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SUMMARY

The fundamental aim of the investigation described in
this dissertation was to formulate a reliable method for
analysing box beams curved in plan.

Just as a straight box beam can be considered as an
assembly of rigidly connected folded plate elements, so a
curved box beam can be considered as an assembly of rigidly
connected folded shell elements. Based on classical thin shell
elasticity equations for the various folded shell elements, a
éombined stiffness and flexibility matrix method is derived for
the solution of loaded continuous box beams having constant
curvatures in plan, non-varying cross sections, and simple
supports at the extreme ends. The effects of any interior
trangverse stiffening diaphragms are included in the analysis,
which utilizes Fourier series expansions in the circumferential
direction. Since a computer is essential to perform the
extremely large number of calculation steps involved, a general
program has been written which is capable of analysing a wide
variety of curved box beams subjected to most common load con-
figurations.

In order fo check experimentally the accufacy of the
folded shell theoretical predictions, several static load tests
were conducted on two independent models. The deflections and
strains recorded from all tests confirmed the validity of the

analysis.
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PRINCIPAL NOTATION

(8x8) element transformation matrix
Integration constants

Matrix used to formulate equilibrium and com-
patibility conditions for moveable diaphragms

(8x1) column matrix containing integration
constants

Differential operator %E
Differential operator %?4

Young's modulus

Matrices used to formulate contributions to
the matrix FD
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Diaphragm flexibility matrix

(8x8) matrices associated with the complementafy
solutions of each element differential equation
system

Matrices used to formulate various complementary
and particular solutions required for each
element

(3x4) Modified unit matrix

Constants

Structural stiffness matrix (complete structure)

Generator length of cylindrical shell element

Matrices used to formulate matrix PJ due to the
action of diaphragm redundants
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Curved edge moment stress resultant required
in the formulation of matrix kM

Moment stress resultants

Curved edge normal force stress resultant
required in the formulation of matrix kM

Stress resultants associated with shell mem-
brane action

(8x1) column matrix containing curved edge
stress resultants induced by the action of
distributed loads under fixed-edge conditions

Column matrix containing all diaphragm
redundants

Column matrix containing all joint loads for
the complete structure

(8x1) column matrix containing particular
solutions for the curved edge stress resultants
due to distributed uniform loads

Column matrix containing the distributed
diaphragm redundants acting on each element

(2x1) column matrix used to represent uniform
external loads acting on each element

Column matrix containing redundants associated
with all moveable diaphragms

Column matrix containing redundants assoc-
jated with all unmoveable diaphragms

Shear force stress resultants normal to the
surface of each element

Radius of cylindrical shell element

Column matrix containing the amplitudes of
all desired output quantities for each element,
due solely to edge movements

Column matrix containing the amplitudes of

all desired output quantities for each element,
due solely to the action of distributed loads
under fixed-edge conditions
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1
Radius to the location of a strain gauge
rosette

Internal and external radii of flat plate
element

Curved edge effective shear force stress
resultant required in the formulation of
matrix k. S is normal to the surface of
each element

Curved edge effective shear force stress
resultant required in the formulation of
matrix kM. T is tangential to the curved
edge

Intensities of distributed loads acting on
conical shell element in the x,¢,z member
directions respectively

Concentrated edge redundants induced by dia-
phragm action. The subscripts A, B refer to
the curved edges of the element

Distributed redundants induced by diaphragm
action. The subscripts C, D refer to the
one-third points (lateral) of the element
width

Coefficients of infinite series used to
represent distributed loads acting on conical
shell element

- Dimensionless parameters for conical shell

element

Actual-surface strains

Strains measured by four component gauges of
a strain gauge rosette

Strains which exist at the centre of a strain

gauge rosette, corresponding to the directions
of the four component gauges

Linear functions

Thickness of cylindrical shell and of flat
plate elements
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Element stiffness
member coordinate

Length parameters
B

S

1x

conical shell element

matrix referred to the
system

matrix referred to the
system

for conical shell element

(8x1) column matrix containing the curved
edge stress resultants required in the form-

ulation of matrix

kg

(8x1) column matrix containing the curved
edge stress resultants required in the form-

ulation of matrix

Ky

Intensities of distributed uniform external

loads acting on each element in the x, z member

directions respectively .

Dimensionless variable

siny

tany

Displacement components in x, ¢, z member
directions respectively

Displacement components which correspond to

X D

,Z~,X.,2, Tespectivel
C’“c’?D Y

Right-handed orthogonal coordinate system

Dimensionless variable

Angle subtended by folded shell structure at
the axis of rotation

Infinite series coefficients



€x2 %6 Yx¢

ni,xi(i=1,...8)

.4)

.8)

.4)

.4)

n1t
o

Half cone angle

Common eccentricity of gauges in a strain
gauge rosette

(8x1) column matrix containing particular
solutions for the curved edge displacement
components due to distributed uniform loads
(8x1) column matrix containing the curved
edge displacement components required in the
formulation of matrix kM

Column matrix containing rigid body displace-
ment components of all moveable diaphragms

Increment of angle ¢

Middle-surface strains
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1. INTRODUCT ION

The construction of curved bridges has become much more
frequent in recent years because of the need to conform to
modern complex roadway alignments. Since approximately 1940,
curved box beams have been recognised as eminently suitable for
highway overpasses, due to their excellent appearance and re-
sistance to torsional loads.

Although many curved box beam bridges have been designed
and constructed during the last 30 years, most of the analytical
methods currently available do not adequately describe their true
structural behaviour. A search through the available iiterature
indicates that the influence of such complex structural effects
as shear lag, distortion of the cross section, restraint of longi-
tudinal (axial) warping;wénd secondary shear deformation can be
of vital importance in determining the actual stress distribution
within a loaded box beam. Consequently, many engineers are
beginning to question the applicability of simple bending and
torsion theory as a basis for design.

Throughout the world, much research is currently being
devoted to the development of analytical methods capable of pre-
dicting the true behaviour of curved box beams. In this thesis,
the results of a research programme conducted at the University

of Adelaide are presented.



A REVIEW OF LITERATURE

2.1 Introduction

The analysis of curved beams has attracted consider-

able attention since the first work was completed by SAINT-
venanT (1% in 1843.  Since that time, a large volume of litera-
ture has been published. Fortunately, in 1969, McMANUS, NASIR,
and CULVER(Z) presented a 'State of the Art' review of the
developments regarding horizontally curved girders. Brief
comments were made on relative costs, aesthetics, methods of
analysis and design, experimental work, current work, and future
needs. A comprehensive bibliography of 202 references was
included covering the period from 1843 to 1968. This extensive
1ist indicated that an ever-increasing amount of research was
being applied to curvedvgox beams treated as members of the 'thin-
walled' class of structures. Further evidence of the interest
in box beam behaviour was provided in 1970 by MAISEL(S), who
presented an excellent review of 299 comparatively modern refer-
ences dealing with the analysis and design of both straight and
curved thin-walled beams, with special emphasis on box sections.

Every paper or article about curved beams written since the
time of Saint-Venant could be considered to apply, at least in a
general way, to the particular case of a curved box beamn.

However, it is now generally known that the complete response of

&
Numbers in brackets refer to references in the bibliography.



a curved box beam is not adequately predicted by the traditional
method of analysis, namely, a combination of simple bending
theory and Saint-Venant torsional theory. The additional struc-
tural actions which occur are briefly listed below for future
reference. In a real structure, the effects are intimately
related, and so any method of analysis which treats them as
independent must be approximate to some extent. Their relative
significance is largely determined by the overall proportions of

the box beamn.

Distortion of the cross section

Displacements in the plane of the cross section cause

changes in cross sectional shape.

Warping of the cross section

Warping corresponds to out-of-plane displacements of
points on the cross section. It is assumed in the Saint-Venant
theory of torsion that every cross section along the beam warps
by the same amount, that the applied torque is uniform along the
beam, that each cross section rotates without distortion, and
that there is zero resistance to the warping displacements. If
these conditions are violated, a more complex theory should be
used. The principal effect of warping restraint is to induce

axial stresses in the beam walls.

Shear lag
Shear deformation causes a redistribution of the

axial bending stresses.



Torsional response of compound sections

A compound box beam is a beam whose cross section
comprises any combination of closed cells, cantilever flanges
attached to closed cells, and deck slabs connecting adjacent
closed cells. When such a beam is subjected to torsional loads,
those portions of the cross section which do not form part of a
closed cell should be considered when assessing the stiffness
properties of the beam, as their contribution to the overall tor-
sional response may be significant.
Perhaps the greatest advantage of box girders is their
comparatively high torsional resistance. Although various solu-
tions to the problem of torsion in box girders have been pro-
posed(s), unfortunatelymfor design engineers the influence of the
structural actions listed above considerably complicates any
theoretical estimate of the true stresses within the structure.
Analytical methods are usually based on one of the following
three sets of assumptions(4), which are listed in order of in-
creasing calculation complexity.
(a) The cross section is undistorted, and only the
pure shear stresses which result from Saint-
Venant torsional analysis are considered

(b) The cross section is undistorted, and the addi-
tional influence of warping restraint is
considered

(c) The cross section is distorted, and this effect

is also included in the torsional analysis



These three assumptions form a useful basis for classifying
literature on the analysis of thin-walled beams.

The following brief survey concerns available publish;
ed information on elastic methods for the analysis and design of
statically loaded curved box beams. For a comprehensive general
discussion of Jiterature on the analysis of both straight and
curved box beams, the torsional properties of thin-walled cross
sections, and the relative importance of the listed box beam
structural actions, the valuable review by Maisel(s) is again

recommended.

2] - Saint-Venant Torsional Analysis

For well over 100 years, simple Saint-Venant Torsional
analysis(s) has been the standard method for analysing curved
beams with any cross segtional shape. Consequently many hundreds
of references could be included in this section, for in order to
apply the theory to the particular case of a curved box beam,
it is necessary to obtain only the appropriate cross sectional
properties and then substitute them into the general equations.
(BECHERT(6), for example, comsidered the analysis of a single-
span curved box beam and gave numerical results). Only a few
comparatively modern references are selected for discussion here.
Since each is based on the same well-established theory, there 1is
very little inter-dependence. Consequently, references are

grouped to illustrate various applications of the theory, rather

than to group them in strict chronological order.



Fixed-ended beams

An approximate solution for cantilevers curved in
plan was given by MELLOR and JOHNSON(7). The load was applied
to the free end of the beam, and the solution was obtained by
applying Castigliano's theorem upon consideration of the strain
energy induced by combined bending and torsion. Deflections
were then evaluated after assuming that the ratio of bending
stiffness to torsional stiffness was equal to unity.

For the more complex case of horizontal beams curved
circularly in plan and having built-in ends, MOORMAN and TATE(8)
derived influence lines for shear forces, bending moments, and
twisting moments. ABBASSI(Q) analysed a symmetrical bow girder
which was built-in at both ends, but not necessarily curved in
plan. Exact and approximate formulae were given. This
analysis was formulated in terms of the angle between £he tangent
at any point on the girder, and the tangent at the middle point.
Only uniform loads and a pair of equal concentrated loads placed
symmetrically about the middle point were considered. Later, in

(10), the same writer investigated the

a highly theoretical paper
stresses in a beam whose centre-line was an arbitrary plane
curve. Equations of equilibrium and compatability were derived
in their general form by using‘complex variables and orthogonal

curvilinear coordinates, and their application was illustrated by

examples. By starting with an analysis which was similar to that

of Mellor and Johnson for curved cantilevers(7), STAMPF(ll)

employed the principle of superposition fo analyse horizontal



circularly curved beams with fixed ends and subjected to both
general loading and longitudinally symmetrical loading. Longi-
tudinal prestressing was also briefly discussed. TERRINGTON(IZ)
gave an initial discussion of both Saint-Venant torsion and
warping torsion. However, for closed box sections of commercial
proportions, he suggested that the shear centre should be first
located, and then the shear stresses resulting from only Saint-
Venant torsion need be calculated. Warping torsional stresses
were assumed to be secondary and negligible. Results for a
circular arc girder built-in at both ends and subjected to either
a concentrated load or a uniformly distributed load were displayed
in graphical form. Further detailed workings for a series of

’

examples, including multicell box sections, were later given 1in a

(13) =~

supplementary paper

Single-span beams with various end conditions

For analysing any arbitrary planar curved member with

(14) suggested a numer-

varying cross section, DONALD and GODDEN
ical forward integration technique. By approximating the beam

as a series of short chords, any applied loading was reduced to

an equivalent nodal point load systemn. All chords were assumed
rigid, and overall beam flexibility was assumed to be concentrated
at the nodes. Moments and deflections at these points were
obtained. The concept of approximating a beam with continually

varying curvature or cross section by a large number of connected

short segments has also been used by other writers. Two such



examples in which the flexibility matrix method was applied to
curved beam problems have been given by REDDY and TUMA(ls) and
by YQUNG(16). Reddy and Tuma considered a planar érbitrarily
curved bar of variable section, and suggested that numerical

methods such as elemental or segmental flexibilities should be

used(17’18).

For the familiar case of a circularly curved bar
with uniform cross section, flexibility coefficients were calcu-
lated by direct integration. Young briefly treated the general
problem of a beam curved in three dimensions by using a discrete
nodal representation. Cross sectional properties were assumed
to vary along the axis. It was realised that a three-dimensional
curved beam had little practical application, and so the solution
was developed in detail for the particular case of planar curved
beams.

The effects of prestressing curved beams were thor-
oughly discussed in a paper by MENN(lg). However, a simple
analysis of prestressed beams curved in plan and having torsional
restraint at the supports has recently been outlined by GARRETT
and COCHRAINECZO). They stated that the torsional moments
induced by prestress cables placed symmetrically about the ver-
tical axis of the cross section were dependent only upon the
support bending moments which could be calculated in most cases
by using the 'equivalent' straight beam approximation*. Cond1i-

tions of concordancy for curved prestressed beams were prescribe

% One of the most common assumptions made by design engineers
is that a curved member can be designed as an ‘equivalent'

straight member(21’22’23).



Continuous beams

Before the development of electronic computers,
moment distribution was often used to analyse complex curved
beém problems. From the expression for total strain energy due
to combined bending and torsion of a circularly curved beam with
constant cross section, VELUTINI(24) used Castigliano's theoren
to derive expressions for the necessary stiffness and carry-over
factors. A calculation procedure for continuous beams was then
described in which support bending moments were kept separate
from support torsional moments. This same moment distribution
technique is still used by modern designers to analyse continuous
curved beams. It is by no means obsolete.

The concept of an influence line is very useful in
the design of continuous beam structures. One paper which details
these calculations for circularly curved girders was presented by
FICKEL(ZS). He used a flexibility method to derive influence
lines for bending moments, twisting moments, and shear forces in
the cases of both simply supported and continuous girders.
Effects of variable moments of inertia and elasticity of the tor-
sional supports were discussed.

Several papers have been published on the general
analysis of continuous beams curved in plan, and a few of these
merit special mention. COURBON(26) derived a three-moment
equation for continuous planar beams curved circularly in plan
and loaded normal to the plane of the central fibre. For curved

spans which had small subtended angles, he calculated the errors
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associated with the 'equivalent' straight beam approximation.

In a final section of the paper, the theory was extended to
bridges with variable curvature. BRETTHAUER and NOETZOLD(27)
investigated continuous curved beams in which each span was of
constant curvature, and torsion supports could be specified as
either fixed or elastic. Similar structures were analysed by
STAMPF(Zg). The curve was again approximated by a series of
circular arcs with colinear radii at the connection points, and
external elastic constraints occurred at the beam ends and at
any intermediate supports, Loads applied to the structure were
either torsional moments, or forces normal to the plane of
curvature. Governing equations were derived from strain energy
considerations, and it was suggested that they could be solved
by a direct matrix procedure. (Such a direct procedure was
later used by PETERSEN(ZQ) in the form of a matrix prbgression
(transfer matrix) technique. The direction of the progression
was along the beam axis, and hence both structural and load
discontinuities could be incorporated by analysing successive
short lengths of the curved beam). TOPPLER, CHAUDHURI, and

VAN DEN BERG(SO) considered the effects of circular curvature on
the reactions and stresses which result when a girder of closed
cross section is subjected to combined bending, shear, and tor-
sion. Typical load systems were applied to beams of up to four
continuous spans. It was assumed that the cross section re-
mained constant along the full length of the beam, and that the

degree of torsional restraint was identical at every support.
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In addition, the ratio of bending stiffness to torsional stiff-
ness was taken as unity. Results were tabulated for two finite
degrees of torsional restraint, and it was implied that other
cases could be deduced by interpolation. A three-span curved
box girder with a twin-cell cross section was presented as an
example. The 'equivalent' straight beam approximation was also
investigated by the writers, and charts were given to indicate
the differences between bending moments, torsional moments, and
shear forces for straight members and for curved members sub-
tending central angles of up to 60 degrees. On the basis of
these charts, they deduced that for subtended angles less than
30 degrees, the straight beam approximation could be used to
calculate the magnitudg; of the torsional moments, reactions,
and shearing stresses within limits of accuracy suitable for
design. A deficiency of the paper is the lack of comment on
the effects of altering the ratio of bending stiffness to tor-
sional stiffmess. For a beam in which this ratio is not equal
to unity, the results should be treated with some caution.

For many years, there were no complete reference
works published on the general Saint-Venant torsional analysis
of curved beams, and designers were forced to search through
individual papers in order to find the required information.
Recently, however, a number of excellent comprehensive works have

been made available. In 1964, WITTFOHT published a book(sl)

on
the linecar elastic analysis of curved beams loaded normal to the

plane of curvature. A circularly curved beam with torsionally
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rigid end supports was first treated in detail. From this
solution, the case of a multispan curved girder was solved by
using a flexibility method which was conceptually similar to that
which is often applied to straight continuous beams. Formulae
for bending moments, twisting moments, deflections, and influence
lines were derived, and the results of calculations given in
numerous extensive tables and graphs. All necessary explanations
of the design aids were included in one section, gnabling the
engineer to extract information without necessary recourse to

the details of the theory. (Wittfoht later extended the theory

(32)y

to include the effects of eccentric torsional loads In
1964, VREDEN also published a book(ss) on the analysis of curved
continuous girders. Many load cases were first considered for
a single curved span with torsionally rigid ends, and from these
solutions flexibility coefficients for bending moments, twisting
moments, and shear forces were derived for continuous beams.

(34), Vreden evaluated some of these coeffic-

In a later volume
ients, and thereby considerably reduced the number of tedious
calculations to be completed by the designer. Unfortunately,
some of the analytical steps were explained a little too briefly,
and several of the derivations are difficult to follow. Al-
though SCHULZ(SS) analysed most of the same problems as Wittfoht
and Vreden, he did include all necessary explanations of the
analytical steps involved. For continuous beams which had

intermediate supports with zero torsional restraint, the solution

obtained by Schulz was more direct than that of Vreden, and
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prestress loads were also analysed very simply. Useful graphs
were given to facilitate evaluation of moment distribution

factors for a large variety of curved beams.

Frame systems with curved members

In an early paper, MICHALOS(36) applied moment dis-
tribution to the analysis of plane frames with curved members.
Although modern computer techniques are essential to analyse
highly redundant frame systems with a very large number of mem-
bers, iterative moment distribution is still used to solve
problems involving relatively few members(ss).

The derivation of influence lines for space frames
with curved members was recently undertaken by YAMASAKI and
OHTA(37). Influence lines were deduced for general forces on
an arbitrary space framé\by applying the Muller-Breslau principle
to the deflection profiles caused by corresponding unit deform-
ations. As an 1llustrative example, a space frame with a com-
bination of both straight and curved members was given.

Direct stiffness and flexibility matrix methods
coupled with an electronic digital computer constitute a very
powerful tool of structural analysis. A number of papers applic-
able to curved beam systems have been published. In a well
written paper, TEZCAN and OVUNC(Sg) obtained general stiffness
matrices for circularly curved beams with doubly symmetrical
cross sections. A series of successive orthogonal transform-
ations were described in order to refer the member stiffness

matrices to a global (common) coordinate system. By specifying
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a sufficiently large radius and a correspondingly small subtended
angle, each curved beam stiffness matrix could be reduced to
that of a straight beam element. MICHALOS(SQ) considered a
single branch structure arbitrarily curved in space and subjected
to an arbitrary static load system. By dividing the structure
into a number of relatively short segments, members with var-
iable cross section were analysed. Fixed-end moments and
fixed-end forces were deduced. SAWKO(4O) applied the direct
stiffness method to a beam grillage containing circularly curved
members. Flexibility coefficients for the curved member ends
were calculated, and by inversion, the stiffness matrix of a
single member was obtained. Methods for calculating fixed-end
moments and forces were outlined, and a computer program capable
of analysing a grillagerof both straight and curved members was
briefly discussed. Sawko also investigated the 'equivalent'
straight beam approximation, and concluded that the error in-
volved was substantial, even for spans with subtended angles as
small as 1 degree, and rose rapidly for larger angles. (This
conclusion is in marked contrast with that reached by Toppler

et al.(so)). The curved beam stiffness matrices derived by
MORRIS(41), LEE(42), and WANG(43) were essentially similar to

(38)

those proposed earlier by Tezcan and Ovunc Wang also
listed the required transformation matrices.
Although many papers have been written on the analysis

of curved beams, comparatively few have been written on general

design aspects.  Only three such references are included in the
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bibliography (44:45,46)

Of particular interest is the paper

by BRAMALD and GRALTON(46), in which extensive discussion was
given concerning practical design considerations of a continuous
box beam roadway structure with non-uniform horizontal curvature.
Saint-Venant torsional analysis was briefly outlined using &
strain energy approach. This analysis was assumed to be satis-
factory for all parts of the structure except at the supports

and at points of locally applied torque. (In these areas,
warping torsional analysis was used). Basic Saint-Venant tor-
sional calculations were programmed for computer solution by
using moment distribution, and all parasitic moments due to
prestress were incorporated. Comments were made on such prob-
lems as the choice of cross section, types of bearing, number of
diaphragms, distribution of maximum principal diagonal tensile
stresses, stability at supports, and construction procedure.

This paper is a valuable contribution to the literature of

curved beams, although it is surprising that an iterative moment
distribution technique was chosen for the computer solution rather

than a more direct matrix formulation.

2.3 Warping Torsional Analysis

When any thin-walled beam is subjected to non-uniform
torsion or free warping is prevented, corresponding changes are
induced in the stress distribution within the structure. If
it is assumed that the cross section remains undistorted
throughout the beam length, then the theory which predicts the

internal stress distribution is known as warping torsional
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analysis. Some important contributions to the theory of
curved beam warping torsion are discussed in this section.

Many papers have been published on this relatively young re-
search topic, and several apparently independent solutions have
been derived for essentially similar problems. Where possible,
papers are grouped herein according to the original source
reference.

VLASOV was probably the first to derive differential
equations for warping torsion of curved beams. In 1961, the
English translation of a book(47) was published summarizing the
work contained in a large number of his early papers on the
analysis of thin-walled beam structures. Straight members
formed the subject of most of the book, and many chapters were
devoted to the analysiéhof both open and closed cross sections
with non-deformable profiles. The analysis was then extended
to the case of circularly curved thin-walled beams. Equations
obtained were approximate, and all forces were referred to the
beam centroidal axis. For a beam with a radius greater than
ten times the largest cross sectional dimension, errors assoc-
iated with the approximations were stated to be insignificant.
(It is of interest to note that in this same book, Vlasov also
considered the analysis of a straight prismatic multicell beam
with deformable profile, firstly including the effects of shear
deformation, and secondly neglecting them. All rectilinear
elements of the beam cross section were assumed to be hinged at

their inter-connection points, and to remain straight while the
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cross section warped and distorted. On the basis of these
calculations and some supporting experimental evidence, it was
concluded that for thin prismatic multicell structures, deforma-
tion of the cross section was an important factor in determining
the final state of stress, but the effect of shear deformation
was secondary, and could be neglected. The calculations were
not extended to curved multicell beams). Another early work
containing an approximate warping torsional analysis of curved
beams was published by WANSLEBEN(48), who used simplifying
assumptions which were similar to those of Vlasov. A single-
span beam was first analysed, and the solution was then extended
to continuous beams by utilizing the continuity conditions at
intermediate supports. No formulae were given for evaluating
the various cross sectional properties required in the general
analysis.

DABROWSKI(49) derived four general differential
equations for the torsional behaviour of a loaded curved beam.
Several terms omitted by Vlasov were included, and whereas Vlasov
referred his equations to the centroidal axis, Dabrowski's more
accurate equations involved displacements of points on the shear
centre axis. In another paper(so) by the same writer, the
warping torsional theory of circularly curved thin-walled beams
with mono-symmetrical open profiles was considered. The govern-
ing differential equation for the warping moment (bimoment) of
members loaded normal to the plane of curvature was derived and

solved for deformations and internal stresses. Formulae for
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these quantities were given for statically determinate beams
under various load conditions. Formulae for influence coeff-
icients were stated, and their use in the analysis of continuous
structures was clearly indicated. Limiting conditions of the
method were also given, together with a numerical example to
illustrate the procedure. (Further applications of the theory
can be found in a paper(51) in which influence lines for bending
moments and torsional moments were presented for single- and
two-span curved beams of open cross section). Dabrowski also
extended this method(sz) to analyse single-span curved beams
with closed cross sections. Bimoments and other properties of
circularly curved box beams were deduced, and the treatment of
continuous box beam structures was briefly outlined. The three

(50,51,52) were later incorporated into a book(ss)

previous papers
on the general analysis and design of curved thin-walled beams
with open or closed cross sections. All relevant equations and
expressions for warping torsion were detailed, together with
extensive tables of internal forces and displacements for multi-
span beams with constant section properties. These tables were
arranged in terms of stiffness parameters and subtended span
angles. Although the publication of tables is often made
redundant by the availability of modern computing facilities,
the book can be recommended for the preliminary design of curved
box beam structures.

KONISHI and KOMATSU(54) developed from first princi-

ples a torsion-bending theory for a circularly curved girder with
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a multicell cross section of arbitrary shape. Strain energy
considerations formed the basis of the analysis, and formulae
for finding the shear centre of the cross section and various
other quantities related to cross sectional geometry were
explicitly defined. Both simply supported and continuous beams
were completely analysed under many typical load conditions.

In order to further iliustrate the method, a three-span bridge
was numerically analysed, in which the cross section consisted
of a single-cell composite box with side cantilevers. The
central bridge span was curved, and the outer spans were
straight. Influence lines for stress resultants and deform-
ations were calculated, and brief comments were made concerning
the general response of the bridge. This paper is very concise,
and emphasizes the need to consider warping torsional stresses

in box beams. The theory is based on several earlier papers by

(55’56’57’58). Curved beams with closed thin-

the same writers
walled cross sections were also analysed by KONISHI, SHIRAISHI,
and KAMBE(Sg). The principle of complementary virtual work was
used to derive governing equations which included the effects of
non-uniform rate of twist along the beam, and the associated
secondary shear deformation. This analysis was based on
BENSCOTER's hypothesis(éo) concerning lateral variation of
warping displacements, and on the work of HEILIG(61). Unfor-
tunately, the paper lacks an ;11u5trative numerical example.

By employing the assumption that each cross section

remains plane after bending, a circularly curved beam with
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either open or closed non-deformable thin-walled profile was
analysed By KURANISHI(62). Cross sectional properties required
for warping torsional analysis were explicitly formulated,
taking into account the radius of the shear centre axis and also
the geometry of the cross section. A differential equation
which was similar to that of a beam on an .elastic foundation was
derived and solved for the shear centre axis twists and deflec-
tions.

FUKAZAWA(GS) extended the Wagner theory of unit
warping for loaded thin-walled straight bars to the static
analysis of circularly curved bars with thin-walled arbitrary
cross section. Effects of curvature were included in all form-
ulae for cross sectionq} properties, and the differences between
the torsional properties of open and closed cross sections'were
carefully stated. General differential equations were obtained
in terms of the displacement components of any arbitrary point
on the cross section, and it was pointed out that these equations
could be more simply expressed in terms of the displacement com-
ponents of either the neutral axis or the shear centre. In
another paper(64), Fukazawa considered the analysis of thin-
walled curved beams with variable cross section, taking the dis-
continuity of the shear centre axis into account. Fundamental
warping torsion equations were first derived for a curved seg-
ment of constant radius and constant cross section, loaded
normal to its plane of curvature. A transfer matrix which

related static quantities at one point of the beam to those



21.

at any neighbouring point was then deduced after solving these
equations with the aid of Laplace transforms. Where the cross
section or radius suddenly changed, continuity relationships
were expressed in matrix form, and an example of a simply-
supported S-shaped box girder with varying section was worked.
At the abrupt change of beam curvature, there was a finite dis-
continuity in the radial position of the shear centre axis, and
the effect of this was included. The calculations were repecated,
this time neglecting the discontinuity, and substantially
different results were obtained. Curved thin-walled beams with
varying cross section had been analysed earlier by BAZANT(65),
but the variations were assumed to be continuous and gradual and
the profiles were assumed to be mono-symmetrical. The theory
for beams with varying open cross sections was similar to that
of Vlasov for constant cross sections. The theory for beams
with varying closed cross sections was based on Umanskiy's
assumption that non-uniform torsion in closed profiles caused
warping of the initially plane cross sections which was propor-
tional to the warping predicted by pure Saint-Venant torsional
analysis. Bazant stated that for variable mono-symmetrical
profiles, torsion and horizontal bending were not independent,
but were connected by a system of two simultaneous differential
equations. However, the solution was approximate due to the
initial assumptions, and he pointed out that some experimental
verification was needed to establish the conditions for which

reasonable accuracy could be expected.
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A paper which gave an approximate theory for an
arbitrarily curved beam with fixed ends was presented by
WASHIZU(66). Warping was assumed to be prevented at the sup-
ports, and the effects of transverse shear deformation were
included in the analysis. Six equilibrium differential
equations were derived from virtual work considerations, and a
seventh equation was obtained by relating warping to other de-
formations. A1l properties were referred to the beam centroidal
axis. GREBEN(67) obtained similar results. A theory for con-
tinuous thin-walled circularly curved beams has been reported by

vEsELovskrIT (68)

, who assumed that all supports were on the axis
of the centres of flexure, and that these supports prevented
movement normal to the plane of beam curvature. A flexibility

approach enabled the problem to be reduced to the solution of

a canonical equation system, and a numerical example was given.

2.4 Distortional Analysis

Associated with any loaded thin-walled beam, there
is an inherent tendency for the cross section to distort. The
influence of cross sectional distortion in hollow members was
noted in 1911 by KARMAN(GQ), who observed that the flexibility
of a curved tube was greater, and the strength less, than pre-
dicted by simple bending theory. Analogous results were ob-
tained by TIMOSHENKO(70) in 1923 during an investigation into
the flexure of curved tubes with rectangular cross section.

(71)

These observations were supported by ANDERSON in 1950, when

the flexure of curved rectangular box sections was again
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investigated. Experimental evidence confirmed the conclusion
that flange distortion was accompanied by lateral bending
stresses which, under certain circumstances, could be of greater
magnitude than the circumferential bending stresses. In this
paper, Anderson also reviewed the history of the theory of
flexure for curved beams, with special reference to the effects
of distortion. Analyses similar to those of Anderson and
Timoshenko were conducted by CORNELIS and CARTILIER(72) in 1960,
and by DZIEWOLSKI(73) in 1964 respectively. Perhapé because
of the greater complexity of the calculations, the important
additional influence of torsional loads on the distortion of
curved box beam cross sections has only recently received some
attention. In the following paragraphs, those few references
which consider combined bending and torsional analysis of curved
box beams with deformable profiles are discussed. |
DABROWSKI(74) analysed a curved beam with a deform-
able monolsymmetrical closed cross section, and included the
effects of warping torsion. Deformation of the cross section
was characterized by an angle which was governed by a fourth
order differential equation analogous to that of a beam on an
elastic foundation. The solution could be found either by
employing the analogy, or by using Fourier series expansions.
Due to the nature of the assumed simplified deformation pattern,
the method must be regarded as approximate. (This work was

(53)

incorporated into a section of Dabrowski's book on curved

thin-walled beams). Later, based on the principle of minimum
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potential energy of deformation, BAZANT(75) derived a system of
linear differential equations for the behaviour of thin-walled
members with varying deformable cross sections and with thick
stiffening diaphragms. The method was first applied to

straight structural members of either open or closed cross sec-
tion. An analysis was then deduced for a beam circularly curved
in plan, and it was stated that these calculations were reasonably
accurate for closed cross sections. However, no numerical
examples were given to illustrate the use of the derived equa-
tions. Like the method of Dabrowski, the accuracy of the
approach is limited by the nature of the assumed deformation
pattern.

If the ratio of width to depth of a circularly curved
multicell box beam 1is ;ﬁfficiently large, then the met structural
action may be approximated by treating the beam as a thin flat
slab curved in polar coordinates. COULL and DAS(76) have
presented an analysis Eased on the elasticity theory for simply
supported single-span curved slabs. Loads and resultant deflec-
tions were expressed by Fourier series in the circumferential
direction, with the Fourier coefficients being functions of the
radial coordinate only. Concentrated loads were incorporated
as -discontinuities of shear force in the radial direction by
using an artifice similar to the method of Macaulay's brackets
in ordinary beam theory. Experiments on two models made of
perspex and asbestos-cement gave reasonable agreement with the

theory after only three non-zero Fourier terms were taken.
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Unfortunately, application of the solution to real bridge
structures is severely restricted because of the initial assump-
tion that the plate is isotropic. A similar approach was pro-
vided by CERADINI(77), who considered the more realistic case
of an orthotropic polar flat plate. In addition to the rigorous
analysis, a simplified version was given in which the plate was
assumed to be stiffened by rigid transverse beams. YONEZAWA(78)
obtained a rigorous solution for a uniformly loaded polar ortho-
tropic plate simply supported along its radial edges and having
elastic beams rigidly attached to its curved edges. From the
results, he concluded that simple curved beam theory was
inadequate to describe the true behaviour of this type of deform-
able structure. By using a method analogous to the slope-
deflection method for ﬁiénar rigid frames, BELL and HEINS(79’8O’
Sy, ) analysed continuous orthotropic or isotropic bridge decks
on curved flexible girders. Basic slope-deflection matrices
were derived to include the effects of girder warping stiffness
and of radial diaphragms, and girder deflections and internal
forces at any desired location on the span were computed for
both concentrated and uniformly distributed loads. The solution
allowed for either composite or non-compeosite interaction
between the beams and slab. As part of the same general research
programme into the behaviour of curved viaducts, the finite dif-
ference technique has also been applied to the same type of

(83’84’85). Comparison of compu%ed results with

structure
experimental data from model tests has indicated that this tech-

nique provides a valid and reliable solution. Continuous
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curved plates have also been studied by YﬁKSEL(86).
During recent years, the finite element technique
has been successfully applied to a wide variety of structural

problems (87).  ANEJA and rorL(8%-89)

applied this method to a
typical horizontally curved box beam. They constructed a
plastic model to test the validity of the theoretical predictions,
and found good agreement for the lateral stress distribution, but
not for the circumferential stress distribution. CHAPMAN,
DOWLING, LM, and BILLINGTON (°?) have reported results of a
general analytical investigation into the influence of cross sec-
tional deformation on the stresses induced in straight, skewed,
and curved box beams. By using three methods of analysis,
namely Saint-Venant torsion, the beam on elastic foundation
analogy, and the finite element method, both steel and concrete
forms of construction were considered. No details of the finite
element solution were given in the paper, and very little dis-
cussion was given on the fixed-ended curved box beams quoted as
examples. However, the importance of allowing for cross
sectional distortion even for concrete box girders was clearly
illustrated, and some useful comments were made concerning the
effects of stiffening diaphragms. Further details of the

finite element solutions, together with model test results, have

been presented in other papers(gl’gz).

SISODIYA, CHEUNG, and
GHALI(93) discussed the application of finite elements to a
skew curved single-cell box beam with vertical webs. The

problem was treated by using rectangular finite elements for the
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webs, and either parallelogram or triangular finite elements for
the top and bottom slabs. Analytical results were checked
against experimental values obtained from an aluminium model,
and comments were made concerning computer storage requirements
and relative accuracies of the various chosen element configur-

ations.  CHEUNG, KING, and z1ENKTEWTICZ (94

applied the ortho-
tropic plate idealization to analyse a curved cellular bridge
deck with large ratio of width to depth. A series of triangu-
lar finite elements simulated the equivalent bridge slab. It
was stated that since the chosen elements did now allow for in-
plane forces, a three-dimensional box beam structure whose cell
depth was large compared to the overall width of the bridge
could not be analysed by the same system. An important variant
of the usual finite element method, known as the 'finite strip'

method, was suggested by CHEUNG(QS) for the analysis of curved

orthotropic plate bridge decks simply supported at the two

radial ends. This approach required far less computer storage
locations. Each strip spanned the full length of the bridge,
and was joined to its meighbour along 1its curved edges. Bound-

ary conditions at the supports were automatically satisfied by
using the familiar separation of variables technique based on
Fourier series expansions in the circumferential direction.

By starting with an assumed displacement function, element
stiffness matrices were calculated in terms of the displacements
and forces which existed at each of the element curved edges,
and a complete structure could then be analysed by the standard

stiffness method. Comparisons with the results of Coull and
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Das(76) indicated excellent agreement. MEYER and SCORDELIS(QG)
have recently extended the finite strip approach to analyse
three-dimensional curved box beams simply supported at the two
ends. In this case each elemental strip consisted, in general,
of a segment of a conical frustrum. The approximate nature of
the finite strip method was clearly indicated in this work, and
its limitations were outlined. Although calculated results were
presented for a typical double-cell super-elevated curved box
beam with cantilevered flanges, some experimental evidence would
have been extremely useful in establishing the degree of approx-
imation involved. In addition to the finite element references
mentioned above, certain others which may be of interest have

(97,98,99,100) However

been included in the bibliography
copies of these were not-available for perusal at the time of

writing this thesis.

2.5 Summary

Several contributions to the elastic theory of curved
box girders have been reviewed in the preceding sections. To a
design engineer, the 'best' analysis is the simplest one which
gives reliable predictions of the critical stress conditions
within the structure. Since it is very difficult to determine
the relative importance of the various structural actions of a
box beam in any particular design situation, the engineer should
always be acutely aware of the assumptions associated with any
approximate analysis. Unfortunately, the range of conditions

for which the simplifying assumptions are valid is not adequately
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defined in most papers, and this fact considerably complicates
the choice of a suitable design approach.

Several independent references have emphasized the
particular importance of cross sectional distortion in both
concrete and steel box beam bridges of typical proportionms. It
follows that neither Saint-Venant torsional analysis nor the more
accurate warping torsional analysis will necessarily predict the
actual stress conditions, and a more comprehensive theory should
be used. Since any analysis which incorporates distortion of
the cross section is necessarily complex, a digital computer is
usually required to execute the calculations.

For three-dimensional curved box beams, the most
powerful method of distortional analysis described in the litera-
ture is the finite eleﬁént method, as this can handle structures
with arbitrary profiles, load configurations, and support condi-
tions. However, traditional elements require large amounts of
computer storage in order to achieve suitable representation of
a bridge, and so this method is not yet widely used by bridge
designers. Another reason why finite element techniques are
not more widely used in design is that very 1ittle work has been
published on the true accuracies of the discrete approximations
involved. The finite strip method for simply supported beanms
with constant cross section and curvature offers large savings
in computer storage, but as yet this solution has not been
extended to incorporate either intermediate stiffening diaphragms

or intermediate supports.
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From the literature survey, it is evident that there
is a need to develop general analyses which will give accurate
solutions to the problem of curved continuous box girder struc-
tures, including all of their structural actions. The analyses
should be capable of predicting the internal stréss distribution
for beams of all common proportions when subjected to all
common load configuratiomns. They could then be used either for
the direct analysis and design of structures, or as powerful aids
in determining the specific limitations and relative accuracies
of other analyses. The latter usage is particularly important,
for very little work has been done on the correlation of the

analytical solutions currently available.



31.

3 FOLDED SHELL ANALYSIS

3.1 Introduction

One traditional method of analysing a redundant
structure is to use a combined stiffness and flexibility approach.
The structure without the redundants (released or primary struc-
ture) is first analysed subject to the influence of the applied
external loads, and the displacement components at the location
of the absent redundants are evaluated. This is the stiffness
part of the solution. The redundant forces are then calculated
by applying the compatibility relationships which must exist at
their points of application. This is the flexibility part of the
solution. The primary structure is then loaded with only the
known redundant forces, and is again analysed by the stiffness
method. Finally, resui£§ from the latter calculations are super-
imposed on those obtained from the first stiffness calculations
to give the complete solution for the redundant structure.

A relevant example of the method is the folded plate
analysis of continuous straight thin-walled beam structures, in
which the redundants are taken to be the reactions due to inter-
ior support diaphragms. The problem is complex, since the lateral
distribution of the interaction forces between the diaphragms and
the folded plate elements is unknown. In order to approximate

this distribution, PULTAR(10L)

assumed that each supporting dia-
phragm was infinitely rigid in its own plane, and that the inter-

action forces were uniformly distributed over the small thickness
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of the diaphragm. Compatibility was enforced at the folded
plate joints and at a finite number of selected points in between.
It was further assumed that compatibility need be enforced only
at the centre of the diaphragm thickness. A Fourier harmonic
analysis in the longitudinal direction was used to solve class-
ical elasticity equations for the structural behaviour of each
plate, and these calculations were programmed to obtain a com-
puter solution for continuous structures with simply supported
ends. Recently, it has been shoWn(loz’los) that satisfactory
results could be obtained even with relatively crude approxima-
tions for the nature of the diaphragm redundants. Based on the
procedure proposed by Pultar(IOI), SCORDELIS and LO(104’105)
developed a general computer program for the matrix analysis of
continuous cellular folded plate structures which were simply
supported at the two ends. In addition to the previoﬁs assump -
tions, each diaphragm was assumed to be perfectly flexible normal
to 1ts own plane. Joint redundants were essentially the same

as those suggested by Pultar, but the plate distributed redundants
were assumed to vary linearly between the longitudinal edges of
the plate. Compatibility was enforced at the plate edges and

at the one-third points only. Once again Fourier series were
used to solve the elasticity equations for thin flat plates.

This solution has been checked against experiments and calcula-
tions of other writers, and has been found to give excellent

predictions of the true elastic behaviour of prismatic folded

plate systems.
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Just as a straight box beam may be considered as é
series of rigidly connected folded plates, so a curved box
beam may be considered as a series of rigidly connected folded
shells. If the radius of curvature is constant, then the par-
ticular shells involved are segments of cylinders, flat plates,
and cones. In the sections which follow, a rigorous solution is
formulated for a continuous box beam which has a constant radius
and a constant thin-walled cross section. The traditional com-
bined stiffness and flexibility approach is clearly evident in
the procedure, and all calculations are based on classical elas-
ticity equations for thin shells.

Since shell calculations are necessarily complex, 1t

is considered vital to provide independent checks on the developed

solution. For this reason, the assumptions regarding the nature
of the diaphragm redundants are directly analogous to those made

by Scordelis and Lo(los).

By specifying a very large beam
radius and a correspondingly small subtended span angle, a curved
beam can be made to closely approximate a straight beam, and the
folded shell results could then be directly compared with folded
plate results.

For evaluating the stiffness coefficients of thin
flat plates, Scordelis and Lo were able to use explicit mathemat-
ical formulae which had been preViously derived by GOLDBERG and
LEVE(106). No such formulae are currently available for folded

shell elements. However, in Section 3.3.1, a systematic unified
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approach for finding the complete stiffness matrices of the

three element types is presented. These calculations form the-
key to the folded shell solution, and the philosophy employed
therein is strongly reflected throughout all other aspects of the
computational procedure.

Calculations for cylindrical and conical shells are
based on equation systems taken from particular references by
FLﬁGGE(107) and WILSON(los) respectively, whereas calculations for
curved flat plates are based on the familiar equations for separ-
ate plate bending and membrane action(log’llo).

For the sake of uniformity, chosen coordinate systems

are always right handed.

3.2 Definition of a Folded Shell Structure

Consider a thin-walled beam circularly curved in plan.
The beam subtends an angle o at the axis of rotation, and has a
constant cross section consisting of a Series of rigidly jointed
straight elements made from homogeneous isotropic elastic mater-
ial. The cross section may be open, closed, or a combination of
both open and closed parts. Some examples of folded shell cross

sections are given in Figure 3.1.

7 II1 L

Figure 3.1 Examples of folded shell cross sections
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At the two ends of the beam (taken as ¢ = 0 and
¢ = o) there are externally supported thin diaphragms. They
are infinitely rigid in their own plane, thereby maintaining the
initial shape of the complete cross section, and are supported so
that no rotation of the cross section can occur as a result of
torsional reactions. In contrast, however, the end diaphragms
are perfectly flexible normal to their own plane, and hence present
zero resistance to warping displacements which occur at the beam
ends. Rotations about the intersections between folded shell
elements and end diaphragms are also free to take place. Under
these conditions, the beam is considered to be 'simply supported’
at its ends.

There may be additional diaphragms at various inter-
mediate cross sections along the beam. Such diaphragms subtend
'small' angles 8¢ at the axis of rotation of the beam, and are
termed 'internal' to distinguish them from those at the extreme
ends. An internal diaphragm may be either of two types. An
'unmoveable' diaphragm is one which 1is supported externally in
the same manner as an end diaphragm, whereas a 'moveable' dia-
phragm is supported by the beam itself. Each internal diaphragn
is, like an end diaphragm, considered infinitely rigid in its own
plane but perfectly flexible normal to its own plane. However,
unlike an end diaphragm, an internal diaphragm need not be connec-
ted to every element of the beam cross section. A beam which has

no internal diaphragms is defined as a 'primary' structure.
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Certain preliminary assumptions must be made concern-
ing the nature of the redundant forces which occur as a direct
result of the interaction between a folded shell element and an
internal diaphragm. In a real structure, the connection 1is
continuous over the full width and thickness of the diaphragm, and
the true force distribution is unknown. The following simplify-

ing assumptions are made(104).

(a) All redundant forces are uniformly distributed
across the diaphragm thickness

(b) Between the curved edges of the element, normal
and in-plane distributed redundants exist which
vary linearly in the lateral (transverse)
direction

(c) Concentrated line load redundants exist at the

curved edges of the element

Since the diaphragm is perfectly flexible normal to its own plane,
no forces are transmitted in this direction.

Figure 3.2 shows the nature of the assumed diaphragnm
distributed redundants acting on any general folded shell element.
(The redundants are termed 'distributed' to distinguish them from
the 'concentrated' line loads which co-exist at the element curved
edges) . As indicated in the diagrams by dashed lines, each
linearly distributed redundant may be considered as the sum of two
triangularly distributed redundants. Provided that &8¢, the angle

subtended by the diaphragm at the axis of rotation, is small,
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IN-PLANE REDUNDANTS

(b) Cross sectional view
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REDUNDANTS

(b) Cross sectional view

Distributed redundants caused by diaphragm action

Figure 3.2
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Figure 3.3 Concentrated edge redundants caused by diaphragm

action
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then the triangularly distributed redundants will have resultants
which act at distances one-third of the element width from the
curved edges A and B. The loci of points on the element which
are one-third of the element width from each of the curved edges
A and B are referred to as C and D respectively, and the res-
ultants of the triangularly distributed redundants are according-
ly denoted XC’ ZC’ XD, ZD. These four resultants act at the
centre of the diaphragm thickness, and are expressed in a coordin-
ate system which is member orientated ('member' coordinate system).
Figure 3.3 shows the nature of the assumed diaphragm
concentrated redundants acting on any general folded shell element.
At each curved edge A and B there are two line forces (one in-
plane (lateral); one normal) and one line moment, all of which
are uniformly distributed across the thickness of the diaphragnm.
The resultants of the uniformly distributed redundants are accord-
ingly denoted XA, ZA’ YA’ XB, ZB’ YB as shown in the diagram.
These six resultants act at the centre of the diaphragm thickness,

and are expressed in a coordinate system which is common to all of

the folded shell elements ('global' coordinate system).

3.3 Analysis of Primary Structure

Element stiffness matrices, element fixed-edge solu-
tions for externally applied distributed loads, and element trans-
formation matrices are the three principal quantities associated
with the stiffness solution of any folded shell primary structure.

Consequently, detailed methods for their calculation are described
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in the following first three sections. The method for calculat-
ing the element stiffness matrices is particularly important,
since extensive use is made of the developed concepts throﬁghout
the whole of the folded shell analysis as presented in this
thesis. A general description of the solution for a primary

structure is given in Section 3.3.4.

%
3.3.1 Element stiffness matrices

Introduction

The stiffness matrices of the following

three folded shell elements are investigated in succession.

(a) a sector of a circular cylindrical shell bounded
by two straight edges (generators) and by two
circular edges in parallel planes;

(b) 'a sector of a flat circular plate bounded by two
straight radial edges and by two concentric cir-
cular edges;

(c) a sector of a right conical shell bounded by two
straight generators and by two circular edges in

parallel planes.

Each element is assumed to be simply supported along its straight
edges. 'Simple support' implies that displacements in the direc-
tion of the normal to the surface and displacements parallel to the
support are prevented, whereas circumferential displacements (at

right angles to the normal and to the edge) and rotations about

* The principal contents of this section have been published

in a previous paper(lll),
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the edge are free to take place.

The stiffness matrices sought express the
relationships between the stress resultants acting along the curved
edges, and the corresponding curved edge displacement components.
A sinusoidal variation with an integral number of half wave-
lengths within the sector is assumed circumferentially for the
stress resultants and the displacement components. (Such a reso-
lution of forces and displacements automatically satisfies the
boundary conditions which exist at the straight edges of the ele-
ment. Any other configuration compatible with the prescribed
support conditions is easily handled by using Fourier expansions).
Under these circumstances, the amplitude of the harmonic function
describing the circumferential variation of a stress resultant or
displacement component ébﬁpletely defines that quantity along each
curved edge, and the amplitudes may be regarded as generalised
forces and displacements. The stiffness coefficients obtained
refer to the relationships between these amplitudes.

There are four degrees of freedom along
each curved edge; three displacements and one rotation about the
edge tangent, Thus the element as a whole has eight degrees of
freedom, and the edge loading is completely described by eight
stress resultants, consisting of three force resultants and one
moment resultant acting along each of the two edges. The size of
the stiffness matrix is therefore (8 x 8).

For all three types of element, the

stiffness matrix is generated as the product of two (8 x 8)
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matrices. The first matrix relates the edge displacement com-
ponents to the eight integration constants which arise from the
solution of the eighth order differential equation system des-
cribing the behaviour of the element. The second matrix relates
the edge stress resultants to the same eight constants. In the
particular case of the flat plate element, the theory implies no
interaction between in-plane and out-of-plane forces and displace-
ments, and hence the stiffness matrix contains 32 zero coeffic-
ients. Although it is therefore possible to analyse the flat
plate as two separate fourth order problems, for the sake of
uniformity, the eighth order system is maintained.

Following the accepted practice for thin
shells, edge force resultants are expressed in (force/length)
units, and edge moment resultants are expressed in (force X

length/length) units.

Cylindrical Shell Element Stiffness Matrix

The middle surface of a cylindrical thin
shell element is shown in Figure 3.4. Positive directions of
the coordinates and the corresponding displacements are shown,
together with geometric information necessary to define the
element. One of the curved edges (x = 0) is labelled A, and the
other (x = L) is labelled B. The curved edge stress resultants
required in the stiffness matrix are N, T, S, M and they are
subscripted with either A or B, depending on which edge is being
referenced. T and S are the effective (Kirchoff) edge shear

stress resultants.
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Figure 3.4 Middle surface of cylindrical shell element
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In order to calculate stiffness coeffic-
jents, all terms which describe the influence of externally
applied distributed surface loads must be omitted from the govern-
ing equilibrium equations. Thus the three partial differential

equations describing equilibrium of the shell element become(*07)

Rzu”+1év u"+R(}--J-2r—1)V"-\)Rw'+k(l%2 u"+R3w”';l%2Rw‘")= 0 ... (1a)
L Ry Seyt e I VRZ gk (%(1—\))R2v"+3—£\)—R2w"')= 0 .. (1b)
vRu'+V'~w+k(l%2Ru'"-R3u”'—éézRZV”'—R4w””
D e e o N s
S2RAWMT-wT T -2w T -w) = 0 e (1cC)
h’ 2( ) 2()
where k = —— , (}' = , and () = —=
1282 3x 39

Since the displacement components vary sinusoidally in the cir-

cumferential direction, the following equations may be written

u = u(x)sinB¢ ... (22)
v = v(x)cosB¢ saw. (2D)
w = w(x)sinB¢ .. (2¢)

mll : e .
where B el and m is a positive 1integer.

Expressions (2a-c) satisfy the desired boundary conditions along

the straight edges. At this stage u(x), v(x), w(x) are unknown



44.

functions to be determined in such a way that equations (la-c)
are satisfied, When expressions (2a-c) are substituted into
equations (la-c), a symmetric homogenecus system of three simul-
taneous differential equations in u(x), v(x), w(x) results.

2.2 1-v

3.3,.1-v
LR

8% (1+1) Ju(x) +[ 25 RADIv (x) +[VRD-k (R°D >+

RBZD)]W(X)=0
(3a)

3-v

[1+v 2.1-v
2 2

RgDIu(x)+ [ -7+ 5% R? (1+31) D% v () +[-8+252 1r?en® Jw (x) =0

(3b)

3.3.1-v

[VRD-k (R*D7+17 e

¥ xR%8D% Iv (x)

ReD) Tu (x)+[-B+

4

+[-1-k (R4 2r%%0%+ (82-1) %) Jw (x) =0 .. (30)

where D = These equations are abbreviated in the following

Q-a[@-
=

way.

Z 2.2

-[R?D?-K, Ju(x) - [K,RDIv (x) -RDLK R*D*+K, Jw (x) =0 ... (4a)

2 22

-[KZRD]u(x)+[KSR2D +K v (x) +[K,R*D%+K g Tw (x) =0 ... (4b)

2.2 2,2 4.4

D%+K, Ju(x)+[K,R*D*+Ky Iv (x) + [KgR*D 4K 212

—RD[KSR 10R b +K11]w(x)=0

(4c)
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where K1.= l%i 82(1+k)
Ky, = = 5= 8
K, = k
K4=-v+1——2—v82k
K, = 252 (1+3Kk)
Kg = - 8
K, = 22> gk
Kg = = B
Ky = -k
K o= 267K
K= - 1 - (82-1)%k

A simple but tedious procedure can be used to systematically
eliminate any two of the functions u(x), v(x), w(x) from this
equation system, thereby obtaining a single eighth order differ-

ential equation with constant coefficients for the remaining
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function. The exact form of this equation will depend on any
approximations introduced prior to and during the elimination
process. (HOUGHTON and JOHNS(IIZ) list eleven slightly different
forms of the characteristic equations which correspond to the
eleven eighth order differential equations derived by various
authors). It is emphasized here that any approximation made
whilst manipulating the basic equations may destroy the symmetry
of the desired stiffness matrix. Therefore, in this work, having

(107)

decided on the form of the original equilibrium equations and

of the stress resultant expressions(App’B), no approximations are
made in the manipulations described. The following characteris-
tic equation is derived. To facilitate comparison with equations

(112)

of other authors , the equation is written in its complete

form.
3 6

A +(1+3k§(k-1) {82[%(1—v)k2+%(11—3v)k+2]—v(1+3k)}iz

2,2 2 2 . 4
sptrY % +%(v-2)k-3]+332§2—L7-—n—k+1]+ (v°-1 g%(1*3k)}ﬁz
R

+82{84[%(1-v)k2+%(7—3v)k+2]+62[-%{1-v)k2+%(5v—7)k+v—4]

' 2 4..2 2
+[%(l—v)k2+%(l—v)k+2—v]}§6 . B (8 _;;8(1+k{}r 0 sas, (5)

Equation (5) does eventually lead to a symmetrical stiffness

matrix. The eight roots (complex) of this equation are denoted
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Ai(i =1,2,...8) and the solution of equation system (la-c) 1is
therefore
8 Kix 8 Aix 8 Aix
u(x) = J Aze 3 v(x) = ) B;e ;o w(x) =) C.e ...(6a-c)
i=1 i=1 i=1

where Ai’ Bi’ C.1 are complex constants governed by the curved
edge boundary conditions. However, since there are only eight
such conditions, it follows that only eight of these constants

can be independent. Substitution of expressions (6a-c) into

equations (4a-c) gives the complex matrix equation (7).

“—[szi-Klj -[K,RA; ] ~[KROAS+K,RA ] ﬂ HA:
-[K,RA, ] +[K RN 4K +[K, RN 2K ] |85 2,
-[KgR7 A+, R4 ] +[K, R +Kg ] [KgROA TRy ROk 0| |y
) . M};;

Since equation (5) is identical to the one found by setting the
determinant of the (3 x 3) matrix in equation (7) equal to zero,
the homogeneous equation system (7) has non-trivial solutions.

The ratios Ai/Ci and Bi/Ci can therefore be calculated. Hence
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A./C.

=
1l

i 1771
(KK ROAS+ (K, K +K K, -K K )ROAS+ (KK -K K, )R, ]
KRR (K KvK Ky R R ) R A1+ (B 6 820 ™ -
4.4 AN
(KR T+ (Kg-K K rKDRAL K K]
Xy = B3/Cy

2

4.4 2 i
o [ (K K+ K )R A + (K K, =K Ko +KQIR £ K Kg] .
4.4 P 252
[KRTA+ (KoK K +KGIROAT -K Ko ]

_ The displacement component expressions

(6a-c) can be rewritten to incorporate the quantities.ni and Xy -

8 AsX 8 AsX 8 ;X
u(x) =) nje C.; v(x) =) X; € Ci3 w(x) = Y e Cy
i=1 i= i=1
...(9a-c)
An expression is also needed for edge rotations. Hence
: 8 A:X
X L Ly aet L g e (94)

where the minus sign is necessary to make the curved edge rotations

comply with the positive direction of the edge moment stress
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resultants defined in Figure 3.4.

The stress resultants corresponding to
the above four displacement components can also be expressed in
terms of the quantities Ul and Xj - After’direct application of
(107,App.B)’

equations (2a-c) and (9a-c) to the general expressions

these resultants are

N = N(x)sinB¢

$ ety {§ [Rn.x.-va.—v+Ei 1276 1% ¢ 1singg ... (10a)
R(1-v2) i=1 i71 1 12 71 i
T = T(x)cosB¢
= EE%%:;; izl[5ni+inXi+%;(xiXi+sxi)]exix.Ci}cosB¢ ... (10D)
S = S(x)sinB¢
I {22; [RZA3-vB%a, -vBA, x; +RASn,

12R% (1-v2) i1 1

an

ZR

2 3 Aix
+(1-v) (-2B%A;+ 1—78Aixi)]e .C;}sinB¢ ... (10c)
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M = M(x)sinB¢
3 '8 _ A-X
s Eh — {1 ERzki-v82+inni-vai]e * .C;}sing¢ ... (10d)
12R%(1-v7) i=1
Expressions (9a-d) and (10a-d) hold for
all values of x in the range 0 < x < L. However, for the

specific purpose of calculating stiffmess coefficients, only the
extreme values x = 0 and x = L need be considered. In order to
comply with the positive directions defined in Figure 3.4, the
stress resultant expressions (10a-d) must be reversed in sign
when evaluated at x = 0. ‘

_ By using convenient matrix notation,

expressions for the amplitudes of the required displacement

components and corresponding stress resultants at the edges A

and B may be written as follows.



dw
Cx

5A 6A 7A 8A

8B

51.

... (11)

)
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Each of the elements in the square matrices of equations (11)
and (12) is found from one of the expressions (9a-d) or (l0a-d).

For example,

Ug = (coefficient of C1 in expression for u(x) at x = 0)
dw _ oy . : - dw (x) _
(-+=) = (coefficient of C, in expression for - at x = L)
dx 7B 7 P X
AL
_ 7
= A7e
TZA = (coefficient of C2 in expression for T(x) at x = 0)
- S PR LW INE
ZR(1+V) 2 RAXTIR VM2X2TRA2
M = (coefficient of C, in expression for M(x) at x = L)
8B 8
AL
3 8
= - gh 5 [Rzkg-v62+Rk8n8—vBX8]e
12R“(1-v7)
In symbolic form, equations (11) and (12) are
5M = G.C ... (13a)
and
Py = H.C awa (13b)

where the subscript M indicates reference to the member COOTY-

dinate system. §.. is the column matrix of the edge displacement

M
components {uA...(-%g) 1, Py is the column matrix of the
A B



corresponding edge stress resultants {NA...MB}, G and H are
square matrices, and C is the column matrix of the constants

{Cl"'CS}‘ Equations (13a) and (13b) may be combined to give

Dy = H.671.8y ..(14)
or, from the definition of a stiffness matrix,
_ gl
k,, = H.G siwe (15)

Computer Calculations:

From the physical and geometrical pro-
perties of the cylindrical shell, the coefficients which appear
in the characteristic equation (5) can be evaluated. A standard
library subroutine is then used to calculate the eight.complex
roots. (The method employed is an iteration based on a combin-
ation of Newton's and Bairstow's procedures). By using the
expressions given, matrices G and H are then assembled, and the

1 is calculated.

product ky = H.G
Some checks which may be applied to the
stiffness matrix in any particular case are
(a) All elements are real
(b) The main diagonal elements are positive
(c) The first four and the second four main diagonal

elements are identical

(d)  The matrix is symmetrical
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Flat Plate Element Stiffness Matrix

The middle surface of a thin flat plate
element is shown in Figure 3.5. Positive directions of the
coordinates and the corresponding displacements are shown,
together with the geometric information necessary to define the
element. The inner curved edge (x = Rl) is labelled A, and
the outer curved edge (x = R2) is labelled B. All required
curved edge stress resultants N, T, S, M are subscripted accord-
ingly. The plate is siﬁply supported along the straight (radial)
edges, and it is assumed that there are no externally applied dis-
tributed surface loads. Curved edge stress resultants (and
hence all displacement components) are assumed to vary sinusoid-
ally in the circumferential direction.

The governing equilibrium equations in

terms of u, v, w may be expressed as follows(log’llo).

¥ WE%WT(;;HI"-;Z—'—) = 0 ... (16a)
X(??vz)(§;+X:+vu")+ 2%2+vj(u;'-§%+v“+£7_¥L

+ i%%IGT{%;+V'—¥J = 0 ...(16b)

v (v )) = o ... (16¢)



Figure 3.5

Middle surface of flat plate element

55.
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where ( )'=agx), ( ).=8§¢)’ and vz( )= ( )H+L£ll+£_%:
X

Equations (16a) and (16b) govern the membrane action of the plate
and are completely decoupled from equation (16¢) Which governs
the normal bending action of the plate.

Expressions (2a-c) may be substituted

into equations (16a-c), and the following equation system results.

[p?+Xp-1 2(1 LY e%)qu) +- 5 (1ev)pe-Lo(3-v) Tv (x) =0 . (17a)
2x
[%§(1+V)D+2i 2+%§3D-i7( ’ 12v)]v( )=0 ... (17b)
[D4+2D3 1
= -—~(1+28 )D NN (1+28 )D+ (6 -4 )]w(x) 0 o (170)
_d
where D = =

These equations can be reduced to linear differential equations

with constant coefficients by using the transformation x = xoer.

Hence
[D —(1+ B )]u(x)+[-—(1+v)D +o (3 v) v (x)=0 . «.. (18a)
[8(1+v)D +8(3-v) Ju () + 1002 (87425 )30 (-0 sy

43 2. 74 7 2
[P, -4D3+2(2-8%)D%+48 dez(s -4) Jw(x)=0 ... (18¢)
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If either of the functions u(x), v(x) is systematically eliminated
from the membrane equations (18a) and (18b), a single fourth
order differential equation is obtained for the remaining function.

The characteristic equation corresponding to membrane action thus

becomes

4 2.,2 2 2 _

Ap ~ 2(1+B )Am + (B7-1)" =0 sas (19)
where the subscript m refers to membrane action. The charac-

teristic equation corresponding to bending action follows directly

from equation (18c).

4 3 Do O 2 2 p _ '
Ay T Ayt 2(2-8 )Ab *ABTA, * B (B7-4)=0 ... (20)
where the subscript b refers to bending action. The roots

(all real) of the two characteristic equations are

A = -(1-8) A L
m1 b1 + B
M, o= 4(1-8) Ay = - B
2 b,
A = -(1+B) A, = + B+2
Lz by
A = +(]"B) >\b = - B+2
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Thus the solution of the plate differential equations may be

written
4 - Ami 4 Ami
O R O e e ... (21a)
i= i=
4 N xm. 4 >‘m.
v (x) =.21 B, (x,e’) T =1 Byx * ... (21b)
1= j=
4 i kbi 4 Abi
w(x) =_21 C;(xge) =‘21 C;x sss (21c)
1= 1=
AL -1
4 b.
and - éﬁéil = -‘Zl Cihy X t wis (214)
i= gl

where the minus sign is necessary to make the curved edge rota-
tions comply with the positive directions of the edge moment
stress resultants defined in Figure 3.5.

From equations (18a) and (18b), the
ratios Bi/Ai can be found in the same way as for the cylindrical

shell.

-0 2o (el 693
£, = B./A; = 1 e (22)

1 Lor-Baevn, +50-v)]
1

(The constants Ai and B; are completely independent of the

bending constants Ci). Displacement component expressions



(21a-d) can now be written to incorporate the quantities gi.
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(23a)

(23b)

(23c¢)

(23d)

-~ The stress resultants which correspond

to the above four displacement components can also be expressed

using the quantities gi. After direct application of equations

(2a-c) and (23a-d) to the general expressions

these resultants become

N = N(x) sinB¢
A -1
o {g A +v(1-8&.) Ix " A.}sing¢
1-v2 i=1 My * .
T = T(x) cosB¢
Ay -1

Eh

4
1 .
= zivey (2 [8*Eghy Eydx T oAy Jeosed

(109,110,App.B)
b

(24a)

(24Db)
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S = S(x) sinB¢
3 4
Eh 3 2 2 2
- m— Y ) WIS W ) WRNED PR ¢ LA R A
12(1-v2) i1 Pj Py "By by
A -3
> by .
-(1-v)B (Ab_—l)]x .Ci}sin8¢ ... (24¢)
1
M = M(x) sinB¢
Eh> 1 2 kbi'—z
= - ———— {] [Ay (4 -1+ -87)1x .C;}singe ... (244)
12(1-v4) i=1 "i “i i

As is the case with the cylindrical shell, for the purpose of

finding stiffness coefficients, expressions for the stress

resultants must be reversed in sign when evaluated at edge A.
Matrix notation is again used to write

expressions for the amplitudes of the required displacement

components and corresponding stress resultants at the curved

edges A and B.



1B

1B

1A

1A

1B

1B

2A

2A

2A

2A

2B

2B

1A

1A

1B

1B

2A

ZA

2B

2B

3A

Vip

3B

3B

3A

3A

3B

3B

AA

4A

4B

4B

3A

3A

3B

M:p

4A

4A

4B

Myp
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Each of the elements in the square matrices of equations (25)
and (26) is found from one of the expressions (23a-d) or (24a-d).

For example,

Uqa = (coefficient of A1 in expression for u(x) at x = Rl)

(-%;) = (coefficient of C3 in expression for -ég§§l at x = Rz)
3B

TZA = (coefficient of A2 in expression for T(x) at x = Rl)

M4B = (coefficient of C4 in expression for M(x) at x = RZ)

Equations (25) and (26) can be written
in the same symbolic form as equations (13a) and (13b) for the
cylindrical shell element. Hence, again ky = H.G™L.

Computer Calculations:

Since the roots of the two characteristic
equations are known, the flat plate stiffness matrix calculations
are considerably faster than those for the cylindrical shell.

The matrix is not symmetrical since the curved edges A and B are
of different lengths. (The calculations may be checked by
premultiplying kM by the diagomal matrix r_RlRlRlRlRZRZRzRZ_l.

The matrix thus obtained should be symmetrical).

Conical Shell Element Stiffness Matrix

The middle surface of a thin conical

shell element is shown in Figure 3.6. Positive directions of
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Figure 3.6 Middle surface of conical shell element
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the coordinates and the corresponding displacement components

are shown; the positive z-direction is the outward normal to

the shell surface. The shell is simply supported along 1its
straight edges, and all surface loads are taken to be zero.

Once again, the curved edge stress resultants (and hence all dis-
placement components) are assumed to vary sinusoidally in the cir-
cumferential direction. With reference to Figure 3.6, the

following quantities are defined.

2Eh?
F = === t = tany s = siny
3(1-v7)
L %
il % X
a = b = =— y = - 1
h1 Ly ahl
where a >> 1. The amplitudes of all stress resultants and dis-

placement components are to be expressed in terms of the dimen-
sionless variable y.

Displacements u, v, w may be written

u = hlu(y)sin8¢ ... (27a)

v = phlv(y)cose¢ ... (27b)

w = hlw(y)sin6¢ iee (272)
whére B = %E , and p = B s Solutions of the governing differ-

S
ential equation system(log) are sought in the form

viy) =1 8y W) =
=0 Il

fo~18

u(y) = Z oy ynyn ...(28a-c)

0
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which converge provided |y]| < 1(108). Recurrence formulae have
been derived by Wﬁlson for calculating the coefficients in these
series, but Ffor the sake of brevity they are not reproduced here
in precise detail. Equations (29a-c) represent them in an

abbreviated form.

Q
I

n+2 fl(an+1’un’8n+1’Bn’Yn+l’Yn) -ee (293)

™
1

B N G A O L UL S L L L L

Yo+2°Yn+1°Yn>Yn-1Yn-2’ (29b)

Yn+4 - f3(an+1’anlqn-1’un_2’6n+2>Bn+1’8n’8n_138n_23

Yn+3’Yn+2’Yn+1’Yn’Yn—l’Yn-2).. (29c¢)

where fl, fz, f3 are linear functioms. Equations (28a-c) apply
for all n = 0,1,2.... Quantities with negative subscripts
are taken to be zero.

Following the solution as presented by
Wilson, each of the displacement functions (28a-c) can be ex-
pressed as a combination of eight linearly independent parts.
The eight leading coefficients are set a, = 1, ay = Bg = By =

Yo = Y1 T Yy T Yz T 0, and the remaining coefficients o B

n’> "n’ Yn

are found from the recurrence formulae. The series solutions

(28a-c), evaluated by using these coefficients, are denoted
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uy (), v, () ,wy (y) . Similarly u,(y),v,(y),w,(y) are found by
prescribing all leading coefficients to zero except oy = 1.
This process is repeated until uS(y),VS(y),ws(y) are found.

Then the complete solution may be written

8
u = hl[-Z Ciui(y)]sin6¢ ... (30a)
i=1
8
v = phy[ ) C;v; (y)JcosBg ... (30b)
i=1
8
W o= hl[-Z C;w. (y)Isingé swm (30c)
i=1
where Ci(i=1,2...8) are, at this stage, unknown constants governed
by the curved edge boundary conditions. An expression for the

required edge rotation can be deduced from expression (30c).

8
M-I } €3 () Isings ... (30d)

where ( )' = éé?l , and the minus sign is necessary to suit the
chosen convention for positive edge moments defined in Figure 3.60.

The stress resultant expressions for

N and M may be taken directly from Wilson(log), but expressions

for T and S must be derived from their constituent components(lls).



67.

N(y)sinB¢
3E_ % fur ¢ oY (u,-ply, 4k e -
}—1-2—; Ly U.i ‘-(—m ui P Vi ;E'Wl)]. N singé e ( a)
1 1= :
T(y)cosB¢
PpUi-v)( § [y (95 7v3) #vi 1 gL (r+ 1wy -,
hja 1=1 e D= ot azt[y+133 ot
- by 4 v 13,5 dcosBo ... (31D)
S(y)sinB¢
- P ] LoD + e he - (pF1) Gew!
ashi(y+1)5 i1 1 i il
. 2 s
+ptuy ¢ By - vy
- prEA-WLyw] - oy - Oy 4 1v,17.c4)singe ... (310)
= M(y)sinB¢
F 8 v : 2 2 .
51 1 [-wy - SO+ 1w - piwy + Bv;11.C;)singg

hja® i=1 L yr)”
(314d)
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d( )

where as before, ( )' = . Once again, for the purpose of

(
i
calculating stiffness coefficients, the stress resultant express-
jons must be reversed in sign when evaluated at the edge A in
order to comply with the sign convention of Figure 3.6.
Inspection of the displacement component

expressions (30a-d) and the stress resultant expressions (31la-d)

reveals that the amplitudes may be grouped into matrix equations

which are directly analogous to equations (13a) and (13b) for
the cylindrical shell element. The constants Ci(i = 1,2 ... 8)
are real in this case, and formulae for the elements of the

matrices G and H are easily obtained from expressions (30a-d) and

(31a-d). For example,
Ugp = (coefficient of C1 in expression for amplitude of
u at y = 0)
(-%%) = (coefficient of C7 in expression for amplitude of
7B
-%g at y = b)
TZA = (coefficient of C2 in expression for T(y) at y = 0)
M8B = (coefficient of C8 in expression for M(y) at y = b)

Thus, once again ky = Be @k,
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Computer Calculations:

For practical calculations, the infinite
series associated with this solution must be truncated. In the
present work, 50 terms are used. Because of these series, the
conical shell stiffness matrix calculations require much more
computing time than the corresponding calculations for either of
the two previous element types. As is the case with the flat
plate element, the final stiffness matrix kM is not symmetrical
since edges A and B are of different lengths. However, 1f kM
is premultiplied by an (8 x 8) diagomnal matrix which has the
first four diagonal elements edual to the arclength of edge A,
and the second four equal to the arclength of edge B, then the
product matrix should be symmetrical. A further check on the
calculations 1is obtaine&Agy prescribing the angle y equal to 1/Z,
for then the conical shell becomes a flat plate, and the stiffness
matrix can be directly compared with the one predicted by the

flat plate calculations.

3.3.2 Fixed-edge solutions for distributed uniform
loads

Due to various desired combinations of
dead load, wind load, and live load, any folded shell element may
be subjected to loads which are uniformly distributed across the
lateral dimension of the element. They can be resolved into two
components. One component is normal to the shell surface, and
the other is an in-plane load in the lateral direction. For

each type of folded shell element, a simple method 1is described
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for calculating the fixed-edge stress resultants under these

two scparate load conditions. It is shown that the same general
equation can always be used, irrespective of which load condition
or element is being considered. This equation involves the
appropriate element stiffness ma?rix kM’ and two column matrices
which contain particular solutions of the appropriate differenfia]
equation system.

For reasons which are made clear in the
following description, the particular solutions for a flat plate
element cannot be used when g = 1,2,3 or 4. Under these condi-
tions, each flat plate must be analysed as a special case of a

conical shell.

Cylindrical shell

(a) Normal load (positive 1in z-direction)
uniform in x-direction

Let the applied normal load per unit
surface area be q = qcsin8¢, where q. is constant (independent
of x). Equation system (4a-c) must be modified to include a

load term on the right hand side of equation (4c).

2 2,2

-[R%p%-K, Ju(x) - [K,RDIv(x) - RD[KZR“DZ+K,Tw(x)=0 ... (32a)
2.2 2.2 .
S[KRDIu(x) + [KGRZD*+KIv(x) + LK R“DE+KgIw(x)=0 ... (32b)
—RD[K3R2D2+K4]u(x) 5 [’K7R2D2+K8]v(x) ¥ [I(9R4D4+K10R2D2+K11]w(x)
q RE(1-v%)

w ... (32¢)
Eh
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Equations (32a-c) constitute a non-homogeneous system, and the
complete solution is the sum of a complementary solution and a
particular solution. For the particular solution, the following

expressions are chosen.

u = ucsinﬁ¢ sae (33a)
v = vccosB¢ ... (33b)
w o= wcsin8¢ oo (33c)

where u., Vv w. are constants. If expressions (33a-c) are

C’

substituted into equations (32a-c), equations (34a-c) result.

—[—KljuC - [0]vc = FO]WC = 0 (34a)
—[OjuC + [K6]vC + [ngwC =0 (34b)
C ®Pa-vh)
-[OjuC + [KSJVC + [Klljwc = - TR ... (34c¢)
It follows that
u. = 0 ... (35a)
Kga RZ(1-v%)
Eh (KgKq4-Kg)
Kéq Rz(l—vzj
W, s < (35c)

= 2
Eh (KgKy ;1 -Kg)
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For fixed edges, the boundary conditions may be written

G.C + =0 co. (36)

where G and C are defined by equations (11) and (13a). If SP
!

is used to denote the péfiicular solution for the edge displace-

ment amplitudes, equation (36) becomes

G.C+ 6, = 0 ce. (37)

-1

and so C = -G .6P ... (38)

The particular solutions for stress resultants are deduced by

substituting expressions (33a-c) into the general stress result-
(107 ,App.B)
b4

ant expressions: and the complete fixed-edge solutions

are therefore
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P = H.C + ... (39)

= H.C + P .. (40)

where H is defined by equations (12) and (13b). Equations (38)

and (40) may be combined to give

(41)

Hence,
(42)

where kM is the stiffness matrix of the cylindrical shell

element.
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(b) In-plane load (positive in x-direction)
uniform in x-direction

Let the applied in-plane load per unit
surface area be p = pcsin6¢, where P is constant (independent of
x). Equation system (4a-c) must be modified to include a load

term on the right hand side of equation (4a).

_ 2 2
2.2 2.2 B R AT)
-[R"D —Klju(x) - [KZRD]V(X) - RD[KSR D +K4]w(x) = B
(43a)
2.2 2 _
—[KZRD]u(x) + [KSR D +K6]v(x) + [K7R D +K8]w(x)—0 ... (43b)
a 22 2.2 - 4.4 2.2 _
RD[KSR D +K4]u(x) + [K7R D +K8]V(x) + [KgR D +K10R D +K11]w(x)—0
ve. . (43c)
For the particular solutions, the following expressions are
chosen.
u = ucsin8¢ ... (44a)
v = VCCOSB¢ ... (44b)
w = wcsin6¢ ... (44c)
where again u., V., W_ are constants. If expressions (44a-c)
are substituted into equations (43a-c), it follows that
CpRPA-vD) e
u, = EhKl ... (45a)
v, = 0 _ ... (45b)
w. =0 ' - ... (45c)
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Particular solutions for stress resultants are deduced by

substituting expressions (44a-c) into the general expressions(107’

App.B)_ The complete fixed-edge stress resultants may then be

calculated according to equation (42), where

(46)

-EhBuC
ZR(1+v)

3.2
Eh"B uC

24R3 (1+v)

and Pp = ... (47)
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Flat plate

(a) Normal load (positive in z-direction)
uniform in x-direction

Let the applied normal load per unit
surface area be g = qcsin6¢, where q. is constant (independent
of x). Equation (18c) must be modified to include a load term

on the right hand side.

12x4qc(1—v2)

3 (48)

4 .3 2...2 2 7o)
[Dr—4Dr+2(2—B )D +48"D_+B (B™-4) Jw(x) -

For the particular solution, the following expression is chosen

w = wcx4sin8¢ o0 (49)

where W is a constant.™ - If expression (49) is substituted into
equation (48), it follows that
2
12qc(1 v7)

w_ = ... (50)
€ Eh3(64-208%+8")

where B # 2 or 4. Particular solutions for stress resultants
are deduced by substituting expression (49) into the general

(109,110,App.B)_ The complete fixed-edge stress

expressions
resultants may then be calculated according to equation (42),

where



and PP =

15?1—_7)(12+v(4—62))
-V

0
0

3
-Eh WCR2

12(1-v%)

(32-58%+3v8%)

~Eh3w RZ

—"-—57§(12+v(4—82))
12(1-v7)

(51)

(52)
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and kM is the stiffness matrix of the flat plate element.

(b) In-plane load (vositive in x-direction)
uniform in x-direction

Let the applied in-plane load per unit
surface area be p = pcsin8¢, where P. is constant (independent of
5 Ve Equation system (18a-b) must be modified to include a load
term on the right hand side of equation (18a).

2 2
p x’(1-v7)

8 )+ [-5AeD, ¢ S ) =Sy vxe (538)

2
[Dr_(1+
2.1-v

[%(1+v)Dr+%(3-v)]u(x) + [1%2D§-(B +==) v (x) =0 ... (53b)

For the particular solutions, the following expressions are

chosen.
- 2_.
u = u.x sinB¢ ... (54a)
- 2
v = v_x"cosB¢ <.+ (54b)
where u. and v, are constants. If expressions (54a-b) are

substituted into equations (53a-b), equations (55a-b) are obtained

by equating coefficients of xz.

2
p.(1-v7)
[KypJue + [Kyzlve = - —pp—

(55a)

(55b)

I
o

[Kygdug * [Kyglve =
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where K12 =3 - ;%X 82
Ky = £ (1-3v)
Ky = 5 (54v)
K;o = 5 (1-v) - 87

Solutions of equations (55a-b) are

2
u, = - pc(l—v )Kls (56a)
c Eh (KK 5-K;5Kq4)

2
p.(1-v)Ky,
A's = 7
c Eh (K K 5-K 5K 4)

(56b)

where B # 1 or 3. Particular solutions for stress resultants
are deduced by substituting expressions (54a-b) into the general

(109,110:APP'B)_ The complete

stress resultant expressions
fixed-edge stress resultants may then be calculated according

to equation (42), where

e cee (57)
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EhR

1-v2 ((2+v)uC - vaC)

EhR
2(j+v)(8uc ¥ VC)

and Py, (58)

EhR2

> ((2+\))uC - vaC)

1-v

Eth
2(1+v) (Buc * Vc)

0

Conicél shell

(a) Normal load (positive in z-direction)
uniform in x-direction

Let the applied normal load per unit
surface area be 7 = qcsin8¢, where q. is constant (independent of
x) . Wilson assumes that normal surface loads can always be

expressed in the form

3Fh, n
—— - 1) ] sing¢ e (59)

_ = X
z=— 01 2,
n=o0 1

X

If the amplitude is to be independent of x, then the coefficients
Zn must be chosen such that Z0 =1, Z1 = 4, Z2 = 6, 23 = 4, Z4 =1,

Z. = Z, = ... = 0. Hence equation (59) becomes

7 = _3E sinB¢ ... (60)
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It follows that for the amplitude to be the simple constant de >
then each of the Zn coefficients should be multiplied by
4.3
& hlqc
3F

Particular solutions for the displacemegt
functions (28a-c) are deduced from the recurrence formulae(log)
by setting the eight loading coefficients (uo,al,BO,Bl,YO,Yl,
YZ’YS) equal to zero, and the Zn loading coefficients equal to

the values suggested above. (A1l Xn and Yn loading cqefficients
are taken to begzero in the/recurrence formulae). The particular
solutions thus found are denoted gg(y), Vg(y)’ wg(y). Particular
solutions for stress resultants are deduced by substituting the
functions ug(y), vg(y),hwg(y) into the. expressions (3la-d). The

complete fixed-edge stress resultants may then be calculated

according to equation (42), where

(61)
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and PP =
0
0
0
0
3F ' v = 1
7 s ey (Mo P Votey) !
1
3Fp(1—v)[ 1 ( " 2Fp(1-v) _ (b+1) 1
Up-Va)+vi]- [(b+1)wWh-w-————vi+V, ]
Zhia (6+1) Y9 Vg) Vg aShit(b+1)3 97 W™t V9 t'9
/
- 2
gl (b+1) 3wyt 4 (b4 1) P (p+1) (b+1)wy+2pPwg+B-(b+1)vy-
hja (b+1) t
ZEEV ]+ sz(lrv) [ (b+1)wl-w bt1)ya 1y ]
€00 T ey 9 YTt V9T tY
gL 2((b+1)wé'P2W9+%_2"9)]
h]a (b+1) -

(62)
and kM is the stiffness matrix of the conical shell element.

In equations (61) and (62), the shorthand notation Ug, Vg Wg is

used to represent ug(b), Vg(b), wg(b) respectively.
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(b) In-plane load (positive in x-direction)
uniform in x-direction

Let the applied in-plane load per unit
surface area be X = pcsin6¢, where P. is constant (independent
of x). Wilson assumes that in-plane surface loads can always

be expressed in the form

N

hlx

X

el n
X = 5 [ Z X (z= - 1) ] sing¢ e.. (63)
n=o 1

If the amplitude is to be independent of x, then the coefficients

Xn must be chosen such that XO =1, X, =2, X, =1, X, = X4 =

1 2 3
= 0. Hence equation (63) becomes
X = —'o singp . (64)
a ]11 '

It follows that for the amplitude to be the simple constant P>
then each of the Xn coefficients should be multiplied by

2,3
a hlpc

3F

Particular solutions for the displacement

functions (28a-c) are deduced from the recurrence formulae(log)
by setting the eight leading coefficients (uo,al,BO,Bl,YO,Yl,
YZ’YB) equal to zero, and the Xn 1oading coefficients equal to
the values suggested above. (Al1 Y, and Z, loading coefficients

are taken to be zero in the recurrence formulae). The particular

solutions thus found are denoted ug(y), Vg(y), wg(y) as before,
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and the complete fixed-edge stress resultants may then be calcu-
lated according to equation (42), where GP and PP are defined

by equations (61) and (62) respectively.

3.3.3 Element transformation matrices

Each folded shell element has its own
particular member coordinate system. Hence for each element, a
matrix can be deduced which describes the transformation of the
eight curved edge displacement components associated with the
stiffness matrix, from the member coordinate system to the common,
or 'global', coordinate system. Hence if 6M denotes the column
matrix which contains the eight curved edge displacement compon-
ents in member coordinates, and if GG denotes the column matrix
which contains the same giéht displacement components in global

coordinates, then the transformation matrix A is defined such that

6M = A . GG (65)
and
5. = AL, § (66)
G L] M L
where AT is the transpose of the orthogonal matrix A.
For the global system, cylindrical
coordinates (x, ¢, z) are chosen as shown in Figure 3.7. The z

axis 1is parallel to the axis of rotation, and the plane z = 0
passes through the uppermost joint (s) of the folded shell struc-

ture. The x-~coordinate indicates radial distance from the axis
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Figure 3.7 Global coordinate system

/’;‘//1 s

S A

K=<
Nz

(a) Cylindrical shell element (b) Flat plate element

(¢) Inverted conical shell (d) Upright conical shell
- element element

Figure 3.8 Member coordinate systems
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of rotation, and the circumferential ¢-coordinate is measured
from the near end (¢ = 0) to the far end (¢ = o) of the structure.
Member coordinate systems for cylin-
drical shell, flat plate, and conical shell elements are defined
in Section 3.3.1, and they are summarized in Figure 3.8. A
curved beam such as the one sketched in Figure 3.7 incorporates
two possible types of conical shell element. One has the apex
of the cone below the element, and the other has 1its apex above.
These two types are referred to as 'inverted' and 'upright'
conical shell elements respectively. With regard to the calcu-
lation of transformation matrices, an upright conical shell
element requires special consideration, since it is the only
folded shell element with its member ¢-direction opposite to the

global ¢-direction.



Cylindrical shell element transformation matrix

-
0 0 1
0 1 0
Zero
-1 0 0
0 0 0
A= |-
0 0 1
0 1 0
zero
-1 0 0
0 0 0

.

1 0 O
0 1 0 :
Z€ro
0 0 1
0 0 0O
A=
i 0 0
0 1 0
ZeTro
0 0 1
0 0 O

87.

(67)

(68)



Upright conical shell element transformation matrix
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-Scosmll 0 ~-Ccosmll 0
0 -cosmll 0 0
ZeTro
-Ccosmll 0 Scosnll 0
0 0 0 cosmll
A = |- _— e SR
-Scosmll 0 -Ccosmll 0
0 -cosnmll 0 0
ZET0
-Ccosmll "0 Scosmll 0
0 0 0 cosmll
(69)
where S = siny, and C = cosy. The upright cone is the only
folded shell element whf&ﬁ has its transformation matrix
dependent upon the value of m.
Inverted conical shell element transformation matrix
S 0 -C 0 1
0 1 0 0
ZEero
c o S 0
. 0 0 0 1
A= S0 ¢ 0 (70)
0 1 0 O
Zero
C 0 S 0
0 0 0 1
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3.3.4 General method of solution

A brief description is given for the
folded shell solution of any primary structure. For each
successive Fourier harmonic of the applied loads, the structure
is completely analysed by the direct stiffness method, and the
results are accumulated. Therefore, only the general mth har-
monic need be considered when describing the solution. Final
results are obtained by terminating the calculations after a
sufficient number of Fourier harmonics have been taken to ensure
adequate representation of the applied loads and of the struc-

tural response.

Structural stiffness matrix KS

Each folded shell element has an associa-
ted stiffness matrix which describes the direct relationship
between the curved edge displacements and the corresponding stress

resultants. This relationship can be expressed in the form
S e (71)

where the subscript M indicates reference to the member coor-
dinate system. Details for calculating kM are given in Section
3.3.1. Each folded shell element also has an associated coor-

dinate transformation matrix A such that

(72)

(=]
i

.

[oe]

M - °g
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and

Py = A - Pg ce. (73)

where the subscript G indicates reference to the global coordin-
ate system. Details of all transformation matrices are given
in Section 3.3.3. If equations (72) and (73) are substituted

into equation (71), then

pg = [A (74)

However, the inverse of the orthogomnal matrix A is equal to 1its

transpose AT, and so equation (74) becomes

pg = [A" . Ky . Al . 8 = K . ce. (75)

where kG is thus defined as the element stiffness matrix
referred to the global coordinate system. The matrix equation

(75) may be partitioned as follows,

=
et
On

Pal . | AA | CAB A 76)

Pp kpa
e

o
O

where kAA’ kAB’ kBA’ kBB are (4 x 4) submatrices, and A and B

are the two curved edges of the element being considered. By

using these partitions, the complete structural stiffness matrix

(87) |

KS can be assembled in the usual way Thus, for the com-

plete structure, the relationship between the curved joint loads
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(in global coordinates) and the corresponding joint displacement

components (in global coordinates) is defined by the equation
P. =Ky . A cww (77)

where PJ is the column matrix which contains the amplitudes
of the joint loads, and AT is the column matrix which contains

the amplitudes of the resulting joint displacement components.

Joint load matrix PJ

There are two distinct contributions to
the matrix PJ. The contribution due to any external loads
which are directly applied to the joints is first calculated by
using Fourier expansioﬁé-(A.l-7). Secondly, the contribution
due to the joint loads which are indirectly induced by the action
of any external distributed loads on the surfaces of the shell
elements is calculated. For this purpose, all curved joints of
the structure are assumed to be temporarily fixed against any
movements. Under these so-called 'fixed-edge' conditions, shell
surface loads will induce certain stress resultants at the edges
of each element, which can be calculated in the case of distrib-
uted laterally-uniform surface loads by using Fourier expansions
(A.8-12) together with the analysis detailed in Section 3.3.Z.
Equal and opposite reactions to the fixed-edge stress resultants
thus obtained must then be transformed into the global coordinate

system before including them in the joint load matrix PJ.
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Element curved edge displacement components
in member coordinates

From equation (77), it follows that
AJ = KS ’ PJ sww (78)

Having thus calculated AJ, the curved edge displacement com-
ponents 6G for each element are cecasily extracted. Equation (72)
can then be used to evaluate SM, the curved edge displacement

components in member coordinates.

Final results, in member coordinates, at
selected points on each element

General expressions for all desired
results are given in Appendix B. (Results include displacement
components, middle-surface strains and curvatures, various stress
resultants, and actual-surface stresses and strains). At any
location within an element, each output quantity must be calcu-
lated as the sum of two separate additive components. The first
is due solely to the curved edge movements, and the second is due
solely to the action of distributed loads under fixed-edge

conditions.

(a) Results due solely to curved edge move-
ments:
Let R(a) denote the column matrix which
is to contain the amplitudes of the results at all desired

~lateral locations across the edge-loaded eclement. In a similar
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way as matrix H is calculated during the formation of the
element stiffness matrix, so a matrix H, can be calculated such

that

R =H, .C ce. (79)

where C is the column matrix of eight integration constants
governed by the boundary conditions at the curved edges. However,

these boundary conditions are known, since at this stage 6M is

known. Hence
GM =G . C ... (80)
where the matrix G is defined in Section 3.3.1. Equations (79)

and (80) can therefore be combined to give

R, . =[H .G1]. 5 .. (81)

(b) Results due solely to the action of
distributed loads under fixed-edge conditions:

Let R denote the column matrix which

(b)
is to contain the amplitudes of the results at all desired lateral
locations across the element under fixed-edge conditions. Par-
ticular solutions must be included for the distributed laterally-
uniform loads. In the case of a cylinder or a flat plate, these

solutions are obtained by substituting the displacement component

particular solutions (derived in Section 3.3.2) into the general
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expressions for output quantities(App'B). In the case of a
conical shell, the solutions are obtained by using the prescribed
values of the load coefficients Xn and Zn (derived in Section
3.3.2) when evaluating the general expressions for the output
quantities(App'B).

For any distributed laterally-uniform

load, if P, and q, are the actual load intensities in the x and

z member directions respectively, then a (2X1) column matrix

PeXt can be defined as follows.
_|F1s O v,
0 X6 4o
where
K = sin I-I—lg-gzgi—cs-ql)sin mﬂ§¢for partial uniform load
16 20, 2a
K16 = 1 for uniform load
K16 = %%E sin E%§ for line load on cylinder
K g o dEIL sin miE, for line load on flat plate
16 (R1+l2ia o
K = il sin E%Q for line load on cone

16 ahl(b+2)msiny

A o
(The values of K16 are chosen so that the product - K16
will, in every case, give the complete amplitudes of the

mth terms in Fourier expansions (A.8-12) respectively).
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The particular solutions can then be added to the complementary

solutions as indicated by equation (83).
P ... (83)

where C is the column matrix of eight integration constants
governed by the fixed-edge boundary conditions. In the same
way as matrix H2 can be calculated from the particular solution

formulae, so a matrix G1 can be calculated such that

§, =G . C+ G, . P =0 ... (84a)

C=-G"" . G - P .. (84b)

and so equation (83) can be written

-1
The solution for this harmonic is the
sum of R(a) and R(b)' Hence
R, . +R..=7[H.GY7. 6 +([H-H.GCL6].P .. (86)
(a) (b) 1° M 2 1 *Y1- 7 Text *°

Appropriate sine and cosine factors are then applied to these
amplitudes in order to evaluate the contribution of this har-

. h . .
monic (mt ) to the 'absolute' results at the desired circumfer-
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ential locations. The final solution is obtained by accumu-

lating the absolute results for all Fourier harmonics.

3.4 Analysis of Diaphragm Structure

The analysis of a diaphragm structure requires much
more calculation than the analysis of a primary structure with
the same number of folded shell elements. One reason for the
extra calculation is that particular solutions associated with
distributed diaphragm redundants are more complex than those
associated with externally applied laterally-uniform loads. As
described in Section 3.2, each linearly distributed redundant
can be considered as the sum of two triangularly distributed
redundants. Particular solutions associated with the latter
are derived in detail iﬁnSection 3.4.1. A description of the
general method of solving a loaded diaphragm structure is then
given in Section 3.4.2.

Just as there are some restrictions on the values of
B in the analysis of a primary structure, so there are some
additional restrictions on the values of B in the analysis of a
diaphragm structure. Specifically for any flat plate which 1is
connected to an internal diaphragm, the chosen particular solu-
tions cannot be used when g = 1,2,3,4, or 5. However, for the
cofresponding harmonics, the flat plate can again be treated as

a special case of a conical shell.
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3.4.1 Particular solutions associated with triangu-
larly distributed diaphragm redundants

Cylindrical shell element

(a) Let the applied normal load per unit sur-
face area be q = ZCal(x+b1)sinB¢, where aq and b1 are constants
(independent of x) obtained from Fourier expansion (A.13).

Then equation system (4a-c) must be modified to include a load

term on the right hand side of equation (4c).

—[RZDZ—Klju(x)—[KZRD:IV(X)—RD[K3R2D2+K4]w(x) =0 ... (87a)
2.2 . . 2.2 )

-[K,RDJu (x) +[KRAD 24K v (x) + [K,RPDP 4K Tw (x) = 0 ... (87D)

—RD[K3R2D2+I(4]u(x)+[K7R2D2+K8]V(X)+[K9R4D4+K10R2D2+K11]w(x)

2552
anl(x+b1)(1—v JR

s = ...(87¢)

Equations (87a-c) constitute a non-homogeneous system, and the
complete solution is the sum of a complementary solution and a
particular solutionm. For the particular solution, the following

expressions are chosen.

u = ZC(c1x+d1)sinB¢ ...(88a)
v = Zc(elx+f1)cosB¢ ... (88b)
w = Zc(g1x+i1)sin6¢ ...(88¢c)
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where Cyo dl’ ey fl’ g1> 149

(88a-c) are substituted into equations (87a-c), equations

are constants. If expressions
(89a-c) result.

-[—Klj(C1x+d1)—[K2R]el—[K4R]g1 = 0 ...(89a)
—[KZR]c1+[K6](elx+f1)+[K8](g1X+i1) = 0 ...(89b)

al(x+b1)(1—v2)R2
~[K, R]cq +[KgT (e x+£) +[Ky 1 (g x4iy) = - ... (89¢)

It follows that

c1 =0
(K.K,-K,K,)a RS (1-v)
4 = . LetaTtst)
1 2
(KK, -Kg)K Eh
2, .2
. - K8a1R (1-v7)
1 2
(KgK,;-K5)Eh
K, a,b R (1-v%)
e . o811
il jog—
(KgRy1~Kg)E
9 _ "2
S K6alR (1-v7)
1 e
(KgK,{-K5)Eh
| )
) K631b1R (1-v7)
.l 1 =y - - _"__-—.__'._:-“-2_-_‘.-‘_.—-
(KgKy;-Kg)Fh



(b) Let the applied in-plane load per unit
surface area be p = Xcal(x+bl)sin8¢. Then equation system
(4a-c) must be modified to include a load term on the right hand

side of equation (4a).

—[RZDZ-Klju(x)-[KZRD]V(X)—RD[K3R2D2+K4]w(x)
2.2
X.a. (x+b,)(1-v7)R
m el ...(90a)
-[K RD] 2l 2.2 - _ b
<y u(x)+[K5R D +K6]v(x)+[K7R D +K8]w(x) = 0 ...(90b)
—RD[K3R2D2+K4]u(x)+[K7R2D2+K8]V(k)+[K9R4D4+K10R2D2+K11]w(x)
. (90c)

For the particular solution, the following expressions are

chosen.
u = XC(c2X+d2)sinB¢ ...(91a)
v = Xc(e2x+f2)cosB¢ ... (91b)
w = XC(g2x+iz)sinB¢ ...(91c)
where Cys d2’ A .n iz are constants. If expressions (9la-c) are

substituted into equations (90a-c), equations (92a-c) result.
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al(x+bi)(1-v2)R2

-[—Klj(c2x+d2)-[K2R]e2—[K4R]g2 = ER ...(91a)
—[KZR]c2+[K6](e2x+f2)+[K8](g2X+iz) = 0 ...(91b)
-[K4R]c2+[K8](e2x+f2)+[K11](gzx+iz) = 0 ...(91c)

It follows that

ale(l—vz)
C:
2 KlEh
albiRz(l-vz)
d, = T
2 Kll,l
e, = 0
3 2
. (KzKll—K4K8)a1R (1-v7)
2 2
(K6K11-K8)K1Eh
g2=0
3 2
) (K6K4—K8K2)a1R (1-v7)
1:
2

Z
(K¢Kqq-Kg) K Eh

(c) Let the applied normal load per unit

surface area be q = Z (x+b2)sin8¢, where a, and b2 are constants

p?2
(independent of x) obtained from Fourier expansion (A.14). For

the pdrticular solution, the following expressions are chosen.



u = ZD(c3x+d3)sinB¢ ...(92a)

v = ZD(e3x+f3)cosB¢ ... (92b)

w = ZD(g3x+i3)sinB¢ ' ...(92c)
where Cz, dS’ R i3 are constants. The similarity between

this load case and load case (a) is obvious, and the values of
Czs d3’ ce 13 can be deduced directly from the expressions for
Cqs dl’ . i1 respectively by appropriate change of subscripts.
(d) Let the applied in-plane load per unit
surface area be p = XDaz(x+b2)sinB¢. For the particular solu-

tion, the following expressions are chosen.

u = XD(c4x+d4)sin8¢ ...(93a)

v = XD(e4x+f4)cosB¢ «..(93b)

W = XD(g4x+i4)sinB¢ ...(93¢c)
where Cyo d4, ce 14 are constants. The similarity between

this load case and load case (b) is also obvious, and the values
of Cy> d4, e i4 can be deduced directly from the expressions
for Cys d2’ <o i2 respectively again by appropriate change of

subscripts.
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Flat plate element

(a) Let the applied normal load per unit
surface area be q = anl(x+b1)sin6¢, where o and b1 are
constants (independent of x) obtained from Fourier expansion
(A.15). Then equation (18c) must be modified to include a

load term on the right hand side.

(p*-4p3+2 (2-8%)p%+ 482D _+8% (8%-4) W ()

12X4Z a, (x+b )(1-v2)
" C”1 1
= ... (94)
3
Eh

where x = xoer and Dr = %? . For the particular solution,
the following expression._is chosen.

w = Z.(c.x +d,x*)sing¢ (95)

clcq 1 eon (6
where cq and d1 are constants. If expression (95) is substitu-
ted into equation (94), two equations may be deduced. The first
is obtained by equating the coefficients of esr, and the second
is obtained by equating the coefficients of e4r. Hence
2
12a1(1-v )
¢y = 3 R ,where B # 3 or 5
Eh” (225-3487+8 ")
, 2.
1231b1(1~v )
d1 = 7 ,where B # 2 or 4

Eh> (64-208%+8")
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(b) Let the applied in-plane load per unit
surface area be p = Xcal(x+b1)sin8¢. Then equation system (18a)
and (18b) must be modified to include a load term on the right

hand side of equation (18a).

ED% - (1+1;"62) ]u(x) +[-%(1+\))Dr+%(3—v) Tv (x)

2 2
Xcal(x+b1)x (1-v7)

= - T ...{(96a)
1-v,2 2,1~ :
(8 (1) D +5(3-v) Ju () + [ 35705 - (84772 v (x) = 0 . (96D)
For the particular solution, the following expressions are
chosen.
u = X.(c x3+d xz)sinB¢ (97a)
=12 2 T
v = X.(e x3+f x2)cosB¢ (97b)
c 72 2 ' T
where Cys dz, €y f2 are constants. If expressions (97a) and
(97b) are substituted into equations (96a) and (96b), two

equations may be obtained by equating coefficients of eSr’ and

two further equations may be obtained by equating coefficients

of le. These four equations can be written as follows.



[Kygdcy
[K

211¢2

[K,31d,

19

=~
I

21

23

~
]

25

It follows that

d. = -

al(l—v )
+ [Kyplep = - = ER
+ [Kzzje2 = 0
I ok o vh)
v LKyl = - Eh
+ [K26]f2 =0
SN % -
8 - =5 8 Kyo = = 2v8
= B(3+V) K., = 4(1-v)-8°
22
o 1-v 2 _ Brq_
£ (5+v) Kye = 2(1-v)-6°
) w
al(l-v )K22
(Ky gKg5 K1 K0  ER
5 | B # 2 or 4
al(l—v )K21
(K;gKpp7K21Kp0)ER
2 X
albl(l-v )K26
(Ky3K,6 Ky 5K ) ER
: } B#1or 3
a,bq (1-v7)Kyg
(K, 3K Ko5K g4  ER
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..(98a)

.. (98b)

..(98¢c)

.. (98d)
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(c) Let the applied normal load per unit
surface area be q = ZDaz(x+b2)sinB¢, where a, and b2 are
constants (independent of x) obtained from Fourier expansion
(A.16). For the particular solution, the following expression

is chosen.

W o= ZD(c3x5+d3X4) ... (99)

where c., and d3 are constants. The values of Co and d3 can

3
be deduced directly from the expressions for cq and dl respec-

tively.

(d) Let the applied in-plane load per unit
surface area be p = XDaz(x+b2)sinB¢. For the particular solu-

tion, the following expressions are chosen.

P
u = XD(c4x3+d4x )sinBd ...(100a)
v = X (e,x+f x%)cospé (100D)
D4 4 e
where Cys d4, €y f4 are constants. The values of Cq> d4, €y
f4 can be deduced directly from the expressions for Cys d2’ €55

f2 respectively.
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Conical shell element

(a) Let the applied normal load per unit
surface area be q = C 1(x+b1)51n8¢, where aq and b1 are

constants (independent of x) obtained from Fourier expansion

(A.17). Wilson assumes that normal surface loads can be ex-
pressed according to equation (59). If | (ahl)4 , then
%27 = 3FR

the coefficients Zn must be chosen such that

o = Kyy21(by*ahy)z

C
Z1 = 27 (4b +5ah1) C
Z, = Ky 1(6b +10ahl) C
Zg = K,,a,(4by +10ah )Z
Z4 = 27 1(b +5ah1) C

Z5 - K27alahlzc

(b) Let the applied in-plane load per unit
surface area be p = Xcal(x+b1)sin6¢. Wilson assumes that in-

plane surface loads can be expressed according to equation (63).

(ahl)zhl
If K28 = p— then the coefficients Xn must be chosen

such that



e
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Xo = Kg3q (by*ahy)Xe

0
X1 = K2831(2b1+3ah1)XC
X, = Kggay(by*3ahy)Xg
X3 = K28alah1XC
and X4 = Xg = =0

(c) Let the applied normal load per unit

surface area be q = Z (x+b2)sin6¢, where a, and b2 are

D%2
constants (independent of x) obtained from Fourier expansion
(A.18). The values for the coefficients Zn can be deduced

directly from load case (a).
(d) Let the applied in-plane load per unit

surface area be p = XDaz(x+b2)sinB¢. The values for the coeff-

icients Xn can be deduced directly from load case (b).

3.4.2 General method of solution

In the following paragraphs, a brief
description is given of the solution of a folded shell structure
with one or more internal diaphragms. For every Fourier har-
monic, the primary structure 1is analysed under the influence of
all external loads, and the absolute displacement components at
the diaphragm redundant locations are accunulated. After a

sufficient number of Fourier terms have been considered to
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ensure adequate convergence, the redundants are calculated by
enforcing the appropriate compatibility and equilibrium condi-
tions. The redundants alone are then applied to the primary
structure, and the results from this Fourier analysis are added
to those obtained earlier, in order to give the final solution

for the complete diaphragm structure.

Definition of diaphragm redundant matrix PD

The assumed nature of all diaphragm
redundants is detailed in Section 3.2. A matrix PD can be
defined as the column matrix which is to contain the absolute
values of all of these, including both 'distributed' surface
redundants (Figure 3.2) and 'concentrated' line-load joint redun-

dants (Figure 3.3). Before P, can be evaluated, it 1s necessary

D
to formulate what effects these loads alone would have on the

primary structure. Only the mth harmonic will be considered in
describing this important part of the complete solution. Dia-

phragm compatibility and equilibrium conditions will then deter-

mine the actual values of the redundants.

Fixed-edge stress resultants induced by unit
values of the distributed diaphragm redundants

In Section 3.4.1, particular solutions
associated with the various triangularly distributed redundants
acting on each element are derived. Fixed-edge solutions in-

by using the same general procedure as described in Section
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3.3.2 for obtaining the fixed-edge solutions induced by distri-
buted laterally-uniform external loads. Stress resultants thus

found are later used during the assembly of the matrix PJ.

Joint load matrix PJ

As described in Section 3.3.4, there are
two contributions to the joint load matrix PJ. In considering
the influence of diaphragm redundants on the primary structure,
one contribution is due to the direct application of concen-
trated line-load joint redundants, and the other is due to the
indirect application of joint loads causéd by the action of dis-
tributed redundants under fixed-edge conditions. PJ may there-
fore be assembled in two-stages as suggested by the following

matrix equation.
P. = [L, + sz .P.=L, . P ... (101)

Matrix L. is derived directly from the Fourier expansion (A.2)

1
for unit values of the concentrated joint line-load redundants
directly induced by diaphragm action. Matrix LZ is assembled
from equal and opposite reactions to the calculated fixed-edge
stress resultants indirectly induced by unit values of the dis-
tributed redundants. During £his assembly procedure, appro-
priate coordinate trénsformations must be performed to ensure that

the complete joint load matrix PJ is finally obtained in global

coordinates.
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Joint displacement matrix AJ

The equation which relates the curved
joint loads PJ to the corresponding curved joint displacement

components AJ can be written

Py =L, . Py =Kg . 4 _ .. (102)
and so

AL =kt . L, . P (103)

;= K .+ P

Displacement components at the locations of
all diaphragm redundants

(a)“ Due solely to joint movements:

Under these conditions, let Al denote
the column matrix which is to contain the contribution of this
harmonic (mth) to the absolute displacement components at the
locations of the diaphragm redundants. (Matrix Ay is thus the
same size as matrix PD). By considering only the homogeneous
solutions of the differential equation systems of each folded
shell element, and by performing appropriate coordinate trans-

formations, a matrix El can be assembled such that

A, = E; o A ... (104)

A, = E. . K. Y.L, .p .. (105)
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(b) Due solely to the action of distributed
redundants under fixed~edge conditions:

Under these conditions, let Az denote
the column matrix which is to contain the contribution of this
harmonic to the absolute displacement components at the locations

of the diaphragm redundants. (A, is the same size as both Al

2
and PD). By considering combined complementary and particular
solutions of the differential equation systems of each folded

shell element, a matrix E2 can be assembled such that

A, = E, . P ... (106)

In order to obtain the net contribution

of this harmonic, the matrices Aq and A, are to be added. Hence

i
P
to
-~
=
()]
+
td
[N
-]
J

= E, . P ... (107)

Diaphragm flexibility matrix

The contributions A for each harmonic

must be accumulated as indicated by equation (108).

[ P ... (108)
m=1 m=1
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This equation may be written as follows.
ALEF,. P ... (109)

Equation (109) defines the direct relationship between the
absolute diaphragm displacement components and the values of
the diaphragm redundants, and therefore the square matrix FD is

the true diaphragm flexibility matrix.

Displacement components at the locations of
all diaphragm redundants, due to the action
of external loads on the primary structure

The general method for solving the prob-
lem of external loads on a primary structure is outlined in
Section 3.3.4. For each Fourier harmonic, the absolute values
of the displacement components at the locations of the diaphragm
redundants are calculated. These values are then accumnulated

for all harmonics. Am is chosen to denote the column matrix
0

which contains the final values associated with all moveable

diaphragms, and Au is chosen to denote the column matrix which
o
contains the final values associated with all unmoveable

diaphragms.

Diaphragm compatibility equation

Let the column matrices of diaphragm

redundants which correspond to Am and Au be Pm and Pu
o) )



respectively, where Pm and Pu together constitute the column
matrix PD‘ Since each diaphragm is assumed to be infinitely
rigid in its own plane, then for each moveable diaphragm, only
three absolute displacement components at any location on the
diaphragm are necessary to define the final in-plane rigid body
movements. For convenience, displacement components (two
linear; one rotational) at the same curved joint are chosen for
all moveable diaphragms. Let GR denote the column matrix which
is to contain the total number of these rigid body displacements.
Then a matrix B can be assembled in such a way that if 6R is
premultiplied by B, the resulting column matrix will contain the
rigid body displacement components at all redundant locations
associated with moveable diaphragms. The general compatibility
equation can thereforeAbé written as follows, where partitions

are used to indicate the contributions of both moveable and un-

moveable diaphragms.

= 0
—l= ~|=f. & ... (110)
m B

Equilibrium equation for moveable diaphragms

A1l moveable diaphragms are supported
solely by the folded shell structure, and so equilibrium 1is

expressed by the equation
P =0 cae (111)

where BT is the transpose of matrix B.
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Diaphragm redundants

Equations (110) and (111) are combined

and solved as indicated by equation (112).

. | 11 [a 7]
Eg Dyul Pum|® Yo
Po| = -1 o |p B (112)
- mu mm (o]
T : _°
R o | B o] 0

The actual values of the diaphragm redundants can be calculated
from this equation. Should all diaphragms be moveable, then

FD s FD s FD are all (0 x 0) matrices. Should all diaphragms
uu um mu T
be unmoveable, then FD R FD i FD , B, B are all (0 x 0)
um mu mm

matrices. Once the redundants are known, their influence on
the primary structure can be evaluated by using the equations

developed earlier.

Final results, in member coordinates, at
selected points on each element

For every Fourier harmonic, due to the
presence of the diaphragm loads PD’ equation (83) must be modi-

fied to include additional particular solutions on the right

hand side. It then becomes
R(b) - Hl C 4 HZ E Pext " HS ' Pdiaph (113)
where P is the column matrix which contains the actual

diaph

values of all distributed diaphragm redundants acting on this

element. (There are four such redundants per diaphragm).
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Similarly, equation (84a) must be modified to include additional "’

particular solutions on the right hand side. Therefore

6M =G . C+ G1 3 Pext + G2 . Pdiaph =0 e (114)
From equation (114), it follows that
_ =
C = -G . [Gl'Pext + GZ‘Pdiaph] (115)
and so equation (113) can be written
R [H.-H..G™1.6.7 . 7P . + [He-H,.G'1.G6,1. P,.
(b) 2 1 U157 Text 3717 *¥2-° “diaph
(116)

The solution for this harmonic is the sum of R(a) and R(b)'

Hence

1. P +

= =1 B} =
= [H,.G ].6M+[H2 Hl'G 1]. ==

1

1

[H,-H .G (117)

1-6 +631- Pgjapn

Appropriate sine and cosine factors are then applied to these
amplitudes, and the final solution 1s obtained by accumulating

the absolute results for all harmonics.

3.5 Summary
In the preceding description of the folded shell

metliod of analysis, extensive use is made of direct matrix
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algebra. With the exceptions of the two component matrices

(G and H) required in the formation of the element stiffness
matrices, for the sake of brevity the detailed assembly of the
various matrices is not discussed. However, all of the funda-
mental information necessary for their assembly is given, and in
each case, only simple substitutions and manipulationé are
necessary. (Further details of the assembly of these matrices
are given in Appendix C, where a simple three-element folded
shell structure with a single diaphragm is considered as an.
illustrative example). It is for this reason that the whole
procedure is suitable for programming on a large —éapacity, high-
speed digital computer. Consequently, a general program known
as FOLSHEL has been prepared, to analyse folded shell structures
with or without internal diaphragms. Approximately 3,000
separate FORTRAN IV statements are involved, and this fact em-
phasizes the extremely large number of calculation steps in the
complete solution. However, in spite of its length, the program
is very simple to use. The exact format of all required input
data is carefully specified, and the computed results are printed
in tables with appropriate headings. (Further comment on the
FOLSHEL program is given in Appendix D).

At first sight, it would appear that separate treat-
ment of the flat plate and cylindrical elements is unnecessary,
as these could perhaps be considered as particular cases of a
general conical shell element. The reason for maintaining the

three element types is that the solution of a conical shell
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requires much more computational effort than the solution of
either of the other two types, due to the presence of infinite
series which must be evaluated for every Fourier harmonic.
However, since the chosen flat plate particular solutions cannot
be used when 8 = 1, 2, 3, 4, or 5, then for these particular
harmonics only, each flat plate is analysed automatically as a
degenerate conical shell by the FOLSHEL program. This technique
is considered preferable to the alternative of deducing and.
programming special particular solutions.

Throughout all of the calculations, the key to the
method is the simple matrix formulation of the eighth order diff-
erential equations, as detailed in Section 3.3.1. This pro-
cedure is an extension Pf an original suggestion by JENKINS(114)
in 1947, followed up by SCORDELIS and LO(lls) in 1964, concerning

the matrix analysis of cylindrical shell segments supported

along their straight (generator) edges.
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4. EXPERIMENTAL INVESTIGATION

4.1 Introduction

No matter how sophisticated an analysis may be,
its true worth cannot be evaluated until it has been checked
against experimental values obtained from the real structures
which the theory attempts to represent. As part of the present
study, two plastic models of curved box beams were constructed
and tested to check the predictions of the folded shell theory.

For any curved box beam structure with internal
diaphragms, the FOLSHEL program includes an analysis of the
primary structure. A model of a typical twin-cell primary
structure was built to check the accuracy of this portion of the
calculation procedure. ~ ~Another model was then constructed
similar to the first, except for the inclusion of a single move-
able diaphragm at quarter span. In this chapter, the fabrica-

tion, instrumentation, and testing of these models are described.

4.2 Selection of Materials

In the folded shell analysis, it is assumed that each
shell element is isotropic, homogeneous, and linearly elastic.
Some commercial plastics closely approximate these requirements,
and since they also have low moduli of elasticity and are simple
to machine and fabricate into curved shapes, they are ideal for

modelling curved box beam bridges.
WALLACE(116) conducted an extensive investigation

into the elastic properties of a few commercial thermoplastics
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which have previously been used for structural model analyses(117’

118’119). Special attentionlwas given to the effects of creep,
temperature, and relative humidity. He concluded that the
P.V.C. plastic known as Vybak was a superior modelling material.
Accordingly, models for the current investigation were fabricated
from flat sheets of rigid grey Vybak, nominally %ﬂ thick.

During a series of tests conducted at the University
of Adelaide concerning the bonding of plastics, it was discovered
that Vybak could be efficiently 'cold-welded' by using a commer-
cial dental repair material known as Prothoplast Subiton. This
is supplied in the form of a clear liquid and a fine white powder.
When mixed, a chemical reaction occurs, ultimately resulting 1in
the formation of a transparent solid. Almost full strength is
achieved only a few miﬁﬁfes after the mixing. Preliminary bend-
ing and tensile tests on a number of joint types indicated that
the weld strength was well in excess of that reqﬁired to ensure
perfectly rigid connections between Vybak members loaded to the

(116) to be approx-

1imit of the elastic range, claimed by Wallace
imately 3,200 p.s.1i. Since cured Prothoplast Subiton is
essentially an acrylic plastic, its modulus of elasticity 1is con-
sidered to be sufficiently close to that of Vybak for it to be

used as a suitable gap-filling weld material. No special joint

preparation is necessary to achieve excellent bonding.

4.3 Construction and Testing of Primary Structure

4.3.1 Dimengiong

Middle-surface dimensions of the chosen cross
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section are shown in Figure 4.1. The cross section was

symmetrical about the vertical centre-line, and all elements were

% thick. (These proportions are similar to those of typical
modern prestressed concrete elevated roadway bridges). The

curved beam subtended an angle of 60° at the axis of rotation,
and superelevation was taken to be zero. For future reference,
joints are numbered 1, 2, ... 8 and folded shell elements are
numbered (1), (2) ... (9) as shown in Figure 4.2. Joint 8
represents the inner radius (36') of the curved box beam, and
joint 1 represents the outer radius (49'). Preliminary runs
with the FOLSHEL program indicated that a Vybak model with these
dimensions would give suitable elastic deflections and strains

when loaded with a concentrated load of approximately 150 1b. at

midspan.

The method of supporting the beam is schem-
atically shown in Figure 4.3. (Details of end diaphragms are
omitted from this sketch). Slender columns (%H Vybak) were

clamped at their bases, and were rigidly connected (welded) to
the box beam ends. Two factors governed the choice of the free

column length. When the bridge was loaded:

(a) Bending moments induced about the beam-column inter-
sections should be as small as possible in order to
simulate the desired simple support condition

(b) The columns should not buckle

As a compromise, 15" was chosen.
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Figure 4.1 Middle-surface dimensions of model cross

sectiqg
\ w 2 (3) 4 () 6 (9 &
\Ou{'cr‘( " Thner //
rodius (49" radiusz (36
S 2) (5) @ lug (36)
“) (6]
3 5 7

Figure 4.2 Joint and element numbering systems
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|
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Figure 4.3 Model support conditions

"

13-000

Figure 4.4 Lateral dimensions of constituent pieces
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4,.3.2 Construction

The beam was constructed as an assembly of
two flat plates (top and bottom flanges), one cylindrical shell
(central web), and two conical shells (inner and outer webs).
These five pieces were first developed on a plane sheet of %H
Vybak. Their lateral dimensions are shown in Figure 4.4.

Radial lines corresponding to 5° increments on the final structure
were scribed on both sides of each piece. In addition, circular
arcs were scribed to indicate lateral division of elements (3)

and (6) into four equal parts, and lateral division of the remain-
ing seven elements into three equal parts. (Division was based
on the middle-surface dimensions of Figure 4.1).

Each piece was then cut from the plane sheet,
and machined to its correct lateral dimensions. However,

several inches were left in excess of the circumferential dimen-

sions. There were two important reasons for this excess.

(a2) During the welding sequence, the extra length of the
three web pieces would enable their desired constant
curvature to be maintained even at the extreme ends
of the beam.

(b) After all five pileces had been welded together, a
single vertical cut at each end of fhe beam would

automatically ensure,a perfectly planar finish.

Edges of the central web were machined at 45° as shown in Figure
4.4, in preparation for the double-vee butt welds which were to

eventually connect them to the top and bottom flanges. At
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this stage, those strain gauges which had to finish on the inside
of the completed box beam were applied to each piece. (Details
of all instrumentation are given in Section 4.3.3).

The chosen welding sequence is shown in

Figure 4.5
S |
L (J. ) L [J I
(a) (b)
SO0\ /N
() (d)

Figure 4.5 Welding sequence

Figure 4.5(a) indicates the connection of the vertical web to

the inverted top flange. The web was cold-bent into its correct
lateral position by clamping it so that the concave surface was
held vertical and flush against a template of appropriate radius
(42.375"). Gaps were provided in the template to avoid inter-
ference with the strain gauges previously affixed to the top
flange and the concave surface of the web. The outer half of

the connecting butt weld was completed along the full beam length,
and after removal of the template, the inner half was completed.
The 'T'-shaped structure thus formed was then inverted and

clamped in position on the bottom flange as indicated in
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Figure 4.5(b). Several spacers were used to maintain the
required 2" distance between the top and bottom flanges. Plate
4.1 shows a view of the clamped structure in convenient angular
position for completing the outer half of the required connecting
butt weld. By reversing the inclination of the supporting table,
the inner half was also completed. At this stage, the model
appeared as shown in Plate 4.2. Figures 4.5(c) and 4.5(d) in-
dicate the external fillet weld connections of the inclined webs
to the top and bottom flanges. Each web was cold-bent and posi-
tioned so that for every cross section along the structure, point
to point contact was established between it and the bottom flange.
A series of stitch welds was used to maintain this condition.
Plate 4.3 shows one of the inclined webs after being stitch-welded
to the bottom flange. Since the lateral dimension of each web
had been accurately maintained during the fabrication, several
templates cut to exactly 120° were used to establish the correct
contact arc between the web and the top flange. The exact
nature and use of these templates are shown in Figure 4.6.
Stitch welds were again used to maintain this condition throughout
the full length of the beam. Finally, all four fillet welds were
completed, and the beam was cut to length at the 0° and 60° cross
sections. Plate 4.4 shows the model just prior to being cut to
length.

End diaphragms and supporting columns were to
be made from %ﬁ Vybak. Holes were drilled in each diaphragnm

to ensure uniform temperature conditions inside and outside of
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PLATE 4.1 Model in position

for welding vertical web to

bottom flange.

PLATE 4.2 Model after
completion of vertical web
butt welds.




PLATE 4.4 Model after completing

PLATE 4.3 Model after stitch-
welding one inclined web to bottom

flange.

all inclined web fillet welds.

“LTT
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Figure 4.6

Templates used to establish location of

inclined web-top flange connection

Column
: A
S R BT T T =z

Figure 4.7 End view of completed model
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the beam, and to enable the internal strain gauge leads to be
brought to the outside. Each portion of the diaphragm was fitted
to the shape of the end cross section, and was positioned so that
half of its thickness projected beyond the end of the beam.
Similarly, each column was positioned so that half of its thick-
ness also projected beyond the end of the beam. Sufficient weld
material was then applied to connect the curved beam elements to
the protruding pieces. In the end view of the completed model
shown in Figure 4.7, this weld material is indicated by the
hatched areas. Plate 4.5 shows a view of the model at this
stage. The total length of the columns was 21" so that 6" could
be used for bolting them to steel supporting frames, leaving the
desired 15" unsupported. A general view of the completed model

mounted in position on the steel frames is shown in Plate 4.6.

4,3.3 Instrumentation

Deflections and strains were measured at
selected points on the beam by means of dial gauges and electrical

resistance strain gauges respectively.



PLATE 4.6 Model during load test.

PLATE 4.5 Completed model before

bolting in position for testing.

"0¢T



Measurement of deflections

Figure 4.8 shows a plan view of the top

flange of the beam.

Figure 4.8 Locations of dial gauges
and strain gauges on upper
surface of top flange

Joints 1, 2, 4, 6 and 8 are clearly marked, together with the
surface grid lines described in Section 4.3.2. Seven dial
gauges were mounted vertically at the locations marked by small
circles. In addition to these, an extra dial gauge graduated in
ten-thousandths of an inch was placed at each of the four corners
of the top flange in order to measure vertical movements induced
by compression and in-plane rotation of the end columns. (The
latter measurements were extremely important, since the effects

of any rigid body in-plane movements of the end diaphragms had
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to be subtracted from the total deflections measured by the
seven internal gauges, before any direct comparisons could be
made between the experimental results at these points and the
corresponding theoretical folded shell predictions. A simple
linear interpolation and extrapolation procedure based on the
measured corner deflections was used in order to deduce the
appropriate quantities to be\subtracted). A1l eleven dial
gauges were supported by independent steel frames as shown in

Plate 4.6.

Measurement of strains

Figure 4.9 indicates the strain gauges which
were used throughout the experimental investigation of both the

primary and diaphragm structural models. *f%]-

— T o
| [ =
= ] €

5

459% i35°
(a) Ordinary strain gauge (b) Strain gauge rosette

Figure 4.9 Strain gauges

All gauge lengths were 2 mm. For the primary structure model,
these gauges were used to measure strains at selected points on

the 25° cross section and also at selected points on the upper
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surface of the top flange. Since only three gauges are nec-
essary to define the complete surface strain condition at the
location of a rosette, the fourth gauge is redundant and can
therefore be used as a useful check. In this work, the gauge
marked 0° (Figure 4.9) was chosen as the redundant gauge.

Figure 4.10 shows the strain gauge instru-
mentation at the 25° cross section. Most gauges were placed on
the interior surfaces of the box beam so that transient changes
in temperature due to the movement of air in the vicinity of the
model would be reduced to a minimum. As described in Section
4.3.2, when the five component pieces of the model were initially
developed, circular arcs were scribed on both sides to indicate
lateral division of elements (3) and (6) into four equal parts,
and lateral division of the remaining elements into three equal
parts. These arcs were used to locate the strain gauges so

that after the pieces were welded together, the gauges finished

in the positions shown in Figure 4.10. Ordinary gauges are
represented by small dark rectangles. They were orientated to
record lateral strains. Rosettes are represented by small dark
circles. They were orientated so that the gauges marked 45°

(Figure 4.9) always pointed in the positive x-directions of the
appropriate member coordinate systems. In Figure 4.10, the
positive x-direction of each element is indicated by an arrow.
In addition to the strain gauges at the 25°
cross section, five ordinary gauges were positioned to measure

circumferential strains on the upper surface of the top flange.
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Figure 4.10 Instrumented 25° cross section of primary

structure

Figure 4.11 Four lateral load positions at 30°

cross section
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Actual locations of these éauges are shown in Figure 4.8.

All strain gauges were connected to an auto-
matic strain gauge logger capable of reading up to 99 gauges in
approximately three minutes. Short reading times were necessary
to reduce the effects of creep to a minimum. Throughout any
load test, constant current was maintained through every gauge
to reduce errors caused by transient heating. As each gauge
was read, a value was automatically printed by an electronic
typewriter. °~ Typed values were later reduced to actual strains
by applying multipliers which incorporated gauge resistances and
gauge factors. A view of the strain gauge logger is shown in

Plate 4.7. .

4.3.4 Application of loads and determination of
elastic properties

Weights were used to apply constant vertical
loads to the beam via a short knife edge aligned parallel to the
circumferential direction. (The actual length of the knife edge
was 1.33", which corresponded to a subtended angle of 2° at the
axis of rotation when the load was positioned immediately above
joint 6). A close-up view of the knife-edge arrangement is
shown in Plate 4.8.

In order to obtain the values of Young's
modulus (E) and Poisson's ratio (v) under exactly the same con-
ditions as for the loaded beam, three rectangular specimens were

suspended serially between the knife edge and the load hanger.
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PLATE 4.7 Strain gauge logger with automatic type-

writer display unit.

PLATE 4.8 Close-up view of knife edge arrangement.
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These specimens were machined from the same sheet of Vybak as

was used to fabricate both the primary structure model and (later)
the diaphragm structure model. The first specimen was taken
parallel to one edge of the original sheet. The second was taken
at an angle of 45° to this edge, and the third was taken normal

to the edge. Opposite pairs of longitudinal and lateral strain
gauges were applied to the faces of each rectangular specimen in
order to determine the values of E and v for every individual

load test. During any one test, a comparison of the values
indicated by each specimen would give a measure of the degree of
isotropy for the original Vybak sheet. Since the variation

was subsequently found to be always less than 3%, a simple average
of the values indicated by the three specimens was used in the

theoretical calculations.

4.3.5 Test procedure

Four separate load tests were conducted,
corresponding to four different lateral positions of the knife
edge load across the central (30°) cross section of the beam.
These positions are indicated in Figure 4.11. The experimental
procedure was identical for all four tests, and the various

steps are described below.

(a) With zero weights on the hanger, the knife edge was
placed in position. A single weight (20 1b.) was
then applied.

(b) The strain gauge logger was switched on for some
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thirty minutes to allow all strain gauges, including
those on the elastic property specimens, to reach
steady temperature conditions.

(c) Zero readings were taken for all dial gauges and
strain gauges. Five weights of 20 1b. each were
then simultaneously applied to the hanger, and after
five minutes, all dial gauge and strain gauge readings
were again taken¥*.

(d) The 100 1b. load was removed.

Steps (c) and (d) together constituted one zero-full load cycle.
They were executed twice more, each time allowing five minutes

for creep recovery upon removal of the load.

4.3.6 Processing experimental results

(a) Since each of the four load tests was executed three
times, the first step in processing the experimental
results was to obtain averages for the increments in
measured deflections and strains due to the applied
100 1b. load.

(b) Simple linear interpolation and extrapolation was
used to correct the measured vertical deflections for

rigid body movements of the end diaphragms.

* Preliminary tests showed that after 5 minutes, there was no
measurable change in any of the readings as a result of
creep. '
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(c) Inspection of the rosette in Figure 4.9 indicates
clearly that apart from the gauge marked 0°, all
three other gauges were a finite distance from the
centre of the rosette. Due to the presence of high
lateral strain gradients, this shift had to be taken
into account before a comparison could be made between
the measured strains and the strains predicted by the
folded shell analysis. Consequently, by using the
predicted theoretical strain gradients at the rosette
centre, the experimental values of the three gauges

were modified to allow for their eccentricity.

Since the predicted gradients in the circumferential direction
were comparatively smaii; for the purpose of these ca}culations
they were taken to be zero. Once the experimental strains had
been transferred to the centre of the rosette, the 'experimental'
value of the shear strain could be found from Mohr's circle
considerations in the usual way. Details of the calculations

for eccentric rosette gauges are presented in Appendix E.

4.4 Construction and Testing of Diaphragm Structure

4.4.1 Dimensions

Dimensions of the diaphragm structure were
ijdentical to those of the primary structure, except that the
thickness of the end diaphragms (and of the additional internal

1"
diaphragm) was only % . The thickness was reduced so that the
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resistance of the diaphragms to curved beam warping displacements

would also be reduced.

4.4.2 Construction

The same general method of construction was
used for the diaphragm structure as for the primary structure.
(Details of the strain gauge instrumentation required before the
assembly of the five developed pieces are given in Section
4.4.3). However, when the model had reached the stage indicated
in Figure 4.5(b), the internal diaphragm was welded into position
at the 45° cross section. Figure 4.12 shows a view of the two
halves of the diaphragm in their correct positions ready for
welding. This particular view is towards the 0° cross section.
Edges in contact with the I-shaped structure were machined on
both sides, in preparation for double-vee butt welds. The two
inclined edges were machined from one side only, imn preparation
for fillet welds which were later to be applied from the nearer
open end of the beam (60°) after the stage indicated in Figure
4.5(d) had been reached. Plates 4.9 and 4.10 show two views of
the I-shaped structure with the internal diaphragm welded in
position.

The method of fixing the end diaphragms and
supporting columns in position was identical to that of the
primary structure. However, since the diaphragms were only gn
thick, each portion (Figure 4.7) was positioned so that only

16 projected beyond the beam end.
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S

Figure 4.12 Internal diaphragm ready for welding

Figure 4.13 Instrumented 25° cross section of
diaphragm structure
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PLATE 4.9 I-shaped model with internal diaphragm

in position.

PLATE 4.10 Close-up view of internal diaphragm.
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4.4.3 Instrumentation

In order to measure any different effects
caused by the internal diaphragm, the diaphragm structure was
instrumented for stresses and strains at the same selected
points as for the primary structure. However, some additional
strain gauge instrumentation was also provided. Instrumenta-
tion of the upper surface of the top flange was identical to
that shown in Figure 4.8.

The instrumented 25° cross section of the
diaphragm structure is shown in Figure 4.13. (Comparison with
Figure 4.10 reveals that instead of using ordinary gauges at
half of the chosen points, rosettes were used throughout).
Orientation of all rosettes was the same for both models.

Figure 4.14 shows the 35° cross section of
the diaphragm structure and its associated strain gauge instru-
mentation. Once again, most of the gauges were placed on the
interior surfaces of the box beam in order to reduce the trans-
jent changes in temperature caused by movement of air in the
vicinity of the moael. All gauges were ordinary, and were
orientated to measure circumferential strains. Unfortunately,
the two gauges on element (1) were damaged during construction
of the model, and failed to operate during the load tests.
These gauges were not replaced because they could not be removed
easily from the plastic without damaging the smooth surface.

Sufficient experimental evidence was obtained without themn.
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HOR
B RN
Figure 4.14 Instrumented 35° cross section of
diaphragm structure
" PRIMARY STRUCTURE || DIAPHRAGM STRUCTURE

LOAD TEST E(p.s.1.) v E(p.s.i.) v

1 (Joint 6) 4.34x10° | 0.36 4.35x10° | 0.36

2 (Joint 4) 4.34x10° | 0.36 4.35x10° | 0.36

3 (Joint 2) 4.38x10° | 0.36 4.37x10° | 0.37

4 (Plate (3)) 4.38x10° |0.36 4.35x10° | 0.36

Table 4.1 Values of E and v
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The application of loads and determination
of elastic properties, test procedure, and processing of experi-
mental results were all exactly as described in Sections 4.3.4,

4,3.5, and 4.3.6 respectively.

4.5 Summary
For each of the four load tests conducted on both
models, values of E and v determined by the suspended specimens
are tabulated in Table 4.1. These values were used in the FOL-
SHEL program to obtain theoretical predictions for all quantities
measured experimentally. (21 Fourier harmonics were used in

these analyses). Final experimental and theoretical results

for deflections and actual-surface lateral, circumferential, and
shear strains are preséh%ed graphically in Figures 4.15-4.34.
The experimental results are indicated by discrete points,
whereas the theoretical predictions are indicated by uniformly
dashed lines. In Figures 4.15, 4.16, and 4.21-4.34, the
various lateral positions of the knife-edge load are indicated
by bold arrowheads. However, it should be remembered that in
every case, the load was applied at the midspan cross section
(30°) and not at the instrumented cross sections (25° and 35°).
Where the strain results are shown for a particular
cross section (Figures 4.21-4.34), only the middle-surfaces of
the elements which comprise that section are drawn, and all
strains are plotted normal to these. Consequently, when

interpreting the strain results, Figures 4.10, 4.13, and 4.14
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should be considered in order to avoid any possible confusion
as to which actual-surfaces of the cross section are associated
with the plotted values. Due to the fact that the vertical
web was always instrumented on both the concave and convex
surfaces, then in this case only are the corresponding strain
results specifically identified, in each figure. Tensile and
compressive strains are indicated by plus and minus siéns res-
pectively. Since all of the strains in Figures 4.21-4.34 are
plotted to the same small scale, the actual values obtained from
both the theoretical and experimental analyses are given, and
the magnitude of any discrepancy is therefore clearly evident.
It is the experimental values which are written in brackets.
Discussion of the correlation between all theoret-
ical and experimental fééults is given in Section 5, together

with some general comments concerning the observed structural

behaviour of the two bridge models.
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5. DISCUSSION OF EXPERIMENTAL AND THEORETICAL RESULTS

5.1 Introduction

Experimental results for éeflections and actual-surface
strains, together with corresponding folded shell predictions
are shown graphically in Figures 4.15-4.34, The figures are
arranged so that not only can the experimental and theoretical
values be directly compared, but the structural effects caused
by the addition of a moveable diaphragm at quarter span can be
readily assessed. (Elementary calculations suggested that the
structural effects caused by the reduction of end diaphragm

11 "

thickness from % (primary structure) to % (diaphragm structure)
would be negligible in comparison with the effects due to the

presence of the extra internal diaphragm).

5.2 Comparison Between Theory and Experiment

5.2.1 Lateral and circumferential profiles of top
flange vertical deflections (Figures 4.15-
4.18)

Inspection of the top flange vertical deflec-
tion profiles indicates that for all four load tests conducted
on each model, there is very good agreement between any experi-
mental value and its corresponding theoretical prediction.

(For every profile, the maximum discrepancy is within 4% of the

maximum deflection predicted anywhere on that profile).

5.2.2 Circumferential profiles of top flange upper
surface circumferential strains (Figures
4.19 and 4.720)

For each folded shell model, reference to
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the appropriate circumferential profiles reveals that the
agreement between theory and experiment is again very godd for
the first three of the four load cases. (For.each of these
profiles, the maximum discrepancy is within 8% of the maximum
predicted value). However, with the load positioned above the
centre of plate (3), the 21 term FOLSHEL solution was obviously
insufficient to completely resolve the high strains and high
strain gradients which existed in both models. Consequently,
this particular load case was re-analysed by considering 41
Fourier harmonics, and the corresponding circumferential strain
results are plotted in Figures 4.19 and 4.20 as compound dashed
lines*. The latter curves then agree very well with the ex-
perimental results except at the midspan locations. Discrep-
ancies at these pointgrére largely due to the fact that in the
immediate vicinity of concentrated loads, a large number of
Fourier harmonics must be considered before proper convergence
is assured. In addition, the actual positioning of a gauge
becomes very critical where such extremely large strain gradients

occur.

¥ In most of the theoretical .profiles plotted in other figures
for this load case, only the 21 term solution is presented
as this was usually adequate to provide reliable predictions
of the observed behaviour of both models. However, 1in
those few areas (near the load) where the 21 term solution
was not sufficiently accurate to resolve the high strains
and high strain gradients, the 41 term solution is also
given.
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5.2.3 Lateral profiles of actual-surface lateral,
circumferential, and shear strains
(Figures 4.21-4.34)

For the profiles of lateral and circumfer-
ential strains (Figures 4.21-4.28, 4.33 and 4.34), there is good
general agreement between theory and experiment. (For every
profile, the discrepancies at 90% of all instrumented locations
are always less than 9% of the maximum predicted value). As
could be expected, however, general agreement for the dependent
shear strains (Figures 4.29-4.32) is not quite as good. (For
each of these profiles, the discrepancies at 90% of all instru-
mented locations are always less than 16% of the maximum pre-
dicted value). Nevertheless, it is evident that the folded
shell analysis still gives a close estimate of the true lateral

distribution of surface shear strains.

5.2.4 Possible sources of error

The following is a 1list of some possible
causes of discrepancy between the theoretical and experimental

results presented in Figures 4.15-4.34.

(a) It is assumed in the folded shell analysis that
at every cross section along a structure, all
joints are formed ideally as the point inter-
section of two or more element centroidal axes.
In the models, all joints were a finite size.

(b) There may have been imperfect bonding between

some of the electrical resistance strain



(c)

(d)

(e)

()

(g)

(h)
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gauges and the Vybak surfaces to which they
were affixed.

Additional local stiffness is always induced
due to the presence of any cemented strain
gauges. However, since both models were con-

1

structed from % Vybak, the magnitude of any

such additional stiffness was minute.

Small errors of up to %3" were detected in the
cross sectional dimensions of the completed
models.

The thickness of Vybak was not constant through-
out the length and breadth of each element.
(Values varying from 0.22" to 0.27" were re-
cordéﬁj. A constant value of %ﬁ was assumed

in all theoretical calculations.

Experimental strains were measured by the strain
gauge logger to an accuracy of *3 microstrain.
In areas of high local strain gradients, any

slight errors made in the translational or ro-

tational positioning of a strain gauge would

-have caused apparent errors in the results.

A number of preliminary tests on the completed
models indicated that any errors made iu the
lateral positioning of the knife-edge load
would induce corresponding significant changes

in the experimental yesults, particularly for

lateral strains and shear strains.



(1)

(3)

(k)

)

(m)
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The finite bending stiffness of the slender
supporting columns induced corresponding small
bending moments about the ends of the two
models. However, further preliminary tests on
the completed models indicated that all experi-
mental results were relatively insensitive to
the application of end bending moments of this
order.

All model diaphragms had finite out-of-plane
resistance to beam warping displacements.

All model diaphragms were not infinitely rigid
in their own plane.

At the ends of the models, the diaphragms were
not ﬁhisically 'hinged' to the constituent beam
elements as is ideally assumed in the folded
shell analysis.

Small errors were induced during the processing
of experimental results when it was assumed
that strain gradients in the circumferential
direction were negligible compared with strain
gradients in other directions.

Infinite series associated with the folded shell
analysis were truncated after a finite number

of terms had been considered.

Unfortunately, it is extremely difficult, if not

impossible, to determine the magnitudes of the errors induced
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by all of the various causes listed above. However, in order
to obtain at least some estimate of the net absolute accuracy
which could be expected from the strain gauge techniques used,
a model plane frame was constructed having the same shape as
the cross sections of the two folded shell models. Each frame

member was machined from = Vybak, and all joints were welded

4
with Prothoplast Subiton. The method of supporting the model
is indicated in the pictorial sketch of Figure 5.1, together with
the location of a suspended knife-edge load. The load and
supporf conditions were chosen so that most of the induced actual-
surface lateral strains would be of the same order of magnitude
as those measured during the folded shell model tests. Ordinary
strain gauges orientated to measure these lateral strains were
positioned as shown iﬂ %igure 5.2, and the load test was con-
ducted according to the same general procedure as described in
Section 4.3.5 for the folded shell models. A value of Young's
modulus (E) was then determined from the two statically deter-
minate members of the loaded plane frame. Based on this value
and on the measured mean thicknesses of each frame membér, the
complete redundant frame was analysed in detail by the well
known 'STRESS' structural analysis program sYstem(lzo’IZI).
(This analysis was chosen because all secondary effects due to
shear deformation and axial shortening of members are automat-
ically included). From the bending moments and axial forces

thus obtained, the theoretical actual-surface strains which

corresponded to the measured values were calculated. It was
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Figure 5.1 Plane frame model support conditions

Figure 5.2 Locations of lateral strain gauges on
plane frame model
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subsequently found that absolute discrepancies of approximately
50 microstrain occurred at four of the instrumented locations,
whereas at the other sixteen locations, agreement between the
theoretical and experimental strain values was much closer.

The maximum discrepancy of 58 microstrain was 4% of the maximum
predicted strain which occurred anywhere on the instrumented
surfaces of the members comprising the two closed cells of

the frame.

Although the 1list of possible causes of
discrepancy given at the beginning of this section refers spec-
ifically to the folded shell models, the first eight comments,
(a)-(h), could also be considered to apply to the plane frame
model. Therefore, the conclusion to be drawn from the simple
plane frame test is that absolute discrepancies even greater than
50 microstrain might be expected at a few of the strain gauge
locations on the folded shell models. Whilst it is emphasized
here that this conclusion is far from categorical, detailed
examination of Figures 4.21-4.34 reveals that occasional discrep-

ancies of this order were in fact obtained.

5.3 Model Structural Action

558 gl Lateral and circumferential profiles of top
flange vertical deflections (Figures
4015-4a18J

(a) Influence of diaphragm:
These profiles indicate that the vertical

deflections of the diaphragm structure are generally less than
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those of the primary structure, thereby suggesting that the
presence of the diaphragm causes a slight increase in overall
structural bending stiffness. No significant changes occur

in the shape of any of the plotted deflection profiles, although
some asymmetry can be detected in the circumferential profiles

for the diaphragm structure (Figure 4.18).

(b) General response:

For each of the four load cases, the lateral
profiles of Figures 4.15 and 4.16 show clearly the significant
lateral distortion of the top flange on both models, particularly
when the load is placed above joint 6. As expected, the
largest deflections occur at the outer radius of the flange when
the load is above joint 2.

In the circumferential profiles.of Figures
4.17 and 4.18, there is evidence of severe local bending dis-
tortion of the top flange when the load is above the centre of
plate (3). Large variations in the values of circumferential

bending strain would occur in this area.

5.3.2 Circumferential profiles of top flange upper
surface circumferential strains (Figures
4.19 and 4.20)

(a) Influence of diaphragm:
Comparison of these profiles for the two
models indicates that the influence of the diaphragm extends
over only a very short length of the beam. Although the dia-

phragm has little effect on the shape of the strain profiles
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which correspond to each separate load case, points of inflec-

tion are apparent at the actual diaphragm location (45°).

(b) General response:
With the load above the centre of plate (3),
a comparatively large value of compressive strain is induced on
the top surface of each model, due to severe local bending dis-
tortion similar to that illustrated in Figures 4.17 and 4.18.
The large strain value thus corresponds to a large local value

of circumferential curvature.

5.3.3 Lateral profiles of actual-surface lateral,
circumferential, and shear strains
(Figures 4.21-4.34)

(a) quluence of diaphragm:

As could perhaps be deduced from the results
shown in Figures 4.19 and 4.20, only very small differences
exist between all of the corresponding strain profiles for the
primary and diaphragm structures at the instrumented 25° cross
sections. Even the sensitive shear strain profiles fail to
expose any significant differences. It may be of interest to
note, however, that for each of the four load cases, detailed
examination of Figures 4.25-4.28 reveals that the mean lateral
gradient of the circumferential strain distribution across the
bottom flange actually increases in magnitude due to the in-
fluence of the diaphragm.

For the diaphragm structure only, since the

load is at 30° the differences between the actual-surface
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circumferential strain result; at the 35° cross section (Fig-
ures 4.33 and 4.34) and the corresponding strain results at

the 25° cross section (Figures 4.25-4.28) are due solely to the
presence of the diaphragm at 45°, The differences are obviously
very small, and this fact provides further proof that the in-
fluence of the diaphragm extends for only a very short length

along the beam.

(b) General response:

For each of the four load cases, the lateral
bending strains shown in Figures 4.21-4.24 are a manifestation
of the complex distortional actions which occur at the 25° cross
sections of both models. As the load is moved radially out-
wards, so the lateral bending distortion of the cross section is
reduced until finally,mﬁith the load above joint 2, the distor-
tion is at a minimum.

The profiles of circumferential étrain at the
25° cross sections for both models (Figures 4.25-4.28) and at
the 35° cross section for the diaphragm model only (Figures 4.33
and 4.34) iliustrate the essential beam-like action of the
folded shell structures, although superimposed local bending
effects are clearly evident when the load is above the centre’of
plate (3). The magnitudes of the mean strain gfadients across
the top and bottom flanges are at a minimum when the load is
above joint 2, and this result is consistent with the simultan-
eous condition of minimum cross sectional distortiomn. Perhaps

the most striking feature of all the circumferential strain
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results is that no strain value is as large as some of the
lateral strains induced at the 25° cross section with the load
above joint 6 (Figure 4.21). This fact emphasizes the need for
careful consideration of cross sectional distortion when des-
jgning any box beam member, because, as detailed in Section 6,
the stresses induced by lateral bending can combine with the
normal circumferential bending stresses and the surface shear
stresses to produce potentially dangerous stress conditions
which would not otherwise be recognised by conventional analysis.
As expected, the actual-surface shear strain
profiles of Figures 4.29-4.32 reveal that the largest shear
strains occur in those elements of the cross section which are

closest to the load.

5.4 Summary

Experimental results obtained from a number of
different load configurations confirm the validity of the folded
shell method for predicting the true structural response of the
two Vybak models. It is evident that induced structural effects
caused by the addition of the moveable diaphragm were extremely
local, and thus the overall structural performance was largely
unaffected. The results obtained for lateral and circumferen-
tial strains on both models emphasize the fact that there is
always a vital need for adequate consideration of cross sectional

distortion when designing box beam structures.
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6. CONCLUSION

The major part of this dissertation is concerned with the
presentation of the basic theory for folded shell analysis of
continuous box beams with simply-supported ends, constant
curvatures in plan, and non-varying cross sections. Effects
caused by the action of any additional interior transverse
stiffening diaphragms are considered. The theory is derived
from classical equations of elasticity which describe the det-
ailed structural behaviour of thin cylindrical, flat plate, and
conical shell elements rigidly connected along their curved
(circumferential) edges. Fourier series expansions in the cir-
cumferential direction facilitate the solution of these equations,
and direct matrix algebra is used extensively in formulating
the net response of the\complete structure. Due to the com-
plexity of the calculations, a large-capacity high-speed digital
computer is essential to perform the analysis, and a general
computer program known as FOLSHEL has therefore been written to
accommodate a wide variety of folded shell structures subjected
to most of the common load configurations encountered in normal
civil engineering bridge design practice. In order to check
the validity of results produced by this program, a number of

independent tests were devised.

(a) Two single-span models were constructed and then
subjected to various load conditions. The experi-
mental results for deflections and strains obtained

from these tests were found to agree very well with
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the theoretical predictions. Although the models
were essentially similar, one model incorporated an
internal transverse diaphragm at quarter span.

(b) By specifying a very large mean radius and a corres-
pondingly small subtended angle at the axis of
rotation, a curved folded shell structure can closely
approximate a straight folded plate structure. For
a number of continuous straight box beams, results
thus obtained from the FOLSHEL program were compared
with those obtained from the general program known as
MUPDI(104’105) for the analysis of folded plate
structures. Excellent agreement was noted in all
cases. (The folded plate solution is, of course,
much more direct for this type of structure).

(c) Simple isolated static checks of equilibrium and com-
patibility were applied at selected points along each
analysed structure, and these checks always confirmed

the internal consistency of the folded shell solutions.

From the results of all of these tests, it is concluded
that the folded shell method does give reliable predictions of
the true elastic structural behaviour of continuous box beams
curved in plan. However, there are three main areas where
further development and research would be of benefit in improving

the current version of the FOLSHEL program.
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Although large amounts of computing time would be
required, the convergence properties of the various
infinite solutions incorporated in the analysis could
perhaps be investigated. In particular, since the
cost of running the program is approximately propor-
tional to the number of terms taken for the infinite
Fourier series expansions, it would be useful to know
in advance the minimum number of harmonics that are
necessary for the adequate solution of each problem.
In the FOLSHEL program, most common lecad configurations
can be specified by the user, including a simple form
of frictionless circumferential post-tension prestress
applied along the full length of any selected folded
shell joint(s). However, in its present form, the
program does not allow for the more realiétic case of
draped prestress cable profiles which are arbitrarily
positioned within any shell element(s). This
problem is one which warrants further detailed study,
since draped profiles are often used in the construc-
tion of concrete curved box beam structures.
Throughout the whole of the folded shell analysis as
presented herein, no allowance is made for elastic
instability of any of the elements. The possible
onset of local buckling must always be a significant
factor for consideration during the design of any

box beam structure.
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The most important conclusion to be drawn from the folded
shell research described in this dissertation is that it is
unquestionably dangerous to assume that the design of any
curved (or straight) box beam can be based solely on estimates
of the circumferential (longitudinal) stresses caused by simple
beam action and on estimates of the lateral stresses induced by
local bending of the loaded top flange. Experimental and
theoretical results obtained for each of the two models showed
conclusively that under particular load conditions, some values
of lateral strain which existed on the surfaces of the various
box beam elements were much larger than any values of surface
circumferential strain which existed . Furthermore, the
largest lateral strains did Egghnecessarily occur on those
elements which were cio;est to the load. Although these facts
illustrate the importance of calculating the effects due to
lateral distortion of box beam cross sections, it is emphasized
here that estimates of even both the circumferential and lateral
stresses at each chosen point on the structure may still be
insufficient because it is the values of the principal stresses
which should really govern the design. In order to predict
these, the surface shear stress associated with the circumferen-
tial and lateral directions must first be calculated and combined
with the direct stresses by using the familiar Mohr's circle
considerations. Irrespective of which failure criterion is
then chosen for the materials used, the principal stresses will

be sufficient for checking the stress safety of the structure.
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At present, the folded shell method is one of the very few
analyses available which is in fact capable of accurately
predicting the principal stresses which exist on the elements

of loaded continuous curved box beams.



184.

APPENDIX A. Fourier Series

Fourier series expansions in the circumferential (¢)
direction for the various loads associated with the folded shell
analysis are given in this appendix. In the first section,
loads applied to joints are considered. Circumferential loads
are expressed by cosine half-range Fourier series, whereas all
other joint loads are expressed by sine half-range Fourier series.
In the second section, loads applied to shell surfaces are con-
sidered. Since none of these is a circumferential load, no

cosine half-range Fourier series are required.

Al Loads applied to joints

(a) Sine series

@= 5 +8g __;-;’

_f (\oad/

¥ Figure A.1 Partial uniform load
F unit \enffrl'\)

g=%

1Y

1Sian(2€+G¢]Sian6¢Sian¢ ...(A. 1)
m 20, Za o

o
3
Ho~18
H
!

If §¢<<2&, as is usually the case with joint loads induced by
internal diaphragm action (Section 3.2), then equation (A.1)

becomes

_ ® 1 . mlE . ml&¢_. mid
q = _ﬁ—ﬁg Zsin—=sin—_=sin— . (AL2)
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Figure A.2 Uniform load

... (A.3)
Figure A.3 Point load
_2Q V. omIE_. m¢
9= 7 mzl sin—_sin— (ALY
(b) Cosine series
=
=E40
B-5:59/

//

f Grot
fi/ ‘202)

Figure A.4 Partial uniform load

@<t
R
$=0
_ P, 4P F 1 mI(2E+8¢) . mI§p_ mlo
P = k5 * Wiss Z =COS s sin—y cos— ...(A.5)

Figure A.5 Point load

. P, 2P § milg

cos—a—cosmgg ...(A.6)

o
m=1
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Figure A.6 Prestress load (post-
tension)

= "aD cosmg—g ..(A.7)

A.2 Loads applied to shell surfaces

Figure A.7 Partial uniform load qo(load/unit surface area)

ian(Z

22+6¢)sinmgg¢sinmn¢ ...(A.8)

_ v o1
= L& a

4q ©
q = -_]:[_9" . IlnSinIMOIL_i : I (A.g)
m=1,3,5...
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Figure A.9 Uniform line load (totallload Q)

For the cylindrical shell element,

q = “al } sin™Eg ;e ... (A.10)
m=1 @ @

For the flat plate element,

q € A ) sin-r—n—%—gsinl—n—l—I-gl oo (AVLD)

2 42 & 0.
(R2 Rl)u m=1
For the conical shell element,

24Q sinmgésinmgg ... (A.12)
(ahl) b(b+2)asiny m=1

o

Due to the action of an internal diaphragm, each shell may
be subjected to in-plane (x direction) and normal (z direction)

loads X X Z 7 as described in Section 3.2 and sketched in

c> °D> "C> 7D
Figure 3.2. If the location of the diaphragm is ¢ = &, and if
the angular thickness of the diaphragm is ¢ where S¢<<2&, then

the Fourier series expansions for these loads are as follows.



For the cylindrical shell element:

mld ¢

. .. mil¢
Sin sin
20,

o

ML%R6¢ m=1

8Q(L-x) y %sinmgg

where Q may be either XC or ZC; and

= _E%EHH %sinmggsinmgg¢sinmg¢
NML"R&¢ m=1
where Q may be either XD or ZDL
For the flat plate element:
R.- )
= ZQQ(IZ ) \Z lsinmngsinmné¢sinmn¢
M(R,-Ry)“(2R +Ry)8¢ m=1 ™ ¢ L &
where Q may be either XC or ZC: and
2 - o
= 4Q(X2R1) ) lsinmngsinm25¢sinmn¢
s m o4 40 o
H(Rz—Rl) (R1+2R2)6¢ m=1
where Q may be either XD oT ZD.
For the conical shell element:
~ 24Q(ahy (b*1)-x) 1. mOE_. mide_ . mid
2 e ) SSIN—C2S51iNem—SS1iNn——
n o L0 o

T(ah,) b (b+3) S¢siny m=1
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... (A.13)

.. (A.18)

... (A.15)

... (A.16)

oo (A7)



189.

where Q may be either XC or ZC; and

24Q(x-ah,) o
q = 1 ) loipmlie,miloe,; mil¢

3 ... (A.18)
H(ah1)3b2(2b+3)6¢siny m=1 M @ i ¢

or Z

where Q may be either Xy

D
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 EXpreSsioh§Aand'Sign Conventions for Output
' %

"~ APPENDIX B.

Quantities

(107) 

%ﬁﬁf///////

P

. :"A\.Y/;

B.1 Cylindrical shell element

Qe

Positive directions of stress resultants
for cylindrical shell element

Figure B.1

: : |
. 3
Let Ky; = =27 , Kyg = B, () - ng) and ()" = §¢) '
- 1-v 12(1-v5) .
Then - f
€ = u' (middle surface lateral strain) ..(B.l)
€¢ = V'éw (middle surface circumferential strain).(B.2)
Yo~ %f+V' (middle surface shear strain) .. (B.3)
Xy -w' (lateral curvature) ‘ ..(B.4)
X4 _(wf;w) (circumferential curvature) .. (B.5)
R .

w' u"-Rv' . (B.6)
Xo .= = ( - ) (twist) ..(B.
X¢ R ZRZ

% The principal notation used in this appendix is defined in
Section 3.3.1
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glﬁ[ sz"'f R CH(1-v) (W TRy ) ] -+ (B.
K w’ W : .
_E__[R = +“RW"'+(1‘V)R(W” +Rv'") ] , .. (B.
K17(8X+ve¢)-5%§xx | .. (B.
17(€ +VE )+K§8X¢ ' .. (B.
Ell;iiﬁlyx¢_5i%éiiﬁl (Xyg~ 2§¢ .. (B
K17§1—v)Yx¢+K1§§1-vJ o ;R ) . (B.
KlS(XX+vX¢-€X;v€¢) | S
K18(X¢+vxx) .. (B.
K18(1-v)(xx¢—;§9) | .. (B.
Kyg(1-v) Xy .. (B.

7)

8)

9)

10)

L11)

12)

13)

14)

15)

16)
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| =

I
I?;Z(e¢+vex)

E

2l1+vifx¢

(surface

(surface

(surface

(surface

(surface

(surface

(surface

(surface

(surface

(surface

(surface

(surface

lateral strain)

circumferential
strain)

shear strain)

lateral stress)

circumferential
stress)

shear stress)

lateral strain)

circumferential
strain)

shear strain)

lateral stress)

circumferential

stress)

shear stress)
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.. (B.17)

.(B.18)

. (B.19)

. (B.20)

..(B.21)

L (B.22)

. (B.23)

. (B.24)

. (B.25)

. (B.26)

.(B.27)

.(B.28)
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(109,110)

B.2 Flat plate element

N,
orememm e il
M¢ :
Y Y
Ng Mg x
Figure B.2 Positive directions of stress resultants
for flat plate eclement
Let K, = Eh_ ¢ _ ER’ () =30 ang () = 20)
2 E = R .
17 1-v2 18 12(1-v2) 9X 3¢
Then
€r = u' ..(B.29)
utv’
e¢ il - .. (B.30)
y =2 Xy .. (B.31)
x¢

Xy = W _ ..(B.32)
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B.3 Conical shell element(los)

¢

Figure B.3 Positive directions of stress resultants

for conical shell element
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APPENDIX C. Assembly of Various Matrices Required in the
Sojution of a Simple Folded Shell Structure

An example of a simple 3-element box beam with a single
internal diaphragm is chosen to illustrate the general methods
for assembling the matrices KS3 Ll’ LZ’ El’ E2 required in the
folded shell solution of any diaphragm structure (Sections 3.3.4
and 3.4.2). Only the mth harmonic is considered in the ensuing
discussion.

A pictorial sketch of the beam is shown in Figure C.1,
together with the arbitrarily selected joint and element identi-
fication numbers. (Joiﬁt numbers are represented by plain
integers whereas element numbers are represented by bracketed

integers).

Internal 419_}\&3.32-2 P N
L. o

(thickness = E‘s}'ff: Y

Figure C.1 3-element diaphragm structure
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The arrow drawn on each element indicates the positive direction
of the x-axis (member coordinate system) and hence also the
direction from curved joint A to curved joint B (Section 3.3.1).
During the assembly of the various matrices of interest in this
appendix, a system of subscripts is used which is critically

dependent upon the correct identification of joints A and B for

each element. This system is therefore clearly summarized in
Table C.1.
Joint A B
Element || |
(1) 3 i
(2) 2 1
(3) ... 3 2

Table C.1 Key to joint subscripts

C.1 Assembly of structural stiffness matrix KS

For each element, the (8 x 8) stiffness matrix
(referred to the global coordinate system) can be partitioned
according to equation (76). Hence, for the complete structure,
the relationship between the joint loads (global coordinates)
and the corresponding joint displacement components (global

coordinates) is given by the equation



g - = = =
P k 5 K12 K13 81
el I B € B © I ) © 2
P2| = Koq Ky » K k23 182
(2) ‘(2 *%(3) (3)
P3 k31 k ks o * Ks3 83
(1) 32,4 33 (1) 3 (3)
L 1L (3) B
(12x1) (12x12) (12x1)
(C.1)
where the bracketed numbers indicate reference to individual
shell elements. Table C.1 is used to obtain the joint subscripts.
Thus, for example k12 represents kBA for element(2). Equa-

(2)

tion (C.l)'is a partitioned form of equation (77), and the
(12x12) symmetrical matrix is thus the assembled structural

stiffness matrix KS.

C.2 Assembly of diaphragm interaction matrix L1

Figure C.2 indicates the nature of the assumed
diaphragm redundants (Section 3.2) which act on the box beam

cross section at the angular location ¢ = &.



Figure C.2 Assumed diaphragm redundants

The resultants of the triangularly distributed redundants act at
the one-third points across each element and are referred to the
appropriate member coordinate system, whereas all joint redundants
are referred to the global coordinate system. Hence the dia-

phragm redundant matrix PD (Section 3.4.2) can be written
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. (C.2)
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Therefore, in accordance with equation (101), the diaphragm

interaction matrix L1 must be assembled as follows.

a4 0 0
0 0 0 0 0 0
(4x12) |0 q; 0 (4x3) (4x3)
0 0 aq
q, 0 0
0 0 0 0 0 0
L, = (4x12) (4%3) 0 q, O (4x3)
(C.3)
(12x21) ' 0 0 q,
qz 0 0
0 0 0 0 0 0
(4x12) (4%3) (4%3) 0 qg O
= 4 .. mIg . mid¢
where q1,2,3 ey 5 36¢51n 5 Sin—y
b H

C.3 Assembly of diaphragm interaction matrix L2

’ For each element, the fixed-edge stress resultants
induced by the action of the triangularly distributed diaphragm
redundants can be expressed.as the sum of a complementary solution
and a particular solution. Thus, with the established notation

(Sections 3.3.1 and 3.3.2),
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PM = H . C + H4 . PD ... (C.4)

(8x1)  (8x8) (8x1) (8x21) (21x1)

where the subscript M is included to emphasize that these fixed-
edge stress resultants are referred to the member coordinate
system. Matrix H4 can be deduced from the particular solutions
derived in Section 3.4.1. Similarly, the equation which des-

cribes the fixed-edge boundary conditions can be written

G . C *+ G . Py = 0 ... (C.5)

(8x8) (8x1) (8x21) (21x1) (8x1)

where the matrix G3 can also be deduced from the particular
solutions derived in Section 3.4.1. It is evident from

equation (C.5) that

C=-6"".6;.P ... (C.6)

G3] . P woi (C.7)

However, the product H.G_1 is equal to the stiffness matrix kM
of the element referred to the member coordinate system (Section

3.3.1), and so

P Ky, - G3] . P ... (C.8)

w T HHy Ry
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By using the transpose of the element transformation matrix A
(Section 3.3.3), the fixed-edge stress resultants can be referred

to the global coordinate system, Hence

P swie. (C.9)

where the subscript G denotes reference to the global coordinate
system. After calculating the above products, this equation

may be partitioned as shown in equation (C.10)

Pp Kp
o T . Py ... (C.10)
G

(8x1) (8%x21) (21x1)

where A and B are the two curved edges of the element. 1f the
matrices Kp and Kp are calculated for all three elements of the
complete structure, then in accordance with equation (101), the

diaphragm interaction matrix L2 must be assembled as follows.

" v e
oy 1

- + Kk

K3 +'|<_3
) (1)

where again the joint subscripts are obtained from Table C.1, and

the bracketed numbers indicate reference to individual shell

-
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C.4 Assembly of matrix E;, an indirect contribution

- to the diaphragm flexibility matrix FD

If‘each element is subjected to curved edge
movements only, and no loads act on the element surface, then the
complementary solutions of the governing differential equation
systém are sufficient to determine the net structural response.
Hence the amplitudes of the four displacement components which
exist at the lateral locations C and D (corresponding to the

resultants of the four triangularly distributed diaphragm redun-

dants) can be written

c 1

C

e 8¢ | | |

. = 5_i = G . C ... (C.12)
D D

YD

T M

(4x1) (4x1) (4x8) (8x1)

where the subscript M denotes reference to the member coordinate
system, and the matrix G' can be calculated by using the same
general procedure as described in Section 3.3.1.for the calcula-

tion of matrix G. The equation which expresses the boundary

conditions 1is

:

(8x1)  (8x8) (8x1)

5
1l
@
(@)

(C.13)

[or]

B_a

M
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and so

s
G .61, a_A
B

5
¢t . g1 .aA. H .. (C.18)

ST
sla
1]

where the subscript G denotes reference to the global coordinate
system. After calculating the above products, the matrices in

this equation may be partitioned as shown in equation (C.15).

S 8
C _ A
: = [z,lza] . {=— ... (C.15)
[35} AltE [GB] __
M

G
(4x1) (4x8)  (8x1)

If the matrices A and tg are calculated for all three elements
of the complete structure, then in accordance with equation (104),

the matrix E1 must be assembled as follows



By
(21x12)

where

is used to obtain the appropriate joint subscripts.

2019

sinmgg (C.16)

0| , and once again Table C.1

. 0 c
Yay | oaxa) (1)
C C 0
L2) 22) | (axa)
0 e C
(4x4) 2(3) 3(3)
J 0 0
(3x4) | (3x4)
0 J 0
(3x4) (3x4)
0 0 J
(3x4) | (3x4)
1 0 0
J = 0 1
0 0 1

Bracketed

numbers denote reference to individual shell elements.

.5 Assembly of matrix Ez* a direct contribution

to the diaphragm flexibility matrix Fj

For each element under fixed-edge conditions,

the amplitudes of the displacement components at the one-third

points C and D induced by the action of triangularly distributed

diaphragm redundants can be written
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5{ |
35 & . C + G, . Py i oy o(ICA170)

(4x1) (4x8) (8x1) (4x21) (21x1)

where again the subscript M is used to denote reference to the
member coordinate system. Matrix G4 can be calculated directly
from the particular solutions derived in Section 3.4.1. The

fixed-edge boundary conditions are expressed by equation (C.5),

and so equation (C.17) becomes

% -1
5| "6 -6 .66 By cer (C.18)

8¢
KB = P . PD ... (C.19)

(4x1) (4xz1j(21x1)

If the matrix ¢ is calculated for all three elements of the

complete structure, then in accordance with equation (106), the

matrix E2 must be assembled as follows.
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_w(l)H
'@ . mlig :
(2f521) = vy | sint_> ... (C.20)
0
(9%21)

where the bracketed numbers again indicate reference to

individual shell elements.
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APPENDIX D. Comments on Program FOLSHEL

The degree of generality which has been achieved with the
FOLSHEL program is perhaps best illustrated by stating the
form of the required input data. A description of this 1is
given, followed by a flow-chart outline of the programmed folded
shell solution method. Finally, brief comments are made con-
cerning computer times and storage requirements for some of the
problems analysed during this research project. A detailed
1list of the output quantities which are calculated by the program
at any specified locations on each folded shell structure is

given in Appendix B.

D.1 Form of input data

1st card: Title of problem

2nd card: {(a) Angle subtended by shell assembly = ALPHA
(b) Number of elements = NEL
(c) Number of joints = NJT
(d) Number of diaphragms (internal) = NDIAPH

(Note: All diaphragms are assumed to be the
same shape when viewed in the
¢-direction)

(e) Number of ¢-coordinates at which results are
desired = NPHIP

(f) Maximum Fourier series limit = MHARM
(g) Check on odd or even harmonics = NCHECK

(Note: +1 for odd terms only (symmetrical)
0 for all terms

-1 for even terms only (anti-symmetrical))
(h) Number of flat plate elements = NFP



3rd card:

Next cards:

Next cards:
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(i) Number of cylindrical shell elements = NCYLSHL
(j) Number of conical shell elements = NCONSHL

(k) Number of moveable diaphragms (if any) =
NMDIAPH

(1) Number of elements internally connected to
diaphragms (if any) = NICEL

(m) Number of joints connected to diabhragms
(if any) = NEC

(n) Identification number of the first joint
connected to each diaphragm (if any) = JSTART

(Note: All joints connected to diaphragms

must be numbered consecutively)

¢-coordinates at which results are desired =

PHIP (I)

(Note: Use more cards if necessary)

One card for each diaphragm (No cards required

if NDIAPH = 0)

(a) Diaphragm identification number = I

(Note: Input all unmoveable diaphragms
first, if any)

(b)) ¢-coordinate at which diaphragm exists =
DIAPHI (I)

(c) Diaphragm angular thickness = DIADEL(I)

One card for each element

(a) Element identification number = I
(b) Joint A = JA(I)

(¢c) Joint B JB (1)

(d) Type of shell element = KSHL(I)

Note: 1 for flat plate
2 for cylindrical shell
3 for upright cone
4 for inverted cone)

(e) Number of desired evenly-spaced lateral
locations for calculation of output quanti-
ties = NSEC(I)

(Note: Lateral width of each element is thus
divided into NSEC(I)-1 equal parts)



Next card:

Next cards:

Next cards:
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(f) Dead load (force/unit surface area of element)
= DL(I)

(g) Uniform horizontal load (force/unit vertical
projected area) = HL(I)

(h) Uniform vertical load (force/unit horizontal
projected area) = VL(I)

(i) Thickness of element = TH(I)
(j) Young's modulus = YM(I)
(k) Poisson's ratio = PR(I)

Number of partial uniform surface loads = NSURL

One card for each partial uniform surface load
(no cards required if NSURL = 0. More than one
partial load may exist on an element, but each
one requires a separate card)

(a) Element identification number = LEL

(b) Horizontal load, force/unit vertical projected
area (force/unit vertical projected length
if line load is applied) = SURHL(LEL)

(c) Vertical load, force/unit horizontal projected
area. (force/unit horizontal projected length
if line load is applied) = SURVL(LEL)

(d) Angular location of start of partial load
from left support (¢=0) = SURPHI(LEL)

(e) Angular width of partial load (= 0 for line
load) = SURDEL(LEL)

(Note: If SURDEL # 0, input SURHL and SURVL
as force/unit area;

If SURDEL = 0, input SURHL and SURVL
as force/unit length)

One card for each joint
(a) Joint identificatiou number = I

(b) Applied uniform horizontal joint force (force/
unit length) = AJFOR(1,I)

(c) Applied uniform vertical joint force (force/
unit length) = AJFOR(2,I)

(d) Applied uniform joint moment (moment/unit
length) = AJFOR(3,I)

(e) Applied longitudinal joint force (post-tension
prestress) = AJFOR(4,1)
(Note: For prestress P at each end, input

total force at one end for AJFOR,



Next card:

Next cards:

(£)
(g)

x~coordinate (global) of joint
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XC (1)
ZC (1)

z-coordinate (global) of joint

Number of partial uniform joint loads = NCONL

One card for each partial uniform joint load (No
cards required if NCONL = 0. More than one
partial load may exist on a joint, but each one
requires a separate card)

(a)
(b)
(c)
(d)
(e)

(£)
(g)

Joint identification number = LJT
Total horizontal force = CONHL(LJT)
Total vertical force = CONVL(LJT)
Total moment = CONM(LJT)

Total longitudinal force P, positive in

¢-direction = CONS(LJT)

(Note: P must be balanced by -P somewhere
along the same joint)

Angular location of start of partial load

from left support (¢=0) = CONPHI(LJT)

Angular width of partial load (=0 for
concentrated load) = CONDEL(LJT)
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D.2 Flow-chart outline of calculation procedure

Read and print input da?&J

¥

¢ NMDIAPH = 07 > »YES
NO

\

Assemble equilibrium matrix B for all
moveable diaphragms. (It is assumed
that all diaphragms have identical
shape when viewed in ¢-direction)

i ) *
Calculate transformation matrices for

all elements except upright conical
shells

) NEXT HARMOWMIC
v

Calculate transformation matrices for
all upright conical shells
2 NEXT ELEMENT

y

H__q*JEL<iIs this a flat plate element?>>
VES o
\

~<-tte {8 =1,2,3,4,57 >
‘rYES

- !
Calculate geometrical properties of
equivalent degenerate conical shell
- - e - !
: ¥

lExecute element calculatioﬂq

4 A

1 \ ey
<;Egst elﬁﬁfntﬁ/

~

3
Assemble structural stiffness matrix KS

¥

Calculate equivalent joint load matrix
P. caused by externally applied joint and
surface loads

@
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®

X
L

Invert structural stiffness matrix
Ko and calculate joint displacement
matrix A; caused by the action of
external® loads. Store this matrix
for each harmonic

T
< NDIAPH = 0? > Yes
(3 1=

3

| Assemble diaphragm interaction mat-

rix L3

E

Assemble matrix E,, the contribution
of this harmonic %o the diaphragm i
flexibility matrix FD )

N
Accumulate absolute displacement
components at diaphragm redundant
locations, due to the action of all
external loads

WO

A = 9
{_Last harmonic? »
YES

%

< =5 NDIAPH = 0?7

MO

Calculate diaphragm redundants from
the diaphragm compatibility equation

MEXT  WARMONIC

)

i

NDIAPH = 0? >

R

571
7

NG

Calculate joint displacement matrix

A, caused by the action of diaphragm
10ads, and add this to the joint dis-
placement matrix A, which was caused
by the action of eXternal loads. (For
each harmonic, the latter matrix was

calculated and stored previously)
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<$> ® ®

e | MEXT  ELEMEWT
o v v

By using the amplitudes calculated
for this harmonic, accumulate the
absolute values of displacement
components, stress resultants,
stresses, and strains at all de-
sired locations on this element.
The contributions for this harmonic i
include superimposed values due
solely to edge displacements, and

in addition, those due to the action
of distributed external and dia-
phragm surface loads with the element
under fixed-edge conditions

3

'<Iast element?> 5o LC
YES

< Last harmonic?—> SRS L - .

%Y"E'S

" Print all resﬁlts'

D.3 Computing time and storage requirements

In order to analyse the two folded shell models
with the load positioned above the centre of plate (3), the
following computing times were mnecessary on the C.D.C. 6400.
(This particular load case is chosen to illustrate computing
times, because it always required the largest amount of calcu-

lation).

(a) Primary Structure

For 11 non-zero Fourier terms (MHARM=21; NCHECK=+1),

Central Processing (C.P.) time = 4 min. 0 sec.

Peripheral Processing (P.P.) time = 7 min.30 sec.
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For 21 non-zero Fourier terms (MHARM=41; NCHECK=+1),
C.P. time = 6 min. 0 sec.

P.P. time = 9 min.40 sec.

(b) Diaphragm Structure

For 21 non-zero Fourier terms (MHARM=21; NCHECK=0),
C.P. time = 9 min. 0 sec.

P.P. time = 27 min.10 sec.

For 41 non-zero Fourier terms (MHARM=41; NCHECK=0),
C.P. time = 15 min.40 sec.

P.P. time = 34 min.40 sec.

For each structure, since an extra joint had to be assumed at
the lateral location of the knife-edge load, there were thus 9
folded shell joints in all, and 10 folded shell elements. Final
results were evaluated at 13 cross sections along the beam, and
at 3, 4, or 5 sections across each element. ~ For the diaphragm
structure, the number of redundants (excluding the three rigid
body in-plane displacement components of the moveable diaphragm)
was 53.

The amount of central memory computer storage
requifed to load and execute the program is largely dependent
ubon the number of diaphragm redundants and the number of
selected locations at which output results are desired. For
every run of the FOLSHEL program, the maximum allowable field

length of 140K locations was specified. By using all of
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this storage, it was possible to analyse a structure with up

to 145 diaphragm redundants and to evaluate the final results
at up to 585 different locations on the component elements.
Since the total amount of calculation is also largely dependent
upon the number of diaphragm redundants, it follows that the
solution of a problem of this size would require much more

computing time than the examples quoted above.
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APPENDIX E. Adjustment of Experimental Rosette Strain Gauge
Readings due to Finite Gauge Eccentricity

A sketch of the type of quadruple-gauge rectangular strain
rosette used throughout the experimental investigations is given
in Figure 4.9(b). When each rosette was positioned on the sur-
face of any folded shell element, it was always orientated as
shown in Figure E.1, where the gauges marked 0°, 45°, 90°, 135°

in Figure 4.9(b) are now identified as gauges 1, 2, 3, 4 respec-

tively.
14

\ — =

Q,E..Rct)___;
\} ‘ b

\ . |

las | | 2 ,
R am
~4u/ S}J 5 r
\4/ __“‘ % '\"#
// / .

N 4 f N

3/ i
R o

Figure E.1 Orientation of rosette with respect to
x-axis of member coordinate system

Inspection of Figure E.1l indicates clearly that gauge 1 is
the only one which measured strain at the centre of the rosette.
The other three gauges were eccentric by the same distance 8.
(For the rosettes used in the experiments, § was approximately
I

g ).  Therefore, in regions of high strain gradients, the

strains recorded by gauges 2, 3, 4 could not be assumed to
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occur at the rosette centre. However, appropriate adjustments
were made based on prior knowledge of the strain gradients in

this area obtained from the folded shell theoretical calculations.
With respect to the member ¢-direction, there were two possible

orientations to be considered:

(a) gauge 4 aligned with the positive ¢-direction

Let the true strains which existed at the
rosette centre and which corresponded to the directions of the

four component gauges be e, , e, , e, , e Let the actual
_ 14 24 3, 49 ‘

measured strains be €15 €55 €2, €y respectively. From the

geometry of Figure E.1, it follows that

S 0 0 ] :
e = e, + — + ... (E.1)
0 3 /2 9X . ROB¢

Let the theoretical predicted values of direct strain (at the

rosette centre) corresponding to the x and ¢-directions be ey

and e¢ respectively, and let the corresponding theoretical value

of shear strain be e .. Then consideration of Mohr's circle

X¢

for strain reveals that

2e30 =e e¢ +ex¢ (E.2)
Hence equation (E.1l) can be written
- ¢oe_ de, de de oe Joe
N S [ Ux, %%, xd, " Tx o x¢]
e = e, + + + + + + : ... (E.3a)
30 3 2/2 90X 93X 90X ROB¢ R08¢ ROB¢
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The analogous equations for the other gauges are much simpler.

e10 = ey (E. 3b)
Bex

ezo = e, - é T (E. 3c)
Be¢ :

e40 =€y - s . R03¢ ... (E.3d)

The corrections to be applied to the experimental readings in
order to allow for gauge eccentricity can thus be calculated

from equations (E.3a-d).

(b) gauge 4 aligned with the negative ¢-direction

For this orientation, the results can be
deduced directly from equations (E.3a-d) by reversing the signs
of all gradients in the ¢—direction.

Since the folded shell analysis gave Valueg

of ey eX¢ (Appendix B) at a regular grid of points on each

e¢,
element of the model box beams, it would have been tedious but
possible to calculate all required terms for the above corrections.
However, the amount of necessary calculation was considerably

reduced by checking that at the instrumented locations, all strain

gradients in the ¢-direction were generally small compared with

the strain gradients in the x-direction. Under these conditions
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the orientation of each rosette with respect to the member

¢-direction had no influence on the corrections to be calculated.
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