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SUTVIMARY

The work presented in this thesis involves an analysis

of the benditg, buckling and vibration of viscoelastic

plates of quite arbitrary shape. Classica1 small deflection

plate theory is used. The viscoelastÍc stress-strain law is

assumed to be expressed in a linear operator form, and three

models, the Maxwell, Kelvin, and Standard Linear Solid

models are specificatly considered. The analysis is carried

out by the "Method of Constant Deflection Lines", which

involves a consideration of contour Iines on which the

deflection of the plate is constant at any one time, and is

valid for clamped or simply supported boundary conditions,

or a combination of these.

In the first chapter a brief resumé of Lhe study of

viscoelastic plates is given, and, the purpose and scope of

the thesis detaited. In Chapter II, the viscoelastic

stress-strain laws used are discussed, and the concept of

Constant Deflection Contours as applied.to viscoelastic

plates is evolved. The governing differential equations

are hence derived for the following four sections of visco-

elastic plate analysi-s :

(i) the bending of viscoelastic plates

(ii) The transverse vibration of viscoelastic plates

(iii) The buckling of viscoelastic plates

1iv) Temperature effects in viscoelastic plates.

The method of solution of the differential equation



va.

for the bending of a viscoelastic plate is discussed Ín

Chapter III. The forms of the boundary conditions at the

plate edge and the initial conditions in the time variabl-e

are considered. As an illustrative example the problem of

a clamped eltiptical plate of Kelvin material with a moving

Iine load is solved.

In Chapter IV the case of the transverse vibration of

a viscoelastic plate is considered. The solution for the

dynamical equation is found by separation into two sets of

simultaneous differential equations, one set in a spatial

variable and the other in the tíme variable. The example

of a clamped elliptical viscoelastic pIate, o1 Kelvin

material, undergoing transverse vibration is considered,

and the solution found analytically. A method of solving

problems involving plates of more complex shape, where

analytical solution is not possible, is derived, and its

use ill-ustrated in the example of symmetric transverse

vibration of a clamped equilateral triangular plate. The

spatial solution is found numerically with the aid of a

computer, and the time behaviour of a plate of standard

linear solid material given for impulsive loading.

For the buckling of a viscoelastic plate under inplane

forces, considered in Chapter V, the governing differentíal

equation is shown to be separable into ordinary differential

equations possessing eigensolutions (analagously to the

case of vibration of a plate) for a large number of types

of inplane forces. As an example, solutions are given for

clamped rectangular and semicircular plates, with particular

regard to the standard l-inear solid material--
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In Chapter VI, the method of solution of the equation,

derived in Chapter, II, for transverse vibrãtion of a pl ate

under temperature influence is given, and in Chapter VTI

some concluding remarks are made, and further uses of the

Method of Constant Deflection Lines in problems involving

viscoelastic structural elements indicated.



vl_ l_ l_ .

STGNED STATEMENT

This thesis contains no material which has been

accepted for the award of any other degree or diploma in

any University.

To the best of my knowledge and belief, this thesis

contains no material previously published or written by

another person, except where due reference is made in the

text of the thesis.

John S. Hewitt



ax.

ACKNOWIEDGEMENTS

The author is indebted to his supervisor,

Dr. J. Mazumdar of the Department, of Applied Mathematics,

University of Adelaide, for his guidance, encouragement'

and many valuable criticisms.

The author gratefully acknowledges the financial

support, of a Commonwealth Postgraduate Scholarship during

his candidature.



CHAPTER 1

INTRODUCTTON

The mathematical theory of viscoelast.icity has become

increasingly important in recent years due to the growing

demand for viscoelastic analysis in many problems involving

solid bodies. A large number of books have been written on

the subject, some of the more fundamental ones being those

of Bland [5] , Ferry [I7] , Gross [19] , and Nadai [37] , which

cover both the theory and its application to known materials,

and a wealth of material on alt aspects of viscoelasticity

and its application has appeared in the various mathematics,

physics and engineering journals. A prime cause of this

necessary attention to the field has been the development

and extended use of materials which exhibít viscoelastic

properties at both normal and higher temperatures. Immediate

practical applications of the theory occur in the study of

heat generation in rubber materials, such as automobile

tyres , ot in the study of the burning of viscoelastic solid

propell-ants in rockets. An excellent review and discussion

of this latter topic is given by Williams t53l .

Nevertheless,

elements is also of

the study of viscoelastic structural

great importance. Such elements may

they may specifically be of viscoelastic polymeric materials

for shock and vibration damping purposes. In particular,
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the study of viscoelastic plates vr'as undertaken by many

mathematicians and engineers from the time of the large-scale

development of viscoelasticity in the mid-1950rs. After

initial developments in viscoelastic analysis by AIfrey [1] '
further extensions \^rere later made by Lee l25l , and by

Biot [4] , who formulated equations for the flexural

vibrations of anisotropic viscoelastic plates and rods. At

a similar time, Lín126l considered the buckling of a

rectangular viscoelastic plate under uniform edge compression.

Extensive developments, particularl-y in the analysis of

viscoelastic plates under the action of inplane forces,

were made by Mase and Del,eeuw. In two papers, 129 and 301,

Mase presented work on plate bending and vibration, with

examples for rectangular plates, and in t13 and 141 Mase and

Deleeuvr established the important concept of upper and lower

criticat loads for plate buckling, where the lower critical

loads correspond to plate instability and the upper critical

loads to instantaneous buckling. In later papers []5 and 161 ,

Deleeuw further analysed circular and sector-shaped visco-

elastic plates under inplane loads, with a variety of loads

and boundary conditions.

Much work has been done and many papers published by

Nowacki on the subject of thermo-viscoelasticity. Many of

these are listed in his interesting book t38l . In particular,

transient thermal stresses which vary linearly across the

thickness are considered in plates and shells in t39l .

There have been many other developments in the theory.

Bentson et aI. t3l consider creep analysis of circular plates
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by energy methods, and Pan t41l includes the effects of

rotatory inertia and shear deformation for free and forced

viscoelastic plate vibration. BriIIa 17,B,9l has worked on

bending of viscoelastic anisotropic plates, and on the large

deflections of anisotropic plates, while Sobotka Í45,461

has specifically consj-dered orthotropic rectarigular plates.

Further work on vibration of plates was undertaken by St. Cyr

and l,üeiner Í441 , and by Robertson 142 and 431 who considers

forced motion of circular plates und.er a number of boundary

conditions, adapting the improved pl-ate theory of Mindlin

to linear viscoelastic plates. Further work in this topic

appears in Í47 and 501 carried out by Srinivas and Rao, and

Suzuki. More recent and varied developments include non-

Iinear behaviour and behaviour of viscoelastic sandwich

plates considered by LJ-sy 127 and 2Bl , and of rectangular

plates on viscoelastic foundations, analysed by Kishor and

Rao t201 .

Despite the enormous quantity of analysis that has been

undertaken on viscoelastic plates, it can be seen from the

literature that comparatively little has been done in the

way of examples on plates of more general shape, and much

analysis is inclined more toward apOlication to circular or

rectangular plates. A method has been established by

Mazumdar [3L,32, 33,34] and Mazumdar and Jones 122 ,23l, for

the analysis of bending, buckling and vibration of elastic

plates of arbitrary shape. This method involves the use

of "Constant Deflection Contour Lines", i.e. contour

along which the deflection of the plate is constant.

this way the partial differentiat equation governing

Iines

In

the
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deflection of the plate wil1 be transformed into an ordinary

differential equation

The purpose of this thesis is to adapt this method to

problems involving viscoelastic plates. Herein, the particular

equations for bending, buckling, vibration and thermal effects

of viscoelastic plates using the method of constant deflection

tines are derived, and the means of their solution shown.

The examples given for plates of various shapes are such as

to iltustrate the worth of the method for problems not readily

soluble by other mean5. In cases where analytic sol-ution is

not feasíble, it will be seen that through the use of the

method of constant deflection lines the problem is readily

and accurately able to be solved with the aid of numerical

methods.



CHAPTER TT

DERIVATION OF THE EQUATIONS FOR VISCOELASTIC PLATE ANAIYSIS

USING THE METHOD OF CONSTANT DEFLECTION CONTOURS

2.I Viscoelastic Stress-Strai-n Laws

There are, in essence, two approaches to the establishment

of linear viscoelastic models. Firstly, there is the

phenomenological approach which involves the use of creep

functions and the Bottzmann superposition principle for linear

analysis, which is discussed by Gross tfgl and Staverman and

Schwarzl [48], and secondly, the method adopted in this thesis,

in which the viscoelastic material is considered to possess a

microscopic three-dimensional structure composed of springs

and dashpots. This representation is used by Atfrey l2l and

Bland t5l . This gives rise to viscoelastic stress-strain laws

of the form

PIS Q'€ij r-J

Pt'o Qtte 2.L.Lkk kk

where S. . and €. . are the deviatoric stress and strainr.J lJ
tensors respectively, and oOO and eUO are the traces of the

stress and strain tensors. Pt, Qt, P" and Q" are linear

differential operators in time, t , and are of the form

T
^nd

nâtDt Q'= [ n nâtn' Q"= [ a d

n â'rn'

2.L.2

d P'= [ c
n=0

d
PI

n=0
a

n=0 nFt' n=0
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The coefficients ârr, brr, ..,. and dn are constants which can

be determined from the properties of the materialr 01. in a

theoretical consideration are established by the mathematical

model used. This representation is discr¡ssed in 12 , 5 ' 251 -

A large number of materials behave elastically under

hydrostatic stress and have viscoelastic behaviour in shear.

This simplification wiII be used in this work, so that

Ptt = 1

Q" = 3K 2.L.3

where K is the material bulk modulus.

The three most conìmon viscoelastic models are the

Ma>a4rel1, Kelvin, and Standard Linear Solid mode]s, whose

representation in terms of springs, with Young's Moduli Er

and E2, and a dashpot, with coefficient of viscoscity I r

ís given in Fig. 1. The Maxwell and Kelvin models are of

limited practical application, but many materials of a

polymeric nature can be represented by the Standard Linear

Solid model for limited response ranges. Nevertheless, use

of these fundamental models for il-tustrative purposes is of

great importance, as they give insight into the behaviour

of materials of greater complexity. The behaviour of these

can be represented by combinations of the simpler units.

(e.9. Maxpell and Kelvin Chains, Fig. 1).

The differential operators of 2.I.1 for these three

basic models are as follows ¡ for the Maxwell model

na
Er t;'PI I+ Q'

al;-dT
2.t.4



o

o

E1 n

Maxwell (Fluid) Mode1

n

Er

Kelvin (Solid) Model

El

E2

Standard Linear Solid Model

\2 îrl.

E2 nKelvin Chain

o

E2
n

t1 z rr

o

U

n

o Õ

Er

o
rì t

E

E
E

1
rì 

1

ú

Maxwell Chain

FIGURE 1 Viscoelastic Mode1s.
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for the Kelvin model

P' I ,

0t =

Q' El + n
d

E rEz Ert 
a+

E 1+82 E1+E2 ðt

2. t.5

2.L.6

ðt

and for the Standard Linear Solid model

dpr 1+ àrt

2.2 Fundamental Concepts

The theory of plates used in this thesis is based on

the assumptions of classical small deflection theory;

(i) the plate is considered to be composed of homogeneous

and isotropic material; and

(ii) the thickness of the plate is constant and is small

compared with the other dimensions, and the deflection

of the plate is small- compared with the thickness.

The plate is considered to be bound by piecewise-

smooth curves and is simply connected. The extension to

multipty-connected plates, however, involves no special

difficulties.

Consider a plate referred to a system of rectangular

coordinates xty tz such that the horizontal plane oxy

concides with the middle (undeformed) plane of the plate.

The z-direction is taken to be positive downwards. The

plate may be acted on by a downward positive load q(xry,t),

and inplane normal forces N*(x,y,r) and N, (xryrt) , and

inplane shear forces **r(xty tr) which are considered to

act in the middle plane of the p1ate. Inertial, temperature

or other effects can be considered as required.
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These forces will produce a deflection w(x,Y,t) of the

middle surface of the p1ate, also positive in the downward

z-direction. At any instant of time to, the j-ntersection

of the deflected surface z = 'w (x,y,to) with parallels z =

constant will produce a set of contours, which after projection

on to the o x y plane give a family of non-intersecting closed

curves (Fig. 2) . These will be called contours of Equal

Deftection and are denoted by u(xry) = constant. ff the

boundary of the plate is subjected to a combination of clamped

and simply-supported boundary conditions, then the boùndary

itself wilt coincide with one of these contours as it will

not move perpendicular to the plane of the plate. Without

loss of generality, it can be considered that u=0 on the

boundary of the plate. Denote the family of curves

u = constant by Crr, OSuSu*, so that Co = C is the boundary

of the plate, and C.r* coincides with the point(s) at which

the maximum u=u* is attained.

It is clear that under general loading and boundary

conditions the mathematical form of u(x,y) will differ from

one instant of time t ro, to the next. However, it is

sufficient to consider at a particular inst.ant of time ro

such forces that produce a particular form of u(xry) , since

initially solutions for hI which are separable in space and

time variables are being sought. Further sofutions can then

be obtained by using the principle of superposition for

different forms of u(xry). This \,vi11 be more evident on

establishment

various cases

effects.

of the actual- equatíons for w (xrY, r ) for the

of bending, bucklitg, vibration and temperature
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2.3 Derivation of the E ations of Bendin of a Viscoelastic

Plate

Consider a viscoelastic pIate, âs postulated in the

previous sections, acted on by a laterial load q(x,y,r).

Intersection of the deflected middle surface of the plate

with paralle1s z = constant, ât a particular time ro, will

Iead to the formation of lines of equal deflection u(xry),

as discussed before. The plate is considered to be acted

on by a particular load such that bending occurs in one

mode on1y, so that the form of u(x,y) is unchanging in time.

Consider forces inside and on one such curve u(x,y) (Fig. 3).

The resultant of the tractions exerted by the remainder of

the plate on this curve will have components in the upward

vertical direction given by

Vdsn

AM

where nt 2.3. r
d5

u

V
n on

f
c

It
a)

Summing the forces in

the vertical direction gives the equation for plate bending:

e(x,y,t)dn = 0. 2.3.2

Here O is the
n

rate of change

u

The contour integral
u = constant and the

normal shearing force

of twisting moment.

f u"u"
C

3M- nt
âIld :-ils

the

l-s

is the edge

u

is taken around

double integral

closed path

evaluated over the

interior of the region bounded by
u

thecontourC Asecond



v

u = const.
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FIGURE 3. Forces Acting Inside and on a Contour.
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equation is obtained by requiring that the sum of the

moments about the tangent line to the curve u(xry) = constant

at any fixed point (xorYo) of all forces acting on the

element equates to zero. Let f and fo denote the position

vectors from the fixed point (xorYo) to any arbitrary point

Ìnside the contour and on the contour lf = const. respectively,

and n and n denote the unit normals to the line u = const." -o

at (x,y) and (xo,Yo) respectively (Fig. 3) . Then

(x-xo)i + (V-vo) jt

To
(x-x ) I (v-vo ) J+

o

10

u(x,y) cons t.

2.3 r3

dol = 0 2.3.4

ui+u'ix- xj
TI

u +¡2
vx u (x'y) const.

(xoryo)

Vrdsn- o

v
u+ul-x- l

n=-o

The equation of equilibrium of moments about the general

tangent line to the curve will be

o
n ó*r',ds*ó

J N- Jcc
qril

CI
uu

where M is the normal bending moment to the curve. When
n

the equation u = u(x,y) is the exact equation for a line

of equal deflection, then equation 2.3.4 will be satisfied

identically with the aid of equation 2.3.2. ( t311 ). Thus

u

only equation 2.3.2 need be considered as the equation for

the analysis of bending of a viscoelastic plate when the

correct form of u is known. Determination of the form of



u has been invest.igated by Jones and Mazumdar Í22 t23l for

the case of an elastic p1ate. It will be seen in later

analysis that this result is also applicable to an

analagous viscoelastic Problem.

It is necessary to derive expressions for V nn

quantities are in the same form

elastic problem, but the elastic

time operators determined bY the

material. Thus

11

of the well-known

operational form. These

as those in the analagous

constants are rePlaced bY

nature of the viscoelastic

MQr,'

ãM
and *tE. This is done by use

Correspondence PrinciPle in the

-D(p) (# . ,trlff)M

M

x

v
-D(p,(;;Y. utnlS)

xy =o (p) (r-u (p) ) 4
ð xAyM -Myx

-D (p,¡it# . a2w
TITO

O
v

-D(p,#i# . â2ww

)x

) 2.3.5

-ðwhere p = #, and O(p) and u(p) are viscoelastic operators

corresponding, respectively, to the elastic constants

D(flexural rigidity) and u (Poisson's ratio), and are given

by

o(p) =

prerr etP"
2P',Qr'+QtP'ru (p) 2 .3.6
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Since

the following relations

exis t:
âw_ðw

w (xrY, t ) \^/ .Eu

au y

2.3.7

2.3.8

the

between the Partial derivatives

Au ãw âw ðw uâx äu ðx Au X ay

â2w

u I

uua2w
tilz + âw

v ðu
u , etc.xyð xôy

Using the well-known

following relations

transformations of 2

n

M

V n

expressions for M' r

are derived with the

.3.8:

x

o,n
and Mnt
of theuse

M =![ *cos2o * Mrsin2cr

o (p) te1ff +
âu

o (p) (1-u(p))n,ffi

xy

o(p) tu(p)nr#*orffi

2M s l-n0, cos cÌxy

ðw Aw
Qi + u(p)Qz âu

nt Mxy
(cos2a sin2cr) + (M*-My)sincr cosq,

Msin2o*Mcos2q+2MM

Qrr=Q"cosa*Qrsíno

o

s l-nq, cos 0
t xy

+ u (p)Q r# r

n

äMNE
âs

o (p)
' 
*'# * t,l3 * c,H + u (p) cr# I

where

2 .3.9
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P1 -t

Qr -t-1[u v2+xxx

v2+uyyx

2u uuxyxyu +u2vvv

Qz 2u uulxyxyu-t-1[u 2

v

2

v

xx

u u uu +H1 t-1[u v2

R1 -t

F1 -t [3uxxx vvv xxy

uul

vv xyxy

uu2+2u u2u

uxyx X xxxy

312

-4 1J2 + 3u !2+u u2+u u +4u u u

vxu
vvv

2
x

G1 -t

G2 -t

_3 /2 lu

*.2u u 3
x +xyy

+(u xx

+2L -5 /2

-3 /2

u3 + u u3 + 2uxxx x yyy y xxxxy yyyxy

-2u (uuuxyxyxx u2u

u

+uuuxxy xxy xyyy

u u2)lyyx

2u u3xxy y

u )(u u
vv xx

\J2x

-u uu2

uu2xyyxy

v2 uu (u
v xy xx

u2uxxyxy

u u2uxxyxy

u )l2vy

uxyy x

u2u

2

v

u(xy

u u2uyyyxyxxxxy

-u u +2u uu2+2uxxy xyyxy
3

v

*2u (uuu
xy xyxx u2uyxy u2uxxy xyyy+uuu

-(uxx

-2L
_5 /2

t v2+v2

u )(u v2xxy

2_
x

u u z)l
yyx

u uu(u

vv

u(uxy
2

v
u )12xy XX vy

cosq =

x v

SINA dy
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The expression for Vn from equation 2.3.9 is used in

equation 2.3.2, and account is taken of the fact that w and

its derivatives with respect to u are constants on the lines

u = constant, so that the equation governing the bending of

a viscoelastic plate is

o (p)

Av¡ 2.3.Ir+ o(p) u (p) G2 ds qdrì 0
ðu

cuu

It is to be noted that when the contour u(x,y) =

constant is a smooth closed curve wiÈhout any corner points,

then the contribution due to the edge rate of twisting moment

M becomes zerot i.e.nt
âM

a3w
tF-

I r2.^' I
O Rlds + D(p){;i Q rtds + o(p)
J - oLr J

CCuU
H f Glds

C
u

f ll
o

-nt 
ds = O

âs
c

and consequentty equation 2.3.II be,comes

o (p)
ðuJ Rlds + o(p) a2w

au2
Flds + o(p) f

I
G 1ds

f 2.3.12

2.3.13

u

3wa

c

I t-
L-'2 t --

f
c

qdCI=0

f
âw
u

uuu

ò

tl \

c

il
.)

u

a

where

"I \s xxx x xyy x yyy y
¿ rl

xxy y'

2.3.L4
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2.4 Derivation of the Equation Governinq the Vibration of

a Viscoelastic Plate

consider a viscoelastic plate, as in section 2.3, acted

on by a transverse load. The plate is considered to vibrate

in normal modes r So that at any instant of time r o, inter-

section of the middle surface of the plate with planes

z = constant will, âS previously discussed for the bending

of a p1ate, lead to the formation of a set of Lines of Equal

Amplitude, denot,ed by u(x,y) = constant. For vibration of

the plate in one particular mode-shape, the form of u(xry)

at any particular instant of time ro, will be a function of

x and y alone.

A consideration of forces inside and around one such

contour u(x,y) = constant in a vertical direction will give

the dynamical equation

Vds+
n

The term V' can be written in terms of the deflection w as

in section 2.3, so that the equation governing the vibration

IS

f
c u

t
o

. ã2w
Pll ;--?- -d^t-

tt
ll
o

u

qdCI 0 2. 4.I

u

ðw
¡ (p) Rlds + o(p) Flds + l(P) u G 1ds

à

C C c

à2w
TiT -

a3w
tü3 f f

a2w
ðil¿ f

uuu

a

a

w

f
c

il
a)

u
il
a

u

G2ds ++ o(p) u (p)
u

u

ph qda 0

2.4.2
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2.5 Derivation of the Equation for the Buckling AnalYsis of

Viscoelastic Plates

consider a viscoelastic plate as discussed in the

previous sections. The plate is acted on by a transverse

load g(xryrr), and by compressive inplane forces N*, *,

and shear inplane forces N*, on the middle edges of the

plater so that a plane stress system is set up in the p1ate.

These inplane forces are in general functions of x' y and r'

The ptate also possesses an initial deflection wo (x,y) in

the z-direction. The deflection of the plate h7(xrY,r) is

assumed to be small, So that the edge forces are not al-tered

by the bending of the P1ate.

The deflected form of the plate can be described by a

family of lines of constant deflection in the same way as

in the bending of a plate. A consideration of equilibrium

of forces inside and on a closed curve u(x,y) = constant

will produce the following static equation

N
If ''o

u

Áuu=Jn
c

u

a 2 
1w+wo )

ðyz+
v

a 2 (w+w
+ 2N

U lan 0xy ð xãY

This equation can be written in terms of

derivatives with respect to u. Using the

the above equation becomes

2.5.1

w and its

results in 2.3.9 ,



a3w 2vtr
Qntds + o(p)
)
c

u

ò

fFlds + o(p) \^t

u

Kds
/t

u

I7

2.5.2

2.5.5

ä

d
t", u=
)'
c

u

ãìr
C

c

with K=Nu2+Nu 2N u uxx xyxy

o (p) tñ-

L=Nu +Nuvvv +2N uxy xy

u

+o(p) u {n)ff f "ra=
rq+^åîi*"#**+."þ,unil

ô
uu

0

2+
vv

2.5 .3xxx

The initial deflection of the plate, wo, will be a

function of u

wo (xry) = wo (u) 2.5 .4

as the form of u is considered to be unchanging in time;

that is, only one type of buckling mode is being considered

at a time. The derivatives under the area integral of

2.5.I can hence be expressed as derivatives with respect to

u aloner ês written in 2.5.2.

In Appendix I, the following relation is derived

II
J¿ u

(*|oY*Lffi)dCI =- H{
c

so that equation 2.5.2 can be written in a form with terms

in \^r outside the integrals:



1B

u (p) à3w
aF f*,u= + D(p)# ft,u= + otn)ffi fG 1ds

C

qdCI=0

c C uu

+

u

dw
o

Au+o(p)utn)fff",u..HfF
c., cu

f
C

2.5.6

2.6 Derivation of the Equation for the Deflection of a

Viscoelastic Plate Under Load and Temperature Effects

Consid.er a viscoelastic plate as previously

postulated, with a transverse l-oad 9(xrY,t) , and in a

temperature field. An incremental increase in temperature'

T(xry,z,r), in the plate will produce a state in which

thermat stresses are evident. The stress-strain equations

are taken to be

p'sij - Q'cij

= Q"(ekk 3 arT) 2.6.r

(sternberg t491 ) , where oT is the coefficient of linear

thermal expansion of the material and. pr , e' , p" and Q" are

the time differentiat operators of 2.L.2. As the thickness

of the plate is taken as small compared wj-th the other

dimensions, the temperature variation across the thickness

of the plate can be considered linear, i'e'

P"okk

2.6.2
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The loading and temperature fields will be considered

as such so as to produce a deflection \n/(x,Yrr) in the

plate, from which lines of equal deflection u(x,y) are

generated by intersecting the deftected middle surface ivith

planes z = constant. A consideration of forces in the

z-direction inside and on a contour u(xry) i constant,

including the effect of inertia which will be important

for suddenly induced temperature fields, will give rise to

the force equation

ll qdç¿

u
It
CI u

óuu=+Jn
c

u

or,ff an = 0 2.6.3

The temperature term is introduced through the transverse

forces Vrr, as the moment terms and shearing forces are given

by

M* = -o(p) (# . utrlff) D(p) (1 + u(p))orTt

r, = -o(p) (# . utnl$) D(p) (I + u(p))*rrt

M = -M = D(p) (I - u(p))xy yx

= -þtn)fi

à2w
A xAy

o x
àTr

T Ax

ãTr
Tây 2.6.4Q, = -þtnlfr

Equation 2.6.3 may be converted to an integro-

relations 2.3.9;



D(p)# f
cu

Rlds + D(p)# f Flds + D(p)# f
CC

u u

G 1ds
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ds
/t

2.6.5

6.6

2.6.7

G2ds D(P) (1 * u (P) ) "r ("*# * "r#

where ! = v2 + u2.xx

When the temperature T1 is a function of u and t alone,

then the temperature term in 2.6.5 can be written as

D(p)(1 +u(p))'r#f /Eas 2

c
u

+ D(p) u (p)# f

+ ll or,ffan ff qda=o
f¿a--U U

f
c

uu

since TI and its derivatives with respect to u are constant

on contours u = const. If Tt is not specifically a function

of u, then since Tt is considered a known quantity, a

transformation of the temperat,ure term to the form of 2'6'6

is nevertheless possible using a modified temperature

functionri.e. by defining a temperature T*(urt) such that

aT* Æas= uxâu
c c

Ctearly, T* coincides with T1 when the latter is a

function of u and t onlY.

f f
ðrt+u +) qg
âx *y âY' ,/t

uu



CHAPTER III

BENDING OF VISCOELASTIC PLATES

3. 1 General AnalYsis

The equation 2.3.II relates the deflection of the

viscoelastic plate, w, to the load q(xrY¡t) ' Solution of

this equation is undertaken by the method of separation of

variables. If the toad is of the form

g(x,y,t) = go (x,y)v(t) 3.1.1

and if the deflection is expressed similarly as

rv(u,r) = w(u)g(t) 3.r.2

then equation 2.3.LI becomes

D(p)s(r) 
'å# f 

Rlds.å3 f Flds.# fccc--uuu

Gldsl

dvü 3.1.3+ ¡(p)u(p) 9(t) du

some complexíty is introduced into 3. I.3 through the

operator'u (p) . This arises through the use of the edge

AM

rate of change of twisting moment, # , in the analysis'

The contribution due to this term will vanish, as discussed

I
c

UG2ds v (r) | lqo (*,y)dCI = 0
)J
a uu

in section 2.3, around all smooth Closed curves, and hence

this will only produce a contribution for a simply supported
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corner point (as Mrra is zero on a clamped boundary). when

this term is thus eliminated, equation 3. I.3 becomes

separable into two equations in time and space coordinates

respectively:

f Rlds . å#
c

f fG
c

dw
a[

d3w
ãrl3

Íl
ll q (x,v)dCI
)) u

u

Flds +
I

IdS 3.r.4
C

D(p)g(t) = v(t) 3.1.5

wfrere Ci is as in 2.3.14. The usual constant of separation

can be absorbed in the expressions for go and v(t) without

loss of generality, as Qo(xry¡ and v(t) arê not uniquely

determined by 3.1.1. The operator ¡(p) will be of the form

o (p) 3.1.6

where Dr (p) and Dz (p) are differential time opårators with

constant coefficientsr so that 3.1.5 becomes the

differential equation

uuu

Dr (p)
Dz (P)

o1(t)9(t) = Dz(P)v(t)

3.2 Boundary Conditions

Equation 3.1.4 is identical to the equation for bending

of an elastic plate as established by Mazumdar [3U ' subject

to the following boundary conditions.

(a) clamped Edge. The deflection and slope of the plate

3.1.7

w(urt)
u=0

=0
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3.2.I
ân

u=0

where n is the normal to the boundary. This second condition

can be expressed in an equivalent form

lE ãw 0 3.2.2
Au u=0

A third boundary condition is necessary for the complete

solution of 3.1.4. This is obtained at the centrer oÍ point

of maximum deflection of the plate. The deflection of the

plate at the centre must be a finite quantity, and the

tangent plane to the plate at the point of maximum deflection

must be horizontal, i.e.

,/E âw 0 3.2.3
âu

u=u*

and

Forwina

conditions

â \^7

separable form as

become

w (u)

given by 3.1.2, these boundarY

0

0

0 3.2. 4

u=0

u=0
zdWvL 

-
clu

,- dW
vL -=-clu u=u*

In fact, they are the same boundary conditions as those in

the corresponding elastic plate problem

(b) simply supported Edge. The conditions at the boundary

for a simply supported edge are that the deflection of the

ptate and the normal bending moment vanish, i'e'



D(p)tPrT#*ot âw + u (p) Qz ðu

w(urt)
u=0

u=u*

âw

u=0

0 3 .2.5
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3.2.6

a u
u=0

The third condition at the centre of the plate will be Lhe

same as for a plate with a clamped edge.

Difficulty aris,es with the presence of the operator

u(p) in the second boundary condition of 3'2'5, as it is

not possible to separate the time and space terms in this

equatiorr. The difficulty can be removed by making the

assumption that Poisson's ratio, p, is constant on the

boundary. It will be seen that in the case where the plate

material has the same viscoelastic behaviour in dilatation

and shear this difficulty does not occur at aII, as Poisson's

ratio is constant throughout.

With the assumption of constant Poisson's ratio at

the boundary, the simply supported plate boundary conditions

become

w (u) 0
u 0

nrå#* (e1+¡,ç'¡ # f

0

, dh7lL --?-
du

0

problem.

e tic late
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3.3 Initial Conditions

Equation 3.L.7 is an ordinary differential equation

in time with constant coefficients, and of the form

2
3.3.1

n=0 n

The function v(r) is known from the choice of 1oad, and, the

a and b from the choice of viscoelastic model. Solutionnn
of this equation by the Laplace Transform method is straight-
forr,vard, either with zero initial conditions or when the

initial conditions on g(t) are known. An important advantage

of the Laplace Transform method of solution is that it will-
immediately provide correct solutions for loading involving
finite jump discontinuitiesr âs in step loading.

In general, it is insufficient to obtain initial

conditions from a consideration of the particular visco-

elastic model, as the operators D1(n) and D2(p) are

operators of a higher order than those of tLre model. This

occurs because three dimensional stress-strain laws are

being dealt with in the case of plate bending, whereas the

model representations are one-dimensional on1y. Deleeuw

in his Ph.D. thesis t13l developed a general method of

determining initial conditions for the time equation for

the case of buckling of a viscoelastic plate. This method

was based on an earlier determination by Bo1ey and Weiner

t 61 of initial conditions for a general viscoelastic stress-

kl
I

n=0
an

k
bi dtv(t)

-nctr

and Weiner

bending of

can be applied to the

a viscoelastic p1ate,

time equation for the

as fol-lows.



consider the load to be applied at a time r=0, either

smoothly or as a step loading, so that at all times before

zero v(t), 9(t) and their derivatives are all zero'

Equation 3.3.I can be integrated from a time just before

zero, r=0-, to some general time t to give

26

3 .3.2

dt
o

kr
It a I

,,lt n 
å

+

T
I

.J_n(.o)d.o
0

o
a .n

OT
o

T
Ibln)
0

2T
I
I v(t )dt
l_ o o

0
o

b

nai'
n=1o

a

T
I

,j_n(.o)d'o
0

b
k2
I

n=1
+

T
I
I v(t )dt
l_ o o
0

o
b

b
k

$,
L

n=1

k

I To)-a+
n=1

Since v(t), 9(t) and their derivatives all vanish at t=0

equation 3.3.2 after integration becomes

o

I

drn-I

n-1d v(t) 3.3.3
n n- 1dt

The function g(t) and v(r) will possess only finite jump

discontinuities at r=0, so as the limit ,*0* is taken the

dt-19(t)

integrals in 3.3.3 will vanish,

condition

and the first initial

2 n-1d V 3.3.4a n n-1
+ n=1 dt +

t=0 t --0

witl be obtained. A second initial condition can be obtained

-n- 1d,g
.t ïT1

ctT

I

by integrating equation 3.3.3 with respect to t to give



T

'ol
0

+ n-2o dt
0

r.-2
v(t1)drr + b d v(t)

n n-2dt

3.3.5

+and taking the limit r+0 obtaining

n-2d \/ 3.3.6a tl n-2n dt
+ t=0 +

t=0

In general, using this Procedure

n initial conditions for an n-th order equation.

3.4 Remarks

one of the problems as yet undiscussed here involves

the determination of the equation for the lines of constant

deflection. It has been shown earlier that the equation

for viscoelastic plate bending can be reduced to a time

equation, and. an equation whicl'r, with boundary conditions,

is the Same aS the equation fot a corresponding elastic

plate bending problem. Hence, it is sufficient to determine

the form of the lines of constant deflection from the

elastic counterpart. The problem of bending of elastic

plates and the correct form of u has been dealt with

extensively by Mazumdar [31], and Jones and Mazumdar 122

and 231. It has been shown t23l that for a clamped plate

j.
0

TTr

.J_.J_"(to)drodtl 
*b1

00

b
k2
I

tt=2

k1
I

n=2

9(t )dt dt 1 * a1 g(tr)dti

27

r.-2d s(t)

n times will result in the

o
ctni'

tt= 2

kc
t'

t:,= 2
b

T

0
o

-r.-2dg
- "-2dr

under constant load, a suitable form of u will be given

by



V2u = -2

u 0
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3.4.1

3.4.3

T

\^rhere f is the plate boundary, and for the case of non-

constant l-oad u must satisfy the following equation in polar

coordinates

v2 lrurq(r,o)] =0

v2 luog (r, o) ] =0

3.4.2

d2w
ãil¿

Qr + vQz

u =0

u=0

u=0

f

Alongaboundarywhichissimplysupporteditisnot
generallypossibletofindthefunctionsuandwsuchthat

3.2.6issatisfied.ThemethodadoptedbyJones|23]canbe

summarised as follows. The conditions of 3.2.6 are satisfied

if W has the boundarY conditions

w =0
u=0

=0

=0

and u is of tne form

rf=UV 3.4.4
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where u and V are functions of x and y such that

v 2tJ -2

V2V -2 3.4.5

with boundary conditions on U

U 0 3. 4.6

The third condition of 3.4.3 determines the boundary

condition on V. Apparently, u=u is the equation for the

lines of equal deflection of the same plate when the edges

are clamped. It can be seen that for a simply-supported

plate the dependence of w on Poisson's ratio, ¡.r, taken as

constant on the boundary, will be carried in the expression

for u alone.

Foraplateofcomplexshape,determinationofuand

Vt will not be analytically feasible. Methods of selecting

a good approximation for u have been discussed by Jones

[23). For many loadings which are of a symmetrical

variation about the centre (point of maximum deflection) of

the plate and the boundary, the formofutaken as for the

case of constant loading will be a reasonable approximation'

The determination of the deflection w in terms of u can be

excellently approximated by several methods which wiII be

discussed in detail in later chapters '

f

to be separable in space and time variables. If q is of

the form
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q (x,Y,t ) (t) 3.4 .7

where the functions of qn are such that each individually

will produce either the same or a distinct set of families

of lines of constant deflection, then it is obvious that

the solution for the deftection W is obtained by super-

position of the solutions for the individual loads.

3.5 Bending of a Clamped EllipticaI Plate with a Movinq

k
I-n.,(x,Y)v'

n=l

Line Load

It has been seen from equations 3.1.4 and 3.1.5 that,

for a transverse load separable in space and time coordinates,

the space and time behaviour of the deflection w are not

dependent on each other in any way. Hence a known solution

of an elastic problem can be combined with a known visco-

elastic modet to produce the solution to the analagous

viscoelastic problem. In the case of a non-separable

transverse load the solution of the problem is not as

straight-forward, and the importance of the method of

constant deflection lines, particularly for plates of more

irregular shape, becomes apparent. For this reason, the

illustrative example of a moving line load is chosen, and

the plate is taken to be one of elliptical shape with a

clamped boundary. The exact solution will thence be

obtainable analyticallY.

Consider an elliptical p1ate, centre the origin and

with semi-major and semi-minor axes of length

(Fig. 4). An elliptical transverse line Ioad

a and b.

of constant

magnitude per unit length is applied at the boundary at



v

(0,b)

x(a,o)

u < I - À2

u(xry) = 0

FIGURE 4

u> r-¡2

rf=1-¡2

Elliptical Plate with Moving Elliptical
Line Loading.

\

_t -1

I
\ I

/

\-/t\r'/
tr

L,
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time r=0 r and this load moves with constant velocity inward

toward the centre of the plate ' reaching it and becoming a

point load at time ,=To. Thus the toad will describe all

concentric ellipses between the boundary and the origin at

times between r=0 and r=T^. The load \^/i11 be given by

Qoô(h - frt
o

where 6 is the

measure of the

q(xryrt)

Dirac delta function, the constant go

load magnitude, and

3.5.1

tsa

3.5.2

3.5.3

3.5.4

,x2Y2y = , - a2 b2.

The load is not readily separable into a series of space

and time functions, but can be considered as an integral

of separated variables, using the following relation for

delta functions

ô(/t- /r4) ô ('/r-Tz - ,L) u^.T

T
o

Hence the load can initially be taken as

g (xrY, t) øo6 (r ,f4) ô (/1-Àz - T

To )

The problem of an elastic clamped eltiptic plate with

a line load of constant magnitude has been analysed by

Jones and Mazumdar t231. It was shown that the exact form

of u (xry) is as follows

v_
b1

x
u (xry)

=2o 2 3.5.5
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so that u and y are the same function. Henceforth, y will

be replaced by u. The two equations 3.1.4 and 3.1.5 are

given by

d3w
AuT f Rlds . å# f ''u" . åT f_c,, c., c,..

clds =qt -o il
0

u

3.5.6

3.s.7Di (p)s(r) = Dz (P) ô (/FÀ:t - + )'

The area integral of 3;5.6 will be as follows:

6 ( À /t-u) an = 2nabq À if 0 s u s 1-À2

o

q il
a)

o

=0 if I-^2 <usI

3.s.8

and the solution obtained in l23l will be given by

wr = erÀt(l+12)u + (l--u+À2)1og(1-u)l 0 s u s l-12

yt2 = qtrt1 -À2+¡.2 Logr2+(1-12+1ogtrz¡(t-u) I 1-À2 <usl

c' a4b4
9r (3a* + 2a'b' + 3b+)

3.5.9

The viscoelastic model selected is one which behaves

elastically in dilatation and. has the viscoelastic

behaviour of the Kelvin model in shear. The tÍme operators

in the stress-strain equations wiII hence be given by

equations 2.1.3 and 2.1.5, and the operators Dl(p) and
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3. 5. 10

3. s. 13

o2 (e) (3K + 2E 1+l ¡p)

for material constants K, El and n. The so'l,ution of the

time equation is found by taking the Laplace Transform of

equation 3.5.7. Initial conditions on 9(t) can be taken

as zero, âs the load is, except at the boundary, applied at

a time greater than zero. The Laplace Transform will be

where s is the Laplace Transform parameter, and ß is a

non-dimensional constant given by

3K
Er

3.5.L2

#t(ffi. t) (ffi+ (2s+1))gt", =(ä+ ß + 2)toe-sro/t-r2 3's'11

a

Inversion of equation 3.5.11 is straightforward, and the

solution is found to be

tddle(t) = u(t-ro /r--^z\
o

r"-*t 
('-ro lT:lr)

+ 3e 
Rze*1) (r-ro F F) 

¡

where U is the Heaviside Unit Step function'

The general solution, using the integral relation

3. 5. 3, wiII be

,l'tt
W1(u,À)g(t'I)dÀ + 2(:rt,À)g(t,À)dÀ.

t)

w(urr)

3. 5. 14



The solution
(xry) on u =

i. e.

where

t
)_"_

-z/ t-*-z
1o
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is better written as folIows. Consider points

constant which the load has not yet crossed,

/l> T 3.s.15ñIO

Then the deflection is given bY

1

w*(urt) À II-À2+Àz:'ogxz + (1-12+IogÀ2) (1-u) I '

T

- -a T^ o{tlxT.le ue
-a(2g+r)-Lto a ( 2 ß+ t) /t-x2

+ e ldÀ3e

w*(urt)

0=

a$r* (u' t)

3.5.16

3. 5. t7

3.5. 18

EtTo

n

For points which the load has crossed, i'e

/u T

Ts
o

the deflection is given bY
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ld^
T

. -oT: 
"{t-xT.t e ue - s,(2ß+ 1 ) q(2ß+Ð/1+TT

Toe+ 3e

+ tI - ¡2 + 
^2 

1og 
^.2 

+ (t-r2+1ogr2) (1-u) I '

.t"-oro 
""/T-TT + 3e

-u(2u*tt 
uc(26+r) /F¡ dr.

1

The deflection w*(urt) along the x-axis of the plate is

shown in Fig. 5 for a range of values of time, +, andto

using values of constants

ß = 3.25' cr = 1.0.

3.5.19

3.5.2'0

since
Itisseenthatthedeflectionmostlyoccursfor

0.6 < å s I, and will decrease to zeto as # * -'
to lo

the load is removed at r = To '



o.25
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FIGURE 5. Deflection of an El-Iiptical Plate with Moving Line Loading.



CHAPTER IV

VIBRATION OF VISCOELASTIC PLATES

4.I General AnaIYsis

The equation for the vibration of viscoel-astic

ptates under transverse load was derived in section 2'4'

As in the case of viscoelastic plate bending, the presence

of the operator u (p) in the equation makes it difficult 
.to

obtain the solution. If the plate is considered to have no

simply supported boundary corner points, then this term will

be removedr âs for the case of plate bending, and the

vibration equation becomes

o (p) a3w
¡-\-5

+ ph

#f
c

f
cf

c

il
ùú

u

0II
o

u

uuu

ð2w
ãuzRlds + D(P) Flds + o(p) cïas

ð2w
a7 dCI qdCI 4.1.1

The solution to the viscoelastic problem can be found

from the solution of the corresponding elastic problem.

Firstty, the eigenfunctions of the corresponding elastic

problem under homogeneous boundary conditions are to be

determined. The displacement equation of motion for the

free vibrations of an elastic plate can then be obtained

from equation 4.I.1 with the forcing term, q, omitted and

with o(p) = D (constant). For a normal mode of free

vibration with vibrational frequency À, it is possible to
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write, in the elastic case,

w(u,t) = W(u) cos(Àt+{), 4.I.2

where cos(Àr+þ) is the normal coordinate, and W is the normal

function determining the form of the deflected surface of

the vibrating pIate, which is a suitable function of u. The

dynamical equation will then be the ordinary differential

equation

Rrds * wdf-¿ = 0 4. I. 3

after the factor cos(Àr+$) is cancelled.

The double integral appearing in 4.L.3 can be simplified

as follows. Consider an element of area da bounded by two

lines of equal deflection u=uo and u=uo-dto (ní9. 6). lt is

seen that

d0 = dsdn 4.I.4

where ds is arc length PQ and dn is a normal element PT

between u and u - du . Then as is shown in referenceooo [33] ,

d3w
-.-.duJ

d2w.-_;
du'f

C

ó " ¿"+98 ó c
) L duJ
cc

r - ohÀ2
tds - - 

D il
ùú

uuuu

4 .r.5

Therefore

WdA =

where u* is the maximum value of u.

The integro-different.ial equation 4.I.1 now reduces to

dsdu^t^ vL.tù¿ 

--
{L

f
c

u
I

J w(u
u* u

il
o

u

ds
/E

du
U

4.1.6

an ordinary differential equation of fourth order after
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FIGURE 6 Sketch showing Geometry used in the Analysis.
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differentiating with resPect to u:
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rrds IR.1dsì*f
c

Flds *d4w
ãuç

.ål*fcias.n$É'fË=
CC1¡U

f Rlds . å# 'fCCUU

azw .* =---¡- ¡clu' cias +9^du f
c

f
c

uuu

It is known that this eigenvalue problem with associated

boundary conditions will have an infinite set of soluti ons

W. (u) , i = I,2r3r..., each one corresponding to a mode of
l_

vibration with frequency Ài,i = L,2,3'. ' ' Furthermore' ít

is shown in Appendix II that this eigenvalue problem is

self-adjoint and hence the associated eigenfunctions form

a complete set and are mutually orthogonal 1141. The ortho-

gonality relation will be, for normal-ised eigenfunctions,

I/V.W.dll = ô. ..a f lJ
4.1.8

The deflection w(u,t) of the viscoelaStic problem having

the same boundary conditions is no\^/ expressed as a linear

sum of the eigenfunctions w. (u) in the form

w(urt) g (r)w (u). 4. L.9
l- l-

The area integral involving the load q can be similarly

expressed after slight modification. Since the integral cân

fI
c)

U

4.L.7

æ

Ï
L

í= 1

I"f
s*Õ-uf¿ u

9(x,y,t)da = -

o

e(x,y,t) Ë 
uto, 4.1.r0



a function 9*(urt) can be defined such that

i = L,2,3...
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4.1.14

4.1.1r

This function 9*(u,t) can be expanded in a series of eigen-

functions w. (u) , viz'
l-

q*(urr) q * (r)Wr(u). 4.r.L2
l-

Clearly,Q*coincideswithqwhenthelatterisafunction

ofuandralone-

Since w, (u) is a solution of equation 4'l-'7 ' use of the
l-

expansions of 4.I.g and 4.L.I2 in equation 4.1.1 will reduce

this equation to
d2g (r)

w, (u) I

f q(x,v¡)ä=q*(u,t) f Ë
(1 C

u

@

F
L

i= I

@

I
phÀ* :

o(n)ør(') (o]- w. (u)Ìr on.¡- i= I
el(')w. (u).

ø
F
L

i-
1

dt

4.1.13

upon using the orthogonality properties of the eigenfunctions '

equation 4.1.13 uncouples into an infinite set of equations

for the 9r(t), víz-

1

d2q. (r)'7-
qI(T)-t-

dt ¿ pf-

where the elastic constant D can be absorbed in the eigen-

frequency À determined by equation 4.L.7. Expressing the

time operator o(p) in the form given by 3'1'6, equation

^1D(p)er(t)
+

4.L.L4 becomes

tr?or (p) + 12 (n) n2l ø, (t) = # o2 (p)øl (tl 4.1.15
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which is a linear ordinary differential equation for the

g. (t). solving this equation for the 9. (t) and equation
-L

4.I.7 for the W. (u) wiII give the deflection \iÙ(u,t) as in

equation 4. L.9 .

4.2 Boundary conditions and initial conditions

The boundary conditions for the vibration of a visco-

elastic plate will be similar to those for plate benditg,

discussed in section 3.2. However, in the present case, the

deflection vü is expressed as an infinite series of eigen-

functions, so that each eigenfunction individually should

satisfy the boundary condition. It will be not'ed that the

eigenfunctions are determined by equation 4.I.7, âD equation

of fourth orderr so that a fourth condition is needed. This

is found by requiring that the maximum deflection of the

plate be finite I so as to eliminate functions w, (u) which

take infinite values at u=u*, the maximum value of u.

The boundary conditions for a pJ-ate with a clamped edge

wiII be

W (u) 0
l- u=0

0
dw.

a
ãu-

lE

u=0

1
W is finite

u=u *

/t dw

õ-
u=u*

0 4.2 .I
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In the case of a plate which is símpty-supported on the

boundary, it is necessary, as before, to assume that

Poisson's ratio is constant on the boundary in order to

avoid mixed boundary conditions. The boundary conditions

are then given by

V,I (u)
l-

u=0

d2w.
l-

-ìIz
dw

l-
+ (Q1 + ¡,9r¡ 0

u=0

is finite
u=u*

lE 4.2.2
du

u=u *

For a ptate which is clamped on a portion of the boundary and

simply supported on the remainder, conditions 4.2.I apply

for that part of the boundary which is clamped, and 4.2.2

for the remainder.

It may be that a plate extends over a doubly-connected

region, that is, one which has both an inner and outer

boundary. In this case the four boundary conditions are

obtained by replacing the two boundary conditions at u=u*

by two boundary conditions on the inner boundary, either

clamped or simply supported as required.

0

P1 õ-

w
I

dW
l-

0

1

the complete solution of the time equation 4. t.15. These

discussed incan be obtained by exactly the same method



Àatz

section 3.3, since equation 4.I.15 is also an ordinary

differential equation in time with constant coefficients,

although of a dj-fferent form to that obtained for visco-

elastic plate bending.

4.3 Vibration of a Clamped Elliptical Viscoelastic Plate

As an illustration of the method, the vibration of a

clamped viscoelastic plate of Kelvin material will be

considered. The complete analysis of the problem of free

vibration of any plate would require the determination of

all the natural frequencies and the corresponding mode

shapes. However, if attention is restricted to only

symmetric modes of vibration then, for a clamped elliptic

plate vibrating in a normal mode in which the displacement

is symmetric about both axes, iL will be assumed that the

lines of equal def,Iection form a family of similar and

similarly situated concentric ellipses starting from the

outer boundary of the plate as one of the lines. Thus

u(x'Y) 1 2
4.3.1

where a and b are the semi-major and semi-minor axes of

the ellipse respectively (Fig. 7) . It must be mentioned

that the above expression for u is no longer true for

antisymmetric modes of vibration.

The symmetric modes of vibration can be found from

equation 4.1.7 for the free vibration of the associated

,,r 2
-r.

62
2x

a

elastic problem.

solution for W is

in reference [33], the general

terms of Bessel functions as

As shown

given in
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W = AlJs(kf) + a2Yo(kf) * Aaro(kf) + AqKo(kf) 4'3'2

where At, A2, A3 and A4 are constants and f and k are

given by

¡2=1-u

k4
hÀ 2 aaba 4 -3.3

a + a +

(a) Boundarv Conditions

The boundary conditions for a clamped elliptic plate

will be

w 0 4.3.4
f=1 f = 1

dW
ãE

Furthermore, in order to avoid infinite defl-ection at the

centre, f =0, it is necessary, while dealing with a full

plate, to take constants Az and Aa as zero, thus giving

W = ArJo (kf ) * AsIo (kf ) 4. 3. 5

Substitution of the conditions for the clamping edges in

equation 4. 3.5 gives

AlJo (k) * Asto (k) = 0

ArJ;(k) * Asr;(k) = o 4'3'6

where the pritnes denote differentiation with respect to the

argument, kf. The trivial solution A1 - A3 ¿ 0 is obtained

unless k takes values such that the determinant

J (k)
o

ro (k)

rå (k)rå (k)
0 4.3.7



There exíst an infinite number of values k' ' i = I'2'3'

for which equation 4.3.7 is satisfíed. The first three

these are

kr 3.1962 k2 6. 3064 k3 :9.4394...

These W. form a complete orthogonal set,
l_

from the prope::ties of Besse1 functions

relation in this case is

44

of

and it is found that

l52l the orthogonalitY

4.3.10

4.3.8

The corresponding eigensolutions or modes of vibration are

vü f), 4.3.9
t-Jro (ki) Jo (kif )

l_

kïk i = L,2 t3...
l_o

I

f, fw.w.dfr-J 0 for il j

= 4rZßí) t,r2 (kr) + J1 (ki )l +"rz,-(k. ) tr3 (kr) - 11 (ki)l

fori=j

where f can be viewed as a weight function'

(b) Time Functions

once the eigenfunctions and eigenvalues have been

found, the time functions g' (t) must be determined for the

particular viscoelastic model. The model chosen is one

which behaves elastically in dilatation and has viscoelastic

behaviour of the Kelvin type in shear, as used in section

3.5. The time operators o1(e) and D2(P) are given by

equation 3.5.10. It is to be noted that if n is set to

zero, and the material constants K and E1 are written as

E
3TFãT

E
1+uK E1 4.3.1r



then the elastic Hooke's law, with Young's Modulus E and

poissonrs Ratio Llr governs the material behaviour.

Consider vj-bration for any one mode, i = i, saYr so

that from equations 4.1.9 and 4-L.Iz

w(urt) g (r)w (u)j J
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4.3.12

4.3.14

q* (u, t ) = qT (t )w, (u)

and, as initial conditions at r = 0

w(urt) =9 (0)w (u)
J

T=0

j

99t,r,.1 Idr 
I

g (o )w (u)
J j

t=0

=q (o )w (u) . 4. 3. 13
,r=0 j J

The time equation 4.1.15 in conjunction with equation

3.5.10 can now be solved with the aid of the Laplace

transform method with the initial conditions of 4.3.13.

This yields

â2w.
:--'-(ll'r)d1-

õrt=) tzns3+ (3K+2Er+À3+2i2)s2 + 
^3 ä'nl3K+Er)s

+ ^ÍS 
Er (6K+Er) I = nj(o )l2ns2 + (3K+2Er+À? $ntl"

t2
J

n (3K+E1)l + s, {o) [2ns + (:x+znr+l? $n'11
h
6

3

+

+g j (0) 2n + I
pã'

( 3K+28 r+2 np) ef ( r )

in which the bars represent Laplace transforms and s is

the Laplace transform parameter. This "qrrâtiott 
can be



simplified using the relations 4.3.11 together with the

following notation

46

4.3.15

4.3.16

U1

and introducing a ne\^I variable, c, given by

cr = s/u
J

Equation 4.3.L4 thus becomes

j
noJ.

J_E

(ur (1-u2)nr2)" + urpJ

u?
J

P. (cr)
J

g (s)j

P (a)

(¡ 2

tp a2 + +j

i,'Ì+

+

lnro + ui + (I-u2lnl f

j

p + 4.3.17
j J

where

P. (o) = pro3 + (u, + (1-u2)nJl"2 + urPjo * !r 4.3.18

The solution to equation 4.3.L7 can be found in terms of

the zeroes of P, (o) . If

4.3.19

P' ìl r 0'
J= I ' r + pl qT(r)

phol ' P3 
I rr

J
= pj (o-0r) (cr-or) (o-or)

then oIr0 z,u3 will either be all negative real, corresponding

to no oscillation, or one of them will be negative real

and the other two a complex conjugate pair with negative

real parts, which correspond to an exponentially damped
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motion or an oscillatory damped motion of the p1ate, plus

of course, a motion directly resulting from the load. The

following two types of loading are considered'

(i) Plate subi ected to impulsive load

suppose the plate is initially at rest in the oxy plane

and is subjected at time t=0 to an axisymmetric impulsive

load given by

4 .3.20

where u(t) is the unit step function and "i are constant

coefficients to be determined by the orthogonality relation.

The initial values gj (0) , t, {O) and ö, tO) can be found

using the method, of section 3. 3. It is found that

g (0) (0) = 0j J

g (0) I 4.3.2L

q = u(r) .i.a.wr(u)L= I

g

J

This can also be seen intuitively, since the plate is

unloaded for all time prior to r=0 r and aII viscous effects

will be zero at the time of loading. The initial respo4se

of the plate will hence be elastic, as verified by

equation 4.3.2T.

Equation 4.3.L7 for the j-th mode with

= U(t)W (u) 4.3.22j

hp

qT.J

(n, * *'J1
P j (a) g. (s)

-
ohq¡ ll

4.3.23



and Laplace transform inversion of this equation will

produce

phtrt (r)

8..J
(t + ok

j ( oU- cr, )

a=b

l¿=I-tl= r2
ã2

whence equations 4.3.9, 4.3.3,

it "o(kj)to(kj fl

q. id. T

)(e K J 1)

4B

4.3.24

4.3.25

4.3.26

2
3

T
k=1

g
J s,-0 )KM

where ß and k, I, m are distinct.j

The equivalent results for a circular plate can be obtained

by putting

Ut
,

P3

and 4.3.15 become

W (r)j r (k.)J (t.
olol

k.
_J
a )(

I
;¡

4

^?J

and w?
J

Eh3= rupr.¡-n trSz¡
k.
_J
a

l+

) =kt#_.

These results coincide exactly to those found by St. Cyr

and Weiner l44l for a circular plate, with slight

notational changes.

From equations 4.3.3 and 4.3.15 it is found that

Dk4. ,n ,

,.2 - J. ¡cv+ + 2Y2 + 3l*j pha+t 8 )

p3 e 2 3ya+2y2+3
Iand

J
4 .3.27
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4.3.28

P.(o) = g 4'3'29
J

a spectrum of the aspect ratio with the

and e. as above-
J

Table I

Roots of P (a) 0 for u = 0.3, e.
Jj

a
6Ywhere _2

J

In Fig. B, phr]9j (.) is plotted against 'jt for

various values of the aspect ratio \ t and with u = 0 ' 3

ande.=0.l.Thisillustratesthevariationinthe
J

nature of the response to the load with the changing shape

and size of the plate, a slightly damped sinusoidal

response for low y, and becoming increasingly damped sinu-

soidally, critically and overdamped as v increases ' In

Table 1, the roots of

are comPuted for

same constants u

= 0.1-

-0.27628 t I.00657i
-0.90183 t r.30148i
0, 0.5045

3.4L2
0 .259 4

0.0628

2.O

5.0
10.0

0

0.1
0.2
0.5
0.9
1.0
1.1
I.2
1.5

-16. 4226

-16.3670
-16. 1936

- 14 . 7995

-11.0300
9.990
8.9990
8.0785
5.8142

-0.0600 r r.000t6i
-0.0602 t 1..00016i

-0.0609 I 1.00016i
-0.0666 t 1.00020i
-0.0891 t 1.00037i

-0.0983 I r.00045i
-0.1090r I 1.00057i
-0.L2r24 ! r.00073i
-o . 16 7L7 t r. 00 160i

cllY
a2td3
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(ii) Ptate with Sinusoidal Load

If the load is sinusoidal in nature then it is

possible to express the load in the form

æ

q=sinurrl
l- l_

4.3.30a W (u) .

a=

A particular solution of equation 4.1.15 is sought to find

the response, ignoring exponentially decaying transient

terms. In terms of the notations previously used,

1

I
0

(:+
J

3j
i1_
p ht¡

P3 + (u r +2
j

(1-u2 tvltvz - ïï n + ur)v, (t)
J:

i SIN UJT.p) 4.3.3r

4.3.32

4. 3. 33

Using a trial solution of the form

g (t) = R sín(urt+ó)j

in equation 4.3.3I gives the particular sofution

p 2 a + u1

n3n3 t r-n3l' + [u r (r-n.2) (t-u2)eJn?

lu1(1-n!) - (r-u2)nfn? - u1(u2-a1)l

n3n3(u2-n12) + u! {r-o12) - (1-u2) urnr2nl

2

(phr,r?) 2n2 =
2

p.CI.-1 1tan0-

\^/
û).

J
j

The parameters pht¡?R and $ are ptotted in Figures 9 and 10
J
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using the same values of

values of the

the constants

aspect

u and

ratio

as
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\t

before.e.
J

4.4 Evaluation of Line Inteqrals Appe arins in the Basic

Eguations for Plates of More Complex ShaPes

For plates of shapes other than circular or

elIiptical, the analytic evaluation of the lj-ne integrals

of equation 4.I.7 many present some difficulties, even

though the form of u may be easily obtainable. A method

ofapproximationoftheseíntegralshasbeenusedby

Mazumdar t36l and Jones and Mazumdar I22l fof a semi-

circular plate, where the integral is evaluated by using

the Mean value Theorem for contour integration. This

method has produced good results for careful choice of

points on the contour in application of the Mean value

Theorem, and the error estimate of this method has also

been studied by Mazumdar t36l . Nevertheless, a more

accurate method is desirable, particularly one which will

allow the integral to be evaluated as a function of u to

any desired degree of accuracy. The foltowing is proposed.

Consider a general line integral { I (x,y) ds which
J

C,,

and is analYtic in the range of u,

assumed that r (xry) is a continuous

region bounded by and on the contour

This integral can be exPanded in a

is a function of u

0<u<u*.Itis

function inside the

u(xry) = constant.

Taylor series,

I e (u-u )t
,rlo n of

cu

I (x,y) ds 4.4.r
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where

A =1n t åü" f r (x,y) dsì

c
u

4.4.2

4.4.3

4.4.5

u=u

and u is chosen for convenience of evaluation and
o

convergence of the series. The derivatives of the line

integrals can themselves be transformed into line integrals

by use of Green's Theorem, giving

f il
Q,.,C,,

I (x,y) ds =

I (x,y) ds =

da

Since it is known t33l that fot a function f (x,Y,t )

4.4.4

then dif ferentiation of 4.4.3 with respect to u will gj've

f
I
ô
)
cu o

i"
g*

II
u

ds---=
/t

du
o

*f
cu

f
c

V
ds
7t

u

integral I(x,y)ds by a finite series

Repeated use of 4.4.5 allows as many higher derivatives as

necessary to be calculated so as to approximate the line

f
c

u 4.4.6

u

f
c

k
I (x,y) ds = I Ar, (

n=0

n
o )u-

The coefficients Ar, can be calculated by evaluating the
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appropriate line integrals on the contour u = to by use

of standard numerical techniques on a computer.

A tist of the first few derivatives of the more

important line integrals is given in Appendix III '

Additional terms for the series expansions of the

Iine integrals can be added if their values are known for

contours other than u = üo. For examPle, it will often be

possible to evaluate tine integrals analytically around

the boundary of the plate. use of this value will

facilitate convergence of the series at the boundary.

Secondly, Iine integrals can generalty be readily evaluated

at u = ü*, the extremum point of deflection as discussed

Flds andin Appendix .IV. It is found that R1ds,

C
u u

and ds will vanish at the point u = u* when a

continuous plate is dealt with. This is a necessary

condition to use for expansions of these integrals, since

it is related to the boundary conditions at the centre of

the plate, and is essential for the orthogonality of the

solutions of 4.L.7.

This procedure for the determination of line

integrals is used Ín the next section in the vibration

analysis of an equilateral triangular viscoelastic plate.

4. 5 Vibration of Equilateral Triangular Vis coelastic

P1ates with ClamPed Edges

f I
c

f"l
L

the

the

Consider an equilateral

edges r âs illustrated in

boundary of the Plate is

triangular plate clamPed at

Fig. It. The equation of
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4.5.r

4.s.2

can be seen in

non-dimensional

4.5.3

4 4

The material of the plate is taken as one having the

properties of a standard linear solid in shear, and which

behaves elastically in dilatation.

The plate is subjegted to a transverse load which

produces normal symmetric modes of vibration. The

equation for the contour lines of equal deflection must

satisfy equation 3.4.1, and without loss of generality

can be taken as

u (xry) = x3 3:xyz ax2
. 4a3ayz+ T1

for symmetric modes. The contour lines

Fig. 11. It is useful to write u in a

form by means of the transformation

aY a3ux= I

so that

U x3 3XY2 3x2 3Y2 + 4

aX-t 27u
3v

5

It is readily seen

on the boundary of

at the origin.

that U takes its

the plate, and a

minimum value of 0

maximum value of 4

(a) Determination of the Modes of Vibration

vibration W.(u) can be found by using the method of Galerkin.

Wt is approximated as a finite series in IJ,



V'l (u)
l_

The boundary conditions for a clamped plate are

dW
1_

w =0

k
I

j=0
uj
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4.5.5

4.s.6

4.5.7

4.5.8

4.5.9

aJ

"io="íl=o'

The conditions on w. at the centre of the'plate are

automaticatly satisfied since w. is expressed in a po\^Ier

series.

The line integrals can be expressed as a Taylor series

about U = 2, the mi-dvalue of U;

Rlds = -

i du
u=0 u=0

and are satisfied if

It is found that

for a clamped. equilateral triangular plate, and since

f
C

f
c

u

u

(+í ! o* (u-2) í
' í=o '

399=l I s.(u-2)4.
{t a ilo r-

dsf"l
c

0

u

Lcu

F ds= d

u

R1 ds 4. 5. r0
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(Appendix II), this need not be considered separately.

The coefficients Ai and B. are listed in Tabl-e 2, having

been found numerically using a computer. Two additional

coefficients are calculated with the 4., so that both the

series and its derivative with respect to u vanish at the

originr âs required.

Table 2

Line Inteqral Expansion Coefficients A . and B..

r.2144
-0 .72412
0.0343s

-0.0L347

705.665

-765.840
242. I90
21.638
2.3955
0.2489

0

1

2

3

4

5

B.
l-

A
l_

L

Solution of the equation for the Wi(u) by the method

of Galerkin for the case k = 6 on a computer gave the

following results for the first five frequencies of

vibration, Table 3, and modes of vi-bration, Tab1e 4.

Table 3

Frequencies of Vibration /+ x.a2
t_

76.40/Ã
/D À.a2

t-
314 5tIB96L6.7279.5

54321L



Tab1e 4

Modes of Vibration

Wq

w2

wl

W5

vl3

Mod
Sha

c t¿

2.613 x 10-1

6.460 x IO- 1

I.069

7- 833

6. B82

101

10- i

10- 2

X

X

X

c i3

6.368 x 10-3

-2 -904

-6.638

-J-- 842

t-681

rol

t0- I

10- 3X

X

X

4.191 x l_0-a

-1.088 * 10-2

1.120 x 101

-2.462

-L.762 t-0- I

i4c c.-r-)

-1.130 " lO-I

-9.99r

-2.833

1.785

9.256

10- 4

10- s

10-'tX

X

x

c..
r-b

-5.254

-3.990

r.07 4

2.s96

1.1988

10- I

10- +

10- 7

10- I

10- 2

x

X

X

X

(Jl
{
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The first frequency of vibration of 76.40 compares

well with that obtained by Cox and Klein [I2], using skew

coordinates and the method of collocation, of 72.4L, and that

of Ota, Hamada and Tarumoto [40], using energy methods, of

74.4.

The first three normalised modes of vibration are

illustrated in Fig . L2.

(b) lime Functions

For the proposed viscoelastic model, consider one

which has elastic behaviour in dilatation and the behaviour

of a standard linear solid material in shear. This choice is

not unrealisticr âs it is known that some polymer materials

behave in this way for a range of their response. The

operators o, (n) and D, (P) will be

(qo*q1n) (6x + qo + (6KPr +qr)p)ho, (n)
L2

o, (n) (I + prn) (lx * 2go + (3Kpr + 2qr) p)

where

qr =

4.5. tr

4.5.12
I

qp

D

nEF;,
Simplification can be made by the following transformation;

clE 3K ßE

lri
pí

2
E

p

It

E(r-).
l-

I
L2

¡3
4.5.13,?

1

I 2 E I
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Then

where

er(n) er(t) = # o2(n)øl(t)

,? {.onq + .1F'3 + a262 + .aÞ'+ aa)
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4.5.14

4.s.16

P (p)
l_

o2 (n)

and the a

material

p + brP +bz 4.5.15

ts and are dimensionless constants of the

given by

p? (g+zl ,-l-
2prlcxB+2u+28+ 11

=þ 2
o

b.ts
l-l-

ct a1
o

a2 ß(1+o)2 + 2o(l+cr) + p?(2ß+1)

a3 2pr(2a9+o*ß), a4 2crß(l+a) + d2

b

Suppose

plane and is

given by

o' bl â1, b2 Ê(1+a)2 + 2a(I+cl).
o

the plate is

subjected at

initially a rest in the oxy

time r = 0 to an impulsive load

where U is the

conditions on g

q*=

Heaviside

(t) will

u(t)w. (u)

unit step function.

be

4.5.r7

The initial

l-

I
d9,-

a;-
d39i
ãî3- 0

l-

d,2 o

dr¿
IFl- 4.5. I8

for r = 0. with these initial conditions, the Laplace



Transform of 4.5.L4 is

P, (s) s, {s)
1(

Iph\ (r).
l_

as
o

------1
lù.L

1

+
a1 b2
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4.5.19+ )S

where s is the Laplace Transform parameter. Inversion of

this will give
S. ûJ. Tl(a

I br) e4

I
k=1

(a a S +k=í*o
Ohorg, ( t ) 4

(s
k

j=l
j #tc

4.5.20

where s1, s2, s3, and s4 are the zeroes of

P (s) 0. 4 .5 .2L
i

OnIy two cases for zeroes of 4'5'2I occur:

(I) either p.(s) has four real negative zeroes, so that

the solution for g.(t) contains only exponentially decaying

terms; or (2) , there are two real negative zeroes and a

complex conjugate pair with negative real part' in which

case 9r(t) has exponentialty damped sinusoidal terms as

well. The case of two pairs of complex conjugate roots

cannot occur; this is intuitivety reasonable, or else

the material would possess two natural frequencies in

exponentially decaying oscillation.

The material is characterised by the dimensionless

as.oIc ÏT s.)
J

constants o

i-th mode.

and

The

ß, and the damping parametet Pi, for the

case of purely damped oscillation can only



occur for small d, i.e. Iess than I/8, and cannot occur

for p. either very small or larger so that there must

always be modes with damped sinusoidal decay.

An incompressible material is characterised by ß

tending to infinity. In this case

er(n) = r2rte2rn4+ 2pr(1+o)p3 + [(t+cr)2 + zp?p']
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4.5 .22

has four real roots is found by

+ 2pr(2a+1)p + 2o(1+a)

(l+cr)o.
and P. (p) wilt have a natural zero of --- i'i!' pí

The condition that e, (n)

algebraic analysis as

Fig. 13 with o = $ ana a range of values of Pr.

o¿

1
B

- ( 8oz-20a-1) (I-8cr) 3/2 t6n1 I -(Bcr2-2oo-r) + (1-Bcr) 3/2
s

4.5.23

The response of an incompressible material is given in
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CHAPTER V

BUCKLING OF VISCOELASTIC PLATES

5. I General Analysis

The equation determining the deflection of a visco-

elastic plate under the influence of inplane forces and a

transverse load was derived in section 2.5. If, as

previously considered, the constant deflection contour

lines of the plate are smooth curves, then the term

f G2ds will vanish and equation 2.5.6 becomes

c u

D(p)# f Rlds + D(p)# f t'u. + o(p)
CC
uu

t-
rds#f"

C
u

ll
u

+KdsF
u

f
c

w
u

â
dw

o

Au
I

I
c

u

Kds

/t

ó R,ds * 9Y óI ' o'u)

qdn = 0.

f

s.1.1+
d

This equation does not, contain a term in \^7 and the

solution can be undertaken by the following method.

Consider the following equation which is that of

the corresponding elastic problem with the same constant

deflection contours:

d2v
a-üz

À2v

u
/L

=0

Flds + V

C

clas

5.L.2K*ds
f
C
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\^/here

\/= dw
d.u

5.r.3

Here I,ü is the deflection for the corresponding elastic

problem, K* is a function of x and y, and À ís a constant

parameter. Since, âs has previously been seen,

Rlds = F1ds, 5.r.4
c c

5.1.2 is a Sturm-Lioville equation and, with appropriate

boundary conditions, possesSes a complete set of orthogonal

solution= Vi, each corresponding to a value of X i,
i = I,2,3 ... . The orthogonality relation will be, for

normalised eigensolutions,

d
ãu f f

utt

¡O

I v.v.
I L J
u*

f
c

K*ds
lE

du=ô 5.1.5ij'

tl

Hence ff can Ue expanded in an infinite series of the

functions V. (u) ;

ãw 9r(t)vr(u) . 5.1.6
àu

I

Using this in equation 5.1.1, together with 5.I.2, it Ís

found that

@

I
1

o(e)sr(r)r?v.(u) f /t
+ q. (r)v. (u)

'L 1
K*ds

@

I
L

l= {
c

Kds
lTI

Ie

il
o

u

dw_oodl¿ =-' d,u

í=l u

5.r.7



After multiplication by V. (u) , and integration from u*

to 0 with respect to u, using the orthogonality relation

5.1.5r âî infinite set of coupled equations in 9¡ (t) is
produced

r .2o (n) s, (t)

dw
qdn .--g- clu

Kds

-du/L
u
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s.1.8

5. r. 10

dw
or

(t)

qda

f"u.u. ó
) L J Ju*C

æ

+lg,
I

l_= I

ll
o

u

v. t
J

fo
J

u*
I du.

These equations readily uncouple when the function

K is separable in space and time variables, i.e.

K(xry ,t') = N (r)K* (xry) 5.1.9

The previously unspecified function K* is thus determined.

This equation 5.1.9 is not trivial; it includes some of

the most important classes of problems, in particular

either purely spatial, ot purely time dependent inplane

forces.

If the transverse load and initial deflection terms

are also expressed as series in the functions V, (u) , as

follows

i
i=1

e.V. (u)
l- l-

K*ds
Æ I q, (t)v* (u)

I!a=I
u

II
s¿

u

f
c

then the equation f or tÌre time f unctions g . ( t ) becomes



^3ot 
(e) v, (t) + o2 (n) {N (t) ø, (t) }
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5.1.1r

5.2.2

= oz (p) {q (t) A N(t) Ìj j

where O1(n) and D2(p) ,are the linear differential operators

given by 3. l-. 6 .

5.2 Boun Con itio ns and Initial Conditions

The boundary conditions will essentially be the same

as those discussed in section 3.2 for plate bending, except

in terms of V. instead of W, - Thus for a plate wiÈhir-
clamped edges, the conditions necessary for the solution

of 5.L.2 are

Æ.v (u) =0
a

u=0

lT í/ (u) = 0. 5.2.t
l-

u=u *

If the deflection w. is to be found by integration of v, '
then the additional condition

w , (u) =0
u=0

is necessary. For a plate with simply supported edges,

the conditions are

dv.
P,ãor + (Q r+uQ, ) v.

ltv
L

u=u*
= 0.

u=0

:0

5.2.3
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Determination of the initial conditions on g'(t) must

be by means of the method outlined in section 3.3,

particularly since the time function N(t) occurs in the

equation. This method was used by Deleeuw tt3l for the

determination of initial conditions for plates of MaxwelI

and Kelvin materials under inplane forces, and an indication

of the determination of conditions for general viscoelastic

models.

Here,theinitialconditionsforaviscoelastic

material which has the behaviour of a standard Iinear

solid in shear will be derived.

5 3 Time Behaviour of a Plate of Standard Linear Solid

Material

The particular viscoelastic modet, ãS considered in

chapter 4, has the behaviour of a standard linear solid

inshearandelasticbehaviourindilatation.The

differential operators 11 (P) and D2 (P) are given by

equations 4.5.1I and 4.5.I2. Dimensionless constants cr

and ß are defined thus

E2 cE1 r 3K

nl (')
J

BEr 5.3.r

and p, N(t), and q (t) are transformed as followsj

p np
El

qT(.)-J ErhÀ

The differential equation 5.1.11 for 9, (t) will then be
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given by

( ae 4a ,F*.rF-' ) v, ( t ) (bo+brÞ+uzp2) tNT (t) ø, (t) I+

= br taj{o

(bo+brp+¡rp') tøl Itl a.nT(.)lJJ
5.3.3

s.3.4

5.3.5

namely

5.3.6

where a0 = 2uß(1+o) +c2 b0 = ß(t+cr)2+Zcr(I+o)

â1 = 4oß+2a+4ß br = 2aß+4a*29+2

a2=28+1 b2 = ß + 2

Integration of 5.3.3 with respect to 'E ¡ from r = 0

to some general time r ¡ and taking the timit r + 0t, will

give the first initial condition on 9¡ (t):

lar +brNî(o+) + b2Ñî(o+)l sj (0+) + Íaz +¡rNi(o+)l ø, to*l

+ Tto+ll
J

+ bz tøl t.l - a.ÑI (t)l) - oj" +'r=0

where the dots denote å, É. . A doubte integration with

respect to r , the lower limits being 1 = 0-, and taking

the limit r + 0t, will give the second condition,

Laz + b2wî (o+)l sj (o+) = bz tal to+l o:ti (0+) I '

(a) Inpl ane Forces Constant in Time

For the case of inplane forces and load constant in

time, the initial conditions on g

s.3.6,

( t ) are, from 5. 3.5 andj



J
-lãt + 5tNil

Et (braz-a1b2) [e
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5.3.7

r1
e

tzTt
r r-rz

5.3.8

0 5.3.9

nz tqT *i1A
+ j

I 0

* A *
N

dq.-J
a;- n a2+ 2N

t=0+

and the solution to 5.3- 3 will be

g (r) b
t1

Xn f ,Tl

--á-er-tz-Yr

r2 fITt rr

o

j

e'2'' I

q
J

A.l
+b NT)o oJjN (a

b2
+

+

-e

( ar+brN *j r2-r I

bzat
laz+b2N Ë z rz-rr

rL-î2

I f rTl
------€ r I et2.'l

blaz
+ rr-82j

where E1 and 12 are the roots of

(a +b (ar +Ut*T)r + (az+b2nI)r2
oo NT)

J
+

and = 
El'

n
5. 3. r0

Def,eeuw t13l has shown that' there exist two critical

buckling loads for viscoelastic.plates. Firstly, a

compressive inplane force load at which instability occurs '

but the deflection of the plate is finite aÈ finite time,

and secondly, âD inplane force load at which instantaneous

T

particular model

analysis reveals

considered here, simPle algebraic

that



(i) the roots of equation 5.3.9 are always real
a

(ii) for o the roots 11 and 12 are always

g (t)
negative, so that

tq *
j approaches a limit

o as time increases,

69

(but with infinite

exceeding linear

NI
J b

(iii) for
a2

6

A.N
J

ag
¿---b'

o

system is

J
*j

b
*j+bNa

o o

NT
J

the roots 11 and 12 have

opposite signs. Thè

deflection occurring

theory), and

unstable

in infinite time,

(iv) at Nf
a2

ú
instantaneous buckling occurs.

(b) Inplane Forces Nonconstant in Time

Some deductions concerning the behaviour of the

plate under the action of time dependent inplane forces

can be made from the behaviour wiÈh constant forces. If

at some time r I

N(t) s

a2

6
then instantaneous buckling occurs. The system wíll be

stable if
a l?9,h3N(t)'-# +

o

for all time, and unstable with finite deflection if

ú
N(t)

tI2 o

6-
o
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5.4 The Buckling of Clamped Rectangular and Semicircular

Plates

For the case of constant loading and inplane forces,

it has been shown by Jones l24l that an acceptable form

for the lines of equal deflection for a fully clamped

plate is one that satisfies V2u = constant and. u = 0 on

the boundary. The condition is the same as that for plate

bending discussed in section 3.4. Thus, for a clamped

semicircular plate the equation for the lines of equal

deflection can be taken as

n*1
ga2 2 (r/aln cos n eu =-\r2 (1 + cos2o) +

1T n (nz-4)
i (-1)
L

n=1,r3r5....

and for a rectangular plate AS

n-l

0 < .r ( â, 0SeS2n

tr nTX
-Tà

5.4.1

5.4.2

5.4.3

32a2
1l=- ,IT , ï

1r3,
2 l

n
(-1)
5... 3

Il=

-asxSâr -bsysb

To determíne the time response of the system, the

parametersÀ. must be obtained from equation 5.I.2 for

constant inplane forces, i.e.

N N' N
x v

and, without loss of generality

N xy

K* t. 5 .4,4
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In practice, since the contour integrals of equation 5.I.2

are not able to be evaluated anatytically for these tl, it

is necessary to evaluate these integrals by a numerical

method. A method involving tine integral approximation

by finite series was proposed in section 4.4, and this was

used with Galerkin's lt{ethod in solving the problem of

vibration of an equilateral triangular p1ate. Here, a

different technique will be used.

Mazumdar t36l proposed evaluation of l-ine integrals

by use of the Mean Value Theorem. Thus

f
c

f
\-

f
C

f
c

u

u

u

u

R1 ds Rts

F 1ds Fts

cias = õrs

Æas=Ts

where F1, Fr, G, , and r denote

functions Rr, Ft, Gi, and /E on

and s is the contour length.

will cancel out in equation 5.1

v, (u) can be approximated by a

5.4.5

the mean values of the

the contour n = constant,

It can be seen that s

.2. The eigenfunctions

finite series in u as

m

= I ...uJ
:lo r-Ja

5 .4.6
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The boundary conditions 5.2.I for a plate with clamped

edges are satisfied providing

a 5.4.7oj

Solution of 5.I.2 can no\¡r be obtained by use of the

method of cotlocation by taking m values of. u in the

internal (Oru*). At each of these values of u' the mean

values of Rr, Fr, Gi and /E were approximated by

averaging these functions at some fifty point's equally

spaced on the contour. The parameters 
^j 

are related to

ttre critical buckling loads for an elastic pIate. For a

square plate

Na2

0

5.4.8
D

and these values are listed in Table 5 for values of m

from 2 Lo 8.

Table 5

Square Plale

x?a2
J

Critical Buckling loads Na2
D

x? a2
J

YU. OJ+¿. Y+l_5. JUö

2

3

4

5

6

7

13.94
13.21
L3.27
L3.24
13. 19

13. 33

49 .83
54.4s
44.03
43. B0

42.96
43.46

93 .64
93.39
90.09

96.72

\2tu2m x7u'
^rru,
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It is found that the value of the first critical load

is about 1A higher than the exact value of 13.09 found by

Taylor t51l . The critical buckling loads for a rectangular

plate for values of the aspect ratio

þ=b/a 5 .4.9

are given in Tab1e 6, and for a semicircular plate in

Table 7.

Table 6

Rectangular Plate 0 b/a

Na2Critical Buckling Loads
D

x? a2
J

for m=6

r27 .4

9 4.07

93.39

92.88

92.84

97 .40

108.2

51.55

43.03

42.96

42.9I

42.9L

44.4L

46.93

59.59

18. 14

13.38

13. 19

13. 16

13. 15

13.88

]-5.44

21.08

40.76

0.5

0.9

1.0

1.1

L.25

1.5

2.0

3.0

5.0

^rru,^7u'^?u,0
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Table 7

Semicircular Plate

Critical BuckJ-ing Loads F" ¡? a2
J

345.0

329 .6

327.7

3I1. 9

31r. 9

176.6

184. 3

I52 .6

151. 0

150. 7

Is0. 4

150.8

46.99

44.9 4

44.9I

44.9L

4s. 16

45.18

45.20

2

3

4

5

6

7

I

^rru,^7u'
\''t u'm

As a numerical- example, behaviour of rectangular and

semicircular plates was calculated for values of the

Standard Linear Solid material constants o and ß:

cx = 2.6, ß - 5. 5.4.10

In Fig. I4, the time behaviour of the first three modes

for a sguare plate is illustrated for N = àt"r, where N",

is the first critical buckling load for a square plate.

It wilt be seen that the first mode is the dominant one,

and this is more so f,or larger inplane forces. In Figs.

15 and 16, behaviour of rectangular plates for a range of

values of þ = b/a is shown for åNcr and LN", respectively.

In Fig. 17, the time behaviour of a square plate under a

,

N is ac¡ain thecr
buckling occurs,

inplane

and N sc

load at which instantaneous

is the inplane l-oad which denotes



the onset of instability (infinite

in infinite time, exceeding linear

inplane forces,

75

deflection occurring

theory) . Time dePendent

N 0.04 N t2cr

are considered for rectangular plates with a range of

values of 0, and

Fis. 18.

the time functions are illustrated in

The time behaviour of a semicircular plate will in

be the same as that of a square ptate, replacihgessence

Nbvcr
plate.

5. 4. 11

the f,irst critical buckling load for a semicircular
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CHAPTER VI

Temperattrre Induced Vibration in Viscoelastic Plates

6. 1 General Analysis

The temperature dist,ribution in a plate'wi11 be

determined from the well-known heat equation (Carslaw and

Jaeger [11] ) ,

v2T + a 2T

- 
ã

àz¿
pc âT _
K ðt * o, x,y ,z,rl

^,
ñ2

6.1.1

6.r-2where v2 a2
ax2

+

and p is the plate mass per unit area, c is the specific

heat of the material, and K is the thermal conductiviL.y.

The function A is the heat generated per unit time per

unit volume at x,y,2,r. The boundary conditions applied

at the surface of the plate can be of four types or

combinations thereof:

(1) the temperature T is prescribed on a surfâce

(21 there is no thermal flux across a surface, i. e.

0 6.1.3Ta

ân

( 3) there is prescribed thermal flow across a

f

surtace

the thermal flux across a surface is proportionalor (4)
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to the difference in

surrounding medium,

temperatures of the Plate and the

i-. e.

*H * 0(r

where å denotes differentiation
dn

to the surface, o is the thermal

and 0 is the temperature of the
o

deflection of the Plate is smalI

it is reasonable to consider the

6. L.4

along the outward normal

surface transfer coefficient,

medium. Since the

compared with the thickness,

surfaces of the plate as

00
o

z + and the boundary of the plate is defined by u 0.t
h
2

physically reasonable conditions for a plate which

are adopted here are

a h
2-2T

å'tt

å'rt

or)

àz
ez) Z_

and the conditions on the boundary u = 0 witl be either

(1) or (4). The equation for plate vibration 2.6.5 contains

the temp.erature as the function T1(x,Y,r\ given by equation

2.6.2. If the heat conduction equation 6.1.I is multiplied

by z and integrated from z = + to " =\ witrr respect

to zt the following equation results after use of 6.1.5;'

(Kovalenko [2f]).

p âTr
ãT

ðz

^mdL

6 (2+y)
AT

h
2 6.I.5

c
K

where

v2Tr (rr - E) A1 (x ,y ,r) 6.1.6



7B

010
ç- (2+y K

zX(xtytztr)d'2.

(r 0

Y

A1 (x tY,r)
L2 I=ñ-J.J

hlz

_h/2

a3w
ãF

6.L.7

Usually, the medium temperatures and the thermal transfer

coefficients will be the same, so that E will be zero-

consider the equation governing plate vibration

under temperature influence derived in section 2.6, where

all contour lines are smooth closed curves. After

differentiation with respect to u, this will be

o (p) Rrds + D(p)

c

+ o(p) â2w
ãlz

awd
au ãu

n1 dsl

f
c

f
C

â4w
ãTT f 'f'1ds+åfccu uu

' f "ia" 
* ff f

c

Fldsl + o(p) ds(.:

= o(p) (I+u (p) ) a 6.1.8
T

c c

Here, use has been made of Green's Theorem in establishing

,'#f ds
Æ.

lds
9 v'rr Æ-

uucu

uuu

qds
/t

d 6.r.9
âu

The result 6.1.6 is substituted in equation 6.1.8, with

E taken as zero, and a new temperature function T*(x,Ytrlr

f(,,*F*"r#) Ë=fe2rrË
CCuu

ds
/l=t.f

C
f'

uu

ds
rlt 6.1.10
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Equation 6.1.8 then becomes

o (p)
alrl-q

Rlds + o(P)f
c

â4w #'f d I-Frds++Qnldsl'ou)
C,-.

u
cu

Frdsl + o(P) âu
ôw

du c ias

u

+ o(p)

ph ð2w
ilz

$: rf "îu= 
. * f

c
f
c

d

c uu

f # = o(p) (t + u (p) ) 0r{r qçü'IL r. +

pc âT*
K ðt f

c

sge-

'/t
Ì-f 6. 1. 11

uur¡

Thesolutiontoequation6.l.llcanbefoundinthe

same way as the solution to the vibratj-on problem

discussed in chapter IV. The associated elastic problem

in free vibration, with the same form of u and appropriate

boundary conditions, witt have orthogonal modes of

vibration W. (u) , i = I,2,3 .... ' which are solutions of
l_

equation 4.I.7.' As these form a complete set, w(u, t) can

be expressed in terms of these:

g (t)w (u) . 6.1.1-2
l- l-

use of this in equation 6.I.11, and with the result 4-L.7,

will give

6

T
L

i=l
w (u, t)



BO

æ phÀ? t

.i.o(e)sr(') (o-a w. (u)) f #1=r c

d2g i{T f
c

ds
/tph I wr (u)

i=1

= D(p) (1+u(p))a116(iîv)r.+f #.,f Ë f tFt
CC

+

uu

uu

6. r. t3

The load term can be expressed in terms of the functions

qT (t) as defined by equations 4.1.11 and 4 'l-'12 ' In a
-a

similar way, the line integral involving At can be

rewritten using

+f
c

sgs
lT

u

f
cf

c
= A*(urt) ds

Æ 6.1.14

6. 1. 15

6.1.16

and expanding A* in a series of eigenfunctions

A* (u, t)
æ

I Af (r)w. (u)

uu

1 1

Ttf is also expanded in a series of eigenfunctions.

T*(urt) tT(t)Wr(u).
I

æ

rL
l=

Equation 6.1.13 will uncouple into an infinite number of

Iinear differential equations for the gr(t), v!z'

r?o(p)er(t) * *þ = å D(p) (r+u(p) )dr16tfrîvlrî(t)

e.(t)i.åøf(r).pc
K

ãTI
l_

ã-T-

the parameter D has been incorporated in )'?'Here,

+ 6.1.17
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6.2 Remarks

It can be seen that the equatíon 6.L.77 is similar to

equation 4.1.15, the time equation fot the transverse

vibration of a viscoelastic plate under load, with the

addition of the temperature term tf(t) and the heat

creation term A. (t). Since these will be known functions

for a particular problem, solution of 6.L.I7 is straight-

forvyard using the method of Laplace Transform as before.

Initial conditions can be found using the method discussed

in section 3.3.

It will be necessary to determine the temperature term

Tt from equation 6.1.6. This equation can be solved by

standard methods r or by means of a method. involving contours

along which the temperature is constant. This was used by

Mazumdar t35l ín solving problems involving the two

dimensional heat conduction equation. In general, the

contours of constant temperature will not be the same as

the contours of constant plate deflection, but in many

problems involving plates whose boundaries do not have rapid

changes of curvature, the differences will be small. Hence

by assuming the two sets of contours are the same, the

temperature function T* may be directly obtained with

reasonable approximation .



CHAPTER VIII

Conclusion

Thepurposeofthisthesiswastoconsiderproblems

involving bending, buckling, vibration and temperature

effects of viscoelastic plates of arbit.rary shape using the

method of constant deflection contours. By use of this

method it has been seen that the equation governing the plat'e

behaviour can be written as an int'egro-differentíaI equation

involving one spatial variable u, and the time variable r '

This equation can, by an appropriate choice of a complete

set of onthogonal functions obtained from a corresponding

el-astic problem, be separated into two (infinite) sets of

ordinary differential equations in u and r respectively.

The set of equations j-n t may be coupted or uncoupled,

depending on the plate loading. solution of these ordinary

differential equat,ions is retatively straightforward by

conventional means. In cases where irregularity of plate

shape makes the solution of the line integrals in the spatial

equations unfeasible analytically, methods of approximate

evaluation of these are considered for use either with

Galerkin's method or the coll0cation method of solution.

The

contours

advantages of the method of constant deflection

is that the particular viscoelastic plate problem

can be reduced to a form to which many well-established

mathematical methods can be applied for solution. As well,

there is no difficulty in applying the boundary conditions



B3

in the soluti.on of the problem. It has' also been seen that

for problems involving ptates of more complex shapes

approximation solutions of desired accuracy can be obtained

by numerical methods and the use of a computer. fn particular,

solutions of problems involving triangular plates are of great

importance and are readily obtained by this analysis because

of the relatively simple mathematical form of the plate shape.

The analysis presented here is limited in that it is

applicable only to plates of clamped or simply-supported

boundaries, or combinations of these. This limitation is,

howeVer, only minor. It has also been necessary to consider

the operator corresponding to Poisson'S ratio to be constant

on the boundary of a simply-supported plate in order to avoid

mixed boundary conditions.

Although only problems involving symmetric spatial

mode shapes were specifically considered as examples, this

does not mean that the analysis is restricted to these.

solution, usually numerical, of problems involving non-

symmetrical mode shapes can be found in the Same way by use

of the appropriate form of the contours of equal deflection.

There are several possibilit.ies for extensions of the

work in this t.hesis. The method of constant deflection

contours could be applied to viscoelastic sandwich plates,

or to plates on viscoelastic foundations. Plates other than

isotropic plates could be considered, or thick plates. And'

theory could be both interesting and rewarding.
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AsshownbyMazumdar[ZZl,theareaintegralin

2.5.5 can be written as

K ã2w
ã"2-

+ I ffi¡au
ds:
/tJf

u*C

KdsT

u

u
Lds
ltf

c

w
u

d

+=Ár
c

u

â2w
âF

Kds
/rf

c

ldu

ds
/L

-N u dv + N u dx + N----u--dx-N u-dy'.x-x-, -'y--y -'xy x xy y

+ 1-i

I-r-r

r- iii

1-iv

u*
d

uu

and

f
c

f
c

+ 2N*ru*ur)u2y(N*uI N,

u

u

us ing

u ds u--dsdy= +, dx=+

Applying Green's theorem in the plane this becomes

a + * â (Nuây vYN u)xyyII
a)

u

ðx
+N u),xyx

and use of

(muxx



will give

AN x
ãx

x xx v

AN

Kds
lT ldu

B5

1-v

l-vi

1-vii

1-viii

+ =0

âN ðN

=*Y + = Y = oAx ây

xyv
+Nuufi

a u

(N +2N u )dn

ð

A \^I Kds:/t
u

v xy

f
c

u

I
¡¡*

*f
c

Lds-..:- CIU/t
u

Differentiation yields the result

Kds
/t

u

Lds
/Lf

c
u

Hence, using l-vii in eqrration I-i gives

u

f
c

a w
dâu ui"

u*
il
a

u

I
c.,

I
c

u

(*åiY * r ff)ao = -

KdsT

ãu

ðw
A

¡¡ :k

u

since the term at u*, the extremum point of deflection,

will vanish.
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The modes of vibration, wr(u), are eigensolutions

LVü
a

+ ohÀ?W.'aL
ds
7i 0,

where the oPerator L is given bY

f
c

u

¿-L

2- iii

L ( f
C

n,as) *-+(ft,a=.* ó R,dsì É. +
J " / du"
c

uuu
c

¿3
du3

+ + ¿-]_I
du

c c c

and these w, (u) will form a complete orthonormal set of

eigenfunctions provided the operator L is self-adjoint tIa¡'

The adjoint oPerator L* is given bY

(f"îa=.*$F1ds) 62
a[2

d cids) ãü,
d

( f
uuu

L*Ítl =
¿a
ãu4 f(w

C

dsR

uuu

uuu

) (w f
c

Flds * ** f nra=) +

c

* åå, ('of
c

clas * '* f r,a=) - *(vl* f cias) .

c c

On expanding this, the condition for sel-f-adjointness is

found to be

ds

c

Ri ds 2-wf
d

ãufu,
c uu



But f rom equation 2.3'L0,

RI -t 312

F1 -t -14 [3u v2+3uxxx
u2+uxy u2yyx

B7

2-v

2-vi-

+4uuu lxyxy

-t-\ t5|to,r*) * +(tur) J

ú2+uyy y x

+

and hence

u

*I
u

f
c

F, dsdu,o
-L ti-(tu*) . #(tur) ì dsduo

$tturl ) an

I0r
J

cu
o

= -f"
u*

If ,*(tu*)
¡¿

u

u
o

where equation

Theorem to the

yields

4.1.5 has been used. Application of Green's

double integral appearing in equation 2'ví

2-vii

2-viii

F ldsduo

U

Thus on differentiation it is clear that

d
õ R1 ds

f Rids.
c

f
c

u

*I
u uu

f Fids,
C

f
C uu

qn t-hat the eiqenvalue problem is self-adjoint'
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Derivatives of Line Integrals
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These equations simplify in the case of a clamped plate,

as V2u = constant. Of particular importance are

f
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APPENDIX IV

Behaviour of Line Inteqrals near the Maximum of u

Assume without loss of generality that the maximum

value of u occurs at x = O, y = O. Then providing u is

analytic about its maximum u = ü*, expansion of u in a

Maclaurin series will give

u (xry) u(0,0) +u (0'0)x + u (0,0) y + u (0,0)xy
x v xy

+4u
XX

4-í

Now since u(0r0) is the maximum of u, the following applies

u (0,0) u (o,o) 0
x v

and

u(o,o) u*. 4-i i

(0,0)x2 + \urr(0,0)y2 + terms of higher order.

If x and y are sma11, then corisidering only lowest

order terms

2

u* u= _lzL:. (0,0) (x +
xx v)

u2 (o,o)
-% (u (0,0) )y2

vv u 0r0
XX

4- iii

Thus as (x,y) -> the contours will approach ellipses
(0,0)

(0,0),
-u

xyabout the axes x + uxx (0,0) Y, Y
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Some useful results concerning the values of line

integrats at ll = u* can be deduced from this. For example,

the first order terms in the expansion of t about (0'0) are

t=u2+u2xy

=v2 (0,0) (x2 +y2) (o,o) x2 * "?r(o,o) 
y2+u2

xy xx

+ 2xvu (0,0)(u (0,0)xy xx +u
vv

(o,o)),

Hence it can be seen that the following is true

4-ív

4:vii

4-v
c

so thaÈ, in particular,

Rlds = 0. 4-ví

As we11, direct integration around the elliptical path in

the limit will give

xx

' arcsin I

and it follows from this that

ds
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(0,0) i2 (0,0)l -12
yv xy
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