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(v)

SUMMARY

This thesis contains work on three teletraffic
problems. The first is the study of a limited availability
alternate routing network in which more than one stream
of traffic is offered to a common link. I develop a
model for the calculation of the individual overflow
statistics which gives a set of equations suitable for
numerical solution as well as analytic solutions for

simple cases.

The second area is the application of reversible
Markov population processes to teletraffic. I derive a
condition that allows the calculation of equilibrium

distributions and apply it to a practical example.

The last problem is that of finding an explicit
formula for the number of circuits required in limited
availability groups. I present two attempts at finding

such a formula.
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CHAPTER 1

INTRODUCTION

For over 60 years starting with the pioneering
works of Erlang [ 8], the mathematical field of teletraffic
theory has proven a challenge to applied probabilists.

Some idea of its scope is given in the survey book by

Syski [ 421, by Wallstrom [45] and by the triennial
International Teletraffic Congress proceedings. Despite

the great volume of research in the area, it still

contains innumerable unsolved problems, many of considerable
practical consequence.

The basic problem o0f teletraffic is the dimensioning
of networks that is, providing the correct number of
circuits in a network to carry a specified amount of
traffic. This problem necessitates the study of the
overflow traffic from a group of circuits or network.

Many results have been obtained for situations where a

call has access to any free circuit that is full availability.

However many networks such as metropolitan networks do
not operate with full availability. A call may not be
able, because of physical limitations of the switching
equipment, to be connected with a particular circuit even

if it is unoccupied. This limited availability is a very

difficult problem to study mathematically.
The problem of limited availability has been
studied since the early works of O'Dell [28 ], Erlang [ 8 ]

and Jacobeaus [ 20 ] through to the more modern works of
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Wallstrom [ 4571, Smith [39 ] and Lotze [25 ]. Wallstrom

and Smith use the concept of a loss function W(n)

defined as the probability a call will be lost when there
are n circuits in use. This loss function is determined
for the particular situation being analysed. Lotze's
work is based on the Jacobeaus formulae for the congestion
from gradings. I will say more about this model in
chapter 5.

This thesis presents work done on three limited
availability teletraffic problems. The first is the
study of a limited availability alternate routing network
in which more than one stream of traffic is offered to a
common link. The aim is the determination of the moments
of the individual overflow streams and the covariance
between them. This is of great practical importance as
these overflow streams could be offered to alternate
routes in the network. The moments for the total overflow
have been studied by Wallstrom [45 ], Smith [39 ] and
Létze [25] but as far as I know no research has been
undertaken on the individual overflow streams from limited
availability groups. The study is a generalisation of
the work of Wilson [ 52 ] who studied full availability
networks. Some of the research on this problem has been
published [ 401, and a copy is included in the appendix.

The second area of research is the application of

Reversible Markov population processes to teletraffic.

T derive a condition that allows the calculation of

equilibrium probability distributions and show, using
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this condition, that results obtained by Rubas [ 36] for
limited availability P.A.B.X.'s (Private Automatic Branch
Exchanges) are exact results and not approximations as
previously thought. The use of Reversible Markov
population processes is not restricted to this particular
example but may have wider application in teletraffic.
This work has also been published [ 41] and again a copy
is included in the appendix.

The last problem is that of finding an explicit
formula for the number of circuits required to carry a
specified traffic under limited availability conditions.
Such a formula would be of great practical benefit in
dimensioning limited availability network and in particular
the development of an economic optimisation model similar
to that presented by Berry [ 1 1,[ 2 1 for full availability
networks. Chapter 5 contains two attempts at obtaining

such a formula.



CHAPTER 2

PARTITIONING OF THE OVERFLOW TRAFFIC FROM

LIMITED AVAILABILITY GROUPS.

Introduction

Assumptions

The System of State Equations

The System of Moment Equations

Matrix Formulation of the Moment Equations.



2.1 Introduction

In this chapter I will develop a model to study the
partitioning of the overflow traffic from limited availability
groups that are offered more than one stream of traffic.
The aim of the study is the determination of the moments
of the individual overflow streams which, in alternate
routing networks, could be offered tc alternate routes in
the network. The model is a generalisation of the full
availability model developed by Wilson [52 1.

The network I shall consider, consisting of two
origin-destination (0O-D) pairs, is illustrated in figure
2.1. The first O0-D pair, O and D;, has direct route
link 1, second choice route links 3 and 4 and arrival
rate a;. The second O-D pair, O and D2, has direct
route link 2, second choice route links 3 and 5 and arrival
rate a,. Third choice routes may exist but are not shown.
The arrival streams for the O-D pairs are independent
and have Poisson Distributions. It is also assumed that
congestion is caused by link 3, that is a call finding a
free junction on link 3 also finds one on link 4 or 5.

The network is considered as a system of service stages.
The links are considered as groups of servers and each
server corresponds to a circuit and may serve only one call
(customer) at a time. The two primary groups correspond
to the direct links and have di and dz servers

respectively. The calls not served in these groups overflow



Figure 2.1: Two O-D pair network.

Ny M L1
ay == dy ,Wilng) [—= ey ©
c,W3(m)
QAo =z dz,Wz(nz) == = (o)
N»o L2
Primary Secondary Overflow
groups groups groups

Figure 2.2: Service group representation of
the two O-D pair network.
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to a common secondary group of ¢ servers corresponding

to link 3. The service stage representation is shown in

figure
to the
choice

groups

traffic.

2.2 where the service stages MN; and N; correspond
direct links, M to the common link on the second
route and L; and Lz to the fictitious infinite

of circuits which are used to measure the overflow

2.2 Assumptions

The following assumptions define the model.

(ii)

(iii)

(iv)

(v)

(vi)

(vii)

Limited availability conditions apply to all links.
The overflows are governed by the "loss functions™”
Wign) which are defined as the probability that

a call arriving at 1link i, when there are n
occupied circuits, will be rejected.

The system is in a state of equilibrium.

Arrivals for the two O-D pairs occur independently
and have Poisson distributions.

All holding times through the system have independent
negative exponential distributions with unit mean.

To first order no more than one event, i.e. an
arrival or departure of a call, can occur in a

small time interval.

Final links in each route are provided with
sufficient circuits to carry all calls which are
offered to them.

The five dimensional vector (ni,nz,m,%1,%2)
represents the state of the system. Each co-ordinate

denotes the number of calls in progress in each



group and associated with each state is a

probability distribution f(ny,n>,m,%1,%2) .

2.3 The System of State Equations

Using the preceding assumptions I shall derive the
system of state equations for the model. Using Wilson's

[ 521 notation the system is considered to be in state

sy = (n;,nz,m,%;,%2) at some time point t and the states
s. and s , are
J =J :
s, = 589 t+ e,
dJ ~J
and
S = 89 — €.
=J ~J
where e. is the vector of all zeros excepting one in

~

the Jjth component, for example

s_, = (ni,n2-1,m,21,%2).

To obtain the state equations I need to know the
probability of a call arriving and the probability of a
service completion (call ending).

By assumption (v), in a small time period, At only
one even can occur to first order. Hence the state of
the system at time t+At can be one of s,,S_,,S,/5_, s>
S;/S_s. The probability of a first stream arrival
occurring during At is a,At + o(At) and similarly for
the second stream. If a service group has X servers
busy at time t then, since all the service times have

unit mean, the probability of any particular server



completing his service is At and the probability t
exactly one of the x servers completes a service in
the time interval is xAt + o(At).

If the probability of being in state s at time

is Pr{s;t} then the transition equation for s, 1is

Pr{so;t+At} = Pr{s_ it}la,[1-W,(n,-1)]At
+ Pris_,;tla,W, (n,) [1-W, (m-1)]At (N
+ Pris_,it}a,W; (n;)W; (m)At
+ Pr{s_,;t}a,[1-W,(n,-1)]At

+ Pris tla,W, (n,) [1-W; (m-1) 1At (N,

—37

+ Pr{s_s;t}azwz(nz)wa(m)At

+ Pr{sl;t}(ﬁl+1)At (N,
+ Pr{s,;t}(n,+1)At (N,
+ Pr{s,;t} (m+l) At (M d
+ Pris,;t}(%,+1)At (L,
+ Pr{s,;t}(2,+1)At (L,
+ Pris,:t}[1-(a +a,+n+n,+m+l,+8,) At] (
+ o(At) (more than one ev
(2.3

Under the assumption of statistical equilibrium

Pr{s;t} = f(s) and if At > O then

Pri{sg;t+At}-Priso;t} dPri{se;t} _ 0 and o(At)

+ 0
At dt At

so subtracting Pr{so;t} from both sides of equation
(2.3.1), dividing by At and proceeding to the limit

the state equations

hat

t

arrival)

arrival)

departure)
departure)
eparture)
departure)
departure)
no event)
ent)

1)

gives
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(a1+a2+n1+n2+m+£1+22) f(n, N2 ,m,%l ,2,2)

a;[1-W; (n;-1)1f(n1-1,n2,m,21,8%2)

+ a;W;(n;) [1-Ws (m-1)1£(ny,n2,m~1,2,,22)

+ ai;Wi(n;)W3 (m) £(n1,n2,m,L:-1,2>)

+ ax[1-Wa(n2-1)1f(ni,n2-1,m,%:1,%2)

+ a,Wy(ny) [1-W3 (m-1)]1£(n,,n,,m-1,%:,%2)

+ asWy (n2)W3(m) £(n, ,nz,m,21,%2-1)

+ (n;+1)f(ny+1,n,,m,21,%2)+(n2+1)£(n;,n+1,m,2:,422)
+ (m+1l)f(n;,no ,mtl,2;,82:2)+(2:+1) £(ny,n2,m,21+1,2>)

+ (R+1)f(n1,n2,m,21,8%2+1) . (2.3.2)

Equations (2.3.2) hold for 0 < n, < di' 0 <Sm<«< ¢, Qi = 0
(f(n;,nz,m,%:1,%2) = 0 outside these ranges).

The state equations (2.3.2) are an infinite set of
equations with no obvious analytic solution. In situations
like this where one is only interested in the overflow
streams a simplification is usually possible. I shall
address this problem in the next section.

In what follows fj(k) will indicate that the jth

parameter of s, has been changed to k, for example
fi(n;-1) = £1(n1-1,n2,m,8%,;,4%2)
and

fuls(klrkz) z £(n,,n, ,m,k;,ky) .

2.4 The System of Moment Equations

A common simplification of state equations such as
(2.3.2) is to transform them into a set of equations

involving the binomial moments. Before doing this to
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equations (2.3.2) the following definitions and results
are needed.

Definition 2.1 The fractioned binomial moments of the

overflow are

BZ 3 (ni,np,m) = 2 2 (21><%2>f(nlrn2!mrklik2)
B K1=21 kp=fp Y /N2

[4

for 0<n. <d,, 0<sm<gc, £, =20

Il

0 otherwise.

Definition 2.2 The joint binomial moments of the overflow

are

da

BooE g T T ()
B = f(ni,nz,m,k;,k2)
(21’12) -ni1=0 n>=0 m=0 ki=21 k2=22 S Mo

) ) (El><¥2>Pr{L1 = k1, L2 = k2l
ki=21 ko=%2 L V2

si(31)(3)

Note that the binomial moments of the individual overflow

streams are )and B respectively.

B
(21,0 (0,22)

Lemma 2.1 The means and variances of the individual
overflow streams and the covariance between them are given

by the following expressions

I

mi = E[L:1] B(l,O)

3
S
i

El[L:] = B(O,l)
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v, = E[L?] - E[L,]?

= zE[Ei;i%LZLL] + E[L1] N E[L1]2

_ _ 2

= 2B(5,0) T B(1,0) T Bl1,0)

V2 = 2B o) * B(g.1) T Blo,1)
cov = E[L,L,] - E[L,;].E[L,]

= Bi1,1) T B(1,0)°B(0,1) -

Lemma 2.2 For a non-negative function h(k) defined on

the non-negative integers

Yy {kh(k) - (k+1)h(k+1)}(§)
k=42
= y h(k)(k>
k=% : %

whenever all the series involved are convergent.

Proof See Wilson [521].

Lemma 2.3

11 G52 e, s ky k-1

ki=21 ka=4>

= +
321 22(n1,n2,m) B21

r

212_1 (nl N2 Im)

1

and a similar result holds for fu’s(kl—l,kz).
" Proof See Wilson [ 52].

As in Wilson [ 52] I shall use the following steps
to derive a system of equations involving the fractioned
moments.

Step 1 Change the dummy variables £1,%2 to

ki1 and k2 1in the state equations,
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Step 2 Multiply the state equations by
(k1)/k2\
L1 \r2)
Step 3 Sum the state equations over the ranges of
k, and k, and simplify.

To simplify the new system of equations I shall use

the abbreviations

B(lll) = lelzz(nlan(m)
B(XI’) = lelzz(X,nz,m)

a=a; + a

n =n; + np

2 = 2, + L2
DT
k1=11 k2=22
d; d, ¢
and ni= 1 I 1

n1=0 n2=0 m=0

Now performing the above three steps gives
/k / k1\(k2 ki\(ke2
(a+n+m)22 f+22 0, )\ 2 ki£+)) 21 N\ 1. ko f

= a;[1l- Wl(nl—l)]ZZ< )(k2>f1(n1—l)

+ a Wy (n,) [1- Ws(m—l)]zz/k )(kz)fa(m‘l)

+ a1W1(nl)W3(m)zZ/k1><t2>fu(k1—l)

+ a; [1-Wz(nz- l)]zz/kl><§ )fz(nz-l)
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+ asz(nz)[l~Wa(m—l)122(§i><§z>fa(m-l)
+ a2W2(nz)Wa(m)zz<§i>(tz)fs(kz—l)
¥ (n1+1)22<t:>(t2>f1(n1+1) ¥ (n2+l)22<ti><tz>fz(nz+l)

+ D) TIEE2 e s (me1) '

\21/\22)/
+ ZZ(k1+l)<§i>(tz>fu(k1+l) + 22(k2+l)<§;><tz>f5(kz+l).

(2.4.1)

Using lemmas 2.2 and 2.3 and the definition of

B (ni,n2,m) this reduces to
IzIII*QIZ )

(a+n+m+2)B(n,,n,,m)
= a;[1-W1(n:1-1)]B(n1-1,, Y+ai1Wy(n1) [1-W3(m-1)1B (,, m-1)

1_1322(,,,)]
4+ a,[1-Wo(ny,=-1)1B(,n,-1,)+a,W, (n,) [1-W3 (m-1) 1B(,,m-1)

+ a1W1(n1)W3(m)[B(,,,)+B£

+ aZWZ(n2)W3(m)[B(111)+B2 9 (III)]
1r82-1
+ (n;+1)B(n;+1,,) + (n,+1)B(,n2+1,)

+ (m+1)B(,,m+l) . (2.4.2)

The system of moment equations (2.4.2) is a finite set
of equations where the system of state equations (2.3.2)
is an infinite set. It is also a system of simple
recursive equations in £, and %2 compared with the
guadratic recursion of the state equations.

If the system of equations (2.4.2) could be solved

for the fractioned binomial moments the joint binomial
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moments could be found using the infinite summation of

definition 2.2 and hence the overflow statistics using Lemma

2.1. However an alternate expression for B(zl,zz) using
finite summations can be found.
Theorem 2.1
dj do c
(22422)B(, )y = a Z ) Wi(n)Ws (mBy o, Ge)

n1=0 ny,=0 m=0

dy d2 C
+ a Z X X Wz(nz)Wa(m)B21

(I”)'
n1=0 ny=0 m=0 s ha-1

Proof Summing the equations (2.4.2) over all values of

ny,n, and m gives
Y11 (a+n+m+2)B(,, /)

= 31222[1-W1(nl—l)]B(nl-l,,)+a1222W1(n1)[l—Ws(m—l)]B(,,m-l)

+ @, LIW1 (n))Ws (m) [B(,,,)+B (rr0)]

-1

+ azXZX[l-Wz(nz—l)]B(,nz—l,)+aziizwz(n2)[l-Ws(m—l)]B(,,m‘l)

+ aZZzzWZ(nZ)Ws(m)[B(III)+BIl2_l(III)]

di-1

do-1
Y YV (ni+1)B(n,+1,,)+)

.
Y Y(np+1)B(,n,+1)

1
-+

c-1
¥7 ¥ (m+1)B(,,m+l) (2.4.3)

-+

aZZXB(rrr)+ZZZnB(IrI)+Ezsz(1rr)+QZZZB(rrl)

= alZZZ[l—Wl(nl-l)]B(nl'lr)+a1222W1(nl)[l_WB(m_l)]B(rlm—l)
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+ 31222W1(n1)W3(m) [B(((’)+B (,,,)]

L1-1
+a, V) ) [1-W2 (n,=1)1B(,n2-1,)+a2) ) W2 (n,) [1-W3 (m-1) 1B(, ,m-1)

+aZEXEWZ(HZ)WS(m)[B('rr)+B l(lll)]

"0,
+ XzznlB(lrr)+222n2B(rrl)+zzsz(r,,) . (2.4.4)
aB(11,£2)+2B(21,22) . aIZZZB(Ill)+a1222W1(nl)Wa(m)Bgl_l,(,,,)

+ azJ1]B(,, ) +a2]) )W (n2)Ws (m)B, ) L (ry) . (2.4.5)

%1 %2 §
(2:1422)B = a, Wi (ni1)Ws(m)B
(R1,%22) n1=0 n;=0 m=0 1

'-1,2:2(',,)

di d» c

+a, ) T L Wolnp)Ws(m)B,
n1=0 n,=0 m=0 1

g, (ern) - (20406

Therefore using Theorem 2.1 and Lemma 2.1 the five overflow
statistics can be calculated if the system of equations
(2.4.2) can be solved for (%i1,%.) equal to (0,0), (0,1)
and (1,0). Higher moments of the overflow streams can
of course be calculated but I have restricted my attention
to the above five as being of interest in the design of
alternate routing networks.

The equations (2.4.2) have for fixed values of & and
22 R = (di1+1) (d2+1) (c+1l) unknowns, namely the fractioned
binomial moments, and there are exactly the same number
of equations in the system. For (£i1,%2) not equal to
(0,0) the equations are linearly independent. However

when (2:,%.) = (0,0) the equations are linearly
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dependent, in this case replacing one of the equations by
the normalizing condition %1 %2 % BO O(nl,nz,m) =1

n;=0 n,=0 m=0 :

again produces R linearly independent equations.

Unfortunately the system of equations (2.4.2) has no
obvious analytic solution. The equations Wilson obtains
for the simpler full availability case also have not as
yet been solved analytically. Wilson's equations are a
special case of the equations I have derived and indeed
my equations have another important advantage over Wilson's
in that they can be written more compactly as the loss
functions incorporate the boundary conditions.

In the next section I shall formulate the moment
equations as a matrix equation suitable for numerical

solutions and the next chapter contains an analytic solution

of a simpler version of the model.

2.5 Matrix Formulation of the Moment Equations

The system of moment equations (2.4.2) can be

represented as the matrix equation

D (2.5.1)

b =
21,82 221,02 Za1,0,

where the subscripts #; and £, index a two parameter

family of matrices and vectors. The matrix D21 %5 is a
4

RXxR coefficient matrix where R = (d;+1) (d,+1) (c+l), an

element in the ith row and jth column is denoted as

Dgl’gz(l,j). The vector 921’22 is of size R and

consists of the fractioned binomial moments Bz . (rr0)
1r*2
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and its ith element is denoted by b21 zz(i). The
14

consists of terms in B (,,,) and

vector R1-1,%2

gllrlz

Bll,kz—l(”')

by gll,lz(l)'

and similarly its ith element is denoted

The binomial moments are ordered to make up the vector

921,22 in the following way,
bll,lz(r) = Bll,zz(nl,ng,m) (2.5.2)
where
r = (n;+1)+n, (d;+1)+m(d;+1) (d,+1) (2.5.3)

For simplicity the subscripts £; and &, will be
omitted in much of what follows.

The coefficient matrix D 1is sparse and there are at

most seven non-zero elements in each row. The coefficients

of the binomial moments in equation (2.4.2) appear in the
matrix D as follows,

the coefficient of B(n,,n,,m) 1is D(r,r)

the coefficient of B(n;-1l,n.,m) is D(r,r-1)

the coefficient of B(n;+l,n,,m) is D(xr,r+l)

the coefficient of B(ni,n,-1,m) is D{(r,r-(d.+1))

the coefficient of B(n;,n,+l,m) is D(r,r+(d;+1))

the coefficient of B(n;,n,,m-1) is D(r,r-(d;+1) (d,+1))
the coefficient of B(n;,n,,m+l) is D(r,r+(d,+1) (d,+1)).
The matrix D can be partitioned into square sub-matrices

of size

(d1+1) (do+1)

with the sub-matrices zero except

e - v
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on the diagonal and adjacent to the diagonal.
D = Qo Uo 0
Sl Ql Ul
S2 Q2 U,
(2.5.4)
Sc-l c-1 "c-=-1
;0 Sc Qc )
where
Um = —(m+1)I (2.5.5)

(d1+1)(daz2+1)
m=240,1,...,c-1 .
Sm is a diagonal matrix with

Sm(S,S)=“a1W1(n1)[l-Wa(m—l)]-azwz(nz)[l—Wa(m-l)]

(2.5.6)

5] (n1+l)+n2(d2+l)

m=11,2,...,cC

The Qm matrices can also be partitioned in a similar

way into square sub-matrices of order (d;+1)

Qm B QO,m UO,m
Sl,m Ql,m Ul,m
. : N (2.5.7)
Sdz—l,m de—l,m Udz—l,m
0 dz,m de,m
for m=20,1,...,cC
with Unz,m = f(n2+l)I(d1+l) (2.5.8)

n, =0,1,...,d2-1

ﬁﬂﬁmu
:
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and n,,m = =—az2 [l—Wz (nz—l)]I(d1+l) (2.5.9)
n2 = 1’2,000 'd2
an ,m - qO,nz,m -1 0
sl ql,nz,m =
Sa,-1 9a,-1,n,,m 91
LO = sdl qdl a2 1
where snl = -a;[l1-W; (n-1)] n; =1,2,...,d, (2.5.10)
ni,ns,.m = aita+ni+n,+L1+8,-a W, (nl)Wg (m)
(2.5.11)
- axW; (ny)W; (m)
nl =0,l’---,d1 -
The vector g is defined by
1,82
gll,lz(r) = a1W1(n1)W3(m)le_l,lz(n1,n2,m)
+ a2W2(n2)W3(m)B£ . l(nlrnZIm) (2.5.12)
142~
with r (n1+1)+n, (d,+1)+m(d,;+1) (d,+1) as before.

When 2 1

row of ones and the last element of 90 .0
~VYos

by a one.

2,2=0

the last row of D is replaced by a

(a zero vector)

This corresponds to the normalising constraint

d,

)

n1=0 ny,=0 m

The matrix D

obtained by Wilson for

different coefficients

da

)

Il o~10

OBO,O(n1,n2’m) . 1 -

has the same basic structure as that
the full availability case but with

in the individual sub-matrices. As
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such the highly structured form and sparseness of the
matrix would lend itself to efficient calculation. Wilson
discusses Gauss-Siedel techniques for solving the matrix
equation he obtained and these techniques could be applied
here to obtain a numerical solution of the system of
moment equations.

Alternatively an effective yet novel numerical
solution technique has been developed by Brandwajn [ 5 ],
[ 6 1 for equations such as (2.3.2). He rewrites such
equations in terms of conditional probabilities and then

uses a numerical technique.
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3.1 Introduction

This chapter contains further results on the
partitioning of the overflow problem. The first is on
analytic solution to a simplification of the model of
the previous chapter. Next I investigate the removal of
two of the assumptions of Chapter 2 by firstly having
state dependent call intensities and secondly having
different means for the holding times in different

groups.

3.2 Solution of a Special Network

3.2.1 Description of the Network

In a telephone network there may be some O-D pairs
which do not warrant direct links. When two of these
O-D pairs share a common link on first choice routes a
simplified version of the model presented in the previous
chapter is obtained. This simplified version illustrated
in figure 3.1 is equivalent to the network modelled in
Chapter 2 when d; = d» = 0.

This simplified version can also be thought of as an
extension of the limited availability model studied by
Wallstrom [45] and Smith [39]. That is, instead of one
stream of Poisson traffic being offered to the limited
availability group, two independent Poisson streams are
offered.

3.2.2 Solution of the Model

The state of the system is described by the three

parameter vector (m,%:,%2) corresponding to the number



24,

(a)

c,W3(m) (b)

Figﬁre 3.1: No direct links
(a) M™etwork representation

(b) Server system representation.
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of busy servers in the three service groups M, L; and L,.
The associated probability distribution is £(m,%2:,%2)

and there are definitions of binomial moments corresponding
to those of Chapter 2.

Definition 3.1 The fractioned binomial moments of the

overflow are

_ S o ki\/(k2\
(m) = ) kzzlz<£1/\£2}f(m,k1,k2)

B
21782 Ki1=%1

Definition 3.2 The joint binomial moments of the overflow

are

B m
2’1’2/2( )

INo~10

B(ﬁl,lz)

m=0

(L1\/L2\
Bl gy J\r2 )

Lemma 2.1 is valid for this model and the following

theorem can be deduced from theorem 2.1.

(o]
=y )

Theorem 3.1 (21+!L2)B(21
m=0

W3(m)B£1 (m)

,2,2) -1,4%>

C
+ ap ) wi(m)B
m=0

Ql,ﬂz-l(m)'

Proof From theorem 2.1 with d; = d, = 0.

The system of moment equations is obtained from the
system of equations (2.4.2) by setting d; = d2 = 0.

This gives the system

(a+m+2)B (m) = afl-w3;(m-1)1B (m-1)
L1r22 L1182

rd 2

+ awg(m)BR1 2(m)+a1W3(m)B (m)

s & 2/1"1922

(m) +(m+1)B, , (m+l) (3.2.1)

2

+ asws (,m)BRl 21
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Theorem 3.2 The means of the overflow traffics are

C
m; = B = a; ) Ws3(m)B, . (m)

1,0) m =G 0,0

(]
m, = By 1) = @ ) W3 (m)B, (m)

m=0 >0
. m-1
where BO,O(m) = BO’O(O)ET-iEO [1~W3 (i) ]
C
and Z BO,O(m) =1 .

Proof When £&; = %, = 0 equation (3.2.1) can be written

as

{a[l—W(m)]+m}B0,O§m) = a[l—Wg(m—l)]BO,O(m—l)

+ (m+l)BO (m) . (3.2.2)

.0

Equation (3.2.2) is similar to that obtained by Wallstrom
[45] for the single stream case and yields the simple

recursion

(m+l)BO,O(m+l) = a[l—Wg(m)]BO,O(m) (3.2.3)
which has the solution
am m-1
Bo,o(m) E BO,O(O)ﬁT 'H [1-W, (i) ] (3.2.4)
i=0
with c
! By o(m) = 1. (3.2.5)

Using theorem 3.1 the results follow.

Corollary 3.1 Theorem 3.2 gives the expected result

(see Pearce and Potter [29]) that



v

vz
]
2|3

Corollary 3.2 Alternate expressions for the overflow

means are

C
a
m =a; - = ) mB, (m)
a 0,0
m=0
and
as g
m; = az - —a— z mBO,O(m) .
n=0

Proof Rewriting equation (3.2.3) as

Wy (m)B,  (m) = B,  (m) - H%IBO o (m+1)  (3.2.6)
and hence
c c lc—l
ZWg(m)BO,O(m) = ZBO,O(m) - 5; (m+l)BO’O(m+l) (3.2.7)
m=0 m=0 m=0
1 C
" 1o = ) mBO’O(m) (3.2.8)
m=0

The results then follow.
The means of the overflow traffic can then be calculated
using either theorem 3.2 or corollary 3.2. Corollary 3.2
is of interest as the mean overflows are written in terms
of the mean or expected number of occupied circuits in

(o]

the primary group M, ) mBy  (m).
n=0 >

Now for the calculation of the variances of the
overflow streams and the covariance between them. Setting

21 =1 and &, = 0 in equation (3.2.1) gives

AY
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{(m+1)+a[l-W3(m)]}Bl’o(m) = a[l—Ws(m—l)]Bl,O(m—l)

(3.2.9)
+ alwa(m)_BO,o(m) + (m+l)Bl’0(m+l)

Again this is similar to that obtained by Wallstrom

[45] and has the following recursive solution:

By of(m)

Il

YmB O(c) + Gm (3.2.10)

(3.2.11)

where Y. =

m+2+a[l-Wj3 (m+1) ]
m a[l-wsz(m)]

_ m+2
Im = 7 A[1-W; (m)]

= a;Ws (m+1)
hy = = ITI=w, (T Zo,o0 ™)

with

A similar solution exists for &£; = 0, 2, = 1. Therefore
using equation (3.2.10) and its equivalent for &; = 0,
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and B( can be evaluated. The variances and the

0,2)
covariance of the overflow streams can then be calculated
with the use of lemma 2.1.

The solutions I have presented reduce to Wallstrom's
[45] result by setting a, = 0 (and obviously a; = a).

However it is significant to note that my solution was

obtained without the use of generating functions.

3.2.3 Generalisation to More than Two Streams

When more than two independent Poisson streams are
offered to a common link (see figure 3.2) the overflow
statistics can be obtained by straightforward generalisations
of the results obtained for two streams. Each stream has
an independent Poisson arrival rate, with mean a,
i=l1,2,...,7r.

The streams may be partitioned into two parts, one
containing a single stream and the second containing the
others. If the single stream is the ith stream, then
the other streams may be combined into a single stream
which will have a Poisson arrival rate, independent of

stream i, with mean

The total arrival rate a will be

The link is therefore offered two independent Poisson
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(a)

"% % 8 o8 & o8 s

M Ly
0.1 D] T 0
Q) —>——] =2 00
c,Wx(m L2
3(m) : (b)
o.r e =2 o0
Lr

Figure 3.2: Mo direct links, «r

(a)
(b)

input streams
Network representation

Server system representation.



31.

streams and the results of Section 3.2.2 can be used with

a, = a. and a = a. + a*¥ to calculate m, and v, the
1 1 1 1 1

mean and variance of the overflow of the ith stream.
The covariance between individual overflow streams

can be calculated by partitioning the offered Poisson

streams into three streams ai,aj and a, Wwhere

a, = a - (ai+aj) i # j. Denote the overflow streams as
Xi’Xj and X* respectively then
* = *
Cov(Xi,Xj+X ) Cov(Xi,Xj)+Cov(Xi,X ) (3.2.12)
and Var(Xi+X*) = Var(Xi)+Var(X*)+2Cov(Xi,X*) . (3.2.13)

Combining equations (3.2.12) and (3.2.13) yields

- *Y L *) — - *
Cov(Xi,Xj) Cov(Xi,Xj+X ) Z{Var(xi+X ) Var(Xi) Var (X*) }.
(3.2.14)
The terms on the right hand side of equation (3.2.14)
are calculated by appropriate partitioning of the offered

streams.

3.3 State Dependent Call Intensity

The assumption of Poisson arrivals in Section 3.2
can be relaxed to some extent. I shall consider two models

having state dependent call intensities. The first is

similar to that studied in section 3.2 differing in that
the call intensities are assumed to be a function of the
number of occupied circuits in the primary group. The

second is a full availability model with the call intensities
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being a function of the total number of circuits in use
in the system.

Similar systems with only a single arrival stream
have been studied by Wallstrom [45] and Harris and Rubas
[15]. Wallstrom presents results for a single stream of
traffic with intensity depending on the number of occupied
circuits in the primary group for both limited and full
availability. He also studies, for full availability, a
single stream of offered traffic with intensity depending
on the number of occupied circuits in the system. The
linear call intensity function a(x) = c.(b+x) 1is one
special case studied by Wallstrom whereas Harris and
Rubas [15] consider binoﬁial—distributed offered traffic

to both limited and full availability groups.

3.3.1 Call Intensities Depending on the Primary Group

For this model, see figure 3.3,the following system
of moment equations, similar to equation (3.2.1) can be

deduced.

(a(m) + m + 2)B21,lz(m)
= a(m—l)[l—W3(m—l)]B21,22(m—l)
+a(mW; (m)B, -, (m)+a; (m)Ws m)B, 1,4, ™
+ az(m)Wg(m)BZIIQZ_l(m)+(m+l)B21,22(m+l).
(3.3.1)

and analogous to theorem 3.1
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c,W3(m)

33..

Figure 3.3: Call Intensities Depending on

The Primary Group.

01(m+l1+l2)-——-——9—-—

02(m+l1+l2)——-_‘:.n—-—

Figure 3.4: Call Intensities Depending on

The Entire Svstem.
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) (]
(%1+22)B(£1’£2)= mZO a1 (m)Ws (m)B,

m

+ ] armWs (B, (m. (3.3.2)

m=0 rk2-1

Setting £:1 = %2 =0 in equation (3.3.1) yields

B (0) m-1

0,0 . .
BO,O(m) = “_ET———'.H a(i) [1-w;(i)] (3.3.3)
i=0
with
)
B (m) =1 .
m=1 Bl
Hence the overflow means-are
C
my = ) a;(mWs(m)B, ,(m) (3.3.4)
m=0 ’
[
my, = ) a:(mWs(mB, ,(m). (3.3.5)
m=0 >

Setting £; =1 and &, = 0 in equation (3.3.1)

gives

{(m+1l)+a(m) [1-W;3 (m)]}B (m)

1,0
= a(m—l)[l—W3(m—1)]Bl O(m—l) (3.3.6)

H

+ al(m)W3(m)BO,O(m)+(m+l)B1,O(m+l)

and analogous to section (3.2.2) has the recursive solution
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1,0 - m71,

m=0 m
B, ofc) = E
Y
m=0 m
where —
Ym mem+l gmYm+2
6m = fm6m+l gm m+2 + hm
£ = m+2+a (m+1) [1-W3 (m+1) ]
m a(m) [1-W3 (m) ]
- m+2
I a(m) [1-W3 (m) ]
_ _ aij(m+l)W; (m+1)
by = - a@m W, (m1  So,o0 ™)
Yc+l = 6c+l = 6c =0
Y, = 1l (3.3.7)
A similar solution exists for £; = 0, 22 =1 and

the overflow moments can then be calculated.

3.3.2 cCall Intensities Depending on the System

The model under consideration-is shown in figure 3.4

and has state equations

[a1 (m+21+2/2)+a2 (m+2 1+2s) +m+ 2] f(m,,Q1 ,,Q,z)
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= [a1(m—l+£1+29+a2(m—l+21+22)]f(m—1,21,22)

+ (m+l)f(m+l,21,£2)+(21+1)f(m,21+l,22)

+ (22+1)f(m,2,,82,+1) (3.3.8)

0<m < C, 2/]_:0’1,.'.
JZ'2=0’:|-,2,-..

and

[a1(c+£1+£2)+a2(c+21+£2)+c+2)f(c,21,22)

[a; (c=1+R14%2)+ar (c=1+81+8,)1£(c-1,21,R2)
+ a; (c+£1—1+2,2)f(c,£1—l,22)
+ az(c+21+22-1)f(c,21,22—1)

+ (2141)f(c, 0141, 2,)+(R+1)E(c,21,2,+1) (3.3.9)

m=~c¢c, £#£=0,1,...

212=0'1’.oo

Y C [e0] [o0]
with y ) JOf(m,L1,%z) =1 .
m=0 £1=0 22=0

I shall now confine my attention to linear call

intensity functions, that is of the form
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I

ajz (x) c1.(b;1+x) (3.3.10)

and

az (x) c2.b2+x) (3.3.11)

where <¢;,c2,b:1 and b, are constants.
When the offered traffic is binomially distributed
the call intensity is a special case of the linear call

intensity and has the form

a(x) = oJs~-x) (3.3.12)

where s is the number of traffic sources. In this case
equations (3.3.8) and (3.3.9) are finite and could be
solved numerically.

Again I shall define

_ v v k1\(k:
By, g, ™ = 1 ) (zl)w)f(m,kl,kz)
and

c
B = B
(2'-1'22) mz JZ'1’2‘2(]:“)

Lemma 3.1

7 v /kl\/kz\
klzzl kzzgz ki\g, \g, JE @K k2)

= (2;+1)B (m)+4%,B (m) .

2,1+]_,JZ,2 21122

Proof As k./k) = (2+1)/ k )+g/k\

\2 \2+1/ "\2/
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o0 o]
ki=£21 k=22 !

11t (B e () (5 hrm ke

k1=21 k=2,

Il

(2,+1)B (m)+IL1B5L1 (m) .

L1+1,8%2 1 X2

As in section 2.4 the following steps can be applied

to equation (3.3.9)

(1) change the dummy variables £, and £2 to
k1 and kz
ko)
2) multiply b (k1 \(ko
(2) ply by \21/\22)
and (3) sum over the ranges of k; and k..

0o 2]

This yields (where 1)) = ) yo)
k1=21 k2=£2

zz[clb1+czb2+m(cl+c2)+(c1+cz)(k1+k2)+m+(k1+k2)](2 )\2 )f(m ki,k2)
= ZZ[Clb1+Czb2+(m-l)(C1+Cz)+(Cl+Cz)(k1+k2)](ti)(tz)f(m—l;kllkz)

+ (m+1) 22/k1>(];2>f(m+l,k1 1K2)

+ ZZ(k1+1)(ti)(ti)f(m,k1+l,kz)

+ 77 (ko+1) <];i)<};z>f (m,k1,k2+1) (3.3.13)
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[cibi+cobs+m(ci+c,)+m]B (m)

L1,42

+ 22[(01+Cz)(k1+k2)](ti)(ti)f(m,k1,k2)

+ 11 Ocwiea) (51)(52 )£ ko)

= [eibit+coby+(m=-1) (c1+c5) 1B 2(m-l)

21,2

+ (cl+02)22(k1+k2)(ti>(tz>f(m—l,kl,kz)

+ (m+1)B (m+1)
Lirsle

r L

ZZ(k1+l)(Ei)(%i)f(m,kl+l,kz)

-+

-+

22(k2+1)(ti)(tz)f(m,kl,kz+1) (3.3.14)

[cibi1+caobo+m(ci+c2)+m] B (m)

L1,8%2

+ 22[(c1+c2>(k1+k2)1(ﬁi)(t;)f(m,kl,kz)

+ (+a)By ()

= [c1b1+c2b2+(m—l)(cl+c2)]B£1 2(m—l)

s L

¢ erre) 1 Gaka) (52 )(52 )£ -1,k ko)

+ (m+l)B£1 2(m+l) (using lemma 2.1) (3.3.15)

L

=T o SN



[clb1+czb2+m(c1+cz)+m]Bl

= [c1b1+czb2+(m—l)(c1+cz)]B21

(c1tc2) [(2:+41)B

= (m+l)B21

’2/
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1:32(m)

+ (ci1+c2) [(2,+1)B

L1+, 20 (m)+(22+l)B2

1042+1

+ (21+22)B£1'22(m)]

+ (21+22)B21 (m)

122

,lz(m-l)

+ (C1+Cz)[(21'*‘1)13%1_'_1,22(m—l)+(2,2+l)B21

+ (21422)B, , (m=1)]

+ (m+1)B21,2

21+1,22(m)+(£2+1)311,22+1(m)]

(m)

(

a2+l

m-1)

2(m+l) (using lemma 3.1) (3.3.16)

- (cl+cz)[(21+1)le+1’22(m—1)+(22+1)B21’22+l(m—l)]
2(m+1) - [cibitcobotm(ci+cy)+mt(c1+c) (21+22)
+Z1+22]B11'22(m)

+ [Clbﬂ'czbz"(m"l)(Cl"‘Cz)+(Cl+Cz)(52'1'|‘5L2)]BQ’1

m=0,...,c-1 %1,%:=0,1,... . (3.3.17)

P

(m-1)
2

S
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Now defining L (m) to be the right hand

21122

side of (3.3.17) and summing for m gives

(cl+c2)[(£1+1)B£1+1,22(m)+(22+l)B21’22+l(m)]
m
= 320 le,lz(s) i (3.3.18)
n=0,...,c-1

£1,22=0,1,... .

The set of equations (3.3.18) is of the form obtained
by Wallstrom [45] for the single stream case, but as
there are ¢ equations and 2c unknowns (the binomial
moments) a unique analytic solution cannot be found for

this case.

3.4 Holding Times in Different Groups Having Different

Means

The restriction of Chapter 2 that all holding times
through the system described in Section 2.2 have independent
negative exponential distribution with unit mean can be
removed. While this assumption is guite common (and
fairly realistic) Wallstrom [47] describes situations
where overflow groups are recorded messages and hence
have different holding times. It could also be argued
that "set-up" times in overflow groups are longer and
thus add to the holding times.

The holding times in this section are assumed to

be independent negative exponential with means Wi,HU2,.../HUs
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N1 M L
(11—--3-—--—d1,W1(n1),}_11 = -—?—-%w,MA
c,W3(m)
M3
ay —s—1dy, Wolny), fy [—sr N
N, L,

Figure 3.5: Service Group Representation.
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not necessarily the same. The arrival rates are A; and
A2 and other assumptions are the same as in section 2.2.

The service group representation is shown in figure 3.5.

3.4.1 The State Equations for the Model

Analogous to equation (2.3.1) the transition

equation is

Pr{S,;t+At}
= Pr{s_,;t}x1[1-Wi (n1-1) 1At
+ Pr{s__;t}xiWi(n1) [1-Ws (m-1) JAL
+ Pr{S_,;t}x W1 (n2)W;3 (m) At

+ Pr{s t}IA2[1-W2(n2-1) 1At

—27
+ Pr{S_,it}A2Wz2(n2) [1-W3 (m-1)]At
+ Pr{S__;t}A.W2(n2)W;s(m)At

+ Pr{S;;t}(n;+1)u;At

+ Pr{S,;t}(n2+1)u2At

+ Pr{Si;;t} (m+l)usAt

+ Pr{S,;t}(2:+1) uuAt

+ Pr{Ss;t} (22+1) usAt

+ Pr{So;t}[1-(A1+Az+nipr+nzpo+mus+Luu+Lous) At]

+ o(At) . (3.4.1)

Hence the state equations are
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(Ai+do4n pi+nope+mus+2iuy+lous) £(ny,no ,m, 43 ,8%2)

= M [1-Wi(n,-1)]1£f(n;-1,n2,m,8%;,%2)

+

+

+

AWi(n1)11-W3(m=-1)]£f(n;,n2 ,m-1,%;,%2)
AW (n1)Ws(m) £(ni,n2,m,21-1,2%2)

A2 [1-Wa(n2-1)1£f(ni,n2-1,m,2;1,4%2)

AoW2 (n2) [1-W3 (m~1)]£f(ni,n2 ,m-1,81,%2)
A2W2 (n2) W3 (m) £(ny,n2,m,L1,22-1)
(n1+)u1£(n1+1,n2,m,2,,25)
(n2+1)u2f(ni,n2+l,m,L1,22)
(m+1)uszf(ny,nz ,m+l,2:,22)
(23+1)pyf(ny,ny,m,L1+1,25)

(22+1)U5f(n11n21m1211R2+1)- (3.4.2)

3.4.2 The System of Moment Equations

With the fractioned binomial moments of 1I; and L,

as defined by definition 2.1 and using the procedures of

Section (2.4) the system of moment equations is

(K1+12+H1U1+H2U2+mU3+21Uu+22U5)le

= A1[1—W1(n1—1)]32
1

+

+ A1Wi(n,) W3 (m) [BJL
1

L

+

¥ A2 [1-W, (no-1) 1B,
1

(ni1,n,,m)
,22 1y [4

2 (n1-1,n2,m)
rx2

A1W1(n1)[l—W3(m—l)]B21 2(n1,n2,m—1)

' X

'lz(nllnz’m)+Bl1—l Rz(nlanIm)]
) r

(n,,n,-1,m)
122

MWz(nz)[l-Wa(m-l)]B21 2(nl,nz,m—l)

L
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+ +
>\2W2 (nz)Wa (m) [BQII/Q/Z (nl N2 rm) Bll,lz—l(nl N2 Im)]

+ (n1+l)H1B£1 2(n1+1,nz,m)

’/QI

+

(n2+1)u2BR (n1,n2+1,m)
1 2

Py

+ (m+1)113B9v1 2(n1,n2,m+l) . (3.4.3)

’2’
Also, analogous to theorem 2.1

di do c
(U421+U525)B(l1’22) = A1y ¥ ) Wi(n1)Ws(m)B,

Crre)
n1=0 n,=0 m=0 1=1s%2

d d c
+h2 ) 1 ] Walna)Wa(m)B)

_l(,,,). (3.4.4)
n =0 n =0 m=0

12'2

Lemma 2.1 is of course, still wvalid for calculation of
the overflow statistics and equation (3.4.3) can be

formulated as a matrix equation as in section 2.5.

3.4.3 Solution of the Special Network

The model of section 3.2 with the added assumption

of different holding times can be solved in a similar

way.
Setting d; = d; = 0 in (3.4.3) and (3.4.4) yields
(Ay+A24mus+21ps+22us)B (m)
91112/2
= (A1+22) [1-W3(m-1)]B (m-1)
21,22
+ (21+22)W3(m)B21’22(m)+K1W3(m)Bllﬂl’22(m)
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+ K2Wa(m)BRI'£2_l(m)

+ (m+l)113BSL1 (m) : (3.4.5)

L2
and

[
= ) W3 (m)B,
m=0

(211u4+221u5)B (m)

(21,%2) 1-1,2%2

[
+ X2 ) Wa(mB,  .(m. (3.4.6)
m=0 lrnz

Setting £:1 = £2 = 0 1in (3.4.5) yields

(m+l)u3BO 0(m+l) = (A1+A2)[1—W3(m)]BO O(m) (3.4.7)
and hence
Ai+io.m
( M3 ) m-1
BO,O(m) = BO,O(O) —-—*-"'IY‘“!-“—'-"—-' -H [l-Wa(l)]. (3.4.8)
i=0
Therefore using (3.4.6)
A1 ©
= = n) B .4.
m, B(l,O) . mzo W3 (m) 0,0(m) (3 9)
N =
m, = B(O,l) = —?-mzo Wg(m)BO’O(m). (3.4.10)
When £; =1, %22 = 0 equation (3.4.5) can be written as

(11+A2+mU3+Uu)Bl’0(m)

= (11+12)[l-Wa(m—l)]Bl’O(m—l)
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+ (X1+l2)Ws(m)Bl’o(m)+X1W3(m)Bo (m)

,0
+ (m+1)u3Bl 0(m+l) .« - (3.4.11)
3
This has the recursive solution
Bl’o(m) =YmB1,0(c)+6m
(4
B(1,00" L %y
B (c) = m=0
1,0° §
v
m=0 =
where
Ym = fmYm+l+g’mYm+2
6m = fm6m+l+gm6m+2+hm
£ = (m+1) pa+uy+(A1+2o) [1-W; (m+1) ]
m (A1+X2) [1-W3 (m) ]
g = - (m+2) ys
m (X1+22) [1-W3 (m) ]
- _ AiWa (m+1)
. (A1+X3) [1-W3 (m) ] Bo,o(m+l)
Yc+1 e 6c+l = 6c = 0 (3.4.12)
Y, = 1
A similar solution exists for £; =0, &2 =1 and

hence the higher moments of the overflow streams can be

calculated.
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CHAPTER 4

THE APPLICATION OF REVERSIBLE MARKOV POPULATION

PROCESSES TO TELETRAFFIC

4.1 Introduction

One of the main problems in teletraffic is the
finding of the moments of overflow traffic. The work
in the preceding two chapters provide examples of this.
This can be done by finding equations involving the
equilibrium distribution and then solving them analytically
or numerically or, as in the preceding chapters, transforming
to a simpler set of equations involving binomial moments.
An analytic solution may then be found or a numerical
method employed.

In this chapter I shall use the theory of Markov

population processes to derive a necessary and sufficient

condition on the transition rates between the states of
the system. When this condition is satisfied an analytic

solution for the equilibrium distribution can be found.

4.2 Reversible Markov Population Processes

In this section I shall review the relevant areas of
the theory of Markov processes (c.f. Kingman [24]). I
shall be concerned with continuous time Markov chains for
which the state space Y 1is a subset of Nk the set of
k-vectors n = (ni,n2,...,n,) whose components, n,, are

non-negative integers.
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For such a chain g(n,m), n,m € Nk, will denote the

transition rate from n to m and
g(n) = g(n,m) (4.2.1)
o~ mnEn ~ -~

the total rate of transition out of n.

~

Definition 4.1 A Markov chain on ¥ is a Markov population

process if, for any n, the only values of m for which

g(n,m) can be non-zero are those with

m,=n, +1, m =n_ (aFi), (arrival at i)
mg=mn; -1, m =n; (afi), (departure from i)
m, =n; -1, m, = n, +1, m =n, (a$i,j), (transfer

from i to J)

Markov population processes have been used to represent
situations involving numbers of individuals in different
"colonies" where n, is the number of individuals in the
ith colony. The transitions are of three kinds
corresponding to the arrival of a new individual, the
departure of an existing one or the transfer of an
individual from one colony to another. They have, for
example, been applied to the evolution of populations and
network of queues (see for example Whittle [48],[49]).

Let e, be the vector with all components zero

except for 1 in the ith place, the transition rates



51.

can be written

q(n,§+e ) = fi(g)
q(g,g-gi) = gi(g) (4.2.2)
a(n,n-e;+e,) = v, ,(n) i%3

Note that gi(g) = Yij(g) =0 if n, = 03

Definition 4.2 The process is simple if it is possible

to write
fi(g) = fi(ni), gi(Q) = gi(ni), Yij(g) = Yij(ni,nj) (4.2.3)

that is, the arrival, departure and transfer rates depend
only on the number in the colonies affected by the

transition.

Definition 4.3 If & is an irreducible class, the

equilibrium distribution ont & 1is a set of positive

numbers p(n) (n € ¢) satisfying

an)p(n) = } q(m,n)pm (4.2.4)
me?
and
} p(n) =1 (4.2.5)
n€d

When & is finite equations (4.2.4) and (4.2.5)
have a unique solution. TIf & is infinite they have at

most one solution.



52.

Definition 4.4 A Markov chain is reversible if

p(n)q(n,m) = p(m)q(m,n). (4.2.6)

Example 1In the case of the one-dimensional birth and

death process equation (4.2.4) can be written

AJP(j) - uj+lP(j+l) = Aj_lP(j-l) L2 ujP(j) (4.2.7)

()\-1 b u(] = 0; j=0,1,..-)

where

q(j,j+1) = A

q(jrj—l)

Il
=
.

q(j,k) =0 k+j or j-1
Equation (4.2.7) is equivalent to

AJP(j) = uj+lP(j+l), j=0,1,... (4.2.8)

so the process is reversible.
Note that unless g(n,m) > 0 « g(m,n) > 0 the chain

cannot be reversible.

Lemma 4.1 If p(n) satisfies (4.2.6) then p(n) satisfies

(4.2.4).

Proof Substitute (4.2.6) in (4.2.4).
Substituting equations (4.2.2) into equation (4.2.6)

yields
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fi(g)p(g) = gi(g+gi)p(g+§i) (4.2.9)

and

il

(nte;)p(nte,) = v, (nte,)plnte,) , (4.2.10)

Yij

hence the p(n) are easily determined.
A necessary and sufficient condition for reversibility
is the Kolmogorov cycle condition (Kendall [23] equation

5.12) that for any distinct states n1,n2,...,nr € 0

q(él,gz)q(gz,ga)---q(gr,91)=q(§1,gr)q(gr,gr_l)...q(Qz,Ql).

(4.2.11)

When equation (4.2.11) is satisfied for all closed paths

(n1,n2,...,n ,01)

a(no,ni1)q(n,y,nz)...q(n_,n)

q(r_}l l{}o)q(gz Il:}l) ° o oq(l:}]{‘lr)

p(g) = p(go) . (4.2.12)

It is not usually necessary to verify (4.2.11) for
all closed paths if these closed paths can be made up of
certain simple paths. If (4.2.11) holds for these simple
paths it holds for the general path. The form and number
of these simple paths will depend on the particular situation.
For example all closed paths in the one-dimensional
birth and death process are made up of closed paths of
length two. Hence it is not necessary to verify (4.2.11)

for closed paths of length greater than two.
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4,3 Application to Teletraffic

Many situations arising in teletraffic can be
modelled as Markov populatioh processes, and simple Markov
population processes, consisting of a single irreducible
class. In most applications the transition rates Yij(E)
are zero with fi(Q) and gi(g) non-zero. A state
diagram for such a situation, in two dimensions, is shown
in figure 4.1. Note that with the transition rates
Yij(g) zero the process is a (multi-dimensional) birth
and death process.

The state space for such a process 1is given by

< N, }

Y = {n € Nk: ny <M, n; < Nz,...,nk K

where some or all of the Ni may be infinite.
Now to investigate the reversibility of such processes.
For paths with r = 2 (4.2.11) is trivially satisfied.
There are no paths with r = 3 and the paths with r = 4
are given by ni,mz=mi=e;, Dy=Mime ey, My=hitey, Vi F 3.

For these paths (4.3.11) becomes

gi(gl)gj(Ql-gi)fi(gl—gi-gj)fj(gl—gj)
(4.3.1)

= gj(gl)gi(gl—gj)fj(Q1—gi-§j)fi(§1—gi)

Equation (4.3.1) is therefore a necessary condition

for reversibility, it is also sufficient. Toc prove this
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\

fz(n,m)
gz(n,m+1)

- -
-
-

\

fs (n-1,m-1) S /
gz(n_1 ,m)
—:\ lD .
7 .
. 3
i 3
fz(n,m—‘!)
9,(n,m)
L 4
5
LA
3

-~ -
- -
- -

-

Figure 4.1: Part of a Two Dimensional State Diagram.
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I shall need two results.

f. (n)
. 5 . i~
Lemma 4.2 If i #+ j, and G, (n) = g;r—;ggr, and (4.3.1)
holds then
Gi(T+S§i) ) Gj(T+S§i)
Gi(T+?j+sfi} GJ(T+(S+1)91)
Proof
G, (m+se.) _ £, (mtse,) gi(gf§j+(S+l)gi)
Gi(@+§j+sgi) gi(T+(S+l)9i) fi(@+§j+s§i)
fj(T+s9i) gj(T+93+(s+1)§i)
- §.(mte.+se.) f.(m+(s+l)e.) saimgs (e Birkiv
J ~ ~3 -~1 J = ~1
_ Gj(T+s§i)
GJ(T+(s+lfgi)
r-1
Lemma 4.3 If i # j, H (r,m) = 7 G, (m+se;) and (4.3.1)
s " c=0 polblad
holds then
Hi(r,@) _ Gj(T)
Hi(r,T+gj) Gj(9+r§i)
Proof
Hi(r,T) } r;l Gi(@+s§i).
Hylzmte,) oo G;lmbe,tse,)
r—-

1 Gj(T+Sgi)

£ (Lemma 4,2)
<I5 GJ(T+(S+1)91)

&

Gj(g+rgi)



57.

Theorem 4.1 An irreducible Markov population process

with Yij(g) =0 Vi,j,g, fi(g) and gi(g) non-zero
on the state space V¥ and satisfying condition (4.3.1)

is reversible and the steady state distribution is given

by

where py, 1is a constant and
n- = (n1,n2,...,ni,0,...,0) .

Proof

nd i-1
p(n) H, (nJ ) k H;(n;,,n"7)

= — Tr —_
plote ) H, (__+1*'nJ Y g=ger Hy(ngmi=tee,)

1 k G (n l)
= ™ — (Lema 4.3)
GjZjS i=341 G (nl 1+n e, )
1 k G.(Qi_l)
g .y . " D)

3B is=341

G, (nk)
J

+
g;(nt+e,)

fjig) ‘

Therefore as equation (4.2.9) holds the process is

reversible and from Lemma 4.1 p(g) is the steady state
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distribution.
For example applying (4.3.1) to the two dimensional
case the necessary and sufficient condition for reversibility

is

gi(n,m)gz (n-1,m) f; (n-1,m-1) £, (n,m-1)

= gz (n,m)g;(n,m-1) £, (n-1,m-1) £1 (n-1,m) . (4.3.2)

4,3.1 Examples

Rubas [36],[37] analyses congestion in small P.A.B.X.'s
and small rural exchangés using a "shortcut analytical
technique" to obtain the equilibrium distributions. He
remarks that this method "gives surprisingly accurate
results in practical cases". What Rubas does is to assume
"the number of transitions from any one state to its
neighbouring state equals the number of transitions
occurring in the opposite direction". He has in fact

assumed the process is reversible and uses (4.2.12) to

obtain the equilibrium distribution. He justifies this
approach by favourably comparing the results obtained
with simulation results.

It is interesting to note that this problem was

also studied by Herzog [18] who obtains approximate

solutions by expressing joint probability distributions

in terms of conditional probability and one dimensional
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probability distributions. He then approximates the

conditional probability distribution.

Equation (4.3.1) can be used to determine if the

process is reversible and hence the validity of Rubas'

assumption can be checked. This I will now do.

Firstly I shall briefly summarize the models and

notation used.

more details.

Readers should refer to Rubas [36] for

Diagrams of the P.A.B.X.'s are shown in

figures 4.2 and 4.3.

Notation

mean traffic offered to internal circuits.

mean traffic offered to external circuits.

incoming traffic offered to external circuits.

outgoing traffic offered to external circuits.

probability

an internal

probability

an external

probability
will end.
probability

will end.

that a free source will originate

call.

that a free source will originate

call.

that an internal call in progress

that an external call in progress

internal traffic offered per free source.

PR

il
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1 ] M
Connecting
2 Network - =
. N
s

Figure 4.2: Trunking Diagram of a P.A.B.X. with

Bothway Exchange Lines.

1 M S
Connecting =

2 Network

: N

Figure 4.3: Trunking diagram of a P.A.B.X. with
" separate Incoming and Outgoing

Exchange Lines.



Bi(n,m)

Be(n,m)

ui(n,m)

u, (n,m)

P(n,m)

P(n,m,k)

peo(n,m,k)

Uei (n,m, k)
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external traffic offered per free source.

probability of blocking for an internal call

when the system is in state (n,m).

probability of blocking for an external call

when the system is in state (n,m).

l-Bi(n,m) = passage probability for an internal
call.

l—Be(n,m) = passage probability for an external
call.

I

probability of finding n internal, and m

external circuits occupied (state (n,m)).
number of internal trunks.

number of external trunks.

number of traffic sources.

number of incoming exterpal trunks.

probability of finding n internal, m outgoing
and k 1incoming circuits occupied (state

(n,m,k)).
passage probability for an outgoing call.

passage probability for an incoming call.

The reader should consult Rubas [36] for derivations of

all results quoted.
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'Example 1 Rubas's first model assumes that there are
external outgoing calls but no incoming calls. The

transition rates are

£1(n,m = (s-2n-mb, EZ20°LT () (4.3.3)
fo(n,m) = (s-2n—m)beue(n,m) (4.3.4)
gy (n,m) = nd, (4.3.5)
gz (n,m) = mde . (4.3.6)
As g1 (n,m)gz (n-1,m = g,(n,m)g;(n,m-1)

then if reversibility is to hold £f;(n,m) and f£f,(n,m)

must satisfy

fy(n-1,m-1)fo(n,m-1) = £, (n-1,m-1)f, (n-1,m). (4.3.7)

Substituting (4.3.3) and (4.3.4) into equation (4.3.7)

and simplifying gives

ui(n—l,m—l)ue(n,m—l) = ue(n—l,m—l)ui(n-l,m). (4.3.8)

Therefore if (4.3.8) is satisfied the process is
reversible. P(n,m) can be expressed in terms of P(0,0)
using (4.2.12) by choosing the path (n,m),(n,m-1),...,

(ﬁ,O),(n—l,O),...,(0,0) or alternatively
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(n,m) (n~1,m),...,(0,m),(0,m~1),...,(0,0) or any other

path that is convenient. If however (4.3.8) is not
satisfied then this method will give a different value
for P(n,m) depending on the path chosen and hence is

not wvalid.

Example 2 The second model is an extension of the first
to bothway external calls. The only change is to £,(n,m)

which becomes

f,(n,m) = (s—2n—m)(beo+bei/s)ue(n,m). (4.3.9)

Substituting (4.3.9) into (4.3.7) again gives equation

(4.3.8).

Example 3 The third model has outgoing and incoming
calls using separate circuits. The model is a three

dimensional one and the transition rates are

- _Cm__= (s~2n-m-k-1)
fi(n,m,k) = bi(s 2n-m-k) Te=1) ui(n,m,k) (4.3.10)
fs (n,m,k) = be(s—2n—m-k)ueo(n,m,k) (4.3.11)
-2n-m-k
£a(n,mk) = b_ 87200k, o gy (4.3.12)
gy (n,m,k) = nd (4.3.13)

g2 (n,m,k) = md (4.3.14)
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gs(n,m,k) = kd_ . (4.3.15)
As g; (n) 93 (n-e,) = glj (n) gi(g—gj)
then if reversibility is to hold
fi(g-gi—gj)fj (Q—gj) = fj(g-gi-gj)fi(g—gi) vitj (4.3.16)
must be satisfied, that is

f,(n-1,m-1,k)f,(n,m-1,k) = £, (n-1,m~-1,k)f; (n-1,m,k) (4.3.17)

£, (n-1,m,k-1)f;(n,m,k-1) fy(n-1,m,k-1)f, (n-1,m,k) (4.3.18)

fo(n,m-1,k-1)f3;(n,m,k-1) = £3(n,m-1,k-1)£f, (n,m-1,k) (4.3.19)

Substituting and simplifying gives

ui(n—l,m—l,k)ueo(n,m—l,k) ueo(n—l,m—l,k)ui(n—l,m,k) (4.3.20)

ui(n—l,m,k—l)uei(n,m,k—l) uei(n—l,m,k—l)ui(n—l,m,k) (4.3.21)

ueo(n,m-l,k-l)uei(n,m,k-l) = uei(n,m—l,k—l)ueo(n,m—l,k) (4.3.22)

If equations (4.3.20), (4.3.21) and (4.3.22) are

satisfied the process is reversible.
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Notice that the three examples are all reversible
if the passage probabilities satisfy conditions which
have an equivalent functional form to (4.3.16). If this
is the case then the results obtained by Rubas are exact.
Systems that have no blocking therefore would be reversible.
Rubas [37] specifies the two dimensional probabilities

of blocking as

Be(n,m) = p
and

N-n
B;(n,m) = p + P constant.

The corresponding passage probabilities satisfy (4.3.8)
hence the reversibility condition holds.

Por the three dimensional case Rubas uses

Bi(n,m,k) = 2p{0.5(1--‘2p)}N_n"l

or
g, (n,m,k) = (2p)" 7"

Bi (N’m,k) = 1

M-
Beo(n’m’k) =P -

Bei(n'm’k) =p

Bei(n,m,K) = 1, p constant,
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and the corresponding passage probabilities satisfy
(4.3.20), (4.3.21) and (4.3.22).

Therefore the solutions obtained by Rubas for the
equilibrium distributions are exact and not approximations.
Forms for the passage probabilities other than those

specified by Rubas could be used and the process would
still be reversible. They would of course have to model

the situation under examination. Some possible forms

could be
1. ui(n,m) = ui(n)
ue(n,m) = pe(m)
2. ui(n,m) = ui(n+m)
ue(n,m) = aui(n+m)
3. ui(n,m) = apm

ue(n,m) = Bp"

where ao,B and p are constants.

Note that Rubas's passage probabilities are an
example of case 1 above.

However if other passage probabilities are used that

do not satisfy the conditions found from (4.3.16) then
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they may "almost" satisfy them. In this situation
assuming reversibility, i.e. that P(Q)q(g,g) = P(T)q(g,g)
would be equivalent to a small change in the coefficients
of the system of linear equations (4.2.4). Therefore an
approximation to the equilibrium distribution is obtained,
and the closer the passage probabilities satisfy the
required conditions the better the approximation obtained
will be. Therefore (4.3.1) determines if exact analytic
solutions can be found or if it is feasible to use an

approximation.

4.4 Discussion

Reversible Markov population processes may of course
have wider application in teletraffic than the examples
T have presented. Other systems could be easily solved
if there transition rates satisfy (4.3.1).

Reversibility is only one concept from the theory
of Stochastic Processes that can be used to obtain
equilibrium distributions. It is quite likely that
related concepts such as quasi-reversibility (Kelly,
[21]1,[22]) definition 4.6, and dynamic reversibility
(Whittle [50]), definition 4.5, could be applied to
teletraffic situations. This could be an interesting

area for further investigation.

Definition 4.5 A Markov chain is dynamically reversible

if for
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n,m,n',m'* € 9
and

(n')' =n

~

p(nlg(n,m) = p(m')q(m*,n').

Definition 4.6 If arrivals of customers at a queue

form a Poisson process and on leaving the queue a customer
is classified into one of I groups depending upon the
customer's experience while in the queue, then the queue

is quasi-reversible if in equilibrium

(a) departure of group i customers, for
i=1,2,...,I, form independent Poisson processes and
(b) the state of the queue at time t is

independent of departures from the queue up until time t.



69.

CHAPTER 5

ATTEMPTS TO FIND AN EXPLICIT FORMULA FOR THE

NUMBER OF CIRCUITS REQUIRED IN LIMITED

AVATLABILITY NETWORKS

Introduction
Berry's Optimisation Model
An Outline of the R.D.A., Method

An Approximate Formula from the R.D.A. Method

5.4.1 Problems and Conjectures

Regression Formulae

"5,5.1 Discussion.



70.
CHAPTER 5

ATTEMPTS TO FIND AN EXPLICIT FORMULA FOR THE

MNUMBER OF CIRCUITS REQUIRED IN LIMITED

AVAILABILITY NETWORKS

5.1 Introduction

The determination of the number of circuits required
in telephone networks to carry traffic at specified grade
of service requirements is one of the fundamental
problems in teletraffic. Berry [1],[2] presented an
innovative model for the economic optimisation of full
availability telephone networks that differed from other
models such as Rapp [31]1,[32], Wallstrom [46] and Pratt
[30] in that the network as a whole was optimised .
Although some networks such as long distance trunk
networks and telex networks may operate with full
availability, metropolitan networks do not. An extension
of Berry's model to networks operating with limited
availability would be of great practical importance.

To develop his model Berry obtained an approximate
formula for the number of circuits required to provide
a specified grade of service. Before a comparable model
for limited availability can be developed a similar
formula must be found.

I shall present two attempts at finding explicit

formula for the limited availability case. The first



71.

is based on Lotze's R.D.A. method [25] and the second
uses a least squares approximation. Before doing so
however I shall briefly outline Berry's model and the

R.D.A. method.

5.2 Berry's Optimisation Model

Berry uses the concept of chains and chain flows

in his model. A chain is defined to be a series of links
forming a route between an origin and a destination

(O-D pair) in the network and the chain flow is the
traffic carried on a chain. He then minimises the

cost of the network while allowing a specified amount

of traffic to be lost from each O-D pair.

Berry's model is formulated as

minimize C =} c.n, (5.2.1)
i

subject to the constraints

y hg = t,(1-B) V k (5.2.2)
J

h? >0 Vvj and Vk (5.2.3)

where c, = cost per trunk on link i
n, = the number of trunks on link i
t. = traffic offered on the kth O0-D pair
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h, = traffic carried on the Jjth chain

between 0-D pair k

w
1

the traffic congestion for the kth

0-D pair.

The problem as formulated is a nonlinear mathematical
programming problem. The cost function (5.2.1) 1is a
nonlinear function of the chain flows and the constraints
(5.2.2) and (5.2.3) are linear functions of the chain
flows. Berry employed a gradient projection method to
solve the nonlinear program.

Berry was able to find an explicit formula for the

number of trunks required on each link. His formula is

B i (M;-F;) _ Mi ]
ny < fi+Ai|_(M.—f.)2—(M.—f.)+v. MZ-M,+V, | SR
1 1 1 1 1 1 1 1
where Mi = mean traffic offered to link 1
Vi = variance of the traffic offered to link i
Ai = the equivalent random traffic producing
M, and V,
1 1
v, = variance of the traffic overflowing from
link i
f. = mean traffic carried on link i (= sum of

the chain flows using link i).
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Ai is determined from Rapp's formula [31]

_ vV o
A=V + 3M(M 1) (5.2.5)

and the overflow variance is given by

R (M — _£ -
v, = z[M. -£.1103 (Mi fi)+/(Mi £, 3) 2412 Al (5.2.6)

!
Berry later [3] suggested a modification to

equation (5.2.6), to improve accuracy, namely

v, = %[Mi—fi][3—(Mi—fi)+/(Mi—fi-3)2+12Ai(1 - %i)P] (5.2.7)
where p is some small positive number. .

Harris [l14] has suggested a reformulation of Berry's
model in terms of the flows on the links of the network.
This formulation gives a more accurate dimensioning of
the third (or final) choice routes as well as producing
an optimal link flow pattern. The advantage of the
optimal link flow pattern is that it is unique whereas
several different chain flow patterns can produce the
same link flow pattern; the link flow is also more
acceptable to the practising traffic engineer. Harris
also studied three forms of network optimisation namely,

System, User and Game Theoretic Optimisation.
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The model developed by Berry (and the modification
by Harris) differ from current dimensioning practice in
that it uses the concept of 0-D congestion. The model
has the distinct advantage that the network as a whole
is optimised as compared, for example, with the constant
background models of Pratt [30] and Wallstrom [46].

Three main criticisms can be made of Berry's

model:~

(i) the model is a nonlinear programming problem
and as such produces real (not integer) values
for the numbers of trunks required for the
network. Berry [4] has suggested an
"Exterior Periodic Penalty Function Technique"

to give optimal integer numbers of trunks.

(ii) the model considers full availability networks
and as such is applicable to networks where
full availability conditions exist, for example
long distance trunk networks. However,
metropolitan networks operate with limited

availability conditions.

(iii) the model is a static model which optimises
a network for a particular time period and
does not take into account the dynamic nature
of the demand for telephone services. To

overcome this problem Bruyn [9] has developed
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from Berry's model one suitable for the

long term planning of a telephone network.

5.3 An Outline of the R.D.A. Method

Lotze's R.D.A. method is a model for single stage
gradings, with modifications suggested by Herzog [16]
to apply the model to two stage link systems.

Lotze [25] suggests a modification to the well
known Jacobaeus formula (5.3.1) for the congestion

experienced with gradings.

EN(A)
B = o——re (5.3.1)
EN-—k(A)
where EN(A) is Erlang loss formula

N = number of junctions

k = availability

A = random offered traffic

B = congestion.

LOtze suggests replacing A in the Jacobaeus formula
by A, which is defined as the random offered traffic
that when offered to a full availability group would

produce the same carried traffic that would be carried

on the limited availability group. That is
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Ey (Ao)

B=——— (5.3.2)
EN_k(Ao)

where

Ao = 1_EN+A0)— (5.3.3)

with vy the carried traffic.

This is claimed to overcome the inaccuracy of the
Jacobaeus formula in high loss situations.

As the variables in equations (5.3.2) and (5.3.3)
are inter-related the use of this method must be confined
to producing tables and finding required results by
interpolation.

In a later paper [26] LoOtze presents a method for
the calculation of the variance of the overflow traffic.
Rearrangement of Riordan's formula [35] for the overflow

variance from a full availability group

V=M(l —M+m~) (5.3.4)
yields
- r? 1 _ 1l
Do = RO[BQ.(ng+l—A0+R0) lj (5.3.3)

Vs = Dy + Ry (5.3.6)
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where

Ay = offered traffic

ng = number of junctions

By = congestion = Eno(Ao)

Ry = mean overflow

Vo = variance of overflow

Dy = variance coefficient (= Vy - Ry).

Equation (5.3.5) can be written as
Do = R} p (5.3.7)

where p 1is the so called peakedness coefficient.

To consider gradings, LO6tze looks at the overflow
from one selector unit, that is from k Jjunctions where
k 1is the availability. The same parameter p as for a
full availability group of k 1lines is used to calculate
the overflow variance, that is

D = p.R’ (5.3.8)

T T °

For the total overflow variance coefficient Lotz

~derives upper and lower limits

Dy = p.R*.% (5.3.9)
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D1, = D1{1_+ '@}_k'} (5.3.10)

where

D; = lower limit of variance coefficient

Dy1 = upper limit of variance coefficient

n = number of trunks

k = availability

g = number of group selectors
and

b= {Bl Taiy (1—13)]} (5.3.11)

where A, satisfies B = Ek(Ao).

Lotze suggests use of the average of D; and D;;.
It should be noted that direct calculation of the variance
coefficient is not possible because of the traffic value
Agp.

For the case of non-random offered traffic Lotze
suggests the use of an equivalent group as in Wilkinson's
method [51]. The equivalent group has n* Jjunctions
with availability k* and equivalent random offered
traffic A. The equivalent random traffic is of those
offered to (n+n*) Jjunctions with availability k+k*.

An approximation for a number of junctions required

in the group offered non-random traffic was suggested
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by Schehrer, namely

n, = n + Any (5.3.12)

where n 1is the number of junctions required if the
traffic was random (found by looking up tables) and An,
is the additional junction required to carry the non-
random traffic and is approximated by

An, = =S[C;(R-20) + C2] . (5.3.13)

Pellw

The "constants" C; and C, depend on availability
and congestion and are obtained from graphs.

Herzog [16] extends the above model to two stage
link systems by replacing the availability, k, by the
"effective” availability k defined as the average
availability experienced, and using equation (5.3.9) for
calculation of variance coefficient.

The approximate methods of equation (5.3.13) are
open for criticism as C; and C, are only obtainable

graphically and no reason is given for this relationship.

5.4 Approximate Formula from the R.D.A. Method

A simple rearrangement of equation (5.3.9) gives

the explicit form for the number of circuits

(5.4.1)

= B(kFicAg(1=B)) ~ * (5.4.2)
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and Ay satisfying
B = E_(Ao) . (5.4.3)

This explicit formula for the number of circuits
ﬁnfortunately depends on the "equivalent" traffic A,
and the overflow variance V. So the problem now is
finding approximations for these two variables.

The first problem that of finding A, can be
tackled using Berry's formula (5.2.4) on equation (5.4.3).

This gives the approximation for the (known) availability

k.
- [ 6 1]
k = £+ ho| s, —E 3B, —E=3) 2713 ~ Bgr (3-4-4)
in terms of Aq,. So A, can be found by inverting
(5.4.4).

Rearranging (5.4.4) and using £ = A, (l-B) gives
24B% (1-B) 2A}+12 (1-B) [B{4~B(4k+2) }-11A)

+ [24(k+1) {B?(k-1)+1}-36kB]A,

- 12(k+1) [2B(k+1)+k-2] = 0 (5.4.5)

a rather messy looking cubic equation, but a cubic

equation can be solved.



The roots of the cubic equation

x¥ + pyx?

are as follows [10].

Defining

then

r2

r a_
it 37

two complex roots given

3
(1) if >

r, = -
Yo = =W
Yz = —Ww

81.

”

+ pP2X = pP3 (5.4.6)

T e E L et e -

Py
3 !

2
- 1

P2

2pi

27

- P,P;
3

NN

MIH

rv/27

1
2(—q) 77|

Cbs_lr
L

0 there is one real root and

by

3/, - WM - %% (5.4.7)

YL - w? ¥YM - %% (5.4.8)

231, - o YM - %% (5.4.9)
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and
‘ . r 2 3
(2) if v + %7 < 0 then there are three real

roots given by

1

r* = -2 p® cos % = %% (5.4.10)
1

r§¥ = 2p°® cos (g - %) - g% (5.4.11)
1

r¥ = 2p° cos (% + g) - %% . (5.4.12)

So to find Ay the above formulae are used with
pPi1,p2 and ps3 found from (5.4.5). The obvious question
is what is the correct formula to use?

I shall answer this in the following way. The

correct root is naturally real so (5.4.7) is the formula

2 3
to use if %T + %7 > 0 but what is the correct root when
r? 3
T + %7 < 0? Now there must be a continuous change from
r2 g_fl- r2 3

-z—-+ 57 >0 to 7f'+ %7 < 0, there cannot be a
discontinuity in the value for 2A,. This means that

r2 3
the value at - %7 = 0 wusing (5.4.7) must be the
same as the correct root (5.4.10), (5.4.11) or (5.4.12).

This can simply be checked by finding the values of

r2 3
(5.4.7), (5.4.10), (5.4.11) and (5.4.12) at = + %7 =0
and comparing them.
r2  q° :
When xI + 5 = 0 this means
r? q®
T =37 =0 . (5.4.13)
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Therefore

Il
I
N
L
1a
S
W
1
e

= (5.4.14)

and as

(5.4.15)

H
*
1l
N
©°
W
Q
o}
n
Wi
1
wi=
|
w[®

(5.4.16)

H
%*
i
N
©
ol
Q
o)
0
wio
+
wi=
1

(5.4.17)
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Comparing (5.4.14) with (5.4.15), (5.4.16) and
P

(5.4.17) gives the correct value of A, as
. r? . g
(1) if -4—' + 2= > 0 then

Ag = - ¥L, - ¥YM - %L (5.4.18)

2
(2) if %r +3.<0 and r > 0 then

1
Ay = ~-2p° cos % - Bl (5.4.19)

and

2 3
(3) if %r + %7 <0 and r < 0 then

- B (5.4.20)

This leaves the problem of finding an approximation
for the overflow variance V that does not depend on
the number of circuits n. This is still an unresolved
problem. One possibility is to use the full availability
expression (5.2.6) as an approximation for the limited
availability case or perhaps use (5.2.7) with an

appropriate choice of the parameter p.

5.4.1 Problems and Conjectures

I have already discussed above the problem of the

overflow variance and conjectures as to its solution.
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Another problem is to deal with non-random traffic and
as traffic offered to other than first choice routes
in an alternate routing network is non-random, this is
an important problem. I conjecture that the following
modification to the equivalent random method [50] is
one possible solution.

The non-random traffic characterised by its mean
M and variance V 1is considered as overflow from an
equivalent full availability group of n* circuits
offered random traffic A*, The values n* and A*

are found using

* = vV.v_
A V + 3 M(M 1)
and

n* = ———— - M - 1

as is normally done in the equivalent random method.
The random traffic A* 1is then offered to one limited
availability group of n+n* circuits and availability
n*+k (see figure 5.1).

The most important problem, however, is the
sensitivity of equation (5.4.1) to the accuracy of A,
and V. Small changes in A, and V result in quite

large changes in the number of circuits, n. This
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Equivalent

availability

Figure 5.1:

Offered Overflow
traffic traffic
M, A A
men n,k p———-=>M,kV
full n circuits
availability k
| n+n* ~ A~
e K+ n¥* --—-—-——:'g-M‘V
% . .
n+n circuits
availability k+n*

Modified Equivalent Random Method.
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unfortunate feature, I believe, makes it very unlikely
that (5.4.1) could be used as a basis for a non-linear
programming model to economically optimise a limited

availability network.

5.5 Regression Formulae

Using a least squares linear regression method I
obtained approximate formulae for the number of circuits
and the overflow variance for an ARF 10 group selector
with inlet loading 0.6 erlangs. This group selector is
used widely in Australian networks.

I used the model of section 3.1 with a single stream
of random traffic to generate values of offered traffic,
numbers of circuits, availabilities and the resulting

congestion. The congestion, B, 1is given by

BO,O(m)W(m) (5.5.1)

w
]
g
I
I o~0

and I used Wallstrom's method [45] for the calculation
of the loss functions. Gentle [11] also used a regression
method to obtain approximate formulae for the number
of circuits and marginal occupancy using the geometric
group model.

Both the number of circuits and the variance for a
constant value of congestion and availability can be

approximated very well by a straight line. This suggests
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the form of the approximations to be

c = £(B)A + g(B) . (5.5.2)

The following forms give very good fits

[ai+a,inB+as (LnB) 2+a, (¢nB) 31 A+a,+asB (5.5.3)

Q
I

and v = [b1+b2nB+b,(2nB)?*]a (5.5.4)
ﬁhere the values of a. and bi are given in tables
5.1 and 5.2 for the common values of availability (k)
5, 10, 20 and 40. The range on the values of ¢ and B

used is shown in table 5.3.

5.5.1 Discussion

The formula I have presented, while being very
accurate, I believe are not suited for their original
intended purpose of using them in a mathematical
programming model. The polynomials (g(B)) in inB
mean the approximation is obtained by the addition and
subtraction of quite large numbers.

Another unsatisfactory feature is that they are
entirely derived by numerical methods and not derived
from a mathematical investigation of the system. However

they may be of practical use for teletraffic engineers.
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k ag aa az as ay as
40 7.4247 0.5795 -=0.229 -0.028 -0.0017 -43.1955
20 3.5995 0.2129 -0.5149 -0.0769 -=0.0052 -7.4687
10 1.6744 0.1340 -0.6898 -0.1063 =-=0.0123 ~-3.1816
5 1.1543 -0.5181 -2.2685 -1.087 -0.2433 -2.2599
Table 5.1: Values for the coefficients for formula
(5.5.3)
k b1 b2‘ bs
40 0.2017 -2.5161 -0.3914
20 0.8234 -1.6048 -0.3255
10 1.0826 -1.0060 -0.2818
5 1.3275 -0.2418 -0.1072
Table 5.2: Values for the coefficients for formula

(5

.5.4)




k Range of B Range of
40 0.001 - 0.2 40 - 150
20 0.001 - 0.5 1 - 60
10 0.001 - 0.5 1 - 40
5 0.01 - 0.5 1l - 50

Table 5.3:

Range on congestion and circuits.

90.
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CHAPTER 6

DISCUSSION

The moment equations I have derived for the
partitioning of the overflow problem can be written more
compactly than those derived by Wilson for full
availability as the loss functions incorporate the
boundary conditions. Like those of Wilson, the equations
of chapter 2 must be solved numerically as an analytic
solution had not as yet been found. The results obtained
for the simpler system with no primary groups enable the
calculation of means and variances of individual overflow
streams and the correlation between them. These results
would prove useful in the study of the effects on
overflow traffic and the correlation caused by the sharing
of links in a limited availability telephone network.

The application of Reversible Markov population
processes to teletraffic problems is an interesting area
for study. I have derived a necessary and sufficient
condition for the multidimensional birth and death
processes to be reversible and applied it to three examples.
There may be wider applications in teletraffic of -this
approach, if other systems can be shown to be reversible
their equilibrium distributions are easily found.
Reversibility is only one concept from the theory of

Stochastic Processes that is used to obtain equilibrium
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distributions. An interesting area for further investigations
would be to find if other concepts such as quasi-reversibility
and dynamic reversibility could be applied to teletraffic
problems.

The main problem with the formulae discussed in
chapter 5 is the sensitivity to some of the parameters.
Even if some of the other problems are overcome I believe
the formula would be too sensitive for use in a
mathematical programming type optimisation model. However
the formulae may be of benefit to the practising teletraffic
engineer who is looking for an accurate method of
calculating the required number of circuits under specified

loss situations.
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ERRATA

General
Read Wallstrom for Wallstrom
Read Jacobaeus for Jacobeaus
Read Lotze for Lotze.
Specific
Chapters 2 & 3
p. 8, 1. 18: rRead 'at most one event' for 'only one even'.
p. 8, 1. 20: mhe state sy is missing.
p. 10, 1. 11: i =1,2. The same applies for p. 11, 1. 6.
p. 19, 1. 4: I, is the identity matrix of order Xx.
p. 20, 1. 5: +m is missing in formula (2.5.11)
p. 21, 1. 3: Read Seidel for Siedel.
p- 25, 1. 13,14,19,20 and 21: Read W3 for wjs
p. 26, 1. 7: Read Wi(m) for W(m).
p. 26, 1. 8: Read (m+1)Bo, o (m+l) for (m+l)Bo,o(m).
p. 28, 1. 6: m=c-1, c-2, ..., 0.
p. 34, 1. 5: Read m=0 for m=1l (summation index) .
p. 43, formula (3.4.1): Read s, for Si'
p. 43, 1. 10: Read Wi(n,) for Wi(nz2).
p. 44, 1. 3: Read [ for .
p. 44, 1. 22: (Last line) read A2 for Ai.
p. 45, 1. 6: Read &2 for 2%s. .
p. 45, 1. 7: gummation indices are missing: ni:=0,d:1,
n,=0,dz.
p. 45, 1. 17: (Last line) Read Alf)z for Rit+l2.
p. 46, 1. 2: Read Bll'lz(m+l) for Bl;'zz(m)'
p. 47, 1. 11: Read A2 for As in the denominator.
Chapter 4
p. 52, 1. 10: Read q(j,k) =0 k #3+1



Errata Continued

. 56,
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Chapter 5

p. 73,

p. 76,

80,
85,
85,
87,
. 88,

88,

v W ©W W T T T

88,

1.

T e

2:
9:
13:
12:

15:

15:

10:

12:

11:

14:

Read Gi(n) for Gi(nl

r = 0,1,2,...
Read Hi(r,T+§j)' for Hj(?,@+§ )
Read Gj(nj) for Gj(gl)

Read there for their.

Equation (5.2.5) should be
V. V.,
i 1
w, -

A, =
i :
i i

v, + 3
i

Equation (5.3.4) read N+l for N-1

Equation (5.3.11) should be

LRt )
p_{B[k+l—Ao(,1—B]} 1

Read 122, for 12

Read [51] for [50]

Read A* ~ for A% =

Read section 3.2 for section 3.1

A is the offered traffic

Read A for a

Read £f(B) for g(B):





