ALV 799

NUMERICAL SOLUTION OF SOME FLUID FLOW PROBLEMS BY
BOUNDARY INTEGRAL EQUATION TECHNIQUES

by
Charles Cameron Macaskill

B.Sc. (Hons.) (Math.Sci.), University of Adelaide

Thesis submitted for the degree of Doctor of Philosophy

in the University of Adelaide

Department of Applied Mathematics,

December, 1977
.;JJ e iy :"f'w,’!‘p \7;'0? /V7J§1

=,

N .
L e e F AL ’



TABLE OF CONTENTS

Summary (1)
Signed Statement (iii)
Acknowledgements (iv)
General Introduction i

Chapter 1. Unsteady low Reynolds number oscillatory flow
through two and three-dimensional gaps.

1.1 Introduction 5
1.2 Mathematical Formulation (2-d hole) 7
1.3 Derivation of the Integral Equation (2-~d hole) 10
Mathematical Formulation (3-d hole) 14
1.5 Derivation of the Integral Equation (3-d problem) 16
1.6 Asymptotic Results 22
1.7 Numerical Analysis 27
1.8 Results 30

Chapter 2. Unsteady viscous flow through a screen.

Introduction 39
Mathematical Formulation 42
Derivation of the Integral Equation 44
Asymptotic Results 48
2.5 Results 49

Chapter 3. Reflection of water waves by a submerged shelf.

Introduction 53
Mathematical Formulation 55
Formulation of the Integral Equation 56
Numerical Analysis 61
Evaluation of the Green's Function 65
3.6 Results 73

Chapter 4. Reflection of water waves by a permeable

breakwater.
Introduction 86
Mathematical Formulation 90
4.3 Numerical Analysis 97
4.4 Results 100

Conclusion 117



Appendix A Numerical treatment of the double-pole
singularity. 119

Appendix B Testing of the numerical method. 123

Bibliography. 133



(1)

SUMMARY

The thesis details the use of the poundary integral
equation technique, in solving some problems in oscillatory
viscous flow at low Reynolds number. Similar techniques are
used to solve some water-wave reflection problems.

In the first part of the thesis, low Reynolds number
viscous flow through one or more gaps in an infinitely thin
wall is considered. The flow is considered to be oscillatory
and the fluid incompressible. It is also assumed that
velocity amplitude fluctuations are small so that the Navier-
Stokes equations may be linearized. Flow through an arbitrary
number of infinitely long slits in a wall is considered - this
is a two-dimensional problem. In the more general 3-dimensional
case, only axisymmetric flow through a circular gap is treated,
although the method may be extended, at least in principle, to
arrays of irregularly shaped holes. Each of these problems is
formulated as a singular integral equation that is then solved
numerically.

Results for the viscous flow problems outlined above are
presented in terms of the "blockage coefficient" or the
"effective gap size". These two quantities measure the degree
to which the fluid flow is restricted on passing through the
gaps in the wall. The numerical computations show good
agreement with previous work, where applicable, and with
analytical solutions that may be obtained in some limiting
cases.

In thq second part of the thesis, two fairly generalized
water-wave problems are considered. The first is the
reflection of water-waves by a submerged shelf of some

prescribed shape, while the second is the reflection of water-
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(ii)

waves by an infinitely thin, vertical barrier of given
permeability. A special case of the second problem is the
reflection of water-waves through one or more gaps in an
otherwise permeable breakwater.

Both water-wave problems are formulated in the two-
dimensional case only. The method of solution is essentially
the same in both problems. It is assumed that the flow is
non-viscous and irrotational and that fluid motions are small
enough so that linearization is possible.

By applying Green's theorem, singular integral equations
may be obtained with unknowns being the boundary values of
the potential function and its normal derivative. These may
be solved using a similar method to that used for the viscous
flow problems.

Reflection and transmission coefficients are presented
for the water-wave problems. A variety of bottom geometries
and breakwater configurations is considered. Good agreement

is shown with earlier work by other authors in the field.
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GENERAL INTRODUCTION i

The boundary integral equation technique is becoming
widely accepted as a tool for the fast and accurate solution
of problems that might previously have been solved by finite
difference methods, or more recently by such procedures as the
finite element technique or the "Marker and Cell" method. The
obvious advantage of the boundary integral technique is that
the only quantities that have to be specifically determined in
the numerical solution process are boundary values. Once
these have been obtained, the basic unknowns at any interior
point may be found by the use of an appropriate integral
relation. Other methods, by contrast, involve finding values
at these interior points as part of the solution procedure,
usually involving an excessive amount of computer time and
often introducing large truncation errors. This is especially
true in the case of infinite domains.

In general, in using the integral method, one applies
Green's theorem to express, for example, a velocity potential
anywhere in some fluid domain in terms of the boundary values
of this potential and its normal derivative. Thus once the
boundary values are known, the potential may be determined
throughout the fluid. By a suitable limiting process, we may
reduce the integral relation thus obtained to a singular
integral equation involving only boundary values. (In some
cases, we require more than a single integral equation - but
the same methods of solution may be used for the solution of
two, three or more coupled integral equations.)

This integral equation will usually be a Fredholm equation
of the first or second kind. Egquations of the second kind are

generally amenable to any reasonable method of numerical



solution - for example, iteration methods are quite often
used. By contrast, equations of the first kind can cause
trouble and there is no guarantee that a particular numerical
method will be successful in dealing with equations of this
sort. In the present thesis, both types of equation arise.
It is found that an extremrly straightforward method first
proposed by Tuck (1969) gives good results with both types.

In this procedure we divide the boundary, or range of
integration, into a number of segments. The unknown function
is considered to be slowly varying on the boundary so that it
may be approximated as having a constant value over each
small segment. (At points on the boundary where this assump-
tion breaks down, near corners for example, the method can be
improved by making the boundary segments smaller and smaller
as the singular point is approached. In fact, the boundary
may be divided in such a way as to exactly cancel out the
effect of such singularities.) Once we have discretized the
problem in this way, we can approximate the integral equation
as a matrix equation of order N, where N is the number of
segments. This matrix equation may then be inverted to
return the boundary values of the (unknown) function.

As has been mentioned above, the method requires that
the problem be expressed in terms of an integral relation o;er
the boundary. Thus linearized water-wave problems may
immediately be approached using this method, as in general a
velocity potential exists satisfying Laplace's equation and
Green's theorem allows the required integral relation to be
derived. Thus, in Chapters 3 and 4 of the thesis, we formul-
ate two water problems. Using the method outlined above,

results are obtained for a wide range of geometries.



Specifically, in Chapter 3 we consider water-wave
reflection, in water of finite depth, due to a change in
depth. Only a two-dimensional formulation is attempted,
although similar methods could be used to solve the more
general three-dimensional problem, admittedly with some
computational difficulty. The problem is set up as a set of
coupled integral equations, rather than a single equation,
but it is found that the numerical method may be successfully
used.

In Chapter 4, the problem of water-wave reflection by a

thin barrier of arbitrary permeability is considered, again
with the restriction that the flow be two-dimensional. Both
finite depth and infinite depth problems are considered.
This formulation includes the special case of transmission
through one or more gaps in an otherwise impermeable break-
water. Results are presented for a wide range of barrier
geometries and water depths.

In Chapters 1 and 2 we consider oscillatory viscous flow
at low Reynolds number, through one or more gaps in an other-
wise impermeable wall. 1In Chapter 1, we formulate the problem
for a single slit (two-dimensional flow) and a single circular
hole (axisymmetric flow). In Chapter 2, we extend the model to
consider unsteady viscous flow through a screen. In these
problems there is no longer a velocity potential as was the
case when dealing with water-waves. We assume, however, that
velocity amplitude fluctuations are small, so that the Navier-
Stokes equations may be linearized. This implies that the
pressure throughout the flow-field still satisfies Laplace's
equation and accordingly it is found that suitable integral

relations may be obtained by distributing point pressures, of



unknown strength, across the openings in the wall. This
unknown strength distribution is actually proportional to the
normal velocity through the gap.

Once again, the numerical method of Tuck (1969) may be
used successfully. Two points should be made, however.
First, the integral equations derived in the viscous flow
problems are of the first kind so that there is no guarantee
of existence or uniqueness of solution. The method used here
does, however, give answers that agree well with other work
in the field, in regions where other theories are applicable
(e.g. de Mestre and Guiney (1971), Sedov (1965)). Analytical
solutions may be obtained in some limiting cases, and these
results also agree with the numerical work. Secondly, the
integral equations obtained have double-pole singularities
(in contrast with the water-wave problems, where the dominant
singularity is logarithmic). This might be expected to cause
problems. 1In fact, it is possible to deal with such singular-
ities using the Hadamard interpretation (see Mangler (1951)),
and it is shown in the Appendices that careful interpretation
of the double-pole leads to exactly the same result as is
obtained by applying the numerical technique without regard
to the divergent character of the integral equation.

Finally, in the Appendices, some simple test equations
are considered, and some measure is made of the rate of

convergence of the numerical method.



CHAPTER 1
UNSTEADY LOW-REYNOLDS-NUMBER OSCILLATORY FLOW THROUGH TWO AND

THREE-DIMENSIONAL GAPS

1.1 Introduction

In this chapter we consider oscillatory low-Reynolds-
number flow through a single gap in an otherwise impermeable
wall. This work follows from the work of Tuck (1975) on the
so-called "effective size" of a small gap in both viscous and
non-viscous flows. A possible application is to acoustics,
where the effective size is related to the acoustic impedance
of the barrier (see Chapter 2). In a more general sense, this
work allows the inclusion of real-fluid effects, usually
appreciable only in the vicinity of the gap, in problems such
as channel flow through a (small) restricted opening, or water-
wave flow through a porous barrier.

Usually such contributions are determined experimentally.
de Mestre and Guiney (1971) have, however, considered the
problem of axisymmetric flow through a small hole at low
Reynolds number. In their treatment, the flow near the gap is
assumed to be completely dominated by viscous effects, so that
a Stokes-flow formulation is possible. This type of flow 1is
considered to be applicable in some inner region rear the gap.
Outside this region the flow is treated as being due to an
oscillatory point source, so that no effects due to finite
width of the gap are included. Such an approach is a good
first approximation. However, as no matching procedure is
carried out, there is some doubt as to which of the two
(separate) solutions is applicable at a particular point.

The present formulation attempts a more uniform approach in

that the (linear) inertial terms are included even in the
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Figure 1 Sketch of two-dimensional flow through a gap in an
infinite plane wall of zero thickness.

Figure 2 Axisymmetric flow through a circular gap in an
infinite plane wall of zero thickness.



near vicinity of the gap while, conversely, the influence of
the finite width of the gap is carried through to the far
field. It must be noted, however, that this approach is
limited to problems where velocity fluctuations are small
cnough so that non-linear terms in the Navier-Stokes eqguations
may be neclected.

We assume that the flow is time-sinusoidal, of frequency
0, so that the normal velocity through the gap may be defined
as Me(VeiU'). If a 1is a typical gap dimension and Vv the
kinematic viscosity, then we may define a true Reynolds
number Va/v which we take as small. This is equivalent to
assuming that the velocity fluctuations are small, thus
justifying linearization. Under this approximation, all
guantities in the flow problem are proportional to V, and
the only important non-dimensional parameter is the non-

dimensional frequency
5= oa’ /v (1.1.1)

which will be henceforth referred to as the Reynolds number.

As mentioned before, inertial terms are retained in the
Navier-Stokes equations in this formulation. This means that
if the influence of viscosity happens to be negligible even
very close to the gap, the case of inviscid flow will be
regained as b 7 *.

In the following section, the problem of two-dimensional
flow through a single slit will be considered. Later in the

chapter axisymmetric flow through a circular gap is treated.
1.2 Mathematical Formulation (2-d hole)

We consider the flow situation shown in Figure 1 , with

cartesian co-ordinates (x,y). The velocity vector



g(x,y)elUt is assumed to satisfy the linearized Navier-Stokes
equation

ioy = -2¥p + Wy (1.2.1)
where p(x,y)eIOt is the pressure. Since we are also

assuming a (locally) incompressible fluid, we can use a stream

function lj)(x,y)eiat such that u = (wy,—wx) and (1.2.1) then

implies that

vy = o'V (1.2.2)
where o = ioc/v.
Using (1.2.1) and the incompressibility of the fluid, we
have V2p=0. The harmonic conjugate of the pressure, say
q(x,y), 1s then given by the solution of the Cauchy-Riemann

equations

p =49 . P, T ~9 (1.2.3)

q(x,y) 1is related to the vorticity w by

q=-plu + o P (1.2.4)

where ®w 1is defined as

wo o= =V (1.2.5)

Here 1§ = pv is the dynamic viscosity.

Due to the influence of viscosity, vorticity w 1is
generated in the gap at y=0. This vorticity decays
exponentially as |y|+>. Because of this, at a large distance
from the wall the flow becomes irrotational with w=0, Y u=0.

In this region the flow is described by a velocity potential

proportional to p(x,y).

u = V(— iip p(x,y)): lyl + = (1.2.6)

-~



This velocity potential corresponds to that of a source-

sink pair at (x,y) = (0,0), given by

1
iop

p(x,y) = 21—,n log (r/s) sgn y, ly| » = (1.2.7)

where s is an arbitrary constant, known as the effective

gap size, and r = VxZ+y?. This quantity s carries through

to the outer flow field the effects due to viscosity, as well

as the influence of the finite width of the gap. It should be
noted that s may be complex-valued.

The irrotational flow (equation 1.2.7) at a great distance
(relative to the gap width 2a) from the slit, is the outer
approximation to the inner flow through the slit. This must
match with the inner approximation to the outer flow field
for the particular problem being considered (e.g. acoustic
streaming through a gap).

In the outer field there is an effective pressure jump
across y=0, given by

2
Ap = g_ng log s (1.2.8)

so that (l1.2.7) can be written

1
p(x,y) - 77 log r)sgn y * jAp, y > t o« (1.2.9)

This means that for all gap configurations, in the outer
flow field, the flow through the gap looks like that due to
an oscillatory inviscid source-sink pair located at
(x,y) = (0,0). All information about the detailed flow in
the neighbourhood of the gap is carried to the outer flow by
the effective gap size. Alternatively, the pressure jump
across y=0 may be thought of as conveying this information

to the outer flow field.
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Equation (1.2.9) provides a boundary condition at
infinity for the problem, in terms of the pressure jump across
the wall. This quantity still, however, remains to be
determined.

The remaining boundary conditions are the no-slip

condition u=0 on the wall

"~

v (x,0) =¥ (x,0) =0, |x| > a (1.2.10)

and the condition across the gap of normal streaming velocity,

i.e.

Il
o

v, (x,0) x| < a (1.2.11)

and finally

1]
o

w, (x,0) x| < a (1.2.12)

which is equivalent to continuity of the pressure across the
gap (by (1.2.3) and (1.2.5)).
1.3 Derivation of the Integral Equation (2-d hole)

We write

P(x,y) = f n(f&) G(x,y,£)dE (1.3.1)

where m(f) 1is a source strength to be determined and is
proportional to the velocity through the gap. G(x,v,&) 1is

any Green's function satisfying
4 2.2
Vv -a 7= 8x=£) 6§(y=-n) (1.3.2)

everywhere in the fluid. We choose G(x,y,&) = Go(x-E,y)
where

G, (x,y) = -2/m0 (A+/R T ) (e - /I Fe e V) sin ax 5=

Jm y/aiial an
(V]

(1.3.3)
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(Tuck (1970)), which also satisfies the zero-velocity
condition (1.2.10) everywhere on y=0 except at x=0. The

pressure field corresponding to w=G0 is p=P , where

2 2 0
P (x,y) = %-U{uzlog/x=+yr + —~§—:¥—? - j /A rar e Y cos Ax dx]
(x"+y")
° (1.3.4)
and P(XI{:;Iy) = P(‘) (x_E‘IY) (1.3.5)
2na’
As r » =,  P(x,E,y) > "5 logr (1.3.6)

The integral representation (1.3.1) for Y implies a

corresponding representation for the pressure,

p(x,y) = f mn(g) P(x,y,£)dg + %Ap (1.3.7)

where the arbitrary constant %Ap is given by (1.2.8) and

thus satisfies (1.2.7). 1In fact, as r > =, Wwe have from
(1L.3.6)
ZJCL2 ! 1
p(x,y) ~ m%r— j m(£)df. log r + pr (1.3.8)

- d

and thus, using (1.2.9),

2[ n(£)dl = —= (1.3.9)

- a

This normalization of the source strength m expresses
continuity, since the guantity on the left is the net entering
flux through the gap, and that on the right the net departing
flux at r = ®.

The pressure field representation (1.3.7) is valid only
for y > 0. It may, however, be extended to y < 0 as an
odd function of y. 1In general this would require a pressure

jump across the gap y=0, -a < x < a, violating the require-

ment that pressure be continuous across the gap (see (1.2.12)).
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This last condition allows us to obtain an integral equation
to determine the unknown m(£). We set p(x,0) = 0 across

the gap, so that

2

f m(£) P(x,0,E)df = —%%r»log s (1.3.10)

-a

The problem has thus reduced to solving (1.3.9) and (1.3.10)
simultaneously for the unknown quantities m(x) and s.
Obviously, once m(x) has been determined, the stream function
for the entire flow field may be obtained from equation (1.3.1).
The problem can be further simplified if we adopt a non-

dimensionalization as follows. We set

£ = a £*, x = a x* (1.3.11)
.y __m*(£*) log(s/a)
m(g) — s (1.3.12)
and P(x,0,£) = po’ P*(x*-f*) (1.3.13)

For brevity, we omit the stars from now on.

The integral equation (1.3.10) then becomes

1
j m(g) P(x,8)dg =1 (1.3.14)

I
or I m(g) (P(x,8) + P(x,-§))dg = 1, (1.3.15)
0

since m({) 1is an even function.
Finally, the normalization condition (1.3.9) becomes

1
- f m(£)dt = - n/(4 log s/a) (1.3.16)

0

|} -1
or log s/a = ﬂ[4J m(g)dg} (1.3.17)

0

Once equation (1.3.15) has been solved for m(&),

(1.3.17) provides the effective gap size directly.
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The normalized kernel can be written
P(x,8) = -Q’' (x-&) - Q' (x+&) (1.3.18)

At this stage Q must be determined by evaluating the
indefinite integral of P(x,£{). The major problem here occurs

in the evaluation of

E [¢ 4]
0, (x,8) = J lim -2 [ /AT e Mcos ra(x-£)drdt  (1.3.19)

Yau( eiicy 0

We may, however, rewrite the inner integral so that

E 2 o
0 (x,8) = _27 [ (az _ ]; d 2) lim J oMV COS la (x-E) arde
o a’ 9§ y*0 | VAT +a?
(1.3.20)
t w2
_ 2 S R N
= = [ (1 YLl K, (ViB|x-¢g]) (1.3.21)
where Ko is a modified Bessel function.

Thus we may write

Q(x) = % (x tn x - x = iéx ¥ q(/ﬁi)\ (1.3.22)
\ /ig )
where g is an odd function defined for 6 > 0 by
0
g(v) = KO’(/Iﬁ) - Vi f K, (Yit)dt (1.3.23)

0

g(0) may be written in terms of Kelvin functions (see
Abramowitz and Stegun (1964), p.379) and their integrals, and
may thus be evaluated numerically with little difficulty.
g(0) 1is calculated by using series representations for the
Kelvin functions and for the integral of the modified Bessel
function K -

The integral equation (1.3.14) is very singular. The

kernel P(x,£) has a double pole at x=f£, of the form
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P(X,E) + smmmees |, £ > X (1.3.24)

Tif(x-£)°

However, a direct integration of this kernel, as in (1.3.22),
may be justified by use of the Hadamard interpretation.
Mangler (1951) shows that correct answers are obtained in
problems of this type by integrating straight through the
singularity. For a more detailed discussion of this problem
and the interpretation of double poles, reference should be

made to the appendices.
1.4 Mathematical Formulation (3-d hole)

In this section the problem of flow through a circular
hole is considered. Cylindrical polar coordinates r, z and
0 are used. Due to the axisymmetry of the problem, there
will be no functional dependence on 6 (see Figure 2 ).

Under the same assumptions concerning velocity
fluctuations and so on, that were used in the formulation for
a two-dimensional slit, we still have the velocity vector
g(x,y)e‘”‘ satisfying (1.2.1).

It is, however, no longer possible to find a stream
function satisfying (1.2.2). This problem may be overcome,
however. If the components of u in the r and z
directions respectively are given by wu(r,z,t) and v(r,z,t)

then the continuity condition throughout the fluid is

1 3 (rdu) oV _
= 5?(3?7/ + 5= 0 (1.4.1)

This equation can be satisfied by the introduction of a stream

function ¢ '(x,y,t) such that

K-
a
<
R+

'
St (1.4.2)
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In terms of the stream function Y’ the Navier-Stokes

equation (l1.2.1) becomes

4 _ 1 9 2
Dy = > 3t Dy (1.4.3)

where the operator D’ is given by

Dzz—a?r—z-%%+;z =y - 2.2 (1.4.4)
If we now set Y’ = Me(w(r,z)eiOl) (1.4.5)
then we obtain
D'y = o’D’y (1.4.6)
The vorticity can be shown to be given by
w = -z D'y (1.4.7)

which replaces (1.2.5) in the two-dimensional slit problem.
Using ({1.2.1) and the incompressibility of the fluid, we find

that the pressure satisfies the equation

Vp = n(v: - o’)u (1.4.8)

~ ~

On using the vector identity

Vu= VY(V.u) - V x (V xu) (1.4.9)
= = Y X u (1.4.10)
we obtain p - K jL(azw + rw) (1.4.11)
or r 9z e
0p _ M 3 (2
and 3 S T 3r(a U+ rw (1.4.12)

Equations (1.4.11) and (l1.4.12) play a similar role to the
Cauchy-Riemann equations (1.2.3) and equation (1.2.4) in the
two-dimensional problem.

At a large distance R = Vr’ + z° from the wall, we
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again have w =+ 0 so that the velocity potential looks like a
source-sink pair at (r,z) = (0,0). It must be noted, however,

that the flow is now three-dimensional, so that

1 1/1 1
— Top p(r,z) - —H(ﬁ = —) sgn z, z > t (1.4.13)

S

where s 1is again the effective gap size.

Corresponding to (1.2.8), we write

Ap = - g‘ﬂ‘; (1.4.14)
so that (1.2.9) becomes
a2u 1
p(r,z) -~ i7R S9n Z + pr, Z > £ o (1.4.15)

(1.4.15) is the boundary condition at infinity.
Boundary conditions on 2z=0 are also required in place of

(1.2.10)-(1.2.12). Explicitly, these are

wr(r,O) = wz(r,O) =0 r > a (1.4.16)
v (r,0) =0 r <a (1.4.17)
and finally wy(r,O) =0 (1.4.18)

1.5 Derivation of the Integral Equation (3-d problem)

For a general hole in a plane wall, we can attempt a

solution by distributing sources over the hole, i.e.

w(r,z,0) = sgn z JJ m(q,9) G(r,q,¢~-6,z)dA (1.5.1)
where G(r,q,9¢,2) is the Green's function satisfying (1.4.6)
everywhere except at (r,z) = (0,0). This function is in
fact the solution obtained by de Mestre and Guiney (1971).
They used it to describe the stream function in the far-field

for Stokes flow through an axisymmetric hole. It is given
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by
G(r,q,9,2) = % r (F + /ATFa) (e T T
& 0
ror e M) I () an (1.5.2)
with Yy = /r*+q* -2rq sin ¢ (1.5.3)

For a detailed derivation of equation (l1.5.2), reference should
be made to Guiney (1972).
The corresponding pressure distribution to ¢Y=G can now

be determined, using (1.4.11l) and (1.4.12), as

P(r,q,¢,2) = uzu(/gié%ﬁ; I 2l 2372 T 2 322 5/ 2
YTz o (v +2”)? ol (v +2")°/
I N TR \
+ = AvVA? +a? e JO(Ay)dA/ (1.5.4)
o
]

As R » o,

P(r,q,¢,2) ~ OLRu (1.5.5)

We are particularly interested in the problem of axisym-
metric flow through a circular gap. In this particular case
we may ignore 6 dependence. Henceforth this will be done.
It should be noted, however, that the method will still work
for non-axisymmetric flow through irregularly shaped holes.
In such problems, however, the kernels of the integral
equations can become extremely complicated, due to the
additional parameter involved.

We may now write down an integral representation for the
pressure, corresponding to equation (1.3.7) in the two-

dimensional formulation, i.e.

a 2m
p(r,z) = [ q I n{(q,¢) P(r,q,¢,z) dodg + %Ap (1.5.6)

0 0
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where again the arbitrary constant Ap is given by (1.4.14). »

We now take the limit of (l1.5.6) as R =+ «® and find

2 4 2% v
p(r,z) » %2 [ g f m(q,¢)dedg + 3Ap (1.5.7) |
0 [\] "q.’\'
Using (1.4.13) we have g
}.
q ¥
= = f qm(q) dg (1.5.8) i
8m

¢ i

on noting that m(gq,¢) = m{(g) due to the axisymmetry of the

problem.,

Using similar reasoning to that detailed in section 3 we

set p(r,0) = 0 across the gap, so that
El 2w 0L2 u
f qn(q) f P(r,q,¢,0)d¢dq = 7o (1.5.9)
0 0 1 N
H] 0L2 u ﬂ
or f m(q) Pl(r,q)dq = Trs (1.5.10) &
Q
2w
where P](r,q) = q f P(r,q,¢,0)dé (1.5.11)
0

Once again we are faced with the problem of solving the
equations (1.5.8) and (1.5.9) simultaneously to determine the
unknowns m(r) and s. In this case, however, we have some
added difficulty in that the integral of the pressure Green's
function must be obtained. The non-dimensionalization

r = ar*, q = aqgq¥, Pl = Pl*azu/4ﬂs gives (we immediately

omit the stars)

1
f m(q) P, (r,gq)dg = 1 (1.5.12)
0

]
and g = 27 J gm(q) dg (1.5.13)

0

Although a formal analytic integration of the kernel
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function Pl(r,q) cannot be carried out, due to the compli-
cated nature of the functions involved, a great deal of
simplification may be made. This allows relatively fast and

accurate computation of the kernel function.

In taking the limit as 2z - 0 the third term in (1.5.4)
vanishes. We consider the remaining terms one by one. After

suitable substitutions, the first may be written as

2w ].
I, =a f (q+5) /I = (dqr/(qro) ) sin((o-m 72) 29 {gleeasins HL2 )

(=]

Tf 2
2q { I S N (1.5.15)

where & = 4rq/(r+q)2.

Finally we may recognise 1, as
_ A4aq,
| = K(%) (1.5.16)

where K(2) is the complete elliptic integral of the first

kind (see Abramowitz and Stegun (1964), p.590).

In a similar way, the second term in (1.5.4) is given by

wf 2
1 =-—24_ f S TE (1.5.17)
(g+r) o a I (1-2 sin” v)

_— 4q 1
(q+r)3iB 11 E(L) (1.5.18)

where E(2) is the complete elliptic integral of the second
kind. Equation (1.5.18) may be obtained from equation (1.5.17)
with the use of relations (17.2.14) and (17.2.24) in Abramowitz
and Stegun.

Finally the integral term in (1.5.4) must be considered.

We have
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P
2w o
I =gq J lim [ Wl Far e M 3, () arag (1.5.19)
z~>0 N
(V] 0 »
2n 2 oo -
3 : f
= 5 f . (az N 2)([ Ae Jo()\Y)d)\) a6 (1.5.20) i
: z=>0 9.2 : VA ol K
on interchanging the order of differentiation and integration. -+
The inner integral is a standard Laplace transform so that we r
have i
27 2 ~ayyi+z?
I =g f lim (oﬁ 5 = 2) € d¢ (1.5.21)
) z-0 dz vy +z?
Finally, after some manipulation,
1 ~Vipg(u+r) V1 -0x? I -Vig(a+r) V1 -x?
I = _4.3._ J e ax - ____l— J € dx
Pooan)y VI=tx /1% /iB(g+r)® ) (1-2x* ) VI=%*
1 1 e—;/iﬁ(q+r);/l-52,x2 b‘
-1 f = dx (1.5.22) j
: (1-2x%x®) 1-x?
Numerical evaluation of the integrals I1 and 12 is

straightforward since accurate polynomial expansions exist
for computing them (again, see Abramowitz and Stegun, Chap.
17). The integrals in (1.5.22) are unfortunately not so
straightforward. As can be seen, the principal difficulty in
evaluating these integrals occurs as & =+ 1 when they become
very singular. une method is just to ignore this problem
and accept the computing time penalty for & - 1. This would
be a reasonable approach, except for the fact that 2 - 1
corresponds to g » r. This means that in our final matrix
inversion, the elements with £ - 1 will be on or near the
diagonal of the matrix. Since small variations in the on-
diagonal elements can cause large errors in the final out-

put, we must find a better way to evaluate 13. To this end
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we rewrite (1.5.22) as

|
~Vig(y*r)x
1 - 4q [ e 1 B 1 o1

dx
1 /Q—l+x’/1—x’(iﬁ(q+r)3x2 ViB(g+r)’x q+r)

(1.5.23)

The two square root singularities in (1.5.23) may be dealt
with by proper choice of integration mesh points. To overcome
the remaining difficulties (encountered near x=0) we note

that

\ 1

l N 7
§ - l/ = x—2_l.5 as x > 0 (1.5.24)
so that writing (1.5.23) as

1 -ViB (q+r)x
I, = 4q f E (. - 2 T - 2 qir\ dx
e /2-1+x* Y1-x* \iB (g+r) " x YiB (g+r) " x ),

|
dx 1 1.5
- 4qJ ( - \+I
g AT VIS ig(ger) x®  (atT) )T

(1.5.25)

allows the integral to be recadily evaluated since the singu-

larity near x=0 has been removed. I, may be recognised as

4q 1 69
I =~ E(R) + = K(2) (1.5.26)
(q+r)3iB 1-2 gtr

where E(2) and K(&) are easily evaluated as described

earlier. Finally we have

P (r,q) =1, +1I, +I (1.5.27)

so that we may now evaluate the pressure Green's function in

a straightforward way.

At this stage we may examine the behaviour of the kernel
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function as r > g. It can be shown that the kernel behaves
like

P (r,q) > -5 log |r-gq| - — 4 as o~ q (1.5.28)

ig(r-q)”
1.6 Asymptotic Results

In the case of a two-dimensional slit, some progress may
be made in the solution of the integral equation (1.3.10),
without recourse to numerical methods, in the special cases
B > 0 and [ - «. Due to the complicated nature of the
kernel function, no such results have yet been obtained for
the circular hole problem.

As R » «, (1.3.10) reduces to

2 2

i
= no’ f m(E) log |x-£|dE = - %%F log s (1.6.1)

—-a

or in non-dimensional variables (see 1.3)

ac = - % log s/a (1.6.2)

]
{ m(g) log |x-¢

-1
Differentiating this integral with respect to x gives

"'m(g
=

~—

=0 (1.6.3)

fiaat

which has the solution m(x) = D/JE:ET where D 1s some

constant. Note that this is a singular limit since the no-

slip condition at x =+ 1 (1.2.10) is no longer satisfied.
Using the normalization condition on the velocity

through the gap (1.3.9) we find that D=‘<%ﬂ so that

|
log s/a = 1/m J log| x-E| 4¢ (1.6.4)
JI-E7

- log 2
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Thus s/a = 0.5, which is in agreement with the results of
inviscid theory that are applicable for the limit B -»> «
(see Tuck (1975)).

When B8 1is small, we find that

P(x,§) = W+ 3ua’ ligl}—gl + % uuz(log 5+ - %)
m(x-§)

(1.6.5)
It is necessary to take all these terms for the limiting
behaviour of the kernel because of the separate influences
of the real and imaginary parts of the kernel function.
An accurate solution (as B - 0) for the imaginary part of
log s/a may be obtained by merely considering the double-pole
part of the expansion. The real part of log s/a, however,
is not obtained so easily. This, of course, is by far the
most important quantity, since it determines the magnitude
of the effective gap size, whereas the imaginary part merely

determines the phase.

In non-dimensional form, (1.3.10) then becomes

1
f m(g) |0.75 log|x-¢&| + 1 dg =

a2a2(x—E)2

1 s 1 _ (1.6.6)
-3 log 31 16 [log aa .416]
This may be rewritten as
1 [ 2 a*
- f m(g) |k log|x-g| - — log|x-£[|dg = F (1.6.7)
g dx
where k = V/0.750a and
F=—E2—log<t+s.3\+00347 k’ (1.6.8)
6 Vi ) . ]

For the present we let F=-1 and rewrite (1.6.7) as a linear
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differential equation

2

1Y ¢’y =1 (1.6.9)
dx
l 1

with ¥ = = f m(§) log|x-¢|dg (1.6.10)

~q
on interchanging the order of integration and differentiation.

Equation (1.6.9) implies

y = = 3; + A cosh kx (1.6.11)

k

where A 1is some constant. We thus have, using (1.6.10)

]
% [ m(¢) loglx-g|dEg = - J; + A cosh kx (1.6.12)
k

Differentiating this expression with respect to x gives

1 _
1 f Eﬁé%ﬂé - A k sinh kx (1.6.13)

el

which may be recognised as a finite Hilbert transform. On

using a standard inversion formula, we have

1 .
m(x) = - = /I-¥ Ak f df_sinh ki (1.6.14)
b o(g=x)/I-ET
Here terms singular at x = * 1 have been omitted since at

low frequency we require that the no-slip condition at the
edge of the gap (1.2.10) should be satisfied. Unfortunately,
the integral in (1.6.14) cannot be easily computed. To obtain
a solution for low frequency we therefore return to equation
(1.6.12). We assume we may write

m(x) = m (x)k° +m (x) +m (0K +m (k" + ... (1.6.15)

and A = alk_z +a, + a3k2 + a4k4 + ... (1.6.16)
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The function cosh kx may be written as

2 2 4 4 6 6
cosh kx = 1 + kz? + k4? + k6? ‘... (1.6.17)

Inserting (1.6.15) - (1.6.17) in (1.6.12) gives
2 2 4
1/kK"Lm + Lm 4+ k"ILm, + k Lm_ + ...
1 2 3 4
= - 1/k" + a /k" + (a, + a x /2!)
+ k2(a3 + a2x2/2! + alx2/4!)
+ k4(a4 + a3x2/2! + a2x4/4! + aix6/6!)
+ ... (1.6.18)
where the operator L 1is defined by

1
Im = = f m(£) log |x-&|dg (1.6.19)

-1

Grouping together terms of like order in k we write

Lm = (a1 - 1) (1.6.20)
Lm, = (a, + a x /2!) (1.6.21)
Lm, = (a, + a2x2/2! + a1x4/4!) (1.6.22)

and so on.
We may now solve these equations in a recursive fashion.

Differentiating (1.6.20) gives

1 (f w8
]

=f 3t =0 (1.6.23)

-1
which has the solution

C

m (x) = A=

(1.6.24)

Since m o,m etc. must all satisfy the edge condition (1.2.10),
C must be zero and hence ml(x) must be zero everywhere.
Thus a, = 1. (This may easily be verified.) Using this

value for a, ~we may now solve equation (1.6.21) in the same
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way. We have

1 m, (&)
= f It = x (1.6.25)
-1
so that mz(x) = ¥yl - x* (1.6.26)

Substituting (1.6.26) back into (1.6.21) gives

ll
Lm = ;J /1 - x* log |x-&|dg (1.6.27)
-1
= 0.5%x° - 0.25 - 0.5 log 2 (1.6.28)
so that a, = -0.25 - 0.5 log 2 (1.6.29)

Proceeding in this manner we find

m (x) = 1/3! /1 - x - (1/6 + 0.5 log 2)Y1 - x° (1.6.30)
and
a, = -1/24 log 2 + (1/6 + 0.5 log 2)(1/4 + 0.5 log 2) (1.6.31)

Collecting the above results we may write

m(x) = vIT = x + (1/3! x’vI = x - (1/6 + 0.5 log 2)/1I - x*)
x: + 0(x*)
= £(x) (1.6.32)

Thus the solution to the original equation (1.6.7) is

m(x) = Ff(x) (1.6.33)

The normalization condition for the velocity through the gap
now allows us to determine the effective gap size s/a. We
have

|
F J f(g)dg = -0.25 (1.6.34)

b’ |
which implies

log s/a = [0.25 log iBf + 4/iB - 1.058 - 1.5 log 2] (1.6.35)
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Equation (1.6.35) is a very simple result, and as will be

shown later (in section 1.8) it gives very good results for

values of B up to about 4.

1.7 ©Numerical Analysis

We have to solve t.e integral equations (1.3.15) and

(1.5.12). In both cases we assume the unknown source

strength m(&) is proportional to the velocity across the gap

and is a slowly-varying function of £, except at the edge of

the gap &=1. We theretore divide the gap 0 < & < 1 into a

set of N segments Ej < g < €j+l, on each of which we

approximate

m(f) = constant = m . Thus (1.3.15) becomes

N Ej+l
) m, J P(x,£)df =1 0 < x <1 (1.7.1)
i=1 Ej
We satisfy (1.7.1) at a set of N points x = X , SO that
. N
! A, m =1 i=1,2,...,N (1.7.2)
i=1
E_|+l
where Aij e I P(xi,E)dE (1.7.3)
£
-|Ej+1
= [Q(Xi~E) - Q(Xi+E)J (1.7.4)
£j

The problem is therefore solved, upon solution by standard

methods of the matrix-vector equation

Am = } (1.7.5)
where A = [Aij] (1.7.6)
m = [m ] (L.7.7)

~ i

and all elements of the vector 1

~

are of unit value. We
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choose as collocation points

o ain T371Y 4

Ej sin 2( N ) J 1,2,...,N+1 (1.7.8)
. o oomfi=k) & _

and x, = sin f(_ﬁ—} i=1,...,N (1.7.9)

This non-uniform spacing accommodates the expected square-
root singularity in the normal velocity as ¢ = 1, since the
interval size tends to zero correspondingly.

The above procedure must be modified slightly in the case
of the three-dimensional problem. Since it does not appear
to be possible to determine the indefinite integral of the
kernel function we may write down an expression like (1.7.3)

but cannot continue through to one like (1.7.4). We have,

with r,m taken as the unknown, (see end of this chapter),

N
J B mr =1 i=1,...,N (1.7.10)

A o+
where r B . J P (r, ,q)dg (1.7.11)

(|j
and the points q, s j=1,...,N+1, ri,i=l,...N are given by

formulae like (1.7.8) and (1.7.9) respectively. Evaluation

of B, . by numerical integration techniques is possible but
]

is also inaccurate and time-consuming due to the singularity
as q > r. . This difficulty may be overcome by a process of
"subtracting out the singularity" from the integral. Using

(1.5.26)

G4

r B = I ! B(r, ,q) +5 log]ri-q| + ﬁ___i__ﬁ; dq
q iB(rl _q)

J

Qj +1

4

IETE:ETT (1.7.12)

- 5(q—ri)log|ri-ql - 5q -

aj
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The integral in (1.7.12) is now well-behaved as g -+ r, and
may be evaluated by standard numerical integration techniques
(e.g. Simpson's rule). Again it should be noted that we have
used the Hadamard interpretation of the double pole in
integrating straight through the singularity (see Appendices) .
In fact, there is every chance that if we did not remove the
singularity in this way, we would not be interpreting the
double-pole singularity in the correct manner and so would

not be able to obtain meaningful results at all.
1.8 Results

The preceding numerical procedures for both the two and
three-dimensional problems were coded in Fortran on the
Adelaide University CDC 6400 computer. The programme was
run with various different numbers of mesh points and it was
found that a 20-point mesh gave satisfactory accuracy for the
two-dimensional problem. The circular hole numerical
procedure was not so quickly convergent due to the fact that
a large amount of numerical integration was entailed. Despite
this fact, good results were obtained for this problem with a
40-point mesh. We consider the two-dimensional results
first.

In Figure 3 the effective gap size s/a 1is compared
with earlier results obtained in a quite different manner by
Tuck (1975). Tuck states that his results are somewhat
suspect for low-Reynolds number (B < 1). As can be seen,
however, reasonable agreement is shown between the two sets
of results. It is not shown on the figure, but both the real
and imaginary parts of s/a oscillate in sign more and more
quickly as B » 0. This is due to the fact that 1Im log s/a

becomes very large as B > 0. Because of this it may appear
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Figure 5 Comparison of analytic method and numerical
method for single slit at low Reynolds
number. The real part of s/a is shown.
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that accurate results are difficult to obtain as R - 0. The
present method is not, however, affected by this as its output
is actually log s/a, the real and imaginary parts of which
are monotonic functions. Results for these two quantities

are shown in Figures 4 and 5.

In Figure 4 we compare [Imlogs/a]_l with the asymp-
totic approximation (4p + 7/8) ' (see equation (1.6.35)).
Excellent agreement is shown up to values of B8 = 4 and,

indeed, even at larger values of B the asymptotic results
show the correct trend.

Similar good agreement between the asymptotic and numer-
ical results is shown in Figure 5 where &elogs/a is
displayed.

Finally, in Figure 6 we display the magnitude of the
effective gap size for both the two-dimensional slit and the
circular hole. In each case the magnitude approaches the
correct inviscid limits as B -+ «, namely s/a = 2/m for
the hole and s/a = 0.5 for the slit. It should be noted,
however, that in the case of a circular hole the inviscid
limit is reached at a much lower value of B8 than for the
slit. This indicates that local viscosity effects in the
vicinity of the gap are more important in the two-dimensional
problem.

As B » 0 the approach to zero of the magnitude of s/a
is much faster for the three-dimensional problem than it is
for the two-dimensional one. It is not immediately obvious
why this should be so. Since no asymptotic results are
available for the circular hole, it is not possible to
confirm the accuracy of the numerical method for small

Reynolds number.
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Fortunately, there are some analytic results available
for axisymmetric flow 2t very small Reynolds number, due to
de Mestre and Guiney (1971). In this limit as 8 - 0 the
notion of effective size has no real meaning (to all intents
and purposes |s/al = 0.) It is possible to compare the two
methods, however, by considering the source strength across
the gap. This, it may be recalled, is half the normal
velocity through the gap. The normalized velocity at the gap

is given by de Mestre and Guiney as
m(r) = -3/1-r* (1.8.1)

where we have suppressed a sinusoidal time dependence.

In Figure 7 we compare rm(r) as given by the numerical
method, with the result (1.8.1) for B8 = 0.l1l. As can be seen,
agreement is excellent right across the gap. This dispels any
doubts that might remain as to the correctness at low-Reynolds
number of the numerical method in the axisymmetric flow
problems.

It is important to note, though, that the error in the
numerical method is greatest near r=0. In fact, if we use
the velocity m(r) as our basic unknown and then solve as
before, it is found that near r=0, the numerical solution is
apparently wrong. This is caused by clumsy formulation of the
problem. If we substitute the boundary condition (1.4.16) in

the equation for the stream function (1.5.1), we can show that

2[ gn(g) S§(g-r)dg = -rv(r) (1.8.2)

0
where d(g-r) 1is a delta function. This implies that
m(r) = -v(r)/2 for r > 0, as required. It also implies,
however, that m(r) = 0 for r < 0. Thus the numerical

method has to model a step function at r=0, if we use the
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source strength as our basic unknown. It does this reasonably
successfully, but it seems better to use rm(r) as our
unknown and thus avoid this difficulty. There is still a
small problem, however, in that the first derivative of

rm(r) is not continuous. This probably explains why the
largest error occurs near r=0.

The last graph, Figure 8 shows the real and imaginary
parts of the effective size for the circular gap. In contrast
to the two-dimensional problem, there is no oscillation in the
sign of these two quantities as B8 = 0. At low-Reynolds
number (<1) it may be noticed that the imaginary part of s/a
dominates, indicating that there are almost no inertial
effects for this range of B. This explains the good agree-
ment demonstrated above with de Mestre and Guiney (1971), who

ignore inertial effects completely in the near vicinity of the

gap.
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j
CHAPTER 2 »

UNSTEADY VISCOUS FLOW THROUGH A SCREEN

2.1 Introduction i

This chapter is essentially an extension of the work | ;
presented in Chapter 1, where viscous flow through a single
two-dimensional slit was described. Here we consider the y
situation where we have a regular array of slits of width
2a with centre separation 2b. We use a similar method of
solution to that described in Chapter 1.

The problem described here has direct application in
the determination of the acoustic impedance of a thin perme-
able barrier. This impedance is a measure of the relation-

ship between the pressure difference across the screen and

2Ry

i

the air velocity through the barrier. Thus, in a time-

sinusoidal flow of radian frequency ¢, we have
Ap = T.V (2.1.1)

where the pressure jump 1is ﬁe(Apeiat), the normal velocity
is Me(Veiat) and T 1is the acoustic impedance. To
determine this impedance we need to know both the viscous
dissipation, which determines the resistive part, and the
inertia of the oscillating columns of air in the pores,
which determines the reactive part. Usually these quantities
are obtained experimentally, but here we may evaluate T
theoretically using the ideas of Chapter 1.

We may still assume that viscous effects are important
only in the near vicinity of the wall and that the velocity
amplitude of the acoustic fluctuations is small enough so

that linearization of the Navier-Stokes equations is

permissible. To neglect compressibility near the pores we
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need the additional assumption that the acoustic wavelength
should be much larger than the pore dimensions. This is true
in most practical applications. Since this formulation only
determines an inner solution, i.e. one that is valid near the
wall, one would need to match with an outer solution, where
compressibility was included, to solve the complete acoustic
problem. This will not, however, be considered here.
Although we are primarily interested in the acoustic problem,
the results presented here allow the determination of real
fluid effects in problems such as channel flow through a
screen or water—-wave flow through a porous barrier.

As in Chapter 1, the only non-dimensional parameter in
the local flow is the non-dimensional frequency B, defined
in (1.1.1). The linearization of the Navier-Stokes equations
implies that the true Reynolds number Va/v is small, so
that the velocity scale V is not dynamically significant.
This was also the case for flow through a single slit. 1In
Chapter i, the obstruction to the flow was measured in terms
of the "effective gap size". Here it is more suitable to use
a non-dimensional blockage coefficient C. In the case where

viscosity is unimportant, even in the neighbourhood of the

pores (i.e. B > «), this may be related to the impedance T
by

I' = =2iopaC (2.1.2)
In this 1limit, T is a purely imaginary quantity, while C

is real and depends solely on the ratio of pore width to pore

separation which we write as
Yy = a/b (2.1.3)

As Yy decreases from unity (i.e. no wall) to zero (i.e. no
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pores) the blockage coefficient C increases monotonically
from zero to plus infinity.

In the more general problem considered here, T and C
are now complex-valued and both depend on the additional
parameter . We present our output in terms of this
non-dimensional complex-valued blockage coefficient.

If we introduce suitable planes of symmetry, we can
confine attention to a flow cell as indicated in Figure 9.
The bottom boundary of the cell y=0, 0 < x < b of the cell
is divided into two portions. The section 0 < x < a
represents half a slit while the remainder a < x < b
represents half a solid barrier. The side boundary x=0 1is a
plane of symmetry through the centre of a slit and that at
x=b is through the centre of a barrier. By superimposing
image replicates of this cell we obtain the infinite array of
slits as above.

Simple generalizations of this formulation are possible.
Wall thickness can be readily included (admittedly with
computational difficulty) while the problem where the slits

are of varying width can be treated in a similar fashion.
2.2 Mathematical Formulation

Much of the following has appeared in Macaskill and Tuck
(1977), but is reproduced here for completeness. To a large
extent the method follows that for flow through a single slit
(see Section 1.2).

Again, the Navier-Stokes equations take the form (1.2.1)
with the stream function ¢ satisfying (1.2.2). The pressure
p is harmonic throughout the flow field and hence must satis-
fy the Cauchy-Riemann equations (1.2.3). Vorticity w is

generated at the wall y=0 and, as is the case with a single
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slit, decays exponentially as |y| » «. Thus we have the far-
field boundary condition (1.2.6), relating the fluid velocity
to the pressure in the outer region.

Since we now have f ow through many gaps, the re-
statement of the far-fie d condition (1.2.7) is no longer
suitable. We suppose that the far-field velocity potential

corresponds to a uniform oscillatory flow u -+ Vj, so that

- I%B p(x,y) = Vy + constant, [y]| » (2.2.1)

This irrotational flow at a great distance (relative to
the pore size) from the wall is the outer approximation to
the inner flow through the pores. This must match with the
inner approximation to the flow field being considered. V
can thus be seen to be a velocity amplitude normal to the
wall. The constant in (2.2.1) may be found by considering
the pressure jump across the wall, in the same way that the
effective gap size s was found in Chapter 1. Indeed, we

may write in place of (1.2.9)

p(x,y) - iopVy * %Ap, y >+ o (2.2.2),

or, using (2.1.1) and (2.1.2)

1
iop

p(x,y) > V(ytaC), y > = o (2.2.3),

where we still have to find the blockage coefficient C as
part of our solution.

The remaining boundary conditions are similar to those
for the single slit (equations (1.2.10)-(1.2.12)). We must
have

¥ (x,0) = ¥ (x,00 =0 a<x<b (2.2.4)

the no-slip condition on the solid part of the boundary. The
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pressure continuity condition (1.2.12) and the condition of
normal streaming velocity through the gap (1.2.11l) remain
unchanged. Due to the change in the geometry of the problem,
however, we must now specify extra conditions on the side
boundaries x=0,b. These boundaries are stream surfaces, so

that

le (OIY) = \Py (bIY) = 0, y > 0 (2.2.5)

The flow and hence the vorticity must be anti-symmetric

about these surfaces, so that our final boundary condition is

w(0,y) = w(b,y) =0 (2.2.6)

2.3 Derivation of the Integral Equation
We write
&
v(x,y) = J m(g) G(x,y,&)dg (2.3.1)

0
where as in the single slit problem G 1is a Green's function
satisfying (1.3.2) and m(§) is a source strength to be
determined. We can again use the function given in (1.3.3)
as G. This satisfies the no-slip condition (2.2.4) but
modifications must be made so that the additional side-

boundary conditions (2.2.5) and (2.2.6) are satisfied. Thus

we take
G(x,y,&) = Z [GO(X - & + 2bk,y) + GO(X + & + 2bk,y)]
k= -
(2.3.2)
where G0 is defined in (1.3.3). This series can be shown

to be convergent. For details, reference should be made to
the appendix in Macaskill and Tuck (1977) .
The pressure field P/ corresponding to ¢ = G/ is

given in (1.3.4). The pressure field p = P which corresponds
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to the modified Green's function G 1is

oo

P(x,y,8) = ] [P (x - &+ 2bk,y) + P (x + & + 2bk,y)+P, ]
k= -co
(2.3.3)
where ﬁk is a constant included to cancel the leading

divergent term of (2.3.3) as k =+ * «, namely

B, = - = o’ log 2b|k| , k # 0 (2.3.4)

and P0 is the function defined in (l1.3.4).

50 may be chosen arbitrarily. We take

5 - 4 2 r 2uo0
P0 = o Ha log B + 5 (2.3.5)

If 50 satisfies (2.3.5) then P(x,y,%) has the simple
limiting form

2ua2

P(x,y,8) » Sy + 0"

Y, y > @ (2.3.6)

(For details, again see the appendix in Macaskill and Tuck
(1977)) .
We can now write down an expression like (1.3.7) for the

pressure through the flow field,

a
p(x,y) = [ m(g) P(x,y,g)dg + %Ap (2.3.7)
0
where the arbitrary constant Ap is
1 . 2
SZAp = - 1iopaCV = - uo acCv (2.3.8)

2

which satisfies (2.2.2) by virtue of the limiting behaviour

of P given in (2.3.6). In fact, we may write
2ua i 1
P(X,y) > —¢— m(g)dg y + 34p (2.3.9)
0
corresponding to equation (1.3.8). Finally, on comparing

(2.2.2) and (2.3.9), we may determine the normalization
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condition on the source strength m,

- 2[ m(g)dg = bv (2.3.10)

0
As in Section 1.3 we may now obtain our final integral

equation by setting p(x,0) = 0 across the gap, so that

J m(£) P(x,0,&8)dE = ua2CV 0 < x < a (2.3.11)

0
Using a similar non-dimensionalization to that described

in Chapter 1, with
m(g) = CVm* (£%*) (2.3.12)

equation (2.3.11) becomes

1
[ m(g) P(x,8)dg =1 (2.3.13)

(i}

Using (2.3.10), we can express the blockage coefficient C

directly in terms of the unknown source strength m(g), 1i.e.

1
- 2CVaJ m(g) df = bV (2.3.14)

0

1
or CcC = - [2yj m(g)dgl”’ (2.3.15)
0

Thus, once (2.3.13) is solved, the blockage coefficient
is immediately available.

Once again we need Q(x,&), the indefinite integral of
P (see (1.3.18)). ©Now, however, the kernel function is more
complicated, since it satisfies the additional boundary
conditions (2.2.5) and (2.2.6). Therefore in determining
Q(x,£) we must first perform the summation in (2.3.3).
We write

'()wl—l—az\-l-+31 2 si I| B
Q' (x) = iB ax%} /ib = og in zyx
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[ee]

) K, (VIR |x + 2k/y|{} (2.3.16)

ERINS]

k= -0

The last term in the above equation follows directly from
(1.3.21). In the appendix to Macaskill and Tuck it is shown
that the leading terms give the contribution shown in (2.3.16)
so long as the arbitrary constants §k are chosen as in
(2.3.4) and (2.3.5). Q' (x) is an even function of the
argument x and depends implicitly on the two parameters vy

and B. At this stage we may determine the (odd) function Q

as
0(x) = - yx(iB) * = (2/n°y) £(myx) - (y/iB) cot(myx/2)
2 . - 2 Y,
+ £ (ip) Yo" (x + 2k/v)) (2.3.17)
k= -0

f and g are odd functions defined for 6 > 0. g(6) 1is

given in (1.3.23) while f 1is defined by

0
£(0) = - J log sin % dat (2.3.18)
0
f(0) 1is Clausen's integral (Abramowitz and Stegun (1964),
p.1005). It may be evaluated numerically by direct trapezoi-

dal integration after a preliminary integration by parts.

This means that for numerical purposes we write

0
£(8) = - 6 log sin % + J % cot % dat (2.3.19)
0
where the integral is non-singular at 6 = 0.

We find that the kernel of the equation (2.3.13) has a
double-pole singularity like that for the single-gap kernel
(see (1.3.24)). Once again we may use the Hadamard interpre-

tation to overcome this difficulty. The numerical method is
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exactly the same as that described in Section 1.7, the only
difference being that we use the kernel function (2.3.3)
instead of the single-gap kernel when evaluating the matrix

elements Aij in equation (1.7.3).

2.4 Asymptotic Results

No general analytic results for the cases B - 0 or
B > o were obtained, in contrast to the single-gap problem.
This was fundamentally due to the more complicated nature of
the kernel in the many gap problem. It is possible, however,
to compare the results obtained here with those obtained
using the single-gap formulation when vy is small, i.e. when
the gap width is small compared to the gap separation. 1In
fact, for small vy it is possible to obtain an exact result
for the limit R =+ <.

When vy - 0, the kernel P(x,£) becomes

2
P(x,8) = P (x,8) + P (x,~8) +2 log my + ;% (2.4.1)
where
P, (x,§) = log |g-x| + —F— - (1 ) % 322) R, (Vig|E-x])
' iB (E-x) P oae

(2.4.2)

In fact Pl(x,g) + Pl(x,—E) may be recognised as the kernel
for the integral equation describing viscous flow through a
single gap (see eqn. (1.3.15)). For convenience, we rewrite

(1.3.15) as

1
f m (&) (P, (x,8) + P (x,-£))dg =1 (2.4.3)

0
so that we may differentiate between the two different
unknowns, m(g) for the many gap problem and ml(E) for the

single gap. Using (2.4.1) and (2.4.3) we may rewrite the
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integral equation (2.3.13) as

1

1
[ m@ e mo + e o-enars 2 J

0 0

m(g)( %l + 2 log ﬂy)dE =1

3

(2.4.4)

when vy 1is small. Now we can use the normalization conditions
on the two unknowns ml(g) and m(&), (1.3.17) and (2.3.15)

respectively, to give

1 1
[ merag = - 2205 te/a) [0 (eyae (2.4.5)

0 0

so that equation (2.4.4) implies, on using (1.3.15) and
(2.4.5) to simplify the first integral, and (2.315 to reduce

the second integral

_ 2 log (s/a) _ 1 [ my B
e e \ TE-+ 2 log my} =1 (2.4.6)
or log s/a = - L) CoRE - (A log 7Y (2.4.7)
2 2V/1iB

This result allows a comparison between the numerical results
obtained for the many gap problem and the single gap results
presented in Chapter 1.

In the limit as B > =, that is, as we approach inviscid

flow, s/a - % (see Tuck (1975)) and we have, from (2.4.7)
c= -2 109 [TX) (2.4.8
g \2) )
which is in agreement with an exact result of Sedov (1965) for
inviscid channel flow through a small (centred) gap.

2.5 Results

The preceding numerical procedure was coded in Fortran on
the Adelaide University CDC 6400 computer. The program was run

with various different numbers of mesh points and it was found
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Figure 10 |yC| for a screen. The dashed lines are
the approximation for small vy, using

the single slit result; the two results

coalesce for vy = 0.1 and 0.2.

The variation of the magnitude of the
scaled blockage coefficient |yC| with

Figure 11
vy, for various Reynolds number B.
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that a 40-point mesh gave satisfactory accuracy.

The blockage coefficient C was obtained for various
values of the parameters §,y. In Figure 10, the magnitude
of C, suitably scaled, is plotted against /B, for values
of Yy ranging from 0.1 to 0.8. As might be expected, for
fixed B, the blockage coefficient increases as Yy decreases.
That is, there is greater impedance when Yy 1is small, since
the flow is restricted as Yy decreases. Indeed in the limit
vy > 0 we would expect no flow at all, and thus the blockage
coefficient would be infinite. The results are consistent
with this. At the other end of the scale as vy » 1, the
blockage coefficient should approach zero. This corresponds
to a completely unrestricted flow. Again, the computed
results tend to confirm this.

For fixed vy, we should expect the blockage coefficient
to decrease as the non-dimensional Reynolds number 8
increases, due to the fact that increase in B corresponds
to a decrease in viscosity. Lower viscosity implies less
impedance to flow through the slits and in Figure 10 we can
see the obstruction to the flow decreasing as B 1increases.

For both large and small g, the present results can be
compared with work done elsewhere. Very large Reynolds
number B corresponds to inviscid flow. In Figure 11
compare the result (2.4.8) for inviscid flow in a channel,
with the present work. The magnitude of the blockage
coefficient is plotted against <y for various values of 8.
It can be seen that for values of B greater than about one
hundred, there is excellent agreement between the viscous and
inviscid results over the whole range of y. This means that

inviscid theory may be safely applied to flow situations
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where the Reynolds number is of the order of one hundred or
more. For very small B, which corresponds to very viscous
Stokes flow, there are no general results for arrays of slits.
For small vy, the flow situation can be compared with
the problem for a single slit, using the asymptotic result

(2.4.7)

yC » -(2/m) log(mys/a) - w/(iB)';2 (2.5.1)

In Figure 10, the magnitude of the right-hand side of (2.5.1)

is compared with |YC|, using the results of Chapter 1 for
s(R). These results are shown dotted. For vy = 0.1 and
Yy = 0.2 the small-y approximation is indistinguishable from

the exact computations, and the accuracy remains within about
10% up to Yy ~ 0.4, which is somewhat surprising, as this

represents quite large holes. Even at Yy = 0.8 the agreement
appears good for the magnitude except for small g, but there

is a much larger error in the phase.
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CHAPTER 3

REFLECTION OF WATER WAVES BY A SUBMERGED SHELF
3.1 Introduction

In this chapter we present a method for determining the
amount of reflection that takes place when a plane progress-
ive water wave moves from one region of constant depth to
another region of the same or different constant depth,
separated by an intermediate region of given bottom topo-
graphy. As in most previous work only the two-dimensional
problemr is considered, although extension to three-dimen-
sions 1s possible.

It is assumed that wave amplitudes are small so that
the problem may be linearized. The fluid is further assumed
non-viscous and the flow irrotational, so that Laplace's
equation holds throughout the fluid.

The simpler problem of reflection by a vertical step
was considered by several authors, including Hilaly (1967),
and Bartholomeusz (1958). However, few results have been
obtained for the more general problem outlined above.

Evans (1972), using a Green's theorem approach, was
able to reduce the problem to that of solving one singular
integral equation. However, the kernel required in this
formulation is extremely complicated and Evans gave no
results. For general bottom topography this method appears
limited in practical application. Fitzgerald (1976) has
recently solved the problem numerically for certain types of
bottom by an inverse method. The results he presents are
rather restricted, however, and only those types of bottom
which can be mapped uniformly by a specific analytic function

to a bottom of fixed depth are considered.



Figure 12

Sketch of bottom geometry.
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Yeung (1975) by contrast, developed an integral
equation which uses a distribution of simple sources. The
drawback of this method, however, is that equations of large
order must be inverted to obtain accurate results.

There is also some analytic work by Roseau (1976), but
these results are only valid for a particular shelf profile.
Here we steer a mid-course between the two extremes

advocated by Yeung and Evans. By using the finite depth
Green's function (Wehausen & Laitone, 1960), the number of
points at which the potential function and its derivatives
must be evaluated is much less than in Yeung's method, yet
the kernel functions for the integral equation do not become
computationally unmanageable as in the method proposed by

Evans.
3.2 Mathematical Formulation

Cartesian coordinates x and y are used. The region

(-L,0) of varying depth is given by y = -h(x) where h(x)
is known (see Fig.1l2). For x > 0 we assume constant depth
y = —hl, and for x < -L we have y = —hz, where for
definiteness we assume h2 < hl. An important parameter

here is o, given by hl/h2.
We assume that the fluid motion may be described by
the velocity potential &(x,y,t) such that

-iot
]

d(x,y,t) = Re[d(x,y)e (3.2.1)

where o is the wave frequency. The function ¢ satisfies

Laplace's equation
Vip = 0 (3.2.2)

If we assume that all disturbances of the free surface

are of small amplitude then the linearized free-surface
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condition applies. This is given by

3—3 -V =0, y=0 (3.2.3)
where Vv = 0?/g and g is the acceleration due to gravity.

We also have the condition that there should be no normal

fluid velocity on the bottom, so that

VAN

¢ _ ;= - —oo
‘ﬁ—-o for v = =h_,

L34
I
[
o]
3
|
=
VAN
wooX
NN
o

(3.2.4)
y:—h, 0<X<°°

We consider the reflection and transmission of a plane

progressive wave, which for convenience is assumed to have

unit amplitude. This implies
o Ryl & (eisz + pe—ikzx) cosh Kz(y+h2) o
cosh th2 as X
(3.2.5)
and b(x,y) ~ 1o K cosh K (y+h )

cosh thl as x > @ (3.2.6)

where p and 1T are the complex-valued reflection and
transmission coefficients, to be determined. K] and K2 are
the characteristic wave numbers for waves of frequency o

in water depths hl,h2 respectively, given by Kj tanh thj

=v, j=1,2.
3.3 Formulation of the Integral Equation

Ideally, one might wish to formulate the problem in
terms of a single integral equation involving only the
velocity potential on y = -h(x), as was done by Evans
(1972). As has been mentioned before, however, this leads
to an integral equation with an extremely complicated kernel,
since the Green's function required must satisfy two separate

radiation conditions for x - * «©, involving two different
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wave numbers, as well as Laplace's equation (3.2.2) and the
boundary conditions (3.2.3) and (3.2.4). The use of this
kernel can be avoided, at the expense of producing more
complicated integral equations, if the fluid region is
considered to be artificially divided into two parts by the
arc ~h <y <0, x = 0. We find then that the problem may
be formulated in terms of the two finite-depth Green's
functions, appropriate for a source in constant water-depths
hl and h2 respectively.

We define the Green's function G(x,y;&,n;h) which is

a unit outgoing wave source at the point (&,y) in water of

depth h. This function then satisfies

V2G = §(x-£,y-n) (3.3.1)

and the boundary condition

557 - vG = 0' y = 0 (3-3-2)
G _ e
and 3y 0, y = =h. (3.3.3)

Finally the function obeys the radiation condition,

G(x,y;&,n;h) = —im(n)cosh K(y+h)eiklx-z|

(3.3.4)
as x = * o, where

cosh K(n+h)
Kh + sinh Kh cosh Kh

m(n) = (3.3.5)

(see Wehausen and Laitone (1960) p.483)

By the use of Green's second identity we may now set up
the problem as a set of coupled integral equations. In the
region ¢ > 0 we apply the identity on the closed circuit

C, (see Fig. 12) to obtain

(&, = é ¢ (x,y) %g(x,y;i,n;h,) . %%(x,y) G(x,y;&,n;h )dL

¢y

(3.3.6)
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where (&,n) is a fixed point in the region & > 0 and
3/39n indicates the normal derivative with respect to the
(x,y) coordinates of integration. Now the boundary
conditions (3.2.3) and (3.2.4), together with (3.3.2) and
(3.3.3), ensure that there is no contribution to the integral
either from points on the free surface or on the bottom
y = —hl.

Since both G and ¢ behave like outgoing waves as
x - ©, there is similarly no contribution to the integral
from the arc —hl <y <0, x =,  Equation (3.3.6)

therefore reduces to

. 3 3G
¢ (&,n) = J G(0, ,yiE,nih ) 5%(0+.y) - ¢(0,,y) 5.(0 ,yig,n;h )dy
" (3.3.7)
where W 1is the arc 0 = y 2 -h , x = 0.

For ¢ < 0, Green's identity gives us (see Fig. 12)

$(E,m) = §3 o, y) 220 yiemin)) - 2Lexy) 6lx,yiE,nih,))ds
Ca
(3.3.8)

In this case we again get no contribution from the free
surface or the flat part of the bottom - « < x <-L. There is,
however, a contribution from the arc —h2 <y <0, x= -
since the Green's function represents a purely outgoing wave,
whereas the potential function ¢ has an incident part and a
reflected part. We find

B(EM) = 6, (E,m) + f §(x,y) 22(x,y:E,nsh, ) a2

B

_ AP i - G . . >1
f(“,a;{ (O_IY) G(O_IYIErnrhz) ¢(0_ly) ax(o_’y’g’n’hz) ay

w

(3.3.9)

where the arc B 1is the varying-depth portion of the bottom,

given by y = -h(x), -L <x < 0. ¢/ is the contribution
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to the integral from the part of the contour -h <y <0,

X = -, and is given by

cosh Kz(n+h2) LKyt

9, (E,M) (3.3.10)

cosh K h
2 2

The integral relations (3.3.8) and (3.3.9) are formul-
ated in terms of the potential at any point in the fluid and
the boundary values of the potential function and its normal
derivative on the arcs B and W. To obtain integral
equations that can be solved (numerically or otherwise), we
need to adjust the equations so that only the boundary values
of the potential and its normal derivative appear.

In equation (3.3.9) we allow the point (&,n) to
approach the arc B. Since 23G/9n behaves like a delta

function as (§&,n) » (x,y) we obtain

_ 3G
se(g,my = ¢, (&) 4 ][ ¢ (x,y) s (x,yiE,nih, )dL

B

~| 2¢ LT gy 2C S Eon;
fax(O_IY) G(O_IYIE;InIh2)dY+J¢(0_‘IY) BX(O_;Y,Q,ﬂ.hZ)dY
W

w
(3.3.11)

for (&£,n) € B. The bar on the first integral indicates a
Cauchy principal value.
If (£,n) approaches a point on W from the left in

equation (3.3.9) we find

%¢(0_,H) = ¢, (0_,m) + J ¢ (x,y) %g(x,y;O_,n;hz)dl
B

- [ 30 .y G0 .y,0 min,)ay (3.3.12)
W

Finally we return to equation (3.3.7) and allow (&,n) to

approach (0, ,n) so that

¢ (0, ,n) = 2[ %(OJr,y) G(0, ,yi0,nih )dy (3.3.13)

w
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Equations (3.3.11), (3.3.12) and (3.3.13) represent a set of »
coupled integral equations, involving only the boundary

values of the potential function or its normal derivative. f
W, of course, ils only an artificial boundary but that does é
not affect the validity of the argument. One last step :
remains before the set of integral equations can be solved.

We must use the continuity of the potential function and its

f-wise derivative across & = 0. We may write
¢(0,n) = ¢(0_,n) = ¢(0,_,n) (3.3.14)
and ¢, (0,m) = ¢ (0_,n) = ¢ (0, ,m) (3.3.15)

On using the above equations, the set of integral equations
(3.3.11)-(3.3.13) then involves only the function ¢(&,n)

for (§,n) € W or B, and the normal velocity across

e

B

£ =20, ¢E(O,n) for (0,n) € W. These equations may now be
set up as a matrix equation upon suitable discretization and
solved by direct inversion. For moderate values of the para-
meter vh it is possible that some sort of iterative process
might also be successful, but the complicated nature of the
kernel makes this appear a very difficult task.

Once we have solved the system of equations, we are in a
position to find the complex-valued reflection and trans-
mission coefficients, ¢ and 1 respectively. For the
reflection coefficient, for example, we allow & > -= in
(3.3.9) and equate the right hand side of this equation with
the far-field behaviour of ¢ as given by equation (3.2.53).

On using the asymptotic forms for G and 23G/dn we find

cosh K h
2 2

0
= ) - +
P K,h + %5 sinh K h, J K, ¢ (x,~h(x)) (cosh K (y+h, Je

i Ky x

-t i Ko x

+ sinh K2(y+h2)ie ydx +
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K
2

0 0
+ [ i¢x(0,y) cosh Kz(y+h2)dy R e J o (0,v)
2 2 2 2
-h -h

cosh K2(y+h2)dy

(3.3.16)
Note that all the integrals in (3.3.16) involve only the
boundary values ¢, ¢x which we assume known, once equations
(3.3.11)-(3.3.13) have been solved. A similar expression may

easily be found for the transmission coefficient T.
3.4 Numerical Analysis

To solve the equations (3.3.11)-(3.3.13) numerically, we
require some method of discretization. The assumption we
make is that both ¢ and its derivative ¢~ are slowly-
varying on the arcs B and W. Therefore, the arc B is

divided into N segments (xj,x ), j=1,...,N, such that

jt 1

X, <X <X In each segment the approximation ¢(x,y) =
¢j = constant is made. 1In the same way the arc W may be
divided into M segments (yj,yj+l) with ¢(0,y) = ¢j and
¢x(0,y) = ¢xj for j = N+1,...,M+N. Note that generally we
take M = N but with certain problems it is advantageous to

allow M to differ from N. For example, if the depth
change is very gradual so that the arc B is much longer
than the arc W, then it is necessary to make N > M to
ensure that our assumption of slowly varying potential
function ¢ on B 1is consistent. Note that no assumptions
have been made here about the choice of meshpoints xj,yj.
In a general sense, an equally spaced mesh is probably the
best choice if the ensuing program is to deal with a variety
of problems. This was the procedure finally adopted in the

present work. It would be preferable, however, to choose

meshpoints that would take account of the singular behaviour
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at the corner (x,y) = (0,-h ). (This was the method
used in Chapter 1 where a Chebychev mesh was used to
counteract a square-root singularity.) This procedure would
almost certainly give improved convergence. It should be
noted that the most singular behaviour occurs in the problem
of a single step where the velocity near the corner behaves
like Af%, with A some constant and r the distance from
the corner. Even in this problem, very satisfactory con-
vergence was achieved with a uniform distribution of mesh
points. Thus the benefits of using an uneven mesh, especial-
ly when the angle at the corner is close to 7 radians, may
not be all that great.

The integral equations must be satisfied at the N+M

points

g = 4 : i=1,...,N (3.4.1)

(yi i yi+l)
1 2

Il

N+1,...,N+M (3.4.2)

Thus equations (3.3.11)-(3.3.13) may be rewritten as

i 5 N Yit13G
= ¢0(éi,-h(iﬂ) + jgl ¢j J sﬁ(x,—h(x);éi,—h(&i);h2)dx

2

*i

Yij+1
¢xjf " G(0,y:E, ,-h(E, );h )dy

N+ M yj+'3G
)9 f 52(0,y;€ ,~h(E ) h )dy (3.4.3)
J =N+

Vi

¢, N it13G
-5 = ¢0(0,T1i) +jzl¢j f E(x,—h(x);o,ni;hz)dx
xj

M



63

N+ M Yi+1
- 1 b, J G(0,y;0,n, ;h )dy
i=N+1 '
Y
i = N+1,..
and
N+ M Vi+
o, =2 1 9o, f G(0,y;0,n ;h
j=N+1
Vi
i = N+1,..

We have used the notation 3G/3n to repres
3G/dy.

We finally rewrite the above equations

(3.4.4)
., N+M
dy (3.4.5)
- ¢ N+M.

ent -~h’'(x) 93G/%x -

in simpler form.

We have
¢i N N+ M
-2— - d)oi i ?: ij Aij - ] 2 (¢ijij = ¢j Cij) (3.4.6)
§=1 j=N+1
where ¢ . = ¢ (& ,-h(£ )) and i runs from 1 to N, with
¢ N N+M
1
5 =9 t 1 % D - .__2 L (3.4.7)
i=1 j=N+1
N+ M
and finally ¢, = ) ¢, F. . (3.4.8)
' i=N+1 o

In equations (3.4.7) and (3.4.8) i = N+1,.

¢ = ¢0(0,ni). The elements A . ,...,F .

0i 1] 1]

that may be evaluated analytically. Method
them will be derived in the next section.

are given by

X+ 1
oG
Aij = f EH(X'_h(x)7£i’-h(gi)7h2)dx
X
Yi+a
B, = f G(0,y;€, ,~h(€ );h )dy

Yi

«.,N+M and
are all integrals
s for evaluating

Specifically, they

(3.4.9),

(3.4.10) .

—y
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ittt 36

Cij: f a—}z(oplﬁﬁi r—h(gi);hz)dy (3.4.11),
Yij
itto3G

D, = J gﬁ(xl-h(x);o,ni;hz)dx (3.4.12),
X
y]+|

Eij= J G(O,y;O,ni;hz)dy (3.4.13),
Y
y_|+l

and Fij= 2[ G(O,y;O,ni;hl)dy (3.4.14)

Having obtained the discretized equations (3.4.6)-(3.4.8) we

are in a position to recast the problem in matrix form. We

have
29 = 9 (4.3.15)
N M M
—— —
where 2 = N{|% IN-A B -C
M{|% I-D E 0 (3.4.16)
M{ 0 I,-F 0
I represents an identity matrix of order N and the

N

coefficients outside the matrix indicate the order of the

submatrices. The vectors & and , are given by

¢ = [¢lr---r¢Nl¢ reeesd

< XN+ I xN+M'

t
Oy reeer0gy ] (3.4.17)

0,...,0]" (3.4.18)
W—J

M terms

and o = [¢01"

~0 ..'¢0N+M’
Solution of equation (3.4.16) by standard inversion

procedures therefore solves the original problem. The only

remaining difficulty is the evaluation of the matrix

elements A  ,B . ,...,F . .
ij i) P ]
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3.5 Evaluation of the Green's Function

In determining Aij,...,Fij we require an efficient
method for evaluating the indefinite integrals of the finite
depth Green's function and its normal derivative on y = -h(x).
This section details such a method. An alternative approach
would be to determine a good method for finding the function
itself, rather than its integral, and then using numerical
integration to determine the matrix elements Aij,...,Fij.
Although the present problem has been set up so as to avoid
this numerical integration, in many other problems this can-
not be done. Thus an efficient method for evaluating the
Green's function itself is also of interest. For example,
Sheridan (1975), describes a straightforward method for
determining the Green's function. It is thought that the
nethod described here is a distinct improvement, especially

for small values of the x and £ parameters.

Two forms of the Green's function are available. One

is an integral representation

G(x,y:E,n;h) = g? 10g< V(x-E)? ; (y=n)? )

+ log ( /Tx-E]" + ly¥n + 2H) )

o ~kh
_ 1 -kh _ _ € \
= J <e G, cosh k(h+y) cos k (x-£) R }dk
()]
- 1 G, cos K(x-%) cosh K(y+h) (3.5.1)
- Kh
_ v+K e  sinh Kh cosh K(h+n)
where G, = % ST Sial Bh (3.5.2)
-kh \

and G = v+k e cosh k (h+n) (3.5.3)

Bk k sinh kh-v cosh kh
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Alternatively, the function can be expressed in terms of the

series expansion
v |x -t |
G(x,y;&,n;h) = - § P cos mn(y+h)e-m" 2T

e kIt | oen K (y+h) (3.5.4)

where GA is given by equation (3.5.2) and

1 m o+ v
P“ = s ” cos q}(n+D) (3.5.5)
n hm“ + hv =v
The m"’s, n=1,...,%, are the real roots of the equation

- m tan mnh = v (3.5.6)

For a derivation of the above forms and other alternative
formulations, reference should be made to either Wehausen
and Laitone (1960) or Thorne (1953).

We must now decide which form of the Green's function
to use in evaluating the kernels. The integral represent-
ation (3.5.1) can be conveniently and reasonably accurately
calculated by numerical integration for small values of
X = x-{. For large values of X, however, the integral has
a rapidly oscillating kernel, which means that a large
amount of computing time is necessary to obtain an accurate
answer by, say, Simpson's method. Obviously some method for
treating integrals of this type, such as Filon's method (Filon
(1929)), could be used. It seems more reasonable, though,
to use the series representation (3.5.4) for large X. It
can be seen that this expression is self-truncating for
large values of the X-argument and thus can be very rapidly

and accurately calculated for these large values. For small
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values of the argument, by contrast, it is found that the
series representation is not a suitable one to use, since
many terms in the series have to be used to obtain satis-
factory accuracy.

In the light of the above statements, a reasonable
approach to the problem appears to be to use the integral
representation for all small values of X wup to, say,

X = 0.5 and then to change over to the series representation
for all larger values of the argument. Indeed, this is quite
an effective approach and in the original computer programme
that was set up to solve the water-wave reflection problem,
this method was used successfully. It was observed, however,
that the calculation of the Green's function using (3.5.1)
was still somewhat cumbersome and inefficient due to the
complicated nature of the kernel and the fact that an
infinite range of integration was involved. Evaluation of
the series representation, by contrast, was extremely
straightforward, the only difficulty being, as has been
mentioned above, the extremely slow convergence for small
values of the argument X. On investigating the reasons for
this slow convergence, it was found that the problem could

be overcome by a relatively simple re-organization of
equation (3.5.4). We shall now consider this problem in more
detail.

We rewrite (3.5.4) for convenience as

G(x,y;&,n;h) ==} Q (x,y;&,mih) - i G, cosh K(y+h)eiK|x_£|

m=1

(3.5.7)

=mp lx -t I

where Q = P cos mn(y+h)e (3.5.8)

For moderate values of the non-dimensional parameter vh, as
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n - o it can be shown that
m > = (3.5.9)
so that as n » «»,

Q - ﬁ% cos %?(y+h) cos %?(n+h) e_""/hlx_5|= Q *(3.5.10)

We now consider the behaviour of

1 ™ ™ - fn x|
— cos ——(y+h) cos 7 (nth)e

R(X1y7g'n;h) = n
1 (3.5.11)

”MS

This series is only slowly convergent for small |x-£].
Because of this the expansion (3.5.4) for G 1is also slowly
convergent. It is possible, however, to evaluate

R(x,y;E,n;h) exactly. We write
R(X:Y;i,n;h) = -21- 2 ! (COS %(iﬁn + Zh)e'"“/hlx-E |)
n=1

e—'rrn/h Ix—E I\
(3.5.12)

= Rl(X.y;E,n;h) + Rz(x,y;E.n;h) (3.5.13)

We consider only the second series R, (the first is almost
the same). We put

Z =Y + iX (3.5.14)
where Y = n/h(y-n), X = n/h|x-&]|

Then R, is given by

R (x,y;E,nih) = 5m ] (Me cos nz  _ yp sinn ) (3.5.15)

These two series may be summed immediately (see Abramowitz

and Stegun, (1964)), so that
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R, (x,y;6,n5h) =~ 5 (rﬁe log2sin 2) + Im(%—ﬂ--Z)) (3.5.16)

_ 1 . 2Y 2 X 2Y . . 2X X
= - iE—logzv/51n 5 cosh 5> t cos 5 sinh 5 + o (3.5.17)

Note that when X=0, this reduces to the simple form

1 . m
R, (x,yix,n;h)=-5-109 2sin (ﬁ [y—n|) (3.5.18)

Equation (3.5.12) may now be rewritten, using (3.5.17), as

R(x,y;&,n;h) =

- __log'2¢/51n —i:ﬂun cosh lE—ELﬂ + cosz(ygg)ﬂ sinhzlﬁ%%lﬂ

%Flog'Zv/sinziXi%%EDlﬂ cosh l—“—lﬂ + cos’ +2;2h i sinthﬁiglh

(3.5.19)

Although (3.5.19) appears at first sight to be rather clumsy,
in computational terms it is far superior to the representa-
tion (3.5.13) since no summation is required. Once an exact
expression for R has been determined we are immediately in
a position to reorganise the Green's function (3.5.7) so that

it may be efficiently computed for small X. We write

G(x,y;&,n;h) = - iGA cosh K(y+h)eiK|x‘E|

(Q“ - Qn*) - R(x,y;&,n;h) (3.5.20)

I
0~ 8

Since as n becomes larger Qn - Qn* the summation in (3.5.20)
is highly convergent for any value of the argument X.

Because of this, very few terms will give a good approximation.
It should be remembered, however, that this method does not

overcome the problem of slow convergence for large values of
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New Method Series
Kh Ky Kn No. of terms fe G. Re G.
1 -0.35 -0.4 10 -.1851856 -.2568542
1 -0.35 -0.4 100 -.1850087 -.1840531
1 -0.35 -0.4 1000 -.1850087 -.1851612
1 -0.35 -0.4 10000 -.1850087 -.1850253
1 -0.35 -0.95 10 .1496019 .1497054
1 -0.35 ~0.95 100 .1495876 .1480071
1 -0.35 -0.95 1000 .1495876 .1494285
1 -0.35 -0.95 10000 .1495876 .1495717
1 -0.96 -0.95 10 -.8230905 -.7548512
1 ~-0.96 -0.95 100 -.8230853 -.8334187
1 -0.96 -0.95 1000 -.8230851 -.8230820
1 -0.96 -0.95 10000 ~.8230851 -.8230994
1 -0.05 -0.06 10 -.7050828 -.6056878
1 -0.05 -0.06 100 -.7068106 -.7170789
1 -0.05 -0.06 1000 -.7068104 -.7068079
1 ~0.05 -0.06 10000 -.7068104 -.7068247
10 -5. -6. 10 -.3892591 -.3856073
10 -5. -6. 100 -.3935326 -.3949584
10 -5. -6. 1000 -.3935325 ~.3936899

Table 1. Table shows improvement in calculating Green's
function for x=0 over numerical summation of

the standard series.
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the parameter Vh, (i.e. for very short waves), since then
the approximation (3.5.9) does not hold until n becomes
large. This sort of problem is, of course, also present when
the standard representations (3.5.1) and (3.5.7) are used.
This is a separate problem in evaluating these Green's
functions, and as yet no simple method has been found to
overcome it.

At this stage, some comparison of (3.5.20) and (3.5.7) is
in order. We consider X=0 (whose equation (3.5.20) shows
the greatest improvement over (3.5.7)) and in table 1 show the
results obtained with the two methods for various numbers of
terms in the infinite series. As can be seen, (3.5.20) is
markedly superior. The table also shows that the efficiency
of either method degrades as the parameter vh increases.

Using equation (3.5.4), we may now determine the
integrals Aij,...,F.. as given by equations (3.4.9)-(3.4.14).

)

Fundamentally, the two integrals we require are

*itr  dh 3G 3G
T _J - & S ¥iEmin) - §2(x,yiE, nih) dx (3.5.21)
X
where y = -h(x), and
Yiji+1 ]
I = J G(x,y;&,n;h)dy (3.5.22)
Yi
where (&,n) may take any values. First we look at the
evaluation of I .- If we carry out a direct integration on
equation (3.5.4) substituting for the values of R, Qn* and

Q using (3.5.19), (3.5.10) and (3.5.8) respectively, we

n

find
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I, = {sgn(x—&)(eiklx'EIGA sinh K(y+h)
+ n:zl Jn . 35 - jz] X arctan Nj}J (3.5.23)
Xj
where J = e_'""lx"gIPn sin m_ (y+h)
1 -aw X - .
- o7 € I E|51n %g(y+h) cos %}(n+h) (3.5.24)

m : m
cos 5 Y sinh m— |x-£]|
N = 2h, 2h (3.5.25)
- sin 5~ Y. cosh — |x-£
2h 2h
and Yl = y-n, Y = y+n + 2h.

2

Note that in working out the JGndR it is easier to
return to the representation (3.5.12), perform the integration
and then carry out the process similar to that described in
equations (3.5.14) - (3.5.17) rather than attempt a direct
integration of equation (3.5.19).

We now determine 12 in similar fashion as

I, = [—iGA/K sinh K(y+h) e”‘lx'sl

©0 Yi+i
+ ) L+ 2|x—g|/h]

n=1 yj

R | -
- J ) 5109 2/M (3.5.26)
Yij =
with
= _ Pn ) ( +h) -mp Ix —El
. = ET sin m (y e
1 —%11x—£| ._nm nm
- = e sin =—(y+h) cos =—(n+h) (3.5.27)
h h h
. 2 m 2 m _ 2 m , 2 ™ _
and M = sin % Y, cosh EE—IX £l + cos > Y, sinh QE-IX £

(3.5.28)
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The integral (IJ) appearing in (3.5.26) is troublesome.
In the special case x = 0 it may be recognised as Catalan's
integral, which may be conveniently calculated after an
integration by parts (see Chapter 2). For non-zero X,

similar methods may be used. For example, for j = 1 we have

1T/hly-n|
I, = % !y—n[log'Z.Ml - [ dp £ sin cos S (3.5.29)

P 12
3 2 2

N
n

0

- <in2 b 2 - 2 P : 2 T .
where § = sin® % cosh |x-£| + cos 2 sinh® = | x-£ |

i
2h
(3.5.30)
This last integral may be efficiently evaluated by standard
methods (e.g. Simpson's rule).
Having determined I and I, the matrix elements
Aij,...,Fij are immediately known for all frequencies V.
As has been said before, the above method is not very
efficient for large values of vh. Up to values of vh ~ 10
it is found that this causes no difficulties. For efficient
evaluation of the matrix elements at high frequency, some
different method must be used. No such methods were obtained
in the present work. It is probable, though, that some kind
of analytical asymptotic theory would be more useful than any

numerical approach at high frequency.

3.6 Results

The above was coded on the Adelaide University CDC 6400
computer. It was found that satisfactory accuracy was
achieved at moderate frequency by the inversion of a 60 x 60
matrix %. However, at higher frequency, to maintain the
level of accuracy, larger matrix inversions were required, and

in fact the accuracy obtainable will decrease as frequency
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increases.

The most obvious problem to test the completed programme
on was the simple step, for which results for a wide range of
frequency and the depth ratio o have been given by Hilaly
(1967). As can be seen in Fig. 13, good agreement is obtained,
except at high frequency. For low frequency, Tuck (1976) has
extended the shallow water approximation for this type of
problem. His first-order correction indicates that the
magnitude of the reflection coefficient is constant for all
frequencies but also predicts a linear increase with wave
number in the phase of the reflection coefficient. Fig. 14
indicates good agreement between this theory and the present
work.

At high frequency, the asymptotic form of the reflection
coefficient is of interest. Fitzgerald (1976) has developed
an analytic theory for some bottom contours (including the
simple step), but his final answer is rather obscure. The
present programme was used to attempt to find, numerically,
the high frequency behaviour for a simple step. As can be
seen in Fig. 15, it appears that

-2k, h,a

p > e (3.6.1)

No such limit appears in Hilaly's results. Since the result
(3.6.1) might have been predicted by purely intuitive argu-
ments, it tends to suggest that the present results may be
more accurate than Hilaly's for large frequency.
An extension to the simple problem of the step is that of

a step with a vertical barrier at x = 0 extending part of
the way to the free surface. The results for this problem
(Fig. 16) are interesting in that for fixed o, as the flow

is closed off more and more (i.e. as the top of the barrier
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gets closer to the free surface), a distinct peak in the »
reflection coefficient becomes apparent, whereas for the
simple step the reflection coefficient decreases monotonically )
with frequency. Fitzgerald (1976) examined this behaviour, '%
but only for small values of p/h. It may also be
noticed that however much the gap above the barrier is closed o
off, the zero frequency result is always the same, indicating
that the transmission of very long waves is independent of
barrier geometry.
Another problem of practical interest is that where

y = -h(x) 1is given by a straight line joining the two unequal
depths y = -h and y = —hz. This bottom topography, in

contrast to those treated previously, allows the possibility

of multiple maxima and minima in the reflection coefficient,

ove
IR

due to the presence of the two corners. It may be seen
(Fig. 17) that successive minima are indeed obtained as
frequency increases. The locations of these minima are quite
accurately predicted by shallow water theory, and as L/h2
becomes larger, there is agreement in the magnitude of the
reflection coefficient. An asymptotic analysis of this
problem, for high frequency, would be complicated by the fact
that the reflection coefficient does not decay monotonically.
Although the programme was not originally designed for
problems where h] = h2, these too can be investigated by
suitable location of the mesh points. For instance, a single
vertical barrier at x = 0 extending from vy = —h2 partway
to the surface may be considered. Results for this problem
have been obtained both by Fitzgerald (1976) and by Mei and
Black (1969), who used a variational approach. The present

work (see Fig. 18) shows better agreement with the theory of
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Mei and Black than with that of Fitzgerald, although the
differences between all three solutions are marginal and may
be considered to be due to numerical error.

Mei and Black also give results for a square hump on a

bottom of fixed finite depth (see Fig. 19). Again, good
agreement is shown with the present work. Indeed, the curve
for L/h2 = 3 1is especially encouraging since it shows that

the programme is able to deal successfully with situations
where the assumption made about ¢ Dbeing slowly varying on
the arc B might be suspect.

Finally, in Figure 20, we present results for a particu-
lar bottom geometry for which Roseau (1976) has given an
analytic solution.

The bottom contour is given implicitly as

—a + (a-1) arctar (efsin 1/(efcos 1+1)) (3.6.2)

il

L
h
2

and

I

fi af + 0.5(1-a) log(e’® + 2efcos 1+1) (3.6.3)
2

where §¢ ranges from -« to o,

As can be seen, agreement between the exact theory and
the numerical method is reasonably good. There are two
reasons why the agreement is not as good as might be hoped.
The first is that the depth change takes place over a large
distance in comparison with the water depth. This means that
a large number of mesh-points must be used to achieve satis-
factory accuracy - in other words, to attain very good
agreement for a problem of this sort, a prohibitive number of
mesh-points must be taken. This indicates that the method is

not well-suited to the treatment of such bottom geometries.
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The second possible source of error is due to the fact that
the curve shown above only asymptotes to the limits
y = —hl,—hz. Thus any finite range of integration, as must

be used in a computer programme, will necessarily give some

truncation error.
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CHAPTER 4

REFLECTION OF WATER WAVES BY A PERMEABLE BREAKWATER

4.1 Introduction

This chapter deals with the transmission and reflection
of surface waves incident on an infinitely thin vertical
barrier, in water of finite depth. As in the previous chapter,
only the two-dimensional problem is considered. The barrier
is assumed to have some known permeability, that may vary with
depth. This permeability may be identified as 1/C where C
is a blockage coefficient similar to that defined in Chapter
2. In other words, we may regard the barrier as being
perforated by many small pores, with the pores being small
when C 1is large (i.e. low permeability) and large when C
is small (high permeability).

In small-amplitude unsteady flows, such as those we are
dealing with here, the Bernoulli equation may be linearized.
This implies that the acceleration of the fluid across the
porous barrier is proportional to the pressure jump across it,
specifically

=
a = T pC Ap (4.1.1)

I

where o 1is the density of the fluid, a is the fluid
acceleration, Ap is the pressure jump and C is the block-

age coefficient referred to above. In time-sinusoidal flows

-iot

with a (suppressed) time-dependence e , we know that

a = ioV where V 1is the streaming velocity through the

[\

barrier, so that equation (4.1.1) becomes

- _ _bp
V= - g (4.1.2)
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which is of similar form to the well-known Darcy law for flow

in porous media (Morse and Ingard (1968), p.252)
V = - kAp (4.1.3)

where k 1is the Darcy coefficient. This quantity is usually
determined experimentally and determines the dissipation due
to viscous effe~ts. C will be real in an inviscid fluid, so
that inclusion of this gquantity measures local inertial effects
at the barrier. However, if we use the results of Chapter 2,
where both real and imaginary parts for C are obtained for
a porous screen, we see that viscous effects may also be
included. This means that we have available a quantity akin
to a Darcy constant which may be determined theoretically for
any viscosity, frequency or ratio of pore size to pore
separation. In water wave problems, viscous dissipation is
generally of minor importance, but the same is not true for
the inertial impedance of the barrier. The method presented
in this chapter allows the comparison of the efficiency of,
say; a loosely packed submerged breakwater with a completely
solid one. The main drawback with the method is that thick-
ness effects cannot be modelled, although it could possibly
be modified to allow this.

Using a variable permeability also allows the determina-
tion of results for solid obstacles with one or more large
gaps. One example of such a problem is that trcatcd by
Ursell (1947). This problem was that of reflection of surface
waves, in infinite water depth, by a single surface-piercing
barrier reaching partway to the bottom. This corresponds to
our general variable permeability formulation with C = « on
the barrier and C = 0 everywhere else. In a similar fashion

the barrier reaching partway to the surface, treated by Dean
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(1945) , may also be considered. 1In finite depth, these two
problems have been solved (numerically) by Mei and Black
(1969). Again, the method described here may be used for
verifying and extending the results.

Problems of flow through one or more gaps have been
treated by several authors. All previous work, with one
exception, has dealt with infinite water depth. The exception
1s the solution for flow through a single small gap, in finite
depth, due to Packham and Williams (1972). Tuck (1975) gives
a slightly different formulation for this problem, but obtains
the same results.

In infinite water depth, reflection by a barrier with any
number of gaps has been treated by both Lewin (1963) and Mei
(1969). The solutions obtained are extremely complicated,
however, and in both cases no numerical results are presented.
For a single gap, both Guiney (1972) and Porter (1972) have
obtained solutions and they both present comprehensive
results, but a large amount of numerical integration is
involved. More recently, Porter (1974) has presented a
simpler method than those of Lewin (1963) and Mei (1969) for
the general problem of an arbitrary number of gaps. 2Again,
though, no numerical results are presented.

All the above problems are included in the present
formulation. In presenting our results for problems with
more than one gap, however, only the problem with two gaps of
equal size, in water of infinite depth, is used. This is
merely to reduce the number of parameters in the problem (e.qg.
gap width/gap separation, gap width/mean depth of submersion
of two gaps etc.) so that some valid conclusions may be drawn.

The method is easily applicable to more than two gaps (at the



Figure 21

Schematic diagram of the permeable barrier.
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expense of a small increase in computing time) but to give a
proper coverage of results would be extremely laborious and

would convey very little extra information.
4.2 Mathematical Formulation

A similar formulation to the following was outlined
briefly by Tuck (1975) for the breakwater problem in water of
infinite depth. In this section it is assumed that the depth
is finite, but is everywhere constant. In the limit as the
depth approaches infinity, it is shown that Tuck's result is
regained.

Cartesian co-ordinates x and y are used (see Fig. 21).
The fluid is assumed non-viscous and the flow irrotational, so
that a velocity potential ¢(x,y,t) exists which satisfies

Laplace's equation
Ve = 0 (4.2.1)

everywhere in the fluid.
Sinusoidal time-dependence is assumed so that a complex-
valued potential function ¢(x,y) may be introduced, where

i ot

o(x,y,t) = Be[d(x,y) e ] (4.2.2)

and o 1is the wave frequency.
Since the waves are assumed to be of small amplitude, the

linearized free surface condition may be used, that is

%%—v¢=0, y =0 (4.2.3)
where v = 0?/g and g 1is the acceleration due to gravity.

There must also be no normal fluid velocity on the bottom

y = -h, so that

[P
-©-
|

o

- o < ¥ < o (4.2-4)

@
<
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Plane progressive waves of unit amplitude are incident

from x = -», so that ¢ takes the form
i Kx -i Kx, cosh K(y+h)

¢ > (e + pe ) coSh Kh (4.2.5)

) o - Tat KX cosh K(y+h) (4.2.6)

cosh Kh

where p and 1 are the complex-valued reflection and
transmission coefficients. K 1is the characteristic wave
number for waves of frequency o 1in water of depth h, given
by

v = K tanh Kh. (4.2.7)

It is also necessary to define a Green's function
G(x,y:&,n) satisfying the boundary conditions (4.2.3) and

(4.2.4), and the equation
VZG = 8(x-&) 8(y-n) (4.2.8)

G must also satisfy suitable radiation conditions at
x = 1 «; specifically, it should behave like an outgoing
wave. A suitable Green's function is that discussed in
Chapter 3 (p.65).

If Green's theorem is now applied to the circuit C,

on the right-hand side of the barrier in Figure 21, then

¢ (£,n) =§ 0 (x,¥) 20¢,y56,m) = Glx,yiE,n) o2 (x,y)dL (4.2.9)
¢

The only contribution to the integral in (4.2.9) comes from

the arc -h <y < 0, x = 0, . There is no contribution from

the free surface or the bottom, since both ¢ and G

satisfy equations (4.2.3) and (4.2.4). At x = «, since

both ¢ and G behave like outgoing waves, there is again

no contribution to the integral. Thus (4.2.9) becomes
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Figure 22 Schematic diagram of a many-gap
barrier.
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3G
axX

o, = | 220 ,y) GO ,yiE,m) - $(0 ,y)
+ + +

aX (0, ,vy;&,n)dy

(4.2.10)

If we apply Green's theorem over the circuit C2 we obtain

in a similar manner

0
$(Em) = o, (5,m) - J 2200 ,y) G(O_,y;E,mdy

-h

0
3G
+ f $(0_,y) ﬁ(o_,y;i,n)dy (4.2.11)
=h
In this case there is a contribution from the part of the
circuit at x = —-» since ¢ has an incoming component.
Specifically, this contribution is

_ cosh K(n+h) e ¢

o cosh Kh

(4.2.12)

In equations (4.2.10) and (4.2.11), we have available
solutions for x > 0 and x < 0 separately. To complete
this formulation we need to match the two equations across
Xx = 0. Since 3G/3x Dbehaves like a delta function as ¢ » x,

(4.2.10) becomes, with § - O+

0
. 99 )
, Ny = 2[ §§(0+,y) G(0+,y,0+,n)dy (4.2.13)

while (4.2.11) reduces to

%¢(0_,n) = ¢, (0_,m) - r idl(0_,y) G(0 ,y:;0 ,n)dy (4.2.14)
-h
as & - 0. To obtain a final integral equation from (4.2.12)
and (4.2.13) requires some form of matching condition across
x =0, -h <y < 0. Problems where the barrier is made up of
impermeable material perforated by large totally-permeable

gaps are easily treated. We refer to Figure 22.
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Across all open sections vy € Lm, m=1,...M, there is
no flow restriction across x = 0, so that
¢ _ 9¢ _ 99
m’(O_IY) = B_X(O*' rY) = H(O’Y) (4.2.15)
and ¢(0_,y) = (0, ,y) = ¢(0,y) y €L, x=0 (4.2.16)
For all other points on x = 0, there is no flow at all,
since the barrier is totally impermeable. This means that

the normal velocity across the barrier must be zero at these
points, although there may be a discontinuity in the potential

function. This condition we write as

3 _ 3¢ _ ~
ﬁ(o rY) = ax(o_ly) Of y g Ll‘ll! X = 0- (4-2.17)

+

On using these conditions, and observing that the
Green's function G 1is continuous across x = 0, we may

reduce (4.2.13) and (4.2.14) to the single integral equation

cosh K (n+h)
cosh Kh

M a
Y 2[ a—i(O,y) G(0,y,0,n)dy =

m=1

(4.2.18)

“m

This equation may be discretized and solved numerically for
any barrier configuration that may be described as a series
of disconnected arcs L, - The problems treated by Porter
(1972), Dean (1945) and Ursell (1947), for example, may all
be treated in this way.

The problem becomes more involved if the permeability is
no longer either zero or infinite as in the above examples.
There is now the possibility of an effective potential jump
across x = 0 at points where the velocity is non-zero.

Subtracting (4.2.14) from (4.2.13) gives
Ap = ¢(0,,n) - ¢$(0_,n)

= of 3¢ 39
- 2 G(OIYIOIn) 5‘)2(0_'_ ,_Y) + a—x‘(o_ ,Y) dy - 2 ¢0 (0,n) (4-2.19)

“h



95

In this equation we have implicitly assumed the continuity of
G and ¢0 across x = 0. It now is necessary to use the
concept of a blockage coefficient C, as defined in Chapter
2. For non-zero finite permeability, the barrier at x = 0
may be considered to be perforated by some (assume given)
array of small pores. The local flow at any point on x = 0
may then be regarded as unsteady streaming flow through a
screen. At each point y on x = 0 the screen will have
some local permeability or blockage coefficient C(y). At a
distance from the barrier that is large compared with the
average pore size, but still is small when compared with all

other dimensions in the problem, the flow will tend to

¢(x,y) > U(y) x + U(y) C(y) sgn x (4.2.20)
where U(y) 1is the streaming velocity appropriate for any
point (0,y). Since the distance from the barrier is still

small, in terms of the outer flow, U may be recognised as

Uu=4¢ (0, ,y) =2¢ (0_,y) =¢ (0,y). (4.2.21)

x o4 X

This means that there is no jump in velocity across the
barrier as far as the outer flow pattern is concerned. By
(4.2.20), however, there is a jump in the velocity potential,
given by

b = 2¢_(0,y) C(y) (4.2.22)

so that (4.2.19) becomes

0
¢ (0,n) C(n) + ¢ (0,n) = 2[ G(0,y;0,n) %%(O,y)dy (4.2.23)

-h

It must be noted that for validity of the above reasoning,
the length scale for variation in C(y) must be much larger
than the length scale for the pores in the breakwater. It

should be noted, too, that viscous dissipative effects may be
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included by introducing an imaginary component in the blockage
coefficient.

Since C(y) 1is assumed known (determined theoretically
from Chapter 2, or obtained experimentally), equation (4.2.23)
constitutes an integral equation of the second kind in the
normal velocity &cross x=0.

This equation has a unique solution under certain
integrability and boundedness conditions on the kernel function
G. This means that any numerical method we use to solve this
equation has a good chance of success. The same is not
necessarily true, however, for equation (4.2.18) which is an
equation of the first kind. It is found in practice, however,
that the method used to solve (4.2.23) also deals successfully
with equation (4.2.18).

Equation (4.2.18) may also be regarded as a special case
of (4.2.23). For y €L, m=1l,...,M, the blockage coefficient
is zero. For all other points the normal velocity is zero.
Using these two facts, we may immediately recover (4.2.18)
from (4.2.23).

Finally, Tuck's (1975) infinite depth formulation may be

recovered by allowing h > « in (4.2.23) so that

0
c(n) ¢ (0,n) + okn _ 2[ G _(0,y;0,n) %%(0,y)dy (4.2.24)
where G_ is the limiting form of G as h » <. This
limiting form is well-known, and is indeed a great deal
simpler than G for finite depth. Thus, for problems where
the depth is very large, the infinite depth Green's function

will be used (see Wehausen and Laitone, (1969)).
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4.3 Numerical Analysis

There are now two forms of the integral equation that
may be used, depending on the nature of the breakwater,
namely (4.2.18) and (4.2.23).

First we consider the numerical solution of equation
(4.2.23). We may use a similar approach to that adopted in
Chapter 3. The present problem is much simpler in some
respects. In the first place, we have only the normal
velocity across x=0 as the unknown, in contrast to the
shelf problem where the velocity potential itself also had
to be found. Secondly, we have only a single equation to
solve, in contrast to the set of coupled integral equations
we had to deal with in Chapter 3. This means that, for the
problem we are dealing with here, much smaller matrices will
have to be inverted, with attendant decrease in computer time
and storage, to obtain a given accuracy.

In (4.2.23) we assume that ¢x is slowly varying at
x=0. We divide the arc x=0, 0 > y 2 -h 1into N segments
(yj,yj+l) with Y, >y > Yoo j=1,...,N. Then, as usual,
the approximation ¢X(0,y) = ¢“j = constant is made. We
must now make a choice of meshpoints. So long as the
blockage coefficient C(y) 1is slowly-varying, the obvious
choice is a uniform distribution of points. For the special
case described by equation (4.2.18), where we have introduced
sharp corners at the end of each arc Lm, we may make a
better choice. We know that in the near vicinity of these
corners the velocity potential has a square-root singularity,
SO On Lm = (um,Bm), for example, we take

j—-1

y = o + [sin %(—T\]—>](Bm—um), 3=1,2,...,N+1 (4.3.1)
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It should be noted that a separate set of meshpoints
, J=1,...,N 1is required for each arc Lm.

We satisfy the integral equation at the N points

yi+yi+|\ .
n = (___5 ) i=1l,...,N (4.3.2)

for problems with slowly-varying C(y). For problems
involving one or more large gaps, as described by equation

(4.2.18), we choose

] — 1
= a + [sin %<1N2>](Bm—ocm) i=1,...,N (4.3.3)

which is consistent with the choice of meshpoints Y, in
equation (4.3.1).
With these assumptions, (4.2.23) may be written in

discrete form as

N )'j+|
(b\lCl + ¢0| = 2 Z ¢xj [ G(O,yj;O,ni)dy i=1,...,N
i=
Vi (4.3.4)
where ¢oa represents the obvious discretization ¢0(0,ni).
In a similar way we may write (4.2.18) as
N yj+l,,|n
Cgi w =2 L O f G(0,y, i0,n )dy (4.3.5)
I’Ill D= Xj’lll j’m I’I’l'l
: Yiji,m
for i=1,...,N, m=1l,...,M.
Thus (4.3.4) becomes
A® = O (4.3.6)
where A = [Aij] (4.3.7),
Yijrl
and Aii = J G(O,yj;O,ni)dy (4.3.8),
Vi
t
?" ((bxl’.'.’d)xN) (4-3-9)1
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t

peverd ) (4.3.10)

and & = (¢ -

01

Equation (4.3.5) may be represented in similar fashion.
It should be noted in (4.3.5) that increasing the number of
gaps generally increases the amount of computing time
required to solve the problem, since introducing extra
singularities (by way of more corners) will increase the
number of points required to obtain satisfactory accuracy.

Once we have the problem in the form (4.3.6), with [Aij]
known, we can find the normal velocity through the gap by
inverting the matrix equations. Once the normal velocity has
been obtained, the transmission and reflection coefficients
follow by use of the original integral equations, in a
similar fashion to that described in Chapter 3.

The only remaining problem is the actual evaluation of
the elements Aij. These follow immediately from equation
(3.5.22), where the integral is obtained explicitly. In the
special case when the depth is infinite, or very large, it is
more desirable to use the infinite-depth Green's function.
For these problems we truncate the range of integration from
the interval (0,-») to say (0,-h*). Our choice of mesh
points is now the same as for finite depth problems with h*
replacing h. This means that we are actually assuming a
solid barrier for y < -h*. 1In practice this should not
affect the transmission, so long as h* is chosen large
enough, as there is exponential decay in the wave motion of
the form e"'. The only other change we make is in the

evaluation of the elements Aij, which now become

Yiji+1
A = J Gm(O,yj;O,ni)dy (4.3.11)

i
Y
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where G_ is the infinite depth Green's function referred to

in Section 4.2. A convenient form of this function is

1 [ S2TED K(y+n)
m

1 .
G, = 3. (Logly-n| -logly+n]) - & o—g dp- ie

0

(4.3.12)

We may immediately write Aij as

Y=n (y+n) jeKyamy Vi
= [fRslyonl - Oghoyenl - 2 | S
Y .
J

1 Yi+1 o ep(y+n) g i 3. 02
m™ p_K pan P 2 )

. 0
Yi

On interchanging the order of integration in the integral in

(4.3.12) we may finally determine Aij as
. K(y+mn)
- |¥-n . = Y+n - 1€ =
Yij+1
1 1 K(y+n) = _
Knloqu+n| + T e Ei ( K(y+n){} (4.3.14)
y

j
Here Ei(x) 1is the exponential integral (see Abramowitz and
Stegun (1964)). This function may be quickly and easily
computed for all values of its argument with the use of poly-

nomial approximations.
4.4 Results

We consider first problems of the type described by
equation (4.2.18). BAny results given for infinite depth were
computed using the infinite depth Green's function, as given
in equation (4.3.12), in preference to using the finite depth
Green's function with a large depth parameter.

The first set of curves is for flow past a surface-
piercing barrier of height 2, in water depth h. This is

the problem first treated by Ursell (1947), for water of
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Figure 23 Transmission coefficient for a surface-piercing barrier
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infinite depth. 1In Figure 23 the transmission coefficient is
plotted against v&. The present work agrees very well with
Ursell's results - the two results are indistinguishable on
the scale shown. When the depth is finite, certain
interesting trends become apparent.

As 2/h Dbecomes larger, the opening closes off more and
more - this is indicated by a general reduction in the trans-
mission coefficient. For values of &/h in the range 0.5 -
0.7 it can be seen, by contrast, that the transmission
coefficient is actually higher than Ursell's result for waves
of moderate frequency. At high frequency, however, all curves
collapse on to the infinite depth result.

For £/h = 0.5 a result due to Mei and Black (1969) is
shown. At low frequency, there is some small disparity with
the present work. At high frequency, however, the two curves
both collapse on to the infinite-depth result. At this stage,
it should be noted that Ursell's results appear to have been
misleadingly graphed in Mei and Black, so that agreement
between their theory and Ursell's appears to be less good
than it actually is. Plotting the curves against V&,
rather than K&, as was done in Mei and Black, shows much
better agreement. In the infinite-depth case v=K, so that
only one curve may be drawn, whatever the choice of axis. 1In
finite-depth problems, however, Vv 1is not equal to K, so
that two different graphs may be drawn for the purpose of
comparison. It appears in this case that plotting against
vR is preferable.

In fact, although it is not shown in Figure 23, the

result of Mei and Black for &/h = 0 shows good agreement
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with both the present results and with the theory of
Ursell.

In Figure 24 results are displayed for the situation
where there is a single vertical barrier extending from the
bottom partway to the surface. This is in a sense complemen-
tary to the surface-piercing barrier problem. Indeed, the
analytic solution by Dean (1945), for the case of infinite-
depth, appeared only a few years before Ursell's paper. For
convenience, we show the magnitude of the reflection
coefficient rather than that of the transmission coefficient.
The present work again shows excellent agreement with Dean's
result and the answers obtained are essentially the same.

For finite-depth, extensive results have been given by Mei
and Black (1969). As can be seen, the agreement between the
two theories is very good over the whole range of frequency
for all values of the parameter h/H. It should be noted that
the variational method used by Mei and Black becomes less
accurate as h/H increases. This is because the method
involves approximating an infinite series by taking the first
few terms. The fact that the disparities between the two
methods become more marked as h/H 1increases is probably a
consequence of this, since the present method gives equally
good accuracy for.all h/H, at least at low frequency. That
the variational method overestimates the reflection
coefficient seems to be borne out by the comparison with Dean
(1945) for infinite-depth. All in all, though, agreement is
very good, much more so than for the surface piercing barrier
considered above.

We now turn to the problem of transmission through a

single gap in a vertical wall. For infinite depth, this
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Reflection coefficient for a single barrier reaching
partway to the surface in water of finite depth. Note

that this geometry is also treated in Chapter 3 (Figure
18).
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problem has been solved exactly by Porter (1972) and Guiney
(1972), while an earlier theory by Tuck (1971) solves the
problem when the gap is small. In this case, it is convenient
to define a parameter u = 2a/H where 2a is the gap width
and H the mean depth of the gap. It was found that over the
full frequency range, at any value of u, excellent agreement
was obtained with the exact theory of Guiney. The results of
Porter appear to be the same. Since both exact methods
require a large amount of numerical intégration to obtain
final answers, it is possible that the present method is
preferable for these problems, since good accuracy can be
obtained rapidly and easily, and the present method is more
flexible.

For flow through a single gap in finite depth, there are
no published results for arbitrary u. However, for small
gaps, both Tuck (1975) and Packham and Williams (1972) have
obtained solutions that agree very well. Comparison of Tuck's
result with the present work, at u = 0.15, showed almost
exact agreement, even at high frequency. This indicates that
the small-gap theory is very good for u of this order. For
completeness, results obtained by the present method are
displayed in Figure 25 for u = 0.15. As has been said,
however, the results are for all practical purposes identical
with those published elsewhere. Unfortunately, no small-gap
results are available for larger u. It is quite likely that
the small-gap approach would be successful for guite large
u, especially at low frequency. (Surprisingly good agreement
has been demonstrated for infinite-depth (see, e.g. Tuck (1975)).

In Figures 26 and 27 the magnitude of the transmission

coefficient is plotted for various values of H/h with
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Figure 28 Water wave transmission through a two gap barrier in
water of infinite depth (u = 0.2).
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p=0.5 and 1.0 respectively. As can be seen, no qualita-
tive change from the small gap problem is apparent. 1In a
quantitative sense, transmission increases as the gap becomes
bigger, as might be expected.

We now turn to flow problems with more than one gap.
For simplicity, only infinite depth results are presented,
although the method works just as well for finite depth. Both
gaps are assumed to be of width 2a, with their centres
separated by a distance b. 1In Figures 28,29 and 30 the trans-
mission coefficient is plotted for various values of b/H,
where H is the mean depth of submersion of the upper gap.
We will discuss Figure 30 in detail - the same arguments
apply to Figures28 and 29. The limiting curve b/H =1
corresponds to the two gaps being side by side, so forming a
single gap of width 4a. Thus the results obtained should be
the same as for a single gap with u = 4/3. This in fact
turns out to be the case, with the results agreeing exactly
with those obtained for the single gap problem. We now
increase the value of b/H. This corresponds to holding the
top gap in place while moving the bottom one down. At low
frequency, the incoming wave appears to see less impedance
than would be the case if there were no interaction effects.
Thus the transmission coefficient is larger than for the
b/H = 1 curve. At higher frequency this is no longer true
and in fact the transmission coefficient is smaller than the
b/H = 1 value. This is probably due to the fact that short
waves are confined to a thin surface layer and so cannot
"feel" the deeply-submerged bottom gap. As b/H becomes
larger it is interesting to note that a definite peak becomes

apparent in the transmission coefficient, at reasonably low



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
» H

Figure 31 Water wave transmission through a two gap barrier in
water of infinite depth (u = 0.2). Comparison with
small gap theory of Tuck (1976).
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frequency. This indicates that some sort of resonance effect
is taking place due to the interaction of the flow with the
two gaps. It is possible that in many-gap problems we might
obtain a large number of peaks of this form, although this
has not been checked.

As Db/H becomes very large, we expect the transmission
coefficient curve to collapse down to that for a single gap
of width 2a, since the waves on the surface are not affected
by the deeply submerged lower gap. Indeed this is so and we
see that for values of VH greater than 0.1, the b/H = 50
curve agrees with that for a single gap with uy = 1.0.

For small gaps, Tuck (1975) has postulated that an array
of gaps may be regarded in the far-field as a single-gap, of
suitable width, if the gap separation and gap width are small
compared to the mean depth of submersion of the array. This
theory was tested in Figure 31 for two gaps of equal width
with u = 0.2. Tuck (1975) predicts that the effective gap
width of the two gaps is Vvb*-a’. Using this result in his
single-gap theory for small gaps we obtain the dotted line
solution shown in Figure 31. As can be seen, for small-gap
separation, the agreement is very good, even at reasonably
high frequency.

For larger gap separation, however, the assumptions
behind Tuck's (1975) theory break down and the agreement with
the present work is less good. At low frequency, however,
good agreement is still obtained, even at large separation.

Finally, in Figure 32, we consider a semi-permeable
barrier which extends from the bottom partway to the surface
(in the example shown, the breakwater has a height equal to

0.9h where h is the water depth). For this problem, the
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blockage coefficient C(y) 1is no longer infinite or zero.

We take

~ 11
c(y)—x((h_y) 0.9h> (4.4.1)

so that the blockage coefficient is infinite at y = -h and
decreases linearly to rero for |y| < 0.1h. It should be
noted that C(y) is a:sumed real here, so that no viscous
dissipative effects are included. Such effects can be
modelled by allowing C(y) to have a non-zero imaginary part.

An increase in the parameter ) corresponds to a de-
crease in the permeability of the barrier, i.e. the barrier
will present a greater obstruction to the flow. This problem,
therefore, may be regarded as a first approximation to
reflection of water waves by a rock-fill breakwater. Since
thickness effects are not included one would generally expect
greater wave reflection in a real breakwater.

For very small A, one would expect only very low wave
reflection. This is borne out by the computer results. As
A becomes larger, the transmission would be expected to
decrease. This 1s indeed the situation. For large wave
frequency, the transmission coefficient approaches unity.
Again, this is to be expected, since very short waves are
confined to a thin surface layer and so do not "feel" the

barrier.
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CONCLUSION

It has been shown that the boundary integral equation
method can deal successfully with a variety of fluid flow
problems, both in viscous and non-viscous fluids. In the
present work, only one particular numerical method of solution
has been used - it is probable that improvements may be made
to the method, although this might be at the expense of its
essential ease of application.

Extensions to the work on viscous flow are certainly
possible - the most useful would be the calculation of the
impedance of an array of holes, of arbitrary shape. 1In
Chapter 2, only a two-dimensional array of slits was
considered, while in Chapter 1, flow through a single
circular gap was treated. If the method detailed here was
used without modification, the resulting integral equation
for an array would have an extremely complicated kernel
which would almost certainly require an excessive amount of
computer time for numerical evaluation. In future work, it
might be more suitable to modify the original method of
formulation so that a simpler integral relation could be
derived. Alternatively, it should be possible to work with
the numerical results presented here for single gaps and then
attempt to derive laws of combination for many-hole problems.
(Tuck (1975) has treated sparse combinations of small holes
in an inviscid fluid in this way.) It would also be useful
to match the results of Chapter 2 with an exterior acoustic
field, thus giving a complete solution for acoustic streaming
through a screen.

The immediate extension to the work of Chapters 3 and 4

on water waves is to consider a complete three-dimensional
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formulation so that the effects of oblique incidence of waves
and of depth changes in two dimensions may be included.
Obviously, there will be numerical difficulties involved, but
it seems that these could be overcome. A related problem
that has yet to be overcome is the question of uniqueness of
solution and the possibility of the existence of "trapped
waves" along a submerged shelf, at least in the three-
dimensional situation. (See Evans (1972) for a discussion of
these problems.)

A more straightforward modification of the present work
is the treatment of the problem of reflection of waves by a
porous vertical barrier in water of changing depth. This may
easily be treated using the methods of Chapters 3 and 4, with
very little increase in complexity.

Finally, analytic work remains to be done in the asymp-
totic short-wave problems of water-wave reflection by a
submerged shelf. These results are not only of theoretical
interest but would also greatly increase the usefulness of
the numerical results given here, since once exact solutions
have been obtained in the short-wave region, bounds can be
put on the frequency range in which the numerical method is

accurate.
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APPENDIX A

NUMERICAL TREATMENT OF THE DOUBLE-POLE SINGULARITY

In this section we give a rigorous justification for the
treatment of the double-pole singularity appearing in the
kernels of the integral equations in Chapters 1 and 2 (see

equations (1.3.14) and (2.3.13)). The difficulty arises

E-x

because the kernel contains terms like g%\———__;__?
(x-8) " +y

) which
are singular in the limit as y - 0. Specifically, we have to
deal with integrals of the type

. ? A E~-x
I = 1lim f m(&) ——<—————————)dg (Al)
y >0 4 (x—£)2+y2

-a

where m(g) is an unknown function that is well behaved

except perhaps at £ = *a.

First we perform an integration by parts on (Al). This
gives us
2 a
I = 1img|M€E) (E-%) lim I m (€) (E=x) 4 (A2)
y 0 (x—£)2+y2 y >0 (x—§)2+y2

We know that =-a < x < a, so that we may break the integral
in (A2) into three parts. The first integral is taken over
the range [-a, x-€], the second over [x-€, x+€] and the
third over [x+€,a]. € is some small positive quantity. In
the first and third integrals, we may immediately take the
limit y » 0, since x may never be equal to £. Thus we

may write

1= 1in|REIETR) (fe +r ) m {8 ae

y >0 (x—£)2+y2 ., M (x=¢)
i x +€ ’
- 1im J B (5) LX) g (A3)
y >0 (x~&) +y
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We rewrite the last integral in (A3) as

€ m’ (u+x)
= limJ m’(utx) gy (Ad)

2 2
y» J_u +y

We expand m’ (u+x) using a Taylor series so that (A4) becomes

S5 (S 2

I: = lim /m'(x)J 5 5 du + m’’ (x) I —;E———; du

y >0 . u +y - u + y

rrrs = 3
+E—-2~—'—-€-}Sl-‘ J z—u“—*‘;du +...>
le @ +tY¥
(A5)
Thus
i 2, 2, 7€

I, = lim [m (x) lgg(u Y )] + lim m"(x)(2€-2y atan E) +oas

y >0 - y =20 y

(A6)

The first term vanishes by symmetry (as do the third, fifth
and seventh terms etc.), while the second term, which is the
dominant term in the series, vanishes as € -»> 0. The other
even terms in the series also go to zero, but more rapidly, as
€ > 0.

Thus we may rewrite (A3) as

a

X -€ a ’
I = lim m(g)(f'X)z + lim <J + J ) Txfgg de (A7)
y >0 (x=-£)" +y B >0 2o
Since we require, from physical considerations, m(*a) = 0,

we rewrite (A7) as

x =€ a ’
I = lim (f + f ) m (8) g (A8)
=5, (x-¢)
which is precisely the Cauchy principal value interpretation.
Expressions like (A8) may be treated numerically immediately.

In our case, however, it is more convenient to use the

original unknown m(§) rather than its derivative m' (). We
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therefore return to the original variables by a reverse

integration by parfs. Thus

L. m(g) 1°°° m(g) 1" *oe : m(£)
H_M_g | ey () __g]

€->0 - . (x—E)z
(A9)
2 xoe ) (E) A10)
= lim (- z m(x) + (f + f ) _E_zH; dg) (
-0 5 = (.‘K"f';) )
using m(*a) = 0 and the fact that m(x-€) .~ m(x) ~ m(xX+€)

to evaluate the integrated parts in (A9) in the limit as € - 0.
Equation (AlQ0) is precisely the Hadamard interpretation (see
Mangler (1951)) of the double pole divergent integral.

We are now in a position to determine why the numerical
method used in Chapters 1 and 2, which apparently ignores the
divergent character of the integral, nevertheless gives the
correct result according to the interpretation (Al0). We
consider a general kernel function P(x,y,£) which has the
limiting behaviour, as § » x, y -+ 0,

C

P(x,0,8) =+ =
(x-€)

(aAll),

where C 1is some constant. All the integral equations we

are concerned with here have kernels of this type. In our
matrix representation (e.g. equation (1.7.2)), the only
potential difficulty is with the diagonal elements of the
matrix, that is, with contributions from an interval (Ei,£i+l)
containing the singular point & = x (and the interval

iE—x| < €) on which we assume that m(£) takes the constant

value m = m(x). Now we write
1

E'+ in+
lim f "1 m(E) P(x,y,E)dE = lim J 't mlEIC 4
y>o 1 y>o o (x—g)2
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Eix+
+ lim I l m(g) (P(XIYIE) - _C—z) dg (AlZ),
yo (x-£)

where we have subtracted the most singular portion of the
kernel. 1In the second integral we may now take the limit
y > 0, since the resulting expression is convergent. The

first integral may be treated using (AlO0). Thus we find

' £i+1 ) 20 T E
lim f m(g) P(x,y,&)dg = m lim (- = + C[(x—g) ]
y +0 . €0 £
SRR Ei+l/ C
- C[(x—g) ] / + m I \P(x,O,ﬁ) - —ﬂn——?) dt (Al3)
x+e e (x-E)
We now allow € > 0 in (Al3), so that
. Fiva -1 -1
lim f m(g) P(x,y,£)df = m {C[(X-Ei) - (x=£ ) ]
y >0 )
Ei+1 C
+ f (P(x,O,E) - —————;) dg} (Al14)
(x-¢)

£i

If we define Q(x,0,£) as the indefinite integral of P,
then we may express the integral in (Al4) in terms of the
anti-derivative Q(x,0,&) - C(x—E)_l, the last part of which

exactly cancels the integrated part of (Al4). Thus, finally

Eis £is
lim f ' m(g) P(x,y,£)df = m [Q(x,o,a>] ‘ (A15)

y >0 Ei
i

The coefficient of m, in (Al5) is determined in exactly the
manner used naively in Chapters 1 and 2. It should be noted
too that this interpretation agrees with that of Mangler

(1951) where the "finite part" of a double pole integral is

taken.
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APPENDIX B a

TESTING OF THE NUMERICAL METHOD

This section is an investigation of the numerical method

introduced by Tuck (1969) for the solution of singular inte-
gral equations. It is the method used throughout the present {
work. The technique is applicable to a wide range of integral

equations, but we shall only consider equations of the form

1
J m(g) f£(x,8)dg =1 (B1)
=1
where m(&) is unknown and f£f(x,£) is the (given) singular
kernel. We treat this type of equation since analytic
solutions are available for some particular examples of it.
This allows us to study the accuracy of the numerical method, g

in addition to its rate of convergence.

Basically the method proposed by Tuck (1969) is as
follows. We assume that m({) 1is a slowly-varying function,
except near the ends & = + 1. It is important to note that
the method is much less effective if this assumption is false.

We divide the range of integration - 1 < £ < 1 into a
set of N segments Ej < £ < £j+1 j=1,...,N in each of

which we approximate m(§) = constant = m . Thus (Bl) becomes

N £yl
) m f a f(x,8)dg =1 - 1<x<1 (B2)
i=1

£

We satisfy (B2) at a set of N points x = X, so that

N
) A m =1 (B3)
ji=1

£
where A = [ T f(xi,E)dE (B4)
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£,
- [rxo |0 (B5)

£

We can use equation (B5) so long as F(x,£), the anti-
derivative of f(x,£), 1is known. Modifications to the
method must be used if this integral cannot be determined.

For example, if f(x,§) - log(x-§) as & » x, we can write

Ej+l
A, = £(x, -g) = log|x -£|dg
£j
tj+l
+ | (E-x.) loglg-xil - (&-x ) (B6)
£
The integral in this expression may now be evaluated by any
standard numerical integration technique (Simpson's rule,
for example), since it is no longer singular at § = x.
The correct singular behaviour is still modelled in the
numerical scheme, however, by virtue of the integrated part
of (B6).
The choice of mesh-points must now be considered. The
obvious choice is an evenly spaced mesh. This may be
criticised, however, on the grounds that the unknown m(g)

will generally have some singular nature near the end-points

§ =+ 1, wusually of the form

A(E)

m(g) = o near & =1
(E=1)
(B7)
and m(g) = —Eiélf near & = -1
(E+1)

where A(£() and B(£) are regular functions of & and «
and B are in general not integers. At this stage, we will

assume either symmetry or anti-symmetry in m(§) so that

o = B and A(g) = *B(£). Because of this behaviour, if
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evenly spaced mesh-points were used, then the assumption
m = constant on Ej < g < £j+1 would break down near the
end-points.

If o 1is equal to 0.5 as it is in many physical

problems, then the choice

gj = - COoS Izr- (l;]—l), j=1,...,N+1 (B8)

accommodates the singularities exactly. For o other than
0.5, as occurs in the water-wave problems treated in Chapters
3 and 4, similar formulae may be derived. Once the points

Ej have been determined, there are two possible choices for

the collocation points X i=1,...,N. First we may put

X = 0.5(2’,l + £ Il i=1,...,N (B9)

i i+1

Alternatively, we may make the choice

- _
<1N2>, i=1,...,N (B10)

b

f

|

Q

o}

0
(S

Neither of these choices has any obvious advantage over the
other at first sight. It will be seen, however, that the
choice (Bl0) gives better results.

Having determined the mesh-points, a solution to the
integral equation in question may be obtained by inverting

the matrix equation

AT - } (B1l)
where A= [Aij] (B12),
m= [m ] (B13)

and all elements of the vector 1 are of unit wvalue.

~

We now consider the forms of f(x,%) for which the

above method may be used. The singular character of (Bl) 1is

B
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reflected in the behaviour of the kernel function f(x,£)

as & > xX. We are interested in kernels with the properties

1l
o

£(x,8) ~ log|x-£|, =n

1 (B14)
B—— n=1,2,..., £ > x.
(x-£)

In practical applications n = 0,1,2 are the values of n
most commonly found. In this appendix we consider the case
where f is given everywhere by (Bl4) or some combination
for various values of n. Problems where the kernel is more
complicated appear to behave in a fashion which is mainly
dependent on the type of singularity present so that simple
test cases allow reasonably general conclusions to be drawn.
The other advantage in using these simple test functions is
that analytic solutions are available to integral equations
with these kernels.

Problems where f(x,%) = — with n =2 1 are not

(x-£)"

defined in the ordinary sense, and we must be careful about
the interpretation of integral equations with such kernels.
Usually, these kernel functions are encountered in equations

like

f’ m(E) (x=8) 4 = 1 (B15)

P o+

in the limit as y =+ 0. Equation (B1l5) has meaning so long
as y # 0. 1In the limit y = 0, however, we can interpret

the integral in the Hadamard sense, so that we have

1 -
f M) g5 =1 (B16)

it

— e - W
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1
where f —Eié%; dt = G(x,1) - G(x,-1) (B17)
1, (x-E)
with % G(x,£) = &L (B18)
(x-¢)

In Appendix A this type of interpretation is justified
rigorously for the special case n = 2. For general n
Manger (1951) derives the results (B17) and (B18). The
interpretation (B17) is exactly analogous to the procedure
used in the numerical method (B5). Thus integral equations
of this type are, in principle at least, amenable to solution
by this method.

The numerical procedure was applied to several different
test equations. The program was run with N = 10,20 and 30
and the three possible choices for the mesh-points, namely
Ej given by (B8) and X, by (B9) or (Bl0) or with both
% and X, evenly spaced. (In the latter case the X,
were taken as mid-points.)

If was found that the method did not work at all with

f(x,8) = TE%ET (n=1) - wildly oscillating solutions were

obtained. This is not surprising, however. Since a solution

m(E)

W dgf = 0 this

1
exists to the homogeneous equation %
-1

may be added to any solution we obtained for the non-
homogeneous equation. This means that end-point conditions
must be included to ensure a unique solution to the problem
(see Mangler (1951) §4.6). Since these are not included in
our numerical formulation, there is no reason to suppose

that the method will in fact be successful. Indeed, from a
numerical point of view, since the elements A . = loglxi—gil—

loglxi-£i+1| are very close to zero, we see that the matrix
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A will not be diagonally dominant and hence will not be

easily inverted, if indeed an inverse exists. For test
1
(x=&)"

for n odd, no sensible answers were obtained. For even

functions of the form with n > 2, it was found that

n > 2 the answers obtained were surprising. For example,
with n =4 at N = 10 m(g) was a smooth function as
expected. For N = 20, the output m(f) was of the same
shape but its magnitude had decreased by a factor approxima-
tely equal to two. Similar surprising results were obtained
as N was increased further. As yet, no explanation has
been found for this behaviour.

For all other functions tested, convergence was obtained
in all cases, although it was soon found that mesh-points
given by the combination (B8) and (B10) gave far superior
results.

In Table 2 results are given for the three test functions

f(x,£) = log|x-&]l, L1 ana o.01 log|x~-g| + — 1 . These

(x-£)° (x-£)°

functions were chosen since an analytic solution was available
in each case. The table actually shows [m(g)dg rather than
m(£) itself and in the case of £(&) = log|x-&| the exponen-
tial of the integral has been taken for display purposes.

To obtain some idea of the rate of convergence of the
method, it was assumed that the computed results followed a

law like

m = moo + —B—- (Blg)

where N is the number of mesh-points, B 1is a constant,
m is the program output for given N and m_ 1is the
limiting solution obtainable from the method at very large N.

In principle, m_ should be the same as the exact solution,



. Limit Analytic
K 1F < 1 = = =
ernel Functions Mesh Points N = 10 N = 20 N = 30 o Solution Solution
2 1 Even Mesh 1.90476 1.95121 1.96721 0.94 | 2.0015
2 (X—E)2 X pts. mid pts. 1.88402 1.94019 1.95971 0.93 2.0025 2.0
X pts. cosine pts. 2.0 2.0 2.0 2.0
- log2 1o lx_gl Even Mesh 0.49132 0.49565 0.49710 0.99 0.500015
2 g X pts. mid pts. 0.49881 0.492970 0.49987 1.95 0.500011 0.5
x pts. cosine pts. 0.4999 8590 0.4999 9824 0.4999 9948 3.0 0.4999999997
2 1 Even Mesh 1.91396 1.96053 1.97662 0.95 2.01096
5 ((x_-g)—z + 0.01 1og|x-£|) x pts. mid pts. 1.89336 1.94957 1.96911 0.93 | 2.01194 2.00943 06
x pts. cosine pts. 2.009431126 2.009430515 2.00943 0455 3.0 2.00943 0430
1.743276 1.7431851 1.7431760 3.0 1.7431721 -

Single slit (-®e log s/a)

Optimal Mesh

Table 2.

Test results for numerical method with various test functions and mesh-points.

AZT
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so long as o > 0. This quantity o gives some indication
of the rate of convergence of the method.
Using the results shown in Table 2, we can calculate
m_, B and o for any given test function and choice of
mesh-points. This was done and the limiting solution and
the convergence exponent (o) are also displayed in the table.
As can be seen, the choice of mesh-points is very
important. In the case of the log function, the best error
is of the order N_a, whereas with evenly spaced points the
error is much larger, of order N-l. In fact, there is an
interesting progression in the convergence exponent from
one to two to three, as we progressively improve our choice
of mesh-points, firstly when we use cosine points for the
mesh~points Ej in preference to evenly spaced points, and
then when we choose the collocation points X, optimally.
Looking at the results for the double-pole test function
we see that the method works exactly, at least to the limit
of computer accuracy (approximately fifteen significant
figures). This is very surprising, as the quantity displayed
in the table, Jm(g)di is evaluated by a rather crude integra-
tion routine (consistent with the approximations made

throughout)

.,

1 N=1
J m(g)dg = _Z m (&, - &) (B20)
] :

Now even if we know the exact value of m, at each mesh-point,
the above rule will not give the exact answer. This becomes
obvious if we consider numerical integration of the exact
solution m(§) = /1-£Z, wusing the set of mesh-points given

by (B8) and (B10). We have
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| N-1
f VI-gZag = ] J/I-x; 7 (., - &) (B21)
0 j=o
N-1 2 '-!’i
= ) sin (%ﬁr>ﬂ sin f% (B22)

i=o

Now let us consider the integral in a different way. We make

the immediate substitution £ = cos 6. Then

1 1r/2
f VI=EzdE = J sin’0 de (B23)

0 0

i 1r/2
f cos 6 do + f
0

0

|
i

N

N =

de (B24)

The second integral in (B24) may be evaluated exactly by
using the mid-point rule. This is also true for the first
integral since cos 6 is anti-symmetric about 6 = 7/2.
Thus the integral may be evaluated with no error if we take

as mesh points 6j==(%i?>ﬂ so that

J /I-£2d¢ = i s sinz(iiﬁ>n (B25)

Comparing (B22) and (B25) indicates the error involved in our
numerical scheme of integration. (It also tends to show why
the choice (B10) for the collocation points X, is the
optimal one).

On returning to our consideration of the double-pole
problem, we see that the computer program must be generating

T = M exact ET%%%%EET (B26)

Indeed, investigation showed this to be the case.

This behaviour was found to occur only if the kernel
function was purely a double-pole. Thus, in the third test

function considered, we see that for the optimal choice of
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mesh-points, the rate of convergence is the same as that

for a simple logarithmic function.

For non-optimal choice

of mesh-points, however, the double-pole becomes the

dominant singularity so that the rate of convergence is

approximately the same as that for the double-pole test

function with the mesh-points chosen incorrectly.

Finally, we consider a more general function to show

that the major singularities do indeed determine the rate

of convergence. We consider the case of viscous flow through

a single two-dimensional slit, at

Reynolds number f = 1. As

can be seen, the rate of convergence is the same as for our

third test function when the optimal set of mesh-points is

used (both problems have the same
It should also be noted that
have concentrated on equations of

of the second kind, such as those

type of singularity).
in all the above we
the first kind. Equations

considered in Chapters 3

and 4, can also be treated using the numerical method

described here. Such equations are actually less sensitive

to the choice of mesh-points and indeed it is found that in

solving an equation like

1
m(x) + [ m(£) log|x-¢&]

=

dg = 1 (B27)

the convergence exponent (o) is approximately equal to two

even with an evenly spaced mesh.
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