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SUMMARY

The thesis deals with a class of brushless a.c.
reluctance machines, capable of operating over a wide speed
range. The principle of operation depends upon the
exploitation of the properties of a series RLC circuit in
which the inductance (in this case, the stator winding
inductance) is a function of current and of rotor position.

The system is described by non linear differential
equations having periodic coefficients. Analogue and numerical
methods are used to obtain theoretical results for comparison
with those obtained experimentally from a prototype machine
and for comparison with results obtained from an approximate
analytical solution to the system equations.

Because of the strongly non linear behaviour and the
consequent impossibility of extrapolating quantitative results
from one set of system parameters and inputs to another and the
cost in computing time of obtaining accurate analytic solutions,
phase amplitude plots and the Manley-Rowe relationships are
used in an attempt to provide insight into the essential
physical behaviour of the machine.

It is suggested that such a machine is the electrical
equivalent of a two-stroke, while the overall torque speed
characteristics and theoretical maximum efficiency of an n-pole
machine correspond approximately to those which would result from
a composite machine comprising a number of single phase induction
machines having 2n, 6n, 8n ..... poles all connected to one
shaft, with the supply being automatically transferred to
machines of increasing pole number as the shaft speed falls, so

tending to maintain the theoretical conversion efficiency. It
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is shown however, that because of practical limitations such

simple machines are unlikely to operate with better than a
50% efficiency at any speed.
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Reluctance

Reluctance of iron path
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instantaneous flux
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angular frequency of supply voltage
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CHAPTER 1: INTRODUCTION

1.1 Backgfound

Although the principles of operation of squirrel cage
induction motors have been known for almost a century, and
such motors have provided the majority of prime movers wherever
constant speed drives are required, no such simple, rugged,
brushless self contained motor, capable of economical operation
over a continuous speed range has yet been developed.

A history and analysis of some previous attempts to
solve this and allied problems are presented by Laithwaite in
the book "Special Purpose Induction Machines" [20], where the
point is well made that there are a number of criteria which
may be used to judge the effectiveness of a machine, and that
the relative importance of these criteria may change dramatically
from one application to another.

The investigations discussed in this report represent yet
another approach to the problem of developing a self contained,
variable speed, brushless a.c. machine and refer to work
carried out between June 1965 and June 1969. Discussion centres
around the qualitative and quantitative behaviour of a class
of asynchronous, brushless, a.c. reluctance machines, which
depend for their operation upon the exploitation of the
properties of a series RLC circuit in which the inductance (in
this case the stator winding inductance) is a function of
current and of rotor position. Such a circuit may have more
than one stable state,and under appropriate conditions
transitions from one state to andther and back may be induced
by relatively small changes in any one of the circuit parameters.

For the class of machines under consideration, such transitions
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are induced by the changes, as the rotor turns, in the reluctance
associated with the stator windings.

As the principle of operation appeared to be novel, a
provisional patent application was made in conjunction with the
National Research Development Corporation of Great Britian
in 1967 [8]. A search of previous patents revealed that
an application for a patent relating to "Improvements in and
relating to means for electrically producing oscillatory or
reciprocatory motion'" was made by the British Thomson-Houston
Co. Ltd and other on March 4, 1931 and accepted on September 5,
1932, [6]. Figure 1.1 shows a copy of the drawings submitted
with the application, from which it can be seen that the
mechanism described is similar to that shown in Figure 2.2(d)
of this report. In the latter case however, the functions of
the coils marked 1 and 3 in Figure 1.1 may be combined as a
result of the specially shaped armature.

The only other application of any relevance referred to a
machine comprising a multi-pole stator and salient pole rotor
having a lesser number of poles than the stator. It was the
subject of a patent application on July 13, 1950 [{71].
Operation of this machine depends upon the fact that the
inductance of the stator windings on each pole is a function of
the rotor position; so that by the appropriate interconnection
of windings and shunt capacitors the m.m.f of the stator pole
towards which the rotor pole in advancing, is greater than
the m.m.f. of the stator pole from which the rotor pole is
retreating, Hence continuous rotation results once motion is
started. A number of refinements including an auxiliary
rotor and stator were proposed.

Such a machine is similar to those under consideration

in this paper but does not appear to take advantage of the
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ferro-resonant jump effect [29,40], a phenomenon which is
utilized by the devices under consideration in this report.
Interest in electro-mechanical transducers which could
exploit the latter phenomenon\was stimulated by a paper on
an oscillating ring motor [39], the operation of which was
attributed by the authors to two effects; viz the ferro-
resonant jump phenomenon together with the effect of the delayed
response in a near resonant, series RLC circuit to changes
in the circuit inductance, However, in view of the shape of
the magnetic circuit employed it seems likely that the latter
‘effect would predominate. ‘
The ferro-resonant jump effect can be utilized to amplify
the effect of small changes in one or more of the circuit
parameters., Advantage is taken of this properly in an a.c.
servo-motor described by Teodorescu [35] which otherwise has
little in common with the class of machines under consideration.
Although the machines under discussion are essentially
asynchronous reluctance machines, this report is concerned
primarily with presenting an analysis of their behaviour in
terms of a given set of input and machine parameters; so that
virtually no reference has been made to the large body of
literature on synchronous reluctance machines, as it is relevant
neither to these machines nor to the analysis. It would almost
certainly be relevant however, to any discussion directed
towards the design of a machine utilizing the principles under

discussion.



1.2 Structure of the report

Because the relevant electro-mechanical system representing
these machines is described by strongly non-linear differential
equations having periodic coefficients it is impossible to
extrapolate quantitative results from one set of system
parameters and inputs to another. Hence much emphasis has been
placed on the gaining of insight into the essential physical
behaviour of such machines,

Following Sections 2 and 3, in which the principles of
operation‘and the measured characteristics of an experimental
machine are presented, a mathematical model of the machine is
proposed in Section 4. Section 4.2 may be omitted on a first
reading as it represents work which, while it led to an
interesting engineering approximation of use in saturated
circuits, was not used subsequently in the report.

Simulation of the prototype machine on an analogue computer
led to results which suggested that the proposed mathematical
model may be used with reasonable confidence as a means of
exploring the behaviour of this class of machine. 1In order to
provide a check on numerical and analytical methods of solution
discussed in Sections 6 and 10 respectively, analogue methods
were used to obtain some results for somewhat idealized machines.
These results appear in Section 5.2.

Qualitative behaviour of the system is explored firstly
by investigating the behaviour under conditions of a blocked and
a slowly moving rotor respectively, followed by an investigation
of the transistion characteristics of the jump phenonenon
which is presented in Section 8.

Phase-plane methods presented in Section 9 are shown to be
qualitatively correct but quantitatively inadequate at practical

rotor speeds, although valuable insight into the behaviour is



gained by their use.

Further valuable insight is obtained from the nature of
an analytical solution for the instantaneous flux or current
obtained in Section 10. It comprises a fundamental plus an
infinite series of top and bottom sidebands based on the
fundamental and its harmonics. Agreement between the torque-
speed curves obtained by analytical methods on the one hand, and
numerical or analogue methods on the other, improves in general
with the number of sidebands included in the analysis. However
the computational time required, rapidly becomes prohibitive.

Application of the Manley-Rowe relationships [21] gives
further insight into the physical behaviour and provides an
indication of the conversion efficiency of such machines.

Presentation of an analytical solution to a set of non-
linear differential equations is not complete until the
stability of such a solution is determined. This problem is
discussed briefly in Section 12, but in view of the approximate
nature of the solutions obtainable within a reasonable amount
of computational time, the matter has not been pursued.

The latter problem together with others discussed in
Section 13, provide challenging, if somewhat academic, topics

for further investigation.



CHAPTER 2: GENERAL PRINCIPLES OF OPERATION

2.1 Ferro-resonant behaviour.

When conditions are such that lumped parameter analysis of
electrical circuits is valid, it is convenient to represent the
presence of a magnetic field by the so-called inductance of the circuit.
Inductance is defined as flux linkages, with some closed electrical
circuit, per ampere of current which sets up these flux linkages. In
general such a concept is only useful and meaningful when there is a
linear relationship between the flux linkages and the current which
establishes them. The presence of ferro-magnetic material in the mag-
netic field normally results in a non linear relationship between flux
linkages and current and hence in an 'inductance' which is dependent
upon the current.

Throughout the remainder of this thesis we shall be concermed
with the exploitation of some of the characteristics of circuits
containing such non linear 'inductances'. For convenience, the general
concept of inductance will be retained and used where no undue ambilguity
exists as to its meaning, in order to avoid the use of repeated qualifying
statements. However, under certain specific circuit conditions a precise
meaning will be assigned when and if it is necessary.

In order to gain some simple physical insight into‘%he manner
of operation of the devices under consideration, the following explanation,
after Rudenberg [29], is offered as an introductioﬂ. In later sections,
further discussion will be found concerning the accuracy and utility of

this approach.
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Consider a series LCR circuit, fed with an alternating voltage,
v = V2V sin wt, where the inductance L is a function of current. An
approximate solution for the magnitude of the latter may be obtained
graphically by considering the fundamental component only.
In which case, we may write
2 2

v = BRI + [wL(i) - 1/uC] 21 ;2 eees (2.1)

ol 2 2_ 2
(A)L(i) If =,jV - If Rf + If/wC [5 PP (2.2)

Each side of equation 2.2 may be plotted as a function of I
as shown in Figure 2.1, where the right hand side appears as a tilted
ellipse. A solution for the current in the circuit may then be
obtained from the intersection of the ellipse and the curve representing
wL(i)I¢, which is merely the voltage across the inductance plotted
against If. Inspection of Figure 2.1 shows that there are three
distinet possibilities, represented by the three different wL(i)If curves,
respectively.

The intersections labelled 'A' represent. inductive circuit
conditions with relatively low flux and current amplitudes, whereas the
intersections labelled 'B! represent‘capacitive circuit conditions with
relatively large flux and current amplitudes. Point C represents an
unstable solution (see sections 7. and 8.)

Further inspection of Figure 2.1 suggests that transitions from
an A state to a B state may be induced, under certain conditions, by any

one of the following operations:-



(i)

(ii)
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1 (iii)
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FIGURE 2.1. GRAPHICAL SOLUTION OF

JOEPRY) +1/wC = oLl




"(a) increasing the magnitude of V
(b) decreasing C
(c¢) decreasing R
(d) changing the Iwa(i) characteristic in the
direction from curve (i) to curve (iii)
(e) decreasing w.

Similarly a transition from a B state to an A state may also
be induced under certain conditions by reversing any one of these opera-
tions.

Circuit behaviour during transition from one state to another
is discussed in section 8, following a more rigorous analysis of the
behaviour of such circuits under steady state conditioms.

Other means, not obvious from Figure 2.1, also may be used to
induce a change of state, but whichever method is used, any complete
cycle from A to B to A, always involves hysteresis.

Thus the possibility arises of using such a circuit for energy
conversion.

In particular, if the wL(i)I¢ characteristics can be varied by
mechanical means then the way is open for the exploitation of this ferro-
resonant jump phenomenon for the purposes of electro-mechanical energy
conversion.

2.2 Variable reluctance devices.

Variation of the reluctance in the path of the flux associated
with a coil can produce a family of wL(i)If - If curves of the form shown

in Figure 2.1. Some possible configurations of stator and rotor, capable
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of producing such curves, are shown in Figure 2.2, where (a) and (b)
are similar to conventional synchronous reluctance motors, except that
the variation in reluctance is accomplished here by variation in the
iron circuit reluctance, instead of by the more conventional change in
airgap.

The theory of operation of reluctance motors [10] makes it
clear that, for unsaturated conditions, net positive average torque can

be obtained from the machine only if

™ i
L2288 402 Li22L -
-5 55 de = 5 de > o weeae (2.3)
(o] (o]

When fed from a source of alternating voltage, this inequality
is satisfied at synchronous speed by thé relative position of the rotor
with respect to the flux cycle. At sub-synchronous speeds, net positive
average torque can be obtained from such a machine, only by arranging

that:-

S_. S
min max
1 .2 39S 1 2 9S
-5 ¢ = de > 5 ¢ 35 8 | ceans (2.4)
S S_.
max min

or in terms of current and inductance

f f i2 = BL ae veees (2.5)



(a) (b)

T‘?

R

\ (c) (d)
FIGURE 2.2 . SOME FERRO-RESONANCE DEVICES
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But because

S
min max
9S 3S
53.de = - 55.de ees.. (2.8)
S S
max min
or
max min
oL dL
ﬁde - - %de ses e (217)
L . L
min max

the inequalities in expressions (2.4) and (2.5) must be satisfied by
increasing the average amplitude of ¢ or i during ;he first interval
with respect to the average amplitude during the second.

Furthermore, if inequalities (2.4) and (2.5) could be satis-
fied for the devices sketched in Figure 2.2(c) and (d), tﬂe mechanical
losses of the pendulum could be made up electrically and a negative loss
spring could be obtained, i.e. more work could be obtained from the
expanding spring and moving armature than would be expended in
compressing it.

The circuit characteristics discussed in section 2.1 may be
utilized to accomplish automatically the variations in flux and current

amplitude required to satisfy the inequalities (2.4) and (2.5) and hence

to produce useful work from devices of the nature depicted in Figure 2.2.
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2.3 Ferro-resonant parametric machines;

In order to understand how such automatic variation in flux
magnitude may be accomplished, consider an elementary reluctance motor
taking the form shown in Figure 2.2 (a) or (b) and having a suitable
capacitor connected in series with its stator windings. Curves (i)
and (ii) of Figure 2.3 may be considered to represent the wL(i) Ie-Ig
curves for the stator winding when the rotor is in the position of
minimum and maximum reluctance respectively. Particular values of
applied voltage, frequency, capacity and resistance determine the posi-
tion and size of the ellipse representing the right hand side of
equation (2.2).

With the rotor of the machine in the position of minimum
reluctance, steady state current amplitude will correspond to point Aq.
As the rotor is turned slowly into the quadrature or maximum reluctance
position, the wL(i) I, characteristic will move to a position corres-
ponding to curve (ii) of Figure 2.3. During this time, the steady state
solution for the current amplitude corresponds to the intersection of
the ellipse and the wL(i) I; curve, which moves from point A4 towards
the point Q. This latter point represents the maximum amplitude which
the current can have in the inductive or non-resonant state. When the
rotor reaches a position such that the whole of the wL(i) If curve lies
below the ellipse, the steady state solution for the current will be

represented by Bo.
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AND CURRENT ASSOCIATED WITH L(i)
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Methods discussed in section 8 enable the transition time
and path to be obtained within the limits of the method with reasonable
accuracy. However, at this stage, some physical insight into the
behaviour may be gained by noting that, in the vicinity of resonance,
the current amplitude approaches its correct steady state value, from
some other initial value, in an exponential fashion, whereas it tends
to approach the non-resonant inductive state in an oscillatory fashion.

Thus for the purposes of the present discussion, the current
may be considered to increase approximately exponentially from the
magnitude at Q to that at Bs.

During the movement of the rotor from the direct to the quad-
rature axis position the electromagnetic torque developed in the direc-
tion of motion is negative, in accordance with equations (2.4) or (2.5).

As the rotor continues to turn into the direct axis position,
the characteristic will rise again to position (i) of Figure 2.3.
Provided that this curve clears the top of the ellipse, the current will,
at the moment when the characteristic ceases to be tangential to the
ellipse at point B4, decay in a damped oscillatory fashion to a value
corresponding to point Aq.

Positive electromagnetic torque is developed as the rotor
moves from the quadrature to the direct axis position. Tt is shown in
a later section (Appendix 1) that the area enclosed by the current and
inductance-voltage locus during one complete cycle is a measure of the

work done by the rotor of the machine.



Thus the variation in rotor reluctance with angular position
may be used to switch the circult from non-resonant to resonant state
and back. By a suitable selection of the circuit voltage, which deter-
mines the intercept of the ellipse on the voltage axis of Figure 2.3,
and of the capacitance which determines the slope of the ellipse, the
rotor position at which transitions occur may be selected; so that the
inequalities (2.4) and (2.5) are as large as possible, consistent with
other circuit limitations such as dissipation.

From the above discussion it is clear, at least for a very
slowly moving rotor, that the variation in reluctance should be obtained
by saturation in the iron rather than by an increase in the airgap, as
in the latter case, the position of Q will, in general, be close to By
and the area enclosed by the voltage-current locus will be relatively
small.

The above explanation of behaviour, valid only at rotor speeds. .
slow enough that this approximate steady state theory applies; is appli~
cable also to the linear reciprocating devices shown in Figure 2.2 (c)
and (d). As the rotor or armature speed increases current excursions
will be restricted by the circuit inertia; so that a fall in torque
with speed may be expected. However before any useful qualitative or
quantitative information can be gained concerning the behaviour at finite

rotor speeds, a far more accurate model of the machine is required.
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CHAPTER 3: PROTOTYPE MACHINE AND MEASUREMENT OF
ITS CHARACTERISTICS

3.1 General.

In order to test the ideas set out in the previous section a
simple machine was constructed by using standard % H.P. single phase
induction motor frame and unpunched laminationms. Constructional details,
dimensions and winding data are shown in Figure 3.1 and Table 3.1.

This machine was built early in 1965, before any analysis of
its operation, other than that already presented in section 2, had been
carried out, so that its actual form is the result of logic and intuition
rather than of design based upon the results presented in this thesis.
Its characteristics have proved to be typical of such devices, and have
therefore been measured as carefully as possible in order to provide an
experimental check on the theory subsequenfly developed.

Information of interest concerning such a machine is contained
in the following measured characteristics:-

(a) torque-speed

Obtained for a range of applied
voltage, series capacity and

)
)
(b) current-speed )
)
) resistance.

(c) efficiency-speed
(d) core loss-speed )
(e) current and flux waveforms.
In addition, the following relationships, measured under blocked
rotor conditions with no series capacitor, provide information leading to

the establishment and checking of an equivalent circuit for the machine,

viz:-
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R.M.S. current, input power, peak current, peak flux,

and torque versus applied voltage for a range of rotor

positions.

The experimental set up used to obtain the above information
is discussed briefly in the following sections.

3.2 Torque measurement.

Measurement of developed electromagnetic torque may be
accomplished by mounting the stator on ball bearings at each end, and
restraining it with a spring steel bar as shown schematically in
Figure 3.2 and in Plate 3.1. Ferranti silicon strain gauges glued to
the top and bottom of the bar and connected as shown in Figure 3.3 give
an output proportional to electromagnetic torque after certain corrections
have been applied.
Possible errors in this measurement result from:-
(a) non-linear stress-strain relationship in the bar
(b) non-linearity in strain gauges
(¢) wvariation in bar temperature due to heating as

the machine is loaded
(d) friction and windage loss between stator and rotor
(e) friction in stator trunnion bearings.

Of these (a) and (b) can be kept to a minimum by appropriate
design of the bar to match the expected torque and then eliminated
entirely by calibration, while the effect of (¢) can be minimised by using

matched pairs of strain gauges, high stability, matched fixed R and
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3.3

frequent bridge zero checks after allowing a suitable warm up period.

The magnitude of (d) can be measured by driving the test machine
by another motor and noting the torque on the stator of the test machine
with the stator windings open circuited.

Finally, (e) tends to be removed by calibration, but good design
can keep it to a negligible value. Note that this error is effectively
doubled by adding the friction and windage (d) to the measured torque in
order to obtain the total developed electromagnetic torque.

Calibration is accomplished by the application of a series of
known torques to the stator as suggested in Figure 3.2.

With this arrangement, properly calibrated, both blocked rotor
and running torques may be measured; the former by locking the test machine
rotor in the desired position and the latter by loading the test machine
with a separately excited armature fed d.c. machine.

Accurate control of the latter was accomplished by using a solid
state convertor developed by the author for the purpose. Two published
papers dealing with the operation and design of such a convertor are appended
to this thesis [32,33].

3.3 Measurement of stator flux linkages.

As with most electromagnetic energy conversion devices it is con-
venient to separate the winding flux into two distinct portions. That
which does not cross the airgap contributes nothing to the actual energy
conversion process, its path is largely in air, and hence its magnitude

is proportional to the m.m.f. which establishes it. On the other hand,
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for the particular configuration in which we are interested, flux leaving
a stator pole face and crossing the airgap to the rotor, will follow a path
in which ferromagnetic material predominates. This latter component of
flux will not be proportional to the m.m.f.; so that direct measurement of
the flux itself is required.

This is accomplished conveniently by surrounding the pole faces
with search coils of NS turns and integrating the voltage induced in the
search coil with a simple RC network to give the total stator flux linkages

due to airgap flux as:-
_ N
)\ - -I\-I- VSdt L A (301)

The mean magnetization curve of the machine, expressing airgap
flux linkages (A) versus current (i) may be obtained by plotting the peak
values of A and i for a range of values of applied stator voltage.

Leakage flux linkages may be found from the difference in applied
voltage and airgap voltage as measﬁ;ed by the search coils, after correction
for turns ratio and stator winding resistance. This result represents the
difference between two relatiﬁely large quantities; so providing the possi-
bility of a large percentage error in the final result. By taking the
mean value of a large number of experimental determinations greater accuracy
may be obtained.

3.4 Results.
Typical results are presented in Figures 3.4, 3.5 and 3.6 which

show electromagnetic~torque, r.m.s. current, core loss and efficiency as
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functions of speed for a number of values of applied voltage, series
capacity and series resistance.

The torque shown in these figures is essentially torque
developed under asynchronous conditions. Superimposed upon these
curves are a number of small synchronous spikes which occur at speeds
which are integral fractions of the nominal synchronous speed of the
machine.

The nature of the asynchronous torque, comprising alternate
positive and negative pulses, makes accurate measurement of the small
synchronous spikes difficult unless impracticably large load inertia is
present.

Throughout the remainder of this thesis the‘emphasis will be
placed upon the asynchronous torque, however expressions which determine
the amplitude and location of these synchronous spikes will be presented
where appropriate.

Figures 3.7 and 3.8 show the stator airgap flux linkages as
functions of current and rotor position. To these must be added the
leakage flux in order to obtain the total stator winding flux linkages.

Representative flux and current waveforms are shown in
Figure 3.9 for two different values of speed while Figure 3.10 shows
instantaneous flux versus current for the same conditions as Figure 3.9.

Additional experimental data will be presented as required.
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CHAPTER Y4: MATHEMATICAL MODEL AND EQUIVALENT
CIRCUIT

Calculation of the A-i characteristic pertaining to a parti-
cular magnetic circuit of known geometry and material or conversely,
determination of the geometry required to provide a particular A-i
characteristic, are problems which are common to all electro-magnetic
devices. Although relevant, these problems are not the ones under
investigation in this report. Here our intérest is centred on the per-
formance of devices which possess flux-linkage characteristics having
the general form shown in Figure 4.1 or in Figures 3.7 and 3.8. These
are idealized characteristics, as no allowance is made for the effects
of hysteresis or eddy currents. This aspect is discussed in section 4..4.

4.1 Mathematical models for A-i relationship.

Before the analysis of such a machine can proceed, a suitable
mathematical model of the family of flu% linkage-current curves must be
adopted.
’ From the introductory and very elementary discussion on the mode
of operation which was presented in section 2.3, it may be inferred that
a higher average torque per unit volume and per unit average current will
result if the parametric variation of the circuit inductance is accgm«
plished by changes in the iron circuit reluctance rather than changes in
the airgap. The latter would result in a family of characteristics having
the general form shown in Figure 4.2. In general the form of the

w L(i) If-If characteristics is similar to the A-i characteristics, as will

be shown in Chapter 7.
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In other words it is likely that we shall want the w L(i) If—If,
and hence the A-i characteristics to 'peel off' from the top down as shown
in Figure 4.1, rather than to 'rotate' about the origin as in Figure 4.2.
The former will ensure, at least at slow speeds, that the negative torque
produced in moving from the minimum to the maximum reluctance position
will remain as small as possible in accordance with equations (2.4) or
(2.5). Thus, while a suitable model should be able to represent charac-
teristics such as those in Figure 4.1 with a minimum of complexity, it

should if necessary be able to include those of Figure 4.2. Some possible

representations of the A-i relationships are as follows [11,24,37]:-

i = asin h (b)) ceee. (B.1)
i=ata (B L. (4.2)
A = a tan h (bi) ceees (4.3)
A = ai - bid cenee (4.4)
_ ai by
A= T—Ijgﬁfl vene. (4.5)

i=ar(l+b,a% + bt —meeo )

1 9 cees. (4.6)

where the values taken by a and b will not necessarily be the same in each
case. If the small signal inductance is to remain constant, i.e. a
constant airgap, then the first three relationships will require the product
ab to be constant. Thus in order to represent the curves of Figure 4.1
both a and b must be periodic functions; so that the manipulation and ex-
pansion of the RHS of each could be tedious. Expression (4.4) must be

used with caution because dA/di becomes negative for 32 >a/b, and as for all

but (4.6), curve fitting can be approximate only, because of the presence of



but two parameters, a and b.

The apparent simplicity of (4.5) makes it attractive, and while
its use leads to a simple and useful expression for forces or torques in
electromagnetic equipment having such characteristics, it proves to be
cumbersome for numerical and analogue computation; so that the majority
of the analysis in this report is carried out with the use of (4.6).

However because of the engineering simplicity of some of the
results obtained by using (4.5) some further discussion concerning its
use follows in section 4.2.

4.2  Representation of the i-i characteristic by
A = ai/(1+b]i]).

Appendix I of this report comprises a copy of a publication by
the author [31], portion of which publication is summarized in this section.
Although much of this material, strictly is not pertinent to the main
problem, it is relevant to the calculation of forces or torques in electro-
mechanical devices subject to saturation. It is not pertinent, simply
because (4.6) is used subsequently in the analysis rather than (4.5).

The form of (4.5) follows from the relationship:-

. _ turns x m.m.f.
flux linkages = e s veees (B.7)

g Lo M N2 i
N B48. "B 8
a 1 a 2
IF ==
Scl
. Si
= Lol/(i + s—) i aviie (4o 8)

a



T

Here S, represents the total reluctance of all series airgaps
in the magnetic circuit and S; represents the current and position
dependent reluctance of the iron path, which may be expressed conveniently
by:-

veees (3.9)

P
Hh
o~
D

~—|

[92]
I
=
e

Here the iron permeability has been replaced by 1/N|i] and the
ratio of the effective area of the iron to its effective length has been
replaced by £(6). This latter function is dependent upon the rotor geo-

metry and has a period of one pole pitch. Thus:-

L1 L i L
S M A Y ceers (4.10)
5,58 N £(9)

where K is the saturation factor.

4.2.1  Curve fitting.

When supplied from a source of alternating voltage both A and 1

become period functions of time; so that (4.10) may be written:-

A . A
L1 NF(8) ~
o' p

T (4,11)

where A and ip correspond to the peak values of the flux and current wave-
forms. Thus plotting measured values of A/iP against A should result in a
straight line, which extended, intercepts the A/iP axis at Lo and the A
axis at f(6), provided the machine characteristics can be represented by

an expression of the form of (4.5). By this means values may be assigned

to Ly and to £f(8) for all 6, so leading to a family of theoretical a-i



curves for the machine. Typical results are presented in Figures 7 and
8 of Appendix I.

4.2.2 Torque from A = ai/(1 + blil).

Torque may be calculated from the partial derivative of co-energy
with respect to rotor position, i.e.

W' (0,1)

36 eves (4.12)

T=

Using (4.12), Section 8.1 of Appendix I, shows that the instan-

taneous torque may be expressed as

2
K

£'(6) .2 1

o oy ¥ - 21n K) ceee. (B4.13)

T = L 2 (K -

where K is the instantaneous value of the saturation factor defined in
(4.10), which depends upon the values of the instantaneous flux or current
and rotor position.

Under conditions of alternating voltage supply a knowledge of the
average, rather than of the instantaneous torque is required but the average
value of (4.13) clearly depends upon the current waveform.

In practical devices, where good efficiency is important, the
circuit resistance is, in general, sufficiently low that sinusoidal flux
conditions exist in the windings when the supply voltage itself is sinusoidal
Displays of A-A for the actual machine, when fed with an alternating voltage
in the absence of a capacitor, showed that an assumption of sinusoidal flux
would be reasonable under these conditions even for saturation factors

approaching 10.
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Thus if X = A sin wt ceees (Oo14)
then i _A sin wt
L, T Alsin ut] o siwis (4.15)
N £(6)
1

and K = q - Alsin wt| ... (4.16)
N £(8

which, at peak values of 1 and A, becomes:-

_ 1
K = A (4.17)

BEO)

Substitution of (4.15) and (4.16) into (4.13), followed by inte-
gration and averaging over one half of one flux cycle leads to an expression
for the average torque. This, in turn, may be expressed in terms of the
peak, fundamental or R.M.S. current as derived from (4.15). Each parti-
cular expression however, contains a term which is a function of Kp.

For example, it is shown in Section 8.4.1 of Appendix I, that the average

torque may be expressed as

_ £1(8) 2
Tav = bo Ty Ie” BA0G L (4.18)

where Fq(KP) is shown as curve 'd' in Figure 6 of Appendix I and Iy is the

R.M.S. value of the current in the circuit after subtraction of the core loss

component. The accuracy of (4.18) may be judged by reference to Figure 10

of Appendix I in which the full lines represent theoretical values for

torque calculated using (4.18), while the points represent measured Values?
It is apparent that the adopted model can lead to'quite reasonable

results in spite of the discrepancies apparent in Figure 7 of Appendix I.
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However application of (4.18) requires a knowledge of A in order to
evaluate Fq(Kp).

A useful engineering simplification results if the average
torque is expressed as

;.r:“ aLe
‘ 1—Ir2 ceeee (BH.19)

where L, is the equivalent linear inductance expressed as a function of

Kp. It is plotted in Figure 14 of Appendix I together with its approxi-

mation L, = L ZTB.SS - ln(ipél)

which gives

_ Lo £'(8) 2 :
Tav = 52 FE)~ Ir cene (4.20)

which corresponds to (4.18) with FH(KP) replaced by a constant 1/9.6 = 0.104

As the maximum difference between (4.18) and (4.20) is approxi-
mately 10% for 1.5<Kp<7, and as (4.20) requires no knowledge of the degree
of saturation associated with a particular current, it provides a useful
engineering approximation applicable to any electro-mechanical device having
A-i characteristics similar to those in Figure 4.1 and which can be matched
by an expression of the form of (4.10).

Some additional results, using this particular model to repre-
sent the machine A-i characteristics, are presented in Appendix I. However
for a number of reasons the power series representationgiven by (4.6) proves
to be more convenient. No division process is necessary for analogue repré
sentation, greater accuracy may be obtained, and it is more satisfactory in

its behaviour when attempting either numerical or analogue solutions.



Furthermore there is a considerable body of literature dealing with the
behaviour of systems which include a relationship similar to (4.6) but in
which all the coefficients are constants and not periodic as in this case.

4.3 Representation of the A-i characteristic by a
power series.

By making use of a A-i relationship of the form given by (4.6)

any desired accuracy of fit to the actual characteristics may be obtained

by putting
A 2 4
i=f (fo(e) + £,(8)0° + £,(80)AF + £5(8)20 )
A . 2
n
= E;. fn(e)x venes (4.21)
n=o

where L, represents the mean value of the small signal airgap inductance
and the various £ (8) are periodic functions of the rotor position 9,
having a fundamental period equal to one pole pitch. These f,(6) are
determined by the over-all geometrf and magnetic characteristics of the

stator and rotor iron and must have the general form

H -
£(8) = D, + Qéi Dp cos mp6 + 8
m=1

or F(8)

u -
£(8)/Dy = 1 + 2 dp cos mpd + & ceens (B.22)
m=1

where p equals the number of poles in the machine.
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4.3.1 Curve fitting.

Standard techniques of curve fitting, although tedious, are
straightforward and may be applied to each member of the family of -1
curves in turn [34]; so providing sets of points for the various f,(6)
to which fourier series may be fitted in turn. In general, it will be
found that the various f,(6) which are obtained by this method bear no
simple relationship to each other, which means that a great deal of hard-
ware will be required for analogue simulation and much tedious algebra in
any attempted analytical solution. Thus some simplification for either
of these purposes is desirable.

When the family of characteristics take the form shown in
Figure 4.1, fée) may be replaced by a constant equal to unity; so that the

saturation factor becomes
h 2n
K=1+ Eii fn(e)k veves (B.23)

Depending upon the actual slope of the characteristics certain
simplifications can be made. For example if the incremental slope is
constant along lines of constant K, then it is a simple matter to show that

(4.21) may be written:-
A ! 2 "
i I 1+ 2, a, <f1(e) ).) ceeas (Bo2W)
n=1

which is a relatively simple expression for purposes of simulation when

(=
"

multi-potentiometer servo-multipliers are available.
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In many cases sufficient accuracy may be obtained by reducing

(4.21) to one non-linear term only, usually the cubic or quintic; so

leading to
. A £(6
i=r-+ ﬁ)xq cevv. (4.25)
o (o]
from which we obtain
log (Lyi-A) = log £(6) + g log A ... (4.26)

Thus a plot of (Loi—A) against X on log-log paper will be a straight line
of slope q, intercepting the line A = 1 at the point corresponding to the
value of £(8), provided that the A-i characteristic can be represented by
an expression as simple as (4.25).

Figure 4.3 shows experimental data from the prototype machine,
plotted as log(Loip - Ap)/log Ap for the rotor in the direct and quadrature
axis position only, for the sake of clarity. It is clear that a simple
quintic relationship provides a good approximation to the actual character-
istics in this case.

By plotting (4.26) for a number of intermediate rotor positions,
using experimehtal data, a number of values for £(6) may be obtained as

shown in Figure 4.4,
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When these points are joined by a smooth curve, the result is a
graphical representation of the function £(6), which may be subjected to
Fourier analysis, so that f£(6) may be expressed mathematically in the form
of (4.22) to give a complete mathematical model of the machine A-i character
isties. These are shown as full lines in Figures 4.5 and 4.6 for a number
of particular values of rotor position, and may be compared with the
experimentally obtained data shown as points in the same figures.

The agreement between the model and the observed characteristics
is such that further analysis, using this model, may be undertaken with
some confidence.

4.3.2 Stored energy and torque.

For a singly excited system such as the one under discussion, the

stored energy in the field which crosses the airgap will be [10]:-
:")'-

(X,0) = id

m

LIS

I
]
1,"‘0

which, when i is given by (4.21), becomes

1 h

(A,8) = | £_(6). 27 de

wfld

h
B — fn(e) }\(2n+2)
- Ei“ (2n+2) L L)

n=o
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Thus the instantaneous torque will be given by [10]:-

d Werg (X,0)

T = -—%5
h
i fin(e) K(2n+2)
2 _2_ Gy L, e (4.28)
n=o0

and in particular when the flux linkages are related to the current by a
simpler expression of the form given in (4.25), we have
r- o £40) 2% (4.29)
(q‘}‘—lyT EC °

Leakage flux linkages, which are independent of rotor position
make no contribution to the torque.

Under blocked rotor conditions, when the machine is fed from a
source of alternating voltage, the flux waveform is sinusoidal and an

average value for the instantaneous torque (4.28) may be calculated as shown

in Appendix IIIa.
The nature of the instantaneous torque pulses, determined

from (4.29), is indicated by the waveforms shown in Figure 4.7.



FIGURE 4.7: TYPICAL WAVEFORMS CORRESPONDING TO POINT ‘A FIG. 5.5



4.3.3 Equivalent circuit of the machine.

Details of the type of elementary machine under discussion were
shown in Figure 3.1, from which it may be seen that the electrical circuit
consists simply of the stator winding in series with a capacitor and a
source of constant alternating voltage. In addition to the winding
resistance, extra series resistance may be present. Furthermore there
will be iron losses associated with the airgap flux, as distinct from the
leakage flux, the path of which is substantially independent of the stator
and rotor iron.

Thus the equivalent circuit of the machine will take the form
shown in Figure 4.8, in which R, C and Ll represent the total circuit
series resistance, capacity and stator leakage inductance respectively.
The time varying inductance L represents a circuit element which stores
energy in a magnetic field in accordance with (4.27), whilst Ry (6,A)
represents the sink for the position and flux dependent losses due to eddy
currents and hysteresis in the machine iron. Further discussion on the
problem of core loss representation is presented in section 4.4,

| If the iron losses are sufficiently small that their effect on
the operation of the machine may be neglected, then the leakage flux may be
incorporated with the airgap flux; so that an expression of the form of
(4.21) may include leakage flux without loss of generality. However,
when iron losses are significant the circuit effectively has three inde-
pendent energy storage or reactive elements instead of two, and its beha-

viour 1s fundamentally different.



FIGURE 4.8: EQUIVALENT CIRCUIT

FIGURE 49: MECHANICAL SIGN CONVENTIONS
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4.3.4 System equations.

A complete description of machine performance can be obtained
only by taking into account the mechanical load associated with it.
Using the notation and sign conventions shown in Figures 4.8 and 4.9 we

may write:-

b 2n

y i 5 A ‘ 1 dx
i=1i +1i 3—2 £.(8) A + = il veees (H.30)

L C ™ L, — n Ro(6,1) dt

oo di 1 . ‘ dx
V~R1+L21-(F+C fld‘t'i‘Vco‘l'E o alew s (4.31)
a2e de

and Ty + Tg = J— + G_dt veees (B,32)

at?

where Te is given by (4.28) and T represents the net mechanical input
torque, other than viscous friction effects; J represents the total
machine and load polar moment of inertia and G is the coefficient of
viscous friction. Simultaneous solution of (4.30), (4.31) and (4.32)
determines the operating point of the machine for a given set of input
conditions.

Because a lumped circuit approach has been used, no account has
been taken of the actual spatial distribution of flux in the airgap as a
function of time, which means that any torques developed in the actual
machine due to hysteresis or induction effects in the rotor iron will not

be included.
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Equations (4.30)>(4.32) constitute a set of simultaneous, non-
linear differential equations having periodic coefficients. For a given
machine under a specified set of input conditions, a particular solution
to this set of equations may be found by means of analogue simulation or
numerical solution. However, because of the non-linear nature of the
equations, extrapolation of these particular results in order to predict
the pefformance of a similar machine under different input conditions or
of a different machine, will not be possible. By studying their behaviour
over a range of machine parameters and input conditions some insight may
be gained into the essential characteristics of the system.

Far greater insight may be gained from an analytical solution to
the system equations. It is unlikely however, that a satisfactory solution
will be found in either an explicit or a closed form. Nevertheless, even
an approximate answer may provide useful information.

In sections 5>10 a number of independent approaches are presented,
each of which provides further understanding of the system behaviour. They
may be regarded as parallel approaches rather than as sequential, as the
order in which they are taken is not particularly significant.

4.3.5 Normalized simplified equations.

If the current versus flux linkage relationship is represented by
an expression containing one non-linear term only, as in (4.25), and further-
more, if the iron losses are taken into account approximately by a constant

resistance RC, then we have:-
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PV = Rpi + L£p2i +i/c+p (4.33)
: A fend | 1 '

l = L_ + + .R_PA ..... (Ll-. 3”‘)

o] LO &

(q+1)
£r(8)a
= 2
Tm JP 8 + Gpe + TE:TTE; samue (4.35)
where p = d/dt.

From (4.33) and (4.34%) we find

SRR TN S T N S N 41 2\ y Q
pv—R_pA+(RC+1)pA+RCCPA+LO<C+Rp+sz A+ f£(6)A

C
veves (4,36)
Then after making the following substitutions:-

v =\/-2-Vcoswt+BEJ_2VcosyT+B)
)
wo =1/,/(Lg+ Ly C )
)
T. = wgt )
)
Y = w/wg )
)
P = R2ug (Lg + LZ) )
)
P = wolo/2Re )

) coeas (4,37)
2 = Lz/(LO + LR) )
)
F(8) = £(8)/Dg )
N §
v o=ap, ¢ y
)
N )
B =/2v(1-2) y2 p, & /w ;

equations (4.835) and (4.36) may be written as:-
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(q+1
m o _y, 6 5. Fe)y? ) o g4 w5 (4.38)
Jwo2 Jwe ’%T
(q+1)LyJdwo 2D

- B sin yT+B = 2p2271f+(1+‘+pipg) U+ 2 (pqtep) vty

2d 242

q
1ttt e F(O) v* L. (1n.39)

where the dot superscripts imply differentiation with respect to ~.
When iron losses may be neglected, po*0 and the leakage flux
may be incorporated with the airgap flux to give a modified L, and £(0)%

so that (4.39) simplifies to

- B sin yt+B = Vot (%+2p1il> (\w + F(0) wﬁ) veeos (B.00)
dt

Both an understanding of the physical nature of the problem and
an inspection of (4.38) suggest that as the load inertia J Increases, so
does the acceleration 8 decrease; 1i.e. the excursions of 6 about its mean
value become smaller. The situation is entirely analagous to that of a

two-stroke internal combustion engine and its fly wheel.

In theory at least, J may be increased until speed fluctuations
are as small as desired; so that the machine may be considered to be
running at a constant speed. I.e. 6=0. Under these conditicns a study of
the system behaviour reduces to a study of (4.39) or (4.40) at the machine
speed of interest. Once a solution to (4.39) or (4.40), as the case may be,

has been found under these conditions it is a simple matter to calculate the

instantaneous and hence the average torque.
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Thus a study of (4.%0) should provide much information about the
essential behaviour of the machines to which it applies. Once this is under-
stood, the investigation may be widened to allow for éhe effects of core
loss, leakage inductance and finite inertia.

4.4. Iron losses.

For the machines under discussion, not only does the magnitude of
the total airgap flux vary with time in a complex manner as indicated in
Figure 3.9., but also, because of saturation, its distribution within the

stator and rotor iron depends upon the total flux as well as the rotor posi-
tion and speed. Thus the formulation of a model to represent iron losses
under operating conditions presents a formidable problem and constitutes a
major study in itself. Any serious attempt to solve it could be justified
only if the operating characteristics of the machine proved to be critically
dependent upon the precise nature of these time and position dependent
losses.

Analogue computer, experimental and analytical studies all show
that the magnitude of the torque developed by these machines is very sensitive
to the circuit damping which means that any equivalent circuit of an actual
machine, if it is to be at all useful, must include the core losses in such a
way that the effective circuit damping is correct.

When the rotor is stationary the problem is straightforward, as it
is a relatively simple matter to represent mathematically, a double valued
A-i relationship which may be fitted to the measured hysteresis loops. Under

sinusoidal flux conditions, having a frequency of w radians per second, a
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possible representation would be:-

=

N
1

=2 $ g(e)a®
n=0

N
Kn ax 2 2n
n p
+ — E é hn(e) A
n=0
N3

dx 2n
K, T é gn(0) A% (4.41)

=

—+

where the first term gives the mean magnetization curve as before, the

second gives the current component required to form the static hysteresis
loop which is made independent of frequency by means of the w in the
denominator, and the third term represents the current component due to eddy
currents in the iron. The use of d\/dt as a coefficient in the second term
is simply a convenient means of obtaining the correct sign and magnitude for
the current increment whereas in the third term it expresses the fundamental
nature of the eddy current component. Normally the third term could be
expressed as Ke %%—with sufficieﬁt accuracy, but where high saturation factors
are present, together with somewhat complex iron geometrics, the full
expression in (4.41) may be required. Instead of using (4.30), expression
(4.41) may be substituted into (4.31) to give the complete electrical circuit

equations for the motor under stationary rotor conditions.



Figure 4.10 shows iron losses measured in thé .prototype machine,
for a range of applied voltages and for a number of fixed rotor positions.
By repeating these for a range of supply frequencies sufficient information
would be available to enable (4.41) to be expressed as:-

N

R 2n
is= fh(8) A

=
LO

= - ar
wR, (8,1) Rc(e,X7 at e

or at one fixed supply ¥requency w, it may be simplified to (4.30), and the
particular funct;on ﬁiTEjXT- found from curves such as those in Figure 4.11
by methods similar to those used in establishing a model for the A-i charac-
teristics.

Such a model is necessarily valid only while the rotor is
stationary. At finite rotor speeds much more information is required
concerning the flux distribution in the rotor before an adequate model can be
developed. As we are primarily concerned in this report with the behaviour
of devices incorporating periodic non-linear inductances no attempt has been
made to establish an accurate model of the core. Nevertheless, the core
losses contribute to the circuit damping and so affect its behaviour; so

gome attempt must be made to include them in the equivalent circuit.
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Three practical possibilities exist in the absence of a complete
model. The first would be to use the model of 1/Rp(6,1), found from curves
such as those in Figure 4.11, at all rotor speeds.

Alternatively an average value for Rp could be found from the
experimental data, for a particular applied voltage over the speed range of
interest.

Thirdly, the parallel combination of Ro and the average value of
the airgap inductance of the stator windings could be replaced with its

equivalent series representation at the supply frequency in accordance

with
Ry = Ro/(14Q%) (4.13)
Lg = L /(+1/Q% (. L4)
where Q = RC/wLe

Equations 4.43 and 4.44 are valid only for the replacement of a parallel
combination of constant linear inductance Le and resistance R, with a series
combination Rg and Lg under steady state sinusoidal excitation at frequency

w. Justification for the use of these equations cannot be found analytically

but possibly may be from a comparison of theoretical and practical results.
Throughout the remainder of this report wherever
solutions to the system equations are sought, whether it be by
analogue, numerical or analytical methods, fixed values for
either Rc or Rs’ as the case may be, are used.
Using the data presented in figures 4,10, 4.11 and
A IIT 1, it is a relatively simple matter to calculate the circui
Q for the prototype machine stator, by calculating the ratio

of the voltamperes in the winding inductance to the total watts



loss in the core and series resistance. Figure 4.12 shows
some representative values under blocked rotor conditions, for
three different winding voltages at the two extremes of rotor
position. These indicate, as one would expect, that the
circuit Q falls as the applied voltage increases, but that for
this particular machine the circuit Q increases as the rotor
reluctance increases.

Approximate representation of the iron losses by
means of a fixed shunt resistance Rc will result in a similar
but much exaggerated variation in circuit Q with rotor
position. On the other hand, representation by additional
series resistance Rs will result in a decrease in circuit Q
with increasing reluctance. A combination of both might
provide an acceptable model under conditions of a slowly
varying rotor position. Under normal rdnning conditions

however it is likely that the above discussion is irrelevant.
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CHAPTER 5: ANALOGUE COMPUTER SIMULATION.

The contents of this section may be divided conveniently into
two distinct portions. Firstly the results obtained from an attempt to
simulate the prototype machine will be presented and discussed.

Secondly, an improved computer set up provides information on the beha-
viour of a system described by equations (4.38) and (4.40), using a cubic
approximation for the A-1 characteristics. These latter results may then
be compared with the results from numerical and analytical solutions of
these equations.

Restriction of the investigation, at this stage, to a cubic
approximation, simply facilitates comparison between the three approaches.
It will be shown in a later section that the computational time involved
in obtaining an approximate analytical solution to these equations is about
two orders higher when using a quintic instead of a cubic representation.
As the behaviour of the systems described by either of these representa-
tions differs only in details but not in essentials, the author has chosen
to work with the cubic.

5.1. Simulation of the prototype machine,

From the experimental results presented in section 3, values for
the various fixed parameters in the system equations (4.22), (4.30), (4.31)
and (4.32) may be calculated.

While any desired accuracy of fit to the A-1 characteristics may
be obtained by means of the power series representation in equation (4.30),

hardware limitations on the computer and the reasonable agreement between



model curves and measured points shown in Figures 4.5 and 4.6 suggest that
a simple quintic approximation should be adopted.

Fourier analysis of the points depicting £(8) in Figure 4.4
enables the various Dy and 8 of (4.22) to be found. However for purposes
of simulation it 1s more convenient to generate f'(6) from the variable 6
by means of a diode function generator[2,17Land from £'(6), to form £(8)
as discussed subsequently in this section.

Using a quintic approximation and neglecting core losses, the

system equations become:-

T a2 (1+f(e>x”\) evel (5.1)
LO
ve=Ri+=[dat+ L+, L,y (5.2)
@) dt dt <o e i
d2e de . f'(e) A6
T =J —+ 6 o—+ —=220 (5.3)
m a2 dt 6L,
U
f(8) = D, + :éi Dpcosmp 6+ 6, ... (5.4)
m=1

These represent the complete behaviour of the machine, with the
following reservations:-
(i) the effect of core loss has not been specifically
included.
(ii) (5.1) will normally only approximate the true family of .

A-1 characteristics.



(iii) the only electrical torque considered is that due to
reluctance effects.
Some details and specifications of the analogue computer will be found in
Appendix II(a). This equipment (Plate 5.1) was designed and constructed
in the Electrical Engineering Department, University of Adelaide, during
the years 1952-56 as a series of postgraduate projects.

The manner in which (5.1)>(5.4) were implemented on the computer
in order to simulate the prototype machine, is shown in Figures 5.1 and
5.2, while the details of the manner of generation of f(S)AS and £'(9)20
by means of multipotentiometer servo-multipliers are shown schematically
in Figure 5.3. The block diagram representing (5.1) and (5.2) is quite
straightforward and follows conventional practice, however +that shown in
Figure 5.2 requires some explanation.

Problems arise because one of the independent variables, viz.
rotor position represented by 6, increases indefinitely with time, but which
nevertheless must be represented by a voltage which does not exceed 100.
As the ultimate requirement is not 6 but é, £(8) and £'(8), and as the
latter two are periodic with respect to 6, the possibility %pises of
restricting the range of 6.

We may form f(6) as follows:-

df(e) d—edt - fl(e) édt ..... (5.5)

f(e) = [ df(e) = 6 3t
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after forming f'(6) by means of a diode function generator. When £(8)
is a symmetrical function, economy in the use of diode function generator
segments may be obtained while at the same time restricting the range of
6. See Figure 5.4. The method requires that thé rotor direction be
reversed each time 6 reaches a value of O or /2, and, simultaneously
with the reversal in direction, the sign of the output from the function
generator forming f'(6) must also be changed; so generating successive
positive and negative half cycles of f'(8). Details of the electronic
switch and the stabilizing circuit required in the generation of f(8)

are given in Appendix II(b). This latter circuit proved to be necessary
in order to counteract the effect of the finite operating time of the
changeover relay. Additional points of interest including the scaling
of the independent and dependent variable are also included in Appendix II.

5.1.1. Results from the simulation of the prototype machine.

Computer hardware limitations precluded the incorporation of
either a fixed or variable shunt resistance for the representation of
core losses. Instead, mean values of Rp and wlL were estimated, from the
results shown in Figures 3.4, 3.5 and 3.6, as = 6000 and 60Q respectively,
which, when inserted in (4.43) and (4.44) suggest an increase in series
resistance of = 6Q and a decrease in inductive reactance of =0.6Q.

A check on these may be obtained by adjusting the series
resistance in the analogue computer model until ferro-resonant jumps occur
in both the model and the actual machine, at precisely the same value of

applied voltage and current for a given series capacitance and blocked
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rotor position.

By this means, virtually identical results were obtained in the
model and the prototype when the model series resistance was increased by
50 up to 100 while at the same time leaving the leakage reactances
unchanged at = 261Q.

Thus in the simulation, core losses were taken into account
approximately, by an increase of 50 in the circuit series resistance.

A symmetrical f(6) results from the method of generation in the
model, whereas the actual f(8) of the prototype machine is slightly
asymmetrical as shown by the full line in Figure 4.4.

Using the computer set-up shown in Figures 5.1 and 5.2, with
appropriate values corresponding to the particular circuit conditions, the
results depicted in Figures 5.5 and 5.7 were obtained, which may be
compared with the experimental torque speed curves from the actual machine,
reproduced in Figures 5.6 and 5.8.

Comparison of these results from simulation and direct measure-
ment prompts the following comments:-

(i) The model reproduces the major characteristics of the
prototype, however some minor characteristics are absent.
(ii) Quantitative agreement is far from perfect.
(iii) The simple representation of circuit damping is apparently
inadequate because, while the greater steepness in the model
of the positive slope portion of the torque speed curves

suggests that the damping is too low, the increased voltage
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required in the model to produce a given peak torque
suggests that it is too high.

The ferro-resonant jump effect is a threshold phenomenon which
may be induced under appropriate conditions, by small changes in any of
the circuit parameters; so that it is not surprising that a threshold
effect appears in the behaviour of these machines. Thus the voltage
range leading to satisfactory operation for the conditions shown in
Figure 5.6 is given approximately by 150 < V< 180, Below 150 volts the
developed torque is too small to be of much practical use whilst above

180 volts the circuit may take up permanently the high flux and current

state. In other words the practical range of applied voltage in this
particular case is given by V = (165%15) volts. This represents a
variation of about * 10%. A similar degree of sensitivity to changes in

other circuit parameters also may be demonstrated.

Such sensitivity means that small variations in the gain of any
of the computer elements used to simulate the machine, may lead to serious
errors. Only after the introduction of a number of stringent checks,
frequently repeated, was it possible to reproduce simulated results from
one day to the next.

In order to obtain a point on the negative slope portion of the
speed torque curve, initial values for speed, rotor position, applied
voltage and phase, current and capacitor voltage, together with the load
torque were set and the computer released. Instantaneous speed versus

time was plotted on an x-y recorder. If and when the average speed
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became constant, it could be inferred that the average electromagnetic
torque was equal to the average mechanical torque at that speed. The
value of the electromagnetic torque follows from (5.3) as:

Té.ve = G[elave - Tm ceen. (5.8)

In fact it prowed most convenient to put T = 0 and to vary G by changing buf-
fer Bl in Figure 5.2. By this means the settling time is kept to a
minimum,

Because of the nature of the machine, even although the average
speed over a sufficiently long time may be constant, the instantaneous
speed, due to the effect of the alternate negative and positive torque
pulses and to beat phenomena, in géneral exhibits cyellc variations about
its mean value.

Increasing the mechanical inertia by decreasing the gain of buffer
B2 in Figure 5.2 restricts the amplitude of these variations but
increases the time taken to reach a steady state and hence the time
required to défermine whether or not a steady state has in fact been
reached. On the other hand, for a given block diagram configuration,
inherent amplifier drift sets a limit on the total time for which the
computer may run before the errors become significant.

There is thus a serious conflict in requirements. Decreasing ~
the inertia in order to shorten the settling time results in larger speed
fluctuations which mask the average value and, as will be seen in a later

section, may even preclude the attainment of a steady state.



When using multi-potentiometer servo-multipliers to generate
£(8)A° and £'(6)A%, the wiper arm of the multiplier must follow A, which
means that the time scaling employed must place the frequency of A within
the bandwidth of the servo-multiplier in order to avoid amplitude and
phase errors. See Appendix II. The results presented in Figures 5.5
and 5.7 represent a compromise between these conflicting requirements.
Better resolution of the points on the torque speed curve can be
obtained only by shortening the time scale which means replacement of the
servo-multiplier.

Determination of the position of that portion of the speed torque
curve which has a positive slope, can be carried out by searching for the
boundary between rising and falling speed for a particular value of G.

After comparison of the results in Figures 5.5-+5.8, bearing in
mind the limitation of this particular computer implementation and the
method of approximating core losses, it seems reasonable to suppose that
if an accurate model were available for the latter, then the system
equations (5.1)>(5.4), would provide an acceptable model of the actual
machine.

It should be noted that core loss in the prototype machine is
exceedingly large because of the method of machining the rotor slots. In
subsequent machines great care was taken to eliminate any short éircuits
between laminations, with the result that losses have been substantially
reduced; so that their contribution to the circuit damping and hence their

effect on the machine operation has been much less 'significant.
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5.2. Analogue computer solution of the ideal
system equations.

From the discussicn and results presented in Section 5.1, it
seems reasonable to conclude that the essential behaviour of ferro-
magnetic parametric machines may be described by equations (5.1) to (5.4),
provided core loss is negligible. A criterion for establishing whether
or not core loss may be considered to be negligible, has not been and
will not be established in this report. As discussed in Section 4.4,
the determination of an accurate model is a major problem in itself.

Here we are primarily concerned to investigate the particular character-
istics of electromechanical devices which have position and current
dependent winding inductances. Once the characteristics of such devices
are known and understocd further investigation can be undertaken to find
out what modifications result from the presence of position dependent core
losses.

In later sections, approximate analytical solutions to equatioﬁs
(5.1)>(5.4) are developed. From these solutions, torque speed curves for
the machines may be calculated and compared with those obtained from
analogue or digital computer solutions.

It will be shown that the ratio of the time taken to obtain
analytical solutions in the case of cubic or quintic approximations to the
A-1 characteristics is of the order of 1 : 100. The actual ratio being
dependent upon the desired accuracy of the solution. Thus in order to save

digital computer time, the majority of the analogue computer investigations



have been carried out using the cubic approximation.

5.2.1. Improved analogue representation.

The implementation of equations (5.1)>(5.4) shown in Figures 5.1
and 5.2 and used to simulate the prototype machine, suffered from the
serious disadvantage that errors due to amplifier drift often become signi-
ficant before it was possible to decide whether or not a steady state had
been reached. As a consequence, uncertainty concerning the precise
location of points on the torque speed curves was high.

In Figures 5.9 and 5.10 an improved implementation is shown in
which diode function generators form the requisite powers of i, and in
which some of the servo-multipliers have been replaced by electronic
multipliers. Design and construction of the latter was such that the
maintenance of errors within specification was extremely difficult, which
was the reason for avoiding the use of these particular units of the
Analogue Computer when simulating the prototype. Because of this problem
one servo-multiplier was retained in the main loop. This then set the
upper limit on the time scale.

No provision need be made for leakage inductance when core losses
are neglected, as it may be included with the airgap inductance, unless it
is specifically desired to investigate the effects of external inductance
on the machine performance.

5.2.2. Torque speed curves of idealized machines.

In order to facilitate comparison with later work and to bring

out just what are the fundamental parameters affecting performance, results
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5.11

are presented 1n terms of the normalized parameters listed in (4.37).
Thus figures 5.11 to 5.17 present some representative speed

torque curves in which normalized torque Ty is plotted against the per

unit speed Q/y, where Ty = Dglo To for a cubic approximation and

Q/y = (wp/we)/(w/wy) = wp/w. These results represent the performance

of (4.38) and (4.40) reproduced here for convenience as

..... (5.7)
and
- Bsinyr = ¥ + (1+20dd—t) (w+FVH L (5.8)

Three different values of series capacity give three different
values of natural frequency and hence three values of y, viz. 2.5, 3 and 4.
In addition two different rotor gecmetries are considered together with a
small range of series resistance. When using a cubic approximation and
no leakage reactance the normalized excitation magnitude is represented by
B=f2V y2 Do%/m. in practice thére is an upper limit to B, above which
the circuit adopts the high current and flux state and remains there for
all rotor positions, and also a lower limit, below which torque production
is negligible.

‘Identical parameters were used with the original computer set-up
shown in Figures 5.1 and 5.2. Except for the lack of discrimination
mentioned previously the results obtained from the two different computer
implementations agreed well on the negative slope portions of the torque

speed curves. However, there was some discrepancy between the two sets of



results for the positive slope portions of the curves and consequently
on the location of the peaks.

Inspection of Figures 5.11 to 5.16 shows the extreme sensitivity
of the positive slope portions to relatively small percentage changes in

B or p, and hence to small changes in V, D_, R or C. Results from the

o?
higher speed implementation shown in Figures 5.9 and 5.10, easily
repeatable from day to day, must be considered as the most reliable of
the two different sets, but the author feels that the precise location

of all positive slope portions of these curves is still in some doubt.
Firstly because the points represent unstable solutions and must be found
by searching for such a position and secondly, as will be discussed in a
later section, the mechanical inertia of the system can have a marked
influence on behaviour.

Note that Figure 5.15 shows results from the original computer
set-up using servo-multipliers, as these particular conditiocns were not
repeated with the improved implementation.

Detailed discussion on the significant characteristics of these

curves and of the flux and current waveforms is deferred until deeper

insight into the physical nature of the system behaviour has been gained.
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CHAPTER 6: NUMERICAL SOLUTION OF THE SYSTEM EQUATIONS.

Instead of using an analogue computer, the system differential
equations may be solved by numerical methods on a digital computer. Just
as for the analogue computer, all initial conditions are set and the
computation continued until the average speed becomes constant. However,
unless a console is available with graphical display facilities the method
is unsatisfactory and time consuming, particularly when searching for the
unstable solutions on the positive slope portions of the speed torque
curves.

Pragrammes were written, using a Runge Kutta fourth order method,
to solve equations (4.33) to (4.35) which require re-arrangement for solutio

Thus when both core loss and leakage reactance are included the equations

become:-

1) 1 P _ L/ -
b= @'(1—2)—(1+q r(e) v3-1) y-y2 Fr(e) e] ----- (6.1)

NS

_92_% Esinm+i@+2p1§+ﬂ ..... (6.2)

5 = y2Tm _ Ey6 _ p3* 42 Fre) o
Jw4 Jw Lod(qgtDw?D /1) e ;
1

= q-1.
where }- (L0+LZ) D0 i



However when core loss can be neglected, or is treated
approximately by adding extra series resistance, the leakage
flux may be incorporated with the airgap flux; so that

equations (6.1) and (6.2) reduce to:-
% = -BsinyT+B - (1+2p1diT) IO (6. 4)

Solutions to (6.3) and (6.4) obtained by digital
computer are marked on some of the curves in Figures 5.11 to
5.16, 10.9 and 10.11, while some instantaneous speed versus
time plots obtained by numerical solution of (6.3) and
(6.4) are shown in Figure 10.13. This latter Figure is
referred to in section 10.7.1, in which a comparison is made

of the results obtained by different methods.



CHAPTER 7:

Analytical Solution under Blocked Rotor Conditions

The computational methods outlined in Chapters 5
and 6 enable solutions to be found for the system equations.
These solutions provide information concerning the instant-
aneous flux and current in the machine as well average
torque versus speed characteristics. Furthermore, the
results of Chapter 5 suggest that, provided an adequate
model is available with which to represent the instantaneous
iron losses, these equations may be used to predict the
performance of practical machines.

However, these methods of solution provide little
physical insight into the essential behaviour of such
machines; so this and the two following Chapters will be
given over to the investigation of this particular aspect
of the problem.

We begin by exploring the nature and the stability
of the steady state solutions which arise in the electrical
circuit of such a machine when the rotor is locked in some

particular position.

7.1 Steady state solution by harmonic balance.

As our immediate aim is physical understanding,

core loss and leakage inductance may be disregarded at this



7.2
stage; so the relevant normalized circuit equation may

be written:

B cos (yT+B) = w+(1+2p%?)(w+Zan2n+l) ..... (7.1)

where the various
Fn = Fn(e)]6=a

Further simplification is possible when the A-i
relationship can be represented by one non-linear term
only. In this case, when n=1, (7.1) assumes a particular
form of Duffing's Equation, the solution of which is
treated extensively in the literature, of which there is a
very large body dealing with non-linear second order
differential equations with constant coefficients.

Perhaps the most satisfactory, from an engineering point
of view, is that due to Hayashi [ 13 ], while two papers
by West and Jayawant [40,16], following the approach of
Hayashi, deal specifically with some aspects of the steady
state and transient performance of (7.1).

It may be shown [13,23]that the solution to (7.1)
contains not only a fundamental component having a period
2m/Y, but also a series of harmonics of the fundamental,
the relative magnitudes of which depend upon the degree
of non-linearity, the amplitude of the driving function and

the initial conditions. However in practical RLC circuits



where good efficiency is of some consequence, circuit
parameters are such that the flux waveform is virtually
sinusoidal; so that harmonics of the fundamental flux
waveform usually may be neglected. This is not the case
with the corresponding current waveform.

Under these circumstances the periodic solution

of (7.1) may take the form [13]:-

Y = X sin YT + y €COS YT = T sSin YT+N = «eaean (7.2)

Substituting (7.2) into (7.1) and equating the

coefficients of cos YT and sin YT separately yields:-

B cos B = (A-y23)y + 2pyAx caiaaws (7.3)
B sin B = 2pYAy - (A-y®)x ..., (7.4)
[oe]
where A = ZrznP
. n
r2n= (x2+y2)n

and P_ = F l—n (2n+1) !
n n 22° (n+1)!n!

Eliminating x and y from (7.3) and (7.4) yields

B2 = [(A_.Yz)z + 4p2Y2A2]r2 ...... (7.5)



and n = £+B8

, e (7.6)
where tan & = Ay
20YA
Thus when n = 1,
A =1+ % r?F; so that
B2 = [(1+% T?F-y2)2 + 4p2Y2(1+%r2F)2]r2 ..... (7.7)
or B2F = [(1+-i—r2F'-Y2)2 ¥ 4p2Y2(1+%r2F)2]r2F ..... (7.8)

Figures 7.1 to 7.3 show plots of r?F versus B?F
for y=2.5, 3 and 4 .espectively for a range of values of p.
Now for a given machine with particular stator
windings and fixed supply frequency, variations in Yy are
determined simply by changes in the series capacitance in
the stator circuit; so that under these conditions
Figures 7.1 to 7.3 represent the circuit behaviour for
three different values of series capacity. These curves
illustrate a number of the important characteristics of
systems described by equation (7.1)
e.g:-
(i) for a particular value of p less than some critical

value, there is a range of values of B?F within which
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three different values of r?F may be found which satisfy
(7.8), for a particular value of B?F within this range.
e.g. at P,Q and R in Figure 7.1

(ii) for a particular value of Yy, there is an upper limit
to the value of p, above which only one solution exists
for any value of BZ?F,

(iii) discussion in Chapter 8 shows that the solution
which corresponds to the point on the negative slope
portion of the characteristic is unstable and does not
exist in practice.

(iv) <changes from a high state to a low state and vice versa
may be induced under appropriate conditions by changes

in B,F,p or Y.

A domain in the frequency-damping plane, within which two
stable states may occur, may be derived [40]

Figure 7.4 shows these domains for different degrees of
non-linearity, namely for n=1,2 and 3. When leakage
reactance and iron losses are present these two parameters
will affect the size of these domains, leading to results
as presented in Figure 7.5 following an analysis in
Appendix IV. The physical significance and relevance of

these results will be discussed in sections 7.2 and 7.3.
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7.1.1 Natural frequency of the unperturbed system

Systems described by equations taking the form of
(7.1), exhibit skewed resonance curves, examples of which
are shown in Figure 7.6, where the amplitude r?F is
plotted as a function of ¥y for a number of different

values of B?F/y?. This Figure 7.6 shows plots of

P2F = (BZR/y2yy2 L (7.9)
LY 2252
(A-Y“)“+4p°Yy"A

as Y is varied, whilst keeping B?F/y? constant, i.e. whilst
keeping 2V2F/w: constant. Clearly the natural frequency of
‘the system increases as the amplitude of response increases.
This is in accordance with our physical understanding
because as the current and flux amplitudes increase in the
windings the effective inductance falls due to saturation
of the iron core; so raising the natural frequency.

An expression for the effective natural frequency, in
terms of amplitude, may be found by studying the undamped

autonomous form of Duffing's Equation:-
Pp+yp+Fp* =0 (7.10)

This leads to the following expression for the undamped

hatural frequency [9,23].



FIGURE 7.6: RESONANCE GURVES




2 _ 3.2, 3 2.4 57 3.6
Yn = 1+4Fr *15% F°r ~709¢ F°r®°+ ... ..., (7.11)
or Y2ﬁ1+i Fr? ;. (7.12)
N 7 FTC e .
which is identical with the expression A, above. Thus

(7.8) may be written as: -
BZF = [(y2-v®)2+4p2y2y Ix?F ..., (7.13)

Subsequently it will be found convenient to be able to
relate the effective natural frequency to B?F, y and p;

so (7.13) may be re-written as:-

2 2 2

3 B2F 2 Ya Yh
A = (v2-1 1y 2 2
v )[(77— D* o+ 40" (7 1 e (7.14)
2
and plotted as % B E versus YnZ/YZ for a range of

Y

Y and p, as shown in Figure 7.7.

Before we discuss the implications of the above
results as far as parametric ferro-resonant machines are
concerned, it is of interest to return to the graphical
approach to obtaining the steady state solution which was

discussed in the introductory sections.
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7.8

7.2 Steady state solution using waIf curves

It was suggested in Section 2.1 that if the effects
of harmonics in the current wave form could be neglected
then a graphical solution for the steady state rms
fundamental current in a series RLC circuit could be
obtained by plotting both sides of equation (2.2),

reproduced here for convenience as (7.15):-

- 2 _ 252
waIf = VYV If Re + If/wC ..... (7.15)

Points of intersection of the two resultant curves would
then correspond to possible steady state solutions.
When Lf

time, the accuracy of the solution obtained from (7.15) is

is a constant, independent of current and

limited only by the method of solution. However, when Lf

is some function of current, (7.15) becomes an approximation
only to the circuit conditions and its practical usefulness
will depend upon the closeness of the approximation.

The term waIf represents the r.m.s. fundamental
voltage across the winding inductance which must be
measured, for any particular machine under consideration,
as a function of If before the left hand side of (7.15)
can be plotted. For practical machines, fed with sinusoidal
periodic voltages in which good efficiency is important;
so that p is relatively small, experimental evidence shows
that, even for saturation factors as high as 10, the
voltage and flux waveforms are essentially sinusoidal.

Thus the measurement of waIf is straight forward.
On the other hand, measurement of the fundamental

component of the current waveform requires a dynamometer



type instrument and some care. Assuming that such a
measurement can be made, the question arises concerning
the relationship between the steady state solutions
obtained by this graphical method and the solutions
found by the method outlined in 7.1.

7.2.1 Equivalent linear inductance

Such a comparision becomes possible if we define
what is meant by Lf.

When dealing with currents which are periodic
functions of time, in a circuit element which has a known
but non-linear A-i relationship, an equivalent linear
inductance may be found from the following relationship
[22]

$L,1,.2 = 3

kil .
ele - J Aid(wt) eees (7.16)

[+
Thus for i given by (4.24) and A=Asinwt, Appendix III(d)
shows that

1

| mm——eees  awes (7.17)
Le = n A" (2n+1)!
z £ (8)L. 220 (n+1)!n!
n=0
Furthermore, Appendix III(b) shows that
h +
I, =% V2f (6)A2™TY (2n+1yr L. (7.18)
n=0 L

e 2207 T (ny1) In!



A
so that Lf _fflf

- owh o -
or wl I, = - = 4.44Af = 4.44NOf

which is the familiar expression for voltage across a coil
of N turns, linked by a sinusoidal flux of frequency f and
a peak value of ¢. Thus it is possible to define a suit-
able equivalent linear inductance which, when multiplied
by the fundamental component of current and by the radian
frequency, gives the correct reactive voltage across the
winding. Conversely, plotting the measured coil voltage
against the r.m.s. fundamental component of current If,
and noting the intercepts with the right hand side of (7.15)
leads to solutions identical with those found in 7.1.

This follows, because when the relationship

2 _ p2t2 - 21 2
Ve = R.If + (wa 1/wC) If

j¢ converted to normalised parameters, with, for example,

fo(6)=1 and f1(6)=F, it becomes: -
B2F = AZF[(1+%A2F—Y2)2+4p2y2(1+% A%F)?]

or  B2F.= A*F[(v2-v*)%+40%y*y]]

which is identical with (7%13)5



Although, for convenience, the comparison has been
made for the case of a simple cubic non-linearity, it

holds for non-linearities of any degree and complexity
as may be seen from a study of Appendix III. Thus this
graphical approach provides a practical and convenient
means of investigating the blocked rotor behaviour of
such a machine, based on the measured voltage-current
characteristics of the stator windings.

Measurement of the total r.m.s. current IR is
far more convenient than measuring If, the r.m.s.
fundamental component. Discussion presented in Appendix
III(e) shows that any errors which result from plotting
VL against IR instead of VL against If are of little
consequence as far as the problem of selecting appropriate

operating conditions is concerned.

7.3 Selection of approximate operating conditions

So far, the discussion in Chapter 7 has been
concerned with finding analytical solutions for the flux,
current and torque under blocked rotor conditions. Although
in later Chapters appropriate analytical methods are
presented for the determination of these three quantities
under running conditions, explicit solutions cannot be
found. As a consequence, very few satisfactory design
criteria can be established from such an analysis.

Nevertheless some of the practical limitations on
the various circuit parameter values can be inferred from
a study of the behaviour of the machine under blocked

rotor or very slowly moving rotor conditions.



For any particular machine of the type under
discussion, having associated with it a particular family
of A-i characteristics, there exists a restricted range
for the values of V,R,w and C within which satisfactory
operation may take place as an energy conversion device.

It is shown in Appendix I that the area contained
within the loop traversed by the VL/If locus as discussed
in Section 2.3, while the rotor slowly makes one complete
revolution, is a measure of the work output; so that under
these conditions changes in V,C or R leading to an increased
loop area also lead to increased output, but not necessarily
to increased efficiency. Unless ferro resonant jumps
occur, the loop area and hence the output must be zero.

The possibility of these occuring exists only if at least
two stable solutions exist. Appendix IV analyses the
conditions which ensure the latter situation, whilst
Figures 7.4 and 7.5 present typical results showing the
domains in the frequency damping plane within which such
jumps are possible.

It may be seen that no jump can occur unless y>1 for
all values of p, a fact which may be deduced from Figure
7.9, because the relative slope of the IwaO line and the
2

If/wC line is szOC = wz/wé= Y Clearly, unless this 1is

greater than one, all of the Iwaf curves must lie

below the If/wC line and no jump is possible. In general

an upper limit to Yy exists because of the presence of leakage
inductance which sets a limit to the mimimum slope of the
Iwaf curve and hence to the slope of the If/wC curve.

A practical upper limit in the vicinity of y=4 is suggested

by the curves of Figure 7.5.
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The families of torque-speed curves presented in
Figures 5.5 to 5.8 and Figures 5.11 to 5.16 suggest the
presence of a threshold to the voltage magnitude, below
which negligible torque is developed at any speed. Some
indication of the magnitude of this voltage is given
by the minimum voltage necessary to induce a jump
from the low state to the high state when the rotor is
clamped in the maximum reluctance position.

By way of example, consider a machine identical
with one previously simulated on the analogue computer, as

discussed in Chapter 5.2, for which:-

Y = w/w0 = 3.0

o = 0.05 ;R = 8.7Q

B = 8.0 ;V = 88.4 Volts
f(6)= 5(1+0.8 cos 0)

LO = 0.83

Typical torque speed curves of such a machine are
shown in Figure 5.12, while the B2F/r?F characteristics
obtained by the methods outlined in 7.1 and representing

the solution of:-
B cos YT+B = m+(1+2pj—T) W+FL® (7.20)

are shown in Figure 7.8. 1In this particular case.B=8.0
and F=1+0.8 cos 0, while r? = y? = DOAZ = 5A%?; so that
12.8 < B?F < 115.2. In other words, the above equation
has been so normalised that the mean value of the coefficient
of P? equals unity.
By way of comparison, Figure 7.9 shows curves of

I.wL,. = wA/V2 = vy and sz—I;R2+If/wC plotted against I

£ f £’
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where A is the peak value of the actual flux linkages.
Thus from (7.17) and (7.18) we have:-

L
(o]
Le = (7.21)
l'+13rA2G sa e e s .
I L 142 2%0) (7.22)
amd £= o (WAE e :
(o]

where G takes the value of 5(1+0.8 cos 6) and hence

1.0 < G < 9.0
L]

The points marked P, Q R H and K corfespond to identical
machine conditions are represented in each of Figures 7.8
and 7.9 whilst the broken lines indicate the locus of the
point representing coil voltage VL and coil current If as the
rotor slowly moves through one complete pole pitch.

It is clear that unless a jump from J1 to R can occur
before the rotor reaches the position of maximum reluctance,
the area of the loop enclosed by the above locus will be
zero provided the rotor is allowed to move only very slowly.
As the rotor speed is increased under these conditions, the
response of the electrical circuit will lag the rotor position;
so that the possibility arises of having a finite loop area
at finite rotor speeds, even although the conditions for a
ferro-resonant jump are not satisfied. Such behaviour is
discussed in sections 8 and 9.

Thus although we might expect.to find some correspondence
between the threshold voltage below which ferro-resonant jumps

cannot occur with a stationary rotor, and the threshold voltage



7.15

below which negligible torque is developed at any speed,
this correspondence is likely to decrease as Y increases
because the speed at which maximum torque occurs, increases
with increasing v.

Thus for this particular case when p = .05 and F = 1.8,

Figure 7.1 and 5.11 to 5.13 provide the following information:-

Y 2.2 3.0 4.0

B threshold for Jump 4,05 | 7.6 19.8

B threshold for torque

(approximate only) 4.0 7.5 16.5

A similar rough correspondence occurred for other
measured torque speed characteristics but ne such simple
upper practical limit for applied voltage can be found from this
approach via the steady state -stationary rotor behaviour;
because excessive current densities are likely to be the
limiting factor. )

The methods outlined in sections 7.1, 7.2 and 7.3 enable
accurate solutions to be found for current, flux and torque
in terms of the various network parameters for any fixed
rotor position. Furthermore they enable some estimate to be .
made of the practical range for a number of these parameters
such as C, R and V.,

However, these methods tell us nothing about behaviour
under moving rotor conditions, but before attempting to find an
adequate analytical solution, applicable when the rotor is
moving at finite speeds, it is of interest to study the nature
of the transitions from one state to the other and back.



CHAPTER 8:

Transition Characteristics of the Jump

Discussion in Chapter 7 has shown that a system
described by an equation of the form of (7.1), may have
more than one stable state for a given set of input
conditions and furthermore, that changes in any one of a
number of parameters may induce a change from one stable
state to another.

It is of interest to investigate the nature of the
transient and the behaviour in the vicinity of a
particular solution. Hayashi [13] treats this type of
problem most comprehensively for similar but not identical
systems, while West and Jayawant [40,16] have dealt with some
aspects of the behaviour of circuits described specifically
by equation (7.1). As the analysis which follows in 8.1
is similar to that used by these authors, only the bare

essentials have been included.

8.1 Integral Curves

As in section 7.1, if harmonics of the fundamental
component of the solution of (7.1) are negligible with
respect to the fundamental itself, then the solution to
(7.1) during transient states may be approximated by
[13,40]:-

v (1)

x{1) sin yt+y(T) cos YT

r(t) sin(yt+é(T))

in which both the amplitudes x(t) and y(t) are functions
of T which finally become constants after completion of the

transient.



Substituting (8.1) into (7.1) and equating coefficients

of cos YT and sin YT separately, yields:-

dx

2Yygr = B cos B-(A-y3)y-2pyAX ... (8.2)
dy _ . 2
ZYE? = B sin B-2pYAy+(A-vy9)x ..., (8.3)
where A = Zr2?Dp
0

r2n_ (x2+y2)n

- F 1 (2n+1)!
n no2n (n+1)!In!
under the assumption that the amplitudes x(T) and y(t) are
such slowly varying functions of T that d%?x/dt? and
d?y/dt? may be neglected and that p is sufficiently small
that products of p and the first derivatives may also be
neglected.

Steady state solutions arise whenever both dx/dT and
dy/dt are zero. Under these conditions (8.2) and (8.3)
revert to (7.3) and (7.4) respectively to give results
identical with those in (7.5) to (7.8).

When the rotor is stationary, (8.2) and (8.3) represent
a pair of simultaneous, first order non linear equations in
two quadrature components of the amplitude of the
fundamental component of the solution of (7.1). Except
for the case of a conservative system with p=0, when direct
integration is possible, finding an analytical solution
to (8.2) and (8.3) is a tedious exercise. However

elimination of T from (8.2) and (8.3) gives



dy _ B sin B-2pyAy+(A-y?*)x caeee (8.4)

dx B cos B- (A-Y2)y-2pYAX

As T does not appear explicitly in the RHS of (8.4),
it is possible to draw, in the x-y plane, the integral curves
of this equation by using one of a number of accepted
graphical techniques [9, 40].

Beginning with some initial condition x(o),y(o) in
the x,y plane the representative point x(7),y(T) moves,
with increase of T, along the particular integral curve
passing through the point x(o),y(o), until it reaches a
stable singular point of (8.4) corresponding to
dy/dt = dx/dt = o. Thus transient solutions of (7.1) may
be correlated with passage along integral curves of (8.4),
whilst steady state solutions may be correlated with the

singular points of (8.4).

8.1.1 Plotting integral curves

When the A-i curves are represented by a simple
cubic approximation, the analogue computer implementation
of (8.2) and (8.3) takes the form shown in Figure 8.1.
By setting initial values for both x and y, releasing the
computer whilst recording the instantaneous values on an
x-y plotter, families of integral curves corresponding to
particular values of y,p,B and B may be drawn.

Taking y=3, p=.05, B=0, B=8.0 and F=F(“\()=[l+0°8c:os6]e:Y

j.e. 0.2 €F < 1.8, we get the families of curves shown in
Figures 8.2(a)-8.2(h) for a number of different values of

F corresponding to different fixed rotor positions.
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From the derivation of equations (7.1), (8.2) and
(8.3) it can be seen that the phase angle of the flux and
hence of the fundamental component of the current with
respect to the applied voltage, must be ¢(1)-B8. Thus
when B=0 the reference axis for the applied voltage
corresponds to the positive x axis in Figure 8.2,

Points marked P,Q,R,H and K in Figure 8.2 represent
possible steady state solutions in amplitude and phase,
for three special values of F, equal to 0.2, 1.0 and 1.8,

corresponding to F = F(e)min, F(e)mean and F(e)maximum

respectively. Furthermore these lettered points correspond
with the points similarly marked in Figures 7.8 and 7.9.

8.1.2 System behaviour as indicated by the
integral curves

From an inspection of the integral curves in
Figure 8.2, the following observations may be made concerning
the physical performance of the circuit:-
(i) Behaviour in the vicinity of solutions corresponding
to the low or anti-resonant state is strongly
oscillatory, as indicated by the fact that the singularity
comprises a lightly damped spiral focus. Furthermore the
steady state solution represents conditions in a highly
inductive circuit as indicated by the fact that the phase
of the flux and hence current lags the voltage by almost
90°. Figure 8.2(h)
(ii) On the other hand, behaviour in the vicinity of a
high or resonant state suggests an over damped response
where the solution smoothly approaches the final solution
with little overshoot and no oscillatory behaviour.

i.e. the singularity is a stable node or a heavily damped
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stable focus in this case. In general such solutions
correspond to capacitive circuit conditions as indicated
by the fact that the singularity lies in the first
quadrant. !

(iii) When the circuit parameters are such that three
possible steady state solutions exist, as at Q,H and K

in Figures 7.8, 7.9 and 8.2(d), the singularity corresponding
to the intermediate solution H is a saddle point.

Associated with any saddle is the so called sepatrix which
divides the x-y plane into two separate portions. Any
initial condition x(0),y(0o) must then lead to whichever
stable solution lies on the same side of the sepatrix as

the initial point x(o),y(o) which in turn has a unique
correspondence with a given set of initial circuit

conditions [40].

(iv) Beginning with the circuit in the anti-resonant

state corresponding to point P in Figures 7.8, 7.9 and 8.2
and slowly turning the rotor, results in the points Q and

H merging at J, in Figure 7.9 or the focus and the saddle

merge, as 1is a%out to occur in Figure 8.2(b). This
particular value of the steady state solution then
becomes the initial value of the transient solution which
corresponds to the integral curve through this point and
which terminates at the node corresponding to the point

R in Figures 7.8, 7.9 and 8.2(a).

Continued motion of the rotor leads to the initiation
of the downward jump at the instant when H and K coincide
at J2. This transient, which is strongly oscillatory,
corresponds to the integral curve which passes through the

point on the x-y plane at which the node and saddle merge.



Time does not appear explicitly on -the integral
plots but may be evaluated along any path by means of the

following expression [13]:-

T tjé%%%yfdi (%%)2 ..... (8.5)

where ds = /(dx)*+(dy)?

The above analysis enables steady state and transient
behaviour of the circuit under blocked rotor conditions to
be evaluated within the limitation of the method.

For our purposes the most important observation to be
made is that concerning the markedly different behaviour
in the vicinity of the anti-resonant and resonant states
respectively. Definite boundaries may be found which

separate the different types of behaviour.

8.2 The Nature of the singular points

The behaviour of equation (7.1) in the vicinity of a
particular steady state solution may be directly related to
the nature of the corresponding singularity of equation (8.4).
In turn, the nature of the singularity is related to the
nature of the roots of the characteristic equation of the
perturbed system [ 9].

Thus if dy/dt = Y(x,y) = dx/dt = X(x,y) = O
when Y=Y, and X=X, then (xo,yo) is a singular point of (8.4).
Transforming the origin of co-ordinates to this point we

have: -

X

y

X tu } ..... (8.6)

+V
y0



Then if u and v are small excursions in the vicinity
of (xo,yo); so that higher order terms in u and v may be

neglected, then

QE = au+bv
aie . (8.7)
il = cu+dv
dt

and dv = cu+dv L. (8.8)
du au+bv

where a,b,c and d are defined in Appendix V.
The characteristic equation of the system defined by

(8.7) is given by
a-»A b
c d-A
or A%-(a+d)A+ad-bc=0 (8.9)

and depending on the nature of the roots of (8.9), the
singularity may be classified according to the criteria set

out in Appendix V

8.2.1 Stability of the steady state solution

Provided any small disturbances u and v, away from a
singular point X 5Yg» approach zero with increasing time,
then the point (xo,yo) represents a stable solution. This
will be the case if the real part of XA is -ve. This
stability condition corresponds to the Routh-Hurwitz

criterion which requires that

-(a+d)>0 and ad-be>o0 L., (8.10)
for 'stability [ ¢]. It may be shown [13,40] that the stability



condition for a system described by (7.1) is that

dB®> >0 L. (8.11)
dr2

i.e. stable solutions exist only on the positive slope
portions of Figures 7.1, 7.2, 7.3 and 7.8, for example.

The boundary of the unstable region is given by:

dB2 = 0 cee.s(8.12)

and the criteria in Appendix V establish that the
singularities in this region are saddles; a conclusion

which agrees with the results shown in Figure 8.2.

8.2.2. Boundaries between different types

of singularity

Expressions for the boundaries between regions of
stable nodes and stable foci are established in Appendix V
and some representative results are shown plotted in
Figures 7.1 Ito 7.3, These suggest that for practical
ranges of both vy and p, approaches to anti-resonant or low
states will be more or less oscillatory whereas approaches

to resonant or high states will be well damped.



CHAPTER 9
Phase amplitude plots

In the previous section we were concerned with the
behaviour of the system when the machine rotor is fixed in
one position or is allowed to move so slowly that steady
state solutions still apply. In this section we shall
use the methods of Chapter 8 to investigate the nature of
the system behaviour as the rotor speed is slowly
increased.

9.1 First order equations for amplitude and phase

Beginning once again with equation (7.1) in which the
various fixed Fn are replaced with the various Fn(e) which
describe the rotor geometry, assuming a solution of the
form given by (8.1) and using the methods of section 8.1,
we obtain the following alternative pairs of first order

equations: -

BcosB- (A-v —2pQ )y 2p0vAX ..., (9.1)

N
T
1}

BSinB-ZpYAy+(A-YZ-ZOQBA)X .....
06

]

BcosB-¢-2pyYAr ... (9.3)

S
<
m
a
I

2Yrd¢ = BSlnB ¢+(A ‘Y2 ng )r ..... (994)

where A is given by the expressions following (7.4).
Similar equations may be obtained by the method [9 ]
of variation of parameters but in either case, the

approximations made in obtaining (9.1)>(9.4) are valid only



provided:

2m
Y
Identical provisions apply to equations (8.2) and (8.3)

$<<1 and <<1 (9.5)

G

so that in general, they may be used with confidence, only
in the vicinity of a singular point.

However, in the results which follow, these inequalities
are far from satisfied, except at low rotor speeds, but
nevertheless, the qualitative behaviour of (9.1) and (9.2)
agrees well with the actual system and provides valuable

insight into its behaviour.

9.2 Analogue computer solution of amplitude

and phase equations

The method of implementing equations (9.1) and (9.2)
on the analogue computer is shown in Figures 9.1 and 9.2
while further details may be found in Appendix VI.

These equations were derived on the assumption that
the electrical circuit is subjected to a driving function
v = /2Vsinwt+B, the amplitude and phase of which is retained
in the terms BcosB and BsinB of equations 9.1 and 9.2
respectively. Furthermore the rotor geometry in normalised
form is expressed as

U
F(8) = 1+Z d_ cosmpB+¢ veee:(9:6)
m m
m=1
where p is the number of poles in the machine; so that in
equations (9.1) and (9.2) a definite phase relationship is
implied between the electrical and mechanical forcing
functions. However the frequencies of these two functions
are, in general, incommensurate; so that this relative

phase is relevant and meaningful only in that it specifies
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definite initial conditions.

In the actual practical system having finite inertia
in which speed variations occur, the effect of the initial
conditions may be lost very quickly, but in setting up
equations (9.1) and (9.2) on the computer, the speed Q2 1is
treated as a constant. Thus, under these conditions,
equations (9.1) to (9.4) can be taken to represent a
practical system having infinite inertia, and running at a
constant speed .

As a result, the initial relative phase angle between
the two forcing functions may be significant, and care
must be taken to have it under control if consistent
results are to be obtained.

9.2.1 Results from the analogue computer

Typical examples of the results obtained are shown in
Figures 9.3(a)-(e) which give the performance of equations
(9.1) and (9.2) or (9.3) and (9.4) when yv=3, p=.05,
F(8)=1+co0s2QT1+0.25c0s4QT for two different values of
B=8.0 and 7.0,

By putting Q=0 in equations (9.1)+(9.4) they revert to
equations (8.2) and (8.3) discussed in section 8.1. Thus
the steady state solution in amplitude and phase, for any
fixed rotor position may be found readily. Points P,Q and R
in Figures 9.3 and 9.4 represent the steady state solutions
when the rotor is in positions such that F(6) takes its
minimum, mean and maximum values respectively. Such
solutions may be represented by fixed phasors, drawn from
the origin to the point in question, as in Figure 9.5(a).

On the otherhand, solutions to (9.1) and (9.2) are
trajectories in the x,y ?1ane traced out by the tip of a

moving phasor. At relatively high speeds these trajectories
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FIGURE 9.3c:SECOND RESONANCE



FIGURE S8.3d: THIRD RESONANCE
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approximate circles aboeut point Q. Perfect circles would
imply the presence of the fundamental steady state
solution, represented by phasor 0Q plus a single lower
sideband of frequency y-mpQ, represented by a phasor
rotating clockwise about Q at an angular frequency of
mp{l; so that it makes 'm' complete revolutions about Q for
one cycle of F(6), 1i.e. whilst the rotor moves one pole
pitch. This situation is sketched in Figure 9.5(b).
Departures from a circular trajectory imply the
presence of other side bands but in this particulgiié
problem upper side bands play an insignificant part, as will
be shown in Chapter 10; so that the shapes of the
trajectories shown in Figures 9.3 and 9.4 are determined
principally by the magnitude and phase of the lower side
bands present. Bearing this in mind, it can be seen by
inspection of Figures 9.3 and 9.4, that as the speed
decreases from a value in the vicinity of 750 rpm (in this
particular case), the first lower side band steadily
increases in amplitude and advances in phase until some
critical point is reached at which it falls to a relatively
small amplitude. For B=8.0 this point is reached at about
340 rpm. Further decrease in speed results in the build
up of a trajectory which encircles the point Q twice for one
cycle of F(g) i.e. the second lower sideband now dominates
the solution. This péttern is repeated as the speed is
lowered, with successive lower side bands building up in
turn. Thus the 'm'th lower sideband apparently goes
through a resonance as the trajectory has time to encircle
the mean point Q, 'm' times. This behaviour may be seen

more clearly in Figure 9.6.
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The general shape of these trajectories may be
understood by reference to the curves in Figure 8.2. At
any instant, for a given rotor position there will be a
family of integral curves similar to those in Figure 8.2,
on one of which the instantaneous value of the solution
lies, and along which the solution tends to move towards
the instantaneous position of a stable singular point.
The latter moves as the rotor position changes and
so in turn the trajectory changes. It is clear however
that the large circular sweeps of the trajectories
in Figures 9.3 and 9.4 correspond to the approach to the
low state stable focus in Figure 8.2(b), whereas the 'beak'
on the trajectories represents an approach to the high state
node or heavily damped focus in the first quadrant. Under
certain conditions with large B and low speed the
trajectory may actually reach the point R, as in Figure 9.4(b)-
Also under certain conditions it was found that more
than one stable trajectory could exist. Such a situation
is shown in Figure 9.6 for speeds between 300 and 260 rpm.
The actual trajectory assumed depended upon the initial
conditions but no serious attempt was made to establish the
boundaries on the initial conditions leading to a
particular state because equations (9.1)+(9.4) represent
true system behaviour only approximately.
Using the ana}ytical solution developed in Chapter 10
phase-amplitude trajectories were calculated and the
results plotted in Figure 9.7, for conditions identical to
those used to produce the results shown in Figure 9.3.
Comparison and discussion of the two sets is deferred

until section 9.3.
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FIGURE 9.7b: SEGCOND RESONANCE




9.2.2. Results from torque speed plots

By making use of the expression developed in
Appendix III(a), for the average torque in terms of the
r.m.s. value of a sinusoidal flux waveform, the average
torque during one complete revolution of the rotor in
terms of the flux eavelope will be given approximately

by;—

for a cubic approximation to the A-i curves.

Some representative torque/speed curves, obtained from
(9.1),(9.2) and (9.7) by using the analogue computer, are
shown in Figures 9.8 > 9.11. The circuit parameters cover
the same range as those used to obtain the results presented

in 5.12 - 5.15; so that a direct comparision may be made.

9.3 Discussion

Comparision of Figures 5.12 -+ 5.15 with Figures
9.8 > 9.11 suggests that while equations (9.1) and (9.2) are
inadequate, at other than very slow rotor speeds, to provide
quantitative information about the true system behaviour,
they can give useful qualitative information. The two
groups of speed torque curves exhibit the same character-
istics, suggestive of a series of skewed Tesonance curves,
which for given circuit parameters, have similar thresholds
and operating ranges for B in each system.

Similar conclusions are prompted by comparison of
Figures 9.3 and 9.7.

Thus it seems reasonable to conclude that the

characteristics of a system represented by equations (9.1)
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and (9.2) will also be representative of a system
described by equation (7.1) when the speed is an

independent variable, taken as a constant.



10.1

CHAPTER 10

Analytical Solution

Analogue computer and numerical methods, outlined in
Chapters 5 and 6 respectively, enable a solution to the
system equations to be found for a given set of system
parameters and input conditions, but enable few general
statements to be made concerning system behaviour, except
by exploring the complete input and system parameter space.

The investigation into phase-amplitude behaviour
discussed in Chapter 9 enables greater insight to be
obtained, but because terms containing second derivatives
etc., have been discarded in finding equations 9.1 and 9.2,
in order to reduce their complexity, the results are
quantitatively useless at practical rotor speeds.

On the other hand an analytical solution to the
system equations, giving the dependent variables in terms
of the independent variables and the system parameters, can
lead to complete understanding of the system behaviour

and to the establishment of design criteria.

10.1 Form of the solution

Experience shows that explicit solutions to non' linear
differential equations rarely exist. Usually, attainment of
an adequate approximate solution is facilitated by prior
knowliedge of the form of the solution.

We are concerned with the solution of equations (4.38)

and (4.39) repeated here for convenience:-
-BsinyT+B = 2922$+(1+49592)m+2(pl+02)¢+w

2
d a®
+ (1420 3o+ szz)F(e)wq c....(10.1)



mn ey G Fl(e)¢(q+1)

2 Ju O+ ———— 2
Jw o (q+1)Lon02Doq_‘T

some of the characteristics of which follow from the
results of investigations discussed in previous sections.
Thus: -

(1) Equation (10.1) consists of a third order, non-
linear differential equation, forced externally at a
frequency Y, having periodic coefficients of fundamental
frequency pf. As such, we may expect, because of the
behaviour of linear, non autonomous differential equations
having periodic coefficients [38,5], that the solution
for the flux linkages will consist of a series of sidebands
of frequency y+npfl where n is an integer and -®<n<e,

(ii) Because of the non linear nature of the equation,
sidebands will be present having frequencies my+npi,
where m = 1,2,3 etc.

(iii) The system described by (10.1) has three energy
storage elements, one capacitive and two inductive with the
two latter partially isolated by the effect of the iron
losses. Resonant response will result whenever a particular
sideband frequency, my+np{l, corresponds to a natural
frequency of the systemn.

(iv) Natural frequencies of the system involving the
capacitive element and the non-linear inductive element,
under conditions of internal and external forcing will be
dependent upon the amplitude of response which in turn will
be dependent upon the amplitude of both the external and

internal forcing functions,



10.3

(v) The relative amplitudes of the various sidebands in
the complete solution will be related closely to the nearness
or otherwise of their frequency to a natural resonant
frequency of the system. It was shown earlier that y>1
for a jump to occur and furthermore that the practical
range for Yy, determined empirically and suggested by
Figure 7.5 and the results of Chapter 11, lies in the
range 2.5<y<4. Thus it is unlikely that the frequency of
any upper sidebands will approach the main system natural
frequency. They may however coincide with the natural
frequency determined primarily by the loop comprising the
capacitive element, the leakage reactance and the shunt
resistance representing the iron losses. This loop is
relatively heavily damped, hence the amplitudes of all upper
sidebands may be expected to be relatively small, with the
consequent possibility of neglecting them in a first
approximation.

(vi) With finite mechanical inertia in the machine, the
alternate positive and negative electromagnetic torque
pulses cause fluctuations in the rotor speed about the mean
value determined by the average values of the electromagnetic
load and friction torques. Thus the solution to equation
(10.2) under steady state conditions, i.e. the load speed {,
will consist of a constant £ plus periodic terms of frequency
nk®. Under these conditions, the periodic coefficients of
(10.1) become quite complex functions of time, although they
may be very simple functions of rotor position.

(vii) Consequently any analytical solution to (10.1) and
(10.2) will, in general, incorporate phase and amplitude

information concerning all significant frequency components
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of both the flux linkages and the instantaneous speed.
However if the inertia is sufficiently large that speed
fluctuations become very small, solution of (10.1), on the
assumption that both Yy and Q are independent variables,
involves much less work and may provide an adequate

description of the system behaviour.

10.2 Possible methods of Solution

For the machines under discussion both the non-linear
and periodic coefficients of the differential equation are
large; so that methods of analysis based on assumptions that
these are small, will fail.

Furthermore the approach taken in the previous Chapter,
which gives results idientical to those obtained using the
method of variation of parameters [9], is inadequate except
at very low rotor speeds.

Taylor-Cauchy Transforms [18,19] which, although straight
forward, lead to solutions in the form of Taylor series
expansions in the independent variable and as a result do not
contribute greatly to an understanding of the system bheaviour

Harmonic balance or perturbation techniques require a
prior knowledge of the form of the expected solution and are
often tedious to apply. However for this particular problem,
a systematic perturbation technique due to Nicholson [23]

provides a satisfactory method of finding a possible solution.,

10.3 Systematic solution for VY

For convenience a very brief outline only of the
method [23] is presented below in Section 10.3.1. Further
details may be found in Appendix VII.
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10.3.1 General outline of the method

We write the non linear equation in the form

G({p’,ip,lj),w} =0 e e (10.3)

and assume that both the function G' and the required solution
Y, may be expressed as a pewer series: in an amplitude

parameter Y, as follows:-

2
v = ug (T)+u—,-g(T)+,.. ) ce...(10.4)
1 21 82
= dg; }_li d?G +
G = G _o*H (g y=0*27 (@@ n=0
T
= HO+qu+ﬂ H2+ e e e e (10.5)
i
e W, =35 (10.6)
u=0

Here the complete derivative is to be:.used, not the partial,
as implied in Nicholson's paper. Thus for a given funtion .
G, the various Hi may -be expressed as explicit functions

of the values, when u=0, of the partial derivatives of G
with respect to $:w,¢ and ¢, which are all known once G is
specified, as well as of the various gh(T) and their time
derivatives which are unknown to begin with, The various

Hi are conveniently expressed as:-
Ay = Lyley)
H, = L,(g,)+L,(g;,8;)
Hy = Ll(g3)+3L2(gl,g2)+L3(g1,g1,g1) ----- (10.7)

H, = L (g,)+3L,(8,,8,)+4L,(8;,8,)+6L:(g,,8,8;)

— +L4(g1,g1,g1,gl)

as shown in reference 23 and+~repeated in Appendix VII for
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convenience.

The original equation (10.3) now becomes

i
- 5 B
T H =0 cen..(10.8)

i ™M 8

i=0

and because |Hi|i centains none of the g. above g_., it is

often possible to zatisfy (10.8) by means of systematic
relationships among smaller goups of the Hi’ such that the
individual equations (10.6) can be solved in turn for a
satisfactory sequence of functions g1°87> etc.

Obviously the more quickly that (10.4) and (10.5)
converge the better, and ideally, ugl(T) should provide a

close approximation to the true solution; with the various
i

%T gi(T) providing ith order corrections to ¥ and the
i
%T Hi causing ith order corrections to U.

If (10.8) is to be solved progressively for improved
values of i, the various Hi should be of similar form.
Furthermore, H1 = %%|u=0 is given by the substitution of
gl(T) into the linear portion of G (see Appendix VII); so

that any terms which appear in gl(T) must appear in Hl‘

10.3.2 Application of the method

Consider now, the particular equation for which we
require a solution. With core loss and leakage reactance
present, it may be written, using one non-linear term only

for simplicity, as:-

G = Bsin(YT+B)+2p2£$1(1+4plpz)w+2(Dl+pz)@+¢

d a2
s(1+2p) = + & E?Z)F(ejwq ... (10.9)
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[from (10.4)]

Thus H G|
o}

P={=P=y=0
BsinyTt+«8  saises (10.10)
We find that

ie0 = ©

L(g) = 2p, %8+ (1+4p p,)E+2(p *P, )88 -.cee (10.11)

and furthermore that when the A-i characteristics are
represented by a function having but one non-linear term
wq, then only L1 and Lq exist, with all other Lm=0.

Hence it is consistent to choose H2 = 0, leading to

Ll(gz) e Lz(gl,gl) = 0; so that again it is consistent to
take g, = 0, and in turn we find from (10.7) that we may
take

Hon = 82p

=0 i (10.12)

At this stage a decision must be taken concerning the
form of the remaining Hin In fact it turns out that the
decision follows almost automatically from the way in which
the solution develops, after first taking the simplest and
most obvious choice for gl(T),

Our interest lies in finding particular periodic
solutions rather than initial transients; so in accordance

with the discussion in Section 10.1 we may expect such

solutions to contain periodic components having frequencies

Sm . my+npQ, in which case the simplest choice would be
1 ——

for gl(r) to take the form cosyT+n, and hence the various

Hi = A cosYyT+a, . However if a solution is pursued from

this beginning it will be found that terms of the form

C cosS T+¢€
m,n m,n m,n

A

m,n

appear in the various gi(T) other than gl(’r)°
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Here A = /(145 2u32#4928“2“; so that whenever the rotor
m,n . m,n m,n
speed Q@ is such that Sm £s 1 these terms lend to diverge, and

as a result they can no,longer be regarded as nth order
corrections terms, with the practical result that the series
(10.4) does not converge.

Their presence in the:higher gi(r) indicates that they
should have been incorporated in gl(T) and hence in the Hi’
when any tendency to diverge is immediately reflected in the
amplitude of p, determined from (10.8).

The next possibility might be to try

+T
ng, (1) = I a cos(y+np@)t+n -
’ n=-r T 10.13)
+T
= Y a_cosS T+n
n n
n=-r

which represents a series of top and bottom side bands based

on the fundamental frequency Yy; ' so giving

T
— -— - 2 N N
qu I [(1 (1+4p1p2)8n)anCosSnT+nn
© n=-T
N e 3 tnS T+n
2{(p1+pz)Sn pzzsh}an81nsnr+nn] ..... (10.14)

In equations (10.13) and (10.14) above it has been assumed
that the amplitude parameter y has been absorbed in the
various an on the right hand side of each. Taking up=1
results in simplified algebra throughout with (10.4) and
(10.5) becoming power series in the:various a -

For cubic approximation to the A-i curves we have
g,=H,=0 and

H3 = Ll(g3)+L3(gl,gl,gl) R, (10.15)

(S
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which, as shown in Appendix VII, becomes

_ d_, .42 ;
H3 = Ll(g3)+6(1+2013?+2dT2)(F(e)gl Yy ... (10.16)
The second term on the right hand side of (10.16) may
be evaluated in terms of the components of gl(T) and the

independent function F(8). Then by putting H, equal to the

3
sum of all those terms in Ls(gl,gl,gl) which have
frequencies of the form y+np{, we have that

_Ll(gS) = Sum of all remaining terms in L3(g1,gl,gl) whose

frequencies are not of the form Yy+npQ.
i.e. Ll(g3)+remainder terms = 0O ..., (10.17)

Equation (10.17) is a standard linear differential equation
which may be solved for g+ by using conventional transform
techniques. Thus an explicit expression may be found for

gz in terms of the, as yet unknown, a, and n,-

Proceeding in this manner, with H4 = 8y = 0, we find
that for a cubic approximation

H5 = Ll(g5)+10L3(gl,g1,g3) ,,,,, (10.18)

from which H5 and gz may be found in terms of the various

an and nn in a2 manner similar to that in which H., and g3

3
were found, so enabling the power series (10.4) and (10.5)

to be built up systematically.

Returning now to the particular problem in which gl(T)
is assumed to be given by (10.13), we see from Appendix VIII
that
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+Tr +7T +T

3 _ 3 o .
(g (1))° =2 1 z ajazam[4c05(Y+p(J+2 m)Q)T+nj+n£ n

j=-rl=-Tm=-T

+%COS(3Y+p(j+2+m)Q)T+nj+n2+ﬂm] ..... (10.19)
+37 3
=) [ZAncos(Y+an)T+an
n=-3r
+%Cncos(3Y+an]T+£n] ,,,,, (10.20)

When the rotor geometry is expressed as

u
F(B8) = Z dkcoskaT+5k ,,,,, (10.21)

k=o
where docoséo = 1, we see from Appendix VIII(b) that the

nth side band terms in F(G)gl3 are given by:-

kgoig[%An+kcos(Y+PHQ)T+un+k_6k
+%An_kCOS(Y+an)T+an_k+6k
+%Cn+kcos(3y+an)T+gn+k_5k
*%Cn-kcos(3Y+PHQJT+En_k+5k] cvn..(10.22)

Thus the nth side band terms in H3

two terms in (10.22), whilst the third and fourth terms

determine the ntk side band remainder terms in (10.17),

are fixed by the first

m

from

which gS(T) may be found and in turn in similar fashion, the

various HZi+1 and €ri41

The power series expansion (10.8), of the original
non linear function in terms of the various H21+1, now
consists of a power series expansion in terms of the
amplitude and phase of the principal components of the

solution.
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By invoking the principle of harmonic balance [9]
we see that (10.8) must be satisfied by the coefficients of
the sine and cosine components of each sideband individually,
so that (10.8) may be expressed as a set of 2m simultaneous
non linear algebraic equations, where 'm' is equal to the
number of terms in gl('r)° For example, in the case of a
cubic approximation to the A-i characteristics, we have

for the nth sideband (from (10.10), (10.14) and (10.22)):-

= g _ . 2
0 = Bn51n8n+(1 (1*4p1p2)sn )ancosnn

- - 3 1

u

3 d
+ZAnk§0 ?; [An+kcosun+k—6k+€n+An_kcosun_k+6k+en]
+ . SR (10.23)
= _ - 2 E

0 = BncosBn (1 (1+4p1p2)Sn )an51nnn
3

‘2[(01+02)Sn-0225n ]ancosnn

3, o9
_ZAnkEOﬁT [Ap i sino =0y *ey +An-k51nun—k+6k+€n]
+ e e ] co.:.(10.24)

where all Bn-O]n¥0’ tan e 2plsn/(1 an )

- _ 2~ 2 2 2
and An = /(1 zsn ) +4p S

Simultaneous solution of these equations gives values
for the various an and nn which may then be substituted into
the various gi(T) te give a solution P with an accuracy
increasing with the number of terms in (10.4) and (10.5)

provided that these series converge.
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In general, for this particular problem, sidebands
based on all odd integral multiples of y ultimately appear
in the various gi(’r)° The greater the degree of non
linearity, the earlier they occur in the solution and these
terms tend to diverge whenever the rotor speed is such

that ky+npQ=tl, i.e. whenever

& _ -kfl/y L, (10.25)
Y

np

However, as may be seen from Appendix VIII or (10.19)
and (10.20), the amplitude of such terms depends upon the
amplitude of the terms from which they have been produced
by the cross modulation effect of the non linearity. If
these latter terms are in themselves inherently small in
the vicinity of the speed at which (10.25) is satisfied,
little error may result. However if the divergent terms are
large, there is no alternative but to include them in the
original generating solution gl(T); so that they appear in
the various Hi and consequently influence the calculated
magnitudes of all the a, and n,-

Under such conditions the analysis may rapidly get out
of hand because the numerical solution of a large set of
equations such as (10.23) and (10.24), becomes very time
consuming. In this respect it is of interest to note that
this particular solution calls for the evaluation of terms
such as F(G}(gl(T))qﬂ Where q is the degree of non linearity
in the A-i characteristics. Thus if there are 2r+1 terms
in gl(T) and u+1 in F(8), the number of operations involved
in evaluating F(B)(gi(T))q must be proportional to
(u+1) (2r+1)q+1; SO that>a'change from a cubic to a quintic
when r = 5 means an (11%2=121) fold increase in the number of

operations.



10.13

Because of the complexity of the solution and the cost
of computing time involved calculations have been restricted

to the evaluation of H, and gl(T) only; so that the various

3
an and nn are determined from the solution of
H
3
0 = HO + Hl + 3—! uuuuu (10.26)

after which we can calculate
b= g, (1) e (10.27)

It should be noted .that the results so obtained are
identical with those which would be obtained by means of
a straight forward harmonic balance carried out by the
direct substitution into the differential equation, of an
assumed solution taking the form of (10.13). Then by
collecting and equating coefficients of like terms a set of
simultaneous non linear algebraic equations, identical to

the first three terms of (10.23) ‘and (10.24) may be obtained.

10.4 Current associated with a particular sideband

For the simplified situation when one non linear term
only is present, the instantaneous current is given by:-

A (1+£(0)AN)

L
° 17 O I T (10.28)
—'—;5—-2— (1+F (03¢ )
o]

i

1

D 'N
o

Appendix IX shows that (10.22}, (10.23) and (10.24) may

be used to obtain:-

a 2

: = 7
Do Lo n Anz [L1+4p102

-z)zsn“+4pzzsn2(1nzsn2)2] ..(10.29)

which demonstrates that the nth sideband current component
is determined solely by the nth sideband flux linkage

component a_
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Expressing (10.29) in the usual circuit parameters

leads to
nzwnz , 1
2 _ : -
1.2 = [(R_+R)*+(Lyu

2 rpn2 1 N2
RC (R +(wnL£—B;E) )

.. (10.30)

L c)’l
11

where‘In and An represent rms values and W is the particular
sideband angular frequency. Referring now to the equivalent
circuit, reproduced in Figure 10.1 for convenience, it is

a simple matter to show that if the variable inductance is

o the

replaced by a voltage source given by ; A w
nn’

n=-r
resultant current components delivered by this source will

have magnitudes as given by (10.30). In other words the time
varying inductance with its associated flux linkages may be

regarded as a voltage source

dy

A where { comprises the various terms in gl(T).
Because the remainder of the circuit is linear, the currents
which result from each component of v may be treated
independently. The effective or rms value of any particular
voltage component follows from the flux linkage component.
Thus: -

wn = ancossnr+nn
a
_ n —_— e (10.31)
i.e. An = B_g: coswnt+nn
o}
giving d)\n 4y
I _D wnslnwnt+nn ce...(10.32)
0
i.e. v = —An(peak)wn51nwnt+nn ..... (10.33)

and V. = A w i (10.34)
n n



R Le

— NNV
(v>=ﬁv cos<ut.+7e) R L
C
C .
| |
|
(a)
R LZ -,
A~
;
I +r
@)dﬁv costwt+m) Re E C@""Z"\ni,w,,gmu,,tﬂ]..)
C ; Na-r
| | |
| ;-
(b)

FIGURE 10.1: EQUIVALENT GIRGUITS




10. 15

Such a relationship between the flux linkages and the
current at a particular frequency is not only intuitively
satisfactorylbutyalso leads on to a simple expression for
the average torque produced by each particular component.
However the major problem of finding the various flux

linkage components still remains tedious.

10.5 Approximate natural frequency of the system

For a particular value of applied voltage, the results
obtained from the phase amplitude plots, as well as from
analytical solutions, show that, while the amplitude of the
fundamental component of ¢ at frequency Y remains sensibly
constant over the practical range of rotor speed, each of
the various lower sideband components of y exhibits, in
turn, a resonant response. Furthermore, the dominant, but
certainly not the only components of the solution ¥,
comprise the fundamental and the sideband in question.

It is possible to determine approximately the rotor
speed at which a particular sideband resonates by considering
only the above two components of the solution.

Thus ¢ -

Y o= aocosYT+no+ancosSnT+nn ves..(10.35)

which leads to the following relationships, as shown in

Appendix X

2o 9 2 2 2N24 2 .
a = %1 d “(a +3an ) An

n .. (10.36)
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8a_.2pS 4
sin(n_-n_-6_) i uuss (10.37)
n 3d_a (a_2+a_2)A 2
n o 0 n n

2 2 2 2 2
8an(YN —Sn +4p Sn YN )

cos{nn—no—é )

. 3d a (a %+3a 2)A 2 e (10.38)
n o o n n
3 2 2
-nga a d (a,"+a I
8 = ' Sinn_-96
ave s 1 %n
oo e (10.39)
2 3
i -na °2pSn
LDA?Z
o o n
where A 2 = 1+4p%s 2
n n
2 3 2 2
and v * = 1+ 7 (2a %+2 %) ... (10. 40)

Equations (10.36)-(10.40) are true only to the extent
that (10.35) is true. Nevertheless, they provide a clear
indication of some of the essential properties of the
solution. Some of the most important may be summarised

thus: -

(i) Although (10.36) is an involved implicit function for
a it has, except for the second term in the numerator, the
essential form of the response of a second order system of
natural frequency Yy subjected to a forcing function of

frequency Sn and anmplitude dno
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(ii) When, in addition to the condition that (10.35) is
true, we have the values of B or dn or both small enough
that a_ is small, then the natural frequency approaches

- 3, 2 _ 2 _
YNOZ = 1+2 a = ZYn T e (10.41)

where Yy is given by (7.12).

(iii) To the extent that a is independent of Sn’dn and
a s it may be considered to depend upon B alone, assuming
a value corresponding to the mean rotor position and given

by (7.13).

(iv) Thus we might expect the nth lower side band to

approach resonance when the rotor speed is such that

~ . 32 _ 2
Sn = Y+anj/é+2ao _4/2Yn -1 (10.42)
where n will be a negative integer for the lower side bands.

(v) As the magnitude of a increases, so does YN (see (10.40),
which means that the response will be skewed in the
direction of inereasing Sn’ i.e. in the direction of

decreasing speed.

(vi) Equation (10.39), giving the average torque shows
that the torque/speed curve will be skewed even more than

3

the an curve because of the factor Sn in the numerator.

(vii) Finally, equation (10.42) shows -that increasing B
(which from 7.12) and Figure 7.7 means increasing Yq and
hence increasing YN), results in shifting the spine of the

response curves of a and Téve in the direction of increasing
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Some of the above observations may be tested by
replotting the various torque-speed curves, obtained from
the analogue computer, against a normalized speed scale
given by Sn/(ZYnz-l)%n See Figures 10.2 to 10.7. In each
case Y is taken from Figure 7.7 for the appropriate value
of B, after the\@quations have been normalized with respect
to the mean valué of f(0).

To the extent that (10.35) and (10.40) are correct we
can expect the amplitude a , to peak when the speed is such

that

2 2 4.3 . 2 - 2,3 _ 2
Sn e 2y 1+4 a ® =Yy Tty
g 2 S 2 5 a 2
n L O . (10.42a})
i.e. (2y_2-1) 2 4 2
Yn N N
o 0
At which stage
2pn S 3an2
DLT § el Dlo (Using (10.42a})
0o 0 ave A2
n
3 2
i ZQnSn S . 4 .
= - 3T VN 2
Anz Yy B o
8 Sn3 Sn2 '
- BIO) = =
nspYN , ) 1 (10.42b)
N YN



<5
Z| N T oO-
® Y| ® &
% S R - = ] Qw
53 £S5 9 \..\ o
-
Sﬂem 8 - el .\.lX\I.l‘ \ o
o H 1=
R v -—
= .M_u @ ” w \\t\ﬂu\lo\.
™M ~ * - —
it m w e .A\x....l.l. \\ —
. n\_m\ -
l\lllllh.\\\l.lhf.llﬂlll J— — ..2
Pl .. N
———
~—— ., ”!
lal.—.D._.. i
o gl o wn -
o~ - — o
g
o
z| @ un ®
n @ » v .
nU.O £ N ~2
O o
" o Nl MmN 4%
PU. -— -— +* o
r.U.).T g v O o
TR} e Qs - 1=
) </
uom =00 \ -
- .\\ -—
< A
\\.ﬁ.\ - r.ltlo
" N
{ -
i'l'-ll.ll
—T DOF.O B e S
L I 3
w0 o w0 =
— -— o

Torque- speed curves of idealised machines as

obtained by analogue computer (figures 5.11-5.16),

plotted to scales of S,/dy.

S,=¥—2nf Y= (287—1)

—— (¥~2.0)/ ¥u

FIGURE 10.3

--4—(‘2{—2!1)/21'”

FIGURE 10.2




€0l 3 0L sa4nbty 10j sy

3.01

2.5}

2.0t

1.5¢

1.0t

0.5¢

\
/ ‘[fl Y=4.0; 0=0.05
Il Iﬂ\ F©) =1+0.8COS 8
[ tj\\' B I %,ﬂ %N 20r
J \ x 20 [164/209
\ \ « 18 |1.51]|1.88
» 17 [1.45[1.785
\
[ 1 1.5}
R +
\\ \\ 5
O

o — ot -

1.3 1.2 1.1 1.0 0.9 08
—— (§-20)/¥,
FIGURE 10.4

l .
| 2.5¢
\

L INVARG

0.5¢

¥=3.0;0=005

llsh’nx,,

et \ 8.5 |1.47(1.82
l \ &0
| 7.5 (135 [1.63
\ \ 7.0[130]1.54

1.3 1.2 11 1.0 0.9 08
—— (B-20) ¥,

FIGURE 10.5

\ F=1¥60S6+-2560528



L0l

€01 % Z0t ssunbty 103 sy

1541

2.5} [ t

¥=4.0;,0=0.05 201 N
VR F(8)=1+C0S0+25C0S26 .
\
x

/ \ B | ¥ | %,

x 202165 (2.1
1 ¢ 187|155[1.95 1.5}
L e 175]147(1.83
‘,

* 16.1(141]1.73 ‘
-
O
=

1.0

"52/"’5 1sutebe pajjo)d adUBUOSaL pUOIBS SMOYsS g'(Ql ainbi14

] /’s te

R
xS — \ b -
/ \ » :-/ t'l \
/N °5§% A\
.\ \ / . W
N : @ P \\
N o 1
2 14 10 08 08 07 .2 1110 08 08 07
(¥—40)/ ¥, (¥-20)/%,

FIGURE 10.6 | FIGURE 10.7



10.19

To the extent that (iii) above is true, Yy must
be a function of B alone. Thus equation (10,428) provides
a relationship between the peak torque and the normalized
speed Sn/YN at which it is likely to occur for a given
value of B.0

This relationship is shown by the dashed lines in the
vicinity of the individual torque peaks in Figures 10.2

to 10.5. It seems reasonable to conclude from a study of

these Figures that (iv) - (vii) above are broadly true.
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10.6 Analytical expressions for average torque

There are two possible approaches to the evaluation of
torque. The first, although tedious, enables both
asynchronous and synchronous torque:to be evaluated. The
second approach follows from the discussion in Section 11,
and while it takes no account of synchronous torques, it is
extremely economical on computing time and provides a

simple but elegant description of the machine behaviour.

10.6.1 Calculation of average torque from the

instantaneous torque

When the A-i characteristics are represented by one
non linear term only, it follows from (4.29) and (4.37)
that

_ eyttt
inst D"OCa'ET)LO(qﬂ)

,,,,, (10.43)

and when

Y = Z ancosSnT+nn
n=-r

Appendix VIII shows that ¢ gl comprises a series of terms
whose frequencies are given by the sums and differences of
integral multiples of the supply frequency y and the rotor
speed 2, and that the coefficient of a term of a particular

frequency is readily obtained from Chebychev Polynemials.
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In general wq+1 may be expressed as

(g+1)
+1 2 (q+D)r
pd 5 2 C Cos (Zmy+npil) T+€ . (10.44)
2m,n 2m,n

m=o0 n=-(q+l)r

Also
u —_—
F'(6) = -X kpd, sinkpQrt+s, ... (10.45)
k k
k=1
Using these expressions one may evaluate
2T
T =1 1 a6
average 211 , inst.
T prepypd*l
- L J : I T (10.46)
LS Lo(q+1)Dog~1
or more accurately, because in general, Y and ) are
incommensurate
1 T =0
Tave = = J Tinsth ﬂﬂﬂﬂﬂ (10.47)

-}

Only those terms which have identical frequencies in
both (10.44) and (10.45) can make any contribution to the
integrals in (10.46) or (10.47)

10.6.1.1 Asynchronous torque

Those terms in (10.44) for which m=0, contribute to
the average torque whenever n in (10.44) equals k in (10.45).
Whether or not such a contribution occurs is independent of
rotor speed 2, and dependent only on the presence of a
harmonic in ¢q+1 of the same order as one of the harmonics

of the rotor geometry.
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Such torque contributions may be called asynchronous
because their presence, but not their amplitude, 1is
independent of rotor speed. Thus as far as asynchronous

torque production is concerned the terms of interest in
ol

are
+T +T
I anssws 2 s L
Q(q+1)n - : =_ran1 an +1CoS[P{(n1 n]+1)

1 q+1 1 2

-(n +3+.,nq+1)}QT+(n1+,”nq+1)
2 2

-(nq+3+°..nq+1)] o2 (10.48)
2

(where Q(q+1) is defined in Appendix VIIIa). This' may be

expressed more simply as

(q+1)T
nzl CncosanT+en ..... (10.49)

Hence the average value of the asynchronous torque becomes

M. kpd, C
Tave =L : k' —
k=1 2L_(q+1)D _q-1

Sin(Gk—Ek) ,,,,, (10.50)

10.6.1.2 Synchronous torque

At certain rotor speeds the possibility arises that
2my+npQ from (10.44) equals kpQ from (10.45)
i.e. 2my+npQ = kpo ... (10.51)
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where m, n and k are integers having the ranges specified

in . (10:.44)~ and * # (10.45). At such rotor
speeds a contribution to the torque will result from the
interaction of these particular terms in (10.44) and (10.45)
respectively. The particular terms involved may be
expressed by a series similar to (10.48) taken over g+l
summations, except that in this case the angular frequency

will be given by:-

nq+2m+1 nq+2m+3
2mY+p{(n1+,oa———5———) - (———7———)+;.,nq+1)}9 ves..(10.52)

and the phase by:-

(Mn (10.53)

n - (N n
17 nq+2m+l) ( nq+2m+3+oa. nq+1) .....
2 2
so that synchronous torques occur whenever the value of

(10.52) = kpQ2. 1i.e. whenever

m

P Q
-—_——_ s (10.54)
2y k+(n +om+ 3 +°°°nq+1) - (n1+°u,n +2m+1)

2 2

As the various n. are simply running integers which
have the range —r<ni<r, and as both k and m are integers,
(10.54) shows that synchronous torques occur whenever the

per unit speed % % is equal to an integral fraction.

Those values of the n. which combine to give a particular

integral fraction, then determine the various side band
amplitudes an; the product of which, in turn, determines the

maximum value which the synchronous torque may take.
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For example when q=3, m may take the values 1 or 2.
When m=1, synchronous torque contributions at a rotor speed
such that % % = % will result from side band combinations
which make

k+n4 - (n

One such cbmbihation‘WOuld be

1*hp*ng) = 2

k=1, n4=1, and n.=n.=n =O§ so that the torque contribution

1 72 73
would b roportional to the value of a.a ° wh B ﬁ =l
e prop e 125 en s Yy 7

Shifting the rotor in time by At may be accomplished
mathematically by shifting the phase angle 6k of each term
in F(0) by kA6 = kpRAT. It is a simple matter to show that
if this occurs, then the nth side band is also shifted in
phase by nA6. Thus, delaying the rotor by AO delays all
upper sidebands (for which n is positive) and advances all
lower side bands; so that if the various n. in (10.52) sum
to j, then the total phase delay in the jth side band based
on 2my, as given by (10.53), will be jAGL

Using the notation of (10.44), the jth side band term

may be written as

C ,jCos(Zmy+ij)T+e

2m 2m, j

which, after the rotor has been delayed A® radians, becomes

C jCos(Zmy+ij)T+e
s

om ,j—JAe ,,,,, (10.55)

2m

This term interacts with the delayed rotor harmonic

kpd SinkaT+6k—kA6 ..... (10.56)

k

to produce a synchronous torque given by
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kpodkC

2m, j

sin Gk_EZm,j-(k—J)Ae ..... (10.57)

2L (q+1)D (qfx)
0 o

Because 2my+jpfl kpf? and A6 = pQAT we find

(k~j)A0 = 2myAT = Z%%éﬂ . Thus the synchfonous torque
component is proportional to
. ©2my ,
kpdkCZm,581n(5k_€2m,j_—55 A€y aaee (10.58)

indicating that it behaves as a 2my/pQ pole machine as far
as this component is concerned. Such torques will be
significant only if at the particular value of f/y in
question, the amplitudes of all of the side bands which

combine to produce sz j are themselves significant.
s

10.6.1.3 Asynchronous torque from the Manley-Rowe

relationships

It is shown in Chapter 11 that the mechancial torque
produced by a particular side band component of the flux

waveform may be determined from the following relationship

T = _insn
w_S
o n

uuuuu (10.59)

where psn is the power dissipated in the stator circuit
resistance due to circulating currents of actual angular
frequency w, = wOSn; Sn = Y+np{; w, is the small signal

natural frequency and n is the order of the side band.
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For the case of a simple equivalent circuit in which
core loss is either neglected or taken into account by

means of extra series resistance, we have:-

P, = Ian ..... (10.60)
so that

T = _Efiﬂii (10.61)

R e .

A Zw 2
12 = L (10.62)
N R24(w Ly-—— )2
n L w_c
so giving
npA_%w R
T = - T2 e (10.63)
2
RE+(w Lo-a <)
n
annzk
- 2 1 2
Wy [R™+{w Ly -5 gl
n
or in normalised parameters
npp S. %a 2
T = lo B ce...(10.64)

n B 242 2q 2 2 _
(LO+L2)[(1—QSn ) +4p1 Sn ]Doq-1

so that the total asynchronous torque in the machine must be

2

+r npp'S,aa
T = & - 1°a “n ... (10.65)

_ _ 242 2 2
n=-r (L0+L2)[(1 2Sn ) +4p18n ]Doq—T
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A study of (10.64) or (10.65) shows that:-
(i) the sign of the torque is dependent only on the sign
of n and of Sn( = y+npQ). The latter is always positive for
positive n, i.e. for upper side bands. Thus upper side
bands always produce negative torque at all rotor speeds.
(ii} For lower sidebands, for which n is negative, the
sign of the torque must be the same as the sign of Snv
The latter changes sign when y+npi=0, i.e. when

Q = ~—%§c At lower speeds than this Sn is positive so

leading to positive torque whilst for Q>- I

negative torque
results.

(iii) The magnitude of the‘torque produced by a particular
side band is proportional to the square of the amplitude

of that side band multiplied by the factor

S 3
I

252 2 2
(1-%s_°%) FAPTS

The latter is shown plotted in Figure 10.8 where two
curves appear, one for %=0 and one for 2=0.046 representing
the value for the prototype machine. The very significant
difference between these two curves apparently belies
the statement made earlier that, in the absence of core loss,
leakage reactance may be incorporated with the air gap
inductance. If the latter course is taken, f£(06) and the
value of a  so obtained will be modified accordingly and
correct results will still ensue.

(iv) Further discussion concerning torque production in
such machines occurs in Chapter 11. At this stage it may be
stated that the behaviour of ene ferro-resonant machine is

qualitatively similar to that of a number of single phase
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induction motors, having pole pair numbers p, 2p, 3p...
respectively, all connected to one shaft. The rotor is
subjected to rotating mmf's of frequencies wl—kpwr and
-wl—kpwr, The latter produces negative torque at all
positive rotor speeds while the former produces positive
torque for wr<w1/kp and negative torque in the induction
generator region when wr>w1/kp,

When core loss is present, the torque produced by a
particular sideband is proportional to the total power

dissipated at that frequency in the resistance of (R,Lgand C)

in parallel with Rc° Under these conditions it is shown
in Appendix XI that the torque becomes:-
+T npanzsn s_2 ‘
T= 5§ - —2 2 [p,+p, (1-2)2=2—1  ..... (10.66)
- 2 1 2
n=-7T LD q-1 A
oo n

where An is defined after (10.24)

10.7 Results from Analysis

Numerical solutions to the set of simultaneous,
non linear algebraic equations (10.23) and (10.24) were
sought using a minimisation programme [28]. The above sets

of equations must be expressed in the form

Fk(al’az’”°°an’n1’n2’°°°nn) = 0 e (10.67)

after which the programme seeks numerical values for the

various an and nn which make

F, %2 %€ ¢ ceo..(10.68)
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A value of e€=10"°% was used in obtaining the results

published in this report, which means that absolute accuracy
decreases as 'n' increases, with the smaller values of a_

and n, being the least reliable. This approach was necessary
in order to keep the cost of computing time within reasonable
bounds.

Estimated initial values for all a_ and nn, are
systematically modified by the programme until (10.68) is
satisfied or one of a number of designated terminating
situations is reached; so resulting in an error signal.

It proved convenient to calculate the various a » N and
average asynchronous torque at a particular value of rotor
speed, then once (10.68) had been satisfied the final values
of these variables were printed out and also used as initial
values for the next solution at an incremented value of rotor
speed. Proceeding in this way a torque speed curve could

be found.

In general, for a set of non linear equations such as
(10.23) and (10.24), there will be more than one set of
values for the a, and n, which will constitude a solution,
although it is unlikely that all of such possible sets of

values for the a, and“nn would represent stable solutions.

A check on the relevance and accuracy of the approximate
analytical results presented in this section may be obtained
by comparing results given by analogue computer and numerical
solution of the system equations with answers from (10.23),
{10.24) and (10.65).
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10.7.1 Ideal machines

Typical results are shown in Figure 10.9, in which the
full line represents analytical results obtained from the
solution of (10.23) and (10.24) followed by the use of (10.65]).
A total of five upper-and™~three lewer-sidebafids were used
in the calculation, the amplitudes and phase of which
appear in Figure 10.10 as a function of rotor speed. Also
shown in Figure 10.9 are the results obtained from analogue
solution of the system equations. These are a reproduction
of those in Figure 5.13 for B =20. In addition a number of
isolated points are marked to indicate results obtained by
the numerical solution of the system equations as discussed
in Chapter 6.

It has been suggested in previous sections that,
because of the practical limitations on a number of the
system parameters, the upper side bands play an almost
insignificant part in the solution. This is illustrated by
the dashed lines in Figure 10.10a, which indicate the results
obtained when a solution is sought in terms of five lower
and one upper side band in addition to the fundamental. It
can be seen that there is little significant difference in
the final result, compared to that obtained when three upper
side bands are incorporated.

On the other hand, if a solution is sought in terms of
three upper and three lower side bands the results displayed
in Figures 10.11 and 10.12 are obtained.

Comparison of Figures 10.9 and 10.11 suggests that five
lower side bands lead to results closer to the analogue
solution than do three. It is reasonable to suppose that

the more lower side bands incorporated in the solution the
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more accurate the final results.

It is well to remember however that the analytical
results obtained by the method discussed in this section
apply to a system which effectively has infinite mechanical
inertia, i.e. a constant speed and is$ therefore artificial.

In general, the author has found that  the analytical
solution gives the position of the' right hand side of each
of the resonant peaks of the torque speed curves with
reasonable accuracy. That is, it agrees well with the
position found from analogue and numerical solution and
furthermore, the match improves as more lower side bands are
included in the solution.

On the other hand, the position of the peak and of the
left hand side of the resonant peak, as found by analysis,
are both extremely sensitive to the number of lower side
bands included in the solution. A similar sensitivity to
small changes in any of the circuit parameters was most
noticeable when using the analogue computer to obtain the
results presented in Figures 5.11+5.16. Furthermore, as
previously noted, results from the analogue computer in the
vicinity of the peak were ambiguous and no satisfactory
decision could be made within the period of time available
before serious drift obscured the true results so that the
most accurate answers are likely to come from numerical
solution.

These in turn have proved to be ambiguous in the regions
under discussion. They suggest that the final value of
average speed at which the machine settles is strongly
influenced by the mechanical inertia and to g lesser extent

by the initial speed and position of the rotor. Such a
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result is not surprising, as fluctuations in speed about

the mean value must influence the amplitude of the various
side bands in the flux waveform, and hence the value of the
average torque produced at a particular average rotor speed.

In Figure 10.13, some: transient speed time curves,
obtained by numerical solution of  the system equations,
illustrate the dependence of the final speed on the initial
speed and on the inertia. No systematic attempt has been
made by the author to investigate the effects of different
amounts of inertia on system performance.

It is of interest to note in this respect, that both
methods of investigating system behaviour which take the
rotor speed as an independent variable; viz. the phase
amplitude investigation of Chapter 9 and the analysis of
Chapter 10, lead to results which give re-entrant torque
speed curves, suggesting that two different stable values of
developed torque at one particular speed may be found for a
iimited range of speeds. However, when the system has finite
inertia no such, clear cut multi valued torque speed curve
has been found.

It is also appropriate to emphasise that while both
the analogue computer and numerical solutions automatically
include the effects of synchronous torques, the analytical
results presented, represent average asynchronous torque only.
Because of the pulsating nature of the asynchronous torque
and the relatively small values of synchronous torque produced,
these latter components only become significant when the
inertia is sufficiently great that the perturbation about
the rotor average position due to the former, are much less

than the maximum effective synchronous torque angle of
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5%%— % as derived in (10.58).

Ne synchronous torques have been calculated because
it was felt that the amount of computing time required could
not be justified.

10.7.2 Prototype machine

Appendix XII sets out the values of the various actual
and normalised parameters of the prototype machine. A quintic
approximation to the A-i characteristics has been adopted
and the cosine series for f(8) has been truncated after
six terms. Thus the exponent g in (10.1) becomes q = 5, while
the upper bound, k = ¢ in (10.21) will be Y = 6.

Some analytical results are presented for the motoring
region in Figure 10.14 for a number of different approximations
as detailed in the figure caption. TFor purposes of
cecmparison the measured results are also plotted.

In this case the precise formulation cf (10.1) restricts
the possible methods of representing iron losses to two, and
Figures 10.14 and 10.15 each present results from both
approaches. Figures 3.4 to 3.6 show the measured average iron
Iosses as a function of speed for a particular applied voltage
while Figures 4.10 and 4.11 are relevant to blocked rotor
conditions.

Either an average value for 0, (i.e. Rc) or an increased
value for p, may be found from the experimental results shown
in Figures 3.4 to 3.6. See Appendix XII. Thus curves A B & C
of Figure 10.14 were obtained by putting RC = 5250 while
curves D § E were obtained when Rc + o and an additional 50

eries resistance was added to the circuit. The results

V23

represented by these five curves required seven hours of central
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processor time on a CDC 6400 computer; so all solutions were
pursued only until the general form was apparent, which explains
the lack of completeness of the results.

It will be seen that the analytical.results obtained when
the iron losses are represented by a fixed shunt resistance,
diverge markedly from the experimental results in certain
definite regions. One major factor causing this to occur is
the behaviour of the deneminator of the function shown plotted
in Figure 10.8. This particular term appears in (10.23) and
{(10.24) which are solved to give the various a s and also in
{10.65) which gives the total average asynchronous torque.,

Using the parameters of the particular machine under
consideration it can be shown that this function (Figure 10.8)
will pass through a maximum whenever the rotor speed is such
that Q/y = 0.2/n for upper sidebands or -1.2/n for lower
sidebands. The behaviour of the solution is such that it is
imperative to include within the generating solution, any
sideband which will cause such a divergence within the speed
range of interest.

As discussed in earlier sections, the evidence suggests
that the amplitude of the fundamental component of the flux
waveform remains sensibly constant over the speed range of
interest and that the form of the modulation envelope (or the
trajectories in the phase plane) determined by the particular
terminal conditions and rotor speed, is obtained by the build
up of sidebands of appropriate order, magnitude and phase.

If, while attempting to find an analytical solution, a
significant sideband is not included within the generating
solution, then experience of many such attempts on the part

of the author indicates that the fundamental amplitude and phase
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changes significantly, which in turn influences the resultant
amplitude and phase of all of those sidebands already included
in the generating solution. The net result then often bears
little resemblance to the true result obtained by including all
significant sidebands within the generating solution.

Such an effect is indicated in Figures 10.10 and 10.12
and again in Figures 10.14 and 10.15. 1In the latter case it
is clear that the first upper and sixth lower sideband wili
both result in a maximum for the function of Figure 10.8 in
the vicinity of Q/y = 0.2. These sidebands are therefore
likely to be significant at this particular rotor speed and
failure to include them will lead to erroneous results.

A study of Figure 10.14 shows that when the first upper
sideband is included, an improved match results between theory
and experiment in the vicinity of Q/y = 0.2.

The better match obtained by adding additional series R
rather than shunt Rc may be due to the fact that by doubling
Py the magnitude of the function in Figure 10.8 is reduced
to one quarter and so becomes much less significant. Hence
the non-inclusion in the solution of the divergent sidebands
is possibly not as critical.

An analytical solution involving four lower sidebands,
the fundamental and one upper sideband was then sought for the
whole speed range from standstill up to what would be the
normal synchronous speed for a two pole machine i.e. 3000 r.p.m,

Experimental and analytical results are both plotted for
comparison in Figure 10.16. Considering the approximations
involved in representing the iron losses, the rotor geometry
and the B-H characteristics, the assumption of infinite
inertia, and the truncated sideband series necessitated by

having to set a limit on computational time, the agreement is
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satisfactory.

It seems reasonable to conclude that the theory
developed in this section covers the major effects within
such machines.

Figure 10.17 shows the contributions to the total torque
by individual sidebands.

In addition to the normalised rotor speed scale Q/y,
each sideband scale is also shown. These results illustrate
what appears to be a fairly general approximation which may
be applied to the behaviour of these devices. That is, that
the peak torque contribution due to the nth sideband occurs

when Sn = y+npl = %2
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CHAPTER 11

Efficiency of Ferro-resonant Parametric Machines

The machines under discussion consist essentially of a
saturating inductance subjected to an external forcing
frequency Wy from the electrical circuit and an effective
mechanical forcing frequency W, =pw resulting from the
variation in rotor reluctance as the shaft carrying p poles
rotates at W - In general these two frequencies are
incommensurate. Their interaction in the inductance
produces a series of frequency components comprising integral

multiples of w, and w together with the sums and

>
differences oflthese iultiples,

That such a result is plausible may be seen by an
examination of the physical nature of the machine. When the
saturating stator windings are fed from a sinusoidal source
of voltage at frequency wy through a series capacitor and the
winding resistance, periodic mmf's of frequencies jwl will
be applied to across the reluctance of the stator and rotor
iron. The latter is a periodic function of rotor position
and may be represented by an expression similar to that in
(4.,22), except that it is also a function of flux density.

The modulating effect of the moving rotor may therefore be
represented by forward and backward moving Fourier series
having components npw . Thus we may expect to find flux
components in the stator windings having frequencies given by
jw1+npwm where n=0,+1,£2,£3..... For the small values of
damping which are relevant to the particular problem, the flux
waveform though modulated, is essentially sinusoidal for a
sinusoidal applied voltage which means that harmonics of Wy

in the flux waveform may possibly be neglected. However, due
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to the non linear A-1 relationship, it does not follow that

the harmonics of Wy in the current waveform are negligible.

11.1 Power-frequenecy relationships

In a situation such as this where two or more different
frequencies arising from incoherent sources are mixed in a
non linear lossless reactance, certain relationships may be
established among the power flows at certain frequencies, in
terms of the relationships among these particular frequencies.

The situation is formally described by the Manley-Rowe

equations [21], which for two frequencies take the form:-

iPL
Z-:—wj—inz)—:O .....(11.1)
j,nJ 1 2

nP. 0
zﬁ—=o ..... (11.2)
j,nI%17 P2

where j and n are integers whose range depends upon the

particular system under consideration and Pj 0 represents
>

the input power associated with the component having a
frequency jw1+nw2° For this particular problem, neglecting
harmonics of the fundamental in the flux waveform, we may

take: -

j
n

0,1 }
O0,*1,*2,%...etc J s (11.3)
so that (11.1) and (11.2) become:-

+7T P1 0
r [——] 0 ceesna(11.4)
W, +nw
n=-1r 1 2
and
+T Po . nPl "
[ 2 + . ] =0 veeo.(11.5)
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Now P1 0 equals the power input to a lossless reactance at
3
so that from (11.4) we have

w.P
1" 1,n
[——]

w
1,n

frequency Wy

*1,...*r

which for this particular problem does not include any losses
in the stator winding resistance at frequency Wy -

If we define

+T
P2 =i [P ,n] ..... (11.7)
=-T
then
+T nw
P o= =Y [—2 tal e (11.8)
2 u
n=-7r 1,n
where w = W, +nw
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The essential nature of the relationship expressed
by (11.6) and (11.8) may be brought out by examining
the situation which occurs when only one particular side

band is present. In which case (11.6) and (11.8) give:-

P P p
L - _wl’n :n_u_)_z. asam(1159)
1 1,n 2
where wl,n = W o,
and P1+P2+P1 A = 0, with the direction of positive power

flow defined as into the lossless reactance.

11.2 Torque production

Each term of (11.9) has the dimensions of torque and

since P2 represents the power into the reactance from the

shaft at frequency W, = pw_ and hence also represents the

power input at shaft frequency w ~we can define a shaft

torque in the direction of W, as

-p -pP2

= cess.(11.10)

Tzﬁ)ﬁ W
m 2

so that the contribution to the total output torque by the
nth sideband becomes, from (11.10) and (11.9):-

npP
_ l,n
Tn SRS cee..(11.11)
1,n
Here, Pl " represents the power flow into the reactance at
3

frequency Wy s but since the only source of voltage at this
3
frequency is within the reactance itself, as discussed in

Section 10.4, this power flow must in practice represent the
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power dissipated in the circuit at frequency Wy 4o

n
2
i.e, P1 0 into the inductance must be negative.

Dropping the double subscript notation in (11.11),
which can be done without danger of confusion, provided
harmonics of frequency w, are negligible, we may write

-npP
T = —20 (11.12)

n w
n

where Psn represents the power dissipated in the circuit at

the nth sideband frequency W = Wy+nw, = w,+npw .

Equation (11.12) has previously been presented as (10.59)

in section 10.6.1.3, together with a discussion which

covers a number of aspects of torque production in such
parametric machines. The overall pattern of power flow and
torque production as expressed by (11.6) and (11.8) may be
illustrated by means of the mechanical analogy shown in

Figure 11.1, where each differential represents the mechanical
equivalent of (11.9) [30].

The original development of the Manley-Rowe relationships
applied only to frequencies which were incommensurate [21],
however it has since been shown that the relations remain
valid provided the various frequencies involved, originate
from incoherent sources even although their average values
may be commensurate [ 1].

The former situation leads to a rather more useful

result because in this case the various Wy 4 must be
3
incommensurate both among themselves and with respect to
wl and wz, from which it follows -that the various P1 n can
2

represent energy dissipated in the circuit resistance at

wy o only, as previously discussed.
3
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When the relationships are extended to include generators
which are merely incoherent the possibility arises that some
of the various wl,n may assume the same average value as
wl,wz or multiples thereof. (Here it is apposite to note
that in practical machines the running integer j as used
in equations (11.1) to (11.5) will not be restricted to
0,1. Higher values will be present so leading to a three
dimensional stack of differentials similar to those of
Figure 11.1. However, as has been stated a number of times
already in this report, harmonics of w, have been ignored

1
in order to keep the discussion and analysis within bounds).

11.2.1 Synchronous torques

Thus at particular rotor speeds it will not be possible
to assert that the only source of voltage at a particular

frequency w is within the non linear inductance, and

1,n’
hence it does not follow that the P1 0 associated with it is

2

represented entirely by power dissipated at wl,n in the
circuit resistance. While equations (11.6) and (11.8) and
the mechanical analogy of Figure 11.1 remain valid under
these circumstances, they do not provide simple answers for
the value of the resultant synchronous torques, and recourse

must be made to the methods of Section 10.6.1.2.

11.3 Efficiency

The conversion efficiency in the lossless reactance,

in this case the stator winding inductance, must be given by:-
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Pm -P2 mm Z[n wl,n]
n = 7 = P = -p— lyn Gades (11.13)
1 1 “1 77
Z [ 1yn]
wl,n

from which it is clear that, whilst operating in the motor
region, the presence of upper side bands for which n is
positive, lowers the efficiency.

As the magnitude of any side band is related to the
closeness of its frequency to the system natural frequency,
the larger the value of y, then the further from resonance
will be all of the upper side band components and hence the

smaller their magnitudes.

11.3.1 Operating efficiency

Overall efficiency of the machine is affected by losses
at supply frequency in the stator resistance as well as by
core losses.,

Some estimate of the maximum practical overall efficiency
may be made by taking into account the various practical
factors which have emerged throughout the course of this
report.,

Thus the practical range for Yy appears to be 3<y<4
so that the stator circuit impedance is relatively high for
all upper side bands which may therefore be neglected.

Hence the conversion efficiency becomes:-

Pr,-1 2Py, 3P 5
Pw_ W B T W ’
n e 0 Lol 1,-2 lesd . L. (11.14)
1 71,-1 , ‘1,-2  1,-3 ,
w w w
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The speed torque curves comprise a series of resonant
peaks which occur as each lower side band in turn passes
through the natural frequency, YNEMN/wo of the system

3

under the combined effect of Wy and w ~oT Y and 2, with

the kth peak occurring when Pl,—k/wl,-k is a maximum,

Under practical operating conditions, Wy lies in the
vicinity of 2wo_

3>

so that resonance occurs very approx-
imately when

w1-2w
O = > ..... (11.15)
or when
2
e _ 1y
Y kp )

The essential behaviour may be underlined by noting that at

the k¢Z torque peak, the kth lower side band predominates

in the solution. In which case, we have from (11.1i4) and
(11.15) \
S kpoy, B 2e g (11.16;
Wy Wy Y



11.9

which is independent of k and furthermoxe it increases with
increasing y. This represents an approximate expression for
the efficiency of conversion of energy in the airgap inductance
of the machine, at speeds in the vicinity of a torque peak.

A further reduction in efficiency occurs due to the losses at
Wy in the stator winding resistance. A very rough estimate

of this can be made by noting that at the torque peaks under
practically acceptable operating conditions, the amplitude of

the sideband approximates that of the fundamental.

1.€. Asn = Al
but w ~ 2®_at resonance
sn o
2
so that w * =
sn Y
o 2 L2
and Vsn ® 3 VL i~ Ile
Vv
Also I = =
sn A{2+ 1
w_ _2C2
sn
o CvV
SN~ sn
2
~ 7 I1 wwsnLC
° Il - Y
* 1 T 2ww__LC
sn sn
2
~ ol

4
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1
and — __1-6-

I %R

This very rough estimate shows that the power lost in
the stator resistance at fundamental frequency is of the order
of 6% of that dissipated at the sideband resonant frequency.

Thus the overall efficiency will be given approximately by

2
1-%
IR AN - i ceee.(11.17)
' I Y+17
1+ 8
8y

Thus for this class of machine it seems likely that
the upper bound to efficiency corresponding to Yy in the
range 3<y<4 will be 0.32<n<0.48.

When the effect of coreloss is included actual operating
efficiency will be lower still.

It is of interest to compare the rotor conversion
efficiency of parametric machines with the rotor efficiency of
a squirrel cage induction machine, which is also a brushless
asynchronous device.

The rotor efficiency of a p-pole polyphase induction
motor or a single phase induction motor in which the backward
component of mmf is neglected (which corresponds to neglecting

the upper sidebands in parametric machines) is given by:
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€

=1-s =2 2 -2
1-5 % 5= ST e (11.18)

1

<0

R

which is shown plotted in Figure 11.2 as a function of %.

On the other hand we see from (11.16) that the
parametric machine tends to behave as a machine having a
variable number of poles and which, as the kth side band
passes through resonance and dominates the solution, behaves
as a 2kp pole machine, by which is meant, that the conversion
efficiency associated with the ktZ lower side band at a
particular rotor speed is k times that for a p-pole parametric
machine and 2k times that for a p-pole induction machine.
Thus the inevitable fall off with decreasing speed, in rotor
conversion efficiency associated with a particular side band,
as implied by (11.9), is offset by the increasing values of
k in (11.16). Upper bounds to the rotor conversion efficiency
are shown in Figure 11.2 for a number of lower side bands
on the assumption that only one is present in the solution at
any particular rotor speed. These suggest that parametric
machines might be more efficient than conventional induction
machines having the same number of poles, only at very low
speeds, where normally the latter are not expected to operate.

The discussion in this section has centred about some
gross simplifications, which have been invoked only to
bring out the essential behaviour of the machine, consequently

it must be taken as qualitative only.
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CHAPTER 12

Stability

It has been shown in previous sections that the behaviour
of a particular machine of the type under discussion in this
report, may be represented with reasonable accuracy by the pair
of non-linear equations (4.38) and (4.39) reproduced here

for convenience as (12.1) and (12.2) respectively.

Tm . G 3 F'(e)w(q+1) _ N
. Z
Jw 2 on (q+1)]_ Jw ZD q——l 0|no-(12|1)
(o] o] [0} o]
-Bsin yT+B = Zp R+ (1+4p,0, 00 = 2(p +p, )Yy
R S PO BRI SR PP AL e (12.2)
ldt dr2
OR:=~
~BsinyiiB = ¥ + (1+2pé%)(w+F(e)wq) . (12.3)

if iron losses can be neglected and the leakage inductance
incorporated with the variable inductance.

if so desired for purposes of analysis these may be
reduced to a set of first order non=-linear equations,
thus: -~
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X2
ix Y GF1
Tn 6 . . F'(x))x,
2-Jw 2 2 3
Ju o (q*l)Lono D T=T
Xy
X5
5 = —B51nyx6+6 - (1+4p1p2)x5-2(p1+p2)x4-x3 ...(12.4)
-(1+2p 4, 2—ii)F(x 1x, 4
ldt dt2 1°7°3
1
Y,
B; x, = £; Xg = P; and Xe = T
p2 can be neglected then
, ————— d . q
-B51nyx5+6 - (1+2p37r-)(x3+F(x1)x3 . (12.5)
1
In this case x. = T

5

Previous sections have been concerned with the problem of

finding, by analogue, numerical or analytical methods, solutions

¢, and Qo(=éo)which satisfy (12.1) and (12.2)

a given set of input conditions and system parameters.

or (12.3) for
The

discussion in this section of the report is concerned with the
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stability of the solutions thus found.. Analytical methods
available for this purpose are far from straight forward

in the case of non-linear, non-autonomous differential
equations. Thus before an analytical approach is made, it is
helpful to look at the expected physical behaviour of the

machine under certain limiting conditions.

12.1 Steady state solutions with relatively

large load inertia

When the total load inertia is sufficiently large that
fluctuations in the rotor speed about the average value Q_,
become insignificant, then the solution to (12.1) becomes
almost trivial, because § » 0 and 6 settles at that values for
which the average electromagnetic torque just balances the
mechanical torque applied to the machine from all sources.

A typical situation is depicted in Figure 12.1, in which
curve 1 shows the value of the total mechanical torque from
all sources opposing the direction of motion, while the
hypothetical curve 2 shows the total electromagnetic torque
developed by the machine, plotted as a function of speed
for a given set of input conditions. This latter characteristic
includes both asynchronous and synchronous torque components.

It is clear that stable operation as a result of
asynchronous torque alone can occur at speeds corresponding
to points A and D, whereas B represents an unstable position,
because any small displacement in speed away from B results in
a nett torque which tends to increase the initial displacement.
Stable operation is possible at speeds corresponding to points
C and E where both asynchronous and.synchronous torques combine

to provide the total required electromagnetic torque. At E the
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synchronous torque 15 positive i.e. it is directed in the
direction of rotation.

Any small disturbance which tends to slow the rotor will
thus result in an increased positive synchronous torque, so
tending to restore the rotor position as discussed in
Section 10.6.1.2. Too great a .disturbance however will result
in a loss of synchronism and the speed would fall to that
corresponding to point D. Similarly any disturbance tending
tc advance the rotor position will, if sufficiently large, shift
the operating point from C to D. Clearly, initial conditions
will determine which of the four possible stable operating
points is assumed.

One further possibility arises if curve 2 is obtained by
the soclution of (12.2) or (12.3) on the assumption that 8 is
an independent variable. That is, that the solution so
obtained may not be a stable solution in the sense that it may
not exist in practice. Such a possibility should be invest-

igated.

12.2 Solutions when the load has finite inertia

In practice, the alternate trains of positive and negative
electromagnetic torque pulses do cause significant fluctuations
in rotor speed about the mean value ﬁoa The magnitude of these
fluctuations wiil be dependent upon the slope at the operating
point of curve 1 in Figure 12.1. Thus the solution wo will be
influenced by both the system inertia and the mechanical
torque~speed characteristic so that curve 2 will not be unique
for a particular set of electrical:circuilt parameters.
Furthermore, stable operation in the synchronous mode may

be impossible at certain speeds because the natural hunting
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frequency in this mode may bear a simple harmonic relationship
to the frequency of the asynchronous torque pulses.

Instances of the fact that different load inertias may
lead to the machine assuming different steady state operating
speeds for similar mechanical load conditions are shown in
Figures 10.9 and 10.13. The latter shows two speed time
trajectories, both starting frem the same initial state of
the system but corresponding to two different total inertias
leading to the two different settling points marked on
Figure 10.9.

It is clear .that any .analytical approach :designed to
investigate the behaviour of the system in . the vicinity of its
operating points must encompass all of the above phenomena.
Such an analysis is likely to:be tedious, and also in view of
the limitations on efficiency of .these devices and the
approximate nature of analytical solutions to the system
equations, rather academic,

In the following sub-sections some possible approaches

to the problem are presented.

12.3 Investigation of the stability of a solution

A number of different definitions of stability are possible,
[36] but in what follows it will be assumed that we are
concerned to determine under what conditions the system will
return to a previously existing state or limit.cycle following
a small disturbance. Both the nature and the ‘extent of the

disturbance will influence the result.
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12.3.1 Linearising the system equations

Writing the set of equations (12.4) and (12.5) in
the form

x = f(x) .. (12.6)

where X is a vector, we see that .there can.be no solution

X = 0 unless B = 0. It is convenient however for purposes of
analysis to have the origin coincide with a solution. Thus if
we allow the system to start from some initial state [X]o+[£]o
.displaced by the small amount [E]o from the solution of interest
then the subsequent behaviour expressed as X+f must satisify

the equations (12.4) and (12.5) as the case may be. Taking

the latter set, with q = 3 for simplicity, we find that:-

£ = &, 1
oo .5 q.F"(X1)51X3u+4p'(Xl)xssgs
2 Ju, 72 4L _Jw 2D

o] (o} o]
85 = & ? L. (12.7)
B, = - (1e2050 ) [F (X)X, %8+ (1+3F (X)X 2) £, ]
Es = 0

J

which represents a set of first order linear equations with

time dependent coefficients.,
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Unfortunately the time dependent coefficients are not
periodic but only almost periodic so that the usual methods,
based on Floquet's Theory, do not apply [41]. The problem
is discussed but not resolved in references 4,5 and 26.

It is possible that a suitable Liapunov function
might be found [36] but when it is recalled that wo contains
a series of top and bottom side bands and that Qo comprises
an average value QO plus periodic oscillation about the average
at frequencies anO it will be realised that the total
solution has a large number of degrees of freedom, Thus any
Liapunov Function would need to take this into account if result
of any significance are to be expected.

In the case where  is an independent variable, i.e. the
system inertia is very large, the set of equations 12.7 reduce

to

yYYe

4 = - (1+205% ) (1+3F(8) Y ),

i, £+ 2p(1+3F(0) 0 2)E+E(1+20m ) (1+3F(8) 4 %) = O

which may be written as:-

£+ p(t)E + q(t)E = O R R (12.9)
This may be tested for stability by Liapunov's Direct method
by putting:-
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JYYe
[9)]
it

&4

t

and £, = ~a(£)E,-p(V)E,

and using the function [15]:-

provided 0 < q, § q(t) < Ay e (12.10)

After differentiation and some simplification we find that:

i - - 2ltiriple)alt) , £,2 e (12.11)
q®(t)
Then if ﬂi%Rﬂ > e >0; V is negative semi-definite.
q

If we represent (1+3F(9)w02) as x, then

q(t) = x+20i and p(t) = 2px.

Thus previded the inequality (12.10) holds and that
&+2pq>0 the solution will be stable i.e. it will be stable if:-

x+2px > O
a0 1 . : 2
and x+(4px+56)x+2x > 0
Inequalities (12.12) do not appear to lend themselves to

general statements about x which indicate stability or

otherwise.



12.9

An alternative approach may be taken when dealing with

(12.9) by making the substitution [4,26]

t
Ee—%fop(t)dt ,,,,, (12.13)
so that (12.9) becomes:-

E + (q(t)-3p(t)-4p’t)e = O

oT £ + (x+pXx-p2?x%)e - O
where x = 1+3F(e)w02

Equation (12.14) is now in the standard form of a Hill's
equation but, as mentioned above the coefficient of € is
not, in gemeral, periodic. If the solution wo is represented
by the side band series in Appendix VIIIa and the rotor
geometry is represented by the series (VIII.5) in Appendix VIIIb
it is a relatively simple matter to show that the value of
x = 1+3F(8)1})O2 will be given by:-

T + 1 p
1+ 3
£ 22 b 5 aKanm[

(&N

K=-r Lu-1 m=0

cos(K~k—m)ZQT+nK-n2+6m

+ cos(K-Rum)ZQr+ann£-6m

+ COSZ(Y+Q(K+Z+m))T+HK+nQ+6m

+ COSZ(Y+Q(K+£-m))T+nK+n2-5m ..... (12.15)
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Only when Y and Q bear an integral relationship, will the
function be periodic., If this is so then the standard method
of analysis using Floquet's theory may be applied and the

stability ascertained.

12.3.2 Investigating the transient behaviour

of a solution

The methods discussed in the previous section suggest
that any investigation of the stability is likely to be both
difficult and tedious and furthermore will require a knowledge
of the solution. An alternative approach, similar to that
used in Section 8 for the blocked rotor transient behaviour may
be adopted. In order to illustrate the method a solution
to (12.3) will be sought on the assumption that the speed is
an independent variable.

The solution will be assumed to take the form

L
S = ¥ (a_cosS T-b_sinS ) L. (12.16)
ne-r T n n n
where a_ and bn are both slowly varying functions of time.
Application of the method used in Section 10 or use of the
principle of harmonic balance leads to the following set of
first order equations, after assumptions similar to those in

Section 8 are made:-

) = S5 e - 2‘ .
ZSnan BnCOan bn(l Sn ) 2pSnan
3 u AK+n81n6K‘En"A-K+n51n6K+€n
K=0 TBK+ncoséKnsn_B_K+ncoséK+sn

enwwe{12,17)
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F ) s N 2
2Snbn s Bnblan 2pSnbn+an(1 Sn )
3 M AK+nC°SOK'€n+A-K+nc°55K+€n
K=0 +BK+n51n0K~€n~B_K+n51n6K+€n

aaaaa (12.18)

where all Bn = 0 for n # O;

tan en = 2pSn
A = Jir4p?s ?
n n

and the A and B arise as coefficients of the fundamental cosine
and sine terms respectively in S*, where S is given by (12.16).
Equations (12.17) and (12.18) are essentially identical
on the R.H.S. with (10.23) and (10.24) except that the latter
pair include the effect of iron loss and are written in terms
of amplitude and phase parameters rather than two amplitude
components. Thus in (12.17) and (12.18), a_ and bn correspond
to a_ cosn, and ansinnn respectively in (10.23) and (10.24),.
A solution to (12.17) and (12.18) will correspond to
& = bn = 0. We can examine the behaviour in the vicinity of
such a steady state solution by studying the incremental
equations as in the previous section. Thus if a particular
set of values (an ,bn ) comprise a solution to these equations,
and we displace the s?stem by an incremental amount, we may
represent the subsequent solution by a_ +En(t), bn +€n(t)

so that we have: o ©
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n -
e _ d (RHScf12,17) 9 (RHS0fl12.17)
angn = I [ 32 En + 5 n] ce..(12.19)
n n
n
I 3 (RHS0f12.18) 9 (RHSof12.18) ;
ZSnen = 2 [ 3an En + 8bn n] eeo.(12.20)

Equations (12.19) and (12.20) now comprise a set of first
order linear equations with constant coefficients; so that
the standard methods of investigation appropriate to such
equations, may be invoked.

The foregoing comments serve to indicate some possible
approaches to the problem of determining the stability of
solutions to the system equations. These approaches have not
been followed up in this report however, for reasons suggested

in Section 12.2.
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CHAPTER 13

Further work

In the preceding sections of this report some of the
inherent characteristics of a particular class of energy
transducers have been investigated. The indications are that
such devices are unlikely to be of commercial interest as
certain disadvantages have emerged. It is the purpose of this
Chapter to indicate very briefly, possible practical methods
of improving the performance as well as to indicate further

avenues of theoretical analysis and practical development.

13.1 Practical development

Some of the more serious disadvantages are:-

(1) more or less severe line current modulation,
increasing with load

(ii) presence of higher harmonics in the line
current

(iii) pulsating negative and positive torque pulses

(iv) unsatisfactory shape of torque-speed curve
(v) apparently have an inherently low efficiency
(vi) non self starting

Before discussing possible ways of either removing or
improving these characteristics a rough analogy will be
drawn between these machines and two-stroke internal
combustion engines.

Each develops alternate positive and negative torque
pulses, i.e. there is a compression and a firing stroke, with

firing corresponding to the initiation of the jump. Increasing
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supply voltage has an effect akin to advancing the spark,
with both machines capable of going into an oscillatory mode
instead of rotating, if this process in overdone.

With this analogy in mind it is not surprising that the
remedies for some of the disadvantages ((i)-(vi)) above will
be analogous to those employed for internal combustion engines.

Thus a "two cylinder" machine with rotors 180° out of
phase, with the stators fed in parallel will reduce the total
line current modulation and decrease the torque pulsations.
However current harmonics will still be present; so a "six
cylinder" machine connected as shown in Figure 13.1 will allow
ruch of the harmonic current to circulate within the delta.
Suitable adjustment of the relative rotor positions will reduce
the torque pulsations still further.

Figure 13.2 shows galvanometer recoxrdings of the
instantaneous current waveform at three different positions in
the circuit for different load conditions. It is clear that
the modulation and harmonic content of the line current is
significantly less than for individual stator windings.

Such a machine configuration also allows for the
possibility of improving the shape of the torque speed curve
by using different values of capacity with each stator winding.
Figure 13.3 shows the result of adding two of the measured

terque speed curves of the prototype machine.

Plate 13.1 shows a picture of an experimental "six
cylinder" machine, which is essentially a linear machine having
a "rotor" of the form of that shown in Figure 15 of Appendix I,
but bent into a continuous circle for convenience. Five of

the stator coils and associated magnetic circuits can be moved



FIGURE 13.1: CONNEGCTIONS FOR 3 PHASE
SIX ‘CYLINDER MACHINE
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cir-cumferentially with respect to each other.

For this particular configuration, (vi) above requires
an affirmative answer to the question: "Is it possible to so
position the six stator coils that there is always a nett
positive torque in one direction at standstill, for all
armature positions?"

The use of sintered ferrite core material might solve
the difficult problem of constructing compact "multicylinder"
machines of laminated material while distributed polyphase

stator windings offer further possibilities.

13.1.1 Power springs

Perhaps the most promising use for a machine utilising the
principles under investigation is to provide a return spring
mechanism which has a power gain. Such a device is shown
schematically in Figure 2.2(d). The work done by the spring
and armature as the spring expands, exceeds the work done in
compressing the spring. A possible use would be in the
weaving industry as a shuttle drive. However, all such linear
devices suffer from the problem of alignment, because the
transverse magnetic forces can very easily exceed the useful
longitudional components.

Plate 2 shows a rotary version of a lossless spring,
which uses a conventional % horsepower induction motor frame
and laminations, shaped as shown in Figure 2.2(b), as the
armature to sustain repeated oscillations of 1 kgm over a

vertical height of about 2 metres.

13.2 Theoretical development

The theoretical analysis presented in this report has

been concerned with the most elementary form that such machines
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can assume. However, a number of interesting and perhaps
fruitful possibilities exist for further development. Some

are discussed briefly below.

13.2.1 Additional coupled circuits

The analysis so far presented has. shown that a particular
sideband component of the flux linkages associated with the
circuit approaches resonance and hence tends to predominate in
the solution, whenever the particular sideband frequency
approaches the effective natural frequency of the circuit under
these conditions of double excitation. The torque which results
was shown to depend upon the energy dissipated at the
particular sideband frequency; i.e. it depends upon the
impedance of the circuit external to the time varying inductance
Thus the two processes are to a certain extent independent; so
that provision of additional coupled circuits of selected
impedances may enable the relatively simple behaviour of the

devices so far discussed, to be modified in a useful manner.

13.2.2 Three phase stator supply

The analytical problem involved would be difficult; so
that it might best be investigated as a two phase supply
(unbalanced four phase). It offers the possibility of starting

torque.

13.2.3 Topology

Nothing has been said in this report about the optimum
shape of such a machine for a given purpose nor about the
assigning of a goodness factor [20]. It is a simple matter to
show however, that for a given shape of machine, flux density

and v that:-
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A J———E—— = constant s (13.1)
Volume

and furthermore that for a.given saturation factor

D, @ (%)2 oo (13.2)

Power available is proportiomnal to the supply frequency,

under the conditions of (13.1).
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14. Conclusions

This report is concerned with the presentation and
interpretation of some experimentally determined character-
istics of one particular example of a class of electro-
mechanical energy convertors, which depend for their action
upon the behaviour of a series RLC circuit in which the
inductance is both time and current dependent (in this case
the stator winding inductance).

These results show that it is possible to construct
a single phase machine, having neither electrical connections
to, nor windings on the rotor, which is capable of operating
over certain speed ranges as either a motor or a generator,.

Furthermore, these experimental results indicate that
such simple machines suffer from a number of practical

disadvantages, the most significant of which are:-

(i) more or less severe line current modulation,
increasing with load.
(ii) presence of a higher harmonies in the line current

(iii) pulsating negative and positive torque pulses

(iv) unsatisfactory shape of torque-speed curve
(v) apparently have an inherently low efficiency
(vi) not self starting

Discussion in Section 13 deals with possible methods of
reducing disadvantages (i)-(iv) by suitable combinations of
two or more elementary machines, while Section 11 presents an
analysis and a discussion on the efficiency of such machines.
This discussion indicates that an upper 1limit to the efficiency
at any speed whilst operating as a motor is likely to be of

the order of 50%.
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Item (vi) above has not been resolved.
On the other hand such machines do possess characteristics
which may be desirable under certain conditions,

For example:

(1) simpler construction than a squirrel cage induction
~ machine
(ii) may operate over a range of speeds (determined by

the intersection of the load and machine torque/
speed characteristic)

(ii1) whilst the maximum efficiency at any speed 1is
unlikely to exceed 50% as discussed in Section 11,
it is also shown that while these machines are still
subject to the principle that conversion efficiency
equals 1-slip, their effective pole number increases
with decreasing speed; so tending to maintain con-
version efficiency as the speed falls.

(iv) operating speed may be influenced by the supply

voltage, series capacity or series resistance.

Perhaps the most remarkable feature of the experimental
results is the shape of the torque speed curves, which resemble
a series of skewed resonance curves; so the majority of this
report is concerned with presenting both a physical explanation
and an approximate analysis of the essential behaviour of
this class of machines.

Thus, a mathematical model of the machine has been
proposed and used to simulate the prototype machine on an
analogue computer. Comparison of the results from the latter
with the experimental data shows that the model behaves

qualitatively as the original but that there are certain
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quantitative discrepancies. Discussion in Section § attributes
these discrepancies to inadequate representation of the iron
losses and to analogue computer limitations. Nevertheless the
agreement i: such that use of the mathematical model as g means
of representing the essential features of such machines

appears justified.

As this model comprises a pair of non linear differentiai
equations having periodic coefficients, results obtained from
one set of input and system parameters cannot be extrapolated
to another, while an explicit analytic solution is unlikely to
exist,

This report has deliberately avoided the problem of
finding an adequate model for the core losses as this alone
would be a major problem, but has concentrated on the effects
of periodic variation of a saturating inductance, Therefore,
some results for somewhat idealised machines having no iron
‘losses were obtained by analogue computer (Section 5) and by
numerical methods (Section 6j, Comparison of these results
with those obtained by an approximate analytical solution for
a system having a suftficiently large 1inertia that the speed
may be regarded as an independent variable, shows that agreement
between all three approaches is good in certain regions but
less so in others tor possible reasons discussed below,

Conclusions to be drawn concerning the physical behaviour
of the system from Sections 7-9,in conjunction with the
results from unaiogue, numericali and analytical solutions, may

be summarised as follows:-

(i) The combination within the saturdating stator inductance
of the effects of the external stator supply at frequency

Wy and the effective mechanical torcing frequency P = W, s
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due to the p-pole rotor turningmg§ w , results in the

generation of a series of frequency components comprising
integral multiples of Wy and w, together with the sums and
differences of these multiples.

(ii) In general the electrical circuit has three energy storage
elements, one capacitive and two inductive with the two latter
partially isolated by the effect of iron losses. Thus

resonant response of a particular component of the solution
(flux linkage or current) will occur whenever the rotor speed

is such that the particular sideband frequency in question

approaches a system natural frequency.

(i1i) The natural frequencies of the system involving the
capacitive element and the non linear inductive element, under
conditions of external and internal forcing are dependent upon,
and tend to increase with the amplitude of response which in
turn is dependent upon the amplitude and frequency of both

forcing functions.

(iv) The relative amplitude of the various sidebands in the
solution will be related closely to the nearness or otherwise

of their frequency to a natural resonant frequency. It is

shown that because the external supply frequency is always
greater than the small signal natural frequency, upper sidebands
based on W, never approach the main system resonance and

except under certain conditions discussed in 10.1, will play a
small role in the solution and hence may be neglected as a first

approximation.

(v) Thus the approximate solution comprises a fundamental Wy

sy which

plus a series of lower sidebands wl-kmz B wl—kpwm Z oW
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over an appropriate range of rotor speeds w s will pass through
resonance in turn. The Manley-Rowe relationships may be

invoked to demonstrate the power-frequency relationships among
the various sidebands and it is shown that the average
asynchronous torque developed may be related to the amount of
energy dissipated by the various sidebands in any lossy elements
coupled to the circuit, provided that Wy and w, are incommensur-
able. Hence the speed torque curve comprises a series of
resonant responses, Skewed in the direction of increasing

W, (decreasing rotor speed for +ve wS).

(vi) Synchronous torques are developed at rotor speeds which
are integral fractions of synchronous speed. As the two sources
of frequency are still incoherent (but not incommensurable) at
these speeds, the Manley-Rowe relationshipvs still apply and may
be used to evaluate asynchronous, but not synchionous torque

In general, under conditions of finite inertia the latter are

too small to be of any practical significance.

(vii) The alternating positive and negative torque pulses
result 1n a rotor speed which fluctuates about an average value
with the amplitude of the fluctuations inversely related to

the system inertia.

(viii) At rotur speeds such that wl-kpwm = W, becomes
negative, induction generator action results which means that
average torque due to the particular sideband is negative and
mechanical energy is converted to electrical energy at ws into
@ sink and at Wy back to the supply.,

The analytical solution takes the form of a set of
simultaneous non linear algebraic equations which must be solved

to give the various sideband amplitudes and phases. In genexral
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it appears that the more sidebands incorporated within the
solution the nearer the final result approaches that obtained
from analogue or numerical methods except for certain regions
where the system inertia is critical.

The analytical solution merely represents a possible
solution to the system equations when the inertia is sufficientl
great that the speed may be regarded as an independent variable.
It also fails to represent adequately the iron losses.
Nevertheless good agreement results on the negative slope portio
of the speed torque curves both for the prototype machine and
for the idealised machines. On the other hand much uncertainty
exists concerning the position of the positive slope portion of
these curves and of the peaks. It is clear from the results tha
these are sensitive to system inertia but no systematic

investigation was undertaken on this point because:-

(a) the resuits in these regions were unobtainable within the
limit of reasonable analogue computer accuracy because of the
long settling time, i.e. limit cycles were themselves subjected

to limit cycles.

(b} the unsatisfactoriness of the numerical method without

a graphics terminal

(c) the analytical solution would have been quite unwieldy if
speed Fluctuations had been allowed. Even with this restrictior
éomputational time is prohibitive.

The agreement between the various methods of solution and
between the analytical and experimental results for the
prototype suggests that the mathematical model and the
associated analyses of the characteristics of this model do

represent substantially the essential behaviour of such
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machines and may be used as a basis for establishing design

criteria.
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II(a) Some details and specifications of the

analogue computer

The elements available comprise:-

28 Buffers

16 Integrators

4 Adders

1 Diode Function Generator
10 Servo-multipliers

4 Electronic multipliers.

Signal amplitude is restricted to the range *100 volts, and
the basic amplifiers used in all elements have an output noise
level of < 5mVp-p.

Integrater gain may be varied in decade steps from 1 to
1000. [14].

Multigang potentiometers are available for the servo-
multipliers, the phase lag of which becomes >.08 degrees above
1.0 cycle per second [27].

The electronic multipliers had been built originally as a
student project to a design supplied by the Weapons Research
Establishment, Salsbury, South Australia. However, the design
is such that is is extremely difficult to maintain them within
the gpecified limits of #.01% over all four quadrants [27];
so that the servo multipliers were used for preference whenever

the time scale permitted.
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II{(b) Generation of f'(6) and f(8)

Implementation of equations (5.1) to (5.4) on an analogue
computer requires the formulation of both f(6) and
£f'(8) = d(£f(6))/d6. The former can be developed from the

latter by integration as follows:-

Jf'(e)d(e) : J[igéﬁl Dlat = de(e) = FLO) ..... (I11.1)

Since d6/dt=6 is available in the problem set up, it is
only necessary to multiply f'(8) by 6 and integrate with
respect to time, whilst making provision for the correct
initial condition. Now € is a dependent variable represent-
ing the angular position of the rotor, is continuous and
increases indefinitely with time, but must be represented by
a voltage which must not exceed 100. The problem can be
overcome by reversing 6 after every one half pole pitch as
suggested in Figure 5.4, to give a periodic function of 6
which may then be applied to a diode function generator
representation of f'(6) over one half of one pole pitch.

By reversing the sign of the output from the function
generator, simultaneously with the reversal of é, the
correct form of f'(0) results. By this means, 6 can be
kept within bounds and furthermorg due to the symmetry of
f(6), the number of break-points available to form the
approximation to f'(8) is effectively doubled.

Details of the block diagram, electronic switch and
compensating circuit are shown in Figure A.II.1. The latter
circuit which maintains the average value of f(8) constant
at all operating speeds, is required because of the effect

finite operating time of the change over relay.
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II(c) Analogue cComputer scaling factors

In general, the amplitude scaling factors used in
different portions of the analogue circuit were changed
as circuit parameters were changed. The aim-at all times
being to keep the peak signal at any point in the network
as close to * 100 volts as possible. Tabulation of these
scale factors for the numerous circuits and conditions
serves no useful purpose.

Time scale factors were determined by the servo
multiplier response. In the circuits of Figures 5.1 and
5.2 the wiper arms had to follow A, whereas in the circuits
of 5.9 and 5.10 they had to follow the rather more slowly
varying £(8). At 750 r.p.m., for a two pole machine, the
second harmonic component of f£(6) has the same frequency as
the supply voltage and hence the same as the fundamental
component of A.

Time scale factors of 100 and 20, respectively, were
used in the two different simulations.

Typical values for the variables in Figures 5.9 and

5.10 were: -

343 50X, %—O— 8, and 8006

so leading to the following equations

(501) = 2.5JvdT—%J(3i)dT—7‘% ”(%)dT ..... (11.2)
3
(30) = o ((s0n) » G ey L (11.3)

50L
o)



(B0 gy . (3OM* £1(e) e
kil 25JL0x106

Nf3

0 F
and (800 6) = - ¥

which in turn lead to the block diagrams shown in

Figures 5.9 and 5.10.
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III(a) Average torque under sSine flux conditions

Calculation of the average torque under blocked rotor

and sine-flux conditions requires the evaluation of:-

. (2n+3)
T h f n(e)A R

I ¥ . (2n+2)
T.ove = = 2 J I T sin (wt)d(wt)
o n=0 o

In particular, the evaluation is required of:-

s
f sin(?™*2) (4ydq

Y(2n+2) ~ 5
T
= I sin o sin(2n+1)ada
)
i ST T
= - cos o sin(2n+1)u. +J (2n+1)sin2nc052adu
) oo
m 2n (2n+2)
= (2n+1)J (sin”"a-sin o) do
0
i.e _ 2n+1
*€ Y(2n+2) T Zn+2z Y2n
or _ N-1 _ N-1 N-3 cre
YN TN IN-2 T N-2 /N-4 et Cy

In this case N is even; so that

_ N-1 N-3 31("y,
YN N NTg 73 .
N-1 N-3 3

R s 314
>

N N2 7
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and
(2n+2)
T _ ; f'n(e)A .2n+l.2n-1..... 3.1
ave (2n+2)L 2n+2 2n 4 2
n=o o
.e. (2n+2)
_ h f‘n(e)A (2n+1)!
gye = - L ———— oD — . (IT1.1)
n=0 L 22 ((ne1) 1)

(o}

ITI(b) Fundamental component of current under

sine-flux conditions.

(2n+1)
fn(e)k

L
o} o}

h
When 7 = I
n=

and A = A sin wt

then the rms value of the fundamental component of the

current must be given by:-

T h
_ 2 (2n+1) .
If = PJT?.-'ITL J‘ X fn(e))\ sSin wtd((l)t)
(o] on=o

T h
yo 12 f £ (0 g5 (20D g (o)

()
LO on=o

which, from the development in III(a) becomes

h
_ _ (2n+1)
I, = E szn(e)A (2n+2)! s . N, ., (III.2)

L, 22 (0* D) ((ne1y1y2
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III(c) RMS component of current under sine-flux conditions

The mean square value of the current must be given by:-

12d(wt)

m™ h (2n+1)
; J [z £_(8)2

0 n=o L
o]

Now if we represent the power series:-

(1+a1x+a2x2+a3x3.....)2

by 1+A_ x+A_x2+A_x3.....

1 2 3
with a = f (06) then:-
n n
n-1
An = zfn(e) +j§1fj(e)fn—j(e)

so that i? becomes:-

2h n-1
I (2£,(0)£ (8) + %

A2 »
T2 [£,°(8) +
o n=1 j=1

2n
£508).£ (827"

which, for A = Asinwt gives:-

IRZ = nLoz [foz(e)sinzwt + I (2f_(8)f (8) + fj(e)fn_j(e))

A2 JW 2h n-1
0 n=1 j=1

A%Psin?™* 2 (ye)1d (wt)
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pz 5,008 ;h(zf (0)£ (8) +h§lf.(e)f ()
= qz[—z—— n=1 0 n J=1 J n-j
2n (2n+2) 1 g =aEs (III.3)

22 (1) (piyny2
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IITI(d) Equivalent linear inductance

When dealing with currents which are periodic
functions of time, in a circuit element which has a known
but non-linear A-i relationship, an equivalent linear
inductance may be defined from the following relationship:-

1

™
% 2 = ;
2LfIf zﬂjo}\ld(wt)

Thus when

(2n+1)
fn(e)l

L

h
i=2
=0 0

n
and

A = Asinwt

r L— d (wt)
on=o (o]

Jv h fn(s)x(2“+2)

s 1
Flele™ = 5%

T sin(22*2) it d cut)

(2n+2)
Jﬂ h fn(e)A
on=o )

Nra
3

which, from III(a), becomes:-

. fn(e)h(2n+2)(2n+2)!
gL I = 2
n=o 2L_ 2 (2n*2) i1y )2

Substituting for I_.? from (III.2) gives

f

L
0

£ (0)A2™2) (20421

L —

f cee.. (III.4)

h
Z
n=o0 2(2n+1)((n+1)!)
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L = I11.5
or Lf = ZIf ..... ( )
ie. wL.I. =% - 4 4a0e L. (111.6)

el = /2 :

as would be expected for a sinusoidal flux linkage

relationship.
An alternative definition leading to an equivalent

linear inductance has been expressed as [22]:-

[ty
=
—
N
]
t\)’)—l

T
- J Aid(wt)
o)

from which it follows that:-

(2n+2) !

. n*+1) ((nr1)1)2

R o} 2h n-1 2n
A7 (2n+2)!
foz(e)+nzl(2fo(e)fn(e)+jzlfj(e)fn_j(e))

h 2n
A fn(e)z(2

22" ey 2

Relationships between waIf/If calculated from (III.5)
and (III.2) or (III.4) using the value of f(8) found for the
prototype machine, are plotted for comparison with the
experimentally found characteristics in Figure A.III.1. As
might be expected the degree of agreement is similar to that

shown in Figures 4.5 and 4.6.
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ITI(e) Plots of V. -I_ versus plots of V

L "R L’If

It is shown in Section 7 that the approximate operating
conditions for a particular machine may be established
very simply and conveniently by plotting the measured
coil voltage against the fundamental component of current,
i.e. by plotting waIf against If, for two rotor
positions corresponding to the extremes of rotor
reluctance. In practice it is more convenient to measure
rms or rectified average values, rather than fundamental
components. While the voltage across the inductance remains
essentially sinusoidal, the current wave form may contain
significant harmonic components. Thus it is of interest to
know what error results if the rms value of the current is
used rather than the fundamental component.

In III(d) above expressions were developéd for two

different'equivalent linear inductances'.

Because 3L.1.2%2 = %1,1.2

f° f R™R
wL T If
it follows that IS T e (I11.8)
f° f R

The term waIf represents not only the rms value of
the fundamental component, but also the overall rms value of
the voltage across the winding inductance because for the

values of series resistance encountered in practical devices

of this nature, the flux waveform is virtually sinusoidal,
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thus the term erIr appears to have neither physical
significance nor relevance to this problem.
The quantities easily measurable in practice are

Vf = wL and Ir’ and because Ir > If a plot of Vf versus

I
f°f
Ir will be displaced with respect to a plot of Vf versus

If. An indication of the magnitude of error involved is
given by plotting IR/If as a function of the peak value

of the saturation factor for a simple quintic approximation

When A = A sin wt

fon——

then 1Peak = 1P = EZ ksp

where kS is the peak value of the saturation factor. From
equations (III.2) and (III.3) we find for a simple quintic

approximation that:-

i
I (63k _2+34k _+31)~
Sp sp

R |
_R T .4 .. (ITI1.9)
SP

I

Hh

which is shown plotted in Figure A.III.Z,

Some elementary geometry shows that for a quintic

approximation
AV y Al ) Kt e (II1.10)
Af Af 25ksp—17

Putting AIf/If in (III.10) = (IR—If)/If from (II1.9)

shows that plotting measured Vf against IR rather than
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against If, results in a characteristic having apparent
errors in ordinate values of not more than 2% for

k < 10.
SP

These results suggest that for purposes of estimating
the voltage, capacity and resistance appropriate for a
particular machine, as discussed in Section 7.3, measured

V,.,I, characteristics are adequate.

f/ R
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IV Domains in the frequency damping plane

in which ferro-resonant jumps can occur

When iron losses and leakage inductance are both
present, the electrical circuit equation in normalised

form becomes:-

-B sin(yT+B) = 2p, A+ (1+40,0,)¥+2(p +p,)P+v

h
d d? 2n+1
+(1+2013?+23?2)(niofn(e)w ) mEEas Iv.1

As discussed in Section 7, the steady state solution

under blocked rotor conditions with fn(e)EFn takes the form: -

v

a 51n(YT+no)

X sin yT+y cos yr ... Iv.2

provided that neither the amplitude of the driving function
B, nor the circuit damping are excessive.
Substituting (IV.2) into (IV.1) and equating coefficients

of the sine and cosine terms respectively gives:-

B cos B = [2p2(1—2Y2)+2p1A]yy + [(1—2+40102)Y2
SA(I-yD)Ix (IV.3)
B sin B8 = [(1-8+4p,0,)v%-A(1-2v") ]y

-[2p,(1-2v*)+2p AlYx e (IV.L4)
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and hence

B2 ) ,
—p = 4p ZyP[==(1-2y2)+A]% + [(1-2+4p.p,)Y2-A(1-2y2)]?
a, 1 p1 172

Using the methods of Appendix III it may be shown

that the fundamental component of

2n+1

(| =

Fo(agsin(yT+n )

n=o0-

may be written as. A(xsinyT+ycosyT),

h 2n
where A = X a P
o n
n=o
I
and P = Fn 2§E?+2)'
& 2 ((n+1)1)2
o . dB? L
Jumps are possible provided H§‘2=° at two real, positive
o

2

values of a After differentiation and some manipulation

of (IV.5) we find that

%%Ez = C1+C2A(A+2a02%%; )+C3(A+a023%§2 .. (IV.6)
where

C, = 4p,2y2(1-2v2) 2+ (1-2+4p p,) 2y*

C, = 4p ®y2+(1-y»»> L L (IV.7)

(@]
]

5 = -2(1-2) (1-ay®)y?
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IV.1 Cubic . approximation (n=1)

This condition gives

_ 3 2 dA _ 3
A = 1+Iao F1 and daoz = 4F1
2
Then writing r = aozFl, (IV.6) becomes, when a2 is

equated to zero:

C, C,+C+C
7_)r+_l_§3__§ =0 . (IV.8)

9 .,
TelT +(C,*

the roots of which are (provided Cz# 0)

C // 3(C,+C,+C_)C
r = -§(1+§% y(1e/1e—m 2 3 24 (IV.9)
2 (2€27C3)
These roots are real if
3(Cc,+C,+C_)C
- L 2 35 2so. ... (IV.10)
(2C3*C3)
and positive if the two inequalities:-
C3
1+ == <0 (IV.11)
2C
2
and (C1+C2+C3) >0 . (IV.12)

are satisfied. Using (IV.7) it is a simple matter to show
that (IV.12) is always satisfied; so that the necessary

and sufficient conditions for jumps to be able to take place,
are given by (IV.10) and (IV.11). Substitution of (IV.7)
into (IV.10) and (IV.11) shows that the two roots are real

provided: -
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[4p ) 2y2+(1-2v*) (1-¥*)]?
-12[p,v{4p 2y2e (1-2v2)2 4o ¥¥(1-2)]% 2 0 ....(IV.13)

and are both positive, provided

2 2
2 (y°-1) (1-2v°)
Py° < e e (IV.14)

IV.2 Quintic approximation (n=2)

In this case A = 1+£a a8
8 o 2

and —=— 5, = %aozF

Then writing r = aoqu, (IV.6) becomes, when

de/dao2 is equated to zero:-

2 15 CS
+fZ(C2+—5)r + C1+C2+C3 =0 ceeos (IV.15)

125

64"

)T
the roots of which are (provided CZ# 0)

C // (C.+C_+C_)C
r= - ez )/ - g L2 3 2
(2C,+C;)

5 ) ) E (I1V.16)

These roots are real if
20 (61+C,*C5IC,

1 - -5 >0 . (Iv.17)
= )
(2C2+C3)

and positive if the two inequalities:-
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CS
l + — <0 L (1V.18}
2
2
and C1+C2+C3 >0 i (Iv.19)
are satisfied. Expressions (IV.18) and (IV.19) are identical

with (IV.11) and (IV.12); so that after substitution of
(IV.7) into (IV.17) we find that the two roots are real

provided
[4p 22+ (1-2v*) (1-¥v*)]?
5[0,y (40 2y 2+ (1-2y2) )40 ¥? (1-2)1% >0 ..., (IV.20)

and are both positive, prowvided

(y2-1) (1-2Y%)
Ay e

p,” < (I1V.21)

IV.3 Discussion

Inequalities (IV.13), (IV.20) and (IV.14) or (IV.21)
enable boundaries to be defined for domains in the frequency-
damping plane within which it is possible for ferro-
resonant jumps to occur. It is a straight forward problem
to extend this analysis to include both higher values and
a range of values of 'n' if required.

These boundaries may be found by writing the above
inequalities as equations and solving for p; as a function
of vy over a range of values for 0, and %.

Typical results are shown plotted in Figures 7.5(aj
and (b) for n=1 and 2 respectively. In each case the area

within which jumps are possible is that bounded by the



particular
clear that
may be, is
within the
Yy > 1.

Al9

curve and the frequency axis (p1=0), It is

satisfaction of (IV.13) or (IV.20) as the case
sufficient [as the areas so defined lie wholly
areas defined by (IV.14) or (IV.21)] provided
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V Nature of the singular points and stability.

The parameters appearing in equation (8.7) are defined

as follows [9 ]:-

2 - X
9X" X ,yo
X
o B,
y o,yo
oY
© = axlx_y
0,”0
4=
Iy x_ Yy
- dx _.dy . .
where X = 3 and Y = IT are given by equations (8.2) and

(8.3) respectively.
For the case of a cubic non linearity, i.e. n = 1, these

parameters take the following values

a = -2py(1+5 Fr 2+3Fx_?) - %Fxoyo )

b = -(1—Y2+%FT02+%FY02) - ZOY%FXOYO ey
c = 1—Y2+%Fr02+%Fx02 - 2pY%Fxoyo ?

d = -2py(1+%Fr02+%Fy02) + %Fxoyo

J

The pair of equations (8.7) thus represent a pair of
first order linear differential equation in the incremental

variables u and v; so that the characteristic equation of
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the perturbed system becomes
a-A b

c d-2A
or A2-(a+d)A+ad-bc = O ceven (VO 2)
The nature of the roots of this equation determines
the behaviour of the system in the vicinity of the particular

steady state solution of (7.1) or the nature of the corresp-

onding singularity of (8.4) [9].
Thus if
(i) (a-d)2+4bc > O

and ad-bc < O

the singularity is a saddle point

(ii) (a-d)2%+4bc > 0O

and ad-bc > O

the singularity is a node which is stable if a+d < 0 and
unstable if a+d > O

(iii) if (a-d)2%+4bc < O

the singularity may be either a stable focus, a centre or
an unstable focus depending upon whether (a+d) is less than,

equal to or greater than zero.
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V.I Boundaries between different singularities

in the B2/r® plane

These may be found by substituting the expressions (V.I)
into the criteria listed in (i) to (iii) above, followed by
the use of (7.8) in order to eliminate terms containing op.

It is of interest to note that in this problem
a+d = -4py(l+3 Fr 2y 20
T2 o]
so that any nodes or foci must be stable

V.I.I. Boundaries between nodes and foci

This contour is given by
(a-d) 2+4bc = 0O
which after substitution and reduction shows that foci exist
whenever
S3p. 2_ 2v2.q.3 242
(1+2FrO YY4(1 7 Fro )

9 2
16Fro

Some typical results are shown plotted on Figures 7.1 to 7.3.

B2F < _ y2(2+%Fr02—Y2) eea (V.3)

V.I.2 Boundaries between nodes and saddles

Saddles exist when
(a-d)2+4bc > 0O

and ad-bc < 0

The former is satisfied whenever (V.3) is not satisfied,
while substitution and reduction shows that the second

inequality is satisfied whenever:-
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3.2 4 2

'Z—F I‘O Y
9 2

1+4Fr0.

2 3 2
(Y2-1-3Fr_?) el (V. 4)

The boundary obtained by writing (V.4) as an equation
coincides with the locus of points of inflection of the
r?F/B2F curves obtained from (7.8) for a range of values
for p. This shows quite clearly the unstable nature of
solutions which occur on the negative slope portion of

the r2F/B2F curves.
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VI Analogue computer determination of phase-

amplitude relations.

For a cubic approximation, equations (9.1) and (9.2)

become: -

2yi = BcosB—Zpny—(K—Yz)y-%TZZQQF'(6)y seess (VILT)

2vy = BsinB—ZpyKy+(K—Yz)x+%r22pQF'(G)X ..... (VI.2)
where K = 1+%r2F(6)

These equations are already in a normalised form with an

independent variable 7. It is convenient to operate in real
time t on the computer such that t = 7/2 and toc allow for
maximum values of x and y of the order of five. Thus (VI.1)

and (VI.2) may be rearranged to give:-

20%% = g%-o10(5BcosBAIOQny-5(K-Yz)y~705rszF'(e)y)

ooooo (VI.3)
20%% = é% .10(5BsinB-10pYKy+5 (K-y2)x+7.5r%pQF"' (8)x)

,,,,, (Vi.4)

F(6) may be generated from F'(6) by means of a diode
function generator and saw tooth oscillator in a manner similar
to that described in Appendix II(b); so leading to the
block diagrams shown in Figures 9.1 and 9.2. Speed changes
are accomplished by resetting the oscillator period and the

gains of buffers Bl and B2 in Figure 9.1.
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An expression for the average torque in terms of the
amplitude of the solution, under sine flux conditions, was
developed in Appendix III(a). When the amplitude is a slowly
varying function of time an approximate value for the average
torque may be found by finding the average value of Tave as
given by (III.1).

Thus in this case, if the analogue computer is used

to produce

3 F'(o)r* _
I(gf DoLo - Voffset)dt P (VI.5)
as shown in Figure A.VI.1, and Voffset is adjusted until
Vout = 0 on the average, then the value of VOffset gives the

average value of Tave°WhiCh may be plotted as a function of

speed as in Figures 9.829.11.



2 SERVO

0-64RY

SERVO

320D,

fleyr™

147¢8) o

L

:[::>>————“°Vbut

Voffset

FIGURE AVI.1: DETERMINATION OF Tave.




VII Further details of the Perturbation Method

It is assumed for the purposes of the method [23] that
the non linear equation, after having been expressed in
the form

© WL, =0 .. (VII.1)

may be expressed in a power series of an amplitude parameter

u, as follows:-

~ dG u* d%G
G= G, ,* “(du)u=o + ET(duz)u:o ,,,,, (VII.2)
_ n2
= H0 + qu 5T H2 + S g A (VII.3)
_ a6 |
where the Hy = 70 lg=o ..., (VII.4)
and that the solution similarly may be expressed as:-
u? p?
\p = ug].(T) i _i_ gz(I) B 3-_!' gs(T) °°°°° (VII 5)
i
Thus H, = 46 l
1 U |u=0

oy W T W 39 9% Ju=o
BG,eo. aso aG
[m(g1+ug2o.) + "a—i"",' (g1+ug2+ )
BF /'. ° . aG

+ W tg1+ug2+°°) + aw (g1+ug2+ )]u:o
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Similarly
h - 4261 . 4 46l _d
2~ duz dy du T du p=o
u:o u:o

all at uy=sO ..., (VII.7)

Where the symbol [ ] represents the expression in square
brackets in (VII.6).
Nicholson defines the first four terms of (VII.7)

226 . (1), (5)
Tap(ap) E1 1

where Lz(gl,gl) =1 B

The final term of (VII.7) may be recognised as Ll(gZ)°
Nicholson provides general expressions for the various
Lm(gl,gz,ogm)and for the various Hi in terms of these Lm,
however a simple rule for generating Hk+1 from Hy follows from
inspection of what happens when each successive full derivative
is taken.

Thus the general term Lj(gil’giz°°°gi~)

J

where il+i2+,.uij = k becomes

9
@ 3_11+ Lj(g11+1,g12:°°°g1j
+ Lj(gil’giz+li“'gij)

+ Lj(gil,giz,eengij+2)
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C) The operation

o 3Pt 3 3P, W, B 3
B dw 3P ow P W 3 By
leads to

LJ+1(g11’g12’-°°g133g1)

Thus we have

e

Hy, = Ly(g,)+L,(g{,8,)
‘-_\\
il\\\\ﬂkzM\MN;;ITﬁ%ﬂhﬁhl“ﬂm:hﬁﬁhﬁghﬁmi__
= L, (g5)*3L, (g ,8,)*Lo(g,,8758)
Hy = Ll(g4)+L2(g3,g1)+3L2(gz,g2)+3L2(g1,g3)+3L3(gl,gz,gl)
= L,(gy)+4L,(gy.85)+3L,(g,,8,)*0L; (g ,8,,8,)*L,(g,.8,.8;,8,)

Similarly

Ho = L,(gg)+5L,(g,,8,)+10L,(g,,g,)+10L (g;,8,,85)

* 15L:(gy,8,,8,)*10L,(gy,87,87,8,)*L5(gy,8,,87,87,8;)

..... vees...8tC vee.e(VII.8)
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Returning now to the equation for which a solution is

sought, we have

G = Bsin(yT+B) + 20,27+ (1+dp 0 )P+2(p +0,) PV

d d? q ,
+(1+2pla?+23?2)F(6)¢ -.pfe(VIIOQJ
Thus H =G =G .
p-—_o ‘\D,\D,w’w=o
= Bsin(yTt+B) L., (VITI.10)

In order to find expressions for the following Hi’ expressions
for the various Lm must be found. These in turn require
expressions for the various partial derivatives of G.

Thus from (VII.9), when u=0:-

0G _ \
gw = 2022
aG _
§$ = 1+4p1p2
ooooo (VII.11)
3G _ f
W = 2(01"'02)
aG _
59 - 1 )

For odd non linearities all even partial derivatives

are Zero.
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For Cubic non-linearity:-

3%G _ d ,d?
aws = 6(1+2plﬁ+2E2)F(e)
8 S = 12(p +2 I F(0)
oY2aY 1 “dt
,,,,, (VII.12)
3%c , _
TEL R 122F (8)
336
A1l higher partial derivatives are zero.
For Quintic non-linearity
All third order partial derivatives are zero.
3°G _ d  ,d? \
5ps - 12001+ 20 gt gy, ) F(6)
3°6 . = 540(p.+25)F (0)
oYP4dY 1 “dt
,,,,, (VII.13)
3°G
«, = 2402F (6
FIERE (8)
3%¢  _
TR VR 1202F (6)

J

All higher partial derivatives are zero.
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Then from (VII.11)

L.(g) = g 285 . 3— g+ 38 g
1.8 —W g 3 g oy

20,%g% (1+4p 0,0 g+2(p *p,)Eg+g e (VII.14)
From (VII.12)
L. (fgh)
C(fgh)6(1+20. v i,y (0)
g TeP1dT a2
+(fgh+fgh+fgh)12(p +£ )F(e)

+ (fgh+fgh+fgh)124F (8)

+(fgh+fgh+fgh)eF(6) ... (VIT.15)

and Ls(g,g,g)
d d?
6g° (1+2p 3=+ 432 ) F ()
. 2d
36g%g(py+ ) F(0)

36g2g2F (0)

+

+

+

18gg24F (8)

d . d 3
3'(1+201E—+H2)(F(e)g > e (VII.16)
Similarly

L:(g,8,2,2,8)

d d?
= 5!(1+2p1€?+a?2)(F(6)g5) ooooo (VI1.17)
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VIII(a) Expansion of sideband series raised to

SOme power.,

Consider the series:-

T
S = I ap cos (y+k29)r+nk
k=-7r
Then
T T
s? = % T a.a, cos(Y+k2Q)T+n, cos(Y+L20)T+n
k% k £
kK=s-r f=-r
T T
= % - —
5 2 _F a,a,[cos 2kQr-2L0t+n, -n,*cos 2(y+kQ+2Q) T4n, 41, ]
k=-r 2=-1
Similarly:-
T T T 3 cos(Y+2(m+k~-2)Q)T+Nn_+1m, -n
3 m 'k 'R
S® = % I % z a,a,a -
k=-r R=-1 m=-1
+ cos(Sy+2(m+k+l)ﬂ)T+ﬂm+nk*n2
3 cos 2(m+k-2—n)QT+nm+nk~n£-nn
— =3 B
St = 3 Eiii a,ag,a a +4 cos (2y+2(m+k+n L}Q)T+nm+ﬂk+ﬁn Ny
_+ cos (4y+2(m+k+n+2)Q)T+nm+nk+ﬁn+n£

et



and

1

5 = =
S = LILIX akazamana

16

k

Lmnp

etc

p
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10 cos(y+2(m+k+£qbp)Q)T+nm+nk+n2nnn-n

P

+5 cos(3y+2(m+k+2+n—p)Q)T+nm+nk+nz+nn-n

E

ooooo

(VII.1)

Such expansions may be written down very simply by noting

the following characteristics of the expansion of S":.

(i) The coefficients of y within the various cosine terms

will be n,(n-2),(n-4)

(ii) The excess of +ve signs over -ve signs of
angles n and the integral coefficents of Q will

coefficient of y in any term of the expansion.

(iii) The external coefficients of the various

are readily obtained from the inverse Chebychev

«o.etcC,

e.g. Chebychev Polynomials may be generated from the

recursive formula [25]

Tn(x) = 2xTn_1(x)-Tn_2(x)

giving

i

X

2x2-1
4x3-3x
8x*-8x2+1

16x5-20x3+5x

etc

ooooo

the phase
equal the

cosine terms

series.

(VIII.?2)

+ cos (5Y+2)(m+k+2+n+p)9)T+nm+nk+n2+nn+np

e
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from which it follows:-

X = T1
x2 = (T +T )
22 o
i Y . (VIIT.3)
3—_
x® = (T,+3T;)
oo L
X = 8(T4+4T2+3T0)

s o 1
x° = 16(T5+5T3+10T1) etc

o

It is clear that there is a one to one correspondence
between the Tk terms in x' as given by (VIII.3) and the
cos (ky+...) terms in s™ as given by (VIII.1), both as
regards the number of such terms and the magnitude of their
coefficients.

Because the circuit is highly non-linear, third
harmonics of the fundamental will be present in the current
waveform and to a lesser extent in the flux waveform. As
a result a more accurate representation of the flux or

current waveform would be given by

T 3r
S = ¥ a, cos(y+2kQ)T+n, + I b, cos(3y+2hQ)T+¢
k . h
k=-1 h=-31

ooooo (VIII.4)

from which we can find for the case of a cubic:-

3 cos (Y+2 (J*k‘Q)Q)T*’nk*T]J “’nz

+ cos (Y2 (e k=R Trmen Ty



3 T e T
T z z z ay
k=-r j=-r n=-3r

3 T 3r 3r
T z z X

k=-r m=-3r n=-3r
1 3r 3r 3r
- I z z

m=-3r n=-3r q=-37r

b

b

b
n

-
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COS(Y+2(n-j—k)Q)T+€n-n

ik

+2 cos(3y+2(n+j-k)Q)T+€n+nj“ﬂ

k

+ cos(5y+2(n+j+k)Q) t+e

n* "5 Nk

2 cos(y+2(k+m-n)ﬂ)T+nk4sm=en

=

cos(5Y+2(m+n-k)Q)T+am+€n~n

k

cos(7y+2(m+n+k)9)r+am+en+nk

-

cos(3y+2(m+n-q;Q)T+em+en £

cos(9y+2(m+n+q)Q)T+am+en+€

.....
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VIII(b) Interaction of rotor and sidebands

Expansion of F(B)gli

The rotor geometry is defined by:-

F(8) = 1+d1cos pQT+51+d2COS 2pQT+6,+uo.ducos UpoT+ou

2

k

N ™M=

0dkcos kaT+6k ..... {(VIii.s}

where docos 50 = 1 and p equals the number of poles.

From (VIII.1) it is clear that the expansion of:-
q = q
g1 = (I ajcos(ys2np@)Ten))

may be written (when q is odd) as:-

qr
b [Ancos(Y+an)T+an+
=-qQT

+Bncos(3r+npﬂ)r+pn

+H_cos (qy+npQ)T+E_]

and in particular, when q = 3, as:-

3 ~ ;
—Ancos(Y+anjT+un

] 3r 4
g, = L
n=-3r 1
+ZBnCOS(3Y+an)?+En. ceee  LVIITI.E]



so that the fundamental terms in F(G)gl3

d
3 "o —_— —_
7 —5(A cosyT+a -6 + Aocos YT+aO+Go)

CQSYT+G;1+§I)

d
+= —7(A CosSYT+a, —6 + A_1

d
2 — S ——————
+= —E(AzcosYT+a2-62 + A_2cosYT+a_2+62)

dk
k 'k -k

—chkcos YT+0o, -6, + A . cos YT+0
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are as follows:-

+6k) .....

(VIII.7)

First upper side band term in F(e)gl3 are as follows:-

d

3 o
4 'E(Al 1

d

cos (Y+20)T+a, -6+ A cos (Y+22)T+a, +8 )

d

1 ,
+= —E(Azcos(y+29)T+a2-61 + Aocos(y+29)T+uo+61)

1

u
k
L (A, 1005 (YF2R)TH0y ) =0y *A 4oy

2
= —§(A3cos(y+29)T+u3-62 + A__cos (Y+2Q)T+o_ +0

cos (y+2Q)T+a

1 "2

ooooo

-k+

1+9%)

(VIII.8)
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And in general the nth side band terms will be given by:-

d
k
—5(A

ST
"M

k+ncos(y+2nQ)T+ak+n-6k

k=o

*A_pepcos(y¥2n@)Tra o +0) o (VIII.9)

In addition to these side bands based on the fund-
amental there will be one or more series based on harmonics
of the fundamental. In the case of a cubic non linearity
the nth side band of the third harmonics of the fundamental

will be given by

d

k _
—7(Bk+ncos(3Y+2nQ)T+Ek+n_6

n~ME

1
4 k

k=o

*B_ 1 qnC0s(3Y+2n0)T+E ,  +S,) ..., (VIII.10)

_ d.  ,d? 3
Thus Ls(gl,gl,gl) - 6(1+2p1§?+23?2)(F(6)g1 )

which, if we define Sn = y+2n2 and S3n = 3y+2nfl, becomes:-
| d .42 . T B g dy
6(1+2p15?+23?2) z z [I ﬂ?(Ak+ncosSnT+uk+n—6k
n=-r k=o
+A_k+ncosSnT+a_k+n+6k)
d

—

7 7By nCOSS5 THEL 1m0

+B k+ncosssnt+£_k+n+6k)]

..... (VIII.11)
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From which it follows that the coefficient of cos SnT

must be:-

% dk[ ((1 S 2l)cosoc —6 —2p18 sina 3 )

[ e iy =
o

2 —_— M=
+A_k+n((1-sn L) cosa_ +0 -2plsn51na_k+n+6k)]

k+n "k

9
deAn[Ak+nC°sak+n—6k+€n+A—k+ncosa-k+n+6k+€n]

L(VIII.12)

2plsn

where A_ = V/(1-S_22)2+4p.2S 2 and tan e =
n n 1 "n n 1-5 2%
n

Similarly the coefficients of Sin SnT must be:-

k+n "k n " -k+n -k+n

ntme

9 . .
dkAn[Ak+n51na -8, +e_+A sina +6k+en]

..... (VIII.13)

The coefficient of cos SSnT is then given by

[B

i M

+€, +B cosg_k+n+6 +€

4 k 3n k+ncos£k+n-6k 3n " -k+n k Sn]

..... (VIII.14)
and that of sin SsnT by:-

3
7983, [B
(o]

sin£k+n—6 +€_ +B sing +§, +€

k "3n “-k+n -k+n "k Sn]

u
"E k+n

k

..... (VIITI.15)
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2p,S
. VSEIVETY et
where ASn £ /QI—S nﬂ) +4p1 S 30 and tan €20 1—823 A
n

3

The coefficients of the cosine and sine terms in H3
will then be given by (VIII.12) and (VIII.13) respectively,
while the cos S nT and sin S

3 3
given by (VIII.14) and (VIII.15) respectively comprise

- terms having coefficients

the "remainder terms' of 10.17. i.e. they are forcing
terms applied to —Ll(gs),'and so enable g2 to be determined
in terms of the various a and n,-

At certain rotor speeds, a lower side band based on
an harmonic of the fundamental, may tend to diverge. In
this case such harmonic side bands must be included in
g, (1).

For example when third harmonics are included, the
solution will be of the form given by (VIII.4); so leading
to an expression for gl3 similar to that of (VIII.5),
from which F(e)g13 may be evaluated.

In this case H3 will comprise all of those terms which
have fundamental frequency of y or 3y, whilst the "remainder
terms'" of (10.17) will comprise those having fundamental
frequencies of 5y, 7y and 9y. The solution will proceed

as before.
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IX Current associated with a particular sideband.

If:-
i = %—(1+f(6)A2N)
o)
ie. i = —/—sEe)?H L (IX.1)
Dy2ML,

where Do and F(8) are defined in (4.22), and y can be
represented by a series of side bands as in (10.13), then
it is clear from Appendices VIII(a) and (b) that the current
will consist of a series of side bands based on the
fundamental.

In particular (VIII.9) shows that for a cubic non-
linearity the coefficient of the cosine component of ‘
current in the nth side band based on the fundamental must

be proportional to:-

d
k ——— —
_E(An+kcosan+k'6k+An—kcosan—k+6k)

n ~ME

X = a _cosn_+ i
n n n 4

k=o

s (IX82)
and the sine component must be proportional to:-

dy

2

INIA
ME

Yn = -a_sinn - (An+ks1nan+k-3k+An_k51nan_k+6k)

k=o
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The r.m.s. value of any particular side band
component of the current will then be
/xn2+Yn2
I = — (IX.4)
e
& V2D L
o o©
This may be evaluated with the help of the truncated
series (10.23) and (10.24) which may be written, for

n # 0, as:-

2 2 :
(1+4p -l)Sn ancosnn+2p25n(1—2,sn )an51nnn

1P2

3
= a cosn_+E_+ = coso -0, +g +A
n n n 4k n n n

k0% cosan_k+6k+€n)

-k

and

H
. 3
3, SN YERT T E iy +k_6k+€n+An—

Comparison of (IX.2 and 3) with (IX.5 and 6) respect-
ively shows that the components of the latter are simply
those of the former shifted in phase by e s SO that some
elementary trigonometry shows that Xn2+Yn2 = sum of the

squares of the L.H.S. of (IX.5) and (IX.6) respectively.
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2

a
. 2 2 _ _1 2¢q b 2q 2¢q._ 242
i.e. 21n DOL0 e Z;;[(1+4p1p22) Sn +4p2 Sn (1 QSn )]

‘ 2r7_ 252 2¢ 2
where An (1 ZSn ) +4p1 Sn

When leakage reactance and iron loss are absent or
neglected, (IX.7) becomes
a_2s *
I 2m B e Lgien (IX.8)
2 2 2
2D0L0 (1+4p1 Sn )

which after converting to actual physical parameters

becomes: -
A2w2
Inz = _n 1n ..... (IX.9)
R2+wn2C2

Similarly (IX.7) becomes

A Zw 2
1% = — - [(R_+R)2+(L,0_-
n 2 2 __1_ 2 C £ °n
RC (R +(wnL2 wnC) )

1

w—c)z] ..... (IX.10)
n

The above argument, although carried out using a
single cubic non linearity, is perfectly general and applies

what ever the complexity or degree of the A-i relationship.



X Solution when one sideband only is present

If the solution to (10.1) comprises the fundamental

and one sideband only it may be expressed as:-

P = aocosYT+no+ancosSnT+nn ..... (x.1)

In the case of a cubic nonlinearity, the values of
ao, no, an and nn are obtained from the simultaneous solution
of the equations (10.23) and (10.24)

When iron loss can be neglected and the leakage inductance

has been included within f(8), these equations become:-

= C w2 N : 3 —_—
0 = BsinB+(1l-vy )aocosnO 2pya051nno+4Ao[Aocosno+eo

t= (Ancosnn*6n+eO+A_ncosZnO-nn+5n+eo)] se.. (X.2)

_ _ _ 2 . _2 : . ——
0 = BcosB 2pyaocosno (1-v )a051nn0 4A0[A051nn0+80

n T o
+7T(An51nnn_6n+€o+A-nSlnzno-nn+6n+€o)] ﬁ=..(X.3)

- _ 2 _ x ,i . n +e
0 = (1 Sn )ancosnn ZpSnan51nnn+4An[Ancosnn+€n
dn

+7T (Aocosno+6n+sn+A2ncos2nn-no-6n+an)] cee (Xo4)

- _ _ 2 ) HE L ——
0 = 2pSnancosnn (1 Sn )ans1nnn 4An[An>1nnn+€n

+7T'(Aoslnno+6n+€n+A2n51n2nn'no_6n+€n)] «...{X.5)



where the various A are the coefficients of terms in the
expansion of $°, as given in Appendix VIII(a), and take the

following values

A = a (a_%+2a_ %)
o o "o n
N 2 s
An an(ZaO +a_ ‘)
_ 2
A2n - an ao
A- = a 2%a
n 0 n
tan e = 2pSn and dn is the coefficient of the ntk harmonic

in £(6).

Equations (X.4) and (X.5) may be rearranged to give:

2 2 2 g
(YN -Sn ) ancosnn-2pSnYN a_ sinn

3 ———
- §Andn(Aocosno+6n+en+A2ncos2nn—no—6n+en) coao (X.6)

and

2 2 2 .
2pSnYN ancosnn+(YN Sn )an51nnn

3 L .
- §Andn(Aos1nn0+6n+en+A2n51n2nn—no-6n+en) veoo (X.7)

A1'1
a
n

2 - 3 3 2 2
where Yy = 1+4 1+4(2a0 ta_ )]

Then (X.6) x cosn_ + (X.7) x sinnn

_and (X.6) x sinnn (X.7) x cosn_

after some manipulation yields:-



3

8an.2pSn
sinn_-n -6 _ = seoss(X.8)
noo n 3d a (a_2+a_2)A_?
no- o n n
2.a 2 2q 2., 2
cosn_-n _-6_ = - San(YN -Sn i Sn N :
n (o] n 3da(a 2+3a 2)A2 .....(X.g)
n oo n n
These last two equations yield
Ch, 24 2 2q 6 2 q .2 20 2. 242
9 An a dn i 4p Sn . (YN —Sn +4p S_n YN.)
64 2 2 242 2 242
a (ao ta ) (ao +3an )
.OOU(X-lo)
which may be rearranged to give (10.36)
Then (X.2) x cosn - (X.3) x sinnO
and (X.2) x sinn0 + (X.3) x cosn
followed by some manipulation yields:
A Bcosn _-B+e _-2pY1a
sinn_-m -8 = e = 2 el (XL11)
2d A %a (a_%+a %)
8 no n-'n o
AoBsinno—B+ao-(Y 2. v2+4p2%y%3y_%)a s (X012
€oSN =M5%n ~ 3 - > =

S 2 2 2
8dnAo an(Sao +an )



After substitution of (X.8) and (X.9) into the L.H.S.,
(X.11) and (X.12) yield

2p2 3, 2
ao B i 2pY ao .
A ? A2 A 2

[o] (o] n

3, 2z | 2
2pSn a_

2 .2 2.2, 2 2 2 2 2q 2 2 2y, 2
. (v, "-Y"+4p%y%y “Ja . (yy =S, +407°S “vy2) (32 “+a “)a

A2 A2 (a_%+3a_?)
o n ) n

>

2

‘ - T 3
where 'Yn = 1+Z e 1+-Z ao

(o)

Inspection of (X.13) shows that as a, = O this relation-

ship reverts to that in (7.8) for a stationary rotor.



XI Asynchronous torgque when leakage reactance

and iron losses are present

Equation (10.59) shows that the contribution to the
total torque by the nth sideband is proportional to the total
power dissipated at that frequency. Thus when iron 1loss
is present the torque will be sum of the component given

by (10.64) plus

-np (wnAn)2
= R (from (10.34))
on c
—npanzsn
= — 0, (from (4.37))
L D gq-1
o o
S —npanzsn Sn2
Tn = [p2+pl(1-Z)——T cesas (XIL1)
L D. q-1 A_*
oo n
Thus the total torque becomes
+r -npanZSn Shke
T = I — [02+pl(1~2) ] ses s (X1.2)
n=-r L D T-1 A
o o n
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X11 Parameters of prototype machine

Under running conditiens, due to the modulation on the
amplitude of the line current, the responses of the meters
indicating RMS line current, input power and RMS voltage
across the stator windings are pulsating; so that the data
presented in Figures 3.4 to 3.6 and A.XII.1 are the result
of estimating the average readings given by these instruments
and tend to be the mean value between the limits of fluctuation
rather than a true average.

An estimate of the iron losses in the machine may be
obtained from

Po=P, - (P +Pe+P ) L (XII.1)

where Pin is given by average reading of the wattmeter,

=T X W = average mechanical o
Pm ave ave 4 € nica utput power,

Pf Friction and windage power,

and P

. (Ir )2R = average copper loss
ave

Iron loss data presented in Figures 3.4-3.6 were obtained by
this method. By similar methods an estimate of the average
value of the RMS voltage (VL) across the stator winding
inductance can be calculated from the measured average value
of the voltage across the stator windings, the average current
and the winding resistance. Typical results are shown in
Figure A.XII.1l. Hence an estimate may be found of the value
of the shunt resistance required to represent the average

value of the iron losses at a particular speed and applied
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voltage from

<
=
IS

Rc = PC ,,,,, (XII1,2)

Using this approach, the set of values for RC shown in
Figure A.XII.1 were obtained for a particular set of input
conditions for the prototype machine. These data merely give
the result of the above calculations and do not necessarily
give a useful representation of circuit damping in the
machine under running conditions.

For stationary rotor conditions, a similar approach leads
to the rather more valid and useful results given in
Figures 4.10 and 4.11. It is interesting to note that if the
values of VL in Figure A.XII.1 are applied to the curve
representing the mean value of f(8) (= 145°) in Figure 4.11,
values of Rc result which are not significantly different to
those in A.XII.1.

The remaining parameters of the protctype have been
discussed in previous sections but are summarized below for

convenience.

(a) The rotor geometry is described by the function of
rotor position 6, as described in section 4.3.1 and Figure 4.4,
Fourier analysis of the function represented by the dashed

line in the latter figure leads to the foiiowing expression:-

£(6) = 4.74 + 5.78c0s20 + 3.75c0s40 + 1.56cos60
+0.92co0s88 + 0.4cos100 + 0.2cos126 ceuas (XII.3)
(b) Series resistance of the windings = 5,08

(c) Small signal inductance of stator windings = 0,832 henries.
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(d) Leakage reactance of the stator windings = 0.04 henries
(e) Series capacitance variable - but for results presented
in section 10.7.2 a value of 139.5uF was used
(f) value of RC for purposes of calculatien taken as 525Q.
Thus:-
Do | do | d1 | d2 | d3 ‘ d4 ‘ d5 ) d6
4.74 | 1.0 | 1.22 ‘ .791 ‘ .414 W .194 ' .084 | .042
R = 5.0Q
= 0.832 henries
= 0.04 henries
When C = 139.5uF; V = 170 volts and Rc = 525 ohms
then

wo = I/VTI::IZSTF 90.7 rad/sec
Y = w/wg 3.46

Py = R/Zwo(LO+L2) = 0.0317

Py, = w L /2R, = 0.072

£ = L/ (L +L,) ) = 0.459

B = V2 V(1-2)y2D0 HTT/w = 12.83



XIII Analytical Programme SBANDS

This makes use of a programme NSO1lA[28] for solving a

set of non-linear algebraic equations which are the end

product, in this case, of attempting to find a solution for:-

“BSinYT+B = 2p,4%% (1+4p 0,)¥+2(p +p,) V+V

d &
+(1420) $= + 25-9F (8) 91

where the required solution is of the form

+Ru
U] :n=§R ancos(y+2nQ)T+nn
L
[ S —
and F(6) = I dkcoskaT+6k
k=0

where d = 1 and § = O
o o

and the equations for the ntZ sideband become:

- . _ 2 ‘
0 = Bn51n8n+(1 (1+4plp2)sn )ancosnn

-2[(p+p,)8 -p,48 *la sinn

-----

ooooo

(A.XIIT.1

(A.XIII.Z2

(A.XIIT.3

(A.XIII.4

U
5 dk ‘ =
+8An kzo : [An+kcosan+k 6k+€n+An_kcosan_k+6k+€n]
= E 2 -
0 = BncosBn (1 (1+4p1p2)Sn )an51nnn
- o -— s‘ (=4
2[(p *p,)S -p,S “la cosng
U

5 dx . .
'SAnkEOTT[An+k51nan+k-6k+€n+An—k51na _k+6k+€ ]

aaaaa

(A.XIII.5



- 0- _ . 2
where all Bn]n#O = 0; tane 2plsn/(1 RSn )

- - 2 2 Zq 2 =
and An = /(1 %8 )f+4p.%8 %, 8 Y+2nQ
Ak+n’ Oy on? Ak—n’ o, _, come from the expansion of
Ru s
z ancos(Y+2nQ)T+nn
n=-R
L
3Ru+2RL
= T A COS(Y+2nQ)T+dn + higher harmonics
-3RL-2Ru
In the programme, indices run from 1 to R1+Ru+1 for the
total number of sidebands. Thus the fundamental corresponds
to RL+1. When a summation running from 1 to RL+Ru+1 is

raised to the fifth power the indices run from —(2Ru+2RL-1)
to SRu+3RL+1° Therefore it is convenient to add a second
pedestal; so that indices run from 5 to 5Ru+5R +5. The

L
fundamental occurs now at 2Ru+3R +5,

Indices for the coefficientg and phase angles in F(9)

run from 1+(u+l = Q) and the programme is valid provided
Q< P where P = Rp+R +1

Constant C(47) is common to both SBANDS5 and SUBROUTINE
CALFUN, and represents the current value of rotor speed as
an independent variable.

With two equations for each sideband the total number
of equations to be solved will be 2 x (RL+Ru+1) = 2P

The variables x of NSOlA are related to the a and n,

as follows:-
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a > a in the programme and

L similarly for the n,

Then x.. = a. and Xx,. = .
2] j 23=1 L

The programme is written for a maximum value of P = 11;
so that N, the number of equations to solve = 22.

When P < 11 the appropriate dimensions must be set
in the DIMENSION .declaration for X, F, AJINV, W and in the
CALL NSO1A, and CALL MATRIX statements.

See reference 28 for details of constants associated
with NSOI1A,.

A set of initial values for the various X is required,
In the absence of further information these may be set
equal to zero except for X(ZRL+2) and X(ZRL+1) corresponding
to a_ and N, respectively. The former can be estimated from
the value of B, while the latter = —%,

Once an acceptable solution is obtained, print out

occurs the speed is incremented and the cycle repeats.

Input data required

This is punched on six cards

(i) DATA (C(I), I = 1,3)/Ry, R, Q/

=
it

number of lower sidebands required in

L
the solution
Ru = number of upper sidebands required
Q = u+l = number of harmonics +1 in F(9)

(ii) DATA (C(I), I=4,8)/B, pl,pz,k,v/



2°"d8/

Rotor geometry coefficients

(iii) DATA (C(I), 1=9,16)/1,d,,d

(iv) DATA (C(I), I=17,24)/0,61,62..,68/

Rotor geometry phase angles

(v) DATA (C(I), I=25,46)/22 x 0/

Values of Bn and Bn initially set to zero
(vi) DATA (X(I), I=1,2P)/..... /

Sets initial values of a_ and n,

where P = C(1)+C(2)+1 = RL+Ru+1



000003
000003° ..
000003
000003
0n0003

000003

000003
000003
000003
000003

000003
000007
000012
000014
000014
n00026
000030
000031

000033
000034
000035
000037
00004]
000044

-000055

PROGRAM SEBANDS (INPUT,QUTPUT)
DIMENSION X(12)9F (12) 9 AJINV(12912)9W(360)
DIMENSION.S(11)sDF(11)eDT(11)eA(11)2TOR()1)
INTEGER PosDUM
_COMMON/PARAM/C(4T) )
DATA(C(I)eIZ=193)74410l, 19601/
DATA(C({I)2Y2648)/12:835006344042.045903046/
DATA(C(I)9sI=9416)/1asl. 22v.79’.413o.1949.0849.0429 o/
_DATA(C(I)eI=1T7924)28%0,/ .
DATA(C(I) s 1=25+46)/22%0,/
DATA(X(I)sl=19012)7/=lese0Bsw5,0,130=34%9,349=,1194% -1 401 289=002
1.04/ Cotimated twd‘quf"ﬁ(u(& 5 "'u
 PmC(1)1+C(2) 01
DumsC(l) +1
. C{2e$DUM)aC(4) Sets value of Ba ixz,-,_.&rrﬂp'!!,‘*’ place.
40 FORMAT((1HBe1l0E11.3/) )
PRINT 404+ (C(I)0oI=1946)
N=2#p
ACC=,000001
MAXFUN=2000

DMAX=41

M 4
'ﬁ’D?ZEM 15 S SetsFle Spees? raiqe
ClaT)=,0025#K#C(8) Sc#s*ﬂ& aciug( SP<¢O(
CALL NSQIA(12’x,F'AJINV’STEPQOMAXDACC’MAXFUN’09”)
TORT’O.

LS



000056
000060
000067
000073
000101
000103

000121
000123
000125
000151
000151
000153
NN0155

S ®mC(B) +2% (J=DUM) RC (4T)

55

60

90

DO 55 Jm)leP

_ m e_E &.&— “""‘L
DF (J)=229C(5) #S(J) FY-X 9 e =
DT(J)=(1y=C(7)#S(J) #S(J))82+DF () *DF () ML 8 +(1-450)
A(d)=X(2%)

TQR (J) == (J=D1iv) #A () #4 J#(2#C(6)#S(J)DF (U1 #(1e=CUT))I®S(J) #S(J)/

CIDT(U)) srque Cou-pmoune
TORTaTORT+TOR (J) To—r-,,m:~ ‘
CONT INVE

PRINT 609Ke (X(I)ol=1oN) 9 (TOR(I)9I=19P)«TORT
FORMAT (//(1H +12¢10E12,3/3X910E12.3/3Xs10E1243))
CONTINUE = = o e

STOP

END

89S



SURROUTINE CALFUN(NeXoF)

000006 DIMENSION X(1YsF (1) oA(11)sET(11)9AC(55)9AS(55) sAA(KS5) s AL(55)
IS(11)oDF (11)eDU(L11YeDT(11)oDL(11)4DM(11)9EP(L])

0nNonoe6 COMMON/PARAM/C(4T)

0noooe ISTEGER QePePPeDUMIPED

000006 Q=C(3)

poono7r o P=C(l1)+C(2)+1l

000013 PPag#»p

000015 PEO=Z2#P 2

onoo17 DumM=Ci(l) el

000022 _ . _..D0.5 I=1,P

000024 A(I)=Xx(2%])

000027 ET(l)=Xx(2%#1~1)

000032 S CONTIMNUE

000034 .. Do 10 I=l,yPP . y e

000036 AC(I)=0,

000040 AS(1)=0.

000041 10 CONTINUE

000043 D0 50 I=1sP

000045 Do S0 J=1,P

000046 . DO 50 K=]1.P

000047 DO S0 L=1,P

000050 D0 B0 M=]lyP , r o ,

000051 AC(I+J+K-L-M.PED)=AC(I¢J+K-L-M+PEO)+A(I)“A(J)’A(K)“A(L)*A(M)“COS
JT(ET(L)+ET(J) +ET(RI=ET(L)=ET (M)) y

000111l AS(I+ K= =MePEN)=AS(T+JeK=L=M+PED) +A(]) %A (J y#A(K)#A(L)#A (M) RSIN

L LUET(L) #ETH(D) +ET(K) =ET (L) =ET (M))

000152 50 ComMTIHuE

noole7 D0 60 I=54PP ,

000170 AA(T)=SQHT (AC(T)#AC(I)+AS(T1)1#AS(T)) Calevlabsy R

000201 IF(AB(I) 154454955
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000205
000207
000210
000217
non224
000225
nnN0234
000241
000246
000257
00265
000275
00030%

000311

000313
000314

000362

000430

000432

000464

noosle

S4 AL(I)=0.
6O TO 60 , o , .
55 AL (1)=ATAN2 (AS(I)eAC(I)) Colevlabing X
60 CONTIMUE
DO 100 K=zl,P
 SIK)I=C(B) +2% (K=DUM) #C(47) S
DF (K )=2#C(5) %S (K) 3/’-’:-
. DD(K)=le=C(7)®#S(K)*S(K) . S X 4
DT (K)2SQRT (DD (K) #Dn (K) «DF (K) #DF (X)) -9
EP(K)=zATAN2 (DF (K)9DD(K)) . . B e
DL(K)=le=(1es4®C(5)#C(6))#S(K)BS(K) b= (vuap)S
DM(K)=DF (K)+2#C (6) *S(K)#*DD(K) . g/gs..-n/:,sk(;-\lc:)
F(?—*K"l)"-'OQ
Fi2nK) =0, . N .
Do 9¢ I=1,.Q
| F(20K=]1)=F (28K=1)+,3125%C(1+8)#DT (K)*(AA(K+PED+I=1)#COS (AL (K+PED
[1=1)+EP(K)=C(1+416))+AA(K+PED=I+1)®COS (AL (K+PED=I+1)+EP(K)+C(I+16)
S uU)) o - , ‘ ,
F(Z*K):F(?*K)0.3125*C(I*B)*DT(K)'(AA(K*PED‘I-I)'SIN(AL(KOPED*I-I)4
IEP(K)=C(1+16)) +AA(KePED=-T+1)#SIN(AL(K+PED=1+1)+C(L1e16)+EP(K}))
90 CONTINUE :
F(28Kk=1)=F (2#K=1)+C(K+24)#SIN(C(K+35))+A(K)* (DL (K)#COS(ET (K} )=
IDM(K)#SIN(ET(K)))
F(20K)==F (2#K)+C (K¢26)#COS(C(K+35)) =A(K)# (DL(K)*#SIN(ET(K))+DM(K)*
ICOS(ET(K)))
100 COMTINUE

09°'V
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