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SU}.{¡4ARY

This thesis contains work on three teletraffic

problems. The f irst is the stud,y of a timited availability

alternate routj-ng network in which more than one stream

of traffic is offered to a common link. I develop a

model for the calculation of the individual overflow

statistics which gives a set of equations suitable for

numerical solution as well aS analytic solutions for

simple cases.

The second area is the application of reversible

l{arkov population processes to teletraffic. I derive a

condition that allows the calculation of equilibrium

distributions and apply it to a practical example.

The last problem is that of finding an explicit

formula for the number of circuits required in limited

availability groups. I present two attempts at find.ing

such- a formula.
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CHAPTEiì I

TI{TROÐUCTION

For over 60 years starting with the pioneering

rvorks of Erlang I g ], the mathematical field of teletraffic

theory has proven a challenge to applied. probabilists.

some idea of its scope is given in the survey book by

syski 142 l, by Ifallstrom t 45 I ancl by the triennial

Internatior.ral Teletraf f ic Congress proceedings. Despite

the great volume of research in the area, it still

contains innumerable unsolved problems, many of considerable

practical consequence.

The basic problem of teletraffic is the dimensioning

of networlcs that is, providing the correct number of

circuits in a network to carry a specified amount of

traffic. This problem necessitates the study of the

overflov¡ traffic from a group of circuits or network'

l4any results have been obtained for situations where a

call has access to any free circuit that is fu11 availabilitv.

Ilo\ntever many networks such as metropolitan networks do

not operate with full availability. A call may not be

able, because of physical limitations of the srvitching

equipment, to be connected with a particular circuit even

if it is unoccuPied.. This limite d avaitabilitY is a very

difficult problem to studlz rnathematically'

The problem of limited availabilitv has been

studied since the early works of o'Dell t28 l, Erlangt t I

and Jacobeaus I 20 I through to the more mod.ern works of
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tr¡lallstrom t 451, Smith t39 I and Lö1cze 1.25 l. Wallstrom

and Smith use the concePt of a Ioss f unction T{ (n)

defined as the probabil.ity a call rvill be lost when there

are n circuits in use. This loss function is determined

for the particular situation being analysed. Lötze's

work is based on the Jacobeaus formulae for the congestion

from gradings. I will- say more about this model in

chapter 5.

This thesis presents work done on three li¡nited

availabilit.y teletraf f ic problems. The f irst is the

study of a limited availability al-ternate routì-ng network

in which more than one stream of traffic is offered' to a

common link. The aim is the determination of the moments

of the individ.uat overflow streams and' the covariance

between them. This is of great practical importance as

these overflow streams could be offered to afternate

routes in the network. The moments for the total overflow

have been studied by wallstrom t 45 L Smith t 39 I and

l,ötze 1 25 I but aS far aS I know no research has been

undertaken on the individual overfl0w streams from limited

availability groups. The study is a generalisation of

the work of wilson I 52 I who stud.ied full availability

networks. some of the research on this problern has been

published t 40 l, and a copy is included in the appenclix'

The second area of research is the application of

Reversible l4arkov PoPulation processes to teletraffic.

I derive a condition that all0rvs Lhe calculation of

equilibrium probability distribut-ions and show, usingl
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this condition, that resul-ts obtained by Rul:as [ 36 ] for

limited availabilit.y P..4,.8.X.'s (Private Automatic Branch

Exchanges) are exact resul-ts and not approximations as

previously thought. The use of Reversible Markov

populat-ion processes is not restricted to this particular

example but may have wider application in teletraffic.

This work has also been publisherl t 41 I and again a copy

is included in the aPPendix.

The last problem is that of finding an explicit

formula f.or the number of circuits required to carry a

specif ied traf f ic under limited availal:ilit¡y conditions '

such a formula rvould be of great practical benefj-t in

dimensioning limited availability network and in particular

the development of arr economic optimisation model similar

to that presented by Berry t I l, [ 2 ) for full availability

neLworks. Chapter 5 contains two attempts at oþtaining

such a formula.
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CITAPTER 2

PARTT TIONTNG OF THE OVERFTOI,{ TRAFFTC FROM

LTT/IITED AVATLABILITY GROUPS.

2.I Introduction

2.2 Assumptions

2.3 The System of State Equations

2.4 The System of -Moment Bquations

2.5 Matrix Formulation of the Moment Equations.
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2 1 Introduction

Inthischapterllvilldevelopamodeltostudythe

partitioning of the overflow traffic from timited availability

groups that are offered more than one stream of traffic.

The aim of the study is the determination of the rnoments

of the individual overflow streams which. in alternate

routing networks, could be offered. tc alternate routes in

the network. The model is a generalisation of the fuII

availability model d'eveloped by ''{ilson 152 l '

The network I sha1l consider, consisting of two

origin-destination (o-D) pairs, is illustrated in figure

2.L. The first O-D pair, O and Dr, has direct route

link 1, second choice route links 3 and 4 and' arrival

rate â1. The second o-D pair, o and Dz, has direct

route link 2, second choice route links 3 and 5 and arrival

rate ¿-z. Third choice routes mar/ exist but are not shown'

The arrival streams for the O-D pairs are independent

and have Poisson Distributions. It is also assumed that

congestion is caused by link 3, that is a call finding a

free junction on link 3 also finds one on link 4 or 5.

The network is consid.ered as a systen of service stages.

The links are considered as groups of seTvers and each

server corresponds to a circuj-t and may serve only one call

(customer) at a time. The two printarY groups correspond

to the direct links and have dr and dr servers

respectively. The calls not serve<1 i-n these groups overflow
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Figure 2.Lz Two O1D pair netr^rork.
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Figure 2.22 Service group representation of
the two O-D pair network.
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to a coÍtmon secondary groun of c Servers corresponding

to link 3. The service stage representation is shown in

figure 2.2 where the service stages Nt and N2 correspond

to the direct links, M to the common link on the second

choice route and Lr and Lz to the fictitious infinite

groups of circuits which are used to measure the overflow

traffic.

2.2 Assumptions

The foltowing assumptions define the model.

Limited availabitity conditions apply to aIl- links '
The overflows are governed by the "Ioss functions"

Vü, (n) which are defined as the probability that
r-,

a call arriving at link i, when there are n

occupied circuits, will be rejected.

The system is in a state of equilibrium.

Arrivals tor the two o-Ð pairs occur ind.ependently

and have Poisson distributions-

All holding times through the system have independent

negative exponentiat distributions with unit mean.

To first order no more than one event, i.e. an

arrj-val or departure of a call ' can occur in a

small time interval.

Finat links in each route are provided rvith

sufficient circuits to carry all calls whích are

offered to them.

The five dimensional vecLor (n: rnz ,frrLt',9-z)

represents the state of the system. Each co-ordinate

clenotes the number of calls in progress in each

(i)

( ii)
(iii )

(iv)

(v)

(vi)

(vii)
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group and associated with

orobability distribution

each state is a

f (nrrfI 2rITl ,LtrLz).

2.3 The System of State Equations

using the preceding assumptions I shall derive the

system of state equations for the model. Using Wilson's

I 521 notation the system is considered to be in state

ss = (nr rnz ,frrLt,Lz) at some time point t and the states

S and s
-j

are

S S¡j

and
S
-j

Þ0 e
J

where e.-J ís the vector of atl zeros excepting one in

examplethe jth comPonent, fot

s-, = (nt rnz-Irm rLt rLz) .

To obtain the state equations I need to know the

probability of a call arriving and the probability of a

service completion (catl end'ing) .

By assumption (v), in a small time period, At only

one even can occur to first order'. Hence the state of

the system at time t+^t can be one of st rs- tts2ts-rr " '

ss,s-s. The probability of a first stream arrival

occurring during 
^t 

is ar^t + o(at) and similarly for

the second stream. Tf a service group has x servers

busy at time t then, since all the service times have

unit mean, the probability of any particular server

J

e+ j



9.

completing his service is 
^t 

and the probability that

exactly one of the x servers cornpletes a service in

the time interval is xAt + o (At) .

Tf the probability of being in state s at tj-me t

is Pr{s;t} then the transition equation for s¡ is

Pr{s¡;t*At} = Pr{s-r it}a, [1-I^]r (tr-f ) I At

+ Pr{=-r;t}arlntrr (n, ) [1-I^I3 (m-I) ] 
^t 

(Nr arrival)

+ Pr{"-u;t}artrf , (nr )l'7, (m) Àt

+ Pr{u-r;t}a2 [1-Il2 (n2-I) ] At

+ pr{ s-, ; t} arVtr, (nz ) [ t-lv, (m-I) I At (Nz arrival)

+ Pr{ s- s ; t} artr{, (nz ) Inl, (m) At

+ Pr{sr;t} (nr+I) At (Nr deParture)

+ Pr{sr; t} (n2+1) At (Nz deParture)

+ Pr{ s, ; t} (m+1) At (u deParture)

+ Pr{su;t} (l,r+1) At (Lr deParture)

+ Pr{su;t} (n"r+I) At (Lz deParture)

+ Pr{so;t} t1- (ar*ar*nr*nr+m+.q,r+1,2) Atl (no event)

+ o(At) (more than one event)

(2.3.1)

under the assumption of statistical equilibrium

Pr{s;t} = f(s) and if 
^t 

+ 0 then

Pr{s r+AtÌ-pr{s L}

so subtracting Pr{so ;t}
(2.3.I) , dividing bY At

the state equations

and -+ 0

from both sides of equation

and proceeding to the limit gives
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(a1*a2*n1*n2*m-l.R. t+Lz) f (nr rrlz rIIl ,Lt,Lz)

= ar [l-irlr (nr-1) ] f (nr-1 trr2 tlrr,Lt,Lz)

+ arWr (nr) [I-Vüe (m-I) ] f (nr ¡rr2 tln-l, Lt,Lz)

+ arwr (nt)tqs (m) f (nr rnz,ßt Lt-L rLz)

+ az [1-!{z (nz-1) ] f (nr rfrz-I ,fr,Lt ,Lz)

+ a2\{2 (nz) [l-v[s (m-r) ] f (n t tÍt2 ril-l, Lt,Lz)

+ azÍñz (nz ) W¡ (m) f (nr ,n z tßt Lt , Lz-L)

+ (nl+t) f (nr*1rn2,fr,Lt ¡9-z) +(nz+1) f (nr rnz*1rm,Lt,Lz)

+ (m+l) f (n1 ¡ri2 ¡Irt1, Lt, Lz) +(.8,it1) f (n I trr2tIû, Ir +L t g.z)

+ (.e,2+1)f(nrrn2rlll ,9't,9"2*I) (2.3.21

Equations (2.3.2) hold for 0 ( ti. ( d., 0 ( m ( c, t". > 0

(f (nr rrì2 rln ,Lt ,9,2) = 0 cjutside these ranges) .

The state equations (2.3.2) are an infinite set of

equations with no obvious analytic solution. In situations

like this where one is only interested. in the overflow

streams a simplification is usually possible. I shall

address this problem in the next section.

In what follows f. (k) will indicate that the jth

parameter of ss has been changed to kt for example

fr (nr-1) = fr (nl-l ¡Yr2 trîrLt rLz)

and
f+ s (kr ,kz ) = f (n | ¡Ttz tmTk 1 ¡k2 )

f

2.4 The System of lvloment Equations

A common simplification of state equations such as

(2.3.2) is to transform them into a set of equations

involving the binomial moments. Before doing this to
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equations Q.3.2\ the follorving definitions and results

are need.ed..

Defínition 2.L The fractioned binomial moments of the

overflow are

B (n1 ¡n2 ,m)LT,LZ

dr

(il)(i;)t(nr 'nz ¡rrkr 'kz)TT
kr=1,t l' -z=Lz

æ æ

Ifor 0(n di, 0 ( m ( cl 9".
1

>/0

0 otherwise.

oefinition 2.2 The joint binomial moments of the overflow

are

B(¿r,sr) I
d.

I
2

0
i i i (tl)(i;)'(nr,nz,il,kr,kz)

m=0 kr=1,! kZ=L2' -/ \

)(t;)e'tr' = k,,

fif =0 nz

TI
kr=9 t kz=Lz

(
\
kr
9-t

Lz = kzÌ

Lr \/t z\.'
)\l.', )'tîL

(
\= E[

Note that the binomial moments of the individual overflow

streams are 
"(urro)md 

Bio,lr) respectively.

Lemma 2.I The means and variances of the individual

overflow streams and the covariance between them are given

by the following expressions

rrtr = n[Lr] = B(I,O)

rnz = E[Lz] = B(Orf 
)



Vl = EIL I - ElI,rl2

+ Ell.rl - Ell,rl2

= 2B(z,o) * u(f ,o) "?t,o)

v2 = 2B(o,z) * "(0,1) Bto,r)

cov = E[L1L2J nlLr].ElL2l

= B(r,r) B(r,o)'B(o,r)

Lemma 2.2 For a non-negatíve function h(k)

the non-negative integers

@

2

[ {rrrfÐ (l<+r) h (k+l) Ì
k=.C

ii
kr=l,t k'z=Lz

=þ (nr rnz rm) +B

L2.

defined on

(n1rn2 rm)

k
,,
\
)

Xt;)t., s (k'k,-r)

uoiun (k) (i)

whenever aII the series involved are convergent.

Proof See Vüilson Í 52 I .

Lemma 2.3

(
\
k
L

LI

I

L 2 9-t 9-c-l

and a similar result holds for f u, u (kr-1 ,kz) -

Proof See Wi-Ison I 52 ) .

As in Wilson I 521 I shall use the following steps

to deríve a system of equations involving the fractioned

momenLs.

Step 1 Change the dummy variables !'t,Lz to

kr and kz 1n the staLe equations.



Step 3 Sum the

k¡ and

To simplify the

the abbreviations

and

ar [l-wr (nr-1) f II
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(v,
\r,

state equations over the ranges of

k2 and simplify.

new system of equations I shalI use

B(rrr) = B (nr rnz rm)LtrLz

B(xrr) = B (xrnz rm)9,ylLz

B(rry) = B (ntrn2ry)
LtrLz

a=at*âz

n=fII*nz

L Lt + 9.2

Step 2 Multiply the state equations by

\ /r., \
)\t", )

II

IiI

i
kr=lr

d¡
r
L

r1l=0

i
kz=Lz

Now performing the above three steps gives

c

T
m=0

(
\

+

+ ârWr(nr)wrtm)ll (
\
kr
.tr

I f s (m-1)
I

d.2

i
Il2=0

Xt;)r' tn'-rr

k
oârwr (nr) [I-we (m-r) ] II

\ /r.
/\r

(a+n+m) n(il Xt; )'.ll(Tl )(t; )n,'*¡l(il Xt;)o,'

2

2

Xt; )' u to 
' 
-'r

k
t,

I

(
\

\ /'.
/\r

\
)

)
kr(

\
2

9" 2t
+ az [1-wz (nz-r) f II f z (nz-L)



+ azwz(nz) n-ws (m-1) I li(i;)(i

L4,

f g (m-1)
2

\
)

2

\
)

1n,+r) II (
\

\
)
f r (nr+1) +

(
\

l[ {t<r+r)

)(t;)'u to'-'r

(nz +1 r u (i ì )(i :)',(nz+1 )

\ /r.
/\¿

k
o)(i;)'u tn'*'r

+ dzwz (nz ) ws (m) l) kr
.tr

+
k¡
9,y

kr

\/r
/ \.0

2

2

+ (m+1) II kr
.0r

(
\ )(t; )t ' t*+r I

+ II (r'+r) (
\

(
\ I 2

f s (kz+1) .

(2.4.L)

2+Lt

B

Using lemmas 2.2 and 2.3 and the definition of

(n r , nz ,m) this re.duces toLtrLz

(a+n+m+1,) R (nr rriz,Ir)

= ar []--wr (nr-1) lB(nr-1 ,, )*arWr (nr) [I-Vüs (m-1) 1e 1,, m-1)

* alwr (nr)we (m) [B(,, r)+glr_f ,Lr(,,,)l
* az [1-I¡Iz (nz-1) ]B( ,Dz-L,)+azWz(nz) [1-I^7s (m-I)]B(,,m-1)

* a2W2(nz)Ws (m) [B(,,,)*"ur,'_z-L(,,,) ]

+ (nr+1)B(nrr-1, ) + (nz+1)B(,nz*L,)

+ (m+1)B(,,m*1) . Q-4-2)

The system of moment equations (2.4-2) is a finllq set

of equations where the system of state equations (2.3.2)

is an infinite set. It is also a system of simple

recursive equations in .Cr and 9"2 compared with the

quadratic recursion of the state equations.

If the system of equations (2"4.2) could be solved

for the fractioned binomial moments the joint b.inomial
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moments could be found using the infinite summation of

definition 2.2 and hence'r-he overflo-.¡r'statistics using Lemma

2.L. However an alternate expression for B(p,r,p_r) using

finite summations can be found.

Theorem 2.1

ð,2

(.cr+.q,r)81ø t,Lz) = â1

Proof

Ill ¡fI2

I
nl 0 nz=g m 0

Vf r (nr)Vùg (m)B
d.

I

d1 ð.2 c

* âz I I I wr(nz)wg(m)Bs_t,Lr_t(
rtl=0 l2=0 m=0

c

I 1, 1-Ir9"2 ,,,

trt )

Summing the equations (2.4.2) over aII values of

and m gives

III ta*n*m*.Q,)B (, , , )

dr-f dz-l-
-l- I

+ (2.4.3)

= "tIII tr-wr (nr-1) lB(nr-1,,)+arlllwr (nr) tI-wg (m-1) lB(,,m-I)

+ atlllwt (.rr)ws (m) [B(,,,)+Blr_f ,(,,,))

+ arlII tr-w, (nz-1) lB( ,rtz-I,)*arlllw, (nz) [1-wa (m-I) ]B(,,m-l)

+ arlIIw, (nz)ws (m) [B (,, ,) *9, [ ,_t(, ,,)f

IIt"l+r)B(nr*1,,)*I I I(ttr+t)B(,nz+1)

c-l
II I (*+r)B(,,m+l)

"IIIs (,,,)+lfina (,,,)+ll[me (,,,)+.0lIIB(,,,)

= arIII tr-wr (nr-1) lB (nr-1, ) *.r IIIwt (nr ) [l-We (m-1) ]B (,,m-I)
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+ "tIllwt {nr)wg (m) [B(,,,) *B&r_r, (,,,)f

*.rlD tr-w, (nz-1) lB( tr'z-Lr) +arlllw, (nz) [l-w¡ (m-1) ]B(,,m-1)

* azlllw, (nz)ws (m) IB (, , ,) *", u ,._t(, , ,)f

+ IIi"rB (, , r ) +l¡lrrs (, , ,) +ll[me (, , ,) (2 ,4 .4)

.B(u t,Lz)+l,B( e.¡,e.2) = atllle(,,,)+atlllwr (nr)W: (m)"nr- r,(,,,)

+ .rllle(, ,,)+azlllw, (nz)wa (m)8, e,z_r(,,,) (2.4.5)

(9,t+9"r)"(0, t,Lz) = â1
nt

d-r d.z c
+ ã.2 i I I w, (nz)we (m)B

n I =0 ¡tZ=O m=0

d1 d-z c

I I l^wt(nr)wg(m)Brr_1 ,Lz(,,,)=Q îZ=O m=0

(,,,) (2.4.6)
9., 7 , 9.2-I

Therefore using Theorem 2.1 and Lemma 2.L the five overflow

statistícs can be calculated if the system of equations

(2.4"2) can be solved for (Lt,Lz) equal to (0,0) , (0,1)

and (1rO). Higher moments of the overflow streams can

of course be calculated but I have restricted my attention

to the above five as being of interest in the design of

alternate routing networks.

The equations (2.4.2) have for f ixed values of 9,t and

9,,2 ft = (dr+1) (dz+1) (c+I) unknowns, namely the fractioned

binomial moments, and there are exactly the Same number

of equations in the system. For (Lt,Lz) not equal to

(0r0) the equations are linearly independent. However

when (Lt,Lz) = (0r0) the equations are linearly



dependent, in this case rePlacing
dr

the normalizing condition I

one of the
dzcii B

0 '0
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equations by

(nlrnzrm) = 1
Il I =0 flz=O m=0

again produces R linearly independent equations.

unfortunately the system of equations (2.4.2) has no

obvious analytic solution. The equations Wílson obtains

for the simpler fuIl availability case also have not as

yet been solved analyticalIy. Wilson's equations are a

special case of the equations I have derived and indeed

my equations have another important advantage over Wilsonrs

in that they can be \^/ritten more compactly as the loss

functions incorporate the boundary conditions.

In the next section I shal1 formulate the moment

equations as a matrix equation suitable for numerical

solutions and the next chapter contains an analytic solution

of a simpler version of the model.

2.5 Matrix Formulation of the Moment Equations

The system

represented as

of moment equations (2.4.2) can be

the matrix equation

orr,u, Þl'rry, 9t,.t ,9,2
(2.s.L)

where the subscripts 9.,1 and 9,2 index a two parameter

family of matrices and vectors. The matrix ourru, is a

RxR coef f icient matrix where ft = (dr+I) (dz+1) (c+l) ' an

element in the ith row and jth column is denot'ed as

our, *r(i,)) " The vector Þ*r, n", is of size R and

consísts of the fractioned binomial moments Uur,g,r(,,,)



:

I
.l'il

ñ

and its ith element is denoted bY

vector g ^ n consists of terms in
-Y. 1, k2

"u, , Lz_L(, , ,) and similarlY its ith

by g^ " (i).
t"l t þ2

The binomiat moments are ordered

b LtrLz (i).

9"¡-Lr9,2

element

18.

The

,rr) and

is denoted

B (

¡

I
{

!

i
I

I

i
Pn r, u, in the fol1owin9 waY,

b (r) B Lt, Lz
(n1rn2rm) (2. s .2)Lt, Lz

r= (nr+t)*nz(dr+1)+m(dr+1)(d2+t) (2.5.3)

to make up the vector

the qubscripts 9'y and L2 will be

what follows.

matrix D is sparse and there are at

in each row. The coefficients

where

For

omitted

The

the

the

the

the

the

the

The

of size

simplicity

in much of

coefficient

D as follows,

coefficient of

coefficient of

coefficient of

coefficient of

coefficient of

coefficient of

coefficient of

matrix D can

(dr+1) (d2+1)

å,

Ë

most geven non-zero elements

of the

matrix

the

binomial moments in equation (2.4.2) appear in the

B (nr ,rIz rIr) is O(rrr)

B (n r -1rn2 ,m) is D (r, r-1)

B (n r *I , n2 ,m) is D (r, r+1)

B (nr ,n2-Irm) is D(rrr- (dr+I) )

B(nrrn2*1,m) is D(::rr+(dr+1) )

B(nr ¡n2 ¡Iû-1) is D(r,r-(dr+I) (d2+l) )

B(nr ¡Yr2 1Írrll-) is D(r,r+(dr+l) (d2+1) ) .

be partitioned into square sub-matrices

with the sub-matrices zero excePt



.t
i
ili
tþ

on the diagonal and adjacent to the diagonal.

QoD

d2 -1 ,m

dz rm

d-2-J-rm

ilz rÍl

19.

(2.s.7)

(2.5.4)

S o Uc-l- c-1 c-1

u, = -(m+1)t(ur+r)(dz+r-) (2'5'5)

m = 0r1-r...rc-l

S is . Ur.nonal matrix with
m

sr(s,s)=-arwr (nr) [l-ws (m-1) ]-azwz (nz) [I-ws (m-r) ]

(2.s.6)

s = (nr+I) +nz (dz+I)

m = Lr2r...rc

O matrices can also be partitioned in a similar
m

square sub-matrices of order (dr+1)

o U

s0

S¡

0rm

lrm

Uz

fril

cI 2-1rm

Ue

Qr

S2

o

U1

Qz

0

Qcc

where

The

$/ay into

Qr= 0

s

0rm

1rm U

S o

S

U

0

for m: 0rLr...tc

i
j

I

t;

i,

I
I

-(nz+t)I(¿r+r)

n2 = 0rlr...rdz-l.

I,rIith U
Il 2 ril

o

(2.5.8)



and s = -a 2lL-Wz (nz-1) I r (a¡+r)
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(2.5.e)
n2 rm

îz L12r...rdz

o
fI 2:ü 0 rn2 rm

-1q

q -21rn2 rm

s q -d 1dr-1
s q

d-1 rIr2 rûI

vThere S -ar [l-Vtr (n-1) ] D1 L,2,... rdr (2.5.10)
nl

9tr rn2 tm
ôr*azfnr +n2+!,,t+'Lz-arI{l (nr ) W¡ (m)

(2.s.11)
ãzÍñz (nz )Vf s (m)

Il 1 = 0rlr...rdr

The vector 9 !,, , 9., is def ined by

gLt 
'9-z

(r) arWr (nr )Ws (m) B 9.t-.:.. ,l,z
(nr rnz rm)

t a2w2 (nz ) ws (m) B
9.'¡ r9,2-r

(n r , nz ,m) (2.5 .12)

$¡íth r = (nr+1) *nz (d2+1) +m(dr+1) (d2+1) as before.

lilhen 9.y = 9.2 = 0 the last row of D is replaced by a

ro!.r of ones and t,he last elernent of gO,o (a zero vector)

by a one. This corresponds to the normalising constraint

0

"1

0

df-f ¡rt2sTIr

d1

dr ð'2Ii
nl=0 ÍLz=O

The matrix D has

obtained by Wilson for

different coefficients

I "o-o(nrrfizrrfì)=0m

1

the same basic structure as that

the fulI availability case but with

in the individual sub-matrices. As

r

,

I
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such the highly structured form and sparseness of the

matrix would lend itself to efficient calculation. Wilson

discusses Gauss-Siedel techniques for solving the matrix

equation he obtained and these techniques could be applied

here to obtain a numerical solution of the system of

moment equations.

Alternatively an effective yet novel numerical

solutíon t.echnique has been developed by Brand.wajn t S L

t e I for equations such as (2.3.2). He rewrites such

equations in terms of condj-tional probabilities and then

uses a numerical technique.
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CHAPTER 3

SOME EXTENSTONS AND ST.IVIPLIFICATTONS OF THE

PARTITIONING OF TIIE OVERFLOI^I TRAFFIC PROBLEI4

3.1

3.2

3.3

3.4
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Solution of a Special l{etwork.

3.2.1 Description of the Network

3.2.2 Solution of the Model

3.2.3 Generalisation to more than Two

St.reams

State Dependent CaII Intensity

3.3.1 CaII Intensities'Ðepending on the

Primary Group

3.3.2 CaIl Intensities Depending on the

System

Holding Times in Different Groups Having

Dif f erent .IÍeans.

3.4.1 The State Equations for the Model

3 .4 .2 The Systenn of l4oment Equations

3.4.3 Solution of the Special Network.
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3.1 Tntroduction

This chapter contains further results on the

partitioning of the overfl-ow problem. The first is on

analytic solution to a simplification of the model of

the previous chapter. Next I investigate the removaf of

two of the assumptions of Chapter 2 by firstly having

state dependent call intensities and secondly having

different means for the holding times in different

groups.

3.2 Solution of a SPecial lTetwork

3.2.I Descri tion of the Network

fn a telephone netrn¡ork there may be some O-D pairs

which do not warrant direct links. When two of these

o-D pairs share a common link on first choice routes a

sÌmplified version of the model presented in the previous

chapter is obtained. This simplified version illustrated

in figure 3.1 is equivalent to the network modelled in

Chapter 2 wh.en dr = dz = 0.

This simplified version can also be thought of as an

extension of the limited availabitity model studied by

tr{allstro'n t 4 5l and Smith t 3 91 . That is , instead of one

stream of Poisson traffic being offered to the limited

availability group, two independent Poisson streams are

offered.

3.2.2 Solution of the Mod.el

The state of

parameter vector

is described by the three

corresponding to the number

the system

(m'Q,trLz)
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(o)

2

3

L1

(b)

c2 oo

L2

Figure 3.1: No direct links
( a) lletwork representation
(b) Server system representation.

1

M

@o1

c, W3( m )
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of busy servers ín the three service groups M, L¡ and L2.

The associated probability distribution is f (m, Lt,9,z)

and there are definitions of binomial moments corresponding

to those of Chapter 2.

Definition 3.1 The fractioned binomial moments of the

overflow are

B (m) k
9" )(t;)' t*'kr 'kz)

The joint binomial moments of the overflow

(9.t+9"2)n, Lt,Lz) = rt,olors (m)elr-f 
,ø, 

(*)

II
kr=.Ct kz=Lz ILtt9,z

Definition 3.2

are

B(ør,rr)
c

,olo" Lr,e-r(

\ /r,z \.,
)\*, )' -

m)

= E[ (
\
Lr
9.t

Lemma 2.L is valid for this model and the following

theorem can be deduced from theorem 2.I.
c

Theorern 3 .1

c
+ ð.2 I *r (m)e 9.r,Lr_:-(*).

m=O

Proof From theorem 2.1 with dr = ð,2 : 0.

The system of moment equations is obtained from the

system of equations (2.4.2) by setting dr = dz = 0.

This gives Lhe system

9-t t 9-z
(m) = a[l-ws (m-1) ]s (m-I)

9"t t 9-z

+ aws (m) B (m) +a rw ¡ (m) B
9. 1-I , 9.2

(m)Lt r9-z

+ âzws (m) s 9.r,9.r-r(*) +(m+l)"ur, u, (m+1) .

(a+m+.Q,)B

( 3.2.1)



Theorem 3.2 The means of the overflow traffics are

III r = B(r,o)

=þ (0)
m-l-

Tr [l-ws (i) ]
i=0

26.

(3.2.4)

(3.2. s)

ITI 2

c
B(o,r) = t',ol

c

= .l_ I^*r (m) Bo 
,6 

(*)
'm=L)

c

,louo , o 
(*)

We (m) 
"O , O 

f*)
0

where []--v¡g (i) l

and I

Proof When 9,1 = 9,2 = 0 equation (3.2.L) can be written

as

{a [I-W (m) ] +m]B 0'0 (m) = a[l-we(m-I)]B (m-1)
0 '0

+ (m+1) B (m) (3.2.21
0r0

Equation (3.2.2) is similar to that obtained by Wallstrom

t45l for the single stream case and yields the simple

recursion

(m+1) B
0 ro

(m+1¡ = all-wg(m)lB (m) (3.2.3)
0r0

which has the solution

"o,o{*}
m n-I

= ! (0)g: II-oro'-'m! i=o

uo,o{*) 0 '0

ma
m=it

with c

o,lo"o , s 
(m) =t

Using theorem 3.1 the results follow.

Corollary 3.1 Theorem 3.2 gives the expected result

(see Pearce and Potter t29l) that
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[r= Irl z

ar â.2

Corollary 3.2 Alternate expressions for the overflow

means are

IfI ¡ âr ar
MB (m)

a 0'0

and

m2 ã.2 MB (m)0r0

Proof Rewriting equation (3.2.3) as

Wg (m) e (m)
0

and hence

I wr (m)B (m)

e

I
m=0

c

I
m=0

* "o,s(m+1)"o,o{t)

- c-1
* I (m+r)"0-o(m+1)

m=U

c

,lo"o , e 
(m)

1S
)a

m=0

?z
a

(3 .2 .6)
0

(3.2.7)
m=0

0'0

I mB (m) (3.2.8)
0r0

The results then follow.

The means of the overflow traffic can then be calculatecl

using either theorem 3.2 or corollary 3.2. Corollary 3.2

is of interest as the mean overflows are written in terms

of the mean or expected number of
c

the primary group M, I *Bo,o(m).
n=0

occupied circuits in

Now for the calculation of the variances of the

overflow streams and the covariance between them. Setti.ng

9.t = 1 and 9"2 = 0 in equatíon (3.2.1) gives
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{ (rn+l) +a [I-We (m) ] ]B

where

(m) = a[1-Wg(rn-l)]B (m-I)f'01'0

* â ¡lÍr (m) BO 
, O 

(m) + (m+I) B f'0

m=0

f^ Yr*r f 9, \m+2

(3.2.e)
(m+r¡

(3.2.1r)

Therefore

!.t = 0t

Again this is similar to that obtained by Wallstrom

t45l and has the following recursive solution:

B (n) +ô (3.2.10)1'0 m

c

YrBt 
, o 

(c)

B1r,o)- I m
ô

"4, o {")

Yr=

e

*lot*

fô

f,

cf=um

h
m

ôn+l- * 9r ôm+2 + h
mm m

m

m*2
a [l-W: (m) ]

ârVfs (m+1)
a [I-wg (m) ]

with c+1 =0

c+1 =0

=1

=0

A similar soluÈion exists for 9'7 = 0, I'z = 1

usir¡g equation (3.2.I0) and its equivalent f.or

"o , o 
(m+I)

c

Y

ô

Y

ô
c

9.2 = I and theorem (3.1) e(f ,o),8(o,t),8(t,t)'B(e,o)
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and B(o,e) can be evaluated. The variances and the

covariance of the overflow streams can then be calculated

with the use of lemma 2.I.

The solutions I have presented reduce to Ï{allstrom's

Í451 result by setting ã.2 = 0 (and obviously â1 = a).

However it is significant to note that my =ollrtior, t."

obtained wj-thout the use of generating functions.

3.2.3 Generalisation to l4ore than Two Streams

When more than two independent Poisson streams are

offered to a coîtmon link (see figure 3.2) the overflow

statistics can be obtained by straightforward generalisations

of the results obtained for two streams. Each stream has

an independent Poisson arrival rate, with mean âi,

i=Ir2r...rr.

The streams may be partitioned into two parts' one

containing a single stream and the second containing the

others. If the single stream is the ith stream, then

the other streams may be combined into a single stream

which will have a Poisson arrival rate, independent of

stream i, with mean

J

The total arrival raLe a will be

a. = a. +
J1

at
f

af
a

a
î
I

j=1
J ra

d.-

T

I
j =l-

The link is therefore offered two .independent Poisson
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(b)

2 3 r+l

M L1

oo

oo

L2

a

o1

a2

O¡ oo

Lr

Figure 3.22 IIo clirect links, r input streams
(a) \Tetwork representation
(b) Server systeln representation.

c,W3(m)
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streams and the results of Section 3.2.2 can be used with

a- = a. and a = a. + af to calculate m, and v- the--r -i 1 :- 1 I

mean and variance of the overflow of the ith stream.

The covariance between individual overflow streams

can be calculated by partitioning the offered Poisson

streams into three sLreams air-j and a* where

ar( = a - (ai+aj ) i I i. Denote the overflow streams as

X, rX, anc1. X* respectivelY then
r_J

Cov (x +x* ) Cov (X X ) +cov (x , x* ) (3 .2 .L2)i' j i' j 1

and var (X +x* ) var (X ) +var 1¡* ) +2cov (x x*) (3.2.13)
1 il1

Combining equations (3.2.L2) and (3.2.13) yields

cov (x
I , X .)

J
cov (Xi,xj+x*) -%{var (x. +x*) -Var (xr) -var (x*) }.

The terms on

are calculated by

streams.

the right hand side of equation

appropriate partitioning of the

(3 .2.l-4)

(3.2.L4)

offered

3.3 State Dependent CaII Intensity

The assumption of Poisson arrivals in Section 3 "2

can be relaxed to some extent" I shall consider two models

having glgle. QSgu!g-"!.! call- intensities - The f irst is

simílar to that studied in section 3.2 differing in that

the call intensities are assumed to be a function of the

number of occupied circuits in the primary group. The

second is a ful1 availability model with the call intensi.ties
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being a function of the total number of circuits in use

in the system.

Similar systems with only a single arrival stream

have been studied by Wallstrom t45l and Harris and Rubas

t151. Wallstrom presents results for a single stream of

traffic with intensity depending on the number of occupied

circuits in the primary group for both limited and full

availabilit,y. He also studies, for ful1 availability' a

single stream of offered traffic with intensity depending

on the number of occupied circuits in the system. The

tínear call intensity functíon a(x) = c.(b+x) is one

special case studied by Wallstrom whereas Harris and

Rubas t15l consider binomial-distributed offered traffic

to both limited and fuII availability groups.

3. 3.1 CaI1 Intensities Depend.ing on the Primary Group

For this model,

of moment equations,

deduced.

(a(m) + m + [)B

3.3, the following system

equation (3.2.1) can be

see figure

similar to

LtrLz
(m)

a (m-I) t1-wg (m-I) I B (m-I)Lt, Lz

+ a (m) Wg (m)e (m)+ar (m)Wg (m)e (m)
LtrLz l,y-I¡9"2

* az (m)Ws (m) B (m+1).
9. 1¡ 9,2-I

and analogous to theorem 3.1

(m) + (m+1) B Lt, Lz

(3.3.1)
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M

o1 (m)

o2(m)

Figure 3.3: CaIl Intensities Depending on

The Primary Group.

L1

L2

æ

oO

M

o1 (m+lr*lz )

o2(m+lt+lr)

Fisure 3'4: 
ï:":iï:":;::l*l"n""uing 

on

oO

L1

oo

L2

c,W3(m)
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(9't+r"2)B[0 y¡f"z)= *lo 

ar (m)we (m)"or-rru, (*)
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(m). (3.3.2)+ az (m)vtg (m) B LttLz-I

Setting !.t = 9"2 = 0 in equation (3.3.1) yields

c

I
m=0

B o 
(o) m- l-

r a (i) [I-ws (i) ]
i=0

(m) I

0
B (m)0'0

(3.3.3)

with

m

c

I Boro
m=1

Hence the overflow means are

ITI 1 ar (m)Ws (m)s (m) (3.3.4)0'o

III z az (m)Wg (m) B (m) . (3.3. s)0'0

Setting 9. t 1 and 9.2 = 0 in equation (3.3.1)

gr_ves

{ (m+1) +a (m) [l-Ws (m) I ]nr, o 
(m)

= a (m-l) [I-ws (m-1) ] B (m-1) (3 . 3. 6 )1'o

* ar (m)ws (m)g (m) + (m+1) B (m+1)0'0 lr0

0

c

I
l[=

c

I
m=0

and analogous to section ß.2.2) has the recursive solution
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B l'0

B (c)1'0

(m) =y B (c) +ô
m 1'0

e
B(r,o)- T ô

m=0

m

m

c

I Ym

where

m.=0

Yr=frYr+l*g^I^*2

9môn+2

f
m

+ + h
m

m+2+a (m+1) tI-wa (m+t¡ 1

$ =f ô -m m m+l_

(t=tm
m+2

a (m) [I-ws (m) ]

h, = - allTl+)]13 fry+) 
"o,o(m+1)

Ye+1=ôc+I=6"=o

^( t (3.3.7)
e

A similar solutíon exists for 9.¡ = 0, 9-z = I and

the overflow moments can then be calculated.

3.3. 2 Ca1l Intensities Dependins on the System

The model under consideration is shown in figure 3.4

and has state equations

Iar (m+,c t*Lz) *a2 (m*.Q, t+Lz) *m*,0] f (m , Lt,9-z)



36.

Iar (m-1+f,r+f,ù +42 (m-1+.C¡*.(, z)]f (m-1' Lt,Lz)

+ (m+I) f (m+1 ,Lt,Lz) +(0r+1) f (m,9.r+L,9'2')

+ (9,2+L) f (m ¡ 9,y ¡ 9.2*L)

0 ( m I cr .cr=OrLr...

Lz=O,L12r...

and

Iar (c+1, t+Lz)+a2(c+9,'t+Lz) fc*.0) f (c,Lt,Lz)

Iar (c-1+ 9,¡*l"z) +az (c-I+.Q, t+9.2) ] f (c-1 , Lt, Lz)

(3.3.8)

* ar (c+1,r-I+.02)f (c,Lt-L,Lz)

I dz (c+9, t+'Lz-I) f (c, Lt, Lz-L)

+ (f,r+1)f (c¡.C1*1 ,Lz)*(9,2+I) f (c ¡Ly 19,2tI) (3.3.9)

m = cl Ir=0rLt...

Lz=OtJ. ,...

wíth c

T
m=0

i i r(m,Lt,Lz)
lr=0 Lz=O

1

I shall now confine my attention to linear call

intensity functions, that is of the form
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ar(x) = cr.(brtx) (3.3.10)

and az (x) = s2.(þ2*x) (3.3.11)

where ctrcztbt and bz are constants.

When the offered traffic is binomially distributed

the call intensity is a special case of the linear call

intensity and has the form

a (x) = a.( s-x) (3.3.12)

where s is the number of traffic sources. rn this case

equations (3.3.8) and (3..3.9) are finite and could be

solved numerically.

Again r shall define

B

and

Lemma 3.1

(m) i
k1=tr

i
kz=LzLt r 9.z (il)(t;)'(m,kr,kz)

"(ur,Lz) LT,Lz (m)

f (mrkr rkz)

B
c

i
m=0

ii
kr=tt kz=Lz &r 2

kr kl(
\

2 \
)

\/t
/\¿

(.q, i +1) B (m) +0 rB (m)Lt, LzLt+l-tLz

/t\
\¿/'. (i)

k
.q,+I ).

(
\Proof As ( 1,+I ) L
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then iI
kl=[ t kz=Lz

o'(llXi;)'r*,kr,kz)

r ( r r+r) (fÐ(t :).u' (il Xi; )r' r*,k,,kz
co æ

Ii
kt=0t kz=Lz

(.Q, r +1) B Lt+l-rLz (m) +.0 r s (m) .LtrLz

As in section 2.4 the following steps can be applied

to equation (3.3.9)

(1) change the dummy variables Ly and. 9.2 to

kr and kz

(2) nultiply by

and (3) sum over the ranges of kr and kz.

This yields (where II i i)
kt=!t kz=Lz

/r, \/r,\
1r 1 /\&, /

k
LII t" rbr*czbz*m(c r+cz ) + (c r*cz ) (kr+k2 ) +m+ (kr+k2) l

(m+1) Il(ilxi;)r r*+r,kr ,kz )

)(t;)'t*,kr*1,k2)

)(t;)'t"'k"kz)

[[ tr<,.u (ll Xi')r ø,kr,kz*r) (3. 3-13)

2

\ /'.
/\¿LII f.rbrrc zbz*(m-l) (cr*cz) *(cr+cz) (kr+kz) l

(
\ I

k(
\

\
)

I
I

2 f (m-lrkr rkz)

+

+ IIrr,*u(l

+



j
tr

I

t

I

{
'i

i,

I
I

I

I
I

r,1

'u
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II r r"r*cz) (kr+kz) I (il)(t:)rr*,rcr,kz)

II rr,,+kz ) (ilxi;)t *,kr , kz )

I

Xi;)tt*-t,k,,kz)

+ II c:.'.t, (fiXt;)rr*,k1*r¡k2)

)(t;)' t*'k'kz )

)(t; )' t*-' , k r , kz )

Ic rb ¡ *c2bz+m (c 1 fcz ) +m] B (m)LtrLz

+

+

Icrb 1*c2b2+ (m-1) (cr+cz ) J B (m-r )Lt, Lz

kr
9.t

kr
.cr

(
\

+ (cr+czl II frr*kz)

+ (m+1) B (m+1)Lt t Lz

f, (m,kr rkz*I) (3. 3.14)[[ tt<r+rl )
2

2

\ /'.
/\r.+

kr
Lt

(
\

Icrbr +c2b2+m (cr +cz ) +m] B (m)Lt rLz

+ II t t"r*cz) (kr+kz) l

+ (1, r+!.2) B Lt rLz
(m)

Icrb 1*c2b2+ (m-1) (c1-t-cz ) ] B (m-I)LtrLz

+ (c1+cr) iI (kr+k2) kr
!-t

(m+1) (using lemma 2.L) ( 3. 3.15)LtrLz+ (m+1) B



'l

..l

Þ-

Icrb ¡*c2b2+m (c r*cz ) +ml Bu r, &, 
(.)

+ (cr+cz) [(.Q,r+1)B Lt+l-tLz (m) + (,e,2+1) B
9. 1 ¡ 9,2+L

(m

+ (l,r+.02)B Lt r 9.z
(m) l

+ (1,r+gz)B LttLz (m)

lcrb ¡tc2b2+ (m-1) (cr*cz ) I e (m-1)LtrLz

(c1+c2) t (¿r+r) BIr+r, r,, 
(*-l) + (.q,2+r) B[ | ¡Lz+r(m-r)

40.

+

+ (1,r+ß2)B (m-1) ILtrLz

+ (m+1) s (m+1) (using lemma 3.1) (3.3.16)
Lt tLz

(m) l

)

(cr+cz) [ ([r+1) B Lt+L t Lz
(m) + (1,2+1) B

9. 1¡ 9.'2+!

(cr+cz) t(1.r+I)B Lt+l-t9'z (m-I) + (Lz+1) B 9"y¡9"2+l
(m-1) l

(m+1) Ic rb 1*c2bz*m (c 1rc2 ) +m+ ( c r +cz ) ( l, t +L z)

+1" L+9,2lB (m)Lt, Lz

+ [crb ¡*c2bz- (m-l) (c r +c2) + (cr +c2) (9.t*9,2 ) ] B LT,Lz

(m+I) B Lt , Lz

i4

m=0 r... rc-l Lt r9-z=0r1r... ( 3.3. 17)

(m-I)
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,t

Þ-

(3.3.18)

I

,t

t

t
i

!

I

I
LLr,ø, (s)

rrt=0r... rc-I
g-trL2=0,1¡...

The set of equations (3.3.18) is of the form obtained

by l{allstrom t45l for the single stream case, but as

there are c equations'and 2c unknowns (tfre binomial

rnornents) a unique analytj-c solution cannot be found for

this case.

3.4 Holdinq Times in Different Groups Ilavinq Different

d

Þi

n
lr

41.

handI{ow def ining L n, ,1, (m)

side of (3.3.17) and summing

(cr+cz) [ (.Q,r+1)B Lt+ItLz (m) + ( 1,2 +1) B

to be

for m

the right

gives

(m) l!, 1r9"2+l

0

m

I

l'leans

The restriction of Chapter 2 that all holding times

through the system described in Sectj-on 2.2 have independent

negative exponential d.ist.ribution with unit mean can be

removed. I^Ihile this assumption is quite common (and

fairly realistic) trValIstrom f47l describes situations

where overflow groups are recorded messages and hence

have different holding times. It could also be argued

that "set-up" times in overffo\¡/ groups are longer and

thus add to the holding l-imes.

The holding times in this section are assumed to

be indepenrlent negative exponential with means Ìll rU2 ¡... ¡þ'5
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N1

N2

Fígure 3.5: Service Group Representation'

M L1

@,trL!

co,lLS

L2

o1

o2

d1 ,Wl (n1 ),¡.r1

c,W3(m)

Irg
dz,Wz(n) , p2

I

t

I
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not necessarily the same. The arrival rates are À1 and

À,2 and other assumptions are the same as in section 2.2.

The service group representation is shown in figure 3.5.

3.4.1 The State Equations for the Model

Analogous to equation (2.3.1) the transition

equation is

Pr{S¡;t+At}

= Pr{s_r it}Àr [1-I4I1 (nr-t) ] At

+ pr{s ;t]Àrwr (nr) [1-rrlg (m-1) ]^t-3

+ o (At)

+ Pr{ S_,, i t} À rVür (nz ) Wg (m) Àt

+ pr{s_rìt}Àz [I-rvz (nz-1) ]at

+ pr{s_, it}Àzwz (nz) [r-l{a (m-1) ] ^t
+ Pr{S_u it}Àzl{z (nz)Íf s (m) Ât

+ Pr{sr;t} (nr+1) urAt

+ Pr{Sz;t} (nz+1) uzÂt

+ pr{s g ; t} (m+I) }r a At

+ Pr{S,+ ;t} (l,t+I) U,,At

+ pr{Ss;t} (Í,2+I) usAt

+ Pr{so ;t} t1- (À1*À2*ntp14rrzìtz*mUs*[rU,+*l,zils) At]

Hence the state equations are

(3.4.r)
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(Àr+Àz*nr U r*nzUz*mU a*[ I 1-t qiLzUs ) f (nr ,ne ,il, I t t Lz)

Lr [l-hlr (nr-1) ] f (nr-1,n2,ltr, I t,Lz)

+ ÀrWr (nr) I l-I¡Ig (m-1) I f (n1¡rI2 ¡Ir-1 ,1"y,9,2)

lrWr (nr ) IrIs (m) f (.nr ,nz ,fr, Ly-L r 9.z)

trz Il-V{z (nz-1) ] f (nl rû2-lrm,Lt,Lz)

Àzlrrz (nz) [1-I{s (m-1) ] f (nr rDz,rr-1 ,Lt rLz)

Àzwz (nz) ws (m) f (nr rnz,fr , Lt t Lz-L)

(nr+1) Ur f (n1*1 ¡n 2 tfr t L t, L z)

(nz+1) p2f (nr ¡nz*1 ,frrLt rLzl

(m+1) Usf (nr rnz rm*I ,Lt rLz)

(.&r+1) U+f (nr rrl2 rlll ¡9.yt]-¡9'2)

(!,2+1) Usf (n t tnrz rfrrLt tl,z*L) . (3.4.2)

3.4.2 The System of Moment Equations

With the

as defined by

Sect.ion (2.4)

fractioned binomial moments of Lr and Lz

definit,ion 2.L and using the procedures of

the system of moment equations is

+

+

+

+

+

+

+

+

+

(À r+À z.lnr U r tnz U2+mU a*[ i il +rLzlr s ) g (n r rnz ,m)LttLz

Àr [l-wr (nr-1) ]B (n r -1 , rrz ,In)Lt rLz

+ Àrhrr (nr) [l-w¡ (m-1) ]B (n r ,nz ,m-1)LI,Lz

+ Àrrvr(nr)ws (m) [B.q,r r¿, 
(rt rriz rrû) *"u, -r, L, (tt rnz rm) ]

+ Àz [I-vüz (nz-t) ]" u, , r,
+ Àrwz (nz) [I-vls (m-1) ]B

(nr ,nz-1rm)

LT,Lz
(n r ,nz rm-1)
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(n Lnz ,m) ]XzVl z (nz ) ws (m) [B (nrrnzrm)+B
Lt rLz

(nr+1) UrB (n r +1 , riz ,m)LtrLz

(nz+1) uzB (nr rnz+lrm)Lt , Lz

(m+I) u aB (nr ,nz rm*I)Lt, Lz

Also, analoqous to theorem 2.L

d

+

+

+

+

9"t t 9"2-I

I d-z c

(3.4.3)

9"y-L¡9,2(U+,Q,r*Usf,s)S (Lt,Lz\ I I I{r(nr)wg(m)BÀr I tl,

I
=m

¿t

T
=Qn

d

I
=Q

nl=0 ¡12=0 m=0

wz (nz ) wr (m) B (,,,). (¡.4.4)+ tr'z 9.7 ¡9"2-Ln 0

Lemma 2.L is of course, still valid for calculation of

the overflow statistics and equation (3.4.3) can be

formulated as a matrix equation as in sectíon 2.5.

3.4.3 Solution of the Special Network

The model of section 3

of different holding times

way.

Setting dr = dz = 0

.2 with the added assumption

can be solved in a similar

in (3.4. 3) and (3.4.4) yields

( À I +Àz*mU g *.0 r U +1L zU s ) B (m)LtrLz

(Àr+Àz) [I-wg (m-1) ]B (m-I)
1,t ¡9'z

+ (.0r+.Q,2)Ws (m)B Lt ¡9-z
(m) +l rwg (m) B 9.t-I ¡ Lz

(m)
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+ ÀzWs (m) B
9., 1 ¡ 9"2-1-

(m)

+ (m+1) UgB (m) (3.4.5)LT,Lz

and

(1,rU ++'LzUs) B (n 1,9.2) = l,r we (m) s 9.¡-:-.r9.2
(m)

+ )tz Wg (m) B
!" t t 9"2-I (m) . (3.4.6)

Setting 9-t = Lz = 0 in (3.4.51 yields

0 
'0

(m+r) (Àr+Àz) [I-ws (m) ]B (m) (3.4.7)
0 r0

and hence

( À r*Àz m

B (m)
m-l-rr [l-ws (i) ].
i=0

e

T
m=0

c

T
m=0

(m+1) usB

0 
'0 "o ,o {o)

Therefore using (3. 4. 6)

nr B (r,o)
lr

We (m) 
"o ,o {*)

m!
(3.4.8)

(3.4.e)
c

i
m=0Ut+

= À'.
þs

e
Itl 2 B (o,r) I ws (m)e (m) . (3.4.10)

m=0
0 '0

When Lt 1 9"2 = 0 equatíon (3.4.5) can be written asI

(Àr+Àz*mUsfU+) B (m)
1 0t

(¡.r+Àz) [l-ws (m-t) ]B 1'o (m-l)



+ (l,r+Àz)Ws (m)Br,g (m)+À1inlr (m)Bo,g(m)

+ (m+1)UrBr,g(m+1)

"tro =Y*81 ,0 
(c) *ô*

47.

( 3. 4. 1r)

This has the recursive solution

(m)

B (c)
0

m

B(r,o)-
e

Io
m=0

m

l_ c

where

ô f ô .-+cr ô .^+hm m+I -m n+¿ m

I Yn
n=0

Y +g Im+1 m m+2

1 +
1*

fYr=

m

m

+ tr 1+1. z II-t^13 (m+1
3 m2

f.

h

9r=

À rl,{g (m+1)-ffi uo 
, o 

(m+1)
m

Yc+1 = ôc+l

Y = 1.'c

A similar solution exists for .[r = 0, !.'z = I and

hence the higher moments of the overflow strearns can be

calculated.
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CHAPTER 4

THE APPLICATTON OF REVERSIBLE MARKOV POPULATION

PROCESSES TO TELETRAFFÏC

4.I Introduction

one of the main problems in teletraffic is the

finding of the moments of overflow traffic. The work

ín the precedi-ng two chapters provide examples of this.

This can be done by finding equations involving the

equilibrium distribution and then solving them analytically

or numerically orr âs in the preceding chapters, transforming

to a simpler set of equations involving binomial moments.

An analytic solution may -then be found or a numerical

method employed.

In this chapter I sha11 use the theory of Markgv

populatíon processes to derive a necessary and sufficient

condition on the transition rates between the states of

the system. When this condj-tion is satisfied an analytic

solution for the equilibrium dist-ribution can be found.

4.2 Reversible Markov Po lation Processes

In this section I shall review the relevant areas

the theory of Markov processes (c.f. Kingman l24l). I

shaIl be concerned with continuous time Markov chains

which the state space V is a subset of Nk the set

k-vectors I = (nrrnzr...rnk) whose components, Di,

non-negative integers.

of

for

of.

are



For such a

transition rate ntomand

q (n) q(n,m)

the total rate of transition out of n

50.

Nk, will denote the

(4.2.L)

V is a Markov lation

of T for which

chain

from

q(n¡m) r 3'T e

t
L

m*n

Definition 4.L A Markov

process if , for any rI r

can be non-zeroq(n'm)

chain on

the only

are those

values

with

mi = ri + l-, *o = ro (o{i),

mi:Di I, mo = no {o{i) ,

(arrival at i)

(departure from i)

m. = n.1f L m. = n. + L, m = nJ--j'crcr

Markov population processes have been used to represent

situations involving numbers of individuals in different

"colonies" where ti is the number of individuals in the

ith colony. The transitions are of three kinds

corresponding to Lhe arrival of a ne\^t individual, the

departure of an existing one or the transfer of an

individual from one colony to another. They have, fot

example, been applied to the evolution of populations and

network of queues (see for example Whittte [48] , t49l ) .

Let e. be the vector with aII components zeÍo
-a

except for l- in the ith place, the transitíon rates

(o*i, j ) ,
from i

( transfer

to j)



can be written
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(4.2.2)

q(n'l+gi) f . (n)
1-

g (n rn-e* )
-f

g
l-

n

r-J=Y (n) i+j.

if n 0Ì'trote that. q-. (n) = Y. , (n) = 0-L'- l.j ---

Definition 4.2 The process is simple if it. is possible

].

to write

) (4 .2.3)

that is, the arrival, cleparture and transfer rates depend

only on the number in the colonies affected by the

transition.

Definition 4.3 If. 0 is an irreducible class, the

equilibrium distribution on' 0 is a set of positive

numbers p(n) (n € 0) satisfying

q (m, n) p (m) (4.2.4)

f . (n)
a-

nq )) Ip I
mC

I
Be0

p (n) I

0

and

(4.2.5)

r,rlhen Õ is f inite equations (4.2.4) and (4.2.5)

have a unique solution. If '0 is infinite thelz have at

most one solution"



Definition 4.4 A Markov chain is reversible if

p (n) ø (l ,m) = p (rn) q (T,l) .

ÀJP(j) - il¡+rPç¡+1) = 
^J_rn(j-1) j

Example In the case of the one-dimensional birth and

death process equat,ion (4.2.4) can be written

52.

(4 .2 .6)

P(j) (4.2.7')

where

q( j, j+1) 
=

I.
J

u

(À-, = Uo = 0; j=0r1r...)

j

k+j or j-1

q(j,j-I) = u

q(j,k) 0

Equation (4.2.7) is equivalent to

Proof. Substitute (4.2.6) in

Substituting equations

yields

:u p(j+1)r j=0,1,... (4.2.8)

(4.2.4).

(4.2.2) into equation (4.2.6)

À.P(i)
J- j+f

so the process is reversible.

Note that unless ø(l,m) >

cannot be reversible.

0oq(mrn) >0 thechain

Lemma 4.L If p (n) satisf ies (4.2.6) then p (n) satisfies
(4.2.4).



9i (l*gi) n (n+er)
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(4.2.e)

and

ji j j I (4.2.L0)Y (n*e ) p (n+e

h.ence the n(1) are easily determined.

A necessary and sufficient condition

is the Kolmogorov cycle condition (Kendall

for reversibility

5.L2) tnat for any distinct states n I ¡Tl2 t. . . ,n..
ry 

-l

equation

€0

q(nr ,nz) 9¡nz'le) . . .q(lrrnr) =9(n1,n") q(lr,l"_r) ...q(lz,nr) .

(4.2.11)

When equation (4.2.II) is satisfied for all closed oaths

(nrrnzt...r!1 nr

p (n) p(no)
g(no,nl) e(nr rnz) ...q( ,n)

(4.2.J.2)
n
-!'

q n t rflo q fl2 rflt ...q fIrfI r

ft is not usually necessary to verify (4.2.11) for

al1 closed paths if these closed paths can be made up of

certain simple paths. If (4.2.11) holds for these simple

paths it holds for the general path. The form and number

of these simple paths will depend on the particular situation.

For example all closed. paths in the one-dimensional

birth and death process are made up of closed paths of

Iength two. Hence it is not necessary to verify (4.2.LI)

for closed paths of lengLh greater than two.

Í231

, I
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4.3 Application to Teletraffic

Many situations arising in teletraffic can be

modelled as Markov population processes, and simple Irlarkov

population processes, consisting of a single irreducible

class. In most applications the transit.ion rates Vr, (n)

are zero with f, (n) and g, (n) non-zero. A state

diagram for such a situation, in two dimensions, is shown

in figure 4.1. Note that with the transition rates

y., (n) zero the process is a (multi-dimensional) birth'1J

and death process.

The state space for such a process is given by

v {¡ e Nk: nr ( }trr t rr2 ( Nz t... ,tk ( N.]
K

wtrere some or all of the ui may be infinite.

Now to investigate the reversibility of such processes.

For paths with r = 2 (4.2.J-L') is trivially satisfied.

There are no paths with r : 3 and the paths with r = 4

are given by lt,l2=lr-9i, l,=lr-9i-9j, l4=lt-9j, Vi + j.

For these paths (4.3.11) becomes

g-. (nt) g. (rIl-e* ) f. (nr-e. -ê.) f . (nr-er)
I ry ryf r - -L -J

(4.3.1)

9, (lr) 9, (lr-g,) f , (nr-9i-gr) fi (lt-9i)
J - _L ry -J ryr -.J

Equation (4.3.1) is therefore a necessary

for reversibility, íL is also sufficient. To

condition

prove this
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I shall need two results.
f (n)

l-
Lemma 4.2

holds tlren

Proof

G

rf i + j, and c
I and (4. 3. t )

G. (m+se. )I - -a
G . (m+se. )

J - -1
G. (m* ( s+I) e. )

J - -r

f , (g+sgr) g, (T+g¡+ (s+1) gi)

(using ( 4. 3.1) )

(n)

1
e(g+s )

G. (m+e . +se - ):. - *J -1
q. (m+ (s+I) e. )-L - -l-

f - (m+e . +se. )r - -J -r

f (T+=gt ) g (m+e +(s+1)e )j 1

J

G (m+se
l-

m+ S+

t

ô
-1

G. (m+se. )J - -1
G, (m+ (.s+1) e-. )

J - ryr

r-1
nG

s=0
Lemma 4.3 rf i + j, H. (r,m) i(T+sgi) and (4.3.1)

holds then

H (r rm)
t_

G, (m)

G. (m+re. )
J - -1

?roof

H. (r,m*e . )'t '- 
-'l

G. (m+e .+se. )r - -J -1

"Io 
G, (T+(s+1) er)

r-1
T

s=0

r-t cj (T+s:i)
(Lemma 4.2)

c, (m)

G, (m+re_. )
J - -'!
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Theorem 4.I An irreducible MarJcov popufation process

with Y-. . (n) = 0 vi, j rn, f-- (n) and g* (n) non-zero'1J'- a'-' -1

on the state space V and satisfying condition (4.3.1)

is reversible and. the steady stat,e distribution is given

by

k
p (n) = po 'rT H. (n. ,n

l_ l-'-i=1

where po is a constant and

n (nr rnz r... rni r0r... r0)

Proof

i-1

l_

p (n)

þ (n+e. )
- -.J

i-1
G (n )j

-

G. (n¡ )J-
G. (ni-l+n. e

J - r-

G (n i-1
J

j

I

". 
(ni ,ri-1)

+1 I{; (nr,11-l+eJ)

(Lemma 4.3)
I

I k
TT

i=¡ +1 )

G

k
TT

i= j +1

)

)( rÈ

c. (nk)
J-

g (n+ej )j
n(f )j

Therefore as equation (4.2.9) holds the process is

reversible and from Lemma 4.L p(n) is the steady state



distribution.

For example applying (4.3. I)

necessary and sufficient

58.

dimensional

for reversibility

to the two

conditioncase the

is

gr (nrm) gz (n-1,m) f r (n-1,m-1) f z (nrm-1)

= ,92 (n,m) 9r (nrm-l) f z (n-1rm-1) f r (n-Irm) . (4.3.2)

4.3.1 Examples

Rubas [36] , [37] analyses congestion in small P.A.B.X. rs

and small rural "*"h..rgàs using a "shortcut analytical

technigue" to obtain the equilibrium distributions. He

remarks that this method'"gives surprisingly accurate

results in practical cases". What Rubas does is to assume

"the number of transitions from any one state to its

neighbouring state equals the number of transitions

occurring in the opposite direction". He has in fact

assumed the process is reversible and uses (4.2.I21 to

obtain the equilibrium distribution. IIe justifies this

approach by favourably comparing the results obtained

with simulation results.

Tt is interesting to note that this problem was

also studied by Herzog tlBl who obtains approximate

solutions by expressing joint probability distributions

in terms of conditional probability and one dimensional
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probability distributions. He then approximates the

conditional probability distribution.

Equation (4.3.1) can be used to determine if the

process is reversible and hence the validity of Rubas'

assumption can be checked. This I will now d.o.

Firstly I shall briefly summarize the models and

notation used. Read.ers should refer to Rubas t36l for

more details. Diagrams of the P.A.B.X.'s are shown in

figures 4.2 and 4.3.

Notation

A = mean traffic offered to internal circuíts.
I

A mean traffic offered to external circuits.

incoming traffic offered to external circuits.

outgoing traffic offered to external circuits.

e

elA

Aeo

b probability

an internal

probability

an external

probability

will end.

probability

wilt end.

that a free sou.rce will originate

call.

that a free source will originate

caI1.

that an internal call in progress

1

b
e

d

d

I

e
that. an external call in progress

t

t

)

I

T
t
i

!

I

I

0
].

internal traffic offered per free source.
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cl external traffic offered per

probability of blocking for

wTren the system is in state

probability of blocking for

when the system is in state

6l-.

free source.

an internal call
(n,m) .

an external call

internal, and m

(state (n,m) ) .

trunks.

l

i
iÞ-.

,l
¡

,t

{

e

ß, (n rm)

ß. (n rm)

uu (n rm)

calI.

1-3u (n rm)

cal1.

t

(n'm).

u, (n,m) t-ßi (n rm) passage probability for an internal

passage probabitity for an external

P (n rm)

N

M

s

K

I.o (t rmrk)

u"i. (t'm'k)

The

aII

probability of finding n

external circuits occupied

number of internal trunks.

number of external trunks.

number of traffic sources.

number of incoming exterjal

I

I
u
r

P (n rmrk) probability of finding n

and k incoming circuits
(nrmrk) ) .

passage probability for an

passage probability for an

internal, m outgoing

occupied (state

outgoing call-.

incoming caII.

reader should consult Rubas t36l for derivations of

results quoted.
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Example 1 Rubas I s first model assumes that there are

external outgoing calls but no incoming calls. The

transition rates are

f l (nrm) ( s-2n-m) b ( s-2n-1-m)
s-1 Ur(n,m) (4.3.3)

I

fz (nrm) (s-2n-m) b (n rm) (4.3.4)
e

9r (nrm) = nd
l-

(4.3.s)

gz (nrm) = md
e

(4.3.6)

As gr (n ,m) gz (n-I,m) = gz (n,m) gr (n rm-I)

then if reversibility is to hold f 1(nrm) and f z (nrm)

must satisfy

f r (n-1,m-1) f z (n,m-I) = f z (n-lrm-1) f r (n-I,m) . (4.3.7)

Substituting (4.3.3) and (4.3.4) into equation (4.3.7)

and simplifying gives

u (n-1rm-I) u (n rm-1) u (n-1,m-1) u (n-I,m) . ( 4. 3. 8)
I e e

u

l_

Therefore íf (4.3.8) is satisfied the process is

reversible. P(nrm) can be expressed in terms of P(0r0)

using (4.2.I2) by choosing the path (n,m) , (n,m-1) ,...,
(n,0) , (n-1r0) ,..., (0'0¡ or alternatively
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(nrml (n-1rß),...r(0,m),(0,m-1) ,...t (0,0) or any other

path that is convenient. If h-owever (4.3.8) is not

satisfied then this method will give a different value

for P(nrm) depending on the path chosen and hence is

not vaIid.

Example 2 The second model is an extension of the first

to bothway external calls. The only change is to fz (nrm)

which becomes

fz (nrm) (s-2n-m) (buo*buí,/s) u" (n,m) . ( 4.3.9)

Substituting (4.3.9) into (4.3.7) again gives equation

(4.3.8).

Example 3 The third model h-as outgoing and incoming

calls using separate circuits. The model is a three

dìmensional one and the transition rates are

fr (nrmrk) b (s-2n-m-k) (s-2n-m--k-1)

-ls:Ð-
Ur(n,m,k) (4.3.10)

l_

fz (nrmrk) = b. (s-2n-m-k) Ieo (nrmrk)

f a (n rmrk) = bui ( s-2n-m-k

(4.3.1r)

ui (n'm'k) (4.3.l-2)
s

9r (n rm, k) nd.t ( 4. 3. 13)

e9z (n rm rk) md (4.3.14)
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( 4. 3. rs)
e

As s, (n) s, (g* (n) g. (n-e, )
f d J - Èr

f.(n-e.-e.)f.(n-e.)1 - -a -J J - -J

n-e )j

then if reversibility is to hold

t¡ (t-gr-g¡ ) t. (l-gi) vifi ( 4 . 3. 16)

must be satisfied., that is

Substituting and simplifying gives

U, (n-1rm-1, k) Ìreo (n rm-l, k)

f I (n-l,m-1rk) f z (n,m-1,k) = f z (n-l,In-lrk) f r (n-lrmrk) (4.3.L7)

f ¡ (n-lrmrk-l)f r (nrm,k-l) = f g (n-I,mrk-1)f r (n-1rßrk) (4.3.18)

f z (nrm-I,k-f ) f e (n¡m, k-I) = f s (n,il-I'k-l) f z (n,m-I rk) (4.3.19)

il"o (n-1rr-1, k) u, (n-1,m, k)

il, (n-1,mrk-I) u", (n,mrk-I)

(4.3.20)

(4.3.2L)U., (n-1,m, k-l) U, (n-t,m, k)

u"o (tril-1rk-r) u", (nrmrk-1) = uui (nrffi-1rk-1) u"o (nrm-1rk) (4.3 -22)

ff. equations (4 .3.20) , (4.3.2L) and (4.3.22) are

satÍsfied the process is reversible.
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Notice that the three examples are all reversible
j-f. the passage probabiLities satisfy conditions which

have an equivalent functional form to (4.3.16). If this
is the case then the results obtained by Rubas are exact.

Systems that have no blocking therefore would be reversible.

Rubas t371 specifies the two dimensional probabilities

of blocking as

ßu (n,m) M-np

and

N-n
ß (n,m) p r p constant.

l_

The corresponding passage probabilities satisfy (4.3.8)

hence the reversibility conditíon hoIds.

For the three dímensional case Rubas uses

N-n-l-

or

ß, (n,m,k) = 2p{0.5 (1-2p) }

ß, (n rm, k) (2p) N-n

ßf (N,$, k) t

M-mpßuo (t rß, k)

ß., (n rñ, k) =p

ßu, (n rmr K) Lt p constant,
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and the corresponding passage probabilíties satisfy
(4.3.20), (4.3.2I) and (4.3.22).

Therefore the solutions obtained by Rubas for the

equil-ibrium distributions are exact and not approximations.

Forms for the passage probabilities other than those

specified by Rubas could be used and the process would

still be reversible, They would. of course have to model

the situation under examination. Some possible forms

could be

l_ u, (n 
'm)

u. (n),a

m

u e

u (n rm) (xp

(n,m) P^ (m)
c

2. u, (n rm) Þ, (n+m¡

Iu (n rm) cUi (n+m)

3
f

u (nrm) ßp
n

e

where 0, ß and p are constants.

Note that Rubasfs passage probabilities are an

example of case 1 above.

However if other passage probabilities are used that

do not satisfy the conditj-ons found from (4.3.16) then
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they may "almost" satisfy them. In this situation

assuming reversibility, i.e. that P(n)q(n,m) = p(T)q(m,n)

would be equivalent to a small change in the coefficients

of the system of linear equations (4.2.4). Therefore an

approximation to the equil-ibríum distribution is obtained,

and the closer the passage probabilities satisfy the

required conditions the better the approximation obtained

wíll be. Therefore (4.3.1) determines if exact analytj-c

solutions can be found or if it is feasible to use an

approximation.

4.4 Discussion

Reversible Markov population processes may of course

have wider application in teletraffíc than the examples

I'have presented. Other systems could be easily solved

if th.ere transition rates satisfy (4.3.1).

Reversibility is only one concept from the theory

of Stochastic Processes that can be used to obtain

equilibrium distributions. It is quite Iikely that

related concepts suclr as quasi-reversibility (Ke11y,

l.2ll ,1.221) definition 4.6 , and d.ynamic reversibility
(Whittle I50l), definition 4.5, could be applied to

teletraffic situations. This could be an interesting

area for further ínvestigation.

DefîniLion 4.5

if for

A Markov chain is dynamically reversible
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and

p(n)qQ,T) = p(T')q(m',î') .

Def,ínition 4.6 If arrivals of customers at a queue

form a Poisson process and on leaving the queue a customer

ls classified into one of I groups depending upon the

customer's experience while in the queue, then the queue

Ìs quasi-reversible if in equilibrium
(a) departure of group i customers, for

i = Lr2 r...,r, form independent Poisson processes and

(b) the state of the queue at time t is

índependent of departures from the queue up until time t.

0€I'Trl' ,T'

n(n') '
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CHAPTER 5

ATTEMPTS TO FIND AN EXPLICTT FORITULA FOR TIIE

ItrUl,lBER OF CIRCUITS REOUIRED IN LII.{ITED

AVAT LABILITY }trETT^7ORKS

5.1 Introduction

The determination of tTre number of circuits required

in telephone networks to carry traffic at specified grade

of service requirements is one of the fundamental

problems in teletraffic. Berry [1] , [2] presented an

innovative model for the economic optimisation of ful1

avaÌlability telephone networks that differed from other

models such as Rapp [31] , Í.321 , 'vüallstrom t46l and Pratt

l30l in that the netlork as a whole was optimised .

Although some networks such as long distance trunk

networks and telex networks may operate wjrth full

avaÍ1abi1ity, metropolitan networks do not. An extension

of Berry"s model to networks operating with limited

availability would. be of great practical importance.

To develop his model Berry obtained an approximate

formula for the number of circuits required to provide

a specified grade of service. Before a comparable model

for limited availability can be developed a similar

formula must be found.

I shall present two attempts at finding explicit

formula for the limited availability case. The first,
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is based on Lötze's R.D.A. method Í251 and the second

uses a least squares approximation. Before doing so

however I shall briefly outline Berry's model and the

R.D.A. method.

5.2 Berryrs Optimisation Model

Berry uses the concept of chains and. chain flows

in his model. A chain is defined to be a series of links

forming a route betiveen an origin and a destination
(O-o pair) in the network and the chain flow is the

traffic carried on a chain. He then minimises the

cost of the network while allowing a specified amount

of traffic to be lost from each O-D paír.

Berry's model is formulated as

m].nl_ml_ze (s.2.1)

subject to the constraint,s

I
j

rk(I-Bk) V k (5.2.2)

h >¿? 0 Vj and Vk (s.2.3)

where c = cost per trunk on link l_
I

n. = the number of trunks on link i
l-

.n.1l_
c-[c

i

hk
j

k
j

t,_ = traffic offered on the kth O-D pair
k



hT = traffic carried on the
J

between O-D pair k

72.

jth chain

Bk = the traffic congestion for the krh

O-D pair.

The problem as formulated is a nonlinear mathematical

programming problem. The cost function (5.2.1) is a

nonlinear function of the chain flows and the constraints
(5.2.2) and (5.2.3) are linear functions of the chain

flows. Berry employed a gradient projection method to

solve the nonlinear program.

Berry was able to find an explicit formula for the

number of trunks required on each link. His formula is

(Mi-fi)
(¡f .-f .) z- (¡[.-f . )+v - Ml-M.+v.t-l_rl_r1Il

I
J

f .+A. Ia ILn.
1

Mi (s.2.4)

where M = mean traffic offered to link iI

V = variance of the traffic offered to link i

A. = the equivalent random traffic producing

M and V
1

I

].

].

v_. = variance of the traffic overflowing from
]-

link i

= mean traffíc carried. on link i (- sum of

the chaj-n flows using link i) .

f
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A- is determined from Rapp's formula t31l1

A=v*r$c$-rr (5.2.s)

and the overflow variance is given by

I t3-(ur-r. ¡ +,/(ur-fi-3) 2+r2 Ail (5.2.6)

Berry later t3l suggested a modification to

equation (5.2.6) , to improve accuracy, namely

v. = ]roo.-r.l_o1l_

ti = åttr-fil ts-(Mi-ri ) +/(ur-fi-3) 2+r2Ai (1 (5.2.7)

where p is some sma1l positive number.

Harris tfa¡ has suggested a reformulation of Berryrs

model i-n terms of the flows on the links of the network.

This formulation gives a more accurate dimensioning of

the third (or final) choice routes as well as producing

an optimal link flow pattern. The advantage of the

optimal link flow pattern is that it is unique v¡hereas

several different chain flow patterns can produce the

same link flow pattern; the link flow is also more

acceptable to the practising traffic engineer. Harris

also stud.ied three forms of network optimísation namely,

System, User and Game Theoretic Optimisation.
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The model developed by Berry (and ttre modification

by I{arris) differ from current dimensioning practice in

that it uses the concept of O-D congestion. The model

has the distinct advantage that the network as a whole

is optimised as compared, for example, with the constant

background models of Pratt t30l and l{allstrom t461.

Three main criticj-sms can be made of Berryrs

model: -

the mod.el is a nonlinear programming problem

and as such produces real (not integer) values

for the numbers of trunks required for the

network. Berry [4] has suggested an

"Exterior Periodic Penalty Function Technique"

to give optimal integer numbers of trunks.

(i)

(ii)

(iii)

the model considers fuIl availability networks

and as such is applicatrle to networks where

fu1l availability conditions exist, for example

long distance trunk networks. Hov/ever,

metropolitan networks operate with limited

availability conditions .

the model is a static mod.el which optimj-ses

a network for a particular time period and

does not take into account the dynamic nature

of the demand for telephone services. To

overcome this problem Bruyn 19l has developed
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from Berry's model one suitable for the

long term planning of a telephone network.

5.3 An Outline of the R.D.A. Itfethod

Lötze's R.D.A. method is a model for single stage

gradings, wÍth, modifications suggested by Herzog tf6l
to apply the mod.e1 to two stage link systems.

¡,öLze Í251 suggests a modification to the wel-I

known Jacobaeus formula (5.3.1) for the congestion

experienced with gradings.

E (A)
B

E (A) (s.3.1)
N-k

where EN(A) is Erlang loss formula

N = nurnber of junctions

k = availability

[ = random offered traffic

B = congestion.

Lötze suggests replacing A in the Jacobaeus formula

by Ao which is defíned as the random offered traffic

that when offered to a full availability group would

produce the same carried traffíc that would be carried

on the limited availability group. That is

N
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B=
E* (Ao )

( s. 3.2)
E (Ao )N-k

where

Ao (5. 3. 3)

\¡tith y the carried traffíc.

This is claimed to overcome the ínaccuracy of the

Jacobaeus formula in higtr, Ioss situations.

As the variables in equatÍons (5.3.2) and (5.3.3)

are Ìnter-related the use of this method must be confined

to producing tables and finding required results by

interpolatÍon.

In a later paper 126l lötze presents a methocl for

the calculation of the variance of the overflow traffic.

Rearrangement of Riordan's formula t35l for the overflow

varÍance from a fuIl availability group

V = M(I - M + (s.3.4)

yields

Do=R3 I
I

I (5.3.s)

V¡=Do+Rs (5.3.6)
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where

Ao = offered traffic

no = number of junctions

Bo = congestion = Erro (Ao)

Ro = mean overflow

Vo = variance of overflow

Do = variance coefficient (= Vo Ro ) .

Equation (5.3.5) can be written as

Do=RAp (5.3. 7)

where p is the so called peakedness coefficient.

To consider gradings, LöLze looks at the overflow

from one selector unit, that is from k junctions r^there

k is the availability. The same parameter p as for a

full availability group of k lines is used to calculate

the overflow variance, that ís

Dr = p.Ri (s.3.8)

For the t.otal overflow variance coefficient Lötz

'derives upper and lower limits

(s.3.e)Dr = P.n2.En

G,



Dr {1 n-k+ )
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( s. 3. r0)Dr r k

where

D1 lower limit of variance coefficient

Drr upper limit of variance coefficient

R number of trunks

k

g number of group selectors

availability

and

P ( 5. 3. r1)

where Ao satisfies B = Ek(Ao) .

Lötze suggests use of the average of D1 and Dr r.

It should be noted that direct calculation of the variance

coeffic-i-ent is not possible because of the traffic value

Ao.

For the case of non-random offered traffíc LöEze

suggests the use of an equivalent group as in Wilkinson's

method t511. The equivalent group has n* junctions

with availability k* and equivalent random offered

traffic A. The equivalent random traffic is of those

offered to (n+n*) junctions with availability k+k*.

An approximation for a number of junctions required

in the group offered non-random traffic was suggested

g

{}
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by Schehrer, namely

Í12=n+Ànz (5.3.12)

where n is the number of junctions required if the

traffic was random (found by loolcing up tables) and Ànz

is the add.itional junction required to carry the non-

random traffic and is approximated. by

{

à

¡
i[i

Ír

+ Czl (s.3.13)

The "constants" Cr and Cz depend on availability

and congestion and are obtained from graphs.

Herzog tl6l extends the above model to two stage

link systems by replacing the availability, k, by the

"effective" availability k defined as the average

availability experienced, and using equation (5.3.9) for

calculation of variance coefficient.

The approximate methods of equat.ion ( 5. 3. 13) are

open for criticism as Cr and Cz are only obtainable

graphically and no reason is given for this relationship.

5.4 Approximate Formula from the R.D.A. Method

A simple rearrangement of equation (5.3.9) gíves

the explicit form for the number of circuits

anz = fircr (R_20)

n=pR2 k ( s.4. 1)

wÌth p -1 (s.4.2\



and As satisfying

Eo (Ao )
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(s.4.3)

(5.4.4)

I

Þ.

þ=

This explicit formula for th.e number of circuits

unfortunately depends on the "equivalentrr traffic As

and the overflo\^r variance V. So the problem now is

finding approximations for these two variables.

The first problem that of finding As can be

tackled using Berry's formula (5.2.4) on equation (5.4.3).

This gives the approximation for the (known) availability

k.

Jç=f+Ao I
L

1
ñ

I
J

in terms of Ao. So Ae can be found by inverting
(5.4.4).

Rearranging (5.4.4) and using f = Ao(1-B) gives

2482 (1-B) 2A;+12 (1-B) IB{4-B ( t<+Z) }-11A3

+ t24(k+1) {82 (k-1) +1}-36kBlAo

a rather messy looking cubic equation, but a cubic

equation can be solved.



The roots of the cubic equation

x3*prx'*pzx-ps=o

*Pt
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(s.4.6)

(5.4.7',)

are as follows 1101.

Defining g = pz
pî
T

2pi - P.rP¿.
273I

2 c
27

d
27

, = T * /(_Tr +

rT +

)

)

2

p - ,-#r'

-rI rr/27 IQ = cos iffiFj
then

two complex roots given by

> 0 there is one real root and

r1 = 3/t 3t/¡ui, et
3

-2 q3(1) if ï*n

T2 = -u3/¡' - u2 3/M - +

3/¡,2f3 = -û) UJ

where trl3 = -]

3/v P!
3

(s.4.e)

'1

,,j

¡|--

I

It
t'

{'t
,'

I
1,

I
I
I
I

,'

i

I

.L

I

l1

u



and

(2) if +
4

roots given by

+

82.

d_
27

rf=-2 I
p3 cos 3

0 Pt
3

tl=2P cos

I
3r{=2P cos

T2

(s.4. r0)

( s.4. 11)

(s.4.12)

'I

t (3 lr

(3+$r

PJ.
3

P.r
3

So to find As the above formulae are used with

pr rpz and pg found from (5.4.5) . The obvious question

is what is the correct formula to use?

I st¡-al1 ans\^rer this in the following \^ray. The

correct root is naturally real so (5.4.7) is the formula

r
> 0 but what is the correct root when

2
_T si-

27 Now there must be a continuous change from+

r2

touseif +.*

T #,0 ro +. *
-2 -3the value at -t- * h

0?

+ 4 0 r there cannot be a

discontinuity in the value for Ao. This means that

= 0 using (5.4.7) must be the

same as the correct root (5.4.10), (5.4.lf) or (5.4.I2).

This can simply be checked by fíndinq the values of

(5.4.7), (5.4.10), (s.4.11) and (s.4.I2) at + - * = o

and comparing them.

when +.*=o rhismeans

T *= Pz (5.4.13)
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and as

f¡ 3/t -'3/l,t

{
L

-ztr2t+ - +
-2p

2p

I
f

gl-
3

r>0
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(5.4.14)

(5.4.rs)

(s.4.16)

(s.4.17)

1
3 r<0

-tQ=cos I
J

r lzl
2 ' C--q)-qz

I
L

I
cos I tr]

r>0

t<0

1
trf -2p cos

-2p
I
t L

3
r>0

I
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andComparing (5.4.14) with (5.4.15), (5.4.16)

(5.4.17) gives the correct value of A0 as

(1) if +
aq"

T > 0 then
2rT

Ao = -3/t' 3/l,t P_L
3

(s.4.18)

r2(2) if c
27

<0 and r >0 then

1
3 0 Pl

3
(s.4.Ie)Ao = -2P cos 3

and

(3) if _T
2

+ d_
27

<0 and r <0 thenr

I
3 gr-

3
(5.4.20)Ao=2p cos

This leaves the problem of finding an approximation

for the overflow variance V that does not depend on

the number of circuits n. This is stil1 an unresolved

problem. One possibility is to use the fuI1 availability
expression (5.2.6) as an approximation for the limited
availal¡ility case or perhaps use (5.2.7) with an

appropriate choice of the parameter p.

5.4.1 Problerns and Coniectures

I have already discussed above the problem of the

overflow variance and conjectures as to its solution.

+
4

(3 
$r
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Another problem is to deal with non-random traffic and

as traffic offered to other than first choice routes

in an alternate routing network is non-random, this is

an important problem. I conjecture that the following

modifícation to the equivalent random method. t50l is

one possible solution.

The non-random traffic characterised by its mean

M and variance V is considered as overflow from an

equivalent full availal¡ility group of n* circuits

of fered. random traf f ic A*. The values n* and Atr

are found using

A* v + I $r$-rl

and

¡:t ¡' 1

as is normally done in Lhe equivalent random method.

The random traffic A* is then offered to one l-imited

availability group of n*n* circuits and availability

n*+k (see figure 5.1).

The most important problem, however, is the

sensitivity of equation (5.4.f) to the accuracy of A0

and V. Small changes in As and V result in quite

large changes in the number of circuits, n. This
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unfortunate feature,

that (5.4.f) could be

programming model to

availabil-ity network.

87.

I believe, makes it very unlikely

used as a basis for a non-linear

economically optimise a limited

5.5 Regression Formulae

Using a least squares linear regression methocl I

obtained approximate formulae for the number of circuits

and the overflow variance for an ARF 10 group selector

with inlet loading 0.6 erlangs. This group selector is

used rrvi-dely in Australian networks.

I used the model of section 3.1 with a single stream

of rando¡n traffic to generate values of offered traffic,

nurnbers of circuits, availabilities and the resulting

congestion. The congestion, B, is given by

B (m) w (m) (s. s.1)0'0

and I used lfallstrom's method t45l for the calculation

of the loss functions. Gentle t11l also used a regression

method to obtain approximate formulae for the number

of circuits and marginal occupancy using the geometric

group model.

Both the number of circuits and the variance for a

constant value of congestion and availability can be

approximated very well by a straight line. This suggests

g=l=
a

e

I
m=0
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the form of the approximations to l¡e

c = f (s).4 + 9(B) (s.5.2)

The following forms give very good fits

Iar*az.0nB*ag (LnB)'+uu(1,n8) 31 A+a0+asB (5.5.3)

and v= lb r +bz.0nB*b 3 ( [nS) '] a (s. s.4)

where the values of .i and bi are given in tables

5.1 and 5.2 for the common values of availabilit.y (k)

5, 10, 20 and 40. The range on the values of c and B

used is shown in table 5.3.

5.5.1 Discussion

The formula f have presented, while being very

accurate, I believe are not suited. for their original

intended. purpose of using them in a mathematical

programming model. The polynomials ( g(e) ) in .0nB

mean the approximation is obtained by the addition and

subtraction of quite large numbers.

Another unsatisfactory feature is that they are

entirely derived by numerical methods and not derived

from a mathematical investigation of the system. However

they may be of practical use for teletraffic engineers.
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Table 5.1: Values for the coefficients for formula

(s.s.3)

k br bz, bs

40

20

10

5

0.20L7

0.8234

1.0826

L.327.5

-2.5l.6]-

-1.6048

-1.0060

-0.24L8

-0.3914

-0 .3255

-0.2818

-0.1072

Tab1e 5.22 Values for the coefficients for formula

(s.5.4)

k âo âr ãz â3 Ël 4 âs

40

20

10

5

7 .4247

3.s99s

L.67 44

1. r543

0.5795

o.2129

0.1340

-0.5181

-0.229

-0.5149

-0.6898

-2.2685

-0.028

-0.0769

-0.1063

-1.087

-0.0017

-0.0052

-0.0123

-0.2433

-43. 1955

-7.4687

-3.1816

-2.2599
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k Range of B Range of c

40

20

10

5

0.001

0.001

0.00r

0.01

0.2

0.5

0.5

0.5

40 150

60

40

50

I

I

I

Table 5.3: Range on congestion and circuits.
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CHAPTER 6

DISCUSSTON

The moment equations I have derived for the

partitioning of the overflow problern can be written more

compactly than those derived. by Wilson for full

availability as the loss functíons incorporate the

boundary conditions. Like those of Wilson, the equations

of chapter 2 must be solved numerically as an analytic

solution had not as yet been found. The results obtained

for the simpler system with no primary groups enable the

cal-culation of means and variances of individual overflow

streams and the correlation between them. These results

would prove useful in the study of the effects on

overflow traffic and the correlation caused by the sharing

of links in a limited availabilíty telephone network.

The application of Reversible Markov population

processes to teletraffic problems is an interesting area

for study. I have derived a necessary and sufficient

condition for Lhe multidimensional birth and death

processes to be reversible and applied t-t to three examples.

There may be wider applicatíons in teletraffic of.this

approach, íf other systems can be shown to be reversible

their equilibrium d.istributions are easily found.

Reversibility is only one concept from the theory of

Stochastic Processes that is used to obtain equilibrium
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distributions. An interesting area for further investigations

would be t.o find if other concepts such as quasi-reversibility

and dynamic reversibilit.y could be applied to teletraffic

problems.

The main problem wj-th the formulae discussed in

chapter 5 is the sensitivity to some of the parameters.

Even if some of the other problems are overcome I believe

the formula would be too sensitive for use in a

mathematical programming type optímisation model. However

the formulae may be of benefit to the practising teletraffic

engineer who is looking for an accurate method of

calculating the required number of circuits under specifj-ed

loss situations.
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