = 6-10'0'

1-t¡
I

and (b) ri
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where f,, is the spherical distance in degrees and has a
l-

maximum value of 0.5". Method (a) is similar to that used

for the establishment of AUSGAD 76. The known mean gravity

values are shown in Table 4.5 and the letters A to I repre-

sent the location of the unknown values. Tab1e 4.6 shows

the predicted values of these unknowns using the two methods

of defining the weights- Both methods give simil-ar results

but it does appear that the method of weighting using re-

ciprocal of the square of the distance gives slightty better

resul-ts.

Point Method (a)

= 6 - 10.Q,(w
a ]-

Method (b)
1(w. = -;---:)

L X,.']

A

B

c

D

E

F

LJ

H

I

-25.66

-57.52

-43.23

-18.68

-33.50

-54.84

-58. 36

-53.38

-51 .63

-24.69

-54.56

-44.12

-t_8.93

-33.02

-56 .40

-59.74

-53.94

-58.66

TABLE 4.6: ComPa rison of wei-qhtinq Methods

4.4.4 Summary of l'lethods of Lnterpolation

The method of least square collocation is often used for

interpoLation in large areas where there is sparse data but

does not prove usefut in areas of relatively dense data such

as the south Australian region. Moritz (1975) considered
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three simple cases of interpol-ation

(a)

(b)

(c)

between two data Points,

within a triangle formed by three points, and

withín an area contained by four data points

using least square collocation techniques. The resufts

demonstrated that the procedure is equivalent to a simpJ-e

geometric interpolation method provided the known data

points were within a small distance of one another. After

testing this method of interpolation in the north west of

New South hlafes, Kearsley (19'76) concl-uded that the covar-

iance approach to predication is unsuitable in local- areas

where the density of discrete observations j-s relaÈively

hiqh.

Using the height correLation method of interpolation, Table

4.4 shows that for a maximum error of 15.6 mGal in the pre-

dicted value of Ag, approximately 708 of the 0.25" x O.25o

equi-angular blocks rr'ould provide adequate representation-

The selection of bLocks Èhat are suitable for Èhis tlpe of

interpolation can be ascertained from a Boug-uer anonraly map

of the area or by analysis of existing d'ata, if sufficient

exists. Care must be taken with this analysis, for as can

be seen in Tab1e 4.4, some individual blocks can hat'e sta¡-

dard deviations as large as t20 - 40 mGaI. Using 0.1119 as

an approximate value of the gradient of the line of re-

gression for this area, increases the mean value of oOn bY

less than one mGal and is generally preferred to Method (1)
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as it greatly reduces the computer storage and time re-

guired for the evaluation of the a-va1ue and hence the

predicted anomaly.

The method of weighted means is a simple meÈhod to apply and

has been shown to be reliabl-e for Èhe interpolatíon of point

gravity values. Kassim (L980) compared this meÈhod to the

least square col-focation method for predicting point gravity

values in fLat, undulating and mountainous terrain in Canada

and found in all terrain tlpes that the method of weighÈed

means gave better resuLts.

Ideally, before either weighted means or l-east squares collo-

cation methods are used for gravity anomaly interpolation,

the height dependant element of the anomaly shoul-d be re-

moved and then added after, to the predicted value. This

assumes a knowledge of the terrain heights is available.

Thus at1 three methods of interpolation depend to some ex-

tent on height information. Unfortunately, for the majority

of the South Australian region, height information at the

density required to interpolate between existing stations,

is not available. Thus the method of weighted means is

used for interpolation because, although not ideal without

height data, it has been shown to give better results than

the method of least square collocation in areas of relatively

dense data, and the method using height correlation is not

applicable due to the lack of height information. ft nnrst

be stressed that the discussion here is on the interpolation
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of gravity over small areas (Iess than 1 degree square)

where the existing data is reasonably dense (of the order

of 25O vaÌues per block).

4.5 Mean Gravity Anomalies of the Compartments

From the availabl-e gravíty data described in section 4.2,

mean gravity anomalies are determined for the compartment sizes

shown in Table 4.1. For the 5" equal area bl-ocks in the Outer Zone,

the Rapp 50 data is used with no interpolation required. The mean

anomaly for the 1o x 1o equal angular or geographical blocks is

obtained from the Rapp 1-" data set but not all- 1o x 1o geographical

bfocks within the Middle Zone have assigned mean gravity val-ues.

The mi-ssing values are linearly interpolated from the neighbouring

compartments and given a standard deviation of 130 mGals. Since

only 78 of Èhe 1o x 1o mean çJravity anomalies are availa-ble from

the Rapp 10 data, compared with a total- number of approximately

3450 situated within the Middle Zone, and the great majority of

these are located near the outer limits of this zQne ' any error in

the inÈerpolated vaLues woul-d have a minimal- effect on the results

obtained.

The surface gravity data described in sections 4.2.1 and

4.2.2 is used to determine the mean graviÈy anomalíes of the

O.5o x O.5o geographical blocks situated in the Near Zone. The

gravity station data is sÈandardised to the International- Gravity

Standardization Net, ]-97L (Dooley & Barlow, 1976). The free air

103



anomal-y for each station is computed using the GRS-67 gravity

formula and then the mean gravity anomaly &O.r, for each 0.o25 x

O.o25 geographical block is obtained from the mean of all free air

anomalies within that geographical location. The mean gravity

anomaly for the O.o5 x O.o5 block,490.5, i" then taken as the mean

of the four Ãq^ ^- mean anomalies. This ensured a reasonal¡ly even'u.25

distribution of data that is contributing to the final mean vaLue

of the gravity anomaly representing the 0."5 x O.o5 bl-ock.

In order to estimate the errors in the resulting mean gravity

anomal-ies, the error of representation 
"O-ZS 

of ASO.Z5 i= determined

for each O."25 x O."25 block using the formulae (Hirvonen, 1962,

p.4).

o.25

n

iIr (Ano.2s - Así)2 (4.1.4)E

where n is the number of gravity statJ-ons and Ag. is a gravity anom-

a]y within the O."25 x 0.o25 block. The error of representatio:-r

EO.5 of AnO., is then determined using the formula (Ibid, p- 5):

Ag As )20.5 o.25

1

n

Ê2"o
,nl--

)

4 t?1-5
Eó

.n,L-

-2s 
+ ã i!r(

a

(4.1s)

In the distant part of the zone in the Southern Ocean area

where no point gravity vafues existed in some 0.o5 x 0.o5 bfocks,

the value of the mean gravity anomal-y from 1" Rapp data, and the

corresponding standard deviation is used to represent 490.5 unð
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EO-5 t."pectivelY.

The mean gravity anomalies AnO.r. of the 0-o1 x 0-o1 blocks

in the Inner and Innermost Zones are computed from the same surface

data set as used in Èhe computation of A9O.U values. From this data

set the vafues of each AnO., is computed as the simple mean of all

the free air anomalies situated within the block with no allowance

being made for the actual- location of the anomalies. For the pur-

pose of this study any change that may occur to the computed mean

value due to the use of some location dependant algorithm would' not

appreciably alter the results when the magnitude of the random

errors are considered.

If no vafues existed within the 0.oL x 0-o1- geographical

block then an estimation of the mean anomaly is obtained using

equation (4.1-3) with n being the total- number of known AnO.,

values within a grid distance of 0.5 degrees and w. is the weiqht

as defined in Method (b) in section 4.4.3.
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C¡IAPTER 5

THE FREE AIR GEOID OF SOUTH AUSTRALTA

The contributions to the free air geoid separation and the

deflections of the vertical from each zone are computed separately

for each half degree latitude and longitude grid point in South

Australia, and then from a summation of the contributions of each

zone, the values of N, E and rì are obtaíned. Thus:

N Eilr Ni'

- n.II

E

n
,t
a= 1 l-

n (s.1)

where n = 5 is the total number of zones as shown in Tab]e 4.1'

and N., E. and n. are the contributions from each zone. Computer
r-' -r I

proçJrams suitab]e for use on a Cyber I73 have been written and

used to evaluate these zone contributions.

In the same programs, an estimate of the standard deviations

of the contributions to N, Ç and n for each zone are computed

using (Gilliland, 1982) :

n
.Ta=

u2'N P;'r s(v)i uir.noi
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Âo

ï
v2.gr-

':Ì

cos 2

sin2
2

i

(s.3)

where U*, Uç and Un are the standard deviations of the contribu-

tions to N, I and ¡ respectively from the zone,.td Ugi is the

standard deviation of the mean gravity anomalY ASi for each com-

partment Ao..

5.1 Evaluation of the Zone Contributions

5.1.1 Outer Zone

this zone is the largest and most distant zone from the

computation grid points. The inner irregular boundary as

shown in Figure 4.1 is coincident with selected boundaries

of the Rapp 5" equal area data and remains unaltered for

al-l grid point computations for ease of computation- In

this zone Ao. used in eguations (4.1), (4.2), (5-2) and
a

(5.3) are not defined by equation (4.3) since the surface

areas of these equat area compartments are defined in the

Rapp 5o data in units of steradians.

The contribution to N from Èhis zone ranges from 12 metres

in the south west corner of the state to 20 metres in the

north easÈ corner. The gradient of the change is smooth

and has maxirmrm gradient in a north east direction. The

values obtained for the deflections of the vertical f,and
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rì are approximately -1i2 and -1T0 respectively. The varia-

tions in both deflection components about their mean values

are Less than O'j3 and much of this is accounted for by the

set position of the inner boundary of this Outer Zone.

The contributions to the geoid undul-ations have similar

effects to those computed by Kearsley and Van Gysen (1979) ,

but a direct comparison is not possible because the inner

boundary of the Outer Zone differs in actual geographical

Iocation.

Using the standard deviation of each mean anomaly of the 5o

equal area blocks, the standard deviation of the components

of N, f and rì, were calcufated. They changed very little

with Location and the mean values obtained are tl-.1 metres'

lO'i06 and t0'.'04 resPectivelY.

5.1.2 },liddle Zone

As with all- zone eval-uations other than the outer Zone, the

value of ÂO. is evaluated using equation (4.3) and in this
a

zone the values of n and m are both equal' to one' The geo-

graphícal location of the inner boundary of this zone

changes with the computation point as explained in section

4.5 .

The range in the contribution to N is from -l-3 metres in

the south west corner, to +4 metres in the north east corner

with a general. geoid change in the same direcÈion as the
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Outer zone. rhe 6 component ranged in value from -3'i6 in

the north to -1'i1 in the south, and the n component ranged

in value from -2'!2 in the west to -3'1 2 in the east. Again,

part of this variaÈion is explained by Ètre set posiÈion of

the outer boundary of this zone. On combination of the

Outer Zone and Middle Zone effects, the range in the f

component is from -3'10 in Èhe south with a gentle gradient

to -4']7 in the north of the state, and the rì component

varies from -3'.'6 to -4':4, with the lower val-ue occurring

near the centraf meri-dian of the state-

The standard deviation of the contrjJcution to N, I and ¡

again did not vary appreciably with position, and the

average values are i0.5 metres, +O'!O7, and t0'i08 respecÈ-

ive1y.

5.1.3 The Near Zone

fhe values of n and m used to define Ao. in equation (4.3)

are both 0.5 for this zone, and the inner boundary is

defined by the 3o x 3o geographical- block with the compu-

tational grid Point as its centre.

The Near Zone contribution to N ranges in value from -12

metres to o metres, with a general gradient increasing from

west to east across the state. Ttre changes in the Near

zone effects on the deftections of Èhe vertical are more

varied than the outer and l4.iddLe zones, showing the sensi-
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tivity of the E and n with respect to closer zones and

blocks. The contribution to Ç varies from -2'16 to +1i4

with the lower values occurring in the south east, the

north wesL and the north east of the state and the con-

tribution to n varies from -2'!6 Lo +1'i0 with the higher

values occurring in Èhe north west corner and the north

east region of the state.

The sÈandard deviations from this zone are computed using

the error of representation as the standard deviation for

each mean gravity anomaly. The mean values obtained for

the contributions to N, f and l'l vrere +0.3 metresr l0'1 15 and

tOi17 respectively, with rançtes about these values of 10.1

metres, +O'lO7 and 10'i10. The highest values occur in the

north west corner of the state where there are rapid

changes in the free air gravity fie1d.

5.t.4 The Combined Effects of the Outer, Middfe

and Near Zones

The totaf contributions to N, { and ¡ fron the Outer, Middle

and Near zones are shown in Figures 5.1,5.2 and 5.3

(Gil-l-iIand, 1981-). These give a graphical representation of

the combined effects from the "distant" zones. Tn astro-

gravimetric levetling (section 2.I), it is the contributions

to f and n of these zones that are considered to have linear

variations between adjoíning astro-geodetic stations if the

local gravity survey is extended to approximately 150 km.

l_10



I

"G"

3ô'

o
29

12""

2G"

3B'
l4lo

Contributions from the Outer, M¡ddle & Near Zones to N

Contour lnterval 1.0 m

Figure 5 . 1

l¿1"

otg

o
t)

t2
/e

/.tra

t¿
tt

to
o

/Ð ?o

eP

?l

tf

c
I

t¡-/¡

1l_l-



l29'
2G"

14lo
2d

To

-5?

3ô' 3g'
123^' l4l"

Contributions from the Outer, Middle
Contour lnter"al 01

Figure 5 .2

& Near Zones to f
2

L]-2



l29"
2G"

t4¡'
2G"

o

t

3ô' 3ô'
t"g" l4lo

Contributions from ttre Outer, MiddlerE Near Zones to I
Contour lnterval 0.2

Figure 5.3

1l-3



The numerical value of the contribution to N changes

srnoothly in a north easterly direction from -13 metres to

+25 metres. Both I and n contributions in Figures 5.2 and

5.3 demonstrates the more varied changes due to the contri-

bution from the Near Zone.

The average standard deviations of the combined contributions

from the three zones to N, E and rì are respectively t1-.2

metres, +0'117, and t0'.'18. The standard deviations of Ç and

¡ have variations of the order of tO'jl-, due predominantly to

Èhe contributions of the Near Zone.

5.1.5 Inner and Innermost Zones

The Inner Zone is the 30 x 3o geographical b1ock cenÈred

about the computation or grid point, but excludes the Inner-

most Zone which is the 0."4 x 0.o4 geographical block cen-

Èred on the computation point. The actual sèlection of the

dimensions of this Innermost Zone were discussed in section

4.3 .

Both the Inner and Innermost Zones are initially subdivided

into 0,o1 x 0.o1 compartments and Èhe mean free air anomaly

is obtained as described in secÈion 4.5. The average den-

sity of gravíty readings within South AustraLia is one

val-ue per 42 km2 (Dooley and Barlow, 1976). Thre mean gravity

anomalies AnO., for these blocks are given a nominaf Error of

Representation of t5 mGal. In ¡¡n¡ch of the South Australian
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region the values of +5 mGaI seems too large, as the actual

free air gravíty field changes s1ow1y, but in some parts,

particularly the north west corner of the State, the gravity

field changes rapidly and the value would appear to be small-.

It must be remembered thaÈ no detailed knowl-edge of the

topographic heights is available for ¡rn¡ch of the total region

under investigation, and hence no account can be taken of

the correlation of height with free air anomalies. For

similar reasons it would aPpear unwise to attempt to obtain

mean gravity anomalies for geographical blocks smaLfer than

O.01 x 0.01 without cl-oser gravity coverage or a detailed

knowledge of the terrain heights.

For both the Inner and Innermost Zones for the computation

of N, I and rì contributions, the value of n and m in

equation (4. ) are equal , and each have the val-ue of 0.1.

The vafue of Stokes' and Vening Meinesz functions for the

lnner Zone are computed to the geographic cehtre of each

equi-angular block. For the Innermost Zone, equations (4.1)

and (4.2) are rearranged to become:

R
4ri Ìonro"rlli ff:N

( Innermost)

(s.4)

rÂs
i

st)

1
cos o[

sln cl

r

n

100
1

4rT
( Innermo

:Ir]-J-

j

j
and Ao

1 l_5

100

(s. s)



In this case the 0.o1 x 0.o1 blocks are subdivided into

O.oO1 x O.oO1 sub-compartments. The values of the Stokesl

function S (iJ.,) i, vening Meinesz function 
#, 

and the

azimuth o¿. are computed and the means of these 100 sub-
)

compartment vaLues are used to represent the corresponding

values of the 0."1 x 0.o1 blocks. Thus, the errors incurred

in using equations (4.4) and (4.5) to determine terms in

equations (4.1) and (4.2) are greatly reduced-

The combined Inner and Innermost Zone contributions to N

varied from -8 metres to +4 metres, with the greatest varia-

tions occurring in the north west region of the state- The

contributions to f and ¡ change rapidly, in some cases from

one grid point to the next. Ignoring the contribution from

tl¡e four innermost 0.o1 x 0.o1 blocks, the contribution to

E varies from -15" ¡e *10'r with both extreme values occurring

in the north west region of the state, and the contribution

to n varies from -8" to +8" vrith the maximum changes occur-

ring in the ¡'l-inders Ranges and north west region of the

state.

Using an esÈimation of +5 mGal- for the standard deviation of

the mean gravity anomalies within these zones, the resulting

sta¡dard deviation of the contributions to N, f and rì are

respectively t0.05 metres, tOi53, and t0'i46 -

5 1.6 Combined Effects from AIL Zones

The combined effects of all zones on N, 6 and rì are shown
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ín Figures 5.4, 5.5 and 5.6 with the exception of the con-

tribution to the deflections from the four innermost

O.o1 x O.o1 blocks, which has been omitted. The contribu-

tion to the deflection of the vertical from these four

innermost 0."1 x 0."1 blocks may have a magnitude of several

seconds (see sections 3.1 and 6.1). As another example, in

the north west of New South WaLes Kearsley (1976) found the

contributions to E and ¡ for a similar area of influence

defined by 0.14 k¡n < i|,l < 8.6 kn to be 3'189 and -3'135 res-

pectively. In a region where the general density of

gravíty stations is 1 per 100 - 200 kmz, Shimbirev (Brovar

et af, 7964, p. 29O) estimates that an additional gravity

survey of the density shown in Ta-l¡l-e 5.1 is required to

obtain a precision of tOti15 in the deflections of the

vertical-.

Ðistance from ComP. Pt
(rm. )

Number of Stations

0

r.25
3.5

7.5

t_

5

7

9

Ta-ble 5. 1

The density of gravity readings in this study is generally

of the order of 2 stations per 100 km2. Without a densify-

ing survey about each grid poj'nt the contribution to the

deflections of the vertical from these four innermost

O.01 x O.o1 blocks could have errors of a second or more.
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It is for this reason Èhat l-ocal gravity stations have been

established in the near vicinity of selected trigonometric

staÈions for the purpose of geoid comparisons as discussed

in Chapter 6.

The val-ue of N for the free air geoid increases in a north

easterly direction with numerical values ranging from -17

metres on the west coast, to *23 metres in the north east

of the state. The change ín the val-ue of N is generally

smooth and the irregular rates of change that have occurred

are due to the contribution of the inner zones. This is

clearly demonstrated when comparing Figure 5.1- with Figure

5.4.

The inner zones contribute the major variations to the de-

fl-ections of the vertical shown in Figures 5.5 and 5.6

since variations due to the omitted innermost four bfocks

may have magnitudes of several seconds, particuì,arl-y in the

areas where the gravity field is rapidly varying, incfusion

of these resuÌts would tend to obliterate the regional

trends. The effects of the large variations of the gravity

field in the north west region of the state are particularly

evident in Figure 5.5 and to a lesser extent in Figures 5-4

and 5.6. Similarly the effect of the Fl-inders Ranges which

lay north-south wiÈh an approximate mid-longitude of 138-5oE

can be seen in Figure 5.6

The average standard deviations of the values of N, { and ¡
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Latitude

Longitude

260 00rs

131" 00'E

280 00's

1380 00'E

Zones Contril¡ution to N & the S.D. in metres

Outer

MiddIe

Near

Inner &

Innermost

TotaI

l_5

-4

642

r49

-7 .805

-2.421

7-264

t1. 130

lo.442

+o -423

+0.043

11.285

r7.974

-]-.328

-2.392

-2.863

1r_. 391

+L.L27

lo.432

lo.269

r0.043

!7.239

Contrilcution to E 6, the S.D. in seconds

Outer

Middle

Near

Inner &

Innermost

Total

-r_. 189

-3.644

-0.950

8.663

2.879

r0 .060

+0 .068

+0.178

lo.532

J0.568

-1,.346

-3.353

o.632

1. 170

-2.997

10.062

+0.063

10. t_04

10.532

+0.549

Contribution Èo I e the S.D. in seconds

Outer

Middl-e

Near

Inner &

fnnermost

TotaL

-1,.224

-2.447

0.551

4.3A'7

t.267

io.043

r0.064

lo -234

lo.462

lo.524

-1.000

-3.153

-o.217

o.246

-4. 118

lo -o44

lo.062

lo.723

+o.462

r0.484

TABLE 5.2

6 and I at two gríd points.Contribution to N,
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for alf grid points are respectívely 11.25 metres, +0'J55,

and i0I50, and the total ranges of the standard deviations

over the state are insignificant. The largest contribution

of +1.1 metres to the standard deviatíon of N comes from

the Outer Zorret but as expected the maximum contributions

to the sÈandard deviations of f and ¡ are derived from the

Inner and Innermost Zones. These standard deviations are

an indication of the effects of random errors in the gravity

data but they do not reflect any systematic effects in

either the gravity data or the computational procedures

(Gillil-and, 1982) .

Examples of the contributions from each zone, their total

contribution to N. E, and ¡, and the respective estimations

of the standard deviations for two grid points are gj-ven in

Table 5.2. The contributions to the deflection of the

vertical from the four innermost 0.o1 x O.01 blocks in the

Innermost Zone are not included.

5.2 Errors due Èo Approximations and Omissions in the use of

Computational Formulae.

5.2.I Sphe rical Approximations

As stated in Section 2.2, Stokes' integral is derived using

spherical approximations. This does not infer that the

reference surface is a sphere. The reference surface remains

an ellipsoid, but the relationship between relatively smal1
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quantities such as the disturbing potential and the geoid

separation are derived using spherical approxímations. This

results in errors of the order of the flattening of the

ellipsoid. As the value of the geoid separation does not

exceed 25 metres absolute over the area studied, Èhe ex-

pected maximum effect would be less than 0.1 metres. The

effect on the results obtained using Vening Meinesz formulae

is negligible.

5.2.2 Indi-rect Ef fect

The free air geoid is a co-geoid and the correct solution

of the geoid requires a solution for the effect of the re-

moval of masses externaL to the geoid. This change of the

co-geoid due to the exÈernal masses is known as the indirect

effect.

The indirect effect can be subdivided into three resuftant

effects on the geoid separation N. These are a zero order

effect, a Stokesian effect, and a non-Stokesian effect

(Mather, 1968.b). The zero order effect is given by:

3 u{aq }
Y -oc

where M{Aq } is ttte world mean value of the gravity anomaly-oc

Aq which is the free air anomaly corrected for the effects-oc

of the potential 0u aue to matter exÈernal- to the geoid

(this matter should include the atmosphere) - The non-
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Stokesian effect is caused by a change in potential at the

geoid due to the external masses, and the Stokesian effect

is due to a small change in the free air anomaly from the

geoid to the co-geoid.

Formufae for these effects are giiven in Fryer (1970, P.95),

and were used in an approximate form to compute both SÈoke-

sian, non-Stokesian and the combined effect for Australia-

The Stokesian and non-Stokesian terms varied slowly over

the continent of Australia, and the combined effect had a

variation of less than L metre. In the area of South Aus-

tralia, the mean value of the combined Stokesian and non-

Stokesian terms was -6.6 metres with a total variation

range of 10.1 metres. This means a free air geoid solution

for South Australia, apart from a near constant correction

of approximately -6.6 metres and constant zero order

corrections, is a good representation of the geoid-

The indirect effects on the deflections of the vertical are

given by:

ô6 (2.2Ia)f
R

ôn
ô0

1 AôN
6n Rcos0 ðÀ

(2.2tb)

where 6N, 6[ and ôn are the indirect effects on N, E and rl

respectively. No attempt has been made to analyse these

eguations, but an estimation of the indirect effect on the
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deflections of the vertical- is given below using the sol-u-

tion proposed by Molodenskii (see Section 2.2).

Another possible method of assessing the indirect effect on

N is to substiÈute (Nc + ôN) for N in Equation (2.24), and

hence:

t¡c + ôN H (s .6)

where Nc is derived from Stokes' integrals and the height

anomaly ô is derived from a solution of Molodenskii's boun-

dary value problem, of which the major contribution is

obtained from Stokesr integral using a gravity anomaly

defined by:

As s H*) (s.7)

In this equation Yo is the normal gravity on the ellipsoid,

H* is the normat height, 9 is the observed gravity at the

surface of the earth, and Ag is a free air anomaly referred

to the earth's surface.

Using the same gravity anomaì-y as defined in Equation (5.7) ,

the deflections of the vertical at the surface of the earth,

E" and l" are given by:

tvo +#

I
's 1

I I 
(Âs + G')

ns
Ari

Õ
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where

R2
(h - hp) (Âs - Âsr)

4Tr r3

(s.e)

The subscript p refers to the point of computation, h is

the height, and, r is the distance between Aø and ÂSn. thus

the indirect effect on the deflections of the vertical can

be assessed by comparing the results from Equation (5.8)

with those obtained from Vening Meinesz formulae using free

air anomalies. Allowance must be made for the curvature of

the plurnbline since Equation (5.8) determines defLectíons

of the vertical at the surface of the earth. As previously

discussed in Section 2.2, Kearsley (I976), obtained a root

mean val-ue of t0'.'3 for the contribution of the G' term to

E and a small-er value for the contribution to ¡ for seven-SS

stations situated in "rough" terrain in New South Wales,

and a negligible amount for a further five stations situated

nearby in relatively flat terrain. Since the South Austra-

lian region is predominantly flat, and the inner four

0.01 x O.o1 blocks' contribution to the deflection of the

vertical has not been assessed, the indirect effect will

have very littl-e effect on the results.

5.2.3 Atmospher ic Effects

In the Geodetic Reference System 1967, the mass of the

atmosphere is included in the mass of the earth. In the

fI do

o
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usual reductions to obtain the free air anomaly, the effect

of the atmosphere is ignored. An approximate allowance for

the atmosphere may be made by increasing the observed

gravity value, and hence the resultant gravity anomaly,

by 0.87 mGal. (Olliver, 7979). This value of 0.87 mGal is

arrived at by condensing the mass of the atmosphere as a

surface layer on the surface of the geoid and assuming a

homogeneous atmosphere above all observed gravity stations,

all of which are situated at Mean Sea Levef. A more

precise variable correction could be computed considering

homogeneous ellipsoidaL atmospheric shells above stations

situated on the surface of the earth and not, as in the

above case, at Mean Sea LeveL. This still assumes that no

earth mass protrudes above these ellipsoidal- shells.

Anderson, et al (1975), suggests an al-ternative approach

called the Boundary Va1ue Probl-em approach. In this

method, the potential due to the atmosphere V, is separated

from that of the solid earth, and is treated separately.

The two principal effects produced by this approach is the

replacement of the conventional gravity anomaly with an

anomaly which is increased by an amount ôg- where:

+ (s. e)ôs
ðv
ãh

4
Ra

and

a numerical dominant contrjòution to Èhe zero degree term

approximating to - 3 tu' { ôg- } where tl' { ôg- } is ttte world
Y-a-a

mean value of ôg-.
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The zero effect computed from either the Boundary Value

method or the concentric shell- approach allowing for terrain

height, results in an almost identical contribution to N of

approximately -5.5 metres (Ibid, 1975). This figure is ob-

tained assuming a global distribuÈion of surface gravity

information. For this to be so, atmospheric effects m¡st

be correctty allowed for before surface gravity is derived

from low degree orbital information. If the simple atmos-

pheric model is used, and the gravity anomalies are increased

by 0.87 rnGal, the total result on the Stokesian term is

zero. The more sophisticated approach of concentric shells

and the B.V.P. approach gives similar results if a precision

of the order of flattening is sought. Both methods sltowed a

contribution to the Stokesian term of N in the range of

O-10 cm. (Ibid, 1975) .

Rapp and Rummell (1975), show the effects of the atmosphere

on the Stokesian term when l-imited cap sizes of !.,0 are used.

For {.r ¡ = 5o with a mean el-evation of the cap at Mean Sea

Levet, the effect of the atmosphere on the val-ue of the

geoid separation is 0.56 metres, and for tf.t¡ = 30" the result

is 2.97 metres. Sirnilar results were obtained by the author

These corrections need to be applied when a mixture of corn-

putation techniques are being used to determine the value N,

i.e. when Stokes' integral ís being used to a radius of ti'e

and the remaining effects are being determined using poten-

tial coeffj-cients. No corrections are required to the

deflections of the vertical when a mixture of computation
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techniques are being used since this simple model has only

a zexo order effect. Thus, for a sol-ution to the order of

fLattening, the Stokesian atmospheric effect can be ignored

provided the data being used is internal'Ly consistent.

5.2.4 Summation Errors

The use of Equations (4.1) and (4-2) in place of Equations

(2-72a) and (2.]-6) for the practical eval-uations of Stokesl

integral and Vening Meinesz formula are aPproximations, but

the resulting errors are negligibLe if the size of the sur-

face elements are selected carefully using the following

criteria:

the gravity anomaly A9i adequately represents the

gravity anomaly field of the compartment-

ds (ü) ,

the values of S(il). and --¡¡= are the.mean of the

values of the comPartment-

Both these criteria have been discussed in Chapter 4. The

results show that the errors i-n the values obtained for the

deflections of the vertical a¡d the geoid separation

arising from the vening Meinesz and stokes' functions are

l_ess than o,jo3 and 0,1 metres respectively. The assessment

of the error in Àg, is discussed later.

130



5.2.5 Zero Order Term

The free air geoid does not include the zero order term No

(Equation 2.15), as this cannot be assessed by the gravi- L

metric methods described. The zero order term does not 
t

effect Èhe vaLues of f and ¡ as it is a constant independent

of position. The atmospheric and indirect zero order effects

are included in this term.

5.3 Systematic Errors in the Gravity Fiel-d

Systematic errors may exist in the gravity data used to derive

the mean free air anomalies of the compartment. The existence of

these errors may be due to systematic errors in gravity control

stations, geographical locati-on including heights, and the derived

normalised potential coefficients in the case of sateffite data.

Systematic errors of +0.1- mGal over regions of 5o x 5" can result

in an error in N of 0.05 metres (Mathert ]-9'73). If these figures

are l-inearly extrapolated then systematic errors of 0.5 metres in

N may resul-t from a 1 mGal systematic error over the same regions.

These figures are very pessimistic since their derivation assumes

that these systematic errors would occur in the immediate vicinity

of the computation Point.

The B.M.R. data and oÈher surface gravity data has been

described in Chapter 4. The uncertainty in individual gravity

values is estimated to be 10.5 mGal and the Location of the

station is fixed to +0.1 nr-inutes of Latitude and t5 metres in
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height within each survey. These errors are random in nature

since these surveys are tied to the Australian Height Datum (AHD)

and the Australian National Gravity Network (ANGN) whích has

in turn been tied to the International Gravity Standardization

Net 1971 (IGSN 71). SysÈematic errors in the ANGN are unlikely

to exceed 0.2 mGal with half wave lengths of 3.5 x 103 km

(Mather, et aJ-,1976). The AHD is not a freely adjusted 1evel

neÈwork since during adjustment of the levelling daÈa, the local

nean sea l-evel as determined at thirty tide gauges, was held

fixed. The levelling data used in the adjustment was obtained.

using third order levelling techniques. This may resul_t in sys-

tematic errors of 0.15 mGaL with half waveÌengths of 3.5 x 103

(Ibid, L976). Considering the adverse case when these systematic

errors are cumulative, it is unlikely that the total effect on

N would exceed 10.2 metres, with a half wavelength of 3.5 x 1O-3

krn. The effect on the deflections of the vertical_ would be

negligible.

The Rapp 10 and 50 data which is described in Chapter 4 is

obtained by combining terrestrial and satell-ite derived data.

lrlhen comparing 1o x 1o mean surface gravity anomalies during com-

pilation of these data sets, Rapp (1978.b) reports discrepancies

of 150 mGal-s were often found. In some cases, mean graviÈy

anomalies were supplied by the same agency at different times for

the sarne block and these varied by up to 100 mGals. The alti-

meter derived anomalies when compared to a set of terrestrial-

a¡romalies on a global basis, showed a Root Mean Square (RMS) diff-

erence of 15 mGals, and this was further reduced to l_2 mGals if
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terrestrial anomalies with standard deviations greater Èhan +10

mGa]s v/ere removed from the comparison. It is possible that these

combined data sets do contribute systematic errors to the results

obtained, but the effect of this can only be reliably assessed

using another more precise data set' or comparing results with

those obtained by other methods. The errors could be of the order

of I-2 metres in N, and 1 second in each of the deflection terms.

These approximate values include any systematic effects due to

missing data in the Outer and Middle Zones. These effects woul-d

have large wavelengths and hence small relative effects between

neighbouring grid points. These effects are further discussed in

Chapter 6.

One other source of systematic error is Èhe use of the data

from the Rapp 1o data set to represent values of some Ì" x +o

geographical- blocks in the ocean south of South Australia. This

may have an effect on the values of N, 6 and rì situated near the

coast. The effects, if any, are difficul-t to assess without

detai]ed comparisons of astrogeodetic and gravimetric determined

values of N, 6 and rì at selected trigonometric stations situated

on or near the coast.

5.4 Random Errors

The standard deviation of the deflections of the verticaf

and the geoid separation are an estimation of the precisíon of

the results. The derivation of these values assumes the error as
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represented by the standard deviation of the gravity anomaly Â9i

of each compartment, is random in nature and that no correlation

exists between it and values of other compartments. It is a

measure of the random errors and not the systematic errors. The

results given in Section 5.1-.6 differ from estimated values

published by some authors (e.g. Sjoberg, 1977; Ihde, l-981).

To derive the standard deviations of N, 6 and rl using

Equations (5.2) and (5.3), an estimated val-ue of the standard

deviation of the mean gravity anomaly Ugi is required for each

block in each zone. The Rapp 1o and 5o data sets both have a

corresponding valu. of Ugi for each mean gravity anomaly. The

values of Èhe Rapp 10 data set have been obtained in a variety of

ways (Rapp, 1977, 1978.bI In some cases standard deviations were

estimated on the basis of the field nethods used to gather the

original data, i.e. on the basis of ship gravity accuracy, line

spacing, anomaly magnitudes, and in the case of satell-ite derived

anomalies, on the adjusted undulations and data diStributions.

Other values were given with the data supplied by the agencies,

e.g. data for Austrafia supplied by llather. In other instances,

when wide11' different estimates of Ag. for the same compartment

\^rere encounÈed,, a standard deviatíon of one half the differenèe

between the two anomalies was adopted. The Rapp 5o data set is

derived from the Rapp 10 data and this includes the estimation

of the sta¡dard deviation of each Ag. using least squares predic-

tion procedures. In the Middle Zone where no data existed for a

l-o x 1o block, a nominal value of + 30 mGaLs was used. It is

expected that this value is an over estimation of the magnitude
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of the standard deviation of a predicted mean gravity anomaly in

this Zone.

The error of representation (Equatíons (4.74) and (4.15))

is used to estimate the a value of Uni for each of the gravity

anomaLies in the Near Zone. This error is a measure of the varia-

bility of the gravity field within the compartment and not a

measure of the precision of measurement. Its vaLue is generally

larger in mountainous regions than in flat terrain. In the rela-

tively few compartments in the distant part of the Zone where,

due to the lack of gravity data a value of the error of represen-

tation could not be assessed, the corresponding value from the

Rapp 10 data was substituted. This may be an under estimation

but the effects on the final resul-t wil-l be smal1 because of the

Iocation and the number of bl-ocks involved.

The val-ue of Un, for the 0.o1 x 0. ol- blocks was given a

nominal val-ue of +5 mGaf. The error of representation was not

computed for these blocks because the smal-l- number of individual-

gravity stations within each block would tend to produce an under

estimation of U fn addition to the considerations discussedgr

in Section 5.L.5 the error of representation was comPuted for

five O.oL x O.o1 blocks randomly selected, which contained eight

or more gravity stations. The mean value obÈained was 13.5 nGa1s

which incLuded one extreme value of 19.5 mGals from a bl-ock situa-

ted in a rapidly changing gravity field in the Flinders Ranges-

From a consideration of these results and' their focations, the

value of 15 mGal as a mean value ot Hni for the 0.o1 x 0.o1 blocks
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is a reasonable assessment.

Using these val-ues ot rnr an average value of +1.25 metres

is obÈained as an estimation of the standard deviation of the

geoid separation. Paul and Nagy (1973) used 5" x 5o blocks classi-

fied on the basis of their gravity coverage to obtain an estima-

tion of. the standard devi-ation of N. A value of +4.09 metres was

obtained for a station situated in the centre of a well- surveyed

area and using values of Ugi of +5 
' t10 ' !2O mGal respectively for

surveyed areas, partially surveyed areas, and unsurveyed areas.

The major contribution of +3.77 metres comes from the region

5o'< tþ < 180o corresponding to the outer and Middl-e zones, where

combined average contríbution for the South Australian region is

11.2 metres. The discrepancies in the results are explained by

the respective value of Ugi that are used. The RMS vaLues of Un,

of the 5o equal area compartments used in the present study is

14.0 mGal which is significantly less than the range in values

used by Paul and NagY in 1973-

A simifar result to PauL and Nagy was obtaj-ned by Ihde

(1981). In this study, a value of the error contribution to the

height anomaly (: N) from prediction errors in the mean free air

anomalies, \¡/as assessed at +3.22 netres for the region 9o'1 t¡ -< 180'

The error varia¡ces of the mean gravity anomalies are evaluated

using covariance functions estimated by Tscherning and Rapp (I974)

and are a function of the density of measurement within each com-

partment. The values for the 5o equal area anomalies were calcula-

ted from the given densities of measurement given in Rapp (1-977).
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The discrepancy in results arises because these densities are a

measure of the nrrrnber of known 1o x Lo ¡rean anomalies within

each 50 equal area block and not the actual density of gravity

stations. If these densities were used then the estimation of the

prediction error in N would possibly be reduced to a simil-ar value

as that obtained in the South Australian study.

The mean vafues of the standard deviations of I and n ob-

tained in this study are t0'1 55 and t0'.'50 respectively, and these

are for the region O.l- < rþ'< 1800. The study of rhde (1981),

suggested a value of t0i2 for the region 9" '< 'þ 
-< l-80o which again

is higher by a factor of approximately 2.5 for the same reasons as

discussed above.

In another study of the accuracy of gravimetric defl-ections

of the vertical- obtained from combinatíon techniques using GEM 7

potentiat coefficients and terrestrial gravity data, sjoberg

(Ig77), determined the errors in the total deflection of the

vertical 0 as defined bY:

0 E' + ,)'

for the two outer components as used in Eguation (2.50a) and (2.50b)

A val-ue of toï69 was obtained for the regiort 4o'1 rþ ( tgo' with the

GEM 7 potential coefficients being used to represent the area

tþ >- 3Oo and 1o x 1o compartments being used for the remainder.

This approximately corïesponds to the Outer and lv1iddle Zones in the

present study which contributed a mean value of t0'.'13 to the esti-
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mation of the error in the total deflection of the verÈical. The

error due to lack of more detailed gravity data in the 1o x 1o

blocks between 4" '< V -< 3Oo in Sjoberg results, is tO'i60. This

figure is obtained using degree variances computed by Tscherning

and Rapp (L974) to estimate a mean contribution to the error in 0

from this zone of influence and as such does not take into account

location of Èhe computation point or improvements in the data

coveraçJe.

For the Inner and Innermost Zones, Kearsley (1916), using a

Rice Rings system, obtained val-ues of approximately +0'j3 for the

error contribution to both Ç and n. Íhrese values closely agree

with those obtained in the present study. The small differences

are explained by the estimation processes used in the assessment

of the gravity anomaly errors and the compartment sizes. This

close agreement is a further justification in the adopted value

of t5 mGal for the value Ugi it these Zones.

5.5 Summary of Errors

Ignoring for the moment the zero order effects, the combin-

ation of the systematic errors on the value of N arising from

spherical approximation, atmosphere, and summation errors, are

not expected to exceed 0.25 metres. The indirect effect has a

variability of ù0.1 metres with a constant effect approximating

to 6.6 metres. The systematic errors in the Rapp 1-" and 5" data

may have effects of 7-2 metres over the South Australian region,
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but this effect would have large wavelengths with minimum effects

between adjoining grid points. The B.M'R. d.ata is estimated to

contribute a maximum error of +0.2 metres to values computed.

The zero order effect is constant at any point on the earth's

surface. This effect may be combined with other errors that are

constant near the area studied, such that the results obtained for

the free air geoid of South Australia give the relative geoid un-

dul-ations but not the absolute values.

I¡lith the exception of the possible errors in the Rapp 10 and

5o data, the random error as estimated by the standard devíation

of N is much larger than the variable systematic effects and shoul-d

be a reasona-ble assessment of the precision of the final- results.

Zero Order terms do not effect the defl-ections of the vertÍ-

caI. The systematic errors in the defl-ections of the vertical are

generally small when compared with the random errors of approxi-

mately t0'.'5 for each components. The two possible exceptions are

the terrain effect and the effects of the systematic errors in the

gravity field. With a few exceptions in the north west of the

state and the Flinders Ranges, the terrain correcÈion is expected

to be l-ess than 0T3.

The combined contribution to both values of f and ¡ from the

Outer and ¡{iddle Zones have gentle slopes with variations less

than 2',. Systematic errors in the Rapp 1o and 50 data may result

in estimated errors of 1" in both 6 and n- Ttrís error may be
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considered as having two components; a constant error for all

points within the study Iegion and a variable component which has

a small rate of change between neigtlbouring grid Points-

To assist with the evaluation of the results obtained and

the associated errors in the free air geoid study' some compari-

sons are made with other geoid determinations in Chapter 6.
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CHAPTER 6

GEOID COI'TPARISONS

As discussed in Chapter 2, there are various methods of de-

termining the geoid separation and the deflections of the vertical

In this section the results for the free air geoid are compared

with those obtained by astro-geodetic technigues, previous gravi-

metric investigations, Doppler methods, and the use of spherical

harmonic coef f icients .

6. L lnner Zone Compu tations around Sefected Trigonometric

Stations

In order to facilítate the comparison between the free air

geoid ïesults and available astro-geodetic values or Doppler

derived resufts, additional gravimetric stations were observed

in the immediate vicinity of thirteen trigonometric staÈions.

The methods used for these surveys have been described in Section

4.2.2. These survey stations have been selected because of their

geographical tocation and availa-b1e geoid information. Astro-

geodetic determined values of N, f, and n had been previously

derived for eleven of the stations and this information was ob-

tained from either the Lands Department of South Australia or the
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Division of Natíonal Development and Energy, Canberra- Doppler

derived coordinates for níne stations were also available from the

saÍìe sources. The location and information of each of these thír-

teen trigonometric stations are sholr'¡n in Figure 6 - 1-

Gravity was observed at al-J- trigonometric stations and

ideally at seven or eight symmetrical points about the stations

ranging in distance from 0.5 to 2.5 kilometres. For the stations

Black Hill and Hawks Nest, this ideal requirement of observing

seven or eight gravity stations was not met due to time restraints

and logistics. At Hawks Nest, only three additional gravity

stations were observed, ranging in distance from 0.5 to 1.0 kilo-

metres from the station, and located in the north west to the

north east sector. An additional four gravity observations \^lere

made at Bl_ack HilI, ranging in distance from 0.6 km to 1.2 km,

and these were slzmmetricalty located with respect to the trigono-

metric station. These additional gravity values were combined

with the B.M.R. data and used to more Precisely define the gravity

field in the vicinity of the stations.

The free air geoid values of N, Ç and n at the survey

stations are computed using similar techniques with a few modifi-

cations to those described in Chapter 4. For the Outer, Middle,

Near and Inner Zone contributions to N, Ç and n the geographical

coordinates to the nearest second of arc of the trigonometric

stations are used as the computation point. The inner boundary

of the Outer Zone remains fixed as before and the inner bound-

aries of the Middle and Near Zones are defined as in chapter 4
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from the nearest half degree geographical grid point. The irurer

boundary of the Inner Zone is defined from the nearest tenth

degree geographical grid point to the trigonometric station.

Because the contribution to the deflections of the vertical

from the Innermost Zone is critically dependant on a detailed

knowledge of the gravity field in this region, a series of sub-

zones with varying compartment sizes are used. The compartment

or bLock size is constant within each sub-zone, but decreases in

size as the location of the sub-zone approaches the computation

poinÈ. The selection of bl-ock sizes and sub-zone location is

further complicated by the "non-grid type" Iocation of the trigo-

nometric stations. It is possible to use a system of compart-

ments based on Rice's Rings (Kearsley, a976) to determine the con-

tributions from this region, and this method has the advantage of

symmetrical compartments about the computation poinÈ. The dis-

advantages are that the computer programming is more invofved and

a merge zone is required between the outer grid region and the

inner ring system.

In the present study, four sub-zones as shown in Figrure 6-2

are used. The compartments for the sub-zones 7,2,3 and 4 are

respectivety 0.o1 x 0.o1r 0.o01 x 0.o01-' 0.o005 x 0-o005, and

01" x 01-" geographical blocks. The inner boundary dimensions of

the sub-zones are shown and these are centred a-bout the compu-

tational point to the nearest appropriate block dimension. As

an example, for Johnston trigonometric stations where geographical

coordinates are given in Ta-ble 6.1, the centres of the boundaries
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of the sub-zones in Latitude and longitude are:

Sub-zone 1

Sub-zone 2

Sub-zone 3

Sub-zone 4

00tt

00"

00r'

55"

1330 12'

1330 12',

1330 12'

1330 12'

00 t'

36 t'

36tt

31"

The contributions N, f and n from the four innermost 01" x 01"

blocks are not evaluated and hence are considered to be zeto.

In the case of the deflecÈions of the vertícal this means that

the gravity field for a radius of approximately 55 metres is

either constant or has symmetrical variations with respect to

the computation point. Assuming the Bouguer anomaly is constant

over this small distancer dDY changes to the free air gravity

field wil-], be due to height changes (GilLiLand, 1978). Since

the topography immediately surrounding trigonometric stations

surveyed in this study is generai-Iy symmetrical (witn the possible

exception at Patawarta), it is feasible to assume a zero contri-

bution to the deflection components. It should be noted that the

sÈudy in New South llales (Kearsley, 1976) of the deflections of

the vertical- at twelve trigonometric stations showed that the

region within a radj-us of 100 metres (not 55 metres) couLd con-

tribute 0i56 to a deflection component in an extreme case where

the station \i¡as situated on the edge of a large escarpment. For

eight stations in that study, the contributions to either deffec-

tion component was less than 0'i1. The contribution to N from

this region is dependent on the magnitude of the gravity anomaly

field. For a mean gravity anomaly of l-OO mGal, the contributíon

to N would be approximately 0.005 metres. Thus in summarY, Èhe

-25"

-250

-25"
-25"

54',

57'

57'

56'
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assumption to assure zero contributions from the four innermost

01" x 0l-" blocks would resuLt in negligibl-e errors provided the

topography is slmmetrical about the computation point.

The mean gravity anomaly for each 0."1 x 0.o1 block in sub-

zone 1 is determined using the sarne techniques as those described

in Section 4.5 for the fnner and Innermost Zones. Equations (5.4)

and (5.5) are used to evaluate the contributions to N, ã, and ¡

from this sub-zone.

For sub-zones 2, 3 and 4, the mean gravity anomaly of the

appropriate bl-ock size is evaluated using the techniques of

weighted means as described in Section 4.4.3, and al-l available

gravity data within a range of 0.o15 of the trigonometric

station. The contributions from sub-zone 2 are derived. from the

use of Eguations (4.1) and (4.2), with the Stokes' and Vening

Meinesz functions defined by Equations (4.4) and (4.5).

For sub-zones 3 and 4 the contributions to N, 6 and n are

evaluated using Equations (4.1-) and (4.2), but the vafues of

SÈokes' and Vening Meinesz functions are defined by:

s (ìr) (6.1)

and
ds (ú) ,

a- (6.2)

These equations are approximations obtained by assuming sin tl, = tl.t

when {.r, the spherical distance between the computation point and

2

i(,,

,
,t'

ù1,
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the centre of the compartment, is smal1. As the relative error

in both Stokes' and Vening Meinesz functions of these approxima-

tíons is about one percent for a d,istance of 10 kilometres and

three percent for 30 kilometres (Heiskanen and Moritz, 1969, p.

121,), no significant errors in the final results will occur.

The contributions from all zones and the resulting values

of N, {,and n are shown in TabLe 6.1. The su-b-zones 2, 3 and 4

contribute l-ess than l metre to val-ues of N, and in all but three

stations, Iess than 0.4 metres. These three stations are the

only statíons with elevations above 550 metres with Patawarta

having the maximum elevatíon of 1008 metres. The contributions

to { artd rì from the same three sub-zones ,r.ty gt.-tly with maxi-

mum numerical values for both components occurring at Patawarta,

which is situated in very rugged terrain in the centre of the

Fl-inders Ranges.

6.2 Datum Shifts and Coordinate Transformations

A geodetic datum is defined by the dimensions of the refer-

ence ellipsoid and its orientation in space with respect to the

earth or the geoid. Various geodetic datums may have different

geometric reference ellipsoids whose centres and orientations of

axes do not correspond. In order to compare values of N, Ç and ¡

referenced to different datums and ellipsoids, it is necessary to

use datum shift and coordinate transformation technigues.
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Station &

Position Comp. A B c D TotaI

Johnston
Origin

-25 056 t 55"

133012'31"

N

n

]-4.19

-4 .83

-3.81

-5.L7

-0.09

-0. 70

-3.88

5.52

-3.20

-0 .32

2.O9

-0.96

5.42

2.69

-8.67

Mt. Gason

-27 027' 40"

139 o43 t07 "

N

E

n

19.36

-4.64

-4.O7

-L.92
o.01

-0.05

-2.60

-0. 78

-1.30

-0.09

-o.44

-0. 50

1"4 .7 5

-5.85
-5.92

O'Halloran

-2'7 " 30' 32"

135026t39"

N

E

n

14.60

-4.68
-3.95

-4.7 s

0.37

-0.70

-2.30
2.80

1.16

-0. 18

o.64

-o.92

7 .31

-0.87

-3.81

,rr/523

-27 " 36' 59"

140"28'.36"

N

E

rl

2r.25

-4.64

-3.98

-o.89
o.26

-0.40

-¿- t4

-r.44
-0. 30

-0. 19

-0.30
0 .40

t7 .43

-6.12

-4.28

r1ls 30

-2'7 " 43'. 30"

138044t31"

N

E

n

18.50

-4.59

-4.08

-1.9r_

0. l_3

-0.01

-2.7r
-L.05

-t_. 55

-o.2r
o -22

-1. 14

]-3.67

-q, ro

-6 -74

Mulka

-28"20'70"
138039t17"

N

I
n

77.42

-4.67
_4.II

-2.59
0.93

-0. 15

-2.30
0.69

-0.61

-0.09
o.27

0. 19

72.44

-2.74

-4.68

Hawks Nest

-28054'18"
l_33 0 52 '48 "

N

a

n

9 -O4

-4.62

-4.21

-6.98
0-91

-1.10

o.77

1.06

-0 .01

0. 30

-o.24

-0. 14

3. 13

-2.89

-5.46

Low Cliff
-29 000 '50"
L36"02'23"

N

E

n

11. 55

-4.69
-4.37

-4.18
0.95

-0. 18

-0 .99

-0 .91

0.98

-0.09
0.06

-0. 86

6.29

-4.59

-4 -37

Ltmdhurst

-30" 72' 1,2,"

r38"34',24"

N

E

n

1,2.68

-4.53

-4.24

-2.51-

L.26

-o .44

o.49

3.72

-4.56

-o.o2
0. 19

-0 .49

10.64

o.64

-9 -73

TABLE 6. ]-

Free Àir Geoid Values of N, 6 and n at the Trigonometric Stations

-../
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TABLE 6.1 (contd.)

Column A is the combined Outer & Middle Zone Contributions

B is the Near Zone Contribution

C is the Inner & Innermost Zone Contributions
excluding the four innermost 0."1 x 0."1 blocks

D is the contribution of the innermost four
0.o1 x 0."1 blocks

Total is the total contribution to N, f and ¡

E and rl are in seconds of arc

N is in metres.

Station ç
Position Comp. A B c D Total

NME 190

-30037t32"
130"20'41"

N

F

n

2.22

-3 .86

-3.58

-]-o.92

-0.06
-1.83

-4.38

-t.26
-o.47

-o -37

0.38

-3 .01

-13. 45

-4.80
-8.89

Patawarta

-30057t37"
L38"42',47"

N

E

n

10.63

-4.38
-4 -24

-1.90
1.27

-0.40

1.86

-4.2L

-2.56

o.82

3.77

4.90

LT.4I

-3. 61

-2.30

Black Hill

-31034t30"
132 004'51"

N

E

n

2.60

-3 .60

-3.75

-70.24

-o.77

-1. 48

-r_. 88

-2.tI
5.O2

0.06

o.16

0.33

-9.46
-6.32
o.12

Lock

-33 005 t 35 "

138034'31-"

N

I
n

5.4r

-3.99

-4.13

-1 .66

-0.20

-o.22

2.35

-0.53

-4.93

0.58

-r.24
0. 18

6.68

-5.96

-9. r.0
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To transform cartesian coordinates between two different

reference systems, a 7 Parameter transformation may be used.

xt 1 -RRzv x

Y1 + (1 +S) R1-Rzx Y

ZT -\\ L

(6.3)

where xl, Y1, zt

x, y, z

Ax, ÂY, Az

\' Rv' Rz

the corresponding axis,

and S denotes a scafe change-

The assumption in this formufa is that the rotations are

differentially small, and hence the actual rotatiot RX, Ry, Rz

can be substiÈuted for the corresponding el-ements in the wefl--

known three dimension rotatíon matrix. It is possibfe to have

a transformation model with less than 7 parameters if one or

more of the parameters are assumed to be zero- ldeally, all

geodetic reference systems are aligned with the Z-axis in the

direction of the conventional International origin (clo), and

the x-axis in the direction of the zero meridian as defined by

the Bureau International de f'Heure (BIH) but these two criteria

are subject to observational errors'

L5l-

Ax

Ay

Lz z

are the required cartesian coordinates in one

geodetic system.

are the known cartesian coordinates in another

geodetic system.

are the three cartesian translation parameters

between the two reference ellipsoid centres.

are the clockwise rotations (in radians) about



If the two systems are assuned to be commonly aligned within the

tolerances of observational errors, then a 4 parameter transfor-

mation may be used. In this case, the parameter would be the

translation parameters lù(, ÄY, Âz and the scale parameter.

The tra¡rsformation formula is often used in the first

instance to determine the transformation parameters from known

conmon point values of (Xt Y, Z) and (Xt, Y' , Zt ), e.9. satellite

datum val-ues and national geodetic values. The selection of the

number of parameters used depends on the size of the geographical

region and the particular geodetic system. Ashkenazi and Sykes

(L978), having done extensive tests on various parameter combin-

ations, used a 4 parameter (AX, Ay, Âz and S) to align the Doppler

broadcast ephemeris derived coordinates with the OSGB-77 (Ordin-

ance Survey - Great Britain, 1977). In Austral-ia, Allman and

Steed (1980), compared a 7 and a 5 parameter transformation model

to convert NWLpD (precise Doppler ephemeris) derived coordinates

to Gl,lA8O (Geodetic Model of Australia, 1980). The 7 parameter

sol_ution was preferred since the 5 parameter sofution appeared to

íntroduce a small systematic error. Since systematic errors may

exist in geodetic networks, it is possible that more than one set

of transformation parameters are required for different regions

within that network. Leppert (1978) gives charts of Austrafia

showing correction "contourd'for conversions of sateflite data to

the AGD, and suggests the use of these corrections in preference

to one transformation model because of their variability. In a

relativefy small geographical region, a 4 parameter transformation

formula with no rotatíonal parameter would suffice, since any
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rotational effect could be considered as constant and computed as

part of the translation parameters.

The cartesian coordinates used in the transformation formula

may be converted to the equivalent geodetic coordinates (0, À, h),

using the foflowing formulae-

tan À v/x (6.4)

tan $
(z +e2vsinó (6. s)

(x2 + Y2)
I
7.

h N+H (6 .6)

where H is the orthometric height, e is the eccentricity, V is the

radius of curvature in the prime vertical, and all other terms

have been previously defined. fhie determination of the geodetic

Iatitude is an iterative Process

The coordinate transformations and datum shifts may be

directly expressed in the terms of the geodetic coordinates.

Assunring the axis of the reference ellipsoid are parallel (usualJ-y

aligned to the CIO) and the transformations are rel-atively small-,

the variations of ôÔ, 6À,and ôn at some arbitrary point, 0, À, and

h, may be obtained from (Heiskanen and Moritz , 1967, p' 2Oi) z

60 = (cos 0r cos I + sin 0r sin Q cos AÀ) ô0r - sin Ó sin AÀ

cos Q1 ôÀ + (sin $t cos þ - cos 0r sin 0 cos ÂÀ) '

|,_6nr- * ôu * "ir,r6ror'l 
+ 2 cos p(sin 0 - sin $i)ôf

[a a '- )
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cos 06À = sin 0r sin 
^À 

ô0r + cos AÀ cos Ôr ôÀr

f+.-Qs+sin,or[a a- cos 0r sin ÂÀ ôr

oh

(6 .8)

(cos Ôr sin Q - sin Q1 cos Q cos AÀ) ô01 + cos Q sin AÀ.
a

AÀ

cos $1 ôÀr + (sin Q.

fun *9* =rr,,ór ôr
[a a

sin Q + cos S1 cos 0 cos AÀ).

- * . (sinzg - 2sin 0i sin 0) 6f

(6.e)

where

À-Àr

In these equations, ô0r, ôÀr and òhr are the known changes in the

geodetic coordinates at a point defined by 0r, Àr and h1 - ôa

and ôf are the other respective changes in the dimensions of the

semi-major axis and the value of fl-attening-

fhese forrm¡Iae may be rewritten in terms f, ¡ and N since

ô0 1--uq

ôÀ cos Q -6n

6tr ðu

and hence on substitution become:
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6E = (cos Ôr cos Q + sin 0r sin Q cos &.)ô6r sin Q sin ÂÀ.

ônr - (sín Qr cos Q - cos 0r sin 0 cos AÀ) .

|.Ð*ôa+sin"or
[a a

fu*t*ôa+sinror
la a

ôt - 2cos ó(sin 0 - sin Ôr)ðf

(6.10)

ðn = sin Ôr sin AÀ 6gr + cos AÀ ônr + cos Ôr sin AÀ.

ôr (6. l-1)

óN = -(cos ôr sin Q - sin Q1 cos Q cos AÀ)ô61 - cos Q sin AÀ-
a

ônr + (sin Qr sin Q + cos S1 cos 0 cos AÀ).

[+ - 
e. * =i,r"o, ut] ôa- J9 .r- (sin20 - 2sín 0r sin 0)ôf

(6.\2)

If the point (0r, Àr, hr) is taken as the origin of the

geodetic system, then Equations (6.10) ' 
(6.11) and (6.I2) express

the chanqe in the values of E, I and N respectively in terms of

the changes in val-ues at the origin. As with the transformation

formula using cartesian coordinates, these formulaes may be used

to determine the changes in values of the deflections of the

vertical and the geoid separaÈion at the geodetic origin from

observed values at other stations. This type of method was used

by Mather to determine the orientation parameters between the

free air geoid of Australia and the GRS-67 Reference system

(Chapter 3).
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6.3 Astro -Geodetic Comparisons

As discussed in SectÍon 2.1, deflections of the vertical and

geoid separations can be defined from a comparison of astronomical

and geodetic observation. The results thus obtained are referen-

ced to the "local" geodetic sysÈem and not an earth centred

ellipsoid.

The great najority of first order astronomicaL observations

for latitude and longitude in Australia have been made between the

years 1955 and I97O. Before 1966, some longiÈude deter¡ruinations

were made with theodolites with fixed vertical wires and sÈop

watches. Since this period, moving impersonaf micrometer eye-

pieces and improved timing equipment have been used to determine

the astronomical longitude. The time signal origin was WWV(H),

Hawaii, and more recently VNG, Lynd.hurst. Thre al-mucantar method

was used to determine longitudq and meridian or circum-meridian

altitude of stars were used to determine l-atitude '(Bomford eÈ al ,

1e70) .

The average standard deviation from a single pair of stars

for latitude was fO'16 and if sixteen pairs of stars were observed,

the average mean standard deviation was frequently less than t0'.'2.

!'or longitude, the standard deviation from a single star pair

averaged 0i9 with the final mean standard deviation of sixteen

pairs usually less than !0'13. These standard deviations are a

neasure of the internal precision and they do not take into account

the effects of external systematic errors such as refraction and

1,56



errors in timing. An indication of the total error in the results

is obtained by comparing observations made at the same survey

station, but at different tímes. At 110 stations in the Austral-

ian network, astronomical l-atitudes and longitudes have been

observed twice. The comparison of the results gave an average

difference in the latitude of 0i43 and for the longitude 0';'86

(rbid , 79'70) .

As shown in Fígure 6.1, astronomical l-atitudes and longi-

tudes have been observed at eleven trigonometric stations by

either the Lands Department of South Austral-ia or the Division

of National Mapping. The observations for these stations were

made between the years 1957 and l-968. Al-1 l-atitude and longitude

results have been corrected to the CIO. Some of the longitude

resulÈs have been obtained using a stop-watch, but Bomford et aI

(1970) found no significant variation between the use of the im-

personal micrometer eyepiece and. the stop-watch methods in their

error analysis. At Low Cliff, observations had been made both in

1957 and a967. The 1967 resufts, which differed by 0'J36 in

latitude and 0'175 in longitude when compared to the earlier obser-

vations, were used in the analysis described.

The observed astronomical val-ues are reduced to the geoíd

using Eguation (2.2c), and deflections of the vertical are then

obtained using Equation (2.Ia) and (2.1b), with latitudes and

tongitudes being defined positively north and east respectively

These values are referenced to the Australian Geodetic Datum

(aco¡ .
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Values of the geoid separatiot NAGD referenced to the AGD

were obtained from the Division of NaÈional Mapping. These vafues

are not directly obÈainable from observation data' but are der-

ived using forrmrlae similar to Equation (2.5). The procedures

used to obtain values of *OCO are documented in Chapter 3 and the

values are based on a vaLu" of tO"O = 0.0 metres at the Johnston

Origin. A point to be remembered in the later analysis of the

resul-ts is that the average misclosure of the astro-geodetic

levelJ-ing loops without respect to sign is 2.0 metres and the

maximum misclosure value in the study region is 4-68 metres-

To enable comparisons between the astro-geodetic derived

values and the free air geoid values of N, í, and n the transfor-

mation Equatiors (6.10) , (6.11), and (6.!2) are used- Ideally, the

changes ô{s, ô¡s and ðN6 at the origin nay be computed from known

differences at one other point, and these derived differences may

then be used to d.etermine the changes at any other point in the

the geodetic network. since both the astro-geodetic and gravi-

metric values are su.bject to errors, an improved solution is ob-

tained from a consideration of a1l- known information. If the

problem was to find the best values of 6f, 6n and 6N at the Origi¡,

the information from each of the eleven trigonometric stations

could be used separately in the right hand side of the transform-

ation equations to determine eleven Separate assessments of each

of the changes. The mean of these values woufd then represent the

changes at the Origin. In this work the problem is to find values

of ð[s, ôno and ôNs at the Origin t]rat gives the best fit at the

known stations.
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To achieve this the values of the unknown changes at the

Origin 6Eo, ôlor and ôNs are substituted for the corresponding

values ôf1, ô11, and 6W1 in the right hand side of Equations

(6.10), (6.11),and (6.L2) and the values ôE, ô¡,and ôN on the

Ieft hand side are the known values determined.from dífferences

between the corresponding astro-geodetic and gravimetric guanti-

ties. Correspondingty, the values of ôr and À1 refer to the

geodetic Origin's coordinates and ô and À refer to survey station

coordinates. Since there are eleven Survey stations, the forma-

tion of the solution results in 3 unknowns and 33 equations. The

solution is then obtained using l-east square adjustment tech-

niques. Because the values of the semi-major axis of the two

reference ellipsoids are identical and for practical purposes the

flattening values are the same, all terms containing ôa and ôt in

the transformation equation are set to zero.

For the best fit. at the eLeven trigonometric sÈations, the

changes at the Origin to N, 6, and rì are respectively

with a sign convention defined bY

AGD

ôuo =

ôEo =

ôno =

ôN=

66=
ôn=

-5.49 metres

4':29

3'i 88

"o"o
-AGD

-N
(̂J

-Ec

-nn G
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where the subscripts AGD refer to the astronomically deterrnined

values referenced to the Australian Geodetic Datum, and G refers

to the gravimeÈrically determined values referenced to the GRS 67

system. These orientation parameters will- be compared with other

prevj-ousIy determined values in the following sub-section.

Table 6.2 shows the residuals after the application of

Eguation (6.1-3) at each of the survey stations. The residuals Rr,

R- and R are deÈerrn-ined from
EN

(N + ôu) (6. r_4)R
N AGD G

N

RrI

R
n

ã-AGD (6" + ôÇ¡

(n" + ô¡¡

(6.1s)

(6.16)\"o

Station
Residuals

R (metres)
N'

R, ( seconds) Rn (seconds)

JohnsÈon

Mt. Gason

O'HaIloran
Mulka

Hawks Nest

r,ow Cliff
Lyndhurst

NME/190

Patawarta

Black Hill
Lock

0.07

-0.41
o.24

0. l-9

-0 .63

o.28

0.45

0.74

-0 .37

-0 .78

o.22

0. 51

0.33

L.25

0. 70

-0.84
-o.28
0. 66

0.56

0. 56

-0. 34

1.63

0. 5s

r.6t
1_.62.

1.65

-0.60
o.28

-0.39
r.25
o.r'7

0.75

-o.97

TASLE 6.2

Residuals: Astro-qeodetic - Grävimetric
(Oriented to the AGD)
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The RMS of the residuals \

metres, 0'180 and 1i04.

Rn are respectively 0.46

The residuals in both deflection components show a system-

atic bias whereas the residuals in the separatior¡ mean to zera-

No weighting was used in the least square adjustment- If the

adjusÈment was weighted so that the RMS of R* was l--O metres,

then the val_ues of the RMS of R, and Rìl are reduced to 0i67 and

O'J85 respectively, with the mean value of the residuals in each

case being zero. Mather (1970) estimated the mean errors tn EOaO

..d IAGD to be respectively i0'J50 and t1'.'00 which are in close

agreement with the values given al¡ove for the average difference

in results from observations at different times. Using these

values and the average standard deviations of E" and n" (section

5.1), an estimation of the expected error in the results would be

respectively JO'.'74 and !1i12, which sho\^/s close agreement with the

RMS's obtained. The RMS of R* is less than expected considering

the misclosures that exist in astro-level-ling loops: Generally'

the results show agreement between the two soLutions, but it

should be noted that the sample is límited, although well disper-

sed geographicallY.

6.4 Compar isons with other Gravimetric Solutions

The 1968 and l-970 Mather free air geoid solutions (Sections

5,1- and 5.2) are compared with the present solution. The 1968

solution is inferior and has been superseded by the 1970 but some

andR-
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comparisons are still made. The general results from this work

have been presented in a form similar to that shown in Fign:res

5.4, 5.5 and 5.6, and referenced to both the International

Spheroid l-930 with corresponding gravity formulae, and also to

GRS-67 system. From a comparison of the figures with the present

study, the geoid undulati-ons have the same general shape and

gradients, but the l-968 sofution has values of N approximately

6 metres higher. When conparing both deflections of the ver-

tical , the values agree to the r.r-2tt l-evel- in the regions where

the gravity field was reasonably defined in 1968. In the other

regions the general trends agree, but the numerical values may

differ by 8-10". This is particularly so in the north west

region of the state where little or no data was avaifable for

the 1968 solutíon.

Details of the sofution at the two grid points corresponding

to those given in Table 5.2 are given (Mather, I968.a), but these

are referenced to the International Spheroid 1930.' In the 1968

solution the grid point 26000'S and 131'00'E is situated in a

comparatively welt surveyed gravity area. After conversion to the

GRS-67 system, the resul-ting N val-ues obtained from the 1968

solution are respectively 5.7 and 7.3 metres larger than those

presently obtained. The solutions to both components of the de-

flection of the vertical differ by more than 2" for the grid point

28o00'S and 131000'E. This is to be e>cpected because the local

gravity within one degree of the grid point was obtained in the

1968 solution by the application of interpolation techniques; no

gravity data was availabl-e in this region. the values for both
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components I and n at the other grid point agree within 0'J2,

although the contributions from the various zones differ by as

much as 1". No definite conclusions can be drawn frorn these

comparisons.

The 1970 solution for Australia was obtained using a Rapp

Data Set for the Outer Zone, an improved set of terrestrial data

for the inner zones, and compatibility between data sets (Section

5.2). It shouLd be noted that in this solution there were ten

10 x 1o geographical blocks in South Australia in which no obser-

vational gravity data was availa.ble. fn the fol-lowing paragraphs

the results from the present study are compared wíth those of the

1970 free air geoid solution obtained from }lather (1970), unless

stated otherwise.

Three t)æes of comparisons with the 1970 solution can be

made. They are a graphical comparison of the value of N, a compar-

ison of orientation para¡neters to the AGD, and a comparison at

individual trigonometric stations.

The 1970 solution is referenced to the GRS-67 system and

hence direct graphical comparisons of the val-ue of N can be made.

Again, both results have the sane general appearance with values

of N changing in both cases from approximately -17 metres in the

south west to +23 r€tres in the north east. The main discrepancy

occurs in the north west region of the state. This discrepancy

and other less significant ones a:.e most likely due to the lack

of gravity data in the South Australian region in the 1970 solution.
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No graphical comparisons were made for the deflection components

since no suitable figures for the 1970 solution are available.

using the 1970 free air geoid solution, Mather deter¡nined

a set of orientation which gave the best fit to the AGD. I,Íith

the same sign convention as defined in Equation (6.13), these

parameters referred to the Origin were (shown in Section 3.2 as

AXo, A6o and A¡e with opposite signs) :

ôrq o

660

6no

-10.00 J0.2 metres

4',:2 l]',:2

4',:5 !0':2

The value of 6No does not include any zeto degree terms. These

values were obtained from a combination of solutions (Section 3'2) '

Astro-geodetic derived values of N, ã, and n at 693 one degree grid

poinÈs Australia wide, were comPared with the free air geoid vafues

to determined orientation parameters referred to the Origin.

Another set of orientation parameters was obtained from comparisons

of the same vafues at 38 trigonometric stations. The values of

ôNo, ôf6, and ô¡¡ as defined above were obtained as a composite of

these two methods. The estimation of the errors of these orien-

tation parameters as guoted above are obtained from an average of

the mean residuals at each comparison point. The approximate

value of the RMS's of the residuafs are respectively 2.4 metres,

1'i0 and 1'i8.

The orientation parameters determined in the present study
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(Section 6.3), are for the South Australian region and not for the

Australian continent, and have been determined from a small number

of comparísons. They have primaríIy been used to orientate the

free air geoid results to the AGD for comparisons with astro-

geodetic derived values and not define the AGD in an earth centred

system.

Comparison of the two sets of parameters shows close agree-

nrênt in the value of ð{e, reasonable agreement in the vafue of ôno

and poor agreement between the two values of ôNo. The disagree-

ment in the values of ð¡s may possibty be explained by the limited

number of comparisons used in the present study, but this does not

explaín the difference in the ôNe vaì-ues. Without detailed infor-

mation of the contributions from each Zone to the free air geoid

values computed in 1970, it is difficult to assess the reasons for

these dj-screpancies. One contributing factor is the lack of gravity

information in regions of South Australia and lVestern Austrafia ín

the 1970 solution. and the improvements in the Rapp data sets used

in the present study. Another contributing factor is the discrep-

ancy in the astro-geodetic determined values of N used in each

comparison. The present study uses values of N based on the 1971

geoid sofution of Austral,ia (Section 3.4), with N=0 metres at the

Oriqín, while the val,ues in the l-970 solution are based on the

study of Fischer and Slutsky (1967). This is demonstrated by a

Iater comparison (Mather et aI, I971-) between astro-geodetic

values of N obtained from the l-971 geoid solution and the 1970

free air geoid values of N at 1133 stations which resulted in

(Section 3.4):
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ôuo =

ô60 =

ôno =

-8.3 metres

4'i0

4':I

Although the difference between the value of 6Eo in the present

study and that quoted above is greater than that in previous

comparison, the discrepancies in the remaining orientation para-

meters are appreciablY reduced.

TabLe 6.3 shows five trigonometric stations which were used

both in the 1970 solution and the present study to obtain orien-

taÈion parameters. Table 4 in Mather (1970) gives the astro-

Stations
1970 Free air values Residuals

N E n RI
N

R:I
R'

n

Mt Gason

Mulka

Low Cl-iff
OtHalloran

Johnston
Origin

15.49n

13 .44nt

6. 18m

7 -23m

4.30n

-5'.'60

-2',:31

-4',:52

-1t'08

3'.'90

-5',.'28

-4'.'88

-5'.'39

-4'.'81

-g':40

-O -74m

-1.00m

0. 11m

0. 14m

1. 12m

-0i25
-o:47
-0'i07

o':21

-L',:21

-0'l64

o':20

7',:02

1'.',00

0'l73

TABLE 6.3

Compar ison with the 1970 Free Air Geoid Solution-

geodetic values of N, E and I used, and the residual between these

values and the equivalent free air geoid values oriented with

respect to the ÀGD. From these results the 1970 free air geoid

values of N, 6 and rì are computed using the Mather orientation
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parameters and Equations (6.1-0), (6.1L) and (6.J-2). These results

and their residuals \ir, *¿ and ni when compared to the free air

geoid values (Table 6.1), are given in Table 6.3. The residuals

in the deflectíons of the vertical are generall-y small and show

close agreement in locations $/here the gravity field was surveyed

in 19?0. The larger discrepancies at Johnston Origin and

orHalloran are explained in the 1970 solution by the lack of

gravity data in the western region of the state and the lack of

detail-ed gravity information in the rapidly changing field of the

north western region of the state-

The values of s do tend to show a systematic difference in

the slope of the geoid, but the available sample is small and the

results again are not conclusive-

6.5 Compar isons with Doppler Results

During the period 1957-197'7, a Doppler satellite survey of

junction points in AGD and other survey stations was carried out

in Australía. The majority of points were surveyed using J['IR-1

satel-tite survey receivers and the observations were reduced in

terms of the precise ephemeris NVüL-9D provided by the U'S'

Defence Mapping Agency Topographic Command. These JMR-1 results

were reduced to produce X, Y, Z coordinates of the point pos-

itions of the stations referenced to the NV¡L-9D datum (Leppert,

7978) and indirectly to the NVIL-IOE gravity model which was used

to determine the precise ephemeris until June 15th ' 1-97'7 (Hotham,

r97e) .
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The empheris used deterrn-ines the scale and orientation of

the Doppler coordinate system. The system of coordinates should

be geocentric al-though Lachapelle and Kouba (1981) have recorded

an íncompatibility of 4 metres in |Lhe z axis tá¡hen comparing

Doppler derived geoid undulations with those obtained from GEM,

SAO a¡rd SE earth models at 29O 91oba11y balanced Doppler stations'

The z axis is orientated to the cfo and the longitude origin,

although arbitrary in theory, has been aÌigned as nearly as

practically possible to the zero longítude as defined by BIH. The

scale of the system is defined through the use of a particular

value of GM (Strange & Hothem, 1980) '

Tests on the NWL-gD Doppler system of coordinates by various

authors (e.g. Hothem, 7979¡ Strange & Hothem, 1980) indicate a

scale decrease of 0.4 ppm and a longitude rotation of Q'jB eastward

should be apptied. T]¡e Z axis corresponds to the CIO within 0'i05

(Hothem, :-.979).

In the present study the a value of the geoid seParation No

is determined at the nine trigonometric stations which have been

surveyed using Doppler techniques. Knowing the orthometric height

H and the ellipsoidal height h, the value of No is determined from

(Section 2.3-2) z

= h-H (6.17)No

The value of h along with the values of o and À are deter-

nr_ined from Equations (6.4), (6.5) and, (6.6) a¡d are referenced to
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the GRS-67 system. this permits direct comparíson with the free

aír geoid derived resufts'

Station NO metres (ND-N) metres

Johnston

T1,/523

rr_/s30

Hawks Nest

Low C1iff
Lyndhurst

NME/l-90

Black Hil.l
Lock

-t6.5L2
- 3.561

- 6.575

-78.702

-15. 599

-10. 980

-35.554

-30.064

-r5 .37 4

-21.932

-20.99r
-20.245

-2L.832
-21.889

-21 .620

-22.LOA

-20.604

-22.054

TABLE 6.4

compar isons with DoPPIer Results.

Afterapplyingthescaledecreaseof-0.4ppmtheDoppler

derived values of NO and the difference between these values and

the corresponding free air geoid val-ues (ND- N) are shown in Table

6.4- The mean value of the difference is 21.475 metres with a

RMS of 0.60 metres about this mean. Considering that spheroidal

heights derived from Doppter point positioning methods are esti-

mated to have a precision of the order of L-2 metres, the results

are in close agreement. The mean difference may be considered as

a npasure of the No term in Equation (2.15). This suggests a

value of the semi-major axis of the nlean earth ettipsoid is

6378138.5 metres, which is in close agreement with that adopted

in the GRS-80 system of 63781-37 metres. The derivation of this

value is not an attempt to confirm or repudiate an accepted r¡a1ue
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of the semi-major axis but rather it is used as a check on system-

atic errors in the gravimetric solution'

At seven of the nine Doppler stations where astronomically

determined values of latitude and longitude are available, the

free air geoid values of the deflections of the vertical are com-

pared with those deduced from the Doppler values using Equations

(2.1a) and (2.Lb). The comparison of the results shows a mean

difference (astro-Doppler minus free air values) of -O'!42 and 0'123

in I and n respectively, with RMS's about the mean of 0'i79 and

o':72. The values are obtained after applying the l0ngitude

correction of 0'i8 to the Doppl-er derived val-ues. This small-

sample shows no significant systematic differences between the

results which indicates the free air geoid values of I and rì are

not affected to the order of O'15 by systematic error contributions

from the outer zones.

6.6 GEM 108 ComParrsons

The concept of Èhe use or part use of spherical harmonics

to determine the value of the geoid separation has been discussed

in sections 2.3.1- and 2.4.2. A computer program developed by c-

Rizos is used to compute the vafues of N as defíned in Equation

(2.3) and the contributions to N from the region tþ > 5" using

Molodenskii,s truncation functions (section 2.4.2) at the one

degree grid points in the study region. This program, which uses

an efficient computer technique for the evaluation of the geo-
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poÈential from spherical harmonic models (Rizos , ]-979), permits

the selection of the gravitational and the geometrical models to

which the derived values of N are referenced. The parameters as

defined by the GRS-67 system are used, thus allowing direct com-

parison between the results obtained and those computed for the

free air geoid.

The normalised sphericaf coefficients used are those defined

by the Goddard Earth Model 1OB (GEM-IOB). This model- was obtained

from the satellite and terrestrial data of GEM-10 which is defined

by spherical harmonics to degree 22 and order 22, wíiL}] selected

higher degree terms, and has been extended and strengthened Èhrough

the use of GEos-3 altimetry (l{arsh et al, 1980). The GEM-108

spherical coefficients are defined to degree 36 and order 36 ' The

GEM-I.OB solution is a normal least square adjustment with no con-

straints. since coll-ocation techniques were not applied the model

reflects the full sensitivity of orbital, altimeter and surface

data.

Marsh et aI (1980), have performed an assortment of tests to

assess GEM-l-oB. using 348 altimeter crossover points, GEM-108 was

found to give a RMS of one metre for the radial positions for

@os-3 which was significantly more accurate than GEM-10- seasat

and skyla-b altimetry, both of which were not used in the determin-

ation of the spherical coefficients, were used as a completely

independent check on the resul-ts. A seasat derived geoid profile

agreed to +1 metre with that obtained from GEI"1-10B and the dis-

agreer€nts were thought to be due to high frequency geoid features'
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The Skyla-b altimetry for one "round the world" pass was checked

against most existing earth models and the GEM-I-OB derived

values were found to have the least residuals with a RMS of 2.3

metres. Thus, from the results of these tests, the GEM-I-oB is

an improvement on previous GEM model-s.

The contributions to N from the region tJ.t > 5o were computed

at 110 one degree geographical grid points using the GEM-108 co-

efficienÈs and Molodenskii's truncation functions. These contri-

butions to N shoul-d be equivalent to the combined contributions

to the free air geoid from the outer and Middle zones afÈer

correcting for the atmospheric effects (section 5'2'3) ' An

atmospheric correction of 0.56 metres was added to the values

derived from the GEM-108 coefficients. This value is derived

using the simple atmospheric model and assuming a mean terrain

elevation of zero. The actual nrean height of the terrain will

be Ìarqer than thís but the effect on the atmospheric correctj-on

is negligibte. As an example, for a mean terrain ineig'ht of 400

metres, the correction becomes 0.54 (Rapp and Rummel, 1915).

After applying the atmospheric correction, the contributions

\^¡ere equated by subtracting the GEM-108 derived contribution from

the free air value at each grid point to obtain the difference.

The mean value of this difference is +0.50 metres with a Rl'{S about

this mean of 0.61 metres. The vaLues of the differences are not

random in nature but l-ocation dependent. The lower values gener-

ally occur between longitudes 135o and 139o East for al-I latitudes'

This is probably due to the over smoothing in the GEM-108
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coefficients of the rapidly changing gravity in the north west of

the state. It must be remembered the earth model GEM-I-OB has co-

efficients to degree 36 and order 36 which will not reflect high

frequency changes in the Locaf gravity field-

These results demonstrate close agreement between the two

solutions, particularly when the random error of approximately

t1.2 metres in the free air geoid contribution to N is considered.

The same 110 one degree geographical grid points were used

to compare the free air geoid values of N a¡d the corresponding

vafues derived from the GEM-108 spherical coefficients. No

atmospherj-c corrections are reguired Sínce the evaluations are

from r! = Oo to 18Oo and combined solutions are not used. The

differences were compuÈed in the sa¡ne manner as above and the

mean value of the differences of +0.49 metres with a Rl"lS alcout

this mean of 1.85 metres- The higher RMS value obtained shows

the inability of the spherical harmonic solution tô reffect

Iocalised rapid variations in the gravity field. The largest

difference of 5.37 metres occurs in the north west corner of the

state, and this difference reduces to 0.81- metres at the next

one degree grid point south. This is an extreme case. Generally

the rate of change of the differences is less than 1 meter per

one degree latitude or longitude.

The consistent mean difference of 0.5 metres in both com-

parisons may suggest a systematic error in the representation of

the Middle or outer Zones by the Rapp 1-o and 5" data, but it may
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also reflect a lack of detail in the GEM-I-OB derived solution.

Without further evidence the systematic difference is too small

to d.raw this type of conclusion. It does however confirm the

free air geoíd results obtained for the contributions to N from

the Outer and Midd1e Zones within the estimated error tolerances-
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CHAPTER 7

SUMMARY CONCLUSION, RECOMMENDATION

7.I The Free Air Geoid

The free air geoid of South Australia referenced to GRS-67

has been derived for each half degree geographical grid point

using Vening Meinesz formulae for the deflections of the vertical

and Stokes' Integrat for the geoid separation. The results demon-

strated in Figure 5.4 show a geoid separation of -17 metres in the

south west, with a generally smooth gradient rising to +23 metres

in the north east of the state. The influence of the rapidly

changing gravity field in the north west and the relative high

anomalies in the Flinders Ranges are indicated by the raÈe of

change and direction of the geoid gradient in these locations.

The effect of these two gravity regions is more pronounced

in Figures 5.5 and 5.6. Figure 5.5 shows the values of the de-

flection component 6 which changes approximately 20" in the north

west region but does not show a rapid cha¡ge in the Flinders

Ranges region. This is to be expected because this mountainous

region lies approximately north-south and wilI have little effect

on this cornponent. Figrure 5.6 shows the values of the deflection

component n which demonstrates the gravity change in both reqions.
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The val-ues of f and rl shown in these figures are compiled without

the contributions from the gravity field of the four Innermost

O.o1 x O.01 geographicaJ- blocks v¡hich are centred on each half

degree grid point. If the contribution were included it is ex-

pected that the changes would be more variabLe than demonstrated

in the diagrams (see Section 5-1-6 and Table 6-1)-

The values of E, rl, and N were evaluated using combj-ned

terrestrial and sateflite data to represenÈ the mean gravity anom-

alies in the Outer and Middle Zones and terrestrial data obtained

from the B.M.R. was used to represent the mean anomalies in the

other Zones. The effects of systematic errors in the Rapp data

sets hrere estimated to have a maximum effect of !-2 metres on N

and a possible effect of L" on each of the defl-ection terms. The

systematic errors are expecÈed to have little, if any, effect on

the refative changes from one grid point to the next. These system-

atic effects are demonstrated by the comparisons made with other

methods of determining the geoid in Chapter 6. The comparisons

with the Doppler derived values of N show no position dependent

systematic differences. The l-imited comparison of combined Doppler-

astronomical deflections of the verticaf with the corresponding

free air geoid values shows no systematic effects Èo the order of

to'i5 (SecÈion 6.5). The GEM-LOB solutions for the value of N and

for the contributions from the Outer and Middle Zones give a sys-

tematic difference in both cases of approximately 0.5 metres but

no position dependent variation can be verified because of the

',smoother" gravity field inferred by the GEM-I-OB sphericat harmonic

coefficients. If systematic errors exist in the Rapp data their
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effects are much smaller than the original estimations quoted

above

The terrestrial data obtained from the BMR has sufficient

density to determine the contributions to N from all inner zones

without the use of extended interpolation or extrapolation tech-

niqges, except for a small region in the southern secÈion of the

Near Zone. In this region Rapp 10 data !ìras used in preference to

extrapolatíon methods. For the contributions to the deflections

of the verticaf an added problem occurs in the innermost four

O.o1 x 0."1 blocks. Generally the data available is insufficient

to enable the determination of the contribution. lrlhere this in-

formation is required it may be obtained by additional gravity

field surveys about the computation point (section 6.1), or by

interpolation methods using the correlation of the free air anom-

aly wíth height (section 4.4-1,). This latter method requires

terrain height information which is not generally available foI

the majority of South Australia at the present tine.

The mean anomalies for the Inner and fnnermost Zones were

computed as the mean of all the point free air'gravity anomaLies

situated within each block or compartment. In the Near Zone,

because of the larger compartment size (0.o5 x 0.o5) and the

possible uneven distribution of data, the mean anomaly \^Ias deter-

mined from the mean of the four O."25 x 0.o25 mean anomalies which

in turn were determined in a similar way to those in the Inner and

Innermost zones. vltrere no values existed in the 0. 01 x 0.ol-

blocks they were inÈerpolated using the weighted mean method and
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the surrounding mean values (Section 4.5) -

The b10ck sizes within each zone other than the Innermost

Zone, have been selected so that any effects derived from the

assumption that the mean value of Stokes' and Vening Meinesz

functions for a block are those referred to the geographical

centre, are negligible. This has been verified by computing the

contribution to N, 6, and ¡ at the grid point 26o00's and l-29"00'E

using the mean values of the functions referenced to 100 uniformly

distributed points within each comparÈment. The results when com-

pared to values obtained when the functions were referenced to the

geographical centre, showed discrepancies of less than 0.1 metres

in N and o'io3 in both f and ¡. Both the functions for the Inner-

nost Zone have been computed as the mean of the values of the 10O

uniformJ-y distributed points within each block'

The average standard deviations of the computed free air

values of N, 6, and n at each grid point are !1,.25'metres, tOï55

and +O'j50 respectively. These standard devíations were computed

at each hatf degree grid but the range in values was insignificant

being l-ess than tO.1 metres and tO'J 1 for the standard deviations

in N and both deflection components 6 and n. These standard

deviations were obtained by summation of the effects of the stan-

dard deviations ¡.t of each nean free air gravity anomaly-
9i

The val_ues of 1r_. for the Rapp data were supplied with the
Yl_

data sets and have been discussed in Section 5.4. The error of

representation \^ras used to estimate the val-ue ,ni tt the Near zone
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and a value of 15 mGaI \^¡as assumed for Un. in the Inner and Inner-

most Zones. The adoption of this latter value is justified on the

values of the error of representation obtained for five randomly

selected O.o1 x O.o1 blocks which contained eight or more gravity

stations, on the comparison of the contributions to the standard

deviation of the deflections of the vertical- from this region with

the corresponding results obtained by Kearsley (1976), and for

other reasons discussed in Section 5'1'5'

the standard deviations of N, f, and ¡ derived in this

manner are an estimation of the random errors and not the system-

atic errors. The values are obtained assuming the only error

source to be the mean gravity anomaly and that no correlation of

errors exists between the mean anomalies. Random errors in the

mean anomalies include the effects of random errors in the l-ati'-

tude and the height of the individual gravity stations, and the

random reading error of the gravity meter. Regional systematic

errors in the height and gravity datums are not inbluded. In

the BMR data Èhe local regional systematic errors are estimated

to have an effect on N of less than +0.2 metres with a half \^¡ave-

length of 3.5 x 103 k¡n in the adverse case when the individual

errors are cumulative, The effect on the deflectÍons of the

vertical is negligible in the context of accuracy obtainable at

this stage (Section 5.3) '

The major contribution to the standard deviation N comes

from the outer Zone and is approximately t1.l- metres. Any major

improvement in the precision of the free air geoid determined
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value of N for a region such as South Australia situated in a com-

paratively well surveyed area, will- be dependent on a better

definition of the Outer Zone gravity field- In contrast to this,

the major contribution of approximatety t0'J5 to both f and rì

comes from the Inner and Innermost Zones. These figures could be

an over-estimation if the value of Ugi is less than the estimated

value of t5 mGal.

The vaÌues of the standard deviations of N, E, and n obtained

aS an estímatíon of the random errors in the corresponding results,

are Ìess than those derived by some authors e.9. rdhe (1981), Paul

and Nagy (1973), but of a similar val-ue to those estimated by

others, ê.9. Otliver (L980) , Vlenzel (1979) '

The approach used by Paul and Nagy to obtain an estimation

of the standard deviation of N is the same as that used in this

study, but the results differ because they used standard values of

15, +19, !2O mGaI respectively, to rePresent the ÈÈandard devia-

tions of the mean gravity anomaly in surveyed, partially surveyed

and unsurveyed regions. The study of Idhe (198L) used covariance

functions estimated by Tscherning and Rapp (1974), to estimate

variances of the mean gravity anomalies. The resul-ts obtained

depend on the density of measurement with each compartment- The

díscrepancy in resufts arises because the densities used were

derived from the number of known 1o x 1o nean gravity anomalies

in each 5o equal area block instead of the density of the original

gravity daÈa used to obtain the Lo x 1o mean gravity anomalies.
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Vrtenzel (L979) computed the effects of the random errors on N

from the regíon r! = O to iJ.t = 0 to 25o with the computation points

situated in the North Sea. The results varied from t0'4 metres to

lO.8 metres depending on the density of gravity data. These re-

sults agree with the value of +0.6 metres obtained in the present

study for the combined contribuÈion from the Middle, Near, Inner

and Innermost Zones. A further confirmation of the results ob-

tained in the present study is seen in olliver (l-980) , in which a

precision of t1 metre is estímated for the gravimetric derived

value of N after comparisons with asÈro-geodetic derived values.

1.2 Compar isons with other Geoids

Comparisons have been made with previous gravimetric sofu-

tions by l'lather, astro-geodetic and Doppler derived values, and

results obtained using GEI'{-108 spherical harmonic coefficients.

These comparisons have been made to evaluate any pbssible system-

atic errors that may exist in any of the solutions and to verify

the standard deviation determined in the free air geoid solution.

In order to facilitate some of these comparisons, detailed graví-

metric surveys were carried out in the immediate vicinity of

thirteen trigonometric stations to enable the contribution to N, 6,

and ¡ from the Innermost Zone to be fully evaluated (Section 6.1).

Using the astro-geodetic data available at eleven of the

thirteen trigonometric stations and the free air values of N, f,

and n, orientation parameters between the correspondíng reference
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surfaces were determined using the principles of least squares.

The values at the Johnston Origin are:

ôNo =

ôEo =

6no =

-5.49 metres

4',:29

3 i88

a¡d the sign convention is defined by eguation (6.L3). On com-

parison with the equivalent values determined by Mather (1970)

for the orientation of the 1970 free aj,r geoid with the AGD, the

parameter ôfs is in close agreement and the parameter ôno is in

reasonable agreement, but the value of ôNs differs by 4.5 metres.

This discrepancy is thought to be due partly to the l-ack of a

gravity data in large areas in South AustraLia and lVestern Aus-

trafia in the 197O soLution. This is further reinforced by a

comparison of free air values of N, f, and rl at five trigonometríc

stations which are conmon to both studies (see Table 6-3). The

other reason for the discrepancies is caused by the different

astro-geodetic geoid used. In the case of the l"lather study, the

astro-geodetic data was obtained from the Fischer & Slutsky (1961)

determination whereas the present study is based on the 1971

geoid (Section 3.4) with N = O metres at the Johnston Origin-

on orientation of the free air values of N, E, and n to the

AGD, the comparisons with the equivalent astro-geodetic values

gave RMS's of the residuals in the respective values of 0.46

metres, O'i8O and 1'.'14. The residuals in both deffection components

show a bias whereas the residuals in the separation IIEan Eo zero.
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This bias in the deflection components is el-iminated if' by the

use of weiqhts, the RMS of the residual in the val-ue of N is per-

mitted to be 1.0 metres. This reduces the RMS of the residuals

in 6 and n respectively to 0'i67 and 0'i85. The sample used to

determine these orientation parameters is relatively smalI,

although welI dispersed geographically. The parameters are used

as a means of comparing the values of N, E, and n referenced to

two different geodetic daÈums. They are not meant as new sets of

geocentric orientation parameters for the AGD.

At nine trigonometric stations where Doppler data was avail-

able, the geodetic coordinates(0, À, h) referenced to the GRS-67

system were derived from Doppler X, Y and Z coordinates. These

cartesian coordinates were referenced. to the precise ephemerj-s and

obtained using point positioning Doppler techniques. The geoid

separation NO was then obtained using Equation (6.11) in which the

orthometric height was assumed to be the height of the station

referenced to the AHD. The mean difference between NO and the

corresponding free air geoid val-ue at the nine trigonometric

stations was 21.48 metres, with a RMS of 0.60 metres about the

mean. Considering the precision of the Doppler derived spheroidaJ-

heights and the AHD, the results are compatible. The systematic

difference of approximately 2l-.5 metres may be considered as a

measure of the zero order effect on the free air geoid value of N.

This suggests a value of 6 378138.5 metres for the semi-major axis

of the mean earth ellipsoid which is in close agreement to the

currently acceptalrle value, thus serving as a check on the pres-

ence of any unkno\^7n systematics. At seven of the nine Doppler
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geodetic coordinates, where astronomical values of latitud.e and

longitude hrere avaita-b1e, the free air geoid values of the de-

fl-ectíon components \^/ere compared to those derived from the Doppler

geodetíc coordinates. The results showed a mean difference of

-o':42 in 6 and o'i23 in n with RMSrs about these means of 0i79 and

O'.'72 respectively. Considering the size of the sample, these

resul-ts show no significant systematic contributions (less than

O'1 5) from the gravity field in the Outer Zones.

The comparisons with results using GEM-1OB spherical co-

efficients has been summarised in subsecÈion l- of this Chapter.

7.3 General Comments

From the comparisons made with other determinations, the

free aj_r geoid val-ues of N, 6, and rì show no detectable position

dependent systematic errors. Although the detail-eil comparisons

were made at a relatively few welf distributed points. the number

and variety of comparisons verify the relativity of the results

to within the range inferred by the derived standard deviations.

Systematic errors that do exist, such as the zero order effects

on N, have no effect on relative changes between computation points

previous studies (chapter 3) have detected positional depen-

dent errors when comparing gravimetric values to astro-geodetic

solutions in Australia. These results were all obtained using a

university of New south vùales data set (llNSW set) of gravity
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anomalies which was originally compiled in the late 1960's and a

slightly nodified version of 5o x 50 equal area n€an anonalies'

set compiled by Rapp in 1968 (Clarke, 1981). The orientation

parameters that were used to align the GRS-67 to the AGD htere

those derived by l,Iather (L970). The present study uses much im-

proved gravity data sets to represent both the Inner and Outer

Zones and a set of orientatíon parameters derived from comparisons

of data obtained within the region studied'

Improved results in the value of N can only be obtained by

an improvement in the gravity data in the Outer Zones. The gravity

coverage in the Inner Zones is satisfactory. I{hren comparing the

gravimetric determined values of N with values deterrn-ined by other

methods in order to val-idate the results, the main difficulty that

is encountered is the accuracy of the other methods. In Australia

the definition of the height datum and j-ts relationship to the

geoid needs improvement. This is particularly apparent when der-

iving Doppler values of N from Equation (6.I7) . Assuming no error

exists in the Doppl-er spheroidal height h (which is actual-Iy !I-2

rnetres) , the error in the resulÈs is stil-t dependent on the erlor

of the levelled height of the station. An anomafy occurs in the

definition of the value of N at the Johnston origin. If the

levelled height (566.30) is assumed to be the orthometric height

and the spheroid height is 571.2 metres (by definition), then N

is equal to 4.9 metres. This is the value adopted by Allman and

Steed (1980) when determining GMA 80 (Geodetic Model of Austrafia,

1980). If any other value is used, such as -6'0 metres, as

adopted in the 1971 Australian Geoid or 0.0 metres, which is
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generalfy applíed, then there is a conflict in the definition of

terms.

The deflections of the vertical have proven precisions at

least compatible with those obtained by astro-geodetic techniques.

The limited comparisons with Doppler derived values show that any

systematic errors contributed from the gravity field definition

in the Outer Zones is l-ess Èhan 0'j5. The relative changes between

computation points within the study region woul-d be rm¡ch less than

this. The terrain corrections have not been applied but these are

expected to be sma1l, particularly at points where the topography

is symmetrical about the computation point. Although the gravity

field in the Inner Zones is reasonably dense, additional gravity

d.ata is general_l-y required about the computation point to ade-

quately define the contribution from the Innermost Zone. Ignoring

travetling time, this field work can be completed in less than one

day -

7.4 Future Developmen ts and Needs

This study has shown that with the existing gravity data

avaitable, the geoid can be defined by gravimetric methods as well

as, if not better than, âDy other method in current use. Thus,

whenever the values of N, E, or n, are required for geodetic

purposes, it is feasible, if not desirable, to determine these by

gravimetric methods.
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There is a need for more detailed terrain information in

South Australia; ideally this information coufd be stored as mean

elevations of 0.o1 x O.o1 blocks in a computer based data bank.

This would perrnit the present gravity coverage to be interpolated

more precisely and hence reduce the need for additional field

operations. It woul-d also permit sirnple calculations of the

terrain corrections for both geodetic and geophysical exploraÈíon

purposes. Many other applied scientific discíplines woufd also

benefit from the use of such a data bank. For much of the state,

this heigrht information is not available in any form since topo-

graphic maps of scafes larger than 1:250 000 do not exist for

much of the state, and many of the 1:250 000 topographic maps do

not have height information. As this mapping situation is being

rectified, it would be a relatively simple matter for the appro-

priate Government Agencies to recori on magnetic tape the

appropriate height information'

Viith the increasing use of satellite positioning techniques,

there is a need to obtain detail-ed information on the geoid undu-

lation so that the derived spheroidal heights can be converted to

orthometric heights. Using the methods derived in this study and

additional comparison points, it may be possible to produce values

of N on a tenth degree grid covering South Australia that are

suitabl-e for converting spheroidal. heights referenced to the AGD

to orthometric heights referenced to the AHD. It is anticipated

that these derived heights would have a precision of !l-2 metres,

which would be satisfactory for 1:50,ooo mapping, the detection

of major bLunders in levelling networks' and determination of
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height datums for many geophysical purposes'

It would be desira-ble to extend this study to the whole of

the AusÈralian continent. The information would enable a new set

of orientation parameters to be determined between the GRS-80 and

theAGD,detecttheexistenceofanypositiondependenterrorsin

N, E, or rl in the much enlarged region of Australia' and permit

the determination of orthometric heights from Doppler coordinates

as described above.

Aknowledgeofthedeflectionsoftheverticalisbecoming

less significant with the introduction of space age technology'

Asanexample,theuseofLaplace'sequationtocontrolthe

azimuth in targe geodetic networks (and hence the need for E tnd

n) may be replaced by Doppler posiÈioning methods or other

satellitemethodscurrentlybeingdevetoped.Thoughitmustbe

remembered that any surveying work using conventional- ínstruments

suchastheodol-ites,arealignedtotheLocal-potentialsurface

andaknowledgeofthedeflectionsoftheverticalisrequired

toobtaintheorientationsbetv*eenthissystemandÈhegeodetic

reference system (perhaps defined by satellite methods) being

used.

The problem today is sonewhat the reverse to that encolrn-

tered using cLassical geodetic techniques' Using modern technol-

ogy it is becoming easier to define the geodetic coordinates of a

point, buÈ more difficult to define the natural coordinates' i'e'

0,ArH,referencedtothegeoid'Amajorrequirementnow'and

188























UOTILA, U.4., l-960. Investigatíons on the Gxavitg EieJ.d and Shape

of the Eatth- Ann. Acad. Sci. Fenn. Ser- ALll-

Geologica, 55, 1960-

\NTSKOCIL V., L9'7O. On the Covariance and Strueture Functions of
the Anomafous Gravìtg Fie7d. Studia Geophysica et

Geodetica, VoI. 14, No. 2' L97O.

WENZEL, H.G. t 1,979. Recent resufxs of Geoid determination bg

cornbination technìques ìn the North Sea Test Area.

Presented at 17th General Assembly of IUGG, Canberra,

Australia ' 1979.

I

l

I

'
ì
f

I

I

I

l

199




