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SI]MMARY

For job-shop processes in which the facilities for storing

partially completed jobs have limited capacity, the problem of

determining optimal schedules is an area which hitherto has received

scant treatment in the literature. The purpose of this thesis is

to investigate the íntricacies of these problems and to develop a

basic framework for their solution.

An interesting difference betr¡reen the job-shop process which

Ís usually studied and the one cliscussed here is that when a

partially completed job is waiting to be processed by its nexÈ

machine, a distinction now has to be made between including and

excluding the endpoints of the interval representing the waiting

time. If such intervals are eLosed, (i.e. both endpoints are

j.ncluded) each job is considered to visit every one of its assigned

storage bins. On the other hand, if these intervals ate nOt closed,

then it is possible to allow for the situation where a job bypasses

a storage facility and. moves directly to its next machine.

.¡ço specializations of the general model are discussed separately.

First, a flowshop process for which there is a storage bin at the

end of each machine is considered for the case with closed and half-

open waiting intervals respectively. NexÈ' allowing onJ-y for

closed waiting interval-s, a process is investígated which can be

interpreted as a train scheduling problem. In both instances a

branch and bound solution procedure which avoids duplication of

schedules is developed.

Finatly, employing some results from the scheduling of jobs on

a singte machine, methods for deternining lower bounds are developed

for possible inclusion inÈo the branch and bound procedures for

solving the general problem.

v
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CHAPTER ]-

INTRODUCTION

There is a vast literature on the scheduling of job-shop

processes. The first attempt to unify this literature was by

Conway et aI. t0] in 1967 and since then two other notable books,

those of Baker L2l ín L914 and Rinnooy Kan [:O] in 1976, have

extended and formalized much of this material. More recently,

papers like that of Graham et aI. Lf2] have surveyed the literature

and presented an up to date summary on the state-of-Èhe-art fat

certaín problem areas. An area whích has received very little

attentíon is the problem of schedulÍng a job-shop process in which

the facilities for storing partiatly completed jobs have limited

capacity. This is the topic of the thesis.

Such is the paucity of the Iiterature on problems with

restricted intermediate storage that one can detail the important

contríbutions separately. First, there is a small group of papers

whích consider the so-called "no-v¡ait" problems, in whichronce ê

job starts on its first machine, it has to be processed by all its

machÍnes without stopping. This is equivalent to having no

intermediate storage facílities. These papers are almost exclusively

concerned wi.th minimízing the time to complete aJ-I jobs (i.e. makespan)

for a flowshop process, the main result being that this problem can

be shown to be equivalent to a Travelling Salesman problem (see, for

exampì-e, [I3] , lzal and [33]). T\4/o exceptions are the papers by

Van Deman ancl Baker [32] and Reddí and Ramamoorthy LZgl, the former

being concerned with minimizing mean compleÈion time, v¡hilst the
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latter is invotved with applyíng branch and bound. and longest path

techníques to a more general process.

The other relevant contribution to the literature is the paper

by Dutta and Cunningham [9] which proposes a Dynamic Programming

procedure to solve a special two-machine, flowshop Process with an

intermediate storage facilíty of finite capacity. This and the

above "no-v/ait" papers are so specialized that they do not provide

any insíght ínto the intrícacies of the general problem. The purpose

of this thesis is to expose these íntricacies and to develop a basic

framework for solving any job-shop problem for which there is

restricted intermediate storage. The need for such a framework

should be self-evídent, since ít will enat'le many realistic processes

to be modelled more accurately.

There are a number of, interesting differences between the

restricted storage process ancl the more usual job-shop process with

unrestricted intermediate storage. FÍrstly, when a partially

completed job is waíting to be processed by its next machine, a

dístinction now has to be made between including or excludíng the

endpoints of the interval representing the waiting time. The

alternatives produce the substantially different models developed in

Chapter 2. Another difference concerns the definition of a settrL-

4ctiÐe seheduLe [6; p. 109]. rn the thesis, schedules which concur

with the basic phílosophy of this definition are in fact defined as

being semi-active; but, in contrast to the usual case, they do not

possess the property that there is exactly one of them per feasible

ordering of the jobs on the machines. This means that it is no

Ionger sufficient to have solution procedures which just consider

those orderings of the job components which produce dífferent
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processing orders on the machines. Instead, many more orderings

of the job components may now need to be consídered. The culmination

of chapter 2 is the presentation of general branch and bound

procedures which take this fact into accounÈ.

In Chapters 3 and 4, two specializations of the general process

are discussed separately. First, a flowshop process for which there

Ís a storage facility at the end of each machine is considered for

the two situations with eLosed (i.e. both endpoints included) and

haLf-open (i.e. only one endpoint included) waiting íntervals

respectively. Next, in Chapter 4, a situation which can be

interpreted as a train scheduling problem is investigated, allowing

only for closed waiting intervals. Here the trains take the role

of jobs, the sections of track correspond to machines and the stations

take the place of the storage facilities. In each of the above

cases a branch and bound solution procedure which avoids duplication

of schedul-es is developed.

The single-machíne scheduling problems with non-simultaneous

release times usually have to be solved by implícit enumeration

technigues. In Chapter 5, methods for finding lower bounds for some

of these problems are presented and discussed. l4ost of these

methods are based on known procedures for solving problems with

simultaneous release times or other special properties. Applying

many of them to the problem of determining lower bounds for the

more general situations with non-simultaneous release times is

believed to be an innovation in this area. The bounds thus obtained

are used to derive lower bounds on all completions of a partial

schedule for the general process described in Chapter 2. Such lower

bounding methods could then be included in the branch and bound
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solutíon procedures.

In the concluding chapter a number of areas are highlighted

where further research could be undertaken.
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CHAPTER 2

THE GENERAL PROBLEM

In the most general terms the problem which is addressed

here is that of scheduling a job-shop process with the additional

restriction that the capacities of the storage facilities for holding

partially completed jobs are limited. This chapter is primarily

concerned with describing the general problem and highlighting the

complicatíons which arise compared with the more usual situation

where storage facilities are unrestricted. Further, some concepts'

terminology and assumptions which are required here and in subsequent

chapters are presented together with their raison d'être.

2.L PROBLEM DESCRIPTION

2.L-L Notation

consider a job-shop consistíng of m machines on which the

components of n jobs are to be processed. Around, the shop there

are q storage locatíons, henceforth calleð, bins, where partially

completed jobs are assigned to wait until they can be processed by

their next machine. Although one might expecÈ a storage facility

to be asEociated with each machine' this is not a necessary

requirement and wj-I1 not be assumed here. The bíns are labelled

O r 1, . . . ,grg*I, where 0 and q+I denote the locations for unstarted

and completed jobs respectively.

In keeping with the literature, it is convenient to defj-ne

operation O, j as being that component of job j which

is processed by machine i. (2.1.I)
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This terminology assumes, as we shall here, that a job is processed

by each machine exactly once.

The foltowing data is required for each job j (j=1,...,n) ,

machine i(i=1 ,...rln) and bín !"(!'=L,'...,9.1 2

,L - the nudber of jobs whích can be stored concurrentl-y

in bin 9"¡ Q.L.2)

t, - the earliest starting time of job i¡ Q.L.3)

1 ¡ - the duration of operation 0,, . (2'L'4I

For convenience, ZL wíll henceforth be called L:he cLpacity ot

bin 9.. Further it is assumed that there are no restrictions on

the number of jobs which can be present in locations 0 and q+I.

fhis is expressed by setting

=n.

Clearly this is a desirable situation in most applícations, since,

in realíty, jobs do not usually need to arrive at the job-shop until

they are to be started and can leave the shop as soon as they are

completed.

In some situations it may also be necessary to know a dt'¿e-date

or a priorily üeighting for job j (j=f,...,D). These quantitíes

are denoted by d, and tj respectively. One further item of

data which can be included in some applicatíons is a quantity,

tn, U say, which corresponds to the minimum time job j has to

wait in bin 9". This information is rarely included in a job-shop

process, but in Chapter 4 its presence enables a train scheduling

situation to be modelled more accurately. Finally, as ís usual for

most scheduling problems, the data ís assumed to be given in whole

zI q+l
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values; in other words, all quantities are assumed to be integets.

To completely specify the path a job takes through the job-

shop, it is necessary to know the order in which its operations are

performed and also its movement into and out of bins. This can be

accompÌished by adopting the notation,

Pj * = i if for job i, operation o, ¡ directly

follows operaÈion o*j r (2.1.5)

and

9ii-9, -if job j

operatíon O, 
¡

goes directly to bin f, after

has been completed. (2.1.6)

The entrÍes of the nxm array

p = (tr>r*)

are machine numbers, whilst the mxn array,

Ç= (srr) ,

has bin numbers for its elements. Both matrices P and G are

assumed to be part of the information which is available before the

scheduling process is begun.

An entry,

P¡1 = m+I '

is used to denote that operation ooj is the last one to be

performed before job j is completed. Similarly' if O, j is the

last operation to be performed for job j, then

9ri - q+I

indicates that the completed job leaves the shop. Thus, the value

m+I appears exactly once in each row of P whilst q+l appears

exactly once ín each of the n columns of G. Further, since
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entries in G correspond to the bins which a job enters, the

value O does not appear.

Example 2.I.L

As an example of how matrices P and G give fuIl information

on the movements of jobs, consider a situation with 2 jobs, 3

machines and 2 bins for which,

p=

and

\r-

First, recall that the fact ÈhaÈ the entries Pl g and Pzz both

.**"t 4 indicates that Og r and Ozz are the last operations

to be performed for their respective jobs. Then, from the first

row of p it can be seen that job 1 visits the machines in the

order I,2,3. But grr equals I and therefore job I waits in

bin I between the execution of operations Ol¡ and Ozr. Similarly'

since gzt equals 2, job I enters bin 2 af-Let the execution of

Ozr and therefore the path of job I is:

bin o, machine I, bin J-, machine 2, bin 2, machine 3' bin 3-

Likewise, the path for job 2 can be ascertained as being:

bin O, machine 3, bin 2, machine l, bin I, machine 2' bin 3.

The unique path for each job is sunmarized schematically in figure

2.I.I. For clarity, the durnmy bins O and 3 have been omitted.

3
4(t 4\

L)

il
(:
u



o

- \ - \
aa,

\

1

-

JOB
2

,1
I

Fíqure 2.L.L

Special Structures

The two situatíons to be investigated ín subsequent chapters

of the thesis are special cases of the general model due to the

specialized structure of the corresponding P and G matrices-

In the first situation, thé so-calIed flowshop process, each job

folfows the same path through the shop and therefore the machines

are indexed so that for each j (j=f,...,D) ,

MACI{ IN E
3

MACH I NE
1

MACHINE
2

BIN
1

Pj* = k+I (2.L.7 |
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It is also assumed that there is a bin at the end of each machine

into which each job goes when it ís finished on that machine. Thus,

q*I=m

and for each operation o, ¡ (í=Ir. .. 'mi 
j=Ir. . . ,n) ,

ìTrJ = i (2'1'8)

The second situation can be interpreted as a train scheduling

process where trains travel in one of two directions along a single-

track railway line. The sections of track correspond to machines

and are indexed so that one type of train, the "up-train", travels

along the sections in the order L,2r...¡IIl¡ while the other type

of train, the "down-train", travels along them in the order

mrm-I,...,L. Therefore,

D='jk

Iti

I
ì

k+t if j is an uP-train;

k-l if j is a down-train.

i if j is an up-train;

i-I if j ís a down-train.

(2.L.e)

(2 . 1. to)

For this situation the bins are actualty the stations between the

sectíons of track and therefore, if bin I represents the station

between sections 9. and 9'+L, then

qtl=m

and

I
l.

To avoíd separately specifying the entries in P and G corresponding

to the LAS| operation to be performed for each down-train, the usual

m*l and q+I have both been replaced by O. This causes no loss

of generality since all these values are dummy quantities and O
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does not normally appear in the P and G matrices an!t{ay-

2.L.2 Feasibil Conditions

To specify a particular schedule uniguely, it is sufficient to

know a start time for each operation. Thus for operation Oi j ,

denote i-t;s start tine by ai j and for convenience its finish time,

1¡ + d,¡ , can be designated b,j. ,For any schedule satisfying

the technological requirements that the components of a job are to

be processed in a prescribed order, these values 
"¡ ¡ , 

bi. have

to satisfy the constraints:

",j 
)¿ r. if orj ís the first operation for job )i (2-t.II)

and

", j 
2 O*, otherwise, where pj * = i (2.L.L2)

Further, considering all jobs together, the following additional

constraints must be satisfied: At øty time'

1. There ís no more than one job being processed

by each of the machines; and (2-I.13)

2. The waiting intervals of not more than ,L

jobs overlap at bin 9' (2-L.I4)

This first constraint is the usual one for job-shops. The laÈter

constraint is the one which sets this problem apaft from the usual

situation. The conditions (2.f.II) to (2.L.I4) wiII henceforth be

called t}ae feasibility eon&itions.

2.I.3 Interpretations of l,Iaíting Times

At this stage it is appropriate to discuss two interpretations

of when a job is aetuaLLy waiting in a bin. The first interpretation

is to say that job j waits in bin 0 during the time interval
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[¡. . ,a.. ] where s.. - I' and p. - - i. The square brackets"-kj' ij' 'ki 'jk

indicate that the endpoints bnj ,",. are included in the waíting

time. clearly a job may be allocated to the same bin more than

once before it is completed and so there may be a nurnber of disjoint

time inÈervals corresponding to job j waiting in bin 9". Since

the start and finish times of operations are included as waiting

times, job j is considered as being processed by machine i during

tlre time interval (.,¡ ,br¡ ) not including the endpoínts. Thus,

even a job which does not actually stop Ln its assigned bin is

modelled as though it waited there for an insÈant as it passed

through. This Ínterpretation wiII henceforth be referred to as the

one for which tlne uaíting interuaLs are cLosed.

The alternative interpretation is to a1low some jobs to avoid

passing through some of their assigned storage bins. This can be

accomplished onty when a job can begin its processing on its next

machine as soon as it finishes on the current machj-ne. Mathematically,

this situation can be model-led in two ways: One is to use half-open

intervals (b*, ,a' J or [b*, ,ar, ) where pj n = i to indicate a

time for which job j stays in bin 9nj Corresponding to this

representation, job j is processed by machine i duríng the time

interval (a.. ,b. . ] or [a. . ,b.. ) respectively. The other
r, IJ ¡J T'

representation is to use the open ínterval (bn, ,a., ) to specify

the time job j spends in bin g*j between the execution of the

adjacent operation= Onj and O, ¡ . For any of these representations,

if b-. eguals a. . , then the waíting interval is empty and this
kj ' ii'

is equivalent to job i bypassing bín 9*¡ and moving directly to

machine i as soon as it finishes on machine k. Further, giving

jobs the opportunity to bypass bins is one reason why the quantities
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Sh. ^ are not included in the general model; that is, if a job has
t)L

to wait for a specified minimum time in each of its assigned binsr

then only when tn, U is zero would job j be allowed to bypass bin

9,. Finally, these ntodels in which jobs can bypass bins wil"I be

referred to collectively as those for which tlne Uait;ing inteTUaLs

ar.e not closed.

Example 2.I.2

To appreciate the difference between the use of closed and

non-closed waiting intervals, consider the process represented

earlier by figure 2.I.L- If the capacities of bin I and bin 2

are both 1, : then the schedule represented by figure 2.L.2 would

be feasible when waiting interval-s are not closed but infeasible

otherwise. This foll-ows since, fox the former situation,

job 2 bypasses I¡ín I and does not- contribute to its capacity.

MACHINE
3

MACFIINE
2

þ,IACH I N E

1

Figure 2.L.2

2.I.4 optjmality Criteria

An operation

interval {a.. ,b.. }tJ tt

. is said to be scheduLed tf a finite time
J

is assi-gned to it; where, depencling on the

o.
I
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ínterpretation described above, the interval is open, half-closed

or closed. The braces are used to specífy that exactly one of these

sÍtuations is allowed. A, eontpLete feasible seheduLe ís a complete

set of scheduled operations satisfying the feasibility conditions

(2.1.11) to (2.L.L41. Given a complete feasible scheduler the

eornpLetíon time of job j is the välue b, ¡ associated witt¡-

operation O. . ' the last one to be executed for job j. For
rJ 

i

convenience, denote this completion time by .j .

Throughout the thesis the usual practice of considering criteria

which are non-decreasing functions of the completion times is

adopted. Such criteria are termed teguLat measu.?es (Í67 , [30] I and

are represented by real functions, f(c: ,... ¡cnl t such that

f(cr,...,cn) < f(",i,...,";) onlY if "i 
<

at least one j.

c-
t

for

(2. 1. 1s)

As índícated by Rínnooy Kan ([30], P.16)¡ this class of regular

measures

"... ís sufficiently rich to accommodate a large variety

of criteria. "

Also, considering such measures enables attentíon to be restricted

to a finite subset of the infinite number of possible schedules

associated with any problem instance. The aim therefore is to find

a complete feasible schedule for which f(cr,...,cn) is minimal-

Some of the criteria which are considered in this thesis are:

1. totaLeornpletiontime: f.k1,...,c,r) = I "jj =r
n

i
=lt

2. totaL ueíghted eornpLetion tíme: f (,cr, . . . ,"r ) w. c.tt
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3. therutnbe?of tatdy iobs: f(cr,...,cn) =,f{jtc,

j, then minimizing
t

d., Ìl

= max c.
)r(j (n

but it should be stressed that most,of the results are general and

appticable to all regular measures. The reasons for studying these

particular critería are twofold: First1y, some are traditional

measures,which have had a great deal of líterature devoted to them

atready (for example, critería 1,4 and 5) and secondly,

they occur as criteria for particular applications.

4. the narirrun Lateness.' f(c¡,.. .,c'I max (c. -d. )tt1(j (n

5. the marLrrun eortpLetíon time: f (cr,.. . 
'cn 

)

c

S1'rnbolically, criteria 4 and 5 are represented by Lr**

respectively; while criterion 3 is represented by i u,
j =r trlax

and

,

where for a complete feasible schedule,

if d.
J

"J
(2.1.16)

0 othen¡rise

Further, for any particular problem instance, since the earlíest

starting time ,i plus the total processing time d,¡ is a

c.
J

I
I
I

ï
i =l
n

I
=l

w. c. (and
t)known constant for each job

therefore ) is equivalent to minirnizing the total weighted

deLøy incurred by the jobs.

2.2 S OLUTTON SCHEME FOR CLOSED I^TAITING INTERVALS

To avoid confusion it is convenient to firsÈ concentrate just

on the case where waiÈing intervals are closed, rather than trying

to díscuss all situations simultaneously. Before describing the

,1, "j
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solution scheme for this situation, it is necessary to first

resolve a problem of interpretati.on and then to provide some additional

terminology.

2.2,I fnteracting fntervals

The problem to be resolved is that of deciding when two waiting

intervals ínteract (as opposed to overlap) with each other. Since

the tÍme-intervals are closed it is possible, in theory, for two

intervals to be separated by an infinÍtesimally small amount without

overlapping; but the instant that the intervals "touch" (i.e. have

an endpoint in common), they then overlap. DiagramatÍcally this

situation is represelrted by figure 2.2.I. Here the two intervals

[a,b] and [¡+Erc] do not overlap as long as e is posiÈive.

I{hen e equals 2ero the two intervals then have an endpoirrt in

common and are considered to be overl.apping at this time point.

o b b+g

Figure 2.2.L

The reason that thís situation is undesirable ís because it- ís

impossible to always characEerLze feasible schedules satisfactorily.

I¡or example in figure 2.2.L, íf e is positive and the two intervals

corresporld to trvo jobs rvaiting in a bin of capacity L, then it is

conceivabfe that the job v¡hich arrj-ves at the bin at time b+e could

c
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arríve there at any earlier |uíme gneatez'than b without effecting

the feasibitity of the schedule. It would be impossible in this

case to decide which of the infinite number of almost identical

schedules would be the most suitable one. The problem stems from

the fact that the endpoint b of the interval [a,b] is an

tmattaínabLe Lower limit for the endpoint b+e of the interval

[l+e,cJ. lf this lower limit were attainable, then clearlyrwith

respect to regular measures, the schedule for which the job arrived

in the bin aÈ this lower limit would be the most suitable. Therefore,

to overcome the problem that waiting intervals can get arbítrarily

close to each other without overlapping, one can say that two intervals

íntez,Act if the distance between them is less than a crítical value

ô (> o), say; this then makes available an attainable lower límit

for the endpoints. Thus, for the above example, only those schedules

for which g takes at least the value 6 are feasible and, for

regular measures, the schedule for which e equals 6 is the most

suitable of these.

To include the ídea of interacting intervals into the general

model, it is necessary to refine the definition of a feasible schedule

by alteríng feasÍbility condition (2.L.14) to:

At any Èime, the nu¡nber of jobs whose waiting intervals

interaet at bin 9" is not more than the capacity, zL. Q.2.Ll

This condition assumes that the critical value, ô, has been

prescribed beforehand. The difference between interacting intervals

and overlapping intervals is of little consequence unless the number

of jobs visiting a bin over some short period of time is greater than

the capacity of the bin. In this case it may happen that the number

of overlapping intervals is less than or equal to the capacity of the

bínr whereas the number of interacting intervals is greater than this
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caPacíÈY.

An interesting observation is that, given the critical value

6, two intervals [a,b] and [c,d] ínteraet if and only if the

open intervars (" -:, u + !l and (. -:, u * !l ouez'Lap- Further,

sÍnce the data are integer values, by choosíng ô equal to unity,

one can restrict attention just to those schedules for which the

values a. . and. b. . (i=1 ,. . . rlIli i=Lr. -. ,n) are integers' In this
rJ TJ

case there would be no need to alter feasibility condítion (2.L-L4),

since for such schedules, if two intervals interact, then they would

have at least one ínteger time point in common and would therefore

also overlap.

Restrictions on 6

Consider the case where a job j visits the same bin twice as

in figure 2.2.2. Here, the two waiting intervals tq , 'â, , ] andr lJ | 2J

tU. ,a. . ] ínteract whenever ô is greater than d, : ' This
'-izi'-i¡j' - t2t

situation is clearly unsatisfactory especially if the bin only has a

capacity of 1.

,lsI j

MACH I NE
i3

BIN
t

MACH I NE
i2

MACI{IN E

1l

Figure 2.2.2
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As a¡¡other example of an unsatisfactory siÈuation, consider a

flowshop process in whích job jr ís processed by machine í

irnnediateLy beÍ.ore i2 (i.e. I , , 
equals 1j 2 

) - Here, if 6

is greater than diiz, then the waitíng intervals lb¡j 
r 
ra¡itr¡i, ]

and tb, ¡ , ,^(i *t, i z) interact since

b..rt2 \tz +1¡r'\,, +ô(a1i+r¡¡, +ô

Thís interaction is independent of the value of -1i*r¡¡, and, in

factr can only be avoided if job )2 is not allowed to be processed

by machine i until at least 6 - d, ¡, units afÈer O,, , Ís

completed. Thís sÍtuation is undesirabte since it causes unnecessary

idleness of the machines.

In both the above examples, if

ô(min
iri

d.. ,IJ

then neither situatíon can occur. Therefore, since the durations

*¡ are all positive integers, it is sufficient to assume that

hencefortlr 6 is at most unity. This assumption does in fact

enable the majority of unsatisfactory situations to be avoided.

2.2.2 Semi-Active Schedules

Now, since only regular measures are considered, the only

schedules of interest are so-called semi-active schedules. Formally,

for our purposes,

a senri-aetiue scheduLe ís a complete feasíble schedufe

for which the start time of no individual operation can

alone be reduced without making the schedule infeasible

or altering the order in which jobs are processed by

some machine. Q.2.2)



20.

this definition does not mean that there is a unique semi-active

schedule corresponding to each technologically feasible ordering

of the jobs on the machines. Instead, there may be a number of

different feasible schedules which have the same ordering of the

jobs on the machines,but for which, reducing the start time of any

síngLe operation would cause the nurnber of interacting waiting

íntervals for some bin to exceed the capacity. Each such schedule

i-s semí-active.

It is conceivable that the startíng times of two or more

operations could be reduced, sirmtLtaneousLA to giùe a feasible

schedule with the same ordering of the jobs on the machines, while,

at the same time, reducing the start time of any individual operation

would result in an infeasible schedule. Although the former schedule

would be semi-active and clearly superior to the other semi-active

schedules, it is convenient in the solutíon procedure to be able to

consider operations separately. This explaíns why individual

operations are specified in definition 2.2-2-

Example 2.2.L

As an example of how different semi-active schedules can

correspond to the same ordering of the jobs on the machines, consider

the problem with 3 jobs, 4 machines and 3 bins for which,

p=
2
2
5

(
\

4
4
I

3
5
4

4
2

3

2

2
4
I
3

I
2
3
4

il
and

(
\

\
)

The information from these G and

figure 2.2.3 (without dumrny bins).

P matrices is summarized bY

For the data in Table 2.2.L
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and specifying the critical value ô as being unity, the schedules

represented by the Gantt charts in figure 2.2.4 have the jobs being

scheduled on the machines in the same order and are in fact both

semi-active. The waiting intervals for each job in each bin are

indicaÈed by the table beside each schedule.

The critical situation occurs in bin I where, for schedule (a) 
'

if the starting time of operation Ol r is reduced' the waiting

interval of job 1 interacts with that of job 2 ' making the

schedule infeasibte. Similarly, in schedule (b) ' if Qsz is reduced ,

job 2 ÍnÈeracts with job 1 ín bin l, again causing infeasibility.

\
. BIN
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/,î

/
7/

\ T

J

OB
ir

?Í08 1
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BIN 3

Ib.
//-e

/
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\
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Figure 2.2.3
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As can be seen from this example, Gantt charts are probably

not the best way of representing schedulesr since it is difficult

to see immediately what interactions occur in the bins. In subsequent

chapters, Èhe situations are sufficiently structured to enable space-

time diagrams to be used for representing schedules. In these cases,

the interactions in the bins are readily observed.

It is interesting to note that for the preceding example, even

if definition (2.2.2) had been changed to allow for the start times

of more than one operation to be reduced simultaneously, the

schedules in fígure 2.2.4 would stiLL be semi-active.

Although there may be more than one semi-active schedule per

technologically feasible ordering of the jobs on the machines, the

total number of semi-active schedules for any problem instance is

clearly still finite. Also, it is only for problems for which the

bin capacitíes are small that feasibility condition (2.2.1) may

díctate the start times of the operations. Therefore, for most

orderings of the jobs on the machine, there will only be one

corresponding semi-active schedule.

Further, íf condítion (2.L.L4) had not been replaced by (2.2.I) |

the concept of semi-active schedule would be meaningless, since

situations could occur where the endpoints of waiting intervals

could be continually reduced to try and achieve unattainable lower

Iimits. fn such cases there would aluays be a better schedule

availa-ble with respect to a regular measure.

2.2.3 The Solution Procedure

Now since, for semi-active schedules, each operation starts at an

earliest time, then, for optimality criteria which are represented

by non-decreasing functions of the job completion tímes (i.e., regular
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measures) r, it is clear that at least one optimal schedule is semi-

active. This explains why attention has been centred on semi-actíve

schedules; that ís, in theozg, one could always obtain an optimal

schedule by comparing the value of the criterion for each of the

finite number of semi-active schedules and choosing the one with the

smallest value. In practice though, thíS "finite number" is

exceptionally large and very few instances of the general problem

are amena,ble to this direcÈ enumeration approach. Instead, implícít

enumeration technigues have to be implemenÈed.

A concept which is central to most of the algorithms presented

in the thesis is that of paz,tiaL scheduLes . The procedures are

based on deciding how best to complete a currenÈ partial schedule'

A set S of scheduled operations is called a pattiaL feasibLe

scheduLe (shortened to p.f.-schedule) if:

l. The feasibility condiÈions ( (2.I.1r)-(2.1.13) and (2.2.I))

are satisfied by the operations in S¡ Q'2'3)

2- or, €s and i=pj* ímplie" o*j €s; Q'2'4\

3- o*j € s and orj Ç s, where i = P¡*, imPries

.rj = æi and Orj Ç S, where i is the fírst

machine on which job j is processed, implies

a.. =@. (2.2.5)
t,

Thus, for a p.f.-schedule, each job is considered to wait indefinitely

in the bin to which it was assigned to go after its last seheduLed

operation finished.

For a p.f.-schedule s, iù:ne oeeupaney of. biln 9" is defined

by,

Os (C) = the number of jobs with 
", j = co, $¡here

i = pjn and 0 = gfj (2'2'6)
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rf. es (,f,) . zL, bin I' is said to be unsatutated in s. rt is

said to be fuLL at any time for r¿hích the number of jobs whose

waitíng intervals concurrently interact is ZL. Bin 9" being full

does not necessarily mean that 0s (ø) = ZL, since some of the

interacting intervals may correspond to jobs which, in S' have

left the bin.

The basic fr,øneuoz,k for a procedure for generating semi-active

schedules is now presented for the situation with closed waiting

intervals. Some necessary notatíon is:

U = set of jobs Èhat have not yet been completely

scheduled; (2.2.7,

r = {k¡ | i e u} where n, is the machíne on which

the next operation of job j is to be performed, (2-2.e1

S = current schedule. Q.2.9)

The procedure is presented as a non-deterministic algorithm ( [16] ) ;

that is, to generate all semi-active schedules one has to incorporate

a suitable backtrackÍng procedure.

Procedure S.4.1

Step 0: Set u = {1r...,n};

k. = machine on which the first
J

H¡j

gperation for job j is to be processed;

=cD forall jeU;

s=0.

Step 1: Determine a set Qs of operations, where

on,, = q. tt'
(i) j€u, and

(ii) 0s (g) . ,L where nnr, = 9' -
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Step 2: Restrict Qs to a set ot scheduLoþLe operations,

ns. Tf fl, = Ö., stop.

Step 3: Select O*j a 0a and set u, i = @, where

p¡ ¡ = i. calcurate varues .nj and o*, = .*i * dnj

such that

(i) operatíon O*j is scheduled after all previously

scheduled operations on machine k;

(íi) the feasibility conditions (2.1.11) to (2-1.13)

and (2.2.L) are not violated.

(iii) -*j is as small as Possible-

Step 4: Add O*j to S and uPdate U and K

Return to SteP I.

After each iteration of the steps of, the procedure a p.f.-schedule

S, say, is available. Furthermore, because of (iii) in Step 3t

S is sewi-actiue in nq,ture since the start time of no individual

operation in S can be reduced without making the schedule

infeasible (Step 3(ii)) or altering the order in which the

scheduled operations are executed on some machine (Step 3 (i) ) .

2.2.4 Features of Procedure S.4.1

By choosing differe\t sequenees of operations from the sets

0S, it is possible to obtain t\^¡o p.f .-schedules S and Sr which

contain the same operations, have the same orderings of the jobs

on the machines, but which are not only different schedules but also

semi-active in nature. This follows sínce bins may become fuLL

at different stages due to the different orders in which the

operatíons have been chosen. An example of this phenomenon has
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already been discussed (see example 2.2-Ll - In fact if, for

thís example,

order,

the operations are chosen from the sets Q, in the

Oz3rO,* g tQlz,O\2 rOI I rO2l rO3l rO,*l rOl 2t022rO33rOl3,

then schedule (a) in figure 2.2.4 ís obtained; whereas choosing

the operatíons in the order'

Oz ¡rO,* 3rOl t rO2!,O¡z rO,*2r03trO,. l rOlzrOzzrO¡3 tOl3 t

results in schedule (b). clearty though, it may be possible for

a símilar situatíon to occur for which no bins become full; in

which case, differe¡rE sequences of choices from 0, may result in

the same semí-active schedule. In practice CI, is chosen in such

a $¡ay that.this duplication does not happen and in fact this

explains why the set Qs is restricted to 0, in Step 2. For

each specializatíon of the general model, 9s should be restricted

to 0, in a way which guarantees that each generated semi-active

schedule is obtained uniqueLY.

Further, for the general model it seems likely that every

semi-active schedule can be generated by S.4.1, since it should be

possible to decompose any semi-active schedule into a sequence of

operations and then rebuild the schedule exactly using the procedure-

The sequence provided by the decomposition of the schedule would

ídeally correspond to a seguence obtainable by choosing operations

from the sets QS. In this way, the decomposition algorithm would

be the inverse procedure corresponding to S.A.I. In subsequent

chapters, the specializations of procedure S.A.l are sho\,tn to be

capable of generaLLng eUery semi-active schedule exactly once.
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The ability to obtain different seguences of operations

stems from the fact that, at each stage of the procedure, the

choice from 0, is arbitrary. Indeed, it is this feature which

makes procedure S.4.1 non-deterministic. Another point worthy of

mentíon here is that, íf at some stage the set Q, is empty' then

the procedure terminates and the existinq p.f.-schedule is termed

nAfümaL. In particular, all complete semi-active schedules

generated by the procedure are maximal, since, if all operations have

been scheduled., then % and therefore 0, are empty.

Using Conway, Max^rell and Miller|s terminology ([6] ' p'112),

S.4.1 is a singLe-pass procedule sínce, once an operation has been

assigned a starting time, this tinre is permanent and cannot be

changed when a later operation is scheduled.. In fact the procedure

is a so-called dLspatching procedure, which is a single-pass

procedure for which starting times on any given machine are determíned

ín such a way that they form a strictly non-decreasing sequence of

varues' This follows frorn step 3(i) of the procedure'

2.2 .5 ImpI ementatíon of the Solution Procedure

The schedule generating procedure s.A.t can be converted into

a baektraek aLgotithm Ln the following way: At each stage, generate

all the p.f.-schedules which can be obtained from the current

schedule s by scheduling one of the operations in ns. AIl but

one of these descendant schedules are stored for later use. The

procedure is then continued with the one which is retained. Whenever

a maximal p.f.-schedule is obtained,the last stored p.f.-schedule

is retrieved from storage and the process is continued wiÈh this

one.

Further, if a routine for calculating a lower bound on the
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values of. aLL feasible completions of a p-f--schedule is

incorporated into the a.bove backtrack procedure, Èhen it is

transformed into a branch and bound algorithm using the following

rule:

Vfhenever the lower bound associated with the current

p.f.-schedule is larger than the value of a complete

incumbent schedule, discard the current schedule and

continue the procedure with a ne\¡t one retrieved from

storage.

Since lower bounds need to be calculated many times during the

course of the algoríthm, all conputer progranunes used to solve

specializations of the general problem employ a very simple

boundíng routine, ví2. determining a bound usinq proiected iob

completion times. These times are obtained by assuming that, from

the situation described by the current p.f.-schedule, all jobs are

completed without incurring further delays. CIearIy, these

completion times, c. say, are no larger than the actual completion

tímes f.or øt! feasible completion of the current schedule. Hence'

since for our purposes aII optimízíng criteria are regular measures'

f(crr...rcn) acts as a lower bound on the value of any such

eompletion. Some work on deriving more sophisticated bounds for

the different criteria is described in Chapter 5. In most cases

the basic idea is to schedule operations on a single machíne while

ignoring the interactions between jobs on other machines. The value

of the criterion thus obtained is used to provide a lower bound on

the value for the whole problem.

In practice, to accelerate the branch and bound procedure

sIíghtty, it is sometimes advantageous to include a heuristic
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procedure for quickly determining an initial incumbent schedule.

In this way a realistic schedule and a corresPonding value are

available from the ouÈset. This is beneficial to the solutíon

procedure in thaÈ othen¡¡ise a number of incomplete maximal p. f.

-schedules might be generated before an initial schedule is found;

whereas, if a schedule ís available from the beginning, then a lot

of these dead ends míght be avoided. Again, it is generally not

worth expending a lot of time using a very sophisticated heuristic

to obtain an initial íncumbent schedule; experience indicates that

a schedule which is generated quickly provides better overall results-

A further point on the ímplementation of a branch and bound

procedure is that any of a number of different rules could be used

to decide which descendant p.f.-schedule to keep at each stage and,

when backtracking, which p.f.-schedule should be retríeved from

storage. For example, one could choose the descendant schedule

whích is obtained by adding to the current schedule that schedulabl"e

operation (i.e. in Qr) which would finish first. Alternatively'

one could choose the schedulable operation which could begin first.

Other rules could be based on choosing the schedule which exhibíts

some feature which might reflect well on the value of the criterion.

For the results guoted in this thesis, the descendant schedule

chosen at each stage ís the one for which the last scheduled operation

was the one which began first amongst the schedula-ble operations.

Finat1y, for actual i.mplementation of the branch and bound procedure'

ít ís convenient to continually updø,te the starting times for those

operations which have not yet been scheduled but whose predecessors

have. Thus, suppose operation ou, is scheduled and consider the

unscheduled operation Q . , wher. pj k = i. After scheduling orj ,
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the occupancy of storage location g*j has increased by one, but

instead of setting a¡ j to infinity, it is set to tentatively take

the value for which o, ¡ satisfies the three conditions of

Step 3 in S.4.1. There are two benefits to be derived from this

policy: First, to schedule a schedulable operation at any stage,

it is only a matter of noÈing that the corresponding tentaÈive

value is now permanent. Second]y, and more importanÈly, knowledge

of tentative sÈart times enables a better bound to be obtained at

each stage. This follows since the tentative tímes are minírrum

values for the final times associated with these operations in ang

completion of a current p.f.-schedule and therefore provide a much

stronger bound than if they were not known.

!ùhenever an operation is scheduled it is not necessary to

uprdate all tentative times. fnstead, only those times for operatíons

which are directly effected by the scheduled operaÈion need updating.

One drawback of the updating procedure is that, when one is backtracking,

it is not just a matter of unscheduling the last scheduled operation;

lnstead, the tentative start times of all operations effected by the

unscheduling of this operation have to be updated. This disadvantage

is usually far outweighed by the previously discussed benefits.

A useful feature of branch and bound procedures is Èhat the

incumbent schedule is only ever superseded by better schedules.

Whence, one heuristic solution to a problem is to stop the procedure

after a specified time and use the current incumbent as the solution.

2.3 SOLUTION SCHEME FOR NON-CLOSED WAITING INTERVALS

2.3.I Open Vlaitinq Intervals

Èhe same way that a distinction between interacting and

overlapping waiting íntervals has to be made when such intervals are
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closed, a similar distínction has to be made between interacting

and overlapping pToeessin4 intervals when they are closed; that is,

when waiting intervals are open. Thus, if ô is a prescribed,

positive value, two processing intervals

corresponding to machine i, intenact íf

[1,r,o,,r] [a.. ,b.. ]
^12 'tz

and

a.
I

bi
+ô

or ai
(a.

I
b.

I
+ô (2. 3. 1)

Further, by analogy with the alteration of condition (2-L-l- ) to

accommodate the idea of interacting intervals, feasibility condition

(2.1.13) would have to be changed. to:

At any time, the intervals associated with jobs being

processed by the same machine do noi. ínteraet. Q.3.2')

This condition requires each machine to be ídle for at least ô time

uníts between operations. This situation is not satisfactory in

practice and is certainly not usual for job-shop processes. As an

illustration of the problem, consider the following example:

Example 2.3.L

For the schedules represented by the Gantt charts in figure

2.3.L, schedule (a) is the one which usually represents two jobs

being processed successively by the same machine; but, this is

infeasible since both jobs are being processed at time t. The best

feasible alternative is schedule (b) which ís not desirable.

Henceforth, because of the unsatisfactory way in which machines are

utilized, situations with closed processing intervals will not be

considered. Consequently, the remainder of this section is devoted

entirely to the case where waiting intervals (and therefore processing

intervals) are half-open. One final interesting observation on this

4..,1,I I

22
I
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point is that feasibility condition (2.r.13) is common to most

machine scheduling problems and so, although it is rarely, if ever,

specifically stated, the usual situation (i.e. unrestricted

inÈermediate storage) AsSumeS that the processing intervals are open

or only half-closed. In this way, the machines need not be id'Ie

when jobs are available.

2.3.2 Comparisons with Closed Waiting Intervals

When intervals are half-open, it is unneeessa."U to make a

distinction between interacting and overlapping intervals, since it

is now possible to reduce an endpoint to a value for which the

schedule is feasíble and so that any further reduction would result

in it becoming infeasible; in other words, the Iower linit for every

endpoint is attainable. These comments aLrply equally rvell to waiting

and processing intervals. Thus, the original feasibility conditions

((2.I.lf) to (2.I.L4)) can still be used to determine the feasibility

of a schedule. without loss of generality, waiting intervals and

processing intervals can be represented by [bu, ,a,, ) and [", ¡ ,b, ¡ )



34

respectively:

The No-WaiÈ Problem

A good reason for studying the case where waiting intervals

are half-open is to ena-ble the so-ca1led "no-\nrait" situaÈions to

be modelled accurately. Briefly, the adjective "no-wait" describes

problems for which once a job starts on its first machine, iÈ has

to be processed by all its machines without stopping. Thus, the

only waiting a job can do ís in the dummy locaÈion O' Clearly' the

no-wait siÈuation can be interpreted as a special case of the general

model by requiring aI1 but the dummy bins to have capacity zero and

lettíng the waiting intervals be half-open. Further, it is not

possible to achieve the same result by using closed waiting intervals

and capacities of unity, since this alternaÈive all-ows jobs to wait

ín bins for a machine to become idle-

The no-wait problems are usually restricted to the flowshop

situation and the criterion of minimizing the maximum completion

time (i.e. makespan). The main result to date is that such problems

can be formulated as Travelling Salesman problems (see, for example'

[r¡] , [28] and [33] ) .

[,or any particular specialization of the general model, deciding

whether to use closed or half-open waiting intervals is mainly

dependent on the characteristics of the situation which one is

attempting to model. For example, if jobs are to be allowed to

bypass bins, half-open interval-s must be used. on the other hand,

the train schedulíng problem described in chapter 4 requires closed

waiting intervals if a satisfactory model of reality is to be

achieved. The schedules obtained for the two alternative types of
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waiting intervals may be different for símilar circu¡nstances since,

in the case of closed intervals, a separation of ô time units may

possibly be required, between a pair of intervals when the corresponding

bin is fuII.

Example 2.3.2

consider a 3 job, 2 machine flowshoP process with a single

storage bin of eapacity one. The schedules (a) and (b) in figure

2.3.2 correspond to the closed and half-open interval situations

respectively. fn (a), job 3 can not enter the bin unÈiI 6 tíme

units after job 2 leaves there, whereas in (b), job 3 can enter the

bin as soon as job 2 leaves.

MACHINE
2

MACI{ INE
I

(ol

MACHINE
2

MAC I{ IN E

I

(b)

6

1 2 3

1 2 3

21 3

1 2 3

Fiqure 2.3.2
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Further, due to the possibility of jobs bypassing bins, some

schedules are permitted for situations with half-closed waiting

intervals which aïe not allowed when the waiting intervals are

closed. This is íllustrated by the fotlowing example'

Example 2.3.3

consider a simple 2 )ob, 2 machine flowshop process with a

single bin of capaciÈy one. For this situation, the schedule shown

in figure 2.3.3 Ls not feasiJcle if waitíng intervals are closed' but

is feasible when such intervals are half-open, since iob 2 bypasses

ttre full bin.

MACHINE
2

MACHINE
t

Fiqure 2.3.3

2.3.3 Semi-Active Schedules

The last example can be used to illustrate a significant

difference between the theory for closed waiting intervals and that

of half-open intervals. For, using the definition of semi-active

schedule presented in the previous section and assuming intervals

are half-open, the schedule in figure 2-3.3 would be semi-active,

1 2



37.

since no indiOiduaL operation can have its start time reduced

without either causing infeasibility or changing the order in which

jobs are processed. on some machine. In particular, if the start

time of operation orz is reduced, then the waiting interval

Íbtz,azù is no longer empty and therefore both jobs I and 2 would

be waiting concurrently in Èhe bin, the resulting schedule thus

beíng infeasible. But, if the start times of operations otz and

Ozz are reduced simultaneously by the same amount, then iob 2

would still bypass the bin and, reducing the start time of operation

ozt appropriately, the resultíng schedule, as shown in figrure 2.3.4,

would still be feasible. clearly, for any regular measure, this

Iatter schedule is superíor to the first.

MACHINE
2

MACHINE
I

Figure 2.3.4

Furtherrthere are an infinite number of feasible schedules

between the extremes of figures 2.3.3 and 2.3.4, each of which

corresponds to the same ordering on the machines and ís semi-active

by definition (2.2.2). Therefore, for the situatic¡n with half-open

waiting intervals, the definj-tion of semi-active schedules must be

2 1

21
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altered to allow starting times to be reduced simultaneously. In

tlris way only the schedule in figure 2.3.4 would be semi-active.

Nowrfor closed waiting.intervals, the notion of reducing

start times simultaneously \,¡as suggested and then discarded. The

dífference bet\.teen that situaÈion and the one discussed here is

thatr for half-open intervals, if a job bypasses a bin, then separately

reducing the start time of the appropriate operation causes this

job to no longer bypass the bin, a fundamental change to the nature

of the schedule. On the other hand, with closed' waiting intervals'

jobs cannot bypass bins and such fundamental changes do not occur.

For example, Lf. for the 2 job, 2 machine flowshop process discussed

above, the capacity of the bin is changed from I to 2 then the

schedule in figure 2.3.3 is now feasible for closed intervals. But,

ít is not semi-active, since the start time of operation Oz r c¿ur

be reduced separaÈely without making the schedule infeasible. AIso,

the start times of operation Ozz and Oz t can be reduced separately

until, finally, the schedule in figure 2.3.4 is obtained. This

schedule is the only semi-active schedule corresponding to the

Índicated ordering of the jobs on the machines.

In the same vray that schedule 2.3.4 was obtained from 2.3.3

by allowing the start times of two operaÈíons to be reduced

simultaneously, a similar situation can obviously occur on a larger

scale when a job bypasses a nuÍiber of full bins. In this case, it

may be possible to simultaneously reduce the start times of a

number of adjacent operations without causíng infeasibility or

alteríng the order in which jobs are processed by some machine.

To overcome the defíciency of definition (2.2.2), it is convenient

to treat adjacent operations for a job as a single entity and to
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replace the term "operation" by this entity' Thus,

a Tt?ing of operations ís any non-empty collection of

adjacent operaÈions corresponding to the same job'

The notation,

to, 
,, 'o, 

", 
"'''o, n¡ 

a where Pi i, -L
(s=lr...,g-I)

(2.3.3)

(2.3.4)

is used to represent a string of operatíons' Replacing the term

t'operation" by "stríng of operations", the new definition of a

senrL-aetiue schedule f.ot situations with half-open waiting

intervals is:

s+1

a complete feasible schedule for which the start time

of no individuaL str'íng of opez'ations can alone be

reduced without making the schedule infeasible or

alterÍng the order in which jobs are processed by

some machine.

since a single operation is also a string of operatíons,

any schedule which is semi-active by this new definition is also

semi-active by the old definition. Further, it is only when jobs

bypass full bins, as in the earlier example, that the concept of

"strings of operations" is important. This follows since, if a

bin is not full, then a large string of operations may be divided

into two and the start times of these adjacent stríngs can be

separately reduced in succession without violatíng the capacity

restriction of this bin and making the schedule infeasible.

Similarly, if a job does not bypass a bin, then there is no need to

simultaneously reduce the start tímes of the adjacent strings of

operations for this job. Treatin$ them separately does not change

the fundamental nature of the schedule.
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2.3.4 The Sotution Procedure

The procedure for generatíng schedules for the situation

with half-open waitíng intervals is analogous to that for the

situation with closed intervals; except, of course, to produee

p.f.-schedules which are sern-i-actíve in nature' one has to replace

the notíon of single operations by "strings of operations". OÈher

than this alteration, the remaíning terninology and notation is

unchanged. The procedure, which ís again non-deterministic, ís:

Procedure S.4.2

Step O: Set u = {1 t...,n} ì

k. = machine on whích the first operation',
for job j is to be Processed;

a¡i =æ forall jeu;

s=0.

Step I: Determine a set Qs of strings of operations

for which -Onr, ,O, 
,, 

,. . . ,oi njl = 9, , where

P¡ kj

(i)

(íi) '...'0r([r) = zLq

where L, = goij,

(s=2 r. . . rg) andL gi

" 
- rl

[ = 9¡oj

SÈep 2: Restrict % to a set of seheduLabLe strings of

=l and

j€u, and

e (g) <z
Ls

p..
-J r

s
-I

(s=1r...rq-1), íf
s +,1

andes (ør, - zLr

operatíons, f¿s .

Step 3: Select a string

ff fþ=0,
f-o. ,. .. ,o.r lJ I

n
s

where

stop.

-l€
qi

Þ - i (s=Ir... rg-I); and set a¡ j = .o
^jis s*l -

where p.. = i. Calculate integers_Jtq

airj'121 = u,ri * di t!'"''^ro! = tro-ri + dlo-ri
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4L.

and I o, 
= 1 oj 

* u, 
n, 

such that

(i) for each g (s=1,...rQ), operation 9rj is

scheduled after all previously scheduled

operations on machine i, ,

(ii) the feasibility conditions (2.1.1I) to (2-L-L4)

are not violated;

(iii) a is as small as Possible-¡ rJ

Àdd the operations Q , t... rO, , to S and update
I tJ t qJ

U and K. Return to SteP I.

The strings of operations in Qs are chosen so that, if they were

scheduled next, all ful] bins would be bypassed. clearly, as for

the situation with closed intervals, â P.f.-schedule is available

after each iteration of the steps of the procedure and such schedules

are semi-active in nature. Furthet, b! choosing different sequences

of strings of operations from the set fh, .it is possible to obtain

t\"ro p.f .-sched.ules which contain the same operations, have the same

orderings of the jobs on the machines but which are actually

different semi-active schedules. As.for the case with closed waiting

intervals, this situation occurs when the different sequences of

stríngs of operations cause the bins to become fuII at different

stages. FinaJ-ly, fè is normally chosen to avoid duplication of

schedules,but not to eliminate schedules completely. As before,

whenever 0,S is empty, the proced,ure terminates and the existing

p.f.-schedule is termed narLmaL.

In one sense procedure s.4.2 is a single pass procedure since,

once a string of operations has been assigned a start time, this

time is permanent and cannot be changed when a later string is

scheduled" On the other ha¡d, the situation can occur 1^rhere a
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start time cannot be assigned to an operation in a string from

fh untÍI the start times of subsequent operations in its string

have had their start times determined. But, since the operations

in a string from f¿s are schedu]led. eonseeutioeLy, it would seem

that s.4.2 is, for all intents and purposes, a síngle-pass procedure.

If this dilemma is resolved as suggested, then s.4.2 would also

satisfy the conditions for a dispatchíng ptocedvre'

FínaIIy, without spelling out the details, procedure s.4.2

ca¡r be íncorporaÈed into a branch and bound procedure ín an analogous

way to s.4.1. The only difference being that,whenever the term

,'operation,' was used, it should now be replaced by "string of

operations". For actual implementation, the book-keeping involved

in dealing with strings of operations containing different numbers

of operations is fairly involved and is certainly much harder than

when only single operations have to be considered'

2.4 COI,IPART SONS WITTI THE USUAL JOB-SHOP PROCESS

Although many of the ideas and concepts involved in the

problems with capacitated storage bins are similar to those involved

in the usual job-shop process with bins of unlimited capacity' there

are a nrunber of differences which should be highlighted.

2.4.r Semi-Active Schedules

7 one of the major dífferences between the two processes l-s

associaÈed with the notion of semi-active schedules. Although the

basic idea that operations start as early as possible is common to

both circumstances, for the usual job-shop process it is only

possible to obtain one semi-active schedule per technologically

feasible ordering of the jobs on the machines. As has been seen
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already, this is no longer the case when storage bins are capacítated.

Furtherrwhen the waitíng íntervals are half-open' the definition of

semi-actíve schedule has to be changed to ínclude strings of

operatíons, a major alteration to the usual case.

2-4.2 Active Schedules

One feature of the usual job-shop process which has noÈ yet

been investigated in the context of the limited storage situation

is the possibility of restricting attention to aetipe schedules.

In the Iíterature the idea of an active schedule has been popular

since Gíffler and Thompson described it in t96o ([tI]). rn essence,

an active schedule is a feasible schedule for which it is impossible

to decrease the starting time of any individual operation without

producing an infeasible schedule or ínereasing the start time of

at least one other operation. Thusr' for active sched.ules, eÐeTA

operation starts as soon as it can and no machine is idle long

enough to process an available job not already processed by it. For

job-shop processes wíth unrestricted intermediate storage, at least

one optímal schedule is active. Thus, since the seÈ of active

schedules is clearly a subset of the semi-active schedules, then

the restriction to active schedules is certainly preferable.

Unfortunately, for the situation with restricted bin capacities,

it is no longer true that it is optimal for every operation to

commence at the eayLiest possible time as described above. This

follows since it is conceivable thatr by processing a job earlier on

a machine'it may have to waít in a bin for a longer time than it

did previously. This latter schedule may now no longer be feasible

as illustrated by the following example:
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Example 2.4.L

consider the schedules for the 3 job, 3 machine flowshop

process depicted in figure 2.4.L. Here, suppose the bin between

machines 1 and 2 has capacity 2 and the bin between machines 2

and 3 has capacity I and that the waiting intervals are closed.

Then, sched.ule (a) is feasible, buÈ not active' since machine 2 is

idle long enough to process job t before )ob 2. On the other hand'

schedule (b), which for the usual situation is the active sched,ule

obtained from (a) , is not feasible since the bin between machines

2 and 3 has two jobs interacting there concurïently, one more than

its capacity.

To see that active schedules are again not suitable when waiting

intervals are half-open, consid,er the above example again'but this

time use half-open waiting intervals and bin capaciÈies of I and 0

respecÈively.

MACI{INE
3

MACH I NE
2

MACI.I INE
I

f2'l frt --l

r7 r3Ti-l

1 32

fcl
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I
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( bt
Figure 2.4-1

A fact about actíve and semi-active schedules which is not

particularly clear from the literature is that the number of

possible different semi-active schedules is independent of the job

data and is dependent only on the number of technologically feasible

orderings. On the other hand, determining the number of different

actíve schedules is problem specific and reguires a complete

knowledge of the data. For example, in figure 2.4.L, if operation

Ozr had been of longer duration than Qtz, then schedule (a)

would not only be feasible but also "active".

2.4.3 Concluding Remarks

!{hen one is using a dispatching procedure to generate semi-

active schedules for the usual job-shop process with unLimited

intermediate storage, the start times of operatíons are determined

just by the operations previously scheduled on the same machine and

the scheduled operatíons for the same job. On the other hand'

procedures S.A.l and S.4.2 determine the start times of operations

by considering, if necessary, aLL previously scheduled operations.

1 32
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Ítrís explains why, for these procedures, it is possible to obtain

two different semí-active schedules where the orders in whích jobs

are processed by the machínes are the same-

The majority of the remaínder of this thesis is concerned with

specíal cases of the job-shop process in which the íntermediate

storage facilities are capacitated. In this chapter the general

model has been described and complications which arise in íts

solutíon have been discussed.

ì-/



47.

CHAPTER 3

FLCWSHOP PROBLEMS

3.1 INTRODUCTION

A flowshop process Ís a special case of the general job-shop

process descriJced in the previous chapter, where no\^t, the order

in which the components of a job are executed is the same for each

job. Further, it is assumed that there is a storage bin at the end

of each machine into whích each job goes when it is finished on

that machine; in other words, all jobs fo1low the same path through

the job-shop.

By the nature of the siËuation described here, it is conveníent

to index the machines so that each job visiÈs them in the order

Lr2r...rm. If, in addition, the bins are indexed to correspond to

their associated machines, then the P and G matrices have the

following special structures:

For each job j (j=Ir...,D) ,

p.- = k*I ;'Jk

and for each operation o, ¡ (i=lr... rllti j=Ir... rD) ,

%¡ = i .

These special structures enable a drastic simplification in the

general notation. Thus, the phrase,

"job j waits in bin I' during the interval

{b*¡ ,., j } where g*i - I' and P¡ ¡ = i"

can be replaced by the much simpler,

"job j waits in bin 1, during the interval

{br¡'t(.0*r) j }"'

where, as before, the braces indicate the alternative choices for
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the nature of the intervals. This simpler notation is used

throughout the chapter. Further, since each job is finished after

being processed by machinê IIlr the bin at the end of this machine

is essentíally the dummy location q+| into which alt completed

jobs go; it therefore has unlimited capacity-

In this chapter the situations,with closed waiting intervals

and half-open waiting intervals are both considered. Actual

scheduling algorithms are presenÈed which can be incorporated into

an implicit enumeration scheme to determine optimal schedules.

Fínallyrr for each situation, computational results are reported

so that there is some indication of the size of the problems which

can be solved in a reasonable amount of time.

3.2 ADDITIONAI TERMINOLOGY AND PRELIMINARY RESULTS

FirsE the following terminology is reguired:

I. A p?ocessing position matríæ PP = (nq, ) is an mxn maÈrix

for which the entry pB ¡ specifies where operation Or ¡ is

placed in the sequence of jobs processed by machine i; that

is, pp¡ ¡ = lç implies that j is the kth job to be

processed on machine i. (3.2'1)

clearly, since it is assumed that each job is processed by each

machine exactly once, then each row of PP is a permutation of the

job indices L,2, .. . ,n.

2. t feasíble proeessing positíon mattiæ is a processing

position matrix which reflects the processing orders on

machines for a complete feasible sched,ule, (3.2'2)

Example 3.2.I

To illustrate these definitions, consider the schedule shown

in figure 3.2:L. Here, the corresponding processing position
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matrix is

1 32
PP= ,

3L2

where, for example, PP2z = 1 implies that )ob 2 is the finst one

processed by machine 2. Further, if ttre schedule shown in figure

3.2.L is a complete feasible scheduie, then PP is a feasibLe

processing position matrix.

MACH I NE
2

MACHI NE

I

Figure 3.2.I

Although they will only be used in the context of a flowshop

situation, the above definitions could clearly be applied to the

general model as welI.

consider any feasible schedule for the flowshop process. For

jobs which do not bypass a particular bin, the order in which they

enter this bin reflects eæAetLA the relative order in whích they

hrere processed by the previous machine. Similarly. the order in

which they leave the bin is reflected by the order in which they

are processed by the next machine. Whence, with either definition

21 3
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(2.2.2') or (2.3.4) of a semi-active schedule, it is impossible Èo

get more than one semi-active schedule corresponding to the same

ordering of the jobs on the machines. Thus, corresponding to each

feasible processing position matrix is a unique semi-active

schedule and si¡¡ce there is clearly a unique processing position

matrix for each semi-active schedule, this correspondence is mutual.

The first of two main results to be established in this

section is:

THEOREM 3.2.L2 For the fLoushop p?oeess, a proeessíng posítion

maT?Læ PP

i=7t...rfr),

is feasibLe if m.d onLy if for each i'i (i=7,...,m-li

P4¡ DD +o(Z--(r+rrJ ¡
(3. 2. 3)I

where

p= f
lo

if waiting intervals are closed;

if waiting intervals are half-open.

To underline the basic id,eas needed to prove this theorem

and to motivaÈe the necessary preliminary results, consider the

following outline:
)r

OUTLINE

(only if): It is readily seen that if (3.2.3) does not hold

for some i and j then PP is not feasible-

(if) : First a procedure is presented which generates a

schedul-e from PP in such a way that, wherever

possible, jobs do not stop in the bins; that is'

if possible, both endpoints of each waiting interval

are the same. This schedule satisfies all the

' feasibility conditions except perhaps (2.L.1-4) (or

(2.2.I) when the waiting intervals are closed) '
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which requires the nruiber of waiting intervals

concurrently interacting at a bin to be no more

than the capacity of the bin. Next, it is shown

that if j is a job which does not stop in bin

g, (i.e. o' equars 
"(.Q,*rr,),thenthenr:mber

of ìnteracting waiting intervals for bin 9. at

the instant Og, at which job j goes from

machine 9. to machine .C+1 is:

PP1,¡ -PP1g+r)j +p.

Finally, the number of waiting intervals ínteracting

concurrently at a bin is shown to be a maximum at

one of the times when a job does not stoP there.

Therefore, if (3.2.3) is satisfied for each i and

j (i=t, "',rl-Ii j=I, "'rn) , the schedule produced

by the procedure is feasíble, since condition (2.L.L4)

(.or (2.2.L)) is then satisfied.

A result which is required later and which may not be altogether

obvious is that, for a flowshop process, it is ALUays possible to

obtain a schedule so that for each bin !, (9-=Lr -..,m-l) , êt least

one job can go from machine l, to machine 1,+1 without stopping.

For example, take the job i, say, which is processed Last by

machine f,. By delaying, if necessary, the start tíme of operation

Ol,j, it is clearÌy possible to make bg¡ equal a(g,+t)i , as

required.

It is nohr necessary to present a procedure which produces a

rrnique linear ordering O, sâYr from a given processing position

matrix, pp. Describing an operation as being aUaíLable if all

its predecessor operations for the same machine (as determined from
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PP) and for the same job have already been íncluded in o, the

basic idea of the procedure is to successivety add to O the

avaitable operation which corresPonds to the machine with the

híghest index; thaÈ is, if O, ,r-, and Or rr, are available

operations and ir > iz, then q , i" added to o before
r lJ t

q Formally,t2tz

PROCEDURE LO

Step 0 (Initialízation): Set a, - I (i=Ir... rm) i

Q= {o,, li=r,...,Inij=l,...,n}
k=0i

í=1.

Step I: Find j such that P4; = t,

step 2: rf i = I or o(,-rr, Ç O, so to step 3.

Otherwise,

Step 3: k: = k*lr

If i(mr

Otherwise,

Example 3.2.2

i: = i-1. Go to Step l.

Go to SteP I.

go to Step l. Else StoP.

t.:=t+It
¡l

i: = i+1.

if t <n
m

Õ
k

o, j, 0t = f¿-{q, }

Recall that the processing position matrix corresponding to

the schedule in figure 3.2.1 is,

tI 23r
PP= I I

\3L2/

Applying procedure LO to this matrix produces the linear ordering,

O = 0¡tr0¡z rO2zr0ter0zgr03r

Bearing in mind the basic philosophy behind the procedure, one can

more readily obtain this seguence just by inspection of the schedule

in figure 3.2.I; that is, initially only orr is available and so

'ot = Otr. Next, only Orz is available and therefore a2 = Or2

Now Ozz and o: s are both available and choosing the machine
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with the highest index gives 6g = ozz ' For each of the remaining

three stages only a single operation is available and accordingly,

orr = Ol3r 05 = O23 and os.= Ozl .

A property of the linear ordering g produced by procedure

LO is:

PI : Fon job i, üto sueeessioe ope?ations 0.; ord 0(,*,)j

ate aÅ,iaeent in Õ if arú only if there erLsts no iob i'

sueh that

PP¡¡r t pq. and PP(i+r)j, t PP(i+r)j

Proof

Suppose at iteration k of LO, o* is set to O, j . If

ok*, = o1r+r¡¡ , then for any j' such that pPli+r¡¡, 
'PP(i+r)i ,

it must follow that pP¡ ¡, < PB ¡ , since otherwise o¡ j, would

not be in the first k+I places of O whilst its predecessor

O1i+r¡¡, would. This contradicts Step 2 of the procedure.

Conversely, if there is a j' such that PPr ¡, 
t pq, and

ppli+r¡¡, t nP(i+t)i ' then at iteration k+I' since O,¡' has

not been added to o, then neither has o(i+r)j, (step 2 again).

!ùhence, at iteration k+I, a, *, ( j' and therefore t, *, < )¡

that is, ok*r lo(i+l)j

End of Proof.

of

Suppose starting times a(O*) are assigned to the elements

o using the rule:

: a(or) = r(or)

max(r(o*), a(on- t )+d(ok- r )), if o* is an

initial operation for some job;

a(or_ l )+d(ok- I ), otherr,t¡ise ;

RI

a(ou )
I
ì.
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where r(O*) is the earliest possible start time of an initial

operation O* and d(Ot ) represents the duration of operation

oi. Then, the schedule thus obtained clearly satisfies the

requirements that the components of each job are processed in the

prescríbed order and also Èhat no two jobs are being processed by

the same machine concurrently (i.e. feasibitity conditions (2.1.11)-

(2.L.r3) ) .

Henceforth, it is convenient to describe a schedule obtained

from a processing position matríx using procedure LO and rule

Rt as a LORI schedule. Due to the fact that Rl causes at most

one machine to be operating at any instant, for a LORL schedule,

the only waiting intervals which interact are those which overlap'

This holds since the critical value ô is assumed to be at most

unity. Further, it should be noted that LORI schedules are in

general not semi-acÈive.

À preliminary result which follows as a direct consequence of

Pl and the fact that Rl forces every operation to start as soon

as the preceding operaÈion in O finishes or as soon as its release

time allows, is:

Lemma 3.2.L2 Eor a, LORJ seheduLe, a iob i stops and uaits in

bin i
that

G'e' br, 'o(r+Ði) if and onLy if there is a j' sueh

PP¡:,>P4¡ and PPli+1)j'< PP(i*r)j

Thus, procedure Lo together with rule RI provides a method of

generating schedules with the desired features mentioned in the

outline.

Prior to giving the next preliminary result, it is notationaÌIy

convenient to make the following definition:
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Ng(t) = the nudber of waiting intervals interacting

(or equivalently, overlapping) in bin I' at

time t' ('3'2'4)

Clearly, it is only necessary to look at N[(t) for times at which

jobs finish or commence being processed by a machine aajacent to !'.

Further, recalling that the waiting. interval {bt¡ ,"(S+t)j } is to

be represented by [b¿¡ ,"(1,*r)¡ ) when half-oPen intervals are used,

NC(t) is a maximum at a time b.n¡ at which some job j finishes

being processed by machine .C. This does not necessarily assume

that job j cannot bypass bin 9'.

The next result is:

l,eÍuna 3.2.22 Eor a LORT scheduLe, if iob i dpes not stop at

bin í, then

N.(b..)t rJ Pqj-PP(¡+r)j+P

Proof

Firstty, pq¡ -ppti+r)j Þ O, since otherwise there would be

a job j' which is processed by machine i after j and by

machine i+l before j. If this occurred,then job j would

obviously have to stop and wait in bin i.

Now, since job j does not stop in bin i, then exactly

pP¡¡-Pp(i+r)i(>o)jobs,whichareprocessedonmachinei

before job ), are processed on machine i+I after job j. Thus,

at time b,j , there are exactly ppi¡ - ppti+t)j other iobs

waiting in bin i. If the waiting intervals are closed, then at

time bi j , job j is also considered to be in bin i. Otherwise,

with half-open intervals, job j actually bypasses bin í. lrlhence,

the number of waiting intervals interacting at bin i at time b, j

is pR¡ - pp(i+r)j + P

End of Proof.
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A further necessary result j-s:

Leruna 3.2.32 Fot, a LORJ. seheduLe, if thene is a i ' sueh that

PP1¡, >PPi¡ øtd PPli+r)i, <PPri+r)j

Proof

then Ni (bij ) < N' (bi i, ).

For any job i such that Pqî < P4¡ and PP(i*r)î . nli+r)j,

O(¡*r)î appears in o before Orj . Therefore, from RL, 3 i=

not waíl-l-ng in bin i when Oi j finishes, i.e. at time \¡.

Thus, any job waiÈing at bin i aÈ time 
"r; 

must be processed

by machÍne i+I after job j' and therefore is stilt waiting in

bin i atti¡ne \¡,. l,Ihence \(b,j)<\(bij,), asrequired-

End of Proof.

A result which unifies the previous three lemmas and enables

a straightforward proof of Theorem 3.2.1 to be presented is:

Leruna 3.2.42 For a L0R1 seheduLe

5

max
t>o

N. (t) = *:*(rq, -nf,i+r¡¡ )+P
J

(i=Ir...,m-1)

suppose pp¡¡x- ppli+r) jx = 
T"(nq, 

-nn,i+r) j ). Then,

(i) o, 
¡ " 

and o1i *r¡¡ * are adjacent in o' rf this were not

the case then from Pl there is a j' such that PPi ¡, > PPi ¡"
and ppli*r¡¡, a np(i+r¡¡x. But this would mean that

PB¡, - PPti+r)j, is strictry Larger linan pP¡¡" - pp(¡+r)jx '
a contradiction, Thus, job j* does not stop at bin i and

therefore from lemma 3.2.2,

\ (bt jx) = PB j" - PP(i+r) jx + 9.

Proof

(ii) From lemma 3.2.3, Ni (t) is maximized at a time

for job j there ís no j' such that PPi.i , > Ppi 
¡

ppli+r¡¡, 
'nn,i+r)j ' Thus, from Lenma 3'2'L' job j

stop at bin i and so, using Lelilna 3.2.2 again,

b. , wherett

and

does not
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But, by definition, Ppr¡ - pp(i+r)j + p<ppi¡r - pp(i+r)jx + I

and therefore combining Èhe above resulÈs gives'

l3i*t 
(t) <PP¡¡" - pp(i+r)ix + I = N, (b,j,,) <lli *t tt'

Clearly, equality must hold throughout and the result follows.

End of Proof.

Proof of Theorem 3.2.1

(only if) Suppose there is a job j such that for some i,

P4¡ -PPti+r)j +9>Zi '

and consider any schedule corresPonding to PP which satisfies

(2.I.11) to (2.1.13). Now, of the pp¡ ¡ - I jobs processed on

machine i before job i, at leasÈ p4¡ - PPti+t)j are processed

on machine i+l after j. Therefore, if ppl¡ - pp(i+l)j 
'Z, 

r L

at least Z, + 1 - I jobs wait in bin i from before job j

starts being processed on machine i until after it finishes on

machine i+I.

If g = o, then condition (2.L.I4) is clearly violated. Also'

if g = I then the waiting intervals are closed and job j itself

is considered to occupy bin i concurrently with the other jobs

and so, the feasibility condition (2.2.L) is violated. Either way'

max
t>o

PP is not feasible.

(if): From Lemna 3.2

proPerty that

max N (t)
t>0

max
t>o

N. (t) = pqj - pp(i+r)j +p

4, a LORI schedule obtained from PP has the

= *3*(tq, -nra, *r)j )

J

Thus, if pp¡ j - ppt¡+l)j + p( z, (i=1,...,r1-I; j=l ,..-,rl), then

for this LORI schedule

+p.

Ni (t) < z. (i=I,... 
'm-1)
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!ùhence, this LOR] schedule is feasible and so, since a feasible

schedule could be obtained from PP, ít too is feasible.

End of Proof.

An observation associated with this result is that the existence

of feasible (and therefore semi-active) schedules is independent of

the job data. Given a processing position matrix and the capacities

of the bins, one can decide whether there will be a corresponding

feasible schedule by just checking whether or not condition (3.2.3)

in Theorem 3.2.1 is satisfied for each i and j (i=t,..r,m-I;

j=l ,...rn).

To enable fairly simple expressions to be used in the next main

result, iÈ is helpful to assume that Z, ( n (i=1,...,m)' This

causes no loss of generality since Z, equalling n essentially

provides unlimited capacity to bin i.

THEoREM 3.2.22 For a floushop pYoeess, the nunbev' of dt'fferent

feasíble process¿ng position ma,trLces ís,
nì- I

n
I =0

where, as before,

p=

(2. +t-9¡ ! (2. +1-p)
¡- (Zi +r: p)

if waiting intervals are closed;

if waiting intervals are half-open.

(3.2.5)

f
l.o

Proof

Given any ordering of Èhe n jobs on machine i (< m), Iet

N, represent the number of different ways Èhat the jobs can be

processed by machine i+l so that pqj-pp(i+t)j +9> Zi for some i¡

that is, so that the corresponding processing position matrix ís not

feasible. Novr, if
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ûlk = the nunber of different ways that the jobs can be ordered

on machine i+l so that the kth job to,be processed by

this machine is tlne fírst one for which pq j -pP(¡+r) j *p) z, t

then,

p&¡ (n, then ppi¡ -k+P(z¡ whenever

and so

\=It*k=l

Further sance,

k)n+p-\,

Whence,

0k = 0, (k = n + P - Zi r...rn)

N.
I

nI g- zi- |
I 0L

,-k= I

To obÈain ot (k=1, .. - r\+p-z¡ -1) , consider aLL i'}:.e possibilities

for the ordering of the jobs on machine i+l so that a job j in

any of the first k-I posiÈions satisfies ppij -pp(i+1)j +p ( z.

and so that the job in the kth position satísfies pq j -k+p u Z,

Thus, the first position of machine i+l's ordering can be allocated

to any of the flrst Z, + I - g jobs processed by machine i.

(i.e. pq j -1+p < z. if.f pp¡ ¡ < z. +1-p) - Next, the second, position

can be allocated to any of the first Z, + 2 - I jobs processed

by machine i n-rí,nus the job already allocated to the first position

of machine i+I's ordering. Similarly, for h < k , the hth job

to be processed by machine i+I can be any of the first Z. +}j¡-p

jobs processed by machine i minus the h-I jobs already allocated

to machine i+1. In each case, the number of different jobs available

for each of the first k-I positions of machine i+I's ordering

is z. +l--p

Next, the kth position of the ordering on machine i+I can

be allocated to any of the last n+p-L. -k jobs processed by machine
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i (i.e. p4 . -k+p > z. iff p4 ¡ > zi +k-p) ; and finally' posltions

k+L, k+2, ...t rr of the ordering on machine i+l can be filled

in any order by the n-k jobs not already allocated a position.

Thus,

0t (2, +t-p¡k't'çn*p-zr-k) (n-k) !

and so,
ît P:

ii'| (2. +r-p)*'' (r,*p-ri -k) (n-r) tN,
k=l

n+p-

k=l

¡+ p- Zi- t
= n! - (2. +f-p¡ (zr +1-p) !

î+p; zi- |
t {2, +t-p¡k' I [n+r-k - (rr+l-p) ] (n-L) t

k=l

lt' 
t 

,rr+t-p)*- t (r,- (k-r) ) ! T (2. +t-p¡
¡

(n-k) !
¡1 9= 2i' l

k

(3.2.6)

tk

t

i.e. all the terms in the two summations cancel except for the first

term (k=1) of the first summation and the last term (ft=n+p-z. -1)

of the second. summaÈion.

The value of N, is independent of the aetuaL orderÍng of the

jobs on machine i. Thus for eaeh ordering of the jobs on machine

i there are tt!-\ different ways of processing the jobs on

machine i+I sothat pp¡.¡ -pp(¡+r)j +p(2, (j=1,..-,n). But,

only t!-\-, of the possíble orderings of the jobs on machine í

satisfy pp(,-t)j-pqi*g ( Z,_, (j=1,...'n)- Therefore, for each

ordering of the jobs on machine i-1, there are (n!-tl -, ) (t!-\ )

different ways of processing the jobs on machine L And then on

machine i+I so that

PP(r-r)j -Pqj *P*'r-,
( j=Ir... rn) .

and PP¡¡ -PPti+r)j +P(2.

Similarly, an inductive argument gives that, for each ordering of
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frÞ1

the jobs on machine L, there are II .(n!-u, ) different ways of
t =l

processing the jobs on machines 2r3r...rm so that

P4¡ - Pp(r*r¡¡ <2, (i=1,"',m-1; j=I""'rr)' But' every ordering

of the jobs on machine I is possiJcle and therefore, the number of

different processing position matrices is,

ÍÞl
n! II

I =l
(n!-N. ) ;I

I-e
n>l

n! II
| --l

n- (Zl + t- P)(2. +r-p¡ (zr +1-p) ! (from (3.2.6) )

Now, since Zo = rl r then

(zo+1-p) n- (Zs+ r- r) {ro*1_p¡ t

= (n+l-p)P'1 (n+1-p) t

rnon! , if g=1
_l- 

$-t"*t" ' ir 9=0

=n!

Thus, the nr:mber of different processing position matrÍces is,

n- (z¡+t- p)
(zr +I-p) I , as required.

End of Proof.

The following corollary is a direct consequence of the already

established one-to-one correspondence between semi-active schedules

and feasible processing position matrices.

COROLLARY 3.2.12 The nwnber of dífferent' semi-aetiue seheduLes 1ts

nÈI
n (2. +t-p¡"'(zi+t' o' ,rr+r-p) !

i=o

For the usual flowshop procêsS¡ the nunrber of different semi-

active schedules is (nt)-. The introduction of the additional

feasibitity constraint (2.I.lÀ4) (or (2.2.L)) has reduced this

m-l
II (2, +t-p¡

l=o

nrl
number to II

l =0

(2. +r-p) n' (zi+t' P) (2. +r-p) t
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Example 3.2.3

As an illustration of the magnitude of this reduction,

consider a situation with closed storage intervals (i.e. I = 1)

where 6 jobs are to be scheduled on 3 machines with 27=12-)

and Zo = 6 . For this examPle'

1n!)-=3.7xIoB

and
m-I
Tl (z.+r-p)n'(zi+r'p) (2. +r-p¡ ! = 7.4 x ros ì

i =o 
I

this latter value being about l/sOoth of the former.
n>I

though, even the value II (2. +L-p)¡'(zi+t'p) (zr +1-p) !

In general

is too
i =o

large to r^rarrant a solution process which involves direct enumeration

of all semi-active schedules.

3.3 CLOSED VTAITING INTERVALS

As described earlier, this situation requires every job to

physically pass through eüerA bin on its path through the flowshop.

JÞb j is considered to wait in bin i during the closed interval

[b,¡ ,"ti+r)j ] and is considered as being processed by machine i

duríng the open time interval (1 ¡ 'b, ¡ ).

3.3.1 The Solution Procedure

The procedure for generating semi-active schedules takes the

basic structure of procedure S.A.l presented in the previous

chaptgr. As mentioned there, the procedure is tailored to the

particular siÈuaÈion of interest by specifying exactly how the set

of schedulable operations is determined. To avoid any confusion,

a procedure tailored to the flowshop process will now be presented'

As stated in the previous chapter, this procedure is a non-

deterministic, dispatching algorithm. It has the property that
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eÐerA maximal schedule Ls a eontpLete semí-active schedule. When

applying this procedure, the value of ô is assumed to be prescriJced

so that feasibility condition (2.2-Ll can be checked'

Proced,ure S.A.1.F

StepO: Set u= {1,...,n} ì

f = {Ir. .. ,I} ì

a.. = @ Vj e U ;
t,

s=0.
Step I : Determine a set Qs of operations, where

o* e gs if (i)

and (ii)

j€u

os(kj ) . r*,

min h). rf
or'.0 eQs

and set "1i*r¡¡

¡l

Step 2 t 0, {o,, e es li = CI - ó, stop.
S'

Step 3 Select Orj a CI.

Calculate integers 
", j 

and b, ¡ = 
"r i 

*d, j such that,

(i) operation Oi j is scheduled after any previously

scheduled operations on machine i;

(ii¡ none of the feasibility condiÈions are violated;

(íii) 
", j 

is as small as Possible.

Step 4 : Add O, ¡ to S and uPdate U and K.

Return to SteP l.

verbally, ns contains those operations in Qs which correspond

to the machine with the lowest index.

Example 3.3.1

Às an illustration of how the procedure operates, consider

an example with 3 jobs and 3 machines for the data indicated in

Tabte 3.3.I. In this example, ô is chosen as unity so that aII

values are integer. AII steps of the procedure are summarized in

=o.



Ta.ble 3.3.2 which should be self-explanatory; the complete semi-

active schedule thus obtained is represented by the Gantt chart in

figure 3.3.1. It should be stressed that the choice made in column

four of Table 3.3.2 is completely arbiÈrary and if the procedure

is repeated sufficiently often so that all possible combinations

of choices are made, then 24 (= 
*IIt 

zrlzrn'''-,since I = 1) differenÈ
i=0

semi-active schedules can be obtained. This compares very favourably

with the 2l:6 (= (nl)t) semi-active schedules which can be produced

if there are no capacity restrictions on the bins.

t
d, u'
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ZO=23=3î Zt=2, Z2=I

jr, d

2

4

3

0

2

4

I
2

3

3

4

2

4

5

4

MACHINE
3

MACHINE
2

MACHINE
1

rable 3.3.I: Data for example 3-3.1.

ffif-tl

812
Fiqure 3.3. t

l6 20

Possibly a better way of representing the schedule l_n

figure 3.3.1 is to use the space-time d.iagram shown in figure

3.3.2. For this representation, each job is portrayed- as a

continuous line; the sloped segiments represent the time when iÈ

is being processed by a machine and the horizontal segments

40 24

2 31

321
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CHOICE
o.. (a.. ,b.. )l, lJ l,

COMMENT

0

{orr}

{orr,orz}

{OrtrOtzrOzz}

{Ott,Otz,Ozz,Ot¡}

{O t t, O rz rOzz rO I g rO sz}

{O t t, O tz rO zz tO t 3 rO s z rOzt}

{o r t , o tz ,ozzr o I 3 , ogz rozt , O g r}

{O r r, Otz rOzz rO tg rO sz,O2t rO3 l rOz ¡}

{Or t, O tz rOzzrOt 3, O zz rOzt rOg t rOz ¡ rOs s}

{OrrrOrz,Ors}

{Ozr,OrzrOra}

{ozt rozz}

{osz,ore}

{o¡z}

{oz r,oz s}

{og r}

{oz s}

{o¡s}

0

{OrrrOrz,0r¡}

{orz,or¡}

{ozt,ozz1.

{org}

{oez}

{oz r ,oz g}

{o¡ r}

{ozs}

{ogs}

0

(o,2)

(2,6) oz r$0,

(6,10) 0 r

(6,9) 0,

orr

orz

ozz

ors

osz

ozr

ogr

ozs

'*%

as 2l min h.
ong €Qs

as 0, (L)=)=Zr.

0,

(2)=¡=2r; 3l min
or,[eQs

(2) =l=7r.

0s (2) =I=22

To satisfy (2.2.1) bzs2ag¡+ô=I6.

STOP

h

03 s (19'

(r0,15)

(10, r3)

(15, r9)

(14,16)

23)

Table 3.3.2: A Summary of the Computational Steps.

oì
('l
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correspond to the time it waits in a bin. The advantage of

this representation is that the nr:¡nber of waiting intervals

interacting at a bin at any time is immediately obvious from the

diagram.

BIN 3

MACHINE 3

BIN 2

MACHINE 2

BIN I

MACHINE 1

BIN fl

312

3

I40 2112 f6 20

Fígure 3.3.2

3.3.2 Justification for Procedure S.A-I.F

A series of lemmas are no\¡r presented which culminate in a

result which essentially justifies that procedure s.A.l.F can be

used to generate every complete semi-active schedule exactly once.

Lemma 3.3.I z llheneüer procedl,tre 5.A.1-.8 termLnates, a, eotÍpLete

semi-aetiue scheduLe has been constz'ucted.

Proof

since maximal schedules are semi-active in nature anlnvay, it

is only necessary to' show that, if U I þ, then the set %

constructed in SÈep I is non-empty too.

so, suppose j e u and let \ - i. Then either es (i) <

in which case o,i a Q. , or else 0s(i) = Z, - But, since ,L

2.,
I

>0



for all L, then 0,

= i+I; so again,

0s (i+t) = zi *,

kj

67.

(i) = z, means that there is a ir c u with

either 0, (i+1) . ,r*, *d 01, *rll, e % or

. Continue this argument until a j, is found

is in % . j, must exist since 0, (m) 1 tr = Z^-

I
else

such that 01 i +r¡ ¡ ,
End of Proof.

Lemna 3.3.22 If St is the p.f .-seheduLe obtained from

seheduLing an ope?ation ín Q, , then the síze of 0.,

f nr,l) íe independent of the ehoice of opez'ation from

sbv
ft.e.

CI
s

Proof

since all operations in CI, are executed on the same machine

(i say), schedulinS drLA one of them has the same effect on the

occupancies of the storage locations; that is,

0s , (i) = 0s (i) +1

es , (i-1) = 0, (i-t) -t (3' 3' 1)

es,(k) = 0r(k) k I i-f i

But, for j€U, operation O*r, e%, i'ff es,(kj}Zxi (StepI

of Procedure S.A.1.F). Therefore, since 0s, (1,) is independent

of the actuaL operation sched.uled at the previous stage (see (3.3.I)),

so too is the nrunber of operations in QS, corresponding to each

machine. lfhence l0r,l is independent of the operation chosen from

f¿s r ês required.

End of Proof.

The preceding two lemmas provide some theory nåeaea in the

proof of the following result.

THEoREM 3.3.1, The nwtber of different eonrpLete semi-actiue scheduLes
m-l

uhich cøt be produced. by S.A.L.F ís II z.n'zi z. !

t =O



68.

Proof

Let N
k
t b. Etre nwbe.r of choices for the operation to be

scheduled at that stage of the procedure when the (k+1)ú operation

is to be scheduled on machine i. Then¡ from lemma 3.3.2, this

number is independ.ent of aII previous scheduling decisions and is

in fact determined by n, Zr-, and k. Due to this independence

of the scheduling d.ecisions, the number of complete semi-active

schedules which can be produced by S.A.1.F is

iI
k=O

N*
nm

I
=l

,

where from lemma 3.3.1, **t / o (i=lr...rmi k=or...rn-l).

Moreover, each such complete schedule ís different, since aE

any stage the seÈ 0, contains only operations corresponding to

the same machine. Thus, whenever there is a choice between two or

nrore operaÈions in 0* , the schedules which result will have these

operatíons executed in different orders and will therefore be

different schedules.

NoI¡i¡, suppose S is the p.f .-schedule available at some stage

of the procedure and let the operations in CI, correspond Èo

machine i. Then, since at most zr-, jobs can be waiting in bin

i-I to be scheduled on machine i and since procedure S.A.I.F

only enables operations to be scheduled on machine i when preceding

bins are fully occupied or aII operations have been scheduled on

earlier machines,

t'

¡4
1

, if zr-, ) n -

otherwise,

MI

lCIrl

where 14 is the number of operations already scheduled on machine i
I

Thus,



69

i
N oi-l tNIN

o zi-t
I

Zr- r-L , Nn+2- Zi- r
Zr-r-2 ,..., i

N -1-Lt

n-

i
N

(r, - ,)n' 
zi' I tz. - ,) t

ni l- z n-

and so

m

n
=l

N*

t-l

m

l
| =I

n¡ I
ÏI

k=O

frÞ I
II (2.)

I

¡- Z."- -i 7. ! as required.
t

t =O

End of Proof.

Now from corollary 3.2.L, f,or a flowshop process in which

waiting intervals are closed, the number of different semi-active
rr> 1

schedules is also II (2.)"'" r. I . Therefore' Theorem 3'3't
i=o 

I I

justifies that, with appropriate "book-keepin9", s.A.I.F can be

used to generate e2errtJ complete semi-active schedule eæAetL, once'

In practice, the "appropriate book-keeping" takes the form

of converting the procedure into a backtracking procedure as

described in the previous chapter. Further, as for the general case'

S.A.I.F can be made into a branch and bound procedure by aliowing

backtracking to occur and by discardinS p.f.-schedules with lower

bounds greater than Èhe value of the current incumbent. One change

Èo the general scheme is that it ís no longer efficacious to generate

a quick Ínitial schedule using a heuristic procedure. This follows

since every maximal schedule produced, by S.A.l.F is a eontpLete semi-

active schedule and thereforeran initial schedule is obtainable

uithout backtracking. If the descendant schedule retained at each

stage is chosen judiciously. then the initial schedule should

hopefully be close to optimal anlnvay.

3. 3. 3 Computational Results

A summary of some results obtained using the obove bra¡ch and

bound procedure progranmed in Fortran on a cyber 173 is presented
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in Tables 3.3.3 , 3.3.4 and 3-3-5 for the criteria Xc. , Itjtj

a¡rd 
"** 

respectively. For each combination of n and m, bin

capacities were assigned values between I and 3 inclusive, with an

emphasis on capacities of 2. All other data was determined by

randomly generating values from prescribed íntervals. For most

of the results; the release times came from the interval [0,50],

the duraÈions came from [t,25] and weights came from [1,9] - Further,

computer runs were terminated if an optinal solution was not confirmed

wíthin 4095 seconds of central Processor time, a specification of

T7777.

The tables have been designed to highl-ight some of the more

important features of the results. The difference between the time

reguired to complete a problem and the time to achieve the final

schedule is due to the fact that a schedule is not known to be

optimal until all further possibilities for better schedules have

been exhausted. lrlhen problems were completed within 4095 seconds,

the finat schedule is in fact the optimal schedule. To indicate

the effectiveness of the solution procedures the guantity,

(
rn]-tial Value - Final Value x 100?

tnitial Value

has been used as a measure of the relative percentage difference

between the initial and final values of the criteria.

!{hen more than one problem was solved for a particular

configuration of jobs and machines, minimum, average and maximum

values have been used in the tables to indicate the spread which

can occur. when any of the probl.ems was not compteted in 4095

seconds, the average value of compleÈion time has been determined

using times of 4095 seconds for non-terminating problems. ff, for

a particular configuration, no ptoblems terminated within 4095 seconds'
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the single entry,

> 4095

appears in the "Time to completion" column. Fínally, the number

of non-terminating problems is indicaÈed in brackets next to the

number of problems attempted.

From Tab1es 3.3.3, 3.3.4 and 3.3.5, it is evident that' as

expected, a smaÌl increase in problem size results in a dramatic

increase in computing tíme. This increase is more pronounced for

an increase in the number of jobs rather than the number of sections.

For instance, for all tables, problems with 5 jobs and 7 machines

consistently require more time to solve than problems with 4 jobs

and 10 machines, even though the latter problems involve the

scheduling of more operations. This phenomenon can be explained

by realizing that the number of possible confticts between jobs

increases linearly with the number of machines but exponentially with

the number of jobs.

A feature of the tables is that for aII the criteria, the

problems are, in general, completed shortly after the final (usually

optimal) schedule is achieved. This is not a usual occurrence with

branch and bor¡nd procedures, where the optíma1 schedule is normally

found long before the procedure terminates. One can only presume

that the simplicity and specialized structure of a flowshop process

has resulted in this unusual situation, A related feature of the

tables is that, within a short period of time, a moderately large

number of schedules is produced. Conseguently, a reasonable heuristic

for solving flowshop problems would be to terminate the branch and

bound procedure after a prescribed time and to use the last generated

schedule as the solution.



NUMBER OF

PROBLEMS

TI¡,IE TO

COMPLETION (SECS)

(i) o.247

(ii) 2.34L
(iii) 14.614

0.063

L.499

9.470

0. 187

24.650

L79.O78

o.694

L9.64L

171. 333

51.823

L253.764

> 4095

> 4095

TIME TO FINAL
SCHEDULE (SECS)

0.037

2.O27

t4.320

0. 0r9

0.850

4.l52

0. 148

22.829

168.690

0. 081

L6.7 42

L57.922

0. 099

398.976

L720.O73

2L47.O94

NT'MBER OF
SCHEDTILES

I
5.3

16

t
5. 15

I3

3

10. I
20

2

I0. 35

24

I
8.4

13

INITIAL VAIIJE-FINAL VALI'E
INITIAL VALT]E

o

5.3

20.2

0

6.5

15. I

4.5

9.4

17. 0

0.7

7.9

16. 3

0

3.9

7.O

I00r
PROBLEM SIZE

4 jobs, I0 machines 10

5 jobs, 5 machines 20

5 jobs, 7 machínes t0

5 jobs, I0 machines 20

7 jobs, IO machines 5(1)

IO jobs, 5 machines 1(I)
{
t\)

Tab1e 3.3.3: Results for X", criterion-
(i) Minimum value

(ii) Average value
(iií) Maximum value

32 7.8



PROBLEM SIZE

4 jobs, I0 machines IO

5 jobs, 5 machines 20

5 jobs, 7 machines l0

TIME TO

COMPLETION (SECS)

o.278

3.789

L3.442

o.225

1.303

5.746

0.4s9

9. I30

46.O72

TIME TO FINAL
SCHEDULE (SECS)

0.039

2.880

9.356

0. 019

0.697

3 .580

0. 213

3.L25

7 .A54

NU¡4BER OF

PROBLEI4S

NUMBER OF

SCHEDULES

I
6.6

L9

I
7. 35

t8

4

r0 .4

33

(
INITIAL VALI'E-FINAL VAL

INTTIAL VATI'E

0

6.7

19. 3

0

9.3

25.3

L.4

9.3

28.L

I00r

7 jobs, 5 machines 20

7 jobs, 10 machines +z(1)

4.51r

204.676

L487.r6L

1777.005

> 4095

o.723

llt. 790

500. 360

o.273

1604.108

6

24.L5

50

7L

3

6.4

14.0

26.2

0.5

2L.3

\¡
UJ

Table 3.3.4: Results for X", ", criterion.
*Arr.r.g" values are meaningless.



PROBLEM SIZE

4 jobs, I0 machines IO

5 jobs, 3 machines

5 jobs, 5 machines 20

5 jobs, 7 machines 10

+
10 jobs, 4 machines 2(2)

TI¡48 TO

COMPLETION (SECS)

0.581

155.656

1409.463

o.426

5. 539

19.089

o.2r4
53.068

47L.LI2

8. r80

445.942

2156.496

TIME TO FINAL
SCHEDULE (SECS)

0.060

28.643

2L2-t64

o.324

3.827

13.648

o.o27

28.207

328.743

0.073

195.230

L046.222

NUMBER OF

PROBLEMS

NUMBER OF

SCHEDULES

2

4.I
11

I
4.45

10

2

5.2

9

(
INITIAL VALUE.FINAL VAL

INITIAL VALUE

0.5

4.6

13.1

6.0

1r.7
L7.9

0

8.7

19. 5

2.8

8.6

15. 3

3.1

6.5

100r

5

2

5

9

o.2r4
> 4095

389r. 700

Table 3. 3.5 : Results for C ,* * criterion.

3

I
\¡
È

*A.r"tu.g. values are meaningless.
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Another feature of the tabtes is that the quantities,

INITIAL VALUE - FINAL VALUE x 100a ,INITIAI VALUE

are roughly comparable for all criteria. These quantities indicate

that up to a 20% improvement can be obtained on the initial value

of the críterion, with an average of about 8eo being usual.

comparing the completion times for the three criteria, it is

clear that, for problems of the same size, the C'rro, criterion

reguires far more computing time than Xc. and I", ", , the

latter two requiring simil-ar times. In fact, it appears that problems

solved with the c** criterion require fíftu times more computing

time than the other two. This fact can be readily explained by

realizing that, for Xc. and X*, ", 
criteria., job completion

times are totalted. and therefore a change in any of the completion

times effects the value of the criterion. On the other hand, the

value of the C_u* criterion only alters when t]ne Latest job

completion time changes. Consequently, as changes in the value of

the criterion are not readily forthcoming, fewer p.f.-schedules are

discarded using a bounding routine and therefore the tree of p.f.-

schedules has to be searched more exhaustively. Further, this

arguîent also explains why the average number of schedules produced

for cno* is consistently smaller than the average number produced

for the Xc. and Iw. c. criteria
JJ'

Finally, an inspection of the tables shows that problems with

7 jobs and 1O machines are about the maximum size which can be

solved with the criteria Ic. and I*, ", . For the C r** criterion

the maximum size of a solvable problem appears to be about 5 jobs

arrd 7 machines.
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3.4 HALF OPEN WAITING INTERVALS

Adoption of hatf-open waiting intervals allows one to

correctly model the situation where some jobs may bypass bins.

Without loss of generality, job j can be considered to wait in

bin i during the half-open interval [b,¡'.ti+r)j ) and to be

processed by machine i during the. time interval [1, 'O,, ).

The situation where job j bypasses bin i corresponds to Oij

equalling "1t*r¡¡ , in which case the interval lbr¡'"tr*r)j )

is empty.

3.4.1 The Solution Procedure

A procedure for generating semi-active schedules is now

presented. This procedure concurs with the general procedure

s.4.2 mentioned in chapter 2 and, as sÈated there, is tailored

to the current situation by specifying how the sets of strings of

schedulable operations are determíned. The analogy between the

situations with closed and half-open waiting intervals prompts a

procedure for generating semi-active schedules which is similar

to procedure s.A.I.F presented in the previous section. ln facÈ,

the only basic difference is that strings of operations are used

instead of single operations.

Procedure S.A.2.F

Step 0

Step I

Set u = {1r...rn};

f = {I ,...,L}¡

ur.j =@ forall j€U;

s=0.
Determine a set 9s of strings of operations, where

-onr, ,o(kj*l) j ,.-- ro(k¡+q)j 
-"' 

' 9s Lf ,

(i) jeu
(ii) 0, (k¡ , - z*i ,... ,0, (k¡ +q-r) = zkr*o-,and
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and 0s (k, +q) . ,*r*n .

step 2 , 0, = [o(i-q)j,---,qr- = %¡i =rotn-1,¡rl.tl;on"--orh]

T.f. O, = ô, stop.

Select a string from 0" and settoat-q)j'""o,¡-Step 3

a1i+r¡¡ to ínfinity' Calculate integers

"(,-o)j'a(i+r-q)j 
= a(¡-q)j *u(r-q)j'""âi j = "(,; 1)i {d(i- l)i

and br¡ = "rj 
* d,¡ suctr thaÈ'

(i) operation o(,-r), is scheduled after any previously

scheduled operations on machine i-r (r=1r.. - r9) t

(ii) none of the feasibility conditions are violated;

(iii) 
"(r-o)j 

í" as small as possible.

Step4: Addtheoperations o(r-o)i,-..,Oij to S anduprdate

UrK. Return to SteP 1.

By "krending" the definition of a dispatching algorithm, as in

the previous chapter, S.A.2.F can be considered as being a non-

deterministic, dispatchÍng procedure. As with procedure S.A.1.F'

every maximal schedule produced by S.A.2.F is a complete semi-active

schedule. Further, it can be used to generate every complete semi-

active schedule exactly once, again like S.4.1.F. These facts are

justified shortly, but first it is instructive to consider an

example.

Example 3.4.I

Consider the problem wiÈh 4 jobs and 3 machines for the data.

indicated in table 3.4.L. AII the steps of the procedure are

summarized in Table 3.4.2 and should require no further explanation.

Finally, the complete semi-active schedul-e thus obtained is

represented by the space-time diagram in figure 3.4.L. Trro points

to stress here are:
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Unlike procedure s.A.I.F, it is not usually necessary to

perform as many iterations of the algorithm S'A'2'F as

there are operations. This follows since frequently more

than one operation is scheduled in Èhe same iteration.

In figure 3.4.1, two jobs are not waíEing concurrently in

a bin if the horizontal lines which represent waiting times

touch but do not overlap. Observe that jobs 3r4 and I bypass

bin 2 and job 3 bypasses bin I.

2

j t¡ d¡ u"i d¡¡

2

3

5

2

Tabte 3.4.1: Data for Example 3.4-1.

3 l.

12

ZO=ZS-4 i Zt=2, Z2=L.0

2

4

7

I
2

3

4

3

2

2

2

2

3

2

3

glN 3

MACHINE 3

BIN 2

MACHINE 2

BIN I

MACHINE I

BIN O

1 2

Et,0 l6 20 24

Figure 3.4. I



CHOICE
a)

sQSs

{Otr,Or2,O¡3,O¡q}

{ozr,orz,orgro¡,.}

{Ozt rozz,f-O13 r02 3l ,
l]O t ¡+ , Oz 

'r-l Ì

{rO2 l rOs rl,T-Oz 2,O32-,Ot3
l-Or+rOz4 rOg,*-'l)

{Olr,Orz,Ola,or+}

{Ore,Ots,Ot,o}

{ozt,ozz,trotrr023ì,
l--O¡arQ2r¡-ì)

{TO2 r,Or l1,TO22,Og zl ¿O3 3

f--Ot¡+ rOz¡+ rOs+-l)

to,,-0, ¡'""orl "a¡-q)J'"''t¡j'brJ

ott O'2

orz atr

trors,o¿gf 5,7 ,9

o¡ ¡ 9,L4

9,Il

7 ,LO

12,r4,16

l'-OerrOst-l L4,L7 ,L9

L9,22

o2 ¡Çfþ as
2J,- min - h'' o(h - g) k..' : ' ohkr eQS

0r(1) = 2 = zt

0, (1) =Z=21 ;Q"(2)=I=zz

COMMEì.T¡

0

{o¡ r}

{ort,C¡z}

{Orr,ore,or¡,Oz¡}

{otr,ot2,or3,o2s,o¡¡} {ozt,ozz,l-o¡a,02¡-]} {O z t, O z zrl-O I ra, 02,1ì } ozz

{otrror 2,oL3'o23,o33,022} {ro21,O3t-l,osz,or,.} {or,*} or,*

{Orr,Orz ,Or3,oz3,O3g,02, {r1zt,O¡t-) tO32r--Q24,O¡+-l} {rOz¡,O¡t-1 ,032,1-Oztr,O¡ll} rQ2[,O3¡ì
oI'*i

{O1 1 rO¡2,or 3,Oz 3,O3s ro22
O¡ar02,1 ,O3,r)

{TOzr,o¡rl ,o¡z} {TOzr,Oslr,Oaz}

{Ot r rOtz rOI s rOz 3 rO3s,Ç.22
Ol,r r02q rO3+ r02 r rO¡ r)

{o¡z} to¡z) ose

{or r,ore,ol 3,oz z rO33,Ozz
Orq,Oz,r,O3l rOz t rO3 t rO32 ) 0

0 (L) = z¡
s

0

0s Q\ --zz;f-oz ¡,o¡ ¡r,Osz $ Íb
as3l^ nin ^--..h=1, ,(h -¿) k" . " vtrk¡ ÈvS

See Step 3(i) of S.À.2.F;
0s (2) = zz

es (2) =22

cm^D

\¡
\o

Table 3.4.2= Suüma4f of ComputaÈional Steps
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3.4.2 Justification for Procedure S.A.2.F

The proof that s.A.2.F ca¡¡ be used to generate every complete

semi-active schedule exactly once requires a more complicated

argument than it did for S.4.1.F, since the nr:mber of operations in

the schedulable strings need not be constant. Again, a number of

Iemmas are used to present the argument.

Lem¡na 3.4.1: Suppose at some stq,ge of proeedute S.A-T.F the elxlnent

p.f.-seheduLe ís ,5. Then, the ntnbe? of strings of opez,ations in

4s ís eqvøL to the nwbez, of iobs not Aet eornpLetely seheduLed;

that is, lu I -- 14, I

Proof

'SuPPose j€U

If es (i) 1 Zi , then

and 0, (i+I) , ,, *, ,

of argument until an

_:

on tl¡e other hand, if 0s (i)
and let k.

t

o, lç
j %

T z.
t

then -o,, ,o,i+r)j.1 = Qs. continue this type

r is found such that,

es(i) = 21,...,0.(í+r-r) = zi*r=t,0r(i+r) . zr*r,

in which case -orj,...,o(i+r)j- a Qs. such an î exists since,

if V I þ, then Or(m) 1n = Zm. !{hence, for each j € U, there

is a corresponding unique string of operations in Qst i.e. lul = lOrl'

End of Proof.

Now, a p.f.-schedulê s, available at some stage of procedure

S.4.2.F, clearly satisfies the condition,

0, (i) ( z. (i=0,...,m) (3-4.1)

Any p.f.-schedule satisfying this condition will be termed a

p.p.f.-scheduLe (particular partial feasible schedule) . Further,

for any p.p.f.-schedul€ S, define a ?emo2obLe string of openations

to be a string .o,r,...,o(i+q)j in s such that
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(iI o(r*o), i" the lasÈ seheduLed operation for job i¡

(ii) O¿¡ ís the last scheduled operation on machine 0 (.Q,=i,...,i+q);

(Íii) es (i-I) . zr-, *d es ([) = zL (9,=i,.. -,i+q-l) . (3.4.2)

llnscheduLing a removable string of operations trorj r'..,o(r+q)j

from a p.p.f.-schedule S means that the operation" Orj ,-..,O(¡+q)j

are removed from S and 
", j is set to infinity.

Lema 3.4.22 Euery non-emptu p.p.f.-scheduLe S eontains a

remoüqbLe string of opez,ations øtd if øra sueh string ís mscheduLed

the resuLtíng sehedt¿Le ís stíLL a p.p.f.-schedttLe.

Proof

(i) Suppose O, 
¡

is the last scheduled operation on machine i

Further, ret -oar-q)j,...,o,j- be the string ofand for job

operations

j

for which

0. (i-q-l) . ,r - n- , ,

and

0s(.C) = zL (Î,=i-q,...,i-1)

CIearIy, such a string exists since, for non-empty S,

es(O) 1n=Zo

Now, if o.e,¡ is the last scheduled operation on machine

f, ([=i-q,...,i), then, by definition (3.4.2), to,,-q)j ,---rorj-

is removable and the result follows. Otherwise, since job j

bypasses the fully occupied bins i-g,...,i-1, there must exist

an operation o,, j, which is the last scheduled operation for

machine ir and for job j' and for which i-q ( i' < i. This

situation is depicted by figure 3.4.2. !'fhen this happens' repeat

the argument replacing o, ¡ by o,,j' - rf this situation persists,

since ir is less than i, a stage must uttimately be reached'
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BIN ¡

MACHINE ¡

BIN ¡-I

i

BIN i,
MACH INE .,

BIN ¡,-I

Figure 3.4.2

where i' = r, in which case t-or,r,f is removable, since

0s(0) 1n=Zo.

(ii) Suppose the removabte string of operation" .O(i-q)j,...,Orr-

e S is unscheduled, resulting in the schedule S'

Then,

0r, (i-ø-1) = 0s (i-s-l) + I '

0s, (i) = 0, (i) - 1

a
a

a
a

t
tl

t

and

0s, (1.) = 0. ([) for all 9, I j--q-L,i

Now, since S is a p.p.f.-schedule, then

9.(&) ( z

and, as -oar-q)j r...rorj-

, (9'=or.-.rÍì) ì

is removable,

9,

0. (i-ø-t) z.
I

Thus, 0r, (0) ( zo (9'=o,.. . ,Ít) ,

- q; I

as required.

End of Proof.

For a non-empty p.p.f.-schedule S, it Ís convenient to

define, I

R, = the set of removable strings of operations- (3.4.3)

Nolrl, every cOrnpLet¿ semi-active schedule is clearly a p.p.f .-schedule
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and can therefore be decomposed into a sequence of strings of

operations by successively unsctreduling the unique removable string

to,r 
- q) j ,. ..'o, j., sâY, for which,

' -'-o(,-r¡*l'"'1 o¡*-len, t ' (3'4'41

Here, S corresponds to the p.P.f -schedule available at any

arbitrary stage of the decomposition. The uniqueness of the

re¡nova.ble sÈring follows from the fact that othervrise there would be

two different strings -oa,- 
c) j,...,oi jf , tro([-s) j, ,.-.,og¡,1 in

R, for which i equals 9,. This is an impossible situation since

it would require o, j øtd OLi, to both be the last scheduled

operation on machine i. It should be noted here that Lemna 3.4.2

justifies that the decomposition i possible, .since, after any string

of operations is removed, the resulting schedule S is still a

p.p.f.-schedule and therefore, as R, is non-empty, another string

of operations can be removed, and so on.

Example 3.4.2

As an example of how this decomposition procedure works,

consider the complete semi-active schedule produced earlier using

S.A.2.F and shown in figure 3.4.L. The steps of the decomposition

procedure are sunmatízed in Table 3.4.3.

This is not a particularly good example since R, only contains

a single string of operations at each step and no choice has to

be made. On the other hand, comparing the table below with Tab1e

3.4.2 illustrates the fact that this decomposition procedure is

:.}:re eæaet reverse of scheduling procedure S.4.2.F. This result

will be proved shortly.
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STEP R
S

UNSCHEDULED
STRING

COMMENTS

I

2

3

4

5

6

7

I

9

{ogz}

{rozlrosrf}

{roz,. rOs,*f }

{or¡}

{ozz}

{oes}

{rore,ozgl}

{orz}

{orr}

ozz

trozrroell

trOz,* rOa,r1

or+

ozz

oss

trotaror,rl

otz

ort

{s;;$ä
as 0s (2)
as 0. (t)

*zz=L
*rr=r-

0s (2) =O 1 Zz + 0l s,0z 3 are nof
in string with 0s¡

Table 3.4.3: The Decomposition of the schedule in Figure 3.4.1.

Lenma 3.4.3 z Eot, øty string of operatíons torr 
-q) j ,. . .,0, i'

remoued from a semí-aetitse seheduLe usíng the aþoue deeontpositíon

proeedure,

PPli-q.r)j -PPti-q)it 
'r-o-, 

if i-q>r; (3'4'5)

PPl,¡ -PPlg+r)j =zL (0=í-q'"''i-1); (3'4'6)

PP¡¡ -PPti+r)i tz, if i<m ' 
(3'4'7'\

where PP is the processing posiÈion matrix corresponding to the

complete schedule.

Proof

SuPPose

schedule S.

(i) For S,

machine i-q-I,

tro-. . . ,...,o. . 
f ís to be removed from the p-p-f--

( I ' q, J I J

of the first pp
( i - q- t ) i - I jobs scheduled on

aÈ least PP1 i - q- r)j 1 - 0. (i-q-l) of them are

But, O(, - o) j i" the last oPerationscheduled on machine i-q.
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ín S to be scheduled on machine i-q and therefore

pplr-o)i t pP(i-q. l)i - r - 0, (i-e-l) t

that is,

PPli-q;r)i PP(, - o)¡ 
( o, (í-q-1)

BuÈ, as l-9

z
i - 9j I

and (3.4.5) follows.

(ii) For .C = i-q,...,i-I, since On,i is the last operation in S

scheduled on machine L, tinen eæactLy 0s (g) of the PPg.¡ jobs

scheduled on machine 9. are not scheduled on machine &+1. But,

O(&*r)j is the last operation in S scheduled on machine 'C+t and

Sor

PP(&*r)j =PPtj -es(&)

Again, since to,,-q)j,...,o,jt a *., then

0s (¿) = zL (& = i-q,...,i-1) t

and therefore,

PPl,¡ - PPtg+t)j = ZL, as required in (3'4'6)

(iii) Finally, since O, j is the last operation in S for job j

and on machine !, then, of the pp¡ ¡ jobs scheduled on machine

i, es (í) are waiting in bin Í. Therefore only pB ¡ - 0s (i) jobs

are scheduled on machiné i+l and since 01,*r¡; $ s, then clearly

pp(i+l)j PP¡¡ - es(i) i

o..-1 € R-rt Ð
,

that is,

PPi ¡ PP(¡*r)¡ < 0s(i)
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But, 0a (i) ( z. , since S is a p'P'f'-schedule' and therefore'

p4¡ - PPti+1)i 1 zi' as required by ß'4'7) '

End of Proof.

Theaboveproofonlyusesthefactthatateachstageofthe

decomposiÈion a removable string of, operatíons is available'

Therefore, Í.:ot any decomposition procedure which successively

unschedules strings of operations from a current set of removable

strings, the condiÈions (3.4.5) to ß'4'7) hold for each string

re¡noved. Conversely, for arry semi-active schedule' the same

strings of operations can be obtained by just using the knowledge

of the order in which the machines process the jobs; that is, f.or

each job j (j=f, -. -,D) consider,

' ppi¡ - PPti+l)i for each i (i=1""'m-1)'

Then each set of adjacent operations satisfying conditíons (3'4'5)

to (3.4.7) form one of the required strings' For clarity' special

mention should be made of strings with just one operation; that is'

o.. ís a string by itself íf øty of the following circumstances
It

hold:

(í)

(ii)

(iii)

PP(,-r)¡ -pq!tzr-,

P4¡ - PPti+r)j t',

PP(,-r)¡ -Pqi tzr-,

and i=ñ ;

and i=I ; or

and P4¡ - PPti+r)i z.
¡

Example 3.4.3

Toconsolidatetheabovetechnique,consideragaintheschedule

in figure 3.4.I. For this schedule,

PP= (1
2

z
4

3
I
1 it

First consider job I
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Here,

PPrl - PP2l = -3 < Zt '

and

PPzr-PPar= L=zzi

and so, the strings associated with this job are or: and l}zt,O¡rl-

For job 2,

PPrz-ppz2=O1Zy¡

ar¡d

PPzz-PP32=-2<zz

Therefore , eAch of the operations O¡ 2tQzz and Oez form stríngs

ín their own right.

Similarly, fot jobs 3 and 4, it is found that the strings tro13,o231,

03¡, Olq and fOrurOrul are obtained-, As expected, the above

strings of operations are exactly those obtained using the

decomposition shown in Table 3.4.3.

Now, suppose an arbitrary semi-active schedule ís decomposed

to a sequence of K strings of operations using the procedure based

on condition (3.4.4). Also, suppose the terms in the sequence are

índexed from K down to 1; that is, the final string of operations

unscheduled becomes the first string in the sequence. Then, the

following result can be proved:

THEOREM 3.4.1 2 Foz' k:Lr2,. . . ,K there is a p.p. f .-scheduLe Su

uhich can be obtained by usíng S.A.2.F to scheduLe the stz'ings

indeæed 7,2,...,k. G.e. the final k strings obtained by the

deeornposítíon. )

Proof

The proof is by induction and is accomplished by showing that,

if the string of operations .o,, ,...,o(i +q)j has the index k+r

in the sequence of strings, then



88

f

Therefore,

orr r.--,o(i+q)j-r e or* (k=Orr,...,K-r)

Oru(i+e) . ,r*o

f (3.4.8)

where so = 0, the empty schedulei when (3.4.8) holds, scheduling

this string produces the required p.p.f.-schedule S**,

Now, if l-orj ,...rorj- is the final string of operations

removed from the schedule, then if .r 
) l, it would mean that

zL = o (L=L,... rr-l), in which case trol j ,...'or¡ - t 00. when t

equals l, clearly Orj . no and so in either case (3.4.8) holds

for k=0.

Assume that (3.4.8) holds for alt k up to and including I

and show that -orj,...ro(¡*q)l a nrn , where this string has the

index [+r. since .orj ,...,o(i*q)l has been obÈained by being

unscheduled from a p.p.f.-schedule which gave Sç , then

0, (g) =t
L

(9,=í,... ri+q-1)
k

and

Suppose -orj,...ro(i+q)j- Ç CIrr ,

operation= -o(s-r)j t,...,oriJ a Qa

if s)i then, as to,r-r)jr,...,

%F

then there must be a string of

o(.-r)î

forwhich s<i; thatis,
F

or¡'t ' %n '

,...rO(i+q)j
-1 E n

S

ror¡ r...ro(¡+qll e

e- (l,) = z^ for .C = s-rr...,i+q-l ,S-- 
'Lk

and so sÞ i + q. Whence, by step 2 of 5.4.2.F, tO,,

too, a contradiction.

Novr, suppose in the original semi-active schedule,

the operation executed nexL on machine s-r after those in Si'

lvas

F
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then, since

and

and

(Î,=s-rr.. . rs-l)
L

0^ (¿)
ùF

o. (s) a2",
k

to,..r)î,"',o.ît = nrn

for any completion of the resulting schedule

semí-active schedule) r

too. If this string is scheduled next, then,

(includíng the original

PP1s.r.l)î -PPts.r)î t'("-r-r) if s'r>I;

PPr,î L (Î,=s-r , ... r s-l) ;

PP, î ÞD ^<Z if s(m'-(s+r)j s

This follcws since onî is the next operation executed on each of

the machines s-rr...rs. But, the above conditions are just (3.4.5)

to (3.4.7) and therefore -o,..r)1,...rorît is one of the strings

obtained from the decomposition. But, since s < i, the string

-oar-r)î r-..,orî- would be unscheduled aftez' .or¡ 
""'o(t+q)ir

(see condition (3.4.4)) and would therefore have a lower index

than tro. . , . . .,o.. - This contradicts the facÈ that-ij '-(¡+q)j

to,r r...ro(¡*q)jf has the index [+f and the result follows'

End of Proof.

Thus,asstringsofoperationscanbescheduledinexactly

the reverse order to which they were unscheduled, the schedule

obtained using s.A.2.F has the jobs being processed in the same

order on the machines as for the original semi-active schedule.

BuL every schedule produced by S.A.2'E is a complete semi-active

'schedule (see Lemma 3-4-1) and therefore the original schedule is

regained. Whence I eÐer1A semi-active schedule can be generated
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using procedure S.4.2.F. Further, if different choices are made

from the set 0, at any stage of the algorithm, all resulting

schedules are different¡ since the strings of operations in CIa all

have an operatíon which is executed on a cornmon machine. Thus'

S.A.2.F can be used to produce every semi-active schedule exactly

once.

In an analogous hray to the situation with closed intervals,

procedure S.A.2.F can be incorporated into a branch and bound

solution scheme so that all semi-active schedules can be investigated.

Again, it is not beneficial to have a heuristic procedure t-o

determine an initial incumbent schedule since a complete semi-active

schedute can be obtained without backtracking.

3.4.3 Computational Results

Using a branch and bound procedure as described above, a number

of problems have been solved. The resuLts are presented in Tables

3.4.4, 3.4.5 and 3.4.6 for the criteria Xc. , fu¡ .j and 
"**

respectively. As with the results for closed intervals, the values of

release times, durations and weights were obtained by randomly

sampling the intervals [O,SO], [1,25] and [f,g] respectively.

The bin capacities l^¡ere prescribed to assume values between 0 and

2 inclusive with an emphasis on capacities of unity. Further, the

computer runs were again terminated if an optimal solution was not

confirmed within 4095 seconds of central processing tine.

The tables presented. here have the identical structure to those

provided earlier for the flowshop processes with closed waiting

intervals. Only some of the more elucidating quantities have been

summarized in these tables. One should recall that for any problem

síze, the number of non-terminating problems is indicated in brackets

next to the numk¡er of problems attempted. Further, for such



NUMBER OF

PROBLEMS

TIME TO

COMPLETION (SECS)

(i) 0.387

(ii) 6.4L3
(iii) 29.s3s

0. I03

3. 599

9.905

L.567

79.576

335.189

13. r08

l-306.392
> 4095

TIME TO FINAL
SCHEDULE (SECS)

o.29L

5.840

2A -949

0.021

2.LLs

9.267

L.243

75.255

3L2.705

1.845

864.396

3627 .7rO

2659.68I

NUMBER OF

SCHEDULES

3

29.5

56

I
6.5

20

L7

65.7

98

7

77.6

161

L49

INITIAL VALUE
INITIAI, VALUE-FINAL VALT]E I00rPROBLEM SIZE

4 jobs, lO machines t0

5 jobs, 5 machines 20

5 jobs, 7 machines IO

7 jobs, 5 machines 10 (r)

7 jobs, I0 machines I (I)

1.5

33.8

47.7

0

7.2

20.3

29.9

43.3

57.2

8.0

35.7

50.2

4r. 0> 4095

Table 3.4.4: Results for Xc. criterion.
(i) Minimum value

(ii) Average value

(iii) Maximum value.

ro
H



PROBLEM STZE

4 jobs, 10 machines IO

5 jobs, 5 machines 40

5 jobs, 7 machines 10

7 jobs, 5 machines 11

7 jobs, 10 machines r(r)

TIME TO

COMPLETION (SECS)

1.410

l.9.939

72.384

o.920

5.434

22.248

0.805

28.10r

83.6s5

22-922

276.68I

100r. 366

NUMBER OF

PROBLEÀ{S

TIME TO FINAL
SCHEDULE (SECS)

0.790

L8.529

70.8L2

o -362

3.979

20.959

o.440

24.349

68. 505

20.675

253.066

980.934

NUMBER OF
SCHEDULES

4

52.4

9I

9

33. 73

58

I
63. 5

99

T4

59.4

105

( I00c

6.4

38.7

55. r

20.3

35. 5

5L.2

9.9

40.8

51.4

6.9

33. 0

59. I

43.4> 4095 4046.254 2L7

Table 3.4.5: Results for I"r., criterion-
\o
N



PROBLEM SIZE

4 jobs, I0 machines 10

5 jobs, 5 machines 40

5 jobs, 7 machines 11(1)

+7 jobs, 5 machines 2 (2)

7 jobs, 10 machines 1(1)

TIME TO

COMPLETION (SECS)

6.332

43r.984

32L5.767

5.235

78.475

342.269

34.658

10r7,639

> 4095

TIME TO FTNAL
SCHEDULE (SECS)

0. 411

223.35L

L707.3L4

0.02r

42.L67

295-893

18.663

756.4L5

3197.537

NUMBER OF

SCHEDULES

138. 420

> 4095

1895.556

> 4095 1668.301 36

Table 3.4.6: ResulÈs for Crro* criterion.

TNITIAL VALUE-FINAL VAL
INITIAL VALUE

L.4

31.9

44.5

0

L6.2

48.8

32.5

37 .4

43.2

L7.4

35.0

19.1

NUMBER OF

SCHEDIILES

2

23.6

47

I
7.63

23

I6
34.5

52

l00r

I1

24

\0
(¡,

*A.r"t"g. values are meaningless.
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Problems, a completion time of 4095 seconds is used when calculating

the average completion time.

rnvestigation of Tables '3.4.4, 3.4.5 and 3.4.6 revears that, as

for the results with closed waiting intervals, the increase in

computing times is more rapid for an increase in the nu¡nber of jobs

rather than the number of machines. Also, it is again evident that,

for all criteria, the difference between the time to comprete a

problem and the time taken to obtain the final sched,ure is, in
general, relatively small. Further, the quantities

INITIAL VALUE - FINAL VALUE x 1009INITIAL VALUE

are stirl comparable for all criteria, except now, improvements of

more than 50E are not uncommon, with an average improvement of

about 35ts being usual.

Consistent with this last feature is the fact that the problems

with half-open intervals generally require greater solution times than

equivalent sized problems with closed waiting intervars. Likewise,

it appears that significantly more schedures are generated when

sorving problems with half-open intervals. This latter feature

indicates that a heuristic solution procedure, based on early termination

of a branch and bound. procedure, wourd be especiarly good for thè

case with half-open intervals.

The above differences between the results for the situations

with harf-open and crosed waiting intervals can be explained by

the fact that, for half-open intervals, jobs have the abirity to

bypass bins. This means that many schedules which would be infeasible

if the waiting intervars were closed are now feasible, since jobs

which bypass a bin do not contribute towards the number of waiting
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intervals concurrently interacting there.

Comparing now Tables 3.4.4, 3.4.5 and 3.4.6, one again notices

that the problems solved for the 
"r_,. 

criterion consistently

require more computing time than similar problems solved with the

Xc- and Ew. c- criteria. Further, due to the larger computíng
, ,t

tjmes required to solve situations with half-open intervals, problems

with 7 jobs and 5 machines are about the maximum size which can be

solved with Xc. and Ew. c. criteria. For the C criterion,jiJrmx

the size of a solvable problem is still about 5 jobs and 7 machines.
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CHAPTER 4

GENERATlNG SCHEDULES FOR A STNGLE TRACK RAILWAY LINE

4.I INTRODUCTION

This chapter is concerned with another special case of the

general problem described in Chapter 2. The mödel is now applied'

in theory, to the situation where trains are to be scheduled on a

single-track railway line. It is difficult to model an actual

train scheduling situation precisely, since, for example, the

movements of trains at the stations can be too complicated to

consider in aII their detail. Therefore, the work proposed here

is only really suitable for determining approximate real-world

schedules or for planning purposes. Further. the branch and bound

procedure presented later in the chapter can, as expected, determine

optirnal schedules only for relatively small problem instances, and

so, heuristic methods require some investigation if real-world

problems are to be seriously considered.

The material in this chapter is presented as follows: After

clarÍfying the notation for the current process' some preliminary

results and additional terminology are presented.. Next, a procedure

which generates each semi-active schedule in exactly one way is

given and then some computational results are reported. Finally'

aspects of a real-worLd situation which would have to be included

in the model, if it were to be used as an actual scheduling device,

are discussed.
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4.2 CHANGES TO TEE NOTATION

The situation to be modelled ís a railway line consisting of

several sections separated by stations. On each section only a

single train is allowed at any one time and at the stations a

lirnited number of extra tracks are availabte to let traíns pass each

other. Further, each train is assumed to traverse the entire length

of the track. The simílarity of this situation to the general

job-shop process should be obvious: The sections between the stations

play the role of machines, the train-runs represent the jobs and the

stations correspond to the storage bins. Although it is probably

not strictly in keeping with the train-oriented terminologyr the

expression "operation" is retained to avoid confusion. Thus,

Operqt¿on 0.. corresponds to train j travelling on section i.
' rt

since trains can travel in one of two directÍons along the

raílway track, this essentially corresPonds to jobs being allocaÈed

to take one of two opposing toulues through the job-shop. Thus. the

situation being modelled resembles two opposing and interacting

flowshop processes. Accordingly, the m sections can be indexed

so that each train visits them in the order

L,?,. . . ,m

or mrm-l ,. .. ,I.

Whence, if

T. = the section on which train j first traveLs, (4.2.L)
J

then the notation for representing the order in which the operatíons

of a train are executed can be simplified to,

k+l if -1T.
t

T.
J

Pj* = I
ì K-I íf =m.

(4 .2 .2)



98.

Further, since the stations are situated between sections,

can be indexed so that station I' is the one between sections

and 1,+1. Thus, the corresponding G matrix is given by

they

o

9¡l
a

i-1{
if T. =Lít

if 1=m.
(4.2 -3)

For this siÈuation it is convenient to let the dummy bins 0 and

q+l (=m) represent the terminals at the end of the track.

Therefore, boÈh dummy locations are allowed to accept unstarted and

finished trains.

The possibility of trains having to remain for a certain

mÍnimum time at each station, a so-called shunting tíme, can readily

be included in the model; these are Èhe values tn, U, briefly

discussed in Chapter 2. To accommodate them into the general model'

the feasiJcility condition (2.I.L2) is altered' to:

.rjro*, +Shju where pjn=i,9rL=L and tj /í- (4.2.4)

The feasibility condition (2.L.tl), which in this current context

states that

Þr, (4.2. s)a f

is unchanged, since it is assumed that no shunting is performed at

the terminals.

Since trains can not physically bypass stations, it is necessary

to assume that all waiting intervals are closed. !{ith this

assumptionra critical value ô must be decided upon from the outset-

Thus, as all data is integer, it is appropriaÈe to henceforth let

ô be unity. As seen earlier, this assumption enables the distinction

between interacting and overlapping intervals to be discarded, since
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4.3 PRELIMINARY F.ESULTS

4.3.I Terminolosv

Let S be a p.f.-schedule. An operation O*j e S is called,

an a"-opetation if it is the last scheduled operation

of train j (i.e. -arj = æ where

P¡s = i); (4'3'1)

a 9"-openation if it is the last scheduled operation

on section k. @.3 -2l

An operation which is both an 0, and a ßr-oPeration is called an

u"B"-operatíon. If there is no ambiguity as to which schedule S is

being referred to, the index S will be dropped and the notation

is simply cl-operation, S-operation etcetera.

UnscheduLing an operation o, j e s means removing o, j from

S and setting ., j to infinity. This resulÈs in a ne\¡r partial

schedule S' which may or may not be feasible, as the feasibility

condition (2.2.L) may nohr be violated; that is, in s' the number

of trains waiting concurrently at station gyj , where p¡ ¡ = i,

may be more than the capacity of this station. This follows since

traín j occupies station 9*j for a longer period in S' than

it did in s. An operation o,¡ e s is called remoúabLe,if

unscheduling iÈ results in a partial- feasibZe schedule S'- If S

contains only one operation, then this operation is alwalzs considered

to be removable, since the empty schedule is also regarded as a

p. f. -schedule.

4.3.2 Results

Lemma 4.3.1 t Foz, a non- emptA p. f .-seheduLe S, an a\-opez'ation

0.
I

e Íi ís remotsable íf,
Iq T.

t
(4. 3.3)
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10r.

(4.3.4)

then for any

max
okh€s

Proof

Since O, ¡ is the ßr-operation for section i,

oPeration O, n = S wiÈh Tn * T. ,

b*n(",j where i=P¡* and Tn T.
t

b.. ( a..ih ¡j

Thus, if (4.3.4) holds, lJnen for S, the number of trains rvaiting

in station 9*j at any time, after a¡ j is one less than the number

waiting at iLjrme 
", j 

. Whence, O, j could be removed from S

without increasing the maximum nu¡nber of trains waiting concurrently

at station gxj, and, as s is feasible, the resulting schedule

would be Èoo. Also, when (4.3.3) is satisfied, operation Ori is

clearly removable since terminals have unlimited capacity.

End of Proof.

Every non-empty p.f.-sched.ule S contains an oß-operation;

for instance an operation with maximum bi ¡ value in S must be

an O$-operation. But, it is possible to prove a far stronger

result , viz.:

Theorem 4. 3. I: A non-ernpta p.f.-seheduLe S contains a remoÐaþLe

sï-operation.

Proof

Although conditions (4.3.3) and (4.3.4) in Lemma 4.3.1 are

obviously not necessary for removabitity, it will be shown that

S aLuays contains an ctB-operation satisfyíng one of them'

!{ithout loss of generality it can be assumed that a train j

with T. = f contains an cr.ßr-oPeration and let this be o. 't
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the ith operation for train j. Suppose that neither (4-3.3)

nor (4.3.4) holds, then i > 1 and there must be an o,r-oPeration

01,-r¡n with Tn = I and b(t-r)n t 
",r' 

o1r-r¡n is an

cs-operation, since otherwise O, n would be in S and O, ¡ could

not be the ßr-oBeration for section i. The situation is illustrated

in figure 4.3.1(a).

IÈ will now be shown that one of the ßr-oPeratíons for the

sections Lr2r...ri-I is also an ctr-oPeration- There are three

situations to consider:

(í) The ßr-oPeration on section i-I corresponds to a train

travelling in the same direction as train j. - This is also

an qs-operation for the same reason that o1r- r¡n is above.

(ii) The ßr-operation on each of these sections corresponds to a

train travelling in the opposiÈe direction to train i. - The

ßa-operation for section 1 is then clearly an ctr-oPeration.

(iii) Neither (i) nor (ii) occuri that ís, there is an i' < i-l

such that the ßa-operation for section i', oi,j, say, has

tj, = f and the ßr-oPerations on sections i'+1,. . . ,i-1

correspond to trains travelting in the opposite direction.

Here, if o1i, +r¡. with T. = m*l is the ßa-oPeration for

section i'+1, then o(ir +r)jr € s if and only if train j'

travels on section i'+I before train s (as in figure 4'3'1

(b) ) . Similarly, since oi , j, is the ßr-oPeration for

section ir , o¡, , ' 
t if and onry if train s travers on

section ir before train j'. (see figute 4.3.1(c)). It is

clearly impossible therefore î.or both o, , . and 01 
, , *, ¡ ¡ '

to be in S and so at least one of Oi , j, and. O( i, +r), is

an 0r-oPeration.
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Now, let

* = {osßr-oPerations on secÈions L'2'...,i-1} i

and suppose o,r¡ " is the unique operation in R for which,

max t
ot h€R

The unigueness of O,"¡r follows from the fact that there ís at most

one crrßr-operation per section. Now, if Tr" = m*1, then O¡r¡t

satisfies (4.3.4)¡ fot, if this was not the case, then the ßr-oPeration

for sectíon ix+l, 01¡x+t¡s where T. = m*l say, would have

b1¡x+r¡s ) aixjx and would therefore be an Clr-oPeration (as in

figure 4.3.1(d)). This would make it a member of R' contradicting

the fact that

max t.
ot heR

Alternatively, if Tj, = | and o¡*j" does not satisfy (4'3'4),

then the above argument is repeated replacing O,¡ by Oirj". If

this situation persists, then, since ix < i, a stage is ultimately

reached where ix = 1, in which case (4-3-3) holds.

Thus, there is always an G$-operation satisfying (4.3'3) or

(4.3.4).

End of Proof.

(o)

o rJ

o(¡-t ) r,

.x
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oij b(¡-t)rt T IME



I04.
I

I
I

(b)

t

z
9
l-
(-)
l¡l
t¡,

i'+ t

t

i'+1 o( ¡'*1 I t

o( ¡'*l) j

o

0¡ ¡1r )s

,

z
9
o
u¡
.tl

t o s 0 t
I

I
I

I

L
T¡ ME

(d)

i'+1 o (¡'+1)s

o¡' j'

z
9
]-
(J
u,¡
ln x

¡

L
o¡x¡r b(i'*t), TIME

Fiqure 4. 3. t
For conveniencer a p.f.-schedule which is semi-active in

nature is termed a senrL-aetiue pattiaL scheduLe, in short a s.a.p.-

schedule. Thus,

S is a s.a..p.-seheduLe íf for each operation o, ¡ E sr

a.. cannot alone be reduced without either causing one
rJ
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of the feasibility conditions for operaÈions in S

to be violated or altering the order in which the

scheduled operations are executed on some section. (4.3.5)

An important result concerning s.a.p.-schedules is the following:

Theorem 4.3-2: If a remopabLe a$-operation in a, s.q..p.-seheduLe

s+ ís rmseheduled., the resuLting scheduLe ,5 ís again a s.a.p.-

seheduLe.

Proof

Suppose without loss of generality that o, j with tj - I

is a removable Cr$-operaÈion in S+. By unscheduling this operation,

the occupancy of station i is reduced by unity for all times

after and including \¡. Therefore, without changing the order

in which operations are executed on the secÈionsr only an operation

in S+ which arrives at this station after b, ¡ could have its

start time reduced in S. But, since o, ¡ is a ßr+-oPeration for

section í, then only an operation o1i+r¡r, wíth Tn = m*l wourd

be ín this category. This situation is depicted in figure 4.3.2(a) '

For any such operation o1i+r¡rr, its start time .1i*r¡r, can

be reduced only if station i was fully occupied in S+ from b¡ 
i

to b1 i+l¡r, - 6 (i'e' b1 i+r¡r, - 1)' but not immediately after

this time. This could only occur if there !.tas a train which left

this station aÈ b1i+r¡n - 1. But again, since or¡ is the

ßr+-operation for section i, such a train s' say, would have to

be travelling in the same direction as train j. This situation is

iltustrated in fígure 4.3.2(b) -

Now, in both schedules S and S*, operation o1r*r¡n is

.executed after operation 01i*r¡r. whence, as d1i+r¡r, and d1i*r¡,

are positive integers,



a1i+r¡s t b1,*r¡n - 1.

This contradicts the fact that train

b1 i+r¡n - 1 and therefore a1 i+r¡rr

End of Proof.

(o)

Ol ¡*l ) r'

o ¡j

106.

s leaves station í at

can not be reduced.

1+zo
C)
ul
v,

¡

I

I

L
baj b(¡nl )t

(b)

TI ME

I+z
9
C)
ltl
UI

o o ( i+1 )h( i*1 )s

o¡j

TIME

b( ¡*l )n- I b

= o(i+l ls

Figure 4.3.2

( i+l)h

Clearly, the above proof is still valid for any values of 6

satisfying,

ô(2min
i'i

d..rJ
(4. 3. 6)
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But, it has already been decided in chapter 2 that ô must be at

most min d.. to avoid certain undesirable situations and therefore
¡J

l¡J
(4.3.6) follows automatically; that is, the proof is valid for any

aLlouaþLe value of ô.

Further, the proof of Theorem 4.3.2 is dependent on the fact

that train s traverses section i+I before train h. Therefore,

the assumption that trains traverse ALL sectíons is essential for

the current situation. Allowing trains to enter or leave the

railway líne at stations other than the terminals would not be

conpatible with the general model in Chapter 2 and would therefore

require a nev¡ approach. Accordingly, these problems are not pursued

further in the thesis.

Now, if a p.f.-schedule S+ is obtained, from p.f.-schedule

S by scheduling operation Orj , then Ooj is clearly a removable

cß-operation in S+. Further, if o* is any removable orßa-

operation, then it is stíLL a removable c$-operation in S+ unless.

I. it corresponds to the same train as O*j t i.e., s=j; or

2. it corresponds to the same section as o*j r i.e., r=k; or

3. the station 9,, , where p., = t t is statíon 9r¡ (=[)

and 0 ([) =t L
I (i.e. 0s+(1,) = zg.)

S

Now, if q, is an crß-operation with T. + T. and 9r, = 9rj

where pr, = tt then r equals k and condition 2. (above) holds

(as illustrated in figure 4.3.3). Therefore, condition 3. can be

replaced by,

3'. T, = Tj, Pj* = t and 0s(1,) = zL-L, where L = 9ui
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ot.

o r3 0 kj

TI ME

Figure 4.3.3

Thus, if

AB, = set of removable o$-operations in s, (4.3.7)

then the following relationship holds:

[*. , {On, }J\ I{cr.-operation of train j, ßr-oPeration of section k}

u {ir es (g) = ,L-L where 9*¡

3t
;
rJ

Hk

I

I
I
I

with T and r=

- L, the operations o*

a *.*, (4.3.8)

+1

eS

T.
t

pjkÌl

where A\B are those elements in A which are not in B.

Further, the only qß-operations in S which were not removable

and which níght be removable in s+ (= S u {ou, }) are those

corresponding to trains which left from a station which was full in

S, but not in S+; clearly the only such station would be 9,j where

pj, = þ. But, since o*j is the ß-operation in s+ for section

k, only an crßr-oPeration Otn with Tn + T. and k = pj, (as

above) would be of interest. There are two situations to consider:

I rf "rn 
( tnj '

then unscheduling o, n from S+ would cause z

trains to be waitíng concurrently at station 9"

ob

at time arj
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The resulting schedule would be infeasible and' therefore

o, n Ç ABr+ . An example of this situation is shown in figure

4.3.4 whene 'Z equals 2.
L

k okj

t o th

L-
oth okj TIME

zo
o
lrl
tn

Fígure 4.3.4: Schedule

ín 3 (=Z

station t'

Unscheduling O, n would result

trains waiting concurrently at

(= 9tj ) at time 
"*j

+S.

+1)t

2 Alternatively, if

",n 
t 

"*j '

then for S, the nu:nber of trains waiting at station .Q, at

tine 
",h 

is zL + I, contradicting the fact that S is a

p.f.-schedule. Here, the example, with ,L equalling 2,

represented by figure 4.3.5 may be elucidating.
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k otn ,
,

t o ot¡tj

ot j otn TIME

Figure 4.3.5: Schedule S. Infeasible, since the number

f trains in station .C (=9,, ) at time

"rh is 3 (= ZO+L).

I¡lhence, there are nO CrB-operations which were not removable in

S but which are removable in S'1. Conseguently, since no non

cB-operations in S can be c$-operations in S*, equality must

hold in (4.3.8); that is,

t
zo
l-()
l¡l
tn

I

I
I

L

Æs* = [ae.U{o*, }l\ l{or-operation of train j,

of secrion klu{if es (g) = zt-I where

orreration o €s wíth T =f.- rs s t
and

ß, -oPeration

9'=1xj ' the

r = e,*ÌJ (4.3.9)

This result is used in the procedure for generating s.a.P. schedules

which is presented in the next section.

4.4 S.A.P.-SCHEDULE GENERATOR

Although the algorithm to be presented in this sectíon follows

the basic structure of procedure S.4.1 in Chapter 2, attention is

now centred on the s.a.p.-schedule available at each stage, rather

than just the maximal schedule available at termination. The reason
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for this is nainly because, unlike the flowshop situation,

maximal schedules need not be complete semi-active schedules. As

mentioned previously, the procedure is a non-deterministic

dispatching algorithm and therefore, to gdnerate all different

s.a.p.-schedules, a suitable backtracking procedure has to be added.

Procedure S.A.1.R

Step 0:

Step I:

Step 2:

Step 3:

SÈep 4:

Set u = {1r... ,n} i

K = {rj li e u} ì

a._ =cô forall j€U;
'ii

s=0
Determine the set 9s of operations, where

o*r, = Q, íf (i) j e u;

and (íi) 0s (,c) , ,L where L = g,,ri

0, = {on, c Qs lk> max t} 7

ot h€vs( okj )

where v, (onj ) = Æs\ l{crr-operation of train j}u{if

0s(f,) = rL-L where L = 9*i, the operaÈions o € S

with T,. = Tj and r = Pjk]l

rf. O, = 0, stop.

Select O*j a CI, and set "rj = æ where Pj* = i'

Calcutate integers "uj 
and b*, = u*j *d*j such that

(í) operation O*j is scheduled after any previously

scheduled operation on section k;

(ii) none of the feasibility conditions ( (4.2.4) ,

(4.2.5), (2.1.13) and (2-2-l)) are violated;

(iii) H¡ is as small as Possible.

Add Ouj-. to S and uPdate U and K.

Return to Step I.
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Clearly the. set,

vr(okj )\ {ßr-oP.t-tion for section k} t

contains those removable O,$-operations in S which are stÍII

removable if O*j is the next operation scheduled. Therefore,

íf S+ is the s.a.P.-schedule.which results from s if o*j is

scheduled next, then from (4.3.9) ,

ABsf [u, (o*, )u{o*, }]\ {ßs-operation for section k]

Consequently, if k > max t,
O, nev5( o¡¡ )

then

þ= max t.
ot heABs

Thus, O, contains those operations in % which, if scheduled

next, would become the removable Cr$-operation in S+ corresponding

to the section with the highest indeæ. As will be seen shortly'

this feature enables different choices from 0, to not only give

different s.a.p.-schedules, but also to allow every semi-active

schedule to be generated exactly once. But first, it is helpful to

use the procedure to generate a maximal schedule-

Example 4.4.I

The presentation of this example ís analogous to that used

for previous algorithm-illustrating examples; that is, the data is

presented in Tab1e 4.4.I with the steps of procedure S.A.l.R being

summarized in fabte 4.4.2. The resulting final schedule is shown

in figure 4.4.I.
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TRAIN tt urj sht ur, sh d
3JT

2JJ t

3

4

5

5

o

2

2

o

2

3

4

2

o

3

2

I

I

I

3

3

I

2

3

4

0

0

2

'̂ Z¡=ZS=4¡

4
Zl=22 ZZ=2.

7

50

Table 4.4.L: DaÈa for example 4.4.1.

It should be stressed that it is not always the case that a

complete semi-active schedule is generated by S.4.1.R. For instance,

in this example, if at the third to last stage 0¡r was chosen

instead of ozz, then the set 0, at the next stage is empty and

the procedure terminates without producing a complete semi-active

schedule.

3 3 L 1 2

3

z
92
t--
(J
l¡¡
tn

1

4812 16 20 2t, 2g 32 36
TIME

Figure 4.4.L

The important resutt to be justified is

2L1

Theorem 4.4.L The procedure S.A.L.R generates euery s.a.p--



S .A.P.-SCHEDTTLE, S

ô

{orri

{orr,ogs}

{Orr,Oa¡,0g,*}

{OrrrOg3rO3,+r024}

{Ot r rOg s rO 3+ tOz,* rO t,.}

{0r r rOg s rO34 rOzq rOr4 rOzs}

{Ot t,0¡ s rOsq rOzq rO tr+ rO29 rO27}

{O r r rOs g rOa + rOzt+rOt4, Ozg rOzt rOtz}

{Or r rOs s rO 3+ tO2+ rOll rOzS rO2t rOt2 rOrs}

{O r t , O g e , O 3+ tO2r+ , O t r+ ,Ozg ,Ozl ,0I z ,O ts rOzz}

{O t t rOg s rO 3q tOz+ rO tr+ rOzg,Oz1 rOl2,O I 3 r0zz rOe t}

{O t r, O s s rO 3 t+ tO z¡+ rO I ¡+,O 2 3 rOz t rO I 2 r O t g rO 22, O g r rO s z }

lozr$g, 
as o, (2)=72=2

lOruev, (0rz) and V, (Oz¡) .

Orz,OzaÇQs as 0. (I)=ly=2

f¿
SQs

cHolcE
Q¡

(an, 'b*, ) COMMENT

{Orr,Orz,Ogs,Oer*}

{Oz r, O tz r}s a,0 g ¡+ }

{OzrrO tz,OzsrOg'+}

{Orr,O12r03grOe'*}

{OzrrOterOgar0sr+}

{ozs,og+}
, tÇ% as o3 3€vs (o2 r) t

rrÇCIr"" oss€vs(Orz).

orzÇQs as 0, (1)=Zr.

To satisfy (2.2.L),
brz-ô 2 a21=24.

0rr

oss

os,,

(o,2)

(2,9)

(9,L4)

(19,21)

(L9,24)

(24,27)

(22,25)

(25,29)

(27 ,3r)

(27 ,3L)

3l 35

{'\0

{Otz,Ozg,0e,+}

{0zrrOr,.}

{Ozr,Orz,Ozs}

{oz r,o r s}

{Ogr,O12,O13}

{Osr,Ozz,Ors}

{os r,ozz}

{oar,ogz}

{ogz}

0

{ozq}

{Ozt,Ott*}

tOz r, Otz,Ozsj

{ozrrorg}

{O¡r,Orzr0rg}

{Oe r,Ozz,Or s}

{osrrozz}

{os r,osz}

{osz}

0

0z,t (14,19)

or+

ozs

ozr

otz

ors

ozz

oer

osz

H
HÞ

Table 4.4.2: Applying procedure S.A-1.R'

STOP
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seheduLe in eæaetLA ovle lnay.

Proof

Consider a s.a.P.-schedule S wiÈh p operations. The

proof of the theorem is given by induction on p. If P = I, then

s can certainly be produced by s.A.l.R in exacÈIy one $¡ayt that

is, since AB, = 0 r then uô(orrr) = 0 for alr j and

QO = {orr, li = u} . so, choosins altA operation orr, = OO

s={o-.}tj J

f,). =
0

produces the s.a.p.-schedule as required.
+

The induction step can be seen as follows. Let S be ar¿A

s.a.p.-schedule with p+I operations. According to Theorem 4.3.I,

ABr+ y' Ô ; so let oo. be the wtique operation in Æs* for

which

þ= max t. Ø.4.L)
ot neABs*

The uniqueness follows from the fact that there is at most one

C$-operation for any section. Further, let S be the s.a.p.-schedule

which, according to Theorem 4.3.2, results if operation O*j is

removed from S+. Then, S contains p operations and by the

induction hypothesis can be produced by S,A.1.R in exactly one way.

Now, Èo show that s+ can be generated using S.A.I.R ' it is

only necessary to show that O*j is in 0s, in which case S+ can

be obtained from S in one step. Ttre proof is as follows:

Since O*j a *r*, then es (ß) . ,L where U = 9*i and so

O*j € %. Further,

v, (o*¡ )\ {ßs-operation for section r} 9 Æs*

v
s

and so,

o
k

C ABr+ , {ß.-operation for section k} (4.4.2)
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But since, from (4.4.11 ,

and as,

where

max t=k
O, neAB5+

max t=k,
ot heA

a = {ß, : operation for section k} ,

then,

max t=k.
ot h€ABs+UA

Thus, from (4.4.2) ,

max t<k
ot hevs( okj )

and so, otj a 0, r âs reguired.

Finally, to show that S+ cannot be generated in any other

way using S.A.l.R , it is necessary to show thaÇ if any other

operation ok, j, € ABa+ is unscheduled instead of otj , then

for the schedule Sr so obtained, ok,j, $ 0r, ; that is, s+

could not be generated from Sr using S.A.I.R. So:

From the relationship ( (4.3.9) ) between ABrr and Æs* , since

o*j c ABr+ , it is in Æs, too. Also, as ok, j, and ouj are

both in Æs* , O*j is not the Gr, -oPeration of train j' .

Further, it cannot occur that,

k = pj,¡,, T, = Tj, and 0s, (0') = zLt-L where Lt = 9¡,¡, ,

because, in that case,

0s+ ([') = zL, where L' = 9k, j and Pj *, = ]ç



contradicÈing the fact that Otj a Ær* - Hence,

o*i = ua' (ok'j' )

and as O*j is the unique operation for which

attained, then

117.

max t is
O, ¡eABa+

max t=k)kt
O,¡€Vrr(O¡r¡r)

lilhence, o¡, ¡, Ç CIr, r âs required.

since s+ is an anbitraty s.a.p.-schedule with p+l operations,

e.ùeTA s.a.p.-schedule can be generated in exactly one way using

s.A.1. R.

End of Proof.

In particular, this result shows that every complete semi-

active schedule can be obtained by scheduling a uníque sequence of

operations using procedure s.4.1.R. Moreover, given a complete

semi-active schedule, (or in fact any s.a.P.-schedule), the proof

of theorem 4.4.1 shows that it can be decomposed to its unique

seçluence of operations by successively unscheduling the removable

Cr$-operation corresponding to the section with the highest index.

Example 4.4.2

consider again the semi-active schedule in figure 4.4.1 and

work backwards as indicated above. The steps of the decomposition

are summarízed. in Ta-ble 4.4.3. It is readily observed that the

order in which the operations are unscheduled is exactly the reverse

of the order in which they were scheduled using S.4.1.R.

CIearIy, the sets CI, constructed in Step 2 of procedure

s.A.1.R are independent of train-travelling, shunting and earliest



S

Og,*rOz,rrOt,*Ì

O ¡,* ,02,+ , O t,, )

Os,*rOer¡rOttÌ

Og4r0z,.r0r+]

Os+rOz,*, Ì

oa,. ]

Ì

)

Æ,

{osz,org}

{Os r, Ozz,O tt}
{ozz,ols}

{or¡}

{orz}

{oz r}

{ors}

{o r,, }

{Orr,Oz,,}

{Orr,Os,,}

{or r,os ¡}

{orr}

Q¡e
. lç=

ABs
COMMENT

is an oß-operation
not removable

Ozr is an oß-operation
but not removable

O1a is an cr$-operation
but not removable

O1a is an oß-operation
but not removable

tS max t
ot heABs

osz

os r

ozz

otg

olz

oz t

0zs

o r,*

ozq

o et*

os a

orr

{O t t , Ozt ,O3 I r O t z rOzz,O 32 rO g s ,02 3 , O t 3 ,0 3,+ , Oz4 ,O t ¡ }

{O r t , Oz r , O g t ¡O t z ,Ozz, O3 3 , 02 g , O l3 , O ¡,* , Oz,, , O t,* }

{OrrrOzr, Ot2rOz2, OgsrOzgrOtgr034rOz,*,0r,*}

{Orr,Ozr, OLz, O¡s,OzgrOt3rO34,Oz,*rOt,*}
ozt
but

{0rr,Ozr, Otz,

{Orr,0zr,

{ott,

{orr,

{orr,

{orr,

{orr,

{or r

ozg ro2s,

o3 3 roz 3,

o33rozgt

o3g,

og3,

03gt

0¡s

ts
ts
æ

Table 4.4.3
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starting times. Thus, the number and nature of dífferent maximal

s.a.p.-schedules produced by the procedure are dependent only on the

problem parameters nl tÍt2 taìZl rZ2, . . . tZrr*t , where r,¡f rrI2 (=n-ni )

are the number of trains travelling in each direction. Unfortunately,

unlike the flowshop processes, it is not clear how to determine a

formula for the number of different semi-active schedules for any

set of problem parameters. The main reason for this is that it is

no longer true that the number of possible orderings on "machine"

i+l is independent of the actual ordering on "machine" i-

4.5 IMPLEMENTATION AND COMPUTATIONAL RESULTS

In exactly the s¿rme lvay as procedure S.4.1 in Chapter 2 sras

changed into a branch and bound procedure' S.A.I.R can be too.

In contrast to the flowshop situation, it is now advantageous to

have a heuristic procedure to find an initial incumbent schedule,

since, as has already been seen, many Of the maximal schedules are

not complete semi-active schedules. The philosophy behind the

heuristic actually used in the computer progranme is to successively

schedule the available operation which would finish first amongst

all available operations. Here, an operation is termed AUaiLabLe

if it can be scheduled so that the resulting partial schedule is

feasible. In practice this heuristic seems to be reasonably good

since, f.or many of the computer runs, no better schedule was produced.

A summary of the results obtained using the branch and bound

algorithm prograruned in Fortran on a Cyber 173 is presented in

Tab1es 4.5.1 and 4.5.2 for the criteria Ic. and IU. respectively.

These criteria are particularly relevant to a train scheduling

situation because minimizing Xc. is equivalent to minimizing the

total delay and mínimízing XU means that the number of tardy
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trains is kept to a minimr:m.

For the results in Tables 4.5.L and 4.5.2, computer runs

vrere generally terminated if an optimal solution was not obtained

within 4095 seconds of central processor time. Further, although

it is not essential, an attempt was made to use data which reflected.

certain features of a reasonably realistic situation. For example,

the ratio of train speeds between any two trains was kept roughly

constant for each section and the capacities of the stations were

kept small in relation to the number of trains. As for previous

situations, this latter requirement is almost mandatory for our

purposes, since the procedure has been designed to exploit the

capacity restrictions at the stations and c1ear1y, if this restriction

is not severe, then only a small number of schedules are infeasible.

The tables have been designed to provide the more important

aspects of the results. The times taken to obtain initial incumbent

schedules (i.e. time to first schedule) have been included to

indicate the speed at which the heuristic works. These times are

in fact uery small and are roughly constant for any problem size;

that is, an Ínitial incumbent solution is normally obtained very

quickly. Further, f.ox any problem instance, the time to achieve

the optimal solution is clearly an important guantity, as is the

time taken to complete the problem. As mentioned previously, these

times differ, since a schedule is noÈ known to be optimal until aII

further possibilities for better schedules have been exhausted.

Further, knowledge of the number of schedul-es produced by Èhe

procedure gives an indication of how good the initial incumbent

solution has been and also how effective the bounding routine is.

For problem sizes for which not all problems coufd be solved

within 4095 seconds, the number which were not completed within

this time is indicated in brackets next to the number of problems



PROBLEM SIZE

5 trains, 3 sections

5 trains, 6 sections

5 trains, I sections

NUMBER OF

PROBLEMS

10

TIME TO

COMPLETTON (SECS)
TI¡48 TO FIRST

SCHEDULE (SECS)

0.015
0.0156
0.0r7

0.023
o.o24
0.025

o.o29
0.030
0.03I

o.o24
0.0249
o.o29

0.035
0.0376
0.04I

TIME TO

OPTI¡,IAL (SECS)

.015

.275

.64L

0.023
42.L4L

103.852

0. 030
62.328

279.478

o.o24
L69.346
807. 186

NUMBER OF

SCHEDULES

I

IO

I
7.78
2L

I
3.7

I
5

II

0
3

L4

5

(i)
( ii)
( iii)

0.285
15.4L7
83.919

13.948
126.996
362.7 42

6.688
545.960

L753.922

7 trains, 3 sections
23. 8r0

429.586
l-904.376

27 .362
I0 trains, 3 sections rl ( ro)

>4095

Table 4.5.I: Results for Xc. criterion.
(i) Minimum value

(ii) Average value
(iii) Maximum value.

1
3.25

I
I
I

9

0.038

F
N
P



PROBLEM SIZE

5 trains, 3 sections

5 trains, 6 sections

5 trains, 8 sections

7 trains, 3 sections

I0 trains, 3 sections

NUMBER OF
PROBLEMS

TIME TO
COMPLETION (SECS)

10
0.178
2.343
7 -383

1.093
37.890
79.Lr6

0.03r
I33.551
3L6.832

8.1r1
54.301

r50. 751

290 -8L4
11(8)

>4095

Table 4.5.2: Results for XU- criterion.

I
1.9

3

I
2.4

4
5

2.45

TIME TO FIRST
SCHEDULE (SECS)

0.020
0.0213
o -o24

0.023
o.0232
o.o24

0.028
0.031
0.035

0.020
o.0232
o.o25

0.036
0.0373
0. 038

TIME TO

OPTIMAL (SECS)

0.020
0. 780
3.424

0.023
L5.792
47.498

0.028
94.466

295.944

0.514
3r.828
79.5L7

NUMBER OT'

SCHEDT'LES

t

3

2

4

I

6

1139

55
290.607

2

H
N
N
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attempted. Finally, minimum, ayerage and maximum values have been

used to indicate the spreads that can occur.

From Tables 4.5.1 and 4.5.2, it is again evident that a small

increase in problem size results in a large increase in computing

time. Analogously to the results for the flowshop problems, the

increase is more pronounced for an increase in the number of trains

raÈher than the number of sections. For example, for the second and

last configurations for both tables, the total number of operations

to be scheduled is thirty; but for 5 trains and 6 sections, no

problem took more than 363 seconds to solve, whereas for 10 trains

and 3 sections, most problems could not be completed within 4095

seconds.

Comparing the two criteria, it appears that for problems of

símilar size, it is guicker to solve one for the XU criterion

rather than for Lc. , the implication being that fewer p.f.-schedules

are investigated for the former criterion. This resulË clearly

follows from the fact that IU. can only assume a small number of

values (i.e. at most n+1), whereas Ic. can take many more. Thus,

a decrease of one in the value of xu_ is a significant drop

whereas this is generally not the case with Ic. . Therefore, one

would expect that the heuristic for generating an initÍa1 incumbent

solution and also the routine for finding lower bounds to be more

effective for Xu. than for Xc. . AIso, as borne out by the

results, the inflexibility of the IU criterion has caused, fewer

complete schedules to be generated than for Xc. . The one apparent

exception to this is the I0 train, 3 section configuration, where

more schedules were generated for the XU- criterion. This is

readily explained by the fact that within the.4095 second time limit,

the tree of p.f.-schedules would be explored to a greater depth for
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lu. than for Xc.tt
Finally, one can see that the problems which can be solved

usíng the proposed branch and bound procedure are relatively small

in size. Not even problems involving IO trains and 3 sections

appear to be amenable to this solution method. .consequently,

heuristic Èechniques would certainly need to be investigated if

larger problems are to be considered.

4.6 PRACTICAL APPLICATIONS

It is clear that a more detailed model of a single track

railway line would. be required, if it were to be used by decision

makers in a real-world situation. Even if such a model was

available, its use would be of dubious worth as an on-Iine scheduling

tOoI since, aS has been seen previously, large ¿tmounts of computer

time would usually have to be expended to obtain an optimal solution.

T.wo features of the real-life situation which may in fact make

problems tractable by an inplicit enumeration scheme are:

I. The data may possess structures which enable strong bounds

. to be calculated for p.f.-schedules; and

2. Additional operating restrictions may reduce the number

of schedules which have to be investigated.

The savings in solution time accruing to these features would still

probably not enable an on-line scheduling process to be contemplated;

but they could conceivabty provide a viable scheduling tool for

planning purposes. Further, it is more appropriate to use these

models in a planning capacity, since it would be unlikely that a

sufficiently detailed model of reality could be achieved an1'way.

Moreover, a model- which could be applied to a number of railway

systems would generally be more beneficial than a model which is so
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specific that it pertains to only one line-

4.6.1 SÈructured Data

Examples of the strucÈures which real-world data may possess

are:

t. Trains which are faster on one section than other trains are

a^s fast as the other trains on all sections;

2. Headways between trains going in the same direction are

large - especially between trains of the same type;

3. Longer shunting d,uties are performed by slower trains; thaÈ

is, a slow goods train would normally be required to do more

shunting than a fast freight train, for example;

4. Deadlines for slow trains are less restrictive than for

faster trains.

Tight lower bounds can be computed by completing p.f.-schedules

in such a s/ay that the above structures are taken into account. For

example, if a conflict occurs between two trains travelling in the

same direction, scheduling the slower train first would generally

result in a schedule which was worse than one obtained by scheduling

the faster one first. Also, the large headways between trains

travelling in the same direction implies that most of the conflicts

occur between trains travel-ling in opposite directions. Therefore,

when deciding which train to schedule next on a section, the nuriber

of realistic choices is comparatively small and all other choices

would generally result in poor p.f.-schedules.

In the general model, none of these structures for the data

has been assumed. their introduction can clearly enable the choices

of operation at each stage of the branch and bound solution procedure

to be categorized as potentialty good or bad. Thus, by only

considering different sequences of the potentially good choices,
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lower bounding routines could be developed which take into account

the capacity restrictions at the stations. The bounds thus obtained

would conceivably be fairly good.

One drawback of having large headways between trains travelling

in the saÍìe direction is that the capacity restrictions at the

stations rarely effect the feasibility of a schedule; that is'

only occasionally would a situation occur where the number of trains

waiting aÈ a station was greater than the capacity of the statíon.

Therefore, in some respects, it may be inappropriate to attempt to

apply the general model to acÈual train scheduling situations.

4.6.2 Additional Restrictions

Features of a real-world situation which are not included in

the model for a single-track railway line are:

1. Some trains are Èoo long to be accoÍlmodated. at some stations.

In some circumstances, a long slow-goods train may be split

and placed in two sidings, especially if the alternative

entails the delaying of a passenger traini

2. Not all trains need to traverse the entire length of Èhe

track; some may enter or leave via branch lines;

3. Not all sidings at a station are identical. In particular, a

distinction should at least be made between the sidings and

the main track;

4. A switching time may be required between trains leaving a

station and other trains arriving there. This time is the

time required to physically switch the points plus some

prescribed safety margin.

Item I above would cause more p.f.-schedules to be discarded

than with the current model. Item 2 can not be included in our

general model since many of the theoretical results are dependent
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on the fact that the trains traverse all sections. This situation

corresponds to jobs not visiting all the machines. Items 3 and 4

would correspond to additional feasibility conditions which would

have to be satisfied by p.f.-schedules.

The following points describe ways in which some real-world

situations can be adequately incorporated into the general train-

scheduling model of the earlier sections.

t. AII necessary stopsrsuch as shunting duties, crew changes,

Iocomotive changes and passenger stops can be included in the

one quantity tn, 
.q,.

2. Signals are frequently ptaced in the middle of a long section,

allowing it to be treated as two sections. For our model this

would correspond to having a station with a capacity of unity.

4.6.3 other Considerations

Criteria

Discussions with railway m¿ìnagement have indicated that

an important optimizing criterion is to minimize the number of

late trains, where here, a train may be considered as being LAte

if an extra crew is required to complete the journey. Symbo1ically,

this corresponds to the IU. criterion-

Another important criterion is to minimize the aggregate

weighted delay (equivalent to f,w, c, ) ' where the weights indicate

the priorities of the trai¡rs. For exampJ-e' passenger trains should

have large weights associated with them compared to slow goods

trains; that is, passengers will not tolerate even small delays'

whilst slow goods trains can be run with little regard to delays.

In reality, the above idea can be va-ried slightly by allowing

weights to be dependent on accumulated delays. In this way, the

Ionger a train is delayed the higher its priority (i.e. weight)
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becomes. Thus, aS a train gets closer to its dead-Iine, it can be

arranged. for its priority to increase dramatically so that there

is a barrier to it being late.

Uses as a planning tool

As a planning toolr soÍrê areas where a more specialized

model could possibly be employed are:

1. InvesÈigating the consequences of running longer, less

frequent trains;

2. Determining the effect that extending sidings or increasing

the number of sidings at a station would have on the current

time-tables;

3. Evaluating the capacity of the track;

4. lnvestigating the effect of increasing or decreasing train

running times.

Railway management have indicated that the ability to satisfactorily

investigate these alternatives would be a useful contribution to the

improvemenÈ of anY sYstem.

An additional feature that they indicated would be useful is

for a model to cal-culate nost of the data itself. Thus, from a

knowledge of the horsepowers of locomotives, the lengths and weights

of the trains, the gradients of the track, etcetera, the durations

d,. couLd be calculated for any problem instance. Further, it is
U

a relatively straight-forward task to arrange for the output from

the model to be visual in tfre form of train diagrams.

Fleuristics

Even with the additional features described above, it is

clear that, within a reasonable amount of tj-me, optimal solutions

could be achieved only for systems of tnoderate síze. Thus, heuristics
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would need to be investigated so that near optimal (hopefull-y)

schedules can be obtained quickly.

one obvious heuristic is to terminate the suggested branch

and bound procedule after a specified time and to use the current

incumbent schedule as the solution. This tactic is based on the

fact that, in the procedure, a complete schedule is generated only

if it is better than any previously generated schedule- This

approach would probably be reasonably fruitful since, as for most

implicit enumeration algorithms, the optimal schedule is usually

generated long before it is known to be optimal.

Simulation

Another way of obtaining quick solutions is by the use of

simulation. To date, a number of simulation procedures have been

devised to scheduLe trains on a single-track railway line and a

treatise on some of these may be found in the article by Rudd and

Storry [31]. Although simulation allows a reasonably realistic

facsimile of the situation to be considered, it suffers from the

drawback that conflicts are resolved uniquely as they occur and

no Ìong term effects can readily be assessed. In fact, in nearly

aII instances a preconceived conflict resolution scheme ís employed

whenever a conflict arises. This contrasts with the previously

described branch and bound procedures where, íf necessary, the

schedules obtained by resolving aII conflicts in all possible ways

are generated.

, In sunmary, although a model of a real-world situation is

desirable, it seems unlikely that implicit enumeration procedures

could be used to find optimal schedules. Instead, railway operators

will probably have to be content with sub-optimal solutions

obtained with heuristic methods or by simulation-
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CHAPTER 5

ONE MÀCHINE SCHEDULING PROBLEM S

5.1 INTRODUCTION

The desirability of having a procedure to calculate a strong

lower bound on the values of the criterion for all feasible

completions of a p.f.-schedule has bêen briefly discussed in

chapter 2. Experience índicates that it ís generally better not to

expend too much computing time obtainíng such bounds, tanLeSS Ehey

are knoliln to be extremelY good.

For the general job-shop problem with limited intermediate

storage, reasonable lower bounds can be obtained by using methods

based on the following general scheme:

Given a p.f.-schedule, choose a machine and determine the

time that each job, not already scheduled on it' would arrive

there, assuming no further delays are incurred; that is, the

machine interference constraint (condition (2.1.13)) is

relaxed for all machines except the chosen one' Next,

schedule these jobs on this machine so that the value of

some criterion, related to the criterion for the original

probì-em, is optimized. The solution to this single machine

problem provides a lower bound for all completions of the

p.f.-schedule. Fína1ly, this process can be repeated for

each machine and the maximum of the l0wer bounds thus

obtained is the required lower bound-

The actual details of how the solution to the single machine problem

is used to determine Èhe desired lower bounds are different for each
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criteríon. Specific examples are provided later in the chapter.

Further, the principles of the above technique have been described

by Bratley, Florian and Robitlard specífically for Èhe C**

criterion ( t4l )

Determining an optimal schedule for a single-machine problem

frequently requires the use of a branch and bound procedure.

this is especially true for the problems of present interest, where

the jobs are not necessarily released simultaneously. Thus, due to

the obvíous restrictions on computing time, one must usually be

satisfied with a Louler bqaú on the optimal value associated with

these problems.

In the next section some notation and terminology is specífíed'

The subsequent section provides a number of procedures for determining

Iower bounds for different single-machine schedulíng problems with

non-simultaneous release times. AlÈhough most of these procedures

are kno\,¡n, the application of some of them for finding fower bounds

is believed to be a new conceptíon. Fínal1y, in the last section,

it is sho\^rn how these bounds can then be used to determine specífic

lower bounds for the general job-shop problem. One dra,wback of

such bounding procedures is that none of them take into account the

capacity restrictions on the storage bins. This is an area where

further research efforts may be re\¡rarded.

5.2 NOTATION AND TERMINOLOGY

For single-machine scheduling problems, the noÈation for

specifying job characteristics is in accordance with that usually

found in the literature. !'Ihence , fot each job ), ( j=Ir... rn)

t¡, P¡, d, and *j represent the release time' processing time,

due date and priority weighting respectively; and, as usual, c.
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represents the completion time. Further, it is convenient to adopt

the four division classifícation of machine scheduling problems

suggested by Rinnooy Kan I t:OJ r PP. 28-29) ' Thus, the classification

"l rl V lô refers to the problem of scheduling n jobs on one

machíne so that criterion ô is minimized subject to the constraínts

Y.

For our purposes it is necessary to always have the constraint'

r'>o(i.e.non-simultaneousreleasetimes)andsometimesitis
t

useful to allow preemption of jobs (i.e. job splitting). This latter

constraint is frequently denoted "job-spl" and will always refer to

the preempt-resume disciplíne in which a machine resumes processing

a job from where ít was interrupted'

Further. it is useful to have the following definítion:

a job j is auaiLabLe for seheduLing at time t' if

(i) it has not been completed by time t¡ and

(ii) r. < t. (s'2'1)
J

It is also convenient to clarífy the concept of a "good" algorithm'

Essentially.

a good. aLgo?ithm is one which efficiently solves any ínstance

of a problem for which ít is intended, without resortíng

to enumerative technigues- $'2'2)

There are some problems for which there are no known good algorithms'

These problems are said to be NP-eontpLete. ([23])

In the final section, when the discussion returns to the

general job-shop pr:ocess, the foltowing terminofogy is required:

For a p.f.-schedule S and a machine i,

J: = {:lo,¡ * t} ¡ í.e.,the jobs not arreadv scheduled

on machine i; (5'2'3)



t. = the time at which job j € J: would arrive-j

at machine i if it incurred no additional

delays;

!4. = the machines on which job j has to be
rJ

processed after it has been processed by

machine i.
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(s .2 .41

(s.2. s)

5. 3 SOME LOVIER BOUNDS

Most single-machine problems for which jobs are not released

simultaneousJ-y are Np-complete. one exception is the "lrlt, 
> olC,**

problem,which is solved by processing the jobs in order of increasing

release times. The criteria which are specifically investígated in

this section are those listed in Chapter 2.

[\^/o general methods for determining lower bounds for single-

machine problems are proposed. The first method involves solving

the single-machine problem by allowing preemption of the jobs. Here,

since the optimal solution to an "lflt, 
> Olô problem is a

feasible solution to the corresponding "lf.lt, 
Þ o,)ob spflô

problem, the value of the optimal solution to the latter problem is

clearly a lower bound on the optimal value of the former. Many of

the "lflt. 
Þ O,job spflô problems can be solved with good

"J

al-gorithms and therefore thís approach provides a fruitful source of

lower bounds.

The alternative approach is to consider a corresponding

"lfll, 
> Olô probtem for which the optimal solution is known and

;. (r. (j=1,...,n)
t)

clearly, since the release tímes have been relaxed, the optimal
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soturion ro nlflr, > Olô ís a feasible soluÈion for "ltli > Olô.

Thus, whenever ô is independent'of the release times, (as with all

the críteria listed in Chapter 2l the value of the opÈimal solution

to nlrli, > Olô ís a Lower bound on the value of the optimal

sotution to nlf lr., > 016 , âs required. When ô is dependent on

the release times, the optimat. soluþions to the two problems are

stíIl related, but the relationship is complicated by the involvement

of the release times. For example, suppose the criterion is tOtaL

deLaa, in which case,

6- c.
t

(r, +P, ¡ ] (s. 3. 1)

n

n

i
=l

{

Here, if for some particular d,ata, õ and ô" represent the

optimar values of the solution for "lrli, > olô and "lrlt, > Olô

respectively, then the relationship between the optimal values is,

ô">õ- (s. 3. 2)

Proof

Sínce the optimal schedule for nlflr, > Olô is a feasible

schedule for nlfl7, > 016, the delay accruíng to this schedule,

with respect to release times

6'+ i
j=

n

I x.
t

(r. -tI

t.
J

raS

(r. -x.tt

that is, (c.
J
-(rj +Pj ) ) i t".*- t'. +p. I I + i tr. -i. )

!r'i t -t ¡lt r r
=ôt+l (r. -r. )tti X

But the optimal solutíon to "ltl1 > 016 has a value 6, and

therefore,

-t t
(r.

t
ô"

n

I+
I

)>6.
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The result follows.

End of Proof.

Further, when finding lower bounds by relaxing release times,

one has to be careful not to relax the times too mucÏ¡, since the

bounds may become ineffective. Thus, this approach is not reconìmended

when the ïelease times are weII spread.

In addition to the above two general methods for determining

Iower bounds, there are some criteria for which a more specialized

method is also available. An example of this is an approach by

McMahon and Florian (124)) for determining a lower bound for the

"lrlr. 
> oll probtem. The details of this approach are presented

' j ' nÉx

later.

The situations with the different criteria are noht discussed

separately.

s.3.r "lrlr >olIc--'-'-j '| u j

For any instance of this problem, the corresponding "lflt, 
)- O,

job sprllc, problem can be solved using a good algorithm based

on the rule: At each time E, of the jobs available for

scheduling, schedule that one with

tine shov'test ?emaì,níng pnoeessíng tine (SRPT) '

This rule, henceforth called the SRPT rule, is a generalízation of

the common shortest plocessing time (SPT) rule which is used to

solve 
",1 

fl | 1", probtems. Al-though practically self-evident, the

proof that this algorithm solves the

problems J-s given by Horn ( If¿l I .

"f rf r, Þ o,iob spr llc,

Another method for determining a lower bound for the

"lflr. 
t Oll"; problem is given by Dessouky and Deogun (I8l).

it is necessary to specify a rule which they call the earliest

completion time (EcT) rule. The ECT rule is:

¡'r_rst
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Successively schedule the job which would finish first

amongst all the r:nscheduled jobs. If there is a tie,

choose the job which ís released first.

For every schedule obtained usíng this rule, it is assumed that each

job starts at the earliest possible time.

For a schedule S, a bLoek is defined as being a set of

consecutive jobs with the properties:

(i) the first job in the block is released after the

job previously processed by the machine is finished; and

(íi) every other job in the block is released no later than

the time the previously scheduled job finishes;

that is, a block consists of a seguence of contíguous jobs for which

the first one commences being processed at its release Eime And

after all previously processed jobs have finished. The important

result proved by Dessouky aJId Deogun is:

Theorem 5. 3. I A sufficient condítion foz'the optinaLíty of a

seheduLe ís that eueyA bLock is ordez,ed aceording to the ECT ruLe

øtd staz,ts úì,th the iob hauing the smaLlest reLease time.

Their procedure for determining the required lower bound for

an instance of the "lrlt, = oll"¡ problem is as follows: First

order the jobs according to the ECT rulei suppose the ordering ís

t = (n(1) ,.. . ,IT(n) ) . Next. determine a scheduLe by setting'

=ml + Prr(r) , and^t"r( I )

"rlrnl = max(*n'tl(n-r)) t Po(.) (h = 2'" "n)'

=manr
j>h

(s.3. 3l

m
h

where

zt(i)
(h=1,... ,n). (5.3.4)
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Clearly, if release times are prescribe<l by,

tl<ol = min{rrr,rr) r r¡t*(\'trltn.,-tl)} (h=1,...,n), (5.3.5)

then. by Theorem 5.3.1,

for the nlrlr; > oll".

the schedule given by (5.3.3) is optímaL

problem. But, by (5.3.5)'

ri ( t, (j=1,...,n) ,

and therefore c is a lower bound on the value of the optimal

schedule for " I lr, > oll"¡ .

Example 5. 3. 1

Consider the five job problem represented by the data in

Table 5.3.1. Job I clearly would fínish first amongst all the jobs

and therefore, using the ECT rule, it is scheduled first. No\^/,

since job I finishes at time 3, the earliest finishing times of

job 2 and job 3 are 7 and 6 respectively. Thus, using the EcT rule,

job 3 is scheduled next. Continuing on in this way, the following

job ordering is ob'tained:

TT = (Ir3r2,5r4)

The completion times obtained by applying condition (5.3.3) to this

ordering are,

C =0+3=3 ì

+2=5 ¡

+4=9 ¡

+2=L2;

I

ci=max(10,12) +4=L6

These times prescribe the optimal sotution to the problem with

processing times as given by Table 5.3.I and release times given by

condition (5.3.5) ; i.e.,

n

l
I

.å : ^.*(2'3)
cf = max (2,5)

c! = max(10,9)
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ti = Or tå = 3¡ ,L = 2¡ tl = tO; ri = I0

The blocks for this schedule are the sets of jobs {t,Zrz} and

{S,¿}, and the value associated with the schedule is
'5

T c.t
J

=45
j =r

An optimal solution to the original Slflr. > ol}". problem has,-t-j ," i

the jobs being processed by the machine in the order L,2,3,4,5

with an associated vafue of 49. Further, using the SRPT rule, a

lower bound of 47 is obtained.

J'iPj

3

4

2

4

2

I
2

3

4

5

0

2

4

10

11

Tab1e 5.3.1: Data for ExamPIe 5.3.1

To see which of the job-splitting technigue ancl Dessouky and

Deogun's method gives the better bounds, both procedures have been

prograrnmed and run with the same random data. The release times and

the processing times were chosen from a uniform distribution on

[orrn *] and [lrPr**l respectively. For each configuratíon of

rrr"*, P,** and n, the bounds for five problems have been determined'

Some tests with different combinations of tr,, * and P,,-,u * have shown

that each method takes about 0.060 seconds of central processor time

to run for problems with 40 jobs. No further attempt has been made

to compare the running times of the two procedures ¡98 to compare the

bounds agaj-nst the r¡alues of the optimal solutions.
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Surprisingly, ín euer4J sítuation, the bound obtained using

job-splitting (denoted L"r, ) was at least as good as the bound

(Bno) obtained using Dessouky and Deogun's method. As an

indication of the difference between the bounds, the measuret

X IOO%

is used, where the summation is over all the five problems for each

set of f,.u * , P,rr * and n values. This measure can be interpreted

as the aüerage reLqtiue pereentage irnprouement of 
"", * 

on LBoo

Using rel-ative values in this way enables a direct eomparison of

a1l configurations to be made. The results are presented in Table 5.3.2.

Although no absolute conclusions can be drawn from these

results, there are a number of general trends which are apparent.

For example, it seems likely that'

I. the number of problems for which 
""ra 

equals 
"Boo

d.ecreases as the number of jobs increases artd as tuhe

job release times become more widespread relative to

the processing timest and

2. as long as t,,-,u* is not too much larger than Pu.*,

the relative percentage difference between 
""r,

and LB decreases as n increases.
DD

Furtherr orrê might expect that problems with widespread release

times and large processing tímes are comparable to problems with

closer release times and smaller processing times. Using the

notation,

(tn.*' Pr'rr*' t)

to represent a configuration and. the symbol tu to denote a "rouglh"

equivalence of values (i.e. within an order of magnitude), this

(* i
I,B -LB \JS DD\

LB)DD¿



r No. of iobsrax

10

5

10

20

40

P =I0nlax P =20ltB x P =50
ITâ X

n
No of Problems

ín which
LB =LBJS DD

FI00 
(LBJ 

s -ßno) No- of Problems
)-å in which¿ 5LBDD LBr 

a 
=LB'O

lOO (LB -I,B ) NO' TS DD'

5LB
DD

5.Il
1.39

o.52

0.07

r0.14

3.53

L.4L

0. 55

2.60

4.88

L.04

0. 19

L.]L
6. 06

4.64

L.62

of Problems
in which
LB =LBJS DD

1OO (T,B -LB ). JS DD'
I I I

20

40

100

5

t0
20

40

5

10

20

40

5

IO

20

40

2

0

I
0

l
1

2

2

4

3

I
1

1

0

0

t

2

0

I
0

I
I
0

a

1

0

1

0

3

I
I
0

2

0

0

0

I
1

0

0

2

0

0

0

0

0

0

0

4.23

T.29

I.L4
0.25

3.87

5.7L

2.53

o.27

r. 95

11. 19

3 -e4

0.64

1. 36

1. 4l
3. 56

2.29

5LB
DD

2.96

1. 03

0. 40

0. 10

3.52

4.r7
1. t4

0. 15

2 -79

3.5r
1. r8

0. 39

13. 10

4.3I
2.22

0. 82
H
Èo

Table 5.3.2
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conjecture is borne out by Table 5-3-2; that is, for n = 5, 10, 20

and 40,

(1OO,50,n) n' (40,2O,n) n' (20,10,n)

Finally, since both procedures appear to take about the same

time to run, it seems likely that the job-splitting technique should

always be used in preference to Dessouky and Deogunrs method, when

finding lowerbor:nds for "lf lr, > oll"¡ problems.

5.3.2 "lrlr, > oliw,c,

Any instance of the "lfl lþ, ", 
problem is solved by scheduling

the jobs in order of non-decreasing prfu: tratios. The obvious extensíon

to the "lrlr, 
Þ o, job spl llt, ., probtem is the forlowing:

At any time t, schedule the available job for which

the ratío of. remaíning execution requirement to

priority weightíng is smallest-

Unfortunately this ru]e, henceforth called the SRPT/w rule, does

not always produce optimal schedules. For example, consider the

problem represented by the data ín Tabl-e 5.3.3. Using the SRPT/w

rule gives the schedule (non-preemptive as it happens) shown in

figure 5.3.1(a). For this schedule, I*r", = 380, which is 12 units

more than for schedule (b) in figure 5-3-1-

i r. P. I^t.-tJt
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Figure 5.3.1
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(s.3.6)
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rn fact the " lr lt, 
2 o, job spl I þ, ", problem has been

shown in tI9] to be NP-complete. But, it is not necessary to

discard the SRpT/w rule, since it can be used I [fOJ ) to solve

any instance of the "lrlt, Þ o,job spl I þ, ", problem for which

the weights are agz,eeabLe; i.e.

p,

w.
t

Example 5 "3.2

To determine a lower bcund for the problem prescribed by the

data in Table 5.3.3, it is first necessary to reduce the weightings

Pj *ti *t,

Therefore,if the weightings are reduced, where necessary, to tj

so that the ;. (j=1,...,n) are agreeable, then sRPT/w can be
I

used to solve the "lflt, 2 O, job spt I I*r", problem' But the

value of Ir... obtained in this way is a lower bound on the value
,

of rhe oprimal solution for "lflr, > oll\"¡, which in turn provides

the required tower bound for "lflt, > Ollw, c, . This last implication

follows from l,he fact that for any schedule with completion times "!,

I c.
t

w.
t

cI

1675L32
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so that they are agreeable. Now, since Flrpr+ and Pe are al-l

greater than pz, then, to satisfy (5.3.6), wlrw4 and vr5 have

to be reduced to the value of w2t ví2. 2. The new problem, given

by Table 5.3.4, can nov¡ be solved using the SRPT/w rule. This gives

a schedule with a value of 184, which is a lower bound on the optimal

value for the original Problem.

jtrPjtj
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Ta-l¡f e 5.3 .4: The new data

v,Ihen applying the sRPT/w rule to the "lf lt, Þ o,job spl llt, ",

problems, it is only really necessary for the weíghtings of the jobs

availal¡Ie for scheduling at each time point to be agreeable- Therefore,

instead of making all weights agreeable from the outsel-, a better

bound can be obtained if the weights of. aUaiLabLe iobs are made

agreeable at the tj,me each neu job becomes available for scheduling.

The final weights of the jobs are no smaller than if they had been

made agreeable from the outset.

Example 5.3.3

consider again the data in Tal¡Ie 5.3.3. At time o, both jobs

I and 2 are available for schedulingrand so wt has to be rerluced

to the value of \t2, ví2. 2. using the sRPT/w rule, jobs 2 and 3

are completely scheduled before job 4 becomes available at time 2'

Further, when job 5 becomes available at time 3, only one unit of
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job 4 still has to be scheduled and therefore the weights at this

time point are still agreeable. continuing on in this manner, the

only other change. is that vr6 has to be reduced to 8 to make it

agreeable with v¡s. The schedule thus obtained is actually the one

shown in figure 5.3.I(b); but, because of the alterations to the

weights, it now has a vafue of. 266 associated with it. This quantity

is a superior lower bound on the value of Èhe optimal schedule for

the original problem.

Finally, it seems tbat both the above methods are innovations

for finding lower bounds for the "lrlt, 
> ol[w, ", problens'

An alternative method of finding a lower bound for the above

problem is to reduce aII release times to the minimum of them and

then sotve the corresponding "lfl lþ, ", 
problem. The lower bound

obtained in this way is clearly not very satisfactory when release

times are wide-spread. Applyíng this method to the data given in

Table 5.3.3 provides a Iower bound oî.246 for the gíven problem'

s.3.3 "lrl', t ollu;

A current open question in the area of complexity results for

machine scheduling probJ-ems is whether or not "lfltr) 
O, job spt llu,

is Np-complete (see IL2l). Accordingly, there are no known good

atgorithrns for solving this problem and so there is little future

in investigating job splitting techniques for determining lower

bounds for "lrlt, > ollu; probrems.

Now, although "l fl t, > ol Iu¡ is known to be NP-complete for

arbitrary release times, êDy instance is solvable with a good

algorithm whenever,

r dr <d(r.
J

+ (5.3.7)
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An algorithm used to solve such problems has been presented by

Kise, Ibaraki and Míne ( [r7] ) . Assuming the n jobs are indexed

so that rr ( rz ( ... ( r,, and d1 ( d2 < -.-

algorithm is essentially the following:

In order of the indices' successively schedule jobs at

the earliest possiJcle times until one is found to be

tardy. Then, discard that job whose removal leads to

a partial schedule with the smallest finishing time.

continue scheduling and. discarding jobs until all of them

have been considered.

The number of discard.ed jobs is the minimum possible number of tardy

jobs. Discarding a job means t-hat it is processed by the machine

after aII the non-tardy jobs have been finished.

Example 5.3.4

consider the problem represented by the data in Table 5.3.5.

Condition (5.3.7) ís satisfied and therefore the above algorithm

can be applied.

irÞdJ -j -j j

7

I
9

IO

II

Table 5.3.5: Data for ExamPle 5,3.4

Nor^r, job I and job 2 can be schedul-ed successively with neither

being tardy; but job 3 canuot be added to this schedule without it

being tardy. The three partial schedules to be considered at

this stage can be represented by the job sequences'

4

4

3

2

3

0

2

4

5

6

I
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3

4
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I,2 ¡ Ir3 and 2r3

The finishing times associated with these schedules are 8, 7 a4d

9 respectively, and therefore Ir3 is retained, i.e. job 2 is

discarded. Job 4 can be added to this schedufe successfully but

job 5 cannot be added to the resulting schedule without being tardy.

Of the four seguences,

L1314 ¡ L,3,5 ¡ 1,4,5 and 31415,

sequence L,3r4 corresponds to the schedule with the earliest

fíníshing time and therefore job 5 is discarded. Thus, for this

problem,the minimum nuÍtber of tardy jobs is 2.

Returning to the general "lflt, 
> Ollu. problem, suppose the

jobs are indexed according to íncreasing due dates with ties resolved

by choosing first, the job with the smallest refease time. Then,

if the release times tj (j=Ir... rn) are changed to values i,

in the following way:

t
n =\:

n
and

(s. 3.8)

l, = min(rj ,;i +1) ( j=n-r,...,1) ,

condiÈion (5.3.7) is never violated and "ltl1 > Ollu can be

solved using Kise, Ibaraki and Mine's algorithm. But, from (5'3.8),

i, ( r. ( j=r,... ,n) ,

and therefore the value of the optimal solution to "ltlt, > ollu¡

provides a lower bound for "lrlt, > ollu¡ r âs required. rt is

believed that Kise, Ibaraki and Mine's algorithm has not previously

been used in this way.

"lrlr, Þ ol"n**

"lrl',

5 .3.4

For any instance of this problem, the corresponding Þ o,
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job spll"n * problem ca¡r be solved using an algorithm based on

the rule:

Of the jobs which are availabfe at each reLease time

or the time at which a job is completed, schedule the

one with the earliest due date (EDD).

This rule is a generalization of the EDD rule used to solve

"lll 1L.,"*. The proof that the above algorithm does indeed solve

"lrlt, 
Þ o, job spll",** problems is again given in Horn [ra1 -

Thus, using job-splitting techniques, a 1ower bound for "lrlt, 
> OlL,**

can be obtained.

Alternatively, a lower bound can be obtained using the previoltsly

mentioned approach of McMahon and Florian Í,241. Their method is as

follows:

Fírst, an obvious lower bound is

LB = max(r..t
t

(s.3.e)

Next, it is necessary Èo schedule the jobs using the following

heuristic algorithm proposed by Schrage, where E i= the set of

unscheduled jobs:

1. Set t=0

2. Is there at least one job j € S such that tj < t.

If so, go to SteP 4.

3. Set t = min r.
j€s

4. Among alt jobs j € s such that ,i ( t, choose

that job j that has the small-est due date; break ties

by selecting the job with the longest processi-ng time.

5. Schedule the chosen job next and set t to t + pj .

+ pj d.)
t
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6. If S + 0, go Lo 2. Otherwise, stoP-

The sequence of jobs T(I),...,t(n) produced by this heuristic

can be decomposed into bLoeks in this same hlay as they could in

sub-section 5.3.1. The fotlowíng definitions are required: For

each job j in block {n (s) , . . . ,T (þ) } ,

r. p. ={ilc . (c. (c.} ¡ (5.3.10)
i ' ßlc) ¡ J

,; d¡*=*"*{a, lier.} ; (5.3-II)

3. gj = {i € n, lU, = ur*} (5.3.12)

With these definitions, it can be shown çlZO)) that for,

I

LB.
J

(C.
IJ
I
tc.

t

-d.*
J

+1-d.*
J

if j€

if iç

9J

9J

(5.3.13)

(s.3.14)max LB.
t

is a lower bound for

Example 5.3.5

Consider the problem specified by the data in Ta-ble 5-3.6.

Scheduling the jobs using Schrage's heuristic gives the schedule

represented by the Gantt chart in figure 5.3.2. The blocks (8, say)

associated with this schedule are,

81 = {1 ,3,2} and 82 {a, s}

The job completion ti:nes, cj , for this schedule and the values

q are pl:esented in Table 5.3.7 together with quantities determined

by (5.3.f0) through (5.3.f2). Clearly, from this table,

"lrlr > ol-' ' t ' rnax

-3max LB..)
t
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which is a lower bound on the value of the optimal schedule for

the prescribed s lr lr, Þ o lr,,* * Problem. since the schedule

jtrPju,

3

3

2

2

3

I
2

3

4

5

0

I
2

9

10

5

5

4

T4

13

Table 5.3.6: Data for ExamPle 5.3.5

246810121t

Fiqure 5.3.2

j.,n¡diQj*,

I
2

3

4

5

3

I
5

1I
L4

{ri
{t,z ,z}
{r,:}
{¿}

{+,s}

{r}
{t,z}
{r}
{¿}
{+}

5

5

5

L4

L4

-2
3

I
-3
I

Tab1e 5.3.7

shown in figure 5.3.2 has a value of Ln-' * equal to 3, this lower

bound is achieved. Thus, the schedule determined by Schrage's

algorithm is optimal in this instance. For completeness, as both

(5.3.9) and. (5.3.14) give a fower bound on nlflr, Þ OlL'r* , a

better bound is given by the maximum of these two values.

52llt,3I
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Finally, there is no need to determine lower bounds for

nlrlr, Þ olcr.* problems since, as noted earlier, these problems

can be solved direçtly by scheduling the jobs in order of increasing

release times.

5.4 LOWER BOUNDS FOR THE GENERAL PROBLEM

The general method for determining lower bounds on the values

of all completions of a p.f.-schedule S has been outlined at the

commencement of this chapter. fn this section the exact way these

bounds are obtained for different criteria is described.

Now, if for an arbiÈrary feasible completion of S' the start

times and finish times of operation o, j are denoted by 
", j 

and

b . respectively and if c. ís the time at which job j isii t

completed, then, for any machine i (i=Ir... rfr) ,

c. >b.. +
J TJ I

hclli j
drr¡ (s.4.1)

Recalling Èhe definition ((5.2.5)) of M,¡ , this inequality

foll-ows from the fact that the right hand side of (5.4.1) is the

time job j would finish if it incurred no additional delays after

Ieaving machine i.

5.4.1 Criterion I..

For any completion of S, the value of this criterion ís

; which, by (5.4.1) satisfies the inequality'I".
¡it r

+ ,. . . ,ß) (s .4 .2)

For machine i (i=I r.'. rfl) and for any subset J of nl

jobs, consider the corresponding one-machine problem with release

i. >,

j ="t 
J

n

¡
b.

I I
=l

I
hcht j

Un, (i=l
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times ai j and processing times d, ¡ , fox which the total of the

completion times is to be minimized. The value of the optimal

sorurion ro rhis rrl rl.¡ ¡ >'ol I"¡ problem is 
, !, 

o, , , since everv

job can conìmence at its release time. Therefore, (,5.4.2) can be

rewritten as,

+

,J,'' =,1,o"
n

I
=l

T
he4 j

dn, * the value of the oPtJmal

Now, recalling the definitions (5.2.3) a¡d

a¡ respectively, for job j € J, and machine

r. = max(t.
,J

solution to "¡l rl ". . > ol I.¡

,maxb
n4'L

that is, from the situation described by S,

time j could become available to machine

commence at least after those operations (in

by machine i have finished. But clearly,

and therefore, if

release times. Thus,

(s.4. 3)

(5 .2.4\ for

i, IeÈ

and

(.s .4.4)

;. is the earriest
)

i so that it would

i
J

S

h

S) already executed

r. (a.. r
J IJ

_iJ^ conEarns nl jobs to be scheduled on machine
ù

i, the optimal solution to r'rlrl.,, > olI.. is a feasible solution

to "lrli, > olI.¡ , where the problems are identical except for

the value ô.* , say, of the optimal solution

to the "rltl1 > oll"; problem is a lower bound on the value of

the optimal solution to "1 lr 1., ¡ > o ll".¡ . V'lhence, from ( 5.4. 3) ,

Ì
b.

I
I a.. + ô.*
" nJ t

(s.4. s)+
heìq j

I".
j =-t t ¡

S

n

I
=l

Now, each term on the right hand side of inequality (5.4'5) is



\
dependent only on S and

S. Thereforer

Iu
år' ¡j
rs

max{
rJ

+

"'lrli. Þ ol)'w.c.,¡f ' j ," i j' where

j€r: Then,

L52.

l- and not on the actual comPletion of

Ì,
b.

I J

+
n

T
=l

i
heq j

d +ô*hj i

d.. * oluÌn, r

i
S

is a lower bound on the criterion values fot ALL compleÈions of S

Further, although ô." cannot be d,etermined with a good algorithm,

it has been shown in the previous secÈion that a l-ower bound' ô:o

say, can be found for this value using job-splitting techrrrn,r"" 

to"

relaxing release times. Moreover, the choice for machine i is

arbitrary and so a lower bound which is readily calculated is,

n

I
=1

T
h eil rJ

(s.4.6)

5.4 .2 Cri.terion

Suppose ôr' is the value of the optimal schedule for

c.
J

i.
t , given by (5.4.4), is the release

using a d.erivation analogous to thattine for job

for criterion I", for any completion of a p.f.-schedule S'

Ji
S

I.
)
+
q

T
neÞ[, 

¡

(5 ,4.7)w.<1.. + ô."
J NJ I

Continuing the analogy, methods are available for determining a lower

^LB ^xbound 6:" on ô.'. Consequently, a lower bound on the value of the

"rit.rio'n, fr... , for every feasible completion of S is:
J

nax{
ij

I
h€r{i j

+ w.d.. + oluÌ
J NJ Iw.b..

J L'

n

I
=1

(s. 4.8)
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5.4.3 CriteriÒn Iu"

For any feasible completion of p.f.-schedule S,

I,
ì

if c.
t

d.
t

U.
J !0 otherwise .

]-Therefore, defining for machine

I

{io

if b.. + I a..i, " ,,- helli j

other:wise ,

d.
,

u.r
t

i
helt j

{, il

(s.4.e)

the inequality (5.4.f) gives,

U¡ >lJ.t (j=1,...,n) ,

ancl therefore ,

iu >
¡lt t jl-r t

Now, for machine i and any set J of nr jobs, consider the

associated singte-machine probtem with release times di j , processing

times d, j and due dates U, - I dn, , for which the nurnber of
heNq j

tardy jobs is to be minímized. Since jobs can conìmence at their

release times, the value of the optímal schedule for Èhis

nr lr [r, ¡ > o llu¡ problem is,

l{: lr, ,
d.

J

which, by (5.4.9) equals

Thus, (5 .4 .10) gives

I ur
tjer

(5.4.rr)
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In an *.tof,or" way to thaÈ for the previous criteria, if the

-i_itj (j € 4) are given by (5.4.4) and the jobs in J, are yet to

be scheduLed on machine i, then the value of the optimal schedule

f.or is a lower

bound on (s.4.11)

+

is readily obtainable. FinaIIy, since this bound is determined for

arbitrary i, a better lower bound is

"'lrli, > ollu¡

5.4.4 Críterion LÍax

For jobs ín J,

problem with due dates

has a value,

with due dates d, - I q,
' h€l$ j

Letting this optimal value beI u.'
iË¡i t
-S

ô:,

becomes

(s.4.12)

The right hand side of this inequalíty is independent of the actual

completion of S and therefore is a lower bound for every completion.

Again, it is general.ly more efficacious to obtain a lower bound

ñxon ô1, using one of the methods suggested in the previous section,

rather than finding ô: ítself. Letting this lower bound be Olu,

the bound

^LB
Ò.

I

ôx
o.

I
Iu. >

¡"=t' j4ri '

Iu.'

max{
¡j

u'+ "]t
4 s

ii
^L0i

(s.4.13)

and

J

Suppose the jobs are partitioned into two sets J a¡d

Then, from (5.4.f) , for any completion of the p.f.-schedule

for any macirine i,

J

s

max(c. -d. ) > max{max(b. . +
. J t - ll
t i€J

un,-u, ) Ì 6.4.L4)IaLh
he4 j

-d. )
t

, max (b
jeJ

I.+),
h €¡1.rJ

rJ

the optinal solution to the nr lf la. . Þ o l"nr"

d, - I dn, ancl Processing times u,,
' lte\ 

¡
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+

As for previous criteria, this follows since jobs can commence

being processed by the machine at tineit release times. Now, in

the usual way, íf.
¡_itj is given by (5.4.4) ( j e 4) and the jobs in J,

are to be schedul-ed on macìrine i, then the value, 6,", of the optimal

solution to the ,, r I f li. > olr problem with due *a""¡ | I j ' lrÍIx

dlr¡ is a lower bound on

max (b. .Uj€J
I

her4 j
d.. -d.)IìJ J

+I
h€rl j

d.
J

I
Ir€M, 

¡

Further, if

I
le4.¡

(¡.. +
rJ

d.. -d.)lìl I

^LB6-- is a lower bound for
i

then (5.4.f4) gives,

max
€ i

s

^xô.,
I

But, since the choice of machine i is arbitrary and sÍnce the

right hand side of (5.4.15) is independent of the actuaL completion

of S,

max(c. -d. ).tt
t

Þ max{max d.. -d. ),ô:"Ìlrj J r

(s.4. rs )

(5.4.16)

j 4r',
(b.

t

maxlmax{max (b. .

i i{r', tr +l
heM.t,

d . -d. l,olu]lNJ J T

is a lower bound on the values for all completions of S

5.4.5 Criterion C
nla x

The easiest way to determine Èhe required lower bound for this

criterion is to realise that 
"r,.* 

ís just a specíal case of L-u*

with due dates all equal to zero. Therefore, for any p.f.-schedule

S, a lower bound on the val-ues of all- completions of this schedule

is given by'

I
h€NIi j

maxlmax{max (b. .

i ,i {ri" 
,r + d

h
,ol"Ìl (s.4.l-7)
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where ^LBô.
I

)

is a lower bound on ttre value of the optimal solution

to the "¡lrli, " 
ol",,,x problem with processing times 1¡ and

due dates _I
h €À{i j

dhj

5.4.6 Concluding Remarks

For all the results in the thesis obtained using branch and

bound procedures, the bounding routine employed was that descri,bed

in Chapter 2; that is, the one for which projected job completion

times are used. Now, although the bounding methods described in

this section would produce better bounds than the bounding routine

actually used, their implementation requires many more cafcul-atíons

and comparisons. Thus, since bounds have to"be calculated numerous

times during the course of an algorithm, it has been deemed prudent

to use the quickest method in preference to the methods producing

superior bounds. This trade-off between computing time a¡rd the

utility of the bound r^¡ilI always favour the quicker methods until

very potent bounding routines are developed. Such routines will

necessarily consider tire capacities of the bins and may also employ

some of the results presented in thj-s chapter.

Finally, if one so desired, any of the bounding methods described

in this section could readily be included in the branch and bound

procedures described earlier.
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CHAPTER 6

DISCUSSION

The purpose of this thesis has been to develop a general

framework for solving problems which can be cast ínto the form of

a job-shop process wíth intermediate storage facílities of limited

capacity. Compared to the more usually studied. situations with

unrestricted storage, these problems have been shown to require

complicated models whose attríbutes have to be described in very

explicit terms.

A major feature of the thesis ís the realization that the

general process can be represented by two fuñdamentally dífferent

models; one corresponds to jobs having to visit each of their

assigned storage locations, the other allows jobs to bypass these

locations whenever possible. The key to these models is whether

the waiti.ng inÈervals are treated as half-open or closed. Further,

when these intervals are closed, it has been seen that a critical

value ô must be prescribed so that one can decide \,rhen such

intervals interact (as opposed to overlap) with each other. For

half-open waiti4g intervals, the concept of "strings of operations"

has had to be defined to enable the start times of consecutive

operatíons for the same job to be reduced simuLÈaneously.

corresponding to each of the above models, it is necessary

to have a very precise definition of a semi-active schedule.

Moreover, both definitions allow for the possibility of there being

more than one semí-active schedule per feasible ordering of the jobs

on the machines, in marked contrast to the processes with no
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restrictions on Storage. Fortunately, the total nutnber of semi-

active schedules\ is still finite and therefore an optimal schedule

can be obtained by enumerating them all and choosing one for which

the value of the criterion is smallest.

The solution methods presented in the thesis have, by necessity,

been based on implicit enumeration techniques' more specifical-ly'

branch and bound procedures. For different specializations of the

generaL process, it is desirable at each stage of the enumeration

procedure to be able to restrict the set of operatiorrs availabfe for

scheduling in such a ¡day that all semi-active schedules can be

generated without duptication. This has been accomplished for the

specialization in chapter 3,hrhere the jobs aII folÌow the same

route through the job-shop and also in chapter 4, where a tTain

scheduling problem has been model-led in a way which corresponds to

jobs being able to take one of two routes through the.shop. Such

solutÍon algorithms are the "best-possible" in the sense that they

enable the entire set of semi-active schedules to be explored without

duplication. Unless a set of schedules can be found which is always

a subset of the semi-active schedules and is known to still contain

an optimal schedule, then no improvement on these procedures is

possible.

Methods have also been described for determining a fower bound

on the values of the criterion for all completions of a partial

feasible schedule. These methods require some results and pl:ocedures

pertaÍning to the scheduling of jobs on a single machine. In many

instances, these procedures have been implemented in novel ways so

that the appropriate lower bounds can be found-

FinalIy, the research performed for the thesis indicates some

areas where further investigal-ion may produce results. These areas
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include the specialization of the general modeÌs to other real-wor1d

problems, the development of relia-ble heuristics for solving large
I

problems and the construction of lower bounding routines which

take into account the capacity restrictions on the storage bins.



a.II
Æ,

b..
tl

c,
,

c
¡rìÍl x

d.
I

dij

gr¡

I
Ja

Page

II.

108.

11.

14.

15.

6.

6.

7.

r32.

25.

15.

148.

5.

133.

5.

55.

5.

131.

7.

48.

5.

25.

6.

82.

25.

6.

133.

97.

v, (o*

r,t
t

'r,
ô

p

o

0,

0s (&)

X.,

Iw. c.
JJ

160.

Page

25.

11r.

6.

6-

L7.

50.

51.

26.

24.

L4.

14.

15.

39.

L32.

L32.

151.

L32.

100.

r00.

43.

L42.

L32.

5I.

I00.

25.

136.

L4.

2E.

INDEX OF NOTATION AND TERMINOLOGY

U

.,t

K

L
¡T6 X

LB.
t

Iu.
t

l-o. . ,. .. ,o. . -lt lJ r qJ

nlrlylo

c -operation

cr, ß, -operation

active schedules

agreeable weights

available for scheduling

available operation

ß -operation.S

backtracking

block

complete feasible schedule

dispatching procedure

m

M..rJ

x.>O
)

n

Ns (r)

orj

q

Þ-jk

P4¡

q

%

r.
J

R.

S

tl,.c,

t.
t

T.
J

SPl

t.
t

job



16r.

feasibility conditions

feasible processing

positíon matrix

fuII bin

good algoríthm

interacting intervals

LORL schedule

maximal p.f.-schedule

non-determinístíc

algorithm

no-wait problem

occupancy

ôperation

ÀtrP-complete

p. f. -schedule

p.p. f . -schedule

processing position

matrix

regular measure

removable operation

removable sÈring of

operations

s . a. p. -schedule

scheduled operation

semi-active schedule

-closed intervals

-half-open intervals

single pass procedure

string of operations

unsaturated bin

unscheduling an oPeration

unsched.ulíng a string of

operations 81

11.

48.

25.

L32.

L7.

25.

100.

.-54.

24.

25.

34.

24

5

L32.

24.

80.

48.

L4.

100.

80.

I04.

13.

19.

40.

28.

39.



I.

2.

3.

4.

5.

6.

7.

8.

ô

10.

L62.

BIBLTOGRÀPHY

ANDER^soN, r. (Lg74) . A Fír'st Cot'trse in Conbínatoz"LaL

Mathematics. Clarendon Press, oxford.

BAKER, K.R. (Lgtl) - Intz,oduetion to Sequencing and ScheduLing.

John Wiley & Sons ' New York'.

BONNEY, M.C. and GUNDRY, S.W. (L916). SoLutions to the

Constraíned FLoushop Sequencíng Pz'obLem. operational

Research Quarterly, VoI . 27, 2, PP. 869-883.

BR-ATLEY, P., FLORIAN. M. and ROBILLARD, P. (1973) . On Sequencing

uith EatLíest Starts and Due Dates uith AppLication to

Cornputing Botmds foz, the (nlmlGlF,* *) Py,obLem. Naval Research

Logistics Quarterly, VoI. 20, I, PP. 57-67-

CHERNTAVSKY, A.L. (Lg72) . A Progy'an for ?ímetabLe cornpiLatíon

by a Look-Ahead Method. Artificiar rntelrigence, Vo1. 3,

pp. 6I-76.

CONVÍAY, R.!{., MAXWELL, W.L. and MILLER, L.W. (1967) . Theory

of Sched.uLing. Addison Wesley, Reading, Mass

DANNENBRTNG, D.G. (Ig77). An EuaLuatíon of FLou Shop Sequencing

Heut"Lstícs. Management Science, VoI- 23, II, pp. LL74-LLB2'

DESSOUKY, M.r. and DEOGUN, J"S. (1979) Sequeneing Jobs uith

IJnequaL Ready Tímes to Minimize Mean FLoU Time. Presented

at TIMS-ORSA l"leeting, Ne'¡r Orleans, Lâ., MaY L979-

DUTTA, S.K. and CUNNINGHAM, A.A. (1975) - Sequencíng Tl^tç-

Maehíne Elou-Sltops üíth Fíníte fntez'mediate Storage.

Management Science, VoI. 2I, 9, pp. 989-996.

ELMAGHRABY, S.E. (Ed.) (1973) . synrposiun on the Theory of

ScheduLing and íLs AppLicatíons. Lecture Notes in Economics

and Mathematica.l Systems No" 86, Springer-Verlag, Berlin'



163.

II.

12.

13.

14.

15.

16.

L7.

18.

19.

GTFFLER, B. and TIIOMPSON, G.L. (1960) . ALgorLthms for

SoLuing Pnoduetíon-SeheduLing ProbLenrc, Operations Research,

Vol.8,4, pp.487-503.

GRAHAM, R.L., LAI,TLE;, E.L., LENSTRA, J.K. ANd RINNOOY KAN, A.H.G.

(1977) . )ptinrLzation artd ApprorLmqtíon in Determinístíc

Sequencíng and ScheduLing: A Sut'ueg. Proceedings of

"Discrete optimizatíon L977 " Vancouver' AugusL 1977. (To be

published) .

cuPrA, J.N.D. (1976) . }ptimaL FLoushop ScheduLes uith no

fntermedLate Stoz'age Spq,ce. Nava1 Research Logistics

Quarterly, VoI. 23, 2, PP. 235-243.

HORN, w.A. (L914) - Some SirnpLe ScheduLing ALgorithms. Naval

Research Logistics Quarterly, VoI. 2L, l, pp. 177-185.

JONES, J.C.If . and V,IAI,KER, A.E. (1973) . ?he Applí'catíon of

ModeLs of SíngLe RaíLuay Track )pez'al;ion to Eualuate

Upgrading ALternatítles. RaiI fnternational t 4iL}jl Year, No. 7,

pp.787-80I.

KARP, R.M. (1975) . On the CornputatLonaL ContpLerLtA of

ConbinatorLaL ProbLems. Networks, vol. 5' PP- 45-68-

KISE, H., TBARAKT, T. and MINE, H. (f978). A SoLuabLe Case

of the One-Maehine ScheduLing Pz'obLem uith ReadA qrtd Due

Times. Operations Research, Vol. 26, I, PP. L2L-L26.

KNUTH, D.E. (1973) . The Az't of Contputez' Progrønning VoLume 3 -

Sorting ørtd Seav'chñng. Addison Vlesley, Reading, Mass.

LABETOULLE, J., LAWLER, E.L.' LENSTRA, J.K. ANd RINNOOY KÀN,

A.H.G. (1978) . Preenrptiue Sc'heduLing of unifot'm lulachines

Sybject tO ReLease Dates. Proceedings of the Summer School

in Combinatori,al Optimizat-ion. Sogesta, Urbino, Ita1y, JuIy

1978. (ro be published).



20.

2L.

22.

23.

24.

25.

26.

21 .

28.

L64

LAGEWEG, 8.J., LENSTRA, J.K. and RINNOOY KAN, A'H'G' (1976) '

Minimizing Maæimtm Lateness on he Machíne: Conrputational

Eæperienee and Some AppLieations. Statistica Neerlandica,

VoI.30,1r PP.25-4L.

LAwtER, E.L. (1976) . Sequencing to Minimize the Weighted

Nwnber of Tardy Jobs. Revue'Francaise D'Automatique

Informatique Recherche operationnelle, Vol' I0, 5, Supplement

pp. 27-33.

LAWLER, E.L. and WO9D, D.E. (f966) . By,anch and Bound Methods:

A Suruey. operations Research, Vol. 14, 4, PP' 699-7L9'

LENSTRA, J.K., RINNOOY KAN, A.H-G- and BRUCKER, P' (L977) '

cornpleæity of Machine scheduLing ProbLems. Annals of

Discrete Mathematics, VoI. 1, PP. 343-362'

¡dcMAnoN, G. and FLORIAN, M. (1975) . On SeheduLing üith ReadA

Tímes and Due Dates to Minimize MatLmun Lateness. Operatj-ons

Research, VoI. 23, 3, PP- 475-442.

MOORE, J.M. (1968) . An n Job, one Maehine sequencing ALgorithm

fo? Minimizing the Nønben of Late Jobs. Management Science,

Vol. 15, 1, PP. 102-109.

NTJENHUIS, A. and WILF, H.S. (1978) . Conbinatoz'iaL ALgorithns

for computers qnd caLcuLator.s (2nd rdition). Academic

Press, New York.

OTWAy, N.J. and SALZBORN, F.J.M. (.;-g7g). General;ing FeasíbLe

Schedu.Les for a Single Traek RaíLuag Líne' To appear'

REDDI, S"S. and RAMAMOORTHY, C.M. (Lg'12). 0n the FLoushop

sequenei.ng PtobLem u)ith No wait in Proeess. operational

Research Quarterly, VoI. 23, 3, PP. 323-33I'



29.

30.

31.

aa

33.

165.

REDDI, S.S. and RAMAI{OORTHY, c.M. (1973) - A ScheduLing

ProbLem. operational Research Quarterly, VoI. 24, 3,

pp. 44L-446.

RINN66Y KAN, A.H.G. (L976) . Machíne ScheduLi-ng PyobLems:

CLassifíeation, ConrpLerLty and Conrputations. Nijhoff,

The Hague

RUDD, D.A. and SToRRY, A.J. (1976) . SingLe Track RaiLuay

SimuLation - Nan ModeLs and )Ld. Rair rnternational,

7Èh Year, No. 6, pP. 335-342.

vAN DEMAN, J.M. and BAKER, K.R. (l-974). Minínizíng Mean

FLoutíne in the FLou Shop uith No InterTnediate Queues.

American Institute of Industrial rngineers, Transactions,

Vol. 6, I, pp. 28-34.

vlrsMER, D.A. (1972) - SoLutions o'f the FLoushop SeheduLing

ProbLem uith No Intenmediate Queues. Operations Resea::ch,

VoI. 20, 3, pp. 689-697.




