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(vi )

SUMMARY

The thesis deals with e class of brushless a.c.
reluctance ¡nachines¡ capable of operating over a wide speed
range. The prínciple of operaùion depends upon the
exploitation of the properties of a series RLC circuit in
which the inductance (in this case, the stator winding
inductance) is e function of current and of rotor position.

The systen is described by non linear differential
equations having periodic coefficients. Analogue and nunerical
¡nethods are used to obtain theoretical results for conparison
with those obtained experinentally fron a prototype nachine
and for conparison with results obtained fro¡n an approxinate
analytical solution to the systen equations.

Because of the strongly non linear behaviour and the
consequent inpossibility of extrapoLating quantitative results
from one set of systen parameters and inputs to another and the
cost in conputing tirne of obtaining accurate analytic solutions,
phase anplitude plots and the Manley-Rowe relationships are
used in an attenpt to provide insight into the essential
physical behaviour of the machine.

It is suggested that such a ¡nachine is the electrical
equivalent of a tr,ro-stroke, while the overall torque speed
characteristics and theoretical ¡naxinun efficiency of an n-po1e
machine correspond approximately to those which would result fron
a conposite ¡nachine conprising a nurnber of si4gle phase induction
nachines having 2n,6n, 8n .i... poles all connçcted to one
shaft, with the supply being autonatically transferred to
nachines of increasing pole nunber as the shaft speed falls, so
tending to ¡naintain the theoretical conversion efficiency. It
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is shown however, that because of practical linitations such
simple ¡nachines are unlikely to operate with better than a
SOeo ef f i ciency at any speed.
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CHAPTER 1: INTRODUCTION

I

Although the principles of operation of squirrel cage

induction notors have been known for almost a century, and

such motors have provided the majority of prine novers wherever
constant speed drives are required, ne such sinple, rugged,
brushless self contained moto¡, capable of economical operation
over a conÊinuous speed range has yet been developed.

, A histor¡, and analysis of so¡ne previous attenpts to
solve this and allied problens are presented by Laithwaite in
the book "Special Purpose Induction Machines" [20], where the
point is well made that there are a nunber of criteria which
may be used to judge the effectiveness of a nachine, and that
the relative inportance of these criteria may change dranatically
fron one application to another.

The investigations discussed in this report represent yet
another approach to the problern of developing a self oontained,
variable speed, brushless a.c. ¡nachine and refer to work
carried out between June f965 and June 1969. Discussion centres
around the qualitative and quantitative behaviour of a class
of asynchronous, brushless, â.c. reluctance nachines, which
depend for their operation upon the exptoitation of the
properties of a series RLC circuit in which the inductance (in
this case the stator winding inductance) is a function of
current and of rotor position. Such a circuit nay have more

than onç stable state,and under appropriate conditions
transitions from one state to.nJthu" and back nay be induced
by relatively snall changes in any one of the circuit paraneters.
For the class of nachines under consideration, such transitions
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are induced by the ch4ng€s¡ as the rotor turns, in the reluctance
apsociated with the stator windings.

As the principle of operation appeared to be novef, a

provisional patent application was nade in conjunction with the
National Research Developnent Corporation of Great Britian
in L967 t8l. A search of previous patents revealed that
an application for a patent relating to'rlnprovements in and

relating to means fot electrically producing oscillatory or
reciprocatory notion" hras nade by the British Thomson-Houston
Co. ltd and othçr on March 4,1931 and accepted on Septenber 5,
L932. [6]. FÍgure 1.1 shows a copy of the drawings subnirred
with the application, fron which it can be seen that the
mechanísm described is sinilar to that shown in Figure 2.2(d)
of this report. In the latter case however, the functions of
the coils marked I and 3 in Figure 1.1 nay be combined as a

result of the specially shaped armatuÌe.
The only other application of any relevance referred to a

machine conprising a nulti-pole stator and salient pole rotor
having a lesser nunber of poles than the stato", It was the
subject of a patent application on July 13, 1950 t7l.
Opelation of this ¡nachine depends upon the fact that the
inductance of the stator windings on each pole is a function of
the rotor positisn; so that by the appropriate interconrìection
of windings and shunt capacitors the m.n.f of the stator pole
tqwards which the rotor pole in advancing, is greater than
the m. rn. f . of the stator pole fron which the rotor pole is
retreating. Hence continuous rotation results once notion is
started. A nunber of refinements including an auxiliary
rotor and stator h'ere proposed.

Such a ¡nachine is si¡nilar to those under consideration
in this paper but does not appear to take advantage of the
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1.3

ferro-resonant junp effect f29,4Ol, a phenomenon which is
utilized by the devices under consideration in this report.

Interest in electro-¡neçhanical transducers which could
exploit the latter phenonenon v¡as sti¡nulated by a paper on

an oscillating ring notor [39], the operation of which t{as

attributed by the authors to tr{o effects; víz the ferro-
resonant ju¡np phenomenon together with the effect of the delayed
|esponse in a near resonant, series RLC circuit to changes

in the çircuit irductance. However, in view of the shape of
the nagnetic circuit elnployed it seems likely that the latter
'eff ect .would predonÍnate.

The feTro-resonant jurnp effect can be utilízed to amplify
the effect of snall changes in one or morç of the circuit
paraneters. Advantage is taken of this properly in an a.c.
s€rvo.tnotor described by Teoflorescu [35] which otherwise has

litttre in con¡non with the class of nachines under consideration.
Although the machines u4der discussion are essentially

asynchronous ¡re luctance ¡nachines , this report is concelned
prinrarily with presenting an analysis of their behaviour in
terms of a given set of input and machÍne parameters; so that
virtually no reference has been nade to the large body of
litefature on synchronous reluctance nachines, as it is relevant
neither to these nachines nor to the analysis. It would alnost
certainly b9 relevant however, to any discussion directed
towards the design of a machíne utilízing the principlgs under
dÍscussion.
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1,2 Structure of the report

Because the relevant electro-nechanical system representJ-ng
these nachines is described by strongly non-Linear differential
equations having peliodic coefficients it is impossible to
extrapolate quantitative results from one set of systen
pataneters and inputs to another. Hence much enphasis has been

placed on the gaining of insight into the essential physical
behavíour of such maçhines,

Following Sections 2 and 3, in which the principles of
qperatlon and the ¡neasured characteristics of an experinental
machine are presented, a nathematical nodel of the machine is
proposed in Section 4. Section 4,2 may be onitted on a first
reading as it represents work which, while it led to an

interesting engineering approxirnption of use in saturated
circuits, was not used subsequently in the report.

Sí¡nulation of the prototype machine on an analogue comPuter

led to results which suggested that the proposed nathematical
nodel rnay be used with reasonable confidence as a neans of
e;plorlng the behaviour Af this class of nachine. In order to
provi:de a cheCik on nunerical and analytical nethods of solution
discussed Ín Sections 6 and 1O respectively, analogue nethods
wgre used to obtain some results for sonewhat ideaLized nachines.
These results appear ín Section 5.2.

Qualitative behaviour of the systen is explored firstly
by investigating the behaviour under conditions of a bLocked and

a slowly rnoving rotor respectively, followed by an investigation
of the transistion characteristics of the ju¡np phenonenon

which is presented in Section 8.

Phase-pIane methods presented in Section 9 are shown to be

qualitatively correct but quantitatively inadequate at practical
rotqr speeds, although valr¡able insight into the behaviour is
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gained by their use.
Further valuable insight is obtained from the nature of

an analytical solution for the instantaneous flux or current
obtained in Section 1O. It coílprises a fundanental plus an

infinite series of top and bottom sidebands based Dn the
fundamental and its harnonics. Agreement between the torque-
speed curves obtained by analytical methods on the one hand, and

nunerical or analogue methods on the other, inproves in general
with the number of sidebands included in the analysis. However

the computational tine required, rapidly becones prohibitive.
Application of the ManIey-Rowe relationships l2Il gives

further insight into the physical behaviour and provides an

indication of the conversion efficiency of such nachines.
Presentation of an analytical solution to a set of non-

linear differential equations is not conplete until the
stabifity of such a solution is deterníned. This problem is
discussed briefly in Section 12, but in view of the approxinate
nature of the solutions obtainable within a reasonable a¡nount

of co¡nputational tine, the matter has not been pursued.
The latter problen together with others discussed in

Section 13, p:rovide challenging, if sornewhat academic, topics
for further investigation.



CHAPTER 2: GENERAT PRINCIPLES OF OPERAÎTON

2.t Ferno-nesona¡¡t behaviour

I{hen conditions are such that rumped panameten anaJ_ysis of
erectnicar cÍncuits is varid, it is convenient to represent the

presence of a magnetic field by the so-carr-ed inductance of the circuit.
Inductance ís defined as frux linkages, with some c]osed el-ectnical

cincuitr pêr anpere of curnent which sets up these frux rinkages. rn

genenal such a concept is onry useful- and meaningful when thene is a

linean nelationship between the flux linkages and. the cunnent which

establÍshes then. The pnesence of fenno-magnetic matenial in the mag-

netic field nonmally r"esults in a non linean relationship between flux
linkages ar¡d cunrent and hence in an rinductancer which is dependent

upon the cunr"ent.

Thnoughout the nemainden of this thesis we sha11 be concerned

with the elçloita-tion of some of the chanacteristics of ci::cults

containing suctr non linean finductancesf. Fon convenLence, the genenal

concept of Ínductance will be netained and used whene no unöue ambÌguitSr

exists as to íts meaning, in onder. to avoid the use of nepeated qual-ifying

statements. Howeven, r:nder centain specific circuit conditions a pnecise

meaning will be assigned when a¡¡d if it is necessary.

rn orden to gain some simpre physicar insight into'a'h. ,.rrrr"o
of openation'of the devices rr¡den consid.enation, the following explanatl.on,

aften Rudenberg Í,Zgl, is offered as an intnoduction. rn 1ater sections,

funthen èiscr:ssion will be for.rrd concerning the accunacy a¡rd util-ity of
thÍs appnoach.



Considen a senies LCR circuit, fed with an

v = F2V sin r¡t, whene the inductance L is a fr:nction

apprnoxirnate solution fon the rnagnitude of the l_atter

gnaphically by considening the fi¡¡d.amental component

In which case, we may wnite

v2 = n2rt2 + [ol(i) - t/uc]rr r,

2.2

al-ternating voltage,

of cunnent. An

may be obtained

only.

(2.1)

on
ot(i) ,, = Jr' - ,r'*r' + r¡/uc (2.2)

Each side of equation 2.2 may be protted as a firnction of r¡r
as shown in Figune 2.1, whene theright ha¡rd side appeans as a tirted
erlipse. A sorution for the curnent in the cincuit may then be

obtained fnom the intensection of the ellipse and. the cunve nepr:esenting

rrrL(i)r¡, which is nenely the vortage acï'.css the inductance plotted
against r¡. rnspection of Figune 2.1 shows that thene are three

distinct possibiJ,ities, r"epnesented by the thnee different rrrl,(i)r¡ cu::ves,

nespectively.

The intensections labell-ed fAr nepresent.inductive circuit
conditions with relatively low flux ar¡d cunrent amplitudes, whereas the

intersections labell-ed tBr nepnesent.capacitive cincuit conditlons with

nelativery range flr¡:< a¡rd cunnent amplitudes. poÍnt c repnesents an

unstable solutíon (see sections 7. and g.)

Funther inspection of Figure 2.1 suggests that tnansitions fnom

an A state to a B state may be induced, unde:: certain conditions, by any

one of the following openations:-
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'(a) increasing the nagnitude of V

(b) decneasing C

(c) decreasing R

(d) changing the lfllrt(i) chanactenistic in the

dinection fi:om cur:ve (i) to curve (iii)

(e) decreasing o.

Sinilanly a transition fnom a B state to an A state may also

be induced r:nden centain conditions by nevensing any one of these opena-

tions.

Cincuit behaviour duning transition fnorn one state to anothen

is discr¡ssed in section 8, following a more nigorous analysis of the

behaviour of such cincuits unden steady state conditions.

Other means, not obvious fncrn Figure 2.1, also may be used to

induce a change of state, but whichever method is used, any compJ-ete

cycle fr^om A to B to A, always involves hystenesis.

Thus the possibiÌity anises of using sueh a cincuit fon enengr

convension.

In particular, if the trlt(í)I5 chanactenistics can be varied by

mechanical means then the way is open fon the e>çloitation of this fenno-

nesonant jump phenonenon fon the prrnposes of electrrc-mechanical enengr

conversion.

2.2 Vaniable ne.l-uctance devices.

Varíation of the reluctance in the path of the flux assocLateil

with a coil can pnoduce a family of ol(i)If - I¡ cr::rves of the form shown

in Figune 2.1. Sone possibl-e configunatÌons of stator and roton, capable
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ofproducing such curves, are shown in Figure 2.2,w]nere (a) and (b)

are similan to conventional synchronous reluctance motons, except that

the vanÍation in reluctance is accomplished hene by variation in the

iron çincuit r:el-uctance, instead of by the more conventional change Ln

aingap.

The theor:y of openation of neluctance moto:r,s [lO] makes it

clean that, for wrsatunated conditions, net positive aver?age tonque can

be obtained fnom the machine only i
1f 1T

âS
e.3)

o

llhen fed fnom a sounce of alternating voltage, this inequality

is satisfied at synchronous speed by the nel-ative positio¡t of the noton

with respect to the flux cycJ-e. At sr:b-synchnonous speeds, net positive

ave¡tage toryue can be obtained fnom such a machine, onry by arranging

that : -
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e.6)

Q.7)
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m1n
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AL
æ'

max

d0 d0
âS

æ'

or

max

nax

at
å e-"

de d0

mrn

the inequal-ities in expressions (2.4) and (2.5) must be satisfied by

incneasing the avenage amplitude of Q on i duning.the finst inte::val

with nespect to the avenage amplitude duning the second.

Fr¡nthermore.r.if inequalities (2.4) and (2.5) could be satis-

fied fon the devices sketched in Figune 2.2(e) and (d), tfr" mechanicaf

losses of the pendulum could be made up electnicaÌly and a negative loss

spning cor¡l-d be obtained, i.e. mol:e wonk could be obtained fnon the

expanding spning and moving arrnatune than wouJd be e>çended in

compnessing it.

The cincuit charactenistics discussed in section 2.1 may be

utilized to accomplish automatically the variations in flux and curnent

amplitude requined to satisfy the inequalities e.4) and (2.5) and hence

to produce useful wonk fnom devices of the natu:ne depicted in Figu::e 2.2.
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2.3 Fe::no-nesonant panametnic machines¡

In onden to undenstand how such automatic vaniation in fl-ux

magnitude may be accomplished, considen an elementary rel-uctance moto:r

taking the form shown in Figune 2.2 (a) on (b) and having a suitable

capacÍtor connected in series with its stato:r windings. cu:rves (i)

ar¡d (ii) of Figr::re 2.3 ma¡¡ be considened to nepnesent the r¡L(i) rr-r1'

curves for the stator winding when the notor is in the position of

nininun and maximum nel-uctance respectively. particulan val_ues of

applied voltage, fnequency, capacity and resistance detenmine the posi-

tion and size of the ellipse neprlesenting the right hand side of

equ4tion Q.2).

I{ith the noton of the machine in the positíon of minimum

neluctance, steady state cun:rent amplitude will connespond to point 41.

As the notor is turned slowIy into the quadnatune o:: maximum r:eluctance

position, the arL(i) I¡ chanactenistic will move to a position connes-

ponding to curve (ii) of Figune 2.3. Duning this tine, the steady state

solution fon the cunnent amplitude corresponds to the intensection of

the ellipse and the r¡L(i) I, cunve, which moves fnom point A1 towands

the point Q. This latten point nepnesents the maximum amplitude which

the cunnent car¡ have in the inductíve o:r non-nesonant state. I'lhen the

rotor neaches a position such that the whol-e of the ol(i) r¡ cu::ve lies

below the e1lipse, the steady state sol-ution fo:r the cunnent wil-r be

represented by 82.



(¡)

(¡i)

B2

A

f.m.5. CUffent -+

FIGURE 2.3: FORM OF LÜCUS OI. R.M.S. VOLTAGE

AI.JD CURRE.ÍIT ASSOCIATED WITH L(¡)

t
GI
u)
G'

o

ul.

tr

0
I



¿. t

Methods discussed in section I enabl-e the tnansition time

and path to be obtained within the limits of the nethod with neasonable

accunacy. Howeven, at this stage, some physical insight into the

behavioun may be gained by noting that, in the vicinity of nesonarce,

the curnent amplitude appnoaches its connect steady state varue, fnom

sorne othen initial varue, in an exponential fashion, wheneas it tenôs

to appnoach the non-nesonant inductive state in an oscillatory fashion.

Thus fon the punposes of the present discussion, the cr¡rnent

may be considened to increase approximately exponentially fnon the

magnitude at Q to that at 82.

Duning the movement of the notor fnom the dinect to the quad-

ratune axis position the electnomagnetic tonque developed in the direc-

tion of motion is negative, in acco::dance with equations Q.4) on (2.5).

As the notor continues to turn into the dìnect axis position,

the chanactenistic wil-l- ¡ise again to position (i) of Figr:re 2.3,

Pnovided that this cunve clear:s the top of the ellipse, the cunrent will,

at the moment when the characteristic ceases to be tangential to the

ellipse at point B1, decay in a damped oscillatory fashion to a val-ue

connesponding to point 41.

Positive el-ect::omagnetic tonque is devel-oped as the roto:r

moves f:rom the quadnatune to the direct axis position" Ît is shown in

a l-ater" section (Appendix t) that the area enclosed by the cur:nent and

inductance-voltage l-ocus duning one complete cycle is a measure of the

wonk done by the noto:r of the machine.
L
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Thus the vaniation in roton neluctance with angulan position

may be used to switch the cincuit fnom non-lresonant to nesonant state

and back. By a suitable sefection of the cincuit voltage, which dete¡-

mines the intenÇept of the ellipse on the voltage axis of Figune 2.3;

and of the capacitance which detenmines the slope of the ellipse, the

roton position at which tra¡sitions occun may be selected; so that the

inequalities (2.4) and (2.5) are as lange as possible, consistent with

other cincuit limitations such as dissipation.

Fron the above discussion it is clean, at least for a verS¡

slow1y noving rotor, that the vaniation in neluctance should be obtained

by eaturation in the inon nathen than by an inc::ease in the air:gap, as

in the latter case, the position of Q wiI1, in general, be close to 81

a¡rd the area enclosed by the vol-tage-curnent locus wil-l be relatively

small-.

The above explanation of behaviou::, vaJ-Ìd only at rotor speetls- -

slow enough that this appnoximate steady state theory applies, is appli=

cable al-so to the linean necipnocating devices shown in Figr:re 2.2 (c)

and (d). As the noton on anmatune speed incneases cr:r'::ent excunsions

will be nestnicted by the cincuit ine::tia; so that a fa-l-l in tonque

with speed may be e>çected. Howeven befo::e any useful qualitative o?

quantitative inforrnation can be gained concerning the behavior::r at finÌte

roton speeds, a far mone accurate model- of the machìne is nequired.
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CHAPTER 3: PROTOTYPE MACH]NE AND MEASUREMENT OF
TTS STTCS

3.1 Genenal

In onder to test the ideas set out in the pnevious section a

sinple machine was constnucted by using standand. k H.p. single phase

induction motor. fname and r:npr:nched larninations. Construetional details,

dinensions and winding data ane shown in Figune 3.1 and Table 3.1.

This machine was buil-t eanÌy in 1965, befo::e any analysis of

its openation, othen than that al-ready p::esented in section 2, had been

cannied out, so that its actual forrn is the ::esult of logic and intuition

nathen than of design based upon the nesul-ts p::esented in this thesis.

Its chanactenistics have pnoved to be typical of such devices, and have

therefore been measuned as carefuJ-ly as possible in o:rden to pnovide an

expenimental check on the theory subsequently developed.

Infonnation of intenest concenning such a machine is containeil

in the following measuned chanacteristics:-

(a) tonque-speed

(b) cunrent-speed

(c) efficiency-speed

(d) cone.l-oss-speed

Obtained for a nange of applied
voltage, se::ies caBacity and
nesistance.

)
)
)
)
)
)
)

(e) cunr-ent and ffux wavefonms.

In additíon, the following nel-ationships, measuned unden blocked

:roton conditions with no senies capacitor, pnovíde infonmation leading to

the establishment and checking of an equival-ent cincuit fo:: the machine,

vizz-
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3.2

R.M.S. cunnent, input por¡reu, pe* cunrent, pe* flu<,

and torque versus applied voltage fo:r a nange of ::oto:r

positions.

The expenimental set up used to obtain the above inforrnation

is dÍscussed briefly in the fol-lowing sections.

3.2 Torque measurement.

Measurement of developed electz'omagnetic to:rque may be

accomplished by mounting the staton onball bealings at each end, and

nest:raining ít with a sp:ring steel- bar as shown schematicaj-ly in

Figu.re 3.2 and in Plate 3.1. Fenra¡ti sil-icon st:rain gauges gluecl to

the top and botton of the bar and connected as shown in Figune 3.3 give

an output pnoportional to electnomagnetic tonque aften centain cor::ections

have been applied.

Possible ennors in this measurement result f::om:-

(a) non-linearl stress-stnain ne.l-ationship in the ba:r

(b) non-lineanity in stnain gauges

(c) vaniation in ban tempenatune due to heating as

the nachine is l-oaded

(d) fniction and windage loss between staton a¡d notor

(e) fniction in stator tnunnion bea:rings.

0f these (a) a¡d (b) can be kept to a minimum by appnopriate

design of the bar to match the expected tonque ar¡d then efiminated

entinely by calibration, while the effect of (c) can be minimised by using

matched pains of stnain gauges, high stability, matched fixed R and
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fnequent bnidge zeno checks aften allowing a suitable warm up pe:riod.

The magnitude of (d) ca¡ be measuned by d:riving the test machine

by anothen moton and noting the torque on the staton of the test machine

with the staton windings open cí:rcuited.
' Fina1ly, (e) tends to be nemoved by calibnation, but good design

can keep it to a negligible value. Note that this enllolr is effectively

doubled by adding the friction and windage (¿) to the measured tonque in

order to obtain the total developed el-ect::omagnetic torque.

Calibnation is accomplished by the application of a senies of

known tonques to the staton as suggested in Figune 3.2.

I{ith this annangement , pnoperly cal-ibrated, both bl-ocked rotol:

a¡rd nr:nning tonques may be measuned; the formen by locking the test machine

notor in the desined position and the latten by loading the test machine

with a sepanately excited ar:matune fed d.c. machine.

Accunate contnol of the latten was accomplished by using a solid

state converton developed by the author fon the purpose. Two published

PaPers dealing with the openation and design of such a conve::ton alle appended

to this thesis ßZ,SS1 ,

3.3 Measu::ement of stator fl-r-u< linkases.

As with most electromagnetic enengy conve::sion devices it is con-

venient to sepanate the winding flux into two distinct pontions. That

which does not cross the aingap contnibutes nothing to the actua.l- enenry

convension pnocess, its path is langely in ain, and hence its magnitude

is pnopontional to the m.m.f. which establ-ishes it. On the othen haad,
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fon the pa::ticuÌan configunation in which we are intenested, flux J-eaving

a stator pole face and cnossing the ai::gap to the noton, r^ril-l- fol]-ow a path

in which fernomagnetic material pnedominates. This latten component of

flux will- not be propontional to the m.m.f.; so that dinect measunement of

the flux itself is nequired.

This is accomplished conveniently by su:::rounding the pole faces

with seanch coils of N" turns and integrating the voltage induced in the

seanch coil with a simple RC netwonk to give the total stator- flux tinkages

due to aingap flux as:-

N

N
( 3.1)

The mean magnetization cunve of the machine, expnessing air:gap

flux linkages (À) vensus curr:ent (i) may be obtained by plotting the peak

val-ues of À and i fon a lrange of val-ues of applied staton voltage.

Leakage fl-r¡< linkages may be found f:rom the difference in applied

voltage and aingap voltage 
"= *""",-lled by the seanch coils, after connection

fon turns natio and staton winding nesistance. This ::esuIt represents the

diff,enence between two nel-ativel-y lange quantities; so pnoviding the possi-

bility of a lange pencentage ellnon in the final nesult. By taking the

mean value of a lange number- of expenimental deter"rninations g:reatelr accutlacy

rnay be obtained.

3.4 Results.

Typical nesults ane presented in Figunes 3.4,3.5 and 3.6 which

show electnomagnetic!¡tonqr¡.e, r:.m.s. cun::ent, corle l-oss a¡d efficiency as

)= dtV
s



o
.o
CN

oo
@

oo
tr\

o
cf,
(c'

(fooo
co ß\ tD rl,

îTTT
+ 4 0 s
+€oB

etâr,E
r¡l _c
ctì o
(r)

rn
tl()É.

+

c).q(f \tc)
rô

C)
\?

q
(Ð (\I

f.m.S. CUf fønt-q-

I

N.
o

F.o
n,rn. +

o

/+

+

Ë
ci
t-'
ìo
q)
G'
o-a

oo
rll

oo\t

(]a
or)

oo
ñ¡

oo

r

old
(docl
;r
oðl
É
o
õl
'-l

ue

(T'
c,

aga torqav Qr

TOROUI & CURRENIFl G U RE 3 .t+(a\ : MEASURED



2f
fi

10
û

l-0 ü.
1

\ f \+
l) o -1 o () v1 çr

t

Å I ñ .-
l.l Õ ñ = \J t Å I

a G
) C fr rn u-
)

't- Ç
- .. K t-
fl Þ (r
) C :Ð rn il n LJ w fn a*
*

t*
J

f,J
)

m t)
s rn 'ïl -T
l c ["

f]
7¿ c)

+

.{

t
f

+

E
n 

a,
--

/
A

\
À b

/
\¡

4^
,.Ê

.,o
r&

-a
/

/ø
-'ø

6-
.

@
o^

*n
*t

@
\e

_
g

/
e

À
A

+
b

10
0 

20
0 

30
0 

4C
I0

 
5u

n0
 

60
0 

70
0 

80
0 

90
0

5p
ø

ad
 r

 p
.r

T
ì

--
&

--



oo
CN

o
O
@

oo
F\I

I

4

{

€

o
\t

(t
rf,

(Þ
(\¡

c)

I

I

ôJ-oo
t o rq u e [ì. rrì. <-

oooocn@
ô¡F

tlltll
+€o
+{o

1
t
I
+

I

r

1

+
I

{

Io
ö

{

t
II

(
I
\
4
h

I

rÞ l,:1 Erf' -cdo(r)c)
it ir()G

<l

oo
(O

oto
lnç

d-
t-'

oo'If /

r$ '6¡
s¡
o-
(f)

oo
(Ð

oo
(\¡

oo

oll
ç¡l
6ú

3l
oðl
clo

.-:l*r

/

/u+4
/¿¡t¿

I å\
,3

{

+

\
I

+
I

+
It

o

o
\
t

oY a'l
OO
avø rag er. m.s. cu r r ent <--

T & TOROU EURRENE 3,5(a): MEASURED CFI GUR



cf,

ãì

{3
Ëf
@

Oo
tr\

t-t

(Ë)

Õ
ç)
rn

c')
É)\¡

O
fr)

öo
G¡

o
Þ

c)

.\

+
I
+
tf
I
+

0

{'
irt 40I tår (lj åiì rii ¿P!{i

/ \oI q It tøI 6l: ìJi sr\ fg
+ {l
/ ,ln {o
I Irrrþt {.t \\

€o

d
s

I

+
I+

\

E
e
ç
Ç
G,
AJ
n-()

c)o

watts
c)
C)F corø loss d4-- øf f ic iancy

FIGURE 3.5(tr). þ1IASUR[D 0ûRËt-05S & EFFICIENCY



I 6) c. n rr
l

.(
, P O

) : 3 rn Þ Ø C n rr
l E

3 tn f) C ñ ) d Å I

6.
0

2.
0

+

17

C
:lO

Ir
 5

ul
R

 -5
 o

hm
s

-g
-:

ç-
29

=
G

%
>

o

\.
3 

o.
¿

+
+

 +
 V

*1
60

vs
V

:1
50

o 
o 

V
 :1

42

cl C Ð n rr
ì z -t ø
o 1 O n ,o C rn

-l _C
] c ñ 3

\

+ \
3

0

+

\
+

\l ,\.
-

\

8
o

*.
, v\

0.
2

0.
1

+
v

I I

o \ "q
o

o

-f
ri*

'o
n 

$i
ry

lg
u 

-
o/

o

10
0 

20
a 

30
0 

40
0 

50
0 

60
0

sp
ee

d 
r.

p.
rn

.*
70

0 
s0

0 
90

0



o

ÌP{t(s
fT
lXt+t A/ta

*'Þ /
'où o.

\ t-..
)

{'

V

f
(Ð
O
rot-

o

1

f
+

lt

"o-.
.p

Þ
t) -tc)l

L¡I

Ë
çj.
t-'

O
3e\)

CJ

tJ)

\

c)
(Ð

Ðo
ñt

O
Ð

Ð

*
f

WATTS

Cfo
cafe loss

d-

elficiancY -*-

o
o

"/.
--o'*-)/

tr' ù'ç\
+-¿ \ \

V I
e

go

o

ËLCISS & EFFICIENCYCORFIGUR E 3.6 (b): MäASURED



3.5

firnctions of speed fon a nrrnber" of values of applied voltage, senies

capacity and ser:ies nesista¡ce.

The torque shown in these figu::es is essentially torque

developed unden asynchnonous conditions. Supenimposed upon these

cunves are a numben of snal-I s5mchnonous spikes which occur at speeds

which ane integral fnactions of the nominal synch:ronous speed of the

machine.

The natune of the asynchnonous to::que, cornp:rising altelrnate

positive and negative pulses, makes accunate measurlement of the smal-l-

synchnonous spikes difficul-t unless impnacticably lange load inertia is

pnesent.

Thnoughout the remainden of this thesis the emphasis will be

pJ-aced upon the as3mchnonous torque, however expr?essions which deterrnine

the amplitude a¡d location of these synchnonous spikes will be pneseated.

whene appnopniate.

Figunes 3.7 ar¡d 3.8 show the stato:r aingap flux l-inkages as

functions of cunnent and rotor position. To.these must be added the

leakage flux in onden to obtain the total staton winding flux l-inkages.

Repnesentative flux and curnent wavefonms are shov¡n in

Figune 3.9 fon two diffenent values of speed while Figu:re 3.10 shows

instantaneous flux vensus cunnent fon the same conditions as Figune 3.9.

Additional experimental data will be pnesented as required.
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4.1

CHAPTER 4: MATHEMATICAL MO AND EQUTVALENT

calculation of the À-i cha:racte::istie pertaining to a panti-

culan magnetic ci::cuit of known geometny and mater-ial o:r conver.sely,

determination of the geometry ::equined to pr:ovide a particulan À-i

chanactenistic, alle pnoblems which ane common to alf electr.o-magnetic

devices. Although nelevant, these p::oblems ar?e not the ones r¡nd.er

investigation in this neport. Hene our: intenest is centted on the per-

fonnance of devices which possess fh:x-linkage chanacteristics having

the genenal- form shown in Figune 4.1 or in Figu::es 3.7 and 3.g. These

ane idealized chanacteristics, as no all-owance is made fo:r the effects

of hystenesis on eddy eun:rents. This aspect is discussed in section 4.4.

4.1 MathematicaJ- models fon À-i nelationship.

, Befone the analysis of sueh a^machine can proceed, a suitable

mathematical- model- of the family of flux linkage-cr:ruent cunves mr:st be

adopted.

Fnom the intnoductory and. very elementary discussion on the mode

of openation which I^Ias pr€sented in section 2.3, it may be infenned that

a highen average tonque per r:nit volume and pe:r u¡¡it avenage curnent wil-l-

r:esu1t if the par:ametnie vaniation of the cir.cuit inductance is -."or-

plished by changes in the inon cincuit reluetance ::athe:: th.an cha¡rges in

the aingap. Thq latter would nesult in a family of cha::acteristics having

the genenal forrn shown in Figu:re 4.2" In general_ the fo::rn of the

t¡ L(i) I--I= cha:ractenistics is similar to the À-i characte::istics, as willTT
'be shown in Chapter: 7.
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4.2

rn other wonds it is J-ikely that we shal-l want the o L(i) rf-lf,

and hence the À-i characte::istics to rpeel offt fnom the top down as shown

in Figr:re 4.1" nathen tha¡ to tr:otater a.bout the onigin as in Figu:re 4.2.

The formen will ensune, at least at slow speeds , that the negative to::que

p::od.uced in moving fnon the min-i.mum to the maximum neluctance position

will nemain as snal-l- as possibl-e in accondance with equations (2.+) on

(2.5). Thus, while a suitable model shoutd be abl-e to nepnesent chanac-

tenistics such as those in Figune 4.1 r^¡ith a minimum of complexity, it

should if necessary be able to include those of Figune 4.2. Some possible

nepnesentations of the tr-i nelationships ane as fol-lows ÍLl ,24r371:-
i=asinh(bl) (4.1)

i = a tan (bÀ) ..... (4.2)

À=atanh(bi) (4.3)

À = ai - bi3 (4.4)

)= ti
= 16pl .....(4.5)

i=aÀ(t+brx2 +b2À4 ) ..... (4.6)

whene the values taken by a and b wilt not necessanily be the same in each

case. If the small signal inductance is to nemain constant, i.e. a

constant aingap, then the first th::ee nelationships will nequine the p::oduct

ab to be constant. Thus in onden to nepnesent the cunves of Figune 4.1

both a and b must be peniodic functions; so that the rnanipulation ar:d ex-

pansion of the RHS of each could be tedious. Expnession (+.4) must be

used with caution because dÀ/di becomes negative fon L2 >a/b, and as fon al1

but (4.6), cunve fitting can be appnoximate onIy, because of the pnesence of
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but two parametens, a and b.

The appanent simplicity of (4.S) makes it attnactive, and whÍl-e

its use leads to a simple and useful expnession fon fonces or tonques in

erectnomagnetic equipment having such cha::actenistics, it Þroves to be

cunbenso¡ne fon numenicaf and anal-ogue computationl so that the majority

of the analysis in this neport is can::ied out with the use of (4.6).

Howeven because of the engineering simplicity of some of the

nesults obtained by using (4.5) some fu::the:: discussion conce:rning its

use fol-lows in section 4.2.

4.2 sentation of the ¡.-i cha:racte::istic
À 1+b

Appendix r of this repo:rt comprises a copy of a pubrication by

the authon [31], pontion of which pr:blication is summa:rized in this section.

Arthough much of this matenial, str"ictJ-y is not pertinent to the main

pnoblem, it is ::elevant to the calculation of fonces or torques in electno-

mechanical devices subject to saturation" rt is not pentinent, simply

because (4.6) is used sr:bsequently in the analysis nathen than (4"5).

The fonm of (4,5) fo.l_lows fnom the nelationship:-

G.t)

= "or/(r 
* þ"1 (4. B)



Hene S" nepresents the total reluctance of all ser.ies air:gaps

in the nagnetíc ci::cuit a¡d Si nepresents the cu:rnent and position

dependent nel-uctance of the inon path, which may be expnessed conveniently

by: -

(4.e)

Hene the inon penmeabitity has been neplaced ly f/nlil and the

natio of the effective anea of the inon to its effective f"rrgtn has been

replaced by f( e ). This latten fr:nction is dependent upon the rîoton geo-

metry a¡rd has a peniod of one pole pitch. Thus:_

S.
l-

TþI
f(e)

qirt
ñ-FeÐ

4.4

(4.10)

(4"11)

ri
o

L1
o

+

Li
o-rt+

Sa

whe:re K is the satunation facton.

+.2.1 Cunve fittíne.

I{hen supplied fnom a source of alternating voltage both À and i
become peniod functions of time; so that (4.10) nay be wnitten:_

t

,II

Lîop
--L

whene A and i cor-nespond to the peak values of the flux a¡d cunnent wave-p

fonms. Thus plotting measured val-ues of Â/in against À shoul-d resul-t in a

stnaight line, which extended, intencepts the Â/in axis at Lo and the r.

axis at f(e), pnovided the machine chanactenistics can be nep:resented by

an explression of the fonm of (4.5). By this me¿ms values may be assigned

to Lo and to f(0) fon arl 0, so read.ing to a family of theoneticar À-i
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curves fon the machine. Typical- nesul-ts are p:nesented in Figr:::es 7 and

8 of Appendix T.

4.2.2 Tonque fr"om À = ai/(1 + b li l) "

Torque may be calcul-ated f::om the pa:rtial de:rivative of co-energy

with nespect to notor position, i.e"

I-
al,t'(0,i)

Q"12)a0

Using (+.tZ), Section 8.1 of Appendix I, shows that the instan-

taneous torque may be exp::essed as

r= t.# i2ft¡2 (*-+-2hK) (4.13)

whene K is the instantaneous val-ue of the satu:ration factor defined in

(4.10), which depends upon the values of the instantaneous flux or cu:rrent

and notor position.

Unde:: conditions of alternating voltage supply a knowledge of the

average, nather than of the instantaneous torque is :requined but the avenage

value of (4"13) cl-eanJ-y depends upon the cunnent wavefonn.

In pnactical devices , whene good effieiency is inpontant, the

cir.cuit nesistance is, in genena-ì-, sufficiently low that sinusoidal flux

conditions exist in the windings when the supply voltage itself is sinr:soìôal

Displays of À-i. fo:: the actual machine, when fed with an alternating voltage

in the absence of a capacitor, showed that an assumption of sinusoidal- fJ-ux

woul-d be reasonable unde:r these conditions even for satunation factors

appnoaching 1O.



ThusifÀ=Âsint¡t

+.6

(4.14)

(4.1s)

(4. 16 )

(4.18)

.^thêD l- =-Lo
sin ot
1-^ sl_n (l)t

Nf 0

7

andK= t-
N

which, at peak values of i and À, becomes:-

G.t7)
ñ-r( e't'

Substitution of (+.fS) and (+.f0) into (+.fg), fotl_owed by inte-

gnation and. ave:raging oven one half of one flux cycle leads to a¡ exp:ression

fon the avelrage tonque. This, in turn: may be exp::essed in tenms of the

pe*, fi:ndamental- or: R.M S, current as de:rived fnom (4.15). Each parti-

cula:r expnession howeven, contains a term which is a fi:nction of Kn.

Fon example, it is shown in section 8.4.1 of Appendix r, that the average

tonque may be expnessed as

Kp
T

T Lo f:,P ro2 ru(xn)av

where F4(Kp) is shown as curve rdr in Figure 6 of Appendix r and ro is the

R.M.S. val-ue of the cur:nent in the cincuit aften subtnaction of the co:re loss

component. The accr¡-racy of (4"18) may be judged by nefenence to Figr::re 10

of Appendix I in which the full- lines nepnesent theo:netical val-ues fo::

tonque calcul-ated using (+.fg), whil-e the points l?epnesent measured val_ues.

It is apparent that the adopted model can lead to'quite reasonabl-e

nesul-ts in spite of the discrepancies apparent in Figune 7 of Appendix r.

sr_n
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Howeven application of (4.18) nequires a knowl-edge of Â in orde:r to

evaluate F4(5).

A useful- engineening simplification ::esul-ts if the average

tonque is expressed as

; r".'r = T# "' 
(4' 1s )

whene L" is the equival-ent l-inea:r inductance expnessed as a firnction of

Kp. It is plotted in Figune 14 of Appendix I together" with its appnoxi-

mation L" = Lo [o.t, 5x=p|j

which gives

r -Lo f'(o) -2-av r.6 f(e) - ro' (4.20)

which cor?responds to (4.18) witn f4(Xn) neplaced by a consta¡t I/9,6 = 0.104

As the maximum diffenence between (+.14) and (+.ZO) is app:roxi-

mately tOeo fo:l" 1.5<Kp<7, and as (4.2O) nequines no knowl-edge of the degree

of saturation associated with a panticulan cunrent, it provides a useful

engineening appnoximation appJ-icable to any el-ectro-mechanical- device having

À-i chanacteristics simil-an to those in Figr::re 4.1 and which can be matched

by an expnession of the fo::m of (4.10).

Some additionaf nesul-ts, using this pa:rticuJ-ar" model- to nepne-

sent the machine À-i cha::acteristics, are pnesented in Appendix I. Howeven

fon a numben of neasons the power series nepresentationgiven by (a.6) proves

to be more convenient. No division process is necessary for analogue nepne

sentation, gneaten accunacy may be obtained, æd it is mone satisfactory ín

its behavioun when attempting either numenical o:: analogue sol-utions.
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Fu:rthenmone there is a conside::abl-e body of l-Íte:ratune dealing with the

behavioun of systems which incl-ude a :relationship similar to (4.6) but in

which all the coefficients ar:e constants and not peniodic as in this ease.

4.3 Repnesentation o{ the À-i characteristic bl¡ a
pOlAIer SenIeS.

2n (4.21)

By making use of a À-i::erationship of the fo:rm given by (4.6),

any desined accr:r'acy of fit to the actual cha:ractenistics may be obtained

by putting

. À i-. . t, , ^ \i = i t fo(o) + fr(0)À2 + 12(0)À4 + f.(e)16 .... 7Lo \ u- ' t- -''-

fn(o)À

whene Lo repnesents the mean value of the small signal air:gap inductance

and the var:ior:s fn(e) are periodic fi¡nctions of the :rotor position 0,

having a fundamental peniod equal to one pole pitch. These fr.(O) ane

detenmined by the over-a-l-l- geometrry and magnetic cha::acte::istics of the

staton and noton i:ron and must have the general form

f(o) = Do + ) D, cos mpo-il;
m=1

u_on f(0) = f(e)/Do = ! + 2 d, cos mpO + ô* (+.22)
m=1

whe::e p equals the nr.unbe:r of poles in the machine.
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4 . 3. 1 Cu.::ve fittine.

Standa:rd techníques of cu:rve fitting, although tedious, are

st::aightforwa::d and may be applied to each member of the family of À-i

curves in turn l,sal; so providing sets of points for the various fn(e)

to which for:nier senies may be fitted in turn. In genenal-, it witl be

for:nd that the va¡rious fn(e) which ane obtained by this method bear no

simple relationship to each othen, which means that a gneat deal of hard-

wa::e will- be nequined for analogue simu.l-ation and much tedious algebna in

any attempted analytical- sofution. Thus some simpl-ification fon eithe:r

of these punposes is desi:rable.

Ílhen the family of characte:ristics take the form shown in

Figr:re 4.1, fJO) may be neplaced by a constant equal to unity; so that the

satu:ration facton becomes

h
K = 1 +L

n=1

I= +

2n

Depending upon the actual slope of the cha::acteristics certain

sirnplifications can be made. Fo:r exampl-e if the incremental- slope is

constant along l-ines of constant K, then it is a simpfe matter to show that

(4.21) may be written:-

É
Lo A ân f1(e) ).

n\

)

À

f (0)r
n

n=1

2

(4.23)

(4,24)

which is a nelatively simple expnession fo:: purposes of simulation when

mu-l-ti -potentiometer? s envo-mult ipliens ane available .



In many cases sufficient accuracy may be obtained. by nedueing

(+.zt) to one non-l-inean term only, usually the cubic on quintic; so

leading to

4.10

(4.2s)^= 
-+Lo

f(e)
Lo

tq.

fnom which we obtain

log (l,oi-À) = fog f(0) + q fog À ..... (4.26)

Thus a plot of (l,oi-i ) against À on log-log papen wil_l be a straight line

of slope q, intercepting the line À = 1at the point comesponding to the

val-ue of f(0), p::ovided that the À-i char-acte::istie can be represented by

an expression as simple as (4.2s).

Figr::re 4.3 shows expenimental data fnom the pnototype machine,

plotted as log(Loin - Àp)/Ioe Àn fon the roton in the dinect and quadnature

axis position only, for the sake of cla¡ity. rt is clean that a simple

quintic rel-ationship provides a good app:roximation to the actual- chanracten-

istics in this case.

By plotting (4.26) fon a nunben of intermediate roton positions,

using expenimental- data, a number of values for f(0) may be obtained as

shown in Figr::rê 4:4.
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when these points ane joined by a smooth cu::ve, the nesul_t is a

gnaphical repr€sentation of the function f(O), which may be subjected to
Fourier analysis, so that f(0) may be expressed mathenatÍcally in the form

of (4.22) to give a complete mathematical- mod.eJ of the machine À-i cha::acten

istics. These ane shown as full- l-ines in Figunes 4"5 and 4.6 fo:: a nr:mben

of particular val-ues of noton position, and may be compared r{ith the

expe::imental--l-y obtained data shown as points in the same figures "

The agneement between the model- and the obsenved. characte::istics

is such that fr:¡rthen analysís, using this model, may be undentaken with

some confidence.

4.3.2 Stoned enel?gy and tonque.

Fo:: a sing.l-y excited system such as the one under discussion, the

stoned eners/ in the fie.l-d whjch crosses the airgap wil_l be [10]:-

I,üftd(À,0) i de
J

which, when i is given by (4.21), becomes

'¡.À

I'lffd(À,e) e

-Lo

fn( e ) 
^Qn+z)

2nr ( 0). CeÊ
n

n=o
oû'

h

Lon=o
(2n+2) G.27)
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Thus the insta¡rtaneous to::que will be given by [10]:-
à Wfr¿ (^,0)

àe
T

+.12

(4.28)

(4"2e)

h

2n+2) Lo

ftn( o) 
^Qn+2)(

n=o

and in panticr:Ia:r when the flux linkages are related to the cunrent by a
sinplen expnession of the forrn given in (4.25), we have

d-
I-

Leakage flux linkages, which a::e independent of noton position

make no contnibution to the tonque.

Unde:: blocked noton conditions, when the nachine is fed. firom a

sounce of al-terrrating voltage, the fl-r¡< waveforrn is sinusoidal- and an

avenage value fon the instantaneous tonque (4.2g) may be cal-culated as shown

J-n Appendrx l_lla.
The nature of the instantaneous torque pulses, determined

fro¡n (4.29) , is indicated by the wavef orms shown in Figure 4.7 "
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4.3.3 Equivalent cincuit of the machine.

Details of the type of elementary machine under discussion 'hiere

shown in Figure 3.1, fnom which it may be seen that the el-ectrical- ci:rcuit

consists simply of the stato:: winding in senies with a eapacitor a¡d a

sounce of constant altennating voltage. rn addition to the winding

resistance, extna senies r-esistance may be pnesent. Furthenmore thene

wil-l- be inon l-osses associated with the aingap flux, as distinct from the

leakage flu<, the path of which is sr:bsta¡tialIy independent of the stator

a¡d :roton iron.

Thus the equivalent cincuit of the machine wifl- take the form

shown in Figune 4.8, in which R, C and L* nepresent the total ci::cuit

senies nesistance, capacity and stator leakage inductance r"espectively.

The tine varying inductance L nepresents a circuit element which sto:res

ener5/ in a rnagnetic fiel-d in accondance with (+.27), whil-st RC (erÀ)

nepnesents the sink for the position and flux dependent fosses due to eddy

cr:r::ents and hyste:lesis in the machine iron. Fur"ther. discussion on the

pnoblem of cone loss nepnesentation is pnesented in section 4.4

lf the inon losses are sufficiently srqall- that thei:: effect on

the ope:ration of the machine may be neglected, then the leakage f}:x may be

incorporated with the airgap fhx; so that an expression of the fonn of

(4.21) may include teakage fl:x without loss of generality. However,

when inon losses are significa¡t the circr:-it effectively has three Ìnde-

pendent energy stonage o:r neactive elements instead of two, and its beha-

viour is fr.mdamental-ly diffenent.
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4.3.4 System equations.

A complete descniption of machine performaace can be obtained

only by taking into account the mechanical- l-oad associated r^rith it.
using the notation and sign conventions shown in Figunes 4. g a¡d 4.9 we

may wnite:-

h

ç
2n

1 tL+]-c À

Lo fn(O) À +
t
n¡

dÀ

)ãE (4.30)

(4.31)

(+. s2)

n=o 0rÀ

a¡d

rv=Ri+Lr#+å idt+v^ *9I-o dt

rm + re = r+*.#

whe::e T" is given by (a.28) and T, nepr:esents the net mecha¡ical input
torque, othen than viscous f:riction effects; tI repnesents the total
machine and load pola:r moment of inertÍa and G is the coefficient of
viscous fniction. Simul_taneous solution of, (4.30), (4.31) and (4"32)

detenmines the ope,:nating point of the machine for a given set of input
conditions.

Because a lumped ci:rcr:-it app::oach has been used, no account has

been taken of the actual spatial distnibution of fl-ux in the airgap as a
fr:nction of tirne, which means that any torgues developed in the actuar_

machine due to hyste:resis or induction effects in the r:oton inon wil_l not

be included.



+" 1s

Equations (+.SO¡*ça.32) constitute a set of simul_taneous, non_

Iinear diffenential equations having periodic coefficients " Fon a given

machine under a specified set of input conditions, a particul-a:r so¡-ution

to this set of equations may be for:nd by means of arlal-ogue simul-ation or

numenical solutíon. Howeven, because of the non-l-inear: natur:e of the

equations, ext:rapolation of these pa:rticula:r nesuJ-ts in onder to pnedict

the perforrnance of a simila:r'machine under" different input conditions on

of a different machine, will not be possible. By stu-dying their behaviour

oven a nange of machine panametens and input conditions some insight may

be gained into the essential- chanacteristics of the system.

Fa:: gneater: insight may be gained fnom an analytical- solution to

the system equations. It is unlikely howeven, that a satisfactory sol-ution

will- be found in either an explicit or" a cl-osed forrn. Neventhel-ess, even

an appnoximate answen may provide useful infonmation.

In sections 5+10 a nr:rnben of independent approaches alre p:resented,

each of which p::ovides further understanding of the system behaviou:r. They

may be :reganded as pa:raltel appnoaches nathen than as sequential, as the

o:rden in which they ane taken is not panticular"ly significant.

4.3.5 Nonmal-ized simplified equations.

lf the current versus fh¡x l-inkage relationship is repnesented by

an expression containing one non-linear term on1y, as in (+"ZS), and fi::rthe::-

molle ' if the i:ron l-osses at?e taken into account approximately by a constant

resistance RC, then we have:-



pv = Rpi + trv2i + í/c + p2l

4. 16

(4.33)

(4.34)

(4.3s)

(4.36)

+

f' (o)À(q+1)
GiÐE

whene p = d/dt.

Fnom (4.33) and (q.34) we find

v

À + Fþ pÀ * # (l - Rp + r¿p2x^ - ¡(e)lq

6̂'J--

Tm = .1p20 + Gpo +

+ pÀ
!

Ç

Pv = ffn,^.(il .I,,
)

Then aften making the following sr:bstitutions:_
t-

J2V cos r¡t + ß = ,l t u cosþFß
oo =t (to + l,u) c

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
.I

)
)
)
)

T. = r¡ot

y = o/r¡o

p1 = R/20o (f.o + tU)

Þ = r¡olo/2Rc

9, =Lg/(L.+L¿)
F(e) = f(o)/Do

t
F

(4.37)

û

t
qT(t-r,) ,r2 Do

ÀDo

ulivB

equations (4.95) and (4.96) may be wnitten as:-

t.



Tm"G!
=-T=ù-r-g'r,JUot JOo ;.T

(q+1) LoJuro2Doq.- '

- B sin FÇE = zp^L\¡+(1+4 nn) i o z (07+or),t, + û2 --

4.17

(4. 3B )

(4.3e)+ + + T¿ F(e) ûq(
2d
Ar

Ld2

whene the dot supenscnipts imply díffenentiation with respect to :.

When i:ron fosses may be neglected, 924 and the leakage flux

may be inco::ponated wÍth the airgap flux to give a nodified Lo and f(0)',

so that (+.gg) simplifies to

- B sin yr-ß = ü + (t*rq d\ / qr + F(0) {,q\ .,.., C4'40)\ ar/\ /
Both an understanding of the physical natu::e of the pnoblem anô

an inspection of (+.gg) suggest that as the load lnertia,,l lncreases, so

does the acceleration 0 decnease; i.e. the excu:rsions of 0 about its r¡ean

value become smaller. The situation is entf,reS-y ana.Iagous to that of a

two-stnoke inte::naf cornbustion engine and its fly wheel-.

In theo:ry at least, J may be increased until speed fluctuations

al?e 
"as 

sma1l as desined; so that the machine may be consideTed to be

:running at a constant speed. I.e.'d=O. Unden these conditions a study of

the system behaviour neduces to a study of (4.39) or (+.1+O) at the machine

speed of intenest. Once a sol-ution to (4.39) o:: (4.40), as the case may be,

has been found u¡den these conditions it is a sirnpJ-e matter to calculate the

instantaneous and hence the avenage torque.
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Thus a study of (4.40) shouJ_d provide much info::mation about the

essential- behaviour of the machines to which it applies. Once this is und.e:r-

stood, the investigation may be widened to al-low for the effects of core

1oss, leakage inductance and finite ine::tia.

4.4. Inon l-osses.

Fon the machines unde:: discussion, not onty does the magnitude of

the total- aingap fh:x vany with time in a complex manne:r as indicated in

Figune 3.9., but al-so, because of satunation, its dist:ribution within the

_ 
staton and noton inon depends upon the total- fl-ux as well as the :roto:r posi-

tion and speed. Thus the fonmulation of a model to represent iron losses

under operating conditions pnesents a fonmidabl-e p::ob1em and constitutes a

majon study in itself. Any senious attempt to solve it coul-d be justified

only if the openating chanactenistics of the machine pnoved to be cr:itically

dependent upon the p::ecise natune of these time and position dependent

losses.

Analogue computel:, expenimental- and anal-ytical stud.ies al-I show

that the magnitude of the to::que developed by these machines is ve::y sensitÌve

to the ci:rcuit damping which means that any equivalent circuÌt of an actual-

machine' if it is to be at ail- useful, must include the co:re losses in such a

r^ray that the effective cir"cuit damping ìs cor:recr 
"

Ìlhen the roto:: is stationary the p:robÌem is st:raightforv¡ard, as it
is a relatively simple matter to represent mathematically, a double valued

À-i nel-ationship which may be fitted to the measured hyste:resis 1oops. Under

sinusoidal- fl-ux conditions, having a frequency of o nadians peir second., a
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possible repnesentation would be :-

N

I { fn(e)a= x2n
À

1

N
2Kn dÀ ./nil ãT ì

n=O

N

2nhn(e) À

n=0

3

+K (4.41)

n;0

whene the finst tenm gives the mean mâgnetization curve as before, the

second gives the cu:rnent component requined to form the static hystenesis

loop which is made independent of fnequency by means of the o in the

denominqto:r, and the third tenm represents the cument component ¿ue to eddy

cu::nents in the inon. The use of dÀ/dt as a coefficient in the second term

is simply a convenient means of obtaining the co::rect sign and magnitude for
the cun::ent incnement wheneas in the third tenm it expresses the fundamental

nature of the eddy cunnent component. Norrnally the thi:rd term could be
/l1

expnessed as Ku f,i with sufficient accuracy, but whene high satu:ration factors

al?e pnesent, together with somewhat compJ_ex i::on geometrics, the furl
expnession in (4.41) rnay be r-equi:red. fnstead of using (4.30), expnession

(+.+f) may be substituted into (4.31) to give the complete et_ectnical circuit
equations fon the moton under stationary noto:r conditions.

e
dÀ
ãT { 

t",e) À2n
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Figure 4.10 shows i::on .l-osses measu?ed in thé.prototype rnachine,

fon a rlange of applied voltages and fon a nunbe:r of fixed ::oton positions.

By nepeating these for a r?ange of supply fuequencies sufficient infomation

would be availabl-e to enabl-e (+.+f ) to be exp:r'essed as:-

N

i=I <Lo<
n=0

l-'
Lõrçfe-T)-

fn( o) À
2n

+ +
1l

trJoT--l
dÀ
ãT

(4.42)

or at one fixed supply frequency ur, it may be sÌmplified to (4.30), and the

pa:rticula:r funct ' Iion ¡fu; found f:rom cu::ves such as those in Figu:re 4.11

by nethods simiJa:: to those used in establishing a model- fon the ).-i charac-

teristics.

Sudr a modef is necessa:riJ-y val-id only white the rotor is

stationary. At finite :roto:r speeds much more information is nequi:red

concerr¡ing the fl-r:x dist::ibution in the notor before an adequate model can be

developed. As we are pnimanily conçerned in this neport with the behavíou::

of devices incorponating peniodic non-.ì-inean inductances no attempt has been

made to establish an accurate model of the co?e. Neventhelessrthe col?e

losses contribute to the ci:rcuit damping and so affec-c its behaviour-; so

some attenpt must be made to include them in the equÌvalent circuit.
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Three pnactical- possibilities exist in the absence of a compl-ete

model. The finst would be to use the model- of l/Rg(Orl), found. fi:om cu?ves

such as those in Figr:::e 4.11, at all ::otor: speeds.

Al-tennatively an average value fon Rg could be found fr"om the

expenimental data, fon a panticulan applied voÌtage ovell the speed range of

intenest.

Thindly, the panal-Iel combination of Rç and the average value of

the ai:rgap inducta¡ce of the stator windings coul-d be replaced with its

equl-vatent se::ies nepresentation at the supply fr"equency in accondance

with

Ls = L"/ (t+t/Q2)

whene Q = Rg/oL"

Equations 4.43 and 4.44 ane val-id only for the neplacement of a parallel

cornbination of constant linean inductance L" and nesistance Ra with a se:ries

combination Rg and Lg unde:r steady state sinusoidal excÌtation at frequency

(¡). Justification fo:: the use of these equations eannot be found analytìcal1y

but possibly may be fi:om a comparison of theor.etical and p::actical results.
Throughout the remainder of this report wherever

solutions to the system equations are sought, whether it be by
analogue, numerical or analytical nethods, fixed values for
either O" or Rr, as the case nay be, are used"

Using the data presented in figures 4"J-0, 4"11 and

A III 1, it is a relatively sinple matter to'calculate the circui
a for the prototype naehine stator, by calculatíng the ratio
of the voltamperes in the winding inductance to the total r4ratts

2

4.21

(4.43)

(4.44 )

+Q!tuRs
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loss in the core and series resistance. Figure 4.12 shows

sone representative values under blocked Totor conditj-ons, for
three different winding voltages at the two extremes of Totor
position. These indicate, as one would expect, that the
circuit Q falls as the applied voltage íncreases, but that for
this particular nachine the circuit Q increases as the rotor
reluctance inc¡eases.

Approxinate representation of the iron losses by

neans of a fixed shunt resistance R" will result in a siní1ar
but nuch exaggeîated variation in circuit Q hlith rotor
position. 0n the other hand, representat:-on by additional
series resistance R, will result in a decrease in circuit Q

with increasing reluctance" A combj-nation of both might
provide an acceptable nodel under conditions of a slow1y
varying rotor position. Under normal running conditions
however it is likely that the above discussion is irrelevant"
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CHAFTER 5: ANALOGUE COMPUTER SIMULATÎON.

The contents of this section may be divÍded convenìentl-y Ìnto

two distinct pontions. Finstly the resul-ts obtained from an attempt to

sirnul-ate the p::ototype machine will be presented and discussed.

Secondly, an impnoved eomputer set up provides info::mation on the beha-

vioun of a system descnibed by equations (+.ge) and (4.40), using a cubíc

appnoximation fo:r the À-i cha:racteristics. These lattel resul-ts may then

be companed with the results from numenical and analytical- solutions of

these equations.

Restniction of the investigation, at this stage, to a cubic

appnoximation, simply facil-itates comparison between the three app:roaches.

It will be shown in a late:r section that the computational- time involved

in obtaining an appnoximate anal-ytical sol-ution to these equatìons is about

two ondens higher: when r:sing a quintic instead of a eubic rep:resentation.

As the behavioun of the systems described by either" of these rep::esenta-

tions diffens onJ-y in detail-s but not in essentials, the author has chosen

to wonk with the cubic.

5 .1. Simul-ation of the pr:ototype machine.

F:rom the experimental- nesults pr?esented Ìn section 3, values fo:r

the various fixed parameters in the system equations (+.ZZ), (4.30), (+.gt)

and (4.32) may be ealcul-ated.

Whil-e any desired accur"acy of fit to the À-i characteristics may

be obtained by means of the power senies :representation in equation (4.30),

handwane l-ímitations on the computer and the neasonabl"e agreement between
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nodel cunves and measured points shown in Figunes 4.5 and 4.6 suggest tfrat

a sinple quÍntic approximation should be adopted.

Foutien analysis of the points depicting f(0) in Figune 4.4

ena.bles the varioæ Dm and ô* of (4 .22) to be found.. However fon purposes

of simulation it is mo:re Çonvenient to generate ft(0) fuom the va:r'iabl-e 0

by neans of a diode functlon gener:atorl2rlT]rand fnom fr(o), to forrn f(0)

as discussed subsequently in this section.

Using a quintic appnoxination and neglecting co?e losses, the

system equations become :-

À

t -',e)À4)a= ... ¡. (s.1)
Lo

dì
ãT

di
ãE

+ Lg * tao (s.2)

d0 f'(0) À6 (s.3)Tr=J dt 6 Lo
+G +

f(0) = D + á Drcosmp0+ô* (s.4)o
m=1

These nepnesent the complete behaviou:r of the machÍne, with the

following nesenvations : -

(i) tfre effect of co::e loss has not been specifically

ineluded.

(ii) (5.1) will nonmal.ly only appnoximate the true famÍly of ,

À-i chanactenistícs.

a2o

æ

u
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(iii) the only el-ectnical to::que conside:red is that due to

neluctance effects.

Some detail-s and specifications of the analogue computer will be found in

Appendix II(a). This equipment (plate 5.1) was designed and const:ructed

in the El-ectnical Engineering Depantment, University of Adelaide, du:ring

the yeans 1952-56 as a seníes of postgraduate pnojects.

The mannen in whích (S.f)*(5.4) wene implemented on the compute:r

in onden to simu.l-ate the prototype machine, is shown in Figu:res 5.1 and

5.2, while the details of the manner of generation of f(e)fs and fr(e)À6

by means of multipotentiomete:: servo-multipliers are shown schematicalty

in Figune 5.3. The block diagnam repnesentíng (5.1) and (5.2) is quite

stnaightforwaTd and fol-l-ows conventional p::actice, however that shown in

Figune 5.2 nequilres some explanation.

PnobJems arise because one of the independent vaniables, viz.

roton position nepresented by 0, increases indefinitely with time, but which

neventhel-ess must be ::epresented by a voltage whích does not exceed 100.

As the uftimate nequinement is not 0 but ò, f(e) and ft(O), and as the

l-atter two a¡e periodic with :respect to 0, the possibility açises of

nest::icting the nange of 0.

fle may fo::m f ( 0 ) as follows :

df(e) d0
de ãTl-f(o) = (e) = dt f' ( o) ô¿t (s.s)
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after forming ft (e) by means of a díode function gener.ator. tlhen f(0)

is a symmetrical fr:nction, economy in the use of diode function genenator

segments may be obtained while at the same time restricting the range of

e. See Figr:re 5.4. The method nequii:es that the i:otor direction be

nevensed each time 0 :reaches a val-ue of o on r f 2, and, simurtaleously

with the nevensal in di:rection, the sígn of the output from the function

gene::ator fonming ft(0) must al-so be changed; so generating successive

positive and negative half cycles of ft(0). Detaifs of the electronic

switch and the stabil-izing circuit requi::ed in the generation of f(0)

ane given in Appendix II(b). This l-atten circuit proved to be necessarSi

in onden to countenact the effect of the finite operating time of the

changeoven r"elay. Additional points of interest including the sealing

of the independent and dependent variable are also incl-uded in Appendix II.

5.1.1. Resul-ts from the simulation of the prototype machine.

Computen handwa:re l-imitations pnecluded the incorporation of

eithen a fixed or va:riabl-e shunt resistance for the representation of

cone l-osses. Instead, mean val-ues of Rg and oL were estimated, from the

nesults shown in Figunes.3.4, 3.5 and 3.6, as = 600lì and 60Q r.espectively,

which, when insented in (4.43) and (4.44) suggest an increase in series

nesistance of = 6CI and a decrease in inductive reactance of =0"6CI.

A check on these may be obtained by adjusting the ser.ies

nesistance in the analogue computen model- until- fe:rro-nesonant jrrnps occur

in both the model- and the actua-L machine, at precisety the same value of

appJ-ied voJ-tage and cr::l:ent fon a given ser:ies capacitance and blocked
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rotor position.

By this means, vintually identical- nesul-ts were obtained in the

model and the pnototype when the model- senies resistance i^ras inc:reased by

5o up to 10Q whil-e at the same time leaving the l-eakage neaetances

unchanged at = 264.

Thus in the simulation, core losses wei:e taken into account

appnoximately, by a¡ incnease of 5fl in the circuit ser:ies resistance.

A symmêtnicaf f(0) nesul-ts from the method of generation in the

model-, wheneas the actual f(0) of the pr:ototype machine is sJ_ightly

asyrrnetnica.l- as shown by the futl line in Figure 4,4.

Using the computer set-up shown in Figures 5.1 and 5.2, r^rith

appnop::iate values colllesponding to the pa::ticul-an ci::crit conditions, the

nesults depicted in Figures 5.5 and 5.7 wene obtained, which may be

compared with the expenimentat to:rque speed curves firom the actual- machine,

repnoduced in Figunes 5.6 and 5.8.

Comparison of these results fuom simul-ation and direct measut?e-

ment p::ompts the foJ-lowing eomments : - 
I

(i) The model- nep:roduces the majon characte:ristics of the

p:rototype, howeve:: some minor characterístics are a-bsent.

(ii) Quantitative agreement is fan f:rom penfeet.

(iÍi) The simple replresentation of circuit damping ís appanently

inadequate because, whiÌe the gi:eater steepness ín the model

of the positive slope pontion of the torque speed curves

suggests that the damping is too low, the increased voltage
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required in the model_ to produce a given peak torque

suggests that it is too high.

The fenro-nesonant jump effect is a thneshold phenomenon which

may be induced under. appnopniate conditions, by small changes in any of

the ci::cuit panameters; so that it is not sui:p::ising that a th:reshord

effect appeans in the behaviour of these machines. Thus the voltage

nange leading to satisfactory operation for the conditions shown in

Figure 5.6 is given appr"oximately by 150 < v< 1go. Below 150 vol_ts the

deveì-oped tonque is too smal-l to be of much practical use whil-st above

180 volts the circuit may take up penmanently the high flux and cu:rnent

state. rn other wor-ds the practical range of applied voltage in this

pa::ticulan case is given by V = (tOSttS) volts. This l?epr?esents a

vaniation of about t 7O9o. A simil-a:r degnee of sensitivity to changes in

othe:: cincuit palameters al-so may be demonstrated.

Such sensitivity means that smal-l- vania-rions in the gain of any

of the computen el-ements used to simulate the machine, may -Lead to ser^ious

enrors. 0n1y after the intnoductíon of a numbeir of stringent checks,

frequently repeated, was it possibl-e to neproduce sÌmulated resul-ts fi:om

one day to the next.

In orden to obtain a point on the negative slope portion of the

speed tonque culrve, initial va]ues for speed, rotor position, applied

voJ-tage and phase, current and capacito:: vol-tage, together \^rith the load

torque were set and the computer rel-eased. Instantaneous speed versus

time was plotted on an x-y irecorder. rf ar:d when the average speed
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llhen using rrrulti-potentiometer" ser.vo-multipliers to generate

f(e)À5 and ft(0)À6, the wipei: arm of the mul-tiplie:: must foll-ow À, which

means that the time scaling employed must place the fnequency of ). within

the bandwidth of the senvo-nultiplien in onder to avoid amplitude and

phase errors. See Appendix II. The resul-ts presented in Figu:res 5.5

and 5.7 repr"esent a compromise between these conflicting requi:rements.

Betten nesolution of the points on the tonque speed curve can be

obtained only by shontening the time scal-e which means replacement of the

se:rvo-multiplie:r.

Determination of the position of that po::tion of the speed torque

cunve which has a positive slope, can be canried out by seairching fon the

bor:ndary between rising and fal-l-ing speed for a particular val-ue of G.

Afte:r companison of the results in Figr:res 5 " 5+5.8, bearing in

mind the limitation of this particulan compute:r implementation and the

method of appnoximating core losses, it seems reasonable to suppose that

if an accurate model wene availabl-e for" the fatter, then the system

equations (5.1)+(5.4), would pnovide an acceptable model of the actual

machine.

It shoul-d be noted that core l-oss in the p:rototype machine is

exceedingly J-ange because of the method of machining the rotor slots. In

subsequent machines great carle was taken to eliminate any short "io"rrit"
between l-aminations, with the resul-t that l-osses have been substantially

neduced; so that thein contnibution to the ci::cuit damping and henee theiir

effect on the machine operation has been mueh less'significant.
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5.2. Analosue computer sol-ution bf the ideal-
svstem equations.

From the discussion and resul-ts presented in Section 5.1, it

seems neasonable to concl-ude that the essentiaf behaviour- of ferro-

magnetic paramet::ic tnachines may be described by equations (5.1) to (5.4),

pnovided core l-oss is negligibl-e. A criterion for establ-ishíng whether:

on not cor-e loss may be consideired to be negligible, has not been and

wil-I not be established in this repo:rt. As discussed in Section 4.4,

the deterrnination of an accr¡::ate model- is a major: p:robl-em in itself.

Here we are pnimarily concerned to investigate the pairticular character-

istics of electromechanical- devices which have position and cunrent

dependent winding inductances. 0nce the characte:ristics of such devices

ane known and understood fr:rther investigation can be undeirtaken to find

out what modifications :result f::om the presence of position dependent core

l-osses.

In later sections, approximate anal-ytical- sol-utions to equations

(5.1)+(5.4) are developed. Fnom these solutions, toi:que speed curves for

the machines may be calcul-ated a¡d companed with those obtaíned fr.om

arralogue o:: digital- computer solutions.

It wil]- be shown that the ratio of the time taken to obtain

analytical- sol-utions in the case of cubic or quintic approximations to the

À-i characteristics is of the order" of 1 : 100. The actual r"atio being

dependent upon the desired accuracy of the sofution. Thus in orden to save

òigital- computer time, the majority of the analogue compute:r investigations
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have been ca:rnied out using the cubic approxímation.

5.2.!. Improved analogue repnesentation.

The implementation of equations (5.1)*(5"4) shown in Figures 5.1

and 5.2 and used to simulate the p:rototype machine, suffered from the

serious disadvantage that errors due to amplifier: dnift often become signi-

ficant before ít was possible to decide whether or not a steady state had

been reached. As a consequence, uncertainty conee:rning the precise

l-ocation of points on the to:rque speed curves was high.

In Figures 5.9 and 5.10 an impnoved imptementation is shown in

which diode function gener:ators fonm the ::equisite powers of À, and in

which some of the servo-muttiplie:rs have been neplaced by e.l-ectronic

multipliens. Design and construction of the fatter was such that the

maintenance of erlrons within specification was ex-tremely difficult, which

was the reason for avoiding the r.lse of these panticular units of the

Analogue Cornputen when simulating the prototype" Because of this probtem

one senvo-multiplier uias retained ìn the main loop. This then set the

uppen limit on the time scale.

No provision need be made for feakage induc-rance when core losses

ane neglected, as it may be incl-uded with the ai::gap inductance, unless it

is specifieal-ly desired to investigate the effects of exte:rnal- inductance

on the machine perfonmance.

5.2.2. Tonque speed curves of ideal-ized machines.

In order to facil-itate compairison with later work and to bring

out just what ane the fundamental panametens affecting penformance, resuJts
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aue presented in terrns of the norrnalized panametens l-isted in (4.37).

Thus fígr::res 5.11- to 5.17 pnesent some repnesentative speed

tonque curves in which normal-ized torque T, is plotted against the pe::

r:nit speed CI/y, r^rhere T¡ = DoLe T" for a cubic appnoximation and

Q/l = (olp/oo)/(u/ao) = uo/u. These resul-ts nepnesent -che pe:rformance

of (4.38) a¡d (4.40) repnoduced here for convenience as

5.11

(s.7)
..ê.e++-e

.J lrto

TN Tm

@- 0
DoLoJoo2

and

d (s.8)- B sin yr = û + (t+2p ) ({, + F(0)
c

rl,' )dt

Three diffenent val-ues of se:ries capacity give thnee diffe::ent

values of natural- fnequency and hence threevafues of y, viz. 2.5, 3 and 4.

In addition two diffeirent r:oton geometi:ies arîe considened together with a

sma1l llange of se::ies nesistance. llhen using a cubic app:roximation and

no leakage neactance the normal-ized excitation magnitude is repr:esented by

B =lnv y2 Do>.¡r. in practice thåre is an upper l-imit to B, above which

the cincuit adopts the high current and fl-ux state and remains thene for

afl noton positions, and al-so a l-ower. limit, below which to::que production

is negligible.

'Identicaf parametens vrere used with the o:riginal computen set-up

shown in Figunes 5.1 and 5.2. Exeept for the l-ack of disc:rimination

mentioned previousJ-y the results obtained from the two different computer

implementations ag::eed wel-l on the negative slope por.tions of the torque

speed curves. However:, thene was some discrepancy between the two sets of
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results fo:r the positive slope portions of the cu.rves and consequently

on the location of the peaks.

Inspection of Figures 5.11 to 5.16 shows the extneme sensitivity

of the positive sJ-ope portions to relatively small percentage changes in

B on p, and hence to sma.l-l- changes in V, Do, R or C. Results from the

highen speed impJ-ementation shown in Figures 5"9 and 5.10, easily

nepeatable fnom day to day, must be considered as the most rel-iabl-e of

the two diffenent sets, but the autho:r feel-s that the precise l-ocation

of aIl positive slope po:rtions of these curves is stil-f in some doubt.

Finstly because the points r?epresent unstabl-e sol-utions and must be found

by seanching for such a position and secondly, as will be discussed in a

.l-aten section, the mechanical- inertia of the system can have a marked

infl-uence on behaviour".

Note that Figr:re 5.15 shows :resul-ts fnom the or:íginal computer

set-up using se:rvo-multipliers, as these panticula:: conditions we:le not

repeated with the improved irnplementation.

Detail-ed discr:ssion on the significant cha:racteristics of these

cunves and of the fl-r:x and cunnent waveforms is defei:red until- deeper

insight into the physical natune of the system behaviour has been gained..
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CHAPTER 6: NUMERTCAL SOLUTTON OF THE SYSTEM EQUATIONS.

Instead of using an analogue computer, the system diffenential-

equations may be sol-ved by nunerica.L methods on a digitat computer. Jr¡st

as fon the analogue computer, all- initial- conditions are set and the

computation continued r:ntil- the ave:rage speed becomes constant" However,

r:nless a consol-e is avail-abl-e with graphical display facilities the method

is unsatisfactony and time consuming, particularly when searching for the

r:nstable solutions on the positive slope portions of the speed torque

cunves.

.Programmes were written, using a Runge Kutta fou::th order method,

to solve equations (4.33) to (+.35) which require re-arrangement for solutio

Thus when both cone l-oss and leakage l?eactance are incfuded the equations

become : -

r.¡l-:-.-li = + [fcr-øl-(1+q 
F(e) {,q-1) ú-{,q r'(0) õJ (6.1)

!
L þ "t" vr+g + 'rt, n ,*i-fl (6.2)

(6.3)l2Tm
-æ

q.+ 1
ú F,(0)2

e
Fvo
Jt¡

Y

where I (t 
o+Lu)

LoJ(q+1)uzDoz/ (q-1 )

1

D q-]i
o
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However when core loss can be neglected¡ or is treated
Approxinately by adding extra ser.ies resistance, the leakage

flux nay be incorporated with the airgap flux; so that
equations (6 . 1) and (6.2) reduce to : -

rt = -Bsin@E- - (1.2p1*) (rf*F(e)ipq) (6"4)

Sol-utions to (6"5) and (6.4) obtained by digital
computer ar'e narked on some of the curves in Fi.gures 5"11 to
5.16, 10.9 and 10"11, while sone instantaneous speed versus

time plots obtained by nunerical solution of (6.5) and

(6.4) are shown in Figure 10"15. This latter Figure is
referred to in section 10.7.1, in whj.ch a eomparison is made

of the results obtained by different rnethods 
"
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CHAPTER 7

Analytical Solution under Blocked Rotor Conditions

The computational rnethods outlíned in Chapters s

and 6 enable solutions to be found for the system equations.

These sorutions provide information concerning the instant-

aneous flux and current in the machine as welI average

torque versus speed characteristics, Furthermore, the

results of Chapter 5 suggest that, provided an adequate

nodel is avai 1able with which to represent the ínstantaneous

iron losses, these equations may be used to predict the

perfornance of practical machines 
"

However, these rnethods of solution províde little

physical insight into the essential behaviour of such

nachines; so this and the thro followíng Chapters will be

given over to the investigation of this particui-ar aspect

of the problen.

We begin by exploring the nature and the stability

of the steady state solutions whích arise in the electrical

circuit of such a machine when the rotor is locked in some

particular position.

7.L Steady state solution by harmonÍc balance

As our irnmediate aim is physical understanding,

may be disregarded at thiscore loss and leakage inductance
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stage; so the relevant normali zed circuít equation may

be written:

d 2n+1B cos (yr+ß)

the various

iþ+ (I+2p
d'r ) (if +IF llJ

n ) (7 1)

where
F (e) ln 0=0

Further sinplification is possible when the À_i

relationship can be represented by one non-linear tern
only. rn this case, when r=1, (7.r) assumes a particular

forn of Duffingts Equation, the solution of which is
treated extensively in the liteïature, of which there is a

very large body dealing with non-linear second order

differential equations with constant coefficients.

Perhaps the nost satisfactory, frorn an engineering point

of view, is that due to Hayashi [ 13 ], while two papers

by West and Jayawant [40,16], following the approach of
Hayashi, deal specifically with sone aspects of the steady

state and transient perf orrnance of (7 " f ) "

It nay be shown lI3,2S]that the solution to (7.I)

contains not only a fundamental conponent having a period
2Tr/y, but also a series of harnonícs of the fundamental,

the relative nagnitudes of which depend upon the degree

of non-linearity, the amplitude of the driving function and

the initiar conditions. However in practical RLC circuits

Fn
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where good efficiency is of some consequence, circuit

paraneters are such that the flux waveform is virtually

sinusoidal; so that harmonics of the fundanental flux

waveforn usually nay be neglected" This is not the case

with the corresponding current waveform"

Under these circunstances the periodic solution

of (7.1) may take the form [13]:-

rf = x sin yT + y cos yT = r sin

Substituting (7.2) into

coefficients of cos yr and sin yr

B cos ß = (A-^(2)y + 2pyAx

Bsinß=2pyÃy-(A-y2)x

YT +N (7 .2)

(7.1) and equating the

separate 1y yields : -

(7 "3)

(7 .4)

where A xr2nP
æ

n
o

and P F
1

nvn
Elininating

B2 = [(A_.(r),

r 2 (*t *y') tn

n
¡2n+1) !

(n+ 1) !n !

" ,,rn. 
y frorn (7.3) and (7"4) yields

+ 4p'\'A'lr' (7.s)
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and n E+ß

where tan E

(7 6)
A-y'
2py Ã

Thus when n = 1,

A
3
T1+ T2F; so that

+B2= t (r.å r2F- ^,(2)2 4p2 \' 0*24r'F)'lt' .(7 "7)

or B2F t ( r.åt'F -\')' * 4p2\2 0*f,rzF72112F .(7.8)

Figures 7.I to 7.3 show plots of r2F versus B2F

for \=2.5r 3 and 4 taspectively for a range of values of p

Now for a given nachine with particular stator

windings and fixed supply frequency, variations in y are

determined sinply by changes in the series capacitance in

the stator circuit; so that under these conditions

Figures 7.I to 7.3 represent the circuit behaviour for

three different values of series capacíty. These curves

illustrate a nunber of the ínportant characteristics of

systens described by equation (7,I)

e.g:-

(i) for a particular value of p less than some critical

value, there is a ïange of values of B2F within which
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three different values of rzÊ nay be found which satisfy

(7.S) , for a particular value of B2F within this range.

e.g. at P,Q and R in Figure 7.I

(ii) for a particular value of y, there is an upper linit

to the value of g, above which.only one solution exists

for any value of BzF.

(iii) discussion in Chapter 8 shows that the solution

which corresponds to the point on the negatíve slope

portion of the. characteristic is unstable and does not

exist in practice.

(iv) changes fron a high state to a 1ow state and vice versa

nay be induced under appropriate conditions by changes

in B,F,Þ or y.

A do¡nain in the frequency-damping p1ane, within which two

stable States may occur, ilây be derived [40]

Figure 7.4 shows these donains for different degrees of

non-lineatity, namely for fl=1r2 and 3. When leakage

reactance and iron losses are present these tu/o parameters

will affect the size of these domains, leading to results

as presented in Figure 7.5 following an analysis in

Appendi¡ IV. The physical significance and relevance of

these results will be discussed in sections 7.2 and 7.3.
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7.1,L Natural frequency of the unperturbed systen

Systens described by equations taking the form of

(7.1) , exhibit skewed resonance curves, examples of which

are shown in Figure 7.6, where the anplitude 12F is

plotted as a function of y for a number of different

values of gzY/y2. This Figure 7.6 shows plots of

t2F =
(B2F /y")y'

(A-y2 )'*4p'y'A'

as y is varied, whilst keeping B2F /\' cottstant, i.e. whilst

keeping 2VzF/u2 constant. Clearly the natural frequency of

the system increases as the anplitude of r.esponse increases"

This is in accordance hrith our physical understanding

because as the current and flux anplitudes increase in the

windings the effective inductance fa11s due to saturation

of the iron core; so raising the natural frequency.

An expression for the effective natural frequeflcL in

terns of anplitude, may be found by studying the undanped

autononous forn of Duffing's Equation:-

ü*rl¡*Prf3 = Q (7.10)

This leads to the following expression for the undanped

hatural frequency | 9 ,231 "

(7 e)
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r*f,rr2*\n' r28

vi=1 *f; r"
is identical with the expression A

nay be written as: -

B2F t tvfr -\2)2 *4e2y'y|l 
"p

3 F2r4- 57
ZõT6-

F3r5+ .. 
"

.(7.11)

(7.13)

or

which

(7.8)

¡.¡j.(7.r2)

above.. Thust

Subsequently it will

relate the effective

so (7 .LS) nay be re-written as: -

be found convenient to be able to

natural frequency to B'F, y and p;

3 B2FîT (vfr-r) I(F -r)2 or'çË1' 1+ "...(7 "r4)

and plotted

y and g, as

Before

results as

concerned,

approach to

L B'F- versus4 \*as n
2 /y2 for a range of

shown in Figure 7 "7

discuss the inplications of

as paranetric ferro-resonant

Y

we

far

the above

machines are

it is of interest to return to the graphical

obtaining the'steady state solution which h¡as

discussed in the introductory sections "
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7.2 Stead state solution usin t¡L I curv e s

It ü/as suggested in Section 2"I that if the effects
of harrnonics in the current wave forn could be neglected
then a graphical solution for the steady state rms

fundanental current in a series RLC circuit could be

obtained by plotting both sides of equation (2.2) ,

reproduced here for convenience as (7.15) : -

f

(t)LfI f ry + I /ucf (7 1s)

Points of intersection of the two resultant curves wouLd

then correspond to possible steady state solutions 
"

When Lf is a constant, independent of current and

ti¡ne, the accuracy of the solution obtained from (7.I5) is
linited only by the method of solution. However, when Lf
is some function of current, (7 . f5) becomes an approximation
only to the circuit conditions and its practical usefulness
will depend upon the closeness of .the approxirnation"

The term trtlrlf represents the r.m. s " fundamental
voltage acrfoss the winding inductance which must be

measured, for any particular machine under consideration,
as a function of It before the left,hand side of (7"15)
can be plotted. For practical machines, fed with sinusoidal
periodic voltages in which good effíciency is important;
so that p is relatively sna11, experinental evidence shows

that, even for saturation factors as high as 10, the
voltage and f lux ui aveforms are essentially s-inusoidal.
Thus the measurement of t¡Lf If is straight f orward.

0n the other hand, measurement of the fundamental
component of the current waveform requires a dynamometer
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type instrument and some care. Assuming that such a

measurement can be nade, the question arises concerning
the relationship between the steady state solutions
obtained by this graphical method and the solutions
found by the nethod outlined in 7.I"

7 ,2 .I Equival ent I ine ar inductanc,e
Such a conparision becomes possib 1e if we define

what is meant by Lf.
When dealing with currents which are periodic

functions of tine, in a circuit element which has a known

but non-linear À-i relationship, an equivalent linear
inductance nay be found from the following relationship

1,221

I TT Àid(trrt) (7 "16)2t¡

Thus f or i given by (4.24) and L=Âsint¡t, Appendix I I I (d)

shows that

I

4L{ r'
o

(7 r7)
L f -h

If
n=o n

h
-ç

n=O

^2n 
(2n+1) !

(e)L. ,zn(n+t) Int

Furthermore, Appendix III(b) shows that

I (o)^zn+.r (2n+1) If ñr
n

2zrr+,(n*l)ln!
"(7.18)
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so that L ^f = ,/2r f

f
r¡L
ñ 4 .44Lf 4.44N0f

(7 1e)

or t¡L I f

which is the faniliar expression for voltage across a coil
of N turns, linked by a sinusoidal flux of frequency f and

a peak value of O. Thus it is possible to define a suit-
able equivalent linear inductance which, when nultiplied
by the fundamental conponent of current and by the radian

frequency, gives the correct reactive voltage across the

winding. conversely, plotting the rneasured coil voltage
against the ï.m.s. fundamental conponent of current If,
and noting the intercepts with the right hand side of (7"15)

leads to solutions identical with those found in 7,1"

This follows, because when the relationship

v2 (oL t- I / uC)'I f'

is converted to normalised parameters, with, for example,

fo(0)=1 and fl(e)=F, it becomes:-

B2F rt'p [ çt*f;L2F -y',) 2 * 4p',\2 ( 1.å 
^',F) 

2 
]

or 82F u= ^'r 
[ 0"n-l')2*40'v'vl1

which is identical with (7*LS).

R2 12- +t
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AIthough, for convenience, the comparison has been
made for the case of a sirnple cubic non-linearity, it
holds for non-Iinearities of any degree and conplexity
as nay be seen fron a study of Appendix III. Thus this
graphical approach provides a practical and convenient
means of investigating the blocked rotor behaviour of
such a machine, based on the rneasured voltage-current
characteristics of the stator windings.

Measurement of the total r.m. s. current IR is
far nore convenient than measuring If, the r.m.s.
funda¡nental component. Discussion presented in Appendix
III(e) shows that any errots which result from plotting
Vl, against In instead of V, against If are of little
consequence as far as the problem of selecting appÌopriate
operating conditions is concerned.

7.3 Selection of approximate operatine conditíons

So far, the discussion in Chapter 7 t'as been

concerned with finding anaLytical solutions for the flux,
current and torque under blocked r.otor. conditions. Although
in later Chapters appropriate ana1-ytical methods are

presented for the determination of these three quantities
under running conditions, explicit solutions cannot be

found. As a consequence, very few satisfactory design
criteria can be established from such an analysis.

Nevertheless some of the practical limitations on

the various circuit parameter values can be inferred from

a study of the behaviour of the nachine under blocked
rotor or very s1ow1y moving rotor conditions.



7.L2

For any particular nachine of the type under

discussion, having associated with it a paTticular family
of À-i characteristics, there exists a restricted range

for the values of V,RrüJ and C within which satisfactory
operation may take place as an energy conversion device"

It is shown in Appendix I that the area contained
within the loop traveTsed by the VL/I, Iocus as discussed
in Section 2.3, while the rotor s1ow1y makes one complete

revolution, is a measure of the work output; so that under

these conditions changes in V,C or R leading to an increased

loop area also lead to increased output, but not necessarily
to increased efficiency. Unless ferro resonant junps

occur, the loop area and hence the output must be zelo,
The possibility of these occuring exists only if at least
two stable solutions exist ' Appendix IV analyses the

conditions which ensure the latter situation, whilst
Figure s 7 .4 and 7 .5 present typical results showing the

do¡nains in the frequency danpíng plane within which such

junps are possible.
It nay be seen that no junp can occur unless y>l for

all values of 0, a faclL which may be deduced from Figure
7.9, because the relative slope of the Irtllo line and the

Ir/uC line is o2Loc = cù2 /r'o= y2. Clearly, unless this is
greater than one, all of the Ifolf curves must 1íe

below the I,/uC line and no junp ís possíb1e. In general
t'

an upper limit to Y exists because of the presence of leakage

inductance which sets a limit to the mirnimum slope of the

I^t¡L^ curve and hence to the slope of the I"/uC curve"ff-r
A practical upper limit in the vicinity of \=4 is suggested

by the curves of Figure 7.5"



R

r0

H

'rl
l¡

-
CD

FR2 U :3.O
P =o'os
6 ='8.0

F=1*8G0S0
/ =0.83

5

50 100 r50
FBê-+

FIGURE 7,8, LOCUS OF SOLUTION TO O.2U AS E SLOWLY CHANGES,

-q

ll
o
l\)

P

0

.I]

¡l

o Jr

('

J¿

c.f. FrG. 7.9



7 "13

The fanilies of torque-speed curves presented in
Figures 5.5 to 5.8 and Figures 5.11 to 5.16 suggest the

presence of a threshold to the voltage magnitude, below

which negligible torque is developed at any speed. Some

indication of the nagnitude of this voltage is given
by the nininun voltage necessary to induce a junp

fron the low state to the high state when the rotor is
clanped in the maximum reluctance positíon.

By way of example, consider a machine identical
with one previously sinulated on the analogue computer, as

discussed in Chapter 5.2, for which: -

Y=
p=
B=

f(0)=
T=IJ-

o

(l)/0o = 3.0
0.05 ;R =

8.0 ;V =

5(1+0.8 cos

0. 83

8. 7CI

88.4 Volts
0)

Typical torque speed curves of such a machine are

shown in Figure 5 . 12, whi 1e the B2F / T2F characteristics
obtained by the nethods outlined in 7 "I and representing
the solution of: -

are
and

L2 .8
has

of tl,

B cos yr+B- = ü+ ¡r+zp$O¡ (rf *prl.,3) (7.2o)

shown in Figure 7 .8. In this particular case. B=8.0

F=l+0.8 cos e, whí1e 12 = ,þ' = DoÀ2 = 5tr2; so that
< B2F < IL1"2. In other words, the above equation

been so nornalised that the Inean value of the coefficient
3 eqùals unity.
By way pf compar'ison, Figure 7 "9 shows curves of

I ^r¡Lt f = ult//2 .= Vl, and '-r?*'+Tr/uC plotted against If,
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where 
^ 

is the peak value of the actual flux linkages"
Thus fron (7.L7) and (7"18) we have:

o
L

L f r+åÂ2 c (7 2r)

(7 22)and ( r of 
^'c)ñr

o

where G takes the value of 5(1+0"8 cos 0) and hence

1"0 < G < 9"0

The points marked P, a R H and K coïrespond to identical
nachine conditions are xepresented in each of Figures 7.8
and 7.9 whilst the broken lines indicate the locus of the
point representing coil voltage Vl and coil currena If as the
rotor s lowly rnoves through one conp lete pole pitch.

It is clear that unless a junp fron J, to R can occur
before the rotor reaches the position of maximun reluctance,
the area of the loop enclosed by the above locus will be

zero provided the rotor is allowed to move only very s1ow1y"

As the rotor speed is increased under these conditions, the
response of the electrical circuit wilt lag the rotor position;
so that the possibility arises of having a finíte loop area
at finite rotor speeds, even although the conditions for a

ferro-resonant junp are not satisfied. Such behaviour is
discussed in sections 8 and 9 

"

Thus although üre might expect.to find some correspondence
between the threshold voltage below which ferro-resonant junps
cannot occur rÀrith a stationary rotorn and the threshold voltage

/\rr





8.1

CHAPTER 8

Transition Characteristics of the Jurnp

Discussion in Chapter 7 has shown that a system
described by an equation of the forrn of (7.1), này have

rnore than one stable state for a given set of input
conditions.and furthermore, that changes in any one of a

nurnber of paraneters nay induce a change from one stable
state to another.

It is of interest to investigate the nature of the
transient and the behaviour in the vicinity of a

particular solution. Hayashí [ 13] treats this type of
problern most comprehensively for similar but not identical
systems, while West and Jayawant [40,16] have dealt with some

aspects of the behaviour of circuits described specifically
by equation (7.I). As the analysis which follows in 8.1

is similar to that used by these authors, only the bare
essentials have been included"

8. 1 Inte gral Curves

As in section 7 "I, if harmonics of the fundamental
component of the solution of (7.1) are negligible with
respect to the fundamental itself, then the solution to
(7.1) during transient states nay be approxirnated by

Irs,+o]:-

V(t) = x(r) sin yr+y(r) cos yr

= r(t) sin(y'r*0(t))
.(8.1)

in which both the arnplitudes x (r) and y(t)
of t which finally becone constants after
transient.

are functions
conpletion of the



Substituting
of cos yr and sin

^dx¿Yîi

8.2

(8" 1) into (7 .I) and equating coeffícíents
yr separately, yields: -

B cos ß- (A- y2)y- 2 pyAx . (8 .2)

2y# = sin B-2p"yAy+(,q-y2) x (8 3)

where A
æ

Ir2nP
n

2 n (*' *y')nr

P F
1

NF
(2n+ I
n+1 n!n (

under the assunptíon that the amp litudes x (t) and y (r) are
such s 1ow1y varying functions of 'r that d2x/ d^r2 and

d2y/d^t2 may be neglected and that p is sufficiently srnall
that products of p and the first derivatives may also be

neglected.
Steady state solutions arise whenever both dxl dr and

dy/dr are zero. Under these conditions (8.2) and (8"3)
revert to (7.3) and (7 "4) respectively to give results
identical with those in (7 .5) to (7.8) .

When the rotor is stationary , (8 "2) and (8.5) represent
a pair of sinultaneous, first order non 1ínear equations in
two quadrature components of the amplitude of the
fundarnental component of the solution of (7 .I). Except
for the case of a conservative system wrth 0=0, when direct
integration is possible, finding an analytical solution
to (8.2) and (8.3) is a tedious exer'cise. However
e l iminati on of 'r f rom (B .2) and ( 8" S ) give s
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B sin ß-Z A A- xq
dx B cos ß-(A-y )y-2pyAx

+ 2 (8 4)

As r does not appeaï explicítly in the RHS of (8"4)'
it is possible to draw, in the x-y plane, the integral curves

of this equation by using one of a number of accepted

graphical techniques [9, 4O] .

Beginning with some inítiat conditíon x (o) ,y (o) in
the x¡I plane the representative point x(r),y(t) moves,

with increase of T, along the paTticular integral curVe

passing through the point x(o),y(o), until it reaches a

stable singular point of (8"4) corresponding to
dy/dt = dx/dr = o. Thus trans:.ent solutions of (7.I) may

be correlated with passage along integ'raI curves of (8"4),

whilst steady state solutíons may be coTTelated h/ith the

singular points of (B'4) 
"

8.1"1 Plotting integral cu-rves

When the À-i curves are represented by a simple

cubic approximation, the analogue computeT implementatron

of (8.2) and (8.3) takes the form shown in Figure 8" I 
"

By setting initial values for both x and y t releasing the

computer whilst recording the ínstantaneous values on an

x-y plotter, fanilies of integral cuI.ves corresponding to
particular values of YrgrB and ß may be drawn.

TakinE ^(=3, P=.05, ß=0, B=8.0 and p=F(Y)=[1+0"8cos0]O=y

i.e. O.2 < F -< 1.8, hle get the fanilies of curves shown in
Figures 8.2(a)-8 "2(h) for a number of different values of
F corresponding to different fixed rotor positions"
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Fron the derivation of equations (7"1) , (8,2) and

(8.3) it can be seen that the phase angle of the flux and

hence of the fundamental component of the current with
respect to the applied voltage, must be 0(r) -ß. Thus

when ß=0 the reference axis for the applied voltage
corresponds to the positive x axis in Figure 8.2"

Points narked P,Q,R,H and K in Figure 8.2 represent
possible steady state solutions in amplitude and phase,

for three special values of F, equal to o.2,1"0 and 1.8,
corresponding to p = F(0)rir,, F(0)r"r' and F(0)r"*irr*

respectively. Furthermore these letter.ed points corlespond
with the points similarLy marked in Figures 7.8 and 7 "9'

8.I.2 Systen behaviour as indicated by the
integral curves

From an inspection of the integral curves j-n

Figur e 8,2, the following observations may be made concerning

the physical perf orlnance of the circuit: -

(i) Behaviour in the vicinity of solutions corresponding
to the low or anti-resonant state ís strongly
oscillatory, as indicated by the fact that the singularity
cornprises a light 1y darnped spiral f ocus " Furthermore the

steady state solution lepresents conditions in a hígh1y
inductive circuit as índicated by the fact that the phase

of the flux and hence current lags the voltage by almost

90o. Figure 8"2 (h)
(ii) 0n the other hand, behaviour in the vicinity of a

high or resonant state suggests an over danped response
where the solution smoothly approaches the final solution
with little overshoot and no oscillatory behaviour"
i.e. the singularity is a stable node or a heavily damped
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stable focus in this case. In general such solutions
correspond to capacitive circuit conditions as indicated
by the fact that the singularity lies in the first
quadrant. '

(iii) When the circuit parameters are such that three
possible steady state solutions exist, as at Q,H and K

in Figures 7.8, 7.9 and 8.2(d), the singularity corresponding
to the intermediate solution H is a saddle point 

"

Associated with any saddle is the so ca11ed sepatrix which

divides the x-y plane into two separate portions" Any

initial condition x (o) , y (o) nust then lead to whichever
stable solution lies on the same side of the sepatrix as

the initiat point x(o),y(o) which in turn has a unique
correspondence with a given set of initial circuit
conditions [40].
(iv) Beginning with the circuit in the anti-resonant
state corresponding to point P in Figures 7 "8, 7.9 and 8"2

and slowly turning the rotoI., lesults in the points a and

H nerging at Jt in Figure 7"9 or the focus and the saddle

merge, as is about to occur in Figure 8.2(b)" This
particular value of the steady state solution then

becomes the initial value of the transient solution which

corresponds to the integral curve through this point and

which terninates at the node corresponding to the point
R in Figures 7.8,7,9 and 8"2(a)"

Continued motion of the l.otor leads to the initiation
of the downward jump at the instant when H and K coíncide
at J^. This transient, which ís strongly oscillatolL

¿

corresponds to the integral cur"Ve which passes through the

point on the x-y plane at which lhe node and saddle merge"



Tine does not appear

plots but nay be evaluated
following expression [ 13] :

ds

T
dT tå+)
dx +

8"6

on'the integral
path by means of the

explícitly
along any

(8 s)

(8 6)

where ds ( dx) * (dv)

The above analysis enables steady state and transient

behaviour of the circuit under blocked rotor conditions to

be evaluated within the linitation of the method"

For our puïposes the rnost important observation to be

made is that concerning the markedly different behaviour

in the vicinity of the anií-resonant and r'esonant states
respectively. Definite boundaries may be found which

separate the different types of behaviour '

8 2 The Nature of the singular Points

The behaviour of equation (7.1) in the víciníty of a

partic.'.¡1ar steady state solution rnay be directly related to

the nature of the co1.Ï'espondíng singulaTrty of equatron (8.4) 
"

In turn, the nature of the singularity ís related to the

nature of the roots of the characteristíc equation of the

perturbed system I S].
Thus if dy/d'c = Y(x,y) = dx/dt = X(x,y) - 0

when y=yo and *=*o, then (xo,Yo) is a singular poínt of (8"4) 
"

Transforming the origin of co-ordinates to thís point we

have: -
x=x

o
+u

+vv yo



Then if u

of (xo, yo) ;

neglected,
so

and v
th at

are smal1 excursions ín the
higher order terms in u and

8.7

vi cini ty
v may be

du
ã-r'

au+bv

dv
a=

cu+ dv

th en

cu+ dv
ffi

b

d-À

(8 7)

(8 8)and dv
ãu

and de

where a,b,c and d are defined in
The characteristic equation

(8. 7) is given by

Appendix V.

of the system defined by

(8.e)

the roots of (8"9) , the
according to the criteria set

steady state solution

(a+d) À+ad-

pending on

singularity may be classified
out in Appendix V Ð l

8.2.L Stabilitv of the

=Q

b c=0

the nature of

and ad-bc>0

[9]. Itmaybe

a-À

c

Provided any smalf disturbances u and v, away from a

singular.point xo,Io, approach zerD with increasíng tíme,
then the point (xo,yo) represents a stable solution" This
will- be the case if the real part of ). is -ve " This
stability condition corresponds to the Routh-Hurwitz
criterion which requires that

- (a*d) >o

folstability
(B " ro)
stabilityshown [13,40] that the



condition for a systen described by (7"1) is that

dB2 > o
Ez

i.e. stable solutions exist only
portions of Figures 7 " 1,

The boundary of the

dB2 = Q

Ez

8.8

on the positive s l"ope

and 7 .8 , for examp 1 e

region is given by:

(8"11)

1., 7.3
unstable

(8 12)

and the criteria in Appendix V establish that the
singularities in this region are saddles; a conclusion
which agrees with the results shown in Figure 8.2"

8.2.2. Boundaries between different types
of sinsularity

Expressions for the boundaries betweeri regions of
stable nodes and stable foci are established in Appendix V

and sone representative results are shown plotted in
Figures 7.1 to 7 "3, These suggest that for practical-
ranges of both Y and Q, approaches to anti-resonant or low

states will be more or less oscillatory whereas approaches

to resonant or high states will be well. damped.
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CHAPTER 9

Phase anplitude plots

In the previous section u/e hIeÌe concerned with the
behaviour of the system when the machine rotor is fixed in
one position or is allowed to move so s1ow1y that steady
state sol-utions still app1y" In this section h/e sha11

use the nethods of Chapter 8 to investigate the nature of
the systen behaviour as the rotor speed is slowly
increas ed .

9.1 First order equations for anplitude and phase

Beginning once again with equation (7,1) in which the
various fixed F' are replaced with the various Fn(e) which
describe the rotor geolnetry, assuming a solution of the
forn given by (8.1) and using the nethods of section 8"1,
we obtain the following alternative pairs of first order
equations: -

,tå+ = Bcosß-(A-y2-2pCI#)y-2pyAx (e.t)

oudY-'d'r Bs inß- 2 pyAy+ (A-y' - z on$) * (e 2)

or
2y gcosplõ-_2pyAr

2y B s inB-õ-+ (A-y 2 - z osl$) r

dr
æ.-

dô
r--dT

. (e.3)

(e 4)

where A is given by the expressions following (7.4).
Sinilar equations may be obtained by the nethod [9 ]

of variation of parameters but in either case, the
approxinations made in obtaining (g. t)+(9"4) are valid only
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provided:

$..r and

F (e) d cosmi-68--n'm

r
r

2r <<1

Identical provisions apply to equations (8"2) and (8"3)
so that in general, they may be used with confidence, only
in the vicinity of a singular point"

However, in the results which fo11ow, these inequalities
are far fron satisfied, êxcept at low rotor speeds, but
nevertheless, the qualitative behaviour of (9.1) and (9.2)
agrees well with the actual system and provides valuable
insight into its behaviour.

9.2 Analogue computer solution of amplitude
and ohase equations

The nethod of implenenting equations (9"1) and (9,2)
on the analogue computer is shown in Figures 9"1 and 9.2
while further details may be found in Appendix VI.

These equations I^¡ere derived on the assumption that
the electrical circuit is subj ected to a driving function
v = ñ.VsinFETE-, the anplitude and phase of which is retained
in the terms Bcosß and Bsinß of equations 9.1 and 9.2
respectively" Furthermore the rotor geometTy in normalised
forn is expressed as

(e s)

(s 6)
u

1+X
m=1

where p is the number of poLes in the machine; so that in
equations (9"1) and (9 "2) a definite phase relatíonship is
inplied between the eLectrical and rnechanical forcing
functions. However the frequencies of these two functions
are, in general, incommensurate; so that this relative
phase is relevant and meaningful only in that it specifies
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definite initial conditions.
In the actual practical system having finite inertia

in which speed variations occur, the effect of the initíal
conditions may be lost very quickly, but in setting up

equations (9.1) and (9.2) on the computer, the speed CI is
treated as a constant. Thus, under these conditions,
equations (9.1) to (9.4) can be taken to represent a

practical system having infinite ínertia, and running at a

cons t ant speed CI.

As a result, the initial relative phase angle between
the two forcing functions ^ry be significant, and care
must be taken to have it under control if consistent
results are to be obtained.

9.2.L Results from the ,analogue computer

Typical exarnples of tlie results obtained are shown in
Figures 9.3 (a) - (e) which give the perfornance of equations
(9.1) and (9.2) or (9.3) and (9.4) when \=3, Q="05,
F(e)=1+cos2Qr+O.25cos4CI'r for two different values of
B=8.0 and 7.O.

By putting Q=0 in equations (9.i)+(9 " 4) they revert to
equations (8.2) and (8.3) discussed in section 8 " 1 " Thus

the steady state solution in amplítude and phase, for any

fixed rotor position may be found readily" Points P,Q and R

in Figures 9.3 and I .4 represent the steady state solutions
when the rotor is in positions such that F(0) takes its
nininun, nean and maximum values respectively. Such

solutions nay be represented by fixed phasorcs, drawn from
the origin to the point in question, as in Figure 9.5(a).

0n the otherhand, solutions to (9"1) and (9.2) are
trajectories in the x,/ plane traced out by the tip of a

noving phasor. At relatively high speeds these tTaj ectories
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approximate circles about point Q" Ferfect circles would
imply the presence of the fundamental steady state
solution, represented by phasor 0Q plus a single lower
sideband of frequency y-npQ, represented by a phasor
rotating clockwise about a at an angular frequency of
npCI; so that it makes'm'conplete revolutions about a for
one cycle of F (e) , i. e. whilst the rotor moves one pole
pitch. This situation is sketched in Figure 9.5 (b) 

"

Departures from a circular trajectory imply l!-3.
presence of other side bands but in this particular i'

problen upper side bands play an insignificant part, as will
be sholn in Chapter 10; so that the shapes of the
traj ectories shown in Figures 9 "3 and 9.4 are deternined
principally by the magnitude and phase of the lower side
bands present. Bearing this in nind, ít can be seen by

inspection of Figures 9.5 and 9"4, that as the speed
decreases fron a value in the vicinity of 750 rpn (in this
particular case) , the first lower side band steadi 1y

increases in amplitude and advances in phase until some

critical point is reached at which it fa1ls to a relatively
small amplitude. For B=8.0 this point is reached at about
34O rpm. Further decrease in speed results in the buitd
up of a trajectory which encircles the point a twice for one

cycle of F ( g) i. e. the second lower sideband now dominates
the solution. This pattern is repeated as the speed is
lowered, with successive lower srde bands bui lding up in
turn. Thus the rnrth lower sideband apparently goes

through a resonance as the trajectory has time to encircle
the mean point Q, rmr tines. This behaviour may be seen
more clearly in Figure 9.6.
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The general shape of these traj ectori-es may be

understood by reference to the curves ín Figure 8.2. At

any i¡stant, f or a given rotor po.sition there wi 11 be a

fanily of integral curves similar to those j-n Figure 8 "2,
on one of which the instantaneous value of the solution
lies, and along which the solution tends to move towards

the instantaneous position of a stable singular point.
The Iatter moves as the rotor posítion changes and

so in turn the trajectory changes. It is clear however

that the large circular sweeps of the trajectories
in Figures 9.3 and 9.4 correspond to the approach to the
low state stable focus in Figure 8.2(b), whereas the rbeakr

on the trajectories represents an approach to the high state
node or heavily danped focus in the first quadrant. Under

certain conditions with large B and 1ow speed the
trajectory nay actually reach the point R, as in Figure 9.4(b)"

Also under certain conditions it hlas found that more

than one stable traj ectory could exist " Such a situation
is shown in Figure 9"6 for speeds between 300 and 260 rpm.

The actual trajectory assurned depended upon the ínitial
conditions but no serious attempt hias made to establish the
boundaries on the initial conditions leading to a

particuLar state because equations (9"1) + (9.4) represent
true systen behaviour only approximatel-y"

Using the analytical sol,uti-on developed in Chapter L0

phase-arnplitude traj ectories vüere aalculated and the
results plotted in Figure 9"7, for conditions identical to
those used to produce the resul-ts shown in Figure 9 " 3 

"

Conparison and discussion of the two sets is deferred
until section 9.3.
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9.2 2, Results from torque sPeed Plots

By naking use of the expression developed in
Appendix III(a), for the aveTage torque in terms of the

r.n.s. value of a sinusoidal flux waveform, the aveTage

torque during one complete revolution of the roto]. in
terms of the flux e*ìvelope will be given approxinately
by: -

2Tt
3 F'(0)ra1 de (e 7)T 2tr 32Dave

o

for a cubic approxination to the À-i curves.
Sone Ìepresentative torque/speed curves, obtained fron

(9.1),(9.2) and (9.7), by using the analogue computel, are

shown in Figures 9.8 + 9.11. The circuit parameters cover

the sane range as those used to obtain tlie results presented

in 5.L2 + 5.15; so that a direct comparision may be made.

9.3 Discussion

Comparision of Figures 5.12 + 5.15 with Figures
9.8 -t 9.11 suggests that while equatíons (9.i) and (9.2) are

inadequate, at other than very slow rotor speeds, to provide
quantitative information about the true system behaviour,
they can give useful qualitatíve infornation" The two

groups of speed torque curves exhibit the same character-
istics, suggestive of a series of skewed resonance curves,
which for given ci¡cuit paraneters, have sinilar thresholds
and operating ranges for B in each system.

Sirnilar conclusions are prompted by comparison of
Figures 9.5 and 9,7 .

Thus it seems reasonable to conclude that the
characteristics of a system represented by equations (9. f)

L
oo
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9.7

and (9.2) r4ri11 also be representative of a

described by equation (7.1) when the speed

independent variable, taken as a constant.

system
is an
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CHAPTER 10

Analytical Solution

Analogue computer and nurnerical nethods, outlined in
chapteÏ.s 5 and 6 respectively, enable a solution to the

systen equati_ons to be found for a given set of systen
paraneters and input conditions, but enabLe few general

statements to be nade concerning systen behaviour¡ êxcept

by exploring the conplete i-nput and systen paraneter space "

The investigation into phase-arnplitude behaviour
discussed in Chapter 9 enables greater insight to be

obtained, but because terms containing second derivatives
etc" , have been dj-scarded in f inding equations 9 " I and 9 "2,
in order to reduce their cornplexity, the results are

quantitative).y useless at practS-cai- rotor speeds'

On the other hand an analyti-cal- solution to the

systen equations, givíng the dependent variables in ter¡ns

of the independent variables and the systen parameters, can

l-ead to eonpl-ete understanding of the systen behaviour
and to the establishnent of design criteria"

10 " 1 Form of the solution

Experience shows that expJ.icit solutions to non linear
differenti aL equat,íons rare Ly exist. Usual ly, attainnent of
an adequate approxj-nate solutíon j-s faci-litated by prior
knowl-edge of the f orn of the solution.

IÂJe are coneerned wj-th the solution of equations (4.38)

and (4.59) repeated here fcr convenience:-

-BsinFE- = 2p [ü"(1+4p-p )r0+2(p.*p^)iünü212 12

d d2
z)F(e)üq+ ( I+2p

ldT
+ L-

d.T
(10" 1)
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G

ñ
(qo 1)

to .2

..".(ro"2)F' (0) iþ
0+

fo+llL Jr¡ 2D\1 ' o o o

sone of the characteristics of which fo11ow fron the

results of investigations discussed in previous sections "

Thus: -
(i) Equation (i0.1) consists of a third order, non-

linear differential equation, forced externally at a

frequency y, having periodic coefficients of fundamental

frequency pf¿" As such¡ we may expect, because of the

behaviour of linear, non autonomous differential equations

having periodj-c coefficients [38,5], that the solution
for the flux tinkages will consist of a series of sidebands

of f requency Y+npf) where n i s an integer and -æ(n(oo"

(ii) Because of the non linear nature of the equation,
sidebands will be present having frequencj-es nY+npfì,

where m = I1213 etc"
(iii) The systen described by (10.1) has three energy

storage elements, one capaeit j-ve and two inductive with the

two Latter partiatly isolated by the effect of the iron
losses" Resonant response will result whenever a particular
sideband frequency, nY+npí1, corresponds to a natural
frequency of the system.

(iv) Natural frequencies of, the systen involving the

capacit:i-ve element and the non-Iinear induqtive elenent,
under conditions of internaL and external forcing will be

dependent upon the ainplitude of response which in turn will
be dependent upon the amplitude of both the external and

internal forcing functions.

Jul 2
o



10 " 3

(v) The relative anplitudes of the various sidebands in
the compLete solution will be related ctrosely to the nearness
or otherwise of thei-r frequency to a natural resonant
frequency of the system" It hlas shown earlier that y>1

for a jump to occur and furthermore that the practical
range for y, determined enpirically and suggested by

Figure 7.5 and the results of Chapter 11, lies in the
ïange 2.5<y<4. Thus it is uni-ike1y that the frequency of
arry uppeï sidebands will app'roach the rnain systen natural
frequency. They rnay however coincide wíth the natural
frequency deterrnined prirnarily'by the loop comprísing the

capacitive elenent, the leakage reactance and the shunt

resistance representing the iron losses " This loop is
relatively heaviLy danped, hence the amplitudes of all upper

sidebands nay be expected to be relatively srna11, with the

consequent possibi lity of neglecting them in a first
approxinati on 

"

(vi) With finite mechanical inertia in the rnachine, the

al-ternate posl.tive and negative electromagnetic torque
pulses cause fluctuations in the rotor speed about the mean

val-ue deternined by the average values of the electromagnetic
load and fríction torques. Thus the solution to equation
(10 " 2) under steady state conditions, i. e. the load speed f¿,

wii.l- consj-st of a constant õ plus periodic terms of frequency
nk0. Under these conditions, the peric'dic'coefficients of
(10.1) become quite conplex functions of tinen although they
may be very sinple functions of rotor positj-on"

(viL) Consequently any analyt j-ca1 solution to ( 10. 1) and

(10.2;ì wi1l, j-n general, incorporate phase and arnplitude
i-nformation concernj-ng all significant frequency components



10.4

of both the f lux linkages and the i-nstantaneous speed.

However if the inertia is sufficiently large that speed

fluctuations become very srna11, solution of ( 10. 1) r on the

assumption that both Y and ç¿ are independent variables'
involves nuch less work and nay provide an adequate

description of the systenì behaviour.

ro"2 Possi-b 1e nethods of Solution

For the nachines under discussion both the non-linear
and periodic coefficients of the differential equation are

large; so that methods of analysis based on assumptions that
these are srna11, will fail.

FurtherlnoTe the approach t aken in the previ ous Chap ter '
which gives results idientical to those obtained using the

method of variation of paTaneters [9]' is inadequate except

at very low lotor sPeeds "

Taylor-Cauchy Transforms [1S,19] which, although straight
forward, lead to solutions in the forn of Taylor series
expansions in the independent variable and as a result do not

contribute greatly to an understanding of the system bheaviour

Harmonic balance or perturbation techniques require a

prior knowledge of the forn of the expected solution and are

often tedious to apply. However for this particular problen,
a systematic perturbation technique due to Nicholson 1,231

provides a satisfactory nethod of finding a possible solution.

1O . 3 Sys temati c s o luti on 'f or qJ

For convenience a very brief outline
nethod l23l is presented below in Section
details may be found in Appendix VII.

only of
10 " 5. 1.

the
Further
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10 " 3 " 1

We write

o

General outline of the nethod

the non linear equation in the form

G (rr', ri,,J, ,,þ) = Q

and *rrrrt" that both the function G and

V, rnay be expressed as a'-power series'in
parameter U, as follohlS:-

,r2
U = ltg, (t) +fo er(c) +

Ç = Gu=o*r, rff) u=o 
.*r#rÌr=o+

the required
an anplitude

(10"5)
solution

2

.. ".. (10"4)

(10 s)

(10 6)

u H2*+uHH 2!
+

1

1e H

etc
as shown

drG
ãTi1

J-t=0

Here the complete delivative is to be ''used,' not the partial '
as irnplìed in Nicholsonrs paper; Thus for a given funtion
G, the various Hi nay-be expressed as explicit functions
of the values, when u=0, of the partial derivatives of G

with respect to it,',i¡,ù and V, which are all known once G is
specified, as well as of the various 9rr(t) and their time

derivatives which are unknown to begin hIith. The various
H. are conveniently expressed as: -

1

Ht = Lr(S1)

= L1(e)*L2(er,br)

= Lt(sr)*3L2(E1,Er)*ts(gt,Br,91) (r0.7)

= Lt (so) * 3L2(E2,Er) *4L2Gs,Ft) +61, 3G2,81,91)

+Lo(91,81,91,81)

in ref erence 23 anð;--repeated in Appendix VI I f or

Hz

H.
J

H+
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conven]- en ce "

The original equation (10.5) now becornes

0H.
l-

l_
uil-

co

L
i=0

(10 8)

and because lH1l1=" contains none of the gi above 8r, it is
often possible to satisfy (10" 8) by means of systematic

rel ati.onships among snal ler goups of the Hi , such that the

indivi dual equati ons ( 10 . 6) can be s o lved i-n turn f or a

satisfactory sequence of functions 91r82' etc.
0bvi ous 1y the moïe qui ck 1y that ( 10. 4) and ( 10 ' 5 )

converge the better, and idealtry, USr(t) should provide a

close approxinatlon to the true solution; with the various

(t) provi.ding ith order correctíons to qr and the
l_

u-:-, o
i ! oi
i

l! H"r-! 1

value
Furth
ct(t)

causing ith ord
If (i0.8) is to
s of il, the vari
ermore, Ht = $;t
into the linear

er corrections to U.

be solved progressively for inproved
ous H. shouLd be of s i-ni lar f orn.

1

il=O 
is given bY the substitution of

portion of G (see APPendix VII); so

that any terrns which appear in g, (t) nust appear in Ht

3"2 AppLication of the nethod10.

consider noüi, the particular equation for which we

require a sol-ution" I\Iith core loss and leakage reactance

present, it may be written, using one non-linear term only

for sinplicity, as:-

Ç = Bsin(yz+ß )*2p2LW(1+4prOr)rf+ z(P tnpZ) ú*ü

d
a=1

+ (1+2p +9"
¿rÉr)F 

( o),iJq . (10.e)
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= Bsinir+E- (10"10)

We fínd that

l,r(C) = 2Pzle'u(1+4prO)C+Z(9t*9)e*e (10.11)

and furthermore that when the I-i characteristics are

represented by a function havi-ng but one non- linear terrn

Uq, then only Lt and tO exist, htith aLl other Lr=0.
Hence it is consistent to choosu H2 - 0, leading to
Lr(er) = LZ(S1,e1) = 0; so that again it is consistent to
take 92 = O, and in turn r^Ie f ind f rorn (i0" 7) that we nay

take
,zn = E2n = Q (10.12)

At this stage a decision must be taken concerning the

f o:rm of the renaining Hi" In f act it turns out that the

decisj-on follows alnost automatically fron the way in which

the soLution deveJ.ops, after first taking the sinplest and

nost obvious choice for S, (t) "

Our interest lies j-n finding particular periodic
solutions rather than initial transients; so in accordance

with the discussion in Section 10. t h¡e Inay expect such

sol-utions to contain periodic components having frequencies
S = nY+npf), in which case the sinplest choi-ce would be

[0il
for Sr(r) to take the forn cosyt+¡, and hence the various
H. = A, cos@" However if a solution is pursued fro¡n

l-11
thís begínning it wii.i- be found that terms of the forn

cosS T+e
n m"n lll"n

Thus H (r G

^ ilrD

appear in the various

'É= 0 üL,1,='ü=ü=o Ifrorn (1o' 4) ]

c
m

s, (t) .ct (t) other than



Here A =[, D
so that hrhenevet the rotor

speed CI is such that Sr,.= I these-terms lend to diverge, and
as a result they can no longer be negarded as nth order
corrections terms, wi'th the practical result that the series
( 10. 4) does not converge 

"

Their presence in the' higher s, (t) indicates that they
should have been incorporated in g, (r) and hence in the Hi,
when any tendency to diverge is inmediately reflected in the
anplitude of H, determined from (10. 8) .

The next possi'b'itity might be to try

t
n=-I
+r

=LA
n=-r

which represents a

on the fundamental

r

us, (t) a cosfn

l0: 8

(10"r5)

and bottom side bands based
so giving

r1-S 2'I 2t'4o25'2 ': mrn- ' 'trt'

+I'
Y+np )'r+n n

n cosS T+rì
n n

series of
frequen cy

top

Y;'

UH
1

c o s Ftin-nn

-2{(g1*oz)sr,-e2Lsf]} a SinS r+nnnn

In equations (10. 13) and (10. 14) above it has been assumed
that the anplitude parameter u has been absorbed in the
various a_- on the right hand side of each" Taking U=1n
results in simplified aLgebra throughout'with (10.4) and
(10.5) beconing power series in the' various rrr,

For cubic approxination to the À-i curves we have

E2=Hr=O and :

Hs = L1 (sr)*L3(91,g1,g1)

= f, [(1-(¡+4e1p2)S;)an
n=-ï

(10. 14)



which, as shown in Appendix VII, becomes

L1(s r)+ø(r+2ptåT. u#r) (F(o)er')H

10"9

( 10. 16)

with H ob4 0, we find

J

The second term on the right hand side of (10.16) may

be evaluated in terms of the conponents of g1(t) and the
independent function F(e). Then by putting H¡ equal to the
sum of all those terms in LS (91,91,g1) which have
frequencies of the form y+npCI, we have that
-Lr(er) = Sum of a1t renaining terrns in L3(g1,g1,g1) whose

frequencies are not of the form y+.npQ"

i"e. Ll(gg)*remainder terms - 0 (10.17)

Equation (10.17) is a standard linear differential equation
which may be solved for gS by using conventional transform
techniques. Thus an explicit expression may be found for
gS in terms of the, as yet unknown, ãn and nn.

- Proceeding in this manner,
that for a cubic approximation

Hs = L1 (sr) * 1oL3 (Br, B1 , g3) (10"18)

the variousfrom which HS and 95 may be found in terms of
r' and l' in a manner simitar to that in which , and gs

and (10"s)

4

H

were found, so enabling the poh/er series (10.4)
to be built up s.ystematically.

Returning nohr to the particular problem in
is assurned to be given by (10.13), rnie see from
th at

whi ch S, (t)
Appendix VI I I



+r +r +T.

-ççv-LLL

j =-r[=-rm=-r
(e, (t) ) 3

^ i^ e-"r tf;" os(Y+p(¡

10. 10

(10.1s)

(10,20)

+!,-n) ll) t+¡ j *t.Q.-trn

+\cos (3y+p ( j +1,+n) Q) t+¡ j +n[+r]n]

+3r
I

a-

[f,A,, co s (Y+nP Q) t +o,r,

n=-3r
+4c cos ( Y+np T+ n

geonetry is expressed AS

n

When the

F (0)

where d
o

nth side
u
I

k=o

rotor
u-rd

k=o

cosôo r 1,

band terms

kcoskpQt+ön
(10"21)

we see from

in F(0)gt3

Appendix VIII(b) that the

are. given by: -

uu t*ua"
.|n

.|c

.+.

n*k cos (y+pnQ) t+orr+k- ôk

n _ k 
cos (y+pnf-2) .*or,_k* ôk

,,ukcos (3y+pnQ) t*En*k- òk

n-k cos ( +pn T+

Thus the nth side band terms
two terms in (IO.22) , whi lst
determ.ine the nth side band

which gg (t) nay be found and

n-k k " (ro.22)

in H, are fixed by the first
5

the third and fourth terns
renainder terms in ( 1O . 1 7) , from

in turn in sinilar fashion, the

+

various H2i*, and g2íoI
The power series expansion (10. B), of the original

non linear function in terms of the various H2i*I, now

consists of a power series expansion in terms of the
anplitude and phase of the principal conponents of the
sol-ution"
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By invoking the principle of harnonic balance t9l
hre see that (10"8) nust be satisfied by the coefficients of
the sine and cosine conponents of each sideband individually,
so that (10"S) nay be expressed as a set of 2m simultaneous
non linear algebraic equations, where !nt is equal to the

number of terms in er(t)" For example, in the case of a

cubic approxinatj-on to the À-i characteristics, we have

f or the nth sidebar,rd (fron (10.10), (10.14) and (10" 22)):-

0 B sinß
n ,,* ( 1- ( 1+ 4a f z) sr,t ) arrcosn'

-2I(p1uoz)Srr- Izlsntl rr," "nrìn

(10.25)

-u**¡ r4 tk=o _ +ekn

+

0

+

where alX B =ol

dL

z tA " si'n+k

l'A - cosu " -ô. +e +A . coso . +' n+k n+K K n n-K n-K
du

T

Brrcos ßr,- ( 1- ( i * 4e I0Z ) Sr,') rrrr ' r1rìn

-2f,(p 1n 0z ) Sr, - p 
2l,Sn3 ] an cosrìn

n-k*ök+enl
-u-3¡ r4 n.K=o

ncI,n+K
+g + An-k sLn0

n

""";"(LO"24)

n n#o o

. n=2p 1S' I (l_-.0sn 2 
)tan

and 
^

/(t-ltrr')'*4pr"rr'

Simultaneous solution of these equations gives values
for the various r' and ln which nay then be substituted into
the various 81(t) to give a solution tp with an accuracy
increasing with the number of terms in (10"4) and (10.5)
provided that these series converge.

n



In general, f o¡r thís particui-a:: problen, sidebands

based on aL1 odd integral nultiples of Y ultinately appear

in the various Cr(t). The gïeater the degree of non

f.i-nearity, the earlier they occur in the solution and these

terms tend to diverge whenever the rotoÏ speed is such

that kY*npf)=11, i"e. whenever

0 = -ktI/y (10.2s)
Ynp

However, as rnay be seen fron Appendix vIII oT (10" 19)

and (i0"20), the anplitude of such terms depends upon the

amplitude of the terms from which they have been produced

by the cross modulati-on effect of the non linearity. If

these latter terms arle in thenselves inherently smal1 in
the vicinity of the speed at which (10"25) is satisfied,
1j-ttle error nay result. However if the divergent terms are

1arge, there is no aLternative but to include then in the

original generating soLution e, (t) ; so that they appear in

the various Hl and consequently influence the calculated
magnitudes of all the t' and nrr.

under such conditions the anaLysis nay rapidly get out

of hand because the numerical solution of a large set of
equatiorrs such as (10,25) and (IO.24) , becornes very time

consuming. In this respect it is of interest to note that
this particular solution calLs for the eval-uation of ter"ns

LO"L2

a quinti c

nunber of

suah as

in the
1n

i-n evaluatin
( p+ :l-) ( 2 r+ 1)

whenr=$m
operati ons .

F(0) (Cn(t))q" trtrhere q is the degree of non linearity
À--i characteristics. Thus nf there are 2t+I terms

so(t) and trl+ I j-n F (0) , the nunber of operat j-ons involved
g I (e) (g, (t) ) 

q nust be proportional to
o+ It''; so that a change fron a cubic to
eans an (112=121) fold increase in the



of
to
an

Because of the conplexity of the solution and the cost
conputing time involved calculations have been restricted
the evaluation of HS and gf (.) only; so that the various
and l. are deternined frorn the soLutj-on of

H-
o = Ho * Hl "' 3+ (10.26)

i = + (r+r(o)rrN)

10.15

current component

flux i.i-nkage

after which we can calculate

û = B, (t) (Io "27)

I t should be noted .that the results s o ob tained are

identical with those which would be obtained by rneans of
a straight f orward'harrnonic b"alance carried out by the
direct substitutíon into the differential- equation, of an

assumed solution taking the forrn of (10.13)" Then by

colLecting and equating coeffi.cients of i.ike terms a set of
sirnultaneous non linear algeb::ai c equations , identi cal to
the first three terms of (10"23)'and (IO.24) nay be obtained.

10.4 Current associ,ated with a ar'ticular sidebarrd
For the sinplified sitùa'tion when one non linear term

only is present, the instantaneous current is given by:-

(10"28)
(1+F (e)!,tn'¡ )

Appendix IX shows that (IO.22), (10.23) and (LO"24) nay

be used to obtain:-

o

o

L

nÑloo

^2d," t n
n^t n-

[ (t+4p f z-L)'sr,++4Þ z'Sn'(t-.q,sn2) 
2]

" " (10.2e)

whi. ch demons trates that
ís determined so1e1y by

eomponena tr, 
"

the
the

nth
ni;h

s i deb and

s i deb and



Expressing (10" 29)

leads to
/1, 2t,l 2

10.14

in the usual circuit pararneters

I
2 [ ( R.+ R) 2 * (LU,,r,, -fr) ' ì . " (10.30)

R 2rR2+f¿¡ L--41 2"c
and 

^ 
reuresent TIns

n
angular frequency.
reproduced in Figure
matter to show that
by a \¡oltage source

nnI n
) n

where' I n
s i deb and

circuit,
a simple
rep 1 aced

'yalues and t¡ is the particular
n

Referring noI4I to the equivalent
10.1 for convenience, it is

if the variable inductance i.s
+rgiven by I'/\ (¡ . the

n n'n=-r
resultant current components de.livered by this sour'ce will
have magnitudes as given by (10.30). In other words the tine
varying inductance with its associated flux linkages may be

regarded as a voltage source
dilrv =;+ where U conprises the various terms in Ct(t).

Because the remainder of the circuit is linear, the curlÇnts
which resuLt fron each component of v nay be treated
independently. The effective or lms value of any particular
voltage component follows fron the flux linkage conponent.
Thus : -

i.e. À

cos S r+nn'n
n cos (¡ t+n

úr,n a
n
a

o
n 3 n n

ûJ sr-n(¡ t+n
n n n

( 10. 31)

(ro " 32)

( 10. 33)

d¡,
n

Ar
agi vi ng n

i.e. v = -l
o

n n
t+nnn

V=Ä.u)and
n nn

(peak) t¡
n

sr-n(¡

(10"34)
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Such a relatíonship between the flux linkages and the

current at a.par:icular frequency is not only intuitively
satisfactory but also leads on to a sirnple expression for
the average torque produced by each particular component"

However the major problen of finding the various flux
linkage components stilL remains tedious.

10"5 A roxl_m te natural fre en of the s s tern

For a particular value of applied voltage, the results
obtained fron the phase anplitude plots, as well as fron
analyticaL soi-utions e show that, while the anplitude of the

fundanental- conponent of V at frequency Y remains sensibly
constant over the praeticaL range of rotor speed, each of
the various lower sideband conponents of ü exhibits, in
turn, a resonant response" Furthernore, the dominant, but
certainly not the only conponents of the soLution ü,
comprise the fundanental and the sideband in question"

It is possibLe to determine approxinately the rotor
speed at which a particular sideband resonates by considering
only the above two conponents of the solution;
Thus : -

!r = ""cos@+âncostr,t*\ 
(10.55)

whi ch Leads to the f o1l-owing reL ationships, as shown in
Appendix X

2
nd

9
ã '(t

,))--+sa
o n

zL z _ 4rrr*(.o oZrn')4p'snt
a

n n
(a A

c
2 2

n

( YN 
t - sr, ? )2+4 P' srr t t* u

+a
n

,),
" . (10.36)



s ar, (y¡' - t' z + 4g 'srr'Y* 
t 

)

s inñ-l-'nn

10. 16

(10.57)

( 10. 38)

(10.3s)

( 10. 40)

8a "2psn n
s:-n (lrr-no-ôrr)

( 2+a3d a

Sd a (a 2+3a 
')^ 

2

n o' o n - n

d (a 2*a 2l
n' o n

')^n n
2

a
n oo

cos (n -n -Un o )

oo

I,DA2oon

n

T

3-n5aoa

-na '.2ps

n

LD
ave

3

n n

1 (2a Zua 2)
4'on

where 
^ 

2 * l+4o2S 2
'nn

andY*t=l+

Equati ons ( 1o " 36 ) - ( 10. 4O) are true on 1y to the extent
that (10" 35) is true. Nevertheless, they provide a clear

indication of some of the essentiai. properties of the

sol-ution" Some of the nost important nay be summar.ised

thus : -

(i) Although (10.56) is an involved inplicit function for

rn it has, except for the second term in the numeratoÏ, the

essential form of the Tesponse of a second order systen of

naturaL frequency YN, subjected to a forcing function of

frequency S' and arnPl-itude dn.



(ii) When, in addition to the condition that (10.35) is
true, we have the values of B or d' or both sna1l enough

that a,- is sma11, then the natural frequency approaches
n

Y

where yn is

I*1^2=2y2-Izon

given by (7.12).

10. 17

d and
n

assuning
and given

(10"41)2N
o

(iii) To the extent that
ân, it nay be considered
a value corresponding to
by (7 "13).

i s independent of Sr, ,

depend upon B alone,
mean rotor position

4
o

to
the

(iv) Thus we might expeet the nth lower side band to
approach resonance when the rotor speed is such that

n
(ro .42)

where n will be a negative integer for the lower side bands"

(v) As the nagnitude of t' increases, so does YN (see (10"40),
whích means that the Ìesponse will be skewed in the
direction of inereasing Srr, i. e. in the direction of
decreasing speed.

S Y+nPQ= n2^ 
o

n¡¡-l
2 -r2_

n

(vi) Equation ( 10. 39) , giving the
that the torque/speed curv" ilff be

the a curve because of the factor
n

(vii) Fina11y, equation (10.42)
(which fron 7.12) and Figure 7"7

hence increasinB yr), results in
response cuÌves of "r, and Trar" in

average torque shows

skewed even more than
S 3 in the numerator"

n

shows'that increasing B

means increasing yn and

shifting the spine of the
the direction of increasing

I
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10. 18

Sorne of the above observations may be tested by
replotting the various torque-speed curves, obtained from
the analogue computer, against a normaLized speed scale
gíven by Sn/ ( 2\n -Ð4 " See Figures 10" 2 to Io.7. In each
case Yn is taken from Figure 7"7 for the appropriate value
of, B, after the'rgquations have been normalized with respect
to the mean value of f (0),

To the extent that ( 10.55) and (10.,4O) are correct r^/e

can expect the anplitude ân, to peak when the speed is such
th at

n

s2e +
nn

2

nn

oo

'-r* 32y
n 4 n YN

3

4
a2

2 2

o

a 2

n 3

î2

n

o

S

N

S
n1+ (Io .42a)t"e (2v

n

At which stage

'-t) Y

3 2

Y N
o

-1

2pnS a
T

n
o o ave

^2n
32pnS S

n

^2

n
D L (Using (Io. a2a))

2

2

S

n

S

4
sY¡¡ 2

o
n YN

o YN3

2

o

3

BtBPYu I
YN

2
(10.42b)
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To the extent that (iii) above is true, yN. rnust
obe a function of B alone. Thus equation (Lo"4zb) provides

a rerationship between the peak torque and the norrnalizeð,
speed trr/y, at which it is likely to occur for a given

o
value of B.

This relationship is shown by the dashed lines in the
vicíni-ty of the individual torque peaks in Figures 10.2

to 10"5. rt seerns reasonable to conclude from a study of
these Figures that (iv) - (vii) above are broadly true"
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10 " 6 Anal ical' e ressions for"avera e or ue

There are two possibLe approaches to the evaluation of
torque. The first, although tedious, enables both
asynchronous and synch.ronotls 'torque '.to be evaluated " The

second approach folLows from the discussion in Section 11,

and while it takes no account of synchronous torques, it is
extremely economical on conputing ti.me and provides a

sinple but elegant description of the machine behaviour"

10"6"1 Caleulation of average torque from the
instantaneous torque

When the À-i characteristics are

non linear term on1y, it follows frorn
th at

T
F ' ( o) qr

q+ 1

ins t

represented by one

(4.29 ) and (4.37)

(10"43)
l'"-Cq9t1 Lo (t+ r )

and when

+r
rf X a cosS r+nnn'nn=-r

Appendix VrII shows that U 
q+1 comprises a series of terms

whose frequencies are given by the sums and differences of
integral nuttiples of the supply frequency y and the rotor
speed f¿, and that the'coefficient of a terdr of a particular
frequency is readily obtained from Chebychev Polynonials.



q+ 1In general û may be expressed AS

(q+ 1) r
ic

n=-(q+l)r 2m rn
Cos (2n"y+npfJ)'t+e

(qo1)

vq*l = î,

1 F'(e)iþ q+1

2n z
L (o+1)D õ-o-' ' o..

TO"2T

. " (10"44)

" (10.4s)

(10,46)

2m rnm=o

Also

F'(e)
u

-x
k=1

tpdtsinkpCIt+ôn

Using these expressions one nay evaluate

T average

2.Í

,27

* Jo 'r'st"do

., lT+-r I r" dta Jo lnst

d0

or more accurately, because in general, y and n are
incommensurate

T ave
(10"47)

Only those terns whibh have identical frequencies in
botts (10.44) and (10"45) can make any confribution to the
i-ntegrals in (10"46) or (1O.47)

10.6 " 1. 1 Asynchronous torque

Those terms in (10"44) for which m=0, contribute to
the average torque whenever n in (10.44) equals k in (10"45) 

"

Whether or not such a contribution occurs is independent of
rotor speed 0, and dependent only on the presence of a

harnonic in úq*l of the same order as one of the harmonics
of the rotor geometry"
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Such torque contributions may be called asynchronous
because their presence, but not thêir anplitude, is
independent of rotor speed " Thus as far as asynchronous
torque production is concerned the terms of interest in
,o+1qJ' are

+T' +T'

a x(q* 1) 
r,

1

Ia n

C

cos[p{(n1+.".na )
--r

- (nons*. " .no* 1) J

2

n
n --r 1 q+1 q+1

2q+ 1

-(.d_*. .rq*1) ÌCIt* (nt*.".r0*t)
22

(where Q(q*t) is defined in Appendix VIIIa)" This' may be

expressed rnore sinply as

u.kpdk k

(10"48)

(10.s0)Sin (OU-eU)

.. (10"4s)

Hence the average value of the asynchronous torque becomes

(q+1)r
IC

n=1

T

cosnoQt+e
n

ave
_ç
-L

k= 1 2L(o' q+1)Dog-t

IO "6.I "2 Synchronous torque

At certain rotor
2rny+npl-l from (10. 44)

i " e. 2mY+¡pç = kpfl

speeds the possibility arises that
equals kpA from (10.45)

(r0.s1)
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where m, n and k are i-ntegers havinþ the rânges s'pe-ëifÌed
in (10:44)' and ,¡ì, (1,0.45), At such rotor
speeds a contribution to the torque witl result fron the
j-nteraction of these particular terns in (10.44) and (10.45)
respectively" The particulat terms involved may be

expressed by a series sinilar to (10.48) taken over q+1

summations, except that in this case the angulaf frequency
will be given by: -

1q. z*_L.2my+p{ (nt+ "..- 2 ,

and the phase by:-

(nrt.."nrq*2r*l) -
2

9+2m+3
2

torques occur whenever the value of
whenever

n
( Q+2m+ 3

2
)*" " "n )Ìn . " (10 " s2)

. (10"s3)

q+1

(nn *...nrro*1)

so that
(10"s2)

s yn chron ous

= kpCI" i"e

PCI
=-¿y

m (10"s4)
+ n +...n'e+2rn+3 " ""q+1

-

tl* " " "tt 9+2n+l
2

As the various
have the range -r<n
(10.54) shows

per unit speed

.i are sirnply running integers which

i(r, and as both k and ln are integers '
synchronous toîques occur whenever the
is equal to an integxal fraction.

that
g0
2y

Those values of the ti which conbine to give a particular
integral fraction, then determine the various side band

anplitudet ani, the product of which, in turn, determines the

maximum value which the synchronous torque may take "



For example when g=3, m nay take the values I or 2 
"

When m=1, synchronous torque contributions at a rotor speed
Pf¿ 't

such that I 3 = + will result from side band combinations¿y ¿

which make

0ne

k= 1,

k*r4 - (n InnZ*rS) - 2

such conbination -would be

so that the torque contribution

would be proportional to the value of "1"o3 when ++ =+.

Shifting the rotor in ti-me by At nay be accomplished
mathematically by shifting the phase angle ôt of each term
in F (0) by kAO = kpQAr. It is a sirnple matter to show that
if this occurs, then the nth side band is also shifted in
phase by nÄû" Thus, delaying the rotor by 

^e 
delays all

upper sidebands (for which n is positive) and advances ai-1

lower síde be-nds; so that if the various ti in (10.52) suln

to j, then the total phase delay in the itLt side band based

on 2my, as gíven by (10.53), will be j^0'"

Using the notation of (10.44), the itLt side band term
may be hrritten as

C 2^, . Cos (2my +j pf-l) t+, 2^, j

which, af ter the rotor has been delayed 
^0 

radian,,s, becomes

CẐmtJ

This term

and

Cos (2rny+jpfl) t+e

interacts with

2n,i-iL0

the de 1 ayed

(10.ss)

IO .24

t4=1' tl=t 2=n3=O;

rotor harmonic

tpdtSinkpCIt+ôU-kÀ0

to produce a synchronous torque given by

. (10"s6)



kp " dUC r,
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". (10.s7)s1n ôk-r2r,j-(k-j)40
2L fo+1lD'o

nnP
SN

ñ

where P
SN

resistance
fr e quen cy n o

Because 2my+jpCI kpÍì and 
^0

pflÀr r/e find

(k- j ) Ae = 2nyÅ"r = 'lXAU Thus the synchronous torque
PI¿

component is proportional to

kpdnczr,jsin(ôk-Ð2m,¡-ffi uel (10"s8)

indicating that it behaves as a 2ny/pfl pole nachine as far
as thi-s component is concerned" Such torques will be

sígnificant oni.y if at the particular value of A/\ in
questj-on, the amplitudes of all of the side bands which
combine to produc" C2^rj are thenselves significant"

10.6. 1.3 Asvnchronous torque from the Manlev-Rowe

relationships

It is shown in Chapter 11 that the nechancial torque
produced by a particular side band component of the flux
hraveform may be deternined frorn the foLlowing relationship

T (10"se)
n

on
is the
due to

poweÌ dissipated in the stator circuit
circulating currents of actual angular

Srri Sr, = Y+npQi ,o is the sma1l si-gna1

and n is the order of the side band.
üJ=Cd

naf,ural- frequency



cor e

me ans

P

so that
SN n

npr
(.r)

s o gr-vr-ng

o1 ]-n

T n

so that the

R2+ (trtrrl'-*")'
n

noÂ 2t¡ 
R

n
1 r2

û) cr

IA"26

whi ch

by

( 10. 6o)

(10.61J

(10"62)

(10"63)

."." (10"64)

For the case of a sinple equivalent circuit in
loss is either neglected or taken into account

of extra series resistance' hIe have:-

I 2R

2R

T

T2=

n

n

,r, I

From equation (1,0"30) I^Ie have

n

n

¡.2 2

n
UJ

)n

T
n R2+fr¡ L^-'n y'

n

nnV 2R

R2+(urrrlu- 1 
¡z1

n

nornalised paraneters

nPÞttrrt" 2

(Lo+L¿) t ( 1-.osn2 )2 + 491"rr' I Do
2qT

total asynchronous
oPg1sn3

the machine must be

(10"6s)
2r

torque in
a2n+I'

T=f,
n=-r (L"+Le) I ( 1- ßsn')' *40 tsr,' I Do
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A study of (10"64) or (10"65) shows that:-
(i) the sígn of the torque is dependent only on the sign
of n and of S f = y+npCI) " The latter is always positive for

n-
positive n, i. e. for upper side bands. Thus upper side
bands always produce negative torque at all rotor speeds"
(in) For Lower sidebands, for which n is negative, the
sign of the torque must be the same as the sign of Sn.

The latter changes sign when Y+npCI=0, i.e" when

CI = -+" At lower speeds than this S - is positive sonp'n
leading to posi-tive torque whilst for CIt-+ negative torquenp
results,
(i-ii) The magnitude of the torque produced by a patticular
sj.de band is proportional to the square of the anplitude
of that side band nultiplied by the factor

S
3

n

r 1- .ts ') t * Lp's ,*\- -n , n

The latter is shown plotted in Figure 10.8 where two

curr¿es appear, one f or .0=0 and one for ,0=0 " 046 representing
the vaLue for the prototype nachine" The very significant
difference between these th/o curves apparently belies
the statement nade earlier that, in the absence of coTe J.oss,

leakage reactance nay be incorporated with the air gap

inductance. If the latter course is taken; f(0) and the
val.ue of a so obtaåned will be nodified accordingly and

n
correct results will stil1 ensue 

"

(iv) Further dj-scussion concerni-ng torque production j-n

such mach:Lnes occLrrs j-n Chapter 11. At this stage it nay be

stated that the behavíour of, one ferro-r.esonant maahine Ís
quaÏ.ítativeny sj-ntr'1ar to that of a nufiÜe¡ of síngle phase
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induction motors, having pole pair numbers p¡ 2p, 3p.. 
"

respectively, a1l" connected to one shaft. The rotor is
sub jected to rotating mmf 's of frequencies tlr-kPttt, and

-üJl-kp6r" The latter produces negative torque at aII
positive rotor speeds while the former produces positive
toïque for tror r/kV and negative torque in the induction
generator region when ,rttr/kn"

When core loss is present, the torque produced by a

particuLar sideband is proportional to the total pohler

dissi-pated at that frequency in the resistance of (R,LUand C)

in paral le I with Rc. Under these conditions it is shown

in Appendix XI that the torque becomes:-
+ï' nDa 2s s 2

r * r - n I [pr*ûr(I-¿)å I (10.66)
nH - r LoDo FI Àr,'

where A is defined after (IO.24)
n

10 " 7 Results from AnaLysis

Nunerical solutions to the set of simuLtaneous,

non Iínear aJ.gebraic equations (IO "23) and (10" 24) I^rere

sought usi-ng a minimisation plogramme [28]. The above sets
of equations nust be expressed in the forn

Fu(ar,â2,"..an,ïì1,r2,.."nn) = Q (10.67)

10.28

the programme seeks numerical values for the
and l' whi ch make

2n
L

k= I

after which
various a

n

tkt (10.68)
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A value of e=10-6 was used in obtaining the results
published in this report, which neans that absolute accur.acy

decreas es as rnr increases , with the smal 1er values of t'
and l' being the least reliab 1e. This approach I^Ias necessary
in order to keep the cost of conputing tine within reasonable
b ounds 

"

Estimated ínitial values for all "r, 
and In, are

systematically nodified by the programne until (10 ' 68) is
satísfíed or one of a number of designated terninating
sítuations is reached; so resulting in an erlor signal 

"

It proved convenient to calculate the various ãn, l' and

average asynchronous torque at a particular value of rotor
speed, then once (i0.68) had been satisfied the final values
of these variables were printed out and also used as initial
values for the next solution at an íncremented value of rotor
speed. Proceeding in this hlay a torque speed curve could
be found 

"

In general, for a set of non linear equations such as

(10"23) and (IO.24), there wiLl be more than one set of
values for the .r, and l' which wí11 constitude a solution,
although it is unlikely that all of such possible sets of
l'al-ues for the .r, and l' would Tepresent stable solutions.

A check on the relevance and accuracy of the approximate
analytical resu'lts presented in this section rnay be obtained
by comparing results given by analogue computer and numerical
solution of the systen equations with answers from (IO"23),
(1o.24j and ( 10 " 6s) 

"
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10"7"1 Ideal nachines

Typieal results are shown in Figure 10.9, in which the

fuLL line r"epresents analytical results obtained from the

solution of (10" 23) and (Io"24) followed by the use of (10"65)

A total of f ive upper''.and-'three" løw'er "sideba¡ids.'were used

j-n the caIcuJ-ation, the ampli'tudes and phase of which

appeaï in Figure 10" 10 as a function of rotor speed. Also
shown ín Figure 10"9 are the results obtained from analogue

soLution of the system equations. These ar.e a reproduction
of those in Figure 5.13 for B =2O" In addition a nunber of
isoLated points are narked to indicate results obtained by

the numerical- solution of the systern equations as discussed
j-n Chapter 6"

It has been suggested in previous'sections that,
because of the practical limitations on a number of the

system parameters, the upper side bands play an almost
insignificant part in the soLution. This is illustrated by

the dashed lines in Figure 10. 10a, which indicate the results
obtained when a solution is sought in terms of five lower
and one upper side band in addition to the fundamental" It
ean be seen that there is litt1e significant difference in
the final resuLt, compared to that obtained when three uppeT

síde bands are incorporated"
On the other hand, if a solution is sought in terms of

three upper and three lower side bands the results dispTayed
in Figures 10.11- and 10.12 are obtained"
Comparison of Figures 10 " 9 and 10 " 1 1 suggests that five
i.ower side bands lead to resul-ts closer to the analogue

solution than do three " It is reasonable to suppose that
the more lower síde bands incorporated in the solution the
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more accurate the final results.
It is well to renember however that the analytical

results obtained by the me thod discussed in this section
apply to a system whi-ch effectively has infinite mechanical
inertia, i " e, a constant speed and iS therefore artificial.

In general, the author has found that'the analytical
solution gives the position of the'right hand side of each

of the resonant peaks of the torque speed curves with
reasonable accuracy. That is, it' agrees well with the
position found fron analogue and numerical solution and

furthermore, the natch irnproves as moÌe lower side bands are
inci.uded ín the solution "

0n the other hand, the position of the peak and of the
left hand side of the resonant peak, as found by analysis,
are both extremely sensitive to the nurnber of lower side
bands included in the solution. A similar sensitivity to
sma1l changes in any of the circuit parameters htas most

notíceable when using the analogue computer to obtain the
results presented in Figures 5"11+5.16. Furthermore, as

previously noted, results from the analogue computer in the
vicinity of the peak urere ambiguous and no satisfactory
decision could be made within the period of tine available
before serious drift obscured the true results so that the
most accurate anshrers are like1y to cone fron numerical
solution.

These in turn have-proved to be ambiguous in thê regions
under discussion" They suggest that the final value of
average speed at which the machine settles is strongly
j-nfluençed by the rnechanical inertia and to s lesser extent
by the initial speed and position of the rotor. Such a
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result is not surprising, as fluctuations in speed about
the mean value must infLuence the amplitude of the various
síde bands i-n the flux waveform, and hence the va'lue of the
average torque produced at a particular average lotor speed"

In Figure 10 " 13, some, transient' speed time curves,
obtained by numeric'a1 solution of' the system equations,
j-llustrate the dependence of the final speed on the initial
speed and on the inertia. No systematic attempt has been

made by the author to investigate the effects of different
amounts of j-nerti a on sys ten perf ormance 

"

It is of interest to note in this respect, that both
methods of ínvestigating systen behaviour which take the
:rotor speed as an independent variable; viz; the phase

amplitude investigation of Chapter 9 and the analysis of
Chapter 10, lead to results which gíve re-entrant torque
speed curves, suggesting that two different stable values of
deveJ-oped torque at one particular speed may be found for a

Linited range of speeds. However, when the systen has fínite
j-nertia no such, clear cut nulti valued torque speed curve
has been found.

It jis al-so appropriate to emphasise that whí1e both
the anal-ogiie e omputer and numerical solut j-ons autoynaticatr- tr-y

j-ncl-ude the ef fects of synchronous torques, the analytical
resuLts presented, represent average asynchronous torque only"
Because of the puLsating nature of the asynchronous torque
aild the reLatively sma11 values of synchronous torque produced,
these latter components only become signífícant when the
inertia ís suff,icíently great that the perturbation about
the rotor average position due to the former, are much less
than the maximum effective synchronous torque angle of
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*arUùú II .si_ + as derived in (10.58).¿my ¿

No synchronous torques have been calculated because
it was felt that the amount of conputing tine required could
not be justífied.

LA.7 "2 Prototype rnachine

Apperidix XI I sets out the va'l,ues of the various actuaL
and norrnanised parameters of the prototype machine" A quintic
approxírration to the Â-i characterístícs has been adopted
and the cosine series for f(e) has been trsncat,ed after
six terms. Thus the exponent q in (10.1) becomes q = 5, whí1e
the upper bound, k - U ín (10"21) will be U = 6.

Some analytícaI results are presented for the motoning
region in Figure 10. i-4 f or a nurnber of dif f erent approximaticns
as detailed in the figure caption" For purposes of
ecmparison the measured results are also plotted.

In thj-s case the precise f ormulation of (10" 1.) restTicts
the possibXe rnethods of representing iron losses to tlvo, and

Irigures 10. L4 and 10. L5 each present results from both
apprCIaches " Figures 3. 4 to 3 " 6 show tlie measured average :iron
trosses as a function of speed for a particular applied voltage
vshj-.Le irigures 4"10 and 4.11 are relevant to blocked Totor
e orrditi-ons 

"

Either an average value for p2 (i.e" O.) or an increased
t'aLue for p, may be found from the experimental results shown

I-
ín Figures 3.4 to 3.6" See Appendix XII. Thus curves A B Ë C

ct- Irigure 10" 14 were obtained by putting R. = 525Q whí1e
cuvves D & H were obtaíned when R. t - and an additional- sCI

series resistance hras added to the circuit. The results
represented by these five curves required seven hours of central-
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pr,ocessor tirne on a CDC 6400 conputer; so all solutions were

pursued onJ.y untí I the general f orrn- was apparent , whi ch exp lains
the lack of completeness of the results"

It will be seen that the anal¡rtical- results obtained when

the iron losses are represented by a fixed shunt resistance'
diverge narkedly from the experirnental results in certain
definite regions" One najor factor causíng this to occur is
the behaviour of the denominator of the function shown plotted
in Figure 10.8. This partÍcular tern appears in (10.23) and

(10.24) which are solved to give the various.rr! and also in
(10.65) which gives the total average asynchronous torque.

Using the parameters of the particular nachine under
consideration it can be shown that this function (Figure 10.8)
wi l L pass through a rnaxirnum whenever the rotor speed is such

that n/y = O.2/n for upper sidebands or -L.2/n for lower
si-debands. The behaviour of the solution is such that it is
imperative to include within the generatingr solution, any

sideband which will cause such a divergence within the speed

range of ínterest"
As discussed in earJ.ier sectioRs, the eví"dence suggests

that the amplitude of the fundamental conponent of the flux
i^raveform rem"aíns sensibly constant over the speed range of
interest and that the forn of the nodulation envelope (or the
trajectories in the phase pLane) deternined by the particular
terminal conditions and rotor speed, is obtained by the build
up of sidebands of appropriate order, magnitude and phase"

If, while attenpting to find an analytical solution, a

signi.ficant sideband is not included within the generating
soLution, then experience of many such attenpts on the part
of the author indicates that the fundamental anplitude and phase
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changes significantly, which in turn influences the resultant
amplitude and phase of all of those sidebands already incl-uded
in the generating solution" The net result then often bears
iittle resernblance to the true result obtained by incJ-uding aIL
signíficant sidebands within the generating solution.

such an effect is indicated in Figures ro" lo and Lo.12
and again in Figures 10.14 and 10.15" In the latter case it
ís cl,ear that the f irst uppeÌ and sixth lower sideband wi 1r
both result in a maximurn for the function of Figure 10.8 in
the vi-cinity of n/y = O.2. These sidebands are therefore
likely to be significant at this particular rotor speed and
failure to irrclude then will lead to erroneous resurts.

A study of Figure 10.14 shows that when the first upper
sideband is included, âfl inproved match results between theor"y
and experiment in the vicinity of n/y = O.2.

The better natch obtained by adding additional series R

rather than shuna R. may be due to the fact that by doubling
p1 the magnitude of the function in Figure 10.g is reduced
to tne quarter and so becomes much less signi_ficant " Hence
the non-incLusj-on Ìn the solution of the divergent sidebands
i s p os s ib l-v not as cri tical 

"

An anaLytical solution involving f our 1ov¿er sidebands,
t.he fundamentaT and one uppeï sideband hras then sought for the
whole speed range from standstilr up to what would be the
nûrme1 synchronous speed f or a two pole rnachine i. e " soOo r. p. m"

Experimental and analytical results are both plotted for
comparj-son in Figure 10.16" consi<iering the approxírnations
j-rrvolved in representing the iron losses, the ïotoï geometry
and the B-il characteristics, the assumpti-on of inf,inite
inerti-a, and the truncated si-deband series necessitated by
having to set a limit on computational tine, the agreement is
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s ati s factory.
It seems leasonable to conclude that the theory

developed in this section covers the najor effects I{ithin
such machines.

Figure 10.17 shows the contributions to the total torque
by individual sidebands.

In addition to the normalised lotor speed scale Q/\,
each sideband scale is also shown. These results illustrate
what appears to be a fairty general approxination which may

be applied to the behaviour of these devices. That is, that
the peak torque contribution due to the nth sideband occurs

when S
n = Y+npQ = !2
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CHAPTER 1 1

Efficiency of Ferro'resonant Parametric Machines

The machines under discussion consist essential ly of a

saturating inductance subjected to an external forcing
frecluency ûJ- fron the electrical circuít and an effectíve

I
mechanical forcíng frequency d2=Pr* resulting from the

variation in rotoï reluctance as the shaft carrying p poles

rotates at o-, In general these two frequencies are
m

incomnensurate" Their interaction in the inductance

produces a series of frequency eomponents comprising integral
multiples of rl and 62, together with the sums and

diffeïences of these multiPles 
"

That such a result is ptausible may be seen by an

examination of the physicat nature of the rnachine" When the

saturating stator windings aTe fed from a sinusoidal source

of voltage at frequency t1 through a series capacitor and the

winding resistance, periodic mmf's of frequencies jof wí11

be applied to across the reluctance of the stator and rotor"

iron " The latter is a periodic function of r.otor positíon
and may be ïepresented by an expïession sinilar to that in
(4"22), except that it is also a function of flux density"
The rnodulating effect of the moving ïotor may therefore be

repïesented by forward and backward noving Fourier series
having components npum" Thus we may expect to find flux
components in "the statoï winãings having frequencies given by

jUtunpdm where fl=O,tTr+2,t3 For the sma1l values of
dampíng which are relevant to the particular problen, the flux
waveforrn though modulated, is essentíaLIy sinusoidal for a

sinusoídal appLied voltage which means that harrnonics of t1
in the flux waveforn rnay possibly be neglected. However., due



to the non linear À-i relationship, it does

the harmonics of tl in the current hlaveform

I 1 . 1 Power.frequeney re lati onships

not
are

LT "2

fol1ow that
negligible.

In a situation such as this where two or nore different
frequencies arising fron incoherent sources are mixed in a

non linear lossless reactance, certain relationships may be

established among the pohTer flows at certain frequencies, ín
teTms of the relationships among these particular frequencies.

The situation is fornally described by the Manley-Rowe

equations 12Ll, which for two frequencies take the forrn: *

ìP"' f ,ft
x

i,n
=Q

0

jor+ntl,

nP.
J t]ì

(11 1)

(11 2)

(1r 3)

(11 4)

(11 s)

,r 
j 
't 

*ntr 
2

where j and n are integers whose range depends upon the

particular system under consideration and Oj r' represents
the input pohrer associated with the component having a

frequency jtrlr+nu-r, " For this particular problern, neglecting
harmonics of the fundamental in the flux waveform, wê may

take: -

x
:J:

)

n

so that

+T'

I
n=-r

= 0r 1

= 0rtIr!2 r+" " "etc
(I1"1) and (11"2)

P-
I l'n I = o
''1*tt''

become: -

+rrI P o.n

--+
üJ.

¿

and

n=-r
0



Now Or,O equals
frequency t1 i

the po\^/er input to
so that from (11.4)

r¡-P-
|- _l- Irn]

11... "+rL ûJ-' Irû

11.3

a lossless reactance at
we have

. " (11"6)

(11"8)

P 
1 =P t, o=ñI

which for this païticul-ar problem does not include any losses

in the stator winding resistance at frequency ÛJ1.

If we define

. (i1" 7)

th en
+1.
v

n=-Ï

where ûi lrt Lr.) +ntil
2

Pz

Pz

+T

= r Ioo-n]
n=-T

tl

i.
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The essential nature of the relationship expressed
by ( 11 " 6) and ( 11 " 8) rnay be brought out by exarnining
the situation which occurs when only one particular side
band is present " In which case (11 " 6) and (11.8) give: -

PzIP tt4
ûJ-rrIl,1

where üJ

nlù

ui +nûjlrn I 2

2

(11 e)

(1r."11)

and Pr+P2*Pl,r, i 0, with the direction of positíve pohrer

flow defined as into the lossless reactance.

LI.2 Torque production

Each term of (11"9) has the dímensions of torque and

sinc" P2 Tepresents the poh/er into the reactance from the
shaft at frequency 

^2 = pom and hence also represents the
pohier ínput at shaft frequency ,,n we can define a shaft
torque in the direction of o,n as

-P2 -pPZ
T (11"10)

(¡ (¡
2m

SO

nth
that the contríbution to
sideband becomes, from

npP.
T 1rD
I- n ô-T,D

the total output torque by the
(11"10) and (11.e):-

Here, Plr. Tepresents the pob/er flow into the reactance at
frequenol ,1,rr, but since the only source of voltage at this
frequency is within the reactance itself, as discussed in
Section 10.4, this pohrer f low rnust in practice lrepresent the



power dissipated in the circuit at frequency tl,r,
i"e" P. into the inductance must be negative.

rrf,
Dropping the double subscript notation in (11 " 11),

which can be done without danger of confusion, provided
harnonics of f requency û.!l are negligible, ü/e nay write

-nnP,Sn

11"5

circui t at

(11"12)T
n

where P

the nth

(¡
n

sn represents the pohler dissipated in the
sideband frequency *r, = rl*nt2 = rl+nPôm

Equation (II " 12) has previous 1y been presented as ( 10. 59)

in section 10.6. 1"3, together with a discussion which

covers a number of aspects of torque production in such

païametric nachines . The overal l pattern of poureT f l-ow and

torque production as expressed by (11 " 6) and (fl " 8) nay be

illustrated by means of the nechanical analogy shown in
Figure 1 I . l, where each differential Tepresents the mechanical

equivalent of (11 " 9) [30] .

The oríginal developrnent of the Manley-Rowe relationships
applied only to frequencies which ìdere incommensurate 12Il,
however it has since been shown that the relations remaín

valid provided the various frequeneies involved, originate
from incoherent sources even although their average values
nay be commensurate [ 1 ].

The forrner situation leads to a rather more useful
result because in this case the various ,l r, nust be

incommensurate both among themselves and with respect to
,l and 62, from which it f o11ows 'that 'the various Or,, can

represent energy dissipated in the circuit resistance at
üJ, _ on1y, as previously discussed"I,D
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When the relationships are extended to include generators
which aïe merely incoherent the possibility arises that some

of the various rl,r may assume the sane average value as

,I,r2 or nultiples thereof" (Here it is apposite to note
that in practical machines the running integer j as used

ín equations (1f. I) to (1 1.5) wilf not be lestricted to
0rl" Higher values wiIl be present so leading to a three
dimensional stack of differentials similar to those of
Figure 11.1" However, as has been stated a number of tines
alteady in this report, harmonícs of tl have been ignored
in order to keep the discussion and analysis within bounds).

lL "2.I Synchronous torques

Thus at particular rotor speeds it will not be possible
to assert that the only source of voltage at a particular
frequency û)1 - , is within the non linear inductance' and

L rl'
hence it does not fo11ow that the Or,r assocíated u/ith it is
represented entirely by power dissipated at ,lr, in the
circuit resistance. While equations (11 " 6) and (11 " 8) and

the mechanícal analogy of Figure 11.1 remain valid under
these ciTcumstances, they do not provide simple ansï{ers for
the value of the resultant synchronous torques, and Tecourse

must be made to the nethods of Sectíon 10"6 "I"2.

11 " 3 Efficiency

The conversion effici'ency in the lossless reactance,
in this case the stator winding inductance, must be given by:-
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from which it ís clear that, whilst operating in the motor
region, the presence of upper side bands for which n is
positive, lowers the efficiency.

As the magnitude of ar'y side band is related to the
closeness of its frequency to the systern natural frequency,
the larger the value of y, then the further from resonance
will be all of the upper side band components and hence the
smal 1er their magnitudes .

11"3. I 0peratíng efficiency

overall efficiency of the machine is affected by losses
at supply frequency in the stator resistance as well as by
core losses 

"

Sorne estinate of the maxímum practical overall efficiency
may be made by taking into account the various practical
factors which have energed throughout the couïse of this
report 

"

Thus the practical range for .( appears to be 3<y<4
so that the stator circuit ínpedance is relatively high for
a1 1 upper side bands which nay therefore be neglected 

"

Hence the coilversion efficiency becomes:-

n I n

(.ü

(11 13)

(1r " 14)
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The speed torque curves comprise a series of resonant
peaks which occur as each lower side band in turn passes
through. the natu?a1 frequency, yN=rN/ro, of the systen
under the combined effect of ul, and trl, or y and e, with
the kth peak occurring when Or,_t/rf,_t is a rnaximum.

Under practical operating conditions, ,N lies in the
vicinity of ,^o, so that resonance occuïs very approx-
inately when

tri- -kpr¡ = 2umo
(¡

1, -k

i"e" when

m

or when

(¡:

2

" . (11" ls)

(11.16)

I
Y

kp

The essentía1 behaviour may be underlíned by. noting that at
the kth torque peak, the kth lower side band pr'edominates
in the solution" In whích case¡ we have from (11 " i4) and
(11"1s) \

t¿t

kot¡ 2w
o

1
¿rJ

1

n ,1 r-2
Y
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which is independent of k and furthermor-e ít increases with
increasing y. This represents an approxinate expression for
the efficiency of conversion of energy in the airgap inductance
of the nachine, at speeds in the vicinity of a torque peak.
A further reduction in eff,iciency occurs due to the losses at
,1 ín the stator windíng resistance. A very :rough estinate
of this can be made by noting that at the torque peaks under
practically acceptable operating conditions, the arnplítude of
the sideband approximates that of the fundanental.

1.e

but û) sn

so that

and V
sn

AIso I

f, sÀ
SN

v2u at
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SN

/o 1
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f¿'1 R
1

and
r 2R 16

SN

This veïy rough estimate shows that the pol^Ier lost in

the statol resistance at fundamental f'requency is of the older

of 6% of that dissipated at the sideband resonant frequency.

Thus the overall effíciency will be given approximately by

L-2
ri P "...(11"17)

Thu:c for this class of machine it seems likely that
the upper bound to effíciency eorresponding to Y in the

range 3<y<4 will be O.32<¡<0.48.
When the effect of coreloss is included actual operating

efficiency wi 11 be lower sti11.
It is of in,terest to compare the rotor conversion

efficiency of parametric rnachines with the lotor effíciency of

a squirrel cage induction nachine, which is also a brushless

asynchronous devi ce.

The ïotolr efficíency of a p-pole polyphase induction
motor or a single phase induction motor" in which the backward

component of nrnf is neglected (which cor.responds to neglecting
the uppeï sídebands in paÏametric machines) is given by;
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n 1-S m (11.18)
R

1

whiuh is shown plotted in Figure IL"2 as a function of

On the other hand we see fron (11.16) that the

parametric nachine tends to behave as a rnachine having a

variable nurnber of poles and which, as the kth side band

passes through r.esonance and dominates the solution, behaves

as a 2kp pole machine, by which ís meant, that the conversion
efficiency associated with the kth lower side band at a

particular ïotoï speed is k times that for a p-pole par.ametric
machíne and 2k tines that for a p-pole induction nachine.
Thus the inevitable fa11 off with decreasing speed, in r.otoT

conversion efficiency associated with a paÌticular side band,

as implied by (11.9), is offset by the increasing values of
k in (11"16). Upper bounds to the rotor conversion efficiency
aïe shown in Figure lL"2 for a number of lower side bands

on the assumption that only one is present in the solution at
any païticular rotor speed. These suggest that parametric
nachines night be moïe efficient than conventional induction
rnachines having the same nurnber of poles, only at very low

speeds, where nornally the latter are not expected to operate"
The discussion in this section has centred about some

gïoss simplifications, which have been invoked only to
bring out the essential behaviour of the machine, consequently
it must be taken as qualitative only"
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CHAPTER. L2

Stability

It has been shown in previous sections that the behavíour
of a particular machine of the type under discussion in this
Teport, may be represented with Teasonable accuracy by the pair
of non-linear equatíons (4.38) and (4.39) reproduced here
for conr¿enience as (I2.L) and (L2.2) respectively"

T F' [e) ú
(q* 1)

m

Jru2
I

2

o
(q+ 1) L D

o

+
lG:0+ ñ u

o

- Bs j,n Yr+ ß 2p giJ.r'*(1+4p

+ (1+2p

rp2)ü, 
* 2(Qt

¿#lF(o)üq
dT¿

(r2 i)

(r2 2)

(r2 3)

'¿

q-l(^)J
oo

+p ) ü* rl.,
2 2

d
1ãT

+

0R: -

+

if iron losses can be negl-ected and the leakage inductance
incorporated w j-th the variab 1e inductance 

"

If so desired for purposes of analysis these may be

reduced to a set of fírst order nonLLinear equations,
Lhus : -

-Bsiny'r+P = ù ¡i+zp$1 (V*F(e)üq)
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stability of the solutions thus found. Analytical ¡nethods

available for this purpose are far fron straight forward
in the case of non-1inear, non-autonomous differential
equatíons" Thus before an analytical approach is made, it ís
helpful to look at the expected physical behavíour of the
rnachine under certain limiting conditions.

L2"I Steady state solutions wÍth relatively
larqe load inertia

When the total load
fluctuations in the rotor
become insignificant,
alnost trivial, becau

inertia is sufficiently large that
speed about the average value Qo,

the solution to (I2"I) becomes

=+ O and ð s"ttles at that values for
th en

se e

which the average electromãgnetic torque just balances the
mechanical torque applied to the nachine from all sources"

A typical situation is depicted in Figure I2'.I, in which

curve I shpws the value of the total nechanical torque from

aLL sources opposing the direction of rnotion, while the
hypothetical curve 2 shows the total electromagnetic torque
developed by the machine, plotted as a function of speed

for a given set of input conditions. This latter characteristic
íncludes both asynqhronous and synchronous torque conponents"

It is clear that stable operation as a result of
asynchronous torque alone can occur at speeds corresponding
to points A and D, whereas B represents an unstable position,
because any smal1 dísplacemen't in speed aw.ay from B results in
a nett toÏque which tends to increase the initíal displacement.
Stable operation is possibLe at speeds cortesponding to points
C and E where both asynchronous and"synchronous torques combine

to provide the total required electrornagnetic torque. At E the
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synehronous toïque is positive i"e. it ís directed in the
direction of rotation.

Any small disturbance whích tends to slor^/ the rotor will
thus result in an increased positive synchronous torque, so

tending to restore the rotor position as díscussed in
Section IO "6 "L"2. Too great a dísturbance however will result
ín a loss of synchronisni'and'the speed would fa11 to that
corresponding to poi-nt D" Sinilarly any disturbance tending
to advance the rotor position wi11, if sufficiently Iarge, shi-ft
the operating point from. C to D" Clearly, initíal conditions
will determine whích ot- the foul possíb1e stable operating
points is assumed"

0ne further possibility arises if curve 2 is obtained by

the solution c¡f (12.2) or (L2.3) on the assumption that ð i"
an independenc variable" That is, that the solution so

obtaíned rnay not be a stable solution in the sense that it nay

not exist in practice. Such a possibí tity should be invest-
i gated 

"

12.2 Solutions when the load has finite inertia

In practice, the aLternate trains of positive and negative
electromagnetíc tor'que pulses do cause signifrcant fluctuations
ín rotoï speed about the mean l'alue Oo. The nagnitude of these
f l"uetuations wir 1 be dependent upon the slope at the operating
point of curve f .in Figure L2"'I. Thus the solution Vo will be

influenced by both the sy'stem inertia and the meshanical
torque-speed charracteristic so that curve 2 wr11 not be unique
f or a particul"ar set of electrical: círcuit paralneters 

"

FurtheTmore, stable operatíon in the synchronous mode may

be inpossibre at qertain speeds because the natural hunting
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frequency in thís mode nay bear a sinple harnonic relationship
to the frequency of the asynchronous torque pulses.

Instances of the fact that different load inertias may

Iead to the machine assuming different steady .state þperating
speeds for sinilar mechanícaI load'conditíons are shown in
Figures 10 " 9 and 10 " 15. The latter shows ttÀro speed tíne
trajectories, both starting fron.the same initial state of
the system but corresponding to two different total inertias
leading to the thro dif f erent s ett ling points rnarked on

Figure 10.9 .

It is clear that any.anal¡ztical approach:designed to
investigate the behaviour of the system in the vicinity of its
operatlng points must encompass a.l1 of the above phenomena.

Such an analysis is likely to be tedious, and also in view of
the linitations on efficiency of .these devi,ces and the
approxinate nature of analytical solutions to'the system
equations, rather acadenic.

In the fol Iowing sub-sections sone pos.sible approaches
to the problen are presented"

L2"3 Investi ation of the stabilit of a solution

A nurnber of different'definitíons of stability are possible
[36] but in what f ollows it wi 11 be assumed that r^¡e are
concerned to deternine under what conditions the system wí11
Teturn to a previously existing state or linit cycle following
a small disturbânce. Both the nature and the.extent of the
disturbance will influence the result.
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12 .6

.".(r2"7)

Writ.ing the set of equations , (I2,'4) and (L2"5) in
the form

r Ix) (12 " 6)

where x is a vector¡ we see that:,there can'be no solution
X = Q unless S = 0. It ís convenient however for purposes of
analysis to have the origin coincide with a s,olution. Thus if
we a1low the systen to start fron some initial state [x]ou[Ë]o

. displaced by the sna1l arnount IE] o frorn the solution of interest
then the subsequent behaviour exptessed as ¡(+{ nust satisífy
the equations (I2.4) and (12.5) as the case nay be. Taking
the latter set, I4rith q = 3 f or sínplicity, r,ùe f ind that: -

x=

Fl'(x )E X h+4F'(X tE
I 1 5 )x

1 3 3
E2

G

fü)
o ,4L Jtll 2D

ooo

F
J 4

- (r+ rr# ) [F' (xr)x¡'Er*(r*¡r(xt) xs')8,
4

5
0

which Tepresents a set of first order linear equations with
tine dependent coefficients 

"
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Unfor'tunately the tíme dependent coefficients are not
periodic but only aLmost periodíc so that the usual nethods,
based on Floquetrs Theory, do not apply [4i]. The problen
is discussed but not resolved in references 4,5 and 26 "

It is possj-ble that a sui.table Liapunov furrction
might be found [36] but when:it is recalled that üo contaj.ns
a seríes of top and'bottom side bands and that CI" complises
an averâge value õo plus periodie oscillation about the average
at frequencies np0o it r,ii11 be realised that the total
solution has a Iarge number of degrees ot- freedon" Thus any

Liapunov Function v,¡ou1d' need to take thi s into account if result
of any signifícance are t"o be expected.

trn the cåse rvhere f¿ is an Í.ndependent variable, i.e. the
system inertia is very large, the set of equations 12.7 reduce
to

JE
E 4

4

1.e

which nay be

r;

Thi-s inay be

by putting: ^

L d- (t*zpai ) (1o3F (o),J,o2) E3

2p (I+5F (0) úo' ),;"Ç (I+2 )(1*3F(0)t|J ,)[* d
tdt 0

o

(12 8)

written as: -

* p(t)Ê r q(t)E -= Q

tes ted for' s tabi 1í ty by
:""(12'e)

Liapunovrs Direct nethod
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F=çt3 t4

and E4 = -q(t) Ë3-p ( t)€z

and using the function [15]:-

v = Ë3'z"qåry 842

provided 0 o et \< q (t) o 92 (12. 10)

After diff erentiation and some sinplif ication r^re f ind that:

V ) Eo' (12 " tt)

Th en i f q,* ZPq

q'

If we represent

q(t) =

V is negatíve semi*definite.> e > 0;

(1+3F(e)q,o2)

x+zpi and

as x, then

p (t) 2px.

Thus provided the inequality (12.10)
q+Zpq>O the solution will be stable i. e,

holds and that
it will be stable íf

x+2px > 0
(r2 " 12)

and 1+ (4px+ 1

ñ ) i+zx2 >0

Inequalities (I2"12) do not appear to l"end thenselves to
general statements about x which indicate stabilíty or
otherr¿ise 

"
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An alternative approach rnay be taken when dealing with
(I2.9) by making the substitution l4'261

( ."-+Itov (t) dt (t2 . rs)

(1.2 " L4)

(12.ls)

so that (i2.9) becomes: -

Ê+ (q (t) -4p(r) -?put) a 0

oï, Ë + (x+px-p2*2)e o

where x = l+3F(0)!j 2

o

Equation (12"14) is now in the standard form of a Hí11's

equation but, as mentioned abol"e the coefficient of e is
not, in general, periodic" If the solution üo is represented
by the side band series in Appendix vTIIa and the rotor
geometï'y is represented by the series (VIII"5) in Appendix VIIIb
it is ã relatlvely sinple matter to show that the value of
x = l+5F (0) üot wi 1 1 be given by:

1+
+1"
ï

K=-r

+T"
\"

1,= - f "K 
tLdt

u
I

m=O

3
î

+

+

+

cos ( K- J¿- m) 2flt +lK- Ì1.{,* ô,

cos2 (Y*f¿(K+.Q,+n) ) r*rtK*l[*ð,n

cos (K - l,- rr) 2 f)r + I f 
* t,Q.- ð*

cos 2 (Y*CI ( K+X-m)Tt+n*+r1- O
m
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Only when y and Q bear ån integral relationship, will the

function be periodic" If this is so then the standard method

of analysis using Floquetis theory nay be applied and the

s t ab i- 1i ty as cert a j- ne d 
"

L2,3"2 Investieating the tTansient behaviour
of a solution

The methods discussed in the previous secti on suggest

that âny investígation of the stability is likely to be both
difficulr and tedious and furtheraore will require a knowLedge

of the solution" An alternative approach, sinilar to that
used in Section 8 for the bi.ocked rotor transient behaviour may

be adopted. In order to illustrate the method a solution
to (I2 " 3) r.^ri 11 be sought on thc assumption that the speed is
an independent variable.

The solution wi 1tr be assumed to take the f orrn

bS

r
=T(

nr*.- Ï
d cos S 1' s inS r)

n

(r-s ') -zps a
n nn

....(r2"J.6)
n n n

where a_- and b- are both slowly varying functions ofnn
Application of rhe method used in Section 10 or use

principle of hannoníc balance leads to the following
first order equations, after assumptions similar to
Secti-on 8 are made:-

time.
of the

s et of'

thos e irr

; = B
n

cos ß -bn n n

d*Àrt
-uJ_-

)8 *lo

AK*rrs inffi-A- K*rrt inffi
- B-- cosõ1]ã- B -" cosðlã-- K+n K n -K+n K n

2S
n

+

" (L2 . 17)
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2S

+

where a1i. B 0 for n f O;
n

A-" cosö]F*À cosFK+n K n -K+n K n

* BK*r,, inõffi- B 
- K*r,t inffÇ

b B sinB -2oS b +a f1-S 2)
n n n n n- nnn

u'u" 
I

u
Z

K=O

3

8

(12.18)

tan g = 2ps
n n

A
n

1n4p2s 2

n

and the A and B arise as coefficients of the fundamental cosine
and sine terrns respectively i-n S', where S is given by (12.16).

Equations (12"L7) and (12.18) are essentially identrcal
on the R,H"S" w.j.th (10"23) and (IO.24) except that the latter
pair include the effect c'f iron loss and are written in terms
of amplitude and phase parameters rather than two anplitude
components" Thus j-n (I2.LT) and (12"18), r' and b. correspond
to a_cosrì_ and a sin¡ respectively in (LO"23) and (I0" 24) 

"nnn'n
A solutron to (I2"17) and (12.18) will correspond to

;- - Ë.- = Q" We can examine the behaviour in the vicinity ofnn
such a steady state solution by studying the incremental
equations as in the previous section. Thus íf a particular
set of values ("r, .br, ) compri se a solution to these equations,
and we dísp l-ace tfiá rf r ten by an j-ncremental anount, we may

represent the subsequent solution by ^r, 
+qn (t) , br, +e 

,, 
(t)

ooso that we have:



2SEn-n
n
\"

n
e =X

ð (RHS of12. L7)
ab

A (RHSof12. 18)
âb

T2"12

I "... (12" ls)

I ..""(r2"2o)

I(--n +

q +

¿
n

C
n

n n

2S
nnn

n n

Equations (12.19) and (L2".2O) nor^r conprise a set of first
order linear equations with constant coefficients; so that
the standard rrrethods of investigation appropriate to such
equations, may be invoked.

The foregoing comments serve to indicate some possible
approaches to the problen of determining the stability of
solutions to the systen equations, These approaches have not
been followed up in this report however, for reasons suggested
in Section 12,2 

"
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CHAPTER. 13

Further work

In the preceding sections of this report some of the
i.nherent characterístics of a particular class of energy
transducers have been investigated" The indications are that
such devices are unlikely to be of corìmercial interest as

eertaÍn disadvantages have emerged. It is the purpose of this
chapter to indicate very briefly, possible practical methods
of inprovíng the performance as well as to indicate further
ai¡enues of theoreti cai. analysis and practical development.

13" I Practical development

Some of the more serious disadvantages are:-
(i) more or l ess severe line current nodulation,

increasS-ng with load
(ii) presence of higher harmonics in the line

current
(iii) pulsating negative and positive torque pulses
(iv) unsati.sfactory shape of torque-speed curve
(v) apparently have an inherently low efficiency
(vi) non self starting

Befor"e discussing possi-ble ways of either removing cr
improving these characteristics a rough analogy will be
drawn between these machines and th¡o-s troke i-nternal
combus ti on engines .

Each develops alternate positive and negative torque
pulses, i.e. there is a compression and a firing stroke, with
firing corresponding to the initiation of the junp" Increasíng
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supply voltage has an effect akin to advancing the spark,
with both machines capable of going into an oscillatory mode

instead of ïctatitg, íf this process in overdone.

With thj-s analogy in nind it is not surprising that the

remedies for sorre of the disadvantages ( (i) - (vi) ) above wi 11

be anaiogous to tho,se employed for internal cornbustion engines 
"

Thus a "two cylinder" machine with rotors 180' out of
phase, with the stators fed in para1le1 will reduce the total
line current mo<JuIation and decrease the torque pulsations 

"

However curïent harrnonics will sti1l be present; so a "síx
cylindeT" nachine connected as shown in Figure 13.1 will a1low

nuch of the harmonic current to circulate within the delta.
Suitable acljustment of the relati.ve rotor positions will reduce

the torque pulsations stil1 further.
Figure I3"2 shows galvanometer recordings of the

instantaneous curr'ent waveforrn at three different positions in
che circuit for different load conditions. It is clear that
the nodulation and harmonic content of the line current ís
significantly Iess than fol individual stator windings.

Such a machine configuration also allows for the
possibility of improving the shape of the torque speed curve

by using different values of capacity with each stator" winding"
Figure 13"3 shows the result of adding two of the measured

tcrque speed curves of the prototype rnachine.

Flate L3.1 shows a picture of aTt experirnental "srx
cylinder" machine, which is essenti-a11y a 1j-near machine having
a "rotor" of the form of that shown in Figure 15 of Appendix I,
but bent into a continuous circle for convenience. Five of
the stator coils and associated magnetic circuits can be mo',/ed
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cir- cunfeTential 1y with respect to each other.
For this particular configuration, (vi) above requires

an affirmative ansr^/er to the question: "Is it possible to so

position the six stator coils that there is always a nett
positíve torque in one directíon at standstill, for aII
armature positions ?"

The use of sintered ferrite core naterial night solve
the dífficult problern of constructing compact "multicylinder'r
machines of laninated material while distributed polyphasæ

stator windings offer further possibi lities.

13"1.1 Power sprinss

Perhaps the most pronising use for a machine utilising the
principles under investigation is to provide a return spring
mechanism whích has a poh,er gain. Such a device is shown

schenatically in Figure 2.2(d), The work done by the spring
and armature as the spring expands, exceeds the work done in
compressing the spring. A possible use would be in the
weaving industry as a shuttle drive" However, all such linear
devices suffer from the problem of alignnent, because the
transverse rnagnetic forces can very easily exceed the useful
longitudional components .

PIate 2 shows a rotary version of a lossless spring,
which uses a conventional I no"repower induction motor frame

and laminations, shaped as shown in Figure 2"2(b), as the
armature to sustain repeated oscillations of 1 kgn over a

vertical height of about 2 metres,

I3"2 Theoreti-ca1 development

The theoretical analysis presented
been concerned with the most elenentary

in this report
forrn that such

has

machines
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can assume. However, a nurnber of interesting and perhaps

fruitful possibilities exist for further developnent. Sorne

are discussed briefly be1ow.

L3.2 "l Additional cou led circuits

The anatysis so far presented has shown that a paxticular
sideband component of the flux linkages associated with the

circuit approaches resonance and hence tends to predoninate in
the solution, whenever the particular sideband frequency

approaches the effective natural frequency of the circuit under

these conditions of double excitation. The torque which results
hras shown to depend upon the energy dissipated at the

particular sideband frequency; i.e" it depends upon the

inpedance of the circuit external to the tine var"ying inductance

Thus the thro processes are to a certain extent independent; so

that provision of additional coupled circuits of selected
inpedances may enable the relatively sinple behav¡iour of the

devices so far discussed, to be ¡nodified in a useful nanner.

13"2"2 Three phase stator suPPlY

The analytical problem involved would be difficult; so

that it night best be investigated as a two phase supply
(unbalanced four phase) . I t offers the Possibi lity of starting
torque.

I3.2"3 TopologY

Nothing has been said in this report about the oPtinun
shape of such a nachine for a given pulpose nor about the

assigning of a goodness factor [2O]. It is a sinple matter to
show however, that for a given shape of.machine, flux density
and y that: -
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V VoTune
constant

and furthermore that f or a -given saturation f actor

o¿
2

(13 1)

D " . . (r3.2)

available is proportional to the supply frequency'
the conditions of (15.1).

f
V )(

o

Power

under
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I4. Conclusions

This report is concerned with the presentation and

interpretation of some experimentally determined character-
istics of one particular example of a class of electro-
mechanical energy convertors, which depend for their action
upon the behaviour of a series RLC circuit in which the
inductance is both time and current dependent (in this case

the stator winding inductance) 
"

These results show that it is possible to construct
a single phase machine, having neither electrical connections
to, nor ï/indings on the rotor, which is capable of operating
over certain speed ranges as either a motor or a generator"

Furthernore, these experinental results indicate that
such sirnple machines suffer fron a number of practical
di s advant ages , the mos t s igni fi cant of whi ch are : -

(i) more or Iess severe line current nodulation,
increasing with load"

(ii) presence of a higher harmonies in the line current
(iii) pulsating negative and positive torque pulses
(iv) unsatisfactory shape of torque-speed curve
(v) apparently have an inherently low efficiency
(vi) not self starting

Díscussion in Section 13 deats with possible nethods of
reducing disadvantages (i)-(iv) 'by suitable combinations of
tr^?o or more elementary machines, while Section 11 presents an

analysis and a discussion on the efficiency of such machines 
"

This discussion indicates that an up'per limit to the efficiency
at any speed whilst operating as a rnotor is likely to be of
the order of SOeo "
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Item (vi) above has not been resolved
0n the other hand such rnachines do possess characteristics

whi ch may be desirab 1e under certain conditions.
For
(i)

(ií

exarnple:
simpler construction than a squirrel cage induction

. machine

) may operate over a range of speeds (cleterrnined by

the intersection of the load and nachine torque/
speed characteristic)

(iii) whilst the maximum efficiency at any speed is
unlikely to exceed 50% as discussed in Section 11,

i t is also shown that whi 1e these machines are sti 1 I
subject to the principle that conversion efficiency
equals 1-s1ip, their effective pole nurnber increases
with decreasing speed; so tending to maintain con-

version efficiency as the speed fa1ls 
"

(iv) operating speed may be influenced by the supply
voltage, series capacity or series resistance.

Perhaps the most remarkable feature of the experimental
results is the shape of the torque speed curves, which resemble

a series of skewed resonance cur.ves; so the maj ority of this
report is concerned with presenting both a physical explanation
and an approximate analysis of the essential behaviour of
this class of machines 

"

Thus, a mathematical model of the machine has been

pïoposed and used to simulate the prototype machine on an

analogue computer'. Conparison of the results from the latter
with the experimental data shows that the rnodel behaves

quaLi tative J-y as the original but that there are certain
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it appear.s that the mor.e sidebands incorporated within the

solution the nearer the final result appr'oaches that obtained

frorn analogue or numerical methods except for certain regions

where the system inertia is critical "

The analytical solution rnerely ïepresents a possible

solution to the system equations when the inertia is sufficientl
great that rhe speed may be regarded as an independent variable"
I t also fai Is to ïepresent adequaLely the iron losses.

Nevertheless good agteement results on the negative slope porLio

of the speed tolque curves both for the prototype machine and

for the idealised rnachines " On the other hand much uncertainty
exists cûncerning the position of the posítiue slole poltion of

these cuïves and of the peaks" lt is clear from the results Lha

these are sensitive to syStem inertia but no sysLematic

investigation \^?as undertaken on this point because: -

(a) the resuits in
linit of reasonable
long settling tine.
to linit cyqles 

"

(b) the unsarisfactoïiness of the numeyLcal methocl without
a graphics terminal

(c) the analylical solution would have been quíte unwieidy if
speed l-Luctuations had been a1lcwed" Even with this r'estrictíol
conputational Líme is prohibít ive.

The agreenent between rhe various methods of solution and

between the analytical and experimental results for the

pïorotype suggests that the marhematical model and the

associated analyses of the characteristics of this mociel do

lepresent substantia-I1y the essential behaviour of such

these ïegions were unobtainable within ihe

a'nalrogue computer accuracy because of the

i"e" timiL cycles rr'eae rhemselves subjected
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machínes and rnay be used as a basis for establishing design
cri teri a 

"
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II(a) Sone details and specifications of the
analogue computer

The elenents available conpríse:*

28 Buffers
16 Integrators
4 Adders
I Diode Function Generator

1O Servo-multipliers
4 Electronic nultipliers 

"

Signal. anplitude is restricted to the range 1100 volts, and

the basic amplifiers used in aLl- elements have an output noise
level of < SnVp-p.

Integrater gain nay be varied in decade steps from I to
1000. I r4] .

Multigang potentiometers are available for the servo-
nultipliers, the phase lag of which becomes >.08 degrees above
1.0 cycle per second 127'1 .

The electronic multipliers had been buí1t originally as 1

student project to a design supplied by the lVeapons Research
Establishnent, Salsbury, South AustraLía" However, the de-qign

is such that is is extrenely difficult to naintain then within
the cpecified limits of 1.01% ovex at1 four quadrants l27l;
so that the servo nultipliers ü/ere used for preference whenever
the time scale pernitted"



A2

rr(b) Generation of f'(0) and f(0)

Implementation of equations (5. 1) to (5.4) on an analogue

computer requires the fornulation of both f(0) and

f'(0) = d(f(e) )/d0. The former can be developed from the
latter by integration as follows: -

I'%t $fiu,f '(0)d(e) df(e) f (0) (rr.1)

Since dO/ð,t=O ir availabte in the problen set up, it is
only necessary to nultipfy f'(e) by 0 and integrate with
respect to tine, whilst making provísion for the correct
initial condition. Now 0 is a dependent variable represent-
ing the angular position of the rotor, is continuous and

increases indefinitely with time, but nust be represented by

a voltage which must not exceed 100. The problem can be

overcomç by reversing ð after every one half pole pitch as

suggested in Figure 5"4, to give a periodic function of e

which nay then be applied to a diode function generator
representation of f'(0) over ône half of one pole pitch"
By reversing the sign of the output from the function
generator, simultaneously with the reversal of ð, the
correct forn of f'(0) results. By this means, 0 can be

kept within bounds and furthermorg due to the synnetTy of
f(0), the number of break-points available to forrn the
approximation to f'(0) is effectively doubled"

Details of the block diagram, electronic switch and

conpensating circuit are shown in Figure A, I I .1 " The Iatter
circuit which maintains the average value of f(0) constant
at all operating speeds, is required because of the effect
finite operating tine of the change over relay.
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II (c) Analogue conputer. scaling factors

In general, the anptitude scaling factors used in
different portions of the analogue circuit were changed

as circuit parameters' I^/ere changed. The aim 'at al I times
bei.ng to keep the peak signal at any point in the network
as close to t 100 volts as possible. Tabulation of these
scale factors for the nunerous circuits and conditions
serves no useful purpose.

Tine s cale f actors r^rere determined by the servo
nultiplier response. In the circuits of Figures 5. 1 and

5.2 the wiper arms had to follow À, whereas in the circuits
of 5.9 and 5"10 they had to follow the rather nore slowly
varying f (0). At 750 r.p.m., for a thro pole machine, the
second harmonic component of f(0) has the same frequency as

the supply voltage and hence the same as the fundarnental
conponent of À.

Tine scale factors of 100 and 20, respectively, hlere

used in the two different simulations.
Typical values for the variables in Figures 5.9 and

5.10 hrere:-

3i; so).,

so leading to the following equations

80
0 and 80Oe

TI
t

(sor) 2.5 udt - (3í) dr -5R3 1m (rr 2)

3
s0L

o

(3¿) ((soÀ) +
(ggÀ)'f (r) )

(3i) dr

. (rr.3)



^4

..Er
e) = - jt ( 80

T
e) (soÀ) 4 f '(o)

25JL x1O 6
o

(rr 4)
and ( 800

which in turn lead to the block diagrans shown in
Figures 5.9 and 5. 10.
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III (a) Average torque under gine fl-ux conditions

Caleulation of the average torque under blocked rotor
and sine-flux conditions requires the evaluation of:-

ÏT fr (0)^ (zn+ z)
I n ( zn+ z)T=ave

Y (zn+27

+2)L'o
(ot) d (r¡t )s1n

h
x

n=0

I"tt" 
(2n+2) (o) ¿o

(2n1ï
o

In particular, the evaluation ís required of:-

n2
c o s ctdo¿

lTt l2n+tlI s1n 0 sIn- 'cxdd
Jo

cos o¿ rin( 2n+r'.þ".f.,r".r) sin2

(2n+ tl ln C, in2to- s in (2n+2) a¡ ao
Jo

1T

o

]-
2n+I

o1

In this case N is even; so that

N-l N-5 3 L-T-'ñ7""""T'Z
1ï

o

N=I N=3T'É""'

arr=-lt t (2n+Z) 2n+2 '2n

etcN-l N-1 N-3
.¡N N 'N-2 N 'N-2'N-4

51
--Í4" 2'"

dctvN



and

T ave

then the rms

current must

f, le)^n-
(2n+ 2) L 

o

value of
be given

"2n+I.2n-L.....3ÑT T

A6

(rrr.r)

(2n+2)

1.e ft (e)^ (2n+ 2)

T
n (2n+1) !

ave
2 2 (n+ 1) ((n+1)!)2

I II (b) Fundarnental component of current under
sine-f1ux conditions.

f (2n+1)
n

(0) À

When ¿

and À

^ 
sin üJt

1

z
h-x

n=o

L

h
-E

n=0

h
-L

n=o

o

L
o

the fundanental component of the
by: -

I
¡Tl hfr

J orr=o

r'll hlr
J orr=o

,E
lTf

o

fn(e)À(zn*1),in ôtd (ûrt)

(2n+1) (2n+ 2)s]-n t¡t d (ûrt )

f
o

q-v- f rel11n'

which, fron the developnent in IIi (a) becomes

(e) /\ (2n+1),
(2n+ 2) !

h
-F-L

n=o
L

o

I f ,Et
n

2z(n+1)¡¡n+1)!)2
(rrr "2)
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RMS component of current under sine-f1ux conditions

The mean square value of the cutrent must be given by: -

(2n+1)
I 2a (urt)

III(c)

tTt hf tx
J o n=o

!
fi

Now if we represent the pol^Ier series: -

(1+a Lx*a2x2*arx3

1+Ar**42x2+Arx3by

)"

wi th a = f fe)n n- then: -

2f (e)A n

so that i2 becomes: -

2h

{"tro2 (o) + x- (2fo(e)fn(e)
n=l

n

n- 1

.=1, fj (e) " fn_j (e) ) r2tl
J=l

,*' = #,l"tr"'(e)rin2r¡t 
."il ero(0)rn(0)

o

which, for f, = Âsint¡t gives:-

(t¡t)ld(r¡t)2n+2s]-n2¡
^



L2 -fo2 (e)
= 

-^ 
I 

-

L" 2
o

2h
+I

n=1

^ 2 (n+ 1)

(2fo(e)fn(o)

A8

(rrr"3)2n (2n+2) I
l

2 ((n+1)t)'
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III (d) Equivalent linear inductance

When dealing with currents which are periodic
functions of time, in a circuit eLement which has a known

but non-linear À-i relationship, âr equivalent linear
inductance ¡nay be defined fron the following relationship:-

Thus when

f (2n+1)
n

o

and

| = Ä,s int¡t
(2n+ 2)

*l'"Àid (urt)2t ut ,2

h
=l

n=o

(0) À

1
L

&r 2

f f

o

I d (t¡t)

f re) 
^ 

(2n+2)
nt (2n+ 2)

L
s l-n ürt. d ((l)t)

o

- ¡Tl h=+ | r
/ on=o

which, from III (a), becotnes: -

h 2) 
çzn*21 t

?L.r .2 - X'-f -f 
,r= 2Lo 2(2n+ r) ( (r,*1) !) 2

Substituting for tf'fron (III.2) gives

L
Lr

i fn (o) 
^ 

(2n* 2) 
çzn*z¡ t

(rrr.4)
n=o ) (2n+1) ((n+1) !)



or L
1\_

,Dt -t

410

....(rrr"s)f

i.e. t¡L I 4lz 4.44Lff

as would be expected for a sinusoidal
relationship.

An alternative definition leading
linear inductance has been expressed as

(r r r.6)f

flux linkage

to an equivalent
lzzl: -

1l
1

R 2n Àid (trtt)
o

from which it follows that: -

L
R 2h

t (2f
n=1

fo2{e)*
o

(0) f
n

4r I 2_
R

h
x 

^znf 
reln-n=o

L
o n-1

(0)* I f
j=1

(e) f (0) )
2n

2n+Il
1\

2
n-l

( 2¡¡+ 2\ |

((n+1) l)2

(rrr.7)
Relationships between urLrI fllf calculated from (III " 5)

and (III.2) or (IiI.4) using the vatue of f(e) found for the
prototype machine, are plotted for comparison with the
experimentally found characteristics in Figure A" III " 1. As

night be expected the degree of agreement is sinilar to that
shown in Figures 4.5 and 4.6"
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III(e) Plots of versus plots of

It is shown in Section 7 that the approximate operatin.g
conditions for a particular nachine nay be established
very simply and conveniently by plotting the rneasured
coil voltage against the fundanental component of current,
i.e. by plotting ûJLfIf against If, for two rotor
positions corresponding to the extremes of rotor
reluctance. In practice it is more convenient to rneasure

rns or rectified average values, rather than fundamental
conponents. While the voltage across the inductance rernains
essentíaILy sinusoidal, the current wave forn nay contain
significant harmonic components. Thus it is of interest to
know what error results if the rns value of the current is
used rather than the fundamental component.

In III(d) above expressions hrere developed for two
different'equivalent linear inductances | 

.

Becaus e tL I 2r I 2

f R

it follows that
t¡LIrr
ûilT:tt

f ( r r r " 8)

The tern oLrI, Tepresents not only the rms value of
the fundamental conponent, but also the overall rms value of
the voltage across the winding inductance because for the
values of series resistance encountered in practícal devices
of this nature, the flux waveform is virtually sinusoidal,

vr,-IR vr,-If

2

Rf

IR

I



thus the terrn tlrl, appears to have neither physical
significance nor relevance to this problem.

The quantities easily neasurable in practice are

Vt = ûJLfIf and Ir, and becaus" Ir t If a plot of Vt versus
I, will be displaced with respect to a plot of Vf versus

If. An indication of the nagnitude of error involved is
given by plotting t*/t, as a function of the peak value
of the saturation factor for a sirnple quintic approxination

When I
^ 

sin t¡:t

th en 1.peaK p
k

where k__ is the peak
sp

equations (III.2) and

approximation that: -

AT2

L sp

value of the saturation factor. From

(iIi.3) I^re f ind for a sinple quintic

u

1

o

I
R

rf
(63k 2 +34k +31)

sp sp
{I (sk +3)

sp
..r. " (rir.9)

..(rrr.10)

which is shown plotted in Figure A. III ' 2.

Some elernentary geometry shows that for a quintic
approxination

Âvr
-T^

t

Ar t̂

-=
-f

5k +3
sp

25k -17sp

Putting Ot¡/tf in (III.10) =

shows that plotting neasured

from (III.9)(rn r t) /'t
IRvt agains t rather than
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against I
errors in
k < 10.sp

These results suggest that for purposes of estirnating
the voltage, capacity and resistance appropriate for a

particular .nachine, as discussed in Section 7.3, measured
Uf/t* characteristics are adequate.

-.';

f, results in a characteristic having apparent
ordinate values of not ¡nore than 2% for



IV Do ins in the fre uen c dam 1n 1 ane

I esonant

When iron losses and leakage inductance are both
present, the electrieal circuit equation in normalised
form becones: -

s

IV 1

IV 2

A14

(rv.3)

-B sin(Yt+$) 2o 
rLi{i+ 

( 1 +4p 
rp ) \þ+ z (p t* pz ) ü*ü

h
+(1+2pr#u#,r, 2n+ITf (e)tl,

nn=o

As discussed in Section 7, the
under blocked rotor conditions with

state so lution
takes the forrn:-

n

)

provided that neither the anplitude of the driving function
B, nor the circuit damping are excessive.

Substituting (IV "2) into (IV.1) and equating coefficients
of the sine and cosine terms respectively gives: -

Bcosß 12p r(I- 9-y') *2p rAl yy [(1-L+4p.'p2)y'

ú = to sin(yr+¡o)

x sl.n \T+y cos YT

steady
f f e) =Fn'

-A(r-tyr)lx

+

[ (1- f,+4prp 2)y" -A(r - W2)lv

(rv 4)

B sin ß

- lzp 2(1- 9"\') * 2 p rAl yx
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and hence

B2
^zd

o
(rv.s)

Using the nethods of Appendix III it nay be shown

that the'fundamental component of

nay be written as, A (xs.inyt+)rcosyr) ,

where A

4e L't" Jficr- L^(') *Rl ' [ (r-ø+4prp 2)\' -A(1 -ny')]'+

h
X Frr(aosin(yt*11o) ) "*tn=o

h
= f, ,-tnPonn=o

(2n+2) Iand P F

Junp s

values'of
of (IV. s)

n nr2n+ t ( (r,*1) !) 2

are possibre proviaea $$z
o

a After differentiation
o

we find that

=Q at two real, positive

and some rnanipul ation

dB2
E2

o
c1*c rI'(A+2a

¿dAo&-
o

z) *c s(A*ao'#" ) (rv ó)

( rv 7,)

o

where

c

ct

cg

= 4p2'^,(" (r-.['Y,),* (1-l'+4pf Z),\,
= 4pI'\,+(I- Ly2)2

= -t (1-.t) (1-.(,y')y'
2



IV.1 Cubic approxination (n=1)

This condition gives
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Ls

....(rv"e)

." ."(rv. t0)

A

Then writing

equated to zero:

ott'.

s(Cr*C2 Ca)C2C-
Jr = -$it*

s(Cr*C2 C3)C2

|r
r = ao2Fr, (rv.6) becomes, when

)

and positive if the two inequalities: -

-3I+îa and dA
E2

o
1

dB2
Ë2

o

;rrr2* [c ,.?lr*cf 2z*cs 0

the roots of which are (provided CZI O)

ñ ) (rt /,
) (zc2*cs)2

These roots are real if

I
(2c z* cs) "

)o

<0

and >0

(rv 8)

+1

(C t*C Z*C s)

C-
J

2cz (rv"1i)

(rv.12)

are satisfied. Using (IV "7 ) it is a simple matter to show

that (IV.12) is always satisfied; so that the necessary
and sufficient conditions for junps to be able to take pj,ace,
are given by (IV.10) and (IV.11). Substitution of (IV.7)
into (IV.10) and (IV.11) shows thar the two roots are real
provided: -



14pr'y'* (1-9.\' ) (t-y')l'

-L2lo¡{4p12y2* (r-Ly' )2 }*gtyt (1-t,) I2 >

and are both positive, provided

2p
1

I-

These roots

(y'-t) (1- Ly')
4"( 2

( iv. 14)

A17

(rv"1s)

(rv " 16)

rv .2 uintic a oxirnation n=2

5In this case A 1+
E-t

Then writing ï = ao4Fr, (IV;6) becomes, when

dB2 / da 2 is equated to zeroi-
o

C

dA

l+-
o'2

o",
5,=T^and ã

Cl*C 2*C3

o

fic rr, *\tc r*
3 )r + 0
2

the roots of which are (provided CZI 0)

#cr.?r)e!Á 20 (ct*c r+cr)c,
n ( 2cr+rr)'

)

are real if
(Ct*C r+Cr)C 2

1 >'o
ç'2c r+c r)2

20
9

(rv.17)

and positive if the two inequalities:-



Al_ 8

2C
<0

2

and 0 (IV"1e)

are satisfied. Expressions (IV.1S) and (IV" 19) are i-dentical
with (IV.11) and (IV.12); so that after substitution of
(IV.7) into (IV.17) we find that the thlo roots are real
p rovi de d

1+
C-

J

C1*C 2*Cs

(iv"18)

l4p t'\2 * (I- Ly ') ( r -y')l2

-5 [p 2y 
(4et'\2* (1- Lyz )') *ply3 ( I-I)]2 ).O (rv"20)

and are both positive, provided

2< (v2 -t) ( 1- .e,Y 
2 

)p1
4y2

IV.5 Di:scussion

Inequalities (IV. 13) , (IV.20) and (IV" 14) or (IV.21)
enable boundaries to be defined for donains in the frequency-
danping plane hrithin which it is possible for ferro-
resonant junps to occur. It is a straight forward problem
to extend this analysis to include both higher values and

a range of values of rnt if required.
These boundaries may be found by writing the above

inequalities as equations and solving for p1 as a function
of y over a range of values for p 2 and 9,,

Typical results are shown plotted in Fígures 7.5(a)
and (b) for n=1 and 2 respectively. In each case the area
within which jurnps are possible is that bounded by the

(rv.2r)



particular
clear that
nay be, is
within the

Y > 1.
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curve and the frequency axis (Or=01. It is
satisfaction of (IV. 13) or (IV.20) as the case

sufficient Ias the areas so defined 1ie whol1y
areas defined by (IV.14) or (IV.21)l provided



v NAture of the sin ular points

The parameters appearing in
as follows [9]:-

âX
¡;

^20

and stability.

equation ( 8" 7) are defined

a

b
AX

ãtl

xyor'o

XYor'o

XVor'o

d

-dxwhereX=jTandY=
(8.3) respectively"

For the case of
parameters take the

âY-

-t
ây'x orlo

-2py(1.å F"o'olr*o')

- (1-y'*f,r"o'*lrro')

e. n I thesea cubic non linearity, i
fo 1 lowing values

zotlr*ov 
o

zpyl,

a

åå rte given by equations (8"2) and

lr* y¿ o'o

xvo, or-v2*frro

xyo'o|r

b

d

(v 1)

'*|r* o,

- 2py ¡ r +f;rro'**r, o') +

The pair of equations (8.7) thus ïepresent a çtair of
first order linear differentiat equation in the incremental
variables u and v; so that the characteristic equation of



^2r
the perturbed systen becomes

a-À b

0

c d-À

or 1,2- ¡a+d)ltad-bc 0

and ad-bc > O

the singularity is a node which
unstable if a+d > 0

(iii) if (a-d)2+4bc < O

the singularity nay be either a

an unstable focus depending upon

equal to or greater than zero.

is stable if a+d < O and

stable focus, a centTe
whether (a+d) is less

(v 2)

The nature of the roots of this equation determines
the behaviour of the system in the vicinity of the particular
steady state solution of (7.1) or the nature of the corresp-
onding singularity of (8.4) t S l.

Thus if

(i) (a-d)2+4bc > o

and ad-bc < 0

the singularity is a saddle point

(ii) (a-d)2+4bc > O

or
than,



^22
V" I Boundaries between different singularities

in the B2 /rz ÞIane

These may be found by substituting the expressions (v.r)
into the criteria listed in (i) to (iii) above, followed by
the use of (7.8) in order to elininate teïns containing p.

It is of interest to note that in this problen

a+d = _ !,p\ (I"+ Fr o2) e o

so that any nodes or foci nust be stable

V" I " I " Boundaries betweèn nodes and foci
This contour is given by

whi ch after
when eve r

(a-d) 2+4bc = O

substitution and reduction shows that foci exist

( r +frr ,'-r')'(t*] Yt 
o2)2B2F <

Some typical

V.I.2
Saddles

and

9- ,
-kî
IO o

resul ts

y2 (2"årro, -yr)

are shown plotted on

(v 3)

Boundaries between nodes and

exi-st when

(a-d)2+4bc > O

ad-bc < O

Figures 7

saddles

1 to 7.3

is not s atisfied,
the second

The former is satisfied wheneveï (V.3)
while substitution and reduction shows that
inequaLity is satisfied whenever:-
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B2F <

3ç2n 4^r2

+(y"-t-f,r,o')t*f,rr o'
(v 4)

The boundary obtained by writing (V.4) as an equation
coi-ncides with the Locus of points of inftection of the
'r2F /B2F curves obtained fron (7. 8) for a ïange of values
for p. This shows quite clearly the unstable natuÌe of
solutions which occur on the negative slope poïtion of
the 12F/B2F cuïves.
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VI Analoque computer determination of phase-

amplitude relations.

For a cubic approximation, equat j-ons (9 " 1) and (9,2)
becorne: -

zyi = Bcos ß- 2 pyKx- (K-y2 )v-|"' 2pQF' ( 0) y

2\y = Bsinß- 2pyKy+ (K-y2¡ x*f,r22pQF' (0) x

where K = t*f,r,rF(e)

(vr r)

(vr 2)

".""(vr.3)

(vi 4)

These equations are already in a nornalised forn with an

independent variable T. It is convenient to operate ín real
tine t on the computer such that f = T/2 and to al-low for
maxirnum values of x and y of the order of five. Thus (VX " 1)

and (VI.2) rnay be rearranged to give: -

,oåË = + . 10(sBcosß-lopyKx-s (K-y2)y- 7.5r2plìFr (0)y)

20gclt
)

" 1O (5Bsinß- lOpyKy+5 (K-y') *o 7 "5r2pQF' (0) x)
sy

F(e) rnay be generated fron F'(0) by means of a diode
function generator and saw tooth oscillator in a manner sirnil-ar
to that described ín Appendix II(b); so leading to the
block diagrams shown in Figures 9"1 and 9.2" Speed changes

are acconplished by resettíng the oscillator period and the
gaíns of buffers Bl and B2 in Figure 9.1"



An expïession for the average torque in terms of
anplitude of the solution, under sine flux conditions ,

developed in Appendix III (a). Itrhen the anplitude
varying function of tine an approxinate value for
torque may be found by finding the average value
given by (III.1).

Thus in this case, if the analogue conputer
to produce

rs a

the
ofT

425

the
I^r AS

slowly
average

as

the
of

ave

is used

..".(vr.s)3 Fr (0)ra
V )dt Vø D offset out

as shown in Figure A.VI" 1, and Voffset is adjusted until
Vout = Q on the averâgê, then the value of Voffset gives
average value of trr".which nay be plotted as a functioll
speed as in Figures 9 " 8+9 " I 1.

(
L

oo



SERVOSERVO
0.64R't

-2O

3 ftelnt
-8R¿ Vout

Voffset

V RM N T 0N 0 F Tave
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VII Further detai-1s of the Perturbation Method

It j-s assumed for the purposes of the nethod l23l that
the non linear equation, after having been expressed in
the forn

c (rr',rr,ri,,,lr) = Q (VII.1)

may be expressed in a power series of an anplitude parameter

U, as follor^/s:-

Ç = G - 'dG\ - Uzrdzc',
t,=o 

+ u(ãI'lu=o + h(ã¡zru=o (vlr.2)

u2
2!

(vrr"3)
o

+H +uHt +

¿ic
E_

du1 Ì-r= 0

Hz

lû
'u=o o1

(vrr"4)where the H
L

and that the

{j

solution sini larly nay be expressed as : -
'rr2 ,, 3* uer(t) + h Br(r) ' fo s.(t) (vIr.s)

Thus H
dG

I du F=o

AG

ãu'
a ir'J+
âu

AG

ãvI il=o

- ðG ....
L5p,t8tnü82o )

. +t (åruulr*""¡ . ffi (Brouer*..)1p=o

. äG.
tãVJ *-"

äG db DG
tÞ1 t ( ) +oò ãu)u=o gltìl= O

= Lr(er)

+
dil,

+
ãü' 1I

(vrr"6)



Sinilarly

d2c
ãF

il=o

ãvtl dvJ

ãT ¡q+

however a

inspection
is taken 

"

Thu s

dG d
du du dU l

U=o

4,27

l

r,Gr) .

varí ous

these L m'
Hk follows fnom

ful 1 derivat ive

d
H

2 U=o

+
Õdo ^'f ^ ^ ?.dUJ d - -dUJ5¡. * ¡¡üL l¿u- âllj

âu
du

a

ãTt I + t

a1 I at U=0

Where the synbol t ] Ìepresents the expressíon in square
brackets in (VI I " 6) 

"

Nicholson defines the first four terms of (VI I " 7)

as L 2(e1, g1 )

where L2G1 'gl) vv â2ti (i) (i)

(vrr"7)

The final tern of (VII.7) may be recognised as

Nicholson provides general expressions for the
Lm(gI,E2".g,n)and for the various H" in terms of

ar¡,(') à!, 
(j )

term
becomes

oo1 oÞ1

sinple rule for generatíng Hkol frorn
of what happens when each successive

tr*twhere
the general

z* ""i j - k

Lj (gi r,Ei2"""ei j)

o
->

+

Lj(git+r,gi2,.."Eii

tj (tt 1,8i2a1, û.Þa )
J

âu

+ L j (gi 
r ,Eí 2, . . .Ei ioz)
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The operation

¡u
Ait'. A 41,ãu'ãT ¡r d

ãu
âú

--!- 
¿

âu
d a!,

ðu
o

+
ðü

leads to

tj*, (8i1, 8i2," "' gi¡,81)

Thus we have

H = L, (c1)

H

H.
5

1

tr ( ,) +L,( toÞ2, bl )*Lz(Er,et)*Lz 1+L, (

1

Lr ( ,) +L r( ûò1 ,E
+ûb )I2

Itûb
1 22

81,8 2 1,81,91 )

= L1 (er)*3L2Gt,E2) oLg (Br,B1, B1)

H+ = L1 (so)*L2(g3,Er)*sl, 2G2,82)+3L2(B1,B r) +sL3 (g r,g2,g r)

+L, (E2,Er,B1)*Ls (Br,B 2,Er)"Ls (Br,B r,E2)uL+(Br,B1,B1,B1)

= L1 (co) *4L2(81,Br) +sL2(92,g2)+6Ls (gr,81, B 2) 
oL q(Et,B, r 81,B1)

Sinilarly

Hs = Lt (cr)osL2(gr,E4)*tor 2G2,gj)+loLs (Br,Br,gs)

1 5Ls (gr, g 2, E2) + 10L 4(91 ,91 ,91 , g ,) +t5 (g1 ,9, ,91 ,91 , B1 )+

(vrr.8)
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Returning now to the equation for which a solution is
sought, we have

G

For
ale

Bsin(yt+S) + 20 r9.,[+(t+4p ro )rÞ*z(ptn0z)üorÞ

+(1+ zpt#*e.#")F(e)üq . (vrr.e)

Thus H G
o

U=o ú' ,ú ,,i' , ,¡;= o

Bsin(yt*ß) (vr r " 10)

In order to find expressions for the following Hi, expressions
for the various L, nust be found. These in turn require
expressions for the various partial derivatives of G.

Thus fron (VI I . 9) , when il=O : -

AG

ãv 2p
2

AG

ãv

G

L

I+4p p
1 2

AG

ã- 2(p I +p
2

(vr r " 11)

)

AG

ãT

odd non linearities aII even partial derivatives
zeTo

1



For Cubic non-linearitv: -

(vrr " 12)

A30

(vrr " 13)

# = 6 (1+ ,rr#*e.#,)F (o)

a3G 12 (pr. u#) F ( o)ãU4,p

â3c
ãV a-lt,

asc a^

ð{,3 Aû'

ðsc
Fa,p =

12LF (e)

240 e.F (0)

120.e,F (0)

2=

All higher partial derivatives are zeto"

For Quintic non- linearity

All third order partial derivatives are zero.

#r, = 6'oF (o)

# = r2o (L+ 2pråî. u#rr F ( o )

#r¡, = 24o{or*rf¡)n{o)

All higher partial derivatives are zero.



Then fron (VII.11)

ðG
5U'

o+Þ
âG

5ps
AG

ãu
AG

ãTt, (s) + g+
Þ tò

A31

(vrr.14)

(vrr.16)

2prf^.g'+ (1+4p ,o) e*z(pt*p)s*e

Frorn (VI I " 12 )

L, (fch)

= (fgh) 6 ( t*zorfr.*,"#rl F (e)

+ (igh+fgrr*rgñ1 r zGt*t$Ol r Col

+ ¡i!n+rgú*igrìl r 2e.F (o)

+ ("fgh+fþh+fgli) 6.e,F (e)

and LS (g,E,E)

- 6g t (t*2or*.. t#r)F(e)
+ s6e'e(or*[$¡lF(e)
+ 369'g.tr¡o¡

+ t8äg2.q,r (O)

= 5!( r+2prår.åo") (F(e)e3)

Sinilarly

L, (c ,g,E, g, g)

= s! ( r+2pr#-#rl (F (o)e')

(vrr " rs)

(vrr " 17)
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VIII(a) Expansion of sídeband series raised to
some Dohrer.

Consider the series: -

k cos (V+k2lì) r+nk

Th en

s2 ,k, L cos (y+(21-2)"r+¡ k co s (Y+.Q,2 T+nI

r
S=- X a

k=-r

r
x

9,=-t

T-x
k=- r

T
x tk 

^ t^^'m=-ï r

T
L

Tt

r
4x

k=- r

r1
+ X X a,-anIcos
k=-r.1,=-r o '

f)'r+¡o-î1,*"or 2

3 cos (y+2 [

T+rìk+lL

n+k-.e,) fl) t+nm+nk -n 
¿

2kQ T- Y+ +

Similarly:-

s3 I
+ cos (3y*2(m +lç +.Q,) 0) t +¡r+¡k *l 

l,

S,* å tm:

3 cos

+{ cos ( \+2 m+ +n-

+ cos (4y+2(n+k+n+ .q,) Q) t*nr*nk+nn+nA

n*nrn nk+nn-ni¿a-a^a akJ¿mn
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fron which it follows: -

I T
o

x = T1

x2 = Irr 2*T o)

)(

3 1

4
1

E'
I

(rr+3Tr)x

x4

x5

T +47 +37
4 2 o

16
(r +57 + lOT

5 3 ) etct

It is clear that there is a one to one correspondence
between the T'- terms in *t as given by (VIII"3) and the

K

cos (ky*"".) terms in Sn as given by IVIII"1), both as

regards the number of such terms and the nagnitude of their
coefficients.

Because the circuit is highly non-1inear, third
harnonics of the fundamental wili- be present ín the current
hraveform and to a lesser extent Ín the f 1ux r^ravef orrn " As

a result a more accurate representation of the ftrux or
current \^ravef orrn woul d be given by

S "k cos (
T

il
-L
k=-r

y+ 2kQ) r+¡
k h cos (3y+2hQ) o*rh

3r
+X b
h=-5r

(vrrr"4)
from which hre can find for the case of a cubic:-

T
s3 = 4t

j =-r

3 cos (r
x

k=-t

r

u! - r" i^k' L

y + 2 (j "k- f,) CI) t+Ttk+r j -n¿

(vrrr.3)

+ cos ( 3y+2 ( j+ k+1,) fì) t*tkof; j otg
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cos (y+ 2 (n-j -k) fì) =*.r,-t j -nL

+2 cos (3y+2 (nu j *k)Q)t+e +rl -nn j k

+ cos ( 5y+2 (n+ j +k) 0) t+en+n j ntL

Y+ rn+n - 9

r
X a" a"b

-l('rn=-57

r
L

r'
L

3

k=-r j=-r
+

+

+

4

cos (y+2 (k+m-n) fì) r*rlk*.r - *r,

cos ( 5y+2 (m*n-k) f-l) t*trutr,-tk

cos ( 7y+2 (m+n+k) fl) r ot**trro lk

T+g +a -Émnq

cos (9Y*2(n+n*q)CI) : -rn .r,*tq

2

+

+

a"b bkmn
T
v

k=-r
3

4
5r
L

n=-3r

5r
x

n=-5r

5r
x

n=-3r

3r
L

Q=-3r

3 cos (

+
mnqbbb

. (VIIf .sl



vrrr (b)

F (e)

kpQt + ôU

where d cos and p
o o

From (VIII"1) it ís

oè1
q

The rotor geometry is defined by:-

lnteraction of rotor and si-debands
Expansion of Fl0ls q

1-

2p?zoò2 d cos ppflr+ôir

As6

. (vrir.s)

l+drcos pñr.õ;+d2cos

u
=" X dUcos

l(=o

r
( I ancos (y+ 2npCI) r*nn) q

n=-r

li

ô =1 equal s the

cl-ear that

number of pol-es

the expans ion of: ^

nay be written (when q is odd) as: -

qr
L

n=-qr
lA cos f'n v+nnf,)l"r+cx, +'n

+B cos (3r+npCI) t+p
n

+H cos (qy+¡pQ) t+[
n

and in particular, when

ån
4

co s (Y+np T+U
n

n

n

n

q *- 3o as:-

3r_\"
n=-3lt

oÞ1

*åu,, (vriT.6lcos (3y+r:pCI) ¡+{
n



o
2

(¡'

2

-

dt

dz

Arcosyr+crr-6

A co sYT +0 6 +A
2 2 2

YT +CX,'o +ô

Yt+on- ôn + A_kcos

l * A_rcosyr+cr t*ôt)

¡.37

k
(vrrr"7)

are as fo t lows : -

so that the fundanental terrns in F (0)g13 are as follohrs: -

cosYT+c[ -ô + A coso'ooo

zcos )(

Arcos (y+2Q)r+or+ôo)A
d

o

-
5
T

k*A_k+ 1 
cos (y+ 2A) roo_k* t*ôk)

d.jro

- d-,i iCorcos (

d

)
3
T

+

+

+

o

(3
T

3
T

Yr*d_k*$ ton.o,
u
x

k=o

3
î

3First upper side band term in F(0)g

cos (y+ 2 )'r+ol-öo +( I

)y+2Q) t+aZ- ô r A cos (Y+2CI)'r+o +ô+
o 1o

\+2 =*ok* 1

\+2n) r+c, - ô, + A_ I cos Y+ T+O¿ - +-I 2
" 

dn.i ATtcos (

+

k*lcos

(vrrr.8)



438

And in general the nth side band terns will be given by:-

dk
2
(A¡*r"o s (Y+ 2nCI) t*ok*r,- ôk

+A co s (y+ n k (vrrr"s)-k+n

-uJ.
T nlo

T+Cl - +
-l(+n

In addition to these side bands based on the fund-
anental there will be one or more series based on harnonics
of the fundarnental. In the case of a cubic non linearity
the nth side band of the third harnonics of the fundamental
will be given by

dt

-
(Bk*rr.os (5Y+ 2nCI) tnEkn"- ôk

*B_k*rr"o s (3Y+2 T+ + (vrrr"lo)
-k+n k

1l
T .Ll(=o

6 ( 1+ z p råt* ,"#,) ;
n=-r

which, if we define = Y*2nQ and S f 3Y+2nQ, becomes: -5n
dt

Thus L3 (91,81,81) 6 (r+zpråT. t#r) (F (o) er,)

2
fA" cosS r+o{,- -ô-'K+n n k+n I(

+A " cosS r+cr +ô" I-K+n n -k+n k'
d

+

-
( Bk*rrto t S srrt " Ek *r, - 6k

S
n
u
x

k=o
t

3
T

kI
4

l'* B 
- k orrto t ssrrt * E - k *rr* ôk )

. (vrrr " 11)



From

must

which it
be: -

follows that the coefficient of cos S'r
n

,L)
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(vrrr. r2)

u
x

k=o å un[Ak*n((I-sn29.7cos -2grsrrsin )

coscx , +ô. -2o-S sincr - +-K+nKln-k+n+A ((t-s
-k+n n k

uo
u ]. ãun 

or, I ok *,, c o sffiÇÇ* A 
- k * r, 

t o s' l-'$,. + 1 ]

where A
n /O-tr,'u) z+4el'srr' 2p S

and tan g =
1 n

n r-s 2L
n

T must be:-SinilarIy the coefficients of Sin S

k* esrr* B- k*rrcos f - kon* ôk* t srr]

n

u
x

k=o åun or., I Ak * n, i nffi. er, *A 
- k n n 

s i no, 
- k n nn 

ð 
o 

+ e 
,, J

The coefficient of cos S- T5n is then given by

u
x

k=o åuuor,, I Bk*r,cosE. -ô-K+n

(vrrr " 13)

(vrrr " 14)
and that of s in S.rrr by: -

uz
- 

" 
: ^ ion o, 

n I 
Bk* 

r, 
t i nEo.]n. 1,r* B 

- k + ¡r 
s i n f - k * n* ôk * t 

s r, lK=O

(vrrr.ls)



$rhere 
^

/2/(1-S L)2*4p 2s'
3n 3n

and tan e

A40

2p S
3n

3n 1-S2 9"

1

3n
3 n

The coefficients of the cosine and sine terms in HS

will then be given by (VIII " 12) and (VIII.13) respectively,
while the cot Sgrrt and sin SSrrt terns having coefficients
given by (VIII.14) and (VIII.15) respectively comprise
the "remainder ternsrr of 10"17. i"e. they are forcing
terms applied to -Lf (g3), .and so enable g3 to be determined
in terms of the various ^n and nn.

At certain rotor speeds, a lower side band based on

an harnonic of the fundanentaL, may tend to diverge. In
this case such harnonic side bands nust be included in
e, (t) .

For exanple when third harmonics are included, the
solution wi 11 be of the form given by (VI I I . 4) ; so leading
to an expression for grt similar to that of (VIII.5),
fron which p(0)Bf 3 rnay be evaluated.

In this case HS will comprise aLI of those terms which
have fundanental frequency of Y or 3\, whilst the "remainder
terms" of (10.17) will comprise those having fundanental
frequencies of 5y, 7y and 9y" The solution will proceed
as before.
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IX Current assoc iated with a articular sideband.Ì)

If:-

1.e. 1

n

À 2N
1

L
o

(1+f(0)À )

N2(1+F (e){
D Fr,

o o

where D- and F (e) are defined in (4.22) ' and !,t can be
o

represented by a series of side bands as in (10.13) ' then

it is clear fron Appendices VIII(a) and (b) that the current
witl consist of a series of side bands based on the
fundanental.

In particular (VIII.9) shows that for a cubic non-

linearity the coefficient of the cosine conponent of
culrrent in the nth side band based on the fundanental must

be proportional to: -

) (rx 1)

X a cosn +n'n . coso . -ô. +A , coso " +n+K n+K K n-K n-K
oU
J.

î. 1

l(=o
ô )k

(rx 2)

and the sine conponent must be proportional to: -

- 'd s inn
dt

(A s].ncl *Arr-ktit0r'r-t*ôt)
n n - n+k n

ol)
J.

)4."K=o
Y n

. (rx.3)
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The r.m.s. value of
conponent of the current

any particular side band

will then be

2+y 2

nnI (rx 4)

'fzn
This nay

series (10.23)
n f O, as:-

+L
OO

be evaluated
and (LO.24)

n

with the help of the truncated
which nay be written, for

(1+4p f Z-L) Srr2arrcornn* 2e25n(t-.Q,Sn') arrs ' nrtn

. coso . -ô. +e +A . coscx, - +ô- +e )n+K n+K K n n-k n-.K I( n'

n+k - ðk* trr*Arr- 
k 

t it'n 
- k* ôk * trr)3T

î. 1
l(=o

A

3u
T.LK=o

n

dL

-
(Aa cosrl +e +

n n n

and

( 1+4p -¿)s 2 a s inn -2p S ( 1- .e,sp
n 2 n n n n

(rx s)

(rx 6)

')^ co sn
1 2 nn

^ n

dksinn +g +
n n 2

(A
n+k S1 no¿n

Conparison of (IX. 2 and 3) hrith (IX.5 and 6) respect-
ively shows that the components of the latter are sinply
those of the forrner shifted in phase by rrri so that some

ele¡nentary trigononetry shows that Xrr2+Yrr2'- sum of the
sguares of the L.H.S. of (IX.5) and (IX.6) respectively"
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..".(rx"7)

a
i.e. 21 2D L 2 

= ftt (t+4p f zL) "rr* 
*4e2"n' ¡r-.tsrr')'J

oon

c

n

where

When leakage
neglected, (IX.7)

a 2s r+

2

2

t2
I-

1

R 
2 +õTd2

n

SiniLarly (IX.7) becomes

2

^ 
2 (t-Ls '\2*4o-2s 2

n'nIn
reactance and iron loss are absent oll

becones

nn (rx 8)

(rx s)

I
2D L 2(1+40-25 ',loo I n

which after converting to actual physical paraneters
becones: -

n

(¡2

^ nn
n

û)
2

^ nnf2= [ (R"*R) 2* (Lttr,-F.)']I
l,- r¡ C

n

n
R 2 ¡R2+ ¡trr )2)

. " (rx.10)
L n

n

The above argument, although carried out using a

single cubic non linearity, is perfectly general and applies
what ever the complexity or degree of the tr-i relationship"
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X Solution when one sideband onl 1S resent

If
and one

the solution to ( 10. 1) conpríses the fundanental
sideband -only it nay be expressed as : -

o
+a cosS T+rì

o n n n

In the case of a cubic nonlinearity, the values of
îo, "r, and l' are obtained from the simultaneous solution

the equations (IO.23) and (1O"24)

When iron loss can be neglected and the leakage inductance
been included within f(e) , these equations become: -

cosrì +e
o o

ü a cosYT +n (x 1)

èo'
of

has

o

0

0 (1-S cosn -2pS a s r_ nrl + A cosrì +e

) I .. ." (x"2)

(x 5)

I ""..(x"4)

Bsing+ ( 1-y2 ) ro.ort 
o 
- 2pyaos inno*åOo Iuo

+eno6

Bcos ß-2g\aocosrìo- (r-y2) aos " rrìo-å0" InosinnS

t

fA cosn +ô +Ê +A^ cos2n -n -ô +¿ I' o 'o n n zn 'n 'o n n'

fA sinn +ô +E +A^ sin2n -n -6 +e' o 'o n n '¿n 'n 'o n n

* 
qrt

'2 (A co sn +e +A cos 2¡ -n +
o -n o nn nn

d-*f (Arrs ' tlln- ôrr*.o*A_rrs in 2\ o lrro ôrr" eo) J

n
3A
4"

-2os a cosn -(r-S 2la sinn -1¡'nn'n'n'Iì'n4

,),
n n n nn n n n n

+
d"
T

d"
T

lA si-nn +sn'n 'n n

+

0

)1 ".."(x"s)



hrhere the
expansion
fo I I owing

various A are the coefficients of terms in the
of ú3, as given in Appendix VIII(a), and take the
va lues

A = a (a 2+2a 2l
o o- o n

) "...(x.6)

A. 45

" " . (x"7)

(2a 2+a 2l
n' o n

[Y*'- srr') ancosnn- 2 gsrryr 
"rr, 

" ,rrtn

2osrry*2 arrcosnn+ (yN'-trr' ) .rr,' rrìn

2*a 2l
n

af ter sone rnanipulation yields: -

A=a
n

2n = a 2aA

A-

no
= a 2a

On

tan
in

and

Then

and

e=2oSanddnnn
f (e).

Equations (X.4)

n

cosrl +
o

s r_ nrl +g +A s1

is the coefficient of the nth harnonic

+e +AnndrAn n' ofa

and (X.5) may be rearranged to gíve:

2nco" 2nn-no- ðr*"r,

n2n -n -ô +Ê I'nonIf'drAn n- ofr on n 2n

where y*2 = t.å 
þn

x cosn

x sin¡

= toleao

+ (X.7) x

- (x"7) x

(x.6)

(x.6)
n

n

si-nn

cosrì

n

n
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sd a (a 2*a ')A 
2

n o- o n - n

sd a (a 2+3a t)^ 2

n o- o n - n

followed by some nanipulation yields:

--^-2 a-(a. z*a^2)
n o n'n o

ÂoBsi -(Yrr'^y2n4p2\2Yrr2)ao ....(X"12)

å¿ 
^ 

2a (3a 2*a 2)
E n o n' o n

s inn -n 6
n o

8a .2ps
nn

+

^
Bcosn -ß+e -2py

o o

n

s ar, (y¡' t' z + 4g'srr'Yr' )
cos rì -nn o

These last two equations Yield

n
4p's 6 (Y*t - trr'n 4p' sn"Yu? )'

-ô =n

(a 2+3a ")'o n

(x e)

(x r0)

(x 11)

9
T4

^ 
4a 2d 2

non
(a 2*a 2\2
'onna

which may be rearranged to give (10.36)

Then (X.2) x cosno (X.5) x sinno

and (X.2) x sinno + (X.3) x cosno

2

s].nrl -ô-nn o n

3a
o

Òcosn
n -n

o n
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After substitution of (X.8) and (X.9) into the L.H.S
(x.11) and (x.L2) yield

t

^2 ^2

+ n

where Y'n

Inspe cti on

ship reverts to

^o'82 zpy3ao2 2gSn t.rr'l

^, InJ

2

+

oo

(y "-\'*4g2y'\ (yut-trr'* 4p2sn"*r, 22

2

^
2

^ no

2

')^n o
(5a a ')u+

o n n

(a
o

2 +3a ,)
n

2 2

+

(x 15)

-Ar*f,;9 = r
o

o
a

3nT

of (X.13) shows that as *r, + 0

that in (7"8) for a stationary
thi. s re l ati on-
rot or .
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XI As nchronous tor e when leaka e reactance
and iron losses are present

Equation (10.59) shows that the contribution to the
total torque by the nth sideband is proportional to the total
power dissipated at that frequency" Thus when iron loss
is present the torque will be sum of the component given
by (10.64) plus

-np
ûJSon

lo L l2'ntt' (fron (10"34))

p2 ( from (4.37))
L D E=r

1.e
-nDa'Tl

2s S2
lor"o, (r-t¡-n

R
c

-nDa 2s
n
2

oo

T
n

o

Thus the total torque becomes

2 S2
I P,* p., ( 1- ¿)+ ]LLA¿

n

n

FrD.
l (xr. 1)

(xi " 2)

L A2
no

n

DL

+r
x

n=-r
2

q- r

-nDa S

T

oo
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(d)

(e)

(f)

Thus : -

When C =

then

139. 5UF;

^52

Leakage reactance of the stator windings = 0.04 henries

Series capacitance variable - but for results presented
in section IO.7 "2 a value of 139.5UF l{as used

value of R^ for purposes of calculation taken as 525CI.
l-

D d
2

d
4o

4.74 1.0 L"22 .791 .4L4 "'J,9 4 .084 "o42

= 5.OCI

= O"832 henries
= 0.04 henríes

= I7O volts and R

d dod,d-
5

dt
o

R

L

L
o

L

V 525 ohms
c

üJ= r/ {(Lo+L*) C 90 "7 rad/sec

3.46

0.0517

o.o72

0 " 4s9

o

Y 6/6

pl

p
2

o

R/2trl" (t o+LU)

ul GooL.c)f, = L

o=û) L /2Ro c

1

B /z Vtl- L')y2o- q'-L/u)
' -' o

12"83
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XI I I Analyti cal Progranne SBAND5

This nakes use of a progralnne NS0lA[28] for solving a

set of non-linear algebraic equations which are the end

product, in this case, of attempting to find a solution for:-

-BsinY'r+$ 2 e ,9,t$"+ 
( 1+ 4 p 

,O ) {t* z (p t* p 
z ) ü* !.r

+ (1+2p, d
ã,T.

r$ar ( e) !,q+

where the required solution is of the forn

(A.XrII.1

(A"Xrrr "2

(A.Xrrr.5

k* er,l

ilj a cosf
n

*Ru
v

n=-R
\+'2n

A .coso "-ð"+e +A .cosoü ,+ön+K n+K K n n-K n-K

T+n n
L

u
Tdand F ( 0)

k 
coskpflt+ öU

whered=landô=Ooo
and the equations for the nth sideband become:-

0 Brrs inßr,* ( 1 - ( 1* 4Q lpz) sr,2) ancosnn

-2I(gt*0z) Sr,-QzISr,t] 
"rrr 

"ntn

k=0

5^uãu' d¡
2

u
v

k=0
t

0 Brrcosßrr- (L- (1+ 4pfZ)Sr,') rr,r 'rrìn

-21,(pl_n0z) sr,- e2Lsns ] ancosrìn

_u
-5¡ i dkr¡ ,in[--J]l+f+A ,sino FffiJ8'rklOTL"n+k"'"*n+k "k' "n "n-k"^"-n-k

(A.XrII.4

". ". (A.XIrr.s



v\¡here al l B

n

l 0; tano 2p /(1-ts ,)
n n n

S
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+5. The

n nlo 1

A, . . ot. , A, " o, come f rom the expans ion ofk+n' I(+n' k-n' k-n

and 
^

/(t-utr,')2*4pt2sn2, S y+ 2nQ
n

ancos (Y+2nQ) t+¡n 5

A cos (y+ 2nfl) 'r+ a + higher harmonics
n n

Ru
x

n=-R
L

3Rs+ 2 R¡
v

- 5R, - 2Ru
L

pedestal; so that indices
fundanental occurs noh/ at 2

run. from 5 to SRrr+5R

R +3R-+5.
UL

In the programme, indi ces run f ron I to Rl*R,,.r* 1 f or the
total number of sidebands. Thus the fundamental corresponds
to RL*1. When a summation running fron I to RL*R.'*1 is
raised to the f if th pohrer the indices run fron - (2R,r+2RL- 1)

to 3R,..r*3Rr+ 1. Theref ore it is convenient to add a second

L

Indices for the coefficients and phase angles in F(0)
run f ron l-+(p+ I = a) and the programme is valid provided

Q< P where P

Constant C(47) is connon to both SBANDS and SUBROUTINE

CALFUN, and represents the current value of rotor speed as

an independent variable.
With thro' equations for each sideband the totaL number

of equations to be solved will be 2 x (Rr+Rrr+1) = 2P

The variab les x of NSO1A are re l-ated to the "r, 
and n'

as follovrs:-

R-+R +1Lu
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and
I n +R +llLu

", I ,
+a.'ì 

*"

"J -*,,
in the programme

similarly for the n n

Then *Zj = ^j and *2j-l = nj

The pïogramme is written for a maxinun value of p = 11;

so that N, the nunber of equations to solve = 22"

When P < 11 the appropriate dinensions must be set
in the DIMENSION declaration for X, F, AJINV, W and in the

CALL NS01A, and CALL I'IATRI X s tatements .

See reference 28 for details of constants associated

with NS01A.

A set of initial values for the various *r, is required"
In the absence of further infornation these rnay be set

equal to zero except for x(2nr+21 and x(2Rr+1) corresponding

to ro and no t"spectively. The former can be estinated from

the value of B, whi le the l atter = -1.
once an acceptable solution is obtained, print out

occurs the speed is incremented and the cycle repeats.

This

(i)

Input data lequired
is punched on six cards

DATA (C(i), I = 1,¡)/Rl,

Rl, = number of lower
the solution

R- = number of upper
u

a = jl+] = nurnber of

Rrr' a/

sidebands requi-red in

s i deb ands

h armoní cs

re qui re d

+1 in F(e)

(ii) DATA (C(I), I=4,8)1B, P1,g,L,"f /



(iii)

(iv)

(v)

(vi)

DATA

DATA

DATA

DATA

(C(I),

Rotor

(c(r),
Rotor

I=9, 16) / t,¿t,d2" ", dr/

geonetTy coeffi cients

I=L7,24) /O,ô1,62. ' ô r/

A.56

zeTo

geornetry phase angles

(C (I) , I=25 ,46) /ZZ x O/

Val-ues of B' and ßn initially set to

(X(I), I=1 ,2P) I ". " " " /

Sets initial values of "r, 
and l'

where P = C(t)+C(2)+1 = Rr+Rrr+1
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