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SIIM}IARY

ParametrÍcmodelsforvarlancematrlcesareofwlde
practlca.l and theoretlcal lnterest ' In this thesis we

conslder aspects of the statlstlcal analysls for such

varlance structures.

In ehapter 1 we provlde some background to the

problems consldered, and a more complete descrlptlon of

thls work.

two parts.

The rest of the thesls falls naturally lnto

In the flrst part (chapters 2, 3 and 4) we are

concerned wlth general theory for parameter estlmatlon

and tests for the structure, wlth lnference base<l on the

samplevarfancematrlx.Inchapter2westudyageneral
c1ass, F of analysls proeedures. Thls class lncludes

asspeclalcasesmaxlmuml,{1shartl1kellhood,Some

generall-sed least squares procedures, and other methods

whlch arlse naturally for varlance structure analysls '

Large sample propertles, common to all members of F ' are

establlshed for pSeneral varlance structur:es. The case

where the parameters need to be ldentlfled by lmposed

constral-nts j-s lnclucled. Estlmates obtalned by sorûe of

theproceduresforparametrlcmodelsfortheelgen

valuesofavarlancematrlxarederlvedandcompared.

Further lllustrat1ons of and comparlsons between

procedures of F are glven 1n chapters 3 and 4 ' The

flrstproblemconslderedlnchapter3lsthebaslcone

of a eompletely speclfled varlance matrlx. Assumlng the

sum of squares matrlx has a vllshart dlstrllrutlon, wê

consldertheoretlcallyandnumerlcallythenull
(1v)



dlstr1but.lon of the teet statietLcs provlded 'by members

of F. Improvement of the traslc Xz approxlmation uslng

Box type factors ' and by computatlon of the next term

of the asyrnptotlc distrlbutlon 1s examlned'' It 1s

foundthattheapproxlmatlonsaremoreaccuratefor

maxlmum 1j-kellhood than for the other pr"ocedures con-

slderecj."Extensionsofthefactorapproachtothetests
for more general structures are then suggested and

examlned for some s1mp1e structures ' In chapter 4 ' u¡e

compare theoretlcally and by numerlcal example the

estlmates obtaine<l for the unrestrlcted factor model'

In tire second part (chapter il we conslder the

appllcatlonofaparticularvarlancestructure'the

dlrect product model, wh1ch, although 1t does not seem

to have been examlned 1n the literature, does appear

useful for many sltuatlons ' A raoidly eonvergent

lteratlve procedure for determlnlng the maxlmum 11ke11-

hood parameter estlmates 1s proposed and some of lts

propertlesexamlned.Expressj-onsareobtalnedfor¡¡g

elements of the asymptotlc varlance matrlx of the estlmates.

ThreeSetsofdataareusedtodemonstratetheusefull-

ness of the structure'

tfe lncIude, âs appendlces' computer programs whlch

lmplement procedures d'escrlbed ln chapters 2' 4 and 5'

(v)
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Chapten 1: fntroductlen

1.1 Backsround

By a parametnlc etructure for a varlance m¿trlx we mean

a speclflcaülon of the varlables and covarlances of the

elements of a nandom vector, y, as functlong of a vectór,

Jr Of paraneters Yr ... Yq. Denotlng the varlance matrlt

of u by E, we wrlte such varlance structures aE E ¡ [(Y).

rn many sltuatlons the parametrlc form arLses

naturally from the nature of the vanlatesr and y pt"ovldes

a relatlvely elnple and often readlly lnterpretabfe

descrlptlon of ühe varlance rnatrix of l. Structures nay

also be deflnett slmp3.y ln order to reduce the degree of

parrametrlsatlon and so to lncrease the preclslon of

subsequent data analysls [Dempster (1972)1. Numerous

examplee occur, ranglng from slmple forms such as

lndependence of the varlatesr oF even complete speclflea-

tlon of E, to much more complêx for'¡ns such aS the wldely-

used factor analysls model. Other exarnpleS are mentloned

lâ,ter.

. Baele statlstlcal enalysls for varlanee structures

!s concerned wlth the estlmatlon of the parametere and

lack of flt of the gtructure. In thls case, lt'rference

fnon observed data le naturally based on the sample

varlance matnlx, S. Other related questlons (whlch we

l¡111 not be concerned ìtlth) may also arlset e'g' tests

for equaltty of the parametens 1n dlfferent populatlons'

and glmultaneous analysls of both varlanee and mean

gtructures.

Íffie usual lnfenentlal approach has been to assume
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'that y followc the nultlnormal dlstrlbutlon, or almost

egulvalently, that the sum of squanes natrix, ¡¡S, follows

the Wluhart dlstrlbuülon, and to apply naxfÌnum llkellhood
procedureg. Eanly contrlbulotá to the etatlstlcal theory

for partlcul-ar structureg lncluded Lawley (1940' f.941) fon

factor ana].ysls, Mauchly (1940) ephenlclty, lrlllks (1946)

complete syrmnetr¡t, VotÇw (1948) conpound symmetry; and

there are many more.

tlhlle lnvestlgatÍon of the theory fon partlcuLar

etructureo uslng speclal features of the model contlnueg

(e.g. Dempster (L972) zeros ln specÍfled positLons of

E-1, Olklri (19?Ð clneularr eynmetry 1n blocks), generat

models whlch lncorporate many of the speclflc forms whlch

arlse ln practlce have been recently fornulated ln order

to unlfy both theory and computatlonal pnocedures. Thus

llnear model-s have been consldered þy Boek and Bargnann

(L966), Andengon (1969, 1970, 1973) and MukherJee (1970,

l9T3), a general type of nonllnean model has been proposed

and extenslvely applled by Jöreskog (f97Oa, 1972) and a

completely general form has been consldered by Bnowne

(1974).

The oomnonly applled maxlmu¡n llkellhood procedures

have well-known optlnal large-sample propertles, and the

small-sample theory ls well developed ln many cases whene

expllclt formulae for the maxlnum llkellhood estlnafes

are avallable [see ê.9. Anderson 1958, chaptens 9 and 10].

'In other cases however, lterattve methods are requlred

to determlne the estlmates, naking eonputatlon awkwand

and lmprovernent over the baslc asymptotlc dlstrlbutlon
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thcory dlfflcult. Thus lnterest has tunned necently to

Bet1erallsed leest squares methods of analysls [Jöreskog

and QoLdberger (J:g|Ð, Anderson (1973), Browne (1974)1.

Tbese pracedures have the same lange sanple propertles as

maxlmum llkellhood, and at bast for llnear models expllclt

formulae for the estLmates are obtalnedr even though thls

1s not the case ln genera} for the naxlmum llkellhood

estlmates.

In many respects there ls a close slmltarlty between

the analyslg of varlance structureg and the problems of

lnference on structural para¡neters for the multlnomlal

dlstrlbutlon. For thls case a general class of procedurest

known as mlnlmum chl-sqqare methods, whlch are equlVaLent

ln large samples to maxlmum llkeIlhood, lÚere fl¡'Et

proposed by Neyman (1949). They have slnce been

considered by many autborsr ê.8. Taylor (1953)'

F'enguson (1958), Rao (L955, 1963).

llhls thesls ls lntended at a contrlbutlon to the

theory for analygls of varlance strugtures. The reseanch

fallE naturally lnto tno Perts.

In the flrst part (chapters 2,3 anO 4), a gcneral

class of estlnatlon procedures 1s studled. Thls class

!.ncludes as speclal cases maxlnun L1ke11hood, s6ne

generAllsed least squares procedures and other procedurc3

proposed elther expllc1üly or lmpIlc1tly ln the llteratr¡re

for the analysls of varlance gtructures. It ls shown

that for general structures the large-sample propertles

of the estlmates oorrespondlng to any member of ühe class

are the Ealne for all memberg of the clagts' The
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pe¡rfornances of sone of the procedunes ane ühen conpaned

tbeonetlcally and numerlcally for sone corunonLy applled

struotures;.

In the seoond, pant (chapter' 5r, a pâ'rtlcuLan

verlance structrrre, tne dlrect pnodirct strucüure, le

oonsldered. Thls model, Ûhlch has not pnevlously been

studied .ln the llterature, pnoves useful ln goine

appl1catlone.
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1.?, 1!lre Problgns cgnsldefed

In chapter 2.ve deflne the. gencral form of varlance

etructure to be consldered and present -a general class of

esütnâtlon procedures, whlch lncludes rnaxlmum llkellhootl

when the sample varlance matnlx has the ïIlshart dlEtrlbu-

tlon, some generallsed least squares methods and other

procedures whlch also arlse naturally for varlence

süructure estimatlon. The commgn large-sanple propertles

of the estlmates are estabLlshed for the case when the

parameters are ldentifled, uslng methods slml}an to those

adopted by Rao og73) for maxlmum llkellhood eetlmatlon

of structunal paratneters for the multtnomlal dletrlbutlon'

and are extended to the nonldenü1fled ease. Numerlcal

determlnatlon of the estfmates ls also consldered' To

lllustnate slrnllarltles And dlfferences ln the pnocedurest

a theoretlcal comparlson ls made between the estlmates

obtalned for pantlcular types of model whlch constraln

the elgen vaLues of E but not 1ts elgen vectors.

Assoclâted wlth each of the pfocedureÉ ls a goodness

of ftt stattstlc whlch ls asymptotlcatly dlstrlbuted as

f, The worth of thls approlln¿¡te¡for snall Eanples 1!

ln general unlcrown, and as an accurate knowledge of the

dlstrlbutlon of the test statlstlc eould be a good reason

for pneferrlng a partlcular procedure, methods for

evaluatlng and lmprovlng the approxlrnatlon are consldered

ln chapter 3. Slnce, &t least, A poor approlLmatlon 1n

thls case le llkely to lndlcate poor perfornance mone

generally, partlcular attentlon ls glven üo the test for

speclfled E when the sanple varlance matnlx has the
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Wlshant ôfstrlbutlon, wlth the X2 approxlrnatlon to the

dlstrlbutlon of the test statlstlc belng lrnproved by

both rnuLtlp}ylng factons [Box'.(rg4g)] and by computatlon

of the order n-l terrn through an extenslon of the method

of Nagao (1973). An lndlcatlon of perforrßance ls glven

by a numerleal comparlson. PoSslble extenslons of the

factor approach to etructunes for whloh the expectatlon

of the teet eüatlsülc ls unavallable are also suggested'

The effect of the use of dlfferent procedures on the

parameter estlmates for the wldely-used unrestrlcted

factor analysLs model 1s consldered both theoreüLeaLIy

and by numenical example ln chapter 4'

In chapter 5 the dlrect pnoduct structure for a

varlanee matrlx ls lntroduced as a model whlch may be

approprlate where the elements of I are naturally anranged

ln matrlx form. A rapldly convéngent ltefatlve procedure

for deterurlnatl0n of the maxlmun Ill<ellhood estlnateE of

the panameters ls proposed and some of lts propentles

examlned. The asymptotlc dlsürlbutlon of the estlmates

ls obtalned, and methods proposed ln chapter 3 for the

lmprovement of the X2 appnoxlmatlon to the dtstnibutLon

of the goodness of flt statlstlc are exanlned numerlcally.

Three sets of actual data are used to lllustrate the

usefulness of the structure.

computer programE whlch lmplement prooedure8 des-

crlbed 1n chapters 2, 4 and 5 are lncluded as appendtces'
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chÊI¡ggr, , 
2,,:. .-A rgneg* apoÍplr9þ to, the-gnEilglË , of

varlqncq, strucüure¡

?.1 Introduetlon

l{eareconcernedwlththesltuatlonwhereN
lndependent observatlons are made on a pxl random vector,

lt rrhtch ls dLstrlbuted wlth mean u and vanlance matrtx

X, and 1t l"s assi¡med that E has some preserlbed panametrlc

form. By far the most coÍfi¡on approach to the statlstlcal

problems of parameter estlnatlon and testlng for the

structure 1s to assutne that g has the multlnormaL

dlstrlbutlon, 1.ê. y^,N(UrE), and to appLy maxlmum 11lce11:'

hood (ML) methods. An eesentlall-y equlrralent approach

when no assumptlons are made on u, 19 tO assune thatt

wlth s the sample varlance matr:lx and n'aN-lr nS has the

ïJlshart dlstrlbutton wlth n degrees of freedom and varlance

matrlx E, 1.e. nS,r,'bln(nrf,), and to base the ML procedures

on S.

under certaln restrlctl0ns on the structune the

method has a number of well-known l-arge sampLe propertLes'

In partlcul.an the parameter esül¡naüeg are conslstent and

asymptotlcally nonmat}y dlstnlbuted wlth large sa¡fiple

vanlance matrlx belng glven by the Lnverse of the

lnformatlon matrlx. Further, a convenlent test of the

assumed fonm against a suftable alternatlve ls provlded

by -2 log tr, wlth I the lltcellhood ratlo, whJ-ch under the

nu1l hypothesls 1s asymptotlcally dtstrlbuted as X2.

llhen nsotfn(nrE¡, maxlmlsatLon of the llkellhood of

t glven S ls easlly shown to be equlval-ent to the mlnlmlsa-

tlon of
(1.1)r(E¡s) ' los l¡l - los lsl + tr(sE-1 )-p
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rùtch at the mlnlnum lc ¡-l tltt" -2 tog l, fon the

rlterttatlvc f, unstructuned. The fqnctl.on (1.1) nas the

Þroperty F(t;s) ) 0, wlth equallty only 1f E=s, and nay

bè Fcgarded as a mËllure of dfstance of t frorn S, wlth

ühe ilL êStlmates belng determlned so that the dlstanee

ls ntnlmlsed.

As an altennatlve üo ML for the pantlcular case of

the unregtrtcted factor model, Jöneskog and Goldbergen

(1912) cortsldered the uee of a general'lsed least squares

rnethod ln whlch estlnåtcs efe Obtalned by the mlnlÍrtsatlon

of

F([;s) -tl,trts-l(E-s)]2. (1.2)

They úhoured thaü lf S has

u[srrl . or,i cov(6r3skt) = n*1(or*o'l+orto,¡) (1.3)

and lts elenents aeymptotlcally no¡rlnally dlstnlbuted'

whlch ls ünUe ln partlcular when nStoWp(nrD), then the

estlmates have the sene large sample propertles as those

obtalned by ML. Thls approach has been extended by

Bnowne (1974) who hae shown that the'same ls true for

general varlance süruetunes for estlrnaües detenmlned by

the ¡¡lnlmlsatlon of

r'(E¡s) - N trtv(E-s)ls (t.4)

-1provlded V ls a conslstent estlnator of E Brownea

also remarks that (1.3) ls tnue provlded that the fourth

onder cumulents of the dletrlbutlon of y are zero.

Aften glvl¡rg ln section 2.2 some baslc notatlon

and results, we deflnc ln sectlon 2.3 the general nodel
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"to be consldered, and present a class of rrdlstancerl

functlons whlch lncludes (1.1) and (1.2)r and some othen

F(E;S) whlch arlee naturall-y for estlmatlon, but not all

those of the fofih (i.4). In sectLon 2.4 we conslder the

Iarge sainple þropertles of estlmates obtalned by m1n1m1s4-

tlon of any F(E;S), ïtlth these propertles provfnÊ! to be

the same for all F(Ð¡S). A method of determlning the

estlrnates 1s then consldened 1n sectlon 2.5. Iri sectlon

2.6 we extend the theory of sectlon 2,4 to the case where

the parametens a¡e not ldentlfled. FlnaIJ-y, âS an example

of the effects whlch the cholce of F can have on the

estlmates, we Oonsl-der ln sectlon 2.1 estlmatlon for

models whl¿h speclfy structure to tíre eldert ça1ues of E

but lnpose *o constnainü On lts elgerl vectors.



2.2 Bas 1c notatlon

If A ls an mxn matrlx we denote bV å, or vec(A)n

the mr¡x1 vector formed by wrltlng the columns of A one

under the other. Thus

(z.r¡

The elements of thls vector w111 usually be denoted by

thelr double subscrlpts. slmllarly double subscrlpt

notatl0n wlll sometlmes be used. for rows or columns of

matrlces, 1n whlch case, âS above, the flrst subscrlpt

ls always nested wlthln the second'

S1mllarlylfSlsapxÞs¡rmmetrlcmatrlx,Wêdenote
by !r or ve(S), ttre Lp(p+I)xl vector formed 1n the same

wayassbutuslngonlythelowerirlangleofS.In
thls case vre may wrlte

(2.2)

A' = (arrâ21...êrrâtzê-2a...âr^)'

10.

(2.4)

(2.3)

9=o a
PÞ

where D ls the p2xLP(P+1) matnix wlth
p

(or) *J k.c
0

lf l-k and J=f, or 1=[ anô J-k
otherwlse t

where lrJ rk ,9 - 1.. .p¡ k)C ' Further' lf D 1s any
P

general-lsed lnverse of Dr, then e = O;l [see e.g.

Rao (1973, p.24)1.

Penrose g-lnvers" O;

ls glven bY

D*=
P

Of partlcular lnterest 1s the lvloore-

, whlchr slnce Dn has rank ¿n1P+t), i,

( D,D ) -1D'.
P P P

In aubscrlPt notatlon, for 1>J

)
+

D(
P 1J kr = t(6rtôJt + 6*r,ôJo) '(2.5)
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If A and B are mxn and pxq respectlvely, the dlreet

or Kronecker product AAB of A and B 1S the mpxnq matrlx

with

p

(AeB)fJ kt - "Joorn, 
(2'6)

[see e.g. Anderson, L958, P.347] ' V'le also conslder a

new produet, AEIB, of A and B, deflned by

, 
(*t)r, kr, = aitb5r (2.7)

The relatlonshlp between A@B and AEIB may be expressed as

(AEB) = Lrn(A@ B) = (Be A)tnq (2'8)

whereL'n=I'trIn.Thtsmatrlxandsomeofthepropertleg

assoclated wlth 1t have recently been consldered by

MacRae (1974). hle note that Lrn ls a perrnutatlon matrlx,

and so orthogonal, wlth tín = tnr. Further, slnce from

(2.2) the effect of premultlplylng a matrlx ¡y Dp

1s, for 1)J, to create a matrlx wlth lüs lJ and Jl rows

equal to the U row of the orlglna1 matrtx, from (2.5)

onol = 4(Inz+LnP).
(2.9)

It ls then easlly shown that, from (e'4¡, (2'8) and

(2.9), for A and B each PxP

D;(A@ B)Dp = D;(B 8A)Dp = D;(BaA)DP, (2.10)

¡

pD ) DAEB(

and 1f A ls nonslngular,

tD;(A-lø t-l)Dpl - 
'áD;(A 

@A + AEA)(D;)' (2'11)

ManyfurtherpnopertlesoftheproductsaandE
and of the matrlces Lro "o" 

set out ln appendlx A'
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2, Íhe 1v e struc mode the 6

F of estlnatl on functlons.

ble conslder* a general mOde1 of varlance structuret

E - E(I), I€1,

where E 1s a pxp varlance matrlx and the parameter sp¿ce

f ls contalned ln R9, the space of all real Qxl vectors'

and wrlte

[ = {XlE = ¡(r)rJ€I} = E(t).

Ite w1L1 assì.¡me that for the populatlon belng sampled

f = Io,wlth Io.t lnterlor polnt of f' 1.e. wlth

lft deflned by

i

Þ,

I

I

t

'l

I
i

I

I

i

ivl = max

1=1rg

lv,I fi

ü

for 1eRq, there exlsts ô>O deflnlrtg a nelghbourhood

(nbd. ), ñ, of Io 1n nq tY

]ì[={fl lf-Ioi<

such that NcI. tüe w111 also assume the followlng

regularlty condltlons on the model and Yo'

(a) Eo E x(Jo) 1s posltlve deflnlte'
(b) all orJ (J) and all partlal derlvattves of the flrat

two orders wlth respect to the elements of y are

contlnuous ln a nbd. of Io.
the kplp+l)xq natrlx

ao(v)
a(I)= ñ:

Much of the matenlal ln thls sectlon and sectlon 2.4
has been presented ln a 1eÞ9 rlgorous vtay ln a,,paper
¡l-tn" author lSwaln (1975)1.

(c)

( 3.1)

Ir
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(3.2)

I
f,.

Þ^

(d)

has rank q ât Io.

The Þaraseters arc a.rolt.lf1ed ln f at all polnts ln

We con'lder the sltuaflon where a sâmp1e varlance

matrlx S based on n>p degfees of freedom ls observed, and

anestlmateoflolsforpedbymlnlmlsatlonofsome
Itdlstancert functlon.

some nbd. of ïo, 1.e.

nbd. and E(yz) = X(1r)

F(E:S)

(1) f(1) = f'(1) o o,

( 11)

lf Ir ls some Polnt of thts.

for some Jzef, then Yz = It:

I

{

i

i

!

I

i

where 0rr...rOp are the elgen values or s-Lts-b and

f(o)lssomefunctlonwlthaeontlnuoussecondorder
derlvatlve on 0>0, satlsfylng the condÍ-tlons f;

,Ë

( 3.3)

(3.4)

lrle denote by F the class of alt such F(E¡S)' and shall

sometlmesrefertotheelementsofFasestlmatlon
f,unctlons.

The condltlons (1) and (f1) ensure that f(0) has a

mlnlmum at 0=1, and that for arbltary posltlve deflnlte

f,, F(E;to) > o, wlth equallty lf and only lf x=f,o' Thus'

by assumptlon (d) on the modet, the estlmates, Î, of the

parameters Io formed by mlnlmlsatlon of F(E(I);S) wlll

necessarlly be Flsher conslstent, 1'e' lf S=Eo then

I=Io'
û, ^!

tle note that îor/arbtüary non-slngular pxp matrlx

B, lnrn'-ensB'| = lal lr-esl lB'l , = 0 lf and onlv 1f
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lr-es¡ - o, and so

. F([;s) = F(BZB'; BSB').

1üe al-so note tlrat 1f f (O) satlsfles tl:e condltions (3'3)

and (3.4) tfren so too does f (å). Thus, slnce for non-

slngular E the elgen values of ¡-ks[*b ""e u;t, 1 = 1"'p,

1f F([;S)eF then so too ls r'*(¡;s) = F(s;x), whlch ls ln

general dlfferent from F(E;S).

In the next sectlon we w111 conslder the asymptotlc

propertles of the estlmates of Io. Before dolng so we

present Some of the elements of F whlch ane of speclal

lnterest. These are shown 1n table 1, and arlse from

the followlng approaches to estlmatlon'

TABLE 1

Sorhe speclaL estlmatlon func tlons F(X lS)

I

Þ-

I

i

)
i

CODE DEFINITÏON
'.rrr 

(1)

-6

= ros lrl-roelsl
+ tr(sE-1)-p

-4

-3

= 4(tr(sD-1¡+t"(s-1r) -3

F¡ = *r!r(å;t)' =\trtr-l(x-s)12

f (| +rog e,-1)
L-l "f

=Ll (roso*)'
l-l

,!, [år*'r-')

t I (e.-1)2 = 4 lcrts-1(x-s)12
l--l ¡

= t I (e.,-1)."(orl)
L-l ¡

TGLS

ML Fz=

GD Fs

DIV F+ =\

GLS Fs =

-2p)

0

3GLSE F5



L5.

TGLS:- Tr3e r¡onara'! tscd least' €q*ares. -EellmatLOn Of Y

by the :lppì-i'tr..ii,t:'t.t of the generallsed least squares prlnc-

-1ple to the observed S ls equlvalent to determlnlng y to
m/n irzì se-

(s-o(y))'[v(s)l-1 (s-o(y)) (3.5)

where V(s) ls the varlance matrlx of s. From (1.3) and

( 2. 11)

(3.6)

and so (:j.5) 'hneo:¡(ì.rj

alv (g)J-t = Ê D.'(x;l t-l)oo!ì

åc:-gi1) ) -o;(t;t * t;t)Ðp(g-g(1) )

= l( !-I(I))'(E;t *E;1) (g-_r(I))

= | tr tr; t(s-E) 
1 

2 
, (3.7) =

from (x1r) of Appendlx A. ülhen f,o ls r'eplaced by 1ts

estlmate we obtaln Fr(E;S).

ML: Maxlmum IlkeIlhood. tthen nS'r,tlln(nrEo), then

maxlmlsatlon of the llkellhood of E ls equlvalent to

the mlnlmlsatlon of Fz(E;S).

GD: Geodeslc dlstanee. James (1973) has consldered

the metrlc dlfferentlal form

(ds)2 = lá tr (r-lar r-1¿¡)

on the varlance lnformatlon manlfold and shown that

F¡(E;S) ls the square of ühe correspondlng geodeslc

dlstance between S and t. He has also suggested lts
posslble use ln varlance structure estlmatlon. tle note

that ¡r(E;S) = Fg(S;u¡, and that (ds)2 = Fs(E+d[;E)'



].6.

DIV: Ðlvergence. In the context of lnformatlon theory'

the dlvergence between two denslty functlons ft(T;9r)

and rz(]i!ù, of tt¡e same form and wlth parameters 0¡

and. 02 P€spectlvely' 1s deflned by

r(L;2) = I(l-;2) + I(z;t) (3.8)

where
ft
5r(1;J) = log dxfr (3.e)

1s the mean lnformatlon 1. 5 for dlscrlmfnatlon 1n

favoun of 0r agalnst 0z (Kullback (1959)). I(2;L) 1s

essentlally the Kullback-Lelbler measure of dlstance

from gr to 02. l,rlhen the theory ls applled to the

1'llshart dlstrlbutlon

r(z;1) = l. rr(rz;rr)¡ r(1;2) = l r"(¡r;¡r) (3.10)

( 3. 11)¡(fr2) = nF,,(Er;[z) = nFr(Ez;Er).

Although proposed as a measure of divergence between

the populatlons' here J(1'2) can be lnterpneted as a

measure of the dlfference between Er and Ez, and

pn(E;s) as a convenlent measure of the departure of E

from the observed S.

GLS: Generallsed leaSt squares. Thls has been proposed

fon estlmatlon ln factor analysls by Jöreskog and

Goldberger Q972) who derlved 1t from ß.7) by replaclng

t;t uy S-1. hle note that F¡(E;S) = F't(s;x)'

GLSE: Generallsed least squarefextended. Thls was

lntroduced by the author [Swaln (1975)] merely ln order
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to extend the range of functlons consldered when apply-

lng the generral theory to the factor analysls model.



2.4 totl
of lhe Patamet9rs.

ln thls sectlon we lnvestlgate the large sample

propertles of the estlmatee of Io obtalned by m1nlmlsatlon

ofsonleF(E¡s)eFrwhenthemodelr=E(I)satlsflesthe
condltlons (a) to (d) of sectlon 2,3. The approach

adopted ls s1mlIar to thât used by Rao (L973, Þ.355) to

obtaln correspondlng results for the maximum llkellhood

estlmates of multinomlaI dlstrlbutlon paremetens.

In establlshlng the results r¡Ie shall use the fol-low-

lng theory on probablLlty order relatlonshlps'

Defln.lll.on If {ro} ls a sequence of posltlve real

numbens and {xn} a sequence of px1 nandom vectons, wê

say
:p

lf tliol/ro +

x =a*O then
û

0 as n+æ

18.

dis e t s

+o r g

p

x
-11

=op(nn)

[1.e. lf [Irrt/"r, * 0 1n probablllty] and

I,.-on("o)lf'glvene>0theneexlstsM<oosuch

that pr(lIrrü/rrr<M) > l-e for all sufflclenüIy large n

[1.e. 1f llrrl/to 1s bounded ln probablllty] '

Lernna 1 If f (X) ls a functlon wlth contlnuous derlvatlves

of order s ln a nelghbourhood of ¡ç=a, lf {rr,} 1s a

sequence of posltlve numbers such that t.r * 0 as n ') or

and lf {xrr} 1s a sequence of random varlables wlth

n 
(rr,) '

f(Xn) = r(a) +
I
Tk-l

( )n

pnoof : see Mann and lrlald (1943) who present 1t as an
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appltcatlon to one fonm Of llaylors theonem of a genenal

nesult whlch states, lfi effect, that the algebra of the

usual order notatlon o and O extends to o, and 0n

[Chernoff (1956)]. For convenlence letnma l- has been stated

1n unlvarlate form. lrle w111, howevêr, uge the Comespond-

lng muttlvarlate resuÌt, whlch ls presented by Mann and

ÏJaId

Coro llarv Under the condltlons of lemma L,

f(Xo) " r(a) + "it r(k)(")
(**,"'f: 

* on('o").
k-1

In partlcular¡ whê¡¡ s=1, 1.e. f(X) has contlnuous flrst

ord.er derlvatlves ln a nel$hbourhood of X = a'

f (xn) = r(a) + on(ro).

. lvlann and l¡la1d havb also glven the folIow1ng results

whlch are well known [see e.g. Rao (L973' p.L22)'l .

Lemma 2 If f(X) ls a eontlnuous functlon ln a nelghbour-

hood. o¡ ¡=3 and tIo) 1s a sequence of random vectons such
pP

that In i g, then f (Irr) + f (3).

Lemma 3 If {x.} ano tlo} are
P

vectors such that Io-Io * 0 an

dlstrlbutlon) as rl+ær then Io

two aequenees of random
L+ x (1.e. Io+X lndX_n

L+ [.

lle w111 now assume that a sanple Varlance matnlx

S 1s observed wlth n>p degrees of freedom and asymptotlc

dlstrlbutlon glven bY

Ã (g-Io) { N(o,v) (4.1)

wlth V deflned by (1.3) 1.e. \,r = Eo8 to+f,o8Eo, and

that the model E(I) and the tnue vaJue Io satlsfy the

condltlons (a) to (d) of sectlon 2.3. Let F(X;S) be any



element of F. Then we have the fo1low1ng'

20.

(4.2)F(r(y*);s) ( c lnf F(E(v);S)
rer

where c ls a constant wlth 1<e<-' If the 1nf 1s

achleved at aome polnt i=r, then we "tv Î ls a mlnlmum

dlstance estlmator (m.d'e')' tüe note that whlle an

approxlmate m.d.e. must always exlst for any 1(c(-¡

an m.d.e. need not.

Deflnlt we say that y

dlstance estlmator of Io

\

= f(1)
(3.3).

*€I 1s an approximate mlnlmum

1f

lltreorem 1
*If y- 1s any aPPnoxlmate m'd'e'

*
then .¡- 1s conslstent for Io

-4
)

Proof -* = E(I*) and let uÍo) and el"

.i",:':: ,:".,.::.: ïJ,,,r1"" or s-i¡os-L
* -¡<E s . respectlvely. Now slnce s-Eo = on{n-t)'

l, = 1

-,andS ¿

we have

of yo,

on (n
*wlth Y Io

,-Lsr-k-oo r = on(n- ) +rr(tlbst;L- ï)2 = on{n-r)

+

,) (oÍo)-1) = on(n-L),

1 = 1 ... p. Further, slnce f (er) fras contlnuous seeond

order derlvatlves, by the corollary to lemma 1' tttÍ'o"

+ f'(tr1tef )-rl * on(r,-r) = on(n-l) bv condltlon

Thus, slnce r(ro;si = I:(oÍo'r, 
F(Eo;s) = on(n-1)

By the deflnltton of Yß,

r(¡*;S) <
€f

(4.3)



so F(x*;S) = on

r(ol) = on{n-1)

rrei)

and the order of the lowest order terms on both left

and rlght hand sldes must agree, tl -t = on{n-L). It

follows by effectlvely reverslng the argument above that
t< -L¿([^-s) = on(n-'). (4.5)

Thus

1n-1), and. slnce F(E*;S) > tCtl),
. Accorcllngly eî I 1, and slnce

= (etl-r)'* nr*n"" order terms

2L.

(4.4)

(4.6)

* *(t -s) + (s-Eo) =O (n-\(E -Xo) = )
P

p
+*

In partlcular then E Eo, and sor slnce condltlons

(c) and (d) on the model together wlth the contj.nulty of

the ¿erlvatlves of f(V) lmply strong identlflablltty ln
D

a nbd. of Jo (see sectlon 2.6, result (111)) I* + Io

1.e. J* 1s conslstent for Io.

of Io

Now slnce n(v) has contlnuous derlvatlves ln a nbd.

, wê have

g(I*) - g(To) = ¡(Io) (Jo-Io) + rrlgrrer order terms

and agaln slnee the order of the lowest order terms on

both left and rlght hand sldes must agree, and slnee

A(ïo) nas rank q, 1t follows that I*-Io = On("-k) '

Theorem 2 The probablllty that an m.d.e. exlsts + 1

as n+ æ.

proof By the assumptlons, there exlsts ô>0 such that

the nbd. Ir of Io deflned by I1 = {V I llv-vofl < 6] ls

1n the lnterlor of r and eondltions (b) and (d) hold on

Ir. slnce thls ls A closed and bounded. reglon 1n n9



and F(¡(v);S) ls a contlnuous funetton of T on 1t'

lnf F(E(Y);S) must be attalned for some I€Ir' To prove

Jef ,

the theorem 1t ls thus sufflclent to slrow that, â8 o*@r

>e>0

22,

(4.7)

(4.8)

Pr +1

I¡le prove thls result by assumlng that 1t does not

ho1d, and then showing that thls leads to a contradlctlon

of theoren 1. Thus, suppose (\.7) 1s false. Then there

exlsts e>0 and at least a subsequence of {n}, say {nu}

wlth the ProPertY that

f F(E(v);S)r-1n
y€(

¡1nf F(x(y);s)
ty€f

= 1nf F([(y);S))
Yef r

< lnf F(E(y);S))
YeI r

Pr

forallnu.Nowlfwedeflneanapproxlmatem.d.e.ln
such a way that whenever 1nf F(r(Y);s) < 1nf F(E(1);S)

J€f 
-'¿' 

J€It

t*eft (tfre complement of 11 ln I), then for each nur

Pr(y*eÍrc) s êt 1.e. Pr('1*eft) <

approach 1 as.u*-r 1.e. I* 1s not conslstent fof Yo'

contradicting theorem L.

Coro llarv The probablllty that an m.d.e" exlsts and

ls glven as a solutlon of

AF

ry
( r (v) ¡s) I (4.e)

-+1 aS n+@.

Proof Chooslng Ir as ln theorem 2, whenever

1nf F(E(Y);S) = 1nf F([(Y);S) the polnt at whlch the lnf
iêr, - -¿ ' y€r -

lsachlevedlsanlnterlorpolntofratwhlchthe
derlvatlves of F(E(Y);S) are contlnuous, and so must

vanlsh.



Ttreorem 3 læt an estl¡Dâtor a be deffned ae an m.d.e.

23.

-\) where ôa 
"o" the ordered

Then appJ-ylng lemma I to f'(e)

Whenever an m.d.e. exlsts, and otherwlse aS an approxl-

mate m.d.e, Tf¡en

ñ(!-1o) + N(9,2(^; nao)-I) (4.10)

where 'Ao = ¡(Io) anO

t = oí(t;ts t;tro, (4'11)

wlth D- deflned bY (2.3).
P

Proof : I^Ilth Ir as deflned' 1n theorem 2r âs n+- the

probablllty that fer¡+1, and so, 1D order to determl-ne

the asymptotlc dlstrlbutlon of f we can assume that left
and satlsfies

Pg (r(1);s) = o.ol
(4.12)

In the course of the proþf of theorem l-, v¡e showed that'

taklng y* = Î, âr-t = on(n

ètgen varues or s-Lîs-L.

we have

Now, from (5.1-1) and (4.f3) we flnd that

E

= Di vec (u'(o-r )u) -4

= tô*-1) + on(n -ltr'( o r)

l; = Di vec(s-ttî-sls-1)

) (4.13)

(4.14)EF

E
+o n )p

+o n

\

p

( n

(

where , Lf s-Lîs-L = fiôû' wlth ô = dlas tôrl and

û'fi = T, {J = s-tfi. Thus

-4( )AFF
= D'(s-r as-ll<î-slp- +o p )

cont.



= D;(r;t er;1tr!-51 -¡t+o ( n )
9

24.

(4.15)-h= E(o-s) + o n )(
P

Thus from (\.L2) an¿ the contlnulty of the derlvatlves

of E(V),

o ^=
I

äF

ry

-4= A'(y)n(o-s) + o n )
P

(

,ái 
^;E(g-!) 

* on )

= 
^;E(i-go) 

* a;E(9o-E) + op çví4¡. (4.16)

Further, from (4.6)

ti-go) = Áo(îrvo) + on{r,-L), (4.17)

so substltutlng ln (4.t6) we have, slnce Ao has rank q,

tÎ-Io) = (A;Eao¡-lain(Ð-go) + opl¡-t¡. (4.18)'

Thus by lemma 3 and (4.1), ø'f Î-fo) 1s asyrnptotlcally

normally dlstrlbuted wlth mean o, and vanlance maürlx

glven by

v(ñ(i-f.)) + (a;nao)-ra;nof(Eoe Eo+EotrEo)

(of)'nao(a;E^o)-1

and, stnce, bv (2.11), ofCroEEo+EoEEo)(o;)' = ZE'r,

v (6(i-f"t) + z (^;Eao)-1

Coroll?ry 1 Under the condltlons of theorem 3

ñ(â-oo) o l¡(9,24o(dEAol-14;)

( n

(4.19)

(4.20)

(4.21)

Proof Thls follows lmmedlately from (4.L0) and (4.17).



Coroll 2 Under the'eondltlbns of theorem 3,

nn(î;s) ¿ x2(d)

whered=kpçp+l)_q.

Proof From the proof of theorem 2 we have (ôr-f) =

o (n-L). Thus applylng lemma l- to f (o) we havep'

r(ôi) = Þ.(ôr-r)t * on(n-l).

Hence

25.

(4.22)

(4.23)

r(î¡s) = 4l (ô--r)t + o-(n-1)' -i- 1 P

= \ trts-1(î-s)l'* on{r,-1)

* b trf r;t(î-s)l' * on(r,-1)

= 4(g-:l'"(i-g) + op(,',-l), (4.24)

from (3.7). Thus by lernma 3, to determlne the asymptotlc

dlstrlbutlon of nF(î;s) it 1s sufflclent to determine

the asymptotlc dlstrlbutlon of |(g-9)-E(o-s)'

Now from (4.17) and (4.r"8) we have

That 1s

v

(g-:)=(o-oo)+(go-!)

= (ao{a;eao)-tA;E-r) (s-oo) + on{r,-L).

(r-nkao(a;E^o)-14;(|)"'na E4)

(4.25)

(4.26)

(o-s) =

(i)ana(g -:) + oplr,-L),

whlch 1s of the form z = (I-P)y + o (1), wlth
P

(|)anatoo-s) + N(o,ï) and P = E4^o(a;E^o)-toátL,

whlch 1s ldempotent and of rank q. Thus, from the
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usual theory for the dlstrtbutlon of quadratlc forms of

normal varlables [see ê.$, Rao (tgl3, p']-87)L and by

lemma 3

Z'? = å(i-:l'E(â-s) ¿ x2 (d).

Remark Although conditlon (b) on the model speclfles

second order derlvatlves of o*, (Y), the results of thls

sectlon haVe beèn establlshed uslng only the conttnulty

of the flrst order partlal derlvatlves. Thls condltlon

ls much weaker than those generally adopted for maxlmum

Ilkellhood theory, but 1s ln agreement wlth the nultl-

nomlal sltuatlon [Rao (1973, p.363)].
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2.5 Numerical dete rmlnatlon of the estlmates

In practlce, the m.d.e. r'r111 usually be obtalned

by solutlon of the equatlons

*9cîl = o. ( 5. 1)
ol

As these are frequently non-llnear and do not admit

an expllclt solutlon, reeourse must often be made to

lteratlve numerlcal methods, such as the Fletcher-Powell

method [Fletcher and Powell (1963)] whieh mlnlmlses

F(E(V);S) dlrectly uslng flrst order derivatlve lnforma-

tlon, or the class1cal Newton-Raphson method whlch seeks

a solutlon of (5.1) and. uses second order derlvatlves'

In thls sectlon we obtaln formul-ae for the flrst and

second order derlvatlves whlch can be used for the

general model of sectlon 2.3'

Although for partlcular cases the derlvatlves w.r.t.

I may be more slmply obtalned dlrectl-y from F. (f tr);S),

1n general eases they can be determined by

âF = 
ãg-aF ß.2)

âV âV âo

(I
1>J

a2F

@'aeF
ãYÙ-f

âo'
= rT

âory!

E'' (5.3)âF
æ fJ

AccordlnglyweseekthederlvatlvesofFw.r.t.the
elements of x. In determlnlng these we shall úse the

followlng well known result Isee e.g. Jöreskog and

Goldberger (I972)1.

Lemma 4 If A 1s any pxp synmetrlc matrlx wlth dlstlnct

elgen values 0r <..."n and correspondlng elgen veetors



þr þp' then

28.

(5.4)

(5.5)

d0* = 11 dAh.

= tn(uAU'dE).

q+rlidAhr.

+ 2ofgf'dD¡S-td
I 1

atSr'dE3,

f"(or)
f'(or)-f'(oJ)

r
J-l
J+f

I

f r(0,
1=l Á

¿s-Llr
,!rt'(or)hís

,!, ,ut'( e r)uid' ru*

t

f

+ 2orlr'Ur, 
JI
J+

dh

Now let s-Lrs-L = HoH', wlth o¡ < . <

elgen values or S-k¡S-b and' H'H = I' Then' applying

lemma 4 to F([;s) = ), and wrltlng I¡ = S-LH,

ol = ¡'(0r), and A = diag (at)' we have

939r'axtg1 l

BrSgr'dE rglgr'6EzgJr

gr'dlg, = (gl egr')d! = (Yl @9r')Ðpdg'

,!r t'rr 
(g,)Yr'dEzgrgr'dE rgr

dF- \d

ï
f-l

(5.6)

ddF = 3

re rej

where

ß 1J

€ I J

Thus, slnce bY (x1) of Appendlx A

r
l-

$.7)

(5.8)

$.e)

I1J

1=J

1+J
0



,we heve from (.5.6) an¿ G.7),

ðF
ãõ =þ'

P

k=9,

k+g

29,

(¡.ro)

( 5, 1_1)

(5.L2)

(5"13)

= Dn' [vec (,UAU') ]

In subscrlPt form these are

( 
r!r"rt, 

s 3r)

t"+ = Dn'(r!, 
rlrur,(9:3:') 

o(9rgr')on)

P

Irutrukrurtu.{,Jun5 
k=l' m=n

P

IrBa:tntuorlu.cSuo¡ 
k>9' m=Il

'r! r r!, 
ut, (tktt'turju,'J*ukiu"Luljt'J )

ã otr,
,!, oi'ki'

"!ro"ntt¿t
1J

1J
P2¿

{=

rt

k>ri, m>n ( 5. 14 )

We note that although the derlvatlons of ß'ø) and

$.7 ) are dependent on the assumptlon that the Ors are

dlstlnct, the formulae themselves remaln d'eflned when there

are equalltles 1n the Ots, provlded that when 0, = tj

we take
f'(0 )-f'(e )

ß = ¡rr(0 )
11m

o 
J*o t-

t
I1J I

J

Further 1t 1s easlly verlfled that the values of (5.6)

and (5.7) are then lndependent of the partlcular set of

elgen vectors chosen to correspond to the equal 0ts, so

that (5.6), $.7) and thence (5.11) and (5-L2) are true

generallY.



For some of the estlmatlon functlons given 1n table

L, the formulae (l.ff) and (5.I?) reduce to fairly slmple

forms whose cal-culatlon does not requlne the computatlon

of elgen values and vectors (1n these eases the formulae

may also be found dlrectly), wh1le for others (notably GD)

thls 1s not the case. For completeness we present 1n

table 2 formulae for each of the estlmatlon functlons

of table 1, except GLSE, fon whlch there 1s no slmpllflca-
tlon.

üte note that lt was shown 1n the pnoof of theorem
p

30.

(.5 . t5)

1 that, for I = 1 P¡ 0 I
p
+ l- as n-)æ.

p
+ 1". Further, slnce

Thus of * 0,

Iert,'and, from (5.8) ß rj
, from (5.3) we haver;tP

+Is

3 ao'Dn'(x;t rll)Dp Åo

Y

lnverse matrlx of second derlvatlves of F at I, the

program algo'provldes an estlmate of the asymptotlc

varlance matrlx of the estlmates. To lmplement the

A .EA
oo

Thus from (4.10), 2 (5ff- 1,)-t 1s a eonslstent estlmate

of the asymptotlc "t"r.l-,"" n,lr*t* o, ñ'(î-vo).

A computer routlne for the determlnatlon of estlmates

for general structures, utll1zlng the formulae (S.Z) and

(5.3) and the Fletcher-Powell method of rnlnlmlsatlon, has

been wrltten, and 1s provlded ln Appendlx B. Slnce the

Fleteher-Powell method achleves 1ts eonvergence propertles

by bufldlng up on each lteratlon an approxlmatlon to the
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routlne for any partieu-Ier, structure, lt 1s necesgary

for the user to provlde subroutlnes for the calculatlon

of g(l) and âo
à-:r'

On optlon any of the estlmatlon functlons

of table 1- may be used, although use of el-ther ML or GLS

w111 be eonslderably faster slnce Ln these cases the

formulae of table 2 are used, avoldlng elgenvalue

ca1cu1at1on. Further detalls for lmplementatlon are

contalned ln appendlx B. Unfortunately experlence wlth

the factor model and. the dlrect product structure suggests

that convergence to the flnal estlmate can be qulte slow,

so that for commonly used models routlnes whlch take

advantage of the speelal nature of the structure would

generatly be Preferable.

Exa.mple Bock and Bargmann (L966) have presented data due

to Bllodeau (Lg57) and the correspondlng ML estlmates for

the parameters of the quasl-slmplex model

f,=AfA'+tlrI

p>1>J >k

otherwlse

1=J

otherwlse

TheestlmatesobtalnedbyVARsforeachofthe

estlmatlon functlons of Table 1 are shown 1n Table 3'

$.L6)

where I = dlag:(Vr), and "fJ = 1 for 1(J, 0 otherwlse' The

same example has also been consldered by Jöreskog (l-970b).

Browne (1974) has glven both the ML and GLS estlmates.

For the structure 15.1-6), I = (yr Yp{')' and the matrlx

¡(V) 1s easllY ealculated wlth

1

0

(5.17)

5
arI

1_

0
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The l/IL estlmates shoîrn agree r^¡1th those ohtalned l':y Bock

and Bari¿mann hut dlffer stlshtl"t/ from those presented by

Bror.nrne. îhe same startinq values l^Iere used for each

estlmatlon functlon, and lteratlon ceased r¡Ihen all partläl'

derlvatlves tvere <1x10-6 1r, magnltude. The startfng values

r¡¡ere obtalned by transformlng S and takJ.ng the slnple least

squares estlmates, as su5¡gested by r{cDonald ( 1974 ) .

l'le note that tlecause the structure 1s llnear, for GÏ,S

F(t:S) ls quadratlc ln the Darameters and the lnltlal approx:

lmatlon usecl b:¡ VATìS to the second deri-vatlves' vlz-

A 'D' 1 1 )n A" J_s exact.'p Tt follovrs that the
l)

procecLure neeessarlly reclulres only one lteratlon for GLS

estlmat lon.
TABLE 3

Es t f.nate s for FlÌodeaut s data for the functlons
of Table 1

I

É

Í
il

( SES

*
f terns. Yl Y z \ g Y¡ Ys Ye rir nF(I I S)

START

TGL-q

14L

GT)

ÐIV

çLS

GL-SE

uT5.0

I1g7 .5

\82.6

ttTi.o

474.9

1t52.3

\33.7

51. o

55.0

54.6

54.3

54.3

53 .1

5L.7

13. 0

1.6.2

1 6.0

15. 8

t-5. B

t5.2

1_4. 4

78.0

85.0

81. 4

79,6

79.6

74.3

69. B

2u.o

22.r

2]-.6

27.4

2L,4

20.6

20.2

5.0

2.7

r.6
1.0

1.0

*0. B

.2.5

46 .0

45. I
45. 3

4¡.r
45. r

44.5

44. L

8.96

o20

9.48

c1.51

9.27

8.50

4

4

3

3

t_

4

:* n = 151.
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2.6 The non-1dentlfled. case

In many sltuatlons the natural expresslon of the

varlance structure model wllL result ln a parametrlsatlon

for whlch the parameters I are not ldentlfieC by E(I)'

and in thls seetlon we conslder the effects on the results

of sectlon 2.\ 1n thls case. Key results for the

extensfon of the theory are glven in lemma 5 and lts

corollarles, whlch can also prove useful ln the

determlnatlon of the estimates [see e.g. sectlons 4.2,

5.3t. l,lh1le these results do not seem to have prevlously

been glven expllcltly ln the estlmatlon llterature' they

are 1mpl1c1t 1n the papers by sllvey (1959) and Altchlson

and. S1lvey (1960), whlch are concerned wlth ldentlflca-

tlon condltlons wlthln the framework of general para-

metrlcally constralned ML estlmation, and 1n the ML

proeedures commonly adopted for non-ldentlfled modelst

e.g. factor analySls.

Irle commence by revlewlng general ldentlflcatlon theory

[Koopmans and RelersdÌ (1950), Rothenberg (1971)] as 1t

pertalns to varlance structure models. Of partlcular

note 1s the result (111)r whlch has already been used 1n

sectlon 2.\, but whlch agaln does not appear to have been

prevlously stated ln the llterature'

Asbefore,Wêshallassumeaparametrlcmodel

f, = E(I), wlth y a 9x1 veetor 1n Éome parameter space

fcRq, and wrlte [ = E(f ). hle w111 be eoncerned wlth

the ldentlflcatlon of some Io=I, glven Eo = t(Jo)' l'tle

assume that Jo 1s an lnterLor polnt of r, and that

assumptlons (a) and (b) of sectlon 2.3 apply. lüe 1et

fr

Ë
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^(V) 
be rtefined. by (3.1), wl-th Ào - A(Vo).

l¡le can dlstlnguish the followlng forms of ldentlfl-

eatlon.

(a) Io ls saÍd to be ldentlfled (globaIIy ldentlfied,

weakty ldentlfled) 1n r 1f 1ret and E(It) = X(Io) *

Yr = Y^.ry -U

(b) Jo ls said to be locally ldentlfled ln f lf there

exlsts a nbd. of Io ln f on whlch Io 1s ldentlfled.

(c) Io 1s sald to be strongly identlfled ln I 1f for

any sequence {),(írr)} in A, r(Irr) + ¡(Io) * In * Io.

Clearly at Io, strong ldentlflcatlon + ldentlflcatlon'+

local ldentlflcatlon.

As Rothenberg (197L) has polnted out, the ldentlfl-

catlon problem wlth models of thls type ls slmply a

questlon of the unlqueness of solutlons of systems of

equatlons, so that the c1ass1cal t"esults of analysls may

be applied to glve the fo1low1ng.

If Ao has rank q, then Yo 1s IocaIIy ldentlfled.

If Io 1s a regular polnt of A(V) (1.e. lf nank

ls constant 1n a nbd. of Jo), then a necessary

condltlon that Io ue localIy ldentifled ls that rank

(Ao) = q.

i'íe note that (1) 1s rea11y a speclal case of the

lnverse functlon theorem I see e. g. Apostol (1957 
' 
p. f-44 ) ]

whlch 1n the pnesent case states that there exlsts open

nbd.. ts I¡ of Io 1n f and Ar of Eo ln A such that

(a) Ar = [(rr )

fi
p

(i)

( 11)

( 
^(v) 

)
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(¡) ¡(y) is l--1 orl I1

(c) there exlsts a function g(t) defined on A1 such

that g(Ar) = I'r and g(¡(v)) = I for every I1n f1.

(d) g 1s contlnuous wlth contlnuous flrst onder

partial derlvatlves wlth respect to the elements of E

on 41.

lrle note that the expresslon of g(f) ls not ln general

unlquely determlned fn the sense that lt may, for example,

be written as a fu.nction of any q of the elements of I

for whlch the c(.,.1:espondlng rows of ao are llnearly

lndependent.

Novr, since lf {E(Io)} 1s a sequence 1n A such that

¡(Vrr) * Eo there exlsts N such that for all n>N

f (In)€A¡, So for all n>N there exlsts a sequence, {Irr*}

sagr 1rI I¡ such that [(Irrn) = [(Io), and, by the contlnulty

of g, Ioo * Io. Thus 1f there exlsts a nbd. f2 of Jo 1n

I such that all J€fz are ldentlfled 1n f, slnee Irr* * Io

lmplles that there exlsts Nr(>N say) such that for all

n)Nr Irro€Ir, then for aII n)Nr Ir, =Ir* and so Ir, * Io'

Conversely lf rank (Ao) = q and there exlsts a

sequence {Irr} 1n I such that Io * Io and the Ir, âr'e not

ldentlfled ln r, slnce any yrr€Ir 1s ldentlfied 1n Ir,

there exlsts a sequence {Joo} such that x(Irr) = t(Io*)

and yrr* ÉIr. Then E(Irr*) * t(Io) but Irr* l" 1o, 1.e'

ls not stronglY ldentlfied.

Summarlslng then, wê have

Jo

(rrr) rf Ào

condltlon that

has rank q, a necessary and sufflclent

Io b" strongly ldentlfled in I ls that there
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exlst a nbd. f¿ of Io 1n f such that all Y€fz are

ldentlflerl ln r.

lrlhen yo 1s not a regular polnt of ¡(v), the

conclltlon rank (Ao) = q 1s not necessary for loeal

ldentlflcatlon-q it/.-, for stronpç ldentlflcatlon. For

estlmatlon 1t ls clear from the proof of theorem 1 that

an approxlmate m.d.e. 1t111 be consistent for Yo provlded

Io 1s strongly ldentifÍed, so that the condltlon rank

(Ao) = q J-s not nc ::i;í...',ry for eonslStenCy" Hotuever, when

rank (Ao) ( e, f-.'¡m (5.Ð,:{¡-I r^rr11 be "armostôIirI tî

slngular" for large ne so that speclal procedures are

}lkely to be needed for numerlcal determlnatlon of the

estlmates. Further (4.6) now no longer lmpl1es that
^ _1.(I-yo) = Oo(n""-'), and- the results of theorem 3 on the

dlstrlbutlon of tî(i"'f") w111 not applv.

\¡le pass novr to the case where Io 1s nct ldentlfled.

If y fs locatly ldentlfled then 91oba1 ldentlflcatlon
i,o

1n I can often be achlevecl by slmple restrlctlon of the

parameter space r. Accordlngly we concentrate on the

sltuatlon v¡here Io 1s not Ioca1Iy ldentlfied. In this

case there is an lnflnlte number of elements I of t t¡rlth

f(V) = Xo, since otherv¡ls" Io would be ldentlfled on a

sufflclently smalI nbd. of Io. \',lhere these y deflne a

contlnuous manlfolcl ln RA, lt may be posslble to express

the model 1n terms of a smaller number of parameters and

So reduce the sltuatlon to the ldentlfled case. Alterna-

t1ve]y, the parameters may be ldentlfled for lnference
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purposes by restrlctlon of I through say t constraint

equatlons v(v) = 9, and it 1s thls case vle sha1l now

eonslder.

trle say the equatlons v(V) = I define ldentlflcatlon
condltlons (1.c.) on the model f(V) 1f for each t€A the

equatlons

y(l)

have a solutlon y€I. That 1s, lf we wrlte

T {V I y=r, y(J) = 0}, 4., = X(rv)

Ixr(v)

hr( y) ^(v)v(I )

(6.1)

(6.?)

(6.3)

(6.4)

v

then the equations y(y) = 9 deflne i.c. 1f Av = l\.

Further we say Io.f., ls (globaIIy, JocalIy, strongly)

ldentlfled in I by the 1.c. y(y) = 91f Jo ls (cltoballv,

Iocally, strongly) ldentlfled 1n lo.

hle w111 assume that the functlons y(l) admlt continuous

flrst order partlal derivatlves ln a nbd. of Io aud wrlte

âv
Y ) d'(rl'(V

t

Vo = V(Vo) and hlo = 1'1(Io). Then parallellng the results

(1), (11) and (iff) above we have

(1v) If l.tlo tras rank q then Jo 1s IocaIly ldentlfle<1

by the 1.c. y(l) = 9.

(v) If Io is a regular point of l{(1), then a necessary



eondltlon that Jo bu 1ocaIIy ldentlfled by the 1.c.

y(t) = 9 ls that rank (l^lo) = q.

(vl) If 't¡lo has rank q a necessary and sufficlent

condltlon that Jo be strongly ldentlfled 1n I by the 1.c.

y(:) = 9Is that thet'e exlst a nbd. of To ln fo such that

all Iln thls nbcl. are lclentlffecl ln f by the ldentlflca-
tlon condltlons.

The results (1v) and (v) ã.re glven by Rothenberg

(tgTt), v¡h11e (v1) 1s a dlrect extenslon of (111). VIe

also have the follov,rlng lemma r+hlch 1s of l-mportance 1n

the determlnatlon of m.d,.e' fs.

Lem.ma 5 If the equatlons v(V) = 0 cleflne i; 1.c. on the

norlel- X(V), and fv ls def lned by (6.2) tl'ren

F(E(v);s) ))Ylnf F(r( S

39.

(6.5)1nf
y'r JG rv

Proof Sl.nce f c fv

lnf F
v€f,J\J

(r(v) rs) 1nf F(rtv);s)
Y€T

e(r(v);s)

Suppose the lnequallty 1s strlct. Then there exlsts

Jr€I sueh that

F(E(vr);s) . UlI*rv

Holvever, by our deflnitlon of 1.c. there exlsts Ir*I.,
such that x(vz) = x(Yr) and so

F (r(J);s) ,F(x(vz);s) f
r

1n
y€

v

ruhlch ls a contr¿rdletlon. Thus (6.5) holtls.
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Corolla Lrf y€f 1s such that

F (¿(il , r)
v€l:v

and y 1s an lnterlor polnt of I, then

äF

ry

Coroll 2 If under the con<l1tlons of corollary 1o

1s detenmlned by the Lagrange multlpJ-ler technique, 1.e,

as a solutlon of

Ë"'

0

Y

Y

+ y' (f)l 0

0v(v) (6.6)

wlth ¡ a vector of Lagrange multlpl1ers, and lf V(y)

has rank ù, then l=9.

Prool By corollary 1, u"(l)l=9 whlch lf the corumns of

V'(y) are llnearly l.nclepenclent lmplles À=0.

ïn order to extend the results of ,"]rro., 2.4 to the

case where the parameters a?e ldent1f1ecl by 1.c., wê

modlfy the assumptlons (c) and (d) of sectlon 2.3 on the

moclel to glve

(c) Io 1s a regular point of A(y), r¡rlth

rank (A ) = rcq.
o

(d) there exlsts s = q*r ldentlflcatlon condltlons

y(y) = I on r, wlth y(Io) = o, and vr(v) possesslng

contlnuous flrst order partlal derlvatlves ln a nbd. of

Io, 1 = L ... s. Further, vrlth w(v) deflned by (6.4)'
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rank (l^lo) = q.

(e) there exlsts a nbc1. of Io 1n 1.,, such that all y

1n thls nbd. are ldentlfled 1n f by the 1'c' Y(l) = 9'

l^le shall also need the foIlowlng rue1l known result

Isee ê.8. Rao, I973, Þ.34]

Lemma 6 Let A and B be matrlces wlth slzes mxq and txq

respectlvely, and R(A') denote the range of 'A-' Then 1f

rank (A) = rr rank (B) = (q'-r) and R(A') n R(B') = I

(a) A'A + B'B 1s qxq and nonsln¡rular

(b) (A-A + R'B)-'l 1s â generallsed Jnverse for A'A'

Î,le note too bhat R(A')i'ìR(B') = 9lf any only 1f

rank (A') + rank (B') = rank(h'jB'), a's 1s eas1ly shown

by consl-deratlon of Lrasis vectors'

vle assume that a sample varlance matrlx is ohserved

wlth an asymptotlc cllstrlbutlon d.ef1-ned b¡¡ (4.1).

Corresponclln¡r to the clefinltlons of sectlon 2.4 vfe nolÀI

deflne an approxlmate m.d.e. Ytf as an element of I.,

satlsfYtng

F(x(v*):s) < c 
+åi 

t(rtvl;s) (6'7)

r¡r1th e a cons tantancl f.".], and note that by lemma 5,an

approxlmatem.cl.e.aItuaysex1sts.Slm1lar1yanm.d.e.ls

now deflned as an element of 1., such that

n(r(vl;s) = 1nr F(rtv);s) (6'8)

rdritlng Xlr = [(y*) for any approxl,mate m.d.e. y*, wê see



by (t4.5) (urhlch 1s derlved lndependently of the para-

metrlsatlon) that f,tç Io o (n-!r). In partl-curar then

42.

(6.9)

and slnce " hJ.¡ (v1) above , eond!t'l ons (d)

ensure that Jo 1s strongly ldentlfied 1n l.r,

= Ao(Io"-Io) + frlgher order termsõ-o

P
t'l'r ') t

o

Further, slnce

we have

Ao'(gtu"'go) = (^o'Ao+Vo Vo)(I*-Io) + hlgher" orcler terms

wh1eh, slnce 9*' 9o = onin-%), hry lemma 6, lmpIles
''u) . ,Summarl s 1ng then ' !'Ie ha ue correspond*

I*'"To = orr('

lnfl to theorem l,

so

d (e)
p
* Io'

an

TN

g = y(I*) - y(Io) = Vo(Iuu" Jo) + hlsher order terms

o*

Yr(*r,^r1th

Theorem 4 If uncler the J-.e. v(y) = 0, Y':{ 1s any

approxlmate m.c1.e. of Yo, then Yv' ls conslsteut for yo'

Y = o (r,-lu)¿o p

S1mllar1y, correspon<l1nfr to theorem 2. uslng

lemma 5, eorolla-ry 1, 1t 1s easlly shown tlnat

The orem 5 The probalrlllty that an m. d. e. exlsts and

1s Elven as a solutlon of

âF
ãT 9(rcIl ¡s)

+f aS n4Êoo,

It then follov¡s from ( 4 .16 ) and ( 4. 17 ) tfrat wlth E

defl.ned bY (4.1-1)

^o'EAoCy-fo)
and so¡ slnce

= Ao'E(:-go ) + oo (n
*14

) (6.1_o)



 
Q = v(v)

43.

(6.r.1 IY(ro ) = vo(i.-vo) + oo{r,-k)

and slnce R ( Ao'Elã) = R( oo') , by lernma 6

(i- yo) = (ao'Bao+1/o'vo)*tÂo'E(s*oo)

/ñ( v*v^ )
- -U

/n(ô-oo) + I'i(9, 2Ao IG*1(ao'EAo)G*I ] Ao-)

+o(n
1)

) (6.12)L
-'2

Thrrs correspondlng to theorem I t^re have

Theorem 6 Ilnder the i.c. v(y) = O, let an estlmator

be def inecl as an m" d. e. whenever an m. d. e. exlsts, and

otherlrrlse as an app::oxlmate m. cl. e ' Then

Y

ulhere

G A ,Tì¿\ +V V
o o

Corolla 1 Under the eohdltlons of Ùheorem 6,

N(!, zG-L(Ao"EAo)G- 1) (6.13)

(6.1-4)

(6.15)

oo

Further, uslng similar r.easonlng to that of theorem 3,

corollarY 2 lve have

Corollary_2 Under the eondltJ.ons of thec*em 6

nr(î;s) + x2(d) (6'16)

urhere fl = 1-r-p(p+1) r.

\,le note that, vrlth reference to t¡e conci1tlon (d) on

the mode1, j-t has been assumed that 1'c' y(l) = I exist and

are such 6".at y(Jo) = g. In practlce v(y) 1s usually

chosen for convenlence |n the estlmatlon proeedure, and

y hecomes t.¡at member of the faml.ly of 1 wlth [(V)=t(Jo)
.¿o

vrhlch sattsfles the condltlon. Although thfs Io mav no

longer be the true (1.e. population) value of I 1t ls
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lndl stl-n6u1shatrle from 1t when lnference ls vl-a X. \¡le

also note that 1n assumlng (q*r) condltlons v¡1th

rank (Vo) = (q-r) r,re are merely ensurlng that the condlt*

lons are essentlally lndependent. I'tro real changes to the

theory are requlred 1f there are more than (q-'r) 1.c.

provlded that rank (Vo) = (c,.-r) ana rank (lr'Io) = q'

Remarks slmllar to those follov¡1ng result (fff) above can

also be rna.de about models for t'rhlch Io ls not a regular

polnt of A(Io) or of 1I(Io), rtrlth such cases usually

requlrlng lndlvidual conslderatlon.



2.7 App I1eat1on to models of root structure

To 11L-istrate some of the effects of the cholce

of FeF vre conslder the estimatlon of the parameters of

models wh.1eh specÍ.fy strttcture for the e1¡1en values of

E, but for rvhlch nc constralnt 1s lrnposerl on the

collrespondlnq elgen vectors, 1.ê. 1f r¡le assune the elgen

vaJues of X are L¡ > ...

f, = J.AJ'" J'J = I, (7.1)

We are corìcernecl r+l-th models r.rhich speclfy a structure

for À, sâV 
^çfÀ, 

but for rvhl.ch J ma)¡ he any elementl of

o(p), the group of orthogonal pxp matrlces. I'[odels whlch

specl-fy sets of equal roots are eommon examples of thls

type,

The <leter:i¡ _b10n of the m.d.e. of /\ and J foIl0wi-ng

the observatloli ùrj' a sample varlanee matrlx S, l^¡lth elgen

4¡.

Q.2)

(7.3)

values [, r > , L, ¡ 0r [, = dlag(Î,r) and

S = I(LK,, K.K = T2

may be convenlently d1v1cled lnto ttnro parts, vIz., the

rnlnlmlsatlon of F(J^J',1S) rvlth respect to J for glven Ào

then the rnlnlmlsatlon of thls conciltlonal ml.ni.mum wlth

respect to 
^. 

For maxlrnum Ilkel1hood estimatlon 1t has

been shovrn by Anderson (f063¡ that v¡lth Fz(I;S) deflned

fn table 1, F2(J^J-;S) 1s mlnlmised when J=!( lndependently

of A, ancl so

i.nf Fz(JÂJ';S) = rrz(Ä;t,),
.reo(p)

rrrhlch may then be mlnl-mlsed vrlth respect to 
^. 

I'le seek a
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eorrespondlng result for general F€F. In dolng so l"\¡e

make use of the follor¡rlng well knor..,In lemma.s [see e.E.

Bellman (1960)1, vrhlch we restate here 1n a eonvenlent

notatlonal form.

Lemma 7 Let Q = dlag(er) r^rlth el > ... t tn have k

dlstlnct dlasonal elements rulth multlpllc1tles nr mk.

Let H and J be elements of O(p) ancl @ = dlag(Ôi). Then

JOJ' = IJOH' (7.4)

lf and only 1f J ancl 0 may be wrltten ln the forms

J= IltlP'rÕ=POP- (7-5)

for some permutatlon matrlx P and some matrlx

l,I= I = dlag (t,t )
1

wlth rír€O(rf)

Lery. _q Let i1 anC B be nxp syrnmetrlc matr:lees r,rltll

0, >-L p

elEen values of B. rn':Ith k dlstlnct values of multlplle1tles

rnl ffik, and,Â = TlOlI" R = JõJ'r'llth 11, "T{:610¡. Then

2

o

M

0

Ì,4

0

r0
i

0

0

t4t

AR = ïlA n.6)

1f anC only J.f .l can1-'e r''rltten ln the form

"T = IlPt4' (7.7)

for some perrnutatlon rnatrlx P and Some tt = cllag(tÍr) ' r^rlth

tÎ1ço(rr )

liovr corresponcì1ng to the maxJr4um 11!tellhootl sltuatlon



hre have

Theorem 7 Let S be a flxed nxp posltlve deflnlte

symmetrlc matrlx and L and K be deflned by (7.2), ]et

[ = dlag(Àa) be a flxed dlasonal matrlx wlth

Àr > ...'p
mu1tlp11c1t1es rrr nk. Then for any F€F sueh that

Of'(0) 1s monotone lncreaslng on 0)0, J 1s a statlonary

polnt of F(,fn.f':S) on O(p) lf and only 1f J can be wrltten

1n the form

(7.8)

(7.c))

4l .

,2

J = KPN-,

for some permutatlon matrlx P' and lil = dlag (l'li), 1'Ilth

llreO ( n, )

Proof For any J we wrlte f, = J^J'., and 1et the eigen

values or s-kts-\ n. o¡ > ...
values v¡1th nultlpì-lcltles m¡ tk, O = dlag (0r) and

s-tjls-b = FIoTI', H'H = T. Thenr wlth a, = f '(el),

[ = dlag(or), by $.6)

dF = tr HAH'o-lz¿¡s-lz

= 2 tr HAH's-%dJ^J's-L

= z tr JAJ's-%HAH's-%dJJ',

whlch, since JJ'= I lmplles dJJ- 1s skew symmetrlcr ls

equal to ze?o for all dJJ' 1f and only J-f J^J'S-%HAH-S

1s symmetrlc. That ls, 1f and onlY 1f

SS-tálS-%HAIl, = HAH,r-le¡o-%g

<+ (KtIt') (HOAH- ) = (HoAH') (KLK') . (7.10)
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Thus J ls a statlonary polnt of F(¡^J':S) on O(p) lff

the correspondlng 11 and O satJ-sft¡ (7.10), 1.e. by lemma

B anrl ttre assumed monotonlclty of 0f'(0) 1f anci only lf

H has the form

H = Kp¡t4' (7.11)

for some permutatlon matrlx P1 and l'i = dl.ag(l1r), r^r1th

I\{ieo(tr). rn such cases

l-
'2-f,=J^J'=S HOH,

= KLbK -KP 
r i\I 

- oI'tP îK' KLbK'

= Kr,ltP¡oPilkt{' Q .r2)

whlch by lenma 7 1s true l.f and only j r f or some P and

Irl as 1n the statement of the theorem

!(=JNP',LtPrePíL = Pl\P- (7'13)

1. e.

J = KPN-, o = efl-'kene'L-Þ'Pr (7'14)

Femaq5 For all F€F the conditl-ons (3.3) and (3'4)

ensure that 0f'(0) 1s monotone lncreaslng 1n a nbcL. of

0=1, but not necessarlly on O>0. I'lhere thls condltlon

falls 1t ls easl]y Verlfled that J = KPN' glves ll and o

satlsfylng (7.f0) and so 1s a statlonary polnt of

F(J^J', S) on O(p) . I{ou¡ever, the neeesslty argument falls

for partlcular s and A. The sltuatlon ls consldered

further later.

CoroIlarv 1 trdrlting J = I(Pl't", wlth P and N as above,

sk

P

the minlmum over all permutatlon matrlces P of

F(J i\J ' ;S) occurs when P = I for all Â and S-p p
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lf and only 1f

)(,tf ) + r( ì) f
À,.

\
(7.15)

(7 .76)

Q.r7)

t,'
T:

1

>0

for all I T.
_1

Proof

Thus,

F(^

¡, 0r Lt uJ >0

À

+ f ( I

I

F(,r 
^J 

-"S)
pp

- F (KPN.AI\P,K, ; I(T,K, )

= F(PÂP';L).

if 
^_ 

= p¡p' = dlag(Ài*),
p

F(Jp^"Tp' : S) = F (t\n:L) ï
f=1

The cond1tlon ( 7. 15 ) ts clear1-y neeessary. For

suppose there exlsted Àf t Àj > 0; Lt , gJ > 0 such that

0.L5) falled. Then taklng /\ and S so that )\i,ÀJ,[l,CJ

are the I and. J elgen values of Â anrl ¿1 respectlvely, and

^
(Àr À t+1 À j-1 T

J+1
À thentÀr

^J r)IÀr
p

)

(7.18)

<0, so that the mlnlmum ls not achlevecl at P=I.

To tlemonstrate the sufflclency' suppose that (7.15)

holds for all Ài>Àl>0, .0,i>l,J>0. Suppose that 1\p+^, and

À j*^r. Then ÀUt' = Àf for some k>1,

Ài ^l*, ^i.-, ^J ^l*, ^;)

has À tç=Àrr
and 1f Ao,

, f<1, Àru'

= dlag(À1

F(^ rL) F(^
p ',*, ',ll(7.le)¡[,) oto )p-t

> O by (7,15), ,/tpp1y1.ng the same argument to Ao, and so

onn 1t follows that F(Ân;L)': F(1\rL) \ 0.



50'

The theoren: and corol lary to¡rether shõw trlat lf

f'(XlS)€F ls such that 0f-(0) J-s monotone increaslng

and f(g) satlsf1es (7.L5) for all Àr.tlJt0, Ii>gJ>0' then

for all Â and S of the assumed forms

lnf F'(J^J'"S) = F(^,L)
.reo( p )

0.20)

l¡ith the mlnlmum belng achleveci at J = I(1\1', r¡r1th N

as 1n theorem 7.

It is easily verlfled tlnat of the estlrnatlon functlons

presented ln tahle 1, t'/ÏL" GD and DIV eaeh satlsfles both

of the condltJ.ons and therefore (.7 .20) ' For TGLS

0f '(O) 1s monotone lncreaslng on O<012, r,vh11e (7.]-5) notas

lf and onlY 1f

(n.r+nr)(l'r+r.r) > 2ÀiÀJ. Q.2t)

S1m1larly for GLS, ef'(O) ls monotone lncreaslng on

t.r(O2 r.uhlle (7.L5) frolrls lf and only 1f

(ri+[j)(Àr+ÀJ) > lf.'rÍ'J, (7.22)

and a slmltar result 1s also true for GLSF'

ble note, hov¡ever, that for any FeF, 1f ; = iî;'J-* an

m. d. e. of X, as n+co

lnf r(;rî.1-: s) = F(î;l)
.reo(p )

0 .23)

aP
0, X-S + 0'

)
+ 1.

Pr t

^P
as shown 1n sectlon 2,\" F(X:-s) ''For,

ap
and O-I + Q.

polnt on O(P)

of theorem 7,

If F(JUI';S) ï¡ere to admlt a statlonary

not of the form KPN', then, bV the argument

1t must liave at least one of the
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eorrespondJng 0 outslde the nbd. of 0=1 on whlch
ap

ef-(0) 1s monotone lncreasln¡¡. Thus slnce 0-f + 0 the

probabllf.ty that 3 frt, the form KPr\l' approeches 1 as

n+@.

To establlsh that for anY Fef

mln
J=KPNPr _ l:-n(J^"T'I s) = F(Â:L))+ 1 Q .24)

Q .25)

(

as t1*6r 1s rather len8thy because of the dlfflcultles

ralsed by certaln speelal cases of equallty ln the roots

of Xo, the Uopulatlon varlance matrl-x, and we demonstrate

here only that

î, À,-
Pr f+ ( ) "r( ) +l-

oJ ri

as n-)ær for 1 < J _u vrhlch by the arguement of corollary 1

fs a necessary condltlon for (7.24). Slmf lar reasonlng

can be used to establlsh a eorrespondln¡1 suffl-clent

condltlon.
p

and S X_+ 0" lf the elgen values
o

of [o are Àfo) >...
aPP
/\ Ao* 0, and L * Âo* 0. If the number of lndependent

parameters 1n ÂrJ ls to be eonstant ln a nb,d. of Âo 1n

IÀ, equalftles 1n the elements of /\o must be matched by

equalltles ln the elements of 
^ 

for all 
^ 

1n a nbd of

Ao 1n rÀ. Thus for all 1> J such that 
^Í")-ÀJ(" 

as

Slnce X *
p
+0lo

n+ôo Pr(Àt = lr)+1, and henee



.[ä]Pr

then as n+co

0 1
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Q.26)

Q.27)

(7 .29)

2l

of Table

ïf^Ío)>À
J

(o)
,

+

n for eaeh

), Àr >....>
I
of S are l-y¡ >..

of the estlmatlon

ÀÍo)
a

{t

> l.- >rnt
functlons

P
+

¡ Or and so (7 .25) ho1ds.

'l¡le also note th.at s1-nce, K_lrtr' ,

F(A;t) lnf F(/\;L)
ÂeI^

0.28)

(a.ssumlng that ühe lnf 1s achleved), by (7.23) for any

FeF the asymptotlc dlstrlbutlon of the estlrnate of A

obtalned by mlnllmJ-satlon of F(ÂlL) on Il 1s the same as

that of the true

As an lllustration of the rllfferences ln estlmates of

Â r,vhlch cAn occur through varylnq cholce of Fe v¡e present

ln Table 4 the esf,lmates obtalned hy mlnlmj.sctlon of

F(Â;t) for the equal roots rnoclel

erv"n i

^
m. d. e. 

^.

A = dlag(ÀrI*

when the elgen values r,

I,k*k

1-. l{e note that the harmonlc mean estimate

À,. -;ilfmr
[, i,

whlch does not appear 1n Table
¡¿

by the minlmlsatlon of F2(^;L)

3 ls the estlmate obtalned

= Fz(r,:Â).



53.

TABLE 4

Some estimates fo'c the equal noots nodel

FUNCTTON î,

,Dllr
IJ = r

, f,ìi

I,I,

, tl-

[,],

.;tl 
J 

-,*lII
IJ=rtt,Ïl

.;il
rl-

IL

l., ],';l J[, Ïl

L2L
1JTGLS

t4L

GD

DIV

GLS

GLSE

1J

r- /nfJ t

m
L Lliîf

1Jr.L
J=1

L /rJ

No expllclt solutlon
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Chapter 3: test statls c

.1 Intr tlon

üIe have shown ln sectlon 2.4 that for anl¡

model E = E(I) satlsfylng the'conrlr.t1-ons {¿)

sectlon 2.3 t

^T = nF(E;S) .i X2(d)

^^^where f, = ¡(V), with y an m.d.e. of Y and

F€F

to

and

(d) or

( 1.1)

d.=þzp(p+1)-9. (r_.2)

The statlstlc T thus provldes a readlly applled test of

the approprlateness of the moclel. !'le have however at thls

stage no ld'ea of how large ,n need be before the

approxlmatlon to the dlstrlbution of T provlded by (1.1)

1s reasonable. As an accurate knowledge of the distrlbutlon

of the test statistlc would be a good reason for prefering

one element of F to another, ln thl-s chaptere we examlne

ways ln whleh the approxlmation 1n (1.1) rnay be assessed

and lmproved.

Box (r_g49) derlved fon any statlstlc 1¡l with a pre-

scrlbed form for 1ts moments, and' for constant g t an

asymptotlc expansion fon the cumulant generating functlon

(c.g.f.) of pM = p(-2 1og W) [see also Anderson, 1958,

p. 2031. tlhen ns follows the llishart distrlbution, for

many standard hypotheses of varj-ance structure the moments

of À have the requlred form [Anderson, 1958, chapters I

and gt and the expanslon for the c'g'f' of

pM = p(- 2 1og ),) has the form-

. o(t) = - å loe( L-zrþ, * i=tt.[(]--21t)-r 
1I

+ o(n (m+r), (1.3)



where t, = O(n-t) and ls lndependent of

that the dlstrlbutl'on ft¡¡¡etl.on (c'd'f')

has the form

pr(pM < x) = P¿ * tor(Pu*r-Pu) + o(n:z),

55.

t. It follows

of pM also

i

Þ

4

&

fl

where

p¿ = Pr(Xt(¿)<x).

If then p 1s chosen so that ür t=O,

(1.4)

(1.5)

(1.6)Pr(pM<x) = P¿ + o(n-2).

Ìte say that the dlstrlbutlon of

x2 (d) to o(n-1), since the 0(n

of (1.6) agree.

This result was extended, by Lawley (1956) who showed

that under qulte general cond.itlons on the 11kellhood

functlon and- the form of the hypothesis there exlsts a

constant p sueh that the dlstrl-butlon of PGZ log f )

agrees wltlr X2 (d) to O(n-l), where as before I ls

the llkellhood ratlo. Lawleyts assumptions would generally

be satlsfled for models of varlance structure, where, vrlth

pM

-1)
agrees wlth

terms on both sides

nS d.lstrlbuted l¡llshart, -2 1og À = nFz ( f ;S) = Tz sâYr

with pr(f¡S) as deflned 1n sectÍon 2"3'

In order to determine a sultable p 1t ls then

sufflclent to determlne E[Tz] 1n the form

n[rzl = d(1 * *' *þ + o(n-3)) (1'7)

whence any factor of the form

p=t-ft*o(n-2) (1.8)

wlllachlevethed.esiredresult.Inpractlcepls
usually chosen as elther (l-tcr/n) or (1+kr /n)-t, the
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cholce belng made to give the smaller o(n-2) term, 1.e.

the for:mer w111 be favoured lf ZÍ.z >

The use of a factor ln thls way ls very appeallng ln

Lts slmpllclty and effectlveness for the ML test, and lt

rnlght be hoped that slm1lar pnopertles appty for general

F€F.

In order to explore the sltuatlon, 1n sectlon 2, for

a sl1ght1y restrlcted class of elements of F, we conslder

ln deta1l the test for speclfled X' 1.e. vre examine the

d,lstrlbutlon of r = nF(Eo;s) for nS - otn(n,xo) wlth

xo known, oñ the reasonable assumptlon that this w111

glve some gulde to more general cases and certalnly that

1f for some ¡€F the distrlbutlon approxlmatlon avallable

1n thls case ls poor then thls 1s also likely to be true

more generallY.

trfhlle the results of sectlon 3 " 2 were pr1mar11y devel-

oped as a gulde to more general models, there belng good

approxlmatlon to the dlstrlbutlon of the ML test statlstlc

already ava1lab1e [KorÍn (1968)' Davls (1971)] they may

st1l1 be of lnterest for testlng f, = Xo for other reasons '

Thus Nagao (Ig73) consldêred the use of nFr(Xo;s),

because of 1ts relatlonship wlth the asymptotic varj-ance

of the ML test statlstlc under the alternatlve hypothesls.

Two approaches are adopted to the dlstrlbution

approxlmatlon. Flrstly the expectatlon of the test

statlstlc ls consldered wlth the aim of determlnlng, 1n

the manner of (1.7) and (f.B¡' a factor p for whleh

E[pT] = 4p(p+1) + O(tt-z). Secondly a technlque used by

Nagao (L973) fs applled to obtaln an expanslon for the

L

Ë
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c.d.f. of T to o(n-l), correspond.lng to (1.4). A

eonsequence of the form of the expanslon ls that 1n general

a result iorneepondf-ng to (t.6) ts not posslbLe. A

numerlcal experiment ls then descrlbed whlch compares the

two methods wlth each other and the sl-mp1e approxlmatlon

(1"1) 
"

In sectlon 3.3 we show that for models of a type

frequently encountered ln practlcê, the fonm of nf(î;S)

slmpllfles for many of the commonly used elements of F. The

des1rablllty of some lmprovement to the approxlmatlon

(1.1), then lead,s rrs to suggest 1n sectlon 1.4 two factors

whlch mlght be used for general models when detatled

knowledge of E[nF(î;S)l 1s not avallabIe, as ls fre-
quently the case when estlmates are determlned lteratlirely.
The results of sectlon 3.3 suggest for the lmportant ML

ease, two further approxf-mate factors whlch are also

presented ln sectlon 3.4. A comparlson 1s then made

between the proposed factors and the approprlate factors

for two models for whlch these are avallable.

I

t-

¡

I
lt,

I
i

!

I,

i

L

Ë
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ù-
the test for s lfled E

? 2 .1. Largê S amn'l e cxneetetl ons of the test st â.t1stlc

Under the assumpülon nS - Wp(nrEo), we derlve

E[nF(Eo;S)l to o(n-2), and thence an approprlate correc-

Pr such thattlon factort
ElnpF(Eo;s)l =4p(p+1)+o(n-Z) (2.1)

wlth p belng ehosen elther so that O(n-2), the remalnder,

1s zero, or 1n the manner descrlbed by (1.7) and (1.8).

l,le restrlct conslderatlon to F€F for whlch f(0) admlts

a Taylor expanslon of the form
6

f(o) = E â,(o-l)J + o(o-1)?, (2.2)
3=2 J

where az = L2. t'le denote thls subset of F by F r , and

note that all the estlmatlon functlons consldered 1n section

2.3 are elements of F l. tr{r1t1ng 0f = tr-t, so that

ôr >

FeFr may also be wrltten ln the form
6n

F(E;s) = i o, I(0, - l)J + o(01 1)? (2'3)
l=2 JL=l

and for thls sectl0n we flnd thls form more eonvenlent than

the expanslon based on (2.2). I'le note that the ars and

brs are slmply related bY

,J = (-1)J,f2 (*:l)0", (2.4)

I

I
t
'i

I
I

i

i
I

I

I

s-E

b{ = (-1)j l^ (*:11",.
J r=2

As shown ln fheorem 1 of ChaPter 2t

'4r r' when 0 r >

slnce

are the elgen

(2,5)

(2.6)

o = on(n

values of rlhsrlh,

(or-r) = on(n- ) ,
4 1=1...p,
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so that to determlne E[nF(Eols)l to o(n-l) we need

only take the flrst three teims ln (2.3) whlte the flrst

flve term w111 be sufflclent to determlne E[nF(Eo;s)l to

o(n-2).

Weseektheexpectatlonsofthelndlvldualtermsof
(2.3). In obtalnlng these¡ wê shaIl use the followlng

lemma due to Das Gupta (1968) lsee also Kshlrsagar' L9T2'

p.701.

Lemma l- If A - V'Ip(nrI), then

where "k

E [Ak] = "oln
ls a constant dePendlng on krn, and P'

The proof ls glven by Kshlrsagar who also used dlrect

methods to determlne the vaLues for k = -2" *'l-' I' and 2'

Corol1arv. Unden the condltlons of, lemma 1-

E[tr(Ak)] = E[s¡l = "kP 
(2'B)

where "k = tr(nk) ls the k th power sum oi the latent

roots of A. !

The general form for E[snl,k >

tlons of the other baslc power surn fUnctlons of a matrlx-'

ZA,.wllh A - I.ln(n,E), .for general flxed X and Z has-'been

glven by FuJ 1kosh1 (tg73, formulae ( 3. 9 ) , ( 5.15 )-( 5 '2#) ,

who also glves tables for calculation for k I 6'

Applylng his nethod for f' = [ = I and comblnlng the

results wlth those glven by Kshlrsagar, wê obtaln the

followlng values for co:

c-z = (n-1)/{ (n-p) (n-p-r) (n-p-3) } 
'n>p+3

c- I Ê t/ (n-P'A) ,n>P*l

(2.7)

I

c o
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it = 11

e2 = n2+n(p+1)

cs - n3+n'(3p+3)+n(p2+3p+4)

c,r = nrt+n3 (6p+6)+"t2 16pz+17n+a1)+n(pa +6p2+21_p+20)

is = nS+nh (1op+10)+n3 (20p2+55p+65 )+n2 (10p3+55p2+L7!p+t-60)

+ n(p++l-op 3+6!p2+l-5op+148 )

c6 = n6+ns (r5p+r5 )+nu (50p2+t35p+L55)+n3 (50p3+262p2+ZBZp+201)

+ n2 ( t 5p 
{ +r 3 5p 3 +7 B 7p 

2 +t B z 7p+ 1620 ) +n ( p s i-l- 5p | +1 55p3 +7 ol:p2

+1620p+L34B). (2.9)

l¡Ie note tt¡at for k>o these may be obtalned more

dlrectly by lnvertlng the relatlonships glven by James

(1964) to wrlte "k = tr(ek) as a Ii-near combLnatlon of

the zonal polynomlals , 2,,<(A), wlth r â partltlon

0{l k ) of k and the coefflcLent of Z (n) depend-p- K

(b)
ir

(2.1_1)
I

1s a symmetrf-c functlon of n and P¡

k>o, pck w111 be a syÍù¡retrlc functlon

a result not apparant from the above

ck. Thus e,g.

1ng only on K. Then, from Jamesr formulae (21) and (24)

[due to Constantlne (1963)] 
' fon A - l^Ip(n"I)

ElzK(A)t = z2k (å) (å) (2.r-o)
KK

where

(a)* = I (a-r"(l--l)rurt
l=1

= fif (b+J-l-).

J=l'

Slnce E [z 
K 

(A) ]

we see that for

ofnandp
expresslons fon

Pcr = nP

Pez = nÞ(n+P+L)

pcr = np(n2+3np+p2+3n+3p+4) (2.L2)
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e

h)nl = cLPD
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(2.13)

( 2.14 )

ntl4st--"- üt^(n,I) rt folLows thatoop

E [tr( rrksr]

so that, for k>0,

= Erl oÍl
f-l ¡

-lc
t

E.
o

k

= nltr(rã

= Etl (o*
f=l 4

k
ks k-r)kl

-r)

(-1)k-f (T)

I

p
lc

I cf
ñ1fo0

lrle thus obtaln the foLlowlng values for .k

êr = 0

êz = p(p+l)/n

ê3 = p(p2+3p+4)/n2

€rr = p( 2p2+5p+5) /n2+p(p 3+6p2+2lp+2}) /ng

ê s = p ( 5ps +25p2+f 0p+60 )/n3+p (pb+top 3+65p2+l-60p+148 
) /n)

( 2.1_5)

Uslng the expresslons for ok lre can calculate exact

expresslons for the expeetatlons of some of the partlcular

estlmatlon funetlons whlch we'have considered. These ane

presented ln Table 1. In all cases the expectatlons may

be calculated to o(rr-2) by

( 2.16 )

lrlr'1tlng
(2.L7)

ê5 = p ( 5ps +22p2+!2p+41 ) /n9+p( 9p"+65pt+397p2+867p+732) /na

+ p (ps+15pb+155p3+7otp2+1620p+l-348 ) /ns,

Elnn(Eo;s)l = p(p+t) (t**t * *e * o(r,-2))

E [nr'( Eo,s) ] = tÍ-roo.k r o(r,-2 ) .

Tab1e 2 presents the values of the bn and the resultlng
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krandkzforeachofthefunctlonsconsld'ered.Table
3 then presents the eorrespondlng factors P¡ determlned

to satlsfy (2.1), together wlth values of Rî where

E[np]'(Eo;s)l = e(pËl) 1r*f'í + o(r,-2)) (2'18)

TABLE 1

Exact expectatlons for some estlmatlon functlons.

T'UNCTION EInF(xo;S)l

TGLS

DIV

GLS . n3+n2 z+2 + 1
n-p n-p- n-p-

TABLE 2

-2
ct lons of some estlmatlon funetlons to O n

kr kztlN" bs b'* bs be

TGLS O0 0 0

LL L
"-2 z --2

3.
2l_ -2

|(zn+r-ft) |{n'+n-z)

f, [ron*e-o|l) 1fu {toonz +154p-65-tr)

p+l p2+2p+l-

4p+5+pfu Bp2+zop+ n+f+T

!l,zov+zt*þr) þ {rz orn2+345?n+54 3r

'p+1',

00

ML

GD

DÏV

GLS

GLSE

11
56

1-1
34
111 5 ]-37

--2 ú -E 16
L
z
2
2

-zF -?,\+
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TABLE 3

Correctlon factors and corres
expec on

-20 n terms of

FUNCTÏON p Rz

0

0

1TGLS

ML

GD

DIV

GLS

GLSE

1

1-

t_- pl-L
n

2o2 +?a.-1"_ð_ncïiT k (zp, + zp i- ffi,,t
10p2+19p+7

12n1p+t )
- # (roop'+284p+46!+{ffi. }

(n-p) (n-p-1) (n-P-3) 
-n' +n' (p 2+zp+3 

) / b+l) -np ( p+3 )
0

1r + e9dffg{f}¡-' *olrr0tp2+345?p+5431 
+ ffil

l¡le note that Korln (1968) obtalned the ML results

presented here uslng an approäch closely paraI1ellng that

ofBox11949).TheMLfactorhadbeenderlvedearllerby
Bartlett (1954).

Consfderlng the slze of the terms lnvolved 1n Tab}es 2

and 3, lt seems that for GLS wlthout a factor the x2

approxlmatlon to the dlstrlbutlon 1s golng to be poor for

anythlng but very large n, whlle for GLSE thls 1s llkety

to be true even when the laetor ls used. Accordlnglyt

we drop GLSE from further conslderatlon- t{e note that,

uslng the expectatlons as a gu1de, appllcatlon of the

Xz approxlmatlon wlthout a factor ls l1kely to lead, for

all the estlmatlon functlons consldered except TGLS, to

too frequent neJectlon of the null hypothesls. I'le w111
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see thã.t thls súggested behavlour ls boÈne out 1n the

numerleal experlments descrlbed 1ater.

3.2.2 Asymptot lc dlstrlbutlon of the test statlstle "

The asymptotlc dlstrlbutlon of nFr(fo;S) has been

determlned to o(n-l) by Nagao (Ig73) by wrltlng the test

statlstlc 1n the form

T1 = hFr([ ;S)o

=trY2+ (?'l=" tr yt + I-\n' on

3

trYa+o(n-z)
P

(2.19)

where y = (n/Z)

deflned as the real symmetrlc matnlx B such that

(?.zo)

From the asymptotlc dlstrlbutlon of Y, h€ then shows, vla

the characterlstlc functl-on of T1, that

Pr(Tr<x) = P' + 1 {f'^d n !-Ð P¿*o + f'Pd*4

(2.2r)

here d. = Ðzpçp+l), P¿ 1s deflned by (1.6), and the ff

are polynomlals ln P.

Thls approaeh may be extended to general estlmatlon

functlons havlng an expanslon of the form (2.3).

Slnce

(z.zl)

" uou {ro-%sro-b), wlth log s belng

s="8=r+B+åi-å;+

+ frP¿*2 + fo PaÌ + o(n-2)

Ê)b tr Y' * h. tr Ya * on(.,-å) e.?z)+ I (0,-1)2 = Er Y2 +
ti=l r

(or-t)' = filb tr Y' * * tr Yh * on(r,-å)

(or-r)h = fr t, v' * on (r,-*)

nB
!

)L*l= 
1

nBaL'f- I
(2.24)
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we have, for F(t¡S) wlth an expanslon (2'3),

T = nF(Eo;S)

= tr y2 + (t+2b.)(å)\t, Y' * [f * eo, + 40.)* tr Yb

( ) t (2.?5)+O n

+ o( n-2) (2.27)

I
P

whence, fo11ow1ng through Nagaors worklng, Pr(T<x) r¡as

the form Q.zL) wlth

rg = þt4p2+9p+7) 
(1+3b3)2

r2 =-$tz([p'+9p+7 ) (1+2b3) (1+3b3)

( 2p2+5p+5 ) ( r+6i¡ t+4b s ) J

f r = +g[9(4p2+9p+7) 1]-+zn a) 2

( zp2+5p+5) ( 7+36b s+24br )

+ z(pz +p_2 ) I

f o = - IOt zp2+3p-1) (2 '26)

The values of these coefflcj.ents for the estlmatl0n

functlons prevlously consl-dered are glven 1n Tab1e 4 '

Further, 1f X - X2 (d) and p ls some constant of the

form
k1

p=1-ñ

then lt ls easlIy shown vla the characterlstlc functlon

that

Pr(pX < x) =

Thus for p of the form (2-27)

tt - H)p¿ + # tu*2 + o(r,-2)

= Pd * *{f ,Pd*6Pç(oT < x) + tz P d+4

(2,28)
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(2.29)

$rhere

fî=fr*kdkr

f + Ldkr (2.30)
o

The values for the coefflclents 1; and ff for the estlmatlon

functlons prevlously consld.ered are glven i'n 'Table 5, where

p has been taken wlth the value glven ln Table 3. Probablll-

tles calculated using Q.2g) would of course agree to O(n-1)

wlth Pr(T < x/p) from (2.21) -

TABLE 4

fflclents f for some estlmat lon functlons

+ rí Pd*z * î: Pu] + o(n-z)

t'
o

The coe {

FUNCTION fe ãL2 f1

TGLS

ML

GD

DIV

GLS

b<'r" +9p+7 )

0

ls r lo'+9p+7 )

Ëg C uo 2 +gp+l )

åf un'+9p+7 )

-åC oo'+13p+9 )

0

-figf 2p 2 +5p+5 )

0

-$trup2+3tp+e3)

!(n+r) 
2

furrn2 +3p-1)

ät o'+p- 2 )

-futp+3)

$(n+r)'z

TABLE 5

The coefflclents fî f for some e stlmatlon functlons

Il fFUNCTION o

TGLS

ML

GD

DÏV

GLS

åtnt+zp+1)

p
-43'

D
16

-Pr4'

0

I 8p2+17n+11)

( 4p2 +9p+7 )

2p2 +5p+5)

-ÈT(zp2+3p-1)

0

l'.t oo'+13p+9 )

lqt +n'+9p+7 )

fiatzzp'+51p+43)
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T,le note f,hat, from (2.29) , wLth a factor p of the form

(2.27), pr.(pT < x) ean agree r¡rlth PU to O(n'-I) only 1f

f g = îz = O, whlch by (2.26) ls true only 1f b. = - å,
1

and bu = È, and thus only lf nF(Eo;S) agrees wlth

nFz(Eo;s) to on{n-1).
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3.2 
'3.

rlca c

we have ln the prevlous subsectlons glven four methods

by whlch the dlstrlbutlon of T = ntr'(Xo;S) nay be approx-

lmated when nS - ldp(nrXo). These' correspondlng to (1'1) '
(2.21) and (2"29), may be summarlsed as

(2.31)

o d)
(2 "32)

(2.33)

(a) Pr(T < x) * Pa

(b) Pr(T < x) * P¿ o *(f sPu*u*frP¿+4*f 'Pd+2

(c) B(PT < x) å P¿

+fP

(d) t+(pT < x) * P¿ o *(r,Pd+6+frP¿*+of íPd+r+r;Pd) (2'!+)

where p ls an approprlate factor determlned ln the manner

of (2.!T) and (2.1-B). üle wlLI now descrlbe a numerlcal

experlment whlch was conducted ln order to compare the

effectlveness of these approxlmatlons'

Thebasicmethodwastogeneratealargenumberof

sampl-e matrlces from t Wn(nrEo) populatlon and calculate

the correspondlng values of Tr thus obtalnlng a numerlcal

approxlmatlontothed'lstrlbutlonofTwlthwhlchto
comparethetheoretlcalapproxlmatlonsglvenabove.The
populatlon matr'lx Xo was taken equal to I' wlthout loss

ofgenerallty.Aseachof(2.31)to(2.34)couldbeex-
pectedtoperformwellforlargêDramoderatevalueof
n (n=40) was chosen, correspondlng to p=fi'

Four hundred lndependent sample matrlces from l'rln(nrI)

wered.rawn,thelrelgenvaluesdetermlned,andthence
bhe values of T ealculated for each of the estlmatl0n

functlons prevlously consldered. The samples from !'ln(nrI)

were generated vla the trlangular decomposltlon, the
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necessary X and N(Orl) rândom devlates trelng <ieternLned by

tnansformatlon of unlfonm random devtates. FuIl detalls of

the procedure are gtVeII ê.$. by Browne (1968). The unlform

rand,om devlates requlred. I4fere obtalned ustng the cDC

llbrary functlon RANI'. The values of T e¡ere then ordered

üo gÍ.ve the emplr1cal, or observed, c.d.f .. correspondlng

values of the approxlnatlng c.d.f. ts glven by (2.31) and

(2.32) were alSo calculated, the necessary values of Pa

belng determlned uslng a subroutlne klndly made avallablé

by Dr. l^I.N. Venables.

The emplrlcal c.d..f.rs, together wlth the theoretlcal

approxlmatlons, were plotted uslng an tncremental pLotten'

and the results âre shov¡n 1n flgures 1' 2A - 54. SlmlÌarLyt

wlth the values of p glven ln table 2' the emplrlcal

C.d.f.rs of pT (for the Same set of 4OO samples) and

thelr approxlmatJ.ng c.d.f . rs were f,ound, and plotted as

shown ln flgures 28 - 58. Note that for TGLSr P=l so

(2.33) and (2.34) are equlvalent to (2.31) and (2.32) '
whlle for ML (2.33) and (2'34) are the same'

Fon Tr to Tl ,the figures suggest that ' for the

pantlcularnandpused,theapproxlmatlontothec.d.f.
of T glven by Q.3L) 1s not,,partlcularly good, but l's

-l
improved by the 1nclus1on of the O(n-') term as ln (2'32)'

ForTztoTr+theuseoftheapproprlatefactorwlth(2.33)
also glves consl6erable lmpnovement over (2'31), whlle

for Tg ând T¡ this 1s further lmproved by the lnc1uslon

of th¡e o(rr-1) terms as in (2.34). For each of T¡ to T"

therelsacloseresemblancebetweentheobservedc.d.f.
and the best of the approxlmatlng eurves' 0n the other

9



70.

hand, for T5 (GLS), even though (2'33) represents a

considerable lnrprovement o\rer ( 2 ' 31) , the approximatlon

is still_ poor, while.n is apparently too small for the

inclusion of the O(n-l) term of tfie asymptotic series to

give any imProvement.

In conclusion then, without further informatlon on its

distrj-bution T5 is likely to prove an unsatisfactory test

statistic for the hypothesis I=xo for anything but very

large n, although any of Tr to T+ with the appropriate

approximating distribution should provide a reasonably

accurate test for moderate n.

1.0
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FIGURE 1 - Observed and approximatíng c.d.f. - Tt.
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FIGURE 3A - Observed and approximating c.d.f. - T3.
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FIGURE 4A - Observed and approximaËing c.d.f. - T4.
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3_.-3 Thç -tes!..¡tatistlc for Þone spe-ci¡1 1 models

As ln chapter 2, for the model f, = E(I), T€I we w::lte

[ = x(r). In thls sectlon we shal] show that where the

model has the ProPertY

r(V)€A o cE(y)eg, c>0 (3.1)

the form of the test statlstic nF(î;s) slmpllfles for

many F€F, wltir possi.ble advantages ln both computatlon and

dlstrlbutlon approxlmatlon. The result we obtaln for the

par:t1cu1ar case of maxlmum Llkellhood has been prevlously

shown by Bock and Bargmann (1966). tüe note that many of

the general structures mentloned. 1n chapter t have the

property (3.1), e.g. llnear structures when the range of

the coefflclents 1s unrestrlcted, the unrestrlcted factor

model, the direct product structure, and JöreSkogrs

general model of varlance structures, when all parameters

are free and also ln some restrlcted cases. Slmllar]y,

models whlch essentlally apply to the correlatlon matrlx

and leave the varlances uneonstrained w111 have the

property (3.1).

75.

S\E 4
Denotlng, as usual, the elgen values of S

0¡ < ... <

r¡¡e have the foIIowlng.

by

<0.p'

Theorem 1 For any F€F and model ¡(v) wlth the property

I 3.1) ,
p

I
1=1

f'( el) er 0

proof. For any flxed. E and c)0, the elgen vaÌues of

S-L(ct)s-L are c0r r. . . ¡e0 p eo thet

(3.2)



F(ct;S) = f(e0Í
i=1

f f'(co* )or = o.
l=1

I t'(aoÍ"'Itf")
l-= I

) (3.3)

76.

(3.5)

.1

,i

I
i

Dlfferentia.tlng wlth respect to c' at a mlnlmum ln the

cX directlon

(3.4)

Taklng f, = E' the mlnlmum occurs ât c=1, and so (3.2) holds.

Corollary For the model f, = aDo where Eo 1s speelfled'

the estlmate of a w111 be glven as a solutlon of

= 0,

where tÍt) are the elgen values or s-Llos-L'

ft ls the expresslon (¡.e) whlch frequently leads to

slmp1lf1cat1on 1n the form of Ffî;s), as can be seen ln

Table 6 when the results of applylng (3.2) to the particular

estlmatlon functlons consldered ln sectlon 3.2 are presented.

The table also glves the value of a from (3.5)' where for

slmpllclty the (o)ts have been dropped. lrle note tî"

s1mllar1ty between this column and the estlmates for

hypothesls of equal roots (sectlon 2.7), Thls 1s to be

expected, slnce the hypothesls f, = "Eo 
1s equlvalent to

the hypothesls that all the roots of tlL tflt are equa1.



TABLE 6

the teBt s for some

2

funeBlons.

fron (3."5)

esñn

TGtS

ML

GD

Drv

(å -tl'
t

(3.2)

Iir =P

F(E; s)

I

FN F(E;s)
ae

D

CI
i=1

1ìr
o2) to i

$r+roce¡r)

Dtrl
1=1

il
i=1

Rr Rl
rlr d1 =rÈr ãr.

tr (si-l¡ z=¡¡ lsi-1)

l=
ôr=o

!.
'" |r¡er{ -z)

% lt- * u 
')L=l 'f

^_1
=fu(p-trsE 

-)

! ro, ô.,

i=1

D

CI
t-

=4tr [x-1 (r-s) ] 2

(1og0

-1 -1
=%(trSf {+.rS E-2P)

GtS 4
D

T (e'r-1) 2

1=1

loi
tr(sE '¡=n

r log
i=1

roglÊl=roslsl

J, å.=J,t,

trSE *=tr I
s x

=loglil-roelsl

=tr(s.E*l) 2¡trqsr-l)

= ! tr(sl-l)
p

ï
t=

lR1
I .å, ã,.

p

In
{=

P4)
=rrs¡-l+los I x I -rogl s | -P

)2
r-'4f

1 rljp
r drJlroeei)

D
lh

)0

I
Åf=

=lsr -1¡rh

, år)r¡T,'r))%((Ï1)

-t-¡
.lr( I '?)s f=l -

1=1
(-e4L(

1=1
ô.

1tï

I'¡t+
(e,-1)= )oi=

l=1
ï

ï
i=

ø4=
1a

=tr(s-li)-P =tr ¡ti-l1-n = [tr (SE

f+l)

-1 -t 4
) /tr (s E)l

=tr (s-lE )/tr(s-12 )2
4¡¡[s-1(E-s)] 2 tr(s-li 1z=tr (s-li) -:¿1p-trs-1i)

-æ



78.
I
ì,^

3-! -Approxi¡rat-ign. to the dlstq-1-butiqn -o{- !þe-!e¡--t- ¡-!qt-1-ÞJåq

for qeneral models

For some models of the general form f, = f(1), I€f,

l

t

t

it can be extremely dlfflcult to obtain E[nF(E;S)], and

thence an appropriate factor p for the improvetnent of the

dlstrlbutlon approxlmatlon (1.1). Thls can be especlally

true where no expliclt formuJa for the estimates 1s

available, and they are d.etermlned iteratlvely. Horvever,

slnce we st1Il have

pnp(î;s) ¿ x2(d) (4'1)

for any P of the form

p = 1- *t + o(n-2), (4"2)

and experlence suggests that for sultabie p and moderate

n (4.f) can glve a much lmpnoved approximation over (1.1)'

Weproposelnthissectlonformsforpwhichmayprove
useful for general structures " For any partlcular model

the worth of the forms suggested would, of course, have

to be carefully eval-uated. before routlne appl1cat1on, e'g'

1n the manner of sectlon 5.7 for the dlrect product mod'el"

Thefol]-owingtwofactorsforgeneralstructuresare
suggested by the known formulae for the test for specifled

x

The same factorr 9Ir as is appropriate to the test

forspeclfiedxmlghtbeusedforgeneralstructures.
Thls 1s equlvatent to testlng the hypothesls

r = î, but using degrees of freedom d lnstead of

L"p (p+1) .

t
ili

p

(1)
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(4.3)

(4.6)

I

rl-

(11) The factor for the test ! = Eo f-s determlned

basl-ea11Y froÌn bk¡e form

ElnF(to;s)l = þ.p(p+l)(r + bP + o(n-2))

'I !

I

{'

l

I

I

I

where kr (p) ls some functlon of p" slnce we know that

^ Ã(1 + ntlll (4.4)E[nF(E;S)] = d(1 + o(1))

we mlght assume that the o(1) term has the sane form

as that ln (4.3) but rslth b(p+l) replaced by d' 1'e'

1f
z = ¡-2(-1 + (l-+Bd)'á) (4.5)

we mlght assume that

E[nF(i;s)] = Þ,2(z+r) (1 - bP + o(t'-2))' l

I
Thls would then lead to a factor: Þ2, rvhlch ls obtalned

from Pr bY rePlaclng P bY z'

hle note that both P¡ and Pz reduce tq the approprlate

factor for the test for speclfled xe and for all the par-

tlcular estlmatl0n functl0ns consldered above i-t can be

shown t}l.at l|Pz)Pr "
,i

For the lmportant speclal case of maxlmum 1l-ke1lhood

wlth models havlng the property 13.1-), two further fonms

ofparesuggested.bytheslmplifledexpnesslonforthe
teststatistlc"whlchfromtable6,maybei^Irlttenas

nr'(î;s) = n los litãtl - n los ¡srlll, (4'?)

wherexolsthepopulatlonvarlancematrlx.Novl's1nce
from (2"13) E[tr(sx;l)l = P¡ from tabre 2

E[n 1os ls';l¡] = ø tPlEÐ . n-(zp.||feÐ+ o(n-2)) (4.8)
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(4.e)

(r+.rr)

(4.12)

(4.13)

(4.14)

r

E[n 1-og

V,Ihen the o(1) term ln (4"9) fs unknown, wê may reason-

ably approximate lt elther by ze?o, or, 1n the manner of (11)

above, þy replaclng p 1n the O(n-l¡ term of (4.8) by

y = Þz(-1 + (r+-Bq)tá). (4.10)

Basecl on these two approxlmatlons ¡ We derlve the two further

approxlmate factors 0s and 9+'

Expllcltly then we now have the following four factors

pnoposedformaxlmumllkelihoodandmodelswlththe

property (3.1).

and sor by (4"4)

¡ îz;1 | t= -q + o(1).

= 1- ?€fr;+# ='- #ftffiilrPr

Qz = l- -

2 2+
9g = 1 - n

z(22'+32:1)
12n d

-1

1
õ

p(2p2!3p--Ð- 2 2+

t ]-2n

z deflned bY

-1

(4"10) and (4.5).
Pr = 1 -

wlth Y and

tüenotethatfora].1P}1,Q}o,andn>pltcanbeshown
!>pzlpr)9+)Ps, wlth equalltì-es occurrlng only' 1f

d = Ðzp(p+l), 1.e. q=o.

Inord.ertogetsomeldeaoftheperlormanceofthese
faetors'wenovúcomparethemwlththeknowntheoretical

factors for two coÍrmon sltuatlons'

For the model E = diag (orr), the I''TL estlmates

are oti = "tt. 
Settlng p=l in (4'8) we find



Eln l.oe l"o.r. oåtll = - (t+t/(3n) + o(tt-2))

Br.

(4.15)

a.nd so

E[nF(x;s)] = ",+¿I (r+Qf + o(n-2)) (4.16)

whence the approprlate factor ls given by

^=r_(zB+5) (4.12)
bn

[c.f. Anderson, 1958, p'2391' By cornparlson,

pr = p-åräÐ (4'18)

oe=o_rfo_Tl (4.19)

P+=0offffiþ) (rr'20)

AlthoughPzdoesnotred'uceslmply'u'ecertalnlÍhave
1>pr>Pr)Ph>0>9s, with Ps and' P¡ belng' qulte close to p'

!.or the spherlclty mod.el f, = o2f , the I'tL estlmate

1s ]z = ! tr(S), and ,o npà"/o" - X2(np) under the model'

Thus by (4.15) and (4'B)

.^ -1r' (-t r- 1 * nr',-Z\ì (4.21)
E[n 1og lE E;11] = - (r +=]-t + o(tt-2))

E[nF(î;s¡1= ¡p(p+1) - r) (r * ?€,ff- * o("-2)) (4'22)

and. the approprlate factor ls glven by

p=1-k(zp+r.3) (4'23)

[c.f. Anderson, }958, p.2631. By comparlson

pr =o*ffiforu (4'24)

es = o*#TËïhøu (4.25)

p+ = ooâHåtp*åloau (tt.z6)

Agalntherelsnoslmpl-eexpresslonforgz.However'
we do have 1>Pt)Pr>P+>9s>P'
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Thus ln both sltrra.tlons use of any of the approxlmate

factors shoul-d lead to a closer approxlm€lùlon to the dls-

rrlþutlon of the test statlstlc by X2, wlth Þ¡ and Prt

glvlng better approxlmatlons than Pr and Q2. Thls ls

also 1n agneement wlth the results of the numerleal

experlment descrlbed ln sectlon 5.7 for the d,lrect product

model. In practlce P+ 1S probably to be preferred to P3¡

slnce 1t is always posltlve, has a more appeallng der|vatlon'

and 1n the cases consldened 1s conservatlve 1n the sense of

reJectlng the null hypothesls sllghtIy more than the

approprlate factor, and so erring in the same dlreetj-on as

no factor.



83.

Chapter 4z General estimation functionsandf actor ana is.

4.1 In

Probably the most widely applied of all variance

structures is the factor anatysis model which takes the

form

E=ÀÂ'+Y (I.1)

where E, as before, is the Pxp varíance matrix of a

random vector Yr 
^ 

is the pxk real matrix of loadings

of the eLements of I on k independent common factors, and

V ls the pxp dJ.agonal matrÍx of residual variances. For a

full description of the assunptions which underlie the form

(1.1) r wê refer to Law1ey and Maxwell (1971).

In this chapter we consider minimum distance estimation

of the parameters 
^ 

and V for the unrestrieted model,

i.e. where no constraints (other than those needed for

identification) are imposed on 
^ 

and Y, fo}}q¡fing the

observation of a sample variance matrix S'*

The particular case of maximu¡n likelihood has received

considerable attention, starting with Lawley (f940, 1941)

who derived the likelihood equations and proposed an iterative

procedure for their solution. The method however proved

unsatisfactory in many eases and it is only comparatively

recently that the computational difficulties have been

overcome lJöresfog (1967), Jennrích and Robinson (1969),

clarke (19?O) J, revealíng the source of the proble.mr namely

a surprísing nr¡mber of ímproper solutions, Í.e' solutions

with one or more of the element,s of Y estlmated as zeto'

* Much of the material to be presented here Ís also
contained in á p"p"r by the authär [Swaín (1975) ].
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As l1ttl-e .is knos¡n of the emall sample ProPertÍes of the ML

estimates, while, êS shown ín chapter 2, tl¡e large sample

propert,ies, which arê suÍlmarised in appendix 44, are common

to the m.d.e. for any F€Fr investigation Of other m.d.e.

seems warranted. The particular case of GLS has been con-

sidered by Jöreskog and Goldberger (19721 '

The parameters of (1.1) are clearly not ident'Ífied'

since /\ can be post-multiplied by any kxk orthogonal

matrix withou! altering E. we will assume throughout thj's

chapter that the population parameters Âo and Yo are

such that this is the only nonidentification present, and

that, it may be removed by the àk(k-I) constraints defined

by

where

of Ao

is
q=Pk-Lr(k-l) +P (1'3)

and the degrees of freedom associated wiùh the model is

d. = 4t (p-k) 2 (p+k) 1 " (r' 4)

lile note that suf f icient conditions, corresponding to the

rank condition (d) of section 2'60 for the local ídentifica-

t.ion of Yo and Ào have been given by Anderson and Rubin

(1956). These are included in the appendix to this chapter"

l{trile the general approach of section 2.5 could be used

for the determination of the estimates, the magnitude of the

problem is considerably reduced by following the two stage '

minimisatíon procedure adopted by ilöreskog (1967) for ML'

Ín which a conditíonal estimate, Ã ' of /I given V is

first determined as a function of tr,, and the conditional

^óx;r^o 
= dia9. (1'2)

Eo = 
^o^6 

* Yor and a sign convenÈ'l-on on the columns

Then the number of independent paramr¿ters in (I.1)
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mini¡nr¡m, ñ(V;s), then mini¡nísed wit'h respect to !l I{e

show in section 4.2 that I is 1n fact independent of the

part,icular F€F being used, while ín sectíon 4.3 !Ùe present

the derívatives of Ë eü.r.t. the elements of lyt as required

for the numerícal deterurínation of ç. 9üe note here that for

the restricted factor model, ín which further constraints are

placed on the elements of /\, there seems little alternative

to using the general aPproach of section 2.5, which for ML

estímation is essentialty the sEìme as that used by Jöreskog

(196e).

In section 4.4 we examine theoretically the effect of

varying choice of F on the estímates, while the estimates

obt,ained for different F for two sets of data are Presented

in section 4.5. Finally in sectíon 4-6 sollte of the practical

implications are discussed'



4.2 The estirnation of
^ 

siven V

Given Y and the sample variance matrix S' the con-

ditional m.d.e., [; of /\ will be determined for some

F€F by the minimisation of F(l\^'+v;s) ' with the minimum

beíng taken over all Pxk real matrices'

To identify 
^ 

for estimation we shall impose the

Lk (k-1) identífication conditíons

^'s-1/\ 
= d.iag.r (2"L',)

remarking that for any pxk matríx L? with d1<'""< d*

the nonzero eigen varues of s-k^^'s-k and Yl"'Yk' v'v = Í'

a set of corresponding eigen vectors, Ât = sL vpb has

ÂrÂí = /!/\' and satisfíes (2.1). [r?e note that as (2"11 ís

dependent on the sample matrix the theory of section 2'6

cannot be immediately applied. Ho!,tever the extension needed

issimple,andisindicatedattheendofthissection.
I¡te can determine ñ from the following lemma.

Lemmal.I,etsbeapxppositívedefinitesymmetric

matrix and T be some pxP positive semidefinite matrix

with rank (T) > p-k' Let Yl ( "'( Yp be the eigen values

of s-àts-L with yr ... yp, v'v = r a set of correspond-

Íng eigen vectors' and suPPose that t*o * I while Yto+t > 1'

Let k, = min (k, ko), IL = diag (Yi) ' i = 1"'k1r and

86.

(2"3)

noting

vl = (yr" ".yrr). Then fornanY F€F

inf F(t+À/\'; S) = i=rtrr+r f 
(Yi),

where the inf is taken over all real

(2.21

pxk matrÍces 
^ 

and

is achieved at

ñ = ,L (r, (r-r1) L o) .

Proof Vle assume, f,or simplicity, that Yl <" '

that only minor modificatíon is requíred to extend it to the

case where there are equalities in the yts. !{e wish to



minimise ¡r¡r+/rÂ';S) subject to the ídentÍfícation

conditíon Q-L). Using lenma 5 of chapter 2, we therefore

seek the solutíons of

ål=o i ^'s1^=diag. 
(2'4't

For arbitary 
^ 

we let 0r- .. o tn be the eigen values of

,-L 1r+Â/\'¡s-\ with br bp , H'H = T, a set of corresPond-

87.

. Then,

(2. s)

(2 "61

must

(2.8)

(2.91

(2.61

(2.10)

and since

Thus

ing eigen vectors, A = diag (f/ tei)),

from (5"6) of chaPter 2,

dF = tr[ueu'd(T+/\^-) J

. - I tr [uAU'/\ dA']

Thus we seek the solutions of

UAU-Â = 0t 
^'S-1^ 

= diâ9.

For any solution, 
^, 

of Q'61 the ith column' l

satisfy
AH, s-tr

a

a¡rd [J = s-
¡(.H

s À.À:s-l-l
-\

l-

0

,

and

(2.71

whích for li + 9 implies at least one of the diagonal

elements of A is equal to zero¡ i'e' at least one of

0, ... 0n is egual to 1. Suppose /\ ís such that

0t=oc.=0r=l where xÞL. Thenpartit'ioning H as

(Hr HZ) where Ht is pxq and Hz is px (p-q) we have

from (2.71

nr's-Ll, = 9.

Then, sínce

HoH, = s-L(T+^^'¡g-h = g-kÍ'5-k *

s-trs-t=r+H2rc2-T)H; -\

ß

iÀr

,1,

Post-mult.iplying by S-Ll*, we have from Q'21

(s-àrs-h) (s-Lr,. ) = (s-àrr) (1-lí sli) .

Thus for some j and constant

then Yj = I - lít-11, =' - 
"3

"J, 
s-kli + cjy1,

)
J,soC ( l-v j

4
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which is a solution'of Q"6l can be vtritten in the
any l\

form

/\*=stv*D
where v* = (yr, ytn) for some al I

(2.11)

and D is

equal to
kt

a kxk diagonal matrix with d'iagonal element d j

either ( I-Yr* ) 
L or zer.o' At i\*

s-L tr*ill*'¡5-t = vfv' + v*D2v* ¡
(2.L21

and so the ors are a permutation of Yi * ni(I-Vf) t where

nl is the number of times (I-Yi)L apPears in the diagonal
a

of D. Thus the value of F at T + 
^*l\*' 

is

' P ct^' r- t1_¡¿ rì (2'13)
F* = , I, f (Vr+nr (I-yi) )

I=I

Fromthecondl.tionsonf'itisclearthattlreminimum

value of F* for real 
^* 

will occur when tr =" ' s tnr= L'

i.e" when 
^* 

= î given by (2.3), with l:he corresponding

value of F being given bY (2 '21 '

Fortheunrestricted.factormodelwecanobtainthe

conditional estimate Â given v from lemma I by setting

T=Y.Inthíscasehoweverwecanalwaysassume,âSwewill
rlo from here onr that k1 = k. For, suppose kI >

s-lr (v/yk)s-L has eigen varues lr/l* at least k of which

are <

ñ1v7y*rs) =,!**, rft,/t*l ' ñ(v;s), (2'14)

i.e.,sinceourult.imateaimismínimisationwithrespectto

both Â and Y, where kr >

Summarising then , if Yf { " ' ( Y¡ are the eigen

varues of s-Lvs-L with Yr . o ' Yp, v'v = r' a set of

corresponding eigen vectors and Yr { L' rl = diag (vi) 
'

i = I k, vt = (Yr Yr), for any F€F

l\^'+v r s) = ,l**, f (vr) = ñ (v; s) (2 ' 15)
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where the inf is taken over all re'at Pxk matrices ^ 
and

is achieved at
Ã = sL v, (r-r')L (2'16)

Inordertoremovetheíndeterminancyduetorot,ation

we have imposed the condition that 
^'S-1^ 

be a diagonal

matrix. Because of its relevance to the asymptotic dÍstrib-

ution theoryr \úê show that, under the assumption thaÈ

ür- + o, i = r P, our solution ñ agrees with that

obtained for ML estímation under the alternative condition

^'v-1^ 
be diagonal. For, if Qt Þ u on are the eigen

values of v-tsv-t with corresponding eigen vectors

Yr Yp' w'vü = r '
f=O-l; V=S

Thus on Partitioníng
before for V and f

then it is easilY shown that
tv-Lvro-L = s-L,ykw@L- (2"L71

W and 0 in the same manner as

and substituting ín Q"L6) we have

ñ = Yk!ùr (ôr-r) L, (2 
" l8)

which is the desired reêult lLawley and Maxwell (197I ' P'28) ] '

This agreemenÈ had been noted numerlcally for ÞIL estimation

by Jennrich and Robinson (1969) '

lile also note that íf for given V with tþ i ¡ 0 '

i = t e. c Pr the methods of lemma I are applÍed to the

minimisation over real 
^ 

of F (s-^^';v) = r(Y-b(s-A^')Y-L;r)'

then the minimum also occurs at ñ' given by (¿'L6l ' with

value
_ p I cr_ -lt e.Lglr = iÀ:.*r f 

(ei) = ,l**, r(vr-l)'

Thustheestimatesof^andYobtainedbyminimisation
ofr(ÂÂ.+Y;S)arethesameastheestimatesobtainedby
minimisation of F(V;s-^^'), i'e' choosing i\ and v to

make E crose to s in one sense is equivarent to choosing

them to rnake *-k1s-ÂÀ'¡'y-\ close to I in another'
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ctoselyrelated'senge.Thisresultwasbroughttothe

attentíon of the author by M.vü. browne (personal communic-

ation) .

Itwasnotedearlierthatbecauseofthedependenceof

the identification condition (2'l) on the sample matrix S'

the theory of section 2.6 cannot be applíed immediately' Vile

now indicate the necessary extensions"

Vleusethenotationandformulanumbersofsection2"6.

WesupPosenowthatùhei.c"areoftheformv(y;S)=9,

and t}rat , fot given s' v(r;S) satisfies the moclified con-

dit,ions (c), (d) and (e) . liÍe suPPose further that y(1;s)

hascontinuousderivativeswÍthrespecttotheelementsof

S" Then it ís clear that,

m-d.e. satisflting the i'c"

for Io, where Eo = X (Io)

have

9 = y(v*¡s) v(vo;Eo)

as for theorem 4r ênY aPProximate

v(y*;S) = 9 will be consistent

whencer âs for theorem 4, I*-Io E On(n

corresPonding to theorenr 5 also follows"

(6.L2) we have
-1

Further we

+ higher order terms ' (2"201

(2 "zLl

L). The result

CorresPonding to

and v(vo;xo) = 9"

where

= vo (I*-Io) + xo (s 9o)

âv
ãË''o

A-II

whence the result corresponding to

x ,
Io

(^6EAo+vóvo) oE-v6xo) 
(:-go)

* on 1n-L) ,

(
o

(2 "221

(6"13) can be obtained'
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4"3 The estimatién of Y

The estimate, Q, of .v- is now deùermi:red by ml-nimi-

sation of Ë(v;s). The system of equatíons obtained by

setting the derivatives of ñ Ì,tith respect to the elements

of v to zexo do not admit an explicít solution' However

A can be efficiently determined from an inítial approxim-

ationbyuseofadirectmínimisationalgoritlrrûsuchas

thet of f'le 'tcher ancJ Porvell, - âs describecl for I'1L estímatiOn

byiöreskog(:1967'),whicLu'çicsonlythcfirstderivatives'

orbysolutionofthesysterflofequationsbytheNewton-
Raphson methodo âs'describecl fot' l'tl estimali-on ir¡z Jcnnrich

and Robinson (1969) and 'C1arke (1970) ' which uses

expressions for both first and second'derivatives'

Wenowpresenttheformulaeforthesederivatives.The

notation has been chosen so that for the particular case of

ML estímation the expressions reduce to those given by

From (2.15) and lemma 4 of chaPter

dv.'l-

lf ,y

dvü: r

U=S

(3"1)

ol_ = r/ (vr) and

âF
5l1r

(3 "21

Further

ddF = ,l**, t ùigídvrli

lrtt (vr) dvigídv rgi

+ 2f,t w Ll 9í dvr

Jennrich and Robínson'

2 we have
-Pdñ= f f/(y=)i=k+I r

P= if,t*r t/ (Yt)

= f o. ul
i3f+t r- -1

Iv S-L) Y'sd

+ zcr. gidvrdgi l

-k'v. Thuswhere
p

rlt+r
20i üri'

r
I

t- k+I
s-ä av

¡-



!-t- +I

P

Ioa +1

where

ß 1j

r

¡-

dY2ui,

Í.f" (rr) Yídvrli3í dYz

+ 2ft(yrl g lj
t
i

dv s
t- I

Then

i=j
í#j

+ô âñ

"s ãT'r
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(3"3)

(3.4)

(3.5)

(3.7)

9; avrgtlI
+

-\

p

i[, ßij gídvr 9i9i

f.tr (Vr)

Tft ft ,l / (rr-v, )

(3.3)

,1,..*, ,1, Ê, j üriusiu' jü" j'

Straightforwardappticationoftheminimisationalgo-
rithms using these expressions can frequently lead to

solutionsforwhichoneormoreoftheelementsofvis
negative.Inordertoavoidspecialprocedureswhichwill
restrict the minimisation to the region ü,Þ 0, r = I .r' Pr

differentspecificationsoftheparameterformínímisation
have been proposed. Thus ilennrich and Robinson (1969) have

wrítten þ, = e? and Jöreskog and Goldberger (L972) have

consideredü'=exp(ô')linbothcasestheminimisation
being with respect to ôr' The aPPropriate formulae are

easily obtained from the above. For suppose we write

{,vr (ôr)

añ5rr
añr;r,t t

åt' 49-
dô sr

whereô'"istheKroneckerdelta.Similarlymorecomplic-

ated reparametrisations couLd be accommodated'

Acomputerprogramf,orthedetelrorinationofthem"d.e.

I and e implementing the methods of this section and

section4.2ispresentedinappend'ixC.Followingilennrich
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and Robinson

rather than

( Ie6e )

ú =ô2'r r

the mtnimísation ís with respect to öt

, this having the advantage that no

special computÍng procedures at all are required to account

for improper solutions. Unless an iniÈial approximation to

A is specified the method of Jöreskog (1.967) is used to

generate one. This ib flrstly improved by (two) steepest

descent iterations, and then the final estimates obtained by

the Newton-Raphson methOd" This has proved tc be a general-

Iy satisfactory procedure, with the steepest descent iter-

ations improving the appioxitnatíon sufficiently to remove

the problems of non-positive defíníteness of the matrix of

second derivatives and of convergence to saddle points,

which frequently occur with direct application of the Newton-

RaphsonmethodwhenminimisationÍswithrespecttoô'.



4.4 the effect of thê choice of F

We now examine theoretically the effect of varyLng

choice of F€F upon the estimates obtained. Since the

conditional estimate of 
^ 

given Y is the sElme for all

F€F, the main Lnterest is in how ç wl11 vary v'rith F.

We note that, from (2.15) and the form of f(0)r the

minimisation of ñ(V;S) is equivalent to determining A

so that the eigen values Yt*t o o ò Yp of s-àvs-å are as

close as possib-le to one, in the Sense determined by f (0) I

i.e. the vatiation in estímates for differing F t'vill be

mainly determined by the differences in the behaviour of

f(o) in the nbd. of Q = I. Since our conditLons require

that f/ (t) and f,tt (f) are the same for all F€F' most

of thÍs difference in behaviour will be accounted for by

ftlt (Ll , where this exists. To examine the ef fects on the

estimates we therefore consider the family of funcÈions

f (o;r<) = (o-1)2 + * le;l)3. (4'1)
z- 3!

suppose that we have the estimate 0 (r) which is the

value of V which minimíses
D

Ë(v;rc) = Ï - f(Y,;r) (4'21
i=l<+I

in the nbd. of Yí = Ir i = ktl "o p" Since there is no

explicit expression for Q tr) we cannot say exactly hovr

Q(*) will vary with K. I.Ior¡cver the fqllowing arguement

suggests Somutl:ing of the behavlour"

Consicler a change örc in K' Tl'len'
'p ?

ñtv;r+ôr) = Ë(v;r) + ôr .L-^, (vi-l) " (4'3)
¿-^r¿ 3:
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(4.4)
Let

ii

ö- lv¡Èl '4 äË',t ãTfr
tV;kl ,tzI p



Then'

because

r and

û, t*)
ô rc)o

from (3.21,

s 1Y;¡<+ôr) = g- (Y;r) + ôr
=t r¡- k+1

95.

(4.s')

(4.6)

2

and since gr (Q (r) ;r) = o,

gr tStrl i 'kt'ôrc) .= uô* I\i

An approximation to Ç ("-:-or) may be obtained by a

steepest descent adjustment' to i trcl ' i'e'

û, (rc+ôr¡ + fir{rl - o gr t0trl; r<*ôr) (4'7)

where k>o. For ôr<>o, from (4.6) , this wiIl always lead

to a reductíon in a1l the elements ûr {*) ' This suggests

that most, if not all, of the elements ûr (r+ôr) will be

less than the corresponding elêments ûrt*) " However'

is a smooth function of K¡ if for some

^ ^ ---t'l 
.:-^r^âdô

û. (rc+or) > ,lr, t") , then a small increase Ln

could be expected to produee a stitl trargef value of

(r<+ôt<).

Values of the third derivative K = f"'(L) for

the particular estimation functions consj-dered in detail

are given in the following Table

TABLE O

Label f U K = f't' 1

urt

ur1

Y (r)

2

ôr<

û,

TGLS

DIV

ML

GD

GLS

GLSE

-6

-6

-4

-3

0

3

2(e-r)'/o'
L/0 + e - 2

I/e + log 0- I
\(tos o) 2

4 (e-Ð 2

4(o-t)'eo-t
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4.5 Numericá1 les

To illusiraÈe numerically the differences which occur

we nofd present the results of using each of the estímation

funct.ions of table I of chapter 2 f.ot the factor analysis of

two sets of dat'a.

LawleyandMax¡.lell(1971,p"43)presentthefírstset

of data (Data 1) I using it to iltustrate ML estimation' The

same<latahasalsobeenusedbyJöreskog.¡ndGoldberger
(Lg72)asanexampleforGLSest'imation.Therearenine

varíates and a three factor model is fítted. The matrix is

based on a sample of 21I observations' i'e" n = 210"

The second. matrix considered (Data 2) was generated

artificially as a sample matrix from a wishart disÈribution

withaknownpopulationmatrixusingùhemethoddescribed

in section 3.2- The population matrix Eo factorises

exactly as Eo = 
^o^o 

* Yo, wlth eigtrt variat'es and t'wo

factors, and the ma.trl-ces Vo, Âo and Xo afe present'ed

inTable2,whereAohasbeenrotatedtosatisfythe

condition that 
^o 

t;t Âo be a diagonal matrix'

The purpose in choosing an artificial example' as

opposedtoreald'ata'wassothatt'hedifferêncesinthe
estimates corresponding to different elements of F could

be compared with the expected variation in the estimates clue

tosampling"Thepopulationmatrixwaschosenbecauseof

itsparticularlysimpleform,andtheregularnatureofthe
aslrmptoticvariancematrixoftheestimatedr!.s"Thiswas

calculated, using (41), for the case when the sample matrix

s is reduced to the corresPonding correlation matrix' and is

included in Table 2. The correlation matrix actually used

as Data 2 is presented in Table 3, and corresponds to a
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semplematrixwl-thIl=60"T}reprobabilityoft'he

chisquare walue for the likelihood ratio test' of the null

hypothesis t = Eo'

was.662.

based on s, [.Anderson (f958, p'26411

ThesolutionsobtainêdforDatalandData2axe

presented ín Tables I and 4 reSpectively. computation time

and rate of convergence was comparable for aII functiOnS

used. The X2 values shown in the tables wefe calculated

as n F(î;S). E,or Data I there is lit,tle real difference

in the estimates obtained for either v or Â" However, as

predicted in section 4.4, in general the elements of a

decrease with increasing K¡ while tjlg increases with

increasing K. For Data 2 the differences are more marked'

particularly for A" Àgain the trends predicted in section

4.4arepresent.Therangeslntheestimatesforthe

functions considered are of much the same sizq as the

asymptotic standard deviations for ¡1 = 60' and as the

departure from the true values given ín Table 2'

Í
I
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9

l
¡
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TABLE I

Estl-mate s for Data 1

VARIÀTE

3 4 5 6 1 II 2

Resídual Variances

TGLS
ML
GD

DIV
GLS
GLSE

.453

.450

.449

.449

.445

.442

.432

.427

.424

.424

.416

.409

.626

.6L7

.6L2

.6L2

.600

.590

.2L4
"2L2
.zLL
.21I
.208
.205

.386

.381

.378

.378

.370

.363

.182

.177

.L74

.L74

. 168

. 163

.407

.400

.396

.396

.387

.379

.453

.462

.465

.465
,473
.479

.233

.23L

.230

.230

.227

.225

Loadings factor 1

TGLS
ML
GD

DIV
GLS
GLSE

TGLS
DrL

GD

DIV
GLS
GI^SE

.666

.664

.664

.664

.662

.66L

.689

.689

.689

.689

.688

.688

.493

.493

.492

.492

.49L

.490

.836

.837

.838

.838

.839
,841

.703

.705

.706

.706

.708

.710

. Bt6

.819

.820

.820

.823

.e25

.663

.662

.66L

.66I

.660

.659

.460

.458

.457

.457

.454

.452

.76?

.766

.765

.765

.763

.76L il

Ë

Loadíngs - factor 2

Loadings factor 3

.3r8

.32r

.322

.322

.325

.328

-.068
-.o74
-.076
-.076
-.oa2
- .087

.242

.247

.249

.249

.255

.260

.297

.302

.304

.304

.310

.314

-.296
-.292
-.2eL
-.29L
-.286
-.242

-. 3r9
-. 315
-.3r3
-.313
-. 309
-. 305

-.377
-.377
-.317
-.377
-.376
-.375

.391

.396

.398

.398

.404

.409

.299

.296

.294

.294

.290

.284

.424

.427

.429

.429

.434

.437

TGLS
IT{L

GD

DIV
.GLS

GLSE

.195

. r93

.193

.193

. r91

.190

.22L

.222

.223

.223

.225
"227

.o32

.035

.037

.037

.041

.045

.L47

.153

. r55

.1s5

.L62

. 168

-.104
-. r05
-.105
-. 105
-.106
-.108

.081

.078

.076

.076

.073
" 070

-.496
-.491
-.489
-.489
-.484
-.480

.0r8

.012

.009

.009

.00L
00s

x2 (r2)

TGLS

7.339

ML

7.354

GD

7. 305

DIV

7. 315

GLS

6.975

GLSE

6.462
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TABLE 2

Parameters for Data 2.

.i

i

È-

I

¡

't
d
t;

i
!

!

I
ti

VARTATE

2 3 5 6 7 I41

Residual Variances

.2 .4

Loadings

6 .8 I

.400
-.200

1.000
.283
.346
.400

6

.566
-.283

1. OOO

.490

.566

4 .2

.800

.400

Variance Matrix

" 693
.346

.566

.293
.400
.200

.693
-.346

.800
-.400

r. d00

.42L

1.000
.693
.566
.400
.240
.339
.4L6
.480

1.000
.490
.346
.208
.294
.360
.416

1.000
.283
.170
.240
.294
.339

r.000
.L20
. r70
,208
.240

1.000
.693

L
p

î times Asymptotic variance Matrix of Q*

.42L
-.156
-.049
-. or2

. oo9

.014

.oL4

.009

.400

.088

.05I

.014

.02r

.ozL

.0r4

.396

.o44

. or4

.021

.ozL

.014

.313

.009

.014

.0r4

.009

.3r3

.o44

.051
-.or2

.396

.088
-"o49

.400
-. 156

TABLE 3

Data 2 Correlation Matrix

VARTATE

4 5 6 7 I
1 2 3

1.000
.624
.626
.27t
.400
.340
.319
.496

1.000
"573
.285
.263
.185
" 340
.396

1.000
.r20
.301
.296
.249
.380

1.000
.157
.239
.270
.253

r.000
.524
.582
.560

1.000
.563
.553

I.000
.651 I.000
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TABLE 4

Estimates for Data 2

VARIATE

2 543 6 7 II

Residual Variances

TGLS
ML
GD

DIV
GLS
GIJSE

Popln.

.274

.282

.283

.283

.279

.270

.2

.750

.744

.74L

.741

.737

.735

.800

.506

.442

.4L3

.4r3

.341

.303
"4

.472

.446

.433

.433

.401

.377

.6

.930

.884

.860

.859

.792

.738

.8

.507

.491

.484

.484

.468

.460

.B

" 533
.50?
.493
"492
.453
.424
"6

.6L7

.619
"620
.620
.62L
"621-
.566

.350

.324

.308

.309

.264

.236

.4

.342

.346

.349

.348

.355

.359

.2

Loadings factor I

TGLS
¡4L
GD

DIV
GLS
GLSE
PopIn

.626

.634

.638

.639

.652

.660

.693

.374

.396

.405

.405

.429

.440

.346

.619

.62L

.622

.622

.624

.625

.566

.339

.341

.343

.343

.347

.350

.400

.654

.656

.656

.656

.655

.652

.400

.696

.704

.708

.708

.72L

.728

.693

.77e

.776

.775

.77s

.770

.767

.800

foadings - facbor 2
I

I

i

TGLS .411
14L .407
cD .405
Drv .405
cLs .402
GLSE .402
Popln. .400

x2 (13)

TGLS

8. 373

400
410
4L4
41.4
420
423
283

-.006
-.004
-. oo3
-.003
-.002
-.oo2

.200

-.279
-.281
-.zeL
-.282
-.282
-.282
-.200

-.326
-. 331
-"333
-.334
-. 341
-.346
-.283

-.424
-.425
-.428
-.428
-.439
-.449
-.346

-.233
-.227
-.224
-.224
-.2L8
-.2L6
-.400

la

ML

9.264 9

GD

398

DIV

9.475

GLS

8. 581

GTJSE

7.000
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4"6 Discussion

The examples 9iwen illustrate that substantial differ-

ences in the estimates can occur when different est'imatíon

functions are used. None of the functíons considered

however has any real computational advantage over the others'

and ít also appears that t,he choice of estimation function

will have little effect on the occurrence o'f ímproper sol-

utions; ;i-n the author I s experience any sample variance

matrix with an ímproper ML solution has also yielded

correspor:.ding Í";nproper solutions for the other functÍons '

As the large-sample properties of the m'd'e' are the

same for all îeF, the best choice would thus be that whích

gave the best small sample properties. unfortunately no

theoretical result,s are available for these small sample

properties, even for the l"lL solution" Browne (1968) has

reported some results from numerical experiments based on

lrfishart distributed samples with known population variance

matrices.ThesesuggestthattheMLestimatesofthe

residual variances are biased downward, with the degree of

bias beíng larger for higher values of the true residual

variances. If thís is indeed the case' the results of

section 4.4 suEgest that bías correction could be achíeved

by choosing a function with a lower value of f'ttt lL), e"9"

TcLs, although there ís no indication of how much change

wouldbeneededbeforeovercorrectíonoccurred'
However, when nS ian be assumed to follow the

!{ishart distribution, ML estimation remains a 1o9ica1

approach. Further, the ML estimates have the pleasing ' if

unimportant property that the diagonal elements of s are

reproduced in Î lf,awtey and Maxwell (1971, P.30) ]' On the
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other hand each of th.e othcr estimation funct'ionS eonsidered

(except for GLSE) arises in a natural wêYr and so may merít

consl-deration, especially where 1ítt,Ie Ís known about the

distribution of s. In concLusion t,hen, in the absence of

further information on small-sample properties, there seens

no clear reason for favouring any particular estimation

functÍon"
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sanple variances and covariances of4A Larqre

the est ímates.

we summarise here the formulae for the large sample

variances and covariances of the estimates î and Q using

notation which is consistent with that of sections 4"2 and

4.3. The fOrmulae given are essentially translaüions, using

(2.L7),ofthoseofLawleyandMaxwell(I9?l,chapter5)

wítrr the ¡cci-fication suggested by Jennrich and Thayer

(1973) incrr,::porated in (46) below'

Forconve¡lj-encewenowdenotethepopulationparameters

by 
^ 

an,il V' with f, = 
^^' 

* Y' and assume 
^ 

rotated

to sat.isfy /\'E-1^ diagonal' lrle let Yr ( " ' <

the eigenvarues of t-\'vt'-\ rvith corresponding eigen-

vectors Yr Yp, v/v = r and v partitioned as

(vr Vz) with V, Pxk. We assume that the matrix E d'efined

below is nonsinguldr and that Y1 o ô ' Yk are distinct' As

shown by Anderson and Rubin (1956) these togetheÉ imply the

localidentificationofv'and^undertheidentifica-
tion condition 

^'X-I^ 
d,iagonal. We will also assume that

üi'oi=1
Let S

Y=(üt
6.

where $ =

&u 2E

28'E-l A+28'E-18 (A1)

1 (A2)

p

be distributed as in section 2'1' Then writing

)rl,ûn)', g =

(:)

rel"l("r")

(vr-
P

-1
(

-t2E -B
))

2 2

,

L

and

(o. .'rl m

with

-1 r-rl (fi.t-llr) -1

B are given bY
k

[t- üt*À

.L!=E'V E
-\V

and the matrices A

tir :t= ft
À )lt-m m

/\ E

(A3)



1I
2 ]F't

Yr

m=r

m#r

1-04.

(Ae)

2u

"ir j" =

b
rYt

IYr
2 l--v't

tn=r

I Ym

)'

k
(ôij uj *1, '

rm
--1-Ym t-Yn ( (À4)

(As)

Jm
) (A6)

e - the eorresPonrling

S in estimation

(A8)

(19?1, formulae

and B as defined

aslmptoticallY

tri=Àit r*s

T -2
j{, ì.

f-m
T

jir

n cov ) 2

rm

v rm Yn (A7)m*r
Y*-Yt

Note Èhat A is the large sample conditional varíance

matrix.of l\ given V.

When estimates are standardise<f i

correlation matrix is used ín pJ-ace of

yietding estimates

û¡ = îr/rrr, îl= = î'"/{stt)k'

the formulae given by Lawley and Maxwell

(5.48) (5.51) , (5.45) ) aPP1Y, with A

above. In Particular with ül = þr/ort

2ô, 
"Ul3).

r01,û *
s
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5: The rect product mode I of varlance s tructureChapter

I roductlon

In many sltuatlons the p observed varlates may be

naturally arranged ln matrlx form, e.g. the varlates inay

represent the results of pz PsVchologlcal tests'each

admlnl.stered to the same lndlvldual on p I occasLons or by

pr dlffe:e:n1; methods. In each case the data for a partlc-

ular 1nd.lvidua1 could be presented aS â PzxPr matrlx Y'

For data of thls type, x, the varlanle matrlx of Y,

could be expected to exhlblt speclal structure. campbell

andF'1ske(1959),concernedwlththedetermlnatlonoftest-.
vaIldlty, suggested a number of features whlch would be

exhlblted by R, the correspondlng coffelatlon matrÍx, ln

the multltralt-multlmethod sltuatlon under val1d test

structure. More formal models for E for the examples above

have been suggested by a number of âuthors, e'g' Tucker

(Lg63, 1966) three mode factor analysis¡ Evans (1967) 
'

McDonald (Lg6g, 1970), Boruch (]-970) and Jöreskqg (1971)'

corballli (rg73), and Hakstà¿n (1973). hrhlle these dlffer

from each other ln form and assumptlons made, ln all cases

the models are of the factor type, 1.ê. 1mply an addltlve

structure to.E, wlth, generallv, some factons speclflc to

the row varlatês of Y and. others speclflc to the column

varlates.

Inthlçchapterweconsldertheuseofadlrect
proôuct model for the varlance structune for Y, l.ê. ïle

conslder

f, = Erg [z (]-.1)
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where Xr and îz are prxpl and p2xp2 respectlvely' As

w111 be seen 1n sectlon 5.2 where the lmpllcatlons of the

model are examlned, when the model applles E¡ can be

lnterpreted as the varlance matrltc betWeen the coLumn

varlates, while Ez represents that for the row varlates,

thus provldlng a convenlent separatlon of the Sources of

varlance,

Sections 5.3, 5.\, and' 5.5 are concerned wlth the

estlmatlon of the parametens x r and Ez. l¡lhile the

general procedure of sectlon 2.5 could be applled' thls

proves to be very tlme consumlng, and a procedure whlch

takes advantage of the form of mod.e] ls preferable. In

sectlon 5.3 the I1ke1lhood equatlons are derlved, and a

slmple lteratlve scheme, whlch ls non-Newton-Raphson but

proves rapldly convergent, ls proposed for thelr solutlon'

whlle 1n 5.5 the asytnptotlc dlstrlbutlon of these estlmates

ls obtâlned. The form of the l-lkellfrood equatlons suggests

that good estlmates would be obtalned from Just one

lteratlon of the suggested proeedure and 1n 5.U 1t 1s shown

that estlmates obtalned ln thls way possess the same

asymptotlc dlstrlbutlon as the ML estlmates. some proper-

tles of the lterative procedure also emerge'

Use of the structure ls lllustrated ln sectl-on 5.6 by

appllcatlon to three sets of actual data. Two of these

are from blological sltuatlons, wh1le the thlrd 1s of the

muttltrait-multlmethod type mentloned earller. Approxl-

matlon to the dlstrlbutlon of the test statlstlc, as

suggested 1n chapter 3, 1s consldered 1n sectlon 5 -7 .

Flnally 1n sectlon !.8, appllcatlon of the model is d1s-

cussed.
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5 2 Features of the model

Suppose that Y 1s â PzxÞr random matrlx wlth V(I)

glven by (1.1). The lmpllcatlons of thls form of E 1s

perhaps most easl-1y seen by conslderlng the correspondlng

correlation matrlx R. Slnce dlag(orr) = dlag("Íl'I

dlagtofl) l, R = RrSRz where Rr and Rz are the correlatlon

matrlces correspondlng to X¡ and X2. From (2'6) of

chapter 2, therefore

*rJ kÊ
(2.1)* ( 1) -(2)'J,1,'fk

rn partleul¿r riJ rt, = "j;', 1-ê. the correlatlon between

VrJ and VtU 1s the same for all 1. S1ml1ar1y, the

correlatlon between yl, and vo, 1s "Íï', 
lndependent of

the column J, wh1le from (2.1) the correlatlon between

elemehts of dlfferent rows and columns of Y 1s slmply the

product of the row and column correlatlons. Ihus n ie the

d,ineet prod.uet of the eo?relation matriæ of any !o1t of y

and the eo??eLation matrin of any eoLumn of y. Slrnl]arly,

the varlance matrlx for any row of Y 1s proportlonal to X1

and the variance matrlx fon any column of Y 1s proportional

to 82,

Er, for example, may thus be lnterpreted as a variance

matrlx between the columns of Y. We note that a method of

constructlng such matrlces 1n quite general sltuatlons has

been proposed by EseouÉter (1973)- If Cov(5r,5J) = tr.J, he

deflnes the rrcovarlancerr between X, and I, by

Covv(Ir.,I: ) = tr([11t51). hlhen applled to the corumns

of y, where V(Y) 1s glven by (1.1), a matrlx wlth elements

f of 
,1) 

l' (trzz)2 1s obtalned. Slnce covv(xf 'xJ ) =

(cov(*trxJ))t, we see that hls technlque leads essentlally

to f,r.



The structure also has the followlng propertles:

(1) E ls posltlve deflnlte 1f and only lf both x1 and

tz are posltlve deflnlte, 1.ê. lf and only 1f there ls no

flxed llnear relatlon between elther the rows or the columns

of Y. We shal1 assume throughout that thls 1s the case.

(11) The structure 1s lnvarlant under llnear trans-

formatloi't of Y, 1n the sense that 1f Z = AYB, then

f (Z) = (g'¡rB) I (AE zA'), (2'2)

(111) X1 ând Xs ¿re not ldentlfled, slnce for any a>0,

1_08.

(2.3)

(2.4)

ErSXz (aE1) 6

To effect ldentlflcatlon for estlmatlon purposes we will

assume that ofl) = 1. Under thls condltlon f, = ErøEz 1s

easlIy solved for f,r and Ez slnce then

tlr, I

(2)
iJo = oil Jl;

( 1)
rJo =o li tJ/ oÍ2') '

showlng that (2.3) expresses the only form of non-

ldentlficatlon 1n the mode1. l¡le note that the condltlon '

oÍl) = 1 w111 often also be an approprlate condltlon for

lnterpretatlon; e.g. ln the multltralt-multlmethod sltuatlon

above, wh1Ie there may be a natural scale for the tralts,

that for the methods would usually be arbltrary, so that

the varlance of method 1couId. be taken as l-, wlth the

varlances of the other methods then belng relatlve to the

f1rst.

(1v) The correlatlon matrlces Rr and Rz are ldentlfled'

slnce these a?e lndependent of the partlcular a 1n (2'3)'

S1mllar1y, other functlons of xr and Ez whlch are lnvarlant

under transformatlons of the type Xr+âXr, t,|t,, a)0, are
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ldentlfled., e.g. the prlnclpaI components of Er and I'z

a3e ldentlfled" even though thelr varlances w111 not be'

(v) The nurnber of lndependent parameters ls

e = bto, lp r+1) * pz çpr+1) I 1 (2 '5)

so that the number of degrees of freedom ln estlmatlon ls

ô. -- a.z[p(p+l) - pr(pr+l) - pz(pz+r)J + 1 Q.6)

tle note tha'c 'bhe parameter reductj-on ln the model can be

qulte conslderaì:1-e, e.g. 1f pr = 3 and pz = 5t then

q = 20 while fl = 100.

(v1) l,rle also note that of the four features of multltralt-

multlmethod correlatlon matrlces suggested by Campbell and

Flske (lrg5g) as lndicators of test va1ld1ty, wlth Y as 1n

Sectlon 5.!, ft = Rrølz w111 automatlcally exhlblt the

second lfor any flxed J*[, *tj ig>rt5 kl, and rn, iÊ,k+1]

and the fourth lslmi-Iar patterns ln the p2xpz matrlces

(rr, t&), 1,k=1 . -.P2¡ for all J and' !"t whlIe the flrst

thlsh values of rr, ,uJ w111 be true lf the "jl' are hlgh'

and the thlrd [for fixed 1 and j, k*1 and 1*J'

tr3 rt >

structure holds 1t w111 provlde a Convenlent means of

assesslng va1ld1ty. Further, the mod.el possesses the

mu1t1pllcatlve structure observed 1n multltralt-multlmethod

matrices by Campbell and OtConnell (1967)'
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5.3 Max l¡qtm !LE9]_!h_oo{_ çstlmatlon o f the parameters

!¡tth the ldentlficatlon conditlon oÍl)=f the general

nethod of estlmatlon of sectlon 2.5 can tre applled, wlth

o o;)

where 62 = ve([z). lrlh1le lt ls dlfflcult to wrlte down a

complete expi?ersslon for ¡(v), deflned by (3.1) of chapter 2,

Isee Neudecker (1969)] 1t 1s easlly computed slnee

o,j kr. = "Íä'"il' and so

coÍl) "J 1ì
oÍl) (1)

plpl
(3.1)

ß.2)

- Pt

(3.3)

I

ão I kL

âomn

ðor.i kI-

o
(2)
fk

0

{ "jå)
0

{ ffi=J, n=JL Of m=!,, n=J

otherwlse

f=1, s=k or f=k, s=l

otherwiseâo(2)rs

wlth 1.,k=1 Pzi i r[=1 Pr i (J-1)Pz*1 >

mrn=Z ... pr i m>n; rrs=1- þzi rls' However' because of

the typlcally large number of parameters lnvolved and the

sparse nature of 
^, 

the general procedure 1s unnecessarlly

tlmeconsumlng,andanapproachwhichtakesadvantageof

the form of the model l-s needed'

'AlthoughanyotherelementofFcouldbeusedasan
estlmatlon functlon to give the same asymptotle sampllng

propertiesrwewlllconslderonlymaximumllkellhood

estlmation, under the assumptlon nS " Wp(nrx=xrExz), 1'e'

X1 and Ez are to be estimated by mlnlmislng

F(xrøx2;s) = ros lll 1os lsl + tr sl-l - p

= pzlos lrrl * pr los l¡.1 los lsl + tr s(E;1ør;1)
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from (v11) and (x) of Appendlx A. We w111 assume through-

out that n>p so that S can he âssumed posltlve deflnlte.

V,le define the P?x pi matrlx G, bY

(cs)r, kß= srk 51, (¡.4)

lrJ=1 pz i k'C=1 Pr ¡ 1. e.

(SL[) wj-th each Snu ÞzxPzr then

G^ = (Srr Szr S_ Srz
Ð - - -Pl

1f S 1s partltloned as

S-PrPr ).

hle w111 also del1-'ue by A and B the prxpr and pzxp2 matrlees

deflned by

(3.5)

(3.6)

(3.7)

(3.8)

I'
[= I

I'
k=1

4..1l

-lGsx t 'i

S
kt
(1)o

brr = f: ,Ï'rn"r.rr.:oTå1,rJ k= 1 g"=

where "tl, ls the ko element or [-r1,

that because of the symmetry of SrEîi

are also symmetrlc. Further

where ¡;t = vee(t;t), i = !,2.

Now, since for a symmetrlc matrlx f,' a(tog lrl)=
tr t-14¡ and dt-1 = -x-ldxx-1, from (3.3)

dF = pztrrlla¡r tr s([;l¿rr¡;tt¡;t)

* pltr ¡ãlarz - tr s([;1ørIro¡rr;1)

A

fkJ9"

tr s( x;Iar, ¡;1ør;1)

| = Ir2. l¡le note

and Ei!, A and B

_-1
^LzÐ-þ=G

ii,J'k,'0
( ¡î 1a¡, xî 1)r: 

"Tål

Further

"rJ k1,
cont.



,Io 
oro (rîldf,,i;1)c:

= tr Blll dxrtîl

and slm1larlY

tr s(tT1øxlldx.x;1) = tr Axilalrxir

so from (3.8)

dF = tr(poIîr-xl1¡lJ1)ar,

(pr tãt -t;lnri1 ¡axz

Ltz.

(3,9)

+tr 13. ro )

( 3. 11)

( 3.12 )

Thus, slnce ¡;1,1ã1, A and B are syrunetrle

(p, xI 1- rT isri t 
) r, l=J

AF
(1)
rJ z(pzxi 1- rî 1srî I 

) 1J
âo

AF

(p, rã 
1- 

rã 
tot; t 

) no

z(prE;1-¡ãIn

t>J

k=&

1t; ) k>ckÍ,
Ðo

(2)
¡ß

Inordertodetermlneestlmateswhlchsatlsfythe
ldentlflcatlon condltlott ofl)=r, ïIe seek a solutlon to

the equatlons formed by settlng (3.11) (for 1>2) and

(¡.rz) to zero and. "Íl' 
to 1' From lemma 5 of chapter 2'

ure may alternatlvely seek a solutlon to the equatlons

formed by settlng all the <lerlvatlves 1n (3'11) and (3'12)

to zero, 1.ê. of

xî 1B 
ti,L /p, (3.13)

i;1

(3.14)
t,z

1 rã 1n 
E-"L /p, ,
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and of the equatlon "f l) = 1. By retalnlng the s¡rmmetry

wlth respect to X 1 and Ez the Second. approach proves much

slmpler. V,te note that lf (irrir) is any solutlon of (3.1-3)

and (3,14), then <irltÍl),4Íl)irl satlsfles both these

equatlons and oÍl) = 1.

Uslng (3.7) we can wrlte (3.13) and (¡'f4) as

IE

¿. 2-Lr.,S

tir I p,
s

G

ri I /p,

(3.15)

(3.16)

Thls suggests the following slmp1e lteratlve scheme for

the determlnatlon of î, and ;, startlng wlth some inftlal

approxlmatlon EÍ") to îr,

(1) Insert X

approxlmatlon

1) and use (3.15) to determlne an

) and f,1.

(11) ïr rà2, compare ;Ít) and tÍ1- 1) If the dlfference

ls sufflelently small end at step (1v) '

(111) Form xÍi)= iltl /GÍ1)),,.

(lv) rnsert [Ít) ano use (E.ro) to determtne tÍ1)'

(v) Return to steP (1).

some of the theoneti-caI propertles of thls process

are presented ln the next section. l¡lhlle 1t may not be

necessary for the normallsatlon (step (11f) ) to be

lncluded ln each lteratlon, thls does make eonvergence

test easler slnce then the quallty of the lnltlaI

approxlmatlon xÍ") has 1ltt1e effect on the comparison

ln step (11).

(1-
2

l(rtrl



In practlce a convenlent inltlal approxlmatlon to tz

ls glven by S¡ r, the leading PzxÞ" eubmatrlx of S. Further

the computatlon lnvolved can be reduced by usíng the

symmetry of E¡ and î2 1n (3.15) and (3.16) to obtaln

-t01 = Groã'/p, (3.17)

oz = Groîr/pt

r- r-4 .

(3.18)

1 
"(lll); 1 = r,2, G1 1s thewnere 9r = v' i

,"Þt(prtl) " 4 n, ip.+l) matrlx formed from Gi oV deletlng

rows U for J>1, and adding together columns kf' and Í'k

for k*[, and Gz 1s s1ml1ar1y formed from Gr.

The procedure has been programmed (see Appendix D)

and has proved highly successful 1n all cases trled.

Although the conver€çence appears to be ]|near, dlfferenees
-oof 1 x 10 - between all the elements of xÍt-l)arra xÍt)

are typically achleved ln less than ten lteratlons (see

e.g. sectlon 5.6).
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5.4 Estimatlon from a s lteratlon of the 1lkellhood

equatlons.

In thls seetlon we sha1l examlne some of the

properties of estimates obtalned from a slngle lteratlon

of the llkellhood equatlons, 1.e. we w111 assume that some

estlmate lr(o) of t2 1s avallable and conslder the

propertles of the estlmates determlned by steps (t),

(111) and (1v) of the procedure proposed' 1n the prevlous

section. For couvenlence we wrlte (¡r(o) )-t = \'r'

Theorem 1 If V 1s any p zxpz posltlve deflnlte symmetrlc

matrix, GS 1s deflned by (3.4) and the PrxPlmatrix A ls

definedby+=GiY,thenAlsposltlvedeflnlte.

Proof: For any p rx1 vector x

Ax x x.
J

v
J

slnce v 1s syrnmetrlc and posltlve deflnlte 1t may be

wrltten as H/\H-, where Â = dlag (Àr) with Àt'0, and H

ls orthogonal. Uslng thls and (3'4)

x'Ax = I
'ir1rkr1,

wlth equallty 1f and only lf f, = 9' r = 1"'Þ2, where

and h 1s the rth column of H. But I;E'r

trJi
ç
Li,J

x

= 
rl: "tnlu 

( c's ) ri ks

(x3hrr)"JuIrr

= I À, I"'Sf, > o

x

x
k1,

rk( xrhkr )

(Irøþ;)(îøbr) = ï-T = O 1f and onlv 1f x = 0'

A 1s positlve deflnlte.

Thus



Slnllarly 1t may be shown that lf P = Gs!' then

the gzxþz matrlx B ls posltlve deflnlte for any prxpr

posltlve deflnite oymmetrlc matrlx U.

The orem 2. If V 1s any PzxP2 posl-t1ve de flnite symmetrlc

matrlx, Gs 1s deffned by (3.4) and S = 518S2, wlth

Sr and Sz PrxPr ând PzxPz Pespectlvely, and wlth "Í1)=f,
then a s1ng1e lteratlon of the procedure defined above

w111 determlne 51 and Szr 1.e.

t-16.

(4.1)

(4.2)

sr = t|rc;vl / t|,c;yl,

Sz = å,Gss;1

Proof: From theorem 1' 1f å = Gíy'A ls posltive deftr'n1te'

and so 1n partlcular ($)r+0. Now from (3.4) and (2.6) of

chapter 2, (Gr)rj kr = "ik Jt, = tf l' "Íl', 1'e' Gs= 1.9í'

Thus GrY and slnce s Íi' = 1' (Giv)r = (!;Y),

and so (c;y) / (c!v)r Further (Gss;1)/pr =

1 )/pt

In particular then, w€ have on settlng S = f, = E¡ I X2'

wlth o{l) = 1,

!r - G; til/Pr; Ez = cÏ-;L/P. (4' 3)

The above theorem suggests that good estlmates of xr

and t2 should be obtalned from a slngle lteratlon of the

equatlons even where s 1s the sample varlance matrlx and

so w111 not.p.ossess the structure exactly. The posslblllty

of gettlng asymftottcaLly efficlent estlmates from the

sr (siv),

I:

s, (gíl;
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flrst lteratlon of an iteratlve process was flrst reallsed

by Flstrer (1g25) who remafked that for ordlnary cases, the

flrst lteratlon of the method-of-scorlng lteratlve process

for the solutlon of 11kellhood equatlons yields asymptot-

lcalty efflcient estlmates. Formal condltlons and proof

of the result for Newton-Raphson type lterative processes

is given by Zachs (Ig7I, p.2!O). Recently Anderson (1973)

has proposed an lteratlve process for maxlmum 11ke11hood

estlmatlon of the parameters of linear varlance structures

and has shown ttra'L the estlmates obtained by a s1ng1e

lteratlon are asymptotleally efflclent, provld'ed that the

lnltla1 estl-mate ls conslstent. Ide w111 show in theorem

3 a s1m1lar result for the iterative proeeas deflnecl above

for the dlrect Product mode1.

Ì'lh1]e these one-iteratlon estlmates' belng dependent

as they are on the ln1t1al estlmates, mlght not usually be

consldered 1n practlce, they may prove useful where elther

o.r both of p1 ând p2 ls larger or where large scale

computlng facltltles are unavallable. In any case the

results are of lnterest beeause of thelr lnformatlon on

the nature of the lteratlve process'

Lemma 1. Let Gs be deflned bY (3'4)

wlth nS - Vü-(nrE=Er 8f,2), and Vr ând Vz be p2xp2 positlve
u
' -1

deftnlte symmetrlc matrices estlmatlng Lz' such that

Vr-Vz = on{rr-k), k}0, and vz-xã1 = ontn-L). Let l, 5r

y. and z be deflned bY

y=oiY'; T=Gãvr;

7 = G;{ = Gívt; Yz. (4.4)



Ll-B.
.1

f
ù

rt
u

Then the fol1ow1ng relationshlps hold:

(1) each of V¡ rVe rW ,xrr r? 1s 0p(1)

(11) y,-Z = on{r,-k)

-\(111) *-? = Oo(n
T

)

w-y = o-(n-L)
P

w-x = o (n-k)
-p

tìI-X-y+Z = O- (n
-P

-\(v11) g1' - y.?' = On(n )

-lt(v111) zt - Pz = On(n )

(tv¡

(v)

(vl)

I
I

i

rt

I

I

I

(k+L)

-4

)

(1x) x1 -pz=O np

Proof:

(vl)

( lx)

(v11) I - I+(Gi-Gí)Yr; I = 3+(cí-cí)Yr.

Thus y9'-y?' ( c;-cí )Y'3 ' * yYî ( G'-GE )

+ (cí-cí)!r!á (Gs-GE)

-\=0(n
P

)

(vll1) I )=o ( n )
P

( )

(1)-(v) are lmmedlate fronr deflnltlons-

l-I-¿+g = (ci-e; ) (Jr-vz )

r= Q (n-
p-

, )o (n - (k+L)-k )) =o (n
PP

oí (vz-Eã
L4?-G;E-;T =

4

= pzlr, wh1le oÍl)

(

But from (4.3) c;¡;1

so zt-Pz = On{n-b).

xr-pz = (xr-zt)+(zr-pz) = On

and (v111).

I¡

n-4 ) fnom (rrr)



Theo rem 3. l^llth Gsr V1 ând V2 as ln Lemma 1

=o (n-L (t+r ¡ )

11g.

(4.5)
P

Proof: Uslng the notatlon of lemma l-r (4.5) 1s

w/wt x/xt = o n( -rá (k+1)
)

P

Now, slnce from theorem 2 y,/yt = z/zt Ê It' uslng results

from lemma 1,

w/wt T/xr = w/wr - I/*, Y/Yt + z/zt

y(},- |,t - I(*, - ål - r(+, - |.1 + ?(L,- l")

¡L 1r
=wl-l- \wl Xt'

+ (w-x-y+z ) /pz

+

(y.-=) (å, - å,)

(E-t) (*, - å.)
¡L 1r

I \lr - ãr)

¡I L 1 1\=I[wr-Ír-it-ât)

+o (n- (k+¡É)
)

P

+ (y-¿) (*, - +,)* on(n-(t+t) )

- (k+rr)
)= {( t/w, llx t r/Y L 

+ L/z r) + on(n

Funther

(xry¡zr - t¡JrVrzr - vr¡xtzt * wrxrVr)

= ((*r-rr)yrzl - wrxr(zr-yr))

Ê! (-(*r-xr-v t+zt)ytzt + (wrxr - Ytl.t) (yr-zr ))

= on (n- (tc+b) 
)

whence the result.

,1

ù

,,{

ùi-

I

I
Í,ll

I
1'

I

I

I

'1

t

I

'

r.i

l,



Coroll-a 1. Under the cond.ltlons of theorem 3, wrltlng

L20.

(4.6)

(4.7)

I

,1.

Þ^

I

¡

t

1l

t
i

!

I
I,

Itrt = vl/wli 3t,. = I/*,

å,orl;l'-å,orI;l'=o
- (k+b)(n )p

Proof: t.H.S.

theorem.

( - (k+L) ) from=o np

corollarv 2. If X Í") 1s â. pzxÞz posltlve definlte symmetrie

, xÍr) and xÍt) are deflned as 1n

2 ãtê the maxlmum likellhood'

then, wrlting

¡îl,r*,n, {lî I '

matrlx, conslstent for E

sectlon 4.3, and î, and

estlmates of Xr and Dz,

2

x

*,

F
ßl:rl

-(i)tg

ß.1t;.]
f,

I

E

.(1)L3

t and Xs =

Ig = O n *r¡
P

(

In partlcular then

,Æ'( E Ír ) Es)
P+9 (4.8)

Hence ñeÍt)-rrl and ,6-(¡, - Ir) w111 have the same

asymptotlc dlstr1butlon.

Proof: Taklng v¡ = (tÍo))-t, u, = î,-t, the result for

1=1 follows from the theorem and corollary l-" Formula

(tl.7 ) tr¡en follows by lnductlon on 1.

Note. In the Same manner aS above 1t may be shown that
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(4.9)

(4.10)

¡

t^

- (k+L)1f Vr 2 ), k)o, then
p0v ( n

so that lf EÍo) Lz = 0 (n-4 ), then
p

í+1
z)X. = O (n

P

Thls will be bhe case where xÍo) ls chosen as Srr.

t(
3

)
T



5.5 Dlstrlbut long of the estlmates

1.22.

( 5.1)

In thls sectl0n we consld.er the dlstrlbutions of the

maxlmum llkellhood esttmates îrrîz of Et¡f,2' Vrte w111

dlstlngulsh two sltuatlons, conslderl-ng flrstly the case

where elther xr or tz 1s known, and secondly the case

where both are unknown. In the flrst case the exact

dlstrlbutlon when nS - 1,'Ip(nrErSXz) is derlved, whlle 1n

the second case only the asymptotie dlstributlon ls

obtalned.

Suppose firstly that Er 1s known' Then we may assume

that Er=Ir slnce the value of Dz whlch minlmlses

F(Er ,ã EziS) must also mlnlmlse

F((Er-% u r) ([r I x¿) (¡ ,-" Ø r); ( 214 ø r)s( E'-r'Ø r))

= F(I S xziSr) where nSr = (Er-" s I)S(tr-Lt 6 I)

- rtrn(n,I a Xz). Now 1f sr ls partltloned as ({st )n1)

where each (sr)¿1 1s p2 x p2, from (:'O) and (3'10)' ;'

v¡111 be given bY

Slnce the n(Sr)
^that nPrE2 - t'l

are lndependentlY * I'lp, (n, E z )

(nprrEz). Surnmarislng we have:

1t follows
it

P 2

The orem 4. If nS - V'Ip(n,Er a Ez) wlth Xr known then

nprîz - Wnp, (tnr rxz) -

Itlsalsoeasilyseenthatlfltlsdesiredto
estlmate the parameters of some model Ez = ¡z(I) of

varlance structure for Ez, the sÉLme results would be

obtained by uslng elther the dlstrlbutlon of s as the

l1kel1hood functlon or by uslng the dlstrlbutlon of Ez '
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l¡lhen lz is knotçn and Er estlmated, by similar reasonlng

to the above we fin¿ rrpaî. - Wnr(nP'[r) ' Note that the

orlginal,arbltarilychosen,ldentificatlc¡ncondltlon
oÍl) = 1 no longer applies since the model is identlfied

by the knowledge of Ez. As above, lnferences on E1 could

be made uslng the marginal d'lstributlon of î" and 1n

partlcular if it was known that oÍl)= 1, then the remaln-

lngparametersoflrcould.beestimatedusingthemethods

of ChaPter 2.

Wewlllnowconsiderthecasewherebothxlandtz

are unknown, and determlne the asymptotic dj-strlbutions
^^of ir and Dz, where these are defined as solutions of

(3.15) and (3.16) with ô

thatf,=Ir@Xz wlth

': N(o ,vx ) where

V- = (t ¿r X + E ts X).
L

Lemma 2. trfith Gs defined bY

d.istributlon of S as above,

= 1, under the assumPti-on

= 1 anclthat 'ñ (S f)

(1)
tl

oÍl)

(3.4), and the asYmPtotlc

ñ(9" "- 9r) i N(9, ur), rvhere

6.2)

(5.3)ur [(rrørr) e (xz'¿xz) + (trErr) s (xrExz))'

Proof: Slnce the elements of g" are Just a permutatj-on

of those of l, the asymptotlc dlstributlon of ñ(9" 9t)

1s clearly normal wlth mean 0' Further

n cov(gr. kl, r gnn ,") = n cov("rt j 0, smr ,r")

oJ p' tt

f1) ol2)ks l-11

"ik nr

= of 1) okr

o ip, ns

(2) 
^(1)l-m "0s

+ ofk ,r"
o\') + o

Jn
(1)
9,r

(2)

(ur ) rj k9,, mn rs

o o jm



1,24.

Theorem 5. If Er

(3.15) and (3'16)

dlstributlon of S

fn

and i,
^wJ.tn o

1s as

-1
S

2

gs and.

have,

are

above, then

,I, N

deflned

= 1r and

solutlon of

asymptotlc(1)
ll

AS

1f

the

the

where cr 1s some scalar.

+ cllr

Looklng onlY at the

gf the flrst columns

slnce ô (1)
11 1

(5.4)

(5.6)

flrst element

ofG and G xs

(5.7)

[;.]ß:l

Vrr

Vzt

Vr z

Yzz

where

t7vtl

f7v21

Yzz =

and c ls the

is the flrst

(Xr8Xl + X¡EE1 + 2XrEí 2t ¡C' Zcr,i) /pz

2Lz(c-I r )'/p,

(xzelz + xztrxz)/pt + 2(pr-1)[z\î/(prp') (5.5)

plxr vector wlth (g):.¡ = rÍi'"ji', 1.e. g

column of both Xr 8X1 ând- XlEEl.

Proof : From (3.15), (4.3) and theorern 2 we have

Þz( x I IE xG

-usG

-(sí-cíl!;'

) oíl;'

( G;-Gí I l; t

:)î;1L-

+ G; ( ¡; '-I;' )

(

and denotlng bY

respectlvelY we

c[=

and so from (5.6)

uÍ l) t

-(Î;1)'{er-cr)

Pz([r-Er)

cont.



veclt!;t)'(Gs-GE)l

(r-a ø (¿ã11-)cgs-9¡)
' P1

Now, from (3.16) and (4.1) we have

c, r!; t-I; t l

¡ r (!;1 )'{sr-sr)

t?5.

(n- 1)

(5.8)
a

Pr(Xz-Ez)

!r(!ã1)'{er-er) o+
P

GrIt-GtI t'

-1(G
s x )x I + (5.e)

But, as 1n theorem 2, GX and, uslng the fact that

q5.r0)

15. u)

LzLt

!í¡;1 =

Taklng the

wlrh (5.8)

) Pr r

(r

+

vector form

we have

I
¡Ix(

c,tî;t-I;tl

1

^t^-(x;')'(Er-Er)

and sor on substltutlng 1n $.g) and uslng (5.8)

Pr(xz-Ez) |rI, (-x;1)') (cr-ar) Iî 
t

å,I, (¡;t)'(g"-gr).

of the flrst term and comblnlng

p
-Gs E

s-9r

1 )' l /pz

-1,(¡;t)'/pz

l(Iî1)' a (r-I, (¡;1)'/pz)l/Pt

Ez,ri')'/p,

Mtz
MzzIt: -1(ri ) $.t2)o+

where

Mr r=

Mt z=

Mz t=

I-zs[(Eã
PI

(5.1_3)
Mzz=



Thus, slnce from lemma 2 we find

where Vr,

(". ì+ ) and

lut
l.g' I vx,

[9"-grl
Iu"-u, J

Varn
c 8V Ez

v
Ez

ls deflned by ç5.2) ' we eventually obtaln

(5.5).

(1)-(1)
3.Q, "tt

( 1)
rg+6 o +20 o

tz6.

(5.14)

(5.15)

For computational purposes the formulae (5.5) may

be wrltten

n cov (;Í|,â[rl)I + (o (1)
jk

( 1)
rJ

( 1)
k1,

-'"Íï, "[],
o 2o õ(1)

9"1

( 1)
r1

)vp,(1)_(1
J I 'kl,

n cov( o ,orJ
(1) \ -!-

, 'i-
(2)
k9"

(1)
j1 "Ílzcofl)o (2)

kr,
)þ /pz

n cov(o to )kÍ,

üle note that

o +6 ) /pt

+ 2(pr-1)o (2)
rJ

(2)
rJ

(2) (o (2)
Jr,

(2)
l_k

(2) _(2)
iI, tlk

(1)
k9,

"Íi'/iætpz).

$.L5) ylelds cov(;f l),;
oÍl)as expected' slnce ;fl)

)

cov(;fl),â[T', = 0, L

slnce the asymptotlc marglnal dlstrlbutlon for Ez

ls dependent only on f,2, 1t mlght be taken as a natural

basls for the estimatlon of the parameters, y, of a varlance

structure model L2 = x, (I)' However, although the first

term 1s of the form (5.2), the presence of the second term

means that the general formulae of chapter 2 ror, estlmatlon

and tests of slgnlflcanee cannot be applled. on the other

hand, slnce 1f g = ñ()z-oz),
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T = g'(ra"{g))-tg t vz(""Þzlpr+t)), (5'16)

and slnce for general vector T and nonsingular matrlx A

(A+îI')-1 = A-1 o-tï(l+x-A-tL)-tI'A-l (5.17)

so, from (¡.e) of chaPter 2'

P' {tr¡(¡,-îz)r-21' - tËÌ;1' [tr(x,-î,)r]11']m-

t I't 1-0. ) l'i
l-=1 

L

PZ{I
i=I2

(1-0í)
2

ÍIP t 15. rB)

where ör...Q* are the elgen values of r';4îrrl4'
P2

Minlmisatlon of T would also asymptotlcally y1eld

generalised, least squares estlmates of the parameters Y

Ic. f. sectlon 2.3].

l¡le al-so note that because of the method used for

ldentlfylng rr and Lz, i.e. "Íl) = l-, estlmatlon based on

the asymptotlc marginal dlstrlbution of î, would only be

appropriate either when the condltrop oÍl) = 1 1s reallstle,

of, 1f thls 1s not the case, when the modei for Lz 1s

essentially lnvarlant under transformatlons of the type

Lz+âxz,e.g.correlatlonstructuremodelswlthno

constralnt on varlances.

Simllarremarksapplytotheflttlngofmodelsof

varlance structure for xl. Further, where models for both

Er and L2 are proposed, because ;, attA iz ârê not

asymptotlcally lndependent, tests based on the marglnal

dlstrlbutions would not be independent. 0n the other

hand, purely descrlptlve technlques whlch are elther free

from the ldentlflcatlon problem or usually based on

correlatlon matrices¡ e.8. prlnclple components, could

readlly be applled to î, ana îr'
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56 Numerica.l examPles

In thls sectl0n we ltlustra*"e ühe use of the model

as a descrlptlve technique by applying lt to three sets

of aetual data. The proeedure deserlbed above was used

for estlmati-on, the lteratlve process belng termlnated

r¡rhen the dlfferences between all the elements of successlve

-9
estÍmates of X ¡ were less than 1 x 10 For each examPle

computation time on the CDC64O0 was less than 3 seeonds.

The llkelj,hood rablo statlstic was multiplled by the

factor p+¡ defined hry (4.1-4) of chapter 3 and further

consj-dered in seetlon 5.7, to give a test statlstic, T,

more closelY dlstrlbuted to X2.

our first example, whlch provldes qulte a meanlngful

lI1ustrat1on, uses some unpubllshed data klndly made

available by Miss M. Rose. It comes from a uniformlty

experiment ln which three wool measurements v¡ere made at

seven dlfferent sites on twenty sheep for four successlve

years. The measurements were f tbre diameter (FD) , coeff lcl-ent

of variatlon of flbre dlameter (cv), and crlmp (cR) 
' while

the sltes were upper shoulder (1), upper mldside (2), upper

hlp (3), shoul-der (4), midsicle (5), h1p (6), and belly (7)'

A multivarlate analysls of varl-ance wlth anlmals and years

as factors yielded the resid.ual varlance natrix shown in

Tabl-e 1. After allowlng for the estlmation of s1x misslng

vectors, thls will have 5L ci.f '

The estlmate" ñ, ana ñ, together with the correspondlng

varlance estlmates are presented 1n table 2' Because site 5

1s the one commonly used, ln experimentatlon, and as the

only meanlng to be attached to site varlance 1s a relative
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CRcv
FD
4

t23 4567t234 567

3811tFD1
2
3

4

5
6

7

l2 3

14635

8s85 15346

tong 10516

6971 99n
10239 7525

-7670 r0É,7

-4317 so
-2278 42ß
-1305 L826

2849 7n6
-933 706

8400 6475

-2828
-3637

-no3
-2!ß9
-&79
-4943
-251.4

-1650

-3030
-6619

-831
227

-1 969

tl52

s73t
6511

7208

7679
414:Ì

3gn

9113
ssn
5253

8269
4LT2

soæ

-144wt
-3197

-2409
1084

5æ
æ62

-?;124
-3652

-4E33

-1956
-t922
-1876
-4272

177o,s

8948

8823

1525

-520
2692

6137

5497

4888

ttt64

17989
4882

145
-r558
.4t9p

388

-1344
3?77

3495

18181

-6325
-3862
-95n
-3249

818

-159
5185

-19t2
-3354
-6217
-1605
-40t4
-a6Él
-112s

5

-4371
-ßr6
-8621

-2532
-2850
-5187
-3943

67

cvl
2

3

4
5

6

7

cRl
2

3

4
5
6
7

861

-zs,EZ

-4472
2354

3n2
2533

8727

s3296
1s379

16636

19576

18508

tL32Z

3745

-8¿18

-310

-2032
-Æ
5718

37

-3s98

4E035

12224

1q)71

tr6t4
-5191

-62.67'

7LÐ7
270ÉÁ 5sü/2

16141 27f49 65sCI6

t2722 Zæ2 5954 52264

-5542 3Sn5 16453 8959

-2518
-2237
-3862

-6t7
377

-1972
-1082

-262
-2Ð3
-5543

125
582

-1850
3651

æ2
476

Eî,79

683
219+
3098

-3667

-1576

-5346
-968

-1318
-%4

-2862
981

-9356
-3495

-¿?fi
1443

-412
-5920
l82l

-s372
-3876

-2816
437

-502
-s864
-9504

s95

-Ð36
-3661

1866
2881

-1,æ4
s7s

87166

-8859
.3702

-684)
-7t17
tæ7

-51e7
-æ97

743Á

3287

?7o?
æ83
2424
4176

2282

w2
5115

2t52
zn3
3559,

168,1

11199

2230
3752
6088

2140

8&2
1789
2618
t7E9

9924
5333

4233

It627
3275 22218

* x104

H
ru
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one, the varlance estlmates have been ldentlfled by the

condltlon o5?) = 1. The flt of the model ls acceptable,

and the estlmates appear to provlde a useful descrlptlon,

wlth unlform trends ln the slte vartrances, and the estlmate

of the slte coruelatlon matrlx aÌso exhibltlng a natural

pattern, vüith each slte correlatlng most hlghly wlth those

nearest to 1t. hle also note that the FD-CR correlatlon

agrees well wlth the -.L3 glven by Newton Turner and

Young 0969, p.135).

TABLE 2

Estlmates for Data 1

Rt

FD cv CR

R2

FD 1.0000

cv .0948

cR - .1082

Variances

1

2

3

4

5

6

7

Variances

1. 0000

.0266 1.0000

1.3311 7.5069 1. 1915

I
1.0000

.4326

.4020

.4066

.3851

.3098

.1702

32

1. 0000

.4162

.4t75

.3792

.2297

4

1.0000

.4531

.3591

.2284

5

1.0000

.3882

.3185

6

1. 0000

.2L42

7

1. 0000

1.0000

.4104

.3047

.4083

.2123

.L282

,.7359.647L.9749.86841.00001.0080|.4735
l1 lrerarlons T = 22L.BOL6 pr(Xt(198)>1) = .1181
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The second example (Oata 2) comes from Iudor (1971) 
'

who conducted an experlment 1n whlch 58 calves were

alloeated at blrth to one of slxteen nutrÍtlon treatment

groups, and slaughtered on reachlng approxlnately 4OOt<g

11vewe1ght. Varlous measurements on body composltlon

were taken. In partle,ular hre w111 conslder the welghts

(1n grams) recorded for five muscles dlssected from both

left and rlght hlnd 1egs. In thls case lt 1s expected

that the relatioitship betv¡een the muscles should be the

same on both sldes of the anlmal and that the correlatlon

between sldes for each muscle could be the same.

After deletlng 2 anlmals for whl.ch there was misslng

data, the withln gr'oups matrlx, 1^1, was calculated wlth

covarlanee adJustment for age and fasted body welght prlor

to slaughter. Thus 1,rI ls on 38 d.f .. As for our purpose

here, there 1s lltt1e interest ln the muscle varlances,

and as both the strueture and test statlstlc are preserved

under transformation of the type $ + (Otenz)S(D¡IED2) where

DrandDzarePrXÞrâ'lldÞzXPzdlagonalmatrices'for

convenlence of presentatlon vle rescale VT, chooslng

Dr = Iz and Dz = {aiag(}lrr )}'4, where 1,111¡ 1s the leading

5x5 submatrix of lnl. This rescaled varlance matrix ls

presented 1n table 3, together wlth dlag(ldr: ).

The correspondlng estlmates are presenued Ín table

4. The reason for the poor flt appeared to be a qulte

large dlfference between the left-rlght eorrelatlon for

muscle E and that for the other muscles, the actual

values belng, in order A, B, C ' D, E, .929, '9I9, '946,

.g22rand.5gT.Thlslnturnmaybeattrlbutabletoa
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TABLE 3

varlance matrlx for hlnd les musclesData 2 Rescaled

lEFT

LEFT .&* B c AB

R,IGHT

t.0524
.7049
.1944

CD

A
B

c
D

E

A
B

c
D

E

1.0000
(onq

,6Itz
.58-'i 1

-.051 3

RIGHT

1.1091
.6866
.6390

.6620
,4421

diag (\ÀI11)

36508

1.0000
.4797

.51 30

.2656

1.0000

.6006

.0245

.6636

.97(rs

..1458

,6221
. s408

7fi^q

.5406

.9710

.6301

.2675

t.4262
.847?
.8782
.8334
.3851

1.1288
.5727

.7649

.6008

E

5642

D E

1.0000

.0399 1.0000

.ZIBL -.1580

.6193 .2219

.6319 -.0s56

.9494 -.0052
,4152 .747r

1.0611

.3676 l.

30559 L9249 B77B 4232

lrA = M.
C=M.
E=M.

blceps femorls
semltendlno.sus
adductor fernorls

semlmembranosus
gastroenemlus

B = }'{.
D=M.

hlgher measurement error assoclated wlth thls muscle

whlch 1s smaller and harder to dlssect out than the

others. hlhen the ana.lysls ls redone wlthout this muscle,

the estlmates shoÌIn 1n table 5 are obtalned' glvlng qulte

an acceptable flt to the data. As an lllustratlon of the

formulae of sectlon 5.5, and aS these estlmates are used

as a basls for the slmulatlon experlment descrlbed 1n

sectlon 5.7, we present 1n table 6, the estlmated

asymptotlc varlance matrlx for î r, ;, calculated from

$.5) wlth f, r , t2 rePlaced bY î, , ;r '

The thlrd example (data 3) 1s taken from Campbell

and Flske (1959) who have presented data from an assess-

ment study of c11n1cal psychologlsts, consldered earller
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TABLE 4

Estlmates for Data 2 al-l nuseles

E I E2

A B c

L 1. OOO0 A .9766

R .87 52 L. o3o5 B .5357 .B52tt

c .4863 .3857 .7257

D .Uzìt3 . 3916 .4149

E .1585 .3923 .0647

l-3 lteratlons f = 66. 2084 pr ( x2 ( 38 ) >T) =

ERL D

. Br4o

. o941 2.4460

.0031

TABLB 5

Estlmate for Data2 - muscle E excluded

Ix l2

A B

L 1. OOOO A r.r202
R .9032 1-. 0082 B .602t .9692

c .5284 .\297
D .4490 .4r79

11 lteratlons f = 3L.0,127 pr ( X2 ( 24 ) >T) =

RL c D

.7968

.4433 .9205

.1526

by Flske (1949) and' Ke1lv and Flske (1951) ' Flve

personalÍ-ty tralts of 1,24 subJects were assessed by three

dlfferent methods v1z. staff, teammate ancl self ratlngs'

lnle w111 present only the results of flttlng the dlrect

product structure for the teammate and sel f ratlngs, thls

partlculardatabelngregardedbyCampbellandFlskeas

exhlbitlng good test valldltY'



1_34.

TABLE 6

trlx fo

3090

1370 1381

L3?2 920 1519

991 Lt26 720

755 8L4 886

to47 748 126s

ft

208E

1162 1353

looo l?42 2787

ble 4lÊErEEstlmat ed asvm.ptotl

t Ez

1121314122g2423343M

E

E1

2t
22

L2
11

2l
31

4L

22

32

42

33

43

4

4128

22L9
t947
16s5

1668

1154

1019

I322

951

1209

2144
t26t
11sO

r 920

1184

1069

EL3

720

858

1726

It22
1018

to79
750

1385

933

84

17s5

948

769

1100

852

1033

13 60

2L 22

L27

229 511

a -284
0 -152
g -134
o -114
g -245
o -109
0 -106

O -ZOz

0 -112

o -zg3

* x10s

Incornmonwlthmostpubllsheddataofthlstype'
only the correlatlon matrlx ls aval1ab1e' so that

althoughtheestlmatj.onproceduremaystlllbeapplled'
the assoclated slgnlflcance test ls not strlctly

approprlate.Itshouldhowever,lñthlscase,glveSome
gu1de, pnovldecl that the l.taLi- varlances of the teammate

ratÍngs do not dlffer greatly from those for the self

ratlngs.

Theestlmatedcorrelatlonmatrlcesareglvenlntab].e

7. lrle note tfrat ñz agrees fairly closely wlth the lnd1v-

1dua1 monomethod matrlces, and. that the apparently good

fltsupportstheCampbellandFlskevlg,ualassessmentof
good va1ld1tY.

The model was also fltted to the fulI eorrelatlon
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Es

TABLE 7

tlmated correlatlon matrlces for Data3

c s U
Rr

Te

Se

*Te = Teammate
A = Assertlve
U = Unshakable Polse

Se = SeIf
C = CheerfuL

B = Broad lssues

B

1.0000

.3192 1.0000

S = Serlous

Te* Se

1.0000

.2823 1.0000

R2

A

c

s

U

B

A

1.0000

.264r

-.0832
.LL32

.2265

1. 0000

-.L137
.2526

.1887

1.0000

.1520

.2003

g írerart-one T = 43.9295 p"(Xt(38)>T) = .2347

matrlx wlth all three methods of ratlng lncluded'

Convergenceoccuredlnglteratlons,wlththevalueofthe
test statlstlc T now t57'gLUl whlch 1s hlghly slgnlflcant'

w1thp"(x,(].oo)>T)=.0002.onexamlnlngtheorlglnal
correlatlonmatrlxltseemsthatthepoorfltmaybeatv
leastpartlyattrlbutedtotheratheriargedlffer.ences
1n thþ staff-teammate correlatlons for the dlfferent

e

characterlstlcs, and some notle/able departures from

symmetry ln the staff-teammate submatrlx'
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q -7 Annroxlmatlon to the dis!q-!þ
¿ ' t __--¡- I_ -- -- -

utlon of the test
statlstic

Althoughunderthenullhypotheslsthatthe

populatlon varianee matrlx has the dlrect product structure

T
o

and (2.6), as shown ln chapter 3 the approxlmatlon to the

X2 d.lstributlon may be lmproved by multiplylng To by some

sultable factor p. In sectlon 3.4 methods of constructlng

p are suggested for cases where n[To] is unknown' and ln

thlssectionwewlilexaminerbyanumerlcalexperlment,

the performanee of these methods when applled to the dlreet

productstructure.IndolngthiswewlllalsoobtalnSome

indlcatlon of how large n need be for the asymptotic

formulae of sectlon 5.5 for the mean and varlance of ;'

and tz to be appl1cable.

Themethod.wasasfollows.Fourhundredsampleswere

generated from I^In(n,x=xr Exz) uslng the method descrlbed

1n sectlon 3.2. In ord'er that X1 and Ez be representatlve

ofthosewhlchoccurlnpractlcetheyüIerL'takentobe

equal to the ML estlmates for data 2' as given 1n table 5'

Furtherrâslmprovedapproxlmatlontothedlstrlbutlonof

the test statlstic 1s IlkeIy to be most lmportant for.

moderate nr'and slnee there 1s partlcular lnterest ln the

dlstrlbutlon for data 2, n=18 was taken' For each sample

îr, î" and To were calculated' The emptrlcal c'd'f'rs

of To and PiTo, 1 = 1. "4r were then determlned' wherne

the p1 are glven by (4.L1) to (4.14) of chapter 3' wlth

qanddglvenbyi€.5)and(2,6),andplottedtogetherwlth

the approximatlng x2 c.d.f. uslng an incremental plotter'
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The sample mean a.nrJ varlance matrlx for the 400 sets

of estlmates are glven 1n tables 8 and 9. These are qulte

close to the mean anrl varlance of the asymptotlc normal

dlstrfbutlon as given ln tables 4 and 5, suggestlng that

even wlth n=38 the asymptotlc formulae may be used.

The c.d.f . rs plotted are shown ln flgures L-5. F'or

comparlson the emplrical c.d.f. of pnF(E;S) wlth

p=1-(ep2+3p"-]-)/ (6n(p+1)), which is the correspondlng test

statistlc for the llkeI1hood ratio test of hypothesls that

the population matrlx equals X, 1s shown 1n flgure 6. The

graphs suggest that the use of any of the factors for To

glves a statistie more closely dlstributed to X2(d) tnan

To, wlth the better approxlmatlon belng glven by gs and

g+. Although thls experlment has only been conducted for

one partlcular n, x r and lz, the results are 1n agreement

with the theoretlcal comparlsons made ln sectlon 3. 4., and

lt appears that the general use of elther gs or 9+ would

be approprlate. slnce gr+ 1s the more conservatlve, ln the

Sense of sectlon 3.4, and the form of flgure 5 looks closer

to that of flgure 6 tfran does that of flgure l+, P,r has

been preferred for the examples of sectlon 5 '6 '

TABLE 8

Mean of estlmates fr om 4oo s amoles

I

I

å,,
ãt

fl

t t Ez

r_. 0000

.9044

t.1264
.60t17

.5268

.4541

.9737

. u32u

.\L69
.7992
.449r

1. 0115

.9200



138.

Var e matrlx o

TABLE I

f estlmates from 400 s e It

E

î, 2t 141

22 262 593

Ez

2L 22 11 2t 31 41 22 32 4P' 33 43 ut

îz 11 -58
Zl -4L
31 -3O
4l -53
22 *ZT
92 -!ÌO
42 -4S
g3 -s9
49 -29
U -49

-376
-209
*194

-194

-305
-177

-199
-356
-181

-3tL

4327

2356

2081

1 615

1622
L207

993
1s70

1odo

1131

22#
t3?7
tzl6
LB37

1197

1138
1004

7æ

931

1837

Lt78

w
1081

725
r491

966

761

1859

852

789

lLoz
948

tttz
1970

294i1

t26l
1299

918

683

11.ß

2309

tzlt 1363

e58 tz4Ð 2627

,1
¡

't¡þ

I
t'

t:(

t
'!.

:,

I
1'

l
I
i

,l

h

It xL0 5
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5 B Dlscusslon

In thls ehapter we have propoeed the use of a dlrect

product model of varlance structure for certaln types of

sltuatlons, and consldered Some of lts propertles' A slmple

method, whlch has proved hlghly successful ]n appllcations,

of determlni-ng the ML estlmates of the parameters has been

presenbed, together wlth some propertles of the procedure

and the ¿srrrnptotlc distrlbutlon of the estlmates ' hle have

also exarû.ined 1.,y numerleal experlment ways 1n whlch the

dlstrlbutlon of the test statistlc for goodness of f1t may

be approxlmated.

In sectlon 5.6 we have demonstnated the usefulness of

the modef by three numerleal examples, v.tlth the direct

product structure givlng a convenient, meanlngful descrlption

of the overall- relatlonships between the varlates through

the separatlon of the sources of varlance. In each case an

acceptable flt to the data was obtained. However, for some

other slmilar sets of data the f1t was sufflclently bad to

lead to the reJectlon of the model. Thls was particularly

true for much of the psychology data trled¡ ê'B' for data 3

of sectlon 5.6 wlth all these assessment methods lneluded'

l¡le note that for thls partlcular set of data a good flt has

been obtained for a restricted factot type model by Jöreskog

(1971),andltmaybethatadlrectproduetmodellslnfact

lnapproprlate to much of thls type of d'ata' 0n the other

hand,thereduetionlntherrumberofparametersfromthe
unstructured alternatlve to the direct product strueture

lsqulteSevere,andltmaybethatSomeothermodelswhlch

I
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stlll lncorporate the dinect product are relevant. Further

lnvestlgatlon seems warranted.

of course, as an eæplonatoty technlque for greatly

rèduclng the slze of the lnterpretatlon problem 1n a useful

må.nner, the structure may stl1I, wlth cautlon' prÒve

convehlent ln some sltuatl0ns where the flt would otherwlse

be regarded as unaceePtable.
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Aopendlx A: Propert l-e s of the matrlx ProCucts A and E

The follow1ng summarlses some of the propertles of the

matrlx products A and E deflned 1n sectlon 2.2. The

properties of the d.lrect product A are well known [see

e.g. Anderson, L958, Bellman ' 1960, Neudeeker, 1969]'

Proofs o.i.- the results concernlng the product ts follow

lmmedlately from elttier the d.efÍ-nltlon, or the relatlonshlp

between A and tr (see (xvl) below). The matrlces A, B, C,

and D are taken to be mX11r PxQ, rxsr and txu respectlvely,

square and conformlng where necessary, wh1le the mpxmp

matrix Lnp ls deflned 1n sectlon 2.2"

(1)

( 11)

(111)

(rv)

(v)

(v1)

(v11)

(v111)

( 1x)

(x)

( x1)

(xl1)

(A8B) eC = A8 (BSC)

(R+e) øc = Aøc + Bøc;

AAB + B AA ln general"

g8!'= !'ø3 = ?P'

rank (A øe) = (rank A)

(A8B)' = A'88'
(aøg)(c øo) = ACsBD =

tr(C'A) = 9'+
tr(C'ADB) - 9

A-AB- 1s a generallsed lnverse for A8B

If Ax = ÀI, BY = ilI' then

(a es) (x øy) = Àu(I øl)

tr(n øB) = (trs) (trB)

leøal = lslP lel'
vec (Rcg) = (B'8 A)c

As(B+C) = A@B + A8c

However

(rank B)

gAD'sr_)
P

t @B)

= D'(B g A')C

(g' srpr) (ru
(r"

'(B'8 A)D
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(1111) L
mP

t
p0

rþ-_!Lp(p-1).
22

L- tup

(xlv) I t,pl ( -1)

(xv) vec(A') = L Afiln-

(xvi) AEB = Lrln(Røe) = (B8A) Loo = Lnp(BEA) Lnq

A6¡3 = L (AEB) (BtrA) L L (B 8A) LnqPm nq Pm

(xvl1) a'trB ?' øøi AEb

gEB = BS3; AE!' = A8!'

(xviti) (A8B)ElC = AE(BEC)

(xlx) (A+B)trC = AEC + BEC: Aff(B+C) = AEIB + AEIC

(xx) AEIB + BAA 1n general, for any slze A and B

excePt l-xl-.

(xx1) (ABB)' = B-EA'

(xx11) (ese) (cED) = BC I AD

(xx1l1) (Axe) (c øo) = ACEIBD

(A 8B)(c8D) = B0BAD

(xxlv) B-trA- ls a generallsed lnverse for AEIB

(xxv) m(m-1 p (p-1)
2

lmel = (-1)

= b8A;

lslP ls I'
Proof of ProPertY (xlv):

Slnce trn 1s a permutatlon matrlx, lLrpl = tL' l'rie

assume w.I.o.g. m>p. Then the slgn ls glven by

(ô
1-2 m m'|.1

2

m*2

p+2
)

mp

mpp+1 (m-1) p+1

= (_1) r (m, p)

where I(mrp) 1s the number of lnterchanges needed to get

agreement between the flrst and second row by Successlvely

1
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mov1ng to tl.e l-eft the elements of the second row' Then

r(m,p) = (m-1) + z(m-1) +...+ (p-1) (m-L) + t(m-1'p)

= (m-1) Pþ+ù * I(m-l,P)

= [(m-1) + (m-z)1 e(å1) + I(m-2'P)

m(m-l- -1
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Appendlx B: Suhroutlnes for fltt Gt neral model of

varlance structure.

For nd lfe lnclude here and ln Appendlces C and D

llstlngs of a number of FOBTRAN IV subroutlnes whlch

lmplement procedures deserlbed ln sectlons 2.5, 4.3 and

5.3. Some numerlcal rOutlneS haVe also been lncluded,

and except for an assumed elgenvalue,/elgenvector routine

(wlth speclflcatlons glven 1n the VARS llst1ng) tf¡e

eollectlon ls complete ln thls regard'

In each of the appendlces a sample caIllng prognam

has been lncIuded, wtth sample lnput cornespondlng to

examples glven 1n the text. some small dlscrepancles

mayappearbetweenresultsobtalneduslngthesamp}e

data and those ln the text however, beeause of roundlng

to the lnPut data.

The subroutlnes have been tested, on the unlverslty

of Adelalde CDC64OO, under operatlng system SCOPE 3.4.1'

uslng the FTN compller. The codlng has been wrltten to

ANSI speclflcatlons, w1th, fon convenlence and clanltyt

the followlng excePtlons:

(1) the PRINT command has been used

(11) multlple replaeement statements have been used

(111) the method of pnesettlng data ln COMMON bloeks

uslng DATA statements 1s apparently not ln accordance

wlth speclflcatlons.
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i'IUT[4 " T11[ IDEf'ITIF ICATIUI'I OF TiIi: IJOOEL iS ChECKED BY NË,TE(T4INTNG THE
ilAi,JKI f:i SAYI OF DSIGI'1A/OGAI"lh4A.AT ThE II!ITlAL GiIT.lT'iA. THE ARQUEÞ1F-NT I\RP

={j-íì. Tt"t ls i,/ ouLg ç¡¡11{Qr.,rLy GIVÊ THþ- r,i0.0r RE0ur.{uAr'/ T P^l'lAf'IEIEHSr tJUTr
ÛCI¡ÌG IIEIìENTIE!.IT ON ]HE II\TTI'IL 6At TúA' 14AY I'IOT ALl¡/AYS
HHILT THI SUBROTJT¡;'I¡:S SHOIII-i] WOiTK SATIST:ACTORALLY FOH THE
NÙI\-IUANT IF IËD CT\:ìË. RESU¡TS SHTJULO tiË EXAMlNEIJ CLOSILY l¡¿HENËVE.R NRP

Is i'10,',lzEl<0 (eEHTAI¡it,Y N0 ADJUS'ft.itr.rT IS r,lAtJg T0 t'tDFM)

I\OIË5" TC) EXTEI\¡U THE RAI.'IGT- CË P' IT I5 NECESSARY.IO CHAI\GE TI"IE

0Ir"rF_N5l0Ns Il\ /ARG5/ ili ALI- SUFjR0i,TIr,it_5 "lH[:RE IT ArrPe-¡\ÍrS ANiD Tht-
Sf,i.iE}lENT 0F VAiìS¡ SIMILARLY THE DJIúENSIONIS IN /i OH(I/' /VIQI]I<¿/
/I¡1,\I<K3/ AryI) THE ASSI(;I\MgNT STATEIIENTS IIJ V/IFN

c
c
U

NUTi6, TO ËTTËND THÉ ¡IT}¡{BT.R OF P,lRAMËTÈRS TT iS NECTSSAÍIY IO
ÊÃIENil DIÞIEI'JSIOI.iS Ii{ /,I.iUI{K?/ (ASSTGNf\4EN.IS IN VAFI.¡) ¡ /\,JI-UI\CIl (DATA

ST/\ f EI.IENT I¡'I F LI-PO) I / Ar¡,tiSI Ai.{Ü THF- '/IORKIN6 ARRAYS III FLËPO (SF"E FLEPO
LISTIi'JG)

I.IOTI--7. TC) INCLUDT OTI.IËR FSTI¡'1Á'TTO¡i FUNCTIONS IT IS ONLY I{ËCESSARY ÏO
Ii\¡ÇLTJUE THE EVÀLU,111I.IG FUh]C]IÛN5 I¡\ SMF /lIID S14TDI AND TO ALTËR TiIE
co,'riufrD oo T0 sTlTr-¡,rËilÌS iN Tl-IESE sU[ìr{OtJT¡¡¡'$ /¡írlD VAFN.

c0¡.¡ù4otJ /ARGS/|ìDr.SrPrQrILS¡lFrS(Ì0r10) TNSTGA(20) rSi (l0rl0) rNSIç
I XZçttUF¡{rNRprIE

IIITEGFR Prtl
C O¡¡icu l¡ / I T E l.i L /il S u r 14F P t 8f'5 S il ç EP S FP
Cul4¡yltjl! /vtf t)ti?l /lvrAX¡NXrX (20) rFr G (erJ ) rH (20r?I) Ifrit
c0r.1À40t! I0L)
C 0ì.'li'l0t,l / h 14 I rrlì,/E P S I Nr I T E tì r I P fl T ! I E FìR I t T E R r L0AL)0 r N F C T

fiATA ILSPlÈ r vSrllS l/ 2çL0 r i0/
0AIA MSUri'!FPTEPSSù eEFSF'P/ 0r 1.00 I l.E-02 ì1.Ë-06/
D^TA IPiiI/I/

lrtlITIAt-ISATI0N

IE=6
N X=6
D0 3C) I=IrQ

3t X(I)=riA(l)
I Ofi-- 3
CALL V AFN
It (F.\h-"Fl4AX) (i0 T0 {r0

I È=6



150.

G0 T0 9999
4o I Ul)= I

CALI- VAFN
CALL I t)Et\T
IF(MS[).ÉG.0)G0 T0 80

c
C COMi"IENCË S I-EEPEST DÊSCEf'¡T ITERI\TIONS
c

EP5=¡ P55¡¡
t/ I TFFI=qsf)
L0400=4
CALL FLTPO ( VAFII)
IE=IÊRR

Ë0 It' il'iFP.E0"0 ) G0 T0 130
c
C COr4r.1EilCE FLETCHÊ.R.POtgÈLL ITE,RATTONS
c

I CD=-2
CALL VAFN
CALL çrl0L (4 r 0 r Qt¡¡ f,,il"ttDll)
I0D=l
EP5=EPSFP
t¡I IIfì=¡llrP
L 0 Atl0 =2
CALL F t-EF6 1 y[[i.l )

IE=TERR
c
C FORi4 CHISûUARE IEST STAllSTIC AND REIURI'¡
c

130 lrDÊM=Ptt (P+ì )/2-0
X2=0"
I F ( NIiF S. LE. r) I G0 T0 9999
fìf{=NUFS
X2=RttllrF

9999 IìETURN
E ¡'tt)

*++Jr*,tftt{+lt++1lt¿il¡{t4ftt,*]t{rl¡.¡rJ¿t}lt.tt#$l?+{,lfJtitnlf{rJå+t¡.*+üö++*tl*lt$trrl.ltl¡tllt*{++lr**{t{llt{f{+*{tì}

Su'4R0U'l-It\E VAF¡'¡

c
c
c
c
c
c
c
c
c
L.

c
C

c
c
c

PURFO S

Fr G A

SEÇTIU

l--. CALLED BY VARS t AN0 8Y
ßrD II FOR THE GE:I{ERAL T"'IODEI-

I.J 2.5 FOR F' ÂND GI ANO ]'hE

l.JFIAT RETURNEIJ IS t)F-PEI.IDEI'IT ON THE VA.

C = J|JSI' Fr Ì = F Ai\iD Gs ? = F¡ G
.3 = II'IITIALISAfIOfi (MU5T PiìECEEO AL
I()o=-1 ¡55¡i4tS THLi RESULÏ OF AN I00=
I0r"r=-Z ASSUTIES fFtÊ' ÊESULT 0F AN IOC=

i\ol'.8. tiETiloù USEI) iS DEPËr\iDEl'lT 0N ILS14¡:t
Tl'(b"r! fHE PArìTICULAÍì F0[ìÑiU¡-¡5 OF TÂBLE 2 ARE
üEi.JEÊAL FtJRrlS OF SE,CTJOI\.I ?.5 (.4t1ICH REQIJIRE

MINIMTSATI0N RgUTIh¡¿S TC EUALUATE
SIGMA (GAMMA) ¡ USIf\G THE F0R14UL.AE 0F
LIMIT AS AN APPROXiI-IATICN ÏO H

E OF IOD
U Hr -1 = JUSI Gr -2 = JUSÏ h
OTHER CATLS)
CALL
CALL

IF ILSMr=? CR 5 (i4L oÉl Gl-S)
usL0. 0l l-tER!1 I sE THE
E I GËIi CALI.I ¡ ) AIìE USEO.

LU
At¡
L
t
I

c0f4MUN I00
C0trM0t'i /ARGS/i.l0FlìrPrQr ILSt4FTS (10¡ l0) TNSTGA (20) rSI (I0r l0) rNSI I

I XZrNuFr4rNtìPrIE
I¡'{TtGER P r 0
cùr.{h10i\t /HFur\¡cTlFiaAXrrixrx (20) rFrG (20) çH (20r2l ) rNH
c0r"iù10N /l,roRK1/A ( l0r l0¡ r¡lArll ( 10r Itì) rNilrc (10)
cui.rÈ10i'¡ /|c/.ot<K?/u2. ( 55 r ¿0 ) I ND? r E2 (55 )

cor.lMot't ,ztroËK3/t)(l0r l(¡) 
'hlDçE 

(I0) ru(l0rl0) rNU
D0 t0 I=IrQ

I0 GA(i)=X(I)
JUD=I0D+4
G0 T0 (280 ¡240 rI20r2l) ¡20 r20 )fJ0D

c
C CALCULATE F

c
20 F=0.

CALL SIGA (O)
Il- (F.Ea.FMAX) G0 I0 99t19
G0 T0 (30;5ù r"10r30r90 r30)çILSMF

c



15r.

OFc
c
c

Gt:i!r:FìAL FtJr!ClIQri - Dt--TÉFìMIi''rE THE EIGEN VALTJES AND ËI'GEN VECI0RS
(5ttrt-.S)ríql+(Srfr¡-.5) It.J C Ai!! A RESP. ÂNl) C0MPUTE F

3U CALL Sf4xff (P¡P¡SI tI.ISi'DTI,IDIUINIJ)
CALL SMXT¿ (PIPI DrI!DI U¡I'IU ITJ INB)
CALt- E I95OL (PrLi rNlSrCrArNA r IERR)
IF ( IERRr^iErU)tiO T0 ¡e¡0
F =0.
0u 40 I=1çP

4¡.) ¡=¡+Sf"lf: (C ( I ) r ILSt'lF)
c0 T0 110

sET A T0 sIrl+_1, B I0 I 5*S I {{r- I ANr: C0MPUTE F
c
c
c

c
c
c

c
c
c
c

ML.

50

60

D0 60 I=lrP
D0 ó0 J=IrP
A (IrJ)=A(Jr l) =SI (IrJl
cAlL ç¡ot (4 rPrPrArf'lA¡05I )

IF (I)SI.LÊNO)GO TO 3ôO
C/\LL Sr"1XM ([] rP rS r flSrArN¡l r I ç NU)
TR=¡.
DO 80 I=lrP
D0 70 J=l¡P
Fl(IçJ)=-hl(I¡J)
Tk=:Tt(-B(I¡I)
B ( L r I ) =iJ ( I r l ) + 1 .
F=TR+AL(J6 (tTST ) +FK
G0 To tI0

00 2I0 J=lrP
D0 200 l=l rP
T=0.
D0 190 K=lrP
1=1+A(IrK).r¡il(KrJ)
IF (I.NE.J) T= [r+U.
C(I)=T
DrJ 210 I=lrP
ll(lrJ)=C(I)
CALL OFD6A(I)

c
c
c

c
c
c
c

6I.S. SET B TO SIltS++.I - TI AND COMP[IÏE F

90 CALL SMXM (FrPrSl rf',lSI rArilAr.BrNB)
TK=0.
D0 tO0 I=lrP
ts ( I ç I )=il (I r I ) -I.
00 100 J=l rP

Ì00 Til=Tll+tt ( IrJ) +d (Jr I)
F=.5*Tt

110 G0 T0 (9999 ¡?40¡I?0t)999 rl20rl20) rJ0t)

CAtÇUL^TE IJFlDSL AI\¡f) THÈiiCE G

120 co l'0 (I30rl80rl30tI30rI80¡I30) TILSMF

GEi'i[ÉlAL. FUfjCTIOiv - U=($+*-.5)+Ar B=t,l*(DIAG(FD(C(I) ) ) )*qT
þJIIH OI"F-DIAGON¡\LS MULTIPTTEO BY 2.

I30 DO i40 I=l rP
140 E ( l) =S'rrrf-¡ (C ( I) I TLSI'1f )

CALL S¡lXM (F rF r UrNUr A rllA rUrNU)
CU 170 I=l rP
ü0 160 J=1¡l
T=0.
00 150 (=l rP
1=T+U ( I rK) r¡Ê (K) +U (JrK)
B(IrJ)=ti(JrI)=2.*T
I ( I r I ) =T
G0 T0 2e0

t,1L - tJ = (SIrl¡t-I ) ìtu hlITil OF"F-0IAG0NALS MULTIFLIE0 BY 2.
GLS - B = (S#+-t)rtB t{ITþl 0FF-DIAG0NALS l'4ULTIPLIÉtJ tsY 2.

IiJt}

7{.)

rJ0

190

?.u 0

?li)
??a

150
I i10

17u



]-52

230 GU T0 ( c)999 s?40 't9999 ¡9999 t9999 t 240 ) t J0D
c
c cornlrufÊ AppÊoxtr,rATI0N T0 sEc0ND oERIvATIVES
c

?40 G0 T0 (250 ;?70 r250 ç?50 r?7A r250 )TILSMF
zb0 D0 260 I=l r P

D0 2ó0 J=l I I
2b0 A (I'J)=A(Jr i) =5I (IrJ)

CALL ChOL (4 r P r P r Ar l'tA I Dl+)

2to cALL ùFt)GA(2)
G0 T0 999c)

c
ð trutI IALISAI I0f,l 0t l,]0RKIi.¡G ARRAYS; CHECK S IS P0SITIVE 0EFINlTE
c

280 NA=N8=l 0
NU 2=55
NÐ=NU= l 0

F=0.
00 29û I=I rP
D0 290 ¡=lrp

?2tt A(1 çJ) -A (Jr I) =51 1t¡¡
CAI-L CijOL ( I rPrPrArliArDS)
It" (DS.LE.0)ú0 I0 360
ç0 T0 (300rrJ40r309¡300r-150r300) ¡ ILSMF

c
c GE¡iEt'(AL FUNCTI0NS 0 = (srff-r5)
c

3u0 CAt-l- ÊISS0L (PtStl'lSrCrÊìrNlir IERR)
IF ( IERI-l.NE.0) G0 T0 J'otl
DO 3Ig l=]rP
Il" (c(I).LE"0.)G0 T0 300

3IU =1./5.1r-ìi(c(I))
30 I=IrP
30 J=J.rl

2o K=IrP
B(IrK)+C(K)+B(JrK)
J ) =D ( J r I ) ='[
0 9999

c
C I'1L . LETETIMIhE F IXED PAR f OF F

c
3¿r0 flP=P

FK=(-ALOG(t)S)-RP)
GÜ TO 9.J99

c
c GLS - A= ( 5r1{t- I I

c
350 CALL CH0L (6rP¡PtATNATDS)

c0 T0 9999
3óU F=FM/\X

99'/q fiEfuRru
Et.,tr)

?r++.it+itl¡t¡+ütttl*rt+{¡.J*tt*ttlst¡tt$+rttt{!t}$ët¡ttlå*lt$+st¡lt+ltttlt*++ltõ{fltt¡*lflflfë{t+ttrrJ?lt1[l}$+sltl+1+

SU11ROUT INE {JFDGA ( iOIJ)

PUHPOSE. .[O 
EVALTIATË THÈ ËXPRESSION FOR FIRST DgRIVATIVES OF F

y/ITH Rt_:SPECT T0 TtlE t-LEtr¿ìrTS .0F GAMMA (I0ll=l) I Ar'¡D T0 ÊvALUATE AN

EXFHESSIOI.¡ TO APPROXI14ATË 1'rIE MATRIX OT SECOI'ID OERIVATiVES (IOD=2)

IOO=} ¡ISSU,"IES TIiAT THE LO14FH TRIANGLE OF B CONIAINS DFlDSI
iOU=ä ASSUMËS TI-IAT A CONTAINS EITHF.R SIl*-I OR SI+TT-I ' AND THAT f)

CO¡rTÀINS USI/D6Ar I"Ë" USUÂLLY FRECETIIED T]Y AN IOO=} CALL.

cot"lMoN /ArlG5,/l'¡OFS I P I Qr l.LsMF r S ( I 0 r ¡ 0 ) I NSr GA ( 20 ) I sI ( I 0 r ] 0 ), I NSI I
I X2Il.lDFr"iIl.lÊPIIE

INTEGEIì PtQ
Cûr.ll,l0N /hFUilüT/F¡1AXri\XrX (20) rFrG (20) rH (20r?l ) rNt-i

coMMot{ /l.J0r{r\i /A ( I 0 I I tJ ¡ r í,lA; [J ( I 0 I I 0 ) I f{8 I C ( I 0 )

C0i'1M0hl /W}ttt\¿/0 ( I I0u ) ¡ru!)rE (55)

c(t
DO

DO
T=ú
iJU

T=T

)

3
3

3
+

t
320
33U D(I

G0 T

Ç

c
C

c
c
c

c
c



c

753.

lril EriEi{ PC

It (iot).8Q.2)co To 25

c
ð c¡ucuunTE FIRST DERIVATIVES
c pC=p+ |p+Ll /?

CALL STGA(i)
DU 20 6=!¡l'lx
It)=f'lDt+(K-I)
T=0.
0U i0 J=ltP
00 I0 l=JrP
ItJ=ID+I

1¡ 't='l'+Ll ( I rJ) +D ( TD)
?0 G (to;T

GO T0 91)99

APFHC/(IMATE SECOI'ID DERIVATTVES

¿5 D0 ó0 id=l rNÁ
I D=l'lD* ( N- I )

C0 30 1¿=1tPC
30 E(1E¡=0.

D0 40 L=IrP
Do 40 K=LrP
IiJ=IIJ+I
U=t-l ( ID)
IF (U"EQ.0) G0 T0 4o
IË=0
DO 35 J=IIP
D0 35 I;JrP
IÉ=IE+l

35 E (IE) =E (IE) +RUPA (IrJrKrL)sU
40 C0¡rT I r!UÉ

D0 60 ¡=[t] ; ilX
IU=NlJ# (r"l'l )

ï=(1 ,
DU 50 I=I rPC

50 T=T+0(ID+I)+E(1)
bù t{ (r"1ç N) =Fl 

(flr l4) =T
9999 RETLJI{l'l

END

+tt$lt+?++t+sÕ.tt+{lt+.**lttt+$lr+lr+*t}JflrtÞ*tt{+ts++l¡t¡ttttt¡lÍlå{t*ltl?J}*ltl¡lr++{"1t"l[+tt+**t¡ttr¡ült+++

FUIICTIt)î'l RDPA ( I I JrKrL)

I rrurora. T0 
'ìETUR*J 

THE IJ KL ELET,ENT oF THE REDUçED DIRËcl pRo'ucT

C OF I'iA.TRIX A i'TIiH ITSELFI W¡IEiiE A IS STORËD IN lHE ARRAY À'

c
. Co¡,ttlol¡ /hOiìr(1//\ ( i0 r i0 ) riìArB ( 10¡ t0) rNErC ( 10 )

IF ( (1.8Q..,) .oil' (K'tid'L') )ç0 T0 i0
frùp l\=?. rt ( A ( I I K) lrA ( J I L ) +/\ ( J I K ) nA ( I t L ) )

Gú 't 0 9999
I0 Il' ( (I.Ë-.J.J) rAÌ'liJ. (K.EiJ.L) )G0 TC) 20

RuPA=2 " 
*¡¡ ( I I K ) +A ( Jr L )

G0 T0 9999
Z0 FUPA=A(lrK)+A(IrK)

9999 Rt-'tURr'J
ENU

*lr+$#t¡{t+Jt+tt}++ ÞJr*tll¡tttflt{tt¡lt*f*$$l+ttl+{+t¡ltlt+*tlrt¡+lt{tJlltl|{L++r¡++s{++t}Ël¡+**+lt+Ë{+r+ltl}{s

c
C

c

c
c
e
c
c
c
c

SUI]ROUTINE iOEi.IT

pURP0sE. T0 PRoVII)E A Cl"lECK 0N THE IDEI'lt1¡:tÇ¡TI0
r¡i cùuCxIN6 TFIF- HÃÑr< crr usI/ÜGA. 0N RETURT'l NRP I

O - N^N t(ÞSI/ÙGA)O ASSU14ËS PRECËECEI] {JY A CALL O

N T,F THE PARAMETERS
S T TtE IJ I FFERENCE
¡ 3[Çp(l)

l,l0TE}.t)ETËl.tMIl'¡EsNRPAsTHEl.iUMEER0Fr\LMoSTZE'R0PIV0T5lr{THE
CHoLË5KY tjIC0r'1P0S I T I0l'l



c
c

154.

l,lSt.S D0T ¡,f ¡0 Cl"i0L. ALS0 f)ES1.l{OYS g Ol / 'r'/t l)i\CTl

I
Cr)r"il4ot't /ARGS/ilt)FSrP¡tJçILSl4FrS(I0r|0) TNSTGA(20) rSl(I0rI0) rNSIr

x2rtvuFÞi rhltlPr IE
INTEGFfì PrQ
õ0,{Mor* /tJËuNcr/Ftr¡¡ei\xr;( (?0) rF rG (20) rh'l (20tZI ) rltH

Co¡41.40hr /vrOi(K211) ( 55r Zu ) r,'lD rE (55)

c
IPC;P+(P+I)/2
DO t0 I=Irl'lÅ
00 I0 J=IrI

i0 H( ¡r¡¡=rl(JEI)=lr(lT (IPcrD(lrI) rD(lrJ) )

CAt-L CHUL I ¡ tt'lX rl'lXrl'ltt'¡l-lrÍiH)
NRP=0
IF (0H.6T.0.)G0 T0 9999
D0 2ü ¡=| ef'lx

Zt) I¡ (H (I ¡ I) .E(j.0, ) t\tRp=NRP+l

99e9 tìETUfiN
Er{l)

++1+**t+*tttttt¡1Ìn+{¡{tttt.t¡*+n{t{rtt*ltl++t¡.iÍstt*#l+.lr't}t¡*Jt+ll+sçl+lttt+ltl¡**tt+*ttt¡il{f+11 
*ë+ltl¡+{flt+l¡

FLJi.,lcTI0l{ S14F (TI ILSMI- )

Al ThETA=Ïr
ILSI'1F - 5EE: VARS LIST

T0 ( l0 r20.30 r/r0 ç5U I 60) r ILSMF
þ'=.5* (T-L ) * (T-1. ) / (TttT)
'f0 e999

F=1./Î+ALoG(T)*I.
T0 9Ð99

[=.lrtIl-6Ç (T){tlta
T0 9(r99

F=.5$(T+I./T-?,1
T0 9999

F="5+(T-1.)tt(T-I.)
T0 9999

6U S¡'rF=.51t (TìiT-2.*T+I. ) +EXP (T-1")
9999 ilETUrìrv

E l'¡tl

Jf {.ü {¡ {t t}+ + lt+ + t} .¡t * # lf + rt it lt rtJr n{, J¡ t} + # {c tl + $ tt f tåtårf tt * + lt+ lrlt.l¡+ Ð n + ll + +t + l+ l+ t¡it {t+ + lt st+lf¿¡ lt$ lt+ l¡l¡ +

FUNCTIOf.l S¡4FD (TI ILSIqI. )

c
i I't,IIrPOST. CALLEU 8Y VAFí.I TO EVALI'JATE i5T OERIV' OF Ë'(THElA) AT TT

ð urrir iH¡ prrtrriõùr-Ãrt F usEo ÈlEIi\c oerennrrNED BY ILSr'4F - sEE vARS IISÏ
c

Gt¡ T0 (l0rZ()r30r40r50ró()) TILSMF
I0 S;"tFtl= (T''1. ) / (TtrTrll )

cr,r T0 9999
2u S¡iFl-l= ( T-I " ) 

/ (TrlT )

G0 T0 {)999
3u SPIFiJ=At0G(T)/T

hUT [.2 .

c
cP
ctl
c

c
c
c
c
c

rJf-iPrlSE - CALLÉlJ ilY
I TI"I TIìE PART I CULAR

GO
4tt Sr'¡F

GO
5g g14F

GO
61¡ gllF

O EVALUATE F ( THETA )

iIEING DETERT'i1f{ËD tsY
VnFN Ï
¡; gSLt)

G0
lu Siq

G0
2(r srl

G r,.|

3D 5t'.1

GO

4u sr'1

GO

5o Sm

G0

T0e
D=.5
T0 I
D= T.
T0e
0=.5

999
+(1.-I./(Trff))
.J99
It
99e
Ir (T+l'-1. ) {EXP (T-1. )

9999 tìETUÈlN
ENU

$ lt + tr rr 4 tr {t + * + + * lr + ,F ìt * + ll il Þ {r tt {t.ri l¡ l} + t rt tt + lâ 1tr {t tî Jt {r * l+ * lt.ll lt lf + + ç .lt tr lr l+ {t * rå * tl s tt * lt lt # + l}lt l' { * + {f

SUtll{0UTlNE SMXi4 (l'{¡ l'1r A rNAr[]rNBrC rNC)

PtJiiPOSÊ.. CALLËiJ i]Y VAFN TO MULTIPLY

SYMI"If-TRlC I'4ATRIA A /\ND STOHE RESULT

OIT FERT:NT T ROþI dOTH A ANU I]

M

IN

MMX
MUS

BY ÏHE
Â+fJ - ç

IMAlRIX
I.Ë. C

XN
C. TBE



r55.

ìIEAL A (¡!Arll) r¡1 (i'll'lrN) rÇ (NCrll)
D0 I0 l=]¡t4
DU l0 ¡=l¡tJ

10 C(IrJ)=00T (i¡r¡i(IrI) rtJ(l rJ) )

RETURN
E I'l t)

It+lt*#{r++t,lltttrtil}*1¡'Jr+tt+tå++{¡Jt-*++.t¡fr!{tült+tJtttl+*l}tt*ttfrfllt¡itt¡++slt+1+11+tt{.tti+ltttllltltl¡llJrtt+tl

A=
A.=
[=
A,=
A=
A=

c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
t-
c
c
c
c
c
c
c
c
(:

C

c
.c

c
c
c
c
c

SUr¡R0U f I NE CH0L ( I 0 t r-t r N ç A r liA I DA )

prJirp0SÊ. T0 DETERi.tIr,rE USIntG THE Ctl0LESKY |4ËTH0D (S(JUARE R00T MËTH0D)
'lt-tE soLuTI0l,l oF A sysTEm of.LINËAR E0UATI0NS i:itlÄ = Yr llJl-ERË tj IS it

5Yr¡¡lETRICI ËìT]STTIVE SEI4IUEFINITË M X È1 MATRIX Í\NIJ Y I5 í-1 X (N-M)'
/ìLTi:iìr.¡,tTiv¿Ly or,r oijriur.r iò ugTEnfrINt THE TRIANGULAR DEc0l'TP0SITI0N

6 = l*t-T¡ vrHEiìE L fS LO,,/cR'fRIA\GULAfl rlrITH.ÍRAi'tSP05E LT AN0 G-INVERSÉ

Liruvr Áru1¡zoH n GEt'¡ËRaLISLn INVERSET ßINVr F0R B'

PRr-rGRA¡"r1.{1.R. A.J.StrlaIl'i JAN 1975.

^ilGUI14t:NÏS.
IO OPTIOI']

I0hl cAL[.
2 Ohl CÂLL
3 0N CALL
4 0hi cALL
5 0N! cAtL
ó 0r.t CALL

t.l hluMtsEtì OF

f,t t"luMBER 0F

FIRST irASS - ËQrìM LT ANU D(r T

IF ¡ UL¡'G0i.j¡\L ELE,'ll'-r'1T Il\l T'.'lË

T¡rC Ë[ST 0F ll-lE HÛr¡] TO ZER0.

z5

A = (B Y)
A = (FI Y)
d = (LT IINV$Y)
[ = (t] Y)
[ = (LT LIÌ.lVrty)
A = (LT X}
RO',jS OF B

c0Luf4r.rs oF (rl x) lF i\¡=M 0¡.iLY LT AND

ON RETURI\I
0N RI f Uxt'l
ON RETURN
ON RETURN
ON IìËTURh]
ON REÏURN

( I.T L I NV'IY )

(tT X)
(tT X)
(HINV X)
(TINV X)
(iiINV X)

c

c
c
c
C

C

iJII'IV ÄI"(L CALCULATUD
A ¡\S AIJO V¿

¡,ll\ tto llJ D l f.'lE NS I0N 0f- A 
.

DiJ l)frTtRl"1Ir''lAhlT 0F [J - CALiULATÉD F0R 10=Ir2 0R 4n

RETU'ìNEU /\S.} I¡" B 15 NOI'POSII'IVE SEMIDEIINITË

f\OIÉIt IJ IS TAKEi'{ AS SII",IGI]LAR IF THE AIìSOLUTE VAI-UE OF A UIAGONAL

ELÉ_t.lEr.,¡T IN Ti-rl- DËC0MPosI tIoi,l IS LESS THAN EPSr ).N l11IS CASt THERE IS

r!o Çt-iEÇK Oi,l TrlE CòrlStSTEr\CY 0F T¡[ E0UATlOhrSr SO fHAT IF fHE Ë0UA]-I0NS

AR¡:"NOi COr!5ISTIÑT étI *U iOI.UTIOI,I EXITSI NO INUICATION iS GIVEN Of:

I't't I 5 .
i,lotÉ?. 0r.rl_y TllE uppF-R ftllÀ'!ct-E oF B Is usED I¡J c0þiPuTliTI0l'l (ALTH0uGrl

¡1[r.rt- IS MAijÈ Syr;iMETRIC) rrÈJo 0l.l RE'l'r.]RN l'lì0vl 10=i rZ 0R 3 Ïl'Ë L(.lwER

TRiAf(GLE 0F il IS Pfìf;SL:fìVtl).

ßb.AL A (rtlAçN)
OATÀ EPS/I.E-IO/

G0 T0 (9¡9riJ0r9rB0r 130) I I'C

T0 GIVh- LIt,¡V*Y.
ZEliCr 5ËT IT Al-lt)

I CA=Ì.
DU 70 I=IriV
Ill t=]-1
n0 40 ¡=l¡i.i
T=rJ.
IF(I.E(l.l) G0 T0 Z0
Do l0 (=lrIPl I

l0 1=T+A(KrI)+A(KrJ)
?.rJ It".(J.t'rt.l)ü0 T0 30

T=A ( I r I ) -T
IF(AtsS(T).LT.F.PS) GO TO

IF(T.GT.0.)Go TO ?5
DA=-J.
G0 T0 9999
DA=t)[+1
A(lrI)=SQRT(T)
c0 T0 40
Á (IrJ) =(A (I rJ) -T) /A ( It I)
C ONT I I!UË

HE SAME OPERATIONS ON Y

0ECùþjir0SITI0f't iS ALFt0ST

30
¿+0

50



$6.

50

6tl

GO
DA
DO

A(

T0 70
=0.
60 J=I rN

IrJ)=0.

c

c
c
c

7O CUf\TINUE

80 GO T0 (gi)il9r90r90r90r90r I30) I Io

COr'tPLE1't- THE S0LUTI0N 0F Thã E0UÂTI0NS.

90 IF (N,Eiì.M) G0 T0 130
MPl =¡4 11
DO lZ0 II=IrM
1=^a-J]+l
IPI=I+1.
Il'(A(lrI).[0"0r) G0 ]0 I20
00 ti0 J=r'lPlet"l
T=0 

"IF(I.E0.r'4) G0 T0 llo
D0 Ì0Q (=jPIr14

100 'I=T+A ( I I K ) JrA ( Kr.,l)
It0 A ( I r J) = (A ( I rJ) -T)/Â ( I r I )

I ZO CÙI.]T INUE

Il0 G0 T0 (9999t9999 ¡999e r lrr0 ¡ 140r 140) r IO

SECONO PASS . Ii'IVÊRT LT.

i40 D0 I60 ILaI çM
I=¡1-Il+l
IPI=I+I
IF (A(IrI).EQ.0o) G0 I0 t60
A ( I r I I =1. / A ( I t I )

D0 I55 JI=I rM
iJ=H+ I-Jl
IF (J.EQ. I) GO TO ¡60
T=0.
D0 150 6=lPI rJ

IS0 T=l +A ( I rK) +A (KrJ)
155 A (IrJ)=(-T)+A(Ir I)
160 CutrrT I NUË

Ç

ç THiRD PASS - FOdM Ê]INV = LTINVTLINV'
c

00 180 I=Iri"l
DO lB0 J=IrM
T=0.
0ü 170 K=Jrt4

t76 1=T+A(IrK)*A(JrK)
Isrl A(Ir¡)=A(JrI)=T

999? REIURN
. ENI]

{.t},Þ+*t1t+++t1¿t1?J,¡*Jttt*+{tltì¡it+$n*t¡lå+tf*+*lt.lt+t¡**.*lttllått{r*Jt*rt¡{tltl¡lt*l¡lf#$t¡lrf*+l+lll+l¡#slll+s

SUiìIlOI.JT INE FLEPO ( FUT{CT)

c

c
c
c

c
c
c
C

c
L
c
c
c
c
C

c
c
C

c
c

PURPOSE. TO MII.¡IT.ITS[ A ÉUI'IÇTION F OF f'I VARIAtsLES X(I) !rr
UsIi']G THE rqËTilOtJ OF FLEICHÈ-K AND POt,JELL (}963) OR O[I OPTION
¡lLTHOIJ OF STEEPEST Db-SCT.I\T.

X (N)
THE

P}(()GRA¡4MER. A.J'STiÁIfII JAN 19?5
CUDiNü ORIGINATLY t"'/\SF:D ON i.JELLSIßt'(I965) ALGORITHI'¡ 25I1 COI'IMO ACM¡ 8T

lo,r-170r irUT SINCE EXTEr{SIVELY þt0DIFIE.ü.

LJsAGE. THE ARGUEI,l[NT FUNç1'OF ]'HE CALL IS A USEH SUPPLIËD SUSROUTII'¡E
(i)F-cLA'ìEO [.XTEI^ìI..IAL ¡¡ fIIE ROUTII.IE CALLING FLEPU) l.¡I.IICII I.]I-ìEN CALt.Et)

EVATUATES F AI,JfJ G ('I'HE VECTOR OÉ FiRST I)ERIVA TIVES) AT A OIVEI\¡ POINT
X. Tt-tE t.¡t'CFSSAHY ARGUET,ILi\lTS /\RE TRANSI'r:REn tìElrdtEN IHE CnLLING
ROl.llii,¡f,,r FLEPo AN{) ËUl.¡cT THI'l0LlCH 'IHE COl"1M01.l BL0CK
,¡{IIUIiCT,Z FilAX AN UI\SATISTACTORY X CAN BE II\DICAlED TO FLEPO f3Y

FUi!CT ÛY fIETIJRNINO F=FMAX (LISTF.D VALUE I.E+79)



c
c
c
c
c
c

c
c
c
c
c
c
c
Ç

c
c
c
c
c
c

c
c
c
c
Ç

c

c
c
c
c
c
c

c
c
(:
|'
c
c
c
c

I't

X (r4N)

F

6 (;'1N l
H(i'iNrt"rN+i)

NþI

¡I[Ii'1ìJHR OF VAR I ABLES ( . L6 . MN I SAY

cuRr(E NT x
VALU¿ OI. F ¡\T X

VIl,LUb- OF FIIìST DEfìIVAÏIVES OF

t 0R /.\ f:t-E TcllEiì-P0t/ELl.- t¡ I N I ¡!l I SA

,1I)PßUX]T.IATI[)T'I TO TI"IE INVERSE O

SIC0r',i¡ DIRIVATIVES AT X

tì0'i Il I ptEN S I (lN 0F Ft ( 
=M\,1 )

]-57 .

- AS Li5TE0 t'4N=20 )

TX
I'l C0NTAIl'lS ¡N
11E PATIIIX OF

FA
IIU
Fi

c
c
c

,fitrEf,l t-1.Ëp0 cl.rLLIDr x IS Iar(i:N A5 
^N 

ApPt{0XIMATI0N T0 Tt{E l.1it,¡IMISJIIG Xr
WITI.l F Ai\¡D 6 GIVIí'IG TI]F., CO|'ìi.{ESPONTIING VITLUESI I.EN A CALL TO FUT'ICT
MUST PRECEDE Tilf CALL TO F Lf FO.

O'I"HT:I? ARGUE¡"1Ëì.JTS AIìE TIIIiII5¡¿6¿D f]TTl¡lEEf'I TI-IF: CALLING HOUÌTNE /¡ND FLEPO
Tftrìi)uÚþt I tib- cot.ltr0ùl .rl.0cK
/\,rMiI'IR/ Ei,S ITEIìAfION TS TERI'4INATED I,fIIEN MAX(ABS(G(I)))"LË.EPSI

E.6. L.PS=I.Ë-06
lilTEH i"lAXI¡4t.it4 NUra¡¡-¡1 çO ITERATÏ0NS
IPNT PrlI¡lT OPTIUN 0=NO PRI\TIr\iGr l=PRINTING
IF:RR ERH0íì Ii'¡UICATillì -

0 :ìucch-sSiruL c0NVERGENcE
i FAI LURE T0 C0f\VERGË It'l ¡'lITEtì iTERATI0NS
?t)ç4 F/rlLUrìE T0 L0CATÈ þIINIMUI'1 Ii'l CUHRËNT 0IRËCTI0N
5 Fur,lÇTI0,'l TS t\0T tlr-cREA5IN6 If\ f'lExT llÏRECTI0í'l

lTEl-ì r.iuMiJER 0t- I rIflATI0t.ls ËrË0UIilEl)
L0Atl0 CALL 0PTI0r'l 0i'l H

ISITHTOI
Z APPROXII"IATIOi\ fO I"I PR(}VIt]ËD BY CALLER
3 SINíjI.E PIINII4ISATION ALOi\¡G THE tJiRËCTICI'J,SPECIFIEf] BY

Tf.tiì F.IiìST COLUilf.'] OF H RFAUTRED
4 5TÊ.IPEST DI.-5CEN'T MËT¡IOIJ REAUIREO - II'I IIHICH CASË H IS

NOT US[':U

NO'I' I(OÈMALLY REAUIRiT']Lì CHÀI,Iü8, F-I[I-I ALSO ACCESSIBLE TO TIlE CALLING
t.{0tJÏIt.lÊ ArìE THi.- PAfr¡rrErË.Hs IN Ti"iË c0,'/t"r0N llL0cK
/PitttAtP/ PROPCII M/r\X.HF:l-Al'IVF: CiiAN(ìF- I1'l ANY ELEÈiE¡.JT 0F X AT Tt'lE START

OF EIiCIJ ITTRATION
SI.I STEI, R[ÙIJ(;TICN PARAMETER
TPfìS f"lIIIf'"iU14 VALUE FOR A ''4OUTFIID STEP SIZE

N0Tiit. tìE(ìuIRes FUf.jcTI0rls D0T(NrArB) AND GREÂT(Nrir) l,ll{1Cl"l F0LL0!,1 0N

LISTIi.IG.
Nt) f Ë2. TO CHAI.IGE ilII IT I5 NECESSARY TO MOI]IFY TIlE DII.lENS IO¡\¡S OF THI
Aiìf-II'IYS OF /iJFUIiCT/ AI!I] OF THE WORKJT'IG ARiIAYS ËI SIGMA Af\D GÁMMA'

cor4fl0N /aïu1cÏ/F ¡/!É.xrrlrx (20) rFrG (20) rH (20r2I) rNH
Ç0141401,1 /itl'tI,qRz'nP1ì:t4 I tERr IPNTr IERRr ITER;L0A{JOrNËÇT
c0Ht40r.t /P 

^ilaF 
it /t:t R0Pcf1 r S lil I EPSS

fìÉAL E ( 20 ) rSIGÈlÁ (20, rGrri"lMA (20)
Uril A Ff.1AÅ e lltl/ì.,F +75 ¡ èO /
DA IA Pl-iLlPCri r STrt r F-PS5/.3 r .7 tI .E--Lè/
DATA Ë¡iTFP'iI\TSf I/I OdF LT.PO 

' 
IOHOiISCENT /

li\rITIAt-l5a,Tl0t'l

lE.i.tx;o
IF ( (i4I lf-R.L[.0).Ai'lD. (lc¡UOoÍ!E.3) )GO T0 9999
lrFC=Nl--C[=0
IF'(IPNT.NENI)GO TO 5
Ër\TT-LNTFf'
I F ( L0A0i). f fJ. 4 ) t"¡iTI'=Eft'f SÐ

P¡IINT I r El',lTT
I FüRMAl (4tj0 ¡ù10/4Xr IaTIITERN
5 CONT I I.]UE

IF (LOA00.l'lE" I ) tio T0 ?0
5 I=L rN
0 J=I rN
¡¡=ti(JrI)=0'
I)=i..
iìEnT (l"lI tj )

ITË{ìATIOIi

i0
I5
20

c

Ð() I
D0t
li(Ir
h(Ir
G X=6

c c0i,iù¡Er,lcÉ
c

FN.CALLS¡6X r IHFr I2XT5HwAX Gr I2Xt IHX)



158.

c
c
c

DU IdO IFP=Ir¡tiTETì
T TER=IFP.I
Nl- CT=ttlîC1+nFC
tf i t prrrf r E(t. l' ) Pl{ ll'lÏ ? r I TER r NFC r F ç GX r ( X ( I ) I I=l I N)

2 FORMAT (ZIBr2É15.6r6þI5.5/ l46X'6Gl5o5) )

I'rF C= 0

OETETì,4lNE DIRECTI0T'l FoR f4lr'rI¡4ISATI0N

ll

it

*

fi

35

40

4'¿
43

4b
46

6ù T0 (35r35ç4?¡45) rLOA00
0o 40 ¡=]¡lt
slGr4A(I)=x(i)
GAtrri'4A(l)=G(I)
E ( t) = (-DOT (i'lrrl ( i r I) rÛ) )

GrJ't0 50
D0 43 l=lrN
E(I)=H(IrI)
GU TO 50
D0 4ó I=lrN
E(1¡=(-G(I) )

c
c
c

cilr:ÇK THAT F IS 0ËCRh.ASIhlG AT TttIS P01.NT

50 ËtJ=t
Gri=lj0T (l.l rtirh.)
IF(GtJoLT"o. ) 60 To bu
I ËriR =5
G0 T0 9999

DLT ËFìMIÑ¿ ¡T'I INIT iAL STbP SIZE

6íl S-lEP=l "/PtìC¡PCll
DU 63 I=lrll
IF( (X(I).Eu.0.).0R. (8,(I).Ë0.0") ) G0 T0 63
I.=ABS(X(I)/E(I))
If. (T.LT.5TEP) STEP=[

6:l Cr.)r.iT I NIUÉ

S T EP= S TEP {'Prl0P Ch{

CALL THIS POINl A AI.IO CÙ¡'IPUTE NËti POTNT B=A+STEP$E

SI.JCi.I IHAT,i4Ii..¡Ifl|UM LIËS ,J,CTTqEEN A AND B - MAY NEËt)

Èt'irrerr A i{EDucTIorrt-iÑ stEp sIzË (cf¡\TËr'r¿NT tì6) To MAKE B sEt.lsIBLE
OFI I\N INCRTAST- Ihl STb:P SIZEI II\¡ IIJHICH CASE USE LINEAR ËXTRAPOL'1TION

OI'J G fO IJËTERF4II'{E NPPROPINTE STËP

Ç

c
c

c
c
c
c
c
c
c

7A F A=FB
G A=Gu
D0 B0 I-lrl,i
X(I)=X(l)+STEP*E(I)
CALL FU.{CT
lrFC=l'lFC+l
IF(F.6f.Ft4/\X) üO T0 86
F 11=F
GcJ=O01-('NrrìrE)
Il:(Gd,GF-.0.) G0 T0 9u
If (FFJ.{if.F¡'r)G0 T0 B6
1=6r-tt+STEP/ (6A-0H)
IF ( T . GT. EPSS ) STf P=I r Z5+1
GU TO 70
T=sTtl*S Irp
S I[P= ( I "-STiì) TtSTEP

Il'(STEP'GE.IPSS) (i0 T0 8?
I ËRR=2
GU T0.q999
D0 88 I=I rN
X ( ¡ ¡ =¡ ( I )-T tlE ( I )

c0 To 85

r_t 0

ti5

6(¡

87
rt tt

c
c
C;

c

U5i: CLIqIC I''ITERPOLATION
( (ìtJADdAT I C lt CùEFl-'" CrF

To LocATI l"lINIMtJt"l
,(++3 Tgl¡ St"lALL)

9(J CONTÏNIJE



r59. I
I

t-

t
¡9.

1l

95

D S5=2. {' ( FA-Ftj ) /STIP+(iA+Gii
Il-(ABS(tJSS).GTr].8-u)G0 T0 95
T= (GtJ{rSl'EP) / (GA-(il3)
cu T0 9iJ
CS=3. + ( FA-FB ) /STEP+rjA+e. rrGB

|,l =s0RT ( cs uc 5-:l o +(jrJ+uss )

T= (-CS+)Jl / ('to +DSS) !tSl EP
L)O 100 I=Iri\
X(I)=X(I)+TrE(I)
CrìLL FUr'lCT
NFC=r\F'C+ I
IF ( (l-.LE.FA).At"if)' (F.LE.FB) ) G0

9tl
I00

c
c
c
c

TO I3O

INTCRP0LA-tË UNSATISFAÜToRY * EITIIER PUÏ A = X

0rì ti = x ( sTA TF-NErql L20l oR sTART AGA I N FR0M

(sTATËi'lENT ttOl
A t¡¡ITh RE0IJcED STEP

Gi=þQ1(NrGrË)
II. ( (F A.GT.FH) ¿ANDi'(
IF ( (FA.¡¡.fi.ì) ¡ttà10.,(
S.IËP=STEP+T
G0 T0 dó

110 FA=F
GA=67
S IEP= (-T)

II4
It5

91.LT,0.) )

üT; råT.0 . ) )

GO TO
GO TO

IIO
re0

II- (STËP"GE.fPSS) GO TO TI4
IT-RFì-3
Gr) T0 9999
D0 I l5 I=l I i',1

X ( J ¡ =X ( I ) +STEP'!E ( I )

GO TO 90
FiJ=F'

,G ri = G'l
5'¡¡:p=glIp+1'
iF (STEP.GE.HPSS) GO TO 9O

I ERR=4
G0 T0 9999

c
c
c

l2o

Mlt.,lIl"lUiv HAS úEEtl LoCATED

IJ() IF (LOAIIO.EOO3) GO TO I9O
IF (L0ArJ0.El,l./r) (jù T0 I7(i

UPDATE I-i FOR NEXT ITERA T ION

Þ0 I40 l=IrN
SIGHA ( i ) -X ( I) -SI6MA ( I)

140 GAÈ|MA ( i) =G ( I ) -iiA¡4tilA ( l)
SG=00T (N r SI6MA r GAMMA )

0u 150 I=1r,.1
lsrJ E ( I ) =OoT (t,lrH ( I c I ) rGAi"lM/\)

GriG=001' ( N ¡ F- r GAr'i14A )

' IF( (SG.E(J.0.) '0R. (Gt1(i.liQn0.) ) G0 T0 I70
D0 I6t) I=1rN
tiO I6(ì i=lrt'¡

t6(r i"1 ( I r J ) =H ( J I ¡ ¡ =i1 ( I I J ) +S I GtA ( I ) *S IGMA ( J) /SG-Ë ( I ) nE ( J) /',GHG

CTIECK F0R C0NVERGËÌ'lCE

I70 GX=GflË.AT (tilrG)
It" (cx.["Ë_.EPS) C0 T0 190

180 Cùr.lTINLlE
I ERfl= I

I TERATION COMPLETË TTOY UP ANÐ RETURN

190 I IER=iTfiì+l
NFCT=NFrjT+f.rF C

It" (IPNT.EQ.I)PRINT ZTITEFTNF-CrFrGXr {X(I) tI=l tN)
9999 Rh-TtlHN

Ê r\f)

+ü{¡¡t$ltJt+J|,*{rtl..Þ+lrtt*+tlrttltlr++ltttllr¡+Þt¡ç{tl+titrtlt+lfü+${ltüt}ttt}'ltltl{tlttlfltt*{++*t+ü+ëll{Èl}{]t

c
CJ

c
c
c

c
c
c



160

tUr.icT I r)¡l D0l' (l.l r A r ii)

USEIJ BY TLEPO TO IORi'Î TIiT. SCALAR PRODL'CT OF VECTORS A AND 8

RËÀL A (II) 
'IJ 

(N)

c
Ï=o
D0 t0 1=]¡l\

l0 Tsl+A(I)uB(I)
001=1
RLTUi]N
E i.,¡t)

+*t|l++lr+{+Jå+++Ji+Jr+'++tt1t.lå{.,|t]¡ltll+{?.ttJsttlt+l+ltltlt+1rslfltt¡$l+t}tt{t.lâ*+$rt+ë*{t{¡flñ+l¡rt$lt+r¡l+ttttll.*

FtJl,lCT Iui'l GiIEAT ( N r A )

usË0 By THE MI|tTIMISATI0N ROUTII'rES TO FIND THE f'4AXIt4Uf4 V/rLUE

OI- MODLJLUS(A(I))

R':*AL A (¡{)

T=0
D0 Ì0 I=IrN
U=AIJS(A(I))

l0 IF(U"GT.T) 'f=U

GrìEAT=T
lìtsTURtl
E r'{D

*{tl}lt$¡.¡t+.p{tttJ¡tâtt+rr{f+fttt¡{ttt#tt+lr.*¿ålrül$*tfJl+t}++'tttÉl+*11l+ltit+ì¡#+lttf*{rf$+tt*+tt$l¿f+li{tt$lt4*

PIJIit"ìOSE. SAMPLE M/TIN PROGRAM FOR VARS

i
¡

È^c
c
Cj

I

,t

ll

rl

t
I

c
c
c
c

c

c
(:

c
c
c
c
c
c
c
c
c
c
c
c

{

&

pU5AË8. CAI{D
CARI]
CAfiD
CA RI)

Ai.¡Y NU¡",!BER

I
2
3
4

0É

- TITL.E CARÜ
- NL,FÈr Pr or ILSI'1F (SYMBOLS AS Ë0R VARS)

/\t.tD F0LL0,TING - LO'f,/ÊR fRIANGLE 0Ë s Pu|icHED R0$l 8Y R0i'¡

. II.]ITIAL APPROXTI'lATION FOR G/TIüMA

STTS OF DATA - TÉRHINATE RUN vlJTH ÈLAÍIK CAFO

NOTEI. CALLS OUT TO PRINf MATRICES - SEË LIS'TING BELOId

NOTt.*2o ALPTTÂNUMERIC PART OF II'IPIJT/OUTPUT A¡ID THE TER14INATIOI\ TEST

rlouiõ'¡l¡rcls'l cÊF(TAII'¡LY ùlEEt) cHANGE F'oR c0r"1PulÉRs llITH DIFFERENT

Y/0ilD 5l ZE.

C0ù11'40r.i /AR(ìS/i'lDFSr F r rir ILSMF r S ( I0 r 10 ) I NSrGA (20) I SI ( l0 I 10 ) rNSI r
I X2rlrlDFryl It'lRPI IE

ItITEGER PeQ
RE.AL TITLE(8)
LIATA TILANKS/ I OH /

¡1¡ PËr\D Ir (TIILE(I) r[=IrB)
I F0ilMAT ( ¡J410 )

It (TITLE(i) 'Ëtl.IJLAí'¡KS)60 T0 9q99
PHINT Zr (TITLE(l) rI=IrS)

2 F0HrilAT ( llil riJAl0 )

REAL) 3 tr'ltlFS I PrOç ILSr''lt
3 FORMAT (4I4)

D0 20 I=I¡P
IìEAO 4r (S(IrJ) rJ=ltI)

4 FORMAT (9F8)
D0 20 J=IrI

2C S(JrI)=5(IsJ)
CALL 0UT (PrPrSrNSr ltlSr I )

REAO 4t (GA(I) rI=Ir0)

CALL VARS

c

c

c

e
TF(IE.I'IE.O)PRINT

5 F0,ìMAT(10H0ËRf.t0R
5r IE
N0crI4)



161.

IF ( IT.RR.EO.6) GO TO IU
CALL 0UT ( I r(Jr G¡\r I TgHGAMfA I I )

CALL OUT (PIP¡SI INSI'5I.ISIGþIAI I)
Il' (NilP.hlE. 0 ) PiìI¡'tT 6r N¡1p

(r t i)t-rr"l¡lT ( 18t10rrAr'li( DEF ICIF:NCY =r I1r)
PdINT TrNDFf"ltX¿'f FoltMAT(BH0C'-rIsù 1¡l4r41l ) =rFll,4)
GO TO IO

c
999e S lC)P

Et't¡

+{*llJrt+{?,t¡++ttr¡t¡{¡ttilt¡t¡{t++tiìrlttr+t¡,lt++1të*n+{tJt4+tt*+,r¡öffË+lrlllr++*t+l¡ltlts{t(l+*fi.slt{t$+{n{{t

SUBfìOUTINË SIGA ( IOI])

PUi.P0$e. To EVALUATE SI614A(GAr.4MA) (Ê0R I09=9) AND THE P*1P+i)/2 X 0
MATRIÁ OF FiRST DERTVATIVFS (FOR IOD=I) FOR THE AUASI-SI¡/PLEX MODEL

COMi,lOl'J /ARGS/liDFSrPrQr ILSi'4Ê rS ( I0 r l0) TNSTGA (20) I SI ( l0t l0) rNSI r
I XZ I NDFi'4 I i.iRp I IE

I¡{Tt"GEH PrG
C0f4l,10N /u¿OR¡\?,/D (55r20) rNDrÊ (55)

IF(Iou,Eo.I)Go To 4o

F0till S1 = SIG,'44(GAriiMA)

T=0 
"00 30 J=l ¡P

1=1+GA (J)
D0 Z0 I=JrP

ZO SI(IIJ)=SI(JII)=T
3ù sI (JrJ)=T+GA((J)

G0 T0 9999

FOi{'4 D = DSIGI4A/D(JAMMA

.1

I
!

È-

I

I
{

I,
I

I

I

i

c
c
c
c

c
c
c

c
c
c

c
c
c
c
c

4(J

50

60
9999

IJ=fl
Þ0 60 J=lrP
DO ó0 I=JrP
IJ=IJvl
Dù 50 i(=l rP
D(JJrK)FI.
IÊil(.6T.J)D(IJrK)=0'
D(IJrO)=0.
Il= ( I.Eil. J) D ( IJ¡ Gi) =I c

fì E TURN
ENI)

{;lt4ttl+t¡ttt¡sttttt¡lftl+*+ltt¡ltJtttttlttlr#t lå+*ç+t$*T++ll.tfl+{,-{rll$.}*l¡lt++ltJl+Jr+*+{+tl*+ti+l$nlttTëÕt¡

SUirRüU-f INt 0UT ( r'lrl',lrArNArL ¡ K )

Puiì¡r0SF-. T0 pRll'lT T11Ë m X t\ MATfìIX Ar trlITH I HE l-iËADiNG GIVEN I[l L.
FOHr!ÂI.' AS LISTEOI IS FII.5 WITH 12 NUI,I|IERS PER LI['¡Er CAI! BE CHf{NGET)

¿JY CFANI(ìTT,iG TiIF, V¡LUES OF NCL AND FORM.

DIÞ1ENSl0N A (NAr l) r[ (r\)
C0MM0Nl,/l,l0UT/l'iCL r F0RM 1 6 ¡
DATA NCL çf0itt4/12r l?rl ( lXr 12FII,5) /
FRINT lr (L(I) ¡l=|¡6)

I F0RMAT (/I0Xr 12,{10)
N I = 1-¡qç¡
NF=g \

It) NI=NI+r,tCL
ItF=NF+itCL
It (NFrOI.i{)¡{F=N
D0 20 I=lrM

2û PrìIllT ¡1)RMr (A (I çJ) rJ=hJItNF)
IF(NF.Er!"N)G0 T0 9999
PRINT Z
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?

9999

FURI'4AT(IH )

G0 T0 t0
R h.TURN
E Nt)

+lt+$.tt+lt*+{lf$lrt¡11+lilt+l}+}*+a¡.1+*ttl++lt.ítt#+#t++4tt}ltlt#ltttr.Þ**1+lttt$'*l¡tl$f+Í+ltü${t++lt+f+*lt

sAÌ,tPLE DATA F0R VÀRS. AUASl-SIl-IPLEX I'l0DEL C.F. BR0ttlNE ( I974)
lst 6 7 ?

5?l n

4-17 , 57ó.
+Í-i4 t 536. 601 .
51 0 o 575. 593. 755.

580. 59å. 718. "197,
584. 613. 12?. 75I. 802.
5I. 13. 78. 24. 5. 46.

{r*lt+ft+t+*tt{t+l}Jt.tflt*lr,ìrtt{r++*ll+t}l¡Jrttltët}**++Jt*+{?ntt+rtnt¿l*l+s*t¡t++tlsl¿t}lltll*l¡lrttltlålttt+ltl+ltaÉlt

523 "528.
4'15 ,

I

I
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ÂpPF',\/r-)I,{ C" SU rli0UTIlrËS F0R UNÊEST ï D FACTO
j N

r.,/0T ust_D

=p
vi¡rr r 5
VALUE 0F F (SIGtrArS) AT X

VALUE OI- OÈRIVATiVES OF F AT X

VALUh.. OF SECOi\O tJEIìIVATIVËS OF F A

H INVERSE ESTIiqATË5 THE ASYMPTOTIC

Ai.IALYSIS IJ I f'JO

ßlEtl/¡L EST I FtAT I 0N
p $4r'rPLE VARIANCÊ

HE UNRTSTR ICTti)

5I IS
INAL ESTIMATE

N

SUi.JROUI.INE þFFA
c
ò pur1f105F.. [0 Dh:f Elì11Il.iE tJY l'4INIt'IlSATICì

c tu{cTI0N Tr"lF- E5IIil/\TIS cotìlìesP0i'JDING
I rrn iil I ^ S 0F TllE PAk,ct-1E IERS LAl4gUA AND

c FAcT0r( Af\iALYSIS M0DF,L.

NOF
TOA

PSI

AGE
PX

OFT

c
c
(:

c
c
c
c
a

ilEfilOUo /\N INITL,\L ÁPPR0XIT"IATI0N To THE MINiMISIN
tlir.rt0VÉO r¡V fHF- MET'-loú tJF STEEP¿ST DESCh-NTr AND'tH
0ú i ÄIr,{t,0 BY l.lF-''rT0l.¡-RAf ilsui'l I TERAT I0N

l.,KùÈlìAi.1t-tERi A.J.SilAlN. JA\ ICJ75.

GP
¿F

c RrluT I ¡lË ANÕ

C /Ai{tiS/N
çF
cK
C IOPT
c
c
C I LSI'IF
c
c
c
c
c
L
c
C Srí'lS

U5AGE. TIII

i,¡t r-JNCT/Fttl\(
NP
X

F

G

H I l'lll

14AIi{ ARGIIEI'tEI]TS ARE COi¡MIJNICATËD BTTþlEEN THË CALLING
GFFÀ TI.iI:ìOtJGIi ThE CCIlMON É]LOÇK

DEGREES OF l"eF,EllOM OF S ( 0 1F UNrKriodN)

i lltei;ta) slzE cF s (As LISI'ED .Lfio 2'J)

3 GD - GËolJË5IC l.)ISTANCË

c

c
a

c
c
c
c
c
c
c
c
c
c
c
c
cP
ccc/
c
(:

c
c
c0c/
c
c
c
c
c
c

V Oi'l CAt-L ¡1S DETËRr"'!Ir'l[D BY l0Pf
ON RÈTI.]IìhI ESTIMATE OF PSI

L T NL (REAL ) ON ¡ìLTIIRh. EST I I'IATË OF LAMT'IJA

SIGMAINSlGI'44 OÌt RT.TIJIìN ESTIMATI- OF SIGMA
X2 Ai¡PFIOX. CIIISQIJAiìË TËST STATISTIC T:OR GOODNESS OF FIT
¡JDË DE(;REF.S O}- FiT[HIJOI,I OF MQOF-L ( AND X2 )

IE EHIIOR IIiDICATOR
O SUCCT-SSI"UL CCNVEIìGENCE TO ESTIMÁTËS

I FAILUaE To c0(Vi:tìGtî IN 5PL'cIF IED MAX. N0. 9i ITEËiNS.

ã,-s FAILÚRE 0F NE\'lr0N-HAPHsQhl ¡'1ElH0D IN L0cAl'll{G
MIriIÞ1Ur,1 (0i"ì 0F sTEnF-EST DESCENI It' NËUJRA N0Ï CALt-ED) !
cùílE:j coRR[5P0hit] T0 TH0sE 0F TflE At'Piì0PRIqTE R0tJ'IINE'

6 S I'{OT PUSITIVE DEFiNITE.
7 FAIt.URE 0Ë EIGE¡,,lVALUE rr0rJTINE T0 DË.TERMIt\E l-HE

E IGË¡lVfrLtJËS 0F S

aRf\t/[TEHS t¡l0l'i\loíìt-4ÀLLY FlË(ll.,IRIl'lG cH.ANbEr BUT /iccESIhrLE T0 ÏFlE

ALLIT,IG il0rJTINI AÉtL C0l l'l1n¡Ë¡¡ 1¡l tHE ç0t'4ivl0N tlLocK
iîÊrrr-/vsn FtAxt;1'J; llurrÁt.H 0¡ srt:rpusr Dr:scEr'Jl' ITERATfcNS

t1tlR rr¡lxii¡rJ¡r Nur.lHt:R 0F NE!iT0N-RrìpHs0N I'l'F-Rql I0hls
EPSsD CUNùT.RGEI{CI PAfIAT4ETÈ¡ TOX STEEPT5T DT.SCENÏ

EPÍ;¡,R CCINVF.:rì(ìEhCh PARAIl[TEÊ F0R lJEl'JT0li-RAPhSON

ÏI.1ER ARGUfi,iEhITS AVAILAdLT- OI\ RETUiìN ARE CONTAINEÐ IN TI'ìË COù1MON BLOCK

T x - NoTE (2.,2N)**
Y4¡t¡l.,lCE MATRIx 0F Xl

c
c THË C0t.lM0l{ 8L0CK /i¡lORKFA/ C0NTAINS THh: i','/ORKING AHHAYS USED iJY GFFA

c (45 LtstfU t¿++ u'ocaTI0r\¡s) Af\i) c0uLD ÉiE USF-D A5 l¡lorlKlNG sr0RAGE

C OUTSIUË GFFA.

S tuu c0¡,il,10N rlLoÇñ //ttr.tïNR/ ls usEn FcìR cot'it'tuNIcATI0N |//lrH THE l'lINIMIS-

C ATI0N RUUIIiiES. þlrt¡¡rJr\¡G BY ThESE RcUTINES MAY BE lrttHIflITE0 tlY



c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

164.

$Et ÍIrlc IPf'rT T0 zEr{0.

N0IF:1. GFFA USF-S THE SUUROUTII¡ES FAFNr FLEP0 AND NEt'/RAt VJHICH ARE

LfSI.ËIJ 8F-Lt]rV OI.( }IITH VATiSI AND THENCE ThIE SUFìROUTINES SI'4F' S14FOI

ST4Ft",¡OI OOTI GÈEAT AÑfJ CTIOL WI-tICII THE5Ê CALL.
II' ALSO USi--S Aì\ ËI6[NVALUE/EIGENVECTOR ROUTII!E EISSOL
i',ITH SPECIFTCATiO¡JS AS LISTËD IR VARS.

NoTb.z" 1O ËXTi.IvD ThE fluMnTR OF VAFìIA8LËS PERMITTED IT IS NECESSARY TO

ALì',EFì THÉ COI-1ll0l'l i:lt-ocKS
/AI<1,ìS/ Ai.¡O /I'FAFN,/ T.N GFFA ANÐ FAFN
/aT-,JN,CT/ II'.I GFf:AI F¡FI'i I I.LEPO AIiD IiEuJRAI

AI\¡I) TO CHAi'IGE ThE ASSIGI\MËI{T STATt:ME\T FOR NBTNDTNU IN GFFA

NOTË3, TO INCLUDE OTITEIì ES.I'IMATION FUNCTIONS IT IS ONLY NECESSARY TO

Ii.¡cLUuI THE ÉV/ìLUATIhIç FIJNCTIOhS III SMËI SMFD ANO 5È,IFDD ANI] TO ALTER
THE COþIPUTT:D GO T O STATEI'IENTS OF THESË FUNCT I OII¡S '

EXTERNAL FAFN
CUtu1MON /ARGS/Nrp rKr I0PTr ILSi,lFr S (20 c 20 ) rNSr V (20 ) r L (20 r l4 I rNL r

SIGhlA (Zu r 20 ) rtt$l(ll,!A r XZ rI'JOF ¡ IE
I TERL/ùìSl/ r rft'lil r EPSSLI r EFSNR
u,r FU¡ICT/FPtAX ¡ l\P I X (20 ) I F I G ( l0 ) r l-l ( 20I2l ) I NH

\^JoRi\FAlKl rA (?0 ) r8 (20 q?(tl ¡NlirtJ ( 2Qq20 ) rN0 rE (20) rU (20 r20) rNll
trl'lI f{l-llEPS I i4 I IER ç I IrNT I IË.Rtl r I TER I L0AD0 I Nt CI
OD
F

I¡\.[EGEr{ Q rtlr IT ( l4)
ÐA1'A f :SV'T /¿/
DA'l A NS I NL r htS Í6!t'.^ / 2t) t 7Q ¡20 /
0ATA ivrSt)r r,lliRr EPSSDT LPSI'jR/ór 20 r I çE'02r I "Ë-06/
0ATA IPt:'lI/l/
Dtrl¿ ¡p53 qLPS4/ 1,E-ü5 ¡L çE-?D /

c
It E=ND =NU= 2 0

IÉ=0
I'r P=p
F P=P
R K=6
l(l=K+l

c
C GE¡iEFATE S f ARTINIG VAHiANC¿5 AS REOUIRED BY

c
IF ( I0PT-I) I0¡60rBC

I0 Ð0 20 I=lsP
D0 20 J=lrP

?0 D(IrJ)=S(IrJ)
CAL.L CHi)L (4 rPrP rDrNUrT)
IF (T"GI'.0)GÛ TO 40

3ü IE=$
G0 T0 e999

4ü T=I.-tlFl/(?"ttRP)
0O 50 l=Irl;r
v ( I ) =T/ü (I ¡ I )

5u X(1¡=gtJff (V(I))

I OPT

I
C UMM C]

c 0r'.4t,i0

C ur'tl'10
c0Mr¡0
CÜt"ii,l0
IÑTEG
REAI-

N/
N/

N/
r-i I
EFì

L

6C
70

GO
DO
x(
cü
DO
X(
V(

lo I o o
70 I=lçf)

I)=S^RI(V(I))
TO I O()
il0 I=I.rP

I)=V(I)
I)=X(I)r¡X(I)

1 ti(i

90

c
c
c

100 C0r\¡TIr{LJE

COITPUTE } = $TTT+..! VIA SPECTRAL REPRËSENTATION

CALI- EISS0t (Pr SrliSr ATBTNB I IEtìR)
IF(IER¡ìrEO.O)GO TO IIO
IL=7
G0 T0 9999

IIC¡ It (A (I ) 'LT.l-PS/r) Ê0 T0 30
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D0 120 I:I rF
IZù A(I)=I./SQRT(Â(l) )

D0 t+6 l=lrP
0U I40 J=IrP
T=0.
Dt) t:0 R=lrP

130 T=l+8 (IrR) t¡A (R) ttB (JrH)
I40 D(IrJ)=lJ(JrI)=T

c
C CÙII,.IEI{CE STHEPËST I)tlSCF:I'{Ï ITËRATIO¡'IS
c

I U;)= I
CALL T'AFN
IF (MSD.EGO(J)GO TO ]50
EP5=E P S SD
¡q I 1fi.l=r.aSÐ
L0AD0= 4
CALL FLIPO (FAFN)
I Ë= I EiìR

c
C CQ'fírlEr\CE NËþiT0N-RAPrlS0l,l ITERATI0NS
c

150 Iu0= (-2)
CAI,-L FAËN
Ir 04NR,F-0.0) G0 TO 160
I ut)=2
E PS=EP S¡l R
lj ì TER=MrtlR
CALL NE!¡iRA (FAFl,l)
IE=IE¡"R
lF ( IE.Ër,1.3) G0 T0 9999

c
C Db.TËRI"lINE DIRECT ESTII'IATE OF LAMBD'\

c
16U CALL Ct'lOL (4rPrPrDrNllrT)

ilt) IB0 J=IrK
T=50RT ( 1.-[ (J) )

00 IB0 I=1tP
Z=0.
Du 170 R=IrP

¡-¡p l=Z+0 ( 1rÉì)r¡SI6t,lA (RrJ)
I80 L(IrJ)=Z*T

c
c C.JUi{T I.JP TIìE NUflBEiì OF V(I) I,JHICH f\RE EFFECTIVELY ZERO.

c lr-rAr,l ohrE t t- 0RM THE PR I NC I PAL C0IIP0NENT 50LU f I0r¡ F 0ri I l-iE
ç V ( I ) =OC r SINCT: IN THIS CASI. THE CONR6SPONDII!G PARTS OF

C RËPÂOUUCËI) EXACTLY¡ É\NO THE CORRESPONOING CtILUt'IN5 OI'' LA

C OETERi"IINEO UI{TGUELY.
c

M=0
D0 I90 I=lrP

19rJ. IF (V ( I ) .LT.LP53) M=l'4+ì,
lF(14oLË.1)60 T0 260
Ml=M+l
Q=0
R =¡,.|
DO zlQ I=lrP

GRE A TER
IATES }lITIl
E

.ttRE t-r0T

IF(V
G=Q+
I T (O

GOT
e00 F=R+

IT (R

zl 0 c0NT
c
ç $IÇONDLY EXTRACT THE APPROPI PARTS OF S, ANO FOR¡\'I IHT. EIGENVALUES ETç"
c

DU 220 J=lrM
ITJ=I1 (J)
0o aZO I=I rP
JTI=IT(I)

220 fJ (IçJl =S(1Tl rITJ)

IT
VqR

S Arl
METJA

( I ) " GT. LPS3 ) (;0 T0 ?00
I
)=I
0 210
I
) =I
I NUE



c
c
c

Mt4=-¡"1
CALL tISSoL (Ml'trÈri.lÍl rErllrlrUr IERR)

THirìOLY COIIS'f RUCT TilF. APPROPR IATE 6QI-lTI I5 OF L

SUßIìOU] INE FAF'hI

Pt,RFCSI-,. CALLTD tlY CFFAr At'lD BY t'tINIMI5ATl0N
Fr ü ÂhlD H l-0R i-ACTOR {r'rÀ[-YSI5 M0DELT AT X =

L66

R0tTTINEST TO fVALU/ìTË
PSI+*.5.

DU 250 J=I I M

y=5QRT (t (J) )

00 230 I=IrM
IfI=IT(I)

23Û L ( ITI IJ) =U ( I IJ) +Y

Z=1. /Y
0ü ZS0 I=MIrp
Ili=iT(I)
T=t).
Ot) ?4 0 [ì=l I M

24u T=T+t, ( I rÈ ) +tJ (tìrJ)
?5A L(ITITJ)=T+Z

c
c FORI'¡ 

.IIlE 
ESTII"lATE OT. SI6MA

c
260 UO 29û I=lrP

D0 280 -!=[ rf)
l=0"
Du ?70 l-l=IrK

27 0 \=J+L ( I rR) ilL (Jrfr)
2i10 SlGf4A ( I rJ) =gl'jitÂ ( Jr I ) =f
¿9ú .5ICìr,14 (I I I ) =5Iüi,rA ( I I I) +V (I )

c
õ CL.r,,rpU'tF- 0t_CíIEES 0Ë'FREEDOM AN0 CHIS0UARE V¡LUEr IF P0SSIBLE

c
NUf, = ( ( 

p-K ) ¿t*¿- ( P +Kl I / 2
XZ-0.
IF0.i.Lf-,ù) 00 T0 9999
| -i\

X 2=f tt¡
9999 fIETURN

E I,l l)

rå++.t¡+++rti¡{?t¿i}tttr#*rr*!t¡+11{.r¡l¿+rlit*st¡rílt+{t,t+tt,ttt¡*+trlr**.tfitt l*lf+tt*++itltl+1¿{'t¡{{t+tl*+lr+{tt*ll+

c
c
c
c
c
c
c
c
c
c
c

r,lHAT llETUtir.rE0 I5 þEPl:l'¡Dtl\T ON

0 = .JIJST Fç I = F AI.ID 6t 2

I0D=0 r I OR 2 ASSUï"1ËS THAT 0N
EIGENVALUfS AiID V[CTORS TJF D

TOI.J=-I ASSÚ}IËS THI RESULT OF

IOD=-2 ASSUiIËS TIlE FTESULI S OF

THE VALUÉ- OF IOI)
= Fr G AlrlD Hr -l = JUS]' Gr

CALL D=S*rt-¡5rAND RETURNS
qtV+O IN E AND SIGMA RESP.
A I00=0 CIrLL
A I00=l CALL

-2 = JUST H

THE

I

CUMtl0l'l I0i)
c0Mf\,10N /Afìûsli{rPrKrI0PTrIl-Sf.lFçS(20r20) rlJsrv(20) rL(2url4) ¡N[.r

SI(;trA (2u r 20 ) r \SI0l"lA ; X2 rNDFr IE
COrrraoi'l /vtFVtJCI /FÞìAXrNp : Al20) rF rG (201 rH (20r2I) rtlH
cr)r,1r4oN /riglìr\FAlKtrA(¿0)rB(?0ç?01 çNBçD(2A¡20)¡l'lDt[(20)tu(e0r20)rNu
INTE'3TR P

RÊ,At. L
INTEGÊR Q I R

c
c
c

INITIALISATIOI.I

D0 I0 I=lrP
l o v ( I ) =x ( I ) +x ( I )

I=f0D+3
Gû T0 (120r50r20ç20t?0) rI

S[1 \lP (S*+-.5)*PSI+ (Sff+-.5) AND DETF:RI'iINE ITS ËI0e NVALUES /\ND vECT0RS

IF I'iECL.SSARY A0JUST V SUcll THAT E(K).LË""1.

c
c
c
c

¡:0 Ð0 40 I=I rf¡
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c
c
c

D0 40 J=IrP
T=0.
DU 30 lì=ÌrP

3U T=T+D ( I I iì ) rfv ( fì) $D ( il r J)
40 tl(IrJ)=br(JrI)=T

CALL tISS0L (P'iirN[]rb.rSIGMAtl'ISIGMAT IERR)
il' (Ë (l'.:) .LE.I¡) G0 -|.0 5O
T=E(K)
Y=S0H-f ('I )

D0 45 I=lrP
x(I)=Å(l)/Y
V(I)=V(TI/T

45 E(I)58(I)/T

Cttnttrg-tU t

5t) F=0.
Du (r0 I=Kl ril

ô(J F=F+SMF (E (I) I ILSñIF)
IF(I0i-)"8Q.0) 00 T0 99gq

COMPUTE GSET UP U ANI) ALPHÁ AÍ!t)
c
c
c

c
c
(;

c

c
c

70
8û

00 B0 I=lrP
D0 d0 J=l rP
ï=().
Du 70 È=l ¡P
T=T+D ( I çR)r+SI6ÈrA (RrJ)
U(IrJ)=T
D0 90 I=KI rP
A ( I) =SMf-ü (E ( I ) r iI-SMF)
DÙ Il0 I=lrP
T=0.
00 100 J=KlrP
1=1'+l\ ( J) {tU ( I r.J) ç*2
G(I)=2.n'X(I)rrT
IF ( (I0D,EQ.l).0R. (IOD.fQ.-l) )G0

IJP AüTA ANO CO¡IPUTE H

t0 130 I=Kl rP
B ( i I I ) =SrifiUU (E ( I ) I ILSiqF)
D0 130 J=IrP
Jl'-(J.E(J.l) (ì0 T0 I3i)
B ( IrJ) =2'*A ll, / lË ( I) -E (J) )

C0t'lT I i.lUE
DJ I70 I=lrP
T=0.
00 t+0 J=(l rP
1=f +A (J) *U (I rJ) *ttz
D0 ló0 J=IrP
Y=0 n

DU I5O {ì*K I I F1

Z=U(I¡tì){U(Jçt))
00 1Sl lì=l rP
Y=Y+li ({l r lì )'rLi ( I rq¡ rttJ ( Jrx) sZ
tl ( I rJ) =H (Jr I ) =4.r¡X (I ) +X (.1 ) tlY
H(Irl¡=l'{(IrI)+2.*1
RE,TURI.I
ENt)

T0 9999

90

lCrt)
It0

SËT

lZo

130

140

150
lo0
17 t'

9999

l*r¡*,tt+it+tri¡nt+lttltttt{tttnr¡11+{f*lt+lr.11++tt,Þ{il+rll+ì#*t¡t}l¡rÍl}+*tllt¡tts{rlt+lllttl'ÈË+*l¡{{r++t}*{+r$.Ì1

FUNCTI0i'l SMI' (Tr ILSMF)

PUItPO56. CALLEI] hJY ËAFI{ TO ËVALUATE F(THETA) AT ThÉTA=TI
WiTIJ TI'IE PI\ítTICULAIl F USED BEIN6 DETERI.lINED T]Y ILSMF "'SEE GFFA LIST

G0 T0 ( ì0 ç20ç30r40 r5t¡r60) r ILSMF
I0 SMF=.5# lT-1.) +r (T-1. ) / (TìtT)

GLI T0 9999
e0 SMF=I./'I+4L06 (Tì -l'



+lti**#{t{tátttf+t+l¡rtltlt#ìrtt3r{f+tr+rÍ*liritttt.lt+l¡.1¡ltitrtrftått{t+$*lÍ+*l+l¡{ttl l¡l¡tt$#*tt#+làtl+lt+l+t+t*11l1lt

Fuf'tcTI0ri si"lf'D (TrJLSFtl- )

PURPOSE. CALI.ED IìY I"AFI{ TO EVALTJÂTE }ST DERIVN OF F(THETA) AT T,
Wii i IHE PAiìTICUL,1Iì F USETI SEING DETEIII'IINED BY ILSMF - SEE qFFA LIST

30

4x

5i)

60
9991)

Iti

20

3u

40

50

bL)

999')

G0 T0 ee99
Sr4l- = c 5+Al-0G ( T ) tt*7
GU TO 9tc)9
st4¡=.5+ (T + I . /1-?.1
Gù TO 9'99
St"l¡= 

" 5{,( T- l. ) + ( T-I. )

üu T0 9.i99
st'ìË=.5+r ( Tt+l-2. lrT+ 1., ) {tEXP ( T-I. )

Rh:TURI\¡
F. ND

( I0 ç?0 r30 r40r5U'b0) r ILSMF
(T-I.)/(TltT+T)
9999

(T-l"l/(I"tIl
9.J9 9

ALOG(T}/T
9999

.5.rs(l ç-I./ 11+tf) )

999 9
T-].

9c)99

" 5* ( l'+ I - I . ) +EXP ( T- I . )

r! VARIAtsLES X(I)
THOD

168.

THETA) Â[ 1t
- SEE \iFFA LIST

aaa ,( (N)

C

c
c
c

c
cir
cvl

c
c
c
c
c
c
c

c
c
c
c
c
c

GÙ TO
SMfitJ=
G0 ro
St'l['¡1=
G0 Tü
SÞlFD=
Gù TC
5 i'1FD=
GO TO
Sr.4f- iJ=
Go Ttt
SùlFO=

+ttt+üft$*.¡ftttttttttt.tt{+{t+{+{tl¡*ts{+sl+J¡t1**{ld.++tf+lsttrI+n.ltF{tt}1ril1tltsìttt¡¡t¡*+tl+t¡fr*+1råË*l¡rt1t{tlt+tl

f'tirrtÇT I of\l sMF DD ( T I ILst'1¡', ¡

R F: I'U R f']

[ ¡'lr)

puRf-'05t_. T0 ¡rIfrIMISl¡ 4 FIiNCTT0N F
uSIi.tG rHE CLASSICAL NË.¡l tr)N-RAPHS0T't

Ul"ìP05û. CALLED tJY FAFf! TC EVALUATE 2t'¡D DFRIV.
i I¡I 1.UË F.AiìTICULAfI F USED i]EING DETb]FìMINEN BY 1

OF F(
LSMF

2t)

30

r50 5l'1ÉDD=. ilr¡ ('I+ T +2. *1- I . ) +[XP ( T- I . )

99)(t' ilEì'U¡i¡l
f rrll)

It{t{tttçit*tt4+l{tt|f.#.tl+.*#ffltttl-r$l*tt#*,r+lå*+.ltsllJs+{rttttttù($r¡itllnttù{ts{lt,ltttli+{+*+ltt}È+l¡lttflt{+*lt

SUdIIOIJTINE þJEWR/\ ( FUI{CT )

G0 T0 ( I0g2uç30r40r50r60) tfLS}'IF
Sr'lFDD= (3,-2. +T ) / ( [$ l*t'l'#T )

GO T0 9.1ç9
Sr.lFDUs (2.-T ) / (T*TttT)

l0

GO T0 9999
S14F00=1./ (T*TsT)
c0 T0 9999

40

G0 T0 c)999
SplfjtrD= ( I "-4L06 lT ) I / ( f+T)

5ù Si\,tFDO=1.
G0 T0 9e99

OF
MÊ

PROGIìA14i",tERT ANJ'S\4AIN' JA¡'J I97b'

USÀ,JE. TIIL: AIìGtJEI,lENT'F\JNC'I OF THL- CALL IS A USER SUPPLIËD SUBROUTINE
(i)[CLARÉt] EX.IEÈr.rAL IIJ Tf"ri- R0UTIt!E CAI-LIr\lG r\IEWRA) ll¡HICH l'/l''El{ CALLE0
Ëv^tuATF,S F rrt ("tHE vEcTori 0F FIRST nERIvATIVES) AN0 r"t (Tl"iE MATRIX 0F
Sh.C.)I'II.I DF-IIVATIVTS) A,T A GTVEN PO]NT X. THE NICIS5ARY AFGUEMËNÏS ARE
.IH,\I\S¡"Ifìi:.0 

I"ìÊTL.JEEl.I TI-ìE CALLIIT6 ROUTIiIT:I NEI{RA AND FUNCT THÊUIJGH T}IE
CL¡r¡i40;',1 t-ILOCK
/|^¿Fr.JhiCl',/ Ft,iAX Al'l UNSATISF/\CTORY X CAN BE Ih¡DICATED T0 NIl'lRA BY

FUl.,ICT I]Y RETURI\ I\¡; F=fl¡,¡4X (LISTEO VALUE I.E+75)



X

Ptr I
ERtì
OS
IF
2F
3H
NUM

c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

N NUI.IÞLR OF VARIAIJI.ES (.LE.MI'¡'SAY
x ( l"lN ) cutìRLill x
F VALUL oI F AT X

G (I"IN) VALUtr CIF F IRST DTRIVATTVES AT X

H(¡"lNrMf{+I) VAI-uÊ oF SEC0t!0 DBifIIVATIVES AT

NH R0t^,¡ DIT"ìENSION 0t h (=t'lN)
|,JñHi.J I{Ël¡¡IìÄ CALLEDI X I5 IAKEN qS 

'\N 
APPROXJMATIOI! T

l./ITIl FIG AI'ri) H çIVIi\IG THf CORf-IESPOt\DINO VALUÉS' IrE
f4UST PrrEC6¡¡f ltlE CAI-L T0 hlE',/iRA.

169.

; L I STÊu r.îN=20 )

0 Tl'1E MINTMISING Xr

' A C,ILL 10 FUNCT

O],11ËR AËIGUi..IENT5 ARI;" TiIANSFIRËD tsETI,JEEN THE CATLING ROUTIhE AND I{El¡,lRA

THHùtJGH'¡¡¡ Ç$r',i'10r'l B[0cK
/vr¡INrl,z IPS ifE]{ATI0N IS TEtìMINATED t,lllEN MAX(ABS(6(i))).LE'ËPSr

E.G, ¡¡r5=l'F-06
MITER f.4AXIi'IU¡4 NUi'lE35ç1 9¡' ITERAIiONS
I Pr'iT
I ERFì

I TËR

r,tl' 0P-f-I0hl 0=|,t0 PRIl.lTlr'JGr l=PRINTING
OR lr"lDICAT0R
uccËssr u¡u c0l.lv ãiìGENcE
ATLURE IC} CONVE[ìGE INI I"'TIER IIF:RAÏIONS
Ut.lCT llËTURf'lED F MAX
r{oT P0SITIVE 5Er'llDIFlhlITt:

iJER OF I TIiIA I I ONS RE(ìU I RED

c
c

NOTE. íìEtltJIÊËS Gf:iF-AT (NrA) r,lHICH IS l-l5TED tdITH tLËP0'
ANt.) cÌ.i0L (I0rNol'lrAr¡'lAr0A) \llHIcH Is LlsTID BEL0I¡J

CLlr{tr0N /i\lFUi!CTlF r4AX¡N!X (?0) rFrG (?0 ) rH (20 r2I ) rNh
c0Mr.10i\ /'ú,lr'lIr{R/Ë:PsrHI lERr IPNTr IERRr ITER
¡¡14 ¡t4AX rNi'i/ 1,8+"15 ¡ lQ i

INTTiAi.ISATIOI'J

I Ël-rR= 0

IF (¡rITF:[ì.F_0"0)GO T0 999"
l. I =ñ+ I
IF (IpNT.È,1.I¡pftlNT I

I F(JKMAT(9HO hEWRA/4XIgT.tITERATIONIITXIIHFT}2Xr5HI'iAX G'I2XIlHXI
GÄ=GREAT (Nrtì)

C0Fìi,lEt,lCE i'l'EiìAl i 0ü

DU I|)O INiì=i IIqITER
I 

.TÉR; 
I NR" 1

IF ( IPNT,EQo I ) trlìI¡JT Zr ITËR rF rGXr (X ( I ) t I=l rN)
z FOsl'lAT (IBr13XrZtil5.6rþG 15,5/ l46X¡6G15.5) )

DETEIìr'1INF. f!"lE f.lÉtJ XrFrGr A\ltj H

00 l0 I=l rl"t
IrJ ll(IrNl)sG(I)

CALL CllilL 1 ¿ ¡ r,J r i.ll r Þt : t\¡t1 ! UH)
Ii' (r)H"tì8" D) Û0 T0 ?0

¿0

3
9q99
J=l¡il

25 X (I) =X (I)-rl(Ir¡ll)
CAL.L FrJt\ìCT
IF (F.LT.Ë¡,IAX) GO TO 3O

Ifl¿R=2
c0 T0 9999

CFìËCK FOR CONVERGE¡ICË

3u GX=GREAI (N'Gl
IF (GX.LT.EPS) Gf) TO I IO

t00 c0¡TTINUE
I ERR= I

IIf:HATION COÈ1PI.E:TE - TILiY UP AhrD RETURf'I

II0 IIERsI'ìER+I
If- (IF,Þt't.E(1. l)PRINT ?rIlERrFrGXr (X( I) I I=l rl'l)

c
a

c

c
c
a

c
c
c

c
c
c

I ¿l',lR=
G') T0
D0 25



170.

99vq fìl-TtlRN
Ë r!tt

+{trf*ìrt¡++#+rt¡tr+l¡$.!r++tt+,É.ts1¡t}ltri{f++ltlt{ftttttt]r.É+nlrtf{t+tfr¡llllltlt{t++++sllltltal+l¡+#++}ttltsl¡11#

PU.ìPO5F-. SAMPLE È4¡\TI'.I PROGIlAM I.OR GFFAO

T-T
2-N
3 AN|I
- It'l
ST.TS

TEl"NU

c
c
c
C

c
C

c
c
c
c
c
c
c

Gl-s 50LN.
2i0 I

1.0Ù
.523
.395
" 
47I

'34b,4?6
.57b
' 434

"63t

t.i4t4t:TT DAI'A C"l"'.
305

I . ù0
.479 1.00
.506 .-155
,418 .27 A

.462 ,?54

.5/t7 .452

. e83 .219

.648i .504

GFFA )

fl0ri ÉìY R0ll
IOPT)

I.00
,470

U5nGË. cArìt)
CAFìíJ
CA RD

CARD q

ANY NU¡rßER 0F

I TLE CARI)
r Pr t\r I0PTr ILSMF (SYl'1B0LS SAME AS F0R

I. OLLO.,,lIh](ì . LOhIER TRIANGLE OF S PUNCÈED
ITIAL APPHOXIi"IATION'IO PSI (IJËPENI)I\IG CN

OF üAIA - TEhìMINATE RUN É]Y dLANK CAFI)

TO PRII!T MATRICES. SIE LISTING OF VARS

JORESKOG AND ËOLDBER6ER P.256

I.00
.691 I .0 0
.7gI .679 1.00
.443 .383 .372 Ì.00
.?85 ,1,49 .314 .385
'505 "409 '47? 'ôtjo

c

CA LL5 OLJÏ

NL)]f2. ALPIí/iNUrIIfìIC PAhII OF' Ih]PUT/OUTPIJT AND 
.THE TERMINATION TEST

'dOtJLO ALi',iOST CÊ.f-ìTATi{LY I'IEED CHANGË FOR ÇO14PLITERS l/lITI't DIFFERTNT
r¡0iìlJ SIZE.

crJr.lMot! /ARGs/N r P r Kr I UPT I ILSMÊ I S ( 20 r 20 ) ¡ Ns r v (20 ) r L ( ?0 I I4) ¡ NL I
I SIGI-IA ( èUç20 ) TNSIGM¡1IX2INIDF¡ IE
fìËÁL TITLE(8}
I'\TEGEIì P

REAL L
DATA IiLANKS/ l0fl /

}$ READ I I (TITLE(I) II=1I8)
I FQfìr,lAT ( 8Al0 )

IF (TI rtE (I ) .EQ.BLAril\S) G0 T0 9999
FHIiIT 2r (TITLt(I), I=lf rJ)

Z F0Rt'1AT ( il'il rsAl0)

RE A0 3 ç Ì'l r P r K r I0PT r IL5þlF
3 F0ÊrrAT(5i4)

D0 20 t=]¡l:
H¿AD 4I (S(I'J) 

'J=I'I)4 FÙ{ìMAT (9F8)
D0 20 J=lrl

¿ü S(.,lrI)=S(IrJ)
CALL 0Ll1 (PrPrSrtlSr ltlS, 1¡
IF (I0P1.GT"0)tìt:All 4' (V( I) rI=lrP)

CALL GFFA

IF ( I E nt{8.0 ) t-ri1Ii,tf 5 r IË
5 F0Rl¡A í ( t uHüEHR0F t'JO. t 14 )

CALL OUT (Prr{rLrNL¡ ¡¡rlLÁl'1t30Ar I )

CAI-L OUT ( I r P I V I I T 3HPSI I I )

CAI-.1_ CIUT ( p r P I S IrìMA, i!S I Gf,4A I 5HS I GMA r I )

PRIr!T írtf'rDt'tX?
6 FOdMAI(7H0CiiIS8(rI4r4H ) =rFlI.4l

G0 I0 i0
c
9999 Sl 0P

E i\¡D

+**Jåt¡.:i{¡ttt¡.r¡iîit+1¡tfJitttttl+tt}+r¡#rt+tltFtf{,{lt++ìr+++tf*i+lr+itrsü+tt+låttlt*{rtÞ+&+{'Þt¡lttå**ltflt+ë'lÍlt

c

c

c

1.00

Jlttl¡{ lflt{tlr¡Jtt}+t++t¡+t++*{}tt4}Jtì14t.ltl¿ttt+S+Õ+ltll+{t{t.ttlslttttt*ltslttfl¡ltJ¡$+r!ttlt{l¡lt+ll*l!'l¡l¡+*'{t{t'tllç



r'(t.
PPINI)IX O. SUEROUTIhJI]S I-OR FiTTI DTRECT PROOUC] l'1OC L USIhI

OEGREES OF TJREEDOM OF S

SIZE g¡ t
slzE 0F sIGt4At (AS t-I*stËo .LE.5)
SIZE g¡ SIG14Á2 (AS LiSTÉD .LE.I2)
SAMPLE VARIANCE MATRTX (PRESERVED tsY DTDP)

i:TURN ESTII"lATE OF STGI'1AI
EfURN ESTII.IAI.I OF. Si6MIlZ
ETURN ESTIMATË OF SI6MA
IIXI CHISGUARE TEST STA'I'ISTIC FOR COOONESS
IT
EES OF FREEDO!"1 OË. I'IOOEL ( AND X2 )

a

I'1ITER

ONR
0r,l p
ONR
A PPR
0rF
DË 6P

c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
t.
c
c

c
c
C

c
L;

c
c
c
c
c
c
c
c
c
c
c
c

SUÊril0UT INE DT0P ( NDFSr P ç Pl r P? r S rNS r SI I r NSI I r SI2 r NSI2 r,S J r NSI r
I XZTNUFHTIERR)

PURPOSE. TO DETERIlINE FOR A SAþiPLñ'VART/\NCE.HATRIX S THE 14AXII,4UM
I.IKELIHOOD ISTIMATHS OF TIIE PAFI/TI.1b:TERS SIGMAI AND STGMA2 OF THE
DIRECÏ PRODUCT I'1OD[1.¡ !{ITH ThE IDENTIFICATION CONOITIOI\ SIGI.4AI(Iç1)=I.

METIIOO. THF- ITERATIVE METHOD DISCRIBEO IN SECÏION 5"3 FCR SOLUTION
OF ThË LIKËLIHOOD EAUATIONS IS USED"

PROGRAMMER. A.J.SI'/AThI Jnru I975"

AR6UEMENTS. NDFS
P
PI
P2
SrNS
SII¡NSiT
SI?;NSI?
SI I NSI
x2

NDFM
IËRR ËFìR0R Il..lDICAT0R

O NO EÍìROR
I TAILURE TO CONVERGË IN
? S r.10T P0SITIVE 0EFINITE

I TEFATIONS

ALSO AVAILAELE TCI THE CAL¡-¡NG FOUTINE ARE THE Í]ARAMETERS ANO RÊSULT
IN THE COI.lMON BI..OCK
/dÛTDP/EPS CC}NVERGENCE PARAMETF_R

MITER MAXIT'1U'-'t f.lUMgEP 9p ITEtìATI0NS
IPNI =} PRINTIi'.IG fìÉGUIREI)ç OTHHRT,JISE ¡\O PRTN]'INC(LO¡¡¡¡ t,/ITH ThE VÀLUË I)
ITËR OÍ{ RËÍURN CONT/IIN5 THE NUMI]ER OF ITERATJONS REQUiRID

THE COI1MON BLOCK /I.1IORKAP/ COl|\TAINS fHE 
'{ORKING 

ARRAYS FOF DTDP
(AS LISTED 2543 LOCATIONs) AND COULO 8E USEIJ AS l,/ORKING STORAGE
OUTSIOE DTDP

N0TEI. USES SUbROUTINES PACKr UNPACKT CHINVT MPYVr SCV AND 0P
AS LISTED BELOH

NOTE?. TO EXTEND THE SIZTS TON PI OR PE IT IS NECESSAHY T( TILTETì THE
iJII"IENSIONS IN /l¡JORI(DPl AND THE ASSIGI.]MENT sTATEMEI,{TS FOR NGI AND NG¿.

INTEGER PlPl rPZrPlTrP?T
'FF.AL S(¡JSrP) rSIi (NSIITPI) rS12(NSIZ¡PA) ?SI (ttlSIçP)

C0MM0N /v¿D"lDP/EP SIMITf Rç If,t¡Tr l'tER
cot"jMot\ /tt0RK0p/Gt ilsr7u)rru6lcG2(78rÌs) rNc¿ru(78) ¡V(79¡¡,ri(IE) rx(i5)

I ry'i0(15)
0AlA t.FSTMITERT IPNT/I 3E-09r30 r l.¡

c
C INIfIALISATION
c

NT(I)=I#(I+ll/2
N6¡=15
rNG2=78
IËRR=O
FP=P
RP1=P¡
RP2=P2
IF(IPNT.EQ.I)PRIhIT }

I l- oRMA't'( BH0 Dr0P)
c
C CHECK Ti1^T $ IS POSITIVE DEFIhIITE Ar.IO ÊORM CONSTANT P¡fìT OT
C LIKELIHOOD F
Ç



r7z.

CALL PACK (PrSrNS¡SI)
CALL CHINV (1 rP¡SI¡SITDS)
IF (DS.GT.O) GO TO IO
I EPIR= z
Gù T0 9999

I O RLO= ( -ALOG ( DS ) -RP )

c
c sEl'
c

?0

UP ¡4ATRICE5 FOR ITERATION

K L=K
GZ ( I

o J=I rP2
0 I=JrP2
J+1

0 L=IrPl
0 K=LrPI
L+1
J r KL ) =G l. ( KL r I.J) =5 ( P2+ (K-1 ) + I r P2+ 1¡-1 ¡ +J)
.NE.J) GI (KLr lJ) =GI (KL I IJ) +S (P2+ (K-I ) +J¡P2* (L-I ) +I )

.NE.L ) G2 ( I J r KL) =G2 ( IrJ r KL) +S ( PZtt (L-l ) * I r pl* ( K-I ) +J )

l"/RPl
T. /RPZ

SET UP INITIAL APPR0XII'lATI0N

CAI"L PACK (P?rSrNSrLJ)
CALL CHINV (2rPZrUrVrUu¡
PIT=NT(PI)
PZT=NT ( PZ )

Do 30 I=lrPIT
t¡i0(I)=0"
IF(IPNT'EQ'llP
FotìMAT (4Xr5HIT

IJ=0
002
002
IJ=I
KL=9
002
002

IF ( I
IF (K
5P¡=
S P2=

c
c
c

c
c
c

c
c
c

3û

3
RINT 3
ERNTTX¡ lHf¡r I0Xr ¡0HMAX CHANGE)

COI.,II"lENCË I TËRAT I ON

D0 60 ITË=I rMI'f ËR

I ÏER= I TE

F0RM NEl./ APPR0XIMAf ICIN

CA¡¡ ¡¡tYY (PlTtPZTrGl rNGI rV¡W¡
CALL SCV(SP?rWrPlT)
TS=1./W(l)
AC=0.
D0 40 I=l¡PlT
T=ABS(r't0(I)-tc(I))
IF(T.GT"AC)AC=T

+0 tl0 ( I) =t{ ( i ) =W 
( I ) +TS

CALL CriIlriV (2 rPl rt.t r X r0¡¡¡
CALL MFYV (P2TrPlT rGZrN62r XrU)
CALL SCV(SPIIUIP?T)
CALL CTIINV (?rt)2rUr VrU¡¡
lri t lpNT.I'lE. I ) . AlilJ, (Aç.{iT.ÊP5) rANþ. ( ITER.LT.MITER' ) GC T0 60

c
C CALCULATE LIKELIHOOD I
c

CALL UNPACK (Pl rSI I rNSII 'X)CALL IINPÁ CK ( P2I S I2I NS I2I V )

CALL DP (PI ¡ PI I P?rP2T 5¡ ì ¡ ITSI I I SI2INSI2ISI INSI )

T=0.
D0 50 I=lrP
D0 50 J=IrP

50 T=T+S(IrJ)*SI(JrI)
RL=RL0+RPl+AL0G (DU) +RP2üAL0G (Dti) +T
IF ( IPNT.EQ. I ) PRINT 4r ITERTRLTAC

4 FORMAT(I8rZEl5'6)
IF (AC.LE.fPS) GO TO 1O

6O CONTINUE
IÉRIìEI

c
õ IrrnnriON coHPLETÊ. UNSCRAI'1818 ESTIMATESI FORM TEST STATISÏIC'



c
c

773

IF P0SSIIJt-E' ANL) R[,TURN

7O CALL Ui'IPACK(PIISTl'NSII 'vl)Cl\LL TJNPACK (P2¡ SI2r tlSI2 tU )

CALL DP (F I IPI IP2 ¡P2r 51 I IITSI 1 ¡ SI2INSI2ISI INSI )

I0=pl1'+P2T-I
NUFM=NT(P)-IA
XZ=0.
IF (NÐFS.LE.O) GO TO 9999
F I't=¡'10 ¡ 5
rG=lQ
Ys.S+ (-1. e+SQRT ( I . +8n+e) )

U =NOF M

flH04=I.- (RF+ ( (2o*RP+3. ) #RP-1. ) -Ys ( (2.*Y+3. ) *Y-I. ) ) / ( l?'+D+R¡¡)
X¿=RH0¿Þr¡RNlrl'{L

9999 RETUIIN
E NI)

ü + it lt tt lt 1l * tflt l+ lt tt ++tttt t¡ # l* ö + lt +.iÉ t'c lå ç ç ¡,¡ ç n {{ ttlf + * # l$ ltl+ltlt l$ * lt lt* lt lll¡*+ * tft+ lå tl * l¡ f i+ {¡+ü lt lt++ t¡ S f

SUITR0UTINE DPVAtI (N r l'l ¡ PZ r SI I ¡ NS I I r SI2 r NSi2 r V e NV )

PUË1PCSF.. TO CAICULATE TIiË LARGE-SAMPLE VARIANCE MATRIX FOR THË

PAI.ìA14ETER L5TII.'I/\TIS F(JR THI DIRECT PROt]UCT IIOOf,LI USING THE FORI"IULAE

Of' SECTTOI,I 5.5 (IOENTIFICATION COI'JDITlON SIGMAI (III)=I)

PR0GRAMI'{ÉR. A.JnSrJl\IN JA,N }975.

AHGUEI.IENTS. N DEçRIES 0F FREEOOM 0F S

PI (INTF-ÇER) SIZE OF SIGMAl
P¿ (tNTÍ:GER) SIZE 0F SIGMAZ
SItTNSII Sr0i\44¡. (PRESERVED)
S I2I NS I2 S i ÙI'1A? ( PRESIÏRVEtJ )

Vrt'lV 0li pgi:¡ç¡¡ C0I,ITAINS THE VARIAT\CE MATRIX

INTEcER PlrP2rPV
REAL SII (NSIlrI) rSI2(NSI2rl) rV(NVrI)

If{ITiALISATION

II=Pì+.(Pl+Il /?-l
FV=Il+P2{ (F?+ll /Z
RP1=P I
F P2= PZ
FI=1./RPZ
lè=I"/tl?L
F3-1.+¡1
F4=F3* ( I.-FA)

CALCULATE VAFIANCE MATRiA FOR ELEMËNTS OF SIGT.ÍAT (ETCLUDING SIGI4AI (}¡I)

lJ=0
00 I5 J-l rPl
D0 l5 I=JrPl
If ( (J"Eû.1).At',10. (I.EQ.l) )G0 T0 I5
IJ=IJ+l
KL=0
oo to
D0 l0
TF ((L.
K LsKL +

c
c
c
c
c
c
c
c
c
c
c
c
c
c

c
c
c

c
c
c

K=LçPI
Erl" 1 ) .ArJ[). (K"80. L ) G0

l,=lçPl

I
TO If)

V (IJIKL.) =Ë'I+ (SII (JIL) +SII (

t (sI l (I I J) +SI I (K,L)-SI I ( I rJ
ZSil (KrL) ) )

IO CONTTNIUE
I5 CONT INUtl

c
C C/\LCLJLATb, VARiiTi'¡CE MATRIX FO}ì EI.E14ENTS OF SIGMAz
c

¡=]ep2
I=JrPZ

IrK
)ns

) +sIl (lrL)*sII (JrK) +2.å
I I (Kr I ) *SI I (Lr I ) -SI I ( i I I ) nSI I ( Jr l )*

lJ::I1
00 20
D0 ?0



c
c
c

T7LI.

IJ=IJ+I
KL=Il
D0 20 L=IrP?
0O 20 K=LrPZ
KL=KL+L
V ( TJIKL)=F?+ (SI? (J'L) tISI.2 (I IK) +SI? ( I 

'L) 
$SI2 (J'K) )

I +F4'0St2 ( I r J) trSI? (KrLl
?O C\JNT INIJE

CAtCULAfE COVARi/INCÉ I4ATiITX BËTI'iEEN ELEI'lENTS OF SIGMAT ANO OË SIGMAz

IJ=(l
DtJ 35 J=1çPl
DrJ 35 I=JrFl
IF ( (J"EQ.I) .Allt). (I"E(t.l ) )G0 T0 35
IJ=1¡n1
KL=Il
T=F3r+(SIl (I¡I)*SIl (Jrl)"SIl (IrJ) )

D0 30 L=lrPZ
D0 30 K=L r l'2
KL=KL + I
V ( t J I KL ) =V ( t(Lr IJ) aT#SI2 (K r L )

3Õ CONI I NiJE
35 CONT INUE

I.]IVItJi tsY N IF GREÁTÉiì TI.ìÄI'I ZERO' AND 14AKE V SYMMEfRIC

PURPCSIi. CALLLD Ê]Y DTDP TO ¡,IIILTTPLY TI.IE NV X } VËCTOR V BY F

c

c

c
c
c
c

T= Ì n

R ll=N
IË (N.NEIO)T=I/RN
D0 40 I=lrPV
n(j 40 J=I rPV

40 V (IrJ)=V (Jr I)=Y1¡rJ)*T
tì [ TU Rr'¡

ENO

*lt#.tfttr**ìrfrlt+lf*.t¡JtJ++t|tfltltrT¡¡tf+ttÍ11$***+*+tttt{tt?*.*J.!{tlt+,tfëtr+l+ttltti*{'l+rS{tl+fl+i¡Jl*11+t+r+ltttltJ¡t+

SUrJlì0UTIl\Ë iiP (14rNr PrQç4rNArBr¡¡g 1ÇeNC)

Pi]xPC5E. 1.0 FORI'i TH[. DIRF.CT PROOUCT OF M

MAI.RIÄ iJ IT{ THT AÍIRAY CI I.E. C = A DP ts

X Ì.¡ MATRIX A AÌ\Þ P X A

I¡.{TE6ER P I O

lìÈ.AL A (NAr I ) rB (NBr I ) tC (l'.lCr I )

I C=0
D0 I0 L=lrN
tJO l0 K=lr8
IC=IC+l
Ilt=g
tlO I0 J=IrM'fJU 1U I=IrP
IR=IR+l

l0 C (IRTIC) =A (JrL) *tl (IsK)
R ¿TUR N

E f\lt)

i?{+Þ.tr++r{f+.*ü++t+tt{lt+t'+t+l+SrttiJt*l¡++fl}lt*tlf{¡lt+tt.*ltttl+++{''Þttttlt+lltfl++lt'lt+t*'l¡ltättltJ¡ltd(ltttlflll+l+lå

SUIìR0UTINE 5CV (Fr V rl'iV )

c
c
c

REAL V (NV)
tlü 19 l=I rNV

l0 v ( I ) =v ( I ) r,F
fì E.TU R N

E l.¡ ur

+#+l¡+ttt+ll+#]1ltJ}+ltìll{¡+++{,,t¡tt+¡rJlt¡*Jtlt{tt$t}+Jt{+**låt}llt'lt4tll}+,+{11¿llìtt++0{r++++{tìflrl}JS+++{ll}



StJ¡rHt_lt.rT 1¡1¿ iaPYV (^4rN rl ¡l.rr\r [.ìr C)
c
C PI,Jlii'OSb., CALLËI) TJY II]'DP TI) ICt,lLTIIJLY
c ¡vtAT,ìIÁ Ar RETtJRrvfil(i fi1[ RÉ.SULT 1N C

c
L A(Í'lA¡N) r8(N) rC(i'l)
ZO l=]¡tii

U 10 J=lri!
-f+A(IrJ)*:J(.J)
(I)=T
f:Tu iìN
NO

r-75

ThE N X l VECTOR 8 8Y TI1E 14 X N

- 'l¡lHICH 14UST ÈË UISTINC I FTìOM Ei.

HA
U

=()

R

n
T
E

T
c
R

E

L0
?o

{t{"(ll+{t+tttJltt#{+lr{rtf.l¡'t¡Jtl++tlJr+ittttlttilJr+t}i¡+låJln+*ttll}{¡#+tt+f#3r+ltl¡llltttll++t¡*+*t¡,lfìf++*+++stl

SLltìl-i0UTl NE PACI( ( iri ¡ ¡l ç trA r B )

c
c
c
c
c

c

Ç

c
c
c

PUiìP058. 'f0 
S I0RE

5YI-1:4ËI-RIC ilATRIX A

¡Jr ullICl-t MAY ilI TllE

Uf.JNS THE LO.,.IËR TRI ANGLË OF THE M X M

TItlU0tJ:; L0CATI0NS 0f THE l-trIMEt\SIuliAL
AS A. 0PERATI0N RTVERSEU i3Y StrtJF0tJfiNE

ÊtY cOL
I N COr{

SAi4h.
ARRAY
UNPACK

REAL A(iJArl)rB(1.)
K=0
0a to J=1 rM
Dü I0 ¡=J;ti
K=K+l

i0 il (¡O=Â(IrJ)
tìE.TIJÉN
Ër\t)

.$it+tà+ti+lrn#t¡Jt$lr.*+if+tttttl¡it+{'.tfl+l¿++ltJitlJr.tl,.tJr+*JfttJt.tl{+iå{1+tlJåt$'Þlt,lfltì¡r¡$Sll*$.lltltt#$ìt$tt#l+lt

SutìFì0LlT iNE UNPACK ( M r'1r i{ArB)

PiJ¡ItrC5E. TO REVEIìSL. THE OPF-HÄT ION OF SUTJROUTINE PACK. THE I'I X M

5YI"ì.,IË1¡19 I.IÂTIìIX A IS RLCRÉATED FROFl ITS LCJþ/ER TRIANGLE hHICiì IS
sT()i"iED BY c(iLUi"lf,¡s IN C0i'¡IINU0tJS L0cATI0i\¡S IN THE i-DIMEi\¡S10NAL ARRAY
È; r{HIcl-r r'1AY tJg Thr. SAFIE AS Ao

R¡AL A(f,lAr1)rrl(1)
K=l.1ri ( l4+L,t /2+ I
00 lO .,1 i=l'ivl
,J5l,r-J I + I
(lO l0 Il=lrJI
I-t1-Il+l
K=l(- l

tU A (IrJ)=e (Jr1)=lJ(K)
RfTIJRf'J
Éil¡

*li+r++J[{.tJ.rJ¡rri¿t¡lr.if{t.itlfllr+ttlstt*#Jil+tt{flt*Jllt+ á{.tt+it*lrt¡l¡+{Ít¡ttçtt*ltttlts,,t+tf+Þ{+lrü+.1¡t}.Þltnftlstf

SUIJË(OUT I NË CH J f'JV ( I () r I\ ¡ A r B ¡ OA )

PiJIìPCSF " IO I)ETEIì¡.1II.JË USIITIG ThË Ci{OLESKY 14ETHOD (SAUARE iìOOI 14ETHOD)

A (ì.If.IVÊf{SE' AII.IVI FOrì A SYfIYEfiìIC, PT)SITIVF. SEPIIDEFINiTE i{ X N

r",lAfHI,( A. ON 0PlI(Jr\ T0 uF'lERr.,tIlt:E tnO- TRIAI'IGULAR 0ECOMP0SITt0N
A = L.ûL'Ì'r t{rJF_RE L IS L0ujfÈ ïRIAf,TGULAA wI'rH TRAriSp0sE LT.

P¡10GRA,'1MER3

Ahr(iJErvtEN rS.

ATJ.Sl¡lAJN JAi.I I9?5.

c
c
a

c
c

c
c
c
c
c
c
c
(l

c
C:

c

I0 0pTI0N
I ofv RÈ I tlRl! B

2 ON REIUFN TI

:l 0N CALI rì =F MrrT
Í,j I TH
LL t:F
lr\ þ/H

i'/0T t
If\At\lT

=L5 AINV
LI ON RETURN B =,AINV
ES
I'.!+II /?_ ELEMEI]TS CONTAINING THË LO.TlER
F, MATRIX A STORED BY COLUYNS

RESI.II.TS AIìE REfURI'IED. MAY dE SAME AS
IS PRESERVÈ0.
A - CALCULATEO FOR I0=l ,CR 2'

N STZE O

A AIìRAY
Tr{ | 4¡1ç

R ARRAY
A' IF

u/¡ f)ETERt4

}ìTC
t\+ (

TH
ICH

A

OF
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c
c
c
c
c

fìËTURI'ltil AS -t IF A IS NOT POSITIvE

NOI[" A IS TAKF-N AS STI'¡GI'L.Aiì IF THE ÂSSOLI,ITE VALUE

E¡ç-r"1tr\¡T IN THE DECf)MPOSI l I0i{ IS LESS Ti'lAN EPS.

REAL All¡riJ(t)
DATA EPSlI'E.}()/
If{tl ( I r J) = ( I-1 ) +t (N2-i I /?4¿

l,i 2=2+N
C0 T0 (9r9¡130)rI0

SEM I DET'I hI I TE

OF A DIAGONAL

c

c
c
c
c

F T IiST PASS - FORM L.
IS ALM0ST ZER0r SET

A tJ I AG0NAt- ELËI.4ENT
ANO ThE REST OF THE

IN THE DECOMPOSIIION
COLUMN TO ZËRCI

IF
I.T

I DA=1.
D0 70 I=I çÌ,t

It{1=I-l
II=IND(Iri)
DU 40 '¡=[ ¡f'iT=0.
IF ( I.EQ.1 ) G0 T0 20
D0 l0 K=I r Il'tl
Kl=IN0(KqI)
KJ=ItrD(KrJ)
1=J+S (KI ) {'tr (KJ)
IF(J'r\E.I)G0 T0 30
T=A ( I I ).7
IF(AilS(T) "LTrËPS)c0 "lo 50
IF (T.GTr0) G0 T0 ?5
DA=-l "

SEC0Ntl PASS - Ir',lVERT L.

60
70

130

l0
2tJ

75

30

/+0

50

I40

I50

t55
lb0

(T)

)

J).T) /BIIL'

N

)

9rt40rl40) rIO
c
c
c

00 160 Il=IrN
I=N-II+I
lP1=l+1
I t=lND ( I I I )

IF (B ( I I ) "Ë0.0) Go T0 IOO

B(TI)=I./Íl(Ii)
Dú t55 JI=I rN
J=t'l. I-Jl
IF (J.EQ. I ) G0 T0 160
ï=0
00 I50 K=IPl rJ
IK=IND ( I rK)
KJ=IND(KrJ)
T=T+B ( lKl tl$ (KJ)
IJ=IND ( I rJ)
B(IJ)=(-1)+B(II)
CONT I NUE
COI.,IT I NUE

c
c
c

TdII]D PASS - FORM AINV = LTIIiV*LINV.

DO
DO

I80
180

I=IrN
J=IrN



177 .

I'/ 0

I tilj
999 I

T=0
0U l'70 K=Jrt,l
J6=lND(IrK)
JK=INt) (JrK)
T=ì+bl(IK)+rl(J()
I J= I r,ll) ( I r J )

l-J ( LJ) =T
c0ilT Iî'¡uti
ÊEI URßI

Ë ì!Í)

c
c
c
c
c
c
c
c
c
c
c
c
C

+{¡{tt¡3'+{t{tltt+1ll},tt+liltlstitt*+{t*lft¡t+lt*lf+l+tl+tt*ltttli++?l++t$ë+tt{¡11+11'lfll+'*{+ì?t+Jl#+{r*+#l¡$11+itlf{l

PUI{POSË' SAMF,LE iIAIN PROGRAl',1 FOR DTOP.

USÀGE. CAfìfJ I . TITLE CAiìL)
CArìfi 2 - ¡r1¿¡$¡ Pr Plr PZ (SYr'4il0LS SAME AS t0R 0TDP)
CARO 3 AI\fJ FOLL0fIINÊ. LOWËR TRTANGI..Ë OI. S PUNCIiED IìOI^J LìY ßO\,l

A¡{Y NUM[IÊ-¡1 0F SETS 0F 0A IA - TERM INATE RUN uY tlLANK CARD

CAI.LS OUT TO PRTNT i"IATRICES. SE.E TISTING OF VARS

f'{OTE2r AI.PHAI,IU."IEfìIC PART OF II\PUT/OI.JTPUT AND TIlE TERMIIIATIOT'i TEST
TIOUID ÂL.I-lOST CEfiTAl¡¡.Y IVEED CHAI'IGË F0R COMPUTERS SIITI'1 DIFFL:iI[.NT
WOi:ìD STZäI

I¡rl'IEGETì PrPlrP2
RE AL s l?5s?5) r SI I (5r 5¡ ç SI2 ( LZqI? ) r Sl (25t251
CUlv'M0r!,/'rOHñDir,/V (50 r50 ) rhVISPAR[ (42)
fIEAL 1'ITLE (B)
ÐATA NS, N5I I I itS I2 r NsI/25 t5tL2q?.5/
DA fA dLAlrKS/ I Otl /

L0 ftEAD lr (Tfl'LE(I¡ rl=1r8)
I FOrìþtAT(¿At0)

IF (II]LÉ (T ) .E(:I.BI.-ANKS) GO TO 9999
Pl"{lNT 2r (TITLe(I) tI=I'tJ)

2 F0Rr'lAT (lHIröAI0)

RÊ^0 3¡i'l¡PrPI rPZ
3 [0iìr'4AT (4I4)

Do 20 I=lçP
ËF-AD 4r (S (IrJ) rJ=lrI)

4 FURMAl' ( 9F8 )

CU 20 J=lrI
2ù S(JrI)=5(IrJ)

CALL 0UT (PrPrSrNSr lr{Sr I )

CALt DTDP(NrPrPl'P2'S'hJS¡SIITNSIIISI?II,JSI?ISIrfrSIgX2INOF-IIIIERR)

IF ( iERR,liE.0) PRI¡¡T 5r lERll
t). F0ri'4AT ( ì ûíl0trRR()Ê tto. I i4)

IF'(IIRRoE8"2){r0 I0 l0
CALL OUT (f¡l rPl rSII ri'lsIl T6HSIGílAlrl)
CAI-L OUT (P2tPZrSI2r ¡!5I?r6liSIGi'i/\Zr I )

CALL OUI' (PrP¡SI r¡¡SI r5HSfGMAr 1)
PRINT 6rNDFi"lrX2

6 F0Él',!AT (dH0CnIS0 ( r I4r+H ) =rFll r4)

NV=!9
IQ=P+ (P+l ) /2-N0Ft"t
IF (Ia.GT.i'lV)G0 T0 t0

CALL DPVAR (r'lr PI r P2 r SI I r \SI I r SI2 r ¡i¡SI2 r Vr NV )

CAL-L 0UT ( IG r I0r VrirlVr IHV¡ I )

G0 T0 t0

99(rtr s [0P
E ¡¡f)

TIUTEI c

a

c

c

c

c

c

c

c.:

+tt{rt¡tf.rtt},1ât}tttf{¡r1tttttltt+{ll¡J+rt+{rit}tt{rl}lf{l¡ottttti++JtnrtJt?¡lt++#+$ð{r++llli+{t{'*r+*i¿'t}s'll$lr¡,içl¡låll
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SAMI,L¿ IJAIA ËOR
3ii d ? 4

1,0J00
.!i,t89 1.0000
.úII¿ o4197
.5¡llI .:;130

l.I09I .6tu36
.6rìóó "g'165.639u n4l+58
. (r(52 0 .6?2I

t./ T DP GaTuD0iì (D/lTll 2 MUSCTg f:ì EXCL. )

l.ooo0
.(r00(r
.79{)S
.5406
.cJ71o
rô:t0l

I.0000
.718I
"{. 

193
. fì.] I 9
.9494

L.4?6'¿

"84/3
. F 7,12

r 8334

1.1288
,5'l ?7
.7 649

I 
" 

0524

"1049 1.0ó11

{'l1r*+{l-Þ.ltt¡+llltJrs++1t+rt*.*+**+ìtJ¡+lrtt+#çt+++t.t¡*+.:r#{.r¡st++l+t¡ltit+l+*+ltr¡r+{ëtf{.llttJt+tr.t}l¡'+{+{lt
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