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SUMMARY

This thesis demonstrates how nonlinear optimization
techniques such as branch and bound and integer programming
can be successfully adapted to solve mathematical models
for mine production planning. Application is made to two
contrasting mining environments. First we deal with short
and medium ferm production planning from an-open pit mine
where there are grade constraints on the mill feed. While
these constraints are linear, nonlinearities arise from the
need to take into account other aspects such as machine
movements or precedence relationships in extracting blocks
from the mine.

The second application of the techniques relates
to long term production planning from a beach sand deposit
which is to be mined by a dredge. A network model de-
scribing the various dredge movements is formulated and an
effective heuristic algorithm is constructed to enable the
determination of near optimal dredge paths.

In both applications, computer investigations have
proven that the methods are effective and several examples

are given in the thesis to demonstrate this.

(1iv)



SIGNED STATEMENT

I hereby declare that this thesis contains no
material which has been accepted for the award of any
other degree or diploma in any University and, to the
best of my knowledge and bellef, it contains no material
previously published by another person, except where due

reference is made in the text of this thesis.

F.M. Posaner

(v)



ACKNOWLEDGEMENTS

I would like to express my deep gratitude to my
supervisor, Professor R.B. Potts, for his help and encour-
agement throughout all stages of the development and pres-
entation of this thesis.

In addition I am indebted to staff of the
Operations Research/Computer Services Group of the
Australian Mineral Development Laboratories for much fruit-
ful interaction and in particular would like to thank
Dr. W.J. Howarth, Mr. W.P. Boyce and Mr. G.L. Wood.

I am also grateful for the financial support of a
Commonwealth Postgraduate Award and for the uée of
computing facilities at the University of Adelaide.
Finally I would like to thank Miss D.J. Potter for her

excellent job in typing this thesis.

(vi)



CHAPTER 1

INTRODUCTION

The subject of this thesis is the application of
mathematical and computer models to mine production planning
The past decade or so has wltnessed rapid growth in the use
of computers in the mining industry. They have proven to
be an ideal tool for recording and collating the vast
quantities of data which are gathered during mining opera-
tions. Many companies have successfully used computers
for these purposes, and are now directing their attention
towards extending computer usage to enable them to assist
more directly in the planning process. Mathematical
models are gaining increasing importance in this area since
there are often many variables and complex interrelation-
ships which must be taken 1nto account in problems of mine
planning.

Coyle [7] has recently reviewed the applications of
Operations Research in the mining industry as a whole. He
gives many examples of the use of Operations Research
techniques, starting with exploration and extending right
through to the determination of optimal plant design and
process control. A wide range of OR techniques have
already found application - to list but a few would incl-

ude Search Theory, Statistical Theory, Applied Probability
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and Geostatistics, Optimization Theory, Simulation and
Critical Path Analysis.

The techniques applied to the mine production

planning problems discussed in this thesis are optimization

techniques. To date, the greatest impact of optimlzation
techniques has been more in the area of Open Pit Mine
Design. Dynamic Programming, Graph and Network Theory
have, for example, all met with substantial application
[18,26,16], and currently a considerable number of computer
programs based on these methods are avallable. The state
of the art is not so well developed in the field of mine
production planning. This is partly due to the increased
complexlity of the types of scheduling problems which occur
in this area and also because there 1is greater dependence
on pecullarities of the mine-mill system under considerat-
ion. Whereas quite a universal approach has been possible
in open-pit mine design this has not been so in mine pro-
duction planning.

Linear Programming has been virtually the only op-
timization technique applied to such problems to date
[7,33]. The aim of this thesis 1s to show that the range
of applicable techniques can in fact be extended to include
techniques of nonlinear, integer programming and branch and
bound. To demonstrate that these methods are effective,

application is made to two contrasting mining environments.
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In Chapter 2 we apply the techniques to the optimum sched-
uling of extraction operations in shallow open-pit mines
where there are grade constraints on the mill feed, while
in Chapter 3 further application is made to the problem
of determining an optimal path for a dredge in a beach
sand deposit.

A number of authors have already considered the
first problem of production planning with grade constraints
on the mill feed. Apart from Linear Programming, Simula-
tion has been the only other tool commonly employed, the
relative emphasis between the two depending somewhat on
the complexity of the problem under investigation and
the purposes of the study. The fact that Linear Programm-
ing has received wide use is not surprising, since the mill
feed is formed by blending together ores which may be ob-
tained from several locations in the mine and which may
therefore possess quite large variations in composition.
However, the Linear Programming approach is somewhat limited
in that it is unable to account in detall for the way in
which the mine and mill are interrelated. For instance,
it is also necessary to take machine movements into account,
and, when mining takes place at mine faces, there are con-
straints that a block does not become available until a
face advances into it or a new one is created therein. The

latter constraints are of a logical nature and will be
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referred to as "mining constraints". Along with machine
movements they introduce important nonlinearities into the
model and can only be taken into account using more advanced
techniques of nonlinear optimization. It is true that in
general, nonlinear optimization techniques require consid-
erable amounts of computing time and are often inefficient
for large problems. However, the production planning prob-
lems considered in this thesis fortunately have special
structure which we have been able to exploit to produce
computationally efficient algorithms.

Coyle's review [7], with its extensive bibliography
of 119 papers, covers the earlier contributions to the
literature in great detail. We shall consequently high-
light some of the more important ones. Redmon [35],
Hewlett [15] and White and Peiker [39] were among the first
authors to apply the straightforward Linear Programming
approach to optimal ore blending. The applications they
described related to underground mining but in fact few
features peculiar to underground mining actually appear in
the LP formulations. Also the effect of time, that is
having to schedule operations to achieve grade control over
short consecutive periods of time, was not considered fully.
More recently, Williams et al. [U40] have succeeded in taking
some of the mining constraints into account in the planning

of underground copper mining and the computer program they
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produced has reportedly been a great time saver in their
planning department. Others have used Linear Programming
in the production planning process but for more general
purposes than just grade control, for example, see
Manula and Kim [29], Faulkner [11] or Ahlbach [1].

Simulation has been the main tool in which planners,
especially those working in open-pit mining, have dealt
with the additional mining constraints. Kaas [20], for
instance, used simulation in connection with an open-pit
mining and milling operation in which blocks of ore were
extracted by a certain number of shovels with the object~
ive of minimising variations in the mill feed. Kaas
divided the mine up into "shovel areas", one for each
shovel. When any shovel completed 1ts block, the strategy
was to select the next one to be mined from a smaller set
of currently “available blocks" within that particular
shovel area, in such a way as to cause the smallest varia-
tion in the mill feed. Sheinkin and Julin [37] and
Mathias [30] have applied similar simulation approaches to
underground mining.

The simulation in use is almost exclusively of the
deterministic type - stochastic simulation is a rare luxury
since only a limited knowledge of grades and tonnages is
ever available. Deterministic simulation fulfills a less

5

responsible role in the planning process than optimization
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in conjunction with mathematical models. Simulation is
concerned more with performing detailed investigation of
various "sensible" strategies or system configurations as
proposed by the mining engineer. It accepts the burden of
detailed computation but relies on the mining engineer to
make the decisions. This thesis demonstrates that enabling
the computer to participate more directly in decision making
through the use of mathematical models, greatly improves
the efficiency of the planning process. It is even
suggested by the author that, with the right approach and
with computer packages which suit the mining engineer or
manager, there can be an increase in the enthusiasm with
which planning problems are tackled. It should be noted
that only the important variables and constraints will be
incorporated in these mathematical models and this means tha
when the final plans are produced they can still be analys-
ed in greater depth using simulation programs.

Praser [13] and his colleagues Jutsum and Milner [18
are some of the few authors who have tried to take into
account mlning constraints with a Linear Programming model
for scheduling production from an open-pit mine. That the
prqblem and the resultant mathematical models are quite
dependent on the peculiarities of the mining system under
consideration, may be seen by contrasting the recent work

of Rogado [36] with that of Fraser or Kaas. Rogado uses
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scrapers to mine the ore whereas the other two use drag-
lines and excavators or shovels and since these operate at
mine faces there is considerably less accessibility to
blocks of favourable grade. This dependence of the prob-
lem on the mining system and on management priorities
explains the relative proliferation of different models
and computer programs which have been applied to this seem-
ingly universal problem.

A considerable number of important papers not ex-
plicitly mentioned in this thesis are published in various
proceedings of the annual Symposia on the Applications of
Computers in the Mineral Industries. One significant
contribution which is not so accounted for, is that of
Lutjen [28]. He gives an enlightening account of the pro-
duction scheduling problem from the point of view of a
practising mining engineer faced with the responsibility of
specifying day to day operations in the open pit nickel
mine at Nicaro, Cuba. Lutjen emphasizes how important the
grade constraints are and shows the profound effect of
them right back in the mine. This feature is typical of
lateritic deposits, of which Nicaro is an example, for they
characteristically show sudden and large changes 1n grade.

Production Planning is a continuilng process in the
life of a mine. It starts with the initial feasibility

study and continues on in the form of detailed production



8.
scheduling during advanced stages of development. A sig-
nificant reason for this is that new information is contin-
ually being gathered as mining proceeds. In the initial
stages we have a rather limited knowledge of the deposit
as a whole and are concerned with determining broad scale
(i.e. long term) development and production plans. By
contrasf, much more information about the deposit 1s
available in the more advanced stages, especlally in the
immediate vicinity of the machines involved in extractlng
the ore, and we then have to determine detalled coperations
of the machines, for example on a daily basls.

In Chapter 2 the problem of mine-mill production
pianning is considered from both the medium and short term
viewpoints. Three models are formulated to plan product-
ion from an open pit mine so as to achleve grade control in
an optimum manner. The models apply to situations in which
ore is extracted at mine faces, for example by draglines,
front-end loaders or shovels. In the first model present-
ed, in section 2.2, the task 1is to perform multiperiod
scheduling over a medium term planning horizon (e.g. one
or two years) with the prime aim of minimising machine
movements between fairly large subareas of the milne. In
thls case, while the model is nonlinear, an efficient
heuristic algorithm, based on repeated applications of

linear programming, can be constructed to enable production
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from the various subareas to be sequenced in time in a near
optimal manner. The output of the heuristic algorithm
indicates how the mine should be developed and provides
general goals to aim at when carrying out shorter tern,
day to day planning.

The second model, presented in section 2.3, concen-
trates in detail on the mining constraints and is an ex-
tenslon of the work done by Fraser [13]. It applies to
short term day to day planning and the orebody 1in the
immediate vicinity of each machine is divided into much
smaller "production" blocks for which a more detailed know-
ledge of grades and tonnages has been obtained. Each
machine will consume several of these production blocks
during any period (day or week, for exaﬁple), the precise
manner depending on the grade and mining constraints.

In the short term, we assume that machine movements
are not as important as satisfying the mining constraints
and we can therefore avoid having to take them explicitly
into account in the model. While the mining constraints
are still nonlinear, Fraser has been able to use an
heuristic procedure to produce locally optimal solutions.
In section 2.3, it is shown how branch and bound methods may
be easily adapted to produce globally optimal solutions to
the mathematical programs. Apart from being particularly

efficient from the computational viewpoint, the branch and
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bound method developed in this section has a great deal of
intuitive appeal. As usual branch and bound provides a
systematic way of enumerating all possibilities! , but we do
this in a manner which can be quite easily understood and
used by a mining engineer faced with the same problem, (or
at’ least smaller versions of it).

It is possible to formulate the problem as a mixed
integer program and indeed branch and bound methods are
widely used in integer programming algorithms. However,
formulating it this way requires the addition of a large
number of 0-1 variables and even more supplementary con-
straints to describe the logic behirid the various mining
restraints and the problem quickly becomes too large to
handle. In contrast, the branch and bound methods used in
this section have been specially adapted to utilise the
structure of the mining constraints and thus avoid having
to introduce these extra variables and constraints into the
model. The procedure is nevertheless entirely analogous
to the well known approaches used in integer programming.
These have been well described by Beale [4], Beale and Small
[5] and Tomlin [38], for example. The difference is

largely one of format but there are quite startling improve-

'Tn general, only a small proportion of all possibilities
needs to be considered explicitly though.
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ments in computational efficiency when a method based direct
ly on the mining constraints is used.

The approach of Fraser, and of section 2.3, is
based on a model for operations over one period (e.g. a day)
only. In section 2.4 the formulation is extended to per-
form multiperiod short term planning e.g. for a week in
advance. In doing this many more possibilities have to be
considered, but this is of course why the multiperiod
approach can obtain an improved solution compared with
repeated application of the single period model.

Under certain simplifying assumptions the constraint
matrix of the linear program for the multiperiod formulation

has the following structure

|
Eo | E1 vvuvs By
| B
|
| B2
|
A = : " (0)
0, :
'. .
| .
I (0) Bn
L= | .

This structure is typical of many multiperiod optimization

problems [9,16,221. In this case the submatrix
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expresses grade control requirements over separate periods
while the upper portion of A consists of reserves con-
straints which serve to tie the operations over the indiv-
idual periods together. There are many ways of exploiting
the above structure. Johnson [16,17], for example, has
rpplied Dantzig-Wolfe decomposition techniques {9] to multi-
period mine production scheduling problems possessing sim-
ilar structure. 1In section 2.4, however, it is shown that
the contracted basis techniques of Lasdon [25] and Kaul [21]
are particularly suitable for use with the new branch and
bound enumeration method to provide an efficient solution
procedure for the particular production planning problems
considered in this thesis.

In Chapter 3 a further application of mathematical
and computing techniques is made to long term production
planning from a beach sand deposit which is to be mined by
a dredge. A necessary part of such planning is the deter-
mination of broadly optimal dredge paths and we show how

this may be formulated as a longest path problem in a
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network in which nodes represent blocks in the mine and
links represent allowed interblock movements of the dredge.
Even though we are dealing with a contrasting mining envir-
onment to that discussed in Chapter 2, it is again the
spatial distribution of grades and tonnages in the deposit
and the movement capabilities of the machines (dredge)
which form a key part of the model.

Little work on the problem has appeared in the
literature, but this is not surprising since it turns out
to be a longest path problem in a network which has positive
cycles. The general longest path problem with positive
cycles, or, as it more commonly appears in the literature
as a shortest route problem with negative cycles, has prov-
en notoriously difficult to solve [34,3] although very
efficient algorithms exist for shortest route problems with
no negative cycles. TFor a detailed discussion of the re-
lation between these problems and also the travelling
salesman problem, see Kirby [23].

In Chapter 3 we develop an efficient heuristic
technique for the mining network, based on partitioning it
into smaller subareas and then optimising over these. In
this way, sensible solutions can be obtained in a reasonable
amount of computing time. In Chapter 4 we conclude the

thesis by discussing the various results obtained.
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As mentioned earlier, this thesis concentrates on
the mathematical formulations behind the various mining
problems considered and the OR techniques which may be
used to obtain solutions. In his review Coyle [7] points
out that papers in the literature generally tend to give
minimal description of the problems being investigated and
of the assumptions involved in the mathematical models.
This thesis has endeavoured to pay greater attention to
these aspects and it is hoped that a general improvement
will be seen here as mathematical modelling comes to play

an increasingly important role in mine planning.



15.
CHAPTER 2

OPERATIONS RESEARCH TECHNIQUES FOR

OPEN PIT MINE PRODUCTION PLANNING

WITH GRADE CONSTRAINTS ON THE MILL FEED

2.1 GENERAL

As pointed out in Chapter 1 this chapter deals with
the problem of mine-mill production planning when there are
grade constraints on the mill feed. The discussion applies
to shallow open pit mines. However we also assume that,
if they consist of more than one level, then successive
levels are developed one after the other. The situation
in mind is typified by shallow laterite deposits which
characteristically possess much larger varlations in ore
composition then what is required to keep the concentration
plant running efficiently.

There are a number of ways of physically increasing

the capability of the system to provide acceptable mill ?eed.
For instance, we can use large stockplles of suitable or;,
we can employ special bed and bin blending techniques or we
can use several very mobille machines to extract the ore
(front-end loaders for example). In addition, the more

the combined capacity of these machines exceeds the required
mill throughput the easier 1t will be to produce the right

tonnage of acceptable feed.
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As mentioned earlier, this chapter shows how mathe-
matical programming can be used to rapidly determine optimal
or near optimal production schedules for a given configura-
tion of the mine-mill system. The mathematlcal and comput-
er model may thus be thought to assume an important place
on the "software" side of the system. However its influ-
ence extends further than this. Because 1t allows precise
estimates to be obtained for the efficiency with which the
various components of the system are used and because it
enables the effect of alterations (e.g. to stockpile
levels) to be readlly evaluated, it can also have signifi-

cant effect on the "hardware" side of the system.
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2.2 MACHINE MOVEMENTS AND MEDIUM TERM PLANNING

We first consider the problem from the medium term
viewpoint. Our main aim is to control the development of
various subareas of the mine so as to minimise machilne move-

ments .}

(2.2.1) Mine Mill System

The precise way in which the problem is formulated
mathematically will depend on how the system 1s designed
and on the way in which mining is to proceed. We there-
fore introduce a typical, though hypothetical, mine-mill
system and develop the approach in relation to it. The
system is illustrated in Fig. 1 and relevant data are
specified in Table 1. In particular the following
assumptions are made about the system.

(i) The area of the mine to be worked during the

planning perliod 1s cleared of overburden.
Furthermore it is divided into blocks or
small subareas and these are grouped together
to form larger machine areas. A1l blocks in
a particular machine area can be mined by one

machine only.

l. The machines referred to are those engaged in ore ex-

traction, not haulage units. The machine movements are
interblock movements of these machines, not ore movement:
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(1i) Two types of equipment are employed to mine
the ore, namely high volume but slow moving
drag lines and lower volume but faster moving
front-end loaders. We shall assume just one
drag line and one front-end loader and also
that sufficient haulage trucks are available
to enable these machines to work at their
full capacity except when prevented from doing
80 by grade constralnts or plant capacities.

(1ii) Grade control is important for only one con-
stituent of the ore.

(iv) Ore may be sent direct to the mill, or, if its
grade lies in a suitable range, it may be first
stockpiled in a "high" or "low" grade stock-
pile and then used at a later date. These
stockpiles are designed to receive ore which
is respectively of a higher or lower in grade
than that required by the mill. Fig. 1
illustrates the various ore flows which may
thus occur within the system.

Lengthy dragline movements are particularly un-
desirable and quite a few features of the system are de-
signed to reduce the need for them. Before contemplating
a lengthy dragline movement we can first try and achieve

grade control by,
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Mine

low grade high grade
stockpile stockpile

Mill

FIGURE 1
Mine-mill system. Ore is mined from two machine areas and
may go elther direct to the mill or via the low or high

grade stockpile.
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TABLE I. SPECIFICATIONS FOR THE MINE-MILL SYSTEM:

I MINE:
(1) Size of blocks = 200' x 200' (in plan)
(i1) Average depth = 30' (variable)
(ii1) Approximate range of block grades =.0.9%-1.1%
(iv) Bulk Density of ore in mine = 1.79
(v) Average block reserves = 60,000 tons.
II MACHINES:
(i) Scheduled Hours:
No. (available) hours|day = 10 hours|day
No. days|week = 6 days|week
(ii) Machine Capacities:
DL' = 30,000 tons|week = 500 tons|hour.
FEL? = 22,500 tons|week = 375 tons|hour.
(1ii) Minimum Extraction Rates:
DL = 9,000 tons|week
FEL = 6,750 tons]|week
(iv) Total Maximum Extraction Rate = 52,500 tons]|weel
1
DL. = Dragline
2FEL = Front-end Loader

Lcontinued on next pagel
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TABLE I (continued)

IITI MILL:
(1) Operating hours = 24 hours|day, 7 days|week
(continuous operation)
(i1) Grade of feed in range: [0.93%,0.98%]
(ii1) Capacity = 42,000 tons|week = 250 tons|hour
(iv) Minimum allowable throughput rate

= 31,500 tons|week = 190 tons|hour
IV STOCKPILES:

(1) Low Grade Stockpile only accepts material with
grade in range [0.90%,0.93%)
(1i) High Grade Stockpile only accepts material with
grade in range (0.98%,1.01%]
(1ii) Stockpile Capacities: variable e.g. 78,000 tons
| V. PLANNING HORIZON :

(1) Length of Planning Period = 1-2 years

(medium term).
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(i) blending ore which comes direct from the mine
with ore from the high or low grade stockpile,
or

(1i) reducing the mill throughput slightly, or
(iii) moving the front-end loader to a more suitable
block.
If these measures fail larger dragline movements to suitable
blocks are unavoidable.

(2.2.2) Blending Intervals

In addition to the above assumptions regarding the
mine-mill system, further assumptions are made about the
way in which mining is to proceed. In particular we
suppose that, whenever the machines start mining a new set
of blocks, no machine movements are allowed until at least
one machine mines out its block. At this point of time,
at least one machine has to move. The 1deal solution is,
of course, to shift such machines from their current blocks
to one of the nearest neighbours. Unfavourable grades may
prevent us from employing this strategy and this is what
gives rise to the lengthier machine movements.

We shall call an interval of time, which begins with
the mining of a new set of blocks and ends when a machine
movement takes place, a blending interval. These blending
intervals, which are not necessarily of equal duration, will

typically last for one or two weeks. Mathematically they
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are a convenlent way of partitioning the whole planning
horizon.!- As suggested by their name, we assume that
during any blending interval, each machine mines ore of a
fixed grade, namely, the grade of the block in which the
machine is located. Given the blocks to be mined during
any blending interval, we merely have to determine ore
flow rates which will ensure that the average grade of the
mill feed is within the prescribed limits. Conversely,
at the end of the blending interval, we must reassign the
machines to a new set of blocks from which it will be poss-
ible to form suitable mill feed during the next blending
interval. The essence of the scheduling problem is to
perform these two tasks optimally.

(2.2.3) Mathematical Model

We now formulate a network flow model for the medi-
um term mine-mill production scheduling problem, taking
into account both machine movements and mining constraints.
The formulation is based on the use of a dynamic network
[12] to describe all possible ore flows and machine move-
ments. Specifications of the network which is illustrated

in Fig.2 are as follows. Apart from special origin and

1. We simply punctuate the time axis at the instants at
which changes (in the form of machine movements) occur.
The interval between any consecutive pair of such points
on the time axis is a blending interval.
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Blending
interval, t ~>

Blocks in
machine
area 1
(Dragline:
k=1)

Blocks in
nmachine
area 2
(Front-end
Loader:
k=1)

Stockpiles

Plant

FIGURE 2

Dynamic network model of mine-mill system: Nodes represent blocks in the
mine and also plant and stockpiles. Links represent allowed interblock

machine movements and also ore flows within the system. Note that not
all links have been shown.
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destination nodes, 1t has nodes to represent the mill, the
low and high grade stockpiles and every block in the mine.
By repeating these nodes n times we can model all opera-
tions of the system over a total time horizon which spans
n separate blending intervals.

Let (i,t), (2,t), (H#,t) and (#,t) denote the
nodes representing the block i, the low and high grade
stockpiles and the mill during blending interval t. A
link from node (i,t) to node (j,t+1l) is then denoted by
(1,j;t) and allows for a machine movement from block i
to block J at the end of period t.! Ore flows on the
other - hand take place during any period t, and along links
(1,45t), (1,£;8), (i,8;t), (£,4;t) and (H,4;t). Finally
there are the special origin and destination nodes (denoted
by Ox and Dxk) for the "flow" (0-1 variables) of each
machine k. Links are provided from node Oy to node (i,1)
and from node (i,n) ¢to node Dy, where 1 ranges over
all blocks in given machine area k (see Fig.2).

We now introduce the following quantities.

(a) Variables
yf = ore flow rate (e.g. tonslweek), during blending

interval t, from block i directly to the mill,

y j=1 1s permitted since a machine may continue mining

block 1 during the next time interval (if there is
ore left in it).
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uf,vi = ore flow rates from block i to the low,
high grade stockpiles,
t*,h* = ore flow rates from the low, high grade
stockpiles to the mill,
x{ = total ore flow rates from block i,
YE,Uk,VE, Xk = total of the ore flow rates y},ul,vi,x}
summed over all blocks in each machine area k,
T* = duration (in weeks) of bending interval t,
L',H* = low, high grade stockpile levels at the end
of blending interval t, (the initial
levels L°,H®° are given quantities rather
than variables),
Rl = reserves of block i at the beginning of
blending interval t, (the initial reserves
R} are given and are also denoted by R;=R}),
rf = reserves, at the beginning of blending in-
terval t, of the block to be mined by
machine k during blending interval t,

C t n _— (1] -1 . -
foki’fij,fka flow" (0-1 variable) of machine k along the

links (Ok9iso)’ (isj;t)s (i’Dk;n)'

(b) Given quantities

a,b = lower, upper bounds (in tons|week) on the
mill throughput rate,
ax,bx = lower, upper mining capacities (in tonslweek)

for machine Kk,
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low, high grade stockpile capacities,
grade of block i,
lower, upper grade limits for the mill feed,
average grade of material drawn from the
low, high grade stockpiles,
lower, upper grade limits for ore which is
sent to the low grade stockpile,
lower, upper grade 1iimits of ore which is
sent to the high grade stockpile,
net profit (in $|ton) accruing from each ton
of ore mined by machine k and sent direct-
ly to the mill,
mining, transportation and handling cost
($]ton) for each ton of ore mined by machine
k and sent to the low or high grade stock-
pile,
net profit (¢|ton) accruing from each ton
of ore which comes to the mill from the low
or high grade stockpile,
cost (in $) of moving machine k from block
i to block J,
peralty (in §) for starting a new face in an
enclosed block,
minimum reserves that any block must have
before a machine movement to that block is

allowed,
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S = set of blocks in machine area Kk,

Sx = set of blocks in machine area k which do
not possess a mine face at the start of
operations, (i.e. at the beginning of
blending interval 1),

#; = the set of nearest neighbours of any block i.

Also we define s(x;a) to be the following
Heaviside unit function of a single variable x and with

parameter a;

sge) = (31558

Its graph is shown in Fig.3.

FIGURE 3

Graph of the unit function s(x;a)
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The problem of finding the optimal production

schedule over n blending intervals is now formulated as

the mathema tical program,
n

Maximise Z.T{ z (ozk vE - vx (uﬁ+vﬁ)> + 8 (t"-l_-h")}...
k

t=1
n

T T T T e e

t=1 k ieSy jeSg

levy
n-1
t t+1

T T T e

t= =

1 k teSk lesk
subject to

xf =yt + u} + vi
YE = = ytf

ieSk
Ut = = ut

iGSk
Vﬁ = 3 V%

ieSk
Xt = = XE

iESk

0 ]
xt < bx £3 5, ie S
t t-1 .

Xy < bg ZfJIS 2€t<n,1eSk

JjeSk

Il

Jem

t+1
S(Rj

(1)

(2)
(3)

(4)
(5)
(6)

(7)
(8)

;K)



Xt > ay

a < 3
kYE+z‘+h‘<b
2 g1yt +

o] T+ gel® + gpht

1 <
< Gy

t
?y1+t“+h"

(%]

Lt‘.:Lt-—i
+ (20U
£ E_Lt)silS

Tt

Il

ct

Ht = Ht-i {
+ T( VE
2 Vg - ht), 1<t <n
s
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(9)
(10)

(11)

(12)

(13)

(14)
(15)
(16)
(17)
(18)

(19)

(20)

(21)
(22)

(23)
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rg = 3 f'ﬁi RY, 2<t<n (24)
j,ieSk
Rti'.+1
S ffl<—f—, 1<t<n (25)
JjeSk
L L
(g1-G1) (Gz-gy) u? =z 0 (26)
H H :
(g1~G;) (Gz-gy) V? z 0 (27)
t ) n ,
fij’ fOki, lek = 0,1 (28)
yt;, 112', Vg =0 (29)

The model, which takes into account all possible
ore flows ard machine movements over the n blerding
intervals, will now be discussed more fully. Apart from

the 0-1 varisbles f° ., ft nonlinearities are

fn
Okl’ 13, ka_’
involved in constraints (12) - (14) and (22) - (24) and
the objective function (1).
Constraints (17) - (21) are the conservation equa-
tions for the "flow", fh, of each machine. A value of

one for ft indicates a machine movement from block i

1§°
to block j at the end of period t. For any feasible
solution of the problem (1) - (29) we can trace the path
taken by each machine %k, by following the links in

machine area k, for which the variables

fO

O i’ f;j (1<t<n-1) and £" have the value one.

JDx
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Constraints (7) and (8) ensure that ore production
is confired to the blocks on e ach machine path. Machine
k, for example, mines block i during period t if and
only if 3 f£%72 =1, in vwhich case the total ore extrac-

jeSk it

tion rate, x}, is limited to the capacity of machine Kk,

namely, Dbx tons/week. If machine Xk does not mine
block i during period t, ‘ZS f§21 will automatically
be zero, and hence so will ifik Thus, during each time
interval t, exactly one x} will be greater than zero
in each machine area.

It should also be noted that when i e S¢, we have
placed an upper bound of by tons/week on the ore flow
rate x§. The capacity thus depends only on the appropri-
ate machine k and not on the location of the block 1i.
This is a consequence of the assumption that there are
sufficient haulage trucks to enable each machine to work
at its maximum rate except when prevented from so doing
by grade constraints or plant capacities. A more general
formulation would allow capacities byx Which also
depend on the block i (through its location etc.).

The constraints (11) represent the grade constraints
on the mill feed ard although they appear nonlinear here
they may easily be converted into two linear constraints.

Constraints (26) - (27) express further grade requirements

for the high and low grade stockpiles - in particular they
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ensure that they will only accept ore which has a grade in

the ranges [G?, Gg] and [G%, G%] respectively. More-

over, we have tacitly assumed that ore will be drawn from

these stockpiles at a fixed .average grade ff gﬁ and gy

G G
respectively (e-g- gn = _1_2__&, g = gl“%“ga\- This
/

assumption has been made to simplify the overall model, but
is relaxed when we come to construct locally optimal
schedules using the heuristic algorithm of §2.2.4. In
any case it is not a very serious assumption when only one
constituent of the ore requires grade control. If more
than one ore constituent requires grade control, it is
easy enough to accommodate further grade constraints such
as (11). However it soon becomes impractical to provide
further stockpiles for all possible "low" and "high" grade
combinations. We might only be able to provide stockpiles
to hélp blend one or two of the more important constitu-
ents of the ore, and we would then have to keep closer
track of the composition of these stockpiles, especially
as regards the other constituents.

Unlike most multiperiod models, we do not know,
a priori, the duration of each time interval. These are
computed individually via the comstraints (412). During
any period t, each machine k mines ore at a rate of
X} tons/week from a block whoese reserves are 1rf tons.

Constraint (12) thus expresses the fact that the period
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concludes as soon as a machine mines out its block. Mach-
ine movements at the end of period t are then governed by
constraint (25) which ensures that machine k can only
move to a block 1 whose reserves are at least K tons.
In the computer program written to implement the heuristic
algorithm of §2.2.4, a value of K>0 was used to prevent
machine movements to blocks which have insignificantly small
(i.e.< K) amounts of ore left in them.

It is often more desirable to plan operations over
a fixed time horizon (e.g. 1-2 years) rather than over a
fixed number of blending intervals whose total duration is
variable. While it is certainly possible to modify the
overall model to achieve thils, it can be done much easier
when using the algorithm of §2.2.4 and will be discussed
more fully then.

The first term in the objective function measures a
total profit earnt from the concentrate produced. The
value of this profit is determined by the ore flows which
take place within the system. The handling charges vy
p¥esent in this term discourage unnecessary stockpiling
activities. Also note that we tacitly assume that revenue
earnt accrues according to the mill throughput. The
second term in the objective function represents the costs
of interblock machine movements. Again we assume that

monetary values can be assigned to the coefficients ij to
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take into account factors, such as the location of blocks 1
and j and the mobility of machine k, which influence
the relative desirability of the various machine movements.

The remaining two terms in the objective function
compute additional penalties for opening up new faces as a
result of shifting machines to blocks which are enclosed by
others. Such mining requirements are considered more
fully in §2.2.4 and section 2.3. For the moment, we shall
merely mention that an extra penalty A 1s computed if,
at the end of any period ¢t, any machine is shifted to
mine a new block 1 for which

(a) R;** =R, (i.e. mining has not commenced in

block i prior to period t+1)

(b) R§+1 > K for each of the nearest neighbours
j of block i (i.e. each Jj e #y).
If the latter requirement holds, that is there is a sig-
nificant tonnage left in each of nearest neighbouring
blocks of block 1, we assume that block i 1s still
enclosed by these blocks and that a new face must be
commenced in it before mining may proceed. This is

illustrated in Fig.4.
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FIGURE 4
A new face must be commenced in order to mine blocks such as
block i which are not intersected by the current mining front.

We assume this to be the case if none of its nearest neigh-

bours is mined out.
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(2.2.4) Heuristic Algorithm

As may be expected, the nonlinear mathematical
program (1) - (29) is not amenable to direct solution.

We shall therefore determine local optima, constructing
them step by step, from period to period. We proceed as
follows. Suppose we have already determined operations
over blending intervals 1,2,....,t-1 and have also decided
which blocks will be mined during blending interval ¢t.

Let iy denote the block so chosen to be mined by machine
k during blending interval ¢t. We now determine the
optimal ore flow rates Y&, UL, VE, 2° and h®' subject

to satisfying the grade, capacity and production require-
ments for blending interval t only. When considering
the problem from this local viewpoint, it is necessary to
treat the objective function in a somewhat different light
than before. We discuss this more fully later, but mention
for the moment that, in general, we now choose to maximise
that component of the mill throughput which comes direct
from the mine and to employ any excess mining capacity to-
wards bullding up stockpiles.

The mathematical program used for determining
locally optimal values of the above ore flows is obtained
by including only those variables and constraints of the
overall model (1) - (29) which relate to blending interval

t. For clarity, we give full details of the resulting
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program - it is

Maximise % YE + ey % U + e, % VE + e5L% + g,ht (30)
subject to
ak < YE + Uf + Vi < by (31)
a <3 YE + £ + h* <D (32)
S 81, YE + ggL% + gyht
M _k Ok M

EEEETITIT (53)
> ‘

TE
T = Min { :} (3LI-)
k Yt + UE + Vi
0 < Lt-1 4 TE(E UE - £t) < (35)
0 < H*-1 4 Tt(E VE - ht) < 0y (36)
(81~ G2) (6L - g, )UE > 0 (37)
(g1, - &) (e - g, )vE 5 0 (38)
Yk, UE, VE > 0. (39)

Since we have already determined operations for
periods 1,2,....,t-1, the quantities L!~1, Ht-1 gpg
r{ (and gy,gy) will now be known. (Note that
rk = Riy.) The only variables are therefore the
YE, UE, Vi, £%, h* and Tt The mathematical program
(30) - (39) is still nonlinear since it is necessary to
keep track of total ore flows within the system during

blending interval t, whereas the basic variables Y etc.
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represent ore flow prates. However, the nonlinearities
are not of a very serious nature and in fact it is possible
to solve the mathematical program by solving m 1linear
programs, where m is the number of machines. We obtain
the linear program corresponding to machine p, (p=1,...,m),
by assuming that it is the first one to mine out its block,

that is,
ri rd

i (40)

Tt = Min _
Yk + UE + VE Y+ UL+ VE

To ensure this we add the constraints
i r§

S s kK£D
YE + U + VE  YE + U + VE

iees

rj(Yk + Uk + VE) < rf(YS + UF + Vi), k £ p. (41)

Substituting for T' of (LO) into constraints (35) and (36)

yields linear constraints, namely

0 < L*-2(Y§ + U} + V&) + rB(E Uk = £%) < Cp(Y§ + UL + Vi)
(42)

and

O < H*-3(Y} + Uf + V§) + rg(§ VE - h*) < Cyp(¥YE + UF + VE)
(43)

The final linear program corresponding to machine p con-

sists of relations (30) - (33), (37) - (39) and (L41) -(43).
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The nonlinear program (30) -~ (39) has feasible solutions
if and only if at least one of its m associated linear
programs has feasible solutions, in which case its optimum
is found by selecting the best optimal solution obtained
from the various linear programs.!?!

Having determined the ore flows during blending
interval t, we update the status of the mine-mill system
as a result of the operations that will take place during
this period. We then decide which blocks will be mined
during the next blending interval, t+l. Of course, the
ideal solution is to move machines which have just com-
pleted mining their blocks to one of the nearest neighbours.
Grade constraints may prevent us from employing this strat-
egy however. In fact machine movements are only allowed
to blocks whose grades are such that the mathematical
program (30)-(39) possesses feasible solutions.? Such
movements will be called feasible movements.

If each machine k moves from block iy to block

Jxs at the end of period t, (jx = iy 1is possible), the

1.

(a) The mathematical program (30)-(39) and its associated
linear programs do not have unbounded feasible solu-
tions.

(b) Not all of the associated linear programs need to
have feasible solutions.

2.

When the g% are replaced by the grades of the blocks

under consideration. (Also t will be replaced by t+1).
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total movement costs incurred are

L
k LGJVJK

Yol eha, v a S(R3£15R3x> ﬂ S<RE*1;K>— ()
where, as before, the second term in the summand includes

a penalty of A dollars for moving machine k to a block Jx
which is not yet "available™, l.e. it does not yet possess
a mining face. The strategy used in the heuristic algo-
rithm is to choose the machine movements from amongst all
feasible movements so as to minimise the quantity (44).

In the computer program, described in §2.2.5, this was

done by brute force enumeration of all possibilities, start-
ing first with movements to nearest neighbours and pro-
ceeding further away if unsuccessful. Each possibility
considered requires a test to be made to see whether the
mathematical program (30) - (39), (with the appropriate
grade coefficients), possesses feasible solutions. The
objeétive function at this stage consists of the sum of
artificial variables, and, in order that the machine move-
ments be feasible, it must be possible to drive this sum to
zero in at least one of the associated linear programs .
Optimal solutions to the mathematical program (30) - (39)
are not sought until the final selection of blocks to be
mined in period t+1 is made, in which case the whole

process 1s repeated.
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A flowchart of the algorithm is given in Fig.5
while Fig.6 illustrates a complete schedule for an example
consisting of 2 machines 8 blocks and 3 blending intervals.

The coefficients ¢€;-g£4 3in the objective function
(30) may be varied from period to period in order to set
priorities for adding to or for drawing from the stockpiles
as compared with sending ore directly to the mill. From
the local viewpoint, there is no incentive to stockpile ore
at all; it is carried out more to help create a buffer
against large machine movements in the future or to assist
in raising mill production to higher levels than mlght be
attainable from the mine only. Machine movements to near-
by blocks which have difficult grades, may be feasible if
the stockpille levels are high, but infeasible if they are
low. It will therefore be desirable to increase the
priority given to building up the stockpile levels when
they are low. In the overall model (30) - (39) stock-
piling would automatically be carried out only to the extent

where absolutely necessary.

(2.2.5) Application

A computer program has been written to construct
schedules by the algorithm of §2.2.4. The results of five
computer runs for the mine-mill system specified in Table 1

and §2.2.1 will now be summarized. The block grades and



1. Initialize: Set t = 1 and
select a feasible set of
blocks to be mined during
the first blending interval.

v

2. Determine the optimal cre flow rates
(vt ,U]E ,V]E,Et ,ht) for blending interval t.

3. Update the status of the mine mill
system as a result of operations
during blending interval t.

4, Has the end of
the pleanning horizon been
reached (or passed)?

5. Determine the machine
movements to take place
at the end of period t.

6. Reset t = t + 1.
v

B

FIGURE 5

Flow chart of Heuristic Algorithm

43.

T. Stop
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period> 1 2 3

machine
area 1

PlantlStockniles

machine
area 2

FIGURE 6

Illustration of a complete 3-period schedule for a system consisting of
8 blocks and 2 machines. Broken lines indicate machine movements, solid
lines indicate ore flows (some may be zero).
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tonnages were generated by random sampling from various
statistical distributions and are listed in Appendix T.
The probability density functions for these distributions
are illustrated in Fig.7. The acceptable ranges of grade
for the mill, low and high grade stockpiles were set at
0.93 - 0.98%, 0.90 - 0.93% and 0.98 - 1.01% respectively.

The blocks, which are equidimensional in plan, will
now be referred to by their coordinates (i,j) with respect
to some square grid system through the deposit. The cost
of moving machine k from block (i,,ji1) to block (i2,j2)

was computed as

Cf1g,32),C12,52) = Wk Fe(ig,dz) ([ig=1s] + |da-dsl)

where
Wx = weight factor depending on ther mobility of machine
k. High values (w=20) were used for the slow
moving draglines, lower values (w=1) for the
front-end loader.

Fx(iz, js)= factors, listed in Appendix I, and designed to
encourage the machines to move along certain
preferred paths unless prevented from so doing
by the grade constraints.

The schedules were prepared for an horizon whose
total duration was fixed at 100 weeks (2 years). It is

usually found that the last blending interval finishes
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Distributions from which block grades were chosen. Also shown are the
acceptable ranges of grade for the mill and the stockpiles.
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after the conclusion of planning horizons of fixed duration,
hence the need for the generalized stopping condition ex-
pressed in step 4 of the algorithm (see Fig.5). When this
occurs, operations are adjusted to finish exactly at the
time desired.!

The computer program may be used to investigate
variations in

(1) Dblock grades and tonnages

(11) stockpile capacities

(11i) initial stockpile levels

(iv) mining capacities of the machines

(v) number and types of machines

(vi) grade requirements of plant

(vii) 1length of planning horizon.

The results presented now deal mainly with (i)-(iii).
The relevant input data is given in Table 2, while the
corresponding results appear in Table 3. The actual paths
taken by the dragline are illustrated in Appendix I.

Schedules 1 and 2 demonstrate clearly how the vari-
ous features of the system come into play to avoid lengthy
dragline movements. In schedule 1 this has been achieved
mainly through the buffering effect of the large stock-

piles. (There was only one brief stockout). Smaller
1-

The same ore flow rates are used, but for a shorter
period of time than the full blending interval.



48,

TABLE 2: INPUT DATA.
SCHEDULE
1 2 3 y 5
Block Grade and
Tonnage Data Set! I I IT IT IIT
Stockpile Capacities?
Low Grade 78 18 78 30 0
High Grade 18 18 18 18 0
Initial Stockpile levels
Low Grade 78 18 78 30 0
High Grade 18 18 18 18 0

! see appendix 1.

2 in units of 1000's tons.




TABLE 3: SUMMARY OF RESULTS

hg.

SCHEDULE
1 2 3 L 5
Nunber of Periods for
100 weeks of operation 77 | 68 68 | 67 | 57
Cunmulative Distances Moved
D.L. L2 | 4t 66 | 80 | L7
F.E.L. 34 | T2 ho | 62 | 34
Total 76 |119 | 115 |1k2 | 81
D.L. Distance
T Dictance 1.2{ 0.7{ 1.3] 1.3 1.k
No. of Machine Movements
of more than 1 block
D.L. 0 3 9 | 15 0
F.E.L. 1] 13 8 | 1k 5
Total 1| 16 17 | 29 5
No. of New Faces Opened up
D.L. 0 0 0 0 0
F.E.L. 0 0 0 L 0
Machine Efficiencies (%)
D.L. 78.2177.8] 76.4{73.7{91.8
F.E.L. 78.8!79.6| 79.7/80.7|63.4
Total 78.4178.6| 77.8|76.7|79.6
Mill Efficiency (%) 99.5(97.9| 98.6196.1{99.5
Tons Drawn from Stockpiles
(as a % of total Mill Throughput)
Low Grade Stockpile 8.71 2.7/ 6.5| 3.9{ ©
High Grade Stockpile 0.5{ 1.7/ o0.6] 1.0l ©
Mean Stockpile Levels{1000's tons]
Low Grade Stockpile 33 9 18 | 18 0
High Grade Stockpile 16 | 17 17 | 18 0
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stockpiles were permitted in schedule 2 and greater reliance
has been placed on the mobility of the front-end loader.
Stockouts were more frequent and there was generally less
material available to offset lengthier front-end loader
movements. Note that the ratio of D.L. distance/F.E.L.
distance was 0.7 whereas, in the absence of grade constraints,
we would expect it to be %%f% & 1.3, based on the relative
capacities of the machines.

In schedules 3 and 4, the more difficult block
grades have made lengthy dragline movements unavoidable.
Schedule 4 would hardly be acceptable, with large dragline
movements being frequently required (see Appendix I) after
the low grade stockpile (assumed to be initially full) be-
came depleted. In contrast schedule 5 demonstrates the
ease with which the heuristic algorithm produces good
schedules when the grades are favourable; dragline move-
ments were exactly as desired a priori. As the block
grades deviate further from the mill 1limits, there are two
stages of breakdown; the first occurs when acceptable
schedules exist, but the heuristic algorithm has difficulty
in constructing them due to the fact that it only looks one
period ahead. With still worse grades, it becomes imposs-
ible for the mine-mill system to produce the mill feed
asked for and still keep machine movements at a reasonable

level. Alterations to the system itself are then required
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for the deposit to be mineable.
In each of the above schedules, the priority coeffic-
ients (ei,e2,€3,€4) oOf the objJective function (30) were

set at (0.1,0.01,0,0) throughout the planning horizon.

Highest priority has therefore been given to maximising the
mill throughput which comes direct from the mine; next we
give priority to building up the low grade stockpile, since
in all schedules, except schedule 5, there is an over-
abundance of high grade blocks in the deposit (see Fig.7).
These priority settings explain why the mill efficiency has
been so high in each case (see Table 3). In schedules 3
and U4, this has been at the expense of larger dragline move-
ments and, depending on the relative values of the costs
(which appear in the objective function (30) of the overall
model), it may be desirable to give greater priority to
bullding up the low grade stockpile. In this case we
would profit by resetting €, > 1 and ¢€; < 0, especially

when the stockpile level is low.



2.3 MINING CONSTRAINTS AND SHORT TERM PLANNING

We now concentrate on mining constraints in short
term (e.g. day to day) production planning. As menticr.ed
earlier, the work is an extension of Fraser's [13] in which
we apply branch and bound techniques to determine globally
optimal solutions to blending problems upon which the non-

linear mining constraints are superimposed.

(2.3.1) Formulation

Fraser described a mine-mill system which utilised
bed blending techniques [41] to assist in grade control.
In such systems, ore from various blocks in the mine is
laid out by a ‘stacker" to form long beds of material whose
grade conforms as closely as possible to that desired by
the mill. Completed beds are subsequently reclaimed by
taking cuts across the bed, i.e. perpendicular to the
direction in which the material was laid, thus ensuring a
good blend of the wvarilous ores in the bed. A bucket wheel
reclaimer is frequently used for this purpose. A simple
plcture of day to day operations thus consists of ore on the
one hand coming in from the mine to build up new beds, and
on the other hand being reclaimed from earlier beds to form
the mill feed.

The mining engineer is typically faced with the

problem of planning say a day's production operations so
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that a total of T tons of ore is produced from the mine
and placed on the latest bed (or portion of it) such that
the final average composition of the bed is as close as
possible to the desired mill limits (see Fig.8). The
mathematical formulation of this problem proceeds much as
before. We now suppose there are 1 constituents of the
ore requiring grade control and we denote these by
il =N S saaagls Also we denote blocks in the mine by an
index Jj, and we introduce the following quantities.

(a) Variables

Xy tons mined from block jJ,

oy penalty incurred when the average grade of

constituent i of the blend deviates from
the desired mill limits,

fb) Given Quantities

g1y = grade of the ith constituent of block J,

g7 = average grade of the ith constituent of

any ore initially in the bed,

G$,6%3 = lower, upper limits of grade desired for the
ith constituent of the mill feed,
T = Initial tonnage of ore in the bed,
T = Desired production (in tons) from the mine

during the current period,
Pi,9; = penalty (e.g. in $|% deviation) for each %
shortfall, excess of constituent i 1in the

blend,
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FIGURE 8
Schematic representation of bed bleénding system and of
changes to the latest bed as a result of current production'

activities from 3 machine areas S;,..,Ss;.



55.

ax,bx = lower, upper mining capacities of machine Kk,

=
"

Reserves of block J,
Sk = the set of blocks in machine area k.
The optimum blend is then determined by solving the
problem

Minimise z = 3 o (45)

subject to

Togol +T2g1:jXJ
p1<G} - . > < oy (u6)
™ + T
™ g +T23:g”xj
-G%) <«
Q1( ™ 1 T 1> 1 (u7)
ay < 3 X; € by (L49)
JeSx
0 < x;3 <Ry, a5 0, (50)

In contrast to the previous model (1) - (29), this
formulation allows the average grade of the blend to
deviate from the desired mill limits, but computes a
penalty far so doing. It is necessary to follow such an
approach when there are many constituents requiring grade
control aml it becomes impossible to ensure that all con-
stituents will simultaneously lie within tle desired mill

limits. The values assigned to the penalties p; and q;
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reflect the relative importance of tle various constituents
with respect to grade control. Also different values are
allowed for p; and q; according to whether shortfall
or excess of constituent i is more detrimental to the
concentration process.

The operation of the objective function (45) can be
seen as follows., Denote the average grade of constituent

i in the final blend by

™g] + T 2 g13%;
_ J
gy =

Ol )

Any optimal solution of (L45) - (50) must then satisfy

exactly one of the following relations
2

(i) & <G} amd o = p;(6} - 7y) (shortfall)
- $ -~
or (ii) g > G§ and oy = q;(g; = G) (excess)
— ]
or (iii) G} < g; <G} and a; = O (within desired
limits).

Thus in the optimal solution, the value of af is
guaranteed to equal the actual penalty for shortfall or ex-
cess (if any) of constituent i in the blend. Note that
this is only true of the optimal solution, since we may
take any feasible solution for which this holds, and
increase any Oje This will still give us a feasible,
but non-optimal solution and the property will not hold.

If it is possible to form a blend with all con-
stituents within the desired limits, the optimal value of

the objective function becomes identically equal to zero.
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In this situation it may be desirable to further control
extraction operations, by replanning them with tighter
values of G} and G%. Alternatively it may be prefer-
able to maximise the content of a particularly valuable
constituent of the ore subject to the strict imposition of
grade constraints as before. Another variation consists

of a combination of these two approaches.?

(2.3.2) Mining Constraints

As mentioned earlier, a more detailed knowledge of
the deposit is required for short term planning purposes.
This will be reflected in having available, at least in
the immediate vicinity of tre machines, estimates of the
grades and tonnages of much smaller production blocks and
several of these will be consumed by each machine during
the blending period. Unlike before, we now insist on
strict satisfaction of the mining requirements, that is a
block may not be mined until the face advances into it.

One good way of approximating this cordition mathematically
is as follows. Suppose the mining front is advancing into
the deposit in a direction as shown in Fig.9. Let j Dbe

an arbitrary block within the deposit and let s,,Sz,8s be€

the three nearest neighbours as shown in Fig.9. The re-

1.This in fact was the approach used 1n most computer runs
since it gives rise to fewer dual degeneracies in the
branoh and bound section of the algorithm (g.v.) than (L5).
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general direction of
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FIGURE 9

Mining constraints dictate that at least one of the Dblocks
S,,5 oOr Sz must be completely mined out before mining

may commence in block J.



59.
quirement we impose is that x; may only be positive if at
least one of the blocks s,,S; oOr sg 1is completely mined
out. We shall say that block j is "surrounded" by the
blocks S;,8;,8; and shmll let #; = {s,,sz,83} Dbe the
set of all such blocks.? The mining constraints may

therefore be summarized as

Xy ?T (Rg - Xs) =0 (51)

SEN;
and they must hold in addition to constraints (46) - (50).

The logical requirements expressed by the mining
constraints (51) may be taken into account by the very
standard trick of using 0-1 wvariables. It proceeds as
follows. For each block s which surrounds other blocks
(see Fig.9) introduce a 0-1 variable e and the con-
straint

Xs 2 Rgeg, (52)

while for each block J which is surrounded by others,

introduce the O0-1 variable 3J; and the constraints

Xj < SJR;] (53)

1+(a) For short term planning it is usually not desirable
to include the remining nearest neighbour in the set
#y. Mining it out in order to get at block J goes
against the general direction of advance of the min-
ing front.
(v) #; may contain less than 3 nearest neighbours when
block j is an a boundary of the deposit.
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Se/‘fj

This works as follows. Suppose we have a feasible solu-
tion for which x3 > O. This immediately implies &;=1,
otherwise constraint (53) would be violated. Constraint
(5) then implies eg=1 for at least one s e& fje
Inserting this into constraint (52) gives Xxs > Rg, Which
in conjunction with constraint (50) means that xg = Rs;
i.e. surrounding block s has been completely mined out,
and therefore the mining ccnstraint for block J has been
satisfied.

For easier reference we now express the 0O-1

requirements explicitly as the constraint

85585 = 0,1 (55)

The complete mixed integer programming formulati on of the
blending problem with mining constraints then consists of
(45) - (50) and (52) - (55). It may be solved using any
standard mixed integer programming package. Several
computer runs based on this approach have been carried

out using the APEX-II package [2]. However CP times have
not been encouraging; for instance L9 seconds (on the

CDC 6400 computer) for a small problem involving 3 machines,
2 constituents and 23 blocks. The original problem in

%2 variables (subject to bounds) and 8 (equality) con-
straints escalated to one of 116 variables (35 zero-one)

and 57 constraintse. However, only 17 nodes were required

for solutione.
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In reality, the formulation (52) - (55) only serves
to convert the problem into a format which is suitable for
solution by the branch amd bound procedure of a readily
available mixed integer programming package. It is far
more efficient to develop a new, but analogous, branch and
bound procedure based directly on the mining constraints
(28). In this way, we do not have to introduce any new
variables or constraints and the linear programs we solve
have bases whose size is only (2I+K) x (2I+K), where I
is the total number of constituents requiring grade control
and K 1is the total number of machines mining ore. This
results in bases of size 8x8 in the above problem.

An even subtler reason why the new approach is
more efrficient than the mixed integer formulation is that
the constraints (52) - (55) are stronger than the mining
constraints (51). While a feasible solution to (52) - (55)
guarantees that the mining constraints (51) will be satis-
fied, the converse is not true and it is easy to construct
examples satisfying (51) and (52) - (54) but which do not
satisfy all of the O0-1 requirements (55). An acceptable
solution, in terms of (51), may thus be at hand, but will
not be recognised as such by standard mixed integer pro-
gramming algorithms until they set many more the fractional

8§; and &g values to O or 1.
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(2.3.3) Branch anl Bound Solution Procedure

We now develop the special branch and bound pro-
cedure based directly on the mining constraints (51).
Consider the optimum solution to the problem (45) - (50)
or any subprobleﬁ derived from it by altering the bounds
on the x; (in a manmer to be described shortly). By
analogy with the normal integer programming approach, a
block j in such a solution will be called'fractional"
if x3 > 0 amd x3 <Ry for all se #y, that is the
mining constraints (51) are violated for block Jj« To
rectify this we must make one of the following decisions,

(i) Set x; =0 (56)
or- (ii) Set xs = Ry for at least one se #j. (57)
In general a fractional node in the solution tree will
therefore generate more than the two subproblems normally
associated with mixed integer programming (see Fig.10 for
example). The restrictions (56) - (57) are imposed by
redefining the upper bound on Xy as 0 amdl the lower

bound on Xxs3 as Rg respectively.

For convenience an outline of the general branch
and bound enumeration procedure is reproduced here. The
method is based on solving linear programs using variants

of both the Primal and Dual Simplex algorithm which allow

1+As usual the original problem and subproblems derived
from it are represented by nodes in a solution tree [ 4].
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FIGURE 10

Four subproblems cbtained from arbitrating fractional block J.

the variables to have arbitrary upper and lover bounds

[9,14]. A solution which satisfies the mining constraints
%

(51) is called (by analogy) "integer", and z; is used to

denote the objective func tion value of the currently best

known integer solution. We then proceed as follaws [31,5].

1. _Initial Step

&%
Set ZI = ©0s

Solve the linear program (45) - (50) using the

primal simplex algorithm.

If no feasible solutions are found, stop.
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If the optimal solution?! is integer stop, otherwise,

2. Choose a fractional block for branching

Choose a fractional block J in the optimal solu-
tion of the current subproblem and add the new sub-
problems determined by the arbitrations (56) - (57)
of plock J to the list of subproblems awaiting
solution.

3. Select a subprdblem to solve

If the list of subproblems is empty, stop.
Otherwise, choose one subproblem from the list,
delete the reference to it in the list and test

whether the objective function of its parent plus

23

the Penalty is less than Zpe If it is go to 4,
otherwise reenter 3.

Le Solve Subproblem

Reset the bounds on the x; according to the
arbitrations (56) - (57) which have been made to
arrive at (i.e. define) the current subproblem,
and, starting from either the current basis or if
stored the optimal basis of the parent node, solve
the subproblem using the dual simplex algorithm.
If the objective function value becomes greater
than or equal to z* during this process, exit

I
from the dual routine and go to 3, otherwise,

1eThe linear program (U45)-(50) does not have unbounded
feasible solutions. Hence if feasible solutions exist,

then so do optimal solutions.
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H5e Analvse the Solution of the Subproblem

If the subproblem has no feasible solution or the
objective function value is greater than or equal

to z;, go to 3.

If the solution is integer go to 6; otherwise go to
2.

6. Integer Solution

An improved integer solution is at hand, hence
w
reset Z1 to equal the optimal objective function

value of the current subproblem and then to to 3.
(2.3.4) Penalties

The general branch and bound algorithm contains two
heuristic selection rules, namely in steps 2 and 3. As
with normal integer programming, these selection rules may
be based on penalty calculations. However, the calcula-
tions will differ from the more usual ones because of the
special nature of the arbitrations (56) - (57).

To illustrate the construction of these selection
rules, we first note that after step 1 of the algorithm,

we only deal with dual feasible canonical forms of linear

programs which consist of relations (45) - (50) but with
some of the bounds on the xj; tightened according to the
arbitrations (56) - (57). The linear programs are thus

always of the form,
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-z + by EJXJ + 3 ijj = —2Zg, (58)
jel jeUu

+ = 31 1¥3 + % ;1 3X3 = %-1 (59)
"By jek jeU

where B is a set of basic variables, L,U are sets of

non basic variables at their lower and upper bounds

respectively, and

332=0 for je L

c; <0 for je U.
This is the dual feasibility (primal optimality) require-
ment. Note that in the above, we have now used further
xy variables to represent the oy and the slack and

surplus variables, and have denoted the reduced cost

coefficients, matrix and right harmd side elements of (Lu5)
(50) by cy, @iy, Dy (end -Z,) respectively. Denoting
the current lower and upper bounds on Xj by 53 and Ej

the basic solution {B,L,U} can be immediately written as,

X3 =P; » Je L,

e
i

my » Jje U, (60)

I} — — — nime ==
=] bi S b1 - 2 aij PJ - > aij mj
"By jekL jetu

Also,

-7z = —EQ - 2 Ej -P-j - X Ej EJ‘ (61)
jel jeU
The primal feasibility condi tions, 531 <% < EBi are

satisfied in the final optimdl solution of each subproblems.
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As mentioned earlier, when we encounter a fractional
node (subproblem) of the solution tree and make one of the
arbitrations (56) - (57), we redefire exactly one p; oOr
one Ej. Unlike normal mixed integer programming, how-
ever, such bound changes may happen to a non basic as well
as a basic xy variable. In the case of a basic vari-
able, say Xj = XB_ s the redefinition causes a primal in-
feasibility in row r, and the penalty, (minimum change
in objective function value during removal of the primal

infeasibility), is

D

P; = nr b4, for an x3=0 branch (62)
and
U
P; = E-(Rp,-bf), for an x;=R; Dranch, (63)
where
r—
Cj =
-~ , a3 >0, Jje L
arj
nr = Min (64)
c; = .
I = ,arj<0, JEU
arj
K‘ o]
and
/-
i = .
= s a3 <0, Je L
Er = Min(
c -
-, %y;>0, jeU (65)
...a_:':“j
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In the case of a non basic variasble xj, the bound
change has an immediate effect on the objective function
value and the values of all basic variables in the basic

solution {B,L,U}. The new values are given by

zl Z - Ej Rj

2] 1 —
b1 =b1 <+ a” Rj

for an x3 = 0 branch, and

no_ i
Z—Z+CjRJ N

I

It ! —_
bi = b1 i a” Rj
for an x3; = Ry branch.

This yields immediate penalties of —Ej Ry and
Ej Ry respectively. If some primal infeasibilities are
also generated by the above process, an additional penalty
may be computed by considering the change in the objective
function value during the first dual simplex iteration.
If this is based on removing an infeasibility in row 1,

the additional penalty is
E1 6;51 - ¥y), if by < Eﬁi,
or
ny (pf - EBI)’ it b > Eﬁl.
The maximum additional penalty which may be so com-

puted is
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A = Max{O, max_ 51<-:§B1—bit>’ H}__cf'wx_ ni<'b”_.-n-1Bi>}
s e I N s o i

and the final penalties are therefore

D

P; = - c;Ry + A, for an x3=0 Dbranch,, (66)
.and
P? =¢cj; Ry + A, for an xy=R branch. (67)

Although the calculation of A will involve more effort
than the normal choice of a dual simplest pivot, it is well
worth while since, as pointed out by Tomlin [38], the com-
putation of the highest possible penalties greatly assists
in pruning the solution tree.

A computer program has been written which uses the
standard tree developmen- sirategies [38] based on the
above penalty calculations. For a non-terminal node we
(normally) choose to arbitrate the block with the worst

penalty namely

Max {P?, Max PE} (68)

where F is the set of all fractional blocks in the curr-
ent solutione. This specifies rule 2 of the general algo-
rithm, Rule 3 is specified as follows. The branches
descending from the current subproblem are ordered lexi-
cographically according to increasing penalty value and the

leftmost branch is selected for developmentes When a termin-
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al node is veached, the next subproblem selected for solution
is obtained by backtracking along the tree until the left-
most branch for which the objective function value of the
parent plus the Penalty is less than z;. This locates the
leftmost unarbitrated branch of the tree for which it may
still be possible to obtain an improved integer solution.
We then proceed as before until another terminal node is
reached.

It should be noted that the rule (68) may be modi-
fied to take into account "flaggable" blocks, similar to
normal mixed integer programming [38]. A fractional block
is flaggable if exactly one of its branches has a low enough
penalty to qualify for development. Since there is thus
only one choice which can possibly yield an improved integef
solution, it can be made immediately and the rule (68) can
be reapplied with F equal to the set of fractional, non-
flaggable blocks to enable selection of a normal branch for
development as well.

A secord computer program incorpérating the se
refinements has also been written and tested. Both pro-
grammes have been agpplied to reasonably small problems and
there has not been a great difference in CP times. How-
ever there was a vast improvement on the more cumbersome
mixed integer programming approach. For example, the

execution time for the previously mentioned problem was
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4.8 seconds. All tests showed that the new branch and
bound procedure was a very efficient and very appealing way
of enumerating all the possibilities which arise on account

of the mining constraints.
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2.4 MULTIPERIOD EXTENSION

We now present a multiperiod extension of the app-
roach given in the previous section. As an example of its
application, we have in mind the planning of operations on
say a daily basis for maybe a week or two in advance.

While this can be achieved by repeated use of the single
period model, the more global approach may yield a better
solution. The individual periods we shall consider may be
thought of as having equal duration, but this 1s not necess-
ary, so long as we know the production targets and machine
capacities during each period. We shall make one import-
ant assumption however; namely, that the ore produced from
the mine during each period will be used to form separate
beds (or perhaps separate portions of the same beds). Con~-
sequently we would like each separate production batch to
conform as closely as possible to the mill's requirements.
This in turn causes the linear programs to assume a partic-
ularly simple form which may be exploited to increase the
efficiency with which the solutions can be found.

The multiperiod generalization of the linear program

(45) - (50) is very readily obtained as

Minimise =z = 2 % a} (69)
t

subject to

Gy (70)

at
D gijxg + —ir - SE
3 Dbi
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t

% 813x§ + E% + u} = G% (71)
b] a1 .

2 x| = ¢ (72)
B xj + vk =Dvk  (73)
je

> x§ + Wy = Ry (71)
af,sy,uf,w; > 0, 0 <vE < (bﬁ - aﬁ>, (75)

where
Xj = tons mined from block j during period 1,
al = penalty (in dollars) for shortfall or excess of
constituent 1 1in the blend formed in period t,
at,bt = lower, upper machine capacities in period t,
Tt = production requirement for period 1,
pi,a} = penalties for each % shortfall, excess of
constituent i 1in the blend formed in period t,
SE = blocks available for mining by machine %k dur-
ing periocd t,
st, u}, vi, wy; = surplus or slack variables.
The remaining coefficients in (69) - (75) have the same
interpretation as before. Note that the penalties p},q}
have now been allowed to depend on t since it may be de-
sirable to weight the earlier coefficients p; and qy by

the tonnages T', if the latter are allowed to differ from
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period to pericd.

A significant difference between the single and
multiperiod formulations occurs in the reserves constraints
(74) . FPor blocks which may be mined in two or more periods,
the reserves constraints (74) form generalized upper bound
constraints [25] rather than the simple upper bound con-
straints in (50) and consequently they now appear explic-
itly in the constraint matrix. For blocks which are
available for mining during one period only, it is prefer-
able to revert to the earlier more efficient version of
the reserves constraints (50) rather than (74).

The mining constraints are also more involved than

before and they are now written as

&
Xg T—I (Rs - TZ X.E) =0, Vj,t. (76)
|
S €4 T=1

Again this means that mining may not commence in block j
until at least one of the surrounding blocks (in #;) is
mined out. The special branch and bound procedure devel-
oped 1in the previous section for optimizing a single period
linear programming blending problem subject to mining con-
straints may be easily extended to solve the multiperiod
problem (69) - (76): Suppose we have an optimal solution
to problem (69) - (75) or any subproblem derived from it by

altering the bounds on various variables. In such a solu-
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tion, a block j will now be called fractional in period t

if the constraint (76) is violated, i.e.
t

x§ > 0 and Zx§<Rs for all se /.
T7=1
Arbitrating this fractional block gives rise to the follow-

ing branches;

1. an x§j = O branch and,

Rs, s € &3 Dbranches.

A
Ingd
ah
i

An x% = O branch is made by setting an upper bound of
: 't
ﬂ -
zero on the variable xj, while an 24 xL = Ry Dbranch is

7=1
made by setting an upper bound of zero on the variable wg

and also all variables xi, with + > t, which appear in
the model. Penalty calculations based on these bound
changes may be developed as before.

Computing times for the multiperiod approach
increase exponentially with the number of periods and we
have to make further use of the structure of the problem to
obtain solutions efficiently. There are two reasons for
this rapid increase in computing time. Firstly the mining
constraints (76) include many more possibilities than are

considered by repeated application of the single period
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model. (This is why the multiperiod approach can of
course yield a better solution). Secondly the linear
program (69) - (75) is much larger than befare.

As hinted at already, the effect of the mining
constraints (76) may be reduced by using our mining know-
ledge to assign the blocks to "logical' periods instead
of to all periods; that is we only allow the model to
consider logical or preferable alternatives rather than all
possibilities., For example, suppose we wish to plan op-
erations for Monday through to Friday. It will then be
impossible to mine, on Monday, certain blocks which are
located well inside the deposit, i.e. far from the current
mining front. (Indeed it may be possible to reach some
of them by Friday only). If we indiscriminantly allow an
xg variable in the model for these blocks, for the value
of t <corresponding to Monday, then these variables may
quite well assume positive values in the optimal solution
of many nodes of the solution tree. The mining constraints
will be automatically violated and even though this may be
obvious to the mining engineer, the model, if unaided, may
have to examine many more nodes before it also discovers
this and then correctly fixes the above xg at zero.

Careful selection of the blocks to be mined in

any period thus increases efficiency by removing illogical

nodes from the solution tree. Further decreases in CP
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" time may be had by utilising the structure of the linear
program (69) —_(75) to increase the speed with which we can
SO0lve the various linear programs for the nodes which are
generated by the algorithm, This structure is immediately

revealed when we write the linear program (69) - (75) in

the matrix form,
Min z = cix'+ ¢2x® +... cix® +... cfx” (77)

subject to

rﬁ&s {Box® + E;x™+ EpX® +.ve Egx® +... Epx® = R (78)
“"‘
m
1 —
rows l B1X = by
m B )
rows { BoX ) = by
5 K s (79)
m ° s ~
Trovws { Bt? = bt
m L]
rcws{ Bpx" = Dby U
gt <z < gt (80)

The vector 59 consists of the slack variables Wy, Wwhile
the variables x§, af, st and u} are all included in
the vector x°. The reservés constraints (74) which span

two or more periods appear in (78), while the blending re-
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guirements appesr in the {Bi...,B"} portion of the con-
straint matrix. The consequences of forming separate
blends are immediately reflected in the simple block di-
agonal structure of this submatrix. As mentioned in
Chapter 1, many multiperiod problems have this structure
and there are several ways in which it can be exploited.
The remainder of this section demonstrates that the con-
tracted basis techniques developed by Kaul [21] anmd Lasdon
[25] are particularly suitable for use with the new branch
and bound procedure to solve the problem (69) - (76).
These methods rely on representing any full basis of the
system (78) - (79) more compactly by a working basis only
moxMy 1in size, plus basis matrices, of size mxm from
each Bt.? The simplex method, whether primal or dual, or
incorporating arbitrary lower and upper bounds on the
variables (as in our case), may be applied with consider-
able savings in time.

The full algorithm is given by Lasdon but a few
details will now be summarized to demonstrate the further
savinge that may be gained (in both computation and storage)
by utilising the additional structure possessed by the

matrices Ey,Bi,e¢ce,E These matrices are in fact just

:‘-

mo denotes the number of rows possessed by the matrices
E B ,eee,Ey; m denotes the number possessed by

Bi,Bz’l..,Bnl
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incidence matrices; their columns are either zero ar unit
vectors. Corresponding to row r, (r=1,...,mp), Of
EosEyse005Bp, there is a generalized upper bound reserves
constraint for some block, say block £r. It follows
that for all variables Xxf_. which appear in the model,
the corresponding column of Xy 1s the unit vector er.
The column of E, corresponding to the slack variable

wy also consists of er. All columns of Ep,E;,ee,B,

r
not so accounted for consist of zero vectors. The Eg
may thus be stored very compactly by recording the row
number of the unit element of each column which is a unit
vector and a zero for the remaining columns.

Since the submatrices Hy;,B;,.++,B; all have full

rank, so does the complete constraint matrix,

- | _
_Eoj By By aer B
|
| B1 (0)
A = E B2 N .
0 5
| "
{ (0) B,
]

Moreover any basis @B, chosen from it, can be partitioned

to have the form
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I Eii Ezi .« o ® .Eni ﬁ B
. — i ~ _._I ———
Bia | C,

|
Bza | Cz
B = ; (81)
|
° | e
|
L ] | L
|
Bpns | Cn
— | |

where each Ey, and By, are submatrices (of dimension
moxm and mxm respectively) of E; and By and also the
B4 are nonsingular.

Lasdon uses the transform tion matrix

: (82)

—— e —— . ——

*
H
e N s e i
<

where Vg = AB%i Cy to reduce 3 to block triangular form.
1

Thus
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where

81.

B = (Eii Vi + E21 Vz + eoe En Vn) + g’

and this is the so called working basis.

easily invert the matrix a7

(B7)-1 =

as

| 57

——— ————— —— — —— —— — o — i —— o —

We can now

and since the inverse of the original basis matrix @

then given

by

Pt = 777181 = 7 (a7)-1,

we only need to store and maintain the submatrices

B-1, Bii,««s,Bn1

and Vi,.l.,Vn

is

in order to be able to
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generate all quantities needed for any simplex iteration

(primal or dual).

For instance, the simplex multipliers

I’ = (wh, Wiseeeee,mp) are obtained by
I’ = -gg 7(87)"* (83)
where gé, are the cost coefficients corresponding to the

basic wvariables of 2R Eé has the form

I = (al al roe L1
3 (01922"“3311 « C )s

~

so0 by defining

’dl =3 (gi,gé,.on.,g{l : 'q.l) = sé g
we obtain
d' = ciVy + c4Vs +eaet clVy + o’

and

W
i~
]

’ggl;, t=1,...,n.

Equation (83) then enables the components of I’ to Dbe

computed as

go = -4'B-1

and

7T€ -(fgé+¢73-6 Eti)BE%, t = 1,...,.'0.-

The simple structure of the matrices Ey, now
enables the g{ to be computed much faster than for general
multiperiod problems. In particular, the columns of the

product gé Ey, corresponding to zero vectors of Ey, are
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just zero, while those corresponding to unit vectors of Eg,
are simply particular elements of gé.. The calculation
of gf Wwill thus be roughly equivalent to multiplying a
row vector with a matrix amd coupled with the fact that
the matrices are now much smaller since they refer to
individual blending periods, substantial savings are gained
compared to working with tke full basis matrix.

The computation of the transforms, with respect
to basis #, of the non-basic costs, the right-hand side
elements and an arbitfary column or row of the original
constraint matrix A4 are outlined in Appendix II. The
additional structure derived from the E-matrices persists
throughout these computations and again they go much fast-
er than usual. Once compléted, they give us all the informa-
tion required for one iteration of the primal or dual
simplex algorithm. The methods for updating
B-1, Bif,¢ee,B5% and Vy,e..,V; as a result of a pivotal
transformation can likewise be easily developed by partit-
ioning the corresponding elementary matrix according to
that of 2 and further details may be had in Lasdon [25].

The discussion presented so far in this and the
previous section has concentrated on the techniques necess-
ary to obtain efficient solutions to the short term plann-
ing models (45) - (50) and (69) - (75). Application of
the methods to test-problems has proven that they are

effective, but the author has not yet had the opportunity
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to have them implemented in a real-world situation. In
practice the mining engineer, if he so desires, will be
able to exert considerable influence over the final plan
chosen by carefully specifying which blocks are to be
incorporated in the model. This oppor tunity for involve-
ment of the mining engineer is an attractive feature of
the models and it is suggested that the greatest benefits
will be obtained if the computer programs written for
actual use have facilities for easy alteration of the
relevant parameters. The ability to do this interactively

would particularly enhance the success of the approach.
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CHAPTER 3
OPTIMAL DREDGE PATHS

3.1 GENERAL

In this chapter further application of Operations
Research techniques 1s made to long-term production
planning (say for five or more years) from a beach sand
deposit which is to be mined by a dredge. The dredge may
consist of either a suction-cutter or bucket wheel mechan-
ism attached to a floating pontoon. It advances along by
slowly eating its way through the deposit. Towed behind
it is a floating primary concentration plant whose function
is to remove most of the gangue from the ore and eject it
to the rear as tailings. The rougher concentrate which .
it produces is sent (e.g. pumped) to a final concentration
plant.

The aspect of the long-term planning which we shall
be concerned with is the determination of the dredge path.
The critical factors are the extremely limited mobility of
the dredge, the continuity of its path and the spatial

distribution of block grades and tonnages in the deposite.
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3.2 NETWORK MODEL

(3.2.1) The Network

As before we can represent movements of the dredge
through the deposit by using a mathematical network in which
nodes stand for the blocks in the mine and links represent
the allowed interblock movements. The model which we shall
now discuss was developed and applied to an actual beach
sand deposit. However, we shall use a hypothetical deposit
such as shown in Fig.1ll to illustrate the approach. We
shall suppose the dredge is to start in the North-West
corner of this deposit and 1s to finish in the South; the
block in the North-West corner is therefore taken as the
origin node and is denoted by 0, but since we shall allow
any block on the southern boundary to be the final one to be
mined, an extra destination node (denoted by D) is added
and connected to all such blocks.

The basic assumption we make is that the movement
capabilities of the dredge can be approximated by providing
links from each block to just its nearest nelghbours. With
block sizes of the order of 100x100 metres, the network
model gives a good description of the possible dredge move-
ments; however, to illustrate the sorts of networks which
arise, we divide the deposit shown in Fig.ll into larger

subareas of size 1500mx500m and obtain a correspondingly
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smaller network consisting of nodes {1,2,...,14} and
links (1,2), (1,4)...,(13,14) as shown in Fig.12.

For our purposes it is convenient to summarize the
network by using its "successor matrix" which we shall de-
note by S = {six}. The elements in row 1 of S are
obtalned by listing the successors of node 1 in some
order, the most convenient belng lexicographical ordering
according to :.the numbers representing each node:

Six Will thus be the kth such successor of node i when
node i1 has k or more successors; otherwise we set six
to zero. For the network illustrated in Fig.l2, the

successor matrix is immediately given by

k
i 1 2 3 4
1|2 4

2 3 5

32 6

b {5

51 2

6 3 5 T 9
7| 6 10

815 6 9
9|6 8 10 12
10 | 7 13
11 | 8 12 14
12 | 9 11 13 14
13 [10 12 14
14

where zero elements are represented by blanks.



~—

}_;t\

(=)

. T f.;
£ |

YA

\O

P

YA

YA

—.2)

o

W\

YA

YA

7\
2/

FIGURE 12

Sample Network



90.

(3.2.2) Maximal Chains

In practice 1t 1s possible for the dredge to pass
through a block more than once. However, on subsequent
passages the block willl consist only of old tailings and
such manoeuvres are therefore very rare. Consequently we
restrict ourselves to dredge paths which are chains from
the origin 0 to the destination D. A chaln in a
discrete network is defined formally as follows: If
ni,N2,...,n, are distinct nodes such that (n;,n,,,),
i=1,2,e00yr-1 are distinet links of the network, then

the sequence

niy(na_:n:a)’nzs°""',nr-19(nr-1:nr): np

defines a chain! from the origin node n, to the destina-
tion node np.

For purposes of evaluating the various O0-D chains
we assign to each block in the deposit, a value w; equal
to the net profit obtained from dredging the blocke. Wy
is computed by subtracting all costs of production from the
revenue earnt from the block. For example, for an
iron-sand deposit mined to give a concentrate assaying 59%
Fe for sale at $6.00 per tonne (of concentrate) the

block worths w; (in dollars) are given by

1.
The chain can clearly be uniquely defined by the sequence
of nodes or the sequence of links alone.
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g
LA =T1[6.00R?;‘— a; - c]

where

T, = total tonnage to be dredged,

g, = average grade (e.g.%Fe) of the block,

R = total recovery (the smount of Fe, éay,
recovered in the concentrate divided by
the total amount originally present in
the block),

d, = dredging cost in $/tonne dredged,

¢ = remaining costs (in §/tonne).

The values of g; anmd T; and hence the economics of
mining block i depend considerably on how deep we decide
to dredge. This is hbecause the grades usually vary very
considerably with depth, higher grades being found above
the water-table and lower grades below it. There are also
several technological factors which need to be considered
when deciding on the level of the dredge pond bottom but we
assume that all such decisions have been made beforehand
and are reflected in the final values used for T;,g; and
d, - typically we may dredge from the surface to sea level.
To perform a proper financial evaluation of any
chain, we have to discount the receipts obtained from the
various blocks belonging to the chain. The following was

found to be a particularly suitable discounting scheme in
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view of the fact that the times taken to dredge blocks vam
according to the tonnages of ore contained therein.
Suppose dredging of block 1 starts at time 1, (express-
ed in years say) and finishes at time ty» Ww; is then a
future receipt which we discount to a present value Vi,

given by

-
- Wy 1 1
V= Tte-t,) In(r+1) [_(r+1)t1 (r+1)t3:]’ (8L)

where r is the discount rate (per annum).
This formula is obtained by assuming that the receipt w,

is continuously discounted over the time period [t,,t;]

during which ore is being obtained from block i. (The

constant 1n(r+1) in (84) just ensures that 1lim v; = w

and lim vy = wy).
-0

We now let {n,=0,ng,,Ng,se0,0y,N,4 = D} be a chair
consisting of m+1 nodes (hence m blocks) from O to I

Its total present value is given by

m
NG Wn i 1 1
= £J1 (tkss=tx)In(r+1) l.}r+1)tk_ (r+1)tk+1:} (85)

where tx 1s the commencement time for dredging block nge.
These are obtained recursively by
Ty = 0,

theqs = bk + Tnk/T, 1<k<m
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where 7 is the rate of dredging (in tomnes/year).

The @bove scheme has the property that if the dredge
had no mobility restrictions whatsoever, the optimal
strategy would be,

1« Do not mine blocks with negative w; values,

2. Mine the remaining blocks in decreasing order

of grade.
Because of the very limited dredge mobility, we may, how-
ever, have to violate this simple strategy. In any case
we seek the O0-D chain which maximises the expression (85)
When r=0, this reduces to a conventional longest path
problem in a network with positive cycles! and as noted ir
Chapter 1, such problems are, in general, notoriously d4diff-
icult to solve. Fortunately an effective heuristic algo-
rithm can be obtained for the dredge problem, by simply
partitioning its full network into smaller networks and
then basically using brute force enumeration to optimise
the smaller subproblems. The key section of the algo-
rithm was a subroutine used to generate all® O0-D chains
in an arbitrary network. Each O0-D chain produced is
evaluated separately according to (85) and the maximal

chain is saved.

1ep cycle is defined as a chain except that n; must equal
N o

2+Except in the refinements to be discussed in §3.2.4 (q.v.
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Before describing the full algorithm, we shall
briefly outline the method employed in the above-mentioned
subroutine. The me thod was based on a familiar lexi-
cographical enumeration procedure which utilises the
orderings (of the successors of any node) as given by the
successor matrix 8. In what follows it is convenient to

call a node j the kth successor of node i (with re-

spect to 8) if sy = j. Also we shall use the words
Meft" and "right" to denote the relative positions in S
of different successors of a given node 1i; thus j1=sik1
will be called left of j2=slk2 if and only if k; < ks
etc. Similarly the words "“left" amd "'right" will be free-~
ly used to denote the relative positions of nodes in a
chain; node n; is left of node nj; 1in the chain
fn, ,Nzyeees,ny§ if and only i < j etc. We now proceed
as follows,
1. Initial Step
Start with a chain consisting of the origin node O
and its first successor (i.e. node SOI)'

2. Increment Chain if Possible

(a) If the final node of the chain has a successor

not already used in the chain, add the leftmost
such successor to the chain and then re-enter 2.
(b) If the final node is the destination node, we

have constructed the latest O-D chaing;
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evaluate it, update the incumbent if necessary
and then go to 3.
(c) If the final node is not the destination node,

go straight to 3.

3. Backtrack to the Rightmost Unfathomed node of the chain

Let j amd i denote the last and second to last
nodes of the chain respectively.

(a) Delete node j from the chain.

(b) If node i has a valid (i.e. unused) successor
to the right of node j (in 8), add this
successor to the chain and then go to 2.

(c) If node i is the origin node 0, stop. (A1l
chains have been enumerated).

(d) If node i is not the origin, re-enter 3.

(3.2.3) Heuristic Algorithm and its Application

As expected, we cannot apply complete enumeration
to the deposit shown in Fig.11 when block sizes are in the
vicinity of 100mx100m as needed for the netwark to close-
ly model the dredge's movement capabilities, The network
becomes just too large (for example there are 620
100mx 100m blocks). The rapid exponential increase in CP
time with increasing size of the network (i.e. finer par-

titions of the deposit) is clearly shown in Tabie e
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TABLE 4. CP times for complete enumeration vs Block Size

Block Sizes (m?) Network Size CP times®
No. NodesjNo. Links|No. 0-D Chains

1000 x 1000 12 30 32 D.2 secs

1000 x 500 20 59 1,156 5 secs

1000 x 400 24 g 7,10k 37 secs

800 x 400 o7 84 22,130 127 secs

500 x 500 37 115 828,738 46P  mins

a0n CDC 6400 computer
bNo discounting
As mentioned earlier, the heuristic algorithm con-

sists of a two stage search procedure in which we first di-
vide the whole deposit into larger subareas (e.g. 800mx400m
in size) and then apply the enumeration methods to the re-
sulting network to enable us to sequence production from
these subareas in a broadly optimal manner. We then op-
timise within each subarea in order to produce a proper
dredge path. Fig.13 shows how this works in greater de-
tail. We suppose that the first stage has set aside sub-
areas I and II for successive development with subarea I to
be dredged first. For purposes of illustration, we have

divided these subareas into 16 blocks each. We also ass-~

ume that we have already determined the dredge path in all
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FIGURE 13

subareas mined prior to subarea I (in the order defined by
the first stage maximal chain). To determine the path in
subarea I, we will therefore be starting at some known
block, say block (1,1), and will be desiring to finish on
one of the blocks (4,1), (4,2), (4,3) or (4,4) which lie on
the boundary between subareas I and II. We construct a
network for subarea I which models this situation and apply
the enumeration procedure to determine the dredge path

through it. The final block on the chosen path is noted
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and the block adjacent to it in subarea II 1s taken as the
origin node in this subarea, and the whole process 1s
repeated. The algorithm thus constructs local optima in
which the dredge has to complete all mining operations
wlthin any of these larger subareas before proceeding into
the next subarea.

Because the network model corresponding to the
coarser subdivision of the deposit made in stage 1, implies
less mobility on the dredge than is actually the case, we
glve special treatment to the block values assigned to the
nodes representing these larger subareas. In particular
we aggregate only the positive 100x100m block values,
tacltly assumlng that once in any such subarea, the dredge
will exercise its somewhat greater manoeuverability in an
attempt to avoid the negatively valued blocks. If there
are no such positive 100x100m blocks, a negative wvalue
corresponding to a path straight across the largest dimens-
ion of the subarea is used to discourage entry into the sub-
area. Stage 1 of the heuristic algorithm thus sequences
production from thg larger subareas concentrating on the
effect of dlscounting and imposing broad continulty require-
ments on the dredge's movements.

Some examples of nonoptimality may occur in the

final paths at boundaries between successive subareas,

especially when we perform independent optimization over
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the various subareas. Figure 14 gives a trivial illustra-
tion of this. Simple extensions can however be made to
discourage such transitions. In fact 1t was found
that a very quick yet effective way of doing this 1s to

look just one block ahead of the boundary. Thus 1in the
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Boundary effects: the first path is non optimal for subareas I and II,
but will be produced by independent optimization over subarea I. The
second path is optimal for subareas I and II. (Numbers represent
block values in dollars, dashed line is dredge path).
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above example, we let d; and o; denote the pairs of
blocks straddling the boundary between subareas I and II,
with d, being located in subarea I and o1 in subarea II.
If d; 1s the last block mined in subarea I, then ot will
be the first block to be mined in subarea II. Thus,
denoting by D the destinatlon node of the network repre-
senting subarea I, we assign to each link (d:,D) a value
of woi, the worth of block ©1 when L is negative

and a value of zero otherwise. The resulting network for

subarea I of the above example is shown in Fig.15.

FIGURE 15

Network for subarea I. Values assigned to nodes 1,...,9 correspond
to the values of blocks in subarea I. Values assigned to links

(1,10), (8,10), (9,10) are determined by the values of the neighbour-
ing blocks in subarea II.



This refinement does not guarantee an ov
improvement but certainly gives a strong bias in that direc-
tion and was found satisfactory in all computer runs. A more
sophisticated but time consuming approach is to look a
whole subarea ahead. Thus we perform separate optimiza-
tions over subareas I and II for each pair of blocks
(d; ,01) which straddle the boundary. We take the path
which is best for subareas I and II as a whole, commit
the dredge to the portion lying in subarea I and then
examine paths through subarea ITI and its successor and so
on.

The computer program incorporating either of these
refinements is able to rapidly perform the chore of
determining near optimal dredge paths through the deposit.
This makes it ideally suited for use in feasibility studies
where it is necessary to analyse the effect of several
possible costs, dredge rates and production requirements.
Also, depending on whether the information 15 available, we
can examine the effect of changing the pond bottom or of
dozing activities (to be discussed shortly). However,
several other techni¢al factors come into consideration when
determining the precise details of the path necessary for
the day to day operations of the dredge during the actual
production stage. Most important is the modification

required to the simple concept of the dredge movements as
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expressed by the network model. While this is entirely
consistent with the information available during the
feasibility study!, in the actual production stage the
mining front may be allowed to vary anywhere between 50m
and 200m in order to pick up what are found to be locally
rich pockets of ore and to avoid poorer patches.

To illustrate the use of the model, the results of
3 runs for the hypothetical deposit shown in Fig.ll are
summarized in Appendix 3. The relevant block grades and
tonnes values (for 400mx100m blocks) are also shown. In
all runs the dredge rate was 4.6 x 10® tonnes/year and the
discount rate was 20% per annum. Block sizes used 1in
stages 1 and 2 of the optimization process were 800mx500m
and 200mx100m respectively. Also the relevant cost data
and present values of the final dredge paths are shown in
Table 5.

A few further points will now be made with special
reference to run 2. Firstly the final path shown in
Appendix 3 was obtalned by two applications of the basic
heuristic algorithm. This is because the first applica-
tion resulted in losses being incurred in some of the

marginal southern subareas whereas a profit was expected to

!For the actual deposit for which the model was developed,
grade and tonnage data was available only for 400x100m
blocks. -
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TABLE 5

Cost Data and Present Values for Runs 1-3

Run Break Even Total Cost/ Final
Block Grade Tonne Dredged Present Value
(%Fe) ( °/tonne) ($'000's)
1 6.5% 31 %/tonne 3290
2 8.0% 38 %/tonne 2080
3 10.0% 48 °/tonne 920

be obtained during stage 1 of the algorithm. The informa-
tion obtained in stage 2 was thus used to resequence pro-
duction from the larger subareas and a second stage 2 was
then performed to compute the final path. The separate
results are compared in Table 6.

Finally it should be noted that there may be small
differences between the local optima associated with using
different partitions of the deposit in stages 1 and 2 of
the heuristic algorithm. Table 7 gives a comparison of
the results for four such partitioning schemes applied
to run 2. Again the differences in the final present
value are usually due to remaining boundary effects and
minor manual adjustments may be made to reduce them (for

example in subareas (1,1) and (6,4) of Fig.IT in Appendix 3)
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Comparison of Results obtained from Double

Application of Heuristic Algorithm.
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1st Application

2nd Application

Step
Cumul. Cumul.
Subarea| Current Present Subarea| Current Present
Receipt Value Receipt Value
($r000's) |($'000%s) ($r000's) [($'000's)

1 (1,1) 50 50 (1,1) 50 50
2 (2,1) 296 33k (2,1) 296 334
3 (3,1) 26 358 (3,1) 26 358
L (3,2) 836 1109 (3,2) 836 1109
5 (2,2) 216 1281 (2,2) 216 1281
6 (2,3) 68 1332 (2,3) 68 1332
T (3,3) 11k 1416 (3,3) 11k 1416
8 (3,4) 6 1k21 (3,4) 6 1421
9 (4,h) 126 1511 (4,4) 122 1508
10 (5,4) 212 1656 (4,3) 62 1550
n (5,3) 52 1686 (k4,2) 186 1668
12 (%,3) 62 1720 (5,2) 201 1786
13 (4,2) 186 1817 (5,3) 55 1816
1k (5,2) 201 191k (5,4) 207 1920
15 (6,2) 19k 2001 (6,4) 179 2001
16 (6,3) -52 1979 (6,3) -h3 1985
17 (6,4) 133 2032 (6,2) 184 2050
18 (7,4) -12 2028 (7,2} 79 2076

19 (7,3) -68 2007

20 (7,2) 68 2028
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TABLE 7

Effect of Partition

Partition: Network Size CP times Cumul ative
Block Sizes (m){ Stage 1 Stage 22 (Secs) Present
Stage |[Stage No. No. | No. | No. |Stege| Stage (L
1 2 Nodes|Links|Nodes |[Linksl 1 2 |Tot.f ($'000's)
800x400 |200%100f 27 8k 17 52 9k 22 116 2090
800x500 | 200x100) 22 65 21 67 8 9k |102 2080
1000x400|200x100] 24 Th 21 67 28 8y [112 2060
1000x500|200%100f 20 59 26 85 4 708 (712 2060

®rypical sizes
(3.2.4) Branch and Bound

An important modification can be made to the heuris-
tic algorithm so far described in that it is possible to
introduce a simple branch and bound strategy which enables
significant savings in CP time to be obtained in stage 2
of the algorithm. Since, in stage 2, the optimization is
carried out over small separate subareas which do not re-
quire a long period of time to be dredged, discounting does
not play a major role. Instead it is more important to
just pick up as many positively valued blocks and avoid as
many negatively valued ones as possible. In addition to
the present value of the incumbent 0-D chain, we therefore

maintain the total "straight" value, that is the value
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corresponding to a zero discount rate. et s¥* denote
this straight value, (the asterisk signifies the incumbent
0-D chain). During the construction of each 0-D chain,
subsequent lexicographically to the incumbent, we now keep
track of the sum of all negatively valued blocks committed
to 1its various subchains, and we let f denote the value
of this variable. Furthermore, let P denote the sum of
all positively valued blocks in the subarea, plus the maXx-
imal link value (di ,D) when we use the single block look-
ahead procedure, where di ranges Over all blocks on the
final boundary of the subarea. If it now happens that
f < s¥ - P, then all 0-D chains which are completions
of the current subchain, will have a worse straight wvalue
than that of the incumbent (s%*). We therefore dismiss
such chains from consideration, backtracking at least one
step to avoid offending blocks, and then recontinue with
the lexicographical enumeration procedure. A good early
0-D ehain will thus eliminate many succeeding 0-D chains
from explicit consideration.

When a complete 0-D chain is produced, it will
now have at least as good a straight value as the incumbent.
However, we still compute its present value and update the
incumbent on this basis. The dramatic effect of this
simple branch and bound strategy on CP times can be seen
by comparing the times shown in Table 8 with those listed

in Table 7.
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TABLE 8

Effect of Branch and Bound Strategy on CP times

Partition: CP times Cumulative Present
Block Sizes (Sees) Value
Stage 1 |Stage 2 [Stagze 1|Stage 2|Total ($'000's)
800%400m|200%100m 97 3 100 2080
800%500m|200%100m 8 6 1k 2080
1000%400m|200%x100m| 28 9 37 2060
1000%500m | 200%100m 4 28 32 2060

(3.2.5) Dozing Activities

Finally we shall show how the basic network model
can be extended to allow dozing activities to be taken at
least approximately into account. In many beach sand
deposits high grades are predominant above the water table
and low grades below it and it may therefore be beneficial
to also incorporate dozers into the system. This enables
richer core from the upper levels to be pushed into a nearby
dredge path and the lower non-paying portions to be left
intact. The dual operation of dozers and dredges thus
gives considerable flexibility in dealing with vertical
variations in grade. They complement each other in that it

is infeasible for dozers to operate below the water table
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and costly to raise the top of the dredge pond above it.

We will again 1llustrate the approach by referring
to the deposit shown in Fig.ll. Each block is now divided
into the two levels surface - water table and water table -
sea level and we assume that the following cholces may now
be made;

(1) dredge the whole block,

(i1) doze the upper level only,

(ii1) do not mine the block.
The relevant grade and tonnage data are now shown separately
for the upper and lower levels in Appendix 3 while Fig.l6
gives a scatter plot of block grades (%Fe) for the upper
level versus those of the lower level.

Material dozed must bear a dozing cost in addition
to the strailght dredging cost so that the profit earnt from

dozing the upper level of an arbitrary block 1 now becomes

1
&
p1=T.%[6QOOR-§!§-d—Z-0]

where g% and T% are the grade and tonnes values for

the upper level, surface-water table, and 2 1is the
incremental dozing cost (in $|tonne). In practice the
dozing costs depend on the distance of push, the topography
and other factors which affect the ease of operations.
However, we shall only be able to take dozing into account

approximately and for purposes of long term economic
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analysis it is reasonable to base costs on some fixed aver-
age length of push, for example 75-100 metres. A scatter
plot of dozing profits p versus dredging profits w is
given in Fig.l7 for the case of d = 8.0 cents/tonne,

z = 11.5 cents/tonne, ¢ = 30 cents/tonne and R = 47%.

The preferred a priori decisions for block 1 can
now be stated as

(1) dredge the whole block if wy; » p; and wy > O,

(ii) doze the upper level if ps; > w; and p; 2 O,

(iii) do not mine the block otherwise.

Deviations from this preferred strategy may again be necess-
ary due to the dredge’s limited mobility. |

The way in which we incorporate this information
into the model is to simply take the blocks for which dozing
is the first preference and instead of the full dredging
value Wy, we now assign the values wl-pl+ and then
proceed exactly as before. Since this value is negatlve,
the dredging of such blocks will be discouraged although,
as mentioned above, it may occasionally be necessary for
continuity reasons. In either case an additional profit
of Py will usually be earnt over and above the final
value computed by the algorithm, This because 1f block 1
is not dredged, a value of zero is present in the computa-
tion of the dredge path, whereas an extra profit of P

will be earnt from dozing it. On the other hand if it is

*Note that P;-w; > O 1is the opportunity loss associated

with dredging block 1 instead of dozing it.
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Dozing Profits (p) vs. Dredging Profits (w). Units are $'0000.
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dredged a value of w;-p; 1s present 1n the computation
whereas 1in reality a prgfit of w; will be earnt.

The final connection of dozing activities with
nearby dredglng activities can be easily done manually.
In this regard, it may be found on the first pass of the
algorithm, that a few blocks which are anticipated to be
dozed actually lie too far away from the dredge path.
Practical limits for dozing may for instance be in the
vicinity of 150-200 metres. If such blocks are not too
insulated by poor areas, minor limprovements may be made
by replanning the operations using the full dredging values.
While the final paths are thus not guaranteed to be globally
optimal, they have been sensible in all cases and the
approach has again proven especlally suitable for rapidly
analysing the several possibilities which must be consider-
ed in an actual feasibility study. The results of 9 such
runs are now summarized in table 9. As before dredging
and other costs have been chosen so that break even block
grades (for dredging only) are 6.5%, 8.0% and 10.0%. In
addition dozing costs have been chosen so that dozing 1s
the first preference for 10%, 20% and 30% of blocks in the
deposit. The corresponding values of these costs are also
shown in table 9. Further details of the path for the run
with break even block grades equal to 8.0% and dozing costs

equal to 11.5 c¢/tonne are given in Appendix III.
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Present Values of Operations When Dozers are Used!®

Break Even

Percentage of Blocks Preferred for Dozing

Block Grade 10% 20% 30%
6.5% 3320 3390 3450
(11.0) (9.5) (8.0)

8.0% 2130 2150 2280
(13.5) (1%.5) (10.0)

10.0% 930 1020 1050
(12.5) (9.5) (7.5)

1 . . . .
Numbers in parenthesis are dozing costs in centsltonne.
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CHAPTER 4

DISCUSSION

This thesis has employed optimization techniques to
solve production planning problems in two quite different
mining environments. They have been used to plan produc-
tion from both an open-pit mine, where there are grade
constraints on the mill feed, and from a beach sand deposit
which is mined by a dredge. In each case the starting
point has been a precise mathematical formulation of the
problem, and, except for the material presented in section
2.4, computer programs have been written to test and
implement these formulations.

The main contribution has been to demonstrate that
the more advanced optimization techniques discussed in this
thesis can in fact be successfully applied to mine produc-
tion planning problems. The state of the art has been
rather limited to date, linear programming being virtually
the sole optimization technique used in applications de-
scribed in the literature. By itself linear programming
is unable to deal with the more detailed interactions which
occur for example between the mine and the mill. Important
nonlinearities, such as machine movements and mining con-
straints which have previously been largely ignored in the
optimization process, can now be taken into account more

satisfactorily. In practice, CP times often increase to
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unacceptable limits when we move from linear to nonlinear
programming in which case the additional -sophistication is
not worth the increased computaticnal effort. However, in
the case of the mine production planning problems consider-
ed in this thesis, it has been shown that it is still poss-
ible to come up with computationally efficient algorithms
by carefully adapting these more advanced techniques and by
using the structure of the problem whenever possible.

The author has not had the opportunity to apply the
techniques developed in Chapter 2 for mine-mill production
planning to real world problems. Instead extensive comput-
er investigations have been carried out using trial examples
and the results have proven logical and in agreement with
mining engineering practice. The work presented in
Chapter 3 on dredging has been used in a feasibility study
for an actual deposit. The resulting computer program
enabled the production of acceptable plans and a precise
evaluation of them in the space of minutes, whereas a manual
approach by a mining engineer required several weeks. How-
ever the greatest advantage of the mathematical and computer
approach was found to be in the ability to get virtually an
instantaneous response to the effect of changlng various
parameters in the model. The great tedium of going through
the whole process again by hand soon deters such a full in-

vestigation. The mining engineer is of course the one who
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must decide what parameters should be changed and how they
should be altered, and his interaction with the computer
is an integral part of the approach.

As mentioned earlier, the art of applylng operations
research technigues to mine production planning problems is
still in an infant stage and there is considerable scope
for further research and development. As a result of
work presented in this thesis several areas can now be
identified in which it would be particularly beneficial to
carry out more research. In section 2.2, for instance,
we dealt with medium term mine mill production planning in
which the main concern was to minimise interblock machine
movements, especially those of the slower moving draglines.
Taking these into account led to a highly nonlinear mathe-
matical program which could not be solved directly although
an efficient heuristic algorithm was constructed and used
to obtain acceptable solutions. While the heuristic
approach is entirely consistent with the amount and quality
of information likely to be available for input into the
model, there is considerable worth in conducting further
research into obtaining, if not globally optimal solutions,
then improved locally optimal solutions to the mathematical
program (1) - (29). In particular, avoiding the necessity
for independently optimizing over successive blending inter-
vals would be welcome from both the theoretical and practic-

al viewpoints.
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Branch and bound and mixed integer programming are
themselves rapidly expanding fields and their application
to mine production planning problems can be considered as
only just begun. The work presented in sections 2.3 and
2.4 on branch and bound was based exclusively on the calcu-
lation of penalties. Selection rules based on penalties
appeared very early in the development of branch and bound
methods for the standard integer or mixed integer programm-
ing problem [10,5]. More recent work [31] has shown that
several other heuristic rules may be more effective in terms
of tree development and hence reduced CP times. Some of
these rules, for example "priority ordering" [31] allow the
user to specify parameters based on his knowledge of what
variables have greatest bearing on the problemn. Rules
such as these have allowed significant savings to he obtain-
ed for certain types of problems. While the use of penalt-
ies has proven very effective in the production planning
problems with mining constraints, the investigation of other
alternatives also appears to be a fruitful ares for further
research. Priority ordering rules seem to be particularly
promising as the mining engineer will usually have an idea
of what blocks might be likely candidates to be mined out in
order to get at good blocks which are initially enclosed.
In other cases he may have some prior preferencés as to how

he would like the mining to proceed, and he would like to
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incorporate these in the model.

The underlying philosophy behind this thesis has been
the belief that mathematical models are important tools
which the mining engineer will be using more and more in
conjunction with his own skills. The rapid advances in
technology have made many mining companies aware of this
and they are actively encouraging further research and
development. It is clear that advanced optimization tech-
niques, such as those discussed in this thesis, will play
a key role in the solution of the models that are developed

for the planning and control of their mining operations.
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APPENDIX I

DATA AND RESULTS FOR MINE MILL PRODUCTION PLANNING

Tables

1.1 Block Grades (%Ni) and Reserves ('000's tons) for
Schedules 1-2 (Data Set I)

1.2 Block Grades (%ZNi) and Reserves ('000's tons) for
Schedules 3-4 (Data Set II)

1.3 Block Grades (%Ni) and Reserves ('000's tons) for
Schedule 5 (Data Set III)

1.4 Penalty Factors Fr(i,j) and a Preferred

Machine Path (Dragline Area)

Figures
I Dragline Movements for Schedules 1-2

II Dragline Movements for Schedules 3-5



TABLE 1.1

Block Grades (%Ni) and Reserves ('000's tons) for Schedules 1-2 (Data Set I)!

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1| 4645 STe6 67.7 45,4 47.5 62.8 67.9 59.1 47.0 ) 62.7 65.3 45,1 46.8 46,2 53,0 66.8
0.95 0,91 0,95 1.02 0,93 0,93 1.01 0,98 0.91 1.04 0,92 1.02 1,03 1,00 1,01 1,01
2] 64,3 52.9 48,2 60,3 S4,1 63,3 45,1 sl.8 60.3 45,7 4647 53.0 52.2 61,0 46.1 S4,3
0.98 | 0.93 | 0,97 | 0.94 | 0.91 | 0.91 | 0.99 [ 1.03 | 1.01 1.06 [ 1,02 | 0.92 | 0,94 | 1.03 | 0.92 | 0.97.
3| 66.1 53.6 S3.4 52.8 59.5 SB8.7 S50.1 52,3 S0.5 S56.1 464 62.8 63.0 S8.6 52.8 4B,6
0,97 1.02 1,02 0.93 1.02 1.04 0.98 1.04 1,05 0.91 1.01 1,04 0,95 0.98 0,97 0.94
41 50,0 68.0 64,7 48,6 50.4 S9,4 546 60,5 50.3 63.5 S4.1 58.3 65.9%9 47.0
1.04 1.05 0.91 0,95 0.97 1.01 Q.99 0.95 1.01 0.94 1,01 1.04 0,93 0.97
S| 50,3 46,6 56.3 62.7 47.9 50.8 4640 64.2 55.7 47.8 65.6 S6.4 63.7 54,0
0.96 1,04 0,96 1.02 1.01 0.92 1,04 0,99 0,92 0.95 0.97 0,99 0.97 0.93
6| 57.0 55.3 [ 47,2 S0.4 67.1 67.2 S4.4 57.0 62.1 47.5 ) 63.6 .48.7 S440 6l. %
1,05 1.05 0,92 1,05 1.01 0.92 0.92 1.05 0,90 1.03 0,98 0.95 0.94 1.03
7| 51.5 59.1 47.3 64,1 52.8 68,4 46,0 64,7 63.7 63.2 49,4 58,7 46.0 64,7
1,00 0,917 0.92 0.93 0.98 1.01 0,93 0.%94 1.02 1.00 0.97 1.01 1,064 0.93
B] 61,7 56.6 65.4 57.5 S0.2 S2.7 63.1 64,4 S4e.2 62.3 60.8 63.2 55.9 S0.0 S50.2 4646
0,96 0.94 1.01 0.93 0.98 1.03 0.90 0.98 0,92 0.94 102 0.91 1,02 0.92 0.92 1.00
91 45,2 6S5.6 59.0 63.1 63.1 52.2 477 48,2 S1.0 48.8 6l.6 677 56.1 604 S4.1 49,46
0,97 0.99 0,91 1,01 0,91 0,91 0,92 0.91 0,99 0.95 0.95 1,04 1,01 0,98 0,93 1.00
10| 56.% S51.3 65.8 62.5 53.1 46.6 67,6 54.5 52.1 6040 63.5 46,2 4R,1 51.9 49,6 4642
0.9 0.92 0,92 1,03 0.99 0.96 0.95 097 1.05% 0.93 0,90 1.02 1,02 0.5% 1,00 0.98

lUpper figure 1s grade, lower figure is block reserves.

Blocks (h4,4), (k,5}, (5,4), (5,5) and (6,11), (6,12), (T,11), (T,12)
are assumed to be initially mined out. Also the dragline and front-
end loader start in blocks (4,3) and (6,13) respectively. (These
assumptions elso apply to Tables 1.2 and 1.3).

"0cT
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TABLE 1.2

Block Grades (%N1) and Reserves ('000's tons) for Schedules 3-4 (Data Set II)
1 2 3 & S 6 7 8 9 10 11 12 13 14 15 16
4645 57.6 67.7 45,4 47,5 62.8 67.9 SY%.1 47.0 62.7 65.3 45,1 46,8 46,42 53.0 66.8
0,96 0,91 0.97 1,06 0.94 0.93 1.08 1.01 0,91 1.08 0,92 1,06 1,08 1,04 1.04 1,04
6443 52.9 48,2 60,3 S54.1 63.3 4S.1 51.8 60.3 4547 467 53,0 52.2 61,0 46,1 54,3
1,01 0.94 1.00 0.95 0.91 0.91 ‘1,03 1.07 1.05 1,08 1.06 0.92 0,96 1,08 0.92 0.99
6641 53,6 53.4 s52.8 59,5 S8.7 50.1 52,3 50.5 56,1 46eh 62,8 63.0 S8.6 S52.8 48,6
1.00 1,06 1,05 0.93 1.07 1,09 1,01 1.09 1.10 0.91 1.04 1.09 0.96 1.01 1,00 0.95
S0.0 68,0 64,7 48.6 50.4 594 S4.6 60,5 50.3 63.5 54,1 58.3 65.9 47.0
1.69 1.10 0,91 0.97 1.00 1.05 1.01 0.96 1.04 0.95 1,05 1.09 0.95 1.00
S0.3 46,6 56.3 62.7 47.9 50,8 460 64,2 55.7 47.8 65,6 56.4 63.7 54,0
0,98 1.09 0,97 1.06 1,04 0.92 l.08 1.02 0.92 0.97 0.99 l.02 1.00 0,94
57.0 S55.3 47.2 S0t 67.1 67.2 S4.4 57.0 62.1 47,5 63,6 48,7 S4.0 63.4
1,10 1,10 0.93 1.09 1.04 0,93 0.93 1.10 0,90 1.07 0.98 0.97 0.95 1.07
51,5 59.1 47.3 64,1 52.8 68.4 46.0 64.7 63.7 63.2 49 .4 58.7 46.0 64,7
1,023 1,00 0.93 0.94 1.01 1.04 0.94 0.96 1.05 1.03 1.00 1,04 1.08 0,94
61.7 S56.6 65.4 57.5 50.2 52.7 63,1 64,4 S4.2 62.3 60.8 63.2 55.9 S0.0 S0.2 4646
0,98 0.96 1.05 0,94 1.00 1,07 0.91 1.00 0.92 0.95 1.06 0.92 1.06 0.93 0,92 1.03
45,2 65.6 59.0 63.1 63,1 52.2 47.7 48,2 51.0 48,8 61.6 677 S56.1 60.4 S4.1 49,4
0,99 1.01 0,92 1.05 0.91 0,91 0.92 0.91 1.03 0.97 0.96 1,08 1.05 1.01 0.94 1.03
Shate S1.3 65.8 62.5 53.1 46.,6 67.6 54,5 52.1 60,0 63.5 4642 48.1 S51.9 49,6 46,2
0,94 0,93 0,93 1.07 | 1,02 0.58 0.97 0.99 1.10 0.95 0.90 1.06 1.06 0,96 1.06 1.00

Dragline Area Front-end Loader Area

AN



TABLE 1.3
Block Grades (%Ni) and Reserves ('000's tons) for Schedule 5 (Data Set III)

1 2 3 o S 6 7 8 9 10 11 12 13 14 15 16

1] 6241 S4.5 68.6 62,5 63.5 64,3 64.3 54.7 5540 70.5 54.7 T4e2 72.8 61.0 54.8 S56.0
0,99 0.98 0.98 0.98 0.98 0.96 0.94 0.94 1.01 0.95 0.98 0.95 0,94 0.96 1.00 0.97

2] 63.5 63.2 62.7 63.2 66.6 63.9 57.9 58.2 59.0 49.7 51.0 S58.4 69,3 66.7 53.7 64.0
0,90 0.91 0.95 0.91 0.96 0.93 0.95 0.93 0.97 0.93 0.95 1.01 0,90 0.95 0.98 0.95

3| S9.3 61,7 49,1 67.2 58.2 65.1 62.9 62,3 59.1 61.9 60.4 S2.9 55.8 75.8 67.3 61.7
0.96 0.91 0,94 0.96 | 0.98 0.95 0.98 0.92 0,95 0.92 0.92 0.91 0.99 0.91 0.92 0694

41 54,2 57.7 63.6 64.5 S4,.6 56.8 T4.6 47.3 59.8 78.6 69,2 52.9 70.3 ST.7
0,94 0,90 0.91 0.97 1.00 0.97 0.97 0.91 0.95 0.98 0.98 0.98 0.94 0.96

‘S| S58.7 57.9 49.4 62.7 55.3 59.0 6448 6U4 61.9 S4.9 72.5 46.5 S7.1 61,3
0.96 0.95 0.96 0.92 0.93 0.93 0.92 0.92 0.98 0.97 0.89 0.96 0.99 0.96

6| 63,6 S55.4 67.3 70.9 48.3 55.1 49,3 63.3 6543 60.3 71.0 .46.9 60.1 59.6
0.96 0,95 0.90 0.94 0.97 0,94 0.94 0.92 092 0.93 0.98 0.99 0.92 1.01

7] 62.5 66.4 50.6 59.5 64,2 61.7 57.5 57.9 56.7 58.6 54.8 59.0 64.7 64,4
0.99 0.99 0.91 0.99 0.98 0.96 0.97 0.99 094 0.91 0.95 0.90 0,97 0,95

8] 57.2 52.7 54.0 49,1 61.5 S57.5 647 65.1 59.9 64.2 62.7 73.7 66.1 58.8 46.2 55.7
0.97 1.00 0.92 0.95 1.02 0,99 0.94%4 0.97 0.98 0.95 0.94 0.99 0.99 0.92 0.99 0.97

9| 60.8 49,7 61.8 65,4 S0.2 6744 68.4 65.1 67.8 66.3 80.2 59.0 52.6 66,2 61.9 63.0
0.99 0.93 0.99 0.92 0.94 1.01 0.92 0.97 0.97 0.96 0492 0.97 0.97 0.98 0.96 0.94

10| 59.9 62,1 58.9 56.0 54.5 S3.4 45,6 56,2 56.8 61.6 51.7 S54.4 59.3 73.3 58.2 6le6
0.96 0.94 0.94 1.00 0.94 0.92 0.93 093 0.92 0492 0.99 1.00 0.95 0496 0.96 0,93

*ect

Dragline Area Front- end Loader Area
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TABLE 1.}

and a

Fr(i,J)

Penalty factors

Preferred Machine Path (Dragline Area).
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FIGURE T

Schedule 2
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Schedule 5

FIGURE II.
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APPENDIX TT

CONTRACTED CALCULATIONS OF QUANTITIES REQUIRED

BY THE ALGORITHM FOR THE MULTIPERIOD MODEL OF

SECTION 2.4

As with the simplex multipliers, I’ the transforms,
with respect to basis ®, of the non-basic costs, the
right hand side elements and an arbitrary column or row
of the original constraint matrix A4 of the multiperiod
planning model (78) - (79) can all be computed in terms
of the submatrices By, ByjseseBpy and V,,e¢..,Vy, which
form the compact representation of % and its inverse.
The relevant computations are developed by using the
appropriate partitioning schemes of 4, (87)~* and 7 as
shown in section 2.4 and are summarized in this appendix.

Firstly consider the transform CZ),S = %"1(A),s
of the s-th column, (4).,s of 4. When (A),s e Sg,

for t 2 1, we may write

(4).s
(period t)

O ees OWWO ses O
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where a 18 a unit or zero vector. This implies that

+ -
Vi2

*

L]

Vios2
(Z) es = Ve Z+W

where

L]
1t

Bt} b

and B 1(g = By W)

N
i

However when (A).s e So, (4).s has the simpler form

— =

CZ).S a E

where gz = B-1g,

~nJ

The values of the basic variables may be maintained

from iteration to iteration. Alternatively we can directly

transform the right hand side
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of (78) - (79) to obtain

By + Viz
E = ﬁ“ib = -
” ) Bn + Vnz
<
- -1
where Et = By, by

and E p— B_l[g - (E11§1+n.o+En1§n)]o

Together with the E’ this gives us all the informa-
tion needed for the primal simplex algorithm. For the dual
simplex algorithm, (which is used to solve all but the
first node of each solution tree), it is also necessary
to compute the transform, CZ)r,, of an arbitrary row r
of A. Since A =B = 7(87)-14, we first compute

(37)-14 obtaining

I 0 | gi N
| _
(87)-1 4 = : B2 )
1 ‘e
R N Boe
B"1E, | B-2(E,-E;4B;)...B 2 (Ey—Ey,Bp)

-— -1
where By = By, Byes Now consider the rth row, (7).,



129.

of J; when it lies in a

[OoooO,IO-ooO EVt]
period t

portion of 7, (J)r. has the form
[Oeee0 €040e0 ¢ V']
where e’ 1s a unit vector, and hence
(Z)r - = [EIEO E 1;1 (Ei-Ei 1§1) [ 01;, (Et-Et 1Et’) + SI-E; [ )
L --L_T(En "'En 1§n ) ]

where I' = yv'B-1, When row r 1lies in the portion

~

4

[0...0 ¢ I] of 7, (J)r., has the form [0...0 ;3 e’]

where e’ is a unit vector, and

2

(Z)r. = [EIEO ; é[(Ei‘E11E1)°-'éI(En’Eniﬁn)]

where B’ = e/B~*.

As mentioned in section 2.4, the simple structure
of EosEjseee;By and B;,,...,B,, enables very fast
computation of all the above quantities. In addition

-1

-1
efficient product form representations of B2, By ,6e¢,Bn4

are suitable for use in all the calculations.
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APPENDIX ITI

DATA AND RESULTS FOR DREDGING

Tables

3.1 Block Grades and Tonnes Values (Surface-Sea Level)

3.2 Summary of Results for Path 1: Break Even Block
Grades = 6.5%

3.3 Summary of Results for Path 2: Break Even Block
Grades = 8.0%

3.4 Summary of Results for Path 3: Break Even Block
Grades = 10.0%

3.5 Block Grades and Tonnes Values (Surface-Water Table)

3.6 Block Grades and Tonnes Values (Water Table-Sea Level)

3.7 Summary of Results for Path 4: Break Even Block

Grades = 8.0%, Dozing Costs = 11.5 c/tonne

Figures
I Path 1 : Break Even Block Grades = 6.5%
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TABLE 3.1
Block Grades and Tonnes Values (Surface - Sea Level)!?
1 2 3 4 S 6 7 :) 9 10 11 12 13 14 1S 16 17 18 19 20
1 180 104
11.7] 4.3
2 139| 286| 210| 204 102
9.2| Te3| B.,1| B,S| 9,9
3 185 467 | 424 | 161
S.6(13.1|10,7| 8.7
4 119| 476 | 420 3l4| 164 | 146 99 95| 142 | 215 | 180 46
11,0 (13.3[11.2(14.6|13.6| 7e6|11a6| Bo4 | 8.1 [12.0| 9.5|13.7
g 217 34)| 331 266 | 292 | 296 | 231 | 321 | 283 | 327| 208| 237 173 262
10515431542 |16.2(15.6 (10,6 7.4 | T47| Te4| 9.4|14,9| 4,5 4.0 | 5.7
6 120 | 295| 339| 339 | 339 | 305 | 266 | 289 | 289 | 256| 213 60 81 93
3041249 (149|173 | 946 (13,2 | 4ol | 447 | 746 | 7.3(10.5|11.6| 3.6 | 6.4
7 152 | 223 | 334 | 224 | 302 | 265 | 214 | 342 | 291 | 209 193 98 89
12,3 | 9.3 113 | 9.7 (11,5 | Bu7| 7.2[10.0| 6.8|10.7| 9,7| 9.7 | 2.8
8 56| 232 | 307 | 300 | 313 | 214 | 240G | 347 | 388 | 304 | 210| 233 | 454 | 423
44| Gal | BuS| Be7 | 7.6 6.9 5.5 B84l | 745| 8.8(13.3(12,1 | 7.5 | 6.7
?
9 199 | 373 | 333 | 279 | 300 285 391 | 34S| 258| 215 399 | 365 | 499
8s5]| 9.8 (12,8 8,1 | B.4| 9.3| 9.5 | 5,3| 8.6[12.,6'10.8 | S.6 9.9
10 336 | 397 | 295 | 327 | 298| 404 | 372| 461 | 315| 457 | 362 | 405 | 403
10,0 1144 | 7.3 6.0 9.9 7.5 4,9 7.4(12.2]| 8.8 | 5.9 | 6.6 10.4
11 303 | 366 | 292 | 356 286 | 373 | 423| 484 | 463 445 | 640 | 488 | S7u
8,4 |12.8| 7.5| 6.7 4,1 | B2 | 5.1| 8.8]|10,1] 7.9 (4.3 | 6.7| 8.4
12 217 | «4B | 335 | 373 | 308 | 342 | 397| 507| 542 498 | 491 | 516 | S67
10,4 (11,8 | 8,3 | 72| 2o%| 65| 4,0 7,2|10.9| 7.2 6,0 11,0 7.7
13 221 | 446 | 382 | 304 | 289 | 41B | 477 | Su4| 609 49S | 444 | 465 | 597
6,3 941 | 7.5 6.6 3.1 B.6| 6.0 6,9 B.1| 6.4 |3.8]|5,3| 8.2
14 263 | S06 | 412 377| 379 | 437 | 490| 458 530| 481 | 452 | 525
8.8 (1040 | 67| Bad| 3.9 7.5 S42| 6.4| 8401143 [ 3,3 641

1pata is for 4OOmX100m blocks; upper figure is tonnesx10? value,

lower figure is grade (%Fe).

To determine dredge paths each

400mx100m block was divided into 200mx100m or 100mx100m blocks.
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TABLE 3.2

Summary of Results for Path 1:Break Even Block Grades=6.5%

Year | Av. Grade Tonnes Tonnage Cumul.

Mined Mined Concentrate! Present
(%Fe) (x10%) | Produced (x10%5) | Worth ($'000's)

1 12.2 4.6 9.5 1109

2 11.2 4.6 8.8 1910

3 9.0 - 4.6 7.1 2270

b 8.8 4.6 6.8 2540

5 9.k L.6 7.3 2810

6 9.2 4.6 7.2 3030

T 8.5 L.6 6.6 3160

8 7.8 4.6 6.1 3240

9 7.9 3.4 4.5 3290

!Assaying 59% Fe, overall recovery L47%.



Summary of Results for Path 1l:Break Even Block Grades=8.0%

TABLE 3.3
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Year Av. Grade Tonnes Tonnage Cumul.

Mined Mined Concentrate Present
(%Fe) (x10°%) | Produced (x10°) | Worth ($'000's)

1 12.6 L.6 9.8 890

2 11.3 4.6 8.8 1450

3 9.8 4.6 7.6 1700

L 9.6 4.6 T.4 1880

5 8.8 L.6 6.9 1950

6 9.1 4.6 T.1 2040

T 9.7 1.4 2.3 2080

TABLE 3.4

Summary of Results for Path 3:Break Even Block Grades=10.0%

Year Av, Grade| Tonnes Tonnage Cunmul..
Mined Mined Concentrate Present
(%Fe) (x10%) | Produced (x10%) | Worth ($'000's)
1 13.1 4.6 10.0 610
2 10.6 4.6 8.2 690
3 11.7 4.6 9.1 930
N 9.7 2.0 3.3 920
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TABLE 3.5

Block Grades and Tonnes Values (Surface - Water Table)

1 143 67
12.7| 6.1
2 99| 212| 154| 137 74

11.6| 8.6/10.1(11.0(12.9

3 112 359| 301 115
6.5|15.9(14.111,2

4 93| 3le| 295| 210 121 82 89 65 97| 162| 139 - 37
1421(17.7 (14,0 18.5[17e%(21.3(12.8|11.2[10.5(14.9|10,8(17.1

5 143| 257 | 253| 182 215| 216| 153| 196| 187 | 214| 194 | 165 | 112 | 234
11.0(17,.8|16,9|17,0|16,2|12.,6| 9,8| 9.3 | 8.6|10,3|1S5.,8| S,0| 5,5 6,0

6 56| 225| 260| 265| 180| 227 | 139| 149 | 190| 169 | 172 55 47 764
6.615.1 [17.6]|19.7[13.,4|13.,6| 7.0| 5.,5|10.5| 8.,5|10.1 (12,4 6.2 | B,0

7 65| 153| 257| L173| 236| 176| 16U | 222 | 179 | 134 93 45 37
15,2 (13,1(12,5(11,9(13,7|11,1| B8,9|12.8| B.2|12,4 13,1 (16,9 | 6,6

8 28| 130 195| 167 171 | 158 135| 209 202| 187 130 | 140 | 249 | 265
8.,8(13,2(11,6(12,8|10.5| 8,3| 7.8 (10.6| 9.8(11,6|16,0|13,9|11,0]12,5

9 149 | 284| 262| 182 193 | 184 | 265| 196| 165| 120 | 224 | 206 | 340
11.6(11.8|15.1| 9461141 (13,3111 | 8.0 (11,615,716, | B,2 (13,6

10 260| 290 | 20S| 232 | 171 | 269 | 236 | 288 237 | 277 | 207 | 257 | 279
11.6(15.0] 9,3| 7.9(10.5(10.3| 7.0|10,2]12,7|11,7| 8,3| 7.8/13,9

11 227| 268 195| 251 | 173 | 242 242| 353| 260| 273| 237 316 | 391
9.9(1641| 9.8| B.9| S.7 (1143 7.0|11.6|24,1[11,3| 6,6 7,0(11,2

12 47| 333| 212| 251 | 161 | 186 221 | 333| 3%6| 299| 301 | 387| 325
13,7152 1142 97| 345 | Be4| 6,2| 9,7|13.8|10,0] 6.8|13.5]12.4%

13 112| 242 251 | 242 186 298| 2316| 391 | 391 | 279| 279| 275| 4258
11,8[12.,4 10,4 7.9 | 403 (11.5| B.5| 8.2| 9.6| 9,0 4.9 7,6]10,8

le 138| 268 222| 187 | 169 283 | 300 | 288 346| 324 236| 288
11.9]|15.4| 9.912.9| 8,0 9.9 6.8| B.9| 9,9|13,0| 5.0/ 8.8
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Block Grades and Tonnes Values (Water Table - Sea Level)

10

11

12

13

14

2 3 4 5 6 7 8 9 1¢ 1l 12 13 14 15 16 17 18 19 20
37 37
7.8 | 1.2
41 T4 S6 68 28
3.3 | 3.6 | 2.7 | 3.4 | 2.1
74 | 109 | 123 46
4o | 3.8 | 2,6 | 2.4
26 | 160 | 124 | 104 43 64 9 30 45 54 41 9
0a0 | 405 [ 4a7 | 67 | 2.9 | 2.8 | 0.0 | 243 [ 341 | 3.0 | 5.0 | 040
74 84 78 84 77 80 79 | 125 96 | 113 14 62 6l 28
9.6 | 748 | 95 | 842 [13e8 | 543 | 2.5 [S5¢2 | Sel | 749 | 2.9 | 2.2 | 142 | 3,0
64 70 78 74 | 159 78 | 127 | 140 99 a7 41 S 33 19
o7 | 5e6 | 60l | 847 [543 |12.0 a9 [ 3.8 | 2.1 | 5.0 2.0 | 0,0 | 0,0 | 0.0
87 69 77 S1 66 89 54 | 121 | 112 75.| 100 54 52
10,1 | 140 | 7o | 243 | 345 [3e9 [ 2.4 | 409 | 446 | Te9 | 6.4 [ 3.7 | 0,0
28 | 102 | 112 | 132 | 142 57 | 105 | 138 | 186 | L16 80 93 | 205 | 1S58
0.0 | 3.9 | 3.2 | 3¢5 | 4,2 |2.9 |2.5 |43 | 5.0 |43 |B8,9 |9.5|3,3 2.5
S50 89 71 97 | 106 | 101 | 126 | 150 93 95 | 175 | 158 | 159
0.0 [ 346 |4sl [5.6 [3,6 [ V.9 | 6,0 (3,2 3.4 (P8 [3,1 |2.,2]2.1
75 | 107 90 94 [ 127 | 135 | 136 | 173 79 | 180 | 155 | 148 | 124
4,1 1146 |28 |1.3 9.2 1.9 1 1.3 2.8 10,7 [4.5 2.6 | 4.4 ] 2.%
76 98 97 [106 | 113 | 132 | 182 [ 130 |[183 | 172 | 204 | 172 | 179
3.8 [ 3.9 (2.8 [1.4 [ 147 | 245 | 2.5 | 143 (43 [2.6 | 1,7 | 5.4 2.3
70 | 115 | 123 | 123 | 147 | 156 | 176 [ 175 | 147 | 199 | 190 | 129 | 242
3.3 241 [ 3.5 [2,0 | 1,2 |42 [ 1,2 | 242 [3.2 |[3.0 | 1.5 3.6 1,3
110 | 205 | 132 62 | 103 | 121 | 161 | 153 |218 | 216 | 165 | 190 | 169
o7 |51 | 2.0 |1.3 29 [ 1a4 | 1,0 | 3.5 [5.3 [3.0 2.1 (1.9 1.5
126 | 238 | 190 | 190 | 210 | 155 | 190 [ 170 |185 | 158 | 217 | 237
Se& [ 4.0 | 3.0 | 3.7 0«6 [ 3.0 | 247 | 2e1 [444 [7e6 | 1.5 | 2.7
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FIGURE IV

Path 4: Break Even Block Grades = 8.0%, Dozing Costs = 11.5 cents/tonne.
Block Values are the profits (in $'000's) from dredging the block. An
asterisk indicates that dozing is the first preference. The areas
actually set aside for dozing are shaded.
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Summary of Results for Path 4: Break Even Block

Grades = 8.0%, Dozing Costs = 11.5 c/tonne

Year :| Av. Grade | Tonnes Tonnage Cumul.

Mined Mined Concentrate Present
(ZFe) (x10%) | Produced (x10°%) | Worth ($'000's)

1 12.5 4.6 9.8 880

2 12.1 4.6 9.1 1470

3 11.5 4.6 8.1 1720

N 11.2 4.6 8.0 1950

5 11.0 4.6 8.1 2120

6 10.6 4.6 6.7 2140

i 10.6 0.5 0.8 2150
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