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SUMMARY

Thls thesis demonstrates how nonllnear optimizatlon

technlques such as branch and bound and lnteger programmlng

can be successfully adapted to solve mathematlcal models

for mlne productlon planning. Appllcation 1s uade to two

contrastlng minlng envlronments. First we deal with short

and medlum term prod.uctlon planning from an.open pit mlne

where there are grade constralnts on the mlll feed. IrJhlle

these constralnts are llnear, nonllnearltles arlse from the

need to take lnto account other aspects such as machlne

movements or preced.ence relatlonshlps ln extractlng blocks

from the m1ne.

The second applieatlon of the techniques relates

to long term productlon plannlng from a beach sand deposlt

whlch 1s to be mined by a dredge. A network model de-

scriblng the various dredge movements is formulated and an

effective heurlstlc algorithm ls constructed to enable the

determlnation of near optlmal dredge paths.

In both applicatlons, computer investlgatlons have

proven that the methods are effectlve and several examples

are glven 1n the thesls to demonstrate thls.
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CHAPTER 1

INTRODUCTTON

The subJect of thls thesls 1s the appllcatlon of

mathematlcal and computer models to mlne productlon planning

The past decade or so has wltnessed rapld growth in the use

of eomputers 1n the mlnlng lndustry. They have proven to

be an ldeaL tooÌ for recording and collatlng the vast

quantltles of data which are gathered durlng mining opera-

tlons. Many companies have successfully used computers

for these purposes, and are now directlng thelr attentlon

towards extending computer usage to enable them to asslst

more directly 1n the plannÍng process. ltlathematlcal

models are galning lncreaslng i-mportance 1n this area since

there are often many variables and complex lnterrelation-
ships whlch must be taken lnto account 1n problems of mine

planning;

Coyle t7l has recently revlewed the appltcatlons of

Operatlons Research 1n the mlnlng lndustry as a whole. He

glves many examples of the use of Operatlons Resea::ch

tectrnlques, starting wlth exploration and extendlng right
through to the determlnation of optimal plant deslgn and.

process control. A wide range of OR technlques have

already found appllcatlon to I1st but a few would lncl-
ude Seareh Theory, Statistlcal Theory, Applied Probablllty
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and Geostatlstlcs, Optlmization Theory, Simulation and

Critieal Path Analysis.

The techniques applled to the mine product:Lon

planning problems discussed ln thls thesls are optlmlza lort

technlques. To date, the greatest impact of optlmLzatlon

teehniques has been more 1n the area of Open P1t Mlne

Deslgn. Dynamlc Progrannlng, Gnaph and Network Theory

have, for example, all met wlth substantlal appllcatlon

[t8,e6rl6f, and currently a conslderable number of eomputer

programs based on these methods are avallable. Tt¡e state

of the art ls not so well developed ln the field of mlne

productlon plannlng. This ls partly due to the lncreased

complexlty of the types of schedullng problems whlch oceur

1n thls area and also because there ls greater dependenee

on pecullarltles of the mlne-mlIl system under eonslderat-

1on. Whereas qulte a unlversal approach has been posslble

ln open-pÍt mine deslgn thls has not been so 1n ml-ne pro-

ductlon plann1ng.

Linear Programmlng has been v1rtual1y the only op-

tinlzatlon technlque applied to such problems to date

[7133]. llre alm of thls thesls 1s to shov¡ that the range

of appllcable teehnlques can 1n fact be extend.ed to lnclude

technlques of nonllnear, lnteger programmlng and branch and

bound.. To demonstrate that these methods are effectlve,
appllcatlon 1s made to two contrastlng rnlnlng envlronments.
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rn chapter 2 we apply the teehniques to the optr-mum sched.-

u11ng of extractlon operatlons in shalrow open-pit mlnes

where there are grade constralnts on the mj-1r feed, whl1e

ln Chapter 3 further applleation ls made to the problem

of determlnlng an optlmar path fon a dredge 1n a beach

sand d.eposlt.

A nunber of authors have already consldered the

fi.rst problem of productlon planning wlth grade constraints
on the m111 feed. Apart from Llnear programmlng, slmu1a-

tion has been the only other tool commonly employed, the

relatlve emphasls between the two dependlng some¡rhat on

the complexlty of the probrem under investlgatlon and

the purposes of the study. The fact thaí Llnear programm-

1ng has neceived wide use 1s not surprlslng, since the m1Ir

feed ls formed by blendlng together ores whlch may be ob-

talned from several locatlons ln the mlne and whlch may

therefor"e possess qulte large varlatlons 1n composltlon.

However, the Linear Programmlng approach 1s somewhat limited
1n that lt 1s unable to account 1n detalI for the way in
whleh the mlne and milI are lnterrelated. For lnstance,
it 1s also necessary to take machlne movements lnto account,

and, when mining takes place at mine faces, there are eon-

straints that a block does not become avallable until a

face advances into lt or a new one is created thereln. The

latter constralnts are of a loglcal nature and will be
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referred to as trmlning constraints'r. Along wlth machlne

movements they lntroduce lmportant nonllnearitles lnto the

model and can only be taken lnto account using more advanced

techniques of nonllnear optlmizatlon. It ls true that ln
general, nonlinear optimlzatlon technlques requlre consid-

erable amounts of computlng tlme and are often lnefflcfent
for large problems. However, the production plannlng prob-

lems consldered ln thls thesis fortunately have speclal

structure whlch we have been able to exploit to produce

computatlonally efflclent algorlthns.

Coylets revlew l7), wlth lts extenslve blbllography

of 119 papers e covers the earlier contrlbutlons to the

llterature 1n great detall. We sha1l conseguently hlgh-

l1ght some of the more lmportant ones. Redmon [35 ],
Hewlett i15l and hlhlte and Petker [39] were a:nong the flrst
authors to apply the straightforward Llnear Programmlng

approach to optimal ore blending. The applications they

descrlbed related to underground mlnlng but ln faet few

features peculiar to underground mlning actually appear ln
the LP formulations. Also the effect of tirne, that 1s

havlng to schedule operatlons to achleve grade contnol over

short consecutive perÍ.ods of tlme ¡ üras not consldered fu1l-y,

More recently, Wl111ams et al. t40l have succeeded 1n taklng

some of the mlnlng constralnts lnto account ln the planning

of tmderground copper minlng and the computer program they
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produced has reportedly been a great tlme Saver ln their

plannlng department. Others have used Linear Programmlng

in the production planning process but for more general

purposes than Just grade control, for example, see

Manula and Kim l2gl, Faulkner [11] or Ahlbach tll'

Slmulation has been the maln tool in whlch plannersr

especially those worklng ln open-pit ninlng, have dealt

wlth the additional mlnlng constralnts. Kaas [ZO], for

instance, used simulation in connection wlth an open-p1t

minlng and m1111ng operatlon in whioh blocks of ore were

extracted by a certain number of shovels with the obJect-

ive of minlmtslng variatlons 1n the mill feed. Kaas

divld.ed the mine up lnto rtshovel areasrr, one for each

shoveL. l,rlhen any shovel eompleted 1ts block, the strategy

was to select the next one to be mlned fron a Smaller set

of currently ttavailable blockstr within that panticular

Shovel area, in such a way as to cause the smallest varla-

tion in the m111 feed.. Sheinkin and Julin t37l and

Mathias t¡O I have applied simllar slmulation approaches to

underground mi-ning.

The si_mulation 1n use ls almost exclusively of the

determinlsti-c type stochastic sÍmulation is a rare 1-uxury

since only a limited krT owled"ge of grades and tonnages is

ever avallable. Deterministie simulatlon fuIf1l1s a less

responslble role in the planning process than optlnlzation
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ln conJunctlon wlth mathematlcal models. Slmulatlon ls
concerned more wlth performing detalled lnvestlgatlon of

varlous rtsensiblerf strategles or system conflguratlons as

proposed by the mlnlng englneer. ft accepts the burden of

detalled computatlon but reÌles on the minlng engineer to

make the declsions. This thesls demonstrates that enabling

the computer to partlclpate more dlrectLy 1n declslon making

through the use of mathematlcal models, greatly improves

the effleieney of the plannlng process. It is even

suggested by the author that, with the rlght approach and

wlth computer packages whlch suit the ntining englneer or

manager, there can be an lncrease ln the enthusiasm wlth

whlch planning problems are tackled. It should be nobed

that only the.lmportant varlables and constralnts will be

lncorponated ln these mathematical models and this means tha

when the final plans are produeed they can st1II be analys-

ed 1n greater depth using slmulatlon programs.

Fraser [I3] and hls colleagues Jutsum and M1lner [18

are some of the few authors who have trled to take into

account mlnlng constralnts wlth a Llnear Programmlng model

for schedullng productlon from an open-pit m1ne. That the

problem and the resultant mathematlcal models are qulte

dependent on the peculiaritles of the rnlnlng system und.er

conslderatlon, may be seen by contrasting the recent work

of Rogado t36 I wlth that of Fraser or Kaas. Rogad.o uses
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scrapers to mine the ore whereas the other two use drag-

lines and excavators or shovers and slnce these operate at
mlne faces there 1s conslderably less accesslbll1ty to
blocks of favourable grade. Thls dependence of the prob-

lem on the mlnlng system and on management prloritles
explalns the relative prollferatlon of dlffenent models

and computer programs which have been applied to thls seem-

lngly unlversal problem.

A eonsid.erable number of lmportant papers not ex-

pi1clt1y mentioned in this thesls are published 1n varlous

proeeedlngs of the annual Symposla on the Appllcations of
Computers 1n the Mineral Industrles. One signlficant
contrlbution which ls not so accounted for, ls that of
LutJen i28l. He gives an enlightening account of the pro-

duction schedull-ng problem from the point of vlew of a

practislng mi-ning engineer faced with the responsiblllty of
speclfylng day to day operations in the open p1t nickel
mlne at Nlcaro, cuba. LutJen emphasizes how lmportant the
grade constraints are and shows the profound effeet of
them right back 1n the mine. f'hls f eature is typlcal of

lateritic deposits, of which Nicaro is an example, for they

characteristically show sudden and large changes 1n grade.

Production Planning is a continulng proeess 1n the

l-1fe of a mine. rt starts wlth the initial feasibility
study and contlnues on ln the form of detalled productlon
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schedullng during advanced etages of development. A slg-

ntflcant reason for thls l.s that new lnformatlon ls contln-

ually belng gathered as mlnlng pnoceeds. In the lnltla1
stages we have a rather llmlted knowledge of the deposlt

as a whole and are coneerned wlth determlnlng broad scale

(1.e. long term) developnent and productlon plans. By

contrast, much more lnfornatlon about the deposlt 1s

ava1lable ln the more advanced stages, especlally 1n the

lmmedlate vj-clnlty of the machlnes lnvolved 1n extractlng

the ore, and we then have to determl-ne detalled operaf lons

of the machines, fon example on a dal1y basls.

In Chapter 2 the problern of mlne-mllI productlon

plannlng ls consldered from both the medlum and short term

vlewpolnts. Three models are formulated to plan product-

1on fnom an open plt mlne so as to aehleve grade control ln
an optlmum m¿u1ner. The models apply to sltuatlons 1n whlch

ore 1s extracted at nlne faees, for example by dragl-lnes,

front-end loaders or shovels. In the flrst model present-

êd, ln sectlon 2.2, the task ls to perform multlpenlod

sched.ullng over a medlum term plannlng horlzon (e.g. one

or two years) wlth the prlme alm of mlnlmlslng machlne

movements between fairly large subareas of the mlne. In

thls case, wh11e the rnodel 1s nonllnear, an efficlent
heurlstie algorithm, based on repeated appllcatlons of
linear progranmlng, can be constructed to enable productlon
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from the varlous subareas to be sequenced. in tlme 1n a near
optlmar manner. The output of the heurlstic algorlthm
lndlcates how the mlne should be developed and provldes

general goals to alm at when carrylng out shonter term,

day to day plannlng.

The second modeI, presented in sectlon 2.3, concen_

trates in detalI on the mlning constralnts and 1s an ex-

tenslon of the work done by Fraser [r3]. rt applies to
short term day to day plannlng and the orebody 1n the

lmmedlate vlclnlty of eaeh machlne 1s dlvlded lnto much

smaller frprod.uctlontt blocks for whlch a more detalled know-

led.ge of grades and tonnages has been obtained. Each

machlne w111 eonsume several of these productlon brocks

durlng any perlod (aay or week, for example), the preclse
manner depending on the grade and mlni-ng constralnts.

ïn the short term, wê assume that machlne movements

are not as important as satlsfying the mlnlng constralnts
and we can thenefore avoid having to take them explicltly
into account 1n the modeI. llhire the mlning constralnts
are st1II nonlinear, Fraser has been abLe to use an

heurlstic procedure to produce localty optlmal solutlons.
In sectlon ?.3r lt ls shown how branch and bound methods may

be easily adapted to produce globarly optlmal solutlons to
the mathematlcar programs. Apart from being particularly
efflcient from the eomputatlonal- vlewpoint, the branch and
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bound method developed 1.n thls sectlon has a great deal of

1ntultlve appeal. As usual branch and bound provldes a

systematlc way of enumeratlng all possibllltlesl , but we do

thls 1n a manner whlch can be qulte easlIy understood and

used by a mlnlng englneer faced wlth the same problem, (or

at.'.least smaller verslons of it).
Iü 1s posslble to formulate the problem as a mlxed

lnteger program and lndeed branch and bound methods a?e

wldely used 1n lnteger programmlng algorlthms. However,

formuLatlng 1t this way requlres the addltlon of a large

number of 0-1 varlables and even more supplementary con-

stralnts to deserlbe the loglc behlrid the various minlng

restralnts and the problem qulckly becomes too large to
handle, In contrast, the branch and bound method.s used in
this sectlon have been speclally adapted to ut1llse the

structure of the mln1.ng eonstralnts and thus avold havlng

to lntroduce these extra variables and constralnts into the

model. The procedure ls neve.rtheless entlrely analogous

to the well known approaches used 1n lnteger programmlng.

These have been well- descrlbed by Beale [4], Beale and Small

t5l and Tomlln t38l, for example. The dlfference ls
largely one of format but there are qulte startllng lmprove-

lIn general, onty a small proportlon of all posslbl1ltles
needs to be consldered explicitly though.
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ments ln computational effi.ciency when a rnethod based dl-rect
ly on the m1n1ng constralnts is used.

The approach of Fraser, and of sectlon 2.3, 1s

based on a model for operatlons over one perlod (e.g. a day)
on1y. rn sectlon 2.4 the formulation 1s extended to per-
form murtlperiod short term plannlng e.g. for a week in
advance. rn dolng thls many more possiblritles have to be

consldered, but thls ls of course why the murtlperlod
approach can obtaln a¡r lmproved soLution companed wtth
repeated appllcatlon of the slngle perlod mod.el.

unden certaln slmptlfylng assumptlons the constralnt
matrlx of the linear progran for the murtlperiod. formulation
has the followlng structure

Eo
I

I
E¡

Br

F,rt

(0)

Bz

A=
0

(o) Bn

Thls structure 1s typlcal of many multlperlod optimlzation
problems [9,f.6 r22). fn this case the submatrlx
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B1

B2

(o)

(o) a

a

B"

expresses grade control requlrements over separate perlods

whl}e the upper portlon of A" conslsts of reserves con-

stralnts which serve to tle the operatlons over the lndlv-
1dual periods together. Ttrere are many ways of exploitlng
the above structure. Johnson [t6r17], for example, has

epplled Dantzlg-!{o1fe decomposltlon techniques t9l to multl-
perlod mlne productlon schedullng problems possesslng slm-

ilar structure, In sectlon 2.4, however, It ls shown that

the contracted basls technlques of Lasdon l25l and Kaul [2I]
are particularly suitable for use wlth the new branch and

bound enumeratlon method to provi-de an efficlent solution
procedure for the partlcular productlon plannlng problems

consldered in thls thesis.

In Chapter 3 a further appllcation of mathematical

and computlng techniques is made to long term productlon

plannlng from a beach sand deposit whlch ls to be mined. by

a dredge. A necessary part of such plannlng 1s the deter-
mlnatlon of broadly optlmal dredge paths and we show how

thls may be formulated as a longest path problem ln a
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network in whl-ch nodes represent blocks 1n the mlne and

llnks represent allowed lnterblock movements of the dredge.

Even though we are deallng wlth a contrastlng nlnlng envlr-
onment to that dlscussed ln Chapter 2, 1t ls agaln the

spatlar dlstributlon of grades and tonnages 1n the deposit

and the movement capabilltles of the machlnes (dredge)

whlch form a key part of the model.

L1tt1e work on the problem has appeared ln the

llterature, but thls 1s not surprlslng slnce 1t turns out

to be a longest path problem ln a network which has positl ve

cyeles. The general longest path problem wlth posltlve
cyclesr or, âs 1t more commonly appears ln the llterature
as a shorfest route probrem wlth negatlve cycles, has prov-

en notoriously dlfflcult to solve [34,3] although very

efflclent algorlthms exlst for shortest route problens wlth
no negatlve cycres. T'or a detailed dlscusslon of the re-
lation between these probì-ems and arso the travelring
salesman problem, see Kirby tZ¡ l.

In Chapter 3 we develop an efflclent heurlstle
teclurlque for the mlnlng network, based. on partltlonlng it
lnto smaller subareas and then optlmislng over these. rn
thls wâyr senslble solutlons can be obtalned in a reasonable

amount of computlng tlme, rn chapter 4 we concrude the
thesls by dlscusslng the varlous resurts obtained.



14.

As mentioned earlier, thls bhesj-s eoncentrates on

the mathematical formulatlons behlnd the varlous mlnlng

problems consldered and the 0R technlques which may be

used to obtain solutfons. In his revlew Coyle t7] points

out that papers in the llterature generally tend to glve

nlnlmal descriptlon of the problems belng investigated and

of the assumptlons involved 1n the mathematicaL models.

Thls thesls has endeavoured to pay greater attention to

these aspeets and it is hoped that a general lmprovement

w111 be seen here as mathematlcal model1lng comes to play

an inereasingly important role 1n mine plannlng.
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CHAPTER 2

OPERATIONS RESEARCH TECHNTQUES FOR

OPEN PÏÎ MINE PRODUCTION PLANNING

}IITH GRADE CONSTRAINTS ON THE MTLL FEED

2.L GENERAL

As pointed out in Chapter I thls chapter deals wlth

the problem of mlne-mlll productlon plannlng when there are

grade constral-nts on the m1ll feed. The discusslon applles

to shallovr open pit mlnes. However we also assume that,
1f they conslst of more than one level, then successlve

levels are developed one after the other, The sltuatlon

in mlnd ls typlfled by shallow laterlte deposlts whlch

chanacteristlcally possess much larger varlatlons in ore

composltion then what 1s required to keep the concentratlon

plant running efflclently.
There are a number of way s of physlcally lncreasln c,ct

the capability of the system to provlde aeeeptable m1ll feed.
I

For lnstance, wê can use large stockplles of sultable orê,

we can employ speclal bed and bln blendlng technlques or we

can use several very mob1le machlnes to extnaet the ore

(front-encl loaders for example). In add1t1on, the more

the comblned capaclty of these maehlnes exceeds the requlred

miIl throughput the easler 1t will be to prod.uce the rlght
tonnage of acceptable feed.
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As mentloned ean11er, thls chapter shows how mathe-

matlcal progranmlng can be used to rapldly determlne optlnal

or near optlmal productlon schedules for a glven conflgura-

tlon of the mlne-mll} system. The mathematlcal and comput-

er model may thus be thought to assume an lmportant place

on the ttsoftwarert slde of the system. However 1ts lnfLu-

ence extend,s further than thls. Because 1t allows preclse

estimates to be obtalned for the efflclency wlth whlch the

varlous components of the system are used and because 1t

enables the effect of alteratlons (e.g. to stocþlIe

Ievels) to be read.lly evaluated, lt can also have slgnifl-

eant effect on the rihardwarert slde of the system'
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2.2 MACHTNE MOVEMENTS AND MEDIUM TERIVI PLANNTI{G

lle flrst conslder the problem from the medium term

vlewpolnt. Our maln alm ls to control the development of

varlous subareas of the mlne so as to mlnlmlse machlne inove-

ments. 1

(2.2.r) Mlne Mill System

The preclse way in whlch the problem ls formulated

mathematlcally w111 depend on how the system 1s deslgned

and on the way in whlch mlnlng ls to proceed. Ïüe there-

fore lntroduce a typ1cal, though hypothetlcal, mlne-miII

system and develop the approach 1n relatlon to lt. The

system 1s lllustrated ln Flg. I and relevant data are

speelfled 1n Table 1. In partlcular the followlng

assumptlons are made about the system.

(i) The area of the mine to be worked durlng the

plannlng perlod 1s cleared of overburden.

Furthermore 1t ls dlvlded lnto blocks or

sma11 subareas and these are grouped together

to form larger machlne areas. All blocks in

a partlcular machlne area can be mined by one

machlne on1y.

l. The machlnes referred to are those engaged ln ore ex-
tractlon, not haulage unlts. The machine movements are
lnterbloók movements of these machines, not ore movement¡
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(if¡ lwo types of equlpment are employed to mlne

the ore, namely hlgh volume but slow movlng

drag llnes and lolser volume but faster moving

front-end loaders. I¡ie shall assume Just one

drag line and one front-end loader and also

that sufficlent haulage trucks are avallable

to enable these machlnes to work at their
full capaeity except when prevented from dolng

so by grade constralnts or plant capacltles.
(fff) Grade coirtrol 1s lmportant for only one con-

stltuent of the ore.

(1v) Ore may be sent dlrect to the m111, or, 1f lts
grade lies 1n a sultabie range, 1t may be flrst
stockpiled 1n a rrhighrt or r'lowrt grade stock-

pile and then used aE a later date. These

stockpiles are deslgned to recelve ore whl-ch

is respectlvely of a hlgher or lower ln grade

than that requlred by the milI. Flg. 1

illustrates the varlous ore flows whlch may

thus occur withln the system.

Lengthy dragllne movements are partlcularly un-

deslrable and^ qulte a few features of the system are de-

signed to red.uce the need for them. Before contemplatlng

a lengthy dragllne movement we can flrst try and achleve

grade control by"



M111

19.

Mine

Iow grade
stockplle

hlgh grade
stockpile

FÏGURE 1

Mine-n1l1 system. Ore is mined from two machlne areas and

may go either dlrect to the m111 or via the 1ow or high

grade stockpiie.
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TABLE T. SPECIFICAITONS FOR TTTE MINE.MTLL SYSTEM:

I MI}TE:

(1) Size of blocks = 2001 x 200' (in plan)

(11) Average depth r 30' (varlable)

(1i1) Approxlmate range of block grades = 0.9%-l-.l/"

(fv) Bulk Denslty of ore 1n mine = I.79
(v) Average block reserves :' 60rO0O tons.

ÏI MACTÍINES:

(i)

( 11)

( 111)

( iv)

Scheduled Hours: . ...

No. (avallable) hoursl¿.y = 10 hourslaty

No.{ayslweek = 6dayslweek

Maehlne Capacltles:

DLr = 301000 tonslweek = 500 tonsltrour.

FEL2 = 22,500 tonslweek = 375 tonslrrour.

Mlnlmum Extractlon Rates :

DL = 9,000 tonslweek

FEL = 6 ,750 tons lweek

Total Maxlmr¡m Extraction Rate = 52,500 tons lwee

I
DL = Dragline

FEL = Front-end Loader
2

[eontlnued on next page]



2L.

TABLE I (contlnued)

III MILL:

(1)

( rr)
(111)

(lv)

Operatlng hours = 24 hoursl¿"y, 7 daysfweek

( eontl-nuous operatlon)

Grade of feed ln range: [0.93Í10.98l]
Capaclty = 42,OOO tonsJweek = 25O tonslnour

Mlnlmum alIowab1e throughput rate

= 311500 tonslweek = 190 tonslnour

rV STOCKPILES:

(1) Low Grade Stocþ1le only accepts materlal with

grade in range [0.90ø ,0.93%)

(11) Hlgh Grade Stocþlle only accepts materlal wlth

grade ln range (0.98/" 
'L.OL%)

(fff) Stockpile Capacltles: varlable e.g. 78,000 ton

V PLANNING HORTZON:

(f) Length of Plannlng Perlod x L-2 years

(medlum term).



22.

(1) blendlng ore whlch comes dlrect from the mine

with ore from the hlgh or 1ow grade stockplle,
o?

(11) red.uclng the mill throughput sl1eht1y, or
(rir) moving the front-end loader to a more suitable

block.

ïf these. measures falI larger dragllne movements to sultable
bloeks are unavoidable.

(2.2.2) Blendlns Intervals
rn addltion to the above assumptlons regarding the

mlne-mlII system, further assumptlons are made about the

way 1n whlch mlnlng is to proceed. In partlcular we

suppose that, whenever the machlnes start m1nlng a new set
of blocks, Do machlne movements are alrowed unt1l aþ least
one machlne mlnes out 1ts brock. At thls polnt of tlme,
at least one machlne has to move. The id.eal solutlon 1s,

of eourse, to shlft such machlnes from thelr current blocks

to one of the nearest nelghbours. unfavourable grades may

prevent us from employing thls strategy and thls ls what

glves rlse to the lengthler machine movements.

ÍIe sharr eaII an lnterval of tlne, whlch beglns wlth
the minlng of a neür set of b,locks and ends when a machlne

movement takes p1ace, a blendlng 1nterval. These blendlng

lntervals, whlch are not necessar:iry of equal d.uratlon, w111

typlcally last for one or two weeks. Mathematlcally they
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are a convenlent way of partitlonlng the whole plannlng

horlzon. l' As suggested by thelr name, wê assume that
during any blendlng Ínterval, each machlne mines ore of a

flxed grade, namely, the grade of the block fn whieh the

machine is located. Given ttre blocks to be mlned during

any blending lntervaI, wê merely have to determine ore

flow rates whlch w111 ensure that the average grade of the

mlll feed is withln the prescrlbed l1mits. Conversely,

at the end of the blendlng lnterval, we must reasslgn the

machlnes to a new set of blocks from whlch 1t w111 be poss-

lble to form sultable miI1 feed durlng the next blendlng

lnterval. The essence of the schedullng problem ls to
perform these two tasks optimally.
(2.2.3) Mathematlcal Mode I

lle now formulate a network flow model for the medi-

um term mlne-m111 productlon schedullng problem, taking

lnto account both machine movements and mlnlng constralnts.

The formulatlon 1s based on the use of a dynamlc network

IJ2l to descrlbe all posslble ore fl-ows and machlne move-

ments. Speclficatlons of the network which ls lllustrated
in Fig.2 are as folIows. Apart from speclal orlgin and

r ' hle slmply punctuate the tlme axis at the lnstants at
whlch changes (1n the form of maehlne movements) occur.
The lnterval between any consecutlve palr of such points
on the time axls 1s a blendlng interval.



2)+

Blending
interval-, t ->

Blocks in
roachine
area 1
(Ðragtine:

k=l)

Blocks in
nachine
area 2
(Front-ead
Loacler:
k=I)

Stockpiles

1 2 t t+l_ n

âOto*t

uf v!

¿r, ¿

Pler¡t

FTGURE 2

Dynamie network mod.e1 of nine-miJ-l system: Nocles represent blocks in the
míne an¿ also plant and. stockpiles. Links represent alfowed interblock
machine movements and. also ore flows within the system. Note that not
al-I links have been shown.

ânt iD*
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destlnatlon nodes, 1t has nodes to represent the m111, the

low and hlgh grade stocþ11es and every bloek ln the mlne.

By repeatlng these nod.es n times we ean model all opera-

tlons of the system over a total tÍme horlzon whlch spans

n separate blendlng lntervals.

Let (i,t), (1,,t) , (#,t) and (Jl,t) denote the

nodes representlng the block 1, the Iow and hlgh grade

stocþ1Ies and the m111 durlng blending lnterval t. A

Ilnk from node (1,t) to node (¡ rt+t) is then denoted by

(tri;t) and allows for a machìne movement from block 1

to block J at the end of perlod t. t Ore flows on the

other.hand take place durLng any perlod t, and along links
(1,¡t;t), (t,l;t.) , (1,H;t) , (t ,,ltt;t) and (H,ft;t) . F1na11y

there are the speelal orlgin and destinatlon nodes (denoted

by 0r and Dr) for the "flow" (0-1 varlables) of each

machlne k. Links are provided from node O¡ to node (1rl)

and from nod.e (irn) to node Dr, where I ranges over

all blocks in given maehlne area k (see Flg.2).
We now introduee the following quantities.

(a) Varlables

VÏ = ore flow rate (e.g. tonslweetr), durlng blending

lnterval t, from block 1 directly to the mi1I,

j=1 1s permitted since a machine may continue minlng
block i dunlng the next time lntervaL (lt tfrere ls
ore left in it).

I
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ore fJ-ow rates from block i to the 1ow,

high grad-e stocþiIes,

ore flovr¡ rates from the low, high grad.e

stocþiles to ttre mi1l,

tot aI ore fJ-ow rates f rorn block i,
total of the ore fl_or rates yl ,ul ,vTrxl
summed- over al1 blocks in each machlne area k,
duration (in weets) of bend.ing interval t,
low, high grad.e stockplle Ievels at the encl

of blend-ing interval t, (tfre initial
levels lorHo are given quantlties rather
than vari ables) ,

reserves of block i at the beginning of
bl-erding interval t, (t¡t" inltj_a1 reserves

R} are given and- are also d.enoted. by R1=R{),

reserves , ãt the beginning of blend.ing in-
terval t, of the block to be mlnecl by

machine k d.urj-r:g blend-ing interval t,
It¡1or¡rrr (O-t variable) of machine k along the

links (o¡,i;o), (i,j;t), (i,D*;n).

rL=

€o +t, €n'orittijr*iD k

(¡) Given ouantit1es

ãrþ = Lovver, upper bounds (in tonslweet<) on the

nill- throughput rate,
akrbk - lower, upper minlng capacities (i-n tonslweeX)

for machine k,
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low, high grad.e stockpi-1e eapacities,

graale of block i,

lower, upper gracLe linits for the mi11 feecl,

average grad.e of materlal drarrn fron the

low, high grad.e stockpiles, 
:

lower, upper grade l-imits for ore which is

sent to the low gracle stocþlle,
lower, upper grad-e iimits of ore I'hich is

sent to the high grad-e Soclcpile,

net profit (in $ I tott) accrrring from each ton

of ore mined. by machine k ard. sent d-lrect-

ly to the mil1,

nining, transportation ard hand.ling cost

($lton) for each ton of ore mined by machine

k ard. sent to the 1ow or higþ grad.e stock-

pile,

net profit ($lton) accrulng from each ton

of ore which comes to the mi1l from the low

or high gracle stockpile,

cost (itr $) of moving machine k from block

i to bl- ock i,
penalty (in $) ror startlng a ry face 1n an

enclosed. block,

pinimurn reserves that any block nust have

before a machlne movement to that block is

allowei[,

^H ^Hu1 rq2 =

Ct¡ =

Tx=

p-

k
C1 J=

A=

K=



s¡=
Sk=

Jf l =

A]-so we

Heavisid.e unit
parameter ai

Its graph 1s strcn¡rn 1n Flg.J.

a

FIGURE 3
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set of bl.ocks in maehine area k,

set of blocks 1n machine area k which d.o

not possess a mlne face at the g[4¡! of
operations, (i.". at the beginning of

blenÖing interval 1),
the set of nearest neighbours of any block i.

d.efine s(x;a) to be the folJ-oning

furlction of a single variable x and. with

s (x; a) rx(a
, xà Ð. t[?

)a(x;
/

S

1

\

-\ x

Graph of the unit functlon s(x;a)
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fne problen of find.ing the optÌ-ma1 prod.ucti on

sehednle over n blending intervals is now fomulated. as

the matlenatical program,
n

Maxinise f r.t I ("- n* - yr (ut+vi,). u (¿t+ht)]...

t='l k
n I

eS
I "f¡ ft ¡...

k iesr

...-AI T

T
eSL

I
k t_

1€tt¡

T
k

1

1

k

n-
trL
+_

A

Yk

f aaa
L

ie S¡

t-1
Jlr

I rr', 
" 

(nl 
.';R, ) IT " 

(R: 
*'

ieS¡ Je¡h

(1)

o
O¡

;K)

k

subject to

xt=yl+ul+v!

i eS¡

ieS¡

i eS¡

(z)

3)

(4)

(¡)

(6)

0)
(8)

uI

vI

xk = Ð.- x tt

xf ( br t8.1,

xf (br >
j eSr

€Sri

2 < t ( n, 1e S¡
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x[>â¡

"*?Yt+ ¿t +h3<b

I srrl + g¿lr + Br,ht

>v!+¿t+h¿

(g)

(to)

^Mrtta ^M\r2 (rt)

(tz)

(tt)

( tl+)

1r s)

(re)

(tt)

t

Tt = Mln
k

i eS¡
aOto

€O'ori - f1l, t = 1

rI
xk

at' - !t-1 + TÈ( ? uf - F),1 < r ( n,

Ift = t{t-r + ft( ? un - ht), 1 < r ( n,

o<I.t<c¿

O<H¿<Ch

1ri

j esr
(re)

(1e)
I eS¡

J esr

-L
t

n-1
J1

r.f¡tiD* t

fl¡' 2 < t < n-1

t=n

j esr

(ao¡

ieS¡

Rl = Rf-r Tt-1 x!-t, 2 ( t { n

l|n
^ 1D*

t
=l

f8*i Rt ' t

( zt¡

rft 1

(zz)

(zt)
i e*
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rI

j esr

i'
(zt+)

f: I

t
lJr âO ânto*it tiD" or1

çzr)

(zt)

(ze)

f (za)

vÏ' tl, v! >

The mod.el , which takes into account all possible

ore flows ard mactrine movements over the n blerd.ing
lntervals, u¡il-L now be d.lscussed. more firlly" Apart from

the 0-1 variables f$*i, 
"lj, 

fTO*, nonlinearities are

invol-ved. in constraints (lz) (t+) and (zz) (zt+) and.

the ob jective fl¡r¡c ti on (t ).
Constraints (i7) Ql) are the conservation equa-

tlons for the lr¡1qïerl, fl¡, of each machine. A varue of

one for fÏ , , ind.icates a mactr ire movement from block i

to block j at the end. of period. t. For any feasible
solutlon of tfre ¡rroblern (t) (29) ïve cal trace the path

taken by each nachine k, by fo11ow1ng the links in

maclrine area k, for úrich tT¡e varlables

f$*i ' fl, ( t <t<n-t ) and t]o* have the value orrê r
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constralnts (l) and. (B) ensìr.re that ore production

is confired. to the bLocks on each machine path. Machine

kr for example, mines block i d.wing period. t if and.

only if >
j eSr.

tlon rate, xl., is limited. to the capacity of machine k,
namely, b¡ tons/week. If mactrine k d.oes not mi-ne

block i during peri od. t, >
j esr

be zeto, and hence so will x!. Ihus, ft:ring each time

interval t, exactly one xt wiLl be greater than zero

in each machine âF€â¡

It should also be noted_ that when i e Sr, we ha_ve

placed- an upper bqrr¡1 of b¡ tons/week on the ore flow
rate x!, the capacity thus d.e¡erd-s only on tlre appropri-
ate machine k ard, not on the location of tJre block i.
This is a consequence of the assunptlon that there are

sufficient haulage trucks to enable each machine to work

at 1ts maximum rate except when prevented. from so d.oing

by grad.e constraints or plant capacities. A more general

formuLatlon would. aLlow capacities brr which also
d.epend. on tlre block i (tt'r,or:gh its locatlon etc. ).

The constralnts (tt) represent the grad.e constraints
on the miIl feed. ard- although ttey appear nonl_inear here

they may easily be converted. lnto tv¡o linear constraints.

Constraints (Ze ) e7) express furthrer grad.e requirements

for the higþ and. lorv grad-e stockpiles - in particular they
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ensure that they wil-l only accept ore r/vhieh Ïras a grad_e in
the ranges [eÏ, el] ana [Gl, c]] respecti-vety, More-

overr wê have tacitly assumed. that ore w111 be d.rawn from

these stockpiles at a fixeil .average gracL

respectlvely (u.*. ul- å 
nl- ;, =

eof Bn

e*+el
and- g¿

. tlris\2

assumption has been macle to simplify the overall mod-el, but

is rel-axed. when v're come to construct 1oea11y optimal

sched.ules using the heurlstic algo:'ithrn of $2.2.4. Tn

any case it is not a veyy serious assumption l'rhor only one

constituent of the ore requires grad.e control. If more

than one ore constituent requires grad-e control, 1t is
easy enough to accommod.ate furtTrer. grad-e constraints such

as (tt). Hcmrever 1t soon becomes impractical to provld.e

furttrer stocþ11es for all possible rtloïrrr and. rrhighrt grad.e

conbinationso lYe might only be able to provid-e stocþ11es

to hê.Ìp blenit one or two of tle nore important constitu-

ents of tlæ ore, and. we woul-d then have to keep closer

track of the compositlon of these stocþi1es, especially

as regard-s the other constituents.

Unlike most muJ.tlperiod- mod.els, yre d.o not know,

a prlori, the d"uration of each tlme interval. These are

computed. ind.ivid.ually v1a the constraints (lZ). D:ring

any perì-od. t, eaeTr machine k nj-nes ore at a rate of

X[ tons/week from a bloc]c vr¡hcse reserves are r[ tonso

Constralnt (lZ) thus e4presses the fact ttrat the period.
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coneludes as soon as a machine mlnes out Ìts bloek. Mach-

lne movements at the end of perlod t are then governed by

constralnt (?5) which ensures that machine k can only

move to a block 1 whose reserves are at least K tons.

In the computer program wrltten to lmplement the heurlstlc
algorithm of 92.2.U, a value of K>0 was used to prevent

machlne movements to blocks whlch have lnsignifleantly smalr

(1.e.< K) amounf,s of ore left 1n them.

ft is often more deslrable to plan operations over

a fixed time horizon (e.g. I-2 years) rather than over a

flxed number of blendlng lntervals whose total duratlon 1s

varlable. While lt ls certainly possible to modlfy the

overall model to achleve th1s, lt ean be done much easier

when uslng the algorlthm of 92.2.\ and will be dlscussed

more fu1ly then.

lhe flrst term ln the obJectlve functlon measures a

total profit earnt from the concentrate produced. The

value of thls proflt ls determlned by the ore flows whleh

take place withln the system. The handllng charges yr

piäesent 1n this term diséourage unnecessary stockplllng
act1vlt1es. AIso note that we tacitly assume that revenue

earnt accrues accordlng to the m111 throughput. The

second term ln the obJeetive functlon represents the costs

of interbloek machlne movements. Agaln we assume that

monetary values can be asslgned to the coefflclents cf, to
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take into aecount factors, such as the locatlon of blocks i

and j and the moblllty of machlne k, which lnfluence

the relatlve d.es1rab1lity of the varlous maehine movements.

The remalnlng two terms in the obJectlve functlon

compute additlonal penalties for openlng up new faces as a

result of shiftÍ-ng machlnes to blocks whlch are enclosed by

others. Sueh mining requirements are consldered more

fu]ly j-n 82.2.4 and sectlon 2.3. For the momenË, wê shal1

merely mentlon that an extra penalty A ls computed lf,

at the end of any period t, any machlne is shifted Ëo

mine a nevl block 1 for whi-ch

(a) RÏ*" = Rr (r.e. mlnlng has not conmenced in

block 1 prlor to period t+1)

and

(b) R:*' >

J of block i (1.e. each i e ,¡fr ).

If the latter requlrement holds, that ls there 1s a sig-

nlflcant tonnage left in each of nearest nelghbourlng

blocks of bl-oek 1, vre assume that block 1 1s sti1l

enelosed by these blocks and that a new face must be

conmenced in it before mining may proceed. This 1s

lllustrated in Fig.4.
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eurrent
m1n1ng
front

I

I

I

t(1 = li" rirr i" r i¿ i

FIGURE 4

A new face must be commenced 1n order to mlne blocks such as

block i whleh are not tntersected by the eurrent minlng front.
ble assume thl-s to be the case lf none of 1ts nearest neigh-
bours is mlned out.
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(2.2.4) Heuristfc AlEorlthm

As may be expected, the nonlinear mathematlcal

program (1) (29) ls not amenable to dlrect solutlon.
lte shall therefore determine local optima, constructing

them step by step, from perlod to perlod. lle proceed as

follows. Suppose we have already determlned operatlons

over blending lntervals 1r2r....rt-I and have also declded

whlch blocks will be mined durlng blendlng lnterval t.
Let i¡. denote the block so chosen to be mined. by machlne

k durlng blending i-nterval t. We now determlne the

optlmal ore flow rates Y[, Ul, V[, gt and ht subject

to satlsfylng the grade, capacity and productlorr requlre-

ments for blendlng lnterval t on1y. Irlhen conslderi.ng

the problem from thls loca1 vlewpolnt, it 1s necessary to
treat the obJeetive function 1n a somewhat different 1lght

than before. We discuss this more fully later, but mention

for the moment that, in general, we novr choose to maxlmlse

that component of the mill throughput which eomes dlrect
from the mlne and to emp]9y any excess mini-ng capaclty to-
wards bu1ld.lng up stoekplles.

The mathematical program used for determlnlng

Ioeally optlmal values of the above ore flows 1s obtalned

by includlng only those varlables and constralnts of the

overall model (1) (29) whlch relate to blendlng Ínterval
þ. For c1arlty, w€ glve fu1I detalls of the resultlng
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progran - it is

Maximise

subject to

â¡<Y[+Ut+Vt(br,
a<>Yt+¿t+hs<þ

^Iú\-r1

p 8r *Y[ + g¿ ¿r + Br,hs

?"t+erìui*€epv[* ertr+ e¿ht (æ¡

k

^M\-r2

3t)
3z)

3s)

3t+)

3s)

3ø¡

3t)
(:a¡

3g)

1t =Minf 
tP Ik LY[+u[+v[ J

o < Lt-1 + Tt(? ut - ¿t) < c¿

o < Hr-t + r.(? v[ - ¡t) < Cn

(sr*- el) (e* - gr¡)u¡ > ,o

(er*- ef) (eg - Brr)vl > ,o

Y[, uP, vfi >

since we have already deternined. operations for
perlod.s 1r2r....¡t-1 , the quantitles L¿-1, Hr-1 and.

r[ (and gttg¡) will now be known. (ttote that
r[ = nt*.) The only variables are therefore the

Y[, UÊ, Vk, Lt, ¡t ard. Tt. The mathemati_cal progra]D

(:o) (lù is st1lt nonllnear since it is rrecessary to
keep track of lota1 ore fLo¡¡s withln the system d.uring
blend.ing interval t, whereas the basic variabl-es v[ etc.
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represent ore fl-ow rateg. However, the nonlinearities
are not of a very serious natìrre and. in fact 1t is possible
to solve the nathenatlcal program by solving m linear
prograns, where m is the nuuber of machines. rJlie obtain
the linear program corresBoncllng to machine pc (p=1 ,... rm),
by assuming that it is ttre firy¡! one to rnine out 1ts bIbck,
that is,

rI
T¡ = Min

k

rp

Y[+ut+vl=yJ+u¡+v¡
Io ensure this r,me ad.d the constralnts

a (+o¡

rI
Y*+u*+vP' trlp

1. êo

ri(yt + u[ + vi) < r[(vf + u¡ * v¡), k / p. (¿+r)

substituting for 1t of (t+o¡ into constraints (lÐ and_ (lø)
yield.s l-inear constraj.nts, rramely

o < L¿-l(Y¡ + u¡ + vf) + "¡(? u[ r.r) < c¿(yl + u; * v¡)
(t+z)

and.

o < Ht-.(y¡ + u¡ + vg) + t¡(ì v[ - ¡t) < ch(y¡ + u; * v¡)
(t+t)

lhe final linear progran correspond.ing to machine p con-

sists of relati ons (æ¡ 3S) , 3l) Gg) and. (Ur ¡ - (UÐ.
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The nonllnear program (30) (39) has feasible solutlons

if and only 1f at least one of lts m assoclated linear
programs has feaslble solutlons, ln whlch case 1ts optlmum

1s found by selectlng the best opti-maI solutlon obtalned

from the varlous llnear programs. ¡

Having determined the ore flows durlng blendlng

lnterval t, Íre update the status of the mlne-mll} system

as a result of the operatlons that w1l-1 take place durlng

thls perlod. lrle then decld.e whlch blocks wllI be mlned.

durlng the next blendlng lnterval, t+1. Of course, the

ldeal solutlon 1s to move machlnes whj-ch have Just com-

pleted minÍ-ng thelr blocks to one of the nearest nelghbours.

Grade eonstralnts may prevent us from employlng this strat-
egy however" In fact machlne movements are only allowed

to bloeks whose grades are such that the mathematlcal

program (30)-(39) possesses feasible solutions.2 such

movements will be calIed feaslble movements.

If each nachlne k moves from bloek 1¡ to block

i*, at the end of period t, (.f r = ik is posslble), the

l. (a) The rnathematical program (30)-(39) and lts associated
llnear programs do not have unbounded feaslble solu-
tlons.

(b) Not all of the associated linear prograrns need to
have feasible solutlons.

2.
üIhen the
under cons

sf
ider

are replaeed by the grades of the blocks
ation. (Atso t w111 be replaced by t+1).
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total movement eosts lrrcurr.ed. are

\a
)

i-J
k

"f* '*
+ A s(Rit";R¡*) 

fT "F;.",*)l (r!+)

Le./ftr*

where, as before, the second term ln the summand. includes
a penalty of A dollars for movlng machine k to a block jr
whlch ls not yet lravailablen, l.e. lt does not yet possess

a mlnlng face. The strategy used in the heurlstlc algo-
rithm is to choose the machine movements from amongst all
feaslble movements so as to mlnlmlse the quantlty (44).

In the computer program, descrlbed in gZ.Z.D, this was

done by brute force enumeratlon of all posslbilltles, start-
ing flrst wlth movements to nearest nelghbours and pro-
ceedlng further away 1f unsuccessful. Each posslbirlty
considered requlres a test to be made to see whether the

mathematical program (30) (39), (with the appropriate
grade coefflcients), possesses feaslble solutlons. The

objectlve function at thls stage conslsts of the sum of
artlflclal variables, and, in order that the machlne move-

ments be feasibre, lt must be possible to drive thls sum to
zero in at least one of the assoclated llnear programs.

optimar sorutlons to the nathematlcal progr¿rm (30) (39)

are nof sought unt11 the f1naI serection of blocks to be

mlned ln perlod t+I ls made, 1n whlch case the whole

process 1s repeated.
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A flowehart of ttre algortthm is glven 1n Fig.l

while Fig-6 illustrates a complete schedule for an example

consistlng of 2 machlnes I blocks and 3 blendlng lntervals.

TLre coefflclents €r-84 1n the obJective funetion

(30) may be varled from perlod to perlod ln order to set

prlorlties for addlng to or for drawing from the stocþ1Ies

as compared wlth sendlng ore dlrectly to the m111. From

the loca1 viewpolnt, there is no lncentlve to stoeþile ore

aþ all; it 1s carrled out more to help create a buffer

against large machine movements 1n the future on to assfst

in ralslng mill productlon to hlgher levels than nlght be

attalnable from the mj-ne on1y. Machine movements to near-

by blocks v¡hich have difflcult grades, may be feasible lf

the stockplle levels are hlgh, but infeasible if they are

1ow. It w111 therefore be deslrable to lncrease the

prlorlty glven to bulldlng up the stockpile levels when

they are Iow. In the overalL mod.el (30) (39) stock-

p1Ilng would automatlcally be carrled out only to the extent

where absolutely neeessary.

(2.2.5) licatlon

A computer program has been wrltten to construct

schedules by the algorithm of 52.2.4. The results of five

computer runs for the mine-milI system speclfied 1n Table I

and 92.2.1 will now be summarlzed. The block grades and
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6.hesett=t+1.

5. Deter^nine the naehine
movements to talce place
at tbe'encl of period t.

1. lnitialize: Set t = 1 a¡¡cl
select a feasibLe set of
blocks to be mined d.uring
the first blend.ing interval.

\. Has the en<l of
tbe planning horizon been

reachecl (or passed.)?

3. Upctate the status of the nine niJ-l
systen as a result of opêrations
duriag blending inter¡al t.

2. De+.ermíne tbe optinai cre flol¡ rates
(vt,ut,vl ,tt,ht) for blending in',erval t.

J. Stop

FIGINE 5

Flow chart of Heuristic AJ.gorithm
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@
machine
area 1

Pla¿t I Stockniles

machine
area 2

*

/)-

\
----à-----

tnt'

FIGI]RE 6

Ill-ustration of a complete 3-period. schetlule for a system consÍsting of
8 blocks and. 2 nachines. Broken tínes inilicate machine movements, soli¿I
l-ines intlicate ore flows ( some may be zero) .
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tonnages were generated by random sampì-lng from varlous

statfstical distrlbutions and are l1sted in Appendix I.
The probablllty denslËy functlons for these dlstributions

are illustrated in Flg.7. The acceptable ranges of grade

for the n111, low and high grade stockpÍIes were set at

0.93 O.9B%, 0.90 0.93/, and 0.98 LoI% respectlvely.

The blocks, whlch are equldlmensional 1n plan, will

now be referred to by their coordÍnates (1rJ) with respect

to some square grid system through the deposit. The cost

of moving machlne k from block (i¡rJr) to block (lzrjz)

was computed as

"trr,Jr-),(rz,Ju) =Vtlr Fr(iz,ir)( [:-r-i. l * l¡=-¡"1)

where

trV¡ - weight factor d.epenilirrg on ther mobility of machine

k. High values (w=eO) lvere used. for the slow

moving d.ragli-nes, lower values (vr=1) for tlæ

front-encl load.er.

Fr (1r, j" )- {actors, listed. in Append.ix I, and- d.esigned. to

eri.courage the machines to move along certain
oreferred- paths unless prevented. from so d-oing

by the grad.e constraints.

The sehedules were prepared. for an horizon whose

total duratlon was fixed at 100 weeks (2 years). It is
usually found that the last blending lnterval flnishes
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L.G. I

tkpile M¡II
H.G. I

Stkpilel
Prob.

Dens i ty
10 Schedules 1 & 2

G rade

10 Schedules 3 & 4

Gra de

l0 Schedu le 5

G rade
0. 0.95

FIGUFE ?

Distributions from which block grades were chosen. ,Llso shown are tbe
acceptabl-e renges of grad.e for the nil-l a¡rcl' the stoekpiles.

I
I
I
I
¡
I
I
I

'5

5

1

5
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after the concluslon of plannlng horlzons of flxed dufê!_lc!.,

hence the need for the generallzed stopplng eond,ltlon ex-

pressed ln step 4 of the algorlthm (see Fig.5). I'Ihen thls
oecurs, operatlons are adJusted to flnlsh exactly at the

tlme deslred.. r

The eomputer program may be used to lnvestlgate

varlatlons in
(1) bloek grad.es and tonnages

(ff) stoeþiIe capacltles

(lfi-) inittat stockplle levets
(fv) mlnlng capacitles of the maehlnes

(v) number and types of machlnes

(v1) gnade requlrements of plant
(vir) length of plannlng horlzon.

The results presented now deal maln1y wlth (1)-(111).

The relevant lnput data 1s given 1n Table 2, whlle the

correspondlng results appear 1n Table 3. The actual paths

taken by the dnagllne are lllustnated ln Appendlx I.
Schedules I and 2 demonstrate clearly how the varl-

ous features of the system come lnto play to avoid lengthy

dragllne movements" In schedule 1 this has been achieved

malnly through the buffering effect of the large stock-
pl1es. (There was on1y one brlef stockout). Smaller
t

The same ore flow rates are used, but for a shorter
perlod of tl-rne tfranTã full bleñAing 1nterval.
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TABLE 2z INPIIT DATA.

I see appendlx 1.

2 1n unlts of 1000 t s tons .

SCHEDULE

Block Grade and

Tonnage Data SetI

Stockplle Capacitles2

Low Grade
Hlgh Grad.e

Inltlal Stockplle Ievels

Low Grade
High Grade

I

78
18

7
1

B

I

1

I

1
1
I
B

1B
1B

2

ÏI

7
1
I
I

7
I

B

B

3

IT

3o
18

30
18

4

III

0
0

0
0

5
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TABLE 3: SUMMARY OF RESULTS

Nrnber of Periotls for
I00 weeks of operation

Cl¡mrr.Iative Distances Movetl
D.L.
F.E.L.
lotaI

No. of Machine Movements
of nore than 1 block

D.L.
, F.E.L.

Tota]-

No. of Nev Faces Q>enetl t4r
D.L.
F.E.L.

Machine Efficiencies (l)
D.L.
F.E.L.
TotaI

MilI Efficieney (Ø)

Tons D,rawn from Stockpiles
( 
"s a /o of toúL MiIl IhroWbPut)

Low Grad.e StoclrPile
Ifigþ Gracle Stockpile

Meen Stockpile Leve1sIfOOOts tons]
Lor¡ Gratle StoeþÍIe

High Gracle StockPile

D.L. Distanee
F.E.L. Distance

I

99.'

77

l+z

3l+

T6

t.2

?8
?8
?8

0
I
I

0
0

33
!6

2
I
)t

8.7
o.,

2

6B

t+f

72
IL9

0.7

3
13
t6

77 "8
79.6
78.6

97.9

2.7
1.7

0
0

u
9

3

98.6

76
79
7',(

18
1T

0
0

h
7
I

68

66
\g

1r5

1.3

9
I

I7

6.5
o.6

l+

96.L

80
62
\z

1.3

3.9
1.0

73
80
76

0
¡+

18
18

7
'l
7

I

67

29

L'
th

5

0
5
5

0
0

0
0

0
0

99.5

57

\t
3h
8r

1.h

91.8
63.1+

79.6
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stockplles were permltterl jn sehcdu-le 2 and greater^ :relJ-ance

has been placed. on the mobllity of the front-end loader.

Stockouts were more frequent and there was generâlIy less

materlal avallable to offset }engthler front-end. loader

movements. Note that the ratlo of D.L. dlstanee/F.E.L.

dlstance was 0.7 whereas, 1n the absence of grade constraj-nts,

we would expect 1t to be # " 1.3r based on the relatlve
capacltles of the maenhesi

In schedules 3 and. 4, the more difflcult block

grades have made lengthy dragllne movements unavoldable.

Schedule 4 would hardly be aceeptable, wlth large d.ragllne

movements being frequentl-y required (see Appendix I) after
the low grade stockplle (assumed to be lnltlaIly full) be-

came deplete.d. In contrast sched,ule 5 demonstrates the

ease with whlch the heurlstle algorlthm produces good

schedules when the grades are favourable; dragllne move-

ments ïrere exactly as deslred a prlori. As the block

grades devlate further from the m111 1lmits, there are two

stages of breakdown; the flrst occurs when acceptable

schedules exlst, but the heuristlc algorlthm has dlfflculty
ln constructlng them due to the fact that 1t only looks one

period ahead. hllth stllI worse grades, 1t becomes lmposs-

lble for the mlne-mllI systern to produce the m111 feed

asked for and. stlI1 keep machlne movements at a reasonable

leveI. Alterailons to the system ltself are then requlred
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for tl¡e deposlt to be mlneable.

In each of the above schedules, the prlorlty coefflc-
lents (errez¡Ê3rÊa) of the obJectlve functlon (30) r¡¡ere

set at (0.1r0.01,0, 0) throushout the plannlng horlzon.

Iflghest prlorlty has therefore been glven to maxlmlslng the

m111 throughput whlch comes dlrect from ühe mlne; next we

glve prlorlty to bulldlng up the low grade stocþlle, slnce

1n all schedules, except sehedule 5, there ls an over-

abundanee of hlgh grade blocks 1n the deposlt (see Fig.7).

These prlorlty settlngs explaln why the m1II efflclency has

been so hlgh ln each case (see Table 3). In schedules 3

and 4, thls has been aþ the expense of Iarger dragllne move-

ments and, dependlng on the relatlve values of the costs

(whlch appear 1n the obJectlve function (30) of the overall

model), lt may be deslrable to glve greater priorlty to

bullding up the 1ow gnad.e stocþlIe. In thls case vre

would, proflt by resettlng ê2 >

when the stockplle level 1s low.
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2.3 MINING CONSTRATNES AND SHORT TERM PLANNING

Íle now concentrate on minÌng constralnts 1n short

term (e.g. day to day) productlon planning. As mentlor,ed

ear1ler, the work is an extensj-on of Fraserrs t13] 1n whieh

we apply branch and bound technlques to determine globally

optlmal solutlons to blenolng problems upon v¡hlch the non-

linear m1nÍ-ng constraints are superlmposed.

(2.3.1) Formulation

Fraser described a nine-mi11 system v¡hich utilised

bed blending technlques [41] to assist ì-n grade control.

In such systems, ore from varlous blocks in the mine is

laid out by a rrstackert' to form long beds of rlraterlal whose

grade conforms as cJ-ose1y as posslble to that deslred by

the m111. Completed beds are subsequently reclalmed by

taking cuts across the bed, 1.ê. perpendlcular to the

direction in which the material was 1aid, thus ensuring a

good blend of the varlous ores in the bed. A bucket wheel

reclalmer ls frequently used for this purpose. A simple

pl-cture of day to ci.ay operatlons thus conslsts of .ore on the

one hand coming in from the mine to build up ne$r beds, and

on the other hand being reclaimed frorn earller beds to form

the mil-l feed.

The mlning engineer ls typ1cally faced with the

problem of planning sa}' a dayrs productfon operations so
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that a total of T tons of ore is produced from the mine

and placed on the latest bed (or portlon of lt) sueh that

the final average composltlon of the bed ls as close as

possible to the deslred m111 llmtts (see ¡'fg.8). The

mathematical formulatlon of thls problem proceeds much as

before. üle now suppose there are I constltuents of the

ore requirlng grade control and we denote these by

1, 1=1r.... rI. Also we denote bloeks 1n the mÍ-ne by an

lndex J, and we lntroduee the followlng quantitles.
(a) Varlables

x¡ = tons nined- from þlock i,
Gr1 - penalty lncurred- when the average gracLe of

constituent i of the blend d-eviates fron

the d-esired. mill. linits,
(b) Given Suantities

8r I = grad-e of the ith constituent of block i '
gÎ = âvêrâg€ grad-e of the ith constituent of

flng ess initially in the beil,

Gt,G? = lower, upper limits of grad.e d.esired. for the

ith constituent of the mi11 feed.,

Tp - fnitial tonnage of ore 1n the bed-,

T = Desired- product ion (in tons) f rrcn the mine

durirg the cument period.,

pr rer - penalty (".g. i" Èl% d-eviatlon) for e ach%

shortfall, excess of constihrent i in the

blend-,
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bed. being built:

initial\y ;

finally ;

rosl+xerrx,

S3

reserves
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To+T

54.

grad.es

så

x
Jblock J:

reserves R

grad.es si
J

eÍ
To+T

MiIL

becl being reelained.

FTGURE 8

schematlc representatlon of bed blendlng system and of
changes to the latest bed as a result of current productÍon

actlvltles from 3 machlne areas Sr r..,S3.
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akrbk = lowerr upper' mining eapacities of machÌne k,

RJ = Reserves of bl-ock i,
S¡ = the set of blocks in rnachine area k.

lhe optlnum blend is then d.etermined. by solving the

probl-em

ùlinim1se

subject to

Pr

Qr

f ei + T > Br Jxl
(.t t'" +T

f ei * t ? Br¡x¡

z=EC[t
I

TP+T c?

( ctt

(ør

(l+¡)

(46 )

(¡+z)

Ex*
J

_mT (lrs )

I (br (l+g)
j esr

O(xJ(Rl , dt) 0. (fO¡

In contrast to the previous mod-eI (t) (29), thls

formulation alloqrs the average graile of the blend. to

d-eviate from the d.esired- mi1l limits, but computes a

penalty fcn so d.oing. It is necessar1r to foll-ow such an

approach when there are many constituents requlring gnad-e

control ard. it becomes irnpossible to ensure that al-I con-

stituents will simul-taneously 1ie within tlæ d.esirecl mill-

linrits. TIre values assigned. to tle penaltJ-es Pr and- Qr
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reflect the relative importance of tle variou¡s constituénts

with respect to grad.e control. Also d.ifferent values are

a11owed. for pr aniL gr accoriLing to whether shortfaLl

or excess of constituent i is more d.etrinentaL to the

concentrati on procesg.

Ihe operation of the objective fr:nction (t+¡) can be

seen as follorlrsr Denote the average graiLe of constituent

i in the final blend. by

t'gi * t ? Br¡x¡
8r

TP+T

Any optirnal solution of (t+¡) (fo¡ must then satisfy
exactly one of the follofling relations

(i) Er <

or (ii) ã, >

or (iii) Gi < Et < c? and

' c{) (excess)

(wlthin d.esired.- limits).

= q.r (ãr
v

d'1 -o

Thus in the optinal solution, the value of "l is
guaranteed. to equal the actual penalty for shortfall or ex-

cess (if anv) of constituent i 1n the blend.. Note that
this is only true of the optinal solution, since lire may

take any feasibl-e solution for útich this Ïro1d.s, and.

i-ncrease argr ctt. This will sti1l give us a feasiblet

but non-optimal sol-ution and the prope rty will not hold-.

If it is possible to form a blend. with all con-

stituents within the d.es1red. 11m1ts, the optimal value of

the objective flrnction becomes id.entically equal to zètot
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In thls situation it may be d.esirable to furttrer control

extraetion operations, by replannlng tlem wj-th tighter

values of Gt and. G?. Alterr:atively it rnay be prefer-

able to maxlmise tþe content of a particularly valuable

constituent of tle ore subject to the strict lnposition of

grad.e constraints aS before. Another variation consists

of a conbination of these two approaches.l

(2.3.2) MinlnE Constraints

As nentioned- earlier, a more d.etailed. knowleclge of

the d-eposit is required- for short term planning purposes.

This will þe reflected. in havlng available, at least in

the immed-1ate vicinity of tle machines, estimates of the

grad-es and- torrrages of much smaller prod.uctlon blocks a:rd.

several of tt¡ese will be consumed. by each nachine during

the blend.ing period.. Unl-ike before, $te now insùSt on

strict satisfaetion of the mlnlng requirements, that is a

block may not be mined. ¿ntil t}.e face ad-vances into it.

One good. way of approximating this corxlition mathematically

is as follows. Suppose the mining front 1s aclvanclng into

the d-eposit 1n a d.irectlon as shovun in Fj-8.9. Let i be

gn arbltrary block g!@þ the d.eposit and- 1et s1¡s2¡s3 be

the thrree nearest neighbours aS shom 1n Fig.!. The re-

1.Îhis in fact was the approach used. 1n most conpll'

"iro" it glves rise to-iewer ¿ua1 d-egeneraeles +
urancrr an¿ bouna section of the algorithm (q.v.)

ter runs
n the
than (4f).
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/(J [s's,,ss j

irrititf
positlon of
mining front

general d-irection of
ad.vance of mining front

FIGT]RE 9

Mining constraints d.ictate that at least one of the bl-ocks

s1,s¿ or ss must be completely mined. out before mining

may commence in block j.

s2

Sg

j

s1



quir.ement we lmpose is ttrat xJ

least one of the blocks srrsz

out. We shall say that block

blocks s1e s2 ¡ s3 and. sla 11 let

set d all such blocks.1 TLie

therefore be summarlzed. as

59.

may onl-y be positive íf at

or ss is completely mined.

j is llsurround.ed.ll by the

r[ J = [s' ss, ss j be the

mining constraints rnay

x, l-T (R"-x,)-o (¡r)'il
s€ffJ

and. ttey must hold. in add.ition to constrai.nts (l+0) (50).

The logical requlrements elpressed. by the nining
constraints (ll¡ may be taken lnto account by the very

standard. trick of using O-1 varlables. ft proceed.s as

folIows. For each block s which surround.s other blocks

(see Fig.9) introduce a O-1 variable Ðs and the con-

strai.nt
xE ) R" e", (Sz)

while for each block i which 1s surround-ed by others t

introduce tt.e 0-1 variable ôJ anÖ the constraints

x¡<

t. (a) For short term plannlng it is usually not d.esirable
to includ.e the remlning nearest neighbour in tlre set
f J. Mining it out in ord.er to get at block i goes
afta1nst tfe genera] d.lrection of advance of the min-
ing front.(ø) lfr rrrâJ¡ contain Less tÌnn 3 neaxest nelghbours when
block i is on a bou¡dary of the deposlt.
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and. ôJ <
self 

1

This urorks as fo1lows. Suppæe we bave a feasible solu-

tion for v¡hich x¡ >

otherwise eonstraint (¡l) would- be violated.. Constralnt

(¡l+) then implies ê5=1 for at least one s € l/¡r

Inserting this into constraint (SZ) glves xs ) R", which

in conjunction v'¡ith constraint (¡O) neans that xs = Rs!

i.ê. surrouncllng block s has been completely mined. out,

and. therefore the mining ccnsbraint for block i has been

satis fied..

For easier reference ïre noï¡ e4press the O-1

requirements explicitl-y as the constraj-nt

ô¡res - cr1 $5)

The cornplete mlxec] integer programming formulati on of the

blend-ing problem t'¡itr minlng constraints then consists of

(l+¡) (¡o) ancl (Sz¡ (SS). It mav be solved using anv

stand-ard. nixeci- i-nteger prograrnning package' Several

computer ruïLs basec. on thls approaeh have been carrled-

out using t¡e APÐ(-II package lZJ. However CP times trave

not been encouraging; for instance l+9 second-s (on the

CDC 6400 compu.ter) for a srnall ¡noblem j-nvolving J machines'

2 constituents arrcl 2J b]rocks. The original problem in

J2 variabl-es (subject to bound-s) arrd' I (equality) con-

straints escalated- to one of 116 variables (SS zeto-one)

and. 51 constraints. Hol,Íever, only 17 nod.es were required-

for solution.
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ïn real_ity, the formulation (rrZ) (tS) only serves

to convert the problem into a format which is suitable for
solution by ttre branch ard bound. proced.ure of a readily
available mlxed. integer programming package. rt is far
more efficient to develop a new, but analogous, branch and

bound. proced.ure based d.1rectly on the mining constralnts
(eg). rn this ïiayr w€ d.o not have to lntrod.uce any new

variables or constraints and. the linear prograns we solve
have bases whose sj-ze is only (zr+r) x (er+Ic), where r
is the total number of constituents requiring grad.e control-
and K is the total number of nachines mlnlng ore. This
results 1n bases of size Bx8 in tle above problem.

.An even subtler reason why the neur approach is
more efficient than the mixed- integer fornulation is that
the constralnts (SZ) (SS) are stronger than ttre mining

constraj-nts (5t¡. Wlrile a feasible solution to (Sz) (SS)

guarantees that the mining constraints (f t ¡ vr1ll be satls-
fied, the converse is not true and. it is easy to constnrct
er:arnples satisfying (Sl¡ and (SZ) (¡l+) but vdrÍeh d.o not
satisfy aIl e¡ the O-1 requirements (Sf). .An acceptable

solution, in terms ctr (Zl¡, may ttrus be at hand., but wiLl-

not be recognì-sed. as such by stand.ard. mixed. lnteger pro-
granming algoritLrms rrntil tlrey set margr more the fractional
ô1 and. es values to O or 1 "
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(2.3 J) Branch- €rd. Bound. SolutJ..on Procedure

Yfe ncn¡v d.evelop tle specia-L branch ard bound- pro-

cedure based d-irectly on the mining constralnts (lt¡.

Consid.er the optimum solution to tlìe problem (l+¡) (¡O)

or any subprobleml d.erived- from it by altering the bound-s

on the x¡ (in a manner to be d.escribeil shortly). By

analog:y wj-th the normal lnteger progralnning approacÏr, a

block j in such a solution will- be called-rtfractionalrr

if x1 >

mining constraints (¡t) are violated. for block i. 1o

rectlfy this \rye must make one of the fol-lovrlng d-ecisions,

(i) set x¡ = o $ø7

or' (ii) Set xs = Rs f or at least one s € rtrr¡" (Ol)

In general a fraciional nod-e in the solutlon tree will
therefore generate more than the tv¡o subproblems normally

assoclated. y¡1th nixed- integer programming (see Fig.1O for

example). the restrictions (50¡ (Sl) are imposeil by

red.eflning the upper bound. on x¡ as 0 arr1 the lcruer

bounil on xs as Rs resPectivelY.

For convenj-ence an outl-ine of the general branch

and. þound. enumeration procedure is reproduced. here. The

nethod. is based. orl solving linear prograns uslng variants

of both the Prirm,l ard. Dual Simplex a-lgorltlun lvhiclt all-or'¡

t'As usuaL the original problem and- subproblems deriveil. .

from it are reprãsenteã ty nód-es in a-solution tree I h].
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FIGUBE 10

Four subproblens obtained. fYom arbitrating fyactionar blcck J.

the variables to have arbitrary upper and- loyer boìm.d.s

[9r14]. A solution which satisfies t]F nining constralnts
(¡f ) is ca.l-1ed- (by analory) rrintegerrr, and. ,Ï. is used. to
d.enote the objective furction value cf tfr currently best

known lnteger solution. l'Íe ttren proceed. as fo11o¡,rs f31 ,5).
1. Initial Step

Set

Solve tle linear progran (U¡) (lo¡ using the

primal simplex algorithm"

If no feasibl-e solutlons are f ound-, stop.

*
,T E oor
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If the optimal- soì-utionl is integer stop, otherwise,

) - l'lhnn s.e e fn¡e f.i a'l I oek for. lrnanehinson b

3. Sel-ect a suþBrcblen to solve

ff the list cf subproblens is qnpty, stop.

Ottrerwise, choose oile subproblem from the listt

d-elete the reference to it in the l-ist and. test

whether the objective function of its p.g!. plus

the Penalty is less than "of. If it is go to 4,

otherwise reenter J"

,l+. Solve Subproblem

Reset t'Ïre bound.s on the x¡ accord.ing to tfie

arbitrations Ge¡ $l) vr¡h1ch have been mad.e to

arrlve at (i.". deflne) tfre current subproblem,

arrd., starting from elther the current basis or 1f

stored. the optimal basls of the parent nod'e, solve

tlp subproblen using the d-ual sinplex algoritÏrm.

If the ob jective flrnctlon value becomes greater

than or equal to :I d.urì-ng this process, exlt

from the d-ua1 routine ard. go to 3, otherwise,

Choose a fractional
tlon of the current

problems d.eternined.

of þlock j to the

sol-uti on.

block j in the optinal solu-

subproblem and. ad-d. the new sub-

by the arbitrations $e¡ $l)
list of subproblems awalting

d-oes not have unbound-ed
feasible solutions existt

1 'The 11near progran (¿+5) - (50)
feasible solutions. Hence if
tT¡en so d-o optfunal solutiorls ¡
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5. Analvse the Solutì on of the Subnr"oblem

If ttre subproblem has no feasible solution or the

objective function value is greater than or equal
*to ,T, go to 3.

If tle ælution is integer go to 6; otherì¡vise go to

2'

6 . Inteser Sol-uti on

.An improved. integer solution is at hand., hence

reset "i to equal tlre optimal objective fr¡nctj-on

value of the current subproblem and. then to to J.

(2.3.4) Penalties

The general branch and. bound- aLgorithn contains two

heurlstlc selection rules, namely 1n steps 2 and- 3. As

wlth normal integer progranming, these selection rules may

be based. on penalty calculations. Ho\n/ever, the calcula-
tions will d.iffer from the mor"e usual ones because of the

special nature of the axbitratlons $e) $l).
To illustrate the constructlon of these selection

rules, y,¡e first note that after step 1 of ttre algorÍthrat

vÍe only d,eal wlth d-ual f easible canonical forns of linear

programs wtricl- consist of relations (l+¡) (lO1 but with
some of the bound-s on tTre xJ tigþtened. accord-ing to the

arbitrations (50¡ (El). lhe l1near programs are thus

always of tfÉ form,
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-z+
eJ

Ir+

jeu
cJxJ + cJ xJ - -zo

jeu
arJ m¡

(re¡

(6o)

(61)

L

b jel, jeU
$g)

wbere B is a set of basic variables, lrU are sets of

non basic variables at their lorer and. upper bound-s

respectively, ancl

ãr>
ãJ < o for ie u.

This 1s the ilual- feasibility (primal optirnality) require-

ment. Note that in the abover wo Ìrave now useil furtl.er
xtr variables t,o represent the d.1 and. the slack and.

surplus variables, ard- trave d-enoted. the red.ucecl cost

coefficients¡ mâtrix and. right hard. sÍit-e elements of (¿+¡)

(¡o) by ã¡ , ã, 1, bi (an¿ -Zo) respective\y. Denoting

the current lower and. upper bounds on x¡ by l¡ ancl ñf

the baslc solution [err,ru] can be immecliately written as,

*Bt

x¡ =l¡ ,

x¡ -m¡ ,

Er .>jel

j e L,
je ut

arJ P¡

A1so,

I
T

b

-zoz
jeL jeu

CJ ilJ.

The primal feaslþilit¡r cond-itions, Þ8, < 18, * r0", """
satisfied in the final optinal solution of each subproblem.
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As mentioned- earli-er, r¡vhen v¡e encor¡:rter a fractional

nocle (subproblen) of the solution tree anfl make one of the

arbitratlons $e¡ (Sl) , we red-efire exactly one ã¡ or

one rttJ. Un]-ike normal nixed. integer progranming, how-

ever, such borrnd- changes may happen to a non basic as v¡eIl

as a basi-c x¡ varlable. In the case of a basic vari-

abler sâJ x5 = xB", the red-efinitj.on causes a primal- in-

feasibility in row rr ancL the penalty, (minimum change

in objective function value cluring removal of the prinal

infeasibilÍ-ty), is

p? = 4, þ[, for an xJ=o branch (62)

(65)

aniL

where

an0

pY = E. (Re"-bl ), for an *J=R; branch, (ú)

"J ârJ >

ârJ

4r - Mln (64)

õr
ârJ <

ârJ
,

oo

J

E, - Mln

ârJ <

ârJ >

,
ârJ

:l_
_ ârJ

€¡

,
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In the ease of a non basie. variable xJ, the bou::d.

change has an immecliate effect on tlre objective function

value and. the values of _g!! basic variables 1n the basic

solution [nrI,rU]. Ibe new val-ues are given by

zil ="-êl RJ

nl_
b1 - b1 + arJ R¡

for an x¡ - O branch, and-

ar J RJ

for an x¡ - RJ branch.

This yield.s immed.late penaltles of -cJ RJ and.

cJ RJ respectively. If some prima1 infeasibilities are

also generated. by the above process, an ad.d-itional penalty

may be computed by consld-ering the change in the ob jective

function value dr:ring the first dual sinpÌex iteration.

If this is based. on removing an lnfeaslbility in row i,

the ad.d.itional penalty 1s

Et (f¡, - b'l ), ir ¡l' ' ln,,

or

ztt=z+?rn,
- lI - tb1=b1

rlt if

lLre maximurn ad.d.iti onal penalty wtrich nay be so com-

(bl' - ñe, ), bl' > ñ", .

putecl is
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{= o , max
i:bl'<-l¡,

.'(*, -oíi),
:. :lf>-rg,

,/-ñBnäx

and. the final penalties are therefore

P? = - ËlRl + A, for an xJ =o branchr,

and.
1T

Pj = c¡ RJ i A, for a¡. xJ=R branch.

(66)

(67)

Although the calculatlon of A will invol-ve more effort

than the normal- choice of a d.ual sinplest pivot, it is well

worth while since, as pointed. out by Tomlin 1381, the com-

putation of the higþest possible penalties greatly asslsts

in pn:ning the solution tree.

A computer program has been written uthich uses the

stand.ard- tree developmen- s;rategles [38] þased. on the

above penalty calculations. For a non-terminal nod-e we

(norma11y) choose to arbitrate ttre block with the worst

penalty narnely

Max P

where F 1s the set of al-l fractional blocks 1n t'tre curr-

ent solution. This specJ-f ies rule 2 of tlÌe general algo-

rithm. Rufe 5 is speclfied. as follows. fhe branches

d.escend-lng from the current subproblem are ord.ered. lexi-

cographically accord.ing to increasing penalty vaLue anil the

leftnost branch is sel-ected. for d.evelopment. T[hen a tennin-

Ma:c
jeF vl

["?, s effJ
(6s)
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al- norle is reached, the next subprcbleirL selected- for sol-ution

is obtained. by backtracking along the tree until the left-
rnost branch for which the objective function value of the

parent plus the Penalty is less than z:. This Locates the
L

leftraost unarbitrated. branch of the tree for which it nay

stil] be possible to obtain an improved. integer sol-ution.
vfe then proceed- as before until another terrninal nod.e is
reached-.

Tt should. be noted. that the rul_e (68) may be rnod_i-

fied. to take into account rrflaggablerr blocks, similar to

normal mixed- integer prograruning [58]. A fractional block
is flaggable if exactly one of its branches has a low enough

penalty to qual-iflr for d.evelopment. Since there is thus

only one choi-ce whict- can possibly yleld. an improved. integer
solution, it can be mad-e immed_iately and. the ruLe (68) can

be reapplied. l:¡itl. F equal to the set of fractional, non-

f]-aggable bloeks to enable sel-ection of a normal bra¡rch for
d-evelopnent as wel-l"

A secord. computer program lncorporating these

refinements has al-so been written and. tested-. Both pro-
grarnmes have been applied. to reasonably snall problems and.

there has not been a great d_ifference 1n Cp times, How-

ever there was a vast improvement on the more cumbersome

mixed. lnteger programming approach. For example, the

execution tlme for the previously mentloned. problem vlas
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4.8 seconds. All tests showed that the new brancl: and

bound procedure was a very efficient and very appeallng way

of enumeratlng all the posslbllities which arlse on account

of the mlnlng eonstralnts.
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2.4 MULTTPERTOD EXTENSTON

t'Ie now present a multlperlod extenslon of the app-

roach glven in the prevlous sectlon. As an example of its
appllcation, we have in mlnd the plannlng of operations on

say a dal1y basls for maybe a week or two in advance.

I,rlh1le thls can be aehieved by repeated use of the s1ngle

perlod. model, the more globaI approach may yleld a better

solution. The ind.ivldual perlods we shalI conslder may be

thought of as having equal duration, but this 1s not necess-

ã?y t so long as we know the productlon targets and machlne

capacitles durlng each period, I'Ie shall make one lmport-

ant assumptlon however; namely, that the ore produced from

the mi-ne d.urlng each perlod w111 be used to form separate

beds (or perhaps separate portions of the same beds). Con-

sequently we would l1ke eaeh separate productlon batch to

conform as closely as posslble to the mlllrs requlrements.

This ln turn causes the linear programs to assume a partie-

ular1y slmple form whlch may be exploited to inerease the

efflclency with whlch the solutions can be found.

The multlperlod generallzatlon of the l1near program

(45) (50) ls very readlly obtained as

Minlnise (69)'=??"i
subject to

? sr lxt = ei (zo)+



? st t*3 + a!.-
q.ï

* .rt?

f

^ljesl Qs)

= RJ (zl+)

-72I).

=G?

>x!
Ju

Qt)

lt (zz)

Qs)

+ .t[ ¡[

xj +wJ

where

xj = tons mined. from bl-ock j during perlod- I,
al - penalty (in aottars) for shortfal-l or excess of

constituent i 1n tlre blend- fcrmed. in period. t,
a[rbk = lower, upper machlne capacitles in period. t,

Tr - prod.uctlon requirement for per,ioil. t,
ptrq.t - penalties for each/o shortfall, excess of

constituent i in the blend. forned. in period. t,
S[ - blocks available for mining by nach.ine k dur-

ing peri od. t,,

sl, uT, v[, vItr = surplus or s]-ack variables.

The remaining coeffieients in (69) QS) have ttre same

interpretatlon as before. Note that the penalties plrq!
have now been a].lcxr¡ed. to d.epend. on t slnce it may be d.e-

sirable to weight the earlier coefficients pr and. er by

the tonnages Tt, if the latter are allowed. to differ from
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period. to pericà.

3. signifj-cant d.ifference between the singJ.e and.

multlperiod. formulations occurs in the reserves constraints

Q4). For bl-ocks whlch may be mined. in two or more period_s"

the reserves constraints (Zl+) form generalizeit upper bound.

constralnts l25l ratTræ than the slmple upper bound_ con-

straints in (rc¡ ard. consequently they now appear explic-
itly in the constralnt natrix. For blocks which are

available for mining iluring one pericd. on1y, it is prefer-
able to revert to the earlier more efficient verslon of
the reserves constralnts (SO¡ rather than (24).

The nining constraints are also more involved. than

before and, they are noïy v¡ritten as

t
xj I Virt. Qel

se.fi¡ fr=1

Again this means that mining may not commence in block j
unt11 at least one of the surrounding blocks (i.r f¡) is
mined. out. The speci al 'oranch and bound- proced.ure clevel-

oped. in the previous section for optlnj-zing a single period.

Ilnear programming blend.ing problem subject to mlnlng con-

straints may be eas1ly extendeil to solve the multlperiod.

problem (69) Qe) z Suppose we have an optimal sol-ution

to pnoblem (69) QS) or any subproblem d-erived. from 1t by

altering the bound-s on varj-ous variables. fn such a solu-
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tion, a block i will 4ow be called fractional in period. t

if tTre constraint (lø¡ is violated.¡ 1.€.
t

x!>
T=1

Arbitratlng this fractional block gives rise to the foIlow-

ing branches;

1. an xl = O þranch arrilt

2.

An xl = O bra¡rch 1s mad.e by setting an upper bouncl of
t

zero on the variable xl, whll-e an ) x[ = Rs þranch is
/-)
T=1

ma¿le by setting an upper þorrncl of ?,ero on the variable ws

and, also all variables x[, vrith T > tr whlch appear in

the nocLel. Penalty caLcuLations basecl on these bound-

changes may þe d.evelopeil as before.

Gomputing tlnes for tlre multiperiod. approach

increase exponentially w|t"Tr the number of perioðs and we

trave to make further use of the structure of the problem to

obtain solutions efficlently. T?rere are two reason's for

this ra¡rid. j-ncrease in computlng tlne. Fj-rst1y the minlng

constraints Oe¡ includ-e mafly more posslbllitie s than are

consid.ereil by repeated. application of tlp single period.

tr
/-r
r=1

x[ =Rs¡ s€/f¡ branches,
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noilel. (Tb.is is why the multiperiod- a¡rproacfì cart of
course yieJ-d- a better solution). Secondly the linear
program (69) QS) is much larger than before.

As hinted. at alreaily, the effect of the mining

constr.aints QA¡ rnay be reduced. by using or¡r mining know-

leilge to assì-gn the blocks to rrlogicalrr perioÖs instead.

of to all perlod.s; -r,hat is we only allow the nod.eI to

consid.er loglcal or preferable alternatives rather than aJ.l

possibilitles. For example, suppose v/e wish to plan op-

erations for lulonÖay througl to Frld.ay. ft will then be

impossible to mine¡ oD lvlonday, certain blocks which are

located. well inslde the d-eposit, i.ê. far from the current

ninlng front. (Inaeea it may be possible to reach some

of them by Frld.ay only). If we ind.iscriminantly al-low an

xt variable in the mod.el for these bl-ocks, for the value

of t correspond.ing to Mond-ay, then these varlables may

qulte vrel-l- assume positive val-ues 1n the optimal solution

of many nod.es of ttre solution tree. The niining constraints

will be autonatically violateil and- even though this may be

obvious to the mlning engineer, the mod.el-, 1f unaid.ed-r frâl

have to examlne mar$r more nod-es before it also iliscovers

thls and. then correctly flxes the above xl at zero.

Careful selection of the blocks to be rnlned. in

any period- thus increases efficiency by renrroving i11oglcal

nod.es from ihe solution tree. tr\rrther d.ecreases in CP
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- tlne-na¡¡ be had by utl]is'lng the structure of tlre 1l-near

program (69) --(75) to lncrease the speed wlth whlch we can

sof-ve the varl-ous 1l-near programs f6¡ the nodes wt:f-c:r. ate

genenated by the algorlthm. This structure Ís lmmedlately

revealed when we write ttrc lanear program (69) (75) ln
the matrlx form,

Min z = gl5. + gLÍ, *.., S{I. *... gl5" Qt)

subject to

rows [EoJo + Erxl+ F,r*, *... E.ë0 *... EnSn = R (lO¡n0

m
I BrÍL þt

þ,2

9
a
I

ro!Ís

m B"Í'ro'!Ís

rows

ro!Ís

a

a
a
a

a

I
a
a

br

0g)
a

t
m BrI'

a

a
c

a

a
m

I Bnãn = Þn

¿B(xt<
ddN

(so)

rhe vector Jo consists of the slack variabr-es wJr. whiLe

the variables *3, ql, s! and. ul are all includ.ed. in
the vector ët. lhe reservês constraints (74) r.¡hich span

two or more period-s appear in (Ze¡, while the blending re-
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quirements appear j.n t,tre lel --.,8" j portlon of the con-

straint matrix. The eonsequences of forming separate

blend-s aTe imned.iately reflected. in the simple block d.i-

agonal stnrcture of thls submatrix. As mentioned. in
Chapter 1, marìy multiperlod. problens have this stnrctr¡re

and tïrere are several v¡ays in which it can be exploited..

The remaind.er of this section d.emonstrate.s that tte con-

tracted. basis techniques d.eveloped by Kaul l21l ard' Lasd-on

l25l are particuJarly suitable for use with the nevr branch

ancl boi¡¡d. procedure to solve the problem (69) Q0¡.
these methods rely on representing any f\r11 basis of the

system (Ze¡ Qg) more compactly by a working basis only

moxmo in s1ze, plus basis matrices, oÉ size flxm from
+each B¿.' The slmplex nethod., vrhether primal or d.ual-, op

lncorporatlng arbitrary l-olver and. upp* bound.s on the

variabLes (as in our case), may be applied- viith consid.er-

able savings 1n time.

lhe full- algorithn is given by lasd.on but a few

d.etails will now be summari-zed. to d-emonstrate the further
savings that may be gained- (in ¡oth conputation arrd. storage)

by utllising the ad.d.itional- structure possessed by the

matrices I% ,Er, . n . eE¡. These matrices are 1n fact just

urs d.enotes the number of rows possessed by the ma^r,rlces
EorEr¡. o. ¡E¡; In d-enotes the nr:mber possessed. by
B"rBz¡...¡B¡.

r



79"

i-ncidence matricoÊi f'heir eoltrmns âre eitl-rer zeto or unit

vectors. Correspond-ing to rovr t, (r=1 ,. . . ¡ttte ) , of

Eo rEr e . . . eE¡, there is a generalized- upper bou¡rd. reserves

constraint for some block, say block tr. It follows

that for all variables xI, which appear in the mod-el,

the correspond.ing col-umn of 3¿ is the tr:lit vector S..
The coLu¡nn of Eo correspond.ing to the sl-ack varlable

vll r al-so consi sts of g" . All columns of Eo ,8" ¡ . . . ¡E¡

not so accounted. for consist of zeto vectors. 1Ìte Er

may thus be stored. very compactly by record.lng the row

number of the unit el-ement otr each column whlcÏt 1s a uni t

vector and. a zero for the remaining columns.

Since the submatrices EorBr¡,..e8¡ all have n111

rankr so d-oes the complete constraint matrix,

Eo E1 Ea ... En

B1 (o)

I

I

I.

Ã,-

Moreover any basis ß,

to have the forrn

Bn

chosen from it, can be partitioned.

Br.

(o)

a

o a
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EarE=l.....Ent B_L_---
B¿¿ cl

c2Bz:-
ß-- (s1)

a

a o

caBn L

where each Err andl Brr are submatrices (of cLinension

nroxp and. nxn respectively) of Er a¡d. Br arril also tl-e

Br r are nonsingul-ar.

Lasdon uses the transfor@tion natrix

ï
a (s2)

a

I

0 ¡r
where Vr

Thus

- -Bii Cr to recluce ß to bloek trlangular form.

2

vl
V
a

a

a

V

T



ßJ=

E"r D2 1 ..4. En" B
L____

Bt:.

BBr

a

a

a

Bn 1

Þ-1YîL
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,

o

where

B = (E* V1 + Ez.. yz + r.. En Vrr) + Ê,

anil this is the so cal-Ied- working basiso we can noiw

easily j-nvert the matrix ß7 as

B;

(st)- ' o

t
L

Bzt

a

a

B-1 1Et tB¡ f. -B- 1En,.Bñ tl-:;: aoa

and. since the inverse of tte orlginal basis matrix ß is
tTren given by

ß-t =JJ-tß-t =J (W¡-r,

we only need. to store and. maintain the submatrices

B-1r BiLr.., eBfif and, Yur... ¡V¡ 1n ord.er to be able to
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generate el'l quant-ities need.ed fon arly simpJ-ex iteration
(prinal. or dual). 

,

For instance, the sinplex multipliers

U' = (T6, T'rr.....erÍ{,) are obtained. by

g, =-"äJ(w)-t (sl)

Trhere sáy are the cost coefficlents corresponùing to the

basic variables of !8. ÊÅ has the form

!* = QLrgLe'o.2Q!7 i g'),

so by defining

d' = ßLr}L¡....¡d-{ ! -u') = SäJ
we obtain

. Ê' = clvr + e[Y, r,..+ glvn + g,

a¡rd.

gi = gl , +, = 1t...rn.

Equation (sj) ttren enaþles the components of ¡r ,to be

conputecl as

T3 = d'B-r

anc[

t = 1¡rrr¡rrr')e;1,
+gt Er(g¿d

The simple structure of the matrices Err n_o,Jr

enables the g{, to be conputeit much faster than for general
nultiper'1oil problems. rn particular, the columns of the
prod'uct T6 Err correspond.ing to zero vector:s of Etr are
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just zeîo, whiLe those eorreslrorLding to unit vectors of E¡t

are sinply particular elements of T6. The calculation

of T(. wil-l thus be rougþly equivalent to nultiplying a

rorv vecton with a matrix ard. coupled. wi th the fact that

the matrices are ndr¡ nucTr smal]-er since tte y refer to

lniliviilual blend.ing perlocls, substantlal savings are gained.

compared- to wcnking with tle f'ull basis matrix.

The conputation of the transforms, witTt respect

to basis ß, of the non-basic costs, the right-Ì¡and siCle

elements and- ari arbitrary column or rorJv of the original

constraint natrix Á" are outlinecl in Append.ix If. the

ad.d.itionaJ- structure cleriveil from the E-uratrices persists

throrghout tþese conputations and. agùn thry go nuch fast-
er than usual. Once .cornpl.äted.; they give ûs all the lnforna-

tlon requlred. for one iteration of the prlnal or d.ual

simplex algoritTull. TTE urethod.s for upd.ating

B-1, Bitr...¡8fi1 artd Vrr...¡V¡ as a result of a pivotal
transformation can likewlse be easlJ-y d.eveloped by partit-
lonlng tte corresponiling e]-ementary matrix accord.ing to

that of ß and. further details nay be had- in Lasilon l25l'
The illscusslon presented so far in this and- the

previous section has concentrated. on the techniques necess-

ary to obtain efflcient solutions to ttre short term plarur-

Í-rrg models (¿+¡) (lo¡ and (69) QS). Apprication of

the nethod.s to test-problens has proven that they are

effective, but the author has not yet had. the opportunlty
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to Ïrave tbem imFlemerrted. in a real-world. situation. fn

practice tTìe nining engineer, if he so d.esi-res, will be

abLe to exert consid.erable influence over the final plan

chosen by carefully specifying which þlocks are to be

lncorporated. ln tle nod.el. Ihis opportunity for involve-

nent of the uri-ning engineer is an attractive feature of

tJre mod.els and. it is suggested that the greatest benefits

wiLL be obtained. if the conputer programs written for

actual use have facilities for easy alteration cf tlÞ
relevant paraueters. Ihe abllity to d.o thls lnteractively
woulct particularly enhance the success of the approach.
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CTÍAPTER, 1

@HS

3.1 GETVERAL

In this chapter further appllcatj. on of Otrreratlons

Research techniq.ue s 1s made to long-term productlon

planning (""y for five or more yearõ) from a beach sand

d.eposlt n'hich is to be minect by a d.rectge. TÌte d.red.ge nay

conslst of either a suction-cutter or þucket wheel nechart-

lsrn attached. to a floatlng pontoon. ft advances along by

slowly eating its way through the Cteposit. Towed. behlncl

1t is a floating primary concentra.tion plant whose fi¡¡rction

ls to r€move most of the gangue from tTre ore antt eject lt
to the rear as tailings. The rougher concentrate which

lt produces 1s sent (e.g. punped.) to a f1na1 concentration

plant.
The aspect of the long-term planning which we shall

be concerned. with is the d.eternination of the dred.ge path.

The crltieal factors are the extremely linited. nobiLity of

the clred.ge, the contlnuity cf its path anil the spati.al.

d.istrlb.ution of bÌock grail-es and. tonnages in the d.eposit.
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3,2 NETWORK MODEL

( 3.2.1) The Network

As before we can represent movements of the dredge

through the deposlt by using a mathematlcal network in whlch

nodes stand for the blocks ln the mlne and links repnesent

the allowed lnterblock movements. The model whlch we sha1I

now dlscuss was developed and applled to an actual beach

sand deposlt. However, we shal1 use a hypothetlcal deposlt

such as shown in F1g.11 to lllustrate the approach. I¡le

shaI1 suppose the dred.ge is to start in the North-hlest

corner of this deposlt and 1s to f1n1sh ln the South; the

block in the North-blest corner 1s therefore taken as the

orlgln node and ls denoted by 0, but since we sha1l allow

any block on the southern boundary to be the final one to be

mlned, âil extra d.estinatlon node (denoted by D) 1s added.

and connected to all such blocks.

The baslc assumption we make 1s that the movement

capablIltles of the dredge can be approxÍmated by providlng

11nks from each block to Just lts nearest nelghbours. tlith

block slzes of the order of 100x100 metres, the network

model glves a good deseription of the posslble dredge move-

ments; however, to illustrate the sorts of networks whlch

arise, wê dlvlde the deposlt shown 1n Fig.11 lnto larger
subareas of size 1500mx500m and obtaln a eomespond.i-ng1y
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FIGIJBE 11

Plan View of Beach Sand. Deposit. Block Sizes are 100mx100n.
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smaller network consistj-ng of noCes {tr2r...,14} and

llnks (1r2), (t,4)...,(f3,f4) as shown in F1g.12.

For our purposes 1t 1s convenlent to summarlze the

network by uslng lts ttsuccessor matrlxf? whlch we shall d.e-

note by S = {sif,}. The elements ln row 1 of S are

obtalned. by listlng the suecessors of node 1 ln some

order, the most convenlent belng lexieographlcal orderlng

accordlng to :the numbers representlng each node:

sik w111 thus be the kth such successor of node 1 when

node t has k or more successors; otherwlse we set sik

to zeto. For the network lllustrated in Flg.12, the

successor matrlx 1s lmmediately glven by

k
42

4

5

6

11

t2

6

5

10

6

B

79
8rz
91r

10 L2

I
2

3

4

5

6

7

B

9

10

11

12

13

14

2

3

2

5

2

3

6

5

6

79

9

10

13

14

13

14

I4

where zeîo elements are represented by blanks.
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0=1
D=1h

F'IGURE 12

Sample Network
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ß.2.2) Maxlmal Chalns

rnpractlce lt 1s posslble for the dredge to pass

through a block more than once. Hot¡ever, on subsequent

passages the block w111 eonslst only of o1d. ta1l1ngs and

such manoeuvnes are therefore very rare. Consequently we

restrlct ourselves to dredge paths whlch are chalns fnom

the orlgln 0 to the destlnatlon D. A chafn 1n a

dlscrete network 1s deflned formally as follows: If
nrrnz¡...¡rr¡ are dlstlnct nod,es such that (.,,o,*,),

i = 1 r 2e t t. eî-1 are d.lstinct 1inks of the network, then

the seguence

nr, (n¿rna) eEl2¡ t.... r r[r-1, (tr-rror ), 1lr

d.efines à chaint from the orlgin nocle n¿ to the d.estina-

tion nod.e nr.
For purposes of evaluati-ng the various O-D chains

we assign to eaeh block in the deposit, a value ï¡ equal

to the net profit obtained. from d.red.ging the block. w1

1s computecl by subtracting all costs of proiluction fron t]re

revenue earnt from the block. trtor exanple, for an

iron-sand. d.eposlt mined to glve a concentrate assaying 59f

Fe for sale at $6.OO per tonne (of concentrate) the

block wortt¡s w¡ (tn aottans) are given by

1r ftre chain can clearly be unlquely Oefined. by the seguence
of nocles or the sequence of links alone.
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ur1 -rrIr.oo"ä-¿rl cl
TI¡hCTC

Tr - total tonnage to be d.red.ged.,

Et = average gracle (e.g./oFe) of ttle blockr.

R = total recovery (tfre arnount of Fe, sâSr

recovered. 1n the concentrate d.ivid.etL by

the total amount orlginally present in

the block),

iL1 - d-red.ging cost in $/tonne d-red-ged-,

c = femâin.ing costs (in $/tonne).
The values of Br ard Tr ard- hence the economies of

mlning block i d-epencl consid-enabJ-y on how cLeep we d-ecid.e

to d-redge. This is beeause the grad-es usually vary very

consid.erably w-ith deBth, higher grad.es being found. above

the water-table and. lcner grad.es below 1t. There are also

several technological factors whleh neecl to be conslclered.

when d.ecid.ing on the 1evel of the itred.ge poniL botton but we

assume that all such d.ecisions have been mad.e beforehand.

and- are reflected i-n tlte flnal values used. for Trrgr and

ilt - t¡rpicaIly we may d.red.ge from the surface to sea ]-evel-"

To perforn a proper financlal evaluation of any

chaln, we have to d.iscount the receipts obtalneit from the

'¡arious blocks belonglng to the chain. The following Ìvas

fou-nd. to be a particularly suitable cliscountlng scheme in
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viev¡ of the fact that the times taken to ilrecLge blocks varl

accord.lng to thre torurages of ore contalned. therein.

Suppose d.red.ging of bloek i starts at tlne t1 (ex¡rress.

ed. in years say) and. finishes at time tz. w¡ is then a
future receipt vrhich we d.iscount to a present value vr ,
glven by

V1

t
1

L

(r+l ) ur (Bl+),

where r is the d.iscount rate (p"r an:rum) o

This formula is obtalned. by assuming that the receipt w1

is continuously d-lscounted. over the tlme perioil [t"rtr]
d.uring which ore is being obtalned. from block i. (fne

constant 1n(r+1 ) itt (84) just ensures that _11T r, - w1
I¿Z-+ VL

and. Iim v1 = rttrr ) .
t-+O

T/e now let [nr=Orrlsrtts r...r]lnrrtr+r = Dj be a chair

consistlng of m+1 noiles (hence m blocks) frorn O to I
Its total present value is glven by

V -1
¡r+r ) 

tk

m

F
)

l--t
k=1

r
L

(a¡)

where t¡ is the commencement tine for d.red.ging block rrrc.

These are obtained. recursively by

tL -0t
tr*r = tr( + Tnn/r, 1(k(m
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where T is the rate of d-red.ging (in torures/year).

the above scheme has the property that if the d.red.gr

hail- no mobility restriction^s whatsoever, the optimal

strategy would. be,

1. Do not mine blocks with negative w1 values,

2. Mine the remaining blocks in d.ecreasing ord.er

of grad.e.

Because of the verïr limiteil d.reÖge mobiI1ty, wê mâyr how-

ever, have to violate thls simple strategy. fn any case

ïve seek the O-D chain which maximises the expresslon (85)

Iflhen r=Or this red-uces to a conventional longest path

problem in a network with positive SIæ,1 and. as noted ir
Chapter 1, such problems a:re, in genenal, notoriously d.iff-
icult to sol-ve. Fortunately an effective heurlstlc algo-

rithm can be obtaineil for the d.reoge problem, by simply

partitloning its full network into smaller networks and-

then basically using bnrte force enumeration to optimise

the smaller subproblems. The key section of the algo-

rithn ïvas a subroutfut" osed- to generaie alaz O-D chai-ns

in an arbitrary netvr'ork. Each 0-D chain produced. is

evaluateiL separately accord.lng to (S5) and- ttre maximal

chaln is saved..

1.4 cye] e ì s d.efined. as a chain except that n1 must equal
flr o

2'Except in the refinements to be d-lscussed. in 53.2.4 (q.v.
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Before d-escribing the ful-l algorittrm, lve sha1l

briefJ.y outline the method- employed- in the above-mentlonecl

subroutine. The rcthod. was based. on a famil-iar lexi-

cographical enr:meration proced.ure which utilises the

ord-erings (of the successors of any node) "" 
given by the

successor matrix S. fn what follows it is convenient to

caLl a nod-e j the kth successor of nod-e i (w1th re-

spect to S) if sr r = j. Also rve shal1 use tlxe word.s

rrfeftrr and. rtri-ghtrr to d.enote the relative positions in S

1

of clifferent successors of a glven noile i; thus ir=srkr

w111 be callecl left of ja=srkz 1f and. only if \ <

etc. Similarly the word.s rtleftrr arxl ¡lrlghtrt will be free-

1y usecl to d.enote the relative posi.ti-ons of nod.es in a

chain; nod-e rr1 is left of nod-e nj in the chain

lntrrtrr..o.rn, I if ancl only i <

as fo1lows.

1. Initial Step

Start with a chain consisting of ttre origin nocte O

arld. its.fiæ.! successor (i.e. nod.e s..,r).

2. Tncrement Chain if Posslble

(") If tle final nod.e of the chain has a successor

not alread.y used. 1n the chaì-n, ad-d. the leftnost

such successor to the chain and. then re-enter 2,

(¡) If the final nod-e is the d-estination nod-e¡ we

have constructed. the latest O-D ch.ain;
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evaluate ltr upd.ate the incr:mbent if necessarTr

and ttren go to 3.
(") rf the final nod.e is not the d.estination nod.e,

go straight to J.

3. e

' Let j ard i d-enote the r-ast and. sec'i¡nil to last
nodes of ttre chain respectively.

(.) Delete nod.e j from the chain"
(¡) rf nod.e i has a valid. (i.". unused.) successor

to the rlsht of nod.e j (in S), aod. this
suecessor to the chain and. then go to 2.

(") If nod.e i is the origin node O, stop. (¿tl
chalns have been enumerated).

(¿) ff nod.e i 1s not the origin, re-ent er 3.
(3.2.3¡

A-s expected-r wê cannot appfy cornplete enr¡¡neration
to the d.eposlt shorn 1n F1g.11 when block sizes are in the
viclnity of loonxloom as need.ed. for the network to close_
Iy nod.el the d.red.gets movement capabllities. The network
becomes just too large (ror exarnple there are 6zo

1oo¡rx1o0n blocks), rhe rapld- exponential increase 1n cp
tlme with increasing size of the network (i.u. finer par_
titions of the deposlt) is clearly shourn in Tabie h.
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96'
CP tlmes for complete enumeratÍon vs Block Slze

I000

1000

1000

8oo

500

x 1000

x 100

x l+OO

x l+OO

x 500

Block Sizes (n2 )

L2

20

2I+

2T

37

Netçork Size

No. Nqdeglno. fi*sllo. 0-D Chains

30

59

?l+

th

IL5

32

I,156

?rtoh

22r]-39

828,738

b.2 secs

I sees

37 sees

)27 sees

46b nins

C? tiuesa

a,

Or CDC 6l+OO conçüter
o*o 

*r"orrntÍng

As mentloned ear11er, the heurlstÍc algorlthm con-

sists of a two stage search procedure in whlch we flrst di-
vlde the whole deposlt ínto rarger subareas (e,g. BOomx4Oom

in srze) and then apply the enumeratlon method.s to the re-
sulting network to enable us to sequence productlon from

these subareas in a broadly optimal manner. TJe then op-

tlmise wlthln eaeh subarea ln order to pnoduce a proper

dredge path. Fig.13 shows how this works in greater de-

ta11. tüe suppose that the flrst stage has set aslde sub-

areas r and. rr for suecesslve development wlth subarea r to
be dredged flrst. For purposes of lrlustratlon, w€ have

dlvlded these subareas into 16 brocks each. l{e a}so ass-

ume that we have already determlned the dredge path in arl
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].

I

II

FTGURE 13

subareas mlned prlor to subarea I (ln the order deflned by

the flrst stage maxlmal chaln). To determine the path 1n

subarea I, we w111 therefore be startlng at some known

bloek, sâJI block (1r1¡, and w111 be deslring to flnish on

one of the blocks (4,1), (4,2), (4,3) or (4,4) whlch I1e on

the boundary between subareas I and fI. We construet a

network for subarea I whlch models thls situatl_on and apply

the enumeratlon procedure to determlne the dredge path

through it. The flnal block on the chosen path 1s noted

J h

I

2

3

l+
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and the block adJacent to lt tn sr¡barea II 1s taken as the

orlgln node ln thls subarea, and the whole procesÉ, ls
repeated. The algorlthm thus constructs local optlma ln
whlch the dned.ge has to complete aLL mlnlng operatlons

wlthln any of these Larger subareas befone proeeed.lng lnto
the next subarea.

Because the network model correspond.Lng to the

coarser subdlvlslon of the deposlt made ln stage 1, 1npl1es

less moblllty on the dnedge than 1s aetually the caser we

glve speclal treatment to the block values asslgned to the

nódes representlng these lâ.rger subareas. In partlcular

we aggregate only the posltlve 100x100m block values,

tacltly assurnlng that once 1n any such subarea, the dnedge

n111 exerclse lts somewhat greater manoeuvenabll-1ty 1n an

attenpt to avold the negatlvely valued blocks. If thene

are no such posltlve 100xl00m þlocks, a negatlve value

correspondlng to a path stralght across the largest dlmens-

1on of the subarea ls used to dlscourage entry lnto the sub-

area. Stage 1 of the heurlstlc algorlthn thus sequences

productlon from the. larger" subareas concentratlng on the

effect of dlscountlng and lmpostng broad contlnulty requlre-

ments on the dredgets movemenüs.

Some examples of nonoptlmallty may oecur 1n the

flnal paths at boundarles between successlve subareas,

especlally ruhen we perform lndependent optlmlzatlon over
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the varlous subareas. Flgure 14 gives a trlv1al lllustra-
tlon of this. Slmple extenslon-s can however be made to

dlscourage such transltlons. In fact 1t was found'

that a very qulck yet effectlve way of dolng this ls to

Iook Just one block ahead of the boundary. Thus 1n the

clestination

rI n

ETGI'TE 1\

Bourcla.rl¡ effeets: the first path Ís non optimal- for subareas I antl II,
but w-ill be proclrrcecl by inclepenctent optinization over sì¡barea I. T¡e
second. path is opti.nal for subareas I ancl fI. (lfu¡Uers represent
bl-ock values in tl-ollars, cla.shed line is dred.ge path) .

T
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above exampler wê let d1 and or denote the palrs of

blocks stradd.llng the boundary between subareas I and IÏ'

wlth d1 belng located 1n subarea I and ot ln subarea II.

If d1 1s bhe last bfock mlned ln.subarea I, then ot w111

be the flrst block to be mlned 1n suþarea II. Thus,

denotlng by D the destlnatlon node of the network repre-

senting subarea I, we asslgn to each link (drrD) a value

of *oi, the worth of block 01 when *oi ls negatlve

and a value of zero otherwlse. The resultlng network for

subarea I of the above example is shown ln F1g.15.

ETGURE 15

Netvork for subarea I. Values assignecl to nodes lr... 19 correspontl
to the values of bIoclçs in subarea I. VaÏ¡es assignetl to links
(?,ro), (8,r0), (9,t0) are determinecl by the values of the neigþbour-
ing blocks in sr¡barea ïI.
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Thls reflnement does not guarantee an

lmprovement but certalnly glves a strong blas 1n that d.lrec-

tlon and was found satlsfactony 1n all computer runs. A more

sophisticated but tlme consumlng approach ls to look a
whole subarea ahead. Thus we perform separate optlmlza-

tlons over subareas I and ïI for each pair of blocks

(dr,or ) whleh straddle the boundary. ÍIe take the path

whlch ls best for subareas I and II as a whole, commlt

the dredge to the portlon lylng 1n subarea I and then

examlne paths through subarea ïI and 1ts suceessor and so

on.

The computer program Í-ncorporatlng elther of these

reflnements 1s able to rapldly perform the chore of

determinlng near optlmal dred.ge paths through the deposlt.

Thls makes 1t 1deal1y sulted for use Ín feasibllity studles

where lt 1s necessary to analyse the effect of several

posslble costs, dredge rates and produetlon requlrements.

A1so, dependlng on whether the lnformatlon 1s avallab1e, ü¡e

can exaJnlne the effect of changing the pond bottom on of

dozlng actlvltles (to be dlscussed shortly). However,

several other technlcal factors come lnto conslderatlon when

determining the precise detalls of the path necessary for

the day to day operatlons of the dredge d.urlng the aetual

production stage. Most lmportant 1s the nodlflcatlon
requlred to the slmp1e concept of the dredge movements as
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expressed by the network morl.eI. blhl-le this ls entlrely

consistent with the fnformatfon ava11able durlng the

feaslbllity studyl, 1n the actual productlon stage the

mlnlng front may be allowed to vary anywhere between 50m

and 200n 1n order to pick up what are found to be IocaIly

rich pockets of ore and to avoid poorer patches.

To lLlustrate the use of the model, the results of

3 runs for the hypothetlcal depqslt shown in Fig.11 are

summarlzed 1n Appendlx 3. The relevant block grades and

tonnes values (for 400nx100m blocks) a-re also shown. rn

all runs the dredge rate was 4.6 x 106 tonnes,/year and the

dj-seount nate was '20% per annum. Block slzes used 1n

stages 1 and. 2 of the optlmization proeess were 369¡nx!00rn

and 200rnx100m respectively. Also the relevant cost data

and present values o,f the f1na1 dredge paths are shown ln

Table 5.

A few further polnts wlll now be made wlth special

reference to run 2. Flrstly the flna1 path shown 1n

Appendlx 3 was obtalned by tv¡o appllcatlons of the baslc

heurlstlc algorlthm. This ls because the flrst appllca-

tlon resulted ln losses being lncurred 1n some of the

marginal southern subareas whereas a proflt was expected to

lFor the aetual deposlt for whlch the model was developed,
grad.e and tonnage data was avalIab1e only for 400x100m
blocks. -
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TABLE 5

Cost Data and Present Values for Runs 1-3

1

2

3

Run

6.5%

8.0/,

Lo.0%

Break Even
Block Grade

( %re¡

31 Ttonne

38 Ttonne

48 "/tonne

Total Cost/
Tonne Dredged

( t,/tonne)
Flnal

Present Value
(g'000rs)

3290

208 0

920

be obtained durlng stage I of the algorlthm. The informa-

tlon obtained in stage 2 was thus used to resequence pro-

duction from the larger subareas and a secon-d stage ? vias

then performed to compute the flna1 path' The separate

results are compared ln Table 6.

Flnally it should be noted that there may be small

dlfferences between the local optlma assoclated wlth uslng

different partltlons of the deposit 1n stages t and 2 of

the heurlstlc algorlthm. Table 7 glves a comparlson of

the results for four such partitloning schemes applled

to run 2. Agaln the differences ln the flnal present

value are usually due to remalning boundary effects and

mlnor manual adJustments may be made to reduce them (for

example ln subareas (trt) and (614) of Flg.fI ln Appendlx 3)
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TABLE 6

Comparlson of Results obtained from Double

Applicatlon of Heurlstic Algorlthm.

I
2

3

h

5

6

7

B

9

10

It
t2
13

Il+

15

16

L7

18

tg
20

Steo

( r,r¡
(z,r)
( s,r)
(s,a¡
(zrz¡
( e,s)
( :,g)
( s,h)
(h,h)
( 5 t

t

h )

( 5 3 )

( l+ 3 )

( h,z)

ß,2)
(6,2)
( 6,s)
(6,h)
( t,l+)
( t,s)
ft,2)

Subarea

lst Application

,o
296

z6

836

z:.,6

68

rrI+

6

tz6
2t2

52

6z

r86

20l=

rgh

-52
133

-12
-68
68

Cu¡rent
Reeeipt

($'ooo's¡

50

331+

358

1109

rzBr

1332

r\16
rl+Zr

1511

::6s6

:-.6136

t720

r8r?
191h

2001

19T9

2032

2028

20OT

zozB

Ctmu]-.
Present
Value

( $'ooo's )

(r,r)
( 2,1)
( ¡,r)
( ¡,2)
(z,z)
(a,s)
( s,¡)
( s,t+¡

( l+ ,1+)

( 4,3)
( h,z)

$,2)
(5,s)
( ¡,t+)
( 6,l+)

(6,=)
(6,2¡

ft,zl

Subarea

2ntt App3-ieation

50

zg6

z6

8s6

z::6

68

uh
6

r22
6z

r86

201

5'
207

L79

-l+3

r8l+

79

Current
Reeeipt

( $'ooo's )

50

33)+

358

1109

ra8r
L332

rl+16

rl+zf

1508

1550

::668

ú86
r816

]l920

2001

Lg95

2O50

zo76

C\eu1.
Preseut
VaIue

($'ooo's¡
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TABLE 7

Effect of Partltlon

Sooxl+oo

BooxSoo

l-000x¡+OO

199ex100

Stage
I

Partition:
Block Sizes (m)

200x100

200x100

200x100

200x100

Stage
2

27

22

2l+

20

No.
Nodes

Net¡rork Size
Sta,eeI I Sta.ee2a

Bl+

6j

7l+

59

No.
Links

L7

2I

2L

26

No.
Nodles

,2

67

67

8:

No.
Links

9l+

8

28

\

Stage
I

CF tiues
(secs)

22

9l+

8l+

?08

Stage
2

LL6

102

t)2

712

Tot.

2O9O

2080

2060

2060

Cl¡nulative
kesent
Value

( $'ooo's )

a,_
I]ær-ca.l slzes

Branch and Bound(3.2.4)

An lmportant modiflcatlon can be made to the heurls-

tlc algorlbhm so far descrlbed ln that it ls possible to

lntroduce a slmple branch and bound strategy whlch enables

signifieant savlngs 1n CP time to be obtained ln stage 2

of the algorlthm. S1nce, ln stage 2, the optimlzatlon is

carrled out over small separate subareas which do not re-
quÍ-re a long period of tlme to be dredged" discountlng d.oes

not play a major ro1e. Instead it 1s more important to

just plck up as many positlvely valued blocks and avoid as

many negatlvely valued ones as possible. Ïn addltlon to

the present value of the lncumbent 0-D chaln, wê therefore

malntain the total rrstralghtfi va1ue, that 1s the value
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correspondlng to a ze:".o dlscount rate' Let slÊ denote

thls stralght va}ue, (the asterisk slgnifies the lncumbent

0-D chaln). During the construction of each 0-D chaln,

subsequent lexlcographleally to the ineumbent, we nol¡ keep

f,rack of the sum of all negatively valued blocks committed

to lts varlous subchalns, and. we let f denote the-Ïalue

of this varlable. Furthermore, let P denote the sum of

4 po"ltlvely valued blocks ln the subarea, plus the max-

lma1 tlnk value (dr rD) when we use the single block look-

ahead procedure, where dr ranges over all blocks on the

flnal boundary of the subarea. If 1t n'ow happens that

f < slß - P, then all 0-D chalns whlch are completlons

of the current subchain, will have a worse straight value

than that of the incumbent (s*). lrle therefore dlsmlss

such chains from conslderatloñ, backtracking at least one

step to avold. offend.lng blocks, and then recontlnue wlth

the lexlcographicat enumeration procedure. A good' early

O-D ehaln w111 thus e]1m1nate many succeedlng 0-D chalns

from exp11c1t conslderation.

}ühen a complete 0-D ehaln is produced., 1t w1ll

now have aþ least as good a stralght value as the lncumbent.

However, w€ sti1l compute 1ts present value and update the

lncumbent on thls basls. The dramatic effeet of thls

simple bnanch and bound strategy on CP tlmes can be seen

by comparing the times shown 1n Table B wlth those 1lsted

in Table 7.
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TABLE 8

Effect of Branch and Bound Stnategy.on CP tlmes

ß.2.5) Dozing Actlvlties
Finally we shall show how the basic netluork model

can be extended to allow dozlng activities to be taken at

Ieast approxi-mately lnto aceount. In many beach sand

deposlts high grad.es are predomlnant above the water table

and 1ow grades below it and lt may therefore be beneflcial
to also incorporate dozæs lnto the system. Thls enables

rl-cher ore from the upper 1eve1s to be pushed lnto a nearby

dredge path and the lower'non-paying portlons to be left
lntact. Thç dual operation of dozer.s and dredges thus

glves conslderaþIe f1ex1blI1ty fn d.eallng wlth vertlcal
varlations ln grade. They eomplement each other ln that lt
i-s infeasible for dozers to operate below the water table

B00xl+oon

800x500n

1OOOxl+oom

1999x!00n

Sta^pe I

Partition :

Block Sizes

200x100n

200x100n

200x100n

200xl0On

Sta.se 2

9T

I
28

l+

Sta^ee 1

@ tines
( secs )

3

6

9

28

Ste.ee 2

100

th

37

32

Tota-1

2080

2080

zúo

2060

C\nr¡lati.ve Preseat

Va]-ue

($tooots)
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and costly to ralse the üop of the dredge pond above lt.
tüe w111 agaln lllustrate the approaeh by referrlng

to the depoolt shown ln F19.11. Each block ls now dlvlded

lnto the two levels surface - waten table and water table -
sea leve1 and we assume that the followlng cholces may novr

be nade;

(1) dredge the whole block,

(11) doze the upper level onlYt

(fff) ¿o not mlne the bIock.

The relevant grade and tonnage data are now shoun separately

for the upper and lower levels 1n Appendlx 3 wh1le Flg.16

glves a scatter plot of block grades (Íne) fon the upper

level versus those of the lower level.

MaterlaL dozed must bear a dozlng cost ln addltlon

to the stralght dredglng cost so that the proflt earnt from

d.ozlng the upper leve} of an arbltnary block 1 now becomes

F 59Pr m1¡it .00 R

L
8¡ -d-z c l

where gt and Ti are the grad.e ancl tonnes values for

the upper J.evel, surface-water tabLe, and. z is the

incremental clozlng cost (ltt $ | tonne) . fn practlce the

d.ozing costs clepenit on the d'istance of push, the topography

and. other factors whlch affect the ease of operations.

Howeverr wê shal1 only be able to take clozing into accot¡nt

approximately and. for purposes of J-ong terr¡ economle
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analysis 1t 1s reasonable to base costs on some fixed aver-

age length of push, for example 75-100 metres. A scatter

plot of dozlng proflts p versus dredglng proflts w ls
glven ln F'lg.17 for the case of fl = 8.0 eents/tonne,

z = 11.5 cents/tonne, c = 3O cents/tonne and fl = 47/'.

The preferred a prlorl declslons for block 1 can

now be stated as

(1) dredge the whole block 1f rnr 2 pt and wl >

(i1) doze the upper leve1 1f p,r t t-,¡r and Þr >

(iil) ¿o not mine the block otherwlse.

Devlatlons from'thls preferred strategy may agaln be necess-

ary due to the dredgeis limited mobil1ty.

The way ln whlch we lncorporate thls lnformatlon

into the model 1s to slmp1y take the bloeks for whlch dozing

ls the flrst preferenee and lnstead of the full dredglng
*

value wt, we nor,ìr asslgn the values. ltlr-Ptt and. then

proceed exactly as before. Slnce this value 1s negatlve,

the dredglng of such blocks w111 be dlscouraged although,

as mentioned above, 1t may occasionally be necessary for

contlnulty reasons. ïn either case an addltlonal proflt

of Pr will usually be earnt over and above the final

value cornputed by the algorlthm. Thls because lf bloek 1

ls not dredged, a value of zero ls present 1n the computa-

tlon of the dredge path, whereas an extra profit of Pr

w111 be earnt from dozlng 1t. On the other hand lf lt is
Note that Pr-vrr > O 1s the opportunlty loss assoclated
wlth dredglng block 1 instead of dozing lt.

t
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dredged a value of wr -pr 1s present 1n the computatlon

whereas 1n real-lüy a proflt of wt w111 be earnt.

The flnal conneetlon of dozlng actlvltles wlth

nearby dredglng actlvltles can be easlly done manually.

In thls regardr lt may be found on the flrst pass of the

algorlthn, that a few blocks whlch are antlclpated to be

dozed actually lle too far away from the dredge path.

Praetlcal llmlts for dozlng may for lnstance be ln the

vlelnlty of 150-200 metres. If sueh blocks are not too

lnsulated by poor areas, mlnor lmprovements may be made

by replannlng the operatlons usÍ.ng the fulI dredglng values.

tIhlle the f1nal paths are thus not guaranteed to be globally

opt1mal, they have been senslble 1n all eases and the

approach has agaln proven especlally sultable for rapldly

analyslng the several poss1b111t1es whlch must be conslden-

ed ln an actual feas1bll1ty study. The results of 9 such

runs are now surn¡narlzed in table 9. As before dredglng

and other costs have been chosen so that break even block

grades (for dredglng only) are 6.5fi, 8.0ß and 10.0f . In

addltlon dozlng costs have been chosen so that dozlng 1s

the flrst preference for LO%, 20ft and 30ß of blocks ln the

d.eposlt. The correspond.lng values of these costs are also

shown ln table 9. Further detalls of the path for the run

wlth break even block grades equal üo 8.0Í and dozlng costs

equal to 11.5 e/totxte are glven 1n Appendix III.
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Table 9

present Values of Operatlons When Dozers are Used,l

rNr¡mbers in parenthesis are clozing costs in cents ltonne.

6.5%

8.0%

]-O.o/"

Break Even

Block Grade

3320
(11.0)

2130
( 13.5)

930(t2.5)

rc%

Percentage of Blocks Preferred for Dozlng

3 390
(e.5)

2150
( 1I-.5)

1020
(e.5)

20%

3450
( 8.0)

22BO
(10.0)

1050
Q.5)

30/,
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CHAPTER 4

DISCUSSTON

Thls thesis has employed optlmizatjon techntques to
solve production planning problems 1n two qulte dlfferent
mlnlng environments. They have been used to plan produc-

tlon from both an open-p1t m1ne, where there are grade

constraints on the miIl feed, and from a beach sand deposlt

which ls mlned by a dredge. In each case the startlng
point has been a precise mathematical formulatlon of the

problem, and, except for the material presented 1n secti_on

2.4, computer programs have been wrltten to test and.

lmplement these formulations.

The maln contrlbutlon has been to demonstrate that
the more advanced optimlzatlon technlques dlscussed in thls
thesls can 1n fact be successfully applied to nlne produc-

tj-on planning problems. The state of the art has been

rather Llmited to date, I1near progranmlng belng vlrtualIy
the sole optlmlzatlon technlque used 1n appllcatlons de-

scribed ln the llterature. By itself linear programmlng

ls unable to deal wlth the more detailed lntenactions whlch

occur for example betu¡een the mine and the mi1I. rmportant

nonlinearlties, such as machlne movernents and mining con-
stralnts whlch have prevlously been largely lgnored 1n the
optimlzation process, can now be taken lnto account more

satlsfactorll¡r. rn practice, cp times often increase to
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unacceptable llm1ts when we move from llnear to nonllnear

programming ln whtch case the additlonal.sophisticatlon ls

not worth the increased computati-onal effort. However, 1n

the case of the mlne prod.uctlon plannlng problems conslder-

ed 1n thls thesis, 1t has been shown that 1t 1s st1lI poss-

ible to come up wlth computatlonally efficlent algorlthms

by carefully adaptlng these more advanced technlques and by

uslng the structure of the problem $¡henever posslbl-e.

The author has not had the opportunity to apply the

technlques developed 1n Chapter 2 lor mlne-m1l1 productlon

plannlng to real world problems. Instead extensive comput-

er lnvestigations have been carried out using trlal examples

and the results have proven logical and 1n agreement wlth

minlng englneerlng practlce. The work presented 1n

Chapter 3 on dredglng has been used in a feaslblllty study

for an actual deposlt. The resulting computer program

enabled the produetlon of acceptable plans and a preclse

evaluatlon of them in the space of mlnutes, whereas a manual

approach by a minlng englneer nequlred several weeks. How-

ever the greatest advantage of the mathematlcal and computer

approach was found to be ln the abllity to get v1rtuaI1y an

instantaneous response to the effect of changlng varlous

parameters 1n the mod,eI. The great tedlum of golng througlt

the whole process agaln by hand soon deters such a fulI 1n-

vestlgatlon. The mlnlng englneer is of course the one who
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must declde what parameters should be changed and trow they

should be altered, and hls interaction wlth the computer

1s an lntegral part of the approach.

As mentioned earlien, the art of applylng operatlons

research technlques to mlne productlon plannlng problems ls

st1II 1n an lnfant stage and there 1s conslderable scope

for further research and development. As a result of

work presented 1n this thesls several areas can now be

ldentifled in whlch 1t would be part1.cularly beneficlal to

carry out more research. ïn sectlon 2.2, for lnstance,

vre dealt with medium term mine m111 production plannlng ln

which the main concern was to minlmls.e interblock machlne

movements, especlally those of the slower moving dragllnes.

Taking these lnto account led to a h1gh1y nonllnear mathe-

matlcal program whlch could not be solved directly although

an efflcient heurlstlc algorlthm was constructed and used

to obtaln acceptable solutions. Iúh1Ie the heuristlc

approach 1s entirely conslstent wlth the amount and quality

of lnformatlon l1keJ-y to be avallable for lnput lnto the

model, there ls conslderable worth 1n conductlng further

researeh lnto obtalning, lf not globally optlnal solutlons,

then lmproved. locally optlmal solutlons to the mathematlcal

program (1) Q9). In partlcular, avoldlng the necessity

f'or lndependently optlmlzlng over successlve bl-endlng inter-
vals would be welcome from both the theoretlcal and practle-

aI viewpolnts.
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Branch and bound and ml-xed integer prograíünlng ane

themselves rapl.dly expandlng fieLd.s and their applf.eatlon
to mlne productlon plannlng problems can be eonsldered as

only Just begun. The work presented 1n sectlons 2.3 and

2.4 on branch and bound was based excruslvery on the calcu-
lation of penaltles. seleetion rules based on penaltles
appeared very earry in the deveropment of branch and bound

methods for the standard lnteger or mlxed lnteger programm-

1ng problem [f0,51. More recent work t31] has shown that
severaL other heurlstic rules may be more effectlve 1n terms

of tree development and hence reduced cp times. some of
these ru1es, for example I'prlorlty orderingtt [3I] a1low the
user to specify parameters based on hls knowredge of what

varlables have greatest b.earing on the problem. Rules

such as bhese have allowed signlflcant savings to be obtaln-
ed. for certaln types of probrems. lfhire the use of penart-
ies has proven very effeetlve 1n the productlon plannlng
probrems wlth mlnlng constraints, the lnvestigatlon of other
alternatlves also appears to be a frultfur area for further
researeh. Prlority orderlng rules seem to be parttcularly
promlslng as the mining englneer wirr usually have an Ídea
of ¡vhat bloeks mlght be like1y candldates to be mlned out 1n

order to get at good bloeks whieh are lnltiaIty enclosed.
rn other cases he may have some prlor preferences as to how

he wourd like the minlng to proceed., and he would rlke to
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lneorporate these 1n the mode1.

ftre underlylng phllosophy behind. thls thesls has been

the bellef that mathematlcal models are lmportant tools

whlch the mining englneer w111 be uslng more and more 1n

conJunotlon wlth hls own sk1l]S. The rapld advances ln

technology have made many minlng companles a$rare of thls

and they are actively encouraglng further research and

development. It 1s clear that advanced optlmlzatlon tech-

nlques, such as those d.lscussed, in thls thesls, will play

a key role 1n the solutlon of the models that ¿rre developed

for the plannlng and control of thelr mlnlng operatlons.
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APPENDTX T

DATA AND RESULTS FOR MÏNE MILL PRODUCTION PLANNING

Tables

1.1 Block Grades (%Uf) an¿ Reserves (tOO0ts tons) for
Schedules 1-2 (Oata Set I)

1.2 Block Grades (%l¡i) an¿ Reserves (tgggts tons) for
Schedules 3-4 (Data Set II)

1.3 Block Grad.es (Ø¡¡r) an¿ Reserves ( r0o0rs tons) ror
Schedule 5 (Data Set IfI)

1.4 Penalty Factors Fk(irJ) and a preferred

Machlne Path (Drag11ne Area)

Flgures

ï Dragline Movements for Sehedules L-z

ïI Dragllne Movements for Schedules 3-|¡
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It t2 13 t4 ts t6l0

?

3

4

5

6

7

I

9

t0 ts
N)
ts

Dragline Area Front- end Loader Area

46.5
0.9ô

57 .6
0.9 t

ó7 .7
0.9 7

45.4
1.06

47.5
0 .94

62.8
0 .93

67.9
t.0s

59. I
1.0 t

47.0
0.91

ó4.3
t.0l

52
0.

.9
94

48.?
t.00

ó0 .3
0.95

54. i
0 .91

63. 3
0 .91

45. t
1.03

5t.8
I .07

60 .3
I .05

ó6. I
I .00

53. ó
I .0ó

53.4
1.05

5?
0.

.8
93

59.5
1.07

58.7
1.09

50. t
l.0l

52 .3
I .09

50 .5
t. t0

50 .0
¡ .0e

68.0
I .10

64.7
0.9t

48.ó
0.97

50.4
I .00

59.4
I .05

54.ó
I .0I

50.3
0 .98

46.6
t.09

5ó.3
0.97

62.7
I .06

47.9
t .04

50.8
0.92

46
l.

.(,
08

57 .0
l.l 0

55. 3
I.t0

47.2
0 .93

5C .4
1.09

67. t
I .04

67.2
0 .93

54.4
0 .93

57. 0
l. t0

6?. t
0.90

5t.5
t.03

59. I
1.00

(7.3
0 .93

64
0.

I
94

52.8
l.0t

6A.4
I .04

46.0
0.94

64.7
0.9ó

ó3. 7
1.05

ó1.7
0.98

56.6
0.9ó

65.4
1.05

57.s
0 .94

50.2
t.00

5?.1
t .07

63. I
0.9t

64.4
I .00

54
0.

.?
92

45.?
0 .99

65.ó
l.0t

59
0.

.0
92

63. t
I .05

63. I
0.9t

5?.2
0.9 t

47.7
0 .92

48.2
0.9t

5t.0
l.0J

5 ó.4
0.94

5t.3
0.93

65.8
0.9f

6?.5
t.07

53. I
I .02

46
0.

.ó
98

ó7.6
0 .97

54 .5
0.99

52. I
¡.I0

62.f
t.08

ó5
0.

.3
92

45. I
1.06

46. I
1.08

46.2
I .04

53. 0
1.04

6ó.8
1.04

45.f
I .08

4ó.7
t.0ó

53.0
0.92

5?.2
0.96

ót.0
1.08

46
0.

.l
9¿

54
0.

.3
99

5é. I
0.9t

/.6.4
I .04

62.8
t.09

ó3. 0
0.9ó

5fr. 6
l.0r

52.8
t.00

48
0.

.6
95

60.5
0 .96

50
I.

.3
04

ó3.5
0 .95

54
t.

.t
05

58. 3
I .09

ó5.9
0 .95

47.0
I .00

64.?
I .02

55 .7
0.92

47.8
0.97

ó5. ó
0 .99

56.4
I .02

63.7
I .00

54. 0
0.94

4t.5
t.07

ó3
0.

.ó
98

4A.7
0.97

54.0
0 .95

63.¡.
1.07

63.2
t.03

49.4
t.00

5 8.7
I .04

4ó. 0
1.08

64.7
0.94

62.3
0 .95

ó0. I
1.0ó

63.2
0.92

5s. 9
I .06

50.0
0.93

50.2
0. e3

¿.6 .6
t.03

48.8
0.97

ót.ó
0.96

67 .t
t.08

5ó. I
t.05

ó0 .4
I .0I

54
0.

.t
94

\9.4
1.03

60.0
0 .95

63.5
0.90

46.?
t .0ó

4B. t
1.06

5 I
960

49. ó
1.04

46. ?
I .00



TABLE 1.3

Block Grades (%mi) and Reserves ('OOO's tons) for Sehedul-e 5 (Oata Set III)

ó2. t
0.99

54 .5
0.98

ó8.ó
0 .98

ó2.5
0 .98

63 .5
0 98

ó4.3
0.96

64 .3
0.94

54
0.

.7
94

55.0
I .01

ó3.5
0 .90

ó3.2
0 .91

62
0.

.7
95

ó 3.2
o.9l

66. ó
0 .9ó

ó3.9
0 93

57 .9
0 .95

58
0.

.2
93

59
0.

.0
97

59 .3
0.96

61.7
0.9t

49. I
o .94

67 .¿
0 .96

58.2
0.98

65. I
0 .95

62
0.

.9
ed

6?.3
0 92

59
l).

.T
95

54.2
0 .94

57.7
0.90

63.6
0.91

64.5
0.97

54.4
1.00

56.8
0.97

7 4.6
0.97

58.7
0 .96

5 7.9
0.95

49.4
0 .9ó

6?.7
0.92

55.3
0 .93

59. 0
0 .93

ó4 .8
0.92

ó3
0.

.ó
96

55.4
0 .95

ó7.3
0.90

70.9
0.94

48
0.

.3
97

55
0.

.l
94

49. 3
0.94

ó3. 3
0.92

65.3
'¿.9?

62.5
0 .99

66.4
0.99

50.ó
0.9t

59.5
0 .99

64.¿
0 .98

ó1.7
0 .96

57 .5
0.97

57 .9
0 .99

56
0.

.f
94

57.2
0.97

52.7
1.00

54.0
0 .92

q9. I
0.95

6t.5
r .02

57 .5
0 .99

64 _?
0.94

65.1
0.97

59
0.

.9
98

ó0 .8
0.99

49. 7
0.93

61.8
0 .99

ó5 .4
0,92

50.2
0.94

67.4
r.0t

68.4
0.92

ó5. I
0.97

ó7 .8
0.97

59.9
0 .9ó

62.1
0.94

5 8.9
0 .94

5ó .0
¡.00

54.5
0 94

53.4
0 .92

45.ó
0 .93

56.2
0.93

5ó .8
0.92

Dragline Area

¡0 tl t2 t3 l4 l5 l6

70.5
0.95

s4.7
0.98

74.2
0 .95

7?.a
0.94

6l .0
0.96

54.8
1.00

56.0
0 .97

49.7
0.93

5t.0
0 .95

58.4
t.0l

69
0.

.3
90

66
0.

.t
95

53. 7

0.98
ó4.0
0.95

ó¡.9
0.92

60.4
0 .9?

52.9
0.91

55
0.

.B
99

75. I
0 .9I

ó7. 3
0.92

ó1.7
0.94

¿r7.3
0.9t

5 9.8
0 .95

78.ó
0 .98

ó9
0.

.?
98

5?.9
0 .98

70.3
0.9.r

57.7
0.9ó

6U.4
0.92

ó1.9
0 .98

54.9
0.97

7 2.5
0.89

4ó. 5
0 .96

57. I
0.99

ó1.3
0.96

60.3
0.93

7t.0
0 .98

46.9
0 .99

60. I
0.92

59. 6
l.0l

58. 6
0.91

54 .8
0 .95

59.0
0.90

ó4. 7
0.97

64.4
0 .95

()4.2
0. e5

62.7
0.94

73.f
0.99

ó6. I
0.99

58
0.

.8
9?

46.2
0 .99

5s.7
0.97

6ó.l
0.96

80.2
0 .92

59
0.

.0
97

5?. ó
0.97

66. ?
0.98

ó¡.9
0 .96

ó3.0
0.9'.

ó¡.6
0.92

sl.7
0.99

54.4
1.00

59. 3
0.95

73. 3
0 .9ó

58.2
0.9ó

óI.ó
ô.c¡

Front- end Loader Area

2 3 4 5 ó I 9

?

3

4

5

6

I

I

9

¡0 P
N)

v



L23.

TABLE 1.4

Penalty factors Ft(irj) and a

Preferred Machine Path (Dragline Area).
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As wlth the simplex multipliers, [' the transforms,

with respect to basls ßt of the non-basic eostsr the

right hand. sid.e elements and. an arbitrary column or roÌv

of the original constralnt matrlx A of the nultlperiod.

planning nod.el (Za¡ (lg) ca¡r all be computed- in terms

of the submatrices B* Br"r...B¡a and- Vrr...¡V¡1 v'¡hich

form the compact representation of ß anil 1ts inverse.

The relevant cornputations are d.eveloped by uslng the

appropriate partltioning schenes of A, (øl)-1 and- J as

shown in section 2.4 and. are summarized. in this append.ix.

Firstly consid-er the transforrn (7). 
" = ß- t (l(,). 

"

of the s-th column, (.4 ) . , of Ã. l\'hen (4.) . " e Sr ,

for t > 1, we may wrlte

(A.) . 
" (period t)

a

o
a
a
G

0
þ
o
a
a
a

o



whene g is a r:¡rit or zero vector.
L27 .

This implies that

Y.z
a
o
a
a

Y¡-tZ
(Z). " = Y, z+w

a
a
a
a

YnZ

where

and. = n- 1(g E. rS) .

However when (,4)." e Sn, (7')." has the simpler form

Y.z

G).,
I
a
o
o

Y¡ *t7,

z

B;w

z

*r

Y"z_

where Z - B-tZ.

rhe values of the þaslc varlaþres may be maintainecl

from lteratlon to iteration. Alternatively we can d.irectly
transform the right hand. side

z



128.

þr

R

a
a¡

þn

of (ZA¡ (lg) to oþtain

b

F = ß-Lb =

zLV+
7_

b
a
a
a

þn ¡ YrZ

z

where E

IR1

-1r = Brr Þr

(Er. 
"Þr*. 

. .rE¡¡rþn ) J .and. zæ B-

Together with the [, this gives us all the informa-
tion need.eo for the primal simplex algorlthm. For the d.ual

simplex algorltlun, (which 1s r¡sed. to solve aL1 þut the

first nod.e of each solution tree), it is aLso necessary

to compute the transforrr , (î)r. , of an arbitrary row r
of Ã. Slnce î, = ß-LÁ - l(gl)-!,,4t we first compute

(w¡-tn obtainlng

(w)-' o =
É,

0
-L -8"-

B- 1Eo I g- 
" (Er. -8" ,F, ) . . .B- I (En -En ,Fn )

-t

LBo

a
a

t

where E'r - Brr Br. Nor¡ consid.er the rth roïit, (z)".



of 7; wh.en it 1íes j-n a

L?g.

etE¿...

portion
o

portion of J, (7)". has the form

[0,,.0 StO...O :

where eI is a unit vector, and- hence

(v), .

[o...0 r o...o I vt ]¡period t

[l'po : r' (Er-Er"Fr) . ..î' (Er-Er"F")

...!(En-En"Fn ) ]

v/l

+

where

Io...o
where

= vfB-1.

I] of 7,

is a unit

Çr lMhen row r Lies in the

(z)". has the f orm [0...
vector, and.

a
I
a

e'

flea
,
a

(7)r. = lE,øo i p,t(n"-E""Br)...pt (En-EnrBn)]

where P,' - e'B- 1 .

As mentionecl in section 2.11, the simple structr:re

of EorEre...eE¡ and. Gtrr...rE¡" enables very fast
computation of a1l- the above quantities. In add-ition

efficient prod.uct forrn representations of B-t , B;i r.. . ,Blr'

a?e suitable for use in all the calculations.
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TABLB 3. T

Block Grades and Tonnes Values (Surface Sea LeveI) I
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3

4

ó

9

l0

t¡

l3

l4

139
9.¿

180
lt.7

¡85
5.6

2
1

86
.3

104
4.3

I l9
ll.0

467
t 3.1

210
8.1

t20
3.4

?t7
r 0.5

476
13.3

4?4
l 0.7

?04
8.5

5ó

ts2
I ¿.3

295
t?.9

341
15.3

4?0
tl.2

l6t
8.7

I
9

0z
.9

199
8.5

23
9.

z
¡

?2
9.

3
3

339
14.9

331
15.2

314
14. ó

?6
8.

3
I

22
ó.

t
3

¿17
10.4

303
8.4

336
t0.0

3
9

?3
.8

3
I

07
.5

334
I1.3

339
17.3

?66
t4.2

ló4
t3.ó

50ó
t0.0

446
9.1

448
I1.8

3óó
t 2.8

39?
I r.4

3J3
I ?.8

30
8.

0
7

?¿4
9.7

339
9 ó

?e?
t 5.6

l4
7.

ó
ó

4
6

t?
.7

382
7.5

335
8.3

29?
7.5

295
7.3

2
I

79
I

3l
7-

3
ó

302
tt.5

305
13.2

?96
I 0.6

'99
tt.6

3
I

77
.3

304
6.6

3
7

?3
.?

1

6
5ó
.7

3?
ó.

7
0

300
8.4

2
ó
l4
.9

265
7

266
4.1

23I
7.4

95
I

379
3 9

?a9
3 I

3oB
¿.4

286
4.I

¿98
9.9

?85
9 l

?4
5.

0
5

?
7

¡4
.?

¿
4

89
.7

3?
7.

I
1

I42
.lI

43f
7.5

418
8.6

3(
ó.

2
5

3?3
8.2

404
7.5

391
9.5

347
8. t

34¿
I 0.0

2A
7.

9
ó

?
7

83

?15
t2.0

4
5

90
.¿

4
ó

7?
.0

39 7
0

423
5

3
4

7¿
.9

345
5.?

38
7.

I
5

?91
ó.8

2
7

56
.3

3?7
9.4

Ì80
9.5

458
6.4

54
6.

4
9

507
7.?

484
8.8

461
7 4

2
I

58
.ó

3
I

04
.8

209
10. 7

zl3
¡0.5

208
14. s

46
13. 7

5
I

30
.0

609
I I

542
10.9

443
10.¡

2ls 399
I?.6 10.8

315 457
t2.2 8.e

zl0
t3.3

1,93
9.7

ó0
lt.4

?37
4.5

481
It.3

ó
95
.4

r9g
?.?

44
7.

5
9

2J3
t2.I

98
.'l9

8l
3.ó

173 ,

¿r. 0

45¿
3.f

44
3.

4
I

4
6
9l
.0

440
4"3

3ó
5.

?
9

3
5

ó5
.6

454
7.5

89
? 8

93
6.4

?
5

6¿
.7

s?5
6 ¡

465
5 3

516
1t.0

4
6

88
.7

405
ó.ó

49
9.

<)

9

423
ô.7

597
a.2

561
7.7

5
I

?U

403
I 0.4



F]GUBE I

Path l-: Sreak Even Block Grad.es = 6.r%
(in $|OOO's ) from d-red.ging the bl-ock.
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TABLE 3,2

summary of Resurts for Path r:Break Even Block Grad.es=6.5%

1

2

3

h

5

6

7

I
9

Year

1,2.2

7L.2

9.0
g.g

9.1+

9.2
8.5

7.8

7.9

Av. Grade
Minetl
(/'pe)

I+.6

\.6
h.6

\.6
h.6
)+.6

l+.6

t+.6

3.1{

Tonnes
Minetl
( *roG )

9.5
8.8

?.1
6.8

7.3
7.2
6.6

6.r
l+.5

Tonnage
Concentratel

Procluced ( *fOs)

1109

1910

227o

2rl+o

2810

3030

3160

321+0

3æo

Cunul.
Present

t{orth ($'ooo's)

rAssaying 59{, Fe, overall recovery l+71.
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TABLE 3.3

Summary of Results for Path 1:Break Even Block Grades=8.0%

1
2
3
l+

5
6
7

Year

12
LL

9
9
B

9
9

6
3
B
6
B

I
T

Av. Grad.e
Mined.
(/'pe)

l+.6
l+.6
h.6
l+"6

h.6
l+.6
1.4

Ton¡res
Mined.
( 
"roG )

9
I
7
T
6
7
2

I
I
6
l+

9
1
3

Tonnage
Coneentrate

Protlueecl ("fos)

890
1450
1700
1880
]t9ro
2oho
2080

Cum¡l.
Present

tfozth ($'ooo's)

TABLE 3.4

Summary of Results for Path 3:Break Even Block Grades=I}.0/,

I
2

3
h

Year

13
10
11

9

I
6

T
7

Av. Grad.e
Minet[
(%pe)

t+.6
l+.6
t+.6

2.O

Tonnes
Minecl
( 
"ro6 )

10
B

9
3

0
2
I
3

Torurage
Coneentrate

Proclucecl ( *fOs)

6ro
6go
930
920

Crnul.
Present

r{orth ($tooo's)
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TABLE 3.5

Bl-ock Grades and Tonnes Values (Surface l,rlater Table )

l0
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| ? 3 4 5 6 ? I 9 l0 ll t? t3 t4 ¡5 tó ¡7 t8 19 ?0
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4
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6 6

I43
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tI.0
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?57
t ?.8

?95
14.0

lls
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t49
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ls3
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t38
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I
I
t
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t3.?

?¿7
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?84
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?57
12.5

265
t 9.7

ls2
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t5.4

?42
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?68
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15. 0
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173
tI.9

180
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9
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I 0.4
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TABLE 3.6

Block Grades and Tonnes Val_ues (I¡later Table Sea Level)
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TABLE 3.7

Summary of Results for Path 4: Break Even Bloek
Grades = 8,0%, Dozlng Costs = 11.5 c/tonne

L

2

3

l+

5

6

T

Year

12.'
L2.L

11.5

LT.2

11.0

l-0.6

ro.6

Av. Grac1e
Mined
(%se)

l+.6

t+.6

l+.6

l+.6

t+.6

l+.6

0.5

Tonnes
Mineil
( *106 )

9.8
9.t
8.r
8.0

8.1

6.7
0.8

Tonnage
Concentrate

Produced. (*fOs)

880

th?o

L720

l950
2120

211+0

2]-50

C\.ntù.
fuesent

Worttr ($'ooo's)
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