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ABSTRACT

This thesis contains four chapters. Chapter 1 consists of the introductory part

of the thesis and some mathematical background knowledge.

In Chapter 2, we deal with fractals generated by iterated function systems. We
first estimate the Hausdorff dimension and box dimension for Markov attractors
of iterated function systems, and fractals with respect to sofic systems. Then we
study the structure of this kind of fractal. Finally, we calculate the box dimension
of a class of fractal curves which are constructed as a part of Markov attractors of

iterated function systems of affine maps.

In Chapter 3 and 4, we study the measure properties of sumsets. Let E, F be
Borel subsets of the unit circle T = R/Z. We establish several inequalities of the
form

m(E + F) > p(E)*v(F)?

where m is the Lebesgue measure, 4 and v are probability measures on T.

In Chapter 3 we consider u, v as probability measures which are uniformly spread
on some (digit missing) Cantor sets. For example, when both x and v are the
probability measure which is uniformly spread on the classical Cantor set C, we

have
m(E + F) > u(E)*u(F)?,

where o, 3 fulfil « + 8 > %%g—g, (et +p8)<8and o,8 > %%g—g - 1.
In Chapter 4, we deal with coin tossing measures. Let

Hp = nofl(P(So +(1 - p)ﬁz%). Then
m(E +F) 2 iu’P1 (E)Z,‘I‘PQ(F)z
when max{p;,1 — p; } + max{ps,1 — p;} < %
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CHAPTER 1. Introduction
and Preliminaries

§1. INTRODUCTION

This thesis mainly contains two parts. Chapter 2 is one of the two, in which we
deal with the Hausdorff dimension, box dimension and structure of fractals generated
by iterated function systems. Another part which contains Chapter 3 and 4, involves

measure inequalities of sum sets.

Fractals have been of interest to scientists since the publication of the book[31] of
B. Mandelbrot. A fractal by the definition of Mandelbrot is a set whose Hausdorf
dimension exceeds its topological dimension. In [2] M. F. Barnsley and S. Demko
introduced iterated function systems as a unified way of generating a broad class
of fractals. Indeed, many fractals including self-similar sets (such as Cantor middle
third set, von Koch curve, Sierpinski gaskets, etc), mixed self-similar sets, self-affine
sets, Julia sets, and much more, can be considered as attractors or Markov attractors
of iterated function systems. The terminology “self-similar” is used by many authors
with different meanings. J.E. Hutchinson[26] gave a precise mathematical definition
of self-similar sets and the formula to calculate their Hausdorff dimension. The

Hausdorff dimension of self-affine sets was discussed by K.J. Falconer in [18],]20].



Barnsley [3] and Bedford [4] gave the box dimension of a class of self-affine curves.
For the general case, (2] gave an estimate of the Hausdorff dimension for attractors
of disjoint hyperbolic iterated function systems. D.B. Ellis and M.G. Branton[15]
gave an upper bound of the Hausdorff dimension for Markov attractors of disjoint
hyperbolic iterated function systems associated with primitive transition matrices
and made a natural conjecture concerning the lower bound. C. Bandt[1] constructed
fractals by iterated function systems with sofic systems which are more general than
attractors and Markov attractors and calculated their Hausdorff dimension in some

special cases.

The work which we present in Chapter 2 is mainly based on [15], [1] and [4].
In Chapter 2 we first estimate the Hausdorff dimension and box dimension for
Markov attractors of disjoint hyperbolic iterated function systems when the transi-
tion matrix M is irreducible.And then we extend the result to more general cases.
These results mainly appear in [49]. Afterwards we estimate the Hausdorff di-
mension of fractals generated with sofic systems under a disjointness condition by
similar techniques. This result is also claimed in [49] without proof. Later we dis-
cuss the structure of attractors and Markov attractors of iterated function systems.
This result appears in [50]. At last we calculate the box dimension of a class of
fractal curves which are constructed as a part of Markov attractors of iterated func-

tion systems of affine maps.

Let E, F be subsets of a locally compact abelian group X. Of particular interest
will be the case when X is the circle T = R/Z. Define the sumset of E and F as

E+F={z+ylzacE, ye F}.

We can also define the difference set £ — F as E + (—F), where —F = {—z|z € F}.

If both E and F are very “thin”(e.g. in the sense of Haar measure zero), what can
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we say about the “thickness” of E + F'? Measure properties of sumsets, especially
when X is the real line R and E, F are Cantor sets on R, are researched and
applied by many authors for different purposes(see for examples [8],[10],[25],[29],
[301,[32],[34],[36],{37],[38],{40],[42]]). As D.M. Oberlin pointed out “T'wo of the at-
tributes of a locally compact abelian group are its Haar measure and its addition
operation. An aspect of the relation between these is the behavior of the Haar

measure of sets which are sums”(see [38]).

In 1946, M. Hall[25] gave a condition under which the sumset of two Cantor
sets contains an interval and he used the result to prove that any real number can
be expressed as a sum of two numbers in F(4)(the set of all the real numbers in
the continued fraction of whose fractional part only 1, 2, 3, 4 appear). Measure
properties of sumsets are also very important in the research of dynamical systems.
For the purpose of studying the structure of the set of all diffeomorphisms on the
sphere $?, S.E. Newhouse in his paper [34] gave a condition, which is similar to the
condition of M. Hall, when the intersection of two Cantor sets are not empty, there-
fore the difference set of them contains an interval. He developed the condition and
gave an concept of thickness for general Cantor set later([35],[36]). “It is crucial in
dynamical systems”(R.F. Williams[47]). In [40] J. Palis and F. Takens gave a limit
capacity(upper box dimension) condition when the Lebesgue measure of the differ-
ence set of two Cantor sets is zero and used the result to research the structure of
bifurcation sets for certain one-parameter families of 2-dimensional diffeomorphism.

In [39], Palis raised some questions about difference sets of Cantor sets.

The references directly leading up to the present work are [6],[7],[8],[10]. Now
the circle T is in consideration. Use p. to denote the measure on T which is
uniformly spread out on the classical Cantor middle third set C. G. Brown, who

is my supervisor, and W. Moran([8]) proved that for any Borel subsets E, F of T,



one has
m(E + F) > pc(E)*uc(F)*. (1)

where a = {—gg% and m is the Lebesgue measure. Oberlin([38]) obtained that

m(E + F) > m(E) po(F) (2)

where v = i%g—g = dim(u.). He also noticed the quantitative relation between the

exponents of (1) and (2) and the Hausdorff dimensions of the measures involved.

For (1) we have
adim(p.) + adim(p.) = 1 = dim(m).

And
(1 = ) dim(m) + dim(g.) = dim(m)

for (2). The proof of (2) is based on the inequality

z*y® + max{z*(1 —y)*, (1—-2)%y*}+(1—-2)*(1-9y)*>1 (3)
proved by D.R. Woodall([48]), where 0 < z, y <1 and a = i%g—i. In [7], Brown

proved some analytic inequalities, one of which is
1+az+a? > (1+2%)Y5(1 + 2t/ (4)

for 0 < & < 1, where s, t are restricted by % + % e i—gg—g and 3(s +t) < 8. All the
others have similar forms. He claimed(without proof) that some of the inequalities
he proved can be transferred into measure inequalities of sumsets. In [10] Brown

and J.H. Williamson considered the infinite convolution measure

o= * (060 +(1-p)b,).

2

The main result of [10] is that there exist an integer n and a o > 0 such that for

any Borel subsets E,, Es,..., E,, one has

m(E1 +Ey + -+ Ep) > Np(El)aNp(EZ)a o pip (B )® (5)
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In Chapters three and four we prove several inequalities with the form
m(E + F) > u(E)*v(F)? (6)

where m is the Lebesgue measure, ¢ and v are probability measures on T which are

either m or singular to m, and where «, § are numbers satisfying

as(p) + Bs(v) > 1. (7)

Here s(+) is the singular exponent of the given measure.

In Chapter three we consider u, v as probability measures which uniformly spread
on some (digit missing) Cantor sets. For example, the inequality (1) of Brown and

Moran is sharpened as
m(E + F) > p(E)*u (F)P

where «, 3 satisfies
log 3

>
a+ﬂ_log2
-1 _1 log 3
3(a +071)<8, @ f2

log 2 B

1.

Part of these results appears in [12]. We also point out that a condition like (7) is
necessary for an inequality like (6) in general case. In some cases, for example ey

we have s(u) = dim(u).

In Chapter four, we deal with coin tossing measures. We find that when

max(p1,1 —p1) + max(ps,1 — py) < % we have
m(E + F) > pp,(E) pip, (F)? (8)

for any Borel subsets E, F of T. And the condition

N W

max(py,1 — p1) + max(ps,1 — py) <

is necessary for (8) in some sense.

The preliminary knowledge which we need appears in the next section.



§2. PRELIMINARIES

Hausdorff Dimension. Let E be a subset of a metric space (X,d). A cover

U = {U;} (countable or finite) of E is called a §-coverif 0 < diam(U;) < § for each

i.
Suppose « is a non-negative number. For any § > 0 let

H$(E) = inf{ Z diam(U;)*|U is a é-cover of E}.
U; el

H$(F) is increasing as § is decreasing. Denote
HYE) = }in%] Hi(E)

(may be 0 or co). We call H*(E) the a-dimensional Hausdorff measure of E.

Proposition 1.1. Suppose that 0 < a < 3. If H*(E) < oo then
HP(E) = 0.
If HP(E) > 0 then
H*(E) = oo.
The Hausdorff dimension of E is defined by

dim(E) = inf{a|H*(E) = 0} = sup{a|H*(E) = x}.

The “cover” in the above can also be replaced by “open cover” or “closed cover”

without changing the value of Hausdorff dimension. By the definition we can get

the following result easily(see [27]).
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Proposition 1.2. Let X,Y be two metric space with amap ¥: X — Y, and §, ¢
be positive constants. Then we have

(a) if d(¥(z), ¥(y)) > cd(z,y)’, then

dim(Y) > %dim(X) :

(b) if ¥(X) =Y and d(¥(z), ¥(y)) < cd(z,y)%, then

dim(Y) < %dim(X) .

Let 1 be a probability measure on X. The Hausdorff dimension of y is defined
as

dim(p) = inf{dim(F)|u(E) = 1}.

Theorem 1.3. Let u be a measure on [0,1] defined by

oo

n= nil(m% By P15m_1,, + . +Pm—15mT;1)

m—1
where p = (po,P1, -y Pm—1) Is a probability distribution (i.e. p; > 0 and > piE=l)
Then

7=0
m—1

dim(p) = —— > pilogp;
=0

(see Billingsley [5]).

Box Dimensions. There are many other definitions of dimension. Box-counting

dimension or box dimension is one of the most widely used dimension.

Let E be a bounded non-empty subset of a metric space (X, d) and let N5(E) be

the smallest number of sets of diameter at most § which can cover E. The lower

7



and upper box dimensions of E respectively are defined as

) _ ... log Ns(E)
‘h—mB(E)‘fﬁ —log6

E— — log Ng(E
dima(£) = iy “E

The upper box dimension is also called limit capacity by many authors. If both

dimensions are equal we call the common value the boz dimension of E,

E
dimp(E) = lim %.

The relation of upper and lower box dimensions with Hausdorff dimension is

dim(E) < dimz(E) < dimp(E).

Ergodic Theorem. (see Walters [45]). Let (X,B,m) be a probability space.

We say a map T : X +— X is measure-preserving, if T is measurable

(ie. Be€ B=T"!(B) ¢ B) and m(T~!(B)) = m(B).

A measure-preserving map T is called ergodic if the only members B of B with

T—1(B) = B satisfy m(B) =0 or m(B) = 1.

Theorem 1.4. SupposeT : (X,B,m)— (X,B,m) is ergodic and f € LY(X,B,m).
Then

1 n—1
nlg)_lgoﬁ ;f(Ti(w)) = /X fdm m-ae.

Non-negative Matrix. Two n X n matrices are called equivalent if there is a
permutation that transforms one into the other. An n x n matrix M is called

reducible if it is equivalent to a matrix of the form
— My Mo
M =
0 My

8



where M;; and Mjy are square matrices. Otherwise M is called irreducible.

An non-negative square matrix M (all entries of M are non-negative, written as

M > 0) is called primitive, if M* > 0 (all entries > 0) for some positive integer k.

Obviously, a primitive matrix is irreducible. For an irreducible non-negative

matrix M, we have the following Perron-Frobenius Theorem (see [22]).

Theorem 1.5. An irreducible non-negative matrix M always has a maximum posi-
tive eigenvalue A\. The moduli of all the other eigenvalues do not exceed \. Moreover

there is an eigenvector associated to A with all positive coordinates.

We will use || M || to denote the X in theorem 1.5, and call it the Perron-Frobenius

eigenvalue of M.

Symbolic Dynamics. Denote
Nt y— H (1,...,n),
m=1

where n > 2. Then ¥} is a compact topological space with the product topology
of discrete topologies. We may define different metrics with different Hausdorff
dimensions on X} which determine the same topology as the product topology.

This will play an important role in Chapter 2.
Define a shift map 7 on Xt by
T(i10983...) = (42t3...)
and denote the inverse maps of 7 as

0',,(’&1’62) = (’&’L]_’Lg), 1= 1,2,...,N.

9



N
Let P = (p;;) be a stochastic matrix (i.e. p;; >0, > p;; = 1) and p = (p1, ..., pN)

i=1
be a probability distribution such that pP = p. Define a probability measure x on

X1 by

/,L(['il ...im]) e pilp’l:l’b'g"'p’l:m—l":m

for each cylinder [¢y...3,,](i-e. the set of all points of ¥} whose first n coordinates

are iy, .., i, ). By the Kolmogorov extension theorem p is a probability measure on
(X}, B) where B is the Borel algebra of ¥}. If P is irreducible then 7 is ergodic on
(SF, B, ) (sees]).

Iterated Function System (i.f.s.). Let X be a compact metric space and
T;: X +— X (i =1,..,n) be Borel measurable. Let C(X) denote all continuous
real-valued functions on X. (X;Ti,...,T,) is called an iterated function system
(ifs.), if there exists a probability distribution p = (p,...,p,) such that for any
[ € C(X), .nzlpi(f o T;) is also in C(X) (see Barnsley and Demko [2]).

Clearly when all T}’s are continuous (X;T1,...,7%) is an i.f.s. and for any proba-

n
bility distribution p, > p;(f o T3) is continuous.

=1

If T; is a contraction for each i, (X;T},...,T,) is called a hyperbolic iterated

function system (h.i.f.s.).

For a h.i.f.s., there exist a non-empty compact subset A which fulfills
n
A=|JTi(4)
=1

(see Hutchinson [26]). A is called the attractor of the h.if.s.. There is a continuous

map

$: Tt A

n

10



defined by
$(i19g...) = lim Ty ---T; (z), VzeX.

The following diagram is commutative

24
a; J,T,'
s+t 2, 4

for all i € {1,2,...,n}.

Self-Similarity. When X is a subset of Euclidean space R™ and T} is a similitude
map(there exist r;, s.t. d(T;(«),T;(y)) = r:d(x,y)) for each i, then the attractor A is
called a self-similar set. Under the “open set condition” stated below, the Hausdorff

dimension of A equals the value of « satisfying

Open Set Condition. We say that the h.i.fs (X;Ty,--- ,T,) satisfies the open set

condition if there exists a non-empty bounded open set V such that

T,(V)(Tj(V)=0, i#j and Ty(V)CV, 4,j=1,..,n.

11



CHAPTER 2. Fractals Related to
Iterated Function Systems

§1. INTRODUCTION

In this chapter we deal with the Hausdorff dimension, box dimension and con-
struction of fractals generated by iterated function systems(i.f.s.). It consists of six

sections.

In section 2, we estimate the Hausdorff dimension and box dimension for attrac-
tors and Markov attractors of disjoint hyperbolic iterated function systems(h.i.fs.).
The main result of this section appears in Theorem 2.2 and is a generalization of
Theorem 2.1 proved by Barnsley and Demko([2]). Theorem 2.1 says that if a disjoint

iterated function system (X;T1,--- ,T),) satisfies
sid(z, y) < d(Tiz, Tiy) < &d(z, y) Ve,ye X, 1<i<n (1)
for some constants 0 < s; < §; < 1, then
! <dim(4) < u, (2)

where A is the attractor of (X;7%,---,T,) and where ! and u are given by

3 n
> st =1 and Y 5% = 1. In Theorem 2.2, we consider the Markov attractor Ay

=1 =1

12



of the disjoint h.ifs. (X;Ty,---,T,) satisfying (1) with respect to an irreducible

transition matrix M. We get
I <dim(Ap)) € u, (3)

where I, u are determined by ||MS'|| =1 and ||MS¥|| = 1. The upper bound part
is first proved by Ellis and Branton([15]) for pimitive M (primitivity is a stronger

hypothesis than irreducibility). We also get that

dimp(Apy) < u. (4)

In section 3, we generalize the result of the previous section in two aspects.
Firstly, we show that (3) also holds when M is reducible but has a non-zero
eigenvalue. Secondly, we prove that when not all T)’s are contractions but
(X;T1, -+ ,Tn) is cyclically contracting with M, dim(Ajs) can also estimated
by (3).

In section 4, we use techniques similar to section 2 to estimate Hausdorff di-
mensions of fractals generated by i.f.s. with sofic systems. The terminology “sofic
system” comes from B. Weiss[46]. C. Bandt [1] constructed fractals from i.f.s. with
sofic systems. This construction method is more general than the “partial self-
similarity” of W.J. Gilbert[24] and the so called “MW method” (see [43])) of R.D.
Mauldin and S.C. Williams[33]. [1] calculated the Hausdorff dimension when X is
a subset of Euclidean space and T}’s are cyclically contracting similitudes satisfying
an open set condition. We assume that X is a compact metric space like in previous
sections and T}’s are not similitudes but satisfy (1). Under a disjointness condition
we get an estimation of the Hausdorff dimension for this kind of fractal, which is
similar to (3) for the Markov attractors. However, a Markov attractor is a special

case of a fractal constructed with sofic systems.

13



In section 5, we discuss the structure of attractors and Markov attractors of
hyperbolic iterated function systems. We show that when M is irreducible for a huge
amount (in the sense a.e. for any ergodic measure) of elements (jy, ja, ...) € T (MT)

the Markov attractor Ay can be approached by the set
{T;.Th - Th; k>m}, zeX.

In fact, we will show that

Ay = n {15 T, Tje; k>m}  p-ae.
m=1
for all probability measures p on X} (M7T) for which the shift operator is ergodic.

In section 6, we calculate the box dimension for a class of fractal curves. First
we construct a class of continuous functions on closed intervals by iterated function
systems with affine maps. The graphs of these functions are subsets of Markov
attractors of the iterated function systems. Then we calculate the box dimension
of the graphs. When the curves appear merely as attractors instead of Markov
attractors, Barnsley [3] and Bedford [4] gave the result of box dimension. In general
we do not know if the Hausdorff dimension of these curves is equal to box dimension.
In the self-affine case, [23] gave a condition under which the Hausdorff dimension

and the box dimension are equal.

14



§2. MARKOV ATTRACTORS

Definition 1. Let (X; Ti,---,T,) be a hifs. with attractor A. We say
(X; Ty,---,Ty) is a disjoint h.ifs. if T;(A) N Tj(4) = 0 when ¢ # j.

The attractor A of a disjoint h.i.f.s. is totally disconnected.
Theorem 2.1. Let (X;Ty,---,T,) be a disjoint h.i.f.s.. Let A be the attractor of
(X;Ty,-+- ,T,). Suppose that
sid(x,y) < d(Tyz,T;y) < 3;d(x,y) Ve,ye X, 1<i<n
for some constants 0 < s; < §; < 1. Then
! < dim(A4) < u,

where Y st =1 and Y 5% = 1.

=1 =1

This theorem was first established by Barnsley and Demko [2] when X is a com-
pact subset of Euclidean space R™. Ellis and Branton [15] proved it for general
metric spaces. When X is a compact subset of Euclidean space R™, the upper

bound can be replaced by min{u, m}.

Example 1. Suppose 0 < 7; < 1,4 = 1,...,n. Define a metric d on Tt by

1-3.1 .‘.Ték 3 ‘?:]_ = j]_,"' ,ik :jk;zk+1 #jk"'l
d(i,j) = { 0, i = J1,%2 = Ja, -
1, i # J1.

where i = (41,4, -- ), j= (j1,J2, ) € T},

15



(Z},d) is a compact space and we have
d(0i(i), 94(3)) = rid(i,j).

for each 7. Hence ((X},d);01,-+- ,0,) is a hifs.. The attractor of this h.ifs.
is (X}, d) itself. Clearly, o;(Z}F)No;(Zt) = ® when ¢ # j. This says that

((zt,d);o1,--+ ,0,) is a disjoint h.i.fs.. By theorem 2.1,
dim((Z},d)) = «

where o fulfills > r® = 1.
=1

Definition 2. An n X n matrix M is called a Markov transition matriz if all

of its entries are 1 or 0. We say a sequence (finite or infinite) 7,4y, --, where

i; € {1,2,--- ,n}, is M-admissible, if

M; =1

3%i+1

forall j =1,2,---.
In the rest of this section, M always stands for a Markov transition matrix.

Denote the set of all the M-admissible element of 3} as I} (M). Then I} (M)

is a closed therefore compact subspace of L},

Definition 3. Let (X; T4,---,T,) be a h.i.f.s.. Let
Ay = $(ZF(M)).

Then Aps is called the Markov attractor of the system associated with M.

Clearly, Ajs is a compact subset of the attractor A, The Markov attractor of
(B, d);o1,++ ,04) is just ¥Y(M). Denote

Ji={i=(i1,4, -+ ) € TH(M)}iy = i}.

16



Then
J,,;= U Gi(.]j).

M; ;=1

Let B; = Apm ﬂT,,,(A) = (b(J,;). Then

Bi= |J m(sB).
M;;=1

When all T}’s are similitudes, Ay is called a mized self-similar set.

Theorem 2.2. Assume that (X;T,---,T,) is the same as in theorem 2.1 and M

is an irreducible Markov transition matrix, Aps is the Markov attractor associated

with M. Then
| <dim(Apy) < u,

and

| <dim(B;) <u i=1,--+,n,
where

148" =1 and ||MS*|| =1, (3)
and where

st 0 3 0

Sl — Te . : 3 ==
0 8t 0 3

n n

Ellis and Branton [15] proved the upper bound part when M is primitive and left

the lowerbound part as a conjecture.
Applying theorem 2.2 to ((£},d);a1,--- ,0,) we get

dim((X7 (M), d)) = a,
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where « is determined by ||MA®|| = 1, and where
Y 0
A =
0 T
We shall prove this result directly and then use it and proposition 1.2 to prove

theorem 2.2.

Proposition 2.3. Let M be an irreducible Markov transition matrix. Then

dim((Z7 (M), d)) = «,

dim((J;,d)) = «, i=1,---,n,

where « is determined by ||[MA%|| = 1.

Proof. Let w = (wy,--- ,wn)? be a Perron-Frobenius eigenvector of M A%, such

that max{w;} = 1. For any cover U of £} (M), denote

U(a) =Y diam(U)*.

Uel

First we show that dim((X;} (M), d)) < a. If we can find a sequence of §,,-covers

of X} (M) with 6,, | 0, say {Uy}, such that, for some positive constant c,
Up () < ¢ < o0,
for each m, then we get the result.
Choose 6., = (max{r;})™ and let

Um = {[i1 - im]|(i1 - - im) is M-admissible}.

18



Then U, is a &m-cover of T} (M). We show that {{,} has the required property.

We have

Z diam(U)* =

UEl,,
= Z{(m1 ceery V¥|(41 - dp) is M-admissible}

= Y ri(Miyr2) o (M i, r2)

= _ri(An)g

47

<(max{r,})* Y- S (MA
<max(rn )" e = 3 S (A

o1,
:(HI&X{TV}) min{w,,}; 7.

The last expression is independent of m.

Now we show that dim((Z}(M),d)) > «. We will show that the set
{U(a)|U is a cover of T} (M)} has a positive lower bound. Then the a-dimensional

Hausdorff measure of (X} (M), d) is positive, therefore dim((X}(M),d)) > a.

Note that any subset of £} can be extended to a cylinder with the same diameter.
Since we are interested in the lower bound, and ¥} (M) is compact, we may restrict
attention to consider the covers consisting of finite cylinders. Suppose U = {Cil1 <
i < m} is such a cover. If all C,’s are cylinders formed by strings of the same length,

say t, then

Ula) > Z{diam([il,--- ,1¢))*|(31 -+ 4¢) is M-admissible}
=> {rg - r&|(4--+4,) is M-admissible}

. Z rial (Mil":ZT’iag e (M’it—1'¢'t 7'3)

11,22, 4%
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If they don’t have the same length, assume the largest one is ¢, and say,
Ci = [i1,++- ,ix] with k& < t. Refine the cover by cylinders formed by strings of

length t. For C; we have

Z {reorirs o 18| (Gkikgr - 4¢) is M-admissible}

Tk k41
ik+11"' )it

n
. o at—k
=rf g Y (MA®)E
-

1 E t—k
ST TR min{w} ;(MA“)i,,j wj

=% op . Y
T T min{w,}
; ok 1
Sdza'm(()’l) : m
14
Hence

diam(C’l)a 2
>min{w,} - Z {ry o orirse e iy - 4e)
Tht1ytr iy
is M-admissible}
Therefore
U(a) =) diam(C;)*
>min{w,} - Z{rfl eerd|(d1 -+ 4) is M-admissible}

n
> min{w, } Z rw;,
=1
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which implies inf{l/()|U is a cover of T} (M)} > 0. Hence dim((Z} (M), d)) > a.

n
As for J;, since LI (M) = |JJ;, there exists at least one j such that

=1
dim((J;,d)) = a. Because M is irreducible, for any 4 there exists a path from

i to j. Suppose (i,i1,-"* ,4,5) is such a path. Then the set 0,0, vy, (J;) ds

contained in J;. Hence

dlIIl((J,” d)) 2 dim((aiail v O'ik(Jj), d)) = Q. |

Theorem 2.2 can be proved by Proposition 2.3 and the following result.

Proposition 2.4. Define two metrics d;, ds on I} in the same way as in
Example 1, where r; is replaced by s; and §; respectively, i = 1,--- ,n. Then for

any subset E of A one has

dim(¢~'(E),d;) < dim(E) < dim(¢~(E), dy).

Proof. By Proposition 1.2, it suffices to show that there exist positive constants

c1, ¢9 such that

crdi(i,j) < d(¢(i), 9(J)) < cada(i, j),
where i, j are arbitrary elements of £}. Suppose that
i=(iyeinihgrr)y 3= (61 ikfrgr )
with 541 # jg41- Then

d(¢(1), () < 5y -+ 50, d($(T7(1)), (r* (3)))
= da(1,3)d($(7* (1), 6(7* (3)))
< dy(i,j)diam(X),
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where 7 is the shift map on £F. And
d($(1), 6(§)) 2 siy - i, d(B(TH(1)), $(r*(5)))
= di(L,))d(6(r* (1)), $(*(5)))
> di(1,J) - min{d(Ti(4), Tj(4)}.

By the disjointness condition, I%I;ll.l{d(Ti(A),Tj(A)} > 0. B
i#]

Remark 1. Clearly, Theorem 2.1 is a special case of Theorem 2.2 when all the

entries of M are 1.

Remark 2. The “disjointness” condition plays an important role in Theorem 2.1,
Theorem 2.2. From the proof we can see that without the “disjointness” condition
the upper bound still remains true. But the lowerbound may not be true, even if

the “open set condition” holds.

Example 2(Falconer [20]). Let X be the triangle with vertices (0,0), (1,1), (1,-1),
let fi, fo be linear functions restricted on X, which map the three vertices into
(0,0), (A, A), (A,0) and (0,0), (A,0), (A, =) respectively, where 0 < A < 1. Then
(X f1, f2) is a h.i.f.s. which satisfies the “open set condition”. For any z,y € X we
have

dFi@), W) 2 Jdy), =12,
where the metric d is given by d((z1, z3), (y1, y2)) = max{|zy —y1|,|z2 —yz|}. When
A= 3§ the I of (X; fu, fy) is 3. But the attractor is a single point (0,0).

However, we can slightly generalize the “disjointness” condition of Theorem 2.2.
Through the proof we can see that the condition that (X;Ty,---T,) is a disjoint
h.ifs. can be replaced by B; = | Mi;=1 T;(Bj) is a disjoint union for each i. We
can also see that the condition

sid(z,y) < d(Tiz, Tiy) < 5;d(z,y) (4)
for all &,y € X can be relaxed to (4) holds for all z,y € Ay
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Theorem 2.2'. Suppose that (X;T,---,Ty) is a h.i.fs., and M is an irreducible
Markov transition matrix, Aps is the Markov attractor associated with M. If for

each 7 we have
szd(m’y) S d(T,,,.’B,T:,,y) S §id($,y), vway € AM

and B; = |J Ty(By) is a disjoint union, then
M;;=1

| <dim(Ap) < u,
and
| < dim(B;) < u, t=1,---,N

where | and u are given by ||M S| =1 and ||MS*|| = 1.

Further generalization will be given in next section.

Now we consider the upper box dimension for Markov attractors. For a h.i.fs.

(X;Ty,--- ,Ty,) satisfying
4(Tiz, Tiy) < 5:d(z,y) (5)

we also have

ﬁg (A) <u (6)

n

where A is the attractor of (X;Ty,---,T,) and u is given by e =1
=1

(see [19] p 123). We show that for Markov attractors we have a similar result.

Theorem 2.5. Let (X;T1,---,T,) be a h.ifs. satisfying (5). Let Ay be the
Markov attractor of (X;Ty,---,T,) associated with an irreducible Markov transi-
tion matrix M. Then
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where u is determined by ||M S*|| = 1.

We prove Theorem 2.5 in a similar way to the proof of the upper bound part of

Theorem 2.2.

Lemma 1. Under the same assumption as Proposition 2.3 we have

dimp((£3 (M), d)) = dim((ZF (M), d)) = e.

Proof. Since we always have dimg((£3(M),d)) > dim((ZF (M), d)) we need only
to show dimg((Z+(M),d)) < a. Let N(§) be the smallest number of sets of diameter
at most § which can cover X7 (M). By an argument of [19] (p41) it suffices to show
that

— log N(v*)

F
oo —k logy —

for some 0 < v < 1. We choose ¥ = min{r;} and cover Ay by M-admissible
cylinders of diameters within (y**!, 4*]. The existence of this kind of cover is due
to the choice of 7. Since any two cylinders are either disjoint or one contained in
the other, we see that the\above cover is disjoint. Denote the cover as V. For

[¢1,%2,- -+ ,%1] € Vi we have

k+1 k
’y+ <Ir’l;1/r’l;2”'r’l:l§fy°

Hence

Ny D < 3 {(riyrsy - 73)liny iz, - ,id] € Vi

If we can show that > {(rs 7, -~ - 75)%|[t1, %2, -+ , 4] € Vi} < ¢ for some ¢ > 0, then

we get that
log N(v*) log e — alogy
—_— <o+ —,
—klog~y —klog v
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Therefore limy_, o %g_’y) < a.

Again we use w = (wy,-++ ,wy)? to denote the Perron-Frobenius eigenvector of
MA® with max{w;} = 1. Suppose the largest length of cylinders in V} is t. For

[i1,d2, 1] € Ve (L < 1),

Z{(rhriz T Ty 'Irjt)a|(jl+1’ T vjt)
is M-admissible and M;,;,, =1}

=(riy Ty - oo 75y)” Z{((MAa)t*l)iﬂMm =1}

>(r'517a'i2 °r _,r“)a Z{((MAa)t l)’l'JwJ|M‘l'1”f = 1}

=(1°,,;1’T'1;2""I“7,l)a Z Wy

M; =1

2(7',,;17',,;2 4 T,,;l )a min{wj}.
Hence

(rilr’iz T r'il)a <
<(min{'w:i})_l Z{(Thriz SRRCT S WPRERE % bl [ /FETETEIN 1)

is M-admissible and M;,;,_, = 1}.

Therefore

Z{(r’blriz : r'bz I[i17i21 T ail] € Vk:}
<(min{w;})~! Z{(Thriz coer, )*|(41, 72, - 4 44)| is M-admissible}

=(min{w;})~" Z((MA“)t)ij
<(min{w;}) 7Y ((MA®)!);jw;

)

=(min{w;})? Y w0
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Lemma 2. Let X,Y be two metric spaces of finite diameter withamap¥: X —» Y

which is onto and satisfies
d(¥(z),¥(y)) < cd(z,y)’.

Then we have

Tmp(Y) < %mB(X).

Lemma 2 is an imitation of Proposition 1.2(b) for upper box-counting dimension.

Proof. For any finite cover If of X which consist of sets of diameters at most e,

¥ () is a finite cover of Y with sets of diameters at most ce’. Hence we always have
N,s(Y) < N(X)
which demonstrates the Lemma. 0

Theorem 2.5 can be proved by Lemma 1, 2 and the fact
d(¢(i), ¢(3)) < da(i, j)diam(X),

(see the proof of Proposition 2.4).

Example 3. Any real number can be expressed as a continued fraction,

(g -+
as + ...

(finite or not)where ag € Z and a; € Z1, { > 1. We denote it as lag,a1,a3,-+]. Let
F(0,n) ={[0,a1,a2,---]]1 < a; <n, 1 <i< oo}

We will estimate the Hausdorff dimensions of F(0,2) by Theorem 2.1. Rogers[41]
gave the result % < dim(F(0,2) < %
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Let

a = min{F(0,2)} =[0,2,1,2,1,---] = \/‘;’2" !
and

b=max{F(0,2)} =[0,1,2,1,2,---] = v/3 — 1.
Define f; : [a,b] — [a,b] by

fi([0,a1,aq,---]) =[0,¢,a1,a9,--+], i=1, 2.
In fact, we have f;(z) = -Zrﬁ and fl(z) = —m. Hence

|z — 9| () £ |z — gl
(’i+b)2 < If%( ) fi(y)| < (i+a)2

holds for all z, y € [a,b]. Therefore, ([a,b]; f1, f2) is a h.i.fs.. Its attractor is F(0,2).

Clearly it is disjoint. By theorem 2.1,
0.4599 - - - < dim(F(0,2)) < 0.6429--- ,

where 0.4599--- and 0.6429 ... are the solutions of

21 21
1 1
(m) * (m) e

2u 2u
1 1

== ————— L} + e
V3—1 V3—1
1+ — 2+ —

and

We can also consider F(0,2) as the attractor of the h.i.fs. ([a,b]; fi1, fi2, fa1, f22)

where f.,;j = fz Q fj. Since

fij([o’al’az"”]):[057:5.7.,0'1,“2,"'} (1)
i.e.
fij(z) = ==t e T H )
b _i BT R
Jt+z



we have
1

P = G vy

Hence

|z — y| |z — y|
('L] +1+'lb)2 —= |f’LJ(w) f'&.’)(y)| — ( +1+’L(L)2.
By Theorem 2.1, we get

0.5047 - - < dim(F(0,2)) < 0.5634 - - ,

where | = 0.5047--- and u = 0.5634 --- are determined by

2 2 21
>S5 (i) -

=1 j=1

and

) ) 1 2u
»> (e'j+1+a'(x/§— 1)/2) =4

=1 j=1
Now let E be the subset of F(0,2) defined by

E = {[0,a1,a9,--]|a; =1 or 2,

but (a;,ai41,@i42) # (1,2,1),1 < i < oo}

We show that dim(E + E) < 1 and then m(E + E) = 0 where m is the Lebesgue
measure. Clearly E' is the Markov attractor of ([a, ]; fi1, fi2, fa1, f22) with respect

to

=S
[ N =]
(==
- =



cc 0 0 0

0 C9 0 0
Let A = . Then the characteristic polynomial of MA is
0 0 ¢ O
0 0 0 Cq
det(AI — MA)

=)\*— (Cl + 64))\3 — (6203 + cocq + C3C4))\2 — C9C3Ca A,

Leter = van = 5 = 25903, o = vin = gbp = 85705,
Cc3 = /891 =T1%:=2—\/§and C4 = /899 = 5-|-12a = 4—13\/?_’.Then

det(AI — MA) =
e 81— 16\/5)\3 313 — 166\/5)\2 73 — 41x/§/\
- 39 143 143 '

When A > 0 we have
det(AT — MA) > A* — 0.60)* — 0.18)% — 0.02).

Therefore, |\I — MA| > 0 whenever A > 1, which means that the number u deter-
mined by ||MS%|| = 1 is less than % since |[M S*|| is decreasing with respect to u.

Hence we have
] = 1
dimy(F) < dimg(E) <u < 3°
Therefore

dim(E + E) < dim(E x E)
< dim(E) + dimg(E) (see [19] p95)
<1

In fact we can get that

0.385... < dim(E) < dimp(E) < 0.426...
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where 0.385... and 0.426... are solutions of |MS*|| = 1 and ||M5*|| = 1. By the
result dim(F + E) < 1 we get that the Markov spectrum below /10 which is a
subset of 2 + (E + E) has Lebesgue measure zero(see [14]). The original proof is
quite tough.
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§3 GENERALIZATIONS

In this section we will generalize the result of theorem 2.2 in two aspects.

I. M is reducible. Now we assume that M is reducible. We still use ||M|| to denote
the eigenvalue of M whose absolute value is the largest among all the eigenvalues
of M. ||M|| may be 0 for some M. We will show that the result of theorem 2.2 is

also true when M is reducible but ||M|| > 0. First we suppose that

My M
M =
0 M
where M; and M, are m x m and (n—m) X (n—m) irreducible matrices respectively.

If My2 = 0, we split (X;T1,---,Ty) into two hifs.’s, (X;Ti,---,T,) and
(X5Tmt1,+ ,Tn). Use Ap, and Ap;, to denote the Markov attractor of
(X;Ty,--- ,Ty,) with respect to M; and of (X;Tme1,- - ,Tp) with respect to M,.

By theorem 2.2 we get
Iy <dim(Ap,) <uy and Iy < dim(Aprs) < ug
where

IMLS2 | = M8 = 1 and || My877 = || M 852 = 1

and
si‘ 0 sifl 11 0
S.{l - ] Séz = ]
0 sh 0 sk
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with similar definitions of 5" and §,2.
Clearly,
Ay = Ay, | JArm, and 1<dim(Ay)<u

where

| = max{l;,le} , u=max{us,us}.
And we have
IMS!|| = max{||M, S}, | MaSh||} =1,
and

1M 8% = max{[| M, S|, [|MyS3||}=1.

If Mys # 0, the M-admissible sequence related to M, is
1,82, Bk Jhtb 1y k2, o

where (41, ,ix) and (J41,Jkee, - ) are M; and M, admissible respectively with

M;, .., = 1. Since the set
{(i1,42,- -+ yix) | (41,22, -+ ,ix) is M-admissible k = L,2,---}

is countable, we may denote the related mappings by T'(1),T(2),--- . Using Apy,,

to denote the set of all the M-attractive points related with M, , we have

Anty = ) TG)(Ansy)
=1

Hence
dim(Asr) = max{dim(Auy, ) , dim(Apz, )}
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and

| <dim(Ap)<u.

Certainly
|MSY =1 and ||MS¥|=1.

In general, a Markov transition matrix M with || M| > 0, is equivalent to

M, *
M=
M1
0 M,
where My, -+, Mj_, are irreducible, and M}, irreducible or has the form
0 *
My =
0 0

Without losing generality, we can assume

M, *

My
0 M;,
If M}, is irreducible, from the above we know that
dim(Aps) = max{ dim(Apy, ), ...,dim(Ap) } .

Hence

I <dim(Ap) <u
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where
lzmax{ll,---,lk} and u:max{ul,...,uk}

and [;, u; have the same meaning as in the case k = 2 .

0 *

In the case M; = , there is no Mjy-admissible element in ¥ (M)

)

0 0
so Ay, =0 . Since ||M|| > 0, we must have k£ > 1. Again we have

dim(Ajps) = max{dim(A4yys, ), - ydim(Apg, _, ), dim(Apz, )}

and

[ <dim(Ap) <wu
where
! = max{ly, -+ ,lz—1} and v = max{u,- - yUk—1} .
In both cases we can easily see

| M8 =1 and |MS¥|=1.

Now we have proved

Theorem 2.6. Assume that (X;T,---,T,) is a hyperbolic iterated function Sys-
tem, and M is a Markov transition matrix with at least one non-zero eigenvalue and

that B; = |J T;i(B,) is a disjoint union. Then we have
M; ;=1

I <dim(Ap) <u
where
IMSY|=1 and ||MS¥|=1.
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As for the box dimension, we also have dimp(Ap) < u. But we can not get this
(o)
result from the above discussion, since for a countable union E = |J E;, we do not
=1
have dimp(E) = sup{dimp(E;)} in general. We need some further calculation.
i

M, M,

Apgain we assume M = ( ) and M, M, are irreducible. We calculate

0 M,
that

dimp((Z (M), d)) < u.

We have Tf (M) = 2F (M) UZE (M) U ZF (Myy), where

S (M) = [ J{(irs ey iny J1 2y ) [(51 ooy i) is M-admissible,

(jlsta"') € Z,;I;(Mg) and Mikj1 . 1}

Let 6 = min{5;}. We calculate that how many cylinders of diameter at most 6™ we
need to cover Tf (Miz). We use Ni(8™), No(6™) and Nia(6™) to denote the least
number of cylinders of diameter at most §™ are used to cover £} (M), TF (M) and

T (My,).

Since dimp((Z}(M;),d3)) < w and a?nB((Ei(M),dg)) < wu, For given ¢ > 0
there exists an N, whenever m > N we have

log N;(6™)

log 67 <u+te 1=12.

Therefore there exists a ¢ > 0 such that N;(6*) < c6=*®+€) for each k.

We decompose X1 (Ms) in the following way: Let
Jk, == {(il, ...,’it,jl,jz, ) c E,,-I;(M]_g),(sk-i_l < 5,,;1...57;i < 6k}

Then X} (Mi2) = JJk. Since (41,..,4;) is M-admissible, there are at most
k=0

¢1N1 (65+1) different such elements for each k, where ¢, is a constant not ex-
m

ceeding max{7 | ﬁ{—?—}—z < 1} + 1. Therefor for k¥ < m we can use at most
max{5;}
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c1 N1 (8%FL) - Np(§m—k+1) < ¢p6—(m+2)(vte) cylinders of diameter at most §™ to
e o)
cover Ji, where ¢z = ¢c;c®. Obviously, |J Ji can be covered by at most Ny (6™)
k=m-+1
such cylinders. Hence Xt(Mj) can be covered by (m + 1)c,6—(m+2)(ute) gych

cylinders. Therefore
dimp((Miz,d2)) < u+e.

By the arbitrariness of € we get dimp((M3,ds)) <W. Hence under the same as-

sumption of Theorem 2.6, we can get that
dimB((Mlg,dg)) < u.

By lemma 2 of §2 we get

Theorem 2.7. Under the same assumption of Theorem 2.6, we have

where u is the same as in Theorem 2.6.

II. Not all T;’s need be contractions. In this paragraph we generalize theorem

2.2 to the case ( X; Ty,---,T,) is cyclically contracting with respect to M.

Definition 4. A Markov transition matrix M is given. A path from i, to iy, is
a finite M-admissible sequence 4,43, --i;. A cycle is a path with M; ; = 1. By
elementary path or elementary cycle we mean a path or a cycle for which 7, # i,

when s # t.

Definition 5. Let (X; Ty,---,T},) be an i.f.s., where T;’s are Lipschitz maps with
Lip(T;) = ry(where Lip(T) = inf{L|d(Tz,Ty) < Ld(=,y),Vz,y € X1), and M be
a Markov transition matrix. (X; 7y,--- Iy) is called cyclically contracting with

respect to M if for any elementary cycle 4, -- ,4; we have T3y Tip " <1.

. T”:k
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Theorem 2.8. (Feiste[21]) Let (X;Ty,--- ,T,) be an i.f:s., where T;’s are Lipschitz
maps. If (X;T1,---,T,) is cyclically contracting with respect to an irreducible
Markov transition matrix M then there is a unique N-tuple B = (B1,---,B,) of
compact subsets B; C X with

B;= |J m(B))

M"j=l
for alli e {1,--- ,n}.
Let Ay = |J B;. We also call it Markov attractor of (X;T,---,Ty), though

=1

the attractor A may not exist in this situation. If B;NB; = 0 we also call

(X;Ty,- -+ ,Ty,) disjoint iterated function system.

Now we generalize Theorem 2.2 to the case (X;Ti,--- ,In) is cyclically

contracting.

Suppose that M is an irreducible Markov transition matrix, {ry,rs,--- ,7,} is a
group of positive constants such that for any elementary cycle iy,4y,-+- ,4; we have
TiyTiy ** T4, < 1, and « a constant satisfying || M A%|| = 1 where

ri 0
A% =
0 T
Let w = (w1,ws,+++ ,wn)T be the Perron-Frobenius eigenvector with max{w;} = 1

Like Example 1 of §2, we define a metric d on T} (M) by
(riy 73 ) Wiy G0 = J1,0 5k = Jay kg1 # b
d(i,j) = . -
max{r;}, i F

where i = (41,43,--+), j = (j1,72, -+ ) are M-admissible elements of X+, We need

to check the triangle inequality.
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Suppose that i = (i1,-* ik ikt1,°00), § = (G, ,k,Jk41, ) and
t = (i1, yir,try1,- ) are elements of X7 (M) with in# by, tkn# Jiwpnd 7 < k.

We have
d(i, t) = (ri, - 75, ) vs,
= (riy oo 1 i Y_(MA®)E7T,
v=1
> (r'h Tt Tik)aw'ik
= d(i,j).

Hence d(i,j) < d(i,t) + d(t,j). It is shown that d is really a metric on X+ (M). But

this time d is not a metric on £}. In the same way as section 2 we can also prove
Proposition 2.9.  dim((X}(M),d)) = dimp((Z}H(M),d)) = 1.

By Proposition 2.9, Proposition 1.2 (§ = 7! for first part, § = u~?! for second)

and Lemma 2 of §2 we get

Theorem 2.10. Let M be an irreducible Markov transition matrix, and
{X;T1,--- ,Tn} be an iterated function system cyclically contracting with M satis-
fying

sid(z,y) < d(Tiz, Tyy) < 5:d(z,y).

Suppose that B; = |JTi(B,) is a disjoint union for each i. Then
=1

and
[ < dlm(Bz) < (Zh—mB(Bz) < u, t=1,---,n,

where ||M S| =1 and ||MS¥|| = 1.
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In the same way as part I, we can generalize Theorem 2.10 to the case | M| > 0

(needn’t be irreducible). At last we get

Theorem 2.11. Suppose that M is a Markov transition matrix with at least one
non-zero eigenvalue, and (X;Ty,---,T,) is an iterated function system cyclically

contracting with M satisfying
s;d(z,y) < d(Tiz, Tyy) < 8;d(w,y),
and that B; = .L:Jlﬁ(Bj) is a disjoint union for each i. Then we have
I <dim(A4y) < mB(AM) <u

where |[M S| =1 and | MS¥| = 1.
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§4 SOFIC SYSTEMS

Definition 6. Let Q) be a nonempty subset of {1,--- ,n}) X {1,-+- ,m}, for k =
1,--+,m. The subset of &}

F= {i= (41,42, -+ ) € BF|there are ko, ky,--- € {1,--- ,m}

with (iy,k,) € Qk,, }

is called a sofic system.

We say a finite sequence (iy,1g,--- ,ts) is F-admissible, if there is an element of

F which begins with (41,125, - ,1,).

Let (X;T1,--- ,T,) be an ifs., where T} is a Lipschitz map with Lip(T;) = »; for

each 7. If for any cycle (4,15, ,4;,4;) which appears in an element of F, one has
LT < 1
we say that (X;7, -+ ,T,) is cyclically contracting with F.

Bandt[1] showed that if (X;T1,-+-,T}) is cyclically contracting with F, then

there exist non-empty compact subsets Cy, Cy, ..., C,, such that

i = JIR(C)IG,v) € Qi}. (1)

Let C = UCka and Fk = {i = (’il,’iz,'-') S Flko = k},'& = 1,...,m. If
k=1
(X;T1,--- ,Ty) is a h.ifs., then we have

¢(F)=C, and ¢(Fy) = Ch, k=1,..,m, (2)
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where ¢ : X} — A is defined in §1.2. If (X;T1,---,T}) is not a h.ifs., we can

define ¢ : F — C in the same way and we also have (2).

When m = 1, we have C = A. For m = n and Q; = {(3,j), M;; = 1}, where

M = (M;j)nxn is a Markov transition matrix, we get C; = B;, fori = 1, ..., n.
Now suppose that (X;Ti,...,T,) is cyclically contracting with F. Denote
r = (r1,...,7n), where r; = Lip(T;). Construct a matrix M(r,a) by letting

Mi; =Y {rfl(k,j) € Qi}. (3)
In order to use the Perron-Frobenius theorem, we assume that ||M(r,q)|| is irre-

ducible. Then there exists a unique value of o, such that
||M(r, )] = 1, (4)

where ||M|| is the Perron-Frobenius eigenvalue of M.

When X is a subset of Euclidean space R?, T)’s are cyclically contracting

similitudes satisfying a kind of open set condition, Bandt proved that
dim(C;) =a, i=1,...,n,

where « is determined by (4).

Now we want to estimate the upper and lower bound of the Hausdorff dimension

of Cy’s in general metric spaces with 7T);’s being not similitudes but satisfyin
g ying

s;d(z,y) < d(Ti(x), Ti(y)) < &d(z,y).

Theorem 2.12. Suppose that {X;T1,...,T,} is cyclically contracting with F and

satisfies that

sid(@,y) < d(T(=), Ti(y)) < sid(, y),
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and that the matrix defined by (3) is irreducible. Suppose that for each k

Ck - U .TE(CV)

(ilu)er

is a disjoint union. Then
! < dim(C) < dimp(C) < u,

and

lgdlm(Ck)S(HI__nB(Ck)Su, k=1,---m,

where | and u are determined by
1M (s,D)|| =1 and [|M(5,4)]] =1

respectively.

Proof. First we assume that (X;T1,...,T;,) is a h.i.fs.. Like in §2, we work on ot

Let r; € (0,1), i =1,...,n, and d be the metric defined in Example 4. Then we have

Lemma 1. Suppose that for each ¢

Fk, = U O'i(F,,)

(’I:,V)er

is a disjoint union. Then
dim(Fy, d) = dimp(F,d) = a,

where o is determined by (@).

Proof of Lemma 1. Let w = (wy,...,w, )T be the Perron-Frobenius eigenvector of

M(r, ) with max{ws} = 1. First we show that dimp(F)) < . As in the proof
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of Lemma 1 of §2, let v = min{r;}. We calculate the the number of F-admissible

cylinders of diameter at most v” being needed to cover F},. Let
Ve ={[t1,-++ ,3]|(i1,- - ,is) is Fy-admissibale,

Tige " Tiyy >, and vy --ory, <"}

Then V), is a disjoint cover of Fj with cylinders of diameter at most 4". Suppose

the largest length of cylinders in V, is t. For [iy,--- ,i,] € V, with s < t, we have

(rey ---7r3,)* < m(ril sery, ) ;wk.
where the index k; is determined by
koykiyooo ks € {1,--- ,m}, (iy,k,) € Qky_] , ko = k.
Therefore
(riy---r3,)* <
<minfoy T BRI L
(s -'-n,)"‘ZZ (M (e, )~ Ih,s

~min{w;}
1
=—(r; -

min{w;}

‘i

'1., Z {"SHH |(117 "aisais+1"'1it)

"'a—l—la Ry 2

is Fy-admissible}

Use N, to denote the number of cylinders in V,. Then

N, y(rthe o Z (75 + o 73,)®
['i19""7;a]€v'r

N
- min{wj} _

7 Z[(M(r @)k

Z {(riy oo )| (iny e - - 1g)is Fk-admissible}

mm{w
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(M(r, @) |kjw;

(mm{w D2 Z

Wi

" (min{w;})?
1

~ (min{w; })?"

Hence we get dimpg(F}) < a.

Next we show that dim(Fy,d) > a. Suppose U = {U;} is any open cover of F},.
We show that

inf{U(a)} > 0,
the infimum is for all open covers. By the same reason as in the proof of Theorem 2.2,

we need only consider covers consisting of finite many cylinders. Suppose U = {D;}

is such a cover.

If all the D;’s are formed by strings of the same length, say ¢, then
3" diam(D, >
> {rg -+ r&|there exist ky, kg, ..., ks
st. (iv, k) € Qu,_, ko = k}
> min{w, } > 0.
If they don’t have the same length, assume the largest one is ¢, and say,

Dy = [iy,...,is] with s < t. Refine the cover by cylinders formed by strings of
length of t. For D; we have
Z {7’11 e e T, |there exist k41, ..., ke

(Bag1yeensit)
s.t.(1v, ky) € Qr, s, ko = k}

<rg ol m1n{w Z(M(r a))
<pQ o g

_7'1-1 [P T'z'a m]n{wy}
=c1diam(D1)°’.
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Hence

diam(D; )D(Z

> Y {2

(h+1 » ,"'1)

= Q
:-g

.r;’:|there exist ki, ko, ..., ks
S.t. (iy, ky) = Qky_17k0 :ﬂ}.

Therefore
Z diam(D,)*> ¢t min{wy} = ¢ > 0,

which implies inf{{/(a)} > ¢ > 0. The lemma, is proved.

Lemma 2. The condition C, = |J T;(C,) being a disjoint union for each k
(iyu)er
implies that ¢ is invertible on each F},.

Let i = (192 imimy1...) and j = (i1%2..imjme1...) are two different elments
of Fy with 4,11 # jmy1. We show that ¢(i) # ¢(j). Since i, j € F, there exist
Kiyeoybmykmy1, and ki, kK., such  that  (i,,k,) € Qky_1»
(4v,ky,) € Qi _, for v = 1,..,m, where ky = k) = k, and (bmt1skma1) € )ka,

Gm+1, kpny1) € Quy, - Let
p# = min{m + 1, Vl&,, #¥ 1.
fp=m+1,let z = ¢(imy1...) and y = qb(fm_l_l...). Then
zeT; (Crpiy) CCh,, and y€ _;m+1(Ck' ) C Gy,
Hence = # vy, and hence
¢() =T, - T;, (2) # Ti, -+ T, (y) = 6(5)-
If p <m+ 1, let @ = $ipemimimts-w) 80d g = @ip-wimfmtr-..). Then

T € Tiu(C’ku) C Cku—l’ and Yy € Ti“ (Ck’;») C Cku—1
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Therefore z # y, and ¢(i) = T3, -+ T;,_ (2) # T3, --- Ts,_, (y) = ¢(§).

Now define two metrics dy, dz on X} by using s and § instead of r respectively.

Then

Lemma 3. There exist constants c¢1, ¢; > 0 such that for any i, j € F,, we have

c1di(i,) < d(¢(i), $(3))< cada(,j)-

Let i = (i149..inins1...) and j = (¢1%2..5n41...) are two different elements of F,
with in41 # jng1- And Ky, by kng, ko kL, k;, 1, # have the same meaning as

in the proof of lemma 2. Clearly, we have

d(¢(i), p(A))< diam(X)dy(i, ).

Let

c1 = min{d(T;(C.), T.(C))|(3, v), (v, t) € Qx, (¢,v) # (r,t)}.

Then ¢; > 0. If p = m + 1, it is easy to see that d(¢(i), () > c1di(i,§). If 4 < m,

then

di(¢(i), 6(3)> et -8l

>t sk =cadi(i,j).

Lemma 1 to 3 give the proof of theorem 2.12 when (X;T',--- ,T3) is a h.i.fs.. If
(X;T1,--- ,T3) is not a h.ifs., like what we did in §2, we define a metric d’ on F.
For two different elements i,j € F as in the above, denote

1, m=0,1
0(1i,j) = { max{ws,, |k, km € {1,...,m},
(tv, k) € Qiy_,v =2,..m}, m>2.
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Define
O(i,j) ma,x{rf,}, m=20

d'(i,j) =< (r;,..r, )031,5), m>1
0, i=j.
We have to check the triangle inequality. For t = (¢142...i5t54.1...), if 8 > morm =1,
d'(1,j) < d’(i,t) + d'(j,t) is a trivial result. Suppose s < m and m > 2. Assume
that ki, ...km fulfil (iy,k,) € Qk,_, for v =2,...,m, and 8(i,j) = wg,,. Then

d'(i,t) = (rs,...r;, )01, t)

> (1"7;1 -7, )"‘wk,

m

= (ri;...13,)% Z[M(r, D™, oWy

v=1

o
2 (7'.,;1...7'.,;’7']%+1...7'sm) Wk,

=d'(i,j).

Like in the above, we can prove the following results.
Lemma 4. dim(Fy,d') = dimg(F,d’) = 1.

Lemma 5. There exist ¢1, cg > 0 such that

erdy (5,3)"" < d(9(i), 6(3)) < eady(3,5)/

By lemma 2, lemma 4, lemma 1 and proposition 1.2, we can get the expected

result. The proof is completed. ]

Like what we did in §3, we can also generalize Theorem 2.12 to the case when

the matrix M is reducible.
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Theorem 2.13. Suppose that {X;T,...,T,} is cyclically contracting with F and

satisfies that
sid(may) < d(Ti(a’)’T’i(y)) < s‘,-d(rc,y).
Suppose that for each k

CG= |J f(C)
(";!V)er

is a disjoint union. Then
! < dim(C) < dimp(C) < u,
where | and u are determined by
1M(s,D)|l =1 and [|M(8,u)|| =1

respectively, and where ||M|| denotes the eigenvalue of M with the largest modulus.
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§5. CONSTRUCTION OF ATTRACTORS

Let (X;T1,---Tyn) be a h.ifs., A be the attractor. We know that for any a € A,

there is an i = (i1,4,--- ) € &} such that

a= lim T; ---T; (z), VzeX. (1)

™mMm=200
For using a computer to construct fractals, (1) is not efficient, since the expression

of (1) is not inheritable. Hence we consider the converse order:

Ti T; ---Tilw . (2)

n—1

This sequence does not converge for most of the i’s in £}, Elton proved an ergodic
theorem related to (2) for an i.f.s. which is contractive “on the average”. We might

hope that we can use (2) to draw the pictures of the attractor and Markov attractors

of hi.fs..

For j = (j1,ja2,..) € T}, let

An(,z) = {13, T, - Tjyx; k>m}, z e X
and .
AGz) = ) Am(s2) .
m=1
C.E. Sutherland ([44]) conjectured that for almost all j € X, we have

A(j,z)=A .

We will prove the conjecture is true. However, we will give a more general result

on Markov attractors of h.i.f.s..

First we claim that A(j, ) is independent of x.
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Lemma 1. Suppose that (X;Ty,...,Tn) is a h.i.f.s., Then we have

A(j,z) = A(§,y), Yz,ye X.

Proof. By definition

AGz) = [ AmGoz) = () {T5T5y - Tia; k> m} .
m=1 m=1

It’s easy to see that a € A(j,z) if and only if there exists an increasing integer

sequence {l,} such that

a = lim sz" le,.—l - T,

=200 n—1

For y # , we have

d(lenlen—l o 'lemv T.’il.-.TJ'ln—1 e 'T.’hy) < rlnd(m’ y) —0.

Hence
a= Jii%ole,.len—l e 'szn_l e 'Tjtl - Thy .
which implies A(j, z) = A(§,y) (= A(§) ). Lemma 1 has been proved. |

In the following we will use A(j) instead of A(j,z). One of our main results is

Theorem 2.14. Suppose that (X;T1,...,7w) is a h.ifs., M is a N x N Markov

transition matrix. Ifj € £} (M7T) contains all finite MT-admissible sequences, then

A() = Aum .

When all the entries of M are 1, we have
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Corollary. Suppose that (X;T,...,Ty) is a hifs.. Ifj € SF(MT) contains all
finite strings of {1,2,..., N}, then

Aj)=4.

Proof. Assume j € Z}(MT) as in Theorem 1. At first we show that A, C A(j).

For any a € Aas, there exists an i € I} (M) such that
a= lim T; T;,..T;, z, Ve e X.
NnN==00

For fixed n, (in,én_1,...1%2,%1) is M7 -admissible, hence appears in j. Suppose

(Jtw—n411Jln —n42s o0y Jin —1, 41, ) is the first time that (i,,4,_q, .y 92,11 ) appears in j.

Denote
Tn =15, nThiy s Tha .
Then
d(T’hTi . TinvaJ'z,, Tjt,,-x e len—-ﬂ-l—llen—'n T Tj1 :L')
=d(T,Ti, - T, Ty Ty, Ty 1 @)
=d(T,,;1T1;2 . Tinw, Tiz T,,;2 UL T,,;nwn)
<r"d(z,2n) < r"diam(X) — 0,
since X is compact. Hence
a = lim Tj," Tjtn—1 s 'le.’l},

=200

for an increasing integer sequence {l,}. So a € A(j) which implies Ay C A(j).

Now we show that A(j) C Apr. For a € A(j), there exists an increasing integer

sequence {l,}, s.t.

a=lim T, T; oo Ty

=00 Iy =y —1 ln_1 Jy

"le.’L' ’
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Since j € T} (MT), then (ji,,...j1) is M-admissible. Hence it can be extended into
an element of X} (M), denote as j*), which begins with ( Jlns s j1)- Similarly, we
can get i@, ), ..., j™ ... . Now we ge t a sequence {i™} of =+ (M). Since
Y} (M) is a compact subspace of the metric space Yt there exists a subsequence

{i(™*)} which converges to an element i € I+ (M). It’s easy to see

a=limT; ---T:x
e Np J1

= lim T,,;l T,,,"ZB €Ay,
hence A(j) C Apr. "

Let Jy = {j € ZF(MT); j contains every finite M7 -admissible sequence}. We
will see that Jys is quite “large” in the sense that for many probability measures

which are concentrated on £} (M7T), Jas has measure 1. We have

Theorem 2.15. Suppose that pups is a probability measure on (S}, B), such that
supp(pun) = EF (M7T) and the shift operator 7 is ergodic on (XF, B, ), where
B is the Borel algebra of ($},d). Then

pm(Ip) =1.
When all the elements of M are 1, we use J instead of Jys and p instead of upy.

Corollary. Suppose that u is a probability measure on (ZF,B), such that

supp(u) = X} and 7 is ergodic on (I}, B, u). Then

uw(J)=1.

Proof. We show that uar(J§,) = 0. Let

J(i1,42y 00 tn) = {j € F; (41,12, ...,4, ) doesn’t appear in i}
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Then
IS = (U Jc(il,ig,...,in)) =Ty
where U' is the union for all M7T-admissible (i;,43,...,4, ). We have

pu(Z5(MT)) =0

and all the finite M7 -admissible sequences consist of a countable set. Hence it’s

enough to show that
23.%% (Jc(il,iZV 1zn)) =0

where (41,%3,...,in) is MT-admissible. Since the shift operator 7 is ergodic on

(E;I;’ Bv ,U'M)a we have

11m —Zf('rl)—/ fG@)dpr  pup — ae. (1)

for any integrable function f on %}. For a finite M7T-admissible sequence
(1,12, ey in ), let

T = Xizsigsia]

be the characteristic function of [iy,42,...5,]). Then
F(T*(3) =0, Vk, Vi € J(i1,dn,..0n) -

Hence

.-.s

m—

F*(3) =0, VYm, ¥j € J(i1, iz, in) .

1
m
k=0

But

[, 1Gduar = / 1
Ei [ily";Z)---yin]

. /"'M([il5i2,-'-"in])
=D PiyigPin_yi,
>0,
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since (41,42, ..,in ) is M7 -admissible. Hence we get
/,LM(JC(il,iz, veey ’Ln)) =0.

The proof is completed. ]

Theorem 2.14 and Theorem 2.15 tell us that for “almost all” j € T (M7T) (TF)
all the points produced in (2) form a set which is dense in Aps (A). Hence we can

use (2) to construct the Markov attractor Aps (attractor A) of the h.ifs.

There are many probability measures which are concentrated on YH (M) and
make 7 ergodic. In fact, suppose that P = (p;;) is a stochastic matrix
(pij >0, Ejvﬂ pij = 1) such that

>0, if M;; =1
Dij
=0, if M;; =0.
Then P is irreducible, since M is irreducible. Let p = (py,ps,...,pn) be the left
eigenvector of P corresponding to it’s Perron-Frobenius eigenvalue (= 1), such that

P1+p2 + ... + py = 1. Then we have pP = p. Define a measure v on (X}, B) by

v([11,12, ey Tn]) = DiyDivipPigiseePir _yin »

where [i1, i, ...,4n] is the cylinder set of £}, Clearly, supp(v) = ZF(M7). And o

is ergodic on (X}, B, upr). Hence for all z € X we have

A(J,z) = Ay v-a.e.

Now we give two particular examples of the measure defined above.

1. Let p;; = my;/(mi; + ma; + ... + mp;). Then we get an irreducible stochastic

matrix P. We use ,u%}.,) to denote the related measure. Then for all z € X,

AQ,z) = Apm ug‘? — a.e,
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When all the entries of M are 1, we use u instead of F‘S\}_r)' It’s easy to see that
4 is a probability measure generated by the distribution of {1,2,..., N} with each
i €{1,2,..., N} having the same probability 1/N.

2. Suppose A is the Perron-Frobenius eigenvalue of M, u = (u1,us,..,ux)* and
v = (v1,vg,...,un)" are left and right P-F eigenv@ctors of M respectively, such that

utv = 1. Let

DY TR T
Baf ([E1 82y ey in]) = NV 7oy s magsyomi i g

“Sef) can also be extended to be probability measure on (X}, B). Again we have

supp(,ug\i) ) =X} (M7T). When all the entries of M are 1, we get the same measure I

as in the first example. The measure Mg‘zl) takes the same value on all M7 -admissible

cylinder sets which have the same length and have the same beginning and ending

numbers.

Now we define /J,sa_,) in another way. Let p;; = mj;u;/Au;. Then pij = 0 and

N
>.pi; = 1. Hence P = (p;;) is an irreducible stochastic matrix and “5\24) is the
i=1

related measure. So (X}, B, uﬁfj ,T) is ergodic. By Theorem 1 and 2,

(2) _

A(j,z) = Ap Pif — a.e.

55



§6. BOX DIMENSION OF FRACTAL CURVES

In this section, the metric space in consideration is a rectangular subset I; X Iy
of R?. Without loss of generality, we let I; = I, = [0,1] and use J to denote
[0,1] x [0,1]. Now we construct a class of curves which are graphs of real continuous

functions with the domain [0, 1].

Fori=1,2,--- ,k, define T}; : J — J by

€& a; 0 X x;
T5; = + , J=1,2,...,1;.
Y bij cij Y Yij

Forn =1, + 13 + -+ + Iy, define an n X n matrix M in the following way: We use
M{ij)(uv) to denote the (I +--- +1;_; +j, lo+ -+ 1,_; +v) element of M, this
uses the convention that l; = 0. First we let Mijy(iv) = 8jv. Further more, for
each () and each u we define Mij)(uv) = 1 for exactly one v € {1,2,-.- ,1,}, and
M{ij)(uww) = O for all other cases. Suppose that T;;’s are contractive maps and satisfy

the following conditions:

1. a; > 0and a; +ag ++-+ap =1, & = 0 and z;y, =a; + -+ a

i=1,2,..k—1;

2. let (0,y;) be the fixed point of 114, j = 1,2,...,1; and (1,75) be the fixed

point of Ty;, j = 1,2,...,lx. We assume that there exists a yo € [0,1] such that
0 1

PyTo = yo if M(u'u)(lj) =1, u#1and PsT,, , =yo if M('wv)(lcj) =1,
Y; _ Y;

u # k, where P, is the projective map to the second coordinate.

Then we get a hyperbolic iterated function system.
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k
Let G = |J Bi1, where B;; = U Tij(Byy) (cf. pl7). Then we have
=1 M5y (uv)=1

Theorem 2.16. G is the graph of a continuous function ¢ : [0,1] — R.
Proof. For each sequence 1,43, -, by the definition of M, there exists exactly
one sequence (i11),(73j2),--- such that Mi,5)(iesrdesr) = 1+ If the elements of the

sequence 1,122, -- are not all 1 or k except finitely many, then there exists exactly

one point (x,y) such that

. € 0
= lim TillTizjz v Timjm .
y M ==00 0

Define ¢(z) = y.

For the sequence ¢1ig -+~ %,,111--- and 414y -+ -4, — Lkkk--- let

] 0
=T Tiim » Where M ;. a5 =1
y Y;

z’' 1
y, = Till e 'T’im—ljin y, , where M(im—lj,'n)(kj’) =1.
J'I

and

0 1
By condition 1 and 2, we can easily see that T}, ( ) =15, —15 ( ) Hence
@ &
= . Again, we define ¢(z) = y. Therefore the function ¢ : [0,1] — R

Y Yy’

is well defined.

Next we show that ¢ is continuous by showing that G is a continuous image of

[0, 1].

For x = im’k;—l, im € {1,2,-- ,k}, define 7: [0,1] —» G

m=1
0
ﬂ-(w) . lim TillTisz i 'Timjm
M =200 0
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where j; determined by M, _.j, _.)¢,5,) = 1. We show that 7 is continuous. Let

a = max{Lip(T};)}. Given € > 0, choose N large enough that oV < €/2v/2. Let
]
o . (=]
§=k= Nt Forz= Y Emk;—l and ' = ) yﬂi%, if | — &'| < § we must have
m=1

m=1

i = Uy, g = Ug, -,y = UN OT 41 = Uy, Gy = Ug,--+ ,0p1 = U1, 4 = u; + 1
and 441 = - =iy =1, ui41 = --- = uy = k. In the first case, it is easy to see

|m(x) — w(2")| < e. In the second case, we have

71'(:1?) = lim T’i11T’i2jz :

0
"Tisz(le)N_lTiN+1jN+l .'.Timjm (0) ?
and
N—-I 0
F(w,) = "}l__rfloo T'i11T’izj2 T Tit—l,’vz (Tk’v) B TuN+1’UN+1 v 'Tum'um 0 .

As in the above, let (0,y;) be the fixed point of T1; and (1,y!,) the fixed point of

T}.,. By the second assumption we know that

0 1
T =Ti-10 | |-
Yy Yo

Let E = T’iljz (le)N_l(J) U Tix—lvz T’iz—lﬂ’z (Tkv)N_l(J)' Then
diam(E) < 2a™M~"14/2, since the two parts of the union have a common point.

Therefore

|7I'(:l:) - ﬂ-(ml)‘ < diam(TillTizjz Tt Tit—1j1—1 (E))

< o'"diam(E) < e. |

Example. Let k > 2. Define Tj;: J— J (i =1,2,...,k; j =1,2) as follows:

w000
(-0 ()
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where min{a,1 — a} > % Let M be defined by

1 if(ij)=(wv)ori#wu, j#v
Mgy (wo) = { :

0 otherwise.

When k£ =3
(1 0 0 1 0O 1\

06011 010
011001
1 00110
01 0110

\1 0100 1/

It is easy to check that (1) and (2) are satisfied. The continuous function, denoted

as fr,a, can be defined in the following way: for z = 3 %7”,%, zm € {0,1,....,k -1}
m=1

?

let

fro(z) = i am (1 — o)™y,

m=1

where u; = 1 and

Um =i SEEn
Umt1 =

1—u,, otherwise

andl,, = vy +ugs+---+u,—1. When a = % we call this function the Bush function,
because it was first defined by K.A. Bush[13] as an example of a continuous nowhere

differentiable function.

Next we calculate the box dimension of G under certain conditions. We first

establish a more general result.

Let (J;1y,Ts,-+-,T,) be a h.ifs. where T;: J  Jis defined by

()= 6)-C)
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with 0 < |a;| < |¢;|. Let M be an n X n irreducible Markov transition matrix. Let
Apr be the Markov attractor of the h.i.f.s. associated with M. Let s be the number
such that
lerllas ]t 0
||M I=1. (1)

—1

Then we have

Proposition 2.17. dimp(Ay) < s.

Proof. Like in section 2, we use £1(M) to denote the set of all M-admissible

elements of ¥F. Let

lev[lay[*~ 0
M(s) =M
0 leallan]*
By the Perron-Frobenius Theorem, there exists a vector p = (p1,p2,+* yon)F w'ith
p; > 0 such that
M(s)p = p.

n
We assume that ) p; = 1. Define a probability measure on I} by letting

w#(ld) = pi,
p([4]) = M(s)i;p5,

p(lirda -~ ik]) = M(8)iyia M(8)iziy -+ M(8)iy_,inPir»

where [iy4y--- 4] is the cylinder set which contains all elements beginning with

t142 - -+ 1x. Clearly, the support of u is X} (M). Let ¢ = min{|a1],]az|, - »|an|}-
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Given § > 0, suppose a™ > § > a™*t!, For each & € Ay, there exist 11,82, , 1]
with & > |a;, a4, -+ ag,| > a™ 2 and M;;,,, = 1such that z € Ty, - T30 = J;, ...

Let

W = {[iy -- - 44]|l is the first number
s.t. & > |ag,ai, a5 | > ™, M, =1}

It is easy to see that if [iy---4y), [j1---ji] € W and [i1---4)) # [ -+-ji|, then
[ix--- ) N[j1 - - 5t] = 0. Therefore W is a disjoint cover of T} (M).

Now we calculate how many §-squares (square of side length §) are needed to cover
Apr. In the case where all b; are zero, The height and width of Jiy-.q, (denoted as
|Jiyig | and | ;.5 lw) are |, -~ c;,| and |a;, - a;| < & respectively. Hence, at

most

el
|a”111 : a"bzl

d-squares are needed to cover [i; - -+ 7).

2 ([t:' ) “)

[¢1---4]eW
D
[ix--a]ew “
Ci. v O s v el
S2 Z |a’f:1”.:'.ll(|_aa1 az ﬂrul)sa—s
[iy i) €W 1 H
2 _ _
:a23'6 ° Z lc’il"'ciz”a’h"'a’il,s '
[t1-d]EW
2 1
< e m—— W . e e |57
=g2s min, {Pj} [il--u,,;]ew |cz1 Ci | lan a;| Psy
2 1
= —— . § ¢ M(8); i, - M(8); .;»;
a?* min;{p;} [il---z;]ew ()sss (8)i—visp
2 1
ey 0 X i)
a2’ mlnj{pj} [il---z;]eW
IR S

a?* min;{p;}
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Therefore, for any 6 > 0, at most ags . mmlET -6 % are needed to cover A,;. Hence

J

dlmB(AM) S 8.

When not all b; = 0, we can get the result by showing that
| Jiy-rvi | B < Blei, + - €, |

for some positive constant B. We will do that in the following Lemma. |

Lemma. We have that
|ciy oo Cin| < |Jigei |H < Bleiy - i

where B > 1 is a positive constant.

Proof. First we show that |J;,..;, |g < Ble;, - -+ ¢;,.|. When m = 1, we have

| Ty | <l | + b3, |-
Let ¢ = ma.x{%} Then
ol < (14 ¢)le;, |

Assume that
|Jiz---im+1|H < Bmlei, -+ Gimy1l-

Then

| Jiyigemim s |H
=Ty iy |H
<lea | Tiz i | + 100, Tiyrsip [
=leiy |[Vigervipmis |2+ 103 |0y -+~ @4, |

a- ...a-
SBmlcil =l vas cim+1| + CIM”ch Ci,

s ”'c":m—i-l
(2] Tm+1

’ 'c’im+1|i
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where d = ma,xj{ll%_j[}. Hence we can choose B,,y; = B, + cd™. Notice that
j

B; =1+ ¢. Therefore,

m—1
Bn=1+) cd* <1+

=0

c

1-d

Hence the number 1 + 1 f g can be chosen as B.

As for the other part, we can see easily that the second coordinate of
z
RO & ) is ¢z, --+¢i,, ¥y + ax + 0 where o and 3 are independent of z, y.
Therefore

| Tiy.ovign | B2 €y o € |- u

Now we assume that the h.i.f.s. satisfies the following condition:

3. open set condition. If M;; =1 and ¢ # j, then T;(J°) N T;(J°) = @, where J°

is the interior of J.

4. for any 113 - - i, With M;; =1, let

Ti+1

Yivigim = E{y; (2,9) € Jiyigis, ﬂAM for some z}

and

Yivigein, = SUP{y; (2,9) € Jiyipoi,, ﬂAM for some z}.

We assume that there exist A > 0 such that

*
Yivigevipy = Yiriaim = AlCiyciy oo |

5. for any ¢4 - --1,, with 1

i1 =
P(J--' A):[--- *]
2 212" tm M y’h"z""flm’yzlzz---'bm H

is an interval.
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Theorem 2.18. Suppose the h.i.f.s. satisfies the above conditions. Then

diIIlB(AM) = 8.

Proof. We only need to show that dimp(Ay) > s. Given 0 < § < 1,
assume that a™ > § > a™*t!, where a = miin{|ai|}. For any @ € Ajps there ex-
ist #1,---4; with M; ;... = 1 and § < a;, ---|a; < a™ 72| such that z € g B
Because of the assumptions 4 and 5, there are at least [ﬂ&%‘l] d-squares
which intersect with J;,..; (1 Ay. From the fact that |J;,.;|g > lciy - i | >
|Jiyiy|lw = |ai, -+ - a;,] > 6 and the open set condition, each 8-square intersects at
most 4 such sets. We again use W to denote all the cylinders [i; - - - ;] mentioned

above. Again W is a disjoint cover of £} (M). The following calculation gives us an

estimate for the lower bound of the number of §-squares that are needed to cover

Ap.

> e

[i1--2]EW

1 |Cq; C,L'
>= ez T T
s 2

[ir 0| EW

il |eiy - ca
Zg . Z am
[t1u]EW
1 Ci, " Cf 1
22 ) ===
[¢1---i]EW ke b

1 - — .
:@ Z |ci1...ci!|.lai1,s 1..-|a"’:lls l.lail...ai’ s
[¢1--d]EW

Z p([gy -+ dr]) - (a%)_s

[il""’;llew

. a2(s—l) L6,

Therefore, dim(A ) > s. i
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In the proofs of Proposition 2.17 and Theorem 2.18 we can use B; = |J Ti(B;)
M;;=1
to replace Aps and get the same result.

Corollary. Under the same assumption of Theorem 3, we have

dimp(B;)=s, i=1,..,n.

Now we come back to the curve G defined in the above. Since G is a curve,

condition 5 is satisfied.

Theorem 2.19. Assume that |c;;| > a; and the h.i.fs. in Theorem 2.16 satisfies

condition 3 and 4. Suppose that the matrix M is irreducible. Then

dimp(G) = s.

Example(continued). By Theorem 2.19 we can calculate the box dimension for
the graph of the of the function fj o defined in Example 1. Use G, to denote the
graph of the function fi . First we check that G, satisfies condition 4. Given
11522y wey bmy

PL(J(i11) (62d2) (i i) ) = (01 D]

m g, _
where a = E-k%l and b = a + kLm By the definition of fy , for any = € (a,b)
j=1 K
we have the same u;, (j = 1,2,...,m) in the expression of fr,a(2). Suppose u,, = 0.
Let 21 = a+ (im—1) Y, _lf and 29 = a+ ), —ljr,whereﬂglgk—l and
jem+1k jemt+1k

l # %, — 1. Then
wIen[.i(.znb] fk,a(ZU) = fk,a(wl) = § :alj(]' - a)j—ljuj
H] -=1

and

2% o) = Fralma)

= Z ali(l — a)j—ljuj + atm (1 — q)™~lm Z al.
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Hence we can choose A = B = 1E_a in condition 4. If u,, = 1 we can get the same

result.

Let A = diag(a,b,a,b, -+ ,a,b) be a 2k x 2k diagonal matrix whose diagonal

elements are a and b alternatively with a,b > 0. We have

a+b++/(a—b)2+4(k—1)%ab
7 :

IMA]| =

Choose a = a(%)s“l, b=(1- cu)(%)“"1 and let ||MA|| = 1. We get

N log(1+ /(200 — 1) + 4(k — 1)2(1 — @) — log 2

dunB(Gk,a) =s=1 logk

When a = %, using G to denote the graph of the Bush function, we have

log 2

d1mB(Gk) =2-— logk'
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CHAPTER 3. Measure Inequalities
of Sumsets, I

§1 INTRODUCTION.

In this and the next chapter we establish some measure inequalities for sumsets.
In this chapter we treat with Cantor-type measures. For convenience, we will use
(a,b) (or (a,b,c)) to denote max{a, b}(or max{a, b, c}) in both this and next chapter,

since it will appear very frequently.

The are five sections in this chapter. Our main results will appear in section 2

and be provedin section 3. We establish several inequalities with the form
m(E + F) > p(E)*v(F)? (1)

where p, v are Lebesgue measure or probability measures uniformly spreading on
sets of numbers in whose base 3 or 4 expansion one or two digits do not appear. We

find that for this kindAmeasures if (1) holds for all Borel subsets E, F we must have
as(i) + Bs(v) > s(m) > 1 (2)

where s(-) is the singular exponent of the measure(defined below). For measures

discussed here we have s(-) = dim(-). Hence (2) can be written as
adim(p) + B dim(v) > dim(m) = 1
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as Oberlin [38] noticed.
In order to prove one of our main result, we need the inequality

1+z+a2%+2° > (1+2°71 + 2t + 22)1, 0<z<1

3s + 8t < 15
Where s, t > 1 satisfying { 11 log31 . The proof of this inequality which is
2s  logat

quite long appears in section 4.

In section 5 we establish an inequality for sumset of three sets.
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§2. MAIN RESULTS.

To begin with this section, we define the measures involved. We always use m

to stand for the Lebesgue measure on T. Use p. to denote the probability measure

which uniformly spreads on the Cantor middle third set, i.e.

o ,1 1
Me = nil(§60 e 5552,?)-
Let
o ,1 1
v, = nil(§60 + 562%_)
and

o 1 1 1
= (G0t g i)

Before stating the main results, we look at two examples.

Example 1. It is obvious that for any Borel subsets E, F, we have

m(E + F) > m(E)*m(F)P,

(1)

where 0 < o, f<land a+ 8 =1.

Example 2. Let

1
564

o ,1
V3 = nil(§60 +
We have m = v, xv3. If E is a subset of supp(v,) and F a subset of supp(v3), then
m(E + F) S V1(E)V3(F).
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Hence for any Borel subsets E, F we have

Notice that (1) and (2) have the same form
m(E + F) > 1 (B)*pa(F)P,

where 0 < @, 8 <1 and satisfying

adim(p;) + B dim(us) = dim(m).

Further more, (1) and (2) can be generalized as
m(E + F) > m(E)*m(F);

and

m(E + F) > v1(E)*v3(F)P;

a,f >0, a+b>1

o, B > 1.

(4)

(2)

We will build such kind of inequalities for m, p., v; and v5. Qur main result is

Theorem 3.1. Let m be the Lebesgue measure on T, p., v; and vy be defined as

the above. Then for any Borel subsets E, F of T, we have

m(E + F) > p.(E)*u.(F)?,

(5)
log 3
«, /8 Z log2 -4
(6)
(7)
(8)
4/ 2 o, /6 > ﬂOs



where ap = min{a;, a2}, 6o = min{B1,02} and (a1,51), (az,Bs) are solutions
1 log 3

= ~1
Of{ 2a+ log4'3

3at +8871 =15

We also wish to establish analogous inequalities for which the measures in the
right hand are both 13, or v and m. But the method we will use to prove Theorem
3.1 does not work in that situation. However, we have the following partial results

for the first case.

Theorem 3.2. Let vy be the same as the above. Then for any Borel subsets E, F

of T, we have
m(E + F) > vy(E)*vy(F)P, o, B> 1. (9)

If FE is a Borel subset such that

oo €
Eﬂ supp(vq) = {cx + Z e e;=0,1,2}
i=k+1

k .
where ¢, = > % (e; =0, 1 or 2) is a constant, then for any Borel subset F we have

=1
log 4
atf= log 3
m(E + F) > v(B)*n(F), { e (10)
a, B> 8= _ 1.
log 3

The measure inequalities for sumsets with the form (4) under conditions like (3)
related to the Hausdorff dimensions of the measures involved are not only when the

left hand side is the Lebesgue measure. For v; and v, defined in the above, we have

Proposition 3.3. For any Borel subsets E, F of T one has

a+ 8> izg;
va(E + F) 2 n(B)*n(F)?, { ) logs (1)
3ot + 87 <8, a B> 87,
log 2
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The first condition of (11) is equivalent to
adim(v;) + B dim(v;) = dim(vy).
The above results will be proved in following sections. The following examples

tell us that we can not build an measure inequality (8) for all probability measures

1, 4z under the condition @).
Example 3. We have dim(v;) = % But

o) €
supp(v1) + supp(v1) = {D_ zxlen = 0,1},

n=1
with Lebesgue measure 0.
Example 4. Let
o ,3 1
py = * (150 + 15;")
Then
B = S
_ 4 4 4 4
dim(ps ) = log 2 = 0.81
—p—1n L1 _ 1 : _ 1
Let E=F = [0, 2’“]' Then E+ F = [0, 2k_1]. But for o, g witha+ 48 = dim(uz)’
3\** 1
u By (P > By P = (3) > iy =z

when k is large enough. Measures defined in this way will be discussed in the next

chapter.

The next example shows that for some probability measures, though (4) does not

hold, we still have (3).

Example 5. Let {s;} be a sequence of numbers decreasing to 0 and let

0 =mg < my < mp < -+ be a sequence of integers increasing rapidly enough
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to ensure that
{ (my —mg + (mg —mg) +---+ (ij—l — Mgj_g) < $iMy;

(12)

(my —my) + (mg ~mg) + -+ + (mg; —mgj_1) < smaj1.

oo ™Maj+1 My
Let A=<¢ Y > —ﬂ|en—0 15 and B = E > %[Enzﬂ,l}.Then
1=0 n=m +1 j=1 n=mg; _1+1
23 F =
dim(A) = dim(B) = 0(see Falconer[l?] p73). Define
o0 maj+1 ].
H1= io n—m2,+1( bo+ 5_]‘7)

and

o) maj; 1 1
K2 =% n:m::-_1+l (560 T 56#)

We have supp(u1) = A and supp(py) = B. Hence dim(y;) = dim(ug) = 0. It is

easy to see that u; * go = m. Therefore for any Borel subsets E, F we have

m(E + F) 2 p1 (E)pa(F).

Now we define a quantity to characterize the singularity of regular probability

measures on T.

Definition. Let u be a regular probability measure on T. For any z € T define
1 -

and call it the local scaling exponent of u. Let

s(p) = inf {s(n,2)}-

We call s(u) the singular exponent of u.

If p is a discrete measure we have s(u) = 0. For Lebesgue measure m, s(m) = 1.
For pu1, po in example 3, s(p1) = s(pu2) = 0. If s(p,x) = s(u) for p-a.e. it happens
that s(x) = dim(u)(see Falconer [19] p61). The Lebesgue measure m, and g,

vi(i = 1,2,3) defined above are of this kind. In general we have s(u) < dim(y). For
the measure y3 defined in Example 4, s(,u%) — logd —log3 =2 load i is

log 2 log 2
less than dim(pz) = 2 - %i?éLz
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Theorem 3.4. Let p, v be regular probability measures on T. If the the inequality
v(E +F) > p(B)*u(F)° (13)
holds for any Borel subset E, F, then we have

(a+B)s(u) = s(v). (14)

Proof. Suppose that (a+ 8)s(u) = s(v) — 2¢ where € > 0. By definition there exist
z € T and 6, | 0, such that

log u(® —bp,x + 85)
log |28,]

< s(p) + ¢/(a + ). (15)

Hence
(@ — 8y 4 6,)2FP > |26, | (W) Fe/(atB))(ath)
— |25n|s(u)—e_

But v(z — 26,, % + 26,) < [46,|°() = 25(*)|26,|*(*), When n large enough we have
|26, ¢ > 2¢(*). Therefore for E = F = [€ — 6n,2 4 6,] we have u(E)*u(F)P >
v(E + F). N

By Theorem 3.4 we know that the restriction on «, 8 related to Hausdorff dimen-
sion of measures is a necessary condition for (5) and (11). If there are two different
measures g1, g in the right hand side of (13), Example 5 shows that we may not
have a result analogous to (14) in general. However, by the proof of Theorem 3.4

we can immediately obtain the following corollary.

Corollary. Let ui, uz2 and v be regular probability measures on T. Suppose that

there exists a sequence {6,} | 0 such that s(u;) = lim log 1 (@1 = én, 21 + 6n) and

log [24,,|
s(uz2) = lim log pa(Z = bn, 3 + 61) for some x1, x5 € T. If the inequality
=200 log |26'nl

v(E+ F) 2 p1(E)*ua(F)?
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holds for any Borel subset E, F, then we have

as(pu) + Bs(p2) > s(v).

The inequalities (6), (7), (8) and (10) are of this type.

Here we also point out that a restriction like o, 8 > i%g—g —1 for (5) (except (8))

is also necessary. To see this, let & = 2, § be any number less than i%g—g — 1, say

8= %—g—g—g —1—¢€(e>0). Let E = C the classical Cantor set, and

o0 €
F={) arlen = 0,2},

n=k

Since F + F C [0, :;ik], we get

k+2
m(E + F) < v
But
log3
N 1\Ilog2™ "¢
He(E)pe(F)P = (o )%
2
2k(l+e)

TE m(E + F)

when k is large enough. As for the restriction 3(a™! + #!) < 8 for (5) and (11),
3a~! + 8371 < 15 for (8), they are required by the the method we will use. We do

not know whether they are necessary or not.
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§3. REDUCTION PROCESS

In this section, we reduce the measure inequalities into single variable inequalities.

In [7] Brown proved

Theorem 3.5. Suppose that s, t > 1. Then for all 0 < z < 1 we have

Ltz+a? > (1+ )1+ ), st = i‘;—g% (1)
if and only if 3(s +t) < 8;

14+ 2> (1+:cs)1/s(l+wt+:c2t)l/t, %s_l +tl=1; (2)
and

1+ a+a?+23 > (1 +25)(1 + at + 2% + 3L/, (3)

whenever %s_l +t =1

In [12] we use (3) to prove the measure inequality
m(E + F) > vi(E)*m(F)?

where %a +8=1,0<a <1 Itisan immediate result that the inequality
holds when %a +68>1, 3> % All the other inequalities can be proved similarly.
In the following we will give the proof of (5) in Theorem 3.1(denote as (3.1)-(5)) in
detail. Since a Lemma of Brown and Shepp(Lemma 4 of [9]) we be used in this and

following sections, we copy it below:
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Proposition 3.6. (Brown & Shepp) Suppose that, fori =0, 1, 2, s; > 1, ¢; > 1
and asi_l + bti_l = 1, for some constants a, b with % = 11—(?5% then

S50 ()54 (v) < max{Se, ()5 (y)}

m 1/s n 1/t
Ss(m) - (me) ) St(y) . (Zy:)

and z;, y; > 0.

Where

Proof of (3.1)—(5). Since if (3.1)~(5) hold for a pair of (o, 3) then it holds for
any pair (o, §') where o/ > a, 8’ > (3, since if @ > 1 we always have 1 + a > ig—g—g
and 3(a™! 4 1) < 8, we can assume that 8 < 1. By the regularity of m and p. it

is enough to prove the inequality for closed F and F. Furthermore we may assume

FE, F are closed subsets of the Cantor set C. Let

n O
€k . €k
A ={E ~—thereex1stm€E,s.t.m=§ — e=00r2}
" k=l3k| Ic=13k, ,

n [o o)
B, = {Z %lthere exist x € F, s.t. x = Z ;—2, e=0or 2},

k=1 k=1

and E, = A, + | ’,3%], F, =B, +0, glﬁ] Then
o0 o0

E =) En, F=()F.
n=1 n=1

and

E+F=()(En+F.).

n=1
Clearly m(E, + F,) > |A, + B,| - 3%, where we use | - | to denote the number of
elements of the corresponding set. Therefore,
A, + B,
m(E 4+ F) = lim m(E, + F,) > lim IL_; —,
N=200 =200 3
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Since p.(F) = lim u.(E,) = lim j‘g—,,"' and p.(F) = lim jg—n"l It suffices to show

3 \" .
A+ Bl 2 (s ) Mal1B P

We do this inductively.

As Brown and Moran did in [8], let
n+1

Al ={> % € Anpilents = i},
k=1

n+1l

€k X
By = {2 & € Bunslenna = ),
k=1
for « = 0, 2. By inductive assumption
|Ant1 + Byal >[40 + Boyi |+ (4041 + Baya |, |42, + BY )+
+]A%2,, + B2,
> [[Ant1]®IBasal® + (|A2 41 |%1BE 1 1P, 14241 1%1BY 4, 1P)+

3 n
Hal 182 ] (3o

n+1
We hope that the last expression is not less than (2051 ﬁ) |Apy1|®|Bn +1|ﬁ. It is

equivalent to

a4+ (a1 =P, (1= )W) + (L -2 -0 > o, (4)
for all a, b€ (0, 1). We have
Proposition 3.7. The inequality (4) is true if and only if
a—! -1
o+ > Zo4a )1 +e 7P, <<l (5)

Proof. Assume that (4) is true. Let a, b > . Multiplying both sides by abﬂ ,

e’ B
and denoting (1—;—@) as z, (1—;—b) as y, we get

1+ (z, y) +zy > I+ )1 +¢%7), 0<az y<l. (6)

3
90+
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When z = y (6) becomes (5).
Now supposing (5) holds we prove (4) is true.

If a=0o0r1 (4) becomes
3

bﬁ_|_(1—b)'322a+ﬁ. (7)
We need only check that (7) hold for b = 0, %, 1. When b = 0 or 1, we get
1> 2 ag_'l_ ﬁ which is true since a + § > 1—2—2 For b = 5 Wwe get the true statement

B lo
21-8 > 2a+ﬂ (since o > 52—2 —1).

Now we assume that a > %, b > 0. Like in the above, multiplying both sides of

a B
(4) by abﬁ , letting @ = (ITT“’) and y = (1T_b) , then (4) becomes

1+ (2, y)+ a2y > L+2°7)*(1+y* ), 0<e<l,y>0. (8

a+B

Consider 1 + (z, y) +ay — 20%5(1 + 2o ) (14y87 )? as a function of y. Then
its second order derivative is not positive except when y = = where the derivative
does not exist. Hence, by the concaveness of the function, we need only check (8)

holds for y =0, « and co.

When y = 0 we get
1+m>2—(1+$ )a. (9)

If a <1, (9) is true obviously, because 2ai+ﬁ <1and(1+ a}a_l)a <1+ . Since

B> o5 10g2 1, we have 263_5 <272, When a > 1 we show that
1+ 2271 +a%7)", (10)

which is equivalent to

e 1 <«
1+2 2(—;—5) . 0<z<l. (11)

2
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Let f(2) = 1+2za - (1 j2—z) . Then

!
2

fO=3-0>0  f1)=0

and

a—1
fl(z) = %za_l — % (1 ;— z) <0.

Hence, f(2) > 0 for all z € (0, 1). Then (11) and then (10) are true.

When y = = we get (5) which is true by assumption. When y = co we get (9)

again. |

Now we have to show that (5) really holds when o and B satisfy

log 3
>
a+ﬂ_log2
3(at+871) <8, a ﬂ>10i3—1
-7 77 " T log2 7

Proposition 3.8. For 0 <z <1 we have

3 -1 o -1
log 3
a+ 8> &
; log 2
where «, 3 satisfy log 3
at+ 071 <8, a B2,
log 2

Proof. By Proposition 3.6, we need only consider 3(a=!+47!) =8. Letu = a+ /3
and consider o and 3 as functions of u determined by
a+pf=u
| "
3(a”t+87) =8
Let
3 a-lvars | g-\g
flu,z) = 2—u(l+w (1 + 2 )P
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When u = i%g—%, we have f(u,z) < 14z +z* by (1). We will prove the proposition

by showing that f(u,x) is decreasing with respect to u. We may assume that o > 3,

since when a = 8 = % we have u = % < i%g—g. For the convenience of calculation

we consider the logarithm of f(u,z). Let

g(u,z) =In f(u) =In3 —uln2 + aln(l +z* ) + Bln(1+a°).

Then

_ } T
g (u,2) = —ln2+ |ln(l +go") ~ 1B | da
_ ol +3% )] du

: ) e
4 |ln( + 287y~ & 1ne | dB
i B(l+=2P)| du

da o df -

From (12) we get

o =7 — Therefore,

—1
1 -1, 2% ln=z
'(u,z) = —1In2 In(1 o =
gy (u, ) n2 -+ o — [a(a n(l+z% ) 1+$a_1)
N 7]
-A(m(1+2"") - =22
1+2P
Let
z* Iz 2 Inz
h(u,z) = a(aln(l +z* ) - —j) — ﬂ(ﬂln(l +27) - ___1)
1+ z¢ 1+ zP
Then
a”l-1 a1 a”l-1 2a"t-1
, or z Inz + az z Inz
hw(u’m) o= ( -1 -1 - —1 2)
14 z¢ 1+~ (142> )
(ﬁ:z:ﬁ_'lﬂl _ P lncc-i-ﬂmﬁ_l_l 3 Pl ln:r:)
1+287 1+zP (l-l-:t:ﬁ‘l)2
a! Bt
=a:21n.’l:-(—~ d — . - )>0
(L+z* )2 (142 )2

since the function myy—)z is increasing when y is increasing in (0,1), and

—1 —1
z® > zP . Hence

gL(U,CL') <—In2+-

o _ g h(u,1) =0,
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which completes the proof.

Now we have proved (3.1)-(5). Through the proof we can see that u. can be

replaced by the the following measure

o ,1 1
w=x Gh S

n

which is carried on the set C; = —%—C, where C' is the Cantor middle third set. In
fact we need only replace 2 by 1 in the definition of 4, and B,,.

Proposition 3.3 can also be proved in the same way. For the proof of (3.1)-(6),
(7), (8) we need

Proposition 3.9. Suppose that a;, b; > 0 and > a; =1, Y. b; = 1 where the sum

is for all the 1 appearing in each inequality. We have the following inequalities:

(agbg, agby) + (ab?, afbl) + (aft?, agbl) > 1,

19 (13)
log 2
o+ = /621, Oga’ﬂgla
log 3
(agbg, agby) + (a§dy, afbg) + (agy, agbf) + (agdy, agtd) >1,  (14)

1
a+§ﬂ=1,0§a,ﬂ§1,

agby + (agb?, afby) + (afb?, afbf) + agh? > 1,

1 log 3

- =1, 3a7! —1 <15,
2a+log4ﬂ , da "+ 837 <15

(15)

(13) and (14) can be proved by (2) and (3) of Theorem 3.5 respectively. The
proof of (15) needs the following theorem.

Theorem 3.10. The inequality

1+z+z2+2° > (l—l—avs)':'(l-I—ar:t-f—avz’t)1l

(16)
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holds for 0 < & <1, if and only if

3s+ 8t <15, (17)
where s, t > 1 satisfy
11 log31
25 Viogdt = - (18)

The proof of Theorem 3.10, which is quite long, will be given in next section.

For the proof of (15) we also need

1+a:+a:2+w32(1+:c5)%(1+:ct)% (19)
where s, t are the same as in Theorem 3.10. In fact we have (19) for s, t satisfying

8, t >1 and % + % < 1.5 (see Kemp [28]). From (18) we get

log3.1
log2°t

+

@w | =
o~ | =

=2—-(1+ < L5,

since ¢ < 2 by (17).

We wish that the following inequality were true:

(agb3, agdy) + (afdy, afby) + (agbs, afby, agbl) + (a2, agb?)>1  (20)

where 0 < a, O < l,a—i—,@:i%g—;andai, bi > 0, doa; = > b; = 1.

Unfortunately, (20) does not hold in general. Let ag

=gy =by = by = &
and a; = b, = 0. Then the left hand side equals 2l-1Es < 1. However, (20) is true

when ag = a1 = a9 = %, ie.

(b5, b5)+ (b2, b5) + (b3, o7, b8) + (¥2, b°) > 32, (21)

by which we can prove (3.2)—(10).
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Since the left hand side of (21) is symmetric, we may assume by > by, bs. Then

(21) becomes
365 + (b7, b5) > 3°. (22)

The worst case of (22) is b; = by. therefore, we need to show
365 + 6° > 32, bg > by >0, by +2b; = 1. (23)
Let (%‘(‘;)ﬁ = z. Then (22) is equivalent to
3+z>3%(1+22 )8, 0<z<lL (24)
Let f(z) = 3 +a — 3%(1 + 2z ). We have
F0)=3-3>0, f(1)=0
and
f(@) = =238~ = 1)(1 +22°7 P2 .27 2 >,
Hence f(z) >0forall0 <z <1.
Suppose E, F' are the same as in (3.2)-(10). Let

En:Ck_I_{Z%’ 67;20,1,2}
=k+1

k

where ¢, = > % (e; =0, 1 or 2) is a constant, and
=1

'n e o]
€; ] €;
F, = {;=1 F|there exists iélz €F, ¢=0,1or2}.
Like before, by (21) we can show that

|En + Fp| > |En|*|FnlP, (25)
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which derives (3.2)—(10). It is enough to check (25) is true when n = k, the first

step of induction, which is a trivial result.

As for (3.2)—(9), it can be proved by

| =

(apbo, azbs) + (agby, arby)+ (apbs, aiby, asby)+ (arby, azby) > (26)

where a;, b; > 0 and > a; = ) b; = 1. In the following we show (26) is true.
We have
LHS of (26) _>_ a-()(bo + b]_ + bz) + ((llbg, azbl) =aqqg + (a]_bg, agbl) (27)

Hence (26) holds whenever ag > % Similarly, (26) holds if there exists an a; or
b; > % Therefore we may restrict a;’s and b;’s to lie in the interval [%, %](denote
as [c1, di]). It is easy to see that under this restriction we have (a1bs, asb;) > ¢1d;.
From (27) we know that (26) is true whenever ao > % — c¢1d;. Furthermore, (26) is
true if a;’s or b;’s lie outside the interval [% + 2¢1d,, % — c1d;](denote as [cz, d3)).
Inductively, we get that (26) holds if a;’s or b;’s lie outside the interval [c,, dy],

where d,, = % —cp-1dpn_1, ¢n =1 —2d,.

Now we show that d,, | % and therefore ¢, T % In fact we have

fa = g (1= 2dy_1)dy_y. (28)

Since the function (1 — 2z)z is decreasing when z > %, and d,, > % — max{(1 —
2z)x} = % — % > %, we know that d,, is decreasing as n is increasing. Hence d,, is

decreasing to the limit value % which is a root of z = % — (1 — 2z)z.

The proof is completed by the fact that when a; = b; = %(z =0,1,2) (24) is an

equality.
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§4. A PROOF OF AN INEQUALITY

In this section we give a proof of Theorem 3.10. For the convenience of statement,

we copy Theorem 3.10 below.

Theorem 3.10. The inequality
l+z+a+2° > (1+2°)7 1+ +a) (1)

holds for 0 < z <1, if and only if

3s+ 8t <15, (2)
where s, t > 1 satisfy
11 log31l
e - =1
2s L log4 t (3)

Proof. First we show that the condition 3s + 8t < 15 is necessary. Let x =1 —y.

Considering the second order Taylor expansion with respect to y of both sides of

(1), we get
1+z+z®+a2° =4-6y+4y® + o(y?), (4)
and
(1+2%)% (1 + 2t + z?t)? (5)

=25 =257y + 2573 (s — 1)y + o(y?)][3% — 3%y + 3% ty? + o(y2)]

35+8t+9 ,

=4-6y+————1" +o(y*) (by (3),2°3% =4).
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Comparing (4) and (5) we know that when 3s + 8¢ > 15, we can choose z close to

1 (i.e. y close to 0) which makes (1) false.

Now we prove (1) under (2) and (3). By Lemma 3.6, we need only to prove (1)

under
11 logdl B

25 logdt

1, 3s+ 8t =15. (6)

From (6) we get
s=5— %t, t, = 1.012670... and t, = 1.467310...
Let
2, 3y _ 1 sy 1 t 2
F(z) =log(1 + = + z° + z°) — glog(l—i—m ) — Zlog(l-}—az + z**).
We need to show that F(z) > 0 for 0 <z <1 when t =t;, t5. We have
F(0)=0, F(1)=0. (7)

Consider the first derivative of F(x):

F(z) 1+ 2z + 3z o=l gl 2p2t-1
Tr) = -— —_
l+z+a?+a® 14+az° 14at+a?’

which is a positive multiple of the following function (denote u = ¢/3, then s =

5 — 8u):

Gz) = (1+2z +32%)(1+2°)(L+ 2’ + 2®) — (1 + & + 2% + 2°)z* L (1 + z* + 22%)
—(1+z+z?+2°)(1 +2°) (2t + 22771
=142z + 3.’L'2 + w6—8u + 2w7—8u e m3u+1 + 2:L,3u+2 _ $5—5u + w7—5u _ wb‘u

6u4-2 5—2u _ _,4—8u __ 4—bu __ 4—2u 6—2u Ju—1 6u—1
+x + 2z z 2z 3z -z -z -2z ,

and we have

GO0)=1, G(1)=0. (8)
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If we can prove G(z) has exactly one root in(0,1), then by (7) and (8) we can

get the expected result.
I. t; =1.0126705730315177...

Define H(z) = 2 'G(z). Then

H(0) = +00, H(1) = 0. (9)

We show that H(z) has exactly one root in (0,1). Write H(z) in power increasing

order:

H(ZIJ) =:1}_1 _ m3u—2 +2— 2$6u-—2 _ w3—8u + 3z + m3u _ m6u—-1 _ 2m3—5u + 2$1+3u

+ $5—8u _ m4—5u _ 3.'173—2u + m1+6u + 226 — 8u — 2$4~2u + w6—5u _ $5—2u.

Then

H'(z) = -z — (3u—2)z% 3 — 2(6u — 2)2% 3 — (3 — 8u)a? 8% 4 3 4 Juadv—!
— (6u — 1)2%~% — 2(3 — 5u)z® 5 + 2(1 + 3u)z®* + (5 — 8u)z* 8
— (4 = 5u)z® = — 3(8 — 2u)z® 2 + (1 + 6u)z® + 2(6 — 8u)z® ¥

—2(4 — 2u)z® "% + (6 — 5u)z® % — (5 — 2u)zt 2,

and

H'(0) = —c0, H'(1) = 0. (10)

Furthermore, we have

H"(0) = +00, H"(1)=0 (11)
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and

H® (2) = 2427°% — (2 — 3u)(3 — 3u)(4 — 3u)(5 — 3u)z®*°
+ 2(6u — 2)(3 — 6u)(4 — 6u)(5 — 6u)x® % + (3 — 8u)(8u — 2)(8u — 1)8ug 178
+ 3u(3u — 1)(2 — 3u)(3 — 3u)z*** — (6u — 1)(6u — 2)(3 — 6u)(4 — 6u)xt¥5
—2(3 — 5u)(2 — 5u)(5u — 1)buz™ 7% — 6u(L + 3u)(3u — 1)(2 — 3u)z3*3
— (5 — 8u)(4 — 8u)(3 — 8u)(8u — 2)z % + (4 — 5u)(3 — 5u)(2 — 5u)(5u — 1)z~
+3(3 — 2u)(2 — 2u)(1 — 2u)2uz 172 + (1 + 6u)6u(6u — 1)(6u — 2)z8%3
+ 2(6 — 8u)(5 — 8u)(4 — 8u)(3 — 8u)z® % — 2(4 — 2u)(3 — 2u)(2 — 2u)(1 — 2u)z %

+ (6 — 5u)(5 — 5u)(4 — 5u)(3 — 5u)a® > — (5 — 2u)(4 — 2u)(3 — 2u)(2 — 2u)z v,

If we know that H®*)(z) > 0, for 0 < z < 1, then H"(z) is convex in (0,1). By
(11) we know that H''(z) has at most one root in (0,1). If H”(z) has no root in
(0,1) then H"(z) > 0 for « € (0,1). Therefore H'(z) < 0 for = € (0,1). Because of
(9), we get H(z) > 0, which implies G(z) > 0, and then F'(z) > 0for 0 < z < 1. It
contradicts with (7). Hence H''(z) has exactly one root in(0,1). At this stage, we

can see that G(z) has exactly one root in (0,1) easily.

Now we show that H"”(z) > 0 for z € (0,1). Denote the absolute value of the
coefficient of the i-th term of H*)(z) as a;(u) and the exponent as ;. Then we can

write H*)(z) as
H™ (z) =a1(u)z* — ag(u)z™
+ az(u)z®® + aq(uw)x™ + ag(u)z>®
—ag(u)x® — ar(u)z®” — ag(uw)z®® — ag(u)z™
+ ajo(w)z®® + aqy (w)x®* + ayp(w)z*? + ay3(u)z**s
— ara(u)x® + a15(u)z®® — arq(u)ae
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Since oy < az < ... < aje and 0 < & < 1, we need only to compare the coefficients.

Counsider u as a variable and define
fi(u) = a1(u) — az(u),
fa(u) = ag(u) + as(u) + as(u) — ag(w) — ar(u) — ag(u) — ag(u),
f3(u) = aro(u) + a11(u) + ara(w) + a13(u) — a4(u),
f4(u) = a1 (u) — a16 (u)

We show that when u = ¢, /3 = 0.33755..., we have

( fi(u) >0,
fi(u) + fa(u) >0,

< f3(u) >0,
( f3(u) + fa(w) > 0.

In fact, fi(u) = —96 + 462u + 639u% — 378u> + 81u* and

fl(u) = 462 — 1278w + 1134u? — 3244°,

() = —1278 + 2286u — 984u® < 0 (since B2 — 4AC < 0).
Hence for 0 < u € 0.4 we have
fi(u) > f1(0.4) = 75.504 > 0.
So for u = t; /3 = 0.337556..., we have
fi(u) > £1(0.33755) > 0.626.
Similarly, for fa(u) we have

fo(u) = —144 + 1018u — 3001u? + 5342u® — 4895u?,
fy(u) = 1018 — 6002w + 16026u? — 1958043,
2 (u) = —6002 + 32052u — 58740u® < 0 (B? —4AC < 0)

7
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and f3(0.35) = 40.9925 > 0. Therefore for that particular value of u, we have
fa(u) > £3(0.33755) > —0.401.

Hence

fi(u) + fa(u) > 0.626 — 0.401 = 0.225 > 0.

In the same way, we can get
f3(u) > £3(0.338) > 2.02.
Lastly,

fa(u) = 240 — 1402u + 2691u® — 2138u® + 609u?,
fi(u) = —1402 + 5328u — 6414u® + 24364°,

fi(u) = 5382 — 12828u + 7308u2.

This time we have f;(0.3) > 0, f7(0.5) > 0 and f;'(1) < 0. Therefore £} (u) > 0
for 0.3 < u < 0.5. By the fact that £;/(0.3) = —298.8879 and f}/(0.5) = —10, we get
that

fi(u) <0, wue(0.3,0.5).
Hence for the particular u, we have

fa(u) > £4(0.34) > —1.5.
At last we get

fa(w) + fa(u) > 2.02 - 1.5 =0.52 > 0.

II. t3 =1.467310677329...

It is similar to last the paragraph, but more complicated. This time we define

H(z) = 272 G(x)
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and write it in power increasing order

1 T 3
H(x) =g—% — g3 8% _ g3u—§ | 953 _ 9pi-bu _ gy u—}
+ 3$% + mlgl—Su + wSu—-%= _ w§—5u _ wﬁu—% _ 3m%—2u

+ 2w-’-}—8u + 2$%+3u _ 2w§—2u " m-l.f-su + w§+6u _ wlﬁl—Zu.

Like in the last paragraph, we have
H(0) = +o00, H(1)=0;
H'(0) = —00, H'(1) =0;

H"(0) = 400, H"(1)=0.

We will show that H*)(z) > 0. Unlike the last paragraph, we can not prove it
directly. We need to consider H(®)(z).Check that

H®(0) = 400, H®(1)=6> 0,

HON0) = —00, HO(1)=-6<0.

By the same method used in the last paragraph, we will show that

H® (z) > 0,
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which completes the proof. Now

10395 _ 1s
€T 2
64
7 5 3 1 1 3 5
_ - e — e 8 - il —E—Su
(8w 2)(8u 2)(8u 2)(8u 2)( u+ 2)(8u—|— 2)33

H®)(z) =

— G- 305 —3u)(5 - 30)( ~ 3)(5 ~ ) — 3wt
945 _ 7 5 3 1 1 Bh e F or
= B 2(5 - 5u)(§ — 5u)(bu — 5)((5u - 5)(515 -+ 5)(5u + 5):{: 2
3 5.7 9 11 13 b
— 2(6u — 5)(611, — 5)(5 — 6u)(§ — 6u)(— — 6u)(7 — 6u)x

2
945 _» 11 9 it 5 3 1 1
—x —_ - - -8 — — Y8y — =)(8u — = — Z\Yp—a—8u
+ il + ( 5 8u)(2 u)(8u 2)( u 2)( U 2)(8u 2):1: 2

+ @ut 2)(3u = 3)(5 — 3u)(5 — 3u)(3 — 3u)(5 — Bua®H
+ (5 = 5u)(5 = 5u)( = 5u)(5u — 3)(5u — 2)(5u + )ad~
+ (6u = )00 — 2)(6u— )5 = 6u)(5 — 6u)(y — bujate—¥

11

2
+ 3(; — 2u)(g — 2u)(g ~ 2u)(2u — %)(22& + %)(21& + g)m%—%

~2(5 — 8u)(5 - 8u)(; ~ 8u)(8u - 2 )(Bu - 2)(Bu - D adee

-~ 2(% + 3u)(% + 3u)(3u — %)(g -~ 3u)(g ~ 3u)(; — 3u)ze3
- 2(% - 2u)(; - 2u)(g _ 2u)(g — 2u)(2u — %)(21& " %)m—%—%
~ (3 =505 —Bu)(; - 5u)(5 — 5u)(5 — 5u)(5u — > Jad

-]

- (g + 6u)(—;-’+ 6u)(6u — %)(611, - g)(6u - g)(; — 6u)z52

+ (5 —20)(3 — 20)(5 — 20)(3 — 20)(5 — 2u)(2u— 2)e=3-,

Let

6

fi(w) = ar(u) - Z ai(u)
=2
= —6216.328125 + 60563.25u — 241881.5625u2 + 51183043
— 651543.75u* + 613188u5 — 387435u5,
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and

12 17
fa(u) =Y ai(u) = ) ai(u)
=T =13

= 6378.75 — 86083.5u + 480716.31254 — 14246704°

+2371723.75u* — 2111364u’ + 78829945,

where a;(u) (> 0) is the absolute value of the coefficient of the i-th term of H(®)(z).

‘We show that
{ fi(u) >0

fa(u) > 0,
for u = t3/3 = 0.489103559..., which implies H () (z) > 0 for 0 < z < 1. In fact, for
positive terms of f; and f3 using 0.489103, which is slightly less than u = t5/3, and
for negative terms using 0.489104, which is slightly larger, in place of u, we get
fi(u) > 0.79,
{ f2(u) > 0.54.

The proof is completed.
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§5. SUMSET OF THREE SETS.

In this section we consider the Lebesgue measure of sumset of 3 subsets with
positive measure of v; defined in §2. Suppose E, F, G are Borel subsets of T. We
hope that there exist a, 8, v > 0 with (a + 8 + v)dim(v;) = dim(m) or simply
a + B+ v = 2 such that

m(E + F + G) > v1(E)*n (F)Pv(G). (1)

Indeed by Proposition 3.3 and (8) of Theorem 3.1, we know that there exist 8’, v >

0 with 8’ ++' = i%g—g such that

va(F + Q) > n(F)P n(G),

and o, u > 0 with %a + i%g—Zu = 1 such that

m(E + F + G) > vi(E)*vs(F + G)*.

Let 8 = §'v and v = ¥'u. Then we have a + 8 + v = 2 and get (1). Inaddition, we
have o= ! + 371 +~471 <5,

1 log 3
—a o8 B=1
Denote the solutions of { 2 log 4 as
3at 48871 =15
a; = 0.434868 - - . as = 0.919818. -
and
B1 = 0.987487 - - - Bs = 0.681518 - -
log 3
a+ 8= =
and the solutions of { log 2 as

a4+ =8
ay = By =0.975963 - - -

oy = B = 0.608999 - --
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Let a = o432 = 0415044 ..., b = ap = 0.919818---, ¢ = a; = 0.434868--- and
d=affB =0.963751---. Then we have

Theorem 3.11. For any Borel subsets E, F, G of T one has
m(E + F + G) > 1, (B)*w (F)Pr, (G)" (1)

where «, 3, v satisfy

at+f+v=2 (2)

and are located in any one of the three intervals [a, b], [c, d| and [0.5, 1].

When o, 3, v are located in [a, b] or [¢, d] Theorem 3.11 can be proved directly
by Proposition 3.3 and (8) of Theorem 3.1. For the interval [0, 1] the proof is based

on a particular one variable inequality.

Theorem 3.12. Suppose thatr, s, t > 1 with %+ % +% =2andl<r, s t<2.

Then for all 0 < z <1 we have
2 3 ryL sy1 1
l+z+az°+2°>(14+2") (1+2°):(1+z")*. (3)
Proof. First we claim that we need only to prove (3) for »r = 1, s =t = 2. In fact,

we may assume that t > r, s. If t =2, then 1 <7, s <2 and %—I—% = 1.5. By

Proposition 3.6,
(1 +wr)1/r(1 +ws)l/s < (1 +w)(1 +:1:2)1/2,
Then

(1 +wr)l/r(1 +ws)1/s(1 4+ wt)l/t < (1 +:B)(1 +$2)1/2(1 _|_$2)1/2.
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If t < 2, suppose 8 > 7, choose sy such that %—I— 313 —I—% = 2. It must be that sg > 1,

and we have
(1 +$r)1/r(1 +$s)l/s(1 -I—.’Bt)l/t < (1 +$r)1/r(1 -I-ZESO)I/S"(I +m2)1/2_
Hence

(1 +wr)1/r(1 +ws)1/s(1 _I_wt)l/t < (1 +:1:)(1 +$2)1/2(1 +.’B2)1/2

:1+m+w2—|—w3 [ |

Proof of Theorem 3.11. Suppose that v1(E) > v (F) > vi(G). By (8) of

Theorem 3.1, we have
m(E + F + G) > v1(E)®vy(F + G)?2,
for b = ay, B, defined before. And by Proposition 3.3,
va(F + G) > v1(F)*1m (G)P:.

Hence, for g = b =10.919---, fg = fa) = 0.665--- andy =a = ;0] =0.415--.,
we have

m(E + F 4+ G) > vi(E)* v, (F)Pu, (G).
Ifa, B, v € [a, b] with a++7v = 2, we must have a < g and a+8 < ag+ G (since
v > 7 = a). Therefore

m(E + F + G) > v1(E)*v (F)Poy, (G

> (E)al/l (F)’Blll (G)7

Similarly, we can show that whenever o, 3, v € [¢, d] with a + 8+ v = 2, we
have

m(E + F 4+ G) > v1(E)*v (F)Pu (G).
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For the case a, 3, v € [0, 1|, we need only to considera =1, 3 =~ = % by the
same reason as above. Like in §3, let

n

€k N €k
E,= { —-| there exist — €E, ¢,=00r 1},

and
k'3

Ei = {Z:—Z c E,, enzi}

k=1
for : =0, 1. And define F,, F}L and G,,, G in the same way. Then
|Epn + Fp 4 G| > (4)
2| + F) + Go| + (1B + F2 + Gh, |BS + Fi+ GY, |BS + FS + G
+ (1BL+ F3+ GO, | B+ FS + G, |ES +F2+ GL|) + |EL + FL+ G}
>|B|IF2I3IGAIE + (BAIIFSI3GA13, |BAIFAZIGo1%, |BAIFS|EIGE)
+ (1BAIFA3IGEIE, |BLIFRIRIGLIE, |BOIFL 3 |GLIE) + | BLIFL 3 lGh .
The second step is by inductive assumption. It is easy to check that |[E; + F; +

Gi| > |E.||F1|%|G1|3. We hope that the last expression of (4) is not less than
|E,||Fn|?|Gy|?, which is equivalent to

Lemma. Suppose 0 <a, b, ¢ <1. Then

abici + (a(l —b)ic3, abi(1—¢)7, (1 — a)b%c%) (5)
+a@ -0} -0}, (1-a)(1-b)ict, (1-a)pt(1-c)})

+(1-a)(1=8)3(1—¢)% > 1.
The lemma can be proved by Theorem 3.12 in a similarly way of the proof of (4)
in §3. Then we get

|Ep + Fp + Go| > | Bnl|Fn|¥|Gal?
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for each n. The proof of Theorem 3.11 is completed by a limit argument. ]

Remark. 1. If a, 3, v are not all located in one of the three intervals mentioned
in Theorem 3.11, we do not have the conclusion in general. However, if (¢, 3, 7)

can be express as ¢(o', 3/, v') + (1 —¢)(", 8", 4"), we also have
m(E + F + G) > vi(E)*v (F)Pv(G)”

where 0 < ¢ <1 and (o, §', 7'), (", 8", 4") satisfy the assumption of Theorem
3.11.

2. Suppose For any Borel subsets E, F', G we have

m(E +F + G) > v(E)*nn (F)ﬁul (G)”

then it must be that min{e, 3, v} > 2 — i%g—g = 0.415037---. To see this let

Then »1(E) = v (F) = 1, n(GQ) = % and F+ F + G = |0, %] Therefore,
m(E+ F+G) = % and v1(E)*v; (F)Pv (G)Y = (%)7 In order that % > (%)7,

_log3
we must have v > 2 fog 2"
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CHAPTER 4. Measure Inequalities
of Sumsets, II

§1. INTRODUCTION.

In this chapter we deal with measure inequalities of sumsets for coin tossing

t
measures. Therare four sections in this chapter. Our main result appears in section
'

2 and is proved in section 3. We get that if (p1, 1 —p1)+ (p2, 1 —ps) < %, then for

any Borel subsets E and F one has
M(E + F) 2 (4, (E) pp, (F)?. (1)

If the condition (p1, 1 —p1)+ (p2, 1 —p3) < % fails and both p; and p; are greater

than (or less than) %, then (1) is not true.
In section four we discuss coin tossing measures on Cantor set. We get that
m(E + F) 2 vp,(E)*vp, (F)?

holds for all Borel subsets E, F if and only if p, =1 —p; and % <p < %—, where v,
is defined in the coin tossing way on the set of numbers in whose base 3 expansion

only 0 and 1 appear.
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§2. RESULT.

For 0 < p < 1 define
pp= % (pbo+(1-p)by).

Then p, can be considered as the distribution of a random variable in the unit
interval the digits of whose binary expansion are determined by tossing a biased coin
(0 with probability p, 1 with probability 1 —p). It is known that Up is concentrated

on the set

And we have

where (p, 1 —p) = max{p, 1 — p}. [10] showed that for any 0 < p < 1, there exist

a positive integer n and a > 0 such that for any Borel subsets E;, Es, -+, E, one

has

m(El + E2 +--- 4+ E’n) 2 /’l’p(El)au'p(EZ)a ot ',u'p(En)a-

Suppose E and F are Borel subsets with y, (E) > 0 and p,,(F) > 0, what can
we say about the Lebesgue measure of E 4 F? Are there any real numbers o, 8
such that for any Borel subsets E, F one has m(E + F) > p,, (E)*u,,(F)?? Our

main result is
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Theorem 4.1. Assume that p;, p2 € (0, 1) satisfy

3
(p1, 1 —p1) + (p2, 1—P2)§§- (1)
Then for any Borel subsets E, F of T we have
?’TL(E + F) 2 :u’P1 (E)zﬂpz (F)2 (2)
If in addition,
1
(P1; 1 =p1)-(p2, 1 —p2) < 2 (3)
then
m(E + F) 2 pip, (E)pp, (F). (4)

The condition (p1, 1—p1)+(p2, 1—p2) < % is a necessary condition for Theorem

4.1 when both p;, ps > % or < % In fact we have

Proposition 4.2. Suppose that p;, ps > % or < % with

3
(pl, 1 _pl) + (pz, 1 —pg) > -2*
Then there exist E, F' with p, (E) = pp,(F) = 1, such that

m(E + F) = 0.

Proof. First we suppose p;, ps > % and p; + p2 > % We show that
m(Epl 05 Epz) =0.
Since m = t1, we show that

(EP1 +EP2)ﬂE% = @
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Forz = ), %% €E, andy= 3, 227% € E,,,supposez+y= Y, %}}(mod 1), where
n=1 n=1 n=1
en, Nn and wy are 0 or 1. Then

n n n
Zwk < ka + an +1.
k=1 k=1 k=1
Therefore

n n n
Zwk ka Zflk

lim sup B=1 < |im %=1 =1

+ lim =t

=(1-p1)+ @ —p2)=2—(p1+p2) < %
which implies (Ep, + Ep, ) Ey = 0.
When p;, p3 < % with (1 —p1)+ (1 —pg) > %, we have
E,=1-E_,, i=1 2
Then
(Epy + Epy) = (1 = (Brop, + Erp,)

=m(E1—p, + E1_p,) =0. '

When p; > %, p2 < % we do not know if (1) is necessary for (2), but conjecture

that this is, in fact, the case.
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§3. PROOF.

The method we will use is similar to [10]. By the same reason of Chapter 3, we

assume E and F are closed. Like in §3 last chapter, let

n o0
€k i €k
A ={E — |there exist x €¢ F s.t.w=§ — 6=001’1}
7 k=1 2k| b k=1 2’0, ?

and

n

Bn={22k|thereex1stm€F s.t. w~z ob e—Oorl}
k=1 i1 2

Let E, = A, + [0 ,2%], F, = B, + |0, 2n] Define measures uél), (") on
Sp = {2:2z|6Z =0, 1} by

i=1
uP = % (ibo+(1-pi)oy), =1, 2
Then
pp, (B) = lim p{)(An), and pp, (F) = lim p{(By).
If we can show that
(B 4 Fa) 2 [0 (An)y) (Bn)]® (1)
then we obtain

m(E+F) = lim m(En+ Fn) > i, (B) by, (F)"

Denote (E + F), = (An + Bn) + [0, g]. Then By, + Fy D (E + F),.
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Lemma 1. If(ph 1 _pl) + (p27 1 —pZ) < %5 then

2

m((E + F)n) > [ui (4n)ul™(B,)]. (2)
If(p1, 1—p1)- (P2, 1 —p2) < %, then
m((E + F)a) > u{™ (An)u{™ (Bn). (3)

Proof. First we check (2) and (3) hold for n = 1. We have m((E + F);) = &, if
|A1| = |B1| = 1; or m((E + F);) = 1 otherwise. We need only check the first case.
Now

piH (ADp)(By) < (p1, 1— p1)(p2y 1 — pa).
Hence, (3) holds when n = 1, if (p1, 1—p1)(ps, 1 —p2) < %. If (1, 1 —
1) + (p2, 1 —p2) < %, then (p1, 1 —p1)(pz, 1 —p2) < (3)2 = {5 Therefore
[upl)(Al );u,pz)) (B, )] < . Assume (2) and (3) hold for n. We show they also hold

for n + 1. Denote

A = {Z |Z % € Al ., with ey =i}

k= 1

n n+1
; €k €k ; . .
ntl = {Z 2—k| Z oF € By 11, With €541 = z}
k=1

and

for 2 =10, 1. Let

1+ .o
(E + F)n+1 (An+1 + Bn+1) + [0 2n+1] + 2n+1’ 1, =0, 1.

Then
(B4 Flpr = (BE+FN5 U(E+F)L) U((E+F)n+1 U(E+F)k)-

Obviously, (E + F)9%, U (E + F);L, and E+ F)%., U (E + F)I% | are disjoint.
Hence

m((E + F)nt1) 2

(m((E + F n+1)’ m((E+F)n+1 ) (m((E Sl F n+1 ’ m((E +F 'n+l))
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By inductive assumption,

2m((E + F)'n+1) > ["’l’pl)(A +1)Np2)(B +1)] a=1or2.

On the other hand, there exist 0 < z, y < 1 such that

n)( +1) = p_ﬂ(n-l-l)(AO ) = _Np1+1)(A +1)

and
uod (B +1)—p—u("+1)( )— ("“)( Bpt1).
Similarly,
HEI(Ah ) = 1= o)
and
WD (B4a) = T (B
Therefore,

Mm((E + F)ny1) >

25 [(Gr)™ (o)) + ((E121) (224

D1 P2 l1—p11—p prl—p 1—p1po

(P‘pl"?Arﬁl T T’”(Bn-H )) a'

At this stage, we need

Lemma 2. Suppose0 <z, y <1. If(p1, 1 —p1)+ (p3, 1 —p3) < %, then

((iﬂ)z,(l—w 1—y)z)+((£1—y)2,(l—mi)z)zz (4)

P1 P2 1—-p11—p P1l—ps 1—-p1p2

If (p1, 1 - p1)- (p2, 1 —p2) < %, then

x 11—z 1-— z 1-— 1—2z
o i) G 5D o
P12 1—p11—pg nl—p l—plpz
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Proof. Without loss of generality, we may suppose that p; < z < 1 and

p2 <y < 1. So the left hand sides of (4) and (5) become

EL) sy ((B120) (122 1)) (6)

P1 P2 p11—ps 1—p1ps

where a = 2 or 1.

P1l—py =1—p P2’

T Ya il—y o .
(p_lp_z) +(p11_p2) > 2. (7)

then we need to prove

Since the left hand side of (7) is increasing with respect to &, we need to consider

the case
z l—y l—wl
prl—ps 1—ppy

(8)

If 17:’31— 11 — g’; < 11 — I:’El p%’ we can get the same conclusion by doing the same discus-

sion on y. From (8),

o p1(l—pa)y _ p1(l—pa)y 9)
Pi(l=p2)y+ (1 —p1)p2(1—y)  p2(1—y)+p1(y—p2)
Substitute (9) into (7),
¥ (L= p2)*y* +p5(1 —9)* > 9. (10)

Ps [pa(1—9y) +pi(y —p2)]®

Clearly, the left hand side of (10) is decreasing with respect to p;.

First we prove (5). Remember that when o = 1 we require (p;, 1 —p1)-(pg, 1 —

p2) < % Then

1 _
p1 < 5(172, 1—pg)t.

When D2 > %1

Y _(-ply+p(l-y)

LHS of (D) e p2(1 —y) + (y — p2)/2p2
_ __(1_—2p2)y2+102?l

2p5(1 —y) + (y — p3)°
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1—2p2)y* +pay
Now we show that 457 > 1, or equivalently
205(1 —y) + (y — p2)

[(1 = 2p2)y” + pay] — [205(1 — ) + (y —p2)] > 0.

Let

f1(y) =[(1 = 2p2)y® + pay] — [205(1 — ) + (v — p2)]

=(1—2p2)y” + (p2 + 203 — 1)y — 2} + pa.

Then f1(p2) = f1(1) = 0 and f{(y) = 2(1 — 2py) < O(since ps

fi(y) > 0 for y € [pa, 1].

If po < %, then p; < %—(1 —p2)7!. Hence

Yy (A-p)y+p(1l-y)
LS of(10) 2 o —9) + (3 = p2 )21 — 72)
o (1=p)[(1 = 2p2)y* + pay]
T p [202(1 —p2)(1 = y) + (y — p2)]

Let

>3

—_

fa(y) =(1—p2) [(1 — 2p2)y® + p2y] — pa[2p2(1 —p2)(1 — ) + (y — 2)]

=(1—3pz + 2p3)y” + (03 — 2p3)y + (293 — 13).

(11)

). Therefore

We have f2(p2) = 0 and fi(y) = 2(1—p2)(1—2p2)y+p§(1—2p2) > 0 (since py < %)

Hence fy(y) > 0 for y > ps. (5) has been proved.

Next we prove (4). Substituting « = 2 into (10),

(L —p2)*y* +p5(1 - y)2 > 2.
[p2(1 =) +p1(y — Pz)]

y
_2
P2
Notice that (p1, 1 —p1) + (p2, 1 —p3) < % Then

1
. +p2}.

3 .3
p < = —(pz, —p2) =m1n{§ — P2,
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If ps > % then

¥’ (1-p2)’y® +05(1—y)®
Py [p2(1—y)+ (g —p2)(y —Pz)]2

LHS of (12) >

Let
91(y) = ¥*[(1 — p2)?v® + p3(1 —9)?] — 203 [p2(1 —y) + (% —p2)(y —p2)] "

Checking that g1(p2) = g1(p2) = 0, g} (p2) > 0, g£3)(p2) > 0 and g£4)(y) > 0, we

know that g;(y) > 0 when y > ps.

When ps < %,

2 _ 2,2 il _ 2

P2 [pa(1 ~ ) + (5 + p)(y — 22)]"

Let
92(y) = ¥*[(1 = p2)’y* + P3(1 — 9)?] — 2p3 [p2(1 — ) + (% +p2)(y — p2)] "
For g, we have gz2(ps) =0, g4(ps) > 0 and
95" (v) = 24y(1 — p2)? — 12p3 (1~ ) + 12p3y > 0

when y > p;. Hence g2(y) > g2(p2) = 0 for y > p,. n
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§4. COIN TOSSING MEASURES ON CANTOR SET.

In this section we consider measures based on the Cantor set but defined by coin

tossing. Define

vp =% (pbo+(1—p)5y).

Then v, is carried on the set

n

. D e

Ep={Z;—Z|fn=00rl, lim ki:l—p}

n—=00 n
n=1

(&)

which is a subset of the Cantor set { > ge,'%'en = 0, 1}. Let us see under what

condition the Lebesgue measure of the sumset of two Borel subset E and F with
positive v, and v,, measure respectively is positive. In Chapter 3 we proved when

P =ps = % we have
m(E + F) > vy (E)*vy (F)P

where «, 3 satisfy a+3 > i%g—g and 3(a™! +371) < 8. In this section we will prove

Theorem 4.3. Let v, be defined in the above. For any Borel subsets E, F one has
m(E + F) 2 VP1(E)2VP2(F)2

if and only if p = 1 — p; and % <p < %

Proof. First we show the necessity of the condition of the theorem. We know that

for almost all numbers z € [0, 1](with respect to Lebesgue measure m) 0, 1 and

2 appear with equal frequency in the base 3 expansion of z. For given z € E,,
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and y € E,,, suppose 0, 1 and 2 appear with the same frequency in the base 3
expansion of z + y. If there is a 0 in some decimal place of « + y, then we can see
that it is 0 in the same place of both = and y. Hence we get p1, ps > % Similarly
weget l—py, 1 —p2 > —% by considering the frequency of 2 in z + y. Therefore
—:13— <p, p2 < % If there is a 1 in some decimal place of z + y, then it is a 0 in the

same place of z and a 1 of y or the other way around. Hence we get

[SCANE

(Pl—%)‘l'(Pz—-l?;)Z

and
(L—p) =3+ (1) - 3123

which deduce that p; +p2 = 1.

Next we show that the condition is sufficient. Let p; = p. Then ps =1 —p. We
will use the same method as in §2. We assume E and F are subsets of E, and E;_,
respectively. Let

k¢ (o o]

€k . €k

A ={E — |there exist x € E s.t.:c=§ — 6=001‘1},
" k:=l3kl , k=13k,

n

o
B, = {Z %hhere existz € F, s.t. ¢ = Z —;—’;, e=0or 1}.
k=1 k=1

Let By = An+ [0, g, Fa = Ba+ 10, 4u] and (B + F)oF (4n + Bn) + [0, g,
Define the measure NL”) on S, = {E iﬂq =0, 1} by
=1

wM = % (pbo + (1 —p)o3)

¥
k=1
and N&Tl)p similarly. We check that

m((E + F)1) > [P (A1)t (B2 (1)
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If |[A;| = |By| =1, then m((E + F);) = % and

2\t 1
(A2 (B < 0% 1= < (5) <3
If |[A1| =2, [Bi| =1or |Ai| =1, |Bi| =2, then m((E + F);) = % and
(1) 2\2 4 2
(A2 BI < (6, 1-9P < () =35 < 5.
When |A;| = [B;| = 1, both sides of (1) equal 1.

By a similar discussion as §2, we know that Theorem 4.3 can be proved by the

following lemma.

Lemma. Assume 31; <p< % Then for z, y € [0, 1] we have

1 2202 —2)2(1 — )2 2 (1—y)? (1-z)%?
FI—pp EY A=)+ (S ) 2 @
Proof. Let

2.2 2 s (1-p) 2/q 2

flz,y) =2y +(1-2)’(1-y) +—pz—$>(1_y) :
It is sufficient to show that f(z,y) > 3p*(1 — p)? for (z,y) satisfying y — (1 - p) <
x — p (shaded area of Fig. 1 or 2), since when y — (1-p) > = — p we may inter-

change z, y and p, 1 — p.

1-2p

Fig 1. p<iso Fig 2. p>1/2.
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We have

3 1—p)?

o= = 2zy? —2(1—2z)(1 —y)% + 2%—33(1 - y)%,
2

z—i =2z%y —2(1 —z)%(1 —y) - 2(1p%p):vz(1 - y).

We first check that f(z,y) > 3p*(1 — p)? holds on the boundary of the shaded

areas. On theline x —p =y — (1 — p) we let

g(z) = f(z,z+ 1 — 2p)
— 2 2 2 2 (1-p) , 2
=z(x+1-2p)" 4+ (1 —2)*(2p—x) —I—T-w (2p — x)°.
Checking that g(p) = 3p*(1 —p)?, ¢'(p) =0, ¢"(p) > 0, g (p) = 0 and g (z) > 0
we can get that g(z) > g(p) = 3p%(1 — p)%. We also have

F@,0) = (1—a)2 + % > H—2 o)

p2+(1—p)2’0
_ (1-py
= m > (1-p)? >3P2(1_P)2

?

1

9 2 1 2
> 3 hen 5 <p <
T r=p) 2> § > 3p° when 5 <p< and

37

since

fLy) =9+ (1—-9)? > 3p°(1 - p)*

(1-p)?
p2

similarly.

When p < %, we need to check f(0,y) > 3p*(1 —p)? for 0 <y < 1 — 2p, and
f(z,1) > 3p?(1 — p)? for 2p < z < 1. In fact

f(0,y)=(1—y)*>4p" > 3p*(1—p)> when 0<y <1-2p,

and

f(z,1) = 22 > 4p? > 3p* (1 — p)? for2p <z <1.
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Now we consider f(z,y) for (¢,y) inside of the shaded areas. Let

{ % = 2zy’ —2(1 - 2)(1 - y)° +2@w(1 —9)" =0
(3)
RY
g—; =22y —2(1 - 2)’(1-y) - 2(11-723)“:2(1 ) =0
Then
(1;—21))23:2(1 —z)? =z(l—z)(1—y)® — 2y’
=ay(l-y) - (1-z)*(1-y)"

Therefore solutions of (3) (if any) will satisfy

z?y = (1 —z)(1 —y)2. (4)

The only non-negative solution of (4) is y = 1 — z. Let
1 —p)2

)= fiot -2+ s

p

Remember we require x —p > y — (1 — p) from which (recalling that y = 1 — z) we
deduce that # > p. Hence it is suffices to show g(z) > 3p*(1 —p)2 for p < = < 1.
However, we have g'(p) > 0, g"(p) > 0, g®(p) > 0 and g®(z) > 0. Therefore,

g(z) > g(p) = 3p?(1 — p)? when p <z < 1. n
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