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SUMMARY

Parametric models for varilance matrices are of wide
practical and theoretical interest. In thils thesis we
consider aspects of the statistical analysis for such

varlance structures.

In chapter 1 we provide some background to the
problems considered, and a more complete description of
this work. The rest of the thesis falls naturally into

two parts.

In the first part (chapters 2, 3 and 4) we are
concerned with general theory for parameter estimatlon
and tests for the structure, with inference based on the
sample variance matrix. In chapter 2 we study a general
class, F of analysils procedures. Thils class includes
as specilal cases maximum Wishart likelihood, some
generalised least squares procedures, and other methods
which arise naturally for variance structure analysis.
Large sample properties, common to all members of F, are
established for general varlance structures. The case
where the parameters need to be identified by 1mposed
constraints is included. FEstimates obtained by some of
the procedures for parametric models for the elgen

values of a varlance matrix are derived and compared.

Further illustrations of and comparilsons between
procedures of F are given in chapters 3 and 4. The
first problem considered 1n chapter 3 1s the basilc one
of a completely specified varlance matrix. Assuming the
sum of squares matrix has a Wishart distribution, we

consider theoretically and numerically the null

(1v)



distribution of the test statistics provided hy members
of F. Improvement of the pasic x?2 approximation using
Box type factors, and by computation of the next term
of the asymptotic distribution is examined. It 1s

found that the approxlimations are more accurate for
maximum likelihood than for the other procedures con-
sidered. Extensions of the factor approach to the tests
for more general structures are then suggested and
examined Tor some simple structures. In chapter b, we
compare theoretically and by numerical example the

estimates obtained for the unrestricted factor model.

In the second part (chapter 5) we consider the
application of a particular varlance structure, the
direct product model, which, although 1t does not seem
to have been examined 1n the 1iterature, does appear
useful for many situatilons. A rapidly convergent
iterative procedure for determining the maximum likell-
hood parameter estimates 1s proposed and some of its
properties examined. Fxpressions are obtained for the
elements of the asymptotic variance matrix of the estimates.
Three sets of data are used to demonstrate the usefull-

ness of the structure.

We include, as appendlces, computer programs which

implement procedures described in chapters 2, 4 and 5.

(v)



SIGNED STATEMENT

This thcsls contains no materlal which has been
accepted for the award of any other degree or
diploma in any Unlverslty. To the best of my
knowledge and belief, the thesls contains no
material previously published or written by

any other person, except where due reference

i1s made in the text of the thesls.

(A.J. Swain)

(vi)



ACKNOWLEDGFMENTS

I am indebted to my supervisor, Dr. W.N. Venables,
for suggesting the topics of research, and for his
valuable advice and encouragement throughout the whole
period of preparatlon of this work. The contents of
chapters 2 and 4 have also benefited conslderably
from the constructive comments of the reviewers of a

paper submitted by the author to Psychometrika.

I am pleased to acknowledge the financlal support of
a Commonwealth Postgraduate Research Award and of the
Queensland Department of Primary Industries. My
sincere thanks go to Mrs. D. Darwent and Mrs. K. Halsey

for thelr proficient typlng of the manuscript.

(vii)



Chapter 1: Introduction

1.1 Background

By a parametrie structure for a varlance matrix we mean
a specification of the variables and covarilances of the
elements of a random vector, y, as functions of a vector,
Y of parameters yi ... Yq. Denoting the variance matrix

of y by Z, we write such variance structures as I = I(Y).

In many situations the parametric form arises
naturally from the nature of the varlates, and y provides
a relatively simple and often readily interpretable
description of the variance matrix of y. Structures may
also be defined simply in order to reduce the degree of
parametrisation and so to increase the precision of
subsequent data analysis [Dempster (1972)]. Numerous
examples occur, ranging from simple forms such as
independence of the varlates, or even complete specifica-
tion of I, to much more complex forms such as the wldely-
used factor analysis model. Other examples are mentloned

later.

‘Basic statistical analysis for variance structures
18 concerned with the estimation of the parameters and
lack of fit of the structure. In this case, inference
from observed data is naturally based on the sample
variance matrix, S. Other related questions (which we
will not be concerned with) may also arise, e.g. tests
for equality of the parameters in different populations,
and simultaneous analysis of both variance and mean

atructures.

The usual inferential approach has been to assume



"that y follows the multinormal distribution, or almost
equivalently, that the sum of squares matrix, nS, follows
the Wishart distribution, and to apply maximum likellhood
procedures. Early contributors to the statistical theory
for particular structures included Lawley (1940, 1941) fof
factor analysis, Mauchly (1940) sphericity, Wilks (1946)
complete symmetry, Votgw (1948) compound symmetry; and

there are many more.

While 1nvestigation of the theory for particular
structures using speclal features of the model continues
{e.g. Dempster (1972) =zeros in specified positions of

2-1

, Olkin €1973) circular symmetry in blocks), general
models which incorporate many of the specific forms which
arise in practice have been recently formulated in order
to unify both theory and computatlional procedures. Thus
linear models have been considered by Bock and Bargmann
(1966), Anderson (1969, 1970, 1973) and Mukherjee (1970,
1973), a general type of nonlinear model has been proposed
and extensively applied by Joreskog (1970a, 1972) and a

completely general form has been considered by Browne

(1974).

The commonly applied maximum llkelihood procedures
have well-known optimal large-sample properties, and the
small-sample theory 1s well developed in many cases where
explicit formulae for the maximum likellhood estimates
are available [see e.g. Anderson 1958, chapters 9 and 10].
‘In other cases however, lterative methods are required
to determine the estlmates, making computation awkward

and improvement over the basic asymptotic distribution
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theory difficult. Thus interest has turned recently to
generalised least squares methods of analysis [JOreskog
and Goldberger (1972), Anderson (1973), Browne (1974)].
These procedures have the same large sample properties as
maximum likelihood, and at lkeast for linear models expllcit
formulae for the estimates are obtained, even though this
1s not the case in general for the maximum likelihood

estimates.

In many respects there 1s a close similarity between
the analysis of variance structures and the problems of
inference on structural parameters for the multinomial
distribution. For this case a general class of procedures,
known as minimum chil-square methods, which are equivalent
in large samples to maximum likelihood, were first
proposed by Neyman (1949). They have since been
considered by many authors, e.g. Taylor (1953),

Ferguson (1958), Rao (1955, 1963).

This thesis 1s intended as a contribution to the
theory for analysis of variance structures. The research

falls naturally into ¢two parts.

In the first part (chapters 2, 3 and 4), a general
class of estimation procedures is studied. This class
includes as speclal cases maximum likelihood, some
generalised least squares procedures and other procedures
proposed either explicitly or 1mp1161t1y in the literature
for the analysis of variance structures. It 1s shown
that for general structures the large-sample properties
of the estimates corresponding to any member of the class

are the same for all members of the class. The
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performances of some of the procedures are then compared
theoretically and numerically for some commonly applied

structures.

In the second part (chapter 5), a particular
variance structure, the direct prOdhct structure, 1s
considered. This model, which has not previously been
studled in the literatufe, proves useful in some

applications.



1.2 The problems considered

In chapter 2 -we define the general form of variance
structure to ve considered and present 2 general class of
eatimation procedures, which includes maximum likelihood
when the sample variance matrix has the Wishart distribu-
tlon, some generalised least squares methods and other
procedures which also arise naturally for variance
structure estimation. The common large-sample propertles
of the estimates are established for the case when the
parameters are ldentified, using methods similar to those
adopted by Rao (1973) for maximum likelihood estimation
of structural parameters for the multinomial distribution,
and are extended to the nonidentified case. Numerical
determination of the estimates is also considered. To
11lustrate similarities and differences in the procedures,
a theoretical comparison 1s made between the estimates
obtained for particular types of model which constrain

the eigen values of I but not its elgen vectors.

Associated with each of the procedures is a goodness
of fit statistic which is asymptotically distributed as
¥ . The worth of this approximation for small samples 1s
in general unknown, and as an accurate knowledge of the
distribution of the test statistic could be a good reason
for preferring a particular procedure, methods for
evaluating and improving the approximation are considered
in chapter 3. Since, at least, a poor approximation in
this case 1s likely to indicate poor performance more
generally, partilcular attention 15 given to the test for

specified I when the sample variance matrix has the
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Wishart distribution, with the x? approximation to the
distribution of the test statistic being improved by
both multiplying factors [Box (1949)] and by computation
of the order n"1 term through an extension of the method
of Nagao (1973). An indication of performance 1s given
by a numerical comparison. Possible extensions of the
factor approach to structures for which the expectation

of the test statistic is unavailable are also suggested.

The effect of the use of different procedures on the
parameter estimates for the widely-used unrestricted
factor analysis model 1s considered both theoretically

and by numerical example in chapter 4,

In chapter 5 the direct product structure for a
varlance métrix is introduced as a model which may be
abpropriate where the elements of y are naturally arranged
in matrix form. A rapidly convergent iterative procedure
for determination of the maximum likellhood estimates of
the parameters 1s proposed and some of its propertles
examined. The asymptotic distribution of the estimates
is obtained, and methods proposed in chapter 3 for the
improvement of the x2 approximation to the distribution
of the goodness of fit statistic are examined numerically.
Three sets of actual data are used to illustrate the

usefulness of the structure.

Computer programe which implement procedures des-

eribed in chapters 2, 4 and 5 are included as appendices.



Chapter 2: A general approach to_the analysis of
variance structures

2.1 Introduction

We are concerned with the situation where N
independent observations are made on a px1l random vector,
¥y, which is distributed with mean y and varlance matrix
I, and it is assumed that I has some prescribed parametric
form. By far the most common approach to the statistical
probiems of parameter estimation and testing for the
structure is to assume that y has the multinormal
distribution, i.e. y»N(y,I), and to apply maximum likelir
hood (ML) methods. An essentially =guivalent approach
when no assumptions are made on y, 1s to assume that,
with S the sample variance matrix and n=N-1, nS has the
Wishart distribution with n degrees of freedom and varlance
matrix I, 1.e. nSNWp(n,E), and to base the ML procedures

on S.

Under certain restrictions on the structure the
method has a number of well-known large sample properties.
In particular the parameter estimates are consistent and
asymptotically normally distributed with large sample
variance matrix being given by the inverse of the
information matrix. Further, a convenilent test of the
assumed form against a suitable alternative is provided
by -2 log A, with A the likelihood ratio, which under the
null hypothesis is asymptotically distributed as x2.

When ns~wp(n,2), maximisation of the likelihood of
T given S 1s easlly shown to be equivalent to the minimisa-

tion of

F(E;S) = log |E| - log I8] + tr(sz™!) - p (1.1)



which at the minimum is n~! times -2 log 3, for the

alternative I unstructured. The fanctlon (1.1) has the
property F(I;S) 30, with equality onlylif =3, and may
be regarded as a measure of distance of £ from S, with
the ML estimates being determined so that the distance

is minimised.

fs an alternative to ML for the particular case of
the unféstricted factor model, Joreskog and Goldberger
(1972) considered the use of a generalised least squares
method in which estimates are obtained by the minimisation
of

P(I;8) = % tr[S”1(Z-8)]12. (1.2)
They showed that if S has
E[sij] = 0155 Cov(sijskz) = nwl(oiysz+°1z°jk) (1.3)

and 1ts elements asymptotically normally distributed,
which 1s true in particular when ns&wp(n,Z), then the
estimates have the same large sample properties as those
obtained by ML. This approach has been extended by
Browne (1974) who has shown that the same 1s true for
general variance structures for estimates determined by

the minimisation of

F(I;S) = % tr[Vv(z-8)]? (1.4)

provided V is a consistent estimator of 1. Browne

also remarks that (1.3) is true provided that the fourth

order cumulants of the distribution of y are zero.

After giving in section 2.2 some basic notation

and results, we define in section 2.3 the general model



ko Se considered, and present a class of "distance"
functions which includes (1.1) and (1.2), and some other
F(I;S) which arise naturally for estlmation, but not all
those of the form (1.4). In section 2.4 we consider the
large sampie ﬁroperﬁies of estimates obtained by minimisg-
tion of any F(I;S), with these properties proving to be
the same for all F(I:S). A method of determining the
estimates is then considered in section 2.5. 1In section
2.6 we extend the theory of section 2.4 to the case where
the parameters are not identified. Finally, as an example
of the effects which the cholce of F can have on the
estimates, we cdonslder in section 2.7 estimatlon for
models which specify structure to the eigen walues of I

but impose no constraint on its eigen vectors.
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2.2 Basic notation

If A is an mxn matrix we denote by A, or vec(A),
the mnxl vector formed by writing the columns of A one

under the other. Thus

A’ = (allazl...amlalzazz...amn). (2.1)

~

The elements of this vector will usually be denoted by
thelr double subscripts. Similarly double subscript

notation will sometimes be used for rows or columns of
matrices, in which case, as above, the first subscript

is always nested within the second.

Similarly if S 1s a pxp symmetric matrix, we denote
by s, or ve«S), the L4p(p+l)x1l vector formed in the same
way as § but using only the lower triangle of S. In

this case we may write

S = D8 (2.2)

where D 1s the p?xk%p(p+l) matrix with

1 if i=k and j=% or 1=% and J=k

(Db)ij kg
0 otherwise, (2.3)

where 1,J,k,2 = 1...p, k3. Further, if D; is any
generalised inverse of D, then g = D;§ [see e.g.
Rao (1973, p.24)]. Of particular interest is the Moore-
Penrose g-inverse D;, which, since D? has rank xp(p+1), i

is given by
+= » -1 - u
D, (Dpr) D_. (2.4)

In subscript notation, for i3]

+ s
(Dg) gy kg = 2Bubyp * 812890 (2.5)
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If A and B are mxn and pxq respectively, the direct
or Kronecker product A®B of A and B is the mpxnq matrix

with

(A®B) b (2.6)

13 k2 - 2yp°1K’

[see e.g. Anderson, 1958, p.347]. We also consider a

new product, ARB, of A and B, defined by

(ABB)ij g F aubjk (2.7)

The relatlonship between A® B and AMB may be expressed as

(ARB) = me(A®B) = (B® A)an (2.8)

where me = ImﬂIp. This matrix and some of the properties

assoclated with it have recently been considered by

MacRae (1974). We note that L__ is a permutation matrix,

P

and so orthogonal, with L;p = me. Further, since from
(2.2) the effect of premultiplying a matrix by Dp
is, for 13j, to create a matrix with 1ts 1J and ji rows

equal to the 1J row of the original matrix, from (2.5)

+
Dpr = ;ﬁ(Ipz'l'Lpp). (2.9)

It 1s then easily shown that, from (2.4), (2.8) and

(2.9), for A and B each pxp

D‘(A® B)D, = D (B ®A)D, D’ (ABB)D,, = Dj(BEA)D,, (2.10)
and if A is nonsingular,
[D;(A-1® A'I)Dp]-l = %D;(A SA + AEA)(D;)’ (2.11)

Many further propertles of the products ® and 8

and of the matrices me are set out in appendix A.
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- 2.3 The general variance structure model and the class
F of estimation functlions.

We corisider* a general model of variance structure,
I = Z(I), YET,

where I is a pxp variance matrix and the parameter sp&ace
I is contained in Rq, the space of all real gxl vectors,

and write
A= {Z|T = I(y),YET} = E(T).

We will assume that for the population being sampled

Yy = Io,with Yo 2n interlor point of I', 1.e. with

~

tyl defined by

iyl = max |v,]|
i=1,q

for YGR% there exists 6>0 defining a neighbourhood

(nbd.), N, of y, in RY by

N = {Zl ty - Xoa < 6§}

such that NCI'. We will also assume the followlng

regularity conditions on the model and Yo

(a) Zo = Z(Zo) is positive definite.

(b) all 013(!) and all partial derivatives of the first
two orders with respect to the elements of Yy are
continuous in a nbd. of y,.

(¢) the %p(p+l)xq matrix

(v)
P (3.1)

o @
=l

A(y)=

% Much of the material in this section and section 2.l
has been presented in a less rigorous way in a . paper
by the author [Swain (1975)]. ‘

%

B
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has rank q at Yo

(d) The paramneters are idogtified in T at all points in
some nbd. of y, , 1.e. If Y1 1s some point of this,

nbd. and Z(Iz) = 2(11) for some Y2€T, then y2 = Y1.

We consider the situaﬁion where a sample varilance
matrix S based on n>p degrees of freedom is observed, and
an estimate of Y, is foﬁmed by minimisation of some

"distance”" function.

F(I:S) = E £(6,) (3.2)
{=
where 61,...,ep are the elgen values of s~%55™% anda
£(8) is some function with a continuous second order

derivative on 6>0, satisfylng the conditions

(1) £(1) = £f7(1) = 0, ' (1) =
(11) £7(0) <0 0 <6 <1
> 0 1 < <] (30")

We denote by F the class of all such F(E£3S), and shall
sometimes refer to the elements of F as estimation

functions.

The conditions (1) and (ii) ensure that f(6) has a
minimum at 6=1, and that for arbitary positive deflnite
I, F(Z;Zo) »0, with equality 1if and only if E=Zo. Thus,
by assumption (d) on the model, the estimates, i, of the
parameters Y, formed by minimisatlion of F(E(!);S)'will

necessarily be Fisher consiétent, i.e. 1f S=Z° then

I=Io'
any
We note that fog(arbitary non-singular pxp matrix

B, |BIB“-6BSB”’| = |B| |z-6s||B“|, = 0 if and only if

1 (3.37

e e N



|£-6S| = 0, and so

F(5;8) = F(BIB”; BSR”).

14,

We also note that if f(6) satisfies the conditions (3.3)

and (3.4) then so too does f(%). Thus, since for non-

singular I the eigen values of £7557% are 6;1, i=1...p,

* .
1f F(I;S)EF then so too is F (I;S) = F(S;I), which is in

general different from F(I;S).

properties of the estimates of Yo

In the next section we will consider the asymptotic

Before doing so we

present some of the elements of F which are of special

inter

est.

These are shown in table 1, and arise from

the following approaches to estimation.

TABLE 1

Sofie special estimation functions F(Z;S)

CODE DEFINITION £ (1)
2

TGLS F, = % E (%-1) = % tr{z”l(z-5)]2 -6
i=1 4

ML F, = E (% +log ei-l) = log |Z|-log|s]| Y
i=1 "% + tr(sz™H-p

GD Fs = % § (1og 8,)° -3
1=1

DIV Fo = % E (% +0,-2) = k(tr(SZ_1)+tr(S'12) -3
1=1 °1

-2p)

GLS Fs = % E (91-1)2 = % tr[S”1(z-8)]2 0
1=1

GLSE Fs = % ) (61-1)2e(Qf1) 3

i=1

L - e
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~

TGLS:. True renaralised least squeres. _Estimation of vy
by the appiic-ticu of the generalised least squares princ-

iple to the observed S is equivalent to determining y to

Mg se

(s-0(y)) " [V()1™! (s-0(y)) (3.5)
where V(§) 1s the variance matrix of s. From (1.3) and
(2.11)

w1t =50, ez o, (3.6)
and so (3.5} hecores

D(s—o(y)) D (I @2 1)D_(s-0(y))
5 8=0LYs 2 Doty o /Ppls-3Y
= D52y (5 ez ) (S-2(y))
= 2 trpzl(s-012, (3.7)

from (x11) of Appendix A. When EO is replaced by its

estimate we obtain Fi1(ZI;S).

ML: Maximum likelihood. When nSme(n,Eo), then
maximisation of the likellhood of I is equivalent to

the minimisation of F2(Z;S).

GD: Geodesic dilstance. James (1973) has considered

the metric differential form
2 _ -1 -1
(ds)? = % tr (Z "dr ¢ "dr)

on the variance information manifold and shown that
F3(IZ;S) is the square of the corresponding geodesic
distance between S and I. He has also suggested its
possible use in variance structure estimation. We note

that F3(Z;S) = F3(S;I), and that (ds)? = Fs(I+dI;Z).



16.

DIV: Divergence. In the context of information theory,
the divergence between two density functions £1(x;0,)
and fz(ggeg), of the same form and with parameters 0,

and 6, respectively, is defined by

J(1;2) = I(1;2) + I(2;1) (3.8)
where
fi
I(139) = [ log  f, ax (3.9)
h |

is the mean information in X for discrimination in
favour of 6, against 0. (Kullback (1959)). I(2;1) is
essentially the Kullback-Leibler measure of distance
from §1 to 92. When the theory is applied to the

Wishart distributlon

1(2;1) = 3 Fa(Zp3T1)5 I(132) = 5 Fa(Za31s) (3.10)
J(1,2) = nFy4(Z1;E2) = nFu(Z2;3I1). (3.11)

Although proposed as a measure of divergence between
the populations, here J(1,2) can be interpreted as a
measure of the difference between I and L2, and

F4(I;S) as a convenlent measure of the departure of I

from the observed S.

GLS: Generalised least squares. This has been proposed

for estimation in factor analysis by Joreskog and

Goldberger (1972) who derived it from (3.7) by replacing
1 1

z; by S~ We note that Fg{(ZI;S) = F,(S;I).

GLSE: Generalised least squaresextended. This was

introduced by the author [Swain (1975)] merely in order
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to extend the range of functlons consldered when apply-

ing the general theory to the factor analysis model.
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2.4  Asymptotic properties of minimum distance estimates
of the parameters.

Tn this section we investigate the large sample
properties of the estimates Of“zoobtained by minimisation
of some F(I;S)EF, when the model I=I(y) satisfies the
conditions (a) to (d) of section 2.3. The approach
adopted 1s similar to that used by Rao (1973, p.355) to
obtain corresponding results for the maximum likelihood

estimates of multinomial distribution parameters.

In establishing the results we shall use the follow=-

ing theory on probability order relationships.

Definition If {r_} is a sequence of posjtive real

numbers and'{gn} a sequence of pxl random vectors, we

say

: P
X, = oplry) 1f VK 1/r, + 0 as mes

[L.e. 1if |§nﬂ/rn + 0 in probability] and

X, = Op(rn) if, given €>0 there exists M<= such

~

that Pr(iy ¥/r <M) > l-e for all sufficlently large n

[L.e. if ¥X I/r 1s bounded in probability].

Lemma 1 If £(X) is a function with continuous derlvatives
of order s in a neighbourhood of x=a, if {rn} is a
sequence of positive numbers such that r, >+ 0 as n + o,
and 1if {Xn} is a sequence of random variables with
X, =at Op(rn), then

(x_-a)"

N o S (k) n s
f(xn) = f(a) + kzl f (a) k: + Op(rn )0

Proof: See Mann and Wald (1943) who present it as an
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application to one fqrm-of Taylors theorem of a general
result which states, in effect, that the algebra of the
usual order notation o and O extends to op and op

[Chernoff (1956)]. For convenlence lemma 1 has been stated
in univariate form. We will, however, use the correspond-
ing multivariate result, which 1s presented by Mann and
Wald.

Corollary Under the conditions of lemma 1,
K

(X _-a)
, ;! + Op(rns)'

s-1 -
pex ) = £(a) + 1 £ (a)
n
k=1
In particular; when s=1, 1l.e. f(X) has contlinuous first
order derivatives in a neighbourhood of X = a,

f(Xn) = f(a) + Op(rn).

Mann and Wald have also given the following results

which are well known [see e.g. Rao (1973, p.122)].

Lemma 2 If £(X) is a continuous function 1n a neighbour-

hood of a and {Kn} is a sequence of random vectors such

)~(=
P
+

%
that X+ a, then f(gn) + f(a).

Lemma 3 If’(}n} and {Xn} are two sequences of random
L
vectors such that X -Y_ + 0 and X+ X (1.e. X_ +X in
~N ~1 ~1 ~ -~ Tl ~

L
distribution) as n»*«, then ¥n > X.

We will now assume that a sample varlance matrix
S is observed with n>p degrees of freedom and asymptotic

distribution given by
/n (8-Z,) 4 N(o,V) (4.1)
with V defined by (1.3) 1.e. V = 206920+20820, and

that the model 2(1) and the true value Yo satlisfy the

conditions (a) to (d) of section 2.3. Let F(I;S) be any
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element of F. Then we have the following.

Definition We say that X*EP is an approximate minimum

distance estimator of Yo if

F(L(y*);3) ¢ c inf F(Z(Y);8) (4.2)
~ YET

~

where c is a constant with 1l<e<«., If the inf 1s
achieved at some point EEF, then we sayug is a minimum
distance estimator (m.d.e.). We note that while an
approximate m.d.e. must always exist for any 1l<c<e,

an m.d.e. need not.

*
Theorem 1 If Y is any approximate m.d.e. of y

* * -3
then y 1s consistent for Yo with Yy -y, = Op(n .

; * *
Proof We wrlte 3t = I(y ) and let ei°) and 6,

j =1 ... p, be the ordered eigen values of=s*5zos'*

L k- =
and S %EAS K respectively. Now since S—Zo = Op(n k),
we have

Yook - by o Y -k _ -1
I, SL_* - I = Op(n ) tr(Zo SI - 1)% = Op(n )

= (0) _1y2 = Iy o (0) _qy2 - -1
151(91 1) Op(n ) CH 1) Op(n )

- (a(0) - -3
(8,7 '-1) = Op(n )s

1{=1... p. Further, since f(ei) has continuous second.
order derivatives, by the corollary to lemma 1, f(e§°))
= f(1) + f’(1)(eg?)~l) + Op(n-l) = Op(n_l) by condition

(3.3). Thus, since F(I_;S) = gf(e§°)), F(£;8) = op(n'l).

By the definition of Y',

F(z*;8) € ¢ inf F(Z(y);S) € ¢ F(I;5) (4.3)
IEF -
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80 F(Z s) = O (n~ ), and since F(Z*:8) » £(8" 1)
P
f(ei) = 0 (n~ ). Accordingly 91 + 1, and since

f(e ) = Lgig—ll + higher order terms (4.4)

and the order of the lowest order terms on both left

-3

%
and right hand sides must agree, 8, -1 = Op(n ). It

follows by effectively reversing the argument above that

* =
(27-8) = 0,(n" 7). (4.5)
Thus

(5*-n) = (Bho8) + (83 = 0 (07D,

% P
>

In particular then I bX and so, slnce condltilons

0)

(¢) and (d) on the model together with the continulty of
the derivatives of Z(I) imply strong identifiability in
a nbd. of v, (see section 2.6, result (1i1)) Y* L4 Yo

i.e. y* is consistent for Yo

Now since I(y) has continuous derivatives in a nbd.
of Yoo W€ have
a(y*) - o(y,) = A(y ) (y*-y,) + higher order terms
(4.6)
and again since the order of the lowest order terms on
both left and right hand sides must agree, and since

A(y,) has rank g, 1t follows that y*-y = Op(n'%).

Theorem 2 The probability that an m.d.e. exists »+ 1

Proof By the assumptlons, there exists 6>0 such that
the nbd. I'y of y  defined by T, = {y | ty-y b ¢ 8} is
in the interior of T and conditions (b) and (d) hold on

"T;. Since this is a closed and bounded region 1n R4
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and F(Z(y);S) is a contlnuous function of y on 1it,

inf F(EZ(y);S) must be attalined for some YEr;. To prove
YET, ” -

the theorem it 1s thus sufficient to show that, as n-+o,

Pr(inf F(Z(y);S) = inf F(Z(Y);S)) > 1 (4.7)
IEI' - ZEI‘l -

We prove this result by assuming that 1t does not
hold, and then showing that this leads to a contradiction
of theorem 1. Thus, suppose (4.7) is false. Then there
exists €>0 and at least a subsequence of {n}, say {nv}
with the property that

Pr inf F(IZ(y);S) < inf F(Z(Y);S)) >e >0 (4.8)
Ger 7 Yers -

for all n,-. Now 1f we define an approximate m.d.e. in

such a way that whenever inf F(Z(y);3) < inf F(I(y);S)
-yeI‘ ~ YEI‘] -

y*€r'$ (the complement of Ty in T), then for each n,
Pr(I*Erlc) > e, 1l.e. Pr(x*erl) < 1-e, and so does not
approach 1 as n >, i.e. y* 1s not consistent for Y.,
contradicting theorem 1.

Corollary The probability that an m.d.e. exists and

1s given as a solution of

¥ s = 0 (4.9)

~
~

+]1 as n-e,

Proof Choosing 'y as 1in theorem 2, whenever

inf F(Z(y);S) = inf F(E(y);S) the point at which the inf
YET, ~ YET -

1s achieved is an interilor point of T at which the
derivatives of F(Z(I);S) are continuous, and so must

vanlish.
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Theorem 3 Let an estimator 7 be defined as an m.d.e.

whenever an m.d.e. exists, and otherwlse as an approxi-

mate m.d.e. Then

/a(3-y,) + N(0,2(8; EA)TY) (4.10)

where Ao = A<Xo) and

- ne(s—1 -1
E = Dp(Z0 ® Zo )Dp (4.11)

with Dp defined by (2.3).

Proof: With I'y as defined in theorem 2, as n-+» the
probability that ?€P1+1, and so, 1n order to determine
the asymptotlic distribution of g we can assume that 9€Tr,

and satisfies

oF
gi (2(9);8) = 0. (4.12)

In the course of the proof of theorem 1, we showed that,
taking y* =y, 06,-1 = Op(n-k) where 8, are the ordered
L

eigen values of S~ *IS” Then applying lemma 1 to £7(8)

we have

£7(8,) = (8,-1) + o (n™%). (4.13)

Now, from (5.11) and (4.13) we find that

3F
g

. = D vee(U”(8-I)U) + o_(n™%) (4.14)

where, 1f 5775s™% = HOH” with 0 = dlag (8,) and
H'H =1I, 0= ST, Thus

D vec(S-l(E-S)S_l) + op(n-k)

2
>

= » -lA -1 A_ "';i
Dp(S 383 )(E §) + op(n )

cont.
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» -1‘ -1 . "JE

= 225t a2 (E-8) + 0, (07

= E(g~s) + o (n™¥). (4.15)

Thus from (4.12) and the continulty of the derivatives

of £(y),

9=

2%

- [Bg’aF]
By 30)°
i X %8y

~

= A‘(i)E(§-§) + op(n'%)

= A7E(g-8) + o (n™D)
= AZE(o-0,) + BJE(g -8) + o (n™). (4.16)
Further, from (4.6)
(é-go) = AO(E—IO) + op(n_%), (4.17)

so substituting in (4.16) we have, since A  has rank q,

%

(fn}o) = (A;EAO)'IA;E(g—go) + op(n' ). (4.18).

Thus by lemma 3 and (4.1), /E(x—xo) is asymptotically
normally distributed with mean o, and variance matrix

given by
~ ° » "1 » +
v(/mly-y,)) * (AJEA) AOEDP(Z°® Z,+EBE )
+ ” ”~ '1
(Dp) EA (AZEA ) (4.19)
and. since. by (2.11), DY (z_®f +L 8: )(dF)” = 287!
3 5 y . 3 p 0 0 o o p 2

v(/A(y-y )+ 2(87E8 ) (4.20)

Corollary 1 Under the conditions of theorem 3

/ﬁ(§-g°) 4 N(g,on(q;EAo)‘lA;) (4.21)

Proof This follows immediately from (4.10) and (4.17).
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Corollary 2 Under the-conditions of theorem 3,

nF(2:8) + x2(d) (4.22)
where d = %p(p+l) - q.

Proof From the proof of theorem 2 we have (91-1) =

Op(n-%). Thus applying lemma 1 to f(6) we have
£(0,) = %(8, 1)?% + op(n ). (4.23)
Hence
F(2;8) = %J(8,-1)% + o_(n" 1)
i 1 P

3 tr[S-l(E-S)]2+ op(n-l)

L

3 tr[zgl(E—S)]2 + op(n'l)

5(3-5)"E(g-8) + o _(n”1), (4.21)

from (3.7). Thus by lemma 3, to determine the asymptotic
distribution of nF(Z;S) it 1s sufficient to determine

the asymptotic distribution of %(9—5)’E(g-§).

Now from (4.17) and (4.18) we have

(o-5) = (g-g,) + (9 -8)

~ o~

(8,(8ZEA) TTAZE-T) (5-0,) + op(n’*). (4. 25)
That 1s

@) %% (o-3) = (1-E%A (AZEA )18 E")

(B)%E%(g -8) + o (0™, (4.26)

which is of the form z = (I-P)y + op(l), with

~

y = (B)*E*(g,-s) + N(g,I) and P

~

% - -1, 0%
E2A,(AJEA )T TACER,

whilch is idembotent and of rank q. Thus, from the
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usual theory for the distribution of guadratic forms of
normal variables [see e.g. Rao (1973, p.187)1, and by

lemma 3

L

27z = 5(o-8) "E(g-8) + x*(d).

s

Remark Although condition (b) on the model specifies

second order derivatives of dij(x), the results of this
gection have been established using only the contlnuity
of the first order partial derivatives. Thils condition
i1s much weaker than those generally adopted for maximum
1ikelihood theory, but is in agreement with the multi-

nomial situation [Rao (1973, p.363)1].
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2.5 Numerical determination of the estimates

In practice, the m.d.e. willl usually be obtained

by solution of the equations

il
=< i
—~
=< >
~r
il
O

(5.1)

As these are frequently non-linear and do not admit
an explicit solutlon, recourse must often be made to
1terative numerical methods, such as the Fletcher-Powell
method [Fletcher and Powell (1963)] which minimises
F(E(X);S) directly using first order derivative informa-
tion, or the classical Newton-Raphson method which seeks
a solution of (5.1) and uses second order derivatives.
In this section we obtain formulae for the first and
second order derivatives which can be used for the

general model of section 2.3.

Although for particular cases the derivatives w.r.t.
Y may be more simply obtained directly from F(X(I);S),
in general cases they can be determined by

»

OF _ 2975F
¥y By 90 (5.2)
2 36° 2 g d%0
o2F .09 AP P4 (] % ) (5.3)
3131’ ' 3? Bgag‘ 5?’ 137 30ijaYraYs

Accordingly we seek the derivatives of F w.r.t. the
elements of £. In determining these we shall use the
following well known result [see e.g. Joreskog and

Goldberger (1972)].

Lemma U If A is any pxp symmetric matrix with distinct

eigen values 0, <...<6p and corresponding eigen vectors
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hy ... bp’ then
ae, = h, “aab, (5.4)
dh, = § 1 h?dah . (5.5)
1 5 -0 2401480y :
j=1 "1 ]
j¥i
Now let S™¥S™ = HOH", with 6; < . . . < 8 the

eigen values of s~%55™™ and H'H = I. Then, applying
lemma 4 to F(I;8) = E f(ei)’ and writing U = S-kH,
i=1

o, = f‘(ei), and A = dlag (ai), we have

dF

§ f'@i)h’s"*dzs‘*h
~1 ~1
1=1
= E o,u, “diu
RSt 2t

= tr(UAU“AL). (5.6)

ddF

-, - P ";i
izl[df (ei)gidzlgi + Zaigi dE;S d}}i]

= E [f"(ei)ui’dzzuiui’dzlu
i=1 - v -

+ 20,u, dI E L u.u,"dTu,l
S A TR A s
§#1
= E E-B u,’dZiu,u,”dz,u (5.7)
g5 = 1L TTIRImL TS
where

£m(0,) 1=]

Py © £7(8)-£7(6y) 14 (5.8)
€,-9,

Thus, since by (xi1) of Appendix A

u; “afuy = (w7 ®u,")AE = (" ®uy )b, 40, (5.9)
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we have from (5.6) and (5.7),

35 - p ( g *guy®Yy | (5.10)
=D '[vec(.UAU’)] (5'11)

32F  _ . - B )
3090” D, (121 jglsij(gjuj ) @ (u uy )Dp] (5.12)

2 =
E Oy k=4
3F i=1
35, E (5.13)
kR 2 AUy Yoy k# %
i=1
E E B, U, U U, .U k=2, m=n
151 451 i3 ki mi“ &) nj
3%F = § §
301 99%n 2 Bk 1%m1%e 3% n ] k>2, m=n

1=1 j=1

2121 jEIB UeiYmi ljunj+ukiuniuljumj)

k>n, m>n (5.14)

We note that although the derivations of (5.6) and
(5.7) are dependent on the assumption that the 6's are
distinct, the formulae themselves remain defined when there
are equalities in the 6's, provided that when ei = 0

J
we take

- (e y - lim £7(8,)-£7(8,)
i ej+ei 6, - ©

By P

Further 1t is easily verified that the values of (5.6)

and (5.7) are then independent of the particular set of
eigen vectors chosen to correspond to the equal 6's, so
that (5.6), (5.7) and thence (5.11) and (5.12) are true

generally.
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For some of the estimation functions given in table
1, the formulae (5.11) and (5.12) reduce to fairly simple
forms whose calculation does not require the computation
of elgen values and vectors (in these cases the formulae
may also be found directly), while for others (notably GD)
this i1s not the case. For completeness we present in
table 2 formulae for each of the estimation functions

of table 1, except GLSE, for which there 1s no simplifica-

tion.
We note that it was shown in the proof of theorem
A p ~ p
1l that, for i =1 ... p, Bi + 1 as n*», Thus o, * 0,

P

and, from (5.8) B,, + 1. Further, since Ju,u,” =
LI4T

ij
s7! 3 571, from (5.3)
o » from 5.3) we have

3%F 5 ony agg=l =1
gfﬁf; ; -+ AO Dp (Zo ZO )Dp AO
= A0 7EA,. (5.15)
32F | 7t
Thus from (4.10), 2(5?37, ~) 1s a consistent estimate
Yoy ly

of the asymptotic variance matrix of /ﬁ(g-xo).

A computer routine for the determination of estimates
for general structures, utilizing the formulae (5.2) anad
(5.3) and the Fletcher-Powell method of minimisation, has
been written, and is provided in Appendix B. Since the
Fletcher-Powell method achieves its convergence propertiles
by building up on each iteration an approximation to the
inverse matrix of second derivatives of F at g, the
program also-provides an estimate of the asymptotilc

variance matrix of the estimates. To implement the



TABLE 2

Derivative formulae for some special estimation functions

F 32F
FN G Bij e} 90d0”
1 92+9 .6 .+62~620,-8,62 1 =1 ~1. =)o - -1 -1 -
TGLS '{1,'2 - 93 ii4 3 i3 i3 D7 vec[Z 1oy~ s~ lgr s 1] D” (2L los log=lgyl
tot H F i 1..-1 1.1 o=l 1.1
+J i lgrt g rTsr -2 @ 1 ST D,
8.+06,-6.0 ol 29 = P -1 -1 - N
w5 - 2 1 T p” vee[z Lz szl prezrt e rlsr il 1D
i P P
i i 9292
rp
o — 1
o log 6 1 log ei i=3
8. 82
x 1
log 6,-log 8.
[L 8 5 l}el-e #3
i
1 e.+0 -1 ~1..-1 B RS B |
DIV 41— i L D~ -~ pX D”(Z I ST 7)D
5( ei) %E??a?i 5 D vee[s ~I "SI 7] p( ® ) 5
193
GLs 0.-1 1 D vec[s"lzs‘ -5 7] 52(ste sHD
i P P 1

*TE
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routine for any particular structure; 1t 1s necessary
for the user to provide subroutines for the calculatlon

of o(y) and ;g,. On option any of the estimation functions
- Y

~

of table 1 may be used, although use of either ML or GLS
will be considerably faster since in these cases the
formulae of table 2 are used, avolding elgenvalue
calculation. Further details for implementation are
contalned in appendix B. Unfortunately experlence with
the factor model and the direcﬁ product structure suggests
that convergence to the flnal estimate can be quite slow,
so that for commonly used models routines which take
advantage of the special nature of the structure would
generally be preferable.

Example Bock and Bargmann (1966) have presented data due
to Bilodeau (1957) and the corresponding ML estimates for

the parameters of the quasi-simplex model
T = ATA” + I (5.16)

where T = diag(yi), and ayy = 1 for ig<j, 0 otherwise. The

same example has also been considered by Jéreskog (1970Db).
Browne (1974) has given both the ML and GLS estimates.

For the structure (5.16), 1= (yy oo pr)’ and the matrix

A(Yy) is easily calculated with

Bcii - 1 p>»izisk
BYk 0 otherwise
(5.17)
aoil - 1=]
oy otherwise

The estimates obtained by VARS for each of the

estimation functions of Table 1 are shown in Table 3.
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The ML estimates shown agree with those ohtained by Bock
and Bargmann hut differ sliphtly from those presented by
Browne. The same starting values were used for each
estimation function, and iteration ceased when all partlal-
derivatives were <1><10"6 in magnitude. The starting values
were obtained by transforming S and taking the simple least

squares estimates, as suggested by McDonald (1974).

Ve note that because the structure 1s linear, for GLS

7™(£:8) 1s guadratic in the parameters and the 1nltial approx-

imation used by VARS to the second derivatives, viz.

ADI(sT @ s"l)DpA, 1s exact. Tt follows that the
procedure necessarily requlres only one 1teration for GLS
estimation.

TABLE 3

Estimates for Pilodeau's data for the functions
of Table 1

*
Iterns. Y1 Y2 Y Yu Ys Ys v nF(X:8)

START 475.0 51.0 13.0 78.0 24.0 5.0 46.0

TLS I 497.5 55.0 16.2 85.0 22.1 2.7 45.8 B8.96
ML 4 482.6 54.6 16.0 B1.4 21.6 1.6 45.3 9.39
GD 3 475.0 54,3 15.8 79.6 21.4 1.0 45.1 9.48
DIV 3 474.9 54,3 15.8 79.6 21.4 1.0 45.1 9.51
GLS 1 452.3 53.1 15.2 T4.3 20.6 0.8 44,5 9,27
GLSE Iy 433.7 51.7 14.4 69.8 20.2 -2.5 44,1 8.50

B
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2.6 The non-identified case

In many situations the natural expresslon of the
variance structure model will result 1n a parametrisation
for which the parameters y are not ldentified by Z(Y),
and in this sectlon we consider the effects on the results
of section 2.4 in this case. Key results for the
extension of the theory are glven in lemma 5 and its
corollaries, which can also prove useful in the
determination of the estimates [see e.g. sectlons h.2,
5.3]. While these results do not seem to have previously
been given explicitly in the estimation literature, they
are implicit in the papers by Sillvey (1959) and Aitchilson
and Silvey (1960), which are concerned with identifica-
tion conditions within the framework of general para-
metrically constrained ML estimation, and in the ML
procedures commonly adopted for non-identified models,

e.g. factor analysils.

We commence by reviewing general identification theory
[Koopmans and Relersgl (1950), Rothenberg (1971)] as it
pertains to varlance structure models. Of particular
note 1s the result (ii1), which has already been used in
section 2.4, but which agailn does not appear to have been

previously stated in the literature.

As before, we shall assume a parametric model
T = Z(x), with y a gx1 vector in some parameter space
rcrd, and write A = I(T'). We will be concerned with
the identification of some XOEP, given Eo = Z(xo). We
assume that y, i1s an interior point of T, and that

assumptions (a) and (b) of section 2.3 apply. We let
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A(Y) be defined by (3.1), with & = A(y ).

We can distinguish the following forms of identifi-

cation.

(a) y, is said to be identified (globally identified,

weakly identified) in T if Y:€T and I(y:) = I(y ) =

Il = Io'

(b) Yo is said to be locally identified in T 1f there

exists a nbd. of Yo in T on which Yo is identified.

~ -~

(e¢) Yo is said to be strongly identified in I if for

any sequence {2(y )} in A I(y ) > Z(y)) = ¥, > Y,
Clearly at Yor strong i1dentification = identification =

local identification.

As Rothenberg (1971) has pointed out, the identifi-
cation problem with models of thils type 1s simply a
question of the uniqueness of solutions of systems of
equations, so that the classical results of analysis may

be applied to give the followlng.
(1) If Ao has rank q, then Yo is locally identified.

(i1) 1If Yo is a regular point of A(I) (i.e. if rank
<A(X)) is constant in a nbd. of Io)’ then a necessary

condition that Yo be locally 1dentified is that rank

(8,)) = q.

We note that (1) is really a special case of the
inverse function theorem [see e.g. Apostol (1957,p.144)]
which in the present case states that there exlists open
nbd.‘'s I'; of o in T and A; of ZO in A such that

(a) Ay = E(Ty)
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(b) E('x) is 1-1 on I'y
(c) there exists a function g(Z) defined on A; such

that g(A1) = T'1 and g(Z(y)) = y for every y in Ti.

(d) g 1s continuous with continuous first order
partial derivatives with respect to the elements of £

on A;.

We note that the expression of g(I) is not in general
uniquely determined in the sense that it may, for example,
be written as a function of any q of the elements of I
for which the cc - responding rows of Ao are linearly

independent.

Now, since if {Z(y_ )} 1s a sequence in A such that
Z(Xn) + I, there exlists N such that for all n>N
L(y,)€A1, so for all n>N there exists a sequence, {y_*}
saysin I'; such that E(In*) = Z(Zn)’ and, by the continuity
of g, In* > Yoo Thus if there 9xists a nbd. T, of Yo in
T such that all y€l. are identified in TI', since xn* F e

implies that there exists Ni(>N say) such that for all

n>N, y *€l», then for all n>Ny v =y * and 50 y_ * Y-

Conversely if rank (Ao) = q and there exists a
sequence'{xn} in T such that y =+ v, and the y are not
identified in T, since any ZnEP, is identified in T,
there exists a sequence {Xn*} such that Z(Xn) = Z(Xn*)

* *
and y_* &r,. Then Z(Xn ) ~ Z(Io) but v *’Io’ i.e. ¥,

is not strongly identified.
Summarising then, we have

(111) 1If AO has rank q, a necessary and sufficient

condition that Yo be strongly identified in T is that there
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exlst a nbd. Ty of Y, in T such that all y€T; are

~

identified in T,

When Y, is not a regular point of A(I)’ the
condition rank (AO) = q is not necessary for local
identification, i~ for strong identification. For
estimation it is clear from the proof of theorem 1 that

an approximate m.d.e. will be consistent for ig provided

Y5 1s strongly identified, so that the conditfion rank

~

(Ao) = q 1s not nc ~=cary for consistency. However, when
2
rank (A ) < q, f.om (5.5), *EQE, will be “"almost
o} Bxay 5

~

singular” for large n, so that speclal procedures are
likely to be needed for numerical determination of the
estimates. Further (4.6) now no longer implies that

(g—zo) = Op(n"%), and the results of theorem 3 on the

distribution of /H(ZHYO) will not apply.

We pass now to the case where Yy, is not identified.
If Y, is locally identified then global ldentification
in T ean often be achieved by simple restriction of the
parameter space I'. Accordingly we concentrate on the
sltuation where s is not locally identified. 1In this
case there is an infinite number of elements y of I' with
Z(I) = Zo, since otherwise I would be identified on a
sufficiently small nbd. of Yor Where these Yy define a
continuous manifold in Rq, it may be possible to express
the model in terms of a smaller number of parameters and
so reduce the situation to the identified case. Alterna-

tively, the parameters may be identified for inference

e ——
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purposes by restriction of I' through say t constraint
equations v(y) = 0, and it 1s this case we shall now

~

consider.

We say the equations y(x) = 0 define identification
conditions (i.c.) on the model I(y) if for each LEA the

equations
E(y) = %; v(y) =0 (6.1)
have a solution y€l. That 1s, if we write

r, = {y | yer, v(y) = 0}, A = X(T)) (6.2)

then the equations v(y) = 0 define i.c. if A = A.
Further we say IOEFV is (globally, locally, strongly)
identified in T by the i.c. Y(Y) = 0 if Yo is (globally,

~

locally, strongly) identified in Fv.

We willl assume that the functions V(I) admit continuous

first order partial derivatives in a nbd. of Yo and write

~

oV

v(y) = 5%*(1), (6.3)
ACy)

W(y) viyy |2 (6.4)

vV, = V(Yo) and wo = W(YO). Then paralleling the results

(i), (ii) and (iii) above we have

(iv) 1If Wo has rank q then Y, is locally identified

by the i.c. v(y) = 0.

~

(v) 1If Yo is a regular point of W(I)’ then a necessary

-~
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condition that Y, be locally identified hy the i.c.

v(y) = 0 is that rank (WO) = q.

(vi) 1If wo has rank g a necessary and sufficient
condition that o be strongly identified in T by the 1.c.
v(y) = 0 1s that there exist a nbd. of ¥ in FV such that
all y in this nbd. are identified in T by the identifica-

-~

tion conditions.

The results (iv) and (v) are given by Rothenberg
(1971), while (vi) is a direct extension of (1i1). We
also have the following lemma which 1is of importance in

the determination of m.d.e.'s.

Lemma 5 If the equations v(y) = 0 define U l.c. on the

-model I(y), and T 1s defined by (6.2) then

inf F£2(y);S) = inf F(I(y):S) (6.5)
Yery 7 yer -

Proof Since FVCIF

inf F(2(y):S) » inf F(X(y):S)
YET ” yET h
~ v ~
Suppose the inequality is strict. Then there exilsts

Y:1€T such that

F(2(y1):8) < inf F(I(y):S).
Y yer,

However, by our definition of i.c. there exists XZGPV
such that Z(YZ) = E(Xl) and so
F(2(y2):8) < inf F(2(y);S),
! Yerv s

which is a contradiction. Thus (6.5) holds.
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Corollary 1 Ir YGQ’is such that

F(Z(%);S) = 12? F(2(y):8),
=y

and vy 1s an interior point of T, then

AF
a'\l

1< >

Corollary 2 If under the conditions of corollary 1, Y

1s determined by the Lagrange multipller technique, 1.e.

as a solution of

gy(v) + Vi(y)A =0
v(y) =0 (6.6)

with A a vector of Lagrange multipliers, and if V(y)

has rank t, then A=0.

Proof By corollary 1, V‘(I)5=Q which if the columns of

V‘(x) are linearly independent implies A=0.

In order to extend the results of section 2.4 to the
case where the parameters are identified by 1.c., we
modify the assumptions (c¢) and (d) of section 2.3 on the

model to gilve

(¢) Y, 1s a regular point of Afy), with

rank (Ao) = r<q.

(d) there exlsts s = g-r 1ldentification conditions
v(y) = 0 on T, with Y(Io) = 0, and vi(I) possessing
continuous first order partial derivatives in a nbd. of

Yoo 1 = 1 ... s. Further, with W(y) defined by (6.4),
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rank (wo) = q.

(e) there exists a nbd. of y in T such that all y

in this nbd. are identified in T by the 1.c. v(y) = 0.

We shall also need the following well known result

[see e.g. Rao, 1973, p.34]

Lemma 6 Let A and B be matrices with sizes mxq and txq
respectively, and R(A”) denote the range of A°. Then 1if

rank (A) = r, rank (B) = (g-r) and R(A7) N R(B") =0

(a) A“A + B’B 1s gxg and nonsingular

(b) (A°A + B’B)“1 1s a generalised inverse for AA.

We note too that R(A)MR(B”) = 0 1f any only if
rank (A”) + rank (B”) = rank(A”{B”), as is easlly shown

by consideration of basis vectors.

We assume that a sample variance matrix is observed
with an asymptotic distribution defined by (4.1).
Corresponding to the definitions of section 2.4 we now
£

define an approximate m.d.e. Y* as an element of Fv

satisfying

F(Z(y¥):8) € ¢ inf F(2(y);:S) (6.7)
=l

with ¢ a constant and 1l<c<», and note that by lemma 5, an
approximate m.d.e. always exlsts. Similarly an m.d.e. 1s

now defined as an element of Fv such that

F(5(y):8) = inf F(2(y):8) (6.8)
e i

Writing =¥ = Z(X*) for any approxlmate m.d.e. I*, we see
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by (4.5) (which is derived Independently of the para-

5

metrisation) that I* - I _ = Ob(n'“). in particular then

P
TE - zo and since, hv (vi) above, conditlons (d) and (e)

D
ensure that ko is strongly identified in Fv, so Y% » vy

A ~ ~0°

Further, since

o¥ -~ g, = AO(Y*wXO) + higher order terms

0 = v(y*) - V(Io) = VO(Zﬁexo) + higher order terms

we have

- '35‘ - . s '%“
Ay (g go) (AO AO+Vo VO)(I Xo) + higher order terms

...1/’1)

which, since g*rgo = Op(n , by lemma 6, implies

L1
y*ayo = Op(n Y. Summarising then. we have correspond-
ing to theorem 1,

Theorem 4  If under the 1.c. v(y) = 0, y* is any

approximate m.d.e. of Yo then I% is consistent for Yoo

~

4

X %, = 2
with y Yo Op(n ).

Similarly, corresponding to theorem 2. using
lemma 5, corollary 1, 1t is easily shown that
Theorem 5  The probability that an m.d.e. exists and

1s given as a solution of

3 (z(y):8) = 0 (6.9)

?

+1 as n%ew,

Tt then follows from (4.16) and (4.17) that with E

defined by (4.11)

Ao EAO(I“IO) = Ao E(§-go) + op(n ) (6.10)

and so, since
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JIO) + op(n_%) (6.112

Z-‘<)

0 = v(y) = vlyy) = Vo
4 -
and since R(AO’E”) B R(AO }, by lemma 6

- . » o -, -']5
wxo) = (AO EAO+V0 Vo) Ao E(§“90) + on(n ) (6.12)

=2 >

(

Thus correspondling to theorem 3 we have

Theorem Q Under the i.c. v(y) = 0, let an estimator ?

~ o~

be defined as an m.d.e. whenever an m.d.e. exists, and

otherwise as an approximate m.d.e. Then

Y-y, 4 w(o,26¢7 (a, "ma ya"t) (6.13)

where

G = AO EAO + Vo Vo' (6.14)

Corollary 1 Under the cohditions of theorem 6,

/A(8-g,) + N(g,eao[G“I(AO’EAO)G“l]Ao’) (6.15)

Further, using similar reasoning to that of theorem 3,

corollary 2 we have

Corollary 2 Under the conditions of thecrem 6

nF(E;S) + y2(ad) (6.16)
where d = 4%p(p+l) - r.

We note that, with reference to the conditlon (a) on
the model, it has been assumed that i.c. Y(I) =0 exist and
are such that y(xo) = 0. TIn practice y(x) is usually
chosen for convenience in the estimation procedure, and
Yo becomes that member of the family of y with Z(I)=Z(Io)

which satisfies the condition. Although this Y, may no

longer be the true (i.e. population) value of y it 1s

~



4y,

indistinguilshable from 1t when inference is via I. We
also note that in assuming (g-r) conditions with

rank (Vo) = (g-r) we are merely ensuring that the condlt-
ions are essentilally i1ndependent. No real changes to the
theory are required 1f there are more than (a-r) i.c.
provided that rank (VO) = (g-r) and rank (Mo) = g.
Remarks similar to those following result (i11) above can
also be made about models for which Yo is not a regular

point of A(Io) or of W(Xo)’ with such cases usually

requiring individual consideration.
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2.5.1 Application to models of root structure

To 1llustrate some of the effects of the choilce
of PEF we conslder the estimation of the parameters of
models which specify structure for the eipen values of
I, but for which no constralnt is Imposed on the
corresponding elgen vectors, i.e. if we assume the elgen

values of ¥ are Ay 2 ... 2 Xp >0, A= diag(hi), and

= JANT., J°T =1, (7.1)

we are concerned with models which specify a structure
for A, say AGFX’ but for which J may be any elements of
0(p), the group of orthogonal pxp matrices. Models which
specify sets of equal roots are common examples of thils

type.

The deteri: -5ion of the m.d.e. of A and J following
the observation o a sample variance matrix S, with elgen

values 1 > ... > %D >0, L = diag(li) and

S = KLXK°, KK =1, (7.2)

may be conveniently divided into two parts, viz., the
minimisation of F(JAJ”:8) with respect to J for given A,
then the minimisation of this conditional minimum with
respect to A. For maximum likelihood estimation 1t has
been shown by Anderson (1963) that with F.(%:8) defined

in table 1, F,(JAJ":S) is minimised when J=X independently

of A, and so

inf T2 (JAT :8) = Fo(A;L), (7.3)
JEO(p)

which may then be minimised with respect to A. Ve seek a



b6,

corresponding result for general FEF., In dolng so we
make use of the following well known lemmas [see e.g.
Bellman (1960)]}, which we restate here in a convenlent

notational form.

Lemma 7 Let © = diag(ei) with 6, > ... 2 Gp have k
distinct diaronal elements with multiplicities my ... m,.

Let H and J be elements of O(p) and & = diag(¢i). Then
JoJ” = HOH’ (7.4)
if and only 1f J and ¢ may be written in the forms
J = IMP”, & = POP~ (7.5)
for some permutation matrix P and some matrix

M= (M 0 ... 0] =dlag (")
0 Mz ... O

0 a L .

00 . My

o€
with 'y O(mi).

Lemma 8 Tet A and B be pxp symmetric matrices with
B, > ... > Gp the eigen values of A, ¢, 2 ... 2 ¢p the
eipen values of B, wlth Iz distinct values of multiplicitiles

my ... m, and A = FOH", B = J&J7 with W, JeO(p). Then
AB = RA (7.6)
if and only i1f J can he written in the form
J = HpM® (7.7)

for some permutation matrix P and some M= diag(”i), wlth
e
.2 o(mi).

Now corresponding to the maximum likellhood sltuation
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we have

Theorem 7 Let S be a fixed pxp positive definite
symmetric matrix and L and K be defined by (7.2). Let
A= diag(ki) be a fixed diagonal matrix with

A1 ¥ ... 3 Ap > 0 and k distinct diagonal elements with

multiplicities ny ... n Then for any FEF such that

1
0f-(6) 1s monotone increasing on 6>0, J 1s a statlonary
point of F(JAJ”:S) on O(p) if and oniy 1f J can be written

in the form
J = KPN~, (7.8)

for some permutation matrix P, and N = diag (Ni)’ with

1. €
hiGO(ni).

Proof For any J we write I = JAJ”, and let the eigen

-1 -1
values of S7%5S" 2 be 0; > ... 2 ep > 0 with k distinct
values with multiplicities m; ... My > 0 = diag (Bi) and
. e § » . _ =
ST¥gs™?% = HeH™, H'H = I. Then, with a, = £7(8,),
A = dlag(o,), by (5.6)
P -1y
dF = tr HAH’ST%3dzs™?2
-1 |
=2 tr HAH’S 2aJAJ~s™ %
-1 -1 .
=2¢tr JAJ®S™ “HAH"S™ ?dJJ”, (7.9)

which, since JJ° = I implies daJJ~ is skew symmetric, is

1
-k

iz .
equal to zero for all dJJ° 1if and only if JAJ”S “HAH'S

is symmetric. That is, if and only 1if

. PP v B o=l =Lk
SS “IS “HAH HAH S ?fsS “S

= (KLX”)(HOAH") = (HOAH”)(XLK"). (7.10)
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Thus J 1s a stationary point of F(JAJ”:8) on 0O(p) iff
the corresponding H and 0 satisfy (7.10), l.e. by lemma
8 and the assumed monotonicity of 6f7(6) if and only 1f

H has the form
H = KPM” (7.11)

for some permutation matrix Py and IM = diag(Mi), with

Mieo(mi). In such cases

1
JAT” = 8”7 HOH’S”

™~
il

1 Lo
KL?K“KP,M”OMP{X "KL K

i ‘!"’)‘
KL °P,0P{L°K (7.12)

whieh by lerma 7 1s true if and only if for some P and

N as in the statement of the theorem

Y ) s
K = JNP”, L°P,9P{L = PAP (7.13)

! -k
J = KPN”, 0 = P{L ?PAP’L P, (7.14)

Remark For all FEF the conditlons (3.3) and (3.4)

ensure that 6f-(8) 1s monotone increasing in a nbd. of
=1, but not necessarily on 6>0. Where this condition
fails 1t 1s easily verified that J = ¥KPN® glves H and ©
satisfying (7.10) and so 1s a stationary point of
F(JAJ":S) on O(p). However, the necessity argument faills
for particular S and A. The situation is consldered

further later.

Corollary 1 Writing Jp = KPN”, with P and N as abhove,
the minimum over all permutation matrices P of

F(JPAJP’ :S) occurs when P = I for all A and S
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if and only 1if

A X A )
fﬁg%) + f(@?) : f(yi) - f[g%) >0 (7.15)

for all ki > A, >0, 2, > %, > 0.

i i 3

Proof (T AT _~°3)
T P P

F(XPN“ANP K" ;KLK")

= F(PAP";L). (7.16)
Thus, if A = PAP® = dtag(h; "),
2 %
)
c - S - __i
F(J AT 7:S) = F(A 5L) 121 [211 (7.17)

The condition (7.15) is clearlv necessary. TFor

suppose there existed Ai > Aj > 03 21 > Qj > 0 such that

(7.15) falled. Then taking A and S so that *15*15“1323

are the 1 and j eigen values of A and S respectively, and

A, = (M eee Ay kj Ajpp oo Ajnl Ay Aj+1 ‘o Ap), then
A A Ay A
F(A L) - F(A:T) = f(II) + f(zq] . f(I;) = f(i;) (7.18)

<0, so that the minimum 1s not achleved at P=I.

To demonstrate the sufficlency, suppose that (7.15)

holds for all Kizl >0, £i>2j>0. Suppose that Ap*A, and

1
%= #® = + £ =
has Ar Ar, r<i, Ai Aj.li. Then lk Ai for some k>1,
* % * *
and if AP1= dlag(x; ... Ai xi+1 . a4 Ak«l Aj Ak+1 co Ap)

lj Ai Ai Aj
F(A L) - F(API,L) = f‘[i-—;] + r(-q) = f(f;-) . f(rk](7-19)

> 0 by (7.15). Applying the same argument to Apl and so

on, 1t follows that F(AP;L) - F(A-L) > 0.
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The theorem and corollary together show that 1f
F(r:S)EF 1s such that 0f7(8) 1s monotone increasing
and £(6) satisfies (7.15) for all Ai>kj>0, £i>£j>0, then

for all A and S of the assumed forms

inf F(JAJ”-S) = F(A,L) (7.20)
Jeo(p)

with the minimum being achleved at J = KN”, with N

as 1n theorem 7.

Tt is easlly verified that of the estimation functions
presented in table 1, ML, GD and DIV each satisfies both
of the conditions and therefore (7.20). For TGLS
0f°(6) 1is monotone increasing on 0<6¢2, while (7.15) holds

if and only 1if

(21+2j)(li+kj) 2 2Aikj. (7.21)

Similarly for GLS, 6f°(8) 1s monotone increasing on

<0, while (7.15) holds if and only 1if

(zi+2j)(xi+xj) 3 2£i£j, (7.22)

and a similar result is also true for GLSE.

AAAN A,

We note, however, that for any FEF, if ¥ = JAJ 13 an
m.d.e. of I, as n-w

inf F(JAT":S) = F(R;L)) >l (7.23)

Pr (se0(p)

~ P ~ P
For, as shown in section 2.4, F(£:S) » 0, =5 ~ 0,

S P A
and 0~I = 0. If F(JAJ”:;S) were to admit a statilonary
point on 0(p) not of the form KPN”, then, by the argument

of theorem 7, i1t must have at least one of the
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corresponding 6 outside the nbd., of 0=1 on which

A 2
ef~(0) 1s monotone increasing. Thus since 0-I =+ 0 the
probahility that J has the form KPN” approaches 1 as

n-+co,
To establish that for any FeF

min

Jegpy- FIATT58) = F(A:L))> 1 (7.24)

Pr |

as n+», is rather lengthy because of the difficulties
raised by certaln special cases of equality in the roots
of Zo, the population varlance matrix, and we demonstrate

here only that

Prif(pd) + £(g8) - £(gh) - £(gd) »0f 1 (7.25)

as n+*», for 1 < jJ, which by the arguement of corollary 1
is a necessary condition for (7.24). Similar reasoning
can be used to establish a corresponding sufficlent

condition.

~ p
Since £ - % -

p
o 0 and S - ZO+ 0. i1f the elgen values

of I, are A s 38 s 0, ana a = diag(kio)), then

~ P P
A - A0+ 0, and L - Ao+ 0. If the number of lndependent
parameters in A,J is to be constant in a nbd.of AO in

T equalities in the elements of AO must be matched by

)\’
equalities 1n the elements of A for all A in a nbd of

. Thus for all i > jJ such that Ai°)=x(°), as

AO in T 3

A

n--o Pr(>\i =Aj)+1, and hence
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Pr f(;i] + P{Ei] - f{7i] ~ rl;i] = o} ~ 1. (7.26)
» 2 _

x 4 2 A (o) (o)
A A A Al P A A
: o B i s | e i

i Ai Aj

> 0, and so (7.25) holds.

We also note that since, given J = KN7,

F(A;L) = 4inf  F(A:L) (7.28)
AeT
p\
(assuming that the iInf is achieved), by (7.23) for any
FEF the asymptotic distributilon of the estimate of A

obtained by miniimisation of F(A:L) on FA i1s the same as

~

that of the true m.d.e. A.

As an 1llustration of the differences in estimates of
A which can occur through varyine cholce of ¥, we present
in Table 4 the estimates obtained by minimisation of

F(A:L) for the equal roots model

A= dtag(A,I_ ), AL >e..0> Ay, (7.29)
1'my .4 -

when the elgen values of S are £;; >...> Kln > L
)

>0l Kkm , for each of the estimatlon functions of Table
k

1. We note that the harmonic mean estimate
A [ ;:11 “l]"'l
A, = ¥4
oy 1

which does not appear in Table 3 is the estimate obtalned

*
by the minimisation of F,(A:L) = Fo(L:A).



53.

TABLE 4

Some estimates for the equal roots model

FUNCTION ii ;
. Wi 2 ) my
TGLS Y 2 /[Z 2 ]
Li=1 ijJ i=1 1
r ;:li A
M1, £ /m
3= 1)1
m
1 1/m
GD [ 1 ‘zij] 1
Li=1
, ‘;1 ;‘1 =
DIV e, .|/ L
L[j=1 ij] [J=1 i’]}
m bl
GLS 5 311] /[ 3 e
g=1 M) g M

GLSE No explicit solution
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Chapter 3: The test statistic

3.1 Introduction

We have shown in section 2.4 that for any FEF and
model I = Z(i) satisfying the -conditions f(a) to (d) of

section 2.3,
T = nF(E;8) + x2(4) (1.1)

where I = I(y), with y an m.d.e. of y and

~

d = %p(p + 1) - q (1.2)

The_statistic T thus provides a readily applied test of
the appropriateness of the model. We have however at this
stage no 1dea of how large n need be before the
approximation to the distribution of T provided by (1.1)
1s reasonable. As an accurate knowledge of the distribution
of the test statistic would be a good reason for prefering
one element of F to another, in this chapter we oxamine
ways in which the approximation in (1.1) may be assessed
and improved.

Box (1949) derived for any statistic W with a pre-
seribed form for its moments, and for constant p, an
asymptotic expansion for the cumulant generating function
(c.g.f.) of pM= p(-2 log W) [see also Anderson, 1958,
p. 203]. When nS follows the Wishart distribution, for
many standard hypotheses of variance structure the moments
of A have the required form [Anderson, 1958, chapters 8
and 9] and the expansion for the c.g.f. of
pM = p(- 2 log A) has the form

m
o(t) = - 5 log(l-2it) + I mr[(l-z_it)'r - 1]

r=]1

)bl o)

—(m+1))

+ 0(n (1.3)
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where w_ = 0(n"T) and is independent of t. It follows
that the distribution function (c.d.f.) of oM also“
has the form

Pr(pM < x) = P, + w;(P

g asp~Pg) * 0%, (1.4)

where

P, = Pr(x*(d)<x). (1.5)
If then p is chosen so that «1=0,

Pr(ph<x) = Py + O(n™%). (1.6)

We say that the distribution of pM agrees wilth
x2(d) to O(nul), since the O(n—l) terms on both sides
of (1.6) agree.

This result was extended by Lawley (1956) who showed
that under quite general conditlions on the likelihood
function and the form of the hypothesis there exists a
constant p such that the distribution of p(-2 log A)
agrees with x2(d) to o(n~!), where as before A 1is
the likelihood ratio. Lawley's assumptions would generally
be satisfied for models of variance structure, where, with
nS distributed Wishart, -2 log A = an(E;S) = T, say,
with F2(Z;S) as defined in section 2.3.

In order to determine a suiltable p 1t 1s then
sufficient to determine E[T2] in the form

E[T:] = d(1 + %1 + %& + o(n"3)) | (1.7)

whence any factor of the form

p =1~ 54 0(n™?) (1.8)

wlll achieve the desired result. In practice p is

usually chosen as either (1-k,/n) or (1+k1/n)-1, the
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cholce being made to gilve the smaller O(n"2) term, i.e.
the former will be favoured if 2k2 > k;2. |

The use of a factor in this way i1s very appealing in
its simplicity and effectiveness for the ML test, and it
might be hoped that similar properties apply for general
FeF,

In order to explore the situation, in section 2, for
a slightly restricted class of elements of F, we consider
in detail the test for specified I, 1i.e. we examine the
distribution of T = nF(ZO;S) for nS -~ wp(n,zo) with

Zo known, on the reasonable assumption that this will
give some guide to more general cases and certainly that
if for some FEF the distribution approximation awvallable
in this case is poor then this is also likely to be true
more generally.

While the results of section 3.2 were primarlly devel-
oped as a guide to more general models, there belng good
approximation to the distribution of the ML, test statistilec
already avallable [Korin (1968), Davis (1971)] they may
still be of interest for testing I = Zo for other reasons.
Thus Nagao (1973) considered the use of nF;(Zo;S),
because of its relationship with thé asymptotic variance
of the ML test statistic under the alternative hypothesis.

Two approaches are adopted to the distribution
approximation. Firstly the expectation of the test
statlistic 1s considered with the aim of determining, in
the manner of (1.7) and (1.8), a factor p for which
E[pT] = %p(p+l) + O(n-z). Secondly a technique used by

Nagao (1973) is applied to obtain an expansion for the
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c.d.f. of T to O(nnl), corresponding to (1.4). A

consequence of the form of the expansion 1s that in general
a result corresponding to (1.6) is not possible. A

numerical experiment 1s then described which compares the
two methods with each other and the simple approximation
(1.1).

In section 3.3 we show that for models of a type
frequently encountered in practlce, the form of nF(E;S)
simplifies for many of the commonly used elements of F. The
desirability of some improvement to the approximation
(1.1), then leads ws to suggest in section 3.4 two factors
which might be used for general models when detailed
knowledge of E[nF(ggs)] is not available, as is fre-
quently the case when estimates are determined iteratively.
The results of section 3.3 suggest for the important ML
case, two further approximate factors which are also
presented in section 3.4. A comparison is then made
between the proposed factors and the appropriate factors

for two models for which these are avallable.
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3.2 The test for specified I

3.2.1. Large sample expectations of the test statistic

Under the assumption nS ~ wp(n,Zo), we derive
E[nF(Zo;S)] to O(n-z), and thence an appropriate correc-
tion factor, p, such that

E[npF(Z_38)] = %p(p+l) + O(n™?) (2.1)

with p belng chosen either so that O(n-z), the remalnder,
1s zero, or in the manner described by (1.7) and (1.8).
We restrict consideration to FEF for which f(6) admits

a Taylor expansion of the form

6
£f(8) =t aJ
i=2

(-1)3 + o(e-1)7, (2.2)
where az = %. We denote thls subset of F by F,, and
note that all the estimation functlons considered in section

2.3 are elements of F,. Writing ¢, = 61_1, so that

< =k
b1 2 ... >¢p are the elgen values of I °SI °, each

FeF, may also be written in the form

6
F(£;S8) =} b, §(¢i - 13+ o(¢; - 1)7 (2.3)
j=2 Ji=1

and for this section we find this form more convenient than
the expansion based on (2.2). We note that the a's and

b's are simply related by

aj = (_1)j %2 (i:l)br; v (2.4)
re2
= (1) -1
by = (-1) rgz CAE LN (2.5)

As shown in Theorem 1 of Chapter 2, since
-
S - Zo = Op(n 4), when ¢3 3 ... 3 ¢p are the eigen

values of Z;%SZ'%,
(o] o

s _
(¢,-1) = 0,(n" %), 1=l...p, (2.6)
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so that to determine E[nF(ZO;S)] to 0(n~1) we need
only take the first three terms in (2.3) while the first

five term will be sufficient to determlne E[nF(ZO;S)] to
o(n~?).

We seek the expectations of the individual terms of
(2.3). 1In obtaining these, we shall use the following
lemma due to Das Gupta (1968) [see also Kshirsagar, 1972,
p.70].

Lemma 1 If A -~ Wp(n,I), then

E[A¥] = ¢ T (2.7)

where ¢, i1s a constant depending on k;n, and p.
The proof 1s given by Kshirsagar who also used dlrect
methods to determine the values for Kk = -2, -1, 1 and 2.
Corollary. Under the conditions of lemma 1

E[tr(Ak)] = E[sk] =c.p (2.8)
where s, = tr(Ak) 1s the k th power sum of the latent
roots of A.

The general form for E[sk],k > 0o, and the expecta-
tions of the other baslc power sum functions of a matrlix™
ZA, with A -~ Wp(n,Z),-for general flxed I and Z has-been
given by Fujikoshi (1973, formulae (3.9), (5.15)-(5.22%),
who also gives tables for calculation for k < 6.

Applying his method for Zz = L = I and combining the
results with those given by Kshirsagar, we obtalin the

following values for Cy

(n~1)/{(n-p) (n=-p-1) (n~p=3) },n>p+3

Q
1}

1/(n-p~1) ,n>ptl

Q
it

1

o
il
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ct1 = 1n
c2 = n?+n(p+l)

cs = n¥n?(3p+3)+n(p2+3p+l)

cy = n"+n3(6p+6)4n2(6p24+17p+21)+n(p?+6p2+21p+20)

¢s = n%+n"* (10p+10)+n3(20p2+55p+65)+n2 (10p3+55p2+175p+160)
+ n(p*+10p3+65p2+150p+148)
ce = n®+n’(15p+15)+n" (50p2+135p+155)+n°® (50p*+262p>+787p+701)
+ n2(15p*+135p°+787p2+1827p+1620)+n(pS+15p*+155p3+701p2
+1620p+1348) , (2.9)

We note that for k>0 these may be obtalned more
directly by inverting the relationships given by James
(1964) to write s, = tr(A¥) as a linear combination of
the zonal polynomials, ZK(A), with « a partition
ey wen kp) of k and the coefficient of ZK(A) depend-
ing only on K. Then, from James' formulae (21) and (24)

[due to Constantine (1963)], for A - Wp(n,I)

E[ZK(A)] =22k 1'2_1 (%) (2.10)
K K
where
L3 . ' -k
(a) = % (a“ﬁ(l“l))kiy (b)ki = o+ (b+3-1). (2.11)
i=1 1=1

Since E[ZK(A)] is a symmetric function of n and p,

we see that for k>o, pcy will be a symmetric function

of n and p - a result not apparaat from the above

expressions for ¢ Thus e.g.

k.

pca np

np (n+p+1)

pca

pcs = np(nZ+3np+p2+3n+3p+l) (2.12)
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Since nzoksz°=~ Wp(n,I) i1t follows that
k

E[tr(z %55~ %)) = E[§ ¢¥] = c pn”¥, (2.13)
o o {=1 i I

so that, for k>0,

e, = E[tr(I]ss]-1)"]

k

B} (6,-1)%]
i=1

k
p ] (-1 (2.14)
i=0 L :

We thus obtaln the following values for e, :

ey =0

ez = p(p+l)/n

es = p(p*+3p+4)/n?

ey = p(2p2+5p+5)/n?+p(p3+6p2+21p+20)/n?

es = p(5p°+25p2+70p+60)/n3+p(p*+10p°+65p2+160p+148)/n*
e = p(5p°+22p2+52p+l1)/n®+p(9p*+65p°+397p?+867p+732)/n"

+ p(p®+15p*+155p°+701p?+1620p+1348)/n°, (2.15)

Using the expressions for ¢, we can calculate exact
expressions for the expectations of some of the particular
estimation functions which we have considered. These are
presented in Table 1. 1In all cases the expectatlions may

be calculated to O(n_z) by

6
E[nF(Z,,5)] = n} P o(n™?y, (2.16)
js
Writing
E[nP(z_;8)] = BB (1451 4 K2 4 5(n72)) (2.17)

Table 2 presents the values of the bk and the resulting
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ki1 and k2 for each of the functilons considered. Table
3 then presents the corresponding factors p, determined

to satisfy (2.1), together with values of ki where
" + ( 5 .
E[neF(Z_;8)] = 212512(1+§§ + o(n"%) (2.18)

TABLE 1

Exact expectations for some estimatlion funectlons.

FUNCTION E[nF(Z_;5)]

TGLS p(p+l)
2

DIV p(p+l). n
2 n~(p+1)

GLS p(p+l). n®+n?(p2+2p+3)/(p+1)-np(p+3)
2 (n-p) (n=p-1) (n~p-3)

TABLE 2

Expectations of some estimation functions to O(n-z)

. FN. bs by bs bs ky k2

TGLS 00 0 O 0 0

ML 5§ £ = %(2p+1-;%T) F(p?+p-2)

GD 1143 HE %2(10p+9=5%1J 1%6{100p2+1SUp-65-%%T

DIV —% % -% % p+l p2+2p+l

aLs .13 -2 2 up+5+-§%T 8p2+20p+23+§%i

GLSE _% %i _%% 5%% %(2op+27+%%1) %3(1201p2+3457p+5431
110y

ptl
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TABLE 3

Correctlon factors and corresponding O(n-z) terms of
expectation

FUNCTION 0 vz
TGLS 1 5

ML 1- g%%%%%%% 3 (20 + 2p - 5 - %g}%)z)

GD 1 - 122;?;22;7 - 755 (100p2+28Up+H65+1ORELIZ, )
DIV 1 - B 0

GLS (n-p) (n-p-1) (n-p-3) .

ni+n? (p?+2p+3)/(p+1)-np(p+3)
GLSE (1 + 20p2;ﬁzgig%)" 1r(1201p2+3457p+5431 + 129

We note that Korin (1968) obtained the ML results
presented here using an approach closely paralleling that
of Box (1949). The ML factor had been derived earlier by

Bartlett (1954).

Considering the size of the terms involved in Tables 2
and 3, it seems that for GLS without a factor the x?
approximation to the distribution i1s going to be poor for
anything but very large n, while for GLSE this 1s likely
to be true even when the factor 1s used. Accordingly,
we drop GLSE from further consideration. We note that,
using the expectations as a guide, appllication of the
x2 approximation without a factor is likely to lead, for
all the estimation functions considered except TGLS, to

too frequent rajection of the null hypothesis. We will
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see that this suggested behaviour 1s borne out in the

numerical experiments described later.

3.2.2 Asymptotic distribution of the test statistic.

The asymptotic distribution of nFl(Zo;S) has been
determined to 0(n~!) by Nagao (1973) by writing the test
statistic 1n the form

T, hFl(ZOBS)

2 2% i, 1 Y -3
tr Y2 + (n) tr Y? + = tr Y + Op(n ) (2.19)

i - -
where Y = (n/2)? log (Zo %SZO %), with log S being
defined as the real symmetric matrix B such that

B B2

3
s=el=1+B+3 +2

SR TIIRETE (2.20)

From the asymptotic distribution of Y, he then shows, via

the characteristic function of T,, that

Pr(Ti<x) = P + % {fy P + £,P

d+6 d+4

+ £,P + £ P+ o(n~?%) (2.21)

d+2

here d = %p(p+l), Pd is defined by (1.6), and the fi

are polynomials in p.

Thls approach may be extended to general estimation

functions having an expansion of the form (2.3).

Since

n _ 2v% il -3
Eizl(qsi-l)2 = tr Y2 + (n) tr Y3 + = tr Y' 4+ Op(n %) (2.22)

%121 (¢i-1)3 = (%);5 tr Y? + % tr Y* + Op(n-%) (2.23)
3 E (¢,-1)* = % tr Y* + 0 (n~%) (2.24)

i=1
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we have, for F(I;S) with an expansion (2.3),

T

nF(z_;S)

tr Y? + (1+2b3)(%)%tr Y3 + (% + 6bs + Hbu)% tr Y*

=ty

+ Op(n (2.25)

whence, following through Nagao's working, Pr(T<x) has
the form (2.21) with

f3 = E5(Up*+9p+7)(1+3b3)*

T2

-B[2(4p?+9p+7) (1+2b3) (1+3bs)
- (2p%+5p+5) (1+6bs+4Dby) ]
£1 = Ppl9(4p?+9p+7) (1+2bs)*
- (2p2+5p+5) (T+36bs+24Dby)
+ 2(p*+p-2)]
fo = - Sp(2p?+3p-1) (2.26)
The values of these coefficients for the estimatioﬁ
functlons previously considered are given in Table y,

Further, if X ~ x2(d) and p 1s some constant of the

form

ki o
p =1~ . + 0(n °) (2.27)

then it is easily shown via the characteristic function

that

Pr(pX < x) = (1 - kéi)Pd ¥ %%9 P, *+ 0(n™%) (2.28)
Thus for p of the form (2.27)

Pr(pT < x) =Py + %{fan+6 t f2 Pai,
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+ £f{ P, . + f; P} + 0(n"2) (2.29)

d+2

where

£f1 = 1 - %dk,
£oo= £, + Ldk, (2.30)

The values for the coefficlents fg and f7 for the estimatlon
functions previously considered are given in Table 5, where
p has been taken with the value given 1n Table 3. Probabili-
ties calculated using (2.29) would of course agree to O(n_l)

with Pr(T < x/p) from (2.21).

TABLE 4

The coefficients fi for some estimation functions

FUNCTION £3 £, £,
TGLS  F5(4p?+9p+7) ~E(6p?+13p+9) S(p+1)?
ML 0 0 %E(2p2+3p—1)
GD Po(ip?+9p+7)  ~fg(2p%45p+5) Er(p?+p-2)
DIV Fg(4p?+9p+T7) 0 ~Ez(p+3)
QLS %(up2+9p+7) -5 (14p?+31p+23) S(p+1)?
TABLE 5

The coefficients f{_f; for some estimation functions

FUNCTION f1 f;
TGLS E(p2+2p+1) -Eq(2p*+3p-1)
ML 0 0
GD -fg(8p?+17p+11) fg(6p2+13p+9)
DIV B (4p?+9p+T) Ep(4p?+9p+7)

GLS -R(2p2+5p+5) Ep(22p?+51p+43)
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We note that, from (2.29), with a factor p of the form

-l
(2.27), Pr(pT < x) can agree with Pd to 0(n"") only if

=1

wlP

fg = £, = 0, which by (2.26) is true only 1f bs N

and by = %, and thus only if nF(ZO;S) agrees with

-1
an(ZO;S) to Op(n ).
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3.2.3 Numerical comparisons

We have in the previous subsections given four methods
by which the distribution of T = nF(ZO;S) may be approx-
imated when nS -~ Wp(n,zo). These, corresponding to (1.1),

(2.21) and (2.29), may be summarised as

(a) Pp(T < x) %Py (2.31)
Q 1

(b) Pr(T < x) = Pd + H(f3Pd+6+f2Pd+4+f1Pd+2+foPd) (2.32)

(¢) Pr(pT < x) = Py (2.33)
e l » A

(a) Pr(pT < x) =+ Pa + 'rI(f3Pd+6+f2Pd+4+f1Pd+z+foPd) (2.34)

where p 1ls an approprilate factor determined in the manner
of (2.17) and (2.18). We will now describe a numerical
experiment which was conducted in order to compare the

effectiveness of these approximations.

The basic method was to generate a large number of -
sample matrices from a Wp(n,zo) population and calculate
the corresponding values of T, thus obtaining a numerical
approximation to the distribution of T with which to
compare the theoretical approximations given above. The
population matrix Zo was taken equal to I, without loss
of generality. As each of (2.31) to (2.34) could be ex-
pected to perform well for large n, a moderate value of

n (n=40) was chosen, corresponding to p=6.

Four hundred independent sample matrices from wp(n,I)
were drawn, their eigen values determined, and thence
the values of T calculated for each of the estimation
functions previously considered. The samples from wp(n,I)

were generated via the triangular decomposition, the
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necessary X and N(0,1) random deviates being determined by
trans formation of uniform random deviates. Full detalls of
the procedure are glven e.g. by Browne (1968). The uniform
random deviates required were obtalned using the CDC
library function RANF. The values of T were then ordered
to give the empirical, or observed, c.d.f.. Corresponding
values of the approximating c.d.f.'s given by (2.31) and

(2.32) were also calculated; the necessary values of Pd

being determined using a subroutine kindly made avallable

by Dr. W.N. Venables.

The empirical c.d.f.'s, together with the theoretlcal
approximations, were plotted using an incremental plotter,
and the results are shown in figures 1, 2A - 5A. Similarly,
with the values of p given in table 2, the empirical
c.d.f.'s of pT (for the same set of 400 samples) and
their approximating c¢.d.f.'s were found, and plotted as
shown in figures 2B - 5B. Note that for TGLS, p=1 so
(2.33) and (2.34) are equivalent to (2.31) and (2.32),
while for ML (2.33) and (2.34) are the same.

For T: to T4 the figures suggest that, for the
particular n and p used, the approximation to the c.d.f.
of T given by (2.31) 1s not  particularly good, but is
improved by the inclusion of the O(nal) term as in (2.32).
For T, to T4 the use of the appropriate factor with (2.33)
also gives considerable improvement over (2.31), while
fbr T, and Ty this 1s further improved by the inclusion
of the 0(n~!) terms as in (2.34). For each of T to Tu
there 1s a close resemblance between the observed c.d.f.

and the best of the approximating curves. On the other
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hand, for Ts (GLS), even though (2.33) represents a
considerable improvement over (2.31), the approximation

is sti1ll poor, while n is apparently too small for the
inclusion of the O(n-1) térm of the asymptotic series to

give any improvement.

In conclusion then, without further information on its
distribution Ty is likely to prove an unsatisfactory test
statistic for the hypothesis Z=Zo for anything but very
large n, although any of Ti to Ty with the appropriate
approximating distribution should provide a reasonably

accurate test for moderate n.

1.0
1) T,

. (i1) X% (d)
i (1iii) (2.32)
06"‘
-
02'

0 S T T T

0 10 20 30 40 50

FIGURE 1 - Observed and approximating c.d.f. - T,.
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1.0
1 T,
(i) x2(d) ,
81 (4i1) (2.32)
06'-
t&"
-2'
0 | Y T T
0 10 20 30 40 50
FIGURE 2A — Observed and approximating c.d.f. - T
1.0
i) T,
(11) x2(d) (=(2.34))
.84 .
.67
b
. 2
0 T | T T
0 10 20 30 40 50

FIGURE 2B - Observed and approximating c.d.f. - pT,.
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FIGURE 3B — Observed and approximating c.d.f. - pT3

1.0
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.4’ -
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FIGURE 3A - Observed and approximating ¢.d.f. - T3.
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FIGURE 4B - Observed and approximating c.d.f. = pTy
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FIGURE 4A - Observed and approximating c.d.f. - Tq.
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FIGURE 5A - Observed and approximating c.d.f. - TS'
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FIGURE 5B - Observed and approximating c.d.f. — pTs
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3.3 The test statistic for some special models

As in chapter 2, for the model I = (y), YET we write
A = £(T). In this section we shall show that where the

model has the property
L(Y)EA = cI(y)€A, ¢>0 (3.1)

the form of the test statistic nF(E;S) simplifies for
many FEF, with possible advantages in both computation and
distribution approximation. The result we obtain for the
particular case of maxlimum likelihood has been previously
shown by Bock and Bargmann (1966). We note that many of
the general structures mentioned i1n chapter 1 have the
property (3.1), e.g. linear structures when the range of
the coefficients is unrestricted, the unrestricted factor
model, the direct product structure, and Joreskog's
general model of variance structures, when all parameters
are free and also in some restricted cases. Similariy,
models which essentially apply to the correlation matrix

and leave the variances unconstrained will have the
property (3.1).

Denoting, as usual, the eigen values of g %gg™ by
0; € ... & ep, and those of S~ ):S";E by 8; € ... £ 0_,

P
we have the followlng.

Theorem 1 For any FEF and model Z(I) with the property
(81 s

: f‘(ei)ei = 0. (3.2)

Il t~19

i
Proof. TFor any fixed I and c¢>0, the eigen values of

~% -k
8S7%(cE)S are ce,,...,cep go that
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F(er:S8) = § £(co,). (3.3)
i=1
Differentiating with respect to ¢, at a minimum in the
¢ directlon
E f°(co,)0, = 0. (3.4)
i=1 i’°1
Taking L = L, the minimum occurs at c=1, and so (3.2) holds.
Corollary For the model ¥ = azo where Zo is specified,
the estimate of a will be given as a solution of
) r(20{°)0% = 0, (3.5)
i=1
where e§°) are the elgen values of S_%ZOS'%.
Tt is the expression (3.2) which frequently leads to %

simplification in the form of F(Ejs); as can be seen in
Table 6 when the results of applying (3.2) to the particular
estimation functions considered in section 3.2 are presented.
The table also gives the value of a from (3.5), where for
simplicity the (o)'s have been dropped. We note the
similarity between this column and the estimates for
hypothesis of equal roots (section 2.7). This 1s to be
expected, since the hypothesis ¥ = aZo is equivalent to

the hypothesis that all the roots of Z;% 22:);i are equal.



Reduced -form of the test statistic for some

TABLE 6

estimation functions.

PN F(:S) (3.2) F(%; 8) a, from (3.5)
TGLS '
5} & -n2 =11 wi(-1e1) ENIVED
1=1 %4 1=1 %7 =1 94 =1 % i=1 95 4=1 "4
e[z L (5-5)]2 er st y2=er(szh 4 (p-trSE ) ceesz 2 ez h
1 1 _ § A 1 01
ML E( "'1089"1) L= = p _logei 5 E ;
i=1 O34 1=1 0 1=1 i=1 i
ctrSE Mlog|z|-log|s]-p tr(S§-1)=p =log|§|-1ogIS| = -15 er(sih)
" P 141
GD § (logh . )2 1ogei= (loge )2 (1'[ 5-) g
i=1 i= * 5 i=1 “1
log|Z|=log]5| =|sz MM
1
. = . 1 3
DIV %E(e.+§-2) E %—=Eei %(9 -1)= E[’"-l) ((E 3)/(591))
=1 *Yi =1 91 i=1 j=1 8 1 i=1 "1 i=1
=35(1::t:SZ-m]'-I*I:1:S"12:-==2p) trsi_1=tr8-1£ =tr(S~1§)-p =tr(S§“1)-p =[tr($2"1)/tr(s_l2.)];5
N ~ a ) b}
GLs % ) (6,12 82 = % 8 % E (~0,+1) ( g 0,)/( 1 02)
: 121 : = =1 3 21 ¥

er[s T (2-9)12

er (57 ) 2=er(s7IE)

""z(P"'tfs Z)

=tr(s"lz_)/tr(s'12 )2

*LL
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3.4 Approximation to_ the distribution of the test statistic
for general models

For some models of the general form I = Z(I)’ YET,
it can be extremely difficult to obtain E[nF(E;S)], and
thence an appropriate factor p for the improvement of the
distribution approximation (1.1). This can be especially
true where no explicit formula for the estimates is
available, and they are determined iteratively. However,

since we still have
pnF(Z;3) + x*(d) (4.1)

for any p of the form

Ky

o =1 -5+ o0m™, (4.2)

and experience suggests that for suitable p and moderate
n (4.1) can give a much improved approximation over (1.1),
we propose in this section forms for p which may prove
useful for general structures. For any particular model
the worth of the forms suggested would, of course, have
to be carefully evaluated before routine application, e.g.

in the manner of section 5.7 for the direct product model.

The following two factors for general structures are
suggested by the known formulae for the test for specified
Hle
(1) The same factor, pi, as is appropriate to the test

for specified I might be used for general structures.
This is equivalent to testing the hypothesis
o) =E, but using degrees of freedom d instead of

Lp(p+1).
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(11) The factor for the test L = %L 1s determined

basically from the form

E[nF(s_38)] = Bp(p+1) (1 + BBl 4 om™®) (4.3)

where k; (p) is some function of p. Since we know that
E[nF(I;8)] = d(1 + o(1)) (h.b)

we might assume that the o(1l) term has the same form
as that in (4.3) but with 1p (p+l) replaced by 4, i.e.
if

7 = (-1 + (148d)%) (4.5)

we might assume that

E[nF(2;8)] = ka(z+1) (1 + B2+ o(n™®). (4.6)

This would then lead to a factor. p2, which is obtained

from p; by replacing p by 2.

We note that both p: and pz reduce to the appropriate
factor for the test for specified L, and for all the par-
ticular estimation functilons considered above it can be

shown that 13p22p1.
i

For the important special case of maxlmum likelihood
with models having the property (3.1), two further forms
of p are suggested by the simplified expression for the

test statistic, which from table 6, may be written as

nF(L;S) = n log |ZZ]'] - n log |sz;ll, (4.7)

where Zo is the population variance matrix. Now, since

from (2.13) E[tr(szgl)] = p, from table 2

E[n log |SZ$1|] = . (p(p;1) + P(ZP;Zip-l)+ O(n'z)) (4.8)
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and so, by (4.4)

Efn log |2E]1[]= -q + o(1). (4.9)

When the o(l) term in (4.9) is unknown, we may reason-
ably approximate it eilther by zero, or, in the manner of (ii)

above, by replacing p in the o(n~!) term of (4.8) by
1
y = %(-1 + (1+8q)7). (4.10)

Based on these two approximations, we derive the two further

approximate factors ps and py.

Explicitly then we now have the following four factors
proposed for maximum likelihood and models with the

property (3.1).

e - - EREE o
0y = 1 - 2z;+2i11 1 . z(2z;;gzal) (4.12)
0 = 1 - p(2piggp£1) (4.13)

with y and =z defined by (4.,10) and (4.5).

We note that for all p3l, q30, and n>p it can be shown
1>p232P132Pu3P3, with equalities occurring only. if
d = %p(p+l), i.e. g=o.

In order to get some idea of the performance of these
factors, we now compare them with the known theoretical

factors for two common situations.

For the model I = diag (cii), the ML estimates

Fal

are a = 8

= 3 ! 3
11 i1 Setting p=1 in (4.8) we find



kn log |s,, oi'l1 = - (1+1/(3n) + 0(n"2))

and so

o) _ p(p-1) 2p+ -2
B[nF(3;8)] = BBTLL (14222 4+ o(n™)
whence the appropriate factor is glven by

o= 1 - (2pt5)

[c.f. Anderson, 1958, p.239]. By comparison,

- o 4 2p*3
P1L = P 3n p+l
03 = p = ==
3 P 3n(p-1)

_ 2(2y+3)
Py = P ¥ 3n(3+1) (y+2)

Although p2 does not reduce simply, we certainly have

81.
(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(h.20)

1>p2>p1>Pu>P>P3, with pas and px belng qulte close to p.

For the sphericilty model I = o2I, the ML estimate

1s ¢* = 3 tr(s), and so npo?/o? ~ x*(np) under the model.

Thus by (4.15) and (4.8)

E[n log |§ Zull] =- (1 +—l§ + O(nnz))
Bnr(2;9)]= (B2 - 1) (1 + 2p 412 4 o(n™%))
and the appropriate factor is given by

_ 1 2
p =1~ Eﬁ(2p+l + 5]

[c.f. Anderson, 1958, p.263]1. By comparison

_ 6p+2
pr = P + np p+l
_ 2pZ+p+2
Ps = P ¥ Bnp(p+2) (p¥1)
2p2+5p+2

Pu = P ¥ Brp(p+2) (p+1)
Again there is no simple expression for p2. However,

we do have 1>p2>pP1>Pu>P3”P-

(4.21)

(4.22)

(4.23)

(4.24)
(4,25)

(4.26)
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Thus in both situations use of any of the approximate
factors should lead to a closer approximation to the dis-
eribution of the test statistic by x?, with ps and pw
giving better approximations than pi and p2. This is
also in agreement with the results of the numerlcal
experiment described in section 5.7 for the dlrect product
model. In practice py is probably to be preferred to ps,
since it is always positive, has a more appealing derivatilon,
and in the cases considered is conservative in the sense of
rejecting the null hypothesis slightly more than the
appropriate factor, and so erring in the same direction as

no factor.
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" Chapter 4: General estimation functions and factor analysis.

4.1 Introduction

Probably the most widely applied of all variance
structures is the factor analysis model which takes the
form

I=A" +Y (1.1)
where I, as before, is the pxp variance matrix of a
random vector Y, A is the pxk real matrix of loadings
of the elements of y on k independent common factors, and
Y is the pxp diagonal matrix of residual variances. For a
full description of the assumptions which underlie the form
(1.1), we refer to Lawley and Maxwell (1971).

In this chapter we consider minimum distance estimation
of the parameters A and Y for the unrestricted model,
i.e. where no constraints (other than those needed for
identification) are imposed on A and VY, follgowing the
observation of a sample variance matrix S.¥

The particular case of maximum likelihood has received
considerable attention, starting with Lawley (1940, 1941)
who derived the likelihood equations and proposed an iterative
procedure for their solution. The method however proved
unsatisfactory in many cases and it is only comparatively
recently that the computational difficulties have been
overcome [Jéreskog (1967), Jennrich and Robinson (1969),
Clarke (1970)], revealing the source of the problem, namely
a surprising number of improper solutions, i.e. solutions

with one or more of the elements of Y estimated as zero.

* Much of the material to be presented here is also
contained in a paper by the author [Swain (1975)].
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As little .is known of the small sample properties of the ML
estimates, while, as shown in chapter 2, the large sample
properties, which are’summarised in appendix 4A, are common
to the m.d.e. for any F€F, investigation of other m.d.e.
seems warranted. The particular case of GLS has been con-
sidered by Joreskog and Goldberger (1972).

The parameters of (1l.1) are clearly not identified,
since A can be post-multiplied by any kxk orthogonal
matrix without altering I. We will assume throughout this
chapter that tﬁe population parameters Ao and Wo are
such that this is the only nonidentification present, and
that it may be removed by the Xk(k-1) constraints defined
by

AjEgtA, = diag. (1.2)
where Zo = AoAa + WO, and a sign convention on the columns
of Ao. Theh the number of independent parémeters in (1.1)
is

q = pk - %k(k-1) +p (1.3)
and the degrees of freedom associated with the model is

d = %l(p-k)2 - (p+i) I. (1.4)
We note that sufficient conditions, corresponding to the
rank condition (d) of section 2.6, for the local identifica-
tion of Wo and Ao have been given by Anderson and Rubin
(1956) . These are included in the appendix to this chapter.

While the general approach of section 2.5 could be used
for the determination of the estimates, the magnitude of the
problem is considerably reduced by following the two stage .
minimisation procedure adopted by Joreskog (1967) for ML,
in which a conditional estimate, R, of A given Y is

first determined as a function of V¥, and the conditional
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minimum, F(¥;S), then minimised with respect to Y. We

show in section 4.2 that X ie in fact independent of the
particular F€F being used, while in section 4.3 we present
the derivatives of F w.r.t. the élements of ¥, as reqqired
for the numerical determination of ¥. We note here that.for
the restricted factor model, in which further constraints are
placed on the elements of A, there seems little alternative
to using the general approach of section 2.5, which for ML
estimation is essentially the same as that used by Joreskog
(1969) .

In section 4.4 we examine theoretically the effect of
varying choice of F on the estimates, while the estimates |
obtained for different F for two sets of data are presented
in section 4.5. Finally in section 4.6 some of the practical

implications are discussed.
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4.2 The estimation of A given ¥

Given ¥ and the sample variance matrix S, the con-
ditional m.d.e., K; of A will be determined for some
FEF by the minimisation of F(AA"+Y;S), with the minimum
being taken over all pxk real matrices.

To identify A for estimation we shall impose the
Lk (k-1) identification conditions

A“s~in = aiag., (2.1)

remarking that for any pxk matrix A, with d.1 ... dk
the nonzero eigen values of s7¥A s and v ces¥s V'V =T,

~1
a set of corresponding eigen vectors, A, = S;5 VD;i has

1l

AlAi = A\~ and satisfies (2.1). We note that as (2.1) is
dependent on the sample matrix the theory of section 2.6
cannot be immediately applied. However the extension needed
is simple, and is indicated at the end of this section.

We can determine A from the following lemma.
Lemma 1. Let S be a pxp positive definite symmetric
matrix and T be some pxp Ppositive semidefinite matrix
with rank (T) = p-k. Let Yl_<...< YP be the eigen values
of S ¥ps™® with Vi oeer Vpr v’V = I a set of correspond-

ing eigen vectors, and suppose that v, < 1 while v, . > 1.
0 0 '

Let kl = min (k, ko), Tl = diag (Yi), is=s l°"k1’ and

V1 = (Y "'Ykl)' Then for any FE€F
inf F(T+AA"; S) = i=k§+l £0y;) (2.2)

1
where the inf is taken over all real pxk matrices A and

is achieved at
i= v, -rp¥ o). (2.3)
1l 1
Proof We assume, for simplicity, that Y IR Yp' noting
that only minor modification is required to extend it to the

case where there are equalities in the Yy's. We wish to
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minimise F(T+AA”":S) subject to the identification
condition (2.1). Using lemma 5 of chapter 2, we therefore
seek the solutions of

o9F

.‘-l o
3K = 0 H A°S TA = diag. (2.4)

For arbitary A we let 61 e = ep be the eigen values of
S'-!E(THU\’)S_;i with hy --- Qp’ H°H = I, a set of correspond-
ing eigen vectors, A = diag (f'(ei)), and U = S ®H. Then,
from (5.6) of chapter 2,

dF

tr[UAU A (T+AN") ]
= 2 tr [UAU"A dA”] (2.5)

Thus we seek the solutions of

UAU“A = 0; A-s”IA = diag. (2.6)

For any solution, A, of (2.6) the ith column, Ai, must
satisfy

A" sTI, = 0 (2.7)

~

which for 51 # 0 implies at least one of the diagonal

-~

elements of A 1is equal to zero, i.e. at least one of

-

91 - ep is equal to 1. Suppose A is such that

61 = cee = Br = 1 where r = 1. Then partitioning H as
(H1 H2) where H, is pxq and H, is px(p-q) we have
from (2.7)
B _
H2 S éi L 90 (208)

Then, since

Hou” = s¥(+An")sTE = sTHrSTE 4 jil s A187%,

~J3~3J
T T e ~Hy 5 qH
S *TS I+ H, (0,~-I)H, jzl S §j§js . (2.9)
Post-multiplying by S-%éi’ we have from (2.2) and (2.6)
“5na—% ~% - (a~% -
(s *1s *) (s éi) = (8 éi) (1 ﬁi S&i). (2.10)

Thus for some Jj and constant Cj' S-%éi + Cij' and since

— - 4"1. = - 2 i - ;5
then Yj =1 éis éi 1l Cj, SO Cj (1 Yj) . Thus
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any A which is a solution of (2.6) can be written in the

form
A* = S v* D (2.11)
* = 3 i i i
where V (Yil v es Yik) for some 1i; ... iy r and D 1is

a kxk diagonal matrix with diagonal element dj equal to
either (l-yi_)!5 or zero. At A?*
J

2

s™% (T+A*A*7)STE = VIV® + VADV*, (2.12)

and so the 60's are a permutation of Y; + ni(l-yi), where

n, is the number of times (l-yi);5 appears in the diagonal

of D. Thus the value of F at T + A*A*®  is

Fx o= £(v;+n,; (1~v,)) (2.13)

i=1
From the conditions on £ it is clear that the minimum
value of F* for real A* will occur when n, =...==nkl= 1,
i.e. when A¥* = A given by (2.3), with the corresponding
value of F being given by (2.2).

For the unrestricted factor model we can obtain the
conditional estimate A given Y from lemma 1 by setting
T = ¥. In this case however we can always assume, as we will
do from here on, that k1 = k., For, suppose kl > k. Then
g% (‘l‘/Yk)S-;5 has eigen values Y,;/Y, at least k of which
are < 1, and the conditional minimum satisfies

Fo/mas) = § £/ < BEis), (2.14)

i.e., since our ultimate aim is minimisation with respect to
both A and ¥, where k1 > k we can replace Y by W/Yk.

Summarising then, if Y]_< ces K YP are the eigen

values of S-%WS—% with v, .. Voo v’V = I, a set of
corresponding eigen vectors and Yk:s 1, Pl = diag (Yi),
i=1...1Xk, V1 = (Yl =55 Yk)' for any Fe€F

inf F(AA"+Y¥;8) = izk+l f(yi) = F(¥;S) (2.15)



89.

where the inf is taken over all real pxk matrices A and
is achieved at
i=s%v (1-1))7 (2.16)

In order to remove the indeterminancy due to rotation
we have imposed the condition that A’S-lA be a diagonal
matrix. Because of its relevance to the asymptotic distrib-
ution theory, we show that, under the assumption that
b, # 0, i=1... p, our solution L agrees with that
obtained for ML estimation under the alternative condition
1

A“v~ 1A be diagonal. For, if @ > ... Z 9, are the eigen

values of ‘1‘";55‘1’-;i with corresponding eigen vectors

Wy ees yp, W'W = I, then it is easily shown that

Pe el v o= S HaeTE = sTEYeT. (2.17)
Thus on partitioning W and ¢ in the same manner as
pefore for 'V and T and substituting in (2.16) we have

i= v (0,-D) %, (2.18)

which is the desired result [Lawley and Maxwell (1971, p.28)1].
This agreement had been noted numericaliy for ML estimation
by Jennrich and Robinson (1969). '

We also note that if for given V¥ with wi > 0,
i=1...p, the methods of lemma 1 are applied to the
ninimisation over real A of F(S-AA";¥) = F v % (s-A0") Y E T),

then the minimum also occurs at K, given by (2.16), with

value

p- ¥ fep = ) £y

i=k+1l i=k+1 i

-1, (2.19)

Thus the estimates of A and ¥ obtained by minimisation
of F(AA“+¥;S) are the same as the estimates obtained by
minimisation of F(¥;S-AMA"), 1i.e. choosing A and Y to
make L close to S in one sense is equivalent to choosing

them to make ‘P—!’i(s-l\!\’)\l’"!E close to I in another,
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closely related, sense. This result was brought to the
attention of the author by M.W. Browne (pexrsonal communic-
ation).

It was noted earlier that because of the dependence of
the identification condition (2.1) on the sample matrix S,
the theory of section 2.6 cannot be applied immediately. We
now indicate the necessary extensions.

We use the notation and formula numbars of section 2.6.
We suppose now that the i.c. are of the form Y(I7S) =0,
and that, for given 5, Y(I;S) satisfies the modified con-
ditions (c¢), (d) and (e). We suppose further that Y(I7S)

has continuous derivatives with respect to the elements of

S. Then it is clear that, as for theorem 4, any approximate

m.d.e. satisfying the i.c. Y(Y*7S) = Q will be consistent
for Yo’ where 20 = Z(!O) and Y(IO;ZO) = g. Further we
have
0 = v(y*:8) = Y{YoiZo)
=Y, (Y*—YO) + XO(§ - go) + higher order terms, (2.20)
where
Xo = 3V p (2.21)
LM R
whence, as for theorem 4, I*"Io = Op(n‘%). The result

corresponding to theorem 5 also follows. Corresponding to
(6.12) we have

- — - » "1 - 3 -

(Y=Yo) = (BGEAGHVGVG) = (AR VoXo) (879)

+ Op(n_;i) , (2.22)

whence the result corresponding to (6.13) can be ohtained.
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4.3 The estimation of Y

The estimate, ¥, of ¥ is now determined by minimi-
sation of ﬁ(?;s). The system of equations obtained by
setting the derivatives of ﬁ with respect to the elements
of ¥ to zero do not admit an explicit solution. However
¥ can be efficiently determined from an initial approxim-
ation by use of a direct minimisation algorithm such as
that of Fictcher and Powell, as described for ML estimation
by Jéreskog (1567), which uces only the first derivatives,
or by solution of the system of eguations by the Newton-
Raphson method, as ‘described for ML estimation by Jennrich
and Robinson (1969) and Clarke (1970) ; which uses

expressions for both first and second derivatives.

We now present the formulae for these derivatives. The
notation has been chosen so that for the particular case of
ML, estimation the expressions reduce to those given by
Jennrich and Robinson. From (2.15) and lemma 4 of chapter

2 we have

~

dF = £ (y. .
izk+1 (v;) v,
. ! - ~kya—k
iik+1 £ (Yi) Yi a(s “¥s )Yi
= il oy uy dei, (3.1)
where o, = £/ (y;) and U = s™¥y. Thus
3F _ 2
'5‘_@1‘ i i._.k+1 U.i urio (352)
Further
ddF = o [daigidwlgi + Zaigidwldgi]
_ 7, .
B izk+l [£ (Yi)inEidwlgi

! - =%
+ 2f (Yi) u; dWls in]
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- g2 . . ) ) -» ;
ol e [£7 (y;)r wjd¥ju u; av,u,

/ - -;i V. -
+ 2£7 (v,) uw;d¥, S jil = Yy ay,u, !

j#i YiTY5
= - N us - 3.3
iZk+1 jil 613 Eldwl l‘ilfl":}'.lc.i\y21-5}1‘- ( )
where
_ £ (y)) i=1 (3.4)

22/ (vy)/(v;-vy) 13
Thus, £xem (3.3)
2~

Bzrgws = iih+1 jil Bij uriusiurjusj' (3.5)

Straightforward application of the minimisation algo-
rithms using these expressions can frequently lead to
solutions for which one or more of the elements of Y 1is
negative. In order to avoid special procedures which will
restrict the minimisation to the region wr >0, r=1... P,
different specifications of the parameter for minimisation
have been proposed. Thus Jennrich and Robinson (1969) have

written wr = 55

and Joreskog and Goldberger (1972) have
considered wr = exp (Gr), in both cases the minimisation
being with respect to Sr. The appropriate formulae are
easily obtained from the above. For suppose we write
v, = v, (Gr). Then

oF _ oF dyPy

s oY, a%

X

2 2 - 2
0%F  _ __3°F dyg d%s +5 JE d¥r (3.7)
— ’ -
Bar 365 gwraws r s = awr dﬁi
where Grs is the Kronecker delta. Similarly more complic-

ated reparametrisations could be accommodated.
A computer program for the determination of the m.d.e.
A and ¥ implementing the methods of this section and

section 4.2 is presented in appendix C. Following Jennrich
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and Robinson (1969) the minimisation is with respect to §

rather than wr'= Gi, this having the advantage that no

b o

special computing procedures at all are required to account
for improper solutions. Unless an initial approximation to
¥ is specified the method of Joreskog (1967) is used to
generate one. This 1is firstly improved by (two) steepest
descent iterations, and then the final estimates obtained by
the Newton-Raphson method. This has proved tc be a general-
ly satisfactory procedure, with the steepest descent iter-
ations improving the approximation sufficiently to remove
the problems of non-positive definiteness of the matrix of
gsecond derivatives and of convergence to saddle points,
which frequently occur with direct application of the Newton-

‘Raphson method when minimisation is with respect to Gr.
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4.4 The effect of the choice of F

We now examine theoretically the effect of varying
choice of FE€F upon the estimates obtained. Since the
conditional estimate of A given Y 1is the same for all
FEF, the main interest is in how ¥ will vary with F.
We note that, from (2.15) and the form of f(6), the

minimisation of ﬁ(W;S) is equivalent to determining V¥

so that the eigen values of s ¥ys™% are as

Ye+1 ¢ Yp
close as possible to one, in the sense determined by £(8),
i.e. the variation in estimates for differing F will be
mainly determined by the differences in the behaviour of
£(6) in the nbd. of & = 1. Since our conditions require
that £/ (1) and £/ (1) are the same for all F€F, most
of this difference in behaviour will be accounted for by
£/ (1), where this exists. To examine the effects on the

estimates we therefore consider the family of functions

£(05k) = (8-1)2 + x (6-1)°. (4.1)
T 3T

Suppose that we have the estimate ®(x) which is the
value of ¥ which minimises

F(¥;k) = iik+l £y, 5K) (4.2)

in the'nbd. of Yy = 1, i = k+1 ... p. Since there is no
explicit expression for ¥ (k) we cannot say exactly how
(k) will vary with k. Howaver the following arcuecment
suggests somzthing of the behaviour.

Consider a change 6k in k. Then.

F(W;K+6K) = E(W;K) + Sk iik+1 (Y§:1)3 (4.3)
Let
g, (¥i) = %%:__ (W;k)y 21 ... P (4.4)

X
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Then, from (3.2),

i - . T2 2
g, (¥Yik+8k) = g, (¥;k) + 6k iz 1 (7121) u_, (4.5)
and since g, (@(K);K) = 0,
5, G0y wre = (§ a0 e e
T \i=k+l 21 ¥ (k)

An approximation to @(K+6K) may be obtained by a
steepest descent adjustment to (), i.e.

B, (ers) 5 9, (0) -k g, (Bl k) (4.7)
where k>o. For 6&k>o, from (4.6), this will always lead
to a reduction in all the elements $r(K). This suggests
that most, if not all, of the elements $r (k+8k) will be
less than the corresponding elements @r(m), However,
because $I(K) is a smooth function of «, if for some
r and d&k>o @r(K+6K) > @r(K), then a small increase in
Sk could be expected to produce a still laxger value of

$r (k+6K) .

Values of the third derivative «k = £’ (1) for
the particular estimation functions considered in detail

are given in the following Table

TABLE 0

Label £(9) k = F'(7T)
TGLS 5 (6-1)2/02 6
DIV 1/6 + 6 - 2 -6

LAt 1/6 + log 6~ 1 -4

GD %(log 6)? -3

GLS %(6-1)2 0
GLSE L (8-1)2e°" 3
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4.5 Numerical Examples

To illustrate numerically the differences which occur
we now present the results of using each of the estimation
functions of table 1 of chapter 2 for the factor analysis of
two sets of data.

Lawley and Maxwell (1971, p.43) present the first set
of data (Data 1), using it to illustrate ML estimation. The
same data has also been used by Joreskog and Goldberger
(1972) as an example for GLS estimation. There are nine
variates and a three factor model is fitted. The matrix is
based on a sample of 211 observations, i.e. n = 210.

The second matrix considered (Data 2) was generated
artificially as a sample matrix from a Wishart distribution
with a known population matrix using the method described
in section 3.2. The population matrix I factorises

0

exactly as I, = AoAa + Yo, with eight variates and two

A, and I are presented

factors, and the matrices Wo, 5 o

in Table 2, where Ao has been rotated to satisfy the

-1

condition that Aa Zo

AO be a diagonal matrix.

The purpose in choosing an artificial example, as
opposed to real data, was SO that the differences in the
estimates corresponding to different elements of F could
be compared with the expected variation in the estimates due
to sampling. The population matrix was chosen because df
its particularly simple form, and the regular nature of 'the
asymptotic variance matrix of the estimated V's. This was
calculated, using (Al), for the case when the sample matrix
S is reduced to the corresponding correlation matrix, and is

included in Table 2. The correlation matrix actually used

as Data 2 is presented in Table 3, and corresponds to a
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sample matrix with n = 60. The probability of the
chisquare value for the likelihood ratio test of the null
hypothesis I = Zo, based on S, [Anderson (1958, p.264)]
was .662.

The solutions obtained for Data 1 and Data 2 are
presented in Tables 1 and 4 respectively. Computation time
and rate of convergence was comparable for all functions

2  yalues shown in the tables were calculated

used. The ¥
as n F(f;S). For Data 1 there is little real difference
in the estimates obtained for either V¥ or A. However, as
predicted in section 4.4, in general the elements of %
decrease with increasing «, while ws increases with
increasing k. For Data 2 the differences are more marked,
particularly for §¥. Again the trends predicted in section
4.4 are present. The ranges in the estimates for the
functions considered are of much the same size as the

asymptotic standard deviatijons for n = 60, and as the

departure from the true values given in Table 2.
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VARIATE

1 2 3 4 5 6
Residual Variances
TGLS .453 .432 .626 .214 .386 .182
ML .450 427 .617 .212 .381 .177
GD .449 .424 .612 .211 .378 .174
DIV .449 .424 .612 .211 .378 .174
GLS .445 .416 .600 .208 .370 .168
GLSE .442 .409 .590 - .205 .363 .163
Loadings - factor 1
TGLS .666 .689 .493 .836 .703 .816
ML .664 .689 .493 .837 .705 .819
GD .664 .689 .492 .838 .706 .820
DIV .664 .689 .492 .838 .706 .820
GLS .662 .688 .491 .839 .708 .823
GLSE .661 .688 .490 .841 .710 .825
Loadings - factor 2
TGLS .318 .242 .297 -.296 ~-.319 -.377
ML .321 .247 .302 -.292 -.315 -.377
GD .322 .249 .304 -.291 ~.313 =-.377
DIV .322 .249 .304 -.291 -.313 -.377
GLS .325 .255 .310 -.286 -.309 -.376
GLSE .328 .260 .314 -.282 -.305 -.375
Loadings - factor 3
TGLS -.068 .195 .221 .032 .147 -.104
ML -.074 .193 .222 .035 .153 -.105
GD ~.076 .193 .223 .037 .155 -.105
DIV -.076 .193 .223 .037 .155 -.105
‘GLS -.082 .1°1 .225 .041 .162 -.106
GLSE -.087 .190 .227 .045 .1l68 -.108
X2  (12)

TGLS ML GD DIV

7.339 7.354 7.305, 7.315

.407
.400
.396
.396
.387
.379

.663
.662
.661
.661
.660
.659

.391
.396
.398
.398
.404
.409

.081
.078
.076
.076
.073
.070

GLS
6.975

.453
.462
.465
.465
.473
.479

.460
.458
.457
.457
.454
.452

.299
.296
.294
.294
.290
.288

-.496
-.491
-.489
~.489
-.484
-.480

.233
.231
.230
.230
.227
.225

.767
.766
.765
.765
.763
.761

.424
.427
.429
.429
.434
.437

.018
.012
.009
.009
.001
-.005

GLSE
6.462
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TABLE 2
Population Parameters for Data 2.
VARIATE
1 2 3 4 5 6 7 8
Residual Variances
.2 .4 .6 .8 .8 .6 .4 .2
Loadings
.800 .693 .566 . 400 .400 .566 .693 .800
.400 .346 .283 .200 -.200 -.283 -.346 -.400
Variance Matrix
1.000
.693 1.000
.566 .490 1.000
.400 .346 .283 1.000
. 240 .208 .170 .120 1.000
.339 .294 .240 .170 .283 1.000
.416 . 360 .294 .208 .346 .490 1.000
.480 .416 .339 .240 .400 .566 .693 1.000
%- times Asymptotic Variance Matrix of %
.421
-.156 .400
-.049 .088 .396
-.012 .051 .044 .313
.009 .014 .014 .009 .313
.014 .021 .021 .014 .044 .396
.014 .021 .021 .014 .051 .088 .400
.009 .014 .014 .009 -.012 ~,049 ~-.156 .421
TABLE 3
Data 2 Correlation Matrix
VARIATE
1 2 3 4 5 6 7 8
1.000
.624 1.000
.626 .573 1.000
271 .285 .120 1.000
.400 .263 .301 .157 1.000
.340 .185 .296 .239 .524 1.000
.319 .340 .24°9 .270 .582 .563 1.000
.496 .396 .380 .253 .560 .553 .651 1.000
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VARIATE
1 2 3 4 5 6 7 8

Residual Variances
TGLS .274 .506 .472 .930 .507 .533 .350 .342
ML .282 .442 . 446 .884 .491 .507 .324 .346
GD .283 .413 .433 .860 .484 .493 .308 .349
DIV .283 .413 .433 .859 .484 .492 .309 .348
GLS .279 .341 .401 .792 .468 .453 .264 .355
GLSE .270 .303 .377 .738 .460 .424 .236 .359
Popln. .2 .4 .6 .8 .8 .6 A4 .2
Loadings — factor 1
TGLS .750 .626 .619 .33° .654 .617 .696 .778
ML .744 .634 .621 .341 .656 .619 .704 .776
GD . 741 .638 .622 .343 .656 .620 .708 .775
DIV .741 .638 .622 .343 .656 .620 .708 .775
GLS .737 .652 .624 .347 .655 .621 .721 .770
GLSE .735 .660 .625 .350 .652 .621 .728 .767
Popln. .800 .693 .566 .400 .400 .566 .693 .800
Loadings ~ factor 2
TGLS .411 .374 .400 -.006 -.279 -.326 -.424 -.233
ML .407 .396 .410 -.004 -.281 -.331 -.425 -,227
GD .405 .405 414 -.003 -.281 -.333 -.428 -.224
DIV .405 . 405 .414 -.003 -.282 -.334 -.428 -.224
GLS .402 .429 .420 -.002 -.282 ~-.341 -.439 -.218
GLSE .402 .440 .423 -.002 -.282 -.346 -.449 -.216
Popln. .400 .346 .283 .200 -.200 -.283 -.346 -.400
X2 (13)

TGLS GD DIV GLS GLSE

8.373 9.268 9.398 9.475 8.581 7.000
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4.6 Discussion

The examples given illustrate that substantial differ-
ences in the estimates can occur when different estimation
functions are used. None of the functions considered
however has any real computational advantage over the others,
and it also appears that the choice of estimation function
will have little effect on the occurrence of improper sol-
utions: in the author's experience any sample variance
matrix with an improper ML solution has also yielded
corresponding improper solutions for the other functions.

As the large-sample properties of the m.d.e. are the
same for all FeF, the best choice would thus be that which
gave the best small sample properties. Unfortunately no
theoretical results are available for these small sample
properties, even for the ML solution. Browne (1962) has
reported some results from numerical experiments based on
Wishart distributed samples with known population variance
matrices. These suggest that the ML estimates of the
residual variances are biased downward, with the degree of
bias being larger for higher values of the true residual
variances. If this is indeed the case, the results of
section 4.4 suggest that bias correction could be achieved
by choosing a function with a lower value of £ (1), e.g.
TGLS, although there is no indication of how much change
would be needed before overcorrection occurred.

However, when nS c¢an be assumed to follow the
Wishart distribution, ML estimation remains a logical
approach. Further, the ML estimates have the pleasing, if
unimportant property that the diagonal elements of § are

reproduced in § [Lawley and Maxwell (1971, p.30)]. OCn the
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other hand each of the other estimation functions considered

(except for GLSE) arises in a natural way, and so may merit
consideration, especially where little is known about the
distribution of S. 1In conclusion then, in the absence of
further information on small-sample properties, there seems
no clear reason for favouring any particular estimation

function.
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Appendix 4A Large sample variances and covariances of

the estimates.

We summarise here the formulae for the large sample
variances and covariances of the estimates R and ¥ using
notation which is consistent with that of sections 4.2 and
4.3. The formulae given are essentially translations, using
(2.17), of those of Lawley and Maxwell (1971, chapter 5)
with the wndification suggested by Jennrich and Thayer
(1973) incorporated in (A6) below.

For convenience we now denote the population parameters
by A and Y, with T = AA” + ¥, and assume A rotated
to satisfy A°x~ 1A diagonal. We let Yy < -..< ¥y, be
the eigenvalues of E_%WZ_% with corresponding eigen-
vectors V; ... Voo v/v = I and V partitioned as

~

(v, V,) with V, pxk. We assume that the matrix E defined

1l
below is nonsinguldr and that Y{ -~ Yy are distinct. As
shown by Anderson and Rubin (1956) these together imply the
local identification of Y, and A under the identifica-

tion condition p-xL

A diagonal. We will also assume that
wi>o i=1... P.

Let S be distributed as in section 2.1. Then writing

E’ b (lpl e e o0 lpp) 4 \K = (l')l o s e lpp)
Q- 0)* (@) ()
i\ A 0 2°E"T A+2B°E 1B (A1)
_ _ 2 .
where E = (ers) = (Ers) with
5 = z';“vzv;z"5 I B Tt iy S By SN (22)
and the matrices A and B are given by
k
iy r° 1-—_% (055 - mll Memtim?ym) (a3)

r
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- 1 m=r
| 2 T,
U = 2 B
xrm 1 Ym (1 Yr)z mEr
v~ Tv, \V,~ 7y (n4)
Y.¥
Loz ¥ .8 }‘is)“jr Y¥s (A5)
ir Js
iy e 355
ALy k
- jr'r -2 -
bj ir L=y, q)j (Gij wj mg]_ Vem Aim )‘jm) (2§)
Y
1 r
2 I-v, L
vrm = Ym
= *
Y, m#r (A7)

Note that A is the large sample conditional variance
matrix-of A given VY.

When estimates are standardised, i.e. the corresponding
correlation matrix is used in place of S in estimation
yielding estimates

b= B /e Aag = Rl (5 (28)
the formulae given by Lawley and Maxwell (1971, formulae
(5.48) - (5.51), (5.45)) apply, with A and B as defined

above. In particular with ¢; = wr/orr asymptotically

n cov (P* Ir) = 2 g Ugs 3
'%s (________% 4 ¢§¢; e—— - 26rsw: ).
(o__0__) rr sSS
rr sSs

(n9)
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Chapter 5: The direct product model of variance structure

5.1 Introduction

In many situatlions the p observed variates may be
naturally arranged in matrix form, e.g. the variates may
represent the results of p:2 psychological tests’ each
administered to the same individual on pi occasions or by
p1 different methods. - In each case the data for a partic-

ular individual could be presented as a pPz2Xpia matrix Y.

For data of this type, I, the variance matrix of Y,
could be expected to exhibit speclal structure. Campbell
and Fiske (1959), concerned with the determination of test.
valildity, suggested a number of features which would be
exhibited by R, the corresponding correlation matrix, 1n
the multitrait-multimethod situation under valld test
structure. More formal models for I for the examples above
have been suggested by a number of authors, e.g. Tucker
(1963, 1966) three mode factor analysis, Evans (1967),
McDonald (1969, 1970), Boruch (1970) and Jéreskog (1971),
Corballis (1973), arnd Hakstadn (1973). While these differ
from eéch other in form and assumptions made, in all cases
the models are of the factor type, l.e. imply an additive
structure to I, with, generally, some factors specific to
the row variates of Y and others specific to the column

varlates.

In this chapter we consider the use of a direct
product model for the varlance structure for g, i.e. we

conslder

T = 19 I, (1.1)
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where I, and I, are pi1Xp: and DPa2Xp2 respectively. As
will be seen in section 5.2 where the implications of the
model are examined, when the model applies £, can be
interpreted as the varlance matrix between the column
variates, while I, represents that for the row variates,
thus providing a convenient separation of the sources of

variance.

Sections 5.3, 5.4, and 5.5 are concerned with the
estimation of the parameters I; and Z:. While the
general procedure of section 2.5 could be applied, this
proves to be very time consuming, and a procedure whilch
takes advantage of the form of model 1s preferable. In
section 5.3 the likelihood equations are derived, and a
simple iterative scheme, which is non-Newton-Raphson but
proves rapidly convergent, is proposed for theilr solution,
while in 5.5 the asymptotic distribution of these estimates
is obtained. The form of the likelihood equations suggests
that good estimates would be obtained from just one
iteration of the suggested procedure and 1in 5.4 1t 1s shown
that estimates obtained in this way possess the same
asymptotic distribution as the ML estimates. Some proper-

ties of the iterative procedure also emerge.

Use of the structure is illustrated in section 5.6 by
application to three sets of actual data. Two of these
are from biological situations, while the third is of the
multitrait-multimethod type mentioned earlier. Approxi-
mation to the distribution of the test statistle, as
suggested in chapter 3, 1is considered 1n section 5.7.
Finally in sectilon 5.8, application of the model is dis-

cussed.



107-

5.2 Features of the model

Suppose that ¥ is a p2Xp; random matrix with V(g)
given by (1.1). The implications of this form of T 1s

perhaps most easily seen by considering the corresponding

(1)
11

diag(oig)), R = R;®R: where R; and R: are the correlation

matrices corresponding to I, and I,. From (2.6) of

correlation matrix R. Since diag(cii) = dlag(o

chapter 2, therefore

Ty ke = rgé)rii) (2.1)

= (1)
In particular rij i rj2 , 1.e. the correlation between

and Yig is the same for all 1. Similarly, the

(2)
ik °?

the column Jj, while from (2.1) the correlation between

correlation between yij and ykj is r

independent of
elements of different rows and columns of Y 1is simply the
product of the row and column correlations. Thus R is the
direet product of the correlation matrix of any row of Y
and the correlation matriz of any column of Y. Simllarly,
the variance matrix for any row of Y 1s proportional to I,
and the variance matrix for any column of Y is proportional

tO 220

£, for example, may thus be interpreted as a variance
matrix between the columns of Y. We note that a method of
constructing such matrices in quite general situations has
been proposed by Escoufier (1973). If Cov(gi,gj) = zij’ he
defines the "covarlance" between X, and X, by

Covv(Xi,gj) = tr(Z When applied to the columns

132347
of Y, where V(X) is given by (1.1), a matrix with elements

(cii))z (trZ.)? is obtalned. Since covv(xi,xj) =
(cov(xi,xj))z, we see that his technique leads essentlally

to I;.
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The structure also has the following propertiles:

(1) § 1s positive definite 1f and only if both I, and
T, are positive definite, 1l.e. if and only 1f there 1s no
fixed linear relation between elther the rows or the columns

of Y. We shall assume throughout that this 1s the case.

(11) The structure is invariant under linear trans-

formation of Y, in the sense that if Z = AYB, then
Vv(z) = (B“2;B) ® (AL,A"). (2.2)
(111) I; and Z; &re not ldentified, since for any a>0,

£.®%, = (al;) ® (%):2). (2.3)

To effect identification for estimatlon purposes we will
assume that cg}) = 1. Under this condition I = L®L, 1s

easily solved for I; and I, since then

) _ oD

(2)
43 11 413 04y = 014 lj/O'll s (2.4)

showing that (2.3) expresses the only form of non-
identification in the model. We note that the condition.
og}) = 1 will often also be an appropriate condition for
interpretation; e.g. in the multitrait-multimethod situation
above, while there may be a natural scale for the traits,
that for the methods would usually be arbitrary, so that

the variance of method lcould be taken as 1, with the
variances of the other methods then belng relative to the

first.

(iv) The correlation matrices R; and R, are identifled,
since these are independent of the particular a in (2.3).
Similarly, other functions of I and L2 which are invariant

under transformations of the type Ii*al,, zz+%zz, a>0, are



109.

identified, e.g. the principal components of I and Iz

are identified, even though thelr variances will not be.

(v) The number of independent parameters is

g = %[p1(p1+1) + pa(p2+1)] - 1 (2.5)

so that the number of degrees of freedom in estimation is
d = %[p(p+1) - pi1(p1+l) - p2(p2+1)] + 1 (2.6)

We note that the parameter reduction 1n the model can be
quite consliderable, e.g. if p; = 3 and p2 = 5, then

q = 20 while 4 = 100.

(vi) We also note that of the four features of multitralt-
multimethod correlation matrices suggested by Campbell and
Fiske (1959) as indicators of test validity, with Y as in
Section 5.1, R = Ri&R2 will automatically exhiblt the
second [for any fixed J#2%, Ty 12,>rij Ky, and Ty ig’k*i]
and the fourth [similar patterns in the p2X*p: matrices

Y, 1,k=1...pz, for all jJ and 2] while the first

(ry5 ke

(1)
[high values of Tyy iR]will be true if the rig are high,
and the third [for fixed 1 and j, k¥l and 1#],

(1) (2)

Ty o9 > iy kj] will be true if iy > ryp - Thus if the
structure holds 1t will provide a convenient means of
assessing validity. Further, the model possesses the
multiplicative structure observed in multitrait-multimethod

matrices by Campbell and O'Connell (1967).
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5.3 Maximum likelihood estimation of the parameters

With the identification condition c§%)=l the general
method of estimation of section 2.5 can be applied, with

(1) (DD o

2 pll plpl ~2 (3'1)

where 0, = ve(Z,). While it is difficult to write down a
complete expression for A(y), defined by {3.1) of chapter 2,

[see Neudecker (1969)] it is easily computed since

- (1))

oij K2 sz Uik and so

90 V4 (2)

——%%75— = | %k m=J, n=p or m=g, n=J

aomn 0 otherwise

30ij kL = { o§z) r=1i, s=k or r=k, s=1

(2) f -

90,g 0  otherwise (3.2)
with 1,k=1 ... p2; J,2=1 ... p1:(J-1)p2+i 3 (&-1)pa2tk;
m,n=2 ... Pp1; m3n; r,s=1 ... p2j rzs. However, because of

the typically large number of parameters involved and the
sparse nature of A, the general procedure 1s unnecessarily
time consuming, and an approach which takes advantage of

the form of the model is needed.

Although any other element of F could be used as an
estimation function to give the same asymptotic sampling
properties, we will consider only maximum likelihood
estimation, under the assumption nS "~ Wp(n,2=21®22), i.e.
I, and I, are to be estimated by minimising

F(I,8%23S) = log |z| - log |S| + tr szl - p

= pplog |Z1| + p1 log 2| - log |s] + tr S(ZII®Z;1) - P,
(3.3)
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from (vii) and (x) of Appendix A. We will assume through-

out that n>p so that S can he assumed posltive definite.
We define the p3x p? matrix G by
(Gg)ij we™ Six g2 (3.4)

1,3=1 ... p2; k,&=1 ... p1, 1l.e. 1f S 1s partitioned as

(Skz) with each Skz pP2Xp2, then

G = (S S cee S S ces S : .
S (S11 821 Sp, Stz ~p1p1) (3.5)

We will also dencie by A and B the pi1xp:1 and pa2xpz matrices

defined by
1 1
kg
a . S ag
1j kol ge1 Lk 3 (D)
_ 2 2 k4
by, = P8 s, vy 9Ly (3.6)

k=1 =12

where ofyy 1s the ki element of 17!, 1 = 1,2. We note

that because of the symmetry of ngil and Zzl, A and B

are also symmetric. Further

-1
A=GgI1"; B = GgI, (3.7)

where §;1 = vec(le), i=1,2.

Now, since for a symmetric matrix I, d(log |I|)=

-1 1 -1 1

tr £ 7dX and A~ = -E dri ", from (3.3)

dF = potriiidl; - tr s(zilarzyles;!)

+ pitr z3laz, - tr s(riler;laz,izl) (3.8)
Further
tr s(rilaz,ziler;l)
= FERY) (ledzlzzl)ﬂjU%;)

1,3,k,% cont.
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-1 -1
z bjl (z:74Z; 2y )ﬂj

J>%
-1 -1
= tr BI; dII (3,9)
and similarly
br s(Itlerzlam, 53l = tr ax;lar, Iz
so from (3.8)
aF = tr(p,L;t-ritBiihar,
2—] w=1 2‘1
+ tr (p1lz -2z AZp )dl, (3.10)
Thus, since 211,221, A and B are symmetric
i (p 2_1-2—132-1) i=j
241 1 1 {11
oF
(1) T T R
aoij \ 2(p2211-211}3211)ij 1>] (3.11)
-1 -1, -1
- =1
(p1y2 ~I2 AZ2 )kk k=%
oF
(2) 1 el e
(DY) 2(p 23 -T2 1azz Yy, k>t (3.12)

In order to determine estimates which satlsfy the

identification condition oi1)=1, we seek a solution to

the equations formed by setting (3.11) (for 1»2) and
(3.12) to zero and oii) to 1. From lemma 5 of chapter 2,
we may alternatively seek a solution to the equations
formed by setting all the derilvatives in (3.11) and (3.12)
to zero, 1l.e. of

1% = £1'BI1 /b2 (3.13)

w31 = sztaszl/pas (3.14)
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(D - 5.

and of the equatlion ajyi1” = By retaining the symmetry
wlth respect to I; and I. the second approach proves much
simpler. We note that 1f (51,52) is any solution of (3.13)
and (3.14), then (21/5¢1,3{}1,) satisfies both these

(1)

equations and g1’ = 1.

Using (3.7) we can write (3.13) and (3.14) as

Ly = G 23 /2 (3.15)
P, = G, L1 /Da (3.16)

This suggests the following simple iterative scheme for
the determination of Ii1 and I, starting with some initial

approximation ££9) to I,:

(1) Insert z§i‘1) and use (3.15) to determine an

approximation Zgi)and Lyie

(i1) If i32, compare z§i) and Efi—l). If the difference

is sufficlently small end at step (iv).

(111) Form (V= 1D/ (z{1)),,.

(1v) 1Insert zﬁi) and use (3.16) to determine z§1).
(v) Return to step (i).

Some of the theoretical properties of thls process
are presented in the next section. While 1t may not be
necessary for the normalisation (step (i1i)) to be
included in each iteration, this does make convergence
test easler since then the quality of the initial

(

approximation 220) has 1little effect on the comparison

in step (ii).
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In practice a convenient initial approximation to I:
1s glven by S;i:, the leading P2%pP. submatrix of S. Further
the computation involved can be reduced by using the

symmetry of I; and I, in (3.15) and (3.16) to obtain

Gxgzl/pz (3.17)

Q
-
]

g2 ngil/pl (3.18)

where o7' = ve(:71); 1 = 1,2, 61 1s the
Lpi(p1+l) x % p2(p2+1l) matrix formed from Gé by deleting
rows 1j for j>1i, and adding together columns kf and Lk

for k$¥%, and G, 1s similarly formed from Gs'

The procedure has been programmed (see Appendix D)
and has proved highly successful in all cases tried.
Although the convergence appears to be linear, differences

9 pbetween all the elements of Zgi-l)and z§i)

of 1 x 10~
are typically achleved in less than ten iterations (see

e.g. section 5.6).
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5.4'_Estimatigg_ggqm_a”singleuitergpion of the likelihood

eguations.

In this section we shall examine some of the
properties of estimates obtalned from a single iteration
of the 1likelihood equations, i.e. we will assume that some
estimate Z§°) of s is avallable and consider the
properties of the estimates determined by steps (1),

(111) and (iv) of the procedure proposed in the previous

section. For convenlence we write (z§°))‘1 = V.

Theorem 1 If V 1s any pa2Xp: positive definite symmetric
matrix, G, is defined by (3.4) and the p;xpmatrix A 1is

defined by A = Gg V, then A is positive definilte.

Proof: For any pi1X1l vector x

x“Ax = ] X, a,. X.
~ e gy i 13 ]

Since V is symmetric and positive definite 1t may be
written as HAH®, where A = diag (Ar) with A_>0, and H

is orthogonal. Using thils and (3.4)

YA 1 (x;h

)
r Ti,3,k,8 3

X Ax e 550 1k F1Pke

¥ A, ¥, Sy, >0
T
with equality 1if and only if y_ = 9, r =1...p2, Where

~T
_ th
I, = §®£1r and 131_ is the r

~

column of H. But z;ggr =
(gfébg;)(gépgr) = 5’5 = 0 1f and only if x = 0. Thus

A is positive definite.
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Similarly it may be shown that if B = GSU, then
the p2Xpz matrix B is positive definite for any pi*p:

positive definite symmetric matrix U.

Theorem 2. If V is any pa2%p2 positive definite symmetric

matrix, G. 1s defined by (3.4) and S = S, 832, with

S

S; and S» pi1*p1 and pa2Xp2 respectively, and with s$£)=1,.

then a single iteration of the procedure defined above

will determine S, and S, i.e.

- Loy s e
S = (szSY) / (szsY)l (4.1)
1 -1
=Lg.s
S2 D, sP! (4.2)

Proof: From theorem 1, if A = G[V, A is positive definlte,
and so in particular (A):*¥0. Now from (3.4) and (2.6) of

chapter 2, (G - (1) (@) i.e. GS= S,87.

s)1j ke = Sik 38 - Sk2 Si1y °
Thus GZV = 51(S5V), and since s{}) = 1, (67V)y = (32V),

and so (G5V) / (G5V)1 = Si. Further (6Si')/py =

S2(81871)/p1 = Sz.

In particular then, we have on setting S = % = £ ®1,,

with ofD) = 1,

-~ "1 ot
I = GZ §z/p1; Ly =C}:§11/p2 (4.3)

~

The above theorem suggests that good estimates of I
and £, should be obtained from a single iteration of the
equations even where S 1is the sample varlance matrix and
so will notgpossess the structure exactly. The possibilify

of getting asymﬁtoticaily efficient estimates from the
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first 1teration of an iterative process was first realised
by Fisher (1925) who remarked that for ordinary cases, the
first iteration of the method-of-scoring iterative process
for the solution of likelihood equations yields asymptot-
ically efficient estimates. Formal conditions and proof
of the result for Newton-Raphson type iterative processes
is given by Zacks (1971, p.250). Recently Anderson (1973)
has proposed an lteratlve process for maximum likelihood
estimation of the parameters of linear variance structures
and has shown that the estimates obtained by a single
iteration are asymptotically efficlient, provided that the
initial estimate is consistent. We will show in theorem

3 a similar result for the iterative process defined above

for the direct product model.

While these one-iteration estimates, being dependent
as they are on the initial estimates, might not usually be
considered in practice, they may prove useful where either
or both of p: and p2 is large, or where large scale
computing facilitles are unavailable. In any case the
results are of 1lnterest because of thelr information on

the nature of the iterative process.

Lemma 1. Let GS be defined by (3.4)
with nS ~ Wp(n,2=216922), and V1 and V2 be p2Xpz posltive

-1
definite symmetric matrices estimating L2  such that

Vi-V2 = op(n_k), k20, and Vo231 = Op(n—%). Let W, X,
y and z be defined by
w=GVi; X = GgVa;
y = Giyl; z = GiV,. (4.4)



Then the following relationships hold:

(1) each of V;,V,,W,X,y,2z 1s Op(l)

(11) y-z = op(n'k)
(111) x-z = 0 (n™%)
(1v) w-y = O_(n™%)
(v) w-x = o (n™)

(ket5) )

(vi) w-x-y+z = o (n

(vii) wx® - yz~ = Op(n-%)

(viii) zy - p2 = Op(n-k)

(ix) x1 - p2 = Op(n—%)

Proof: (i)-(v) are immediate from definitions.
(v1) w-x-y+z = (Gg-G3)(Va-Va2)

- -k ol T - (k+)
Op(n )op(n ) op(n ).

(vil) W o= ¥+(GS_GZ)Y1; x = §+(GS—GZ)Y2'
Thus wx“-yz~ = (GS—GE)Ylg + XYz(GS—GZ)

+ (63-G5)VaV3(Gg-Gy)

-5
= 0 -
p(n )
(vi11) z-63I3' = 65(v2-231) = 0 (n79)
-~ -'1 — (1)
But from (4.3) G2§2 . p2§1, while o351’ = 1,

5y,

- =O
SO Z1-P2 p(n

(1x) x1-p2 = (x1-21)+(z21-p2) = Op(n_%) from (ii1)
and (viii).

118.
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Theorem 3. With GS’ V,; and V, as in Lemma 1

Gy Vi _ GgV2 .

o_(nTE(k*1)) (4.5)
(G§Y151 TG§Y251 P

Proof: Using the notation of lemma 1, (4.5) is

w/wy - X/X1 = Op(n'%(k+1))

Now, since from theorem 2 y/y1 = z/z1 = Ii, using resulte

from lemma 1,

w/wy - X/X1 = W/Wi = X/X1 - §/y1 * z/7

S A A N ¢ S DY A 1_1
=wiE-5) - 2G, -5 - 1§, -5) Y25, 5.

+ (w-x-y+z)/p2

=W@._l)._yl -1y, (w=x) (2 -%)

~ W1 X1 ~1 2 ~ ~"'X1 P2
1.1 - (k+%)
- (y-Z)(Z1 p2) + o (n )
(Lt 1 _1 _1 NS T = (ki)
- z(wl X1 Vi Zl) * (Y‘\T z) (W1 X1)+ Op(n )
- () y

= X(l/wl - 1/xl - 1/y1 + 1/z1) + op(n

Further

(x1¥121 - Wa1y121 -~ WiX121 + waXa1¥1)

((x1-w1)y121 - wixy(z1-y1))

(~(Wi~x1-y1+z1)y121 + (wixy - ¥121)(¥1-21))

= Op (n- (k"';ﬁ) )

whence the result.

e L
i

R
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Corollary 1. Under the conditions of theorem 3, writing

1,1 = W/Wi; Ia,2 = X/X
1o =1 1o o=l _ - (k+3)
szSEI’l - szSEInZ op(n ) (4.6) |
!
i
Proof: L.H.S. = %2GS(§;}1 - EI}z) . op(n_(k+%)) from k

theorem. )

Corollary 2. If z§°) 1s a pz2Xpz2 positive definite symmetric
(1)

matrix, conslstent for I,, Zfi) and I, are defined as 1in

section 4.3, and IZ; and I, are the maximum likelihood

estimates of I; and I, then, writing

TR
~ (1)
~?
§3 = El , and 3 = El
g - I, =0 (™™ (4.7)
In particular then
A P
mas - o+ 0 (4.8)

[ 32 B

Hence /ﬁ(zgl)—ga) and vn(X; - Ea) will have the same

asymptotic distribution.

Proof: Taking V, = (z§°))‘1, Vy, = Zz-l, the result for

1=1 follows from the theorem and corollary 1. Formula

(4.7) then follows by induction on 1.

Note. In the same manner as above it may be shown that



_ 1
if Vi - V2 = 0 (n (k+%)y 130, then

- (k+
Zy,1 = Z1,2 = Op(n (k 1))

~ )

_1
so that if 180 - 1, = Op(n %), then

- i+l
- = Op(n A )

Egi) 3

i D>

(

This will be the case where 220) is chosen as Si1-

121.

(4.9)

(4.10)
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5.5 Distributions of the estimates

Tn thils section we consider the distrlbutions of the
maximum likelihood estimates E;,Ez of ZIy,L2. We will
distinguish two situations, considering firstly the case
where either I; or I, is known, and secondly the case
where both are unknown. In the first case the exact
distribution when nS -~ wp(n,z,@zz) is derived, while in
the second case only the asymptotic distribution is

obtained.

Suppose firstly that I, is known. Then we may assume
that £:=I, since the value of I which minimises
F(Z, @ £2;S) must also minimise

1
=2

F((2:7% 0 1) (51 ® 52) (0% @ 1);(57% @ 1)S(L 77 @ D)

C P(I ® £,351) where nS; = (I % ® I)S(Z, % @ I)

~ W (n,I ® £,). Now if S, is partitioned as ((S1)y,)
where each (S1)k1 is p2 x pz2, from (3.6) and (3.10), Ez

will be given by

~ 1
L, = ) (S1),./p1. (5.1)
2 izl 1 ii 1

Since the n(S;:);; are independently -~ wp (n,Zz2) it follows

~ 2
that npiZa2 ~ Wp (np1,Z2). Summarising we have:
2

Theorem 4. If nS - Wp(n,21 % £,) with I, known then

npilz~ Wnpl(np1,22).

Tt is also easily seen that 1f it is desired to
estimate the parameters of some model I, = ZZ(I) of
variance structure for I, the same results would be
obtained by using elther the distribution of S as the

likelihood function or by using the distribution of Za.
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When %, is known and I, estimated, by similar reasoning
to the above we find nngl . wpl(np,zl), Note that the
original, arbitarily chosen, identification condition
of}) = 1 no longer applies since the model is identified
by the knowledge of Z,. As above, inferences on L, could
be made using the marginal distribution of §1, and in
particular if 1t was known that c&})= 1, then the remain-

ing parameters of I, could be estimated using the methods

of Chapter 2.

We will now consider the case where both £; and L2
are unknown, and determine the asymptotic distributions
of El and Ez, where these are defined as solutions of
(3.15) and (3.16) with 65}) = 1, under the assumption
that T = T1 ® T, with o{}? = 1 and that va (8 - %)

&N(O,VZ) where

vy = (£ I + Z B I). (5.2)

Lemma 2. With G, defined by (3.4), and the asymptotic

distribution of S as above, /ﬁ(gs ~ Gg) 5 N(O, Uz), where

Uy = ((Zre01) @ (Z2382) + (2.:83,) ® (2,8I,)). (5.3)

Proof: Since the elements of Gs are just a permutation
of those of §, the asymptotic distribution of /H(GS - GZ)

is clearly normal with mean 0. Further
N cov(gij k%’ %mn rs) =n COV(Sik jR’Smr ns)
qik mr ojl ns + 0ik ns ojg mr

(1) _(2) (1) _(2) (1y _(2) (1) _(2)
kr Oim %95 ojn + ks 9in oﬁr 0jm

= (UZ)ij k%, mn rs’
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Theorem 5. If I, and I3 are deflned as the solution of
(3.15) and (3.36) with c{}) = 1, and if the asymptotic

distribution of S is as above, then

I, Th Vi Viz
n Iy - ~ +N|O, (5.4)
Lz Lz Vaa Va2
where
Vip = (Z1® I + LRIy + 22,11 - 2L c” - 2cT1)/p2
V21 = 2§2(g“§1)'/p2
Vas = (Z2@%2 + ZBIz)/py + 2(P1"l)§2§5/(p1p2) (5.5)
2 _ (1) (D
and ¢ is the pix1l vector with (g)ij =04 cjl , 1.e. ¢
is the first column of both I;®ZI; and I NL,.
Proof: From (3.15), (4.3) and theorem 2 we have
pp(31-21) = G4Iz' - G523
» ~ A—l » A_]. "1
= (GS~G2)§2 + Gp(277-I2 )
- » A"].
= (a3-67)83" + oy (5.6)

where o 1s some scalar. Looking only at the first element

and denoting by 8g and 8y the first columns of GS and GZ

respectively we have, slnce 65}) = Uf}) =1,

a = —(55—55)521 = -(§Zl)’(gs~gz) (5.7)

and so from (5.6)

2 e - A-l A“l »
p2(Z1-Z1) = (Gg-Gy)I2~ - Ii(Z27) (gg-85)

- P A"'l - A"l P
vec [((Gg-G3)Z2 )71 - Z1(227) "(gg-8y)

cont.
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- vee[(£11)7(64-85)1 = 21 (Z11) " (Bg8y)

- (1,3 ® (221)7)(Gg-0p) - 72 (23 ) " (ggmgg) + O (n7H).

(5.8)
Now, from (3.16) and (4.1) we have
pl(§2-§2) = GSEII - G ETI
= (640071 + oy(z7l-zTh) (5.9)

But, as in theorem 2, GE = §2§i and, using the fact that

/\_1 ‘/\
(§1 ) Iy = D1,

3 g |
-2
[ 3 e
= |
1}

6, (271-27h) = -(ZTH 7 (210 (5.10)
and so, on substituting in (5.9) and using (5.8)
5 1 -1, -
p1(Ea-za) = (T - & 521 7) (0g-6)IT
1 "1)
+ Ezgz(gz ) (gg-85) - (5.11)

Taking the vector form of the first term and combining

with (5.8) we have
3 -5
Zimty [Mll Mlz] [93'921 +o_(nh (5.12)
A , P ‘
fepa) U M) lggEr
where
M= Ip%®[(§;1)']/Pz
- "'1 »
My2= -Z1(Z27)7/p2
Myp= [(E11)7 @ (1-22(3371) 7 /p2) 1/m1

Mja= Ez(gzl)'/pg (5.13)
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Thus, since from lemma 2 we find

G -G
n Varl s ~£]

gs-gz

¢ I, (5.14)

where Vg = is defined by (5.2), we eventually obtain
(5.4) and (5.5).

For computational purposes the formulae (5.5) may

be written

(L) Sy . (1) (1) (1) (1) (1) (1)
n cov (oij »9q ) = (ij ix. t 9y jk + 20ij S
(1) (1) (1) (1) o (12 (1)
20,570y gy = 2037704) Oy VP2
2 eora D50 & 266DolD - oDr® /5

n cov(oii)’céi)) = (o §§) ii) 5 oii) (2))/p
+ 2(91—1)0(2) (2)/(p1pz) (5.15)

We note that (5.15) ylelds cov(o(l), éi))
(1)

ey

(2)) = 0, as expected since o;" = of}) = 1.

cov(or]

Since the asymptotic marginal distribution for Ez
1s dependent only on I, it might be taken as a natural
basis for the estimation of the parameters, Y, of a variaﬁce
structure model I, = ZZ(Z)' However, although the first
term is of the form (5.2), the presence of the second term
means that the general formulae of chapter 2 for estimation
and tests of significance cannot be applied. On the other

hand, since if u = vn(g.-02),
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T = u(var(w)tu ¢ X2 CGipa(p2*1)), (5.16)

and since for general vector x and nonsingular matrix A

(A+3‘(x')'—1 B A_l = A_1§(1+§’A_1x)_lx'A—1 (5.17)

~

so, from (3.6) of chapter 2,

=
[l

apy {tr[(zz—gz)Z;Hz - (p1-1) [tr(zz-gz)ﬂzl]z}

2 P1P2
= -nﬁl ‘2 — 2 s LBL__]‘) z . 2
5 {iil (1-4,) T [iil(l ¢4)1%} (5.18)

1.~ 21
where ¢1...¢p2 are the eigen values of 22422224.
Minimisation of T would also asymptotically yileld
generalised least squares estimates of the parameters Yy

~

[c.f. section 2.3].

We also note that because of the method used for

(5

identifying I, and Z,, 1.e. 011 estimation based on

the asymptotic marginal distribution of Ez would only be
appropriate either when the condition ogi) = 1 1s realistic,
or, if this is not the case, when the model for I, 1s
essentially invariant under transformations of the type

L, = al,, e.g. correlation structure models with no

constraint on variances.

Similar remarks apply to the fitting of models of
variance structure for I;. Further, where models for both
I, and I, are proposed, because El and Ez are not
asymptotically independent, tests based on the marginal
distributions would not be independent. On the other
hand, purely descriptive techniques which are either free
from the identification problem or usually based on
correlation matrices, e.g. principle components, could

readlly be applied to I; and Z:.
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5.6 Numerical examples

Tn this section we illustrate the use of the model
as a descriptive technique by applying it to three sets
of actual data. The procedure described above was used
for estimation, the iterative process belng terminated
when the differences between all the elements of successive
estimates of I, were less than 1 X 10_9. For each example
computation time on the CDC6400 was less than 3 seconds.
The likelihood ratlo statistic was multiplled by the
factor pus, defined by (4.14) of chapter 3 and further

considered in section 5.7, to give a test statistic, T,

more closely distributed to x2.

Our first example, which provides qulte a meaningful
illustration, uses some unpublished data kindly made
available by Miss M. Rose. It comes from a uniformity
experiment in which three wool measurements were made at
seven different sites on twenty sheep for four successilve
years. The measurements were fibre diameter (FD), coefficient
of variation of fibre diameter (CV), and crimp (CR), while
the sites were upper shoulder (1), upper midside (2), upper
hip (3), shoulder (4), midside (5), hip (6), and belly (7).
A multivariate analysis of variance with animals and years
as factors yielded the residual variance matrix shown in
Table 1. After allowing for the estimation of six missing

vectors, this will have 51 d.f.

The estimates R; and R, together with the corresponding
variance estimates are presented in table 2. Because site 5
is the one commonly used in experimentation, and as the

only meaning to be attached to site variance is a relative



TABLE 1

Data 1 = Varlance matrix for wool measurements at different sites ¥

D cvV CR
1 2 3 4 5 6 7 1 2 3 4 S 6 7 1 2 3 4 5 6 7

FD 1 11813

2 5731 9113

3 6511 5577 14635

4 7208 5253 8585 15346

5 7679 8269 10779 10516 17705

6 4147 4172 6971 9971 8918 17989

7 3972 5020 10239 7525 8823 4882 18181
cvi 861 144 <7670 1047 1525 1490 =6325 53296

2 «2592 3447 =4317 900 =520 =1558 ~3862 15379 48035

3 4472 3137 =2278 =4275 2692 - 4199 =9577 16636 12224 71307

4 2354 2409 1305 1826 6137 338 =3249 19576 10071 27064 55072

5 3902 1084 2849 7776 5497 =1344 818 18508 11614 16141 27649 65506

6 2533 538 =933 706 4888 3277 ~1909 11322 5191 12722 2602 5954 52264

7 8327 6862 8400 6475 11164 3495 5185 3745 6267 =5542 3925 16453 8959 87166
CR 1 <2518 «2124 =2828 =1650 =4371 =262 =1912 =848 602 =1576 «9356 =5372 595 =8869 7434

5 22237 =3652 =3637 =3030 -4616 =2803 =3354 =310 476 =5346 =3495 =3876 =4036 =3702 3287 8042

3 .3862 =4833 «7103 «6619 =8621 =5543 =6217 2032 3179 =968 «~2250 =2816 =3€61 -6840 3703 S5i15 11199

4 <617 1956 «=2969 =831 =2532 125 =1605 =448 683 =-1318 1443 437 1866 <7117 2083 2152 2230 8422

5 377 =1922 «4079 227 =2850 582 «4014 5718 2194 =954 =412 =502 2881 1007 2424 2973 3752 1789 9924

6 1072 ~1876 =4943 ~1969 5187 =-1850 =2641 37 3098 =2862 5920 ~5864 =1994 «5167 4176 3559 6088 2618 5333 11627

7 <1082 =4272 =2514 1152 =3943 3651 «1125 ~=3598 «~3667 981 1821 9504 975 =6037 2282 1684 2140 1789 4233 3275 22218

* x 104

‘62t
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one, the variance estimates have been identified by the
condition o§2) = 1. The fit of the model ls acceptable,
and the estimates appear to provide a useful description,
with uniform trends in the site variances, and the estlimate
of the site correlation matrix also exhibiting a natural
pattern, with each site correlating most highly with those
nearest to it. We also note that the FD-CR correlatlon
agrees well with the -.13 given by Newton Turner and

Young (1969, p.135).

TABLE 2

Estimates for Data 1

R,
FD cv CR

FD 1.0000

cv .0948 1.0000

CR - .1082 .0266 1.0000
Variances

1.3311 7.5069  1.1915
R,
1 2 3 4 5 6 7

1 1,0000

2 .4326 1.0000

3 .4020 .4104 1.0000

4 . 4066 .3047 .4162  1.0000

5 .3851 .4083 L4175 .4531 1.0000

6 .3098 .2123 .3792 .3591 .3882 1.0000

7 .1702 .1282 .2297 .2284 .3185 .2142  1.0000
Variances

. «7359 .6471 .9749 .8684 1,0000 1.0080 1.4735

11 iterations T = 221.8016 Pr(x?(198)>T) = .1181
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The second example (Data 2) comes from Tudor (1971),
who conducted an experiment in which 58 calves were
allocated at birth to one of sixteen nutrition treatment
groups, and slaughtered on reaching approximately 400kg
liveweight. Various measurements on body composition
were taken. In particular we wlll consider the welghts
(in grams) recorded for five muscles dissected from both
left and right hind legs. In thils case it 1is expected
that the relationship between the muscles should be the
same on both sides of the animal and that the correlation

between sides for each muscle could be the same.

After deleting 2 animals for which there was missing
data, the within groups matrix, W, was calculated with
covariance adjustment for age and fasted body weight prior
to slaughter. Thus W 1s on 38 4.f.. As for our purpose
here, there is little interest in the muscle variances,
and as both the structure and test statistic are preserved
under transformation of the type S + (D;@D,)S(D;8D;) where
D, and D, are p;Xp: and pz2Xp2 diagonal matrices, for
convenience of presentation we rescale W, choosing
Dy = I, and D2 = {diag(W11)}—%, where W;; 1s the leading
5x5 submatrix of W. This rescaled varilance matrix is

presented in table 3, together with diag(W,:).

The corresponding estimates are presented in table
. The reason for the poor fit appeared to be a qulte
large difference between the left-right correlation for
muscle E and that for the other muscles, the actual
values belng, in order A, B, C, D, E, .929, .919, .946,

.922, and .597. This in turn may be attributable to a
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TABLE 3

Data 2 - Rescaled varlance matrix for hind leg muscles

LEFT RIGHT

LEFT Ax B c D E A B c D E
A 1.0000

B .5289 1.0000

c L6112 .4797 1,0000

D 5831 L5130 .6006 1.0000

E ..0513 .2656 ,0245 ,0389 1.0000

RIGHT

A 1.1091 .6636 .7205 L7181 ~.1580  1.4262

B 6866 .9765 .5406 .6193  .2219 .8473 1.1288

c 6390 .4458 .9710 6319 =.0556 .8782  .5727 1.0524

D 6620 .6221 .6301 ,9494 -,0052 8334 ,7649 .7049 1,0611

E 4421 .5408 .2675 .4152 .7471 3851 L6008 .1944 ,3676 1.5642
diag (Wyq)

36508 30559 19249 8778 4232

M. biceps femoris B

®p = = M. semimembranoéus
C = M. semitendinosus D = M. gastrocnemlus
E = M. adductor femoris

higher measurement error assoclated with this muscle
which is smaller and harder to dissect out than the
others. When the analysis is redone without this muscle,
the estimates shown 1n table 5 are obtained, giving quite
an acceptable fit to the data. As an 1llustration of the
formulae of section 5.5, and as these estimates are used
as a basis for the simulation experiment described 1n
section 5.7, we present in table 6, the estimated

A

asymptotic variance matrix for I,, L, calculated from

e}

(5.5) with IZ,, I, replaced by I, I:.

The third example (data 3) 1s taken from Campbell
and Fiske (1959) who have presented data from an assess-

ment study of clinical psychologists, considered earller
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TABLE 4

Estimates for Data 2 - all muscles

L R A B C D E

.9766
.5357 .8524

L 1.0000 A
B
C .4863 .3857 .7257
D
E

R .8752 1.0305

L4243 ,3916 4149 .81hO
.1585 .3923 .0647 .0941 2.4460

13 iterations T = 66.2084 Pr(x2(38)>T) = .0031

TABLE 5

Estimate for Data 2 - muscle E excluded

‘21 z:2
L R A B C D
L 1.0000 A 1.1202
R .9032 1.0082 B .6021 .9692
C .5284 ,h297 .T7968
D Jiboo L4179 L4433 .9205

11 iterations T = 31.0427 Pr(x2(24)>T) = .1526

by Fiske (1949) and Kelly and Fiske (1951). PFive
personality tralts of 124 subjects were assessed by three
different methods viz. staff, teammate and self ratings.
We will present only the results of fitting the direct
product structure for the teammate and self ratings, this
particular data being regarded by Campbell and Fiske as

exhibiting good test validity.
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TABLE 6

Estimated asymptotic_ variance matrix for E;I, of table U¥*

~

21

r, 2 22

21 127
22 229 511

»284

152
«134
-114

w245
~109
~106

=202
«112
~233

[
wN
OOOOOOOQOO

11

4128

2219
1947
1655
1668
1154
1019
1322

951
1209

21

2144
1261
1150

1920
1184
1069
913
720
858

# x10°

31

1726
1122
1018
1079

750

1385
933
844

4

1755
948
769

1100
852

1033

1360

L2

22 32 4?2 33 43 44

3090

1370 1381

1332 920 1519

994 1126 720 2088

755 814 886 1162 1353

1047 748 1265 1000 1342 2787

In common with most published data of this type,

only the correlation matrix is available, so that

although the estimation procedure may still be applied,

the assoclated significance test 1s not strictly

appropriate.

Tt should however, in thls case, give some

guide, provided that the trait varilances of the teammate

ratings do not differ greatly from those for the self

ratings.

The estimated correlation matrices are given in table

7. We note that R, agrees fairly closely with the indiv-

1dual monomethod matrices, and that the apparently good

fit supports the Campbell an

good valldity.

d Fiske vigual assessment of

The model was also fitted to the full correlation
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TABLE 7
Estimated correlation matrices for Data 3

R, R,
Te* Se A c S U B
Te 1.0000 A 1.0000
Se .2823 1.0000 c .2641 1.0000
s -.0832 =-.1137 1.0000
U .1132 .2526 .1520 1.0000

B .2265 .1887 .2003  .3192 1.0000

8 iterations T = 43.9295 Pr(x2(38)>T) = .2347

¥Te = Teammate Se = Self
A = Assertive ¢ = Cheerful S = Serilous
U = B

Unshakable polse = Broad 1ssues

matrix with all three methods of rating included.
Convergence occured in 9 iterations, with the value of the
test statistic T now 157.9147 which 1s highly significant,
with Pr(x2(100)>T) = .0002. On examining the original
correlation matrix 1t seems that the poor fit may be at
least partly attributed to the rather large differences

in the staff-teammate correlations for the different
characteristics, and some notidgble departures from

symmetry in the staff-teammate submatrix.
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5.7 Approximation to the distribution of the test
statistic

Although under the null hypothesis that the
population variance matrix has the direct product structure
T = nF(§1<®Eg;S) 2 x%(d), with F and d defined by (3.3)
and (2.6), as shown in chapter 3 the approximation to the
x2 distribution may be 1lmproved by multiplying To by some
suitable factor p. 1In section 3.4 methods of constructing
o are suggested for cases where E[To] is unknown, and in
this section we will examine, by a numerlcal experiment,
the performance of these methods when applied to the direct
product structure. In dolng this we will also obtain some
indication of how large n need be for the asymptotic

formulae of section 5.5 for the mean and variance of I,

and L, to be applicable.

The method was as follows. Four hundred samples were
generated from Wp(n,2=21t822) using the method described
in section 3.2. In order that I; and Z., be representative
of those which occur in practice they were taken to be
equal to the ML estimates for data 2, as given 1n table 5.
Further, as improved approximation to the distribution of
the test statistic 1s likely to be most important Tor
moderate n, and since there 1s particular interest in the
distribution for data 2, n=38 was taken. For each sample
El, 22 and T  were calculated. The empirical c.d.f.'s
of T, and piTo, 1 =1...4, were then determined, where
the p, are given by (4.11) to (4.14) of chapter 3, with
g and d glven by (2.5) and (2.6), and plotted together with

the approximating x2 c.d.f. using an incremental plotter.
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The sample mean and variance matrix for the U400 sets
of estimates are given in tables 8 and 9. These are quite
close to the mean and variance of the asymptotic normal
distribution as given in tables 4 and 5, suggesting that

even with n=38 the asymptotic formulae may be used.

The c.d.f.'s plotted are shown in figures 1-5. For
comparison the empirical c.d.f. of pnF(Z;3) with
p=1-(2p%+3p~1)/(6n(p+l)), which is the corresponding test
statistic for the likelihood ratio test of hypothesis that
the population matrix equals I, is shown 1n figure 6. The
graphs suggest that the use of any of the factors for To

gives a statistic more closely distributed to x2(d) than

B

To’ with the better approximation being given by ps and

ps. Although this experiment has only been conducted for
one particular n, I, and IZ., the results are in agreement
with the theoretical comparisons made in sectlion 3.4, and
it appears that the general use of either ps or py would

be appropriate. Since py 1s the more conservative, 1n the
sense of sectlon 3.4, and the form of figure 5 looks closer
to that of figure 6 than does that of flgure 4, p, has

been preferred for the examples of section 5.6.

TABLE 8

Mean of estimates from 400 samples

A ~N

I P
1.0000 1.1264
.904Y 1.0115 L6047 .9737
.5268 .4324 .7992
sl L4169 L4491 .9200




"~
I, 2
22

21
31
41
22
32
42
33
43

Variance matrix of estimates from

2t

14
262

«58
-4l

=30
«53

27
«30
=45
=59
~29
49

TABLE 9
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400 samples®

22

593

=376
~208
~184
«184
-305
177
~-189
«356
~181
=311

11

4327
2356
2081
1615
1622
1207

993
1570
1040

1131

21

2254
1337
1216
1837
1197

1138
1004

760
931

31

1837
1178

907
1081

725
1491

966
761

41

1859

852
789

1102
948
1112

1370

22

2947
1261

1299
918
683

1148

# x1085

A

Iz
32 42 33 43 44
1331
923 1479
1130 715 2309
709 870 1211 1363
749 1213 998 1249 2627

= Lo
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In this chapter we have propoesed the use of a direct
product model of variance structure for certain types of
situations, and considered some of its properties. A simple
method, which has proved highly successful in appllications,
of determining the ML estimates of the parameters has been
presented, together with some properties of the procedure
and the asvmptotic distribution of the estimates. We have
also examined by numerilcal experiment ways in which the
distribution of the test statistic for goodness of fit may

be approximated.

In section 5.6 we have demonstrated the usefulness of
the model by three numerical examples, with the direct
product structure giving a convenient, meaningful description
of the overall relationships between the variates through
the separation of the sources of variance. In each case an
acceptable fit to the data was obtained., However, for some
other similar sets of data the fit was sufficiently bad to
lead to the rejection of the model. This was particularly
true for much of the psychology data tried, e.g. for data 3
of section 5.6 with all these assessment methods included.
We note that for this particular set of data a good fit has
been obtained for a restricted factor type model by Joreskog
(1971), and it may be that a direct product model is 1in fact
inappropriate to much of this type of data. On the other
hand, the reduction in the number of parameters from the
unstructured alternative to the direct product structure

is quite severe, and 1t may be that some other models which
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st111 incorporate the direct product are relevant. Further

investigation seems warranted.

Of course, as an exploratory technique for greatly
reducing the size of the interpretation problem in a useful
manner, the structure may still, with caution, prove
convehient in some situations where the fit would otherwilse

be regarded as unacceptable.
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Appendlx A: _Properties of the matrix procducts ® and ®

The following summarises some of the properties of the
matrix products ® and K defined in section 2.2. The
properties of the direct product ® are well known [see
e.g. Anderson, 1958, Bellman, 1960, Neudecker, 1969].
Proofs o the results concerning the product ® follow
immediately from eitlier the definitlion, or the relationship
between ® and B (see (xvi) below). The matrices A, B, C,
and D are taken to be mxn, pxq, rxs, and txXu respectively,
square and conforming where necessary, while the mpxmp

matrix me is defined in section 2.2.

(1) (A®B)®C = A® (B®C)
(1i) (A+B) ®C = AQC + B®C; A®(B+C) = A®@B + A®C
(1i1) A®B *+ B®A in general. However
a®b” = b ®a = ab’
(1iv) rank (A ®B) = (rank A) (rank B)
(v) (A®B)” = A ®B~

(vi) (A®B)(C D) = AC®BD = (¢8I (I ®AD" ®I)
(I, ®B)

(vi1) AT®B~ is a generalised inverse for AQ®B
(viii) If Ax = Ax, By = uy, then

~ ~

(A®B)(x®y) = Au(x ®y)

(ix) tr(A ®B) = (trA)(trB)

(x) |ae®B| = [a|P [B|"
(x1) vec (ACB) = (B’®A)9
(xil1) tr(C”A) = C°A

tr(C”“ADB)

C"(B"®A)D = D' (B®A")C
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11 T o= =
(¥1i1) me me me

I
—~
I
=
~
N
N

(x1iv) ILmPI

(xv) vec(A?) = ané

(xvi) AMB = me(A®B) (B®A) an = me(BﬂA) Ln

q

1]

=

®

os]
"

me(AB) (BRA) an = me(B ®A) Ln

q
(xvii) a’®B = a” ®B; AHb = b ®4;

~ ~ ~

i

al@B

~ ~ ~

n
lus]
®
)
>
X}
o
A Y

I
=
®

o

AY

(xviii) (ARB)BC

AR (BEC)

(xix) (A+B)RC

ARC + BRC: AR(B+C) = ARB + ARC

(xx) ARB # B®A in general, for any size A and B

except 1x1.
(xxi) (ARB)” = B'RA”

(xx11) (AMB)(CED) = BC®AD

(xxi1i) (AMB)(C ®D) = ACEBD
(A ®B)(CRD) = BCMAD

(xxiv) B EA~ 1s a generalised inverse for AXB

m(m-1) p(p-1) ;
|amB| = (-1) 2 2 |a]® |B|™

(xxv)

Proof of property (xiv):

Since L 1s a permutation matrix, |L__| = 1. We

mp
assume w.l.0.g. m2p. Then the sign 1s given by

5 ( 1 2 o s m m+tl m+2 ... mp )
1 pt+l (m-1)p+1 2 pt+2 mp
= (_1)I(m,p)

where I(m,p) is the number of interchanges needed to get

agreement between the first and second row by successively
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movling to the left the elements of the second row. Then

I(m,p) (m-1) + 2(m-1) +...+ (p-1)(m-1) + I(m-1,p)

(m-1) BPZ1) 4 1(n-1,p)

[(m-1) + (m-2)] RB=) + 1(m-2,p)

_ m(m-1) p(p-1)
2 2 ;
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Appendix B: Subroutines for fittlng a ceneral model of
variance structure.

Foreword We include here and in Appendices C and D
1istings of a number of FORTRAN IV subroutines which
implement procedures described in sections 2.5, 4.3 and
5.3. Some numerical routines have also been included,
and except for an assumed elgenvalue/eigenvector routine
(with specifications given in the VARS listing) the

collection is complete in this regard.

In each of the appendices a sample calling program
has been included, with sample 1nput corresponding to
examples given in the text. Some small discrepanciles
may appear between results obtained using the sample
data and those in the text however, because of rounding

to the input data.

The subroutines have been tested on the University
of Adelaide CDC6400, under operating system SCOPE 3.4.1,
using the FTN compiler. The coding has been written to
ANSI specifications, with, for convenlence and clarity,

the following exceptions:

(1) the PRINT command has been used

(11) multiple replacement statements have been used

(111) the method of presetting data 1n COMMON blocks

using DATA statements 1s apparently not in accordance

wilth specifications.
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SUBROUTINE VARS

PURPOSE,  TO DETERCGTNE BY MINIMISATION OF A GENERAL ESTINATION
FULCTLION THE ESTIAATES CORKESPONDING TO A P X P SAMPLE VARTANCE
MATRIX S OF THE PARAMETERS GAMMA OF A GENERAL VARIANCE STRUCTURE
MUNEL S1GMA=SIGHMA (GAMMAD «

METAOL. AN INITIAL APPRUXTMATION TO THE MINIMISING GAMMA IS
TFPROVED USING THE METHUL OF FLETCHER AND POWELLe

PHOGRAMMER, A.JeSHAIN, JAN 1975,

USAGEe THF MAIN ARGUEMENTS ARE COMMUNICATED BETWEEN THE CALLING
ROUTINE AND YARS THROUGH THE COMMON RLUCK
/ARGS/ZNDFS DEGREFES OF FRFEDOM OF S (0 TF UNKNOWN}
P (INTEGER) SIZF OF S (AS LISTED oLEe 10)
Q (INTEGER) NUMHER OF pPARAMETERS (AS LISTED «LE.20)
ILSMF  DETERHMINES THE ESTIMATION FUNCTION TO Bk USED
1 TGL3 = TRUF GENERALISED LEAST SQUARES
2 ML o« MAXIMUM WISHART LIKELIHOOO
3 G - GEOUESIC DISTANCE
4 DIV - DIVERSENCE (]
5 GLS - GENERALISED LEAST SQUARES
GLLSE = GENERALISED LEAST SNUARES EXTENDED
LUADrD WITH yaLUE 2 s0 ML USED ON DEFAULT
SeNS SAMPLE VARIANCE MATRIX (NS 1S THE ROW DIMENSTION OF S)
(PRESERVED BY VARS)
GA VECTOR OF PARKBHMETERS = ON CALL INITIAL APPRCXa. TO
MINIHISTNG SAM4A = ON RETURN GIVES FInal ESTIMATES
STeNST On RETURN ESTIMATE OF SIGHA

X2 APPROX. CHISQUARE TEST STATISTIC FOR GOURBNESS QF FIT

NOF M O RETURN NOMINAL DEGREES OF FREEDOM OF MODEL (AND X2)

NRFP ON RETURN SUSPECTED NUMSER OF REDUNDANT PARAMETERS
(SEE NOTES)

I ERROR TnDICATOR

0 SUCESSFUL CONVERGENCE TO ESTIMATES

1 FAILURE TO CONVERGE IN SPECIFIED MAX. NO. OF ITERNS.

2=9 FallLURE OF FLETCHER-PUwELL METHOUD TO LOCATE MINIMUM
CODES CORRESPOAD TO THE FLEPO CODES (SEE LISTING)

6 S ¢lOT POSLITIVE DEFINETE

THE USER IS ALSO REQUIRED TO PROVIDE A SUBROUTINE S16GA(ICD) TO
EVALUATE SIGHMA(GAMAA) AND THE MATRIX OF FIRST UDERIVATVIVES

AT THE ROIMT GA GIVEN IN /ARGS/.

I0D SPECIFIES THE OMDER OF DERIVATIVE REQUIRED

[017=C SI1GMA(GAMMA) TO HE PETURNED IN SI OF /ARGS/

I10p=1 0OSTurdA/ZDRGAMMA (P (P+1)/2 X Q) T0 BE RETURNED IN aRRAY Dz OF
THE CO#MON BLOCK /WORKZ2/ = SEE DECLARATION

ERINE CONDITIONSy Fl.Ge PARAMETERS QUT OF RANGEs SHOULD BE INDICATED
BY SIGA BY SETTING F=FiMak, WHERE F AND FMAX ARE THE LOCATIONS IN THE
CUAMCN BLUCK /wFUNCT/ = SEE BELOW

VARS IS DESIGNED 3C THAT THE FLETCHER-POWELL ITERATIONS MAY dE
PRECEEVED RY STEEREST DESCENT TTERATIONSe: THE CONIRULLING PARAMETERS
ARE CUNTATMEN Tw Tre COdiOr, BLOCK
/ITEHL/ZMSD MAXIMUM NUMRER OF STEEPEST DESCENT ITERATICNS

MF P MAXIMIM NUMBER OF FLETCHER=-POWELL ITERATIONS

EPSSH  CONVERGENCE PARAMETER FOR STEEPEST DESCENT

EPSEP  CONVERGENCE PAKAMETER FOR FLETCHER-POWELL

OTHER ARGUEMENTS AVAILABLE ON RETURN ARE CONTAINED IN THE COMMON BLOCK
/WFUNCT/FMaX  USED WITHIN MINIMISATION ROUTINES TO INDICATE ERRORS

NP =p

X =GA

F VALUE OF F(STGMASS)AT X

G VALUE OF DERIVATIVES OF F AT X

HeWH  APPROXIMATION TO INVERSE OF MATRIX OF SECOND DERIVATIVES
OF F AT Xeo MOTE THAT (2e/NDFS)#H ESTIMATES Tk
ASYMPTOTIC VARIANCE MATRIX OF GAMMA.

THE COMMON BLOCK /WMINR/ 1S USED BY VARS FOR COMMUNICATION WITH THE
leIMlSATIUN ROUTINE, PRIBTING B8Y THIS ROUTINE MAY BE STOPPED BY
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SETTING 1PNT TO ZERO

NOTEle THE METHOD USED TO EVALUATE THE DERIVATIVES IS DEPENODENT ON
THY ESTIMATION FUrICTION USKEDe FOR GENERAL ESTIMATION FUNCTIONS THE
GEHNERAL FORMULAE OF SECTLON 245 ARE USEDs AND REQUIRE ELGENVALUE
CALCULATIOMS  FOUR #L. AND 6GLS THFE FORMULAE OF TABLE 2 ARE USEUs AND
REQUIRE NO EIGENVALUESe THUS ™ML AND GLs ESTIMATION COULD BE EXPECTED
TO HE NOTICABLY FASTER THAR FOR GENERAL FUNCTIOUNS.

NOTE2e FOR EIGENVALUE AND EIGENVECTOR DETERMINATION VARS ASSUMES

A SUBROUTINE EISSOL wWITH SPECIFICATIONS GIVEN BELOW

SUSHOUTTINE FISSOL(tleasNASDeZyNZs JERR) = A SUBROUTINE TO CETERMINE THE
EIGENVALUES AND EIGERVECTORS OF A REAL SYMMETRIC N X N MATRIX Ae

ARGUEMENTS. N SIZE OF A
AsNA  MATRIX A
D ARRAY FOR EIGENVALUES = RETURNED IN INCRe ORDER.

TF CALLED WITH N==Ns» RETURNED IN DECRe ORDER
ZeNZ ARKAY FOR CORRESPONDING EIGENVECTORS

MAY OE THE SAME AS As QTHERWISE A IS PRESERVED
IERR  ERRQOR TNDICATOR, 0=N0 ERRORe

NOTE3-  IN ADRDDITION TO THE USER-SUFPLIED SUBRROUTINES SIGA AND EISSOL
DESCRIBED AHQVE THE FOLLOWING SUBRCUTINES aRE USED Y VARS AND EACH
CTHER « VAFs DFDGas RDPA. IDENTs SMXMs FLERPQs DOTs OGREAT, CHOL

EacCr OF THESE 1S LISTED oElOWs WITH PUKPOSE INUDICATEL.

WOIRKING STORAGE IS CONTAINED IN THE COMMON BLOCKS /wWURKL/, /WORKZ/ AND
/HORK3/ wITHe AS LLISTEDy 2125 11%6 AND 212 LOQCATIONS RESPECTIVELY.
THESE AREAS COULLD HE USED ARBITARILY OUTSINE VARS (THOUGH nNOT BY SIGA)

NUTE4e THE IDENTIFICATION OF THE MONEL IS CHECKED BY DETERCAINING THE
RANKy R SAYy OF DSIGMA/ZLGAMMA AT THE INYITIAL GAMMAL THE ARGUEMENT NRP
==y THIS WOULD COMMONLY GIVE THE NOe OF REDUNDANT PARAMETERS, BUT»
BEIMNG DEPENDENT ON THE INITIAL GaMMpe MaY MOT ALWAYS

WHILE THE SUBROUTINES SHOULD wORK SATISFACTORALLY FOR THE
NON~TDENTIFIED CASEs RESULTS SHOULD RBE EXAMINEL CLOSELY WHENEVER NRP
IS NCNZERO (CEKTAINMNLY NO ADJUSTHMENT IS MADE TO NODFM)

NOTESe TO EXTEND THE RANGE CF Py IT IS NECESSARY TO CHANGE THE
DIFMENSIONS IN /ARGS/ IN ALL SUBROUTINES WHERE IT APPEARS AND THE DATA
STATEMENT OF VARS, SIMILARLY THE DIMENSIONS IN /wWORK1/s /WORKZ/ AND
JHORK3/ AND THE ASSIGNMENT STATEMENTS IN VAFN

NUTEG, TO EATEND THE HUMRER OF PARAMETERS TIT IS NECESSARY TO

EXTEND DIMENSIONS IN /WURKZ2/ (ASSIGNMENTS IN VAFN)s /WFUNCT/ (DATA
STATEMENT I FLEPO)s ZARGS/Z AND THE WORKING ARRAYS IN FLEPQ (SEE FLEPO
LISTING)

NOTET7« TC INCLUDE OTHER FSTIMATIGN FUNCTIONS IT IS ONWLY RNECESSARY TO
INCLUDE THE EVALUATING FUNCTIONS IN 3MF AND SMFDs AND TO ALTER THE
COWPUTED GO TO STATEMENTS IN THESE SUBROUTINES AND VAFNa

COMMON /ARGS/HDFSaPalUy TLSMF ¢S (10410) 9 NS9yGA(20) 951 (104102 sNSIs
] X2 s MUF Mo NRP 9 TE

INTEGER PsQ

COMMON ZITERL/MSDsMFP4EPESDsERPSFR

CUMMON ZWFUNCT/FMAXsNXaX(20) sFeG(20) 9H(20921) oivH

COMMON ICD

COMMON /ZWMINR/EPSyMITERsIPNTsIERR [TERLOADOINFCT

DATA ILSHMFanSeNSI/Z2910410/

DATA MSDeMFPsEPSSUSEFSFP/09100s) E~029)4E=-06/

DATA IPRNTZL/

INITIALISATION

I1E=0
NX=Q
DO 30 I=1sG
30 X(1)=gall)
100==3
CALL VAFN
TF(FeNEFHMAXIGO TO 40
IE=6
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GO TO 99499
4y I0D=1
CALL VAFN
CALL YOENT
IF(MSD.EQ.0)G0 TO 80O

COMMENCE STEEPEST DESCENT ITERATIONS

OO0

EPS=EPSSD
MITER=MSD
LUADO=4
CALL FLEPO(VAFN)
IE=1ERR
B0 IF(MFPLEG.0)GD TO 130

c
C CUMHMENCE FLETCHER=-POWELL ITERATIONS

I0D==?

CALL VAFN

CALL CHOL{(49QyQeHyNMHsDH)
Ion=1

EPs=EPSFP

MITER=MFP

LOADO=2

CALL FLEPO(VAFH)

TE=TERR

FORM CHISGUARE TEST STATLISTIC AND RETURN

o000

130 MDFM=pP#(P+1)/2-Q
X2=0a
IF(NDFS.LE-U)GO 70 9999
RH=NOF3
A2=RN#F
9999 RETURN
END

3548 4 37 & 48 35 0 4 48 41t 22 48 4 4 36 20 4k 36 3% 5 47 48 36 4 4p 32 30 30 303 A 4 20 20 Sh AR 4F $F 0 41 81 4 30 37 21 4R $E 30 A S U A H TR

SUBROUTINE VAFN

C
C PURPOSE., CALLED BY VARSs aNO BY MINIMISATION ROUTINES TC EVALUATE
c Fo & AND H FOR THE GENERAL MODEL. SIGMA{(GAMMA) s USING THE FORMULAE OF
C SECTIUN 2.5 FOR F AND Gy ANO THE LIMIT AS AN APPROXIMATICN TO H
C
¢ WHAT RETURNED 1S DEPENDENT ON THE VALUE OF I0D
C ¢ = JUST Fy 1 =F AND Gs 2 = Fg G AND He =1 = JUST Gy =2 = JUST H
¢ =3 = IMITIALISATION (MUST PRECEED ALL OTHER CALLS)
¢ 10D=~1 ASSUMES THE RESULT OF AN 100=1 CALL
¢ Iou==2 ASSUMES THE ®RESULT OF AN T0D=1 CALL
C
¢ NOTE. HNETHOD USED 1S DEPENDIENT ON ILSHF, IF ILSMF=2 CR 5§ (ML OR GLS)
C THEN THE PARTICULAR FORMULLAE OF TASBLE 2 ARE USEDs OTHERWISE THE
¢ GENERAL FORMS QF SECTION 2.5 (WHICH REQUIRE EIGEN Cal.Ne) ARE USED.
C

COMMUN 10D )

CUMMON ZARGS/HODFSeP 9@y TLSMF2S(10y10) e NSeGA(20) 9SI1(10+10) 9NST,

1 X2 s NDFMsNRPs TE

INTEGER Pt

COMMON ZWFUNCT/FMAXINXsX(20) 9F oG (20) eH(20921) sNH

COMMON /WORKLI/ZA(10+410)sNAsB(L10a10)sNBsC(10)

CUMMON /WOKK2/U2(55920) 1ND2+E2(559)

COMMON /WORK3/D(10s30)eNDeECLIQO) sU(10910) siNV

0Q 10 I=1sQ -

10 GA(I)=x(D)

JUD=10D+4

GO TO (280 240 +120920 220 920 )JOD
c
¢ CALCULATE F
C

20 F=0,
CALLL SIGA(O)
IF(FeFWaFMAX)GO TQ 9999
GO TO (30950 930430990 +30) ¢ ILLSMF
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C GEWNEZKAL FUNCTION = DETERMINE THE EIGEN VALUES ANV EIGEN VECTORS OF

c
€

o0OnN OO0 OO0

o000

loNoRe Xel

(Switem gy &G (SHe=5) IN C AND A RESP. AND COMPUTE F

30 CALL SMXM(PyPySI'N511D|ND'U’NU)
CALL SMAM(PsPyDeNDsUsNUBoNB)
CALL EISSOL(PsHINBsCrAINASIERR)
IF(IERR«NE«UV)GO TO 300
F=0,

DU 40 [=1,P

49 F=F+SMF(C(I) s ILSHF)

GO TO 110

ML = SET A TO SIi##=1y B TO I =~ S#gj#s=) AND COMPUTE F

50 DO 60 I=14P
DU 60 J=1sP

60 ATy JY=A(Jy1)=ST(IsJ)
CALL CHOL (4sPsPesAsiNADSI)
IF(DST.LE«UIGD TO 360
CALL SHAM (PP 9SsMSeAINAIBsNB)
TR=0.
DO 80 I=1y¥F
DO 70 J=14P

70 B(led)==H(Isd)
TRaTR=B(1,1)

40 B(IsI)=8(Is1)+1,
FRTR+ALOG(USI) +FK
GO TO 110

GLLS « SET B 70O SI#S#u=1 = I, AND COMPUTE F

90 CALL SMXM(P9PySToNSIyAsNAsTsNB)
TN:O.
CO 100 I=1sP
B(IyI)=B(IsI)=1,
DU 100 J=1sP
100 TR=TR+B(IsJ)®R(Js1)
F=e5%Tk
110 GO TO (9999+240+12099999912049120) 4J0OD

CALCULATE DF/DSI AND THENCE -G
120 GO TO (1309180s1305130,1809130) ¢ ILSMF

GEMERAL FUNCTION = U=(S#¥-,5)#Ay B=Ux (DIAG(FD(C(I))))*UT
WITH OFF=DIAGONALS MULTIPLIED BY 2. -

130 DO 140 I=14P
140 E(1)=SMFO{C(T) » TLSMF)
CALL SHAM (PP eDeNUesRAINAsUSNU)
VU 170 I=1sP
GO 160 Jz=1s1
T=0
DU 190 K=1seP
150 TT+U{TeR)*E(K) #U(JIK)
160 BlTeJ)=B(JsI)=2e%T
170 B(1,I)=T
GO TO 220

ML = B = (ST##=1)#H WITH OFF~-DIAGONALS MULTIPLIED BY 2.
GLS =~ B = (S##=})%B WITH OFF-DIAGONALS MULTIPLIED BY 2.

180 DO 210 J=1sP
DO 200 I=1sP
T=0e
DO 190 K=1sP
190 T=T+A(T oK) #H(KeJ}
IF(IeNELJ) T=TH#2,
200 c(I)=Y
DO 210 I=lep
210 Blly ) =C(])
220 CALL OFDGA(L)
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230 GU TO (999992404,99995999998999,240) ¢JOD

C
¢ COWMPUTE APPROXIMATION TO SECOND DERIVATIVES
C
240 GO TO (250 +270 5250 4250 9270 +2%0 ) s ILSMF
2b0 DU 260 I=1sP
NO 260 J=lol
260 A(lsJ)=A(Jel)=5T(1yd)
CALL CHOL (4P yPyAqNAIDA)
270 CALL DFDGA(2)
GO TO 9999
C
¢ INITIALISATION OF WORKING ARRAYS, CHECK S IS POSITIVE DEFINITE
c
280 NA=NB=10
NU2=55
ND=NU=10
F=0.
DO 290 I=1sP
DO 290 J=]sP
290 AlTsJ)=A(JsI)=5(Isd)
CALLL CHOL (1sPyFP,AgNAIDS)
IF(DS.LE«0) GO TO 360
GO TO (300934093005300e3509300) ¢ 1LSMF
c
C GEMERAL FUNCTIONS D = (S##=e5)
c
300 CALL ETISSOL(P4SsNSsCeRyNBs IERR)
CIF(IERRCNEO)GO TO 360
DO 310 I=1sP
IF(CUI) eLE-Q)GO TO 360
310 Cl1)=1./8QRT(C(I))
DO 330 I=1sP
DO 330 J=1sl
T=0.
DU 320 K=1sP
320 TET+B(L K #CIK)I#B(JsR)
330 D(Te =Dy D) =T
GO TO 9999
C
C ML - DETERMINE FIXED PARI OF F
C
340 PP=P
FK=(=ALOG(DS)=RP)
GU TO 9999
[
C GLS = Az (S##a))
C
350 CALL CHOL(GyPsPsAsNASDS)
GU TO 9999
36y F=FMaX
9999 RETURRH
END

2040 48 S48 R 36 48 2 48 38 40 3140 43 A 836400 30 404030 U 01 404 E R TS B 30 A 4 ST AR AP LR SSRGS R B
SURRQUTINE OFDGA(IOD)

PURPOSE. TO EVALUATE THE EXPRESSION FOR FIRST DERIVATIVES OF F
WITH RESPECT TO THE ELEMEMTS -OF GAMMA (10D=1)y AND TO EVALUATE AN
EXPRESSION TO APPROXIMATE THE MATRIX OF SECOND DERIVATIVES {1on=2)

100=1 ASSUMES THAT THE LOWER TRIANGLE OF B CONTAINS OF/DSI
10p=2 ASSUMES THAT A CONTAINS EITHFR S##=1 OR SI%*#=1y AND THAT D
COMTAINS DSI/ZDGAs I.Ee USUALLY PRECEEDED BY AN 100=1 CALL.

OOONOHOIO 00

CUOMMON /ARGS/NDFS;P;Q,ILSMF,S(109]0),NS,GA(EO);SI(IO.lU),NSI'
1 X2 yNDFHMsNRP s IE '
INTEGER P

COMMON /WEUMCST/FMAXINXeX(20) sFyG(20) 9H(2092)) o NH

COMMON /WORRKL/ZA(10910)¢NASB(10410)sNByC(10)

COMMON /WORKZ/D(110U) ¢4NDE(SS)
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INTEGER PC

IF(I0D.EG,2)GO TO 25

CALCULATE FIRST DERIVATIVES

loReXy] O

PC=P# (P+1)/2
CihLl SIGA{1)
DU 20 K=lglX
JU=ND#* (K=1)
T=0.
DO 10 J=l.P
DO 10 I=JsP
I0=1D+1
10 T=T+B(I+J)*0(ID)
20 G(K)=T
GO TO 9999

C
¢ APPRCAIMATE SECOND DERIVATIVES
C
2% DU 60 N=14NX
JO=ND# (N=1)
QU 30 1E=1sPC
30 ECIE)=0.
DU 40 L=1,P
DO 40 K=LP
Tu=T0+1
u=n(In)
IF(UsFEQeD)GO TO 40
I£=0
DO 35 J=1P
DO 35 I=JdsP
JE=TE+1
35 E(IE)=E£(IE) +RUPA(IsJeKeL)®U
40 CONTINUE
DO 60 M=NsNX
TO=ND# (M=1)
T=0,
Du 50 I=1,PC
5g TsT+0(ID+I)*E (D)
60 H({MsN)=H(NepM) =T
9999 RETUKM
END

*u*ﬂ%*%*#{i**&#%%*#ﬂ-i!-*%H%#**“%\‘#**ﬂ'*ﬁ#&ﬂ**#ﬁ**%#ﬂ*ﬁ%*ﬁ%*ﬂ***%*ﬂ*##%}#ﬂ(#u&###%

FUNCTION RDPA(IsJsKrlL)

c
¢ PURPOSE. TO RETURWN THE IJ KL ELEMENT OF THE REDUCED DIRECT PRODUCT
¢ OF MATRIX A WITH ITSELF)» WHEKE A 1S STORED IN THE ARRAY A,
o
. CONMOM /WORNI/A(IO,lU).NA'B(ID,IO),NB;ctio)
IF((IsEQeJ) s ORe (ReEWeL) IGO0 TO 10
ﬁUPA=2.*(A(IaK)%A(JsL)+A(JoK)*A(I,L))
GU TO 9999
10 IF((I.FEQed) e AN e (KeEWLL))GO TO 20
RUPA=2.¥a (TeK)¥a(Jol)
GO TO 9999
20 RUPA=A(T9K)#A(14K)
9999 RETURHN
END

*uunuuﬁ#**ﬂ*au%*%ﬁu»%ﬁu****aﬁ*u*uu*n**auuﬁuﬂuaﬁu#a&u%#unu&#u**uaa#uuaa«n
SUBROUTINE IDENT

PURPOSE, TO PROVIDE A CHECK ON THE IDENTIFICATION OF THE PARAMETERS

8Y CHECKING THE RANK OF USI/UGA. ON RETURN NKRP 18 THE DIFFERENCE

0 - RANK(DSL/DGA) . ASSUMES PRECEEDED BY A caLl OF 316Gafl)

NOTEl. DETERMINES NRP AS THE NUMBER OF ALMOST ZERO PIVOTS IN THE
CHULESKY DECOMPOSITION

OSOOONO0
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C NUTERe USES DOT AND CHOL, ALSO NESTROYS W OF /WFUNCT/

COMMON /ARGS/HHFS,PCU,]LSMF;S(IO,IO)9NS§GA(20)951(10910)9NSI.
1 X2 e NUFFshNRPs [E

INTEGER PsQ

COMMON /NFUNCT/FMAXeNX;K(ZU)9F96(20)9H(20s21)vNH

COMMON /WOKKZ2/D(55920) 9D s (55)

IFC=P# (P+)) /2
PO 10 I=1sNA
DO 10 J=lsl
190 H(IoJ):H(J!I):DOT(IPCvD(l’I)9D(10J))
CALL CHUL (1 9NX g NXgHoWHDH)
NRP=0
IF(DHeGTe0e)GO TO 9999
DO 20 I=lsNX
20 IF(H(I!I)aEQnOo)NRP=NRP*1
9999 KLTURN
Eii)

4&*#*%%*'I'Hl-*i'l#*%'ﬁ%ﬂ'ﬂ"i‘f-l#-H'-:f{&%***-{H’n‘}%-ﬂ-**#%***%%ﬂ'%ﬁ'#'FH»I'ﬁ'*ﬂ***%%%%&**4#*#%#*“**4%%

FUNCTION SMF (T ILSMF)

(o
¢ PURPOSE. CALLEL 8Y VAFN TO EVALUATE F(THETA) AT THETA=T,
¢ WITH THE PARTICULAR F USED BEING DETERMINEND BY ILSMF = SEE VARS LIST
C
GO TO(10420e30940e50960) 9 ILSMF
lu SMF=-5*<T-lu)“(T"1c)/(T*T)
GU TOQ 9939
20 SMF=1e/T+ALOG(T) =1,
GU TO 9999
30 SHMF=5#ALOG(T) *&2
GO T0Q 9999
40 SMF=e5#(T+14/T=24)
GO TO 9999
50 SMF=6#(T=14)#(T=1,)
GU TO0 9999
5] SHF=eSH(THT=2.#T+1s) YEXP(T=1,)
9999 RETURN
END

IR PR T T ELTE TR P T IV L PR LA ARG AR AL A RS A
FUNCTION SMFD(TsILSMF)

¢ X
C PURPCSE. CALLED 8Y VAFN TO EVALUATE 157 OFRIVe OF F(THETA) AT T,
c WITH THE PARTICULAR F USED BEING DETERMINED BY ILSMF - SEE VARS LIST
G ;
GU TO (10420630440420,60) ¢ ILSHF
10 SMFD=(T=14) /(TH#T*T)
GU TO 9999
20 SMFD=(T=1)/(THT)
GO TO 39999
30 SMFD=ALOG(TI/T
GO TO 9999
40 SUIFD= 5% (Le=1a/(THT))
GO TO 9999
H0 SHFD=T=1e.
GO TO 9989
60 SMFD=.5% (T#T=1e) #EXP (T=14)
9999 RETURN
END

%#*u%ﬂ*ﬁﬁ*ﬂ#%*%ﬁu#ﬂ&ﬂ#&%#*%ﬁ**ﬁ#*#ﬂﬂ##%*%*%#&%*ﬁ##%&u##*#“#**%ﬂ#*#*##*#é
SUBROUTINE SMXHM(MsNaAsNAsByNB,CyNC)

¢

¢ PURPOSE, CALLED BY VAFN TO MULTIPLY M X N MATRIX 8 BY THE M X M

G

SYMMETRIC MATRIX A AND STORE RESULT IN C. I.£« C = A¥B « C MUST BE
¢ DIFFERENT FROM 8OTH A ANU B

(o]
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REAL A(NAgM) 93 (NReN) 3CINCoN)
DO 10 I=sleM
DU 10 J=1sN

10 CU1ed)=0D0T (Mea(1e) o (1ed))
RETURN
END

tt%*i%{?(.’*ﬂ'&i}##ﬁ‘#%%%%*{}ﬁ'##ﬂ'#**ﬂ%%%*#%-‘é{##%ﬂ'ﬂ'#{iﬂ"ﬂ'#*ﬁ%**{}*%ﬁ###t%%ﬁ#ﬁ%%#ﬂ%%%*##%

OO0 ODON AN ONOODOO00000N OO0 OCOHO0

o

OO0

SURBROUTINE CHOL(IOyMsNoAINAYDA)

PURFOSE. TO DETERMINE USING THE CHOLESKY METHOD (SQUARE ROOT METRHOD)
THE SULUTION OF A SYSTEM OF LINEAR EQUATIONS B#X = Yy WFERE B IS A
SYMAE TRICs POSITIVE SEMIDEFINITE M X M MATRIA AND Y IS M X (N=M)e.
ALTERNATIVELY OW OFTIUN TO DETERMINE THE TRIANGULAR DECONMPOSITION

W o= L¥LTy wHERE L IS LO%eR TRIANGULAR WITH TRANSPOSE LT AND G=INVERSE
LInVy aNUZOR A GENERALISEN INVERSEs RINVs FOR Be

PROGRAMMER o AeJeSHAIN QAN 1975,

ARGUEMENTS, 10 OPTIOHN

1 oM CalLL A = (B Y) ON RETURM A == (LT LINVH#Y)
2 ON CALL A = (B Y) ON RETURN A -= (LT X)
3 On CALL A = (LT LINV#Y) ON RETURN A = (LT X)
4 ON CALL A = (B Y) ON RETURN A = (BINV X}
5 OM CALL A = (LT LINV#Y) ON RETURN A = (BINV X)
ON CALL A = (LT X) ON RETURN A = {(BINV X)

b -
M NUMBER OF ROWS OF B
N HUMRER UF COLUMNE OF (B X) = IF N=M ONLY LT AND
HIMV ARE CALCULATED
A AS aBOVE
fA ROW DIMENSTION OF A IR
DB DETERMINANT OF B - CALCULATED FOR 10=1s2 OR 4,
RETURNED AS =1 If B 1% NOT POSITIVE SEMIDEFINITE

NOTEle B IS TAKEN AS SINGULAR IF THE ABSOLUTE VALUE OF A DIAGONAL
ELEMENT IN THE DECOMPOSITION IS LFSS THAN EPS, IN TAIS CaASE THERE IS
NO CHECK Oi THE CONSISTENCY OF THE EQUATIONS, SO0 THAT IF THE EQUAVIONS
ARE NOT COMSISTENT SO NV SOLUTION EXITSe NO INDICATION IS GIVEN OF
THIS

NOTEZe« ONLY THE UPPFR TRIANGLE OF B IS USED IN COMPUTATION (ALTHOUGH
Biwy IS MADE SYMMETRIC) AND ON RETURN FROM 10=1s2 OR 3 THE LAOWER
TRIANGLE OF 8 IS PRESERVED,

REAL A(NA4N)
DATA EPS/1eE~10/

GU TO(919s80999R09130),IC

FIRST PASS = FORM LT aNu DO THE SAME OPERATIONS ON Y TO GIVE LINV#Y,
IF A UIAGONAL ELEMENT IN THE DECOMPOSITION IS ALMOST ZERC, SET IT AND
Tric REST OF THE ROW TO ZERO.

9 Ch=l.
pO 70 I=1,M
Idi=1-1
PO 40 J=I1N
T=0.
IF({T.£Q.1) GO TO 20
DU 10 K=1sInMl
10 T=ET+A(KesI)#A(KsJ)
20 IF(JaNESL)GO TO 30
T=a(lsel)=T
IF (ABS(T) LT«EPS) GO TO 50
IF(T-GT.O.)GO T 25
U"\:"lu
GO TO 9999
25 DAz=DA%T
AlT¢I)=SART(T)
GO TO 40
30 ATy =(A(Ly)=T)/A(1,]1)
49 CONTINUE
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GO TO 70
50 DA=0-
DO 60 J=IgN
60 AlTad)=0.
70 CUNTINUE
C
80 GO TO(9999990,904909904130),10
C :
C COMPLETE THE SOLUTION OF THE EQUATIONS,

90 IF(N,EQ.M) GO T0O 130
MP1=M+]
DO 120 Il=ls¢M
I=M=~]]+1
IP1=1+1
IF(A(Ts1)eb@e0s) GO 16 120
DO 1lu J=MFleN
T=0
IF(I.EQ.M) GO TO 110
0O 100 K=IPlsw
100 T=T+A(IeKI*A(KSD)
110 A(Te=(A(lad)=T)/ALLyT)
120 CONTINUE

130 GO T0(999999999,999%+16405140,140),10

SECOND PASS = INVERT LT.

loNaNe]

140 DU 160 Ii=1q+M
I=M=11+1
IPI=I+1]
IFCA(T 1) EQ@e0s) GO TO 160
A{TsI)=le/A(I4])
D0 155 Jl=IyM
dEMeT=U1
IF(JeEQsI) GO TO 160
T=0.
DO 150 K=IPlsJ
150 T=1+A(1sK)#A(Ked)
158 A(Isd)=(=T)#*A(LsI)
160 CUNTINUE

C
¢ THIRD PASS = FURM BINV = LTINVH#LINV,
C
D0 180 I=1e#
DO 180 J=T1sM
T=0.
DO 170 KsJdew
170 TST+A(TsK)#A(JsK)
180 ATy =A(d 1) =T
9993 RETURN
. END

**'}ﬂ'#'ﬁ'%***Q%‘.I-t&*#**"’l***J.(-*ﬂ***'»#**{%ﬁ#*#%%*#*#N’#ﬁ%%**ﬂﬂ‘*##**%%u%%#“##%ﬁ-%%#%

SURROUTINE FLEPO(FUNCT)

PURPOSE, T0 MINIMISE A FUNCTION F OF N VARIABLES X(1) eeo X(N)
USING THE wETHOD OF FLETCHER AND POWELL (1963) OR ON OPTION THE
METHOD OF STEEPEST DESCENT.

PHROGRAMMER. AeJeSWAIN, JAN 1975
CUDING ORIGINALLY BASED ON WELLSs.M.(1965) ALGORITHM 251s COMMe ACMs 89
low=170y BUT SINCE EXTENSIVELY MODIFIEU.

USAGEe THE ARGUEMENT FUNCT OF THE caALL IS A USER SUPPLIED SUBROUTINE

(DECLARED EXTERNAL TN THE ROUTIME CALLING FLEPO) WHICH WHEN CALLED

EVALUATES F AND G (THE VECTOR OF FIRST DERIVATIVES) AT A GIVEN POINT

Ko THE NECESSARY ARGUEMENTS ARE TRANSFERED BETWEEN THE CALLING

RGUTINFs FLEPO AND FUNCT THROUGH THE CUMMON 8LOCK

/NFURNCT/ FMAX AN UNSATISFACTORY X CAN BE INDICATED YO FLEPO 8Y
FUNCT BY RETURNING F=FMAX (LISTED VALUE 1.E+75)

OO0 0O00
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N MUMBER OF VARIABLES (eLEeMNsSAY < AS LISTED MN=20)
K (MN) CURKENMNT X

F VALUE OF F AT X

G (MN) VaLUL OF FIRST DFERIVATIVES OF F AT X

HOMNsMN*3) FOR A FLETCHER=POWELL MINIMISATIUN CONTAINS aN
APPRUXIMATIOUN TO THE INVERSE OF THE MATRIX OF
SECOND DERIVATIVES AT X
NH ROW DIMENSION OF H (=MN)
WHEN FLEPO CALLEDs X IS TakEN AS AN APPROXIMATION TO THE MINIMISING X
WITH F AND 6 GIVING THE CORRESPONDING VALUESs I.Ee¢ A CA&LL TO FUMCT
MUST PRECELE THE CALL TO FLEPO.

OTHER ARGUEMENTS ARE TRANSFERED BETWEEN THE CALLING HOUTINE AND FLEPO
THROUGH THE COrimOn Al .0CK
FUMINR/ ERS ITERATION 1S TERMINATED WHEN MAX(ABS(G(I))) LEEPS,
EeGa FPS=lek=06
MITER MAXTHEUM NUMAER OF ITERATIONS
IPNT  PRINT OPTIUN  0=NO PRINTINGs 1=PRINTING
IFERR  ERROR IWNDICATOR =
0  SUCCESSFUL CONVERGENCE
1 FATLURE TO CONVERGE IN MITER LTERATIONS
29394 FAILLURE TO LOCATE MINIMUM IN CURRENT OIRECTION
S FUNCTION TS NOT DECREASING IN NEXT DIRECTION
ITER NUMBER OF LTERATIONS REQUIRED
LOADD CALL OPTIUN ON H
1 SET H TO 1
2 APPROXTMATION TO H PROVIDED BY CALLER
3 SINGLE MINTMISATION ALONG THE ULIRECTION SPECIFIED BY
THE FIRST COLUMN OF H REQUIRED
4 STEEPEST DESCENT METHOL REQUIRED = Il WHICH CASE H IS
NOT USED

NOT KUORMALLY REQUIRING CHANGE, RUT ALSO ACCESSIBLE TO THE CALLING
ROUTINE ARE THE PARAMETERS IN THE COMMON BLOCK
/PaRAFR/ PROPCH MAX.RELATIVE CHANGE IN ANY ELEMENT OF X AT THE START
OF EACH ITERATION
STR STEP REOUCTION PARAMETER
EPSS MItIIMUYM VALUE FOR A SMOLIFIED STEP SIZE

NOTEle REQUIRES FUNCTIONS DOT(M,A¢B) AND GREAT(NsA) WHICH FOLLOW ON
LISTING, )

NOTEZ2e TO CHANGE tirg IT IS NECESSARY TO MODIFY THE OIMENSIONS OF THE
ARHAYS OF /WFUNCT/ anD OF THE WORKING ARRAYS Es SIGMA AND GAMMA,.

COMMON /ZWFUNCT/FMAX Ny X(20) ¢F4G(20)sH(20521) sNH
COMMON /WMINR/EPSsMITEReIPNTyTERRy ITERGLOAUONFCT
COMMON /PARAFP/RPROPCHSTRIERPSS

REAL E(20) o SIGMA(2D) sGAMMA(ZD)

DATA FHMAXsWNH/L F+T75920/

DATA PROPCHeISTHRIEPSS/ 43velsleE=12/

YATA ERTFPRENTSN/10mr LEPQ s LOROESCENT /

INITIALISATION

TERR=(
IF((MITERWLE Q) e ANDo (LOADDNEL3))G0 TO 9989
NEC=NFCT=0
IF(IPNTNE«1)JGO TO S
ENTT=ENTFP
IF(LOADDERe4)YENTT=ENTSD
PRINT 1+ENTT
1 FORMAT (4HOQ sA10/74XKy 14HITERN FNoCALLS,6Xs1HF 9 12Xs5HMAX Go12X91HX)
5 CUNTINUE
IF(LOADUNESL) GO TO 20
DU 15 I=1yN
DO 10 JU=1sN
10 H{le)=H{Js ) =0,
15 AlI, )=l
20 GR=GREAT(NsG)

COMMENCE TTERATION
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DO 180 IFp=lsMITER

ITER=IFP-1

NFECT=NFCT+NFC

TF(IPNT «EQe) ) PRINT 2yITERINFCsFsGXe (X(T)sI=19N)
2 FURMAT(Z21B832E15.6966Ll5.5/(46X46G155))

NFC=0

DETERAINE DIRECTION FOR MINIMISATION

GU TO (35435s42445)9L0ADO

35 DU 40 I=lsl
SIGMa(1) =X (1)
GAMMA (1) =G (1)

40 E(D)=(=DOT(Norl{1a])05))
GY TO 5C

472 DO 43 I=1,N

43 E(1)=H(Is1)
GU TO s

45 DO 46 I=1sN

4n EL1)=(~G(I))

CHECK THAT F IS DECREASING AT THIS POINT

50 FB=F
GeizmDOT (HeGok)
IF(GB.L.T«0s) GO TO 60U
TERR=%
GO TO 9999

DETERMINE AN INITIAL STEP SIZE

60 STEP=14/PRUFCH
DU 63 I=1sN ,
IF ((X(I)oEWe04) sORW(E(L) «EQal,)) GO TO 63
T=ABS (X (1) ZE(I))
IF (TeLToSTEP) STEP=T
63 CONTINUE
STEP=STEP*PROPCH

CALL THIS POINT A AND CUMPUTE NEW POINT B=pA+STEP#E

SUCH THAT LMINIMUM LIES SETwEEN A AND B - MAY NEED

ELTHER A REDUCTION In STEP SIZE (STATEMENT 86) TO MAKE 8 SENSIBLE
OR AN INCREASE IN STEP S17ZEs IN WHICH CASE USE LINEAR EXTRAPOLATION
OW G TO DETERMINE APPROPLIATE STEP

T6 FA=FB
GA=GB
DO BO I=1N

80 X(T)=X(1)+STEPH*E(I)

o CALL FUNCT
NFC=NFC+1
IF(FeGEaFMAX) GO TO 86
Fo=F
Gd=DOT (NeGsiZ)
IF(GB.GE0s) GO TO 90U
IF(FR.B3TFA)G) TO 86
T=GH#STER/ (GA=GH)
IF(TeGTEPSS)STEP=10254T
GU TO 70

66 T=8TR#*STER
SIEP=(1le~STR)#STEP
IF(STEP.GE.EPSS) GO To 87
1ERR=2
GU TO 9999

B7 DO 88 I=1sN

g X{D=x(I)=T*E(I)
GO TOQ 8%

USE CURIC TNTERPOLATION TO LOCATE MINIMUM
(GUADRATIC IF COEFF. OF X##3 TQO sSMALL)

90 CONTINUE
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DSS=2.# (FA~FB) /STEP+GA+GH
TF (ABS (DSS) «GTe1eE=5)G0 TO 95
T=(GB*STEP) / (GA-GB)
GU TO 98

Yhs CS=3.# (FA=FB)/STEP+GA+2. %GR
W=SQRT (CSHCS=3«#GB*USS)
T=(=CS+W) /(3 #DSS)#SIEP

98 DO 100 I=lsw

100 X(Iy=x (1) +THE(D)
CALL FUICT
NFC=NFC+1
IF((FoLEeFA) o AlDs (FsLEFH)) GO TO 130

INTERPOLATE UNSATISFACTURY = EITHER PUT A = X (STATEMENT 110)
OR B = X (STATEMENT 120) OR START AGAIN FROM A WITh REDUCED STEP

GT=DOT(NgGsE)
IF ((FAGToFB) dANDV(GTaLTe04)) GO TO 110
IF((FA,LT.Fd)aANDé(&T;GT-O.)) GO 10 120
STEP=STEP+T
GO TO 46
110 FA=F
Ga=GT
STEP=(=T)
1IF(STEPSGE.EPSS) GO TO 114
JERR=3
GO TO 9999
114 DO 115 I=1sn
115 X(1)=X(1) +«STEP*E(I)
GO TO 990
120 FB=F
Gu=G6T
STEP=STEP+T
IF (STEPGEEPSS) GO To 90
JERR=4
GO TO 9999

MIKNIMUM HAS BEEM LOCATED

130 IF(LOANOWEQL3) GO TO 190
IF(LOADOSER4)G0O TQ 170

UPDATE H FOR NEXT ITERATION

DO 140 I=1sN
SIGMA(T)=X(I)=S1G6MA (L)
140 GAMMA(I)=G(1)=GamMMA (1)
SG=DOT (NySIGMA+GAMMA)
DO 150 I=1e4
150 E(I)Y=p0T(NsH(1s1) s GAMMA)
GrG=DO0T (NsE ¢ GARMA)
© IF((SGeFWale) sORa (GHG,EQaD)) GO TO 170
DO 160 I=1sN
£O 160 J=1sN
160 H(I,J):H(Jsl):H(IsJ)*SIGNA(I)*SIGMA(J)/SG-E(I)“E(J)(GHG

CHECK FOR CONVERGENCE

170 GA=GRFAT(N»G)
IF(GXaLEAEP3) GO TO 190
180 CIOnNTINUE
IERR=]

ITERATION COMPLETE = TIDY UP AND RETURN

190 ITER=ITER+1
NFCT=NFCT+NFC
IF (IPNT«EQe L) PRINT 29 ITERsNFCsFaGXo (X () s I=219N)
9999 RETURN
END

*ﬂ*#ﬁ%*ﬂ#%%ﬂﬂ%###*#ﬂ*#%Q##%ﬂﬂ#%%#*#****ﬂ#%###%%%###ﬂ%“ﬁﬂ&##ﬂ*#““ﬁ&%#ﬁ““
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FUNCTION DOT(neAsb)
USED BY FLEPO TO FORM TrtE SCALAR PRODUCT OF VECTORS A AND B
REAL A (H) 40 (N)

T=0

DO 10 I=1sN
10 T=1+A(1)#B (1)

NOT=T1

RETURN

EnND

%*ﬁ%%\"v*%%*#*s"f%%%**ﬂﬂ%%%****ﬂ-%*ﬂ**#{HH}%%#**##*#%%**%Qﬂ%###***%ﬂ'ﬂ*#%ﬂ-ﬂﬂ'*ﬂ-*

OO0

o

FUNCTIUN GREAT(MNsA)

USED BY THE MINIMISATION ROUTINES TO FIND THE MAXIMUM VALUE
OF MODULUS(A(I))

REAL A (W)

1=0
DO 10 I=1eN
U=aBS(A(I))

10 IF(UaGTeT) TFU
GHREAT=T
RETURN
EwD

{(--EHH#{‘:'H**%#*1‘}#iHl'****{HA--{#'n##*ﬂ'u’%%I-*ﬂ‘*%{?%*%ﬂ%i?*%ﬂ&#i}**%***#*#ﬂ*ﬂﬂ-*#**é*ﬁ**ﬁ%%

c
C
C
C
C
C
c
c
c
c
C
C
C
C

PURFOSEs SAMPLE MAIN PROGRAM FOR VARS

USAGEe CARD 1 = TITLE CARD
CARD 2 = NUFSs Ps Qs ILSMF (SYMBOLS AS FOR VARS)
CARD 3 AND FOLLOWING - LOWER TRIANGLE OF S PUNCHED ROW BY ROW
CARD 4 = INITIAL APPROXIMATION FOR GAMMA

ANY NUMBER OF SETS OF DATA = TERMINATE RUN WITH BLANK CARD

NOTEles CALLS OUT TO PRINT MATRICES -~ SEE LISTING BELOW

NOTERZ ALPHANUMERIC PART OF INPUT,/CUTPUT AND THE TERMINATION TEST
WOULD ALMOST CERTAINLY MEED CHANGE FOR COMPUTERS WITH DIFFERENT
WORW SIZt- .

COMMON /ARGS/NDFSoPyﬁyILSMF,S(IO;IU),NS,GA(ZO)ySI(lO,lO)’NSIy
1 X2 s NDFitaMRP o TE

INTEGER PsQ

REAL TITLE(H)

DATA HBLANKS/10H /

10 READ 15 (TITLE(I)sI=L98)

1 FUORMAT (8A10)
JF(TITLE (1) «EQesLANKS)GO TO 9999
PRINT 29 {(TITLE(T1)sI=148)

2 FORMAT(1H1s8A10)

READ 3+WNOFSePyQs TLSMF

3 FORMAT (414)
DO 20 I=1,P
READ 49 (S(Ied)sJ=11)

4 FORMAT (YF8)
DO 20 Jzl,l

20 S(Jy1)=S(1sJ)

CALL OUT(PsPsSsnNSe1HS,1)
READ 49 (GA(I)YsI=1eQ)

CALL VARS

IF(IE.NE.Q)PRINT S41E
S FORMAT (10HOERRUR NQes14)
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IF(IERREQe6)YGO TO 1U
CalLL OUT(1sWsGAs19SHGAMMAY])
CALL OUT(PePsST sNSTsoHSIGMA]L)
IF(NRPeNE ¢ 0) PRINT 69NRP
6 FORMAT{18HORANK DEFICIENCY =414)
PRINT T7eNDFMe X2
T FORMAT (AHQCHISE (9I494H ) =9F1le4)
GO YO 10
C
9999 STOP
END

T L L L R R R R R R R Ry e R R R L T L L
SURBROUTINE SIGA(IO0D)

PURPOSE, TO EVALUATE SIGHA(GAMMA) (FOR I0D=0) AND THE P#(P+l)/2 X Q
MATRYIX OF FIRST DERIVATIVES (FOR 10D=]1) FOR THE QUASI=SIVPLEX MODEL

o000

COMMON ZARGS/HNDFS9Pady ILSMF ¢S (10410) yNS+GA(R20) 9SI(10s]10)9NSI,
1 X2 s NDFMsnRPy IE

INTEGER PsQ

COMMON /ZWORKZ2/D(5%520) sND9E(565)

IF(I0D,EQ,1)G0 TO 40

FORM ST = SIGMA (GAMMA)

[aNeNe]

T=0,
DO 30 J=14P
T=T+GA(J)
20 20 I=JsP
20 SI(Is)=ST(JsI)=T
30 SI(Jsd)=T+GA(Q)
GO TO 9999

(@]

FORY D = DSIGHMA/DGAMMA

D6

40 TJ=0
DO 60 J=1,P
DO 6C I=JsP
IJ=1J¢1
DO 50 K=1lsP
D(TJeK)I=1o
50 IF(KeGToJJID(IJsK)=00
D(IJ’Q)=0.
60 IF(leEReJ)D(LJs@)=1e
9999 RETURN
END

&*****u**»#ﬂﬁ*ﬂ*#*%n%#ﬂ#*#*&ﬁ#ﬂ#**ﬁ%**«%%%»#ﬂ#&###***ﬁ*%****#ﬁhu*u##*ﬂﬁg
SUHROUTINE QUT (MeNsAINAgL ¢ K}
PURPCSFE.  TO PRINT THE ™M X N MATRIX Ay WITH I1HE HEADING GIVEN IM L

FORIIAT, AS LISTED, IS FlleS WITH 12 NUMBERS PER LINEs CAN BE CHANGED
BY CHAMGING THE VALUES OF NCL AND FORM

s NeNeoNeNe!

DIMENSTON A(NAyl) oL (R)
COMMUN /WOUT/NCLsFORM(8)
DATA NCLsFORM/12512rM(1Xs12F11,58)/
PRINT 1o (L(I)eI=loK)
1 FORMAT(/10Xe12A10)

Ni=1-nCL
NF=0 <

10 NI=NI+nNCL
NF=NF +NCL
IF(NF.GT.N)NF=N
DO 20 I=1eM

20 PRINT FORMy (A(TeJ) 9 J=NIoNF)
IF (NF,EQaN)GO TO 9999
PRINT 2
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2 FURMAT({1H )
GO TO 10
9999 RETURN
END

*%##ﬁ*#**##%ﬂ##ﬂﬁ%%*%*ﬁ%#*##%*#%##ﬂ#&##%*#**ﬂ*ﬁ#ﬁ*#ﬁ#ﬂﬂ%#ﬂ#u#*#%%%ﬂ*%ﬁ%%

SAMPLE LATA FOR VARS. QUAS]1~SIMPLEX MODEL CeFe BROWNE(1974)
151 6 7 2

%210

477 576

4l e 536, 601

5100 575, 593 755

523 580. 594 . 718, 797

528, 584, 613, T22. 751, B02«

475' 51. 13. 78. 24- 50 460

**#*#%#**%*##*ﬂﬂ*%#%*ﬂ**##**%#*%#%ﬁ*#*%ﬁ###**Q#**“ﬁ**%*##***ﬂ***ﬂ#%*%#*#
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APPENOTA Co  SURNOUTINES FUR UNRESTRICTEL FACTOR ANALYSIS USING

GENENAL FSTIAATIUN FUNCTIUNS,

Oﬂﬁﬁnf’)oaOOOODOOO’)QOGO”OOQOOOOO0’300000@9’3000"7")0")

MOOCOoO0O0D000NNOOO0D0

SUBROUTINE GFFA

PUMPOSE. TO DETERMINE HBY MINIMISATION OF A GENERAL ESTIMATION
FUNCTION THE ESTIMATES CURRESPONDING TO A P X P SAMPLE VARTANCE
MATRIA & OF THE PAKAMETERS LAMBUA AND PS1 OF THE UNRESTRICTED
FACTOR ANALYSIS MODEL.

METHOD , AN INITIalL APPRUXTIMATION TO THE MINIMISING PSI IS
I[MPROVED RY THE METHOD OF STEEPEST DESCENT, AND THE FINAL ESTIMATE
OSTAINED BY NEwWTON=RAPHSUN ITERATION :

PRUGRAMMERS AeJeSWAIN, JAN 1975,

USAGE. THE MAIN ARGUEMENTS ARE COMMUNICATED BETWEEN THE CALLING
ROUTINE AND CGFFA THROUGH THE CCHMMON 8LOCK

/ARGS/N DEGREES OF FREECOM OF S (0 IF UNKNOAN)
P (INTEGER) SIZE CF S (AS LISTED «LE. 20)
K NUMBEHR OF FACTORS (AS LISTED JLEe 14)

T0PT 0 GFFA TO GEMERATE INITIAL APPROX. TO PSsI
1 ON CALL Vv CONTAINS AN INITIAL APPROX. TO PSI
2 0: CALL V CONTAINS AN INITTAL APPROXe TO pSI##.5
ILSMF  DETERMINES THE ESTIMATION FUNECTION TO BE USED
T6LS - TRUE GENERALISEL LEAST SQUARES
ML = MAXIMUM WISHART LIKELIHOOU
GD - GEOQUESIC OISTANCE
DIV = DIVERGENCE
§ GLS = GENERALISEND LEAST SQUARES
6 GLSE - GENERALISED LEAST SQUARES EXTENDED
LOADED wITH VALUE 2 SO ™ML USED ON DEFaULT
SoiNG SAMPLE VARLANCE MATRIX (PRESERVED BY GFFA)
V oW CALL AS UDETERMIMED BY 10PT
ON RETURN ESTIMATE OF PSI
Lo NL (REAL) ON RETURN ESTIMATE OF LAMBDA
SIGMANSIOGMA O HETURN ESTIMATE OF STIGMA

N W -

X2 APPROXe CHISQUARE TEST STATISTIC FOR GOODNESS OF FIT
KNOF DEGREFS OF FRFECOM OF MODEL (AND X2)
1E ERROR IMDICATOR

0 SUCCESSFUL CONVERGENCE TO ESTIMATES

1 FAILURE TO COWVERGE IN SPECIFIED MAXe NO« OF ITERNSe
2=5 FALLURE OF NEWTON=RAPHSON WETHOD IN LOCATIKNG
MINIMUM (OR OF STEEPEST DESCENT IF NEWRA NOT CALLED) .
CODES CUKRESPOND TO THOSE OF THE APPROPRIATE ROUTINE.
S NOT PUSTITIVE OEFINITE

FATLURE OF EIGENVALUE KOUTINE TO DETERMINE THE
EIGENVALUES OF S

-~

PARAMETERS MOT MORMALLY REGUIRING CHANGE, BUT ACCESIBLE T0 THE

CALLING ROUTINE ARE CONTATIMED 1M THE COMMON BLUCK

/ITERL/MSD MAXTHUM NUMRER OF STEEREST DESCENT ITERATICNS
MHNR MAXTHAUM NUMBER OF NEWTON=RAPHSON ITERATIONS
EPSSD  CUNVERGEWCE PARAMETER FOR STEEPEST DESCENT
EPSMR CONVERGERCE PARAMETER FOR NEWTON=RAPHSUN

OTHER ARGUEMERNTS AVAILABLE ON RETURN ARE CONTAINED IN THE COMMON BLOCK
JWFUNCT/FmiX  NOT USED

NP =p

x Vﬂ'*.s

F VALUE OF F(SIGMAsS) AT X

G VALUE OF UERIVATIVES OF F AT X

MswH VALUE OF SEcCOND DERIVATIVES OF F AT X = NOTE (2e/N) %%
H INVERSE ESTIMATES THE ASYMPTQTIC VARIANCE MATRIX OF Xe

THE COMMON BLOCK /WORKFA/ CONTAINS THE WORKING ARRAYS USED BY GFFA
(AS LISTED 1244 LOCATIONS) AND COULD BE USED AS WORKING STORAGE
QUTSTIWE GFFAe

THE COMMON BLOCK /WMINR/ 1S USED FOR COMMUNICATION wITH THE MINIMIS=-
ATION RUUTINES. PRINTING BY THESE ROUTINES MAY BE INHIBITED BY
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C SETTING IPWNT TO ZERO,
C
C NOTEls GFFA USES THE SUBROUTINES FAFNs FLEPO AND WEWRAs WHICH ARE
c LISTEL BELOW OK WITH VArS, AND THENCE THE SURROUTINES SMFy SMFD»
C SMFUDe DOTy GREAT AND CHOL WHICH THESE CALL.
C I7 ALSO USES AN EIGENVALUE/EIGENVECTOR ROUTINE EISSOL
Cc WITH SPECIFICATIONS AS LISTED IH VARS,.
C
C NDOTE2. TO EXTEND THE NUMAER OF VARIABLES PERMITTED IT IS NECESSARY TO
C ALYER THE COMMOM plLNCKS
C /ARSS/ AND /WFAFN/ IN GFFA AND FAFN
C /WFUNCT/ IN GFFAs FAFNs FLEPO AND NEWRAS
C AND TO CHRANGE THE ASSIGNMENT STATEMENT FOR NBeNDsNU IN GFFa
C
c NOTE3e TO INCLUDE OTHER ESTIMATION FUNCTIONS IT IS ONLY NECESSARY TO
¢ INCLUDE THE EVALUATING FUNCTIONS IN SmFs SMFD AND SMFDD AND TO ALTER
¢ THE COMPUTED GO T0O STATEMENTS OF THESE FUNCTIONS.
C .
EXTERNAL FAFN
COMMON /ARGS/NsP Ky IOPTsILSMF9S(20s20) ¢NSsV(20) 9L (20914) 9NLy
1 SIGMA(2Ue20) sNSTIGMAIX29NDFs IE
CUMMON /ZITERL/MSDyMNRGEPSSDsEPSNR
COMMON /WFUNCT/FMAXsNP¢X(20) 9FaG(20) +H(20421) 9NH
COMMON /ZWORKFAZKLsA{20) sB(20220) yNEsD(20920) yND9E(20)4,U(20520) sNNU
CUMMON /WMINR/EPSsMITERs IPNT 9 TERRs ITER9LOGADOINFCY
COMMON 10D
INTEGER P
REAL L
INTEGER QyRsIT(14)
DATA TLSMF/2/
CATA NSyNLsNSIGMA/20920520/
DATA MSD s MHNRIERSSDyEPSNR/ 692091 eE=0291 E~06/
DATA IPNT/ZY/
DATA EP534FEPS4/1,E~09,1,E=20/
c
NB=ND=nU=20
Ie=0
NP=P
RP=P
RK=K
K1=K+l
c
¢ GENERATE STARTING VARIANCES AS REQUIRED BY 10PT
C
' IF(I0PT=1) 10,60,80
10 DU 20 I=1.P
CO 20 J=1yP
20 D(IsJd)=S(TeJ)
CALL CHOL (4 4P 4P4DsNDsT)
IF(T«GTa0)GO TO 40
30 Ic=6
GU T0 9999
40 TEle=RK/{2e%RP)
DO B0 1=1.F
VD) =T/0(Is1)
50 X(T)=SQRT(V(I))
GU TO 100
69 00 70 I=1.P
70 X(I)=SART(V(I))
Go TO 100
T80 DO 90 1I=1,4P
i X(N=viD)
90 VD) =x(I)#X (D)
100 CONTINUE
C
C COMPUTE D = S##=,5 VIA SPECTRAL REPRESENTATION
C

CALL EISSOL (PyS4NSeAsdyNBoIERR)
IF(IERREG«Q)GO TO 110
I1E=7
GO TO 9999 :
116 IF(A(1) «LTeEPS4)GO TO 30
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DO 120 I=14P
120 A(I)=1./SQRT(A(T))

DO 140 I=1sP

DU 140 J=1sP

T=0e

DO 130 R=)eP
130 T=1+8(I+RI*A(RI#B(JaK)
140 D(I,)=0(Jy 1) =T ’

COMJENCE STEEPEST DESCENT ITERATIONS

Iun=1

CALL FAFN
IF(MSD.EQ,0)GCO TO 190
EFS=EPSSD

MITER=150

LOADO=4

CALL FLEPO(FAFN)
TIE=TERR

COMMENCE NEWTON=RAPHSON 1TERATIONS

150 I00=(-2)
CALL FAFN
IF (MNR.EQa0)GO TO 1640
Iun=2
EPS=EPSHR
M1TEK=MAR
CALL NEWRA(FAFN)
IE=TERR
IF(IEEQa3)GO TO 9999

DETERMINE OIRECT ESTIMATE OF LAMBDA

160 CALL CHOL (49PyPoDeNDT)
D3 180 J=19K
T=SURT(1e=E(J))

DO 180 I=1.P

Z=0aq

DU 170 R=1sP
170 Z=Z+D(1sR)#SIGHMA(RyJ)
180 L(IeJ)=Z#T

16

OOOOOCO0

OO0

COUNT UP THE NUMBER OF v(I) WHICH ARE EFFECTIVELY ZERO. IF GREATER
THaN ONEs FORM THE PRINCIPAL COMPONENT SOLUTION FOR THE VARIATES WITH
V(I)=0.s SINCE IN THIS CASE THE CORRESPONDING PARTS OF S ARE
REPRQUUCED EXACTLYs AND THE CORRESPONDING COLUMNS OF LAMEDA ARE NOT
DETERMINED UNIQUELY.

M=0
DO 190 I=1,.P

190, TF (VL) eLTEPS3) Miz=M+1
IF(MeLE«1)GO TO 260
Ml=M+]
Q=0
R
DO 210 I=1sP
IF(V(I)eGTLEPS3)GO TO 200
@=n+1
1r(Q)=1]
Gu TO 210

200 R=R+1
IT(R) =]

210 COUNTINUE

SECONDLY EXTRACT THE APPROP, PARTS OF S, AND FORM THE EICENVALUES ETC.

DU 220 J=zlsM
ITU=IT(J)
DO 220 1I=1sP
ITI=IT(D)

220 B(I:+J)=S(IT1s1IT)
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M1z e
CALL EISSOL(Mi4eByHBoE UsAUyIERR)

THIRDLY COMNSTRUCT THE APPROPRIATE COLUMNWS OF L

[eXwEe!

DO 250 J=1sM
Y=SQRT(E (J))
DO 230 I=19M
ITI=1IT¢(I)
230 L(ITIsN=U(Ted)2Y
Z=14/Y
DU 250 I=Mlsp
IT1=IT(ID)
T=0e
DU 240 R=1M
240 T=T+p8(LeR)*¥U (R J)
250 L{ITIa =T

FORM THE ESTIMATE OF SIGMA

e NeNel

260 0V 290 I=1.P
DO 280 J=1sPF
T=0
DU 270 R=19K
270 T=T+L(LyRI*LIIR)
280 SIGMA(LsJ)=SIGHA(I 1) =T
290 SIGHMA(TI»I)=SIGMA(IsI)+VI(])

o N e

CowPUTE DEGREES OF FREEDOM AND CHISQUARE VALUEs IF POSSIBLE

NDF= ((P=K)#*#2« (P+K)) /2
X2=0e
IF(NeLEaD) GO TO 9999
T=N
X2=THF

9999 RETURN
END

##%%ﬁ#%**%*%%%**#%**#%*#****#*ﬁ*%%%%%%#%*%u%#*%###*#***ﬂﬂ*“*#%%%%%n%*ﬂ##

SURROUTINE FAFN

C
¢ PURFOSE, CALLED @Y GFFAs alND BY MINIMISATION ROUTINESy TO EVALUATE
c Fy G AND H FOR FACTOR ANALYSIS MODELe AT X = PSlss 5,
g WHAT RETURNED IS DEPENDENT ON THE VALUE OF 10D
C 0 = JUST Fe 1 = F AND Ge 2 = Fs G AND Hy =] = JUST Gy =2 = JUST H
c I100=0s 1 OR 2 ASSUMES THAT ON CALL D=S##=,55 AND RETURNS THE
c EIGENVALUES AMD VECTORS OF  D#yxp IN E AND SIGMA RESP.
¢ ITou==1 ASSUMES TH: RESULT OF A I0D=0 CALL
¢ 10D=-2 ASSUMES THE RESULIS OF A 10D=1 calbL
c
CUMMON IGD
COMMON JARGS/NsPoKe IUPTaILSMF9S(20520) 4NSeV(Z0) 2L (20514) sNLy
1 SIGMA(20420) shSIGMA9 X2 NDF 9 IE
COMMON /WFUNCT/FIAXsNpgX(20) gFeG(20) sH (209210 svH
CUMIMON /WORAFA/KloA(ZO)oB(EOgZO)oNB,D(EUoZO)’NU,E(ZU)oU(ZOoZO)oNU
INTEGER P
REAL L
INTEGER QR
c
C INITIALISATION
C
DO 10 I=1,P
10 VD) =X (L) #X(I)
1=70D+3
GO TO (120950+20¢20920) 51
C
C SET UP (S#u=,5)#PSI# (G~ ,9) AND DETERMINE ITS EIGENVALUES AND VECTORS
¢ IF NECESSARY ADJUST Vv SUCH THAT E(K)eLEsle
C

20 DO 40 [=1sP
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DU 40 U=1,P
T=0,
DU 30 R=14P
30 TET+L (1 R) VIR HD (R J)
40 B(Isyd)=R(Js1)=T
CALL EISSOL(P,3yNBsEsSIGMA,NSIGMA, IERR)
IF(E(K) «LE«le)GO TO 50
T=E(K)
Y=SQRT(T)
DO 45 [=1,4P
X{=x(1) 7Y
Vi =v(I)/T
45 E(DY=E(D)/T

COMPUTE F

DHOOD

50 F=0,
DU 60 I=KleF

60 FEF+SMFE(L) s TLSME)
IF(I0D.EQs0Q0) GO TO 9999

UP U AND ALPHA AND COMPUTE G

D00
[74)
™
—

DO 80 I=1,P
DU 80 J=1sP
T=0
Bu 70 R=1sP
T0 T=T+D(IeR)#SIGHMA(RsJ)
B0 UllsN)=T ’
DO 90 I=K1sP
90 A(I)=SMFO(E(I) s ILSMF)
DU 110 [=19P
T=0.
DO 100 J=KlsP
100 TST+A (S #U(TgJ) a2
110 G(Y)=2.%X(1)*T
IF((TODoEQel) 4ORe (TUVEQe~1))G0O TO 9999

¢ SET UP BETA AND COMPUTE H

=)

120 0O 130 I=K1,P
B(TeIl)=SMFDUCE (I) s TLSMF)
O 130 J=1sP
IF(JeaEQel) GO TO 130
B(Ied)=2#AL1)/(E(T)=E(J))
130 COMTINUE
DU 170 I=1epP
T=0,
DO 140 J=K1lsP
140 TET+A(D #U(T )2
DO 160 J=1lsP
Y=0oe
DU 150 QA=Kl.P
Z=U(T o) #U(Je))
00 150G R=1»P
150 YSY+B(QeR)MU(TsR)*U(JyR) #Z
160 HTgJd)=H{JdeI)=4auwX (L) uX (J)2Y
170 HOTsI)=H{TeI) +2. 5T
QO99 RETURN
END

345 B 45 10 A 31 3H 35 21 40 48 86 0 20 46 8 3 4E E 4045 35 30 40 3 Gh 0h 40 403098 2 41 1 45 28 01 40 3 3 85 11 20 41 3041 S04 4P AR ARSE T THSE S 2 U6 0 A LR Ab g SRS U B
FUNCTIOMN SMF (T ILSMF)

c
¢ PURPOSE, CALLED BY FAFN TO EVALUATE F(THETA) AT THETA=T,
¢ WITH THE PARTICULAR £ USED BEING DETERMINED BY ILSMF -~ SEE GFFa LIST
C
GO TO(10e2093094045Us60) 9 ILSMF
10 SMF=eS#{Twla)#(T=1,)/(T%T)
GU TO 9999
20 SMF=l./T+ALOG(T)=~1,
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GO TO 9999
30 SMF=oS#ALOG(T) sy
GU TO 9999
40 SHMF=eS#{(T+]1e/T=2,)
GO TO 9999
50 SMF= 5% (T=1e)%#(T=1la)
GU TO 9969
60 SHMF=GH (THT=2 T+l ) HEXP(T=1,)
99949 RETURN
END

***ﬂ*#%%#*%%%%ﬁ*ﬂ%*##*%ﬁﬂ**%#&#ﬂ***#%**%****#***#%%%ﬂ#%#%**#%*u%%#*###%ﬂ
FUNCTTION SMFD(TILSMF)

C
¢ PURPOSE. CALLLED BY FAFN TQ EVALUATE 1ST DERIVe OF F(THETA) AT T,
c wif THE PARTICULAR F USED BEING DETERMINED BY ILSMF - SEE GFFa LIST
(o
GO TO (1l0¢209304940490460) ¢ ILSMF
10 SMED=(T=1.)/(T#7%T)
GO TO 9999
20 SHFD=(T=1.)/7(T%Y)
GO TO 9999
3y SMFD=ALOG(T)I/T
GL TD 9999
40 SMFD=e5%(1e=Lla/ (TH#T})
GO TO 9999
50 SMFD=T=1.
CO TO 9999
B0 SHMFDSS* (THT=14) #EXP({T=14)
9999 RETURN

D

o4t b 4 48 S 8 36 41 46 48 35 45 36 8445 41 3016 35 30 38 34 48 313 3 36 33 5% 41 41 10 36 26 35 32 3% 31 20 b G0 £ 45 43 0 4E 30 S0 AE U AL AF P AT AP 4 000 2 S AP S M A A
FUNCTION SMFDD (T ILSHMF)

c
C PURPOSE. CALLED 8Y FAFN TO EVALUATE 2ND DERIV. OF F(THETA) AT T,
c wiir THE FARTICULAR F USED BEING DETERMINED BY ILSMF = SEE GFFA LIST
c
10 SMFDD=(3e=2e#T)/(TH#T#*T%T)
GO TO 9999
20 SMFDU=(2e=T)/(THT#T)
GU TO 9999
30 SMFDD=(1e=ALOG(TY) /(T#T)
GO TO 9999
40 SHFDD=]e/ (THTT)
GO TO 9999
50 SMFDU=1.
GO TO 9999
60 SMFDD=. 58 (THT+2,%T=1e)4EXP (T=1,)
9935 RETUNN
END

340 4535 4 37 8 4% 28 28§ 45 95 45 31 45 40 3 45 41 00 37 0 3h 48 1 30 25 38 20 3141 30 40 41 40 40 50 30 95 4 00 5P A0 p A P R AT SR AR A AR S M U A DG
SURROUTINE NEWRA(FUNCT)

PURPOSE, TO MINIMISE A FUMCTION F OF N VARIABLES X{l) ss, A(N)
USTHNG THE CLASSICAL NEWTUN-RAPHSOM METHOD

PROGRAMMER, Ao.JeSWAINg JAN 1975,

USAGES THE ARGUEMENT FUNCT OF THE CcALL IS A USER SUPPLIED SUBROUTINE
(DECLARED EXTERMAL IN THE ROUTIME CALLING NEWRA) WHICH WHEN CALLED
EVALUATES F9G (THE VECTOR OF FIRST NERIVATIVES)Y AND n (THE MATRIX OF
SECUND DEHIVATIVES) AT A GIVEN POINT Xe THE NECESSARY ARGUEMENTS ARE
THANSFERED RETWEEN THE CALLING ROUTINEs NEWRA AND FUNCT THROUGH THE
CUMMON BLOCK
/WFUNCT/ FHAX Ald UNSATISFACTORY X CAN BE INDICATED TO WEWRA BY
FUNCT 8Y RETURNING F=FMAX (LISTED VALUE 1.E+7%)

ODOOHOOODOOOOH OO0
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N NUMBER OF VARIABLES («LEMNySAY =~ LISTED MN=20)
X (MN) CURRENT X

F VALUE OF F AT X

G (MN) VALUE OF FIRST DERIVATIVES AT X

H(MNgMN+1) VALUE OF SECOND DERIVATIVES AT X

NH ROW DIMENSION OF H (=MN)

WHEN NEWRA CALLEDy X IS TAKEN a4S AN APPROXTMATION TO THE MINIMISING Xy
WITH FoG AND H GIVING THE CORRESPONDING VALUESs ITeE. A CALL TO FUNCT
MUST PRECEDE THE CALL TO NEWRA. '

OTHER ARGUMENTS ARE TRANSFERED BETWEEN THE CALLING ROUTINE AND NEWRA
THROUGH THE CO¥#O0 BLOCK
/ZvinINR/ EPS ITERATION 1S TERMINATED WHEN MAX(ABS(G(I))) LELEPS,
FeGye EPS=1eg=08
MITER MAXTUM NUMHER OF ITERATIONS
IPWT  PHINT OPTIONM 0=NO PRINTINGs 1=PRINTING
IERR  EKROR INDICATOR
0 SUCCESSFUL CONVERGENCE
1 FATLURE [0 CONVERGE In MITER ITERATIONS
2 FUNCT RETURNED FMAX
3 H NOT POSITIVE SEMIDEFIMITE
ITER NUMBER OF ITERATIONS REQUIRED

NUOTE. REQUIRES GREAT(NsA) WHICH IS ILISTED WITH FLEPO,
AND CHOL (TOoiNeMsAsitAsDA) WHICH IS LISTED BELOW

COMMON ZWFUNCT/FMAXsNgX (20) 9F4G(20) +H(209421) s NH
COMMON /WMINR/EPSsMITERsIPNTyIERRyITER
DATA FHMAXsNH/L1aE+TS920/

INTTIALTSATION

TERR=0
IF(MITEREQa0)GO TO 9999
Nl=n+1]
IF(IPNTeEQe LI PRINT ] ‘
1 FOKMAT (9HO NEWRA/Z4X 9T TERATIONg 11X s 1HF 9 12X 9 BHMAX Gy 12X9 1HX)
GA=GREAT (Ny &)

COMMENCE TTERATION

CU 100 INR=1sMITER

ITERSTNR~]

IF(IPNT2EQal) PRIMNT Z9TTERsFsGXs {X(I)sI=1aN)
2 FORMAT(IBsBX92015.690615:5/(46X+6G155))

DETERMINE THE NEW X4F9Gs AND H

DO 10 I=lseN

106 HITeNL)=G (D)
CALL CHOML (2eNgiNlekaNHsDH)
IF(DH(GELD)GO TO 20
1ERR=3
G0 TO 99499

20 DU 2% I=14i

25 XD =X (1) =r(I4il1)
CALL FUNCT
IF(FsLTFMAXIGO TO 30
IERR=2
GO TO 9999

CHECK FOR CONVERGEMCE

30 GX=GREAT (NG}
IF(GXLTEPSIGO TO 11p

100 CONTINUE
TERR=1

ITERATION COMPLETE -~ TIUY UP AND RETURN

110 ITER=ITER+1
IF(IPNTEQeLIPRINT 29ITERIF9GXe (X (1) oI=1oN)
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99949 RETURN

END

16 8% 44 38 20 48 2 dF 25 35 45 46 45 48 35 35 26 3 b 48 41 47 3 48 35 9 £ 48 3530 45 48 46 30 4% 35 4 25 28 36 40 4 30 b b 3 20 31 4 35 3 4E 081 3% 30 3 41 b S L SR g AP SH 4L S 2
PURPQOSE. SAMPLE MAIN PHRUGRAM FOR GFFAe

USeGEe CARD 1 = TITLE CARD
CARD 2 = Ny Py s [OPTs ILSMF (SYMAOLS SAME AS FOR GFFaA)
CARD 3 AND FOLLOWING =~ LOWER THIANGLE OF S PUNCHED ROW BY ROW
CARD 4 = INITIAL APPROXIMATION TO Pgl (DEPENDING -CN IOPT)

ANY NUMBER OF SETS OF DATA = TERMINATE RUN BY BLANK CARD

NOTEle CALLS OUT TO PRINT MATRICES = SEE LISTING OF VARS

NOTEZ2e ALPHANUMERIC PARI OF INPUT/OUTPUT AND THE TERMINATION TEST
WOULD ALMOST CERTAINLY MEED CHANGE FOR COMPUTERS WITH DIFFERENT
qURD STZE.

CUMMON /ARGS/NoP oKy ITUPTyILSMF S (20920) ¢ NSV (20) 4L (20914) sNL,
1 SIGMAL2Us20) sNSTGMAL X2 s NDF s TE

REAL TITLE(8)

INTEGER P

REAL L

DATA BLANKS/10H /

10 READ 1 (TITLE(I) s =128)

1 FORMAT (B8A10)
IF(TITLE (1) sEQeRLANKS)GO TO 9999
PRINT 29 (TITLE(L) ¢ I=1,8)

2 FORMAT (1H1+8A10)

READ 3¢NePosKeIOPTy ILSMF

3 FORMAT(S14)
DO 20 [=1,4P
RCAD 49 (S(lsd)sd=1sl)

G FURMAT (9F8)
DO 20 J=1,1

20 S{UsI)=S(1sd)
CALL OUT(PeP9SetSs1HS,1)
IF(IOPTeGT«0IREAD 4o (V({I)9s1=14P)

CaLL GFFA

IF(IENE«Q) PRINT S5,1E
5 FORMAT (1UHOERROR NQe914)
CALL OUT(PsKoLanNLynrLAMBOAS])
CALL OUT(13PsVsele3HPSTIsl)
CALL QUTI(PsPsSIGMAINSTIGMAISHSTGMA,1)
PRINT &oNDF s X2
6 FORMAT(THOCHISN (9 T494H ) =sF1144)
GO TO 1¢

9999 S10P
EnND

#*%ﬂ**ﬂ%**ﬂ%%ﬁ*ﬂ**%#*%*ﬂ#“*###%**%%ﬁ#%*&%##*****&#ﬂ%#ﬁ**%ﬂuﬁ*%###%***”*

LS SOLN, EMMETT DATA CeFe JORESKOG AND GOLDBERGER P.256
210 v 3 0 5
1400
523 100
» 385 479 l.00
eh 71 «506 355 1.00
+ 340 418 «27C #6591 1.00
<426 462 «254 «791 «679 100
570 «S47 452 443 «383 «3172 100
s34 0283 219 . 285 0149 314 » 385 100
0039 2649 e 504 1505 2409 0472 « 580 0470 1000

#%#*ﬁﬂ*%ﬂ#ﬂ*%ﬂ*#*##%%#%%ﬂ*###*#%#*#H*%ﬁﬁ#%%#ﬂ###%%ﬂ*u*%#“ﬂ#ﬁ%ﬂ%#&ﬁﬂ#ﬂ%*
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APPENDTIA Do SUBROUTINES FOR FITTING THE DIRECT PROOUCT MOCEL USING

MARLHUM LI1KELIHOOD.

OO0 OO OODDHODODOOODOGOOOOOODOODOODOO0OOOO0O0

o NeNel

OO0O0n

SURBROUTINE DTDP (NDFSaPsPLsP29SeNSySTI1aNSILeSI29NSI29SToNSTy
1 X2y NUFMs JIERR)

PURPOSE. TO DETERMINE FOR A SAMPLE VARIANCE MATRIX S THE MAXIMUM
LIKELIHOOD ESTIMATES OF THE PARAMETERS SIGMAL AND SIGMA2 OF THE
DIRECT PRODUCT MODELs WITH THE IDENYIFICATION CONDITION SIGMAL(1+1)=1,

METHQD, THE ITERATIVE METHOD DESCRIBED IN SECTION 5.3 FCR SOLUTJION
OF THE LIKELIHOOD EQUATIONS IS USER.

PROGRAMMER, AeJeSWAIN JAN 1975,

ARGUEMENTS., NDFS DEGREES OF FREEDOM OF S
P SICE OF §
Pl SILE OF STIGMAL (AS LLISTED <LE<S)
pa SIZE OF SIGMA2 (AS LISTED WLEe12)
SeNS SAMPLE VARIANCE MATRIX (PRESERVED BY DTDP)

STLe+NSI1 ON RETURN ESTIMATE OF SIGMAL
Sl2sNSI2 ON RETURN ESTIMATE OF SIGMAZ
SIyNSI ON RETURN ESTIMATE OF SIGMA

Xe APPROXe CHISQUARE TEST STATISTIC FOR GOODNESS
oF FIT

NDFM DEGREES OF FREFEDOM OfF MODEL (AND X2)

IERR ERROR INDICATOR
0 NO ERROR

1 FAILURE TO CONVERGE IN MITER ITERATIONS
2 S NOT POSITIVE DEFINITE

ALSQO AVAILABLE TO THE CALLING ROUTINE ARE THE PARAMETERS AND RESULT
IN THE COMMON BLOCK
/UDTDP/EPS CONVERGENCE PARAMETER
MITER MAXIHMUM NUMBRER OF ITERATIONS
IPNY =1 PRINTING REGUIRED, OTHERWISE NO PRINTING
(LOADED WITH THE VaLUE 1)
ITER ON RETURN CONTAINS THE NUMBER OF ITERATIONS REQUIRED

THE COMMON BLOCK /WORKDP/ CONTAINS THE WORKING ARRAYS FOR DTOP
(AS LISTED 2543 LOCATIONS) AND COULD BE USED AS WORKING STORAGE
QUTSIODE DTDP

NOTEle. USES SUBROUTINES PACKs UNPACK, CHINV, MPYV, SCV AND DP
AS LISTED BELOW

NOTE2e TO EXTEND THE SIZES FOR P] OR P2 IT IS NECESSARY TO ALTER THE
DIMENSIONS IN /wORKDP/ AND THE ASSIGNMENT STATEMENTS FOR NG1 AND NG2e

INTEGER PyPlaP2yP1TsP2T
- REAL S(NSsP)9STT(NSI1sP1)9SI2(NSI29P2) ST (NSIsP)

COMMON /WDTDP/EPSYMITERsIPNTHITER

COMMON /WORKDP/GL(15978) sNG19G2(T78915) ¢NG2sU(T8) sV (T8)sW(15)4X(15)
1 sW0(159)

DATA EFSyMITERS IPNT/1E~0993041/

INITIALISATION

NT(I)=I#(I+1}/2

hG1=15

NGR=738

TERR=0

RP=p

RP1=P}

RP2=P2

IF(IPNTWEQe1)PRINT ]}
1 FORMAT (8HQ DTOP)

CHECK THAT S IS POSITIVE DEFINITE AND FORM CONSTANT PART oF
LIKELIHOOD F



CALL PACK(PsSyNSsST)
CALL CHINV(1sPs51sS1eDS)
IF(DS.GT.0)G0O To 10
IERR=2
GO TO0 9999

10 RLO=(=ALOG(DS)=RP)

C
¢ SET UP MATRICES FOR ITERATION

1J=0

DO 20 J=14P2

DO 20 I=JyP2

IJ=1J+]

KL=0

DO 20 L=1sP1

DO 20 K=L,4Pl1

KL=kl +1

G2 (1JoKL) =G (KL eI =5 (P2¥ (K=1)+Isp2%*(L=1)+J)

IF(IeNEeJ) Gl (KL TJ)=GL KLy IJ) +S(P2¥(K=]) ¢ JeP2¥ (L~1)+])
20 IF(KoeNESL)G2(TJeKL)=G2 (DJskL) +S5(P2% (L=1)+Topa*{K=1)+J)

SP1=1./RP1

SP2=1./RP2

UP INITIAL APPROXIMATION

OO0
1971
M
—'

CALL PACK(P29sSeNS,sU)
CALL CHINV(Z29P2sUsVsUU)
PLlT=NT(P1)
P2T=NT (P2)
DO 30 I=14P1T

30 WO(I)=0.
IF(IPNTLEQeL)PRINT 3

3 FORMAT (4X,SHITERNyTXs1HF 310X, 10HMAX CHANGE)

C

C COMMENCE ITERATION

c
DO 60 ITE=19MITER
ITER=ITE

c

¢ FORM NEW APPROXIMATION

&
CALL MRYV(FPLT P2TsGloNGlsVal)
CALLL SCVI(SP2eWsP1T)
TS--].-/N(].)
Ac=0|
00 40 I=1,P1T
T=ABS(WO(I) =W (1))
IF(T«GT«AC)AC=Y

40 WO(T)=uW(D)=W(I)*TS

CALL CHINV{Z29PLsWaXsDwW)
CALL MPYV(P2T4P1T+G29NG2sXsU)
CALL SCVI(SPLlsUsP2T)
CALL CHINV(Z9P2sUsVeiU)
IF((IPNTlNEol) s AMD o (AC¢GT0EPS) o AND o (ITER-LT.MITER))GC TO 60

C
¢ CALCULATE LIKELIHOOD F
&
CALL UNPACK(P1sST1sNST1:X)
CALL UNPACK(P29SIZ2eNSI2sV)
CALL DP(PI9P19P2¥P21SIIshSIl’SIZ’NSI?’SI!NSI)
T=0,
DO 50 I=1,P
DO 50 J=1,P
50 T=T+S(Is N H*ST(Jds1)
RL=RLO+RP1I#ALOG(DU) +RP2*ALOG(DW) +T
IF{IPNTeEQel)PRINT 4sITERsRLsAC
4 FORMAT(IBs2E1546)
IF(AC.LE.EPS)GO TO 74
60 CONTINUE
1ERR=1

C
¢ ITERATION COMPLETE - UNSCRAMBLE ESTIMATESs FORM TEST STATISTIC,
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¢ IF POSSIBLEs AND RETURN

70 CALL UNPACK(P1sSI1oNST1eW)

9899

CALL UNPACK(PZ29eSI2sNSIZsU)

CALL DP{(P1+PLsP2sP2+5SI1sNSI1sS129NSI29SIeNSI)
IW=P1T+P2T-1

NUFM=NT (P)=1Q

XZ:O.

IF(NDFS.LE«0)GO TO 9999

RiN=NOFS

G=10

Y=eG# (=1 o+SURT(10+Be%Q))

D=NDFM

RHO47) e = (RPH( (2 #RP*3,) #RP=] 4 ) =Y# ((2e#Y+3e)#Y=14))/ (12 ¥D*RN)
X2=RHO4#RN¥KL

RETURN

END

#u*%%ﬂﬂ*#%%#%%ﬂﬁ*#**h%ﬂ*ﬂ*%ﬂﬁ*ﬂ*ﬁ*ﬁ*ﬂ*#**%ﬂ###*%ﬁ%ﬂ%*#*#%%*u#ﬁ###ﬁﬁ**%*%

OO0 OCOOODOO0D0

OO0

[aReXe!

SUBROUTINE DPVAR(NsPL1,P29ST19NST1,5I29NSI29VeNV)

PURPCSE. TO CALCULATE THE LARGE=-SAMPLE VARIANCE MATRIX FOR THE
PARAMETER ESTIMATES FOR THE DIRECT PRODUCT MODELs USING THE FORMULAE

oF

SECTION ¢85 (IDENTIFICATION CONDITION SIGMAL(ls1)=1)

PROGRAMMER, A.JsSWAIN JAN 19735,

ARGUEMENTS. N DESREES OF FREEDOM OF S

P1 (INTEGER) SIZE OF SIGMAL

p2 (INTEGER) SIZE OF SIGMAZ

ST1yNSI1 SIGMAL (PRESERVED)

SI2sNSI2 SL1GMAZ (PRESERVED)

VeV ON RETURN CONTAINS THE VARIANCE MATRIX

INTEGER P19P24PV
REAL SIV(NSIlyl)oSIZ2ENSIZs1l)yVINVsD)

INYTTALISATION

Il=Pi«(Pl+]1) /21
PV=Ile«P2#(P2+1)/2
RF1=P1

RP2=P2

Fl=]e/RP2
Fe=1./RP1
F3z=2a.%F1
F&=F3#(les=F2)

CALCULATE VARIANCE MATRIX FOR ELEMENTS OF SIGMAL (EXCLUDING SIGMAY(lsl)

1J4=0

DO 15 J=1,Pl

DO 15 I=J,yPl

IF({JeEQal) e AND (1 .EQe1))IGO TO 18

Id=TJ+1

KL=0

DO 10 L=1+P1}

00 10 K=L+P1

TF({LeEQs1) «AnD. (KeEQQl))GO To 10

KL=KL+}

VITJoKL)=F1# (ST (Jal ) #ST1(TaRK)+STI(ToL)*STIL(JoK)+2e#
L(STL(Ta I #SIL (KoL) =SI1(Io)#STL(Ke L) #*STL(Lo1)=SI (I91)#SI2(Jsl)¥
2811 (KoL) ))

10 CONTINUE
15 CONTINUE

C
C CALCULATE VARIANCE MATRIX FOR ELEMENTS OF SIGMAZ2

IJd=T1?
DO 20 J=1,P2
PO 20 I=dsP2
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IJ=1d+1

KL=11

DO 20 L=1,yP2

DO 20 K=LyP2

Kl=KL+1

VITJeKL) =FR#(ST2 (JyLIHSTI2(T4K)+ST2(I4L)#SI2(JeK))
1+F44SI2(IoJd) #8512 (Kel)

CUNTINUE :

C
C CALCULATE COVARIANCE MATRIX BETWEEN ELEMENTS OF SIGMAl AND OF SIGMA2

C

30
35

TJd=0

DO 35 J=1,4P1

DO 35 I=JdsFl
IF((JeEQal) s AMNDG (I EQR.I))IGO TO 35
Td=1J+]

KL=11
T=F3#(SI1(Is 1) #ST1(Je 1) ~ST1 (I o))
DO 30 LL=1yP2

CO 30 K=LsP2

KL=KL+]
VIIJaKL) =VIKLa T =THAI2 (Kyl)

CONT INUE

CONT INUE

c
¢ DIVIDE BY N IF GREATER THal ZERQs AND MAKE V SYMMETRIC

c

40

T=1,

Ril=N

IF (NeNE O T=T/Rn

DO 40 I=14PV

Ju 40 J=lepPV
VIToaJ)SV(JyI)=V(TyJ)uT
RETURN

END

*ﬂ%#&*%**ﬂ#***ﬂ%%**#*#%**%*#**#****#**###**#%ﬂ**%***#ﬁ#*%%#ﬂ*%*ﬁ%**&“#*#

SUBROUTINE DP(MsNsPsUyAsNAsByNB9yCoNC)

C
C PUrPCSE. TO FORM THE DIRECT PRODUCT OF M X N MATRIX A AND P X Q
C MATRIX 3 IN THE ARRAY Cs I.Ese C = A DP B

C

Lo

INTEGER P,U
REAL A(NAsl)sB(NB9el)9C(NCy1)

IC=0
DO 10 L=1sN
DO 10 K=1,9
IC=IC+}
IR=0

_DU 10 J=1,M
LU 10 I=1eP
IR=IR+])
CCIRZIC)=AlJsl) #B (T oK)
RETURN
END

#%ﬁﬁ#%ﬁ%%*%#%%##G%**#*&#%*%%**###%%*ﬁ*%%*#ﬁ*u#%%%***#ﬂ%**%#u#*ﬁ#**u##ﬂ##

C

C

10

SURROUTINE SCV(FeVeNV)

C PURPCSE. CALLED BY DTDP TO MULTIPLY THE Nv X 1 VECTOR V BY F

REALL V(NV)
00 10 I=1eNV
VII) =V (1)*F
RETURN

END

u*#“%ﬂ%%**&%###Q*##*#*ﬂ*%*“%%*ﬂ#uﬂ*%##ﬂﬂ**ﬂ%%#%ﬂ*%ﬂ*%***ﬂ4“*%%&%%“#%%&0“
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SUAROUTINE MPYV(MeNsA MNAIBSC)

C
¢ PURPOSE. CALLEL BY OTDP TO MULTIPLY THE N X 1 VECTOR B8 BY THE M X N
C MATRYIA As RETURNING THE RESULT IN C = WHICH MUST BE UISTINCF FROM B
C
REAL A(NAGNY o8 (N) 9C (M)
RO 20 I=1laM
T=0
DO 10 J=14N
I T=T+A(T sy % ()
20 C()=T71
RETURN
END

26 48 48 37 38 b 38 30 30 47 40 38 38 A5 35 25 30 30 31 4 3L 3k 2 58 4 #6338 30 3048 30 40 30 15 30 3% 48 35 40 2 S0 2 3 45 41 30 S5 30 88 4 38 47 AR 4E 3E 20 37 4 SR 4R SE A LSS S S

SURKOUTINE PACK (iyhAsNA4B)
o
¢ PURPOSE, TO STORE #1Y COLUMNS THE LOWER TRIANGLE OF THE M X M
¢ SYMUAETRIC MATRIX A IN CONTIHUOUS LOCATIONS OF THE 1-UIMENSIUNAL ARRAY
C By WHICH MAY BE THE SAME AS As OPERATION REVERSED RBY SUBROUTINE UNPACK
¢
REAL A(HAS1)sB3 (1)
K=0
00 10 J=14M
DO 10 I=Jsi
K=K+1]
10 BUO=ATsD)
RETURN
END
354k 4 35 45 £ 31 32 48 38 46 98 £F 3% 35 30 8 b U0 3 36 24 41 40 30 4T 43 20 4T A0 41 d5 2 45 40 3 25 40 38 413 26 33 48 38 AF 0 30 38 40 3 3 U A0 A8 32 41 P 0 4R 3 AR 3 B b iE L AE
SUBROUTINE UNPACK(MyA,NASB)
PURRPCSE, TO REVERSE THE OPERATION OF SUBROUTINE PaCK, THE M X M
SYMAETRIC MATRIX A IS RECREATED FROM JTS LOWER TRIANGLE wWHICH IS

STORED BY COLUMNS IN CONTINUCHUS LOCATIONS IN THE 1-DIMENSTONAL ARRAY
By WHICH MAY BE THE SAME AS A

s NoReoRe RN

REAL A(HAgl)s83(1)
K=ME (M+1) /2% ]
DO 10 Jl=1M
JEp=J] vl
DO 10 I1=1yJ1
T=M=T11+1
K=rK=1

10 A(Ted)=a(Jdel)=H(K)
RETURM
£nD

S84 48 25 20 48 48 %0 35 28 56 3 4 90 48 30 38 38 3H 36 0 4 26 45 35 45 %F 45 81 3030 91 2058 48 40 42 38 26 35 30 B0 10 403 48 42 A 330 R SH 202 E I P2 22 U AR 4 WAy AR AE
SURRQUTINE CHIMV(IOsN,asBsDA)

PURPOSF.  TO DETERMATME USING THE CHOLESKY METHOD (SQUARE ROOT METHOD)
A G=IRVERSEs AINVe FOR A SYMMETRIC, POSITIVE SEMIDEFINITE N X N
MATHIK As ON OPTION TO UETERMAINE THE TRIANGULAR DECOMPOSITION

A = L¥LTy WHERE L 1S LOWER TRIANGULAR WITH TRANSPOSE LTe

PROGRAMMER e AeJeSWAIN JAR 1975,

ARGUEMENTS, 10 OPTION

1 ON RETURN B L
2 ON RETURN H AINV
3 ON CALL A = Ly ON RETURN B = AINV

N SI17E€ OF MATRLICFES

A ARRAY wITH N#(M+1)/2 ELEMFNTS CONTAINING THE LOWER
TRIANGLE ©OF THE MATRIX A STORED BY COLUMNS

B ARRAY IN WHICH RESULTS ARE RETURNEDs MAY BE SAME AS
Ae IF WOTy A IS PRESERVED

DA DETERMINANT OF A = CALCULATED FOR 10=1 .CR 2,

OO OOOOOO OO0 NN



o] ODOHODOO

QOO0

NOTE e

FIRST PASS - FORM L, IF A DIAGONAL ELEMENT IN THE DECOMPCSITION
IS ALMOST ZEROs SET IT AND THE REST OF THE COLUMN TGO ZERC,

Y

16
20

25

30
40

50

ou
T0
130

176.

RETURNED AS =1 IF A IS NOT POSITIVE SEMIDEFINITE

REAL A(1),B(1)
DATA EPS5/1.E-10/
IND(LsJd)=(I=1)#(N2=1)/2+]

NZ2=2%N
CO TO (9999130)410

DA=1-

DO 70 I=l.N
IMl=1=1
TI=IND(Is1)

DU 40 J=TaN

T=0.

IF(l1.EQ.1)GO TO 20
DU 10 K=1,1IM1
K1=IND(KeI)

KJ=IND (KyJ)
T=T+5(KI) #B (KJ)
IF(JeNESI)GO TO 30
T=A(I1) =T

IF (ABS{T)LT2EPS)GO -TO 50
IF(T«GTs0)GO TO 25
DA==1,

GO TQ 9949

DA=DA®T
BOTL)=SART(T)

GO T0 40
IJ=IND (T )

BT =(A(IH =T)/B(TD)
CUNT IMNUE

GU TO Tv

DA=0

Cu 60 J=14N
TJd=IND(IeJ)
glIJ)=0

CONT IMUE

CUNT LNUE

GO TO (9999:14045140) 9210

C
¢ SECOND PASS = INVERT L.

140

150

155
160

DU 160 Il=lyN
IsN=11+1

IP1=1+}

II=IaD(I )
IF(B(II)-EQ.O)GO T0 160
B(II)=1/8(11)

DU 15% Jl=IyN
JEN$I=J1 -
IF(JsEQaI)GO TO 160
T=0

DO 150 K=IP1lsJ
IK=IND (I 9K)

KJ=IND (KeJ)

T=T+B8 ([K)#B(KJ)
IJ=IND(IsJ)
B(IJ)=(=T)#B(I1)
CUNTINUE

CONTINUE

C
¢ THIRD PASS - FORM AINV = LTINV#LINV,

c

0O 180 I=1lsN
DO 180 J=IN

A 1S TAKEN AS SINGULAR IF THE ABSOLUTE VaLUE OF A DIAGONAL
ELEMENT IN THE DECOMPOSITION IS LESS THAN EPSe



3
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c
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T=0

DU 170 K=Joen
IR=TIND (T 9K)
JEREIND (JeK)

170 T=T+8 (1K) #8 (JK)
TJ=IND(Isd)
B(1JY=T

186 COMTINUE

9999 RETURN
END

£ 4% 30 41 4 31 45 38 35 2 30 45 3 46 31 3 35 30 41 48 S8 3 38 3 36 36 38 38 40 30 b 35 20 46 4F 38 4o 4 16 35 88 3p O 45 35 38 3 30 2E 3 28 30 3 30 2k 45 45 20 S 3 0 3E B gH A SP A D
PURPCSE, SAMPLE HAIN PROGRAM FOR DTDP.

USAGE. CARD 1 = TITLE CARD
CARD 2 = MNiDFSs Ps Ply P2 (SYMBOLS SAME AS FOR OTCP)
: CARD 3 AND FOLLOH#ING = LOWER TRIANGLE OF S PUNCHED ROW BY ROW
ANY NUMHEER OF SETS OF DATA = TERMINATE RUN BY WLANK CARD

HOTEle CALLS QUT TOQ PRINT MATRICES - SEE LISTING OF VARS

NOTE2«  ALPHANUMERIC PART OF INPUT/OUTPUT AND THE TERMINATION TEST
WOULD ALMOST CERTAINLY NEED CHANGE FOR COMPUTERS WITH DIFFERENT
WORD SIZE.

INTEGER PePloP2

REAL S(25525) 9811 (595)+812(12+12),51(25425)
CUOMMON /WORKDP/V(50¢90) +AVeSPARE (42)

REAL TITLE(8)

DATA NSoNST1e0iSI2yNSL/2545412,25/

DATA BLANKS/10H /

Ju READ Lo (TITLE(I)I=198)

1 FURMAT{3A10)
IF(TITLE (1) «EQeRLANKS)GO TO 9999
PRINT 20 (TITLE(T) 91=148)

FORMAT (JH1sBALO)

™

READ 3yePsP1lyP2
A FORMAT (414)
DO 20 I=1.4P
READ 49 (S(Iad)sJ=1s1)
4 FUORMAT (9F8)
L0 20 J=1sl
20 S(JeI)=S(1sJ)
CALL QUT(PIP#SINSs1HS,1)

CALL DTDP(NsPyP1;P2+SsNSyST14NST14ST24NSI29519NSTeX29NOFHM, IERR)

TF (IERRNEO)PRTNT 55 IERR

5. FORPMAT (1GH0ERROR NOe914)
IF(IERR.EQe2) 30 TO LU
CALL OUT(P1sP1laST1sNST196HSIGHMALY)
CALL OUT(P2yP2+ST2yNSIZs6HSIGIHHAZ])
CALL OQUT(PyPsSTyNST92HSIGMAT)
PRINT 6sNDFMs X2

6 FURMAT(SHOCHISQ (sI494H ) =9F1le4)

NV=50

TO=P#(P+1)/2=NDFM

IF(IQeGT«MV)IGO TO 10

CALL DPVAR(NsP14P2sSI1oNST19STI2¢NSL2sV,4NV)

CALL QUT(IWsIQeVeNVelHVs])
GO TO 10

9999 STOP
END

ﬂ%%#**#*ﬂ*&#%ﬁ%#%%**“#%ﬂ%“u##ﬂ#ﬂﬂ*%%#%%%%%“***#*%%#%%ﬂ#ﬂ**%*“%ﬂ%ﬁ¢ﬁ¢*“*
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SAMPLE DATA FOR DI0OP = G,.TUunGr (DATA 7 ~ MUSCLE £ EXCLe)
38 3] 2 4
1,0000
B389 140000
sblle 4 T9T7  1,0000
o511l «5130 «6006 11,0000
1.1091 6636 e 79085 . T181  1.,4262
6366 9765 9406 6193 .8473 1,1268
c (6390 o 4%58 WOT10 .h319 8742 5727 1.0524
«H620 6221 20301 29494 L8334 . 7649 1049 1,0611

S5 30 30 45 2 E3E 3030 3L 4F 4k 38 36 36 331 2 2 A8 2 ot 3 40 36 AF 3038 348 835 0 45 2 48 35 3 48 2030 148 838 45 £F 31 3430 313030 103 4 48 45 44 3E S AERE 48 p 20 40 41 b 3
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